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SYNopsis

Radiative correction to elastic lepton-proton scattering is time honored topic that had
its beginning around the middle of the last century. But over the past two decades with
the advent of modern sophisticated experimental facilities in different parts of the world
opened up the possibility to access the very low-energy or momentum transfer domain,
which were technically unfeasible in the last century with majority of such experiments
restricted only to the high-energy domain. Accordingly, issues such as high-precision
radiative correction analysis of raw experimental data have been demanding the devel-
opment of special theoretical techniques to meet the systematics associated with the
extraction of various physical observables. One such observable which has recently been
a matter of great controversy is in regard to serious discrepancies associated with the
measured values of the proton’s charge radius, contrary to expectations based on cur-
rent theoretical knowledge. This is the famous Proton Radius Puzzle. Meanwhile with
the ongoing progress at PSI, the MUSE Experimental Project at PSI seeks to find a
resolution to the radius discrepancy through a simultaneous study of very low-energy
electron-proton (e*p) and muon-proton (u*p) scatterings with precedented accuracies.
The theoretical analysis presented in the thesis is primarily concern with the systematic
inclusion of model-independent hadronic effects in radiative corrections, which hitherto

were predominantly ad hoc without much control on systematic uncertainties.

In this thesis, we have employed the technique of low-energy Effective Field Theory (EFT)

to describe the radiative and proton recoil corrections to the elastic as well as inelastic

processes, such as the elastic radiative tail, including a model-independent assessment of

the controversial two-photon exchange (TPE) process in regard to the proposed MUSE
xvii
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kinematic domain. Notably, the methodology used in this thesis is the so-called Heavy
Baryon Chiral Perturbation Theory (HBxPT), the non-relativistic analog of Baryon Chi-
ral Perturbation Theory (BxPT), which is tailor-made to ideally describe the dynamics
of nucleon at low-energies. The work in the thesis encompasses three vital aspects associ-
ated with the systematic analysis of radiative corrections to the lepton-proton scattering
process: 1) accounting for the inelastic radiative tail effects constituting the dominant
background for the basic elastic process, 2) systematics associated with hadronic effects
in the TPE contributions to the elastic cross section, and 3) accurate estimate of the
infrared divergence free radiative contributions incorporating dominant hadronic recoil

effects.

The first work of this thesis is a systematic calculation of the cross-section for the lepton-
proton bremsstrahlung process (¢ +p — £ + p +v*) in HBYPT at next-to-leading order
(NLO). This process corresponds to an undetected background signal for the proposed
MUSE experiment. We show that the commonly used peaking approximation, which
is used to evaluate the radiative tail for the elastic cross-section, is not applicable for

muon-proton scattering at the low-energy MUSE kinematics.

In the second work, we evaluate the two-photon exchange (TPE) corrections to the low-
energy elastic lepton-proton scattering at NLO accuracy, including a non-zero lepton
mass. We consider the elastic proton intermediate state in the two-photon exchange
invoking soft photon approximation. The infrared singular contributions are projected
out using dimensional regularization. The resulting infrared singularity-free two-photon
exchange contribution is in good numerical agreement with existing predictions based on

standard diagrammatic soft photon approximation evaluations.

In the final work, the full radiative correction to the elastic lepton proton scattering,
including all the virtual and corresponding soft photon emission diagrams up to NLO in
HBxPT, is taken into account. We demonstrate the systematic cancellation of the infrared
singularities amongst the various diagrams contributing to the elastic cross-section. In
particular, we also include the magnetic form factor of the lepton, whose contribution
was mostly neglected in previous works based on the analysis of high-energy processes.
In our case, such a contribution constituting a part of the LO radiative corrections turn
out to be significant for muon scattering. As expected, our numerical results indicate no
more than 2 % radiative correction for the muon scattering process, compared to much
larger corrections, nearly 25 %, for electron scattering in regards to the low-energy MUSE
kinematic domain. Furthermore, we find that in the former process due to the largeness of

the muon mass, the NLO corrections are kinematically enhanced, numerically becoming
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as large as the LO correction. We thereby conclude that an NNLO calculation may be

necessary for a more definitive analysis of future muon scattering data from MUSE.
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Notations and Conventions

All calculations in this thesis are presented in natural units, » = ¢ = 1. Following are

some of the important kinematical notations used in our evaluations. We will stick to

these notations throughout the thesis, if not mentioned otherwise:

p(E,p)
p/(E/7p—’/)
P(E,, P)
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four-momentum of the incoming lepton,
four-momentum of the outgoing lepton ,
four-momentum of the incoming proton,
residual four-momentum of the incoming (outgoing) proton,
four-momentum of the incoming lepton ,
four-momentum of the photon,
four-momentum transfer in elastic scattering,
four-momentum transfer in bremsstrahlung process,
velocity of the incoming (outgoing) lepton,
mass of the lepton (electron/muon),

quark mass matrix,

mass of the pion,

mass of nucleon in the chiral limit ,

mass of the proton (nucleon),

scattering angle,

detector acceptance ,

chiral symmetry breaking scale,

pion decay constant ,

axial vector coupling constant ,

fine structure constant ,
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The Minkowski metric used in these calculations is

(10 0 0)
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0O 0 -1 0

\0 0 0 —1)

to define the four vector scalar product as,

g =

A-B=g"A,B,=A"B,= AyBy— A-B.

Pauli matrices used are

Below we specify the values of the physical constants we used in our calculations.

Mass of proton M = 938.272 MeV .
Mass of electron me = 0.511 MeV .
Mass of muon m, = 105.658 MeV .
Mass of muon my+ = 139.570 MeV .
Fine structure constant o = ﬁ .
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Chapter 1

Introduction

All of the visible matters are made up of atoms, and the proton is its identity in the
sense that it is the number of the protons (atomic number Z) present in an atom that
decides to which element in the periodic table does it belong to. For example, an atom
of Hydrogen (H) has a single proton, and if we add another one, it becomes an atom
of Helium (He), adding one more yields Lithium (Li), and so on. Since its discovery
by Ernest Rutherford around 1920 [1], protons have been extensively studied primarily
using the principal tool/mode of investigation, viz., the electron-proton scattering. The
specialty of such electron scattering experiments is that they can be employed as a high-
resolution microscopes for probing the hadronic structure, allowing the measurements
of the distribution of charge for nucleons and nuclear structure. It was through the
scattering of high energy electrons in deep-inelastic experiments conducted in the past at
the Stanford Linear Accelerator Center (SLAC) and Fermi-Lab [2-6] that has enabled us
in obtaining a great deal of understanding regarding the structure of nucleons and other
baryons, viz., they are not elementary objects and instead have a composite as well as
extended structure being made up of the elementary subatomic fractional charge-carrying

particles, namely, the quarks.

To scan an object by scattering light particles on it is a time-honored technique in physics;
in elastic electron scattering of the proton, where they interact via the exchange of vir-

tual photons, has been used for decades to un-reveal the static properties of proton, e.g.,
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charge, mass, spin, form factors (yielding its electric and magnetic radii), parton distri-
butions and polarizabilities [7-9]. The small size of the electron and as well as the high
degree of accuracy of the present-day understanding of the underlying theory of Quan-
tum Electrodynamics (QED) describing its interactions with the proton (mediated via
photons, the U(1) gauge bosons) makes the electron an ideal candidate for studying the
proton. During its interaction with the proton, the electron copiously produce virtual as
well as real photons, the effect of which must be taken into account in the data analysis
process in a systematic way which is known as the radiative corrections procedure [10-12].
Since Julian Schwinger used this method for the first time [13], the radiative correction
treatments have evolved steadily along with the advancement in technology in the design
and construction of new experimental facilities and the development of precision mea-
surement techniques. Just when the plethora of information based on extensive studies
on the proton conducted in the past seemed to convince us that much is already known
regarding its nature and properties, there came two very unexpected revelations within
the last two decades that shook the very foundation on which the present-day knowledge

of the proton is based on:

e first, the proton’s electric (G%) to magnetic (G%,) form factor [14, 15] ratio measured
using the novel high-precision recoil Polarization Transfer (PT) technique [16-18]
seems not to follow the expected Q% (mode of the square of the four-momentum
transferred) scaling behavior which was found earlier using the traditional Rosen-

bluth or the Longitudinal-Transverse Separation (LT) method [14, 15, 18-20], and

e second, the charge radius of the proton which was otherwise understood to be pre-
cisely known, when extracted using high-precision spectroscopic muonic hydrogen
Lamb-shift measurements conducted in 2010 [21], yielded a value which was signif-
icantly smaller (= 4%) than the previously accepted results either obtained from
electron scattering experiments off light nuclei or atomic hydrogen spectroscopic

measurements.

It has been observed that most of the former problem could be solved by incorporating
the often neglected Two-Photon Exchange (TPE) [22] process, where the electron and

proton interact via the exchange of two virtual photons (cf. diagram (b) in Figure.[1.1]),
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accurately in the elastic electron-proton scattering radiative correction. Note that the
dominant contribution to electron-proton scattering comes from one-photon exchange

diagram or the Born contribution (cf. diagram (a) in Fig.[1.1]). Meanwhile the latter

(a) (b)

FIGURE 1.1: (a) The one-photon exchange diagram or Born contribution, where the
spherical blob indicates the extended/composite nature of proton. (b) the two-photon
exchange diagram, where the elliptical blob represent the intermediate elastic proton
and as well as all possible inelastic excited states and resonance contributions.

problem, which has been famously termed as the proton radius puzzle [23-26], still contin-
ues to be an intriguing matter which demands an unequivocal explanation as to the cause
of the discrepancy. Many theoretical explanations were put forward aiming at resolving
the puzzle, even going beyond the Standard Model (SM) of particle physics and question-
ing fundamental tenets like the lepton universality [27-30]. Only very recently, two new
experimental findings published results that seemed to indeed settle on a smaller value of
the proton’s radius based on consistent results upon redoing the atomic hydrogen spec-
troscopy [31] and the electron-proton scattering experiments (PRad Collaboration) [32],

albeit with much higher precision at much lower energy/momentum transfers.

In high-energy scattering experiment, the virtual photons transfer very high energy/mo-
mentum to the proton, thereby unraveling its constituent fundamental structures. On the
other hand, to measure the proton’s charge radius or the spatial extent of its charge dis-
tribution, the virtual photon should transfer near-zero momentum//energy t = Q* — 0 to
the proton. In practical experiments, it is a matter of technical challenge to take precise
scattering data close to extreme forward (scattering angle § ~ 0) kinematic configura-
tions due to the presence of the unphysical singularity of the differential cross section
due to Coulomb scattering. Hence, the goal is to push Q? to as low as possible and
then extrapolate to zero. In light of the radius puzzle issue scattering experiments were

designed to collect data at much lower energies and with higher precision levels. Two
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such electron scattering experiments were commissioned soon after the confirmation of
the radius puzzle, one by the Al Collaboration at MAMI in Mainz [33] using the novel
technique called the Initial State Radiation (ISR), and the other by the PRad Collabora-
tion [34] at JLab, with momentum transfers in the range, |Q? = 0.001 — 0.017 (GeV/c)?
and |Q?| = 0.00021 — 0.06 (GeV /c)?, respectively. Notably, the previously achieved low-
est momentum transfer was |Q? = 0.004 — 0.06 (GeV/c)? [35-37] producing a result
which was 4% larger than the muonic hydrogen measurement. The Al collaboration
published their first result in 2017 [38] which they improved in their later communica-
tion in 2019 [39]. Although they reported a smaller value of the proton’s radius, due
to large systematic uncertainty could not unambiguously address the radius puzzle (cf.
Table 1.1). However, the recently published results from the PRad Collaboration [32],
ostensibly corroborated the smaller value of the radius found from the recent atomic hy-
drogen spectroscopic measurements [31], as well as the muonic hydrogen experiment in
2010 [21]. Nevertheless, the puzzle is far from being over as we are yet to understand

why the latest results were so different from the previously obtained results [40].

One can also measure the proton’s radius from muon scattering of the proton, which
is a less explored avenue due to systematic difficulties associated with performing such
experiments. For example, unlike the electron beam, the muon beam are secondary ones
which are produced from the decays of pions, which in turn, are produced from primary
proton beams. Consequently, muon beams are less intense with large emittance (average
spread of particle coordinates in position-momentum space) compared to electron beams,
and also get contaminated with electrons and pions [23]. However, keeping in mind
possible new insights into the radius discrepancy from muon scattering data, a Muon
Scattering Experiment (MUSE) has been proposed [41, 42] for the 7M1 beam-line at Paul
Scherrer Institute (PSI) facility at Villigen, Switzerland, where the radius of the proton
will be measured by scattering electrons and muons off proton at |Q?*| = 0.0016 — 0.08
(GeV/c)?. The objective of the experiment is to make precision tests of any possible
observed difference between ep and up scattering scenarios, and thereby isolate possible
Beyond Standard Model (BSM) signature responsible for the radius discrepancy. Note

that much earlier conducted experiments testing, lepton universality [43-46] all yielded
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negative results from comparisons between ep and up scattering data at large Q? value

and within 5-10% uncertainties, insufficient to illuminate the radius puzzle.

Radiative corrections constitute an integral part of the analysis of ep or up scattering data.
These corrections have two origins: first, due to higher-order virtual photon re-scattering
or loop contributions, and second, due to bremsstrahlung or real photon emissions. A
detailed discussion on incorporating these corrections are discussed in the next chapter.
The topic of radiative analysis already has a long history and has been studied in numerous
publications in the literature (see e.g., Refs. [10, 13, 47-50]) for various experimental
conditions, though most of these analyses predominantly dealt with conditions suitable for
high-energy scattering experiments. However, keeping in mind the low-energy kinematic
domain of applicability of the newly proposed experiments, attempts are currently being
made to reconsider these calculations incorporating low-energy hadron dynamics, a topic

which is the primary concern of the work in this thesis.

This thesis primarily deals with the theoretical evaluations of the kind of radiative cor-
rections necessary for the future analysis of low-energy lepton-proton scattering data
expected from the MUSE. As described in details in the subsequent chapters that in
contrast to traditional hadronic model-dependent approaches, we have used a systematic
model-independent bottom-up approach in the context of a low-energy FEffective Field
Theoretical (EFT) framework in our quantitative estimation of various observables with
particular attention to the kinematic domain relevant to the MUSE experiment. In the
remaining part of this chapter, we elaborate on the two aforementioned “twists” that
considerably altered our conventional wisdom we garnered in the past on the nature of
the proton prior to these unexpected discoveries. This chapter is structured as follows.
In the first section, we elucidate the issue on the proton form factor discrepancy and its
resolution. The second section deals with the details of the radius puzzle and a brief syn-
opsis of the various ongoing attempts, both theoretically as well as on the experimental
side, to seek a resolution on this perplexing incongruity. The third section presents a
brief discussion on some of the experimental details of the ongoing MUSE Program and
its objectives. The final section enumerates the various aspects of the work undertaken

in the subsequent chapters of this thesis.
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6 1.1. FORM FACTOR DISCREPANCY

1.1 Form Factor Discrepancy

Electromagnetic form factors of the proton are one of the most fundamental quantities
characterizing its deviation from being an ideal “point-like” Dirac particle, thereby show-
ing that it has an internal structure [20, 51]. The electric and magnetic spatial charge
distributions of the proton are encrypted within the electric (G%) and magnetic (G%,)
Sachs form factors [14, 15]. Traditionally, these form factors have been calculated using
the LT separation method [14, 15, 19, 20]. This technique exploits the essential fact that
the one-photon exchange contribution to the un-polarized ep elastic cross section can be

written as a linear function of the longitudinal photon polarization ¢ at fixed %, namely,

dael(QQ) dael 1 p2 2 p2 2 Q2
~ N SN 1.1
{ de; A | yore €1+ 7) G @) +7C @) s T=—qp. (0D
where € = [1 +2(1 + 7) tan?(/2)]~!, M is the proton’s mass and
dogy a? cos?(0/2) 5 0
=——-—>——=114+27tan" = 1.2
[ . = it 1) .

being the celebrated Mott’s differential cross section formula from a point-like Dirac
proton. Analyzing this linear dependence of ¢ at fixed @2 one can extract (G%)? from
the slope and (G4,)? from the e-intercept after standard radiative corrections have been
taken into account. For this extraction, at least two measurements of the cross-section
at different combinations of the scattering angle # and incoming electron momentum p
for the same Q? are needed. The resulting proton form factor ratio extracted from this
method generally agrees with expected Q? scaling behavior, namely,
GE(Q?)

—EBx L~y =1+k,, 1.3
MPGﬁl(QQ) /JJP P ( )

with i, being the magnetic moment of the proton [52-57].

There exists a parallel and more modern method of determining the form factor ratio,
namely, the recoil Polarization Transfer (PT) method [16, 17|, where it is possible to
extract the ratio u,G%/G%, directly by scattering longitudinally polarized electrons from

un-polarized proton targets and then detecting the polarization of the recoiling proton
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1.1. FORM FACTOR DISCREPANCY 7

which in the Born approximation can either be longitudinally or transversely polarized.
These longitudinal P, and transverse P, polarization components, written in terms of

incoming E and outgoing E’ electron energies, are given as [17, 58|

(B + E")(GY,)*? 2 0
P M[(G%)Q—FE(G?W)Q} 7(1 + 7) tan 3
2G5 G, 0
P, = — (CAEEERE 7(14 7) tan 3" (1.4)

Subsequently, the ratio of the electric to magnetic form factors of proton can be found

just by taking the ratio of the two polarization components

wGy (BN E+E ¢
2 2M 2

— tan — . (1.5)

G%, P,
The advantage of this method is that only a single measurement is enough to determine
the form factor ratio at given @2, thereby considerably reducing systematic uncertainties
in the extraction procedure resulting from changing the beam energies and scattering

angles.

Initial measurements using the PT technique at MIT-Bates [59, 60] at low-Q? values were
in good agreement with the finding of the LT method. But more recently experiments
performed at Jefferson lab [18, 61-65]) extending these measurement up to about |Q?| = 6
(GeV/c)?, found that the ratio u,G% /G, approximately falls linearly with @Q* beyond
Q* 2 1 (GeV/c)?, which is in stark disagreement with expected Q? scaling behavior.

Fig.[1.2] elucidates this discrepancy which we have adopted from Ref. [66].

Resolution:  Since experimental extractions primarily relied on the one-photon ex-
change or the Born approximation in their analyses, naturally the attention went to the
next level of approximation based on including the TPE diagrams for a possible solution
of this discrepancy. Keeping in mind that TPE diagrams (cf. diagram (b) in Fig.[1.1])
can get contributions from all possible energy scales, starting from a simple elastic inter-
mediate proton state contribution at very low-energies to inelastic “soft” contributions
from excited states, like the A(1232), A*, N* and various possible resonance exchanges
at moderate range of energies, up to the “hard” intermediate partonic contributions from

the deep-inelastic scattering regime. TPE studies have revealed that the hard part of
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8 1.2. PROTON RADIUS PUZZLE
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FIGURE 1.2: The ratio of proton’s electric (G%) to magnetic (G%,) form factors as
extracted using Rosenbluth Separation (blue square) and Polarization Transfer (red
circle) techniques. This figure is adopted from Ref. [66].

the contributions has the correct magnitude and sign to explain the bulk of the discrep-
ancy [67, 68]. It was in fact noted that the interference terms between the one-photon
and two-photon exchange diagrams can considerably affect the un-polarized cross-section
used to extract G% using the LT separation technique but has almost inconsequential
impact on the PT extraction of the form factor ratio. Consequently, incorporating the
TPE corrections, the ratio extracted by using the Rosenbluth separation moves closer to
the corresponding ratio obtained via the PT method, as clearly seen in the plot displayed
in Fig.[1.3] adopted from Ref. [22]. For more details on the impact of the TPE contri-
butions on the form factors and other observables, we refer to some of the recent review

articles [22, 69-T1]).

1.2 Proton Radius Puzzle

Analogous to form factor discrepancy, the proton radius puzzle ostensibly reflects a dis-
agreement, between results for the proton’s charge radius extracted using different ap-
proaches. The following section addresses the different methods that have been used till
date for proton’s radius measurements before discussing the details of the resulting radius

discrepancy.
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F1GURE 1.3: Comparison of Polarization Transfer (PT) measurements (filled diamonds)
and Rosenbluth (LT) separations (open circles) with TPE corrections to the ratio of
the electric (G%,) to magnetic (G%,) form factors. This figure is adopted from [22].

1.2.1 Elastic electron proton scattering

This is the oldest technique to measure size of proton initiated by the pioneering work
of Robert Hofstadter in 1954 [7-9, 72, 73]. There the proton’s root-mean-square (rms)
charge radius (r},) was extracted using the proton’s electric form factor G%, determined
from un-polarized ep elastic cross section using the Rosenbluth separation method. If the

proton’s electric charge distribution is p(r), then
5.7 1
GL(Q) = [ TpPed™ =1+ G(LPQ - (16)

where Cj is the three-momentum transferred to the proton and 7%, can be defined in terms

of the slope of G%, at @* = 0, namely,
dG%(Q%)
(rh)*=6 (—E ) : (1.7)
E A2 ) gesy

Here we wish to emphasize again that in a scattering experiment G% can be measured
only at a finite non-zero %, which is then extrapolated to Q% = 0 using some fitting

algorithm before evaluating the radius from the slope.
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10 1.2. PROTON RADIUS PUZZLE

1.2.2 Atomic Hydrogen Spectroscopy

The finite size of proton affects the energy levels of the hydrogen atom which can be
measured in one of the the lower s-state. The size-dependent corrections were originally
evaluated in Ref. [74] in the context of non-relativistic quantum mechanics where it was
shown that the result only depended on the square of proton rms radius. Evidently, QED
yields the correct fine structure of hydrogenic energy levels with great accuracy in terms

of the Rydberg constant R, and the proton’s rms radius 7%, [75, 76] as,'

2,3 4
In this formula, the first term can be obtained from the simple Bohr Model, viz, solving
Schrodinger’s equation and the second term £, ;; collects all relativistic corrections, pro-
ton recoil effects and QED radiative corrections [78, 79]. Now trusting the correctness of
the QED calculations, precise experimental measurements of hydrogenic energy levels can
be used to extract the proton’s radius. In particular, for small splittings like the 2s-2p
Lamb shift [80, 81], the proton’s radius can be obtained directly by using the accurately
known value of R, from other sources. However, in a variant approach to reduce sys-
tematic errors without having to rely on the existing value of R, one can independently
extract both 7%, and R, by measuring two different transitions, one being the most pre-
cise 1s-2s transition [82] and the second one between the 2s state and a higher level state

such as 8s or 8d [83, 84].

1.2.3 Muonic Hydrogen Spectroscopy

Exotic atoms are systems where one or more sub-atomic particles may be replaced by
heavier particles of the same charge and bound to a nucleus primarily though Coulomb
attraction. For example, in muonic atoms the electrons are replaced by their heavier
negatively charged partners, namely, the muons, which provide a unique testing ground
to study nuclear properties at low-energies [85, 86]. In particular, muonic hydrogen (uH)

is one such an exotic atom which can be formed by stopping low-energy muons in hydrogen

IFor more details see e.g., Ref. [77].
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gas. Because of muon’s 200 times heavier mass than the electron, its Bohr radius is 200
times smaller such that it spends a considerable amount of time in close proximity to the
proton. As a result, the muonic atom energy levels are considerably more sensitive to the
proton’s size effects and thereby amenable to the extraction of the proton’s radius using
the same techniques as in the case of atomic hydrogen, albeit with much more precision.
Muonic hydrogen was already considered for Lamb shift measurements in the late 60’s [87]
for precision QED tests. Although X-rays transitions from muonic hydrogen level states
were observed successfully by the 70’s [88], failure to observe the metastable 2s state
of pH [89-91] stopped any progress in the Lamb shift measurements. Eventually, the
long-lived 2s state was discovered around 2000 [92-95], which finally led to the proposal
of precision determination of the proton’s rms radius from pH Lamb shift measurements

using laser resonance spectroscopy by the CREMA Collaboration at PSI [96, 97].

The puzzle: Prior to 2010 the value of the proton’s radius officially published by
the Committee on Data for Science and Technology (CODATA) was fixed at 0.8768(69)
fm in their 2006 publication [79] which was predominantly based on atomic hydrogen
results [98, 99] along with some electron scattering measurements [100]. In 2010, CREMA
collaboration published their first result of Lamb shift measurement in yH atom and

reported their extracted value as

(r?) cremarto = 0.84184 4 0.00067 fm .

which was about 4% smaller and 5o off compared to the CODATA-2006 value [79]. This
experiment was again repeated in 2013 by CREMA, with the measurement of a second

splitting and a slightly improved analysis than the first, and reported the result

(r?)crEmans = 0.84087 £ 0.00039 fm .

CODATA which also updates their values every four years, included the MAMI electron
scattering result which appeared in 2010 [35] to their previous CODATA-2006 average

value and reported their modified value of the proton’s radius as

(r?)coparans = 0.8775 & 0.0051 fm
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12 1.2. PROTON RADIUS PUZZLE

in their 2014 publication [101]. The result was a staggering ~ 7o off compared to the yH
result published by CREMA in 2013. This conundrum has come to be popularly regarded
as the Proton Radius Puzzle. Fig.[1.4] elucidates the proton radius situation, which we

have adopted from Ref. [102]. Furthermore, the deuteron rms charge radius extracted

up 2013 + ——e—— electron avg.
® scatt. JLab
up 2010 |- = scatt. Mainz
- —e H spectroscopy
l lﬂ,gﬂl - JU.QAJ - l(].lSSl - JU.:if:J - l(],éﬂ U.SBJ - l(].tli‘)l - 10,191 ‘

Proton charge radius R y [fm]
Cl

FIGURE 1.4: Proton’s charge radius (Rgy = %) predicted from the muonic hydro-
gen spectroscopic measurements [21, 103], atomic hydrogen spectroscopic measure-
ments [101], electron scattering measurements at MAMI [35], and a global fit analysis of
earlier world data [104]. The CODATA-2010 recommended value [101] is also included
for comparison. We have adopted this figure from Ref. [102].

from Lamb shift measurement in D atom [95, 105, 106] showed similar deviations from
the CODATA recommended value, extending the radius puzzle to deuteron as well. The
deutron rms radius

(R%)exp. = 2.12562 £ 0.00078 fm ,

as extracted from uD spectroscopy [95] is about 6.30 at odds with the CODATA-2014

recommended value [107]

(R%)coparana = 2.1413 £ 0.0025 fm .

Resolution: The emergence of the proton radius puzzle gave rise to a great impetus
in the scientific community leading to an intensive activity both on the theoretical and
experimental sides to seek a possible resolution to this puzzle throughout the last decade.
Both spectroscopic and scattering methods of radius extraction has been scrutinized and
intensely debated [24, 108-111], along with the proposals of new scattering experiments
using electron [33, 34] and muon [41, 112], and hydrogen spectroscopy measurements [113,

114]. Unnatural structure affects, such as, unusually large value of the proton’s third
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Zemach moment was proposed as a potential solution [115-117] along with many others.
There were neither shortage of exotic proposals of BSM scenarios of lepton universality
violation through incorporation of novel interaction mediated via non-standard vector
and scalar bosons [23, 25, 27, 29, 118-123]. But recent results from the PRad experiment
and the 2019 Lamb shift measurements in hydrogen atom (cf. Table 1.1) might be after all
hinting towards a less exciting resolution to the proton radius problem. ? In this context it
is interesting that Dispersion Relations based analyses of the older MAMI scattering data
even prior to the radius puzzle have always predicted a smaller value of the proton’s radius
consistent with the yuH CREMA prediction [124-127|. Incidentally, a recent analysis of
space-like form factor world data [128] using a novel theoretical framework, so-called the
Dispersively Improved Chiral EFT (DIYEFT) [129], have obtained a value of the charge
radius, (%) prerr = 0.844(7) fm, also consistent with the high-precision CREMA result.
For a definitive resolution, to this end the final missing piece of the puzzle must come
from an experiment involving the scattering of muons, vis-a-vis, the MUSE [130], whose
results can be expected in the near future. A smaller value of the radius from MUSE

could be the “final nail in the coffin” for the earlier larger value of proton radius.

e-p Scattering H-Spectroscopy
Q? (GeV/c)* Year Radius (fm) Transition Year Radius (fm)
0.001-0.017 2017  0.81 £ 0.08 [33] 2s-4p 2017 0.8335 £ 0.0095 [131]
0.00021-0.06 2019 0.831 4 0.014 [32] 1s-3s 2018  0.877 £+ 0.013 [132]
0.001-0.017 2019 0.836 + 0.061 [39] 2s-2p 2019  0.833 + 0.010 [31]

TABLE 1.1: Results for the proton’s charge radius taken from most recent experiments.

°In light of the new experiments supporting the smaller radius hypothesis, the latest CODATA-
2018 compilation recommends the proton’s radius to be rh, = 0.8414 £+ 0.0019 fm (visit
https://physics.nist.gov/cgi-bin/cuu/Value?rp) which is now well in agreement with the 2013 pH

CREMA results.
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14 1.3. THE MUSE: A NEW VENTURE

1.3 The MUSE: A New Venture

The MUon proton Scattering Experiment (MUSE) planned at the Paul Scherrer Insti-
tute (PSI) [41] is an effort in the experimental front to address the radius discrepancy
by bringing forth possibly new information with simultaneous measurement of proton’s
radius from elastic electron (positron) and muon (anti-muon) scattering on the proton for
momentum transfers in the range |Q?| = 0.0016 —0.08 (GeV /c)? at sub-percent accuracy.

Table 1.2 shows the kinematic coverage of MUSE.

’ Quantity ‘ Kinematic Range ‘
Beam momenta 0.115, 0.53, 0.210 GeV /c
Scattering angle 20° to 100°

|Q?| range for electrons | 0.0016 (GeV/c)? to 0.0820 (GeV /c)?
|Q?| range for muons | 0.0016 (GeV/c)? to 0.0799 (GeV /c)?

TABLE 1.2: Full kinematic range of the proposed MUSE Experiment at PSI.

Since the MUSE Collaboration plans to measure u*p as well as e*p cross-sections, they
should be able to determine the TPE effects from the ratios o(u~p) to o(up) and o(e p)
to o(etp). Briefly, the MUSE objectives are as follows:

1. To measure fp (with £ = e*, u*) scattering in the low-Q? region.

2. To extract the proton form factors and the corresponding radii from the measured

cross-sections.

3. To perform precision tests of hadronic TPE contributions to the proton’s radius

extraction.

4. To perform precision tests of lepton universality hypothesis, and thereby extract
possible BSM physics responsible of the radius discrepancy by comparing ep and

up scattering cross sections.

Experiment setup: MUSE uses a mixed secondary beam-line consisting of e*, y* and
7+ produced from the primary proton beam which is transported through the 7M1 chan-

nel and then identified by timing relative to the radio-frequency (RF) of the accelerator.
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A Geant4 [133] simulation of the experimental set up is shown in Fig.[1.5] which we have

taken from Ref. [134]. Along the beam-line are the following components enumerated:

Beam

Monitor

il Straw-Tube
Tracker (STT)

Target
Chamber l

Beam-Line ‘—’
. ~100cm

F1cURE 1.5: Geant4-based schematic view of the detector setup for the MUSE exper-
iment. This figure is taken from Ref.[134].

1. Beam hodoscope: ldentifies the beam particles using the Time Of Flight (TOF) and
the Radio Frequency (RF) signal, which is required for triggering and analysis.

2. GEM detector: Tracks the trajectories of the particles into the liquid hydrogen

target, which allows to determine the scattering angle and reaction vertices precisely.

3. Veto Scintillators: Used to veto events which are not arsing from beam particle

hitting the target, thereby reducing the trigger rate from background events.

4. Straw-tube tracker: Tracks the scattered particles with high resolution (< 150um)
and efficiency (> 99.8%).

5. Scattered particle scintillator: Helps in event triggering and reaction identification

through TOF.
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16 1.4. THESIS OUTLINE

6. Beam monitor: Provides high-precision time measurements that determines the
beam properties suppressing backgrounds from Moller and Bhabha scattering. It

also helps in the precise muon and pion momentum determination.

For more information on the MUSE and its present status, we refer to the Refs. [41,
42, 130]. Notably, MUSE does not have a magnetic spectrometer to measure scattered
particle momentum, nor will it be possible to detect the bremsstrahlung photons. In
fact, MUSE is a single-arm experiment where only the lepton scattering angle would be
detected in the angular range 20° — 100°. Consequently, the MUSE data is expected
to be contaminated by radiative events. This aspect highlights the need for considering
radiative correction analysis for the future MUSE data in order to disentangle various
backgrounds radiative tails effects, so-called the radiative unfolding procedure (cf. chap-
ter 2) before making any meaningful extraction of observables, e.g., the proton’s form
factors or even its charge and magnetic radii. The work of this thesis is to address these
radiative correction issues which may be necessary in the effort to reduce possible the-
oretical systematic uncertainties for the future analysis of MUSE data at the projected

< 1% accuracy level.

1.4 Thesis Outline

This thesis is divided into seven chapters and four appendices. We briefly outline the

work presented in each of the following chapters and the contents of the appendices:

e Chapter 2: Here we present an overview of the theoretical background on the
radiative corrections in QED and survey some of the well-known previous works
on radiative correction analysis involving the lepton-proton scattering process, ul-

timately motivating the work for this thesis.

e Chapter 3: This chapter motivates the basic idea and use of a low-energy EFT
framework, which is used as the primary theoretical tool throughout the work pre-
sented in this thesis. After a brief discussion on chiral symmetry in low-energy

QCD and its breaking, we discuss the framework of Chiral Perturbation Theory
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(xPT) applied to the meson and baryon sectors. In particular, we consider the ex-
treme non-relativistic limit of the relativistic formulation of Baryon yPT, namely,
the Heavy Baryon Chiral Perturbation Theory (HBxPT) framework, which we pur-
sued in all of our analyses included in this thesis. An essential component of an
EFT analysis is the establishment of a consistent power counting scheme necessary
to ensure a model independent approach and well-defined control over systematic
uncertainties. The derivations and implications of the various, Weinberg’s chiral

power counting schemes in yPT are discussed in this chapter.

e Chapter 4: We carry out a prototype theoretical analysis using HBxPT for the
cross-section of the lepton-proton bremsstrahlung process, namely, {+p — (+p-+7*,
which constitutes an undetected background process for the MUSE experiment, go-
ing up-to-and-including next-to-leading order (NLO) in chiral expansion. We show
that the commonly used so-called peaking approximation, which is used to evaluate
the radiative tail for the elastic cross section, is not applicable for muon-proton scat-
tering at the low-energy MUSE kinematics. In addition, we point out an error in
one of the theoretical derivations in the commonly cited work of Ref. [10]. Further-
more, we illuminate a certain pathology with the standard chiral power counting
scheme associated with electron scattering, whereby the next-to-next-to-leading or-
der (NNLO) contributions from the pion loop diagrams are arguably kinematically

enhanced and numerically may be of the same magnitude as the NLO corrections.

e Chapter 5: In this chapter, we use HBYPT to evaluate the TPE corrections to the
low-energy elastic lepton-proton scattering at NLO accuracy, including a non-zero
lepton mass. We consider the elastic proton intermediate state in the TPE dia-
grams invoking the so-called soft photon approximation (SPA). The infrared singu-
lar contributions are projected out using dimensional regularization. The resulting
infrared singularity-free TPE contribution is in good numerical agreement with ex-
isting predictions based on standard diagrammatic SPA evaluations. Notably, this

kind of TPE analysis may be necessary for future analysis of experimental data

from MUSE.
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e Chapter 6: Here we present a complete radiative correction analysis to the ¢p
elastic scattering process in HBYPT at NLO accuracy. The analysis includes the
systematic evaluation of all corrections arising from the one-loop virtual diagrams
along with the corresponding soft photon bremsstrahlung emission contributions
to the elastic cross section. Using dimensional regularization we demonstrate the
complete cancellation of infrared divergences between the loop and soft real photon
emission process. In addition, dimensional regularization is also used in isolating the
ultraviolet divergences in the loops which are eventually renormalized in a standard
way using counterterms as done in QED. We show that by going to the sub-leading
orders for the radiative and recoil corrections, the convergence of the chiral series
up to NLO which was reasonably well for electron scattering, is significantly spoiled
with contributions nearly becoming as large as NLO:LO=1:1, for muon scattering.
This ostensibly indicates possible importance of including NNLO corrections for a

robust analysis of the later process in MUSE.

e Chapter 7: In the last chapter we summarize all the works presented in the
thesis with some concluding remarks. An outlook is finally included at the end for

possible future extensions and scope of these research works.

e Appendices: The thesis includes a set of appendices containing supplementary
details, like derivations and lengthy expressions, which were not essential in the

context of the discussions presented in the above chapters. They are as follows:

1. Appendix A: The LO and NLO HBYPT Lagrangian, specifically used in
this thesis work is shown along with the relevant Feynman rules for the heavy

nucleon propagators and the interaction vertices.

2. Appendix B: The various partial amplitudes contributing to the NLO cor-
rection to the bremsstrahlung process £ +p — £ +p +v* .

3. Appendix C: The evaluation of the TPE seagull diagram.

4. Appendix D: Derivation of the relation between the detector acceptance in

the laboratory frame and the maximal photon energy in the S-frame.
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Chapter 2

Radiative Corrections in
Lepton-Proton Scattering: An

Overview

Leptons such as electrons and muons can only interact with the nucleons via either
electromagnetic interactions or weak interactions. Quantum Field Theory (QFT) suggests
that while the electromagnetic interaction is mediated via the exchange of the massless
gauge boson, the photon, the weak interaction can be mediated via the three types of
massive vectors bosons, namely, the W= W9 and the Z bosons. In the language of
diagrammatic perturbation theory, the leading contributions should arise from the Born
approximation diagrams, i.e., with a single gauge boson exchange. However, the Born
diagrams associated with the weak interaction are very much suppressed at low-energies
due to the large masses of the massive vector bosons leaving the one-photon exchange
(OPE) Born diagram as the most dominant one, leading to the Born elastic cross-section,

Eq. (1.1).

19
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However, with the ever-increasing demand of pushing the frontiers of experimental ac-
curacy, the analysis of high-precision data demands greater precision of theoretical esti-
mations from QFT calculations than what is achievable through the naive Born cross-
section analysis. Thus, one needs to incorporate sub-leading order diagrams in perturba-
tion theory. In QED, this involves contributions from both real soft photon emission or
bremsstrahlung and virtual loop processes with simultaneous emissions and absorption of
virtual photons. These additional higher diagrams correspond to a bifurcation of lepton
momenta, similar to the bifurcation of electric currents according to Kirchhoff’s rules in
circuit theory, to preserve the total four-momenta conservation with arbitrary momen-
tum running along each line. That leads to subtle changes in the energy and angular
distribution of the scattering leptons. This resulting difference between the measured
and naive Born cross-section is regarded as the electromagnetic radiative correction. We

now briefly discuss the higher-order radiative corrections.

2.1 Radiative Correction due to Virtual Photons

The leading order or the Born diagram contribution to elastic lepton-proton scattering
process in QED counts at O(a), where a = €?/(47) is the QED fine structure constant.
All subleading order one-loop diagrams contributing at O(a?) are listed in Figure [2.1].
Along with Born diagram, all these diagrams contribute to O(a?®) QED accuracy in the
elastic cross section. The following O(«) components of the radiatively corrected terms

are:

e Fermion Self-Energy Correction (Mgs): Diagrams (A), (B), (C) and (D) in
Fig.[2.1] are the lepton/proton self-energy diagrams which are the leading order
correction to lepton/proton propagators. These self-energy contributions contain
UV divergent terms which are absorbed via counterterms. In addition, these terms
contain IR divergences as well. However, at the lowest order in the radiative cor-
rections, these self-energy loops only occur in the external legs and the due to
the condition for on-shellness of the leptons/protons these terms vanish, and hence

these loop diagrams are not directly required at this order (see [135]). Nonetheless,
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Ficure 2.1: All virtual photon one-loop (’)(64) diagrams that contribute to elastic
lepton-proton (¢/p— £p) scattering cross section at O(a?). The thick (thin) lines denote
proton (lepton) propagators and the wiggly lines denote the photon propagators. The
filled blob in diagram (G) denotes the lowest order vacuum polarization corrections from
the leptonic (eTe™, utu~, 7777) as well as hadronic (¢gq, 77—, ---) contributions.

their derivatives are needed to evaluate the wave function renormalization constants
which by virtue of the Ward-Takahashi identity [136, 137] are guaranteed to obtain

a renormalized result.

e Lepton-Photon Vertex Correction (M! .. ): The diagram (E) in Fig.[2.1] has

vertex

been extensively studied in the literature (see [138]). Generally, this lepton-photon
vertex is parametrized in terms of the two electromagnetic relativistic form factors,

namely, the Dirac (F}) and Pauli (F}) form factors:

i@,

2ml

I (p,p)) = " FHQ%) + FQ), Qu={@-1)u.

where p(p') is the incoming (outgoing) lepton four-momenta, F'(0) = 1 at all orders

in QED and FL(0) = 2, say, at one-loop order. Whereas the contribution of the

277
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vertex correction diagram to F% at non-zero Q? is finite at one-loop and contributes
to the anomalous magnetic moment of the lepton, F! contains both UV and IR di-
vergences. The UV divergence can be subtracted via counterterms which leaves only
the IR-divergent parts in the vertex contribution (cf. Chapter 6 for its expression
and also appendix of Ref. [139]) for a detailed evaluation and renormalization using
dimensional regularization). These loop IR divergences are systematically canceled
by IR-divergent counterparts from soft photon emissions from the external lepton

legs.

e Proton-Photon Vertex Correction (M2, ;.. ): Due to the finite size of the proton
and the non-perturbative nature of the underlying hadronic interactions, the proton-
photon vertex, diagram (F) in Fig.[2.1], is usually parametrized at low-energies or
momentum transfers in terms of the two non-relativistic form factors, namely, the
so-called Sachs electric (G%) and magnetic (G%,) proton form factors, which in

the Heavy Baryon Chiral Perturbation Theory (HByPT) formalism (as used in this
thesis) is expressed as [140]

[Sﬂa S - Q]

NS(P, P) = oG (@) + =

Gg)w(QQ)v Qu = (P/_P)u-

where P(P’) is the initial (final) proton four-momenta, v* = (1,0) is the proton
velocity four-vector and S* = (0, o) is its spin four-vectors in the Breit frame. These
Sachs form factors are related to the standard relativistic Dirac (F7) and Pauli (F})

form factors of the proton, namely,

2
GR(QY) = FI(@Q) + 25 FHQY) and GR(QP) = FIQY) + FY(Q),

such that at Q? = 0, Gg(0) = 1, and the proton’s magnetic moment is defined
through the relation G%4,;(0) = p, = 1 + k, = 2.793. These form factors can
not be directly evaluated using standard QFT techniques. In literature, they are
predominantly modeled via phenomenologically fixed form factors [10, 50], which
parametrize all the UV physics that remain unresolved in the basic theory. The
utility of this approach is that the expressions are guaranteed to be UV finite and

do not require renormalization. However, in the context of a low-energy effective
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theory of strong interactions, like Chiral Perturbation Theory (xPT), as described
later in this thesis, the one-loop expressions for the form factors can be systemati-
cally derived from first principles using special Feynman rules for the fundamental
point-like proton-photon vertices based on a chiral power counting scheme. In this
case, these one-loop vertex corrections do contain both UV and IR-divergent terms
which require renormalization. The UV divergences are absorbed by introducing
counterterms or low-energy constants (LECs) while the IR terms are canceled by
similar divergences arising from soft photon bremsstrahlung from external proton

legs.

e Vacuum Polarization Corrections (M, ): The diagram (G) in Fig.[2.1] de-
scribes a process in which background electromagnetic field produces virtual lepton-
anti-lepton and other possible light hardon pairs (depending on available phase-
space) that basically change the charge and current distributions which generated
the original electromagnetic field. In a basic classical picture, these paired charges
themselves give rise to a vacuum dipole-like field leading to a partial screening of
the original bare charges ey of the leptons or protons. This phenomenon is termed
as vacuum polarization (see Chapter 6 and also, e.g., Ref. [141]). In QED, this
simply accounts for the self-energy of the exchanged photon for the above diagram.
The one-loop contribution to this diagram is [R~finite but contains UV divergences
which must be absorbed using counterterms eventually leading to charge renormal-
ization eg — e, with e being the physical electromagnetic charge. The extent to
which the screening effects renormalize the effective QED coupling is quantified

through a four-momentum transfer dependent O(e?) vacuum polarization tensor,

7 (Q?) = (Q9™ — Q"Q")T1(Q?), namely;

Qo
O = Oleff Q2 = ; II= Hle on Hhadr0n>
@)= T o) "
where ay = g is the bare QED coupling and a = % is the corresponding renor-

malized or physical coupling constant. The polarization tensor Hlepton(QQ) receives
contribution from the three leptonic favors/generations, f = e, u, 7, which are ob-

tained perturbatively in usual QED, while the corresponding hadronic contributions
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ITadron could be obtained both perturbatively, e.g., 77~ loop contribution can be
evaluated using scalar QED [142, 143], as well as non-perturbatively using disper-
sion relations (see e.g., Refs. [144-146]). In Chapter 6 of this thesis, we shall discuss

these corrections in more more details.

e Two-Photon Exchange Contributions (./\/llwp% rpr): Of all the one-loop contri-
butions, the TPE diagrams (H) and (I) in Fig.[2.1] are the most subtle and elusive
ones with profound physical implications. Over the last two decades, these one-loop
contributions have been attracting a lot of attention and which has been sought af-
ter, mainly as a resolution to the form factor discrepancy followed by the proton
radius puzzle [22, 147], as discussed in Chapter 1. However, a considerable degree
of systematic uncertainties continues to beset the TPE evaluations. The inherent
technical reason afflicting such theoretical evaluations is that there is no unique ap-
proach in estimating them as they receive contributions from a very wide range of
scales, ranging from the deep-inelastic high-|Q?| regime to the low- and moderate-
|Q?| domain. With no consistent model-independent theoretical framework to cover
the entire spectrum of the strong dynamics, it becomes imperative to juxtapose a
hierarchy of models and field theoretical techniques to tackle the respective contri-
bution arising from the different energy domains with essentially no control over
possible “double counting” in overlapping kinematic domains. In particular, at the
sub-GeV |Q?| domain with limited statistic, the inelastic proton’s polarizability con-
tribution from all possible intermediate excitations and resonance states become a
dominant source of uncertainty in comparison to the small magnitude of the low-|Q?|
TPE effects. With the much larger TPE contributions and better data statistics,
uncertainties at larger |Q?| are known to be considerably moderate. Nevertheless,
the most dominant TPE contributions relevant to the low-energy MUSE kinematics
arise from the elastic photon intermediate state. In this kind of single-particle ap-
proximation, the so-called direct-box and crossed-box diagrams (collectively referred
to as bozr diagrams) are UV finite in standard QFT, although they are evidently
IR~divergent. Additionally, in a low-energy EFT framework with heavy-fermion

formalism, like in HBxPT, the non-relativistic treatment of the heavy proton leads
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to the so-called seagull TPE diagram (not shown in Fig.[2.1], however, see Chap-
ter 5), which, as evaluated in the Appendix C, also turns out to be both UV- and
IR-finite. The Chapter 5 of this thesis deals with the detailed estimation of the

TPE contributions, especially in the context of MUSE kinematics.

Radiative corrections in standard hardonic physics are categorized into the so-called inner
and outer corrections. The former type corresponds to the short-distance electromagnetic
effects which encode non-perturbative strong dynamics and are predominantly model
dependent. The latter corresponds to long-distance corrections, which can be evaluated
model-independently, and the QED corrections discussed above qualify for this type of
contribution. Furthermore, we may categorize the virtual or emitted real photons into soft
photons and hard photons. By soft photons, we mean photons for which the absolute value
of the three-momentum |E | is smaller than a certain small but arbitrary energy, AFE, i.e.,
k| < AE. On the other hand by hard photons, we mean |k| > AE. Note that the terms
soft and hard apply to both virtual and real photons. For elastically scattered leptons,
if their energies are observed in an energy bin of width AFE, then the maximal energy of
the emitted soft real photon is also AFE, neglecting of course proton recoil corrections.
Furthermore, we note that these soft and hard assignments are meaningful only relative
to a given frame of reference. As for each of the previously discussed one-loop amplitudes
(after UV renormalization), they can be expressed as the sum of an IR-divergent soft
part and a finite hard part. With the exception of F% contribution and the TPE seagull
diagram, all the one-loop amplitudes, namely, the self-energy, vertex, leptonic vacuum
polarization and the TPE box diagram corrections can be shown to get factorized into a
tree-order Born amplitude M., and constitute the dominant corrections to the unpolarized
cross section (cf. Chapter 6). Whereas, the finite Fi and the seagull amplitudes which
have much smaller contributions are often neglected in literature, especially in the context
of ultra-relativistic approximation, |Q?| >> m?. Thus, the total virtual correction to the

elastic scattering cross section is given as

Mvirtual = Mself + Mi/ertex + Mgertex + Mv.p. + Mg}% TPE = Mi?yft + M::rd 5 (21)
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where the factorisable soft part of the amplitude is

[0
soft l
M'y'y - ; [IRvertex

TRy + TR + 8508, M (2.2)

vertex virtual

As already noted, the lepton and proton self-energy corrections vanish, i.e., Mg — 0 in

the on-shell limit. The terms, IR! IR?

lp . .
vertex) 1Rvertex and IR7pp are IR-divergent amplitudes,

and 639, collects finite terms that vanish as Q> — 0. Whereas the amplitude Mb2rd
contains non-factorisable terms, contributing to small but non-vanishing corrections as
Q? — 0 to the cross section. Hence, the net elastic differential cross section due to all

the one-loop virtual diagrams, i.e., at O(a?), is given as

do el « ! . - d Tl dgel hard

<dQ; ) = ;2 Re [IRvertex + IRgerteX + IRTpPE + 6vir§ualj| dQ; o dQE . (23)
Y v vy

The last term above includes small but finite terms that do not vanish as Q% — 0 arising

hard

o', which for convenience sake may be formally

from the non-factorizable hard part M

expressed in the “factorized form”, namely,

hard hard
< dael) "0 | (dael> g 2" epins Re (MIMB2)
/ _ virtua. / ) virtual — 2 )
dQl dQl & a Zspins |M’Y|

7Y

such that the finite part of the fractional contribution to the elastic differential cross

section due to the O(«a) one-loop virtual corrections can be expressed as

gé‘virtual = g [2 Re (550& ) + 5hard j| . (24)
7 ™

virtual virtual

2.2 Radiative Correction due to Real Photon Emis-
sion

In any practical experiment involving the retardation of charged particles, electromag-

netic radiations are copiously emitted as a result of kinetic energies of the particles being

converted into radiation, a process termed as the “bremsstrahlung” or breaking radia-

tion [148]. Since the photon number is not a conserved quantity, associated with the
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elastic or real hard photon emission radiative process, there is always a propensity of the
scattered leptons to emit an indefinite number of associated soft photons. The distinction
between the soft and the hard photons is, however, entirely subject to the sensitivity with
which the photons can be detected in a given experiment. In fact, it is impossible to scat-
ter a charged particle without emitting an infinite number of soft photons [149]. While
hard photons are the ones that are typically observed (with energies above the detector
resolution), soft photons have energies much smaller than the energies of the particles
participating in a particular scattering process. Even though the soft photons are not
detected, taking them into account in calculations of the scattering cross sections forms a
crucial part of the radiative corrections. The net effect of these soft photons is to multiply
the rate of a given process by a factor that approaches zero, although the rate itself goes
to infinity, leading to an IR divergence. However, there exist simultaneous IR-divergent
contributions to the scattering rate related to virtual soft photons that exactly cancel the
[R~divergent soft bremsstrahlung rate. Hence, this kind of cancellation ensures the net
cross-section to be finite at each order in perturbation theory. In fact, Jauch [150] showed

that these cancellations are manifest at all orders in QED.

.
e
(J) (K) (L) (M)

FIGURE 2.2: All bremsstrahlung O(e?) diagrams that contribute to the radiative cor-
rections to the elastic /-p scattering cross section at O(a3). The thick (thin) lines
denote proton (lepton) propagators and the wiggly lines denote real photon emissions

(v

All O(e?) bremsstrahlung diagrams are listed in Fig.[2.2]. The squared modulus of the

corresponding amplitude that contributes to the cross section at O(a?) is obtained as’

|-/\/lbrem|2 - |M{77*

24+ IME.

24 2Re (MU ML) (2.5)

IThe sign “*” in v* is used here to denote a real photon, as distinct from a virtual photon denoted
by 7.
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where ./\/llw* is the amplitude with the external lepton propagators radiating, whereas
sz* is the amplitude with the external proton propagators radiating. These contri-
butions are IR-divergent in the limit of the photon momentum going to zero. These
divergences are extracted by separating photon phase space into soft and hard parts rel-
ative to some arbitrary small value of the scattered lepton (bin width) energy AFE, which
could be related to the detector acceptance A%. For soft photons, |E\ < A7, and for hard
photons, |E | > AZ. All the IR divergences will be contained within the soft terms, which
can further be shown to be factorisable into the ¢p elastic Born cross section in the, so-
called Soft Photon Approzimation (SPA) [47, 151] with the photon four-momenta from
the numerator of lepton propagators being neglected, whereby such soft photon emission
will have no effect on the elastic kinematics. The differential cross section for the soft

photon bremsstrahlung process, { +p — £ + p + 75, is then given as

dabr o SO * do—d
( 10 ) = [IRl +1IR” + Re {2(IR?) + 5br£tm(Aw)}} <@) , (2.6)
L2 ot 1/ y
where 6ol (A%) represents the extracted finite part of the cross section, while IR!, IR?

and IR are the IR-divergent terms arising from lepton bremsstrahlung, proton bremsstrahlung
and the interference of lepton and proton bremsstrahlung contributions, respectively, cor-
responding to the terms on the right hand side of Eq. (2.5). It is crucial to demonstrate

the correspondence, namely,

IR! = — 2Re(IR!

vertex ) )

IR? = — 2Re(IR”

vertex ) )

IR” = —IR%,,, (2.7)

at each order in perturbation theory to ensure a IR-finite result for the total elastic

differential cross section:

dael) (dgel) (dO’el) (dO’br)
(dﬂg » NAY L NaQ ) \de )L

_ dUEl E . soft
_ (dQ; ),Y (142 (B +0528)] (2.9)
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where 50 = Re dion (AZ) collects the finite terms that depend on the detector resolution

AZ, and vanish as Q? — 0. On the other hand, the differential cross section for the

real one-hard photon emission process, i.e., {+p— {+p+4..q, 1S expressed in terms of

dQUb'r
AQAE

the double differential cross section ( ), with photon energies integrated from the
detector threshold value, Ef;iin = \l;thr\ = AZ, to the maximal kinematically allowed value,
E%* = E — my, depending on the incident lepton energy E. This also translates to the
corresponding detector resolved kinematical spectrum of the inelastically scattered lepton

with the upper energy limit as (F')yax = E'® — A%, and the lower limit as (£')nin = 7,

where

B == = (2.10)

E E

n 1+ (2E/M)sin’(6/2)’

is the lepton scattering angle 6 dependent energy for an elastically scattered lepton, i.e.,
without inelastic radiative processes. Hence, the observed cross sections in a typical
scattering experiment are the sum of the contribution from the basic OPE elastic Born
cross sections along with the three other processes, namely, virtual photon exchange

process, real soft photon emission process and real hard photon emission process or the

so-called elastic radiative tail contribution, i.e.,

rel *
door dog Q ft / B =A% doy, y
- 14+ 2 (Gontnal + 62 % N g (211
(ng)obs <d9;)7[ + 2 (B + 5720 | + 49 dE" (2.11)

my

2.2.1 Radiative Corrections and Radiative Tails

Before we proceed to demonstrate a prototype radiative analysis for the lepton-proton
scattering, it may be worth noting that in the radiative background that accompanies
the lepton scattering, it is useful to distinguish two principal mechanisms by which the
scattered lepton loses energy in the target medium, namely, bremsstrahlung in the field
of the target proton, and the so-called Landau straggling [152], i.e., bremsstrahlung in
the field of a neighboring nucleon/nucleus accompanied with ionization, other than the
target proton. In the context of the former mechanism, a clear distinction between
the frequently used terminologies, namely, “radiative corrections” and “radiative tails”

should be made here. Although this distinction is often vaguely made in the literature, the
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review article by Maximon in Ref. [48] aptly clarifies the difference: the term “radiative

corrections”, as described earlier, refers to the corrections to the basic scattering cross-

*

%, and the term

section due to virtual loops or real soft photons emission, with £, < A
“elastic radiative tail” represents the background to the basic scattering process, where
the lepton loses energy by real hard photon emission, with £, > A%. Mathematically, the
radiative tail distribution is nothing more than the derivative with respect to the photon
three-momentum |E | of the basic cross-section plus its radiative corrections integrated to
include real soft photon emission with total energy < |E |, essentially leading to Eq. (2.11)
using the energy conservation delta-function. Hence, the first term on the left-hand side
of Eq. (2.11) involving the radiative correction factor, doy = dyirtual + (5@?2‘;11(A1;) is an

integrated cross-section, while the second term which is an integral over a differential

distribution is considered as the “elastic radiative tail” contribution.

Fig.[2.3] shows a schematic of a typical elastic tail for a scattered lepton for fixed scattering

angle and incoming momentum. The plot shows three distinct regions:

1. the elastic region emerging from the dominant delta-function-like elastic peak at

the right end of the plot,

2. the resonance region associated with protuberances on radiative tail representing

the intermediate discrete inelastic levels, and finally,

3. the smooth inelastic continuum region on the left of the plot.

From an experimental point of view, radiative corrections must be applied to the primary
elastic peak in order to extract the elastic form factors, charge and magnetic radii, etc.
While the elastic radiative tail, which is an extension of the elastic peak, should be
subtracted from the observed spectrum [49] in order to isolate the true contribution of
the elastic peak. Similarly, there also exist “background inelastic radiative tails” (not
shown in the figure), emerging from the inelastic peaks, which should also be subtracted
along with the elastic tail to extract the true resonance contribution. Thus, in order
to calculate the radiative correction to the elastic peak, one needs to consider all the
virtual loops diagrams in Fig.[2.1], as well as the bremsstrahlung diagrams in Fig.[2.2]

with the real photon three-momenta smaller than the minimum energy A’. Whereas
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Position of ela\stfc peak

_dotor Inelastic peaks
dQ’ d|p’|

R 4

7] \*el( )l

FIGURE 2.3: Schematic of a typical elastic radiative tail spectrum for a scattered lepton
with momentum p” for fixed scattering angle 6 and incoming lepton momentum p, with
¢ being the upper limit of p”(6).

to calculate the elastic radiative tail, one only needs to consider the bremsstrahlung
diagrams in which photon three-momentum is greater than AZ. Chapter 4 of this thesis
primarily deals with the analysis of the elastic tail spectrum for /p scattering, whereas the
corresponding calculations of the radiative corrections are detailed in Chapter 6. On the
other hand, the radiative analysis of inelastic resonances and continua is a topic which is

beyond the scope of this thesis.

2.3 A Prototype Radiative Analysis

Calculations based on radiative analysis are critically influenced by experimental con-
ditions. Calculations for coincidence experiments [153, 154, where both the scattered
particle and the recoil target are detected, are different from those in which only the
scattered particle is detected. Again, there are other specialized calculations for analysis
of polarized scattering [155-157]. In view of the fact that the work in this thesis is moti-
vated by the experimental conditions, originally that of Refs. [7, 72, 73], for experimental
studies conducted at SLAC and also in connection with the proposed arrangements for
the MUSE facility at PSI, here we shall only discuss the radiative corrections relevant
to the precision calculation of the unpolarized cross section for elastic /-p scattering. As
discussed in Chapter 1, the recoil target is not detected in this case but instead only

the scattered lepton kinematics (momenta and scattering angle) are analyzed. We now
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describe a prototype radiative analysis based on the original work of Tsai [47] which was
later used and improved in subsequent analyses [10, 11, 50, 158-160]. The same method-
ology is adopted in this thesis in the context of a systematic model-independent EFT
treatment of hadronic sector in contrast to previous ad hoc model assumptions. It must
be noted that the treatment of Tsai [47] considered a lot of approximations since the
primary motivation of that work was not to focus on a precision calculation but rather on
demonstrating the procedure of projecting out the IR singular structures and their even-
tual cancellations. In particular, the finite terms being much smaller were predominantly

neglected.

Beginning with the pioneering work on radiative correction due to electron scattering
from a static Coulomb potential [13] of the proton, Schwinger showed that the Born cross
section gets modified by a factor 1+ d, considering corrections to the current operator in
covariant canonical perturbation theory using the second Born approximation. The factor
o effectively includes effects of virtual photon loops (electron self-energy and electron-
photon vertex corrections), vacuum polarization and bremsstrahlung of soft photons from

the incoming and outgoing electrons and given by [13]

5,(AE < B,0) = —2 [m (A_]Z) - %} [m (_77?22) _ 1} _ % i)

f(0) =In (sin2 g) In <c052 g) — Sp {— sin? g} : (2.12)

where the Sp(z < 1) is the Spence function defined by

ZIn|1—
Sp(x):/ ydt. (2.13)
0

In this case of static potential scattering, the incoming lepton energy is same as the scat-
tered energy, namely, £ = E in the above equations, and AF represents the maximum
energy loss by the electron by soft photon emissions. Later Tsai for the first time included
proton recoil effects on the radiations emitted from the proton [47] missing in the work
by Schwinger. To analytically cancel the IR-divergent terms coming from the proton cur-
rent, utilizing soft photon approximation, Tsai evaluated the TPE box diagrams and the

proton-photon vertex correction in the single-particle approximation of keeping only the
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proton as the intermediate state. To demonstrate Tsai’s analysis following the general
framework developed in the seminal work of Yennie, Frautschi and Suura [151] applicable
in the relativistic limit —Q? > m? and m; < M, E, E’, let us first consider the TPE box
diagrams (H) in Fig.[2.1]:
e4 (p — K +m) 1 1
My TPE = d'k y —
vy; TPE — 7T / l (p )7#( _ /{3)2 _ le I ZO/‘V ul<p):| k2 (Q - /{3>2

l — 0] (P (+F/g)+ k +MA24)+ S TFIY (P)} . (214)

where ) = p — p’ = P’ — P is the four-momentum transferred to the proton, and the
standard relativistic proton-photon vertex factor is given as

Q%] = FH(@*)" + 2]\2Fp(@2) a"Q, . (2.15)

The TPE matrix element Eq. (2.14) diverges either as the soft photon momentum & — 0,
or as Q — k — 0. To extract the divergent contribution from the My, as k& — 0 we use
Tsai’s SPA trick [47]: we first set I — 9" in Eq. (2.14) and then neglect & from the
numerator of the lepton propagator and the (Q — k)? term in the denominator arising
from the soft photon propagator, such that for —Q? > m?, we have

m. =L K(P —p)M,, (2.16)

Y Vsoft 2 T

where 9, is the one-photon exchange amplitude (Born term) given by

My = — o [0 u ()] [th(P) TLQU(P)] . (2.17)
and K (P, —p) is a three-point function given by

P (K — 2 - K)(K2 — 2, - k) (K2 — A2)

2

1
1
=(pi-p )/0 dy— In = 2 (2.18)

K(pi,pj) =

where p, = p;y + p;(1 —y) and X is a fictitious photon mass introduced to regularize
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the IR divergence [161]. Notably, it is found here that the rather complicated four-
point function that arises from the TPE integral Eq. (2.14) in the SPA gets reduced
to the above three-point function which is much more standard to evaluate and has
been discussed extensively in the literature. For its evaluation we refer to the book,
Quantum FElectrodynamics by A. 1. Akhiezer and V. B. Berestetskii [162]. Terms of this
kind are typically IR singular which get cancel out completely when the elastic and
inelastic (radiative) cross sections are added together. Similarly, to extract the divergent
contribution as (Q — k) — 0, ['* is first replaced by ~*, and then setting k = ) in the
numerator and k? = % in the denominator, one again obtains for —Q? > m?

M. = L K(P, )M, (2.19)

Y Vsoft 2 T

Adding both these contributions together yields the TPE box amplitude in SPA given by

rom =~ IK(P —p) + K(P,—p )M, (2.20)

Vsoft /
mt’yﬁ/;TPE - m Y Ysoft 27T

Y Vsoft

A similar expression can subsequently be obtained for the TPE crossed-box diagram (H)

in Fig.[2.1], namely,

soft. « / /
M g = o [K(P,p) + K(P',p)]My (2.21)

7Y 2w

leading to the total TPE contribution
!
Dﬁfy; 1pE = Py TPE + imi%; TPE * (2.22)

Since for obtaining unpolarized lepton-proton elastic cross sections, only the real parts
of the amplitudes are relevant, K (P, —p) and K(P’',—p’) in the above amplitudes being
complex, in Tsai’s treatment they are approximated by their corresponding real parts,
namely, Re [K (P, —p)] ~ K(P,p) and Re [K(P',—p')] = K(P',p’), to analytically obtain
the IR singular parts of the TPE contributions. For a justification and the extent of
validity of this kind of approximation used by Tsai, see e.g., Ref [163].

Next, in Tsai’s treatment of the lepton-photon and proton-photon vertex corrections,

TH-2305_136121008



2.3. A PROTOTYPE RADIATIVE ANALYSIS 35

again neglecting the soft photon momenta in the numerator of the fermion propagators in

the one-loop amplitudes amplitudes, yield the following results with —Q? > m?, namely,

l o / 3 _Q2
m = — 2 |K@pp)—K(p,p) — =1 2
vertex o (pap) <p7p> 92 n ( mlg > + :| mo;
M o = ——; [K(P, P — K(P, P)|my,, (2.23)
T

with the total vertex contribution being

mtr ot

vertex vertex

F (2.24)

vertex

As for the vacuum polarization corrections, only the loop contribution from a single
lepton-anti-lepton flavor was incorporated while the hadronic contributions could not be
taken into account from first principles, namely,

a 10 2 —Q?

Adding up all the above contributions, we obtain the elastic differential cross section via

the formula

[doy),, = ! @m)'* (Y + P —p—P) ¢ i
T 4P PR P P enE (2n)2E,
1
x1 > [zmgzmo + 2Re M) (zmlj’% rpp - MR smpﬂ . (2.26)

spins

which under relativistic approximations, i.e., for —Q? > m? and m; < M, E, leads to a

correction to the tree-level result, namely,

[dazz((;f)] _ (dael@?)
oAy

(8%
T30 1+ —01-100 (Q2) ) (2-27)
dQl )Rosenbluth |: n v

where the IR-divergent O(«) fractional elastic contribution proportional to the term

obtained by Tsai is [47]
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61-100p(Q%) = K(P, P) + K(P',p) + K(P,p') + K(p,p) — K(P, P")
_Q2 B %

13
—K(P,p)— K(P,p)— K(p,p)+ —1In [ —%

—0)? 2 M2
[1—111(”32 )]hl(%)—ﬂnnln( )\622)

E/ El + ‘ﬁ/ ‘ M2
p p 2
1— |ﬁ/| In ( Vi ) In (V) + 5virtual(Q )7 (228)

_|_

with E) = M — Q*/(2M), and 0y collects all IR-free (independent of the regulator
A) finite contributions (see Ref. [163] for their evaluation) adding to the O(«) radiative

corrections. Finally, the so-called Rosenbluth cross section is given by

(dael(QQ)) _a cos?(0/2)
A/ Rosentiaen 41 50 (6/2)
x L [(FD)? + 72(FD)?] + 20 (FY + sy FE)* tan®(6/2) } , (2.29)

where 7 = —Q?/(4M?), which takes into account the proton recoil factor, n = E/E' =
1+ (2E/M)sin*(6/2).

Next, we need to determine the differential cross section for the soft bremsstrahlung
process, {+p— (+p+7*. In SPA, we assume that the soft emissions do not alter the
elastic kinematics, with the effect that the amplitude factorizes into the Born amplitude

My, namely,

M.+ M. = e |2 —1; : My, (2.30)

where €, is the photon polarization four-vector. To this end, the inelastic differential

cross section is calculated via the formula

dou] 1 Bpr 3P 43k
Obrioe = 4,/(P - p)? — m2M2 (2m)22E" (2m)2E}, (27)32E,-
1
x (2m)'6* (p + P+ k —p— P) 1 > . L (2.31)

spins

In a typical single arm experimental arrangement, the recoil proton remains undetected.
Thus, it makes sense to eliminate the three-momentum vector P’ using the delta function,

which yields
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e? By 1 a3k
4\/(P - p)? — m2M2 (2r)32E' 2E, (27)32E,-

[a;br]w* -

><(27r)5<E’+\/(ﬁ—i—ﬁ—ﬁ’—lgr—l—MQ—l—Ev* _E—Ep>

My |* v P P 2.32
X_Z‘ 0’[ . pk;+P~k:_P’«k} | (2:32)

spins

Now due to the presence of the recoil proton energy E) inside the energy conserving
delta function, the emitted photon radiation spectrum is highly anisotropic. In other
words, the maximum photon energy that may be emitted in the forward direction can be
significantly larger than that emitted in the backward direction, especially in the case of
large recoils at ultra-relativistic energies. Consequently, in the laboratory (lab) frame, one
has to perform a complicated phase-space integration over a very elongated ellipsoidal
volume. To avoid this complication, Tsai introduced a special Lorentz frame, so-called
the S-frame, % corresponding to the center-of-mass system of the recoiling proton and the
emitted photon in which p + P- P = P'+k=0. The advantage of transforming to
this frame is that the energy conserving delta function becomes independent of photon
emission angles such that the ellipsoidal |E | integration reduces to a spherical integration.
Furthermore, the maximum energy of the soft photon Ag in this special frame is also
considered smaller than any other energy of the system, and thus using SPA, one can
neglects the photon energy Ef within the delta function. Thus, the differential cross

section in the S-frame is given as

— S
dabr A « E{gQ — ml2
dQ, | 16(2m)*\ (Ps - ps)? — m3M?2

v
dE, d3kg
><5<ES +ES - ES—ES>—S—
") E° E5
/ / 2
Ps Pg Ps
- M |2 — 2.33
D e e e e

spms

where in terms of lab-frame energies we have, Fg = B = E/n, Eg = F+ M —
E, Ey = FE, and EZ’)S = M in the SPA. Now using the delta function, we can eliminate

the lepton momentum |p§| by integration to obtain a differential cross section formula

2This frame is also termed in the literature as the R-frame.
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quite similar to the elastic one (but with reversed kinematics), albeit the integration over
the photon momentum IZS. In fact the resulting differential cross section under relativistic
approximations, i.e., for —Q? > m? and m; < M, Es, EY%, factorizes into the Rosenbluth

differential cross section, namely,

doy, 1° B o) dog(Q?) s
i, o (i)

Y Rosenbluth
As
x / |ks\dEf*@<nAi;—As>#de
A
' P P, 1
x{,ps _ 15 ' -5 ,S}. (2.34)
Ps-ks ps-ks Ps-ks P -kg

In particular, the upper limit of the photon energy integration Ag < M in the S-frame
can be related to the lepton detector acceptance, A% = B — (E")max, ® and the proton
recoil factor, n = E/E", in the lab-frame as Ag < nAZ (cf. Appendix B). Notably
with the ©-function being free of the photon emission angles, the angular integration can
be easily performed. Finally, transforming back to lab-frame we have the result for the

inelastic differential cross section

[daez_(QQ)] . = (dael(@2) Obrem(Q%) (2.35)

/ /
dQl & dQl ) Rosenbluth

where

> 2 (mlnA*)Q M(QnA*)Q
@)= |1 (538) =1 m (T ) + 2t @+ 1P )%

B E, +|P| (2nA%)?
|P"| L

" (_) (@4 A7), (236)
with B = M — Q?/(2M), and d,eq1 collects the detector resolution dependent IR-finite

)\2

terms (see Ref. [163] for their evaluation) that contribute to the O(«) radiative correc-
tions. Note that the all IR-divergent terms o In(\?) in the above expression are exactly

opposite in sign to those in d;_jp0p Eq. (2.28). Consequently, when the inelastic soft

3Here we note that E' = (E')max is the maximum value of the inelastically scattered lepton energy
beyond which the detector can not distinguish the scattered lepton energy E’ from the corresponding
elastic limit £’¢', amounting to unobservable radiation loss.
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bremsstrahlung contributions are added to the elastic contributions the resulting differ-

ential cross sections, namely,

., )
ao; |, — o] " [a ] .

_ dog Q ' .
B (dQE )Rosenbluth [1 + ; {6V1rtual + 5rea1(A7) }:| ’ (237)

is IR-finite whose expression being somewhat elaborate is left out for the sake of brevity.
We instead refer to Tsai’s original work, Ref. [47] [see Eq. (II1.23) of this reference] for
the complete analytical expression. This completes a typical radiative correction anal-
ysis of the (-p elastic scattering process especially valid at relativistic lepton energies.
However, in the pretext of high-precision radiative analyses typically needed for low and
intermediate energy scattering data, many of the approximations used in Tsai’s analysis
become invalid and are potential sources of large systematic errors. This motivates a re-
consideration of the complete radiative correction procedure in a modern field theoretical

framework to effectively tackle hadronic effects in a model independent approach.

2.4 Motivation of Thesis Work

Although a lot of improvements to the approximations used in Tsai’s were suggested over
the years, still such analyses were inherently afflicted with large theoretical uncertainties
in the context of a proper description of the proton-photon interactions due to the “non-
Dirac-like” extended proton structure and complexities arising due to the underlying

non-perturbative nature of strong interactions at low energies.

As discussed in the last section, hadronic effects have been traditionally handled in the
literature through phenomenological modeling of the off-shell hadron vertices using ad
hoc on-shell form factors which invariably give rise to uncontrollable errors. Moreover,
off-shell for factors are complicated objects requiring the introduction of composite oper-
ators with the requirement of additional parameters in the theory. What is ideally needed

in this case is a microscopic dynamical perturbative description of low-energy QCD, from
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which one can derive both on-shell and off-shell properties of the nucleon, including ob-
servables such as charge or magnetic radii from first principles, vis-a-vis a low-energy EFT
treatment. Thus, the primary objective of this thesis is to provide a model-independent
EFT assessment of radiative corrections to the basic lepton-proton elastic scattering pro-
cess as well as its inelastic background, viz, the radiative tail. Particular emphasis is
given to the inclusion of vital recoil effects of not only the proton but also for the lep-
ton, keeping in mind the low-energy kinematics of the proposed MUSE Experiment. A
particular concern is degree of robustness of standard radiative analysis in high-energy
electron-proton scattering data which may be questionable in the context of low-energy
muon-proton scattering where muon recoil de facto leads to significant modifications to
the radiative tail spectrum in comparison to electron scattering. Furthermore, the work
of the thesis investigates novel systematic radiative recoil effects especially in the context
of the TPE evaluation using HBxPT, which to our knowledge has not been pursued till
date.

In the next chapter, we present an EFT description of the low-energy QCD based on
the guiding principles of chiral symmetry, leading to the construction of xyPT, and in

particular, its ‘extreme’ non-relativistic extension to the baryon sector, the HByPT.
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Chapter 3

Methodology: Low-Energy EFT

3.1 Introduction

In this chapter, we will describe our modus operandi, namely, Chiral Perturbation Theory
(xPT) which is low-energy Effective Field Theory (EFT) of strong interactions, and in
particular, the SU(2) version of Baryon Chiral Perturbation Theory (ByPT) which is a
version of YPT ideal for the studying the low-energy dynamics of mesons and nucleons, or
even considering its extreme non-relativistic limit to include nucleon recoil effects, namely,
the Heavy Baryon Chiral Perturbation Theory (HByPT). Even before the advent of the
gauge theory of strong interactions, namely, Quantum Chromodynamics (QCD) [164],
which is the currently accepted underlying microscopic theory of strong interactions, the
existence of chiral symmetry was known to people from phenomenological studies based
on conservation of vector and axial-vector currents in nuclear beta decay [165, 166]. How-
ever, a field theoretical framework, capturing this symmetry, did not materialize until the
late 70’s due to the inherent non-perturbative nature of the problem and the lack of
renormalizability of local interactions, which plagued many of these low-energy theories.
But this scenario got radically altered, when Steven Weinberg through one of his seminal
papers in 1979 [167] argued that a non-renormalizable theory was not altogether mean-
ingless and may still be made useful and effectively renormalizable, provided one considers

all possible terms in the Lagrangian allowed by low-energy symmetry constraints (other

41
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42 3.2. EFFECTIVE FIELD THEORY

than chiral symmetry) like parity, charge conjugation, and time-reversal invariances, etc.,
consistent with the underlying parent theory. In general, this meant that there could
be an infinite number of terms (operators) which meets this requirement. However, a
power counting scheme, which re-organizes such terms by some pre-determined degree of
importance, ensured the predictability of the theory. In this way, one could simply deal
with a small number of terms relevant at the desired level of accuracy. This path-breaking
idea marked the beginning of a new era in Quantum Field theory (QFT), which led to
the emergence of EFT [168] as a versatile dynamical framework capable of tackling non-
perturbative particle dynamics, especially in the context of a hierarchy different energy
scale. xPT is one such EFT which exploits the chiral symmetry and its breaking pattern
to describe strong interaction at low energies < 1 GeV where the standard perturbative

QCD is invalid.

3.2 Effective Field Theory

The underlying philosophy of EFT is that low-energy or long-distance physics does not
depend on the details of high energy or short distance physics [169]. One can do a consis-
tent field theoretical calculation considering only the relevant degrees of freedom available
at that energy scale, ignoring additional degrees of freedom that may be manifest at high
energies. The idea though straightforward, to put into practice, maybe quite involved.
The essential prescription of an EFT materializes from an “unproven theorem”, viz, a
conjecture put forward by Weinberg [167], popularly regarded as the Weinberg’s Folk The-
orem [170], as coined by Arthur Wightman. It postulated that a perturbative description
in terms of the most general effective Lagrangian containing all terms compatible with the
assumed symmetries yields the most general S-matrix elements consistent with analytic-
ity, perturbative unitarity, cluster decomposition and the underlying symmetry principles

of quantum field theory.

The following points below briefly summarize the basic tenets and requirements involved

in the formulation of an EFT prescription:
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e Approximate theory: Unlike a renormalizable QFT which is in principle valid
to infinitely high range of energies/momentum scales, an EFT is an approximate
version of the parent QFT with a limited range of validity where there exists a

well-defined scale hierarchy in the underlying dynamics.

e Non-renormalizability: The most general EFT Lagrangian which is constructed
utilizing all possible available low-energy symmetries have in effect an infinite num-
ber of unknown parameters or couplings c¢,, so-called the Low-FEnergy Constants
(LECs), and higher dimensional (D > 4) local operators O,, of diminishing impor-

tance having the generic form:

o0

1 1 Cn,
ﬁ(E/;“)T(xu 9) = L<p+Lpyi+5Lprat- = —Op(z,0).
N A A , - A"
renormalizable  non-renormalizable (3. 1)

e Hard scale: Existence of a well-defined breakdown Ay separating the energy do-
main into low- and high-energy (ultraviolet) regimes. All physical dynamics above

Ay are considered perturbative while those below are inherently nonperturbative.

e Integrating-out heavy modes: Identification of the high-energy degrees of free-
dom which get frozen or decoupled from the spectrum as the relevant energies are
insufficient to activate or excite them. However, in the the remaining theory with
the relevant low-energy effective degree of freedom, the information of such high
energy modes are not lost but remain implicitly embodied in the couplings of oper-
ator terms in the Lagrangian. This very idea, of course, stems from the well-known
Decoupling Theorem by Appelquist and Carrazone [171]: the effects of heavy par-
ticles go into local terms in a field theory, either as renormalizable couplings or in

non-renormalizable local interactions suppressed by powers of the heavy mass scale.

e Low-energy constants (LECs): The coupling parameters ¢, symbolize all the
ultraviolet (UV) physics that remain unresolved in the effective theory and are often
used as counterterm to renormalize UV divergences arising in lower-dimensional

operators. These LECs are a priori undetermined from the symmetry principles of
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the effective theory itself and are needed to be fixed either phenomenologically, i.e.,

using data from experiments or Lattice QCD, or through “matching”.

e Matching: In cases where either the underlying UV complete theory is completely
known or empirical information is unavailable, the unknown coefficients of the local
effective operators can be fixed by comparing the same Green’s functions calculated

in the full theory and the effective theory at a certain kinematic scale.

e Universality and predictability: The LECs ensure universality of the EFT in
the sense that once they are estimated for a given process, they can be used in other

processes involving the same the local operators to make predictions.

e Power-counting: This is used to establish an effective perturbative expansion
of organizing the local operators in a way that at a given order (depending on
the desired level of accuracy) only a finite number of terms in the Lagrangian can
contribute. Being based on dimensional analysis scheme the procedure keeps track
of systematic uncertainties in a controlled way, which is also necessary to ensure

the predictive power of the EFT.

e Momentum expansion: Unlike a renormalizable QFT with a perturbative ex-
pansion in terms of a dimensional coupling, an EFT expansion scheme organizes
the Feynman amplitudes (i.e., S-matrix elements) M for a given process in a generic
expansion in powers of the typical small momentum p < Ay, namely,

o0 n
p
M ~ Knl—] , (3.2)
n=0 AH

where IC,, denote expressions containing masses of particles and other kinematical

factors.

The motivation behind the formulation of an EFT for a particular dynamical system is
based on one of two scenarios: (1) “UV completion” or the so-called bottom-up approach
which assumes that the full known underlying high-energy dynamics is either not known
or solvable at low-energies, and (2) “IR completion” or the so-called top-down approach

which is based on the assumption that even if the full underlying theory is known or
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solvable; it is more efficient and simpler to work with an effective low-energy theory with
lesser degrees of freedom upon integrating out the heavy modes from the Lagrangian.
The former idea of UV completion, on the one hand, motivated the development of xYPT
as a low-energy EFT of QCD, since the asymptotically free nature of strong coupling,
invalidates the use of standard perturbative QFT framework. The latter IR completion
scenario, on the other hand, motivated the development of the heavy baryon formulation,
namely, HBYPT [172] which is a low-energy non-relativistic EFT of the Lorentz invariant
xPT extended to include baryons, namely, BYPT. The recipe to integrate-out the heavy
dynamics is elucidated very clearly in Ref. [173] in the context of a toy scalar model with
a heavy field H of mass my that linearly couples to some combination of light fields J.
For the sake of completeness we repeat the essential steps below. The Lagrangian is given
as

1
L= 5(8#}]6“}] —m3H?*) + JH . (3.3)
The following sequence of steps executes the procedure:

e Identification of a hard scale Ay with respect to which H is regarded as the heavy

degree of freedom and J corresponding to a collection of light fields.

e Obtaining the effective action in terms of the light fields J after integrating out
the heavy field H either using the heavy field’s equation of motion [174] or in a
path integral formalism [173, 175]. In the path integral approach the action S is
first integrated by parts, whereby the surface term drops out at sufficiently large

distances, leading to

S[H,J] = / d'z C[H, J]
= /d%[—%HDHJrJH]
1

|
_ —é/d% [QH’]DH’—J]D*J], (3.4)

where D = (J+m?, following a change of variable, H(x) — H'(x) = H°(z)+ H(x),

where

H(z) = / d'y A — ) (y) = —D VI (x), (3.5)
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noting that

(2H] = [72H]
DAz —y) = =6 (z—y),

D, H’(x) = /d“nyAH(I —y)J(y) = - /d4y54(rv —y)J(y) = —J(z),
such that the generating functional remains invariant:
Z[0] = /[@H]eifd4xE[H,O} & /[@H/]eifd%cm’,o} ' (3.6)
Equation (3.4) may be easily verified as follows:

/d4x[—%HDH+JH} - /d"w[-%(H’-HO)D(H’—H°)+J(H’—H°)}
d

1
- —5/ 4z[H’]D>H’—HO]D>H’—JH’+JH°}
- —% / d4:1;[H’DH’+JH0] (3.7)

where through repeated integration by parts it may be shown that the second and

third terms on the right hand side of the above integral cancel, namely,
/ d*xH°D H' = / d*zr HDH® = — / d'zr JH', (3.8)

where J = —IDH°. Thus, the effective generating functional is

f[@H]eifd“xﬁ[H,J]
f[@H]eifd4mL[H,0}

ei [d*= [—%(H’ ID)H’—Q—JHO)}

Wesp[J] = eeril]

J[2H]

ei [ diz [—%(H ]DJH)]

J1Z7H]

i[dix [—%(H’ ]D)H’—JHO)}
e

J[2H]

ei [dix [—%(H’ ]D)H’)]

[19H)
e i fatere (39)
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and thereby the effective action could be directly read off, namely,
1 1
Serrld] = —3 /d4:13 J(x)H (z) = —§/d4x dy J(x)Ag(x —y)J(y).  (3.10)

e Integrating out the heavy field H leaves the effective action S.¢; with only the light
fields J convoluted by the non-local operator Ay (x—y). However, to facilitate local
interactions between light fields, the non-local effective action must be expanded in

terms of local operators. To obtain local interactions J(y) is Taylor expanded in x

9J(y)

Hoe 3.11
(A (3.11)

J(y) = J(@) + (y — x)

Keeping only the first term in the expansion and using the result

/d4 A /d4 / Ak ! +0 : (3.12)
T —y - R .
yAn( mH—l—zn m mi )’

finally yields a local effective action

SuslT] = / d4x2n1ﬁ{ J(@)J(@) + - - (3.13)

where the ellipses denote additional terms suppressed by higher powers of heavy
particle mass my. This action correctly describes the physics of low-energy modes
at scales £ < mpy. The essential point to realize here that to any given order in

1/my expansion there are only a finite number of effective operators.

3.3 Chiral Symmetry in QCD and its Breaking

Chiral symmetry is one of the important low-energy global symmetries of strong interac-
tion [176] in the light quark sector. The QCD Lagrangian written in terms of the current

quark fields ¢(x) with flavors, namely, the “up” u, “down” d and the “strange” s, and

TH-2305_136121008



48 3.3. CHIRAL SYMMETRY IN QCD AND ITS BREAKING

the eight independent color gauge fields, namely, the gluons A%(z) (a =1,---,8) is '

Lo = ()il + Mla(a) — 5 Tre [Gun(1)G" ()] (314)

where, the gluon field strength tensor is Gf, = J,A; — 0, A + ¢ f“bC.AZ.A‘,j with strong
coupling g and structure constant fu.. The quark fields transforming according to the

fundamental representation of the flavor SU(3); symmetry is

U m, 0O 0
q = d 3 and Mq: 0 my 0

S 0 0 ms,

being the quark mass matrix. The QCD Lagrangian at a classical level is invariant under

the full global symmetry transformation group:
G =SU@3), ®SUB),®U(1),, ® U(1) 4.

However at the quantum loop level the singlet U(1)4 global symmetry transformations,
namely, ¢ — exp(—ivsa)q,a € R, of the axial-vector current A, (z) = ¢(z)y,75q(x) de-
velops the so-called chiral anomaly [177, 178] which explicitly breaks the above symmetry,

i.e., in group-theoretical terms
G=G=5SU(3), ®SU(3),®U(1),.

Special gluonic field configurations, so-called the instantons [179], are believed to induce
such anomalous symmetry breaking. It is worth noting that the QCD Lagrangian re-
mains invariant under the singlet U(1)y global symmetry transformations, namely, ¢ +—
exp(—if)q, B € R, resulting in the conserved singlet vector current, V,(z) = q(x)y,q(x).
This unbroken symmetry is connected with conserved baryon numbers, B = +1/3 of the

light quarks and anti-quarks.

Note that for each flavor of quark field, there is an associated color triplet, e.g., u = (u,., Ug, Up), With
subscripts “r”, “g” and “b” standing for “red”, “green” and “blue”, respectively, transforming according
to the fundamental representation of color SU(3). symmetry. Also notable is that the covariant derivative

I acts only in color and Dirac spaces but not in the flavor space.
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At this point, one can decompose the quarks field into its left handed ¢, and right handed

¢r chiral components as

1 1
q = 5(1 —75)q and g = 5(1 +75)q, (3.15)

in terms of which the QCD Lagrangian Eq. (3.14) becomes

) 1
Locp = qrli)gr + qrlilgr — §T1“c(gw/g“”) — qrMyqr — CYRM:EQL

In the last line of the above equation, we have separated the QCD Lagrangian into a

massless part £ and a quark mass dependent term 0L3p. We have

m, = 0.005 GeV 0 0
M, = 0 mg = 0.009 GeV 0 < A, ~1CeV
0 0 me = 0.175 GeV

where the mass scale of 1 GeV is the scale of chiral symmetry breaking, i.e., the scale
usually associated with the mass of the p vector-meson? which is one of the lightest
hadrons composed of the current quarks which can not be one of the Goldstone bosons of
chiral symmetry breaking. As long as the current quark masses are considerably smaller
than this scale, chiral symmetry is approximately realized where the mass dependent
Lagrangian term has little influence on the QCD spectrum. In this case, it can be easily

seen that the L{),p, is invariant under the following independent transformation of the

left-handed and right-handed quark field:

X

5 € SU(S)LR

8
qr— Rqr, qr v+ Lqp, where R,L = exp [—2’ Z @C]:’R
a=1

2In many processes involving nucleons, e.g., in the low-energy Compton scattering process, the spin-
3/2 resonances A(1232) play special role in setting the hard scale of xPT, as the mass difference, Ma —
My =~ 300 MeV, is much snaller then the p meson mass [180].
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where O (q = 1,--- | 8) are real-valued parameters and A\* are the Gell-Mann SU(3)
matrices. So in group-theoretical terms, we can say that the QCD Lagrangian has the
global G = SU(3), ® SU(3), symmetry in the limit of vanishing quark masses (chiral
limit). This group G is commonly termed as the chiral symmetry group. Noether’s
theorem [181], suggests that es corresponding to this global symmetry group G one can
expect 2(3% — 1) = 16 conserved currents, namely, the left-handed and right-handed

currents,

L) = By (),
Ri(x) = (jR(x)fyﬂqu(x), a=1,..8. (3.17)

Equivalently the chiral group may be expressed as G = SU(3),, ® SU(3),, and hence
associated with sixteen conserved vector Vi and axial-vector A, currents, which arise by
taking the following linear combinations of the above chiral currents:
a a a — A? 0wy Hra
Vilz) = Ru(r)+Ly(z) = q(x)fyygq(x); IMVi(r) =0,

A = Ri) -~ L) = d@masnale) PA) =0, (319

Symmetries in QFT are realized in two different ways depending on the response of the

ground state to these symmetries, viz.,

e Wigner-Weyl mode: Ordinary realization of symmetries, in which a the sym-
metry of the Hamiltonian/Lagrangian is reflected in the symmetry of the spec-
trum leading to degeneracies that are especially respected in the ground (vacuum)

states [182, 183].

e Nambu-Goldstone mode: Non-trivial way of realization of symmetries, in which
a symmetry of the ground state becomes different or hidden from the apparent
symmetry pattern of the Hamiltonian/Lagrangian leading to a spontaneously or

dynamically broken symmetry [165, 166, 184, 185].
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Now according to the Vafa- Witten Theorem [186]: vector-like global symmetries, such as
strangeness, flavor, isospin, baryon number, etc., in vector-like gauge theories, e.q., QCD
can not be spontaneously broken as long as the vacuum theta-angle is zero (or nearly zero).
This should mean that such vector-like symmetries must be realized in the Wigner-Weyl

mode and consequently, the vector charges J{, annihilates the ground state, i.e.,
Qo =0. @y = [ Vi

leading to a QCD spectrum of degenerate multiplets, vis-a-vis, the baryon octets belong-
ing the vector subgroup H = SU(3)y of the chiral group G. However, the fact that
the observed baryon octet masses are not the same and in contrary vary substantially,
suggests that symmetry breaking pattern in the Wigner-Weyl mode involves explicitly
broken symmetries. In this case, the considerable difference of the physical s-quark mass
from that of the u, d-quark explicitly breaks the flavor SU(3) symmetry. It may be no-
table that although SU(3)y is a “badly” broken symmetry, the isospin subgroup SU(2)y
is a fairly good symmetry of the QCD spectrum as evident from the almost equal masses

of the baryon charge multiplets for a given strangeness.

Proceeding in the same line of arguments, the axial-vector symmetry is also expected to

be realized in the same mode with the axial charge annihilating the vacuum, i.e.,
@0 =0, @ = [ daA3(o).

This leads to the so-called parity doubling of the QCD spectrum with the expected ap-
pearance of degenerate negative parity baryons that contradicts with observed spectrum.
In their absence, one concludes that the axial charges do not annihilate the ground state,
Q%]0) # 0. Does this mean that axial symmetry is not good symmetry? There are plenty
of evidence to suggest that this symmetry is somehow manifest. For example, the weak
decay of a pion is consistent with the Partially Conserved Axial-vector Current (PCAC)
hypothesis [166], along with the success of Goldberger-Treiman relation [187], indicates
that underlying strong interaction mechanisms respect axial symmetry, albeit indirectly.
Hence, the axial symmetry must be realized in the Nambu-Goldstone mode [184, 185],

i.e., the ground state does not preserve the full symmetry group of the Hamiltonian, in
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which case the chiral symmetry group G spontaneously breaks into the diagonal subgroup

H (or the “little group”) of flavor symmetries, i.e.,
SU3), ®SU3)z =SU3)y_r1r ®SUB) 4_r_g = SU3),,.

Now according to Goldstone’s Theorem: for every spontaneously broken symmetry, there
corresponds a massless particle whose quantum numbers are the same as that symmetry’s
Noether Charge. This means that corresponding to the eight axial generators Q% that do
not annihilate the vacuum and commute with the Hamiltonian, there should appear an
octet of massless Nambu-Goldstone (NG) bosons under the same flavor subgroup H C G
but with negative parities and baryon number B = 0. Indeed the lightest particles in the
hadron spectrum, namely, the pseudoscalar octet of mesons, 7%, 7%, K*, K° K° andn,
may be identified as the NG bosons of spontaneous broken chiral symmetry group G. In
reality, these octet mesons are pseudo-NG bosons by nature due to their small masses
(compared to the chiral symmetry breaking scale) that originate from the non-zero quark
mass term dL{p, of the QCD Lagrangian explicitly breaking the chiral symmetry. With
chiral symmetry being an approximate symmetry of strong interaction, the conservation
of the axial current A}, is only approximately realized, leading to the well-known PCAC

relation,

(00" A5 ()|7°(2)) = 6mifr, (a,b=1,2,3) (3.19)

valid in the SU(2) limit, where f, is the pion decay constant. This “softness” of this
symmetry breaking effects can be best described in a perturbative spurion analysis, as
long as L3¢ p terms are small compared to some relevant hadronic scale, e.g., the chiral
symmetry breaking scale A, ~ 1 GeV. This is what is done in xPT, which describes
the interactions of NG bosons among themselves and with external fields in perturbative

S-matrix expansion in terms of quark mass and momenta.

To this end, a spurion analysis can be easily described in QFT, e.g., using complex scalar

fields. The following sequence of steps executes the procedure:

o Introduction of a complex spurion field for the explicit symmetry breaking quantity,
(e.g., quark mass, electric charge, etc.) pretending it to transform in a way that the

symmetry breaking terms are invariant under the full symmetry.
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e Construction of the effective Lagrangian with invariant operators in terms of the

spurion field.

e Restoring the true value of the symmetry breaking quantity as a vacuum expectation
value (vev) of the spurion field which finally breaks the symmetry spontaneously with

the spurion not transforming under the full symmetry.

As a simple demonstration of this formalism, let us consider the following example, taken
from Ref. [188], of a complex scalar Lagrangian with the perturbation %, which explicitly
breaks the ¢(z) — ¢/(z) = e"*¢(x) global U(1) symmetry:

Lold] = (8,67)(0 ) — m2|o]® — Aol* + Luld],
Lald] = Woé+ec., (3.20)

where 12 is a real constant which is considered small compared to any scale in the unbro-
ken part of the Lagrangian. As a result of the symmetry transformation, the symmetry

broken part of the Lagrangian becomes
c%b[¢l] _ M2¢/*¢/ y 627204#2¢*¢'

This is not invariant unless the parameter p is promoted to behave like a complex scalar
spurion field ji that transformed as i — e~2*/%. In this case the full Lagrangian Lo[9, ji]
with the new “spurious” field is now invariant under the U(1) transformation. Using the
spurion field one may proceed to construct an effective Lagrangian with the most general

U(1) invariant operators of the form %?¢’¢*¢,a,b,c € Z, and b > ¢ such that

b—rc

p2agbgre V) i(—2a+b—c)a (2l pbere provided a = 5

(3.21)

Since p is only a constant and not a field (real degree of freedom), at the end of the analysis
the U(1) symmetry is again broken, but now “spontaneously” instead of “explicitly”, by
assigning u the vev of the spurion field, namely, the Dashen condition: u = (0||0) > 0.

This facilitates a power series expansion in the perturbation parameter p in the resulting
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EFT. Thus, the spurion formalism in effect converts a theory with explicitly broken

symmetry to mimic a spontaneously broken perturbative theory.

3.4 Chiral Perturbation Theory

In the long pursuit of developing a low-energy effective chiral theory of QCD incorporating
spontaneous chiral symmetry breaking, it emerged that an effective decoupling of high-
energy modes would not be manifest unless the NG bosons were realized in a non-linear
way incorporating derivative interactions to be consistent with low-energy theorems. This
would not only decouple short distance effects of quarks and gluons but also effects due
to the presence of heavy mesons and other resonances, such as p(770), in the hadron
spectrum close to the hard scale and not appear explicitly in the chiral Lagrangian.
Based on this fundamental tenet, Chiral Perturbation Theory (xPT) was established
as an effective field theory of QCD which exploits the usual low-energy symmetries,
like the P, C, and T invariances, as well as the spontaneously broken chiral symmetry
to provide a systematic description of strong interaction at energy scales well below its
breakdown scale, A, ~ 1 GeV. Since the theory assumes chiral symmetry, its applications
are restricted to the light quark sector and can not describe the dynamics of heavy quarks.
In the meson sector, it describes the interactions among the pseudo-NG bosons as well as
with the non-linearly coupled external fields in a perturbative NG boson momentum or
quark mass expansion of the S-matrix elements, in contrast to the usual coupling constant
expansion. When xPT is extended to incorporate the low-energy dynamics of baryons,
we deal with Baryon Chiral Perturbation Theory (BxPT), and often its non-relativistic
counterpart, Heavy Baryon Chiral Perturbation Theory (HByxPT) as used in the later
chapters of this thesis. From here on we shall restrict our discussions only to the Ny = 2
flavor version of xPT with chiral group, G = SU(2), ® SU(2)p, which spontaneously
breaks into the diagonal “isospin” subgroup, H = SU(2),,_,, and describing the dynamics

of nucleon N = (p,n) and pion (7, 7% 77) fields only.

Since QCD can not be solved at low-energies, the effective Lagrangian expressed in terms
of NG bosons is achieved as a bottom-up approach [189]. Here we briefly review the meson

XPT following the nice exposition presented in Ref. [190]. The theoretical foundations of
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XPT rely on the methodology proposed by Callan, Coleman, Wess, and Zumino (CCWZ
formalism) [191, 192], of constructing an effective Lagrangian in the presence of sponta-
neously broken symmetry based on the well-known non-linear o-model parametrization.
Nevertheless, the formalism is truly general in the sense that the underlying physics
can be shown to be independent of any choice of coordinate parametrization of the NG
fields, provided that the parametrization is non-linear to facilitate the decoupling of heavy
modes. In other words, the S-matrix elements are invariant under reparametrization, and
thus, the low-energy physics should only depend on the structures of G and H. Accord-
ing to the CCWZ formalism: If a theory invariant under the Lie Group manifold G with
dimensionality ng = dimG gets spontaneously broken to a Lie Group submanifold H C G
with dimensionality ny = dimH, then the resulting n = ng — nyg broken generators,
namely, the NG bosons, would constitute the left coset or quotient space K = G/H of H

whose dimension is n = dimK .

3.4.1 SU(N; =2) Meson Chiral Perturbation Theory

Along the lines of the CCWZ construction of group elements, the spontaneously broken

chiral symmetry group can be written as

G =5U(2), ®SU(2), ={(L,R)| L € SU(2),, R SU(2),},
and that of the unbroken diagonal flavor subgroup can be written as
H=8U2),={V=(V,V)|VeSu@2),} cCdG.
The NG pions then belong to the coset space or quotient given by
K =G/H =S5U(2);, ® SU(2)/SU2)y ~ SU(2) 4.

Now, if g1 = (L1, R1), g2 = (L2, R2) € G, then using the group composition law of G,
namely, ¢192 = (L1, R1)(Lo, R2) = (L1Ls, R1Rs), it can be shown that the left coset
gH € K of any element g € G has the representation, gH = (LR, T)H:
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Proof: If h = (V,V) € H, and

gH = (L,R)H = {(LV,RV)| V € SU(2);/} ,

then
gh=(L,R)(V,V) = (LV,RV)=(LR'RV,RV)
— (LR',I)(RV,RV) = (LR, I)(V', V"),
= (LR"DK (3.22)

where I5yo is the SU(2) identity element and A’ € H is the so-called compensator element.

Then it implies the coset decomposition, gH = (LR', 1) H.

Thus, there is arbitrary choice in parameterizing the left coset gH of H by a single
representative element, U = LRI, ie., gH = (U, I)H. By virtue of invariance under
reparametrization, in order to introduce the space-time coordinate x dependence of the
left coset elements, U can be chosen as an element of the local SU(2) group, namely

g(x)H = (U(x),I)H, where

¢(z)
[

U(x) = L(z)R'(z) = exp (z > € SU(2)15ea1 (3.23)

where f; ~ 92 MeV is the pion decay constant in the chiral limit, and ¢(z) constitutes

the triplet of pion fields, 7* = (7', 72, 72), which may be expressed in terms of the Pauli

matrices, 7% = (71, 7%, 71), in the physical “charge” basis as

3 0 \/5 +
s s
$(x) =) Tatpa(r) = (3.24)
a—=1 \/§7T* —70,
It is important to note that although the coset space elements are now isomorphic to

SU(2) elements, it is not a group in general. Also note that the chiral transformations of

the NG pion fields ¢(z) in contrast to the field U(x) are highly non-linear of the general
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form

n(z) ' (e) = a2+ Y s [T (@) ()72 (7 ()P, (3.25)

P1P2p3
p1+p2+p3>2,p; >0

where the second terms on the right hand side represent the non-linearity of such trans-
formations. In group theoretical language the above transformation can be represented in
terms of the transformation of the square root of the U(x) matrix field, i.e., u?(z) = U(x),

namely, if g € G, then

u(x) & o (x) = /LU (x)Rt = Lu(x)h'(L, R, ¢) = h(L, R, $)u(z) R,

where h(L, R, ¢) € H is called the compensator field. This evidently reflects the fact that
the SU(2)10ca1 parametrized [c.f Eq. (3.24)] coset elements are not necessarily preserved
under the group action G. However, with the same SU(2),ca1 parametrization, this kind
of complicated non-linear realization of the pion fields can be reduced to a much more

simpler transformation under the action of GG, namely,
U(z) ¥ U'(x) = LU(z)RT,

i.e., U(x) now transforms linearly under G. To see this, consider the global action of the

element g € G on the locally parameterized left coset of H, say, §(z)H = (U(x),1)H.

Proof: If g = (L, R), §= (L, R) € G, then
glo(@) 0} = g{(LRI(2),DH} = (L, R)(LR(z), DH = (LLR'(z), R)H
— (LLR'(2)R'R, R)H = (L[Eé%@]Rhﬂ) (R,R)H
= (LU(z)R',)H .

One can now proceed to construct the most general effective Lagrangian using the low-
energy symmetry properties of the U(x) field, which can be organized in increasing powers
of pion momenta and quark mass; the momentum expansion amounts to expansion in

derivative over pion fields. The matrix representation of U(z) is a 2 X 2 matrix in the
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flavor space which transforms linearly under chiral transformations such that

UU =Tyyy, det(U)=1.

We have

gt — 2@ W 2O (3.26)

where the superscripts, n = 2,4,6, ..., indicates number of derivatives or powers of the
quark masses. ® It is notable that in the mesonic case invariance under parity and Lorentz
symmetry restricts terms in the Lagrangian with only even number of derivatives or pion
momenta, i.e., term of the form O(p®") can only contribute. To this end, we only display
the lowest chiral order Lorentz invariant Lagrangian respecting chiral symmetry, parity,

time-reversal, G-parity and charge conjugation invariance, namely,

2

| AR i (Te[D, U (DU + Te[xUT + Ux™]), (3.27)

™

where “Tr” is the trace over the 2 x 2 flavor space. An vital aspect is that the above
Lagrangian has a local SU(2), ® SU(2) , symmetry. This issue has profound consequences
in the realization of the underlying low-energy symmetries of QCD Green’s functions on
which xyPT is based on. As a plausibility argument to the Weinberg’s Folk Theorem by
Heiri Leutwyler [193, 194]: in the absence of anomalies the manifestly Lorentz invariant
chiral Ward-Identities satisfied by QCD Green’s functions of the symmetry currents are
equivalent to the invariance of the Lagrangian, vis-a-vis the effective action, under local
chiral transformations. Thus, to correctly capture the low-energy structure a la off-shell
effects, one needs to consider locally invariant Lagrangian although the basic underlying
symmetry is global. The use of local transformations can systematically generate the
effect of Ward Identities in the generating functionals by considering 4-divergences of
Green’s functions without explicitly working out the current algebras. To consider the

effect of external sources directly in the QCD effective action Sqcp, we may write

eiSQCD[l}L?THvSvp} — /[@q] [.@(ﬂ [@Az]eifd4x £QCD[q,q’,AZ,lu,ru,s,p]

- / (PUe ] &'aZen Udisrss (3.28)

3since one power of quark mass counts as two order of derivatives
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where the massless Ny = 2 flavor QCD Lagrangian E%CD with the iso-doublet quark field

spinor, ¢ = (u  d)?, includes the additional source terms, i.e.,

Lo = =10 {i0) |57 = ) |25 = o)~ iptel fato) (3:29)

2
where,
lh(r) = 5 [1) +703()]  (eft-handed)
ru) = 3 [Irda)+7ri(@)]  (right-handed)
ST A %[hﬁ(@w%%@] (scalar) .
p(z) = %[pr’(x)+¢apa(x)} (pseudoscalar) (3.30)

are 2 x 2 flavor space Hermitian source (matrix) fields. It is notable that the quark mass
term .#, is included as an iso-singlet scalar source field
my 0
=M, = “
0 mq
Moveover, the scalar and pseudoscalar sources are related to the chiral quark condensates
which also break chiral symmetry explicitly as well as dynamically. Their contributions

are systematically included in the chiral Lagrangian through the x field, namely,
x(z) = 2By [s(x) +ip(z)] , (3.31)

where the parameter By is related to the chiral quark condensate (0]gg|0) which is the

order parameter for a dynamically broken chiral symmetry and given as

(0]qql0) _

B, = —
° 2f2

(3.32)

The above methodology of including external source fields in fact readily allows the
scalar and pseudoscalar sources to be expressed as spurion fields so that they transform
under chiral transformations. This facilitates easy contraction of local operators in the
effective Lagrangian using the x field that break chiral symmetry. The second term
in #? proportional to the flavor trace, (xU'™ + Ux'), is just the leading chiral order
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term. Furthermore, all underlying QCD symmetries can be systematically incorporated
in the local operators of the effective chiral Lagrangian. To facilitate couplings of pions
to the external sources, the ordinary derivatives d,, are promoted to the so-called chiral
covariant derivatives, 9, — D,, which include the vector v* = Z(I* +r*) and axial-vector

at = 3(r* — I*) source fields as

DFU = MU —i(v" + a*)U + iU (v" — a*)
D'UT = 0MU +iU(vF + at) — (v — a)U'. (3.33)

Finally the responses of the different components of the chiral Lagrangian under local

chiral transformations are as follows:

U — L(z)UR'(x),
U — R(x)U'L'(z),
DU + L(z)D,UR'(z),
v, +a, — R(@)(v,+a,)R(z)+iR()0,R (x),
Vu = ay = L(@) (v, — @) LY (@) +4L(2)9, L1 (z),
s+ip — L(z)(s+ip)Ri(x),
s—ip — R(z)(s—ip)Li(x). (3.34)

As an important application of the leading chiral order Lagrangian, by setting [, =
r, =p =0 and s = .#, and then expanding U(z) in the symmetry broken part up to
quadratic terms in the pion fields, i.e., to O [¢?(z)], yields one of the celebrated expressions
of the Gell-Mann-Oaks-Renner relations, namely, the one that relates the physical pion

: 2 _ 2
masses, 1.e., m-. = m;

o = (my + mg)By. The relation can be systematically improved
by considering contributions from sub-leading chiral order operators, (i.e., of O(p*) or
above) in the effective chiral Lagrangian. A wide range of applications of sub-leading
order analyses in Ny = 2 flavor xPT exist in the literature, e.g., determination of higher
order corrections to the m-7 scattering processes, pion Compton scattering, accurate

predictions of electromagnetic pion form factors and polarizabilities, radiative correction

to - decays, etc., and anomalous pion decays. These topics however not being relevant
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and beyond the scope of the thesis work will not be discussed here.

3.4.2 Weinberg’s Power Counting Scheme for yPT

Since the effective Lagrangian by construction contains an infinite number of local opera-
tors, one needs an organizing scheme that prioritizes terms by order of relevance starting
from the most dominant terms, viz., the leading order. The scheme also addresses how
quantum loops and quark masses should appear order-by-order in a diagrammatic per-
turbative S-matrix expansion, such that at every order, one needs to evaluate only a finite
number of diagrams with a small number of loops. This is ensured by the Weinberg’s

power counting scheme [167].

To organize term in an expansion over the small generic four-momentum p of the NG pions
(or their derivatives 0,,) the following chiral powers are assigned to the basic components

of the chiral Lagrangian:

Uz), Ul(z) = O@°)

)
2,U(z), v,(x), a,(x), D,Ux) — O(p)

s(@), p(), x(@), mz = O@°). (3.35)

With these chiral counting a simple assessment of the chiral behavior of amplitudes (con-
tributions to the n-point Green’s functions) is possible using a Naive Dimensional Analysis
(NDA). To this end a linear re-scaling of the external momenta, namely, p — tp, and a
quadratic re-scaling of the current quark masses, .#, — t*>.#, amounts to re-scaling the
S-matrix elements, Sy; ~ 0*(P; — P;)A as Sy; +— tP74S, where the Feynman amplitudes
scale as A(p, #,) — Altp, t*.#,) = t° A(p, #,) with D being the so-called chiral dimen-
sion of a diagram determined by its topology. This is easily demonstrated by considering

a Feynman graph in the generic dimensional form

Alp,.4,) ~ / [d4p]L[pi]I I ™ (3.36)
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with V,, number of vertex insertions from R Eq. (3.26), L number of loops, and [
number of internal lines, the above momentum and quark mass scalings result in the

following scaling of the full graph:

Attty ~ [l o T e

_ n 1 n
HAL=21430, nVn /[d4p]L H [p ]Vn

211
[p] n=2; Even

= tPAlp, 4,), (3.37)

where D = 4L — 2] + ) nV,. Moreover, for any graph we may use the topological
identity, V. — I + L = 1, where V = )" 'V, is the total number vertices. This yields the

scaling dimension D of graph which is necessarily an even integer, namely,

D=2+2L+ Y (n—2)V,. (3.38)
n=2; Even

The chiral Lagrangian starts at O(p?), so that with n > 2 we must also have D > 2.
Graphs with D = 2 do not contain any loops (L = 0), one-loop (L = 1) graphs start with
D = 4, two-loop graphs with D = 4, and L-loop graphs with D = 2 4 2. Consequently,
up to a given chiral dimension D only a small number of loop diagrams (L < D) are
needed to be evaluated, and more importantly, the UV divergences appearing from loops
can always be renormalized with counterterm diagrams with the same chiral dimension.
This feature effectively makes yPT act as a renormalizable field theory. For example, in
pion-pion scattering computations at the lowest chiral order, i.e., D = 2, only tree level

diagrams contribute. The resulting real-valued amplitude, namely,

A(s) ~ 7 i (3.39)

is a rather good estimate near threshold, but unfortunately violates perturbative unitarity
growing monotonically large as s — oco. This necessitates the inclusion of diagrams
with at least chiral dimension D = 4 which include one-loop (L = 1) diagrams with
vertices from 2% and tree order (L = 0) counterterm diagrams with a single insertion

of 2™ vertex. No further diagrams with LY vertices are needed. Thus, in meson
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FiGURE 3.1: Power counting scheme for determining the elastic m-7 scattering am-
plitude, Arr ~ p”, with generic pion momentum p. A one-to-one correspondence of
loop and small momentum expansion is always manifest in meson yPT. The figure is
adopted from Ref. [195].

xPT amplitudes of various processes employ the NDA counting rule with a one-to-one
correspondence between loop and small momentum expansion. This low-energy structure
of chiral expansion of the elastic m-7 scattering amplitude is schematically depicted in

Figure [3.1].

3.4.3 SU(N; =2) Baryon Chiral Perturbation Theory

The Ny = 2 flavor meson xPT formalism can be extended to the baryon sector, which
is most systematically spelled out in the seminal work of Gasser, Sainio and Svarc [195],
to describe the dynamics of nucleons interacting with pions and external fields. Again
one utilizes the basic CCWZ prescription for the spontaneous breakdown of the chiral
symmetry group G = SU(2), ®SU(2) , to the diagonal “isospin” subgroup H = SU(2),,_,,

with the iso-doublet nucleons belonging to its fundamental representation denoted as
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where p and n are each four-component Dirac spinors representing the proton and neutron,
respectively. The nucleon field transforms linearly (Wigner-Wely mode) under H C
G, namely, ¥ +— ¥ = VUVT with V € H. While the triplet of pseudo-NG pions
belong to the adjoint representation of the SU(2) parametrized coset space G/H. The
pions fields U(x) are realized non-linearly (Nambu-Goldstone mode) under the local chiral
transformations G as defined by the mapping U(z) — L(x)U(x)Rf(x). This feature is
essential to ensure vanishing of their self-interactions in the limit of zero momentum.
Under the action of a local chiral transformations g € G, the nucleons transform in a

highly non-linear manner similar to the original NG fields ¢(x) [c.f Eq. (3.25)], namely,
W(a) b KIL(), R(@), 6() () , with D), R(z) € SU@), s (3:40)

where K (L, R, ¢) is the local SU(2); valued compensator element which is implicitly
dependent on the space-time coordinate x and as before defined by the transformation of

the “square root” matrix field,

u(z) = VU (@) = exp (z(g(;)) , (3.41)

namely,

u(z) ¥ u'(x) = /L(z)U(x)R'(z)
= L(z)u(x)K'[L(z), R(x), ()]
— K[L(@), R(z), d(@) u@) R () (3.42)

such that the compensator has the following representation:

K[L(z), R(x), $(x)] = (¢L<@U<x>m<x>)* L(x)\/U(x). (3.43)

In particular if, L(z) = R(z) = K[V (x),V(x)¢(z)], we have

v = VK@K = VKuKtKuKt = KuK',
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which on comparison with the last line of Eq. (3.42) yields K[V (z),V(z), ¢(x)] = V (z),
which is consistent with the fact that K € H. In other words, ¥ transforms linearly as

an isospin doublet under H.

The local character of chiral transformations requires us to introduce a chiral covariant

derivative D,, which transform as D, — KD, K" where
D, =08, +T,, (3.44)

and I', is the so-called chiral connection, i.e., the gauge field for the local chiral transfor-

mations,
r,— KI,K' — Ko,K', (3.45)

which includes the response to the external vector and axial-vector gauge fields, namely,

1

Fu:§[

w8y, — i(vy + @) Yu + w0, — (v, — a,)u'}]. (3.46)

In BxPT Lagrangian, there is another Hermitian building block w,,, so-called the chiral

vielbein, having an axial-vector like structure and transforming as u, — Ku, K:

u, = iu'{0, —i(v, + a,)yu — u{0, — i(v, — a,)u'}]. (3.47)

Utilizing all the above discussed building blocks, the most general effective pion-nucleon
Lagrangian can be constructed with one nucleon in the initial and final states having

minimum number of derivatives, namely,
LY =T (iZD— My + %AW,) v, (3.48)

where g4 ~ 1.26 is the axial-vector coupling constant and M, is the nucleon mass, re-
spectively, in the chiral limit. A notable difference between nucleons and the NG pions

is that the nucleon masses do not vanish in the chiral limit even with zero quark masses
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which complicates matters. This mean that a new power counting scheme must be ad-
dressed in the nucleon sector preserving the power counting scheme addressed earlier
in the pion sector. Moreover, Lorentz symmetry demands that the sixteen independent
bilinears WI'¥ components in the Dirac space must also transform under the chiral trans-
formations. Here an expansion scheme in the nucleon sector in terms of the generic small
three-momentum py of the “heavy” nucleon may be considered as the counterpart to the
counting in terms of the generic four-momentum p of the pions in meson xyPT. To this
end a systematic expansion in term of powers of p ~ O(py) is incorporated with the

chiral powers of the basic elements of the baryonic sector assigned as:

My, ¥(x), ¥(z), D,V (x), U (z)¥(z), \I/(x)vu\ll(x) — O0@p")
U (2),79 (2), Ty, wu U(2)o"W(z), U(z)o"¥(x) — O

py, (IP—my)¥(2), U(z)3¥(r) — Op). (3.49)

As seen from the above, unlike in meson sector, the components in the nucleon sector can
come in odd powers of p or derivatives of the nucleon fields due to additional possibility
of contraction with Dirac gamma matrices 7,. Consequently, the effective Lagrangian

has term of both even and odd chiral powers:

Lo = Loy + L

£ = ALY + L8 422 4B 4 (3.50)

It is notable that the UV divergences due to pion loops require additional counterterms
for renormalization which often lead to the generation of different chiral dimensions, e.g.,

one requires the counterterm

2
ALY = AM, (%) s (3.51)

expressed in terms of the lowest order nucleon self-energy correction AM;. This coun-
terterm which counts as D = 0, i.e., O(1), is not originally present in the 7N effective
Lagrangian but rather needs to be added “by hand” to avoid shifting of M, at the

“canonical” leading chiral order, namely, O(p). Thus, in contrary to meson yPT, the
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F1GURE 3.2: Chiral expansion in BYPT used in the calculation of 7N scattering am-
plitude, A,n ~ pP, with generic nucleon three-momentum or modulus of the pion
four-momentum p. The schematic shows the lack of corresponding between loop expan-
sion and chiral dimension of contributing Feynman graphs using standard dimensional
regularization to compute loops. The figure is adopted from Ref. [195].

BxPT power counting gets hampered by quantum-loop corrections and the basic rea-
son for this complication is the non-vanishing chiral limit mass of the nucleon adding a
dimensionful parameter in the theory. Using standard dimensional regularization (DR)
scheme, it may be shown that pion loop effects contribute to large non-analytic terms
of order (My/4m f;)? ~ 1, and consequently, diagrams with higher and higher number of
loops are needed to renormalize coupling constants at every chiral order thereby spoiling
the one-to-one correspondence between loop expansion and chiral dimensions of Feynman
diagrams [195]. Therefore, many calculations existing in the literature that truncate up to
one-loop approximation, evidently casts doubts regarding the robustness of those results.
Fig.[3.2] schematically depicts this messy situation one encounters while evaluating the
mN scattering amplitude. At the leading chiral order, D = 1, there are only tree level
diagrams. However, even going to the very next order, D = 2, an indefinite number of
loops begin to contribute. As a simple demonstration of the tree order application of
BxPT, we now set the external sources, a, = v, = 0, and expand the fields u and ul, as

well as the vielbein w, and connection I',, up to the respective leading contribution in
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the pion fields, namely,

w(@) = Iowe+is '2”:‘”) +0(r),

ul(2) = Txa—iT '2’;5‘”’” Lo,

wa) = T2 o),

o(x) = ﬁr-n(x)xamxwow). (3.52)

Then the canonical ByPT leading order Lagrangian yields the interaction terms,

L 1
Efrllz,;mt — —g—A\Iffy“% T -0V — —

2f 4f2\Iffy"T-7r><8u7r\I/+~~ ) (3.53)

In the same way, we also expand U and UT, namely,

+ O(n?), (3.54)

such that the pertinent terms from the leading order pionic Lagrangian that only couples
to an isovector pseudoscalar external source field p, via the field, x = 2B, (4, + iT - p),

yields

2
B
20 - %Tr{(,///qﬂr.p)m—U(///qﬂ'r-p)}

£ —%Tr{(r-ﬂ')z///q} +2Bofap Tt (3.55)

The above terms may be used to exactly obtain the celebrated Goldberger-Treiman re-
lation connecting the strong coupling g.nyny =~ 13.5 and the axial couplings g4 of the

pion-nucleon system:

Jrgann = Moga - (3.56)

Thus, in general, working out various tree order diagrams from the leading order /N
Lagrangian (with and without including external source fields) yield several other well-

known low-energy current algebra theorems, e.g., Adler-Weisberger sum rule [196-198],
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Weinberg sum rule [199], Weinberg-Tomozawa relation [200, 201] and Kroll-Ruderman
relation [202], to name a few. Furthermore, going beyond the leading chiral order, and
also including isospin breaking and loop contributions, yield corrections to such current

algebra relations, e.g., most prominently, the Goldberger-Treiman discrepancy:

Myga

frGzNN '

Ay =1— (3.57)

Moreover, it goes without saying that the consideration of higher loop correction is cer-
tainly necessary to restore perturbative unitarity which is evidently violated by real-
valued tree amplitudes. These corrections ultimately renormalize the chiral limit values

of the the couplings and the nucleon mass.

As remedies to the aforementioned difficulties encountered in BxYPT in incorporating loops
corrections, two alternative techniques exist. Firstly, the one-to-one correspondence of
loop and chiral expansions in a fully relativistic treatment of nucleons is manifest only
with the non-analytic parts of amplitudes but not with the analytic parts. In the so-
called, Infrared Regularization Scheme (IRxPT), advocated by Ellis, Tang, Becher and
Leutwyler in Refs. [203-205], the loops evaluated with DR is split up in a specific way
into a regular and an irregular part. With the regular part absorbed into the LECs, the
one-to-one power counting can be restored with only the irregular part contributing to
the amplitudes of diagrams. However, there exists a second more standardized approach,
namely, HBYPT, initially advocated by Jenkins and Manohar [206] in the context of xPT,
and constructed in close analogy to Heavy-Quark Effective Theory (HQET) developed
by Grinstein and Georgi [207, 208]. Contrary to the full relativistic approach of IRYPT,
the heavy baryon formalism considers the extreme non-relativistic limit of relativistic
BxPT Lagrangian, amounts to a 1/My expansion in the heavy nucleon mass, My =
My [1+ O (A,)] ~ 939 MeV, that allows reshuffling of the nucleon mass dependence from
their propagators to a series of the interaction vertices. The procedure effectively restores
the direct correspondence between the loop and chiral expansion, as will be discussed in
the next section. The methodology is especially suitable for dealing with nucleon recoil
effects in a large number of processes involving real and virtual photons, which naturally

motivates the study of the lepton-proton scattering process in the following chapters of
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this thesis.

3.4.4 SU(N;=2) Heavy Baryon Chiral Perturbation Theory

In this approach, the basic idea is to consider the nucleons as extremely heavy (static)
sources surrounded by clouds of pions, an idea that was already conceived in the early
seminal works of Gasser and Leutwyler [209, 210] for determining quark mass ratio from
baryon spectrum. It was realized that in a fully relativistic treatment with NG pions
and non-vanishing nucleon mass in the chiral limit, the cloud of pions surrounding the
nucleon become long ranged inducing large non-analytical corrections and ruining the
straightforward chiral counting. Since the square of the nucleon four-momentum, P% =
M3 (where the nucleon mass in the isospin limit is denoted as, My = My [1 + O (4,)] =~
939 MeV), is a quantity as large as the square of the hard scale, A, ~ 4nf, ~ 1 GeV,
it is legitimate to devise a 1/My expansion scheme that will re-organize terms in the
BxPT Lagrangian in such a way that the resulting string of interactions have no terms of
O(My). Consequently, from NDA the resulting theory has loop corrections of the typical
size, p? /1672 f2 ~ (my /47 f)? =~ 0.014, which is a magnitude suppressed compared to the
concomitant 1/My correction terms to the interaction vertices with typical size, p/My ~
p/Ay ~ my/A, ~ m;/4nfr ~ 0.11. Since the leading chiral order (LO) interactions
appear at O(p), the 1/My terms in the Lagrangian represent O(p?), i.e., next-to-leading
order (NLO), while loop corrections are suppressed by two orders, appearing only at
O(p?), i.e., next-to-next-to-leading order (NNLO). This relative hierarchy is maintained
at all sub-leading chiral order including a higher number of loops thereby restoring the

one-to-one correspondence between loops and chiral expansion in the power counting.

Let us now discuss the essential steps involved in the considering the extreme non-
relativistic limit of the BYPT 7N Lagrangian leading to the above discussed structure of
the heavy baryon theory. To this end, following the motivation from HQET, it amounts to
decomposing the external nucleon four-momentum into a large piece close to its mass-shell

and a small residual component as
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Py = Myv* +ptt, (3.58)

where v, = (1,0) is the four-velocity vector satisfying v? = 1, while p/ ~ py ~ O(p) is a

small off-shell residual nucleon four-momentum, with

PN

2My

v-p,=pd=Py— My= < My . (3.59)

Then can phase out the heavy mass as
exp(iPy - z) = exp(iMyv - x) exp(ip, - ).

In what follows, we shall use velocity dependent “large” (upper) and “small” (lower)
components of heavy nucleon field, namely, N,(x) and [,(x), respectively, instead of the

previously defined Dirac field ¥(z), and related by, *

Ny(z) = eMUIPFU(z) with $N,(x) = N,(z),

l(z) = M PoW(z) with ¢l,(z) = —1,(2), (3.60)

where the projection operators for the respective component of the nucleon Dirac field ¥

with a fixed velocity v are

1+
P = T¢ (3.61)

The action of the above projectors on the velocity dependent fields can be summarized

as:

]P)zjr Nv(x> = Nv(l‘) ) P, Nv(x) =0,
Pri(z)=0 ,  Pol(z) = l(z) . (3.62)

4Equivalently, the upper or positive energy components N, (x) may be also regarded as the “light”
degree of freedom while the lower or negative energy components may be regarded as the “heavy”
degree of freedom, since antiparticle modes are effectively decoupled at small non-relativistic energies
Eny < My.
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Next the relativistic heavy nucleon propagator can be similarly transformed, namely,

i . Px+ My - Myy+p + My
=1 = 1 )
Py — My +in Py — M% +in 2Myv - pr + p? +in

- () (55a) o)
~- P} (ijl—ﬂn) +0 (AZN) . (3.63)

Using the velocity four-vector we can also split the covariant derivative in the following

n— 04

way':
P=#(v- D)+ ("™ —o)D, = P + P, (3.64)

where ZDH = ¢(v - D) and P = Yu(g"” — v'v¥)D, are the longitudinal and transverse
components of the covariant derivative, respectively, such that {ﬁ”,ﬂl} = {4, ﬁL} =0.
We now define the spin-1/2 operator in terms of the four-velocity as

1

1
SH = 5750‘“’1},, = —575(7‘% — M), (3.65)

satisfying the following relations (ep123 = 1):
) 3 1 : o
S-v=0, 5= oL {5, 5.} = 5(%”1/ — 9w )s 1S Su] = t€p00P 57 . (3.66)

The spin and velocity four-vectors allows to decompose all possible bilinears covariants

associated with the large components, namely,

Nv'yMNv = Uu]\_vav , Ny vsN, =0, NU’)/M’}/E,NU = QN,,SMNU,

N,o" N, = 2¢""*?v,N,S,N, , N,y0"' N, =2i (U“NUS”NU — U”NUS“Nv) .(3.67)

Next we wish to non-relativistically reduce the BYPT Lagrangian by integrating out the
small component field [, in order to obtain the effective heavy nucleon Lagrangian solely in
terms of large component field NV,. One way is to eliminate the field [, using the equation
of motion which essentially amounts to a Foldy-Wouthuysen transformation [174], as

described in details in the review, Ref. [190]. Below we consider the alternative and more
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elegant path integral approach by Mannel et al., as detailed in Ref. [175] (also see, e.g.,
Appendix A of Ref. [172]). To this end, the full generating functional corresponding the

relativistic 7N Lagrangian is written as

Zn,m, 04, apu, 8, p| = /[.@\I/] [2V][D¢] exp {SWN +Sr + /d4a: (n¥ + \Tln)} (3.68)

with
Son[¥, U u, vy, a,,8,p] = /d% {L’S}, + L2+ ¥ 4 } ’

SralUs Vs, §,2] | = /d% (201 201 20 Y (369)
By writing, ¥ = e~*Mv(N, +1,), the above mN action can be expressed in the form
Sox = / d'e {N AN, + LBN, + NovoBholy = LCL) | (3.70)

where the matrices A, B and C can be expressed in a string of O(p") term upon expansion
in 1/My. Thus, we can write, A = A + A® 4 ... and likewise for B and C. Thus,
e.g., expanding up to O(p?) terms we get

AV = (v D)+ ga(u-8),
1
AP = ) + A0 uP) + D)+ s (x50
_oifgn g (14 €6+ Tt
2Z[S ,S ] ( 4 [uu;uy]+8MN 'uV+8MN< /_Ly>) 5

. 1
BY = ip-— §gA(U Lu)ys

BP = 2iys(vhS¥ — o*S") (E[uu,vm PR <*>),

4 SMy"H ~ 8My "1
cO = 2My,
chH = i(v-D)+ ga(u-9),
CO — A0 (3.71)

where (- --) represents flavor trace, and

+ _ _t¢R Lt
o = u'fuu+t ufw,u ,
= Oy — Oy — i1,y
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L = aulu - al/lu - i[l#7 lV] )

02
T, = Vytau, ly=v,—a,,
Yo = uxu+ulyul, (3.72)

As seen above, A®, B® and B® contain the contributions of the finite LECs, ¢, ..., ¢z,

from the O(p?) BYPT Lagrangian of the generic form
L2 =3 0Py, (3.73)

where the 7 operators @Z@) can be found in Ref. [211], and will not be discussed henceforth.

It is notable that the source terms in the generating functional can be treated in same

way by projecting out their large and small components, namely,

Ry(z) = ™" P ()

po(@) = eMNUTP I (2) (3.74)
such that the source terms can be expressed as

/ d*z (70 + Un) = / d*z (RyNy + Ny Ry + puls + Lupy) - (3.75)

Returning to the expression for S;y, we now integrate out the field [, to obtain the

generating functional of the heavy nucleon effective theory in terms of V,, namely,

W7TN — elSWN[’UM,a#,S,p}

1910, L)) [Dule ] 40 E 1@ vmnss

. (3.76)

To complete the square in the generating functional we use the following field re-definition,

namely,

l, » 1 =1, —C'BN,, (3.77)
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and the fact that the integration measure is independent of this transformation, i.e.,

[2(1,,1,)] = [2(I.,1)], we have

v v

WT['N — 67:3\71'1\7[”#70‘#’8’10}

[12(N,, N[2(L,, T)][Du)e’ ] #7 ANo[A+GoBho)C T B[N Tl }

R

J1203, 1|l T o et

v v

ez‘fd‘*r{Nv [A—i—(VoBT'yo)C_lB]NU} f[-@(l/ Z/ )] [gu]eifd“z{—lzpl;}

v v

f[.@(l’ I )][@u]eifd%{fz‘;a;}

v v

_ i die {No[A+(oB0)C T BIN} (3.78)

From the above equation we can directly read off the effective action involving only the

large component field IV, namely,

~

San[Nuy Noy 0,y 5,p) = / d's { Ny [A+ (10B0)C B N, } (3.79)

Note that when the source part of the action is included, to integrate away the lower
component field [, by completing the square we instead need the field re-definition, I] =

l, — C"Y(BN, + p,). The full effective action then becomes

Seff — grrN[Nn7Nv>u7U,uaa,uas7p]+87T7r[U>/U,u7a/u87p]

+/#M%M+M&Mm-, (3.80)

where the ellipses denote source term with p, and p,.

In the resulting effective action ng, we note that the operator C~! still needs to be

expanded in a power series in 1/My, namely,

c o= (€O W 4. )T =0 p o

1 iv-D+gau-S c? (iv- D+ gau - S)* 3
Ny T My @R e W) B8

Of course, with higher order loop contributions that start appearing at O(p?), many
scale-dependent counterterms of O(p?) will necessarily modify the matrices A, B and C,

thereby also modifying the above expansion of the matrix C~! with more O(p?) terms.
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Finally, with the 1/My power series expansion incorporated, the effective heavy nucleon

Lagrangian up to O(¢*) can be given as

£7rN

(YBW i) BR) 4 (B3 17) BY

+A® 4+

(70BMT) BY
2 My

— (vBWig)

i(v- D)+ ga(u-5)

2My

(2My)?

B(l)}Nv oY,

(3.82)

where A®) contains the contribution of a large number of fixed LECs and scale dependent

counterterms which can be found in Ref. [140] and will not be discussed here. The O(q*)

terms are either suppressed by powers of 1/My or 1/A,, both being treated at the same

footing. In other words, HBxPT constitutes a simultaneous expansion in p/My and

p/Ay ~ p/(47 f) where p is a small external momentum. To this end, collating all the

terms up to O(p?), the effective 7N Lagrangian at LO and NLO in HBYPT can be

expressed as

2
Ly =

B _
N,
2M

(1
£ -

N, [z(v D)+ ga(u - S)]Nv :

=1

where the local dimension-2 operators @2(2) (¢ =1,...,7) are as follows:
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<X+> )

1

5((” ' U)Q%

%<u : u) )
1 14
5[5“,5 M, w),

<X+ - %(xﬁ) ,

_ y moQUl £+
4MN[S ’S] 72 2]

1
noQuy/ £+
4MN[S 7S]< ,LLIJ>‘

(3.83)

7
[(v D) —D? —ig {S-D,v- u}]Nv + 3 aN,0PN, . (3.84)

(3.85)
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It is notable that the LO HByPT Lagrangian ESK] is completely free of the nucleon mass

My terms.
3.4.5 HBYPT Power Counting Scheme

In close analogy to the previous discussion on power counting in the meson sector, let
us assess the chiral behavior of a typical Feynman diagram containing both pions and
nucleons. We linearly re-scale the external pion four-momenta or nucleon three-momenta
as p — tp, and quadratically re-scale the quark masses as ., — .#,. A generic graph in

this case has the form

4, 1L 1 1 - V - V’TN

n=2; Even

with V7 and V;rN number of dimension-n and dimension-r vertex insertions from .,2”75")
and EW & respectively, L number of loops, and I (Iy) number of internal pion (nucleon)

lines. Then the response of the graph to the re-scalings can be easily obtained:

1 > S TN
Altp, t* ;) ~ /d4 tp))F 5 1 i Y
( q) [ ( )] [(tp [W tp - !:_[VMI g
—  AL2L—IN+Y, nVi+E, rWN (p, ///q) (3.87)
Consequently, the chiral dimension of the graph is
D=AL -2, — Iy + Z nVT + Z ry (3.88)

n=2; Even

Next we use the topological identity, namely, Vi +V,n—I,—Iy+L =1, where V; = " V=
and Vyn = >, V™ are the total numbers of 77 and 7N vertices, respectively, to eliminate

L. from the above equation as

D=2L+1Iy+2+ » (m-2Vi+> (r—2V". (3.89)

n=2; Even r=1

Now it is notable that the fermionic determinant, A; = exp(%Tr InC), which one obtains

from the generating functional after integrating out [,, being a constant eventually drops
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out of the effective action Syy. This implies that HBYPT is a local theory where all closed
nucleon loops are quenched. Thus, processes with one initial and one final state nucleon
must contain a single nucleon line running through any Feynman graph of the process
connecting the initial and final states. In that case, we can always show that Vy = Iy +1,

and hence obtain

D=2L+1+ Y (n=2Vi+) (r—1yrV. (3.90)
n=2; Even r=1

Evidently, the chiral dimension formula now shows the restoration of the one-to-one

correspondence between the loop and chiral expansion in HBYPT analogous to meson

xPT. With D > 2L + 1, we see that only tree diagrams can contribute below D < 3,

Egrlji, and 27(3]2, are protected from pion loop corrections

which means that the parameters of
at any order, and are, therefore, wholly finite and scale-independent. The pion loops
contributions start at D = 3, and the above formula clearly suggests that the finite LECs
C1,...,c7 of 27(32, are needed as counterterm to renormalize the UV divergences. Finally,

each loop being suppressed by two chiral orders, two-loops correction contributes only at

D =5.

This concludes the topical review of the basic concepts in YPT. The next few chapters of
this thesis deal with applications of HBxPT in calculating radiative correction to elastic
lepton-proton scattering. Basically we will use this formalism to describe the proton
photon interaction while lepton photon vertex will be described by well known QED

as shown in Fig.[3.3]>. The relevant pieces of Lagrangian used in these works along

14 QED 4

NNANNN- Y

p HBYPT P

FiGURE 3.3: The ¢p scattering process and bremsstrahlung emission in EFT.

°Tt is worth mentioning here that such a factorization scenario assumed in Fig.[3.3] will not be ap-
plicable at higher orders in chiral counting, say, next-to-next-to-leading order (NNLO) on-wards, as
explicit dependence on the proton structure (pion-loops and intermediate nucleon excited states) and
isospin violation terms will arise, which necessitates the introduction of counter-terms and LEC insertions
parametrizing the unresolved UV physics (e.g., contributions of high-momentum photons) in the EFT.
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with the required Feynman rules can be found in Appendix A. We will start with the
lepton-proton bremsstrahlung process in the next chapter, followed by TPE and complete

radiative analyses in the subsequent chapters.
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Chapter 4

Bremsstrahlung Scattering

4.1 Introduction

In this chapter we present a pedagogical and model independent prescription of the lepton-
proton bremsstrahlung scattering process. Contents of this chapter is partly published
in [212] and [213]. Bremsstrahlung photons constitute an integral part of the lepton-
proton elastic scattering, and is one of the principal sources of uncertainties in the accurate
measurement of the momentum transfers. As mentioned earlier in Chapter 1, in MUSE
only the lepton scattering angle () is detected. The final scattered lepton energy (E’) is
not measured, nor are the bremsstrahlung photons, hence their data analysis necessarily

needs to correct for this radiation process.

The lepton beam momenta considered by MUSE are of the order of the muon mass [41]
(also see MUSE specifications in Chapter 1). A particular concern is the standard ra-
diative correction procedure, which makes use of the so-called peaking approximation,
[see, e.g., Refs. [10, 47, 48, 50] for reviews]. This approximation assumes that the
bremsstrahlung photons are emitted either along the incident beam direction, or in the
direction of the scattered final lepton momentum. The validity of this approximation
normally relies on elastic scattering of highly relativistic particles, like electrons. This is,
however, questionable when either the particle energy is comparable to its mass, e.g., in

the case of low-energy muon scattering in MUSE, or for inelastic scatterings with large
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energy losses ~ (30 — 40)% from the incident projectiles due to bremsstrahlung [10]. The
main purpose of this part of the work is to accurately assess the bremsstrahlung processes
from electron and muon scattering off a proton at low energies in a model independent
formalism. We show in a pedagogical manner the radical differences between the elec-
tron and muon angular bremsstrahlung spectra. We demonstrate how the lepton mass
crucially influences the photon’s angular distribution, and also discuss how the radiative
tail cross section doy,/(dp’'dQY) depends on the outgoing lepton momentum p’ and its
mass m;. In particular the so-called peaking approximation is not applicable for muon
scattering at MUSE momenta. In fact, our results corroborate the analysis in Ref. [153],
where it was shown that the peaking approximation, which is predominantly valid in
the zero-mass limit or for very high-momentum transfers, becomes questionable at lower
energies and could lead to significant errors in estimating the low-energy radiative cross

sections.

In this work we use the effective field theoretical (EFT) framework of heavy baryon chiral
perturbation theory (HBxPT) in presenting a systematic evaluation of the bremsstrahlung
process by including the nezt-to-leading order (NLO) chiral corrections involving the lead-
ing order (LO) or 1/M proton recoil correction effects. Furthermore, we provide a rough
estimate of the next-to-next-to-leading order (NNLO) contributions from the proton’s
structure effects that arise from pion loop corrections to the LO proton-photon vertex.
These NNLO pion loop contributions effectively introduce the proton’s rms radius, the
first momentum dependent term in the charge form factor of the proton. As we shall
discuss, contrary to the expectations based on standard chiral power counting for this
process, the NNLO pion loop contributions appear to be kinematically enhanced by the
small electron mass and roughly of the same order as the NLO contributions. This inter-
esting observation, that emerges from our analysis in the case of the electron scattering,
is not manifested in the case of the muon scattering due to the much larger muon mass.!
Finally, we have corrected an error/misprint in an important published theoretical result
(cf. Eq. (B.5) of Ref.[10]) in the context of lepton-proton scattering process, which is
incorporated in standard radiative corrections procedure applied during data processing

of raw experimental data.

I By LO, we mean the correction terms that are leading order in chiral counting, which includes the
leading kinematic recoil corrections [see Sec. 4.3 for clarification.]
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The chapter is organized as follows: In Sec. 4.2, we present a brief description of the
lepton-proton bremsstrahlung process and the associated kinematics in the context of
xPT, which, in principle, allows an order by order perturbative evaluation of the radiative
and proton recoil correction contributions. In Sec. 4.3, we define the coordinate system
and discuss the kinematics that are used in our evaluations of the analytic expressions
for the differential cross sections. In Sec. 4.4, we present the results for our systematic
evaluation up to and including NLO in chiral power counting. We furthermore include an
estimate of the NNLO pion loop corrections, and present a comparison of these NNLO
results with our full NLO evaluations. Section 4.5, contains a discussion of our numerical

results. Finally, a short summary is presented before giving some concluding remarks

4.2 Low-Energy Lepton-Proton Bremsstrahlung

In our evaluation the standard relativistic lepton-current [214] is given by the expression

JHQ) = ew(p)y"w(p) , (4.1)

where e = V4ra, and the four-momentum transferred to the proton is Q = p — p/. The
lepton mass is included in all our expressions, and we will show that the lepton mass plays
a crucial role in determining the shape of the low-energy lepton-proton bremsstrahlung
differential cross section. The hadronic current is derived from the xPT Lagrangian. In
xPT it is assumed that the LO terms give the dominant contributions to the amplitude,
while the higher chiral orders contribute smaller corrections to the LO amplitude. Note
that in our evaluation the NLO (M ') corrections to the bremsstrahlung process have
two different origin, namely, the kinematic phase-space corrections, as seen in Eqs. (4.3)
and (4.4) below, and the dynamical M~ NLO corrections that arise from the photon-
proton interaction in EEEK, (cf. Appendix A). In particular, it should be mentioned that
in general the anomalous magnetic moments of the nucleons formally enter into the yPT

calculations at NLO through 27(32,

We first evaluate the LO contributions to the lepton-proton bremsstrahlung process shown

in Figure [4.1], using the explicit expression for the LO Lagrangian ES}, (cf. Appendix A)
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IS

FIGURE 4.1: Feynman diagrams contributing to lepton-proton bremsstrahlung process.
In the Coulomb gauge the proton radiation diagrams (C) and (D) do not contribute at
the leading order in xPT.

relevant for the processes under study. We adopt the Coulomb gauge, i.e., € - v = 0,
where e is the outgoing photon polarization four-vector. This implies that in xYPT the
bremsstrahlung photon from the proton, diagrams (C) and (D) in Fig. [4.1], do not
contribute to the bremsstrahlung process at LO (see Appendix A for the Feynman rules).
The first non-trivial contribution of photon radiation from proton [Feynman diagrams (G)
and (H) in Fig. [4.2] arises from the NLO interactions specified by 27(3]2, Like diagrams
(C) and (D) in Fig. [4.1], diagrams (I) and (J) in Fig. [4.2] do not contribute in the
Coulomb gauge. Since the bremsstrahlung cross section is proportional to a/m? for a
radiating particle of mass m, we expect the NLO contributions to be small compared to

the LO due to the large proton mass.

In xPT we naively expect that the NNLO corrections are of order (£ /A,)? < 1, where &
denotes the generic four-momentum transfer for the process of the order of the pion mass
(m,). However, it turns out that the pion loop contributions are as important as the lower
chiral order nucleon pole graph contributions. We will investigate the question regarding
the magnitudes of the NNLO pion loop contributions in our process, i.e., we examine
how well the usual chiral counting works for the lepton-proton bremsstrahlung process
in Sec. 4.5. At NNLO the Lagrangian 2532,, can be written as EES}{, = Z&g)’ﬁxed + 02/’;]\(,3),
where ,,2/”; ]\(,3) xed contains M2 recoil terms with known coefficients, while 2 ]\(,3) contains
low-energy constants (LECs). The LECs regularize the ultra-violet (UV) contributions
from the pion loop diagrams, which enter at NNLO order. The pion loops associated
with the photon-proton vertex in diagrams (A) and (B) of Fig. [4.1] are illustrated in
Fig. [4.3]. They contribute to the first momentum dependence of the proton form factors

in xYPT. In this work we will effectively make use of the NNLO proton electric form factor
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PN
N

FIGURE 4.2: Feynman diagrams contributing to the lepton-proton bremsstrahlung
process at NLO. The filled blobs represents insertion of proton-photon interaction terms

from Egz, In the Coulomb gauge the proton radiation diagrams (I) and (J) do not
contribute.

which along with the magnetic form factor was formally derived in Refs. [180, 215-217]
using YPT. The explicit EAS}%, expression can also be found in those references. At this
chiral order the measured rms charge and magnetic radii determine LECs in EETSZ)V [216].
In essence, a measure of the NNLO contributions to our cross section is the following

electric Sachs form factor G%,, expressed in terms of the corresponding iso-vector G and

FIGURE 4.3: A subset of all NNLO Feynman diagrams of the lepton-proton
bremsstrahlung process, where the pion loops, shown by the dashed (blue) propaga-
tor lines, contribute to the proton form factors. The vertices in the NNLO pion loop

. 1
diagrams are all generated by /:'Sr ]2,
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iso-scalar G'; form factors, namely

Gyla?) = 3 [CHd) +Grle)]

14 %(r’;)z +O(gh, (4.2)

Q

where 7%, is the electric radius of the proton.

In Sec. 4.5, our rough estimate of the NNLO contribution is obtained by folding the LO
differential cross section results with G% which include the “measured” rms radius as
the phenomenological input. These should effectively simulate the NNLO xPT pion loop

contributions.

4.3 The LO and NLO Cross Sections

At LO only the Feynman diagrams (A) and (B) in Fig. [4.1], contribute. We denote the
incident and scattered lepton four-momenta as p = (E, p) and p’ = (E’,p”), respectively,
where, e.g., K = \/W The corresponding proton four-momenta are P = (E,, ]5)
and P' = (B, P'), and the outgoing photon has the four-momentum k = (Es, k). Fur-
thermore, 6 is the lepton scattering angle such that p'- p” = |p||p"|cosd, and ¢ = (Q — k)

is the four-momentum transferred to the proton when the lepton is radiating.

In xyPT the non-relativistic heavy proton four-momentum satisfies re-parametrization
invariance [172, 218], and takes the form Pl = Muv" + py, where M is the proton mass,
such that the square of its off-shell residual part is pzz) < M?. This means that the incident
proton kinetic energy to lowest order in M~! becomes v - p, = % + ---, and similarly
for the final recoiling proton. The bremsstrahlung differential cross section is given in the

laboratory (lab) frame by the general expression

2 (4.3)

o of 0 (BB —B - CLE ) v
— - LS~ g,
<27T)58E/E7 AME (M + —(pigjl\/;k) + - > 4 spins .
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where in the phase-space expression (including the d-function) we expand the recoil proton

energy as’

- —»_—»/_];2 B
B = ,/M2+(p;)2=M+%+O(M o (4.4)

A straightforward evaluation of the two Feynman diagrams (A) and (B), shown in Fig. [4.1]

leads to the following LO expression for the bremsstrahlung amplitude squared:

1 1 512m3a3 ,
£ MR = 13D IMa+ Mal? = (P ) (O 4 )01 + By

spins

X

1 4 2 1 2 2 1/ ! 12
— m; +m;EE+m;EE, +m;E'E, — FE'E
{ [(p'+k>2—m?]2[ FN - !

+my(k-§) = mi(k - 5) + mi(5-§') + EE, (k- §")
—E'By(k-p) + (k- 5')(F - 7)]
1

- RE=p |mi — E2EE'+ mPEE' = m?EE, - mE'E,
+mi (P k) +mi(p-p') — mi(k-p") — EE, (k- ")
+E'E( - P)+ (k- 5)(k - 7)|
2 2

B E/E_ 2E2+E2El2— 2(=>.

[(p’ + k)2 _ mlz] [(p A k)g — le] [ml my L, my (P p )
+E*(k-p') = E*(k-p) = (0 7)) + (- ') (k- )

-7 7] } . (4.5)

To evaluate the cross section, it is convenient to define our reference frame such that
the momentum transfer, Q = p — p’ is directed along the z-axis [10], while the lepton
momenta, p and p”, lie in zz-plane as shown in Fig. [4.4]. The pertinent angles are defined

as follows:

k-7 = E,|p"|(cosy cosa + sina siny cos ¢,),

k-p o= E.|p|(cos¢ cosa+ sina sin ¢ cos ¢s) . (4.6)

2For a xPT analysis for this process up to and including NNLO, it is sufficient to expand kinematic
quantities up to O(M~2).
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88 4.3. THE LO AND NLO CROSS SECTIONS

The lepton scattering angle in our coordinate system is given as 6 = v — (. When the

lepton radiates a photon the squared four-momentum transferred to the proton is

¢ = (Q—k)? (4.7)
=2|m} — EE' + |p||p’| cos 0 — E(E — E') + E,cosav/|[p|? + |p’|> — 2|p||p"| cos 0] ,

which is independent of ¢, in our reference frame as suggested in Ref. [10]. This choice

of reference frame readily allows the analytical ¢, integration.

zZ
: Q (p-p")

FIGURE 4.4: Reference coordinate system used in the evaluation of the differential
cross section, such that @ = p — p’ is taken along the z-axis, while p’ and p’ lie in
xz-plane. The different angles and three-momentum symbols are defined in the text.

To evaluate our LO expression for the differential cross section, d3al§fo) /(d|p"| d€2; dcosa)

[see Eq. (4.15)], it is convenient to define two angle dependent parameters,

1 —p'cosa cosy

1 — Bcosa cos(C
a4 — _

and b= : (4.8)

[’ sin v sin -~y B sin a sin ¢

Here § = % and ' = g—l,' are the incoming and outgoing lepton velocities, respectively.
In this equation, we also define the magnitudes of the incoming and outgoing lepton

three-momenta as p = [p] and p’ = |p”|, respectively. To obtain our final expression,
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4.3. THE LO AND NLO CROSS SECTIONS 89

we integrate the cross section in Eq. (4.3) over the photon energies E., which means
that the infrared singularity will appear when the momentum p’ is close to it’s maximal
allowed value. To account for the proton recoil corrections in the kinematics we include
the M~ terms in the photon energy E, given by the delta-function in Eq. (4.3). Defining
E) = E — F', yields

E,=E)——+0 (M), (4.9)

where,

1 —) — — —
K = 5 |1+ 15 = 20711 cos 6 + (E9)* — 259 cos /[ + [7'FF — 2115 cos 0]4.1())

When integrating over E,, the expression in the delta-function also introduces a factor

(1 — %) in the phase-space to lowest order in M ! needed in our analysis, where

_ g0 B =
7 =E; —cosa VP2 + 1972 — 2|pl|p7] cos 6. (4.11)

Furthermore, the M~! correction in the photon energy affects the expression for the

four-momentum transfer ¢, which can be written as

¢ = (") + 7=+ 0 (m;?) (4.12)

(¢°)* =2 {mf = BE' + |p||p'| cos 0 — EY(E — E') + Ej cosa/|p* + "] — 2|7 ||p"| cos 0],

kK =2K [E —~ E' — cosar/|p |2 + |92 — 2|7 ||9" cos&} . (4.13)

In the process of evaluation of the cross section up to NNLO, we will only need the M ~!

2

kinematic terms, i.e., we include the M1 corrections for ., ¢?, as well as in the above

given phase-space factor.

As a pedagogical survey of the bremsstrahlung process at energies not much larger than
the muon mass, we initially consider the most simplest and rather qualitative case of
the static proton limit (M — oo). We shall then compare these qualitative results with

the improved ones obtained by, first, including the kinematical M~! recoil corrections

TH-2305_136121008



90 4.3. THE LO AND NLO CROSS SECTIONS

in the phase space factor and the delta-function expression in Eq. (4.3), and second, by

including the dynamical M~ recoil corrections in the matrix element at NLO.

As a first step, we may want to evaluate the LO cross section in the static proton limit

(M — o00), which is expressed as

(LO) _ dSﬁ/ d?’]; S(E — E' EO 1 (0); static|2
dabr;static - (27T>532E/E3M2E ( - - ’Y) Z Z ’M’Y’Y* ‘ . (414)

spin
/\/lgov)ismic in Eq. (4.14) is obtained from the LO matrix element, namely, Mgow) =
My + Mg, in the static proton limit (M — oo). In other words, we must set K, &

2 Next

and Z all equal zero after obtaining the square of the LO matrix element |/\/l£ﬁy)
we present our corresponding non-static LO result for bremsstrahlung ‘triple’ differen-
tial cross section, which incorporates the M ! recoil effects only from the phase space
[including the energy-delta function in Eq. (4.3)] but the matrix element is derived from

65

the leading chiral order Lagrangian £, namely

dsgl(;LO) o332 7 27 1 1
- = 1-—|E, S — d
dp’ d€); dcos a (2W2q4) ( M) K /0 b (@ — cos ¢,)? (EE’E%(S/ sina sinv)Q)

X [mjL — EE'E} + m{F'E, + m{EE' + m; EE, + mipp' cosf

—mip'E, (cosa cosy + sinasiny cos¢7) + 9 EE3 (cosa cosYy + sina siny c0s¢7>
+ m?pEy (cosa cos( + sina sing cos¢7> — pE’Ei (Cosa cos( + sina sing Cosqx,)
+pp/ E3 (cos%z cos7y cos( + cosa cosy sina sing cosg,, + sinasiny cosa cosC cosg,

+ sinarsiny sin¢ 0082%)]
dir(v)

21 /
/ do 1 E
0 7 (b= cos ¢y)? \ E3E2(3sinarsing)?
x [m;l — EE'E? — m}E'E, + m?EE' — m}EE, + m}pp cos
— mlzp’ E, <Cosa cosy + sina siny cos¢7) - pE E?/ (cosa cosy + sina siny Cosgm)
+mipE, (cosa cosC + sina sin cosd)W) + pE’Ei (cosa cosC + sina sing cosgf)W)
+ pp'E?{ <0052a cos7y cos( + cosa cosy sina sing cos¢g,, + sina sinvy cosa cos¢ cosg-

+ sinarsiny sin¢ COSngW)]
dir(¢)
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2w
1 2
+ / do, T
0 (a —cos ¢y) (b —cosp,) \ E2E2(BA' sin“a siny sin()
X [m%EE' + E*E"” — m?E?/ — mipp cos O — p*p’* cos?d
+pE*E, <cosa cos”y + sina siny cos¢7> + ppE, cos (cosa cos”y

+ sina sinvy Cos¢>7> - pE’zEV (Cosa cos( + sina sing Cos¢>7>

—p*p'E, cosd (cosa cosC + sina sing cosqﬁv)} } . (4.15)
int

The terms within the first and second square brackets, i.e., [- - - ]air(y) and [+ - Jair(c), Te€P-
resent the contributions from the “direct” terms (matrix element squared of diagram (B)
and (A), respectively) of real photon emissions from the outgoing and incoming leptons,
respectively. The third square bracket [- - - |int, represents the “interference” contribution

of diagrams (A) and (B).

Next including the O(M~') dynamical corrections in the matrix elements due to the

. . o (2 . o
interactions in /Jfr ]2,, i.e., with

2
> ’M(ﬁ* — 2Re >  (Ma+ Mp)" (Mg + Mp + Mg + My + M) (4.16)

spins spins

yields the complete NLO expression to the bremsstrahlung differential cross section which

is expressed as

- dp’ A€ dcos a

3oy, _ d3 UISI;O) n d30£§LO)
dp’ €Y} dcos a dp’ d€Y) dcos a

(4.17)

where the O(M~') NLO correction term above is
NLO) 0 por
dPof) (% 2B} /2 ”
dp’ dY) dcos o 212(¢"* ) M/,

1 Wgp
| (@ — cos ¢ )? <EE’(E2)2(B’ sin «v sin7)2)

1 E'Wag
(b — cos ¢,)? <E3(E2)2(6 sin «v sin()2>
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_ 1 War + Wgg
(a —cos ¢,)(b—cosp,) \ E2(EY)?(Bfsin’a sin~y sin()
(¢")° 1 Wge — Wen — Wk
Q? | (a—cosg,) \ EE/(EY)?(B sina sinvy)

ey (B} e

+

Notice that in all our NLO corrected expressions presented above we use the O(M°) =
O(1) expressions, EY = E — E" and (¢")?, already defined earlier in Eq. (4.9) and
(4.8), respectively. The explicit expressions for the partial amplitudes of O(M?), namely
Wag, War, Wag, Wan, Wak and Wgg, War, Waag, Wan, Wak,® are rather lengthy and rel-
egated to the Appendix B. As evident from the subscripts, these contributions arise from

the interference of the diagrams in Fig. [4.1] with those in Fig. [4.2].

4.4 LO and NLO Results

The MUSE collaboration [41] proposes the scattering of lepton off proton at the following
three beam momenta, p = 115, 153 and 210 MeV /c. As discussed, MUSE is designed to
count the number of scattered leptons at a fixed scattering angle 6 for any value of the
scattered lepton momentum [p’| larger than a certain minimum value. We shall discuss
the dependence of the cross section on the photon angle o and the lepton momentum

7’| First, however, we analyze the ¢*> dependence of the bremsstrahlung process.

In order to extract a precise value for the proton rms radius, one needs to know accurately
the Q? dependence of the proton form factor. To LO in xPT the four-momentum trans-
ferred to the proton is ¢ = (@) — k), since the proton do not radiate. At NLO, however,
the momentum transfer can be either () or ¢ depending on whether the proton radiates
or not. For a given scattering angle 6, Eq. (4.8) shows that ¢? is a function of the outgo-
ing lepton momentum |p’|, the lepton scattering angle 6, and the photon polar angle .

Although the bremsstrahlung process for muon scattering at a given angle 6, constitutes

3Note that amplitudes Wk and Wpk originating due to the diagram K has negligible contribution
to the cross section and were not considered in Ref.[212].
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a small correction to the elastic cross section, the process introduces a non-negligible ¢
value uncertainty. Thus, we find it important to examine the ¢* dependence on |p’| and

« in order to guesstimate the uncertainty given by the bremsstrahlung process.

First, it is inferred from Eq. (4.8) that for a given lepton mass m; and very small |p’| =
p’, as the angle  — 0, the # angular dependence of the squared momentum transfer
—q? becomes practically negligible. This means that the photon emission direction k
is (almost) collinear with the incident lepton direction p. On the other hand, when p/
tends toward its maximal limit for fixed 6, i.e., p' — Pl q.(f), the a dependence plays
a complex role in determining the resulting —¢® behavior. Fig. [4.5] depicts the —¢?
behavior of the outgoing lepton momentum p’, for a fixed incident lepton momentum
p = |p|, forward scattering angle 0, and a small polar angle a. Both plots exhibit a
quadratic behavior of —¢? versus p/, with a minimum at a certain p’ value. In general,
the minimum depends on p, 0, @ and the lepton mass m;. Even in the massless (m; — 0)
case, a minimum of —¢? at a non-zero value of p’ is obtained as long as 6 or « is non-zero.
For example, in the given figure the minimum occurs for p’ < 5 MeV/c for the electron
and p’ < 100 MeV /c for the muon. Furthermore, we find that for given fixed angles (0, «),
and lepton mass p’ < my < L., the square momentum transfer —g* becomes linear
in [p’| with a negative slope for forward scattering angles 6 < 7/2. This behavior can be
seen in each plot in Fig. [4.5] for the small p’ region, though in case of the electron plot
the negative slope of the hardly discernible. However, the inserted zoomed plot clearly
shows this behavior. Thus, we can expect that the small ¢*> dependence on p’ in the low-
momentum region below 100 MeV/c, that is relevant to MUSE, will produce significant
effects on the differential cross section do/(dp'd€?’). Note that the MUSE collaboration
is expected to detect electrons and muons with momenta p’ in a range down to about

50 — 20 MeV/c.

Second, we note that the bremsstrahlung cross section is directly proportional to 1/¢,
Eq. (4.15). In Fig. [4.6] we display the behavior of 1/¢* as a simultaneous function of p’
and cos . In the electron case, the figure clearly shows a large collinear enhancement of
1/¢* as o — 0 and p' is taken very small. This enhancement falls off sharply with the
increasing values of both cosa and p’. In contrast, for the muons no such enhancement

in 1/¢* is apparent for small p'.
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p =210 MeV/c, 8=30° a=1°(e%) p =210 MeV/c, 6=30°, a=1° (u%)
120 : : ‘ " 1120} ‘ ‘ ‘
100 1100t
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FIGURE 4.5: Behavior of the squared momentum transfer —q? (in units of 102
MeV?/c?), as a function of the outgoing lepton momentum, p’ = ||, for a fixed incident
lepton momenta, p = |p| = 210 MeV/c, scattering angle, § = 30° and o = 1°. When
p' < me, |p], we have near collinear photon emission with p. In the case of electron
scattering (left plot), the inset plot clearly displays the minimum of —g?.

In Fig. [4.7], we display the result for the total differential cross section up to and in-
cluding NLO in xPT, Eq. (4.17), versus the cosine of the outgoing photon angle «,
for three MUSE specified incoming momenta, p = |p/| = 210, 153,115 MeV/c. For the
bremsstrahlung process the outgoing lepton momentum can be chosen arbitrarily in the
range 0 < p' < pliocic(0), With peastic(f) < p for a given scattering angle 6. We only
display the results for the MUSE specified kinematics with p’ = 30,100 and 200 MeV /c
and for three forward angles: 6 = 15°,30° and 60°. We also present a comparison of our
NLO results with those of the LO (static and with recoil), as well as with the results
obtained by using the corrected expression for Eq. (B.5) in Ref. [10] (see clarification
towards the end of this section). The differential cross section shows that the commonly
used peaking approximation [10, 47] is very well satisfied for the electron even at these
low electron momenta p and p’. The double-peak structure is a distinctive feature of the

angular radiative spectrum for ultra-relativistic particles.

The prominent double peaks occur for photon angle « close to the angle ¢ (the (-peak) for
the incoming electron momentum, and the angle v (the y-peak) for the outgoing electron
momentum, as defined in Fig. [4.4]. Moreover, it may be noted in the figure that for
0 = 15° for both the lower plots (as well as for § = 30° and 60° in the lower right plot)

three peaks are generated with the (-peak being the dominant one. In each case the
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p =210 MeVic, 6= 30° (%)

10

Cosa p' (MeVic)

[
0.0

[p =210 Mevic, 6=30° ()]
'T"~——,,,,,,,wxr%

10!
p' (MeVic)

0.0

FIGURE 4.6: Behavior of ¢~ [in (MeV /c) %] as a simultaneous function of the outgoing
lepton momenta p’ and 0 < cosa < 1. The left plot is for the electron case and the right
plot gives the muon results. In each case, the incident lepton momentum is p = 210
MeV /c and the scattering angle is § = 30°. In case of electron, there is a very large
collinear enhancement for p’ — 0 and o — 0 and manifests as a local maximum at
small p’ in Fig. [4.10]. This phenomenon is not noticeable in the muon spectrum.

rightmost peak-like structure very close to cosa = 1, as shown by the insert plot in the
lower right graph in Fig. [4.7], can be attributed to the small ¢? (or alternatively, large
1/¢*) behavior for angle « close to zero (also, see Fig. 11 in Ref. [10]). As expected from
a classical bremsstrahlung angular spectrum (see, e.g., Ref. [10]), for relativistic electrons
the emitted photons get collimated close to the incoming and outgoing directions of the
electron momentum. Several further observations regarding the electron plots are in

order:
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p =210 MeV/c, p' =180 MeV/c (e%) p =210 MeV/c, p' =200 MeV/c, 8 = 30° (¢%)

Lol LO (static)
_ B=15° 1k LO (recoil)
1 ... 9=30° — NLO
— — Mo-Tsai

6=60°

0.100+ 4 0.100¢
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0.001F /
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-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
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p = 153 MeV/c, p'= 100 MeV/c (e%) p = 115 MeV/c, p' =30 MeV/c (e%)
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FIGURE 4.7: The bremsstrahlung differential cross section up to and including NLO
in xPT, d®oy,/(d|p’| ] dcosar) (in mb/GeV /sr), versus cosa for electron scattering
for the three incident MUSE specified momenta p = |p|, as displayed. For each p
just one value for the outgoing electron momentum p’ = [p’| is plotted. In the two
Lh.s. and bottom right plots, the solid (red) curves correspond to 6 = 15°, the dotted
(blue) curves to § = 30°, and the dashed (orange) curves to # = 60°. The insert in
the lower right graph shows the dominant (-peak and the additional third peak very
close to cosa = 1. The top right graph compares the NLO result, Eq. (4.17), with our
LO evaluations, without [i.e., static, Eq. (4.14), and with the proton recoil terms of
O(M~1) in the phase space [i.e., recoil, Eq. (4.15). In the same graph, the dashed curve
shows the corresponding result obtained using the corrected expression for Eq. (B.5) in
Ref. [10] (see text).

e The separation between the peaks increase with increasing scattering angle § =
v — (. For 8 — 0, the two peaks merge together into a single sharp peak, denoting

collinear alignment of all momentum vectors.

e For a finite electron mass m,, incident momentum |7|, and fixed angles (0, ), the

differential cross section becomes maximum when the outgoing three-momentum p’
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P =210 MeV/c, p' =180 MeV/c (i)

P =210 MeVic, p' =200 MeVic, 6 = 30° (1)
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FIGURE 4.8: The bremsstrahlung differential cross section up to and including NLO
in xPT, d?oy,/(d|p’| dQ) dcosa) (in mb/GeV /sr) versus cosa for muon scattering for
the three incident MUSE specified momenta p = |p|, as displayed. For each p just one

value for the outgoing muon momentum p’ = |p’| is plotted. See text and caption of
Fig. [4.7] for details.

value corresponding to the minimum of —¢? (maximum of 1/¢%).

e For fixed scattering angle § and three-momentum transfer |Q| = |7 — |, the differ-

ential cross section decreases with increasing incident momentum |p|.

e For fixed three-momenta p and p/, the differential cross section decreases with in-

creasing scattering angle 6.

In contrast to our electron scattering results, the cos @ dependence with the same kine-
matics for incoming muons is very different, as seen in Fig. [4.8]. The initial muon
momenta are not much larger than the muon mass, and the bremsstrahlung differential

cross section versus cos « has a broad angular spectrum. The plots in Figs. [4.7] and [4.8]
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clearly demonstrate that the so-called peaking approzimations [10], a widely used practi-
cal recipe for data analysis incorporating radiative corrections, while viable for electron
scattering at the low-momentum MUSE kinematics, is not applicable for muon scattering
at MUSE energies. As seen from Fig. [4.7] (top right plot), the expressions for the NLO
“Interference” corrections, namely, Eqs. (4.16)-(4.18), appear to yield contributions much
smaller compared to the dominant LO result for the electron scattering. In contrast, for
the muon scattering the NLO corrections are appreciably larger, as evidenced from the
comparison plot in Fig. [4.8]. Regarding our LO results, we have checked that the in-
terference contribution in the LO differential bremsstrahlung cross section, Eq. (4.15), is
much larger and dominates over the “direct” contribution for both the electron and muon
scattering (provided that the value for p’ is not too small for the electron scattering case).
As expected, the muon bremsstrahlung differential cross section is reduced by roughly
two orders of magnitude compared to the corresponding electron cross sections for the

same kinematic specification.

Zooming in on each peak in the electron angular cos o dependence reveals the existence
of a (3D) cone-like sub-structure, as displayed in Fig. [4.9], i.e., the photon emission is
(almost) collinear with the incoming and outgoing electron momenta. It may be recalled
that for a charged relativistic particle with an acceleration parallel to its velocity E,
the angular intensity distribution of the classical radiation corresponds to a cone with
maximal opening angle ~ (’)(\/1—7@) with respect to the direction of motion E The
dashed vertical lines in Fig. [4.9] correspond in our reference system, Fig. [4.4], to the
expected directions of the incoming and outgoing leptons. The effect of bremsstrahlung
radiation results in the lepton recoiling away in a slightly different direction, leading to the
characteristic cone-like feature for each peak with the vertex along the expected axis of the
radiation cone. Unlike the cos a dependence of the electron bremsstrahlung cross section,
in case of the muon we observe significant interference effects between the two dominant
broad angular peak structures arising entirely from the “direct” terms, labelled ... ]gi()
and [...]qir(c), and the “interference” contribution, labelled ... ], in the LO expression
Eq. (4.15). We find in addition a nominal NLO correction Eq. (4.18) to the cos @ behavior.
These lead to the deviations of each minimum from the expected directions, as indicated

by the vertically (red) dashed lines in the figure. Our graphic demonstrations support part
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FIGURE 4.9: The bremsstrahlung differential cross sections up to and including NLO in
xPT, d3oy,/(d|p’| d©2] decosa) (in mb/GeV /sr), versus cos a, indicating photon emissions
from the leptons distributed within a shallow cone about their incident or scattered
directions. The left plot is for electrons whereas the right plot is for muons. Both plots
correspond to p = 210 MeV /c and p’ = 200 MeV /c, and for the lepton scattering angle
0 = 120°. The red dashed lines indicate the directions of the incident and scattered
leptons, i.e., cos and cosy, respectively.

of the analysis presented in Ref. [153] (e.g., see, Fig. [4] in this reference), where radiative
corrections to (e, €'p) coincident experiments were discussed. It is to be, however, noted
that if we were to reduce the value of the muon mass from its physical value, there should
be a steady reduction of this observed mismatch between the vertical (red) dashed lines

and the cone minima.

The NLO results for the electron and muon bremsstrahlung “radiative tail” cross section
given in Eq. (4.17) for the MUSE specified values of the incoming lepton momenta, i.e.,
p = |p| = 210,153 and 115 MeV/c, are displayed in Figs. [4.10]. We only display the
plots for the forward scattering angles, # = 15°,30°, and 60°, also specified for MUSE
measurements. The bremsstrahlung cross section versus p’ is plotted from 0.1 MeV /¢ up
t0 Dlne = Phiastic — AP, where we have chosen Ap’ = 0.1 MeV/c in order to avoid the
IR singular region. There is clearly a large IR enhancement of all the plots toward the
large p’ endpoint region. Without a proper treatment of the radiative IR divergences, our
large p’ results are beset with large uncertainties, though in the low-momentum region
P’ < 100 MeV /e (suitable for MUSE) our results are reasonably accurate. We note that

as p' tends toward zero, the differential cross section also goes to zero for the both muon
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FIGURE 4.10: The “radiative tail spectrum” cross section up to and including NLO in
xPT, d?ay,/(d[p”| d©2)) (in mb/GeV /sr) is plotted as a function of the scattered lepton
momentum |p’|, for incoming lepton momenta |p] and scattering angles 6 specified by
MUSE. The plots in the upper (lower) row correspond to electron (muon) scattering,
while the plots in the middle row correspond to the results for an intermediate lepton
mass, m; ~ 30 MeV. In the left column plots, where || = 210 MeV /¢, we display the
cross sections for § = 15° solid (red) curve, 30° dotted (blue) curve, and 60° dashed
(orange) curve. For the middle column plots, we show the cross sections with 6 = 30°
for the three incoming MUSE specified momenta, p = 210 (solid), 153 (dotted) and
115 (dashed) MeV/c in the static approximation M — oo. The right column plots
(with non-log scale abscissa) compare our NLO results with the static and recoil LO
evaluations, Eqgs. (4.14) and (4.15), respectively, as well as with the results obtained
using the corrected expression for Eq. (B.5) in Ref. [10], but ignoring the proton form
factors.

and electron cases. However, for the electron tail spectrum the cross section reaches a

local maximum before going to zero as p’ — 0.

This local maximum at small p’ values is primarily due to the dominant behavior of our
static LO radiative tail cross section. When the outgoing electron momentum p” — 0, the

photon emission from the electron becomes (almost) collinear with the direction of the
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4.4. LO AND NLO RESULTS 101

incident electron momentum § (reflected in the peaking approximation in Figs. [4.7] and
[4.9] and the momentum transfer, §=p'— p’ — k. If we artificially let the electron mass
go towards zero, we will encounter a mass singularity when p’ = 0. The small electron
mass effectively regularizes this singularity, and a remnant of this divergence manifests

itself as a local maximum in the cross section. In that case the cross section goes to zero

as p’ — 0.

Another way to examine the gradual development of the local maximum in the electron
cross section is to consider our muon results presented in Fig. [4.10] (lower row plots) and
artificially lower the value of the muon mass from the physical value, i.e., m, = 105.7
MeV. We find that for a lepton mass, m; ~ 30—40 MeV, the cross section starts developing
a “shoulder”, which for still smaller lepton mass values develops into a local maximum
for small p’ values. It then starts to resemble the cross section for electron scattering
(upper row plots in Fig. [4.10]. Thus, for sufficiently small values of the lepton mass, the

cross section has a distinct local maximum in the cross section in the small p’ region.

As evident from Fig. [4.10], our results up to and including the NLO appear to be dom-
inated by the LO results. In other words, the qualitative difference made by the NLO
corrections to the electron and the muon cross sections are not at all apparent from
the figure. Thus, for a better qualitative estimate of the NLO part of tail spectrum,
we present a relative comparison between the LO and NLO contributions in terms of a
quantity, dnpo, which measures the ratio of the NLO correction with respect to the LO

contribution, namely

d2 (NLO) 42 (LO) 42 (LO)
ONLO = et d; Obr . (4.19)
dp’d€, dp/d€, dp’'d€,

This quantity is plotted in Fig. [4.11] against the outgoing lepton momentum p’, corre-

sponding to the same kinematics specification as in the right column plots in Fig. [4.10].
Clearly, the dnpo for the muon spectrum is an order of magnitude larger than same for
the electron spectrum. Moreover, in the electron case, the NLO corrections in the low
p’ region below 50 MeV /c become negative, in contrast to the NLO corrections for the

muon that remain positive definite for the entire range of p’ values.
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FIGURE 4.11: The quantity dnr,o of Eq. (4.19), which stands for the NLO corrections
relative to LO radiative tail cross section, is plotted as a function of the outgoing
lepton momentum p’ < pl, ... where pl, . ~ 203.8 MeV/c for electron and about
203.1 MeV/c for muon, for scattering angle § = 30°. The left plot is for the electron
case and the right plot gives the corresponding muon results.

Finally, in comparing our results with the expression Eq. (B.5) in Ref. [10], we find that
the expression has to be corrected as follows. The very first energy factor, £,/E;, mul-
tiplying the integral in that expression should have been p?/(E,FE;). This reduces to
the energy factor in Eq. (B.5) provided we neglect the lepton mass. Incorporating this
correction and by ignoring the proton form factors (anomalous magnetic moment contri-
bution also excluded) in Eq. (B.5) of Ref. [10], we find only a nominal difference with
our LO result obtained from Eq. (4.15). However, once we include the full NLO result
obtained by evaluating Eqs. (4.17) and (4.18), which includes the M~! recoil correc-
tions from the phase space, the -function, and the matrix elements, the differences with
Ref. [10] indeed becomes negligible, as evident from the right column plots in Figs. [4.10].
Note that Ref. [10] treated both the leptons and the proton in a common relativistic
framework, whereas in our xYPT approach the proton, being a heavy particle, is treated

non-relativistically in both the phase-space expressions and the matrix elements.

As mentioned in the introduction and in Sec. II, the pion loops, as well as M ~2 terms
from 2533, contribute at NNLO in yPT and generate the low-momentum proton form fac-
tors. These contributions are supposed to be small according to standard xPT counting.
However, as presented in Sec. 4.2 the yPT counting scheme might not capture the fact
that the probability of an electron radiating is much enhanced compared to the radia-

tion from the heavy proton. Hence, we next examine the importance of the proton form
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4.4. LO AND NLO RESULTS 103

factors generated by NNLO terms. The low-momentum NNLO expressions for the Sachs
form factors G ,, have already been evaluated in earlier xPT works, e.g., Ref. [216],
and they are effectively incorporated in our evaluation. We consider only those LLO Feyn-
man graphs where the real photon radiation originates from one of the lepton lines, i.e.,
diagrams (A) and (B) in Fig. [4.1]. We only include the dominant Sachs electric form
factor G', of the proton, in particular the Taylor expanded form given by Eq. (4.2), at
the exchanged photon-proton vertices associated with the LO diagrams. In order to have
a rough assessment of the relative importance of the proton’s structure effects, we show
our results as a ratio %, which may be taken as a qualitative measure of the expected
NNLO corrections dNnLO:

< d2oy, ) . ( d2oy, )
! !
r B dp’dQ; form dp’d€] point . (4.20)

( dzabr )
/ /
dpldit; point

Here, the subscripts “form” and “point”, respectively, denotes the radiative tail differen-

tial cross section evaluated with and without the proton’s rms charge radius %, included.

Thus, in our analysis we approximate the NNLO yPT contributions as

d20y ! 1350
/8 d br Gp 2
(dp/ dgz;)form—> /1 (COS a) <dp/ dQ;dCOSO& E(q ) |

d?oy, 4250
(d ’dQ’) T apd (4.21)
p 1/ point p l

with ¢? given by Eq. (4.8), and the charge radius r%, of the proton to be used as the input.
In phenomenological analyses, the dipole parametrization [219] is a commonly employed
parametrization for the Sachs form factors, as was used in Ref. [10] that correspond to
r% = 0.81 fm. Furthermore, the recent high-precision measurements from the study
of muonic hydrogen spectroscopy by the CREMA experimental collaboration [21, 23]
led to the controversial value of r%, = 0.84 fm, a result that is ~ 7o smaller than the
previously accepted CODATA result, 7%, = 0.87 fm [101]. These three values of 1%, are
used as the “measured” rms radius input to G% in the above relation. The results are
displayed in Fig. [4.12] where they are labelled as “xPT (dople)”, “xPT (CREMA)” and
“XPT (CODATA)”, respectively. Finally, these NNLO predictions are compared with the
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104 4.4. LO AND NLO RESULTS

corresponding result obtained by using Eq. (B.5) of Ref. [10] (with our corrected version),
with and without their phenomenological electric form factor G%, for obtaining the “form”
and “point” contributions, respectively, while ignoring their magnetic dipole form factor

G%,. This result is labeled as “Mo-Tsai” in the figure.

By comparing the plots in Figs. [4.11] and [4.12], we observe that the NLO and NNLO
corrections relative to the LO results can be significant. As evident from the plots, for an
incoming electron of momentum p = 210 MeV /¢, outgoing momentum p’ = 100 MeV /¢,
and scattering angle § = 30°, we find that the NLO and NNLO corrections modify the LO
radiative tail cross section by about 2% and 1%, respectively, with the “xPT” form factors
[i.e., Eq. (4.2) with the above phenomenological rms radii.] Using the same kinematics for
the muon, the corresponding LO results get modified about 20% and 2%, respectively. In
addition, our NNLO results suggest that effectively the pion loops strongly suppress the
local maximum at small p’ values in the electron radiative tail cross section. In case of
the electron the crucial observation is that the NNLO form factor effects are of the same
order as our NLO contributions. However, for the muon we find that the NNLO “yPT”
contributions are about a factor of two smaller than the NLO contributions and more
consistent with the standard xPT counting rules. But again in contrast, Fig. [4.12] shows
that for the muon “Mo-Tsai” result the proton’s structure contributions are a factors of
two larger than those of the NNLO “yPT” results, and therefore, of similar magnitude
as that of the muon NLO result shown in Fig. [4.11].

In Fig. [4.10], the bremsstrahlung cross sections diverge as the maximal value p/ . ap-
proaches the elastic lepton-proton scattering value pl;, ;.. As mentioned this is due to the
infrared divergence (IR) of the bremsstrahlung process when the bremsstrahlung photon
energy tends to zero. As demonstrated in, e.g., Refs. [10, 50], the cross section is free
of IR singularities, provided the wirtual radiative corrections are included in the calcu-
lation. In xPT, one can systematically evaluate the effect of virtual photon-loops, as
well as the bremsstrahlung contribution from the leptons and protons in order to remove
the IR singularities from observables. For the elastic lepton-proton scattering, the vir-
tual photon loops along with the so-called two-photon exchange (TPE) contributions will
additionally introduce ultraviolet (UV) divergences. In the next chapter of this thesis,
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FIGURE 4.12: The quantity, |[oNNLo| IS a qualitative measure of the expected NNLO
proton’s rms radius contribution to the radiative tail cross section when the lepton
is radiating. This quantity is plotted as a function of the outgoing lepton momentum
P < Pliasties Where ply .~ 203.8 MeV /c for electron and about 203.1 MeV /c for muon,
for scattering angle 6 = 30°. Here different rms radii are used as phenomenological input
to parametrize the “xPT” electric form factor G%, (see text). For comparison, we also
display the corresponding result obtained by using Eq. (B.5) of Ref. [10], while ignoring
the magnetic form factor contribution. The left (right) plot corresponds to the electron
(muon) results.

these divergences are treated systematically in yPT at NLO accuracy using the proce-
dure of dimensional regularization which ensure gauge invariance at every perturbative
order. This would naturally involve the introduction of low-energy constants (LECs) in
the yPT Lagrangian required for the purpose of renormalization. Fortunately, at NLO
in the radiative and recoil corrections (cf. Chapters 5 and 6) no such LECs are needed.
Nevertheless, some LECs do appear at NNLO needed to renormalize UV divergences
arising from pion-loops and can be taken directly from earlier yPT works, e.g., Ref. [220].
Such a systematic NNLO evaluation is rather involved and beyond the scope of the work

presented in this thesis.

4.5 Conclusion

In retrospect, the purpose of the work in this chapter was to present a qualitative
but yet pedagogical evaluations of the LO and NLO contributions to the lepton-proton
bremsstrahlung cross section in the context of a low-energy EFT framework. Here we

highlight some of the key aspects of this work:
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e One important issue was to discuss a scenario where a large change in the angular
spectrum of the bremsstrahlung process can be expected at typical momenta not
much larger than the muon mass. The importance of such a study is very relevant
to the MUSE experimental program where high precision lepton-proton scatter-
ings at very low-momentum transfers will be pursued in order to investigate the
reason behind the unexpectedly large discrepancy of the proton charge radius ex-
tracted from scattering experiments and the radius obtained from muonic hydrogen
measurements. Our analysis demonstrates that a non-standard treatment of the
bremsstrahlung corrections for muon scattering must be carefully thought through

by the MUSE collaboration.

e In xPT employing Coulomb gauge, the two LO diagrams (C) and (D) in Fig. [4.1],
and the two NLO diagrams, (I) and (J) in Fig. [4.2], do not contribute. In other
words, bremsstrahlung radiation from a LO proton-photon vertex does not con-
tribute in our yPT analysis. However, there is non-trivial proton bremsstrahlung
contributions [diagrams (G) and (H) in Fig. [4.2] at NLO associated with chiral

order v = 1 proton-photon vertex in yPT.

e While taking the trace over the amplitude squared in order to determine the unpo-
larized bremsstrahlung cross section, the spin dependent interactions in the NLO
Lagrangian give vanishing contribution. Consequently, the anomalous magnetic
moment of the proton does not contribute to the cross section for this process
at NLO in xPT, contrary to usual expectations. Thus, the proton’s magnetic mo-
ment starts contributing to the bremsstrahlung process only at NNLO, as implicitly

parametrized in our case in terms of the proton’s rms radius.

e Our results displayed in Figs. [4.7] and [4.8], clearly indicate that the widely used
peaking approximation in radiative analysis of high energy electron scattering data

can not be used in the radiative analyses of the future low-energy muon data from

MUSE.

e Asevidenced from Fig. [4.10], the radiative tail cross section for the electron scatter-
ing process for small outgoing momenta, |p’| <5 MeV/c exhibits a local maximum

that can be attributed due to the small but non-zero electron mass. However, in
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the same figure we show that such a behavior disappears for the much larger lepton
muon mass. Since MUSE is designed only to detect the lepton scattering angle 6
and can not determine the value of the outgoing lepton momentum |p” |, care must
be taken in the analysis of the MUSE data when one corrects for the radiative tail

from the bremsstrahlung spectra.

e At NNLO the proton’s rms radius enters the evaluation via the LECs in Eg,,

meaning that the low-momentum aspects of the proton’s structure (rms radius)
naturally contribute at this sub-leading order. In particular, we find that NNLO
corrections for electron scattering bremsstrahlung diagrams illustrated in Fig. [4.3],
are as large as the NLO corrections, contrary to what is expected in standard chiral

power counting.
e Finally, our evaluations revealed an error in the overall expression for the energy

factor in the well-known review article [10].

In the following chapter, we focus on the radiative correction to the basic lepton-proton
elastic scattering process, where we present an evaluation of the two-photon exchange

process in our EFT framework.
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Chapter 5

Two-Photon Exchange

5.1 Introduction

In this chapter, we present an evaluation of two-photon exchange (TPE) contributions
with an elastic intermediate proton state in HByPT formalism based on our publica-
tion [221]. One of the earliest works on the TPE effects may be the so-called Feshbach
corrections [222], which considered relativistic electrons scattering off a static Coulomb
potential. The later works of Refs. [10, 47, 50] did consider the virtual TPE diagrams
in order to cancel the IR divergences arising from the bremsstrahlung diagrams. These
calculations suggested that the TPE effects were small. In other words, the dominant
contributions arose from the one-photon exchange contribution (i.e., the first Born ap-
proximation) leading to the celebrated Rosenbluth formula (see Eq. (2.29) of Chapter 2)
for elastic lepton-proton scattering cross section. Modern experimental arrangements like
the MUSE facilitate simultaneous measurement of the unpolarized elastic e*p and u*p
scattering cross sections, thereby enabling extraction of possible enhanced TPE contri-
butions. In other words, MUSE will measure the difference of the lepton and anti-lepton
charge cross sections to which the interference between the Born and the TPE diagrams

at O(a?) contributes.!

IThis charge-asymmetry measurements can not be used to extract the TPE contribution directly.
The MUSE experiment can instead observe the charge odd combinations of TPE along with parts of

109
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110 5.2. HBxPT TREATMENT OF TPE

Recent theoretical studies have suggested that the TPE effects can play crucial role in
explaining possible discrepancies in various measured observables. It appears to be the
general consensus that the TPE contributions have the correct sign and magnitude in
order to resolve the bulk of the discrepancies in the extraction of form factors [18, 22,
23, 53, 54, 59, 62, 63, 66, 223, 224]. In this work, where we have evaluated the TPE
contribution, we focus only on the elastic intermediate state as it is expected to give the
dominant contribution at very low momentum transfers [68, 147, 225-230]. Furthermore,
here we only need to deal with the real parts of these amplitudes which contribute to the

unpolarized elastic lepton-proton cross section.

This chapter is organized as follows. In Sec. 5.2, we list all possible TPE diagrams within
HBxPT, up-to-and-including NLO in the chiral power counting. We also discuss some
of the details of the kinematics involved in the calculations, which are commensurate
with the proposed MUSE kinematic domain. In Sec. 5.3, we outline the crucial steps
involved in the systematic removal of the IR divergences from the TPE diagrams at
O(a?). Especially, we discuss the subtle nature of many cancellations among the NLO
TPE amplitudes in the soft photon limit and their relation to the corresponding soft
photon bremsstrahlung processes. Next in Sec. 5.4, we present our numerical estimates
of the TPE contribution to the unpolarized elastic cross section. Finally, in Sec. 5.5, we

present a summary of this chapter and draw some conclusions.

5.2 HByYPT Treatment of TPE

All possible TPE amplitudes at O(e?) in HBYPT are diagrammatically illustrated in
Figure 5.1. The Feynman graphs, namely, (a)-(h) are the so-called “box” diagrams
consisting of the “direct” and “crossed-box” terms, and the graph (i) is the so-called
“seagull” term. In the diagrams labeled (a) and (b), the proton-photon vertices arise
from the LO chiral Lagrangian /353]3, (cf. Appendix A) in the , while diagrams (c)-(f)

contain one proton-photon vertex insertion from the NLO Lagrangian (c.f. Appendix A).

the bremsstrahlung contributions. In order to isolate the TPE contribution, model-dependent correc-
tions must be applied to the charge-asymmetry data, i.e., one has to extract the charge-dependent
bremsstrahlung contributions, e.g., Ref. [22].
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5.2. HBxPT TREATMENT OF TPE 111

Each of the diagrams (g) and (h) contains an NLO propagator insertion, and finally the
seagull diagram contains no intermediate proton, instead this diagram has an effective

~vvy-interaction vertex associated with the proton originating from the NLO Lagrangian.

As mentioned in the presented chapter, for all theoretical treatments, it is convenient
to choose the laboratory (lab) or the rest frame of the proton target which allows a
straightforward relation to the proposed MUSE kinematics. Furthermore, we may recall

that in the HBxPT formalism one introduces a small so-called residual incoming proton

ROSON
SosoN
<

(2) (h) (i)

FIGURE 5.1: The TPE Feynman diagrams of O(e*) which contribute to the O(a?)
interference term in the elastic lepton-proton cross section. Thin lines represent lep-
ton propagators, thick lines represent proton propagators, and wiggly lines represent
photons propagators. The solid dark circles and the lines with a cross represent vertex
and proton propagators insertions, respectively, from the NLO Lagrangian 27(32, (c.f.
Appendix A). Diagrams (a)-(h) are the “box” (“direct” and “crossed-box”) terms, and

diagram (i) is the “seagull” term.
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112 5.3. SOFT PHOTON APPROXIMATION ANALYSIS OF TPE

momentum p,, as defined through the relation, P* = Mv* + pi' with pf, < M?, which in
the lab-frame implies v - p, = 0. Similarly, the small residual outgoing proton momentum

P}, defined via P = Muv* 4 pr ¥, where (p;)* < M?, implies

ﬁ/2
v-p;:ﬁ%—O(M_Q). (5.1)

Finally, the four-momentum transfer in the elastic process is Q, =p, —p, = P, — P, =

(P,)u — (Pp)u> and the lepton scattering angle is 6.

As stated earlier the MUSE collaboration has chosen the incident lepton momenta to
have the following values: 115 MeV/c, 153 MeV /c and 210 MeV /c. This means that for
elastic scattering the four-momentum transfer Q? depends only the scattering angle 6.
The corresponding range of () value in the laboratory frame can be obtained using the

relations

Q* =2m; —2EE'(1 — 3B cos §) = —2M(E — E'), (5.2)

where 8 = |p|/E and ' = |p'|/E' are the incoming and outgoing lepton velocities,
respectively. It may be shown that 0 < |Q?| < |Q2..| = 4M?*(E?* — m?)/(m} + M? +
2M E) represents the kinematically allowed (physical) range of momentum transfers [225].
However, the (laboratory frame) scattering angle is proposed by MUSE to be in the range
6 € [20°,100°] [41], for which the possible @Q* range of values obtained from Eq. (5.2)
are tabulated in Table 5.1. By examining the Q2 values in the table we observe that
Q/A, < 1, ie., the HBYPT power counting scheme can be applied reasonably well in
the domain of the MUSE kinematics.? In the next section we evaluate the TPE diagrams

in Fig. [5.1] and isolate the IR divergences of the TPE box diagrams.

5.3 Soft Photon Approximation Analysis of TPE

In this section we evaluate all the TPE diagrams in Fig. [5.1] using HBYPT and derive

the Q% or § dependence on the IR subtracted TPE diagrams in a gauge-invariant manner.

2We note that for the TPE diagrams with either NLO vertex or propagator insertions being already
2
of O(M~1), it is reasonable to write ' = E + % ~ E at NLO.
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Momentum (p) in GeV/c | 0.115 | 0.153 | 0.210
|Q?| in (GeV/c)? for Electron
Angle 6 = 20° 0.0016 | 0.0028 | 0.0052
Angle 6 = 100° 0.027 0.046 0.082
|Q?| in (GeV/c)? for Muon
Angle 6 = 20° 0.0016 | 0.0028 | 0.0052
Angle 6 = 100° 0.026 0.045 0.080

TABLE 5.1: The MUSE range of |Q?| values for ep and up scattering at the two limits
of the laboratory frame scattering angle, namely, 8 = 20° and 100°, obtained from
Eq. (5.2).

The finite (IR subtracted) part of the TPE fractional corrections ., up to and including

next-to-leading order accuracy, i.e., O(a, M 1), to the elastic scattering cross section is

defined by:
dael(QZ):| {daez(@)} 5 2
[ dQ), -y dQ); X 0
where
; _ 2Re D ins (MI Moy rpE)
577( )= Zp:spins ‘/\Zl'y|2 - IR’Y’Y;TPE . (54)

In this expression M., is the one-photon exchange (Born) amplitude,

62

M, = e [ (p") " w(p)] [XT(P;)UMX(ppﬂ ’ (5.5)

and M,,.tpg = ME™ L MY s the total TPE amplitude obtained by summing the

seagull

TPE box amplitudes, M2, and the seagull amplitude, M viz, Feynman diagrams

seagull’

(a) - (i) in Fig. [5.1]. The corresponding Born cross section is (doe/d€2/),, which to LO

in the chiral expansion (including phase space 1/M proton recoil contributions) is given

by3
doa(@)] 1 BE E 11 2\
)~ ot () oo -] ()

spins

1 5 64712’ , , , m? 1
ZZWI”' = o MEE'(M + E,) {1+Bﬁ cos9+EE,+(9 e ,(5.6)

spins

3A more elaborate discussion on Born cross section can be found in the next chapter
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where the kinematics at 1/M order accuracy yield the following relations:

;o B°E i
E = E{l—w(lz—cosﬁ)—i-(?(M )} :
po= ﬁ[l—%(l—cos&)%—O(MQ)] :
Q> = —2B°E*(1 —cosb) [1 — %(1 —cosf) + O (MQ)} . (5.7)

In Eq. (5.4), the term IR.,,.rpr denotes the IR singular part of the TPE box diagrams’
contribution to the elastic cross section. Utilizing dimensional regularization (DR) we
project out these singularities before deriving the expression for IR..rpg. As demon-
strated in the next chapter, the soft bremsstrahlung contribution to the elastic cross
section at NLO entails an IR singular term, IR, .-, which cancels the IR singularity in
Eq. (5.4), namely, IR« = —IR.,.tpr at O(a®, M~1). Our calculations of the finite part
of the fractional TPE contributions 4., in Eq. (5.4) inherently rely on the widely used
soft photon approzimation (SPA). While the HBYPT evaluation details and discussion of
the full QED radiative corrections to the ¢p elastic scattering at NLO will be presented

in the next chapter, here we simply quote our analytical expression for IR,«:

2y G a@)? 1 47 1 1+ FE 1+p
R (@) = _QWME{@HE_1D<—Q2)}{Bln\/l—B+E’B’m 1—6’}
B a@)? 1 47 [1+ 5 1
= _WMEﬂ {m+7E—1n<_Q2>}ln —1—54_0(@). (5.8)

The TPE diagrams in Fig. [5.1] naturally include the contributions to the Coulomb wave

functions describing the incoming and outgoing charged leptons. For example, the so-
called “Coulomb focusing” or distortion of the scattered lepton spectrum at low-|Q?| is
explained by considering one of the exchanged photons in the box diagrams as a soft

4

photon.* The SPA has widely been used in the literature as a practical tool to isolate

the IR singularities of the TPE box diagrams. However, the exact implementation of

4The Coulomb distortion of the outgoing electrons waves in the second Born approximation was
investigated in Refs. [231, 232] (see also Figs. 13 and 17 of Ref. [22]) where it was found to significantly
enhance the cross section at backward scattering angles. However, in this case the contribution to the
proton’s rms charge radius is unlikely to be affected from the extrapolation of the form factor data to
extreme forward angles where Coulomb wave function effects are found to be small. Hence, the authors
of Refs. [231, 232] concluded that the radius discrepancy could not have been been attributed to an
erroneous experimental measurement due to the influence of this kind of SPA in the TPE contributions.
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the SPA is somewhat ad hoc and differs in different theoretical works. For example,
following the work of Maximon and Tjon [50], the SPA is used only in the denominator
(propagators) of the integrand in order to single out the IR-divergent TPE amplitude,
i.e., the momentum of the soft exchange photon is set to zero. Maximon and Tjon
do not set the photon momentum to zero in the numerator of the integrand. On the
other hand, following the work of Mo and Tsai [10], the SPA is used simultaneously in
the numerator and denominator. As was noted in Ref. [50], the convenience of using
the former “less drastic” type of approximation is that the resulting expressions become
somewhat simpler. However, some authors, e.g., Ref. [230], have argued in favor of the
latter “more drastic” approximation being more self-consistent. The essential point is to
let the momenta associated with the soft photon go to zero, irrespective of whether they
appear in the numerator or the denominator. Since these soft momentum factors, which
appear in the numerator of the amplitudes, originate from those in the denominator, it
seems somewhat unreasonable to let them go to zero only in the denominator. Concurring
with the argument presented in Ref. [230], in the following we shall use the SPA definition
of Mo and Tsai [10].

As shown in the Fig. [5.1](a)-(i), the loop integrals up to NLO in HBxPT contributing
to the TPE amplitude M.,,.rpg are, respectively, given by

@ d'k [w@ ) (p = ¥+ m)y u(p)] X @) vavx(vp)]
iMpox = € / @) (2 + 30) [(Q — K2 4 0] (k2 — 2k - p + 10) (v - k + 40) (5.9)
by d*k [al (p,)’}“u(]ﬁ — k + my)vY (p)] [XT(p;)’UMUVX(pp)]
M = ¢ | G @ BT BT 0 KO0
) e d'k — I\ v
iMpo, = 2M/ )t [ (") (p — ¥+ )y (p)]
X () {0 (2pp + K)» — vuvu (v - k) x(pp)] (5.11)
(2 +i0)[(Q— k)2 +i0] (2 —2k-p1i0) (v-k+i0)
-M(d) _ 64/d4k [— I\ A ¥ v
Mbox = m (271’)4 ’LLl(p )7 (1}75— +ml)7 Ul(p)]
X () (v (pp + 1)y — B) — w0 (=0 - k) Y x(pp)] (5.12)

(k2 +i0) [(Q — k)2 + 0] (k2 — 2k - p + 10) (—v - k + i0) ’
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oA 4
iM]E)e())x = / dﬂk [ﬂl(p')'y“(gﬁ =k +my)y w(p)]

oM | (@n)
X ) {vw (pp + Py + k) — v (v k) }x(pp)] (5.13)
(k2 1 i0) [(Q — k)2 +i0] (k2 — 2k - p +40) (v - k +i0) '
64 4
M = 557 [ oyt [0 (= ko)
[XF (@) {vu (20}, — k) — vavn(—v - k) bx(pp)] (5.14)

(k2 +i0) [(Q — k)? 4+ 0] (k? — 2k - p +i0) (—v - k 4+ i0) ’

Mo / A [u () (p — Kk +m)v w(p)] X (o) vuvex(pp)]
Yhox T onr | (@m)t (K2 +10) [(Q — k)2 + i0] (k2 — 2k - p + i0)
7 p + k)
x (1 + (v?/@)z _ (]Zv +k)g > (5.15)
iy € / Ak [ )y (p — k+m)y w®)] X))o x(pp)]
Whibox T on1 | @m)F (K2 +40) [(Q — k)2 + d0] (K2 — 2k - p + i0)

/2  ° k 2
X (1 + (vp'pk)2 _ (1(9;:) . k;)g ) ,(5.16)

O / d*k [w@)y* @ — k +m)y w(@)] [x'®p) (0por — 9u)x ()]
seagulle- 2M (k2 +i0) [(Q — k)2 + 0] (k2 — 2k - p + i0) 4

(5.17)

where w;(p) and u;(p’) are the incoming and outgoing lepton Dirac spinors, and, x(p)
and xT(p! ) are the proton’s non-relativistic two-component Pauli spinors. Here we remark
that the two LO TPE integrals, Egs. (5.9) and (5.11), should contain the kinetic energy
terms of O(M~1) in the proton propagators [cf. Eq. (5.1)]. However, for the purpose
of distinguishing the “true” LO from the NLO parts of the integrals, these O(M™!)
terms from the two LO amplitudes have been included in the NLO propagator insertion
integrals, Eqs. (5.15) and (5.16), respectively. In that case the first two amplitudes,

namely, ./\/lbOX and MY correspond to the “true” LO contribution of the TPE. All the

xbox
rest contributing at NLO either correspond to terms that directly arise in the NLO chiral
power counting or are attributed to the dynamical recoil O(M ') terms moved from the
LO chiral counting amplitudes. We isolate the IR divergences by taking the soft photon
limit, which means: when one of the two photons’ four-momenta is considered soft (either
setting k = 0 or k = Q) the other photon is hard (either with (Q — k)* # 0 or k? # 0).

To project out the IR singular terms, we must evaluate the loop integrals at both poles

and then consider their sum.
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To demonstrate our SPA approach, let us apply it to the LO box, Eq. (5.9), and cross
box, Eq. (5.11), amplitudes [cf. Figs. [5.1(a) & (b)]. Treating each of the two photons to

be separately soft, leads to the following sum the amplitudes:

iM% (v-p) M, / 201 K (k Qk-;)(v-k‘JriO)
—2 (v )M, / (;er];‘*k? (k2 — 2k - 119’) sy O
and,
i/\/l(i) T (v-p) M / ! .
2m)" K2 (K2 — 2k - p) (v -k — i0)

+262 (v p) M / Gl L (5.19)
P) @r) k2 (k2 — 2k -p) (v -k —i0) '

(a) (b)

xbox?

It is immediately clear that My
lation still follow even without SPA for LO TPE amplitudes Eq. (5.9), and Eq. (5.11)°
Thus, we conclude that there is no TPE contribution at LO in HByPT. This L.O cancella-

is effectively cancelled by M although this cancel-

tion is anticipated since the proton does not generate any LO bremsstrahlung in HBYPT,

vis-a-vis no LO IR divergence contributions in 61(;) 2

The first non-vanishing TPE contributions in SPA arise from the NLO proton recoil contri-
butions, which is commensurate with the corresponding non-zero HByP'T bremsstrahlung
amplitudes with the soft photons radiated from NLO proton-photon vertices. We now
analyze the NLO TPE integrals, Eqs. (5.12)-(5.17), and the following observations are in

order :

e First, when we sum these amplitudes, the terms containing the v,v, in the am-

plitudes ./\/lbo through /\/l cancel with the first terms of amplitudes M. and

box

MW plus the v,v, part of the seagull term MY

xbox seagull”

e Second, applying SPA to the remaining parts of the two amplitudes, ./\/lf)go)x and
MM e observe that they also cancel in the soft photon limits. This is easily

xbox’

5Note the difference in the signs of the in — 440 terms in the heavy proton propagators of the two
amplitudes contributes to a residual imaginary part, which is, however, irrelevant in the present context
of evaluation of the unpolarized cross section.
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seen by analyzing the remaining parts of the NLO proton propagator in each of

these integrals in following way:

NIV /d4k (P ptk? p (k)
box xbo residual N 2M U . k’)Q (U . ]C)Q (U . ]{?)2 (U . ]{?)2

w / &'k (@// P/ \Eﬁ \Q%JM
(@// \Ei \Eﬁ 7 >
v kR k)2

*m

- 0. (5.20)

Consequently, applying SPA, the two amplitudes, ./\/lbOX and M hich are the ampli-

xbox7
tudes with intermediate NLO proton propagator insertions, effectively do not contribute
to the sum of the NLO TPE box amplitudes. Furthermore, we observe that in the seagull
amplitude, Eq. (5.17), only the terms proportional to g,, contribute to the total TPE
amplitude. The residual parts of the TPE integrals at NLO, after applying SPA to the

box diagrams, yield the following simplified soft photon amplitudes.b

et dk [w@)y u(p)] XL (e + p)ux(pp)]
iMig = M(”'p)/(zw) k2Q2( — 2k -p) (v k+i0)
1
__p Pr) M / 2m) k2 (k2 — 2k - p + i0) (v - k + 40) ’ (5.21)
o~ et d*k [y ()] X (05) 0y + 2))ux(py)]
Mo = ‘M(“'p)/m) my( “ 2k -p) (v-k — i0)
1
M / 2m) K2 (k2 — 2k - /) (v - k — 0) ’ (5.22)
~ e d'k [m(P )y u@)] [x'0)) @y + P ux ()]
Miox = M(”'p)/(%) ]2 Q2 (k2 — 2k - p) (v - k +10)
. dk 1
») M / 2m)4 k2 (k2 — 2k - p') (v - k +140) (5.23)

5We do not apply SPA in the evaluation of the IR-finite seagull diagram. A naive application of SPA
to this diagram leads to lepton self-energy-like contributions with spurious IR~divergent terms. However,
an exact evaluation (see Appendix B) shows no such singularities.
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o et dE @)y )] [ (@) (0 + ) x ()]
iM =~ 370 'p>/ Cr)d K2Q (k2 —2k-p) (v-k —i0)
2¢2 , d*k 1
AR MV/ Qr) k2 (k2 — 2k -p) (v k —0)’ (5:24)
B d4k Uz vt (p — K+ ml)’muz(p)} [XT(p;)X(pp)]
iMaasan = M / k2 (Q — k)2 (k2 — 2k - p + 0)  (525)

where the tilde symbols denote the residual NLO TPE amplitudes of Egs. (5.12)-(5.17).

Here we note again that there is a cancellation between /\/l( . and MY for the coeffi-

xbox
cient of v-p’, and between beox and /\/ll()eOX for the coefficient of v-p (up to an irrelevant
imaginary part.) Then the resulting sum of the NLO TPE box amplitudes in the soft pho-
ton limit gets “factorized” into a Q* dependent function f(Q?) times the Born amplitude

M., [68], namely,
M(box) Tsoft ]\}l/(box = <Q2)M MbOX+M

7Y P

+ Mbox Y beox ) (526)

xbox

1@ === (0 K (0) = (0 ) @) + (0 - KD = (- 7)) () [5.27)

The integrals K and K§7) are solved in d dimensions, i.e., d > 4 is the analytically
continued space-time dimension. In the expressions below, |er| = —(4 — d)/2, u corre-
sponds to the subtraction scale, yg = 0.577216... is the Euler-Mascheroni constant, and

the integrals K5~ (p) in the above expression are given by

K (p) = 1/ #% !
o =T e (k2 — 2k p)(v - k + i0)

1 1 | 47m 1+p5 1+ 5
(47T)2Eﬁ {|61R|+7E_n 1— 1—
2p
+s»(15) ‘Tﬂ@* (E%?)H |

1 [ d'k 1
(=) S
k() i/(27r)4k2(k: 22k p)(v - k — i0)

1 1 4 1
{ +’YE—1H W'u +5 +S
’61R| 1— 1 —

~ (4m)2Ep
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where the term ‘Sp’ stands for the standard Spence function defined in Eq.(2.13). Like-
wise, we find the expression for the integrals lCz(,i)(p/ ) in Eq. (5.27) by replacing E <> E’
and § <> ('. The IR divergences correspond to the poles in the dimensionally regularized
integrals in the limit € = —|eg| = (4 — D)/2 — 0~. The appearance of an imaginary part
in these integrals depends on the sign of the +in term as  — 0 in the proton propagator.
As mentioned, the imaginary parts are irrelevant in our present context of the unpolarized
cross section analysis. Nevertheless, it might be interesting to note that an additional IR
divergence arises in the imaginary part of IC1(,+)(p) which is of importance in a polarized

cross section analysis.

Finally, we sum the TPE amplitudes and compute their interference with the Born am-
plitude in order to determine their contribution to the elastic cross section, with the
appropriate IR singular term subtracted as shown in Eq. (5.4). To this end, the sum
of the factorisable IR-divergent TPE box amplitudes with the non-factorisable IR-free

seagull amplitude (evaluated in the Appendix B) is given as

Miperpe = ME + MO = F(@IM, + ML) (5.29)

seagull — seagull -

Denoting the corresponding fractional TPE contributions to the elastic cross section as
0 (@) = 657 (Q%) + o= (@), (5.30)

we obtain the following NLO expressions,” noting that ' = E+ O(M™') and ' =
B+O(M1):

2ReY . (MT /TA’S;"X))
5(box) 2y _ spins (i — 9Re 2
¥y (Q ) Zspins |M'y|2 [f(Q )]

! o
{|em|”E_1“<—Q2)}{

_1{ﬁ_1n2 s ()£ {w_?_lng L+

a@)?
2rMFE

B 2 1-§

_Sp<12+ﬁlﬁf)}]

"Since the corrections in Eqgs. (5.31) and (5.32) originate at NLO, we use the LO expression for the
four-momentum transferred, i.e., Q* — Q3 = —282E?(1 — cos0).
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2 Q2 1+ 1+
?H \/1— \/1— 1+/3
o (). )

for the TPE box contribution, with IR.,.rpg = —IR,,+ as given in Eq. (5.8), and the

aQ)?
TME(

= IR'y'y;TPE -

finite seagull contribution

2Re D in (M Mseagull>
2 spin [ M2

5’(ys’$agull) (QQ) _

- 2R gj - ] <L(Q2) vm@) + L, > (7% - 4<Q2>})
. _ioj\‘f; :Q2 fZEz} (L(Q2) +T,(Q%) + g—j [Z5(Q%) — 14(622)}) +0 (ﬁ) :

(5.32)

The integrals Z; (i = 1 — 4) are presented in Appendix B where we evaluate the seagull
term. We subsequently use Eq. (5.4) to obtain the finite fractional TPE contribution in
SPA, namely, 6., = 655 — IR.,,.rpp + 6558,

5.4 Calculations and Results

Next we present numerical estimates of the analytically derived expressions for the box
and seagull TPE contributions obtained in the previous section. Fig. [5.2] displays our
results showing the dependence of the finite fractional TPE corrections, 4., of the ep
and up elastic scattering versus the squared four-momentum transfer at O (o, M~!). The
results displayed in figure indicate that the TPE corrections for electron-proton scattering
goes up to about 4.5% and that for the muon-proton scattering up to around 0.5% for
the largest MUSE incoming momentum. As anticipated from recent TPE works, e.g.,

Refs. [22, 225, 230], our TPE contributions are vanishing when Q? becomes zero® As

81t may be noted that in Ref. [230] a direct evaluation of the TPE (c.f. Eq. (20) of this reference)
leads to a non-zero contribution at Q2 = 0, and hence, needed to be shifted by a constant factor to
provide physical justification of vanishing asymmetry at Q% = 0. However, we checked that an expansion
of their Eq. (20) to O(1/M) indeed vanishes at Q? = 0.
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F1GURE 5.2: Comparison of the finite TPE contributions for the box and seagull
diagrams to the ep (left panel) and up (right panel) elastic scattering cross sections
as a function of the squared four-momentum transfer |Q?| given at the three proposed
MUSE incoming lepton momenta, namely, 210 MeV /¢, 153 MeV /c and 115 MeV /c. The
seagull contributions for the ep scattering, being numerically much smaller, are shown
within the inset plots. The plots in the bottom panel (4th row) show the comparison
of our results (for incoming lepton momentum, p = 153 MeV/c) with the qualitatively
similar TPE results from the recent relativistic hadronic model calculation of Ref. [230]
(labelled as “Kosh + Afan”). The contribution of the Feshbach term of Ref. [222]
(labelled as “Feshbach”) is also displayed.
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observed in the figure, the TPE contributions for electron-proton scattering are about
an order of magnitude larger than for muon-proton scattering. At a given |Q?| and for
increasing incident MUSE lepton momenta, 4., becomes smaller but the relative electron-
proton to muon-proton ratio for 577 stay almost the same. In Fig. [5.2] we also compare
our evaluations of the TPE box, 527, and the seagull, 655" contributions. Here we
note that in relativistic QED the TPE box diagrams give the TPE amplitude, whereas
in HBYPT the baryons being treated non-relativistically, the seagull diagram naturally
appears. In this case, the magnitude of the finite seagull contribution is found to be quite
insensitive to the Q? dependence except when Q? — 0. For electron-proton scattering,
the seagull contribution is more or less inconsequential yielding a minuscule contribution,
i.e., ~ 107 % for the range of MUSE kinematics, while for the muon-proton scattering its
contribution is much larger going up to about 0.06 %. The TPE box diagrams, however,
mostly dominate the entire MUSE range of momentum transfers. An exception only
occurs for muon-proton scattering in the region, @* < 0.01 (GeV/c)?, where our result

indicates that the seagull terms become numerically larger than the box contributions.

The TPE results of Ref. [230], which we label as “Kosh + Afan”, are compared with our
evaluations in the bottom panels of Fig. [5.2], when we adjust their expressions to reflect
our IR treatment of the TPE amplitude. To be specific, in the method used for comparing
the TPE results, we consider only the relevant finite part of their TPE result (c.f. Eq. (20)
in Ref. [230]), leaving out the IR singular terms which must cancel against those from
soft bremsstrahlung. In our notation Eq. (20) of Ref. [230] for the TPE (adjusted by a

constant factor such that it vanishes at Q% = 0) in the SPA is written as follows:

= b £02 1 493
5.(Q ! Zlnag -1 1 5.33
(@) Ref. [57] T { Y1 { % (mll\/[ + o 1A mion (1 — oqp)? (5.33)

+Sp (@11(777,12 - bll "—MQ)) —Sp (771[2 _bll +M2)}

2711(1 - an) 2711(1 - 0411)

bi2 —-Q? 1 47%2
— 1 =1 -1
+ Y12 { t (mlM + 2 ez m;*alg(l — CM12>2

s (ozm(ml2 — b12+M2)> _Sp (ml2 — by +M2)}] 7

2712(1 - 0412) 2712(1 - CY12)
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where

b1 = 2EM ) bia = Q* + by,
b1 + 2 1 7
a1 = 112m12711 ) M1 = 5 b%l - 4ml2M2a
bia + 2715 1
Qg = 12—mlzl ’ T2 = 3 biy — 4m?M? . (5.34)

In order to facilitate the comparison with our dimensionally regularized TPE expression
6,(Q%) [cf. Egs. (5.4), (5.31) and (5.32)] we modify their analytically regularized IR

singular terms proportional to In A\?, where X is a fictitious photon mass, in the following

)\2 —Q2 )\2
In (mlM) — In (mlM) + In <—Q2) : (5.35)

Note that the IR-divergent terms proportional to In A? for the TPE correction gets can-

way:

celed by similar IR terms from soft photon bremsstrahlung process leading to their finite
expression, Eq. (38) in Ref. [230]. We observe in Fig. [5.2] that the overall low-|Q?| be-
havior of our TPE contributions is roughly consistent with Ref. [230] SPA results which
are based on the use of relativistic point-like (Dirac) protons. Nevertheless, despite the
apparent qualitative similarity, our total TPE contribution differs in magnitude roughly
by about a factor of two from that in Ref. [230]. Moreover, we note that our results
substantially differ from the results of another recent TPE work, Ref. [225], which eval-
uated the box diagrams for muon-proton scattering using a relativistic hadronic model.
However, unlike Ref. [230] and our work, the authors of Ref. [225] did not employ SPA in
their calculations, and instead numerically evaluated the TPE amplitudes involving the
so-called four-point integrals [233, 234] and their derivatives. In addition, they isolated
the IR singular terms analytically from their TPE amplitude according to the Maximon
and Tjon prescription [50]. The significant difference of our TPE correction as well as
the results of Ref. [230] from those in Ref. [225] may imply that a part of the TPE
box diagram loop integration involves contributions from two “hard” photon exchanges
in muon-proton scattering. This is precisely the integration region of these TPE loops

excluded in SPA.
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Furthermore, in Fig. [5.2] we compare our TPE results with the Coulomb potential scat-
tering result in the second Born approximation by McKinley and Feshbach [222], labelled
“Feshbach” in the figure. As shown in Refs. [225, 229], the relativistic evaluation of the
TPE diagrams for a point-like Dirac proton without SPA are qualitatively very simi-
lar to the Feshbach contribution for muon-proton scattering. Nevertheless, it may be
worth noting that the original Feshbach derivation is applicable only for ultra-relativistic
electrons. As seen in Fig. [5.2] for the electron-proton scattering, our results as well as
those in Ref. [230] are comparable to the Feshbach term for low-|Q?| values, thereby in-
dicating that the “hard” photon TPE loop contributions might not be too important for

electron-proton scattering.

It is also instructive to study the TPE dependence on the virtual photon “polarization”
flux factor e which may be expressed in terms of the four-momentum transfer Q? by the

elation [225
relation [225) 16§2+Q2(4M2—Q2)

£(Q%) = 1602 — (4M? — Q*)(4m? + Q?)’

(5.36)

where 7 = (s—u)/4 = (4EM +Q?)/4 is the crossing symmetric variable in the target rest
frame. For fixed incident lepton beam momenta, the full kinematically allowed elastic

scattering range, namely, 0 < 6 < 7 and 0 < |Q?| < |Q2,.| [cf. below Eq. (5.2)], yields

ax| |

the physical bound on the flux factor, namely, €.« > € > €nin, Where

€max = 5(0) = 9

02 )_m?(m?—i-Mz—i-QEM)
max/ ~ 252E2M2

(5.37)

€min

While for fixed four-momentum transfers, if |Q?| > 2m?, then 2m?/|Q? < e < 1, and if
|Q?| < 2m?, then 1 < € < 2m?/|Q?|. The critical case, |Q? = |Q%;] = 2m? correspond
to ¢ = 1 for all possible incoming lepton momenta. It is worth noting that for the
massless lepton case, € may be interpreted as the longitudinal polarization of the photon
in case of one-photon exchange [225]. Fig. [5.3] displays the |Q?| dependence of ¢ for ep
and up elastic scatterings. The figure identifies both the kinematically allowed and the
relevant MUSE range of € values. Correspondingly, Fig. [5.4] displays the ¢ dependence
of our TPE corrections for three specific choices of |Q?|, namely, 0.005 (GeV/c)?, 0.01

TH-2305_136121008



126 5.5. CONCLUSION

(GeV/c)? and 0.02 (GeV/c)?. In each case of fixed |Q?| the TPE effects vanish as ¢ —
1, i.e., the forward scattering limit, and tend towards maximum as ¢ — 2m?/|Q?| for
backward scatterings [22], as reflected in Fig. [5.4]. This feature of our TPE result is
again qualitatively similar to the result obtained in Ref. [230]°, but contrasts sharply

with the Feshbach result [222] as well as that of Ref. [225].
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FIiGURE 5.3: The dependence of the virtual photon “polarization” factor € on the
squared four-momentum transfer |Q?| for the proposed MUSE beam momenta for ep
scattering (upper panel) and up scattering (lower panel.) Each plot corresponds to
the full kinematically allowed scattering range 0 < |Q?| < |Q2..| when 6 € [0,7]

max

(thin lines). The thick lines are associated with the MUSE kinematic range where
6 € [20°,100°]. The curves intersect at € = 1, which correspond to the critical values,
Q24| =2m2 =5 x 1077 (GeV/c)? and |Q2;| = 2m7, = 0.02205 (GeV /c)?.

crit crit

5.5 Conclusion

In this chapter we presented a low-energy model-independent calculation of the two-
photon exchange contributions to the lepton-proton elastic unpolarized cross section at
next-to-leading order in HBYPT. The lepton mass is included in all our expressions. Our
approach contrasts many previous TPE evaluations using relativistic hadronic models
which often use phenomenological form factors to parametrize the proton-photon ver-
tices. In HBYPT the heavy proton is treated in a manifestly non-relativistic framework
which makes it ideal for investigating the structure of the proton at very low momentum
transfers. Our evaluation is based on the assumption that the most dominant contribu-

tions to the TPE loop diagrams arise from the elastic proton intermediate state while

9Here the disagreement with our result is understandable as they have used a fully relativistic model
calculation utilizing proton’s Dirac and Pauli form factors Fﬂ 5(Q?%) in their calculations. In our NLO
xPT calculations, the proton’s structure effects does not enter since pion-loop contributions count as
O(1/M?). The resulting difference perhaps hints the need to include the NNLO contributions to our
existing results presented in this chapter.
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FIGURE 5.4: The ¢ dependence of the finite TPE contributions for ep (left panel) and
up (right panel) elastic cross sections for three specific |Q?| values in the proposed MUSE
kinematic range. The seagull contributions for the ep scattering being numerically much
smaller are shown within the inset plots. The plots in the bottom panel (4" row) shows
the comparison of our results for |Q?| = 0.01 (GeV/c)? with the qualitatively similar
results from Ref. [230] (labelled as “Kosh + Afan”.) The contribution of the Feshbach
term [222] (labelled as “Feshbach”) is also displayed. Each plot corresponds to the
kinematically allowed range of € when 6 € [0, 7] (thin lines), and the ‘segment’ relevant
to the MUSE kinematic range with 6 € [20°,100°] (thick lines).

TH-2305_136121008
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inelastic contributions are considered small for low-|@Q?| values. This is especially rele-
vant in the proposed low-energy MUSE kinematic domain where incoming lepton beam
momenta are between p = |p| = 115 — 210 MeV/c. We note that while most other
works use analytic regularization schemes with a non-zero photon mass, we used the
gauge invariant prescription of dimensional regularization scheme to isolate the infrared
singularities of the TPE loops diagrams. In this approach, however, the exact evaluation
of the IR-divergent four-point one-loop Green’s function [233, 234] demands analytical
evaluations of D-dimensional integrals which to the best of our knowledge has not been
pursued for exchanges of massless photons. Further, we demonstrated in Sec. 5.3 that
the soft photon limit was taken only after the cancellations among the NLO amplitudes
were taken into account. Moreover, one should bear in mind that we restricted the soft
photon approximation only to the IR-divergent diagrams. Thus, we evaluated the IR-free

seagull diagram without invoking the soft photon approximation.

The evaluation of the TPE box diagrams (with exchange bosons with non-zero masses)
involves scalar and tensor four-point loop integrals, a topic that has been discussed
extensively in many previous works, e.g., Refs. [233-237]. In the pioneering works of
Refs. [233, 234], such tensor integrals were reduced to scalar one-loop master integrals
involving one-, two-, three- and four-point functions which were evaluated analytically
using the dimensional regularization scheme. The work of Ref. [237] extended the above
formalism to include heavy-fermion propagators. However, these approaches are un-
suitable for dealing with IR divergences using dimensional regularization with massless
photon exchanges. In fact, for massless photon exchanges the exact analytical evaluation
of the IR-divergent four-point functions in dimensional regularization remains an open
issue. Nevertheless, using dimensional regularization with the soft photon approxima-
tion provides a viable alternative for the reduction of the four-point scalar integrals into
well-known standard ones. This approximation allows us to easily project out the IR-
divergent parts of the TPE box diagrams in order to obtain a finite contribution to the
elastic cross section. In the soft photon limit the four-point loop integral reduces to a
three-point integrals which can be evaluated analytically, wherein each of the TPE loop

momentum, 0 < (ko, |k|) < oo, can be decomposed as a sum of two integrals each with a
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hard and a soft photon. The contributions from two simultaneous hard photon exchanges

are ignored in the soft photon limit.

The results for the electron-proton scattering seem to indicate that the dominant contri-
bution from the TPE loop momenta are expected to arise from the integration domain
where the contribution of the two hard photon exchanges may give small contributions.
In contrast, it appears that for muon-proton scattering the hard two-photon exchange
part of the TPE loops could give significant contributions. This conclusion is based on
a comparison with the muon-proton scattering analysis presented in Ref. [229] (c.f. Fig.
2 of this reference), where the TPE amplitude was evaluated relativistically with point-
like protons. This may indicate the importance of including two hard photon exchanges
even in very low-energy muon-proton scattering for a more robust estimation of the TPE

contribution.

In conclusion, we demonstrated in this chapter many cancellations among the NLO box
and seagull diagrams, which are likely to remain approximately valid beyond SPA. Fur-
thermore, we showed that while the LO TPE contributions vanish (up to an irrelevant
imaginary part), the dominant TPE effects arise from the box diagrams with NLO proton-
photon vertices except at very low-|Q?| values where the finite seagull terms become
significantly large for muon-proton scattering. However, the seagull diagram gives only
a tiny contribution for electron-proton scattering at MUSE energies. We find that the
low-|@Q?| behavior of our TPE contributions are in rough agreement with the results in
Ref. [230], although they differ substantially from those in Ref. [225]. In the next chap-
ter we will include all the virtual one loop diagrams along with TPE and also the soft

bremsstrahlung up to NLO in HBxPT in our radiative analysis program.
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Chapter 6

Total Radiative Corrections

6.1 Introduction

In this chapter, we present a complete one-loop radiative correction analysis to unpo-
larized ¢-p scattering cross section, including all the one-loop virtual as well as soft
bremsstrahlung contributions up to NLO in HByPT. In the fourth and the fifth chapters,
we have seen that the bremsstrahlung and the TPE amplitudes diverge in the vanishing
limit of the photon momenta, vis-a-vis, IR divergences. Here we demonstrate how these
IR-divergent terms systematically cancel between the one-loop virtual photon diagrams,
namely, the self-energy, vertex and TPE corrections, and the corresponding soft photon
bremsstrahlung diagrams. The general methodology described in this chapter was origi-
nally developed in the seminal work of Ref. [151] in the context of pure QED processes
with relativistic point-like Dirac particles. Radiative corrections to the basic cross sec-
tion at the one-loop level in QED are O(«) suppressed compared to the tree-level terms
consisting of an additional real or virtual photon emission or absorption by both the
proton and lepton. In our context of HBYPT we also need to deal with the low-energy
non-relativistic strong dynamics of the proton incorporating chiral symmetry. This is
reflected in the power counting scheme which incorporates a simultaneous expansion in
the QED coupling «, along with a chiral expansion in powers of the generic small external

three-momentum |]3| of the proton over the hard scale, A, ~ 1 GeV, and an additional

131
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132 6.1. INTRODUCTION

recoil expansion organized in powers of | P| over the “heavy” proton’s mass M, namely,

Ly il

A, M

Thus, tree amplitudes of O(e?) are counted as LO terms in HBYPT and distinguished from
the corresponding O (62, %) “recoil amplitudes” counted as NLO in the chiral expansion.
Likewise, the radiative one-loop amplitudes of O(e*) are considered LO in HBYPT and
the corresponding O (64, %) recoil amplitudes are counted as NLO. Moreover, to render
the radiative corrections IR-finite, we also need to deal with LO and NLO soft photon
bremsstrahlung diagrams of O(e?) and O (63, ﬁ), respectively, in equal footings with
respect to the virtual diagrams. In the ensuing analysis below, the leading radiative
corrections at the leading chiral order shall be denoted by the superscript index “(0)”,
while those at the subleading chiral order shall be denoted by the superscript “(1)”. Thus,
the complete leading radiative correction [i.e., O(«)] to the one-photon exchange (OPE)
or the Born elastic cross section due to the one-loop virtual contributions are represented
as (5@ and (5%), and those due to the real soft photon emissions are represented as 55(;)*

and 5%) In other words, the total fractional radiative corrections are given by,

o) =69 +469. (LO in HBYPT),

oy) =6 4+ 5t (NLO in HBXPT), (6.1)

respectively. Then, the complete fractional O(«) radiative and recoil correction to the
{-p elastic cross section up-to-and-including NLO in HBYPT can be expressed as

Go, = 030 + 85 5 0 ~ O(a), 6 ~O (a, i) . (6.2)

2v 2y 2y M

As discussed in Chapter 2, the real photon radiation can be identified as either being soft
or hard compared to some frame dependent arbitrarily small value of a reference energy
scale of the outgoing lepton AFE, that can be practically associated with the upper limit

of integration of the undetected soft photon energy' in determining the bremsstrahlung

IFor the present purpose of radiative correction analysis for the ¢-p elastic scattering process, we shall
address only the soft photons whose energies lie below some frame dependent threshold value Ag, while
the hard photons with energies above this threshold will not be considered. Since all these soft photons
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cross section. In particular, by adopting to the dynamics of the so-called S-frame, where
the integration over the photon emission angle becomes almost trivial, and as shown in
the Appendix D, the integration limit, AE = Ag, could finally be related to the lab-frame
frame detector acceptance A, namely, Ag >~ nAZ [10, 50, 139], where n = E/E" is the
lab-frame proton recoil factor and given as the ratio of the incoming and the elastically
scattered outgoing lepton energies, £ and E’®, respectively, in the lab-frame. Thus,
our final result will necessarily depend on the upper limit of integration which of course
depends on the design of the experimental arrangement. In the present analysis we may
choose the value of the detector resolution to be about ~ 1% of the incoming lepton

energies, consistent with the proposed MUSE experimental design.

The diagrammatic evaluation of all the virtual or real processes results in both UV and
IR divergences which are tackled using dimensional regularization (DR). In case of UV
divergences we are required to evaluate the analytically continued integrals in d = 4—2eyy
space-time dimension with eyy > 0, while for the IR cases integrals are evaluated in
d = 4 — 2¢1R space-time dimension with eig < 0. The resulting UV and IR divergences in

such cases typically appear as poles in €r uv, €.g.,

1 47y ) 1 (47m2)
— —7vg+n ( and — +vg—1In , 6.3
ol VE mlg IEIR! YE — 02 ( )

respectively, where m; is the lepton mass, @* is the squared four-momentum transfer,
i is the subtraction scale (typically chosen as the momentum scale associated with the
scattering process), and vyg = 0.577216... is the Euler-Mascheroni constant. It is notewor-
thy that apart from the relatively few recent analyses of radiative corrections using DR
presented, e.g., in Ref. [139, 160, 238, 239], most works in the past have used the photon
mass or A-regularization in dealing with IR divergences (e.g., see Refs. [10, 50]). A naive

comparison with those analyses roughly leads to the correspondence:

1 4 A2
—— 4+ —In _,u2 ~ —1In 5 - (6.4)
l€R| —Q —Q
go undetected in a typical experimental set-up, it is necessary to integrate the part of the radiative tail
spectrum for photon energies between 0 to Ag in order to obtain the differential cross section.
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Finally, all UV divergences are removed using counterterms, while the IR-divergent terms
exactly cancel out in the sum of the real and virtual correction to the elastic cross section.

Before going down to the one-loop level, we start our discussion with tree level ¢-p
scattering cross section in HByPT formalism. The relevant Born diagrams, B at LO
and B at NLO in HByPT, are displayed in Fig. [6.1]. The amplitude for these diagrams
are written as

0

MY = [ (—ier ()] 5 |NIGH)

1e
Q? 2

= — )" @) [ e

(1 7)Mol

MY = () (ier )] o
< NI 7147 0+ e o 0+ )10 M)

ie?

= 50 @ () )] [T 00) {0y + 1)) — [0 - (05 + P)]0a} X(0p)]
=~ w00 ;; o [a(p )y ()] [XF(0)) 2y + P)ux(pp)] + O (%) : (6.5)

where Q, = p,—p), = P,,— P, = (p,),— (Pp)u is the four-momentum transfer in the elastic
scattering process, £(p)+p(p,) — €(p')+p(p),), noting that in the heavy baryon formalism

the initial and final state proton four-momenta can be written as P* = Mv" + pt and

/)2
P'" = Muv* + pit, respectively, with v - p, = 0 and v - pj, = _(Sﬁ’\; + O(M~2). Also, note

that in the above expressions N, A, are the non-relativistic nucleon isospinors which are

related to the corresponding large components of the standard relativistic Dirac isospinors

B()

FIGURE 6.1: Born diagrams for ¢-p elastic scattering at LO [i.e., O(e?)] and NLO [i.e.,
O (62, ﬁ)] in HBxPT. The dark blob represents the proton-photon NLO vertex.
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Z/{N, UN via

Ny (pp)

02><1

1+

= \/2My (T) Uy (P), (6.6)

while T, y are the two-component Pauli spinors for the non-relativistically treated proton
and u;,u; are the standard Dirac spinors for the relativistically treated lepton. Now

expanding the square of the tree-level elastic amplitude up to O (M~1), namely, M., =

M'(yO) + MS), and summing over the initial and final particle spins, we have

1
dDoIMPP = Y {|Mg°>|2 +2Re (MOTMY) } +0 (MQ) , (6.7)
spins spins
where,
(02 o o , , m?
> IMOPR = i PO MEE (M + E)) [1 + B cosf+ - E} , (6.8)

spins

in the lab-frame (i.e., in the rest frame of the target) with lepton scattering angle 6, and

the interference term can be shown to be of O(M ~2), such that the fractional contribution

CRen(en) o o),

Q — 0 I
Zspins |M’(7 ) ’2 2M2 M2

So up to the “recoil” order, i.e., @ (M 1), of our working accuracy that we consider in this
analysis, the NLO Born diagram does not contribute. Now, the lab-frame cross section at
tree-level including the O(M ') recoil correction amounts to evaluating the phase-space

integral of the form

2 454 P—_y — P d3—v d3p/
(W) (p+ p ) ZlM |2

ldoad, = AME (27)32E' (27)%2E), 4

spins

Here we note that in the context of an experiment like that of the MUSE that is designed
to measure a single arm lepton spectrum (where the outgoing lepton is only detected while
the recoil proton remains undetected), we first need to eliminate the final state proton’s

three-momenta P’ from the differential cross section. Thus, after integrating out P using
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the three-momentum conserving d-function, the differential cross section reads

dog(Q*)] / p" [dE , (@-p)? 1
[ . |~ ) Grri6irE WNE-F =" "9 an (6.10)
1 |
spins
2B E2(M + E,

= P ol 1458 cost 4 0
— VO [ +M( — cos )} { + 85" cos +EE’}’

where § = |p|/E and 8/ = |p’|/E’ are the incoming and outgoing lepton velocity fac-
tors. Note that the O(M ') terms within the first parenthesis in the above expression
solely arise from the phase-space contribution, and as far as the radiative corrections are
concerned exactly the same phase-space factors arise as above which ultimately cancel in
taking the ratio of the radiative corrections to the leading Born contribution. Thus, all

1/M terms that appear in the fractional radiative corrections d,,, originate in the part of
5(1)

-+ either due to NLO interactions vertices

the squared matrix elements, (5%) = 5%) +
from the HBYPT Lagrangian or from NLO propagator insertions. These constitute the

so-called radiative and recoil corrections.

6.2 Radiative Correction at LO in HBYPT

The topic of higher order radiative effects in QED has a long-standing venerated history
producing a plethora of Nobel Laureates in the past. A comprehensive history and foun-
dation on this topic can be found in the monograph Quantum Electrodynamics by A. L.
Akhiezer and V. B. Berestetskii [162]. Such QED type of radiative corrections were first
considered by Schwinger for potential scattering [13] in a canonical perturbation formal-
ism, which was later extended by Tsai [47] for a diagrammatic evaluation of the electron-
proton scattering process considering both elastic as well as inelastic bremsstrahlung
contributions, adopting the framework of Ref. [151]. The review papers [10, 50] present a
nice exposition on the methodology of systematically incorporating radiative correction
to the raw experimental data to yield meaningful results subsequently to be used in ex-
tracting quantities like electromagnetic form factors or rms radii. However in majority of

the past approaches hadronic structure effects arising from the proton-photon interacting
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vertices were parametrized using phenomenological form factors. However, as described
in the previous chapters, in HByPT the proton-photon vertices are treated as being “el-
ementary” (cf. Feynman rules in the Appendix A) with hadronic effects systematically

incorporated via a perturbative power counting scheme.

The radiative corrections to the f-p elastic scattering process constitute diagrams either
of O(e*), which arise from one-loop virtual corrections, or of O(e?), associated with the
emission of a single undetectable real soft photon with energy below AZ. In our analysis
below we shall consider all the UV and IR divergences arising in the evaluation of the frac-
tional radiative corrections to the elastic cross section, 59 ~ O(a), and LO in HBYPT,
which are treated using the gauge invariant method of DR and subsequently renormalized
using counterterms to render UV finite results. As in the previous chapter, we analytically
evaluate the one-loop virtual diagrams in order to project out the complete IR singularity
structure of the one-loop ensuring exact cancellation with the soft bremsstrahlung coun-
terpart. Note, however, that in contrast to the soft photon approximation (SPA) that
was used to analytically evaluate the two-photon exchange (TPE) box diagrams in the
previous chapter, we do not use SPA in the evaluations of the virtual loops presented in
this chapter. Nevertheless, for obtaining the sum of all one-loop diagrams contributing
to the elastic cross section, we do use same SPA evaluated TPE expressions from the
previous chapter. Moreover, for the purpose of extracting the IR-singularities from the
soft photon bremsstrahlung diagrams we also use SPA. So let us now consider each of
the two aforementioned kinds of contributions, namely, the wvirtual and real contribution

separately as below.

6.2.1 Omne-loop Virtual Corrections

As described in the second chapter, the one-loop diagrams which contribute to the radia-
tive corrections include the lepton and proton self-energy (SE), vertex correction (VC),
vacuum polarization (VP), and the two-photon exchange (TPE) diagrams, as displayed in
Fig. [6.2]. The SE diagrams renormalize the masses and the wave functions of the lepton
and proton. For external particles in the on-shell limit the SE contributions exactly van-

ish after renormalization, so that these corrections are only needed for internal lines and
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need not be considered explicitly when summing over amplitudes. Nonetheless, their ex-
pressions are needed to determine the respective wave-function renormalization constants
Zé’p , which by virtue of Ward-Takahashi identity in QED is equal to the corresponding
vertex renormalization constants Zi’p . Furthermore, as discussed in the previous chapter,
the sum of the TPE “direct” and “crossed” box diagrams at LO in HBxPT (diagrams
in the last row of Fig. [6.2]) effectively have vanishing contribution to the elastic cross
section, with as well as without SPA.? The remaining one-loop contributions listed in

Fig. [6.2] are evaluated without SPA, and will be briefly discussed below.

6.2.1.1 Lepton Vertex Correction

The one-loop lepton VC diagram VC!? of Fig. [6.2] have been extensively calculated
in the past using different regularization schemes, and its evaluation is considered as
a standard text book exercise. Parametrizing the higher order radiative corrections to
lepton-photon vertex in terms of the relativistic Dirac F! = 1 + §F! and Pauli F form
factors, namely,

0@y

le

ST (p,p') = 6 F(Q) + F(Q*), Qu=p.—1,, (6.11)

such that the lepton VC amplitude VC'© can be expressed in the general form

A U S A I [NJ@;)%a + 70N (py)
ie?

= — gz [T P)u@)| [ @) ()] (6.12)
Note here that at our working accuracy isospin breaking effects are not considered, so
that the nucleon mass My can be associated with the physical mass of the proton, i.e.,
My = M. The evaluation of diagram VC!? leads to both UV and IR divergence for FY,
while F! at one-loop level is completely finite. It is noteworthy that the “Dirac” part of
amplitude proportional to the form factor F} factorizes into the Born amplitude, while

the “Pauli” part of the amplitude proportional to % does not manifest in the same way,

2The imaginary part of the sum of the LO TPE box amplitudes, is however, non vanishing even using
SPA, but irrelevant in the present context of determination of the unpolarized cross section.
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LXK
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FIGURE 6.2: The one-loop diagrams at LO in HBxPT [i.e., O(e*)], contributing to
the virtual radiative corrections to the elastic /-p scattering cross section, 3(707) ~ O(a)
[see Eq. (6.37)]. The blob in the diagram VP only consists of one-loop leptonic
and hadronic contributions. For the sake of illustration, each LO TPE (“direct” and
“crossed”) box diagram is shown as the sum of two diagrams each having one hard
photon and one soft photon exchange. However, the sum of these TPE diagrams ef-
fectively have vanishing contribution to the elastic cross section with or without using
soft photon approximation.

namely,
10 ——(0)
M’y(’y;)vertex = M'(YO)(;Fll(Q2) + M,y FQZ(Qz) 3

62

MY = 5 [ i Q)] [ ) ox(p,)] (613)
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The one-loop expressions for the Dirac and Pauli form factor evaluated using dimensional

regularization are, respectively, given as [139, 160]

ot = e (5] [ e ()] 5

4 €UV 1 |€IR‘ l v
<1 v+1 +V2—|—11 v+1 | v?—1 +2y2—|—1
n n n
v—1 2u v—1 412 v

v+1 V241 v+1 v—1
] () - ()] e
Lo arvP—1 [v+1] 4m?
FQ(Q):_E > In > 3 VvV = 1—@, (615)

where Sp(x) is the Spence function as defined in Eq. (2.13).

The UV divergence is renormalized by adding the counterterm vertex (Z! — 1)y* to the
vertex function T, requiring that the total vertex I = TV 4 (Z! — 1)y* defines the
physical charge at Q? = 0 according to the renormalization condition, f“(Q2 =0) ="
To one-loop the wave function renormalization constant Z! is defined in terms of the

derivative of the lepton SE function 3;(p) as

+ 0@ =2 =1-6F(Q*=0). (6.16)

Noting the result that in the limit Q% — 0, i.e., v — oo,

241 1
lim == 1In {”Jr ] =2, (6.17)
v—oo U v—1

we get
oY (p) a |1 A7 p? a |1 47t
=——|— - 1 — |— —In|{ —5-) —2| (6.18
8(7 -p) =y 4 |:€UV TE +n < le +27T |61R| +7E 1 ml2 ( )

Thus, the renormalized amplitude is given by

MO o] = MUBFIQY) = 67 (0)] + M F(QY), (6.19)
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where ﬂio) is given in Eq. (6.13), and the renormalized one-loop expression for the

lepton’s Dirac form factor is given as [139, 160]

F™ Q) = 1+ 0F{(Q%) — 6F1(0)
« 1 4y v+ 1 v+1
=1+—| - |— —1 1 -1
“ae| e G [ )

2 +1 v+1 v —1 202 +1 v+1
+ In In + In
4v 2v v—1

()]

The finite Pauli form factor F contributes to the lepton’s spin magnetic moment as [139)

PSS mer—o= S (142
A= 5[+ Q@ =0 = 5 (1+5-) .

= 21
2ml 2ml <6 )

Also it is important to note that for |Q?| > m?, v — 1, which implies F}, — 0, and hence,
its contribution can be safely ignored relative to F} for the case of electron scatterings, as
done in most high-energy analyses in the past. However, for low-energy muon scattering,
especially associated with the proposed MUSE kinematics, the Pauli form factor could

have significant contribution, so that we have included it in our calculations.

6.2.1.2 Proton Vertex Correction

In literature the one-loop proton VC diagram VCP®) of Fig. [6.2] has been calculated
using phenomenological form factors [10, 50|, but HBxPT allows a calculation using gauge
invariant proton-photon couplings. Parametrizing the higher order radiative corrections
to proton-photon vertex in terms of the nonrelativistic Sachs electric G%, and magnetic
G", proton form factors, the matrix element of the electromagnetic quark current between

proton states is given by

o (55 ) N P)) ~ X0 )02 (622
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where

[SN7 S Q]
A (o, py) = (U“G%(Q2) + 5 Gu(@) ) Qu=()u—(pp)u- (623)
To the LO in HBXPT only the first term of Af containing the proton’s electric form
factor G%, contributes.® Here we write, G, = G’%(O) + 5G%(O), where (5G%(0) incorporates
the radiative corrections to the electric form factor. Noting the on-shell conditions for
the external proton lines, namely, v-p, = 0 and v - p/, = —% + O(M~2), the amplitude

of the one-loop proton vertex diagram is given as

Z-MP(O) _ [ﬂ ( ’)(—ie H)u ( )] __Z/ d*k [_/\/’T( ’)E(l i Tg)Ua Z
yy;vertex — WP g 1\p QQ (27’[’)4 v \Pp 2 v - (p;;; - k) + 40
ie 3 i e 3 -y
Sy e A o N o)
4

= —% [ﬂz(p’)v“(p,p’)uz(p)} [ (P) v x ()]
dik 1 (p,)’
1 /(%)4 (k2 +40)(—v - k + i0)? <1_ 2M (v - k) +>
= iMOGEY =5 0, (6.24)

where we used the fact that all scaleless loop integrals of the type

- ddk‘ (k‘2)m
Z(m,m) = / @) (—u -k 1+ i0)" (6:25)

vanish in DR (see Appendix C of Ref. [240]; also see Ref. [241]). Consequently, there
is no contribution to the proton VC at LO in HBYPT. In fact, this result is naturally
anticipated from the fact that in HByPT there is no proton bremsstrahlung at the LO.
Otherwise, supposing that the proton vertex correction diagram were to survive at this
order, then the IR divergences from the photon loops would not cancel in the absence
of the soft bremsstrahlung IR-divergent counterparts, and rendering the elastic cross
section unphysical. In other words, at LO the proton is essentially static and unaffected

by radiative correction.

3The term containing the magnetic form factor G4, only starts contributing at NNLO in HByPT.
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6.2.1.3 Vacuum Polarization

The one-loop VP contribution (diagram VP(®) at LO in HBYPT, as shown in Fig. [6.3],
is IR-finite but contains a logarithmic UV divergence. Its unrenormalized amplitude in

terms of the bare charge ¢j is given by

iMO = [a(p') (—ieor) w(p)]) iD"(Q) [x!(p))ieovux(py)] - (6.26)

The full photon propagator expressed in terms of the polarization tensor, IT"* = (Q%*g"” —

Q'QV)II(Q?), is

iD"™(Q) = %g;w +iD"(Q) ill )6 (Q) <%g;y)
yr Q2[1__ig;@2)] + terms with Q*Q”

—igh”

Q21 = II(0)] [1 = (T(Q?) — T1(0))]

12

+ terms with Q*Q"”. (6.27)

The UV divergence is renormalized by adding the counterterm —(Q?¢g" — Q"Q")(Z3 — 1)

to II*” which renormalizes the photon propagator, namely,

—igh”

Q*[1 = TI(Q?) + (25 — 1)]

iD"(Q) = + terms with Q*Q" . (6.28)

Next requiring that the renormalized propagator D has a pole at Q2 = 0 with residue

1, yields the constant, Zz = 1 + II(Q* = 0), which renormalizes the bare QED coupling,

7N\
e —|_ 4\ _ /v
vp( LVP VP

FIGURE 6.3: The one-loop vacuum polarization diagram receives contributions from
both leptonic (LVP) and hadronic (HVP) particle-antiparticle pairs in loops, where we
only consider the dominant hadronic part arising due to structureless 777~ evaluated
perturbatively in Scalar QED.
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ap = o/Z3. Finally, the renormalized amplitude is given as [139]

[M(O)

'Y'Y?Vp} ren

= MOAI(Q?), (6.29)

where the renormalized polarization function expressed in terms of the physical QED

coupling a = % is defined as

ATH(Q?) = I(Q%) — T1(0) = Alliepion(Q*) + Allnadron(Q”) - (6.30)

A one-loop evaluation of the fermionic loop (in Feynman gauge) using dimensional regu-

larization yields the standard expression

o 211 Ay 2 8
Hlepton(Q2>:_% Z {g IE_VE—HD(WL? ~3 VJ%_g

f267l,l/77-

3— 1?2 ve+1 4m?

S/ f f

— In | —— ; =4/1——,(6.31
Vf( 3 )n{’/f—l] Y (8:31)

where the index f = e, u, 7 is used to distinguish between the particular type of lepton
flavor /generation contributing to the fermion loop, and «y = % is the bare QED coupling.

The corresponding renormalized contribution is

3% 2
AHlepton(Q2) = % Z {; (V]% — 2) -+ Vf < 3Vf) 111 [Z—i} } 0 (632)

f:e7M7T

For the hadronic vacuum polarization (HVP) there is no unique method of determining
all the perturbative and non-perturbative contributions. It receives contributions not
only from particle-antiparticle pairs (dispersive part) but even three or more intermedi-
ate particles accounting for all absorptive contributions as well. Such non-perturbative
contributions are generally evaluated numerically using Dispersion techniques, whose es-
timation become vital in assessing its role in several physical quantities that have elicited
much recent interest, especially in regard to the resolution of muon-(g — 2) puzzle. How-
ever, in this work without delving much into such rigorous evaluations of the HVP with
contributions amounting to < 1% of the total VP contribution in the present case, we

consider a simplistic one-loop perturbative estimate that arise due to structure-less 77~
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pair, evaluated using Scalar QED.* Here we directly quote the renormalized expression

obtained by Tsai [142]:

Allaaron(Q%) = AL r (Q) = {—2 (uﬁ + l) - Vn In {"“ i 1] } . (6.33)

2

where
Upe =/1—4m2/Q>.

Fig. [6.4] displays the O(«) fractional leptonic and pionic one-loop VP contributions at LO
5(0)

vac; f,m

in HBYPT, namely, (Q*) = 2AIl; . (Q?), to the lepton-proton elastic cross section,
especially covering the proposed MUSE kinematic range of @ values corresponding to
one of the specified representative incident lepton momentum, say, p = [p/| = 210 MeV /c.
Note that since these corrections are independent of the incident energy of the leptons,
the results do not change with other values of the beam momenta apart from effecting
their |Q?| range of validity (cf. Table 5.1 of Chapter 5). Furthermore, these contribu-
tions are independent of the type of external ¢-p scattering process. Clearly the largest
contribution arises from the eTe™ pair propagating in the loop which is an order larger
than the rest of the VP corrections combined, amounting up to 1.7 % in MUSE kinematic
range. While p*p~, 7777 and # 7~ pairs contribute up to about 0.15 %, 0.002 %, and
0.03 %, respectively, in the same kinematic range. Thus, the total VP contribution (i.e.,
LVP+HVP) at LO in HBYPT given by 59 = PPy, 6522:# + 689, ., amounts to < 2%

of the overall correction to the LO Born cross section.

6.2.1.4 Total one-loop Virtual Contribution at LO

By summing all the non-vanishing renormalized virtual contributions from the one-loop

diagrams of Fig. [6.2] along with the Born amplitude MEYO), one obtains the total UV-finite

4Here we did not involve a yPT evaluation to include the non-perturbative effects due to the pion
VP loop. The rationale was that such a calculation is likely to fail since at O(«) such a pion loop is only
associated with hard photon exchange in the Born diagram. A more robust non-pertubative calculation
requires a Dispersive Relation analysis which is beyond the scope of the present work. Moreover, in our
case, we find that the perturbative pion loop contribution at such low-|Q?| is rather small, so that we do
not anticipate any significant non-perturbative effects at this scale.
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2.0 g
p =210 MeV/c —_—
———————--_- LVP+
1.5¢
————— LVP (e)
S
é — — LVP(p)
1.01
S § — — - HVP (1)
5=
---- LVP(1)
0.5
— _-—— 7
0.0 L T, e ey e P B PP B = == =
0.00 0.02 0.04 0.06 0.08 0.10

|Q°| (GeVic)®

FIGURE 6.4: The individual fractional one-loop leptonic and hadronic vacuum polariza-
tion corrections 5‘(,21; e,u,ryn and their sum total 5\(,233 contributing to the ¢-p elastic cross
section (in percentage) at LO as a function of the squared four-momentum transfer |Q?|.
The plot covers the full kinematically allowed scattering range, 0 < |Q?| < |Q2,.|, when
0 € [0, 7] with incoming lepton momentum p = 210 MeV /c (cf. Table I of Chapter 5).
The thickened section of each curve corresponds to the MUSE kinematic cut, where

0 € [20°,100°].

amplitude for elastic lepton-proton scattering at LO in HByPT, i.e.,

MO = MO+ M)+ [MO

Y3 V.p.j| ren

MO (B (@?) + AI(QY)| + MY Q) (6.34)

where ﬂgo) is given in Bq. (6.13) and F{"™" is the renormalized one-loop lepton’s Dirac
form factor given in Eq. (6.20). The remnant IR divergences arising from the photon
loops are still present in the factor multiplying the Born amplitude. Using the full one-
loop virtual amplitude, we are now in a position to determine the radiative correction to

the elastic differential cross section at LO in HBxPT given by

S e ) @), (6.35)

doly (@) _ |:d0'el(Q2):| 5O
dQy) . y

where the O(«) fractional contribution from the virtual part at LO can be expressed as
0 0
2 Zspins Re <Mg )TM’(‘/’Y))

00D (Q%)
B Zspins |M'(YO) |2

~(0)
—2=1IRY +0.,(Q%. (6.36)
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The finite part of 5%9,) reads

<(0)
577(@ ) _5771(62) ’y’yQ Z 5vacf +5V22: W(Q2>
f=e,u,7
alv?+1 v+1 v —1 —-Q?\ [v*+1 v+1
| 4v m{y—l]ln{ 412 }+1D m?){ 2v H[V—l}

+09,(Q%), (6.37)

= 2(FF™ — 1) and 62

where 3 2

wl [cf. Eq. (6.39) below] are the LO contributions
from the finite part of the lepton-photon VC terms containing the form factors, F! and
FL, respectively, and the other two terms correspond to the finite part of the LO VP

corrections. While,

2 2
0) . 1 | A ve+1 | v+1 -~
IR = IRW vertall {—‘EIR' +vg —In (—Q2 B &7 (6.38)

is the sole IR-divergent one-loop correction term at LO arising from the lepton VC.
This divergence should be cancelled by a counterpart IR-divergent term from the soft-

bremsstrahlung process. It may be noted in the above expressions, that the factor,
= /1 —4m?/Q?, depends on the external (on-shell) lepton (¢ = e, ) taking part in
the elastic scattering process, while the factor, vy, = /1 — 4m§77r /Q?, arises due to a

given generation of fermion (f = e, u, 7) or pion loop contributing to the diagram VP

of Fig. [6.2]. Finally, the term

Ot —(0>) Lo
(0) (QZ) _ stmns Re (M’Y MA’ Fl(QQ) _ 2ml2 +2p-p’ — E*—E”
'Y’Y i Zspins |M’(Y0)|2 ’ EE' + le + ﬁ ﬁ,

2 2
() (- %)

o« 2m? v+1 1
~ (—Q2 +4EE’> In {— - J o (v) , (6.39)

) Fi@)
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148 6.2. RADIATIVE CORRECTION AT LO IN HBxPT

represents the one-loop contribution arising from magnetic form factor Fi which is finite
at this order. Fig. [6.5] displays the LO finite contributions from the lepton-photon VC

—<(0) 0
terms, 9., and 5%);27

arising due to the form factors F! and F., respectively, for the full
kinematically allowed elastic scattering range 0 < |Q?| < |Q?..| for 0 < 6 < 7, especially
for the proposed MUSE specified incoming lepton momenta p = ||, namely, 115 MeV /c,
153 MeV/c, and 210 MeV/c (cf. Table I of Chapter 5). Few observations are in order

concerning the LO virtual corrections:

e All the corrections vanish in the limit Q? — 0.

e As mentioned earlier, there is no LO contribution from the TPE box diagrams, even

without SPA.

20r

‘ /—- 0.81 ‘ ‘ N ‘ ‘ ‘

] —— p=210MeV/c (uF)

—— p=210 MeV/c (e%) -~ - DESRMeVic (1)

---- p=153 MeV/c (e*) 1 *8 - — p=115MeVic (i)

— — p=115MeV/c (e*)

(%)

0.4

o % 101 =
SN RS
e B
5 0.2}
ol 0.0
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.02 0.06 0.08 0.10
|| (GeVic)* 1’| (GeVic)*
(N T ‘ ‘ ‘ ‘
I ' ! p =210 MeV/c (1)
0.08) | —~ p=210MeVic (e%) I . p=153 MeVic (1) g
/ ---. p=153 MeV/c (e*) . /
/ — — p=115MeV/c )/
_ / —' — p=115MeV/c (e*) 0.15p p CRA
L 0.06) / ! 1 i
- o~
X, g8
2} <
0.00 0.02 0.01 0.06 0.08 0.10 0.00 0.02 0.01 0.06 0.08 0.10
|Q%| (GeVic) |Q% (GeVic)?

FIGURE 6.5: Fractional one-loop LO contributions 3(707);1 (upper panel) and 5507);2 (lower

panel) to the ep (left panel) and up (right panel) elastic cross sections (in percentage)
from the finite lepton-photon vertex terms containing the form factors F; 1172 as a function
of the squared four-momentum transfer |Q?| for the proposed MUSE beam momenta.
Each plot covers the full kinematically allowed scattering range, 0 < |Q?| < |Q12nax|,
when 6 € [0, 7] and the incoming lepton momenta, namely, p = 115, 153, 210 MeV /c
(cf. Table I of Chapter 5). The thickened section of each curve corresponds to the
MUSE kinematic cut, where 6 € [20°,100°].
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e The electronic and muonic Dirac form factor contributions in the region of low mo-
mentum transfers, |Q?| < 0.1 (GeV/c)?, differs by almost two orders of magnitudes.
The reason for this stark contrast being that the electronic Dirac term 52(331 is en-
hanced in the soft and collinear region of the loop-momentum integration resulting

from the so-called Sudakov double-logarithms, namely,

41, [v+1 v —1 241 —(Q? v+1 1., [(—-Q?
In In + In 5 | In ~ —1In R
4v v—1 412 2u m; v—1 2 m;

in the limit of small lepton mass (i.e., |Q*| > m?). However, for muon scattering,

especially in regard to MUSE kinematics where mz = 0.01 GeV? =~ |Q?|, there is

no such enhancements.

e In contrast, the Pauli form factor contributions which are practically negligible
~ 107%% for electron scattering in the MUSE range, turn out to be much larger
~ 1072 % in muon scattering. Interestingly, for intermediate or high-energy muon
scattering (though not relevant in the context of the MUSE project), the Pauli
form factor contributions to the elastic cross section can become significantly large,

although F}' itself becomes small for |Q%] > m?.

e Unlike the Pauli VC term, the Dirac term is independent of the lepton beam energy.
Thus, the curves corresponding to the different incident lepton beam momenta

overlap, though they differ in their respective maximal values |Q2 . |.

Thus, it is quite evident that in the context of high-precision analysis of scattering data at
< 1% accuracy, as currently being planned for the future MUSE data, the muonic Pauli
form factor contributions are non-negligible in comparison to the Dirac contributions.
Therefore, their contributions must not be ignored unlike traditionally done in the case

of high-energy electron scattering.

6.2.2 Soft Bremsstrahlung Corrections

Considering our investigations in the previous chapter, we concluded that at LO in

HBxPT proton does not radiate. The only diagrams needed to be considered at this
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order involve a single soft photon emitted from either the incoming lepton, diagram
Ri® or the outgoing lepton, diagram Rf!®) as displayed in Fig. [6.6]. The respective

amplitudes are given as

*
Ysoft

Ri' Rf1O)

FIGURE 6.6: Soft photon (vl) bremsstrahlung diagrams at LO in HBxPT [i.e.,

O (63)], contributing to the radiative corrections to the f-p scattering cross section,
<(0)
Oy
vanish.

O(a) [see Eq .(6.49)]. At this order, the last two proton radiating diagrams

Mo = / ((217:; [al@')(—i@e*'V)M(—iw“)ul(w}

p—k)? —mj

/

X O WE X () (Ge v)x ()]

0 = [ ) i S e o)
< =z D) e )x(p,)] (6.40)

where the 72, symbol in the above amplitudes denote the emission of a real soft photon.
Since here we are only concerned with such undetectable soft photon emissions, unlike
for the loop diagrams, it is fully legitimate to use SPA in evaluating these soft photon
amplitudes, where the photon momentum in the propagator numerator is taken zero, i.e.,
k — 0, with the assumption that the soft emissions does not alter the elastic kinematics,
viz. the four-momentum transfer, @, = p, —p), = P, — P, is unaffected. In this case the

matrix elements get factorized into LO Born amplitude, namely,

MO B IO pg©) <p'€*) :

Y Y v p-k
Ml(O);f Vooft Wf — — oM p e 6.41
w7 o T T8V pk ) (6.41)
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leading to a cross section which is in accordance with the so-called Low’s Soft-photon
Theorem [242]: the first two terms in the series expansion of the unpolarized radiative
cross section in terms of the bremsstrahlung soft photon energy depend only on the non-
radiative unpolarized cross section and the electromagnetic coupling constant. Thus, the

LO bremsstrahlung squared matrix in the soft photon limit is

soft _ 2 (0) m? _ 217, Y
2 2 M '( SERRCIYE <p-k><pf-k>)' (642)

spin spins

Now, the differential cross section for the LO bremsstrahlung process amounts to evalu-

ating the phase-space integral of the expression

[d (LO} _ & a3 p a3k
e (21)32E (21)32E, (21)32E,

2m)*t(p+P—p —P —k)1 0) |2
: AME 1 > M

spins

Subsequently, in the lab-frame the integrated cross section also factorizes into the Born

cross section, as displayed earlier in Eq. (6.11), reading

[dab <@2>] iy O [dael(Q2)
Y

(=L — Lg + L) | (6.43)
oy 22 | de L

where L;;, Lg and Li; are three-momentum integrals involving the soft photons radiated
by the leptons. Such integrals are easily evaluated by boosting to the so-called S-frame
(center-of-mass system of the recoil proton and the emitted soft photon), where the

photon energy is integrated from E:f = 0 up to E,7 = nA*, as defined in Chapter 2.°

¥

To extract the IR singularities in each of these integrals we use DR where we perform

5We recall here the discussing presented in Chapter 2 that the photon four-momentum integration in
the lab-frame becomes very complicated being defined over a highly eccentric ellipsoidal volume due to

the presence of the photon emission angle dependent energy conserving d-function, namely, & (E + Ep —

(Q— E)Q + M2 — |l_c'|>7 after having integrated P’. However, by boosting to the S-frame, defined

by ]3'1; +k = C_j, this integration reduces trivially over a spherical volume, with the energy conserving

d-function becoming free of the photon angles in the soft photon limit, |l€| — 0, effectively reducing
to the (reversed) elastic kinematical constraint. In this case the transformations of the leptonic part
of the results between those evaluated in the S-frame and the lab-frame are easily effected by simply
interchanging the the kinematical quantities, like E, 8 = E’, 3’. Furthermore, using SPA one can show
that the kinematics corresponding to the initial and final state protons also get reversed.
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the integrals in the S-frame by analytically continuing in d — 1 spatial dimensions, where

d—1=3—2¢R with €g < 0, namely,

2 37 2 nA*
S _ My / d°ks 1 DR T 2¢ / 7 d-3 # d—2 S 1
Ly = — — — (27 R k& °dk d =) —
ii 9 k:S (pS . ks)g 9 ( ,LL) 0 S S k (pS . ks)g

o 70 ()| -0}
= T + —In ( + 2Lii )
{ {|€1R| IS —@?

Pordhs 1 ? nA; 1
LY = % / > E o %(QW)%IR / kg5 dks # d‘HQ,f—<
0

ks (0 - ks Ps - ks)?
1 )| 25
= w4 |—+v&—1n +2L :
{LEIR\ "% (—Q2 T
3k 1
LY = (ply- / F
0 = P Ps) | o e ) s k)
PY (ply - ps) (2mp)Pam / " /gd—?’dks# 44207 L
h 0 ° " (ps - ks) (@ - ks)
2 ! WA: d—3 d—2 S 1
= fo 2 EIR/dx/ /{:_dk#d_Q—
(Ps - ps) (2mp) i ks dks kT )2
1 477',[1,2 V2+1 v+1 F(S)
_ i B 1 1 9T 6.44
W{LQR\JF% n(—@)] v H{V—JJF [ (6.44)

respectively, noting that, vs = v, which is a function of Q? which is Lorentz invariant.
The mass scale p is introduced to keep the above integration measures dimensionless.

), we used Feynman parametrization in terms of the

Furthermore, in the integrals Ll(fs
variable z such that pJ = zply + (1 — )ps. On boosting back to the lab-frame, the

IR-finite parts of these integrals, namely, Eff), Egs) and fo ), become

Lii = —In
2

Lff = §ln

and
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Z V2 -+ 1

42A*2 /
i = 7 In vl + In? L+5 — In? ﬂ
2v Q2 v—1 1-p5 1-0

MNE — B MNE — B
o (1 B 6/)%) 5 (1 T0q ﬁf)%)

MNE —F ME — F
+Sp|(l- ———— | +Sp (1 - ———— )|, 6.45
g ( (- B)EMV) b ( (1+ ﬁ)EAusyﬂ 049
2v v —
where &, = and A\, = ——. Note that same result has been reported
(v+1)(v—1) v—1

earlier in Ref. [160], albeit possible typographical errors.

Finally adding up all the contributions yields the LO differential cross section of emission

of a real soft photon with all possible energies less then A% in the lab-frame:

do (LO (Q2) e <AZ) doel(Q2) o
[ dQ/ - = |:d—Q;:|7 |:IR T ( Lu - Lff + L1f> ] y (646)

where the term

0 _qpi0 _ a| 1 B A w2 L | v+17]
IR, . =1IR . = [_|€IR| +7vg —In (—Q2 5 In —1 11, (647)

collects all the leading chiral order IR divergences arising from the soft photon emission
contribution of the leptons. Correspondingly, the O(«) fractional contribution from the

LO bremsstrahlung cross section can be obtained in the form
0 0 <(0)
30.(Q%) =1IRY). +5.0.(0%), (6.48)
where the finite part of 5507)* reads [50, 139]

(—zn — Lg + zif)

AP AZ? 241 1 1 1
1n("Q;){”2+ m{” ]—1}—!——111 1+5
— 1%

1+p v2+1 s [1+7 o 1+
1y N - 2,/ -2 1
T iZsy T {n -5 " \N1i=p

MNE — B MNE — B
+ 5P (1 T- 6’)E’€u> +5p (1 T+ 5/)%)

Al 3|0
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154 6.2. RADIATIVE CORRECTION AT LO IN HBxPT

Thus, we observe that the IR divergence appearing at this order from the bremsstrahlung

contributions are exactly equal and opposite to that arising from the one-loop virtual

contributions found earlier [cf. Eq. (6.38)].

In this section, we have demonstrated an IR-free result for the total radiative contributions
at this order. To that end we now present the one-loop O(«) (finite) expression for the

full fractional radiative corrections to the fp — ép elastic scattering cross section at LO

<(0)
yys o 1€

2+ 1 {y—i—l} {yz—l} 2V +1 |:V—|—1:| V+1{ <V—|—1>
In In +
4v v—1 412 v—1 2
—Sp(”zll)}—“Z{é( ) e (5 el 5]}
2( 4 1 1/21 ;ﬂ—l’—l 1 2mj In v+1
‘§(”w+§>+§“{y_1]+ <Q2—|-4EE’) [V_l]
4P A*? v+l v+l | 1+8 o 1+ 4
! ( )[zu L—J i T
+ 1+ 06 1_ )\E’ )
1-8 — BE'S,
( ME — ) ( )\E’ E )
(1+B")E'E, — B)ENE,
ME 1
- (wme)) +0(M2)- .

In Fig. [6.7] we summarize all the hitherto discussed fractional radiative correction (with

in HBYPT as given by sum, 553) = 557 = (5(0 = 5 + 4]

«
5(0) _ =
2y T

respect to the LO Born /-p elastic cross section) at LO in HByPT, namely, the total VP

<(0) <(0)
577 vertex — 6 v;1 + 677 29

in the MUSE kine-

correction, 50 = > fmepr O (23: gt 5\(,21 =, total lepton-photon VC,

Vi

and the bremsstrahlung correction due to soft photon emission 5W*,
matic range. A key feature of these LO radiative corrections is that they are charge-
symmetric, viz. the cross section is identical for both ¢~p and ¢*p scatterings. We find
that the negative bremsstrahlung contributions constitute the most dominant corrections

in this low-Q? domain. In contrast, the lepton-photon VC and VP correction are both
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6.2. RADIATIVE CORRECTION AT LO IN HBxPT 155

positive. Clearly, the plots in the figure suggest little sensitivity of the radiative correc-
tions to the variation in incoming lepton beam momenta. While the VP contributions
are identical in both electronic and muonic scattering, the following observations depict
the contrasting nature in regard to the other two LO radiative corrections for electron

and muon scattering in the MUSE domain:

e While both electronic VC and the soft photon bremsstrahlung contributions are
very large and of comparable magnitudes (the latter going up to as large as 40 %,
and more than twice larger than the former), the muonic VC is roughly two orders of
magnitude smaller. The reason for this contrast is evidently the absence of Sudakov

enhancement in muonic scattering, as explained earlier.

e The electron and muon bremsstrahlung corrections are both negative, but the latter
is more than a magnitude smaller. Here too the Sudakov enhancement of the term
5(7(3* plays a vital role which can be seen as follows. In the limit of small lepton

mass (i.e., |Q?| > m?) we can write®

772A*2 —Q? 1., (=0Q L o(FE
1“( EE> = (G) 1] =2 (5r) -2 (5)
e Y 2 2]
+In < 2 ) — % — Sp (C082 5) ] : (6.51)

With regard to the MUSE kinematics this is indeed a good approximation for

0) @*>mi «
Yy R

=gl

™

electron scattering (m? = 0.25 x 107% GeV?) but invalid in the case of muon.
Noting that AZ is numerically very small, the first Sudakov-like term dominates the

contribution making the whole expression negative.

e Large cancellations are seen to occur between the positive VC and negative soft

bremsstrahlung contributions, leading up to 20 % radiative correction in electron

6Tt should be noted here that this expression differs by a factor In (_m—%z) [ln ( _Q:) — 1} compared

i my
to the standard expression known in existing literature (see e.g., in Refs. [50, 139]). Such a difference
arises due to the regularization scheme that we have adopted to separate the IR-divergent parts from the
finite contribution to the radiative corrections. Specifically, in our dimensional regularized expressions

we prefer to retain a factor of In (4_”522 ) in the IR singular part IR\, instead of the similar factor

Yy
2
In 4;‘; ) which is more standard in the literature. Observe that for the same reason our leptonic VC
1

result [cf. Eq. (6.37)] also differs by the same extra factor.
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156 6.3. RADIATIVE CORRECTION AT NLO IN HBxPT

scattering, while in muon scattering essential cancellation result between the com-
parable positive VP and negative bremsstrahlung contributions, leading up to 1%

correction for the largest beam momenta expected at MUSE.

6.3 Radiative correction at NLO in HBYPT

At LO in HBYPT the proton is essentially an infinitely heavy static object, such that
the diagrams so far considered represent the scattering of leptons off a static Coulomb
potential. The contribution from the recoil proton was completely ignored. At NLO
in HBYxPT, the leading corrections due to the proton recoil effects are represented by
O(M™) suppressed terms. In principle, the origin of these contributions are either (i)
kinematical in nature, arising from the phase-space part of the integration leading to
the cross section, or (ii) dynamical in nature, arising from the matrix element associated
with the NLO interactions in the HByYPT Lagrangian. As discussed earlier, the former
contributions drop out in the evaluation of (5%) that involve taking the ratio with respect
to the Born cross section, Eq. (6.11), which already includes the O(M ') phase-space
recoil corrections. Thus, considering the relevant NLO interactions, the HBYPT power
counting scheme discussed in the third chapter allows for diagrams containing either one
NLO vertex or one NLO proton propagator. Also investigations in the previous chapter
showed that the new contributions that appear at this order are NLO TPE diagrams as

well as the non-vanishing bremsstrahlung contribution from NLO proton-photon vertices.

The NLO diagrams involved in the radiative and recoil corrections that we consider next

are the O(e?, ﬁ) one-loop virtual corrections, along with those of the O(e?, %) real soft
photon bremsstrahlung process. We again use DR to segregate the UV and IR divergences
arising in the fractional radiative corrections to the cross section 5%) ~ O (a, ﬁ), ie.,
NLO in HBxPT. To reiterate again, apart from the NLO TPE box diagrams, which
were evaluated analytically in Chapter 5 using SPA, all the remaining virtual one-loop
diagrams at NLO are evaluated exactly in this section. Let us then consider below each

of the two kinds of NLO contributions below.
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FIGURE 6.7: The individual one-loop LO fractional contributions (in percentage),
(0)

o . 0 :
namely, the vacuum polarization correction dvae, lepton-photon vertex correction

5207); vertexs and the soft photon bremsstrahlung correction 5%07)*, to the ep (left panel)
and pp (right panel) elastic cross sections as a function of the squared four-momentum

transfer |Q?| for the proposed MUSE beam momenta, namely, p = 115, 153, 210 MeV /c.

The total LO contribution EEYOW) is also displayed. Each plot covers the full kinematically
allowed scattering range, 0 < |Q?| < |Q2,.x|, when 6 € [0, 7] (cf. Table I of Chapter 5).
The thickened portion of each curve corresponds to the MUSE kinematic cut, where
¢ € [20°,100°]. The lab-frame detector resolution A is taken to be 1% of the incident
lepton energy F.
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158 6.3. RADIATIVE CORRECTION AT NLO IN HBxPT

6.3.1 Omne-loop NLO Virtual Corrections

Again in this case the contributions of the lepton and proton SEs (diagrams SEi,f'*) and
SEi,fg(},)_ r shown in Fig. [6.8]) disappear in the on-shell limit for the external proton legs.
Their derivatives, however, contribute to the respective wave function renormalization
constants Z-*". Thus, the contributions at this order [i.c., O(e*, 7] should arise from
other one-loop diagrams that include the lepton VC (diagram VC!() in Fig. [6.8]), proton
VCs (diagrams VCI;(}_)’G in Fig. [6.9]), VP (diagram VPW in Fig. [6.8]), and the NLO

TPE corrections (cf. diagrams in Fig. [1] of Chapter 5).

6.3.1.1 Lepton Vertex and Vacuum Polarization Corrections at NLO

The NLO contributions from the lepton SE, lepton VC and the VP diagrams are shown
in Fig. [6.8]. The result is akin to the LO result, Eq. (6.34), in that the amplitude of each
of the above NLO diagram, apart from the lepton vertex term oc Fl, factorizes into the

NLO Born amplitude M%l), namely,

MY = M [ + Am@?)] + M (@),

62

= _
M’Y B 4mlMQ2

@ (p)io" Quu(p)] [X 0y Py + Pp)ux(pp)] ,  (6.52)
where F'™ is the renormalized Dirac form factor of the lepton, Eq. (6.20). As demon-
strated in the first section, the interference of the LO and NLO Born amplitudes being
already of O(M~2%) does not contribute to the elastic cross section. The same is also

applicable to the interference of the LO Born amplitude Mgo) with the above NLO am-
plitude ﬂ(l)

Yo

and the interference between the NLO Born amplitude M(J) and the LO
radiative correction amplitude Wio) o FL, resulting in O(M~2) expressions, such that

the term

D 70
5(1) (QQ) 2 Espins Re (M’(YO)T M,Y + M»(yl)T M’Y ) FZ(QQ)
;2 = 2
" Zspins |Mg0)‘2
0? 2% s Re (M1 AT

_ v 1 B (0) 1
- 2M2 ) |M(O)]2 F(Q%) = HQOrp ~ O (_) , (6.53)
spins v
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y
>

SoL0 SR SEAY SEAY

34
*
3

i SEfY SEfY SEf4!
SEif) SEY SR SEfY
, M, T, T
62 62
M M
SEi%(l) SEfI{; 2 vl vpW

FIGURE 6.8: The one-loop lepton and proton self-energies, lepton vertex corrections
and the leptonic and pionic vacuum polarization contributions at NLO in HByxPT

i.e., O (64, ﬁ)], contributing to the fractional radiative corrections to the elastic ¢-

p scattering cross section, 6%) ~ O (a, ﬁ) The proton-photon vertices represented

by the filled blobs represent O(1/M) vertices. In particular, the proton self-energy
“tadpoles” (diagrams SEi,fg(l)) are of O(e?/M) in the proton-photon vertices. The
self-energy contributions, however, disappear in on-shell limit of the external proton
legs.
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160 6.3. RADIATIVE CORRECTION AT NLO IN HBxPT

where Zg = Q*/(2M?) [cf. Eq. (6.9) in the first section] and (5%);2 o F [cf. Eq. (6.39) in
the second section] is the LO lepton-photon VC. Therefore, the above term is not needed

in our present analysis of O(1/M) working accuracy.

6.3.1.2 Proton Vertex Correction at NLO

A total of seven diagrams, VCQ(I) to VC%(U, contribute to the proton-photon VC at NLO
in HBYPT, five of which involve NLO vertex insertions, and the remaining two involve
NLO propagator insertions, as displayed in Fig. [6.9]. The amplitudes of these diagrams,

3(1);4,...,G
Mgé;‘),ertex , can be expressed as follows:
4 d*k

(1A - —
M = = i B )] [

X (0,) {(pp + 0y — 2K), — [v - (pp + 11, — 2K)]v, } X (1p)]
(k2 +140) [v - (pp — k) +30][v - (p}, — k) + 0] ’

.Mp(l);B o 64 — AP d4k
t yv;vertex — W [ul(p )7 ul<p)] W

(X (1)) v (p)] Pr (pp— k)
(25 10) [v - (g, — k) + 0] (” )

.Mpu);c ] et — N u d*k
LMLy vertex — T W [ul<p )7 ul(p)] W

X' () vux(pp)] (p,)° (0, — k)
W+wm«m—mwm0+@wv wwv)’

iMEOD €—4[az(p’)v“uz(p)] / 4
~; vertex 2MQ2 (277)4

T v v - 2pp — B)] = [0+ (20, — K]0} X (pp)]

2+ i0) o (oK) T 00 (7, — k) +i0]
MU = = 7 ) [ G5
[ - (2 = 1 = [o- 20}, — W xlpn)]

(k2 4140) [v - (pp — k) +40][v - (p}, — k) + 0]

L / (d‘% [ (P ) ua ()] [ (Pp)vu(1 — v?)x(py)]

~7y; vertex - 2MQ2 27T)4 (kQ + ZO) [U . (pp — k) —+ @O] =0,

TH-2305_136121008



6.3. RADIATIVE CORRECTION AT NLO IN HBxPT 161

e € d'k [w(p )y u(p)) (X', v.(1 —v*)x(py)]
ZMWWG““ T 2MQ? / (2m)4 (k% +10) [v - (p, — k) + 0] =0.(654)

p(1);D,..G
y7y; vertex

Since v? = 1, the last four amplitudes vanish, namely, = 0. To obtain the

(1);A,B,C

2
: p
~vertex » We have used the NLO relations, v-p, = — 537 +

remaining three amplitudes, ./\/l?;

/7 \2
O(M~?) and v - p, = — (gﬁ} + O(M~2), in the denominators of the proton propagators,

followed by a 1/M expansion and retaining terms up to O(M~'). Thus, we obtain the
total NLO proton VC amplitude as

iMPD o = iMPOA s Aqp()B g qp(1)iC

YY; ~Y7y; vertex Y7y; vertex v7y; vertex

et Ak [X'(@0,) (P + Pl — 2K) X (pp)]

== s PO | o e 0y

1 p(1
veRY v
FIGURE 6.9: One-loop proton-photon vertex correction diagrams at NLO in HByPT
i.e., O(e*, 4;)], contributing to the fractional radiative corrections to the elastic ¢-p

scattering cross section, (5%) ~ O (a, ﬁ) The proton-photon vertices represented by
the filled blobs represent O(1/M ) vertices. In particular, the two-photon proton vertices
(diagrams VCZF)%)) are of O(e?/M). The proton propagators with the crossed blobs

“®"” represent O(1/M) propagator insertions (diagrams VC%(’IC)). All these diagrams,

however, disappear and do contribute to the cross section.
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_ #@2 @) )] X' (#)vux(vy)] / (d : :

27r)4k2( vk +i0)
X{(l 2ka+ )( )2 ]()Z_kl;)>
+(1_21\4@ 5 )( E (Z kl;>2)}’

where the ellipses in the above expression represent k? (loop momentum) dependent terms

of O(1/M?). After removing the odd integrals the remaining expression involving scaleless
loop integrals vanishes using DR (see Appendix C of Ref. [240]; also see Ref. [241]), as
akin to the LO proton VC result obtained earlier, namely,

M e = %[w(p’)v”ul(p)] X (@) (p + 2,)ux(pp)]

Ak 1 p? (n))?
X / 2m)2 (k2 + i0)(—v - k + i0)2 (1 T OM(v-k) 2M(v- k) +)
- ﬁ@? [ ()7 u(p)] X (0))vux (pp)]

d*k k2 v (1))
E / (27)* (k2 + i0)(—v - k + 40)3 (2_ oM(v-k) 2M(v-k) +)

0. (6.55)

DR
e

Consequently, none of the one-loop diagrams associated with the proton-photon VC shown
in Fig. [6.9] contributes to radiative correction at NLO in HByPT, leaving only the NLO
TPE diagrams that account for the radiative and recoil effects at the one-loop level which

we now discuss.

6.3.1.3 Two-Photon Exchange (TPE) Corrections at NLO

The NLO TPE diagrams at O (e*, M~') contributing to the fractional radiative correc-
tion, 5%) ~ O (a, M~1), comprising of the direct-box, crossed-box and the seagull ampli-
tudes (cf. Fig. [1] of Chapter 5), have been studied in details in the previous chapter.
While the box diagrams were evaluated analytically using SPA, the relevant part of the

seagull diagram was evaluated exactly. As we have seen, only the former amplitudes (in
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the SPA) get factorized into the LO Born amplitude, namely [221],

Ip(1) aQ2 1 A7 p 1 1+3
M’Y’Y;TPE 47TME { |:|€IR| ( QQ)‘| lﬁln 1_ﬁ
E 1+ p 1 |n? —Q? 1+
+6’E’ln - +B 7—1—1 (m%)ln —1_5
1+ E 2 _ N2
—1_2—%(—@) w7+ ()

2 1 4
Nl &Mm){_ {_JWE In W

T

QWMEB Rt |GIR| 2
dot 3 1+ 5
—Hn ,/1_ 1/ =5
- Sp (1 +B) } +Mseagull+ O (MZ) % (656)

where M(eagull is the non-factorizable “residual” part of the seagull amplitude contributing

to the elastic amplitude that is evaluated in details in Appendix C.

We can now determine the total one-loop virtual radiative and recoil correction amplitude

at NLO:

MY = MO 4 pmPO (6.57)

7Y

where Mlv(vl) was determined from the lepton VC and the VP diagrams at NLO [cf.
Eq. (6.52)], and ./\/llp I)TPE is the above NLO TPE amplitude, Eq. (6.56). This yields the
correction to the elastic differential cross section at NLO in HByPT given by

(NLO) / 2 6.(0? o
][] e, o5
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where the O(«) fractional contribution from the virtual part is formally

25 s R (MPTME) + MO AP

5@ = — 2%
" Zspins |'/\/l’(70)|2 ¢
= IRW + 80 (Q%) % + 85 (Q%) + 845 (Q?), (6.59)

where Zg = Q*/(2M?) [cf. Eq. (6.9) in the first section], which gives the ratio of the
NLO and LO Born contributions, is already of O(M~%), and 5207) is the finite part of the
LO virtual correction, Eq. (6.37). The term

IR(Y = IR\ %, + IR}, (6.60)

collects all the IR divergences arising from the one-loop lepton VC and TPE box and
cross-box diagrams at NLO, with IREYOV) already given earlier in Eq. (6.38), and

1 -|- 14 p
ZEﬁ 1— E’B’ 1—p
o aQ? 1 Ay /1

The remaining finite terms, namely [221],

211 47m
1 VAL i ]
~vv; TPE M |€IR‘ +VE n

5box) _ o Q2 1 + 7r
@) = “7Ep | " Iy 375 \/ 1_ +35
_Sp(1+ﬁ):| (M2)7
(0)t
seagull (Q2) _ 2Re Zspin (M Mseagull)

Zspin ‘M’Y|2
05@2 EQﬁ 4m? Q2 1

are finite arising from the NLO TPE integrals, as discussed in the previous chapter,

where the Q* dependent integrals, Z,—y 4 = Z;—1__4(Q?), are presented in Appendix C.

-----

Consequently, we see that all the one-loop virtual radiative and recoil contributions other

than the TPE diagrams though formally appearing at NLO in the chiral power counting
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scheme, are de facto kinematically suppressed by one more recoil order contributing at
NNLO, i.e., at O(M~?). Such 1/M? contributions are per se unnecessary in our present
radiative analysis with O(M ~?) working accuracy, nevertheless we prefer to retain only
the IR-divergent parts for the time being in order to demonstrate their cancellations from
the inelastic bremsstrahlung counterparts at NLO. Thus, at O(M ') the finite part of the
one-loop radiative and recoil corrections arises only due to the NLO TPE contributions

and reads

30(Q%) = 3@ + gl <@2

a@? 1+ 1+0 2,6
= g | \/1— \/1— +__Sp 1+5)
4E?8 1
+—Q2+4E (Il +I2+—Z(Is—z4 )} (M2> : (6.63)

6.3.2 Soft Bremsstrahlung Corrections at NLO

The soft bremsstrahlung corrections at NLO in HByPT can arise from two kinds of
diagrams: either leptons radiating with an NLO proton-photon vertex or proton radi-
ating from the NLO vertices. In other words with proton bremsstrahlung contributions
from proton-photon vertices explicitly vanishing at LO, the NLO bremsstrahlung dia-
grams constitute the leading non-vanishing radiative and recoil corrections along with
the one-loop counterparts, namely, the NLO TPE diagrams. These lepton and proton
bremsstrahlung diagrams at NLO are listed in Fig. [6.10], where 7% is used to denote
the undetectable emitted soft photon. The lepton bremsstrahlung diagrams are denoted
as Ri') and RfM | and the proton bremsstrahlung diagrams are denoted as Ri*™), Ry
and Rf"M. As in the LO bremsstrahlung evaluations, it is legitimate to use SPA at NLO.
In SPA, the structure of the NLO lepton bremsstrahlung amplitudes are analogous to the
corresponding LO amplitudes in that they get factorized into the NLO Born amplitude
MS”, namely,

s e /\//17(?1 _ eMgl) (p.e*) |
€

Ty ¥y Dk
I(1);f Vot /Ti/;f p/' *
MU MIOET = —em(V (p/ | k) _ (6.64)
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In contrast the NLO proton bremsstrahlung amplitudes in the SPA gets factorized into

the LO Born amplitudes, namely,

(i Yo p p(Dii _ € 0o (Pp- €
MW* ~ Mw* - MM’(Y)( ) )

v-k
Mp(l);f Yeoft J\Zp\(l/);f_ 6/\/1(0) p;,e* o
MO MY () (6.65)

At O (a®, M~1) only the interference between the LO and NLO bremsstrahlung ampli-
tudes contributes to the cross section. The interference of the four NLO bremsstrahlung
diagrams, Ri'™, RffM | RiP(M and RPM, with the LO lepton bremsstrahlung diagrams,
Ri'® and Rf'© lead to IR divergences. This is, however, not the case with the proton
bremsstrahlung diagram, RvP())| whose interference with the LO lepton bremsstrahlung
diagrams yields a finite result. This diagram is in effect the counterpart of the finite TPE

“seagull” diagram with a single proton-photon NLO vertex given by,

3
% € — / * /
MY = —M—Qg[w(p)(e ) w(p)] X () x(pp)] - (6.66)
’Y:Oft
f)/:oft
Rfl(l) Ri?™W
Vs*oft

Rp() Ry?()

FIGURE 6.10: Soft photon (%) bremsstrahlung diagrams contributing at NLO of
HBXPT [ie., O (63, ﬁ)] contributing to the fractional radiative corrections to the ¢-p
scattering cross section, 5%) ~ 0 (a, ﬁ) The dark blobs represent O(1/M) proton-
photon vertices. In particular, the two-photon proton vertex (diagrams RvP(1)) is of

O(e?/M).
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6.3. RADIATIVE CORRECTION AT NLO IN HBxPT 167

Next, the square of the NLO bremsstrahlung amplitudes is given by,

—~— o ——~——\ T S

1(0);1 1(0); 1(1);1 1(1);f p(1);i
(MW + MO ) (MW + MR Al

SR 2 Y Re

spins spins

—_— N . "'
p(1);f 1(0);1 1(0); p(1);v
-I—./\/lw* ) + (Mw* + Mw* ) Mw*

= —2€2ZR6

spins

2

o1 pqy (M m W ep
(METMEY) ((p-k:)2+(p"k’)2 (p-k)<p’-k))

Qo 1 1
oM <(v'7€)(p~k)+(v~k)(p’~k)>]

- T .
123 Re {(MQ(SZ’ + M) ) ] , (6.67)

spin

where the last term being IR-finite is evaluated without SPA, which yields

g ™ o] 32€S
257 Re (M M) M| = B+ )

spins

x [ﬁ{ — (Q*/2+m})E,+m}(E+ E)— E'(5- k) + E(' - E)}

o {(@/2+m})E, +m}(E+ E) - B'(5-F) + B(5' E)}] (6.68)

Subsequently, the corresponding NLO correction to the bremsstrahlung differential cross

section is obtained as

dO-ISjILO)(Q2> ngéft i dO'el<Q2) |:_ Q—2(L + & )
Q) om2 [ Q. Jo LT M
Y
doy, (02 Ip(1);
+ (=L — Lg + L) %Q} + [%] . (6.69)
l Y

where Zg = Q*/(2M?) [cf. Eq. (6.9) in the first section]. The integrals over the soft
photon energy, namely, L;;, Lg and Ly, which arise here due to the interference of the LO
and NLO lepton bremsstrahlung amplitudes, has already appeared in our LO results and
evaluated using DR by boosting to the S-frame [cf. Eq. (6.44)]. In addition, the two new
soft photon integrals, L; and L¢, appearing at this order due to the interference of the NLO

proton (external lines) bremsstrahlung amplitudes with the LO lepton bremsstrahlung
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amplitudes, can similarly be evaluated in terms of S-frame quantities:

A3k 1 pr 1 Ay 1
LY = / > 2 (2mp)m / kg dks # 208
1 2ks (v - ks)(ps - ks) 2( g 0 5 " ps - ks

1 [ 1 Ay 1+ 8
= 1 1 2L
”{@themﬁw (5|5 }

a3k 1 pr 1 Ay 1
L(S) :/ S (2 2€IR/ k,d—4dk, #ddZQS
' 2ks (v - ks)(Ps - ks) = ) o 5 " pls - ks
1 1 47T,u2>:| 1—!—5 ~(S)
=7 — + In < In +2L; 6.70
{515 o 7 (5| 155 (670

where the IR-finite quantities Zi(s) and Zﬁs) on transforming back to the lab-frame (with
E, 5= FE' ') are, respectively, given by

4P AX? 1+8 1 23 1 23
n (gm0 (57) - 5Sp<6—1>]’

= 1 i 4772A*2 1+ﬂ, 1 26/ 1 26/

[doy, Ip(1);v
ki
Eq. (6.68). Moreover, this term, which arises due to the interference of the LO proton

-1
Li=——
28E

The cross section given in Eq. (6.69) is completely finite and arises from

*

bremsstrahlung diagram Rv?(!) (see Fig. [6.10]) and the NLO lepton bremsstrahlung dia-
grams Ri'® and Rf® (see Fig. [6.6]), does not factorize into the LO Born cross section.

In terms of the S-frame quantities this cross section is given by,

doy,. (Q*)] " o (BE / Q NS ()
BEN (") sl @ E+E)LY -1
|: in Y S-frameﬂ—2Q4M B 0 & i M +ml( i )( v )
2
s (% . ml> L 11O+ ELO — ELY)| . (6.72)

Notably, the assumption that the soft photon emission does not alter the elastic four-
momentum transfer implies the approximation, ¢> — @Q?. This simplification allows
the photon phase-space integration to be performed in a closed analytical form, which

(5) 1.9 L ) and ]Lgf ) are finite

iv iv

otherwise must be only evaluated numerically. Now, L;
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two-dimensional angular integrals which can be readily evaluated without continuing to

d-dimensions, namely,

(S) s 1 / 1+ /3’
L ds?
v # " ps ks E'/B'k?s

'
L(S) #d@s pS ]{JS 21K l—l—ﬁ 2] ’

v ps-ks E'Q 1-p

1
Ly = # aoy
v “ps ks Eﬁks
2 E’ /
L) < #dQS ps ks _ 2m ] . (6.73)

Ps ks
Plugging these expressions into Eq. (6.72), the photon energy/momenta in the S-frame

is then integrated from kg = E:? = 0 to nA%. The resulting expression when boosted
back to the lab-frame yields the differential cross section of emitting a real soft photon of

energy less than A7 at NLO in HBYPT of the form

(B« < AX)
dop )|

. |: dael (QQ)
aoy -

(1)
] L 85me (Q%). (6.74)

*

Expressing the O(«) NLO inelastic contribution formally as 5%)* = IR,(Y1 6£w)*7 its finite
part is given as

3(1) 2 a Q% 7 7 T 5();v (2
e (@ ):; _M( i+ Le) + (= Li — Lg + Lig) Zq | +0,5°77(Q7)

a@? AP AR | o] 23 1 23
“gmres | ()T e () e (5 1)]
aQ® AP Az 145 23 1 263
T aMER n( —Q? )m 15 2 2 (6’+1> — 3 <5'—1)]
+ 00 (Q) g + 5V (@Y, (6.75)

whereas the term IR%)* = IR, © v Hq + IR collects all the IR divergences arising

w* ’

from the inelastic soft bremsstrahlung contributions at NLO, with IRgOV)* given earlier in
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1 1+p 1 1+ 05
In + Iny/ ——
2E( 1—p 285 1-p

As expected, IR%)* is exactly equal and of opposite sign to IR%) [cf. Eq. (6.60)], which

Eq. (6.47), and

(6.76)

2 471.#2
RV = 09 ~1
Yy M ’EIR’ e —Q?

arises due to the one-loop NLO virtual radiative and recoil corrections, and therefore,
either terms drop out in the total sum of the real and virtual radiative corrections at
NLO, namely, 5 = 577 +5 -+ is completely IR-finite . Moreover, of the remaining finite

terms in .., the terms proportional to Zg = Q*/(2M?) may be excluded as they are de

'w )
facto kinematically suppressed by one more recoil order, contributing at O(M~2). Next

lp(l)

focusing on the last term o, Y which as already mentioned represents the inelastic part

of the contribution arising due to the interference of the NLO diagram Rv?(!) with the
LO diagrams Ri"® and Rf'©) is given by the unfactorized form

5lp(1);V(Q2) _ dO'br(Q2) ARk dgel(QZ)
o aQ; | . gy
Y v
_ o Ami'n
M \Q?+4EF
QQ 2 *2 1 1 +5 1 1 —|—ﬁ'
— AN(E+E')q —1 - 1
X[ SME +n ( + Pl n 1= 5 E’ﬂ’n T
- 772Af/2Q2 (1 + le 1_|_ 1+ 8
4Wll2 1 — E/B/ 1-B
QA*QEE/ ,
i 21111 E R S (RS N W
m: B2E 1-3 B2E 1-8 BE ' BE

(6.77)

Now dropping the 1/M? order terms, yields the finite part of the NLO Bremsstrahlung

contribution, namely

(1) oy aQ? 4772A*2 1 + ﬁ 1 25 1 28
27]2A*2 2ml 1 + ﬁ
T 4”EQ )ln =3 (6.78)

TH-2305_136121008



6.4. NUMERICAL RESULTS AND DISCUSSION 171

Finally, we display our IR-finite O(«) (analytical) expression for the total fractional
radiative and recoil corrections to the elastic lepton-proton differential scattering cross

section accurate up to order 1/M, i.e., NLO in HByPT:

59 (Q%) = 8D(Q%) + 601 (Q%) = 55)(Q%) + 8471 (Q?)
2 (e (5 ()
Q;%TEQ (zl F T+ Q—j (I, _14))} L0 (%) (6.79)

Thus, using our previously derived expression for the total LO radiative correction (527,
Eq. (6.50), we can obtain the full O(«) radiative and recoil corrections up-to-and-including
NLO accuracy, formally expressed as the sum dy, = 59 I 55,12. In the next section we
present our improved numerical estimates by including the 1/M recoil corrections to our

LO result presented in the previous section.

6.4 Numerical Results and Discussion

As already mentioned, all our radiative and recoil corrections depend on the value of
the parameter A% which specific to the type of detector used and its threshold of soft
photon detection. Theoretically, as we demonstrated in the previous section, this quantity
also determines the upper limit of integration over the soft photon energy E. In all our
numerical estimates we have chosen this threshold typically about 1% of the incoming
lepton energy which is also consistent with the technical design of the proposed MUSE
experimental setup. Figure.[6.11] shows the IR-finite one-loop virtual (TPE) and soft
photon bremsstrahlung fractional NLO contributions, SEY and 5'77 , respectively, whose

analytical expressions obtained were obtained in the previous section. Here we take

the incoming lepton momentum as the MUSE specified beam momenta, namely, p =
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172 6.4. NUMERICAL RESULTS AND DISCUSSION

115, 153, 210 MeV/c. The following observations describe the features of these NLO

contributions:

e The TPE corrections exactly vanish as Q? — 0, while the soft bremsstrahlung cor-
rections become infinitesimally small and negative at *> = 0 due to non-vanishing

of the term 5,5’;(*1);V. The net NLO correction at Q* = 0 is thus negative.

e The gross behavior of the both NLO corrections display roughly a linear rise with

the square of the four-momentum transfer |Q?|.

e As akin to the LO results, the NLO corrections are not very sensitive to the variation

of the incident lepton beam momenta.

e Both the NLO contributions being comparable in magnitudes but of opposite signs
exhibit large cancellations, resulting in about 5% and 1% radiative corrections,
respectively, in case of electron and muon scatterings at the largest lepton beam

momenta expected at MUSE. .

Next the total radiative and recoil corrections up-to-and-including NLO in HBxPT for
electron and muon scattering associated with the MUSE kinematics are plotted in Fig. [6.12].
In the case of electron scattering, with the staggeringly large and negative bremsstrahlung
contributions, the overall radiative corrections remain throughout negative monotonically
increasing in magnitude with squared four-momentum transfer |Q?|. The total correc-
tions vary in the range of 20 —25 % in the MUSE kinematic domain. For muon scattering
on the other hand, the radiative corrections in this low-energy domain are no larger than
2%. However, unlike the electron case, they undergo a sign change; initially positive
for very small momentum transfers, say, |Q? < 0.035 (GeV/c)?, due to the dominant
VP contributions in this region, which ultimately for larger |Q?| values turn negative
as the VP corrections are superseded by the soft bremsstrahlung contributions. Notice,
however, that for the lowest values of the MUSE lepton beam momenta, p = [p/| 2 115
MeV/c, the total corrections remains positive due to the VP dominance. The energy/-
momentum dependence of the lepton beam on the individual LO and NLO components
of the radiative corrections were hitherto not apparent in the MUSE kinematic domain

(115 < p < 210 MeV/c). Nevertheless, the cumulative effect after adding up all the
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FIGURE 6.11: Fractional NLO radiative and recoil corrections (in percentage): one-

. . . . —=(1 .
loop virtual corrections due to the two-photon contributions 5%) (solid curves), and soft

photon bremsstrahlung corrections 5(717)* (dashed curves), to the ep (left panel) and up
(right panel) elastic cross sections as a function of the squared four-momentum transfer
|Q?| for the proposed MUSE beam momenta, namely, p = 115, 153, 210 MeV/c. The
total NLO correction (5%) is also displayed. Each plot covers the full kinematically
allowed scattering range, 0 < |Q?| < |Q2,.|, when 6 € [0, 7] (cf. Table I of Chapter 5).
The thickened portion of each curve corresponds to the MUSE kinematic cut, where
¢ € [20°,100°]. The lab-frame detector resolution A is taken to be 1% of the incident

lepton energy E.

TH-2305_136121008
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contributions indeed generates a substantial energy dependence of about 5% and 2 %,
respectively, in case of the electronic and muonic results. Furthermore, this also amounts
to more than an orders of magnitude difference between the two cases, especially for
the lowest values of the beam momenta. Most importantly, a comparison of the relative
magnitudes of the two orders of corrections, viz. NLO:LO in each case almost indicates
a ratio as large as 1:1 for muon, in contrast to a mere 1:4 for electron. Evidently, a
greater significance should be associated with the rapidly growing nature of the NLO
contributions for muon scattering in regard to the MUSE kinematics. Finally, it may be
worth mentioning that the NLO TPE corrections (i.e., the interference of the NLO TPE
amplitudes with the LO elastic Born amplitude) as well as the NLO soft bremsstrahlung
corrections (i.e., the interference of the LO lepton bremsstrahlung amplitudes with the
NLO proton bremsstrahlung amplitudes) are lepton (¢*) charge-dependent. Hence, not

only do the NLO corrections 5%) corresponding to the ¢*p scattering processes change

0)

o 689 are a bit smaller for tp

sign, the total corrections (LO+NLO), namely, 0y, = 55 5>

scatterings as compared to ¢~ p scatterings. The numerical figures quoted in Table.[6.1]

unambiguously reflect the above discussed features of our results.

Finally, we conclude this section by discussing our results pertaining to the estimate of
the theoretical uncertainties. In this regard to the analysis presented in this chapter, two

essential sources of uncertainties may be identified which we enumerate as follows:

1. Firstly, as already discussed in the last section, the only free parameter that our LO
and NLO results for the radiative and recoil corrections to the ¢p elastic scattering
process intrinsically rely on is the detector acceptance factor AZ which requires
external specifications depending on the experimental conditions. To this end, we
give an assessment regarding the sensitivity of our result on this cut-off parameter.
Fig. [6.13] shows the dependence of the our analytical result for the total fractional
radiative correction, o, = 5&3) + 5%) as A’ is varied between 0.5% and 5% of

the incident lepton beam energy E. It is reasonable to expect that the radiative

*

5, as at

corrections should naively decrease with larger values of the acceptance A

least seen for the case of electron scattering. This is because, larger A implies
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FIGURE 6.12: The total fractional radiative and recoil corrections (in percentage) up-
to-and-including NLO in HBxPT to ep (left panel) and up (right panel) elastic cross
sections as a function of the squared four-momentum transfer |Q?| for the proposed
MUSE beam momenta, namely, p = 115, 153, 210 MeV /c. The corresponding LO
result are also displayed for comparison. Each plot covers the full kinematically allowed
scattering range 0 < |Q?| < Q2. when 6 € [0,7] (cf. Table I of Chapter 5). The
thickened portion of each curve corresponds to the MUSE kinematic cut, where 6 €
[20°,100°].  The lab-frame detector resolution A% is taken to be 1% of the incident
lepton energy F.
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P Q2| LO: 45 NLO: 43" LO+NLO: 65, || LO+NLO: 65,
GeV/e | (GeV/e)? || eFp | pFp e*p pEp ep | up efp | whp
0.115 0.01 -0.1592 | 0.0211 || +0.0116 | £0.0007 | -0.1708 | 0.0204 | -0.1476 | 0.0217

0.02 -0.1700 | 0.0185 || £0.0232 | £0.0018 || -0.1932 | 0.0167 || -0.1467 | 0.0202
0.153 0.03 -0.1757 | 0.0160 || £0.0275 | £0.0032 || -0.2032 | 0.0128 || -0.1481 | 0.0192

0.04 -0.1796 | 0.0139 || +0.0367 | +0.0044 || -0.2163 | 0.0095 || -0.1429 | 0.0183
0.210 0.05 -0.1828 | 0.0120 || £0.0351 | £0.0057 || -0.2179 | 0.0062 || -0.1476 | 0.0177

0.07 -0.1868 | 0.0088 || £0.0492 | +£0.0082 | -0.2360 | 0.0006 | -0.1377 | 0.0170
TABLE 6.1: Fractional radiative corrections at LO 0%, with recoil effect at NLO

27

5%), and the total radiative and recoil corrections LO+NLO 69, = 5&3) + (5%), eval-

uated in HBYPT, to ¢*p elastic scattering cross sections for incoming lepton beam
momentum, namely, p = |[p] = 0.115,0.153,0.210 GeV/c, and certain specific values of
the squared four-momentum transfer chosen in the MUSE kinematic domain, namely,
|Q?| = 0.01,0.02,0.03,0.04,0.05,0.07 (GeV/c)?. The results correspond to the lab-
frame detector acceptance A% =1 % of the incident lepton energy F.

smaller detector resolution in identifying emitted hard photons of larger energies
with positive definite emission cross section, and thereby reducing the effective ra-
diative correction. In this regard, the result for muon scattering in the expected
MUSE kinematic domain is somewhat atypical due the changing sign of the overall
radiative correction dg. Furthermore, as the acceptance is varied between 0.5-5
MeV, the muon results are likely to be more sensitive, which in our case varies
as much as 125% with respect to our benchmark results obtained with A% = 1%
(red curves in Fig. [6.13]), in contrast to a mere 60 % for electron scattering. Of
course such large error bands are gross over-estimations resulting from our exagger-
ated variation of the detector acceptance by an order of magnitude, although for
sophisticated modern experiments like the MUSE, the acceptance window is small,

typically between 1 — 2 %.

2. Secondly, our HBYPT calculations indicate sizable NLO i.e., O(1/M) corrections
for low-energy muon scattering in the MUSE kinematic domain, which become

certainly as large as the LO corrections (cf. Fig. [6.12]). This might leave some
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FIGURE 6.13: Variation of total fractional radiative and recoil correction up-to-and-
including NLO in HBxPT to ep (left panel) and up (right panel) elastic cross sections
as a function of the squared four-momentum transfer |Q?| for the proposed MUSE beam
momenta, namely, p = 115, 153, 210 MeV/c. Each plot covers the full kinematically
allowed scattering range 0 < |Q?| < |Q2 .| when 6 € [0, 7] (cf. Table I of Chapter 5).
The thickened portion of each curve corresponds to the MUSE kinematic cut, where
6 € [20°,100°]. The (yellow) band corresponds to the variation of the result with the
lab-frame detector resolution 1% < AL <5 % of the incident lepton energy E.
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FIGURE 6.14: The neglected O(1/M?) kinematical contributions arising from various
analytical expressions for the NLO radiative and recoil corrections plotted as a function
of the squared four-momentum transfer |@?|. The plot covers the full kinematically

allowed scattering range, 0 < |Q?| < |Q2,

m

ax|, when @ € [0, 7] with incoming lepton
omentum of p = 210 MeV /c. The thickened section of each curve corresponds to the

MUSE kinematic cut, where 6 € [20°,100°].

iota of doubt on the reliability of the EFT power counting in the present scenario
where not only dynamical contributions from NNLO interaction were neglected,
but also all O(1/M?) terms of kinematical origin formally arising from various
NLO expressions presented in this chapter, neglected as well.” Thus, a robust
error estimate in this case would necessitate an NNLO assessment of the radiative
and recoil corrections involving evaluation of complicated two-loop (photon and
pion loops) contributions as well as inelastic proton polarizability contributions.
While such an endeavor certainly lies beyond the scope of this work, a simplistic
assessment of the aforementioned neglected O(1/M?) kinematical terms (denoting
them as Ads,) could nevertheless serve as a naive indicator of the natural size of the
NNLO contributions. This is demonstrated in Fig. [6.14] which ostensibly suggests
that the NNLO corrections are about two orders of magnitude smaller than the NLO
corrections, amounting no more than 0.4 % and 0.05 %, respectively for electron and

muon scatterings.

"Here again we reiterate that there are no NNLO contributions to the fractional radiative corrections

due to

phase space integration since they drop out while taking the ratio with respect to the Born

contribution.
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6.5 Conclusion

In this chapter, we have presented a complete perturbative analysis of the radiative cor-
rections to the lepton-proton elastic scattering process in the context of HByPT. We
included all the one-loop virtual and single soft (real) photon bremsstrahlung correc-
tions, demonstrating that the respective IR divergences mutually cancel out separately
at LO and NLO, leaving behind a finite physical radiative correction. In our analytical
evaluations of the one-loop virtual diagrams, we invoke SPA in determining the TPE
box amplitudes only. Otherwise, without SPA such loop integrals are rather intricate
to be evaluated analytically, in which case one must resort to numerical evaluations us-
ing standard software packages. In the latter procedure, however, it may not be at all
straightforward to explicitly project out the IR singular structures which are needed to
be eliminated to ensure a finite cross section. On the other hand, in our estimations
of the bremsstrahlung contributions due to the undetected soft photons below detector
threshold A7, it is perfectly legitimate to use SPA as the well-known general methodology
to extract the IR divergences [151]

As a part of our LO evaluations we have explicitly included the often neglected magnetic
or Pauli form factor contributions to the lepton-photon vertex corrections. They poten-
tially become quite relevant in the case of low-energy muon scattering. Going beyond the
LO, our calculations revealed that the TPE and proton bremsstrahlung processes start
contributing only at NLO, i.e, O(a, M~1) in HBYPT, while for a non-zero proton vertex
correction one needs to consider NNLO corrections, i.e., O(a, M~2). All our analytical
results presented in this chapter depend on one free parameter, namely, A%, which is fixed
according to a given experimental design. Considering the projected level of accuracy of
MUSE, we have demonstrated our numerical results using a reasonable benchmark value
of the acceptance, namely, A> = 1% of the incident beam lepton energy E. Subsequently,
our numerical estimates suggest that the total radiative corrections up-to-and-including
NLO for electron scattering can be as large as 25 %, while for muon scattering they are
no more than 2 % in regard to the proposed MUSE kinematic domain. Despite of the ap-
parent smallness of the total muonic corrections, the relevance of the near 100 % NLO:LO

corrections is in effect much more significant in comparison to the electronic corrections,
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especially in the context of MUSE kinematics. The largeness of the muon mass in the
low-energy domain predominantly spoils the numerical convergence of the chiral series
at the level of NLO accuracy. This naturally indicates the need for increasing the preci-
sion of our analysis by including NNLO corrections to ensure a more robust assessment
of the muonic corrections. Needless to mention that such a rigorous NNLO analysis is
undoubtedly a demanding task involving evaluations up to two-loop diagrams. Never-
theless, such a treatment of muon scattering is necessary to assess the insofar neglected
proton’s structure dependent effects, such as anomalous magnetic moment, and inelastic

contributions, such as the effect of A(1232) resonance.
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Chapter 7

Summary and Outlook

In this thesis we presented a detailed analysis of radiative correction to low-energy elas-
tic lepton-proton scattering including the evaluation of the two-photon exchange process
especially in view of the demand for high-precision data analysis that can be expected
from of the ongoing efforts for the proposed MUSE experimental project at PSI. More-
over, current wisdom suggests that an unequivocal resolution to the proton radius puzzle
is expected from a low-energy muon-proton scattering analysis. Naturally, the state-of-
art data processing will need to incorporate proper model-independent consideration of
hadronic effects to minimize the systematic uncertainties in the accurate extraction of ob-
servables. A low-energy effective field theoretical framework, such as Heavy Baryon Chiral
Perturbation Theory (HBxPT), can play as indispensable role in providing a systematic
analytical tool to assess the pertinent underlying non-perturbative strong dynamics. The

work of this thesis pursued this approach for the various theoretical evaluations presented.

Firstly, it is known that the lepton-proton bremsstrahlung scattering process (¢ +p —
{4+ p + ") constitutes a major background for the basic lepton-proton elastic process,
which must be accounted accurately in the data processing before applying radiative cor-
rections. Thus, at the very outset of the works presented in this thesis, we began with an
EFT analysis of the bremsstrahlung process in view of investigating certain 'pathological’
scenarios accounting for subtle differences between electron and muon scatterings hitherto
neglected (in most high-energy processes), but becomes relevant, if not very significant,
in the context of MUSE. While evaluating the bremsstrahlung process we observed that
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radiation from proton does not contribute at leading order (LO) in HBxPT, but instead
it starts contributing at next-to-leading order (NLO) as interference term with lepton
bremsstrahlung. We found that the emitted photon spectra show strong peaking be-
havior along both the incoming and outgoing lepton directions, especially for electron
bremsstrahlung. While the same can not be said in case muon bremsstrahlung which
fails to exhibit the characteristic peaking behavior. We also demonstrated that NLO
contributions for the electron scatterings are very small which turn out to be consider-
able for the muon scattering. An essential pathology was identified with the standard
chiral power counting scheme associated with electron scattering, whereby the next-to-
next-to-leading order (NNLO) contribution from the pion loop diagrams is kinematically
enhanced amounting numerically as large as the NLO corrections. Consequently, a rig-
orous NNLO evaluation in HBYPT is demanded involving evaluation of all pion-loops
diagrams and possible inclusion of intermediate excited nucleon states, such as the delta
resonances. As an outlook of the work of the thesis, such efforts can be pursued in the

future so as to confirm our present findings.

The next part of the work of this thesis focused on the very crucial components of the
virtual radiative corrections to elastic lepton-proton scattering process, namely, the two-
photon exchange (TPE) contribution. This issue has been extensively debated over the
last two decades with the potentiality of ostensibly resolving several puzzling discrepancies
that contradict the present day understanding of the proton structure. Notwithstanding
the ambiguities of different approaches in estimating the inelastic TPE intermediate state
contributions in the low-|@Q?| domain, it has been unequivocally contended that a pertur-
bative (diagrammatic) consideration of of the elastic intermediate proton contribution is
substantive enough to largely improve systematics. Based on this inherent hypothesis, we
presented a model-independent EFT estimate of the TPE amplitudes at NLO in the chiral
power counting scheme using soft photon approximation (SPA) prescription. The result-
ing infrared free TPE fractional contribution to the elastic lepton-proton cross section is
in good numerical agreement with existing model predictions based on phenomenological
form factors. Again as a next step, it would be useful to extend our SPA analysis of

considering the exact evaluation of the TPE loop-integrals (in particular, the four-point
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function in the heavy baryon scheme) using standard packages and to examine the ro-
bustness of our present SPA results. An estimate of the NNLO corrections in HBxPT
that include, e.g., contribution of pion-loops and the proton’s magnetic moment, would
also be helpful in improving the theoretical uncertainties involved in using the HByPT
approach. Additionally, the inelastic A(1232) resonance intermediate TPE contributions

may be included to improve systematics.

The final part of the thesis was concerned with the model-independent low-energy EFT
estimation of the total radiative correction to the elastic scattering process where hadronic
structure and proton recoil corrections at NLO in HBYPT was incorporated. For this
purpose, we combined our TPE evaluations with other virtual corrections, viz. vertex
and vacuum polarization corrections, along with the soft photon bremsstrahlung correc-
tion which was also evaluated with the standard approximation, ¢ ~ (), akin to elastic
kinematics in the & — 0 limit. To contrast the proton bremsstrahlung and TPE, which
start to contribute at NLO, the leading non-zero proton vertex correction only start con-
tributing at NNLO, and hence excluded at the current level of accuracy. Notably, while
evaluating the lepton-photon vertex corrections at LO we considered the often neglected
magnetic or the pauli form factor, along with the dominant electric or Dirac form fac-
tor. It was observed that although the former contribution were negligibly small for
electron scattering, a sizable contribution was obtained for muon scattering in the MUSE
kinematic domain. We subsequently found that the total radiative correction up-to-and-
including NLO for electron scattering is negative, growing up to as large as 25%, while for
muon scattering it is a mere 2%, with the sign of the correction changing from positive
to negative for |Q?| ~ 0.04 (GEV/c)? for increasing |Q?|. We used a cut off parameter
A, namely, the detector acceptance, to divide to photon energy spectrum to soft and
hard part for evaluating the soft bremsstrahlung contribution to radiative correction. In-

*

~» which we choose

evitably all our results were inherently dependent on the value of A
~ 1% of the incoming lepton energy for our numerical estimates. A relative comparison
of the LO and NLO numerical results indicated a considerable degree of enhancement
specially in our NLO results for muon scattering, potentially spoiling the convergence of

the HBxPT power counting at our working accuracy. This is mainly due to the largeness

of the muon mass relative to the low-energy MUSE kinematics. A more complete and
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robust analysis up to NNLO is thus desirable, which other than pion-loop contributions
to the proton vertex corrections, also brings in contribution from low-energy constant and

inelastic proton polarizability (including various nucleon excitations and resonances).

Besides the issue of NNLO corrections to the lepton-proton elastic process, an accurate
estimation of the inelastic hard bremsstrahlung background, viz. the elastic radiative tail,
is also needed alongside for a complete “radiative unfolding” analysis applicable to future
available “raw” scattering data from MUSE. In Chapter 4, a HBYPT estimation of the
tail distribution was considered at NLO accuracy, but without proper consideration of
the IR divergences associated with the elastic end-point (see also Ref. [212]). Notably,
a detailed “recipe” of radiative tail analysis was already considered in Ref. [139] in the
context of QED corrections to the inelastic virtual Compton scattering process (to con-
trast our elastic tail spectrum of interest). However, an apparent shortcoming of that
analysis is the rather ad hoc treatment of the radiative corrections on the proton side,
neglecting all hadronic structure effects. A HBxPT approach is thus needed to explore
the prospects of systematical improvement of the elastic tail analysis in close analogy to
the procedure given in Ref. [139], but with additional inclusion of hadronic effects in real

internal radiation losses.

Another possible direction of extension of this thesis work is to investigate the isospin
breaking contributions to the radiative corrections which were hitherto not been taken
into account. It is interesting to note that even at O(a) NLO accuracy we expect small
amounts of “strong” isospin breaking (factorizable) contributions from the insertions of
the finite LEC c¢5 that is proportional to mg — m,, and will introduce additional IR-
divergent TPE and bremsstrahlung diagrams. The complete NLO evaluation of the ra-

diative corrections including the isospin violating diagrams will be pursued in future.
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Appendix A

LO & NLO SU(2) HByPT

Lagrangians

This appendix is a continuation of Chapter 3 where we summarize display the relevant
pieces of the leading order (LO) and nezt-to-leading order (NLO) HBxPT Lagrangian
used in this thesis work along with the Feynman rules for the corresponding vertices.

The Lagrangian (27(313[) relevant for our study is [140, 215],

/35313; = N,(iv-D+gaS-u)N, ; u, = w'V,Uul. (A.1)

Here N, denotes the heavy nucleon spinor field and g4 = 1.26 is the nucleon axial-vector
coupling constant, which does not contribute to our amplitude at LO and NLO. It is
convenient to choose the proton four-velocity to be v* = (1,0) which determines the
covariant proton spin operator to be S* = (0, %5). The covariant derivatives D, and V,

in Eq. (A.1) are defined as

1
D, = 0,+T,— ivl(f); I, = §[uT(8M —ir,)u 4+ (9, —il,)u'l, (A.2)

VU = 8,U—ir,U+iUl,. (A.3)

The photon field A, (z) is the only external vector source used in this work, and whose

iso-scalar part enters as v,(f) (z) = —eL A, (x), where I is the identity matrix. The chiral
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connection I, and the chiral vielbein u, include the external iso-vector sources r,(x) and

lu(z). In our work the left- and right- handed sources become r,(z) = [,(z) = —eZ A, ().

It may be noted that for lepton-proton scattering process, we everywhere set U(z) = 1

at the LO and NLO, where explicit pion fields are absent. The pion fields in U(x) only

enter the calculations at the NNLO through pion loop contributions. We also specify the

NLO Lagrangian [140, 215], retaining, only the terms directly relevant to our analysis:

25327 - N L{(U.D)2_D.D—%[S#,SV] (14 Ky) ;V+2(1+/£3)Uflﬂ +"'}NU(A-4)

“2M

Here, ft, = u'Flu+uFlu' = —e(0,A, — 9,A,) (u' Qu + uQu'), with Q = diag(1,0)

v —

is the nucleon charge matrix, and

L™ SR _
Fo = F,=0l—

nv

o) = 8#1)1(,8)—81,1)/85)

. T:
Mo l,,] = _653 (auAV - aVAM) )

—eé (O Ay — B, Ay) - (A5)

Finally, we list the Feynman rules for the LO and NLO HBxPT propagators and vertices

required in this work.

: (1)
Vertices and propagator from £

Nucleon propagator ( B )

One photon vertex ( _L )

. 22)
Vertices and propagator from £

Nucleon propagator ( JL )
k

pp pp

)

Two photon vertex ( —Z& )

One photon vertex (

TH-2305_136121008

Feynman Rule

i
v-pp+i0

L1473 v

Feynman Rule

s (L)€ (0 + 7)) = (€ v) v (pp+ 7))
taelS -6 S K(1+ ms + (14 5,)7%)

LA+ e~ (¢ v)(e )



Appendix B

Partial NLO amplitudes from
Chapter:4

Here we display the ten partial amplitudes appearing in our NLO corrections to the

lepton-proton bremsstrahlung differential cross section, Eq. (4.18):

WaE

_szl( )_mIQEl(ﬁp )+mlEl( E)—I—m%E{(ﬁpk‘) mlEl( -P)
—miE|(py - D) + mi BS(B, - ') + mi B, - ) + EW(E)* (D, - 7)) + Ei(E)* (B - B')
+EE{EY(p, - k) + E\E[ES(py, - k) — E{(, - k)(P- k) — E{(p, - k)5 k)

—ES(p) - )5 k) — ESByp - BB k),

Wap = miE(F) - k) +m} E(py - k) + miE{(F) - k) + miE{(p, - k) + mPE(F) - k) + mPE(F, - )
+mi BBy - §') + mi EY(f, - k) — miEY(p, - ) — m{ ES (5, - ) + E} E{(7, - )
+E}E|(py - ) + EJES(py - ') + EFES(Dy - ) + E(E])* (B, - D) + Eu(E)* (5, - D)

7y k) — B(E)* By k) + Epy, - 9) (5 k) + B, )5 - k) + B, - 5)(0 - k)

+Ey(py - 70 k) — E@, - 755 — El@y - 5@ k) — B, 55 p)

—Epy - )0 k) + BB, - k)5 B') + BB, - k) (B B7) — By (5, - D)5+ )

— E{(p,-7)(0 k) — E{(5) - )P F) — E{(B) - 1) (5 k) — ES(B, - §) (5 P)

+E(pp - D) (- P)

—Ey(E))*(
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Wag = mi B} ES + E}E{ES + 2m{ Ey(p), - 1) — m{ E(p, - k) — m{ E(5- k) + 2ELE{ (B, - )
~E2E|(p, - k) — EFE|(D- k) — E{EES(B, - 1) + EZES(5- p') — EPEY(p, - ')
+2E,(By - 5) (- D) — BBy - D)5 - k) + BBy - 55 k) — B, - k)5 5)

~E(7- )5 F)
Wakx = EE(EE'E, + E'm? — E'G-k+ Em? + Ep’ -k — 2E,m? — E, - "),

Way = m}E}ES + B} E|ES + miEy(p) - k) — 2m} Ey(F), - §) — mPEy(p - k) — 2B E|(F, - 7)
+E E|(p, - k) + E|E,E)(p, - p) — E{E|(p- k) + E FEN(P, P + EFES(5- )
+E((p, - D)0 k) - 2B1(5; - )P - B) + By - k) (@' - p) — Ei(py - 55 k)

~Ei(" - p)(F- k),

Weg = —miE(p, - k) — m}E(p) - k) — m{ E{(F) - k) — miE{(F, - k) + mPE(Fp - 5) + mP ES(5) - )
+mi B (B, - §) — miEY(py, - k) — mi BBy, - ) — mi BB, - k) + B} (B, - P)
+ELE|(By - F) + ELE((5y, - k) + Ei(E)*(B) - ) + Ei(E)*(5, - ) — (E))*ES(5), - )
—(EN*EYF, - P) + Bify - D) - &) + BiFp - D) - k) — By k)G §)
—E(p, - 70" - D) — BBy - k)@ - §) + E{(Byp - )@ - k) — Ei(5 - 9) (@ - D)
—Ey(5,- D)+ k) = E{(By - 5') (- k) — E{(Bp - D) (7~ D) — E{(Bp - D) F)

—E{(py - 7)) (0 k) + B, - 5@ 57) + B, 75 D7)

Wer = —miE (5, - ') — miE(py - B) — miEy(p) - k) — miEy(py - k) — mPE{(P) - ) — miE|(B, - p)
—mPEY(p) - §) — mi BBy - ) + E{(ES)* () - B) + E{(E9)*(Bp - D) + BB E(p) - k)
+EEEYp, - k) — E((p, - k)@ - k) — BB, - k)5 k) — B3P, - 5) (5 - k)

~ES5, - 9)(0 - k),

Wi = mi (E)?E) + E.EY(EL) + 2mE((F, - ') + mi B{(Fy - k) — mi B{(5" k) + 2E1(E) (5 - 7')
BB Py - k) — Ei(EDX (0" k) + BB, - ') + (B)*ES(B, - 9) + (B EY(5' - )
+2E(F, 7)) D) + Bl k)0 ') + Ei(5, - )0 k) — B k) (5 )

~E{(5,-0)(0" - ¥) ,

TH-2305_136121008



189

Wey = —mi(E)?ES — E/(E)*ES + m}E|(p, - k) + mE|(p" - k) + 2mPE|(5) - ') + 2E1(E])*(5) - p")
By k) + Ei(E)*( - k) + BEEY(B, - 5") + (E))*ES(5, - §) — (E))*ES(5" - p)
+2E,(5, - p") (" - P) + E|(5, - 5)(B - k) + BB, k)@ - p) + E[(F - k)F )

~E{(5, - )7 - ),

+E7 (Ep)*(

Wi = E'E,(EE'E,+ E'm? —E'§-k+ Em? + Ep’ -k +2E,m? + E,5-7"). (B.1)

In the laboratory frame or rest frame of the hadron target, the three-momentum of the proton,

|p’| = 0. The expressions for the dot-products in our preferred frame of reference, Fig. [4.4], are:

p-p = |p'lp]cosd,
k-p' = E,|p’|(cosry cosa -+ sina siny cos e, ),
k-p = E,|p|(cos ¢ cosa+ sina sin ¢ cos ¢ ),
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(B.2)
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Appendix C

Evaluation of TPE seagull diagram

Here we derive the TPE seagull amplitude A" (cf. diagram (i) in Fig. [5.1] of

seagull
Chapter 5). The integral in Eq. (5.17) being both IR and UV finite does not require
any regularization and is evaluated analytically in the 4-dimensional space-time. In sec-
tion 5.3, it was shown without implementing SPA that due to cancellations among various
NLO TPE amplitudes only the residual part of ./\7£Z)aguu proportional to ¢g"” contributes

to the cross section, namely,

o Ll / d'k [a@)y"(p — ¥+ m)vu®)] [XF@,)x(@)]
seagull T M i (27-{-)4 k2 (Q — k)? (k‘2 — 2k - p + ZO)
— eﬂ[a(p’)vaﬂseaguu Yau(p)] X () x(Pp)] (C.1)

where the loop-integral appearing above is given by

]I y, 1 d4k, p—%‘le
seagull = ;/ (2m)4 (k%2 4+ 10)(Q — k)2(k? — 2k - p +i0)

where k and () — k are the momenta of the two exchanged photons and ) = p—p’. Using

Feynman parametrization and thereby shifting the integration variable, k — k4 8 where

B = (pr + Qy) yields,

Tscagun = %/01/01/Oldl“dde(s(l—l’—y—Z)/(3113342(?_[&:?;”10‘
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Integration over the loop momentum k, we obtain

where A =

I seagull

1672

(pr+Qy)?

/Ol/ol/olda:dydzé(l—x—y—z) [W] . (C2)

— @Q?y. Further, it is convenient to make a change of variables from

(x,y,2) to (w,§) using the transformation x = w¢, y = w(l — ) and z = 1 — w, which

amounts to the following change of the integration measures, namely, dx dy dz §(1 — z —

y — z) — wdwd€. Thus, we obtain

I seagull =

with

e ) e
16772/ / def

1

QY =
Q) =
QY =
QY =
QY =

T6(Q*) =

i+ p(1 = wE) — Qu(l — &)
(m?e — QP+ Q) — Q21— &)

i+ p : wl@ +E(p— Q) |
(e~ QPET Q) + Q26— 1) w(me — Q%+ Q%) + Q3(E— 1)

| a
[ ae
| e
[ e
[ ae
[ ae

2

. 02,  O2
52_7?%25"‘%

mp

2

T 16> } . (C.3)

(C.4)

Each of the above integrals are easily obtainable in closed forms using standard techniques or

with Mathematica. Since some of these integral have rather elaborate expressions, we prefer to
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omit their explicit expressions in this communication. Inserting the loop amplitude [sagun into

Eq. (C.1) we obtain our final expression for the seagull amplitude,

2 2 2 2
/10 N VP S VA A R VA A B VA
Mseagull mZQM |:N1 1 N2< 2+ m12 3 N3 6 m2 5 N4m12 4 (C5)

l

where N; ¢« M., (i =1,...,4) are defined as

Nio= [a( )" (mu + p) )] D (0)) xp (9p)]

Noo= [a(@ )" (p — @)vuu@)] b (0)) xp(pp)]

Na = [a( )7 @ruu()] X} (0))xp (pp)]

Ny = [a()" 2@ — prywu() () xp (Pp)] - (C.6)

Thus, in essence we find that the seagull amplitude, unlike the TPE box amplitudes in SPA,
does mot naturally factorize into the LO amplitude M., times a Q? dependent function f(Q?).
This result is consistent with the proposition made in Ref. [68] that the one-loop virtual ra-
diative corrections, and in particular the TPE amplitudes, can be expressed as, Mi_poop =
f (QQ)MV + ﬂl,Loop. The factorizable IR-divergent first term constitute the dominant, so-
called outer corrections, independent of the hadron structure, while the non-factorizable IR-
finite second term constitutes small corrections, the so-called inner corrections. In most works
these latter corrections are hadron structure dependent and are often ignored in ultra-relativistic
approximations. In HBxPT approach we find that the dominant TPE box diagrams in SPA
can be identified with the former corrections, while the seagull term can be identified with the
latter ones. At the order of our accuracy, the latter corrections are free of low-energy constants

and, therefore, are hadron structure independent.

Finally, it is noteworthy that, while determining 5(Seaguu) Eq. (5.32), the integrals Z5s and Zg

drop out of the calculation due to vanishing of spin trace of N3 with M, Eq. (5.5). We find

> MINg = 0, (C.7)

spins
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and

Z M:/\ﬂ

spins

— > MINy =Y MIN,

spins spins
16€? ml2
_ QQ

128¢?*mi M*E 1
e ey

(E+E’)(E’p+M)(EI’,+M)

Here we have used, E' = E+O(M~!) and E, = M +O(M™1), since the seagull diagram already

is an NLO amplitude.
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Appendix D

S-frame Detector Acceptance

In this Appendix, we discuss the transformation relations among kinematical quantities between
the laboratory frame and the boosted S-frame [10, 47, 50, 139, 160]. The S-frame is defined as
the center-of-mass system of the recoil proton and the soft bremsstrahlung photon, ﬁz’, +k =
@ = 0. Here ﬁ;, and k are the respective three-momenta of the recoil proton and the emitted soft
photon, and Cj =p—p' = ]5'1’) — Pp is the three-momentum transferred in the ¢-p elastic scattering
process in the laboratory frame, i.e., the target proton three-momentum pj, = 0. The maximum
energy of the soft (undetected) photon fixes the upper limit of the bremsstrahlung energy
integration and is conventionally taken as detector acceptance AY in the laboratory frame. This
in essence corresponds to the maximal deviation of the outgoing lepton energy E’ from its
theoretical elastic limit E’¢ while practically preserving elastic conditions, i.e., E'® — E' < A%,

L' In a

In the ensuing treatment using soft photon approximation we shall use, B/ ~ E'¢.
boosted frame the maximum photon energy limit becomes a frame dependent quantity, which
we denote as Ag # A in the S-frame. The phase-space integration for the laboratory frame

differential cross section for the soft bremsstrahlung process, £ +p — £ + p + 7} g, namely,

doy N @mo &y k1 012
’ - 1 - D.1

spins

with the LO/NLO squared amplitudes in the respective soft photon limits, Eqgs. (6.42) and

(6.67), are complicated by the dependence on the photon emission angles present in the energy

In general, with real photon emissions, E’® < E’. The equality only holds for the “strictly elastic”
(non-radiative) kinematics which is evidently unrealistic in a given laboratory experiment. In this work,
since we are concerned with the “physically elastic” process which naturally accompanies soft photon
bremsstrahlung, E' ~ E'® is implicitly understood.
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conserving d-function, namely,
5}3”55<E+M—E’— (@—E)QJrM?—EV*),

appearing in the above expression. Consequently, the emitted photon radiation spectrum in
the laboratory frame becomes anisotropic, being defined over a ellipsoidal integration volume
which is difficult to evaluate analytically. However, by boosting to the S-frame the integration
simplifies into a standard spherical one (see e.g., Ref. [47]), with the above J-function becoming
free of the photon angles in the soft photon limit. This effectively transforms the S-frame
kinematics into one akin to a “reversed elastic” scenario in the soft photon limit, denoted by
the constraint,

65 = 5(ES + B - BS - ES),

where the S-frame quantities are denoted by the superscript “S”. In terms of the laboratory

frame quantities, the following relationships can then be justified:

i) ES~M, (i) B° » E' » B’ = %
(i) E~E, (iv) E5 ~ EJ,
(v) costlsg mcost, (vi) Ag=~nAl, (D.2)

where n = 1+ 2Esin?(0/2) /M is the laboratory frame proton recoil factor. In other words, the
energy transformations between the two frames are easily effected by simply interchanging the

energies between the initial and final states of the elastic process.

In view of pedagogical interests, we derive these relations between the two frames using soft
photon approximation. We make use of the four-momentum conservation relation for the

bremsstrahlung process, namely, p+ P —p' = P’ + k.
e First, we consider the invariant (P’ + k)? in the S-frame:
(P + k%2 = M?+2ESES. +2(B5.)* =8 M?.
Since ﬁz',s + k5 = 0, we must have

PYSO
(P/S + kS)Q — (E;,S + E$)2 /soft (E;DS)Q,
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which implies, | E)° ~ M

e Second, we consider the invariant p - (P’ + k). In the S-frame we have
pS'(P,S +k,5') — ES(EZ/JS+E,$*) ’Y\s/g_ft MES,

while in the laboratory frame we have

p- (P +k) = p'(P+Q):ME+Q7:ME/el.

2
2
This implies, .

e Third, we consider the invariant p’ - (P’ + k).

p/(P/—I—k) . p/S.(P/S_’_kS)
— p-(P+Q) = E’S(E;,S+E§*)

Q2
2

Since, E = E'* — %, the above relation implies, .

e Fourth, we consider the energy conservation in the S-frame:

" ME - ME'S.

Q

E°+ES-E° = E’+E;,
S _ 1S S 1S S
E5 = ES+E]+E°-E

Vsoft M+EfElel%E;),

where we have used the relations derived for E°, E’S and EI’,S . Thus, EZ‘? R~ E]', )

e Fifth, we use the invariant expression for the squared four-momentum transfer, Q% = Q%,

in each frame:

Q*> = 2m?—2EFE“(1 - pBp"cosh),
Q% = 2m}—2E%E"S(1— Bsfcosbs)

= om? — 2B E(1 — %8 cosbs) .

Using the relations derived for E°, E'®, it follows that .
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e Finally, squaring the aforementioned four-momentum conservation relation, then express-
ing the left and right hand sides in terms of the laboratory frame and S-frame quantities

respectively, yields

A 2
o2mi  — zp.p/+2M(E—E'):2P'S.kS=2MAS,/1+(J;) +2A%

where the maximal limit of the emitted soft photon energy in the S-frame is E,f* = k5| <
Ag < M. Next to obtain an estimate for Ag in the soft photon approximation, we

further neglect the lepton mass, m; < M, such that the above relation becomes

M(E—E') — EE'(1-cosf) =MAg [1 +0 (%)] .

Furthermore, in the elastic limit, i.e, with Ag — 0 and E/ — E’® the above equation

reduces to
M(E - E'®) -~ EE" (1 —cosf) =0.

Then, subtracting the latter relation from the former, yields our desired expression for

Ag:

2F 0 A
- rel 1t 2 (7 S ~ *
Ag = (E E){l—k—sm (2>]+O<—> nAz .

Thus, the upper limit of the soft photon bremsstrahlung integrals (see Appendix B) in

the S-frame is taken as | Ag < nA7 |
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