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Abstract 

This thesis is concerned with the lattice-Boltzmann simulation of various fluid flow and 

heat transfer problems. The initial work of the thesis concentrates on developing Fortran 

codes based on single-phase, single-relaxation-time (SRT) and multiple-relaxation-time 

(MRT) lattice Boltzmann methods. The comparative study between MRT- and SRT-based 

LBM indicates that for most cases both models provide comparable solutions for laminar 

flow regimes. Nevertheless, MRT-LB model has an edge over SRT-LB model due to its 

better stability in solving complex flow problems. Therefore, MRT-LB model is used to 

analyse the effect of Prandtl number varying from very low (Pr = 0.025) to high (Pr = 151) 

on natural- and mixed convection in a square cavity with an inner solid block.  

The prime objective of the present thesis, however,  is to understand the heat transfer 

and flow behaviour of nanofluids, where nano-sized particles are suspended in a base fluid. 

Nanofluid provides superior transport properties and heat transfer characteristics compared 

with conventional fluids. Nanofluids hold good promise for various heat transfer 

applications such as engine and electronic cooling systems, nuclear reactor, heat 

exchangers, material processing, pharmaceutical processes and solar thermal collectors. In 

this regard, a new multiple-relaxation-time (MRT) based two-phase thermal lattice 

Boltzmann method is developed for a nanofluid flow which is the extension of a previously 

established single-relaxation-time (SRT) based two-phase lattice Boltzmann model. The 

two-phase model provides better insights into nanofluid flows than single-phase model as 

it treats the base fluid and nanoparticles separately while considering different slip velocity 

mechanisms. Both these models (SRT and MRT) are then employed to carry out 

investigations on thermal cavity flow problems with a single-particle based nanofluid as 

well as a new kind of nanofluid, namely, hybrid nanofluid. 

The present thesis then extends both (SRT and MRT) two-phase nanofluid 

algorithms to the field of a nanofluid-saturated porous structure. The simultaneous use of 

porous media and nanofluids has been a topic of interest due to the demand in high and 

controlled heat transfer rates in small-size systems. The novel LBM models based on the 
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SRT and MRT approach incorporate Brinkman-Forchheimer-extended Darcy model for 

porous medium into the two-phase model for nanofluid by considering appropriate 

assumptions. Several validation tests are performed to establish the credibility of the 

developed codes which provide a close agreement between present LBM solutions with 

published results.  

To realise the applicability of these developed models, multiple natural and mixed 

convection cavity flow problems of practical relevance are investigated for a wide range of 

dimensionless parameters, namely, Rayleigh number, Richardson number, Prandtl number 

and Darcy number. The volume fractions of nanoparticles are considered to vary up to 3% 

to avoid their agglomeration in the base fluid. The success of these attempts has been 

substantiated through the presentation of various results and their analysis. The 

comprehensive analysis of results demonstrates that nanofluid with a lower volume fraction 

of nanoparticles has been effective in improving the overall efficiency of the thermal 

systems due to the augmentation of the heat transfer rate. However, the rise in total entropy 

generation with an increase in volume fraction of nanoparticles offsets this improvement 

to a certain extent.  

This work also considers the influence of different boundary conditions on the flow 

and thermal behaviour for most of the studied flow problems. A detailed analysis of those 

flow problems is then made on the basis of both first and second law of thermodynamics 

to identify the optimal configuration with high energy efficiency, at which maximum heat 

transfer rate and minimum entropy generation prevail. 
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Chapter 1 

Introduction 

1.1 Lattice Boltzmann method 

Computational fluid dynamics (CFD) has been a major area of research in fluid 

mechanics for the last few decades. The prime objective of CFD is to model numerous fluid 

flows of practical and theoretical importance by using different numerical techniques and 

algorithms. CFD is useful in understanding various real-life flow problems with ease and 

cost-effectiveness compared to experiments. The transport equations of fluid flow and heat 

transfer can be formulated on three modes of scales, namely macroscopic, microscopic and 

mesoscopic scales based on Knudsen number. At each level, there is a definite model to 

represent the fluid flow by satisfying the three conservation laws in physics, namely 

conservation of mass, momentum, and energy. The conventional CFD techniques, for 

instance, finite difference method (FDM), finite volume method (FVM) [Patankar, 1980; 

Versteeg and Malalasekera, 2007; Anderson et al., 2013], and finite element method (FEM) 

[Zienkiewicz, 2014] are based on a macroscopic scale where partial differential equations 

(PDEs) like Navier Stokes (N-S) equations are solved. The convective terms of these 

equations involve nonlinearity which adds complexity to the solution algorithm. The 

instability of the algorithms is a key concern for these numerical schemes. The microscopic 

scale-based Molecular dynamics (MD) [Frenkel and Smit, 2002] is governed by Hamilton’s 

equation, where the time evolution of interacting particles in a system is predicted. 

However, this leads to massive data utilisation in solving a problem with detailed 

molecular/atomic-level information. Therefore, massive computational resources and data 

reduction are some of the main drawbacks in MD models. The mesoscopic scale connects 

the macro-scale and micro-scale through approximation to the Boltzmann equation of the 

kinetic theory of gases. The lattice Boltzmann method (LBM) [Wolf-Gladrow, 2000; Succi, 

2001; Ansumali and Karlin, 2002; Guo and Shu, 2013; Krüger et al., 2016] is a numerical 
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technique based on the microscopic particle models and mesoscopic kinetic equations. The 

basic idea of LBM is to construct simplified kinetic models that can solve the time evolution 

of the particle distribution function by obeying the desired macroscopic equations as the 

main focus of LBM lies in the averaged macroscopic behaviour. The use of simplified 

models to predict macroscopic fluid flows is based on the fact that the macroscopic 

dynamics of a fluid system is the outcome of the collective behaviour of a large number of 

microscopic particles in the system. Besides, macroscopic dynamics are less sensitive 

towards the fundamental details of microscopic physics. LBM has been dramatically 

improved over the last two decades to address a wide variety of engineering problems. It 

has demonstrated its ability in many areas of fluid flows under different conditions 

especially in treating single phase, multiphase, and multicomponent fluid flows [Shan and 

Chen, 1993; Huang et al., 2015], convective heat transfer [Guo et al., 2002], flows through 

porous media [Pan et al., 2004; Succi, 2001], magnetohydrodynamic [Dellar, 2002] and 

many more complex flow problems [Aidun and Clausen, 2010] 

The relevant features of LBM which motivate its use despite the existence of 

various classical numerical methods such as FEM, FDM, and FVM can be outlined as 

follows:  

a. The convection terms in LBM is linear, which is in contrast to the nonlinear 

convection terms in N-S equations. Thus, LBM handles the convection part with ease. 

b. The pressure of LBM is determined locally using the equation of state. However, 

conventional CFD techniques for incompressible flows solve the pressure Poisson 

equation to obtain pressure. Often, different numerical difficulties like extensive 

computational time are associated in solving this Poisson equation. 

c. LBM uses a simplified discrete Boltzmann equation with a minimal set of 

microscopic velocities, which significantly simplifies the calculations. The 

implementation of boundary conditions (in terms of particle distribution functions) is 

somewhat more straightforward compared to N-S equations which can take integral 

or differential forms.  
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d. LBM is local in space and explicit in time which makes its algorithm very simple 

compared to N-S equations solvers, which typically use an iterative procedure to 

obtain a converged solution. 

e. LBM provides complete scalability for massively parallel computing as the particle 

collisions are local in nature. 

f. Being a mesoscopic model, LBM can deal with small-scale details and can efficiently 

handle single phase and multiphase flows in complex geometries and interfacial 

phenomena. 

Despite all these advantages, LBM suffers some limitations. Though it is increasingly being 

used for computing incompressible flows of various levels of complexity, its application to 

compressible fluid flows is very limited. This is because many of the convenient relations 

used by LBM is derived by assuming a low value of the Mach number. In Appendix B, an 

attempt has been made to compute a relatively simple compressible flow. 

1.2 Literature review 

1.2.1 Evolution of LBM 

LBM is originally developed as an alternative numerical technique over 

conventional CFD techniques for isothermal incompressible Navier-Stokes equations 

[Benzi et al., 1992; Hou et al., 1995]. The governing equation of the LBM can be obtained 

theoretically using two different approaches. LBM is developed initially from a 

microscopic model known as a lattice gas cellular automata (LGCA) [Wolf-Gladrow, 

2000]. LGCA is a simplified, fictitious molecular dynamic model with discrete space, time 

and particle velocities. During each time step, fictitious particles are updated via two 

alternating phases, namely the streaming and collision, according to a set of discrete 

collision rules while conserving the mass, momentum and energy. The LGCA model was 

first introduced by Herdy, Pomeau and Pazzis [1973] by considering a square lattice with 

four velocities, labelled as the HPP model. Frisch, Hasslacher and Pomeau [1986] proposed 

a new lattice gas automata model based on a triangular lattice and six velocities, namely 
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the FHP model. They showed that the FHP model has sufficient lattice isotropy to perform 

fluid simulations in the limits of incompressible fluid dynamics. However, the LGCA 

methods possess some inherent shortcomings like statistical noise, inflexibility to adjust 

the viscosity, non-Galilean invariance and an unphysical velocity-dependent pressure. 

Several lattice Boltzmann equation (LBE) models based on LGCA are proposed by 

researchers to overcome the shortcomings of LGCA. Among them, the LBE model 

developed by McNamara and Zanetti [1988] is most relevant. In their model, they 

successfully eliminated the statistical noise by using a single particle distribution function 

instead of the Boolean fields and used Fermi-Dirac distributions as equilibrium functions. 

Higuera and Jimènez [1989] improved the numerical efficiency of the previous LBE model 

by using linearised collision operator. However, this LGCA-based LB technique is found 

to be inefficient in some conditions, such as simulation of the thermo-hydrodynamic 

system, implementation on the arbitrary mesh. This is attributed to a lack of thorough 

understanding of this method with respect to the Boltzmann equation. Besides this, the 

theoretical framework of LBM has rested upon the Chapman-Enskog (C-E) expansion 

[Chapman and Cowling, 1970] analysis of the LGA models, which limited its application 

up to a certain degree. Therefore, it is crucial in attaining direct connection of LBE along 

with collision term with kinetic theory (Boltzmann equation). 

The second approach of the derivation of the LB model is based on the mesoscopic 

kinetic equation, known as the Boltzmann equation [Chen et al., 1991; Qian et al., 1992]. 

Different simplified collision models are developed to enhance computational accuracy and 

efficiency while replacing the collision operator derived from the LGCA. In this context, a 

Bhatnagar-Gross-Krook (BGK) [Bhatnagar et al., 1954] collision model is applied, which 

replace the collision parameter with one parameter known as the Single-Relaxation Time 

parameter. Chen et al. [1991] first introduced the BGK method to solve the equations of 

magnetohydrodynamics. They [Chen et al., 1992] later proposed lattice BGK method to 

recover N-S equations by using particular Maxwell type distribution function which 

provides flexibility to the transport coefficients and enhance the computational efficiency. 

This is the first instance of a connection between BE and LBE. However, He and Luo 
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[1997] have derived LB models from the Boltzmann BGK equation, which is entirely 

independent of lattice-gas automata. In their derivation of LBE from BE, the discretisation 

of phase space is achieved by coupling the discretisation of momentum space with the 

configuration space to obtain lattice structure. Thus, the framework of LBE rests on the 

foundation of BE, and the rigorous results of BE can be extended to the LBE through their 

explicit connection. After its development from BE, LBM has rapidly evolved into a self-

standing research subject in the field of computational fluid dynamics. A part of the next 

chapter deals with the development of LBM from BE. 

1.2.2 Natural- and mixed convection in enclosures 

1.2.2.1 Buoyancy-induced cavity flow 

The term convection derives from the Latin word ‘convectare’, which means to 

carry or bring together. In heat transfer analysis, the concept of convection refers to the 

process of moving thermal energy from or to a solid via an adjacent fluid in motion, in the 

presence of a temperature gradient. The convection is categorised into forced and natural 

convection depending on the source of the fluid motion. Forced convection is generated by 

the movement of fluid due to some external factor, such as fan and pump. Natural or free 

convection occurs in fluid in the presence of a buoyancy force due to density difference 

resulted from temperature difference within the fluid. Moreover, the interaction of lid-

driven forced convection and the buoyancy induced convection results in a complex and 

intriguing flow and heat transfer phenomenon in the cavity, which is labelled as mixed 

convection. Buoyancy-induced convection flow problems are fully described by the two 

dimensionless parameters: Grashof (or Rayleigh) number and Prandtl number. Grashof 

number (𝐠𝛽∆𝑇𝐿3 (𝜈2)⁄ ) describes the relationship between buoyancy and viscous effects 

in the flow and thus depends on the geometry and boundary conditions of the problem 

configuration. Rayleigh number characterises the fluid's flow regime, whether the flow is 

laminar or turbulent. For magnitudes of Rayleigh number lower than a particular critical 

value, there is little fluid motion, and the conduction heat transfer prevails. Prandtl number 
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is the intrinsic thermo-physical property of a fluid which provides the ratio of the 

momentum diffusivity to the thermal diffusivity (𝜈 𝛼⁄ ). The diffusivity of momentum in a 

fluid is indicated by kinematic viscosity. Similarly, the thermal diffusivity is the measure 

of the rate of diffusion of heat throughout a material. Prandtl number is also an indication 

of the relative thickness of the velocity boundary layer to the thermal boundary layer. When 

Pr →1, the boundary layers coincide which indicates that both momentum and heat diffuses 

through the fluid at about the same rate. For Pr > 1, the momentum diffusivity dominates 

the flow, which gives rise to a thicker velocity boundary layer than the thermal boundary 

layer and thereby the convection is more prominent than conduction. For Pr < 1, the heat 

diffuses quicker than momentum, which results in a thicker thermal boundary layer, and 

the conduction heat transfer is more effective than convection. Richardson number is the 

additional parameter that characterises the mixed convection flow. It measures the relative 

strength of the natural convection and forced convection. The limiting cases Ri → 0 and Ri 

→ ∞ lead to the forced and natural convection dominating flows respectively. 

The classical buoyancy-induced convection problems in cavities, particularly 

square and rectangular cavities, are widely investigated in literature [Mallinson and de Vahl 

Davis, 1977; de Vahl Davis, 1983; Markatos and Pericleous, 1984; Ostrach, 1988; Prasad 

and Koseff, 1996; Yapici and Obut, 2015] as it exhibits different interesting thermo-fluid 

dynamic characteristics despite its simple geometry. Many experimental and numerical 

investigations on natural and mixed convections are made by considering various thermal 

and velocity boundary conditions at the cavity walls. These benchmark flow problems 

provide simplification to different practical applications such as ventilation in buildings, 

electronic component cooling, heat exchangers, lubrication technologies, nuclear reactor, 

food and materials processing, solar energy collector [Incropera and DeWitt, 2002; Cengel, 

2003; Bairi et al., 2014]. In energy-related applications, the higher heat transfer rates can 

be achieved by proper design of enclosures where natural or mixed convection play an 

important role in transporting energy. Among the experimental works on mixed convection 

flow, the work done by Prasad and Koseff [1996] is significant in analysing mixed 

convection in a lid-driven cavity for varying Richardson numbers from 0.1 to 1000. 
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However, with the rapid advancement of computational technology and methodology, the 

numerical work has gained more significance over experimental work as they facilitate 

understandings of different complex heat transfer systems in time and a cost-effective 

manner. Extensive numerical investigations using conventional CFD techniques [de Vahl 

Davis, 1983; Iwatsu et al., 1993; Khanafer and Chamkha, 1999; Sharif, 2007] were carried 

out on natural- and mixed convection by considering different thermal and velocity 

boundary conditions at the cavity walls. Iwatsu et al. [1993] numerically studied mixed 

convection flow in a square cavity with adiabatic sidewalls heated by top moving wall using 

a finite difference technique. Oztop and Dagtekin [2004] have used finite volume method 

to simulate mixed convection in a differentially heated square cavity with moving sidewalls 

for fixed Pr at 0.7 and Grashof number (Gr) at 104 while varying Richardson numbers 

discretely from 0.01 to 100. Basak et al. [2009] have implemented a Galerkin finite element 

method to investigate the effect of uniform and non-uniform heating of the bottom wall on 

mixed convection lid-driven flows in a square cavity. Yapici and Obut [2015] numerically 

investigated benchmark two-dimensional natural and mixed convection heat transfer in a 

cavity while comparing their results with different published literature.  

Different lattice Boltzmann methods have been proposed such as, the multi-speed 

[Alexander et al., 1993], the hybrid approach [Lallemand and Luo, 2003] and the double-

distribution-function (DDF) approach [He et al., 1998] to simulate heat transfer. The multi-

speed model uses only one set of the distribution function. Hence, more discrete velocities 

are added to the density distribution functions to obtain the macroscopic temperature. 

However, the multi-speed model lacks numerical stability and limited to low range of 

temperature difference. In the hybrid approach, the lattice Boltzmann equation is used to 

simulate the fluid flow, while solving the energy equation by conventional numerical 

techniques such as finite difference method. Therefore, this model compromises the 

inherent advantage associated with basic LBM. He et al. [1998] proposed the DDF model, 

which introduces a separate governing equation for internal energy distribution function 

(IEDF) to simulate the temperature field. This equation is obtained by discretisation of the 

continuous evolution equation for IEDF similar to the fundamental equation for LBM. The 
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basic equation of LBM, i.e. equation for density distribution function, is used to simulate 

the macroscopic density and velocity. The DDF model provides stability and accuracy 

comparable to the hybrid approach. However, the complicated gradient operator term in 

the temperature evolution equation compromises the simplicity of the LBM to some extent. 

Therefore, Peng et al. [2003] proposed a simplified thermal lattice Boltzmann model for 

incompressible thermal flow problem while neglecting the pressure compression work and 

viscous heat dissipation. Besides, this model drops the gradient term in the evolution 

equation without sacrificing the numerical accuracy. In literature, a large number of LBM 

studies [Dixit and Babu, 2006; Guo et al., 2010; Mohamad and Kuzmin, 2010] are found 

concerning DDF model to simulate natural- and mixed- convection flow in cavities due to 

its advantage over conventional numerical technique. Peng et al. [2003] proposed a 

simplified thermal lattice Boltzmann model to simulate thermal flow problem. Mohamad 

and Kuzmin [2010] made a comprehensive analysis of natural convection problem using 

LBM, which revealed that LBM has the ability to simulate buoyancy-induced convection 

problem with high efficiency. Dixit and Babu [2006] simulated natural convection for 

higher Rayleigh numbers up to Rayleigh number equal to 1010. 

Most of the works concerning DDF approach are based on SRT-LBM due to its 

extreme simplicity. However, to obtain better stability, DDF approach based on the 

multiple relaxation time lattice Boltzmann equation is introduced by several researchers. 

Among these, Mezrhab et al. [2010] proposed a novel DDF based MRT-LBM to simulate 

natural convection flow in a square cavity for Rayleigh number up to 108. Wang et al. 

[2013] used Mezrhab’s double MRT model to make a systematic investigation of natural 

and Rayleigh-Bénard convection in a cavity with Prandtl numbers of 0.71 and 7.0. Guo et 

al. [2010] used MRT-LB model to simulate mixed flow in a two‐dimensional lid-driven 

rectangular cavity for different aspect ratios, Rayleigh and Reynolds numbers. 

Subsequently, the flow configurations with different flow geometry, boundary conditions 

and fluid properties have gained importance among the computational fluid dynamics 

community to explore various aspects associated with natural- and mixed- convection 

phenomenon. 
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1.2.2.2 Convection at different Prandtl numbers in cavities 

Prandtl number is a dimensionless parameter which characterises both Natural- and 

mixed convection flow problems. The magnitude of Prandtl number is ranging from 10-3 

(liquid metals) to 105 (functional oils) in conventional fluids. Liquid metals or alkali metals 

are perfect working fluids in heat exchangers and primary coolant for Liquid Metal Fast 

Nuclear Reactors (LMFR) due to its low viscosity, low density, and high thermal 

conductivity. The convective flow of low Prandtl number fluid in the enclosure has many 

industrial applications, such as melting and solidification of metals. Mohamad and Viskanta 

[1991] are one of the pioneers to investigate low-Prandtl-number fluids during natural 

convection in the cavity. They numerically predicted steady-state solutions with an 

oscillatory transient period at low Pr (Pr = 0.001, 0.005 and 0.01) prior to periodic 

oscillations at the critical Grashof numbers. Kosec and Sarler [2013] employed a local 

meshless method to simulate natural convection in the cavity for low Prandtl number. Their 

predictions for Nusselt number are consistent with the predictions of Mohamad and 

Viskanta [1991]. Bejan [1984] investigated the effect of Pr on the criterion for the transition 

from pure forced convection to pure natural convection during mixed convection flow over 

a vertical wall. He found that this criterion of transition, as indicated by Ri, is different from 

low Pr fluids (i.e. Pr ≪ 1) to high Pr fluids (i.e. Pr ≫ 1). Moallemi and Jang [1992] have 

numerically studied the effect of Pr on mixed convective flow in a bottom heated square 

driven cavity. They concluded that the buoyancy effect is more prominent at higher values 

of Pr. Waheed [2009] investigated two flow configurations during mixed convection in a 

lid-driven cavity for a range of Ri from 0.01 to 100, Pr from 0.001 to 10, and aspect ratio 

from 1 to 4 at a fixed Re = 100. Cheng [2011] have carried out systematic numerical 

simulations of mixed convection in a 2D lid-driven square cavity with cold top moving-

wall and insulated vertical walls to characterise the heat transfer behaviour for a wide range 

of Reynolds (10 ≤ Re ≤ 2200), Grashof (100 ≤ Gr ≤ 4.84×106), Prandtl (0.01 ≤ Pr ≤ 50), 

and Richardson (0.01 ≤ Ri ≤ 100) numbers. Karimipour et al. [2013] performed LBM 

simulation on the mixed convection in an inclined cavity with the heated top wall moving 

for Pr of 0.07, 0.7 and 7 and reported an increase in heat transfer rate with Pr and inclination 
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angle. Li et al. [2016] used MRT-LBM to simulate natural convection for very low Pr in 

the range of 0.001 to 0.01 and found oscillatory solutions at lower Prandtl number. 

Recently, Bawazeer et al. [2019] investigated the same problem for a wide range of Pr 

(0.01-0.5) and Ra (104-108) using modified MRT-LB model. 

1.2.2.3 Convection in cavities with inserted objects 

The insertion of an object in a cavity-like configuration causes a prominent effect 

on the thermo-hydrodynamic behaviour of the fluid flow and heat transfer phenomena 

during natural and mixed convection [Ho et al., 1994; Islam et al., 2012; Khanafer and 

Aithal, 2013]. Besides, this inserted object can be used as a passive element to control heat 

transfer. Extensive studies concerning objects with different geometries, locations, physical 

and thermal conditions are documented by researchers which has practical relevance in 

applications like cooling of hot ingots, metal casting, electronic component cooling, heat 

exchanger, crystal growth, solar and nuclear reactors, etc. Ho et al. [1994] made an 

experimental and numerical investigation of natural convection in an air-filled insulated 

circular enclosure inserted with two horizontal, differentially heated cylinders. They 

observed that the overall fluid flow and heat transfer characteristics are strongly influenced 

by the diameters and gap width of the cylinders for varying Rayleigh numbers from 104 to 

107. Khanafer and Aithal [2013] found that the average Nusselt number is a function of the 

cylinder radius at all studied Ri during mixed convection in a circular cylinder inserted lid-

driven cavity. Islam et al. [2012] made a mixed convection investigation in a lid-driven 

cavity by inserting an isothermally heated rectangular block and square block respectively. 

Gangawane [2016] numerically investigated mixed convection in a lid-driven cavity with 

heated triangular block for a range of Re, Pr and Gr to recognise the critical Reynolds 

number. 

1.2.3 Convective flow through porous media 

In the context of natural and mixed convective heat transfer phenomenon, the heat 

transfer through porous media has always been an attractive and widely investigated topic 
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of research. The heat transfer through porous structures has physical significance in 

different practical applications such as separation process, infiltration of molten metals, 

food storage and processing, crude oil extraction, gas drying and transport process, 

geothermal operation, insulation of a building, metallurgy, pebble-bed nuclear reactor 

design, underground disposal of nuclear or non-nuclear waste. The porous medium is 

defined as a material with the interconnected voids or pores. A porous material is 

distinguished by its porosity which is the ratio of the pore space to the total volume of the 

material. It is also signified by its permeability that measures the flow conductivity in the 

porous medium. The permeability term is normalised by using non-dimensional parameter 

known as Darcy number (𝐷𝑎) through a relation 𝐾 = 𝐷𝑎𝐿2. Kaviany [1995], Nield and 

Bejan [1999] and Ingham and Pop [2005] amply documented the fundamental theory and 

the growing volume of works on flow through a porous medium in their books. Earlier 

studies in flow in porous media deals with Darcy law [Nield and Bejan, 1999] which 

provides a linear relationship between the flow velocity and the pressure gradient across 

the porous medium. Later developments in porous media led to extended models for the 

Darcy law such as Forchheimer’s and Brinkman’s equations [Nithiarasu et al., 1997] where 

the Forchheimer’s model deals with large flow velocities and Brinkman’s model considers 

the boundary effects. However, these models have some limitations and to overcome that, 

Nithiarasu et al. [1997] proposed a generalised model, namely Brinkman–Forchheimer-

extended Darcy model, which takes into account all non-Darcy effects. They presented a 

detailed parametric study for natural convection in a rectangular porous cavity with 

constant or variable porosity. In literature, a number of experimental and numerical works 

are found in this area. In the last few decades, a large body of works (mostly 

computational), investigated natural-convection flow through a porous medium in enclosed 

cavities with various configurations using analytical based numerical computations 

[Bhattia et al., 2018] and conventional numerical techniques such as finite difference [Varol 

et al., 2009; Sheremet and Pop, 2015], finite volume [Motlagh et al. 2016; Siavashi et al., 

2018] and finite element method [Nithiarasu et al., 1997; Kaluri and Basak, 2011]. 

 The modelling technique for flow through porous media can be adopted to study 
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flow through a bundle of internal objects. These bundle of internal bodies can be arranged 

in a specific manner to obtain desired thermal behaviour which is relevant in many 

applications such as heat exchanger, cooling hot ingots, solidification and nuclear power 

reactor. The rod bundle geometry is common in many heat exchangers and nuclear reactor 

fuel. This bundle of objects can be investigated by considering them as a porous structure 

with suitable porosity and permeability values conforming to the thermo-hydraulic 

characteristics of those complex geometries. In literature, several studies on convective heat 

transfer involving a bundle of internal bodies are found where several studies are made by 

approximating the bundle as a single porous body to reduce the complexity in problem 

formulation and computational time. Haldar et al. [2000] numerically investigated laminar 

free convection in open-ended vertical 7-rod bundles by modelling them as a Darcy porous 

media, and the results found to be in good agreement with experimental measurements. 

Suresh et al. [2005a; 2005b] made experimental and numerical investigations of natural 

convection in a blocked subassembly of a fast breeder reactor filled with liquid sodium. 

Krishna et al. [2010] used non-Darcy porous media to model heat-generating bundle of 

rods and obtain satisfactory results while comparing with the experimental results. They 

stated that the non-Darcy porous model provides better insight into flow and heat transfer 

behaviour inside fuel assemblies compared to the Darcy model. 

In the literature on LBM, the investigation of flow behaviour in the porous medium 

is made via two approaches based on the pore scale and the representative elementary 

volume (REV) scale. At the pore scale [Succi et al., 1989; Succi, 2001], the basic lattice 

Boltzmann equation (LBE) can be employed to simulate fluid flows in pores. Hence, the 

local information of flow at the microscopic level can be directly obtained. However, the 

requirement of the rigorous geometric details of the pores makes this approach 

computationally inefficient for large flow domain. While, LBM at the REV scale [Freed, 

1998; Guo and Zhao, 2005] is a simple and computationally efficient approach to deal with 

the porous flow to get the desired macroscopic flow behaviour. Guo and Zhao [2002] 

proposed a lattice Boltzmann (LB) model at REV scale to study fluid flow in porous media 

where they incorporate porosity term in the equilibrium distribution function (EDF). They 

TH-2577_11610308



 

Chapter 1: Introduction 

13 | P a g e  
 

modified the forcing term of LBE by considering the linear and nonlinear drag forces of 

the porous media. Guo and Zhao [2005] have further extended their isothermal model to 

thermal LBE model based on SRT-based double-distribution-function (DDF) approach. 

This generalised lattice Boltzmann model [Guo and Zhao, 2005] incorporates Brinkman–

Forchheimer-extended Darcy equation to simulate the flow through the porous medium at 

the REV scale. In this context, Liu et al. [2014] have developed a thermal MRT-LB model 

based on DDF approach to simulate convection flow through porous media. Seta et al. 

[2006] showed that the LBM at REV scale provides sufficient reliability and the numerical 

efficiency in investigating convective heat transfer in porous media. Vijaybabu et al. [2017] 

employed SRT-LBM to make detail analysis on the flow and heat transfer characteristics 

of a 2D porous square cylinder placed in an infinite stream under the influence of aiding 

buoyancy. Vijaybabu and Dhinakaran [2019] numerically simulated MHD natural 

convection in a water-based nanofluid saturated square enclosure with an inner permeable 

triangular cylinder at REV scale. In LB simulation, the REV approach has been established 

as a reliable numerical tool to simulate porous flow problems. 

1.2.4 Nanofluid flow and heat transfer in enclosures 

The high-performance cooling system is a vital need for many applications, and one 

way to obtain it is by adopting an efficient and effective convective heat transfer process 

where fluid serves the purpose of a heat carrier. Therefore, it is essential to have an energy-

efficient, inexpensive heat transfer fluid which eventually leads to the development of 

nanofluid as labelled by Choi and Eastman [1995] where nano-sized particles are 

suspended in a base fluid. The suspension of nanoparticles is favourable than the 

suspension of micro or millimetre-sized particles as nanofluid provides more stability due 

to their high surface to volume ratio and minimal erosion and clogging effect on the system. 

The introduction of nanoparticles is expected to augment the heat transfer characteristics 

of the base fluids due to particle's higher thermal conductivity compared to the base fluid 

(conventional fluid such as water, and industrial oil). However, the enhancement of the heat 

transfer characteristics depends on the thermophysical properties of nanofluid as well as 
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the particle sizes, shapes, volume fractions and stabilities [Gupta et al., 2017]. Ijam and 

Saidur [2012] have used SiC-water and TiO2-water nanofluids as coolants for electronic 

devices which suggests nanofluid as a potential heat transfer enhancement tool for different 

practical problems. Putra et al. [2003] used Al2O3- and CuO-water nanofluids to make an 

experimental investigation on natural convection in a horizontal cylinder with differentially 

heated ends. They observed a systematic and definite deterioration in heat transfer 

performance with an increase in the volume fraction of nanoparticles. However, recent 

experimental investigations [Nnanna, 2007; Ho et al., 2010] assert an increase in the heat 

transfer rate for a low concentration of nanoparticles. Ho et al. [2010] carried out an 

experimental investigation on free convection in a differentially heated alumina-water 

nanofluid filled enclosure with nanoparticles varied from 0.1% to 4%.  

Hadad et al. [2012] have made a comprehensive review study concerning 

experimental, numerical and analytical published works on heat transfer enhancement in 

natural convection using different nanofluids. The review study of Mehdi Bahiraei [2004] 

demonstrates that different numerical approaches such as conventional single-phase model, 

thermal dispersion Model, two-phase model and LBM. are considered by researchers to 

understand the behaviour of nanofluid in a flow problem. Sidik and Razali [2014] have 

reviewed the works dedicated to the use of the LB technique in simulating convective heat 

transfer problems using nanofluid. It is found from these review studies that most of the 

previous works are done using homogenous single-phase model for nanofluid where both 

the fluid and nanoparticles have negligible velocity and temperature difference. The single-

phase model is easy to implement and computationally efficient, but it yields results which 

are strongly dependent on thermo-physical property model (particularly for the thermal 

conductivity and viscosity). Therefore, it is crucial to consider the two-phase model to get 

a clear picture of nanofluid flow where the base fluid and nanoparticles are treated 

separately by considering different slip velocity mechanisms. Buongiorno [2006] stated 

that the absolute nanoparticle velocity could be viewed as the sum of the base-fluid velocity 

and relative velocity (slip velocity as termed by him). He considered seven slip mechanisms 

in his mathematical model for nanofluid flow, which are inertia, Brownian diffusion, 
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thermophoresis, diffusiophoresis, Magnus effect, fluid drainage and gravity settling. He 

emphasised the effect of Brownian diffusion and the thermophoresis in the absence of 

turbulent effects. The comprehensive review studies of Kakaç and Pramuanjaroenkij 

[2016], Sidik et al. [2016b] and Vanaki et al. [2016] on both single-phase and two-phase 

models for nanofluid suggest that two-phase model provides more credible results than 

single-phase while making the comparison with the available experimental results. 

Sheikholeslami et al. [2014] numerically investigated two-phase nanofluid flow in a semi-

annulus enclosure by consider-ing the effects of thermophoresis and Brownian motion. 

Garoosi and his co-researchers [Garoosi et al., 2014; Garoosi et al., 2015] have adopted a 

two-phase mixture model for nanofluid to carry out several useful finite volume 

investigations on natural- and mixed- convection in nanofluid-filled enclosures. Esfandiary 

et al. [2016] and Motlagh and Soltanipour [2017] used a two-phase model to study the 

nanofluid convective heat transfer in a square cavity. Their study revealed that the 

enhancement of heat transfer rate is accompanied by the increase of volume fraction up to 

4%. However, very few studies concerning two-phase nanofluid model are found in the 

literature as obtained from a recent review study of Izadi et al. [2019]. In the study of 

nanofluid, LBM may provide an edge over conventional numerical techniques due to its 

mesoscopic nature which makes it convenient in incorporating the interactions between the 

suspended nanoparticles and fluid particles. It has gained attention among various 

researchers along with the ones that concentrate on cavity flow problems with nanofluids 

[He et al., 2011; Chen et al., 2015] while considering single-phase LB model. The review 

study of Li et al. [2015] indicates that there is a dearth of nanofluid studies based on the 

two-phase LBM model. Xuan and Yao [2005] and Eslamian et al. [2015] have proposed 

two-phase lattice Boltzmann models to investigate the effect of different interaction forces 

between nanoparticles and the base fluid. Qi et al. [2017] used two-phase lattice Boltzmann 

method to study the effects of two kinds of base fluid (water and Ga) and three different 

nanoparticle radii (20 nm, 40 nm and 80 nm) on the natural convection in a rectangular 

enclosure filled with Al2O3-water and Al2O3-Ga nanofluid at different Rayleigh numbers 

from 103 to 105. 
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 The comprehensive review articles of Bahiraei [2004], and Sidik and Razali [2014] 

reveal that most of the published works deal with nanofluids with single nanoparticles. The 

advantage of particular single-particle nanofluid over the other depends on the properties 

of the suspended nanoparticle. Nanofluids with single ceramic nanoparticles such as Al2O3 

and Cuo have better stability and chemical inertness but lower thermal conductivity 

compared to the metallic nanoparticles such as Cu and Al. However, the thermal properties 

of nanofluid can be improved further by adopting a new class of nanofluids known as 

hybrid nanofluid which is synthesised by dispersing two different nanoparticles in the base 

fluid either in a mixture or composite form [Jana et al., 2007]. Ho et al. [2011] have carried 

out an investigation on fully developed laminar forced convection in a tube by using a 

water-based hybrid nanofluid with two different nanoparticles Al2O3 and 

microencapsulated phase change material (MEPCM) respectively. They have found that 

hybrid nanofluid provides considerable heat transfer enhancement compared to regular 

nanofluid. Suresh et al. [2011] have carried out experimental work on hybrid Al2O3-

Cu/water nanofluid with 0.1% volume fraction, which is synthesised from chemically 

prepared Al2O3-CuO mixture by utilising the hydrogen reduction technique. Recently, 

Sarkar et al. [2015], Sidik et al. [2016a] and Babu et al. [2017] are the researchers who have 

made excellent reviews on hybrid nanofluids to understand their different synthesis 

techniques, thermo-physical properties, fluid flow and heat transfer characteristics along 

with their various heat transfer applications. Recently, Mahian et al. [2019a; 2019b] have 

made comprehensive review studies on nanofluid in two parts. In the first part [Mahian et 

al., 2019a], they have presented fundamental and theoretical physics of nanofluids, and 

numerical approaches based on single-phase and two-phase approaches to model nanofluid 

flow. In the second part [Mahian et al., 2019b], they have summarised the primary CFD 

approaches based on macroscale-based, mesoscale-based, and microscale-based techniques 

for solving the transport equations associated with the nanofluid flow. Besides, the second 

part dealt with recent 3D works on nanofluid flow in various regimes and configurations 

which reveal that most of the 3D studies are used to analyse the thermal systems such as 

solar collectors and microchannels. 
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1.2.5 Nanofluid flow and heat transfer in porous media 

The simultaneous use of porous media and nanofluids has been a topic of interest 

for their better heat transfer rates in small-size systems. The use of a porous medium can 

be an efficient means of controlling heat transfer performance in enclosures. Between the 

operating fluid and the porous structure, there is a greater surface contact area that allows 

an efficient interaction between convective heat transfer within pores and heat conduction 

in a solid matrix. Recently, several works on the simultaneous use of porous media and 

nanofluids are found in the literature, which is very useful for the optimisation of various 

engineering devices. Mahdi et al. [2015] and Kasaeian et al. [2017] summarised the works 

concerning convective heat transfer flow problems such as natural, forced and mixed 

convection through a nanofluid-saturated porous medium in different geometries in their 

review article. Nield and Kuznetsov [2014] have extended their previous model for the 

nanofluid that incorporates the effects of Brownian motion and thermophoresis by 

employing more realistic boundary condition for the nanoparticle fraction. They have 

analytically investigated Horton-Rogers-Lapwood problem for a nanofluid using linear 

instability theory. Mittal et al. [2013] showed from their mixed convection in a porous 

cavity filled with nanofluid that the average Nusselt number increases with an increase of 

Darcy number for a constant volume fraction. Shenoy et al. [2015] have made a 

comprehensive review of heat transfer and fluid flow of nanofluid saturated porous media 

in their book. Mehryan et al. [2017] have studied the natural convection of Al2O3/water 

nanofluid and Cu-Al2O3/water hybrid nanofluid in a square cavity filled with two types of 

porous medium materials, namely glass balls and aluminium foam. Rajarathinam et al. 

[2017] and Astanina et al. [2018] have used the single-phase model for nanofluid to analyse 

mixed convection in a nanofluid saturated porous cavity with different flow configurations. 

Sheremet et al. [2015] have employed the thermal nonequilibrium model, and Tiwari and 

Das single-phase nanofluid model to study natural convection in a square porous cavity 

filled with a nanofluid. Sheremet and Pop [2015] simulated free convection in a nanofluid 

saturated triangular porous enclosure using Buongiorno’s mathematical model for 

nanofluid [Buongiorno, 2006]. Sheremet et al. [2017] used this model to analyse steady 
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natural convection in a partially heated wavy porous cavity filled with a nanofluid by 

considering the effects of Brownian diffusion and thermophoresis. Mohsen Sheikholeslami 

[2017; 2018a; 2018b] have made an extensive investigation on the nanofluid-saturated 

porous structure in the presence of a magnetic field using a single-phase lattice Boltzmann 

model. 

1.2.6 Analysis of entropy generation due to convection in enclosures 

In recent times, the second law-thermodynamics based entropy generation 

investigations have gained importance among the heat transfer community as it provides 

better insights into heat transfer analysis compared to the first law of thermodynamics based 

investigations. It is well established that the efficiency and overall performance of the heat 

transfer system can be improved by minimising the entropy generation, i.e., reducing the 

loss of available work. In thermal systems, the entropy generation is mainly contributed by 

heat transfer and fluid friction irreversibilities. The entropy generation minimisation 

(EGM) and the entropy generation analysis (EGA) have been evolved as useful and popular 

thermodynamic optimisation tools for thermodynamic systems. The EGM technique is 

generally a deterministic approach which aims to find optimal design variables at which 

minimum entropy generation rate prevails. The EGA identifies and reduces the 

thermodynamic irreversibilities based on a heuristic approach. These methods are first 

familiarised by Bejan [37] for different fluid-thermal engineering processes. Sciacovelli et 

al. [2015] have made a critical review study on the use of entropy generation analysis as an 

optimisation tool for the design of different types of engineering systems. Oztop and Al-

Salem [2012], Mahian et al. [2013] and Biswal and Basak [2017] wrote review articles 

depicting the use of entropy generation in different flow configurations by using clear fluid 

and nanofluid respectively. Magherbi et al. [2003] and Ilis et al. [2008] are the researchers 

who have studied the effect of entropy generation on a benchmark problem of natural 

convection which is a rectangular cavity with differentially heated vertical walls and 

insulated horizontal walls. Das et al. [2017] have made an extensive review work on natural 

convection in various non-square enclosures filled with conventional fluid or nanofluid or 
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porous media subjected to different thermal boundary conditions. Roy et al. [2015] made 

entropy and heat transfer analysis for the mixed convection in a square cavity for various 

moving horizontal or vertical wall(s) with two different fluids with Prandtl numbers at 

0.026 and 7.2 respectively. Wei et al. [2017] utilised LBM to study the effects of Prandtl 

number (Pr = 6, 20, 100 and 106) on entropy generation during Rayleigh-Bénard 

convection. Mahapatra et al. [2013] investigated the entropy generation during natural 

convection in a differentially heated cavity containing adiabatic and isothermal solid 

blocks. Nayak et al. [2016] have analysed the entropy generation and heat transfer for 

mixed convection flow problems in a nanofluid filled inclined skewed enclosure. Alsabery 

et al. [2018] and Al-Rashed et al. [2018] have made respectively two-dimensional and 

three-dimensional investigation to analyse the effect of heat transfer and entropy generation 

on mixed convection in a nanofluid saturated square and a cubic cavity filled with an 

isothermal block. Chattopadhyay et al. [2016] and Roy et al. [2016] have carried out 

different investigations to analyse the effect of porous medium on entropy generation 

during mixed convection for different velocity and thermal boundary conditions. 

Taghizadeh and Asaditaheri [2018] have analysed heat transfer and entropy generation 

during laminar mixed convection in an inclined lid-driven cavity with a circular porous 

cylinder inside. Hussain et al. [2018] have used the finite element method to study the effect 

of the internal heat generation and chemical reaction on the double-diffusive mixed 

convection in an Al2O3-water nanofluid-saturated square porous cavity. Siavashi et al. 

[2018] have used finite volume technique to study the effect of Cu-water nanofluid and 

porous fins on entropy generation during natural convection by using two-phase mixture 

model for nanofluid and Darcy-Brinkman-Forchheimer model for the porous region. 

Ashorynejada and Hoseinpour [2017] have analysed entropy generation during natural 

convection in a porous cavity filled with different nanofluids by implementing single-phase 

LBM. Ghasemi and Siavashi [2017] also used single-phase LB model to investigate the 

effect of different linear temperature distributions of sidewalls on entropy generation during 

natural convection in a Cu-water nanofluid filled porous cavity using a single-phase model. 

They found an optimal Rayleigh number to maximise heat transfer for each Darcy number. 
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1.3 Motivations and research objectives 

The literature survey reveals that most of the previous numerical works on natural- 

and mixed convection in the cavity with solid cylinders or blocks inside are made using 

conventional numerical techniques such as finite volume method, finite difference method 

etc. Besides, most of the previous numerical works on this type of flow conditions are 

carried out using fluids with Prandtl numbers of the order of unity. The numerical works 

that use the LBM, particularly MRT-LBM, are very limited. This provides a motivation to 

carry out a simulation for low to high Prandtl numbers using MRT-LBM.  

The literature review shows that a number of studies are undertaken to analyse heat 

transfer rate during natural and mixed convection in fluid-saturated porous media. 

However, the studies concerning entropy generation analysis are limited. Besides, the LBM 

studies are scarce in this context. 

The detailed literature review depicts that most of the numerical studies on 

convective heat transfer in a nanofluid-filled cavity have been made using a single-phase 

fluid model. The numerical studies (both conventional CFD and LBM) concerning the two-

phase model for nanofluid are found to be limited, where only a few studies deal with two-

phase LBM simulation. Moreover, the use of hybrid nanofluid has been recently practised 

by very few researchers in the investigation of thermal flow problems in enclosures. 

A perusal of literature suggests that a minimal number of works are available to 

understand the combined effect of both porous medium and nanofluid on fluid flow and 

heat transfer behaviour in spite of having different real-world engineering applications. 

Besides, most of the numerical studies concerning nanofluid-saturated porous media are 

carried out using the single-phase model for nanofluid. In the context of LBM literature, no 

two-phase LBM study has been reported yet to analyse convection flow in nanofluid 

saturated porous enclosures as per the author’s best knowledge.  

It is observed from the literature survey that most of the studies of heat transfer and 

flow phenomenon in clear or porous enclosures with or without nanofluid are restricted to 

the first law of thermodynamics. However, it is crucial to adopt the second law-based-
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investigations to analyse heat transfer systems from a thermodynamics point of view, which 

are characterised by entropy generation.  

In view of the above context, the objectives of the present investigation have been 

formulated as follows: 

1. To check the applicability of multiple relaxation time (MRT) thermal lattice 

Boltzmann model in complex flow systems such as flow with very low and high 

Prandtl numbers.  

2. Employment of generalised SRT- and MRT- lattice Boltzmann model based on 

Brinkman–Forchheimer extended Darcy model in simulating flow through the 

porous medium at representative elementary volume (REV) scale. 

3. To see the possibility of developing a two-phase LB model for nanofluid based on 

MRT- approach.  

4. To see the possibility for further extension of two-phase LB models to simulate 

nanofluid flow through a porous medium.  

5. To examine the applicability of LBM to hitherto unexplored heat transfer problems 

in different cavity flow configurations such as flow through a porous medium, 

nanofluid flow, and nanofluid-saturated porous medium.  

6. Employment of entropy generation analysis for all studied problems to identify the 

optimal configuration with high energy efficiency at which maximum heat transfer 

rate and minimum entropy generation prevail. 

1.4 Thesis outline 

The thesis has been organised into eight chapters. Brief contents of the chapters are 

described below. 

Chapter 2 describes the brief background of the lattice Boltzmann method, the 

implementation technique of both SRT and MRT model, and different boundary condition 

treatments. The isothermal and thermal benchmarks cavity flow problems are simulated by 

using an in-house LBM-Fortran code based on both SRT- and MRT- lattice Boltzmann 

models. The satisfactory agreement of present results with the previously published results 
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shows its competence and gives the confidence to extend our code further to investigate 

natural- and mixed convection flows with different flow configurations and medium in 

clear and porous enclosures. 

Chapter 3 focuses on the applicability of multiple relaxation time (MRT) thermal 

lattice Boltzmann model in complex flow systems such as flow with very low and high 

Prandtl number fluid. The MRT-LB model is used to analyse the effects of three different 

Prandtl numbers (Pr = 0.025, 5.83 and 151) on natural- and two mixed convection in a 

square cavity containing a hot square solid block at its centre with two different blockage 

ratios (
𝑑

𝐿
) of 0.25 and 0.5. 

Chapter 4 is concerned with the application of generalised SRT- and MRT- lattice 

Boltzmann model based on Brinkman–Forchheimer extended Darcy model [Guo and Zhao, 

2005; Liu et al., 2014] in simulating flow through the porous medium at representative 

elementary volume (REV) scale. The present work analyses the entropy generation and 

heat transfer for two different porous flow configurations, which are not addressed yet as 

per the authors’ best knowledge. 

Chapter 5 deals with the exploitation of established single-relaxation-time based 

two-phase LB model [Xuan and Yao, 2005] and the development of a new multiple-

relaxation-time based two-phase model for nanofluid flow. Then hybrid nanofluid is used 

to investigate three different cases of buoyancy-assisted mixed convection cavity flow 

based on velocity and thermal boundary conditions. 

Chapter 6 introduces a novel two-phase SRT-LBM model to simulate nanofluid 

flow through a porous medium by incorporating the Brinkman–Forchheimer-extended 

Darcy model. The present model is employed to investigate natural convection in a 

Cu/water nanofluid-saturated square porous cavity for the flow configuration, as mentioned 

in Chapter 4. 

Chapter 7 introduces a novel two-phase MRT-LBM for nanofluid, which is an 

extension of developed two-phase SRT-LBM. This model is used to analyse the entropy 

generation during steady mixed convection in a double-sided lid-driven inclined cavity 
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while placing a hot permeable square cylinder at the cavity centre by using Al2O3/water 

nanofluid. 

Chapter 8 includes a summary of the significant findings of the present thesis and 

the possible extensions of current work for uncovering the unseen facts.
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Chapter 2 

Lattice Boltzmann Method in a Nutshell 

2.1 Introduction 

The LBM [McNamara and Zanetti, 1988] originated from lattice gas (LG) automata 

[Wolf-Gladrow, 2000], was initially developed for the simulation of isothermal and 

incompressible flows. However, in recent years, LBM has been rapidly evolving as an 

alternative promising numerical tool for CFD as it establishes links between micro and 

macro scales to improve the understanding of fluid behaviour. It uses discrete Boltzmann 

equation to model the fluid flow by tracking the evolution of the particle distribution 

functions (PDF) which is the only unknown quantity of the LBM. LBM principally focuses 

on determining the averaged macroscopic properties despite its roots to the particle nature. 

The macroscopic variables, such as density and velocity, are obtained by evaluating the 

hydrodynamic moments of the PDF. This method can be seen as a special finite difference 

scheme for the kinetic equation of the discrete PDF as it utilises discrete lattice and discrete 

time. 

2.2 Development of LBM 

The LBM can be traced back to Boolean fluid model ‘Lattice Gas Cellular 

Automata’ that implements particles streaming and colliding in a fully discrete dimension. 

By satisfying mass conservation (number of Boolean particles) and momentum 

conservation, LGCA can yield Navier-Stokes equations. However, the derivation of the LB 

model from continuum Boltzmann equation makes it as a self-standing research subject in 

connection with statistical physics or kinetic theory equation. The LBE approximates the 

continuous BE by discretising physical space with a set of uniformly spaced lattice nodes 

and velocity space by a discrete set of microscopic velocity vectors. The time- and space-
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averaged microscopic movements of particles are modelled using distribution functions, 

which obey specific particle interaction rules to satisfy Navier-Stokes equations. 

2.2.1 Boltzmann transport equation 

The Boltzmann equation was formulated by Ludwig Boltzmann [Succi, 2001; 

Mohamad, 2011] to describe the statistical distribution of particles in a thermodynamic 

system far from equilibrium. It is one of the essential kinetic equation for non-equilibrium 

statistical mechanics. The BE uses a statistical description known as distribution function, 

𝑓(𝐫, 𝐞, 𝑡) which is the probable number of particles in a unit volume of fluid positioned 

about 𝐫 in the physical space element 𝑑3𝐫 = 𝑑𝐱𝑑𝐲𝑑𝐳 with velocity 𝐞 in the velocity space 

element 𝑑3𝐞 = 𝑑𝐮𝑑𝐯𝑑𝐰 at time 𝑡, to describe the mechanics of fluid. Mathematically, it is 

expressed by the following relation 

∫𝑓(𝐫, 𝐞, 𝑡) 𝑑3𝐫𝑑3𝐞 = 𝑁 (2.1) 

where 𝑁 is the total number of molecules in the container. 

If an external force 𝐅  (which is given by  𝑚𝐚(𝐫, 𝑡) , where 𝑚  is mass, and 𝐚  is the 

acceleration of a particle) is applied to a particle. The number of particles will remain the 

same while neglecting collision of particles, and it is presented as [Mohamad, 2011]: 

𝑓 (𝐫 + 𝐞𝑑𝑡, 𝐞 + (
𝐅

𝑚
)𝑑𝑡, 𝑡 + 𝑑𝑡) 𝑑𝐫𝑑𝐞 −  𝑓(𝐫, 𝐞, 𝑡)𝑑𝐫𝑑𝐞 = 0 (2.2) 

Taking account of the collision between particles, then the equation becomes, 

𝑓 (𝐫 + 𝐞𝑑𝑡, 𝐞 + (
𝐅

𝑚
)𝑑𝑡, 𝑡 + 𝑑𝑡) 𝑑𝐫𝑑𝐞 −  𝑓(𝐫, 𝐞, 𝑡)𝑑𝐫𝑑𝐞 = Ω(𝑓)𝑑𝐫𝑑𝐞𝑑𝑡 (2.3) 

Ω(𝑓) is the collision operator. Dividing the above equation by 𝑑𝐫𝑑𝐞𝑑𝑡 and taking the limit 

of 𝑑𝑡 → 0, the rate of change of number of particles, i.e. distribution function is given by 

𝑑𝑓

𝑑𝑡
= Ω(𝑓) (2.4) 

The total rate of change of distribution function can be expressed as, 
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𝑑𝑓 =
𝜕𝑓

𝜕𝐫
𝑑𝐫 +

𝜕𝑓

𝜕𝐞
𝑑𝐞 +

𝜕𝑓

𝜕𝑡
𝑑𝑡 (2.5) 

Therefore, the Boltzmann transport equation can be stated as 

𝜕𝑓

𝜕𝑡
+ 𝐞 ∙

𝜕𝑓

𝜕𝐫
+
𝐅

𝑚
∙
𝜕𝑓

𝜕𝐞
=  Ω(𝑓) (2.6) 

For a system unaided by an external force, the Boltzmann equation can be given as, 

𝜕𝑓

𝜕𝑡
+ 𝐞 ∙

𝜕𝑓

𝜕𝐫
=  Ω(𝑓) (2.7) 

Single-particle distribution function 𝑓(𝐫, 𝐞, 𝑡) depends on the scattering of a particle 

due to collision with another particle. Collision operator, Ω(𝑓) requires position and speed 

of both particles at time t (i.e. requires two body distribution function 𝑓2(𝐫, 𝐞, 𝑡)) which 

indeed require 𝑓3(𝐫, 𝐞, 𝑡) and so on up to N body distribution function 𝑓𝑁(𝐫, 𝐞, 𝑡). This 

results in Liouville equation [Succi, 2001] which exactly describe Newtonian behaviour of 

N-particles. This hierarchy of coupled N equations is known as the BBGKY hierarchy 

[Succi, 2001]. To simplify this complicated collision term, Boltzmann has taken several 

key assumptions based on dilute gas of point-like particles having an only localised binary 

collision, due to which 𝑄(𝑓, 𝑓) depends only on 𝑓2(𝐫, 𝐞, 𝑡) and by taking the assumption 

of molecular chaos (i.e. no correlation of particles entering short-lived collision), he 

replaced 𝑓2(𝐫, 𝐞, 𝑡)  by the product of 𝑓1(𝐫, 𝐞, 𝑡)  with velocity 𝐞1  and 𝑓2(𝐫, 𝐞, 𝑡)  with 

velocity 𝐞2. The simplified collision operator becomes as follow 

𝑄(𝑓, 𝑓) = ∫𝑑𝐶∫𝐞2𝜎(𝐶)|𝐞1 − 𝐞2| (𝑓1
′𝑓2
′ − 𝑓1𝑓2) (2.8) 

where, C is the scattering angle, 𝑓  and 𝑓′  are distribution function before and after a 

collision, 𝜎(𝐶) is the differential collision cross section for the two-particle collision.  

2.2.2 Linearisation of collision operator 

This complicated collision integral, i.e. 𝑄(𝑓, 𝑓)is a big obstacle when dealing with 

the Boltzmann equation. For simplification, simpler operator 𝐽(𝑓)  replaces 𝑄(𝑓, 𝑓) 

because rigorous information of two-body interactions has little influence on the values of 
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many experimentally measured quantities. This simplified collision integral 𝐽(𝑓) has to 

satisfy two constraints [Wolf-Gladrow, 2000] given as below: 

1. 𝐽(𝑓) has to conserve the five collision invariants 𝜓𝑘 of 𝑄(𝑓, 𝑓), i.e. 

∫𝜓𝑘 𝐽(𝑓)𝑑
3𝐫𝑑3𝐞 = 0 (2.9) 

where, (k = 0, 1, 2, 3, 4), 𝜓1  = 1 for conservation of mass, 𝜓1,2,3  = 𝐞  for 

conservation of momentum and 𝜓4 = 𝐞2 for conservation of energy. 

2. The collision term should have the ability to approximate the distribution function 

close to equilibrium distribution function, i.e. Maxwellian distribution by H-

theorem. 

If there are no external forces and the distribution function is independent of 𝐫 and time 𝑡 

(i.e., for t → ∞  under an arbitrary initial condition), then the distribution function 

𝑓(𝐞) approaches equilibrium distribution function 𝑓𝑒𝑞(𝐞) which satisfies the Boltzmann 

Transport equation (Eq. 2.7), when the right-hand side of the BE is zero, i.e. 

∫𝑑𝐶∫𝐞2𝜎(𝐶)|𝐞1 − 𝐞2| (𝑓1
′𝑓2
′ − 𝑓1𝑓2) = 0 (2.10) 

and there is only one possibility for this to be true, which is given as, 

𝑓1
′𝑓2
′ − 𝑓1𝑓2 = 0 (2.11) 

Equilibrium distribution function 𝑓𝑒𝑞(𝐞) which satisfies this above condition is called 

Maxwell Boltzmann Distribution Function [Mohamad, 2011] which is given as, 

𝑓𝑒𝑞 = 𝜌 (
𝑚

2𝜋𝑘𝐵𝑇
)

𝐷

2
exp (−

𝑚(𝐞−𝐮)2

2𝑘𝐵𝑇
)  (2.12) 

where 𝑚 is mass of one molecule, 𝑇 is the temperature of the gas, 𝐮 is a macroscopic 

velocity, 𝑘𝐵 is the Boltzmann constant and 𝐷 is the dimension of the space.  

If the external body force is neglected, both of the two constraints on collision integral are 

satisfied by the popular BGK model developed by Bhatnagar, Gross and Krook [Bhatnagar 

et al., 1954]. A simple approximation for collision term which is obtained by exponentially 

relaxes to local equilibrium with a time constant as given below: 
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 𝐽(𝑓) = −(
𝑓 − 𝑓𝑒𝑞

𝜏
) (2.13) 

where 𝜏 is a single relaxation time and 𝑓𝑒𝑞 is a local Maxwellian function. 

2.2.3 Derivation of lattice Boltzmann equation 

In LBE, the discretisation of time and space derivatives of discrete Boltzmann 

equation are approximated using a first-order finite difference scheme. In this context, LBE 

can be seen as a particular form of finite-difference of the DBE. Depending on the aptness 

in selecting the set of discrete velocities, time step and lattice spacing, the convection term 

of the LBE turns out to be a shifting of the distribution function from one lattice node to its 

neighbouring node. Basically, there are three necessary steps to obtain the LBE from 

simplified BE. 

1. First, a suitable local equilibrium function is to be determined, which plays an essential 

role in the LBM. It is the function which determines what kind of flow conditions are 

solved employing LBE. The equilibrium distribution function, 𝑓𝑒𝑞  in the BGK 

collision operator is mainly the low Mach number Taylor series expansion of 

Maxwellian function for low Mach number.  

𝑓𝑒𝑞 =
𝜌

(2𝜋𝑅𝑇)
𝐷
2

exp(−
𝐞2

2𝑅𝑇
) {1.0 +

𝐞. 𝐮

𝑅𝑇
+
(𝐞. 𝐮)2

2(𝑅𝑇)2
−
𝐮2

2𝑅𝑇
 } + 𝑂(𝑢3) (2.14) 

where 𝑅 is the gas constant. 

From the kinetic theory, the specific internal energy can be expressed as, 

𝐸 =  
1

2
𝐞2 = 

3

2
𝑅𝑇  (2.15) 

Therefore, it is obtained that 𝑅𝑇 is equal to 
𝐞2

3
 which is the value of the lattice speed of 

sound 𝐶𝑠 in LBM. The 𝑓𝑒𝑞 can be viewed as a multiplication of weighting function 𝜓(𝐞) =

1

(2𝜋𝑅𝑇)
𝐷
2

exp (−
𝐞2

2𝑅𝑇
)  with a polynomial in 𝐞 . The Gauss quadrature rule is applied to 

evaluate continuous integrals as sums of a discrete set of weight functions 𝑤𝑖 

corresponding to each discrete velocity 𝐞𝑖. It is given by, 
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∫𝜓(𝐞)𝐞𝑛 𝑑𝐞 =∑𝑤𝑖
𝑖

𝐞𝑖
𝑒𝑞

 (2.16) 

This leads to discrete equilibrium distribution function, which is calculated by prescribed 

macroscopic density and velocity as follows [He and Luo, 1997] 

  𝑓𝑖
𝑒𝑞 = 𝜌𝑤𝑖 {1.0 +

𝐞𝑖. 𝐮

𝐶𝑠2
+
(𝐞𝑖. 𝐮)

2

2𝐶𝑠
4 −

𝐮2

2𝐶𝑠2
 } (2.17) 

The weighting factor (𝑤𝑖) for D2Q9 lattice structure is provided as [Guo and Shu, 2013]:  

𝑤𝑖 =

{
 
 

 
 
4

9
      𝑖 = 0

1

9
              𝑖 = 1, . . ,4

1

36
              𝑖 = 5, . . ,8}

 
 

 
 

 (2.18) 

For the D3Q19 lattice structure, it is given by [Krüger et al., 2016]:  

𝑤𝑖 =

{
 
 

 
 
1

3
      𝑖 = 0

1

18
              𝑖 = 1, . . ,6

1

36
              𝑖 = 7, . . ,18}

 
 

 
 

 (2.19) 

The discrete velocity 𝐞𝑖 for D2Q9 lattice structure is specified as [Guo and Shu, 2013]:  

𝐞𝑖 =

{
 
 

 
 
(0, 0)       𝑖 = 0

𝑐(cos[(𝑖 − 1)𝜋 2⁄ ] , sin[(𝑖 − 1)𝜋 2⁄ ])               𝑖 = 1, . . ,4

√2𝑐(cos[(2𝑖 − 9)𝜋 4⁄ ] , sin[(2𝑖 − 9)𝜋 4⁄ ])               𝑖 = 5, . . ,8}
 
 

 
 

 (2.20) 

The discrete velocity 𝐞𝑖 for D3Q19 lattice structure is presented as [Krüger et al., 2016]:  

𝐞𝑖 =

{
 
 

 
 

  

(0, 0,0)       𝑖 = 0

𝑐(±1, 0, 0), 𝑐(0, ±1, 0), 𝑐(0, 0, ±1)               𝑖 = 1, . . ,6

𝑐(±1,±1, 0), 𝑐(0, ±1, ±1), 𝑐(±1, 0, ±1)               𝑖 = 7, . . ,18}
 
 

 
 

 (2.21) 
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2. The discretisation of velocity space 𝐞 to obtain the necessary and minimum number of 

discrete velocities 𝐞𝑖. 

𝜕𝑓𝑖
𝜕𝑡
+ 𝐞𝑖 ∙

𝜕𝑓𝑖
𝜕𝐫

= (
𝑓𝑖
𝑒𝑞 − 𝑓𝑖
𝜏

) (2.22) 

This equation is termed as discrete Boltzmann equation  

3. The discretisation of time and space is done to obtain the lattice Boltzmann equation, 

which works as the governing equation for LBM. The LBE is given as [He and Luo, 

1997] 

𝑓𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑖(𝐫, 𝑡) =
∆𝑡

𝜏
(𝑓𝑖

𝑒𝑞 − 𝑓𝑖) (2.23) 

2.3 Algorithm of LBM 

The general LBM algorithm consists of two fundamental steps: streaming and 

collision, which are followed by subsequent steps. However, the algorithm starts with an 

initialisation step to set the initial values of the distribution functions using discrete 

equilibrium distribution function. The general LBM algorithm can be described with the 

following steps: 

1. The collision step (Fig. 2.1(b)) implements the collision operator, which models the 

interactions between pseudo-particles (distribution functions) by conserving mass 

and momentum and bring them back to their equilibrium states. The process of 

collision is local concerning each lattice site. 

𝑓𝑖(𝐫, 𝑡 + ∆𝑡) = 𝑓𝑖(𝐫, 𝑡) +
∆𝑡

𝜏
(𝑓𝑖

𝑒𝑞
− 𝑓𝑖) (2.24) 

2. The streaming step (Fig. 2.1(c)) models the shifting of distribution functions in the 

direction of motion from one node to the adjacent nodes. 

𝑓𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑓𝑖(𝐫, 𝑡 + ∆𝑡) (2.25) 

3. Then the boundary step is implemented, which defines the unknown distribution 

functions at the boundary lattice nodes. 
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4. These three steps are completed in one time-step of the LBM simulation. Hence, 

this sequence is repeated in a loop until the final time is reached. 

2.4 Lattice structure in LBM 

   

(a) (b) (c) 

Fig. 2.1. (a) D2Q9 lattice model, (b) Collision process and (c) Streaming process in LBM 

In LBM, all the particles are assumed to be residing at the fixed location called  

nodes of a lattice. These lattices are the regular arrangement of the particles in the 

domain and hence all particles should follow or move along these fixed paths thereby 

reducing the degree of freedom of the system. All particles should be streamed along 

these lattice links and collide at lattice sites. The lattice structure in LBM is symbolised by 

DmQn, where m is the number of dimension and n denotes the number of particle 

velocities, i.e., number of linkages of a node. Fig. 2.1(a) shows a lattice structure for two- 

dimensional flows namely D2Q9 lattice models with nine discrete velocities (𝐞𝑖) [Hou et 

al., 1995], and it is opted in this thesis work. In a D2Q9 model, each lattice node has eight 

neighbours as connected by eight links. The particle distribution functions (PDF) with their 

respective velocity 𝐞𝑖  streams from one node to its neighbouring node in a streaming 

process along these links in unit time. For three-dimensional problems, cubic lattice 

structures commonly D3Q19 lattice model [Krüger et al., 2016] is used, as shown in Fig. 

2.2. In this model, each node has eighteen neighbours as connected by eighteen links. These 

9 speeds and 19 speeds provide sufficient isotropy to the 2D and 3D model respectively 

4

2

3

56

1

7 8

0
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and are sufficient for weakly compressible fluid applications. Besides, the use a rest particle 

in a discrete velocity set is to improve computational stability and reliability of the model. 

 

Fig. 2.2. D3Q19 lattice model 

2.5 Methodology of basic LBM model 

The Lattice Boltzmann algorithm (LBE) has two fundamental steps: streaming and 

collision. All LB models implement the streaming step in the same manner, which deals 

with shifting of the particle from one lattice node to the adjacent node. The collision step, 

which models the interactions between molecules, can be modified. Depending on 

linearised collision operator used in lattice Boltzmann equation, two approaches are mainly 

studied by researchers. The most popular and simple method is Bhatnagar-Gross-Krook 

(BGK) [Chen et al., 1991; Qian et al., 1992] collision model in which both bulk and shear 

viscosity are determined by single relaxation time (SRT) parameter. The SRT parameter is 

viscosity dependent which relaxes the different physical modes to their equilibria with the 

same rate, thereby leads to the deficiencies concerning its accuracy and stability. To 

overcome this limitation, a collision matrix with multiple relaxation times can be used, 

which allows choosing the bulk viscosity independently of the shear viscosity. d’Humi`eres 

[1992] introduced the multiple relaxation time (MRT) approach, which improves the 

numerical stability of LBM by relaxing the hydrodynamic and non-hydrodynamic moments 

x

z

y
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with different relaxation time. However, the proper implementation of the MRT method is 

15% to 20% slower than the SRT method, as suggested by Lallemand and Luo [2000]. The 

methodology of both models for isothermal and thermal flows are provided in the following 

sections. In order to facilitate numerical calculation and analysis, the proper conversion 

from the physical unit to lattice unit has to be made (mentioned in details in Appendix A). 

For the simulation of lid-driven (temperature term is ignored) and mixed convection 

problem, the non-dimensional quantities are expressed as follows: 

𝑥 =
𝑥∗

𝐿
;           𝑦 =

𝑦∗

𝐿
;          𝑢 =  

 𝑢∗

𝑉0
∗ ;           𝑣 =

𝑣∗

𝑉0
∗ ;           𝜃 =

𝑇 − 𝑇𝑐
𝑇ℎ − 𝑇𝑐

 (2.26) 

whereas, for the simulation of buoyancy induced convection, the macroscopic quantities 

are presented in their dimensionless form as: 

𝑥 =
𝑥∗

𝐿
;           𝑦 =

𝑦∗

𝐿
;          𝑢 =  

  𝑢∗𝐿

𝛼𝑓
;           𝑣 =

 𝑣∗𝐿

𝛼𝑓
;           𝜃 =

𝑇 − 𝑇𝑐
𝑇ℎ − 𝑇𝑐

 (2.27) 

where 𝐿 and 𝑉0
∗ are taken as the reference length and characteristic velocity of the fluid 

respectively. The symbols with ‘ ∗ ’ and without ‘ ∗ ’ indicate the variables in their 

dimensional and non-dimensional form respectively.  𝜃  stands for non-dimensional 

temperature and 𝛼𝑓 is the thermal diffusivity of the fluid (or base fluid in case of nanofluid). 

2.5.1 SRT-LBM model for isothermal flows 

The governing equation for the lattice BGK model with a single relaxation time 

(SRT) is [Hou et al., 1995] 

𝑓𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑓𝑖(𝐫, 𝑡) +
1

𝜏𝜈
(𝑓𝑖

𝑒𝑞(𝐫, 𝑡) − 𝑓𝑖(𝐫, 𝑡)) (2.28) 

The suffix 𝑖 (0 ≤ 𝑖 ≤ 8 for D2Q9 model) refers to a PDF with velocity 𝐞𝑖  at which DF 

streams from one node to its neighbouring node in a streaming process, 𝐫 = [𝑥, 𝑦] is the 

position vector of an arbitrary lattice node, and ∆𝑡  is the lattice time step. The single 

relaxation time (𝜏𝜈 ) determine the kinetic viscosity, 𝜈 = 𝐶𝑠
2∆𝑡(𝜏𝜈 −

1

2
)  and it relaxes 
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discrete density distribution function (𝑓𝑖) towards its equilibrium distribution function (𝑓𝑖
𝑒𝑞

) 

in the collision process (given by the right-hand side of the equation). 

2.5.2 MRT-LBM model for isothermal flows 

The principle of MRT is to perform the collision process in the moment space rather 

than in the velocity space as the collision operator, Ω(𝑓) is generally a full matrix. The 

MRT-LBM introduces different relaxation times that relax the respective moment of the 

distribution functions, thereby improving numerical stability and accuracy compared to 

SRT-LBM. The evolution equation for LBM-MRT model is given as [d’Humi`eres, 1992]: 

𝑓𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡)  − 𝑓𝑖(𝐫, 𝑡) = −M
−1R{𝐦(𝐫, 𝑡)  −  𝐦𝑒𝑞(𝐫, 𝑡)} (2.29) 

For D2Q9 model, the nine discretised distribution function corresponding to 𝐞𝑖 and their 

nine moments in vector form are given as 

𝐟(𝐫, 𝑡) =  {𝑓0(𝐫, 𝑡), 𝑓1(𝐫, 𝑡),…… , 𝑓8(𝐫, 𝑡)}
T (2.30) 

𝐦(𝐫, 𝑡) =  {𝑚0(𝐫, 𝑡),𝑚1(𝐫, 𝑡), …… ,𝑚8(𝐫, 𝑡)}
T

= (𝜌, 𝑒, ∈, 𝑗𝑥, 𝑞𝑥, 𝑗𝑦, 𝑞𝑦, 𝑃𝑥𝑥 , 𝑃𝑥𝑦)
T 

(2.31) 

where 𝜌 is the fluid density, e and ∈ are related to the energy and its square, 𝑗𝑥 and 𝑗𝑦 are 

components of the momentum, 𝑞𝑥 and 𝑞𝑦 are the components of the energy flux, 𝑃𝑥𝑥 and 

𝑃𝑥𝑦  correspond to the diagonal and off-diagonal components of the stress tensor. The 

superscript T denotes transpose operator. 

The transformation matrix M  is a 9× 9 matrix that linearly transforms the density 

distribution functions (𝐟) in velocity space to their velocity moments (𝐦) in moment space 

and vice-versa follows: 

𝐦 = M𝐟 ,  𝐟 =  M−1𝐦 (2.32) 

The transformation matrix M is given by 
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M = 

[
 
 
 
 
 
 
 
 
 
 
 
 

 

1 1 1 1 1 1 1 1 1

−4 −1 −1 −1 −1 2 2 2 2

4 −2 −2 −2 −2 1 1 1 1

0 1 0 −1 0 1 −1 −1 1

0 −2 0 2 0 1 −1 −1 1

0 0 1 0 −1 1 1 −1 −1

0 0 −2 0 2 1 1 −1 −1

0 1 −1 1 −1 0 0 0 0

0 0 0 0 0 1 −1 1 −1

 

]
 
 
 
 
 
 
 
 
 
 
 
 

 (2.33) 

The rows of M are distributed according to the order of tensor of the nine moments instead 

of the order of moment of the distribution functions. The first three rows correspond to 

three scalars 𝜌, 𝑒 and ∈ which are the 0th, 2nd and 4th order moments of 𝑓𝑖 respectively. The 

next four rows are related to four vectors 𝑗𝑥, 𝑞𝑥, 𝑗𝑦 and 𝑞𝑦 respectively where 𝑗𝑥 and 𝑗𝑦 are 

the first-order moments and 𝑞𝑥  and 𝑞𝑦  are the third-order ones. The last two rows are 

related to the second-order stress tensors, which are second-order moments. The 

equilibrium moments 𝐦𝑒𝑞 in vector form is given by [26] 

𝐦𝑒𝑞 = {𝜌(1,−2 + 3𝐮2, 1 − 3𝐮2, 𝑢𝑥 , −𝑢𝑥, 𝑢𝑦, −𝑢𝑦, 𝑢𝑥
2 − 𝑢𝑦

2 , 𝑢𝑥𝑢𝑦)}
T

 (2.34) 

In moment space the diagonal relaxation matrix R given as 

R = diag(1, 𝑟𝑒 , 𝑟∈, 1, 𝑟𝑞 , 1, 𝑟𝑞 , 𝑟𝜈 , 𝑟𝜈) (2.35) 

These relaxation parameters are chosen flexibly (0 <  𝑟  <  2) while depending on the 

problem formulation. For the current isothermal flow simulation, they are set as 𝑟𝑒 = 𝑟∈ = 

1.64 and 𝑟𝑞 = 1.2. The parameter 𝑟𝑣 is linked to kinetic viscosity 𝜈 as follows: 

1

𝑟𝜈
= 

𝜈

𝐶𝑠2
+
1

2
 (2.36) 

The MRT model reduces to the usual lattice BGK equation if all the relaxation parameters 

are set to single relaxation time (𝜏𝑣) where R =  
I

𝜏𝑣
 (I is the identity matrix).   
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In LBM, the macroscopic variables are obtained by taking moments of the 

distribution function. Fluid density 𝜌 and velocity 𝐮 are calculated by taking 0th and 1st 

moments of 𝑓𝑖 respectively [Chen and Doolen, 1998].   

𝜌 =∑𝑓𝑖

8

𝑖=0

 (2.37) 

𝜌𝐮 =∑𝑓𝑖 

8

𝑖=0

𝐞𝑖 (2.38) 

2.5.3 SRT-LBM model for thermal flows 

Peng et al.’s [2003] simplified DDF approach based on SRT-LBM is implemented 

to simulate heat transfer flow problems. The governing discretised lattice Boltzmann 

equations for density and temperature distribution function are given as 

𝑓𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑓𝑖(𝐫, 𝑡) +
1

𝜏𝑣
(𝑓𝑖

𝑒𝑞(𝐫, 𝑡) − 𝑓𝑖(𝐫, 𝑡)) + 𝑆𝑖 (2.39) 

To incorporate the buoyancy force in this thermal lattice Boltzmann model, the force term 

(𝑆) is added to the collision process. A number of LB forcing schemes are proposed in the 

literature to model external force term for different thermal problems. Among these, three 

popular forcing schemes are given as follows: 

1. Luo’s force model (conventional model) [Luo, 1993] 

   𝑆𝑖 = 𝑑𝑡𝑤𝑖 
𝐞𝑖. 𝐆

𝐶𝑠2
                       (2.40) 

2. Shan and Chen force model [Shan and Chen, 1994] 

   𝑆𝑖 = 𝑑𝑡𝑤𝑖 {
𝐞𝑖 − 𝐮

𝐶𝑠2
+
𝐞𝑖(𝐞𝑖. 𝐮) 

𝐶𝑠4
} . 𝐆 (2.41) 

3. Guo’s force model [Guo et al., 2002c] 

   𝑆𝑖 = 𝑑𝑡𝑤𝑖 {1 −
1

2𝜏𝑣
} {
𝐞𝑖 − 𝐮

𝐶𝑠2
+
𝐞𝑖(𝐞𝑖. 𝐮) 

𝐶𝑠4
} . 𝐆 (2.42) 
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Among these three models, Guo’s force model is found to be more appropriate one as it 

can correctly represent the Navier-Stokes equation on the macroscopic scale using 

Chapman-Enskog expansion. 

𝐆  is defined as the external force per unit volume due to the presence of the 

buoyancy force. According to Boussinesq approximation, all the properties of fluid 

considered as constants except the density variation in the buoyancy force term.  The 

buoyancy force per unit volume depends linearly on the temperature as follows [Cengel, 

2003] 

𝐆 = 𝜌𝐠𝛽(𝜃 − 𝜃𝑚)  (2.43) 

where 𝜌 is the density of the fluid at the mean temperature 𝜃𝑚, 𝐠 is the acceleration due to 

gravity, and 𝛽 is the coefficient of thermal expansion. 

For temperature distribution function the governing discretised lattice Boltzmann 

equation is given as [Peng et al., 2003] 

𝑔𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑔𝑖(𝐫, 𝑡) +
1

𝜏𝜃
( 𝑔𝑖

𝑒𝑞(𝐫, 𝑡) − 𝑔𝑖(𝐫, 𝑡)) (2.44) 

The 𝜏𝑣  and 𝜏𝜃  are single relaxation time (SRT) parameters that determine the kinetic 

viscosity, 𝑣 = 𝐶𝑠
2∆𝑡(𝜏𝑣 −

1

2
) and thermal diffusivity, 𝛼 = 𝐶𝑠

2∆𝑡(𝜏𝜃 −
1

2
) respectively.   

2.5.4 MRT-LBM model for thermal flows 

The governing equation for LBM-MRT model for flow field with source term can 

be given as follows [Mezrhab et al., 2010]: 

𝑓𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡)  − 𝑓𝑖(𝐫, 𝑡)

= −M−1R{𝐦(𝐫, 𝑡)  − 𝐦𝑒𝑞(𝐫, 𝑡)} + M−1 (I −
R

2
) 𝐒 

(2.45) 

In moment space the diagonal relaxation matrix R given as 

R = diag(1, 𝑟𝑒 , 𝑟∈, 1, 𝑟𝑞 , 1, 𝑟𝑞 , 𝑟𝜈 , 𝑟𝜈) (2.46) 
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For all thermal flow simulation in this thesis work, the relaxation parameters are chosen as 

𝑟𝑒 = 1.64, 2 > 𝑟∈ ≥ 
2

1+𝑃𝑟
 and 𝑟𝑞 = 1.2, where Pr is the Prandtl number. The total force term 

𝐒 is given by a column vector as follows [Wang et al., 2013]: 

𝐒 = {𝜌(0, 6𝐮. 𝐅, −6𝐮. 𝐅, 𝐹𝑥, −𝐹𝑥 , 𝐹𝑦, −𝐹𝑦, 2(𝑢𝑥𝐹𝑥 − 𝑢𝑦𝐹𝑦), (𝑢𝑥𝐹𝑦 + 𝑢𝑦𝐹𝑥))}
T
 (2.47) 

where, 

𝐹𝑥 = 0; 𝐹𝑦 = 𝐆 =  𝜌𝐠𝛽(𝜃 − 𝜃𝑚) (2.48) 

The evolution equation for LBM-MRT model for temperature field is given as 

follows [Wang et al., 2013] 

𝑔𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) − 𝑔𝑖(𝐫, 𝑡) = −N
−1C{𝐧(𝐫, 𝑡)  −  𝐧𝑒𝑞(𝐫, 𝑡)} (2.49) 

For D2Q5 model, the suffix 𝑖 refers to 5 discrete velocities 𝐞𝑖 for D2Q5 lattice structure, 

the velocities are given as [Mezrhab et al., 2010]:  

𝐞𝑖 = {
(0, 0)               𝑖 = 0

𝑐(cos[(𝑖 − 1)𝜋 2⁄ ] , sin[(𝑖 − 1)𝜋 2⁄ ])               𝑖 = 1, . . ,4
} (2.50) 

The diagonal relaxation matrix C is given by [Wang et al., 2013] 

C = diag(1, 𝑐𝜃, 𝑐𝜃 , 𝑐𝑒 , 𝑐𝑣) (2.51) 

In the present simulation, the relaxation parameters are chosen as 𝑐𝑒  = 𝑐𝑣  = 1.8. The 

relaxation parameter 𝑐𝜃  in Eq. 2.51 is determined by the thermal diffusivity 𝛼 as given 

below: 

1

𝑐𝜃
=

10𝛼

(4 + 𝑎)
+
1

2
 (2.52) 

where the value of constant term 𝑎 should be less than one to avoid numerical instability. 

The transformation matrix N  is a 5× 5 matrix which linearly transforms the 

temperature distribution functions (𝐠) to their moments (𝐧) and vice-versa as follows: 

𝐧 = N𝐠,  𝐠 =  N−1𝐧  (2.53) 

where N is given by 
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 N = 

[
 
 
 
 
 
 

 

1 1 1 1 1

0 1 0 −1 0

0 0 1 0 −1

−4 1 1 1 1

0 1 −1 1 −1

 

]
 
 
 
 
 
 

 (2.54) 

The equilibrium moments 𝐧𝑒𝑞 in vector form is given as [Mezrhab et al., 2010]: 

𝐧𝑒𝑞 = (𝜃, 𝑢𝜃, 𝑣𝜃, 𝑎𝜃, 0)T (2.55) 

The characteristic velocity for mixed convection flow is taken as the lid velocity 

(𝑉0
∗ = √𝑅𝑖𝐠𝛽∆𝑇𝐿 ) whereas, the characteristic velocity of the natural convection flow is 

√𝐠𝛽∆𝑇𝐿 . The value of characteristic velocity in the lattice unit (𝑉𝑙𝑏) must be small in 

comparison to the lattice speed of sound 𝐶𝑠  (= 1 √3 ⁄ ) to satisfy incompressibility 

condition. In Thermal LBM, the velocity 𝐮 is modified by taking into account the force 

effect as follows [Guo et al., 2002c]: 

𝜌𝐮 =∑𝑓𝑖 

8

𝑖=0

𝐞𝑖 +
𝐆

2
 (2.56) 

Temperature (𝜃) is the only conserved quantity which is calculated as 0th moments of 𝑔𝑖 

[Peng et al., 2003] as given below: 

𝜃 =∑𝑔𝑖

4

𝑖=0

 (2.57) 

2.6 Initial and boundary condition treatments in LBM 

Initial condition and boundary condition (BC) play a vital role in any flow problem 

to obtain the proper solution. Generally, macroscopic variables are directly implemented at 

these conditions in solving continuum flow problems using computational fluid dynamics 

techniques such as finite difference, finite volume method. However, in LBM, these 

physical conditions are needed to be expressed in terms of an only unknown parameter 

known as the discrete distribution function. Different approaches have been proposed by 
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researchers to obtain the distribution function from known macroscopic variables while 

maintaining the same physical meaning. To model initial condition in LBM, the 

equilibrium distribution function is most widely used [Hou et al. 1995] to initialise both 

density- and temperature- distribution function, which is represented as follows: 

𝑓𝑖(𝐫, 𝑡) = 𝑓𝑖
𝑒𝑞(𝐫, 𝑡);  𝑔𝑖(𝐫, 𝑡) = 𝑔𝑖

𝑒𝑞(𝐫, 𝑡) (2.58) 

A number of boundary schemes are available in LBM literature to specify the 

distribution functions at a boundary. These boundary conditions can be divided into two 

categories: link-wise and wet-node [Guo and Shu, 2013; Krüger et al. 2016]. 

The popular bounce-back (BB) model falls under link-wise schemes. This model 

simulates no-slip boundary condition on the stationary wall located midway on the link 

between lattice nodes (termed as a half-way bounce-back scheme). The enforcement of 

bounce back model on density distribution function is given as follows:  

𝑓𝑖(𝐫𝑏, 𝐞𝑖, 𝑡) = 𝑓𝑖(𝐫𝑏 , −𝐞𝑖, 𝑡) (2.59) 

where 𝐫𝑏 is the position vector of the boundary node. In this approach, the distribution 

function is reversed back to its original location with the same sped after meeting a rigid 

boundary during its streaming. 

Ladd et al. [1994] proposed a revised half-way bounce-back scheme to incorporate wall 

velocity into LBM framework as follows: 

𝑓𝑖(𝐫𝑏, 𝐞𝑖, 𝑡) = 𝑓𝑖(𝐫𝑏 , −𝐞𝑖, 𝑡) − 2 𝑤𝑖𝜌𝑏 {
𝐞𝑖. 𝐮𝑤
𝐶𝑠2

} (2.60) 

where 𝑏 and 𝑤 denote the boundary node and wall node. It is evident that wall velocity 𝐮𝑤 

= 0 for a stationary boundary.  

The boundary in wet-node boundary schemes is placed on a boundary node. The 

most common wet-node schemes are equilibrium scheme, non-equilibrium bounce-back 

method and non-equilibrium extrapolation method. In equilibrium scheme, the unknown 

distribution functions at the boundary are set equal to their equilibrium values as obtained 

from prescribed density and velocity at the boundary. 
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𝑓𝑖(𝐫𝑏 , 𝑡) = 𝑓𝑖
𝑒𝑞(𝐫𝑏, 𝜌𝑏 , 𝐮𝑤, 𝑡) (2.61) 

This BC provides satisfactory accuracy when relaxation time 𝜏 approaches 1. 

Guo et al. [2002b] proposed a non-equilibrium extrapolation method (NEEM) on 

the basis of non-equilibrium distribution functions. The fundamental concept of this 

method is to a breakdown of the distribution functions (DF) into its equilibrium and non-

equilibrium parts at the boundary node. The equilibrium DF is defined based on the stated 

macroscopic boundary conditions. Whereas, the non-equilibrium DF is approximated with 

a first-order extrapolation. It is expressed as follows: 

𝑓𝑖(𝐫𝑏 , 𝑡) = 𝑓𝑖
𝑒𝑞(𝐫𝑏, 𝜌𝑓 , 𝐮𝑤 , 𝑡) + (𝑓𝑖(𝐫𝑓 , 𝑡) − 𝑓𝑖

𝑒𝑞(𝐫𝑓, 𝑡)) (2.62) 

Where 𝑓 , 𝐫𝑓  and 𝜌𝑓  represent the fluid node, position vector and density at the 

neighbouring fluid (inner) node respectively. 

Zou and He [1997] proposed a non-equilibrium bounce-back method (NEBB), as 

the name suggests it is the bounce-back of the non-equilibrium distribution functions.  

𝑓𝑖
𝑛𝑒𝑞(𝐫𝑏, 𝐞𝑖, 𝑡) = 𝑓𝑖

𝑛𝑒𝑞(𝐫𝑏, −𝐞𝑖, 𝑡) (2.63a) 

𝑓𝑖(𝐫𝑏, 𝐞𝑖, 𝑡) − 𝑓𝑖
𝑒𝑞(𝐫𝑏, 𝐞𝑖, 𝑡) = 𝑓𝑖(𝐫𝑏, −𝐞𝑖 , 𝑡) − 𝑓𝑖

𝑒𝑞(𝐫𝑏 , −𝐞𝑖, 𝑡) (2.63b) 

In the thesis work, application of LB boundary schemes is limited to model BC at solid 

walls. However, different LB boundary schemes are proposed to treat curved boundary 

[Mei et al., 1999] and inflow/outflow conditions [Yu et al., 2003]. 

For thermal flow conditions, second-order accurate finite difference approximation 

(Neumann condition) on macroscopic temperature is implemented on thermally insulated 

walls, and Dirichlet condition is used for constant temperature walls [Peng et al., 2003]. To 

transform these temperature conditions to their distribution function (DF) counterpart, a 

second-order accurate non-equilibrium-extrapolation approach proposed by Guo et al. 

[2002a] is applied. In this approach, both equilibrium and non-equilibrium parts of DF are 

calculated from known temperatures at a boundary node and at a neighbouring fluid node. 

𝑔𝑖(𝐫𝑏 , 𝑡) = 𝑔𝑖
𝑒𝑞(𝐫𝑏, 𝜃𝑤, 𝐮𝑤, 𝑡) + (𝑔𝑖(𝐫𝑓 , 𝑡) − 𝑔𝑖

𝑒𝑞(𝐫𝑓, 𝑡)) (2.64) 
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2.7 Post processing  

2.7.1 Stream function 

The stream function (𝜓) is used to plot the streamlines which are tangential to the 

instantaneous velocity vector of the flow, thus displaying the fluid motion. The relationship 

between stream function and velocity components 𝑢 and 𝑣 for two-dimensional flows are 

given as: 

𝑢 =
𝜕𝜓

𝜕𝑦
, 𝑣 = −

𝜕𝜓

𝜕𝑥
  (2.65) 

The positive and negative sign of 𝜓 denotes the anticlockwise and clockwise circulation 

respectively.  

2.7.2 Nusselt number 

The overall heat transfer characteristics are best described by the non-dimensional 

parameter known as the Nusselt number (Nu). The average Nu for the whole domain (𝑁𝑢̅̅ ̅̅ ), 

along vertical left (𝑁𝑢𝑙̅̅ ̅̅ ̅) and right (𝑁𝑢𝑟̅̅ ̅̅ ̅) wall and along the horizontal bottom (𝑁𝑢𝑏̅̅ ̅̅ ̅̅ ) and 

top (𝑁𝑢𝑡̅̅ ̅̅ ̅) wall are respectively calculated as follows [Peng et al., 2003]: 

𝑁𝑢̅̅ ̅̅ =  
1

𝐿2
∫ ∫ 𝑁𝑢𝑑𝑥𝑑𝑦 

𝐿

0

𝐿

0

 (2.66a) 

𝑁𝑢̅̅ ̅̅ 𝑙(or 𝑁𝑢̅̅ ̅̅ 𝑟) =
1

𝐿
∫ 𝑁𝑢𝑥𝑑𝑦
𝐿

0

 (2.66b) 

𝑁𝑢̅̅ ̅̅ 𝑏(or 𝑁𝑢̅̅ ̅̅ 𝑡) =
1

𝐿
∫ 𝑁𝑢𝑦𝑑𝑥
𝐿

0

 (2.66c) 

where 𝑁𝑢 = 𝑢𝜃 −
𝑘𝑛𝑓

𝑘𝑓
(
𝜕𝜃

𝜕𝑥
) , 𝑁𝑢𝑥 = −

𝑘𝑛𝑓

𝑘𝑓
(
𝜕𝜃

𝜕𝑥
)  and 𝑁𝑢𝑦 = −

𝑘𝑛𝑓

𝑘𝑓
(
𝜕𝜃

𝜕𝑦
)  are the local 

Nusselt number at all fluid nodes, at the vertical and horizontal surfaces respectively, and 

the integral is evaluated using Simpson’s 1/3 rule. For flow without nanofluid, 𝑘𝑛𝑓 is set 

equal to 𝑘𝑓. 
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2.7.3 Entropy generation 

For convective heat transfer system, the dimensionless local entropy generation for 

a two-dimensional heat and fluid flow is given by considering the local thermodynamic 

equilibrium of linear transport theory [Nield and Bejan, 1999]. The total local entropy 

generation within the fluid-saturated porous medium and at the solid boundaries is the sum 

of the entropy generation due to the heat transfer and fluid friction irreversibilities, as 

shown below:   

𝑆𝑡𝑜𝑡 = 𝑆𝜃 + 𝑆𝜓 (2.67) 

where 𝑆𝜃 and 𝑆𝜓 are the dimensionless local entropy generation due to heat transfer and 

fluid friction irreversibilities respectively, which are presented mathematically as follows 

[Roy et al., 2016; Siavashi et al., 2018]: 

𝑆𝜃 =
𝑘𝑛𝑓

𝑘𝑓
 [(
𝜕𝜃

𝜕𝑥
)
2

+ (
𝜕𝜃

𝜕𝑦
)
2

] (2.68a) 

𝑆𝜓 =  𝜒
𝜇𝑛𝑓

𝜇𝑓
{
[𝑢2 + 𝑣2]

𝐷𝑎
+ [2 (

𝜕𝑢

𝜕𝑥
)
2

+ 2(
𝜕𝑣

𝜕𝑦
)
2

+ (
𝜕𝑣

𝜕𝑥
+
𝜕𝑢

𝜕𝑦
)
2

]} (2.68b) 

To incorporate viscous dissipation in porous media, an additional term (
[𝑢2+𝑣2]

𝐷𝑎
) is included 

in Eq. (2.68b). This viscous dissipation model proposed by Al-Hadhrami et al. [2003] is 

valid for low as well as high Darcy number. The irreversibility factor 𝜒 represents the ratio 

of the viscous entropy generation to thermal entropy generation which is presented as 

𝜇𝑓𝑇𝑚(𝑉0
∗)2

𝑘𝑓(𝑇ℎ−𝑇𝑐)
2 

.  

The total entropy generation due to heat transfer and viscous effect for the whole 

cavity are calculated by integrating their respective local entropy generation over the whole 

domain as follows:  

𝑆𝜃̅̅ ̅ = ∫ ∫ 𝑆𝜃𝑑𝑥𝑑𝑦
𝐿

0

𝐿

0

 (2.69a) 
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𝑆𝜓̅̅̅̅ = ∫ ∫ 𝑆𝜓𝑑𝑥𝑑𝑦
𝐿

0

𝐿

0

 (2.69a) 

The Bejan number, 𝐵𝑒 defined as the ratio between the entropy generation due to 

heat transfer and total entropy generation, is expressed [Roy et al., 2016] as: 

𝐵𝑒 =
𝑆𝜃
𝑆𝑡𝑜𝑡

  (2.70) 

It is known that the heat transfer irreversibility is dominant when 𝐵𝑒 approaches 1. When 

𝐵𝑒 becomes much smaller than 0.5 the irreversibility due to the viscous effects dominates 

the system and if 𝐵𝑒 = 0.5 the entropy generation due to the viscous effects and heat 

transfer effects are equal. 

2.7.4 Cup-mixing temperature 

In convection flow, the thermal mixing in different configurations of the cavity is 

compared by calculating the average temperature known as cup-mixing temperature 𝜃𝑐𝑢𝑝 

across the cavity, which is the velocity weighted average temperature, as shown below 

[Basak et al., 2012]:  

𝜃𝑐𝑢𝑝 =
∫ ∫ 𝐮𝜃𝑑𝑥𝑑𝑦

𝐿

0

𝐿

0

∫ ∫ 𝐮𝑑𝑥𝑑𝑦
𝐿

0

𝐿

0

 (2.71) 

The higher values of 𝜃𝑐𝑢𝑝 indicate a higher overall heating rate. 

The degrees of temperature uniformity in different cavities are compared by 

computing root-mean-square-deviation (RMSD) based on cup-mixing temperature [Basak 

et al., 2012] and which is given as: 

𝑅𝑀𝑆𝐷𝜃𝑐𝑢𝑝 =
√
∑ (𝜃𝑗 − 𝜃𝑐𝑢𝑝)

2𝑁
𝑗=1

𝑁
  (2.72) 

𝑁 denotes the grid size (e.g., 𝑁 is 151×151 for Ra = 103 in natural convection cavity 

problem). The lower values of RMSD indicate higher temperature uniformity in the cavity 

and vice-versa. 

TH-2577_11610308



     

Chapter 2: Lattice Boltzmann Method in a Nutshell 

46 | P a g e  
 

2.8 Benchmark cavity flow problems for code validation 

Here, three different benchmark problems are simulated for isothermal and thermal 

flows to check the applicability of the FORTRAN-based LBM codes. The problem of the 

lid-driven cavity, and buoyancy-induced natural convection and mixed convection in the 

cavity are considered as the fundamental benchmark problems to test computational 

schemes for isothermal and thermal flows. The solutions for current simulations are 

assumed to be converged if their relative L1 - error norms are less than equal to 10-8. 

2.8.1 Lid-driven cavity flow in the square cavity and cubic cavity 

  

(a) (b) 

Fig. 2.3. Schematic diagram of the flow configuration with boundary conditions for (a) 

single lid-driven square cavity, (b) single lid-driven cubic cavity. 

The flow configuration with boundary condition for the lid-driven square cavity 

flow is shown in Fig. 2.3(a). In this configuration, the upper horizontal lid moves towards 

the right with constant speed 𝑉0
∗ while the other three walls are stationary. The flow is 

characterised by the Reynolds number, Re = 𝑉0
∗𝐿 𝜈⁄ , where 𝐿 is the length of the cavity. 

The results are presented for three different Re = 100, 3200 and 7500 in a uniform grid size 

of 201×201. 

To check the validity of both isothermal LB-SRT and LB-MRT models, the 

comparison of present results is made with the results of Ghia et al. [1982] in terms of the 

horizontal velocity 𝑢 along the vertical centerline and the vertical velocity v along  
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Fig. 2.4.  Comparison of results in terms of dimensionless horizontal velocity 𝑢 at 𝑦 = 

0.5 (left panel) and vertical velocity 𝑣 at 𝑥 = 0.5 (right panel) with Ghia et al. [1982] for 

Re = 100 (top panel), Re = 3200 (middle panel) and Re = 7500 (bottom panel). 

horizontal centerline of the cavity (Fig. 2.4). The results show close agreement. However, 

with LB-MRT model, the converged solution is obtained with less time which signifies the 

fact that it is more stable compared to LB-SRT model. The LB-SRT and LB-MRT models 

are then used to perform three-dimensional computation of lid-driven problem in the cubic 

u

y

-0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Ghia et al.

Re

Present LBM-SRT

Present LBM-MRT

= 100

x

v

0 0.2 0.4 0.6 0.8 1
-0.3

-0.2

-0.1

0

0.1

0.2

Present LBM-SRT

Ghia et al.

Present LBM-MRT

Re = 100

u

y

-0.4 -0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Present LBM-SRT

Ghia et al.

Present LBM-MRT

Re= 3200

x

v

0 0.2 0.4 0.6 0.8 1
-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

Re = 3200

Present LBM-MRT

Ghia et al.

Present LBM-SRT

u

y

-0.4 -0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Present LBM - SRT

Ghia at al.

Present LBM - MRT

Re = 7500

x

v

0 0.2 0.4 0.6 0.8 1
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

Present LBM - SRT

Ghia et al.

Present LBM - MRT

Re = 7500

TH-2577_11610308



     

Chapter 2: Lattice Boltzmann Method in a Nutshell 

48 | P a g e  
 

cavity (Fig. 2.3(b)) for Re = 100, 400 and 1000 with a uniform grid size of 81×81×81. Fig 

2.5 shows the comparison of LB-SRT and LB-MRT results with the published results of 

Ku et al. [1987] in terms of centreline 𝑢-velocity and 𝑣-velocity at mid-span (i.e., 𝑧 = 0.5) 

of the cubic cavity and it displays a good agreement. 

  

Fig. 2.5. Comparison of velocity profiles on vertical centerline (left) and horizontal 

centerline (right) of cubic cavity at Re = 100, 400 and 1000. 

2.8.2 Natural convection in a square cavity 

 

Fig. 2.6. Schematic diagram of the flow configuration with boundary conditions for 

natural convection in a square cavity. 

Fig. 2.6 displays the flow configuration and boundary conditions for natural 

convection flow in an air-filled square cavity (Pr = 0.7). The flow configuration involves a 
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closed square cavity of unit length where the horizontal, as well as vertical walls of the 

cavity, are stationary. The horizontal walls are thermally insulated, and the left vertical wall 

is maintained at an isothermally hot and right vertical wall at isothermally cold temperature. 

Table 2.1 Grid independence study 

Variables 

Grid sizes 

Ra = 103  Ra = 104  Ra = 105 

101× 

101 

151× 

151 

201× 

201 

 151× 

151 

201× 

201 

251× 

251 

 251× 

251 

301× 

301 

351× 

351 

𝑣𝑚𝑎𝑥  3.601 3.636 3.653  19.298 19.388 19.441  67.545 67.714 67.843 

𝑁𝑢lh̅̅ ̅̅ ̅̅  1.096 1.102 1.105  2.188 2.200 2.207  4.414 4.431 4.442 

𝑆𝜃̅̅ ̅ 1.078 1.090 1.096  2.164 2.183 2.194  4.385 4.407 4.423 

𝑆𝜓̅̅ ̅ 0.305 0.319 0.325  9.317 9.562 9.713  167.98 171.09 173.35 

A grid sensitivity analysis is carried out to obtain grid-independent solutions for 

each of three different values of Ra during steady-state natural convection in an air filled 

square cavity. Table 2.1 gives the comparison of the grid sizes in terms of the dimensionless 

maximum vertical velocity (𝑣𝑚𝑎𝑥) at the horizontal midline of the cavity, average 𝑁𝑢 along 

the hot left wall of the cavity 𝑁𝑢𝑙ℎ̅̅ ̅̅ ̅̅ , average total entropy generation due to heat transfer 𝑆𝜃̅̅ ̅ 

and fluid friction 𝑆𝜓̅̅̅̅  in the cavity for the configuration with a uniformly heated left wall. 

The grid sizes of 151×151 for Ra = 103, 201×201 for Ra = 104 and 301×301 for Ra = 105 

are found to be suitable for all computations while taking note of the time-wise efficiency 

of the numerical simulations.  

Table 2.2 Comparison of present work with de Vahl Davis [1983] and Magherbi et al. [2003]. 

Ra 

𝑁𝑢̅̅ ̅̅   𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅  𝐵𝑒̅̅̅̅  

Present 

work 

de Vahl 

Davis 

[1983] 

 
Present 

work 

Magherbi et al. 

[2003] 

 

Present work 
Magherbi et al. 

[2003] 

103 1.107 1.118  1.430 1.470  0.778 0.765 

104 2.201 2.238  11.795 12.488  0.190 0.181 

105 4.424 4.509  175.780 194.647  0.0259 0.0232 
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Fig. 2.7. Comparison of dimensionless vertical velocity v (left) and temperature θ (right) 

in the horizontal mid-plane of square cavity at different Ra = 103, 104 and 105. 

Table 2.2 shows that the present code successfully reproduces the close 

approximation of published results of de Vahl Davis [1983] in terms of Nusselt number 

along the vertical hot wall and Magherbi et al.’s [21] results in terms of total entropy 

generation and Bejan number in the whole domain of the cavity with irreversibility factor 

fixed at 10-3. Fig 2.7 depicts the comparison of LB-SRT and LB-MRT model for varying 

Ra from 103 to 105, and close agreement is observed.  

Table 2.3 Comparison of present work with published results for higher Ra. 

Ra Method y for 𝑢𝑚𝑎𝑥  𝑢𝑚𝑎𝑥 x for 𝑣𝑚𝑎𝑥  𝑣𝑚𝑎𝑥  𝑁𝑢̅̅ ̅̅  

106 

Present SRT 0.850 63.56 0.040 215.6 8.546 

Present MRT 0.851 63.852 0.0399 216.07 8.579 

de Vahl Davis [1983] 0.850 64.63 0.0379 219.36 8.799 

107 

Present SRT 0.880 142.41 0.024 669.56 15.62 

Present MRT 0.884 143.66 0.022 676.90 15.847 

Le Que´re´ [1991] 0.879 148.58 0.021 699.23 16.52 

108 

Present SRT 0.930 300.56 0.013 2089.48 27.935 

Present MRT 0.931 304.08 0.013 2109.22 28.342 

Le Que´re´ [1991] 0.928 321.87 0.012 2222.39 30.225 

To check the robustness of the both SRT- and MRT-LBM calculations at higher 

Rayleigh number, the present study deals with the simulation of natural convection from 
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Ra = 106 to Ra = 108 as depicted in Table 2.3. Comparison of current results with the 

solutions available in the literature shows satisfactory agreement.  

2.8.3 Mixed convection in a square cavity 

 

Fig. 2.8. Schematic diagram of the flow configuration with boundary conditions for 

single lid-driven mixed convection in cavity. 

The present LBM code is validated for mixed convection flow problem in a clear 

square cavity with a horizontally moving hot top lid and adiabatic sidewalls, as shown in 

Fig. 2.8. The grid size of 301×301 is considered to carry out the simulations while 

considering time-wise efficiency.  

 

Fig. 2.9. Comparison of present results with Iwatsu et al. [1993] in terms of 

dimensionless temperature (θ) profile along the vertical mid-plane of square cavity for 

Pr = 0.01 and 0.71 at Re = 103 and Gr = 106. 
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Fig. 2.9 shows the variation of dimensionless temperature along the vertical mid-

plane of the square cavity for Re = 103 and Gr = 106 at Pr = 0.01 and 0.71, which provides 

a good concordance of the present result with Iwatsu et al. [1993]. 

The results are then compared with the published works of Iwatsu et al. [1993] and 

Khanafer and Chamkha [1999] for fixed Gr = 100 and different Re of 100, 400 and 1000 

respectively. The results are presented in Table 2.4 in terms of minimum dimensionless 

horizontal velocity (𝑢𝑚𝑖𝑛) at vertical mid-plane, minimum and maximum dimensionless 

vertical velocity (𝑣𝑚𝑖𝑛 and 𝑣𝑚𝑎𝑥) at horizontal mid-plane and the average Nusselt number 

(𝑁𝑢𝑡̅̅ ̅̅ ̅) along the top wall. The comparison of results shows a good similitude. 

Table 2.4 Comparison with Iwatsu et al. [1993] and Khanafer and Chamkha [1999]. 

Variables 
Re = 100 Re = 400 Re = 1000 

LBM Ref. 1 Ref. 2 LBM Ref. 1 Ref. 2 LBM Ref. 1 Ref. 2 

𝑢𝑚𝑖𝑛  -0.2129 -0.2037 -0.2122 -0.3280 -0.3197 -0.3099 -0.3880 -0.3782 - 

𝑣𝑚𝑖𝑛
 -0.2495 -0.2448 -0.2506 -0.4521 -0.4459 -0.4363 -0.5258 -0.5178 - 

𝑣𝑚𝑎𝑥  0.1764 0.1699 0.1765 0.3029 0.2955 0.2866 0.3767 0.3658 - 

𝑁𝑢𝑡̅̅ ̅̅ ̅ 2.02 1.94 2.01 4.029 3.84 3.91 6.454 6.33 6.33 

*Ref. 1 (Iwatsu et al. [1993]); Ref. 2 (Khanafer and Chamkha [1999]) 

2.9 Summary 

The present chapter provides the brief background of the lattice Boltzmann method, 

implementation technique of both SRT and MRT model, and different boundary condition 

treatments. This work deals with the simulations of different benchmark isothermal and 

thermal flow problems to validate the in-house LBM-Fortran codes based on both single-

relaxation-time (SRT) and multiple-relaxation-time (MRT) lattice Boltzmann models. 

Elaborate comparisons of the present results with the published results obtained through 

conventional numerical techniques exhibit a close match. The comparison of SRT and 

MRT results indicate that both models provide comparable solutions while dealing with 

laminar flow regime specified by Rayleigh number of the order of 106. However, MRT-LB 

model offers better stability than SRT-LB model in solving flow with high Ra. Thus the 
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present LBM codes for computing isothermal and thermal flows stand validated. This 

suggests that the codes, with some additional features, when used to compute flows 

associated with newer physics, are likely to produce results that can be trusted with some 

certainty while making additional problem-specific validation tests. 
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Chapter 3 

Effect of Prandtl Numbers on 

Convection in a Hot Block Inserted 

Square Cavity by MRT-LBM 

3.1 Introduction 

The natural- and mixed- convection problem in cavities are widely investigated in 

literature as they provide simplification to different practical applications such as 

processing of materials, air-conditioning, electronics cooling, heat exchangers, nuclear 

reactor insulation, food processing, solar energy collector etc. [Incropera and DeWitt, 2002; 

Cengel, 2003]. The insertion of an object in a cavity-like configuration has practical 

relevance in applications like cooling of hot ingots, metal casting, electronic component 

cooling, heat exchanger, crystal growth, solar and nuclear reactors, etc. 

The literature survey reveals that a number of numerical works on natural- and 

mixed convection in the cavity with solid cylinders or blocks inside are made using 

conventional numerical techniques such as finite volume method and finite difference 

method. However, the studies concerning the LBM, particularly MRT-LBM, are minimal. 

Besides, most of these works are carried out using fluids with Prandtl numbers of the order 

of unity while taking into account the first law of thermodynamics based heat transfer 

analysis. The current flow problem considers three different Pr fluids of practical 

importance, namely, Sodium-potassium alloy (NaK) (Pr = 0.025), water (Pr = 5.83) and 

ethyl glycol (Pr = 151). As per the authors’ best knowledge, no investigation is made to 

study the effect of different Pr fluids and blockage ratio (BR) on heat transfer and entropy 

generation for this type of flow condition.  
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3.2 Mathematical formulation of the problem 

  

(a) (b) 

 

(c) 

Fig. 3.1. Schematic diagram of the flow configuration for (a) natural convection (Case 

1), (b) mixed convection with downward moving right wall (Case 2) and (c) mixed 

convection with upward moving right wall (Case 3). 

The flow configuration and boundary conditions for the present study of convective 

heat transfer in a closed square cavity of unit length is shown in Figs. 3.1(a)-(c). In the 

schematic diagram of the present flow configuration for natural and mixed convection, the 

boundary conditions are presented in dimensional form. The left wall of the cavity is 

adiabatic while the other three walls are maintained at an isothermal cold temperature, as 

shown in Fig. 3.1. The isothermally heated square block induces natural convection. The 

case where all four cavity walls are stationary (Fig. 3.1(a)) is referred to as Case 1 in the 
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present work. Two different cases of single-sided lid-driven mixed convection are 

considered depending on the direction of the lid movement. The case where the cold right 

wall moves downward with a constant speed   
  (Fig. 3.1(b)) is referred to as Case 2 and 

the one where the cold right wall moves upward with a constant speed   
  (Fig. 3.1(c)) is 

referred to as Case 3. 

Three different Pr fluids, namely, NaK (Pr = 0.025), water (Pr = 5.83) and ethyl 

glycol (Pr = 151) are considered in the present work. Their thermo-physical properties are 

mentioned in Table 3.1 [Incropera and DeWitt, 2002]. 

Table 3.1 Properties of NaK, water and ethyl glycol at T = 300 K. 

Property (unit) NaK (Pr = 0.025) Water (Pr = 5.83) Ethyl glycol (Pr = 151) 

𝐶𝑃 (J kg-1 K-1) 955.0 4179.0 2415.0 

𝜌 (kg m-3) 857.0 997.1 1114.4 

𝑘 (W m-1 K-1) 22.29 0.613 0.252 

For the convenience of numerical calculation and analysis, the non-dimensional 

forms of the variables are expressed as follows: 

𝑥  
𝑥 

𝐿
;           𝑦  

𝑦 

𝐿
;          𝑢   

 𝑢 

  
 ;           𝑣  

𝑣 

  
 ;           𝜃  

𝑇 − 𝑇 
𝑇 − 𝑇 

 (3.1) 

The three boundary conditions in non-dimensional form are given as follows: 

 𝑢    ; 𝑣   ; 𝜃    at  𝑦    and 1 

(3.2) 
 
𝑢    ; 𝑣   ; 

∂𝜃

∂𝑦
   at  𝑥    

 𝑢    ; 𝑣    or 1 or − 1; 𝜃    at  𝑥  1 

The boundary condition at the block surface is set as 

 𝑢    ; 𝑣   ; 𝜃  1  (3.3) 
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3.3 Grid independence study 

Table 3.2 provides the grid-independence test for natural convection at Gr = 104 

and BR = 0.25 for three different Pr. A grid-independence test for mixed convection (Case 

3) is carried out by taking Gr = 104, Ri = 1.0 and BR = 0.5 at three different Pr, as shown 

in Table 3.3. The results obtained for four different grid sizes of 241×241, 321×321, 

401×401 and 481×481 are compared based on the average Nusselt number over the surface 

of the block 𝑁𝑢 ̅̅ ̅̅ ̅̅  and average total entropy generation throughout the cavity 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅. The 

extrapolated values of 𝑁𝑢 ̅̅ ̅̅ ̅̅  and 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ are also provided based on Richardson extrapolation 

method [Roache, 1997]. The maximum magnitudes of percentage error of 𝑁𝑢 ̅̅ ̅̅ ̅̅  and 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 

between grid size of 401×401 and extrapolated values are found to be 4.4% and 3.1% for 

mixed convection at Pr = 0.025 and natural convection at Pr = 151 respectively. Whereas, 

for other cases, the magnitudes of the maximum percentage error lie well within 1.4%. So, 

for this current investigation, the grid size of 401×401 is found to be suitable for all 

computations while considering time-wise efficiency.  

Table 3.2 Grid independence study for each of the three Pr for natural convection. 

Pr (at BR = 

0.25) 
variables 

Grid sizes 

241×241 321×321 401×401 481×481 Extrapolated* 

0.025 
𝑁𝑢 ̅̅ ̅̅ ̅̅  4.221 4.253 4.275 4.291 4.314 

𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 4.287 4.299 4.307 4.312 4.320 

5.83 
𝑁𝑢 ̅̅ ̅̅ ̅̅  6.455 6.539 6.593 6.610 6.661 

𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 18.483 18.825 19.033 19.103 19.309 

151 
𝑁𝑢 ̅̅ ̅̅ ̅̅  13.68 13.893 14.029 14.084 14.218 

𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 727.97 755.73 773.01 780.77 798.37 

*Values calculated using Richardson extrapolation 

To check time efficiency, the CPU time with grid size is compared by assuming the 

solutions for current simulations to be converged if their relative L1 - error norms for 

dimensionless temperature is less than equal to 10-8. A computer with Intel processor 

(Intel(R) Core(TM) i7-7700 CPU @ 3.60GH) and 16 GB memory (RAM) is utilised. For 
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the sake of brevity, the CPU times for different grid sizes are considered only for mixed 

convection (Case 3) at Pr = 5.83, Ri = 1.0 and BR = 0.5. It is found that the CPU time is 

about 20 minutes (nearly 0.115 million iterations) for grid size 241×241, about 36 minutes 

(nearly 0.148 million iterations) for grid size 321×321, about 79 minutes (nearly 0.181 

million iterations) for grid size 401×401 and about 2 hours (nearly 0.213 million iterations) 

for grid size 481×481 to reach the steady state. Besides, the number of iterations or CPU 

time varies with Pr, Ra and Ri, and they are found to be more at higher Pr and Ra and lower 

Ri irrespective of grid size. 

Table 3.3 Grid independence study for three Pr for mixed convection (Case 3). 

Pr (at Ri = 1 

and BR = 0.5) 
variables 

Grid sizes 

241×241 321×321 401×401 481×481 Extrapolated* 

0.025 
𝑁𝑢 ̅̅ ̅̅ ̅̅  14.546 15.489 16.306 16.436 17.066 

𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 8.514 8.570 8.612 8.625 8.662 

5.83 
𝑁𝑢 ̅̅ ̅̅ ̅̅  14.648 14.688 14.716 14.730 14.757 

𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 14.754 14.806 14.837 14.851 14.883 

151 
𝑁𝑢 ̅̅ ̅̅ ̅̅  17.679 17.700 17.709 17.713 17.724 

𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 22.942 23.205 23.399 23.455 23.626 

*Values calculated using Richardson extrapolation 

3.4 Code validation 

Table 3.4 Comparison of present results with previously published works for low Prandtl number. 

Ra 

(at Pr = 0.01) 

𝑁𝑢̅̅ ̅̅  

Present work 

 

Ref. 1 
Error magnitude (%) 

with Ref. 1 

 

Ref. 2 

Error magnitude 

(%) 

with Ref. 2 

104
 1.9238  - -  1.9584 1.76 

5×104
 2.7824  2.8143 1.13  2.7991 0.59 

105
 3.1809  3.2344 1.65  - - 

*Ref. 1 (Mohamad and Viskanta [1991]); Ref. 2 (Kosec and Sarler [2013]) 

TH-2577_11610308



 

Chapter 3: Effect of Prandtl Numbers on Convection in a Hot Block Inserted Square 
Cavity by MRT-LBM 

60 | P a g e  
 

The current code is already validated with the published works of Iwatsu et al. 

[1993] and Khanafer and Chamkha [1999] for Pr of the order of unity and with Iwatsu et 

al. [1993] for Pr = 0.01 during mixed convection in a square cavity (mentioned in Chapter 

2 in section 2.8.3). Further, the competency of current MRT-LBM code is checked with 

other published results of Mohamad and Viskanta [1991] and Kosec and Sarler [2013] 

during natural convection in a square cavity for low Prandtl number (Pr = 0.01). Table 3.4 

presents the results in terms of the average Nusselt numbers along the hot wall of the cavity 

with their corresponding percentage error (|
𝑁𝑢̅̅ ̅̅ 𝑟𝑒𝑓−𝑁𝑢̅̅ ̅̅ 𝑝𝑟𝑒𝑠𝑒𝑛𝑡

𝑁𝑢̅̅ ̅̅ 𝑟𝑒𝑓
| × 1  %) . The maximum 

magnitudes of percentage error of present results in comparison to the results of Mohamad 

and Viskanta [1991] and Kosec and Sarler [2013] are found to be 1.65% and 1.76% 

respectively. 

Further, the code is validated with the published results of Islam et al. [2012] during 

mixed convection in a square cavity with an isothermally heated square block inside with 

a blockage ratio of 0.25 as depicted by Table 3.5. Moreover, the comparison of error 

magnitude between present MRT-LBM with SRT-LBM shows that MRT-LBM has higher 

accuracy than SRT-LBM. The minimum and maximum percentage error magnitude of 

average Nusselt numbers over the block surface (|
(𝑁𝑢ℎ̅̅ ̅̅ ̅̅ )𝑟𝑒𝑓−(𝑁𝑢ℎ̅̅ ̅̅ ̅̅ )𝑝𝑟𝑒𝑠𝑒𝑛𝑡

(𝑁𝑢ℎ̅̅ ̅̅ ̅̅ )𝑟𝑒𝑓
| × 1  %)  for 

MRT-LBM are found to be 1.0% and 2.13% respectively compared to 1.2% and 2.34% for 

SRT-LBM. These deviations of present results from the published numerical results are 

acceptable due to the use of different numerical methodology with their associated errors 

and choice of convergence criteria for steady problems. 

Table 3.5 Comparison of results in terms of 𝑁𝑢 ̅̅ ̅̅ ̅̅  over the solid block at BR = 0.25. 

Ri 

(at Pr = 0.71) 

𝑁𝑢 ̅̅ ̅̅ ̅̅  

Islam et al. 

[2012] 
SRT-LBM 

Error 

magnitude (%) 

Present work 

(MRT-LBM) 

Error 

magnitude (%) 

0.1 5.6118 5.526 1.52 5.538 1.31 

1.0 5.6935 5.560 2.34 5.572 2.13 

10.0 7.9083 7.811 1.2 7.829 1.0 
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3.5 Results and discussions  

Natural convection and two different cases of mixed convection based on velocity 

boundary conditions are considered in the present work. A comprehensive analysis is made 

to study the effect of Prandtl numbers (Pr = 0.025, 5.83 and 151) and Richardson numbers 

(0.1 ≤ Ri ≤ 10) on fluid flow and heat transfer for each case at fixed Gr = 104. 

3.5.1 Natural convection 

   

(a) (b) (c) 

   

(d) (e) (f) 

Fig. 3.2. Streamline Contours (𝜓) for blockage ratio of 0.25 (a, b and c) and 0.5 (d, e and 

f) at Pr = 0.025 (left panel), Pr = 5.83 (middle panel) and Pr = 151 (right panel) for 

natural convection (Case 1) at fixed Gr = 104. 

Figs. 3.2 and 3.3 show streamlines (𝜓) and isotherms (𝜃) respectively for two 

blockage ratio of 0.25 and 0.5 at Pr = 0.025, 5.83 and 151 during natural convection at 
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fixed Gr = 104. Two primary vortices are observed astride the heated block for a blockage 

ratio of 0.25 regardless of the Prandtl number values. Figs. 3.2(a)-(c) show a clockwise 

primary vortex with major circulation at the right side and an anti-clockwise primary vortex 

with minor circulation at the left side of the heated block. This difference in flow strength 

is observed due to the presence of the cold right wall. The positive and negative values of 

𝜓 represent the anti-clockwise and clockwise circulation respectively. It is noticed that the 

convective flow increases with an increase in Pr, which leads to the displacement of the 

centres of primary vortices along the vertically upward direction. The right vortex grows 

in strength with increase in Pr and covers the bottom left region of the cavity at higher Pr 

= 151 due to the intensification of cooling effect from both the right and bottom wall. Figs. 

3.2(d) and (e) depict that for blockage ratio of 0.5 at Pr = 0.025 and 5.83, a clockwise 

primary vortex is generated as the fluid heated up by the block is cooled down along the 

right vertical wall of the cavity. The flow behaves more like a channel flow than cavity 

flow due to restricted passage with an increase in blockage ratio. At Pr = 151, the ascending 

flow at the left side of block enhances and gets divided into three convective cells due to 

the presence of strong convection current. The maximum values of stream functions |𝜓𝑚𝑎 | 

are obtained as 0.0065, 0.238 and 0.152 at BR = 0.25 for Pr = 0.025, 5.83 and 151 

respectively. However, these values are found to be slightly lower at BR = 0.5 with 0.0028, 

0.165 and 0.066 for Pr = 0.025, 5.83 and 151 respectively.  

The isotherms plots in Fig. 3.3 depict that the temperature profiles are more 

clustered towards the surface of the heated block. This behaviour indicates that thin 

boundary layers are developed near the block. At higher Pr, the formation of boundary 

layers is observed near the cold top and right walls of the cavity due to the presence of 

strong buoyancy force. At lower Pr = 0.025, the heat transfer is mostly influenced by 

conduction, which is characterised by parallel isotherms between the block and isothermal 

walls of the cavity. At higher Pr = 5.83 and 151, a thermal plume is observed over the 

heated block due to enhancement of convection currents. The isotherms are more densely 

packed with an increase in blockage ratio, which results in a higher temperature gradient. 
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Fig. 3.3. Isotherms (𝜃) for blockage ratio of 0.25 (top panel) and 0.5 (bottom panel) at 

Pr = 0.025 (left panel), Pr = 5.83 (middle panel) and Pr = 151 (right panel) for natural 

convection (Case 1) at fixed Gr = 104. 

Figs. 3.4(a)-(b) display the effect of Pr on the flow and thermal field in terms of 

non-dimensional vertical velocity v and temperature θ along the horizontal mid-plane of 

the cavity for two blockage ratios of 0.25 and 0.5. There is a reduction of the magnitude of 

the velocity with a decrease in Pr for both blockage ratios. For very low Pr = 0.025, the 

velocity approaches zero as the flow is dominated by the conduction mode of heat transfer, 

which is characterised by the smooth temperature profiles in Fig. 3.4(b). The magnitude of 

velocity is found to be maximum near the block and right cold wall due to the presence of 

strong buoyant force which increases the convective effect. The thinning of thermal 

boundary layers at these regions occur with an increase in Pr as indicated by steeper 

temperature gradients. The magnitude of velocity and temperature have a higher value at 

BR = 0.5 compared to BR = 0.25 due to the presence of higher temperature gradients 

resulting from the proximity of block surface to the cavity wall.  
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(a) (b) 

Fig. 3.4. Comparison of dimensionless (a) vertical velocity v and (b) temperature θ in the 

horizontal mid-plane of the cavity for Pr = 0.025, 5.83 and 151 at blockage ratios of 0.25 

and 0.5. 

Figs. 3.5 and 3.6 depict the contours of local entropy generation due to heat transfer 

(𝑆𝜃 ) and fluid friction (𝑆𝜓 ) respectively for Pr = 0.025, 5.83 and 151 during natural 

convection at blockage ratios of 0.25 and 0.5. It is observed that the local entropy generation 

due to heat transfer is mainly concentrated at the vicinity of the isothermal block, 

specifically at the four corners of the block. This is attributed to the high-temperature 

gradient at these regions resulting from the clustering of isotherms. The active zones of 𝑆𝜃 

is also found at the middle of the top wall for higher Pr = 5.83 and 151 due to the 

development of thermal plume over the block. The intensities of both 𝑆𝜃 and 𝑆𝜓 increase 

with Prandtl number due to the enhancement of buoyancy induced convection. The entropy 

generation due to fluid friction mostly occurs near the vertical sides of the square block and 

the vertical walls of the cavity due to the presence of high-velocity gradient caused by 

clustering of streamlines. At very low Pr = 0.025, the effect of 𝑆𝜓  is found to be 

insignificant. It is evident from Figs. 3.5 and 3.6 that the magnitudes both 𝑆𝜃  and 𝑆𝜓 

increase with an increase in blockage ratio. 

Table 3.6 presents the effect of heat transfer rates in terms of average Nusselt 

number over the block surface (𝑁𝑢 ̅̅ ̅̅ ̅̅ ) during natural convection. It is observed that 𝑁𝑢 ̅̅ ̅̅ ̅̅   
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Fig. 3.5. Contours of local entropy generation due to heat transfer (𝑆𝜃) for blockage ratio 

of 0.25 (top panel) and 0.5 (bottom panel) at Pr = 0.025 (left panel), Pr = 5.83 (middle 

panel) and Pr = 151 (right panel) for natural convection (Case 1) at fixed Gr = 104. 

increases with an increase in Pr and also with blockage ratio due to thinning of thermal 

boundary layers near the block. It is obtained from Table 3.6 that the variation of average 

entropy generation due to heat transfer (𝑆𝜃̅̅ ̅) over the whole cavity is comparable to the 

variation of average Nusselt number over the block surface (𝑁𝑢 ̅̅ ̅̅ ̅̅ ). This is attributed to the 

fact that both the quantities are functions of temperature gradients and 𝑆𝜃  is mostly 

concentrated near the block. Drastic augmentation of average total entropy generation due 

to viscous effect (𝑆𝜓̅̅̅̅ ) throughout the cavity is observed with increase in Pr due to increase 

in velocity gradient with buoyant force. However, it is interesting to observe that the value 

of 𝑆𝜓̅̅̅̅  is lower for BR = 0.5 compared to BR = 0.25 at Pr = 0.025 and 5.83 due to the 

existence of lower velocity gradients. This is accredited to superior conduction effect at 

lower Rayleigh number (Gr × Pr) which dominates the buoyancy induced convection. The  
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Fig. 3.6. Contours of local entropy generation due to viscous effect (𝑆𝜓) for blockage 

ratio of 0.25 (top panel) and 0.5 (bottom panel) at Pr = 0.025 (left panel), Pr = 5.83 

(middle panel) and Pr = 151 (right panel) for natural convection (Case 1). 

entropy generation is mainly dominated by the heat transfer irreversibility at lower Pr = 

0.025 as described by very high average Bejan number (𝐵𝑒̅̅̅̅ ) over the whole cavity. 

However, 𝐵𝑒̅̅̅̅  decreases with an increase in Pr as the entropy generation due to viscous 

effect increases drastically. 

Table 3.6 Results of natural convection in terms of  𝑁𝑢 ̅̅ ̅̅ ̅̅ , 𝑆𝜃̅̅ ̅, 𝑆𝜓̅̅ ̅ and 𝐵𝑒̅̅̅̅ . 

variables 
Pr = 0.025  Pr = 5.83  Pr = 151 

BR = 0.25 BR = 0.5  BR = 0.25 BR = 0.5  BR = 0.25 BR = 0.5 

𝑁𝑢 ̅̅ ̅̅ ̅̅  4.275 8.518  6.593 9.109  14.029 22.354 

𝑆𝜃̅̅ ̅
 4.307 8.471  6.698 9.133  14.116 22.511 

𝑆𝜓̅̅ ̅ 0.0037 0.0021  12.335 8.586  75.88 103.50 

𝐵𝑒̅̅̅̅  0.9991 0.9997  0.3519 0.5154  0.1589 0.1786 
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3.5.2 Mixed convection 

   

(a) (b) (c) 

   

(d) (e) (f) 

Fig. 3.7. Streamline contours (𝜓) of Case 2 (a, b and c) and Case 3 (d, e and f) for Pr = 

0.025 at Ri = 10 (left panel), Pr = 5.83 at Ri = 1 (middle panel) and Pr = 151 at Ri = 0.1 

(right panel). 

To show the effect of lid motion on the fluid and thermal behaviour, we simulate 

the two cases of mixed convection flow with Pr = 0.025 at Ri = 10, Pr = 5.83 at Ri = 1.0 

and Pr = 151 at Ri = 0.1 respectively at just one blockage ratio of 0.25 for the sake of 

brevity (Figs. 3.7 and 3.8). A clockwise primary vortex is generated due to the downward 

movement of the cold right wall for Case 2 for all Pr. For Case 3 at Pr = 5.83 and 151, an 

anti-clockwise primary vortex is developed due to the upward movement of the cold right 

wall of the cavity. For these conditions, the centre of primary vortex lies in the right side 

of the blockage surface where the maximum value of stream function lies. However, for 

Case 3 at higher Ri = 10 for Pr = 0.025 (Fig. 3.7(d)), a clockwise vortex is formed around 
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the block, and two anti-clockwise vortices are formed near the vertical walls. This is 

attributed to the increase in the buoyancy induced convection with Ri around the vertical 

mid-plane of the cavity due to the heated block, which overcomes the effect of forced 

convection. It is evident from streamlines plots that for Case 2, the primary vortex becomes 

stronger with an increase in Pr irrespective of Ri. The magnitude of maximum stream 

function |𝜓𝑚𝑎 | for Case 2 are found to be 0.06, 1.388 and 2.943 for Pr = 0.025 at Ri = 10, 

Pr = 5.83 at Ri = 1.0 and Pr = 151 at Ri = 0.1 respectively. The values of |𝜓𝑚𝑎 | are found 

to be higher for Case 3 compared to Case 2 with values 1.532, 3.199 and 3.060 for Pr = 

0.025 at Ri = 10, Pr = 5.83 at Ri = 1.0 and Pr = 151 at Ri = 0.1 respectively.  

  

  

Fig. 3.8. Comparison of vertical velocity v for Case 2 (top panel) and Case 3 (bottom 

panel) at Pr = 0.025, 5.83 and 151 with Ri = 0.1 and 10 for BR = 0.25 and 0.5. 

x

v

0 0.2 0.4 0.6 0.8 1
-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

= 0.025 (Pr

BR = 0.25

= 151 ( ,, )Pr

= 0.025 (Pr Ri = 10)
Pr = 5.83 ( ,, )

= 5.83 ( ,, )Pr

Pr = 151 ( ,, )

= 0.1)Ri

x

v

0 0.2 0.4 0.6 0.8 1
-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

= 0.025 (Pr

BR = 0.5

= 151 ( ,, )Pr

= 0.025 (Pr Ri = 10)
Pr = 5.83 ( ,, )

= 5.83 ( ,, )Pr

Pr = 151 ( ,, )

= 0.1)Ri

x

v

0 0.2 0.4 0.6 0.8 1
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

= 0.025 (Pr

BR = 0.25

= 151 ( ,, )Pr

= 0.025 (Pr Ri = 10)
Pr = 5.83 ( ,, )

= 5.83 ( ,, )Pr

Pr = 151 ( ,, )

= 0.1)Ri

x

v

0 0.2 0.4 0.6 0.8 1
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

= 0.025 (Pr

BR = 0.5

= 151 ( ,, )Pr

= 0.025 (Pr Ri = 10)
Pr = 5.83 ( ,, )

= 5.83 ( ,, )Pr

Pr = 151 ( ,, )

= 0.1)Ri

TH-2577_11610308



 

Chapter 3: Effect of Prandtl Numbers on Convection in a Hot Block Inserted Square 
Cavity by MRT-LBM 

69 | P a g e  
 

Fig. 3.8 depicts that at low Ri = 0.1, the change in velocity with Pr is minimal, and 

it is more evident for BR = 0.5. It is noticed that the overall magnitude of velocity increases 

with Ri due to clustering of streamlines resulting from enhanced convection effect. It is 

interesting to observe that at higher Ri = 10, the overall velocity decreases with an increase 

in Pr, which is in contrast to the case of natural convection. This is accredited to the 

dominating forced convection resulted from the movement of the lid.  

   

(a) (b) (c) 

   

(d) (e) (f) 

Fig. 3.9. Isotherms (𝜃) for Case 2 (a, b and c) and Case 3 (d, e and f) for Pr = 0.025 at 

Ri = 10 (left panel), Pr = 5.83 at Ri = 1 (middle panel) and Pr = 151 at Ri = 0.1 (right 

panel). 

Fig. 3.9 show that the patterns of isotherm are in concordance with the streamline 

patterns at Pr = 5.83 and 151 for both cases of mixed convection. It is evident from Figs. 

3.9(b) and (c) that the effect of thermal plume becomes weaker with decreases in Ri for 

Case 2 as forced convection due to downward moving wall dominates the natural 

convection. However, for Case 3 the thermal plume becomes more prominent at Pr = 151  
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Fig. 3.10. Comparison of temperature θ for Case 2 (top panel) and Case 3 (bottom panel) 

at Pr = 0.025, 5.83 and 151 with Ri = 0.1 and 10 for BR = 0.25 and 0.5. 

and Ri = 0.1 compared to Pr = 5.83 and Ri = 1, which is resulted from the upward movement 

of the right wall. There is no generation of the thermal plume at lower Pr as the conduction 

effect prevails even at higher Ri = 10. The isotherms pattern for mixed convection is 

comparable to natural convection at lower Pr = 0.025 due to the conduction dominated heat 

transfer which is characterised by a linear temperature profile, as shown in Fig. 3.10. At 

higher Pr = 5.83 and 151, the flow is mainly dominated by convection for Case 2 

irrespective of studied values of Ri and BR. However, the conduction heat transfer prevails 

at lower Ri = 0.1 and BR = 0.25 for Case 3. The thermal boundary layer is found to be 

steeper with an increase in BR, and it is more relevant at higher Pr = 151. The thermal 
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boundary layer is more distinct near the block surface and the cold right lid for Ri = 1 and 

10 respectively.    

   

   

Fig. 3.11. Local entropy generation due to heat transfer (𝑆𝜃) for Case 2 (top panel) and 

Case 3 (bottom panel) for Pr = 0.025 at Ri = 10 (left panel), Pr = 5.83 at Ri = 1 (middle 

panel) and Pr = 151 at Ri = 0.1 (right panel). 

Figs. 3.11 and 3.12 depict the effect of lid motion on the local entropy generation 

due to heat transfer (𝑆𝜃) and fluid friction (𝑆𝜓) for Pr = 0.025 at Ri = 10, Pr = 5.83 at Ri = 

1.0 and Pr = 151 at Ri = 0.1 for the two cases of mixed convection at blockage ratio of 

0.25. It is observed that at lower Pr = 0.025 irrespective of Ri, the pattern of 𝑆𝜃 in mixed 

convection has some similarity with 𝑆𝜃 in natural convection which is more relevant to 

Case 2 as the conduction heat transfer dominates the flow phenomenon at lower Pr. The 

entropy generation due to heat transfer is mostly concentrated near the block surface at all  

Pr for both cases of mixed convection. However, the active zones of 𝑆𝜃 are found near the 

right cold lid at Pr = 5.83 and 151 which results in an overall increase in of 𝑆𝜃 due to the  
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Fig. 3.12. Local entropy generation viscous effect (𝑆𝜓) for Case 2 (top panel) and Case 

3 (bottom panel) for Pr = 0.025 at Ri = 10 (left panel), Pr = 5.83 at Ri = 1 (middle panel) 

and Pr = 151 at Ri = 0.1 (right panel). 

presence of strong convective force. The magnitude of maximum 𝑆𝜃, |𝑆𝜃,𝑚𝑎 | for Case 2 

are found to be 154.67, 1737.1 and 2102.4 for Pr = 0.025 at Ri = 10, Pr = 5.83 at Ri = 1.0 

and Pr = 151 at Ri = 0.1 respectively. The value of |𝑆𝜃,𝑚𝑎 | = 2567.9 for Pr = 0.025 at Ri 

= 10 is drastically higher for Case 3 compared to Case 2. This is ascribed to the increase in 

the buoyancy induced convection with Ri around the mid-vertical plane of the cavity due 

to the heated block, which overcomes the effect of forced convection, as mentioned earlier. 

The values of |𝑆𝜃,𝑚𝑎 |  are found to be 353.86 and 671.9 for Pr = 5.83 at Ri = 1.0 and Pr = 

151 at Ri = 0.1 respectively. Fig. 3.12 reveal that the intensity of 𝑆𝜓 increases with Prandtl 

number due to the enhancement of buoyancy induced convection irrespective of values of 

Ri. It is interesting to observe that the magnitudes of maximum 𝑆𝜓, |𝑆𝜓,𝑚𝑎 | are found to 

be similar for both cases of mixed convection with values 56.54, 3013.35 and 135056 for 
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Pr = 0.025 at Ri = 10, Pr = 5.83 at Ri = 1.0, and Pr = 151 at Ri = 0.1 respectively. This is 

attributed to the fact that the occurrence of  𝑆𝜓 mostly being restricted to the vicinity of the 

heated block surface which is unaffected by the lid motion of cavity. At very low Pr = 

0.025, the effect of 𝑆𝜓 is found to be insignificant even at higher Ri = 10. 

3.5.3 Heat transfer rates 

Figs. 3.13(a)-(c) show the average Nusselt number over the block surface (𝑁𝑢 ̅̅ ̅̅ ̅̅ ) 

with an increase in Ri for three different Pr and two blockage ratios. The variation of 𝑁𝑢 ̅̅ ̅̅ ̅̅  

with Ri is found to be insignificant for Case 2 at Pr = 0.025. However, the drastic change 

of 𝑁𝑢 ̅̅ ̅̅ ̅̅  with an increase in Ri is observed for Case 3 as the buoyancy induced convection 

augments with Ri around the heated block, as mentioned earlier. It is obtained for Case 2 

that 𝑁𝑢 ̅̅ ̅̅ ̅̅  increases with Pr values due to the presence of higher convective heat transfer 

resulting from higher momentum diffusivity at high Pr. For both cases, the value of 𝑁𝑢 ̅̅ ̅̅ ̅̅  

is found to be higher for BR = 0.5 compared to BR = 0.25 due to the presence of higher 

temperature gradients astride the block resulting from isotherm clustering except Case 3 

for Pr = 151 at Ri = 10.  At Pr = 5.83 with BR = 0.5, the values of 𝑁𝑢 ̅̅ ̅̅ ̅̅  decrease with Ri as 

the forced convection decreases where fluid velocity has a strong influence on temperature 

gradient across the block. However, this dependency is compromised at lower blockage 

ratio, which results in irregular flow behaviour. The flow is mainly dominated by buoyancy 

induced convection at Pr = 151. It is observed at Pr = 151 that the lid motion aids the 

buoyancy force which results in continuous augmentation of 𝑁𝑢 ̅̅ ̅̅ ̅̅  with Ri for Case 2 at BR 

= 0.5 and Case 3 at BR = 0.25. For Case 2 at BR = 0.25, the value of  𝑁𝑢 ̅̅ ̅̅ ̅̅  decreases after 

Ri = 1 as the aiding effect of lid motion is not prominent. However, for Case 3 at BR = 0.5, 

the cause for reduction of  𝑁𝑢 ̅̅ ̅̅ ̅̅  is ascribed to the opposing lid motion, which forces the 

cold fluid to move upward. It is interesting to observe that the use of lid motion has a 

positive effect on the heat transfer rate while comparing the results with the natural 

convection case in terms of 𝑁𝑢 ̅̅ ̅̅ ̅̅ . This is more prominent for Case 2 of mixed convection 

at higher Pr = 5.83 and 151. 
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(a) (b) (c) 

Fig. 3.13. Variations of 𝑁𝑢 ̅̅ ̅̅ ̅̅  with Ri at BR = 0.25 and 0.5 for (a) Pr = 0.025, (b) Pr = 

5.83 and (c) Pr = 151.0. 

3.5.4 Entropy generation and Bejan numbers 

It is interesting to find from Figs. 3.14(a)-(c) that the variation of average entropy 

generation due to heat transfer (𝑆𝜃̅̅ ̅) over the whole cavity with Ri follows the same pattern 

as 𝑁𝑢 ̅̅ ̅̅ ̅̅  in Figs. 3.13(a)-(c) as both the quantities are functions of temperature gradients. 

Besides, the magnitudes of 𝑆𝜃̅̅ ̅ is found to be comparable to the values of  𝑁𝑢 ̅̅ ̅̅ ̅̅  with the 

exception of Pr = 0.025 for Case 3 which signifies that 𝑆𝜃 is mostly concentrated at the 

surface of the block. For Case 3 at Pr = 0.025, the values of 𝑆𝜃̅̅ ̅ is less than 𝑁𝑢 ̅̅ ̅̅ ̅̅  as 𝑆𝜃 is 

mostly confined to the four corners of the block due to conduction dominated heat flow. 

Figs. 3.14(d)-(f) depict that the average total entropy generation due to viscous effect (𝑆𝜓̅̅̅̅ ) 

throughout the cavity increases with the augmentation of Pr and BR as the fluid circulation 

becomes stronger due to enhanced convection. However, the augmentation of  𝑆𝜓̅̅̅̅  with Pr 

is not significant in mixed convection compared to the case for natural convection. It is 

observed for both cases of mixed convection that 𝑆𝜓̅̅̅̅  decreases with increase in Ri up to Ri 

= 1 due to the lid motion, which dampens the viscous effect. Further increment of Ri leads 

to a small change in 𝑆𝜓̅̅̅̅  in Case 2. However, 𝑆𝜓̅̅̅̅  increases after Ri = 1 for Case 3 at all 

studied values of Pr and BR except for Pr = 151 at BR = 0.25 as the friction increases due 

to opposing movement of lid and buoyancy force. Figs. 3.14(g)-(i) show that the heat 

transfer irreversibility mostly dominates the entropy generation at all Pr irrespective of Ri 
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values which is signified by high average Bejan number (𝐵𝑒̅̅̅̅ ) over the whole cavity. 𝐵𝑒̅̅̅̅  

marginally decreases with Pr up to Pr = 5.83 due to a slight increment of entropy generation 

due to friction. However, the value of 𝐵𝑒̅̅̅̅  is lower at Pr = 151 as 𝑆𝜓 increases significantly 

along with 𝑆𝜃 sue to enhanced convection. The variation of 𝐵𝑒̅̅̅̅  with Ri has resemblance 

with a variation of 𝑆𝜃̅̅ ̅ at Pr = 5.83 and 151. 

   

(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

Fig. 3.14. Variations of 𝑆𝜃̅̅ ̅ (a, b and c), 𝑆𝜓̅̅̅̅  (d, e and f) and 𝐵𝑒̅̅̅̅  (g, h and i) with Ri for Pr 

= 0.025 (left panel), Pr = 5.83 (middle panel) and Pr = 151.0 (right panel). 

 

Ri

_
_ S


10
-1

10
0

10
1

4

5

6

7

8

9

10

11

case 2 (

case 3 (

case 2 (

Pr = 0.025

BR = 0.5)
= 0.25)BR

case 3 (BR= 0.5)

= 0.25)BR

Ri

_
_ S


10
-1

10
0

10
1

4

6

8

10

12

14

16

18

20

case 2 (
case 3 (

case 2 (Pr = 5.83
BR = 0.5)

= 0.25)BR
case 3 (BR = 0.5)

BR = 0.25)

Ri

_
_ S


10
-1

10
0

10
1

0

6

12

18

24

30

36

case 2 (
case 3 (

case 2 (

Pr = 151

BR= 0.5)
= 0.25)BR

case 3 (BR= 0.5)

BR= 0.25)

Ri

_
_

S


10
-1

10
0

10
1

0.002

0.0025

0.003

0.0035

0.004

0.0045

case 2 (

case 3 (

case 2 (Pr = 0.025

BR= 0.5)

= 0.25)BR
case 3 (BR= 0.5)

= 0.25)BR

Ri

_
_

S


10
-1

10
0

10
1

0.115

0.12

0.125

0.13

0.135

0.14

0.145

0.15

case 2 (

case 3 (

case 2 (

Pr = 5.83

BR = 0.5)

= 0.25)BR
case 3 (BR= 0.5)

BR = 0.25)

Ri

_
_

S


10
-1

10
0

10
1

5

5.5

6

6.5

case 2 (

case 3 (

case 2 (Pr = 151

BR= 0.5)

= 0.25)BR
case 3 (BR= 0.5)

BR= 0.25)

Ri

_
_

B
e

10
-1

10
0

10
1

0.9985

0.999

0.9995

1

case 2 (

case 3 (

case 2 (

Pr = 0.025

BR = 0.5)

= 0.25)BR
case 3 (BR= 0.5)

BR= 0.25)

Ri

_
_

B
e

10
-1

10
0

10
1

0.975

0.98

0.985

0.99

0.995

1

case 2 (
case 3 (

case 2 (Pr = 5.83

BR = 0.5)

= 0.25)BR
case 3 (BR= 0.5)

= 0.25)BR

Ri

_
_

B
e

10
-1

10
0

10
1

0.5

0.6

0.7

0.8

0.9

case 2 (

case 3 (

case 2 (

Pr = 151

BR= 0.5)

= 0.25)BR
case 3 (BR= 0.5)

= 0.25)BR

TH-2577_11610308



 

Chapter 3: Effect of Prandtl Numbers on Convection in a Hot Block Inserted Square 
Cavity by MRT-LBM 

76 | P a g e  
 

3.6 Conclusions 

The current work attempts to provide new insights on heat transfer rate and entropy 

generation for varying Pr from low (Pr = 0.025) to high values (Pr = 151) while placing a 

heated square block in a square cavity. Three different cases of boundary conditions are 

considered, which leads to natural and mixed convection in the cavity. A comprehensive 

analysis is carried out to understand the combined effects of these phenomena and the block 

size on the heat transfer rate and entropy generation. A multiple relaxation time based 

thermal lattice Boltzmann model is implemented to model the flow while carefully 

validating the present code with published results. Thus results for the current flow 

problems enjoy good credibility. The present mixed convection flow problem deals with 

three different Richardson numbers Ri = 0.1, 1 and 10 for a fixed Grashof number of Gr = 

104. The results show that heat transfer rates in terms of average Nusselt number over the 

block surface (𝑁𝑢 ̅̅ ̅̅ ̅̅ ) increases with an increase in Pr for both natural and mixed convection 

as the convective heat transfer augments. The value of 𝑁𝑢 ̅̅ ̅̅ ̅̅  is found to be higher at BR = 

0.5 compared to BR = 0.25 for all three cases due to the occurrence of higher temperature 

gradients astride the block resulting from isotherm clustering except in Case 3 (upward 

moving right wall) for Pr = 151 at Ri = 10. The average entropy generation due to heat 

transfer (𝑆𝜃̅̅ ̅) follows the same pattern as 𝑁𝑢 ̅̅ ̅̅ ̅̅  due to the very high concentration of 𝑆𝜃 near 

the block. The drastic augmentation of average total entropy generation due to viscous 

effect (𝑆𝜓̅̅̅̅ ) with an increase in Pr is more pertinent to natural convection than mixed 

convection. This eventually raises the total entropy generation throughout the cavity for 

natural convection. The mixed convection with a downward moving right wall Case 2 

(downward moving right wall) provides a better heat transfer performance in comparison 

to the other two cases due to presence higher heat transfer rate and moderate total entropy 

generation.
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Chapter 4 

Flow through Porous Medium using 

SRT-LBM and MRT-LBM 

4.1 Introduction 

Natural and mixed convection in porous media has attracted much attention in heat 

transfer community as it has many engineering applications such as infiltration of molten 

metals, gas drying and transport process, crude oil extraction, geothermal operation, 

separation process, thermal reservoir, insulation of the building, pebble-bed nuclear reactor 

design, etc. The thermal boundary conditions such as uniform and non-uniform heating or 

cooling play a vital role in the overall process of convective heat transfer. The works related 

to natural convection in a cavity with non-uniform temperature variations at the walls have 

gained importance among the research community in recent years as it is observed in 

various practical applications like microwave heating of food materials, air conditioning in 

the room, cooling of electronic equipment, solar collector, etc. 

Besides, the modelling technique for flow through porous media can be adopted to 

study flow through a bundle of internal objects. These bundle of internal bodies can be 

arranged in a specific manner to obtain desired thermal behaviour which is relevant in many 

applications such as heat exchanger, cooling hot ingots, solidification and nuclear power 

reactor etc. This phenomenon can be investigated by considering these internal objects as 

a porous structure with suitable porosity and permeability values conforming to the thermo-

hydraulic characteristics of these complex geometries. 

A perusal of literature suggests that several studies are undertaken to analyse heat 

transfer rate during natural and mixed convection in fluid-saturated porous media. 

However, studies concerning entropy generation analysis are limited. In this context, LBM 

studies are scarce. Therefore, the present work exploits thermal lattice Boltzmann method 

(TLBM) to analyse the entropy generation and heat transfer for two different porous flow 
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configurations, which are not addressed yet as per the authors’ best knowledge. The 

objective of the first problem is to utilise SRT-TLBM to analyse the effect of four different 

thermal boundary conditions on entropy generation and heat transfer in a water-saturated 

porous cavity. The second problem deals with MRT-TLBM to investigate the influence of 

a hot permeable inner square block on entropy generation during mixed-convection in a 

water-filled inclined cavity. 

4.2 Mathematical formulation of porous flow 

The macroscopic governing equations for fluid flow and heat transfer through a 

porous medium are formulated by making assumptions that the local thermal equilibrium 

exists between both fluid phase and solid phase of the porous media. Both phases have 

constant properties except the density in the buoyancy force term, which is satisfied by the 

Boussinesq approximation. The governing equations for mass, momentum and energy are 

given below [Nithiarasu et al., 1997] 

∇. 𝐮 = 0 (4.1a) 

∂𝐮

∂𝑡
+ (𝐮. ∇) (

𝐮

𝜀
) =  −

1

ρ𝑓
 ∇(𝜀𝑝) + 𝜈𝑒∇

2𝐮 + 𝐅 + 𝜀𝐆 (4.1b) 

𝜁 
∂𝜃

∂𝑡
+  𝐮. ∇𝜃 =  ∇. (α𝑒∇𝜃) (4.1c) 

where u, p, and 𝜃  represent the volume-averaged fluid velocity vector, pressure and 

temperature respectively. The variables t, 𝜈𝑒  and 𝛼𝑒  stand for a time, effective kinetic 

viscosity and thermal diffusivity respectively. The coefficient 𝜁  (= 𝜀 + (1 − 𝜀)𝜌𝑠𝐶𝑝𝑠/

𝜌𝑓𝐶𝑝𝑓) gives the heat capacity ratio between solid and fluid phases, where 𝐶𝑃 is the specific 

heat at constant pressure. The porosity (𝜀) of the porous medium is defined as the ratio of 

void space to the total volume of the medium. For the current problem, thermal diffusivity 

of the solid matrix and fluid is considered to be identical, i.e., 𝛼𝑒= 𝛼𝑓 = 𝛼𝑠 and 𝜁 is set 

equal to one. The body force 𝐅 [Nithiarasu et al., 1997] due to the effect of the porous 

medium is given as follows: 
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𝐅 = −
𝜀𝜈

𝐾
𝐮 − 

𝜀𝐹𝜀

√𝐾
|𝐮|𝐮 (4.2) 

The Darcy-Forchheimer relation is utilised in the current study to model momentum loss 

of flow through a porous medium due to inertia (linear Darcy term) and viscous effects 

(nonlinear Forchheimer term) as denoted by the first and second terms of the force equation 

(Eq. 4.2). The Forchheimer coefficient 𝐹𝜀  strongly depends on the geometry of the 

permeable membrane. Based on the Ergun’s correlation [Ergun, 1952] for flow through 

packed columns, the geometric function (𝐹𝜀) of the porous medium is given by: 

𝐹𝜀 = 
1.75

√150𝜀3
 (4.3) 

The porous medium is mainly characterised by its porosity 𝜀 and permeability 𝐾. Both are 

related to each other through the following relation [Ergun, 1952]: 

𝐾 =
𝜀3𝑑𝑠

2

150(1 − 𝜀)2
 (4.4) 

The above relation suggests different combinations of porosity and permeability based on 

the average particle diameter 𝑑𝑠  of spherical beads and 𝑑𝑠  is taken as 1 cm for 1 m 

characteristic length 𝐿 of the flow domain. The permeability term is normalised by using 

non-dimensional parameter known as Darcy number (𝐷𝑎) through a relation 𝐾 = 𝐷𝑎𝐿2. 

The external force term 𝐆 takes into account the gravity force only and is denoted as: 

𝐆 = 𝜌𝐠𝛽(𝜃 − 𝜃𝑚) (4.5) 

where 𝜌 is the fluid density at the reference temperature 𝜃𝑚. 

4.2.1 Methodology of SRT-LBM for convection heat transfer in porous 

media 

The first problem of current work adopts Guo and Zhao’s [2005] generalised 

thermal lattice Boltzmann model to simulate the flow through the porous medium at the 

representative elementary volume (REV) scale. This model modifies the equilibrium 

distribution function (EDF) and the force term by including the porosity term. The force 
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term takes into account the linear and nonlinear drag forces of the porous media based on 

Brinkman–Forchheimer extended Darcy model. To model the heat transfer phenomenon, 

SRT-based double-distribution-function (DDF) approach [Guo and Zhao, 2005] is adopted 

with slight modifications to incorporate the effect of the porous medium. The evolution 

equation of density-distribution function for generalised LBM is given as [Peng et al., 

2003]: 

𝑓𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑓𝑖(𝐫, 𝑡) +
1

𝜏𝑣
(𝑓𝑖

𝑒𝑞(𝐫, 𝑡) − 𝑓𝑖(𝐫, 𝑡)) + 𝑆𝑖 (4.6) 

The equilibrium distribution function  𝑓𝑖
𝑒𝑞

 is modified to incorporate porosity of the porous 

medium as follows: 

 𝑓𝑖
𝑒𝑞 = 𝜌𝑤𝑖 {1.0 +

𝐞𝑖. 𝐮

𝐶𝑠2
+
(𝐞𝑖. 𝐮)

2

2𝜀𝐶𝑠
4 −

𝐮2

2𝜀𝐶𝑠2
} (4.7) 

The force term (𝑆𝑖) is calculated using Guo et al.’s force model as below [Guo et al., 2002c]:  

  𝑆𝑖 = 𝑤𝑖 {1 −
1

2𝜏𝑣
} {
𝐞𝑖 − 𝐮

𝐶𝑠
2

+
𝐞𝑖(𝐞𝑖. 𝐮)

𝜀𝐶𝑠
4

} . (𝐅 + 𝜀𝐆) (4.8) 

For temperature distribution function the governing discretised lattice Boltzmann equation 

is given as: 

𝑔𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑔𝑖(𝐫, 𝑡) +
1

𝜏𝜃
( 𝑔𝑖

𝑒𝑞(𝐫, 𝑡) − 𝑔𝑖(𝐫, 𝑡)) (4.9) 

The equilibrium distribution function 𝑔𝑖
𝑒𝑞

 is given as: 

𝑔𝑖
𝑒𝑞 = 𝑤𝑖𝜃 {1.0 +

𝐞𝑖. 𝐮

2𝐶𝑠2
} (4.10) 

4.2.2 Methodology of MRT- LBM for convection heat transfer in porous 

media 

The second problem of current work uses Liu et al.’s [2014] MRT-based thermal 

lattice Boltzmann model to simulate the flow through the porous medium at the 

representative elementary volume (REV) scale. The key point of the present method is to 
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choose the appropriate equilibrium moment and discrete force term in the moment space. 

Thus, this model introduces porosity into the equilibrium moments and force terms in the 

moment space. Two lattice structures D2Q9 and D2Q5 are used to calculate density 

distribution function (𝑓𝑖 ) and temperature distribution function (𝑔𝑖 ) respectively. The 

evolution equation for MRT-LBM model for flow field with source term can be given as 

follows [Liu et al., 2014] 

𝑓𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡)  − 𝑓𝑖(𝐫, 𝑡)

= −M−1R{𝐦(𝐫, 𝑡) − 𝐦𝑒𝑞(𝐫, 𝑡)} + M−1 (I −
R

2
) 𝐒 

(4.11) 

The equilibrium moments 𝐦𝑒𝑞 in vector form is given by, 

𝐦𝑒𝑞 = {𝜌 (1,−2 +
3𝐮2

𝜀
, 1 −

3𝐮2

𝜀
, 𝑢𝑥, −𝑢𝑥, 𝑢𝑦, −𝑢𝑦,

𝑢𝑥
2−𝑢𝑦

2

𝜀
,
𝑢𝑥𝑢𝑦

𝜀
)}

T

 (4.12) 

The total force term 𝐒 is given by a column vector as follows: 

𝐒 = {𝜌 (0,
6𝐮.𝐅

𝜀
, −

6𝐮.𝐅

𝜀
, 𝐹𝑥 , −𝐹𝑥, 𝐹𝑦 , −𝐹𝑦,

2(𝑢𝑥𝐹𝑥−𝑢𝑦𝐹𝑦)

𝜀
,
(𝑢𝑥𝐹𝑦+𝑢𝑦𝐹𝑥)

𝜀
)}

T

 (4.13) 

where 

𝐹𝑥 = 𝐅; 𝐹𝑦 = 𝐅 + 𝜀𝐆  (4.14) 

In moment space, the diagonal relaxation matrix R is given as [Wang et al., 2013] 

R = diag(1, 𝑟𝑒 , 𝑟∈, 1, 𝑟𝑞 , 1, 𝑟𝑞 , 𝑟𝜈 , 𝑟𝜈) (4.15) 

The MRT-LB equation governs the temperature distribution function is given as [Liu et al., 

2014]: 

𝑔𝑖(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) − 𝑔𝑖(𝐫, 𝑡) = −N−1C{𝐧(𝐫, 𝑡) − 𝐧𝑒𝑞(𝐫, 𝑡)} (4.16) 

The diagonal relaxation matrix C is given by, 

C = diag(1, 𝑐𝜃, 𝑐𝜃 , 𝑐𝑒 , 𝑐𝑣) (4.17) 

The equilibrium moments 𝐧𝑒𝑞 in vector form is given as [Wang et al., 2013]: 

𝐧𝑒𝑞 = (𝜃,
 𝑢𝜃

𝜁
,
𝑣𝜃

𝜁
, 𝑎𝜃, 0)T (4.18) 
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The coefficient 𝜁 gives the heat capacity ratio between solid porous media and fluid and 

this value is taken as 1 for simplicity in the present problem. 

4.2.3 Determination of macroscopic variables 

Fluid density 𝜌 and velocity 𝐮 are calculated by taking 0th and 1st moments of 𝑓𝑖 

respectively. However, for flow through a porous medium, the volume-averaged velocity 

𝐮 is modified by taking into account the force effect as follows [Guo and Zhao, 2005]: 

𝜌 =∑𝑓𝑖

8

𝑖=0

 (4.19) 

𝜌𝐮 =∑𝑓𝑖

8

𝑖=0

𝐞𝑖 +
𝜀𝐅

2
 (4.20) 

The equation (4.20) is a nonlinear one as the force term F contains velocity 𝐮. However, 

the implicitness of velocity can be eliminated by making use of its quadratic form as: 

𝐮 =  
𝐯

𝑐0 + √𝑐0
2 + 𝑐1|𝐯|

 (4.21) 

where the auxiliary velocity 𝐯 and two other parameters 𝑐0 and 𝑐1 are given as [Guo and 

Zhao, 2005]: 

𝜌𝐯 =∑𝑓𝑖

8

𝑖=0

𝐞𝑖 +
𝜀𝐆

2
;  𝑐0 =

1

2
(1 + 𝜀

𝜗

2𝐾
) ;    𝑐1 = 𝜀

𝐹𝜀

2√𝐾
 (4.22) 

It is noted that as 𝜀 = 1, the generalised lattice Boltzmann equation (GLBE) reduces to the 

standard LBE for flows in the absence of porous media. Besides, for 𝐹𝜀 = 0 in the GLBE, a 

simplified LBE for the Brinkman-extended Darcy model can be obtained. 

The temperature (𝜃) is calculated as 0th moments of 𝑔𝑖 [Guo and Zhao, 2005] which are 

given for SRT- and MRT- LBM respectively as: 

𝜁𝜃 =∑𝑔𝑖

8

𝑖=0

;  𝜁𝜃 =∑𝑔𝑖

4

𝑖=0

 (4.23) 
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4.3 Formulation of the first problem: Natural convection in a porous 

cavity 

The physical system considered for current problem consists of a closed fluid-

saturated porous square cavity with side L. Four different configurations of heating 

condition are considered at the left vertical wall by applying uniform, sinusoidal and linear 

temperature distributions respectively. For all four cases, the right vertical wall is uniformly 

cooled while keeping the top and bottom walls thermally insulated, as shown in Fig. 4.1. 

At all four walls, a no-slip impermeable velocity boundary condition is used. In the 

schematic diagram of the present flow configuration (Fig. 4.1), the boundary conditions for 

four different cases are presented in a dimensional form.  

 

Fig. 4.1. Schematic diagram of the flow configuration with boundary conditions. 

For the convenience of numerical calculation and analysis, the variables are 

expressed in the non-dimensional form as follows: 

𝑥 =
𝑥∗

𝐿
;           𝑦 =

𝑦∗

𝐿
;          𝑢 =  

  𝑢∗𝐿

𝛼𝑓
;           𝑣 =

 𝑣∗𝐿

𝛼𝑓
;           𝜃 =

𝑇 − 𝑇𝑐
𝑇ℎ − 𝑇𝑐

 (4.24) 

The boundary conditions in the non-dimensional form are given as follows: 

  

 𝑦∗
= 0 (Case 1 - 4)

     ℎ (Case 1)

     ℎ(   
 𝑦∗

 
) (Case 2)

     ℎ
𝑦∗

 
(Case 3)

     ℎ 1 −
𝑦∗

 
(Case 4)

  

 𝑦∗
= 0 (Case 1 - 4)

L
     𝑐 (Case 1 - 4)

Porous medium saturated with

Pure Water

𝐠

x

y
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𝑢 =  0, 𝑣 = 0,
∂𝜃

∂𝑦
= 0 at  𝑦 = 0, 1 

(4.25) 
𝑢 =  0, 𝑣 = 0, 𝜃 = 1  or  (sin π𝑦)  or  (𝑦)  or (1 − 𝑦) at  𝑥 = 0  

𝑢 =  0, 𝑣 = 0, 𝜃 = 0 at  𝑥 = 1  

4.3.1 Grid independence study 

A grid sensitivity analysis is carried out to obtain grid-independent solutions for 

each of three different values of Ra during steady-state natural convection in a water-filled 

square cavity. Table 4.1 gives the comparison of the grid sizes in terms of the dimensionless 

maximum vertical velocity (vmax) at the horizontal midline of the cavity, average 𝑁𝑢 along 

the hot left wall of the cavity 𝑁𝑢𝑙ℎ̅̅ ̅̅ ̅̅ , average total entropy generation due to heat transfer 𝑆𝜃̅̅ ̅ 

and fluid friction 𝑆𝜓̅̅̅̅  throughout the cavity for the configuration with a uniformly heated 

left wall. A grid size of 151×151 for Ra = 103, 201×201 for Ra = 104 and 301×301 for Ra 

= 105 are found to be suitable for all computations while taking note of the time-wise 

efficiency of the numerical simulations.  

Table 4.1 Grid independence study 

Variables 

Grid sizes 

Ra = 103  Ra = 104  Ra = 105 

101 × 

101 

151 × 

151 

201 × 

201 

 151 × 

151 

201 × 

201 

251 × 

251 

 251 × 

251 

301 × 

301 

351 × 

351 

vmax 3.613 3.646 3.663  19.47 19.55 19.60  72.285 72.495 72.647 

𝑁𝑢𝑙ℎ̅̅ ̅̅ ̅̅  1.094 1.103 1.108  2.211 2.229 2.238  4.585 4.608 4.623 

𝑆𝜃̅̅ ̅ 1.083 1.096 1.103  2.196 2.218 2.230  4.568 4.595 4.614 

𝑆𝜓̅̅ ̅ 0.030 0.032 0.033  0.969 0.996 1.012  18.301 18.633 18.875 

4.3.2 Code validation 

The natural-convection in a differentially heated square porous cavity is 

investigated to check the validity of code in simulating porous thermal flow while 
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comparing the results with published works of Nithiarasu et al. [1997] and Nguyen et al. 

[2015]. Table 4.2 depicts a good concordance between the results in terms of the average 

Nusselt number (𝑁𝑢̅̅ ̅̅ ) along the hot wall of the cavity for different Ra and Da at Pr fixed at 

1.0, which gives the confidence to carry out the present problem using the current LBM 

code. 

Table 4.2 Comparison of present results for 𝑁𝑢̅̅ ̅̅  with published results. 

Ra Da 

𝑁𝑢̅̅ ̅̅   

𝜀 = 0.4  𝜀 = 0.6  𝜀 = 0.9 

LBM Ref. 1 Ref. 2  LBM Ref. 1 Ref. 2  LBM Ref. 1 Ref. 2 

103 10-2 0.998 1.01 1.005  1.003 1.015 1.010  1.008 1.023 1.015 

104 10-2 1.341 1.408 1.404  1.468 1.530 1.533  1.605 1.64 1.667 

105 10-4 1.056 1.067 1.062  1.059 1.071 1.065  1.061 1.072 1.066 

106 10-4 2.546 2.55 2.702  2.650 2.725 2.764  2.731 2.740 2.817 

*Ref. 1 (Nithiarasu et al. [1997]); Ref. 2 (Nguyen et al. [2015]) 

4.3.3 Results and discussion 

The effects of four different thermal boundary conditions on fluid flow and thermal 

behaviour during natural convection in a closed square porous cavity filled with pure water 

are discussed. The numerical simulations are carried for a range of Rayleigh number Ra 

discretely varying from 103 to 105 and Darcy number Da from 10-6 to 10-1 while keeping 

fixed porosity at 0.5. For current simulations, the value of irreversibility factor 𝜒 in entropy 

generation is fixed at 10-2 which was considered by earlier researchers for flow through a 

porous medium during natural convection [Baytas, 2000; Basak et al., 2012]. The detailed 

comparative studies are made among them to find out the efficient heating strategy. The 

numbers of plots are presented to show the effect of Da and Ra on the average 𝑁𝑢 along 

the left hot wall (𝑁𝑢̅̅ ̅̅ 𝑙ℎ) and for the whole domain (𝑁𝑢̅̅ ̅̅ ) of the cavity, average total entropy 

generation due to heat transfer irreversibility (𝑆𝜃̅̅ ̅) and fluid friction irreversibility (𝑆𝜓̅̅̅̅ ), 

average Bejan number (𝐵𝑒̅̅̅̅ ), thermal mixing (𝜃𝑐𝑢𝑝) and degrees of temperature uniformity 

(𝑅𝑀𝑆𝐷𝜃𝑐𝑢𝑝). 
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4.3.3.1 Streamlines, isotherms and contours of entropy generation 

Streamlines (𝜓) isotherms (𝜃) 𝑆𝜃 𝑆𝜓 

    

(a) (b) (c) (d) 

    

(e) (f) (g) (h) 

    

(i) (j) (k) (l) 

    

(m) (n) (o) (p) 

Fig. 4.2. Streamlines (𝜓), isotherms (𝜃), local entropy generation due to heat transfer 

(𝑆𝜃) and due to viscous effect (𝑆𝜓) for (a, b, c, d) uniform, (e, f, g, h) sinusoidal, (i, j, k, 

l) bottom to top linear and (m, n, o, p) top to bottom linear heating respectively at Ra = 

103 with Da = 10-2. 
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 The results obtained are for the natural convection in a differentially heated porous 

cavity where four different heating configurations are applied at the vertical walls of the 

cavity by adopting the isothermal, sinusoidal, bottom to top linear and top to bottom linear 

temperature distributions respectively. Figs. 4.2-4.4 show the results in terms of contours 

of dimensionless stream function, isotherm, local entropy generation due to heat transfer 

and fluid friction for four different thermal boundary conditions. For the lower Darcy-

Rayleigh number Ram = 10, computations are carried out for Ra = 103 with Da = 10-2 and 

Ra = 105 with Da = 10-4. For the higher value of Ram = 103, computations are carried out 

for Ra = 105 with Da = 10-2. The streamline contours show that a clockwise rotating primary 

vortex is formed for each configuration of boundary conditions as the fluid heated up by 

the left wall is cooled down along the right wall of the cavity. However, there are secondary 

vortices at the top-left and bottom-left corners for sinusoidal heating, the bottom-left corner 

for the bottom to top linear heating and the top-left corner for the top to bottom linear 

heating of the left wall due to the non-uniformity in temperature variation as seen from 

Figs. 4.2(e), (i) and (m) respectively. At a low value of Ra = 103, irrespective of Da the 

fluid flow is induced by weak buoyant forces as characterised by a small magnitude of 

stream function. The maximum value of stream function |𝜓𝑚𝑎𝑥| exists at the centre of each 

of the primary vortices where their values are 0.06, 0.045 and 0.030, 0.031 for the 

isothermal, sinusoidal, bottom to top linear and top to bottom linear heating respectively. 

Figs. 4.2(b), (f), (j) and (n) show that the flow is mainly dominated by conduction which is 

characterised by the vertically parallel isotherms spanning the entire cavity. It is found in 

sinusoidal and linear heating that the heating rate near the wall is comparatively lower than 

uniform heating, thus inducing weak buoyant force which results in lower thermal gradient 

throughout the domain. From Fig. 4.2(c) it is noticed that for uniform heating, the 

significant value of 𝑆𝜃 is extended up to the mid-portion of the cavity from the left bottom 

and the top right corners of the cavity where the maximum value of 𝑆𝜃 (|𝑆𝜃,𝑚𝑎𝑥| = 1.291) 

lies. In the case of sinusoidal heating, 𝑆𝜃 along the left wall with the maximum value equal 

to 59.25 near the bottom left and top left corners of the cavity due to the presence of 

significant thermal gradients at these positions. For bottom to top linear and top to bottom  
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Streamlines (𝜓) isotherms (𝜃) 𝑆𝜃 𝑆𝜓 

    

(a) (b) (c) (d) 

    

(e) (f) (g) (h) 

    

(i) (j) (k) (l) 

    

(m) (n) (o) (p) 

Fig. 4.3. Streamlines (𝜓), isotherms (𝜃), local entropy generation due to heat transfer 

(𝑆𝜃) and due to viscous effect (𝑆𝜓) for (a, b, c, d) uniform, (e, f, g, h) sinusoidal, (i, j, k, 

l) bottom to top linear and (m, n, o, p) top to bottom linear heating respectively at Ra = 

105 with Da = 10-4. 

linear heating, |𝑆𝜃,𝑚𝑎𝑥| with values 13.824, 14.628 respectively are found at that corner of 

the left wall where maximum wall temperature lies for each case. However, the entropy 
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generation due to fluid friction is significantly lower at low Ra due to weak convection in 

the cavity. For all four cases, 𝑆𝜓 is concentrated at the vertical walls of the cavity where 

the maximum magnitudes |𝑆𝜓,𝑚𝑎𝑥|  are found to be 3.937, 5.57, 1.812 and 1.958 for 

uniform, sinusoidal and bottom to top linear and top to bottom linear heating respectively. 

The active zones of 𝑆𝜓  are also found at the top and bottom walls for uniform and 

sinusoidal heating whereas for the bottom to top linear heating and top to bottom linear 

heating they exist at the top wall and bottom wall respectively.  

For a low value of Da, i.e. at10-4, the conduction dominated flow and heat transfer 

phenomenon prevails even for higher Ra at 105 as circular streamlines in the core of cavity, 

and vertical isotherms spanning the entire cavity are observed, which are similar to the case 

for low Ra. Figs. 4.3(a), (e), (i), and (m) reveal that the values of 𝜓 within the cavity are 

found to be lower at low Da values irrespective of Ra which implies diminishing flow rate 

as the loosely interconnected voids restrict the fluid flow in the porous medium. However, 

the value of 𝜓 is higher near the vertical walls compared to the case for low Ra (Fig. 4.2) 

as the increasing buoyancy induced motion with Ra is confined to the walls due to lower 

Da. The maximum values of 𝜓 found at the centre of the primary vortices are 0.026, 0.020, 

0.013 and 0.014 for uniform, sinusoidal, bottom to top linear and top to bottom linear 

heating respectively. The value of 𝑆𝜓 increases with Ra due to increasing velocity gradient 

with the buoyant force, which is found to be concentrated at the vertical walls of the cavity. 

The values of |𝑆𝜓,𝑚𝑎𝑥| are 821.78, 918.89 and 337.424, 399.15 for uniform, sinusoidal, 

bottom to top linear and top to bottom linear heating respectively. It is noticed from Figs. 

4.3(c), (g), (k) and (o) that the contours of 𝑆𝜃 are found to be similar to the low Ra case 

(Fig. 4.2) for all four cases. However, their magnitudes increase where |𝑆𝜃,𝑚𝑎𝑥| are 2.668, 

85.76, 17.268 and 21.91 respectively for four cases. 

The magnitudes of the stream function increases, implying higher velocity, as Ra 

increases to 105 with high Da value due to the enhancement of buoyancy-induced 

circulatory motion inside the cavity as seen from Figs. 4.4(a), (e), (i) and (m). The |𝜓𝑚𝑎𝑥| 

with values 0.274, 0.25, 0.174 and 0.263 for uniform, sinusoidal, bottom to top linear and 

top to bottom linear heating respectively are found at the centre of primary vortices for each  
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Streamlines (𝜓) isotherms (𝜃) 𝑆𝜃 𝑆𝜓 

    

(a) (b) (c) (d) 

    

(e) (f) (g) (h) 

    

(i) (j) (k) (l) 

    

(m) (n) (o) (p) 

Fig. 4.4. Streamlines (𝜓), isotherms (𝜃), local entropy generation due to heat transfer 

(𝑆𝜃) and due to viscous effect (𝑆𝜓) for (a, b, c, d) uniform, (e, f, g, h) sinusoidal, (i, j, k, 

l) bottom to top linear and (m, n, o, p) top to bottom linear heating respectively at Ra = 

105 with Da = 10-2. 

of the cases. For sinusoidal and bottom to top linear heating, the secondary vortex at the 

bottom left corner diminishes in size with an increase in Ra due to the reduction of the 
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thermal gradient at this zone. However, the secondary vortex at the top left corner for both 

sinusoidal and top to bottom linear heating increases in size as more fluid heated up is 

cooled down by the low-temperature zone at the top left corner of the cavity due to their 

temperature distribution. It is noticed from Figs. 4.4(b), (f), (j) and (n) that the distinct 

thermal boundary layers are developed near both the vertical walls of the cavity which is 

more significant for the case of uniform heating. The thinning of the thermal boundary 

layer occurs with the increase in Ra and Da due to the presence of higher temperature 

gradients. It is seen from Figs. 4.4(c)-(d), (g)-(h), (k)-(l) and (o)-(p) that the entropy 

generation increases due to both heat transfer and fluid friction with the increase in Ra and 

Da values for isothermal, sinusoidal and top to bottom linear heating respectively. 

However, for the bottom to top linear heating, the maximum value of 𝑆𝜃  (|𝑆𝜃,𝑚𝑎𝑥|  = 

16.223) is low compared to the case for low Da due to enhanced thermal mixing at higher 

Da. For both uniform and top to bottom linear heating, 𝑆𝜃 is found to be concentrated at 

the lower portion of the left wall and the upper portion of the right wall with maximum 

values of 𝑆𝜃  = 42.72 and 85.118 respectively near the bottom left corner of the cavity. 

Sinusoidal heating has high 𝑆𝜃 compared to other cases with its maximum value equal to 

97.756 near the bottom left portion. The significant value of 𝑆𝜃 is also noticed near the 

upper portion of the right vertical wall due to the enhancement of thermal energy transport 

at high Ra and Da. The value of 𝑆𝜓 is changing drastically with Ra for all four cases due 

to the increase in velocity gradient mostly at the side walls which act as strong concentrators 

of 𝑆𝜓 with the maximum magnitudes of 15037.4, 13712.7, 5447.9 and 10976.4 for uniform, 

sinusoidal, bottom to top linear and top to bottom linear heating respectively near the 

central position of the side wall. 

It is observed from the above analysis that entropy generation due to both thermal 

and fluid irreversibilities is obtained at the walls of the cavity with their maximum 

concentration at the vertical walls for the benchmark problem, i.e., the case of uniform 

heating. Therefore, an attempt has been made to minimise the effect of 𝑆𝜃̅̅ ̅ and 𝑆𝜓̅̅̅̅  at the 

vertical walls in the cavity by adopting three different heating configurations at the left 

vertical wall. However, sinusoidal and top to bottom linear heating of left wall have much 
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higher 𝑆𝜃̅̅ ̅ and 𝑆𝜓̅̅̅̅  at their respective active zones in the cavity compared to the bottom to 

top linear heating. Further, the detailed analysis in terms of average Nusselt number, 

average entropy generation, average Bejan Number, the thermal mixing and the 

temperature uniformity in the cavity is made to have a clear picture of optimal boundary 

condition. 

4.3.3.2 Average heat transfer rate and entropy generation 

   

(a) (b) (c) 

   

(d) (e) (f) 

Fig. 4.5. Variations of (a, b and c) 𝑁𝑢𝑙ℎ̅̅ ̅̅ ̅̅  and (d, e and f) 𝑁𝑢̅̅ ̅̅  with Da for four different 

boundary conditions at three different Ra’s of 103, 104 and 105 respectively. 

 Fig. 4.5 gives the effect of porous medium on the heat transfer in terms of average 

Nusselt number along the hot wall (𝑁𝑢𝑙ℎ̅̅ ̅̅ ̅̅ ) and over the whole domain (𝑁𝑢̅̅ ̅̅ ) of the cavity 

for all four cases of boundary conditions with Da varying from 10-6 to 10-1 at three different 

Ra’s of 103, 104 and 105 respectively. The variation of 𝑁𝑢̅̅ ̅̅  with Da is found to be 

insignificant at Ra = 103. However, 𝑁𝑢̅̅ ̅̅  slightly decreases with the increase in Da at Ra = 

103 for the top to bottom linear heating where the flow is mainly dominated by conduction 
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mode of heat transfer. It is observed from Figs. 4.5(b)-(c) and (e)-(f) that the 𝑁𝑢̅̅ ̅̅  increases 

with Da at Ra = 104 and 105 as the effect of convective heat transfer get augmented due to 

increase in buoyant force near the hot and cold vertical walls of the cavity. The maximum 

and minimum 𝑁𝑢̅̅ ̅̅  are attained for the case of uniform heating and top to bottom linear 

heating, respectively.  

   

(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

Fig. 4.6. Variations of (a, b and c) 𝑆𝜃̅̅ ̅, (d, e and f) 𝑆𝜓̅̅̅̅  and (g, h and i) 𝐵𝑒̅̅̅̅  with Da for four 

different boundary conditions at three different Ra’s of 103, 104 and 105 respectively. 
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 The augmentation of the average entropy generation due to heat transfer (𝑆𝜃̅̅ ̅) 

throughout the cavity with an increase in Da in Figs. 4.6(a)-(c) resembles the variation of 

the average Nusselt number in Fig. 4.5; thus, the same arguments prevail for both cases as 

both quantities are the function of temperature gradients. The average entropy generation 

due to viscous effect (𝑆𝜓̅̅̅̅ ) throughout the cavity increases with increase in Da value for Ra 

= 103 for all the boundary conditions. However, it is interesting to see that  𝑆𝜓̅̅̅̅  first increases 

and then decreases with increase in Da for all cases at Ra = 104 and 105 due to the presence 

of strong buoyant force at higher Da which overpowers the adverse effects of drag force 

on fluid velocity. At all studied values of Ra and Da, 𝑆𝜃̅̅ ̅ and 𝑆𝜓̅̅̅̅  are found to be maximum 

for uniform heating and minimum for the case of the bottom to top linear heating. It is seen 

that at low Da values for Ra = 103 and 104, the effect of 𝑆𝜓  is trivial and the entropy 

generation is mainly contributed by heat transfer irreversibility which is characterised by 

high average Bejan number (𝐵𝑒̅̅̅̅ ) over the whole cavity as shown in Figs. 4.6(g)-(h). The 

lower value of 𝐵𝑒̅̅̅̅  at higher Ra and Da indicate that the effect of frictional irreversibility is 

more prominent compared to heat transfer irreversibility. However, 𝐵𝑒̅̅̅̅  decreases with 

increase in Da at all studied values of Ra due to increasing velocity gradient with buoyant 

force.  

4.3.3.3 Calculation of 𝑵𝒖̅̅ ̅̅ 𝑺𝒕𝒐𝒕̅̅ ̅̅ ̅⁄ , 𝜽𝒄𝒖𝒑 and 𝑹𝑴𝑺𝑫𝜽𝒄𝒖𝒑  

The ratio between the 𝑁𝑢̅̅ ̅̅  and the 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ is calculated to make a comparison among 

the boundary conditions in terms of energy efficiency and their variation with Da are 

plotted in Figs. 4.7(a)-(c) for Ra = 103, 104 and 105 respectively. 𝑁𝑢̅̅ ̅̅ 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅⁄  is found to be 

higher for both linear heating compared to other two cases for lower values of Darcy-

Rayleigh number, Ram = 10 and 102 at Ra = 103 and 104 and lower values of Da = 10-5 and 

10-6 at Ra = 105 as the heat transfer is controlled by conduction. However, the uniform 

heating has a higher value of 𝑁𝑢̅̅ ̅̅ 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅⁄   at higher Ram = 103 and 104 for Ra = 104 and 105 

and at low Ram = 10 and 102 for higher Ra = 105 where flow field is dominated by 

convection. Figs. 4.7(d)-(f) depicts that variation of 𝜃𝑐𝑢𝑝 is almost constant with Da for all  
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(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

Fig. 4.7. Variations of (a, b and c)  𝑁𝑢̅̅ ̅̅ 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅⁄ , (d, e and f) 𝜃𝑐𝑢𝑝  and (g, h and i) 

𝑅𝑀𝑆𝐷𝜃𝑐𝑢𝑝with Da for four different boundary conditions at three different Ra’s of 103, 

104 and 105 respectively. 

cases with slight enhancement at higher Ra and Da for the bottom to top linear heating, 

thus improving the thermal mixing. Figs. 4.7(g)-(i) indicates that the 𝑅𝑀𝑆𝐷𝜃𝑐𝑢𝑝 decreases 

with increase in Da, i.e., the temperature uniformity in the cavity increases for both cases 

of uniform and top to bottom linear heating. 
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4.3.4 Conclusions 

The detailed analysis of the effect of four different thermal boundary conditions on 

natural convection in a fluid-saturated square porous cavity is made by considering the 

entropy generation, heat transfer and degree of temperature uniformity. The current 

investigation deals with a number of non-dimensional parameters like Ra varying from 103-

105, Da from 10-1-10-6 at ε = 0.5. For an optimal boundary condition in terms of energy 

efficiency, the higher heat transfer rate and the thermal mixing in the cavity are desired, but 

this leads to undesirable higher entropy generation and lower temperature uniformity over 

the whole domain of the cavity, as observed for the case of uniform heating. Sinusoidal 

heating is not suitable due to its poor energy efficiency compared to other cases as it has 

low 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  and moderate thermal mixing and temperature uniformity. At Ra = 103, 

both the cases of linear heating have comparable energy efficiency due to their negligible 

variation of calculated parameters. However, between the two cases of linear heating, 

bottom to top linear heating has higher heat transfer rate, temperature uniformity and 

thermal mixing and lower entropy generation at higher Ra = 104 and 105. It is noticed that 

at very low values of Da = 10-5 and 10-6 for all Ra’s, 𝑁𝑢̅̅ ̅̅ 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅⁄  is found to be higher for all 

four configurations where the heat transfer mechanism is mainly controlled by conduction 

as flow rate diminishes. Therefore, it is understood that the values of Ra and Da play a vital 

role in determining the optimum condition of 𝑁𝑢̅̅ ̅̅ , 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ , 𝜃𝑐𝑢𝑝  and 𝑅𝑀𝑆𝐷𝜃𝑐𝑢𝑝 . Thus, a 

compromise has to be made between higher heat transfer rate, lower total entropy 

generation, superior thermal mixing and greater temperature uniformity to make an 

optimum choice for this flow condition. Accordingly, it can be concluded that the uniform 

heating is found to be more suitable for higher Ra = 105, and higher Ram = 103 at Ra = 104 

whereas, bottom to top linear heating can be an effective and alternative heating condition 

for lower Ra = 103 and 104 at low Darcy-Rayleigh number, Ram = 10 and 102. In Chapter 

6, further investigations are carried out for nanofluid-filled porous cavity by considering 

both uniform and bottom to top linear heating condition at the left wall of the cavity at their 

respective optimum Ram values. 
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4.4 Formulation of the second problem: Mixed convection in the 

inclined cavity with an inner heated porous block 

 

Fig. 4.8. Schematic diagram of the flow configuration with boundary conditions. 

Fig. 4.8 shows the model configuration and boundary conditions for the present 

mixed convection flow problem in a square inclined cavity of length L which contains a 

permeable square block at the cavity centre having fixed size (d) equal to 0.25L. Four 

different inclination angles 𝛾 = 0°, 30°, 60° and 90° of the cavity are considered. In the 

present flow configuration, the insulated top wall and the bottom wall of the cavity move 

towards the right and left respectively with a constant speed 𝑉0
∗. The vertical walls of the 

cavity are kept at the isothermally cold and square block is at isothermally hot condition. 

The gravitational acceleration acts in the negative y-direction, as shown in Fig. 4.8. In the 

present simulation, the heated porous block is assumed to be made of spherical beads. The 

porosity and permeability of the porous structure depend on the number and size of these 

beads, void between them and their connectivity. However, changes of these parameters 

lead to the variation of diameter (ds) of spherical bead, which eventually changes the 

topography of the entire porous medium. Therefore, the diameter (ds) of the bead is kept 

constant at 0.01d to retain uniformity. 

x

y

𝛾

𝐠
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For the convenience of numerical calculation and analysis, the non-dimensional forms of 

the variables are expressed as follows: 

𝑥 =
𝑥∗

 
 ;          𝑦 =

𝑦∗

 
 ;          𝑢 =

 𝑢∗

𝑉0
∗  ;          𝑣 =

𝑣∗

𝑉0
∗ ;          𝜃 =

 − 𝑐

 ℎ− 𝑐
 (4.26) 

The boundary conditions in non-dimensional form for the square cavity is given as follows: 

 

𝑢 =  0; 𝑣 = 0; 𝜃 = 0 at  𝑥 = 0 and 1 

(4.27) 
𝑢 =  0; 𝑣 = −1; 

𝜕𝜃

𝜕𝑦
= 0 at  𝑦 = 0 

𝑢 =  0; 𝑣 = 1; 
𝜕𝜃

𝜕𝑦
= 0 at  𝑦 = 1 

The boundary condition in non-dimensional form for the inner permeable square block is 

given as: 

 𝑢 =  0; 𝑣 = 0; 𝜃 = 1 (4.28) 

4.4.1 Grid independence study 

Table 4.3 Grid independence study 

Darcy 

number  
variables 

Grid sizes 

241×241 321×321 401×401 481×481 

10-2 
𝑁𝑢̅̅ ̅̅  11.8745 12.9734 13.722 13.9737 

𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 14.7673 15.299 15.6465 15.730 

10-3 
𝑁𝑢̅̅ ̅̅  8.8320 9.3138 9.6276 9.7485 

𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 9.908 10.1825 10.359 10.4125 

10-4 
𝑁𝑢̅̅ ̅̅  6.5244 6.6898 6.7955 6.809 

𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 6.933 7.044 7.1152 7.123 

Table 4.3 provides the grid-independence test for mixed convection at Gr = 104, Ri 

= 1.0 and BR = 0.25 for three different Darcy numbers Da. The results obtained for four 

different grid sizes of 241×241, 321×321, 401×401 and 481×481 are compared based on 

the average Nusselt number over the surface of the block 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  and average total entropy 
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generation throughout the cavity 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅. From this investigation, the grid size of 401×401 is 

found to be suitable for all computations while considering time-wise efficiency.  

4.4.2 Code validation 

  

Fig. 4.9. Comparison of present results and Vishnuvardhanarao and Das [2009] in terms 

of dimensionless temperature (θ) profile along the vertical mid-plane of square cavity for 

Ri = 0.01 and 100 at Da = 10-4 and 10-2. 

Table 4.4 Comparison of present results for 𝑁𝑢̅̅ ̅̅  with Vishnuvardhanarao and Das [2009]. 

Ri 

𝑁𝑢̅̅ ̅̅  

Gr = 104 Gr = 103 Gr = 102 

Present work 

Published 

work 
Present work 

Published 

work 
Present work 

Published 

work 

0.01 15.671 16.294 7.372 8.828 2.964 3.051 

0.1 7.592 8.8525 2.844 3.215 1.272 1.308 

1.0 3.471 3.86 1.357 1.386 1.027 1.062 

10.0 2.008 2.076 1.066 1.092 0.999 1.022 

100.0 1.599 1.64 1.017 1.035 0.996 1.008 

To check the ability of present code in simulating thermal flow problems 

concerning porous structure, the current results are compared with the published works of 

Vishnuvardhanarao and Das [2009] for mixed-convection in a two-sided lid-driven 

differentially heated square porous cavity. Fig. 4.9 shows the comparison of results in terms 
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of dimensionless temperature profile along the vertical mid-plane of square cavity for Ri = 

0.01 and 100 at Da = 10-4 and 10-2, which provides a close agreement. Further, Table 4.4 

depicts a good concordance between the results in terms of the average Nusselt number 

along the hot wall of the cavity for different Ri and Gr at fixed Da = 10-2 and Pr = 0.71. 

4.4.3 Results and discussion 

A detailed comprehensive analysis of present mixed convection problem is made 

for discretely varying Richardson numbers (Ri) from 0.1 to 10 at fixed Grashof number Gr 

= 104 and porous block height (d) = 0.25L. The flow is simulated for four different Darcy 

numbers (Da) equal to 10-6, 10-4, 10-3 and 10-2 with their respective values of porosity equal 

to 0.611, 0.930, 0.975 and 0.992.  Four different inclination angles 𝛾 = 0°, 30°, 60° and 90° 

of the cavity are considered. A number of plots are presented to show the effect of 

inclination angle, Da and Ra on the average 𝑁𝑢 over the porous block surface (𝑁𝑢ℎ̅̅ ̅̅ ̅̅ ), 

average total entropy generation due to heat transfer irreversibility (𝑆𝜃̅̅ ̅) and fluid friction 

irreversibility (𝑆𝜓̅̅̅̅ ). The numerical results obtained for the two cases are discussed in the 

following sections. 

4.4.3.1 Streamlines, isotherms and contours of entropy generation  

Fig. 4.10 shows the effect of Richardson number Ri discretely varying from 0.1 to 

10 on the fluid and thermal behaviour for fixed Da = 10-2 while considering just one 

inclination angle 𝛾 = 0° for the sake of brevity. The results are presented in terms of 

contours of dimensionless stream function, isotherm, local entropy generation due to heat 

transfer and fluid friction. At lower Ri = 0.1, a clockwise rotating primary vortex covered 

the whole cavity which is generated due to the direction of top and bottom adiabatic walls 

movement. However, at higher Ri, an anti-clockwise rotating secondary vortex is formed 

at the left side of the cavity due to higher buoyancy induced convection which overcomes 

the effect of forced convection. The size of this secondary vortex increases with increase 

in Ri. The centre of secondary vortex shifts towards the vertical mid-plane of the cavity  
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Streamlines (𝜓) isotherms (𝜃) 𝑆𝜃 𝑆𝜓 

    

(a) (b) (c) (d) 

    

(e) (f) (g) (h) 

    

(i) (j) (k) (l) 

Fig. 4.10. Streamlines (𝜓), isotherms (𝜃), local entropy generation due to heat transfer 

(𝑆𝜃) and due to viscous effect (𝑆𝜓) at Ri = 0.1 (a, b, c, d), Ri = 1 (e, f, g, h) and Ri = 10 

(i, j, k, l) for Da = 10-2. 

with the maximum value of stream function equal to 0.867 lies for Ri = 10. Accordingly, 

the primary vortex changes its shape and size. It is evident from streamline plots that the 

primary vortex is stronger at lower Ri = 0.1 with a maximum stream function value |𝜓𝑚𝑎𝑥| 

is equal to 2.821. The |𝜓𝑚𝑎𝑥| is found to be equal to 1.815 at Ri = 1, this lower value is 

attributed to the formation of two opposite circulating vortices. However, |𝜓𝑚𝑎𝑥| increases 

with further increase in Ri due to the augmentation of convection current with a value of 

2.21 for Ri = 10. The patterns of isotherm are in concordance with the streamline patterns 
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at Ri = 0.1 and 1. The thermal plumes are observed at Ri = 1 and 10 (Fig. 4.10(f) and (j)) 

which is more prominent at Ri = 10. This is attributed to penetration of hot fluid into the 

low temperature zone above the heated block due to convected motion generated by 

buoyancy force. There is no generation of the thermal plume at lower Ri as the heat transfer 

is dominated by forced convection. The clustering of isotherms is found near the block 

surface and the vertical walls for Ri = 1 and 10, and it is more significant at higher Ri due 

to stronger buoyancy induced convection current.   

Figs. 4.10(c), (g) and (k) depict that the contour of 𝑆𝜃  are in concordance with 

isotherms as 𝑆𝜃 is a function of temperature. The entropy generation due to heat transfer is 

mostly concentrated around the permeable block surface and at the four corners of the 

cavity. There is an overall increase in 𝑆𝜃  with Ri due to the augmentation of strong 

buoyancy induced convection. The magnitude of maximum 𝑆𝜃, |𝑆𝜃,𝑚𝑎𝑥| are found to be 

1228.3, 2819.0 and 4084.2 for Ri = 0.1, 1 and 10 respectively. However, the intensity of 

the entropy generation due to fluid friction 𝑆𝜓 decreases with increase in Ri as stronger 

convection velocity prevails. Mostly, 𝑆𝜓 is restricted to the vicinity of the corners of the 

cavity where the maximum magnitude |𝑆𝜓,𝑚𝑎𝑥| lies. |𝑆𝜓,𝑚𝑎𝑥|  are obtained as 2385.7, 

1806.5 and 1558.0 for Ri = 0.1, 1 and 10 respectively.  

Fig. 4.11 depicts the effect of Darcy number discretely varying from 10-6 to 10-3 on 

the fluid and thermal behaviour for fixed Ri = 10 and inclination angle 𝛾 = 0°. A clockwise 

rotating primary vortex and an anti-clockwise rotating secondary vortex are formed at all 

Darcy numbers for higher Ri due to higher buoyancy induced convection as mentioned 

earlier. It is observed from Fig. 4.11(a) that very small amount of fluid is flowing through 

the porous block and thus it behaves more like a solid block. The streamlines, approaching 

the block, get deflected and adhere to the surface of porous block. The flow rate increases 

with increase in Da due to higher permeability of the medium and thus allows more amount 

of fluid to enter the porous block. At higher Da = 10-3, the fluid is flowing freely through 

the porous block as seen by very less or no deflection in streamline contours in Fig. 4.11(i). 

This is attributed to high permeability which augments the fluid velocity. Figs. 4.11(b), (f) 

and (j) depict that the strength of thermal plume increases with increase in Da due to the  
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Streamlines (𝜓) isotherms (𝜃) 𝑆𝜃 𝑆𝜓 

    

(a) (b) (c) (d) 

    

(e) (f) (g) (h) 

    

(i) (j) (k) (l) 

Fig. 4.11. Streamlines (𝜓), isotherms (𝜃), local entropy generation due to heat transfer 

(𝑆𝜃) and due to viscous effect (𝑆𝜓) at Da = 10-6 (a, b, c, d), Da = 10-4 (e, f, g, h) and Da 

= 10-3 (i, j, k, l) for Ri = 10 and BR = 0.25. 

augmentation of buoyancy induced convection current with intense flow velocity. This 

eventually results in thinning of the thermal boundary layer near the block surface and the 

vertical walls. It is interesting to observe that the thermal plume slightly deviates from the 

vertical axis of the heated block and inclines towards left of the axis due to stagnation of 

cold fluid near the top left region of the cavity. 

It is observed from Figs. 4.11(c), (g) and (k) that the concentration of entropy 

generation due to heat transfer 𝑆𝜃 is maximum at the left bottom corner of the porous block 

and at the top corners of the cavity. The enhancement of buoyancy force with Darcy number 
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results in an overall increase of 𝑆𝜃. The magnitude of maximum 𝑆𝜃, |𝑆𝜃,𝑚𝑎𝑥| are found to 

be 1151.9, 1651.9 and 3328.6 for Da = 10-6, 10-4 and 10-3 respectively. It is interesting to 

observe that the overall entropy generation due to fluid friction augments with an increase 

in Da. This is attributed to the flowing of more fluid through the porous block, which 

contributed to an additional velocity gradient. The maximum values of 𝑆𝜓, |𝑆𝜓,𝑚𝑎𝑥| locate 

at the corners of the cavity and their magnitudes are 957.4, 1460.2 and 1531.2 for Darcy 

numbers equal to 10-6, 10-4 and 10-3 respectively. 

4.4.3.2 Variation of velocity and temperature with Ri, Da and 𝝋 

  

(a) (b) 

  

(c) (d) 

Fig. 4.12. Comparison of dimensionless vertical velocity v in the horizontal mid-plane 

of the cavity at Ri = 1 for Da equal to (a) 10-2, (b) 10-3, (c) 10-4 and (d) 10-6 respectively. 
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Figs. 4.12(a)-(d) and 4.13(a)-(c) provide the comparison of the results in terms of 

dimensionless vertical velocity v in the horizontal midline of the cavity for different 

inclinations at the range of Da and Ri. Figs. 4.12(a)-(d) depict that the flow rate diminishes 

and velocity approaches zero when Da reaches a very low value of about 10-6 for all four 

inclination angles. It indicates that at very low Da the fluid flow is restricted by the porous 

block and thus it acts as a solid block which is in accordance with the stream function 

contour. The maximum magnitude of velocity (upward) increases with inclination angle at 

the left side of the cavity due to the formation of the larger anti-clockwise secondary vortex 

and this flow behaviour is more prominent at high Da = 10-2. However, the velocity at 

downward direction occurs at the right side of the cavity due to formation clockwise 

primary vortex and these maximum values are comparable for all inclination angles. 

   

(a) (b) (c) 

   

(d) (e) (f) 

Fig. 4.13. Comparison of dimensionless vertical velocity v (a, b and c) and temperature 

θ (d, e and f) in the horizontal mid-plane of the cavity for Ri’s of 0.1, 1 and 10 respectively 

at Da = 10-2, 10-4 and 10-6. 
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Figs. 4.13(a)-(c) show that at fixed Darcy number, the flow velocity increases inside 

the porous block with an increase in Richardson number. This is attributed to the existence 

of stronger buoyancy induced convection at higher Ri which forces more fluid to flow 

through the porous block. However, this velocity inside the porous block decreases with a 

rising inclination angle of the cavity. Figs. 4.13(d)-(f) show the variation of dimensionless 

temperature θ in the horizontal midline of the cavity with inclination angles at different 

Darcy and Richardson numbers. It is observed that at lower Ri = 0.1, the flow is mainly 

dominated by the conduction mode of heat transfer as characterised by the linear 

temperature profiles. This indicates that for this particular type of flow configuration, the 

lid-driven shear force is not strong enough to induce forced convection in the cavity. 

However, with an increase in Ri, the free convective effect due to buoyancy-driven flow 

increases which disturbs the linearity of the temperature profile. This effect is more 

prominent at higher Darcy number. The presence steeper temperature gradients near the 

vertical walls of the cavity, more prominently at the right wall, results in the development 

of thermal boundary layers at those regions. 

4.4.3.3 Heat transfer rates 

   

(a) (b) (c) 

Fig. 4.14. Variations of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  with inclination angle (𝛾) at (a) Ri = 0.1, (b) Ri = 1.0 and 

(c) Ri = 10.0 for different Darcy numbers. 

Fig. 4.14 gives the effect of inclination angles 𝛾 on the heat transfer in terms of 

average Nusselt number over the surface of the hot porous block (𝑁𝑢ℎ̅̅ ̅̅ ̅̅ ) for a range of Da 

varying discretely from 10-6 to 10-2 at three different Ri’s of 0.1, 1 and 10 respectively. The 
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variation of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  with 𝛾 is less significant at lower Ri = 0.1 in comparison to higher Ri. This 

is attributed to the dominance of conduction mode of heat transfer which is also 

characterised by the lower value of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅ . The irregular behaviour of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  at Ri = 0.1 with 

the change in Da indicates that the effect of the square porous block is less significant on 

fluid flow as the flow is mostly dominated by the lid-driven induced forced convection. It 

is interesting to observe (Fig. 4.14(b)) that the value of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  is significantly higher at Ri = 

1 for all Da in comparison to Ri = 0.1 as the effect of convective heat transfer get augmented 

due to increase in buoyant force near the porous block. However, the enhancement 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  

with further increase in Ri becomes negligible for Da = 10-2. The drastic reduction of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  

with the increase in 𝛾 occurs for Da = 10-3 and 10-2 at Ri = 1 as the shear-driven force 

opposes the buoyancy-driven force. However, change in 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  with 𝛾  is observed to be 

trivial at lower Da where the buoyancy effect is less prominent in controlling the flow 

behaviour. At higher Ri = 10, 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  decreases with increase in 𝛾  up to 60° due to the 

reduction of buoyancy induced convection. However, 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  augments with further increase 

in 𝛾 up to 90° due to enhancing effect of buoyancy force as it acts in the vertical direction 

for Da = 10-4, 10-3 and 10-2. At lower Da = 10-6, 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  reduces continuously up to 90° due 

to the existence of a lower buoyant force. 

4.4.3.4 Entropy generation (𝑺𝜽 and 𝑺𝝍) and Bejan number (𝑩𝒆)  

The variation of average entropy generation due to heat transfer (𝑆𝜃̅̅ ̅) throughout the 

cavity with an increase in inclination angles 𝛾 (Figs. 4.15(a)-(c)) resembles the variation of 

the average Nusselt number over the block surface 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  (Fig. 4.14). Therefore, the same 

arguments prevail for both quantities which are the function of temperature gradients. 

Besides, the values of 𝑆𝜃̅̅ ̅ over the whole cavity is slightly higher than 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  over the block 

surface which indicates that 𝑆𝜃 is mostly concentrated at the surface of the porous block. 

However, the reduction of 𝑆𝜃̅̅ ̅ with a decrease in Da and 𝛾 is observed for all Ris which is 

in contrast to 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  at Ri = 0.1. This is attributed to the dominating force convection resulted  
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(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

Fig. 4.15. Variations of 𝑆𝜃̅̅ ̅ (a, b and c), 𝑆𝜓̅̅̅̅  (d, e and f) and 𝐵𝑒̅̅̅̅  (g, h and i) with inclination 

angle (𝛾) for Ri = 0.1 (left panel), Ri = 1.0 (middle panel) and Ri = 10.0 (right panel) 

respectively at Da = 10-2, 10-3, 10-4 and 10-6. 

from movement of horizontal walls, thus, the concentration of 𝑆𝜃 is found to be higher near 

these walls at Ri = 0.1. Fig. 4.15(d) depicts that the change of average entropy generation 

due to viscous effect (𝑆𝜓̅̅̅̅ ) throughout the cavity with 𝛾 is negligible at Ri = 0.1 for all Darcy 

numbers. A similar observation is obtained for Ri = 1 except for higher Da = 10-3 and 10-2 

where the reduction of 𝑆𝜓̅̅̅̅  occurs with an increase in 𝛾. However, at higher Ri = 10, 𝑆𝜓̅̅̅̅  first 
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decreases and then increases with increase in 𝛾 for all Da except at Da = 10-6 where it 

decreases continuously up to 90°. It is seen from Figs. 4.15(g)-(i) that at all Da and Ri 

values, the effect of 𝑆𝜓 is trivial and the entropy generation is mainly contributed by heat 

transfer irreversibility 𝑆𝜃 which is characterised by high average Bejan number (𝐵𝑒̅̅̅̅ ) over 

the whole cavity. The value of 𝐵𝑒̅̅̅̅  reduces with increase in 𝛾 for Da = 10-4, 10-3 and 10-2 at 

Ri = 1 due to reduction of 𝑆𝜃̅̅ ̅. For Da = 10-3 and 10-2 at Ri = 10, the continuous reduction 

of 𝐵𝑒̅̅̅̅  up to 90° is observed despite the rise in 𝑆𝜃̅̅ ̅ after 60°. This is attributed to the fact that 

the enhancement of frictional irreversibility is more prominent compared to heat transfer 

irreversibility. 

4.4.3.5 Ratio of average Nusselt number to total entropy generation 

   

Fig. 4.16. Variations of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅⁄  with inclination angle (𝛾) at Ri = 0.1 (left panel), Ri = 

1.0 (middle panel) and Ri = 10.0 (right panel) respectively. 

 Figs. 4.16 depict the ratio of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  and 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅  to make a comparison among the 

inclination angles from the viewpoint of both 1st and 2nd laws of thermodynamics. It is 

observed that at lower Ri = 0.1,  𝑁𝑢ℎ̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅⁄  is found to be higher at larger inclination angles 

for higher Da = 10-3 and 10-2 as the flow is dominated by forced convection. The variation 

of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅⁄  is negligible for lower Da = 10-4 and 10-6 at Ri = 0.1 and 1. At Da = 10-2, 

𝑁𝑢ℎ̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅⁄  first decreases up to 𝛾 = 60° and then increases with increase in 𝛾 for Ri = 1 and 

10. It is observed that the values of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅⁄  for inclination angles, 𝛾 = 0° and 90° are 

comparable to each other and higher compared to the rest. 
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4.4.3.6 Conclusions 

The effect of inclination angle and inner permeable square block on flow and 

thermal behaviour has been studied during laminar two-sided mixed convection in a square 

cavity. The results show that Darcy number and Richardson number have a profound 

influence on heat transfer rate and entropy generation. Moreover, the results indicate that 

the inclination angle of the cavity can be seen as a control parameter for fluid flow and heat 

transfer. The existence of conduction mode of heat transfer at lower Ri = 0.1 results in less 

significant variation of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  with inclination angle 𝛾 compared to higher Ri. Besides, at 

lower Ri, the effect of a square porous block is less significant on fluid flow and heat 

transfer as the flow phenomenon is mostly dominated by the lid-driven induced forced 

convection. However, with an increase in Ri, the porous block has a higher influence on 

fluid flow as indicated by the enhancement of the heat transfer rate. At Ri = 1, both 

buoyancy and shear-driven forces play an important role where they oppose each other and 

this results in a drastic reduction of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  with increase in 𝛾 for Da = 10-3 and 10-2. The 

entropy generation is mainly controlled by heat transfer irreversibility 𝑆𝜃 , whereas the 

effect of fluid friction irreversibility 𝑆𝜓 is not significant as characterised by high average 

Bejan number (𝐵𝑒̅̅̅̅ ) over the whole cavity. The results reveal that the values of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅⁄  

for inclination angles 𝛾 = 0° and 90° are comparable to each other and are higher compared 

to the other two inclination angles. 
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Chapter 5 

Two-Phase SRT-LBM and MRT-LBM for 

Nanofluid Flow in a Cavity 

5.1 Introduction 

Nanofluid has gained importance among the heat transfer communities as it 

enhances the efficiency of the heat transfer system compared with conventional fluids such 

as water, and industrial oil. Different numerical approaches such as conventional single-

phase model, thermal dispersion model, two-phase model and LBM. are considered by 

researchers to understand the behaviour of nanofluid in a nanofluid-filled cavity flow 

problem. However, most of the numerical studies have been made using a single-phase 

fluid model to analyse the effect of different boundary conditions on the heat transfer rate. 

Besides, the numerical works concerning the two-phase model for nanofluid are very 

limited, which motivates us to carry out the present work. The current nanofluid study can 

be distinguished into three objectives. First objective deals with the exploitation of 

established single-relaxation-time based two-phase LB model [Xuan and Yao, 2005] and 

the development of a new multiple-relaxation-time based two-phase model for nanofluid 

flow. Careful validation of current two-phase LB model with the published works is made. 

The second objective is to make a comparative analysis between recently developed hybrid 

nanofluids and regular nanofluids while simulating natural convection in a differentially 

heated square cavity. In this work, two hybrid Al2O3-Cu/water nanofluids with 9:1 and 7:3 

mixture ratio of Al2O3 and Cu nanoparticles are considered respectively along with two 

different single-particle nanofluids Al2O3/water and Cu/water. The third objective is to use 

Al2O3-Cu/water nanofluid with 9:1 mixture ratio to investigate further by considering three 

different cases of buoyancy-assisted mixed convection cavity flow based on velocity and 

thermal boundary conditions. To the best of author’s knowledge, the two-phase model for 

nanofluid was not considered before for this kind of flow conditions.  
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5.2 Numerical methodology for nanofluid flow 

5.2.1 Determination of properties of a nanofluid  

The thermophysical properties of the base fluid and copper- and alumina-

nanoparticles are given in Table 5.1 [Incropera and DeWitt, 2002].  

Table 5.1 Properties of water, copper and alumina at 𝑇 = 300 K. 

Property (unit) Water Cu Al2O3 

𝐶𝑃 (J kg-1 K-1) 4179 385 765 

𝜌 (kg m-3) 997.1 8933 3970 

𝑘 (W m-1 K-1) 0.613 401 36 

𝛽 (K-1) 27.6×10-5 1.67×10-5 0.85×10-5 

𝑑𝑝(m) 3.85×10-10 2.5×10-8 2.5×10-8 

The hybrid Al2O3-Cu nanoparticles is a mixture of Al2O3 and Cu nanoparticles in 

the ratio of 9:1 and 7:3 and their total volume fraction in water is considered up to 3%. The 

effective density of the hybrid water-based nanofluid is determined based on mixture theory 

formula for different 𝜑 =  𝜑𝐴𝑙2𝑂3 + 𝜑𝐶𝑢 is given as [Sarkar et al., 2015]: 

𝜌𝑛𝑓 = (1 − 𝜑)𝜌𝑓 + 𝜑𝐴𝑙2𝑂3𝜌𝐴𝑙2𝑂3 + 𝜑𝐶𝑢𝜌𝐶𝑢 (5.1) 

The volumetric heat capacity at constant pressure and coefficient of thermal expansion of 

the nanofluid are respectively written as follows [Sarkar et al., 2015]: 

(𝜌𝐶𝑃)𝑛𝑓 = (1 − 𝜑)(𝜌𝐶𝑃)𝑓 + 𝜑𝐴𝑙2𝑂3(𝜌𝐶𝑃)𝐴𝑙2𝑂3 + 𝜑𝐶𝑢(𝜌𝐶𝑃)𝐶𝑢 (5.2) 

𝛽𝑛𝑓 =
(1 − 𝜑)(𝜌𝛽)𝑓 + 𝜑𝐴𝑙2𝑂3(𝜌𝛽)𝐴𝑙2𝑂3 + 𝜑𝐶𝑢(𝜌𝛽)𝐶𝑢

𝜌𝑛𝑓
 (5.3) 

Two empirical correlations as proposed by Corcione [2011] are adopted in current 

work for predicting the effective thermal conductivity and dynamic viscosity of nanofluid. 

These empirical correlations show a 1.86% standard deviation of error while comparing 

with a large number of experimental data available in the literature and are given as follows:  
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𝜇𝑛𝑓 =
𝜇𝑓

(1.0 − 34.87 (
𝑑𝑝
𝑑𝑓
)
−0.3

𝜑1.03)

   
(5.4) 

𝑘𝑛𝑓 = 𝑘𝑓 (1.0 + 4.4𝑅𝑒𝑝
0.4𝑃𝑟0.66 (

𝑇

𝑇𝑓
)

10

(
𝜑𝐴𝑙2𝑂3𝑘𝐴𝑙2𝑂3 + 𝜑𝐶𝑢𝑘𝐶𝑢

𝜑𝑘𝑓
)

0.03

𝜑0.66) (5.5) 

where the average nanofluid temperature T is taken as 300 K while fixing the temperature 

difference ∆𝑇 (= 𝑇ℎ − 𝑇𝑐) between the hot and cold walls at 10 K, 𝑇𝑓 is the freezing point 

of water and 𝑑𝑝 is the diameter of a nanoparticle. The nanoparticle Reynolds number 𝑅𝑒𝑝 

is given as follows: 

𝑅𝑒𝑝 =
(2𝜌𝑓𝑘𝑏𝑇)

(𝜋𝜇𝑓2𝑑𝑝)
  (5.6) 

The thermal diffusivity is obtained by:  

𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝐶𝑃)𝑛𝑓
  (5.7) 

5.2.2 Forces acting on the two-phase nanofluid system 

To interpret the dynamics of the suspended nanoparticles, the colloidal theory can 

be adopted while considering nanofluid as one type of colloidal suspension. Several 

interaction forces such as the drag, Brownian and thermophoresis forces between 

suspended nanoparticles and base fluid along with the external forces such as the buoyancy 

and gravitational forces are acted on the nanofluid system [Xuan and Yao, 2005] which are 

given in detail below:  

The gravity and buoyancy force acted on the nanofluid system is: 

𝐅H = −
𝜋𝑑𝑝

3𝐠Δ𝜌

6
  (5.8) 

where Δ𝜌 is the mass density difference between the suspended nanoparticle and the base 

fluid. 
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The Drag force acts in the direction opposite to the motion of a particle in a fluid. 

Hence, it is proportional to the velocity difference 𝛥u between the nanoparticle and the 

base fluid known as the slip velocity in the nanofluid system. The drag force is calculated 

while satisfying the Stokes law assumptions as follows: 

𝐅D = −6𝜋𝑑𝑝𝜇𝑓𝛥𝐮 (5.9) 

where 𝜇𝑓 refers to the viscosity of the fluid. 

The continuous collision of suspended nanoparticles with the base fluid molecules 

results in the random motion of particles known as Brownian motion. The force causes 

Brownian motion known as Brownian force is determined as a Gaussian white noise 

process [Eslamian et al., 2015]: 

𝐅B = Gi√
6𝜋𝑑𝑝𝜇𝑓𝑘𝐵𝜃

∆𝑡
 (5.10) 

where Gi is referred to as zero-mean Gaussian random number with unit variance and 𝑘𝐵 

is the Boltzmann constant. 

The thermophoretic force is applied to suspended nanoparticles in the opposite 

direction of temperature gradient due to the migration of particles from the zone of higher 

temperature to lower temperature. The thermophoretic force based on the Stokes equation 

is expressed as [Eslamian et al., 2015]: 

𝐅T = 3𝜋𝑑𝑝𝜇𝑓𝐔T (5.11) 

The thermophoretic velocity 𝐔T can be termed as nanoparticle migration velocity, which is 

presented as: 

𝐔T = −𝐷T∆𝜃 (5.12) 

The thermophoretic diffusion coefficient 𝐷T  in a liquid is calculated based on 

hydrodynamics theory as below: 

𝐷T = 2𝐴
𝑘𝑓

2𝑘𝑓 + 𝑘𝑝
 
𝜇𝑓

𝜌𝑓𝜃
  (5.13) 

TH-2577_11610308



 

Chapter 5: Two-Phase SRT-LBM and MRT-LBM for Nanofluid Flow in a cavity 

115 | P a g e  
 

The 𝐴 is a coefficient which is the function of physical properties and temperature of the 

base fluid. 

The total forces per unit volume acting on a nanoparticle and base fluid in the lattice 

Boltzmann method are given as follows [Xuan and Yao, 2005]:  

𝐍𝑝 =
𝑛

𝑉
 (𝐅H + 𝐅D + 𝐅B + 𝐅T) (5.14) 

𝐍𝑓 = −
𝑛

𝑉
 (𝐅D + 𝐅B) (5.15) 

where n is the number of particles in the given lattice with lattice volume 𝑉. 

5.2.3 SRT based two-phase thermal lattice Boltzmann method  

In the current work, the nanofluid is considered as a non-homogeneous two-phase 

(or two-component) fluid which considers a significant slip velocity between nanoparticles 

and the base fluid. The fluid flow is two dimensional, laminar, incompressible, and 

Newtonian. The thermo-physical properties are kept constant for both fluid and 

nanoparticles except the density in the buoyancy force term, which is satisfied by the 

Boussinesq approximation. Therefore, to simulate nanofluid flow using LBM, the two-

component based DDF approach is implemented, where each component is treated with 

separate density distribution functions and temperature distribution functions as follows 

[Xuan and Yao, 2005]: 

𝑓𝑖
𝜎(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑓𝑖

𝜎(𝐫, 𝑡) +
1

𝜏𝑣𝜎
(𝑓𝑖

𝜎𝑒𝑞(𝐫, 𝑡) − 𝑓𝑖
𝜎(𝐫, 𝑡)) + 𝑃𝑖

𝜎
 
 (5.16) 

where 𝜎 = 𝑓 and 𝑝 represent the two components of nanofluid, respectively the base fluid 

and suspended nanoparticles. The distribution function 𝑓𝑖
𝜎

 for each component are relaxed 

towards their equilibrium distribution function 𝑓𝑖
𝜎𝑒𝑞

 by using respective single relaxation 

parameters 𝜏𝑣
𝜎 as given below [Xuan and Yao, 2005]:  

 𝑓𝑖
𝜎𝑒𝑞 = 𝜌𝜎𝑤𝑖 {1.0 +

𝐞𝑖. 𝐮
𝜎

𝐶𝑠2
+
(𝐞𝑖. 𝐮

𝜎)2

2𝐶𝑠
4 −

𝐮𝜎2

2𝐶𝑠2
}  (5.17) 
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In LBM, the total force (𝑃𝑖
𝜎) in the nanofluid flow system is calculated as below:  

𝑃𝑖
𝜎 = 𝑑𝑡 {1 −

1

2𝜏𝑣𝜎  
} {
𝐞𝑖 − 𝐮𝜎

𝐶𝑠2
+
𝐞𝑖(𝐞𝑖. 𝐮

𝜎)

𝐶𝑠4
} . {𝑤𝑖𝐆 + 𝐵𝑖𝐍

𝜎  } (5.18) 

where 𝐍𝜎 refers to the total inter-particle interaction forces acted on 𝜎th component of the 

nanofluid per unit lattice volume and 𝐵𝑖  is the adjustable coefficient as given below 

[Eslamian et al., 2015]: 

𝐵𝑖 =

{
 
 

 
 
0       𝑖 = 0
1

9
              𝑖 = 1, . . ,4

1

36
              𝑖 = 5, . . ,8

}
 
 

 
 

 (5.19) 

The external force term 𝐆 is the buoyancy force experienced by the base fluid as the 

summation of buoyancy and gravity force acted on nanoparticles is considered separately 

in equation 5.8. Therefore, 𝐆 is calculated based on the base fluid properties, and it is given 

as: 

𝐆 = 𝜌𝑓𝐠𝛽𝑓(𝜃 − 𝜃𝑚)  (5.20) 

where 𝜌𝑓 is the base fluid density at the reference temperature 𝜃𝑚 and 𝛽𝑓 is the coefficient 

of thermal expansion of the base fluid. 

The macroscopic kinetic viscosity 𝜈𝜎 is related to lattice parameter 𝜏𝑣
𝜎 as: 

𝜈𝜎  = 𝐶𝑠
2 (𝜏𝑣

𝜎 −
1

2
)  (5.21) 

The governing two-phase discretised lattice Boltzmann equation for temperature 

distribution function is [Xuan and Yao, 2005]: 

𝑔𝑖
𝜎(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑔𝑖

𝜎(𝐫, 𝑡) +
1

𝜏𝜃𝜎 
( 𝑔𝑖

𝜎𝑒𝑞(𝐫, 𝑡) − 𝑔𝑖
𝜎(𝐫, 𝑡)) (5.22) 

The equilibrium distribution function  𝑔𝑖
𝜎𝑒𝑞

 for each component is presented as [Xuan and 

Yao, 2005]: 

 𝑔𝑖
𝜎𝑒𝑞 = 𝑤𝑖𝜃

𝜎 {1.0 +
𝐞𝑖. 𝐮

𝜎

2𝐶𝑠2
} (5.23) 
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The macroscopic thermal diffusivity for each component  𝛼𝜎  is related to the single 

relaxation time 𝜏𝜃
𝜎 as: 

𝛼𝜎  = 𝐶𝑠
2 (𝜏𝜃

𝜎 −
1

2
) (5.24) 

5.2.4 MRT based two-phase thermal lattice Boltzmann method  

To simulate nanofluid flow and heat transfer, the MRT based two-phase LB model 

is formulated in this work. The governing equation for this model to determine density 

distribution functions is given as follows: 

𝐟𝜎(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡)  − 𝐟𝜎(𝐫, 𝑡)

= −M−1R𝜎{𝐦𝜎(𝐫, 𝑡)  − 𝐦𝜎,𝑒𝑞(𝐫, 𝑡)} + M−1 (I −
R𝜎

2
)𝐒𝜎 

(5.25) 

Where 𝜎  refers to two components of nanofluid, 𝜎 = 𝑓  for base fluid and 𝜎 = 𝑝  for 

suspended nanoparticles. The distribution functions (𝐟𝜎)  and its moments (𝐦𝜎)  are 

represented in vector form as follows: 

𝐟𝜎(𝐫, 𝑡) =  {𝑓0
𝜎(𝐫, 𝑡), 𝑓1

𝜎(𝐫, 𝑡), …… , 𝑓8
𝜎(𝐫, 𝑡)}T (5.26) 

𝐦𝜎(𝐫, 𝑡) =  {𝑚0
𝜎(𝐫, 𝑡),𝑚1

𝜎(𝐫, 𝑡), …… ,𝑚8
𝜎(𝐫, 𝑡)}T (5.27) 

The transformation matrix M linearly transforms the distribution functions (𝐟𝜎) for both 

components to their velocity moments (𝐦𝜎) and vice-versa as expressed below: 

𝐦𝜎 = 𝐌𝐟𝜎 ,  𝐟𝜎 = 𝐌−1𝐦𝜎 (5.28) 

The equilibrium moments 𝐦𝜎,𝑒𝑞 in vector form is given by, 

𝐦𝜎,𝑒𝑞 = {𝜌𝜎(1,−2 + 3𝐮σ2, 1 − 3𝐮σ2, 𝑢𝑥
𝜎, −𝑢𝑥

𝜎, 𝑢𝑦
𝜎, −𝑢𝑦

𝜎, 𝑢𝑥
𝜎2 − 𝑢𝑦

𝜎2, 𝑢𝑥
𝜎𝑢𝑦

𝜎)}
T

 (5.29) 

The total force term (𝐒𝜎) are presented by column vector as follows: 

𝐒𝜎 = {𝜌𝜎(0, 6𝐮σ. 𝐏σ, −6𝐮σ. 𝐏σ, 𝑃𝑥
𝜎 , −𝑃𝑥

𝜎, 𝑃𝑦
𝜎 , −𝑃𝑦

𝜎, 2(𝑢𝑥
𝜎𝑃𝑥

𝜎  −  𝑢𝑦
𝜎𝑃𝑦

𝜎), (𝑢𝑥
𝜎𝑃𝑦

𝜎  

+  𝑢𝑦
𝜎𝑃𝑥

𝜎))}
T
 

(5.30) 

where 
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𝑃𝑥
𝑓
= 𝐍𝑓;  𝑃𝑦

𝑓
= 𝐆 + 𝐍𝑓 (5.31) 

𝑃𝑥
𝑝 = 𝑃𝑦

𝑝 = 𝐍𝑝 (5.32) 

In moment space the diagonal relaxation matrix R𝜎 is given as: 

R𝜎 = diag(1, 𝑟𝑒
𝜎, 𝑟∈

𝜎, 1, 𝑟𝑞
𝜎, 1, 𝑟𝑞

𝜎, 𝑟𝜈
𝜎, 𝑟𝜈

𝜎) (5.33) 

The parameter 𝑟𝜈
𝜎 is linked to 𝜈𝜎 as: 

1

𝑟𝜈
𝜎 = 

𝜈𝜎

𝐶𝑠2
+
1

2
 (5.34) 

The governing two-component MRT-LB equation for temperature field is formulated as: 

𝑔𝑖
𝜎(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡)  − 𝑔𝑖

𝜎(𝐫, 𝑡) = −𝐍−1C𝜎{𝐧𝜎(𝐫, 𝑡)  −  𝐧𝜎,𝑒𝑞(𝐫, 𝑡)} (5.35) 

For D2Q5 model, the suffix 𝑖 refers to 5 discrete velocities. C𝜎 is the diagonal relaxation 

matrix for thermal D2Q5 model is given by, 

C𝜎 = diag(1, 𝑐𝜃
𝜎, 𝑐𝜃

𝜎, 𝑐𝑒
𝜎, 𝑐𝑣

𝜎) (5.36) 

The relaxation parameter 𝑐𝜃
𝜎 in Eqn. (5.36) is determined by the 𝛼𝜎 as given below: 

1

𝑐𝜃
𝜎 =

10𝛼𝜎

(4 + 𝑎)
+
1

2
 (5.37) 

The transformation matrix 𝐍 is a 5×5 matrix which linearly transforms the 𝐠 to 𝐧 and vice-

versa as follows 

𝐧 = 𝐍𝐠,  𝐠 =  𝐍−1𝐧 (5.38) 

The equilibrium moments 𝐧𝜎,𝑒𝑞 is given by, 

𝐧𝜎,𝑒𝑞 = (𝜃𝜎 , 𝑢𝑥
𝜎. 𝜃𝜎 , 𝑢𝑦

𝜎 . 𝜃𝜎 , 𝑎𝜃𝜎, 0)
T
 (5.39) 

5.2.5 Calculations of macroscopic variables  

In LBM, the macroscopic variables are obtained by taking moments of the 

distribution function. The fluid density 𝜌𝜎  and velocity 𝐮𝜎 for both components are 

calculated by taking 0th and 1st moments of 𝑓𝑖
𝜎

 respectively. However, for the simulation 
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nanofluid flow, the velocity 𝐮𝜎 is modified by considering the inter-particle forces acting 

on the nanofluid system as follows: 

𝜌𝜎 =∑𝑓𝑖
𝜎

8

𝑖=0

 (5.40) 

𝜌𝑓𝐮𝑓 =∑𝑓𝑖
𝑓

8

𝑖=0

𝐞𝑖 +
(𝐆 + 𝐍𝑓)

2
 (5.41) 

𝜌𝑝𝐮𝑝 =∑𝑓𝑖
𝑝

8

𝑖=0

𝐞𝑖 +
𝐍𝑝

2
 (5.42) 

In TLBM, temperature for each component (𝜃𝜎) is calculated as 0th moments of 𝑔𝑖
𝜎 as 

given below: 

𝜃𝜎 =∑𝑔𝑖
𝜎

8

𝑖=0

 (5.43) 

The overall velocity and temperature of nanofluid are calculated based on the mixture 

theory formula [Xuan and Yao, 2005] as follows: 

𝜌𝑛𝑓𝐮𝑛𝑓 = (1 − 𝜑)𝜌𝑓𝐮𝑓 + 𝜑𝜌𝑝𝐮𝑝 (5.44) 

𝜃𝑛𝑓 = (1 − 𝜑)𝜃𝑓 + 𝜑𝜃𝑝 (5.45) 

5.3 Grid independence study 

To simulate natural convection in the cavity, a grid sizes of 151×151 for Ra = 103, 

201×201 for Ra = 104 and 301×301 for Ra = 105 are used for all computations (as obtained 

from grid independence test shown in chapter 4 in section 4.3.1 for natural convection in a 

water-filled cavity) while maintaining volume fraction of nanoparticles (𝜑) equal to zero. 

Fig. 5.1 shows a grid-independence test for each of the three different cavity 

configurations of mixed convection flows in a nanofluid-filled square cavity for Ri = 1.0 

at Gr = 104 with 𝜑 = 0.02. The results obtained for five different grid sizes of 151×151, 

201×201, 251×251, 301×301 and 351×351 are compared by using average Nusselt 
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number along the hot wall of the cavity 𝑁𝑢̅̅ ̅̅  and average total entropy generation throughout 

the cavity 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅. It is observed that the grid size of 301×301 is suitable for all computations 

to retain the time-wise efficiency of the numerical simulations. 

  

(a) (b) 

Fig. 5.1. Variation of (a) 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  and (b) 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅  with grid size for each of the three different 

cases. 

5.4 Code validation 

 

Fig. 5.2. Comparison of the present results for the average Nusselt number 𝑁𝑢̅̅ ̅̅  with the 

experimental- and numerical results. 

The results of present SRT- and MRT- based two-phase LBM codes are validated 

with Ho et al.’s experimental work [2010] and Buongiorno’s nanofluid model-based 
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numerical works of Sheikhzadeh et al. [2013] and Motlagh and Soltanipour [2017] while 

simulating natural convection in a square cavity filled with Al2O3-nanofluid for different 

Ra at 𝜑 = 3%. Fig. 5.2 shows a very close agreement of results in terms of average 𝑁𝑢 with 

Motlagh and Soltanipour [2017] and reasonable agreement with Sheikhzadeh et al. [2013] 

and Ho et al. [2010]. However, a deviation of numerical results from Ho et al.’s 

experimental work is observed at Ra ≤ 106, as for the numerical model it is difficult to take 

into consideration of all possible hydro-thermal behaviours of nanofluids although these 

published works of conventional numerical techniques and current LBM model take into 

account different slip mechanisms of nanofluid. 

  

Fig. 5.3. Comparison of the normalised Nusselt number 𝑁𝑢̅̅ ̅̅ 𝑁 for current single- and two-

phase LBM with Garoosi et al. [2014]. 

Furthermore, to check the ability of the code for the simulation of nanofluid heat 

transfer, an attempt is made to compare both SRT- and MRT- based two-phase LBM and 

standard SRT-based single-phase LBM model with the published work of Garoosi et al. 

[2014] in terms of normalised Nusselt number 𝑁𝑢̅̅ ̅̅ 𝑁  = 𝑁𝑢̅̅ ̅̅ 𝜑 𝑁𝑢̅̅ ̅̅ 𝜑=0⁄  for two different 

particle diameters at Ra = 104 and 105, as shown in Fig. 5.3. The results reveal that the 

single-component LB model fails to mimic the nanofluid flow behaviour during natural 

convection for all calculated Ra’s. However, both two-phase LBM models have 

successfully obtained the desired accuracy. Besides, the results obtained by SRT- and 
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MRT- based two-phase LBM are comparable to each other, which allows carrying out the 

present computations using either one of two-phase LBM code. 

The competency of both two-phase LBM codes is checked further to simulate a 

mixed convection nanofluid flow in a two-sided lid-driven cavity. The results are validated 

with the published work of Garoosi et al. [2014]. Fig. 5.4 depicts the results in terms of 

normalised Nusselt number 𝑁𝑢̅̅ ̅̅ 𝑁 for two different Ri = 0.1 and 10 at Gr = 104 with volume 

fraction of Al2O3 nanoparticles 𝜑 ranging from 0% to 3% with diameter (𝑑𝑝) = 25 nm. It 

is found that the results for single-phase LB model deviate from two-phase LBM, which 

provides close resemblance to the published results. Therefore, based on these validations, 

it can be concluded that both two-phase LBM models provide solutions with higher 

accuracy. 

  

Fig. 5.4. Comparison of the normalised Nusselt number 𝑁𝑢̅̅ ̅̅ 𝑁 for current single- and two-

phase LBM with Garoosi et al. [2014]. 

5.5 Formulation of the first problem: Comparative study of 

hybrid nanofluid with regular nanofluid during natural 

convection in a cavity 
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differentially heated, and the horizontal walls are thermal insulated. The non-dimensional 

form of the boundary conditions is given as follows: 

 

𝑢 =  0; 𝑣 = 0; 
∂𝜃

∂𝑦
= 0 at  𝑦 = 0 and 1 

(5.46) 
𝑢 =  0; 𝑣 = 0; 𝜃 = 1 at  𝑥 = 0 

𝑢 =  0; 𝑣 = 0; 𝜃 = 0 at  𝑥 = 1 

5.5.1 Results and discussion 

The detailed comparative studies between hybrid Al2O3-Cu/water nanofluids and 

regular Al2O3/water nanofluids during natural convection in a cavity problem are made on 

the basis of average 𝑁𝑢 along the left hot wall (𝑁𝑢̅̅ ̅̅ 𝑙ℎ), average total entropy generation due 

to heat transfer irreversibility (𝑆𝜃̅̅ ̅) and fluid friction irreversibility (𝑆𝜓̅̅̅̅ ) and performance 

coefficient parameter (𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄ ). Four different water-based nanofluids are considered, 

which are two hybrid Al2O3-Cu/water nanofluids with 9:1 and 7:3 mixture ratio of Al2O3 

and Cu nanoparticles respectively and two separate single-particle nanofluid Al2O3/water 

and Cu/water respectively. The simulations are carried out for Rayleigh numbers Ra = 103, 

104 and 105 while considering the volume fraction of nanoparticles up to 3%.  

5.5.1.1 Heat transfer rates: Nusselt numbers 

Figs. 5.5(a), (c) and (e) show that the heat transfer rate is maximum with Cu/water 

nanofluid due to its higher thermal conductivity and minimum with Al2O3/water nanofluid 

at Ra = 103, 104 and 105. The heat transfer rate is presented in terms of the average Nusselt 

number along the hot wall (𝑁𝑢ℎ̅̅ ̅̅ ̅̅ ) of the cavity. Higher percentage augmentation of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  

with 𝜑  is found at Ra = 103 for all four nanofluids as the conductive effect is more 

prominent than convective effect. However, this percentage deteriorates with increase in 

𝜑,  which is more evident for Al2O3/water nanofluid. This is attributed to the more 
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substantial retardation effect of viscosity of nanofluid compared to the aiding effect of 

thermal conductivity.  

  

(a) (b) 

  

(c) (d) 

  

(e) (f) 

Fig. 5.5. Variations of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  (a, c and e) and 𝑆𝜃̅̅ ̅ (b, d and f) with 𝜑 of all four nanofluids 

for Ra = 103 (top panel), Ra = 104 (middle panel) and Ra = 105 (bottom panel). 
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5.5.1.2 Entropy generation 

  

(a) (b) 

  

(c) (d) 

  

(e) (f) 

Fig. 5.6. Variations of 𝑆𝜓̅̅̅̅  (a, c and e) and 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  (b, d and f) with 𝜑 of all four 

nanofluids for Ra = 103 (top panel), Ra = 104 (middle panel) and Ra = 105 (bottom panel). 
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Figs. 5.5(b), (d) and (f) depict that the average entropy generation due to heat 

transfer (𝑆𝜃̅̅ ̅) throughout the cavity follows the same pattern as the average Nusselt number 

along the hot wall of the cavity with 𝜑 as both are the function of temperature gradients. It 

is observed from Figs. 5.6(a), (c) and (e) that the average total entropy generation due to 

viscous effect (𝑆𝜓̅̅̅̅ ) continuously decreases with increase in 𝜑 for Cu/water nanofluid as 

fluid velocity decreases due to retardation of convective effect.  

5.5.1.3 Performance analysis 

In order to evaluate the effect of volume fractions of nanoparticles in terms of 

energy efficiency, the performance coefficient parameter is considered which is the ratio 

between the normalised average Nusselt number (𝑁𝑢𝑁̅̅ ̅̅ ̅̅ = 𝑁𝑢̅̅ ̅̅ 𝑁𝑢𝜑=0̅̅ ̅̅ ̅̅ ̅̅ ̅⁄ ) and the normalised 

average total entropy generation due to both heat transfer and fluid friction irreversibilities 

(𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅ = 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 𝑆𝑡𝑜𝑡,𝜑=0̅̅ ̅̅ ̅̅ ̅̅ ̅̅⁄ ). It is observed from Figs. 5.6(b), (d) and (f) that 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  

increases with 𝜑  for all Ras. The percentage enhancement of performance coefficient 

parameter with 𝜑  is found to be higher at Ra = 105 due to the reduction of 𝑆𝜓̅̅̅̅ . The 

maximum and minimum magnitudes of performance coefficient parameter are obtained for 

Cu/water nanofluid and Al2O3/water nanofluid respectively. Therefore, from the 

viewpoints of both 1st and 2nd law of thermodynamics, it is evident that Cu/water nanofluid 

provides better energy efficiency compared to other three nanofluids in a natural convection 

cavity flow system.  

5.5.1.4 Conclusions 

In the current work, a comparative study is made between hybrid nanofluids and regular 

nanofluids during natural convection in a differentially heated cavity on the basis of energy 

efficiency. Two hybrid Al2O3-Cu/water nanofluids with 9:1 and 7:3 mixture ratio of Al2O3 

and Cu nanoparticles and two different single-particle nanofluids, namely, Al2O3/water and 

Cu/water are considered. A two-component thermal lattice Boltzmann model for nanofluid 

is adopted, which provides a solution with better accuracy than the single-component LB 
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model. The results are obtained for Ra = 103 and 105 while keeping volume fraction 𝜑 ≤ 

3%. It is obtained from the results that Cu/water nanofluid has a higher heat transfer rate 

due to its higher thermal conductivity compared to other nanofluids. Besides, Cu/water 

nanofluid has lower entropy generation due to viscous effect, thus making it the most 

energy-efficient in terms of performance coefficient for natural convection cavity flow 

system. However, it possesses lower stability and chemical inertness. Therefore 

considering this, the Al2O3-Cu/water hybrid nanofluid can serve as an alternative fluid as 

it provides favourable conditions in terms of efficiency as well as stability due to its 

synergistic effect resulting from two different single-particle nanofluids.  

5.6 Formulation of the second problem: Mixed convection in a 

hybrid Al2O3-Cu/Water nanofluid saturated cavity 

Figs. 5.7(a)-(c) show the schematic diagrams for the current mixed convection 

problem in a closed square cavity of unit length. Three different configurations of boundary 

conditions based on moving walls and differentially heated walls are presented in the 

dimensional form. 

Case 1: The hot left wall moves upward, and the cold right wall moves downward with a 

constant speed 𝑉0
∗ while maintaining the stationary horizontal walls thermally insulated 

(Fig. 5.7(a)).  

Case 2: The thermally insulated top wall moves towards the right and the bottom wall 

towards left with a constant speed 𝑉0
∗. The vertical walls are stationary while maintaining 

the left wall at a higher temperature than the right wall (Fig. 5.7(b)).  

Case 3: The thermally insulated vertical walls move upward with a constant speed 𝑉0
∗. The 

horizontal walls stationary while maintaining the bottom wall at a higher temperature than 

the top wall (Fig. 5.7(c)).  

All three flow configurations considered in the current problem are the cases of 

aiding mechanism of mixed convection flow where shear-driven flow due to the direction  
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(a) (b) 

 

(c) 

Fig. 5.7. Schematic diagram of the flow configuration with boundary conditions for (a) 

Case 1, (b) case 2 and (c) case 3. 

of moving walls assists the buoyancy-driven flow due to differentially heated walls of the 

cavity. The non-dimensional variables of the current flow problem can be expressed as: 

𝑥 =
𝑥∗

𝐿
 ;          𝑦 =

𝑦∗

𝐿
 ;          𝑢 =

 𝑢∗

𝑉0
∗  ;          𝑣 =

𝑣∗

𝑉0
∗ ;          𝜃 =

𝑇−𝑇𝑐

𝑇ℎ−𝑇𝑐
 (5.47) 

The non-dimensional form of the three boundary conditions are presented as follows: 

Case 1: 

 

𝑢 =  0; 𝑣 = 0; 
∂𝜃

∂𝑦
= 0 at  𝑦 = 0 and 1 

(5.48a) 
𝑢 =  0; 𝑣 = 1; 𝜃 = 1 at  𝑥 = 0 

𝑢 =  0; 𝑣 = −1; 𝜃 = 0 at  𝑥 = 1 

L

x

y

     ℎ,

u∗ = 0,

 ∗ = 𝑉0
∗

     𝑐 ,

u∗ = 0,

 ∗ = -𝑉0
∗

Al2O3-Cu/water hybrid 

nanofluid

 𝑇

 𝑦∗
= 0, u∗ = 0,  ∗ = 0

 𝑇

 𝑦∗
= 0, u∗ = 0,  ∗ = 0

𝐠

 𝑇

 𝑦∗
= 0, u∗ = -𝑉0

∗,  ∗ = 0

     ℎ,

u∗ = 0,

 ∗ = 0

 𝑇

 𝑦∗
= 0, u∗ = 𝑉0

∗,  ∗ = 0

L

x

y

     𝑐 ,

u∗ = 0,

 ∗ = 0

Al2O3-Cu/water hybrid 

nanofluid

𝐠

     ℎ, u∗ = 0,  ∗ = 0

 𝑇

 𝑥∗
= 0,

u∗ = 0,

 ∗ = 𝑉0
∗

     𝑐 , u
∗ = 0,  ∗ = 0

L

x

y

 𝑇

 𝑥∗
= 0,

u∗ = 0,

 ∗ = 𝑉0
∗

Al2O3-Cu/water hybrid 

nanofluid

𝐠
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Case 2: 

 

𝑢 =  −1; 𝑣 = 0; 
∂𝜃

∂𝑦
= 0 at  𝑦 = 0 

(5.48b) 𝑢 =  1; 𝑣 = 0; 
∂𝜃

∂𝑦
= 0 at  𝑦 = 1 

𝑢 =  0; 𝑣 = 0; 𝜃 = 1 at  𝑥 = 0 

𝑢 =  0; 𝑣 = 0; 𝜃 = 0 at  𝑥 = 1 

Case 3: 

 

𝑢 =  0; 𝑣 = 0; 𝜃 = 1 at  𝑦 = 0 

(5.48c) 
𝑢 =  0; 𝑣 = 0; 𝜃 = 0 at  𝑦 = 1 

𝑢 =  0; 𝑣 = 1; 
∂𝜃

∂𝑥
= 0 at  𝑥 = 0 and 1 

5.6.1 Results and discussion 

A detailed comparative study of three different boundary conditions is made to get 

an idea of the optimal condition in terms of entropy generation and heat transfer 

characteristics. A number of simulations are carried out for each case to investigate the 

effect of Richardson number Ri (0.1 ≤  𝑅𝑖 ≤ 10 ) and volume fraction of hybrid 

nanoparticle 𝜑 (≤ 3%) on fluid flow and heat transfer behaviour. The results are presented 

in detail in the following sections in terms of stream functions, isotherms, Nusselt number, 

entropy generation, thermal mixing, and temperature uniformity. 

5.6.1.1 Effect of boundary conditions on stream function contours 

Figs. 5.8-5.11 present the results for three different cases of aiding mechanism of 

mixed convection in a water-saturated cavity in terms of contours of dimensionless stream 

function, isotherm, and local entropy generation due to heat transfer and fluid friction 

respectively. The results are obtained for varying Ri from 0.1 to 10 with Gr = 104 and Pr = 

6.2 respectively. It is observed from the streamlines plot for Case 1 and Case 2 (Figs. 5.8(a) 

and (d)) that a single clockwise-rotating primary vortex is formed due to heating up of fluid  
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(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

Fig. 5.8. Streamlines (𝜓) for Case 1 (a, b, c), Case 2 (d, e, f) and Case 3 (g. h, i) at Ri = 

0.1 (left panel), Ri = 1.0 (middle panel) and Ri = 10.0 (right panel). 

by the left wall and cooling down by the right wall of the cavity. Two symmetric counter-

rotating primary vortices are formed for Case 3 (Fig. 5.8(g)) where fluid heated by the hot 

bottom wall is moved up by the vertical moving walls and cooled down by the cold top 

wall. This symmetric solution about the vertical midline of the cavity for Case 3 is found 

at all studied parameters due to the presence of symmetrical geometry and boundary 

conditions. At the low value of Ri = 0.1, the forced convection dominated fluid flow is 
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observed due to lid motions and this is quite obvious from the definition of Richardson 

number. The stream function has a maximum value at the centre of primary vortex for each 

case where Case 1 has a higher value of |𝜓max| = 2.258 compared to Case 2 (|𝜓max| = 

0.0076) and Case 3 ( |𝜓max|  = 0.0049). This signifies that the buoyancy-driven free 

convection is aided more strongly by forced convection for Case 1 due to the directions of 

moving lids. The fluid horizontal velocity for Case 3 is stagnated at the vertical midline of 

the cavity. The strength and shape of the primary vortices are affected considerably with 

the variation of Ri values as observed from stream-function contours.  

Figs. 5.8(b) and (e) show that for Case 1 and Case 2 at Ri = 1.0, the primary vortex 

tends to become more elliptic in the core zone of the cavity as the free convection effect 

increases with Ri. It is observed for Case 1 that the primary vortex cells are elongated 

towards the bottom left corner and top right corner of cavity whereas for Case 2 they are 

elongated towards the corners at the top left and bottom right of the cavity. However, the 

effect of Ri on primary vortices for Case 3 (Fig. 5.8(h)) is not that much significant 

compared to other two cases due to the occurrence of two equal-sized counter-rotating 

vortices. The magnitude of maximum stream function |𝜓max| is found to be decreasing 

with Ri with values of 1.823, 0.0069 and 0.0047 for Case 1, Case 2 and Case 3 respectively.  

Figs. 5.8(c) and (f) show that for Case 1 and Case 2 the primary vortex in the core 

region breaks up into two equal-sized co-rotating vortices indicating that the convection 

effect due to free convection is found to dominate forced convection at this higher Ri = 

10.0. However, no apparent changes in flow pattern are observed with increase in Ri for 

Case 3 due to its symmetrical geometry and boundary conditions, as mentioned earlier. The 

maximum magnitude of stream function decreases for Case 1 and Case 2 with values equal 

to 1.584 and 0.005 respectively, whereas |𝜓max| increases for Case 3 with magnitude equal 

to 0.0058. 

5.6.1.2 Effect of boundary conditions on isotherms 

Figs. 5.9(a), (d) and (g) depict the development of distinct thermal boundary layers 

near the vertical walls for Case 1 and 2 and near the bottom wall of the cavity for Case 3 
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(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

Fig. 5.9. Isotherms (𝜃) for Case 1 (a, b, c), Case 2 (d, e, f) and Case 3 (g. h, i) at Ri = 0.1 

(left panel), Ri = 1.0 (middle panel) and Ri = 10.0 (right panel). 

due to strong convection dominated flow at Ri = 0.1. The reverse stratification of isotherms 

is observed in the core zone of the cavity for Case 3 (Fig. 5.9(g) where the free convection 

is dominant in configuring the flow and thermal field. From the isotherms in Figs. 9(b), (e) 

and (h), it is found that the thermal boundary layer thickness increases with Ri which 

indicates that intensity of overall convection effect decreases and that eventually results in 

the reduction of thermal gradients and thermal entropy generation. Figs. 5.9(c) and (f) that 
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the isotherms at the core zone of the cavity become stratified due to the increasing influence 

of free convection effect on the flow field, which resembles the natural convection in a 

differentially heated cavity. Fig. 5.9(i) depicts that the reverse stratification for Case 3 

increases with Ri. The thickening of the thermal boundary layer continues with increasing 

Ri owing to the existence of lower temperature gradients at the differentially heated 

boundaries of the cavity. 

5.6.1.3 Effect of boundary conditions on entropy generation contours 

It is found from Figs. 5.10(a), (d) and (g) that the entropy generation due to heat 

transfer irreversibility is mostly concentrated near the differentially heated walls of the 

cavity for all three cases, i.e., near the vertical walls for Case 1 and Case 2 and near the 

horizontal bottom wall and the corners of the top wall for Case 3 as higher thermal gradients 

exist at these positions. The effect of 𝑆𝜃 on fluid flow is more significant for Case 1 with 

the maximum value of 𝑆𝜃 (|𝑆𝜃,max| = 36127.9) than Case 2 (|𝑆𝜃,max| = 3497.44) and Case 

3 (|𝑆𝜃,max| = 1515.83). However, the viscous entropy generation is considerably lower 

compared to thermal entropy generation as forced convection dominates free convection 

(Figs. 5.11(a), (d) and (g)). For all three cases, the active zones of 𝑆𝜓 are located at the four 

corners of the cavity with the maximum magnitudes |𝑆𝜓,max|  of 1790.57, 1546.3 and 

1546.3 for Case 1, Case 2 and Case 3 respectively. However, the strength of 𝑆𝜃 and 𝑆𝜓 

become low at the core zone of the cavity where very low thermal and velocity gradients 

occur.  

The maximum values 𝑆𝜃 at Ri = 1.0 are found to be 9376.5, 2271.45 and 872.25 for 

Case 1, Case 2 and Case 3 respectively, which are lower than the values at Ri = 0.1 (Figs. 

5.10(b), (e) and (h)). It seems that 𝑆𝜃 decreases more significantly with an increase in Ri 

for Case 1 compared to the other two cases. The value of 𝑆𝜓 decreases with increase in Ri 

as the velocity gradient decreases with reducing convection effect. The values of |𝑆𝜓,max| 

are 1790.57, 1150.35 and 1150.33 for Case 1, Case 2 and Case 3 respectively (Figs. 5.11(b), 

(e) and (h)). 
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(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

Fig. 5.10. Local entropy generation due to heat transfer (𝑆𝜃) for Case 1 (a, b, c), Case 2 

(d, e, f) and Case 3 (g. h, i) at Ri = 0.1 (left panel), Ri = 1.0 (middle panel) and Ri = 10.0 

(right panel) respectively. 

Figs. 5.10(c), (f) and (i) depict that the entropy generation due to heat transfer 

further decreases with increase in Ri. The maximum values 𝑆𝜃 are found to be 1404.21, 

709.39 and 370.93 for Case 1, Case 2 and Case 3 respectively. It seems that 𝑆𝜃 decreases 

more considerably with an increase in Ri for Case 1 and Case 2 compared to Case 3 as the 

reduction of overall convection effect due to forced convection is more significant for these  
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(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

Fig. 5.11. Local entropy generation due to viscous effect (𝑆𝜓) for Case 1 (a, b, c), Case 

2 (d, e, f) and Case 3 (g. h, i) at Ri = 0.1 (left panel), Ri = 1.0 (middle panel) and Ri = 

10.0 (right panel). 

two cases. For Case 3 (Fig. 5.10(i)), the influence of free convection is found to be 

dominating forced convection due to the orientation of the velocity boundary condition. It 

is interesting to find for Case 1 (Figs. 5.11(a)-(c)) that the maximum magnitude of |𝑆𝜓,max| 

which is found at the boundaries of cavity remains same for all calculated Ris as the forced 

convection due to lid motions dominate free convection at these zones in comparison to the 
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other two cases. The values of |𝑆𝜓,max| for Case 2 and Case 3 slightly reduces to 953.07 

and 952.9 respectively (Figs. 5.11(f) and (i)) as overall velocity gradient decreases due to 

the reduction of forced convection effect. 

The above investigation suggests that entropy generations due to both heat transfer 

and fluid friction irreversibilities are mainly concentrated at the differentially heated walls 

of the cavity owing to the existence of higher velocity and temperature gradients. To carry 

out further investigations using nanofluid, a hybrid Al2O3-Cu/water nanofluid with 9:1 

mixture ratio of Al2O3 and Cu nanoparticles is used to study its energy efficiency while 

maintaining nanoparticle volume fraction up to 3% to retain stable suspension and uniform 

dispersion. In the following sections, the effect of Ri and 𝜑 are studied in detail. 

5.6.1.4 Variation of velocity and temperature with Ri and 𝝋 

Fig. 5.12 depict the effect of Ri and 𝜑 on the fluid flow and thermal behaviour in terms of 

the distribution of non-dimensional vertical velocity v and temperature θ along the mid-

plane of the cavity. The results are obtained for Ri = 0.1, 1.0 and 10.0 while keeping 𝜑 at 

0% and 3%. It is noticed that the average flow velocity decreases with the increase in Ri 

values for all three cases, which is in accordance with the stream function contour. The 

addition of nanoparticles decreases the thickness of the velocity boundary layer for Case 1 

and Case 3 along the moving walls as indicated by the steeper velocity gradient. For Case 

2, an increase in 𝜑 induces thicker velocity boundary layer along the stationary walls as 

indicated by the gentler velocity gradient. This phenomenon is attributed to the 

augmentation in viscosity with 𝜑 , which results in the reduction of average velocity 

throughout the cavity. The variation of velocity with 𝜑 is more pronounced for Case 2 and 

Case 3 in comparison to Case 1 as the effect of nanofluid is not apparent for Case 1 due to 

strong forced convection which overpowers the retardation effect of viscosity. It is 

recognised that the thickness of thermal boundary layer decreases and thus the convective 

effect increases with a decrease in Ri for all three cases which is indicated by steeper 

temperature gradient near the differentially heated walls of the cavity. There is no 

significant change in temperature gradient observed with the addition of nanoparticles for  
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Fig. 5.12. Comparison of v (left panel) and θ (right panel) for three cases at Ri’s of 0.1, 

1 and 10 respectively with 𝜑 = 0% and 3%. 

all three cases. However, the average temperature throughout the cavity decreases due to 

the reduction of the buoyancy effect in the core zone with an increase in 𝜑.  
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5.6.1.5 Heat transfer rates 

Figs. 5.13(a), (c) and (e) show the reduction of average Nusselt number along the hot wall 

(𝑁𝑢ℎ̅̅ ̅̅ ̅̅ ) of the cavity with an increase in Ri due to the reduction of overall convection effect 

for all three cases as mentioned earlier. The optimum heat transfer rate is observed for Case 

1 due to the strong aiding effect of the shear-driven flow on buoyancy-driven flow whereas 

for Case 2 the value of 𝑁𝑢 is minimum as the aiding effect is not significant due to the 

directions of lids movement. It is observed that at higher Ri values, 𝑁𝑢̅̅ ̅̅  is found to be 

comparable for Case 2 and Case 3 due to the occurrence of free convection dominated heat 

transfer phenomenon. The average 𝑁𝑢 along the hot wall (𝑁𝑢̅̅ ̅̅ ℎ) of the cavity increases 

with 𝜑 for all three cases as the addition of nanoparticles enhances the thermal conductivity 

of the fluid. Figs. 5.13(b), (d) and (f) exhibit the percentage enhancement of heat transfer 

rate as indicated by normalised average Nusselt number (𝑁𝑢̅̅ ̅̅ 𝑁) which is the ratio of average 

𝑁𝑢 of nanofluid to that of the base fluid. It is observed that the maximum 𝑁𝑢̅̅ ̅̅ 𝑁 decreases 

with increases in Ri for Case 2 due to the augmented retardation effect of viscosity and drag 

force with the increase in free convection. However, it is interesting to find that maximum 

𝑁𝑢̅̅ ̅̅ 𝑁 increases with Ri for Case 3 despite an increase in the reverse stratification with 𝜑. 

This anomalous behaviour is attributed to the increase in the particulate buoyancy force 

due to variation nanoparticle density in the presence of Brownian motion and 

thermophoresis. Therefore, it is realised that the Brownian motion and thermophoresis play 

an essential role in the nanofluid flow and heat transfer where they enhance the heat transfer 

rate by making the nanofluid less viscous due to consideration of slip velocity between the 

nanoparticles and base fluid. For all three cases, the maximum percentage augmentation of 

heat transfer is found at 𝜑 = 0.03 for all Ris. However, the percentage augmentation of heat 

transfer rate gradually deteriorates with increase in 𝜑 as seen by the reducing inclination 

angle of 𝑁𝑢̅̅ ̅̅ 𝑁  profile with 𝜑 due to the enhancement of viscosity. Therefore, it can be 

concluded that the heat transfer rate increases up to a certain volume fraction termed as an 

optimum nanoparticle volume fraction (𝜑𝑜𝑝𝑡) due to two opposing effects .i.e., retardation 

effect of viscosity and drag force and the aiding effect of thermal conductivity of 

nanoparticle, Brownian force and thermophoretic force.  
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Fig. 5.13. Variations of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  (left panel) and 𝑁𝑢̅̅ ̅̅ 𝑁 (right panel) with 𝜑 for three cases at 

Ri = 0.1 (a and b), Ri = 1.0 (c and d) and Ri = 10.0 (e and f) respectively. 
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5.6.1.6 Entropy generation and Bejan numbers 

It is interesting to find from Figs. 5.14(a)-(c) that the variation of average entropy 

generation due to heat transfer (𝑆𝜃̅̅ ̅) over the whole cavity with 𝜑 resembles the profile for 

the average Nusselt number along the hot wall (Figs. 5.13(a)-(c)) as both the quantities are 

functions of temperature gradients with the concentration of 𝑆𝜃 near differentially heated 

walls of the cavity. It is noticed that the average magnitudes of 𝑆𝜃̅̅ ̅ is found almost similar 

to 𝑁𝑢ℎ̅̅ ̅̅ ̅̅  for Case 1 and Case 2 whereas for Case 3, |𝑆𝜃̅̅ ̅| is lower than |𝑁𝑢ℎ̅̅ ̅̅ ̅̅ | and with an 

increase in Ri it approaches the values of 𝑆𝜃̅̅ ̅ for Case 2. This phenomenon is attributed to 

the presence of thermal stratification in Case 3, which causes the reduction of thermal 

gradients at the core zone of the square cavity. The magnitudes of average total entropy 

generation due to viscous effect (𝑆𝜓̅̅̅̅ ) throughout the cavity at different values of Ri are 

found to be lower for Case 1 compared to the other two cases as seen from Figs. 5.14(d)-

(f). A drastic augmentation of  𝑆𝜓̅̅̅̅  with 𝜑  is observed as the addition of nanoparticles 

increases viscosity. The variation of 𝑆𝜓̅̅̅̅  with 𝜑 is found to be comparable for Case 2 and 

Case 3 where the maximum percentage augmentation of 𝑆𝜓̅̅̅̅  increases with Ri as the 

addition of nanoparticles makes the nanofluid more viscous during free convection in 

comparison to forced convection. However, the maximum percentage augmentation of 𝑆𝜓̅̅̅̅  

for Case 1 decreases with increase in Ri due to the presence of higher velocity gradient 

resulting from strong forced convection as mentioned earlier. 

It is observed from Figs. 5.14(g)-(i) that the entropy generation is dominated by the 

heat transfer irreversibility for all flow conditions at all Ri values as described by high 

average Bejan number (𝐵𝑒̅̅̅̅ ) over the whole cavity while considering the effect of 

Richardson number with or without nanofluid. However, 𝐵𝑒̅̅̅̅  slightly decreases with Ri as 

the entropy generation due to heat transfer decreases. For all Ris, Case 1 has a higher 𝐵𝑒̅̅̅̅  

than the other two cases owing to the higher temperature gradient in the flow field. It is 

found that 𝐵𝑒̅̅̅̅  decreases with 𝜑 at all values of Ri for all three cases, and this reduction is 

more prominent at higher Ri = 10 due to the enhancement of entropy generation due to fluid 

friction with 𝜑. 
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Fig. 5.14. Variations of 𝑆𝜃̅̅ ̅ (a, b and c), 𝑆𝜓̅̅̅̅  (d, e and f) and 𝐵𝑒̅̅̅̅  (g, h and i) with 𝜑 for 

three cases at Ri = 0.1 (left panel), Ri = 1.0 (middle panel) and Ri = 10.0 (right panel). 

5.6.1.7 Performance analysis 

A performance coefficient parameter is considered to evaluate the effects of Richardson 

numbers and volume fractions of nanoparticles in terms of energy efficiency. Figs. 5.15(a)-

(c) reveal that 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  decreases with increase in Ri, which is apparent from the plots 

for 𝑁𝑢̅̅ ̅̅  and 𝑆𝜃̅̅ ̅. This signifies that for all three boundary conditions, forced convection 
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dominated flow condition at lower Ri = 0.1 provides much desirable energy efficiency 

compared to free convection dominated condition at higher Ri = 10.0. It is interesting to 

find that Case 1 has the lowest performance coefficient parameter as the values of desirable 

heat transfer rate and undesirable total entropy generation almost identical. Case 3 has 

relatively higher 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  compared to the other two cases making it more energy 

efficient by taking into consideration of entropy generation. Although marginal, continuous 

enhancement of 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  is observed with 𝜑 at Ri = 0.1 for all three cases. For Case 1, 

this enhancement is more prominent compared to the other two cases. Further, for Case 1, 

𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  increases with 𝜑 for all Ris as the maximum percentage augmentation of 𝑆𝜓̅̅̅̅  

decreases with increase in Ri and 𝜑. For the other two cases, 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  decreases with 𝜑 

after 𝜑 > 2% and 𝜑 > 1% for Ri = 1 and 10 respectively. This signifies that the effectiveness 

of nanofluid in terms of energy efficiency is found to be trivial for Case 2 and Case 3 due 

to enhanced retardation effect of entropy generation which dampens the positive effect of 

augmented heat transfer rate with 𝜑 . As stated earlier, the analysis of the 1st law of 

thermodynamics provides an optimal volume fraction based on the heat transfer rate.  

However, it is necessary to consider the viewpoints of both 1st and 2nd law of 

thermodynamics as it suggests another optimal volume fraction in terms of performance 

coefficient parameter at which the heat transfer rate of the system is more prominent 

compared to the total entropy generation.  

 Figs. 5.15(d)-(f) show that Case 1 and Case 2 have higher and identical overall 

thermal mixing in the whole cavity as indicated by the higher value of 𝜃𝑐𝑢𝑝 than Case 3 for 

all studied Ris. However, the variation of 𝜃𝑐𝑢𝑝  is found to be negligible with 𝜑 as the 

convective mode of heat transfer prevails for all conditions except for Case 3 at Ri = 10 

where the slight enhancement of 𝜃𝑐𝑢𝑝 is observed with 𝜑. Case 1 and Case 3 provide lower 

and higher temperature uniformity in the cavity respectively as indicated by 𝑅𝑀𝑆𝐷𝜃𝑐𝑢𝑝(as 

shown in Fig. 5.15(g)-(i)). However, Case 2 provides moderate temperature uniformity 

along with higher thermal mixing, which makes it a desired condition to attain suitable 

temperature distribution. Figs. 5.15(g)-(i) display that a slight enhancement of temperature 
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uniformity with 𝜑  is observed for Case 1 due to the reduction of 𝑅𝑀𝑆𝐷𝜃𝑐𝑢𝑝  whereas the 

reduction of 𝑅𝑀𝑆𝐷𝜃𝑐𝑢𝑝  with 𝜑  is insignificant for Case 2 and Case 3.  

   

(a) (b) (c) 

   

(d) (e) (f) 

   

(g) (h) (i) 

Fig. 5.15. Variations of 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  (a, b and c), 𝜃𝑐𝑢𝑝 (d, e and f) and 𝑅𝑀𝑆𝐷 𝜃𝑐𝑢𝑝 (g, h 

and i) with 𝜑 for three cases at Ri = 0.1 (left panel), Ri = 1.0 (middle panel) and Ri = 10.0 

(right panel) respectively. 
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5.6.1.8 Conclusions 

This work attempts to study three different cases of boundary conditions depending 

on the choice of moving walls and differentially heated walls of the cavity. The selected 

boundary conditions provide the aiding mechanism of mixed convection flow as the shear-

driven flow due to the direction of moving walls assists the buoyancy-driven flow owing 

to differentially heated walls of the cavity. A detailed analysis has been made by 

considering the effect of boundary conditions and different values of Ri on the heat transfer 

rate, entropy generation due to heat transfer and fluid friction irreversibilities, thermal 

mixing, and temperature uniformity during mixed convection in the closed square cavity. 

A two-component DDF-based thermal lattice Boltzmann model for nanofluid is 

implemented by making careful validation with the published results. The current 

investigation deals with three different Richardson numbers Ri = 0.1, 1 and 10 while 

maintaining a fixed Grashof number Gr = 104. The volume fraction of nanoparticles (𝜑) of 

hybrid Al2O3-Cu/water with 9:1 mixture ratio of Al2O3 and Cu nanoparticles is kept less 

than equal to 3%. The major outcomes of present work can be summarised as follows: 

1. The convective mode of heat transfer prevails at all flow conditions where forced 

convection dominates at lower Ri and free convection at higher Ri. The higher heat 

transfer rate is observed at lower Ri due to the strong aiding effect of shear force on 

the buoyancy force. The entropy generation in the system is mainly controlled by 

heat transfer irreversibility.  

2. Case 1 gives lower performance coefficient parameter 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  due to its higher 

total entropy generation over the whole cavity, although it provides a higher heat 

transfer rate compared to the other two cases. Case 3 offers higher performance 

coefficient parameter due to the presence of lower heat transfer irreversibility. The 

slight improvement of performance coefficient parameter for Case 2 over Case 1 is 

attributed to its lowest entropy generation along with the heat transfer rate. The 

reduction of 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  with an increase in Ri for all three boundary conditions 

signifies that forced convection-dominated flow condition provides much desirable 

energy efficiency compared to free convection.  
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3. The addition of nanoparticle has a positive effect on the heat transfer rate but gives 

rise to higher entropy generation. Therefore, the current investigation suggests two 

different optimal volume fractions where one is based on the maximum heat transfer 

rate and the other one is based on performance coefficient parameter while 

considering the viewpoints of both first and second laws of thermodynamics. The 

optimum values of 𝑁𝑢̅̅ ̅̅ , 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅, 𝜃𝑐𝑢𝑝 and 𝑅𝑀𝑆𝐷𝜃𝑐𝑢𝑝  in a given system have a strong 

dependency on Richardson numbers while showing a weak dependence on volume 

fractions of nanoparticles. 

4. The two-phase LB model provides a more accurate prediction of the nanofluid 

behaviour compared to the single-phase LB model due to the consideration of 

different slip mechanisms. Brownian motion and thermophoresis effect contribute 

to the enhancement of the heat transfer rate by making the nanofluid less viscous 

while the drag force provides an attenuation effect on heat transfer. 
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Chapter 6 

Two-Phase SRT-LBM Simulation of 

Natural Convection in a Cu-Water 

Nanofluid-Filled Porous Cavity  

6.1 Introduction 

The simultaneous use of porous media and nanofluids has been a topic of interest 

for their better heat transfer rates in small size systems. The use of a porous medium can 

be an efficient means of controlling heat transfer performance in enclosures. The bigger 

surface contact area exists between the working fluid and porous structure which provides 

an effective interaction between convective heat transfer inside pores and heat conduction 

in a solid matrix. Recently, an increasing number of works on the simultaneous use of 

porous media and nanofluids are found in the literature, which is very useful for the 

optimisation of various engineering devices. A perusal of literature suggests that several 

studies have been undertaken to analyse the effect of different thermal boundary conditions 

on entropy generation during natural convection in fluid-saturated porous media. However, 

very few numerical studies are found concerning nanofluid-saturated porous media, where 

most of the studies are made using a single-phase model for nanofluid. This work adopts 

the SRT-based two-phase thermal lattice Boltzmann model for nanofluid and extends it to 

flow in a porous medium by considering the Brinkman–Forchheimer-extended Darcy 

model. The code is first successfully validated by obtaining the close agreement of present 

results with the previously established works. The current work deals with the previous 

problem concerning natural convection in a square porous cavity (mentioned in Chapter 4 

in section 4.3) by using Cu-water nanofluid as a heat transfer fluid. 
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6.2 Numerical methodology for nanofluid-saturated porous 

flow using SRT-LBM 

To simulate nanofluid flow through a porous medium, nanoparticles are assumed 

to be suspended in the base fluid in a uniform manner using either surfactant or surface 

charge technology to avoid their agglomeration and deposition in the porous matrix [Nield 

and Kuznetsov, 2014]. The local thermal equilibrium exists between the nanofluid and 

porous medium by assuming their high interaction. The porous medium is considered to be 

homogeneous, isotropic and fully saturated with fluid and have identical thermal properties 

with fluid. Besides, both phases have constant thermophysical properties except the density 

in the buoyancy force term, which is satisfied by the Boussinesq approximation. In the 

simulation of two-component flow using LBM, each component is treated with two 

separate distribution functions as follows [Xuan and Yao, 2005]: 

𝑓𝑖
𝜎(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑓𝑖

𝜎(𝐫, 𝑡) +
1

𝜏𝑣𝜎
(𝑓𝑖

𝜎𝑒𝑞(𝐫, 𝑡) − 𝑓𝑖
𝜎(𝐫, 𝑡)) + 𝑃𝑖

𝜎
 
 (6.1) 

where 𝜎  refers to two components of nanofluid, 𝜎 = 𝑓  for base fluid and 𝜎 = 𝑝  for 

suspended nanoparticles. The equilibrium distribution function 𝑓𝑖
𝜎𝑒𝑞

 and the total force 

term (𝑃𝑖
𝜎) are modified by including the porosity term are given as:  

 𝑓𝑖
𝜎𝑒𝑞 = 𝜌𝜎𝑤𝑖 {1.0 +

𝐞𝑖. 𝐮
𝜎

𝐶𝑠2
+
(𝐞𝑖 . 𝐮

𝜎)2

2𝜀𝐶𝑠
4 −

𝐮𝜎2

2𝜀𝐶𝑠2
}  (6.2) 

𝑃𝑖
𝑓 = {1 −

1

2𝜏𝑣
𝑓 
} {
𝐞𝑖 − 𝐮𝑓

𝐶𝑠
2

+
𝐞𝑖(𝐞𝑖. 𝐮

𝑓)

𝜀𝐶𝑠
4

} . {𝑤𝑖𝐅 + 𝐵𝑖𝐍
𝑓 } (6.3) 

𝑃𝑖
𝑝 = {1 −

1

2𝜏𝑣𝑝 
} {
𝐞𝑖 − 𝐮𝑝

𝐶𝑠2
+
𝐞𝑖(𝐞𝑖. 𝐮

𝑝)

𝜀𝐶𝑠4
} . {𝐵𝑖𝐍

𝑝 } (6.4) 

𝐍𝜎 represents the total inter-particle interaction forces on 𝜎th component of the nanofluid 

per unit lattice volume, which is mentioned in details in chapter 5 in section 5.2.2. 
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The body force 𝐅 takes into account the linear and nonlinear drag forces of the 

porous media based on Brinkman–Forchheimer extended Darcy model along with the 

external force term while considering the physical properties of the base fluid as follows:  

𝐅 = −
𝜀𝜈𝑓

𝐾
𝐮𝐟 − 

𝜀𝐹𝜀

√𝐾
|𝐮𝐟|𝐮𝐟 + 𝜀𝐆  (6.5) 

The Darcy-Forchheimer relation used in this work to model the momentum loss of flow 

through a porous medium are discussed in chapter 4.  

For temperature distribution function, the governing two-component discretised 

lattice Boltzmann equation is similar to the nanofluid model [Xuan and Yao, 2005] by 

considering the fact that local thermal equilibrium exists between the nanofluid and porous 

medium due to assumption of their high interaction. The equation is represented as: 

𝑔𝑖
𝜎(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑔𝑖

𝜎(𝐫, 𝑡) +
1

𝜏𝜃𝜎 
( 𝑔𝑖

𝜎𝑒𝑞(𝐫, 𝑡) − 𝑔𝑖
𝜎(𝐫, 𝑡)) (6.6) 

The single relaxation parameter for each component 𝜏𝜃
𝜎  relaxes 𝑔𝑖

𝜎  towards their 

equilibrium distribution function  𝑔𝑖
𝜎𝑒𝑞

 which is written as: 

 𝑔𝑖
𝜎𝑒𝑞 = 𝑤𝑖𝜃

𝜎 {1.0 +
𝐞𝑖. 𝐮

𝜎

2𝐶𝑠2
} (6.7) 

6.2.1 Calculations of macroscopic variables  

The density 𝜌𝜎  and velocity 𝐮𝜎  for flow through a nanofluid saturated porous 

medium are presented as follows: 

𝜌𝜎 =∑𝑓𝑖
𝜎

8

𝑖=0

 (6.8) 

𝜌𝑓𝐮𝑓 =∑𝑓𝑖
𝑓

8

𝑖=0

𝐞𝑖 +
𝜀(𝐅 + 𝐍𝑓)

2
 (6.9) 
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𝜌𝑝𝐮𝑝 =∑𝑓𝑖
𝑝

8

𝑖=0

𝐞𝑖 +
𝜀𝐍𝑝

2
  (6.10) 

It is worthy of mentioning here that the force term for porous medium deals with 

the properties of the base fluid. This is the crucial part of this new model which is backed 

by the assumption that the nanoparticles are uniformly suspended in the base fluid, as 

mentioned earlier. This assumption is quite popularly used by the researchers [Nield and 

Kuznetsov, 2014] while investigating nanofluid saturated porous medium using other 

conventional numerical technique. Besides, it is reasonable to assume this approximation 

as the volume fractions of nanoparticles is very low (𝜑 ≤ 3%). The equation (6.9) is a 

nonlinear one as the force term F contains velocity 𝐮𝑓 . However, the implicitness of 

velocity can be eliminated by making use of its quadratic form, as discussed earlier in 

chapter 4 in section 4.2.3. 

𝐮𝑓 = 
𝐯𝑓

𝑐0 + √𝑐0
2 + 𝑐1|𝐯𝑓|

  (6.11) 

The auxiliary velocity 𝐯𝑓  is modified to incorporate the inter-particle forces in the 

nanofluid system, which is given as follows: 

𝜌𝑓𝐯𝑓 =∑𝑓𝑖
𝑓

8

𝑖=0

𝐞𝑖 +
𝜀(𝐆 + 𝐍𝑓)

2
  (6.12) 

The other parameters 𝑐0 and 𝑐1 are already introduced in chapter 4. 

The temperature for each component (𝜃𝜎) is determined similar to nanofluid flow while 

incorporating the coefficient 𝜁 that gives the heat capacity ratio, as mentioned earlier in 

Chapter 4.  

𝜁𝜃𝜎 =∑𝑔𝑖
𝜎

8

𝑖=0

 (6.13) 
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6.3 Problem formulation 

The current work is the extension of the previous study concerning natural 

convection in a square porous cavity, as included in Chapter 4. The present work considers 

the uniform and bottom to top linear heating condition at the left wall of the cavity at their 

respective optimum Ram values (mentioned in Chapter 4). The schematic diagram of the 

present flow configuration with the boundary conditions is shown in Fig. 6.1. 

        

Fig. 6.1. Schematic diagram of the flow configuration with boundary conditions. 

For the convenience of numerical calculation and analysis, the variables are expressed in 

the non-dimensional form as follows: 

𝑥 =
𝑥∗

𝐿
;           𝑦 =

𝑦∗

𝐿
;          𝑢 =  

  𝑢∗𝐿

𝛼𝑓
;           𝑣 =

 𝑣∗𝐿

𝛼𝑓
;           𝜃 =

𝑇 − 𝑇𝑐
𝑇ℎ − 𝑇𝑐

 (6.14) 

The boundary conditions in non-dimensional form are given as follows: 

 
𝑢 =  0, 𝑣 = 0,

∂𝜃

∂𝑦
= 0 at  𝑦 = 0 and 1 

(6.15)  𝑢 =  0, 𝑣 = 0, 𝜃 = 1  or  (𝑦) at  𝑥 = 0 

 𝑢 =  0, 𝑣 = 0, 𝜃 = 0 at  𝑥 = 1 

  

  ∗
= 0

     ℎ

     ℎ
 ∗

 

  

  ∗
= 0

L
     𝑐

Porous medium saturated with

Cu-water nanofluid

 

x

y
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6.4 Results and discussion 

The numerical results obtained for the present problem of natural convection in the 

porous cavity are studied in two parts. The first part is already included in Chapter 4 where 

the effects of four different thermal boundary conditions on fluid flow and thermal 

behaviour during natural convection in a closed square porous cavity filled with pure water 

are discussed for different values of Ra and Da. It is obtained from the investigation that 

the bottom to top linear heating is found to be more energy-efficient than uniform heating 

at low Darcy-Rayleigh number, Ram = 10 and 102 for Ra = 103 and 104 and at lower Da = 

10-5 and 10-6 for Ra = 105. Whereas, the uniform heating condition is more suitable for 

higher Ram = 103 and 104 at Ra = 104 and 105 and even for lower Ram = 10 and 102 at higher 

Ra = 105. The current work uses Cu-water nanofluid for those optimal boundary conditions 

to realise the effect of nanofluid on heat transfer enhancement while maintaining volume 

fraction of nanoparticles (𝜑) less than equal to 3%. The numbers of plots are presented to 

show the effect of Da, Ra and 𝜑 on the average Nu along the left hot wall (𝑁𝑢̅̅ ̅̅ 𝑙ℎ) and for 

the whole domain (𝑁𝑢̅̅ ̅̅ ) of the cavity, average total entropy generation due to heat transfer 

irreversibility (𝑆𝜃̅̅ ̅) and fluid friction irreversibility (𝑆𝜓̅̅̅̅ ), average Bejan number (𝐵𝑒̅̅̅̅ ), 

thermal mixing (𝜃𝑐𝑢𝑝) and degrees of temperature uniformity (𝑅𝑀𝑆𝐷𝜃𝑐𝑢𝑝).  

Since the current work is the extension of the previous work concerning natural 

convection in the square porous cavity as included in Chapter 4 under section 4.3, the same 

grid-independence test prevails. Therefore, the grid size of 151×151 for Ra = 103, 201×201 

for Ra = 104 and 301×301 for Ra = 105 are found to be suitable for the present 

computations. The current code can be reduced to a two-phase SRT-LB model for 

nanofluid for Da = 107 and generalised SRT-LBM model for porous structure for 𝜑 = 0. 

Therefore, the validation of the current code can be ensured by making a comparison of 

present results with the different published ones dealing with porous medium and nanofluid 

respectively. These validation tests are already included in the preceding chapters 4 and 5 

respectively under the section “Code validation”. Hence, for the sake of brevity and avoid 

repetition, the validation tests are not included in this chapter. The present code shows a 
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good agreement with the published ones, which gives confidence in the numerical results 

obtained in this work. 

6.4.1 Effect of nanofluid on fluid flow and thermal behaviour 

  

(a) (b) 

  

(c) (d) 

Fig. 6.2. Comparison of values of (a, c) Vertical velocity v and (b, d) Temperature θ in 

the horizontal midline of the cavity with 𝜑 at Ram = 10 and 102 for the bottom to top 

linear heating (top panel) and at Ram = 10, 102 and 103 for uniform heating. 

Figs. 6.2(a) and (c), and (b) and (d) depict the influence of nanofluid on fluid flow 

and thermal behaviour in terms of the dimensionless vertical velocity v and dimensionless 

temperature θ distribution in the horizontal midline of the cavity for the bottom to top linear 
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and uniform heating at their respective optimum Darcy-Rayleigh numbers respectively. 

The results are obtained for Ram = 10 and 102 at Ra = 103 and 104 for bottom to top linear 

heating while for uniform heating they are obtained for Ram = 10 and 102 at Ra = 105 and 

Ram = 103 at Ra = 104 and 105 with 𝜑 at 0% and 3%. It is realised that for all Darcy-Rayleigh 

numbers, the addition of nanoparticles increases the thickness of velocity and thermal 

boundary layers due to augmentation in viscosity. This causes a decrease in the velocity 

and temperature gradients near the hot and cold vertical walls where the bulk of the fluid 

motion takes place. The position of maximum velocity moves away from the vertical walls 

with an increase in 𝜑, which reduces the stratification of temperature in the core region. 

The temperature profile is found to be linear at lower Ram = 10 for all Ra’s and at lower Ra 

= 103, which indicates that heat transfer is almost entirely dominated by conduction. 

However, with an increase in Ram to 103 at Ra = 104 and 105, the temperature profile 

deviates from linearity signifying the dominance of convection over conductive heat 

transfer. 

6.4.2 Heat transfer rates: Nusselt number 

Figs. 6.3(a) and (b) display the variation of the average Nu along the left hot wall 

(𝑁𝑢̅̅ ̅̅ 𝑙ℎ) of the cavity with 𝜑 discretely varying from 0% to 3% for uniform and bottom to 

top linear heating respectively at different Darcy-Rayleigh numbers. It is observed that Nu 

increases with 𝜑 due to the enhancement of the thermal conductivity of the fluid. However, 

as discussed earlier, the increase in viscosity with 𝜑 decreases temperature gradients near 

the vertical walls, thus resulting in lower heat transfer rates. Therefore, there must be an 

optimum nanoparticle volume fraction (𝜑𝑜𝑝𝑡) at which the maximum heat transfer rate 

occurs due to these two contradicting effects. The effect of 𝜑 on Nu is more pronounced at 

the lower Ram = 10 for all Ra’s and at Ram = 102 for Ra = 103 and 104 where enhancement 

of Nu is observed. The reduction of Nu at Ram = 102 and 103 for Ra = 105 is attributed to 

the higher viscosity at the boundary layer, which overpowers the heat transfer enhancement 

due to thermal conductivity. The effect of 𝜑 on Nu is found to be less prominent at higher 
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values of Ra and Ram compared to lower Ra = 103 where the addition of nanoparticles 

reduces the convection heat transfer effect as they make the fluid more viscous, which 

eventually results in a decreasing Nusselt number after 𝜑𝑜𝑝𝑡. For the present study where 

𝜑 is varying from 0% to 3%, the heat transfer rate is found to be maximum at 𝜑𝑜𝑝𝑡 = 0.03 

at Ram = 10 and 102 with Ra = 103 and 104 for the bottom to top linear heating and at Ram 

= 10 with Ra = 105 for uniform heating. The optimum volume fraction decreases with 

higher Ram = 103 at Ra = 104 and 105 where 𝜑𝑜𝑝𝑡 = 0.03 which is due to the dominating 

retardation effect of viscosity on convective heat transfer than the aiding effect of thermal 

conductivity. 

  

(a) (b) 

Fig. 6.3. Variations of 𝑁𝑢𝑙ℎ̅̅ ̅̅ ̅̅  with 𝜑  for (a) bottom to top linear heating and (b) for 

uniform heating respectively. 

6.4.3 Entropy generation and Bejan numbers 

Figs. 6.4(a) and (b), (c) and (d), and (e) and (f) depict the variation of 𝑆𝜃̅̅ ̅, 𝑆𝜓̅̅̅̅  and 

𝐵𝑒̅̅̅̅  in the whole domain of the cavity with 𝜑 for the bottom to top linear and uniform 

heating respectively at different Ram values. The variation of 𝑆𝜃̅̅ ̅ with 𝜑 is comparable to 

the variation of the average Nu along the left hot wall, which seems obvious as both are the 

function of temperature gradients and 𝑆𝜃 is mostly concentrated on the vertical walls. It is  
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Fig. 6.4. Variations of (a, b) 𝑆𝜃̅̅ ̅, (c, d) 𝑆𝜓̅̅̅̅  and (e, f) 𝐵𝑒̅̅̅̅  with 𝜑 for the bottom to top linear 

heating (left panel) and for uniform heating (right panel) respectively. 
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Fig. 6.5. Variations of 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  (top panel) 𝜃𝑐𝑢𝑝  (middle panel) and 𝑅𝑀𝑆𝐷 𝜃𝑐𝑢𝑝 

(bottom panel) with 𝜑 for the bottom to top linear heating (left panel) and for uniform 

heating (right panel) respectively. 
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observed that 𝑆𝜓̅̅̅̅  decreases with 𝜑 at all values of Ram which is more drastic at higher Ra 

= 105 due to the presence of strong buoyant force at the boundary layer which overcomes 

the retardation effect of increasing viscosity with the addition of nanoparticles. The average 

Bejan number 𝐵𝑒̅̅̅̅  increases with 𝜑 at all values of Ram due to increasing 𝑆𝜃 and decreasing 

𝑆𝜓 with 𝜑. The variation of 𝐵𝑒̅̅̅̅  is more prominent for moderate Ra = 104 at all studied Ram 

values due to positive effects of thermal conductivity enhancement with 𝜑. 

6.4.4 Performance analysis 

Figs. 6.5 show that the variation of 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  with 𝜑 resembles the variation of 

𝐵𝑒̅̅̅̅  with 𝜑 . Therefore, it is found that 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  i.e., the system efficiency increases 

with 𝜑 for all Ram values, which denotes that the total entropy generation of the system 

decreases whereas heat transfer rate increases. At moderate Ra = 104, the system efficiency 

improves faster with an increase in 𝜑. It is found that the nanofluid has a very marginal 

effect on thermal mixing and degree of temperature uniformity as the variation of 𝜃𝑐𝑢𝑝 and 

𝑅𝑀𝑆𝐷 𝜃𝑐𝑢𝑝 are found to be negligible.  

The results indicate that for the same Darcy-Rayleigh number, the values of 

calculated parameters differ with changing in Ra and Da values. The present results show 

that there is an optimum value of volume fraction of nanoparticles up to which the heat 

transfer rate can be improved for all calculated Ram values. Besides, nanofluid is found to 

be effective in reducing the total entropy generation for all values of Ram, which is desirable 

to cut heat loss for every heat transfer mechanism. 

6.5 Conclusions 

In the present work, a novel SRT-based two-phase LB model is developed to 

simulate nanofluid flow through a porous medium.  It is obtained from the previous analysis 

for natural convection in a square porous cavity (as discussed in Chapter 4 in section 4.3) 

that the uniform heating at the left wall of the cavity is found to be more suitable for higher 
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Ra = 105, and higher Ram = 103 at Ra = 104. Whereas, the bottom to top linear heating can 

be an effective and alternative heating condition for lower Ra = 103 and 104 at low Darcy-

Rayleigh number, Ram = 10 and 102. In this work, the effect of Cu-water nanofluid on fluid 

flow through a porous medium is investigated by considering both boundary condition at 

their respective optimum Ram values while keeping volume fraction 𝜑 ≤ 3%. It is noticed 

that nanofluid has successfully reduced the total entropy generation for all values of Ram 

whereas, it augments the heat transfer rate up to a certain volume fraction of nanoparticles 

(𝜑𝑜𝑝𝑡)  due to the contradicting effects of viscosity and thermal conductivity. For 

𝜑 > 𝜑𝑜𝑝𝑡 , the negative effect of viscosity on the heat transfer rate dominates over the 

positive effects of thermal conductivity. However, nanofluid has a very marginal effect on 

thermal mixing and degree of temperature uniformity as the variation of 𝜃𝑐𝑢𝑝  and 

𝑅𝑀𝑆𝐷 𝜃𝑐𝑢𝑝 are found to be negligible. Therefore, from the point of view of both 1st and 2nd 

laws of thermodynamics, nanofluid is found to be an energy-efficient medium compared to 

the base fluid. The present 2-phase LBM code has been validated carefully with the 

published results, which provides greater credibility to the simulations of flow and heat 

transfer of nanofluid through porous structures. It is believed to be the first instance of using 

two-phase LBM for nanofluid in a porous medium. 
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Chapter 7 

Investigation of an Inner Permeable 

Hot Square Block on Mixed Convection 

Flow in a Nanofluid-Filled Cavity by 

Two-Phase MRT-LBM 

7.1 Introduction 

The importance of simultaneous use of porous media and nanofluid is already 

discussed in the previous chapter. In that chapter, a novel SRT-based two-phase LBM 

model is developed to simulate natural convection flow in a nanofluid-saturated porous 

cavity by incorporating the Brinkman-Forchheimer-extended Darcy model. The work in 

this chapter deals with the development and application of MRT-based two-phase LBM 

model. The present work employs the previous problem of double-sided lid-driven mixed 

convection in a square cavity with an inner hot permeable square block (mentioned in 

Chapter 4 in section 4.4) by using Al2O3-water nanofluid as a working fluid. According to 

the author’s knowledge, no LBM study has been reported yet to analyse the entropy 

generation and heat transfer rate for this kind of flow condition. Besides, a very few studies 

concerning two-phase techniques for nanofluid during mixed convection flow in nanofluid 

saturated porous enclosures are available in the literature. 
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7.2 Numerical methodology for nanofluid-saturated porous 

flow using MRT-LBM 

The governing two-phase MRT-LB equation for velocity field is formulated as 

follows: 

𝐟𝜎(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡)  −  𝐟𝜎(𝐫, 𝑡)

= −M−1R𝜎{𝐦𝜎(𝐫, 𝑡) − 𝐦𝜎,𝑒𝑞(𝐫, 𝑡)} + M−1 (I −
R𝜎

2
) 𝐒𝜎 

(7.1) 

where 𝜎  refers to two components of nanofluid, 𝜎 = 𝑓  for base fluid and 𝜎 = 𝑝  for 

suspended nanoparticles.  

The equilibrium moments 𝐦𝜎,𝑒𝑞 in vector form is given by, 

𝐦𝜎,𝑒𝑞 = {𝜌𝜎 (1,−2 +
3𝐮σ

2

𝜀
, 1 −

3𝐮σ
2

𝜀
, 𝑢𝑥

𝜎, −𝑢𝑥
𝜎, 𝑢𝑦

𝜎, −𝑢𝑦
𝜎,

𝑢𝑥
𝜎2− 𝑢𝑦

𝜎2

𝜀
,
𝑢𝑥
𝜎𝑢𝑦

𝜎

𝜀
)}

T

 (7.2) 

The total force term (𝐒𝜎) are presented by column vector as follows: 

𝐒𝜎 = {𝜌𝜎 (0,
6𝐮σ.𝐏σ

𝜀
, −

6𝐮σ.𝐏σ

𝜀
, 𝑃𝑥

𝜎 , −𝑃𝑥
𝜎 , 𝑃𝑦

𝜎 , −𝑃𝑦
𝜎 ,

2(𝑢𝑥
𝜎𝑃𝑥

𝜎 − 𝑢𝑦
𝜎𝑃𝑦

𝜎)

𝜀
,
(𝑢𝑥

𝜎𝑃𝑦
𝜎 + 𝑢𝑦

𝜎𝑃𝑥
𝜎)

𝜀
)}

T

 (7.3) 

where 

𝑃𝑥
𝑓
= 𝐅 + 𝐍𝑓;  𝑃𝑦

𝑓
= 𝐅 + 𝜀𝐆 + 𝐍𝑓 (7.4) 

𝑃𝑥
𝑝 = 𝑃𝑦

𝑝 = 𝐍𝑝 (7.5) 

The body force 𝐅 incorporates the momentum loss of flow through a porous medium as 

mentioned in Chapter 6, which is  

𝐅 = −
𝜀𝜈𝑓

𝐾
𝐮𝐟 − 

𝜀𝐹𝜀

√𝐾
|𝐮𝐟|𝐮𝐟 (7.6) 

𝐆 is the external force term which considers the gravity by taking into account the physical 

properties of the base fluid as depicted earlier in Chapter 5. 

𝐆 = 𝜌𝑓𝐠𝛽𝑓(𝜃 − 𝜃𝑚)  (7.7) 

In moment space the diagonal relaxation matrix R𝜎 is given as: 
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R𝜎 = diag(1, 𝑟𝑒
𝜎, 𝑟∈

𝜎, 1, 𝑟𝑞
𝜎, 1, 𝑟𝑞

𝜎, 𝑟𝜈
𝜎, 𝑟𝜈

𝜎) (7.8) 

The governing two-phase MRT-LB equation for temperature field is given as: 

𝑔𝑖
𝜎(𝐫 + 𝐞𝑖∆𝑡, 𝑡 + ∆𝑡)  − 𝑔𝑖

𝜎(𝐫, 𝑡) = −𝐍−1C𝜎{𝐧𝜎(𝐫, 𝑡)  −  𝐧𝜎,𝑒𝑞(𝐫, 𝑡)} (7.9) 

The diagonal relaxation matrix C𝜎 for each component is given by, 

C𝜎 = diag(1, 𝑐𝜃
𝜎, 𝑐𝜃

𝜎, 𝑐𝑒
𝜎, 𝑐𝑣

𝜎) (7.10) 

The equilibrium moments 𝐧𝜎,𝑒𝑞 is given by, 

𝐧𝜎,𝑒𝑞 = (𝜃𝜎 ,
𝑢𝑥
𝜎 . 𝜃𝜎

𝜁
,
𝑢𝑦
𝜎 . 𝜃𝜎

𝜁
, 𝑎𝜃𝜎 , 0)

T

 (7.11) 

The coefficient 𝜁 gives the heat capacity ratio between solid porous media and fluid, and 

this value is taken as 1 for simplicity in the present problem. The calculations of 

macroscopic variables are included in Chapter 6 under section 6.2.1.  

7.3 Problem formulation 

 

Fig. 7.1. Schematic diagram of the flow configuration with boundary conditions. 

Fig. 7.1 shows the model configuration and boundary conditions for the present 

flow problem in a square cavity with length L including a permeable square block with 

varying length d at the cavity centre. In the current flow configuration, the insulated top 

Al2O3/water nanofluid
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wall and the bottom wall of the cavity move towards the right and left respectively with a 

constant speed   
  while maintaining the vertical walls at isothermally cold and square 

block at isothermally hot. The cavity is filled with Al2O3-water nanofluid which saturates 

the permeable block. 

For the convenience of numerical calculation and analysis, the non-dimensional forms of 

the variables are expressed as follows: 

𝑥 =
𝑥 

𝐿
 ;          𝑦 =

𝑦 

𝐿
 ;          𝑢 =

 𝑢 

𝑉0
  ;          𝑣 =

𝑣 

𝑉0
  ;          𝜃 =

 − 𝑐

 ℎ− 𝑐
 (7.12) 

The boundary conditions in non-dimensional form for the square cavity is given as follows: 

 

𝑢 =  0; 𝑣 = 0; 𝜃 = 0 at  𝑥 = 0 and 1 

(7.13) 
𝑢 =  0; 𝑣 = −1; 

𝜕𝜃

𝜕𝑦
= 0 at  𝑦 = 0 

𝑢 =  0; 𝑣 = 1; 
𝜕𝜃

𝜕𝑦
= 0 at  𝑦 = 1 

The boundary conditions in non-dimensional form for the inner permeable square block is: 

 𝑢 =  0; 𝑣 = 0; 𝜃 = 1 (7.14) 

7.4 Results and discussion 

A detailed comprehensive study of present mixed convection problem is made for 

discretely varying Richardson numbers (Ri) from 0.1 to 10 and Darcy numbers (Da) from 

10-6 to 10-2 at fixed Grashof number Gr = 104 while considering two blockage ratio of 0.25 

and 0.5.  The simulations are carried out to realise the effect of Al2O3-water nanofluid on 

heat transfer enhancement while considering the volume fraction of nanoparticles up to 3%. 

The numbers of plots are presented to show the effect of blockage ratio, Da, Ra and 𝜑 on 

the average Nu over the porous block surface (𝑁𝑢 ̅̅ ̅̅ ̅̅ ), average total entropy generation due 

to heat transfer irreversibility (𝑆𝜃̅̅ ̅) and fluid friction irreversibility (𝑆𝜓̅̅̅̅ ). The numerical 

results obtained for the current problem are discussed in detail in the following sections. 
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The grid size of 401×401 is found to be suitable for all computations as obtained 

from the grid-independence test which is included earlier in Chapter 4 under section 4.4.1. 

The current code can be reduced to two-phase MRT-LB model for nanofluid for large Da 

= 107 and to MRT-LBM model for porous structure for 𝜑 = 0. Therefore, the validation of 

the current code can be ensured by making a comparison of present results with the different 

published ones dealing with porous medium and nanofluid respectively. These validation 

tests are already included in the preceding chapters 4 and 5 respectively under the section 

“Code validation”. Hence, for the sake of brevity and to avoid repetition, the validation 

tests are not included in this chapter. The present code shows a good agreement with the 

published ones which gives confidence in the numerical results obtained in this work.  

7.4.1 Effect of nanofluid on fluid flow and thermal behaviour 

Figs. 7.2 and 7.3 depict the effect of Ri, Da and 𝜑 on the fluid flow and thermal 

behaviour in terms of the distribution of non-dimensional vertical velocity v and 

temperature θ along the horizontal midline of the cavity respectively. The results are 

obtained for Ri = 0.1, 1.0 and 10.0 separately while maintaining 𝜑 at 0% and 3% and Da = 

10-2, 10-4 and 10-6. Fig. 7.2 reveals that at fixed Darcy number, the flow velocity increases 

inside the porous block with the increase in Richardson number (as mentioned in Chapter 

4 under subsection 4.4.3.2). It is observed that the flow rate diminishes and velocity 

approaches zero when Da reaches a very low value of about 10-6 for both blockage ratios. 

The addition of nanoparticles decreases the velocity for both blockage ratios as indicated 

by the diminishing maximum velocity. This phenomenon is attributed to the augmentation 

in viscosity with an increase in the volume fraction of nanoparticles 𝜑. Fig. 7.3 indicates 

that there is no significant change in temperature gradient with the addition of nanoparticles 

at lower Da and Ri for both BRs as the flow is mainly dominated by conductive heat 

transfer. However, the slight increment of thermal boundary layer thickness is recognised 

at higher Ri = 10 and Da = 10-2 due to enhancement of convective effect with an increase 

in 𝜑. 
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Fig. 7.2. Comparison of v for Ri’s of 0.1, 1 and 10 respectively for BR = 0.25 (left panel) 

and 0.5 (right panel). 
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Fig. 7.3. Comparison of θ for Ri’s of 0.1, 1 and 10 respectively for BR = 0.25 (left panel) 

and 0.5 (right panel). 
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7.4.2 Heat transfer rates: Nusselt numbers 

Figs. 7.4 and 7.5 respectively show the average Nusselt number over the block surface 

(𝑁𝑢 ̅̅ ̅̅ ̅̅ ) and normalised average Nusselt number (𝑁𝑢̅̅ ̅̅ 𝑁 ) with an increase in 𝜑 for three 

different Ris and four different Das at two blockage ratios. The irregular behaviour of 𝑁𝑢 ̅̅ ̅̅ ̅̅  

at Ri = 0.1 with a change in Da indicates that the effect of the square porous block is less 

significant on fluid flow as the flow is mostly dominated by the lid-driven induced forced 

convection. For all conditions, the value of 𝑁𝑢 ̅̅ ̅̅ ̅̅  is found to be higher for BR = 0.5 

compared to BR = 0.25 due to the presence of higher temperature gradients astride the block 

resulting from isotherm clustering. 𝑁𝑢 ̅̅ ̅̅ ̅̅  augments with increase in Ri for all Da for BR = 

0.25 (as mentioned earlier in Chapter 4 in section 4.4.3.3). For BR = 0.5, 𝑁𝑢 ̅̅ ̅̅ ̅̅  is found to 

be higher at Ri = 1 for all Da in comparison to Ri = 0.1 except at Da = 10-4 and this 

enhancement of 𝑁𝑢 ̅̅ ̅̅ ̅̅  with Ri is more prominent at Da = 10-2. However, a further increase 

in Ri leads to the reduction of 𝑁𝑢 ̅̅ ̅̅ ̅̅  with the exception of Da = 10-4. This is attributed to the 

fact that at higher blockage ratio with an increase in Ri, the flow behave more like a channel 

flow than cavity flow due to restricted passage. The value of 𝑁𝑢 ̅̅ ̅̅ ̅̅  is found to augment with 

𝜑 for all conditions as the addition of nanoparticles enhances the thermal conductivity of 

the fluid. Fig. 7.5(a) and (b) show that the increase of normalised average Nusselt number 

𝑁𝑢̅̅ ̅̅ 𝑁  (ratio of average Nu of nanofluid to that of base fluid) with 𝜑  is found to be 

comparable for all Da at Ri = 0.1 as the flow is mainly controlled by forced convection due 

to lids movement. It is observed that the maximum 𝑁𝑢̅̅ ̅̅ 𝑁 decreases with increases in Ri due 

to the augmented retardation effect of viscosity with an increase in free convection. This 

decrease in 𝑁𝑢̅̅ ̅̅ 𝑁 is more prominent at Da = 10-2 and 10-3. However, at lower Da = 10-4 and 

10-6, the change of 𝑁𝑢̅̅ ̅̅ 𝑁 with Ri is insignificant as the conductive heat transfer prevails at 

these conditions. It is observed that at Ri = 0.1, the percentage enhancement of 𝑁𝑢 ̅̅ ̅̅ ̅̅  is 

slightly higher for BR = 0.25 compared to BR = 0.5. Besides, the percentage augmentation 

of heat transfer rate gradually deteriorates with increase in 𝜑  as seen by the reducing 

inclination angle of 𝑁𝑢̅̅ ̅̅ 𝑁 profile with 𝜑. 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Fig. 7.4. Variations of 𝑁𝑢 ̅̅ ̅̅ ̅̅  with 𝜑 for Ri = 0.1 (a and b), Ri = 1.0 (c and d) and Ri = 10.0 

(e and f) at BR = 0.25 (left panel) and 0.5 (right panel). 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Fig. 7.5. Variations of 𝑁𝑢𝑁̅̅ ̅̅ ̅̅  with 𝜑 for Ri = 0.1 (a and b), Ri = 1.0 (c and d) and Ri = 10.0 

(e and f) at BR = 0.25 (left panel) and 0.5 (right panel). 
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7.4.3 Entropy generation and Bejan number 

Fig. 7.6 reveals that the variation of average entropy generation due to heat transfer 

(𝑆𝜃̅̅ ̅) over the whole cavity with 𝜑 resembles the variation of 𝑁𝑢 ̅̅ ̅̅ ̅̅  with the exception at Ri 

= 0.1 as both the quantities are functions of temperature gradients. Therefore, the same 

arguments can be provided for their variation with 𝜑. However, the reduction of 𝑆𝜃̅̅ ̅ with a 

decrease in Da is observed for all Ris for both BRs which is in contrast to 𝑁𝑢 ̅̅ ̅̅ ̅̅  at Ri = 0.1. 

This is attributed to the dominating force convection resulted from movement of horizontal 

walls, thus, the concentration of 𝑆𝜃 is found to be higher near these walls at Ri = 0.1. Similar 

to 𝑁𝑢 ̅̅ ̅̅ ̅̅ , value of 𝑆𝜃̅̅ ̅ is found to be higher for BR = 0.5 compared to BR = 0.25. Fig. 7.7 

depicts that the magnitudes of average total entropy generation due to viscous effect (𝑆𝜓̅̅̅̅ ) 

throughout the cavity at different values of Ri are found to be similar for both blockage 

ratios. 𝑆𝜓̅̅̅̅  augments with 𝜑 for all Darcy numbers due to the enhancement of viscosity with 

the addition of nanoparticles. However, it is interesting to observe that the variation 𝑆𝜓̅̅̅̅  

with 𝜑 follows a similar pattern for all Darcy numbers. The magnitude of 𝑆𝜓̅̅̅̅  increases with 

increase in Da for all Ris as more fluid is allowed to flow through the highly permeable 

block, which results in additional and higher velocity gradients.  

Fig. 7.8 shows that the entropy generation is dominated by the heat transfer 

irreversibility for all prescribed values of Ri and Da. This is indicated by the high average 

Bejan number (𝐵𝑒̅̅̅̅ ) over the whole cavity due to the presence of lower entropy generation 

due to friction as shown in Fig. 7.7. It is observed that 𝐵𝑒̅̅̅̅  decreases with increase in 𝜑 for 

Ri = 1 and 10 as the percentage enhancement of entropy generation due to fluid friction is 

more prominent compared to entropy generation due to heat transfer. However, at Ri = 0.1, 

𝐵𝑒̅̅̅̅  first increases up to 𝜑 = 0.01 (Figs. 7.8(a) and (b)) and then decreases with further 

increase in 𝜑 for both blockage ratios.  
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Fig. 7.6. Variations of 𝑆𝜃̅̅ ̅ with 𝜑 for Ri = 0.1 (a and b), Ri = 1.0 (c and d) and Ri = 10.0 

(e and f) at BR = 0.25 (left panel) and 0.5 (right panel). 
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(a) (b) 
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(e) (f) 

Fig. 7.7. Variations of 𝑆𝜓̅̅̅̅  with 𝜑 for Ri = 0.1 (a and b), Ri = 1.0 (c and d) and Ri = 10.0 

(e and f) at BR = 0.25 (left panel) and 0.5 (right panel). 
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Fig. 7.8. Variations of 𝐵𝑒̅̅̅̅  with 𝜑 for Ri = 0.1 (a and b), Ri = 1.0 (c and d) and Ri = 10.0 

(e and f) at BR = 0.25 (left panel) and 0.5 (right panel). 
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Fig. 7.9. Variations of 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  with 𝜑 for Ri = 0.1 (a and b), Ri = 1.0 (c and d) and 

Ri = 10.0 (e and f) at BR = 0.25 (left panel) and 0.5 (right panel). 
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7.4.4 Performance analysis 

To consider the effect of volume fractions of nanoparticles on the overall efficiency 

of the system, a performance coefficient parameter is evaluated as termed by Siavashi et al. 

[2018]. This parameter defined as the ratio of normalised nusselt number 𝑁𝑢𝑁̅̅ ̅̅ ̅̅  to 

normalised entropy generation 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅ signifies the heat transfer enhancement with respect 

to entropy generation increment. Fig. 7.9 reveals that 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  increases with increase 

in 𝜑 for all Ris. Besides, the percentage enhancement of 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  rises with the increase 

in Da. This signifies that both nanofluid and permeable block have a prominent influence 

on energy efficiency. At Ri = 0.1, the augmentation of 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  with 𝜑 is found to be 

higher for BR = 0.5 compared to BR at 0.25. However, this enhancement is more at BR = 

0.5 for higher Ri. It is observed for BR = 0.5 that both forced convection dominated flow 

conditions at lower Ri = 0.1 provide much desirable energy efficiency compared to free 

convection dominated condition at higher Ri = 10.0. This is in contrast to the case for BR 

= 0.25 where the magnitude of maximum 𝑁𝑢𝑁̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅⁄  is higher at Ri = 10.0.  

7.5 Conclusions 

The present work deals with a novel MRT-based two-phase LB model to simulate 

nanofluid flow through a porous medium during mixed convection in the cavity while 

placing a hot permeable square block at the cavity centre. The effect of blockage ratios of 

the heated permeable block (BR = 0.25 and 5), Richardson numbers Ri (Ri = 0.1, 1 and 10), 

Darcy numbers (Da = 10-2, 10-3, 10-4 and 10-5) and volume fractions of Al2O3-water 

nanofluid nanoparticles (𝜑  ≤  3%) on the flow and temperature fields are thoroughly 

analysed while maintaining a fixed Grashof number Gr = 104. It is noticed that nanofluid 

has successfully augmented the heat transfer rate due to enhanced thermal conductivity. 

However, the undesirable total entropy generation increases with the addition of particles. 

Therefore, a performance coefficient parameter is considered to evaluate the effectiveness 

of nanofluid based on both 1st and 2nd laws of thermodynamics. The results show that 
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nanofluid is found to be an energy-efficient medium compared to base fluid due to the 

presence of higher performance coefficient parameter. The careful validation of present 2-

phase LBM code with the published results gives the confidence to carry out the 

simulations for nanofluid flow through porous structures.  
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Chapter 8 

Conclusion and Scope for Future 

Work 

 

8.1 Conclusion 

This thesis uses a relatively new numerical technique, namely, lattice Boltzmann 

method to compute a variety of fluid flow and thermal problems of practical significance. 

Throughout the thesis, qualitative and quantitative aspects of results are systematically 

analysed with the help of a large number of figures and tables. All the results are produced 

using computer codes in FORTRAN that have been carefully developed by the author and 

validated through an extensive comparison exercise. This lends credibility to the results, 

especially to those pertaining to flow configurations that had not been studied earlier. In 

the course of what follows the major achievements of the thesis will be described and 

commented upon. 

The thesis work starts with the simulations of different benchmark isothermal and 

thermal flow problems to validate the developed LBM code by comparing the present 

results with the published results obtained through conventional numerical techniques. The 

current work is based on two different versions of the lattice Boltzmann model, namely 

single-relaxation-time (SRT) and multiple-relaxation-time (MRT). The comparison of SRT 

and MRT results indicate that both models provide comparable solutions while dealing with 

laminar flow regime specified by Rayleigh number (Ra) of the order of 106. However, 

MRT-LB model is found to ensure more stability and accuracy than SRT-LB model at 

higher Rayleigh numbers. This is attributed to the introduction of different relaxation times 

which relax the respective moment of the distribution functions. 

 Further, to check the stability of MRT-LB model, the effect of three different 

Prandtl numbers (Pr = 0.025, 5.83 and 151) on convective heat transfer in a square cavity 

with an inner solid block is considered. The natural- and mixed-convection phenomena 

TH-2577_11610308



     

Chapter 8: Conclusion and Scope for Future Work 

180 | P a g e  
 

based on three different boundary conditions in the cavity are investigated. As per the 

author’s best knowledge, no investigation is made to study the effect of varying Prs and 

blockage ratios on the heat transfer and entropy generation. The results show that the size 

of the block and Pr have a considerable influence on heat transfer rate and entropy 

generation for different Richardson number (Ri) values. The entropy generation due to heat 

transfer irreversibility dominates flow and temperature fields for all Pr irrespective of Ri. 

The drastic augmentation of average total entropy generation due to viscous effect (𝑆𝜓̅̅̅̅ ) 

with an increase in Pr is more pertinent to natural convection than mixed convection. 

Therefore, the results suggest that opting for mixed convection over natural convection 

could be beneficial in certain flow conditions by considering the viewpoints of both 1st and 

2nd law of thermodynamics. 

Next, the computations are made to analyse the entropy generation and heat transfer 

for two different porous flow configurations in the cavity, which are not considered yet. 

The first problem employs a generalised thermal lattice Boltzmann model based on SRT 

approach to study the effect of four different heating conditions at the left vertical wall of 

the cavity on fluid flow in a water-saturated porous cavity. This investigation deals with 

several non-dimensional parameters like Ra varying from 103-105, Darcy number (Da) 

from 10-1-10-6 at 𝜀 = 0.5. It is understood from the results that the values of Ra and Da play 

a vital role in determining the optimum condition of heat transfer rate, total entropy 

generation, thermal mixing and temperature uniformity. The second problem utilises a 

generalised MRT-LB technique to investigate the effect of the hot permeable inner square 

block on entropy generation during mixed-convection in a water-filled cavity. The results 

indicate that the inclination angle of the cavity can be seen as a control parameter for fluid 

flow and heat transfer. The effect of the square porous block on fluid flow increases with 

Ri due to the enhancement of convective heat transfer. The entropy generation is mainly 

controlled by heat transfer irreversibility 𝑆𝜃 , whereas the effect of fluid friction 

irreversibility 𝑆𝜓 is minimal as characterised by high average Bejan number (𝐵𝑒̅̅̅̅ ) over the 

whole cavity. The results reveal, while considering both 1st and 2nd laws of 

thermodynamics, that the values of 𝑁𝑢ℎ̅̅ ̅̅ ̅̅ 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅⁄  (ratio of average Nusselt number to total 
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entropy generation) for inclination angles, 𝛾 = 0° and 90° are comparable to each other and 

higher compared to the other two inclination angles. 

The main concern of this thesis is the simulation of nanofluid flow by using two-

phase LBM. Here, an established single-relaxation-time based two-phase lattice Boltzmann 

model is first exploited and based on that a new multiple-relaxation-time two-phase model 

is developed for nanofluid flow. The experimental and numerical validations of current 

two-phase LB model show better accuracy in predicting nanofluid behaviour compared to 

single-phase LB model. The present investigation explores the behaviour of a new class of 

nanofluids known as hybrid nanofluid (Al2O3-Cu/water) while making a comparative 

analysis with regular single-particle nanofluids Al2O3/water and Cu/water during natural 

convection in a differentially heated square cavity. The results suggest that the Al2O3-

Cu/water hybrid nanofluid can serve as an alternative fluid as it provides favourable 

conditions in terms of efficiency as well as stability due to its synergistic effect resulting 

from two different single-particle nanofluids. Further, Al2O3-Cu/water nanofluid with 9:1 

mixture ratio (with volume fractions 𝜑 ≤ 3%) is used to investigate three separate cases of 

buoyancy-assisted mixed convection cavity flow based on velocity and thermal boundary 

conditions. To the best of author’s knowledge, the two-phase model for nanofluid was not 

considered before for this kind of flow conditions. This study reveals that the heat transfer 

rate and total entropy generation of the current system are influenced by the change in 

boundary condition and Richardson number. The addition of nanoparticles is unable to 

attain desirable effectiveness in the overall improvement of this system due to the 

augmentation of entropy generation, despite the improvement of heat transfer rate. 

Brownian motion and thermophoresis effect contribute to the enhancement of the heat 

transfer rate by making the nanofluid less viscous while the drag force provides an 

attenuation effect on heat transfer. This investigation indicates the presence of two different 

optimal volume fractions based on the maximum heat transfer rate and performance 

coefficient parameter (ratio of normalised average Nusselt number (𝑁𝑢𝑁̅̅ ̅̅ ̅̅ = 𝑁𝑢̅̅ ̅̅ 𝑁𝑢𝜑=0̅̅ ̅̅ ̅̅ ̅̅ ̅⁄ ) 

to the normalised average total entropy generation (𝑆𝑡𝑜𝑡,𝑁̅̅ ̅̅ ̅̅ ̅ = 𝑆𝑡𝑜𝑡̅̅ ̅̅ ̅ 𝑆𝑡𝑜𝑡,𝜑=0̅̅ ̅̅ ̅̅ ̅̅ ̅̅⁄ )) respectively. 
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Next, an attempt has been made to broaden the scope of developed two-phase 

nanofluid code in the field of a nanofluid-saturated porous structure. While doing so, there 

is a need for some modifications to the existing two-phase LB model for nanofluid. This is 

obtained by incorporating the Brinkman–Forchheimer-extended Darcy model for porous 

media into the two-phase model for nanofluid by providing suitable assumptions. Two 

different versions of this novel two-phase LBM model are developed based on the SRT and 

MRT approach. First, the codes have been validated carefully with the published results, 

which provides greater credibility to the simulations of flow and heat transfer of nanofluid 

through porous structures. Both (SRT & MRT) models are then utilised to study two 

different flow problems. It is believed to be the first instance of using two-phase LBM for 

nanofluid in a porous medium. In the first problem, the SRT-based two-phase LB model is 

utilised to study the effect of Cu-water nanofluid during natural convection in a nanofluid-

saturated square cavity. It is noticed that nanofluid has successfully reduced the total 

entropy generation for all values of Darcy-Rayleigh numbers whereas, it augments the heat 

transfer rate up to a certain volume fraction of nanoparticles due to the contradicting effects 

of viscosity and thermal conductivity. The second problem of nanofluid saturated porous 

structure deals with MRT-based two-phase LBM formulation while simulating nanofluid 

flow through a porous medium during mixed convection in the cavity while placing a hot 

permeable square cylinder at the cavity centre. It is found that both nanofluid and permeable 

block have a positive influence on energy efficiency. The flow configurations considered 

in this work to exploit the developed LBM models are not addressed before, according to 

the author’s best knowledge. 

The foregoing discussions show that a wide variety of fluid flow and heat transfer 

problems of varying complexities have been studied using lattice Boltzmann method. Both 

SRT and MRT versions of LBM are used to compute single-phase flow problems involving 

natural- and mixed convection with or without a porous medium. However, to study 

nanofluid flow, SRT-based two-phase LBM is first used to gain some experience and then 

a new MRT-based two-phase model is proposed and executed. Extensive literature survey 

reveals that no two-phase LBM model to study nanofluid-saturated porous medium exists. 
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To bridge this gap, a pioneering attempt has been made to develop a two-phase model based 

on both SRT and MRT approaches to simulate nanofluid flow in a porous medium. The 

success of this attempt has been substantiated through the presentation of various results 

and their analysis. 

Thus it can be concluded that the goal of the work outlined at the beginning of the 

thesis has largely been met. The volume of work done and the elements of novelty therein 

both suggest that the work has been brought to a logical conclusion.  

8.2 Scope for future work 

This dissertation has been an attempt to develop and expand the field of application 

of LBM, particularly for nanofluid flow and porous medium. However, the potential 

remains to gain more insight into the two-phase nanofluid flows with or without porous 

media. The following are some of the recommendations that could be made for future work: 

1. The present LBM code is based on the uniform grid. However, the extension of the 

current model to the non-uniform grids is possible by using the Taylor series 

expansion- and least-squares-based LBM. This extension is beneficial in 

implementing this model more efficiently for flows with complex geometry such as 

flow through a solid (or permeable) circular/elliptic cylinder while incorporating 

curved boundary treatment. 

2. The present code can be extended further to analyse different flow problems with 

complex flow configurations pertinent to industrial applications. 

3. The current serial code consumes high computational time to provide solutions for 

steady three-dimensional flow problems. Therefore, the parallelisation technique is 

needed to be incorporated to get computational acceleration in solving different 3D 

flow problems.  

4.  Currently, LBM studies are scarce on compressible flow. Besides most of them 

deal with compressible flow problems with Mach number less than or equal to one. 

Though difficult, there seems to be scope for extending LBM to higher Mach 

numbers. 
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5. There are examples of multigrid technique being used to accelerate LBM 

computations for relatively simple flows. There appears to be scope for extending 

multigrid to the kind of flows studied in this thesis for convergence acceleration.  

6. Although the functional relationship between various dimensionless parameters are 

established by experiments, it is suggested that extensive numerical experiments are 

carried out and correlations developed. 
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Appendix A 

Conversion of Units 

The mesh-independent quantities in a real physical system are based on SI units 

such as meter (m), second (s) and kilogram (kg), and they are defined as physical units (𝑝). 

However, to facilitate computer simulation, there is a need for unit conversion from 

physical to dimensionless system as computers can only process binary numbers (i.e., 

dimensionless numbers) and these non-dimensional parameters are termed as lattice units 

(𝑙𝑏) in lattice Boltzmann method.  

In LBM, the conversion of units is done in two sequential steps. The first step deals 

with the conversion of dimensional physical quantities into dimensionless quantities. The 

second step concerns the conversion of a dimensionless system into a discrete simulation 

system. All these three unit systems (the physical (𝑝), the dimensionless (𝑑), and the LB 

(𝑙𝑏)) are communicated through dimensionless parameters. For example, the benchmark 

lid-driven cavity problem can be defined fully using only one dimensionless parameter, i.e. 

the Reynolds number (Re). Therefore, to simulate the same flow problem, all three unit 

systems must have the same Reynolds number. The conversion of the unit from physical to 

dimensionless is based on the choice of a characteristic length scale and time scale. The 

transition from the dimensionless unit to the LB unit is made through the choice of 

discretisation parameters ∆𝑥 and ∆𝑡, where ∆𝑥 is the spacing between two adjacent lattice 

nodes and ∆𝑡 is the time step. The procedure for conversion from physical to lattice unit is 

given below by considering the example of a lid-driven cavity flow problem. 

The lid-driven cavity flow problem is characterised by the physical velocity of the 

lid (𝑢𝑝), the length of the cavity (𝑙𝑝)  and viscosity (property) of the fluid (𝜈𝑝). These 

physical variables are replaced by their dimensionless counterpart as follows: 

𝑙𝑑 =
𝑙𝑝

𝐿
; 𝑢𝑑 =

𝑢𝑝

𝑉0
∗ 

; 𝜈𝑑 =
𝜈𝑝

𝑉0
∗𝐿

 (A. 1) 
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where 𝐿 and 𝑉0
∗ are taken as the reference length in metre and characteristic velocity of the 

fluid in metre per sec respectively. The non-dimensional parameter, Reynolds number is 

defined using both dimensional and non-dimensional quantities as follows: 

𝑅𝑒 =
𝑢𝑝𝑙𝑝

𝜈𝑝
=

𝑢𝑑𝑙𝑑

𝜈𝑑
 (A. 2) 

Mostly in numerical simulation, 𝐿 and 𝑉0
∗ are considered to have the same magnitude as 𝑙𝑝 

and 𝑢𝑝 which lead to the values of dimensionless length (𝑙𝑑) and velocity (𝑢𝑑) of unity. 

Therefore, in terms of dimensionless quantities, 𝑅𝑒 becomes equal to reciprocal of the 

dimensionless viscosity (𝜈𝑑). 

Now, to convert these dimensionless quantities to LB quantities, the discretisation 

of space and time for the particular simulation has to be introduced. In LBM, the lattice 

spacing ∆𝑥  and time step ∆𝑡 are obtained by dividing the dimensionless length by the 

number of grid size 𝑁 and the dimensionless time by the number of iteration steps 𝑁𝑖𝑡𝑒𝑟 to 

reach the final time (transient flow condition), i.e., 

∆𝑥 =
𝑙𝑑

𝑁
 (A. 3) 

∆𝑡 =
𝑙𝑑

𝑢𝑑𝑁𝑖𝑡𝑒𝑟
 (A. 4) 

For convenience, generally, these parameters ∆𝑥 and ∆𝑡 are set equal to one [Krüger et al., 

2016]. Therefore, the dimensionless length (𝑙𝑑) becomes equal to the number of grid size 

(𝑁). As our problems deal with steady-state flow problems, we have to get rid of ∆𝑡, which 

is shown in the subsequent steps. The LB velocity and viscosity can be obtained from 

dimensionless quantities through a dimensionless analysis: 

𝑢𝑙𝑏 =
∆𝑡

∆𝑥
𝑢𝑑  (A. 5) 

𝜈𝑙𝑏 =
∆𝑡

∆𝑥2
𝜈𝑑 =

𝑢𝑙𝑏 

∆𝑥

1

𝑅𝑒
=

𝑢𝑙𝑏 𝑁

𝑅𝑒
 (A. 6) 
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However, in LBM, the LB viscosity is defined using a relaxation time 𝜏 with a constraint 

that its value should be greater than 0.5 for minimizing the errors and achieving stability. 

The LB viscosity is determined as: 

𝜈𝑙𝑏 = 𝐶𝑠
2 (𝜏 −

1

2
) (A. 7) 

It is found that 𝜈𝑙𝑏 depends on 𝜏, 𝑢𝑙𝑏 and ∆𝑥. However, another constraint put into 

LBM to simulate incompressible flow problem is that LBM velocity should be less than 

the lattice speed of sound 𝐶𝑠)which)is)equal)to)
1

√3 
.)Therefore, in LBM, the discretisation 

parameters such as ∆𝑥 or 𝑁 need to be tuned according to the problem. 
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Appendix B 

Compressible Flow using LBM 

 

B. 1. Introduction 

In this thesis work, both SRT- and MRT- LBM have been used to study different 

problems pertained to viscous incompressible flow system. Generally, in LBM, the 

equilibrium distribution function (EDF) is derived by applying the truncated Taylor series 

expansion to Maxwell function which is the exponential form of particle velocity, in terms 

of Mach number and that inevitably limits the range of applied Mach number. Besides that, 

EDF should be expressed as a polynomial form of particle velocity to recover the Navier- 

Stokes equations using Chapman-Enskog expansion. So, attempts have been made by 

various researchers to change EDF in order to simulate compressible flow problems. From 

literature, it is found that compressible LB models encounter difficulty while performing 

the collision-streaming process as they become numerically unstable. Therefore, to study 

compressible flow, researchers have opted for schemes based on discrete velocity 

Boltzmann equation (DVBE) over lattice Boltzmann equation (LBE), where the 

discretization of space and time quantities can be treated independently. Kataoka and 

Tsutahara [2004] provide a simple and rigorous theoretical background in solving DVBE 

for compressible flows by implementing discretization techniques based on finite 

difference method. Considering the work towards this direction, Shadloo [2019] have 

recently developed a compressible FD-LBM model which couples the multiple-relaxation 

time LB model and two highly stable discretization schemes based on modified total 

variation diminishing and modified Lax-Wendroff. Although the DVBE model can 

simulate compressible flow with high Mach number, it loses the primary advantages of 

LBM such as simple implementation and algebraic operation. Besides, DVBE model may 

contain a significant numerical dissipation and lead to numerical instability similar to 

conventional numerical techniques as it contains a set of partial differential equations equal 
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to the number of lattice velocities, which is more than the number of conservative variables. 

A lattice Boltzmann flux solver (LBFS) (also termed as hybrid FVM-LBM) has been first 

proposed by Ji et al. [2009] to overcome defects of DVBE models. The basic idea of LBFS 

is to reconstruct numerical fluxes at each cell interface from local solution of 1D 

compressible lattice Boltzmann (LB) model for one streaming step and then to calculate 

the node parameters using the conventional finite volume method. LBFS is found to be 

very efficient and easy to implement compared with the DVBE approach. Later, the LBFS 

model is improved and extended to simulate different flow phenomenon by researchers like 

Joshi et al. [2010] and Yang et al. [2013, 2016]. Recently, Yang et al. [2019] have extended 

their previous model to simulate two-dimensional multicomponent compressible viscous 

reacting flows. However, the works concerning the LBFS model in the simulation of 

compressible flow is very limited, which motivates us to carry out the present work. In this 

preliminary work, Joshi et al.’s LBFS model [2010] is incorporated in our in-house 

FORTRAN code to simulate a well-established benchmark compressible flow problem. 

B. 2. Numerical methodology 

The LBFS (or hybrid FVM–LBM) method proposed by Joshi et al. [2010] is 

adopted here. As mentioned earlier, this model is based on the fundamental idea that the 

inter-cell face parameters are determined by the LBM and the node parameters are 

calculated using the conventional finite volume method. 

For the convenience of numerical calculation and analysis, the variables are 

expressed in the non-dimensional form for one-dimensional problem as follows: 

𝑡 =
𝑡∗

𝐿

√𝑅𝑇0
∗

 ; 𝑥 =
𝑥∗

𝐿
 ; 𝜌 =

𝜌∗

𝜌0
∗ ; 𝑢 =

𝑢∗

√𝑅𝑇0
∗ ; 𝑇 =

𝑇∗

𝑇0
∗ ; 𝑃 =

𝑃∗

𝜌0
∗  𝑅𝑇0

∗ (B.1) 

where 𝐿, 𝜌0
∗ and 𝑇0

∗ are taken as the reference length, density and temperature respectively. 

The symbols with ‘∗’ indicate the parameters in their dimensional form and without ‘∗’ 

indicate the same in their non-dimensional form. The symbol 𝑡, 𝑥, 𝜌, 𝑢, 𝑇, 𝑃 and R denote 

time, spatial coordinate, density, velocity, temperature, pressure and specific gas constant 

respectively. 
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The 1D time-dependent Euler equations in conservative form is given below, 

𝑈𝑡 + 𝐹(𝑈) = 0 (B.2) 

Here 𝑈 and 𝐹(𝑈) are the vector of conserved variables and the flux vectors along the x-

direction respectively, which are given as follows: 

𝑈 =  [
𝜌

𝜌𝑢
𝐸

]; 𝐹(𝑈)  =  [

𝜌𝑢

𝜌𝑢2 + 𝑃
𝑢(𝐸 + 𝑃)

]  (B.3) 

𝐸 is the total energy per unit volume given by,  

𝐸 =
𝜌

2
(𝑢2 +

𝑃

𝜌
𝑏); 𝑏 =  

2

(𝛶−1)
; 𝑃 =  𝜌𝑅𝑇 (B.4) 

A conservative finite volume scheme is used to discretize the Equation (B.2) as follows: 

𝑈𝑗
𝑛+1 =  𝑈𝑗

𝑛 +
∆𝑡

∆𝑥
(𝐹

𝑗−
1
2

𝑛 − 𝐹
𝑗+

1
2

𝑛 ) (B.5) 

where 𝑈𝑗
𝑛 denote the conserved variable vector at the node 𝑗 and at time level 𝑛. The initial 

condition can be given as, 

𝜌 = 𝜌0; 𝑢 = 𝑢0; 𝑇 = 𝑇0    at  𝑡 = 0             (B.6) 

To calculate fluxes at the inter-cell faces, Kataoka and Tsutahara’s compressible 

model is used. This process gives the initial solutions of compressible Euler equations (B.2) 

and initial condition (B.6) in terms of particle velocity distribution function. D1Q5 lattice 

structure is used for solving the one-dimensional problem. The five discrete lattice 

velocities (𝑒𝑖) in the x-direction are given as, 

 𝑒𝑖 = 0 for 𝑖 = 0  

(B.7)  𝑒𝑖 = 𝑣1𝑐𝑜𝑠 (𝜋𝑖) for 𝑖 = 1, 2 

 𝑒𝑖 = 𝑣2𝑐𝑜𝑠 (𝜋𝑖) for 𝑖 = 3, 4 

The suffix i (0 ≤ i ≤ 4) refers to a distribution function with velocity 𝑒𝑖. To control the 

specific-heat ratio, new variable is introduced as follows,  
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 𝜂𝑖 = 𝜂0 for 𝑖 = 0  

(B.8) 

 𝜂𝑖 = 0 for 𝑖 = 1, 2, 3, 4 

The parameters in LBM equations are chosen to be 𝑣1 = 1, 𝑣2 = 3, 𝜂0 = 2. The local 

equilibrium particle velocity distribution function (𝑓𝑖
𝑒𝑞

) is defined as, 

 𝑓𝑖
𝑒𝑞 = 𝜌{𝐴𝑖 + 𝐵𝑖𝑢𝑒𝑖}          (B.9) 

where, 

𝐴𝑖 =
𝑇

 𝜂0
2

(𝑏 − 1) for 𝑖 = 0  

(B.10) 𝐴𝑖 =
1

2(𝑣1
2 − 𝑣2

2)
[−𝑣2

2 + (
𝑣2

2

 𝜂0
2

(𝑏 − 1) + 1) 𝑇 + 𝑢2] for 𝑖 = 1, 2 

𝐴𝑖 =
1

2(𝑣2
2 − 𝑣1

2)
[−𝑣1

2 + (
𝑣1

2

 𝜂0
2

(𝑏 − 1) + 1) 𝑇 + 𝑢2] for 𝑖 = 3,4 

and  

𝐵𝑖 =
[−𝑣2

2 + (𝑏 + 2)𝑇 + 𝑢2]

2𝑣1
2(𝑣1

2 − 𝑣2
2)

 for 𝑖 = 1, 2 

(B.11) 

𝐵𝑖 =
[−𝑣1

2 + (𝑏 + 2)𝑇 + 𝑢2]

2𝑣2
2(𝑣2

2 − 𝑣1
2)

 for 𝑖 = 3, 4 

The DVBE in a non-dimensional form with BGK collision term used for solving 

particle velocity distribution function is given as, 

∂𝑓𝑖

∂t
+  𝑒𝑖

𝜕𝑓𝑖

𝜕𝑥
=  

1

ε
( 𝑓𝑖

𝑒𝑞(𝑥, 𝑡) − 𝑓𝑖(𝑥, 𝑡)) (B.12) 

where the Knudsen number ε is expressed in terms of relaxation parameter 𝜏 as ε = 
𝜏√𝑅𝑇0

𝐿
. 

The particle velocity distribution function (𝑓𝑖) is initialised by local equilibrium particle 

velocity distribution function (𝑓𝑖
𝑒𝑞

). The particle kinetic equation (PKE) (B.12) without 

collision term is then discretized approximating first-order forward in time and first-order 
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upwind in space. This discretized form of PKE is used in LBFS to carry out the LBM 

simulation at a new time step, given as follows: 

(𝑓𝑖)𝑗
𝑛+1 = (𝑓𝑖)𝑗

𝑛 − ∆𝑡 [
(𝑒𝑖+|𝑒𝑖|)

2
(

(𝑓𝑖)𝑗
𝑛−(𝑓𝑖)

𝑗−
 1
2

𝑛

 ∆𝑥

2

) −
(𝑒𝑖−|𝑒𝑖|)

2
(

(𝑓𝑖)𝑗
𝑛−(𝑓𝑖)

𝑗+
 1
2

𝑛

 ∆𝑥

2

)]  (B.13) 

where ∆𝑥 is the distance between two lattice nodes and inter-cell face placed between two 

nodes. In LBFS, the advantage of the FVM is utilized in determining the time step ∆𝑡, 

which is based on the Courant–Friedrichs–Lewy (CFL) criterion. But, in the DVBE scheme 

used by Kataoka and Tsutahara [2004], the time step is restricted by Knudsen number. The 

CFL criterion for LBFS is given as,  

∆𝑡 =  𝐶𝑐𝑓𝑙 × min (
 ∆𝑥

𝑆𝑗
𝑛 );     𝑆𝑗

𝑛= |𝑢𝑗
𝑛| + 𝑎 (B.14) 

𝐶𝑐𝑓𝑙 is the CFL number maintained at the value around 0.5. 𝑆 is the wave speed, 𝑢 is the 

macroscopic velocity component in the x-direction and 𝑎 is the speed of sound. 

The macroscopic variables, i.e., density, velocity and temperature are then 

calculated using the particle velocity distribution function at the new time step as: 

𝜌 = ∑ 𝑓𝑖 ; 

5

𝑖=0

𝜌u = ∑ 𝑓𝑖 

5

𝑖=0

e𝑖 ;  𝜌(𝑏𝑇 + 𝑢2) = ∑ 𝑓𝑖 

5

𝑖=0

(e𝑖
2 +  𝜂𝑖

2) (B.15) 

The fluxes at the inter-cell faces are calculated using equation (B.3) and equation (B.5) is 

used to find node parameters for the next time step. 

B. 3. Test problem and Results 

One dimensional Sod’s shock tube problem [1978] is used as the basic test problem 

to validate compressible flow model. The initial condition for shock tube problem is given 

as,  

𝜌∗ =  1.0 (kg m-3); 𝑢∗ = 0 (m s-1); 𝑃∗ =  1.0 (bar) for −10 ≤ 𝑋 ≤ 0 

(B.16) 

𝜌∗ = 0.125 (kg m-3); 𝑢∗ = 0 (m s-1); 𝑃∗ =  0.1 (bar) for 0 ≤ 𝑋 ≤ 10 
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Fig. B.1 Schematic diagram of the shock tube. 

The simulation is carried out for the time 𝑡∗ = 0.01 sec with a length of shock tube 

L = 20 m  while placing the diaphragm at 10 m. Fig. B.1 shows the schematic diagram of 

the flow configuration. A shock tube is a tube closed at both the ends having a diaphragm  

midway between the two ends. The tube contains air on either side of the diaphragm at two  

  

(a) (b) 

 

(c) 

Fig. B.2 (a) Grid independence study in terms of density, (b) Enlarged view of corner for 

expansion fan tail and (c) Enlarged view of corner for contact discontinuity. 
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different states. The left chamber (Driver section) contains high pressure and high density 

gas, whereas the right chamber (Driven section) has relatively low pressure and density. If 

the axis of the tube is parallel to the x-axis, the locations of the two ends of the tube are 

given by 𝑥∗ = 0 and 10 m and, the diaphragm is located at 𝑥∗ = 5.0 m. Once the diaphragm 

breaks at the time 𝑡∗ = 0, it results in complex flow with an expansion wave moving to the 

left and, a shock wave and a contact surface moving to the right. The current problem is 

modelled as a one-dimensional problem. The stopping time for termination of simulation 

is set before the waves reach the ends of the tube.   

  

(a) (b) 

 

(c) 

Fig. B.3 Comparison of solutions of analytical, LBFS and Van Leer scheme in terms of 

(a) Density, (b) Pressure and (c) Velocity profiles along the length of tube. 
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 Figure B.2(a) shows the grid independence test in terms of density plot along the 

length of tube for four grid points 51, 101, 251 and 501 while comparing the results with 

the analytical (exact) solution for Sod’s shock tube problem. Figs B.2(b) and (c) depict the 

magnified views of the corner for rarefaction tail and the contact discontinuity respectively. 

It is found that as the grid is refined from 51 points to 251 points, the size of oscillations 

reduces. However, noticeable change of the size of oscillations is not observed with further 

refinement of grid points up to 501 and therefore grid points 251 is found to be suitable for 

all computations while taking note of the time-wise efficiency of the numerical simulation.  

Figs. B.3(a), (b) and (c) show the plots of density, pressure and velocity profiles 

along the length of tube respectively using LBFS scheme with the analytical solution and 

Van Leer’s flux vector splitting scheme [10]. LBFS scheme provides a close approximation 

to exact solution than Van Leer’s scheme for the same number grid size as observed from 

Figs. B.4(a) and (b) which present the zoomed view of the rarefaction tail and contact 

discontinuity corners of Fig. B.3(a). Fig. B.4(b) shows that very slight overshoots are 

observed at the contact discontinuity and shock wave for LBFS model, however, the size 

of these oscillations reduce with the refinement of the grid as seen from Fig. B.2(c). 

  

(a) (b) 

Fig. B.4 Enlarged view of Fig. B.3(a) for (a) Expansion fan tail corner and (b) Contact 

discontinuity corner. 
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B. 4. Conclusions 

In this simulation, compressible flow lattice Boltzmann flux solver approach 

proposed by Joshi et al. [2010] is adopted. The shock tube problem is taken as test problem 

to validate the current method as this test case contains all the flow features involved in 

compressible flows such as shock, expansion and contact discontinuity. It is found from 

the results LBFS scheme has successfully captured all these flow features and also shown 

better performance than well-established van Leer’s flux vector splitting scheme. However, 

LBFS works under a Mach number constraint of 1. The main advantage of LBFS model is 

that it retains the advantages of basic LBM such as simple calculation procedure and 

flexibility in use. There is a strong need of improvement in this model to deal with flows 

with Mach number greater than one. How this is done can be an interesting research 

problem.
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