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Abstract

Over the decades,Complementary Metal-Oxide-Semiconductor(CMOS) technology scaling has

been the fundamental driver for computing. However, we are now in a phase where CMOS tech-

nology scaling is becoming less effective in improving the system capability. The consequence is

that we must either accept that the computing systems are good enough or look for alternate avenues

to advance them without significant technology progress. Recent studies show that there are sev-

eral promising alternate avenues that jointly can improve the system capability equivalent to2 − 3

decades of Moore’s law. Approximate computing is one of themand in recent years, has attracted a

lot of attention of researchers as well as industry. It should be noted that the concept of approximate

computing trade-offs computation quality for computationefforts.

In recent years, several approximate adders have been proposed in the literature. The key design

approach behind these approximate adders is to truncate thecarry-chain. The two most commonly

used approaches to truncate the carry-chain are: (i)Approximate Full Adder(AFA); and (ii) Equal

Segment Adder(ESA). In the first approach, anN-bit adder is segmented into two sub-adders: (i)

Accurate sub-adder that includes the higher orderk bits; and (ii) Approximate sub-adder that includes

the remaining lower order (N − k) bits. For accurate sub-adder,Full Adders(FAs) are used, whereas

for approximate sub-adder, AFAs are used. In the second approach, anN-bit adder is segmented

into several smaller disjoint or overlapping equally sizedaccurate sub-adders. TheCarry-in (Cin)

of all sub-adders is considered as0. Consequently, all sub-adders become independent and operate

in parallel. This thesis is divided into three parts in whichanalysis, designing, analytical modeling,

optimization and applications of AFAs and ESAs are presented.

In the first part, four AFAs are proposed with design objective thatCarry-out (Cout) should be

independent ofCin with minimal error probability. Using the proposed AFAs, anN-bit approximate

adder is designed which we call as “ApproxADD”. In order to improve theError Distance(ED) and
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Error Rate(ER) of ApproxADD, the concept of carry-lifetime andError Detection and Correction

(EDC) logic, respectively, is used. In this way, two more versions of ApproxADD – ApproxADDv1

and ApproxADDv2 are introduced. Further, analytical models are provided toestimate the accuracy,

delay, power and area of ApproxADDs. The efficiency of ApproxADDs is evaluated by comparing

them with existing approximate adders. Finally, the effectiveness of the proposed approach in real-life

applications is examined via an image processing application.

In the second part, analytical models are proposed to estimate the accuracy, delay, power and area

of ESAs. It should be noted that the proposed analytical models are generalized and superior (or at

par) to the existing analytical models. From the proposed analytical models, it is observed that in an

N-bit ESA, there exist multiple configurations which exhibitsimilar accuracy, however, these config-

urations exhibit different delay, power and area. Therefore, for a given accuracy, the configurations

which provide minimal delay, power and/or area need to be known apriori for efficient, intelligent

and goal oriented implementations of ESAs. In this regard, an optimization framework is presented

that exploits the proposed analytical models and reveals the optimal configurations. Further, from the

proposed analytical models, it is observed that there is a scope and need of improvement in accuracy-

effort curves of ESAs. For improving the accuracy-effort curves, modifications are proposed with

design objective that the modified ESAs provide higher accuracy without imposing any additional

delay, power and area overheadsw.r.t. original ESAs.

In the third part, the applicability of approximate adders in cryptography applications, yield en-

hancement and designing other approximate arithmetic operations is examined. First, an approximate

Secure Hash Algorithm(SHA-1) is designed using ApproxADDs and evaluated over cryptographic

hash functions. Further, analytical models are proposed toestimate the yield of approximate cir-

cuits. From the proposed analytical models, it is observed that approximate circuits can improve the

functional yield and parametric yield due to decrease in area and delay, respectively. This is demon-

strated with ApproxADDs. Further, in order to examine the effectiveness of approximate adders for

designing other approximate arithmetic operations, an approximateMultiply-and-Accumulate(MAC)

unit is designed using approximate adders. The effectiveness of approximate MAC unit in real-life

applications is examined via an image processing application.

x
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1. Introduction

Binary arithmetic is an essential part of digital systems. In binary arithmetic, all basic operations,

such as addition, subtraction, multiplication and division use adders as the key components. Besides

the arithmetic operations, adders are used to perform increment, decrement and many similar opera-

tions. Therefore, at micro-architecture level of abstraction, adders can be treated as the basic building

blocks of digital systems, particularly, of digital systems which are designed for data-dominated ap-

plications,e.g., multimedia applications. In such applications, adders being the key components

determine the overall system performance and power consumption. Over the decades, several adders

have been proposed in the literature [6]. Among all existingconventional adders,Ripple Carry Adder

(RCA) is the simplest one, giving the smallest area (O(N)), whereN is the bit-width. However, it

exhibits linear delay (O(N)), and thus, is significantly slow. On the other hand, parallel-prefix compu-

tation based adders, such asKogge-Stone Adder(KSA) are the fastest one, exhibiting the logarithmic

delay. However, their hardware implementation requires larger area (O(Nlog2N)). In summary, as

shown in Fig. 1.1, delay and area are two conflicting design metrics in conventional adders,i.e.,

improvement of one usually demands the sacrifice of another.As a result, no adder can provide loga-

rithmic delay (O(log2N)) along with linear area (O(N)). Further, we know that power consumption

of a digital circuit is proportional to its area. Therefore,adders which exhibit larger area are expected

to consume more power as compared to the adders which exhibitsmaller area [6]. All together, due to

the conflicting design metrics, adders have become one of thekey delay/power bottlenecks of digital

systems,i.e., for a marginal improvement in delay/power, we have to sacrifice a significant amount of

power/delay. Moreover, since delay and power of adders increase rapidly with bit-width, this situation

is expected to become more worse in the near future.

One possible way to overcome the above-mentioned situation(i.e., to improve the delay-power

frontier of conventional adders) is to sacrifice the accuracy for delay and/or power benefits. Several

error-resilient computing techniques have been introduced in the literature for such trade-offs. The

three most commonly used error-resilient computing techniques are: (i) Approximate computing [19];

(ii) Probabilistic computing [20]; and (iii) Stochastic computing [21]. Among all these three error-

resilient computing techniques, approximate computing has recently attracted a lot of attention of

researchers as well as industry [22]. This is partially due to the fact that it relies on the existing models

2
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Figure 1.1: Delay versus area of conventional adder architectures [6].

and design approaches, rather than changing the perspective completely. Over the past decade, several

research works have been proposed in the literature for approximate computing at different levels of

abstraction [23–30]. Meanwhile, at hardware level of abstraction, most of the work has been proposed

on arithmetic units. Further, among arithmetic units, adders have attracted the strongest attention

for hardware level approximation [31, 32]. In this thesis, we analyse, design, model, optimize and

evaluate the effectiveness (at application level) of approximate adders.

1.1 Approximate Computing

The concept of approximate computing features high-performance energy-efficient software and

hardware implementations by trading-off the computation accuracy for computation efforts [25, 33].

Over the past decade, several research works have been proposed in approximate computing paradigm

both at software level and hardware level of abstraction with encouraging results [23–30]. Software

techniques skip algorithm level computations, whereas hardware techniques modify designs at cir-

cuit level and architecture level of abstraction. At software level of abstraction, researchers/designers

exploit approximate algorithms to optimize the computation complexity of compute-intensive appli-

cations (e.g., NP-hard and NP-complete [34–36]) as there can ever be efficient polynomial-time ac-

curate algorithms that can solve such applications due to massive input data size. On the other hand,

at hardware level of abstraction, researchers/designers explore approximate computing through trun-

3
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Figure 1.2: Researchers/designers are working to harvest new gains during the fallow period to advance the
computing systems without significant technology progress[7].

cation [37–39], voltage over-scaling [40–42], over-clocking [43–45] and approximate storage/acc-

elerators/arithmetic units [31,46,47]. The key motivations for approximate computing are as follows.

(i) Technology perspective:Over the decades, Moore’s law [48] and Dennard scaling [49] have

jointly been the fundamental driver of computing. However,with the breakdown of Dennard

scaling (around2004−2006), increase in clock frequency and reduction in supply voltage have

greatly slowed down. Under such conditions,Complementary Metal-Oxide-Semiconductor

(CMOS) technology can follow Moore’s law, but the power density increases to a level that

processors can be as hot as a rocket nozzle [50]. Therefore, in mid 2000s, the microprocessor

industry has shifted to multicore scaling. The objective behind multicore scaling is to improve

the system capability by increasing the number of cores per die per generation. However, it

is now becoming difficult because: (a) The performance gain with increased core counts is

diminishing due to serial computation, synchronization, global communication, etc. [51]; and

(b) More cores are only possible if the cores are slower or less utilized with each generation

due to dark silicon1. All together, as shown in Fig. 1.2, we are now in a phase whereCMOS

technology scaling is becoming less and less effective at improving the system capability. For

the improvement of system capability, researchers/designers are thinking about the post-CMOS

1 With the progression of Moore’s law, the percentage of a CMOSchip that can actively be used within its own power
budget is dropping exponentially [52]. Even at22nm, 21% of a CMOS chip must be powered off due to thermal design
power constraint. At8nm, this number is expected to reach up to50%− 80%.
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technologies, but there appears to be no obvious alternate technology that can replaceEnd-of-

RoadmapCMOS over the next2− 3 decades (see Fig. 1.2). In such a scenario, we must either

accept that computing systems are good enough or look for alternate avenues to advance them

without (significant) technology progress. Recent studiesshow that there are several promising

alternate avenues which can jointly improve the system capability equivalent to2 − 3 decades

of Moore’s law [7]. Approximate computing is one of them and in recent years, it has attracted

a lot of interest of the researchers as well as industry [19].

(ii) Application perspective: We know that today’s computing is driven by a very different kind

of applications. One of the emerging and important domains of applications iserror-resilient

applications. Error-resilience refers to the property of an applicationto accept outputs despite

some of its underlying computations being executed using approximate software and/or hard-

ware. As shown in Fig. 1.3, the error-resilience of such applications is attributed to several

factors, including noisy and redundant input data, absenceof a unique golden output, lim-

ited perception of human senses, algorithmic features, etc. [8]. Due to the property of error-

resilience, final output in such applications need not be fully precise, rather an approximate

output is equally acceptable provided the approximate output satisfies the accuracy require-

ments. It has been observed that a very high degree of error-resilience is prevalent in a broad

spectrum of applications, including web search, machine learning, computer vision, statistical

and probabilistic analytics, scientific computing, image,audio and video processing, wireless

communication, etc [8, 30, 53–55]. All these applications are very compute-intensive, but the
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feature of error-resilience provides an opportunity to compute these applications approximately

which could lead orders of magnitude in delay and power benefits.

1.2 Approximate Adders

As mentioned earlier, in approximate computing paradigm, most of the work at hardware level of

abstraction has been proposed on arithmetic units [23, 29].Further, among arithmetic units, adders

have attracted a significant attention of researchers/designers [31,32]. Here, we discuss briefly the sig-

nificance/motivation of approximate adders.(i) Fundamental arithmetic operators: As discussed

earlier, in digital systems, all basic arithmetic operations, such as addition, subtraction, multiplica-

tion and division use adders as the key components. Therefore, being the fundamental and most

widely used arithmetic operators, adders have attracted a significant interest for approximation.(ii)

Delay/power bottleneck: We know that in all digital circuits, delay and power are two conflicting

design metrics. However, this situation is more severe in case of adders because delay and power

of adders increase rapidly with bit-width. Consequently, at micro-architecture level of abstraction,

adders have become one of the key delay/power bottlenecks ofdigital systems. One possible way

to overcome this situation is to approximate the adders,i.e., sacrifice the accuracy for delay and/or

power benefits.(iii) Parametric yield loss: As shown in Fig. 1.4, the parametric yield loss which

is increasing rapidly with CMOS technology scaling has become a matter of concern for the semi-

conductor industry due to the fact that profits are tied directly to the chip yield [9]. Adders, being

the basic building blocks, determine the overall parametric yield of digital systems, particularly, of

digital systems which are designed for data-dominated applications. The parametric yield of such

digital systems can be improved using approximate adders [1].

Based on the above-mentioned motivations, several approximate adders have been proposed in

the literature. For the sake of illustration, we classify these approximate adders into two different

categories: (i)Approximate Full Adders(AFAs) [1–4,56–60]; and (ii)Equal Segment Adders(ESAs)

[12, 14, 61–73]. As shown in Fig. 1.5, in the first approach, anN-bit adder is segmented into two

sub-adders: (i) Accurate sub-adder that includes the higher orderk bits; and (ii) Approximate sub-

adder that includes the remaining lower order (N − k) bits. The length of both sub-adders need not

6
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Cout SN−1:N−k SN−k−1:0

k−bit Acc. Sub−adder (N−k)−bit App. Sub−adder

Figure 1.5: Generalized architecture of anN -bit AFA-based approximate adder.

necessary be equal. For accurate sub-adder, conventional carry generation and propagation approach

is used. On the other hand, for approximate sub-adder, AFAs are used in which either carry generation

and propagation is completely ignored [2, 58] or an approximate carry is generated and propagated

[1, 3, 4]. Further, the approximateCarry-out (Cout) may depend onCarry-in (Cin) [3, 4] or it may

be independent ofCin [1]. Any configuration of an AFA-based approximate adder canbe specified

using the notation AFA(N, k). On the other hand, as shown in Fig. 1.6, in the second approach, an

N-bit adder is segmented into several smaller disjoint or overlapping equal size accurate sub-adders.

TheCin of all sub-adders is considered as0. Consequently, all sub-adders become independent and

operate in parallel. As shown in Fig. 1.6, anN-bit ESA has two primary design parameters: (i)

Segment size (k), which represents the maximum length of carry propagation; and (ii) Overlapping

bits (l), which represents the minimum number of bits used in carry prediction, where1 ≤ k < N

and0 ≤ l < k. Based on the combinations ofk and l, anN-bit ESA hasN(N − 1)/2 possible

7
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SN−1:N−r

SN−r−1:N−2r

Sh−1:0

Cout

k−bit Acc. Sub−adder

l

k−bit Acc. Sub−adder

h−bit Acc. Sub−adder

Figure 1.6: Generalized architecture of anN -bit ESA-based approximate adder.

Table 1.1: Primary and secondary design parameters of anN -bit ESA.

k: Segment size or the maximum length of carry propagation;1 ≤ k < N

l: Overlapping bits or the minimum number of bits used in carryprediction;0 ≤ l < k

r: Output bits persub-adder (except the least significant sub-adder) that contribute to the final sum;r = k − l

h: Size of the least significant sub-adder;h = N− (k − l) ⌈N−k
k−l

⌉
n: Total number of sub-adders;n = ⌈N−k

k−l
⌉+ 1

configurations. Any configuration of an ESA-based approximate adder can be specified using the

notation ESA(N, k, l). In addition to the primary design parametersk andl, anN-bit ESA also has

three secondary design parameters: (i) Output bits per sub-adder (except the least significant sub-

adder) that contribute to the final sum (r); (ii) Size of the least significant sub-adder (h); and (iii)

Total number of sub-adders (n), wherer = k − l, h = N− (k − l) ⌈N−k
k−l

⌉ andn = ⌈N−k
k−l

⌉ + 1.

We call r, h andn as secondary design parameters because of their dependencyon k and l. As a

summary, these design parameters for anN-bit ESA are tabulated in Table 1.1.

1.3 Quality Metrics

The efficiency of conventional digital circuits is generally evaluated in terms of delay, power and

area. On the other hand, in approximate computing paradigm (where the circuits provide approximate

results), accuracy is also a concern in addition to the above-mentioned figure of merits. The accuracy

of approximate circuits is measured in terms of quality metrics. Based on the requirements of the ap-

plications, several quality metrics have been introduced in the literature [1,62,65,74,75]. The overall

accuracy of an approximate circuit is often the result of twoconcurring quality metrics: (i)Error Dis-

8
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tance(ED); (ii) andError Rate(ER). Therefore, ED and ER are considered as the fundamentalquality

metrics [22]. Besides ED and ER, other commonly used composite quality metrics areRelative Er-

ror Distance(RED) [23, 69, 75],Mean Error Distance(MED) [31, 60, 69, 75–81],Mean Relative

Error Distance(MRED) [31, 72, 82],Minimum Acceptable Accuracy(MAA) [62, 69], Accuracy of

Amplitude(ACCamp) [65, 69] andAccuracy of Information(ACCinf ) [65, 69]. In addition to these

generic quality metrics, there are application-specific quality metrics also, such asMean Squared

Error (MSE) [22, 76, 77, 79, 81, 83, 84] andPeak Signal-to-Noise Ratio(PSNR) [22, 31, 77, 81, 83]

in case of multimedia applications. Note that the choice of aparticular quality metric depends on

the applications. For example, inDigital Signal Processing(DSP) applications, ED is important,

whereas in communication applications, ER is important. Further, ER is important when the erro-

neous results need to be handled or recovered usingError Detection and Correction(EDC) logic,

such as in case ofAccuracy Configurable Adders(ACAs) andVariable Latency Speculative Adders

(VLSAs) [14,61,65,69,70,73,85,86]. It has been observed in [76,78] that in approximate arithmetic

circuits, the combination of ED, ER, MED and MSE is sufficientto evaluate the overall accuracy.

Consequently, as compared to other quality metrics, we emphasis more on these four quality metrics.

A brief description of these four quality metrics is as follows.

(i) For an input, ED is the arithmetic distance between the accurate and approximate outputs as:

ED = | Sacc − Sapp | (1.1)

where,Sacc is the output of an accurate adder andSapp is the output of an approximate adder.

(ii) For an input vector (or set of inputs), ER is the probability of output to be incorrect as:

ER =
1

v

v
∑

i

P (EDi 6= 0) (1.2)

where,v is the size of input vector (or input set size) andP (EDi 6= 0) is 1 if EDi 6= 0,

otherwiseP (EDi 6= 0) is 0.

(iii) MED is a composite quality metric which encompasses the information of both ED and ER.

For an input vector, MED is the mean of all EDs as:

9
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MED = E[ED] =

v
∑

i

EDiP (EDi) (1.3)

where, E[x] represents the expected value of variable x.

(iv) In case of MED (Eqn. (1.3)), both ED and ER are given the same importance. However, ED

and ER can be assigned different importances through appropriate weighting. MSE is one of

the such quality metrics in which ED is given more importanceas compared to the ER. For an

input vector, MSE is the mean of all squared EDs as:

MSE = E[ED2] =

v
∑

i

ED2
iP (EDi) (1.4)

1.4 Thesis Motivations

The key motivations of this thesis are as follows.

(i) The design metrics, such as accuracy, delay, power and area of an approximate adder can be

evaluated either through computer simulations or through analytical models. While evaluating

the design metrics through computer simulations, an approximate adder can be simulated ei-

ther exhaustively (i.e., for all 22N possible inputs) or for a fixed number of inputs generated

usingMonte-Carlomethods. Exhaustive simulations provide the exact design metrics, but the

required simulation time makes them infeasible. In order toevaluate the simulation time, we ex-

haustively simulate single configuration of anN-bit ESA forN = 1 to 16 usingDell precision

R7610 rack workstationwhich consists of two8-coreIntel Xeon E5-2650 processorsoperating

at a clock frequency of2GHz [10]. Fig. 1.7 shows the simulation time as a function ofN . It

can be seen from Fig. 1.7 that the required simulation time increases exponentially with bit-

width. Consequently, for smaller values ofN (particularly, forN ≤ 12 [78]), simulations can

be performed exhaustively, however, for higher values ofN , exhaustive simulations become

infeasible. For example, exhaustive simulations of a16-bit ESA for all possible configurations

require≈ 1.44 years. One possible way to handle the simulation time is to simulate approxi-

mate adders for a fixed number of inputs generated using Monte-Carlo methods. However, as

10
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Figure 1.7: Simulation time versus bit-width for exhaustive simulation of a single configuration of anN -
bit ESA for different values ofN . The simulations are run onDell precision R7610 rack workstationwhich
consists of two8-coreIntel XeonE5-2650 processorsoperating at a clock frequency of2GHz [10].
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Figure 1.8: Generalized architecture of anN -bit RCA designed by cascadingN FAs in series.

discussed in [78], Monte-Carlo based simulations have their own limitations. Therefore, there

is a need of analytical modeling of approximate adders.

(ii) Among all existing conventional adders, RCA is the simplest one. As shown in Fig. 1.8, an

N-bit RCA is generally constructed by cascadingN Full Adders(FAs) in series. An emergent

property of RCA is that it exhibits the smallest silicon area. However, in RCA,Cout of ith FA is

feed directly to theCin of (i+1)th FA, and thus, it is significantly slow as carries ripple in a serial

manner. Therefore, while designing a FA for RCA, the delay tocompute sum is unimportant,

whereas the delay to computeCin → Cout should be minimized. Moreover, a significant portion
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Table 1.2: EDmax and ER of a32-bit ESA as a function ofk andl.

k
l

0 1 2 3 4 5 6 7 8

E
D
m

a
x

8 1.68E+7 3.35E+7 6.71E+7 1.34E+8 2.69E+8 5.37E+8 1.07E+9 2.15E+9 —
10 4.19E+6 8.38E+6 1.67E+7 3.35E+7 6.71E+7 1.34E+8 2.68E+8 5.37E+8 1.07E+9
12 1.04E+6 2.09E+6 4.19E+6 8.38E+6 1.67E+7 3.35E+7 6.71E+7 1.34E+8 2.68E+8
14 2.62E+5 5.24E+5 1.04E+6 2.09E+6 4.19E+6 8.38E+6 1.67E+7 3.35E+7 6.71E+7
16 6.55E+4 1.31E+5 2.62E+5 5.24E+5 1.04E+6 2.09E+6 4.19E+6 8.38E+6 1.67E+7

E
R

8 0.87352 0.68028 0.40856 0.26822 0.16339 0.10428 0.06809 0.04583 —
10 0.87463 0.57730 0.32895 0.22591 0.11748 0.07342 0.04314 0.02701 0.01599
12 0.74987 0.43731 0.23416 0.17570 0.09050 0.04579 0.03040 0.01505 0.00912
14 0.74996 0.43745 0.23432 0.12103 0.06146 0.03094 0.02316 0.01158 0.00575
16 0.49999 0.43748 0.23436 0.12107 0.06150 0.03099 0.01554 0.00778 0.00388

of dynamic power consumption in RCA is due to re-switching ofinternal nodes when carries

propagate fromLeast Significant Bits(LSBs) toMost Significant Bits(MSBs). One possible

way to overcome the above-mentioned limitations is to truncate the length of carry propagation.

For truncating the length of carry propagation, AFAs are used in whichCout is independent of

Cin. In a FA, to secureCout independent ofCin,Cout should be either0, 1 or a Boolean function

of the primary inputsA andB only. In such a scenario, several AFAs are possible. From our

analysis, we observe that these AFAs exhibit different logic complexity and error probability.

Therefore, designers need to choose the optimal one.

(iii) As mentioned earlier, based on the combinations ofk and l, anN-bit ESA hasN(N − 1)/2

possible configurations. Table 1.2 shows EDmax and ER of a32-bit ESA for different config-

urations (i.e., combinations ofk andl), where EDmax is the maximum possible magnitude of

error. It can be seen from Table 1.2 that in anN-bit ESA, there exist multiple configurations

which exhibit similar accuracy. For example, ESA(32, 12, 1), ESA(32, 14, 3) and ESA(32, 16,

5) have similar EDmax. Further, ESA(32, 8, 7), ESA(32, 10, 6) and ESA(32, 12, 5) have similar

ER. Therefore, an interesting question that may arise here is – for a given accuracy, what are the

optimal configurations which provide minimal delay, power and/or area. These optimal con-

figurations need to be known apriori as the prior knowledge ofsuch optimal configurations can

lead to efficient, intelligent and goal oriented implementations of ESAs. Further, we know that
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Figure 1.9: (a) Accuracy-effort curves; and corresponding (b) Error-effort curves.

accuracy of an ESA does not depend on the adder architecture used to implement it, however,

its delay, power and area depend significantly. Therefore, the optimal configurations vary with

adder architectures used to implement the ESA. Accordingly, this type of optimization analysis

need to be carried out considering different adder architectures.

(iv) In digital circuit design, the efficiency of conventional circuits is generally evaluated using

the delay-power curves. On the other hand, as shown in Fig. 1.9, in approximate computing

paradigm (where the circuits provide approximate results), researchers/designers use accuracy-

effort curves to evaluate the efficiency of approximate circuits. Note that accuracy-effort curves

describe the relationship between the accuracy we can achieve and the efforts we need to pay

in return. In case of approximate arithmetic circuits, accuracy is measured in terms of qual-

ity metrics (ED, ER, MED and MSE) and efforts are measured in terms of delay, power and

area. Therefore, accuracy-effort curves evaluate – how much optimal delay-accuracy, power-

accuracy and area-accuracy trade-offs an approximate arithmetic circuit can provide. From

our analysis, we observe that there is a scope of improvementin the accuracy-effort curves of

ESAs. The accuracy-effort curves of ESAs need to be improvedso that they provide optimal

delay-accuracy, power-accuracy and area-accuracy trade-offs.

(v) Over the past decade, several approximate adders have been proposed in the literature. In most

of the work, researchers/designers examine the feasibility of approximate adders in multimedia
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applications. However, they also find applicability in other state-of-the-art applications. As

different applications have different level of error-resilience, the effectiveness of approximate

adders vary with the applications. Further, in different applications, there are different methods

of introducing approximation. For example, in cryptography applications, approximation can

be introduced either by reducing the number of rounds or by computing the rounds approx-

imately using approximate adders. In addition to the delay and power benefits, approximate

adders can also be used to address other technology/design related issues, such as yield loss [1].

Further, we know that all basic arithmetic operations, suchas addition, subtraction, multipli-

cation and division use adders as the key components. Therefore, approximate adders can be

utilized to design other approximate arithmetic operations [87–89]. All theses points need to be

explored to maximize the benefits of approximate adders.

1.5 Thesis Contributions

The key contributions of this thesis are as follows.

1.5.1 Contribution in AFAs

We propose four AFAs with design objective thatCout should be independent ofCin with mini-

mal ER. Subsequently, we exploit one of the proposed AFAs (the optimal one) for designing anN-bit

approximate adder which we call as “ApproxADD”. An emergentproperty of ApproxADD is that car-

ries do not propagate in it, and thus, it provides bit-width-aware constant delay (O(1)). ApproxADD

also shows improvement in dynamic power consumption by46.31% and in area by28.57% w.r.t.

RCA. Although ApproxADD provides a significant improvementin delay, power and area, it may not

be preferred for some of the error-resilient applications due to the fact that its: (i) ED is too high; and

(ii) ER increases rapidly with bit-width. We know that in arithmetic operations, the impact of errors

in higher order bits is more severe as compared to the errors in lower order bits. Therefore, in order

to improve the ED of ApproxADD, we perform higher orderk-bit operations accurately using FAs

and lower order (N − k)-bit operations approximately using the proposed AFAs. Wecall this version

as “ApproxADDv1”. ApproxADDv1 provides a significant improvement in ED, but its ER is still
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high, particularly, fork ≤ 8. Consequently, ApproxADDv1 may not be preferred for the applications

which demand lower ER. In order to improve the ER of ApproxADDv1, we propose an EDC logic

that detects errors, and accordingly, corrects them. We call this version as “ApproxADDv2”. In addi-

tion to the designing of ApproxADDs, we also provide a detailed analysis and analytical modeling to

estimate accuracy, delay, power and area of ApproxADDs.

We evaluate the efficiency of ApproxADDs by comparing them with existing AFA-based approx-

imate adders [1, 2, 5, 58]. Further, in order to inspect the effectiveness of the proposed approach

in real-life applications, we demonstrate image compression and decompression by replacing the

conventional addition operations inDiscrete Cosine Transform(DCT) andInverse Discrete Cosine

Transform(IDCT) modules with ApproxADDv2. For having a fair evaluation of the proposed ap-

proach: (i) We use four different images (Lena, Cameraman, Mandrill and Girl [90]); and (ii) We

evaluate output images both subjectively as well as objectively [91].

1.5.2 Contribution in ESAs

Due to the additional features of design flexibility and programmability, ESAs have attracted a lot

of attention of researchers and industry as compared to the AFAs. Our key contributions (analysis,

design, modeling and optimization) for ESAs are as follows.

1.5.2.1 Analytical Modeling

We know that computer simulations have several limitationsover analytical models, such as pro-

gramming efforts, time-consuming simulations, etc. We propose analytical models to estimate ac-

curacy, delay, power and area of ESAs. To the best of our knowledge, no favorable work has been

proposed till now on analytical modeling of delay, power andarea of ESAs. We the first time pro-

pose such analytical models considering different adder architectures. Further, the key features of the

proposed analytical models of accuracy (ED, ER, MED and MSE)are that: (i) They are generalized,

i.e., work for all possible configurations of anN-bit ESA, whereas the existing analytical models are

for specific configurations; and (ii) They are superior (i.e., estimate more accurately) or at par to the

existing analytical models [63, 65, 76, 77, 83]. All together, the proposed analytical models can assist
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designers to estimate the design metrics of any configuration of anN-bit ESA without going for the

programming efforts and time-consuming simulations.

1.5.2.2 Optimization

As discussed earlier, in anN-bit ESA, there exist multiple (more than one) configurations which

exhibit similar accuracy, however, these configurations exhibit different delay, power and area. There-

fore, for a given accuracy, to apriori select the optimal configurations which provide minimal delay,

power and/or area is a challenging decision for designers. We propose an optimization framework

which can assist designers in making such important decisions early in the design phase of ESAs.

This enables designers for efficient, intelligent and goal oriented implementations of ESAs. Note that

finding the optimal configurations is a constrained optimization problem,i.e., minimize or maximize

objective functions in the presence of constraints. Further, objective functions and constraints depend

on the applications. In our analysis, we consider delay, power and/or area as the objective functions

and ED, ER, MED and/or MSE as the constraints. Over the decades, several nature-inspired heuristic

algorithms have been proposed in the literature for constrained optimization [92]. For the sake of

demonstration of the proposed optimization framework, we useRiver Formation Dynamics(RFD)

heuristic algorithm. Further, we know that accuracy of an ESA does not depend on the adder archi-

tecture used to implement it, however, its delay, power and area depend significantly. Therefore, the

optimal configurations vary with adder architectures used to implement the ESA. In order to cover a

wide range of adders, we consider three types of architecture in our analysis: (i) Architectures hav-

ing smaller area (O(N)); (ii) Architectures having smaller delay (O(log2N)); and (iii) Architectures

having in-between delay (O(N/4)) and area (O(2N)).

1.5.2.3 Accuracy Enhancement

From the proposed analytical models, we observe that there is a scope of improvement in accuracy-

effort curves of ESAs. The accuracy-effort curves of ESAs need to be improved so that their accuracy

degrade in a graceful manner, and consequently, they provide optimal delay-accuracy, power-accuracy

and area-accuracy trade-offs. In order to improve the accuracy-effort curves of ESAs, we propose

modifications in existing ESAs. Note that the accuracy-effort curves can be improved either: (i) By
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improving the accuracy without imposing any additional delay, power and area overheads; or (ii) By

reducing the delay, power and area without loosing accuracy. We achieve our objective using the for-

mer approach. The crux of the proposed modifications is that0.25 ≤ P (Gi) ≤ 0.50 in original ESAs,

whereas it is0.25 in modified ESAs, whereP (Gi) represents the probability ofCin of sub-adders to

be incorrect. With this improvement, modified ESAs provide higher accuracy without imposing any

additional overhead as compared to the original ESAs.

1.5.3 Application of Approximate Adders

Over the past decade, several approximate adders have been proposed in the literature [1–4, 12,

14,56–73]. The feasibility/applicability of approximateadders need to be explored to maximize their

benefits. We explore the effectiveness of approximate adders in cryptography applications, yield

enhancement and designing other approximate arithmetic operations.

1.5.3.1 Cryptography Applications

Cryptographic hash functions play an important role in today’s E-commerce as they are the basic

building blocks of numerous security applications [93].Secure Hash Algorithm 1(SHA-1) is one of

the most widely used cryptographic hash functions and has many future aspects. The overall delay,

power and area of SHA-1 are determined by modular-32 adders. In order to examine the effectiveness

of approximate adders in cryptographic applications, we replace the conventional modular-32 adders

with ApproxADD. We call the resulting approximate SHA-1 as “ApproxSHA-1”. We use Approx-

ADD because in cryptography applications, each output bit has same weight, and thus, the number of

incorrect bits matters irrespective of their positions. For verifying the security level of ApproxSHA-1,

we perform: (i) Avalanche test; (ii) Maurer’s universal statistical test; (iii) Statistical Mobius analysis;

and (iv) Near collision test. We conduct first three tests sequentially. If ApproxSHA-1 passes current

test, then only we conduct the next test; otherwise, we reduce the approximation level and re-run the

test. Finally, we implement SHA-1 and ApproxSHA-1 on Virtex-6 Field Programmable Gate Arrays

(FPGA) for their delay, power and area evaluation.
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1.5.3.2 Yield Enhancement

With continued innovations in fabrication process steps, CMOS technology is moving toward

finer geometries, exhibiting higher performance, higher energy efficiency and lower silicon area per

computation. However, with the relentless scaling of CMOS technology in sub-nanometer regime,

chip yield has become a matter of concern for the semiconductor industry due to the fact that profits

are tied directly to the chip yield [9]. We explore the effectiveness of approximate adders for yield

enhancement. We propose analytical models to estimate the functional yield and parametric yield of

approximate arithmetic circuits. From the proposed analytical models we observe that approximate

data path modules can improve the functional yield and parametric yield due to decrease in area and

delay, respectively. We demonstrate this in respect to ApproxADDs.

1.5.3.3 MAC Unit

Multiply-and-Accumulate(MAC) unit is the heart of multimedia applications. As MAC unit lies in

the critical path, it determines the overall delay, power and area of multimedia systems. We know that

all basic arithmetic operations, such as addition, subtraction, multiplication and division use adders as

the key components. In order to examine the effectiveness ofapproximate adders for designing other

approximate arithmetic operations, we design an approximate multiplier using approximate adders.

Further, we design an approximate MAC unit using approximate multiplier and adder. We call the

resulting approximate MAC unit as “ApproxMAC”. We evaluatethe feasibility of ApproxMAC unit

in real-life applications through an image processing application.

1.6 Thesis Organization

Based on the above-discussed contributions, this thesis isorganized into six different chapters.

The chapter-wise contents of the rest of this thesis are as follows.

Chapter 2: Literature Survey

In this chapter, we first discuss design philosophy and design approach of approximate adders.

Further, we present a survey of state-of-the-art approximate adders (both AFA-based as well as ESA-
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based). In the end of this chapter, we briefly discuss different directions in which the research work

is recently going on in respect to approximate adders.

Chapter 3: AFA-based Approximate Adders

In this chapter, we discuss the proposed AFAs. Further, we present ApproxADD – anN-bit

approximate adder designed using the proposed AFAs. We explain our strategies (concept ofcarry-

lifetimeand EDC logic) used to improve the ED and ER of ApproxADD. In this way, we introduce

two more (improved) versions of ApproxADD – ApproxADDv1 and ApproxADDv2. We provide

analytical models to estimate the accuracy, delay, power and area of ApproxADDs. We validate the

proposed analytical models through simulation results. Weevaluate the effectiveness of the proposed

ApproxADDs by comparing them with existing AFA-based approximate adders. Further, in order

to inspect the effectiveness of the proposed approach in real-life applications, we demonstrate image

compression and decompression using ApproxADDv2.

Chapter 4: ESA-based Approximate Adders

In this chapter, we discuss the proposed analytical models to estimate the accuracy (ED, ER, MED

and MSE), delay, power and area of ESAs. We validate the proposed analytical models by comparing

them with simulation results as well as with existing analytical models. Based on the analytical

models and simulation results, we discuss some important observations regarding the design metrics

of ESAs. Further, we present an optimization framework thatexploits the proposed analytical models

to find the optimal configurations of anN-bit ESA which provide minimal delay, power and/or area

for a given accuracy. In the end, we discuss modified ESAs.

Chapter 5: Application of Approximate Adders

In this chapter, we evaluate the effectiveness of approximate adders in cryptography applications,

yield enhancement and designing other approximate arithmetic operations. We present an approxi-

mate SHA-1 (ApproxSHA-1) and a framework to determine the maximum level of approximation in

ApproxSHA-1. Further, we discuss the proposed analytical models to estimate the functional yield

and parametric yield of approximate arithmetic circuits. Based on the proposed analytical models, we
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demonstrate the yield enhancement in respect to ApproxADDs. In the end, we present an approximate

MAC unit (ApproxMAC) and its feasibility in real-life applications.

Chapter 6: Conclusion and Future Aspects

In this chapter, we conclude the work presented in this thesis. In addition to the contributions

and benefits of this thesis, we also discuss some of the very important design challenges and future

aspects of approximate adders (AFAs, ESAs, ACAs and VLSAs).
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There are two fundamental approaches used for designing theapproximate adders: (i) AFA; and

(ii) ESA. We briefly discussed these approaches in Chapter 1.Over the past decade, several approx-

imate adders have been proposed in the literature based on these approaches [1–4, 12, 14, 56–72].

In this Chapter, we first discuss the design philosophy and design approach of approximate adders.

Further, we present a survey of state-of-the-art AFA-basedand ESA-based approximate adders. We

also briefly discuss different directions in which the recent research work is going on in respect to

approximate adders. In the end, we summarize the Chapter.

The rest of this Chapter is organized as follows. Section 2.1presents the design philosophy and

Section 2.2 presents the design approach of approximate adders. Section 2.3 and Section 2.4 provide

the literature survey of AFAs and ESAs, respectively. Section 2.5 discusses the research directions of

approximate adders. Finally, Section 2.6 concludes the Chapter.

2.1 Design Philosophy

We know that the critical path in conventional adders depends on the length of carry propagation.

In the worst-case scenario, carry generates at LSBs and propagates to MSBs. In such conditions, the

length of carry propagation is close to bit-width. However,in real-life applications, such conditions

rarely happen and in most of the cases, the length of carry propagation is much shorter as compared

to the bit-width. It has been observed that in most of the cases, the longest length of carry propagation

in anN-bit conventional adder is close tolog2N [62, 94, 95] and is less thanlog2N + 12 [61] with

extremely high probability. In order to evaluate the lengthof carry propagation, we implementN-bit

conventional adders in C/C++ for different values ofN . We then simulate them individually for one

billion pseudo-random inputs drawn from a sample space between0 and2N − 1. Our simulation

results forN = 8, 16, 32, 64 and128 are tabulated in Table 2.1. It can be seen from Table 2.1 that in

99% cases, the length of carry propagation is less thanlog2N + C, whereC is a bit-width dependent

constant. Consequently, in anN-bit conventional adder, if carry is computed by considering log2N +

C input bits on the right ofith bit position, then the probability of getting correct carryat ith bit

position is greater than99%. Further, asC increases, the probability of getting correct carry increases.

For example, in a64-bit conventional adder, forC = 1, the probability of getting correct carry is
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Table 2.1: Probability (in %) of the length of carry propagation to be less than (or at least equal to)log2N +C
in N -bit conventional adder for different values ofN .

Bit-width (N )
Length of Carry Propagation

log2N log2N + 1 log2N + 2 log2N + 3

8 92.1254 96.8469 98.8179 99.5021
16 95.3017 97.8502 99.0171 99.6604
32 97.3623 98.7318 99.3934 99.7078
64 98.5489 99.2879 99.6508 99.8303
128 99.2879 99.6504 99.8282 99.9159

99.29%, whereas forC = 3, it is 99.83%. In addition to these, it should be noted from Table 2.1

that the logarithmic term (log2N) increases, whereas the bit-width dependent constant (C) decreases

gradually with bit-width. Due to this conflict, the length ofcarry propagation may be independent of

bit-width or it may increase very slowly with bit-width. Forexample,99% carry propagation has a

length of6, 6, 7, 7 and8 for N = 8, 16, 32, 64 and128, respectively. Note that a similar observation

has been reported in [61,62]. Further, using Table 2.1, the probability that length of carry propagation

is less than or equal top bits can be empirically given by1− 1/2p.

2.2 Design Approach

In recent years, several approximate adders have been proposed in the literature [1–4, 12, 14,

56–72]. Based on the above-mentioned observations, the keydesign approach behind approximate

adders is to truncate the length of carry propagation. With the reduced length of carry propagation,

approximate adders can provide high performance (by increasing the clock frequency) or low power

(by decreasing the supply voltage). As discussed in Chapter1, the two fundamental approaches

used to truncate the length of carry propagation are: (i) AFA[1–4, 56–60]; and (ii) ESA [12, 14,

61–72]. A comparative survey/review of some of these approximate adders can be found in [23,

32] and their libraries are available athttp://www.fit.vutbr.cz/research/groups/ehw/approxlib/ [74] and

https://sourceforge.net/projects/approxadderlib/[85]. Note that both these design approaches have

their own pros and cons. The key feature of AFAs is that they provide a significant reduction in logic

complexity and power consumption. On the other hand, the keyfeatures of ESAs is that they provide

a high degree of design flexibility and programmability.
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2.3 State-of-the-Art AFAs

We know that in arithmetic operations, the impact of errors in higher order bits is more severe as

compared to the errors in lower order bits. Therefore, as shown in Fig. 1.5, in AFA-based approximate

adders, the higher orderk-bit operations are performed accurately using conventional carry generation

and propagation approach, whereas the remaining lower order (N − k)-bit operations are performed

approximately using AFAs. In recent years, several AFAs have been proposed in the literature [1–4,

56–60]. AFAs are generally designed by modifying the conventional FAs at gate level [1, 2, 56–58]

and transistor level [3, 4] of abstraction. While designingan AFA, the key objective is to reduce the

logic complexity subjected to minimal ED and/or ER. Note that truncated adder is a special case of

AFA-based approximate adders in which the lower order (N − k) bits are totally ignored. Therefore,

it is considered as a base case of AFA-based approximate adders. It has been observed in [56] that

for the similar accuracy, an AFA-based approximate adder consumes less power as compared to the

truncated adder. This is also one reason that AFAs are gaining prominence. Further, independent of

the bit-width (N), the accuracy of an AFA-based approximate adder depends onthe number of lower

order (N − k) bits which are performed approximately using AFAs. Here, we discuss state-of-the-art

AFAs (both at gate level and transistor level) in detail.

2.3.1 Gate Level AFAs

Consider a FA which is the basic building block of commonly used adder architectures. A FA can

be expressed by the well-known Boolean functions as:

S = A⊕ B ⊕ Cin (2.1)

Cout = A.Cin +B.Cin + A.B (2.2)

whereA, B andCin are the binary inputs, andSum (S) andCout are the binary outputs. Using Eqn.

(2.1) and Eqn. (2.2), there are different ways (both at transistor level and gate level of abstraction) to

implement a FA [6]. The most commonly used gate level implementation is shown in Fig. 2.1(a) and

transistor level implementation is shown in Fig. 2.3(a).
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Table 2.2: Examples of gate level design simplifications.

Original Functions AND OR NAND NOR XOR XNOR

Simplified Functions 0 1 1 0 OR NOR

ER 0.25 0.25 0.25 0.25 0.25 0.25

Cin

B

A

Cout

 Replace by OR

Replace by 0

S

(a)

Cin

B

A

Cout

 

S

(b)

Figure 2.1: Gate level implementations: (a) Conventional FA; and (b) SFA [1].

2.3.1.1 Simplified Full Adder [1]

The straightforward way of designing an AFA is to simplify the on-path logic gates individually.

For example, we know that in a2-input AND gate, the output is0 in 3 out of 4 input combinations.

Therefore, in the critical path of a circuit, if we replace a2-input AND gate with0, then the probability

of output to be incorrect is1/4. Note that the probability of output to be incorrect furtherreduces as

the number of inputs increases,e.g., if we replace ann-input AND gate with0, then the probability

of output to be incorrect is1/2n. By doing so, we cut the critical path as well as reduce the logic

complexity. Few examples of gate level design simplifications for 2-input logic gates are shown

in Table 2.2. Assuming that the inputs are independent and uniformly distributed, Table 2.2 also

summarizes the ER of simplified functions. Based on this gatelevel simplification approach, Fig.

2.1(b) showsSimplified Full Adder(SFA) [1]. In addition to replacing the output of AND gate by

0, the authors also replace XOR gate by OR gate as this reduces ED while keeping the ER intact.

This is because for any combination of inputs for which thereis an error due to the simplification of

AND gate, there is another error due to the simplification of XOR gate that reduces ED by causing a

compensating deviation in the output (see Table 2.3).
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N−1:N−kS

C

N−k−1:0S
out

k−bit 
Accurate

Sub−adder

(N−k)−bit Approximate Sub−adder

Figure 2.2: Generalized architecture of anN -bit LOA [2].

2.3.1.2 Lower-part-OR Adder [2]

As shown in Fig. 2.2, inLower-part-OR Adder(LOA) [2], the lower order (N − k)-bit operations

are performed approximately using OR gates. Note that the authors use an additional AND gate to

generateCin for the accurate sub-adder when the MSBs of approximate sub-adder (i.e., AN−k−1 and

BN−k−1) are1. This helps to consider the trivial carries from approximate sub-adder to improve the

accuracy. Note that a similar approach has been discussed in[56].

The truth table of SFA and LOA are shown in Table 2.3. Note thatin Table 2.3, tick mark denotes

a match with the accurate output and cross mark denotes an error. Assuming that the inputs are

independent and uniformly distributed, Table 2.3 also summarizes the ER of SFA and LOA. Further,

the logic complexity in terms of the number of2-input basic gates (AND, OR, NAND and NOR) is

mentioned in Table 2.3. As shown in Table 2.3, conventional FA requires9 2-input basic gates. On

the other hand, SFA requires5 and LOA requires only1. Further, SFA has2 errors in eachCout and

S, whereas LOA has4 errors in each. Although ER of LOA is double than the SFA, but it provides

an enormous improvement in logic complexity (88.89% w.r.t. FA).

2.3.2 Transistor Level AFAs

At transistor level of abstraction, AFAs are designed by removing the transistors from conven-

tional FAs. Note that we can not remove the transistors in an arbitrary fashion. We need to make sure

that any input combination does not result in short circuit or open circuit. Another important criterion

is that the resulting AFA should introduce minimal ED and/orER. The key feature of transistor level

AFAs is that they provide additional dynamic power saving due to the reduction in switched capaci-
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Table 2.3: Truth table and design metrics of gate level AFAs.

Inputs
Outputs

FA SFA [1] LOA [2]
A B Cin Cout S Cout S Cout S

0 0 0 0 0 0X 0X — 0X

0 0 1 0 1 0X 1X — 0×
0 1 0 0 1 0X 1X — 1X

0 1 1 1 0 0× 1× — 1×
1 0 0 0 1 0X 1X — 1X

1 0 1 1 0 0× 1× — 1×
1 1 0 1 0 1X 0X — 1×
1 1 1 1 1 1X 1X — 1X

ER 0 0 0.25 0.25 — 0.5
#Gates 9 5 1

tance. Further, removal of the transistors facilitates faster charging/discharging of node capacitances

which results in shorter delay as compared to the gate level AFAs.

2.3.2.1 Approximate Mirror Adders [3]

In general, CMOS implementation of a FA requires32 transistors [6]. However, a more compact

design is possible based on the observation thatS can be factored to reuseCout as:

S = A.B.C + (A+B + C).Cout (2.3)

Such a design is shown in Fig. 2.3(a) and requires only28 transistors (including the4 transistors

required to deriveCout andS from Cout andS, respectively). Note that in Fig. 2.3(a),P-Type Metal-

Oxide-Semiconductor(PMOS) network andN-Type Metal-Oxide-Semiconductor(NMOS) network

are identical to each other, rather than being the complement. Therefore, this topology is called as

Mirror Adder (MA) in the literature. MA is one of the most widely used economical implementations

of FA at transistor level of abstraction. MA reduces the number of series connected transistors and

makes the layout more uniform. It is possible because the addition function is symmetric,i.e., the

function of complemented inputs is the complement of function. MA has a greater delay to compute

S thanCout. However, in RCA, the critical path goes fromCin to Cout through many FAs, and thus,

the extra delay required in computation ofS is unimportant.
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Gupta et al. [3] propose fourApproximate Mirror Adders(AMAs) by removing the transistors

from MA. A judicious selection of transistors to be removed (ensuring no open circuit or short circuit)

results in the schematics, as shown in Fig. 2.3. The truth table and ER of AMAs are shown in Table

2.4. Further, the logic complexity in terms of transistor count is also mentioned in Table 2.4. It can

be seen from Fig. 2.3 and Table 2.4 that MA requires28 transistors, whereas AMA#1 requires20

transistors. In AMA#1, there is1 error inCout and2 errors inS.

In the truth table of MA,S = Cout in 6 out of 8 input combinations. Further, as shown in Fig.

2.3(a), in MA,Cout is computed in the first stage. Thus, an easy way to get a simplified schematic

is to setS = Cout. However, as shown in Fig. 2.3(c), the authors use a buffer for implementing the

same functionality. The reason for this can be explained as follows. If we setS = Cout, then the total

capacitance atS node would be a combination of4 source-drain diffusion and2 gate capacitances.

This is a considerable increase as compared to the MA or AMA#1and it would lead to delay penalty

when multi-bit approximate adders are connected in series.Fig. 2.3(c) shows AMA#2 obtained using

the above-mentioned approach. As shown in Table 2.4, AMA#2 requires16 transistors and has2

errors inS, whileCout is correct for all input combinations.

More simplified schematic can be further obtained by combining AMA#1 and AMA#2,i.e., com-

puteCout similar to AMA#1 andS similar to AMA#2. The corresponding schematic is shown in Fig.

2.3(d). As shown in Table 2.4, AMA#3 requires13 transistors and has1 error inCout and3 errors in

S. Note that AMA#3 requires the lowest number of transistors.

Further, a close observation of the truth table of MA shows that Cout = A for 6 out of 8 input

combinations. Similarly,Cout = B for 6 out of8 input combinations. SinceA andB are interchange-

able, we can consider the either. The corresponding schematic is shown in Fig. 2.3(e) in whichCout

is computed using an inverter andS is computed similar to AMA#1. As shown in Table 2.4, AMA#4

requires15 transistors and has2 errors inCout and3 errors inS.

2.3.2.2 Approximate XOR/XNOR-based Adders [4]

Designing the logic gates usingPass Transistor Logic(PTL) reduces the number of transistors by

eliminating the redundant transistors. Note that in PTL, transistors are used as switches to pass the
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Figure 2.3: Transistor level implementations of: (a) Conventional MA;and AMAs proposed in [3]: (b)
AMA#1; (c) AMA#2; (d) AMA#3; and (e) AMA#4.

logic levels between the nodes, instead of as switches connected directly to the supply voltages. This

reduces the number of active transistors. All together, forthe same functionality, PTL uses fewer tran-
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Table 2.4: Truth table and design metrics of transistor level AFAs proposed in [3].

Inputs
Outputs

MA AMA#1 AMA#2 AMA#3 AMA#4
A B Cin Cout S Cout S Cout S Cout S Cout S

0 0 0 0 0 0X 0X 0X 1× 0X 1× 0X 0X

0 0 1 0 1 0X 1X 0X 1X 0X 1 X 0X 1X

0 1 0 0 1 1 × 0 × 0X 1X 1× 0× 0X 0×
0 1 1 1 0 1X 0X 1X 0X 1X 0 X 0 × 1×
1 0 0 0 1 0X 0 × 0X 1X 0X 1 X 1 × 0×
1 0 1 1 0 1X 0X 1X 0X 1X 0 X 1X 0X

1 1 0 1 0 1X 0X 1X 0X 1X 0 X 1X 0X

1 1 1 1 1 1X 1X 1X 0× 1X 0× 1X 1X

ER 0 0 0.125 0.25 0 0.25 0.125 0.375 0.25 0.375
#Transistors 28 20 16 13 15

sistors, runs faster and consumes less power as compared to the conventional CMOS logic. However,

it has the disadvantage that the difference of voltage between high and low logic levels decreases at

each stage. Each series transistor is less saturated at its output than at its input. Therefore, if several

transistors are connected in series in a logic path, then a conventional CMOS logic is required to re-

store the logic level. A PTL based FA implemented with10 transistors is shown in Fig. 2.4(a), where

A, B andCin are the inputs andD is the intermediate signal [96].

Yang et al. [4] propose threeApproximate XOR/XNOR-based Adders(AXAs). These AXAs are

designed by removing the transistors from PTL based FAs proposed in [11, 96]. AXA#1 is based on

the FA proposed in [96], while AXA#2 and AXA#3 are based on theFA proposed in [11]. Note that

both these FAs are designed using4-transistor XOR/XNOR gates and consists of total10 transistors.

The truth table, ER and logic complexity (in terms of transistor count) of AXAs are shown in Table

2.5. In AXA#1 (see Fig. 2.4(b)), XOR operation is implemented using an inverter and two pass

transistors connected toA andB, respectively. WhenB is 1, D = A; otherwise,D = A; i.e.,

D = A⊕ B. As shown in Table 2.5, AXA#1 requires8 transistors and has4 errors in eachCout and

S. AXA#2 (see Fig. 2.4(c)) is implemented with6 transistors. It consists of a4-transistor XNOR gate

and a pass transistor. As shown in Table 2.5, AXA#2 has4 errors inS, while Cout is correct for all

input combinations. AXA#3 is an extension of AXA#2. As shownin Fig. 2.4(d), it uses one addition

pass transistor for the better accuracy ofS. In total, AXA#3 requires8 transistors and it has2 errors
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Figure 2.4: Transistor level implementations of: (a) PTL based FA proposed in [11]; and PTL based AXAs
proposed in [4]: (b) AXA#1; (c) AXA#2; and (d) AXA#3.

in S, whileCout is correct for all input combinations (see Table 2.5). Here,it should be noted that in

SFA, LOA and AMA#4,Cout is independent ofCin, whereas in AMA#1, AMA#2, AMA#3, AXA#1,

AXA#2 and AXA#3,Cout is a function ofCin. Consequently, only SFA, LOA and AMA#4 can be

used to truncate the length of carry propagation.

2.3.3 Error-Tolerant Adder 1 [5]

As compared to the AFAs, the design approach ofError-Tolerant Adder 1(ETA-1) is different.

However, since accuracy of ETA-1 is similar to AFA-based approximate adders, we keep it in the same

category. Similar to the AFA-based approximate adders, in ETA-I, anN-bit adder is segmented into

two sub-adders: (i) Accurate sub-adder that includes the higher orderk bits; and (ii) Approximate

sub-adder that includes the remaining lower order (N − k) bits. However, ETA-1 uses a modified

XOR gate and control signal (CTL) to perform the lower order (N − k) bit operations (see Fig.
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Table 2.5: Truth table and design metrics of transistor level AFAs proposed in [4].

Inputs
Outputs

PTL based FA AXA#1 AXA#2 AXA#3
A B Cin Cout S Cout S Cout S Cout S

0 0 0 0 0 0X 0X 0X 1× 0X 0X

0 0 1 0 1 0X 1X 0X 1X 0X 1X

0 1 0 0 1 1× 0× 0X 0× 0X 0×
0 1 1 1 0 0× 1× 1X 0X 1X 0X

1 0 0 0 1 1× 0× 0X 0× 0X 0×
1 0 1 1 0 0× 1× 1X 0X 1X 0X

1 1 0 1 0 1X 0X 1X 1× 1X 0X

1 1 1 1 1 1X 1X 1X 1X 1X 1X

ER 0 0 0.5 0.5 0 0.5 0 0.25
#Transistors 10 8 6 8

Operation DirectionOperation Direction

1  0  1  1  0  0  1  1        1  0  0  1  1  0  1  0

0  1  1  0  1  0  0  1        0  0  0  1  0  0  1  1

1  0  0  0  1  1  1  0  0        1  0  0  1  1  1  1  1

Set All Bits to 1Nornal Operation

Joining Point

(a)

XOR
Logic

M3

M2

M1

B
S

CTL

A

(b)

Figure 2.5: ETA-1: (a) Illustration via an example; and (b) Schematic diagram of modified XOR gate.

2.5(b)). We explain the ETA-1 approach via an example, as shown in Fig. 2.5(a). For the ease of

illustration, we consider two16-bit numbers. As shown in Fig. 2.5(a), addition process starts from the

middle (joining point of the sub-adders) toward two opposite directions simultaneously. For accurate

sub-adder, conventional carry generation and propagationapproach is used. On the other hand, for

approximate sub-adder, a special mechanism is used in whichno carry is generated and propagated

at any bit position. This special mechanism is described as follows.

(i) Check every input bit (Ai andBi) from left to right.

(ii) If both input bits are0 or different, then normal1-bit addition is performed and the operation
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proceeds to the next bit position.

(iii) If both input bits are1, then the checking process is stopped and from this bit onwards, all sum

bits to the right are set to1.

As shown in Fig. 2.5(b), the modified XOR gate consists of XOR gate, NOT gate and three

transistors (M1, M2 and M3). The control signal which is generated by the control block sets the

operational mode of the modified XOR gate. WhenCTL = 0, M1 and M2 are turned on, while M3

is turned off, leaving the circuit to operate as normal XOR gate. WhenCTL = 1, M1 and M2 are

turned off, while M3 is turned on, connecting theS to VDD, and thus, setting it to1. The function of

the control block is to: (i) Detect the first bit position whenboth input bits are1; and (ii) To set the

control signal on this position as well as those on its right to 1.

2.4 State-of-the-Art ESAs

In recent years, ESAs has attracted a lot of attention of researchers/designers due to the key fea-

tures of design flexibility and programmability. Differentfrom the AFA-based approximate adders,

ESA-based approximate adders do not eliminate the entire ora part of the carry-chain. Instead, they

split the entire carry-chain into a number of short paths andcomplete the carry propagations in these

short paths concurrently. As shown in Fig. 1.6, in this approach, anN-bit adder is segmented into sev-

eral smaller disjoint or overlapping equally sized accurate sub-adders. AnN-bit ESA has two primary

design parameters: (i) Segment size (k), which represents the maximum length of carry propagation;

and (ii) Overlapping bits (l), which represents the minimum number of bits used in carry prediction,

where1 ≤ k < N and0 ≤ l < k. Based on the relationship betweenk andl, several ESAs have been

proposed in the literature [12,14,61–72]. In case of ESAs proposed in [14,61–67],k need to be fixed

apriori. Further, for a givenk, l is also fixed in these ESAs (l = 0 in [14], l = k/2 in [62,64–67] and

l = k − 1 in [61,63]). Consequently, ESAs proposed in [14,61–67] canbe designed for a given con-

figuration, and thus, their design flexibility is limited. Onthe other hand, ESAs proposed in [12, 69]

provide a very high degree of design flexibility by supporting multiple configurations. However, they

provide this feature at the cost of hardware complexity.

33

TH-2052_136102004



2. Literature Survey

80% 60% 40%100%

Required Accuracy

1.0

N
or

m
al

iz
ed

 P
ow

er

60%

T1 T2 T3 T4

Event Occurred
Time

Figure 2.6: Power benefits from accuracy configurable adders.
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Figure 2.7: Generalized architecture of anN -bit ACA designed by dynamic tuning ofk andl [12].

Accuracy Configurable Adders: Depending on the requirements of the applications, ESAs are

designed for a targeted accuracy. Since different applications have different level of error-resilience,

an approximate adder designed for an application can not be used for another application. Therefore,

one of the major drawbacks of approximate adders is re-design efforts. Further, sure enough, not

all the digital systems can accept the concept of approximate adders. For example, general purpose

digital systems which run a variety of applications (including the error-resilient applications) refuse

the use of approximate adders. In contexts where the accuracy requirements changes during runtime,

the accuracy should be configurable to maximize the benefit ofapproximate adders. In the literature,

such adders are known as ACAs. Fig. 2.6 illustrates how powerbenefits can be achieved with an ACA.

We know that accuracy of anN-bit ESA depends the primary design parametersk andl. Therefore,

as shown in Fig. 2.7, the accuracy of ESAs can be configured by tuningk and/orl dynamically using

multiplexers. [12, 64, 70]. Multiplexers select carry-in either from the previous sub-adder or from

the carry-in prediction. Based on the requirements of the applications, we can combine sub-adders
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Figure 2.8: Generalized architecture of ACAs and VLSAs using EDC logic [13].

together as groups by setting the control signals of multiplexers.

Besides the tuning ofk andl, another approach to configure the accuracy of ESAs is EDC logic

[14, 61, 65, 69, 70, 85, 86]. As shown in Fig. 2.8,Error Detection Logic(EDL) detects errors and

Error Correction Logic(ECL) corrects them based on the requirements of the applications. Note that

EDC logic based ACAs are augmented with anError Flag (EF) to reduce the power consumption. We

know thatpower gatingis one of the most effective approaches used to reduce the power consumption

of digital circuits [97]. In this approach, power consumption is reduced by shutting off the current

to the circuit blocks that are not in use. In ACAs also, for saving the power consumption, EF signal

shuts off the ECL block when ESA provides correct result [65].

Variable Latency Speculative Adders:ESAs integrated with EDC logic can also work as VL-

SAs. The design approach of ACAs and VLSAs is similar, but ACAs configure accuracy during

runtime based on the requirements of the applications, whereas VLSAs always provide accurate re-

sults. In ACAs, EDC logic starts correction errors from the least significant sub-adder and moves

toward the most significant sub-adder till the required accuracy is not achieved. On the other hand,

in VLSAs, EDC logic corrects errors in all sub-adders. VLSAstake one clock cycle when the ESA

provides correct result and take two clock cycles when the ESA provides incorrect result. In this way,

VLSAs provide results with variable latency. In recent years, several EDC logic have been proposed

in the literature for ACAs and VLSAs [14,61,65,69,70,73,85,86].

As the underlying structure of ESAs, ACAs and VLSAs is similar, it is not convenience to discuss

them separately (like we do in the previous Section for AFAs). Therefore, here, we discuss ESAs,

ACAs and VLSAs altogether in a proper sequence as follows.
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Figure 2.9: Generalized architecture of anN -bit DSEC [14].

In the literature, most of the ESAs have been proposed forl = 0 [14], l = k/2 [62, 64–67] and

l = k − 1 [61, 63]. Later in Chapter 4, we discuss some important observations regarding ESAs.

Here, it should be noted that for a fixedk, anN-bit ESA with l = 0 provides the lowest ED and with

l = k − 1, it provides the lowest ER. Therefore, ESAs withl = 0 are considered as ED-optimal and

ESAs withl = k − 1 are considered as ER-optimal. On the other hand, ESAs withl = k/2 provide

trade-off between ED and ER to smooth the overall behavior.

Mohapatra et al. [14] propose an ESA withl = 0, called asDynamic Segmentation and Error

Compensation(DSEC), to exploit the concept of voltage over-scaling. As shown in Fig. 2.9, de-

pending on the degree of voltage over-scaling, value ofk can be configured using the control signals

of multiplexers. Under the nominalVDD, multiplexers select the original carry-in and feed it to the

subsequent sub-adder. When operating under the voltage over-scaling, sub-adders are isolated from

each other due to a carry-in of0 being feed by the multiplexers.

Kahng et al. [65] propose an ESA withl = k/2. The authors also present an EDC logic where

error correction happens in various stages. The stages can be pipelined for increasing the throughput

of the design. Shafique et al. [69] propose a more generalizedversion of [65], called asGeneric

Accuracy Configurable Adder(GeAr), which allows the flexible values ofk and l. By configuring

these parameters, we can control the accuracy of GeAr, however, at the design time only. The authors

also provide an EDC logic which is similar to the one proposedin [65]. Note that in [65, 69], the

error correction starts from the least significant sub-adder and moves toward the most significant

sub-adder. Hence, the accuracy of ACAs proposed in [65, 69] improves slowly in the progression of

configurations. In order to overcome this drawback, Benara et al. [73] propose a correction technique
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in which the error correction starts from the most significant sub-adder. Consequently, the accuracy

of ACA proposed in [73] degrades in a graceful manner.

In ACAs proposed in [65, 69, 73], the error correction is pipelined. Therefore, when highly ac-

curate results are required, they take multiple clock cycles and cause data stalls. In order to over-

come these drawbacks, dynamic tuning ofk and l based ACAs have been proposed in the litera-

ture [12, 64, 70]. As shown in Fig. 2.7, in this approach, eachsub-adder contains an approximate

carry-in prediction circuit. By selecting between the carry-out from sub-adder or carry-in prediction,

the accuracy can be configured to different levels. Such an approach does not need EDC logic and

incur any data stall. Further, the configuration of higher order sub-adders is independent of the lower

order sub-adders. This leads to graceful degradation of accuracy.

Lu [63] proposes an ESA withl = k − 1. One concern aboutLu’s Adder (LA) is the area

overhead due to the multitude of sub-adders. As per Table 1.1, implementation of anN-bit LA

requires(N − k + 1) k-bit sub-adders. For example, to implement a32-bit LA, 25 8-bit sub-adders

are required. This also imposes a large fanout on the primaryinputs which results in delay penalty.

In order to reduce the area overhead and fanout on the primaryinputs, Verma et al. [61] introduce a

reliable version of [63] by sharing the computation blocks among the sub-adders. In addition to the

area and fanout reduction, the authors also propose an EDC logic.

2.5 Research Directions

The key directions in which recent research is going on for approximate adders are as follows.

(i) Over the past decade, several approximate adders have been proposed in the literature based

on AFAs [1–4, 56–60] and ESAs [12, 14, 61–72]. Further, thereare other mechanisms also

which can be used for designing the approximate adders, suchas ETA-1 [5], truncation [37–

39], voltage over-scaling [40–42] and over-clocking [43–45]. Accordingly, one of the research

directions is to introduce new approximate adders or modifythe existing approximate adders

so that their accuracy degrade in a graceful manner, and consequently, they provide optimal

delay-accuracy, power-accuracy and area-accuracy trade-offs.
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(ii) Traditionally, designers evaluate the design metricsof approximate adders using computer sim-

ulations. However, as discussed in Chapter 1, computer simulations have their own limitations,

including programming efforts and time-consuming simulations. In recent years, several ana-

lytical models have been proposed in the literature to estimate the design metrics of approximate

adders [63, 65, 69, 76–79, 81, 83, 98, 99]. Therefore, the another research direction is to intro-

duce new generalized analytical models or modify the existing analytical models so that they

estimate more accurately without imposing any additional complexity.

(iii) ESA is a specific category of segment based approximateadders in which each sub-adder (ex-

cept the least significant sub-adder) has same value ofk andl. However, besides ESAs, other

types of segment based approximate adder are also possible.For example, it is possible that

different sub-adders can have different values ofk and l [62, 79, 83]. Therefore, one of the

research directions is to explore segment based approximate adders which are more efficient (in

terms of accuracy, delay, power and area) than the ESAs.

(iv) Over the past decade, most of the research work on approximate adders have demonstrated their

effectiveness in multimedia applications. However, it hasbeen observed in [8,61,100,101] that

a very high degree of error-resilience (≈ 83%) is prevalent in a broad spectrum of applica-

tions, including machine learning, web search, probabilistic and statistical analytics, scientific

computing, image, audio and video processing, wireless communication, cryptography, etc.

Therefore, the next research direction is to explore the applicability/feasibility of approximate

adders for state-of-the-art applications to maximize their benefits.

(v) In addition to the delay, power and area benefits, approximate adders can also be used to address

various technology/design related issues,e.g., yield enhancement [1]. Approximate adders

need to be exploited to resolve such issues. Moreover, we know that in binary arithmetic,

all basic operations, such as addition, subtraction, multiplication and division use adders as

the key components. Therefore, approximate adders can further be used for designing other

approximate arithmetic operations [87–89]. Accordingly,the another research direction is to

utilize approximate adders for designing other approximate arithmetic operations efficiently.
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2.6 Summary

In this Chapter, we first discussed the design philosophy anddesign approach of approximate

adders. Further, we presented a survey of state-of-the-artAFA-based and ESA-based approximate

adders. In case of AFAs, we considered two gate level AFAs (SFA and LOA) and two transistor

level AFAs (AMAs and AXAs). We also discussed ETA-1. Although the design approach of ETA-

1 is different, we included it in the AFAs category because its accuracy is similar to AFA-based

approximate adders. In case of ESAs, we also described ACAs and VLSAs designed using EDC

logic and dynamic tunning ofk and l. As the underlying structure of ESAs, ACAs and VLSAs is

similar, we discussed them altogether in a proper sequence.Finally, we presented the directions in

which recent research is going on for approximate adders.

In this Chapter, we discussed state-of-the-art AFAs and ESA. In subsequent chapters, we present

the proposed work (design, analytical modeling, optimization and applicability) on AFAs and ESAs.
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Over the past decade, several AFA-based approximate addershave been proposed in the literature

[1–4,56–60]. As discussed in Chapter 2, AFA-based approximate adders has attracted the attention of

researchers/designers due to the two main features: (i) They provide a significant reduction in logic

complexity; and (ii) For a given accuracy, they consume lesspower as compared to the truncated

adders. Note that in AFA-based approximate adders, the lower order (N − k)-bit operations are

performed using AFAs, whereas in truncated adders, the lower order (N−k)-bit operations are totally

ignored. AFAs are generally designed by modifying the conventional FAs at gate level [1, 2, 56–58]

and transistor level [3, 4] of abstraction. While designingan AFA, the key objective is to reduce the

logic complexity subjected to minimal ED and/or ER.

In this Chapter, we propose four AFAs with design objective thatCout should be independent

of Cin with minimal ER. We exploit one of the proposed AFAs (the optimal one) for designing an

N-bit approximate adder which we call as “ApproxADD”. For improving the ED and ER of Ap-

proxADD, we avail the concept of carry-lifetime and EDC logic, respectively. In this way, we in-

troduce two more (improved) versions of ApproxADD – ApproxADDv1 and ApproxADDv2. Apart

from the designing, we provide a detailed analysis and analytical models to estimate accuracy, delay,

power and area of ApproxADDs. For evaluating the efficiency of the proposed approach, we compare

ApproxADDv1 and ApproxADDv2 with existing AFA-based approximate adders. Further, to inspect

the effectiveness of the proposed approach in real-life applications, we demonstrate image compres-

sion and decompression by replacing the conventional addition operations in DCT and IDCT modules

with ApproxADDv2. In the end, we summarize the Chapter.

The rest of this Chapter is organized as follows. Section 3.1describes the method of logical

effort which we use to estimate delay, power and area of ApproxADDs. Section 3.2 discusses the

proposed AFAs and their delay, power and area analysis. Section 3.3 presents ApproxADD – an

N-bit approximate adder designed using the proposed AFAs. Section 3.4 explains our strategies

(probability of carry-lifetime and EDC logic) for improving the ED and ER of ApproxADD. Section

3.5 provides simulation results and discussion of the proposed approach in respect of acceptance

threshold, parallel-prefix adder architectures, comparison with existing work and applicability in real-

life applications. Finally, Section 3.6 concludes the Chapter.
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3.1 Estimation Method

In digital circuit design, there are different levels of design abstraction, such as transistor, gate,

etc. At each level of design abstraction, several delay, power and area estimation methods have been

proposed in the literature [6]. These methods are generallyclassified based on the trade-off between

their estimation accuracy and computational complexity. For example, estimation of delay using the

method oflogical effort is more accurate as compared to estimate the delay in terms ofgate level

depth. However, estimating the delay in terms of logical effort terminology is more complex as

compared to estimate the delay in terms of gate level depth. Therefore, for simple circuits (e.g., FA

and AFAs), the method of logical effort is used, whereas for complex circuits (e.g., CIA and KSA),

researchers/designers estimate delay in terms of gate level depth. In this Chapter, we use the method

of logical effort for estimating delay, power and area of ApproxADDs, while in Chapter 4, we use the

lateral approach for estimating delay, power and area of ESAs.

3.1.1 Delay Estimation

According to the method of logical effort [15], total delay (d) incurred by a static CMOS logic

gate (measured in terms of basic delay unitτ1) can be given by:

d = f + pd (3.1)

where,f is the effort delay andpd is the parasitic delay. The effort delay further consists oftwo

components: (i) Logical effort (g), which captures the effect of logic complexity; and (ii) Electrical

effort (h), which captures the effect of external load being driven bythe logic gate. The effort delay

is given by the product of these two components as:

f = g × h (3.2)

where, logical effort is given by the ratio of input capacitance of the logic gate (Cingate) to the input

1Delay of CMOS logic gates depends on the process technology.In order to isolate the effects of a particular process
technology, unless otherwise indicated, we measure all delays in this Chapter in units ofτ .
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capacitance of a unit standard CMOS inverter (Cininv
) as:

g =
Cingate

Cininv

(3.3)

and, electrical effort is given by the ratio of load capacitance (CL) being driven by the logic gate to

the input capacitance of the logic gate (Cingate) as:

h =
CL

Cingate

(3.4)

Substituting the value of effort delay from Eqn. (3.2) into Eqn. (3.1), we obtain the basic equation

that models delay2 of a static CMOS logic gate as:

d = (g × h) + pd (3.5)

We can now compute the total path delay (D3) of ann stage CMOS digital circuit by adding the

delay (d) of individual logic gates in that path as:

D =

n
∑

i=1

di =

n
∑

i=1

(

(gi × hi) + pdi

)

(3.6)

3.1.2 Power Estimation

The power consumption of a CMOS logic gate is mainly consistsof two components: (i) Static

power consumption; and (ii) Dynamic power consumption. Thedynamic power consumption (pdyn)

which dominates the total power consumption is given by:

pdyn = α Cout V
2
DD fclk (3.7)

where,α, Cout, VDD andfclk are the switching activity factor, output capacitance, supply voltage

and clock frequency, respectively. Note that the output capacitance is further consists of two compo-

nents: (i) Load capacitance (CL); and (ii) Parasitic capacitance (Cp). Substituting the value of output

2In [15], to study the effect of logic complexity, the authorsintroduce logical effort (g) and to study the effect of
external load being driven by logic gates, the authors introduce electrical effort (h). Therefore, simplification of Eqn.
(3.2) as (Cingate

/Cininv
) × (CL/Cingate

) = CL/Cininv
is not advisable.

3In this Chapter, to represent delay, power and area of logic gates, we use small letters (d, p anda), whereas to
represent delay, power and area of digital circuits, we use capital letters (D, P andA).
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capacitance (Cout = CL + Cp) into Eqn. (3.7) yields:

pdyn = α (CL + Cp) V
2
DD fclk (3.8)

It can be seen that estimating the dynamic power consumptionusing Eqn. (3.8) is very cum-

bersome and time consuming. In order to make the analysis simple, Kabbani [102] characterizes

the dynamic power consumption in terms of logical effort terminology by normalizing itw.r.t. the

dynamic power consumption of a unit standard CMOS inverter as:

pnm inv =
αgate

αinv

(

h× Cingate

Cininv

+
Cpgate

Cpinv

)

= αnm (h× g + pp) (3.9)

where,pnm inv andαnm are the normalized dynamic power consumption and switchingactivity factor

of the logic gatew.r.t. a unit standard CMOS inverter, respectively, andpp is the parasitic power

consumption of the logic gate. Since dynamic power consumption is a strong function of the logic

gate area (a), Eqn. (3.9) is valid only fortemplate gates. A template gate refers to the logic gate

whose output current is equal to the output current of a unit standard CMOS inverter. For any other

logic gate, the normalized dynamic power consumption can begiven by:

pnm inv = anm αnm (h× g + pp) (3.10)

where,anm is the normalized area of the logic gatew.r.t. corresponding template gate. We can now

compute the total normalized dynamic power consumption (Pnm inv) of a CMOS digital circuit that

containsm logic gates by adding the normalized dynamic power consumption (pnm inv) of individual

logic gates in that circuit as:

Pnm inv =

m
∑

i=1

pnm invi =

m
∑

i=1

(

anmi
αnmi

(hi × gi + ppi)

)

(3.11)

While determining the normalized dynamic power consumption using Eqn. (3.11), it is necessary

to compute the switching activity factor at each node of the circuit. Switching activity factor of a

node is the probability that it switches from0 to 1, i.e., probability of the node to be0 on one cycle

and to be1 on the next cycle. Assuming that the probability is uncorrelated from cycle to cycle [6],

switching activity factor of a node can be given by:
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Table 3.1: Probability of output node of logic gates to be1 as a function of their input nodes probability.

Logic Gates Input Nodes P1

NOT A 1− PA

2-input NAND A and B 1− (PA × PB)

2-input NOR A and B (1− PA)(1− PB)

2-input XOR A and B PA(1− PB) + PB(1− PA)

3-input NAND A, B and C 1− (PA × PB × PC)

α = P0 × P1 = P1(1− P1) (3.12)

where,P0 is the probability of the node to be0 andP1 is the probability of the node to be1. Table

3.1 listsP1 of various logic gates (used in this Chapter) as a function oftheir input nodes probability,

wherePA, PB andPC represent the probabilities of input nodesA, B andC to be1, respectively,

andP1 represents the probability of output node to be1 [6]. Assuming that inputs are uniformly

distributed (i.e., P1 of input nodes is0.5), we first computeP1 of the nodes using Table 3.1. We then

compute switching activity factor of the nodes using Eqn. (3.12).

3.1.3 Area Estimation

Researchers/designers generally measure area in terms ofgate countor transistor count. However,

this type of analysis does not include the effect of transistor sizes, and therefore, their estimation

accuracy is poor. For example, as shown in Fig. 3.1, both NANDgate and NOR gate have same

transistor count, but due to different transistor sizes, their actual silicon areas are different. In order

to improve the estimation accuracy without imposing any additional complexity, we measure area in

terms of transistor sizes. According to our analysis, NAND gate has area,a = 8 units and NOR gate

has area,a = 10 units (see Fig. 3.1). Similarly, we compute area of other logic gates used in this

Chapter. We then compute the total area (A) of a CMOS digital circuit that containsm logic gates by

adding the area (a) of individual logic gates in that circuit as:

A =
m
∑

i=1

ai (3.13)
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Figure 3.1: Transistor level implementations: (a) NOT gate, which hasa = 3 units andCingate = 3 units; (b)
2-input NAND gate, which hasa = 8 units andCingate = 4 units; and (c)2-input NOR gate, which hasa = 10
units andCingate = 5 units. Note that we size these logic gates according to the method of logical effort.

3.2 Proposed AFAs

AFA is one of the commonly used approaches to curtail the length of carry propagation. As

discussed in Chapter 2, AFAs are generally designed by modifying the conventional FAs at gate

level [1,2,56–60] and transistor level [3,4] of abstraction. In a FA, to secureCout independent ofCin,

Cout should be either0, 1 or a Boolean function of primary inputsA andB only. In such a scenario,

there can be total2(2
2) = 16 approximate functions ofCout. All these16 approximate functions

are tabulated in Table 3.2 with corresponding correct and incorrect entries, where tick marks denote

match and cross marks denote mismatch with accurate output.Assuming that inputs (A, B andCin)

are uniformly distributed, the probability of approximateCout to be correct is also mentioned in Table

3.2. From Table 3.2, our important observations are as follows.

(i) In an AFA, if we considerCout as0, 1,A⊕B, A⊙B, A.B,A.B,A+B orA+B, then theCout

has correct output in four out of total eight input combinations, and therefore, the probability

of approximateCout to be correct is4/8 = 0.5.

(ii) In an AFA, if we considerCout asA, B, A.B or A+B, then theCout has correct output in

two out of total eight input combinations, and therefore, the probability of approximateCout to

be correct is2/8 = 0.25.
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Table 3.2: Approximate functions ofCout in which Cout is independent ofCin. Assuming that inputs (A, B andCin) are independent and uniformly
distributed, the last row summarizes the probability of approximateCout to be correct.

Inputs Approximate functions ofCout in whichCout is independent ofCin

A B Cin Cout 0 1 A B A B A.B A+B A.B A+B A⊕B A⊙B A.B A.B A+B A+B

0 0 0 0 0X 1 × 0X 0X 1 × 1 × 0X 0X 1 × 1 × 0X 1 × 0 X 0X 1 × 1 ×
0 0 1 0 0X 1 × 0X 0X 1 × 1 × 0X 0X 1 × 1 × 0X 1 × 0 X 0X 1 × 1 ×
0 1 0 0 0X 1 × 0X 1 × 1 × 0X 0X 1 × 1 × 0X 1 × 0X 1 × 0X 1 × 0X

0 1 1 1 0 × 1X 0 × 1X 1X 0 × 0 × 1X 1 X 0 × 1X 0 × 1 X 0 × 1 X 0 ×
1 0 0 0 0X 1 × 1 × 0X 0X 1 × 0X 1 × 1 × 0X 1 × 0X 0 X 1 × 0 X 1 ×
1 0 1 1 0 × 1X 1X 0 × 0 × 1X 0 × 1X 1 X 0 × 1X 0 × 0 × 1X 0 × 1X

1 1 0 1 0 × 1X 1X 1X 0 × 0 × 1X 1X 0 × 0 × 0 × 1X 0 × 0 × 1 X 1X

1 1 1 1 0 × 1X 1X 1X 0 × 0 × 1X 1X 0 × 0 × 0 × 1X 0 × 0 × 1 X 1X

Probability ofCout 0.5 0.5 0.75 0.75 0.25 0.25 0.75 0.75 0.25 0.25 0.5 0.5 0.5 0.5 0.5 0.5
to be correct

Table 3.3: EstimatedD, Pnm inv, A andPDAP of conventional FA (Fig. 3.2) and the proposed AFAs (Fig. 3.3). Table also summarizes the percentage
change (∆) in D, Pnm inv A andPDAP of the proposed AFAsw.r.t. conventional FA.

Adder D ∆D (%)
Pnm inv ∆Pnm inv (%) A ∆A (%) PDAP ∆PDAP (%)

Architectures S Cout S Cout

FA 13.33 17.99 0 0 26.54 0 84 0 40.106E+3 0
AFA#1 12 0 -9.98 -100 14 -47.25 60 -28.57 10.080E+3 -74.86
AFA#2 12 0 -9.98 -100 14 -47.25 60 -28.57 10.080E+3 -74.86
AFA#3 12 7 -9.98 -61.09 19.25 -27.47 71 -15.48 16.401E+3 -59.11
AFA#4 12 7 -9.98 -61.09 19.25 -27.47 73 -13.09 16.863E+3 -57.95
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Figure 3.2: Gate level implementation of conventional FA. Here, each logic gate is shown with two numbers,
where the first number indicates input capacitance (Cingate) of the logic gate and the second number indicates
area (a) of the logic gate [15]. Further, input and output nodes of the logic gates are also shown with two
numbers, where the first number indicatesP1, i.e., probability of the node to be1 and the second number
indicates switching activity factor (α) of the node [6].

(iii) In an AFA, if we considerCout asA, B, A.B orA+B, then theCout has correct output in six

out of total eight input combinations, and therefore, the probability of approximateCout to be

correct is6/8 = 0.75.

It should be noted from above observations that in an AFA, if we considerCout asA, B, A.B or

A + B, then the AFA provides lower ER. Consequently, anN-bit approximate adder designed using

either of these four AFAs provides higher accuracy. We call these AFAs as AFA#1, AFA#2, AFA#3

and AFA#4, respectively. The gate level implementations ofall these AFAs are shown in Fig. 3.3.

3.2.1 Delay, Power and Area Estimation

For estimating delay, power and area of conventional FA and the proposed AFAs, we use the

method described in Section 3.1. We first compute the design parameters, such asα, g, h, pd, pp, a,

d andpnm inv of all the logic gates used in conventional FA and the proposed AFAs. Our computed

values are tabulated in Table 3.4. Using Table 3.4, we then compute delay (D), normalized dynamic

power consumption (Pnm inv) and area (A) of conventional FA and the proposed AFAs by adding

the delay (d), normalized dynamic power consumption (pnm inv) and area (a) of individual logic

gates in that circuit, respectively. For example, in conventional FA (Fig. 3.2), outputS has delay,

D = 8.33 + 5 = 13.33 and outputCout has delay,D = 8.33 + 3.33 + 6.33 = 17.99; whereas, in

AFA#3 (Fig. 3.3(c)), outputS has delay,D = 7 + 5 = 12 and outputCout has delay,D = 3 +
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Figure 3.3: Gate level implementations of the proposed AFAs: (a) AFA#1;(b) AFA#2; (c) AFA#3; and (d)
AFA#4. Note that the numbers indicated on the logic gates andon the input and output nodes of the logic gates
have already been discussed in Fig. 3.2.

4 = 7. Accordingly, as compared to the conventional FA, AFA#3 improves the delay for outputS

by 9.98% and for outputCout by 61.09%. Further, conventional FA has normalized dynamic power

consumption,Pnm inv = 9.33 + 6 + 2.49 + 2.49 + 6.23 = 26.54 and area,A = 30 + 30 + 8 + 8 + 8

= 84 units; whereas AFA#3 has normalized dynamic power consumption,Pnm inv = 8 + 6 + 2.25 +

3 = 19.25 and area,A = 30 + 30 + 8 + 3 = 71 units. Accordingly, as compared to the conventional

FA, AFA#3 improves the dynamic power consumption by27.47% and area by15.48%. Similarly,

we compute delay, normalized dynamic power consumption andarea of AFA#1, AFA#2 and AFA#4.

Our computed values are tabulated in Table 3.3. Note that Table 3.3 also summarizesPower-Delay-
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Table 3.4: Design parameters of the logic gates used in FA (Fig. 3.2) andthe proposed AFAs (Fig. 3.3).

Logic Gate α g h pd pp a d pnm inv

INV 0.1875 1 3∗ 1 1 3 4 3
NAND 0.1875 4/3 1 2 2 8 3.33 2.49
NAND 0.2461 4/3 13/4∗ 2 2 8 6.33 6.23
NAND 0.1875 4/3 3/4 2 2 8 3 2.25
NOR 0.1875 5/3 3/5 2 2 10 3 2.25
XOR 0.25 3 13/9 4 5 30 8.33 9.33
XOR 0.25 3 1/3# 4 5 30 5 6
XOR 0.25 3 1 4 5 30 7 8

Here,∗ and# signify that while computing the electrical effort (h) of output logic gates, we assume thatCout drivesCin

andS drives a unit standard CMOS inverter, respectively.

Area-Product(PDAP) of conventional FA and the proposed AFAs. In additionto this, the percentage

change in delay (∆D), normalized dynamic power consumption (∆Pnm inv), area (∆A) and PDAP

(∆PDAP ) of the proposed AFAsw.r.t. conventional FA is also mentioned in Table 3.3.

3.3 ApproxADD

We now design anN-bit approximate adder using the proposed AFAs. Table 3.2 shows that all the

four proposed AFAs exhibit similar error probability. Therefore, anN-bit approximate adder designed

using either of these four AFAs provides similar error characteristics. However, as shown in Table

3.3, these AFAs have different delay, power, area and PDAP. Among all the four proposed AFAs,

AFA#1 and AFA#2 provide smaller delay, power, area and PDAP.Therefore, while designing anN-bit

approximate adder that provides optimalPower-Delay-Area-Accuracy(PDAA) trade-off, one should

choose either AFA#1 or AFA#2. AnN-bit approximate adder (which we call as “ApproxADD”)

designed using AFA#1 is shown in Fig. 3.4.

3.3.1 Delay, Power and Area Estimation

In RCA, the worst-case delay is given by the delay to compute sum in last stage and the delay to

compute carry propagation in the remaining (N−1) stages. On the other hand, in ApproxADD, since

there is no carry propagation, the worst-case delay is givenby the delay to compute sum in AFA#1

only. Therefore, using Table 3.3 and Table 3.4, the normalized delay (Dnm) of an ApproxADDw.r.t.
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Figure 3.4: Generalized architecture of anN -bit ApproxADD designed by cascadingN AFA#1 in series.

RCA can be given by:

Dnm =
DAFA#1

DFA[S] + (N − 1)×DFA[Cin:Cout]

=
12

13.33 + (N − 1)× 9.66
=

1.2422

N + 0.3799
(3.14)

where,DAFA#1 is the delay to compute sum in AFA#1,DFA[S] is the delay to compute sum in conven-

tional FA andDFA[Cin:Cout] is the delay to compute carry propagation (Cin → Cout) in conventional

FA. Further, using Table 3.3 and Table 3.4, the normalized dynamic power consumption (Pnm) and

normalized area (Anm) of an ApproxADDw.r.t. RCA can be given by:

Pnm =
N × Pnm invAFA#1

N × Pnm invFA

= 0.5275 (3.15)

Anm =
N × AAFA#1

N ×AFA

= 0.7143 (3.16)

where,Pnm invFA
andPnm invAFA#1

are the normalized dynamic power consumptions of conventional

FA and AFA#1w.r.t. a unit standard CMOS inverter, andAFA andAAFA#1 are the areas of conven-

tional FA and AFA#1, respectively.

3.3.2 ED and ER Estimation

As shown in Table 3.2, AFA#1 provides erroneous carry for twoout of eight input combinations.

These two input combinations areA.B.Cin andA.B.C in. Further, in ApproxADD,Cini
is Ai−1.

Therefore, in ApproxADD, an erroneous carry generates atith bit position only whenAi.Bi.Ai−1 = 1
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or Ai.Bi.Ai−1 = 1. We know that in addition operation, erroneous carry generated atith bit position

affects the output at(i + 1)th bit position. Accordingly, ED of an ApproxADD can be given bythe

weighted sum of input combinationsAi.Bi.Ai−1 andAi.Bi.Ai−1 as:

ED ≈
N−1
∑

i=0

2i+1 ×
(

(Ai.Bi.Ai−1) + (Ai.Bi.Ai−1)

)

(3.17)

where,· and+ represent the binary AND and OR operations, respectively. Note that in ApproxADD,

either of the input combination (Ai.Bi.Ai−1 or Ai.Bi.Ai−1) can not occur consecutively. However,

these input combinations can occur in an alternative fashion. This is the worst-case in which Approx-

ADD provides maximum error. For example, let us assume thatA is 01010101, B is 10101010 and

Cin0 is 0. In this case,Ai.Bi.Ai−1 ORAi.Bi.Ai−1 is 11111111, which implies that if we addA andB

using ApproxADD, then error will occur at all bit positions.Since accurate sum is11111111, approx-

imate sum (computed using ApproxADD) should be00000000. However, ApproxADD computes it

as01010101. This difference is because in ApproxADD, two consecutive erroneous carries generated

from ith bit position do not propagate erroneous carry for(i+2)th bit position. The reason behind this

is the fact that twice the complement of a function is the function itself. In other words, an erroneous

carry generated atith bit position masks the effect of erroneous carry generated at (i + 1)th bit posi-

tion. Therefore, Eqn. (3.17) can be corrected by subtracting the weighted sum of input combinations

which generate consecutive erroneous carries as:

ED ≈
N−1
∑

i=0

2i+1 ×
(

(Ai.Bi.Ai−1) + (Ai.Bi.Ai−1)

)

−
N−1
∑

i=0

2i+1 ×
(

(Ai.Bi.Ai−1) . (Ai−1.Bi−1.Ai−2)

)

−
N−1
∑

i=0

2i+1 ×
(

(Ai.Bi.Ai−1) . (Ai−1.Bi−1.Ai−2)

)

(3.18)

Note that Eqn. (3.18) is still an approximation because overlapping cases are not taken into con-

sideration. Further, in most of the error-resilient applications, RED is more meaningful as compared

to the absolute ED, where RED is defined as the ED normalized tocorresponding correct output
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(Rc) [75]. For a set ofn inputs, MRED of an ApproxADD can be given by:

MRED =
1

n

n
∑

i=1

REDi =
1

n

n
∑

i=1

EDi

Rci

(3.19)

Further, in order to model the ER of ApproxADD, we use empirical approach. Note that empirical

approaches are generally based on the information receivedby the means of observation or experi-

ence of patterns and behavior through experimentation. As per our experimental observations, ER of

ApproxADD forms aGeometric Progression(GP) with scalar factor≈ 1/4 and common ratio≈ 3/4.

Accordingly, ER of an ApproxADD can be given by:

ER =
N
∑

i=1

1

4
×
(

3

4

)i−1

=
N
∑

i=1

3i−1

4i
(3.20)

3.3.3 Simulation Setup

For assessing the simulation results of delay, power and area, we design different configurations of

ApproxADD usingMentor Graphics Tanner schematic capture[103]. While designing the schemat-

ics, we size all the logic gates to template gate according tominimum-size inverter. We then extract

netlists from schematics and simulate the extracted netlists usingSynopsys HSPICE circuit simula-

tor [104] with Predictive Technology Model32nm model files [105]. While evaluating the area of

ApproxADD, we neglect area imposed by interconnects and extract layout area of the logic gates only

from HSPICE netlists. Further, for assessing the quality metrics of ApproxADD, we implement dif-

ferent configurations of ApproxADD in C/C++. We simulate each configuration individually for one

billion pseudo-random inputs drawn from a sample space between0 and2N −1. The same simulation

setup is carried-out in the rest of this Chapter.

3.3.4 Results and Discussion

The analytical results and simulation results of ApproxADDas a function ofN for normalized

delay, power, area and PDAP are shown in Fig. 3.5(a) and for MRED and ER are shown in Fig.

3.5(b). It can be seen from Fig. 3.5(a) that the normalized delay of ApproxADD decreases with

bit-width at a rate≈ 1/N . This implies that ApproxADD provides bit-width-aware constant delay
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Figure 3.5: Analytical and simulation results ofN -bit ApproxADD as a function ofN : (a) Normalized (w.r.t.
N -bit RCA) delay, power, area and PDAP; and (b) MRED (on left y-axis) and ER (on right y-axis).

(O(1)). ApproxADD also improves dynamic power consumption by46.31% and area by28.57%

w.r.t. RCA. Further, as shown in Fig. 3.5(b), MRED of ApproxADD decreases with bit-width, but

for N ≥ 9, it saturates. On the other hand, ER of ApproxADD increases rapidly with bit-width

(≈ 1 for N ≥ 13). Here, it should also be noted that the difference between analytical results and

simulation results is very small. It means our analytical results agree closely with simulation results.

Further, analytical results and simulation results of areaare identical as in both cases, we neglect area

imposed by interconnects and consider the area of logic gates only.
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3.4 Improving ED and ER

It can be seen from Fig. 3.5(a) that ApproxADD provides a significant improvement in delay,

power, area and PDAP. However, as shown in Fig. 3.5(b), its: (i) MRED is too high (≈ 0.4 for

N ≥ 9); and (ii) ER increases rapidly with bit-width (≈ 1 for N ≥ 13). Therefore, ApproxADD

may not be preferred for applications in which error-resilience is very low. Moreover, according to

the approximate computing design concept offail small or fail rare [8], approximate schemes should

be constrained either in ED or in ER. In this Section, we explain our strategies (probability of carry-

lifetime and EDC logic) to improve the ED and ER of ApproxADD.

3.4.1 ApproxADDv1

We know that in arithmetic operations, impact of errors in higher order bits is more severe as

compared to the errors in lower order bits. Therefore, in order to improve the ED of ApproxADD,

we perform higher orderk-bit operations accurately (see Fig. 3.6). For estimating the number of

higher orderk-bit that should be performed accurately, we avail the probability of carry-lifetimes. In

conventional binary addition process, we define carry-lifetime as the number of bits a carry propagates

before annihilation. For example, if a carry generates atmth bit position and propagates topth bit

position, then the carry has a lifetime ofp − m bits, wherep > m. For evaluating the probability

of carry-lifetimes inN-bit conventional adders, we implementN-bit conventional adders in C/C++

for different values ofN . We then simulate them individually for one billion pseudo-random inputs

drawn from a sample space between0 and2N − 1. Our simulation results forN = 8, 16, 32, 64 and

128 are tabulated in Table 3.5. It can be seen from Table 3.5 that the worst-case carry propagation (i.e.,

carry having lifetime≈ N) rarely happens. Therefore, in most of the cases, carry can be determined

by considering just few input bits (l) on the right of current bit position [62]. For example, in a16-bit

conventional adder, forl = 1, 2 and3, the probability of getting correct carry is0.5036, 0.7544 and

0.8789 respectively. However, if the value ofl is increased to8, 9 and10, then the probability of

getting correct carry is0.9980, 0.9991 and0.9996, respectively.

Based on the above observations, we perform higher orderk-bit operations using conventional FA

and lower order (N − k)-bit operations using AFA#1. Note that the higher orderk-bit operations can
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Table 3.5: Probability of carry-lifetimes inN -bit conventional adder for different values ofN .

Bit-width (N )
Length of Carry Propagation

1 2 3 4 5 6 7 8 9 10

8 0.5622 0.8121 0.9213 0.9685 0.9882 0.9950 0.9990 1.0000 — —
16 0.5317 0.7815 0.8985 0.9530 0.9785 0.9902 0.9966 0.9980 0.9991 0.9996
32 0.5161 0.7659 0.8866 0.9450 0.9736 0.9873 0.9939 0.9971 0.9986 0.9993
64 0.5036 0.7544 0.8789 0.9405 0.9708 0.9856 0.9929 0.9965 0.9983 0.9991
128 0.5024 0.7531 0.8780 0.9398 0.9704 0.9855 0.9928 0.9965 0.9983 0.9992
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Figure 3.6: Generalized architecture of anN -bit ApproxADDv1 which consists ofk-bit RCA and (N − k)-bit
ApproxADD. Here, “almost accurate” signifies that ED and ER of higher orderk-bit is very low.

be performed using any adder architecture. Considering RCAarchitecture, Fig. 3.6 shows modified

version of ApproxADD which we call as “ApproxADDv1”.

3.4.1.1 Delay, Power and Area Estimation

In ApproxADDv1, the higher orderk-bit and lower order (N−k)-bit operations are performed si-

multaneously. We know that delay of lower order (N−k)-bits is constant irrespective of the bit-width.

Consequently, the worst-case delay ofN-bit ApproxADDv1 is same as thek-bit RCA, and therefore,

the normalized delay (Dnm) of an ApproxADDv1 w.r.t. RCA can be given byk/N . Further, us-

ing Table 3.3 and Table 3.4, the normalized dynamic power consumption (Pnm) and normalized area
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(Anm) of an ApproxADDv1 w.r.t. RCA can be given by:

Pnm =
k × Pnm invFA

+ (N − k)× Pnm invAFA#1

N × Pnm invFA

=
k

N
×
(

1−
Pnm invAFA#1

Pnm invFA

)

+
Pnm invAFA#1

Pnm invFA

= 0.5275 +

(

0.4725× k

N

)

(3.21)

Anm =
k × AFA + (N − k)×AAFA#1

N × AFA

=
k

N
×
(

1− AAFA#1

AFA

)

+
AAFA#1

AFA

= 0.7143 +

(

0.2857× k

N

)

(3.22)

3.4.1.2 ED and ER Estimation

In ApproxADDv1, Cin of accurate sub-adder is considered asAN−k−1. Based on the discussion

presented in Section 3.2, the probability ofCin of accurate sub-adder to be erroneous is0.25. Further,

the probability that this erroneousCin will propagate to MSBs depends onk. For example, as per the

results shown in Table 3.5, in a16-bit ApproxADDv1, for k = 7, 8, 9 and10, the probability that

erroneousCin will propagate to MSB is0.0044, 0.0020, 0.0009 and0.0004, respectively. All together,

we can deduce that due to cumulative effect, the probabilityof error in higher order bits is very low

(particularly, fork ≥ 8). Consequently, the error characteristics ofN-bit ApproxADDv1 are similar

to (N − k)-bit ApproxADD, and therefore, ED and ER of anN-bit ApproxADDv1 can be estimated

by replacingN with (N − k) in Eqn. (3.18) and Eqn. (3.20), respectively.

3.4.1.3 Results and Discussion

The analytical results and simulation results of16-bit ApproxADDv1 as a function ofk for nor-

malized delay, power, area and PDAP are shown in Fig. 3.7(a) and for MRED and ER are shown in

Fig. 3.7(b). It can be seen from Fig. 3.5(b) and Fig. 3.7(b) that the approach used in ApproxADDv1

(i.e., to perform higher orderk-bit operations accurately) improves MRED significantly. According

to our experimental observations, MRED of anN-bit ApproxADDv1 can be empirically given by
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Figure 3.7: Analytical and simulation results of16-bit ApproxADDv1 as a function ofk: (a) Normalized
(w.r.t. 16-bit RCA) delay, power, area and PDAP; and (b) MRED (on left y-axis) and ER (on right y-axis).

0.4/2k. ApproxADDv1 also shows improvement in ER, but the improvement is marginal (particu-

larly, for k ≤ 8). Here, it should be noted that MRED of ApproxADDv1 decreases withk, whereas

its normalized delay, power, area and PDAP increase withk. It means ApproxADDv1 provides im-

provement in MRED at the cost of delay, power, area and PDAP. However, the rate at which MRED

decreases is higher as compared to the rate at which delay, power, area and PDAP increases. This

shows that ApproxADDv1 improves MRED in a graceful manner.

3.4.2 ApproxADDv2

Although ApproxADDv1 provides a significant improvement in ED, it may still be not preferred

for some of the error-resilient applications, particularly, for applications which demand low ER. For
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Figure 3.8: Gate level logic implementation of the proposed EDC logic. Note that the numbers indicated on
the logic gates and on the input and output nodes of the logic gates have already been discussed in Fig. 3.2.

Table 3.6: Design parameters of the logic gates used in EDC logic (Fig. 3.8) .

Logic Gate α g h pd pp a d pnm inv

NAND 0.1094 5/3 4/5 3 3 15 4.33 1.89
NAND 0.1794 4/3 9/4 2 2 8 5 3.59
XOR 0.25 3 1/3# 4 5 30 5 6

Here,# signifies that while computing the electrical effort (h) of output logic gates, we assume thatS∗ drives a unit

standard CMOS inverter.

improving the ER of ApproxADDv1, we exploit the concept of EDC logic that detects errors, and

accordingly, corrects them. As shown in Fig. 3.6, anN-bit ApproxADDv1 can be considered as

k-bit RCA followed by (N − k)-bit ApproxADD. As discussed earlier, the probability of error in

higher orderk-bit is very low. Further, in lower order (N − k)-bit, an erroneous carry generates at

ith bit position only whenAi.Bi.Ai−1 = 1 or Ai.Bi.Ai−1 = 1, wherei ≤ N − k. The occurrence of

such input combinations can be divulged using the error detection logic, as shown in Fig. 3.8. Here,

true value of error flagEFi indicates that an erroneous carry is generated atith bit position. Further,

we know that in addition operation, erroneous carry generated atith bit position affects the output at

(i+1)th bit position. Therefore, output at(i+1)th bit position can be corrected (Si+1 is complemented

whenEFi = 1) using the error correction logic, as shown in Fig. 3.8. The design parameters, such as

α, g, h, pd, pp, a, d andpnm inv (which are described in Section 3.1) of the logic gates used in EDC

logic are tabulated in Table 3.6. Using Table 3.6, the proposed EDC logic has delay,D = 4.33 + 5 +

5 = 14.33, normalized dynamic power consumption,Pnm inv = 1.89 + 1.89 + 3.59 + 6 = 13.37 and

area,A = 15 + 15 + 8 + 30 = 68 units.

The proposed approach and EDC logic are explained via an example in Fig. 3.9. For the ease
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Figure 3.9: Illustration of the proposed approach and EDC logic.

of illustration, we consider two8-bit numbers. Further, for persuading the compatibility between

inputs and result,0 is appended at MSB position. It can be seen from Fig. 3.9 that the proposed EDC

logic is not effective for the consecutive errors. In the proposed approach, two consecutive erroneous

carries generated fromith bit position do not introduce error at(i + 2)th bit position. However, the

proposed EDC logic complements output at(i+2)th bit position, and thus, introduces errors for such

consecutive errors. For example, in Fig. 3.9, regardless ofthe output at3rd bit position is correct, the

proposed ECL complements the output asEF2 = 1. The proposed EDC logic can be customized to

handle such cases, however, it imposes hardware complexity.

Now we integrate ApproxADDv1 and EDC logic which we call as “ApproxADDv2”. As shown

in Fig. 3.10, ApproxADDv2 has two stages. In the first stage, sum bits are generated using k-bit RCA

and(N − k)-bit ApproxADD. Since error occurrences can be detected simultaneously with sum bits,

an(N − k)-bit EDL is also implemented in the first stage to actuateEF signals. In the second stage,

depending onEF signals, errors are corrected using an(N − k)-bit ECL.

3.4.2.1 Delay, Power and Area Estimation

In ApproxADDv2, the higher orderk-bit and lower order (N − k)-bit operations are performed

simultaneously. We know that delay of lower order (N−k)-bit is constant irrespective of the bit-width.

Consequently, the worst-case delay ofN-bit ApproxADDv2 is same as thek-bit RCA, and therefore,

the normalized delay (Dnm) of an ApproxADDv2 w.r.t. RCA can be given byk/N . Further, using

Table 3.3 and Table 3.6, the normalized dynamic power consumption (Pnm) and normalized area

(Anm) of an ApproxADDv2 w.r.t. RCA can be given by:
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is less as compared to the probability of error inSN−k:1.

Pnm =
k × Pnm invFA

+ (N − k)× (Pnm invAFA#1
+ Pnm invEDC

)

N × Pnm invFA

=
k

N
×
(

1−
Pnm invAFA#1

Pnm invFA

− Pnm invEDC

Pnm invFA

)

+
Pnm invAFA#1

Pnm invFA

+
Pnm invEDC

Pnm invFA

= 1.0313 −
(

0.0313× k

N

)

(3.23)

Anm =
k ×AFA + (N − k)× (AAFA#1 + AEDC)

N × AFA

=
k

N
×
(

1− AAFA#1

AFA

− AEDC

AFA

)

+
AAFA#1

AFA

+
AEDC

AFA

= 1.5238 −
(

0.5238× k

N

)

(3.24)

where,Pnm invEDC
andAEDC are the normalized dynamic power consumptionw.r.t. a unit standard

CMOS inverter and area of the proposed EDC logic, respectively. Eqn. (3.23) and Eqn. (3.24) show

that ApproxADDv2 consumes more power and area as compared to the RCA. However,it should be

noted that the power and area overheads decrease withk. Further, the rate at which power and area

overheads decrease depends on the bit-width.
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3.4.2.2 ED and ER Estimation

An N-bit ApproxADDv2 can be considered ask-bit RCA followed by (N − k)-bit ApproxADD

and (N − k)-bit EDC logic. As discussed in Fig. 3.9, two consecutive erroneous carries generated

from ith bit position do not introduce error at(i + 2)th bit position. However, the proposed EDC

logic complements output at(i+ 2)th bit position, regardless of the output at(i+ 2)th bit position is

correct. This implies that the proposed EDC logic corrects error when input combinationsAi.Bi.Ai−1

andAi.Bi.Ai−1 occur separately, but introduces errors when these input combinations occur consec-

utively. Therefore, ED of an ApproxADDv2 can be given by the weighted sum of input combinations

which generate consecutive erroneous carries as:

ED ≈
N−k−1
∑

i=0

2i+1 ×
(

(Ai.Bi.Ai−1) . (Ai−1.Bi−1.Ai−2)

)

+

N−k−1
∑

i=0

2i+1 ×
(

(Ai.Bi.Ai−1) . (Ai−1.Bi−1.Ai−2)

)

(3.25)

Further, in order to model the ER of ApproxADDv2, we use empirical approach. As per our

experimental observations, ER of ApproxADDv2 forms a GP with scalar factor≈ 1/9 and common

ratio≈ 8/9. Accordingly, ER of an ApproxADDv2 can be given by:

ER =

N
∑

i=1

1

9
×
(

8

9

)i−1

=

N
∑

i=1

8i−1

9i
(3.26)

3.4.2.3 Results and Discussion

The analytical results and simulation results of16-bit ApproxADDv2 as a function ofk for nor-

malized delay, power, area and PDAP are shown in Fig. 3.11(a)and for MRED and ER are shown

in Fig. 3.11(b). It can be seen from Fig. 3.7(b) and Fig. 3.11(b) that ApproxADDv2 provides a sig-

nificant improvement in ER. ApproxADDv2 provides this improvement at the cost of power and area

overheads (see Fig. 3.7(a) and Fig. 3.11(a)). Although ApproxADDv2 imposes power and area over-

heads, but it shows a significant improvement in overall performance which is generally measured in

terms of PDAP. Further, in case of parallel-prefix adders (discussed in Section 3.5.1), the proposed

approach provides improvement in power as well as area.

63

TH-2052_136102004



3. AFA-based Approximate Adders

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Number of Approximate MSBs (k)

 

 

Delay

Delay

Power

Power

Area

PDAP

PDAP

Analytical Results Simulation Results

(a)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

M
ea

n 
R

el
at

iv
e 

E
rr

or
 D

is
ta

nc
e 

(M
R

E
D

)

Number of Accurate MSBs (k)

 

 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

E
rr

or
 R

at
e 

(E
R

)

MRED MRED ER ER

Analytical Results Simulation Results

(b)

Figure 3.11: Analytical and simulation results of16-bit ApproxADDv2 as a function ofk: (a) Normalized
(w.r.t. 16-bit RCA) delay, power, area and PDAP; and (b) MRED (on left y-axis) and ER (on right y-axis).

3.5 Performance Analysis

As discussed in Chapter 1, accuracy of approximate circuitsis generally measured in terms of

quality metrics. Based on the requirements of the applications, several quality metrics have been in-

troduced in the literature [1,62,65,74,75]. Two of the quality metrics (MRED and ER) and analytical

results as well as simulation results of the proposed ApproxADDs w.r.t. these quality metrics have

been discussed in previous Sections. Besides these qualitymetrics, in error-resilient DSP applications,

ACCamp [65] is used to evaluate EDs for the amplitude data as:

ACCamp(%) =

(

1− ED

Rc

)

× 100 (3.27)
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On the other hand, in error-resilient communication applications that mainly handle information

data, the number of incorrect bits,i.e., Hamming distance is more meaningful. For such applications,

ACCinf [65] is used to evaluate EDs for the information data as:

ACCinf(%) =

(

1− Be

N

)

× 100 (3.28)

where,Be is the number of incorrect bits. Further, in error-resilient applications, errors are allowed

to exist, however, accuracy of the output should be higher than the acceptance threshold. Different

applications have different level of acceptance thresholddepending on their inherent error-resilience.

Researchers/designers measure acceptance threshold in different ways: (i) Shin et al. [1] measure

acceptance threshold in terms ofDistance Rate(DR), i.e., product of ED and ER; and (ii) Zhu et

al. [62] measure acceptance threshold in terms of MAA. If MAArepresents acceptance threshold,

then the criterion of acceptability is given by theAcceptance Probability(AP) as:

APamp = P (ACCamp ≥ MAAamp) (3.29)

APinf = P (ACCinf ≥ MAAinf ) (3.30)

where, APamp and MAAamp are the AP and MAA for amplitude data, and APinf and MAAinf are the

AP and MAA for information data, respectively. In order to inspect the effectiveness of the proposed

approach, we simulate ApproxADDv1 and ApproxADDv2 over the above-mentioned quality metrics.

Our simulation results of APamp and APinf for 16- and32-bit ApproxADDv1 and ApproxADDv2 as

a function ofk are shown in Fig. 3.12 and Fig. 3.13, respectively. Further,for some particular values

of DR, Fig. 3.14 shows the relationship betweenN andk for ApproxADDv2. Based on Fig. 3.12,

Fig. 3.13 and Fig. 3.14, some of our important observations are as follows.

(i) Fig. 3.12(a) and Fig. 3.12(b) show that for a fixed value ofk, both ApproxADDv1 and

ApproxADDv2 provide similar APamp for N = 16 and 32 (except for MAAamp = 100%).

This implies that both in ApproxADDv1 and ApproxADDv2, for a fixed value ofk, APamp

does not depend on the bit-width. In other words, for a particular value of APamp, k is inde-

pendent of bit-width. Therefore, in case of APamp, ApproxADDv1 and ApproxADDv2 provide
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Figure 3.12:APamp of ApproxADDv1 and ApproxADDv2 for different values ofk: (a)16-bit ApproxADDv1
and ApproxADDv2; (b) 32-bit ApproxADDv1 and ApproxADDv2.

bit-width-aware constant delay (O(1)).

(ii) Fig. 3.12(a) and Fig. 3.12(b) show that for higher values of k (k ≥ 10), ApproxADDv1

and ApproxADDv2 provide similar APamp (except for MAAamp = 100%). Therefore, in

error-resilient DSP applications that demand higher APamp, ApproxADDv1 is preferred over

ApproxADDv2 as both ApproxADDv1 and ApproxADDv2 provide similar APamp, but Approx-

ADDv1 consumes less power and area than ApproxADDv2 (see Fig. 3.7(a) and Fig. 3.11(a)).

On the other hand, Fig. 3.13(a) and Fig. 3.13(b) show that fora fixed value ofk, ApproxADDv2

provides higher APinf than ApproxADDv1. Therefore, in error-resilient communication appli-
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Figure 3.13:APinf of ApproxADDv1 and ApproxADDv2 for different values ofk: (a)16-bit ApproxADDv1
and ApproxADDv2; (b) 32-bit ApproxADDv1 and ApproxADDv2.

cations that demand higher APinf , ApproxADDv2 is preferred over ApproxADDv1.

(iii) Fig. 3.14 shows that for higher values of DR (DR≥ 1%), k is almost independent ofN ,

whereas for smaller values of DR (DR≤ 0.01%), k varies linearly withN . This implies that for

smaller values of DR, delay ofN-bit ApproxADDv2 varies linearly with bit-width. However,

if constraints on DR are relaxed, then ApproxADDv2 provides bit-width-aware constant delay

(O(1)) in this case also. Our simulation results show that ApproxADDv1 also shows similar

behaviour, but ApproxADDv1 provides bit-width-aware constant delay (O(1)) for higher values

of DR as compared to ApproxADDv2.
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Figure 3.14: For some particular values of DR (0.001%, 0.01%, 0.1%, 1% and10%), relationship betweenN
andk for N -bit ApproxADDv2, whereN = 1, 2, 3 ... 16.

3.5.1 Effect of Adder Architectures

The final version of the proposed approach (i.e., ApproxADDv2) is shown in Fig. 3.10, where we

perform higher orderk-bit operations using RCA and lower order (N − k)-bit operations using Ap-

proxADD and EDC logic. For the ease of illustration, we use RCA architecture for higher orderk-bit

operations. However, the higher orderk-bit operations can be performed using any adder architecture.

In order to evaluate – how the effectiveness of the proposed approach varies with higher orderk-bit

adder architectures, we perform higher orderk-bit operations usingBrent-Kung(BK) [106], Kogge-

Stone(KS) [107] andSklansky(Sk) [108] architectures. We choose BK, KS and Sk architectures as

these are the fundamental and most widely used parallel-prefix architectures. We call the resulting

approximate adders as ApproxBK, ApproxKS and ApproxSk, respectively.

Since approximation is introduced in lower order (N − k)-bit only, the adder architecture used

for higher orderk-bit makes no difference to the quality metrics. Therefore,the analytical results

and simulation results shown in Fig. 3.11(b), Fig. 3.12 and Fig. 3.13 are valid for ApproxBK,

ApproxKS and ApproxSk also. On the other hand, different adder architectures have different delay,

power and area. Therefore, the adder architecture used for higher orderk-bit shows a significant

difference in delay, power and area. Our simulation resultsfor normalized delay, power and area of

16-bit ApproxBK, ApproxKS and ApproxSkw.r.t. BK, KS and Sk adders, respectively, as a function

of k are shown in Fig. 3.15. It can be seen from Fig. 3.11(a) and Fig. 3.15 that the higher order
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Figure 3.15: Normalized delay, power and area of16-bit ApproxBK, ApproxKS and ApproxSkw.r.t. BK, KS
and Sk adders, respectively, as a function ofk.

Table 3.7: For k = 8 and 10, percentage change (∆) in D, P , A andPDAP of 16-bit ApproxADDv2,
ApproxBK, ApproxKS and ApproxSkw.r.t. 16-bit RCA, BK, KS and Sk adders, respectively.

Approximate k = 8 k = 10

Adders ∆D ∆P ∆A ∆PDAP ∆D ∆P ∆A ∆PDAP

ApproxADDv2 -48.840 3.0687 26.190 -39.880 -36.630 2.3112 19.642 -27.985
ApproxBK -21.319 -22.537 0.9973 -38.444 -14.454 -16.536 -0.6299 -29.050
ApproxKS -18.340 -39.284 -21.254 -60.957 -12.441 -28.152 -15.940 -47.119
ApproxSk -18.340 -29.347 -7.3758 -46.560 -12.441 -24.018 -8.8416 -39.353

k-bit adder architecture shows contradictory behavior. In Fig. 3.11(a), the normalized power and

area are higher than one and decrease withk, whereas in Fig. 3.15, the normalized power and area

are lower than one and increase withk. This is because the proposed approximate cell (AFA#1+

EDC) has overall power and area more than FA cell, but lower than BK, KS and Sk cells. Further, the

rate at which the normalized delay, power and area changes also depends on the higher orderk-bit

adder architecture. Here, it should also be noted that if we perform higher orderk-bit operations

using RCA architecture, then the proposed approach imposespower and area overheadsw.r.t. RCA.

However, if we perform higher orderk-bit operations using state-of-the-art adder architectures (such

as, BK, KS and Sk), then the proposed approach provides a significant improvement in power and

areaw.r.t. corresponding conventional adder. Further, in arithmeticoperations, higher order bits are

more important as compared to the lower order bits. As discussed earlier, fork ≥ 8, ED and ER of

higher orderk-bits is very low. Therefore, fork = 8 and10, the percentage change in delay (∆D),
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Table 3.8: Comparison of the proposed approach with existing work.

Design Metrics RCA ETA-1 [5] SFA [1] LOA [2] SA [58] ApproxADDv1 ApproxADDv2

Delay (ps) 335.64 335.64 335.64 335.64 335.64 335.64 335.64
Power (µW ) 592.68 272.17 213.84 187.81 173.43 224.53 349.78
Area (µm2) 408.82 236.28 183.61 112.47 101.79 194.16 313.76
MRED 0.0000 1.4E-4 3.3E-4 1.2E-4 1.6E-4 9.5E-5 2.5E-5
ER 0.0000 0.9991 0.9733 0.9992 0.9999 0.9967 0.8745
Accamp (avg.) 1.0000 0.9986 0.9993 0.9990 0.9982 0.9991 0.9997
Accinf (avg.) 1.0000 0.6295 0.7303 0.6049 0.5817 0.8362 0.9221

power (∆P ), area (∆A) and PDAP (∆PDAP ) of 16-bit ApproxADDv2, ApproxBK, ApproxKS and

ApproxSkw.r.t. RCA, BK, KS and Sk adders, respectively, are tabulated in Table 3.7. It can be

seen from Table 3.7 that the proposed approach provides the highest improvement in delay for RCA

architecture and in power, area and PDAP for KS architecture.

3.5.2 Comparison

For evaluating the efficiency of the proposed approach, we compare ApproxADDv1 and Approx-

ADDv2 with existing approximate adders. For comparison purposes, we choose ETA-1 [5], SFA [1],

LOA [2] and Soares’s Adder(SA) [58]. In order to have a fair comparison: (i) We design these

approximate adders using RCA architecture; and (ii) While designing, we keep the maximum length

of carry propagation (i.e., value ofk) same in these approximate adders.

Our simulation results for RCA (as a reference) and all the above-mentioned approximate adders

along with ApproxADDv1 and ApproxADDv2 for N = 32 andk = 12 are tabulated in Table 3.8. It

can be seen from Table 3.8 that AFA-based approximate addersprovide higher ER. Therefore, these

are suitable for applications in which error-resilience isvery high. As compared to SFA, LOA and SA,

ApproxADDv1 consumes more power and area, but it provides higher ACCinf than SFA, LOA and

SA. Consequently, in error-resilient communication applications, ApproxADDv1 is preferred over

SFA, LOA and SA. Moreover, ApproxADDv1 provides better MRED, ER and ACCamp than LOA

and SA. Further, as compared to ETA-1, ApproxADDv1 provides smaller power and area, smaller

MRED and ER, and higher ACCamp and ACCinf . Therefore, both in error-resilient DSP applications

and communication applications, ApproxADDv1 is preferred over ETA-1.
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3.5.3 Multimedia Applications

We use many electronic systems equipped with multimedia applications in our daily lives. As the

end users of multimedia applications are human beings, multimedia applications are error-resilient

due to the limited perception of human senses. The limited perception of human senses removes the

strict restrictions on accuracy and allows the output of multimedia applications to be approximate,

rather than fully accurate. Moreover, in most of the multimedia applications, the commonly used

image processing algorithms, such asJoint Photographic Experts Group(JPEG) have inherent error-

resilience. In such algorithms, DCT and IDCT are the integral components. DCT and IDCT involve

a large number of multiplication and addition operations. Multiplication can further be computed

using shift and add operations. In summary, adders can be treated as the basic building blocks of

DCT and IDCT modules. In order to inspect the effectiveness of the proposed approach in real-life

applications, we replace the conventional addition operations in DCT and IDCT modules with AFA-

based approximate adders. As Lena picture is one of the most widely used standard test image, we

use the same Lena picture as benchmark. Further, there are two principle methods of evaluating the

image quality [91]: (i) Subjective; and (ii) Objective. Forhaving a fair assessment of image quality,

we evaluate output images both subjectively as well as objectively.

In subjective method, image quality is evaluated by human beings. For subjective evaluation, Fig.

3.16 shows the original Lena image and output images after performing DCT and IDCT using24-

bit ApproxADDv2 with different values ofk. It can be seen from Fig. 3.16 that fork ≥ 16, visual

quality loss to the output images is negligible. For12 ≤ k ≤ 14, output images show some blockiness

that may be tolerated by human vision, and thus, may be acceptable for some of the error-resilient

applications. However, with further decrease in the value of k (particularly, fork < 10), there is

severe degradation in the image quality which is not favorable.

Subjective method is the only correct method for evaluatingthe image quality [109]. However,

this method is very expensive and time consuming. Besides this, evaluation of image quality using

subjective method is not feasible for real-time applications. In such a scenario, researchers/designers

evaluate the image quality using objective method. In objective method, image quality is evaluated

by automated computer programs usingImage Quality Assessment(IQA) metrics. Based on the
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 3.16: Image processing results: (a) Original image and images processed using24-bit ApproxADDv2
with: (b) k = 8; (c) k = 10; (d) k = 12; (e)k = 14; (f) k = 16; (g) k = 18; and (h)k = 20.

applications, several IQA metrics have been introduced in the literature [110]. The three fundamental

and most widely used IQA metrics are: (i) MSE; (ii) PSNR; and (iii) Structural Similarity Index

Metric (SSIM) [111]. We evaluate the output images (shown in Fig. 3.16) for all the above-mentioned

IQA metrics. Our simulation results are tabulated in Table 3.9. Note that the numbers tabulated in

Table 3.9 correspond to different delay, power and area points. It can be seen from Table 3.9 that

for k ≤ 8, values of IQA metrics are not acceptable (particularly, value of SSIM). For10 ≤ k ≤

12, values of IQA metrics may be acceptable for some of the error-resilient applications. However,

for k ≥ 14, 24-bit ApproxADDv2 shows favorable values of IQA metrics. Further, Table 3.9 also

summarizes error characteristics, such as mean (µ) and standard deviation (σ) of the output images

shown in Fig. 3.16. Here, it should be noted that mean of the error is very close to zero. This implies

that the proposed approach overestimates and underestimates the accurate results likely,i.e., error

is equally distributed around zero. Therefore, the proposed approach is very suitable for computing

the operations in which adder is first used for multiple timesand then the output is used for further

processing. One example of such operations is matrix multiplication. If ApproxADDv2 is used in

such operations, then the overall error is expected to be negligible.
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Table 3.9: Error characteristics and IQA metrics of the output images processed using24-bit ApproxADDv2
for different values ofk. Table also summarizes IQA metrics of the output images processed using24-bit
existing AFA-based approximate adders for different values ofk.

Quality Metrics k = 8 k = 10 k = 12 k = 14 k = 16 k = 18 k = 20

A
p

p
ro

x-
A

D
D
v
2 Error

µ -1.41E-14 -1.37E-14 -1.34E-14 -1.32E-14 -1.30E-14 -1.29E-14 -1.28E-14
σ 153.3015 121.8938 98.2511 86.1178 78.1383 73.5977 69.5073

MSE 2.35E+4 1.12E+4 7.69E+3 4.30E+3 2.09E+3 9.13E+2 4.81E+2
PSNR (dB) 4.42031 7.62429 9.27493 11.7951 14.9168 18.5239 21.3007
SSIM 0.06187 0.21220 0.42724 0.61751 0.76165 0.85263 0.89768

E
TA

-1
[5

] MSE 5.01E+4 3.18E+4 1.99E+4 9.49E+3 3.92E+3 1.38E+3 6.25E+2
PSNR (dB) 1.12654 3.10157 5.12845 8.35362 12.1927 16.7026 20.1664
SSIM 0.01253 0.04606 0.10136 0.32812 0.58895 0.80081 0.88745

S
FA [1

] MSE 3.81E+4 1.83E+4 1.20E+4 6.30E+3 2.79E+3 1.07E+3 5.22E+2
PSNR (dB) 2.31735 5.49011 7.31658 10.1319 13.6710 17.8206 20.9464
SSIM 0.03368 0.12530 0.20078 0.51543 0.70428 0.82775 0.89049

L
O

A
[2

] MSE 5.55E+4 4.18E+4 2.48E+4 1.25E+4 4.93E+3 1.67E+3 6.66E+2
PSNR (dB) 0.68401 1.91422 4.17132 7.14613 11.1946 15.8931 19.8960
SSIM 0.00776 0.02188 0.05834 0.16709 0.54232 0.78979 0.88464

S
A

[5
8

] MSE 6.07E+4 5.25E+4 3.21E+4 1.42E+4 5.45E+3 1.84E+3 7.11E+2
PSNR (dB) 0.29431 0.92786 3.05849 6.59293 10.7662 15.4752 19.6092
SSIM 0.00130 0.00877 0.03892 0.12190 0.53621 0.75788 0.88161

For the sake of comparison at application level, we perform DCT and IDCT using the existing

AFA-based approximate adders [1, 2, 5, 58]. Our simulation results of IQA metrics after performing

DCT and IDCT using24-bit above-mentioned AFA-based approximate adders for different values of

k are tabulated in Table 3.9. It can be seen from Table 3.9 that ApproxADDv2 provides better IQA

metrics (smaller MSE, and higher PSNR and SSIM) as compared to the ETA-1, SFA, LOA and SA.

Note that the improvement in IQA metrics (due to the proposedapproachw.r.t. ETA-1, SFA, LOA

and SA) depends significantly onk. As k increases, less number of bits are left for approximation,

and thus, improvement in IQA metrics (due to the proposed approachw.r.t. ETA-1, SFA, LOA and

SA) decreases. However, fork ≤ 14, ApproxADDv2 provides a significant improvement in IQA

metrics, particularly,w.r.t. ETA-1, LOA and SA.

Further, we know that the effectiveness of approximate adders depends on the input data type.

Based on the brightness, sharpness, contrast, etc., different images represent different data types.

Therefore, in order to have a fair evaluation of the proposedapproach in real-life applications, we

perform DCT and IDCT using24-bit ApproxADDv2 for different images. In addition to Lena, other
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Table 3.10: Error characteristics and IQA metrics of the output images (Cameraman, Mandrill and Girl) after
performing DCT and IDCT using24-bit ApproxADDv2 for different values ofk.

Quality Metric k = 8 k = 10 k = 12 k = 14 k = 16 k = 18 k = 20

C
am

er
a-

m
an

Error
µ -1.67E-14 -1.60E-14 -1.56E-14 -1.51E-14 -1.48E-14 -1.46E-14 -1.45E-14
σ 168.0842 140.8599 114.2347 99.3723 84.6212 78.4631 72.2417

MSE 2.51E+4 1.20E+4 8.42E+3 4.65E+3 2.29E+3 9.71E+2 5.26E+2
PSNR (dB) 4.11937 7.33169 8.87510 11.4550 14.5248 18.2573 20.9134
SSIM 0.05767 0.20456 0.40822 0.59874 0.74183 0.84235 0.88213

M
an

d
ri

ll Error
µ -1.18E-14 -1.14E-14 -1.11E-14 -1.08E-14 -1.06E-14 -1.05E-14 -1.04E-14
σ 131.9697 102.8413 88.1139 78.4913 69.4467 66.4362 64.4001

MSE 1.97E+4 9.69E+3 6.79E+3 3.52E+3 1.71E+3 7.36E+2 3.82E+2
PSNR (dB) 5.16941 8.26603 9.81173 12.6629 15.7841 19.4589 22.3059
SSIM 0.07496 0.23071 0.45167 0.66942 0.79542 0.88678 0.93004

G
ir

l

Error
µ -9.83E-15 -9.79E-15 -9.76E-15 -9.74E-15 -9.72E-15 -9.71E-15 -9.71E-15
σ 119.7677 94.4769 80.6031 71.9206 63.9084 61.5285 62.2895

MSE 1.36E+4 7.04E+3 4.61E+3 2.56E+3 1.22E+3 4.94E+2 2.60E+2
PSNR (dB) 6.78530 9.65301 11.4845 14.0346 17.2634 21.1869 23.9704
SSIM 0.09471 0.28663 0.52942 0.72547 0.86614 0.91204 0.95101

commonly used standard test images are Cameraman, Mandrilland Girl [90]. Our simulation results

of IQA metrics after performing DCT and IDCT using24-bit ApproxADDv2 for above-mentioned

images are tabulated in Table 3.10. It can be seen from Table 3.9 and Table 3.10 that for different

images, ApproxADDv2 provides different IQA metrics. ApproxADDv2 provides better IQA metrics

for Girl and Mandrill images as compared to the Lena and Cameraman images.

3.6 Summary

In this Chapter, we proposed four AFAs by re-designing the conventional FA (at gate level of ab-

straction) in such a way thatCout remains independent ofCin with minimal ER. Using the proposed

AFA#1 (the optimal one), we designed anN-bit approximate adder which we called as “Approx-

ADD”. An emergent property of ApproxADD is that carries do not propagate in it, and thus, it

provides bit-width-aware constant delay (O(1)). ApproxADD also improves dynamic power con-

sumption by46.31% and area by28.57% w.r.t. RCA. In order to improve the ED and ER of Ap-

proxADD, we exploited the concept of carry-lifetime and EDClogic, respectively. In this way, we

introduced two more (improved) versions of ApproxADD – ApproxADDv1 and ApproxADDv2. In

addition to the designing of ApproxADDs, we provided a detailed analysis and analytical modeling
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to estimate accuracy, delay, power and area of ApproxADDs. For the ease of illustration, we dis-

cussed the proposed approachw.r.t. RCA, however, we demonstrated that the proposed approach

can be customized for any adder architecture. For some of theadder architectures (e.g., RCA), the

final version of the proposed approach imposes minor power and area overheads, but it shows signifi-

cant improvement in overall performance which is generallymeasured in terms of PDAP. Further, for

state-of-the-art adder architectures (e.g., BK, KS and Sk), the final version of the proposed approach

shows significant improvement in power as well as area. As compared to the existing AFA-based

approximate adders (ETA-1, SFA, LOA, SA), ApproxADDs provide smaller MRED and ER, and

higher ACCamp and ACCinf . Therefore, both in error-resilient DSP applications and communication

applications, ApproxADDs are preferred over the existing AFA-based approximate adders. Further,

for inspecting the effectiveness of the proposed approach in real-life applications, we demonstrated

image compression and decompression by replacing the conventional addition operations in DCT and

IDCT modules with24-bit approximate adders. Our image processing results showed that fork ≥ 16,

ApproxADDv2 provides favorable image quality. Further, as compared to the existing AFA-based ap-

proximate adders, ApproxADDv2 provides better IQA metrics.

There are two fundamental approaches used for designing theapproximate adders: (i) AFA; and

(ii) ESA. Both these design approaches have their own pros and cons. In this Chapter, we have

presented the proposed work on AFAs. In the next Chapter, we discuss the proposed work on ESAs –

analytical modeling, optimization and accuracy enhancement.
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4. ESA-based Approximate Adders

Due to the additional features of design flexibility and programmability, ESA-based approximate

adders have attracted a lot of attention of researchers and industry as compared to the AFA-based

approximate adders. Further, ESAs are the basic building blocks of ACAs and VLSAs. Over the past

decade, several approximate adders have been proposed in the literature based on ESA [12, 14, 61–

73]. An N-bit ESA has two primary design parameters: (i) Segment size(k), which represents the

maximum length of carry propagation; and (ii) Overlapping bits (l), which represents the minimum

number of bits used in carry prediction, where1 ≤ k < N and0 ≤ l < k. Based on the combinations

of k andl, anN-bit ESA hasN(N − 1)/2 possible configurations.

In this Chapter, we first propose analytical models to estimate accuracy, delay, power and area

of ESAs. From the proposed analytical models, we observe that in anN-bit ESA, there exist mul-

tiple configurations which exhibit similar accuracy, however, these configurations exhibit different

delay, power and area. Therefore, for a given accuracy, the configurations which provide minimal

delay, power and/or area need to be known apriori for efficient, intelligent and goal oriented imple-

mentations of ESAs. In this regard, we present an optimization framework that exploits the proposed

analytical models and reveals these optimal configurations. Further, we observe that there is a scope

of improvement in accuracy-effort curves of ESAs. The accuracy-effort curves of ESAs need to be

improved so that their accuracy degrade in a graceful manner, and consequently, they provide optimal

delay-accuracy, power-accuracy and area-accuracy trade-offs. Intended to improve the accuracy-

effort curves of ESAs, we propose modifications. As mentioned in Chapter 1, accuracy-effort curves

can be improved either: (i) By improving the accuracy without imposing any additional delay, power

and area overheads; or (ii) By reducing the delay, power and area without loosing accuracy. We

achieve our objective using the former approach. For evaluating the effectiveness of the proposed

approach in real-life applications, we demonstrate Lena image processing using original ESAs and

modified ESAs. In the end, we summarize the Chapter.

The rest of this Chapter is organized as follows. Section 4.1presents the analytical models to

estimate accuracy, delay, power and area of ESAs. Section 4.2 provides the optimization framework

and its results and discussion using RFD heuristic algorithm. Section 4.3 discusses the modified ESAs

and evaluates their effectiveness over the original ESAs. Finally, Section 4.4 concludes the Chapter.
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4.1 Analytical Models

The design metrics, such as accuracy, delay, power and area of an ESA can be evaluated either

through computer simulations or through analytical models. In case of computer simulations, design

metrics are evaluated by implementing the ESA and then simulating it, whereas in case of analyti-

cal models, design metrics are evaluated by solving mathematical equations. While evaluating the

design metrics through computer simulations, ESAs can be simulated either exhaustively (i.e., for

all possible inputs) or for a fixed number of inputs generatedusing Monte-Carlo methods. Exhaus-

tive simulations become infeasible (particularly, forN ≥ 12 [78]) as the required simulation time

increases exponentially with bit-width (see Fig. 1.7). Onepossible way to handle the simulation time

is to simulate ESAs for a fixed number of inputs generated using Monte-Carlo methods. However,

Monte-Carlo simulations have their own limitations [78]. These are: (i) In computer simulations, it

is difficult to observe the effect of different configurations as each configuration needs to be imple-

mented and simulated individually which requires extensive programming efforts and considerable

simulation time; (ii) Computer simulations do not provide any information about the causes of error,

whereas analytical models provide a systematic understanding of the relationship between different

configurations and their design metrics; and (iii) While designing EDC logic for ESAs, knowing the

input conditions that lead to error can provide efficient, intelligent and goal oriented implementa-

tions [85], however, computer simulations do not provide any such information. In summary, there is

a requirement of analytical models to estimate the design metrics of ESAs.

4.1.1 Accuracy Estimation

As discussed in Section 1.3, accuracy of approximate circuits is generally measured in terms

of quality metrics. Over the decades, several quality metrics have been introduced in the literature

[1, 62, 65, 74, 75]. The choice of a particular quality metricdepends on the applications. However, it

has been observed in [76,78] that the combination of ED, ER, MED and MSE is sufficient to evaluate

the overall accuracy of ESAs. Here, we discuss the proposed analytical models to estimate these four

quality metrics. We evaluate the effectiveness of the proposed analytical models by comparing them

with simulation results as well as with existing analyticalmodels.
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Table 4.1: Latest research work on analytical modeling of ESAs.

ESAs ER EDmax MED MSE

l = 0 [76,77] — [76,77] [76,77]
l = k/2 [65,76,77] — [76,77] [76,77]
l = k − 1 [63,76,77] [83] [76,77] [76]
Generalized# [69,78,79] — [78,79] [79]

#Although the approaches discussed in [69,78,79] are generalized, but the derivation of generalized model is not feasible

(particularly, forn > 5 [78]) due to the computational complexity.

4.1.1.1 ER Estimation

Among all the above-mentioned quality metrics, ER is considered the most important quality met-

ric, particularly, in case of ESAs. This is because the effectiveness of ACAs and VLSAs (which are

two major future design aspects of ESAs) depends on ER [14,61,65,68–70,73,85,86]. Consequently,

as shown in Table 4.1, most of the existing work on analyticalmodeling has been proposed on ER.

We also emphasize more on ER as compared to other quality metrics.

In ESAs,Cin of all sub-adders is considered as0. Therefore, output of the least significant sub-

adder is always correct asCin of the sub-adder is correct. However, output of any other sub-adder can

be incorrect due to the truncation of carry-chain. For any other sub-adder, output is incorrect only if:

(i) Cin of the sub-adder is incorrect; and (ii) This incorrectCin propagates through carry prediction

bits to the output of the sub-adder. LetP (Gi) represents the probability ofCin of ith Sub-Adder(SAi)

to be incorrect andP (Pi) represents the probability of this incorrectCin to propagate through carry

prediction bits to the output of SAi. Now, ER of SAi can be given by:

ERSAi
= P (Gi)P (Pi) (4.1)

Further, we know that probability of output to be correct is equal to one minus the probability of

output to be incorrect. Accordingly,PRSAi
= 1− ERSAi

, where PR represents thePass Rateand is

the probability of output to be correct. PR of SAi can be given using Eqn. (4.1) as:

PRSAi
= 1− P (Gi)P (Pi) (4.2)

In an ESA, there are totaln sub-adders, wheren = ⌈N−k
k−l

⌉ + 1. Since final output is obtained by
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concatenating the outputs of all sub-adders, error in any sub-adder can contribute to the error in final

output. Therefore, to produce the final correct output, any of the sub-adders (2 ≤ SAi ≤ n) must not

has the error conditions. Consequently, PR of an ESA can be given by:

PR =

n
∏

i=2

PRSAi
=

n
∏

i=2

(

1− P (Gi)P (Pi)

)

(4.3)

and accordingly, ER of an ESA can be given using Eqn. (4.3) as:

ER = 1−
n
∏

i=2

(

1− P (Gi)P (Pi)

)

(4.4)

Next, we discuss three different cases to computeP (Gi) andP (Pi). Based on these cases, we

have three different analytical models of ER. Results obtained from these three analytical models as

well as from simulations for a16-bit ESA as a function ofk and l are shown in Fig. 4.1. Further,

accuracy of these analytical models for different values ofN is tabulated in Table 4.2. Note that

“accuracy of an analytical model” represents the closenessof analytical results to simulations results.

Therefore, it shows – how much accurately an analytical model estimates the design metric. Higher is

the accuracy of an analytical model, better is the model. Fora given value ofl, we evaluate accuracy

of the proposed and existing analytical models of anN-bit ESA as:

Accuracy (in%) =
1

(N − 2)/2

N−2
∑

k=2,+2

(

ARk

SRk

)

× 100 (4.5)

where, AR and SR represent the analytical result and simulation result, respectively. For assessing

the simulation results, we implement different configurations (k = 2, 4, 6 ... N − 2 for l = 0, k/2

andk − 1) of N-bit ESAs in C/C++. We simulate each configuration individually for one billion

pseudo-random inputs drawn from a sample space between0 and2N − 1.

Case I: As discussed earlier, in ESAs,Cin of all sub-adders is considered as0 to limit the length

of carry propagation. However,Cin of a sub-adder can be0 or 1 depending on the computation of

the least significant bits which are not included in that sub-adder. Consequently, the probability of

Cin of SAi to be incorrect is1/2. Further, we know that a carry is propagated byith bit position only

when the primary inputsAi andBi are either0 and1, or 1 and0. Therefore, the probability ofCin

to propagate through carry prediction bits to the output of SAi is 1/2l. Substituting these values of
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Case II (l = 0)

Case III (l = 0)
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Figure 4.1: Analytical results (for three different cases) and simulation results of ER of a16-bit ESA for
different configurations,i.e., different combinations ofk andl.

Table 4.2: Accuracy (in %) of the proposed analytical models of ER.

ESAs
Bit-width (N )

8 12 16 20 24 28

l
=
0 Case I 81.44 89.37 92.75 94.24 95.74 96.37

Case II 96.66 98.39 99.24 99.63 99.81 99.89
Case III 89.59 92.11 93.84 94.71 95.98 96.49

l
=
k
/
2 Case I 68.38 82.08 85.06 88.16 90.72 91.02

Case II 91.82 93.79 94.06 95.81 96.56 96.88
Case III 90.09 91.02 92.78 95.01 96.17 96.81

l
=
k
–1 Case I 27.72 25.09 23.49 18.95 16.43 13.79

Case II 69.09 58.68 50.29 44.48 41.51 35.18
Case III 95.51 96.71 97.07 97.11 97.14 97.18

P (Gi) andP (Pi) in Eqn. (4.4), ER of an ESA can be given by:

ER = 1−
n
∏

i=2

(

1− 1

2
× 1

2l

)

= 1−
(

1− 1

2
× 1

2l

)(n−1)

(4.6)

Case II: It can be seen from Fig. 4.1 and Table 4.2 that for lower values of l (particularly, for

l < k/2), Eqn. (4.6) provides a good estimation of ER. However, forl > k/2, accuracy of Eqn.

(4.6) drops abruptly. This is partially due to the assumption that all sub-adders exhibit sameP (G)

which is practically not true [65, 79]. From our analysis, weobserve thatP (Gi) depends on the

number of least significant bits which are not included in SAi. Therefore,P (G) of each sub-adder

should be computed individually by taking into accountP (g) andP (p) at all the least significant bits
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Figure 4.2: ESA(12, 5, 3): A 12-bit ESA with k = 5 and l = 3. In this case,r = k − l = 2, h =
N − (k − l)⌈N−k

k−l
⌉ = 4 andn = ⌈N−k

k−l
⌉+ 1 = 5.

which are not included in that sub-adder, whereP (g) = 1/4 andP (p) = 1/2 represent the bit-wise

probability of carry generation and carry propagation, respectively. Letmi represents the number of

least significant bits which are not included in SAi. Now P (Gi) can be given as (1
4
) + (1

4
× 1

2
) +

(1
4
× 1

2
× 1

2
) ... =

∑mi−1
j=0 P (g)P (p)j. For the sake of illustration, consider an ESA(12, 5, 3), as shown

in Fig. 4.2. According to Case I,P (G2), P (G3), P (G4) andP (G5) are0.50. On the other hand, if

we computeP (Gi) by taking into accountP (g) andP (p) at all the least significant bits which are

not included in SAi, thenP (G2), P (G3), P (G4) andP (G5) are0.25, 0.4375, 0.4844 and0.4961,

respectively. It can be seen that according to Case I,P (Gi) = 0.50, whereas according to Case II,

0.25 ≤ P (Gi) ≤ 0.50. To be generalized,P (G) of SAi can be given by:

P (Gi) =

mi−1
∑

j=0

(

1

4
× 1

2j

)

=

h−l+r(i−2)
∑

j=0

(

1

4
× 1

2j

)

(4.7)

Substituting the value ofP (Gi) from Eqn. (4.7) into Eqn. (4.4), ER of an ESA can be given by:

ER = 1−
n
∏

i=2

(

1−
( h−l+r(i−2)

∑

j=0

(

1

4
× 1

2j

))

× 1

2l

)

(4.8)

Case III: As shown in Fig. 4.1 and Table 4.2, Eqn. (4.8) provides a better estimation of ER and

is valid for a wider range ofl as compared to Eqn. (4.6). However, forl ≫ k/2, Eqn. (4.8) also

fails. This is due to the assumption that all sub-adders are independent,i.e., P (G) of all sub-adders

are mutually exclusive which is practically not true [78]. Therefore, the right way to estimate ER of

an ESA is to computeP (G) of each sub-adder individually using the approach discussed in Case II

and then subtract the joint probability terms [78]. Although this approach estimates ER exactly, but
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its complexity increases exponentially with the number of sub-adders. This is because the number

of probability terms (which is given by
∑n−1

i=1

(

n−1
i

)

[78]) increases rapidly with the number of sub-

adders. Consequently, this approach can be used only forn ≤ 5 [78].

The above-discussed approach estimates ER exactly, but dueto its complexity, the generalized

derivation ofP (G) is not feasible (particularly, forn > 5). In order to make the analysis simple

while maintaining accuracy of the model at the same time, we computeP (G) empirically. In this

regard, we exhaustively simulate anN-bit ESA for all possible configurations forN = 1 to 12. We

then deriveP (G) in terms of primary design parametersk and l using the empirical approach. As

mentioned in Chapter 2, empirical approaches are generallybased on the information received by the

means of observation or experience of patterns and behaviorthrough experimentation. According to

our experimental observations,P (G) of SAi can be given by:

P (Gi) =
2k−l − 1

2k−l+1
=

2r − 1

2r+1
(4.9)

Substituting the value ofP (Gi) from Eqn. (4.9) into Eqn. (4.4), ER of an ESA can be given by:

ER = 1−
n
∏

i=2

(

1− 2r − 1

2r+1
× 1

2l

)

(4.10)

Summary: It can be seen from Fig. 4.1 and Table 4.2 that for lower valuesof l (particularly, for

l ≤ k/2), Eqn. (4.8) provides a better estimation of ER as compared to Eqn. (4.6) and Eqn. (4.10).

Consequently, forl ≤ k/2, Eqn. (4.8) is preferred for ER estimation. However, Eqn. (4.8) fails

for higher values ofl, and thus, it can not be used as a generalized model. In case ofESAs, for an

analytical model to be generalized, it should work for all possible configurations of anN-bit ESA.

Among all the above-discussed three cases, only Eqn. (4.10)provides an overall good estimation

of ER for all possible configurations of anN-bit ESA. Therefore, Eqn. (4.10) can be used as a

generalized model. In the rest of this Chapter, Eqn. (4.10) is referred as the proposed analytical

model of ER and the same is used for ER estimation.

Results of ER obtained from the proposed and existing analytical models as well as from sim-

ulations for a16-bit ESA as a function ofk and l are shown in Fig. 4.3. Further, accuracy of the

proposed and existing analytical models of ER for differentvalues ofN is tabulated in Table 4.3. It
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Figure 4.3: Analytical results (for the proposed and existing work) andsimulation results of ER of a16-bit
ESA for different configurations,i.e., different combinations ofk andl.

Table 4.3: Comparison of the proposed analytical model of ER with existing work.

ESAs
Bit-width (N )

8 12 16 20 24 28

l
=
0 Li [76] 84.63 79.33 75.84 73.64 73.39 72.04

Liu [77] 87.44 89.37 92.75 94.24 95.74 96.37
Proposed 89.59 92.11 93.84 94.71 95.98 96.49

l
=
k
/
2 ACA [65] 88.46 87.22 80.58 79.82 78.43 77.35

Li [76] 88.46 87.22 80.58 79.82 78.43 77.35
Liu [77] 68.38 80.17 87.08 93.16 94.02 94.72
Proposed 90.09 91.02 92.78 95.01 96.17 96.81

l
=
k
–1 Lu [63] 67.86 75.65 80.42 83.36 84.68 87.34

Li [76] 95.51 96.71 97.07 97.11 97.14 97.18
Proposed 95.51 96.71 97.07 97.11 97.14 97.18

can be seen from Fig. 4.3 and Table 4.3 that the proposed analytical model of ER is superior (or at

par) to the existing analytical models. Here as well as in therest of this Chapter, superior signifies

that the proposed analytical models estimate the design metrics more accurately as compared to the

existing analytical models. Further, the analytical models of ER discussed in [63, 65, 76, 77] are for

specific configurations, whereas the proposed analytical model is generalized.

4.1.1.2 ED Estimation

In ESAs, the least significant sub-adder always provides correct output. Therefore, ED of the

least significant sub-adder remains0. On the other hand, any other sub-adder can provide correct
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or incorrect output. If any other sub-adder (2 ≤ SAi ≤ n) provides correct output, then its ED is0,

otherwise its ED is equal to the weight ofCout from the previous sub-adder [85]. Accordingly, ED

of SAi can be given byTi × 2mi+l, whereTi = 0, if SAi provides correct output, otherwiseTi = 1.

Now, the overall ED of an ESA can be given by summing all individual EDs as:

ED =

n
∑

i=2

Ti × 2mi+l =

n
∑

i=2

Ti × 2h+r(i−2) (4.11)

SinceTi depends on input data, estimation of ED without the prior knowledge of input data is

not feasible. This is the only reason that no analytical model has been proposed till now for ED

estimation. However, in respect of ED, researchers/designers propose analytical models to estimate

other variants of ED, such as possible EDs [78,79] and EDmax [83].

Possible EDs:We know that in an ESA, error can occur in any sub-adder (except the least sig-

nificant sub-adder) individually as well as in multiple (let’s say,x) sub-adders simultaneously, where

2 ≤ x ≤ n. Error can occur inx sub-adders simultaneously only if there is no overlapping between

them [79, 85]. For the sake of illustration, consider an ESA(12, 5, 3), as shown in Fig. 4.2. As men-

tioned earlier, ED of SAi is equal to the weight ofCout from the previous sub-adder. Therefore, in

case of ESA shown in Fig. 4.2, possible EDs are24, 26, 28 and210 when error occurs in SA2, SA3,

SA4 and SA5 individually, respectively. Other possible EDs are when error occurs inx sub-adders

simultaneously, where2 ≤ x ≤ 5 in this case. It can be seen from Fig. 4.2 that only SA2 and SA5

are non-overlapping. Therefore, another possible ED is24 + 210 when error occurs in SA2 and SA5

simultaneously. Besides these, no other ED is possible in case of ESA(12, 5, 3). To be generalized,

possible EDs when error occurs in sub-adders individually can be given by:

EDs = 2h+r(i−2) (4.12)

where,2 ≤ i ≤ n. Further, other possible EDs are when error occurs inx sub-adders simultaneously.

These can be given by summing the EDs of sub-adders which do not overlapping with each other as:

EDs =

x
∑

i=1

EDi (4.13)

In order to realize the non-overlapping criteria, we exhaustively simulate anN-bit ESA for all
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Figure 4.4: Analytical results (for the proposed and existing work) andsimulation results of EDmax of a16-bit
ESA for different configurations,i.e., different combinations ofk andl.

possible configurations forN = 1 to 12. According to our experimental observations,x sub-adders

do not overlap with each other only if they are at a distance≥ d from each other, whered = ⌈ l/r⌉ +

1. The distance between two sub-adders SAi and SAj can be computed as|i− j|, wherei andj ≥ 2.

For example, consider an ESA(12, 5, 3), as shown in Fig. 4.2. In this case,d = 3. It can be seen from

Fig. 4.2 that only SA2 and SA5 are at a distance≥ d from each other. Consequently, SA2 and SA5

are non-overlapping, and thus, error can occur simultaneously in these two sub-adders only.

Maximum Possible ED: We know that EDmax of an ESA is dominated by the ED of the most

significant sub-adder. Therefore, EDmax of an ESA can be given by summing the EDs of all sub-

adders (starting from SAn toward SA2) which are at a distance equal tod from each other as:

EDmax = EDSAn + EDSAn−d
+ EDSAn−2d

+ ...

=

2
∑

i=n, −d

2h+r(i−2) (4.14)

Results of EDmax obtained from the proposed and existing analytical models as well as from

simulations for a16-bit ESA as a function ofk andl are shown in Fig. 4.4. From our analysis, we

observe that Eqn. (4.14) estimates EDmax exactly for any value ofN . This implies that accuracy

of the proposed analytical model of EDmax is 100%. On the other hand, accuracy of the analytical

model discussed in [83] is92.06%, 93.84%, 95.32%, 96.31%, 96.97% and97.44% for N = 8, 12, 16,
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20, 24 and28, respectively. Moreover, the analytical model of EDmax discussed in [83] is for specific

configurations, whereas the proposed analytical model is generalized.

4.1.1.3 MED and MSE Estimation

In addition to the ED and ER, other most widely used quality metrics are MED and MSE. The two

major reasons for selecting these quality metrics are: (i) Since MED encompasses the information of

both ED and ER, it can be considered a “common design objective” while designing an approximate

circuit; and (ii) Most of the multimedia applications are error-resilient and in these applications, MSE

is one of the most widely used quality metrics. Further, we know that MSE is inversely proportional

to PSNR, which is another consistently used quality metric in multimedia applications.

MED Estimation: As per Eqn. (1.3), MED of an ESA can be estimated exactly by summing

the product of all possible EDs and their respective probability of occurrences. However, estimation

of possible EDs when error occurs in multiple sub-adders simultaneously is complex. Therefore, in

order to make the analysis simple, we consider the cases whenerror occurs in sub-adders individually

and neglect the cases when error occurs in multiple sub-adders simultaneously. Considering this

assumption, MED of an ESA can be given using Eqn. (4.10) and Eqn. (4.12) as:

MED =
n
∑

i=2

2h+r(i−2)

(

2r − 1

2r+1
× 1

2l

)

(4.15)

MSE Estimation: Likewise MED estimation, MSE of an ESA can be given using Eqn.(4.10)

and Eqn. (4.12) as:

MSE =

n
∑

i=2

(2h+r(i−2))2
(

2r − 1

2r+1
× 1

2l

)

(4.16)

Results of MED and MSE obtained from the proposed and existing analytical models as well as

from simulations for a16-bit ESA as a function ofk andl are shown in Fig. 4.5 and Fig. 4.6. Further,

for different values ofN , accuracy of the proposed and existing analytical models ofMED is tabulated

in Table 4.4 and of MSE is tabulated in Table 4.5. It can be seenfrom Fig. 4.5, Fig. 4.6, Table 4.4

and Table 4.5 that the proposed analytical models of MED and MSE are superior (or at par) to the

existing analytical models. Moreover, the analytical models of MED and MSE discussed in [76, 77]

are for specific configurations, whereas the proposed analytical models are generalized.
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Figure 4.5: Analytical results (for the proposed and existing work) andsimulation results of MED of a16-bit
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Table 4.4: Comparison of the proposed analytical model of MED with existing work.

ESAs
Bit-width (N )

8 12 16 20 24 28

l
=
0 Li [76] 86.15 91.59 93.98 95.31 96.16 96.75

Liu [77] 86.15 91.59 93.98 95.31 96.16 96.75
Proposed 89.57 92.11 94.06 95.33 96.16 96.75

l
=
k
/
2 Li [76] 86.15 91.59 93.98 95.31 96.16 96.75

Liu [77] 86.15 91.59 93.98 95.31 96.16 96.75
Proposed 94.03 94.35 94.77 95.48 96.37 96.83

l
=
k
–1 Li [76] 86.15 91.59 93.98 95.31 96.16 96.75

Proposed 99.95 99.82 99.51 98.54 98.14 97.92
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Table 4.5: Comparison of the proposed analytical model of MSE with existing work.

ESAs
Bit-width (N )

8 12 16 20 24 28

l
=
0 Li [76] 83.18 87.04 90.17 92.26 93.64 94.61

Liu [77] 86.15 91.59 93.98 95.31 96.16 96.75
Proposed 83.30 87.04 90.17 92.26 93.64 94.61

l
=
k
/
2 Li [76] 94.75 96.91 97.76 98.08 98.56 98.63

Liu [77] 73.80 88.75 89.19 91.42 92.55 93.39
Proposed 95.35 97.00 97.76 98.08 98.56 98.63

l
=
k
–1 Li [76] 94.30 96.31 96.55 96.87 97.40 97.46

Proposed 96.58 97.43 97.57 97.66 97.70 97.86

4.1.2 Delay, Power and Area Estimation

Conventional adders are generally implemented using the architecture shown in Fig. 4.7. The

adder architecture (shown in Fig. 4.7) consists of three parts – PG block, carry block and sum block,

where PG stands for the propagate and generate. Note that PG block and sum block are identical for all

adders. Only different implementations of carry block differentiate between various adders. Different

implementations of carry block using the gray and black cells (shown in Fig. 4.8) can be found in any

standard text on VLSI design [6] or computer arithmetic [94]. Based on the implementation of carry

block, different adders have different delay, power and area. ESAs can be implemented using any of

these adder architectures. Here, it should be noted that accuracy (e.g., ED, ER, MED and MSE) of

an ESA does not depend on the architecture used to implement it, however, its delay, power and area

depend significantly. Therefore, the choice of a particulararchitecture depends only on delay, power

and area requirements of the applications. As mentioned in Chapter 1, in order to cover a wide range

of adders, we consider three types of architecture in our analysis.

4.1.2.1 Estimation Method

As discussed in Section 4.1, there are different levels of design abstraction in digital circuit design.

At each level of design abstraction, several delay, power and area estimation methods have been

proposed in the literature [6]. For complex circuits (e.g., KSA), the most commonly used method

is to measure delay in terms ofgate level depthand area in terms ofgate count. In this method,

the circuit is first modeled in terms of2-input basic gates. This means the circuit is seen as it is
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Figure 4.7: Generalized adder architecture of conventional adders [6].
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Figure 4.8: Gate level implementations: (a) Gray cell; and (b) Black cell.

constructed from2-input AND, OR, NAND and/or NOR gates only. Note that NOT gates of the

circuit are neglected in this method. Further, for the gatesof other types or the gates having more than

two inputs, they are expressed using their equivalent2-input basic gates. For example, a2-input XOR

gate can be seen as it is constructed from2 2-input AND gates and one2-input OR gate. According

to this method, gate level depth and gate count of PG block andsum block are shown in Fig. 4.7 and

of gray cell and black cell are shown in Fig. 4.8. Further, thenumber of logic levels, gray cells and

black cells required in the implementation of carry block inRCA, CIA and KSA architectures are
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Table 4.6: The number of logic levels, gray cells and black cells required in the implementation of carry block
in RCA, CIA and KSA architectures.

Adder Number of Number of Number of
Architectures Logic Levels Gray Cells Black Cells

RCA N − 1 N − 1 0

CIA N/4 + 2 N − 1 N − 5 #

KSA ⌈log2N⌉ N − 1 ⌈N(log2N − 2)⌉
#for N ≤ 4, the number of black cells required is0.

tabulated in Table 4.6. In further discussion on delay, power and area estimation of ESAs, we use the

data mentioned in Fig. 4.7, Fig. 4.8 and Table 4.6.

4.1.2.2 Delay Estimation

As mentioned earlier, PG block and sum block are identical for all adder architectures. Therefore,

irrespective of the adder architecture, PG block and sum block each have2 gate level depth. Unlike

PG block and sum block, gate level depth of carry block depends on the adder architecture. In case

of RCA architecture, carry block has (N − 1) logic levels, where each logic level consists of a gray

cell. A gray cell has2 gate level depth. Consequently, RCA has2 + 2(N − 1) + 2 = 2(N + 1) gate

level depth. On the other hand, in case of ESAs, all sub-adders operate in parallel. Therefore, gate

level depth of an ESA is equal to the gate level depth of ak-bit sub-adder. The gate level depth of a

k-bit sub-adder implemented using RCA architecture is2(k + 1). Accordingly, delay (D) of an ESA

implemented using RCA architecture can be given by:

D = 2Cd(k + 1) (4.17)

where,Cd is a technology dependent constant for delay. Similarly, wederive analytical models to

estimate delay of an ESA implemented using CIA and KSA architectures. The proposed analytical

models are tabulated in Table 4.7.

4.1.2.3 Area Estimation

Irrespective of the adder architecture, PG block has4N gate count and sum block has3N +2 gate

count. Unlike PG block and sum block, gate count of carry block depends on the adder architecture.
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Table 4.7: The proposed analytical models to estimate delay and area ofESAs implemented using RCA, CIA
and KSA architectures.

Adder
Delay of ESAs Area of ESAs

Architectures

RCA 2Cd(k + 1) Ca(7N + 2h+ 2(k − 1)
⌈

N−k
k−l

⌉

)

CIA Cd(k/2 + 8) Ca(7N + 5h− 15 + (5k − 17)
⌈

N−k
k−l

⌉

)#

KSA 2Cd(
⌈

log2k
⌉

+ 2) Ca(7N + 2h+ 3(
⌈

h(log2h− 2)
⌉

) + (2(k − 1) + 3(
⌈

k(log2k − 2)
⌉

))
⌈

N−k
k−l

⌉

)

#for k ≤ 4, area of an ESA implemented using CIA architecture is7N + 2h+ 2(k − 1)⌈N−k
k−l

⌉.

In case of RCA architecture, carry block consists of (N − 1) gray cells, where each gray cell has2

gate count. Consequently, RCA has7N + 2 + 2(N−1) = 9N gate count. On the other hand, an ESA

has⌈N−k
k−l

⌉+1 sub-adders. As shown in Fig. 1.6, the lower orderl bits of a sub-adder (except the least

significant sub-adder) are used to generate carry signals only. Therefore, an ESA can be considered

as it consists of a PG block, a sum block and⌈N−k
k−l

⌉+1 carry blocks, where the least significant carry

block is ofh-bit and the remaining⌈N−k
k−l

⌉ carry blocks are ofk-bit. Theh-bit carry block andk-bit

carry block implemented using RCA architecture consist of (h− 1) gray cells and (k − 1) gray cells,

respectively. Accordingly, area (A) of an ESA implemented using RCA architecture can be given by:

A = Ca

(

7N + 2h+ 2(k − 1)

⌈

N − k

k − l

⌉

)

(4.18)

where,Ca is a technology dependent constant for area. Similarly, we derive analytical models to

estimate area of an ESA implemented using CIA and KSA architectures. The proposed analytical

models are tabulated in Table 4.7.

4.1.2.4 Power Estimation

The total power consumption of a digital circuit mainly consists of two components: (i) Static

power consumption; and (ii) Dynamic power consumption. We know that the dynamic power con-

sumption is given byαCoutV
2
DDfclk, whereα, Cout, VDD andfclk are the switching activity factor,

output capacitance, supply voltage and clock frequency, respectively. At a fixed clock frequency, the

dynamic power consumption with voltage scaling is proportional to the capacitance andV 2
DD. Further,

capacitance is proportional to area and cell delay is proportional to1/(VDD − Vth)
β, whereVth is the

threshold voltage andβ is the velocity saturation index. Consideringβ = 2 andVth ≪ VDD, V 2
DD is
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roughly proportional to 1/(cell delay). Since the product of cell delay and path depth is constant at a

fixed clock frequency, cell delay is proportional to 1/(pathdepth). Consequently,V 2
DD is proportional

to path depth. In summary, at a fixed clock frequency, the dynamic power consumption with voltage

scaling of a digital circuit is roughly proportional to its area and path depth [65]. In our analysis,

we measure area in terms of gate count and path depth in terms of gate level depth. Consequently,

at a fixed clock frequency, the dynamic power consumption (Pd) with voltage scaling of an ESA

implemented using RCA architecture can be given using Eqn. (4.17) and Eqn. (4.18) as:

Pd = 2Cpd

(

(k + 1)

(

7N + 2h+ 2(k − 1)

⌈

N − k

k − l

⌉)

)

(4.19)

where,Cpd is a technology dependent constant for dynamic power consumption. Further, we know

that the static power consumption of a digital circuit is proportional to its area [65]. As mentioned

above, in our analysis, we measure area in terms of gate count. Consequently, the static power con-

sumption (Ps) of an ESA implemented using RCA architecture can be given using Eqn. (4.18) as:

Ps = Cps

(

7N + 2h+ 2(k − 1)

⌈

N − k

k − l

⌉

)

(4.20)

where,Cps is a technology dependent constant for static power consumption. Now the total power

consumption (P ) of an ESA implemented using RCA architecture can be given bythe sum of Eqn.

(4.19) and Eqn. (4.20). Similarly, using Table 4.7, we derive analytical models to estimate static,

dynamic and total power consumptions of an ESA implemented using CIA and KSA architectures.

4.1.2.5 Model Validation

In Section 4.1.1, we validate the proposed analytical models of accuracy (EDmax, ER, MED and

MSE) by comparing them with simulation results as well as with existing work. However, as men-

tioned earlier, no favorable work has been proposed till nowon analytical modeling of delay, power

and area of ESAs. Therefore, in order to validate the proposed analytical models of delay, power and

area, we compare them with simulation results only. For assessing the simulation results of delay,

power and area, we design different configurations (k = 2, 4, 6 ... N − 2 for l = 0, k/2 andk − 1)

of N-bit ESAs usingMentor Graphics Tanner schematic capture[103]. We then extract netlists from
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schematics and simulate the extracted netlists usingSynopsys HSPICE circuit simulator[104] with

PTM 32nm model files [105]. While designing the schematics, we size all the transistors using the

method oflogical effort [15]. According to logical effort, transistors of a logic gate are sized to

achieve the unit resistance,i.e., pullup transistors and pulldown transistors should have the same con-

ductance. Further, in order to make the analysis simple, we neglect delay, power and area imposed by

interconnects. Here, it should be noted that from simulations, we have delay, power and area in terms

of ps, µW andµm2, respectively, whereas from analytical models, we have delay, power and area

in terms ofCd, Cp andCa, respectively, whereCp = Cpd + Cps is a technology dependent constant

for total power consumption. Note that these constants varywith foundry, process, technology node,

size of logic gates, etc. Therefore, knowing the actual value of these constants (prior fabrication) is

not feasible. In such a scenario, researchers/designers determine these constants approximately using

different methods. We know that2-input NAND gate forms the basis for most practical digital cir-

cuits. Therefore, the simplest method to determine these constants is to consider delay of a2-input

NAND gate asCd, power consumption of a2-input NAND gate asCp and area of a2-input NAND

gate asCa. In our analysis, we also determineCd, Cp andCa using the same method. In this regard,

we design a2-input NAND gate according to the method oflogical effort usingMentor Graphics

Tanner schematic capture. We then extract netlist from schematic and simulate the extracted netlist

usingSynopsys HSPICE circuit simulatorwith PTM 32nm model files. While simulating the netlist,

we assume that the NAND gate derives a load capacitance equalto the input capacitance of a unit

standard CMOS inverter. Further, while evaluating the area, we neglect area imposed by intercon-

nects and extract only layout area of the NAND gate from HSPICE netlist. As per our simulation

results, delay, power and area of the NAND gate are12.14ps, 9.24µW and0.70µm2, respectively.

Consequently,Cd = 12.14ps, Cp = 9.24µW andCa = 0.70µm2. For the sake of illustration, con-

sider an ESA(8, 2, 0) implemented using RCA architecture. From the proposed analytical models,

we have delay, power and area of the above-mentioned ESA as6Cd, 462Cp and66Ca, respectively.

Now substituting the value ofCd, Cp andCa, we have delay as72.84ps, power as4268.88µW and

area as46.20µm2. On the other hand, from simulations, we have delay, power and area as76.84ps,

4649.67µW and49.96µm2, respectively. Therefore, in case of ESA(8, 2, 0) implemented using RCA
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Table 4.8: Accuracy (in %) of the proposed analytical models of delay, power and area.

ESAs
Delay Power Area

N = 8 N = 16 N = 32 N = 8 N = 16 N = 32 N = 8 N = 16 N = 32

R
C

A l = 0 93.92 93.84 93.55 90.27 90.12 89.80 91.88 91.73 91.53
l = k/2 93.46 93.29 93.04 89.61 89.44 89.11 91.44 91.31 91.09
l = k − 1 92.91 92.78 92.53 88.97 88.84 88.50 90.93 90.85 90.61

C
IA

l = 0 92.41 92.23 91.96 88.34 88.22 87.85 90.52 90.37 90.07
l = k/2 91.78 91.67 91.41 87.73 87.49 87.08 89.95 89.81 89.58
l = k − 1 91.30 91.11 90.83 86.93 86.72 86.45 89.44 89.35 89.02

K
S

A l = 0 90.72 90.58 90.24 86.25 86.08 85.70 88.85 88.73 88.49
l = k/2 90.13 90.02 89.72 85.57 85.37 84.96 88.36 88.21 87.94
l = k − 1 89.57 89.49 89.28 84.84 84.65 84.31 87.78 87.70 87.42

architecture, accuracy of the proposed analytical model ofdelay is(72.84/76.84)× 100 = 94.79%,

power is(4268.88/4649.67)× 100 = 91.81% and area is(46.20/49.96)× 100 = 92.47%. Similarly,

we determine analytical results and simulation results of delay, power and area of different configura-

tions (k = 2, 4, 6 ... N−2 for l = 0, k/2 andk−1) of N-bit ESAs implemented using RCA, CIA and

KSA architectures. We then compute accuracy of the proposedanalytical models of delay, power and

area as per Eqn. (4.5). ForN = 8, 16 and32, accuracy of the proposed analytical models is tabulated

in Table 4.8. It can be seen from Table 4.8 that analytical results of delay, power and area are in

good agreement with simulation results. From our analysis,we observe that the difference between

analytical results and simulation results is basically dueto two main reasons: (i) In analytical models,

we neglect NOT gates, whereas our simulation results are forcomplete circuit including NOT gates;

and (ii) Since we are not aware about the actual values ofCd, Cp andCa, we consider approximate

values of these technology dependent constants.

4.1.3 Important Observations

The design metrics, such as accuracy, delay, power and area of an N-bit ESA depend on the

primary design parametersk andl. However, these design metrics have unalike behavior withk and

l. Based on the above-discussed analytical models and simulation results, some of our important

observations regarding the behavior of these design metrics are as follows.

(i) The delay-accuracy trade-off of an ESA depends onk only. The accuracy (e.g., ED, ER, MED
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and MSE) of an ESA improves withk. However, ask increases, delay benefits (such as, in-

creasing the clock frequency and reducing the supply voltage) decline.

(ii) The power-accuracy and area-accuracy trade-offs of anESA depend on bothk and l. The

number of sub-adders required in the implementation of an ESA decreases withk, whereas size

of the sub-adders increases withk. Due to this conflict, area of an ESA may increase/decrease

with k. On the other hand, power of an ESA always increases withk. Further, for a fixedk, the

number of sub-adders required in the implementation of an ESA increases withl. Therefore,

for a fixedk, both power and area of an ESA increase withl.

(iii) We know that all the quality metrics, such as ED, ER, MEDand MSE of an ESA depend onk

andl. However, unlike in case ofk, where all these quality metrics decrease withk; in case ofl,

these quality metrics have contradictory behavior. For a fixedk, ER of an ESA decreases with

l, whereas its ED and MSE increase withl. Further, for a fixedk, MED of an ESA does not

change withl. This is because with increase inl, ER of an ESA decreases, but its ED increases

by the same ratio. Consequently, MED of an ESA is independentof l.

(iv) For a fixedk, an ESA withl = 0 provides the lowest ED and withl = k − 1, it provides the

lowest ER. Therefore, ESAs withl = 0 are considered as ED-optimal and ESAs withl = k−1

are considered as ER-optimal. On the other hand, ESAs withl = k/2 provide trade-off between

ED and ER to smooth the overall error characteristics.

4.2 Optimization

In error-resilient applications, the final output need not be fully precise, rather approximate out-

put is equally acceptable. However, for an approximate output to be acceptable, it must satisfy the

accuracy requirements of the applications, where accuracyis measured in terms of quality metrics,

such as ED, ER, MED and MSE. We know that in anN-bit ESA, there exist multiple (more than one)

configurations which exhibit similar accuracy (see Table 1.2). However, these configurations exhibit

different delay, power and area. Therefore, for a given accuracy, the configurations which provide

minimal delay, power and/or area need to be known apriori forefficient, intelligent and goal oriented
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implementations of ESAs. Note that finding the optimal configurations is a constrained optimiza-

tion problem,i.e., minimize or maximize objective functions in the presence of constraints. Based

on the requirements of the applications, there can be four types of optimization: (i) Single-objective

optimization subjected to single constraint; (ii) Single-objective optimization subjected to multiple

constraints; (iii) Multi-objective optimization subjected to single constraint; and (iv) Multi-objective

optimization subjected to multiple constraints.

4.2.1 Objective Functions and Constraints

Objective functions and constraints depend on the applications. Based on the applications, objec-

tive function can be delay, power and/or area. For example, our objective: (i) In high-performance

applications is to minimize delay; (ii) In low-power applications is to minimize power; and (iii) In

area-constrained applications is to minimize area. Further, constraints can be either soft or hard.

Hard constraints must be satisfied at any cost, whereas soft constraints should be satisfied, but may

be violated. As mentioned earlier, in approximate computing paradigm, an approximate output is

acceptable only if it satisfies the accuracy requirements ofthe applications. Researchers/designers

introduce several quality metrics to characterize the accuracy of the applications [1, 62, 65, 74, 75]. It

has been observed that in case of approximate arithmetic circuits, the combination of ED, ER, MED

and MSE is sufficient to evaluate the overall accuracy [76, 78]. Therefore, in our analysis, we con-

sider ED, ER, MED and/or MSE as the hard constraints. Now based on the combinations of objective

functions (delay, power and/or area) and constraints (ED, ER, MED and/or MSE), several cases of

optimization are possible. Using the combination formula,
∑3

i=1

(

3
i

)

×
∑4

j=1

(

4
j

)

= 105 cases of

optimization per adder architecture are possible. Since weconsider three types of adder architecture

(RCA, CIA and KSA) in our analysis, overall315 cases of optimization are possible. For the sake

of demonstration, we consider9 cases of optimization in this thesis – single-objective optimization

(delay, power or area) subjected to single constraint (PR).However, the proposed approach can be

customized/extended for the remaining cases of optimization also.
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4.2.2 Optimization Framework

In single-objective optimization (delay, power or area) subjected to single constraint (PR), our

objective is to find the optimal configurations of anN-bit ESA which provide minimal delay, power

or area for a given PR. In this regard, our optimization framework is as follows.

(i) Using the proposed analytical models discussed in Section 4.1, we first determine delay, power

and area surfacesw.r.t. PR of allN(N − 1)/2 possible configurations of anN-bit ESA as a

function of k and l. Such results for a32-bit ESA implemented using RCA, CIA and KSA

architectures are shown in Fig. 4.9, Fig. 4.10 and Fig. 4.11,respectively.

(ii) We then define search space by specifying the constrainton PR as PR≥ threshold value. By

doing so, we are shortlisting the qualifying configurationswhich satisfy the accuracy (PR)

requirements of the applications. Note that in this case, the number of qualifying configurations

is inversely proportional to the threshold value of PR.

(iii) Now we execute search operations within the search space (defined in point (ii)) to find the

optimal configurations. Theses optimal configurations exhibit minimal delay, power and area

while satisfying PR requirements of the applications at thesame time.

(iv) The search operations (mentioned in point (iii)) can beexecuted exhaustively or heuristically.

Here, exhaustive search means all configurations within thesearch space need to be searched.

On the other hand, heuristic search means only some random configurations within the search

space need to be searched using heuristic algorithms.

(v) We know that anN-bit ESA hasN(N − 1)/2 configurations. Depending on the constraint

on PR, some of these configurations (defined as the qualifyingconfigurations) exist within

the search space and the remaining configurations (defined asthe disqualifying configurations)

exist out of the search space. Let’s assume that for a given constraint on PR,x% configurations

qualify and exist within the search space. Now in case of exhaustive search, we need to search

N(N−1)
2

× x
100

configurations. It can be seen that the number of configurations which need to

be searched increases quadratically withN and linearly withx. For example, forx = 50%,
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Figure 4.9: Delay, power and area surfaces with respect to PR of a32-bit ESA implemented using RCA
architecture as a function ofk andl: (a) Delay; (b) Power; and (c) Area.
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Figure 4.10: Delay, power and area surfaces with respect to PR of a32-bit ESA implemented using CIA
architecture as a function ofk andl: (a) Delay; (b) Power; and (c) Area.
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Figure 4.11: Delay, power and area surfaces with respect to PR of a32-bit ESA implemented using KSA
architecture as a function ofk andl: (a) Delay; (b) Power; and (c) Area.

we need to search60, 248, 1008, 4064 and16320 configurations forN = 16, 32, 64, 128 and

256, respectively. As a result, for smaller values ofN (particularly, forN ≤ 32), search can be

executed exhaustively. However, for higher values ofN (particularly, forN ≥ 64), exhaustive
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search becomes infeasible due to programming efforts, time-consuming simulations, etc. In

such conditions, researchers/designers generally employheuristic search.

4.2.3 Results and Discussion

The above-discussed optimization steps can be collectively defined as the constrained optimiza-

tion. Over the decades, several nature-inspired heuristicalgorithms have been proposed in the litera-

ture for constrained optimization [92]. For the sake of demonstration, we use RFD heuristic algorithm.

RFD heuristic algorithm is based on the formation of rivers by water drops. As compared to other

heuristic algorithms, RFD requires longer time to convergeto a solution, but it provides a better qual-

ity of solutions. The detailed theory and working of RFD heuristic algorithm can be found in [112].

Note that heuristic algorithms do not guarantee for the bestoptimal solution every time. Therefore,

repeated simulations need to be executed to find the best optimal solution.

Our search results of minimal delay, power and area subjected to PR≥ 0.90 for a 32-bit ESA

implemented using RCA architecture for different iterations are shown in Fig. 4.12. The correspond-

ing optimal configurations,i.e., values ofk andl are also shown in Fig. 4.12. As mentioned earlier,

exhaustive search can be used forN ≤ 32, however, we use heuristic algorithm even for a32-bit ESA

to demonstrate its effectiveness. It can be seen from Fig. 4.12 that in this case, minimal delay is16Cd

at k = 7 andl = 6, minimal power is7056Cp at k = 9 andl = 5, and minimal area is292Ca at k

= 18 andl = 3. Similarly, we search for the optimal configurations subjected to different constraint

on PR. Our search results for a32-bit ESA implemented using RCA, CIA and KSA architectures

are tabulated in Table 4.9, Table 4.10 and Table 4.11, respectively. Note that these search results are

in terms of technology dependent constantsCd, Cp andCa. As discussed in Section 4.1.2.5, for a

particular technology, the approximate values of these constants can be determined by designing and

simulating a2-input NAND gate. Accordingly, the real values of minimal delay, power and area can

be assessed by multiplying withCd, Cp andCa, respectively.

In a similar fashion, using the proposed optimization framework, designers can find the optimal

configurations of anN-bit ESA which provide minimal delay, power and/or area for agiven ED, ER,

MED and/or MSE. This enables designers for efficient, intelligent and goal oriented implementations
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Figure 4.12: Search results for minimal delay, power and area subjected to PR≥ 0.90 of a32-bit ESA imple-
mented using RCA architecture for different iterations: (a) Delay; (b) Power; and (c) Area. Here, left y-axis
shows minimal delay, power and area, and right y-axis shows the corresponding optimal configurations.
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Table 4.9: Minimal delay, power and area (and corresponding optimal configurations) with different constraint
on PR of a32-bit ESA implemented using RCA architecture.

Constraints Dmin (k, l) Pmin (k, l) Amin (k, l)

PR≥ 0.90 16Cd (7, 6) 7056Cp (9, 5) 292Ca (18, 3)
PR≥ 0.91 18Cd (8, 6) 7056Cp (9, 5) 292Ca (18, 3)
PR≥ 0.92 18Cd (8, 6) 7544Cp (10, 5) 292Ca (18, 3)
PR≥ 0.93 18Cd (8, 6) 7728Cp (9, 6) 292Ca (18, 3)
PR≥ 0.94 18Cd (8, 6) 7728Cp (9, 6) 294Ca (18, 4)
PR≥ 0.95 18Cd (8, 6) 8004Cp (10, 6) 294Ca (18, 4)
PR≥ 0.96 20Cd (9, 7) 8450Cp (11, 6) 294Ca (18, 4)
PR≥ 0.97 20Cd (9, 7) 8832Cp (10, 7) 296Ca (19, 5)
PR≥ 0.98 22Cd (10, 8) 9072Cp (12, 7) 296Ca (19, 5)
PR≥ 0.99 24Cd (11, 9) 9666Cp (12, 8) 298Ca (19, 6)

Table 4.10:Minimal delay, power and area (and corresponding optimal configurations) with different constraint
on PR of a32-bit ESA implemented using CIA architecture.

Constraints Dmin (k, l) Pmin (k, l) Amin (k, l)

PR≥ 0.90 11.5Cd (7, 6) 5481Cp (11, 4) 367Ca (18, 3)
PR≥ 0.91 12Cd (8, 6) 5629.5Cp (9, 5) 367Ca (18, 3)
PR≥ 0.92 12Cd (8, 6) 5726Cp (10, 5) 367Ca (18, 3)
PR≥ 0.93 12Cd (8, 6) 5814.5Cp (11, 5) 367Ca (18, 3)
PR≥ 0.94 12Cd (8, 6) 5895Cp (12, 5) 372Ca (18, 4)
PR≥ 0.95 12Cd (8, 7) 5895Cp (12, 5) 372Ca (18, 4)
PR≥ 0.96 12.5Cd (9, 7) 6160Cp (14, 5) 372Ca (18, 4)
PR≥ 0.97 12.5Cd (9, 8) 6324Cp (13, 6) 377Ca (19, 5)
PR≥ 0.98 13Cd (10, 8) 6517.5Cp (15, 6) 377Ca (19, 5)
PR≥ 0.99 13.5Cd (11, 9) 6885Cp (16, 7) 382Ca (19, 6)

Table 4.11:Minimal delay, power and area (and corresponding optimal configurations) with different constraint
on PR of a32-bit ESA implemented using KSA architecture.

Constraints Dmin (k, l) Pmin (k, l) Amin (k, l)

PR≥ 0.90 10Cd (7, 6) 6630Cp (11, 4) 510Ca (11, 4)
PR≥ 0.91 10Cd (8, 6) 6708Cp (14, 4) 516Ca (14, 4)
PR≥ 0.92 10Cd (8, 6) 6708Cp (14, 4) 516Ca (14, 4)
PR≥ 0.93 10Cd (8, 6) 6708Cp (14, 4) 516Ca (14, 4)
PR≥ 0.94 10Cd (8, 7) 6994Cp (14, 5) 531Ca (19, 4)
PR≥ 0.95 10Cd (8, 7) 6994Cp (14, 5) 531Ca (19, 4)
PR≥ 0.96 12Cd (9, 7) 6994Cp (14, 5) 531Ca (19, 4)
PR≥ 0.97 12Cd (9, 8) 7280Cp (15, 6) 545Ca (19, 5)
PR≥ 0.98 12Cd (10, 8) 7280Cp (15, 6) 545Ca (19, 5)
PR≥ 0.99 12Cd (11, 9) 7566Cp (16, 7) 556Ca (19, 6)
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of ESAs. Further, based on Table 4.9, Table 4.10 and Table 4.11, some of our important observations

regarding the optimization of ESAs are as follows.

(i) The search results tabulated in Table 4.9, Table 4.10 andTable 4.11 also provide insights into

32-bit ESA implemented using the adder architectures which exhibit delay, power and area

similar to RCA, CIA and KSA architectures, respectively. For example,Sklansky Adder(SA)

andKnowles Adder(KA) architectures have similar delay as the KSA architecture, andBrent-

Kung Adder(BKA) architecture has similar area as the CIA architecture[6]. Therefore, search

results of minimal delay tabulated in Table 4.11 are moderately valid for the ESA implemented

using SA and KA architectures, and search results of minimalarea tabulated in Table 4.10 are

moderately valid for the ESA implemented using BKA architecture.

(ii) It can be seen from Table 4.9, Table 4.10 and Table 4.11 that for a given constraint on PR:

(a) ESA designed using KSA architecture provides minimum delay; (b) ESA designed using

CIA architecture provides minimum power; and (c) ESA designed using RCA architecture pro-

vides minimum area. Consequently, it is preferred to designESAs using KSA, CIA and RCA

architecture for high-performance, low-power and area-constrained applications, respectively.

4.3 Accuracy Enhancement

As mentioned earlier, in approximate computing paradigm (where the circuits provide approxi-

mate results), accuracy is also a concern in addition to the conventional design metrics, such as delay,

power and area. In such a scenario, researchers/designers use accuracy-effort curves for evaluating

the effectiveness of approximate circuits. Note that accuracy-effort curves describe the relationship

between the accuracy we can achieve and the efforts we need topay in return. In case of approximate

arithmetic circuits, accuracy is measured in terms of quality metrics (ED, ER, MED and MSE) and

efforts are measured in terms of delay, power and area. Therefore, accuracy-effort curves evaluate

– how much optimal delay-accuracy, power-accuracy and area-accuracy trade-offs an approximate

arithmetic circuit can provide. Fig. 4.13 shows the accuracy-effort curves of32-bit ESA as a function

of k and l, where accuracy is measured in terms of PR and effort is measured in terms of delay in
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Figure 4.13: Accuracy-effort curves of32-bit ESA (implemented using RCA architecture) as a functionof k
and l: (a) PR versus delay; and (b) PR versus power. Here, the markers/points in curves correspond to the
values ofk as2, 4, 6 ... 32 from left to right.

Fig. 4.13(a) and in terms of power in Fig. 4.13(b). It can be seen from Fig. 4.13 that there is a scope

of improvement in accuracy-effort curves of ESAs. The accuracy-effort curves of ESAs need to be

improved so that their accuracy degrade in a graceful manner, and consequently, they provide more

optimal delay-accuracy, power-accuracy and area-accuracy trade-offs. The accuracy-effort curves of

ESAs can be improved either: (i) By improving the accuracy without imposing any additional delay,

power and area overheads; or (ii) By reducing the delay, power and area without loosing accuracy.

We achieve our objective using the former approach.
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Figure 4.14: Generalized architecture ofN -bit ESAs in which sub-adders are disjoint (i.e., l = 0): (a) Original
ESA; and corresponding (b) Modified ESA.

4.3.1 Proposed Modifications

In existing ESAs [12, 14, 61–73],Cin of all sub-adders is considered as0. The objective behind

this consideration is to limit the length of carry propagation tok-bit by securingCin of sub-adders to

be independent ofCout of previous sub-adders. We achieve the same objective in a different way. Our

modification steps are: (i) Design an AFA in such a way thatCout is independent ofCin; (ii) Replace

the most significant FA in all sub-adders (except the left most sub-adder) with AFA; and (iii) Feed

Cout of AFAs to theCin of next sub-adders. We re-design existing ESAs using the above-mentioned

three steps. For the ease of illustration, original ESA in which sub-adders are disjoint (i.e., l = 0)

is shown in Fig. 4.14(a) and the corresponding modified ESA isshown in Fig. 4.14(b). Note that in

modified ESAs, the length of carry propagation is still limited tok-bit asCout of AFAs is independent

of Cin. But now, as compared to the original ESAs (in which accuracydepends onk andl), accuracy

of modified ESAs depends on the AFA used also. In this way, we introduce a third parameter (i.e.,

AFA) which determines accuracy of the modified ESAs.

As discussed in Section 4.1.1.1, according to our experimental observations,0.25 ≤ P (Gi) ≤
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0.50 in original ESAs, whereP (Gi) represents the probability ofCin of SAi to be incorrect. On

the other hand, in case of modified ESAs,P (G) depends on the AFA used. Note that this AFA has

design constraint thatCout should be independent ofCin. In a FA, to secureCout independent of

Cin, Cout should be either0, 1 or a Boolean function of primary inputsA andB only. In such a

scenario,16 AFAs are possible (see Table 3.2). Among all these16 AFAs, only AFA#3 and AFA#4

are optimal in terms of accuracy, delay, power and area. Therefore, if modified ESAs are designed

using AFA#3 or AFA#4, then modified ESAs can provide higher accuracy without imposing any

additional delay, power and area overheads. Consequently,modified ESAs designed using AFA#3 or

AFA#4 can provide better accuracy-effort curves and more optimal delay-accuracy, power-accuracy

and area-accuracy trade-offs as compared to the original ESAs.

In summary, in original ESAs,Cin of all sub-adders is considered as0. In other words, it can be

assumed that in original ESAs, all sub-adders (except the left most sub-adder) generate a0-constant

carry and this carry is feed to the next sub-adder. The probability of this 0-constant carry to be correct

is 0.50−0.75. On the other hand, in modified ESAs, instead of using0-constant carry, we use AFA#3

or AFA#4 at the most significant bit of sub-adders to generatea random carry whose probability to be

correct is0.75 (see Table 3.2). Consequently, in modified ESAs, the probability of Cin of sub-adders

to be correct is higher than that in case of original ESAs without imposing any additional overhead.

4.3.2 Results and Discussion

The absolute difference (in %) between the PR of32-bit modified ESA and original ESA as a

function of k and l is tabulated in Table 4.12. While designing an ESA, firstk is decided based

on delay requirements and thenl is decided based on accuracy requirements of the applications.

Generally,k is greater thanlog2N [94] and less thanlog2N + 12 [61]. Therefore, in Table 4.12, we

include results only for5 < k < 17. It can be seen from Table 4.12 that: (i) Modified ESAs provide

higher PR than the original ESAs; (ii) The improvement in PR depends onk and l; and (iii) The

proposed approach provides a maximum improvement in PR of31.25%.

Further, Fig. 4.15 shows the accuracy-effort curves of32-bit original ESAs and modified ESAs,

where accuracy is measured in terms of PR and effort is measured in terms of delay in Fig. 4.15(a) and
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Table 4.12:Absolute difference (in %) between the PR of32-bit modified ESAs and original ESAs.

k
l

0 1 2 3 4 5 6 7 8 9 10 11 12

6 20.61 27.08 24.38 19.20 15.30 15.15 — — — — — — —
7 25.39 27.56 21.12 16.42 11.63 8.819 8.484 — — — — — —
8 29.68 26.97 18.62 12.90 8.328 5.755 4.394 4.381 — — — — —
9 29.68 24.80 18.62 10.82 7.106 4.419 2.999 2.269 2.174 — — — —
10 29.68 24.80 15.41 10.82 5.821 3.726 2.275 1.531 1.058 1.057 — — —
11 31.25 24.80 15.41 8.517 4.470 3.016 1.907 1.154 0.677 0.533 0.508 — —
12 31.25 20.31 11.32 8.517 4.470 2.289 1.535 0.774 0.485 0.340 0.243 0.243 —
13 31.25 20.31 11.32 5.957 4.470 2.289 1.158 0.774 0.388 0.243 0.171 0.121 0.115
14 31.25 20.31 11.32 5.957 3.051 1.544 0.776 0.582 0.292 0.146 0.097 0.061 0.054
15 31.25 20.31 11.32 5.957 3.051 1.544 0.776 0.582 0.292 0.146 0.097 0.060 0.036
16 25.00 20.31 11.32 5.957 3.051 1.544 0.776 0.389 0.195 0.146 0.073 0.048 0.024

in terms of power in Fig. 4.15(b). It can be seen from Fig. 4.15that modified ESAs provide better

accuracy-effort curves as compared to the original ESAs. With improved accuracy-effort curves,

modified ESAs provide more optimal PDAA trade-off than original ESAs. Accordingly, as compared

to the original ESAs: (i) For a given delay and power, modifiedESAs provide higher PR; or (ii) For

a given PR, modified ESAs provide lower delay and power. Another very important feature of the

proposed approach is that it provides a significant reduction in hardware complexity. As discussed in

Section 4.1.3, for a givenk, area of anN-bit ESA increases withl. For a givenk, modified ESAs

can provide same PR as that of original ESAs with lower valuesof l. Consequently, for a given PR,

implementation of modified ESAs require less area than the original ESAs.

4.3.3 Delay and Power Improvements

Throughout the discussion, we claim that the proposed approach improves accuracy of existing

ESAs keeping the delay, power and area intact. However, the proposed approach also provides im-

provements in delay and power when ESAs are used with an EDC logic to detect errors and correct

them accordingly. As shown in Fig. 2.8, EDL detects error andECL corrects them. Here, we explain

briefly how the proposed approach provides improvements in delay and power when modified ESAs

are used for designing the ACAs and VLSAs. As shown in Fig. 2.8, ACAs and VLSAs are augmented

with an EF which activates or deactivates ECL. The EF signal activates ECL when ESA provides in-
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Figure 4.15: Accuracy-effort curves of32-bit original ESAs and modified ESAs as a function ofk andl: (a)
PR versus delay; and (b) PR versus power. Here, the markers/points in curves correspond to the values ofk as
2, 4, 6 ... 32 from left to right.

correct result. If the ESA provides correct result, then EF signal deactivates ECL. Consequently, an

ACA/VLSA takes one clock cycle when ESA provides correct result and takes two clock cycles when

ESA provides incorrect result. We know that PR of an ESA represents the probability of output to be

correct. Accordingly, average delay (Davg) of an ACA/VLSA can be given by:

Davg = (PR×DESA) + ((1− PR)× (DESA +DECL))

= DESA +DECL − (PR×DECL) (4.21)
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where,DESA andDECL are the delays of ESA and ECL, respectively. Further, as discussed in Chapter

2, power gatingis one of the most effective approaches used to reduce the power consumption of

digital circuits [97]. In this approach, power consumptionis reduced by shutting off the current to

the circuit blocks that are not in use. In ACAs and VLSAs also,EF signal shuts off the ECL block

when it is not in use [65]. Therefore, similar to Eqn. (4.21),average power consumption (Pavg) of an

ACA/VLSA can be given by:

Pavg = (PR× PESA) + ((1− PR)× (PESA + PECL))

= PESA + PECL − (PR× PECL) (4.22)

where,PESA andPECL are the power consumptions of ESA and ECL, respectively. It is pretty visible

from Eqn. (4.21) and Eqn. (4.22) that delay and power of an ACA/VLSA decrease with PR. As

discussed earlier, modified ESAs provide higher PR than the original ESAs. Consequently, ACAs

and VLSAs designed using the modified ESAs provide lower delay and power as compared to those

designed using the original ESAs. Here, it should be noted that improvements in delay and power

depend onk and l as the improvement in PR (due to the proposed approach) depends onk and l.

Further, improvements in delay and power also depend on the ECL.

4.3.4 Multimedia Applications

ESAs are generally used forN ≥ 32. ForN ≤ 16, these are less effective. In order to evaluate the

effectiveness of the proposed approach in the worst-case scenario, we choose multimedia applications

which use adders ofN ≤ 16. One such multimedia application is to find the absolute difference of

two images. Absolute difference and its variants, such asSum of Absolute Differences(SAD) and

Mean of Absolute Differences(MAD) are used for a variety of purposes in multimedia applications,

including object recognition, generation of disparity maps for stereo images, motion estimation for

video compression, etc. [113]. As mentioned in Section 3.5.3, for evaluating the effectiveness of dig-

ital image processing approaches, several standard test images have been introduced in the literature

as benchmark [90]. Among all existing test images, Lena picture is the most widely used standard

test image. We also use the same Lena picture as benchmark. Further, we know that there are two
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.16: Image processing results: (a) Original Lena image; (b) Noisy Lena image; and absolute difference
images generated using: (c) Original ESA withk = 2; (d) Original ESA withk = 4; (e) Original ESA with
k = 6; (f) Modified ESA withk = 2; (g) Modified ESA withk = 4; and (h) Modified ESA withk = 6. Note
that all the image processing results presented here are forl = k/2.

principle methods of evaluating the image quality [91]: (i)Subjective; and (ii) Objective. In order

to have a fair assessment of image quality, we evaluate output images both subjectively as well as

objectively. Our image processing framework is as follows.

(i) We first generate a noisy Lena image by applying Sobel filter to the original Lena image. The

original and noisy Lena images are shown in Fig. 4.16(a) and Fig. 4.16(b), respectively.

(ii) We then compute the absolute difference between the original and noisy Lena images using8-

bit approximate absolute difference units. We implement approximate absolute difference units

by replacing the8-bit accurate adder (used in conventional absolute difference unit [114]) with

8-bit original ESAs and modified ESAs for different values ofk andl.

(iii) We compare the absolute difference images generated using original ESAs and modified ESAs

based on both subjective and objective methods. For objective assessment, we use three most

widely used IQA metrics: (i) MSE; (ii) PSNR; and (iii) SSIM.
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Table 4.13: IQA metrics of the absolute difference images shown in Fig. 4.16.

Quality Metrics
Original ESAs Modified ESAs

k = 2 k = 4 k = 6 k = 2 k = 4 k = 6

MSE 2.63E+3 731.887 98.1931 1.82E+3 373.318 74.2734
PSNR 11.9922 19.8461 27.2106 15.4822 22.4104 29.9108
SSIM 0.19975 0.60952 0.86207 0.37958 0.74941 0.91709

Fig. 4.16(c) – Fig. 4.16(h) show the absolute difference images generated using8-bit original

ESAs and modified ESAs as a function ofk for l = k/2. It can be subjectively visualized from Fig.

4.16(c) – Fig. 4.16(h) that the absolute difference images generated using modified ESAs are more

precise as compared to the absolute difference images generated using original ESAs. Further, for

the sake of objective assessment, our simulation results ofIQA metrics are tabulated in Table 4.13.

It can be seen from Table 4.13 that modified ESAs provide better IQA metrics (i.e., lower MSE,

and higher PSNR and SSIM) than original ESAs. It is clear fromFig. 4.16 and Table 4.13 that in

DSP applications, use of modified ESAs provides more precisefinal outputs (both subjectively and

objectively) than the use of original ESAs. Consequently, modified ESAs preferred over original

ESAs while designing digital circuits for current/future error-resilient applications.

4.4 Summary

ESA is the most widely used approach for designing the approximate adders, accuracy config-

urable adders and variable latency speculative adders. In this Chapter, we proposed analytical models

to estimate accuracy (ED, ER, MED and MSE), delay, power and area of ESAs. To the best of our

knowledge, we the first time proposed analytical models to estimate delay, power and area of ESAs

considering different adder architectures. Further, the key features of the proposed analytical models

of ED, ER, MED and MSE are that: (i) They are generalized,i.e., work for all possible configurations

of anN-bit ESA; and (ii) They are superior (or at par) to the existing analytical models. The pro-

posed analytical models can assist designers for estimating the design metrics of any configuration of

anN-bit ESA more accurately without going for the programming efforts and time-consuming simu-

lations. From the proposed analytical models, we observed that in anN-bit ESA, there exist multiple
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(more than one) configurations which exhibit similar accuracy. However, these configurations exhibit

different delay, power and area. Therefore, for a given accuracy, to apriori select the optimal con-

figurations which provide minimal delay, power and/or area is a challenging decision for designers.

We presented an optimization framework that can assist designers in making such important deci-

sions early in the design phase of ESAs. This enables designers for efficient, intelligent and goal

oriented implementations of ESAs. We demonstrated the proposed optimization framework using

RFD heuristic algorithm. Although we demonstrated single-objective optimization (delay, power or

area) subjected to single constraint (PR), the proposed approach can be customized/extended for the

other cases of optimization. Further, we know that accuracyof an ESA does not depend on the adder

architecture used to implement it, however, its delay, power and area depend significantly. Therefore,

the optimal configurations vary with adder architectures used to implement the ESA. In our analysis,

we considered three types of architecture. However, due to similar behavior/structure, our analysis

implicitly provides fair insights into a wide range of adders.

Further, from the proposed analytical models, we observed that there is a scope of improvement in

accuracy-effort curves of ESAs. The accuracy-effort curves of ESAs need to be improved so that they

provide optimal delay-accuracy, power-accuracy and area-accuracy trade-offs. Intended to improve

the accuracy-effort curves of ESAs, we proposed modifications. The crux of the proposed modifica-

tions is that the probability ofCin of sub-adders to be correct in original ESAs is0.50−0.75, whereas

in case of modified ESAs, it is0.75 without imposing any additional delay, power and area overheads.

With this improvement, modified ESAs provide better accuracy-effort curves and more optimal trade-

offs. Accordingly, as compared to the original ESAs: (i) Fora given accuracy, modified ESAs provide

lower delay, power and area; or (ii) For a given delay, power and area, modified ESAs provide higher

accuracy. In addition to the accuracy enhancement, the proposed approach also provides improve-

ments in delay and power when modified ESAs are used for designing the ACAs/VLSAs. In order

to evaluate the effectiveness of the proposed approach in real-life applications, we processed Lena

image using original ESAs and modified ESAs. Our image processing results showed that the output

images processed using modified ESAs are more precise (both subjectively and objectively) than the

output images processed using original ESAs. As a whole, modified ESAs are more efficient (in terms
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of accuracy, delay, power and area) than the original ESAs.

In Chapter 3, we have discussed the proposed work on AFAs and this Chapter, we have discussed

the proposed work on ESAs. Now these approximate adders needto be explored. In the next Chapter,

we examine the effectiveness of approximate adders in cryptography applications, yield enhancement

and designing other approximate arithmetic operations.
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Over the past decade, most of the research work on approximate adders have demonstrated their

effectiveness in multimedia applications. In Chapter 3 andChapter 4, we also evaluate the effective-

ness of AFAs and ESAs in two different image processing applications. However, it has been observed

that a very high degree of error-resilience is prevalent in abroad spectrum of applications [8,100,101].

Therefore, the applicability of approximate adders need tobe explored for state-of-the-art applica-

tions. In addition to the delay and power benefits, approximate adders can also be used to address

various technology/design related issues, such as yield enhancement. Further, we know that in binary

arithmetic, all basic operations, such as addition, subtraction, multiplication and division use adders

as the key components. Therefore, approximate adders can beused as the basic building blocks for

designing other approximate arithmetic operations [87–89].

In this Chapter, we explore the feasibility of approximate adders in cryptography applications,

yield enhancement and designing other approximate arithmetic operations. We know that the over-

all delay, power and area of SHA-1 are determined by modular-32 adders. In order to examine the

effectiveness of approximate adders in cryptography applications, we design an approximate SHA-1

(ApproxSHA-1) using approximate modular-32 adders. Further, we explore the effectiveness of ap-

proximate adders for yield enhancement based on the observation that approximate data path modules

can improve the functional yield and parametric yield due todecrease in area and delay, respectively.

We also propose analytical models to estimate the yield of approximate arithmetic circuits. More-

over, MAC unit is the heart of real-time multimedia applications. As MAC unit lies in the critical

path, it determines the overall delay, power and area of multimedia systems. In order to improve

the efficiency of multimedia systems, we present an approximate MAC unit (ApproxMAC) which

exploits approximate hybrid redundant adder as the basic building blocks. For evaluating the effec-

tiveness of the proposed approach in real-life applications, we demonstrate Lena image processing

using ApproxMAC unit. In the end, we summarize the Chapter.

The rest of this Chapter is organized as follows. Section 5.1presents the approximate SHA-1 and

its test results. Section 5.2 provides the analytical models to estimate the yield of approximate arith-

metic circuits and evaluates the effectiveness of approximate adder for yield enhancement. Section

5.3 discusses the approximate MAC unit and its results. Finally, Section 5.4 concludes the Chapter.
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5.1 Cryptography Applications

Over the past decades, CMOS technology scaling has been the primary key for continuous progress

of semiconductor industry. However, as discussed in Chapter 1, we are now in a phase where CMOS

technology scaling is becoming less and less effective at improving the system capability. On the other

hand, today every kind of businesses is using E-commerce to sustain in the market. In2017, retail

E-commerce sales worldwide amounted to2.3 trillion US dollars and E-retail revenues are projected

to grow to4.88 trillion US dollars in2021 [115]. The simultaneous demand of secured E-commerce

along with limitations of CMOS technology scaling motivated us to evaluate the effectiveness of ap-

proximate computing in cryptography applications. Hash functions play an important role in today’s

E-commerce as they are the basic building blocks of securityapplications [93]. While designing a

hash function, designers do not aim for the golden outputs, rather they aim for a set of random outputs

with some specific properties for a correlated set of inputs.Therefore, the intermediate computations

in conventional hash functions can be executed approximately subjected to the output sets fulfill the

hash function criteria. Since SHA-1 is one of the most widelyused cryptographic hash functions and

has many future aspects, we consider the same in our analysis.

5.1.1 Conventional SHA-1

SHA-1 takes a64-bit message (M) as input and produces a160-bit hash value known as message

digest (H). As shown in Algorithm 1, SHA-1 consists of the following steps.

(i) Variables initialization: Initialize variables as:h0 = 0x67452301, h1 = 0xEFCDAB89,

h2 = 0x98BADCFE, h3 = 0x10325476 andh4 = 0xC3D2E1F0.

(i) Pre-processing: If message length is multiple of8 bits, then append1 to the message by

adding0x80. Now appendk 0s such that the resulting message length in bits is congruent to

−64 ≡ 448 (mod 512), where0 ≤ k < 512. AppendM , the original message as a64-bit

length. Thus, the total message length is multiple of512 bits.
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Algorithm 1: Conventional SHA-1
1: Input : M
2: Output : H
3: Variables initialization:

h0 = 0x67452301, h1 = 0xEFCDAB89, h2 = 0x98BADCFE, h3 = 0x10325476 and
h4 = 0xC3D2E1F0.

4: Pre-processing:
Do proper appending so that the total message length is multiple of512 bits.

5: Chunks formation:
Break message into512-bit chunks.

6: for each chunkXi do
7: for 0 ≤ j ≤ 79 do
8: if 0 ≤ j ≤ 15 then
9: wj = break the chunkXi into 16 32-bits words;

10: else if16 ≤ j ≤ 79 then
11: wj = LS1[wj−3 XOR wj−8 XORwj−14 XORwj−16];
12: end if
13: Hash initialization:
14: a = h0, b = h1, c = h2, d = h3, ande = h4;
15: Procerssing:
16: if 0 ≤ j ≤ 19 then
17: f = (b AND c) OR (B AND D);
18: k = 0x5A827999;
19: else if20 ≤ j ≤ 39 then
20: f = b XOR c XOR d;
21: k = 0x6ED9EBA1;
22: else if40 ≤ j ≤ 59 then
23: f =(b AND c) OR (b AND d) OR (c AND d);
24: k = 0x8F1BBCDC;
25: else if60 ≤ j ≤ 79 then
26: f = b XOR c XOR d;
27: k = 0xCA62C1D6;
28: end if
29: temp = LS5(a) + f + e+ k + wj;
30: e = d;
31: d = c;
32: c = LS30(b);
33: b = a;
34: a = temp;
35: end for
36: h0 = h0 + a;
37: h1 = h1 + b;
38: h2 = h2 + c;
39: h3 = h3 + d;
40: h4 = h4 + e;
41: end for
42: H = {h0, h1, h2, h3, h4};
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Figure 5.1: Block diagram of processing block of SHA-1.

(ii) Chunks formation: Break message into512-bit chunks. For each chunk, break it into16 32-bit

wordsw[j] for 0 ≤ j ≤ 15. Extend the16 32-bit words into80 32-bit words using Eqn. (5.1).

wj = LS1[wj−3 ⊕ wj−8 ⊕ wj−14 ⊕ wj−16] for 16 ≤ j ≤ 79 (5.1)

(iii) Hash initialization : Initialize hash value to five variables for every chunk as:a = h0, b = h1,

c = h2, d = h3 ande = h4.

(iv) Processing: This is the main loop of SHA-1 which determines the overall complexity. As

shown in Fig. 5.1, the processing block has80 rounds,i.e., for every chunk, the elementary

block of processing block (see Fig. 5.2) gets executed80 times.
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Figure 5.2: Block diagram of elementary block of processing block.

5.1.2 Approximate SHA-1

The elementary block (see Fig. 5.1) gets executed80 times for every chunk, and thus, it can be

considered as the basic building block of SHA-1. As shown in Fig. 5.2, it consists of a non-linear

function, two shifters and four modular-32 adders. Note that the four modular-32 adders are connected

in series. Further, as mentioned earlier, these gets executed80 times for every chunk. Therefore, the

overall delay, power and area of SHA-1 are determined by modular-32 adders. In order to examine

the effectiveness of approximate adders in cryptography applications, we replace the conventional

modular-32 adders with approximate modular-32 adders. We call the resulting approximate SHA-1

as “ApproxSHA-1”. For the sake of demonstration, we use ApproxADD (discussed in Chapter 3)

because in cryptography applications, each output bit has same weight, and thus, the number of in-

correct bits matters irrespective of their positions. Since we are computing allN-bit operations using

AFAs, this is known as full approximation. This full approximation in cryptography applications leads

to better delay, power and area benefits as compared to the multimedia applications. Note that full

approximation is not feasible in multimedia applications because in multimedia applications, higher

order bits have more weight as compared to the lower order bits. Consequently, impact of errors in

higher order bits is more severe than the errors in lower order bits.

120

TH-2052_136102004



5.1 Cryptography Applications

Pass
= N       − 1Napp app

= 80appApproximate SHA−1 for N

Pass

Collision Resistance Check

No

No

No

Yes

Yes

Yes

Pass

Mobius

Maurer’s
Test

Test

Avalanche
Test

Figure 5.3: Testing approximate SHA-1 and findingNappmax .

5.1.3 Maximum Approximation

The approximation level in cryptography applications is decided by a set of tests which deter-

mines whether the approximate hash function is cryptographic or not. In other words, there is a set

of properties which should be fulfilled by the approximate hash function to be cryptographic. In or-

der to determine the maximum level of approximation in SHA-1, we use two types of elementary

blocks: (i) Accurate block, which consists of conventionalmodular-32 adders; and (ii) Approximate

block, which consists of approximate modular-32 adders. We compute firstNapp rounds using ap-

proximate block and the next (80−Napp) rounds using accurate block. Consequently, in approximate

hash functions, the approximation level increases withNapp. For evaluating the maximum possible

approximation level, we test ApproxSHA-1 forNapp = 80 and then decreaseNapp till the resulting

output sets fulfill all cryptographic hash function criteria. Therefore, the maximum value ofNapp

which fulfills all cryptographic hash function criteria isNappmax.

5.1.4 Results and Discussion

A cryptographic hash function must satisfy three criteria:(i) Pre-image resistance; (ii) Second

pre-image resistance; and (iii) Collision resistance. Forexamining all these criteria, the commonly

used four tests are: (i) Avalanche test; (ii) Maurer’s universal statistical test; (iii) Statistical Mo-

bius analysis; and (iv) Near collision test. As shown in Fig.5.3, we conduct three tests sequen-

tially. If ApproxSHA-1 passes current test, then only we conduct the next test; otherwise, we re-

duce the approximation level (i.e., value ofNapp) and re-run the test. In this way, we findNappmax
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Table 5.1: Implementation results on Virtex-6 FPGA.

Design Parameters Conventional SHA-1 ApproxSHA-1

Number of occupied slices 686 506
Maximum clock frequency (MHz) 98 300
Throughput (Mbps) 628 1921
Total power consumption (W ) 3.57 3.60

for ApproxSHA-1 which passes all tests. For testing ApproxSHA-1 over cryptographic hash func-

tion criteria, we simulate it for one billion messages in C/C++. From our analysis, we observe that

ApproxSHA-1 passes all these three tests with all80 rounds approximated. In the end, we evaluate

ApproxSHA-1 for its collision resistance quality. Further, we implement conventional SHA-1 and

ApproxSHA-1 on Virtex-6 Field Programmable Gate Arrays(FPGA). Our implementation results

are tabulated in Table 5.1. It can be seen from Table 5.1 that almost for similar power consumption,

ApproxSHA-1 provides3.12× speedup. Further, to the best of our knowledge, this is the first time

that throughput of a SHA-1 reaches≈ 2Gbps without pipeline.

5.2 Yield Enhancement

With continued innovations in the fabrication process steps, CMOS technology is moving toward

finer geometries, exhibiting higher performance, higher energy efficiency and lower silicon area per

computation [116]. Consequently, the ongoing complexity of CMOS integrated circuits,i.e., tran-

sistor count has reached up to billions. However, with the relentless scaling of CMOS technology

in sub-nanometer regime, chip yield has become a matter of concern for the semiconductor industry

due to the fact that profits are tied directly to the yield [9].Though researchers are thinking about the

post-CMOS technologies, however, as shown in Fig. 1.2, there appears to be no alternate technology

that can replaceEnd-of-RoadmapCMOS over the next2− 3 decades [7].

In such a scenario, researchers exploit the inherent error-resilience of applications and introduce

the concept ofthreshold testing[16, 117–119]. In traditional testing, a normal set of test vectors is

applied to aChip Under Test(CUT) and the responses are compared with those expected from a

fault-free circuit. Thus, traditional testing has capability only to classify chips as either perfect,i.e.,
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without any error-producing defect or imperfect,i.e., those that have one or more error-producing

defects. In traditional testing, since every imperfect chip is discarded, yield measured in terms of

perfect chips is decreasing drastically (see Fig. 1.4). However, as shown in Fig. 5.4 and Fig. 5.5,

for error-resilient applications, imperfect chips may still be used, provided the errors are of certain

types and their severities are within application-specified threshold, where the application-specified

threshold is characterized in terms of quality metrics. Researchers/designers exploit threshold testing

to identify such acceptable chips. As shown in Fig. 5.4, for CUTs that do not match the exact
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response, the response of the CUT is used to perform diagnosis to separate the acceptable chips

from the bad chips. In this diagnostic step, all possible sets of faults (Sf ) in each imperfect chip are

identified. Further, if all possible sets of faults meet the criteria of application-specified threshold,

then the chip is considered as acceptable for that application.

If defects that produce error within application-specifiedthreshold are acceptable, then we can

exploit this opportunity during hardware design to improvethe chip yield. Accordingly, we explore

the effectiveness of approximate adders for yield improvement based on the observation that approxi-

mate data path modules can improve the functional and parametric yields due to decrease in area and

delay, respectively [1]. We discuss the proposed approachw.r.t. approximate adders, however, the

proposed approach can be customized for any data path module.

5.2.1 Yield Models

Under manufacturing yield model [17], the total chip yield (Y ) is represented by the product

of functional yield (Yfunc) and parametric yield (Ypara), i.e., Y = Yfunc × Ypara. The functional

yield loss (1 − Yfunc) is associated with spot defects and occurs when there is shorts or opens in the

chip. Highly localized spot defects are the predominant source that characterize the area dependency

nature of functional yield. Let’s assumeA represents the active area of the device andD represents

the average density of spot defects. Now the probability of achip to be perfect can be given by:

Pperfect = e−nAD (5.2)

where,n is the total number of devices in the chip. Since the value ofD varies from chip to chip,

the average functional yield must be summed over all the chips. Consideringf(D) as a normalized

distribution function of chips in defect densities, Murphy[120] predicts the functional yield as:

Yfunc =

∫

∞

0

e−nAD f(D) dD (5.3)

In Eqn. (5.3), only perfect chips are considered. However, as discussed earlier, in threshold test-

ing, chips with defects that produce error within application-specified threshold should also be taken

into consideration. Let’s assumeγ is the probability of defects that produce error within application-

124

TH-2052_136102004



5.2 Yield Enhancement

0.
62

5

1.
25

1.
87

5

2.
5

3.
12

5

3.
75

4.
37

5 5

5.
62

5

6.
25

6.
87

5

8.
12

5

7.
5

8.
75

9.
37

5

10

R
el

at
iv

e 
P

ro
ba

bi
lit

y

Defect Size in Microns

Figure 5.6: Defect size distribution [17].

specified threshold. Now the probability of a chip to be acceptable can be given by:

Pacceptable = γnADe−nAD (5.4)

We know that faults in digital circuits/systems are just another source of errors. Analogically,

an approximate adder can be considered equivalent to an accurate adder with defects. Further, since

approximate adders are designed for a targeted application-specified threshold,γ = 1. Accordingly,

the functional yield in approximate computing paradigm canbe given by:

Yfuncapprox =

∫

∞

0

(e−nAD + γnADe−nAD) f(D) dD (5.5)

The functional yield depends not only on the defect density,but it also on the defect size dis-

tribution. Researches/designers model the distribution of defect sizes using different mathematical

functions. For the sake of simplicity, the most widely accepted distribution is the exponential distri-

bution (see Fig. 5.6). Assumingf(D) = e−D/D0

D0
(whereD0 is a technology dependent parameter),

the functional yield in approximate computing paradigm canbe given as:

Yfuncapprox =
1

1 + nAD0
+

nAD0

(1 + nAD0)2
(5.6)

On the other hand, parametric yield is the percentage of functionally correct chips that meet the

design specifications, such as delay and power. The parametric yield loss (1 − Ypara) is associated

with process parameter variations and occurs when there is an unacceptable mismatch between the

intended and obtained design specifications. As shown in Fig. 5.7, while estimating the parametric
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yield, we assume that: (i)Critical Path Delay(CPD) is normally distributed [121]; and (ii) Chip

having any data path module with delay higher thanMaximum Allowed Delay(MAD) is rejected.

In such a scenario, area under the curve on the left of MAD in Fig. 5.7 represents the parametric

yield. Further, for assessing the shaded region in Fig. 5.7 (which represents the parametric yield

improvement due to decrease in delay), we describe the parametric yield as:

Ypara =

∫ MAD

−∞

CPD(t) dt

=

∫ MAD

−∞

1

σ
√
2π

e−
(t−µ)2

2σ2 dt

=
1

2

(

1 + erf

(

MAD − µ

σ
√
2

)

)

(5.7)

where,µ andσ are the mean and standard deviation of the critical path delay distribution in the

original data path module, respectively. Similarly, ifµapprox is the mean of the critical path delay dis-

tribution in the re-designed approximate module, then the parametric yield in approximate computing

paradigm can be given by:

Yparaapprox =
1

2

(

1 + erf

(

MAD − µapprox

σ
√
2

)

)

(5.8)
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Figure 5.8: Yield improvements for a16-bit RCA: (a) Functional yield improvement due to decrease in silicon
area; and (b) Parametric yield improvement due to decrease in critical path delay.

5.2.2 Results and Discussion

Using Eqn. (5.3) and Eqn. (5.5), Fig. 5.8(a) shows the functional yield improvement for a16-bit

RCA due to decrease in silicon area. Similarly, using Eqn. (5.7) and Eqn. (5.8), Fig. 5.8(b) shows the

parametric yield improvement for a16-bit RCA due to decrease in critical path delay. In32nm CMOS

technology,3σ variations can be as worst as54% of the mean of critical path delay distribution [116].

Therefore, while estimating the parametric yield improvement (Fig. 5.8(b)), we considerσ = 18%.

We then extract the functional yield and parametric yield improvements due to decrease in silicon

area and critical path delay from Fig. 5.8(a) and Fig. 5.8(b), respectively.
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Figure 5.9: Yield improvements for16-bit ApproxADDv1 and ApproxADDv2.

Our results of the effective yield improvement for the proposed16-bit ApproxADDv1 and Approx-

ADDv2 (discussed in Chapter 3) for different values ofk are shown in Fig. 5.9. While plotting Fig.

5.9, the functional and parametric yield improvements due to decrease in silicon area and critical path

delay are extracted from Fig. 5.8. It can be seen from Fig. 5.9that16-bit ApproxADDv1 improves

the chip yield by89.63%, 74.44% and52.63%; and16-bit ApproxADDv2 improves the chip yield by

79.08%, 65.81% and43.72% for k = 6, 8 and10, respectively. The negative values in Fig. 5.9 show

the functional yield loss due to increase in silicon area imposed by EDC logic. However, the overall

yield improvement is still satisfactory. One important observation from Fig. 5.9 is – in sub-nanometer

regime, parametric yield improvement due to decrease in delay is more important than the functional

yield improvement due to decrease in silicon area.

5.3 MAC Unit

MAC units are extensively used in DSP processors. As tabulated in Table 5.2, CEVA-XC family

of DSP processors has reached128 (16×16)-bit and32 (32×32)-bit MAC units [18]. This continuous

increase in bit-width and the number of MAC units motivated us to explore approximate adders for the

optimization of MAC unit. Binary MAC unit consists of multiplication and accumulation. We know

that multiplication is performed by summing the partial products. Binary partial products summation

imposes inherent carry propagation. On the other hand, redundant number system eliminates the carry

propagation, however, it requires complex redundant manipulations and additional binary-redundant-
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Table 5.2: CEVA-XC family of DSP processors [18].

DSP Number of MAC Units Bandwidth SoC
Processors 16× 16 32× 32 (in bits) Integration

CEVA-XC4100 16 4 512 AMBA3-FIC
CEVA-XC4110 32 8 512 AMBA3-FIC
CEVA-XC4200 32 8 1024 AMBA3-FIC
CEVA-XC4210 64 16 1024 AMBA3-FIC
CEVA-XC4400 64 16 2048 AMBA4-FIC
CEVA-XC4410 128 32 2048 AMBA4-FIC

binary converters. Therefore, we considerhybrid redundant number systemin which one operand

is in binary number system and the another operand is in redundant number system. The three key

advantages of the MAC unit designed using hybrid redundant number system are: (i) Carry-free

addition, leading to lesser delay and lesser number of pipelining latches; (ii) Reduced latency of the

MAC operation from2N to N , whereN is the bit-width; and (iii) Since binary bit set is a subset of

the redundant bit set, no binary-redundant converter is required.

5.3.1 Hybrid Redundant Adder

A MAC unit computesA = A + (B × C). It consists of three operations: (i) Multiply two

numbers; (ii) Add the product with an accumulator; and (iii)Store the results in the accumulator. As

mentioned earlier, multiplication is performed by summingthe partial products. Therefore, at micro-

architecture level of abstraction, adders can be treated asthe basic building blocks of MAC units.

Consider the addition operationS = X + Y , whereS andX are in redundant number system andY

is in binary number system. The binary number system allows{0, 1} bit set, whereas the redundant

number system allows{−1, 0, +1} bit set. The value of a redundant bitX is given by the difference

of two bits used to encode it,i.e., X = X+ −X−, whereX+, X− ∈ {0, 1} andX ∈ {−1, 0, +1}.

For example, ifX+ = 0 andX− = 0, thenX = 0; if X+ = 0 andX− = 1, thenX = −1; if X+ = 1

andX− = 0, thenX = +1; and ifX+ = 1 andX− = 1, thenX = 0.

The above-mentioned coding scheme can be implemented usinga generalized type-1 adder. The

truth table of a hybrid redundant adder is shown in Fig. 5.10(a), whereX+
i , X−

i andYi are the

inputs, andS−

i andS+
i+1 are the outputs. Note that hybrid redundant adder adds a binary bit Yi with a
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redundant bitXi, whereXi = X+
i −X−

i . The final sum bitSi is given by the difference of two bits

S+
i andS−

i with the initial conditions ofS+
0 = 0 andS−

N = 0.

5.3.2 Proposed Approach

In hybrid redundant adder, the overall delay, power and areais dominated by the implementation

of S+
i+1 = X−

iYi + X+
i X

−

i + X+
i Yi. In order to improve the efficiency of hybrid redundant adder,

we manipulate the Boolean function ofS+
i+1. Fig. 5.10(c) shows the modified K-map along with

the indication of entry changed fromX+
iX−

iYi to X+
i X

−

i Y i. The motivation behind this change is

the observation that by moving1 fromX+
iX−

iYi toX+
i X

−

i Y i yields a significant reduction in logic

complexity. For approximate hybrid redundant adder,S−

i remains the same,i.e., S−

i = X+
i ⊕X−

i ⊕Yi,

whereasS+
i+1 simply reproduce the redundant encoded inputX+

i , i.e., S+
i+1 = X+

i .

Now we designN-bit approximate hybrid redundant adder and (N × N)-bit approximate hybrid

redundant multiplier using the above-discussed1-bit approximate hybrid redundant adder. As dis-

cussed in Chapter in 3, in arithmetic operations, impact of errors in higher order bits is more severe

as compared to the errors in lower order bits. Therefore, we perform higher orderk-bit operations

accurately using conventional hybrid redundant adder and lower order (N −k)-bit operations approx-

imately using the proposed approximate hybrid redundant adder. We exploit theseN-bit approximate

hybrid redundant adder and (N × N)-bit approximate hybrid redundant multiplier for designing the

approximate hybrid redundant MAC unit which we call as “ApproxMAC”.
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Figure 5.11: Block diagram of the proposed hybrid redundant ApproxMAC unit.

5.3.3 ApproxMAC Unit

The block diagram of the proposed ApproxMAC unit is shown in Fig. 5.11. ApproxMAC unit

computes the approximate product of two numbers and adds theresults approximately with the con-

tents of an accumulator,i.e., A ≈ A+(B×C). It has a multiplier and a multiplicand registers to store

the inputsB andC, respectively. As shown in the inset of Fig. 5.11, the ApproxMAC unit exploits

a dedicated approximate hybrid redundant array multiplierto perform the multiplication operation.

Next, an approximate hybrid redundant adder is used to computeA + (B × C). In order to maintain

the consistency with hybrid redundant operations (i.e., one of the operand should be in binary num-

ber system while the another operand should be in redundant number system), the output is converted

back to the binary number system using a redundant-to-binary converter. Finally, an accumulator

register is used to store the output for the next MAC operation.
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Table 5.3: Comparison of (32 × 32)-bit ApproxMAC unit with binary and hybrid redundant MAC units.

Design Metrics
Binary Hybrid redundant ApproxMAC

MAC unit MAC unit k = 56 k = 48 k = 40 k = 32 k = 24 k = 16

Delay (ns) 69.774 14.841 13.762 12.781 11.464 10.114 9.721 8.609
Power (mW ) 6.921 18.072 16.308 13.625 10.869 7.237 4.341 1.017
Area (µm2) 7158.78 8109.37 8064.07 7837.55 7475.12 6976.78 6342.53 5617.67
MED 0.0000 0.0000 -5.8E+1 -1.8E+2 -3.8E+3 -1.5E+4 -5.2E+6 -1.3E+8
ACCamp (avg.) 1.0000 1.0000 1.00001 1.00001 1.00001 1.00001 1.00016 1.02449
ACCinf (avg.) 1.0000 1.0000 0.9602 0.8885 0.8209 0.7558 0.6968 0.6190

5.3.4 Results and Discussion

In order to evaluate the proposed approach over quality metrics, we implement (32 × 32)-bit

ApproxMAC unit with different values ofk in C/C++. We simulate each configuration individually

for one billion pseudo-random inputs drawn from a sample space between0 and2N − 1. Further, for

assessing the delay, power and area, we design (32 × 32)-bit ApproxMAC unit with different values

of k usingMentor Graphics Tanner schematic capture[103]. We extract netlists from schematics

and simulate the extracted netlists usingSynopsys HSPICE circuit simulator[104] with PTM 32nm

model files [105]. Our simulation results are tabulated in Table 5.3. It can be seen from Table 5.3 that

ask decreases, the improvements in delay, power and area increase. However, fork < 32, quality

metrics start degrading. ApproxMAC unit withk = 32 improves delay by85.50% and31.85%, power

by −4.56% and59.95%, and area by2.54% and13.96% w.r.t. binary and hybrid redundant MAC

units, respectively. As both hybrid redundant MAC unit and the proposed ApproxMAC unit render

a carry-free addition, a marginal speedup is reportedw.r.t. hybrid redundant MAC unit. However,

as intended, ApproxMAC unit provides a significant improvements in power and areaw.r.t. hybrid

redundant MAC unit. Further, the overall performance,i.e., PDAP of ApproxMAC unit is much

better than binary and hybrid redundant MAC units. Note thatAccmag > 1 and negative MEDs in

Table 5.3 shows that ApproxMAC unit overestimates the outputs.

Further, in order to inspect the effectiveness of the proposed approach in real-life applications,

we replace the conventional (32 × 32)-bit MAC unit in DCT and IDCT modules with (32 × 32)-

bit ApproxMAC unit. Fig. 5.12 shows the output images after performing DCT and IDCT using
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(a) (b) (c) (d)

Figure 5.12: Image processing results using (32 × 32)-bit ApproxMAC with: (a) k = 48; (b) k = 40; (c)
k = 32; and (d)k = 24.

(32 × 32)-bit ApproxMAC unit with different values ofk. It can be seen from Fig. 5.12 that for

k ≥ 32, visual quality loss to the output images is negligible. However, fork ≤ 24, there is severe

degradation in the image quality which is not favourable.

5.4 Summary

In this Chapter, we explored the effectiveness of approximate adders in cryptography applications,

yield enhancement and designing other approximate arithmetic operations. SHA-1 is the most widely

used cryptographic hash function and has many future aspects. The basic building block of SHA-1 has

four modular-32 adders connected in series and it gets executed80 times for every chunk. Therefore,

the overall delay, power and area of SHA-1 are determined by modular-32 adders. In order to examine

the effectiveness of approximate adders in cryptography applications, we replaced the conventional

modular-32 adders with approximate modular-32 adders. We called the resulting approximate SHA-

1 as “ApproxSHA-1”. Our simulation results showed that ApproxSHA-1 fulfills all cryptographic

hash function criteria. Further, almost for similar power consumption, ApproxSHA-1 provides≈ 3×

speedup as compared to the conventional SHA-1. To the best ofour knowledge, this is the first time

that throughput of a SHA-1 reaches≈ 2Gbps without pipeline.

Further, with the relentless scaling of CMOS technology, chip yield has become a matter of con-

cern for the semiconductor industry due to the fact that profits are tied directly to the yield. We pro-

posed analytical models to estimate the functional yield and parametric yield of approximate circuits.

From the proposed analytical models, we observed that approximate data path modules can improve
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the functional and parametric yields due to decrease in areaand delay, respectively. We demonstrated

this in respect to ApproxADDs. Our simulation results showed that16-bit ApproxADDv1 improves

the chip yield by89.63%, 74.44% and52.63%; and16-bit ApproxADDv2 improves the chip yield by

79.08%, 65.81% and43.72% for k = 6, 8 and10, respectively.

We know that adders are the basic building blocks of all arithmetic operations. Therefore, approx-

imate adders can further be utilized to design other approximate arithmetic operations. In this regard,

we designed an approximate hybrid redundant MAC (ApproxMAC) unit using approximate hybrid

redundant adders. We considered hybrid redundant number system as it has several advantages. Our

results showed that the overall performance,i.e., PDAP of ApproxMAC unit is much better than the

binary and hybrid redundant MAC units. We demonstrated the likelihood of ApproxMAC unit in

real-life applications through an image processing application.

In Chapter 3 and Chapter 4, we have evaluated the effectiveness of approximate adders in two

different image processing applications. In this Chapter,we have examined the effectiveness of ap-

proximate adders in cryptography applications, yield enhancement and designing other approximate

arithmetic operations. In the next Chapter, we conclude this thesis and discusses some very important

design challenges and future aspects of approximate adders.
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In recent years, the concept of approximate computing is gaining prominence [23–30]. The key

motivation behind approximate computing is theerror-resilient applications[8, 30, 53–55]. Due to

the property of error-resilience, final output in these applications need not be fully precise, rather an

approximate output is equally acceptable. Accordingly, approximate computing trade-offs compu-

tation quality for computation efforts and provides high-performance energy-efficient software and

hardware implementations for error-resilient applications.

6.1 Conclusion

Over the past decade, several research work have been proposed in approximate computing para-

digm at different levels of abstraction. Meanwhile, at hardware level of abstraction, adders (being the

fundamental and most widely used arithmetic operators) have attracted a lot of attention for approx-

imation. There are two basic approaches used for designing the approximate adders: (i) AFA; and

(ii) ESA. Both the design approaches have their own pros and cons. In this thesis, we discussed the

significance, motivation, design philosophy, design approach and background of approximate adders.

This can provide an elementary aid to the beginners to understand approximate adders in a systematic

manner. Further, we analysed, designed, modeled and optimized both types of approximate adder.

We also evaluated the effectiveness of approximate adders in multimedia applications, cryptography

applications, yield enhancement and designing other approximate arithmetic operations. The brief

conclusion of the proposed work in this thesis is as follows.

AFA-based Approximate Adders: We proposed four AFAs with key design objective thatCout

should be independent ofCin with minimal ER. Using one of the proposed AFAs (the optimal one),

we designed anN-bit approximate adder which we called as “ApproxADD”. An emergent property

of ApproxADD is that carries do not propagate in it, and thus,it provides bit-width-aware constant de-

lay (O(1)). ApproxADD also improves power by45.54% and area by28.57% w.r.t. RCA. Although

ApproxADD provides a significant improvement in delay, power and area, it may not be preferred for

some of the error-resilient applications because its: (i) ED is too high; and (ii) ER increases rapidly

with bit-width. We exploited the concept of carry-lifetimeand EDC logic for improving the ED and

ER of ApproxADD. In this way, we introduced two more (improved) versions of ApproxADD –
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ApproxADDv1 and ApproxADDv2. In addition to the designing of ApproxADDs, we provided a de-

tailed analysis and analytical modeling to estimate accuracy, delay, power and area of ApproxADDs.

For the ease of illustration, we discussed the proposed approachw.r.t. RCA, however, we demon-

strated that the proposed approach can be customized for anyadder architecture. For some of the

adder architectures (e.g., RCA), the final version of the proposed approximate adder imposes minor

power and area overheads, but it shows significant improvement in overall performance which is gen-

erally measured in terms of PDAP. Further, for state-of-the-art adder architectures (e.g., BK, KS and

Sk), the final version of the proposed approximate adder shows significant improvement in power and

area also. We evaluated the efficiency of the proposed approach by comparing ApproxADDv1 and

ApproxADDv2 with existing AFA-based approximate adders. Our results showed that as compared

to the existing AFA-based approximate adders (ETA-I, LOA, SA), ApproxADDs provide smaller

MRED and ER, and higher ACCamp and ACCinf . Further, for inspecting the effectiveness of the

proposed approach in real-life applications, we demonstrated image compression and decompression

by replacing the conventional addition operations in DCT and IDCT with 24-bit approximate adders.

Our image processing results showed that ApproxADDv2 provides favorable image quality and better

IQA metrics than the existing AFA-based approximate adders.

ESA-based Approximate Adders: From our analysis, we observed that computer simulations

have several limitations. Therefore, we proposed analytical models to estimate the accuracy (ED,

ER, MED and MSE), delay, power and area of ESAs. We validated the proposed analytical models

by comparing them with simulation results as well as with existing work. The key features of the

proposed analytical models are that: (i) They are generalized,i.e., work for all possible configurations

of anN-bit ESA, whereas the existing analytical models are for specific configurations; (ii) They are

superior (i.e., estimate more accurately) or at par to the existing analytical models. The proposed

analytical models can assist designers for estimating the design metrics of any configuration of anN-

bit ESA more accurately without going for the programming efforts and time-consuming simulations.

Based on the proposed analytical models and simulation results, we presented some very important

observations regarding the behavior of design metrics of ESAs.

Further, from the proposed analytical models, we observed that in anN-bit ESA, there exist
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multiple configurations which exhibit similar accuracy, however, these configurations exhibit different

delay, power and area. Therefore, for a given accuracy, to apriori select the optimal configurations

which provide minimal delay, power and/or area is a challenging decision for designers. We presented

an optimization framework which can assist designers in making such important decisions early in the

design phase of ESAs. This leads designers for efficient, intelligent and goal oriented implementations

of ESAs. We demonstrated the proposed optimization framework for single-objective optimization

(delay, power or area) subjected to single constraint (PR).However, the proposed approach can be

customized/extended for the other cases of optimization also. Further, we know that accuracy of an

ESA does not depend on the adder architecture used to implement it, however, its delay, power and

area depend significantly. Therefore, the optimal configurations vary with adder architectures used

to implement the ESA. In order to cover a wide range of adders,we considered three types of adder

architecture in our analysis: (i) Architectures having smaller area; (ii) Architectures having smaller

delay; and (iii) Architectures having in-between delay andarea.

Further, from the proposed analytical models, we observed that there is a scope of improvement in

accuracy-effort curves of ESAs. The accuracy-effort curves of ESAs need to be improved so that their

accuracy degrade in a graceful manner, and consequently, they provide more optimal delay-accuracy,

power-accuracy and area-accuracy trade-offs. Intended toimprove the accuracy-effort curves of

ESAs, we proposed modifications. The crux of the proposed modifications is that the probability

of Cin of sub-adders to be correct in original ESAs is0.50− 0.75, whereas in case of modified ESAs,

it is 0.75 without imposing any additional delay, power and area overheads. With this improvement,

modified ESAs provide better accuracy-effort curves. Accordingly, as compared to the original ESAs:

(i) For a given accuracy, modified ESAs provide lower delay, power and area; or (ii) For a given delay,

power and area, modified ESAs provide higher accuracy. In addition to the accuracy enhancement,

the proposed approach also provides improvements in delay and power when modified ESAs are used

for designing the ACAs and VLSAs. We evaluated the effectiveness of the proposed approach in

real-life applications by processing Lena image using original ESAs and modified ESAs. Our image

processing results showed that the output images processedusing modified ESAs are more precise

than the output images processed using original ESAs. All together, modified ESAs are more efficient
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(in terms of accuracy, delay, power and area). Thus, they canbe preferred over original ESAs while

designing the digital circuits for error-resilient applications.

Application of Approximate Adders: The applicability/feasibility of approximate adders need

to be explored to maximize their benefits. Over the past decade, most of the research work on ap-

proximate adders have demonstrated their effectiveness inmultimedia applications. We examined

the likelihood of approximate adders in cryptography applications. We know that the overall delay,

power and area of SHA-1 are determined by modular-32 adders. In order to explore the effective-

ness of approximate adders in cryptography applications, we replaced the conventional modular-32

adders with ApproxADD. We called the resulting approximateSHA-1 as “ApproxSHA-1”. We also

presented a framework to determine the maximum approximation in SHA-1. Our results showed that

ApproxSHA-1 fulfills all cryptographic hash function criteria. Further, as compared to the SHA-

1, ApproxSHA-1 requires0.74× area. Almost for the similar power consumption, ApproxSHA-1

provides3.12× speedup over the SHA-1. To the best of our knowledge, this is the first time that

throughput of a SHA-1 has reached≈ 2Gbps without pipeline.

In addition to the delay, power and area benefits, approximate adders can also be used to address

various technology/design related issues. In sub-nanometer regime, chip yield has become a matter

of concern for the semiconductor industry due to the fact that profits are tied directly to the yield.

We evaluated the effectiveness of approximate adders for yield enhancement. We proposed analytical

models to estimate functional yield and parametric yield ofapproximate arithmetic circuits. From

the proposed analytical models, we observed that approximate data path modules can improve the

functional and parametric yields due to decrease in area anddelay, respectively. We demonstrated

this in respect to ApproxADDs. Our results showed that16-bit ApproxADDv1 improves the chip

yield by89.63%, 74.44% and52.63%; and16-bit ApproxADDv2 improves the chip yield by79.08%,

65.81% and43.72% for k = 6, 8 and10, respectively.

Further, we know that all basic arithmetic operations, suchas addition, subtraction, multiplication

and division use adders as the key components. Therefore, approximate adders can be utilized to

design other approximate arithmetic operations. In order to explore the effectiveness of approximate

adders for designing other approximate arithmetic operations, we designed an approximate hybrid
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redundant MAC (ApproxMAC) unit using approximate hybrid redundant adders as the basic building

blocks. We considered hybrid redundant number system as it has several advantages. Our results

showed that the overall performance,i.e., PDAP of ApproxMAC unit is much better than the binary

and hybrid redundant MAC units. We also demonstrated the likelihood of ApproxMAC unit in real-

life applications through an image processing application.

6.2 Future Aspects

The design concept of approximate adders (AFAs, ESAs, ACAs and VLSAs) came a long way

and still has a long way to go. Based on the work proposed in this thesis, the key design challenges

and future aspects regarding approximate adders are as follows.

(i) While designing the proposed AFAs, our objective is to obtain Cout independent ofCin with

minimal ER. Note that we do not focus on the another fundamental quality metric,i.e., ED.

The proposed AFAs can be optimized in terms of ED by designingthe approximate functions

for S [1]. There can be total2(2
3) − 1 = 255 approximate functions ofS. These approximate

functions ofS can be clubbed with the approximate functions ofCout to find the optimal AFAs

in terms of minimal ED, ER, MED and/or MSE.

(ii) We know that ACAs and VLSAs are two major future design aspects of ESAs. ESAs integrated

with EDC logic can work as ACAs and VLSAs. The design approachof ACAs and VLSAs

is similar, but ACAs configure accuracy during runtime basedon the requirements of the ap-

plications, whereas VLSAs always provide accurate results. Recently, several EDC logic have

been proposed in the literature for ACAs and VLSAs [14,61,65,69,70,73,85,86]. Since EDC

logic requires extra hardware, the major design challenge is to reduce delay, power and area

overheads imposed by the EDC logic. To a certain extent, thiscan be achieved by first finding

all possible EDs of anN-bit ESA (using the proposed analytical models) and then design an

intelligent EDC logic to correct those EDs only [85].

(iii) We know that accuracy of anN-bit ESA depends onk andl. Therefore, the another approach to

configure accuracy during runtime is to tunek andl dynamically [12,64,70]. However, tunning
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of k and l also requires extra hardware. Therefore, the another majordesign challenge is to

reduce delay, power and area overheads imposed due to tunning of k andl. To a certain extent,

this can be achieved by first finding the optimal configurations of anN-bit ESA (using the

proposed optimization framework) and then design the ESA for tunningk andl over a narrow

range, rather than tunning them over a wider range.

(iv) In Chapter 4, we considered ESAs. Note that ESA is a specific category of segment based

approximate adders in which each sub-adder (except the least significant sub-adder) has same

value ofk andl. We concern ourselves to ESAs because: (a) The design concept of ESA is the

basis for segment based approximate adders; and (b) ESAs benefit from the design principle of

regularity which reduces design complexity using similar blocks (sub-adders in case of ESAs).

However, other types of segment based approximate adder arealso possible. For example, it

is possible that different sub-adders can have different values ofk andl [62, 79, 83]. Further,

it may be possible that for a given accuracy, a segment based approximate adder with different

values ofk and l can provide less delay, power and/or area than the ESAs. Therefore, the

proposed work (analytical models, optimization and accuracy enhancement) can be extended

for other types of segment based approximate adder.

(v) It has been observed that a very high degree of error-resilience (≈ 83%) is prevalent in a broad

spectrum of applications, including machine learning, websearch, probabilistic and statistical

analytics, scientific computing, image, audio and video processing, wireless communication,

cryptography, etc. [8,100,101]. We explored the effectiveness of approximate adders in multi-

media applications, cryptography applications, yield enhancement and designing ApproxMAC

unit. In addition to these, the applicability/feasibilityof approximate adders can be explored

for state-of-the-art applications, to deal with various technology/design related issues and for

designing other approximate arithmetic operations.
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