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Abstract

This thesis provides some efficient numerical techniques for solving singularly perturbed
parabolic initial-boundary-value problems of convection-diffusion and reaction-diffusion
types with boundary layers. These types of problems are identified by partial differen-
tial equations in which the highest spatial derivative is multiplied by an arbitrarily small
parameter €. The perturbation is ’singular’ in the sense that, as ¢ — 0, the problem
becomes ill-posed since the order of the differential equation is reduced, but the number
of boundary conditions remain the same. It is a well-known fact that the solution of
singularly perturbed boundary-value problem exhibits a multiscale character. That is,
there is a thin layer where the solution varies rapidly, while away from the layer the
solution behaves regularly and varies slowly. The study of singular perturbation prob-
lems (SPPs) is exceptionally useful because they describe the physics of many event of
academic and practical interest. This class of problems has recently gained importance
in the literature because of its application nature. These problems have been treated
numerically by means of exponential-fitting, adaptive meshes, and ideas based on the
method of matched asymptotic expansions. Due to this layer phenomena, it is a very
difficult and challenging task to provide e-uniform numerical methods for solving SPPs.
The term “c-uniform” is meant to identify those numerical methods in which the approx-
imate solution converges in some norm (preferably the supremum norm) independently
with respect to the parameter € to the corresponding exact solution of SPP.

It is well-known that uniform meshes with classical schemes fail to converge uniformly
with respect to the singular perturbation parameter. It is desired to develop methods
which converge uniformly. In this thesis we develop and analyze the e-uniform numer-
ical methods for solving singularly perturbed parabolic PDEs of convection-diffusion
and reaction-diffusion initial-boundary-value problems (IBVPs) on a nonuniform mesh,
which is obtained by equidistribution of a positive monitor function.

We begin the thesis with an introduction followed by a section describing the motiva-
tion. Then, we introduce the equidistribution principle, the terminology used throughout
the thesis. The monitor functions are introduced, further, the numerical algorithm for
generating adaptive nonuniform grids are given. Then, e-uniform numerical schemes
are developed for reaction-diffusion and convection-diffusion parabolic IBVPs exhibit-
ing parabolic and regular boundary layers. Numerical experiments are carried out to
validate theoretical error estimates. Convergence rates are calculated for the numerical
solutions and the flux for linear and semilinear parabolic PDEs. We, then extended the
method to wider class of problems of singularly perturbed parabolic convection-diffusion
and reaction-diffusion nature. Subsequently the numerical experiment results are pre-
sented to verify the theoretical results. Then, the analysis for singularly perturbed delay
parabolic reaction-diffusion and convection-diffusion are given using equidistribution and
the piecewise-uniform Shishkin mesh, respectively. We also compared the results pro-
duced in this thesis with the corresponding layer adapted nonuniform meshes like the
piecewise-uniform Shishkin mesh and the Bakhvalov mesh. Finally, we summarizes the
results obtained in this thesis. It also provides a few possible extensions of the adaptive
grid idea with the equidistribution techniques.
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NOMENCLATURE

BVP boundary-value problem

IBVP initial-boundary-value problem

PDE partial differential equation

SPP singular perturbation problem

R set of real numbers

€ singular perturbation parameter

T delay parameter

C generic positive constant independent of ¢
o(+) landau order symbol

N number of mesh-intervals in spatial direction
M number of mesh-intervals in time direction
T maximum time limit

T, T continuous and discrete spatial variables
t,t, continuous and discrete temporal variables
h, hi, B} mesh-sizes in spatial direction

At mesh-size in time direction

D bounded open subset in R x [0, 7]

D closure of D

|+ |loo.p OF || * [|oo standard supremum norm on D

Q open interval (0,1)

A time interval (0, 7]

G domain €2 x A

Ehi discretization of domain G

ek(D), e¥(D),e*ND), L function spaces

L. 2 L, L L L differential operators

LN, N N eN LN LN difference operators

O S P finite difference operators

eNAt NAL pNAL pNATL gNAL maximum point-wise errors

pNAt pNAL pNAL PN.AL GN.AL - pate of convergence

plAt RN.ALEN.AL maximum point-wise errors of normalized flux
gVt QN AL GhAt rate of convergence of normalized flux
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CHAPTER ]_

Introduction

1.1 Brief Background

Singular perturbation problems (SPPs) arise in many branches of mathematics like com-
putational fluid dynamics, financial modeling, heat transfer, hydrodynamics, chemical-
reactor theory, mathematical biology and its modeling, electrical engineering, semicon-
ductor device modeling and the convective heat transport problems with large Péclet
number. These types of problems are identified by partial differential equations in which
the highest order spatial derivative is multiplied by an arbitrarily small parameter €. The
perturbation is singular’ in the sense that, as e — 0, the problem becomes ill-posed since
the order of the differential equation is reduced, but the number of boundary conditions
remains the same. It is a well-known fact that the solution of SPP exhibits a multiscale
character. That is, there is a thin layer where the solution varies rapidly, while away
from the layer the solution behaves regularly and varies slowly. The study of singular
perturbation problems is exceptionally useful because they describe the physics of many
event of academic and practical interest. This class of problems has recently gained im-
portance in the literature because of its application nature. These problems have been
treated numerically by means of exponential-fitting, adaptive grids (meshes) and ideas
based on the method of matched asymptotic expansions. They occur frequently in many
areas of science and engineering, for example, the Navier-Stokes equation with a large
Reynolds number is one of the most striking examples of SPPs. For instance, consider

the unsteady incompressible viscous fluid flow problems governed by the Navier-Stokes
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equations:
0 1
a—‘;+u-Vu+Vp = R—V2u,
¢ (1.1.1)
V-u=0,

where p is the pressure and u = (ug, us) is the velocity field with the respective velocity
components ug, up along x and y directions. The parameter Re = |u|L/v is the Reynolds
number with L being the length scale and v the kinematic viscosity of the fluid. For suf-
ficiently large Re (> 1), the equations given in (1.1.1) will be considered as to singularly
perturbed PDE. Generally the solution exhibits layers at the boundaries and they can
be seen in experiments with flows. Especially for high Reynolds numbers, the treatment
of such phenomena is important, but complicated. Moreover, experiments can hardly
be conducted for high Reynolds numbers. Consequently, understanding the numerical
handling of boundary layers is important. The drift-diffusion equation describing the
flow of electrons through semi-conductor devices in electrical engineering is another sig-
nificant example to be noted. More applications of SPPs can be found in the book of
Morton [62].

The Navier-Stokes equations arise frequently in the modeling of physical processes.
These differential equations typically have a small parameter multiplying the highest-
order derivative, and their solutions have layers that is, they vary rapidly in some region
of small measure. The numerical solution of such problems is difficult; standard methods
that were originally devised for diffusion-dominated processes suffer reduced rates of
convergence when applied in a singularly perturbed situation. SPPs came into the
picture at the Third International Congress of Mathematicians in Heidelberg in 1904
through Prandtl’s seven-page report published in the proceedings [72]. He pioneered
the subject of boundary layer theory in his explanation of how a quantity as small as
the viscosity of common fluids such as water and air could nevertheless play a crucial
role in determining their flow. The term “singular perturbation” was first introduced
by Friedrichs and Wasow in their paper [25]. In general, the solutions of SPPs possess
boundary (or interior) layers which are basically thin regions in the neighborhood of the
boundary (or interior) of the domain, where the gradients of the solutions steepen as
the perturbation parameter € tends to zero. This characterizes the multi-scale nature
of the solution as they vary rapidly within the layer regions and behave regularly away
from the layer regions. Away from any corner of the domain a boundary layer of either
regular or parabolic type may occur. A boundary layer is said to be of parabolic type
if the characteristics of the reduced equation, corresponding to ¢ = 0 are parallel to the

boundary, and of regular type if these characteristics are not parallel to the boundary.
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Whereas, a boundary layer near a corner is said to be of corner type. The discussion
along with the diagram is given in the book of Farrell et al. [21].

Singular perturbation theory, the study of differential equations which are modified
by the addition of small coefficients multiplying the higher order derivative, is of im-
portance in many fields. It is strange that until the late 1930’s this type of problem
was almost completely ignored by mathematicians, although the phenomena met in the
boundary layer theory of fluid dynamics were known to be mathematically described
by such differential equations. Since then, the theory of singular perturbations has
grown into a substantial field of study, which has attracted numerous mathematicians.
It has been recognized that questions of this sort often have surprising and fascinating
mathematical answers and that singular perturbation phenomena explain more physical
phenomena than anybody would have foreseen forty years ago. In the past few decades,
various e—uniform numerical schemes are proposed in the literature for SPPs, for more
details, one can refer the books of Farrell et al. [21], Miller et al. [54] and Roos et al.
[78]. The numerical methods for SPPs are widely classified into two categories, namely,
the fitted operator methods (FOMs) and the fitted mesh methods (FMMs). In FOMs,
exponential fitting factors (artificial viscosity) will be used to control rapid growth or
decay of the numerical solution in the boundary layers. The extensions of FOMs to
higher-dimensional problems are too difficult and in some cases it may not be even pos-
sible. Whereas, FMMs use nonuniform grids, which will be fine (dense) in the boundary
layer regions and coarse outside the layer regions. The well-known layer resolving fitted
meshes are the Bakhvalov meshes [4], which will be obtained from some nonlinear mesh
generating function, the Shishkin meshes [54], which are piecewise-uniform and easy to
obtain. These two meshes will require apriori information about the location and width
of the boundary layers. The most general nonuniform meshes will be obtained from the
equidistribution of some monitor function, which involves the first or/and the second
derivatives of the solution of the SPPs and its linear combinations.

Over the last few decades, many e-uniform numerical methods including finite differ-
ence, finite element, finite volume, spline collocations methods etc. have been developed
by many researchers for singularly perturbed stationary and non-stationary problems.
The subject is now commonly a part of graduate curriculum in applied mathematics
and in many fields of engineering. Numerous good textbooks have appeared in this area
which either dealt with the asymptotic approach or with the numerical ones. Some of
the books dealt with both of these. The list is quite long but we mention a few of them.
One may refer to the books of Miller [57], Nayfeh [69], Lagerstrom [46], Doolan et al.
[19], Eckhaus [20], Morton [62], O’Malley and Robert [70, 71], Kevorkian and Cole [39],
Bush [11], Farrell et al. [21], Miller et al. [54], Ladyzenskaja [45], and Roos et al. [78].

Ph.D. Thesis 3
TH-1215_09612316



Chapter 1 1.1. Brief Background

For SPPs the aim is to cluster automatically the grid points within the boundary
layer and an obvious choice of adaptivity criterion is therefore the solution gradient,
for one-dimensional stationary problems, one can refer the articles of Mackenzie [52],
and Qiu et. al. [74]. Beckett and Mackenzie applied the adaptive meshes obtained
via equidistribution of a monitor function to one-dimensional linear reaction-diffusion in
[7] and convection-diffusion problems in [6]. For time-dependent problems, Adjerid and
Flaherty proposed a moving finite element method in [1]. Huang et. al. [32] obtained
nonuniform grids through mesh equidistribution principle for parabolic PDEs, here they
derived various moving mesh PDEs from the mesh equidistribution relation. Recently, in
[8], Beckett et. al. obtained the numerical solution of one-dimensional parabolic PDEs
on adaptive grids via grid equidistribution principle.

Kopteva and Stynes [44] considered semilinear reaction-diffusion two-point boundary-
value problem with a small parameter €. The authors analyzed the numerical computa-
tion of solutions with interior transition layer and proposed an artificial-diffusion stabi-
lization. Kopteva in [41] analyzed a singularly perturbed semilinear two-point boundary-
value problem and the problem is discretized on arbitrary nonuniform grids. The author
presents second-order maximum norm aposteriori error estimates that hold true uni-
formly with respect to the small parameter €. Moreover, the monitor function equidis-
tribution and aposteriori gird refinement are also discussed. The numerical solution
of a linear singularly perturbed reaction-diffusion two-point boundary-value problem is
considered in [42]. The method used the adaptive movement of a fixed number of grid
points by monitor-function equidistribution. A partly heuristic argument based on trun-
cation error analysis leads to several suitable monitor functions, but also shows that the
standard arc-length monitor function is unsuitable for this problem. An upwind finite
difference scheme is applied for a quasilinear conservative convection-diffusion two-point
boundary-value problem in [43]. The grid used has a fixed number (N+1) of nodes and is
initially uniform, but its nodes are moved adaptively using a simple algorithm of de Boor
based on equidistribution of the arc-length of the currently computed piecewise-linear
solution.

LinB et al. [51] developed a collocation method for singularly perturbed reaction-
diffusion BVP that uses quadratic C'-splines on a Shishkin-type grid. Although the
discrete operator is not inverse-monotone, it is nevertheless shown to be stable in the dis-
crete maximum norm. It is then proved that the discrete solution is almost second-order
convergent in L. [0, 1], uniformly with respect to the singular perturbation parameter e.
An aposteriori bound for the method on arbitrary grids are also derived, and this moti-
vates an adaptive algorithm for the solution of the boundary-value problem. Franz and

LinB [23] analyzed the superconvergence property of the Galerkin finite element method
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(FEM) for elliptic convection-diffusion problems with characteristic layers. This method
on the Shishkin grid is known to be almost first-order accurate (up to a logarithmic fac-
tor) in the energy norm induced by the bilinear form of the weak formulation, uniformly
in the perturbation parameter.

In [49], LinB considered the issue of efficiently computing solutions to a class of one-
dimension singularly perturbed reaction diffusion type. Convergence and stability for a
numerical scheme that is first-order in time and second-order in space is analyzed. Linf3
and Madden [50] analyzed the error of numerical approximations for a time-dependent
singularly perturbed reaction-diffusion equation. The underlying discretizations are cen-
tral difference in space and backward difference in time. By a discrete Green’s function
technique it is possible to analyze the approximation on the Shishkin and the Bakhvalov
grids within the same framework. Linf} [48] studied convergence properties of a finite ele-
ment method with lumping for the solution of a linear one-dimensional reaction-diffusion
problem on arbitrary grids. This type of problem possesses a solution which typically
has boundary layers of width O(eln1/e) at each end of the underlying interval. The
author gave a new derivation of the decomposition of the solution in the regular and
the singular components. Then he derived sufficient conditions for convergence of the
method in the L.,-norm, uniformly in the diffusion parameter. His analysis mainly
depends on bounds for the discrete Green function associated with the discretization.

Layered meshes may be used to improve the convergence of finite elements applied
to convection-diffusion equations when boundary layers are present. Roos and Schopf
[77] assessed the convergence properties of the Bakhvalov mesh layering technique. They
proved that the adaption techniques based on such meshes provide an almost optimal
convergence in a suitable scaled norm. In [76], Roos and Reibiger used two piecewise-
uniform Shishkin meshes for linear finite elements to generate approximations to the cou-
pled system of one-dimensional singularly perturbed differential equations. Parameter-
uniform energy norm estimates are established and numerical results are presented to
support the theoretical error bounds. Franz et al. [24] proposed and analyzed a special
instance of the two-scale finite element method, called the ”combination” method, for
the numerical approximation of a singularly perturbed convection-diffusion problem on
the unit square. The main feature of such a problem is that the exact solution contains
a regular part, and exponential and corner boundary layers whose width depends on
the diffusion coefficient ¢ (singular perturbation parameter). The main idea of the two-
scale finite element method is to use a coarse grid to approximate the low frequencies
and to use a suitable combination of univariate fine and coarse grids to approximate
the high frequencies. Using aprior: knowledge of the layer behavior of the solution,

the authors constructed the piecewise-uniform Shishkin meshes that allow them to re-
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solve the layer phenomena and yield uniform convergence of the scheme with respect
to e. Clavero et al. [18] presented a numerical method to solve a one-dimensional
time-dependent convection-diffusion problem with dominating convection term using
the classical implicit-Euler method for the time discretization and the simple upwind
scheme on the piecewise-uniform Shishkin mesh for the spatial discretization. It is also
shown that the resulting method is uniformly convergent with respect to the diffusion
parameter. In [16], Clavero et al. considered a two-dimensional linear scalar parabolic
initial-boundary-value problem in the unit square with the small parameter ¢ multiply-
ing the second-order derivative. They designed and analyzed a finite difference scheme
which is uniformly convergent with respect to the perturbation parameter.

Stynes and Roos [84] introduced a modified upwind scheme for a class of singularly
perturbed two-point boundary-value problems whose solution has a single boundary
layer. The scheme is analyzed on an arbitrary mesh as well as on the Shishkin mesh.
The method converges uniformly with respect to the singular perturbation parameter
e. The articles of Clavero et al. [14, 15] deals with the numerical approximation of
the solution of 1D parabolic singularly perturbed problems of reaction-diffusion and
convection-diffusion types, respectively. The numerical method combines the standard
implicit-Euler and the Crank-Nicolson method to discretize the time derivative and
a HODIE finite difference scheme, defined on a piecewise-uniform Shishkin mesh, to
discretize the spatial variable. In both the cases the authors proved that the numerical
method is uniformly convergent with respect to the singular perturbation parameter ¢.
Singularly perturbed parabolic convection-diffusion problem with a moving interior layer
is analyzed in [29, 30] where the coefficients are smooth, but the solution contains an
interior layer, generated from the fact that the initial condition contains is discontinuous.
Gracia and Clavero [28] constructed a set of positive type compact finite difference
schemes for a class of 2D reaction-diffusion singularly perturbed elliptic problems. The
set of schemes is proved to be able to provide better approximations than the classical
schemes when constructed on a piecewise-uniform mesh of Shishkin type. The set of
schemes is further proved to be third-order accurate in the maximum norm when the
singular perturbation parameter is sufficiently small.

Ansari and Hegarty [3] analyzed a one-dimensional steady-state convection domi-
nated convection-diffusion problem with Robin boundary conditions using an upwind
finite difference scheme on the Shishkin meshes and are uniformly convergent with re-
spect to the diffusion coefficient. Zhang [94] considers a singularly perturbed two-point
boundary-value problem of convection-diffusion type, and solved it approximately by
means of an hp finite element method. The mesh used is uniform and resembles a

Shishkin mesh except that the width of its fine-layer region is O(ep), where € is the dif-
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fusion coefficient. In [95] he analyzed the superconvergence of a bilinear finite element
scheme for a convection-dominated convection-diffusion problem in two-dimension. The
standard Galerkin approach is combined the Shishkin mesh. The author showed that this
superconvergence is uniformly valid with respect to the singular perturbation parameter
for the combined mesh considered in the model problem. The author also showed un-
der certain regularity assumptions the superconvergence in a discrete e-weighted energy
norm. And in [93] superconvergent approximations of singularly perturbed two-point
boundary-value problems of reaction-diffusion type and convection-diffusion type are
studied. By applying the standard finite element method of any fixed order p on a mod-
ified Shishkin mesh. Superconvergence of DG method for one-dimensional singularly
perturbed problems are studied in [90, 91]. Zhu et al. [96] applied the so-called Local
Discontinuous Galerkin (LDG) method for solving one-dimensional singularly perturbed
two-point boundary-value problems of convection-diffusion-reaction type. In order to nu-
merically solve the problem and to avoid non-physical oscillations in those regions where
layers occur, a numerical scheme on a layer adapted mesh of Shishkin type is proposed.
Specific choices for the Shishkin-type meshes are, respectively, selected for convection-
diffusion and reaction-diffusion problems by taking advantage of the regularity of the
exact solution. For these two cases, L?-error bounds are obtained and they are uniformly
valid regarding the singular perturbation parameter ¢.

Before concluding this section, let us cite some of the articles which dealt with the
e—uniform numerical methods for singularly perturbed parabolic PDEs: Stynes and
O’Riordan studied the IBVP by applying exponentially fitted difference scheme in [83],
Clavero et. al. proposed a uniformly convergent numerical scheme on Shishkin meshes
in [18]. Recently, Mukherjee and Natesan [63] developed higher-order numerical scheme
for the IBVP of parabolic type by using a hybrid scheme on the piecewise-uniform
Shishkin meshes; and in [66], they obtained higher-order convergence via Richardson
extrapolation technique. For parabolic convection-diffusion PDEs with discontinuous
coefficients, Mukherjee and Natesan proposed an e-uniform hybrid scheme in [64], and
obtained optimal error estimates for Shishkin type meshes in [65].

Before proceeding to the next section, a concise literature survey of numerical meth-
ods concerning general PDEs are presented here. As the model problems considered
in the thesis are mainly parabolic PDEs, many applied mathematicians and engineers
showed their interest to devise various numerical techniques for solving these parabolic
PDEs; the information regrading these numerical methods can be obtained from the
standard text books [61, 81, 36]. One may refer to the books of Thomée [85], Solin [82],
Brenner and Scott [9], Ciarlet and Lions [13] and Quarteroni et al. [75] and the papers
of Wade [40, 86, 88, 87] to gain further theoretical knowledge of finite difference and
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finite element methods associated with PDEs of parabolic and elliptic nature.

1.2 Objective and Motivation

The main objective of the thesis is to develop, analyze and optimize e-uniform numerical
methods based on nonuniform meshes for singularly perturbed convection-diffusion and
reaction-diffusion parabolic PDEs. The nonuniform meshes are obtained by equidis-
tributing a predefined positive monitor function. A brief survey of the literature il-
lustrating motivation behind the present work, carried out in the thesis, is presented
below:

Many areas of science and engineering produce difficult mathematical problems, i.e.
problems that cannot be solved in any conventional sense. In many cases, against all the
apparent odds, it is possible to construct systematic approximations that lead to useful
solutions. The most powerful of these approximation techniques is singular perturbation
theory. It is well-known that the classical finite difference schemes on uniform meshes fail
to converge uniformly with respect to the singular perturbation parameter. It is desirable
to develop methods which converges uniformly. In this thesis we develop and analyze
the e-uniform numerical methods for solving singularly perturbed parabolic convection-
diffusion and reaction-diffusion initial-boundary-value problems (IBVPs) on nonuniform
meshes, which are obtained by equidistribution of a positive monitor function.

The piecewise-uniform Shishkin mesh is a union of finite number of uniform meshes in
which the mesh-sizes are different inside and outside the layer regions. These piecewise-
uniform fitted meshes were first introduced by Shishkin in the year 1989 [80, 53]. Prac-
tically, the fitted mesh methods are recommended whenever possible, because of their
simpler implementation than the fitted operator methods. Moreover, the fitted mesh
methods have the extra advantage that they can be easily extended to higher dimen-
sional problems and to nonlinear problems. The above two approaches are based on the
apriori knowledge of the solution before solving the original problem which is not always
available. For solving SPPs, the aim is to cluster automatically the grid points within
the boundary layer. A commonly used technique for determining the grid points that
they equidistribute a positive function of the solution over the domain. The positive
function is known as monitor function and has to be approximated from the numerical
solution of the original problem. The adaptive grid approach has the advantage that
it can be applied using little or no apriori information about the width and the loca-
tion of the boundary layer. The monitor function automatically detects the presence of
the boundary layers together with their location and width and distributes mesh points

accordingly if layers are of different thickness. The purpose of the monitor function is
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to generate a grid which is adapted to the features of the solution. There are many
influences on the choice of the monitor functions, including, the type of the problem to
be solved, the choice of norm for error management and numerical discretization to be
used. In this thesis we primarily use monitor function which is a linear combination
of second-order derivative of the singular component of the solution and its total mea-
sure. This equidistributed grid is exponentially stretched within the boundary layers
and therefore, responsible for an improved rate of convergence compared to the related
piecewise-uniform Shishkin mesh. Hence, for solving singular perturbation problems,
an obvious choice of adaptive criterion is therefore the solution gradient. Now-a-days,
these adaptive grid methods are established as a valuable computational technique in
approximating effectively the solutions of problems with boundary (or interior) layers.

Here, we cite some of the articles which dealt with the e-uniform numerical methods
for singularly perturbed problems using equidistribution adaptive meshes. White [89]
in 1979 developed a general theory for calculating equidistributing meshes for differ-
ence methods for boundary-value problems of a standard form. It is shown that the
original problem and the equidistribution constraints on the mesh can be replaced by
a transformed boundary-value problem on a uniform mesh. Existence, uniqueness, and
convergence of Newton’s method for the discrete solution and the equidistributing mesh
are proved. Equidistribution of arc-length is given for boundary layer problems. A com-
monly used algorithm for generating adaptive meshes for a given adaptation function
in one-dimension is due to de Boor [92]. In its original form the algorithm produces
a sequence of meshes upon using piecewise-constant interpolation for the adaptation
function on the current mesh and generating a new mesh that exactly equidistributes
the interpolant.

Qiu et al. [74] considered the singularly perturbed two-point boundary-value prob-
lem. The discrete solutions are generated by an upwind finite difference scheme and
the grid is formed by equidistributing a monitor function based on the arc-length. The
objective of this work is to analyze the convergence of the adaptive finite difference so-
lution of the problem. An error analysis shows that the discrete solutions are uniformly
convergent in €. The numerical solution obtained by using an upwind difference scheme
with an uneven grid generated by equidistributing the arc-length monitor function. The
analysis deals with only semi-discretization of the adaptive method, 7.e. the exact so-
lution is used to generate the mesh. Qiu and Solan [73] used adaptive mesh for SPP,
the mesh is designed to equidistribute some monitoring function. For the actual anal-
ysis the monitor function is computed from an explicit solution, but it is argued that
a fully discrete implementation computing the mesh along with the solution will give

similar results. Here, instead of the arc-length monitor function the monitor function
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M (u(z),z) = [u'(x)]"/™ for some integer m is used, and e-uniform convergence of orders
one and two is proved in the maximum norm for an upwind scheme and for a fitted
symmetric scheme, respectively.

Chen [12] improved the above error bound to the optimal order which is indepen-
dent of the perturbation parameter. The main ingredient used to obtain the improved
result is the theory of the discrete Green’s function. In [47], Linf studied the appli-
cation of a simple upwind finite difference scheme to singularly perturbed quasilinear
two-point boundary-value problems. Moreover, adaptive meshes obtained by requiring
grid equidistribution of suitable monitor functions are used with the difference scheme.
Sufficient conditions on the monitor function are derived that are independent of the
perturbation parameter and guarantee uniform convergence in the discrete maximum
norm. Recently, in [92], a proof for the existence of a limit mesh and convergence of
de Boors algorithm are given. Numerical results are given to illustrate the theoretical
findings, and stopping criteria necessary for the implementation of the algorithm are
examined. In [52], Mackenzie analyzed an upwind finite-difference approximation for a
convection-diffusion boundary-value problem using adaptive grid. The adaptive grid is
constructed by equidistribution of the power of the gradient of the solution of a constant
coefficient problem. The use of equidistribution principle appears in many grid adaption
schemes and the analysis indicates the convergence behavior of such grids. Mohapatra
and Natesan [59, 60] used grid equidistribution algorithm, based on discretizing the arc-
length monitor function for solving singularly perturbed boundary-value problems. The
performance of upwinding on this grid is compared with the performance of upwinding
on a standard piecewise-uniform Shishkin mesh.

For SPPs the aim is to cluster automatically the grid points within the boundary layer
and an obvious choice of adaptivity criterion is therefore the solution gradient, for one-
dimensional stationary problems one can refer the articles of Mackenzie [52], and Qiu et
al. [74]. Beckett and Mackenzie applied the adaptive mesh obtained via equidistribution
of a monitor function to one-dimensional linear reaction-diffusion problem in [7] and
convection-diffusion problem in [6]. For time-dependent SPPs, Adjerid and Flaherty
proposed a moving finite element method in [1]. Huang et al. [32] obtained nonuniform
grids through mesh equidistribution principle for parabolic PDEs, here they derived
various moving mesh PDEs from the mesh equidistribution relation. Recently, in [8],
Beckett et al. obtained the numerical solution of one-dimensional parabolic PDEs on
adaptive grids via mesh equidistribution principle. One can get more information on
adaptive mesh and equidistribution of a monitor function in the thesis of Beckett [5].

An alternative dynamic methods often called moving mesh methods, for these type

of problems a mesh equation that involves node speeds is employed to move a mesh
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having a fixed number of nodes in such a way that the nodes remain concentrated
in regions of rapid variation of the solution. The key to the success of moving mesh
methods lies in a suitable choice of a monitor function. the monitor function controls
mesh concentration through the equidistribution principle and measures the difficulty in
the spatial numerical approximation of the underlying problem. Several moving mesh
partial differential equations (MMPDES) based on the equidistribution principle are
derived and studied both theoretically and numerically. Some of these MMPDES are
developed in the work of Huang and Russell [35, 34], Huang et al. [33, 32] and Mulholland
et al. [67]. Adaptivity with moving mesh and moving finite element methods (MFEM)
can be found [10] and [56], respectively.

We begin the thesis by introducing the equidistribution principle, the terminology
used throughout the thesis. The monitor functions are introduced further and numerical
algorithms for generating adaptive nonuniform grids are given. Then, e-uniform numeri-
cal schemes are developed for reaction-diffusion and convection-diffusion parabolic IBVP
exhibiting a regular boundary layer. Numerical experiments are carried out to validate
the theoretical results. Convergence rates are calculated for the numerical solutions
and the flux for linear and semilinear parabolic PDEs. We, then extended the method
to a wider class of problems of singularly perturbed parabolic convection-diffusion and
reaction-diffusion nature. Subsequently the numerical experiment results are presented
to verify the theoretical findings. Then, the analysis for singularly perturbed delay
parabolic reaction-diffusion and convection-diffusion are given using the equidistribu-
tion mesh and the piecewise-uniform Shishkin mesh, respectively. We also compared
results produced in this thesis with the corresponding layer adapted nonuniform meshes
like the piecewise-uniform Shishkin mesh and the Bakhvalov mesh. Finally, we summa-
rize the results obtained in this thesis. It also provides a few possible extensions of the

adaptive grid idea with the equidistribution techniques.

1.3 Some Notations and Terminology

In this section, we introduce notations and terminology which will be used throughout
the thesis. For small values of the parameter £ boundary layer may appear that give
rise to difficulties when classical discretization methods are applied on uniform mesh.
Moreover, the error in the approximate solution depends on the variable . An adapted
placement of the nodes is needed to ensure that the error is independent of the parameter
value and depends only on the number of nodes in the mesh. The discretization with this

properties is called e-uniform numerical method. It can be defined formally as follows
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Definition 1.3.1. e-Uniform Numerical Method Consider (P:) be a family of singu-
larly perturbed parabolic PDEs parameterized by a singular parameter £, where € satisfies
0 <e < 1. Assume that each problem in (P:) has a unique solution denoted by u., and
that each u. is approximated by sequence of numerical solutions {(Ua,éN’At)} obtained
by using a monotone numerical method (PNAY), where U, is defined on the mesh oA
and; N and At are discretization parameters. Let U, denote the piecewise-linear inter-
polation over e of the discrete solution U.. Then U, is said to converge e-uniformly

to the exact solution u., if there exists positive integers Ny, My and positive numbers C,
p and q, such that for all N > Ny and M > My, where M =T /At, we have
sup HUE — UEHOO <C (Atp + N’q) ,
0<exl

where No, My, C, p and q are all independent of ¢.

Here p and q are called the e-uniform order of convergence of the temporal and the

spatial variables, respectively, and C' is called the e-uniform error constant.

Definition 1.3.2. Let D be a bounded open subset in R x [0, T]. For any non-negative
integer k, we denote by C8(D) the space of all functions whose derivatives up-to order k
are continuous on D. Suppose that X € (0,1). Then a function g(z,t) defined on D is

said to be Holder continuous in D with exponent X, if and only if

lg(z, 1) = g(=',1)]
sup
(I7t)7(x’,t/)eD ((l’ _ x/)Z + |t B t/l)

X2

An equivalent definition is used by Ladyzenskaja et al. [45]. We denote the set of
Holder continuous functions in D with exponent A by €*(D). For each integer k > 1,
we define the parabolic Holder space €*™(D) as

oiti
ek N(D) = {g : axiafj € (D) for all non-negative integers i, j with 0 <i +2j < k:}

Note that for each integer k& > 0, any function g € €¥**(D) is uniformly continuous
in D and admits a unique continuous extension on D. This allows us to speak about
values on D = D\D of a function g € ¢***(D) and without ambiguity one can write
GIH)‘(D) — €k+)‘(ﬁ).

In the analysis, we use the standard supremum norm H . Hoo » Which is defined by

9]l cp = sup gz, t)].
(z,t)eD

It is a convention that when the domain is obvious, or of no particular significance, D

is omitted.
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Chapter 1 1.3. Some Notations and Terminology

Throughout the thesis, C' denotes a generic positive constant that is independent of
the perturbation parameter €, N and M (number of mesh-intervals in the spatial and
the temporal directions, respectively) and the mesh sizes. Note that the constant C' may
take different values in different places.

In the analysis, it is frequently assumed that ¢ < N~!, which is the case of actual
interest from the practical point of view. If ¢ > N~!, then in practice the model problems
considered in the thesis are not difficult to solve computationally. So the assumption is
not restrictive. It can also be replaced by the hypothesis that ¢ < Co N~ for some fixed
constant Cy without altering the results obtained in the thesis.

We now define the following standard finite difference operators which will be used
for describing the difference schemes (particularly, for the discretization of the one-
dimensional parabolic IBVPs) in the subsequent chapters.

On the time domain [0,T], we introduce the equidistant meshes with uniform time
step At such that

A ={t, =nAt, n=0,...,M, At =T/M},

where M denotes the number of mesh intervals in the ¢-direction.

We consider the finite difference approximation on a nonuniform spatial discretization

552{02$0<$1<"'<$N21},

and denote the spatial step sizes by
hl':.%'i—l'i,l, 221,,]\7

For a given mesh function v(x;,t,) = vl*, define the forward and backward differences

dF, 0, in space by

pn o — o — ™
i+1 7 - n __ "t i—1

—_ R

T 1 h )
2

respectively, the second-order finite difference operator 62 as

+,mn
5zvz'_

Tt

hz‘ + hz‘+1

)

and define the backward difference operator ¢; in time by
n n—1
yyA—
ot = +——>—
i At
Definition 1.3.3. A matrizr A = (a;;) € R** is an M-matriz if A is nonsingular,
At >0anda;; <0, foralli#j, 1 <i,j<k.

Ph.D. Thesis 13
TH-1215_09612316



Chapter 1 1.3. Some Notations and Terminology

Finally, this section is concluded by introducing Landau’s order symbol O (big-
oh) to be used throughout the thesis. Let f(¢) and g(¢) be two real-valued functions,
where 0 < e < g9 K 1.

Definition 1.3.4. The expression f(g) = O(g(e)) as e — 0 means that there exist some
constants C > 0, g such that in (0, &),

|f(e)| < Clg(e)] ase—o0.

1.3.1 Ideas of mesh-construction

Let us consider the linear convection-diffusion two-point boundary value ordinary dif-

ferential equation
—eu” (x) — b(x)u/(z) + c(z)u(z) = f(z), =€ Q:=(0,1), (1.3.1)

with the boundary conditions

u(0) =0 =u(l).

We assume that the functions b(x), ¢(z) and f(x) are continuous. The parameter €
satisfies 0 < ¢ < 1 and b(z) > > 0. The boundary value problem (1.3.1) has a unique
solution that typically has an exponential boundary later at * = 0 which behaves like
exp (—fz/e). Using (1.3.1) as a model problem we now review some standard mesh-

construction ideas.

1.3.2 The Shishkin mesh

Here, we report the piecewise-uniform Shishkin mesh, a frequently-studied simple mesh,
for the spatial discretization of the domain 2 for the problem (1.3.1). Let N > 4 be an
even positive integer. To define the piecewise-uniform Shishkin mesh, the domain € is
divided into two subintervals [0, 7] and [7, 1] and on each subinterval a uniform mesh with
N/2 mesh-intervals is placed such that ﬁiv = {0=a0,21,...,2n2 = T,...,xny = 1}.
Here, the transition point 7, which separates the coarse and fine portions of the mesh,

is obtained by taking
1
T:min{é,ToslnN}, (1.3.2)

where 7; is a positive constant. Typically the parameter 75 will be chosen sufficiently
large to accommodate the error analysis.

Let the mesh widths in space be denoted by

hl‘:ZL'Z‘—fEZ‘_l, izl,...,N, Ei:hi+hi+1, Z:]_,,N—]_

Ph.D. Thesis 14
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Chapter 1 1.3. Some Notations and Terminology

Further, let h = 27/N and H = 2(1 — 7)/N be the mesh widths in [0, 7] and [, 1]

respectively. Then, it is easy to see that
h =2mneN'InN, N*'<H<2N L

The above outlines can be modified appropriates to apply for various problems, in par-
ticular problems with layer(s) on the right-hand side and both sides. From these con-

siderations a typical convergence result for simple upwinding of the problem (1.3.1) on
the Shishkin mesh is
| = Ullooo < CN"'In N,

where u and U are the exact and the computational solution of the problem (1.3.1),

respectively.

1.3.3 The Bakhvalov mesh

This section describes the Bakhvalov mesh for the spatial discretization of the domain
Q. Before presenting the Bakhvalov mesh ideas we recall a basic concept for describing

layer-adapted meshes, mesh generating function.

Definition 1.3.5. (Mesh generating function) A strictly monotone function ¢ :
[0,1] — [0, 1] that maps a uniform mesh in & onto a layer-adapted mesh in x by x = ¢(&)

is called a mesh generating function.

The mesh generation function for the Bakhvalov mesh is

N, { Y(€) = —Aeln(1-¢/q)  for £ € [0,7],
m(€) = Y(r) + (1) (€ —7) for & € [r,1),

for the problem (1.3.1). Here A and ¢ are user-chosen positive parameters and the point
T satisfies
(r) + V() (1 —7)=1. (1.3.3)

Geometrically this means that (7,7(7)) is the contact point of the tangent 7 to
that passes through the point (1,1). The nonlinear equation (1.3.3) has to be solved
approximately to define the Bakhvalov mesh. If the boundary layer is at x = 1, we
redefine ¢ by means of ¢(¢) :==1— ¢(1 —&).

The Bakhvalov meshes give numerical results that are superior to those obtained by
the Shishkin meshes:

Hu - U”OO,Q < CN?la

for the problem (1.3.1) with simple upwind scheme and; v and U are the exact and the

computational solution of the problem (1.3.1), respectively.
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Chapter 1 1.4. Model Problems

1.3.4 Adaptive spatial meshes via equidistribution

Since the solution of the problem (1.3.1) exhibits a boundary layer, one has to use a layer-

adapted nonuniform spatial meshes, which are dense inside the boundary layer region

and coarse in the outer region. To obtain such a mesh, the idea of equidistribution of a
. . i . . =N

positive monitor function given in (1.3.5) are used. A mesh Q, =y < z; < -+ < xy

is said to be equidistributing u(z), if

Z; Ti+4+1
/ M(u(s),s)ds = M(u(s),s)ds, fori=1,...,N —1, (1.3.4)
where M (u(z),z) is a strictly positive, L;-integrable function. Here, we consider the

monitor function
M(u(z),2) = ap + |w"(z)|Y™, m > 2, (1.3.5)

where «a. is a positive constant that is independent of N and w(z) is the singular com-

ponent of u(z). We take
1
a, = / lw” (s)|™ds. (1.3.6)
0

The selection of this a, will help to equally distribute the number mesh points inside and
outside the boundary layer region. The effect of increasing m is to smoothen the monitor
function, which in turn leads to a smoother distribution of the mesh points. From [6],
we clearly notice the influence of the parameter m. For the following convergence result
we assume that the mesh satisfies equidistribution principle given in (1.3.4).

From these considerations a convergence result for simple upwinding on equidistri-

bution mesh is
[ = Ullooo < CN7H,

where v and U are the exact and the computational solution of the problem (1.3.1),

respectively.

1.4 Model Problems

The following types of model problems are considered in the thesis and their concise

descriptions are given below
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Chapter 1 1.4. Model Problems

1.4.1 Singularly perturbed parabolic reaction-diffusion prob-
lem

Consider the singularly perturbed parabolic initial-boundary-value problem (IBVP)
[ wilw,t) + Lol ) = f(@,0),  (0,1) € G = (0,1) x (0,7

u(z,0) =s(x), on S, ={(z,0):0<z <1},

(1.4.1)
uw(0,t) = ap(t), on Sy ={(0,t):0<t<T},
\ u(l,t) =ai(t), on S ={(1,t):0<t<T},
where L.u = —euy, + b(z)u, 0 < e < 1 is a small parameter, and b, f are sufficiently

smooth functions with b(z) > 3 > 0 for z € [0, 1].

1.4.2 Singularly perturbed parabolic convection-diffusion
problem

Here, we consider the following singularly perturbed parabolic initial-boundary-value
problem (IBVP):

( u(z,t) + Lou(z,t) = f(z,t), (2,t) e G=Qx(0,7]=(0,1) x (0,77,

u(z,0) = ug(x), =€, (1.4.2)

u(0,t) =u(l,t) =0, te(0,7T],

\

where Zu = —etg,+a(z)u, +b(z)u, 0 < € < 11is a small parameter and the coefficients
a, b are sufficiently smooth functions such that a(z) > a > 0, b(x) > 3 > 0on Q = [0,1].

1.4.3 Semilinear singular perturbation parabolic problem

Here, we consider the following semilinear singular perturbation parabolic PDE of the

form

Up — EUgy + a(x)u, = bz, t,u), (z,t) € G=Qx(0,T]=(0,1) x (0,7},

u(z,0) = ug(x), =z €, (1.4.3)
uw(0,t) =u(l,t) =0, te(0,7T],

where ¢ is the small positive parameter. Under sufficient smoothness and compatibility
conditions imposed on the functions a(x), b(x,t,u) and ug(z) the parabolic problem

(1.4.3) in general admits a unique solution w(z,t) which exhibits a boundary layer.
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To solve (1.4.3), we use the Newton linearization process and obtain the sequence
u™}, for the initial guess u® satisfying the initial and boundary conditions of the prob-
g ying y

lem.

1.4.4 Singularly perturbed delay parabolic reaction-diffusion
problem

Let Q@ = (0,1), G = (0,1) x (0,7], and I' = I UT', U T, where I'; and I, are the left
and right sides of the rectangular G corresponding to z = 0 and 1, respectively, and
Pb = [O, 1] X [—7’, O]

! (% - EE) u(z,t) = —b(z, u(z,t —7) + f(z,t), (2,t) €G,

u(:p,t) F ¢b(xat)> (:L‘7t) =TI,

(1.4.4)
w(0,t) = ¢(t), onIy={(0,t):0<t<T},
u(l,t) = ¢.(t), onl, ={(0,t):0<t<T},
where Lou(z,t) = —cug(x,t) + a(z)u(z,t), 0 < ¢ < 1 and 7 > 0 are given con-

stants, a(), bz, 1), f(z,1), (2,1) € G, and @u(t), B(t), Gu(e,1), (z,) € T, are suffi-
ciently smooth and bounded functions that satisfy a(z) > 0, b(x,t) > 8> 0, (x,t) € G.
The terminal time 7' is assumed to satisfy the condition T" = k7 for some positive integer
k.

1.4.5 Singularly perturbed delay parabolic convection-
diffusion problem

Let @ = (0,1), G = (0,1) x (0,7], and I' = I UT', U T, where I'; and I, are the left
and right sides of the rectangular G corresponding to = 0 and 1, respectively, and
Iy = [O, 1] X [—7’, O]

ot
u(x, t) = ¢b($>t)’ (l‘, t) =T,

uw(0,t) = ¢i(t), onl;={(0,t):0<t<T},

( (2 +1L5) u(z,t) = —b(z, tyu(z,t —7) + f(x,t), (z,t) € G,

(1.4.5)

u(l,t) = ¢.(t), onT,={(1,t):0<t<T},

where Lou(z,t) = —eug, (2, t)+c(z)uy(x, t)+a(z, t)u(z,t),0 < e < 1and 7 > 0 are given
constants, a(z, 1), b(x,1), f(z,1), c(a), (5,1) € G, and Gi(t), b,(1), dulir,1), (&,) € T,
are sufficiently smooth and bounded functions, satisfies a(x,t) > 0, b(x,t) > 3 >
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0, c(z)>a>0 (x,t) € G. The terminal time T is assumed to satisfy the condition

T = k7 for some positive integer k.

1.5 General Outline of the Thesis

In this thesis, we develop e-uniform numerical methods for various singularly perturbed
parabolic partial differential equations using adaptive meshes. First, we consider the sin-
gularly perturbed reaction-diffusion problems. Here, we use the backward-Euler scheme
for the time derivative on uniform mesh and central difference scheme for the spatial
derivative on adaptive spatial mesh to solve the problem. The adaptive spatial meshes
are generated by using the equidistribution principle. We also derive second-order con-
vergence in the maximum norm in the space and first-order in the time. Numerical
experiments are conducted. The numerically results are coincides with the theoretical
bound.

Then, convection-diffusion parabolic problems are analyzed. It is well-known that
the classical second-order schemes introduce non-physical oscillation in the calculated
solution when applied on uniform meshes. The same is true for finite element method
with continuous piecewise-linear basis functions on uniform mesh. To overcome such
difficulties we need to restrict to lower-order upwind schemes. Although the upwind
schemes are of first-order, they are stable schemes. Then, we develop adaptive mesh
for the problem using equidistribution principle by the help of a monitor function. The
monitor is a linear combination of second-order partial derivative of the singular com-
ponent of the solution and its total measure. The monitor functions have been analyzed
for singular perturbed ordinary differential equation by Beckett and Mackenzie [6, 7].
As the solution of the IBVP (2.1.1) exhibits an exponential layer only in the spatial
variable, for that reason we used nonuniform meshes only in the spatial direction. The
adaptive meshes are obtained as like in the stationary one-dimensional problem. Uni-
form meshes are used for the temporal direction. More precisely, at a fixed time level,
we obtain the nonuniform adaptive mesh by solving the mesh equidistribution relation,
and we use this mesh for all time levels. Therefore, obtaining the adaptive mesh by the
present method is very economy. e—uniform error estimates of order O(N~! + At) are
derived in the maximum norm for the numerical solution, where /N is number of intervals
in the space and At is the discretization parameter in the time. Numerical experiments
reveal the fact of e—uniform first-order convergence of the scheme. Also, we apply the
moving mesh method for the convection-diffusion and reaction-diffusion problems. It is
computationally costlier than the above method but it gives the flexibility of applying

to a wide range of problems. Particularly, the moving mesh method works well for the
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problem with moving layers than its counterpart of parabolic boundary layers.

Next, we consider the singularly perturbed delay parabolic problems. In these prob-
lems, in addition to the source term there will be a delay term. We permit delay only in
the time because it is a physically relevant to consider. These problems are solved using
adaptive grids and e-uniform numerical methods. Numerical experiments are carried
out to show the convergence rate. The thesis consists of seven chapters and is organized
as follows:

In Chapter 2, a parameter uniform numerical method are developed for singularly
perturbed parabolic reaction-diffusion PDEs of the form (1.4.1) using the equidistribu-
tion principle. The method converges second-order in the space and first-order in the
time irrespective of the singular perturbation parameter. Numerical experiments are
carried to validate the theoretical error estimates.

Chapter 3 presents the analysis for singularly perturbed parabolic convection-
diffusion PDEs of the type (1.4.2) using equidistribution principle. The methods con-
verges first-order e-uniformly in the space as well as in the time. The numerical results
reveal the theoretical finding. We also carried out numerical experiment for semilinear
convection-diffusion singularly perturbed parabolic PDEs.

Chapter 4 is concerned with the construction of e-uniform numerical method for
singularly perturbed parabolic reaction-diffusion PDEs of the type (1.4.1). Here, the
equidistribution grids are obtained on every time level using the equidistribution prin-
ciple. The method converges second-order in the space and first-order in the time irre-
spective of the singular perturbation parameter. Numerical experiments are carried to
validate the theoretical error estimates.

Chapter 5 is devoted for singularly perturbed parabolic convection-diffusion PDEs
of the form (1.4.2). Here, the equidistribution grids are obtained on every time level
using the equidistribution principle. The methods converges first-order e-uniformly in
the space as well as in the time. The numerical results carried out to validate theoretical
error estimates. We also carried out numerical experiment for semilinear convection-
diffusion singularly perturbed parabolic PDEs.

Parameter uniform method for singularly perturbed delay parabolic reaction-
diffusion problems of the form (1.4.4) are derived in Chapter 6. Here, we used adaptive
grids which are obtained using the equidistribution principle. The method converges
uniformly second-order in the space and first-order in the time irrespective of the singu-
lar perturbation parameter and the delay term. Numerical experiments are carried to
validate the theoretical results.

Chapter 7 addresses the derivation of uniform numerical methods for singularly

perturbed delay parabolic PDEs of the type (1.4.5). The piecewise-uniform Shishkin

Ph.D. Thesis 20
TH-1215_09612316



Chapter 1 1.5. General Outline of the Thesis

meshes are used for resolving the boundary layer. The above method converges uniformly
first-order in the time and first-order up-to logarithmic in the space. Numerical results
are given to validate the theoretical error estimates.

In Chapter 8, we provided the summary of the results highlighting the contribution
made by this thesis and future scope in this direction.

Extensive numerical experiments are conducted to support the theoretical results
and also to demonstrate the accuracy of the numerical methods. The corresponding
numerical results are presented at the end of each chapter of the thesis. For clarity
of the presentation, we have repeatedly described the model problems with suitable

information on the given data at the beginning of the subsequent chapters.
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CHAPTER 2

Robust Numerical Scheme for Singularly Perturbed
Parabolic Reaction-Diffusion Problems on
Equidistributed Grid

In this chapter, we propose a parameter-uniform computational technique to solve sin-
gularly perturbed parabolic initial-boundary-value problems exhibiting parabolic layers.
The domain is discretized with a uniform mesh on the time direction and a nonuniform
mesh obtained via equidistribution of a monitor function for the spatial variable. The
numerical scheme consists of the implicit-Euler scheme for the time derivative and the
classical central difference scheme for the spatial derivative. Truncation error and sta-
bility analysis are carried out. Error estimates are derived, and numerical examples are

presented.

2.1 Introduction

Consider the singularly perturbed parabolic initial-boundary-value problem (IBVP)
in the domain G = (0,1) x (0,7]:

(

ur(z,t) + Lou(w,t) = f(x,t), (2,t) €G,

u(@,0) = s(z), on S, ={(z,0):0<x <1},
I3
I3

(2.1.1)
u(0,t) = ag(t), on Sop={(0,t):0<t<

u(l,t) =ay(t), on Sy ={(1,t):0<t<

where

Lou(z,t) = —eugy(x,t) + b(x)u(x,t),

0 < e < 1is a small parameter, and b, f are sufficiently smooth functions with b(z) >

B >0o0on0 <z <1. Then the required compatibility conditions at the two corners of
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the domain G are

s(0) = ap(0), s(1) =ay(0) (2.1.2)
and 25(0) dag (0)
—e 2 4 b(0)s(0) + b(0) == = £(0,0),
d2:(1> 2ax(0) (2.1.3)
e +b(1)s(1) + b(1) e f(1,0).

The functions s, ag and a; are sufficiently smooth for the equations (2.1.2) and (2.1.3)
to make sense, namely s € €%(S,), ap € €'(Sy) and a; € €'(S;). Under the mentioned
continuity and compatibility conditions on the data, the IBVP (2.1.1) has a unique
solution u(z,t). Boundary layers occur in the solution when € — 0. These boundary
layers are neighbors of the boundaries of the domain, where the solution varies rapidly,
while away from the layers the solution changes slowly, and smoothly.

Here, the main goal is to provide an e-uniform method for the IBVP (2.1.1) with
an adaptive mesh. We obtain the adaptive mesh through the idea of equidistribution of
the singular component w(x,t) at some fixed time Tp, 0 < Ty < T', because the problem
(2.1.1) exhibits boundary layers along the boundary = 0 and « = 1 which do not have
any effect on time. In this method, the time derivative is replaced by the backward-
Euler scheme, and the spatial derivative is replaced by the central difference scheme. The
proposed scheme is parameter-uniform convergent of order O(At + N~2). Truncation
errors are derived, stability analysis is carried out; and e-uniform error estimates are
obtained.

We organize the rest of the chapter as follows: In Section 2.2, we provide aprior:
bounds on the derivatives of the analytical solution via decomposition. Section 2.3 in-
troduces the finite difference scheme and also adaptive spatial mesh via equidistribution
principle. Moreover, we present the detailed numerical algorithm in Section 2.3.3. After-
wards, we carry out the error analysis for the difference scheme in Section 2.4 and prove
the main theoretical error estimates, i.e., the e-uniform optimal error bounds of the
difference scheme on the adaptive mesh. Section 2.5 describes application of the present
method for semilinear singularly perturbed parabolic PDEs. In Section 2.6, we present
the numerical results for two linear parabolic PDEs and a semilinear problem to validate

the theoretical results. Finally in Section 2.7, we summarize the main conclusions.

2.2 Analytical Behavior of the Solution

In this section, we present some bounds for the analytical solution u(z,t) of (2.1.1) and

its derivatives. The proof of the theorems can be found in the article [55].
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Theorem 2.2.1. Assume that the coefficients of the parabolic PDE, and the initial and
boundary conditions given in (2.1.1) are sufficiently smooth, and satisfy the necessary
compatibility conditions stated in (2.1.2) and (2.1.3). Then, the IBVP (2.1.1) has a
unique solution u(x,t) € ¢**(G). Furthermore, the derivatives of the solution u satisfy,

for all non-negative integers i, j, such that 0 <1+ 25 <4,

i

Proof. Refer [55] for the detailed proof. =

We shall decompose the solution v as v = v + w, where v, w are respectively the

Ity
Ozt ot?

< Ce72, (2.2.1)

o0

regular and the singular components. The regular part is further decomposed into

v = vy + €v1, where
(Uo)t(l',t) i b(x)UO(xat) = f(l',t), (.’L’,t) = Ga
vo(x,0) = s(x), on S,

and
82 Vo

(004, 8) + Len(a,t) = 53,

(z,t) € G,

v1(z,0) =0, on S,
Ul(o, t) — O, Ul(l,t) = O, on So, Sl.
Thus, v satisfies the following IBVP

Ut(xat) + L€U<x7t) = f(l’,t), (l’,t) = G:
v(z,0) = s(z), on S,
v(0,t) = vo(0,t), wv(1,t) =wo(1,t), on Sp,S.

The singular component w is the solution of the IBVP

wy(x,t) + Lew(z,t) =0, (z,t) € G,
w(z,0) =0, on S,
w(0,t) = ap(t) —vo(0,t), w(l,t) =ai(t) —vo(l,t), on Sy, 5.

Further, we decompose the singular component w into the left and the right components

as w = wy + w,, where w, and w, respectively, satisfy the following problems:

(we)i(w,t) + Lewe(x,t) =0, (,1) € G,
we(z,0) =0, on S,
we(0,t) = ap(t) —vo(0,t), we(1l,¢) =0, on Sy, S,
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and
(wT’)t(xv t) + LEwT(x7t) = Oa (l’, t) € Ga

wy(z,0) =0, on S,
wy(0,8) =0, w.(1,t) =a1(t) —vo(1,t), on Sy, S;.

The regular and the singular components v, and w satisfy the following bounds.

Theorem 2.2.2. Let u(x,t) be the solution of the IBVP (2.1.1). And assume that the
coefficients of the parabolic PDE, and the initial and boundary conditions given in (2.1.1)
are sufficiently reqular, and satisfy the necessary compatibility conditions. Then, for all

non-negative integers i, j, such that 0 < i+ 25 <4, we have

o <C(+e=?), Y(z,t) €eG
oo ||~ ’ ‘ ’
oiti , i, .
O] < eiexp (~afyR), and |2V < e iexp (~(1 - 2)/ V).
(2.2.2)
Proof. The proof can be found in [55]. n

2.3 The Numerical Solution

In this section, we discretize the parabolic IBVP (2.1.1), the time derivative is replaced by
the implicit-Euler scheme, and the spatial derivative is replaced by the central difference
scheme. Later, we introduce the equidistribution mesh, and derive the finite difference
scheme (2.3.2). Finally, we provide the numerical algorithm to obtain the equidistributed

mesh.

2.3.1 Finite difference scheme

On the time domain [0,T], we introduce the equidistant meshes with uniform time step
At such that
N ={t,=nAt, n=0,...,M, At =T/M},

where M denotes the number of mesh divisions in the ¢-direction.
We consider the finite difference approximation of (2.1.1) on a nonuniform spatial
discretization

ﬁi\f:{():xo<l’1<"'<l']\7:1},

and denote the spatial step sizes by

hz‘:l'l‘—l‘z‘_l, Z:]_,...,N.
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We discretize the PDE (2.1.1) by means of the backward-Euler scheme for the time
derivative and the central difference scheme for the spatial derivative. Hence the dis-

cretization of (2.1.1) takes the following form, forn =0,1,..., M — 1,

urtt —up
thz + LNUM = f(w4,tpy), fori=1,...,N—1,

U(?H = aO(thrl)v UJT\LrJrl = a1<tn+1)a (2’3’1)

U =s(x;), fori=1,...,N—1,

2

where LY is the discretization of the differential operator L. using the central difference

for the spatial derivative,
LYUM = —e02U + bUP.

After rearranging the terms in (2.3.1), we obtain the following form of the difference
scheme, forn =0,1,..., M — 1,

ry UM +reUM T 4 UM = g, fori=1,...,N —1,
USH_I = aO(thrl)a U]r\L[+1 = al(thrl)a (232)

U =s(x;), fori=1,...,N—1,

2

where
—2e/At N —2e At
My o — , r{ =1+ Ath, —r; —r,
hi(hi + hiy1) hiv1(hi + hiz1)

by = b(x;), g; = U + At f (@4, tny1).

To determine the value of the monitor function (2.3.5), we have to know the approximate
value of the singular component w(z, t). To calculate the numerical value W of w(x;, t,,),
we use the numerical approximate value V" of v(z;,t,) from the following recurrence
relation, for n =0,1,..., M — 1,

(14 Atb(z)) VT =Vir + Atf (i, tny), fori=1,..., N,
(2.3.3)
V9 = s(x;).

2

Then, the value of W;* will be calculated from W = Uj* — V;".

2.3.2 Adaptive spatial mesh via equidistribution

Since the solution u(x,t) of the IBVP(2.1.1) exhibits boundary layers (only for the

spatial variable), one has to use layer-adapted nonuniform spatial mesh, which are fine
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inside the boundary layer region, and coarse in the outer region. To obtain such a
mesh, we use the idea of equidistribution of a positive monitor function given in (2.3.5).
Here we consider equidistribution of u(z,t) at some fixed time Ty, 0 < Ty < T', because
the problem (2.1.1) exhibits regular layer along the boundaries, which will not have any
impact on the temporal component. Moreover, we assume that u(z, Ty) exhibit the layer
phenomena. A mesh is said to be equidistributing u(x, Tp), if
x; Ti+4+1
/ M(u(s, Tp), s)ds = M(u(s,Ty),s)ds, i=1,...,N —1, (2.3.4)
Ti—1 g

where M (u(z,Ty), z) is a strictly positive, L;—integrable function.

Here, we consider the following monitor function
M(u(x, Ty), ) = o + [wee(, To) ™, m > 2, (2.3.5)

where « is a positive constant that is independent of N and w(z,t) is the singular
component of the solution u(x,t). One-dimensional version of the monitor function

(2.3.5) given by [6] impressed us to take

1
a:/ [Waa(s, Ty) | ™ds. (2.3.6)
0

The selection of this a will help to equally distribute the number of mesh points inside
and outside the boundary layer region. The effect of increasing m is to smoothen the
monitor function, which in turn leads to a smoother distribution of the mesh points.
From [6], one can clearly see the influence of the parameter m. In all of our numerical
experiments, we have taken m = 2.

In order to compute the approximation of the monitor function at the ith interior
node of the spatial mesh, M;, we assume for some integer S(0 < S < M) that w(x;, Tp) =
W5, where SAt = Ty,

M; = agis + |02WE)Y™ fori=1,...,N —1, (2.3.7)

where W2 = U — V5 and ag;s is the discrete form of (2.3.6), which can be written as

N-1
S2WS |V/m | S22 S |1/m
Oldw:h1|5gwls|1/m_}_zhl {’ T 171| \ ="V |
=2

. bt 2

For a truly adaptive algorithm, the monitor function has to be approximated from the
numerical solution. For example, a simple discretization of (2.3.4) results in the set of

equations
Mi_l/g(l'i — xi—l) = Mi+1/2(xi+1 — ZL‘Z‘), fOl" Z = 1, ey N — ]_,
where M1/, is an approximation to M (u(%11/2, 7o), Tit1/2)-

The detailed numerical algorithm to obtain the equidistribution mesh is given in
Section 2.3.3.
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2.3.3 Numerical algorithm

To get the equidistribution gird and the corresponding numerical solution, we use the

following algorithm:

Step 1. Take £ = 0. Take the uniform spatial mesh {xgo)} as the initial value for the
iteration. Choose a constant C' > 1 that determines when the algorithm has to be

terminated.

Step 2. Compute the discrete solutions {U"™} and {V/"™} satisfying (2.3.2) and
(2.3.3), respectively with the help of the spatial mesh {xgk)}

Step 3. Find the singular component of the discrete solution by I/Vi"’(k) = Ul-n’(k) — V;n’(k).

Step 4. For a given mesh {xl(k)} and the singular component of the discrete solution
(W}, set

MP, + M®
HZ-(k) = (% (xfk) — :L‘Eli)l), fori=1,...,N,

where Mi(k) is calculated from (2.3.7), and set Mék) = Ml(k) and M](\f) = M](\Ql

Step 5. Set Lo =0 and L; = 22:1 Hi(k) fori=1,..., N. Define

Step 6. If C*) < C, then go to Step 9.

Step 7. Set Y; = iLy/N for : = 0,1,..., N. Interpolate the points (L;, z;). Generate
(k41

the new mesh {z; )} by evaluating this interpolant at Y; for ¢ =0,1,..., N.

Step 8. Set k =k + 1, return to Step 2.

Step 9. Take {xik)} as the final mesh and compute Ul-n’(k) then stop.

2.4 Error Analysis

Here, we derive the truncation error for the numerical scheme, and carry out the stability
analysis. Finally, we obtain the e-uniform error estimate.

The following lemma provides the stability result for a general numerical scheme for
the IBVP (2.1.1).
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Lemma 2.4.1. Consider the IBVP (2.1.1) and the difference scheme (2.3.1), the dif-

ference scheme (excluding the initial and boundary conditions) can be written as
U™ + LYU™ = AU — DU = F*, forn=0,--+ ,M—1, (2.4.1)

where U™ = (U}, -+ ,UR_ )T, F™ is a vector independent of the computed solution, and

A and D are matrices and also that A is an M-matriz, and D > 0.

Let y and z be two mesh functions, such that y™ = (y3, - ,y%)", and 2" =
(28, 2%)T for each m. Assume that }5ty"+1 +L£.Vy"+1} < G2t 4 LN for
n=20,---,M—1, and |y| < z on the boundary S, U So U S;. Then, |y| < z on
Q) x A

Proof. The difference scheme (2.3.2) can be written in the form of (2.4.1) with A = (a;;)
and D = (d;;) as

A 3 r;’

Aji—1 = E’ Qi = E’ Aji+1 = E’
1

di,i == Kt

Simple calculation shows that the matrix A is an M-matrix and the matrix D > 0.
Therefore, the difference scheme satisfies the hypotheses of the Lemma and immediately

the result follows. |

Corollary 2.4.2. The difference scheme given in (2.5.2) satisfies the discrete mazimum

principle.

Theorem 2.4.3. Let u and U be respectively the continuous and the numerical so-
lutions of the IBVPs (2.1.1), and (2.3.2). Then, we have the following bound, for
n=12,...,M,1=0,...,N,

max |u(z;, t,) — U] < C[At + N72. (2.4.2)

Proof. Let 1 = u? — U be the error in the computed solution at each mesh point
(x;,t,). Write the scheme (2.3.1) as

5tUZL+LéVUZL:fﬁ> 1=1,....N—1, n=1,..., M.

2

Then at each point (x;,t,) € in X Kﬁw , the truncation error of the scheme is given by
o} + LI = X1+ X5

where

Xt = Luj — (Lew)] and X3, = duf’ — (u)],
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are the truncation errors for the spatial and the temporal discretizations, respectively.
Decompose 1 as 7 = ¢ + 1. Here the function ¢} is, for each fixed n =1,2,..., M,

the solution of the discrete two-point boundary-value problem

Lévgb?:)(?,i fori=1,...,N—1,

¢y = o =0,
while %", the solution of the discrete parabolic problem, defined by, for n =1,2,..., M,

(2.4.3)

S+ LYYp = x5, — 7 fori=1,...,N —1,
Vg =Yy =0 forn=1,..., M, (2.4.4)
P =—¢? fori=0,...,N.

Equation (2.4.3) is precisely the same identity as one gets when analyzing the error ¢

N

in a two-point boundary-value problem that has been discretized using L_',

with x7,
playing the role of truncation error and can be bounded using technique from [7] and
the inequality (2.2.1) with j = 0. The problem (2.1.1) exhibits regular boundary layers
and the same is true for the equation (2.4.3) consequently the error bound derived in [7]

can be invoked for all temporal levels:
97| < CN72, for all i,n, (2.4.5)

with the assumption that N=!' > /e and the fact that our problem exhibits regular
boundary layers.
Next, consider the other error component . Lemma 2.4.1 implies that the problem

(2.4.4) satisfies a discrete maximum principle just as (2.3.1) does, so
lelle = C (max|of] + xz = igloc)
= O [N+ At +[[0:9]l0] » (2.4.6)
where we used (2.4.5) with n = 0 and also
X3, <CAt fori=1,...,N—landn=1,..., M,

which is easily verified by using the Taylor’s expansion and (2.2.1). It remains to deal
only with ;¢ in (2.4.6). Using the assumption that b = b(x) is independent of ¢, simple
calculation shows that for each fixed n, the definition (2.4.3) implies that 0,¢ satisfies,
forn=1,..., M,

LY(6,0)0 = 0ty fori=1,...,N—1,

(0:¢)5 = (0:¢)% = 0.

(2.4.7)
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To analyze the discrete two-point boundary-value problem (2.4.7), observe that

St = ag O~ xi7)
= (N = (L)) — (N = (L ™)
= (8 L) = (L = (L ™))
Let Lou = —euy, and LNu? = —e62u?. That is, LNu is the discretization of L.u. Then

one can write the above formula as

1% A s .
= [ (B ulw0) - Lot
tn—1

Hence, using the Peano kernel theorem as in [38], one can obtain the same estimate on
d¢x1; as the corresponding truncation error bounds arising in [7] for a standard two-point
reaction-diffusion boundary-value problem, since the bounds of (2.2.1) are unaffected by
the presence of an extra t—derivative.

This observation implies that (2.4.7) can be analyzed in the same way as (2.4.3),
except that one uses the bound (2.2.1) with j = 1. We therefore obtain

6:07'| < CN™2 for all i, n. (2.4.8)

Combining (2.4.5), (2.4.6) and (2.4.8), we get (2.4.2). n

2.5 Semilinear Parabolic Problem

In this section, we consider the following semilinear singularly perturbed parabolic PDE

of the form
Uy — EUgy = b(x,t,u), (z,1) € G,

u(z,0) =up(x), =z €, (2.5.1)
uw(0,t) =u(l,t) =0, te€]0,T],

where 0 < ¢ < 1 is a parameter. We assume that b is continuous in Q x [0,7] x R, is

differentiable in the third argument, for some non-negative constants v and 7, satisfies
0 <y <by(wt,s) <7 for (z,t,5) € Qx[0,T] xR.

We also assume the functions wug is sufficiently smooth. Under sufficient compatibility
conditions imposed on the functions b(x,t,u) and ug(z), the parabolic problem (2.5.1),
in general, admits a unique solution u(x,t) which exhibits boundary layers. For more

information on the existence and the uniqueness of the IBVP (2.5.1) one can refer [45].
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To solve (2.5.1), we use the Newton linearization process and obtain the sequence
{u™} for the initial guess u° satisfying the initial and boundary conditions of the problem.
Thus we define u™ ™! for each fixed m, to be the solution of the following linear parabolic

IBVP:
WP = e = b = D), (at) € G

w2, 0) = ug(z), 0<z<1, (2.5.2)
u™(0,t) =0, «™(1,t)=0, 0<t<T,
where m > 0 and b (z,t) and f™(z,t) are given by
b (x,t) = by(x,t,u™),
f(x,t) = bz, t,u™) — o™ (x, t)u™.

(2.5.3)

Hence for a fixed m, we solve (2.5.2) using the computational method discussed ear-
lier. Moreover, we assume that the problem admits regular boundary layers. Numerical

results of (2.5.1) are presented in the following section.

2.6 Numerical Results

In this section, we shall present the numerical results obtained by the discrete scheme
(2.3.2) for two linear problems and a semilinear test problem on the rectangular mesh
G = in X Kﬁw , where ﬁiv is the equidistribution mesh obtained from the numerical
algorithm. In all the numerical experiments we will fix m = 2 and Ty = 1, which is
necessary to define the monitor function (2.3.5). Moreover, in all the tables we begin
with N = 32 and the time step At = 0.1 and we multiply NV by two and divide At by
four. The reason for dividing At by four is to highlight the spatial order of convergence
properly.

Example 2.6.1. Consider the following parabolic initial-boundary-value problem:

ur(z,t) — euge(x,t) +ulz,t) = f(x,t), (x,t) €(0,1)x (0,1]. (2.6.1)

The right-hand side source term, initial and boundary conditions are calculated from

the exact solution

u(z,t) t+ v erfe [ 2 \/ ! Te o
= _— —_ RS X [
’ 2e 2\/et e P\ et )

where erfc is the complementary error function. As the exact solution of the problem

(2.6.1) is known, for each ¢, we calculate the maximum point-wise error by

NAt _ max ‘u(%, tn) - UNAt(xia tn)|7

65
(mi,tn)EGN’At
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where u(wz;,t,) and UN4!(z;,t,) respectively, denote the exact and the numerical solu-
tion obtained on the mesh with N mesh intervals in the spatial direction and M mesh
intervals in the t—direction such that At = T'/M is the uniform time step. In addition,

we determine the corresponding rate of convergence by

VAt
N,At __ £
Pe - log2 <62N,At/4) :
€

N,At

-»2" and the corresponding rate of conver-

The calculated maximum point-wise errors e
gence pMA! for Example 2.6.1 are given in Table 2.1 and Table 2.2, respectively. From
these results one can observe that the e-uniform first-order convergence of the numerical
solution.

Further, we have calculated the normalized flux

ou(z,t)
or ~’

Fou(z,t) = e
and its numerical approximation
ENUNAY (g, t,) = \/e6 UL
The errors in the normalized flux is calculated as

TéwAt - 1I§rrlba§)](\4 'Fsu(x07 tn) _ FENUN,At('rO’ tn)”

and the rate of convergence is determined from

A rNAL
N,At __ £

e - 10g2 (T2N,At/4> :
g

The calculated maximum point-wise errors in the normalized flux r:4?

~2" and the corre-

sponding rate of convergence ¢~ for Example 2.6.1 are given in Table 2.3 and Table
2.4, respectively. Again, one can see the e—uniform convergence in Table 2.3, and the
first-order convergence rate from Table 2.4. In Figures 2.1 (a) and (b), the maximum
point-wise errors in the solution and the normalized flux are plotted respectively, which

reflect the fact of first-order convergence independent of ¢.
Example 2.6.2. Consider the following parabolic initial-boundary-value problem:
ut_gumm+(vx+1)u:17 (ZL‘,t)G(O,l)X(O,]_],

u(z,0)=0, 0<z<l1, (2.6.2)
u(0,) =0, u(l,t)=0, 0<t<1.
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Table 2.1: Mazimum point-wise error of the solution N2 for Example 2.6.1 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 55 128/ 135 256/ =15 512/ 5 1024/ 1505
100 8.3624e-03  2.6269e-03  7.1243e-04  1.8369e-04  4.6626e-05 1.1745¢-05
1072 9.5404e-03  2.7104e-03  7.2159e-04  1.8606e-04 4.7251e-05 1.1905e-05
107*  9.5334e-03  2.7205e-03  7.3760e-04  1.8837c-04 4.7627¢-05 1.1983e-05
1076 9.6177e-03  2.7165e-03  7.2577e-04 1.8717e-04 4.7525e-05 1.2266e-05
1078 9.6062e-03  2.7314e-03  7.2639e-04  1.8723e-04  4.7546e-05 1.1978e-05
1071 9.5997e-03  2.7503e-03  7.2762e-04 1.8755e-04 4.7532e-05 1.1980e-05

Table 2.2: Rate of convergence of the solution p>! for Example 2.6.1 using equidistri-
bution mesh.

Number of Intervals N /Time Step Size At

€ 32/ 64/ 128/ 256/ 5+ 512/ 5o
100 1.6705 1.8826 1.9554 1.9781 1.9891
102 1.8155 1.9093 1.9554 1.9773 1.9887
104 1.8091 1.8829 1.9693 1.9837 1.9907
1076 1.8239 1.9042 1.9551 1.9776 1.9541
108 1.8143 1.9108 1.9560 1.9774 1.9889
10710 1.8034 1.9183 1.9559 1.9803 1.9883

Table 2.3: Maximum point-wise error of the normalized flux r™2t for Example 2.6.1
using equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/55 64/ 128/ 45 256/ =15 512/52= 1024/ 1555
100 5.3355e-02  2.7699¢-02  1.3932e-02  6.9761e-03  3.4893e-03  1.7448e-03
1072 8.7792e-02 4.3418e-02  2.1557e¢-02  1.0736e-02  5.3570e-03  2.6756e-03
107%  9.6645e-02  4.6782e-02  2.3437e¢-02  1.2285e¢-02  5.9339¢-03  2.9212e-03
1076 1.0178e-01 4.8033e-02 2.3727e¢-02  1.1715e-02  5.8266e-03  2.9129e-03
1078 9.9448e-02  5.0228¢-02  2.4087e-02 1.1768e-02  5.8576e-03  2.9163e-03
10710 1.0395e-01 5.3663e-02  2.4445e-02  1.2024e-02  5.8370e-03  2.9196e-03
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Table 2.4: Rate of convergence of the normalized flur ¢™¥2 for Ezample 2.6.1 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

€ 32/ 64/ 55 128/ 15 256/ 15 512/ 5=
100 0.9458 0.9914 0.9979 0.9995 0.9999
102 1.0158 1.0101 1.0057 1.0030 1.0016
1074 1.0467 0.9972 0.9319 1.0498 1.0224
1076 1.0834 1.0175 1.0182 1.0076 1.0002
108 0.9855 1.0602 1.0334 1.0065 1.0062
10710 0.9539 1.1344 1.0236 1.0426 0.9995

Max—Error

(a) Mazimum point-wise error of the solution

N,At
AR

107

Max—Error

107F

(b) Mazimum point-wise error of the normal-

ized fluz r

N,At
et

Figure 2.1: Loglog plot for Example 2.6.1.
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As the exact solution of the problem (2.6.2) is not known, to obtain the accuracy
of the numerical solution and also to demonstrate the e—uniform convergence of the
proposed scheme, we use the double mesh principle which is given in the following. The
numerical solution of IBVP (2.6.2) is plotted in Figures 2.2 (a) and (b) for ¢ = le — 1

and € = le — 4, respectively. These figures show the existence of the boundary layer

near x = 1.
Let J2N-At/ 4(z4,t,) be the numerical solution obtained on the fine mesh G
=2N _ —4M

Q, x A, with 2N mesh intervals in the spatial direction and 4M mesh intervals in

the t—direction. Then for each e, we calculate the maximum point-wise error by
UN’At(ZL‘Z‘, tn) . ﬁZN’AtM(fEZ‘,tn) :

ENAT = max
—N
(zi ,tn)EG ’

At

and the corresponding rate of convergence by
- N,At
e o <€7) .
€ 2 EezN,At/4

The calculated maximum point-wise errors EV'2! and the corresponding rate of conver-
gence P4 for Example 2.6.2 are given in Table 2.5 and Table 2.6, respectively. The
numerical results given in these tables reveal the first-order convergence independent of
the diffusion parameter .

Further, the errors in the normalized flux have been calculated as

RNA = max [FNUNA (zy,t,) — FNTNAY (@, 1),
1<n<M

and the rate of convergence is determined from
RN,At
NAt
Q7 =log, < o Atjd )
Rz

The calculated maximum point-wise errors in the normalized flux RY2! and the corre-
sponding rate of convergence Q™4 for Example 2.6.2 are given in Table 2.7 and Table
2.8, respectively. The maximum point-wise errors are plotted in log-log scale in Figures
2.3 (a) and (b), for the solution and the normalized flux, respectively. From these figures,

one can easily observe the first-order e—uniform convergence.

Example 2.6.3. Consider the following semilinear parabolic initial-boundary-value

problem.:
ug(z,t) — euge(x,t) + exp(u(z, t)) = f(z,t), (xz,t) € (0,1) x (0,1]. (2.6.3)
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Figure 2.2: Numerical solution of Example 2.6.2 for N = 32 and At =1/32.

Table 2.5:  Mazimum point-wise error of the solution ENAY for Example 2.6.2 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

€ 64/ 5 128/ 5 256/ 14 512/ 5 1024/ 5o

100 1.0917¢-02  3.8150e-03  1.0572¢-03  2.7173e¢-04  6.8413e-05

102 1.4096e-02  3.7384e-03  9.5054¢-04  2.3869¢-04  5.9756e-05
1074 1.3535e-02  3.6162e-03  9.4849e-04  2.3289¢-04  5.8590e-05
106 1.3226e-02  3.5997¢-03  8.9781e-04  2.3232¢-04  5.8252e-05
1078 1.3310e-02  3.5222¢-03  9.0320e-04  2.3240e-04  5.8142¢-05
10710 1.4050e-02  3.6114e-03  9.2446¢-04  2.2594¢-04  5.6480e-05
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Table 2.6:  Rate of convergence of the solution PNAt for Example 2.6.2 using equidis-
tribution mesh.

Number of Intervals N /Time Step Size At

€ 64/ 5 128/ 1 256/ 145 512/ 5
100 1.5169 1.8515 1.9600 1.9898
1072 1.9148 1.9756 1.9936 1.9980
10~ 1.9041 1.9308 2.0260 1.9909
106 1.8775 2.0034 1.9503 1.9957
108 1.9179 1.9634 1.9584 1.9989
10-19 1.9599 1.9659 2.0327 2.0002

Table 2.7:  Maximum point-wise error of the normalized flur RNt for Example 2.6.2
using equidistribution mesh.

Number of Intervals N /Time Step Size At

€ 64/-L 128 /L 256/ L 512/-L 1024/ 2~

10 40 160 640 2560

10° 4.0516e-02  1.5649¢-02  7.4488¢-03  3.7028¢-03  1.8486e-03
102 2.8779¢-02  1.3846e-02  6.8861¢-03  3.4549¢-03  1.7334e-03
104 2.4718¢-02  1.1629¢-02  5.3376e-03  2.9149¢-03  1.5512¢-03
1076 2.3159¢-02  1.2046e-02  6.2308¢-03  3.2183¢-03  1.6336e-03
108 2.2182¢-02  1.1756e-02  6.1431e-03  3.2159¢-03  1.6105¢-03
10710 2.1247¢-02  1.0875¢-02  5.9366e-03  3.2089¢-03  1.6278¢-03

Table 2.8:  Rate of convergence of the normalized flur QN2 for Example 2.6.2 using
equidistribution mesh.

Number of Intervals N /Time Step Size At

€ 64/ 5 128/ 256/ 14 512/ 5

100 1.3724 1.0710 1.0084 1.0022

102 1.0556 1.0077 0.9950 0.9950
1074 1.0879 1.1234 0.8727 0.9101
106 0.9430 0.9511 0.9531 0.9782
1078 0.9160 0.9364 0.9337 0.9977
1010 0.9663 0.8733 0.8876 0.9791
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The right-hand side source term, initial and boundary conditions are calculated from

the exact solution

u(z,t) = (t+ 2) erfc (2\/_) % x exp (;Tx;) ,

where erfc is the complementary error function.

If we use the Newton linearization process given in (2.5.2), we obtain the following

system of linear singularly perturbed parabolic PDEs:

u" ™ — eu™ !+ exp(um™)um™tt = f(x,t) — exp(u™)(1 —u™), (z,t) € (0,1) x (0,1],

u™ 1 (z,0) = u(r,0), 0<z<l,

u™0,t) = u(0,t), w™(1,¢) =u(l,t), 0<t<1.

(2.6.4)

Hence for each fixed m, we solve (2.6.4) using the computational methods discussed
earlier. Once we get the prescribed tolerance error bound we terminate the computation
and take that as the solution to the problem.

As the exact solution of the problem (2.6.3) is known, for each e, we calculate the
maximum point-wise error by

VA = max  |u(m, t,) — UV (@, b)),
(af:i,tn)eaN’At

where u(z;,t,) and UN2Y(z;,t,) respectively, denote the exact and the numerical solu-
tion obtained on the mesh with N mesh intervals in the spatial direction and M mesh
intervals in the t—direction such that At = T'/M is the uniform time step. In addition,

we determine the corresponding rate of convergence by

éN,At
~N,At £
D log2 <é2N,At/4) :
i

eN:At and the corresponding rate of conver-

The calculated maximum point-wise errors e
gence pYAt for Example 2.6.3 are given in Table 2.9 and Table 2.10, respectively. From
these results one can observe the e-uniform first-order convergence of the numerical
solution.

The errors in the normalized flux have been calculated as

YA = max |Feu(ry, 1) — FXUN (o, 1),

and the rate of convergence is determined from
A N,At
t
g~ = log, (W) :
T
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Table 2.9: Mazimum point-wise error of the solution éNA for Example 2.6.3 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/55 64/ 55 128/ 55 256/ 515 512/58 1024/ 15015
10  8.3530e-03  2.6259¢-03  7.1230e-04 1.8369e-04  4.6626e-05 1.1745e-05
1072 9.5058¢-03 2.7076e-03  7.2145e-04  1.8605e-04  4.7250e-05 1.1905e-05
107*  9.4968e-03 2.7178e-03  7.3745e-04  1.8835e-04  4.7626e-05 1.1983e-05
107 9.5866e-03 2.7136e-03  7.2560e-04  1.8717e-04  4.7525e-05 1.2264e-05
1078 9.5733e-03 2.7296e-03  7.2625¢-04  1.8722¢-04  4.7546e-05 1.1978¢-05
10710 9.5725e-03  2.7475e-03  7.2749e-04  1.8754e-04  4.7531e-05 1.1979e-05

Table 2.10: Rate of convergence of the solution pY2! for Example 2.6.3 using equidistri-
bution mesh.

Number of Intervals N /Time Step Size At

€ 32/ 64/ 15 128/ 155 256/ 5 512/ 52
10° 1.6695 1.8822 1.9553 1.9780 1.9891
1072 1.8118 1.9080 1.9552 1.9773 1.9887
1074 1.8050 1.8818 1.9691 1.9836 1.9907
106 1.8208 1.9030 1.9549 1.9776 1.9542
1078 1.8103 1.9101 1.9558 1.9773 1.9889
10710 1.8007 1.9172 1.9557 1.9802 1.9883

The calculated maximum point-wise errors in the normalized flux 7¥:2!

and the corre-
sponding rate of convergence ¢! for Example 2.6.3 are given in Table 2.11 and Table
2.12. Again, one can see the e—uniform convergence in Table 2.11, and the first-order

convergence rate from Table 2.12.

2.7 Conclusions

In this chapter, we solved the singularly perturbed time-dependent reaction-diffusion
problems (2.1.1) numerically by finite difference scheme on layer-adapted nonuniform
grids obtained equidistributing the monitor function given in (2.3.5). The truncation
error and stability analysis are obtained. The proposed numerical scheme is of first-order
convergent in the temporal variable and second-order convergent in the spatial variable,

i.e., O(At+ N72).

Error estimates are derived for the numerical scheme, which are
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Max—Error

(a) Mazimum point-wise error of the solution
EN,At
At

Max—Error
5

(b) Mazimum point-wise error of the normal-
ized flux RN-At.

Figure 2.3: Loglog plot for Example 2.6.2.

Table 2.11: Mazimum point-wise error of the normalized flux 72 for Example 2.6.3
using equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/55 64/ 55 128/ 55 256/ 515 512/58 1024/ 15im5
100 2.2918e-02  1.2507e-02  6.3366e-03  3.1787e-03  1.5906e-03  7.9548e-04
1072 4.3572e-02  2.2997e-02  1.1821e-02  5.9944e-03  3.0187e-03  1.5148e-03
107*  5.3688¢-02 2.6997¢-02 1.7934e-02  7.8518¢-03  3.7102e-03  1.8090e-03
1076 6.0318e-02 2.8525¢-02  1.4424e-02  7.1679¢-03  3.5816e-03  2.5805¢-03
1078 5.7455e-02  3.1194e-02 1.4862e-02  7.2315e¢-03  3.6193¢-03  1.8034e-03
10710 6.2618e-02  3.5452e-02  1.5299e-02  7.5450e-03  3.5942e-03  1.8074e-03
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Table 2.12: Rate of convergence of the normalized flur G2 for Ezample 2.6.3 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

€ 32/ 64/ 5 128/ 15 256/ 5 512/ 52
10° 0.8737 0.9810 0.9953 0.9988 0.9997
102 0.9219 0.9602 0.9796 0.9897 0.9948
1074 0.9918 0.5901 1.1916 1.0815 1.0363
106 1.0804 0.9837 1.0089 1.0010 0.4729
108 0.8812 1.0696 1.0393 0.9986 1.0050
10710 0.8207 1.2124 1.0199 1.0698 0.9918

independent of the diffusion parameter e. Numerical results reveal the theoretical error

estimate.
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CHAPTER 3

e-Uniform Numerical Scheme for Singularly
Perturbed Convection-Diffusion Parabolic
Initial-Boundary-Value Problems on
Equidistributed Grids

In this chapter, we study the numerical solution of singularly perturbed parabolic
convection-diffusion problems exhibiting regular boundary layers. To solve these prob-
lems, we use the classical backward-Euler difference scheme for the time variable on
uniform mesh and upwind finite difference scheme for the spatial variable on layer-
adapted nonuniform meshes. The nonuniform meshes are obtained by equidistribution
of a positive monitor function, which depends on the second-order spatial derivative of
the singular component of the solution. Truncation errors are obtained and the stabil-
ity analysis is carried out. The parameter-uniform error estimates are derived for the
numerical solution. Semilinear and quasilinear IBVPs are also solved. To support the

theoretical results, numerical experiments are carried out.

3.1 Introduction

Here, we consider the following singularly perturbed parabolic initial-boundary-value
problem (IBVP):

w(z,t) + Lou(x,t) = f(x,t), (z,t) e G=Qx(0,7]=(0,1) x (0,7,
u(z,0) = ug(x), =z €, (3.1.1)
uw(0,t) =u(l,t) =0, te€]l0,T],

where

Lu = —eUy, + a(T)u, + b(z)u,
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Chapter 3 3.1. Introduction

0 < e < 11is a small parameter and the coefficients a, b are sufficiently smooth functions
such that
a(r) >a>0, bx)>3>0 on Q=][0,1]. (3.1.2)

Let up(x) € €2[0,1] with uy(0) = 0 and ug(1) = 0. Assume also that

PO a0y 0yue(o) = £(0,0),
dQUQ(]_) dUO(]_)

0 ()= + b(Duo(1) = f(1,0).

Under the above smoothness and compatibility conditions imposed on the functions wg
and f, the IBVP (3.1.1), in general admits a unique solution u(x,t) [78] which exhibits
a regular boundary layer of width O(e) at z = 1. The boundary of the domain G is
defined as G := G \ G, where G is the closure of the domain G.

Singularly perturbed parabolic convection-diffusion problems of the form (3.1.1) arise
in various branches of science and engineering. The well-known examples are the Navier-
Stokes equation with large Reynolds number in fluid dynamics, the convective heat
transport problems with large Péclet number, etc. Numerical treatment of the IBVP
(3.1.1) is difficult because of the presence of the boundary layer in its solution. In
particular, classical finite difference methods on uniform meshes fail to yield satisfactory
numerical results and to obtain stability one has to reduce the spatial step-size with
respect to €.

Here, our main objective is to provide an e—uniform convergent numerical scheme
for singularly perturbed parabolic PDEs (3.1.1), via layer-adapted nonuniform grids
obtained through equidistribution of a monitor function (which contains only the second-
order spatial derivative of the singular component of the solution). In all the existing
articles in the literature, the nonuniform grids were obtained by solving two PDEs, one
the original equation, and the other one corresponding to the mesh distribution (for
both the spatial and temporal grids). But, here, in this chapter, as a first time, we are
using the idea of equidistributing the spatial grids for a fixed time level. This will help to
reduce the computational cost as well as the round-off error. Here, we solve the parabolic
IBVP (3.1.1) numerically by the finite difference scheme on an adaptive mesh obtained
through equidistribution of a positive monitor function, which is a linear combination
of a constant and the second-order spatial derivative of the singular component of the
solution. As the solution of the IBVP (3.1.1) exhibits an exponential layer only in the
spatial variable, we will use nonuniform meshes only in the spatial direction obtained
as like in the stationary one-dimensional problem, and uniform meshes for the temporal
direction. More precisely, at a fixed time level, we obtain the nonuniform adaptive mesh

by solving the mesh equidistribution relation and we use this mesh for all time levels.

Ph.D. Thesis 44
TH-1215 09612316



Chapter 3 3.2. The Analytic Solution

Therefore, obtaining the adaptive mesh by the present method is very economy. The
time derivative in the PDE (3.1.1) is approximated by the backward-Euler scheme, and
an upwind finite difference is used to discretize the spatial derivatives. e—uniform error
estimates of order O(N~! + At) are derived for the numerical solution, where N is
number of intervals in space and At is the discretization parameter in time. Numerical
experiments reveal the fact of e—uniform first-order convergence of the scheme.

This chapter is organized in the following manner: Section 3.2 studies the bound
on the analytic solution of the IBVP (3.1.1), and the bounds on the regular and the
singular components of the solution. Section 3.3 presents the idea behind the adaptive
meshes through equidistribution, the numerical scheme and the numerical algorithm to
obtain the adaptive meshes. The e-uniform error estimates are obtained in Section
3.4. Numerical results are presented in Section 3.6, and this chapter ends with the

conclusions.

3.2 The Analytic Solution

In the study of the numerical aspects of SPPs, their analytical aspects play an important
role. In this section, we are concerned with the analytical aspects that will be required

to prove the convergence.

Lemma 3.2.1. (Maximum principle) Let ¢ (z,t) > 0 for all (z,t) € G and Y (x,t)+
Lap(x,t) >0 for all (x,t) € G, then ¥(x,t) > 0 for all (z,t) € G.

Proof. The proof of this theorem can be found in [78]. n
We decompose the exact solution u(x,t) of the IBVP (3.1.1) into the regular and the

singular components as
u(z,t) = v(z,t) +w(x,t), (x,t) €G.

We take further decomposition of the regular component v for any prescribed order %

by
k+1
v(x,t) = Zejvj(x,t), (z,t) € G,
=0
where the functions v;, j = 0,1,...,k, are the solutions of the following first-order
problems
(vo): + a(x)(vo)x + b(x)vo = f(x,t), (x,t) € (0,1] x (0,77,
vo(z,0) = u(z,0), 0<x<1, (3.2.1)
v0(0,t) = u(0,t), 0<t<T,
Ph.D. Thesis 45

TH-1215_09612316



Chapter 3 3.2. The Analytic Solution

and

(vj)r + a(x)(v))e + b(@)v; = (Vj_1)ae(x,t), j=1,2,....k (z,t) € (0,1] x (0,77,
vj(x,0) =0, 0<z<1,

v;(0,t) =0, 0<t<T,
(3.2.2)

and lastly, the function vy satisfies
(Uk-i-l)t(l‘) t) + D%Uk-i-l(x? t) = (vk)mm(xu t)) (:L‘7 t) € G7
Ugr1(z,0) =0, 0<x <1, (3.2.3)
Uk+1(0,t):0:'l]k+1(1,t), OStST

Hence, the regular component v(z,t) satisfies the following IBVP:

vy(x, t) + Lo(x,t) = f(z,t), (z,t) € G,
v(z,0) =u(z,0), 0<z<1,
v(0,t) =u(0,t), 0<t<T, (3.2.4)

k+1

=> &v(1,t), 0<t<T

\

and therefore, the singular component w(x,t) must satisfies the homogeneous problem

wia,t) + Lo, t) =0, (2,1) € G,
w(z,0) = 0<z<1,

(3.2.5)
w(0,t) =0, 0<t<T,
| w(l,t) =u(l,t) —v(l,t), 0<t<T.

Theorem 3.2.2. Let u(x,t) be the solution of (3.1.1). The derivatives of u(z,t) satisfy
the following bound

%' <C(1+e exp(-all —a)/e)), (0,) €T, k=0,1,

for any t € [0,T7].
Proof. The proof of this theorem can be found in [18]. n

Theorem 3.2.3. Let w(x,t) be the solution of (3.2.5). The bound of w(x,t) is given by

lw(z,t)] < Cexp(—a(l —x)/e), V(z,t) € G.
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Proof. Consider the barrier functions

VE(x,t) = Cexp(—a(l —z)/e) exp(t) £ w(x,t), (z,t) €.
The values of ¢*(x,t) at the boundaries are

=(0,t) = Cexp(—afe)exp(t) £w(0,t), 0<t<T
= Cexp(—a/e)exp(t), using (3.2.5)
> 0, 0<t<T

pE(1,t) = Cexp(t) Tw(l,t), 0<t<T
0, by choosing C' sufficiently large, 0 <t < T

v

YE(x,0) = Cexp(—a(l —z)/e) +w(z,0), 0<x<1
= Cexp(—a(l —x)/e), using (3.2.5)
> 0, 0<z2<1

Thus from the above estimates, we have

vz, t) > 0, Y(z,i) € 0G.
Now, from the differential equation, we obtain that

V() + ZpE(a,t) = (U — el +a(@)vy +b(@)y ) (@, t)

ot a(z)a

> Cexp(—a(l —z)/e)exp(t) |1 — v L

+ b(x)

> Cexp(—a(l —z)/e)exp(t)[1 + 5], using (3.1.2).
Now by using the maximum principle given in Lemma 3.2.1, we obtain
YE(x,t) >0, VY(x,t) €.
That is, for all (z,t) € G, we have

wiz,t)] < Cexp(—a(l—a)/e) exp(t)

IN

Cexp(—a(l —x)/e)exp(T)

IN

Cexp(—a(l —x)/e).
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Theorem 3.2.4. For all non-negative integers p,q satisfying 0 < p+q < k+ 2, and
with sufficient compatibility condition at the corners, the reqular component v(z,t) and

the singular component w(x,t), defined in (3.2.4) and (3.2.5), respectively, satisfy the

oP iy

oxPOote

following bounds

optay

OxPOte

(a:,t)Hoo <CQ+eMP), (zt)ed

and

(x,t)’ < CePexp(—a(l—x)/e), (x,t) €.

Proof. Refer [66] for the detailed proof for k = 3. The arguments presented in [66] can

be extended for any arbitrary k. ]

3.3 The Numerical Approximation

In this section, we study the semidiscretization of the parabolic IBVP (3.1.1) which is
essential for the proof of convergence analysis of the fully discrete scheme, then we obtain
the condition for stability and the error estimate. Later, we introduce the equidistri-
bution mesh, and derive the finite difference scheme (3.3.12). Finally, we provide the

numerical algorithm to obtain the equidistributed meshes.

3.3.1 Semidiscretization

On the time domain [0,T], we introduce the equidistant meshes with uniform time step
At such that Kiu = {t, =nAt, n=0,...,M, At = T/M}, where M denotes the
number of mesh intervals in the ¢-direction.

Discretizing the IBVP (3.1.1) with respect to the time by the backward-Euler scheme,

we obtain the following semidiscrete problem.
u’(z) = u(z,0) = uo(x), =€,
(I +AtLyu" (z) = u™(z) + Atf(x,t,1), z€Q, n=0,1,...,.M—1,
w1 (0) = v (1) =0, n=0,1,...,.M -1,

(3.3.1)
where u™(x) is the semidiscrete approximation to the exact solution u(x,t) of the con-
tinuous problem (3.1.1) at time level ¢, = nAt.

In order to analyze the uniform convergence of the solution u"(z) of (3.3.1) to the

exact solution u(z,t,), we will do the stability analysis and also derive the consistency
result for the scheme (3.3.1). It is clear that the operator (I + At.Z.) satisfies the
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following maximum principle result

1

10+ ALZ) o < 7757

(3.3.2)

which ensures the stability of the scheme (3.3.1). We define the local error e, of the

time semidiscretization scheme (3.3.1)

where u"*!(z) is the solution obtained after one step of the semidiscrete scheme (3.3.1)
by taking the exact value u(z,t,), instead of u"(x) as the starting data. Consequently,
we have the following system, forn =0,1,..., M — 1

(I + AtLyu" ™ (z) = u(z, t,) + Atf (2, tyr1), €,

(3.3.3)
u"t(0) = a1 (1) = 0.
Now, from [18] one can obtain the following consistency result.
Lemma 3.3.1. Assume that
’—uxt ’<C, (r,t)eG, 0<i<2.
Then, the local error corresponding to the scheme (3.3.1) satisfies
| €nt1 [loo< C(AL)2. (3.3.4)

Finally, combining the consistency result (3.3.4) with the stability result (3.3.2) of

the scheme (3.3.1), we deduce the following convergence result.

Theorem 3.3.2. Under the hypothesis of Lemma 3.3.1, we have

sup || u(tn) — u” ||oo< CAL. (3.3.5)
n<T/At

Therefore, the time semidiscretization process is uniformly convergent of first-order

n time.

3.3.2 Adaptive spatial meshes via equidistribution

Since the solution u(z, t) of the IBVP (3.1.1) exhibits a boundary layer only at = = 1, one
has to use layer-adapted nonuniform spatial meshes, which are fine inside the boundary
layer region, and coarse in the outer region. To obtain such a mesh, we use the idea
of equidistribution of a positive monitor function given in (3.3.7). Here we consider

equidistribution of u(z,t) at some fixed time Ty, 0 < Ty < T, because the problem
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(3.1.1) exhibits a regular layer only along the boundary = = 1, which will not have any
impact on the temporal component. Moreover, we assume that u(z, Ty) exhibit the layer
phenomena. A mesh is said to be equidistributing u(x, Tp), if
x; Ti+4+1
/ M(u(s,Tpy), s)ds = M(u(s,Ty),s)ds, i=1,...,N—1, (3.3.6)
Ti—1 Tq
where M (u(z,Tp), z) is a strictly positive, L;—integrable function.

Here, we consider the following monitor function
M(u(z, Ty), ) = o + |wee(z, To)|Y™, m > 2, (3.3.7)

where «. is a positive constant that is independent of N and w(x,t) is the singular
component of the solution u(x,t). One-dimensional version of the monitor function
(3.3.7) given by Beckett and Mackenzie [6] suggests that to distribute grid points evenly

we have to take .
Q= / |wae (s, To)| ™ ds. (3.3.8)
0

The selection of this a,. will help to equally distribute the number mesh points inside
and outside the boundary layer region. The effect of increasing m is to smoothen the
monitor function, which in turn leads to a smoother distribution of the mesh points.
From [6], we clearly notice the influence of the parameter m. In all of our numerical
experiments, we have m = 2.

In order to compute the value of the monitor function M (u(z,Tp),z) at the ith
interior node of the spatial mesh, M;, we assume without loss of generality that

w(z;, Ty) = W, where SAt = Ty,
M; = g, + [2WEY™, fori=1,... N —1, (3.3.9)

where ay;s is the discrete form of (3.3.8), which can be written as

N-1
Qi = ho [GWE™ 4+l

=2

{\ﬁ”@s_ll”m + | SZWE|

2 } +hN|5iWJ€Ll|1/m-

For a truly adaptive algorithm, the monitor function has to be approximated from the
numerical solution. For example, a simple discretization of (3.3.6) results in the set of

equations
Mz‘_l/g(l'i — ZL‘Z‘_l) = MZ‘+1/2(ZL‘Z‘+1 - ZL‘Z‘), for i = ]_, ey N — ]_, (3310)

where M, 1,2 is an approximation to M (u(«41/2,70), Tit1/2). This is equivalent to the

approximation of the monitor function by the piecewise-constant function.

The detailed numerical algorithm to obtain the equidistribution meshes is given in
Section 3.3.4.
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3.3.3 Finite difference scheme

We consider the finite difference approximation of (3.3.1) on a nonuniform spatial dis-

cretization given by
=N
Qx I{OI$0<JZ‘1 <"'<33'N:1}

and the spatial step sizes are denoted by

hz‘:l'i—l‘z‘_l, Z:]_,,N
The simple upwind finite difference spatial discretization of (3.3.1) takes the form, for
n=0,1,....M —1,

(I + AtLNUM = UM + Atf(z,tpy), fori=1,...,N -1,
3.3.11
Un+1 Un+1 : O ( )

where Z% is the discretization of the differential operator .. using the upwind finite

difference scheme for the spatial derivatives, which takes the following form
LNUM = —e02U ! + a;6, UM + b;U

After rearranging the terms in (3.3.11), we obtain the following form of the difference
scheme: forn=20,1,...,. M — 1,

r UM+ reUM UM = gn, fori=1,....,N—1,

i+1
(3.3.12)
Uptt = Uptt =0,
where
—2e At a; A\t " —2e At
ri_: _ , Ti: 9 Tlc:1+Ath—TZ_—T;’—,
hi(hi + hit1) e hiv1(h; + hit1)

a; = a(:pi), bz = b(IL‘Z), g;’l = Uzn + Atf(l‘z, tn—i—l)-

To determine the value of the monitor function (3.3.7), we have to know the approximate
value of the singular component w(z, t). To calculate the numerical value W of w(z;, t,,),
we use the numerical approximate value V" of v(z;,t,) from the following recurrence
relation: forn=0,1,..., M — 1,

(I +AtLN YWV =5yt eyt =g fori=1,..., N,

(3.3.13)
‘/On-i-l — 0’
where
A
. L S S N
hi
a; = a(x;), by = b(s), gi = V" + Atf (@i, tnsa).
Then, the value of W* will be calculated from W = U* — V"
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3.3.4 Numerical algorithm

To obtain the equidistribution gird and the corresponding numerical solution, we use

the following algorithm:

Step 1. Let k& = 0. Take the uniform spatial mesh {:UZ(O)} as the initial value for the
iteration. Choose a constant Cy > 1 that determines when the algorithm has to

be terminated.

Step 2. Compute the discrete solutions {U7""} and {V;"™} satisfying (3.3.12) and
(3.3.13), respectively with the help of the spatial mesh {xik)}

Step 3. Find the singular component of the discrete solution by I/Vi"’(k) =y k),

K3 K3

Step 4. For a given mesh {xl(k)} and the singular component of the discrete solution
(W™}, set

MP, + M®
HZ-(k) = (% (xfk) — :L‘Eli)l), fori=1,...,N,

where Mi(k) is calculated from (3.3.9), and set Mék) = Ml(k) and M](\f) = M](\Ql

Step 5. Set Lo =0 and L; = 22:1 H](»k) fori=1,..., N. Define

Step 6. If C*) < Cj, then go to Step 9.

Step 7. Set Y; = iLy/N for ¢ = 0,1,..., N. Interpolate the points (L;, z;). Generate
(k41

the new mesh {z; )} by evaluating this interpolant at Y; for : = 0,1,..., N.

Step 8. Set k =k + 1, return to Step 2.

Step 9. Take {xik)} as the final mesh and compute Ul-n’(k) then stop.

For the convergence of the algorithm one can refer [43], where the authors analyzed
the predetermined number of iterations for e-uniform convergence, the results are proved

for the well-known arc-length monitor function, different from the one given in (3.3.7).
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3.4 Error Analysis

Here, we study the consistency and the stability of the proposed numerical scheme
(3.3.12). Finally, we analyze the e-uniform convergence of the numerical solution on the
adaptive mesh obtained through the monitor function (3.3.7).

Instead of analyzing the fully discrete scheme (3.3.12), we will analysis the following
discrete scheme of (3.3.3) and we will generalize that result to the fully discretize scheme
(3.3.12). Applying the upwind finite difference to the problem (3.3.3), we obtain for
n=0,1,....M —1,

(I + ALLN) UMY = oy UM 4 U 4t U2 =g, fori=1,...,N -1,

n+1 __ n+1 __
Urtl =yt = g,

(3.4.1)
where
—2eAt a; At I —2e At _
r;: — , = , Ticzl—i-Atbi—’f’l- —T;r,
hi(hi + hit1) hi hiva(h; + hit1)

a; = a(:pi), bz = b(l‘z), /g\;n = u(xi, tn) -+ Atf(l‘l, tn—i—l)-

3.4.1 Decomposition of numerical solution

As like in the continuous solution, we decompose the numerical solution into the regular

and the singular components. That is, we decompose l/]\l” as

Ur=Vr+Wr, 1<i<N,1<n<M, (3.4.2)
where
(I -+ Ath)VnJrl (:L‘zy ) + Atf(l‘,“ tn+1)a
y (3.4.3)
‘/E)n—’—l = U(an n+1) Vn (:L‘Na tn+1)
and

(I + ALLNYWI = w(wi, t,), W = w(o, tpyr), Wit = wlay, teyr),  (3.4.4)

and n =0,1,...,M — 1. Now, the error at the mesh points in the numerical solution

can also be decomposed as
‘un+1( ) Un+1| < ‘/\’n+1< ) Vn+1‘ _'_‘@nJrl( ) Wn+1| (3.4.5)

where v and @ are the regular and the singular components of the solution u, respectively.
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Lemma 3.4.1. (Discrete comparison principle) The system (I + At.LN)ult! =

g®, with uy™ and utt specified, has a unique solution. If (I + AtLN)uf™ < (I +
AtLNP 1 <0 < N =1, and if uf™ < of™, ut™ < ot then wltt < ot
1<i<N-1.

Proof. The matrix associated with (I + At.ZY) is an irreducible M-matrix and so has

a positive inverse. Hence, the result follows. [

Lemma 3.4.2. The error of the reqular component satisfies 0" (x;) — V”+1|
Loform=0,1,...,M — 1.

Proof. The local truncation error of the regular component at the node (z;,t,,1) will

be given by
i = (T ALZN) (74 () = T+
= ;" (@) + 0" (@) + 0 (i) — (v(@, te) + ALf (T4, tag))

= r.*@nJrl({L'Z-fl) + T‘ici]\nJrl(l'i) b= T;ri}\nJrl(l'iJrl) - ([ + Atiﬁ:) erl(xi)'

7

Using the Peano’s kernel theorem for every value of n, the truncation error of the the

regular component reduces to

> Atg 1 Tiry "
Vv = — . 2 (~n+1 d
Tin+1 (hi + his1) {hi+1/ (s —2i1) (") (s)ds

——/ — g (W*l)III(S)dS} — %/j (s — @i 1) (@) (s)ds.

=1

We obtain the bound
Tit1 " L "
¥ < Ade / @ (s)|ds + Ata / | (s)]ds,

Ti—1 Ti—1

where & is the upper bound of a(x) for x € [0,1]. If we use the bounds of the regular
part ¥ this may be simplified to

ol €[ (@ O 1 )+ @)+ 1) ds

From the bound of the regular part v and the spatial discretization satisfying the equidis-
tribution principle (3.3.6) with the monitor function given in (3.3.9), the local truncation

error of the regular component reduces to

\Zn+1|<CN1 fori=1,2,.... N—1, n=0,1,...,M — 1.
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That is,

’(1+Atg;N) (@“H(;ci)—?i"“) <CON' fori=1,2,... N—1, n=0,1,....,M—1.

Now using the fact that the operator (I + AtLN ) satisfies the discrete maximum prin-
ciple (Lemma 3.4.1) and the inverse operator is uniformly bounded, we can conclude
that

0" () = VP < ON7Y, fori=1,2,...,N—1, n=0,1,....M —1.
This completes the proof. [
Lemma 3.4.3. Numerical solution of the singular component satisfies

N -1
—_ h
|WZ.”+1\§CH<1+Q) , fori=0,1,....N—1, n=0,1,....,M—1
me
k=i+1

and
Wit <O,  forn=0,1,...,M—1.

Proof. Define

N ah —1
S; = 1+—=) |, fori=0,1,...,N—1,
H1(+m€) or 1
SNizl.

We know from (3.4.4) that

Similarly, we have

Wé”l < (Cexp (—g) < Cexp <_&)

VAN
-
—
@

[

o)
/N O
|

Q
35
~

k=1
N _
Oéhk
< CH (1 + %)
k=1
and
N\ 117n+1 a(l B xl)
(I +AtLN) W, = w(x;,t,) < Cexp B
m
< exp ( a(l — xl))
me
< C6S;
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by an easy calculation it can be shown that S; is bounded by C (I + AN ) S; and

using the linearity of the operator it reduces to
([ + At.,?;N) W\in+1 < (I+ At.,Z;N) T?H’

where YI'*! = CS;, for all n. By using the discrete maximum principle (Lemma 3.4.1),

we obtain
wrtl < s, for n=0,1,...,M —1.

With the same argument we can bound —/VIZ”H as follows

_Wrtl < 08, for n=0,1,...,M — 1.
Hence, we have
‘/MZ"“ <CS,  forn=01, . M-1,
which is the required bound. [

Lemma 3.4.4. The error of the singular component satisfies

@™ () = Wi < ONL, fori=0,1,....,.N—1, n=0,1,...,M —1.

Proof. We prove this lemma by separating the region into the regular and the layer
regions, that is, fori =0,1,...,N/2—1,and i = N/2—1, N/2,..., N, respectively. For
i=0,1,...,N/2 — 1, we have

@+ (o) = W

IA

7 )+ [
< CN'4CS,

where we used Lemma 3.4.3 and bounds of the singular component w. The above

inequality further simplified by using the monotonicity of .S;,
N
‘A”“ W"“} < CN7'4+ 8y, for0<i<o -1 (3.4.6)

The following identity will be used in proving the above result

N

log H<1+am—2‘“> Zlog<1+—).

_ N
k=%

For & > 0 implies log(1 + &) > £ — €2 /2 using this result in the above identity, we obtain

that
N N
ahy, ahy, ahy,
1 ” 1+ — > E — = ==
08 <+mg> N( (ms))’
2

_ N
k=%
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multiplying both the sides by (—

N

2

N N
1 (Ha_hk) <_i+(i)
me me 2 \ me

and finally, we have

N

_N
k=3

H(1+

o))
me

1) and taking exponential, we get

-1

IA IA
@D @D
4 4
he) he)
M= LM

/T\

o

e

N——
@D
4
he)

N | =

IN

@

]

o]
/T\
2
3 =
~__

@

]

o]
N | =
)=
A~
o
&=
~_
[\~]

IA
Q
=

-1

CN™ L.

Substituting in (3.4.6), we obtain

‘ An—l—l

N
W"“) < CN7Y, for0<i< -l

(3.4.7)

The local truncation error of the singular component at the node (x;,t,.1), is given by

= r,w

= 7w

n+1(

n+1(

e = (T4 ALZN) (@4 (@) - W)

+ ~n+1

c n+1( )+rw

Tiq) + W (@ir1) = (w(z,

Ti 1) + i () + 0" (2g) —

tn) + Atf(2i,tny1))
(I + AtZ) " (z).

As like before, the truncation error in singular component can be bounded as follows,

"

Tit1 N
il < €[ 1@ ()lds, for 5 ~1<i<N
s
< = exp (—a(l —s)/e)ds
€ Jai
< Ceexp(—a(l — ;) /me)
— g2 N
C N ahy, C & ahy,
< = ) < = _ 4%
= NP (k;;ﬂ mz—:) ~eN kllleXp < m»s)
< < —F. — — 1 << N.
< H( ) _gNS“ for2 1<i<N
k i+1
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Now usin T"H 1 +.5;), as the barrier function and the discrete maximum principle
g p p

(Lemma 3.4.1), we obtam
~nt1 T+l -1 N .
<w (i) — W, ) < CN, for 5 1 <i<N. (3.4.8)
Similarly, repeating the same argument for — (0" (z;) — W"H)
~n+1 Trrn+1 -1 N .
- (w (x;) — W] ) < CN7, for 5 1<i<N. (3.4.9)
Combining (3.4.7), (3.4.8) and (3.4.9) we have

<CN™', fori=0,1,---,N,n=0,1,...

‘ G () — Wit M 1. (3.4.10)

This completes the proof. [

Theorem 3.4.5. Let "+ and {U™'} are the solutions corresponds to the semidiscrete
discretization (3.3.3) and the discrete solution (3.4.1), respectively. Then, we have the
following bound

@t — U <CN7', forl<i<N-—1. (3.4.11)

Proof. By using the error bounds of the regular and the singular components from

Lemmas 3.4.2 and 3.4.4 in the inequality (3.4.5), we obtain the required estimate. [

Corollary 3.4.6. If we take N~9 < CAt with 0 < g < 1, then from (3.4.11), we obtain
@t — UM < CAENT9 for1<i< N —1. (3.4.12)

This bound is required to prove the uniform convergence of the fully discrete scheme.

3.4.2 Uniform convergence of the fully discrete scheme

Here, we provide the important theorem for the e-uniform convergence of the fully
discrete scheme (3.3.12) on the adaptive gird obtained through the monitor function

given in (3.3.7).

Theorem 3.4.7. Let u(x,t,) be the exact solution of (3.1.1) and {U™} be the discrete
solution of the fully discrete scheme (3.3.12), at time level t, = nAt. Assume that
N7 < CAt with 0 < ¢ < 1. Then the error associated to the fully discrete scheme
(3.3.12) at the time level t,, satisfies

(i, ta) b — {UMi]loo < C(At+ N7 forz; € 0. (3.4.13)
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Proof. Let us denote the global error at time level ¢, by E} = u(x;,t,) — U, for
0 <i < N. Now, splitting the global error {E7 };, we have

ILEE Yilloo < Wi, )i = {7 Yilloo + 14— {07 Hilloo+ DT 1 = {U7 oo (3.4.14)
Now, using the estimates given in (3.3.4) and (3.4.12), we deduce that
B Hillse < CAHAL+ N5 4 [{T7 ) — UMb, for @ (34.15)
Then, applying the stability of the fully discrete scheme, it can be shown that
TP} = {07 Yilloo < [Hulws, ta1) s = {07 Yill oo (3.4.16)
Finally, from (3.4.15) and (3.4.16) we obtain the following error bound
I{E2 Yillso < CAKAL + N759) 4 |{EE Y]l ooy for Q)

and hence, the result (3.4.13) follows from it. "

3.5 Semilinear Parabolic Problem

In this section, we consider the following semilinear singularly perturbed parabolic PDE
of the form
Up — EUgy + a(x)u, = 7(2,t,u), (z,t) € G,
u(z,0) = ug(x), =z €9, (3.5.1)
w(0,t) =u(l,t) =0, te(0,7T],
where £ > 0 is parameter. The functions a(x) and ug(x) are sufficiently smooth. We
assume that r is continuous in Q x [0, T] x R, is differentiable in the third argument, for

some non-negative constants v and 7, satisfies
0 <~y <ryxt,s) <y for (x,t,s)€Qx[0,T] xR.

Under suitable continuity and compatibility conditions on the data, a unique solution
u(z,t) of the parabolic problem (3.5.1) exists (see [45] for details). For 0 < ¢ < 1,
problem (3.5.1) is of singularly perturbed in nature and has boundary layers near 0 x
[0, 77].

To solve (3.5.1), we use the Newton linearization process and obtain the sequence
{u™} for the initial guess u° satisfying the initial and boundary conditions of the problem.

Thus we define u™*! for each fixed m, to be the solution of the following linear parabolic

IBVP,
uf™™ — eu™ ! + a(2)um T — b (z, Hum T = g™ (2, 1),  (2,t) € G,
W(2,0) = ugla), 0 <z <1, (352)
u™0,¢) =0, umt(1,t)=0, 0<t<T,
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where m > 0 and b™(x,t) and g™ (z,t) are given by

b (x,t) = ry(z,t,u™),
(@,8) = rul ) (3.5.3)
g™ (x,t) = r(x, t,u™) — " (x, H)u™.

Hence for a fixed m, we solve (3.5.2) by using the computational method discussed
earlier. Moreover, we assume that the problem admits regular boundary layers. Nu-
merical results of semilinear IBVPs of the form (3.5.1) are presented in the following

section.

3.6 Numerical Results

In this section, we shall present the numerical results obtained by the fully discrete
scheme (3.3.12) for four (two linear, one semilinear and one quasilinear) test problems
on the rectangular mesh ey B ﬁiv X Kiw , Where ﬁiv is the equidistribution mesh
obtained from the numerical algorithm. The constant Cj in the numerical algorithm
gives an intimation of how close we are from the equidistribution of the monitor function.
In case of Cy = 1, the equidistribution principle is satisfied exactly which is too difficult
to achieve by numerical methods. We have taken Cy = 1.2 in all our numerical results
presented in this section and also m = 2, which is necessary to define the monitor
function (3.3.7). Moreover, in all the tables we begin with N = 32 and the time step

At = 0.1 and we multiply N by two and divide At by two.
Example 3.6.1. Consider the following parabolic initial-boundary-value problem:

U — gy + (1 + (1 —2))u, = f(x,t), (z,t) €(0,1) x (0,1],
u(z,0) = up(x), 0<z<l, (3.6.1)
u(0,t) =0, wu(l,t)=0, 0<t<1.

We choose the initial data ug(z) and the source function f(x,t) to fit with the exact

solution
u(z,t) = exp(—t)(Cy + Cox — exp(—(1 — x)e)),

where C} = exp(—1/¢), and Cy = 1 — exp(—1/¢). As the exact solution of the problem

(3.6.1) is known, for each ¢, we calculate the maximum point-wise error by

D ot~ 0,
(J}i,tn)eG ’

where u(x;,t,) and UM (z;,t,) respectively, denote the exact and the numerical solu-

tion obtained on the mesh with N mesh intervals in the spatial direction and M mesh
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intervals in the t—direction such that At = T'/M is the uniform time step. In addition,

we determine the corresponding rate of convergence by

VAt
N,At __ £
Pe - log2 <62N,At/2) :
€

N,At

22" and the corresponding rate of conver-

The calculated maximum point-wise errors e
gence pNAt for Example 3.6.1 are given in Table 3.1 and Table 3.2, respectively. From
these results one can observe the e—uniform first-order convergence of the numerical so-
lution. To compare our results, we also produced the maximum point-wise errors and
the corresponding rate of convergence for the well-known layer adapted meshes, par-
ticulary, the Shishkin mesh and the Bakhvalov mesh in Tables 3.5, 3.6, 3.7 and 3.8.
More information about the Shishkin mesh and the Bakhvalov mesh and its generating
function can be found in [78§].
Further, we have calculated the normalized flux
Fou(z,t) = 8%,

and its numerical approximation

ENUNAY (g, t,) = eD U

The errors in the normalized flux have been calculated as

Té\hAt - 12?5](\4 |F5U(IL‘N, tn) s FENUN7At(’IN’ t”)|’

and the rate of convergence is determined from
FVAL
N,At __ €
EE = log, ( 2N,At/2) :
Te

The calculated maximum point-wise errors in the normalized flux r™4?

_2% and the corre-

sponding rate of convergence ¢™2! for Example 3.6.1 are given in Table 3.3 and Table
3.4. Again, one can see the e—uniform convergence in Table 3.3, and the first-order
convergence rate from Table 3.4. In Figures 3.1 (a) and (b), the maximum point-wise
errors in the solution and the normalized flux are plotted respectively, which reflect the

fact of first-order convergence independent of ¢.

Example 3.6.2. Consider the following parabolic initial-boundary-value problem with

variable coefficients
U — EUgy + (2 — 2¥)uy + zu = 1082 exp(—t)z(1 — x), (x,t) € (0,1) x (0,1]
u(z,0) =0, 0<z<l,

w(0,8) =0, wu(l,t)=0, 0<t<I.
(3.6.2)
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Table 3.1: Mazimum point-wise error of the solution N2 for Example 3.6.1 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 55 128/ 1 256/ 55 512/ 15 1024/ 555
10°  7.5333e-04 4.1685e-04  2.1748¢-04  1.0922e-04  5.4081e-05  2.6669¢-05
1072 5.2036e-02  2.8915¢-02  1.5784e-02  8.4430e-03  4.5493e-03  2.5235¢-03
107%  8.1473e-02  4.2740e-02  2.1362e-02  1.0776e-02  5.4258e-03  2.7360e-03
1076 8.7828e-02  4.3819e¢-02  2.2051e-02  1.1062e-02  5.5220e-03  2.7590e-03
1078 9.2101e-02  4.5172e-02  2.3305e-02 1.1137e-02  5.5484e-03  2.7720e-03

Table 3.2: Rate of convergence of the solution p>! for Example 3.6.1 using equidistri-

bution mesh.

Number of Intervals N /Time Step Size At

£ 32/ 64/ 55 128/ 5 256/ 55 512/ 15
10° 0.8537 0.9386 0.9936 1.0140 1.0200
102 0.8476 0.8733 0.9026 0.8921 0.8502
104 0.9307 1.0005 0.9872 0.9899 0.9877
106 1.0031 0.9907 0.9952 1.0023 1.0010
108 1.0278 0.9547 1.0653 1.0052 1.0011

Table 3.3: Maximum point-wise error of the mnormalized fluz v for Ezample 3.6.1
using equidistribution mesh.

Number of Intervals NV/Time Step Size At

£ 32/ 64/ 5 128/ 4% 256/ 5 512/ 155 1024/ 54
100 1.7715e-02  9.2953e-03  4.7435e-03  2.3785e-03  1.1847e-03  5.8868e-04
1072 1.9081e-01  1.0528e-01  5.4741e-02  2.8976e-02  1.5603e-02  8.0615e-03
107%  2.4928e-01  1.3044e-01  6.4797¢-02  3.2659e-02  1.6359¢-02  8.2432¢-03
1076 2.7126e-01  1.3258e¢-01  6.6422¢-02  3.3243e-02  1.6586e-02  8.2846e-03
1078 2.8243e-01  1.3546e-01  7.0427e-02  3.3473e-02  1.6660e-02  8.3193¢-03
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Table 3.4: Rate of convergence of the normalized flur ¢™2 for Ezample 3.6.1 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 55 128/ 1 256/ 55 512/ 15
10° 0.9304 0.9706 0.9959 1.0055 1.0090
1072 0.8579 0.9435 0.9178 0.8930 0.9527
1074 0.9344 1.0094 0.9885 0.9974 0.9888
1076 1.0328 0.9971 0.9986 1.0031 1.0015
1078 1.0600 0.9437 1.0731 1.0066 1.0019

107}

107}

Max-Error
Max—Error

1072}

1072}

10° 10° 10° 10°
N N
(b) Mazimum point-wise error of the normal-

(a) Mazimum point-wise error of the solution
ized flux r¥-At,

N,At
AR

Figure 3.1: Loglog plot for Example 3.6.1.

Table 3.5: Mazimum point-wise error of the solution for Example 3.6.1 using the Shishkin

mesh.
Number of Intervals NV/Time Step Size At
£ 32/ 64/ 5 128/ 4 256/ 5 512/ 165 1024/ 54
10°  6.8921e-04  3.7085e-04  1.9290e-04  9.8440e-05  4.9739e-05  2.5002e-05
1072 5.5988¢-02  3.8931e-02  2.4826e-02  1.4919e-02  8.6489¢-03  4.8876¢-03
107*  6.4187¢-02  4.3984e-02  2.7665e-02  1.6409¢-02  9.4977e-03  5.3572¢-03
1075 6.4292e-02  4.4129¢-02  2.7833e-02  1.6608¢-02  9.5732e-03  5.3890e-03
1078 6.4293e-02  4.4130e-02  2.7834e-02  1.6610e-02  9.5755e-03  5.3916e-03
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Table 3.6: Rate of convergence of the solution for Example 3.6.1 using the Shishkin mesh.

Number of Intervals N /Time Step Size At

€ 32/ 64/ 55 128/ 15 256/ 45 512/ 15

10° 0.8941 0.9430 0.9705 0.9849 0.9923

1072 0.5242 0.6491 0.7346 0.7866 0.8234

1074 0.5453 0.6689 0.7536 0.7889 0.8261

106 0.5429 0.6649 0.7449 0.7948 0.8290

108 0.5429 0.6649 0.7448 0.7947 0.8286
Table 3.7: Mazimum point-wise error of the solution for Ezxample 3.6.1 using the

Bakhvalov mesh.

Number of Intervals NV/Time Step Size At

5 32/ 64/ 5 128/ % 256/ 5 512/ 155 1024/ 55
100 6.8921e-04  3.7085e-04  1.9290e-04  9.8440e-05  4.9739¢-05  2.5002¢-05
1072 3.6778¢-02  2.2324e-02  1.2953e-02  7.2482¢-03  3.9080e-03  2.0439¢-03
107*  6.6889e-02  3.7859¢-02  2.0136e-02  1.0334e-02  5.2851e-03  2.6686¢-03
1076 7.3993e-02 4.2358e-02 2.2715e-02  1.1750e-02  5.9784e-03  3.0145¢-03
1078 7.6146e-02  4.3468e-02  2.3305e-02  1.2073e-02  6.1429e-03  3.0988¢-03

Table 3.8: Rate of convergence of the solution for Ezxample 3.6.1 using the Bakhvalov

mesh.
Number of Intervals N/Time Step Size At
32/ 64/ 5 128/ 256/ 5 512/ 14
10° 0.8941 0.9430 0.9705 0.9849 0.9923
1072 0.7203 0.7853 0.8376 0.8912 0.9351
10~ 0.8211 0.9108 0.9624 0.9674 0.9858
1076 0.8048 0.8990 0.9509 0.9749 0.9879
1078 0.8088 0.8993 0.9489 0.9748 0.9872
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As the exact solution of the problem (3.6.2) is not known, to obtain the accuracy
of the numerical solution and also to demonstrate the e—uniform convergence of the

proposed scheme, we use the double mesh principle which is given in the following.

~ . . . —2N,A
Let U?NA42(z;t,) be the numerical solution obtained on the fine mesh GVAR
—2N _ —2M

2, x A, with 2N mesh intervals in the spatial direction and 2}/ mesh intervals in

the t—direction. Then for each e, we calculate the maximum point-wise error by

Eév AL — max

X UN’At(IL‘Z‘,tn) _ ﬁ2N’At/2(fEi,tn) ’
(:I?i,tn)EG ’

and the corresponding rate of convergence by

N A EN,At
P5 - = 10g2 (m) .

The calculated maximum point-wise errors EV'2! and the corresponding rate of con-
vergence PMA! for Example 3.6.2 are given in Table 3.9 and Table 3.10 respectively.
The numerical results given in these tables reveal the first-order convergence indepen-
dent of the diffusion parameter . Further, the errors in the normalized flux have been
calculated as

RYA = max |FNUN(ay,t,) — FNTNVA2 (y, 1)),
1<n<M

and the rate of convergence is determined from

N,At

N,At __ 5
Qe B log2 < RZN,At/Z) :

The calculated maximum point-wise errors in the normalized flux RY2! and the
corresponding rate of convergence QYA! for Example 3.6.2 are given in Table 3.11 and
Table 3.12 respectively.

The numerical solution is plotted in Figures 3.2 (a) and (b) for ¢ = le — 1 and
e = le — 4, respectively. These figures show the existence of the boundary layer near
x = 1. The maximum point-wise errors are plotted in log-log scale in Figures 3.3 (a)
and (b), for the solution and the normalized flux, respectively. From these figures, one

can easily observe the first-order e—uniform convergence.

Example 3.6.3. Consider the following semilinear parabolic initial-boundary-value

problem:
U — gy + (1 + (1 — 2))u, +exp(u) = f(x,t), (x,t) € (0,1) x (0,1],
u(z,0) =up(x), 0<z<l, (3.6.3)
w(0,t) =0, wu(l,t)=0, 0<t<1.
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0.2

Table 3.9:

Figure 3.2: Numerical solution of Example 3.6.2 for N = 64 and At = 1/64.

equidistribution mesh.

Mazimum point-wise error of the solution EN2! for Example 3.6.2 using

Number of Intervals N/Time Step Size At

£ 32/ 64/ 55 128/ 5 256/ 55 512/ 15 1024/ 55
10 9.2151e-04  4.6408e-04 2.3891e-04 1.2182e-04 6.2135e-05 3.1334e-05
1072 7.2044e-03  4.3255¢-03  2.4862¢-03  1.1676e-03  6.0758¢-04  3.1001e-04
107%  1.1342e-02  6.2851e-03  3.2988¢-03  1.7175e-03  8.6996e-04  4.3954e-04
1076 1.3838e-02  6.6509¢-03  3.4377e-03  1.7677e-03  8.9286e-04 4.4781e-04
1078 1.4524e-02  6.7667e-03  3.6247¢-03  1.7939e-03  8.9428e-04  4.4947e-04

Table 3.10: Rate of convergence of the solution PN-At for Example 3.6.2 using equidis-
tribution mesh.

Number of Intervals N/Time Step Size At

€ 32/ 64/ 5 128/ 256/ 5 512/ 165

10° 0.9896 0.9579 0.9717 0.9712 0.9876

102 0.7360 0.7989 1.0904 0.9424 0.9707

1074 0.8517 0.9299 0.9416 0.9812 0.9849

106 1.0570 0.9521 0.9595 0.9853 0.9955

108 1.1019 0.9005 1.0148 1.0043 0.9925
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Table 3.11:  Mazimum point-wise error of the normalized fluz RN2! for Example 3.6.2
using equidistribution mesh.

Number of Intervals N/Time Step Size At
€ 32/ 64/ 55 128/ 1 256/ 55 512/ 15 1024/ 555

10°  6.6944e-03  3.6205e-03  1.9628¢-03  1.0418e-03  5.4044e-04  2.7485e-04
1072 3.5063e-02  1.8508¢-02  9.5745e-03  4.7036e-03  2.2391e-03  1.0918e-03
1074 3.7795e-02  2.0402e-02  1.0968e-02  5.3067e-03  2.6980e-03  1.3512e-03
1075 3.9989¢-02  2.2236e-02  1.0708e-02  5.4603e-03  2.7607e-03  1.3710e-03
1078 4.2794e-02  2.3378e¢-02  1.2040e-02  5.6309¢-03  2.7344e-03  1.3739¢-03

Table 3.12: Rate of convergence of the normalized fluz QN2 for Example 3.6.2 using
equidistribution mesh.

Number of Intervals N /Time Step Size At

£ 32/ 64/ 55 128/ 55 256/ 55 512/ 15
10° 0.8868 0.8833 0.9138 0.9469 0.9755
1072 0.9218 0.9509 1.0254 1.0708 1.0362
1074 0.8895 0.8954 1.0474 0.9759 0.9977
10°6 0.8467 1.0542 0.9716 0.9840 1.0098
1078 0.8723 0.9573 1.0964 1.0421 0.9930

10 ¢

107}

S S
& E
% X 10
© ©
= =
107
10°
10° 10° 10° 10°
N N
(a) Mazimum point-wise error of the solution (b) Mazimum point-wise error of the normal-
EN-AL, ized flur RN-At.
Figure 3.3: Loglog plot for Example 3.6.2.
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We choose the initial data ug(z) and the source function f(x,t) to fit with the exact
solution
u(z,t) = exp(—t)(C + Cox — exp(—(1 — x)e)),
where C) = exp(—1/¢), and Cy =1 —exp(—1/¢).
If we use the Newton linearization process given in (3.5.2), we obtain the following

system of linear singular perturbation parabolic PDEs:
" —eu™ N+ (1 + 2(1 — 2))u™ + exp(u™)u™ = f(x,t) — exp(u™)(1 — u™),
u™ N (2,0) = up(z), 0<z<l,
u™0,¢) =0, umt(1,t)=0, 0<t<1.
(3.6.4)
Hence for a fixed m, we solve (3.6.4) using computational method discussed earlier.
For the above Newton linearization process, the following convergence criterion for the
numerical solution is used:
max_|U™ (x5, t,) — U™z, t,)| <0, m >0,
(z‘i,tn)EaN’At
where U™(x;,t,) is the mth iteration numerical solution at mesh point (z;,%,) and J is
prescribed error constant. We used § = 1071° for the Table 3.13-3.16.
As the exact solution of the problem (3.6.3) is known, for each ¢, we calculate the
maximum point-wise error by

A= max (e t) ~ Ut
(zirtn)EG

where u(z;,t,) and UN2Y(z;,t,) respectively, denote the exact and the numerical solu-
tion obtained on the mesh with N mesh intervals in the spatial direction and M mesh
intervals in the t—direction such that At = T'/M is the uniform time step. In addition,

we determine the corresponding rate of convergence by
éN,At

N AL
Pt =log, (m) -
15

The calculated maximum point-wise errors N4t

and the corresponding rate of conver-
gence pVA! for Example 3.6.3 are given in Table 3.13 and Table 3.14, respectively. From
these results one can observe the e—uniform first-order convergence of the numerical

solution. The errors in the normalized flux have been calculated as

VA = max [Feu(ay, t) = FXUN (oy 1),

and the rate of convergence is determined from
7:N,At

g = log, (~2Ji7,At/2> :
Te
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Table 3.13: Mazimum point-wise error of the solution N2t for Evample 3.6.3 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 5 128/ 256/ 55 512/ 765 1024/ 55
10 6.2917e-04  3.3732e-04 1.7567e-04  8.9685e-05  4.5320e-05 2.2782¢-05
1072 3.8609e-02  2.0426e-02  1.0867e-02  5.5871e-03  2.8348e-03  1.4198¢-03
107 6.0421e-02  3.0601e-02  1.5362e-02  7.6465e¢-03  3.8456e-03  1.9328¢-03
107 6.3921e-02  3.2940e-02  1.5797e-02  7.9255¢-03  3.9204e-03  1.9592¢-03
1078 6.5823e-02  3.3413e-02  1.6458¢-02  7.9930e-03  3.9513e-03  1.9628¢-03

Table 3.14: Rate of convergence of the solution p"2* for Example 3.6.3 using equidistri-
bution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 55 128/ 256/ 5 512/ 14
10° 0.8993 0.9413 0.9699 0.9847 0.9923
102 0.9185 0.9105 0.9597 0.9788 0.9975
10~* 0.9815 0.9942 1.0065 0.9916 0.9925
1076 0.9564 1.0602 0.9950 1.0155 1.0007
10-8 0.9782 1.0216 1.0420 1.0164 1.0094

The calculated maximum point-wise errors in the normalized flux 74!

and the corre-
sponding rate of convergence ¢! for Example 3.6.3 are given in Table 3.15 and Table
3.16. Again, one can see the e—uniform convergence in Table 3.15, and the first-order

convergence rate from Table 3.16.

Example 3.6.4. Consider the following quasilinear parabolic initial-boundary-value

problem:

Up — EUgy + (1 + (1 — z))uu, + exp(u) = f(z,t), (z,t) € (0,1) x (0, 1],

u(z,0) =up(x), 0<az<l, (3.6.5)

w(0,8) =0, wu(l,t)=0, 0<t<1.

We choose the initial data ug(z) and the source function f(x,t) to fit with the exact
solution
u(z,t) = exp(—£)(Cy + Caz — exp(—(1 — 2)2),

where C) = exp(—1/¢), and Cy =1 —exp(—1/¢).
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Table 3.15: Mazimum point-wise error of the normalized flux 72" for Example 3.6.3
using equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 55 128/ 1 256/ 55 512/ 15 1024/ 555
10  1.5348e-02  7.8679e-03  3.9899¢-03  2.0113e-03  1.0098e-03  5.0595e-04
1072 1.4129¢-01  7.4090e-02  3.7692e-02  1.9134e-02  9.6534e-03  5.0352¢-03
107%  1.8879¢-01  9.3858e¢-02  4.6700e-02  2.3249e-02  1.1606e-02  5.8293¢-03
1076 1.9787e-01  1.0008¢-01  4.7661e-02  2.3881e-02  1.1784e-02  5.8849¢-03
1078 2.3302e-01  1.0190e-01  4.9689e-02  2.4052e-02  1.1870e-02  5.8929¢-03

Table 3.16: Rate of convergence of the normalized flur G2 for Example 3.6.3 using
equidistribution mesh.

Number of Intervals N /Time Step Size At

€ 32/ 64/ 5 128/ % 256/ 5 512/ 14

100 0.9640 0.9796 0.9882 0.9941 0.9969

102 0.9313 0.9750 0.9781 0.9870 0.9390

1074 1.0082 1.0070 1.0063 1.0022 0.9935

106 0.9834 1.0703 0.9970 1.0191 1.0017

108 1.1933 1.0361 1.0468 1.0188 1.0103
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Table 3.17: Mazimum point-wise error of the solution eNAt for Example 3.6.4 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 5 128/ 4 256/ 5 512/ 145
10° 2.1224e-04  1.1016e-04  5.6114e-05  2.8358¢-05  1.4255e-05
1072 3.1235¢-02  1.8433e-02  1.0046e-02  5.2075e-03  2.7049¢-03
1074 6.2231e-02  3.3148e¢-02  1.6691e-02  8.2822¢-03  4.1686e-03
10-6 6.8282¢-02  3.5852e-02  1.7505¢-02  8.8524e-03  4.2776e-03
10°8 7.2542¢-02  3.7821e-02  1.7690e-02  8.6522¢-03  4.3006e-03

If we use the Newton linearization process, we obtain the following system of linear
singularly perturbed parabolic PDEs:
( " —eu™ 4+ (1 + 2(1 — 2))u™u™ + (exp(u™) + (1 + 2(1 — 2)))u™H!
— Sl ) + (L a(l = @))um — exp(™)(1 - w™),  (w,1) € (0,1) x (0,1],

u™(z,0) = up(z), 0<z<l,

| u(0,6) =0, wmT(1,8) =0, 0<t<1

(3.6.6)
Hence for a fixed m, we solve (3.6.4) using the computational method discussed earlier.
For the above Newton linearization process, the following convergence criterion for the
numerical solution is used:
max U™ (@, t,) — U™ (w4, t,)| <6,

m >0,
(mi,tn)GéN’At

where U™ (x;,t,) is the mth iteration numerical solution at mesh point (z;,%,) and J is
prescribed error constant. We used § = 1071° for the Table 3.17-3.18.

We have calculated the maximum point-wise error and corresponding rate of conver-
gence as given for Example 3.6.3 and presented in Table 3.17 and Table 3.18, respectively.
The numerical results given in these tables reveal the first-order convergence independent

of the diffusion parameter c.

3.7 Conclusions

In this chapter, we have solved the singularly perturbed time-dependent convection-
diffusion problems (3.1.1) numerically by the upwind finite difference scheme on layer-
adapted nonuniform meshes obtained through a positive monitor function given in

(3.3.7). The truncation error is obtained and the stability is analyzed. The proposed
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Table 3.18: Rate of convergence of the solution pN-2t for Example 3.6.4 using equidistri-

bution mesh.

Number of Intervals N/Time Step Size At

€ 32/ 64/ 3 128/ 256/ 5
10° 0.9460 0.9732 0.9846 0.9923
1072 0.7609 0.8757 0.9479 0.9450
10~ 0.9087 0.9898 1.0110 0.9904
1076 0.9294 1.0343 0.9836 1.0493
10-8 0.9396 1.0963 1.0318 1.0085

numerical scheme is of first-order convergence in both the spatial and temporal vari-

ables, i.e., O(At+ N~'). Error estimates are derived for the numerical scheme, which

are independent of the diffusion parameter . Semilinear and quasilinear IBVPs are also

solved by the present method. Numerical results reveal the theoretical error estimate.
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CHAPTER 4:

The Parameter-Uniform Numerical Method for

Parabolic Reaction-Diffusion Problems on
Equidistributed Grids

This chapter presents the study of singularly perturbed parabolic reaction-diffusion prob-
lems with boundary layers. To solve these problems, we use a modified backward-Euler
scheme for the time derivative with uniform mesh and central difference scheme for the
spatial derivative on layer-adapted nonuniform meshes at each time level. The nonuni-
form meshes are obtained by equidistribution of a positive monitor function, which
involves the second-order spatial derivative of the singular component of the solution.
Equidistributing monitor function at each time level allows us to use this technique
to a general class of parabolic problems where the layer may vary with respect to the
time. Truncation error and the stability analysis are obtained. Parameter-uniform error
estimates are derived for the numerical solution. To support the theoretical results,

numerical experiments are carried out.

4.1 Introduction

Consider the singularly perturbed parabolic initial-boundary-value problem (IBVP)

(

ur(z,t) + Leu(z, t) = f(x,t), (z,t) € G=(0,1)x (0,77,

u(z,0) =s(x), on S, ={(x,0):0<z <1},
(4.1.1)

u(0,t) = ag(t), on So={(0,t):0<t<T}
t<T}

where L.u = —cuy, + b(x)u, 0 < ¢ < 1 is a small parameter, and b, f are sufficiently
smooth functions with b(z) > f > 0 for x € [0,1]. Under the continuity and the

)
)

u(l,t) =ay(t), onS;={(1,t):0<

\
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compatibility conditions on the data as given in (2.1.2) and (2.1.3), the IBVP (4.1.1)
has a unique solution u(x,t). Boundary layers occur in the solution when ¢ — 0.

In recent studies much interest have been given to solve singulary perturbed problem
using equidistribution principle because it does not require any information about the
location and the width of the layers. Although it is computationally costly it can be
applied successfully to semilinear and nonlinear singular perturbation problems. Do-
main decomposition and moving mesh method based on equidistribution principle for
the space-time evolution problem can be found in [26]. Moreover, parabolic reaction-
diffusion and convection-diffusion evolution problems are analyzed in [68, 27| respec-
tively.

Here, in this chapter, the main goal is to provide an e-uniform numerical method for
the IBVP (4.1.1). To solve this problem, we use a modified backward-Euler scheme for
the time derivative on uniform mesh and the central difference scheme for the spatial
derivative on layer-adapted nonuniform meshes at each time level. The nonuniform
meshes are obtained by equidistribution of a positive monitor function, which involves
the second-order spatial derivative of the singular component of the solution. In this
chapter, we analyze the linear parabolic reaction-diffusion problems. To match the mesh
points on successive time levels we use linear interpolation that gives the modified-Euler
scheme which is given in Section 4.2. The proposed scheme is e-uniform convergent of
order O(At + N~2). Truncation errors are derived, stability analysis is carried out and

e-uniform error estimates are obtained.

4.2 The Numerical Solution

In this section, we discretize the parabolic IBVP (4.1.1), the time derivative is replaced
by a modified backward-Euler scheme, and the spatial derivative is replaced by the
central difference scheme. Later, we introduce the equidistribution grid, and derive
the finite difference scheme. Finally, we provide the numerical algorithm to obtain the

equidistributed grids on each time levels.

4.2.1 Finite difference scheme

On the time domain [0,T], we introduce the equidistant meshes with uniform time step
At such that {t, = nAt, n =0,...,M, At = T/M}, where M denotes the number
of mesh intervals in the ¢-direction. We consider the finite difference approximation of
(4.1.1) on a non-uniform spatial discretization on n'* time level by {0 = 2§ < 27 < -+ <
x’y = 1}, and denote the spatial step sizes by hl' = a2 — ' , i = 1,..., N. Therefore,
the computational mesh is defined as G = {(z"t,):i=0,...,Nandn =0,... M}.
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Before describing the scheme, for a given mesh function v(x?,t,) = v, define the forward

and backward differences §;}, §

in spatial by 6 v} = (viyy — o) /iy, 070 = (vf —
v!" 1)/h?, respectively, the second-order finite difference operator 62 as §2v' = (2(5, vl —
o vf))/(h? + h?.,), and define a variation of backward difference operator d; in time by
Srul = (v — o™ 1 (a?))/At, where ©™(x) is the linear interpolant of v? at time level ¢,,.
We discretize equation (4.1.1) by means of the modified backward difference for the time
derivative, and the central difference for the space derivative. Hence the discretization

of (4.1.1) takes the form, forn =0,1,..., M — 1,

UinJrl _ fjn(xzwrl)
At
U(?H = ao(tnt1), U]T\L/H = a1(tn+1), (4.2.1)

+ LU = f(a? b)), fori=1,... N —1,

U%z;) = s(x;), fori=1,...,N—1,

where £NUM! = —e82U7t! 4+ b;U" . After rearranging the terms in (4.2.1), we obtain

the following form of the difference scheme: for n =0,1,..., M — 1,

r;n+1U;1+11 Frf UM U = gy fori=1,...,N — 1,
U6L+1 = G’O(thrl)a UJT\1]+1 = al(thrl)a (422)

U%z;) = s(x;), fori=1,...,N—1,

where

—2e At " —2e At

’]’Kf — T, =
i,n+1 n+1/pn+1 n+1y” i,n+1 nt1pntl ntly’
hi T (b R R (b 4+ R

,rf,nJrl =1+ Atbiﬂ”rl - Tijn—i—l - T;,rn—l—l?
bipt1 = b(x ), gt = U@ + Atf (@ ty),

and ﬁ"(x) is the linear interpolant of U at time level ¢,, for n > 1.

To determine the value of the monitor function (4.2.5), we have to know the approx-
imate value of the singular component w(z,t). To calculate the numerical value W/ of
w(z}, t,), we use the numerical approximate value V" of v(z},t,) from the following
recurrence relation:

P Vit =gr, fori=0,...,N, n=01,....M—1,

! (4.2.3)
VO(z;) = so(x;), fori=0,...,N,

where 76, = 1+ Atb(z*), g = V(@) + Atfo(zi teyy), VP (2) is the linear
interpolant of V" at time level ¢, for n > 1 and sy, fy are the regular components

corresponding to s, f respectively.
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4.2.2 Adaptive spatial grids via equidistribution

Since the solution u(z,t) of the IBVP(4.1.1) exhibits boundary layers, one has to use
layer-adapted nonuniform spatial grids, which are fine inside the boundary layer region,
and coarse in the outer region. To obtain such a grid, we use the idea of equidistribution
of a positive monitor function given in (4.2.5). Here we consider equidistribution of
u(z,t) on every temporal level, because the problem (4.1.1) exhibits layer, which will

not have any impact on the temporal component. A grid is said to be equidistributing

u(z,t), if
zy T
/ M(u(s, t), s)ds :/ " M(u(s,t),s)ds, i=1,...,N -1, (4.2.4)
z g z

where M (u(z,t),z) is a strictly positive, L;—integrable function.

Here, we consider the following monitor function
M (u(z,t), ) = Qe + |wae(z, )[Y™, m > 2, (4.2.5)

where o, = fol [, (s, t)|"/™ds is a positive constant that is independent of N, and w(z, t)
is the singular component of u(z,t). The selection of this a,. will help to distribute the
number of mesh points inside and outside the boundary layer region equally. The effect
of increasing m is to smoothen the monitor function, which in turn leads to a smoother
distribution of the grid points. In all of our numerical experiments, we will take m = 2.

In order to compute the value of the monitor function at the ith interior node of the

spatial mesh, M},
M = o+ [2Wr|Ym fori=1,...,N —1, (4.2.6)
where « is a discrete form of «,, which can be written as

|O2W |V |2 W |
2

N-1
a=nt W+ o { b g o

=2
For a truly adaptive algorithm, the monitor function has to be approximated from the
numerical solution. For example, a simple discretization of (4.2.4) results in the set of
equations M} | ,(z} — xi' ) = M}

z+1/2(x?+1 — af'), where Mﬁrlﬂ is an approximation to
M (u(@7yy o5 tn)s T o)-

The detailed numerical algorithm to obtain the equidistribution grids is given in the

following section.
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4.2.3 Numerical algorithm

To get the equidistribution grid and the corresponding numerical solution, we use the

following algorithm:

Step 1. Take n = 1 and choose a constant C' > 1 that controls when the iteration has

to be terminated.

Step 2. Take k = 0. Take the uniform spatial mesh {x?’(o)} as the initial value for n =1

otherwise {27} for the iteration.

Step 3. Compute the discrete solutions {U"®} and {V/"™} satisfying (4.2.2) and
(4.2.3), respectively with the help of the spatial mesh {x?(k)}

Step 4. Find the singular component of the discrete solution by Wi"’(k) = gk k),

K3 K3

Step 5. For a given mesh {x?’(k)} and the singular component of the discrete solution

n, (k) 4 ()
{V[/Z."’(”‘;)}7 set Hsz) = <%) (m’?’(k) — x?;(f)), fori = 1,..., N, where

7

M ™ s calculated from (4.2.6), and set M = pM® and Mp® = pp®),

Step 6. Set Ly = 0 and L; = Zéle;k) for i = 1,...,N. Define C® .=
%maXizo,l ..... NHZ-(k)-

Step 7. If C*®) < C, then go to Step 10.

Step 8. Set Y; = iLy/N for ¢ = 0,1,..., N. Interpolate the points (L;, z;). Generate
the new mesh {x?’(kﬂ)} by evaluating this interpolant at Y; for : = 0,1,..., V.

Step 9. Set k = k + 1, return to Step 3.
Step 10. Take {z7"* Y} as the final mesh {27} and set U"* Y = U and V"¢ = yn,
Step 11. If n = M, then goto Step 13.
Step 12. Set n =n + 1, return to Step 2.

Step 13. Stop. U} is the required numerical solution and {z!'} is the required equidistri-

bution mesh at time level ¢,,.
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4.3 Error Analysis

Here, we derive the truncation error for the numerical scheme, and carry out the stability
analysis. Finally, we obtain the e-uniform error estimate.

The following lemma states the discrete maximum principle, which follows from
Lemma 2.4.1.

Lemma 4.3.1. Consider the IBVP (4.1.1), and the numerical scheme given in (4.2.2).
Assume that the statement given in Lemma 2.4.1 holds true for the difference scheme
(4.2.2). Then, the difference operator defined in (4.2.2) satisfies the discrete maximum

principle.

Theorem 4.3.2. Let u and U be respectively the continuous and the numerical so-
lutions of the IBVPs (4.1.1), and (4.2.2). Then, we have the following bound, for
j=12....M,1=0,1,...,N,

max ’u(xf, U= UZJ} < O[At+ N73. (4.3.1)
i.j

Proof. Let i/ = u} — U/ be the truncation error in the computed solution at each
mesh point (27,t;). We write the scheme (4.2.1) as [6;U]J} + [tNU)! = f/. Therefore,
the truncation error of the above scheme can be written in the following way as given
in [49] and [17], [6;n] + [&¥n)] = X1, + X3, where x]; and X}, are as follows, x]; :=
[N}l — (£Nu) and X%z = 0ful — (uy)]. With this splitting of the truncation error

we can decompose the error n as n = ¢ + ¢. Here the function gbf is, for each fixed

j=1,..., M, the solution of the discrete two-point boundary-value problem

[Lff(b]g:)d”i fori=1,...,N—1,

' _ (4.3.2)
&= ¢l =
while wf , the solution of the discrete parabolic problem is defined by
(070 + &Myl = x5, — 0¢] fori=1... N-1,
Yl=9l =0, forj=1,..., M, (4.3.3)

) =—¢? fori=0,...,N.

Equation (4.3.2) is a sequence of two-point boundary-value problems that has been
discretized using £, with lel playing the role of truncation error and can be bounded
using the technique from [7]. The problem (4.1.1) exhibits regular boundary layers and
the same is true for the equation (4.3.2) using the bounds in (2.2.2), the error bound

derived in [7] can be invoked for all the temporal levels:

/] < CN~2 for all 4, j, (4.3.4)
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with the assumption that N=' > /e and the fact that our problem exhibits regular
boundary layers. All it remains is to bound the other error component . By Lemma
2.4.1 and the discrete maximum principle we get the following bound for the error

component v,
Wi = ¢© (maX\¢?| + max[xj; - 52‘¢3|) for all 7, j.
[ 1,7 ’
Using the bounds of X;z and (4.3.4) we obtain
W = C [N_Q + At + max )5f¢f|] for all 4, j. (4.3.5)
ij

It remains to bound the term ¢; ¢ in (4.3.5). Using the assumption that b(x) is indepen-
dent of ¢, the definition (4.3.2) implies that ;¢ satisfies

{ LN = 0ixd; fori=1,...,N—1,
(0;0)0 = (6; )% = 0.

To analyze the above sequence of two-point boundary-value problems (4.3.6), observe

(4.3.6)

that the right-hand side of the above equation can be written as

. 1, .
it = &7 Ods =X @)
1 . .
= A7 (Lév ul — (Leu)])

o (27 = i) + (@8 — (2] (e)

i g1
a5 $k_1

)T —x i1 ; ;
where ¢p_1(z) = M’ op(x) = P and z;_; < @] < x]_,, for some k. The
above step is precisely applying the linear interpolation, one can also use higher-order
interpolation such as cubic spline for higher-order convergence rate. Let L.u = —cu,,
and ﬁivuf = —gégug . By using the fact that the interpolation error is of order O(N~2),

one can obtain the following inequality

1 t ~ N 8 j A~ 8 j
E/ lﬁs au(xi,t) - Leau(xi,t)] dt

tji—1

+CN72,

5:X{Z’ <

By using the Peano kernel theorem as in [38], and following the argument given in
[17], we obtain the same estimate on o; XJ“ as the corresponding truncation error bounds
arising in [7] for a standard two-point reaction-diffusion boundary-value problem. Now
analyzing the problem in the same way as (4.3.2) with the bounds (2.2.2), we obtain the
following bound for &; ¢/

1677 < CN2 for all i, j. (4.3.7)
Now, using (4.3.4), (4.3.5) and (4.3.7), we get the required bound. n
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4.4 Numerical Results

In this section, we shall present the numerical results obtained by the discrete scheme
(4.2.2) for a test problem on the rectangular mesh G, In the numerical experiment
we will fix m = 2, which is necessary to define the monitor function (4.2.5). Moreover,
in all the tables we begin with N = 16 and the time step At = 0.2 and we multiply NV
by two and divide At by four. The reason of dividing At by four is to justify the spatial

order of convergence properly.
Example 4.4.1. Consider the following parabolic initial-boundary-value problem:
ur(z,t) — euge(x,t) + ulz,t) = f(x,t), (x,t) €(0,1)x (0,1]. (4.4.1)

The right-hand side source term, initial and boundary conditions are calculated from

the exact solution

u(z,t) = (t+ z) erfe (2\/_) th T exp (;::)

As the exact solution of the problem (4.4.1) is known, for each ¢, we calculate the

maximum point-wise error by

e = max u(a]t;) = UM (], 1)
(@1 ,t;)€G™
where u(:vf ,t;) and UY ’At(:cf ,t;) respectively, denote the exact and the numerical solu-
tion obtained on the mesh with N mesh intervals in the spatial direction and M mesh
intervals in the t—direction such that At = T'/M is the uniform time step. In addition,
we determine the corresponding rate of convergence by pM2t = log, (%) The

N:At and the corresponding rate of convergence

calculated maximum point-wise errors e
pNAt for Example 4.4.1 are given in Tables 4.1 and 4.2 respectively. From these results
one can observe the e—uniform second-order convergence in the space and first-order in
the time. Figure 4.1 (a) shows the solution plot at time ¢ = 1 for various values of ¢
and the log-log plot (b) shows the slope of maximum point-wise error of the proposed

numerical method is of second-order in space.

4.5 Conclusions

In this chapter, we provided an e-uniform numerical method for the IBVP (4.1.1). The
spatial grid is obtained via equidistribution of a positive monitor function, which involves
second-order spatial derivative of the singular component of the solution u. The time

derivative is replaced by the modified backward-Euler scheme in order to accommodate
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Table 4.1: Mazimum point-wise error of the solution N2 for Example 4.4.1 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

5 16/1 32/ % 64/ 5 128/ 55 256/ 1555
10° 1.3208e-02  4.8368¢-03  1.3771e-03  3.6046e-04  9.2406e-05
102 1.6934e-02  5.0200e-03  1.3741e-03  3.6053e-04  9.2542¢-05
1074 1.7916e-02  4.9202¢-03  1.3730e-03  3.6186e-04  9.2662¢-05
1076 1.6650e-02  5.0290e-03  1.3953e-03  3.6384e-04  9.2886e-05
1078 1.7696e-02  4.9719e-03  1.4662e-03  3.6911e-04  9.3160e-05

Table 4.2: Rate of convergence of the solution p'2 for Example 4.4.1 using equidistri-
bution mesh.

Number of Intervals N/Time Step Size At

£ 16/2 32/ 5 64/ 55 128/ 55
10° 1.4493 1.8124 1.9337 1.9638
102 1.7542 1.8693 1.9302 1.9619
19=4 1.8645 1.8414 1.9238 1.9654
196 1.7272 1.8497 1.9392 1.9698
fo== 1.8316 1.7617 1.9900 1.9863

+0O(N?)

Hg=10"2

107} +5:10_4

E ©¢=10"°

LII% $-¢=10"8
s 107
107

10°
N
(a) Ezact solution at time t = 1 for different (b) Log-log plot of mazimum point-wise error

values of €. of the solution elY-At.

Figure 4.1: Solution and error plots for Example 4.4.1.
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the grids properly, and the spatial derivative is replaced by the central difference scheme.
The proposed scheme is parameter-uniform convergent of order O(At+N~2). Truncation

errors are derived, stability analysis is carried out and e-uniform error estimates are

obtained.
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CHAPTER 5

Uniformly Convergent Numerical Method for
Singularly Perturbed Parabolic
Initial-Boundary-Value Problems on
Equidistributed Grids

In this chapter, we study the numerical solution of singularly perturbed parabolic
convection-diffusion problems exhibiting regular boundary layers. To solve these prob-
lems, we use the classical upwind finite difference scheme on layer-adapted nonuniform
grids. The nonuniform grids are obtained by equidistribution of a positive monitor func-
tion, which is a linear combination of a constant and the second-order spatial derivative
of the singular component of the solution on every temporal level. Truncation error and
the stability analysis are obtained. Parameter-uniform error estimates are derived for
the numerical solution. To support the theoretical results, numerical experiments are

carried out.

5.1 Introduction

Here, we consider the following singularly perturbed parabolic initial-boundary-value
problem (IBVP):

u(z,t) + Loulx, t) = f(x,t), (x,t) e G=Qx(0,7]=(0,1) x (0,7,
u(z,0) = up(x), =z €, (5.1.1)
uw(0,t) =u(l,t) =0, te€]0,T],

where

Lol = —eUy, + a(x)u, + b(2)u,

83
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Chapter 5 5.2. The Numerical Solution

0 < e < 11is a small parameter and the coefficients a, b are sufficiently smooth functions
such that
a(r) >a>0, bx)>3>0 on Q=][0,1]. (5.1.2)

Under sufficient smoothness and compatibility conditions imposed on the functions wg
and f, the parabolic problem (5.1.1)-(5.1.2), in general admits a unique solution wu(z, t)
which exhibits a regular boundary layer of width O(e) at z = 1.

Our main goal is to solve the parabolic IBVP (5.1.1)-(5.1.2) numerically by finite
difference scheme on an adaptive grid obtained through equidistribution of a positive
monitor function, which is a linear combination of a constant and the second-order spatial
derivative of the singular component of the solution. As the solution of the IBVP (5.1.1)-
(5.1.2) exhibits an exponential layer only in the spatial variable, we will use nonuniform
grids only in the spatial direction obtained as like in the stationary one-dimensional
problem, and uniform grids for the temporal direction. More precisely, at each time
level, we obtain the nonuniform adaptive grid by solving the mesh equidistribution
relation. Therefore, obtaining the adaptive grid by the present method is very economy.
The time derivative in the PDE (5.1.1) is approximated by the backward-Euler scheme,
and an upwind finite difference is used to discretize the spatial derivatives. e—uniform
error estimates of order O(N~! + At) are derived for the numerical solution, where
N and At are the discretization parameters in space and time respectively. Numerical
experiments reveal the fact of e—uniform first-order convergent results.

We organize the rest of the chapter as follows: In Section 5.2 we introduce the
implicit-Euler scheme for the time derivative and upwind finite difference scheme for
the spatial derivatives and also adaptive spatial mesh via equidistribution principle.
Afterwards, we carry out the error analysis for the scheme in Section 5.3 and prove
the main theoretical error estimates, i.e., the e-uniform optimal error bounds of the
scheme on the adaptive mesh. Section 5.4 describes application of the present method
for semilinear singularly perturbed parabolic PDEs. In Section 5.5, we present the
numerical results for two linear problems and a semilinear test problem to validate the
theoretical error estimate. Moreover, numerical results for the Burger’s equation are

also presented. Finally in Section 5.6, we summarize the main conclusions.

5.2 The Numerical Solution

In this section, we introduce the equidistribution gird, and derive the finite difference
scheme for the parabolic IBVP (5.1.1) also to the corresponding regular problem. The
fully discrete scheme (5.2.2) is obtain by applying simple upwind difference scheme to

corresponding semidiscrete problem (3.3.1).
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5.2.1 Finite difference scheme

We consider the finite difference approximation of (5.1.1) on a nonuniform spatial dis-

cretization at each temporal level by
O ={0=af <a? <---<a =1},
where n denotes the time level, and denote the spatial step sizes by

n __ n n S
h! = =, 1=1,...,N.

The simple upwind finite difference spatial discretization of (3.3.1) takes the form,
formn=0,1,..., M —1,
(I + AtgMUM = Ur + Atf(ai ™ ty), fori=1,...,N —1,
(5.2.1)

n+1 __ n+1 __
Uptt = Uit =0,

where £ is the discretization of the differential operator £. using the simple upwind

finite difference scheme for the spatial derivatives, which takes the following form
SNU-TLJrl — —652U~n+1 L aﬂ+1D7U‘n+1 4 bn+1Un+1
€ (2 x (] K2 x K2 (] K] °

After rearranging the terms in (5.2.1), we obtain the following form of the difference
scheme: forn=0,1,..., M — 1,

T;n+1UiTiJE1 g Tf,nJrlUin+1 ni riJ,rn—i—lUiT—Ll—Jrll = 977 fOI' 1= 17 O] N — 17
(5.2.2)
Gt Sl
where

B —2eAt al T At N —2eAt
r; B - ; T. — ,

i,n+1 h?+1(h?+1 L h?-jll) h;z+1 i,n+1 h?_:rll(hlerl wt? h:L_:rll)
ric,n—I—l =1 + Atb;’”rl - T;,nJrl - TiJ,rnJrl’
aftt =a(apth), O =b(apth), gt = Ut ) + Atf (i b)),

and U is the linear interpolant of U.

To determine the value of the monitor function (5.2.6), we have to know the approx-
imate value of the singular component w(zx,t). To calculate the numerical value W
of w(z;,t,), we use the numerical approximate value V;* of v(z},t,) from the following
recurrence relation: forn=0,1,..., M — 1,

([ + Atsév>‘/zn+1 = ,Fz'_,nJrl‘/;Ti—’l—l + 7Zi,n—l—l‘/;n—i_l = gln’ for i = 17 teey Na
(5.2.3)
V'OnJrl — O,
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where

n+1
L A At — i
iwn+1 hn+1 ) z n+1l — z n+1
%

att = a(z"tY), b = (2, Gt =V (M ) + Atf (2 ).

3 3

and V is the linear interpolant of V.

5.2.2 Adaptive spatial grids via equidistribution

Since the solution u(z,t) of the IBVP (5.1.1) exhibits boundary layers, one has to use
layer-adapted nonuniform spatial grids, which are fine inside the boundary layer region,
and coarse in the outer region. To obtain such a grid, we use the idea of equidistribution
of a positive monitor function given in (5.2.6). Here we consider equidistribution of
u(z,t) on every temporal level. A grid is said to be equidistributing u(x,t) on time level

i
z T
/ M(u(s, ), s)ds :/ " M(u(s,t,), s)dsy i=1,...,N=1, (5.2.4)

where M (u(z,t,), x) is a strictly positive, L;—integrable function. Equation (5.2.4) can

also be written in the following form:

/ M (u(s,ty) N/M (s,tn),s)ds, i=1,...,N. (5.2.5)
Here, we consider the following monitor function

M (u(z,t,), ) = e + |wae (2, 1,)|Y™,  m > 2, (5.2.6)

here a, is a positive constant that is independent of N and w(x,t) is the singular

component of u(z,t). Precisely, a. is given by

1
= / [Waa (s, tn) | ™ds. (5.2.7)
0

The selection of this a, will help to distribute the number of mesh points inside and
outside the boundary layer region equally. The effect of increasing m is to smoothen the
monitor function, which in turn leads to a smooth distribution of the grid points. From
[6], we clearly see the influence of the parameter m. For all of the numerical experiments,
we will take m = 2.

In order to compute the value of the monitor function at the ith interior node of the

spatial mesh, M,

M"=a+|02W V™ fori=1,...,N —1, (5.2.8)
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where « is the discrete form of (5.2.7), which can be written as

a =R e2wr > 5

1=2

N-1
S2wn 1/m S2wn 1/m
{| T z—1| +| z Vi | } + hR[-H |5§W17\17_1|1/m

For a truly adaptive algorithm, the monitor function has to be approximated from the
numerical solution. For example, a simple discretization of (5.2.4) results in the set of
equations

M‘n—ug(%n — ) = Mﬁum(l’f?ﬂ —ai), fori=1,...,N—1,

(2

where M}, , is an approximation to M(w(z7, /9, tn), T3} jo)-

In the numerical algorithm given in Section 4.2.3, we use the discrete form of the
monitor function given in (5.2.8). For the convergence of the algorithm one can refer
[43], where the authors analyzed the predetermined number of iterations for e-uniform
convergence, the results are proved for the well-known arc-length monitor function, which

is different from the one as given in (5.2.6).

5.3 Error Analysis

Here, we study the consistency and stability of the proposed numerical scheme (5.2.2).
Finally, we analyze the e-uniform convergence of the numerical solution on the adaptive
grid obtain through the monitor function (5.2.6).

Instead of analyzing the fully discrete scheme (5.2.2) directly, first we analyze the
following variant discrete scheme of (5.2.2) then we generalize the result to prove the

e-uniform convergence of the fully discrete scheme, forn =0,1,... . M—1,¢=1... N—1,

N\7mn+1l _ . —  7in+l c I+l + 7+l _ o
(I + AU =r, UMY + i, UM+, n Ul =g,

(5.3.1)
U6L+1 — UJV\L[Jrl = O,
where
_ —2e At a; At n —2eAt
T. = — s T’L n = s
S h(hy + higa) hi T B (B + Riga)
T;inJrl =1 + Ath - ri_,n—i—l - r;—n—i—l?
a; = a’(x?—’—l)) bi = b(ZL';H_l), /g\lzn = u(l‘;‘H_la tn) + Atf(l‘?—’—l, tn+1)'
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5.3.1 Decomposition of the numerical solution

As like in the continuous solution, we will decompose the numerical solution into the

regular and the singular components. That is, we decompose ﬁZ" as

Ur=Vr+W", 1<i<N,1<n<M, (5.3.2)
where R
(I + AteMNVIH = vt ) + Atf (a7 ),
R R (5.3.3)
‘/OnJrl = U(.Z'ngl, tn+1), V]GJrl — ’U(.I'?VJrl, tn+1),
and
(I + AtEN YW = w(ait t,),
- (5.3.4)
Wn+1 = w(m(}“, tn-i-l)’ VVJT\ZT—’—1 = w(ljjif—’—l) tn-l—l)'
Now, the nodal error in the numerical solution can also be decomposed as
‘An+1( n+1) Un+1| < |An+1( n+1) Vn+1| + ‘AnJrl( n+1) A /MZnHL (5.3.5)

where ¥ and @ are the time semidiscretization of the regular and the singular components

of u, respectively.

Lemma 5.3.1. (Discrete comparison principle) The system (I + Atg&N)u?™ = g7,

with uf ™ and u'tt specified, has a unique solution. If (I+AtEN)ul™ < (I+ALLN)2r,
1<i<N—1, and if ud™ < 20, it <200 then ul ™t <20 1 <i< N -1,

Proof. The matrix associated with (I + At£Y) is an irreducible M-matrix and so has

a positive inverse. Hence, the result follows. [

Lemma 5.3.2. The error of the regqular component satisfies [0"(z]*!) — \/}i"+1| <

CN=Y forn=0,1,...,.M — 1.

Proof. The local truncation error of the regular component at the node (z ¢,.1),

Ti‘j/n—l—l = (I + At{_‘,N) (An+1<xn+1) B ‘7”“)

T;nJrl@nJrl( n+1) + T n+16n+1< n+1) + T n+16ﬂ+1(xznjll)

— (v(@ ) + Atf (™ )

;n+li)\n+1( nJrl)_}_rZ nJrl@nJrl( nJrl)_l_TZ n+1@n+1(x;z—:r11)

— (I 4+ AtL) o™ ().
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Using the Peano’s kernel theorem for every value of n, the truncation error of the regular

component reduces to,

n+1
O At{‘: 1 Tit1 "
v n41\2 (~ntl
Ti,nJrl - _(h;ﬂ-l + h;zj—ll) {h;’bj—ll \/xﬁ‘H (8 - xi-{—l) (6% ) (S)dS
IR
. ’ _ N2 (mnt 1y
e L, (e <s>ds}
Ata(x?—i_l) x?+1 n "
_7]1”“ /+1 (s—xijll)(@”ﬂ) (s)ds.
i—1 @)
And, we obtain the bound
xnjll 201
il At [ IEY @)l + A [ 1@ (9)lds
? n4+1 n+1
Ti—1 Ti—1

where & is the upper bound of a(z) on [0, 1]. If we use the bounds of the regular part ¥

this may be simplified to

n+1
7 ’

< C [ (10 61+ 6 @+ ) 6)] 1) ds

i—1
From the bound of the regular part v and the spatial discretization satisfying the equidis-
tribution principle (5.2.5) with the monitor function given in (5.2.8), the local truncation

error of the regular component reduced to

¥ | <CN7Y, fori=1,2,...,N—1, n=0,1,...,M — 1.

Y

That is,
(14 ated) (T4 @) - T | < on

Now using the fact that the operator (I + Atel ) satisfies the discrete comparison prin-
ciple (Lemma 5.3.1) and the inverse operator is uniformly bounded we can conclude
that,

o @) — VP < ONTY fori=1,2,...,N—1, n=0,1,...,M — 1.

This completes the proof. [

Lemma 5.3.3. Numerical solution of the singular component satisfies

Tn+1 s O‘hZH o .
wrt<e I (1+ - L fori=0,1,....N—1,n=01,...,M—1,
m.
k=i+1

and

\W]&“\ <C, forn=0,1,...,M —1.

Ph.D. Thesis 89
TH-1215 09612316



Chapter 5 5.3. Error Analysis

Proof. Define

N b\ !
[SHARIESS II <1+— k ) , for i=0,1,...,N —1,
me
k=i+1

S]T\L,H = 1.

We know from (5.3.4) that
W;\#l < C = CS]V\L[Jrl,

and

Wé”l < (Cexp (—g) < Cexp <_i)

VAN
Q
[©]
»
o]
- N
|
s |5
m?ﬁi_
~

Fori=1...,N — 1, we have
(I+Atgl) /Winﬂ = w2 t,) < Cexp <—
_ pntl
< exp (_M)
= @5

by simple calculation it can be shown that S;"*" is bounded by C (I + Atg€Y) 57"+ and

using the linearity of the operator it reduces to
(I +AteMYyWrtt < (14 Arg)) et

where T = CS, for all n. By using the discrete comparison principle (Lemma
5.3.1) we obtain

Wt < st for n=0,1,..., M — 1.
With the same argument we can bound —/I/IZ-”H as follows
Wt < CSm for n=0,1,..., M —1.

Hence, we have

’W\inﬂ <CSMt for n=0,1,...,M — 1,
which is the required bound. .
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Lemma 5.3.4. The error of the singular component satisfies
@ (@) — W < N7V fori=0,1,...,N—1, n=0,1,...,M —1.

Proof. We prove this lemma by separating the region in to the regular and the layer
region, i.e., it =0,1,...,N/2—1,and i = N/2 —1,N/2,..., N, respectively.
Fori=0,1,...,N/2 — 1,

ﬁ}n—i—l(x?—f—l) o /V[7in+1

S }ﬁ;n—i—l(:p?—kl)’ + ’/I/I?in—i-l

< CN'+ 0S5,

where we used Lemma 5.3.3 and bounds of the singular component w. The above

inequality further simplified by using the monotonicity of S/,

TL+1) - WnJrl
(2

7

”L/l}nJrl(:L'

N
< CN Sy, for 0<i < 5 L (5.3.6)
2

We use the following identity to prove this theorem:

For & > 0 implies log(1 + &) > & — £2/2 gives

N N 2
Oéhn+1 Oéhn+1 1 athrl
log H(1+ 77”];6) = Z(TTI:& _§<nfa) ’

_N _N
k== k=4

multiplying both the sides by (—1) and taking the exponential we get

N N 2
hn-l—l hn—l—l 1 hn+1
||(1+ak ) < exp g (—ak +—<a7k)
me me 2 me
k=L =N
2 2
N N 2
ahn—f—l 1 ahn—f—l
<o | (C05) e (520 (%)
k=% =
n+1 N 9
axﬂ—l 1 ahn—f—l
< _ 2 - k
< o - e |52 ()

CN 'exp

A

| =
[]=
PR

Q
3 |2
)
~—

A
Q

3

Substituting the above inequity in (5.3.6), we obtain

N
< ON7' for0<i<——1. (5.3.7)

~n+1
w"( 5

n+1 Trn+l
i) =W

xT
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Chapter 5 5.3. Error Analysis

The local truncation error of the singular component at the node (z*,#,,,) becomes

= (L auel) (@ @t - W)

n+1) ~n+1

+ Tz n+1w

n+1(x

= TippW (™) 4+ n+1@n+1($?j11)
— (w(a ™ tn) + Atf (2t )

= z n+1wn+1( Tl+1) + Tz n—l—lﬁjn—i_l( Tl+1) + T’Z n+1@n+1(l‘n+1)

i+1
(I+At£ ) An+1( ;H—l).

As like before, the truncation error of the singular component can be bounded as follows.
For N/2—-1<i<N,

xn+11
it ”
il < 0 f @y el
x?:rll
C x?fll
< = exp (—a(l —s)/e)ds
y gsexp(—a(l—mfﬂ)/ms)
- e? N

VAN
Slls

@

"

ho)
~~
[M]=

|

g

15
~___—

A
)
e
— =

@

"

o
/l_\
5| %
& w_z
~__

k=i+1 k=i+1
N -1
C ahtt C N
< — 1 5 < —8M* for — —1<i<N.
_EN,<+m8) eN " o -
k=i+1
Now using T?H = %(1 + St as the barrier function and the discrete maximum
principle (Lemma 5.3.1) we obtain
— N
<f§"+1(x?+1) - W;l“) < ON7! for S —1<i <N, (5.3.8)

Similarly, repeating the same argument for —(w""!(z;) — W”“)
— N
- (@”“(g;y“) - Wﬁ“) < ON7 for S —1<i<N. (5.3.9)
Combining (5.3.6), (5.3.8) and (5.3.9) we have

’An+1 mty Wt < ONTY fori=0,1,--- N, n=0,1,..

LM —1. (5.3.10)
Hence the result follows. |

Theorem 5.3.5. Let 0"+ and {U™'} are the solutions corresponds to the semidiscrete
discretization (3.3.3) and the discrete solution (5.3.1), respectively. Then, we have the
following bound

@t — U < CON7Y, for1<i< N-—1. (5.3.11)
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Chapter 5 5.3. Error Analysis

Proof. By using the error bounds of the regular and the singular components from

Lemmas 5.3.2 and 5.3.4 in the inequality (5.3.5), we obtain the required estimate. =
Corollary 5.3.6. If we take N~ < CAt with 0 < g < 1, then from (5.5.11) we obtain
@t — UMY < CAENTY for1<i< N —1. (5.3.12)

This bound is required to prove the uniform convergence of the fully discrete scheme.

5.3.2 Uniform convergence of the fully discrete scheme

Here, we provide the important theorem for the e—uniform convergence of the fully
discrete scheme (5.2.2) on the adaptive gird obtained through the monitor function

given in (5.2.6).

Theorem 5.3.7. Let u(x,t,) be the exact solution of (5.1.1) and {U™"} be the discrete
solution of the fully discrete scheme (5.2.2), at time level t, = nAt. Assume that
N71 < CAt with 0 < q < 1. Then, the error associated to the fully discrete scheme
(5.2.2) at time level t,, satisfies

{u(zl, tn)}i — {U }illoo < C(AL + N’Hq), for z € ﬁz. (5.3.13)

Proof. Let us denote the global error at time level ¢, by E. = u(al,t,) — U, for
0 <i < N. Now, splitting the global error {E7 };, we have

B Yilloo < I{u(af, tn)}i= @8 Filloo + 1@ }i— {07 Yilloo + I{T i = {UF illoo- (5.3.14)

Now, using the estimates given in (3.3.4) and (5.3.12), we deduce that
{EzYilloo < CAHAL + N7H9) + [{T7}s — {U7 Yilloos  for 0. (5.3.15)
Then, applying the stability result of the fully discrete scheme, it can be shown that
KUY = {07 Yilloo < IH{u(a}s ta1)}i = {U (@7 1) Yilloo- (5.3.16)
And,
(= ) (&t loo = N b r) = (U2 1)y (20) + UG ) ()
< e ta) = (W bS5 () + 0@ 1) 65 () e
H(w = U)(@f ta1)dj-a(a7) + (u = U) (@] 7 tam1) @5 (7)) [l

< lulafs tur) = (W@ ta1) by (27) + ul@] ™ ta1) () lloo
HIHEL Silloe (5.3.17)
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— —1

CE'Z'
where ¢;_1(z) = xnlxnl,(bj() xllladx <} < 2%, for some j.
J

All that remains is to bound the 1nterpolat10n error in (5.3.17). As given in [6] the

interpolation error can be bounded as follows,
lu(@?, tu-s) = (u(@f2 s tamn)dyoa () + w(@f ™ ta1)(a7)) oo < ONT
By using the assumption that N9 < C'At, we can get
lu(@?, 1) = (u(@f21s ta-1) b1 (2]) + u(@f " tu1)dj(a7)loo < CALNTH. (5.3.18)

Finally, from (5.3.15), (5.3.16), (5.3.17) and (5.3.18), we obtain the following error
bound
Bz il < CAUAL+ N-549) 4 [{E" s, for T,

and hence, the result (5.3.13) follows from it. "

5.4 Semilinear Parabolic Problem

In this section, we consider the following semilinear singularly perturbed parabolic PDE

of the form
Up — EUgy + a(x)u, = bz, tu), (z,t) € G=Qx(0,T]=(0,1) x (0,7},
u(z,0) =ug(x), =€, (5.4.1)
u(0,t) =u(l,t) =0, te(0,7T],

where ¢ is small positive parameter. We assume that b is continuous in Q x [0, T] x R, is

differentiable in the third argument, for some non-negative constants v and 7, satisfies
0 <y <by(x,t,s) <7 for (x,t,s) € Qx[0,T] xR.

Under sufficient smoothness and compatibility conditions imposed on the functions a(x)
and uo(z) the parabolic problem (5.4.1) in general, admits a unique solution wu(z, )
which exhibits a boundary layer. For more information on the existence and uniqueness
of the semilinear PDE (5.4.1) one can refer [45].

To solve (5.4.1), we use the Newton linearization process and obtain the sequence
{u™} for the initial guess u° satisfying the initial and boundary conditions of the problem.

Thus, we define u™*! for each fixed m, to be the solution of the following linear parabolic

IBVP
up™tt —eupttt + a(e)up Tt = U (@t = fr (e t), (2,t) €G
u™ N (2,0) =up(z), 0<z<l, (5.4.2)
u™0,¢) =0, u™(1,t) =0, 0<t<T,
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where m > 0 and b (xz,t) and f™(z,t) are given by

b (x = by x,t,u™),
) =l ) (5.4.3)
iz, t) = bz, t,u™) — b™(z, )u™.

Hence for a fixed m, we solve (5.4.2) using the computational method discussed
as earlier. Moreover, we assume that the problem admits regular boundary layers.

Numerical results for semilinear SPPs are presented in the following section.

5.5 Numerical Results

In this section, we shall present the numerical results obtained by the difference scheme
(5.2.2) for two linear, one semilinear and one quasilinear problems on the rectangular
mesh G2 = {(zt,):i=0,...,Nandn =0,...M}. In all the numerical experi-
ments we will fix m = 2, which is necessary to define the monitor function (5.2.6).
Moreover, in all the tables we begin with N = 32 and the time step At = 0.1 and we
multiply N by two and divide At by two.

Example 5.5.1. Consider the following parabolic initial-boundary-value problem:

U — gy + (1 + (1 — x))u, = f(z,t), (z,t) € (0,1) x (0,1],
u(z,0) = up(x), 0<z <1, (5.5.1)
wW0,6) =0, u(l,t)=0, 0<t<L.

We choose the initial data uy(z) and the source function f(x,t) to fit with the exact
solution
u(i, 1) = exp(—1)(C + Car — exp(—(1 = 2)e)),

where C) = exp(—1/¢), and Cy = 1 — exp(—1/¢). As the exact solution of the problem

(5.5.1) is known, for each e, we calculate the maximum point-wise error by

eN,At — max |u(gj?’ tn) — UN7At(l‘;"L, tn)|a

‘ ($i,tn)€éN’At
where u(2?,t,) and UN-2 (2, t,,) respectively, denote the exact and the numerical solu-
tion obtained on the mesh with N mesh intervals in the spatial direction and M mesh
intervals in the t—direction such that At = T'/M is the uniform time step. In addition,

we determine the corresponding rate of convergence by

NA eN.At

AL £

Pe - 10g2 <62N,At/2> :
€
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N,At

22" and the corresponding rate of conver-

The calculated maximum point-wise errors e
gence pMA! for Example 5.5.1 are given in Table 5.1 and Table 5.2, respectively. From
these results one can observe the e—uniform first-order convergence of the numerical so-
lution. One can also compare our results with the well-known layer adopted meshes,
the Shishkin mesh and the Bakhvalov mesh. The maximum point-wise errors and the
corresponding rate of convergence for the Shishkin and the Bakhvalov meshes are given
in Chapter 3, Table 3.5, 3.6, 3.7 3.8, respectively.
Further, we have calculated the normalized flux

ou(z,t)

or

Fou(z,t)=¢

and its numerical approximation
ENUNAt (g ¢ ) = eDUP.
The errors in the normalized flux have been calculated as

A = max [Fau(of, t) — FYUN (a5, 1)

and the rate of convergence is determined from

NA VAL
AL 5

e - log2 (T_ZN,At/2> :
€]

The calculated maximum point-wise errors in the normalized flux r™:4?

_2" and the corre-

sponding rate of convergence ¢™2 for Example 5.5.1 are given in Table 5.3 and Table
5.4. Again, one can see the e—uniform convergence in Table 5.3, and the first-order con-
vergence rate from Table 5.4. The mesh movement is shown in Figure 5.1. In Figures
5.2 (a) and (b), the maximum point-wise errors in the solution and the normalized flux
are plotted respectively, which reflect the fact of first-order convergence independent of

E.

Example 5.5.2. Consider the following parabolic initial-boundary-value problem:
U — EUgy + (2 — 22Uy + zu = 10622(1 — x) exp(—t), (x,t) € (0,1) x (0,1]
u(z,0) =0, 0<z<l,

w(0,t) =0, wu(l,t)=0, 0<t<1.
(5.5.2)

As the exact solution of the problem (5.5.2) is not known, to obtain the accuracy
of the numerical solution and also to demonstrate the e—uniform convergence of the

proposed scheme, we use the double mesh principle which is given in the following.
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Table 5.1: Mazimum point-wise error of the solution N2 for Example 5.5.1 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 55 128/ 1 256/ 55 512/ 15 1024/ 555
10°  6.8921e-04  3.7085e-04  1.9290e-04  9.8440e-05  4.9739¢-05  2.5002¢-05
1072 3.6888¢-02 2.0831e-02 1.1153e-02  5.5786e-03  2.8851e-03  1.4696e-03
107%  5.9879¢-02  3.3920e-02  1.6100e-02  7.6389e-03  3.8781e-03  1.9325e-03
1075 6.6280e-02  3.2432¢-02  1.7095e-02  8.0662e-03  3.9206e-03  1.9598e-03
1078 7.4889¢-02  3.8221e-02  1.6669e-02  8.1228e-03  3.9297¢-03  1.9714e-03

Table 5.2: Rate of convergence of the solution p">! for Example 5.5.1 using equidistri-
bution mesh.

Number of Intervals N /Time Step Size At

£ 32/ 64/ 55 128/ 5 256/ 55 512/ 15
10° 0.8941 0.9430 0.9705 0.9849 0.9923
1072 0.8244 0.9013 0.9995 0.9513 0.9732
104 0.8199 1.0750 1.0757 0.9780 1.0049
10¢ 1.0312 0.9238 1.0836 1.0408 1.0004
108 0.9704 1.1972 1.0371 1.0475 0.9952

Table 5.3: Maximum point-wise error of the normalized fluz r™'2" for Ezample 5.5.1
using equidistribution mesh.

Number of Intervals NV/Time Step Size At

£ 32/ 64/ 5 128/ 4% 256/ 5 512/ 155 1024/ 54
100 1.7039e-02 8.8121e-03  4.4877e-03  2.2670e-03  1.1392e-03  5.7103e-04
1072 1.4594e-01  7.3749e-02  3.7743e-02  2.1485e-02  1.0287e-02  5.0424¢-03
107*  1.8787e-01  1.0280e-01  4.8782e-02  2.3225e-02  1.1695e-02  5.8250e-03
1076 2.1967e-01  1.0127e-01  5.2334e-02  2.4313e-02  1.1782e-02  5.8870e-03
1078 2.4466e-01  1.1836e-01  5.0695¢-02  2.4525e-02  1.1807e-02  5.9203¢-03
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Table 5.4: Rate of convergence of the normalized flur ¢™¥2 for Ezample 5.5.1 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 55 128/ 1 256/ 45 512/ 15
10° 0.9513 0.9735 0.9852 0.9928 0.9964
1072 0.9847 0.9664 0.8129 1.0625 1.0287
1074 0.8699 1.0754 1.0706 0.9898 1.0056
10°¢ 1.1171 0.9525 1.1060 1.0452 1.0010
10°8 1.0476 1.2233 1.0476 1.0546 0.9959

Figure 5.1: Grid movement of algorithm for Example 5.5.1 with N = 32 and At = 0.1.
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Table 5.5:  Mazimum point-wise error of the solution ENAt for Example 5.5.2 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 5 128/ 256/ 55 512/ 365
10  8.2372¢-04 4.9105e-04 2.5567e-04 1.2828¢-04 6.4978¢-05
1072 9.5603e-03 5.3242¢-03 2.4656e-03 1.2244e-03 7.0268¢-04
107*  1.2187e-02 6.3136e-03 3.2878e-03 1.7405e-03 9.2980e-04
1076 1.4171e-02 6.8146e-03 3.3684e-03 1.8254e-03 8.9480e-04
108  1.5061e-02 7.1351e-03 3.5691e-03 1.7761e-03 9.0022¢-04

~ . . . —2N,A
Let U?N:A12(z7 ¢,) be the numerical solution obtained on the fine mesh GVATE

—2N

Q. X KfM with 2N mesh intervals in the spatial direction and 2M/ mesh intervals in

the t—direction. Then for each e, we calculate the maximum point-wise error by

ENA = max

i UN’At(ZL‘?, tn) o U2N’At/2(l‘?, tn) ’
(@l tn)eG

and the corresponding rate of convergence by

NAt EN,At
P27 = logy <E2;,At/2) :
€

The calculated maximum point-wise errors £ and the corresponding rate of conver-
gence PMAt for Example 5.5.2 are given in Table 5.5 and Table 5.6 respectively. The
numerical results given in these tables reveal the first-order convergence independent of
the diffusion parameter e.

Further, the errors in the normalized flux have been calculated as

RNAt — max |FNUN’At($N, tn) — FNp2N.Aa2 (xn,t,)],
€ 1<n<M ' ¢ c

and the rate of convergence is determined from
RN,At
N,At __ £
Qe - 1Og2 (R2N7At/2 :

The calculated maximum point-wise errors in the normalized flux RY2! and the corre-
sponding rate of convergence Q™2 for Example 5.5.2 are given in Table 5.7 and Table
5.8, respectively. The maximum point-wise errors are plotted in log-log scale in Figures
5.3 (a) and (b), for the solution and the normalized flux, respectively. From these figures,

one can easily observe the first-order e—uniform convergence.
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10+

Max~-Error
Max~-Error

10

10 10° 10 10°

(a) Mazimum point-wise error of the solution
N,At
AL

(b) Mazimum point-wise error of the normal-
ized flux rN-At,

Figure 5.2: Loglog plot for Example 5.5.1.

Table 5.6:  Rate of convergence of the solution PN2 for Example 5.5.2 using equidis-
tribution mesh.

Number of Intervals N /Time Step Size At

& 32/% 64/ 55 128/ % 256/ &
10° 0.7463 0.9416 0.9949 0.9813
102 0.8445 1.1106 1.0099 0.8011
1074 0.9488 0.9414 0.9176 0.9045
106 1.0562 1.0166 0.8838 1.0286
1078 1.0779 0.9994 1.0068 0.9804

Table 5.7:  Maximum point-wise error of the normalized flur RY-2 for Example 5.5.2
using equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 5% 128/ 4 256/ & 512/ 165
10 3.4752e-03 2.1005e-03 1.0653e-03 5.3293e-04 2.6710e-04
1072 1.3569e-02 8.2271e-03 4.1127e-03 1.9809e-03 1.1979¢-03
107*  1.6700e-02 9.2864e-03 4.9741e-03 2.6597¢-03 1.3788e-03
1076 1.9614e-02 9.9915e-03 5.0452¢-03 2.7734e-03 1.3586¢-03
1078 2.1953e-02 1.0508e-02 5.4041e-03 2.6760e-03 1.3632¢-03
Ph.D. Thesis 100

TH-1215_09612316



Chapter 5 5.5. Numerical Results

Table 5.8: Rate of convergence of the normalized flur QN2 for Example 5.5.2 using
equidistribution mesh.

Number of Intervals N /Time Step Size At

€ 32/ 64/ 55 128/ 256/ 5
10° 0.7264 0.9794 0.9993 0.9965
1072 0.7219 1.0003 1.0540 0.7256
10~ 0.8467 0.9007 0.9032 0.9478
10-¢ 0.9731 0.9858 0.8633 1.0295
108 1.0630 0.9593 1.0140 0.9731

3
=
107
10° 10°
N N
(a) Mazimum point-wise error of the solution (b) Maximum point-wise error of the normal-
ENAtL ized flux RN-A.
Figure 5.3: Loglog plot for Example 5.5.2.
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Example 5.5.3. Consider the following semilinear parabolic initial-boundary-value

problem.:

Up — EUgy + (1 + (1 — z))u, + exp(u) = f(x,t), (x,t) €(0,1) x (0,1],
u(z,0) = ug(x), 0<z<1, (5.5.3)
w0,8) =0, u(l,t)=0, 0<t<1.

We choose the initial data ug(z) and the source function f(x,t) to fit with the exact
solution
u(z, ) = exp(—1)(Cy + Coz — exp(—(1 - 2)e)),

where C] = exp(—1/¢), and Cy = 1 — exp(—1/e).
If we use the Newton linearization process given in (5.4.2), we obtain the following

system of linear singular perturbation parabolic PDEs:

u™ —eug !t (L4 2(1 = 2))uf ! +exp(u™)u™! = f(z,t) = exp(u™)(1 - u™),

u™ N (z,0) =up(z), 0<z<l,

u™0,t) =0, u™t(1,t) =0, 0<t<I1.

(5.5.4)

Hence for a fixed m, we solve (5.5.4) using computational method discussed earlier.
Once we get the prescribed tolerance bound we terminate the iteration and take that as
the solution to the problem.

As the exact solution of the problem (5.5.3) is known, for each &, we calculate the
maximum point-wise error and the corresponding rate of convergence as given Example

5.5.1. We also calculate the maximum point-wise errors in the normalized flux and the

corresponding rate of convergence as given Example 5.5.1.

N,At

22" and the corresponding rate of con-

The calculated maximum point-wise errors e
vergence pN4! for Example 5.5.3 are given in Table 5.9 and Table 5.10, respectively.
From these results one can observe the e—uniform first-order convergence of the numer-
ical solution.

The calculated maximum point-wise errors in the normalized flux 74" and the
corresponding rate of convergence ¢! for Example 5.5.3 are given in Table 5.11 and
Table 5.12. Again, one can see the e—uniform convergence in Table 5.11, and the first-

order convergence rate from Table 5.12.

Example 5.5.4. Consider the following quasilinear parabolic initial-boundary-value
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Table 5.9: Mazimum point-wise error of the solution N for Example 5.5.3 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 55 128/ 1 256/ 55 512/ 15 1024/ 555
10°  6.2800e-04  3.3697e-04  1.7557e-04  8.9658¢-05  4.5313e-05  2.2780e-05
1072 3.8431e-02  2.0924e-02  1.0798e-02  5.5555e-03  2.8236e-03  1.4162¢-03
107*  6.2851e-02  3.0700e-02  1.5383e-02  7.6399e-03  3.8503e-03  1.9319¢-03
1075 6.4547e-02  3.2368¢-02  1.5914e-02  7.8894e-03  3.9221e-03  1.9562¢-03
107%  6.4616e-02  3.4589¢-02  1.6305e-02  7.9850e-03  3.9390e-03  1.9629¢-03

Table 5.10: Rate of convergence of the solution p-2! for Example 5.5.3 using equidistri-
bution mesh.

Number of Intervals N /Time Step Size At

£ 32/ 64/ 55 128/ 5 256/ 55 512/ 15
10° 0.8981 0.9406 0.9695 0.9845 0.9921
102 0.8771 0.9544 0.9588 0.9764 0.9955
104 1.0337 0.9969 1.0097 0.9886 0.9950
106 0.9958 1.0243 1.0123 1.0083 1.0036
108 0.9016 1.0850 1.0299 1.0194 1.0048

Table 5.11: Mazimum point-wise error of the normalized flux r™'2! for Example 5.5.3
using equidistribution mesh.

Number of Intervals NV/Time Step Size At

£ 32/ 64/ 5 128/ 4% 256/ 5 512/ 155 1024/ 54
100 1.5246e-02  7.8438¢-03  3.9846e-03  2.0102e-03  1.0095¢-03  5.0590e-04
1072 1.3977e-01  7.3419e-02  3.7278¢-02  1.8975e-02  9.5992e-03  4.9650e-03
107%  1.9161e-01  9.3615e-02  4.6724e-02  2.3224e-02  1.1618¢-02  5.8246¢-03
1076 1.9830e-01  9.8063e-02  4.8000e-02  2.3742e-02  1.1787e-02  5.8761e-03
1078 1.9958¢-01  9.9767e-02  5.0106e-02  2.4025e-02  1.1837e-02  5.8933e-03
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Table 5.12: Rate of convergence of the normalized flur ¢™*t for Ezample 5.5.3 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

£ 32/ 64/ 5 128/ 4 256/ 5 512/ 145
10° 0.9588 0.9771 0.9871 0.9936 0.9968
102 0.9288 0.9778 0.9743 0.9831 0.9511
1074 1.0334 1.0026 1.0085 0.9993 0.9961
1076 1.0159 1.0307 1.0156 1.0103 1.0042
1078 1.0003 0.9936 1.0604 1.0213 1.0061

problem (the Burger’s equation):
up(x,t) — ety (z,t) + u(x, t)u,(z,t) =0, (x,t) € (0,1) x (0, 1],
u(z,0) =sin (rz), 0<z <1, (5.5.5)
uw(0,t) =0, wu(l,t)=0, 0<t<1.

If we use the Newton linearization process, we obtain the following system of linear

singular perturbation parabolic PDEs:
utt — ey 4oy ™t = ™™, (z,t) € (0,1) x (0, 1],
u™(z,0) = sin (mz), 0<z <1, (5.5.6)
u™(0,8) =0, u™(1,6)=0, 0<t<1.

Hence for a fixed m, we solve (5.5.6) using computational method discussed earlier.
Once we get the prescribed tolerance bound we terminate the iteration and take that as
the solution to the problem.

As the exact solution of the problem (5.5.4) is not known, to obtain the accuracy
of the numerical solution and also to demonstrate the e—uniform convergence of the
proposed scheme, we use the double mesh principle as given in Example 5.5.2.

The numerical solution is plotted for the various time levels in Figures 5.4 (a) and
(b) for e = 1le — 1 and € = le — 2, respectively. These figures show the existence of the
boundary layer near x = 1.

The calculated maximum point-wise errors V2! and the corresponding rate of con-
vergence PNA! for Example 5.5.4 are given in Table 5.13 and Table 5.14, respectively.
The numerical results given in these tables reveal the first-order convergence indepen-
dent of the diffusion parameter €. The calculated maximum point-wise errors in the
normalized flux RM2! and the corresponding rate of convergence QN-4! for Example
5.5.4 are given in Table 5.15 and Table 5.16, respectively.
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Figure 5.4: Numerical solution at various time levels of Example 5.5.4 for N = 16 and
At =1/20.
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Table 5.13: Maximum point-wise error of the solution EN2' for Ezample 5.5.4 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

€ 128/ 3 256/ 15 512/ 55 1024/ 15
10° 4.9105e-04 2.5567e-04 1.2828e-04 6.4978e-05
1072 5.3242¢-03 2.4656e-03 1.2244e-03 7.0268e-04
10~ 6.3136e-03 3.2878¢-03 1.7405¢-03 9.2980e-04
107° 6.8146e-03 3.3684e-03 1.8254¢-03 8.9480e-04
107% 7.1351e-03 3.5691e-03 1.7761e-03 9.0022e-04

Table 5.14: Rate of convergence of the solution PN2t for Example 5.5.4 using equidis-

tribution mesh.

Number of Intervals N /Time Step Size At

€ 128/ 55 256/ 15 512/ 55
10° 0.9416 0.9949 0.9813
102 1.1106 1.0099 0.8011
1o+ 0.9414 0.9176 0.9045
10-° 1.0166 0.8838 1.0286
1078 0.9994 1.0068 0.9804

Table 5.15: Mazimum point-wise error of the normalized flur RNt for Example 5.5.4
using equidistribution mesh.

Number of Intervals N /Time Step Size At

£ 128/ % 256/ 5 512/ & 1024/ 14
10° 2.1005e-03 1.0653e-03 5.3293e-04 2.6710e-04
102 8.2271e-03 4.1127e-03 1.9809¢-03 1.1979¢-03
1074 9.2864e-03 4.9741e-03 2.6597¢-03 1.3788¢-03
1076 9.9915e-03 5.0452¢-03 2.7734e-03 1.3586¢-03
1078 1.0508e-02 5.4041e-03 2.6760e-03 1.3632¢-03
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Table 5.16: Rate of convergence of the normalized flur QN2 for Example 5.5.4 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

€ 128/5; 256/ 5 512/ 45
10° 0.9794 0.9993 0.9965
102 1.0003 1.0540 0.7256
10~ 0.9007 0.9032 0.9478
107° 0.9858 0.8633 1.0295
1078 0.9593 1.0140 0.9731

5.6 Conclusions

In this chapter, we have solved the singularly perturbed time-dependent convection-
diffusion problems (5.1.1) numerically by the upwind finite difference scheme on layer-
adapted nonuniform grids obtained through the positive monitor function given in (5.2.6)
on each time level. The truncation error and stability analysis are obtained. The
proposed numerical scheme is of first-order convergence in both the spatial and the
temporal variables, i.e., O(At + N~1). Error estimates are derived for the numerical
scheme, which are independent of the diffusion parameter e. Numerical results are

carried out to verify the theoretical error estimates.
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CHAPTER 6

Robust Numerical Scheme for Singularly Perturbed
Delay Parabolic Initial-Boundary-Value Problems
on Equidistributed Grids

In this chapter, we propose a parameter-uniform computational technique to solve sin-
gularly perturbed delay parabolic initial-boundary-value problems exhibiting parabolic
layers. The domain is discretized with a uniform mesh on the time direction and a
nonuniform mesh obtained via equidistribution of a monitor function for the spatial vari-
able. The numerical scheme consists of the implicit-Euler scheme for the time derivative
and the classical central difference scheme for the spatial derivative. Truncation error,
and stability analysis are carried out, it is shown that the method converges uniformly in
the discrete supremum norm with an optimal error bound. Error estimates are derived,

and numerical examples are presented.

6.1 Introduction

Here, we develop an e-uniform numerical method for the following class of singularly
perturbed delay parabolic initial-boundary-value problems with Dirichlet boundary con-
ditions on the boundaries. Let Q = (0,1), G =Q x (0,T], and ' =T, U, UT,., where
['; and I',. are the left and the right sides of the rectangular domain G corresponding to

x =0 and 2 = 1, respectively, and I', = Q x [~7,0].

( (% + Ea) u(:zc,t) = —b(l‘, t)u(x,t — 7-) + f(:)c,t), (x,t) cq

u(z, t) = gp(z,t), (x,t) =T,

U(O,t):¢l(t), on Fl:{(()?t):OStST}a

(6.1.1)

u(l,t) = ¢(t), onT,={(1,t):0<t<T},
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where
Lou(z,t) = —eUp(z,t) + a(x)u(z, t),

0 < e < 1and 7 > 0 are given constants, a(x), b(x,t), f(z,t), (z,t) € G, and ¢(t),
or(t), dp(z,t), (z,t) € I, are sufficiently smooth and bounded functions that satisfy

a(z) >0, blz,t)>B>0, (x,t)€q.

The terminal time 7' is assumed to satisfy the condition 7" = k7 for some positive integer

k. The required compatibility condition at the corner points and the delay terms are

$5(0,0) = ¢i(0),  ¢(1,0) = ¢,(0), (6.1.2)
and
dd)clz,(:O)_68%(;;3’0)”(0)"5”(0’0) b0, 00014 £(0,0),
d¢$0)_68%59(;,0)”(1)@(1,0) = —b(1,0)¢(1, —7) + f(1,0).  (6.1.3)

Note that ¢,(t), ¢p(x,t) and ¢, (t) are assumed to be smooth for (6.1.3) to make sense.

Under the above assumptions and the compatibility conditions, problem (6.1.1) ad-
mits a unique solution [2], and the solution exhibits boundary layers along z = 0, z = 1.

The main goal of this chapter is to provide an e-uniform numerical method for the
IBVP (6.1.1) on adaptive mesh. We obtain the adaptive mesh through the idea of
equidistribution of the singular component of u(z,t) at some fixed time Ty, 0 < T <
T, because the problem (6.1.1) exhibits boundary layers along the boundary which
do not have any effect on the time variable. In this method, the time derivative is
replaced by the backward-Euler scheme, and the spatial derivative is replaced by the
central difference scheme. The proposed scheme is parameter-uniform convergent of
order O(At+ N~2), which is of optimal order compare to other methods in the literature
[2], [49]. Tt is shown that the method converges uniformly in the discrete supremum norm
with an optimal error bound. Truncation errors are derived, stability analysis is carried
out; and e-uniform error estimates are obtained. We also shown that the numerical
solution converges uniformly of second-order in the space and first-order in the time by
appropriate tables and figures.

We organize the rest of the chapter as follows: In Section 6.2, we provide apriori
bounds on the derivatives of the analytical solution via decomposition. Section 6.3
introduces the implicit-Euler for the time derivative on uniform mesh and central dif-
ference scheme for the spatial derivatives on adaptive spatial mesh via equidistribution
principle. Afterwards, we carry out the error analysis for the upwind scheme in Section

6.4 and prove the main theoretical result, i.e., the e-uniform optimal error bounds of
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the scheme on the adaptive mesh. In Section 6.5, we present the numerical results for
two linear test problems to validate the theoretical error estimates. Finally in Section

6.6, we summarize the main conclusions.

6.2 Analytic Solution

In this section, we present some bounds for the analytical solution u(x,t) of (6.1.1) and
its partial derivatives and the maximum principle for the differential operator.
The reduced problem, by setting the parameter value ¢ = 0 and removing the bound-

ary conditions in (6.1.1) is

(wo)¢(x,t) — a(x)uo(x,t) = =b(z, t)ug(x, t — 7) + f(x,t), (x,t) € G,

uo(z,t) = dp(x,t), (v,t) € Ty (6.2.1)

Then it is clear that the solution of (6.1.1) forms boundary layers on I'; and I, in order
to satisfy the boundary conditions. The characteristics of (6.2.1) are the vertical lines
x = C, which implies that any boundary layers arising in the solution are of parabolic
type. This type of problem can be solved by fixing the spatial gird on all temporal levels.

The differential operator (& + £.) in (6.1.1) satisfies the following maximum prin-

ciple.

Lemma 6.2.1. (Maximum principle) Let V(z,t) be a sufficiently smooth function
satisfying V(z,t) > 0 on T, then (& + L) Y(x,t) > 0 in G implies that V(z,t) > 0 in
G.

The following theorem gives the stability of the continuous operator (% + EE) and

e-uniform bound for the problem (6.1.1) in the maximum norm.

Theorem 6.2.2. Let v be any function in the domain of definition of the differential
operator (& + L.) in (6.1.1). Then
Mol .

and any solution w of (6.1.1) has the e-uniform upper bound

vl < (14 aT) maX{H (% + .Cg) v

[ulloe < (1 +aT) max{|[flloo, [ #lloor}

where the constant o = max{0,1 —a} < 1.
Q
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Here ¢ on I' means the notation

(bl on Fla
¢=q¢ onl,,
gbb on Fb.

Theorem 6.2.3. Let the data a € €2+*([0,1]), b, f € e@+a1+e/2(G), ¢, € e2+*/2(]0,T7),
¢y € eWteta2(D)y g € e2/2([0,T]), a € (0,1), with sufficient compatibil-
ity condition on the corner is fulfilled. Then (6.1.1) has a unique solution u and
u € eUFTe2+te/2) (@), Furthermore, the derivatives of the solution u satisfy, for all non-

negative integers i, such that 0 <1+ 25 <4,

) Oty

— || (e
arion ||, =
Proof. The proof of this theorem can be found in [2]. n

o0

The above bounds do not show the explicit dependence on the boundary layer com-
ponent. Therefore, to obtain stronger estimates on the solution u(z,t) and its partial
derivatives we decompose the solution u(z,t) into the regular and the singular compo-
nents.

Let u be the solution of (6.1.1) and it can be decomposed as
u=v+w, (6.2.2)

where v and w are the regular and the singular components of u defined in the following

way. The regular component is further decomposed into
v = Up + €V,
where vy, v, are defined by
(vo)t + avg = —bug(x,t — 1)+ f, (x,t) € G,

Uo(fE,t) = gbb(l‘at)’ (]f,t) eIy,
and

(% + £e> v = —bvi(2,t —7) + (v)ew,  (2,8) €G,

vi(z,t) =0, (x,t) €l
By the above definition of vy and v; the regular component v and the singular component
w can be defined as follows,
0
(5 +&) vty =t =n)+ £, @DeC
v(x,t) = ¢p(x,t), (z,t) €Ty,

v(0,t) =vo(0,t), (z,t) €y, wv(l,t) =wvo(l,t), (x,t)€T,.
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’(U(O,t) :(bl(t) _UO<Oat>7 (.’L’,t) EFlv U}(l,t) :(br(t) _UO<17t>7 (.’L’,t) SHES
We further decompose the singular component into the left and the right singular com-

ponents w; and w,, respectively, as follows
w(z,t) =w(z,t) +w.(z,1), (6.2.3)

where w; and w, are satisfies the following PDEs,
0
(a + £€> wy(z,t) = —bw(x,t — 1), (x,t) € G,
wl(O,t) = gbl(t) — U()(O,t), (l‘,t) eIy, wl(x,t) =0, (l‘,t) el pyur,,

and

(% + £€> wy(7,t) = —bw,(z,t —7), (2,1) €G,

wy(1,t) = ¢.(t) — vo(1, 1), (x,t) €Ty, w,(x,t) =0, (z,t) € T, UL,
The following theorem gives the bounds on the regular component v and the singular
component w and its partial derivatives which play a crucial role in the error analysis

in Section 6.4.

Theorem 6.2.4. Assume that a € €%%([0,1]), b, f € eWra2e/2(G) ¢ ¢
e3re/2([0,T]), ¢p € eOFTas+a/2(T)) ¢, € e3+/2([0,T]), a € (0,1), with sufficient
compatibility condition at the corner are fulfilled. Then, for integers 1,7 such that
0 <i+4 25 <4, we have the estimates

az’JrjU ]
— || < C(1+e7? 2.4
ox'ot ||, — G+, (6:24)
ai+jwl ) _
F e, —i/2 _
pyep (z, t)‘ < Ce?exp (—z/Ve), (x,t) €@, (6.2.5)
aZ+JwT _2/2 _
where C' is independent of €.
Proof. The proof of this theorem can be found in [2]. n

Theorem 6.2.5. The partial derivatives of w(zx,t) satisfy

aiJrj w

orioti < Ce 2 (exp (—x/ve) +exp (—(1 —2)/vE)), (x,t) €G, (6.2.7)

for integers i,7 such that 0 <11+ 25 < 4.

Proof. The theorem can be proved by using the estimates in Theorem 6.2.4 and de-

composition (6.2.3). n
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6.3 The Numerical Solution

In this section, we discretize the parabolic delay IBVP (6.1.1), the time derivative is
replaced by the backward-Euler scheme, and the spatial derivative is replaced by the
central difference scheme. Later, we introduce the equidistribution grid, and derive
the finite difference scheme. Finally, we provide the numerical algorithm to obtain the

equidistributed grids.

6.3.1 Finite difference scheme

On the time domain [0,T], we introduce the equidistant meshes with uniform time step
At such that
N ={t,=nAt, n=0,...,M, At =T/M},

where M denotes the number of mesh intervals in the interval [0, 7] and the step length
At satisfies the constraint pAt = 7, where p is a positive integer, t, = nAt, n > —p.

We consider the finite difference approximation of (6.1.1) on a nonuniform spatial
discretization

ﬁjxv:{0:$0<l‘1<"'<l‘1v:1},

and denote the spatial step sizes by
hi:xi_wi—la ’L:]_,,N

We use methods of steps to prove the e-uniform convergence in Section 6.4. Here we
define the discretization of the domain into a systematic way. We define the discretized
domain G °" = in X Kiw R Qi,v x A} where A} is p 4 1 uniform mesh intervals in
[7,0]. The boundary points I'" of GV are TN =GN Similarly we define the left

G AT and TN =G

and the right boundary points by I'V = G
We further discretize @;V’At = ﬁiv X Kit where K?t is p + 1 uniform mesh intervals

N T, respectively.

in [(j — 1), j7] for j = 1,2,--- k. From above discretization we can also observe that
—N,A —N,A . . . . .
G = U§:1 G;V’ ', The above notations are primarily used in Section 6.4, where the

error in the numerical solutions are analyzed for the e-uniform convergence.

We discretize the problem (6.1.1) by means of the backward-Euler scheme for the
temporal derivative, and the central difference for the spatial derivative. Hence the
discretization of (6.1.1) takes the form, forn =0,1,..., M — 1,

U.”'H —_yn
# + LU = —b(2s, tay 1)U P + f(@istns), fori=1,...,N—1,

U™t = diturr), Uy = dpltara),

U = ol —t), fori=1...,N—1,
(6.3.1)
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where
LY = —e82UM 4 q UM (6.3.2)

After rearranging the terms in (6.3.1), we obtain the following form of the difference
scheme: forn=20,1,...,. M — 1,

re UM+ rsUM U = g7, fori=1,...,N —1,
U(?—H = ¢l(tn+1)a UJT\ZT—’—1 = ¢r(tn+1)> (6'3'3)
Ul-_j = ¢p(x;, —tj), fori=1,...,N—1,

where

—2e /At —2e At
= f% v r{ =1+ Ata; —r; —r;

’ hi(hi + hitq)’ hig1(hi + hiy1)’ v
a; = a(l’i), gln = UZn S At{—b(l’z, tn+1)Uin7p —+ f(l'z, tn+1)}.

To determine the value of the monitor function (6.3.5), we have to know the approximate
value of the singular component w(z, t). To calculate the numerical value W of w(z;, t,,),
we use the numerical approximate value V" of v(z;,t,) from the following recurrence
relation: forn=0,1,..., M — 1,

(1 + Ata(z:)) V" = Vit 4+ At{=b(wi, tar)V;" P + (@i tag1)}, fori=1,...,N,
Vi = (i, —t)).

(6.3.4)
Then, the value of W;* will be calculated from W = U" — V;".

6.3.2 Adaptive spatial grids via equidistribution

Since the solution u(z,t) of the IBVP (6.1.1) exhibits boundary layers, one has to use
layer-adapted nonuniform spatial grids, which are fine inside the boundary layer region,
and coarse in the outer region. To obtain such a grid, we use the idea of equidistribution
of a positive monitor function given in (6.3.5). Here we consider the equidistribution of
u(z,t) at some fixed time T, 0 < Ty < T, because the problem (6.1.1) exhibits a regular
layer along the boundaries, which will not have any impact on the temporal component.

Here, we consider the following monitor function
M (u(z, Tp), ) = o + |wee(z, To)|Y™, m > 2, (6.3.5)

where a, = fol [Wee (5, Ty)|/™ds and w(x,t) is the singular component of u(z,t). In all

of our numerical experiments, we will take m = 2. In order to compute the value of
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the monitor function at the ¢th interior node of the spatial mesh, M;, we assume that
w(z;, Ty) = WP, where SAt = T,

M; = agis + |0°WEY™ fori=1,...,N—1, (6.3.6)
where ay; is the discrete form of a., which can be written as

N-1
52WLS; 1/m+ 52Ws 1/m

Oédzs:h1|5§W15|1/m+th{|m 21| 5 |a: z|

=2

R

For a truly adaptive algorithm, the monitor function has to be approximated from the
numerical solution. For example, a simple discretization of the equidistribution principle

results in the set of equations
Miq/z(l“i — i) = Mi+1/2($i+1 —x;), fori=1,...,N—1,

where M, /2 is an approximation to M (u(i41/2,70), Tit1/2). This is equivalent to the

approximation of the monitor function by the piecewise-constant function.

Lemma 6.3.1. Fort=1,2,..., N, the step size satisfies
h; <CN L. (6.3.7)
Proof. From the equidistribution principle, we have
g 1 1
/ M (u(s,Tp), s)ds = N/ M(u(s,Ty),s)ds, i=1,...,N.
Ti_q 0
Applying the Mean-Value Theorem, we get
1
Ml Ty)m) = N [ M (uls. o). 5)ds,
0

for some n; € (x;_1, ;). Thus, we have

1
/ M (u(s,Tp), s)ds
h; = N~120 <CON .
M (u(ni, To), ms)

This completes the proof. [
In the numerical algorithm given in Section 2.3.3, we use the discrete form of the
monitor function given in (6.3.6). Difference schemes for the solution and the regular

parts are given in (6.3.3) and (6.3.4), respectively.
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6.4 Error Analysis

Here, we carry out the stability analysis of the discrete operator defined in (6.3.1).
Finally, we obtain the e-uniform error estimate in the discrete maximum norm.

The following lemma provides the stability result for a general numerical scheme for
the IBVP (6.1.1). A partial proof of this lemma can be found in the book of [78].

Lemma 6.4.1. Consider the IBVP (6.1.1) and the difference scheme (6.5.2), the dif-

ference scheme (excluding the initial and boundary conditions) can be written as

UM 4 LNyt .= AU — DU = F", forn=0,--- , M —1, (6.4.1)
where U™ = (U}, -+, U )T, F™ is a vector independent of the computed solution, and
A and D are matrices and also that A is an M-matriz, and D > 0.

Let y and z be two mesh functions, such that y" = (y§, - ,y%)", and 2" =
(28, 2%)" for each n. Assume that |§y™t + LYy < G2t + LV for
n=20---,M-1, and |y| < z on the boundary I'y UT, UT,. Then, |y| < z on
=N =M
Q, x A, .

Proof. The difference scheme (6.3.2) can be written in the form of (6.4.1) for n =
1,2,...,p, with A= (a;;) and D = (d;;) as

). T
1,0—1 — At) b = At) ii+1 — At)
1

i = Ry

Simple calculation shows that the matrix A is an M-matrix and the matrix D > 0.
Therefore, the difference scheme satisfies the hypotheses of Lemma 3.2 in[78] and imme-
diately the result follows. The above argument can also be extended to other temporal
levels. n

The finite difference operator (5t + LY ) in (6.3.2) satisfies the following discrete

. o —N,At
maximum principle on G .

Lemma 6.4.2. (Discrete maximum principle) Assume that V(x;,t,) satisfies
U(xs,t,) >0 on (w4,t,) € TN, Then ((5t + L'év) U(z,t,) >0 on (z4,t,) € G implies
that W(xz;,t,) > 0 at each point of (x;,t,) € ave

Here we provide the important theorem for the e-uniform convergence of the numer-

ical solution in the discrete maximum norm.
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Theorem 6.4.3. Let u and U be respectively the continuous and the numerical solutions
of the IBVPs (6.1.1) and (6.3.3) and satisfying sufficient compatibility condition at the
corners. Then, we have the following bound

max |(u — U)(z,t,)| < C[At+ N2 for all (z;,t,) € G, (6.4.2)

i\n

where U(x;,t,) = UL.

i
Proof. We prove the theorem through the following steps. We first prove the result
on the interval [0, 7], i.e., the time discretization parameter n varies from 0 to p. Let
n' = u! — U]' be the truncation error in the computed solution at each mesh point
(x;,t,). We write the scheme (6.3.1) as

UM + LYU = =0y (Tistnp) + f1 i=1,...,N=1, n=1,...,p.

Therefore, the truncation error of the above scheme can be written in the following way
as given in [49] and [17],
S+ LYW = X3+ X for (@itn) €G
where x7,; and x3, as follows,
Xt o= Lluf = (Lew)} and x5, = G} — (u,)]-
With this splitting of the truncation error we can decompose the error n as 7 = ¢-+1.

Here the function ¢ is, for each fixed n = 0, ..., p, the solution of the discrete two-point

boundary-value problem

LYy =xt; fori=1,...,N—1,

(6.4.3)
o = ok = 0.
and 1!, the solution of the discrete parabolic problem
o + LYY = X5, — 0 fori=1,... N —1,
Yy =yl =0 forn=1,...,p, (6.4.4)

) =—¢) fori=0,...,N.

Equation (6.4.3) is a sequence of two-point boundary-value problems that has been
discretized using £V, with X1 playing the role of truncation error and can be bounded
using the technique from [7]. The problem (6.1.1) exhibits regular boundary layers and
the same is true for the equation (6.4.3), therefore, the error bound derived in [7] can

be invoked for all temporal levels:

97| < CN72, forall i,n <p, (6.4.5)
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with the assumption that N=' > /e and the fact that our problem exhibits regular
boundary layers.

All it remains is to bound the other error component ). By Lemma 6.4.1 and the
discrete maximum principle (Lemma 6.4.2), we get the following bound for the error

component 1),
ol = € (maxlof] + maxig, — 6t1) forivn <

Using the bounds of x4, and (6.4.5), we obtain

|l = C {N‘2 + At + max |5tgbf@ for i,n < p. (6.4.6)

It remains to bound the term ¢;¢ in (6.4.6). Using the assumption that a(z) is indepen-
dent of ¢, the definition (6.4.3) implies that d,¢ satisfies

{ LY ) = Gty fori=1,...,N —1, 647)

(5t¢)8 = (5t¢)71<f =0.

To analyze the above sequence of two-point boundary-value problems (6.4.7), observe

that the right-hand side of the above equation can be written as,
n 1 n n—1
5tX1,i = At (Xl,i — X1, )

= 7 () = (L)) — (LFu}™ = (Low)} ™)

| =B =

(£ = L2567 = ((Law); = (Low)i™)) -

Let Lou = —ely, and LNu? = —ed?u?. That is, £Nu is the discretization of the
continuous operator L.u. Then one can write the above formula as

y 1 tn sy O . 0
5tX1,i = Az /tnl {[,5 EU(SL},t) — ﬁsau(xi,t)

By using the Peano kernel theorem as in [38], and following the argument given in
[17] we obtain the same estimate on 6,7, as the corresponding truncation error bounds
arising in [7] for a standard reaction-diffusion two-point boundary-value problem. Now

analyzing the problem the same way as (6.4.3) we obtain the following bound for 6,¢7,
|6:07| < CN™2 for all i,n < p. (6.4.8)

Combining (6.4.5), (6.4.6) and (6.4.8), we get

max |(u — U)(z;,t,)] < C[At+ N72], for all (z;,t,) € éiv’m, (6.4.9)

i,n
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where U(x;,t,) = Ul
For ¢t > 7, it is not possible to follow the above argument because the delay term,
u(z,t—7), is explicitly unknown for ¢ > 7. For this reason, we examine the detailed proof
of the estimate for the difference between the numerical solution U and the solution u
itself over the interval [, 27]. The proof follows the same approach of [2] in which fitted
piecewise-uniform mesh is used for the analysis.
Consider the following singularly perturbed delay parabolic equation on the domain

Go = (0,1) x (71,27],

ot
u(z,7) = u(z,t(p)), =€, (6.4.10)

(2 + £5> u(z,t) = —=b(x, thu(z, t — )+ f(x,t), (x,t) € Gy

w(0,8) = ¢o(t),  u(l,t) = u(t), te|r27].

We discretize (6.4.10) by means of the backward-Euler scheme for the time derivative,
and the central difference for the space derivative. Hence the discretization takes the

form,

(5t + Eév) Uz t,) = 6,U" — ed2Ul + aU = —bU;" ? + f(xi, t,), (wi,t,) € éf’“,

—N,At

U(.’L’i, tn) = Ul(xia tn)a (xzatn) S G1 9

U(O> tn) — ¢0(tn)a U(la tn) = le(tn)a ln € Kg,ta
(6.4.11)

where U; is the numerical solution calculated on @?’At. The solution u of (6.4.10)
is decomposed into the regular and the singular components v = y + 2. The regular

component y is further decomposed into y = y+<y1, where y and y; solve the following

problems:
Yo -
(@0 +ayo(x, 1) = =byo(w,t = 7) + f(z,1), (2.1) € Gy
yo(z,t) = u(x,t), (z,t)€Qx][0,7],
and 3 o
(& + .cs) yi(z,t) = —byy (z,t — 7) + axy; (z,1), (1) € G,
yi(z,t) =0, (z,t) € Qx][0,7],
y1(0,t) =y (1,6) =0, ¢e€|r27]
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For the above definition of yy and v, the regular component y satisfies,

<%+£Qm%w:%ww—ﬂ+ﬂ%w (2,1) € Ga,

y(x,t) = u(x,t), (z,t) € Qx][0,7]

L y(ovt) = y0<07t>7 y(lvt) = y0<17t>7 te [T7 27—]'

The singular component z satisfies,

(% + L’E) z2(z,t) = —bz(z,t —7), (x,t) € G,
2(x,t) =0, (z,t) € Qx[0,7]
Z(Oat) = ¢l(t) - yO(Oat)a Z<17t) = (br(t) - y0(17t>7 te [7-7 27—]'

The singular component z can be further decomposed into z; and z,., where z; and z,

are the corresponding to the left-hand and the right-hand layers, respectively:
Z=2z+ %,

where z; and z, satisfies the following PDEs,

(% + ﬁs) Zl(l',t) = _bzl(x:t — T)7 (.T,t) € G27

zi(x,t) =0, (x,t) € Qx][0,7],
21(0,t) = ¢i(t) — yo(0,t), =z(1,t) =0, te€]|r,27].
and

ot
z(x,t) =0, (x,t) € Qx]0,7],

(g o £€) ze(x,t) = =bz.(z,t — 1), (x,t) € Gy,

2:(0,8) =0, z.(1,t) = ¢.(t) —wo(1,t), t€[r27].

Similarly, the numerical solution U of (6.4.11) is decomposed into the regular and
the singular components in an analogous manner to the decomposition of the solution
u of (6.4.10). Thus

U=Y+2Z,

where Y is the solution of the following problem

(0 + £Y) Y (i ta) = =bY (2t ) + [, (2,ta) €G3
Y (i tn) = Us(zi,tn),  (20,1) € Goo,
Y(0,t,) = y(0,t,), Y(Lt,) =y(l,t,) t, €Ay,
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From the above equation the singular component approximation Z satisfies,

(6 + L) Z(s, 1) = —bZ (w4, 1), (wirtn) € Gy,

Z(xity) =0, (zit,) € Gy,
Z(0,tn) = ¢u(tn) —y(0,t,), Z(1,t,) = ¢p(tn) —y(1,tn) tn € Kg,t'
Therefore, the error at the node (x;,t,) can be written in the following way,

(U =) (23, tn) = (Y = y) (@i, tn) + (£ = 2) (2, 1),

thus
(U =) (@i, tn)| < [ (Y =) (@i tn)| + | (Z = 2) (23, 10)],
from the above inequality it is enough to bound the regular and the singular component

error with an optimal bound. The truncation error of the regular component can be

written as

6+ LYY (Y —y) = =bY (@istoy) + f— (6 + L)y
= b(y(zistnp) — Y (T5,tn_p)) + <(% + £€> — (6 + ,cgy)) y
= b(u(zi, tnp) — Ur (@i, tnp)) + ((E + £€> — (0 + .cff)) y
therefore, we have

(5 + ) (V= ) = =b(ulsistacy) = Uit i) =< (55 =82+ (56 ) v

Now taking the modulus and using (6.4.9) for the first part it reduces to,

(=)o) [(a )|

Using Taylor series expansions it is easy to show that,

| (6 + LX) (Y = y) (@i, tn)| S C(N24+ AL) + €

My

Oxt

82

(504 £5) O = o) £ € (N2 4804 s + e L

+At'

B

Applying Lemma 6.3.1, and the estimates of the derivatives given in (6.2.4), we obtain

| (60 4+ LY) (Y = y) (i, t0)] < C(N"2+ At),  for (xi,t,) € Gy .
Now using the fact that the discrete operator (5t + LY ) satisfies the discrete maxi-
mum principle (Lemma 6.4.2) and the inverse operator is uniformly bounded, the above

inequality can be reduced to,

N,At

(Y —y)(zi,t,)| < C(N2+ At), for (x,t,) € G, (6.4.12)
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To estimate error of the the singular component, we decompose Z as the way its

continuous counterpart z is decomposed,
Z = Zl + ZT'a

where Z; and Z, are the left and the right part layers of the approximate solutions
respectively, that are defined as

N,At

((St + ﬁé\f) 7, = —bZz, (l‘i, tn,p), (.’L'Z', tn) € @2 ’ ,

Zi(itn) =0, (wi,tn) € G,

Zi(0,tn) = di(tn) — y(0,t0),  Zi(1,tn) =0 t, € Q"

and
N,At

((St + £é\/’) = —bZ (.T}Z, n— p) (l’l,tn> € @27 y

Zr(xiatn) = 07 (:L‘zy n) € GN &

Z:(0,t,) =0, Z.(1,t,) = op(tn) —y(l,t,), t,€ Qév
The error can then be written in the form
N,At

(Z — 2) (w5,tn) = (Z1 — 2) (i, ) + (Zr — 2,) (T, tn),  (@3,10) €EGy T,

and the errors Z; — z; and Z, — z,, associated with boundary layers of I'; and I',. respec-

tively, can be estimated separately. Consider the error Z; — 2,
0
(6:+ LYY (21— z) = ((E +£5) — (6 + L‘,fj)) 2

l
0? 0
= —¢ (@ — 5323) 21 + (a — 6)5) Z1.

Taking the modulus and using the Taylor series expansions on time, we obtain

62 zZ]

A
+ t'w

B

82
| (6 + LX) (Z1— )| < C<N2+At+5 (w—(ﬁ)zl

o0

2
< O(N_2+At+€ (%—53)21 )
x xD

By fixing ¢, the lateral part of the above inequality can be seen as the truncation error of

the reaction-diffusion two-point boundary-value problem as in [7] corresponding to the
left-hand layer part. By this observation the truncation error in space can be analyzed
the same way as [7, Lemmas 8, 9], the only difference is that there it is given for both
sides layers but here, we need only for the left layer part, hence we obtain

(60 + LY) (Z0— 2) (i, 1) < C(NT2+ AL, (wi,t,) € Gy (6.4.13)
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Now using the fact that the discrete operator (5t + LY ) satisfies the discrete maximum
principle (Lemma 6.4.2) and the inverse operator is uniformly bounded, the above in-

equality can be reduced to,

(Z)— 2) (2, 1) < C(N"2+ At),  for (zi,t,) € Gy . (6.4.14)

Similar analysis shows that the error of the right-hand part can also be bounded as

(Z, — 2) (@i, ty)] < C(N"2+ A1), for (zi,1,) € Gy ™. (6.4.15)
Combining (6.4.12), (6.4.14) and (6.4.15) completes the proof on the second interval
[7,27]. Similarly, we can prove the estimate of the successive intervals in the temporal

direction. This completes the proof. [

6.5 Numerical Results

In this section, we shall present the numerical results obtained by the difference scheme
(6.3.3) for two test problems on the rectangular mesh e — in X Kiw , where ﬁiv is
the equidistribution grid obtained from the numerical algorithm. In all the numerical
experiments we will fix m = 2, which is necessary to define the monitor function (6.3.5).
Moreover, in all the tables we begin with N = 32 and the time step At = 0.1 and we
multiply N by two and divide At by four. The reason of dividing At by four is to justify

the spatial order of convergence properly.

Example 6.5.1. Consider the following delay parabolic initial-boundary-value problem:
ug(z,t) — etge(x,t) = —2exp(—Du(z,t — 1), (z,t) € (0,1) x (0, 2]
u(w,t) = exp (~(t+2/VE)), (2,8) € [0,1] x [~1,0]; (6.5.)
uw(0,t) = exp(—=t), wu(l,t)=exp(=(t+1/+/)), te€]0,2].

The exact solution is u(x,t) = exp (—(t + x/4/2)). Tt is clear that there is a parabolic
boundary layer in the neighborhood of I';, but because of the boundary values there is
no boundary layer on I,

As the exact solution of the problem (6.5.1) is known, for each e, we calculate the
maximum point-wise error by
eNA = max |u(@;, ) — UNAY (2, t,)

€ =
(mi,tn)EGN’At

)

where u(x;,t,) and UM (z;,t,) respectively, denote the exact and the numerical solu-

tion obtained on the mesh with N mesh intervals in the spatial direction and M mesh
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intervals in the t—direction such that At = T'/M is the uniform time step. In addition,

we determine the corresponding rate of convergence by

NA eN.At

AL €

De - log2 <62N,At/4> :
€

N,At

The calculated maximum point-wise errors e

and the corresponding rate of conver-
gence pNAt for Example 6.5.1 are given in Table 6.1 and Table 6.2, respectively. From
these results one can observe the e—uniform convergence of the numerical solution.

The calculated maximum point-wise errors in the normalized flux 74" and the
corresponding rate of convergence ¢™2t for Example 6.5.1 are given in Table 6.3 and
Table 6.4. Again, one can see the e—uniform convergence in Table 6.3, and the second-
order convergence rate from Table 6.4. In Figures 6.1 (a) and (b), the maximum point-
wise errors in the solution and the normalized flux are plotted respectively, which reflect
the fact of second-order convergence independent of ¢.

Further, we have calculated the normalized flux

ou(z,t)

Fou(z,t) = /¢ o
z

and its numerical approximation
ENUNAY (g, t,) = \/e51 UL
The errors in the normalized flux have been calculated as

TéwAt - 12’711%)](\4 ‘FEU(QTO, tn) B FENUN,At('rO’ tn)"

and the rate of convergence is determined from

NA
N,At __ €
¢~ = log, (T2N,At/4> .
€

Example 6.5.2. Consider the following delay parabolic initial-boundary-value problem:

Up — EUgy + @%HJ)QU =3 —wu(z,t —1), (x,t)€(0,1) x (0,2],
w(z,t) =0, (z,t)€0,1] x [~1,0] (6.5.2)

=u(l,t), 0<t<2.

As the exact solution of the problem (6.5.2) is not known, to obtain the accuracy
of the numerical solution and also to demonstrate the e—uniform convergence of the

proposed scheme, we use the double mesh principle which is given in the following.

Ph.D. Thesis 124
TH-1215 09612316



Chapter 6 6.5. Numerical Results

Max—Error
Max—Error

107k

10° 10°
N N
(b) Maximum point-wise error of the normal-

ized flux rN-At,

(a) Mazimum point-wise error of the solution
N,At
AR

Figure 6.1: Loglog plot for Example 6.5.1.

Table 6.1: Mazimum point-wise error of the solution e for Example 6.5.1 using
equidistribution mesh.

Number of Intervals N/Time Step Size At

€ 32/%0 64/%0 128/% 256/% 512/%
10° 2.7636e-03  7.3566e-04 1.8725e-04  4.7040e-05 1.1774e-05
1072 6.1484e-03 1.5722e-03  3.9528e-04  9.8968e-05 2.4751e-05
10~* 5.8657¢-03 1.4826e-03  3.7294e-04  9.4594e-05 2.3439e-05
1076 2.5893e-03 1.4529e-03  3.6683e-04  9.2121e-05 2.3063e-05
1078 2.5955e-03 1.4285e-03  3.6602e-04  9.1809e-05 2.2997e-05

Table 6.2: Rate of convergence of the solution pN'2t for Example 6.5.1 using equidistri-
bution mesh.

Number of Intervals N/Time Step Size At

€ 32/ 64/ 15 128/ 15 256/ 5
10° 1.9094 1.9741 1.9930 1.9982
102 1.9674 1.9919 1.9979 1.9995
1074 1.9842 1.9911 1.9791 2.0129
1076 1.9437 1.9858 1.9935 1.9979
1078 1.9698 1.9645 1.9952 1.9972
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Table 6.3: Maximum point-wise error of the normalized fluz r>'*t for Ezxample 6.5.1
using equidistribution mesh.

Number of Intervals N /Time Step Size At

£ 32/ 64/ 128/ 15 256/ 5 512/ 55
10° 2.5152e-02  1.0016e-02  4.3257e¢-03  2.0201e-03  9.8607e-04
1072 6.1271e-02  2.8039¢-02  1.3411e-02  6.5732e-03  3.2593e-03
1074 7.5813e-02  3.2941e-02  1.5666e-02  7.7375¢-03  3.4147¢-03
10-6 7.4361e-02  3.4075¢-02  1.6160e-02  7.8819¢-03  3.9305¢-03
10°8 7.6126e-02  3.6189¢-02  1.6228¢-02  7.9736e-03  3.9454e-03

Table 6.4: Rate of convergence of the normalized flur ¢¥:2! for Evample 6.5.1 using
equidistribution mesh.

Number of Intervals N /Time Step Size At

g 32/ 64/ 55 128/ 15 256/ 5
rof 1.3284 1.2113 1.0985 1.0347
1072 1.1278 1.0640 1.0287 1.0120
1074 1.2026 1.0722 1.0177 1.1801
10-6 1.1258 1.0763 1.0358 1.0038
10-8 1.0728 1.1571 1.0252 1.0151

Figure 6.2: Numerical solution of Example 6.5.2 for N = 64 and At = 0.01.
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Table 6.5: Mazimum point-wise error of the solution ENAt for Example 6.5.2 using

equidistribution mesh.

Number of Intervals N/Time Step Size At

€ 32/ 64/ 5 128/ 15 256/ 5
10° 4.1424e-03 1.0515¢-03 2.6387¢-04 6.6030e-05
1072 1.5664e-01 3.9664e-02 9.9476e-03 2.4885¢-03
10~ 1.7038e-01 4.2971e-02 1.0809e-02 2.6916e-03
1076 1.7120e-01 4.4325e-02 1.1403e-02 2.8745e-03
10-8 1.7083e-01 4.3954e-02 1.1329¢-02 2.9009¢-03

~ . . . —2N,A
Let U?N:At4(g;.t,) be the numerical solution obtained on the fine mesh GHA

—2N

Q. X KfM with 2N mesh intervals in the spatial direction and 2M/ mesh intervals in

the t—direction. Then for each e, we calculate the maximum point-wise error by

Eév AL — max

X UN’At(ZL‘Z‘,tn) _ 02N’At/4(l'i,tn) ’
(xi,tn)GG ’

and the corresponding rate of convergence by
EN,At
A
PaN7 t — 10g2 <m) .
EE i

The calculated maximum point-wise errors ENA! and the corresponding rate of con-
vergence PMA! for Example 6.5.2 are given in Table 6.5 and Table 6.6, respectively.
The numerical results given in these tables reveal the convergence independent of the
diffusion parameter €.

The numerical solution is plotted in Figures 6.2 (a) and (b) for ¢ = le — 1 and
e = le — 4, respectively. These figures show the existence of the boundary layers near
r=0and x = 1.

The maximum point-wise errors are plotted in log-log scale in Figures 6.3, for the

solution. From the figure, one can easily observe the e—uniform convergence.

6.6 Conclusions

In this chapter, we solved the singularly perturbed time-dependent delay reaction-
diffusion problems (6.1.1) numerically by the scheme, which consists of the backward-
Euler scheme for the time derivative and the central difference for the spatial derivative

on layer-adapted nonuniform grids obtained by equidistributing the monitor function
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Max-Error

Figure 6.3: Loglog plot of maximum point-wise error of the solution

0.5.2.
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Table 6.6: Rate of convergence of the solution PN'At for Example 6.5.2 using equidis-

tribution mesh.

Number of Intervals N /Time Step Size At

£ 32/ 55 64/ 5 128/
10° 1.9780 1.9946 1.9986
1072 1.9816 1.9954 1.9990
1074 1.9874 1.9911 2.0057
10-6 1.9495 1.9588 1.9880
108 1.9585 1.9560 1.9654
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given in (6.3.5). The truncation error and stability analysis are obtained. The pro-
posed numerical scheme is of first-order in the temporal variable and second-order in
the spatial variable, i.e., O(At + N~2). Error estimates are derived for the numerical
scheme, which are independent of the diffusion parameter €. Numerical results reveal

the theoretical error bounds.
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CHAPTER 7

Uniform Convergence for Delay Parabolic

Convection-Diffusion Problems on
Piecewise-Uniform Shishkin Mesh

This chapter studies the numerical solution of singularly perturbed delay parabolic
convection-diffusion problems with a delay in time. We divide the domain by using
a piecewise-uniform Shishkin mesh in the spatial direction and uniform mesh in the
temporal direction. Further, we discretize the problem by the backward-Euler difference
scheme for the time derivative and an upwind difference scheme for the spatial deriva-
tive. We obtain the maximum principle and carry out the stability analysis. Then we
prove numerical scheme is e-uniform convergence of first-order in time and first-order up
to logarithmic factor in space. Numerical results are carried out to verify the theoretical

error estimates.

7.1 Introduction

In this chapter, we consider following class of singularly perturbed delay parabolic initial-
boundary-value problems (IBVPs) with Dirichlet boundary conditions on the boundary.
Let = (0,1), G = Q@ x (0,T], and T' = T, UT, UT,, where ', and T, are the left
and right sides of the rectangular G corresponding to x = 0 and 1, respectively, and
I'y =1[0,1] x [—7,0]:

" (% + La) U(l‘, t) = —b(:}c,t)u(:p,t — T) + f(:E,t), (% t) € G,

u(x,t) = ¢b($>t)v (l‘,t) =T,

u(0,t) = ¢y(t), on Iy ={(0,t):0<t<T},

(7.1.1)
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where
Leu(z,t) = —euge(z,t) + c(x)uz(x,t) + alz, t)u(x, t),
0 < e < 1and 7 > 0 are given constants, a(x,t), b(z,t), f(x,t), c(x), (z,t) € G,
and ¢;(t), ¢.(t), ¢p(x,t), (z,t) € I, are sufficiently smooth and bounded functions that
satisfies
a(x,t) >0, blx,t)>B>0, clz)>a>0 (z,t)€q.
The terminal time 7' is assumed to satisfy the condition T" = k7 for some positive integer

k. The required compatibility condition at the corner points and the delay terms are

¢b(07 O) = ¢l(0)7 ¢b(17 O) = (br(o), (7.1.2)
and
dQZiO) _ 582(25522, 0) + C(O)w + a(0,0)¢,(0,0) = —b(0,0)¢(0, —7) + £(0,0),
dqb&io) _582¢53(;,0) c(l)aqbb;i, 0) oL, 0)ds(L,0) = —b(L O)de(L,—7) + £(1.0).

(7.1.3)

Note that ¢;(t), ¢p(z,t) and ¢,(t) are assumed to be smooth for (7.1.3) to make sense.
Under the above assumptions and conditions, problem (7.1.1) has a unique solution [2].
Numerical treatment of the IBVP (7.1.1) is difficult because of the presence of boundary
layers in its solution. In particular, classical finite difference methods on uniform meshes
fail to yield satisfactory numerical results, and to obtain stability one has to reduce the
spatial step-size in relation with €. The same is true for finite element methods in the
case of uniform mesh and polynomial basis functions. When regular layers are present
it is possible to obtain an e-uniform method by constructing an appropriate fitted finite
difference operator (i.e., finite difference scheme with fitting factor) on uniform meshes.
The chapter is organized in the following manner: Section 7.2 studies the bound on
the analytic solution of the IBVP (7.1.1), and the bounds on the regular and the singular
components of the solution. Section 7.3 describes the piecewise-uniform Shishkin mesh
and gives the detailed construction of the finite difference scheme. The stability and
e—uniform error estimates are obtained in Section 7.4. Numerical results are presented

in Section 7.5, and the chapter ends with a conclusion.

7.2 The Analytic Solution

In the study of the numerical aspects of SPPs, their analytical results play an important
role. In this section, we are concerned with the analytical properties of the solution of
(7.1.1) that will be required to prove the convergence and the maximum principle for

the differential operator.
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Chapter 7 7.2. The Analytic Solution

The reduced problem corresponding to (7.1.1) is
(uo)e(,t) + () (uo)a (2, 1) + alx, )uo(x, 1) = =b(x, uo(z,t —7) + f(2,t), (2,1) € G,
Uo(%ﬂ :(bb(xat)a (l‘,t) € Fba UO(x7t> :(bl(x)’ (.’L’,t) el
(7.2.1)
Then it is clear that the solution of (7.1.1) has boundary layer along the boundary T',.

The characteristics of (7.2.1) are the vertical lines x = constant, which implies that any

boundary layer arising in the solution is of parabolic type.

Theorem 7.2.1. Let the data ¢ € €2**(Q), a,b, f € ePFH/2(G) ¢ € e2+*/2(]0,TY),
¢, € eWrea/2(T)y ¢ € e2/2([0,T]), a € (0,1), with sufficient compatibil-
ity condition on the corner is fulfilled. Then (7.1.1) has a unique solution u and
u € eWta2te/2 (G Furthermore, the derivatives of the solution . satisfy, for all

non-negative integers i,j such that 0 < i+ 25 <4,

' 8i+j U

0xtQyd
Proof. The proof of this theorem for ¢ < 7 can be found in [45]. The arguments can be

< Ce 2,

(e.e]

extended to t € [r,T| with necessary compatibility conditions. n

Lemma 7.2.2. (Maximum principle) Suppose the function i(x,t) € ¢°(G) N c(G),
satisfies Y (x,t) > 0 for all (x,t) € I' and Yy(x,t) + Lp(x,t) > 0 for all (x,t) € G, then
Y(z,t) >0 for all (z,t) € G.

Proof. Assume that there exists (z*,¢*) € G such that

Y(x*,t") = min Y(x,t) <0,
(z,t)eG

it is clear that the point (z*,t*) ¢ 0G which implies (z*,t*) € G.
Applying the differential operator to v, we obtain that

Vi + Lot =ty — epe + ()Y + alx, )y
and at the point (z*,t*) the value becomes
(¢ + L) (27, 17) = b (27, 17) — etua(2", 1) + ()00 (27, 1) + al, )3 (27, ),
since Yy, (2%, 1) > 0, ¥ (z*,t*) = 0, and iy (x*,t*) = 0, therefore, we have
(¢ + L) (27, £7) <0,

which is a contradiction as

(b 4+ L) (z,8) >0, Y(z,t) € G,
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Chapter 7 7.2. The Analytic Solution

thus, we can conclude that the minimum of ¢ is non-negative. [
We decompose the exact solution wu(z,t) of the IBVP (7.1.1) into the regular and the

singular components as
u(z,t) = v(z,t) +w(x,t), (r,t)€q.

We take further decomposition of the regular component v for any prescribed order k

by assuming necessary compatibility condition as
k41

vz, t) = Zgjvj(x,t), (z,t) € G,

where the functions v;, j = 0,1,...,k, are the solutions of the following first-order

problems

(o) + c()(v0) 2 + alz, t)vg = —b(x, t)ve(x,t — 7) + f(a,t), (x,t) € G,

vo(x,t) = dp(x,t), (z,t) €Ty, (7.2.2)

Uo(fE»t) :¢l($at)> (l‘,t) e I,
and

(vj)e + c(z)(vj)s + alz, t)v; = =b(z, t)vj(z,t — T)

—|—(Uj71)mc(l',t), (.T},t) € G, j = 1,2,...,]{], (723)

vj(x,t) =0, (x,t) €Ty,
vj(O,t):O, OStST,

and lastly, the function vy, satisfies
(vgg1)e(x,t) + Levgra (2, t) = —b(x, t)vgp1(x, t — 7) + (V)aa (2, t), (2,1) € G,
Uk+1(l’, t) =0, (l‘, t) eIy,
'Uk+1(0,t) :O:Uk+1(1,t), OStST

(7.2.4)
Hence, the regular component v(z,t) satisfies the following IBVP:
( ve(z, t) + Lov(z, t) = —=b(x, t)v(z, t — 1) + f(z,t), (x,t) € G,
v(x,t) = u(x,t), (x,t) €Ty,
v(0,t) =u(0,t), 0<t<T, (7.2.5)

k+1

v(L,t) =) ev(1,t), 0<t<T,
j=0

\

and therefore, the singular component w(z,t) must satisfies the homogeneous problem

wy(x,t) + Low(z, t) = =b(x, )yw(x, t — 1), (x,t) € G,
w(z,t) =0, (x,t)€ly,

w(0,6) =0, 0<t<T,

w(l,t) =u(l,t) —ov(l,t), 0<t<T.

(7.2.6)
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Theorem 7.2.3. Let u(z,t) be the solution of (7.1.1). The derivatives of u(z,t) satisfy
the following bound

OFu(z,t)
Ox*

' <C(l+e"exp(—a(l —2)/e)), z€][0,1], k=0,1

for any t € [0,T7].

Proof. The proof of this theorem for ¢ < 7 can be found in [45]. The arguments can be

extended to ¢t € |7, T with necessary compatibility conditions. n

Theorem 7.2.4. Let w(x,t) be the solution of (7.2.6). The bound of w(x,t) is given by
jw(z,t)| < Cexp(—a(l —z)fe),  V(z,t) €G.

Proof. The proof of this theorem for ¢ < 7 can be found in [45]. The arguments can be

extended to ¢t € |7, T| with necessary compatibility conditions. "

Theorem 7.2.5. For all non-negative integers p,q, satisfying 0 < p+q < k+ 2, and
with sufficient compatibility condition at the corners the reqular component v(z,t) and

the singular component w(x,t), defined in (7.2.5) and (7.2.6), respectively, satisfy the

(:U,t)’ < CePexp (—a(l—a)/e), (z,t) €G.

following bounds,
ortay

OxPOLY

(fcat)H < C(1+eMP),

and
OP Ty

OxPOtd

Proof. Refer [66] for the detailed proof for k = 3 and ¢ < 7. The arguments presented
in [66] can be extended to any arbitrary k and ¢ € [r,T]| with necessary compatibility

conditions on the boundary and the initial conditions. [

7.3 The Numerical Solution

In this section, we discretize the parabolic delay IBVP (7.1.1), the time derivative is
replaced by the backward-Euler difference scheme, and the spatial derivative is replaced

by the upwind difference scheme.

7.3.1 Finite difference scheme

On the time domain [0,T], we introduce the equidistant meshes with uniform time step
At such that
A = {t,=nAt, n=0,...,M, At =T/M},
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Chapter 7 7.3. The Numerical Solution

where M denotes the total number of mesh intervals in the interval [0, 7] and the step
length At satisfies the constraint pAt = 7, where p is a positive integer, t; = jAL,
J ==

Consider the spatial domain Q2 = [0, 1] and let N > 4 be a positive even integer. Since
the problem (7.1.1) has only a regular layer at x = 1, to define the piecewise-uniform
mesh we divide the domain Q into two sub-domain’s [0,1 — p] and [1 — p, 1] and then
divide each sub-domain into N/2 equal intervals by the points

—N
Q, :{0:$0,$1a---7$N/2:1—[),---,1131\7:1},

where
iw, i:(),...,g, _
T = 3.
(1—p)+<i—g>2—p, ’i:E—Fl,...,N.
2 ) N 2

Here, the transition point (1 — p), which separates the coarse and fine portions of

the mesh, is obtained by taking
.1
p = min {i,poslnN} )

where pg > 1/a. In the analysis, we shall assume that p = poeIn N, as otherwise N is
exponentially large compared with ¢ and the analysis can then be carried out using the
standard classical techniques.

We now define the spatial step size by
hi=a;— iy, i=1,2,...,N, hi=(hi+hi1)/2, i=1,2,...,N—1,

and by the definition of z;’s the spatial step size satisfies the following,

21—p) . N
H:hl e 207"‘7_7
N ! 2
2p N
h:hl = ==, b= 1 1,. ,N
N 'Ta Tt

Here, H and h are the mesh widths in [0,1 — p] and [1 — p, 1], respectively. Then it is
easy to see that
Nl<H< 2N*1, h = 2p05N*11nN.

We use various steps to prove the e-uniform convergence in Section 7.4. Here, we

define the discretization of domains in a systematic way to make our presentation clear.
. . . =NAt =N —M =N - =P .

We define the discretized domain G = Q, xA, ,T¥N =0, x A}, where A is p + 1

uniform mesh intervals in [r,0]. The boundary points I'V of G M are TV =G AT
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Similarly we define the right and the left boundary points by 'YV = anr ; and
N ANAt )
r'=aG N 1T,, respectively.

—N.A — —
We further discretize Gj-v’ = Qi,v x A

xpP . . . .
;4> where A}, is p+ 1 uniform mesh intervals in

[(j—1)7, j7]. From the above discretization we can also observe that GV = U?:l @;V’At.
We discretize the equation (7.1.1) by means of the backward-Euler scheme for the
time derivative, and the upwind difference scheme for the spatial derivative. Hence the

discretization of (7.1.1) takes the form, forn =0,1,..., M — 1,

yrtlt _pyn
Zth +LYUM = —b(@i, tye)U] 7+ f (@i, tp41), fori=1,...,N—1,

U(?Jrl = ¢l(tn+1)> UJY\LIJrl - ¢T(tn+1)a

Ui_j = ¢p(z;,—tj), fori=1,...,N—Tandj=0,...,p,
(7.3.2)
and for
LYUM = —e82UM + 6, UM + a4, UM (7.3.3)
After rearranging the terms in (7.3.2), we obtain the following form of the difference
scheme: forn=0,1,..., M — 1,

Tl-jn+1Ui’1Jr11 + 7“Z‘~3’n+1Ui"Jrl + r;anUi’fll =g, fori=1,...,N—1,
U(SL—H u (bl(thrl)a U]7\1/+1 . ¢r(tn+1)a (7~3~4)

Uiﬁj:(bb(xia_tj)? fori:l,...,N—landeO,...,p,

where
eAt At eAt
= J_ + c = +
Tin = =7 = — ) Tin = — ~, Tin=1+Atai, —1;, — 1,
) h E) ) ) )
hzhl 7 hi+1hi
aip = a(z;, ty), U —NGuas

gzn = Uzn + At {_b(l‘%tn-f—l)Uin_p + f(xi’ t”+1)} ¥

7.4 Error Analysis

Here, we carry out the stability analysis of the discrete operator defined in (7.3.2).
Finally, we obtain the e-uniform error estimate in the discrete maximum norm.

The following lemma provides the stability result for a general numerical scheme for
the IBVP (7.1.1).

Lemma 7.4.1. Consider the IBVP (7.1.1) and the difference scheme (7.5.2), the dif-

ference scheme (excluding the initial and boundary conditions) can be written as

U™ + LYU™ = AU — BU" = F", forn=0,--- ., M —1, (7.4.1)
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where U™ = (U}, -+ , U _ )T, F™ is a vector independent of the computed solution, and

A and B are matrices and also that A is an M-matriz, and B > 0.

Let y and z be two mesh functions, such that y" = (y3,---,y%)’, and 2" =
(28, 2%)T for each m. Assume that }5ty"+1 +L£.Vy"+1} < G2t 4 LV for
n=20--,M-—1, and |y| < z on the boundary T'y UT, UT,. Then, ly| < z on
Q) x A

Proof. The difference scheme (7.3.3) can be written in the form of (7.4.1) for n =
1,2,...,p, with A = (a;;) and B = (b;;) as

- c +
il Tz’,n F Tz',n N
Qii—1 = At Qi = AL’ Qi 41 = _At’
1
O -
’ At

Simple calculation shows that the matrix A is an M-matrix and the matrix B > 0.
Therefore, the difference scheme satisfies the hypotheses of Lemma 7.4.1 and immediately
the required result follows. The above argument can also be extended to other temporal
levels. ]
The finite difference operator (8, +L2) in (7.3.3) satisfies the following discrete
maximum principle on oV
Lemma 7.4.2. (Discrete maximum principle) Assume that V(z;t,) satisfies
U(xs,t,) >0 on (x4,t,) € TN, Then (5t + Lév) V(x4 t,) >0 on (x;,t,) € e implies
that W(z;,t,) > 0 at each point of (z;,t,) € T

Here we provide the important theorem for the e-uniform convergence of the numer-

ical solution in the discrete maximum norm.

Theorem 7.4.3. Let u and U be respectively the continuous and the numerical solutions
of the IBVPs (7.1.1) and (7.8.4) and satisfying sufficient compatibility conditions at the

corners. Then, we have the following error bound

max |(u — U) (2, t,)] < C[At + N~ InN|  for all (x;,t,) € @N’At, (7.4.2)

in

where U(z;,t,) = U

(2

Proof. We prove the theorem by various steps. We first prove the result on the interval
[0, 7], i.e., the time discretization parameter n varies from 0 to p. Let n* = u? — U!" be
the truncation error in the computed solution at each mesh point (x;,t,). We write the
scheme (7.3.2) as

SUM+LNUM = —bl'dy(wistnp) + f1 i=1,...,N—1, n=1,...,p.
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Therefore, the truncation error of the above scheme can be written in the following way
as given in [49] and [17],
—N,A
o + LY = X+ s for (wi,t) €GL
where 7, and x5, as follows,

Xii =L u) — (Lew)! and X3, = 0wy’ — (up);

With this splitting of the truncation error we can decompose the error n as 7 = ¢+1.
Here the function ¢} is, for each fixed n =0, ..., p, the solution of the discrete two-point

boundary-value problem

I[Aév¢?zx’f7i fori=1,...,N —1,
o5 = o =0,

and 1, the solution of the discrete parabolic problem

(7.4.3)

Sepf + LYY = x5, = &gp fori=1,...,N -1,

Yy =yHr =0 forn=1,...,p, (7.4.4)

) =—¢? fori=0,...,N.
Equation (7.4.3) is a sequence of two-point boundary-value problems that has been
discretized using LY, with X1 playing the role of truncation error and can be bounded
using technique from two-point boundary-value problems. The problem (7.1.1) exhibits
regular boundary layers and the same is true for the equation (7.4.3), therefore, the error

bound derived for two-point boundary-value problems on the piecewise-uniform mesh

can be invoked for all temporal levels:
¢ < CN~'InN, forall i,n <p, (7.4.5)

with the fact that our problem exhibits regular boundary layers.
We have to bound the other error component ¥. From Lemma 7.4.1 and the discrete

maximum principle (Lemma 7.4.2), we get the following bound for the error component

(0
| = 0(max|¢?|+max|x3,i—5t¢?|), for i\n < p.

Using the bounds of x4, and (7.4.5) we obtain

lyrl = C [Nl In N + At + max |5t¢f@ , fori,n <p, (7.4.6)
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It remains to bound 6;¢ in (7.4.6). The two-point boundary-value problem (7.4.3) implies
that 6;¢ satisfies

LY (5:0)7 = 67, — ((8ib)g)] ™" fori=1,...,N -1,
()5 = (5:0) = 0.

We further decompose 6,;¢ as d;¢ = v + p, applying it on equation (7.4.7), we get

(7.4.7)

LYvp =doxt; fori=1,...,N—1,
(7.4.8)

n __ n __
vy = vy =0,

and .
LY op = — ((6,b)¢)) ™" fori=1,...,N—1,
(7.4.9)

% = on =0,
To analyze the above sequence of two-point boundary-value problems (7.4.8), observe

that the right-hand side of the equation can be written as

1
5tX7f,i = At (X?z - X?;l)

1 N n n N, n—1 n—1
BN ((]Ls ui = (Lew)?’) — (Lug™ — (Leu); ))

—_

n N, n— n n—
= o (8] L™ = (Lew)f = (Lew)i ™))
~ ~ N 9 | | : . .
Let L.u = —cuy,+cu, and L, u] = —edzul+cd, u. Thatis, L. u is the discretization
of the continuous operator /ILEU. Then one can write the above formula as
1 [ [~NO ~ 0
Oxt, = — L —u(x;,t) — L.—u(x;,t)]| dt.
tXl,Z At \/t\n_1 |: e ot ( ) 5at ( )

From the above equation, we obtain

Ty

10exTl < Ca/ max ]]umxt(x,t)\dt

i te[tnflztn

K3

oh, / max (|tss] -+ [tont] + [tmnt]) (2, £)dE.

iy tEltn—1,tn]

where we have used the Peano kernel theorem, and following the argument given in
[17], we obtain the same estimate on d;x7; as the corresponding truncation error bounds
arising for a standard convection-diffusion two-point boundary-value problem. Now
analyzing the problem the same way as for the standard two-point convection-diffusion

boundary-value problem, we obtain the following bound for v

V| < CN~'InN, foralli,n<p. (7.4.10)
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Observe from (7.4.9) that, the operator satisfies the discrete maximum principle as like
(7.4.3), therefore,

max || < Cmax | — ((6,b)$)] ' | < Cmax|¢!| <CN'InN, foralli,n <p.
(7.4.11)
Combining (7.4.10), (7.4.6) and (7.4.11), we get

max |(u — U)(zi,t,)] < C[At+ N~ In N], for all (z;,t,) € G, (7.4.12)

where U(x;,t,) = Uj. For t > 7 it is not possible to follow the above argument because
the delay term, u(x,t — 7), is explicitly unknown for ¢ > 7. For this reason, we examine
the detailed proof of the estimate for the difference between the numerical solution U
and the solution wu itself over the interval [r,27]. The proof follows the approach given
in [2].

Consider the following singularly perturbed delay parabolic equation on the domain

Go = (0,1) x (7,27,

(55 +L.) o) = —blo it =)+ S(w.0). (21) €6
u(x, 1) = u(x,t,), =€ Q, (7.4.13)

uw(0,t) = ¢o(t), wu(l,t)=¢1(t), te]lr27].
We discretize (7.4.13) by means of the backward-Euler scheme for the time derivative,
and the central difference for the space derivative. Hence the discretization takes the
form,
([ (6 + LY) U(x, tn) = 6,UF — e62U" + ¢:07UP + a; nU
—N,At

= _bi,nUz‘nip + f($lat ) (xza ) € G

v (7.4.14)

U('ria tn) - Ul(l‘ia tn); (.17“ ) € G
L U(O, tn) = ¢0(tn)7 U(latn) = ¢1(tn)a tn S th)

where U; is the numerical solution calculated on @f[’m. The solution u of (7.4.13)

is decomposed into the regular and the singular components v = y + z. The regular
component y is further decomposed into y = yg+<y1, where yo and y; solve the following

problems, respectively,

9] 9]
S0+ 2R @ ) +ayo(e,t) = ~byo(e,t = 7) + (1), (a,) € Go
yo(z,t) = ul(x,t), (x,t) € Qx[0,7], wo(0,t) =u(0,t), t€]r,27]
and
82
(57 +L) o) = =ba (ot =)+ G20, (@0 € G
yi(z,t) =0, (x,t) € Ax[0,7], 1:1(0,t) =wy1(1,¢) =0, ¢te€][r27]
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By the above definition of yy and ¥;, the regular component y satisfies

<(§t + L. ) y(x,t) = =b(z, t)y(x,t —7) + f(z,t), (z,t) € Gy,

y(x,t) =u(x,t), (z,t)€Qx][0,7],

y(07t) :yO(Oat)7 y(Lt) :yO(lat)7 le [T7 27—]
The singular component z satisfies
<8at +L ) 2(x,t) = =b(z,t)z(x,t — 1), (x,t) € Gy,
2(z,t) =0, (z,t) € Qx[0,7],

2(0,t) =0, =2(1,t) = ¢,(t) —yo(l,¢), t €[, 27].
Similarly the numerical solution U of (7.4.14) is decomposed into the regular and the
singular components in an analogous manner to the decomposition of the solution u of

(7.4.13). Thus U =Y + Z, where Y is the solution of the following problem

— N,At

(51‘, + ]Li;v) Y(l’z, tn) - _bi,nY(xia tnfp> + fa (xza ) € G

Y (@i ta) = U@ ), (@i,t) € Ga,

Y(0,t,) =y(0,t), Y(1,t,) =y(Lt,) t, €Ay,

From the above equation the singular component Z satisfies
N,At

(57& il H{iv) Z(l’l, tn) = _bi nZ(xza tnfp)a (.T}i, tn) S a2 7 )

Z(zit) =0, (2ita) €GO,

Z(Ovtn) =0, Z( ) Qbr( n) (1 t ) ln € Kg,t'

Therefore, the error at the node (x;,t,) can be written in the following way
U =) (zi,ta) = (Y —y) (@i,10) + (7 = 2) (23, 1n),

thus

(U =) (@i, tn)| < [ (Y =) (@i, )| + | (Z = 2) (23, 1),
from the above inequality it is enough to bound the error of the regular and the singular
components with an optimal bound. The truncation error of the regular component can

be written as

b (o) = Vit )+ (g 41) = 6412 )

= by (u(@i, top) — Us (25, tap)) + <(% + L€> — (6 + LY )) Y,
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therefore, we have

(5 + L) (V= ) = b (0l tay) = Uity )) == (55— 82)
0 0]

| = -0 — = |y

v (5o =0 ) (-0
Now applying the modulus on both sides and using (7.4.12), the above equality reduces

to
82
(57 -2)

e )+l o)

Using the Taylor series expansions it is easy to show that

| (6 +LY) (Y —y)(2itn)| SC(N"'InN + At) +

4
0%y 0%y
+hl woo‘f‘At'@oo)

Applying Lemma 7.4.1 and the estimates for the derivatives in (7.2.5), we obtain

(6 +LY) (Y — ) (@, t)] < C(NT'In N + At),  for (i,t,) € Gy .

Now using the fact that the discrete operator (5t + LY ) satisfies the discrete maximum
principle and the inverse operator is uniformly bounded, the above inequality can be

reduced to

(Y — y)(zis ta)| < O(N"In N + At),  for (z:,t,) € Gy (7.4.15)

Consider the error in the singular component Z,

0

0? 0
Applying the modulus on both sides and using the Taylor series expansions on time, we
0? 9
(om %)
0 _
|G o) 5L
0? 9 0 _
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(6 +LY) (Z—2)] < C(N11HN+At+5

9%z

ot?

+At'

< C(N11HN+At+a
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By fixing ¢, the lateral part of the above inequality can be seen as the truncation error
of the convection-diffusion two-point boundary-value problem. By this observation the
truncation error in space can be analyzed the same way as the two-point convection-
diffusion boundary-value problems, hence we obtain
(60 +LY) (Z = 2)(wi, )] < C(N"'In N + At),  (2i,t,) € Go . (7.4.16)
Now using the fact that the discrete operator ((5t + LY ) satisfies discrete maximum
principle and the inverse operator is uniformly bounded, the above inequality can be
reduced to
(Z — 2)(zi,t2)] < C(N"'In N + At),  for (zi,t,) € Go ™. (7.4.17)
Combining (7.4.15) and (7.4.17) completes the proof on the second interval [7, 27| simi-

larly, we can prove the estimate of the successive intervals in temporal direction. [

7.5 Numerical Results

In this section, we shall present the numerical results obtained by the discrete scheme
(7.3.4) for two test problems on the rectangular mesh T = ﬁiv X Kﬁw . In all the cases,
we perform the numerical experiments by choosing the constant py = 2.2. Moreover, in
all the tables we begin with N = 16 and the time step At = 0.1 and we multiply N by
two and divide At by two.

Example 7.5.1. Consider the following delay parabolic initial-boundary-value problem:
Up — EUge + (1 + 2(1 = 2))u, = u(z,t — 1) + f(z,t), (x,t) € (0,1)x (0,2],
U(.I‘,t) ZUO(xvt)) (:L‘vt) < [Oal] X [_Lo]a

uw(0,t) =0, wu(l,t)=0, 0<t<2.
(7.5.1)

We choose the initial data ug(z,t) and the source function f(z,t) to fit with the
exact solution
u(z,t) = exp(—£)(Ch + oz — exp(—(1 - 2)2),
where C) = exp(—1/¢), and Cy = 1 — exp(—1/¢). As the exact solution of the problem

(7.5.1) is known, for each ¢, we calculate the maximum point-wise error by

eéV:At = max_ |u(x;, t,) — U(x;, t,)],

—N,A
(:I?i,tn)EG At

where u(z;,t,) and U(z;,t,) respectively, denote the exact and the numerical solution

obtained on the mesh with /N mesh intervals in the spatial direction and M mesh intervals
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in the t—direction such that At = T/M is the uniform time step. In addition, we

determine the corresponding rate of convergence by

NA VAt

AL £

Pe - 10g2 <62N,At/2> :
€

N, At

-2 as the e-uniform maximum

Now, for each N and At, we define e™*! = maxe
15

point-wise error and the corresponding e-uniform rate of convergence is defined by

A eV.At
N7 t JR—
p - log2 <62N,At/2> :

The calculated maximum point-wise errors eM4! eNA% and the corresponding rate

of convergence pN2! pNA! for Example 7.5.1 are given in Table 7.1. From these results
one can observe that the numerical solution is e-uniform first-order convergence up to a
logarithmic factor. Table 7.2 shows the maximum point-wise errors and corresponding
rate of convergence for outside the layer. From the Table 7.2, we observe that con-
vergence of the error corresponding to the regular part is close to first-order. From the
results given in the Tables we see the monotonically decreasing behavior of the computed
e-uniform errors. This ensures that the proposed scheme is e-uniform convergent.

The maximum point-wise error of Example 7.5.1 is plotted in Figures 7.1 (a) and (b)
for domain GG and out-side the layer, respectively in the log-log scale. From these figures
one can observe the error is e-uniform first-order convergence up to a logarithmic factor

also it gives close to first-order outside the layer.

Example 7.5.2. Consider the following singularly perturbed delay parabolic PDE:

(

U — EUgy + (2 — 2 u, + (v + 1)(E + Du = u(x, t — 1) + 1062 exp(—t)x(1 — x),
(x,t) € (0,1) x (0,2]
u(z,t) =0, (z,t) €]0,1] x [-1,0],

| u(0,1) =0, wu(l,t)=0, 0<t<2.
(7.5.2)

As the exact solution of the problem (7.5.2) is not known, to obtain the accuracy
of the numerical solution and also to demonstrate the e—uniform convergence of the
proposed scheme, we use the double mesh principle which is described as follows:

Let U2N:A2(z t.) be the numerical solution obtained on the fine mesh G2V-At =
Q2N % A2M with 2N mesh intervals in the spatial direction and 2M mesh intervals in
the t—direction, where Q?V is a piecewise-uniform Shishkin mesh as like ﬁiv with the

transition parameter p given by

~ ) 1 | N
= mins-<§ — emyi\ —
P 27p0 2
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Table 7.1: Mazimum point-wise error of the solution e
pNAt for Example 7.5.1 using the Shishkin mesh.

€

N,At

and its rate of convergence

Number of Intervals N/Time Step Size At

€ 16/+5 32/ 35 64/ 75 128/ 55 256/ 1 512/ 55

20 1.9820e-03 1.0306e-03 5.2509e-04 2.6510e-04 1.3319e-04 6.6756e-05
0.9435 0.9728 0.9860 0.9931 0.9965

272 2.3564e-02 1.2679¢-02 6.5647e-03 3.3417¢-03 1.6863¢-03 8.4703e-04
0.8942 0.9496 0.9742 0.9867 0.9934

24 7.5770e-02 5.5323e-02 3.1810e-02 1.6766e-02 8.6243¢-03 4.3759¢-03
0.4537 0.7984 0.9239 0.9591 0.9788

26 8.8018¢-02 6.3710e-02 4.1269¢-02 2.5411e-02 1.4965¢-02 8.5827¢-03
0.4663 0.6265 0.6996 0.7639 0.8021

28 9.4589¢-02 6.8359¢-02 4.4419¢-02 2.7288¢-02 1.6078e-02 9.2150e-03
0.4685 0.6220 0.7029 0.7632 0.8030

2-10  9.6841e-02 7.0153e-02 4.5748¢-02 2.8085e-02 1.6550e-02 9.4839¢-03
0.4651 0.6168 0.7039 0.7630 0.8032

2712 9.7396e-02 7.0964e-02 4.6232¢-02 2.8377e-02 1.6719¢e-02 9.5805¢-03
0.4568 0.6182 0.7042 0.7632 0.8033

2-14 9 7801e-02 7.1219¢-02 4.6422¢-02 2.8492¢-02 1.6780e-02 9.6136¢-03
0.4576 0.6175 0.7042 0.7638 0.8036

2-16 9.8083e-02 7.1592¢-02 4.6513e-02 2.8522¢-02 1.6807¢-02 9.6240e-03
0.4542 0.6222 0.7056 0.7630 0.8043

2-18  9.8154e-02 7.1686e-02 4.6647¢-02 2.8557¢-02 1.6811e-02 9.6312¢-03
0.4534 0.6199 0.7079 0.7644 0.8036

2720 9.8172¢-02 7.1710e-02 4.6680e-02 2.8596e-02 1.6822¢-02 9.6319¢-03
0.4531 0.6194 0.7070 0.7655 0.8044

2722 9.8177e-02 7.1715e-02 4.6689¢-02 2.8606e-02 1.6834e-02 9.6350e-03
0.4531 0.6192 0.7068 0.7650 0.8050

2724 9.8178e-02 7.1717e-02 4.6691e-02 2.8608e-02 1.6836¢-02 9.6383¢-03
0.4531 0.6192 0.7067 0.7649 0.8047

2726 9.8178e-02 7.1717e-02 4.6691e-02 2.8609e-02 1.6837¢-02 9.6392¢-03
0.4531 0.6192 0.7067 0.7648 0.8047

2728 9.8178e-02 7.1717e-02 4.6691e-02 2.8609e-02 1.6837¢-02 9.6394¢-03
0.4531 0.6192 0.7067 0.7648 0.8047

VAL 9 8178e-02 7.1717e-02 4.6691e-02 2.8609e-02 1.6837¢-02 9.6394¢-03
pVAt0.4531 0.6192 0.7067 0.7648 0.8047
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Table 7.2: Mazimum point-wise error of the solution e

€

N,At

and its rate of convergence
pNAL for Example 7.5.1 for outside the layer using the Shishkin mesh.

Number of Intervals N/Time Step Size At

€ 16/+5 32/ 35 64/ 75 128/ 55 256/ 1 512/ 55

20 1.8104e-03 9.7161e-04 5.0205e-04 2.5505e-04 1.2852e-04 6.4509e-05
0.8979 0.9525 0.9771 0.9888 0.9944

272 1.1799e-02 6.7909¢-03 3.6401e-03 1.8842e-03 9.5858¢-04 4.8345¢-04
0.797 0.8996 0.95 0.975 0.9875

2-%  7.6665e-04 2.7967e-04 1.5236e-04 7.9541e-05 4.0636e-05 2.0540e-05
1.4548 0.8762 0.9377 0.9689 0.9843

276 1.6566e-03 1.0185e-03 5.5801e-04 2.9198e-04 1.4433e-04 6.9417¢-05
0.7018 0.8681 0.9344 1.0165 1.0560

278 2.2596e-03 1.3360e-03 7.3218e-04 3.8215e-04 1.9436e-04 9.7402¢-05
0.7582 0.8676 0.9381 0.9754 0.9967

2710 2.6170e-03 1.4881e-03 7.9665e-04 4.1219e-04 2.0945e-04 1.0545e-04
0.8144 0.9015 0.9506 0.9767 0.9900

2712 92.7142¢-03 1.5307e-03 8.1498e-04 4.2078e-04 2.1376¢-04 1.0770e-04
0.8264 0.9093 0.9537 0.9771 0.9890

2-14  2.7391e-03 1.5416e-03 8.1974e-04 4.2302e-04 2.1489¢-04 1.0829e-04
0.8292 0.9112 0.9544 0.9771 0.9887

216 97453e-03 1.5444e-03 8.2094e-04 4.2359e-04 2.1518e-04 1.0844e-04
0.8299 0.9117 0.9546 0.9771 0.9886

218 9.7469¢-03 1.5451e-03 8.2124e-04 4.2373e-04 2.1525e-04 1.0848e-04
0.8301 0.9118 0.9546 0.9771 0.9886

2720 2.7473e-03 1.5453e-03 8.2132e-04 4.2377e-04 2.1527e-04 1.0849e-04
0.8301 0.9119 0.9547 0.9771 0.9886

2722 2.7474e-03 1.5453e-03 8.2133e-04 4.2378e-04 2.1527e-04 1.0849¢-04
0.8301 0.9119 0.9547 0.9771 0.9886

2724 2.7474e-03 1.5453e-03 8.2134e-04 4.2378e-04 2.1528e-04 1.0849¢-04
0.8301 0.9119 0.9547 0.9771 0.9886

226 2.7474e-03 1.5453e-03 8.2134e-04 4.2378e-04 2.1528¢-04 1.0849e-04
0.8301 0.9119 0.9547 0.9771 0.9886

2728 92.7474e-03 1.5453e-03 8.2134e-04 4.2378e-04 2.1528e-04 1.0849¢-04
0.8301 0.9119 0.9547 0.9771 0.9886

eN:At 2 7474e-03 1.5453e-03 8.2134e-04 4.2378e-04 2.1528e-04 1.0849e-04
pVAt0.8301 0.9119 0.9547 0.9771 0.9886
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such that for i = 0,1..., N, the ith point of the mesh ﬁiv coincides with the 2ith point

of the mesh QiN . Then for each e, we calculate the maximum point-wise error by

ENAY = max UNA (4, t,) — PN (@i, )],

(xi,tn)€§N7

At

and the corresponding rate of convergence by

NA EN,At

At _

pvs = o ()
3

For each N and At, the quantities BVt and PV4! are defined analogously to ¢! and
p™A% based on the error EMA? as in the previous example.

The calculated maximum point-wise errors BNV and the corresponding rate of con-
vergence P2t for Example 7.5.2 are given in Table 7.3. The numerical results given in
these tables reveal the first-order up-to a logarithmic factor convergence independent of
the diffusion parameter . Table 7.4 shows the maximum point-wise errors and corre-
sponding rate of convergence for outside the layer. Here also we can observe the same
behavior as like Example 7.5.1.

The numerical solution of Example 7.5.2 is plotted in Figures 7.2 (a) and (b) for
e = 2e — 4 and ¢ = 2e — 20, respectively. These figures show the existence of the
boundary layer along x = 1. The maximum point-wise error of Example 7.5.2 is plotted
in Figures 7.3 (a) and (b) for domain G and out-side the layer, respectively, in the
log-log scale. From these figures one can observe that the error is e-uniform first-order

convergence up-to a logarithmic factor also it gives close to first-order outside the layer.

7.6 Conclusions

In this chapter, we have solved the singularly perturbed parabolic delay convection-
diffusion problem (7.1.1) numerically by the backward-Euler scheme for the time deriva-
tive and upwind finite difference scheme for the spatial derivative on layer-adapted
piecewise-uniform mesh. The truncation errors are obtained and the stability analy-
sis is carried out. The proposed numerical scheme is of first-order uniform convergence
in time and first-order up-to a logarithmic factor in space, i.e., O(At+ N"11In N). Error
estimates are derived for the numerical scheme, which are independent of the diffusion

parameter €. Numerical results are carried out to verify the theoretical error estimates.
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Figure 7.1: Loglog plot of mazimum point-wise error of the solution eNAt of 7.5.1.
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Figure 7.2: Numerical solution of Example 7.5.2 for N = 64 and At = 0.1.
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Table 7.3: Mazimum point-wise error of the solution ENA and its rate of convergence

PNAL for Example 7.5.2 using the Shishkin mesh.

Number of Intervals N/Time Step Size At

€ 16/ 32/35 64/ 5 128/ 55 256/ 1 512/ 55

20 1.3798¢-03 7.6767e-04 4.0315e-04 2.0659e-04 1.0454e-04 5.2587¢-05
0.8459 0.9292 0.9646 0.9827 0.9913

272 4.8025e-03 2.6325¢-03 1.3779¢-03 7.0520e-04 3.5679¢-04 1.7944e-04
0.8673 0.934 0.9664 0.983 0.9916

24 8.2642¢-03 5.5889¢-03 3.2765e-03 1.7433e-03 9.0054e-04 4.5791e-04
0.5643 0.7704 0.9103 0.9530 0.9757

276 1.1582¢-02 6.8349¢-03 3.9841e-03 2.3059e-03 1.3070e-03 7.2916e-04
0.7609 0.7786 0.7890 0.8191 0.8419

278 1.4765e-02 8.8375¢-03 5.1378¢-03 2.9210e-03 1.6270e-03 8.9215e-04
0.7405 0.7825 0.8147 0.8443 0.8668

2-10 1 5768¢-02 9.6492¢-03 5.6471e-03 3.2195e-03 1.7948e-03 9.8368¢-04
0.7085 0.7729 0.8107 0.8430 0.8676

2712 1.6031e-02 9.8736e-03 5.8009e-03 3.3117¢-03 1.8467¢-03 1.0128e-03
0.6992 0.7673 0.8087 0.8426 0.8666

2-14  1,6097e-02 9.9311e-03 5.8407e-03 3.3358¢-03 1.8603e-03 1.0205¢-03
0.6968 0.7658 0.8081 0.8424 0.8662

2-16 1 .6114e-02 9.9456¢-03 5.8507e-03 3.3418e-03 1.8638¢-03 1.0226¢-03
0.6962 0.7654 0.8080 0.8424 0.8661

2-18  1.6118¢-02 9.9492¢-03 5.8532¢-03 3.3434e-03 1.8647¢-03 1.0231e-03
0.6960 0.7654 0.8079 0.8424 0.8660

2720 1.6119¢-02 9.9501e-03 5.8538¢-03 3.3438¢-03 1.8649¢-03 1.0232¢-03
0.6960 0.7653 0.8079 0.8424 0.8660

2722 1.6119e-02 9.9504e-03 5.8540e-03 3.3438¢-03 1.8649¢-03 1.0232¢-03
0.6960 0.7653 0.8079 0.8424 0.8660

2724 1.6119e-02 9.9504e-03 5.8540e-03 3.3439¢-03 1.8650e-03 1.0232¢-03
0.6960 0.7653 0.8079 0.8424 0.8660

2726 1.6119¢-02 9.9504e-03 5.8540e-03 3.3439¢-03 1.8650e-03 1.0232¢-03
0.6960 0.7653 0.8079 0.8424 0.8660

2728 1.6119e-02 9.9504e-03 5.8541e-03 3.3439¢-03 1.8650e-03 1.0232¢-03
0.6960 0.7653 0.8079 0.8424 0.8660

ENAt 1.6119e-02 9.9504e-03 5.8541e-03 3.3439¢-03 1.8650e-03 1.0232¢-03
PNAL - (0.6960 0.7653 0.8079 0.8424 0.8660
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Table 7.4: Mazimum point-wise error of the solution ENA and its rate of convergence
PNAL for Example 7.5.2 for outside the layer using the Shishkin mesh.

Number of Intervals N/Time Step Size At

€ 16/ 32/35 64/ 5 128/ 55 256/ 1 512/ 55

20 1.3194e-03 7.3489¢-04 3.8707e-04 1.9854e-04 1.0054e-04 5.0587¢-05
0.8443 0.925 0.9631 0.9817 0.9909

272 2.4266e-03 1.3160e-03 6.8500e-04 3.4943e-04 1.7646e-04 8.8672¢-05
0.8828 0.9419 0.9711 0.9856 0.9928

24 3.7522¢-03 1.7325¢-03 8.5664e-04 4.3521e-04 2.1935¢-04 1.1012e-04
1.1149 1.0161 0.9770 0.9885 0.9942

276 1.0737e-02 5.1429¢-03 2.4003e-03 1.0997¢-03 4.9382¢-04 2.3702¢-04
1.0619 1.0994 1.1261 1.1550 1.0590

278 1.3440e-02 7.0683e-03 3.5901e-03 1.7996¢-03 9.0150e-04 4.4710e-04
0.9271 0.9773 0.9963 0.9973 1.0117

2-10 1.4108e-02 7.5935e-03 3.9240e-03 1.9943e-03 1.0046e-03 5.0471e-04
0.8937 0.9524 0.9764 0.9892 0.9932

2712 1.4271e-02 7.7270e-03 4.0108¢-03 2.0458¢-03 1.0337¢-03 5.1950e-04
0.8851 0.9460 0.9712 0.9849 0.9926

2-14  1.4311e-02 7.7605¢-03 4.0327¢-03 2.0588¢-03 1.0411e-03 5.2358¢-04
0.8829 0.9444 0.9699 0.9837 0.9916

2-16 1.4321e-02 7.7689¢-03 4.0382¢-03 2.0621e-03 1.0429¢-03 5.2461e-04
0.8824 0.9440 0.9696 0.9835 0.9913

2-18  1.4324¢-02 7.7710e-03 4.0395¢-03 2.0629e-03 1.0434e-03 5.2487e-04
0.8823 0.9439 0.9695 0.9834 0.9912

2720 1.4325¢-02 7.7715¢-03 4.0399¢-03 2.0631e-03 1.0435e-03 5.2493¢-04
0.8822 0.9439 0.9695 0.9834 0.9912

2722 1.4325¢-02 7.7716e-03 4.0400e-03 2.0631e-03 1.0435¢-03 5.2495¢-04
0.8822 0.9439 0.9695 0.9834 0.9912

2724 1.4325¢-02 7.7717e-03 4.0400e-03 2.0631e-03 1.0435e-03 5.2495¢-04
0.8822 0.9439 0.9695 0.9834 0.9912

2726 1.4325¢-02 7.7717¢-03 4.0400e-03 2.0631e-03 1.0435¢-03 5.2495¢-04
0.8822 0.9439 0.9695 0.9834 0.9912

2728 1.4325¢-02 7.7717e-03 4.0400e-03 2.0631e-03 1.0435¢-03 5.2495e-04
0.8822 0.9439 0.9695 0.9834 0.9912

ENAt 1.4325e-02 7.7717¢-03 4.0400e-03 2.0631e-03 1.0435e-03 5.2495¢-04
PNAt - ().8822 0.9439 0.9695 0.9834 0.9912
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Figure 7.3: Loglog plot of mazimum point-wise error of the solution EMAt of Example
7.5.2.
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CHAPTER 8

Summary and Future Scopes

This chapter presents the summary of the results made in this thesis and also presents
the techniques used in deriving the results, followed by the future scopes for possible

extensions of the present works.

8.1 Summary of the Results

The results of this thesis with some important observations are precisely highlighted

below:

e Parameter uniform numerical methods are proposed and analyzed for singularly
perturbed parabolic reaction-diffusion problems by the backward-Euler scheme
for the time derivative on uniform mesh and the central difference for the spa-
tial derivative on layer-adapted nonuniform meshes obtained equidistributing the
monitor function. The monitor function is a positive L' integrable function and is
a linear combination of the second-order partial derivative with respect to space
of the singular component of the solution and its total measure. Numerical al-
gorithm is given to generated adaptive grid iteratively. Numerical experiments
are conducted to validate the theoretical error estimates. Numerical results are
produced for several linear and semilinear parabolic reaction-diffusion problems.
Moreover, the errors in the normalized flux of the exact and the computational

solutions are presented in the numerical results section.

e Subsequently, singularly perturbed parabolic convection-diffusion problems are
studied using the backward-Euler scheme for the time variable and the upwind
finite difference scheme for the spatial variable, because of the fact that the second-
order central difference scheme gives non-physical oscillations in the computed

solution. The problems are analyzed as like the earlier problem on nonuniform
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layer-adapted spatial meshes obtained by equidistributing the monitor function.
First, the corresponding semidiscrete problems are studied and subsequently, the
fully discrete schemes are studied. The error in the maximum norm is obtained
by analyzing the problem in a detailed way. Numerical results of the errors are

plotted in the log-log scale to show the convergence rate.

e Then, singularly perturbed PDEs of reaction-diffusion natures are analyzed using
modified backward-Euler for the time derivative and central difference for the spa-
tial derivative on adaptive spatial mesh and uniform time mesh. The adaptive
spatial meshes are not uniform in the time as like the case of previously discussed
nonuniform grids. The equidistributed grids are generated on every time level to
allow us to use this technique to a general parabolic problems. The numerical
algorithm proposed earlier is modified to tackle the above assumption. Truncation
error and the stability analysis are obtained. The parameter-uniform error esti-
mates are derived for the numerical solution. To support the theoretical results,
numerical experiments are carried out. Moreover, numerical results of the errors

are plotted in the log-log scale to show the convergence rate.

e Next, convection-diffusion parabolic problems are studied using modified
backward-Euler finite difference scheme for the time direction on uniform mesh
and upwind difference scheme for the spatial direction on layer-adapted nonuni-
form mesh. The layer-adapted nonuniform meshes are obtained equidistributing
the monitor function on every time level. As like the earlier problem the numerical
algorithm is modified to adapt to the current assumption. Numerical experiments
are conducted to validate the theoretical error estimates. Numerical results are
produced for several linear, semilinear and quasilinear parabolic problems. The
semilinear (nonlinear) problems are linearized using Newton’s linearization pro-
cess. Moreover, the errors in normalized flux of exact and computational solutions
are presented in the numerical results section. Numerical experiments for quasilin-
ear singularly perturbed parabolic problem (the Burger’s equation) are produced,

which indicates the application to larger class of convection-diffusion problems.

e We proposed a parameter-uniform computational technique to solve singularly per-
turbed delay parabolic initial-boundary-value problems exhibiting parabolic lay-
ers. The domain is discretized with a uniform mesh on the time direction and a
nonuniform mesh obtained via equidistribution of a monitor function for the spa-
tial direction. Numerical algorithm is given to generated adaptive grid iteratively.
The numerical scheme consists of the implicit-Euler scheme for the time derivative

and the classical central difference scheme for the spatial derivative. The proposed
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numerical scheme converges in the maximum norm with first-order in temporal
variable and second-order in the spatial variable, i.e., O(At + N~2). Error esti-
mates are derived for the numerical scheme, which are independent of the diffusion

parameter €. Numerical results reveal the theoretical error estimate.

e Uniform point-wise convergence for parabolic convection-diffusion problems on the
piecewise-uniform Shishkin meshes is studied using the implicit-Euler scheme for
the time derivative and upwind difference scheme for the spatial derivative. First,
width and location of the boundary layer is calculated using apriori information
about the problem and the solution. Then, a transition points is fixed using the
location and the width of the boundary layer. Afterwards the piecewise-uniform
adaptive meshes are computed. We obtain the maximum principle and carry out
the stability analysis. The error estimates are derived for the numerical scheme,
which are independent of the diffusion parameter, . Then we proved the scheme is
e-uniform convergence of first-order in the time and first-order up-to a logarithmic
in the space. Numerical experiments are carried out to verify the theoretical error
estimates. Appropriately, numerical results of the errors are plotted in the log-log

scale to show the convergence rate.

Extensive numerical experiments are conducted to support the theoretical results
and also to demonstrate the accuracy of the numerical methods. The corresponding
numerical results are presented at the end of each chapter of the thesis. For clarity
of the presentation, we have repeatedly described the model problems with suitable

information on the given data at the beginning of the subsequent chapters.

8.2 Future Scopes

A brief outline, describing the possible extensions of the present works to be carried out
in the future with suitable model problems, are presented below:

In chapter 2 we presented the analysis for a linear reaction-diffusion singularly per-
turbed IBVP exhibiting boundary layers. The problem is analyzed using backward-Euler
difference scheme for the time derivative and central difference for the spatial derivative
on a layer-adapted mesh. The numerical schemes is proved to be second-order in the
space and first-order in the time. The order of convergence in the time can be increased
to two by considering second-order schemes instead of backward-Euler and appropriate
analyze can also be done.

Extend the above adaptive method to general (quasilinear and nonlinear) singularly

perturbed parabolic reaction-diffusion and convection-diffusion problems where one can’t
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apply the Shishkin and the Bakhvalov type meshes, by using the equidistribution tech-
nique, where we equidistribute the monitor function on each temporal level as discussed
in 5. In this approach the grids moves according to the solution for every temporal level.

The following are some of the problems we consider,

e The Burgers’ equation: Burgers’ equation is a fundamental partial differential
equation from fluid mechanics. It occurs in various areas of applied mathematics,
such as modeling of gas dynamics and traffic flow. The Burgers’ equation is a

nonlinear and one expects to find phenomenon similar to turbulence.

e

(ug + vug)(x,t) = etz (z,t), (z,t) € (0,1) x (0,7,

u(z,0) = f(z), onS,={(z,0):0<az <1},
(8.2.1)
u(0,£) =0, on Sy={(0,t):0<t<T},

\ u(l,t)=0, on S;={(1,t):0<t<T}.
e The Burger-Huxley equation The equation describes the interaction between
convection, diffusion and reaction and being a nonlinear partial differential equa-
tion is of high importance for describing the interaction between reaction mecha-
nisms, convection effects, and diffusion transports. Since there exists no general
technique for finding analytical solutions of nonlinear diffusion equations so far,
numerical solutions of nonlinear differential equations are of great importance in
physical problems. More information about the problem and numerical methods

can be found in [31, 58, 79, 22].

(

g + Qutly = ey, + B(1 —u)(u —y)u, (x,t) € (0,1) x (0,71,

u(z,0) = ¢(x), on S, ={(x,0):0<z <1},
(8.2.2)
u(0,t) =0, onSy={(0,t):0<t<T},

u(l,t) =0, onS;={(1,t):0<t<T},

\

where o, 5> 0, v € (0,1).

e General nonlinear problem It is well-known that the nonlinear equation with
a small parameter plays an important role in nonlinear physics. Approximate
solutions of nonlinear differential equations are of importance in physical problems.
Also it is of great practical interest to study the nonlinear phenomena. So far there
exists no general method for finding solutions of nonlinear diffusion equations. In

order to solve nonlinear problems various numerical approaches are proposed by
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researchers. The method discussed in this thesis can be extended to these types

of problems.

U — ElUgy + alx, t,u)u, + b(x, t,u) =0, (x,t) € (0,1)x (0,7,
u(z,0) =up(x), =z €, (82.3)
uw(0,t) =u(l,t) =0, te (0,7T].

Although, the equidistribution technique to interior layer problems are challenging
task but it can be done by appropriately altering the numerical algorithm presented
in this thesis. Still, proving the optimal uniform convergence in maximum norm is a
challenging task.

Analyzing and finding e-uniform numerical methods to higher-dimensional singularly
perturbed parabolic problems and system of singularly perturbed parabolic problems
based on adaptive grid. One can possibly extend the method discussed in this thesis to
the following 2D singularly perturbed parabolic convection-diffusion IBVP with Dirichlet
(or first-type) boundary condition or Robin type boundary conditions on the domain
G=Dx(0,7], D=(0,1)% x= (x,y) € R%:

ou
o7 (Xt + Lau(xt) = f(x,1), (xt) €0,
u(X, O) e UO(X), x € 5’ (8.2.4)

u(x,t) =0, (x,t) € 9D x (0,T],

where

Lou = —eAu+a(x)-Vu+ b(x)u,

0 < € < 11is a small parameter and the coefficients a = (a1, as), b are sufficiently smooth

functions such that

a;i(x) > a; >0,i=1,2, b(x)>0, onD. (8.2.5)
Under sufficient smoothness and necessary compatibility conditions [[45], §4.5] imposed
on the functions up and f, the parabolic IBVP (8.2.4)-(8.2.5), admits a unique solution
u(x,t) which exhibits a regular boundary layer of width O(g) at the sides = 1 and
y =1 (see, e.g., [54]). One can see the asymptotic results about this kind of problem in
[37].
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