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Abstract

In this thesis we study classical hypergeometric series and Appell series over
finite fields, and find finite field analogues of several product and summation for-
mulas satisfied by the classical hypergeometric series. Hypergeometric functions
over finite field are known as Gaussian hypergeometric series. As an application of
the product and summation formulas, we deduce several special values of 5 F}, 3F5
and 4F3-Gaussian hypergeometric series. Some of our special values of Gaussian

hypergeometric series are evaluated at general arguments of the parameters.

Recently, finite field analogues of Appell series Fi, F5 and F3 are introduced and
their relations with certain Gaussian hypergeometric series are established. Integral
representations of Fy, Fy and Fj are used while defining their finite field analogues.
However, integral representations of F are more complicated than the integral rep-
resentations of Fi, Fy and F3. Therefore, it is not straightforward to find an appro-
priate finite field analogue of Fj using its integral representations. To overcome this
problem, we define finite field analogues of classical Appell series F7, F; and F3 using
purely Gauss sums, and this allows us to define a finite field analogue of the Appell
series F;. We then establish finite field analogues of classical identities satisfied by
the Appell series and hypergeometric series. As applications, we find several trans-

formation formulas satisfied by the Gaussian hypergeometric series. For example, we
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vi ABSTRACT

express a 4F3-Gaussian hypergeometric series as a sum of two o Fj-Gaussian hyper-
geometric series. We also express 4F3-Gaussian hypergeometric series as a product
of two o F1-Gaussian hypergeometric series.

Product formulas for Gaussian hypergeometric series have many significant ap-
plications. We find finite field analogues of certain product formulas satisfied by the
classical hypergeometric series. We express product of two 5 Fj-Gaussian hypergeo-
metric series as 4 F3- and 3F5-Gaussian hypergeometric series. We use properties of
Gauss and Jacobi sums and our works on finite field Appell series to deduce these
product formulas satisfied by the Gaussian hypergeometric series. We then use these
transformations to evaluate explicitly some special values of 4 F3- and 3F5-Gaussian
hypergeometric series. By counting points on CM elliptic curves over finite fields,
Ono found certain special values of 5 F}- and 3F5-Gaussian hypergeometric series
containing trivial and quadratic characters as parameters. Later, Evans and Greene
found special values of certain 3F,-Gaussian hypergeometric series containing ar-
bitrary characters as parameters from where some of the values obtained by Ono
follow as special cases. We show that some of the results of Evans and Greene follow
from our product formulas including a finite field analogue of the classical Clausen’s

identity:.

TH-2349_ 156123023



Contents

Certificate i
Acknowledgements iii
Abstract v
Introduction 1
1 Preliminaries 7
1.1 Classical hypergeometric and Appell series . . . . . . . ... ... .. 8

1.2 Multiplicative characters on finite fields . . . . . . . .. . ... .. .. 9

1.3 Hypergeometric functions over finite fields . . . . .. .. .. ... .. 12
1.3.1 Hypergeometric functions defined by Greene . . . . . . . . .. 15

1.3.2 Hypergeometric functions defined by McCarthy . . . .. . .. 18

1.3.3 Hypergeometric functions defined by Fuselier et. al. . . . . . . 21

2 Finite field analogues of classical hypergeometric identities 23
2.1 Introduction and statement of results . . . . . . ... ... ... ... 23
2.2 Proof of Theorem 2.1 . . . . . . . . . . . ... .. ... . ... ..., 26
2.3 Proof of Theorem 2.2 . . . . . . . . . . . ... .. ... ... ..., 31
2.4 Proof of Theorem 2.3 . . . . . . . .. . ... ... 34

vii

TH-2349_ 156123023



viii CONTENTS

3 Appell series F}, F, and Fj over finite fields 41
3.1 Imtroduction . . . . . . . .. .. 41
3.2 Appell series Iy, Fyand Fy . ... .. ... 0oL 43
3.3 Mainresults . . . . . ..o 44
3.4 Relationships of F}, Fy and Fj with other variants . . . . . ... .. 51
3.5 Some applications . . . . . . ... 56

4 Appell series I, over finite fields 61
4.1 Introduction™ /.". e = e . S L 61
42 Mainresulfs . o .. . . L oo e 62
4.3 Proof of Theorem 4.1 . . . . . . . . . . . .. ... ... . 65
4.4 Proof of Theorem 4.2 . . . . . . . . . . .. ... 67
4.5 Proof of Theorem 4.3 . . . . . . . . . . .. ... ... ... 73

5 Finite field analogues of identities satisfied by Appell series 85
5.1 Infrodiiction . onlle. . AN o . . % B 85
5.2 Statement of the main results . . . . . ... ... ... ... ... .. 86
5.3 Proof of Theorem 5.1° 0 . 0. S0 o000 (oo oo o0, Fo L 89
5.4 Proof of Theorem 5.2 . . . . . . . . . .. ... 97
5.5 Proofof Theorem 5.3 . . . . . . . .. . . . . ..o 00 102
5.6 Proof of Theorem 5.4 . . . . . . . . . ... ... .. 106
5.7 Proof of Theorem 5.5 . . . . . . . . . .. ... ... 109

6 Summation and product identities for Gaussian hypergeometric se-

ries 113
6.1 Introduction . . . . . . . .. ..o 113
6.2 Product formulas for Gaussian hypergeometric series . . . . . . . .. 115
6.3 Proof of Theorem 6.1 . . . . . . . . . .. .. ... ... .. .... 121
6.4 Proof of Theorem 6.2 . . . . . . . .. .. ... ... ... ..., 125

TH-2349_ 156123023



CONTENTS ix
6.5 Proof of Theorem 6.3 . . . . . . . .. ... ... ... . ........ 127
6.6 Proof of Theorem 6.4 . . . . . . . . . . . . ... ... ... ...... 128
6.7 Proof of Theorem 6.5 . . . . . . . .. .. ... ... ... ... 131
6.8 Proof of Theorem 6.6 . . . . . . . . . ... ... ... ... ...... 133
6.9 A summation formula for Gaussian hypergeometric series . . . . . . . 135

7 Special values of Gaussian hypergeometric series 141
7.1 Introduction%{ % . . L. VAN 4 PN . . Lo 141
7.2 Special values of 5 Fj-Gaussian hypergeometric series . . . . . . . . .. 143
7.3 Special values of 3F5-Gaussian hypergeometric series. . . . . . . . .. 154
7.4 Special values of 4F3-Gaussian hypergeometric series . . . . . . . . .. 166

Bibliography 171

Publications 177

TH-2349_ 156123023



TH-2349_156123023



Introduction

In 1812, Gauss introduced 5 Fj-classical hypergeometric series, see for example
[27]. Hypergeometric series have great significance in many research areas such as
algebraic varieties, differential equations, modular forms etc. For example, there are
very powerful results expressing periods of abelian varieties such as elliptic curves,
certain K3 surfaces and Calabi-Yau manifolds in terms of hypergeometric series.

In 1980s, Greene [31] introduced a finite field, character sum analogue of clas-
sical hypergeometric series that satisfies summation and transformation properties
similar to those satisfied by the classical hypergeometric series. Finite field hyper-
geometric functions are also well-known as Gaussian hypergeometric series. Finite
field hypergeometric functions are known to be related to various arithmetic objects.
Some of the biggest motivations for studying finite field hypergeometric functions
have been their connections with Fourier coefficients and eigenvalues of modular
forms and with counting points on certain kinds of algebraic varieties. Their links
to Fourier coefficients and eigenvalues of modular forms are established by many
authors (see for example [2, 16, 22, 24, 26, 42, 49]). It is well-known that finite
field hypergeometric functions can be used to count points on varieties over finite
fields (see for example [10, 11, 24, 29, 28, 40, 41, 50, 53, 55]). Interestingly, several
supercongruence conjectures connecting truncated classical hypergeometric sums to

p-adic gamma function as well as Fourier coefficients of modular forms are proved
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2 INTRODUCTION

using finite field hypergeometric functions (see for example [1, 2, 26, 39, 46, 48, 49]).
In view of such important applications, there has been growing interest in study-
ing finite field analogues of results involving classical hypergeometric series. In this
thesis we prove finite field analogues of several transformations satisfied by the clas-
sical hypergeometric series by evaluating certain character sums involving Gauss
and Jacobi sums.

In recent years, there has been a study for Appell series over finite fields (see for
example [33, 35, 43]). To define finite field analogues of the classical Appell series
Fi, Fy, and Fj, integral representations of these Appell series are used. However,
integral representations of F; are more complicated than the integral representations
of Fy, Fy and F3. Therefore, it is not straightforward to find an appropriate finite
field analogue of Fj using its integral representations. Classical hypergeometric and
Appell series are defined using rising factorial, and it is well-known that the rising
factorials can be expressed as quotients of classical gamma function. Since the Gauss
sum is a finite field analogue of the gamma function and Appell series are defined
using products of rising factorials, it seems to be more appropriate to define finite
field analogues of Appell series using Gauss sums. In this thesis we define four
functions Fy, Fy, Fy and F) as finite field analogues of Appell series Fy, Fy, F3 and
Fy, respectively using purely Gauss sums. We establish these functions as finite
field analogues of Appell series by proving results over finite fields analogous to
those satisfied by the classical Appell series. We find finite field analogues of several
classical identities connecting o Fi-, 3F5- and 4Fj5-classical hypergeometric series to
classical Appell series.

Greene [31] found several transformation formulas satisfied by the Gaussian hy-
pergeometric series analogous to those satisfied by the classical hypergeometric se-
ries. Since then many mathematicians have obtained finite field analogues of trans-

formation and summation identities satisfied by the classical hypergeometric series

TH-2349_ 156123023



INTRODUCTION 3

(see for example [17, 18, 20, 21, 25, 45]). In [18, 19], Evans and Greene expressed 3 Fs-
hypergeometric series as a product of o Fi-hypergeometric series over finite fields from
where they deduced certain special values of 3F5-hypergeometric series including a
finite field analogue of the Clausen’s identity. Recently, assuming the conjecture of
van Geemen and van Straten, McCarthy and Papanicolas [47] related the eigenvalue
of the Hecke operator of index p of a Siegel eigenform of degree 2 and level 8 to a
1F3-Gaussian hypergeometric series. An identity expressing a 4F3-Gaussian hyper-
geometric series as a product of o Fj- and 3F5-Gaussian hypergeometric series played
a crucial role in their proof. In view of such important applications, in this thesis we
have found finite field analogues of several product formulas satisfied by the classical
hypergeometric series. We also show that many interesting results proved by Evans,
Greene, and Ono follow from our product formulas including a finite field analogue
of the Clausen’s classical identity. We further express a 4F3-Gaussian hypergeomet-
ric series as a sum of two oFj-Gaussian hypergeometric series using our works on
finite field Appell series.

Finding special values of Gaussian hypergeometric series is an important and
interesting problem. Special values of Gaussian hypergeometric series play an im-
portant role in solving many old conjectures and supercongruences. Many special
values of 5 F}- and 3F>-Gaussian hypergeometric series are obtained by using differ-
ent techniques (see for example [2, 9, 10, 19, 31, 32, 37, 50, 52]). Finding values of
Gaussian hypergeometric series containing arbitrary characters at specific values of
the argument is a difficult problem. In this thesis, we have used our new transforma-
tion formulas to find several special values of Gaussian hypergeometric series. We
have used our product formulas to find special values of 4 F3- and 3 F>-hypergeometric

series at general values of the argument.
Organization of the Thesis
We present the entire work of this thesis in seven chapters as described below.

e Chapter 1: Preliminaries
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4 INTRODUCTION

e Chapter 2: Finite field analogues of classical hypergeometric identities
e Chapter 3: Appell series Fi, Fy and F3 over finite fields

e Chapter 4: Appell series F over finite fields

e Chapter 5: Finite field analogues of identities satisfied by Appell series

e Chapter 6: Summation and product identities for Gaussian hypergeometric

series
e Chapter 7: Special values of Gaussian hypergeometric series

In Chapter 1 we introduce multiplicative characters on finite fields and define
some important character sums, namely Gauss and Jacobi sums. We then intro-
duce hypergeometric functions over finite fields, which are also famously known as
Gaussian hypergeometric series. We also recall some basic results on character sums.

In Chapter 2 we prove finite field analogues of certain transformations satis-
fied by the classical hypergeometric series. Using properties of Gauss and Jacobi
sums we evaluate certain character sums to establish these transformations. We
then use these transformations to evaluate explicitly several special values of 5 F}-
hypergeometric series over finite fields in Chapter 7. One of the finite field ana-
logues of algebraic hypergeometric identities given by Fuselier, Long, Ramakrishna,
Swisher, and Tu [25] also follows from one of our transformation formulas.

In Chapter 3 we define three functions FYy, Fy and Fy as finite field analogues
of Appell series Fi, F; and F3, respectively using purely Gauss sums. We establish
relations among Fy, Fiy and F} analogous to those satisfied by the classical Appell
series. Recently, several people have defined finite field analogues of Appell series us-
ing integral representations of Appell series [35, 33, 43]. We show that our functions
Fy, Fy and Fy are closely related to those functions.

Integral representations of the classical Appell series Fy are more complicated
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INTRODUCTION D

than the integral representations of F, Fy and F3. Therefore, it is not straightfor-
ward to find an appropriate finite field analogue of F using integral representations
of Fy. In Chapter 4 we define a function Fj as a finite field analogue of F, us-
ing Gauss sums. We establish identities for F) analogous to those satisfied by the
classical Appell series Fj.

In Chapter 5 we find finite field analogues of certain identities satisfied by the
classical 4F3-hypergeometric series and Appell series. These identities have many
interesting applications which are discussed in Chapter 6 and Chapter 7.

In Chapter 6 we find finite field analogues of certain product formulas satisfied by
the classical hypergeometric series. We express product of two o F;-Gaussian hyper-
geometric series as 4F5- and 3F5-Gaussian hypergeometric series. We use properties
of Gauss and Jacobi sums and our works on finite field Appell series to deduce these
product formulas satisfied by the Gaussian hypergeometric series. As an application
of the main results of Chapter 5, we find new summation and product formulas satis-
fied by the Gaussian hypergeometric series. For example, we express a 4F3-Gaussian
hypergeometric series as a sum of two o Fj-Gaussian hypergeometric series. We find
two identities expressing 4F3-Gaussian hypergeometric series as a product of two
o F1-Gaussian hypergeometric series. We also show that a finite field analogue of
the classical Clausen’s identity proved by Evans and Greene [18] follows from our
product formulas.

In Chapter 7 we find several special values of Gaussian hypergeometric series.
We use the transformations proved in Chapter 2 to evaluate explicitly several spe-
cial values of o F}- hypergeometric series over finite fields. Certain special values of
o F1- hypergeometric series over finite fields containing trivial and quadratic charac-
ters obtained by Ono follow from our special values of 5 F}- hypergeometric series
containing arbitrary characters as parameters. We use the transformations proved
in Chapter 6 to evaluate explicitly some special values of 4F5- and 3F5-Gaussian

hypergeometric series. By counting points on CM elliptic curves over finite fields,
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6 INTRODUCTION

Ono found certain special values of o F- and 3F5-Gaussian hypergeometric series
containing trivial and quadratic characters as parameters. Later, Evans and Greene
[19, 18] found special values of certain 3Fy-Gaussian hypergeometric series contain-
ing arbitrary characters as parameters from where some of the values obtained by
Ono follow as special cases. We show that some of the results of Evans and Greene
also follow from our product formulas. As another application, we find a special

value of a 4 F3-Gaussian hypergeometric series using a summation formula proved in

Chapter 6.
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Preliminaries

In this chapter we recall some basic definitions including classical hypergeometric
series, classical Appell series, characters on finite fields, Gauss sum, Jacobi sum,
and Davenport-Hasse relation. We define three hypergeometric functions over finite
fields introduced in [31, 45, 25]. We also recall and prove some lemmas which will

be used to prove our main results in the subsequent chapters.
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8 PRELIMINARIES

1.1 Classical hypergeometric and Appell series

Classical hypergeometric series have been studied for ages. Throughout the
years, mathematicians established many nice relations between classical hyperge-
ometric series and different mathematical objects. Ramanujan studied classical
hypergeometric series rigorously and found many connections of classical hyper-
geometric series with other mathematical objects.

For a complex number a and a non-negative integer k, let (a); denote the rising

factorial defined by

(ao:=1 and (a):=ala+1)(a+2)---(a+k—-1) for k>0.

['(a+k)
I(a)
negative integer n, and a;,b; € C with b; ¢ {...,—3,—2,—1,0}, the (generalized)

If I'(z) denotes the Gamma function, then we have (a), = . For a non-

classical hypergeometric series ,, 1 F, is defined by

ay, Aag, ..., Qnp41 - (al)k"'(an—i—l)k "
nt1Fn T | = - —, 1.1
% Y | Z oo, m LY

which converges absolutely for |z| < 1. More details on hypergeometric series can

be found in the books by Andrews, Askey and Roy [3], Bailey [6] and Slater [54].
If we consider the product of two  F}-hypergeometric series, we obtain a double

series. Among them Appell’s hypergeometric series of two variables are the most

important ones, namely [6]

b)im (V')

Fi(a;b,b;c;x,y) = (@min(b)m D™yt | < 1, |y| < 1 1.2
A )= 3 e e < L (12)
b)m (V')

F b b/' /. — (a)m+n( m n _m,n 1 1
2(a;b, Ve, s, y) m§7n> (@), Y el + 1yl < 15 (1.3)

(@)m(a@')n(0)m(V)n
F3(a,ad’;0,0;¢c;x,y) = 5 ™y x| < 1|yl < 1; (1.4)
o m!n!(¢)m
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1.2 MULTIPLICATIVE CHARACTERS ON FINITE FIELDS 9

e . _ (a)m+n(b)m+n m n 1 1
F4(&abvcaca$7y)_m;0mm Yy 7’$‘2+‘y’2 < 1. (15)

There are many beautiful identities connecting Appell series to classical hypergeo-
metric series. We will study finite field analogues of some of these identities in the

subsequent chapters.

1.2 Multiplicative characters on finite fields

Let p be an odd prime and F, be the field with ¢ = p" elements. A multiplicative
character on F, is a group homomorphism x : F¥ — C*. The set ]ﬁ‘q; consisting
of all the multiplicative characters on F; is a cyclic group of order ¢ — 1 under the
product: (x¥)(x) = x(z)(x). We denote by X the inverse of x. Clearly x(z) is a
(¢ — 1)-th root of unity for every z # 0 and X(x) = x(x). Here x(z) is the conjugate
of the complex number x(z). We extend each character y € Iﬁq; to all of F, by
setting x(0) := 0 including the trivial character e. We also denote the quadratic
character by .

The following lemma gives orthogonality relations for multiplicative characters.

Lemma 1.1. ([44, Chapter 5]). We have

W Y xw=q 1 TXEs

z€F, 0 if x#e.
@ Y =TTl
= 0 if x#1.

We next recall some properties of Gauss and Jacobi sums. For further details,
see for example [13, 36, 44]. Let (, be a fixed primitive p-th root of unity in C. The

trace map tr : F, — I, is given by

r—1

tr(a) =a+ao” +a” + - +a”
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10 PRELIMINARIES

Then the additive character 6 : F, — C is defined by
(o) = .
It is easy to see that 6(a + b) = 0(a)0(b) and

> () =0. (1.6)

z€lfy

Definition 1.1 (Gauss sum). For x € Iﬁq;, the Gauss sum is defined by

z€lF,

If ¢,—1 is a primitive (¢ — 1)-th root of unity in C, then g(x) lies in Q({p, (4—1)-
Using (1.6) it is easy to show that g(g) = —1.

Let 0 denote the function on multiplicative characters defined by

1, if A is the trivial character;
d(A) =

0, otherwise.

We also denote by ¢ the function defined on [, by

1, if z =0;
0, ifz #0.

We now state two important properties of Gauss sums.

Lemma 1.2. ([31, (1.12)]) For x € ﬁq; we have

9(x)9(X) = qx(=1) — (g — 1)d(x)-

TH-2349_ 156123023



1.2 MULTIPLICATIVE CHARACTERS ON FINITE FIELDS 11

Lemma 1.3. ([25, (17)]) For x € Iﬁq; we have

1 x(=Dglx) (g— 1)5(

9(X) q q %

Another important product formula for Gauss sums is the Hasse-Davenport for-

mula.

Theorem 1.4. [13, Davenport-Hasse Relation, Theorem 11.3.5] Let x be a character

of order m on Iy, for some positive integer m. For character A on Fy we have

—

m— m—1 m—1
g(x'A) g(A™) A™(m H g(x g(A™)Am(m H g(x
=0 i=1

1=0

We use Davenport-Hasse relation for m = 2,3,4. When m = 2, we have the

following identity:.

Lemma 1.5. For A € }FX, we have

9(A)g(pA) = g(A*)g(p)A(4).

For m = 3, we have the following lemma.

Lemma 1.6. Let x3 be character of order 3. Then for A € ]F , we have

9(A)g(xsA)g(x3A) = 9(A%)g(xs)9(x3)A(27).

For m = 4, we have the following lemma.

Lemma 1.7. Let x4 be character of order 4. Then for A € IF , we have

9(A)g(xaA)g(pA)g(xGA) = g(A")g(x1)9(0)g(x}) A(256).

TH-2349_ 156123023



12 PRELIMINARIES

Lemma 1.8. ([31, (1.8)], [45, Thm 2.2)). For A, B,C, D € F} we have

1 3 9(A9(BOg(CR9(DY)
_ g(AC)g(AD)g(BC)g(BD)
g(ABCD)

+q(q — 1)AB(—1)§(ABCD).

We next define Jacobi sum.

Definition 1.2 (Jacobi sum). For multiplicative characters A and B on F,, the

Jacobi sum is defined by

J(A,B):= Y A(z)B(1 - x).

z€ly
The following lemma gives a relation between Gauss and Jacobi sums.

Lemma 1.9. [31, (1.14)] For A, B € Iﬁq; we have

9(A)g(B)

H 4 B)= 9(AB)

+ (¢ —1)B(-1)6(AB).

1.3 Hypergeometric functions over finite fields

In 1980s, Greene [31] introduced a finite field, character sum analogue of classical
hypergeometric series that satisfies summation and transformation properties similar
to those satisfied by the classical hypergeometric series. Finite field hypergeometric
functions are also well-known as Gaussian hypergeometric series. There are other
finite field analogues of the classical hypergeometric series. For example, see [38,
45, 25]. In this thesis, we will use finite field hypergeometric functions introduced

in [31, 45, 25].
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1.3 HYPERGEOMETRIC FUNCTIONS OVER FINITE FIELDS 13

It is easy to see that any function f : F, — C has a unique representation

f(z) = f(0)-d(z) + Z frox(@), (1.7)
where
1 _
Ix= qjg%; f(z)-X(x)

A character sum analogue for the classical binomial theorem follows easily from (1.7)

with f(z) = A(1+ z), where A is a multiplicative character on F,,.
Theorem 1.10. [31, Theorem 2.3] For any A € Iﬁq; and x € [F,, we have
1
Al +2) = 0(z) + p— > J(A X)X (—2).
x€Fg

It follows from Theorem 1.10 that the finite field analogue for the binomial

coefficient is the Jacobi sum.

Definition 1.3. For multiplicative characters A and B on F,, the binomial coeffi-

cient (g) is defined by

(A) =8 500 3= BEU S~ 4B - o) (1.8)

z€Fy

In terms of binomial coefficients we now state two important variants of the

binomial theorem [31, (2.10) & (2.11)]. For any A, B € Iﬁq; and x € [F, we have

1 _ 4 AN
A(l—x)-é(m)—i—q_lz;x(x)x() (1.9)

TH-2349_ 156123023



14 PRELIMINARIES

and

B(2)AB(1 - z) = % Z (gii)x(x). (1.10)

We now prove another variant of the binomial theorem.
Lemma 1.11. Let A € ﬁq; and x € F,. For x # 0,1 we have

Z g4 X(—x).

xEFX

Al —z) =
q—l

Proof. From (1.8) and (1.9) we have

A2 = 1 3 (D)) =2 3 danm o),

qg—1

Lemma 1.9 yields

g(A
A1 —z) = q—l > X(=z) +6(4) > x(x)

XEFy X€Fy

g(A
q—l Z xX(—x).
xEFX
Here, we use the fact that Z x(z) = 0 when x # 1. |
X€F;

Binomial coefficients satisfy many interesting properties. For example, we list

the following from [31]:

(3)-(5)
)

- s-(") (112
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1.3 HYPERGEOMETRIC FUNCTIONS OVER FINITE FIELDS 15

(g) = AB(—l)g); (1.13)
:@):i+2:wm; (1.14)

__ACD ey, (1.15)

and

(g) (i) P (g) (ig) = qq_QlB(—l)é(A) + qq_21 (=1)6(BC).  (1.16)

Using Lemma 1.9, we can re-write the binomial coefficient in terms of Gauss sums

as given in the following lemma.

Lemma 1.12. [fA B € Iﬁq; then we have

A\  B(-1)g(AyB) q¢-1. ,=
(B)_ wAB) 4 oAB)

1.3.1 Hypergeometric functions defined by Greene
Classical hypergeometric series have nice integral representations. For example,

the following is an integral representation of the o F-hypergeometric series [6, p. 4]:

a, b c ' b —a
JF v :—F(b)ff(c)_b)/o (1 — 01 — ta) t(ld—t)' (1.17)

Using the integral representation (1.17), Greene [31] defined a finite field analogue

of the classical o Fi-hypergeometric series as follows.

Definition 1.4. [31, Definition 3.5] For A, B,C € Iﬁ} and x € F,, Greene’s oF7-
finite field hypergeometric function is defined as

A, B _
oF |z | = ZB )BC(1 — y)A(1 — zy). (1.18)

¢ y€ly
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16 PRELIMINARIES

Greene expressed the above 5 Fj-finite field hypergeometric function in terms of

binomial coefficients.
Theorem 1.13. [31, Theorem 3.6] We have

Al =7ﬁ%1§j(ff)(§§)wm. (1.19)

x€Fg

In general, for positive integer n, Greene defined the ,,,1 F),- finite field hyperge-

ometric function over [, as given below.

Definition 1.5. [31, Definition 3.10] For Ao, ..., A, By,..., B, € Fq; and z € Fy,

A07 A17 SR An q <AOX) (A1X> (Anx>
nt1dm z| =—— x().
i B, . B | qg—1 z;x X By x Bnx (@)

. x€F;

(1.20)

We now recall four transformation formulas of Greene.

Theorem 1.14. [31, Thmeorem 4.4] For A, B,C € Iﬁq; and x € F,

A7 B )
(l) 2F1 |l’ :A(—]_)QFl - | 1—=x
C ABC
B B
A=) = 1l—2x)—
I A LR (A L)
- A, B — A, CB x
(17) oF |z | =C(-1)A(l —x)-2F
C C r—1
B
+A(_1)(ZC’)6<1 — ),
A, B — CA, B T
(1i1) oF} |z | =B(l—=x)-F |
C c r—1

+A(=1) (ZBC) 51 — ),
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1.3 HYPERGEOMETRIC FUNCTIONS OVER FINITE FIELDS 17

i _

L A=) <ch) 5(1 — ).

Using the above transformations, we have the following formula.

Lemma 1.15. For A, B,C € ﬁq; and x € F, such that x # 0,1, we have

A, B _ A AC 1
2 F1 | z | = ABC(—1)A(x)Fy =
> AB %
Proof. Using Theorem 1.14 (i) and (ii) we have
A, — A, AC -1
o Fy |z | = BC(—1)A(x) s | (1.21)
C ABC X
Again using Theorem 1.14 (i) in (1.21) we complete the proof. [

We now state three special values of Gaussian hypergeometric series obtained by

Greene.

Lemma 1.16. [31, Theorem 4.9] Let A, B,C € Iﬁq;. Then we have

F A B 1| = A(-1 B

Lemma 1.17. [31, Theorem 4.37] Let A, B,C € Iﬁ‘q;. Then we have

A, B,
CA, CB

_q-1 - g1 -
p BC(— p (—1)6(B) e A(—=1)6(C'AB)
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18 PRELIMINARIES

0, if C#£0 ;

+ AB(-1) - e
() () + (D) (218, i = D>

Lemma 1.18. [31, (4.26)] Let A,B,C,D,E € ﬁq;. Then we have

A B, D CA, CB, D
3F2 ’ 1 - AB(-l) y 3F2 - ‘ 1
C, E C, ABCE

1.3.2 Hypergeometric functions defined by McCarthy

Greene’s function is essentially defined using Jacobi sums, and hence often it
is necessary to impose conditions on the parameters to relate the Jacobi sums to
the required product of Gauss sums. In [45], McCarthy defined another finite field

analogue of hypergeometric series purely in terms of Gauss sums.

Definition 1.6. For Ay,...A,, By,..., B, € ﬁq;, the McCarthy’s finite field hyper-

geometric function .1 F is defined by

AO; Alv - An
B

= LS IO oy (22)

The following proposition relates the two finite field hypergeometric functions
defined by Greene in [31] and McCarthy in [45] under certain conditions on the

parameters.
Proposition 1.19. [45, Proposition 2.5] If Ag # € and A; # B; for 1 <i <mn, then

for x € F, we have

A07 A17 ) An
”+1Fn | z
By, .... B,
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1.3 HYPERGEOMETRIC FUNCTIONS OVER FINITE FIELDS 19

A07 Ala ) An
B, ..., B,

-

=1

n+1Fn

We will also need the following two special cases which are not included in
Proposition 1.19. The proofs of these cases are easy and follow directly by using
(1.8), (1.9), (1.10), Lemma 1.2, Lemma 1.9 and the fact that g(¢) = —1.

Case 1. Let Ay = ¢ and A; # B;. Then we have

*

B o) <o) - B (3

Bl> A Bi(1—x). (1.23)

Case 2: Let Ag # ¢, Ay = By # ¢. Then for z # 0 we have

*

Ay, A il i
2F1 0 ! |37 :—Al(.’lf)( 241

)+A_0(1 — ). (1.24)
A

1

Using (1.22) and Lemma 1.8 we have the following lemma.

Lemma 1.20. For A,B,C € Iﬁq; we have

A, B g(AC)g(BC)
C g(C C

Lemma 1.21. Let A,B,C € Iﬁg be such that A,B # € and B # C. Forz € I,
such that x # 1 we have

A B
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Proof. By Proposition 1.19 we have

A, B\ ! A,
oI ’ X = ( ) oI ‘ X
¢ C
B -1 _ A, EC T
= (C) C(—l)A(l - I)QFl C | —1 —
_ A, BC T

The above equalities follow from Theorem 1.14 (ii), (1.12) and Proposition 1.19. W

Lemma 1.22. Let A, B,C € ]ﬁ‘q; be such that A,B # ¢ and B # C, A # C. For

x € F, such that x # 1 we have

A, B _ CA, BC
2F1 ‘.T = BC(l—.T)QFl |x
C C

Proof. By Proposition 1.19 we have

A, B B\ ! A, B
o [ \-’E = C o [ |£E

C C
B\ ! _ CA, CB
¢ C
CA, CB
C

We note that the above equalities follow from Theorem 1.14 (iv), (1.12) and Propo-
sition 1.19. ]

Lemma 1.23. Let A,B,C € I@}. If A#¢e, B# C and A # C, then fory # 1 we
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1.3 HYPERGEOMETRIC FUNCTIONS OVER FINITE FIELDS 21

have

B _ CA, B
ly | =B —y)k —

C c y-1

Proof. The result readily follows from Proposition 1.19 and Theorem 1.14 (iii). H

Lemma 1.24. Let A, B,C € Iﬁq;. If A#¢, B=#C and A # C, then for y # 1,0
we have

* *

F, ol | A( 1)(3)1< B )F 4 B |1
241 S = 201 ra -y
C C ABC ABC

Proof. The result readily follows from Proposition 1.19 and Theorem 1.14 (i). H

From [31, Corollary 3.16 (iii)], we have

A=) + LA 150 — 2)5(B).

A, B B\ 1
oy 4 |z | = (A>€(x)B(1—x)—5 .

Using Proposition 1.19 and the above identity, we have the following lemma.

Lemma 1.25. Let A, B € ]ﬁq; be such that A # € and A # B. For x € F, such
that x # 1 we have

*

JF) ’jm ze(x)E(l—x)—$<B)_1Z(—x).

1.3.3 Hypergeometric functions defined by Fuselier et. al.

In a recent paper [25], Fuselier et al. introduce another version of hypergeo-

metric series over finite fields in a manner that is parallel to that of the classical
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hypergeometric series by considering period functions for hypergeometric type al-
gebraic varieties over finite fields. For multiplicative characters A, B, C', their 5F;-

hypergeometric series is given by

F 4 | ! P 4 1.25
2l z _J(B,EC')Q 1 E (1.25)
where
ol g (O)e) 5
P x| = BC(—-1 x)+0(x)J (B, BC).
w7 e = @RI E () (e iwas Eo
XELFg

The relationship between the above finite field hypergeometric series and the Greene’s
hypergeometric series is the following:
A, B BC(—1 A, B

| = B g |2 | +6(z). (1.26)
C J(B, BC) C
We note that, since we have used the definition of the binomial coefficient given by
Greene, the above definition of sIP; series differs from its original definition given in

[25] by a factor of ¢>.
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Finite field analogues of classical

hypergeometric identities

2.1 Introduction and statement of results

After introducing hypergeometric series over finite fields, Greene [31] found sev-
eral transformation formulas satisfied by the finite field hypergeometric series anal-
ogous to those satisfied by the classical hypergeometric series. Since then many
mathematicians have obtained finite field analogues of transformation and sum-

mation identities satisfied by the classical hypergeometric series (see for example

IThe contents of this chapter are under review.

23
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24 FINITE FIELD ANALOGUES OF CLASSICAL HYPERGEOMETRIC IDENTITIES

[31, 45, 18, 20, 17, 21]). In [25], Fuselier et. al. gave a systematic way to obtain
certain types of hypergeometric transformation and evaluation formulas over finite
fields and interpret them geometrically using a Galois representation perspective. As
an application, they obtained a few finite field analogues of algebraic hypergeomet-
ric identities, quadratic and higher transformation formulas, and certain evaluation
formulas. For example, one of the finite field analogues of algebraic hypergeometric

identities is the following [25, Theorem 8.11]: For A # ¢, ¢ and x # 0,

P R :(“T“””) (F0+VD+P1-va) @)
@

The above result is a finite field analogue of the following identity [54, (1.5.19)]
satisfied by the classical hypergeometric series:

1
a, a+3

N (QA+vz) >+ (11— vz)).

|z | =

| —

1
2
A more general identity [15, p. 112] is the following:

1

| 2V (1 + Vo)™

2a, c—
| X = (1 + \/E)_2a2F1
C 2c—1

In the following theorem, we establish a finite field analogue of the above identity.

Theorem 2.1. Let A,C' € Iﬁq; with A#e,0. If v € Fy, x #0,—1, then we have

A2 . A2, Co 2x _U(—4)g(C(p)g(A6cp) A, @A e
A2(1 + x)o By e o)~ (0)9(A0) o5 . |
(¢ — 1)C(—4)g(C)g(ACp)A(L —2®) . —
- q9(¢)g(Ap) 2ACY).
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2.1 INTRODUCTION AND STATEMENT OF RESULTS 25

We next consider the following identity [5, (6.1)] satisfied by the classical hyper-

geometric series:

In the following theorem we establish a finite field analogue of the above identity.
Theorem 2.2. Let A, B € ]ﬁ‘g be such that A%, B>, AByp # . For x € F, we have

B2, wB, Bng
AByp, By

_ ABp(=1)g(A%)9(B?) (Az) <

EBQ<1 —3 l’)gFQ

| x

F
1 > 342

AByp, Ayp

B?
B
e ) s

g

In the following identity [15, p. 111], sum of two classical 5 F}-hypergeometric

series is expressed as a o F)-hypergeometric series:

2&, 2b 1+ /x 2a, 2b 1 —+/x
2F1 1 | 2\/_ +2h 1 2\/_
a+b+§ a+b+§
N(Hra+o+ 1L a, b
@Mt bey .
F(a + §)F(b + 5)

N[

In the following theorem we establish a finite field analogue of the above identity.

Theorem 2.3. Let A, B € Iﬁq; be such that A%, A, By # . Then, for x € F, with
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26 FINITE FIELD ANALOGUES OF CLASSICAL HYPERGEOMETRIC IDENTITIES

x #0,+1, we have

A2, B2 14g A2 B* 11—z
oI ’ 5 + o F ‘ 5
ABy ABy

_ 2AB(-4)p(-1)g(ABp)g(A)g(By) ( 4, B xz) |

q9(A?)

2.2 Proof of Theorem 2.1

Proof. Let

AQ, CQO 2x
C2 142 |

Lﬁ(l—i—l’)QFl( ’

Using (1.19) and (1.9) we have

=t I (V) (3 e

—

x,AE]F;

If we apply the change of variables y — xA we have
2

- I () (i

X,)\EIF;<

We apply (1.13) on (A;—?) and (gf;‘:i), and then (1.12) on (Aiy) to obtain

-5 5 () () (G

X,AEFg
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2.2 PROOF OF THEOREM 2.1 27

Using (1.16) on (’TQ)\X’\) (A—’é;\(/\) we have

X, AEF q2
FERNLEDE
where
I = %Z (S0 a2,
I %‘11))2 (G20 Rz,

The term I; is nonzero only when yA = A2. Now putting A = A%y, and then using
Lemma 1.1 and the fact that x # —1 we find that I; = 0. The term [, is nonzero

only when y = ¢, and hence using (1.10) we obtain

I = %M. (2.3)

Using (1.19) and the fact that I; = 0 in (2.2) we have

_ . C2
Sl REE [CA IR

x€Fg

o Cp, 2
_—M(qlﬁ() Y ng( . 1) (A_EX)WHQ.
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The last equality is obtained by applying part (iii) of Theorem 1.14. Now using

Greene’s definition (1.18), we have

(¢—1) ~

x€Fg

1T - [M S Gorts)Cl1 - y2>] (£ Jrio o

x,vEFg

The last equality is obtained by using (1.9). The inner most sum is nonzero only
when Y = C%42, and hence putting x = C?72 we have

()

v€EF,

Applying (1.13) and (1.11) on (éf;’”) we have

B wtD2ed S~ (TN P e+ 1

(¢—1) ~ \Cp) \A20?y?
vEFg
gp(=1)C(—4) Y\ ( O Az
a2 \ep) (@)
veFg

Now using Lemma 1.12 and the fact that A? # ¢, we have

; _ 1p(=1)C(=4) > KW(—l)g(’y)g(CsO) T 15(0907))

(=1 = 49(C7) q
g(AQC2’yQ)g(CQ’yQ) )
% q9(A2) Cy(z%) + I
__CM 9(1)9(C)g(A2C29)g(C*4*)Cr(a?)
Cqlg—1) EZ]F/; 9(Cov)g(A?) + I + I, (2.4)

TH-2349_ 156123023



2.2 PROOF OF THEOREM 2.1 29

where

_o(=1)C(=4) — 9(C*?)g(A2C?y?)Cr(a?)
Iy = p ZF; 2 (A7) 5(Cev)
_ _%0(—1)6(—4)_ (2.5)

q
The last equality is obtained by putting v = C¢ and then using the fact that

g(e) = —1. Using Lemma 1.5 on g(A?C?42), g(C?~?) and g(A?), we have

C(4)g(Co) Z9(7)9(A0_7)9(¢AC_7)9(07)C_7($2)
)

q(q —1)g(p)g(Ap = 9(A)

If we apply the change of variables v — C, we have

L= +L+1s

C(4)g(Cyp) Zg(C_V)g(Av)g(soAv)g(ﬁ)v(xQ)
q(q — 1)g(»)g(Ap) = 9(A)

_ qC(—4)g(Cp)g(ACy) v(=1)g(A)g(7)
(2= Dy(p)g(Ap) Z K qg(A) )

(Cv(—l)g(soAv)gC_v)
q9(ACY)

)] v(2?) + I, + I. (2.7)

The last equality is obtained by multiplying both numerator and denominator by
q9(ApC) and then rearranging the terms. Now using Lemma 1.12 and the fact that
A # e, we have

| ©CC09(Celg(ATy) 5~ <A7> l (ww) a1y A@)} e

(¢ —1)g(p)g(Ap) =\ Cy q
_ ¢C(=4)g(Cp)g(ACy) AV (0ATY oy
(g Dy(p)g(Ap) %F; ( o ) ( Cy >7( )Lt Ltk 28)
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where

Using (1.9) and the fact that x # 0, we have

[4:

(g —1)C(—4)g(Cp)g(ACp)A(1 — 2*)6(AC) (2.9)
: . .

q9()g(Ayp

Finally employing (1.19), (2.3), (2.5) and (2.9) into (2.8), we complete the proof of
the theorem. u

In the following corollary we show that the identity (2.1) of Fuselier et. al.
readily follows from Theorem 2.1 by taking C' = ¢.

Corollary 2.2.1. Let A € E]; be such that A # ¢, p. For x € FX, we have

q’

A, Ay 1+ p(x
o, |z :<%

¥

) (Fu + V) + A2(1 — \/E)) .

Proof. Tf x is not a square, then the identity holds trivially (see for example [25,
Theorem 8.11]). If  # 0 is a square in F,, we deduce the identity from Theorem
2.1. We first take C' = ¢ in Theorem 2.1 and then use the fact that g(¢) = —1 to

obtain
_ A% ¢ 2 “1Da(A A, A
A2(1 + 2),F, |2} o _e=bed) b ] @210
e 1tz 9(©)g(Ap) 0
Again from [31, Corollary 3.16 (iv)], we have
A2 ¢ 1— 5
2F1 . | X = —5A2<1 — .CL’) + A2 . (211)
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Now, employing (2.11) into (2.10), and then using (1.15), (1.26), Lemma 1.9 and

Lemma 1.2, we readily deduce the required identity. [

2.3 Proof of Theorem 2.2

Proof. If x = 0 then the result is trivially true. Therefore, we assume that x # 0.

Using (1.20) and (1.9), we have

B2, ¢B, BAyp

L:=A2B*(1 — 2)3F, |
ABy, By
2 2 7 232
W B*x 2705% BApyx\ [(A*B?)\
(1) ZA ( X )<ABSDX> ( Bypx a, )
x,)\eIF;(

The change of variables A — AY yields

=gt 2 ()0 () (R

XAEFg
2 —_ —
q BApx\ (A% q-—1
~ (g—1)2 2. (AB@X)<Z L ABpx(—1)d(Bex)
X AEFF

B2X> (A??Ay)

X _ ANz).

( X AX )

The last equality is obtained by using (1.16) on (B £X) (BZ"OX) and the fact that

ABpx/ \ Bex
A? #£ ¢. We now have

S G G 7 G LU

X,)\GF;
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where

n= 220 5 (T (N i@

X,)\GIF‘;

The term I; is nonzero only when xy = ¢B. After putting Yy = ¢B, and then using
(1.10) we obtain

A<_1) By\— 13 2
L =27 \Bp(z)A’B*(1 — ). 2.13
=2 () Be@m 1 - 0 (2.13)
Applying (1.13) on (AZEAY) and then using (1.20), (2.12) yields
A2 B2, BpA, )
L= L(_) > sF 4 1] Ma) - I (2.14)
=1\ 4 = AByp, AZ\B?

For A, B,C,D € Fq;, from [31, Theorem 4.35] we have

( BB C ) o (S) () - tanen(E)

(2.15)

Using (2.15) in (2.14), we obtain

4 ) 0 o B ) O

—

q

Sy @) BAe(=1) 3. (Aiﬁ) (fﬁi)“—@ ~L—5,  (216)

AEF)
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where

b= () (5) S0

- (?) (gi) 5(1—x). | (2.17)

The last equality is obtained by using Lemma 1.1. If we apply (1.11) on ( 2 ) and

ApB
(1.12) on (fg;)\), then (2.16) reduces to

L= =D @) Z (ZBX@X) ()@ 51

q

Now using Lemma 1.12 and the fact that ABp # ¢, we have

! ﬁ 2 N - I
b q(q — 1)g2(ABy) (Z) > 9(A*N)g(Ng(ABeN)g(ABpMA(x) — I, — .

—

AEFS

(2.18)

Multiplying both numerator and denominator by qg(A2)g(B?) and then rearranging

the terms, we obtain

 _ 1ABe(=1)g(A%)g(5?%) (?) T [(A(—l)g(A2A)g(X))

(¢=1g*(ABp) \4/) = q9(4?)
g (ABsM(—l)g(AEsM)g(sOA—m)H i) — I — T,
q9(B?)

I () () (-1 o

AEFy
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The last equality is obtained by using Lemma 1.12 and the fact that A% # ¢ # B2,
Using (1.16) on ( A ) (AE“‘”\) and the fact that B? # ¢, we have

ABpX/ \ ApX
— — -1 — — -1
ABp) B2 ApA ABp) qg—1 B?
== ABoA(—1)[ = | d(ApA).
<AB¢A> (B) <AB<M) < apn ) T AR AV (42

(2.20)

Now using (2.20) in (2.19), we find that

—1

R )

x 3 (A;A) ( AA;:A) <AX£A> Nz)+ I —L—1, (221

A€EFS

where

1

)G 5 (o

—

X
q

A2)g(B?) (A2 (B?\ — A
_ 9(A)9(B%) (_) (_> Ap(—2) (_90)' (2.22)
99*(ABp) \ 4/ \ B Ap
The last equality is obtained by putting A = Ay. Finally employing (2.13), (2.17),
(2.22) and (1.20) into (2.21), we complete the proof of the theorem. [

2.4 Proof of Theorem 2.3

Proof. Let

A2, B?  14g¢ A’ B* 1-—gz
L=k | 5 + 2 F1 | 5 :
AByp AByp

TH-2349_ 156123023



2.4 PROOF OF THEOREM 2.3 35

Using Theorem 1.14 (i), we have

A27 B2 1+.T
L=2,F |
ABy

Using (1.19) and (1.9), we have

- T (D) () (o

- 5 (LG

—

XAEFG

The last equality is obtained by applying the change of variables y — yA. Now
using Lemma 1.12 and the fact that A% # ¢, we have

2 3 {Ax(—l)g(AQAx)g(E)< BZXA)

(g — 1) = qg(A?) ABpxA
A=DgMNg®)  a=1.—~\] %=
<( W0 L T ) [\ G
2 g(A2A)g(X)gNX(—2)A(FE) [ B2
T (g—1) ZA 9(A?) <ABSOX)\) T (228)
x)\E]F;(

where

2 g(A22)gOMX(=2A(E) [ B2 . —
2 (ABsDXA) S0

XAEFS

The term I; is nonzero only when Y = X. As before, we find that

B2
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Since x # —1, we have I; = 0. Now multiplying both numerator and denominator
by qg(A%)) in (2.23), and then rearranging the terms and using the fact that I; = 0,

we obtain

I —

2¢ 3 x(—l)g(/mx)g(x)g(AQA)g(X)Y(Q)A(%”)< B2X/\>
(q—1)? ~—_ qg(A2X) g(A?) '

X,)\GF;

Using Lemma 1.12, we have

2y KA?xA) _alg AQA)} ( B2\ )g(A%)g(X)W)A(%)

(¢=17 = I\ x q ABpxA 9(4%)
2 AXA (B2 \ 9(A2N)g(VX2AF)
C(g—1) AEGI:F ( X )(ABSOXA> 9(A2) N 224
where
2 BXHA \ g(A°N)gMXRAFE) <, 1o
PR & (aan) gy
_ _2A@)BMA) (2.25)
q

The last equality is obtained by putting A = A2, and then using (1.10) and g(¢) =
—1. Applying (1.19) in (2.24), and then Theorem 1.14 (iii) we have

p A2XN B2 1) g(A2N)g(MA(SE)
:—_1 Z2F1 ‘5 A2 = — I
(¢=1) = ABp) 9(A?)
€ q
2B(4 ABy, B*\ A2\ g(M A~z
_ (4) 22F1 -1 g( )91(42)( )_[2.
(¢—1) = ABop) 9(A?)
€lfg
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Now using Greene’s definition (1.18), we have

4)AB (A%N)g(A
L="2 _"f )y )542 ") ™ BPAW)AB(1 - ) — Iy
e AR} 4 vl
B(4)AByp(-1) ABypy g(A2A
(¢ —1)? ZA gl Z Bty
A\YEFS y€F,

The last equality is obtained by using (1.9). The inner most sum is nonzero only

when A = B2~2, and hence we have

; _ 2BA)ABp(-1) T (ZBW) (A B)g(B") By(a?) _

(¢—1) e\ 7 9(A?%)

~v€F,

Applying (1.13) and (1.11) on (ZE;W) we have

_ 2B(4) 7 \9(AB*?)g(B*y*)By(a®) _
L= Z ZB<P> 9(A) E
 2B(4) 7\ 9(A*B ?)g(B*A)By(2?)
CED) 2 ng0> 9(A2) ]2'

Using Lemma 1.12 we have

q9(AByv)

+ I, — I, (2.26)
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where

_2B(4) ~ 9(A’B)g(B2) B (x) o=
Iy =— %; () 0(ABypy)
_ —2B(4)A(2?) (2.27)
q

The last equality is obtained by putting ¥ = AB¢ and using the fact that g(g) =
—1. Using Lemma 1.5 on g(A2B24?) and g(B%*32), and then using the fact that

9(p)g(w) = qp(—1), we have

qzéA_Bl();&z) Z 9(1)9(ABp)g(ABY)9(B7)g(pB7) B *(«) + Ir — I

veFg

- 2125(](__4&(?14@30) Z 9(B1)g(A7)g@)g(e7)(@*) + L5 — L.

vEFy

L=

The last equality is obtained by applying v — vB. Now multiplying both numerator
and denominator by g(A)g(Byp), and then rearranging the terms we obtain

_ 2AB(-4)p(-1)g(ABp)g(A)g(By)
(g —1)g(A?)
<3 {W—l)g(z‘l’y)g(i)] {w(—l)g(B’y)g(w)

L

}v@%+@—b

= q9(4) q9(Byp)
_ 2AB(—4)p(—1)g(AByp)g(A)g(By) AN (BYY. o )
- (¢ —1)g(A?%) ZA ( " ) <W)7( )+ I3 — . (2.28)

vEFg

The last equality is obtained by using Lemma 1.12 and the fact that A # ¢ # Bo.
Finally employing (2.25), (2.27) and (1.19) into (2.28), we complete the proof of the

theorem. [ |

The following corollaries of Theorem 2.3 will be used to evaluate certain special

values of Gaussian hypergeometric series in Chapter 7.
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Corollary 2.4.1. Let A, B € FX be such that A%, A, By # ¢. Then, for x € F, with
x #0,+1, we have

A27 B2 1+SC
2F1 |

ABy 2
_ AB(e(-1e(ABe)g(A)g(By) . (4 B
q9(A?) o ®

Proof. Using Theorem 1.14 (i) in Theorem 2.3, we complete the proof of the corol-

lary. [

Corollary 2.4.2. Let A, B € Fq; be such that A?, A, By # €. Then, for x € F, with
x # 0, %1, we have

A27 B2 1—=x

241 ABSO | 2
_ AWB(=9e(-1)9(ABp)g(A)g(By) .. [ 4 B 11— 22
49(A%) o ABy

The above result is a finite field analogue of the following identity [15, p. 111]:

a, b 2@, 2b 1—+/1—2x

oI |$ = o | 5
a+tb+3 at+b+3

Proof. Using Theorem 1.14 (i) in Theorem 2.3, we complete the proof of the corol-
lary. [

Corollary 2.4.3. Let A,B € Iﬁ‘} be such that A?, A, B # . Then, for x € F, with
x # 0,+1, we have

A, B 2| _ aACDg(A 2 A2(1 + 2) A’ ABy -1
ABy B(4) (ABp)g(A)g(Bey) ABp T +1

TH-2349_ 156123023



40 FINITE FIELD ANALOGUES OF CLASSICAL HYPERGEOMETRIC IDENTITIES

The above result is a finite field analogue of the following identity [15, p. 111]:

a, b
2 [y | z

a+b+%

(1+\/1—x>‘2“F 2a, a—b+3; ’\/1—x—1
= - 5 241 T
2 atbel VI-rtl

Proof. Using Theorem 1.14 (ii) in Corollary 2.4.2, we complete the proof of the
corollary. (]
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Appell series FY, F5 and F3 over finite
fields

3.1 Introduction

In recent times, there has been a study on Appell series over finite fields. Appell
series Fi, Fy and F3 have integral representations. Using an integral representa-
tion of Fy, Li et. al. [43] defined a finite field analogue of Fy as follows. Let
A A" B, B',C,C" be multiplicative characters on F,. For z,y € F,, the finite field

!The contents of this chapter have been published in Int. J. Number Theory (2020).

41
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42 APPELL SERIES Fi, F5 AND F3 OVER FINITE FIELDS

Appell series F is defined by

F!(A; B, B, C; 2,y)
= e(zy)AC(—1) Y~ A(u)AC(1 — u)B(1 — uz)B'(1 — uy). (3.1)

u€lF,

Similarly, using an integral representation of Fy, He et. al. [35] defined the following

function as a finite field analogue of F5.

FJ(A; B, B C,C' )
= e(xy)BB'CC' (1) > B(u)B'(v)BC(1 — u)B'C'(1 - v)A(L — uz — vy). (3.2)

u,vEly

Also, using an integral representation of F3, He [33] defined the following function

as a finite field analogue of F3.

F{(A, A" B, B, C2,y)
= e(zy)BB'(—1) Z B(u)B'(v)CBB'(1 —u — v)A(1 —uz)A'(1 —vy). (3.3)

u,vER,

In [43], Li et. al. expressed the finite field Appell series F{ in terms of Greene’s
o Fi-finite field hypergeometric series. They derived some reduction formulas for FY.
For instance, they proved that

B, A - LY
F{(A;B,e;C;z,y) = £(y)2 Fy - |z | —e(z)AC(1 - y)BC(y)B(y — ).

The above formula can be considered as a finite field analogue of the following

identity satisfied by the Appell series F} and classical hypergeometric series.

a, b
F1<a’;bao;c;x7y):2Fl |CL‘
c
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Further, they derived certain transformation formulas for the finite field Appell series
F{ analogous to those satisfied by the classical Appell series.

In [35], He et. al. expressed the finite field Appell series Fy in terms of Greene’s
3Fy-finite field hypergeometric series, and derived some reduction and transforma-
tion formulas for Fj analogous to those satisfied by the classical Appell series. In

[33], He did a similar study on the finite field Appell series FY.

3.2 Appell series F}, F5 and I3

The finite field analogues of Appell series introduced in [43, 35, 33] used inte-
gral representations of Fi, Fy, and F3. They replaced the integrals with character
sums suitably. However, the integral representations of the Appell series Fy are
more complicated than Fi, F5 and F3. Therefore, it is not straightforward to find
an appropriate finite field analogue of Fj using the double integral representation.
Classical hypergeometric series is defined using rising factorials which are related
to Gamma function, and the Gauss sum is the finite field analogue of the Gamma
function. Since Greene’s function is defined using Jacobi sums, often it is necessary
to impose conditions on the parameters to relate the Jacobi sums to the required
product of Gauss sums. However, McCarthy’s function does not need such condi-
tions. With this motivation, we define finite field analogues of Appell series purely
in terms of Gauss sums. The classical Appell series are defined after multiplying
two o Fi-hypergeometric series and then arranging the products of the rising facto-
rials in some order. Here, we consider products of McCarthy’s o F}-hypergeometric
functions and follow analogously as in the case of Appell series. This leads to the
definitions of three functions, denoted by Fy, F; and F3, respectively and we estab-

lish them to be finite field analogues of classical Appell series. Let A, A", B, B, C, ("’
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be multiplicative characters on F,. For x,y € F,, we define

Fl(A'B B C;x,y)*

q—1 Z g(Axib)g (A)g( w>g<cw>g<y>g<w>X(W(y); (3.4)

X, wGFX

FQ(A'B B C,C"x,y)"

Z 9(Ax¥)g(Bx)g(B'¥)g(Cx)g(C")g(X)g(v)
(=17 (A

q
X ¢€FX

F3(A, A", B,B;C;x,y)"

Z 9(AX)g(A")g(Bx)g(B'v)g(Cxp)g(X)g(¥)
9(A)g(A")g(B)g(B

_(q—l

—
=)
—~
Q)
~

XY EF

We will define a finite field analogue of the Appell series F} in the next chapter.

3.3 Main results

In this section, we establish F}, Fy and F3 as finite field analogues of Appell
series by proving results over finite fields analogous to those satisfied by the classical
Appell series. We focus on finite field analogues of classical results concerning Appell
series which are not discussed in [43, 35, 33]. Classical Appell series satisfy many
transformation and reduction identities. There are beautiful relations connecting

different types of Appell series. For example, we consider the following identities

Fy(a;b, Vs c;2,y) = (1— y) Y Fy(a,c — a; b, ¢; 0, —2 1)7

Fi(bia =V, 0z, x(1 —y) = (1 —y) Y Fyla; b,V ¢, a; %)

Finite field analogues of these results are not yet obtained. In the following two

theorems we derive transformations analogous to the above two classical identities.
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Theorem 3.1. Let A,C, B, B' € FX be such that A # C, A # CB' and B' # ¢. If
z,y €F, and y # 1, then

Fi(A; B, B'; C; z,y)* = B'(1 — y)Fy(A, AC; B, B'; C; o, ——)*

N g(BZ)g(Aa)_/(:v)Aé(y)AB’C (L—-y)

a(5,)9(B)g(C)

Theorem 3.2. Let A, B, B',C € FX be such that A # B' and A,B,B' # ¢. If
z,y €Fy andy # 1, then
_ A(L)

Fy(A; B,B';C, Az, —2)* = B'(1 — y)F\(B; A", B'; C; 1, 2(1 — y))* — et
L—y q(A)

In the proofs we use properties of finite field hypergeometric series introduced

by Greene and McCarthy.

Proof of Theorem 3.1. If zy = 0, then the result is trivial. So, we take both x and
y are non-zero. Let [ = F1(A; B, B’;C;x,y)*. Then by definition we have

1 3 g(Ax)g(Bx)g(B'v)g )9(X)g(¥) \

= XY
(q—1)* ~—_ 9(A)g(B)g(B")g(C)

()¢ (y).

Multiplying both numerator and denominator by g(Ax)g(C), and then rearranging

the terms we have

= (g—1)? S 9(A)g(B)g(C) 9(Ax)g(B)g(Cx)
_ 1 3 9(A9(BX9( O () o [ A B .y *
(¢—1) = 9(A)g(B)g(C) Cy

TH-2349_ 156123023



46 APPELL SERIES Fi, F5 AND F3 OVER FINITE FIELDS

where

and

8=

(q—1)g(A)g(B)g(C)

Using (1.23) we obtain

- _g(BA)g(AC)A(x) | g(BA)g(AC)A(x)AC(y)AB'C(1 —y)
(¢ — 1)g(B)g(C) (¢ — : '

Also, using (1.24) we obtain

ﬁ:_

We now apply Lemma 1.23 to obtain

_B'(1-y 9(Ax)g9(Bx)g(Cx)g(x)x(x)
= X 9(A)9(B)g(C)

x€Fg
x#A,B'C

cA B 4\
X oI} | —— +a+f. (3.10)
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If we apply Lemma 1.25 and the fact that g(¢) = —1, then the term under summation

in (3.10) for y = A becomes

9(B)g(C) cA y—1
_ B'(1—y)g(BA)g(AC)A(x) | 19(BA)g(AC)A(x) AT () (311)
9(B)g(C) q 9(B)g(C) (&) '

Similarly, if we apply (1.24), then the term under summation in (3.10) for y = B'C

becomes

9(ABC)y(BBOYy(BY(BC)BC@) . [ CA B |y
9(A)g(B)g(C) Byl
_ B -yBy)gABC)g(BBC)g(B)g(B'C)B'Clx) (%)
9(A)g(B)g(C)
L AC( — y)g(AB'C)g(BB'C)g(B')g(B'C)B'Cl) (3.12)
9(A)g(B)g(C)

(¢ —1) Z 9(A)g(B)g(C) cy y—1
g(BA)g(AC)A(x) B'(1—y)g(BA)g(AC)A(x)AC(;%))
(¢ — 1)g(B)g(C) q(q — 1)9(3)9(5)@*)
| Bly)g(ABC)g(BB'C)g(B)g(B'C)BC(x) (%)
(g —1)g(A)g(B)g(C)
_ AB'C(1 - y)g(AB'C)g(BB'C)g(B)g(B'C)B'C(z) ,
(4~ Dg(A)g(B)g(C) rath (319

Finally, substituting (3.8) and (3.9) into (3.13), and then applying (1.22) we deduce
the result. This completes the proof of the theorem. [
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Proof of Theorem 3.2. Let I = Fy(A; B,B";C, A;x, %)* Then by definition we

have

(q—l)QWEE 9(A)g(B)g(B")g(C)g(A) 1—y
_ 1 3 9(Ax)g(Bx)g9(Cx)g(X)x(x)
(¢g—1)? = 9(A)g(B)g(C
y g(Axw)g(B’w)g(A_w)g@)¢ —y >
9(Ax)g(B")g(A) 1—y
1 9(Ax)g(Bx)g9(Cx)g(x)x(x) A, B -y
G- Z JAg(BleC) ( 4 1y)
1 s oA0eB0sC0sON) (A By *
(¢—1) = 9(A)g(B)g(C) - 4 A l-y

) . Using Lemma 1.25

and the fact that g(¢) = —1 we have

- (3.14)

Also, using (1.23) we have

_ g(BA)g(AC)A(z) g(BA)g(AC)A(-=y) ., (B\
~ (¢—1)g(B)g(C) (g—1 S y)( ) - @)
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From Lemma 1.23 we have

,_B-y 3 g(Ax)g(BX)fg;?)g(Y)x(x)2F1 ( X, B | y) * F o+ as.

¢—1 —= 9(A)g(B)g(C) A
x€Fg
x#e,A
(3.16)
Now, if we apply Lemma 1.24 in (3.16) then we have
;_B0-y) 3 [g(Ax)g(Bx)g(C_X)g(X)x(—w)( B’_)
(-1 Z 9(A)g(B)g(C) XB'A
X&Lq
x#e,A
X, B
X2F1 o |1—y + oy + as.
YB'A
Using (1.8) and then Lemma 1.9 we obtain
AB'(-1)B'(1 — Bx)g(Cx)g(X)x(x)  _,.  —
[ _AB(=Y (B/ y) 3 {9( X)9(Cx)9()x( )g(B \9(ATY)
a(a—1)(%) oL 9NeB)e(C)
x#,qz
X B
XQFl - | 1—y + aq + Qo. (317)
YB'A
Now, adding and subtracting the terms for x = ¢, A in (3.17) we have
AB'(-1)B'(1— Bx)g9(Cx)g(X)x(z —
;AP (B, y) 3 {g( X)9(Cx)g()x( )g(B’)g(AB’x)
a(a — 1)) ~ | g(A)g(B)g(C)
x€Fg
X, B
X2F1 - | 1—y + a1 + Qg + a3 + Oy, (318)
YB'A
"(—1\B'(]1 — / nr , B’
where ag — _AB'(-1)B (B, y) 9(e)g(B")g(AB’) o 7 1y and
alg —1) (%) 9(A) BA
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L AB)B0 -y B AOA) (a4
4 a(q— 1)(ix> 9(B)g(C) 9(B")g(B)2F1 ( |1 ?J) .
Using Lemma 1.9, (1.8), (1.11) and then (1.23) we obtain

B(l-y) A( y)

o — - 3.19
PR A) .
Also, applying Lemma 1.2 and then (1.24) we obtain
9(BA)g(AC)A(z)  B'(1 = y)g(BA)g(AC)A(—zy) (3.20)
~ (a-1)g(B)y(C) (¢ = Dg(B)g(©) (%)

Now, substituting the values of a1, as, as, a4 into (3.18) we have

; _AB(=1)B(1-y) > {g(Bx)g(C_X)g(Y_)x(x)
ae-1(%) =L 9(A)y(B)g(C)

x€Fg

X. B A(£L)
X o Fy _ | 1—y - IB,y
XB'A q(A)

_ Bl -yAB'(=1) (B/)l 3 {Q(BX) 9(C)9(xX)g(B'Y)g(¥)g(xB'AV)
q(q=1)° A ‘ 9(A)g(B)g(C)

x,WeFy

xx(2)Y(1 =y)] - Z(%)-
q(})

Transforming x — ¥, and then using Lemma 1.9, (1.8), (1.13) and (1.11) we have

_ B(1L-yAB(-1) (B 9(Bx¥)g(Cx¥)g(X)g(B'Y)9(¥)9(AB'x)
==y (A) ; [ 9(B)9(AB')g(B)g(C)
9(AB)g(B) Al)
Xw)@(w)wl - y)] - (B;x B
= B'(1 —y)F\(B; AB",B";C;x,2(1 — y))* — A((?)
A
which completes the proof of the theorem. [
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3.4 Relationships of I, F; and F; with other vari-

ants

As we mentioned earlier, the finite field Appell series FY, Fy and Fy are defined
using integral representations of Appell series in [43, 35, 33]. In the following theo-
rem, we prove that the above functions Fy, F;y and Fy are closely related to the finite
field Appell series FY, Fj and Fj, respectively. In [43, 35, 33] it is shown that the
finite field Appell series FY, Fy and Fy are related to certain binomial coefficients of
multiplicative characters. Using those relations and some properties of Jacobi and

Gauss sums, we obtain the following relations between F{ and F; for i = 1,2, 3.
Theorem 3.3. Let A, A", B,B',C,C" € Iﬁ} and z,y € F,.
1. If A# C and B, B" # ¢, then

A

1
Fy(A; B, B C; 2, y)" = -
1( y 2 7073773!) q<C

=]
> F{(A; B, B';C;z,y).
2. If A#¢e, B#C and B' # C’, then

1/B\ '/B\"
Fy(A; B, B, C,C" z,y)* = ?<0) (C’) FJ(A; B,B;C,C"; z,y).

3. IfAJA #¢, B+ B' and B # B'C, then

-1

B'(-1) (CBB’ B\ "
F3(A A" B, B, C;x,y)* = E]Z )<CC ) (F) F{(A A", B,B";C;x,y).

Remark 3.4.1. In the above theorem the conditions on the parameters are required
to simplify certain character sums. However, if we relax one or more conditions
the evaluation of the character sums are not straightforward, and more terms will
appear. For example, if we allow B' = C' in the 2nd expression, then under the

conditions B # C, A # B’ and A, B, B’ # ¢, we have the following relation between
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Fj and F5:

1/B\ "
FQ(A,B,B,,O,B/,.T7?J)*:_5(0) FQq(A’BrB,)O?B/uny)
_ [AB AB'. B
-8 (Y )or | . o
C

Before we present the proof, we note that the binomial coefficient (g) defined
in [43] is ¢ times the binomial coefficient defined by Greene. Since we are using the
Greene’s definition of binomial coefficients, we adjust with an appropriate factor of

power of ¢ whenever we recall a result of [43, 35, 33].

Proof of Theorem 3.3. The result is trivial if zy = 0. So, we assume that both x

and y are non-zero. By definition we have

Fl(A' B,B";C;xz,y)"

~ Z 9(Ax¥)g(Bx)g(B'¢)g(Cx w)g(z)g@)x(ﬂf)w(y)_
(q 9(A)g(B)g(B')g(C)

X, 1/1€]FX

We multiply the numerator and denominator by g(AC) and then use Lemma 1.9 to

obtain
Fi(A: B, B';Cia,y)* = - _1 = ZA J(Aw,Cxw)J(iff)g)(B’w,¢)X(I)¢(y)
X pEFy ’
(AT P A BYY
a <C> (¢ —1) %F (@aﬁ)( )( W )X< W)
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From [43, Theorem 1.3], we have

rasB B Cny) - e 3 () (M) (B w62

—

xWYEF

Now, from (3.22) and (3.23), we readily obtain the first identity of the theorem.

We now prove the second identity. By definition, we have

FQ(A'B B C,C"x,y)"

9(Ax¥)g(Bx)g(B'¢)g(Cx)g(C”
22 9(A)g(B)g(B')g(C

(q

)9(X)g @)x(a:)w(y)‘
9(C")

X, 1/J€]FX

We multiply the numerator and denominator by g(BC)g(B'C")g(Ax), and then

rearrange the terms to obtain

FZ(A7 ByB,7C7 Claxay)*

| g(BC)g(B'C) 3 9(AX)9(X) 9(Ax)g(¥)

(q—1)2g(B)g(B’)g(5)g(7>WEFAX 9(4) 9(Ax)

9(Bx)g(Cx) g(B'4)g(C"y)

ey e X))
Ax\ (Axy\ (Bx\ (B'Y

T (q-1) ()( )X%‘F (x)( W )(CX) (C’@/})X(xwy)

L O 1)A(z)C" ()B;C’SB, y)J(AB, AC) (3.24)
q2(C)(C’)

The last equality is obtained using Lemma 1.9, (1.10), and properties of binomial

coefficients. From [35, Theorem 1.3], we have

s o= = (D)) )

—

X WEFY
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+ AT —) (50

BC
- > () () (E et
+ C(—l)Z(x)@q(y)ﬁc’u — y)J(AB, AC). (3.25)

We obtain the last equality from (1.11) and (1.8). Combining (3.24) and (3.25) we

complete the proof of the second identity. Finally, we consider

Fg(A A'; B, B, C;x,y)*

Z 9(Ax)g(A'V)g(Bx)g(B'Y)g(Cx¥)g(X)g(@)x(x)v(y)
9(A)g(A")g(B)g(B')g(C)

(q
X weFX

Multiplying both numerator and denominator by g(C'BB')g(CB'Y)g(By) we have

F3(A,A'; B, B';C; 2, y)*

- 1 g(A ) g(A'P)g ()
(4= 174(CBB)g(B) wZ g
9(CBB')g(CB'x) 9(Cxv)g(B'Y) (B 9 (BR)x (@) (). (3.26)

9(Bx) 9(CB'Y)

Lemma 1.2 yields g(BB’)g(BB’) = ¢BB'(—1). Using this value and Lemma 1.9 we

obtain
1 Fi 9(BB')g(BB’)
9(CBB')g(B)g(B")g(C)  ¢BB'(-1)g(CBB')g(B)g(B")g(C)
— BB;_D J(CBB',C)*J(B,B")™* (3.27)

From (3.26) and (3.27) we have

F3(AaA,; Ba Bla Cvxay)*
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_ BB(-1) e = g4 )l &4)e)
= L (CBE.O)B.B) E ()
y g(CBiE%E)OB/Y) Q(C;Tg)é,(gwg(BX)g(B—X)X(x)w(y).

Now, applying Lemma 1.9, Lemma 1.2 and the fact that B # B'C we deduce that

F3(A, A’ B, B';C; 2, y)"

o BB/(_l) DD 7\ —1 n—1
= s 1>2J(OBB ,0)~*J(B, B

Z J(Ax, X)J (A", ) J(BB'C, B'Cx)J(Cxt, B'd)x(—x)v(y)

—4(q — 1)B'C(x)BC(~1)J(BB'C,e)J(AB'C,B'C) Y J(A'), )i (~y)

—(¢ = 1)B(z)J(AB, B) (BB'C(-1) + J(BB'C,BB'C))

x %j J(A'),4)J(BOG, BY)b(y)| - (3.28)
Employing (1.8), (1.14) and the fact that B # B'C we have

J(BB'C, BB'C) = —BB'C(-1).
Hence, (3.28) reduces to
F3(A, A'; B, B';C; x,y)*

_ BB(-1)

PRSI J(CBB',C)'J(B,B)™

ZJ AX X)J (A%, $)J(BB'C, B'CX)J (Cxtb, B')x(—2)(y)

—q(q — 1)BC(2)BO(~1)J(BB'C,e)J(AB'T, BC) S J(A, P)(—y)| . (3.29)
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Now, applying (1.8), (1.9) and properties of binomials in (3.29) we deduce that

@A) | By
<C DE a0

(x ¢/> (g%_i) ((éif)x(xw(y)

X wEFX
(3.30)

F3(A, A B, B';C;w,y)* =

From [33, Theorem 2.1] we have

sasin et 5 QRN

X ¢€]Fq

+q- B'(-1)B'C(z) (B‘%) A(1—y). (3.31)

Combining (3.30) and (3.31) we deduce the result. This completes the proof of the

theorem. H

3.5 Some applications

We next find a finite field analogue of a classical identity as an application of
Theorem 3.1 and Theorem 3.3. The following identity from [6, p. 80] connects the

classical Appell series F3 and a classical hypergeometric series.

a, ¢c—b y—
Fy(a,c—asbe —bie;r,—2—) = (1 —2) (1 - y)" %R, [

y—1 c l—z

(3.32)

In the following theorem we give a finite field analogue of (3.32).

Theorem 3.4. Let A, B,C € Iﬁ‘} be such that B # ¢, A #+ B, A # C and B # C.
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For y # 1, we have

e(x —y)F3(A, CA4; B, BC; C; ; Y 1)*

Proof. Putting B’ = BC' in [43, Corollary 3.2] we have

. y BC, A y_gz
e(z —y)F{(A; B, BC; C;x,y) =qe(xy)A(l — x)o |
C

The first identity of Theorem 3.3 for B’ = BC' and (3.33) yield

e(x —y)F1(A; B,BC; C;2,y)* :(é)_ e(xy)A(l — z)o Fy BC, ﬁ | 31J:i
1 A\ 2
- ag(y — ) (C) B(—z)BC(—y). (3.34)

Now, the required identity readily follows from Theorem 3.1 and Proposition 1.19.
|

Using the relations given in Theorem 3.3 one can easily restate the results of He
and Li in terms of F}, Fy and F5. For example, we restate two of their results in

the following corollary.

Corollary 3.5.1. Let A,A',B,B',C,C" ]E? and z,y € IF,.
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1. If A#C and A, B, B' # ¢, then

F\(4;B,B';C;,y)" = B(1 - )B'(1 - y) [, (AC; B, B'; C; % %)*-
2. If A#¢e, B#C and B' # C’, then
Fy(A;B,B';C,C"y3,y)"
7 5) / ) T Yy *
A( 'T)FQ(A7BcaBJC7C71_I71_x>
— A(1 _ . I, 1L Y
= A(1 y)Fg(A,B,BC',C,C',—l_y,—l_y)
— A1 — 1 — B BRI /, -z —Y 1}
A(l x y)FZ(AaBC>BC;C?Ca1_x_y71_x_y)7

where the first identity holds for x # 1 and B # &, the second identity holds for
y # 1 and B’ # € and the third identity holds for x +y # 1 and B, B’ # ¢ .

The Appell series F» satisfies the following transformation identity [6, p. 79].

A, B
Fya; b, 65,65 ,y) = (1 — y) R < ‘
C -y

(3.35)

Using (3.21) and [35, Theorem 3.3] we deduce the following corollary which is a
finite field analogue of (3.35).

Corollary 3.5.2. Let A,B,B',C € ng; be such that A,B,B’ # ¢, A # B’ and
B # C. Then fory # 0,1, we have

_ A, B
Fy(4; BB, Bz.y)" = AL~y =
c =Y
_ [AB AB', B
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We note that we need to express Theorem 3.3 of [35] in terms of McCarthy’s
finite field hypergeometric series using Proposition 1.19 to apply (3.21).
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Appell series F} over finite fields

4.1 Introduction

In this chapter we define a finite field analogue of the Appell series Fy. The finite
field analogues of the Appell series Fy, F» and F3 were introduced in [43, 35, 33] by
using their integral representations. The following is an integral representation of

the Appell series Fy (see for example [14, (68)]):

Fy(a;bye,dsx(1—y),y(l —x

)
— F(C>F(C/) 1 prl ua_l’Ub_l —u c—a—1¢1 _ v ¢ —b—1
~ (@I (c—a)l (¢ —b) /0 /0 [ (1—u)" " (1~ v)

!The contents of this chapter have been published in Research in Number Theory (2018).

61
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X (1 —ux)?™ 71— vy)' (1 — ux — oY) dudv. (4.1)

The above integral representation of Fj is more complicated than the integral rep-
resentations of Fi, Fy and F3. Therefore, it is not straightforward to find an appro-
priate finite field analogue of Fj using the double integral representation (4.1). To
overcome this problem, in Chapter 3, we introduced finite field analogues of Appell
series purely in terms of Gauss sums. The advantage of defining finite field analogues
of Appell series using Gauss sums is that we can now define a finite field analogue

of F} as follows:

F, (A'B'C Clsa,y)*

Z 9(Axv)g (wa)g(_@( )9 9(¥)g(x)
(q—l 9(A)g(B)g(C)g(C")

Y(x)x(y)- (4.2)
P, XE

4.2 Main results

We now establish the function F} as a finite field analogue of the Appell series
Fy by proving results over finite fields analogous to classical results satisfied by F.

For example, we prove the following result.

Theorem 4.1. Let A,B,C,C" € Iﬁq;. For z,y € F, such that x,y # 1 we have

vy ) . . /- _I _y *
e X Av 5By )
~ (g—1)? w%ﬁx = C’ e C I
9(AY)g(Bx)g(X)g(¥)
X (D)o (B) Y(—z)x(~y)

The above result is a finite field analogue of the following identity [51, p. 267]
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satisfied by the Appell series Fj:

_ _ —x -y
1—2)"%1—y)°F (a;b;c,c’; , )
o I—o(-y T-a0-y)

> -n, a+k —k, b+n a)i(b),,
= Z oI | 1] 2F3 | 1 %xky".
yt y c In!

We now state a result where the classical Appell series Fj is expressed as a
product of two o Fj-classical hypergeometric series. For example, see [6, p. 81] and

[51, Theorem 84, p. 269]. If neither ¢ nor (1 —c+a+b) is zero or a negative integer,

then
Fylabye,1 —c+a+b; ; )
4( Q-2 -y (1—2)1-y)
a, b —x a, b =
— R | oF) = N (4.3)
C Il = 1 —c—l—a—l—b 1 -y

We prove the following result which is a finite field analogue of (4.3).

Theorem 4.2. Let A, B,C € Iﬁq; be such that A,B # €, and B # C. For z,y € F,
such that x,y # 1 we have

_ T —y i
(AlgCABCwl—x>r—w’u—xxl—w)
A B x A B y
=2l | — 2F1 ~\ J1— v
C Z ABC )
alq — )BC()Tlay) AL — 2)B(1 — )
T (A)g(B)g(C)g(ABC) (40)
| PACENBCOAL - B -y
9(A)g(B)g(C)g(ABC)
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In addition, if vy # 1 and A # C, then we have

— —x -y *
Fy | A;B;C,ABC; )
( (1—a)(1—y) <1—x><1—y>)
A7 B X A, B
_ ) = o [
C l—x ABC l—y

We next consider the following identity from [4, (4.1)] connecting the classical

Appell series Fy and Fj.

. bl e Y
A (st = )
=(1—-2)1—-y*F(ae—bl+a—ccxxy). (4.4)

In the following theorem we give a finite field analogue of (4.4).

Theorem 4.3. Let A, B,C € Iﬁq; be such that B # ¢ and A # B # C # A. For
x,y € Fy such that v,y # 1 we have

Fi | A B, C, B, 1—2)(1 _y)’ (1—x)(1 _y)>

= A((1=2)(1 = 9)) F1(4; BO,AC; Csw,xy)” = 9(B)g(AB)

S BWB (=)0 ).

Remark 4.2.1. In Theorem 3.2 and Theorem 3.1 we proved that F} is related to
Fy and Fy, respectively. With the help of Theorem 4.3 we readily obtain relations
connecting Fy to Fy and F5, respectively. For ezample, let A,B,C € ﬁq; be such
that B# ¢, A# B#C # A and A* # C*. If v,y € FY satisfy x,y,xy # 1 then we

have the following relation connecting F; and Fy.

R — ~y "
i (A’B’C’ Ba—oa—ya-oa —y>)

=A((1 —2)(1 —y))AC(1 — xy)F3(A, AC; BC, AC; C; x, xyxg 1)*
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In two recent papers, He [34] and Frechette, Swisher and Tu [23] have studied
finite field analogues of Appell-Lauricella hypergeometric series. They give some
beautiful transformation formulas satisfied by the finite field Appell-Lauricella hy-
pergeometric series. From Theorem 4.3, Theorem 3.3 (1) and [43, Theorem 3.2, Eqn
(3.7)], we also obtain the following transformation satisfied by the Appell series F}.
Let A, B,C € FX be such that ABC, B # ¢ and A # B # C # A. For z,y € F*
such that x,y # 1 we have

. . ° R’ _y *
Fy | A B, C, B, 1-2)(1 _y)’ (1—xz)(1 _y))

=A(1-2)(1 =) Aw)E (A;AE; ey ) |G 1>)* .

Y Y

Frechette, Swisher and Tu [23] also prove that their finite field Appell-Lauricella
hypergeometric functions are related to the number of points on the generalized
Picard curves over IF,,. From this one easily obtains relation between the finite field
Appell series F and the number of points on the generalized Picard curves over [F,,.
We have shown that the finite field Appell series Fy, F} and F) are related. Thus,
one can express the number of [F,-points on the generalized Picard curves in terms

of the finite field Appell series F}.

4.3 Proof of Theorem 4.1

We write Z to denote the sum over all multiplicative characters on [F,.
X

Proof. The result holds trivially if either x = 0 or y = 0. Therefore, we assume that
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both z and y are nonzero. From (4.2) and then using Lemma 1.11 we have

__ _lv , x _y '
=4 (ABCC - x)l—y)’(l—x)(l—w)
9(Ax)g(Bx)g(C)g(C"x)g(¥)9(X) vl
T wZ SAeBC @) N

x Ax(1 — x)Bxip(1 — )
9(Axyn)g(BxvN)g(C¥)g(C"x)g
e p s(A)g(B)g(Clg(C"

The change of variables ¢ — Y7 yields

g(Ax¥)g(BxwAm)g(Cim)g(C"
- 9(A)g(B)g(

Y(=2) XM (—y)-

X)g(Un)g(xX)g(m)g(N)
)9(C")

Similarly, the change of variables n — ¢7 and (1.22) yield

><|

g(Ax)g(BxNg(Cx)g(x)gNg(¥)
LT o e ‘[/Y |

C
X o Fy ( Z BXA ) (4.5)

If we apply the change of variables y —+ yA then (4.5) reduces to

—

B g(AxM)g(Bx)g(C'xN\)g(xN)g(Ng(¥) A
L L S A)g(B)g(C) i
X o F} (E’ Hx 1) : (4.6)
C

Finally, if we apply the change of variables A — yA then (4.6) reduces to
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This completes the proof of the theorem. [ |

4.4 Proof of Theorem 4.2

Proof. 1f xy = 0, then the result is trivial. So, we take both x and y are nonzero.

Now, from Theorem 4.1 we have

L:=A(1 - 2)B(1 - y)F, (A BiCABC (= T ‘y))

1 X, A ¥, Bx
T _ 1] R 1
—1)2 4= ABC C

. 9(A%)g(Bx)g Y)g@)d}(_x)x(_y)
; .

1 g(ABCX)g(BCY) | q(g —1)Ayx(—1)d(CyBx)
b= (q—l)Q%( ABC)g(C¥By) i 9(X)g(Av)g(ABC) )
V)g(BCX)  q(q—1)Bipx(—1)8 (Bx@))

) 9(¥)g(Bx)g(C)
9()y(—=z)x(—y)
g(

+

_ 1 9(ABCY)g(BCY)g(C)g(BCx)g(Av)g(Bx) (4.7)

(C)g9(ABC)g(CBx)g(BxC)

)g
X g(X)g()(—2)x(—y) + a1 + az + as,
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where
o C)g(BCx)g(Bx)g () =
; B0 (09 (B g (Bagy W V@I ECT)

N ABCY)Q(FC@D)Q(AWQ(Y) .

2 = q_1¢2 4 (ABC)g(BCrn)g(C) (P (BTYX)
2 5@0?@/1)5(3_@/))()

a3 = A —— —
TABE wZ (B)g(ABC)y(C)

The above terms are nonzero only when Y = BC. So, after putting ¥ = BC and
using the fact that g(¢) = —1, we obtain

N N )9(BC)g(BCY) .
e PAB(-1)BC(-y) .
" BB 2=
In case of a3, Lemma 1.1 yields
e 1)AC(;1)EC(y)5(1 — ). (4.10)

Using Lemma 1.2 we have

0 = A= 3 (@C¥(=1) = (¢ = 1)o(CY)) (q(=1) = (¢ = 1)o(¥)) &
1 7—1 -

Now, using Lemma 1.1 we have

BC(y)6(1 —zy) ¢*AC(—
)9

3AC( )
(C)g(ABC)  g(A)g(B)g(C)g(ABC)

1)
9(A)g(B
¢’AC(=1)BC(y) (g — DA(=

1
9(A)g(B)g(C)g(ABC)  g(A)g(B)g(C)g(ABC)
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From (4.7) we have

C)g(BCx)g(Av)g(Bx)
C

o 4(ABOX)g(BOW)g
L= 2 )9(CuBX)g(BXCT)

©
? L g(A)g(B)g(C)y(AB

Xy#BC

X g(X)g()(—x)x(—y) + B+ o1 + a2 + as,

where

9(AP) g(Ap)g(BC)g(BC)g(C)g(C) g(1h)g(¥) =
_ q—l Z

_ BC(=1) > 9(ABCX)g(BCY)g(C¥)g(BCx)g(Av)g(Bx)
q(g —1)* <= 9(A)g(B)g(C)g(ABC)
XWABO
x g(X)9(¥)h(x)x(y) + B+ o + az +ay
BC(-1) L 9(ABCX)g(BCY)g(C¥)g(BCx)g(A¢)g(Bx)
q(q — 1) 9(A)g(B)g(C)9(ABC)

(4.12)

Px

x g(X)9()e(x)x(y) + Tﬁ +ar+az+as

Employing Lemma 1.2 on ¢(C%)g(C%) and g(1)g() we have

~ B(=1) — 9(AY)g(AY)g(BCY)g(BCY) - o
(4.13)
where
5, — 1BOCD > 9(AY)g(AV)g(BCY)G(BCO)BCWIV(y) | 1150y
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b= SN : (4.14)

Using Lemma 1.2 and the fact that B # ¢, we have

_ PAC(-)BC(y)C(xy)  ¢BCy)Clay) .~
= DB OABE) A BleCgaBe (41

Similarly, 35 is nonzero only when 1 = ¢, and hence after putting ¢» = € we obtain

g, = 1By (BC)g(BC)g(A)g(A)BC(y)
)

(BC)g A)
(¢ = 1)g(A)g(B)g(C)g(ABC)
y ¢’AC(=1)BC(y)
(¢ — 1)g(A)g(B)g(C)g(ABC)

g (4.16)

g(

We note that the last equality is obtained using Lemma 1.2 and the fact that A # ¢
and B # C. Similarly, f3 is nonzero only when @ = ¢, and hence after putting

Y = ¢ we obtain

- Y50, (4.17)

We note that the last equality is obtained using Lemma 1.2 and the fact that A # ¢
and B # C. Putting (4.13) and (4.9) into (4.12) we obtain
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% g(Dg@@)x(y) — L2 — 11

-1
ﬁQJrq B3 + a1 + as.

Multiplying both numerator and denominator by g(BC)g(BC) and rearranging the

terms we have

9(A)g(BC)g(C)g(B ( C)9(ABC)

% 9(I@E)x() — L1 — 1= q Lo, + 1= q L3+ an + as.

—) 5~ 8(40)g(BCV)g(CO)g(BYo(BO)SABCDo(BC)5(BC)
z (B)g

L —

1 E:QQW%KFC¢M(
(=12 2= g(A)g(BC)g(

—ul
ﬁ3 + o + aa.
Now, (1.22) yields

A, BC B, BC g—1 q—1
L:2F1 |£L’ 2F1 . |y - /81— 52
C ABC q q

q_

Bs + a1 + as. (4.18)

Using Lemma 1.21 and x,y # 1, we have

B S A B g B, A —y
L=A(1-2)B(1—-y)F | 2 F1 _ I
Vi L ABC 1-v

(4.19)

qg—1 q—

-1
- P B — B3 + aq + as.

1
52+q
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Applying (4.10), (4.11), (4.15), (4.16) and (4.17) into (4.19) we have

_ _ ( A B ( v )
L=A(1—-2)B(1—-y)F
C 1 —x -y
4(¢ = 1)BCW)C(wy) s PAC(=1)BC(y)d(1 —
i 9(A)g(B)g(C)g(ABC) (4€) 9(A)g(B)g(C )Q(EC)

Finally, multiplying both sides by A(1 — x)B(1 — y), we complete the proof of the

theorem. [ |

Corollary 4.4.1. Let A,B € Iﬁq; be such that A, B # ¢, and A # B. For z,y € F;
such that x,y,xy # 1 we have

¥y . - & —y "
'H<AJ*AJLa—wxl—w’u—xX1—w)
(BY A1 - 2)(1 - y) A=)
q

_(9”3«1—mu—y»§@>+Z<xf1)§(§%7>.

q

=B(l—2)A(l —y) —

Proof. 1If we put A = C' in Theorem 4.2, and then use Lemma 1.25, (1.8), Lemma
1.9 and Lemma 1.2, we readily deduce the desired identity. |

The above result is a finite field analogue of the following identity [4, (4.2)]
satisfied by the appell series Fj:

b T —y
ﬂ(““’@u—nwl—wwl—mu—yﬂ
— (1= ) (1 — 21— )"
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4.5 Proof of Theorem 4.3

Proof. From Theorem 4.1 we have

T 5] .. . - Y )
L= A(l —.T)B(l _y>F4 <A,B,C,B, (1 —C(])(l _y)’ (1 —{E)(l _y))

1 X, Ay * ¥, Bx *
ezl (2

9(B )g(ABw) q(q — 1)wa(—1)5(A¢B_x)
(q—1)2 Z ( B . X)9(A¢)g(B) >

9(X )
—1)d(Bx 0w>> 9(A)g(Bx)g(xX)g (@) (—x)x(—y)
A

x) (BCX) (Bx)

where
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The term « is nonzero only when Y¢» = AB. After putting ¥ = Ay B we obtain

g( C_ w)g(Aw)g@) =
q—1 Z C

Now, multiplying both numerator and denominator by g(AC) and then using Lemma

1.2 and the fact that A # C' we have
o = BO(=1)g(AC) ZQ(C )9(AC))g(A)g(v)

q(q—1) 9(A)g(0) AB(y)i(zy). (4.20)

The term f3 is nonzero only when ¢y = BC. After putting y = BC4 we obtain

Using Lemma 1.2 and the fact that B # ¢ we have

BC(y)y(xy).

9(C¥ ABw> (AY)g(BCY)
q—1Z )9(C)g(AC)

Multiplying both numerator and denominator by g(AC) and then using Lemma 1.2
and the fact that A # C' we have

) E_ BO()b(ay).  (421)
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By the fact that A # C we obtain v = 0. Using Lemma 1.2 on g(B)g(B) and the
fact that B # ¢ we have

;_ BED 3 9(AY)g(ABY)g(C¥)g(Bx)9(BCx)g(Bx)
qlqg —1)* 2= 9(A)g(C)g(AB

(C)g(ABxv)g(BCYx)

x g(X)g()(—x)x(—y) + a + 5.

Again, using Lemma 1.2 on g(By)g(Bx) we have

g(A Bi)g(Cip)g(BCx)
q—12z ABX@/)) (BCYx)
X g(X)g(@)(—z)x(y) — o1 + o + B,

where

9(X)9(@)e(—z)x(—y)5(Bx).

o - BEY Z 9(A)g(ABY)g(C)g(BCx)
q(q — 1) 5= g(A)g(C)g(ABx¥)g(BCYx)

The term a4 is nonzero only when y = B, and hence after putting y = B we obtain

(AB
Q1 = (g — 1 Z 9 V)g —x).
Multiplying both numerator and denominator by g(AB) and then using Lemma 1.11

we have

9(AB)g(B)

o A) B(y)AB(1 — z). (4.22)

a1 =

Now, multiplying both numerator and denominator by g(ABx)g(BCY) we have

Zg ABw) (C)g(BCX)g(ABxv)g(BCYX)
(g —1)2 9(ABx)g(ABx1)g(BCYx)g(BCYX)
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X g(X)g(W)(—x)x(y) —a1 +a+ 3
_ 3 9(Av)g(ABY)g(C)g(BCx)g(ABx¥)g(BCYY)
(¢g—1)? 9(A)g(C)g(ABx)g(ABx)g(BCYx)g(BCYX)

Yx
X¢#AB,BC

x g(X)g(W)Y(=2)x(y) + o + az —ar + a+ f3,

where
SR 9(Av)g(ABY)g(C)g(ACY)g(e)g(AC)g(ABY)
(=17 4 9(A)9(C)g(€)9(AC)g(e)g(AC)
X=A¢B
x g()AB(y)i(—zy)
o — 3 9(Av)g(ABY)g(CP)g(1)9(AC)g(e)g(BCY)
(q—1)? 9(A)9(C)g(AC)g(2)g(AC)g(e)

Using Lemma 1.2 on g(AC)g(AC) and the fact that g(¢) = —1 and A # C we have

AC(-1) 5 9(AY)g(ABY)9(OP)g(ATY)g(AC)9(ABY) ;)

BT Ve 9(A)g(C)
X=A¢B

x g(1)AB(y)v(—zy).

Again, using Lemma 1.2 on g(ABv)g(AyB) we have

_ _BC(=1) 5~ 9(Av)g(CY)g(ATY)g(AC)g(¥) 4o
TR 2 S A5C) AB(y)b(ay) + 1, (4.24)
where
_ AC(=1) §~ 9(AD)g(CY)g(ATY)g(ACYY(P) 5 v s 1
h="D ; J(A)9(C) AB(y)y(—zy)d(ABY).
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The term I; is nonzero only when ¢ = AB. After putting ¢» = AB we obtain

BC(=1)9(B)g(ABC)g(BC)g(AC)g(AB)AB(x)
q(q — 1)g(A)g(C) '

I = (4.25)

Using Lemma 1.2 on g(AC)g(AC) and the fact that g(¢) = —1 and A # C we have

e = _AC=D 9(Ap)g(AB)g(Cip)g(¢)g(AC)g(BC)
=R 2 4(A)(0) (4:20)
X=BCw

e ACED ZQ(A¢)9(A§¢)9(C¢) (AC)g(BCY) —
o @ 1)

where

Zg (Ay)g(ABY)g(C)g(AC)g(BCY)—
a(g—1) 5 9(A)9(C)

The term 5 is nonzero only when ¢ = ¢, and so after putting ¢ = ¢ we obtain

1, — AC(=1)g(AB)g(BC)g(AC)BC(y) (4.28)
q(qg —1)

Using Lemma 1.2 on g(ABxv)g(ABx) and g(BCvx)g(BCv{X) we have

ACCY 5 Ao AB(COECY9ABG)(ECID
Pla—17 9(A)9()
Xv#AB,BC

X g(X)g(W)(—2)x(y) + a2 + as — a1 + a + 5.

L=

(4.29)
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The term under summation for ¥ = Ay B in (4.29) is equal to

AC(-1) i 9(AY)g(ABY)g(Cip)g(ACY))g(AC)g(ABY)
Pla-17 2 o(A)g(C)
X=AYB

x g()AB(y)¢(—zy).

(4.30)

Hence, applying (4.23) and (4.30) into (4.29), we obtain

L= (4.31)

AC(— Z 9(A)g(ABY)g(C¥)g(BCx)g(ABx1)g(BCYX)
q (q—l 9(A)g(C)
stffBC

x 9(X)g(@) (—)x(y) + L

1
062+053—041+CY+5.
Similarly, the term under summation for ¥ = CtB in (4.31) is equal to

AC(— (A AB
Z 9 1/))( 1/’)(

o 1 (4.32)

C)g(1)g(AC)g(BC)
9(A)g(C)

X= BC#)

x g(¥)BC(y)y(—zy).

Then applying (4.26) and (4.32) into (4.31) we obtain

AC(— Zg (Avp)g(ABY)g(Cep)g(BCx)g(ABxY)g(BCYY)
¢*(q —1)? 9(A)g(C)

xmmm%w@mmm+qgﬂm+q;%m—m+a+a

L =

(4.33)

Applying (4.20), (4.24) and (4.21), (4.27) into (4.33) we obtain

~AC(— Z 9(A)g(AB)g(Cep)g(BCx)g(ABx1)g(BCYY) (4.34)
(g —1)2 9(A)g(C) '
_ qg—1 qg—1

Il—f- IQ_al.

x g(X)g()(—x)x(y) +
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Now, multiplying both numerator and denominator by g(ABv)g(BCv)g(BC) and

then rearranging the terms, we obtain

;_ ACK= Zg (A9 Bx)g(BCX)g(BxC¥)g(X)9(A¥)g(C)g(ABY)
¢*(q — 9(ABY)g(BC)g(BC)g(A)g(C)

% g(ABT)g(BCY)g(BO g (@) —o)x(w) + L1 + =11, — gy,

q q
Using (1.22) we have
9(AP)g(CP)g(ABY)g(ABP)g(BCY)g(BC)g(¥)
-1 Z o(4)9(C) v
XQFl(AB¢7 Bi y) +q_1[1+q_1[2—051
BCO q q
_ AC(=1 3 9(A¢)9(C_¢)9(A§w)g(ZB@Q(ECWQ(BU)Q@)w(_z)
?lg-1) % 9(A)g(C)
#e,AB
><2F1<ABw Bi y) +51+52+q_111+q_112—0417
BCY q q

where

Using Lemma 1.2 and the fact that A # B, B # C and g(¢) = —1 we obtain

1 AB, BC
51 = ——2f) _ ’ Yy .
(¢—1) BC
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Using (1.24) we have

_ (AC\BC(y) AB(1—y)
P = (EO) T 1 (4.35)

Using (1.23) and the fact that g(e) = —1 we have

5, = BO(=1g(B)g(ABO)g(AC)¢(AB)g(BC)AB(x)
(g~ 1)g(A)g(0)
. <B§) " BO(=1)g(B)g(ABC)g(AC)g(AB)g(BC)AB(x) AC(y) AB(1 — y)
AC ¢*(q —1)g(A)g(C)

Applying (1.12) on the second term we obtain

By =

. (AE)*AB<—1>9<B>9<ABO>9( C)g(AB)g(BC)AB(@)AC(y) AB(1 — )
AC ( '

Lemma 1.22 yields

L=

AC(— Z 9(A)g(Cp)g(AB))g(AB)g(BCY)g(BC)g(v)
(g — 1 9(A)g(C)
1/)755 AB

a
=.
=
o
—
]
=
=
o
o
)
@]
=
=
:L>.
s
S
a>|
g
=
=
w
3
&
=
o,
b
=
@D
5
a
-+
-+
=
&
+
<
e
P
&
=
@
g
<
@

_ BC(-1) > 9(AY)g(Cy)g(BCY)g(BC)g(¥)
q(qg—1)

qg—1

-1
qq [1+ [2—051.
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If we consider the term under summation for ¢ = ¢, and then using Lemma 1.2

(1.23) and the fact that g(¢) = —1 we obtain

AB(1—y) [(AC\ 'BC(y)
I3Z_q——1+<36> 1 (4.39)

Now, using (4.35) and (4.39) we have

AC BO
51_]3:( )q—l (5> q—l

__ qAC(-1)BC(y)
 g(AB)g (AC’) (BC)

The last equality is obtained by using (1.8), Lemma 1.9 and Lemma 1.2. If we

multiplying both numerator and denominator by g(BC)g(AB)g(AC) and then use
Lemma 1.2 we have

b1, — _AC(—1)9(03)922@)9@0@0(1/)_ (4.40)

Considering the term under summation for ¢» = AB in (4.38), and then using Lemma
1.25 we have

_ po(—1)UBAB

3 AB(—l)(jg)_ 9(B)g(ABC)g(AC)g(AB)g(BC)AB(z)AB(1 — y)AC(y)

Now, using (4.36) and (4.41) we have

B, 1, — _ BC(=1)g(B)g(ABC)g(AC)g(AB)g(BC)AB(z) (4.42)
¢*9(A)g(C)
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Multiplying both numerator and denominator by g(BC) and then using Lemma 1.2
on g(BC)g(BC) and the fact that B # C, we have

s 1 9(A)g(Ch)g(BCY)g(P) |
X gawoemo) U
x AB(1 — )F1<Aa7 E_y) -
BCW

Using (1.22) and then rearranging the terms we have

_AB(1-y g(A)g(C)g(ACX)g(BCYX)g(¥x)g(X) . | 4
CESE Z 9(A)g(BO)g(AT)¢(C) R

If we apply the change of variables ¥ — @y and then rearranging the terms, we

have

Finally, using (3.4) and (4.22) we obtain

o(B)y(AB)By) AB(1 — )

L=AB(1—y)F(A;BC,AC;C;x,xy)* —

Multiplying both side by A(1—2)B(1—y), we complete the proof of the theorem. W

Corollary 4.5.1. Let A, B € Iﬁ‘} be such that B,AB? # ¢, A# B. For z,y € Fx
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such that x,y # 1 we have

B AB.B— —C —y )
F4(A’B’AB’B’ <1—x><1—y>’<1—x><1—y>>

A(l—y)zFl(B’ A fyx) _ABQ(—@B(—w)j((l—x)(l—y)) (AAE )

AB 1-=
9(B)g(AB)

—~ T(A)F(y)B (1 =2)(1-y)).

Proof. Putting C'= AB in Theorem 4.3 we have

L.=F, (A,B,AB,B, -2 _y) 1-20 —y))

= A((1 —x)(1 —y)) Fi(A; AB?, B; AB; x, zy)* —
where o = L28ESB(y) B (1 —2)(1—y)).
Multiplying both sides of the above identity by e(z — zy), and using the first part

of Theorem 3.3 we have

e(r —zy)L = ez —ay)d ((; —2)(1-y)) (AAF) i Fi(A; AB2, B; AB; x, zy)

—e(z — zy)a.
Using [43, Corollary 3.1] and Proposition 1.19 we have

e(x —ay)L = e(2’y ( :Uly_—;c)

e(wy — 2)AB*(—x)B(—2y)A (1 — 2)(1 — y)) <AA§)_1

—e(x — zy)a.

Finally, putting the value of @ and using the fact that e(z — zy) = e(2%y) = 1 we
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complete the proof of the corollary. [ |

The above result is a finite field analogue of the following identity [4, (4.4)]
satisfied by the appell series Fj:

b lta b T —y
F“(a’b’” b’b’<1—x><1—y>’<1—x><1—y>)

a, b TY —

l4a—bp LI-2

= (1 —y)%2 1
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Finite field analogues of identities satisfied

by Appell series

5.1 Introduction

Finite field analogues of identities connecting Appell series to classical 5 F;- and
s[5-hypergeometric series are already known (see for example [33, 35, 43]). There are
many beautiful identities connecting Appell series to classical 4F3-hypergeometric
series, and no finite field analogues of such classical identities are obtained till date.

In this chapter, we establish finite field analogue of five identities connecting Appell

IThe contents of this chapter are under review.

85
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series to classical 4 F3-hypergeometric series. There are many important applications
of the finite field analogues of these classical identities, and we shall discuss all these

applications in Chapter 6 and Chapter 7.

5.2 Statement of the main results

In the following identity the classical Appell series F5 is expressed as a 4F3-

classical hypergeometric series (see for example [8, (4.4)]).

o atl btc  bietl
Fy(a;b,c;2b,2c;m,—x) = 4 F5 | 27 2 27 N, 21 (5.1)
b+35, c+3, b+c

In the following result we prove a finite field analogue of (5.1).
Theorem 5.1. Let A, B,C € ﬁq; be such that A, B*C*, B?C?, AB2 # ¢. Forx € T,
such that © # 0 we have

FZ(AQ; B27 CQ, B47 C4a z, _'I>*

_ *ABC(4)9(A)9(AB?)g(BCp)g(B Cp) o 4 4w BC, BCp  ,

T2 BB o\ my 2, e
[dB0(@) | ] (a= 1)g(B*C2)g(BTTY)
5B Y g B e L)
4= D) 6(B) = 6(C) (B8 [ 4, BC*
9(B?)g(C?)g(B*)g(C*) BiCH
4= DO SN 9T | o (1 - x)
9(B?)g(C?)g(B*)g(C*) T
(q—l)g(A)g(TA)QQ_B_Cﬁ) 4F3 A’ A('D’ BC’ BOSD 1’2 (S(BZ)
ABC(4)g(A?)g(C?)g(B*)g(C?) B2y, B2C2yp, B2C?

Remark 5.2.1. Suppose that B*,C* # ¢. Then §(B?) = §(C?) = 0. Hence, we
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have the following corollary of Theorem 5.1 which is an exact finite field analogue
of (5.1). We have proved Theorem 5.1 without the conditions B%, C? # € so that we

can derive certain applications of the theorem by allowing B,C € {¢, p}.

Corollary 5.2.1. Let A, B,C € FX be such that A, B?,C% B*C*, B’C?, AB? # ¢.

For x € Fy, we have

Fy(A% B?,C* B, C* m, —x)*

e X

¢*ABC(4)9(A)g(AB?)g(BCp)g(BCy) A, Ap, BC, BCp
) B2p, C2p, BC?

The following is another identity [8, (4.5)] satisfied by the Appell series F, and

a 4F3-classical hypergeometric series.

Fy(a;b,b;¢,c;x, —x) = 4F3 2 | 2% ] . (5.2)

In the following result we prove a finite field analogue of (5.2).

Theorem 5.2. Let A, B,C € ]ﬁq; be such that A, B, BC?, B2C?, AC?p +# ¢. For

x € F,, we have

FQ(A2;B7B;C2aC2;x7_$)*
a9(BC?)g(A)g(AeC?)g(BC)g(BC ?) p A, Ap, B, BC? e
B(—1)AC(4)g(A?)g(B)g*(C?) C?2, C, Cyp

In the following identity the classical Appell series F3 is expressed as a 4F3-

classical hypergeometric series (see for example [8, (4.3)]).

a+b a+b+1 b
. o PR 2 , @, 9
Fs(a,a;b,b;c;x,—x) = 4F3 | 2% ] . (5.3)
a+b, £ <
v20 2
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In the following result we prove a finite field analogue of (5.3).

Theorem 5.3. Let A, B,C € Iﬁq; be such that A%, B?, A2B? A*C,B?>Cy # . For

x € F,, we have

Fy(A%, A% B, B C%; 2, 1)
_ gABC(4)g(AB)g(ABp)g(A*C)g(B>Cyp) AB, AByp, A% B*
?)

4l'3 | ©

9(A?)g(B?)g(C?) A2B2, C, Cy

In the following identity the classical Appell series Fj is expressed as a 4F3-

classical hypergeometric series (see for example [56, (127)]).

a afl b b+l
e _ 20 20 20 2 2
Fy(a;b;e,c;x,—x) = 4 F3 | —4z” | . (5.4)
c ¢ ctl
»

We prove the following result which is a finite field analogue of (5.4).

Theorem 5.4. Let A, B,C € ﬁg be such that A, AC%?p, BC # <. For x € F,, we

have

Fy(A% B* C?,C% x, —x)*

_q2ABU(4)g(A)g(A@gp)gQ(Bé) A, Ap, B, By

4F3 | —411’}2

9(A2)g(B?)g*(C?)g(p) C?, Gy Cyp

The following is another identity satisfied by the classical Appell series Fy and a

1F5-classical hypergeometric series (see for example [56, (126)]).

F4(a; b d, €;5Ca5€) = 4F3 2

We prove the following result which is a finite field analogue of (5.5).
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Theorem 5.5. Let A,B,D,E € Iﬁq; be such that A, D*E? D2E? BD? # ¢. For

x € F,, we have

Fy(A; B; D* E* x,2)*
¢’DE(4)g(BD?)g(DE)g(DEyp) A, B, DE, DEy
= aF3 | 4z | .

(¢ —1)g()g(B)g(D?)g(E?) D2 E?, D2E?

Y

Notation 5.2.1. In the rest of this chapter, x, \,n denote multiplicative charac-

ters on IF,. We write Z to denote the sum which is taken over all multiplicative

XA
characters x and .

5.3 Proof of Theorem 5.1

Proof. Here x # 0. From (3.5) we have

D= FQ(AQ'BZ ClaBt CHa, —:17)*

— Z gl A2x>\ B2x)g(C*N\)g(Bix)g( )Q(Y)Q(X)X(x),\(—x).

)
A2)g(B?)g(C?)g(B*)g(C*)

The change of variables y — x\ yields

I Zg (Ax)g(B*xN)g(C?*N)g(BTXN)g(CT]N)g(xN)g (V)
(q - 1)

J(47)g(B?)9(C?) g (B9 (C" x@)X=1)

N
S~—

Multiplying both numerator and denominator by ¢*x(—1)g(x)g(B*C?x)g(B*C*Y)

and then rearranging the terms, we obtain

s A=1)g(xN)g(A) ] [XA(=1)g(C?N)g(B*xA)
b= Z{ q9(X) } { q9(B*C?)
X[< (BT ><C4A>

q9(B*C*x)

G (X)X(_'x)a
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where

g(A%x)g(B*C?x)g(B*C*x)g(X)
g(A?)g(B?)g(C?)g(BY)g(Ch)

Gi(x) =

Now, using Lemma 1.12 we have

- L) -] [(e) - i

(?j) - L= 5B | Giox(-)
_ ﬁ ; (YO (BCTQ;\)\) (?j‘;) G100 (~2) — [y — I — 5. (5.6)

The last equality is obtained by using the fact that B*C* # ¢ which yields
3(X)8(B*C*x) = 8(x)8(B1Cx) = 8(B*C*x)3(B*C?x) = 0

for all x. Also,

XA X

2 ~ 4

q XA (B*xA . 22
b= XEA <>\)(C4)\)G1(X)X( 2)8(B°C7x);

2 - 2

q YA\ [ C2A __Ji
I3 = — _ BI04,
5= > (A)( QX)\)Gl(X)X( z)0(B*C*x)

Since [; is nonzero only when x = ¢, so putting xy = ¢ and then using Lemma 1.12

with the given condition B*C* # ¢ and Lemma 1.8, we deduce that

) e
Gi(e)

" e gmen 2N E N EN(C)
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B,

9(B*C?)
_ 9B Cg(C?) , a—1g(B*Cg(C?) <o
TV R A gmy P

The last equality is obtained by multiplying both numerator and denominator by
g(B?)g(B?C?) and then using Lemma 1.2 with B2C? # ¢. Similarly, I, is nonzero
only when y = B2C2. So, putting ¥ = B2C? and then using (1.19), Lemma 1.16
and (1.14) with B2C? +# ¢, we obtain

2 2,72 2

q B2C2)\\ (B2C2)\\ ., e —

I = S :( N )< b )Gl(B2C2)B2C2(:v)
A

B2C?, B2(? . Y
—q-oF ’ |1 | G1(B2C?)B2C2(x)

04
B2C? il
—g <§02) G,(B2C?)B2C2(z)
— —G,\(B?0?)BC%(a).

Again, I3 is nonzero only when y = B*C*, and so putting y = B*C* and then using

g(e) = —1, we find that

Iy=— = <B4C4A)( C?\ '\ g(A’BiC)g(B*C?)g(B'C*) B*CY(2)

q—145\ A J\BC'N)  g(A%)g(B2)g(C?)g(BY)g(CY)
_a9(A’BIChg(B2C?)g(B'C*) B2C2(a?) (C_2) |
9(A2)g(B?)g(C?)g(B)g(C?) B

The last equality is obtained by using (1.19) and Lemma 1.16. We now use Lemma
1.12 with B2C? # ¢, and replace the Gauss sums g(A%2B*C*), g(B2C?) and g(B*C*)

by employing Lemma 1.5 and then use Lemma 1.2 to obtain

 ABC(4)g(AB>C?)g(AB?*C2¢)g(BC)g(BCyp)g(B>*C*p) B2C%(%)

fo = 12 (—Dg(2)g(A2)g(Bg(CY)
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_ ABC(4)g(AB2C?)g(AB>C?%p)g(BC)g(BCp)g(p)g(B>C*0) B> C?(2)
¢2g(A2)g(BY)g(CH) ‘

We note that the last equality is obtained by using Lemma 1.2 after multiplying
both numerator and denominator by g(y). Using (1.20) and then Lemma 1.18 in
(5.6), we obtain

> % C B
X, C?, Bx
L=—_um | 0 1) Gilon(=a) = = L 1y
q— " B2y, 4
2 B2, B2C%x, B
= 1 Z3F2 e __ 1 Gix(@) — L = L — 1.
e By, (B

Employing the change of variables x — yB* and then Lemma 1.17, we have

2 B2, B*C%, X —
L=-"L-%R C 1| GBI Bix(@) - I — I, — L.
qg—1 ] B%, C?B?
2 — —
=h—-—hL—-L-IL—-1+ qq_ 1 ZG1(34X)B4X(_$)
A
0, it x 705
X _J L
B2C? B2C? -
(%)( @nn) + (%) (‘pgpﬁnn)’ lf X = nz'
Here,
Jy = (8(B%) = 8(C?) > Gi(BX)B'x()
X
and

Ii =) Gi(BY)B*x(-2)3(B*C?x).

X
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Since 6(B%C?y) is nonzero only when y = B2C?, so we have
I, = G1(B?*C?)B2C?*(x) = —Is.
Also,

I = (8(8%) — 6(¢*) Y. Gu(BY)Bx ()

X

= (6(B%) —8(C?) ZGl (z)

5(C%) g(A 915202 )9(B'C*x)g(X) .
= (5 ) 327 B o E e <

g Ly
_ ¢g(B?
(

C%) (3(B%) — 8(C*) ~ (A% (BPC%x)
o(B)9(C2)g(BNg(C" ;(x><3404x)x”
o — Dg(BC) (3(B) — 8(C*) 6(4%) ~ (B

o(B)g(C)9(BN)g(C) Z(B4C4X>X<)

_ ala = Dg(BC) (35(B*) —8(C?) [ 4% BC*
9(B2)g(C?)g(B")o(C) .

(g V2B (OB~ 8(CP) o (1Y 5
J(B)g(C)g (BN (xz)()

In the evaluation of J; we have used Lemma 1.12 with B?C? # ¢ and then (1.19)

U:JDJ

and (1.10), respectively.
We next evaluate the last term of L. If we put ¥ = n? and take the sum over all

n e Iﬁq;, then we will count the squares of Iﬁq; twice. Hence, we have

o\ (B wn B*C?n)
B? C?n C2pn

— I — I3+ Jy. (5.7)

2

q
P

G1(B?) B ()
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B 2@9077)

If we apply the change of variables n — ¢n in the sum containing hall —
B? C2%pn

then (5.7) yields

’ B2 C?
L= (%) ( @nn) Gi(BU?) B (@) = I = Is + 1.
U
The change of variables 1 — B21 yields

L:qulZ(]f;)(Bg’& )Gl( () — I, — I + Jy.

Lemma 1.12 yields

L=-1_%"

qg—1

X Gl( 2)7’}(1‘2) — Il — I3 S Jl
Zg (A%?)g(B>C*n?)g(B*C* %) g(B*n)g(C?n)g(B2C%n) g(n?) .
q—l 9(M)g(A2)g(B?)g(C?)g(BY)g(CH)

Also,
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and

)o(B) :
ol )

5(B?) Zg (A%n?) (13202 “)g(B'Ch?)g(B*n)g(n’)
)9(A2)g(C?)g(B*)g(CY)

J3 _ 5(32) Z 9(82

n(z?).

We now replace the Gauss sums g(A%n?), g(B>C*n?), g(n?), and g(B*C4n?) by using

Lemma 1.5 to obtain

9(B2C?n)g(B2C?¢n)
9()B2C?n(4)

i p2 g(An)g(Apn) | [9(BCn)g(BCen)
“’3‘5(3)2[ o) A(4) I |

3

Using the fact that g(¢)? = qp(—1) and then applying the change of variables

n — ne we have

= AB(4 Zg (An)g(Apn)g (BCn)g(BCsan)g(Bf2n)9_(3202¢n>9(ston)g(ﬁ)
° T ¢2C 9(A2)g(C?)g(B*)g(C*)

n

x n(2?)6(B2).

Multiplying both numerator and denominator by ¢?g(A)g(AB2)g?(BCy) and then

rearranging the terms, we obtain

J. _ ABC(4)g(A)g(AB*)g*(BCy) 3 [ 9(An)g(7) ] 9(Apn)g(B>on)

’ 9(A2)g(C?)g(BT)g(CT) an(=1)g(A)] | qon(—1)g(B2A)

o | 2n(=Dg(BCn)g(B>C2en) | | n(=1)g(BCpn)g(B>C?n) n(22)5(B?)
q9(BCy) q9(BCy)
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Using Lemma 1.12 with A, AB2, B>C? # ¢ and then (1.20), we finally obtain

—1)g(A)g(B2A)¢*(BC A Ap, BC, BC
J3 — _q(q )g( )g< )g_ CSO) 4F3 g i | [B2 5(32)
) B2y, B2C2p, B2C?

This completes the evaluation of all the extra terms present in L. We now evaluate
the main term of L. Replacing the Gauss sums g(A%n?), g(B*C?*p?), g(1?), and

g(B*C47?) by employing Lemma 1.5 we obtain

1 {g(An g(Ason)} [g(BCn)g(BCwn)] g(B2C%n)g(B2C%pn)

) 9(p)BCn(4) 9(p) B2C?n(4)

" {g("r‘z)g(_'rz)} 9(B>n)g(C>m)g(B>C*n)

9(m)g(A?)g(B*)g(C*)g(B*)g(C*)
—11—13+]5+J1+J2+J3.

n(—z?)

Employing Lemma 1.2 on g(¢)g(y) and g(B2C?n)g(B*C?n) we obtain

[— ABC(4 Zg (An)g(Apn)g(BCn)g(BCen)g(B>C2pn)g(B21)9(C*n)g(en) n(2?)
q(qg =1) 9(A2)g(B?)g(C?)g(B*)g(C*)

—hLh—Is+Is+Ji+ Jo+ J3 — I,

where

ABC(4) Zg(An)g(Ason)g(BCn)g(BCwn)g(BQCjon) )9(B21)9(C*n)g(%7)
¢ 5 9(A?)g(B?)g(C?)g(B*)g(C?)
x n(—z*)5(B2C?n)
_ ABC(4)g(AB>C?)g(AB>C?¢)g(BC)g(BCp)g(p)g(B*C*p) B>C*(a*)
¢*9(A2)g(B")g(CY)

Is =

- —Ig.

In the evaluation of I5 we have used the fact that §(B2C2n) # 0 only when n = B2C2.
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Now the change of variables 7 — 1y yields

L= 9(An)g(Aen)g(BCn)g(BCon)g(B*C*n)g(B>pn)g(C2en)g(m)n(=?)
. q(q — 1)ABC(4)g(A%)g(B*)g(C?)g(B*)g(C")

— L+ I+ J+ Jo+ Js.

Multiplying both numerator and denominator by ¢*>g(A)g(B2A)g(BCy¢)g(BCy) and
then rearranging the terms, we obtain

; _ PABC(4)g(A)g(B>A)g(BCp)g(BCyp )Z {n(—l)g(An)g(ﬁ)]
c? )

(¢ — 1)g(A%)g(B?)g(C?)g(B1)g(CY) 4 q9(A)
» [ on(—1)g(Apn)g(BZen) | [en(= 1)9(3077)9(02—9077)]
qg(B2A) q9(BC)
0(~1)g(BCon)g(B*C*) |,
X 10(500) | n(x*) =L+ Is+ J; + Jo + Js.

Since A, AB2, BC'p, BCyp # ¢, so using Lemma 1.12 and (1.20) we have

2)g(B*

—Lh+I+h+ I+ s

L:qQAW(Al) (A)Q(B_A)Q(BU¢)9(3_¢)4F 4, Ap, BC, BCy  ,
9(A2)g(B2)g(C?)g(B1)g(CT) ’ Blp, Cp, B2C

Putting the values of I, I5, Ji, Jo, J3, and G(g) with the fact that g(e) = —1, we
complete the proof of the theorem. [ |

5.4 Proof of Theorem 5.2

Proof. The result holds trivially for z = 0. Therefore, we assume that z # 0. From
(3.5) we have

L:= Fy(A%*; B,B;C? C?% 2, —x)*
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_ 1 9(AXNg(Bx)g(BNg(C*X)9(C°Ng(R)g(N) v\
e 9(A2)g2(B)g*(C?) XA

The change of variables y — x\ yields

1 9(A2x)g(BxA)g(BA)g(C2xN)g(C?A)g(x\)g(X)
b= (¢ —1)° ; 2

Multiplying both numerator and denominator by g(C2y)g(BC?) and then rearrang-

ing the terms, we obtain

BxA(—=1)g(C?xN\)g(Bx))

L Z{A(—ng(m)g@)}

(=1)* q9(B) q9(BC?)
A(=1)g(xN)g(C2N) .
X [ 90 Go(x)x(—2),
where
Ga(x) = B(-1)g(BF) 9(A%x)g(C2).

9(A%)g(B)g*(C?)

Employing Lemma 1.12 and the fact that B, BC? # ¢ we have

- 2 S OEE) 5 eférnen

-5 s () (30) () o= -1, )

XA

where

h=-t > (%) (52 caton(-iem
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Since I; is nonzero only when y = C2, so putting xy = C? we obtain

I = qu 1 XA: (Bj) (E 22 A) ()T (a).

Using (1.19), Lemma 1.16, (1.15), and the fact that B2C? # ¢, we have

_ B,
[1 = QGQ(CQ)CQ(LC) 2F1
B3

~4G(@C0)5(-1) (i)

— —B(—1)G,5(C?)C2%(x).

Now using (1.20) in (5.8), we obtain

Since B, BC? # ¢ and §(C2x) = 0 when y # [, so employing Lemma 1.17 we
B, O, X : ]
find that 3F5 L | 1| is nonzero only when Yy is a square. If we put
By, C?
X = 1% and take the sum over all n € ﬁq;, then we will count the squares of ng; twice.

Hence, using Lemma 1.17 we find that
2
¢*B(-1) 2\
L="—— E Go(m*)n?(x) — I, — I
20q — 1) 2P (x) — Iy — I

= (3) em) () (o)

- 50D 3 (2)( g’n) ColP)R(x) - I — I,

where
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In the evaluation of I, we have used the fact that 6(C2n?) # 0 only when n = C, Cp.
Now employing Lemma 1.12 with B # ¢ we deduce that

¢°B(-1) B(=1)g(n)g(B)  q—1.—
S Z{ w®Bn) 4 ‘5<B’7)}
Bn(-1)g(C?n)g(C*Bn) | ., ~5_,
X 10(B) Go(n?)n(x”)
_ B(=1) —~ 9(@n)g(C*Bn)g(n) - =\ 5
=1 Z T Pt + I
where
9(C*n)g(C°Bn) , — o
I3 = o(D) (n?)7(—2*)8(Bn)
9(BC?)g(B>C?) | —=

The last equality is obtained by putting n = B. Employing Lemma 1.3 on g¢(Bn)

we have

L= 2E0 S g Bagtn) | P2 =) | Gl + 1
= q(ql_ 1 ; 9(C?n)g(C*Bn)g(n)g(Bm)Gs(n?)n(z*) + Is — Lu,

where

1= 22U S @0y 2B n) GG m(—)6(5m)
- BB (50 5 Gl BB
N g(B@)g(ﬁCz) P\ .2
- A G B
= ]3.
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We evaluate I, by putting n = B, and then use Lemma 1.2 with B # . Now the

change of variables n — 7 yields

— = > 9(A%)g(C?n?)g(CPn)g(BC*n)g(m)g(Bn)n(z?).

Replacing the Gauss sums g(A%,?) and g(C?n?) by using Lemma 1.5 we deduce that

B B(—1)g(BC?) g(An)g(Aen)] [g(Cn)g(Cny)
L‘q<q—1>g<A2>g<B>g2@>;[ sl oo

x g(C%n)g(C*Bn)g(Bn)g(@)n(z?)

x> g(An)g(Apn)g(Cn)g(Cne)g(C2n)g(C*Bn)g(Bn)g(Mn(z?).

n

The last equality is obtained by using the fact that g(¢)? = qo(—1). Multiply-
ing both numerator and denominator by ¢>g(A)g(ApC?)g(BC)g(BCy) and then

rearranging the terms, we obtain

; _ CB(=1AC(4)g(BC?)g(A)g(AC)g(B 5)9@090)2 {n(—l)g(An)g(ﬁ)]
(B

(a—1)g(A?)g(B)g*(C?) . q9(A)

C*n(=1)g(Apn)g(C?n) { 9(Bn)g(Cn) ] { 9(BC?n)g 9(Cny) }n(ﬁ)-
q9(ApC?) qCn(—1)g(BC)

qCn(—1)g(BCy)

Using Lemma 1.12 along with A # &, AC? # ¢, B>C? # ¢ and then (1.20), we
obtain

qB(—1)AC(4)g(BC?)g(A)g(ApC?)g(BC)g(BCyp)

L= e
9(A%)g(B)g*(C?)
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A, Ap, B, BC? )
X 4F3 | X .
C* C, Cp

This completes the proof of the theorem. [ |

5.5 Proof of Theorem 5.3

Proof. The result holds trivially for z = 0. Therefore, we assume that z # 0. From
(3.6) we have

L = F3(A% A% B?, B% C% x, —x)*

_ 1 ZQ(AQX)Q(A2)\)9(BQX)Q(BQ)\)Q(CTX)\)Q(Y)Q(X)
(g—1 g°(A?)g*(B?)g(C?)

The change of variables y — Y\ yields

I— Zg (A%xN)g(A?N)g(B? )g(BQA)i%C_) g(xNg)
(q—12 g*(A?)g*(B?)g(C?)

Multiplying both numerator and denominator by ¢®g(A?B?%y) and then rearranging

the terms, we obtain

(-1 qg(A?) q9(B?)
XA(=1)g(B*X)g(A*xN)
- [ q9(A*B?y) }Gg(X) )

where
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Employing Lemma 1.12 with the given condition A2, B # ¢ we have

B () e

XA

= 331)2 2 (A;A) (AB_;A) (B%A) Gaboxte) =1

XA

where

=L (AN (52, ) eston@itazs)

XA

2 2 2 R2
__q AN (A°BN o o 2pe
_ (A )( o >G3(AB)AB(J:)

11| Gy(A2B2) A2 B%(x)

_ (AiBQ) (X B 2B (z)

— Gy (BB (x).

We have evaluated I; using the fact that §(A2B%y) # 0 only when y = A2B2 and

then we use (1.19), Lemma 1.16 and (1.14) with the given condition A?B? # ¢.
Now (1.20) yields

¢ A% B X

Z3F2 | Gsx)x(x) = L. (5.9)
X A?x, B?x

Since A2, B? # ¢ and §(A2B%y) = 0 when x # [, so employing Lemma 1.17 we
2 R

A% B X : :
| 1] is nonzero only when x is a square. If we

A%x, B*x

put ¥ = n? and take the sum over all n € ﬁq;, then we will count the squares of ﬁq;

find that 3F2

twice. Hence, using Lemma 1.17 and following similar steps as shown in the proofs
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of Theorem 5.1 and Theorem 5.2, we have

2

L=y (;172) ( Af;iﬁ) Gy (P)(22) — I — I, (5.10)

qg—1

where

¢’ 9mg(A) | q=1c—5 | | n(=Dg(BNg(A*B) | ,
L q—lz g e (A% () s(n?)m(z7)
- > A DTG ) + I
where
= Zg (57 A232 ) Gy (7 (—a2)6(An)
A (A2Bz) (BQ)A“(fE) o
= o2 G3(A%). (5.11)
Replacing g(A2n) by employing Lemma 1.3 we find that
q_lZg o) | B 9= )| Gulim—a?) + I
e j 2 o(o(B D EB A TGP + I = I
where
Zg g(A2B2)Gs(n?)(—a?)6(A%)
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1 -
= 59(A2) 9(A2B%)g(B?)G3(A%) A¥(z)
= Is.
We obtain I, = I3 by using g(A?)g(A2?) = q. The change of variables 7 — 7 yields

Z 9(n g(A2B2)g(A%n)Gs(n®)n(a?).

We use Lemma 1.5 to replace the Gauss sums g(A?B?n?) and g(C?n?) present in
the term G3(n?) to obtain

/ 1 9(ABn)g(ABen)] [9(Cn)g(Cnyp)
"2 Q(q—l)g(AZ)g(BQ)g(@)Z[ 9(p)ABn(4) 1 [ 9(p)Cn(4) ]
x g(A*n)g(B*n)g(A2B>n)g(m)n(z*)
_ p(-=1)ABC(4)
¢*(q — 1)g(A2)g(B?)g(C?)
x Y g(ABn)g(ABen)g(Cn)g(Crp)g(A%n)g(B>n)g(A2B%n)g(m)n(=?).

n

The last equality is obtained by using the fact that g(v)? = qp(—1). Now multiply-
ing both numerator and denominator by ¢2g(AB)g(ABy)g(A2C)g(B*Cp) and then

rearranging the terms, we obtain
L= —
(¢ =1)g(A%)g(B*)g(C?) . q99(AB)

{ 9(A%n)g(Cn) } leon(—l)g(B%)g(C_W)}n(xz)
qCn(—1)g(A2C) q9(B*Cyp) '

¢*ABC(4)g(AB)g(ABy)g(A*C)g(B*Cy) > [n(—l)g(ABmg(ﬁ)}

g(ABpn)g(A2B%n)
qn(—1)g(ABy)

Finally, employing Lemma 1.12 along with the given conditions A2B%, A2C, B?C'¢ #
e and then (1.20), we complete the proof of the theorem. [ |
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5.6 Proof of Theorem 5.4

Proof. The result holds trivially for z = 0. Therefore, we assume that z # 0. From
(4.2) we have

L := F,(A* B* C? C%z,—x)*

- 9(ADN9(BXNg(CX)9(C*Ng(Dg()
<q—12 9(A2)g(B2)¢2(CP) KA

The change of variables y — x\ yields

o ZQA “X)9(C*xN)g( QA)Q(YA)Q(A)X(x)A<_1)_

(q (AQ) (B2)g*(C?)

Multiplying both numerator and denominator by ¢?¢g?(C2y), and then rearranging

the terms and using Lemma 1.12, we obtain

L= L 2 :M_l)qgg(fzfg)g@] [A(_l)qgg%)j)(m %Y B
_ ﬁz (_A’“) - %éw_?x)] (%)) - =0E0) Gtonon-
- 321)2 > (?ﬁ <§;‘)\>G4(X)X(x)>\( )= h—L+1,,

where

W= e
= q%lz( ) GoxA-15E);
L= 5 () G0N 1)
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I; = Gi(x)x(x)M(=1)5*(CZy).

Since I; is nonzero only when x = C2, so after putting x = C? and then using (1.14)

and Lemma 1.1 we obtain

g—1"14¢ q
. _G4(§2_)C1’2<ZU) Z)\(_l) + G4(_2)_2($) Z/\(_1)5(/\)
A A

Following similar steps as shown in the evaluation of Iy, we find that

Now (1.19) yields

Using Greene’s definition (1.18), we have

Ix=D > X1 —y?)

9 y€Fq

L () Gtont=n e - 20

ey ye]Fq

Gi(x)x(x) =20
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The last equality is obtained by using (1.9). The inner most sum is nonzero only

when x = n?, and hence putting x = 1? and using Lemma 1.1 we have

=5 (D) et —2n

g-1 n

Lemma 1.12 yields

_ 4 n(=Dg(C?mg@)  a—1 .= 2002y
L= n [ 10(C) — §(C?n?) | Ga(n”)n(a”) — 21
1 9(C*n)g®M) , , » 2
q—lzn: o) Ga(n)n(—=z*) — 21, + I3
1 9(A*n*)g(B*)g(C*nP)g(CPn)g (7)o
T W o AR

where

I =) Ga(n*)n(a*)5(C?) = 2G4(C?)C?(x) = 2.

n

In the evaluation of I3 we have used the fact that §(C?n2) # 0 only when n = C, Cp.

We now use Lemma 1.5 to replace the Gauss sums g(A4%n?), g(B*p?), and g(C?n?)

to obtain

)
_ ABC() N~ 9(An)g(Ane)g(Bn)g(Bne)g(Cn)g(Cng)g(C*mg(@) —,
_ﬂq—Ug; 2 (=42")

We note that the last equality is obtain by using g(¢)? = go(—1). Now multiplying
both numerator and denominator by ¢*g(A)g(C2Ay)g*(BC) and then rearranging
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the terms, we obtain

_ ¢PABC(4)9(A)g(C*Ap)g” (B )Z { 9(An)g(m) } 9(Apn)g(C?n)
(¢ = Dg(p)g(A)g(B2)g*(C?) = Lan(=1)g(A) | | gn(-1)g(AC?p)
. [En(=1)g(Bn)g(Cn )} [09077(—1)9(3@)9( sm?)} (1)
q9(BC) q9(BC)

Finally, using Lemma 1.12 with the given conditions A, AC2p, BC' # ¢ and (1.20),

we complete the proof. [ |

5.7 Proof of Theorem 5.5

Proof. The result holds trivially for z = 0. Therefore, we assume that x # 0. From
(4.2) we have

i - — F4(A'B'D2 E* z, z)*

_ Zg (ANg(BXNg(D*X)g(E*N)g(x)g(N)
(q—12 9(A)g(B)g(D?)g(E?)

The change of variables x — Y\ yields

Zg (AX)g(BX)9(D*XN)g(E*N)g(x\)g(A)
g(A) (B) (D?)g(E?)

x(z)

Zg (Ax)g(Bx)g(D*E*x)g(D*x)g(E*x)g(X)

o D2E2 oAy (B (D@ NI
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where

Since I; is nonzero only when Yy = DE, DE¢, so we have

9(ADE)g(BDE)DE(x) + g(ADE¢)g(BDEp) DEp(x)

e J(Dg(B)o(D?)g(E?) o1
Using Lemma 1.3 on g(D?E?x?) we find that
_ N 9A9(BX)g(D2E*x)g(D2X)g(E2)9(D*E*X*)9(X) . . .
> o0 —Dg(A)g(Blg(Dg(E) D e
where
oA (B DTEX)gD9EFRIR) ooz
- B D o & |
Similarly, I, is nonzero only when y = DE and DEy, and hence
I — 9(ADE)g(BDE)g(DE)g(DE)g(ED)g(DE)DE(x)
B &
9(ADE¢)g(BDEp)g(DEp)g(EDp)g(DEp)g(DEp) DEp(x) (5.13)

q9(A)g(B)g(D?)g(E?)

Replacing g(DE)g(DE), g(DE)g(ED), g(DEg)g(DEp) and g(EDg)g(DEyp) by

using Lemma 1.2 with the given conditions D*E?, D2E? # ¢, we have

1, = (JADE)g(BDE)DE(z) + g(ADE¢)g(BDEp) DEp(z)
9(A)g(B)g(D?*)g(E?)

- [1.
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5.7 PROOF OF THEOREM 5.5 111

Replacing the Gauss sum g(D?E?x?) by using Lemma 1.5 we obtain

L=

DE(4) 3 g(Ax)g(Bx)g(D2E2><)g(sz)g(EQX)g(DEX)g(DEsox)g(Y)X( 42)
a(q—1) = 9(2)9(A)g(B)g(D?)g(E?) '

Multiplying both numerator and denominator by ¢>g(BD?)g(DE)g(DE¢) and then

rearranging the terms, we obtain

9(Bx)g(D*x)
qx(—1)g(BD?)

; _ ©DE(#)g(BD?)g(DE)g(DEy) > { 9(Ax)9(x) ]
(a = 1g(p)g(B)g(D)g(E?) S~ Lax(~1)9(4)
X(=1)g(DEx)g(E?x) [x(—l)g(DEsox)g(D2E2x)

q9(DE) q9(DEy)

x(4z).

Finally, using Lemma 1.12 with the given conditions A, D*E? D2E? BD? # ¢ and

then (1.20), we complete the proof of the theorem. |
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Summation and product identities for

Gaussian hypergeometric series

6.1 Introduction

Greene [31] found several transformation formulas satisfied by the Gaussian
hypergeometric series analogous to those satisfied by the classical hypergeomet-
ric series. Since then many mathematicians have obtained finite field analogues of

transformation and summation identities satisfied by the classical hypergeometric

!Some parts of this chapter are published in Research in Number Theory (2020) and some parts
are under review.
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114 SUMMATION AND PRODUCT IDENTITIES

series (see for example [17, 18, 20, 21, 25, 45]). Finite field hypergeometric se-
ries are known to be related to various arithmetic objects. Some of the biggest
motivations for studying finite field hypergeometric functions have been their con-
nections with Fourier coefficients and eigenvalues of modular forms and with count-
ing points on certain kinds of algebraic varieties. Assuming the conjecture of van
Geemen and van Straten, McCarthy and Papanicolas [47] related the eigenvalue

of the Hecke operator of index p of a Siegel eigenform of degree 2 and level 8 to

1F3 SRR | =1 ]. The following identity played a crucial role in their
g, € €
proof:
Y ¥ P P ¥, @ X4, ¥, @
1 F3 | =1 | =2F | =1 | -3 |1
g €& £ € E, W

In [18, 19], Evans and Greene expressed 3F5-hypergeometric series as a product of
o Fi-hypergeometric series over finite fields from where they deduced certain special
values of 3F,-hypergeometric series including a finite field analogue of the Clausen’s
identity. In this chapter, we prove finite field analogues of certain product formulas
satisfied by the classical hypergeometric series. As an application of the main results
of Chapter 5, we find new summation and product formulas satisfied by the finite
field hypergeometric functions. For example, we express a 4F3-finite field hypergeo-
metric function as a sum of two 5 F}-finite field hypergeometric functions. We also
find two identities expressing 4F3-finite field hypergeometric functions as a product

of two o F-finite field hypergeometric functions.
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6.2 PRODUCT FORMULAS FOR (GAUSSIAN HYPERGEOMETRIC SERIES 115

6.2 Product formulas for Gaussian hypergeomet-
ric series

In the following theorem, we express a 4F3-hypergeometric series as a product of

two o F1-hypergeometric series over finite fields.

Theorem 6.1. Let A, B,C € I?q; be such that A%, B? #£ ¢, A2 # C, and B* # C.
For x # 1, we have

A% B2 A? B?
21 | @ | oFY _ =
C A’B%C

_ qAB(4)g(A?)g(ABC)g(ABCy) A*, B?, AB, ABy

2! Aty WFy | 4x(1—2)
9(B?)g(B*C)g(A*C)g(¢) A2B?, C, A’B®C
9(B?)g(B2C)g(A2C)g(p) A2B2. A2B2C

A2, B, AB ) .y ]
| 42(1 — z) | 6(ABCy)

A’B? C
. aC(1 ~5)CB(a) s (A - AB)y(AB)AB(x — +*)
§(4)g(B)g(BOYg(@C) \(1—2P) ~  2g(42)g(B)9(BC)g(A°C)

x [(q — 1)0(AB)S(ABC) — gAB(—1)(ABC) — ¢qABC(—1)6(AB)]

[(q = 1)6(ABCp)5(ABy)

q29(A?)g(B?)g(B2C)g(A2C)
— qABp(~1)6(ABCyp) — qABCp(~1)6(ABy)].

We show that many interesting results proved by Evans, Greene, and Ono fol-
low from the above transformation including a finite field analogue of the Clausen’s
classical identity. We have stated Theorem 6.1 with minimum conditions on the pa-
rameters so that certain known results can be deduced, and therefore there are some

extra terms in the formula. The extra terms will disappear if we put some additional
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116 SUMMATION AND PRODUCT IDENTITIES

conditions on the parameters. For example, we have the following corollary.

Corollary 6.2.1. Let A,B,C € Iﬁ} be such that A%, B?, A2B? A?B?C? # ¢, A* #
C, and B*> # C. For x # 1,5, we have

A2 B2 A2 B2
2 F | x| oFy T
C A2B2C
gAB(4)g(A?)g(ABC)g(ABCy) ,, A% B®. AB, ABy
= — — 4F3 _ ‘ 4[[‘(1-%’)
9(B?)g(B*C)g(A*C)g(y) A2B2, C, AB2C

If we apply Proposition 1.19 to Corollary 6.2.1, we obtain the following identity
satisfied by the McCarthy’s finite field hypergeometric series.

A2, B? Y A? B? )
21 || o) R
C A?B%C

A2, B?, AB, ABy

= 4F3 _ 4z(1—2)
A2 C. A’BC

The above identity is a finite field analogue of the following identity [7, (6.1)] satisfied

by the classical hypergeometric series:

a? /B a’ /8
o |z | oFY | ©
v at+f—y
«Q, , Ha+p), ia+B+1
=43 4 (@t F), gl it | 42(1 — z)
a+ f, ot atpf—-y+1

The following transformation satisfied by the classical hypergeometric series is equiv-

alent to the Clausen’s identity [7].

a,

a+f+3
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6.2 PRODUCT FORMULAS FOR (GAUSSIAN HYPERGEOMETRIC SERIES 117

N B atp | dz(1—2) | . (6.1)

200+ 28, a+B+3

From Theorem 6.1, we prove the following result which is a finite field analogue of

(6.1).

Theorem 6.2. Let A, B € FY be such that A%, B>, ABp, AB, ABp # ¢. For x #

1,%, we have
2
; AB(4)g(B)%*g(Ap)?
T (1) | = AEDE (g
ABy q9(A?)g(B?)
A%, B? AB B)?g(Ap)*ABy(r — 22
1= ) 4 LBOA B )
A2B?, AByp ¢°9(A*)g(B?)

We note that a finite field analogue of the Clausen’s identity was also obtained
by Evans and Greene [18, Thm 1.5]. Theorem 6.2 can also be deduced from [18,
Thm 1.5] by taking S = B,C = ABy, and then employing Lemma 1.9 and Lemma
1.2.

The following identity expresses a 4 F3 classical hypergeometric series as a product

of two o F} classical hypergeometric series [7, (7.4)].

o F o\ |z | 2 F1 7=F 1—F E:
a—p—1
(g @ VTP et fglaty =8l ke
- - 4473
a+y -0, 5, a—B+1 (1—x)?
(6.2)

In the following theorem, we prove a finite field analogue of (6.2).

Theorem 6.3. Let A, D, E € E? be such that A%, E* A’D2E? A2D*E? + ¢, A% #
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118 SUMMATION AND PRODUCT IDENTITIES

D2, and D? # E*. For z # 1, we have

A% E? D2E?2, 2
2 F ’ z | 2F1 — ’ z
D? A?E2
B E2(2)5 (1-23) ¢ ADE(4)A2D2E%(1 — 2)g(AED)g(AEDy)
q 9()
A%, D?E?, ADE, ADEy —4z
X 4F3

A2D?E2, p?,  AE2 (1—2)?

If we assume 22 # 1 in Theorem 6.3, then Proposition 1.19 yields

oI | z o) _ | z
i A%E?

A%, D?E2, ADE, ADEyp —4z
A2D?EE, p?, ARz (1—2)2 )7

= A2D2E%(1 — 2)4F3
which is an exact finite field analogue of (6.2).

The following is another product formula satisfied by the classical hypergeometric

series [7, (6.3)].

«, 6 «, 7_6
21 |z | 2P} |z
Y Y
F o Q, 67 v — G, 7_/6 _sz
= (1 —z)"%F3 X - [—4(1—1;) (6.3)
Vs 57 5

We prove the following result which is a finite field analogue of (6.3).

Theorem 6.4. Let A, B,C € Iﬁq; be such that A,B,C* # ¢ and A, B # C?. For
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6.2 PRODUCT FORMULAS FOR (GAUSSIAN HYPERGEOMETRIC SERIES 119

x # 1, we have

c? C? 9(A)g(B)g(AC?)g(BC?) \z—1
L _4A(1 — 2)g(AC)g(BCy A, B, AC?, BC? =
P(~1)C(4)g(p)g(AC2)g(B)" " 2 c  Ccp Al-a)
(¢— VAQ - 2)g(AC)g(BCY) |q—1 _ (A4 B 2 \ . _
T CNC@g(p)eEC)g(B) | F( oo 14(1_90))5(,40)5(30@

g (%5 BC = SEAC) —aF, [ P At =’ 5(BC
—3lip YR ( )_3 2 027 C’ |4(1—ZE) ( SD)

(¢ — DAl = 2)C(=>)C(1 — 2) | 1
= A3 (B eCACT [(q — 1)6(AC)§(BC) — ¢BC(—1)5(AC)

(
—qAC(=1)8(BC) + (g — D1 — 2)3(ACp)d(BCp) — ¢BC(—1)p(z — 1)6(ACY)
(=Dyp(z —1)6(BCyp)].

~— ~—

—qAC (-1
If we put some additional conditions on the parameters in Theorem 6.4, we
readily obtain the following identity.

Corollary 6.2.2. Let A, B,C € FX be such that A, B,C? A’C?, B’C? # ¢ and
A, B +# C?% Forx # 1, we have

o R T N S qAB(‘llﬂi“‘m)C_ﬂx)ac‘z)
C? C? 9(A)g(B)g(AC?)g(BC?) \z—1

ap(-)CWA( — 2)g(AC)g(BCy) . [ A B, AC*, BC* | —a?
9()9(AC2)9(B) v

_|_

If we assume x # 2 in Corollary 6.2.2, then Proposition 1.19 yields
A, B A, C’B
2 F1 | x| 2F1 | x
C? C?
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*

A, B, AcC?, BC?  _p?

— A1 — 2\ F S
)4 3 02’ C, CQD 4(1—1‘)

which is an exact finite field analogue of (6.3).
In the following theorem, we prove a product formula expressing a 4F3-Gaussian
hypergeometric series as a product of two o Fj-Gaussian hypergeometric series em-

ploying Theorem 5.4.

Theorem 6.5. Let A, B € Iﬁq; be such that A%, B, AB, ABy # ¢. Suppose that AB

is a square character. Then, for z € F, satisfying z # £1, we have

A7 AQO, 37 BSO | 422
e AB, D, Dp (1—2°)?
D(4)g(AB)?g(A%)g(p P A%, B? W - A2 B2 i
9(A)g(B)g(Bp)g(BD)" '\ ap 11—z '\ 4up 1+=
AB(—l)AE(Z>A2<1 + 2)B%(1 — 2)g(p)

where D?> = AB.

We note that there are two product identities in Theorem 6.5 each corresponding
to a square root of AB. In the following theorem, we prove another product formula

employing Theorem 5.5.

Theorem 6.6. Let A,B,D € FX be such that A, B, AB2, AD?, BD?, ABD?,
ABDAp # <. Suppose that AB is a square character. Then, for z € F, satisfying
z # 1, we have

A B, G, G

e o 4 | 42(1 — 2)
D2, ABD?, AB

(q—1)A<—1)9(_)§1(Z_l72)9(90)2F1 A, B 2 Ln A, B 2

qG(4)g(D?G)g(Gy) D? ABD?
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6.3 PROOF OF THEOREM 6.1 121

_ (g=DAB(=1AD>(1 - 2)BD*(2)g(¢) , ( 1—22 >
G(4)9(A)g(BD?)g(D*G)g(G) (1—-2)2)"

where G? = AB.

Again in Theorem 6.6, there are two product identities. We get a product formula

corresponding to each square root of AB.

6.3 Proof of Theorem 6.1

In the following lemma, we re-write Theorem 4.2 in terms of Greene’s finite field

hypergeometric series.

Lemma 6.7. Let A, B,C € Iﬁq; be such that A,B # ¢, B # C, and A # C. For

z,w € F, such that z,w # 1 we have

A B A B
o F1 | 2| 2F1 _Jw
C ABC

= = Fy (4;B;C,ABC; 2(1 — w), w(l — 2))

Ecgwm s <<1 1__2)11(}1__2)) |

A B o A B Y
2F1 | il 2F1 _ s
C - ABC L=y

= () (ana) ~ [ (ABCABC< —>f—y>’<1—x_>iyl—y>>*
¢*AC(-1)BC(y)A(1 — z)B(1 — y)

*

— 51— xy)] ) (6.4)

(A>9(B)9(C)9(ABC)
Applying Lemma 1.12 and Lemma 1.2, and then putting z = % and w = % in
(6.4), we complete the proof. [ |
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We now present a proof of our main product formula Theorem 6.1.

Proof of Theorem 6.1. The result is trivially true if x = 0. So, we assume that

x # 0. Let

Using Lemma 6.7, we have

9(B*)9(C)g(A2B2C)
~ 4g(BR)g(B2C)g(4%C)

F, (A% B% 0, A?B*C (1 — 2),2(1 —2))" + I, (6.5)

where

Now employing (4.2) into (6.5) we have

Ng(Cx)9(A2B>CH)g(N)g(X)
B2)g(B2C)g(A2C)

L:; Z gAQX)‘) ( ;( X)\(x—x2)+[1.

9(A%)g(B

X /\E]F><

The change of variables x — Y\ yield

9(A%0)g(B*x)g(CxN)g(A2B2CA)g(N)g(XN) 2
ala =12 Z R B D) e
Using Lemma 1.8, we have
9(A2)g (B9 (PB)g(PBCRg([CX)g ()
o1 Z FianTeare e e L R
(6.7)
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6.3 PROOF OF THEOREM 6.1 123

(6.8)

The last equality is obtained by putting y = AB, ABy. Now using Lemma 1.3 in
(6.7), we have

N 1 9(A%x)g(B?x)g(Cx)g(A2B?x)g(A2B2CY)
L_q2(q—1)2 9(A?)g(B?)g(B>C)g(A%C)

g(A2BQX2)g(X)X(:U — 332) + I + I, — I, (6.9)

where

L= lz 3 9(A*X)g(B*x)g( xig(AQB%)g(A2BQCY)9(Y)X(:E —2?) S(A2B%?)

= 9(A?)g(B2)g(B*C) g(A%C)
(¢ —1)g(AB)g(AB)AB(x — z?) —
= 1 O e {4~ 13(AB) ~AB(-)}(A50)
y g(szg(AFso)ABw(af — 1?)

_gABO(—1)6(AB) + U=

x [(q—1)6(ABC¢)d(AByp) — qAng(—l)(S(ABC’gp) — qABCp(—1)6(ABy)] .
(6.10)

The last equality is obtained by putting x = AB, AB¢ and using Lemma 1.2 on
9(AB)g(AB), g(ABC)g(ABC), g(AByp)g(ABy) and g(ABCp)g(ABCyp). Now us-
ing Lemma 1.5 on g(A?B?*x?), (6.9) reduces to

Z 9(A°X)g(B*X)9(Cx)g(A*B>X)g(A* B>CX)g(ABx)
S0 BTt
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x g(ABox)g(X)x(4x — 42®) + [, + I, — L.

Multiplying both numerator and denominator by ¢*g(A2)g(ABC)g(ABCyp) and

then rearranging the terms we have

¢*AB(4)g(A%)g(ABC)g(ABCy)
" (g—1)g <_> < 2C)g(A2C)g(p)
5> ( (OX(=1) | 9(BX)g(AB)x(=1)  g(ABX)g(C)Cx(-1)
= a9 AQ) q9(A?) q9(ABC)
g(Awa)jégi§)0X<_l)X(4x - 4x2)> 4+ I + I, — Is.

Lemma 1.12 yields

R 5 () ()5 )

B2y AB —1
<A232 ) ((A2 ch’fx) = q—(S ABO@) X4z —4a?) + I + I, — I

9(B?)g(B2C)g(A2C)g(p) A2B2. O, A2B2C
(¢ — 1)AB(4)g(A?)g(ABC)g(ABCy)

A2 B2 AByp —
X |3F | 42(1 —z) | 6(ABC)

A’B? A?2B*C
A2 B2 AB o
A’p?, C
(6.11)
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Finally employing (6.6), (6.8), and (6.10) into (6.11), we complete the proof of the

theorem. H

6.4 Proof of Theorem 6.2

We now state a special case of Theorem 6.1 which will be used to prove Theorem

6.2 and to derive certain special values.

Corollary 6.4.1. Let A, B € ﬁ(g be such that A>, B>, ABp # €. For x # 1 we have

2FI<A2, B Ix) y qﬁ?( )9(4%) FQ(A2’ 2 NG 4x(1x))

ABy 9(B?)g(AByp)? A2B2 ABoy
9(ABR)g(ABp)g(ABY) o oy 4ABo(1 —)ABy(x) (11— 2z
q2g(B?%)g(A%)g(A go)_ B_(p( 2 g(A2)g(B?)g(ABy)? ((x—l)?)

L (= De(-1)9(AB)g(AB)AB (w—x2)5(AB)
q9(A%)g (B) (AByp)?
(¢ —1)g (ABso ( %)

[0(ABy) + gABp(—-1)].

Proof. The result is trivially true if x = 0. So, let z # 0. Putting C' = ABy in
Theorem 6.1 and using the fact that g(¢) = —1 we have

A? B? ’
o I | x
AByp

qAB( )g(A_) 2 ( AQ’ B27 AB, ABy |43;'(1 x))

= —— 4
9(B*)g(ABy)? A2B2, AByp, ABo

+<qi>AB£4>g<ﬁ>3FQ(AQv B, AB 4:(;(1:6))

9(B*)g(AByp)? A?B?. ABo
qmgp(l_— 1) ABp(x) < 1 -2z ) (q— 1)g(A§)g(X£)E(m — xQ)(S(AB)
g(A%)g(B?)g(ABp)? ~ \(1 —x)? qp(—1)g(A2)g(B?)g(AByp)?
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(¢ —1)g(ABp)ABp(x — 2?)

29(A2)g(B2)g(ABy) [6(ABy) + ¢ABp(-1)]. (6.12)

Using (1.20) and (1.14) we have

AB(4)g(A? A, B®  AB, ABy
- q_2( )l )4F3 | 42(1 — )
9(B?)g(AByp)? A2B%. ABy, AByp

AB(4)g(A? AT\ B | AB
9(B?)g(AByp)? A’B?, ABo

where

_ gAB(4)g(A?) A*x\ ( B*x ABx 2
"= @eABy)y Z < X )(A2B2x> <ABSOX>X<4x_4x Qe
(ABsO)g(A_sO) (ABp)——
29(B?)g(A?)g(ABy)

ABop(z — z?). (6.14)

The last equality is obtained by putting y = AB¢, and then using Lemma 1.12 and
g(e) = —1. Finally, combining (6.12), (6.13) and (6.14), we complete the proof. W

Proof of Theorem 6.2. From [30, (4.33)], we have

A2 B? B(-1)g(B?)g(AB A, B
ABy 9(B)g(Ap) ABoy

(6.15)

Using the given conditions x # 1, 5 and AB,AByp # ¢, Corollary 6.4.1 yields

o Fy 4 B |z | = qA_B( )E(A_) 3 A% B, AB | 4z(1 — x)
AByp 9(B*)g(ABy)? A2B?, ABy
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(ABsO) (AByp)g (ABSD)
29(B?)g(A%)g
(6.16)

Combining (6.15) and (6.16), and then employing Lemma 1.2 we complete the proof.
[

6.5 Proof of Theorem 6.3

Proof. The result is trivially true if z = 0. Let  # 0. Putting C = D? and B = DE

in Theorem 6.1, we have

A%, D?E? A%, D?E?
| xZ 2F1 l X

D2 A?E?

?

2F1

A%, D?E?, ADE, ADEy
= 4F3 _ _ |4z(1-2)
A2D?E2, D2, A%R?
qADE(4) (F)_Q(A@)g(zEDw) N qAQ—BQ(l —QE%Q 5( 1 -2z ) .
9(D?E?)g(E?)g(A2D?)g() g(A?)g(D2E?)g(E?)g(A2D?) \(z —1)
(6.17)

Using Proposition 1.19 we find that

A%, D?E? A%, D?E?
2 F1 | x| oF; — | iy
P} A%E?
D2E?\ [ A2 \7! A2, D?E? D?E?2,  A?
= - — F F
(AZEQ) (AZEQ) 21 e | x| oF} O | z
_ I BB sy i [ A E
g(A2)g(A2D?) p2 r—1
D?E?,  E2 -
X oFy _ (6.18)
A2z v —1
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The last equality is obtained by using Lemma 1.12 and Theorem 1.14 (ii). Now
using (6.18) in (6.17) and Lemma 1.2 we have

A% E? - D?E?,  E2 -
2F1 | 2F1 N
D2 T — 1 A2z v —1
_ ADE(4)A>D*E%(1 — x)g(AED)g(AEDy)
9(¢)
A%, D?E?, ADE, ADEy

A2D?E?2, D2, A’E?
E2(1 - Z‘)E2<$)5 ( 1—2z
( .

y q r—1)2

Finally, putting z = %5, we complete the proof of the theorem. |

6.6 Proof of Theorem 6.4

Proof. The result is trivially true if z = 0. So, let x # 0. Let

A, B A, C’B
L= 2F1 | T 2F1 ‘ T
C? C?

Using Theorem 1.14 (i) and (ii) we have

_ A B A, B 1
L = A(—l)A(l — Qj‘)QFl | X 2F1 L |
% ABCc? l—x

(6.19)

Employing Lemma 6.7 into (6.19) yields

2 *
L= N9 F4(A;B;OQ,ABC2;x—1,1> +1, (6.20)
x_
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6.6 PROOF OF THEOREM 6.4 129

where

I — qAB(— ﬂIBﬂ—x)ka(x—Z)‘ (6.21)

Using (4.2) in (6.20) we obtain

L_Zu—x E:g/uw<aww< X)g( &?EMQAEX( @’ >+h-

q(q —
X )\GFX

Using Lemma 1.8 yields

where

L T 9(C*x)g(x) z? 73
b =aBAI=D) 3D e e () e

_ qAB(=1)A(1 — 2)C%(2)C(1 — a)
9(A)g(B)g(BC?)g(AC?)

[p(1—z) +1]. (6.23)

The last equality is obtained by putting x = C, C'p, and then using Lemma 1.2 and
the fact that C? # ¢. Now using Lemma 1.3 in (6.22) we have

+ I+ L~ I, (6.24)
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+9(ACp)g(BCp)g(Cp)g(ACp)g(BCp)g(Cip)p(x —1)] .

The last equality is obtained by putting x = C, Cp. Using Lemma 1.2 on g(AC)g(AC),

9(BC)g(BC), g(ACp)g(ACy), 9(BCp)g(BCy), 9(C)g(C) and g(Cp)g(Cyp) with

the fact that C? # ¢, we have

(g VA - HTEAC ~a)
q9(A)g(B)g(BC?)g(AC?)

—qBC(~1)p(z — 1)3(ACp) + (¢ — V(1 — 2)3(ACp)é(BCyp)

—qAC(-1)0(BC) — gAC(-1)p(z — 1)5(BCy)] . (6.25)

=1+ [(¢g — 1)6(AC)6(BC) — ¢BC(—1)6(AC)

Now using Lemma 1.5 in (6.24) we have

_ A<1 —x) Z 9(Ax)g(Bx)g9(C*x)g(AC*X)g(BC*x)g(Cx)g(¥Cx)9(X)
9(A)g(B)g(BC?)g(AC?)g(¢)

L B A
XX m 1 2 3-

Multiplying both numerator and denominator by ¢*g(AC)g(BCp)p(—1) and then

rearranging the terms we have

_ Po(=1)C(4)AQ1 — 2)g(AC)g(BCyp)
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9(BC?X)g(pCx)Cx(—1) a?

Using Lemma 1.12 and the fact that A, BC? # ¢ in (6.26) we have

_ Pe(=1)C(4)A(1 — x)g(AC)g(BC) AX\ [[AC?y
b= (¢ — 1)g(p)g(AC?)g(B) ng < X ) K Cx )

By BC?y qg—1 _=* x?
X(CZX) {(CSOX)_ q 6(BCy)| x P + I + I — Is.

Employing (1.20) yields

- %5@0)}

02’ 07 C(,O 4(1 — [L’)

— 1l A B 72
=R |
q C? 4(1 - 37)

' N A, B, BC? —x2 o
XJ(AC)O(BCy) — 3F | —— | J(AC)
02’ CQO 4(1 — x)

h
I
<
N
|
=
koY
N
|
—
|
s
=
|
Q
=
oy
Q
Y
~

A B, AC? BC? g2 )

.172

F. 4, B, AC? — §(BC
A 2 C i =g ) 0B

Finally combining (6.21), (6.23), (6.25) and (6.27), we complete the proof. |

+hL+ LI (6.27)

6.7 Proof of Theorem 6.5

Proof. Let D be a square root of AB. Then the other root is Dy. Putting C = D
and z = ;7 in Theorem 5.4, for A, By, AB, AByp # ¢, we have

Fy(A% B* AB, AB:; 0
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’D(4)g(A)g(Byp)g(BD)? A, Ap, B, By B 452
B B D)9 F( AB, D, Dy | <1'z2>2>' 02

Putting A = A%, B = B?, C = AB, v = —z, and y = z in Theorem 4.2, for
A% B% AB +# ¢, we have

Fy(A% B AB, AB: ——— — =y
4( ) ) ) 71_227 1_22)

A?, B? 2z A%, B? z
=k | 2 F1 ——
AB 142 AB 1—=z2

B ?AB(—1)AB(2)A%(1 2)32(1 — Z>(5(1 422
9(A?)g(B?)g(AB)?

¢*g(AB)? A%, B z A2, B2 .
= 2F1 | 2F1 | _
 9(B?)?2g(AB)? AB 1+z AB  1-=2
*AB(=1)AB(2)A%(1 + 2)B*(1 — 2)

9(A2)g(B?)g(AB)? 6(1+2%). (6.29)

The last equality is obtained by employing Proposition 1.19 with the given conditions
A% # ¢ and A # B, and then Lemma 1.12. Now (6.28) and (6.29) yield
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To complete the proof of the theorem, we need to prove (6.30) for the other root
Dyp. That is, we need to prove that

A7 A(p, B> BSO |_ 422
w AB, Dy, D (1—2%)?
_ D4)g*(AB)g(A*)g(») T A%, pB? - z F A2, B2 2
9(A)g(B)g(Byp)g(BDp)* AB  1-—=2 AR l+z
_ AB(L)AB()A <1+Z)Bz(1_z)g(@5(1+z2). (6.31)

D(4)g(A)g(Byp)g(BDyp)?

Using (1.20) and Lemma 1.12 with the facts that AB, ABp # ¢ we have

A7 A% B7 BQO | 422
al'3 -
AB, Dy, D (1—2%)
BD)? A, Ay, B, B 42
9(BDyp)? AB, D, Dp (1=2°)
Multiplying (6.30) by 2 and then employing (6.32) we arrive at (6.31). This
completes the proof of the theorem. [

6.8 Proof of Theorem 6.6

Proof. Let G be a square root of AB. Then the other root is Gi. Putting E = DG
and z = z(1 — z) in Theorem 5.5, for A, AB, BD?, ABD* # ¢, we have

Fy(A; B; D? ABD?; 2(1 — 2),2(1 — 2))* = ¢G)g (ﬁ )g(_Qa) 9(G)
(q —1)g(p)g(B)g(D?)g(ABD?)

A? B? G?
X o Fy v 2(1— 2) (6.33)
D?, ABD2,
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Putting C' = D? and w = z in Lemma 6.7, for A, B, AD2?, BD? # ¢, we have

A, B A, B
oy ‘ z | o) _ ‘ z
D? ABD?

Fy (A5 B; D? ABD%; 2(1 - 2), 2(1 - z))*

z)ED 2( >ﬁ(2 —2)s ( (1 ~ i”;) . (6.34)

P—‘/\
[\o}
N~——

QQ\/
A
\_/

D2, ABD?, AB
DA D o(B)o(AD? A, B A, B
_ (a=1A(=1)g(B)g( )9(<P)2F1 |2 | oF __ =
D2 ABD?

)
B (g —1)AB(—1)AD2(1 — 2)BD?*(2)g (c,o)(S ( 1— 22 ) .
G(4)g9(A)g(B 2) (D2G)g(Gy) (1—2)?

A B, G G
4F3( y ¢ 42(1—2))

(6.35)

To complete the proof of the theorem, we need to prove (6.35) for the other root
Gp. That is, we need to prove that
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Now using (1.20) and Lemma 1.12 with the facts that A2B? D*AB, D*ABy,# ¢

we have
A, B, Go, G
4F3 - |4Z(1—Z)
D?, ABD?, AB
D20 (G A, B, G, &
:%41@, DT -y, (6.37)
9(D*Gp)g(G) D2, ABD?, AB

Multiplying (6.35) by %, and then employing (6.37) we arrive at (6.36).

This completes the proof of the theorem. [
6.9 A summation formula for Gaussian hyperge-
ometric series

In the following theorem, we express a 4F3-Gaussian hypergeometric series as a

sum of two o F-Gaussian hypergeometric series by employing Theorem 5.1.

Theorem 6.8. Let A,C' € ]ﬁq; be such that A,C* # e. For x € F,, we have

v | X
@, C?p, C?
AC(4)g(C2)g(A2 A% 2 A?, A"
= ( )g( lg( ) 2F1 |.f13 +2F1 ’ -z
9(A)?g(C)? C Cc4

AC(4)g(A)?9(C)? q
ZO(4>9(A2) 2742 4 A2 2 o arl 02 T
e [gw (T4 H () — qg( >(m4)] 51— )

By putting some additional conditions, we can remove the extra terms, and hence

we get the following corollary.
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Corollary 6.9.1. Let A,C ¢ ]ﬁq; be such that A>,C* # . Forxz € F,,x # 1, we

41171%(147 Ao o C x2)
¢, C?p, C?
_AC(4)9(C 2)_9( %)
9(A)2g(C)?

have

Proof of Theorem 6.8. The result hold trivially for = 0. Therefore, we assume
that x # 0. If we take B = ¢, then the hypothesis of Theorem 5.1 is true for all
characters A and C such that A,C* # e. So, putting B = ¢ in Theorem 5.1 and
then using Lemma 1.2 with C? # ¢ and putting the value g(¢) = —1 we find that

Now using (3.5) we have

L := Fy(A%¢,C%e,C4 2, —2)*
_ 1 T g(AXN9(09(C*A)g(X)g(C*N)g()g(A)
(¢—1 2

Employing Lemma 1.2 on g(x)g(X) and then using g(¢) = —1 we find that

_1 ZgAzx)\) g(C?\)g(C*N)g(x)g(\) (—2)\(—x) — I,

(a 9(A2)g(C?)g(CT)
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where
1 AN g(C2N)g(CHN)g(x) g (A
I = - g(A%xN)g( )g( )4( X)g( )X(f))\(—x)CS(X)
-2 g(A)g(Cg(C)
Since I is nonzero only when y = &, so putting x = ¢ and then using g(¢) = —1 we
obtain

I Zg (A20)g(C*N)g(CTA)g(N)

T ; Y A—z).
g1 9(A?)g(C?)g(C*)

Multiplying both numerator and denominator by ¢>g(C?) and then rearranging the

terms, we obtain

[1:—

A(—x).

o) g [M—l)g(AZA)g(X)] [M—l)g(CQ_A)g(W)
(¢ —1)g(C?)g(C*) 5 q9(A?) q9(C?)

Employing Lemma 1.12 with C? # € and then (1.19) and (1.10) yield
[ (%0) AN\ (C2AY, o qg(C)a(A%) Ny,
" e 5 ( 4 ) (04A) AT P (m) =

_ _L_2>_2F1 v 4 | -z | + (g — 1)9@)02 (1 —HC) 5(A%). (6.39)
) ! (

9(C?)g(CY) z?

Now multiplying both numerator and denominator by ¢g(A%)\) and then using

Lemma 1.12, we obtain

X(@)A(=2) = I

7 3 {X(—l)g(AZXA)g(Y)} g(A20)g(C*N)g(C*X)g(A)
qg(A2)) g(A2)g(C?)g(CH)

AN A2\)g(C2N)g(C* X)) g(N
- (q )? Z( XX> 4 ()/42<) (0)2)( (F)) 4 )X(:E))\(—x) —Ji—1I, (6.40)
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where

g g(A*N)g(C*N)g(CNg(N) |
¢—14 9(A2)g(C?)g(C*) .
q9(C*A?)g(C1A*) —

== T 2(2)6(1 — ). (6.41)

The last equality is obtained by using the fact that §(A2)\) # 0 only when A\ = A2,
Lemma 1.1 and then putting the value g(¢) = —1. If we multiply both numerator
and denominator by ¢2¢(C2) and use (1.9), then (6.40) yields

FA(1 - 2)g(C) <~ [M-Dg(AN)gM) ] [ADg(CNg@N)] , (=
(g DalC?yg @Z{ ag(4%) H 19(C?) ]A(w%)

1 — .

We note that the above expression is well-defined even for = 1 due to the presence
of the factor A2(1 — z). That is, the main term of L is equal to 0 when z = 1. Now
Lemma 1.12 and the given condition C? # ¢ yield

RGNS s

where

R TR M N C) LS

_alg—1)4? <1—x>g< By :
4(C)g(C) 65 ( — )5(A ). (6.43)

The last equality is obtained by using (1.10). Now combining (6.43), (6.41), (6.39)
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and (6.42), and then employing (1.19) we find that

27A2(1 _ Vay) AQ, CZ
R x>g<0>2F1< : )

o(C)(C7) ¢l
q9(C?) A ) a=19(C) (13 oo
“hengen e ) s @ () 5
ola DB 0O (21, TN,
9(C?)g(CY) 27 9(C?)g(CY)

From Theorem 1.14 (ii) we have

A%(1 I R g4 € \sa1
(1 —x) 11 C4|$_1 =241 C4|$ _<ﬁ04)(—l’)-

(6.45)

Finally, employing (6.45) into (6.44), and then putting this value of L in (6.38) we
complete the proof of the theorem. [ |

TH-2349_ 156123023



TH-2349_156123023



Special values of Gaussian hypergeometric

series

7.1 Introduction

Finding special values of Gaussian hypergeometric series is an important and
interesting problem. Special values of Gaussian hypergeometric series play an im-
portant role in solving many old conjectures and supercongruences. After introduc-
ing Gaussian hypergeometric series in [31], Greene deduced certain special values of

oF and 3Fy-hypergeometric series using symmetric and transformation formulas of

!Some parts of this chapter are published in Research in Number Theory (2020) and some parts
are under review.

141
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Gaussian hypergeometric series. Since then many special values of hypergeometric
functions over finite fields are obtained using different techniques (see for example
(2, 9, 10, 12, 19, 32, 50, 52]). Most of the known results give values of 5F; and
3Fy-hypergeometric series containing trivial, quadratic and quartic characters as pa-
rameters. Finding values of Gaussian hypergeometric series containing arbitrary
characters at specific values of the argument is a difficult problem. Only a few such
values are known till date (see for example [9, 19, 31]). In this chapter, we have
used our new transformation formulas to find several special values of 5 F, 3F5 and
+F3-Gaussian hypergeometric series. We first state some results of Greene on special

values of Gaussian hypergeometric series.

Lemma 7.1. ([31, (4.11)]) Let A,B € Iﬁq;. Then we have

, B 0, ifB#0;
AB (D) + (%), ifB=c2

Lemma 7.2. ([31, (4.14)]) Let A,B € Iﬁq;. Then we have

A B 0, if B£0 ;
a2 &) + (). #B=c

0, ifB#0 ;
(G + (). fB=C
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7.2 Special values of , F;-Gaussian hypergeometric
series

In the following theorems, we find special values of 5 Fj-hypergeometric series

containing arbitrary characters at certain arguments.

Theorem 7.4. Let g =p", p > 2 a prime with ¢ =1 or 7 (mod 8). Let A € Iﬁq; be
such that A # ¢, . Then we have

A% A2p 42,2

oI g ] T
_ A1+ V2)A(=16)g(A%p)g(Ap) y 0, if Ap # 0O;
9()a(Ap) (Z) " (’v;f) i Ap— 2

Proof. 1t is known that 2 is a square in F, if and only if ¢ = 1 or 7 (mod 8). Putting
C = A% and = = +v/2 in Theorem 2.1 we find that

_ A% A2 +2+/2 A(16)g(A2p)g(A Are A
A%2(1+ \/5)2F1 ¥ | V2 _ (16)g(A%*p)g( 90)2F1 b |2
A4 1+4V2 9(p)g(Ap) A?

Now employing Lemma 7.2 into (7.1), we complete the proof of the theorem. [

Theorem 7.5. Let g =p", p > 2 a prime with ¢ = 1 (mod 8). Let x4 be a character
of order 4. Then for B € ﬁq; we have

v, Bxa 2 ) (0= 1e2+ V2)xu(-8)B(-4)9(xaB)g(B) ; —
S I sl 1590 o)
P2+ VDO B(-0g0uB)g(B) | YB#D;
- 9(9)g(xa) (7) + (V(p), if B =2,
X4 X4
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Proof. Putting C' = x3iB, A= x4 and z = i\% in Theorem 2.1 we find that

so(ziﬁ)m(“”’ Bxa |2 )X4§( 4)g9(x4B)g (F)gF1 ( X1, Xa %)

pB?  1+V2 9(#)g(Xa) YiB
— 1B B 2)  —
(g = DxaB(~ Hg(xiB)g (B)xa( )5(B>‘
qa9()9(Xx)
(7.2)
Now using Lemma 7.3 in (7.2), we complete the proof of the theorem. [ |

Theorem 7.6. Let x3 be a character of order 3. Let S be a character on F, whose

order is strictly greater than 3. If S is a square, then we have

- (S_ f )53%)5“6);1(%)9(@)

5123 S3(v/3 % 2)g(p)g(V/ )
" if¢=11 (mod 12);
) S®SENJ(VS, VSip) S\ ..
J(p, S) {(X?») + (X%)] , if¢g=1 (mod 12).

Proof. 1t is known that 3 is a square in I, if and only if ¢ = 1 or 11 (mod 12). Let
A% = 83, Then, A = V83 or A =1/ S3p. Putting C =52, A=1+S3and z = \i/—g

in Theorem 2.1, we deduce that

9(0)g(V ) 5 52
5(16)9(F20)g(v/5) (VT (VY - S3p, VS 4
- = 5z 5 ) 2h I3
9(p)g(V S%p) ( 5 )( ) ( 2 3)
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The last two equalities are obtained by using Proposition 1.19. Now using Lemma

1.12 and the fact that S?v/ S3p # ¢ # 52V S3, we have

V3+2 93, S2p +4
53< 2F1 |

V3 T /342

~5(16)9(S20)g(V/'S) VS, VS 4

= =201 — 3] (7.3)
9()g(V'S?) 52

If we take the other square root A = V/S3¢, then putting C' = 52, A = v/ S3¢p and
xr = \i/—g in Theorem 2.1, we readily obtain (7.3). Now, if S is a square and its order

is not equal to 3, then from [9, Theorem 1.8 (i)] we have

Vv S3p, \/S3 | 4 0, if g=2 (mod 3);
281 = '3~ J(V5V53%) [( 5 S\ e —
s 3 S($) I (%) + (5)] ifg=1 (mod 3)
(7.4)
Using (7.4) into (7.3) we complete the proof of the theorem. |

Theorem 7.7. Let g =p", p > 2 a prime with ¢ = 1 (mod 8). Let x4 be a character
of order 4. If B € ng; and B # ¢, then we have

o, B> 142
2F1 |

YiB 2

_ xa(4)B(~4)g(x4B)g(x4)9(B) %7> <w) ifB£0;
a9() n i B=
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Proof. Putting © = +v/2 and A = y, in Corollary 2.4.1, we have

N S ‘liﬂ _ xaB(A)90aBe)ga)g(Be) Lo X B )
xiBp 2 a9(¢)

Now using Lemma 7.2 in (7.5), we complete the proof of the theorem. [ |

In [10, Theorem 1.4], Barman and Kalita obtained four special values of 5F}
hypergeometric series containing trivial and quartic characters at the arguments

1/9,8/9,—1/8 and —8, respectively. For example, one of the values is the following:

I ( g |§) a6 | (4) + ()] (76)

In the following theorem we evaluate these values for any character A # ¢, ¢.

Theorem 7.8. Let A € Iﬁq; be such that A # €, . Then we have

o (5 13) T 21 3) ()

4 A= D DAEAO(AY ¢ o)

9(»)g(A)g(Ap)

)
A, Ap 8\ qA(=256)A(9)g(4%) [(A oA
: F( Al 9) s | ) ()]
(¢ — 1) Ap(~1)A(32) A(9)g(A%)

* 9()g(A)g(Ap) oA,

. A A 1\ gp(—1)A@B2)g(A%) (AN | (¢4

UQFI( T | 8) 9(A)g(AD)g(A7) ()= ()]
(¢ — DAMA)(A%)

9(p)g(A)g(Ap) oA
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A Ao ) qA(=256)g(A%) [(A oA
N F( A 8)g<A>g<F>g<A3> ()= (%)
(4= DAG(-)AB2)9(4%) .,
T e eag) )

Proof. Putting C = A2p, z = —% in Theorem 2.1, and then using Lemma 1.2 and
Lemma 1.5 on g(Ag), we deduce that

(7.7)

Now using Lemma 7.1 in (7.7), we complete the proof of part (a). Using Theorem
1.14 (i) and (ii) in (a), we obtain the required special values given in (b) and (c),
respectively. Finally, using Theorem 1.14 (ii) in (b), we complete the proof of
(d). |

Corollary 7.2.1. Let A € Iﬁq; be such that A # €, p. Then we have

SRR =l (RG]
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Proof. Putting # = § in Theorem 1.14 (i), we have

A, A3 9 A, A3
A2p
Now using Theorem 7.8 (c) in (7.8), we complete the proof of part (a).
Again, putting x = 9 in Theorem 1.14 (i), we have
A, A A, Ay
o |9 | = A(-1)F, | -8 . (7.9)
0 At
Now using Theorem 7.8 (d) in (7.9), we complete the proof of part (b). [ |

Remark 7.2.1. We readily obtain Theorem 1.4 of [10] by taking A = x4 in The-
orem 7.8. We also note that the extra terms containing 6(A3) in Theorem 7.8 and

Corollary 7.2.1 will disappear if A has order greater than 3.

We next evaluate special values of o F} hypergeometric series containing charac-
ters of specific orders, namely characters of orders dividing 8. Let xs be a character
of order 8. In the following two theorems, we find special values of 5/ hypergeo-

metric series containing €, ¢ and yg at a few specific arguments.

Theorem 7.9. Let ¢ =p", p > 2 a prime with ¢ =1 (mod 8). Then we have

@k [ ) “waene [(9) + (9)]

o » @
(7 320 (20w () (9]

Proof. Putting x = _77 and A = g, B = x3 in Corollary 2.4.1, we have

1 3 . Xe 49
L) _ 90elgbae) g [ Xe Xs 49 gy
9 q 0 81
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Now using (7.6) in (7.10), and then Lemma 1.2 we complete the proof of (a). Again,

putting x = _62\[‘2%3 and A = y4,C = ¢ in Theorem 2.1, we have

2
42+ 6 0, ¢  3F2/2 X4 X5 —2v/2+3
2o Fy | —— F | —=—

6v/2 = 3 . 3x2v2) ! s\ 6v2£3

(7.11)

For ¢ =1 (mod 8), from [12, Theorem 1.8] we have

AR ’f |<%)2 =w(6i12\/§){(>§)+(§>}. (7.12)

Now using (7.12) in (7.11), we complete the proof of part (b). |

Theorem 7.10. Let ¢ =p", p > 2 a prime with ¢ =1 (mod 12). Then we have

(7o) o (258) (222 [(9) - ()]

where x3 s a character of order 3.

Proof. Taking C' =¢, A= x4 and x = 62;\[‘[ in Theorem 2.1, we have

2
442V3) o ¥ |f¢2 _ g [ xe i | —2+V/3
6+£v3 )% NCEEY £ 6+/3

(7.13)

For ¢ =1 (mod 12), from [12, Theorem 1.8] we have

(A ) EEHIE @] o

Now using (7.14) in (7.13), we complete the proof. |
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In the following theorem, we find special values of 5 F} hypergeometric series

containing characters of order 4 at a few specific values of x.

Theorem 7.11. Let ¢ =p", p > 3 be prime. Then we have

(@5 [ ); |(§£—i§) :m(—wmm)[(’3)+(X3)],

¥

ifg=1 (mod ).

) aF | ’; r(iiﬁ) —ul-neex2v8) | (2)+(5)]
ifg=1 (mod 12).

Proof. Taking A= y4s =B and z = % in Corollary 2.4.1, we have

2
v, e 42 gla)gxa) X4, X4  (6V2F3
21 | | =R || =2
e 2V2+3 q o \2V2+3

(7.15)
For ¢ =1 (mod 8), from [37, Theorem 1.1 (a)] we have

Il e j |#\/i3 =g0(3:|:2\/§)[(>§)+(>f>}. (7.16)

Now employing (7.16) into (7.15) and the fact that g(xa)g(xap) = qxa(—1), we
complete the proof.

Again, taking A = x4, = B and x = % in Corollary 2.4.1, we have
1 (a)gliw) 65V3)
¥, ¢ X4, X4 F
s 2443 q o 2+/3
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From [37, Theorem 1.1 (b)] we have

P ©, ¢ | 4 0, if g=11 (mod 12);
21 —= | =
e 2%V3 ©(3£2V3) [(;’3) + (Xg)] ifg=1 (mod 12).
(7.18)
Now using (7.18) in (7.17) we complete the proof. [

In [50], Ono explicitly evaluated special values of o ] and 3F; hypergeometric se-
ries containing trivial and quadratic characters by counting points on elliptic curves
with complex multiplication over F,. By relating the values of 3/, hypergeometric
series obtained by Ono to squares of certain o hypergeometric series, Kalita [37]
evaluated special values of squares of certain ,F} hypergeometric series containing

trivial and quadratic characters. For example, recall the following result from [37].

Theorem 7.12. ([37, Theorem 1.2]) Let p be an odd prime. Then

2

N ©, © | 9 B (é)l, , ifp=7 (mod 8);
241 =
e 12 i?, ife? +2y> =p=1 (mod 8).
p
2
.. ()07 90 2 4{1}2 i
(11) o F} ) | 1T /53 = e ifp=1,7 (mod 12), and x* + 3y* = p.
2 .
(i) oF 0, © ’ 16 0, 2 if p=3,19,27 (mod 28) and p # 3;
241 —F= | =9 4
e 8E3VT 2+ T =p=1,9,25 (mod 28).
p
2
3 2 422
(Z’U) 2F1 LA | F\/_? = p—:I;, Zf 33'2 + 7y2 =p= 1,9, 11, 15,23,25 (mod 28)
. —

As a consequence of the above result, we evaluate the following special values of

squares of certain o/ hypergeometric series containing characters of order 4.
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Theorem 7.13. Let p be an odd prime. Then

2

3 2
) _1 4:
(a) oY X \ 5| = p%’ ifp=1 (mod 12) and 2* + 3y* = p.
£
, 2
; 64 42
WA M E ) = TP =p=1,9,25 (mod 28).
s 063 P
\ 2
) _]. 4
(c) o F1 A X I \n ° Vif 2+ Ty =p=1,9,25 (mod 28).
£

Proof. (a) It is known that —3 is a square modulo p if and only if p = 1 or 7
(mod 12). Now, puting A = x4, C =€ and x = \/% in Theorem 2.1, we find that

1 v, @ 2 X1, Xi  —1
o1+ 7m)m V=) T B RENEE
€ &

Squaring both sides of (7.19), and then using Theorem 7.12 (ii), we complete the
proof of part (a).
(b) It is known that 7 is a square modulo p if and only if p = 1,3,9,19,25 or 27

(mod 28). We put A = x4, C =¢ and x =

Siﬁ in Theorem 2.1 to obtain

P, ¢ 16 X1, Xi , 64
14 _ 2 | =,F . 7.20
( 3f> . lsaavr) =20 . 63 (7.20)

As before, squaring both sides of (7.20) and then using Theorem 7.12 (iii), we
complete the proof of (b).
(c) It is known that —7 is a square modulo p if and only if p = 1,9, 11, 15,23 or 25
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(mod 28). Now, taking A = x4, C =¢ and z = 3h in Theorem 2.1, we have

, 2 ,oXi o -1
o o F1 X | — . (7.21)

1
14+ —— ) »F ————
S0< 3\/—7>21 sy . 63

Squaring both sides of (7.21) and then using Theorem 7.12 (iv), we complete the
proof of (¢). This completes the proof of the theorem. [ |

Theorem 7.14. Let p be an odd prime. Then

Ny

2
X1, X 3FV2 4x
F = Jife? +2y =p=1 (mod 8).

X4, X4 3FV ) Agz” 4
b) o F = —, =1 d 12 dx?+3y* =p.
(b) oF% @|(1i\/_ 2 if p (mod 12) and 2* + 3y* = p
2
X4, X4 24 F 37 42
c) oF = Jif 2 +Ty2 =p=1,9,25 (mod 28).
()2 1 ; ‘(8:&3\/_> 2 f Yy - =p ( )
X4, X4 3F3 ) 42
d) oF} = Jif 2 + TP =p=1,9,25 (mod 28).
Wi | () | == (mod 29
Proof. Taking A= B = x4 and x = % in Corollary 2.4.1, we have
2 3FV2 ’
2 X4, X4 F
F; — | = —1) F —_— ) 7.22
2 - ‘1i\/§ Xa(=1):Fi A l(u:\/ﬁ) (7.22)

Now using Theorem 7.12 (i) in (7.22), we complete the proof of (a). We next put
A=B=yxsand z = SEV3S g Corollary 2.4.1 to obtain

1+£/-3
2
Y, @ 2 X4, X4 3 F Vv -3
2 I | ———= | = xa(-1):1 | (—) (7.23)
e 1E£v-3 0 1++/=3
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Now employing Theorem 7.12 (ii) in (7.23), we complete the proof of (b). We again

put A= B =y, and x = 284%3\? in Corollary 2.4.1 to get

2
©, P 16 X4, X4 24 F 37
21 | ———= | = xa(=1):h === |. (7.24)
e 8%+3VT o\ 8£3V7

Now using Theorem 7.12 (iii) in (7.24), we complete the proof of (c). Finally, putting

A=B=yx4and z = ?Bg in Corollary 2.4.1, we have

2
, 2 , -
©, ¢ X4, X4 | (3:F3\/ 7)  (7.25)

F SRR, I 2 -
! N Tagye | T alleh o ' \1£3/7

Now using Theorem 7.12 (iv) in (7.25), we complete the proof (d). This completes
the proof of the theorem. [ |

Remark 7.2.2. In view of Theorem 1.14, there are certain more special values of

o1 hypergeometric series similar to the above theorems at different arguments.

7.3 Special values of ;F5-Gaussian hypergeometric
series

We first recall a result from [25].

Lemma 7.15. [25, Thm 8.11] Let A € Iﬁ‘} be such that A # €,p. For x € FY, we

have

olFy |$ = B

A, Ap (1 + ()
@

) (Pu @) + A1 — \/5)) . (7.26)

We remark that the formula (7.26) is well-defined and the value of the hyperge-

ometric series will be equal to 0 if z is not a square.
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To deduce the special values obtained by Evans and Greene from our product
formulas proved in Chapter 6, we need to use the fact that A(—1) = —1if Ais a

non-square character. In the following two lemmas, we prove this fact.

Lemma 7.16. Let A € ﬁq; be of order m > 1. Then A(—1) = —1 if and only if m

. -1 -
18 even and % 18 odd.

Proof. Let g be a generator of the cyclic group Fy. Since m is the order of the
character A, therefore A(g) = ¢, a primitive m-th root of unity. We have A(—1) =
A(gq%l) = ("2, Suppose that A(—=1) = —=1. Then (-1)" = A™(—1) = 1, and

g—1 1 m
2

hence m is even. Also, (' = A(—1) = —1 = (%. This gives &2 = 2 (mod m),

and hence ’1;1—1 = 1 (mod 2) or equivalently q;—l is odd. Conversely, if m is even and

1 i5 odd then 4 = 2 (mod m). Hence, —1 = (% = ¢"2. This implies that

—1)=—1. |

S

Lemma 7.17. If A € Iﬁg is not a square, then A(—1) = —1.

Proof. Let m be the order of the character A. Then G = (A) is a cyclic subgroup
of ﬁq; of order m. Since A is not a square character, so A? is not a generator of
(. This implies that ged(2,m) = 2, that is m is even. We next prove that % is
odd. Otherwise, IE'E will have an element of order 2m, say B. Then we must have
(A) = (B*). This is a contradiction to the fact that A is not a square. Hence 2 is

odd. Using Lemma 7.16 we complete the proof of the lemma. [ |

In [50], Ono found several special values of 5 F1- and 3 Fo-Gaussian hypergeometric
series containing trivial and quadratic characters as parameters by counting points
on CM elliptic curves. We find the following special value which generalizes a result

of Ono.

Theorem 7.18. Let A € Iﬁg be such that A%, A% # . Then we have

3y | =8| =

) A (]

- A2 A2

Y
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A(4096) ¢ -1

. 7 A(4096)¢(2)g(A%0)g(A%p)d(A%p).

Proof. Putting x = —1, B = A3y in Corollary 6.4.1 and then using Lemma 1.2 on
9(142)9(@) and g(A4)g(ﬂ) we have

2

A2, A5, Aty A(256)g(A%)%g(A%) A AT
342 ’ _8 37 3 2471 | —1
A8, At q9(A?) Al
A(4096 —1 _ _
- 200 ) oo (@At ()
We complete the proof by combining Lemma 7.1 and (7.27). |

Putting A = x4 in Theorem 7.18 we readily obtain the following special value

obtained by Ono [50] when ¢ =1 (mod 4).

Corollary 7.3.1. Let ¢ =1 (mod 4). We have

g 2
Y ) ]_
e e so i q

Using our product formulas, we next find special values of 3F5-hypergeometric
series at © = —1 and x = }L, respectively. We note that these two results were also

proved by Evans and Greene, see for example [19, Thm 1.3 & 1.4].

Theorem 7.19. Suppose that C' is a multiplicative character whose order is not

equal to 1,2,4. Then for g =1 (mod 8) we have

1 .
© 0290 CQO ) Zf OX4 7& 0 ;
3F ’ ) 7 | -1] = 61] 2 —
s, C P ?Re(J(D, ©)J(Dxa,¢)), if Cxa = D
Proof. Putting A = x4 and = = %ﬁ in Corollary 6.4.1 and then using Lemma 1.2
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we have
2 B27 BX4
3F3 , -1
B 2 BX4
q9(¢) YiB 2 q¢
where B # €, v, X4, Xa.- From Theorem 7.7, we have
@, B> 142
2 F1 o | 5
X4B
_ a@BgaBwyBe) ) % EEAEE
q9(¢) ( )+< “0), if B= D2
X4 X4

Since ¢ = 1 (mod 8), we have x4(4) = ¢(2) = 1. Now, combining (7.29), (7.28),
and Lemma 1.2 we find that

2
M = 3F2 A B 7 BX4 | -1
B, BXa
_ B(1) . BW o EBAU
=T T gyt 9Bl g(BY) KD)Jr(Dgp)} B p?
X4 X4
(7.30)

When B = D? we have

M=t a0 K) ()]

:_l+9(X4)g(DX4) 9(Dx2)9(D)g(Dy KD) (Dgpﬂz

q 7*9(Xa) X4

The last equality is obtained by using Lemma 1.5 on g(D?p) and Lemma 1.7 on
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g(D*). Employing Lemma 1.12 and Lemma 1.2 we find that

D(-1)9(D)g(Dp)g(Dxa)  D(=1)9(D)g(Dp)g(Dxa) , L (7.31)

M = s
¢?9(DXz) q?9(Dxa) q

Now using Lemma 1.9 and Lemma 1.2 we have

. _ 49(D)g(Dxa)
J(D, ) (Dxa, ) = 2(D2)a(Ds) (7.32)
Using g(A) = A(—1)g(A), (7.32) yields
' 3 _ q9(D)g(Dxa)
J(D,)J(Dxa, ¢) = s(Do)g(Dxa) (7.33)
Combining (7.33), (7.32), (7.31) and Lemma 1.2 we find that
M = % - %Re(J(D, ©)J(Dxa, 9)), (7.34)

where B = D?. By Lemma 7.17 we have B(—1) = —1 if B is not a square. Now,
using (7.34) in (7.30) we have

if B£0;
P, B27 BX4 y ’
3% | -1 =

B, BYi 2

+ g RelJ(D, ¢)J(Dxs,9)), if B= D>

QPR

Clearly, B # €, p, x4, X4 if and only if Bxy # €, ¢, x4, Xa- We complete the proof of
the theorem by putting B = C'y4. |

Theorem 7.20. Suppose that C' is a multiplicative character which is a square and

its order is strictly greater than 4. Then we have

C4 :
C,C3 C 1 _%v if ¢ =11 (mod 12);
3k ) | 1]~ C(4) _
% Co e [q+2Re(J(C, x3)J(C, x3))] , if ¢ = 1 (mod 12).
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Proof. Let S be a multiplicative character which is a square, and let its order be
strictly greater than 4. Putting A = v/ S3, B=+/S and z = #ﬁ in Corollary 6.4.1

and then using Lemma 1.2 we have

. (S_ 5. S %) _ 8@l (S_ s 2+¢3) 0

52, Sp q9(5?) S 4 q
(7.35)
From Theorem 7.6, we have
m [T T 4| SWBSU6(Fes)
5T 2EV3 S3(v/3+ 2)g()g (V)
0 if =11 (mod 12);
X\ SE®SENIVS V) [(SY . (S\] & _
J(p, S) [(X3) + (x%)] if g=1 (mod 12).
(7.36)

Employing Lemma 1.15 into (7.36), and then using Lemma 1.2, we deduce from

(7.35) that

o (S_ 5, 3 1) S(1) | p(~Dg)g(VS)2I (V3T
. 3472 4

52, Sy )=t S(27)5(16)9(5%)g(V/ 53)21 (g, S)?
0, if g=11 (mod 12);

X g S 2 . B (7.37)
Kx3> V, (X%H 192 LTy

Using Lemma 1.9 and Lemma 1.2 in (7.37), for ¢ =1 (mod 12), we have

M =

S () ()
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Using Lemma 1.5 on g(V ?), and then employing Lemma 1.2 we find that

v - S aS(4)5(21)g(9) [(s> N (S)r.

q 9(5%)g(9)? X3 X3

Lemma 1.12, Lemma 1.6, and Lemma 1.2 yield

(4 22 2
M- 5(2) g+ _QQQ(X::,) 2 _99(xs) } ‘ (7.38)
q 9(Sx3)9(5x3)  9(Sxs)9(Sxs)
Using Lemma 1.9 and Lemma 1.2 we have
= q9(x3)°
J(S,x3)J(S, x3) = ————=——. (7.39)
’ Y g(Sxs)9(Sxs)
Using g(A4) = A(=1)g(A), (7.39) yields
= a9(x3)*
J(S,x3)J(9, x3) = ——=——>——. (7.40)
’ Y 9(5x3)9(Sx3)
Now, employing (7.40), (7.39) and (7.38) into (7.37) we have
S35 S 1
3Fo -
52, So 4
—54 ifg=11 (mod 12);
=91 5(4) (7.41)

[q +2Re(J(S, x3)J (S, x3))], ifg=1 (mod 12).

Using (1.20), Lemma 1.12, and Lemma 1.2 we find that

S3.8 5 1 S, S3, S 1
3F2 . |Z :3F2 — |Z . (742)
5%, S 52, Sy

Combining (7.41) and (7.42), and then putting S = C we complete the proof of the

theorem. [ |
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Remark 7.3.1. By Lemma 7.16 we have p(—1) = —1 if ¢ = 11 (mod 12) and
o(—=1)=14if¢g=1 (mod 12). To deduce Theorem 7.20 from [19, Theorem 1.3], we

need to use the values of p(—1) accordingly.
In the following theorem, we find values of 3F5-hypergeometric series at ©x = —8.
Theorem 7.21. Let A € Iﬁg be such that A%, A% # ¢ and A* # p. Then we have
—1

AT ) e () () ()]

- -1 —
A A q—1 (A2 A%, A% @ —
- o 1L} E —8 | §(A%
XKAZ)+(A2)}+ q <A4> ’ 2( , ﬁ' A
— -1

~#(e) () it () Lo

Proof. Putting B = A,C = A* and 2 = 2 in Theorem 6.1 we have

L e 1);@(@ [5@) +q} . (7.43)

From (1.20), (1.14) and using (1.16) on (A:(X) (4¥,) with the fact that A% # e, we

obtain

A% A% e, o q AN (A2 [ x \ [ ¢x
F — = — 7 -8
e £ A4ﬂ‘ ; q—lz(x><x)<A4x)(A4x)X( )

Y )
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)

A2 A2 A2 1
:< )BFQ v 8 +—2

ﬂ A4, A4 q

(7.44)
Using Proposition 1.19 and the fact that A% # & we have
A2 A2 A2\ [A2\ ! A2 A2
2 F1 e |2 - <m) (ﬂ) 2 F1 e |2
g(A%)g(A°) A2, A7

=== F 2. 7.45
e W T )

The last equality is obtained by using Lemma 1.12. Finally, employing (7.45), (7.44),
Lemma 1.2 and Lemma 7.2 into (7.43) we complete the proof. |

We remark that Corollary 7.3.1 also follows from Theorem 7.21 by taking A = x4.
We also show that the following result of Evans and Greene [18, Thm 1.9] follows
from Theorem 7.21.

Theorem 7.22. Suppose that A is a multiplicative character whose order is not
equal to 1,2,3,4,6,8. Then we have
o, A2, A2 1 A2(4).J (A2, A5)

. — 2 2 2 2
3F2 A47 P | 8 q+ q2J(A2,A2) [J(A,A) —FJ(A,A()O)}

Proof. Using Lemma 1.12 and Lemma 1.2 in Theorem 7.21 we have

N
At AT
_ _9@)eA)  g()g(Ag(p)g(Ap)  g(A)g(A%)g(Ap)g(e)
qg(A?)g(Atp)  qg9(A?)g(A%)g(pA3)g(Atp)  qg9(A?)g(A%)g(pA3)g(Atp)

(7.46)
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Now (1.20) and Lemma 1.12 yield

A% A% A? o, A%, AZ
3F2( - 8) gg(_@#gg( T8 (ran

Combining (7.47) and (7.46) we have

At A4

Using Lemma 1.9 we find that

A2(4).J (A2, A°)

[J(A% A)? + J (A%, Ap)?]

q2J<A2, A2)
_ A24) 1 9(A)2g(A)g(A2) | g(Ap)?g(A%)g(A?)
¢ g9(A%)? g(A3¢)?
9(A)g(4p) 9(A)g(Ap)

— -

_ 2 Sl . (7.49)
q9(A%)g(pA3%)  qg(A3)g(pA3)

The last equality is obtained by using Lemma 1.5 on g(A2) and g(A%), and then we
use Lemma 1.2. We now complete the proof by combining (7.49) and (7.48). [
In the following theorem we find values of 3F5-hypergeometric series at x = 4.

Theorem 7.23. Suppose that S is a multiplicative character which is a square and

its order is strictly greater than 4. Then we have

3F2 (? 5, % 4)  e(=1)s(6)

5S4, 52 q
+ — o S S\1?
J(S3,8 {( )+( 2>] , ifg=1 mod (12).
X3 X3

We note that the above result was also proved by Barman and Kalita by counting
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points on certain algebraic curves over finite fields, see for example [9, Thm 1.7].

Here we present a different proof using our product formulas.

Proof of Theorem 7.23. Given that S is a character which is a square and its order

is strictly greater than 4. Putting A = S3, B = S%2¢, C = S? and z = —&

2+/3 in
Theorem 6.4 and using the fact that g(¢) = —1 we have
J— R 2 -
» S3, S | 4 (g —1)5(256)S(V3 = 2)S5(2 + V3)
. 243 9(S%)9(S%¢)9(5)
L = Dp(-1)5(16)S* (V3 - 9 (V3+2)9(5) . [ 5 P, S i
— 2 - __
9(0)g(5)g(5%p) ’ 51, 52
ap(=1)S(16)S*(V3 ~ 9S3(V3 +2)g(S) , 3, S2p, 5, S% ¥
- — 4473 __ — = .
9(¢)9(5)g(S%p) ST 52, S
(7.50)
Now using (1.20) and (1.14) we have
3, 829, 5, S§2 1 S8, 829, §
4F3( _SO - _90 |4 | = —=3F% _SO _ |4) + 1L, (7.51)
Si 582 S2 q L

X
_ _p(=1)5(16) <§s0> <Ss0> _8(16)g(0)g(SPp) _ ¢(-1)S(16)g(¢)
q AN ¢29(5)g(S5?) q9(8)9(5%)g(S%p)
(7.52)

The above equality is obtained by putting x = S%p and then using (1.15), Lemma
1.12; and Lemma 1.2. By combining (7.50), (7.51), (7.52), Lemma 1.2 and Theorem
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7.6, we have

_ p(=1)5(16)g(») +s0(—1)9(§) 9(0)9(S%)g(V8)2J(V'S, V' S5¢p)?
9(5%)g(S%¢)g(S) ¢5(1024)S(27)9(8)g(V/S3)2J (9, S)?2
0, if g=11 mod (12);
X g AVRRS /| (7.53)
{(X?’) + (X%)} , ifg=1 mod (12).

Lemma 1.9 and Lemma 1.2 yield

p(=1)5(1024)S(27)g

()9(90)9(52@) (\/_) J(VS,V/S3p)?
9(S)g (V)2 (o,
_ap(= )5(1024) (27)g ( )9(5%¢)g (\/_90)
$Ba(V5)2g(p)
_p(=1)5(1 ) ( )9( )9(S20)g(S%)2g()
_ e . (7.54)

The last equality is obtained by using Lemma 1.5 on g(v/S3¢) and then using Lemma
1.2. Combining (7.54) and (7.53) we have

__ |4

F( 5, 5%, B ) | #ED808)(0) |, e(=DaE)eE)g(5 el)
7

CE 9(5%)9(5%¢)(S) 1S(27)5(16)g(S)’
Oy if g=11 mod (12);
UE) QN o=t wac

Lemma 1.12 and (1.20) yield

3 S 9(S2%)g(9)*? S -
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Using (7.56) in (7.55) and then using Lemma 1.2 we have

35 §7 E S_ip |4 :——@(_1)5(16)
54 52 q
S(16)5(27)g(S)g(5%) | ¥ ; e if g=11 mod (12); -
9(5)? [(xS)+<x§>] , ifg=1 mod (12).

Using Lemma 1.9 and Lemma 1.2 we have

= (7.58)

J(S,8) _ g(8)g(5*)
J(S,

Finally, combining (7.58) and (7.57) we complete the proof. [ |

7.4 Special values of 4 F3-Gaussian hypergeometric
series

Using our product formulas we now find special values of 4 F3-Gaussian hypergeo-
metric series. In the following theorem, we find special values of 4 F3-hypergeometric

series at general values of the argument.

Theorem 7.24. Let ¢ =1 (mod 4). Let A € ﬁq; be such that A* & {e, o, X4, Xa}
For x # 0,1, we have
A27 AQ@) A2X47 AQE F90(2>

(Z) 4F3 | 41'(].—(13) = 2 =3
Ao, A%, o 9(0)g(A%x4)g(A%x4)

y (1+g0(21—x)) (1+;0(I)> (ﬁ(ler)Jrﬁ(l_m))

e A% A Do) (12
« (A (1+ Va) + Al(1 f)) T 5((1_;[;)2)’
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(i) AT A% Ao, Ay, APXG | 4z | Atp(2)
4143 == —
Atp, A4 © (1—a)? 9(0)g(A%x4)g(A%x4)

L) (1LY (i L))
1—2z 1—2z

(v (0 F2< 1))

_ A%p(x)ATp(2)A (2 )()(—ﬁ).
q9(A%x4)9(A%x4)

=

We note that the above formulas are well-defined. Since ¢ =1 (mod 4), x—1isa
square if and only if 1—x is a square. In (i), if x or 1 —z is not a square, then the term
containing the product (1+ ¢(z))(1+ ¢(1 —x)) will disappear. In (ii), if v or 1 — =
is not a square, then the term containing the product (1+ (22 — z))(1+ p(1 —z))

will disappear.

Proof. Putting B = Axy,C = A* in Theorem 6.1 and then using Lemma 1.2 we
have
A27 AQSOa A2X47 AQE

o | 4z(1 — x)
Atp, AY o

_ Pxa@g(A)g(e)g(Ae) [ A% A% |5 A2, A o
q9(A?)g(A?x4)g(A%X4) A* ©
A GWA( — )gle) (12
QQ(A2X4)9(PX4) ’ <(1 - 95)2) . (7.59)

Using Theorem 1.14 (i) we have

A2 A% A2 Ap
2 I |l' o1 |l’
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_ J(A2%p, A2)? <1 + (1 — x))

¢ 2
X (%) (ﬂ(l + V1 — )+ A%(1 - M)) (F(l + V) + A1 — \/E)> :

(7.60)

The last equality obtained by using (1.26) and Lemma 7.15. Finally, using (7.60),
(7.59), Lemma 1.9 and Lemma 1.2 we complete the proof of (i). Replacing x by —*
in Theorem 7.24 (i), we complete the proof of (ii). |

Putting z = % in Theorem 7.24 (i) we find the following special value of a 4F3-

Gaussian hypergeometric series.

Corollary 7.4.1. Let ¢ =1 (mod 4). Let A € ﬁg be such that A® & {e, ¢, X4, X4}

We have

A27 AQQD, A2X47 A2ﬂ g(sp)
1 F3 1] =— 5 —

Alp, A4 o q9(A2x4)9(A%x4)
1 - _
— — |2+ A5 (1+V2) + 4% (1-v2)|, ifg=1 (mod 8);

L st B (11v2) + F (1= v2)]

0, if g =5 (mod 8).

The summation identity proved in Theorem 6.8 can be used to find special values
of 4 F3-hypergeometric series by using known values of 5 Fj-hypergeometric series. For
example, in the following theorem, we find a special value of a 4F3-hypergeometric

series at 1 for any character A satisfying A* # e.

Theorem 7.25. Let A € Iﬁq; be such that A* # ¢. We have

— > FQO’ + — —
s S (7). ()
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Proof. Putting C' = A and 2 = 1 in Theorem 6.8 we have

1
o Tp T #(A)

g [ (TN (0T
9*(A4) A4 A4

(A, Ap, Ap, A A(16)g(A?)
o ==

F(“‘ Ap, Ap, A 1) (16)g(A2)g(A°)g(AT)

o, A A2 9*(A)
A ) () - (D)) e

Using Lemma 1.12 on (%) with A* # ¢ and Lemma 1.2 on g(A?)g(A?) we have

(1 - q)A(16)g°(A%) (A_Q) _ (1 - q)A(16)g(A%)g(A°)
9*(A) AS g*(A)g(A?)
_ (1-¢q)A(16)g(A*)g(A%)g(AY)
- oy L (7.62)

The last equality is obtained by replacing g(A*) with g(A4) by using Lemma 1.3.
Finally, employing (7.62) into (7.61) we obtain the required value of the hypergeo-

metric function. [ ]
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