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Abstract

Least-mean-square (LMS) algorithm is widely used in system identification, channel equal-

ization, noise cancellation, and several other areas of digital signal processing due to its

simplicity and ease of implementation. In most of the cases, LMS algorithm is not em-

ployed directly, rather a combination of LMS units in parallel or in series or in block is

used to obtain the desired performance. For instance, the parallel combination of two

LMS adaptive filters with different step-size has fast convergence and low steady-state er-

ror, the series combination of two LMS adaptive filters in the feedforward and the feedback

topology has better performance against noise and interference, and the block implemen-

tation of LMS adaptive filters is used to realize higher order filters. Due to its ubiquitous

applications, LMS adaptive filters have several implementation complexity issues which

need to be addressed. One of them is that its order primarily determines the number of

multipliers. For high-throughput applications, the number of multipliers required for the

implementation would be very high, while the critical path has to be made shorter, thus the

real-time implementation of such filters for higher order is a challenging task. Pipelining

is, therefore, necessary for LMS adaptive filter to achieve the throughput requirements,

but it has an adverse effect on the convergence rate and steady-state error. Thus, ob-

taining low-complexity LMS adaptive filters with good convergence performance without

compromising the throughput is an interesting area of research. Distributed arithmetic

(DA) is an efficient multiplierless approach for implementation of LMS adaptive filter.

Such implementations enable to realize LMS adaptive filters with low-complexity and high

throughput. DA based implementations basically consist of a look-up table (LUT) followed

by a shift-accumulate (SA) unit. But, the direct usage of DA for complexity reduction of

the adaptive filter, especially in high-throughput applications would be challenging, since

time required to access LUT and to compute SA unit is significant. The modularity feature

of DA makes it amenable for implementing on field-programmable gate arrays (FPGA) and
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the design of application specific integrated circuit (ASIC).

In this thesis, we first derived three optimal complexity pipelined architectures for

LMS adaptive filter using offset-binary-coding (OBC) DA. Although it is straightforward

to pre-compute and store the filter partial products in LUT for the realization of non-

adaptive filter such as finite impulse response (FIR) filter using DA, problem arises while

generating them using hardware elements to overcome the access time of LUT. This is

because the number of hardware elements required to generate the filter partial products

for LUT-less design grows exponentially with filter order. To address this issue, we im-

plemented partial products of input samples serially by representing the filter coefficients

in OBC-form. But, this produces non-OBC terms at the output during some initial clock

cycles due to pipelined nature of filter, which are subsequently corrected in the error com-

putation unit. The reason for choosing the OBC scheme in the implementation of pipelined

LMS adaptive filter is to exploit the redundancies between the partial products for higher

radices. This also has an advantage of less computation time required by the SA unit.

All the proposed architectures are extended for large order filter design with modification

in the correction of non-OBC terms. Next, we applied two’s complement (TC) DA to

the pipelined realization of convex combination of two parallel LMS adaptive filters which

greatly improves the convergence performance. Unlike conventional LMS algorithm, the

combination of two LMS filter in parallel can provide fast convergence and low steady-

state error by transferring the filter coefficients from one LMS unit to other. However, the

computational requirements are significantly higher due to two LMS units and coefficient

transfer scheme. To alleviate this problem, we employed a single DA based LMS adaptive

filter with a new coefficient transfer scheme. Further reduction in computational complex-

ity is achieved by sharing the partial products and employing bit-level coefficient update

accumulators. The reduction in hardware elements is utilized to transfer the filter coeffi-

cients by switching the step-size. As a result, it enhances the filter convergence properties

with an efficient criterion based on the correlation between adjacent delayed error samples.

The duration of correlation between adjacent errors is then compared with a pre-defined

time window in every iteration. In the sequel, an analytical expression for pre-defined time

window is derived in terms of filter parameters such as filter order, coefficients wordlength
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and step-size. Later, we considered low-complexity DA based VLSI implementation of

the adaptive filter for channel equalization problem in 5G communication system. In this

work, we employed two LMS adaptive filters in series with one in the feedforward path

and other in the feedback path with a decision device. The overall system is designed to

achieve the throughput requirement of 5G while maintaining computational complexity

relatively lower than the best existing design. The design first utilizes the pipelined im-

plementation of non-adaptive feedback filter using OBC. It is based on the fact that when

radix-size becomes equal to the wordlength of decisions, the implementation of DA based

LMS adaptive filter can be made SA-less. In this design, decisions are OBC coded to derive

low-complexity SA-less architecture for adaptive feedback filter. The proposed architec-

ture pre-computes and stores the coefficients in two LUTs separated by pipelined registers

for complexity reduction. Further reduction in complexity is achieved by exploiting the

symmetries between the stored contents of both the LUTs. The proposed architecture is

pre-speed up by two, retimed and unfolded to meet the throughput requirements of 5G.

To adapt the feedback coefficients, a novel strategy is presented to update the LUT con-

tents of both the stages by adding them with the contents of external LUT storing the

decisions. The contents of decision LUT are updated before the filtering operation in every

iteration. Parallel error multiplexer is employed so as to remove the effect of non-OBC

terms in order to improve the convergence performance. Lastly, a low-complexity design of

pipelined block LMS adaptive filter is proposed for noise cancellation in in-ear headphones

applications. Here, both physical LUT and SA unit are employed, and their effects on

throughput performance are compensated by block processing. It utilizes OBC scheme for

complexity reduction which stores the partial products of input samples in a LUT. The

symmetries in LUT contents allowed them to split into two smaller LUTs, but requires

the contents of the external register to be updated along with the error computation. The

splitted LUTs are shared to compute the filter output and coefficient-increment terms in

the same block iteration. A novel strategy is developed to update the LUT contents in

fewer number of clock cycles as compared to the best existing design. To validate the

performance of the proposed architectures, ASIC and FPGA implementations are carried

out to estimate area, power, throughput, number of flip-flops and slice LUTs.
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1. Introduction

1.1 Introduction

With the advent of the integrated circuit (IC) technology, the electronic components to be in-

tegrated become more and more complex. The complexity is further increased by the amount of

functionality required for a given application. In the last five decades, the development in technology

scaling has provided several million times higher level of integration. This trend is popularly known

as “Moores Law” named after scientist Gordon Moore who made an observation that the number of

transistors in an IC doubled every year [1]. However, as technology scales deep into the sub-micron

regime, the impact of leakage power and process parameters on the performance of digital signal pro-

cessing (DSP) algorithm starts unveiling. Thus, technology in a way has been facing challenges while

the complexity of design keeps on increasing. Later, the advancement in device technologies such as

multi-threshold devices have lifted up the effect of leakage power and process variation on the perfor-

mance of DSP algorithms [2]. But, the increase in complexity of design has remained a problem due to

the increased requirement of functionality on the ICs. The complexity of a digital design is measured

in terms of hardware and time complexities. Basically, the hardware complexity depicts the number

of computational elements involved in a particular design. While the time complexity indicates how

long the design would take to compute the output for a given input. The analysis of design complex-

ity is helpful when comparing with existing designs or seeking improvements. The study of design

complexity falls within a branch of theoretical computer science known as computational complexity

theory [3]. To reduce the complexity of a design, disruptive innovations and drastic improvements are

being made at both algorithmic and architectural levels. The fundamental challenge is to map data

processing algorithms onto the underlying hardware while meeting application constraints for area,

power and throughput. Further, the emphasis is on very large scale integration (VLSI) implementation

of these designs in reducing the complexity (or area and power) for a specified speed, and in increas-

ing the speed of these circuits to make these designs suitable for high-throughput applications [4].

For instance, the reduction of area or power is important in time-multiplexed applications such as

speech and mobile radio. On the other hand, video and radar applications require higher speed. This

thesis addresses a similar problem in principle with an aim of reducing the complexity of pipelined

least-mean-square (LMS) adaptive filter (ADF) using distributed arithmetic (DA).

The development in DSP systems particular to adaptive signal processing has been increasing

enormously in the past few decades. This is mainly due to the demand of ADFs in applications such

2
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as system identification, channel equalization, noise cancellation, signal prediction, adaptive arrays as

well as many others [5, 6]. Certainly, this would not have been possible without VLSI technology to

provide computational requirements for these applications [2]. A filter is said to be adaptive when its

coefficients are modified with the arrival of every new sample based on a given algorithm. In other

words, the adaptation algorithm to be chosen should follow the changes in the input signal. The

most important aspect in the design of ADF is that it should be capable of operating in real-time

environment. This requires the appropriate choice for the selection of some parameters [7] prior to its

implementation such as:

• Filter structure: The relationship between input and output of the ADF is determined with

its transfer function. The most widely used structure is finite impulse response (FIR) filter as

it can implement almost any sort of frequency response. The other possible choices are FIR

lattice and infinite impulse response (IIR) filters. However, the primary goal of this aspect is to

determine the computational requirement for a given adaptive algorithm and the overall speed

of the adaptation process.

• Convergence rate and steady-state error: Depending on the requirements, the coefficients of an

ADF can be made to converge slow or fast to the optimum solution. In most of the scenarios,

the coefficients of ADF do not attain the optimum values, rather reaches close to the optimum

leading to a steady-state error. Hence, it always leads to an error in the steady-state due to

the difference in estimated and actual values of filter coefficients. As a thumb rule, for a given

algorithm, a faster convergence yields a higher steady-state error and vice-versa.

• Complexity considerations: The desired real-time characteristic of an ADF is determined through

the computational requirements. Efforts are being made to obtain fast versions of more complex

algorithms in view of simultaneously reducing the computational and memory requirements.

Regardless of the hardware complexity that results from a particular implementation, the com-

putational complexity of an ADF is determined by the requirements of the adaptation algorithm.

When designing an ADF, it seems reasonable to seek an adaptation algorithm whose order of

complexity is no greater than the order of complexity of the basic filter structure itself.

3
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1.1.1 Applications of ADF

The basic block diagram of an ADF is shown in Fig. 1.1. It processes the input signal x(n)

and produces the output signal y(n) which is subsequently used to compute the error signal e(n) by

subtracting from the desired signal d(n), as per e(n) = d(n) − y(n). The error signal is used by the

adaptation algorithm to update the coefficient vector w(n) based on some error minimizing criteria.

In particular, the adaptation process aims to minimize some metric of the error signal in order to

make the output of ADF as close as to the desired signal in a statistical sense. The ADF as shown

in Fig. 1.1 can be perfectly fit in several practical applications such as system identification, channel

equalization, noise cancellation etc [5,6]. Each application requires the knowledge of underlying basic

adaptive filtering framework. Precisely, the distinctive feature of each application is the primary

factor on the basis of which the input signal and the desired signal of the ADF are chosen. Once

these signals are determined, any known properties of them can be used to understand the expected

behavior of the ADF when attempting to minimize the error function. In this thesis, DSP applications

such as system identification, channel equalization and noise cancellation are considered to validate

the proposed low-complexity architectures of ADF. Therefore, it is important to discuss them from

ADFs point-of-view.

x(n)
y(n)

d(n)

w(n)

e(n)

FIR Filter

Algorithm
Adaptation

ADF

Fig. 1.1: Block diagram of an ADF.

1.1.1.1 System Identification

The typical set up of the system identification application is depicted in Fig. 1.2, where wu(n) is the

impulse response of the unknown system, η(n) is the noise associated at the output of unknown system,

w(n) is the coefficient vector of ADF, yu(n) is the output of the unknown system and x(n) is the input

to both the systems. Observably, the desired signal in this case is given by d(n) = yu(n) + η(n). Here

4
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wu(n)

Adaptive
x(n)

y(n)

Filter

Unknown

w(n)

d(n)

e(n)

System

η(n)

yu(n)

Fig. 1.2: Block diagram of system identification configuration of an ADF.

the ADF estimates the signal yu(n) at its output. If the output of ADF y(n) approaches to yu(n),

then the ADF is able to model a portion of the unknown system. The primary aim is to identify the

best possible model of the unknown system for some set of system parameters. As the filter reaches

to convergence, the desired response d(n) is expressed as

d(n) = xT (n)wopt(n) + η(n) (1.1)

where wopt(n) is the optimum coefficient vector of the unknown system at time instant n. While

identifying an unknown system, it is important for an ADF to have fast convergence and low steady-

state error in order to provide close approximate at its output. The ideal adaptation procedure adjust

w(n) such that wopt(n) = w(n) when n approaches to infinity. Some real-world applications of the

system identification scheme include modeling of multi-path communication channels, control systems,

seismic exploration etc [8, 9].

1.1.1.2 Channel Equalization

Most of the channels in communication system are band-limited in nature due to which distortions

in the amplitude and phase of the transmitted signal are bound to occur. This may even lead to over-

lapping of symbols with nearby symbols over several signaling periods of time. The phenomenon of

overlapping of successive symbols is commonly known as inter-symbol interference (ISI). If the trans-

mission data rate is high, more and more symbols get overlapped, thereby inhibiting the transmission

of data at higher rates. Channel equalization is therefore of prime importance for reliable detection

of symbols. ADF is widely used in channel equalization to counter the ISI to decipher the received

information. This can be explained by considering a system model of adaptive channel equalization

5
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T 2T0 Tα−α 0 T + α

t(n)

η(n)

CHANNEL
x(n) y(n)r(n)

Delay

d(n)

e(n)

ADF

Fig. 1.3: Block diagram of channel equalization configuration of an ADF.

shown in Fig. 1.3 where h(n) is the channel impulse response and η(n) is the additive white noise in

the channel. Note that the channel impulse response h(n) contains causal, anti-causal component or

both which results in pre-cursor ISI, post-cursor ISI component or both in the received symbol x(n)

respectively. However, in the presence of noise, the actual received symbol becomes x(n) = r(n)+η(n).

The ISI at the receiver can be eliminated by using an ADF whose transfer function is reciprocal of the

channel transfer function. The direct application of ADF in channel equalization leads to noise ampli-

fication, especially when the channel contains the spectral (or deep) nulls. This can be well understood

by calculating the error between the transmitted signal and the equalized signal e(n) = t(n) − y(n).

Assuming that the z-transforms of e(n), t(n) and y(n) are respectively E(z), T (z) and Y (z), we get

E(z) = T (z)− Y (z) (1.2)

Substituting Y (z) = X(z)W (z), X(z) = R(z) +N(z) and R(z) = T (z)H(z) in (1.2), we have

E(z) = T (z)(1−H(z)W (z))−N(z)W (z) (1.3)

Now, the power spectrum Se(z) of the error signal can be calculated as

Se(z) = St(z)|1−H(z)W (z)|2 + Sη(z)|W (z)|2 (1.4)

where St(z) and Sη(z) are the power spectra of the transmitted data symbols and the additive noise.

It is clear from (1.4) that the ADF eliminates the ISI component from the power spectrum, if and only

if W (z) = 1/H(z). However, it leads to noise amplification at spectral nulls (|H(z)| = 0) or deep nulls

(|H(z)| ≈ 0) due to the second term in (1.4), where | • | denotes the magnitude operator. Moreover,

such a configuration only eliminates the pre-cursor component of ISI. This has been addressed by a

more complex system which is commonly known as adaptive decision feedback equalizer (ADFE) [10].

6
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1.1 Introduction

1.1.1.2.1 ADFE: It consists of two ADFs in series with one in feedforward (FF) path and other

in feedback (FB) path with a decision device. It utilizes the regenerative effect of a decision device in

the feedback loop to overcome the noise amplification. Hence, it can perform well even when channel

contains spectral and/or deep nulls. The typical configuration of such filter is shown in Fig. 1.4. The

purpose of FF-ADF is to remove the pre-cursor ISI component from the received data, while FB-ADF

acts on the residual data to remove the post-cursor ISI component by subtracting from the output of

FF-ADF, according to

z(n) = yf (n)− yb(n) (1.5)

where z(n) is the output of ADFE, yf (n) = xT (n)wf (n), yb(n) = dT (n)wb(n), x(n) = [x(n), x(n −

1), ..., x(n−Nf+1)]T , wf (n) = [wf0 (n), wf1 (n), ..., wfNf−1(n)]T , d(n) = [δ(n−1), δ(n−2), ..., δ(n−Nb)]
T ,

wb(n) = [wb0(n), wb1(n), ..., wbNb−1(n)]T and, Nf and Nb are the orders of FF and FB filters respectively.

D

δ(n)yb(n)

e(n)

yf (n)

FB-ADF

x(n)
z(n)

FF-ADF

Fig. 1.4: Block diagram of conventional ADFE.

The most recent tentative decision δ(n) is obtained by quantizing the output of ADFE, according to

δ(n) = Q[z(n)] (1.6)

where Q[•] denotes the quantizer operation. An error signal e(n) is computed, as per

e(n) = δ(n)− z(n) (1.7)

The coefficients of FF and FB filters are usually updated based on LMS criterion, according to

wf (n+ 1) = wf (n) + µfe(n)x(n) (1.8)

7
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1. Introduction

wb(n+ 1) = wb(n) + µbe(n)d(n) (1.9)

where µf and µb are the step-sizes of FF and FB filters respectively. It is clear that every iteration

involves 2Nf + 2Nb + 2 multiplications (Nf +Nb for filtering, Nf +Nb + 2 for coefficient adaptation),

2Nf + 2Nb additions (Nf +Nb − 2 for filtering, Nf +Nb for coefficient adaptation, 1 for filter output,

1 for error computation) and 1 quantizer (or decision device).

1.1.1.3 Noise Cancellation

The aim of noise cancellation is to eliminate the background noise by recreating its replica. In this,

ADF plays a key role in estimating the noise over the time in order to cancel with the actual signal.

A typical configuration of adaptive noise cancellation (ANC) of an ADF is shown in Fig. 1.5. The

desired primary input signal comprises of the original loudspeaker d̂(n) and a component of interfered

noise signal η(n). The ADF is used to estimate the noise signal from the desired signal. Subtracting

the estimated noise signal by ADF from the desired signal ideally leads to the actual signal. An error

signal e(n), is therefore calculated as

e(n) = d̂(n) + η(n)− y(n) (1.10)

This error signal e(n) is used to update the filter coefficients until the mean square error is minimized.

x(n) y(n)
ADF

e(n) = d̂(n) + η(n)− y(n)

Primary Input

Reference

Signal

Noise
η(n)

d̂(n) d(n) = d̂(n) + η(n)

Fig. 1.5: Block diagram of adaptive noise cancellation configuration of an ADF [6].

1.2 LMS Algorithm

As stated, ADFs have numerous practical applications in many DSP and communication systems.

The filter coefficients of ADFs can be updated using either LMS or recursive-least-square (RLS)

8
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1.2 LMS Algorithm

algorithm. The computational simplicity and ease of hardware implementation make the LMS based

ADF more popular than RLS based ADF. In most of the cases, the direct application of standalone

LMS ADF could not achieve the desired level of performance. For instance, it either provides fast

convergence rate or low steady-state error for a given step-size in system identification; it leads to noise

amplification in channel equalization, especially when the channel contains the spectral (or deep) nulls;

it is computationally expensive to implement higher order filters in noise cancellation scenarios. To

address these issues, either combination of ADFs in parallel or in series or in block based on LMS

algorithm are usually employed depending upon the application. For instance, the combination of

two ADFs in parallel has better convergence performance in terms of convergence rate and steady-

state error. The combination of two ADFs in series has better performance against interference.

Block approach is suitable for the implementation of higher order ADFs. However, the performance

improvement is achieved at the cost of increased hardware complexities. In the following subsections,

the LMS algorithm and its variants are presented along with their hardware complexities.

x(n) x(n− 1) x(n− 2) x(n−N + 1)

e(n)

µ

y(n)

d(n)

w0(n) w1(n) w2(n) wN−1(n)

D D D D

D D DD

Fig. 1.6: Circuit schematic of an ADF based on conventional LMS algorithm.

The circuit schematic for the implementation of conventional N th order LMS algorithm is shown

in Fig. 1.6. It takes the input sequence x(n) = [x(n), x(n − 1), ..., x(n − N + 1)]T and produces the

output y(n), as per

y(n) = xT (n)w(n) (1.11)

where w(n) = [w0(n), w1(n), ..., wN−1(n)]T is the coefficient vector. An error signal e(n) is computed

9
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by subtracting the output y(n) from the desired signal d(n), according to

e(n) = d(n)− y(n) (1.12)

Using (1.12), the filter coefficients are updated for the next iteration according to LMS criterion as

w(n+ 1) = w(n) + µe(n)x(n) (1.13)

where µ is the step-size. The coefficient update accumulators as shown in Fig. 1.6, memorizes the co-

efficients values and updates the current value by adding with coefficient increment terms µe(n)x(n).

It is clear that every iteration involves 2N + 1 multiplications (N for filtering and N + 1 for coefficient

adaptation) and 2N additions (N − 1 for filtering, N for coefficient adaptation and 1 for error com-

putation). Depending upon the value of step-size, the LMS algorithm either yields faster convergence

rate or lower steady-state error. Specifically, a large value of step-size leads to faster convergence rate

while yielding a higher steady-state error, and vice-versa.

1.2.1 CLMS Algorithm

It is clear from the above discussion that the LMS algorithm either provides fast convergence rate

or low steady-state error based on the selection of step-size. In order to provide better trade-off in

convergence rate and steady-state error, Garcia et al. in [11] proposed a convex combination LMS

(CLMS) algorithm which consists of two LMS ADFs with different step-sizes arranged in parallel. The

block diagram of ADF based on CLMS algorithm is shown in Fig. 1.7. The outputs yc(n) of ADFc in

CLMS algorithm with input vector x(n) can be computed as

yc(n) = xT (n)wc(n) (1.14)

where wc(n) = [wc0(n), wc1(n), ..., wcN−1(n)]T is the coefficient vector of ADF0 and ADF1 for c = 0 and

c = 1 respectively. The coefficients of ADF0 and ADF1 are updated based on the LMS criterion, as

per

wc(n+ 1) = wc(n) + µcec(n)x(n) (1.15)

where µc is the step-size of ADF0 and ADF1 for c = 0 and c = 1 respectively. Assuming µ0 > µ1

which implies ADF0 is a fast filter and ADF1 is a slow filter. Note the error ec(n) of component filters

are obtained by subtracting the respective output signal yc(n) from the desired signal d(n), as per

10
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d(n)

x(n)
y(n)

e0(n)

e1(n)

y0(n)

y1(n)

λ(n)

λ(n)

e(n)

ADF0

ADF1

Fig. 1.7: Block diagram of ADF based on CLMS algorithm.

ec(n) = d(n)− yc(n). According to [11], the output y(n) of CLMS ADF is given by

y(n) = λ(n)y0(n) + λ(n)y1(n) (1.16)

where λ(n) is mixing parameter which lies in the interval of [0, 1] and its complement λ(n) = 1−λ(n).

As the name suggests the convergence rate and steady-state error of combined filter are adjusted by

λ(n), as per

λ(n+ 1) =
1

1 + e−a(n)
(1.17)

where e(•) is an exponential function and a(n) is an auxiliary variable. In every iteration, a(n) is

updated based on the combined error e(n) = d(n)− y(n), according to

a(n+ 1) = a(n) + µae(n)[y0(n)− y1(n)]λ(n)λ(n) (1.18)

where µa is the step-size to control the adaptation rate of auxiliary variable a(n). It is interesting

to note from (1.18) that when mixing parameter λ(n) becomes 0 or 1, the adaptation of auxiliary

variable a(n) eventually stops. It is clear that every iteration involves 4N +10 multiplications (2N for

filtering, 2N + 2 for coefficient adaptation, 2 for output mixing, 6 for auxiliary variable adaptation),

4N + 3 additions (2N − 2 for filtering, 2N for coefficient adaptation, 2 for error computation, 1 for

output mixing, 2 for auxiliary variable adaptation) and 1 comparator.
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1.2.2 BLMS Algorithm

There are some DSP applications where the ADF orders of a few hundreds and thousands are

needed. For instance, active noise control in the headphones, the return of speaker echo to the far-end

side of the telephone line etc. In such applications, one can find that the conventional LMS algorithm,

as discussed in Section 1.2, is computationally expensive to implement. Block processing of the

samples is a possible solution to address this issue [12], and can significantly reduce the computational

requirements of ADFs. In this technique, a block of input samples and a block of the desired signal are

collected and processed to obtain a block of output samples. However, this requires serial-to-parallel

(S-P) conversion of the input data and desired signal, as shown in Fig. 1.8. It can be noted from Fig.

1.8 that it is not very straightforward that the block processing reduce the computational complexity

of ADF, but elegant block processing of the data samples such as sharing of the processing time can

increase the computational efficiency. Therefore, a good measure to determine the computational

complexity in a block processing system is the number of operations to be performed in one block of

data divided by the block length.

L

x(n) S-P

S-P

L

d(n)

e(nL)

e(nL+ 1)

e(nL+ L− 1)

wL−1(n)

ADF0

ADF1

ADFL−1

Fig. 1.8: Block diagram of ADF based on BLMS algorithm.

The block of filter output y(n) of an N th order FIR filter with block length L for an input matrix

X(n) can be computed as

y(n) = XT (n)w(n) (1.19)

where n in this case denotes the block iteration, w(n) = [w0(n), w1(n), ..., wN−1(n)]T is the coefficient

vector and X(n) is the input matrix which is derived from current input block with previous N − 1

12
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1.2 LMS Algorithm

input samples, according to

X(n) =



x(nL) x(nL− 1) . . x(nL−N + 1)

x(nL− 1) x(nL− 2) . . x(nL−N)

. . . . .

. . . . .

x(nL− L+ 1) x(nL− L) . . x(nL− L−N + 2)



T

(1.20)

and the output vector y(n) = [y(nL), y(nL− 1), ..., y(nL− L+ 1)]T . Using BLMS criterion, the filter

coefficients wi(n) (i = 0, 1, 2, ..., N − 1) are updated, as per

w(n+ 1) = w(n) + µBX(n)e(n) (1.21)

where µB is the step-size of BLMS ADF, e(n) = [e(nL), e(nL+ 1), ..., e(nL+ L− 1)]T is the block of

error samples computed as e(n) = d(n) − y(n), and d(n) = [d(nL), d(nL + 1), ..., d(nL + L − 1)]T is

the block of desired response. It is clear that every iteration involves 2NL + L multiplications (NL

for filtering and NL+ L for coefficient adaptation) and 2NL additions (NL− L for filtering, NL for

coefficient adaptation and L for error computation).

The summary of conventional LMS, CLMS, ADFE and BLMS algorithms in terms of input, output

and hardware complexities are listed in Table 1.1.
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1.3 Complexity Issues and Related Research in LMS based Systems

1.3 Complexity Issues and Related Research in LMS based Systems

Adaptive filters have numerous practical applications in various DSP and communication sys-

tems such as system identification, channel equalization, noise cancellation etc [5, 6]. Due to the

advancements of technology in recent times, the amount of functionality required in an application is

increasing. As a consequence, there is a continuous rise in the area, time and power constraints. This

brings in the need for designing low-complexity ADFs with a better trade-off between these parame-

ters. LMS algorithm is usually preferred for the realization of ADFs due to its simplicity and ease of

implementation. It consists of a FIR filter which is made of several MAC units depending upon the

filter order, as shown in Fig. 1.6. One of the main concerns related with conventional LMS ADF is

that its order primarily determines the computational complexities, i.e., the higher the filter order, the

higher is the computational complexity. However, higher order ensures better filtering performance.

The first LMS based system considered in this thesis is the design for system identification. In

such applications, LMS ADF has to provide both fast convergence rate and low steady-state error

in order to approximate the unknown system as close as possible. Convergence rate is an important

parameter which indirectly affects the complexity of the LMS algorithm. It is governed by the step-size

for the adaptation of filter coefficients. Precisely, the larger the step-size, faster is the convergence and

higher is the steady-state error. On the other hand, a low-value of step-size degrades the convergence

rate, however reduces the steady state error. A variable step-size LMS algorithm [13] is the viable

solution to achieve better trade-off between these parameters. However, it is more complex compared

to the fixed step-size LMS algorithm which makes the hardware realization of such filter difficult.

In the sequel, many researchers suggested different approaches to address this problem [14–22]. For

instance, Kwong et al. in [16] utilized the squared instantaneous error, Aboulnasr et al. in [18]

exploited the auto-correlation of time-averaged error signals at adjacent time. Garcia et al. in [11]

proposed a different approach which is popularly known as CLMS algorithm. It consists of two

LMS ADFs with different step-sizes arranged in parallel. This scheme guarantees better trade-off

between the convergence rate and steady-state error. This is because the filter with large step-size

(fast filter) provides faster convergence rate, and the filter with small step-size (slow filter) provides

lower steady-state error. However, it involves a complex coefficient transfer scheme to switch from

the fast filter to the slow filter. Further, due to involvement of two LMS ADFs its complexity is

twice that of conventional LMS algorithm. Few attempts have been made in the past to reduce the

15

TH-2070_136102022



1. Introduction

complexity of coefficient transfer scheme [23–26]. Garcia et al. in [23] proposed a linear transfer of

coefficients by interacting slow filter to fast filter during the transition stage, however it degrades the

SNR performance. Later, Ruiz et al. in [24] suggested a new update rule to improve the SNR at the

cost of increased computational requirements. Nascimento and de Lamare in [25] presented a low-

complexity instantaneous transfer scheme based on sliding window approach for better convergence

performance. Lu et al. in [26] proposed a new coefficient transfer scheme based on sign-adaptation

approximations for low-complexity realization of CLMS ADF.

The second LMS based system considered in this thesis is ADFE. As discussed in Section 1.1.1.2

that the ADFE consists of two LMS ADFs in series with one in feedforward path and the other

in feedback path. The design of ADFE encounters two challenging issues. Firstly, the presence of

inherent feedback loop limits the achievable speed. Secondly, the complexity of component filters

increases with the transmission data rate. The reason for latter issue is that as the data rate increases

the symbol duration becomes shorter and shorter which means lesser and lesser time is available to

carry out the computation, while its volume of computation keeps on increasing. As a consequence, it

would make the real-time operation of ADFE difficult due to an increase in bandwidth of the signal.

Over the years, several researchers tried to reduce the computational complexities while simultaneously

achieving the higher speeds for fixed coefficient DFE and ADFE [27–41]. Look-ahead based approaches

were found to be popular among the fixed-coefficient DFE and parallel implementation of linear filter.

Difficulty arises when the systems contain quantizer loops, Parhi in [28] addressed this problem in

an efficient manner. However, this architecture is more complex due to an increase in the number

of quantization levels. Parhi et al. in [36] proposed lookahead and relax lookahead techniques to

address this issue. The speed limitation of conventional DFE has been overcome by reformulating the

architecture into an array of slicers, adders and multiplexers [29–32]. The architecture suffers from

high hardware complexity. Later, Lin et al. in [33] suggested a low complexity DFE architecture. It

is based on pre-computing and storing the feedback filter coefficients in two look-up tables (LUTs)

separated by pipelined registers. Yang et al. in [37] presented a high-speed DFE where an additional

FIR filter is employed to cancel the post-cursor ISI component. This scheme maintains almost same

hardware complexity while providing a better convergence rate. Lin et al. in [38, 39] proposed a new

lookahead technique to break the decision feedback loop to design a multi-gigabit system. Here, the

parallelization is chosen to increase the throughput rate since the critical path grows linearly with the
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feedback filter order. In addition, the hardware complexity is relatively higher than the multiplexer

loop when the order of feedback filter is small. In [41], an efficient finite precision implementation of

ADFE using block floating point (BFP) has been suggested. However, it suffers from the round-off

noise errors.

The third LMS system considered in this thesis is BLMS based ANC. In such applications, higher

order ADFs are desired for effective cancellation of the noise signals. The conventional LMS algorithm

is computationally expensive to implement in these scenarios. BLMS algorithm is a fast and efficient

approach for realizing higher order ADFs [12, 42]. It processes the block of inputs and computes the

block of outputs, unlike the conventional LMS ADF where sample-by-sample processing is performed.

In the past, several authors suggested different forms of BLMS ADF [43–47]. In general, the frequency

domain approach is more efficient to realize BLMS algorithm, the work in [43] employed frequency

domain block FxLMS based on fast Fourier transform (FFT) and fast Hartley transform (FHT). It

is shown to be computationally more efficient than its FxLMS counterpart. Baghel et al. in [44]

suggested distributed arithmetic (DA) based BLMS ADF using FFT suitable for FPGA. In [45], a

time-domain pipelined BLMS algorithm has been presented for high-throughput realization of ADF

using concurrent multiplier approach. Jayashri et al. in [46] suggested a low-complexity design for

BLMS ADF which utilizes a single MAC cell for the computation of filter output and coefficient

adaptation. The architecture suffers from low sampling rate due to less number of computational

units. Mohanty and Meher in [47] presented an energy-efficient architecture for BLMS ADF in time-

domain. It is based on new DA formulation which requires a single LUT for the computation of

filter output and coefficients adaptation. However, the time to update the LUT contents and its size

have an exponential dependence on the filter block length. Later, Mohanty et al. in [48] suggested a

low-complexity BLMS ADF to achieve low area and low power at the cost of increased computational

time.

From the above discussion, it is clear that several authors have made efforts to reduce the hardware

complexities of different LMS ADF based systems. In all such systems, the time complexities are

mainly determined by the critical path. For instance, the critical path of LMS ADF in Fig. 1.6 can be

estimated by summing up the time involved in FIR filter, the error computation and the adaptation of

filter coefficients. An N th order LMS ADF requires the computation time of TMUL + (N − 1)TA units

in direct-form FIR filter, the computation time of TA units in error computation, and the computation
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x(n)
y(n−m)

d(n−m)

w(n)

e(n−m)

ADF

FIR

LMS

mD

mD

Fig. 1.9: Block diagram of ADF based on DLMS algorithm.

time of TMUL + TA units in adaptation of filter coefficients, where TMUL and TA are computational

delays of a multiplier and an adder respectively. Thus, the total computation time to realize the LMS

ADF becomes 2TMUL+(N+1)TA units. Since the computation time in FIR filter is a function of filter

order N which is normally high in many applications. This larger computation time sometimes makes

it difficult to achieve the data rates demanded by wireless standard such as fourth generation (4G)

communication [49]. This is even more challenging to design the LMS based system in compliance to

fifth generation (5G) communication due to high data rate requirements in the order of gigabits [50].

Thus, there is a need to reduce the critical-path delay to meet the desired data rate specifications.

Pipelining scheme is successfully employed to increase the computational speed of FIR filter [51]. But,

its direct application to conventional LMS ADF is difficult due to the presence of recursive loop.

Therefore, its pipelined form known as delayed LMS (DLMS) algorithm [52, 53] is used by inserting

the adaptation delays in the structure, as shown in Fig. 1.9. Unlike (1.13), the filter coefficients in

case of DLMS ADF are updated as follows

w(n+ 1) = w(n) + µe(n−m)x(n−m) (1.22)

where e(n −m) = d(n −m) − y(n −m) with m represents the number of adaptation delays (D). It

can be noted that the location of adaptation delays (mD) can be altered to achieve the desired critical

path. However, the number of adaptation delays to be employed has an adverse effect on the conver-

gence performance. Hence, the number of adaptation delays are to be kept small in order to obtain

satisfactory convergence. On the other hand, if the number of adaptation delays to be employed is

high, then the convergence rate becomes slower and the steady-state error becomes larger as compared

18
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to conventional LMS ADF. Over the past two decades, several works have been reported for reducing

critical-path delay of the LMS ADF using less number of adaptation delays [54–59]. For instance, Van

and Feng in [54] suggested a systolic architecture by employing large number of processing elements

(PEs) to reduce the number of adaptation delays without sacrificing the convergence and maintaining

the critical path of one MAC operation as compared to other DLMS systolic structures. Later, Yi

et al. in [59] proposed a new pipelined structure of an ADF by utilizing the concept of fine-grain in

the pipelined implementation of adder tree for direct-form FIR filtering. It limits the critical path

to a maximum of one addition time in FIR filter and coefficient update unit. Thus, the architecture

supports high sampling rate, but involves large number of adaptation delays. However, this technique

suffers from two adverse effects. Firstly, the power consumption increases due to insertion of adapta-

tion delays. Secondly, the large number of adaptation delays degrade the convergence performance.

Meher and Maheswari in [60] made further effort for simultaneous reduction of adaptation delays and

the critical path with the optimized pipelining of carry-save chain in the forward path. Meher and

Park in [57,58] suggested a 2-bit multiplication cell to minimize the critical path and chip-area. In all

the aforementioned works, the necessary design considerations for optimizing the complexities have

not been taken into account which leads to higher area and larger computation time. Later, this

issue is addressed by a systematic approach for the design of LMS ADF by Meher and Park in [61].

This includes the minimal use of adaptation delays, hence occupies lower area and consumes lesser

power without compromising the desired processing throughput. However, there is no discussion on

improving the convergence performance. Likewise, the pipelined versions of CLMS, ADFE and BLMS

can also be obtained. The summary of the pipelined LMS, CLMS, ADFE and BLMS algorithms in

terms of input, output and hardware complexities are listed in Table 1.2.

Based on the above discussion, it can be concluded that the time-complexity of LMS ADFs can

be made less by shortening the critical path using pipelining, while hardware complexity is mainly

dominated by the number of MAC units. Further, there is a need to reduce the effect of pipelining

on the convergence performance of ADF, otherwise the filter would take indefinite time to reach the

steady-state and produce the output with more noise. In this process, we found that distributed

arithmetic (DA) is a suitable approach for reducing the hardware complexity of pipelined LMS ADF

and its variants due to its multiplierless nature. The detailed description of DA and related research

is presented in the subsequent sections.
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1.4 Distributed Arithmetic

1.4 Distributed Arithmetic

Distributed arithmetic (DA) is an efficient technique for the computation of inner product of two

vectors with one vector known prior to the implementation [62]. The idea is to pre-compute and

store the filter partial products in look-up table (LUT) which are shifted-and-accumulated for certain

number of clock cycles in order to produce the filter output.

w0,0w0,1w0,2w0,3

w1,0w1,1w1,2w1,3

A0A1A2

w2,0w2,1w2,2w2,3

Data

x0

x1

x1 + x0

0

x2 + x0

x2 + x1

x2 + x1 + x0

x2

w0

0 0 0

0 0 1

0 1 0

0 1 1

1 0 0

1 0 1

1 1 0

1 1 1

23 LUT

D 1

y

SA
w1

w2

w0,j

w1,j

w2,j

Fig. 1.10: DA architecture for inner product computation of w = [w0, w1, w2] and x = [x0, x1, x2].

Consider the inner product computation of two vectors x = [x0, x1, ..., xN−1] and w =

[w0, w1, ..., wN−1] as

y =

N−1∑
i=0

xiwi (1.23)

If every coefficient wi is represented in W -bit unsigned binary form, then

wi =
W−1∑
k=0

wi,k2
−k (1.24)

where wi,k ∈ [0, 1]. By substituting (1.24) in (1.23) and interchanging the order of summation, we

obtain

y =
W−1∑
k=0

[N−1∑
i=0

xiwi,k

]
2−k (1.25)

Define

dk =

N−1∑
i=0

xiwi,k (1.26)

Thus, (1.25) becomes

y =
W−1∑
k=0

dk2
−k (1.27)

From (1.26), it can be noted that kth-bit of filter coefficients wi would result in 2N possible combina-

tions of input samples xi, which are nothing but the filter partial products in binary form. Hence, the
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A0A1

0 0

0 1

0 1

1 1

22 LUT

Data
w0,j

w1,j

w2,j

A0A1

0 0

0 1

0 1

1 1

22 LUT

Data

w3,j

x0

x1

x1 + x0

0

x2

x3

x3 + x2

0

D 1

y

SA

Fig. 1.11: DA architecture for inner product computation of w = [w0, w1, w2, w3] and x =
[x0, x1, x2, x3] with LUT decomposition.

partial products can be stored in a look-up-table (LUT) which is either a read-only memory (ROM) or

a random-access memory (RAM). The output y can simply be produced by reading the LUT contents

with its address lines as the kth-bit (k = 0, 1, 2, ...,W −1) of filter coefficients wi which are successively

passed through a shift-and-accumulate (SA) unit. Note that the least-significant-bit (LSB) of filter

coefficients always form address lines to the LUT. The basic DA architecture for the computation of

(1.27) for N = 3 and W = 4 is shown in Fig. 1.10. Clearly, it pre-computes and stores 23 combina-

tions of input samples [x0, x1, x2] in LUT with bits of the coefficients [w0, w1, w2] as its addresses. In

general, there are total 2N partial products of input samples which require the LUT size to be 2N .

This implies that if filter order N is large, then the LUT size required would be high. Interestingly,

DA provides the flexibility of using multi-LUT blocks [63] which can be exploited by splitting N as

N = M × L. Hence, (1.26) can be re-expressed as

dk =
ML−1∑
i=0

xiwi,k =
L−1∑
i=0

xiwi,k +
2L−1∑
i=L

xiwi,k + ...+
ML−1∑

i=(M−1)L

xiwi,k (1.28)

=

M−1∑
k=0

(j+1)L−1∑
i=jL

xiwi,k (1.29)

Now, if dummy variable i is replaced with i− jL, then (1.29) would lead to

dk =

M−1∑
j=0

L−1∑
i=0

xi+jLwi+jL,k (1.30)
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w0,2k

w0,2k+1

w1,2k

w1,2k+1

A0A1A2A3 Data

0 0 0 0

0 0 0 1

0 0 1 0

0 0 1 1

0 1 0 0

0 1 0 1

0 1 1 0

0 1 1 1

24 LUT

1 0 0 0

1 0 0 1

1 0 1 0

1 0 1 1

1 1 0 0

1 1 0 1

1 1 1 0

1 1 1 1

x0

2x0

3x0

0

x1 + x0

x1 + 2x0

x1 + 3x0

x1

D 2

y

SA′

2x1 + x0

2x1 + 2x0

2x1 + 3x0

2x1

3x1 + x0

3x1 + 2x0

3x1 + 3x0

3x1

Fig. 1.12: DA architecture for inner product computation of w = [w0, w1] and x = [x0, x1] with
radix-4.

where 0 ≤ j ≤ M − 1. It is clear from (1.30) that M number of LUTs of size 2L can be used with

address lines from kth bit of j sets of wi. The DA architecture corresponding to (1.30) for M = 2

and L = 2 is shown in Fig. 1.11. It is important to note that the number of clock cycles to produce

the output are still the same as (1.27), however the number of adders is increased. From (1.27), it

can be observed that the number of clock cycles to produce the output depends on the precision of

filter coefficients, while in case of (1.23) it depends on the filter order N . As the wordlength of filter

coefficients increases, the time to produce the output would also goes up. In order to increase the

speed of the system, groups of coefficients bits can be used as the address lines to the LUT. Such type

of DA design is popularly referred as high-radix DA (or digit-serial DA). However, this comes at the

cost of significant increase in LUT size. Now, suppose γ-bit of coefficients are used to address the

LUT by splitting W as W = Wγ × γ. Each γ set of bits in a given kth digit form a binary value of
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wi,γk+0wi,γk+1...wi,γk+γ−1. In this case, (1.27) can be expressed as

y =

W/γ−1∑
k=0

dkγ2−kγ (1.31)

According to (1.31), it is clear that the number of clock cycles for computing the output is reduced by

a factor of γ. The LUT size is increased by 2γ times as compared to (1.27). This can be understood

by re-writing (1.26) in terms of γ as

dkγ =

N−1∑
i=0

xiwi,kγ (1.32)

Clearly, γ-bits are used as the address lines to the LUT, where 0 ≤ k ≤ W/γ − 1. In such case, the

computation of inner product is completed in W/γ clock cycles. The DA architecture corresponding

to (1.32) for N = 2 and γ = 2 is shown in Fig. 1.12.

1.5 DA based FIR Filter

As mentioned, the inner product computation of two vectors using DA replaces multipliers and

adders with a LUT and an SA unit respectively. In other words, it performs the inner product

computation of two vectors of length N and replaces the N multipliers in the structure with a LUT

of size 2N . The output is generated in W -bit time using W − 1 additions rather than N − 1 additions.

Further, the LUT decomposition and high-radix can be used in the direct realization of FIR filter.

Since the partial products of the filter are nothing but the inner product computation of input samples

and filter coefficients. With appropriate design considerations, DA can offer savings up to 80 % in

the realization of FIR filters [64]. Based on the representation of coefficients (or input samples) in

two’s complement (TC) form or offset binary coding (OBC) form, it can be classified as TC-DA or

OBC-DA based FIR filter.

1.5.1 TC-DA based FIR Filter

The output y(n) of a N th order FIR filter for an input sequence x(n− i) can be computed as

y(n) =

N−1∑
i=0

x(n− i)wi (1.33)
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w0,k

w1,k

w2,k

w3,k

MSB= 1
if k = 0

else
MSB= 0

A0A1A2A3 Data

0 0 0 0

0 0 0 1

0 0 1 0

0 0 1 1

0 1 0 0

0 1 0 1

0 1 1 0

0 1 1 1

24 LUT

D 1

SA

1 0 0 0

1 0 0 1

1 0 1 0

1 0 1 1

1 1 0 0

1 1 0 1

1 1 1 0

1 1 1 1

0

x(n)

x(n− 1)

x(n) + x(n− 1)

x(n− 2)

x(n− 2) + x(n)

x(n− 2) + x(n− 1)

x(n− 2) + x(n− 1) + x(n)

x(n− 3)

x(n− 3) + x(n)

x(n− 3) + x(n− 1)

x(n− 3) + x(n− 1) + x(n)

x(n− 3) + x(n− 2) + x(n)

x(n− 3) + x(n− 2) + x(n− 1) + x(n)

x(n− 3) + x(n− 2) + x(n− 1)

x(n− 3) + x(n− 2)

MSB

y(n)

Fig. 1.13: TC-DA architecture of a 4th order FIR filter.

where wi (i = 0, 1, 2, ..., N − 1) are the filter coefficients. By representing every filter coefficient wi in

two’s complement form, we obtain

wi = −wi,0 +
W−1∑
k=1

wi,k2
−k (1.34)

Substituting (1.34) in (1.33) and interchanging the order of summation, we arrive at

y(n) =
W−1∑
k=0

dk(n)2−k (1.35)

where

dk(n) =

N−1∑
i=0

x(n− i)wi,k

d0(n) = −
N−1∑
i=0

x(n− i)wi,0 (k = 0)

(1.36)
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Clearly, the sign of term dk(n) is to be inverted at most-significant-bit (MSB) of filter coefficients.

For given set of input samples x(n− i), the term dk(n) would take 2N combination of input samples,

and out of them only one combination is selected at a time. These are nothing but the filter partial

products of input samples which are shifted and accumulated for W number of clock cycles.

1.5.2 OBC-DA based FIR Filter

w0,k

w1,k

w2,k

w3,k

A1A2A3 Data

0 0 0

0 0 1

0 1 0

0 1 1

1 0 0

1 0 1

1 1 0

1 1 1

23 LUT

D
1

SA

MSB

01

MSB= 1
if k = 0

else
MSB= 0

LSB= 1
if k = W − 1

else
LSB= 0

1
2 [x(n) + x(n− 1) + x(n− 2) − x(n− 3)]

1
2 [x(n) + x(n− 1) − x(n− 2) + x(n− 3)]

1
2 [x(n) + x(n− 1) − x(n− 2) − x(n− 3)]

1
2 [x(n) − x(n− 1) + x(n− 2) + x(n− 3)]

1
2 [x(n) − x(n− 1) + x(n− 2) − x(n− 3)]

1
2 [x(n) − x(n− 1) − x(n− 2) + x(n− 3)]

1
2 [x(n) − x(n− 1) − x(n− 2) − x(n− 3)]

1
2 [x(n) + x(n− 1) + x(n− 2) + x(n− 3)]

dot(n)

LSB

y(n)

Fig. 1.14: OBC-DA architecture of a 4th order FIR filter.

In TC-DA, the size of LUT to store the partial products of input samples grows exponentially with

filter order N . It can be reduced by using OBC technique [65], which represents the filter coefficients

as wi = 1
2 [wi − (−wi)] in addition to (1.34). Hence, one can express each filter coefficient wi as

wi =
1

2

[
− (wi,0 − wi,0) +

W−1∑
k=0

(wi,k − wi,k)2−k − 2−(W−1)

]
(1.37)

Substituting (1.37) in (1.23) and interchanging the order of summation, we have

y(n) =
W−1∑
k=0

dk(n)2−k + dot(n)2−(W−1) (1.38)

where dk(n) is defined as

dk(n) =
1

2

N−1∑
i=0

x(n− i)ci,k

d0(n) = −1

2

N−1∑
i=0

x(n− i)ci,0 (k = 0)

(1.39)
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and, dot(n) is defined as

dot(n) = −1

2

N−1∑
i=0

x(n− i) (1.40)

where ci,k = wi,k − wi,k with wi,k is one’s complement of wi,k. It can be noted from (1.39) that

only half combination of filter partial products are required to store while other half would be mirror

symmetric. Therefore, a ROM or RAM of size 2N−1 can be employed whose address lines are obtained

through the XOR operation of all the LSB’s with the LSB of filter coefficient w0.

1.6 Literature on DA based Implementations

The study and research on the implementation of various DSP algorithms take us back to early

nineteens. Researchers over the time have made significant contributions in the development of DSP

architectures. This has been influenced by the demand of applications and available level of integration

in the state-of-art IC technology. Many DSP algorithms are characterized in terms of number of

computations involved, primarily multiply-add operations. Most of the digital computers in earlier

times were equipped with adders, and the complex operations such as multiplication (or division) were

realized by shift-and-add (or subtract) operations. This was emphasized for reducing the number of

multiplications in any DSP algorithms, as they occupy large chip-area. After a few decades, there

was development in the high-speed operation of general purpose microprocessors. This has motivated

researchers to look forward to designing fast signal processing systems. During that time, two major

concepts have been invented, namely, coordinate rotation digital computers (CORDIC) and distributed

arithmetic (DA). CORDIC is primarily employed to implement trigonometric function and rotation

operations. While DA is mainly used to compute the inner product of two vectors. DA was first

introduced by Croisier [64], and is independently developed by Peled and Liu [66]. Later, DA is

successfully employed in various applications such as telephone systems at Bell laboratories, air-to-

ground missile digital pilot etc. This is because most of the DSP algorithm in these applications mainly

involve convolution and correlation operations which are nothing but inner product of two vectors.

Choi et al. in [63] proposed a multi-LUT approach to efficiently implement the DSP algorithms. From

then DA has been successfully employed in other DSP algorithms such as Fourier transform, discrete

cosine transform, cyclic convolution etc.

As stated earlier, a fixed coefficient FIR filter can be directly implemented using DA by storing

the filter partial products in LUT. However, an adaptive FIR filter based on DA requires extra effort
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due to coefficient update operation. Moreover, the filtering and coefficient updating operations are

mutually coupled which needs that the partial products of filter coefficients must be re-calculated

before the filtering operation. In the past, several authors have made effort based on approximations

to the standard LMS algorithm [67–71]. Allred et al. in [67] suggested a new technique by employing

an external LUT for storing the partial product of input samples. In their work, they showed that by

proper selection of system parameters, the throughput can be made independent of the filter orders.

However, the use of two LUTs made the whole system computationally time and area intensive. Guo

and DeBrunner in [68] addressed this problem using a single LUT for storing the partial products of

input samples, while the adaptation of filter coefficients was similar to conventional LMS criterion. A

considerable amount of savings in area and time were achieved for both in the filtering and coefficient

updating operations. Later, Surya and Rafi in [69] proposed a novel design based on the framework

of [67] by storing the partial products of filter coefficients and input samples in two separate LUTs.

Further, they showed that storing of the recent sample in the external register would allow decompo-

sition of LUT into two smaller LUTs. Unlike the LUT based realizations discussed above, it is also

possible to realize the LMS ADF without LUT [72]. Meher and Park in [70] proposed first LUT-less

design for LMS ADF based on DLMS algorithm. Using this scheme, the throughput performance

of LMS ADF was improved as compared to [67, 68], however, at the cost of an increase in hardware

complexity, especially for the larger order of DA base units. Later, in [71], the same authors proposed

a new pipelined architecture of LMS ADF using the frameworks of [68, 70]. It reduces both LUT

update time of [68] and complexity requirement of [70] by a novel design of parallel LUT structure.

Specifically, LUT is used to generate the partial products of input samples in parallel using hard-

ware elements. Further, the convergence properties are affected by the selected value of step-size and

pipelined nature of the structure. In order to increase the speed and reduce the area-complexity of

the system, binary carry-save full adder (CSFA) based SA unit was employed. However, it is found

that the CSFA based SA unit has carry-loops which may limit the maximum operational speed [71].

Mohanty and Meher in [47] proposed DA based BLMS ADF where a novel LUT sharing technique

has been suggested for the computation of filtering and coefficient updating operations. It offers low

area and low power for the implementation BLMS ADF. Later, Mohanty et al. in [48] suggested a

low-complexity BLMS ADF to achieve better area and power figures, but increased the computational

time. Hence, the new challenge would be to reduce the computational complexities of pipelined LMS
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ADF and its variants. With DA offers computational savings in the realization of LMS ADF, we feel

that there is still scope to realize such filters which account for low-area, low-power, and can provide

better throughput performance for higher order filters implementation.

1.6.1 Problem Formulation

Owing to the ubiquitous applications of LMS ADFs, the computational complexity has been in-

creasing rapidly with increasing levels of integration. Thus, the computational complexity poses a

major concern for VLSI implementation of LMS ADFs, especially in view of meeting the require-

ments of a given application. In general, the computational complexity of an algorithm is expressed

in terms of hardware and time complexities. In LMS ADF, multipliers primarily contribute to the

hardware complexity, while the critical path delay determines the time complexity. As the order of

ADF increases, both the number of multipliers and critical path delay go up, which make the real-time

operation of ADF difficult. Pipelining is a commonly used technique to reduce the critical path delay,

however it slows down the convergence rate and increases the steady state error. In order to improve

the convergence performance of ADF, additional hardware is required. Moreover, due to the limitation

of standalone LMS ADF in various applications, a combination of LMS ADFs in parallel or in series

or in block is normally used to achieve better performance. For instance, the combination of two LMS

ADFs in parallel provides fast convergence rate and low steady-state error in system identification,

the combination of two LMS ADFs in series achieves better performance in channel equalization and

block of LMS ADFs offers superior performance in noise cancellation scenarios. As a consequence, this

leads to further increase in hardware complexity. Thus, there is a need for an alternative approach to

reduce the overall computational complexity. Distributed arithmetic (DA) is a preferable method for

efficient implementation of ADFs as it can eliminate the multipliers from LMS ADFs. However, the

complexity of DA based LMS ADF is limited by the size of LUT which is used to store the filter partial

products. The determination of redundancies in the partial products could be a possible solution for

reducing the complexity of DA based LMS ADF. The complexity reduction of pipelined ADF using

DA with the focus on improving its convergence performance without hardware overhead has not

been studied in the literature. This motivates us to exploit possible benefits of DA in the realization

of low-complexity LMS ADFs. As a proof of concepts, two case studies are considered with one in

channel equalization problem for 5G communication system and other in noise cancellation problem

for in-ear headphones.
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1.7 Organization of the Thesis

Based on the background above, the salient contributions made in the thesis are listed as follows:

Chapter 1

This is an introductory chapter which provides a brief about the significance of ADF in system

identification, channel equalization and noise cancellation applications. This chapter also discusses

the motivation behind the work and major research in the complexity reduction of LMS ADFs

over the last decades. The significance of ADFs realization using DA, and the fundamental issues,

challenges and complexity considerations of LMS variants are also presented. The chapter ends by

summarizing the overview of its contents and the contributions of the thesis.

Chapter 2

Chapter 2 presents three different optimal complexity architectures of pipelined LMS ADF. The

purpose here is to explore the implementation details of LMS ADF which are useful to derive the

low-complexity architectures of its variants in subsequent chapters. Although DA based LMS ADF

has been well researched in the past [67–71], there was still scope to optimize them in terms of

area, power and throughput. So, in this chapter, we exploited OBC scheme to generate the filter

partial products serially using hardware elements (LUT-less) instead of storing them in LUT to gain

efficiency in terms of area, power and throughput. But, this treatment produces non-OBC terms of

input samples at the output during some initial clock cycles due to the pipelined nature of filter.

They are subsequently corrected in the error computation unit. This chapter also presents the benefit

of generating the partial products and reducing the computational time of the SA unit through

high-radix OBC implementation. The work also contributes novel designs of bit-level coefficient

update unit, radix-4 OBC partial product generators, minus-minus-plus (MMP) CSFA based SA unit

and the offset term. All the proposed designs are extended for large order filter with modification in

the correction of non-OBC terms.
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Chapter 3

In Chapter 3, a low-complexity CLMS ADF is presented for system identification scenarios. Although

DA based LMS ADFs have already been studied [67–71], but no one has discussed the improvement

in the convergence properties of pipelined LMS ADF. In Chapter 2, the complexity of LMS ADF

is optimized using OBC, but it cannot be used to improve the convergence performance due to the

presence of non-OBC terms. In this chapter, TC representation of coefficients is exploited to generate

the partial products of input samples in parallel for low-complexity realization of CLMS ADF. The

major reduction in hardware complexity is achieved by employing a single DA based LMS ADF.

Further reduction in complexity is achieved by sharing of filter partial products. The location of

the second adaptation delay is such that it produces the delayed version of adjacent error samples

which allows efficient transfer of filter coefficients. Thus, the convergence performance is improved

by comparing the time length of the maximum correlation between adjacent error samples with the

pre-defined time window. In the sequel, a mathematical derivation is carried out to determine the

expression for pre-defined time window in terms of filter parameters such as filter order, coefficients

wordlength and step-size.

Chapter 4

In Chapter 4, a low-complexity architecture of ADFE is presented for channel equalization problem in

5G communication system. As discussed in Chapter 2, the SA unit takes a significant amount of time

to produce the output which is addressed through high-radix OBC implementation. In this chapter,

the representation of decision is therefore taken up in OBC form to derive a SA-less architecture.

This chapter first discusses the implementation details of non-ADFE and some design considerations

are taken up to reduce the implementation complexities. The complexity of architecture is reduced

by two-stage pre-computation and further reduction is achieved by exploiting symmetries in the LUT

contents. Moreover, the architecture is pre-speed up by two, retimed and unfolded to achieve the data

rate specifications of a 5G communication system. A novel strategy is presented to make the filter

adaptive by employing external LUT to pre-compute and store the decisions in OBC-form. In every

iteration, the contents of decision LUT has to be updated time-to-time. Further, a new approach is
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presented to improve the convergence performance of proposed filter by employing a parallel error

multiplexer for the removal of non-OBC terms.

Chapter 5

Having considered the low-complexity LUT-less DA based LMS and CLMS ADFs in Chapters 2

and 3 respectively, and extending the low-complexity SA-less realization of ADFE in Chapter 4, we

take up the low-complexity implementation of BLMS ADF in Chapter 5. Here, both physical LUT

and SA unit are employed, and their effects on throughput performance are compensated by block

processing. The system is considered as a case study for noise cancellation in-ear headphones. It is

based on OBC for complexity reduction which stores the partial products of input samples in a LUT.

This chapter first presents the mathematical formulation of block LMS algorithm to compute the

filter output and coefficient increment terms by decomposing the filter order into input block-length

and processing elements. Next, the derivation is extended with OBC formulation followed by splitting

of LUT into even and odd components. Then, the architectural details of the proposed filter are

presented. Also, a new filter block update strategy and a novel LUT updating scheme are suggested,

where LUTs of one processing element are required to update in the set of given processing elements.

The proposed architecture does not have only low-complexity, but also have good flexibility in terms

of block length with respect to the best existing design. Further, the proposed architecture does not

have the problem of non-OBC terms.

Finally, in Chapter 6, the research work is concluded by summarizing up the salient contributions

of all the proposed scheme with the suggestion for future work.
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2. Optimal Complexity Architectures for Pipelined LMS Adaptive Filter

2.1 Introduction

ADFs are widely used in many DSP and communication systems such as system identification,

channel equalization, noise cancellation etc [5, 6]. Among them, LMS based ADF is usually preferred

due to its simplicity and ease of implementation. For effective filtering performance, large orders

ADF are always preferred. However, the complexity of such filters is high due to more number of

multipliers involved. Structurally, an LMS ADF consists of FIR filter whose coefficients are updated

time-to-time. It is made up of several MAC units which occupies more area, consumes high power,

and critical path grows linearly with the order of filter. For high-sampling rates, it is necessary to

shorten the critical path which calls for its reduction through pipelining [51]. But, the complexity due

to MAC units is still a problem for higher order filter implementation. Distributed arithmetic (DA)

discussed in Chapter 1, would be a suitable approach for efficient realization of ADF as it can offer

low computational complexity without hardware multipliers. It represents the filter coefficients or

inputs in TC or OBC form by virtue of which the filter partial products are pre-computed and stored

in the LUT, and the output is produced using SA unit. OBC has inherent advantage of less LUT

complexity, and is expected to reduce the LUT complexity by 1/r for radix-r binary system. Thus, it

makes FIR filter more suitable to custom ASIC and FPGA platforms. Towards this objective, three

optimal complexity realization of pipelined LMS ADF are presented in this chapter. The purpose here

is to study, understand and explore the low-complexity realization of LMS ADF for later use in the

subsequent chapters.

A fixed coefficient FIR filter can be easily implemented using DA by storing the partial products

in the LUT followed by a SA unit, as discussed in Chapter 1. However, the problem arises when the

filter coefficients are updated as the partial products are stored in LUT and re-calculated prior to the

computation of filter output. The complexity problem is further pronounced since the size of LUT

grows exponentially with the filter order and time to produce the output depends on the wordlength

of filter coefficients. Few attempts have been made to realize efficient implementation of LMS ADF

using DA [67–71]. Allred et al. in [67] employed an external LUT that is served for the adaptation

of LUT contents demanded by conventional DA. Later, Guo and DeBrunner in [68] suggested a new

technique in which one LUT is maintained to store the partial products of input samples. As a result,

the hardware complexity of system is reduced, but requires the bit-slices of filter coefficients as the

address bits to the LUT. Surya and Rafi in [69] employed OBC scheme to reduce the LUT complexity
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Fig. 2.1: Block diagram of pipelined LMS ADF with two adaptation delays.

based on the framework of [67]. All these schemes have utilized physical LUT, however, it is not

necessary to implement filters with LUTs [73]. LUT-less pipelined LMS ADF has been suggested by

Meher and Park in [70]. It employs small adaptation delays to pipeline the filter, but its complexity is

substantially higher. Later, they presented a new architecture in [71] to reduce the complexity using

parallel LUT. The parallelization in structure improves the area, power and throughput performances

over [67, 68]. Besides, its hardware complexity grows exponentially with the order of DA base unit.

Moreover, binary carry-save full adder (CSFA) based SA unit was employed to reduce the critical path

and area complexity. Further, it is found that the CSFA based SA unit has carry-loops which may

limit the maximum operational speed. Hence, the new challenge would be to reduce the computational

complexity of pipelined LMS ADF. In the following sections, we propose three optimal complexity

realization of pipelined LMS ADF based on the OBC-DA which accounts for low-area, low-power, and

can provide better throughput performance for higher order filter implementation.

2.2 Mathematical Formulation

Consider a N th order ADF shown in Fig. 2.1 which processes an input sequence x(n) =

[x(n), x(n− 1), ..., x(n−N + 1)]T , and produces the output y(n) as

y(n) =
N−1∑
i=0

x(n− i)wi(n) (2.1)

where w(n) = [w0(n), w1(n), ..., wN−1(n)]T is the coefficient vector at current byte-iteration n. An

error e(n) is computed by subtracting the output y(n) from the desired response d(n), according to

e(n) = d(n)− y(n) (2.2)
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Using (2.2), the filter coefficients are updated for next byte-iteration based on LMS criterion as

w(n+ 1) = w(n) + µe(n)x(n) (2.3)

where µ is the step-size. It is clear from (2.3) that the filter coefficients require a single clock cycle for

the update. In case of DLMS algorithm [54], the filter coefficients are updated as

w(n+ 1) = w(n) + µe(n−m)x(n−m) (2.4)

where e(n−m) = d(n − m) − y(n − m) and x(n−m) = [x(n − m), x(n− 1−m), ...,

x(n−N + 1−m)]T , with m being the adaptation delays. Usually the number of adaptation de-

lays is chosen to be small, in order to maintain the good convergence performance [70, 71]. In this

work, the number of adaptation delays are chosen to be two (i.e., m = 2). It is worth noting that the

number of clock cycles to update the filter coefficients is m+ 1. By representing the filter coefficients

wi(n) in TC form, we obtain

wi(n) =

W−1∑
k=0

wi,k(n)sk = wi
T (n)s (2.5)

where sk = (−1)b
W−1−k
W−1

c2−k with (−1)b
W−1−k
W−1

c indicates the sign-reversal operation at the

most signifcant bit (MSB) of filter coefficients, b•c is the greatest-integer function, wi(n) =

[wi,0(n), wi,1(n), ..., wi,W−1(n))]T is the bit-vector of each filter coefficient with wi,k(n) ∈ [0, 1],

s = [−20, 21, · · · , 2−(W−1)]T is the scaling vector, and W is the wordlength of filter coefficients. The

proposed design utilizes OBC scheme as discussed in Chapter 1 to represent the filter coefficients as

wi(n) = 1
2 [wi(n)− (−wi(n))] = 1

2 [wi(n)−wi(n)− 1], where wi(n) is one’s complement of wi(n) for all

0 ≤ i ≤ N − 1. Thus, one can also express the filter coefficients wi(n) using (2.5) as

wi(n) =
1

2

[W−1∑
k=0

ci,k(n)sk − sW−1

]
=

1

2
w̃T
i (n)s (2.6)

where w̃i(n) = [w̃i,0(n), w̃i,1(n), ..., w̃i,W−1(n))]T is the bit-vector of each filter coefficient in OBC-

form with w̃i,k(n) ∈ [−1, 1]. It has two component vectors, namely, w̃i(n) = ci(n)− oi where ci(n) =

[ci,0(n), ci,1(n), ..., ci,W−1(n)]T is the bit difference vector of filter coefficients and its one’s complement

version with each ci,k(n) = wi,k(n) − wi,k(n), and oi = [oi,0, oi,1, ..., oi,W−1]T is the bit offset-vector

with each oi,k = bW/(k + 1)c for all 0 ≤ i ≤ N − 1. By substituting (2.6) in (2.1) and interchanging
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the order of summation, we get

y(n) =

W−1∑
k=0

[N−1∑
i=0

1

2
x(n− i)ci,k(n)

]
sk −

[N−1∑
i=0

1

2
x(n− i)

]
sW−1 (2.7)

Define

dk(n) =
1

2

N−1∑
i=0

x(n− i)ci,k(n), dot(n) = −1

2

N−1∑
i=0

x(n− i) (2.8)

where dk(n) and dot(n) represents the partial products and offset term respectively. By substituting

(2.8) in (2.7), we have

y(n) =

W−1∑
k=0

dk(n)sk + dot(n)sW−1 (2.9)

Note that only half of the partial products are required to be stored in LUT, as the other half

are redundant [65]. For example, a 4th order OBC based FIR filter stores 23 partial products of

input samples in LUT, as shown in Fig. 1.14. The remaining partial products are decoded through

the use of external exclusive-OR (XOR) gates. Further, LUT content at each address location has

some correlation with the contents at nearby address locations. This property is exploited to derive

low-complexity optimal LUT architectures. The offset-term dot(n) is loaded initially into SA unit at

least-significant bit (LSB) of filter coefficients using a 2-to-1 multiplexer, as shown in Fig. 1.14. In [69],

dot(n) is obtained from 0th address location in every iteration as both are two’s complement of each

other. However, this method requires the update of LUT contents in every iteration. Alternatively,

an important observation from (2.8) is made to obtain dot(n), as per

dot(n) = dot(n− 1)− 1

2
[x(n) + x(n−N)] (2.10)

That is, dot(n) is obtained from its past value dot(n−1) by subtracting the average of x(n) and x(n−N)

samples. This would greatly reduce the computational cost of dot(n) term. Similar to (2.4), each bit-

slice ci,k(n) term is also updated, as it computes dk(n) in bit-plane. According to (2.6), wi(n) can also

be expressed as wi(n) = 1
2 [ci

T (n)− oi
T ]s, so the coefficient vector would be w(n) = 1

2 [CT (n)−OT ]s

with C
∆
= [ci,k(n)]N×W as bit-slice difference matrix of filter coefficients, and O

∆
= [oi,k(n)]N×W as

offset-matrix. Thus, the coefficient update equation given in (2.4) after simplification can be expressed

as

C(n+ 1)s = C(n)s + 2µe(n−m)x(n−m) (2.11)
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where the matrices C(n+ 1) and C(n) contain the bit-slices of filter coefficients at byte-iterations n+1

and n respectively, and the matrix O has fixed bit-values for all byte-iterations n. Note that the step-

size required in (2.11) is twice that of conventional LMS algorithm (2.4). The effect of increased step-

size can be compensated by truncating 1-bit of e(n−m) which will be clear in subsequent discussion.

It is noted that the byte-iteration n can be expressed in terms of bit-iteration k as n = Wk. So,

the scaled bit-slice matrix C(n)s in byte-iteration n becomes the scaled bit-slice vector ck(n)sk in

bit-iteration k for all 0 ≤ k ≤ W − 1. In order to update filter coefficients at bit-level, coefficient

increment terms 2µe(n−m)x(n−m− i) are to be stored in registers for all 0 ≤ i ≤ N − 1. This is

possible by retiming the coefficient update registers as

ck+1(n)sk = ck(n)sk +Dk{2µe(n−m)x(n−m)} (2.12)

where Dk is the unit delay-operator whose contents are accessed at a rate k. It is worth noting that

the number of adaptation delays are still the same as the conventional pipelined LMS ADF (2.4).

Likewise, the update of offset term, as given in (2.10) can also be derived at bit-level.

2.3 Proposed Scheme

The proposed architecture of LMS ADF based on OBC-DA is shown in Fig. 2.2. It consists

of an OBC-DA based FIR filter, a bit-level coefficient update unit (CUU), an adder tree, an error

computation unit (ECU), an initial-state-remover (ISR), and a controller. FIR filter comprises of

an input update register (IUR), OBC-LUT with an addressing logic (AL), a pipelined MMP-CSFA

based SA unit (PSAR), and an offset circuitry (OC). CUU consists of coefficient update register array

(CURA) followed by bit-level coefficient accumulators. As mentioned, two adaptation delays D0 and

D1 are used with locations indicated in Fig. 2.2.

To derive optimal architectures of LUT and SA unit, it is important to revisit the salient features

of existing design [71] as discussed below:

C1) It is based on separate generation and selection of filter partial products to make the operation

possible with two clocks, namely, clockA (bit-iteration) and clockB (byte-iteration) such that

clockB = W clockA.

C2) Parallel realization of LUT leads to higher complexity, especially when order of DA base unit is

large.
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Fig. 2.2: Architecture of pipelined LMS ADF based on OBC-DA.

C3) Area-complexity and sampling period are reduced by employing binary CSFA based SA unit.

C4) The elements of matrix C(n) = [ci,k(n)]N×W are zero during initial clockB cycles (0 ≤ n ≤ m),

that is, ci,k(n) = 0 for all 0 ≤ i ≤ N − 1 and 0 ≤ k ≤W − 1.

Let us discuss the rationale behind the concept of using clockA and clockB in bit-serial DA design. In

any digital system, the total power dissipation Ptotal can be estimated as

Ptotal = αCV 2
DDfclockB (2.13)

where α is the switching activity, C is the total capacitance, VDD is the supply voltage and fclockB is

the operating frequency. According to characteristic C1, clockA and clockB are used to operate some

functional units with capacitance CA and other functional units with capacitance CB respectively. In

such a case, the total power dissipation P ′total can be expressed as

P ′total = αCBV
2
DDfclockB + αCAV

2
DDfclockA (2.14)

Assuming same switching activity α for both the functional units and using fclockA = WfclockB , the

voltage supply of functional units operating with fclockA can be reduced from VDD to βVDD and

β : 0 < β < βmax [74] with βmax being maximum value of β. Thus, (2.14) can be re-expressed as

P ′total = αV 2
DDfclockB(CB +Wβ2CA) (2.15)

Therefore, the power dissipation in two-clock system (P ′total) over one-clock system (Ptotal) can be
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lowered, if Wβ2 < 1, assuming C = CB + CA. From (2.15), one can find βmax = 1/
√
W . To find

optimum value of β without affecting the system performance, it is required to consider the duration

of clockB as charging time (or discharging time) of gate and stray capacitances. Theoretically, it is

expressed as fclockB = η(VDD − VT )2/(CchrgVDD), where Cchrg denotes the capacitance to be charged

or discharged in the critical path, η is a function of technology parameter and VT is the threshold

voltage. While the effective capacitance to be charged or discharged by clockA would be Cchrg/W ,

therefore, fclockA = Wη(βVDD − VT )2/(CchrgβVDD). If the same clock is used in both the functional

units, then optimum β can be found by solving the following quadratic equation

W (βVDD − VT )2 = β(VDD − VT )2 (2.16)

It is clear from (2.16) that the solution to β would result two values as β = −K(1∓
√

1− 1/K2) with

K = (1/(2W ))(1 − VT /VDD)2 − VT /VDD, but we have to consider the β which satisfies βVDD > VT

or maximum between them. From the above discussion, it is clear that the bit-serial DA design with

two clocks consumes less power.

2.3.1 Optimal LUT and SA Architectures

In this section, the design and analysis of the proposed OBC based LUT and SA unit architectures

are presented.

2.3.1.1 Design and Analysis of OBC-LUT Architectures

This subsection presents different OBC-LUT architectures, and discusses their time and hardware

complexities. The hardware design of different 4th order proposed OBC-LUT architectures is shown

in Fig. 2.3. Each of them is characterized in terms of feasibility with clockA and clockB, critical

path delay, LUT output delay, complexity of XOR gates, adders and registers. They are discussed as

follows:

• OBC-LUTI: It has least-critical path, and this corresponds to the last adder in partial-product

accumulation [75]. Besides, it cannot be operated with clockA and clockB simultaneously, when

the duration of clockA is less than that of clockB. It computes the partial-products, according

to ±D{1
2x(n + 1) ± D{1

2x(n + 1) ± D{1
2x(n + 1) ± D{1

2x(n+ 1)}}}}, that is, the innermost

parenthesis term is first computed, then the next parenthesis term is computed and so on, where

‘D’ is the unit-delay operator which runs at sampling clockB. It is noticed that for a given bit-
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2. Optimal Complexity Architectures for Pipelined LMS Adaptive Filter

slice of filter coefficients, a total of N − 1 clockB cycles delay are required to obtain the correct

output.

• OBC-LUTII: Unlike OBC-LUTI, it has separate filter partial-product generation and selection

units. Thus, it is possible to operate with clockA and clockB simultaneously. The structure

involves less number of registers at bit-level, but its critical path and accumulation of partial

products grow linearly with the filter order. It also involves less number of XOR gates, and

requires one clockB cycles to obtain the correct output.

• OBC-LUTIII: It reduces the critical path of OBC-LUTII by employing a conditional adder tree.

For instance, the possible partial products to be stored in LUT for 4th order FIR filter can be

expressed as ±1
2{{x(n)± x(n− 1)}± {x(n− 2)± x(n− 3)}}, where x(n), x(n− 1), x(n− 2) and

x(n− 3) are the four most recent samples. The structure first computes inner parenthesis terms

1
2{x(n)±x(n−1)} and 1

2{x(n−2)±x(n−3)}. Next, their outputs are added or subtracted based

on the bit-value of w2,k. Finally, the sign of partial products are taken care by the bit-value

of w0,k. Clearly, the accumulation of partial-products is less severe and involves less adders at

bit-level over OBC-LUTI, II.

Based on the above discussion, it is clear that the OBC-LUTI has least critical path, and requires more

number of adders and registers. Nevertheless, the OBC-LUTIII has the lowest hardware complexity.

Apart from the optimized complexities, these architectures could be useful in reducing the switching

activity α. Noticeably, all the proposed architectures employ 1-bit truncation at the input for realizing

the scaling factor 1
2 associated with LUT contents, as shown in Fig. 2.3. This makes the effective

wordlength of inputs to be B′-bit with B′ = B − 1. In order to estimate the switching activity α,

its expected value is a meaningful factor. This basically indicates the number of logic gates that are

switched. For instance, consider OBC-LUTII structure with Xi denote the random variable of (i+1)th

partial product accumulation-stage of wordlength (B′ + i)-bit, and Y denote the random variable of

switching activity α. One can express Y as the summation of Xi as Y =
N−1∑
i=0

Xi. Note all Xi have

binomial distribution with probability of every bit equal to 1
2 . Using independence assumption [58]

and the results derived in [76], the expected value of Y can be obtained as

E[Y ] =

N−1∑
i=0

E[Xi] =
1

2

[
B′N +

N(N + 1)

2

]
(2.17)
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2.3 Proposed Scheme

where E[•] denotes the expectation operator. Clearly, the expected value of Y is reduced for 1-bit data

truncation which would also reduce the power consumption, as per (2.15). Similarly, the expected

value of Y for the other proposed OBC-LUTs can be derived.

2.3.1.2 High Radix TC and OBC based LUTs

Table 2.1: Truth Table for TC and OBC Radix-4 Partial Product Generators

bi,2ρ+1 bi,2ρ
TC PPG OBC PPG

wi,ρ O1 O2 O3 w̃i,ρ O1 O2

0 0 0 0 0 0 −3 0 1

0 1 1 1 0 0 −1 1 0

1 0 2 0 1 0 +1 1 0

1 1 3 0 0 1 +3 0 1

In radix-r binary system, the digit-slices of filter coefficients in TC form would take the values

from the set Wi,ρ ∈ [0, 1, 2, ..., r − 1]. Any digit wi,ρ in the set Wi,ρ can be represented by adjacent

γ-bits bi,γ(ρ+1)−1...bi,γρ+1bi,γρ with r = 2γ , according to

wi,ρ =

γ∑
l=1

2γ−lbi,γ(ρ+1)−l (2.18)

for ρ = 0, 1, 2, ...,W/γ − 1. In case of OBC, the digit-slices of filter coefficients would take the values

from the set W̃i,ρ ∈ [−r+ 1, ..− 3,−1, 1, 3..., r− 1], in accordance with (2.6). Any digit w̃i,ρ in the set

W̃i,ρ can be given as

w̃i,ρ =

γ∑
l=1

2γ−l+1bi,γ(ρ+1)−l − 2γ + 1 (2.19)

It is clear from (2.19) that the signed-digits in radix-r OBC are mirror-symmetric, and therefore only

half signed-digits need to be generated. This would lower the hardware complexity for generating the

partial products. In multiplier design [77], high-radix coding reduces the number of partial products

rows. However, it has an effect on reducing the number of clock cycles involved in SA unit for DA

based designs. In such case, the filter output y(n) given in (2.9) for radix-r OBC-DA can be written

as

y(n) =

W/γ−1∑
ρ=0

dρ(n)sρ + dot(n)sW/γ−1 (2.20)

where sρ = (−1)

⌊
W/γ−1−ρ
W/γ−1

⌋
2−ρ and sW/γ−1 = (2γ − 1)2−(W/γ−1). It is clear from (2.18) and (2.19)
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Br = ⌈log2(r − 1)⌉, TAO = TAND + (log2r)TO; TX , TAND and TOR are delays of a XOR, AND
and OR gates respectively

TC PPG

ADD

CPD

bi,2ρ+1

bi,2ρ

w̃i,ρ

−xi

1

−3xi

OBC PPG

AND

OR

XOR

(log2r − 1)TA + TAO + TX − TO

(r − 1)(B + 2 +Br) (r/2)(B + 1 +Br)

(r − 2)(B + 2 +Br) (r/2− 1)(B + 1 +Br)

(log2r − 1)TA + TAO

DEC AND: r − 1, NOT: r
2

r/2− 1

Radix-4 TC PPG

Design

O1 O3

Radix-4 OBC PPG

r/2− 1

B + 1 +Br

AND: rlog2r, NOT: r
2
log2r, OR : r

2

wi,ρ
1

bi,2ρ+1

bi,2ρ
xi

2xi

3xi

O1

O2

O3

B + 2

Fig. 2.4: Design, analysis and comparison of radix-4 TC and OBC partial product generators.

that the number of digits to generate in radix-r TC and OBC are r − 1 and r/2 respectively. This is

due to the fact that radix-r TC does not have symmetries in digit-slices. Thus, the implementation

complexity to generate partial products in OBC-form is relatively lower than TC-form. The truth

table for generating the digits in TC and OBC forms is shown in Table 2.1. The corresponding

proposed radix-4 partial product generator (PPG) of TC and OBC are shown in Fig. 2.4. They

consist of a decoder and an encoder to generate partial product of input xi with filter coefficients bits

bi,2ρ+1bi,2ρ. In radix-4 TC PPG, logic gates AND, OR and NOT together decode bi,2ρ+1bi,2ρ bits to

three outputs O1 = bi,2ρ+1bi,2ρ, O2 = bi,2ρ+1bi,2ρ and O3 = bi,2ρ+1bi,2ρ. In contrast, radix-4 OBC PPG

decodes bi,2ρ+1bi,2ρ bits two outputs O1 = bi,2ρ+1bi,2ρ + bi,2ρ+1bi,2ρ and O3 = bi,2ρ+1bi,2ρ + bi,2ρ+1bi,2ρ

using XOR and XNOR gates. Note that the decoder complexity of OBC PPG for r > 4 may not

be simply XOR and XNOR gates rather a more complex logic made of AND, OR and NOT gates.

The decoded outputs along with xi, 2xi and 3xi in TC-form (or xi and 3xi in OBC-form) are fed

to an AND-OR encoder to compute the possible partial products. Unlike TC PPG, a XOR gate is

required for sign-reversal in OBC PPG to decode the remaining partial products. Importantly, input

in TC PPG and OBC PPG are sign-extended to have (B + 2)-bit and (B + 1)-bit respectively. In
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Table 2.2: Performance Comparison for 4th order TC-LUTI, III and OBC-LUTI, III with Radix-4, 8
using TSMC 90 nm CMOS Library

Design TC-LUTI TC-LUTIII OBC-LUTI OBC-LUTIII

Radix 4 8 4 8 4 8 4 8

Area (µm2) 4027 8873 3881 8549 3767 7893 3372 6724

Power (mW) 2.23 5.12 1.89 4.91 1.92 4.27 1.76 3.52

MSP (ns) 1.95 2.91 2.59 3.72 1.88 2.79 2.43 3.43

TP (per µs) 512 343 386 268 531 358 411 293

ADP (µm2.ns) 7853 25820 8757 31802 7082 22021 8194 22929

PDP (mW.ns) 4.35 14.90 4.89 18.26 3.61 11.91 4.28 12.07

MSP: minimum-sampling-period, TP: throughput, ADP: area-delay-
product, PDP: power-delay-product.

radix-4 TC representation, the sign-bit of filter coefficients would decode the outputs as 0, 1,−2 and

−1 rather than 0, 1, 2, and 3 respectively, in accordance with (2.18). As a result, separate PPG unit

is required which makes the circuit more complex. In contrast, OBC PPG decodes digits at sign-bit

in sign-reversal form i.e., −3,−1,+1 and +3 instead +1,+3,−3 and −1 respectively, in accordance

with (2.19). Moreover, the number of inputs to OR gate in the encoder of TC PPG and OBC PPG

equal to the possible digits. Hence, the propagation delay in TC PPG is relatively higher than OBC

PPG when r increases. Further, more bits in inputs are required for sign-extension in TC PPG when

decoded outputs are composite numbers. The comparison of the proposed TC and OBC PPGs in

terms of critical path delay (CPD), gates and adder complexities are listed in Fig. 2.4.

For comparison purpose, a 4th order TC-LUTI, III and OBC-LUTI, III architectures are coded in

Verilog for radix-4, 8 with 8-bit wordlength of inputs. ASIC Synthesis is performed using TSMC 90 nm

CMOS Library by Cadence RTL Compiler. The corresponding area, power, throughput, minimum-

sampling-period (MSP), area-delay-product (ADP) and power-delay-product (PDP) results are listed

in Table 2.2. As expected, OBC-LUTI, III occupy lesser area and consume lesser power as compared to

their TC-LUTI, III counterparts. The savings in area and power are more prominent for OBC-LUTI,III

than TC-LUTI,III when radix size increases. For example, OBC-LUTI and OBC-LUTIII for radix-8

occupy 11.04% and 21.34% lesser area and consume 16.60% and 28.31% lesser power as compared to

TC-LUTI and TC-LUTIII respectively. It is important to note that TC-LUTI and OBC-LUTI provide

better figures of ADP and PDP than TC-LUTIII and OBC-LUTIII respectively.
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2.3.1.3 Architecture of SA Unit

In [71], it is noticed that significant portion of time is involved in the SA unit, especially when

the wordlength of filter coefficients become large. Therefore, they used binary carry-save full adder

(CSFA) based SA unit to reduce the computation time of shift-accumulation, but in turn carry-loops

are formed. High-radix coding might reduce computation time of CSFA based SA unit. However, it is

observed that when the size of radix increases, the delay due to carry propagation also increases. So,

it is important to reduce carry-propagation delay of CSFA based SA unit for higher radices. This is

achieved with a novel CSFA based on minus-minus-plus (MMP) redundant adder. Redundant adder

offer “carry-free” property at word-level addition [78]. It is utilized to reduce the carry-propagation

delay for performing bit-level full addition.

carry block

X
Y

C

S
Z

a

b

ar

br

a

b

c = 1

cout

ar + br

s

cout

s
0

1

0

1

(a) (b)

Fig. 2.5: (a) Equivalence between redundant to binary and half addition [78], with simplification
towards MMP based carry-save half adder. (b) Gate-level description of MMP based carry-save full
adder.

Basically, it consists of two half MMP redundant adders which performs s = a + b = a − b − 1,

where a, b are inputs, s is output sum, and quantities (a−b) and −1 are redundant digits (a, b) and

(0, 1) respectively. This is performed with three-input MMP adder by setting its third input c = 1

corresponding to (0, 1) digit-set, as shown in Fig. 2.5(a). To design smaller and faster circuits, it is

required to avoid (1, 1) condition at the inputs of MMP adder [78]. This can be achieved by encoding

(a, b) as (ar, br), with ar = ab and br = ab. The simplified structure of MMP based carry-save half

adder is shown in Fig. 2.5(a). The corresponding gate-level description of proposed CSFA structure

after cascading two redundant MMP based carry-save half adders is shown in Fig. 2.5(b). It can

be noted that the final carry output is obtained by passing the individual carry outputs of MMP

based carry-save half adders through a NAND gate. Clearly, the carry-propagation delay and gates

complexity of proposed MMP-CSFA are reduced over binary CSFA. This can be understood if one
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implements the carry block of binary CSFA using NAND gates. Analysis shows that the reduction in

carry propagation is 2TNAND, with TNAND being the delay of NAND gate. The comparison between

the proposed and binary CSFA in terms of boolean expression and gates complexity are listed in Table

2.3.

CB CB−1 SB−1
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X Y

DDDD

C S

Z

0 11 0
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X Y
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Fig. 2.6: Radix-2 pipelined MMP-CSFA based SA unit for OBC-DA.
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Fig. 2.7: Radix-4 pipelined MMP-CSFA based SA unit for OBC-DA.

The pipelined structure of proposed MMP-CSFA based SA unit (PSAR) is shown in Fig. 2.6. It
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consists of one pipelined register and sign inversion (PR&SI) unit, (B + r
2) MMP-CSFA, 2(B + r

2)

2-to-1 multiplexers (bit-level), and 2(B + r
2) D flip-flops (DFF). PR&SI unit further comprises of

(B + r
2) XOR gates and D0 registers. According to (2.9), LSB and MSB signals are used to load

dot(n) term and invert the sign of LUT contents respectively. Unlike in Fig. 1.14, bit-level 2-to-1

multiplexers are employed to load sum Ius = duot,s(n) and carry Iuc = duot,c(n) components of dot(n)

with u ∈ [0, B + 1]. Note that the pipelined D0 register in PR&SI unit operates with clockB and SA

unit runs at clockA. The duration of clockA and clockB are defined as bit-iteration period (BiIP) and

byte-iteration period (ByIP) respectively. BiIP is estimated by the delay of XOR gate in PR&SI unit,

MMP-CSFA and delay of accumulator. Note that the computation time of radix-2 MMP-CSFA is

governed by sum-propagation delay. In contrast, radix-4 PSAR unit performs two bit addition and

double right-shift in every clockA cycle in accordance with (2.20), as shown in Fig. 2.7. Thus, its

computation time is wholly determined by the carry-propagation delays of both MMP-CSFA. ByIP

is estimated by the wordlength of filter coefficients multiplied with the duration of BiIP. Clearly, the

number of clockA cycles are reduced to half in radix-4 PSAR unit over its radix-2 counterpart. The

theoretical and synthesized results of BiIP and ByIP for different CSFA based SA units are listed in

Table 2.3.

Table 2.3: Comparison of Computational Complexities between Binary-CSFA and MMP-CSFA using
TSMC 90 nm CMOS Library

Type Binary CSFA Proposed MMP-CSFA

BE
S= X ⊕ Y ⊕ Z

C = (X ∧ Y) ∨ (Z ∧ (X ⊕ Y))

S = X ⊕ Y ⊕ Z

C = ¬ (¬(X ∧ Y) ∧¬(Z ∧ ( X ⊕ Y)))

Gates 2×⊕, 2× ∧ and 1× ∨ 2×⊕ and 3× (¬,∧)

SA TC OBC

BiIP† TX +max(TFAS , log2rTFAC) + TD TXM +max(TFAS , log2rTFAC) + TD

BiIP‡ TX +max(TFAS , log2rT
′
FAC) + TD TXM +max(TFAS , log2rT

′
FAC) + TD

CT CSFA SA MMP-CSFA SA CSFA SA MMP-CSFA SA

(ns) BiIP ByIP BiIP ByIP BiIP ByIP BiIP ByIP

radix 2 0.43 3.44 0.43 3.44 0.53 4.24 0.53 4.24

radix 4 0.63 5.04 0.53 4.24 0.83 6.64 0.73 5.84

BE: boolean expression, BiIP† : BiIP using binary CSFA, BiIP‡ : BiIP using
MMP-CSFA; CT: computation time, ByIP= W× BiIP; ⊕,∧,∨, ¬ and (¬,∧) de-
note XOR, AND, OR and NOT operators respectively. TXM = TX + log2rTM ,
TFAS = 2TX , TFAC = TX + TAND + TOR = TX + 4TNAND, T

′
FAC = TX +

2TNAND;TM , TX , TAND, TOR, TNAND are delays of multiplexer, XOR, AND, OR
and NAND gates respectively.

48

TH-2070_136102022



2.3 Proposed Scheme

2.3.2 Architecture for Small Order Filter

The architecture of 4th order proposed filter is shown in Fig. 2.8. It consists of one OBC-LUT, one

PSAR, one OC unit, ECU and an ISR, a sign-magnitude logic (SML), four word-parallel to bit-serial

(WPBS) converters, four barrel-shifters (BSs), four MMP-CSFA based bit-level accumulators, four

registers in CURA and an IUR. It can be observed from Fig. 2.3 that the proposed structures produce

few non-OBC terms during initial three clockB cycles as bit-slices of filter coefficients ci,k(n) remains

at zero for all 0 ≤ i ≤ N − 1 and 0 ≤ k ≤ W − 1. Hence, it is important to discuss the operation of

proposed filter in these clock cycles. In 0th clockB cycle, the IUR content is updated along with the

registers in CURA. In 1st clockB cycle, PSAR unit is fed with input 1
2x(n) from LUT as first non-OBC

term since bit-slices of filter coefficients ci,k(n) = 0. However, the presence of D0 and D1 registers just

before the PSAR unit and filter output would produce the output ‘0’. In 2nd clockB cycle, the PSAR

unit is fed with input 1
2 [x(n) + x(n− 1)] from LUT as second non-OBC term since bit-slices of filter

coefficients ci,k(n) = 0. However, the output would correspond to 0th input sample x(n) as per, y(2) =

1
2

W−1∑
k=0

(
x(n)sk−dot(0)sW−1

)
. In 3rd clock cycle, the PSAR unit is fed with 1

2 [x(n)+x(n−1)+x(n−2)]

from LUT as third non-OBC term. The filter output corresponds to first input sample x(n − 1) as

y(3) = 1
2

W−1∑
k=0

(
[x(n) + x(n − 1)]sk − dot(1)sW−1

)
. Similarly, in next clock cycle, the filter output

corresponds to second input sample x(n−2) as y(4) = 1
2

W−1∑
k=0

(
[x(n)+x(n−1)+x(n−2)]sk−dot(2)sW−1

)
.

However, in same clock cycle, next OBC combination of input samples is selected based on the bit-

slices of filter coefficients ci,k(n). These non-OBC terms have to be eliminated, otherwise it would

enter into CUU and deviate the actual operation of LMS ADF. Based on above discussion, the output

contains dot(n) which can be implemented, as per (2.10) using byte-level accumulator (ByOC) with

−1
2 [x(n)+x(n−N)] as its input, as shown in Fig. 2.8. Instead, it can be obtained as dot(n) = −dk(n)

for initial m clock cycles. Observably, the output of ByOC cannot be loaded to PSAR unit as it

operates on clockA. In order to load dot(n) in PSAR unit during the start of every byte-iteration, one

has to obtain its bit-slices. This is possible using bit-level accumulator (BiOC) in which register is

retimed and bit-slices are obtained through WPBS to perform accumulation.

An adaptive equalization problem is considered to observe the effect of non-OBC terms on the con-

vergence performance of the proposed designs. Hereafter, OBC-LUTI, II, III are referred as Structure-I,

II, III respectively by including ECU and CUU. For reference, conventional DA [67] and pipelined

DA [71] based LMS ADFs are considered in the simulations. In all the cases, a linear dispersive
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Fig. 2.8: Circuit schematic of 4th order OBC-DA based LMS ADF.

channel is employed to produce random distortion, and an unknown sequence is generated which acts

as the source of additive white Gaussian noise of zero mean and unit variance. The impulse response

h(n) of the channel is assumed to be raised-cosine [54], as per

h(n) =
1

2

[
1 + cos

(
2π(n− 2)

P

)]
for n = 1, 2, 3 (2.21)

and h(n) = 0 otherwise, where P is the distortion parameter to produce random fluctuations in the

input amplitude. The values of P and µ are taken to be 3.1 and 0.0625 respectively. The mean

squared error (MSE) learning curves of 32nd order proposed and existing [67,71] designs averaged over

50 independent runs are shown in Fig. 2.9(a). As expected, non-OBC terms would have ill-effects on
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Fig. 2.9: MSE learning curves of adaptive equalization problem for the presented and existing DA
based designs [67,71] (a) without ISR unit (b) with ISR unit.

convergence rate and steady-state error of the proposed designs. However, these are more pronounced

for Structure-I as compared to the other proposed structures as it exhibits inherent pipelining. More-

over, the presence of non-OBC terms further deteriorates the convergence performance. On the other

hand, the Structure-II, III also have poor convergence rate and steady-state error, but this is mainly

due to non-OBC terms. The correct operation of these filters could only be resumed after removal of

non-OBC terms. This is possible via modification in ECU as

e′(n− 2) = [p(l)(γ(l) + d(n− 2)) + p(l)d(n− 2)]− y(n− 2) (2.22)

where γ(l) is the correction factor and p(l) is the control signal for enabling correct computation of

error signal e′(n− 2). The definitions of γ(l) and p(l) are respectively, given as

γ(l) =
1

2

W−1∑
k=0

[ l∑
i=0

x(n− i)
]
(sk − sW−1) , and (2.23)

p(l) = bn/(l + 1)c (2.24)
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where 0 ≤ l ≤ m ∀ byte-iteration n with p(l) = 1 − p(l) and p(l) ∈ [0, 1]. It is worth noting that

the correction factor γ(l) is the filter output y(n) for initial three clockB cycles. The convergence

performance of the proposed designs after the removal of non-OBC terms are shown in Fig. 2.9(b).

Clearly, about 5 dB reduction in steady-state error is observed with slight improvement in convergence

rate as compared to their without-ISR counterpart.

2.3.2.1 Complexity Considerations of Coefficient Update Unit

In every byte-iteration, 2µe′(n− 2) is computed by multiplying 2µ with e′(n− 2), in accordance

with (2.12). This can be performed in more simple manner based on the approximations used in [67]:

• Step-size µ is taken in the orders of O(1/N) to simplify the multiplication of µ and e′(n− 2) to

a greater extent. For simplicity, we consider µ = 2/N which is twice that of [71], one could also

choose µ as 2−v+1/N , where v is a positive integer which requires pre-shifting of input samples

by t.

• Except the MSB of e′(n− 2), all the other bits are taken as don’t care (×).

Clearly, 2µe′(n− 2) is nothing but a right-shift version of e′(n− 2), if N is assumed in the powers of 2.

This can be understood by splitting 2µe′(n− 2) into s = sign[2µe′(n− 2)] and t = mag[2µe′(n− 2)],

where sign[•] and mag[•] indicate sign and magnitude operators respectively. By utilizing t, each BS

provides controlled shifts q = log2t on respective input x(n− i− 2) for all 0 ≤ i ≤ N − 1 to produce

the coefficient increment terms 2µe′(n− 2)x(n− i− 2). The sign of coefficient increment terms in

every byte-iteration is decided by s. There are two approaches to update filter coefficients. First, the

coefficient increment terms are directly fed to coefficient update accumulators [71]. Subsequently, the

bit-slices of filter coefficients are obtained using an array of WPBS. Second, the bit-slices of coefficient

increment terms are obtained prior to update of coefficient coefficients, as per (2.12). This needs

coefficient update registers CURA to be placed before WPBS, as shown in Fig. 2.8. It would update

the coefficient increment terms using MMP-CSFA accumulators. As a result, the complexity of CUU

is reduced since update of filter coefficients are performed at bit-level. However, this requires carry-out

signals of MMP-CSFA to be flushed out in the end of every byte-iteration.

2.3.3 Architecture for Large Order Filter

It is clear from the previous discussion that OBC reduces the complexity of LUT. However, the

number of non-OBC terms grows proportionally with the number of adaptation delays m. This can be
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resolved by decomposing N th order LUT into M(= N/L) number of Lth order LUTs, where L < N .

It computes the output y(n) by adding the outputs from M -DA base units, according to

y(n) =
M−1∑
j=0

yj(n) =
M−1∑
j=0

[ (j+1)L∑
i=jL

x(n− i)wi(n)

]
(2.25)

Each Lth order DA base unit accordingly, have L CUUs. By applying OBC-DA in (2.25), we get

y(n) =
M−1∑
j=0

[W−1∑
k=0

dk,j(n)sk + dot,j(n)sW−1

]
(2.26)

Clearly, each DA base unit contains an OBC-LUT and SA unit which are added to produce the final

output using an adder tree. The terms dk,j(n), dot,j(n) are, respectively, given as

dk,j(n) =
1

2

(j+1)L−1∑
i=jL

x(n− i)di,k, dot,j(n) = −1

2

(j+1)L−1∑
i=jL

x(n− i) (2.27)

where j = 0, 1, 2, ...,M − 1. The proposed 16th order filter is shown in Fig. 2.10. It consists of four

4th order DA base units (as shown in Fig. 2.8) whose outputs are added by two separate binary adder

trees, corresponding to four (B + 1)-bit sum and carry words. In this case, truncation of three LSBs

of e′(n− 2) are required, since µ = 0.125 in order to store coefficient increments within the registers

in CURA. The filter performance mainly depends on MSBs of 2µe′(n − 2), therefore, the truncation

of LSBs would have negligible effect. The error signal e′(n− 2) is given as follows

e′(n− 2) = [pj(l)(γj(l) + d(n− 2)) + pj(l)d(n− 2)]− y(n− 2) (2.28)

where γj(l) and pj(l) are correction factor and control signal of each DA base unit which are, respec-

tively, defined as

γj(l) =
1

2

W−1∑
k=0

[ l∑
i=0

x(n− i− jL)

]
(sk − sW−1), and (2.29)

pj(l) = bn/(l + 1 + jL)c (2.30)

where j(L−m) ≤ l ≤ m+jL and 0 ≤ j ≤M−1 ∀ byte-iteration n. For every m+1 initial clock cycles

of DA base unit γj(l) is computed by enabling the corresponding registers in CURA using Ej = 1

and fed to ISR unit. This requires a M -to-1 multiplexer to pass each γj(l), with its selection being

governed by the control signal rj = j. The control signals pj(l) and rj can be realized by using two

separate modulo circuits, as shown in Fig. 2.10. The coefficient update equation for jth DA base unit
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would be

cj,k+1(n)sk = cj,k(n)sk +Dk{2µe′(n− 2)xj(n− 2)} (2.31)

where cj,k(n) = [cj0,k(n), cj1,k(n), ..., cjL−1,k(n)], xj(n− 2) = [x(n − jL − 2), x(n − jL − 3), ..., x(n −

jL−L−2)] and cji,k(n) are the bit-slices of filter coefficients of jth DA base unit. Algorithm 1 explains

the operation of proposed LMS ADFs.
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Fig. 2.10: Circuit schematic of 16th order OBC-DA based LMS ADF with an ISR unit and a controller.
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Algorithm 1 Algorithm explaining the operation of the proposed LMS ADFs

1: Initialize:

m = 2; s = 0, 1, 2, ..., L−1; l = 0, 1, 2, ...,m; j = 0, 1, ...M −1; k = 0, 1, 2, ...,W −1

2: loop

y(n−m) =
M−1∑
j=0

[
W−1∑
k=0

dk,j(n−m)sk + dot,j(n−m)sW−1

]
3: for COUNT= 0 to N −m do

4: if COUNT mod (M) == 0 then

5: j ← j + 1, rj ← j, Ej ← 1

6: dot,j(n−m) = dot,j(n−m− 1)− 1
2 [x(n− jL−m) + x(n− (j + 1)L−m)]

7: γj(l) = 1
2

W−1∑
k=0

[ l∑
i=0

x(n− i− jL)
]
(sk − sW−1)

8: for i = 0 to L− 1 do

9: dk,j(n−m+ 1) = dk,j(n−m) + xi(n)di,k

10: for k = 0 to W − 1 do

11: if k == 0 then

12: yj(n−m) = dot,j(n−m)

13: else yj(n−m) = yj(n−m) + dk,j(n−m)sk

14: end if cj,k+1(n)sk = cj,k(n)sk + ∆j,k

15: end for

16: end for

17: y(n−m) = y(n−m) + yj(n−m)

18: ∆j,k
Dk←−− 2µe′(n−m)xj(n−m)

x(n− jL)
D←− x(n− jL+ 1)

19: end if

20: if COUNT mod (m+ 1) == 0 then

21: pj(i)← 0, d′(n−m) = γj(l) + d(n−m)

22: else pj(i)← 1, d′(n−m) = d(n−m)

23: end if e′(n−m) = d′(n−m)− y(n−m)

24: end for n+ 1← n

25: end loop
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2.4 Performance Comparison

In the following discussion, the existing designs [67], [68], [69], [70] and [71] are referred as DA0-

ADF, DA1-ADF, DA2-ADF, DA3-ADF and DA4-ADF respectively. For comparison, the radix-2

implementation of the proposed and existing designs are considered.

2.4.1 Computational Complexities

2.4.1.1 Hardware Complexities

The hardware complexities of the proposed and existing designs are listed in Table 2.4 in terms of

number of DA base units M and order of DA base unit L, where filter order N = L×M . The complex-

ities of each hardware element is expressed in terms of bit-complexity (BiCom) and byte-complexity

(ByCom). BiCom of all hardware elements are normalized with the wordlength of filter coefficients to

compare with ByCom components. Unlike DA3-ADF and DA4-ADF designs, the ByCom of proposed

designs grow linearly with DA base unit L. This is an important advantage when implementing the

filter with large order of DA base units. The complexities of DA0-ADF, DA1-ADF and DA2-ADF

are limited by the size of their physical LUTs. However, the proposed designs have slightly higher

cost due to ISR and OC units. Specifically, an ISR unit comprises of an adder and a 2-to-1 mul-

tiplexer. For high order filter, all of them require an extra M -to-2 multiplexer to select γj(l) from

each DA base unit. BiOC unit consists of an adder, a register, a WPBS shift register and a bit-level

accumulator. Nevertheless, this increase in hardware is compensated by the proposed low-complexity

OBC-LUT designs, as shown in Fig. 2.3. Like DA0-ADF, DA1-ADF and DA2-ADF, all the proposed

structures require a controller which involves a counter of dlog2(N − m + 1)e-bit and two modulo

circuits. Clearly, none of the proposed structures require multiplexers for LUT implementation, as

in the case of DA3-ADF and DA4-ADF. Instead, they require XOR gates to generate possible OBC

combinations of input samples. Structure-I operates with clockB, thus, it has higher ByCom over

the other proposed structures for all the filter order N . In contrast, it has relatively lower ByCom

as compared to DA3-ADF and DA4-ADF. Hence, the proposed designs offer substantial savings in

hardware as compared to the existing designs, especially when the order of filter becomes large. The

comparison chart of registers, adders, multiplexers, XOR gates and LUT words involved in different

designs are shown in Fig. 2.11 to Fig. 2.13. Clearly, the proposed Structures-I, II, III for 128th order

filter and 4th order DA base unit requires 2.36, 2.36, 4.06 and 1.59, 1.99, 1.99 times less BiCom and
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ByCom of adders; 1.38, 1.65, 1.65 and 2.22, 2.22, 2.22 times less BiCom and ByCom of registers;

15.48, 15.48, 15.48 and 14.54, 14.54, 14.54 times less BiCom and ByCom of multiplexers; 0.77, 1.06,

1.06 and 5, 5, 5 times more BiCom and ByCom of XOR gates as compared to DA4-ADF respectively.

2.4.1.2 Time Complexities

The time complexities of both the proposed and existing designs are listed in Table 2.5 in terms

of number of clock cycles (NCC), number of clock used (NOC), adaptation delays (AD), location of

adaptation delays (LAD), critical paths (CP0, CP1 and CP2) and throughput. It can be noted that

CP0, CP1 and CP2 indicate the time delay from the input sampling registers to D0 register, the time

delay from D0 register to D1 register, and the time delay from D1 register back to sampling registers

in CURA respectively, as shown in Fig. 2.10. It can also be noted that the LAD for the proposed

designs are before PSAR and ECU units, unlike the case of DA3-ADF and DA4-ADF. Furthermore,

CP1 of DA3-ADF and DA4-ADF designs are higher, therefore, D1 register is placed in the proposed

designs just before the output of adder tree, as shown in Fig. 2.8. Likewise, D0 register is placed

in the proposed designs between OBC-LUT and PSAR units. Since DA0-ADF, DA1-ADF and DA2-

ADF designs are non-pipelined, therefore, they are comprised of single critical path, as indicated by

CP0 in Table 2.5. DA3-ADF and DA4-ADF designs, on the other hand are pipelined with two AD.

As a result, two critical paths CP0 and CP1 are formed, but involve the byte-level CUU. While the

proposed designs also have a third component of critical path CP2 which includes the delay of carry

propagate adder, ISR unit and ECU. Note that the delay of SML is ignored as it does not depend on

the number of DA base units. Like DA3-ADF and DA4-ADF, the CP0 of the proposed designs involve

computational delay of OBC-LUT. However, it also includes the delay from CURA in CUU to adder

tree (except Structure-I) of OBC-LUT due to the presence of bit-level CUU. For clarity, let us discuss

the critical path CP0 of Structure-III which includes the delay of WPBS (TD), bit-level coefficient

update accumulator (TX + TD + TFA′) and OBC-LUTIII (TX + 2TA), where TFA′ , TX , TD and TA are

computational delays of MMP-CSFA, XOR gate, 1-bit delay FF and adder respectively.

The throughput of DA based ADF is defined as the ratio of clock rate to the number of clock

cycles required to produce the filter output. It is measured as the number of samples processed per

second (NSPPS). The throughput of different designs are listed in Table 2.5. As discussed Structure-

I operates on clockB and require N − 1 cycles to produce the correct output for a given bit-slice.

Thus, in total (N − 1)W clockB cycles (or alternatively, W (L − 1)log2M clockB cycles for higher
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filter order) are required to produce the filter output. The clock rate of the system is decided by

maximum of the critical paths CP0, CP1 and CP2. The throughput plots of the proposed and existing

designs for various filter orders are shown in Fig. 2.14. It can be noted that DA3-ADF and DA4-ADF

designs provide highest throughput for small filter orders due to parallel update of LUT contents

and their pipelined nature. However, when the order of filter (N = L × M) becomes large, CP1

dominates over CP0 due to large DA-base units (M), which is lower than the CP1 of DA3-ADF and

DA4-ADF. In case of Structure-I, the throughput performance is relatively higher than DA0-ADF,

DA1-ADF and DA2-ADF designs, however it reduces with higher order filter implementation. It is

quite obvious that the throughput of DA0-ADF, DA1-ADF and DA2-ADF designs are significantly

lesser than the other pipelined designs. This is because several clockB cycles are required to produce

the output depending on the number of DA base units, order of DA base units and wordlength of

filter coefficients. For example, the implementation of 128th order filter using 4th order DA base units

requires NCC values as 29, 22 and 18 for DA0-ADF, DA1-ADF and DA2-ADF designs respectively.

Interestingly, the proposed designs require single clock cycle to produce the output like DA3-ADF and

DA4-ADF except the proposed Structure-I.

2.4.2 Implementation Results

2.4.2.1 ASIC Synthesis

In order to validate the proposed designs, 16th and 32nd order filters using 4th order DA base units

are coded in Verilog. In addition, the existing designs DA0-ADF, DA1-ADF, DA2-ADF, DA3-ADF and

DA4-ADF are also coded for the same filter orders and the number of DA base units. The wordlengths

of input samples and filter coefficients are taken to be 8-bit. ASIC synthesis is performed for both

the proposed and existing designs using TSMC 90 nm CMOS Library [79] by Cadence RTL Compiler.

Synthesis reports of the proposed and existing designs in terms of area, power, minimum sampling

period (MSP) and throughput are listed in Table 2.6. It is clear that all the proposed architectures

occupy less area and consume less power over DA4-ADF. For example, a 32nd order Structure-I, II and

III offers 71.13%, 71.83% and 73.08% less area and consumes 68.47%, 70.01% and 72.17% less power as

compared to DA4-ADF. Further, the savings in area and power are much more when the order of DA

base unit becomes large. In addition, the proposed structures (except Structure-I) provide superior

throughput performance for higher filter orders, as shown in Fig. 2.14. For better comparison, ADP

and PDP figures of different designs are also listed in Table 2.6. Evidently, Structure-I has smallest
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critical path, however, it occupies more area and consumes more power. Besides, it provides slower

convergence rate over the other proposed architectures. In contrast, DA3-ADF and DA4-ADF designs

offer high throughput, but requires more area and power. Thus, the proposed designs have better ADP

and PDP figures and eventually these would be more advantageous for higher orders. For example,

32nd order for Structure-I, II and III become 51.74%, 37.83% and 45.38% less ADP and consume

47.33%, 33.72% and 43.19% less PDP as compared to DA4-ADF.

2.4.2.2 FPGA Synthesis

DA based FIR filter naturally contains a LUT which is mapped to the LUT of specific FPGA

depending upon the filter order. The performance of the proposed and existing designs are also

evaluated on Xilinx ZYNQ-XC7Z020-1CLG84C FPGA device. It mainly consists of block random

access memory (block RAM), 6-input distributed RAMs and flip-flops (FF). Distributed RAMs are

arranged in groups of four to make a slice (referred as SLUT). The physical LUTs of DA0-ADF, DA1-

ADF and DA2-ADF designs are mapped onto the FPGA by using the HDL primitive [80]. According

to (2.27), LUT size is reduced by computing the partial sums in parallel such that L fits the SLUT

size. While the wordsize of SLUT (B̃) is chosen to be B̃ = B + log2L to store the possible partial

products corresponding to each DA base unit. Apart from LUT, adders are also mapped to several

slices with each containing upto four 6-input distributed RAMs. All the designs are implemented on

FPGA device for 16th and 32nd order filters using 4th order DA base unit. The corresponding SLUT

and FF results are listed in Table 2.6 by setting the system clock at 100 MHz. Clearly, the proposed

structures occupy less number of SLUT and FF over all the other existing designs. The Structure-I, II

and III with 16th order filter and 4th order base unit involves 53.26%, 57.61% and 63.04% less number

of SLUT and 34.40%, 38.60% and 42.06% less number of FF as compared to DA4-ADF. While these

figures for 32nd order filter and 4th order base unit become 55.11%, 59.66% and 64.20% less number

of SLUT and 35.33%, 40.28% and 44.87% less number of FF as compared to DA4-ADF. Interestingly,

the savings in SLUT and FF can be enhanced by using large DA base units. One can also extrapolate

these results to find the approximate values of SLUT and FF for higher order implementation of the

proposed structures.
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2.5 Conclusion

In this Chapter, three different optimal complexity architectures (Structure-I, II and III) for

pipelined DA based LMS ADF using OBC have been investigated. The complexity optimization

has been performed individually on LUT, SA unit and coefficient update unit. It is found that the

LUT optimization has resulted substantial decrease in the hardware complexity. However, non-OBC

terms have been generated at the output of filter during initial sampling clock cycles. A novel design

for the offset term due to OBC representation of filter coefficients has been presented. These architec-

tures furnished the optimal cost for LMS ADF which makes them amenable to VLSI implementation.

Nonetheless, they also offered better throughput figures with similar convergence performance as com-

pared to the design presented in [71]. The proposed architectures are validated through ASIC and

FPGA synthesis, and are found to provide significant reduction in area, power, ADP, PDP and logic

utilization.
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3. Low Complexity Pipelined Convex Combination LMS Adaptive Filter

3.1 Introduction

ADFs are widely employed in various DSP and communication systems such as system identifica-

tion, channel equalization, noise cancellation etc [5,6]. For system identification problem, it is desired

that the filter coefficients of ADF reach the optimum solution of unknown system in reasonable time

with low steady-state error. LMS and RLS are two popular algorithms for the adaptation of filter

coefficients. RLS ADF offers fast initial convergence rate and low steady-state error compared to

LMS ADF. But, its computational complexity are significantly higher than LMS ADF which makes

the real-time operation difficult. On the other hand, LMS ADF either provides fast convergence rate

or low steady-state error based on the selection of step-size. Solving the well known trade-off between

the initial convergence rate and the mean-square error in steady state of LMS ADF has gained much

attention. Variable step-size LMS ADF is a potential solution which achieves both fast initial conver-

gence and low steady-state error [13]. Due to adaptation of step-size in every iteration, the hardware

realization of such filter is difficult. In the sequel, many researchers suggested different approaches

to address this problem [14–22]. For instance, Kwong et al. in [16] utilized the squared instanta-

neous error, Aboulnasr et al. in [18] exploited the auto-correlation of time-averaged error signals at

adjacent time. In the past, the idea of combining two LMS ADFs in parallel with different step-sizes

has gained significant interest as it is able to optimize the trade-off between convergence speed and

steady-state error. It is referred as convex combination of LMS (CLMS) ADF, where filter with large

step-size offers fast convergence and filter with small step-size provides low steady-state error [11,26].

But, this requires transfer of filter coefficients from one LMS ADF to other which is difficult from

implementation point-of-view. Further, due to involvement of two LMS ADFs its complexity is twice

that of conventional LMS algorithm. In addition, the presence of several MAC units in both the LMS

ADFs lead to high computational requirements. Few attempts have been made in the past to reduce

the complexity of coefficient transfer scheme [23–26]. Garcia et al. in [23] proposed a linear transfer

of coefficients by interacting slow filter to fast filter during the transition stage, however it degrades

the SNR performance. Later, Ruiz et al. in [24] suggested a new update rule to improve the SNR at

the cost of increased computational requirements. Nascimento and de Lamare in [25] presented a low-

complexity instantaneous transfer scheme based on sliding window approach for better convergence

performance. Lu et al. in [26] proposed a new coefficient transfer scheme based on sign-adaptation

approximations for low-complexity realization of CLMS ADF.
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CCU

D

D

d(n− 1)

x(n)
y(n− 1)

e0(n− 2)

e1(n− 2)

y0(n− 1)

y1(n− 1)

λ(n)

λ(n)

e(n− 1)

ADF0

ADF1

D

D

Fig. 3.1: Block diagram of pipelined CLMS ADF with two adaptation delays.

Distributed arithmetic (DA) as discussed in Chapter 1, can be employed for the realization of

CLMS ADF since it eliminates the multipliers from the structure. The challenge here is to reduce

the implementation complexity of CLMS ADF using DA, while providing the improved convergence

characteristics over conventional LMS ADF. In [71], there is a brief discussion about the selection

of step-size for the realization of DA based pipelined LMS ADF. For instance, the step-size for N th

order filter can be taken in the orders of O(1/N) or 2−p/N , where p is positive integer. Selecting

the step-size as 2−p/N leads to low steady-state error as it can be realized by pre-shifting the input

samples. To the best of our knowledge, no one has employed DA for low-complexity implementation

of CLMS ADF. The purpose here is to explore the potential of DA for the realization of CLMS ADF

with low implementation complexity.

3.2 Mathematical Formulation

Consider a N th order pipelined CLMS ADF, as shown in Fig. 3.1 which processes an input sequence

x(n) = [x(n), x(n− 1), x(n− 2), ..., x(n−N + 1)] and produces the output yc(n), according to

yc(n) =

N−1∑
i=0

x(n− i)wci (n) (3.1)

where wci (n) (i = 0, 1, 2, ..., N − 1) are the coefficients of ADF0 and ADF1 for c = 0 and c = 1

respectively. If every coefficient wci (n) of ADF0 and ADF1 is represented in W -bit two’s complement
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3. Low Complexity Pipelined Convex Combination LMS Adaptive Filter

form, we get

wci (n) = −wci,0(n) +

W−1∑
k=1

wci,k(n)2−k (3.2)

Substituting (3.2) in (3.1) and interchanging the order of summation, we obtain

yc(n) = −
N−1∑
i=0

x(n− i)wci,0(n) +
W−1∑
k=1

[N−1∑
i=0

x(n− i)wci,k(n)

]
2−k (3.3)

Define

dc,k(n) =

N−1∑
i=0

x(n− i)wci,k(n) (3.4)

Hence,

yc(n) = −dc,0(n) +
W−1∑
k=1

dc,k(n)2−k (3.5)

It is important to note from (3.4) that a single LUT is required to compute the output of ADF0

and ADF1 at different time instants. This is because the bit-slices of filter coefficients wci,k(n) (k =

0, 1, 2, ...,W−1) would form the address lines to LUT storing the common set of input samples x(n−i).

In case of pipelined LMS filter, the feedback error and input samples arrive after certain clock cycles

for the adaptation of coefficients. In present case, the outputs of ADF0 and ADF1 units are delayed

by unit time which implies their respective errors can be computed as ec(n−1) = d(n−1)−yc(n−1).

The error signals so produced are further delayed by unit time. Thus, the coefficient update equation

of pipelined CLMS ADF with two adaptation delays can be expressed as

wc(n+ 1) = wc(n) + µcec(n− 2)x(n− 2) (3.6)

where x(n − 2) and ec(n− 2) are both delayed version of x(n) and ec(n) respectively. As discussed

in Chapter 1, if the number of adaptation delays are kept small, then it does not have significant

effect on the convergence performance of LMS ADF. Therefore, the number of adaptation delays are

two for each component LMS filter with their positions indicated in Fig. 3.1. The purpose of placing

the adaptation register between the delayed error signals ec(n − 1) and ec(n − 2) is to extract some

property in order to improve convergence performance. For simplicity, the step-size µ1 of ADF1 is

considered as the scaled version of step-size µ0 of ADF0 i.e., µ1 = lµ0 where l denotes the scaling

factor such that l < 1. Mathematically, the scaling factor can be expressed as: l =
K∑
q=1

aq2
−q and

aq is qth bit in K-bit representation of l. For simplicity, l is assumed to be in negative power of two

i.e., µ1 = 2−pµ0, where p is a positive integer and µ0 = 1/N [71]. Therefore, the coefficient update
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3.2 Mathematical Formulation

equation for the proposed filter would become

wc(n+ 1) = wc(n) +
2−cp

N
ec(n− 2)x(n− 2) (3.7)

Let ∆wc(n) = 2−cp
N ec(n− 2)x(n− 2) be the coefficient increment terms of ADF0 and ADF1 corre-

sponding to c = 0 and c = 1 respectively. Clearly, the coefficients increment terms of ADF1 can be

made right-shifted version of coefficient increment terms of ADF0, if error computation from both

the filters become equal. Thus, the same coefficient update equation could be used for ADF1 by

pre-shifting the input samples with p, in accordance with (3.7). In order to update filter coefficients

at bit-level, the component of coefficient increment terms ∆wc(n) are to be stored in registers. This

is possible by retiming the coefficient update registers, as per

wc
k+1(n)sk = wc

k(n)sk +Dk{∆wc(n)} (3.8)

where the notations sk and Dk have the same meaning, as discussed in Chapter 2. The output of

combined filter as shown in Fig. 3.1 can be obtained as

y(n− 1) = λ(n)y0(n− 1) + λ(n)y1(n− 1) (3.9)

Note that the convergence rate and steady state error in pipelined implementation are also adjusted

by λ(n) given in (1.17), however, auxiliary variable a(n) is updated with combined delayed error signal

e(n− 1) = d(n− 1)− y(n− 1), as per

a(n+ 1) = a(n) + µae(n− 1)[y0(n− 1)− y1(n− 1)]λ(n)λ(n) (3.10)

As mentioned above, ADF0 converges quickly while ADF1 takes time to arrive at the steady state

since µ0 > µ1. Therefore, the time difference of arrival in the steady-state would produce a time-

window of length ζ. In this interval, the coefficients of ADF0 are to be transferred to ADF1 subject

to the constraints: n (mod ζ) = 0 and a(n+ 1) = a+, where ζ is a length of time-window [25]. If

both the constraints are satisfied, then coefficients can be transferred from ADF0 to ADF1, as per

w1(n+ 1) = w0(n+ 1). Hence, it can be concluded that the separate coefficient adaptation of ADF1

is not required. But, this imposes critical choice on ζ since it depends on the time-lag of slow filter

with respect to the fast filter. It may be noted that the update of auxiliary variable a(n) is not needed

after its value reaches to a+ since it ensures all the coefficients from ADF0 are transferred to ADF1.
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3. Low Complexity Pipelined Convex Combination LMS Adaptive Filter

Based on the above discussion, it can be stated that the cost of CLMS algorithm can be reduced to

a single DA based LMS filter since a common LUT is required as per (3.4), with bit-slices of ADF0

and ADF1 coefficients can be used as the address lines to the LUT at different time instants. But, the

implementation cost is still dominated by the parameters such as λ(n+ 1) and a(n+ 1) = a+ which

require considerable amount of chip-area.

3.3 Proposed Scheme

The architecture of proposed CLMS ADF with two adaptation delays is shown in Fig. 3.2. It

consists of a single LMS ADF, a set of external multiplexers, a convex combination unit (CCU) and

an adder tree. LMS ADF further comprises of coefficient update unit (CUU) and filtering unit (FU),

where FU includes a shared-parallel LUT (S-PLUT) and a CSFA based SA unit. The locations of

adaptation delays in the proposed filter are indicated with ‘D0’ and ‘D1’ registers. Note that the

proposed CCU generates a control (CTRL) signal to the external multiplexers based on the delayed

error signals ec(n−m) with m ∈ [1, 2].

ec(n− 2)

D0

D0 D1

CUU

ECU

PLUT

D0D1

x(n)

d(n)

S

p

yc(n− 1)

CCU
p p

S
A

FU

ADDER
TREE

Fig. 3.2: Architecture of pipelined CLMS ADF based on TC-DA with µ1 = 2−pµ0, p is a positive
integer.

It can be noted from (3.5) that the output yc(n) is produced after performing the shift-accumulation

on filter partial products dc,k(n) for W successive clock cycles, where its sign must be reversed at W th

clock cycle corresponding to MSB of filter coefficients. Therefore, all the bits of LUT output are passed

through XOR gates with a sign-control input which is set to ‘1’ only when the MSB slices of filter
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CW+1 CW SW S0C0

X Y

DDDD

C S

Z
[W+1]

X Y

C S

Z
[W]

DD

X Y

C S

Z
[0]

SW+1

CSFA CSFA CSFA

D0 D0 D0 D0 D0D0

MSB

clockB

clockA

dc,W+1(n) dc,W (n) dc,0(n)

Fig. 3.3: Pipelined CSFA based SA unit for TC-DA.

coefficients appears as address lines to the LUT. Since SA operation involves significant critical path, it

is performed using CSFA based accumulator as shown in Fig. 3.3. The sum and carry words obtained

after shift-accumulation of W clock cycles are required to be added by a final adder (not shown in the

figure), with its input carry to be set to one for the two’s complement addition corresponding to the

MSB of filter coefficients. Notably, the location of first adaptation delay is chosen after SA unit as

indicated in Fig. 3.3. Therefore, the term dc,k(n) can be expressed as

dc,k(n) =

N−1∑
i=0

x(n− i)wci,k(n) (3.11)

where wci,k(n) ∈ [0, 1] are the bit-slices of coefficients of both the filters, therefore, the term dc,k(n)

could take 2N possible combinations. Clearly, the same number of partial products are required for

both the filters with different bit-slices of filter coefficients. These partial products can be stored in

LUT such as ROM or RAM. However, it is not necessary to store the partial products in LUT and

utilize conventional SA unit. These can be generated using hardware elements in serial or in parallel

order based on the OBC or TC of filter coefficients. Although the LUT complexity is optimized by

realizing the partial products in serial OBC-form as presented in Chapter 2, there are two problems

in such implementation. First, non-OBC terms are produced at the output which does not allow to

improve the convergence properties. Second, the critical path grows logarithmically with the order

of DA base unit in multiples of the adder delay. These issues can be addressed by implementing
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Fig. 3.4: Circuit schematic of 4th order S-PLUT.

the partial products in parallel, as reported in [71]. However, this way of implementing the partial

products demand large hardware cost, for example, it can be as high as 2N for N th order filter. It is

noticed that the number of filter partial products to generate can be reduced by expressing (3.11) as

dc,k(n) = x(n−N + 1)wcN−1,k(n) +
N−2∑
i=0

x(n− i)wci,k(n) (3.12)

It is clear from (3.12) that dc,k(n) could take 2N−1 possible combinations while the remaining half can

be obtained using an adder and a 2-to-1 multiplexer. Such implementation of LUT is referred as shared-

parallel LUT (S-PLUT) where lower half of the partial products are shared to obtain the remaining

half. For instance, a 4th order S-PLUT as shown in Fig. 3.4 generates the binary combination

corresponding to input vector x(n) = [x(n), x(n− 1), x(n− 2)]. The remaining half combinations are

obtained by adding the input sample x(n− 3) and selected through a 2-to-1 multiplexer.

3.3.1 Architecture for Small Order Filter

The proposed architecture of 4th order CLMS ADF is shown in Fig. 3.5. It consists of filtering unit

(FU), coefficient update unit (CUU) and error computation unit (ECU). FU comprises of a S-PLUT

and a carry-save full-adder based SA unit (CSFA-SA). In CUU, there are four 2-to-1 multiplexers which

forms a multiplexer unit (MU); four barrel shifters (BSi), four parallel-to-serial converters (PSi), four
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CSFA bit-accumulators (CSFA-Ai) and eight 1-bit D flip-flops with 0 ≤ i ≤ 3. ECU further consists

of a subtractor, a register (word-level) to obtain ec(n− 2) from ec(n− 1), convex combination unit

(CCU), and a sign-magnitude logic (SML). The filter coefficients are transferred from ADF0 to ADF1

through MU using CTRL signal, as shown in Fig. 3.5. All the coefficient-increment terms ∆wc(n) are

produced at the output of BSi units, in accordance with (3.6). These coefficient increment terms are

first bit-sliced using PSi units to produce Dk{∆wc(n)} and then updated at bit-level using CSFA-Ai

accumulators with 0 ≤ i ≤ N − 1, 0 ≤ j ≤ 1 and 0 ≤ k ≤ W − 1. For given coefficient bit-slices,

the corresponding S-PLUT content would be selected, and undergoes SA operation through CSFA-SA

unit for W number of clock cycles. Notably, the sign of S-PLUT content must be reversed at W th

clock cycle, in accordance with (3.3). The CSFA-SA unit is pipelined with first adaptation delay

which results the output to produce after one clock cycle i.e., yc(n− 1). Subsequently, it is used to

compute error ec(n− 1) by subtracting from the desired signal d(n− 1). The second adaptation delay

is placed after ec(n− 1) computation so as to obtain ec(n− 2) from ec(n− 1), as shown in Fig. 3.5.

It is then multiplied with the step-size µc = 2−cp/N to obtain scaled error µcec(n− 2). All coefficient

increment terms ∆wc(n) are computed through the control shifts on input samples using BSi for

0 ≤ i ≤ N − 1. The controlled shifts are obtained by considering the MSB of µcec(n− 2) signal and

such approximation does not affect the convergence of LMS ADF [67]. SML unit separates the sign

(sign) and magnitude (mag) components of µcec(n− 2) into two signals t1 and s respectively. The

control bits for the selection lines of BSi units are generated from the decoder using s and the sign of

each bit-level accumulator in CUU is adjusted by t1. From mathematical analysis, the expressions for t1

and t2 can be found as t1 = sign[µcec(n− 2)] and t2 = log2s respectively, where s = mag [µcec(n− 2)],

and overline represents one’s complement operator. This can be understood by considering 4th order

proposed filter with wordlength of coefficients as 8-bit and step-size µ0 = 1/4 which implies s and t1

to be 7-bit and 1-bit respectively. As stated, it is sufficient to consider MSB of 1
4ec(n− 2) which takes

128, 64, 32, 16, 8, 4 and 2 as possible values, and the corresponding control bits t2 for BSi would be

0, 1, 2, 3, 4, 5 and 6.

The implementation of convex combination unit (CCU) for coefficient transfer indicated by (1.17)

and (3.10) is difficult due to high complexity constraints. This is overcome by the proposed efficient

criterion through which the coefficients from one filter to other can be transferred. Now, consider the

operation of proposed CCU as shown in Fig. 3.5. It is based on the maximum correlation between
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time-adjacent errors ec(n− 1) and ec(n− 2). The correlation between ec(n− 1) and ec(n− 2) signals

is found to be maximum when ADF0 reaches to steady state, i.e., both error signals have same value

over a longer period of time. However, there exists some undesired correlation between ec(n− 1) and

ec(n− 2) signals during the initial adaptation period of ADF0. In order to transfer the coefficients from

ADF0 to ADF1, the removal of such undesired correlations are necessary. Simulation study suggests

that the duration of time windows of undesired correlations are always less as compared to duration of

time window of desired correlation (in steady state). The internal schematic of proposed CCU includes

an equality checker, a counter with enable (E) and clear (CLR) inputs and a comparator, as shown in

Fig. 3.5. An equality checker generates an enable signal for the counter whenever ec(n− 1) = ec(n− 2)

exists. The counter begins its operation and will keep counting until ec(n− 1) 6= ec(n− 2). When this

condition arrives, the last count will be on hold in count(n) and then compared with a pre-defined

time window ζ. From above discussion, ζ has to be greater than the maximum of all possible time

window lengths before ADF0 reaches to steady state. Mathematically, ζ > max{Wr}r:0≤r<RW−1,

where Wr is the time length of rth window in the set of RW windows. This will ensure ADF0 to be

in steady-state. Simulations are performed for different values of ζ in different situations and found

that the proposed method is not very sensitive to the selection of ζ. It is noticed that the values of ζ

do not affect the performance of filter, but if its value is larger than the required value then the time

lag between slow and fast filter increases. When ADF0 reaches the steady state, the counter begins

its operation since ec(n− 1) = ec(n− 2), and would count upto its maximum value. Note that the

condition ec(n− 1) 6= ec(n− 2) would never arrive. After certain number of iterations, the count(n)

input of comparator becomes greater than ζ, and sets CTRL signal to logic ‘1’. Thereby, transferring

the coefficients of ADF0 to ADF1 via MU by pre-shifting the input samples. It should be noted that

the counter has to be cleared for every new count using CLR signal. The size of counter is decided by

ζ, whose value is given as dlog2ζe, where d•e is the least-integer function.

3.3.2 Architecture for Large Order Filter

It is noticed from Fig. 3.4 that the complexity of S-PLUT is reduced to almost half, but is still

high for larger order filters. In such a case, the complexity of S-PLUT is reduced by splitting the

filter into smaller order filters whose outputs are combined using an adder tree. For instance, consider

an N th order ADF which is to be splitted into M number of smaller ADFs of Lth order such that

79

TH-2070_136102022



3. Low Complexity Pipelined Convex Combination LMS Adaptive Filter

yc(n− 1)

ec(n− 2)

SP-LUT1

x(n− L+ 1)

d(n− 1)
A
D
D
E
R

T
R
E
E

CUU1
wc

L−1,k(n)

x(n+ 1)

CCU

D0

ec(n− 1)
µcec(n− 2)

x(n− 2L+ 1)

wc
2L−1,k(n)

SP-LUTM

x(n− LM + 1)

CUUM
wc

LM−1,k(n)

D1

SP-LUT2

CUU2

x(n− L+ 1)

x(n− L(M − 1) + 1)

SA1

D0SA2

D0SAM

Fig. 3.6: Circuit schematic of 16th order LMS ADF based on TC-DA.

N = L×M (assuming L to be composite). Therefore, the term dc,k(n) can be expressed as

dc,k(n) =
M−1∑
s=0

[x(n− ns)wcns,k(n) +

ns+L−2∑
r=ns

x(n− r + L− 1)wcr−L+1,k(n)] (3.13)

where x(ns) = x(n− ns) and ns = (s + 1)L − 1 for s ∈ [0,M − 1]. Clearly, the size of each S-PLUT

is reduced to 2L−1 which is substantially lower as compared to the design in [71]. The proposed DA

based architecture for filter order N = 16 and DA base unit L = 4 is shown in Fig. 3.6. Note that

each Lth order DA base unit have a coefficient update unit.

Assuming the step-size µ = 1/N , the four LSBs of ec(n − 1) can be truncated for filter order

N = 16 so as to make the wordlength of SML unit W -bit. It must be noted that this truncation does

not affect the performance of the ADF since the design needs the location of the most significant one

of µcec(n− 2) as others are don’t care case.
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3.3.3 Determination of Pre-defined Time Window

To determine the pre-defined time window (ζ), a general system identification problem is considered

for an unknown system with coefficient vector wu(n) = [wu0 (n), wu1 (n), ..., wuL−1(n)], as shown in Fig.

1.2. Following the procedure presented in [81], the assumptions made are listed below:

• x(n) and d(n) are zero-mean, wide-sense stationary, and mutually-independent processes.

• x(n) is a white process.

• The difference between the coefficients vector wu(n)−w(n) is independent of x(n) and d(n).

Both the proposed filter and unknown system are excited with the input vector x(n), and the error

obtained after the computation of output can be given as

e(n) = d(n) + ε(n) (3.14)

where ε(n) = xT (n)wu(n) − xT (n)w(n) is the residual error. Let us denote the mean squared value

of x(n), d(n) and ε(n) as σ2
x = E[x2(n)], σ2

d = E[d2(n)] and σ2
ε = E[ε2(n)] respectively. Many practical

system are analyzed with their mean square error (MSE) curves ξ(n) as a function of n, according to

ξ(n) =
σε(n)

σd
(3.15)

It can be noted from (3.15) that ξ(n) depends on the choice of adaptation algorithm. If LMS algorithm

is chosen, then analytical expression of ξ(n) in accordance with [82] can be given as

ξ2(n+ 1) = ξ2(n)(1− 2µσ2
x + µ2Nσ4

x) + µ2Nσ4
x (3.16)

In compact form, it can be re-written as

ξ2(n) = ρn[ξ2(0)− ξ2(∞)] + ξ2(∞) (3.17)

where

ρ
∆
= 1− 2µσ2

x + µ2Nσ4
x (3.18)

ξ2(∞)
∆
=
µ2Nσ4

x

1− ρ =
µNσ2

x

2− µNσ2
x

(3.19)

Note that ξ2(0) and ξ2(∞) are the initial and mean steady-state errors respectively. By combining

(3.18) and (3.19), ρ can also be expressed as
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0

µ0 µ1

ξ2(0)

ξ2d1

ξ2d0

ζ iteration (n)

ξ2(n) = ρn[ξ2(0)− ξ2(∞)] + ξ2(∞)

where ρ = 1− 2µσ2
x + µ2Lσ4

x

slow-filter: µ1

fast-filter: µ0

combined: µ0, µ1

counter keeps counting
in this region

n0

∆ξ2d

ξ2d1

A B

C
ξ20(∞)

ξ21(∞)

ξ2d =

Fig. 3.7: Assumed MSE curves for the presented design to determine ζ.

ρ = 1− 4ξ2(∞)

(1 + ξ2(∞)2N
(3.20)

Usually, it is difficult to define the exact number of iterations required by the LMS ADF to converge

at ξ2(∞). This is because the error power would fluctuate around ξ2(∞) with some variance. So,

for many practical applications, the convergence (threshold-point) of LMS ADF is assumed to be

3− 6 dB higher than the ξ2(∞) [82]. Hence, it is sufficient to consider the convergence of LMS ADF

about threshold-point of desired value ξ2
d. To derive the pre-defined time window ζ and extra mean

steady-state error performance ∆ξ2
d, three points: ‘A’, ‘B’ and ‘C’ are considered, as shown in Fig.

3.7. The point ‘A’ is the threshold point of LMS ADF0, point ‘B’ is the crossover point of LMS ADF0

and LMS ADF1 and point ‘C’ is the ‘A’ is the threshold point of LMS ADF1. The iterations between

point ‘A’ to point ‘B’ gives the estimate of pre-defined time window ζ and extra steady-state error

performance ∆ξ2
d can be obtained by taking difference of error at point ‘A’ and point ‘C’. For clarity,

let us assume the threshold-points of ADF0 and ADF1 as ξ2
d0

and ξ2
d1

respectively, where ξ2
d1

= ξ2
d is

the desired steady-state error performance. At point ‘A’, one can apply (3.16) for ADF0 to obtain

ξ2
d0

, accordingly as

ξ2
d0 = ρn0

0 [ξ2(0)− ξ2
0(∞)] + ξ2

0(∞) (3.21)
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where n0 denotes time at which ADF0 enters into the steady-state, and ξ2
0(∞) denotes its mean

steady-state error. From (3.21), n0 can be expressed as

n0 =
1

logρ0
log

ξ2
d0
− ξ2

0(∞)

ξ2(0)− ξ2
0(∞)

(3.22)

At point ‘B’, it is assumed that ADF0 is in the steady-state and value of ADF1 becomes equal to its

mean steady-state error due to crossover, that is, ξ2
1(n0 + ζ) = ξ2

0(∞). Mathematically,

n0 + ζ =
1

logρ1
log

ξ2
0(∞)− ξ2

1(∞)

ξ2(0)− ξ2
1(∞)

(3.23)

Subtracting (3.22) from (3.23) would lead to the expression for pre-defined time window ζ as

ζ =
1

logρ1
log

ξ2
0(∞)− ξ2

1(∞)

ξ2(0)− ξ2
1(∞)

− 1

logρ0
log

ξ2
d0
− ξ2

0(∞)

ξ2(0)− ξ2
0(∞)

(3.24)

It is fair to assume that log(1 − x) ≈ −0.434x since both ξ2
0(∞) and ξ2

1(∞) << 1 which simplifies

(3.24) to

ζ =
−0.57N

ξ2
1(∞)

log
ξ2

0(∞)− ξ2
1(∞)

ξ2(0)− ξ2
1(∞)

− −0.57N

ξ2
0(∞)

log
ξ2
d0
− ξ2

0(∞)

ξ2(0)− ξ2
0(∞)

(3.25)

Although analysis seems to be simpler, the expression of ζ obtained in (3.25) is very complex. Based on

the derivation [81], the optimum step-size µ∗c for ADF0 and ADF1 in terms of coefficients wordlength

W -bit and filter order N can be given as

µ∗c =
2−(cp+W )

2

√
N

3ξ∗2c(∞)trR
(3.26)

or

ξ∗2c(∞) =
2−2(cp+W )N

12µ∗ctrR
=

2−2(cp+W )

12µ∗cσ2
x

(3.27)

where trR = Nσ2
x denotes the trace of matrix R = E[x(n)xT (n)]. Therefore, one can find optimum

values of steady-state errors ξ∗2c(∞) for both the filters. By substituting the value of ξ∗2c(∞) in (3.20),

we get

ρ∗c = 1− 4ξ∗2c(∞))

(1 + ξ∗2c(∞))2N
(3.28)

Following the steps as obtained for (3.24), one can find the optimum value of pre-defined time window

ζopt with dependence on coefficient wordlength W and filter order N , according to

ζopt =
1

logρ∗1
log

ξ∗20(∞)− ξ∗21(∞)

ξ2(0)− ξ∗21(∞)
− 1

logρ∗0
log

ξ∗2d0 − ξ∗20(∞)

ξ2(0)− ξ∗20(∞)
(3.29)
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It is clear from (3.29) that ξ2(∞) does not depend on the input signal, therefore, ζ can be estimated

when µ0, µ1, N, σ
2
x, ξ(0) and ξd0 are specified. For clarity, different plots of ζ for 32nd order filter with

respect to ξd0 and W are shown in Fig. 3.8. Clearly, about 150 iterations are needed to switch from

ADF0 to ADF1 when the initial error ξ(0) is 0 dB. Further, higher the value of desired error of ADF0,

the number of iterations are more required to switch from ADF0 to ADF1, as indicated in Fig. 3.8.

Assuming ξ∗d1 =
√

2ξ∗1(∞), the excess steady-state error can be expressed as ∆ξ∗d =
√

2∆ξ∗(∞) =
√

2(ξ∗1(∞)− ξ∗0(∞)). The effect of increasing coefficients wordlength on ζ is quite obvious, as shown in

Fig. 3.8. This is because the number of iterations would increase to obtain lower steady-state error.

Algorithm 2 explains the operation of proposed CLMS ADF.
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Algorithm 2 Algorithm explaining the operation of the proposed CLMS ADF

1: Initialize:

m = 2; k = 0, 1, ...,W − 1; yc(−1), d(−1), ec(−1), ec(−2),CLR,CTRL = 0

2: loop

y(n) =
W−1∑
k=0

dc,k2
−k

3: for k = 0 to W − 1 do

4: if k == W − 1 then

5: MSB=1, yc(n) = yc(n)− dc,k2−k

6: else

7: MSB=0, yc(n) = yc(n) + dc,k2
−k

8: end if

9: end for

10: ec(n− 1) = d(n− 1)− yc(n− 1)

11: ec(n− 2)← ec(n− 1)

12: for k = 0 to W − 1 do

13: w0
k+1(n) = w0

k(n) +Dk{t1t2x(n− 2)}
14: end for

15: if ec(n− 1) = ec(n− 2) then

16: count(n+ 1)← count(n) + 1

17: if count(n)==2dlog2ζe − 1 then

18: CTRL ← 1

19: for k = 0 to W − 1 do

20: w1
k+1(n) = w1

k(n) +Dk{2−pt1t2x(n− 2)}
21: end for

22: else

23: CLR ← 1

24: end if

25: end if

26: n ← n+ 1

27: end loop
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3.4 Performance Comparison

In this section, the performance of the proposed and existing designs are compared in terms of

computational complexities, convergence, area, power and throughput. For clarity, the existing designs

are referred as DA0-ADF [67], DA1(a),1(b)-ADF (two designs) [68], DA2-ADF [69], DA3-ADF [70], DA4-

ADF [71].

3.4.1 Computational Complexities

As discussed in Section 3.2, several approximations have been made into basic-CLMS ADF [11]

in accordance with [25] and [26]. The conventional CLMS ADF has two LMS units which require

a total of (4N + 2)-MAC units for the implementation. In addition, it needs six multipliers in the

computation of combined output and update of auxiliary variable. Later, this has been reduced to

three multipliers in [26] by sign-adaptation scheme. While in case of proposed algorithm, there is

no need of auxiliary variable and mixing parameter, but it is still capable of providing instantaneous

transfer of filter coefficients. This is because it estimates the duration of correlation between time-

adjacent errors ec(n−m) for m ∈ [1, 2] in every iteration. And, as soon as it approaches the pre-defined

time-window ζ, the switching of coefficients from fast filter to slow filter is possible. Moreover, the

multiplierless feature of the proposed architecture makes it more amenable for hardware realization

than the conventional CLMS ADF.

The hardware complexities of the proposed and existing DA based designs with N = L ×M are

listed in Table 3.1. The proposed design consists of M -FUs, M -CUUs and a ECU. Each FU further

consists of a S-PLUT with 2L−2 adders, 2L−1 registers and 2L−1 + 1 multiplexers, and a pipelined

CSFA-SA unit. Each CUU consists of L barrel shifters, L parallel-to-serial converters and L CSFA

based bit-level accumulators. ECU consists of a subtractor, two delay registers, SML and CCU units.

It can be noted from Table 3.1 that the complexity of DA0-ADF, DA1(a),1(b)-ADF and DA2-ADF

designs are limited by the size of physical LUTs. While the complexity of DA3-ADF and DA4-ADF

designs are dominated by the number of adders, multiplexers and registers. By sharing the partial

products, as in the case of proposed filter, the number of hardware units for the implementation

of proposed filter is almost reduced to half. But, this comes at the cost of slight increase in the

critical path as compared to DA4-ADF. For example, the proposed filter with 32nd order and 4th base

order involves 46.42% less adders, 36.69% less registers, 18.75% less multiplexers and same number of

87

TH-2070_136102022



3. Low Complexity Pipelined Convex Combination LMS Adaptive Filter

barrel-shifters with slight increase in the critical path delay over DA4-ADF. Compared with existing

design [71], the savings in adders, multiplexers and registers for the proposed design are found to be

significant, especially when the order of DA base unit is large.

3.4.2 Convergence Performance

Two different experiments are performed to determine the accurate convergence behaviour of

the proposed and existing designs. In first experiment, the effect of hardware approximations on

convergence characteristics with respect to basic CLMS ADF is studied. In sequel, the convergence

of proposed filter is compared with floating-point CLMS ADF without any hardware approximations.

In second experiment, the improvements in convergence performance of the proposed design over the

existing DA based design are examined.

The fixed-point realization of the proposed filter with wordlength of coefficients and inputs as 20-

bit, and the floating-point realization of convex combination and its component filters with wordlength

of coefficients and inputs as 64-bit are simulated for a system identification problem. All the systems

are excited by zero mean white Gaussian signal of unit variance with a random white Gaussian noise

of zero mean and 0.01 variance is added to desired signal which are operated at 20 dB signal-to-noise

ratio (SNR) with the simulation parameters p = 2, m = 2, µ0 = 1/N , µ1 = 2−pµ0, ζ ≈ 1780 and

N = 128 for 200 independent runs. The mean squared error (MSE) learning curves of different designs

in fixed-point and floating-point realization are depicted in Fig. 3.9(a). As expected, the convergence

of the proposed design with respect to conventional CLMS ADF [11] and their component filters is

found to be satisfactory. It is interesting to note from Fig. 3.9(a) that the convergence performance of

proposed design in fixed-point realization is almost similar to the conventional CLMS ADF [11]. This

can be understood by knowing the fact that the proposed design does not utilize the approximations

made in [25] and [26], rather depends on the correlation of adjacent errors ec(n−m) for m ∈ [1, 2].

In addition, it is stable and show similar numerical properties with respect to floating-point CLMS

counterpart. On the other hand, it exhibits slightly higher perturbations in the steady-state as the

implementation complexity of floating-point CLMS ADF is extremely higher than the proposed filter.

The MSE learning curves of different DA based LMS ADFs with ζ = 332 and N = 32 for the

same system identification problem are illustrated in Fig. 3.9(b). Clearly, the convergence rate of

DA3-ADF and DA4-ADF are slower and involve several misadjustments as compared to DA0-ADF,

DA1(a),1(b)-ADF and DA2-ADF. This is mainly due to the pipelined nature of filters which create
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instability in the coefficients, especially when step-size µ0 = 1/N . However, if one employs smaller

step-size µ1 = 2−p/N then both misadjustments and steady-state error would be reduced, but it makes

the convergence rate slower. On the other hand, the proposed architecture is although pipelined, the

convergence rate and minimum steady-state error are found to be better, since it is based on the

two different step-sizes. For example, the proposed filter has employed step-size µ0 = 1/N in the

initial adaptation period and step-size µ1 = 2−p/N in the steady-state. According to the simulation

results, the improvements in steady-state error performance for the proposed filter could be as high

as 6 dB when compared with DA3-ADF and DA4-ADF. In contrast, DA0-ADF, DA1(a),1(b)-ADF and

DA2-ADF are based on conventional LMS algorithm, therefore, they have better convergence rate as

compared to DA3-ADF and DA4-ADF.

3.4.3 ASIC Synthesis

In order to estimate area, power and throughput of different DA based designs, all are coded in

Verilog for 32nd and 64th orders filter with wordlength of coefficients as 8-bit and 20-bit separately.

ASIC synthesis is performed by Cadence RTL Compiler using TSMC 65 nm CMOS Library, and

corresponding results are listed in Table 3.2. Additionally, the area-delay-product (ADP) and the

energy-per-sample (EPS) are estimated to compare the actual performance of different designs. As

expected, the proposed design occupies relatively lesser area and consumes lesser power at the cost of

slightly lower throughput as compared to DA4-ADF. However, the throughput of proposed filter is still

higher as compared to non-pipelined DA0-ADF, DA1(a),1(b)-ADF and DA2-ADF designs irrespective

of filter order and size of DA base unit. Notably, the savings in area and power for the proposed design

are significant when order of filter and wordlength of coefficients become large. For example, a 64th

order proposed filter with 4th order DA base-units occupies nearly 37.10% less area, consumes 24.79%

less power, provides 20.35% less ADP and 4.76% less EPS as compared to DA4-ADF. The savings are

even higher when the proposed filter is implemented with large DA base unit. The proposed design

for 64th order filter with 4th order DA base units and 20-bit wordlength of coefficients occupies 29.03%

less area, consumes 58.73% less power, provides 89.91% less ADP and 94.13% less EPS as compared

to DA2-ADF design.
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3.5 Conclusion

In this Chapter, a low-complexity and improved convergent DA based pipelined CLMS ADF has

been presented. Although the complexity of pipelined LMS ADF is optimized using OBC in Chapter

2, it produces non-OBC terms at the output which does not allow to improve its convergence perfor-

mance. The improvements in convergence properties for the proposed filter have been obtained by

implementing the convex combination using TC-form of coefficients. In order to reduce the hardware

complexity of CLMS ADF, it has been implemented with single LMS ADF. Further reduction in

hardware complexity has been achieved by sharing the filter partial products and using the bit-level

coefficient-update accumulators. A novel coefficient transfer has been proposed by comparing the time

duration of correlation between the adjacent errors with a pre-defined time-window. An analytical

expression has been derived for pre-defined time-window and simulated for different filter parameters.

Compared with the best existing design, it is found that hardware savings for the proposed design

are significant, and exhibits slightly inferior convergence performance over the conventional CLMS

ADF [11].
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4. Low Complexity Pipelined LMS based Adaptive Decision Feedback Equalizer

4.1 Introduction

Mobile communication technology has come a long way since its innovation. It has transformed

our societies, especially in ways as to how human in the current societal scenarios access, exchange,

and share information with each other. The unprecedented human needs for superior communication

led to the deployment of different generations of mobile system across the globe. For instance, first-

generation (1G) of analogue mobile phone system to the latest commercial fourth-generation (4G)

long-term evolution (LTE) networks [83]. At present, we live in an era of mobile internet with growing

demands for higher data rates which calls for a next-generation mobile communication systems. Fifth-

generation (5G) mobile communication is fast emerging to tackle the challenges such as to deliver high

data rates in demanding applications, to overcome exponential increase in wireless data traffic, to

establish connection between billions of smart devices such as surveillance cameras, smart-home/grid

devices, connected sensors, etc [84–89]. One of the main goals of a 5G network is to deliver 1-10

gigabit-per-second (Gbps) data rate to individual users [89]. To achieve these data rates, drastic

innovations are being made in physical layer of mobile network architecture. Multi-carrier modulation

technique such as orthogonal frequency division multiplexing (OFDM) and its variants are potential 5G

waveform candidates [90, 91]. Quadrature amplitude modulation (QAM) when coupled with OFDM

can provide greater robustness for forthcoming 5G wireless networks. However, at these high data

rates 5G is particularly vulnerable to inter-symbol interference (ISI). Hence, there is a call for channel

equalization to mitigate the ISI from the received pulses in 5G scenarios. The block diagram of typical

OFDM-QAM system with time-domain equalization (TEQ) is shown in Fig. 4.1.

TEQ

QAM
Mapper IFFT AddCP DAC RF

RFADC

W
I
R
E
L
E
S
S

RemCPFFT

Rem Pilot
Symbols

Add Pilot
Symbols C

H
A
N
N
E
L

Input S-P

P-S

FEQ

I

Q

ADF

ADF

Output

Fig. 4.1: Block diagram of OFDM-QAM with TEQ.
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4.1 Introduction

ADF is widely used in channel equalization for estimating the unidentified wireless channel impulse

response. It merely balances non-ideal features of wireless channel by stirring up with the supplemen-

tary filtering. However, the direct use of ADF in channel equalization can lead to noise amplification

at the output, especially when the channel has spectral nulls. This can be overcome by ADFE dis-

cussed in Chapter 1, where two LMS ADFs are combined in series which are referred as FF and FB

filters, as shown in Fig. 1.4. It offers superior performance against ISI and work well for the channels

containing the spectral nulls. However, it has two main design issues. Firstly, the speed is limited by

decision feedback loop (DFL). Secondly, the complexity of FF and FB ADFs grow drastically with the

transmission data rate. The reason of latter issue is that as the transmission data rate increases, more

and more symbols get overlapped. High order FF and FB ADFs are therefore necessary for effective

ISI cancellation. This in turn leads to several MAC units which are both area and power hungry, and

makes the real-time operation ADFE difficult. In the past, several high-speed multiplierless archi-

tectures have been suggested to overcome the speed limitations of DFE [27–41]. They are based on

reformulating the DFE architecture into an array of slicers, adders and multiplexers [29–32]. Although,

the issue of speed limitation is overcome, the hardware complexity is significantly increased. Later,

Lin et al. in [33] suggested a low-complexity fixed-coefficient DFE architecture by pre-computing

and storing the coefficients of FB filter in two LUTs separated by pipelined registers. Most of the

aforementioned works are applicable to constant or slowly varying channels. However, if the charac-

teristics of channel changes rapidly, then it is necessary to adapt the filter coefficients. Distributed

arithmetic (DA) as discussed in Chapter 1 is an efficient technique for the realization of LMS ADFs

where the filter partial products are pre-computed and stored in a LUT followed by a SA unit. Over

the years, several authors presented efficient LMS ADF architectures using DA [67–71]. They either

employed physical LUT or realized LUT with hardware elements (LUT-less). However, the direct

realization of FB filter in DFE using DA would increase the critical path since SA unit contribute

significant amount of time in the feedback loop. Hence, SA-less approach would be more suitable to

design high-throughput ADFE. In this chapter, a case study on channel equalization problem for 5G

communication system using ADFE is considered.

Some important design considerations for the formulation of FB filter of an ADFE using DA are

listed as:

• As discussed in Chapter 1, when the wordlength of coefficients become equal to the radix size,
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the FIR filter architecture does not have SA unit. Thus, the tentative decisions are chosen to be

coded in OBC form since their wordlength require fewer bits, and is suitable for low-complexity

realization.

• The fact that M -QAM is considered as two independent pulse-amplitude modulations (PAMs)

with the tentative decisions belonging to the set φ ∈ [−(M−1),−(M−3), ...,+(M−3),+(M−1)],

or φ = 2m−1−M with m = 0, 1, 2, ...,M−1. Hence, the number of bits to represent the possible

decision values would be B = log2M .

• It is observed that the decision values in the set φ are same as the digit values in the radix-r

OBC-DA except scaling by 1/2, as discussed in Chapter 2. The scaling by 1/2 provides data

truncation of 1-bit for computing the inner product of two vectors on hardware, while in case of

LUT based OBC-DA structures, the word-size of LUT could be reduced by 1-bit.

4.2 Mathematical Formulation and Background

Consider the conventional architecture of ADFE as shown in Fig. 4.2. The critical path as

indicated by dashed line includes the computational delay of a multiplier, two adders and a slicer,

that is, TMUL + 2TA + TS , where TMUL, TA and TS are the computational delays of a multiplier, an

adder and a slicer respectively. The multipliers present in FB filter of ADFE can be replaced by a

2-to-1 multiplexer, and the computational time of slicer can be ignored since tentative decision δ(n)

belong to the set φ ∈ [−1, 1] for in-phase (I) and quadrature-phase (Q) channels of 4-QAM. The

critical path delay of 4-QAM ADFE can be further reduced by replacing with parallel carry-save full

adder and followed by two-input carry propagate adder. Hence, the critical path of 4-QAM ADFE

becomes TM +TFA+TA, where TM and TFA are the computational delays of a 2-to-1 multiplexer and a

carry-save full adder respectively. In TSMC 90 nm CMOS Library [79], the values of TMUL, TA, TS , TM

and TFA are 1.54 ns, 0.74 ns, 0.05 ns, 0.10 ns and 0.21 ns respectively, with inputs and coefficients of

FB filter assumed to be 8-bit wide. Similarly, the critical path of 16-QAM ADFE can be estimated as

2TM + TFA + TA + TS which is 1.20 ns. It is below the throughput requirement of 5G communication

system. For the sake of clarity, we restrict our discussion to I-channel of 4-QAM transmitted signals.

Let us assume that the coefficients of FF and FB filters are fixed. In such case, the output of
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DFL

FF-ADF
δ(n)

yb(n)

e(n)

yf (n)
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x(n)

wb
0(n) wb

1(n) wb
Nb−1(n)

z(n)
D D D

µbe(n)

D D D

µfe(n)

δ(n− 1) δ(n− 2) δ(n−Nb)

Fig. 4.2: Architecture of conventional ADFE for N th
b order FB filter.

ADFE z(n) can be given as

z(n) = yf (n)− yb(n) =

Nf−1∑
i=0

wfi x(n− i)−
Nb∑
i=1

wbi δ(n− i) (4.1)

where yf (n) is the output of FF filter and yb(n) is the output of FB filter. The decision device (or

quantizer) would map the value of z(n) into one of the elements in the set φ, according to

δ(n) = Q[z(n)] (4.2)

where δ(n) is the most recent decision. It is important to note that the FF filter can be realized in a

straightforward manner using DA as discussed in Chapter 2. However, the new challenge is to lower

the computational complexity of FB filter while simultaneously meeting the throughput requirement

of 5G communication system. Thus, it is important to formulate FB filter with tentative decisions

using OBC-DA as it offers low implementation complexity. Suppose, if every tentative decision δ(n−i)

is represented in B-bit signed two’s complement form, we get

δ(n− i) = −δi,0(n) +
B−1∑
k=0

δi,k(n)2−k (4.3)

where i = 1, 2, ..., Nb and δi,k(n) denotes the kth-bit of tentative decision δ(n−i). Using the framework

of OBC discussed in Chapter 2, one can express each tentative decision as δ(n − i) = 1
2 [δ(n − i) −

99

TH-2070_136102022



4. Low Complexity Pipelined LMS based Adaptive Decision Feedback Equalizer

(−δ(n− i))] which gives,

δ(n− i) =
1

2
[−δ′i,0(n) +

B−1∑
k=0

δ′i,k(n)2−k − 2−(B−1)] (4.4)

where δ′i,k(n) = δi,k(n)− δi,k(n) and δi,k(n) is one’s complement of δi,k(n). Substituting (4.4) in (4.1),

we get

z(n) = yf (n)−
{B−1∑

k=0

[
1

2

Nb−1∑
i=0

δ′i,k(n)wbi

]
2−k −

[
1

2

Nb−1∑
i=0

wbi

]
2−(B−1)

}
(4.5)

In case of radix-r binary system with r = 2γ where γ denotes adjacent-bit to represent the digit-value

of a tentative decision, as discussed in Chapter 1. Hence, one can re-express (4.5) as

z(n) = yf (n)−
{B/γ−1∑

k=0

[
1

2

Nb−1∑
i=0

δ′i,k(n)wbi

]
2−k − (2γ − 1)

[
1

2

Nb−1∑
i=0

wbi

]
2−(B/γ−1)

}
(4.6)

It is interesting to note that when the radix-size becomes equal to wordlength of tentative decision,

i.e., γ = B, then (4.6) leads to

z(n) = yf (n)−
{

1

2

Nb−1∑
i=0

wbi [δ
′
i,k(n)− (2γ − 1)]

}
(4.7)

where the term 1
2

Nb−1∑
i=0

wbi [δ
′
i,k(n)− (2γ − 1)] can be represented in 1-bit less than actual wordlength of

LUT since the scaling by 1/2 has nothing to do with the filtering operation, as discussed in Chapter

2. It rather allows data (or filter coefficients) truncation by 1-bit if implemented on hardware or

reduce the word-size of LUT. This idea has been addressed in [29] by reformulating the architecture

of conventional DFE into an array of slicers, adders and multiplexers. This is because the decision

values are known in prior, and thus coefficients of FB filter can be pre-computed and stored in LUT,

but OBC-DA principles have not been applied to derive the architecture. If the channel is constant or

varying slowly, then it would allow the output of FF filter to be pre-computed and stored along with

the coefficients of FB filter in the same LUT. Based on the above discussion, the output of DFE z(n)

for 4-QAM in terms of LUT address index a can be re-expressed as

z(n) = yf (n)− aTwb = yf (n)−
Nb∑
i=1

wbi (−1)
(raNb−i

+1)
, 0 ≤ a ≤ 2Nb − 1 (4.8)

where a = [(−1)
raNb−1+1

, (−1)
raNb−2+1

, ..., (−1)r
a
0+1]T , wb = [wb0, w

b
1, ..., w

b
Nb−1]T , ri

a is ith bit represen-

tation (raNb−1 = 0) of address index a =
Nb−1∑
i=0

ri
a2i. Depending upon the value of a, the term z(n)

would take one out of 2Nb possible combinations. As an example, a reformulated DFE (R-DFE) for 3rd
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0 − wb

1 − wb
2)

Fig. 4.3: Architecture of R-DFE for 3rd order FB filter [29].

order FB filter with 4-QAM is shown in Fig. 4.3, where the critical path is the computational delay of

one 2-to-1 multiplexer. Although the critical path of R-DFE is much lower than that of conventional

DFE, the complexity of multiplexers and LUT grow exponentially with Nb, which is not desirable from

implementation point-of-view. Hence, there has been a call for the complexity reduction of R-DFE.

In [33], partial pre-computation (PP) DFE scheme was proposed to pre-compute and store the

first few FB filter coefficients (say, P ) in LUT. For instance, a PP-DFE with P = 2 pre-computes

and stores the first two FB filter coefficients in LUT as shown in Fig. 4.4(a). As a consequence of

partial pre-computation, P number of registers are inserted in the inner loop with a vector merge

adder (VMA) comprising of 2P adders. The presence of these additional registers in the inner loop

speeds up by 1/(P + 1) times over the conventional DFE architecture. Noticeably, the complexity of

multiplier is reduced to Nb−P+1, while the complexity of adders and multiplexers become Nb−P+2P

and 2P respectively. Based on the above discussion, it is clear that the complexity of multipliers is

reduced by pre-computing and storing the coefficients in LUT. However, the number of multipliers

corresponding to remaining FB filter coefficients bi|i∈[P+1,P+2,...,Nb] are still high and occupies more

area. This has been addressed by the same authors in [33] by pre-computing and storing the remaining

FB filter coefficients in another LUT, as shown in Fig. 4.4(b). The scheme is popularly known as

two stage pre-computation DFE (TSP-DFE). Clearly, the scheme is free of multipliers, and minimizes

the hardware complexity by choosing P = Nb/2. The complexity of adders, multiplexers and LUT

are 2Nb/2+1, 2Nb/2+1 − 2 and 2Nb/2+1 respectively. Mathematically, the contents of LUT for stage-I is
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Fig. 4.5: LUT contents of stage-I and stage-II for 8th order FB filter.

expressed as

CIa = yf (n)−
P∑
i=1

wbi (−1)(raP−i+1), 0 ≤ a ≤ 2P − 1

CIa = yf (n)− aI
TwI

b (4.9)

where aI = [(−1)r
a
P−1+1, (−1)r

a
P−2+1, ..., (−1)r

a
0+1]T and wI

b = [wb1, w
b
2, ..., w

b
P ]T . Similarly, the con-

tents of LUT for stage-II is expressed as

CIIa =

Nb∑
i=P+1

wbi (−1)
(raNb−P−i

+1)
, 2P ≤ a ≤ 2Nb − 1

CIIa = aII
TwII

b (4.10)

where aII = [(−1)
raNb−P−1+1

, (−1)
raNb−P−2+1

, ..., (−1)
raNb

+1
]T and wII

b = [wbP+1, w
b
P+2, ..., w

b
Nb

]T . It is

interesting to note from Fig. 4.5 that the content of LUTII at 0th address location is two’s complement

of the content at 15th address location, the content of LUTII at 1st address location is two’s complement

of the content at 14th address location and so on. This implies that the contents of LUTII can be
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written as

CIIa = −CII
2Nb−(a+1)

, 2P ≤ a ≤ 2Nb−1 − 1 (4.11)

It is clear from (4.11) that the size of LUTII can be reduced to half. While the presence of FF filter

output yf (n) in LUTI makes it difficult to reduce its size. Hence, this scheme is particularly suitable

for slowly varying channels.

4.3 Proposed Scheme

In this section, the contents of LUTI and LUTII of existing TSP-DFE [33] shown in Fig. 4.5 are first

transformed using the framework of OBC-DA. Next, the proposed architecture is retimed and then

unfolded to achieve throughput of 2.88 Gbps and 2.15 Gbps for 4-QAM and 16-QAM respectively.

Lastly, a new strategy is presented to update the coefficients of TSP-DFE by storing the recent

decisions in a separate LUT.

4.3.1 Transformation of LUT Contents

As mentioned, TSP-DFE offers low-implementation complexity when the number of pre-computed

filter coefficients becomes half of the FB filter order. Further, it is observed that the contents of

LUTII have symmetries, therefore, its size can be reduced to half, in accordance with OBC. Thus, the

contents of LUTII can be transformed as per

CIIa → (−1)

⌊
a

2Nb−P−1

⌋
+1CIIa/2 (4.12)

From (4.12), it is clear that the size of LUTII is reduced to half by reversing sign of the other half

contents. This is achieved by using few XOR gates for addresses LUTII with a ≥ 2Nb−P−1. For

example, an 8th order FB filter requires 4-XOR gates for LUTII to obtain the remaining half terms,

as shown in Fig. 4.6. The savings achieved by exploiting symmetry are significant, especially when

the order of FB filter is large. The presence of yf (n) in the contents of LUTI disturbs the symmetry.

However, if yf (n) is added external to LUTI contents, then mirror symmetry can be achieved similar

to LUTII. The contents of LUTI, therefore, can be transformed according to

CIa → yf (n) + (−1)

⌊
a

2P−1

⌋
CIa/2 (4.13)
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Fig. 4.6: Transformation of LUT contents of stage-I and stage-II for 8th order FB filter.

For an 8th order FB filter, the implementation of (4.13) requires 4-XOR gates and an adder, as shown

in Fig. 4.6. In general, the contents of LUTI and LUTII for N th
b order FB filter after transformation

can be expressed as

CI,IIa/2 = (−1)P
{
wbP +

Nb/2∑
i=1

wbP+i(−1)
(r

(a/2)
Nb/2+P−i

+1)
}

(4.14)

with

P =


1, for LUTI

Nb/2, for LUTII

(4.15)
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where Nb is assumed to be an integer multiples of 2. In order to obtain the other half combinations

of LUTI and LUTII contents, the relation CI,IIa/2 = (−1)P+1CI,IIa/2 holds good.

4.3.2 Proposed Architecture

It can be noted from Fig. 4.6 that the LUT sizes of stage-I and stage-II are reduced to half.

The architecture obtained by combining the reduced size LUTs with TSP-DFE (in Fig. 4.4(b)) and

keeping P = Nb/2 + 1 is shown in Fig. 4.7(a). In this case, one can determine the iteration bound

as (2TA + TS)/(Nb/2 + 2) + TM log2M . Note the addition of yf (n) in DFL has slightly increased the

iteration bound. This could be significant for unfolded architecture, for example, if the proposed

architecture is unfolded by a factor of 2, then resulting latency due to adders would be 10TM [78],

with TM being the computational delay of a 2-to-1 multiplexer. In order to overcome this issue, the

register corresponding to P = 1 is retimed to pipeline the VMA unit, as shown in Fig. 4.7(b). Some

of the salient features of proposed architecture are listed as:

• Iteration bound of proposed architecture for Nb
th order FB filter is (TA + 0.5TS)/(Nb/4 + 1) +

TM log2M . It can be noted that its value decreases asymptotically to TM log2M , especially when

order of FB filter is large. While the hardware complexity is almost reduced by (M/2)−1 for

M -QAM scheme as compared to the design presented in [33].

• In wireless communication, it is difficult to store yf (n) in the LUT due to rapid channel varia-

tions. Moreover, the time and power required to update the LUT contents would be more due to

its large size. Adding yf (n) outside the LUT not only reduces its time and power consumptions

but also adapts the channel variations.

• In existing TSP-DFE [33], the fan-out number of stage-I and stage-II multiplexers grow expo-

nentially with Nb/2. However, this seems to be high and can cause fan-out impairment in stage-I

and stage-II for large order filters. This is almost reduced by a factor of two using the proposed

approach.

4.3.3 Design of High-Throughput Architecture

In order to derive the high-throughput architecture, an example of 4-QAM constellation is consid-

ered with orders of FF and FB filters as 10 and 8 respectively. The wordlengths of filter coefficients

and inputs are assumed to be 8-bit. With these parameters, the proposed design has iteration bound
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Fig. 4.10: Detailed circuit schematic of unfolded architecture with unfolding factor of three, and
necessary modifications with inverted multiplexers, buffers/inverters and retiming.
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8TM/3 and require 17 adders, 16 multiplexers and 10 registers for the implementation. In general,

the iteration bound of unfolded architecture for FB filter order Nb, constellation size M and un-

folding factor J can be estimated as

(
TA + TS + log2M(Nb2 − 1)TM

)
/J . To achieve the throughput

requirements of 5G communication system while maintaining the low-implementation complexity, it

is important to select a small value of unfolding factor J , and satisfying the timing constraints of

VMA. This is because every rise in the unfolding factor would proportionally increase the hardware

complexity. And, the maximum computation time of pipelined VMA unit is 5TM , which is larger than

iteration bound of the proposed TSP-DFE. As a result, retiming technique cannot be employed for

achieving the sampling period corresponding to iteration bound [74]. Hence, the proposed architec-

ture is unfolded by a factor of 3 to meet the throughput requirements of 5G communication system.

This requires a systematic approach which involves the development of data flow graph (DFG) and

corresponding architecture for the unfolded design. The proposed unfolded DFG is shown in Fig. 4.8,

where the symbols Xk − xk, Yk − yk (0 ≤ k ≤ 2) denote the operation of 8-to-1 multiplexer - a XOR

gate for stage-II and stage-I respectively; and Zk denotes the combined operation of slicer and mod-

ified pipelined VMA (MP-VMA). The unfolded architecture shown in Fig. 4.9 has iteration bound

of 8TM . Since 3-unfolded architecture process 3 samples simultaneously, the effective iteration bound

becomes 8TM/3. In similar arguments, the iteration bound of the proposed unfolded architecture for

16-QAM would be 11TM/3. However, the above analysis assumed the computational delay of slicer

as zero and the computational delay of adder as TA = 5TM [74], therefore, the actual iteration bound

of unfolded architecture for 16-QAM must be (TA + TS + 6TM )/3. Note that the cells used in the

unfolded architecture for multiplexer, slicer, XOR-gate, adder and D-flip flop are from TSMC 90 nm

CMOS Library with computational delays as 0.1 ns, 0.05 ns, 0.1 ns, 0.74 ns and 0.19 ns respectively.

In order to reduce latency and increase the fan-out number of stage-I and stage-II of the proposed

unfolded architecture, the following efforts have been made:

4.3.3.1 Use of Inverted Multiplexers

In TSMC 90 nm CMOS Library, the latency of inverted 2-to-1 multiplexer is nearly half than that

of normal 2-to-1 multiplexer. By carefully observing the architecture obtained in Fig. 4.10, several

2-to-1 multiplexers are replaced with inverted 2-to-1 multiplexers without affecting its functionality

in order to obtain the low latency architecture. Note that the inputs of 2-to-1 multiplexers need to be

interchanged for the inverted output.
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4.3.3.2 Use of Buffers/Inverters

A set of inverters or buffers (or both) are always useful to increase the fan-out of output stages.

The proposed design uses several XOR gates for sign reversal operation, therefore, the fan-out needs

to be maintained large as compared to the design presented in [33]. By trial and error method, the

strengths of buffers and inverters are fixed, as indicated in Fig. 4.10.

4.3.3.3 Use of Retiming Technique

The inverted 2-to-1 multiplexers and buffers/inverters have reduced the latency from stage-I to

stage-II for each unfolded level. However, the latency of stage-II is increased by a 2-to-1 multiplexer

for every unfolded level (shown by bold line). This is overcome by retiming the D1 register as shown

in Fig. 4.10. In similar manner, D2 register can also be retimed to obtain the same latency for each

unfolded level.

4.3.4 Coefficient Update Unit

Recall that, in TSP-DFE, the first P filter coefficients are pre-computed and stored in LUT, and

the remaining Nb − P filter coefficients are also pre-computed and stored in another LUT. However,

a pipelined inner loop is formed between the LUTs. The convergence performance worsens with

increasing values of P , due to more errors in the TSP-DFE output. In order to improve the convergence

performance of TSP-DFE, the following mathematical analysis is carried out. By re-writing (4.1), we

get

z(n) = yf (n)− dT (n)wb(n) (4.16)

where yf (n) = xT (n)wf (n), d(n) = [δ(n− 1)... δ(n− P ), δ(n− P + 1)...δ(n−Nb)]
T and wb(n) =

[wb1(n), ..., wbP (n), wbP+1(n), ..., wbNb(n)]T . From (4.16), dT (n)wb(n) can be decomposed into two smaller

inner products corresponding to the stages of TSP-DFE as

dT (n)wb(n) = dTI (n)wb
I(n) + dTII(n)wb

II(n) (4.17)

where wb
I(n) = [wb1(n), wb2(n), ..., wbP (n)]T , wb

II(n) = [wbP+1(n), wbP+2(n), ..., wbNb(n)]T , dI(n) =

[δ(n− 1), δ(n− 2)...δ(n− P )]T and dII(n) = [δ(n− P − 1), δ(n− 2)...δ(n−Nb)]
T . If the proposed

architecture shown in Fig. 4.7(b) is speedup by a factor of P , then (4.17) becomes

dT (n− P )wb(n− P ) = DP {dTII(n)wb
II(n)} − dTI (n− P )wb

I(n− P ) (4.18)
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Fig. 4.11: Circuit schematic of coefficient update unit for 8th order FB filter and speed-up factor of
four.

where DP denotes the delay operator to be applied on stage-II output whereas the output of LUTI

need to be inverted in accordance with (4.13). As stated, the convergence of TSP-DFE worsens with

increasing values of P , on the other hand, it speeds up the inner loop. Therefore, it can be considered

as a constraint optimization problem i.e., min{E[(δ(n)−z(n))2]} with constraint on P . By substituting

(4.18) in (1.7) and re-arranging, we get

e(n) = yf (n) + [δ(n)− dTI (n− P )wb
I(n− P )] +DP {dTII(n)wb

II(n)} (4.19)

According to (4.19), yf (n) is added explicitly in the inner loop and the term dTI (n − P )wb
I(n − P )

indicates the dependencies due to past decisions corresponding to first P filter coefficients. These

are nothing but non-OBC terms due to past decision as a result of pipelined architecture discussed

in Chapter 2. To improve the convergence of proposed TSP-DFE against these non-OBC terms,

the effect of dTI (n − P )wb
I(n − P ) has to be eliminated. This can be achieved by combining the

slicer output δ(n) with dTI (n − P )wb
I(n − P ). Clearly, it has an advantage of minimizing e(n) when

[δ(n)− dTI (n−P )wb
I(n−P )] approaches to least value, as per aforesaid constraint. Structurally, it is

achieved by placing an error multiplexer (E-MUX) in parallel to the stage-I multiplexer for computing

e(n), as shown in Fig. 4.11. Further, the additional hardware of 2P adders and 2P -to-1 multiplexers
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are required which slightly increases the critical path. It can be easily seen that the hardware overhead

is compensated by the proposed low-complexity design as discussed in Section 4.3.1.

The coefficients of FB filter wbi (n) (i = 0, 1, 2, ..., Nb − 1) are updated using the scaled error signal

µbe(n) and tentative decision δ(n − i), in accordance with (1.9). In every iteration, E-MUX and

stage-I multiplexer generates e(n) and δ(n) in parallel, where the choice of µb decides the rate of

convergence and steady-state error performance. The multiplication of step-size µb and error e(n) can

be obtained by quantizing µb in negative powers of two and considering the most significant bit (MSB)

of e(n) [67]. In case of TSP-DFE, the contents stored in LUTI and LUTII need to be re-calculated.

This is achieved by a separate LUT storing the OBC combination of tentative decisions referred as

decision LUT (DLUT). In the proposed scheme, DLUT is operated in two separate modes, namely,

decisions update (DU) and coefficients update (CU). The sequence of operations in DU and CU mode

are explained as follows. In DU mode, write enable (EW ) and CTRL signal are first set to logic ‘1’.

This would start the process of updating the contents of DLUT using addressing logic (AL) unit.

Note that the time required to update the contents of DLUT depends on the number of clock cycles

corresponding to its address locations. For Nb
th order FB filter, the total number of clock cycles to

update DLUT would be 2Nb/2−1. An acknowledge (ACK) signal is sent back to controller, after all the

contents of DLUT are updated. Controller in turn disables EW and CTRL by setting them to logic

‘0’. In CU mode, the read enable (ER) signal of all the LUTs are set to logic ‘1’. This would allow

the LUTs to perform read operation on their stored contents. It is clear from the proposed algorithm

that an updated DLUT is used to update LUTI and LUTII. Therefore, the contents of each address

location a corresponding to LUTI and LUTII are updated according to following expressions

P∑
i=1

rai w
b
i (n+ 1) =

P∑
i=1

rai w
b
i (n) + µbe(n)

P∑
i=1

rai δ(n− i) (4.20)

Nb∑
i=P+1

rai w
b
i (n+ 1) =

Nb∑
i=P+1

rai w
b
i (n) + µbe(n)

Nb∑
i=P+1

rai δ(n− i) (4.21)

respectively, where ri
a is ith bit representation (rP

a, raNb = 0) of address index a =
P∑
i=1

ri
a2i for stage-I

and a =
Nb∑

i=P+1

ri
a2i for stage-II. It is clear from (4.20) and (4.21) that the pattern of decisions to

be stored in DLUT must be of same type as that of LUTI and LUTII. At time instant n + 1, the

contents of LUTI and LUTII can be obtained by adding with the corresponding DLUT contents using
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the adders shown in Fig. 4.11. The update scheme of DLUT from time instant n to n + 1 for 8th

order FB filter is shown in Fig. 4.12. To update DLUT contents, the recent decision δ(n) must be

added while the oldest decision δ(n− 4) must be eliminated. It can be seen that the oldest decision

δ(n− 4) is present corresponding to LSB of DLUT address line whose sign alternates between ′+′ and

′−′ corresponding to even and odd address locations. In order to eliminate oldest decision δ(n− 4),

the external term δ(n) + δ(n− 4) is either subtracted or added depending upon even or odd address

locations. Further, it requires the re-mapping of DLUT contents at time instant n+1, as illustrated in

Fig. 4.12. For example, the content at 0th address location of DLUT is δ(n− 1)+δ(n− 2)+δ(n− 3)+

δ(n− 4) which contains the oldest decision +δ(n− 4), when subtracted from δ(n) + δ(n− 4) would

give δ(n) − δ(n− 1) − δ(n− 2) − δ(n− 3). Careful observation suggests that it is nothing but the

content of 7th address location at time instant n + 1. In similar manner, all the remaining address

locations of DLUT can also be updated. Mathematically, the contents of DLUT at any time n can be

written as

Da(n+ 1) = [δ(n) + δ(n− 4)] +D2a+1(n) a < 2Nb/2−1

Da(n+ 1) = [δ(n) + δ(n− 4)]−D2(2Nb/2−1−a)(n) a ≥ 2Nb/2−1 (4.22)

In the previous discussion, it is mentioned that the updated DLUT contents are used to update LUTI

and LUTII contents. It would result in significant power savings while keeping the computation time

less to update the coefficients of FB filter. Algorithm 3 explains the operation of proposed ADFE.
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Algorithm 3 Algorithm explaining the operation of proposed ADFE

1: Initialize:

a = a′, DP = P = Nb/2

2: loop

z(n) = yf (n)− yb(n)

e(n) = δ(n)− z(n) with δ(n) = Q[z(n)]

3: for i = 0 to Nf − 1 do

yf (n) = yf (n) + wfi (n)x(n− i)
wfi (n+ 1) = wfi (n) + µbe(n)x(n− i)

4: end for

5: if CTRL&&EW&&ER == 1 then

6: for a = 0 to 2Nb/2 do

7: if a < 2Nb/2−1 then

Da(n+ 1) = [δ(n) + δ(n−Nb/2)] +D2a+1(n)

8: else

Da(n+ 1) = [δ(n) + δ(n−Nb/2)]−D2(2Nb/2−1−a)(n)

9: end if

10: end for

set ACK = 1

11: end if

12: if CTRL&&EW&&ER == 1 then

CIa(n+ 1)← CIa(n) + µbe(n)Da(n)

CIIa (n+ 1)← CIIa (n) + µbe(n)Da(n)

13: end if

14: for i = 0 to DP do

CIIa (n− i+ 1)← CIIa (n− i)
15: end for

yb(n)← CIIa (n) + CIa(n)

e(n)← [δ(n)− CIa(n)] + CIIa (n)

a′ ← a

n← n+ 1

16: end loop
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4.4 Performance Comparison

In this section, the performance comparison between the proposed and existing designs are carried

out. For non-adaptive DFE [29, 33], same coefficient update unit is considered, as derived in Section

4.3.4. Next, the convergence performance and bit-error rate (BER) with different speedup factors are

evaluated for both the proposed and existing designs. Finally, the ASIC and FPGA synthesis results

of the proposed and existing designs are compared.

4.4.1 Computational Complexities

4.4.1.1 Hardware Complexity

The hardware complexities of the proposed and existing designs are listed in Table 4.1. As expected,

the proposed non-adaptive TSP-DFE has reduced the hardware complexity and the LUT size by

almost half for 4-QAM as compared to the existing non-adaptive TSP-DFE. In general, the reduction

in hardware complexity of the proposed non-adaptive TSP-DFE over existing non-adaptive TSP-DFE

would be even higher for larger order filter and constellation size. However, an extra adder and few

XOR gates are involved in the transformation of LUTI and LUTII contents. As depicted in Fig. 4.10,

the number of unfolding levels for the proposed architecture are also less over the existing non-adaptive

TSP-DFE. Hence, it also provides hardware savings in the number of functional units. A comparison

plot of hardware complexity and LUT size for the proposed and existing designs for 16-QAM with

14 unfolding factor is shown in Fig. 4.13. Clearly, the proposed technique has reduced hardware

complexity and LUT size by several fold for large FB filter order over the existing R-DFE and TSP-

DFE designs. This is particularly important for 5G communication systems due to huge amount of

computation involved in TEQ. In contrast, the designs in [38, 39] are more complex for low FB filter

orders and less complex for high FB filter orders. Thus, despite the fact that they have low hardware

complexity, the proposed design involves relatively lower unfolding factor as compared to the design

in [38]. Furthermore, these designs are based on the principle of virtual fixing of FB filter coefficients

in every iteration, which makes the design of controller highly complex. In proposed adaptive TSP-

DFE, the hardware complexity is slightly increased due to coefficient update unit, which comprises

of an AL unit, a DLUT, two adders, a conditional adder, a barrel-shifter and a controller, as listed

in Table 4.1. Interestingly, the overhead due to coefficient update unit is not significant; and can be

even less as compared to the existing non-adaptive TSP-DFE.
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4.4.1.2 Time Complexity

The critical path, throughput and latency of the proposed and existing designs are listed in Table

4.1. For ADFE system, the throughput is defined as the ratio of clock rate to the time required for

processing an input sample. The maximum clock rate of a ADFE is limited by its iteration bound [74],

while the time required to process an input sample depends on the order of FF and FB filters. However,

in case of adaptive TSP-DFE, the processing time additionally depends on the number of clock cycles

used in the inner loop and the update of DLUT contents. Thus, the number of clock cycles required for

the proposed adaptive TSP-DFE design with 4-QAM can be estimated as Nf +P+2Nb−P−1 +2; where

P and 2Nb−P−1 are the number of clock cycles used in the inner loop and DLUT respectively. It can

be noted that the proposed design also requires an extra clock cycle to pre-speedup the architecture.

Similarly, the number of clock cycles required for the update of DLUT in adaptive TSP-DFE and

R-DFE designs would be 2Nb−P and 2Nb respectively. Hence, it is clear that the number of clock

cycles to update the contents of DLUT for the proposed design is significantly reduced. In contrast,

the number of clock cycles required for the design in [39] depends on the buffer size and slow-down

factor. A comparison plot of critical paths between the proposed and existing designs for 16-QAM

with various FB filter orders is shown Fig. 4.14. Clearly, the critical path of proposed design shows

very less dependence on FB filter order like that of R-DFE and TSP-DFE designs, whereas the critical

path of designs in [38,39] have linear dependence on FB filter order. As a result, a large parallelization

factor is always needed for such designs. For better throughput comparison, a parallelization factor

(p) is defined which is the ratio of critical paths of the proposed ADFE to that of design in [39],

that is, p = (((Nb + 1)TA + TS)/1.5TA+TS
Nb/4+1 + TM log2M). A throughput comparison plot between the

proposed and existing designs for L = 11, P = Nb/4 and Nb/2 with 4-QAM and 16-QAM is shown in

Fig. 4.15. It can be observed that the existing designs suffer from the throughput bottleneck due to

more system processing time. However, this variation is reduced for the proposed design, which leads

to higher throughput over the existing designs. For example, an 8th order filter of proposed adaptive

FB filter with P = Nb/2 for 4-QAM offers nearly 3 times higher throughput over the existing adaptive

TSP-DFE, while it nearly provides 15 times higher throughput over the design in [39].
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4.4 Performance Comparison

4.4.2 Error Performance

4.4.2.1 Convergence Performance

In order to determine the effectiveness of the proposed design over the existing designs, differ-

ent simulations are carried out to estimate the performance in terms of convergence rate and mean

steady-state error. The ITU Pedestrian B channel model is selected for generating fast fading [92],

which comprises of four delay paths at 3 km/h. Different mean squared error (MSE) learning curves

corresponding to each design for 16-QAM are plotted in Fig. 4.16(a) by ensemble averaging over 200

independent runs at SNR= 14 dB with speed-up factor P = 4. Compared with R-DFE, the proposed

adaptive TSP-DFE has slightly more steady-state error due to an extra register in the pre-speedup of

proposed architecture. In contrast, the convergence rate and steady-state error of design in [39] are

proportionally degraded with slow down factor, with no control over it. In order to see the effect of

first P coefficients of TSP-DFE on the convergence characteristics, a separate simulation is carried out

at SNR= 28 dB. The comparison of convergence rate and steady-state error with various P values for

both the proposed and existing TSP-DFEs is shown in Fig. 4.16(b). For the proposed design, it can

be observed that as the speed-up factor P increases, the effect of non-OBC terms on the convergence

rate and mean steady-state error are reduced. This is basically due to the minimization of error signal

via parallel E-MUX which makes FF filter less intend towards cancelling of post-cursor ISI elements.

Interestingly, the steady-state error values lie in the range of 4G standard specifications [93], and can

be altered with SNR requirement.

4.4.2.2 BER Performance

In order to evaluate BER performance of the proposed design, extensive simulations are carried out

based on the specifications provided in [87–89]. In the simulations, a system with 18 MHz bandwidth,

2 GHz carrier frequency, 2048-point IFFT/FFT, the length of 144 cyclic prefix is considered. Further,

same channel model is adopted as described for MSE measurements. In addition, 16-QAM modulation

scheme is adopted for transmitting data and training sequences. Several BER curves of the proposed

adaptive TSP-DFE design for AWGN and Rayleigh fading channels are plotted in Fig. 4.17 by varying

signal-to-noise ratio (SNR) from 0 to 30 dB with 8th order filter and speed-up factors P = 3, 4. It is

clear that the proposed design improves the BER performance in both AWGN and Rayleigh fading

channels, when compared to the case of no equalizer. However, it is observed that the large value of

P greatly impacts the SNR requirement for Rayleigh fading channel as compared to AWGN channel.
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For example, if BER value is fixed at 10−3 and P is varied from 3 to 4, then nearly 2 dB more SNR

is required for Rayleigh fading channel while this is just 1.2 dB for AWGN channel. Compared with

R-DFE and TSP-DFE, the proposed design ensures better BER value since it eliminates the effect

of first P coefficients of FB filter in parallel due to E-MUX in the stage-I, as shown in Fig. 4.11.

In contrast, the design in [39] is associated with slow-down factor whose value greatly impacts the

BER result. Additionally, this design also needs extra clocks for system initialization which further

degrades the BER performance.

4.4.3 Implementation Results

4.4.3.1 ASIC Synthesis

The proposed unfolded design shown in Fig. 4.10 is realized using standard cells of TSMC 90 nm

CMOS technology. It is found that the proposed design achieves 2.88 Gbps and 2.15 Gbps throughput

for 4-QAM and 16-QAM respectively. In order to compare area and power consumptions of different

designs, ASIC synthesis is carried out using the same technology node by Cadence RTL Compiler.

The synthesis of the proposed and existing designs for 4-QAM and 16-QAM with various speed-up

factors and FB filter orders are listed in Table 4.2. It can be noted that the proposed non-adaptive

DFE and ADFE occupy relatively less area and consume less power compared to the existing designs.

The savings in area and power are even more for larger FB filter order and constellation size. For

example, an 8th order FB filter of proposed non-adaptive TSP-DFE design for 4-QAM occupies nearly

1.92 times less area and consumes 1.95 times less power while these figures increase by several folds

for 16-QAM over existing non-adaptive TSP-DFE. Similar type of advantages are observed for the

proposed adaptive TSP-DFE. For example, an 8th order FB filter of proposed adaptive TSP-DFE

for 4-QAM occupies 2.22 times less area and consumes 1.71 times less power, whereas for 16-QAM,

it occupies nearly 4.26 times less area and consumes nearly 3.51 times less power over the existing

adaptive TSP-DFE. On the other hand, the proposed adaptive DFE design with 6th order for 4-QAM

occupies nearly 1.59 times less area and consumes 1.39 times less power, while for 16-QAM it occupies

2.14 times less area and consumes 3.43 times less power over the design in [39]. The area-delay

product (ADP) is considered as a good figure of merit for comparison since it includes both cost and

performance factors. The estimated ADP values of the proposed and existing designs are also listed in

Table 4.2. Clearly, the proposed designs have better ADP figures over the existing TSP-DFE designs

for all filter orders and constellation sizes. In contrast, when the proposed design is compared with the
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4.5 Conclusion

design in [39], it is found that the ADP value depends on the constellation size. For example, an 8th

order proposed adaptive TSP-DFE for 4-QAM has 1.27 times more ADP and consumes nearly 2.13

times less power, whereas for 16-QAM, the proposed ADFE has nearly 1.05 times less ADP, however,

it consumes 2.48 times less power over the design presented in [39].

4.4.3.2 FPGA Synthesis

The synthesis of proposed and existing designs are also carried out with a Xilinx ZYNQ XC7Z020-

1CLG84C FPGA device for both 4-QAM and 16-QAM with different speedup factors and filter orders.

The logic utilization are obtained in terms of slice LUTs (SLUT) and flip-flops (FF) by setting the

system clock at 100 MHz, as listed in Table 4.2. From the synthesis results, it is clear that the

proposed non-adaptive TSP-DFE for 4-QAM with 8th order has almost 2.06 times less SLUT and 2.29

times less FF over the existing non-adaptive TSP-DFE. On the other hand, the proposed non-adaptive

TSP-DFE for 4-QAM and 6th order offers 1.46 times less SLUT and 1.58 times less FF over the design

in [38]. Note that the reduction in SLUT and FF for the proposed non-adaptive TSP-DFE are even

more in 16-QAM case. From Table 4.2, it is evident that the proposed adaptive TSP-DFE design for

both 4-QAM and 16-QAM always involve significantly less number of SLUT and FF over the adaptive

TSP-DFE. In contrast, the proposed adaptive TSP-DFE for 16-QAM with 6th order nearly requires

2.53 times less SLUT and 2.88 times less FF; and with 8th order it nearly requires 1.93 times less

SLUT and 2.04 times less FF over the design reported in [39].

4.5 Conclusion

In this Chapter, a low-complexity energy efficient architecture of ADFE in compliance to 5G com-

munication system has been presented. Extending the idea of [33] to the frequency selective channels,

a new design for ADFE has been suggested. It is based on OBC scheme in which a separate LUT

has been used to store the tentative decisions for the adaptation of FB filter coefficients. The effect of

non-OBC terms due to pipelining are eliminated using parallel error multiplexer. The proposed design

has reduced the hardware complexity and LUT size by several times, while achieving a throughput

of nearly 2.15 Gbps for 16-QAM. It is also found that the reduction in hardware complexity becomes

prominent, when the proposed architecture is unfolded. This is an important advantage, especially in

5G applications where the volume of computations would be large. Simulation results showed that the

BER performance and convergence characteristics of the proposed ADFE are better than the existing
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designs, with slight increase in SNR requirement for Rayleigh fading channel. ASIC and FPGA syn-

thesis results showed significant improvements in the area, power and logic utilization for the proposed

design as compared to the best existing design.
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5. Low Complexity Pipelined Block LMS Adaptive Filter

5.1 Introduction

Adaptive noise cancellation (ANC) is a well-known technique introduced by Widrow [94]. It is

employed in headphones to mitigate the effects of noise. Depending on the availability of reference

channel, the headphone may consists of two or more microphones to characterize the correlated sam-

ples. The conceptual diagram of ANC used in in-ear headphones is shown in Fig. 5.1. As discussed in

Chapter 1, the ADF is the basic building block in noise canceller to estimate the noise for cancellation.

The output of ADF is subtracted from the microphone output (signal+noise) to adjust its coefficients

based on the adaptation algorithm. Such applications demand higher order ADF, power intensive

hardware, and significant time to estimate and synthesize anti-noise signals in order to remove the

noise signals in real time. ANC techniques can attenuate low-frequency noise in headphones [95–100],

ducts [101, 102] etc. FxLMS algorithm is generally used for the adaptation of filter coefficients. This

algorithm exhibits slower convergence and the noise cancelling performance may be affected by the

causality unbalance [103]. The feedback adaptive noise canceller algorithm and its variants have

been suggested for headphones to remove the narrowband noise at low frequencies [96–98]. Later,

an efficient approach has been suggested in [99] for effective attenuation of the broadband noise. To

achieve low-cost noise canceller headphones, Chang et al. in [104] suggested microcontroller as the

core component. But, the problem of such system is that as the bandwidth of noise increases, the

noise cancelling performance starts to deteriorate.

noise

signal signal+noise

error

outputinput

ANC

ADF

Fig. 5.1: Conceptual diagram of adaptive noise cancellation for in-ear headphones.

BLMS algorithm is a computationally fast and efficient approach for realizing the FIR ADF of

higher orders, as discussed in Chapter 1. It processes a block of inputs and computes a block of

filter outputs unlike conventional LMS algorithm where sample-by-sample processing is performed.
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Over the years, many works have been reported to efficiently realize BLMS filter. For example, FFT

based frequency-domain block FxLMS is proposed in [43]. DA based BLMS ADF architecture and

its corresponding FPGA based implementation is presented in [44]. Mohanty et al. in [47] suggested

an energy-efficient time-domain architecture for BLMS ADF. It is based on new DA formulation to

compute the filter output and coefficient increment terms. But, the complexity of LUTs and clock

cycles to update them grows exponentially with the input block length.

From the above discussion, it is clear that achieving low area/power and better noise cancellation

in modern portable devices still remains a challenging task. In this chapter, a dedicated noise can-

celler circuit implementation based on the BLMS algorithm using OBC-DA for in-ear headphones is

investigated. The BLMS algorithm is optimized and a low-complexity architecture is proposed for re-

alizing the required convolution operations. To save the hardware resources and clock cycles, splitting

of LUT into two LUTs is adopted for storing the partial OBC combinations of input samples which

are shared to compute the filter output and coefficient increment terms. Besides, an external register

is employed for pipelined architectural design to update its content along with error computation in

each block. By doing so, there will not be any problem of non-OBC terms like those encountered

in Chapters 2 and 4. Altogether, the proposed design outperforms in terms of noise reduction and

area/power performances.

5.2 Mathematical Formulation

The coefficient update equation for BLMS algorithm as indicated in (1.21) can also be expressed

as

w(n+ 1) = w(n) + ∆w(n) (5.1)

where ∆w(n) = [∆w0(n),∆w1(n), ...,∆wN−1(n)] denotes the vector for coefficient increment terms,

and is defined as

∆w(n) = µBX(n)e(n) (5.2)

where e(n) = d(n)−y(n) is the error vector, d(n) is the desired response vector and µB is the step-size.

By separately defining ∆w(n) has an advantage since it contains the input matrix X(n) which is also

a part of filtering operation as given in (1.19). For pipelined BLMS algorithm as listed in Table 1.2,
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5. Low Complexity Pipelined Block LMS Adaptive Filter

the coefficient update equation can be re-written as

w(n+ 1) = w(n) + ∆w(n−m) (5.3)

where m is block adaptation delay, ∆w(n−m) = [∆w0(n − m),∆w1(n − m), ...,∆wN−1(n − m)]

denotes the vector for delayed coefficient increment terms, and is defined as

∆w(n−m) = µBX(n−m)e(n−m) (5.4)

where e(n−m) = d(n−m)− y(n−m) is the delayed error vector, d(n−m) is the delayed desired

response vector.

x(n)
L

d(n)

e(nL)

e(nL+ 1)

wL−1(n)

e(nL+ L− 1)

ADF0

ADF1

ADFL−1

D

D

D

D

D

D L

Fig. 5.2: Block diagram of pipelined ADF based on BLMS algorithm with one adaptation delay.

The value of block adaptation delay is taken to be one (i.e., m = 1) whose locations are shown

in Fig. 5.2. Note that the location of block adaptation delays are external to the system for storing

the recent input samples and desired response. This would not produce any non-OBC terms in the

system, so there is no requirement of correcting them in order to improve the convergence performance.

Therefore, both the input matrix X(n) and coefficient increment vector ∆w(n) are delayed by unit

time. Further, the input matrix X(n) of order L × N can be splitted into M square matrices Xj(n)

of order L × L such that N = L×M . Similarly, the coefficient vector w(n) and coefficient increment

vector ∆w(n) are to be splitted into M small vectors wj(n) and ∆wj(n) of size L × 1 respectively.

Note the unit delayed square input matrices Xj(n) can also be expressed as Dj{Xj(n)}, where Dj

are the delay operators storing the most recent sample in each block. For the sake of simplicity, the

notation of Dj is dropped for the derivation purpose. The unit delayed input matrix Xj(n), coefficient
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5.2 Mathematical Formulation

vector wj(n) and coefficient increment vector ∆wj(n) are, respectively, defined as

Xj(n) =



x(j′L) x(j′L− 1) . . x(j′L−N + 1)

x(j′L− 1) x(j′L− 2) . . x(j′L−N)

. . . . .

. . . . .

x(j′L− L+ 1) x(j′L− L) . . x(j′L− L−N + 2)



T

(5.5)

wj(n) =

[
wjL(n) wjL+1(n) . . wjL+L−1(n)

]T
(5.6)

∆wj(n) =

[
∆wjL(n) ∆wjL+1(n) . . ∆wjL+L−1(n)

]T
(5.7)

where j′ = n− j − 1. Based on the above formulation, (1.19), (5.1) and (5.4) can be then computed

as

y(n) =
M−1∑
j=0

XT
j (n)wj(n) (5.8)

wj(n+ 1) = wj(n) + ∆wj(n) (5.9)

∆wj(n) = µBXj(n)e(n) (5.10)

where 0 ≤ j ≤M − 1. For clarity, the expression of each filter output can be given as

y(nL− i) =
M−1∑
j=0

ui,j(n) and ui,j(n) = xTi,j(n)wj(n) (5.11)

where ui,j(n) indicates the inner-product of input vector xi,j(n) and coefficient vector wj(n). Note

that xi,j(n) is the input-vector corresponding to (i + 1)-row of input matrix Xj(n). Similarly, each

coefficient increment term can be expressed as

∆wjL+i(n) = µBvi,j(n) and vi,j(n) = xTi,j(n)e(n) (5.12)

where vi,j(n) represents the inner-product of input vector xi,j(n) and error vector e(n).

Let us denote (r+ 1)th component of vector wj(n) and e(n) as wr,j(n) and er(n) respectively, and

they are assumed to be W -bit wide. By representing each wr,j(n) in two’s complement form, we get

wr,j(n) = −{wr,j(n)}0 +
W−1∑
k=1

{wr,j(n)}k2−k (5.13)
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5. Low Complexity Pipelined Block LMS Adaptive Filter

Alternatively, wr,j(n) can also be expressed as: wr,j(n) = 1
2 [wr,j(n)−(−wr,j(n))] = 1

2 [wr,j(n)−wr,j(n)],

where wr,j(n) is two’s complement of wr,j(n). This representation reduces the LUT size. The above

simplification for wr,j(n) when combined with (5.13) leads to

wr,j(n) =
1

2

[
− ({wr,j(n)}0 − {wr,j(n)}0) +

W−1∑
k=1

({wr,j(n)}k − {wr,j(n)}k)2−k − 2−(W−1)

]
(5.14)

Assuming {δwr,j(n)}k = {wr,j(n)}k − {wr,j(n)}k, substituting (5.14) in (5.11) would lead ui,j(n) to

ui,j(n) =
W−1∑
k=0

Φ

[ L−1∑
r=0

1

2
x(j′L− i− r){δwr,j(n)}k

]
k

2−k − 1

2

[ L−1∑
r=0

x(j′L− i− r)
]
2−(W−1) (5.15)

where Φ[•]k = −1 for k = W − 1, otherwise Φ[•]k = 1 to indicate the SA operation corresponding

to MSB of filter coefficients, and −1
2

L−1∑
r=0

x(j′L− i− r) is loaded into SA corresponding to LSB of

filter coefficients. Note that the terms in the inner sum of (5.15) represents the filter partial products

in terms of input vector χi,j(n) = [x(j′L− i), x(j′L− i− 1), ..., x(j′L− i− L+ 1)] which are to be

stored in LUT, whose address bits are the difference of filter coefficients bit-slices and their two’s

complement, that is, {δwr,j(n)}k for 0 ≤ r ≤ L − 1 and 0 ≤ j ≤ M − 1, as per (5.15). In general,

there would be 2L OBC combinations of input samples to be stored in LUT, however, there exists

mirror symmetry in these combinations. As a result, LUT size can be reduced to half, the remaining

half combinations are taken care by external XOR gates. For example, when the filter block-length

L = 4, the contents to be stored in LUT are shown in Fig. 5.3. It consists of four XOR gates and

a 2-to-1 multiplexer to decode the remaining OBC combinations of input samples. In simplest form,

the computation of (5.15) could be expressed in terms of LUT read and SA operations, according to

ui,j(n) =

W−1∑
k=0

G[{δwj(n)}k]2−k −G[0]2−(W−1) (5.16)

where G[•] is the LUT read-operation, and its argument {wj(n)}k represents the address vector

for 0 ≤ k ≤ W − 1, that is, {δwj(n)}k = [{δw0,j(n)}k, {δw1,j(n)}k, ..., {δwL−1,j(n)}k] with each

{δwr,j(n)}k ∈ [−1, 1] and G[0] is a matrix whose components are defined as the LUTs content present

at 0th address location. Specifically, G[0] = [g0,j(n)[0], g1,j(n)[0], ..., gL−1,j(n)[0]] for all 0 ≤ j ≤M−1,

where gi,j(n)[0] = −1
2

L−1∑
r=0

x(j′L− i− r).

In a similar manner, the expression for coefficient increment terms (5.12) can be derived. Mathe-
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+ 1
2
[+ x(4j′ − i) + x(4j′ − i− 1) + x(4j′ − i− 2) + x(4j′ − i− 3)]

+ 1
2
[+ x(4j′ − i) + x(4j′ − i− 1) − x(4j′ − i− 2) + x(4j′ − i− 3)]

0 0 0

0 0 1

0 1 0

LUT Contents

+ 1
2
[+ x(4j′ − i) + x(4j′ − i− 1) + x(4j′ − i− 2)− x(4j′ − i− 3)]

+ 1
2
[+ x(4j′ − i) + x(4j′ − i− 1) − x(4j′ − i− 2) − x(4j′ − i− 3)]0 1 1

1 0 0

1 0 1

1 1 0

1 1 1

A2A1A0

+ 1
2
[+ x(4j′ − i) − x(4j′ − i− 1) + x(4j′ − i− 2) + x(4j′ − i− 3)]

+ 1
2
[+ x(4j′ − i) − x(4j′ − i− 1) − x(4j′ − i− 2) + x(4j′ − i− 3)]

+ 1
2
[+ x(4j′ − i) − x(4j′ − i− 1) + x(4j′ − i− 2)− x(4j′ − i− 3)]

+ 1
2
[+ x(4j′ − i) − x(4j′ − i− 1) − x(4j′ − i− 2) − x(4j′ − i− 3)]

a3

a2

a1

a0

G[a]

Fig. 5.3: LUT contents for BLMS filter based on OBC-DA with block-length of four, where 0 ≤ i ≤
L− 1, 0 ≤ j ≤M − 1 and j′ = n− j − 1.

matically, it can be given as

vi,j(n) =
W−1∑
k=0

G[{δe(n)}k]2−k −G[0]2−(W−1) (5.17)

where the address vector becomes the difference of bit-slices of error signals and their two’s comple-

ment, that is, {δe(n)}k = [{δe(nL)}k, {δe(nL+1)}k, ..., {δe(nL+ L− 1)}k] with each {δe(nL+ r)}k ∈

[−1, 1]. In this case, the address vector for LUT becomes {δe(n)}k. Interestingly, (5.16) and (5.17)

are in similar form except that the address vectors for LUTs are different. Suppose for any address

vector a = [a0, a1, ..., aL−1] with ar ∈ [−1, 1] for 0 ≤ r ≤ L− 1, the contents of LUT can be written as

G[a] =
L−1∑
r=0

1

2
x(j′L− i− r)ar (5.18)

where G[a] indicate matrix of LUTs arranged in L-rows and M -columns. As discussed previously, it

is required to store only lower half OBC combinations in LUT whereas upper half OBC combinations

can be obtained using external XOR gates. Mathematically, it can be written as

Gp[a] = (−1)p
[

1

2
x(j′L− i) +

L−2∑
r=0

1

2
x(j′L− i− r + 1)ar−1

]
(5.19)

where Gp[a] denote the lower and upper components of LUT for p = 0 and p = 1 respectively. In

addition, it can also be seen from Fig. 5.3 that LUT (Gp[a]) can be splitted into even and odd address
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locations, according to

Gpq[a] = (−1)p
[

1

2
x(j′L− i) +

L−3∑
r=0

1

2
x(j′L− i− r + 2)ar−2 +

(−1)q

2
x(j′L− i− L+ 1)

]
(5.20)

where Gpq(b) denotes the even and odd components of LUT for q = 0 and q = 1 respectively. It can

be noted from (5.20) that the contents present at lower half even address location for p = 0, q = 0 are

two’s complement of the contents present at upper half odd address location for p = 1, q = 1. Similarly,

the contents present at lower half odd address location for p = 0, q = 1 are two’s complement of the

contents present at upper half even address location for p = 1, q = 0. Mathematically, the above

observation can be written as

G00[a] = −G11[a] and G01[a] = −G10[a] (5.21)

Again, it is required to store half input OBC combinations into two separate LUTs based on even

and odd address locations: LUT0 (G00[a]) and LUT1 (G01[a]) and their corresponding halves can be

obtained by taking two’s complement, in accordance with (5.21).

5.3 Proposed Scheme

In this section, the strategy for filter block update based on the mathematical formulation as

discussed in Section 5.2 is presented. Next, the architectural details of the various operations involved

in the proposed scheme such as LUT update, filter output, error computation and filter block update

are discussed.

5.3.1 Filter Block Update Strategy

Consider a BLMS adaptive filter which receive the input-matrix X(n) with coefficient-vector w(n)

and coefficient increment-vector ∆w(n). As discussed, X(n), w(n) and ∆w(n) are respectively

decomposed into smaller components Xj(n), wj(n) and ∆wj(n) for j = 0, 1, 2, ...,M − 1. It can

be noted from (5.11) and (5.12) that coefficient and error vectors are multiplied independently with

smaller input-matrices. For the sake of clarity, an example of filter order N = 6 and block-length

L = 2 is considered. This corresponds to two rows (L = 2) and three columns (M = 3), with indices

denoted by i = 0 and 1 and j = 0, 1 and 2, as shown in Fig. 5.4. In nth iteration, the filter receives

two input samples [x(2n), x(2n− 1)] and produces the output samples [y(2n), y(2n− 1)]. In (n+ 1)th

iteration, two new input samples [x(2n+ 2), x(2n+ 1)] will be received by the filter to compute L new
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j = 0 j = 1 j = 2

i
=

0

j = 0 j = 1 j = 2

iteration number (t)t = 0 t = 1 t = 2

wt(mod3)(n+ t) wt+1(mod3)(n+ t) wt+2(mod3)(n+ t)

w0(n+ t) w1(n+ t) w2(n+ t)

LUT0

LUT1

x0,t+1(n)

x0,t+1(n)

(a)

LUT0
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x0,t(n)

x0,t(n)

LUT0
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x0,t−1(n)

x0,t−1(n)

LUT0

LUT1

x1,t+1(n)

x1,t+1(n)

LUT0

LUT1

x1,t(n)

x1,t(n)

LUT0

LUT1

x1,t−1(n)

x1,t−1(n)
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LUT1

LUT0

LUT1

LUT0

LUT1

LUT0

LUT1

LUT0

LUT1

LUT0

LUT1

x0,0(n) x0,1(n) x0,2(n)

x0,0(n) x0,1(n) x0,2(n)

x1,0(n)

x1,0(n)

x1,1(n)

x1,1(n)

x1,2(n)

x1,2(n)

x(2(n+ t))

x(2(n+ t)− 1)

y(2(n+ t))

y(2(n+ t)− 1)

x(2(n+ t))

x(2(n+ t)− 1)

y(2(n+ t))

y(2(n+ t)− 1)

i
=

1
i
=

0
i
=

1

iteration number (t)t = 0 t = 1 t = 2

(b)

Fig. 5.4: Block update scheme for the presented DA based BLMS ADF (only LUTs are shown with
subscripts 0 and 1 indicate even and odd components respectively) of 6th order filter and block-length
of two. (a) Update via right-shifting of input vectors (b) Update via circular left-shifting of splitted
coefficient vectors.

inner-products. Similarly, in every iteration, two new samples will be received by the filter. But, it

is required to discard two oldest input samples from the last column (j = 2). Let t be the iteration

number, then shifting of input-vector across the columns in ith-row for any iteration (n+ t)th can be

written as

xi,(t−j)(n)← xi,(t+1−j)(n) ∀t, j (5.22)
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Notably, the column-index of coefficient vectors does not change with t to compute the inner-products

of a particular column, as shown in Fig. 5.4(a). This way of updating the filter block requires

physical shifting of input-vectors across rows via LUTs. It requires more time and consumes significant

power. The other way to update filter blocks is circular left-shifting of coefficient vectors, that is,

the coefficient vectors are left-shifted block-by-block in every iteration. For example, the splitted

coefficient vector wj(n) for 0 ≤ j ≤ M − 1 is left-shifted circularly by changing the column-index j

as a function of iteration number t, that is, (j + t)(mod M). The splitted coefficient vector wj(n) in

nth iteration are aligned with column index j, that is, w0(n),w1(n),w2(n) and the pattern becomes

w1(n),w2(n),w0(n) in (n+1)th iteration, as shown in Fig. 5.4(b). From the pattern, it can be observed

that coefficient vectors obtained for every next iteration are nothing but circular left-shifted versions

of previous iteration, for example, w2(n+ 1)← w0(n), w0(n+ 1)← w1(n) and w1(n+ 1)← w2(n).

In (n+ t)th iteration, the coefficient vectors for M -columns can be obtained as

w(t+j)(mod M)(n+ t)← w(t+j−1)(mod M)(n+ t− 1) ∀t, j (5.23)

From the discussion, it is clear that the second approach to update the filter block is better, as it does

not require the shifting of input-vectors via LUTs, thereby, both time and power can be saved.

5.3.2 Proposed Architecture

PE0

A
T
0SF0

SF2

SF1

SF3

SF0

SF2

SF1

SF3

PE3

A
T
1

A
T
2

A
T
1

CONTROLLER

CTRL1

CTRL2
CTRL3

CTRL4

0

1

DAU

x(n)

y(n)

R/W

Ej

d(n)

4

4

4

0

1

0

1

0

1

0

1

0

1

0

1

0

1

CTRL0
4

ECU

CUU

LUL

Fig. 5.5: Architecture of BLMS ADF based on OBC-DA for 16th order filter and block-length of four,
where x(n) = [x(4n), x(4n− 1), x(4n− 2), x(4n− 3)], y(n) = [y(4n), y(4n− 1), y(4n− 2), y(4n− 3)]
and d(n) = [d(4n), d(4n− 1), d(4n− 2), d(4n− 3)].
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The block schematic of the proposed BLMS ADF for filter order N = 16 and block-length L = 4

is shown in Fig. 5.5. It consists of one DA-unit (DAU), one error computation unit (ECU), coefficient

update unit (CUU) and a controller. In DAU, there are M processing elements (PE) and each PE

has L sub-filters (SF), one LUT update logic (LUL) and L adder tree (AT) with M -inputs word for

0 ≤ i ≤ L − 1 and 0 ≤ j ≤ M − 1. Each SF further consists of one LUT0/LUT1 and one SA unit.

The addresses for LUT0/LUT1 are obtained by bit-slicing the filter coefficients {wj(n)}k and error

signal {e(n)}k at the outputs of CUU and ECU respectively. The proposed design for updating the

filter block requires that the LUTs of a particular column are updated. These are further utilized to

compute filter output and coefficient increment terms. A controller is designed to generate control

signals such as CTRL0, CTRL1, CTRL2, CTRL3, CTRL4, R/W and E = [E0, E1,..., EM−1] to enable

or disable processing units.

5.3.2.1 LUT Update Scheme

The proposed update scheme for LUT0 and LUT1 is explained as follows: Averaging of con-

tents present at even and odd address locations of LUT0 and LUT1 would result a term indepen-

dent of oldest sample x(j′L− i− L+ 1). With subsequent addition or subtraction of recent sample

1
2x(j′L− i) as stored in register Dj would generate contents corresponding to upper or lower half

address locations, respectively. For example, the average of the contents at 0th address locations

(even) of LUT0 and LUT1 for block-length L = 4 would give +1
2 [+x(4j′ − i− 1) + x(4j′ − i− 2)].

Notably, it does not contain any oldest sample 1
2x(4j′ − i− 3). When this term is added or sub-

tracted with content of Dj will generate two contents 1
2 [+x(4j′ − i) +x(4j′ − i− 1)] + 1

2x(4j′ − i− 2)

and 1
2 [−x(4j′ − i) + x(4j′ − i− 1)] + 1

2x(4j′ − i− 2), respectively. Clearly, these corresponds to the

contents of LUT0 present at 0th (lower half) and 2nd (upper half) address locations for next itera-

tion. Similarly, the average of the contents at 1st address locations (odd) of LUT0 and LUT1 would

give +1
2 [+x(4j′ − i− 1)− x(4j′ − i− 2)]. Adding and subtracting of Dj would generate two contents

1
2 [+x(4j′ − i) + x(4j′ − i− 1)] − 1

2x(4j′ − i− 2) and 1
2 [−x(4j′ − i) + x(4j′ − i− 1)] − 1

2x(4j′ − i− 2)

which correspond to the contents of LUT1 present at 0th (lower half) and 2nd (upper half) address

locations for next iteration, respectively. In a similar manner, the remaining contents of LUT0 and

LUT1 can be updated. Mathematically, the contents of LUT0 and LUT1 for next-iteration from the
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contents of LUT0 and LUT1 from current iteration can be expressed as

G00
a [a] = (−1)

⌊
a

2L−3

⌋
Dj +

1

2

{
G00

2
⌊
a
2

⌋[a] + G01

2
⌊
a
2

⌋[a]

}
G01
a [a] = (−1)

⌊
a

2L−3

⌋
Dj +

1

2

{
G00

2
⌊
a
2

⌋
+1

[a] + G01

2
⌊
a
2

⌋
+1

[a]

} (5.24)

where a is the address index with a ∈ [0, 2L−2−1] and ± sign of Dj is decided by the upper and lower

half address locations of LUT. It is clear from the above discussion that the parallel update of LUTs

by storing the recent sample in register of every block has resulted into lesser computational time.

5.3.2.2 Architecture of Sub-Filter Unit
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Fig. 5.7: Detailed architecture of SF unit of a particular PE for block-length of four.

After the completion of LUT update, the filtering operation is performed using the bit-slice

coefficient-vector {wj(n)}k as addresses for LUT, in LSB to MSB order, as per (5.11). It must be

noted that −2gi,j(n)[0] (−2, since it is placed before fixed right-shifter) is loaded initially by setting

CTRL2 = 0, in accordance with (5.16). As discussed, the same LUTs of a particular PE are used to

compute the coefficient increment terms. Therefore, a two-level multiplexer (TLM) is necessary to se-

lect the LUT addresses for computation of filter output and coefficient increment terms. The first-level

multiplexer in TLM either selects the bit-slices of filter coefficient {wj(n)}k or error signals {e(n)}k.

However, it is always required to update the LUTs prior to the computation of partial filter output

and coefficient increment terms in every iteration. This is taken care by second-level multiplexers in

TLM, where its one input is the output of first-level multiplexers and other input as address vector

a = [a0, a1, a2, ..., aL−1] for LUT-update. The LUT is splitted into LUT0 and LUT1 which are utilized
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for the computation of filter output and coefficient increment term in same iteration. This has resulted

into two more 2-to-1 multiplexers to read-out their contents, out of them, one has inverted inputs,

in accordance with (5.21). In every iteration, the LUTs are read-out to perform shift-accumulation

in successive clock cycles, according to DA principle. Like the computation of filter output, SA unit

has to be loaded again initially with −2gi,j(n)[0] by setting CTRL2 = 0 using a 2-to-1 multiplexer to

compute the coefficient increment terms. The control signal CTRL4 subtracts the contents of LUT

from the accumulator at (W − 1)th clock cycle. It must be noted that in every block iteration all

initial terms −2gi,j(n)[0] are to be updated along with LUT-update, as they are nothing but two’s

complement of the content present at 0th address locations of all LUTs. A 1-to-2 de-multiplexer is

required to select the computed filter output and coefficient increment by setting CTRL3 = 0 and 1

respectively, as shown in Fig. 5.7.

5.3.2.3 Architectures of Error Computation Unit and Coefficient Update Unit

The error computation unit (ECU) consists of an array of subtractors to compute the block of error

e(n) from the block of filter output y(n) and desired response d(n), as shown in Fig. 5.8. In order

to compute the coefficient increment terms of a particular PE, it is required to obtain the bit-slices

of error block as addresses {e(n)}k = [{e(nL)}k, {e(nL− 1)}k, ..., {e(nL−L+ 1)}k] for LUTs in LSB

to MSB order. This is achieved by placing parallel-in serial-out (PISO) shift-registers after the error

computation.

d(4n)

PISO

y(4n)

{e(4n)}k

d(4n− 1)

PISO

y(4n− 1)

{e(4n− 1)}k

d(4n− 2)

PISO

y(4n− 2)

{e(4n− 2)}k

d(4n− 3)

PISO

y(4n− 3)

{e(4n− 3)}k

B
S
G

e(4n) e(4n− 1) e(4n− 2) e(4n− 3)

Fig. 5.8: Architecture of error-computation unit for block-length of four.

After the computation of coefficient increment terms with bit-slices {e(n)}k as addresses for LUT,

it is then required to compute the filter coefficients for next-iteration. Meanwhile, coefficient increment

terms are scaled by µB, in accordance with (5.6). As mentioned in (5.23), the coefficient vector of

the current iteration are used to update the coefficient-vector for the next iteration. This is achieved

146

TH-2070_136102022



5.3 Proposed Scheme

with the bit-serial CUU architecture, as discussed in Chapters 2 and 3. It has an advantage of low-

complexity over its counterpart word-parallel structure. This is because the bit-serial realization of

CUU requires bit-slices of coefficient increments. The proposed CUU consists of an array of serial-

in serial-out (SISO) shift-registers along with CSFAs and XOR gates, as shown in Fig. 5.9. It is

important to note that the XOR gates are included so as to generate the bit-slices in OBC form,

where CTRL4 takes care of the sign-bit of filter-coefficients, in accordance with (5.15). The bit-slices

of coefficient increments are stored column-wise and coefficient vectors are generated for the next-

iteration from the first column. Subsequently, they are fed to the PE, whose LUTs are to be updated.

In every iteration, the coefficient vector are aligned with the corresponding PE. For example, in nth

iteration, suppose LUTs of PE1 are to be updated, then the second column SISO-array must contain

the coefficient vector w1(n). The coefficient increment values of (j + 1)th column of filter coefficients

are obtained from (j+2)th column, as shown in Fig. 5.9. The coefficient increment terms are added to

filter coefficients in bit-serial fashion using CSFA. Importantly, the output of CSFA in (j+1)th column

constitute a bit-vector of filter coefficients {wj(n)}k. In successive clock cycles, the SISO contents are

left-shifted to generate coefficient-vectors, in accordance with (5.23). In every iteration, the shifting

in SISO-array begins after 2L/2−1 + 1 clock cycles and continues upto W clock cycles. Algorithm 4

explains the operation of proposed BLMS ADF.
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5.3 Proposed Scheme

Algorithm 4 Algorithm explaining the operation of the proposed BLMS ADF

1: Initialize:

N = L×M, i = 0, 1, ..., L− 1, j = 0, 1, ...,M − 1, j′ = n− j − 1,addr

2: loop

y(n) =
∑M−1

j=0 XT
j (n)wj(n), ui,j(n) = xTi,j(n)wj(n)

w(n+ 1) = w(n) + ∆w(n) with ∆w(n) = µBXj(n)e(n), vi,j(n) = xTi,j(n)e(n)

3: for j = 0 to M − 1 do

4: ui,j(n) =
∑W−1

k=0
G({δwj(n)}k)2−k −G(0)2−(W−1)

5: vi,j(n) =
∑W−1

k=0
G({δe(n)}k)2−k −G(0)2−(W−1)

6: if Ej==1 then

7: if R/W==0 then

8: if CTRL1==0 then addr = a

9: for a = 0 to 2L−2 − 1 do

10: G00
a [a]← (−1)

b a

2L−3 cDj + 1
2

{
G00

2ba
2
c[a] + G01

2ba
2
c[a]
}

11: G01
a [a]← (−1)

b a

2L−3 cDj + 1
2

{
G00

2ba
2
c+1[b] + G01

2ba
2
c+1[a]

}
12: end for

13: wj+1 ← circleftshift{wj , L}
14: else

15: if CTRL0==0 then addr = {δwj(n)}k
16: for k = 0 to W − 1 do

17: if k == 0 then

18: CTRL2=0, ui,j(n) = −G[0]

19: else

20: ui,j(n) = ui,j(n) + G[{δwj(n)}k]2−k
21: end if

22: end for

23: Dj = 1
2x(j′L− i), e(n) = d(n)− y(n)

24: else addr = {δe(n)}k
25: for k = 0 to W − 1 do

26: if k == 0 then

27: CTRL2=0, vi,j(n) = −G[0]

28: else

29: vi,j(n) = vi,j(n) + G[{δe(n)}k]2−k
30: end if

31: end for

32: end if

33: end if

34: end if

35: end if

36: end for

37: n ← n+ 1

38: end loop
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5.4 Performance Comparison

In this section, the computational complexities involved in different designs are first discussed.

Next, the performance of proposed BLMS ADF in terms of noise reduction is evaluated. Finally, the

comparison between the proposed and existing designs are made in terms of area, power, throughput

and logic utilization by carrying out FPGA and ASIC synthesis. The existing designs in [67], [68], [69],

[44] and [47] are referred as DA0-BADF, DA1-BADF and DA2-BADF, DA3-BADF and DA4-BADF

respectively. So far, the design considerations of proposed filter for block length L = 4 is considered,

it is important to discuss the design of proposed filter for higher block-lengths. A simple method is

to express the filter block-length L in terms of smaller block-lengths of size 4, that is, L = 4P , where

P is an integer. In such case, the architecture of SF has to be modified with respect to integer P .

For example, the SF unit consists of P number of LUT0 and LUT1 of size four words, an adder tree

is needed to add the outputs from the LUTs. Correspondingly, the bit-slices of filter coefficients and

error vectors are splitted into P small vectors.

5.4.1 Computational Complexities

The proposed design with filter order N = L ×M and block-length L = 4P consists of M PEs

with each PE comprises of L SFs (LP number of LUT0 and LUT1 of size four words, L(P −1) adders,

L 1-to-2 line de-multiplexer, Lw′ number of XOR gates for sign reversal and L 2-to-1 multiplexers to

load initial terms in SA unit, where w′ = W ′+log2L, 2LP 2-to-1 multiplexers in LUT addressing-logic,

3L 2-to-1 multiplexers in LUT-read), one LUL (2LP adders), one ECU (L subtractors followed by

L PISO shift-registers of size W -bit), and one CUU (LM CSFAs, LM XOR gates, LM SISO shift

registers of size W + 1-bit). It is required to obtain bit-slices of coefficient increment terms, therefore,

L PISO shift-registers of size W -bit are needed. Hence, the proposed filter requires (PM + 1)L+ 2PL

adders, N(3W + 1) +LW registers, 4LM +M + 1 multiplxers/de-multiplexers, 8PN LUT words and

LM+LMw′ XOR gates. The hardware complexities of the proposed and existing designs are listed in

Table 5.1. Unlike DA4-BADF, the LUL does not involve adder trees and input-delay unit to update

the LUTs, therefore, the number of adders and registers are reduced. Also, the OBC combinations

of input samples reduce the number of LUT words by half at the expense of slight increase in 2-to-1

multiplexers. Notably, the LUL of the proposed design logic does not require W ′LM AND gates, as in

the case of DA4-BADF, it rather uses LM XOR gates. While DA0-BADF, DA1-BADF, DA2-BADF
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5.4 Performance Comparison

and DA3-BADF designs do not contain block length L term in their listed hardware complexities,

since they were derived using LMS algorithm.

Table 5.1 also compares the time-complexities of the proposed and existing designs. The parallel

update of LUT0 and LUT1 reduces the number of clock cycles. As an example, the proposed BLMS

ADF with block-length L requires 2L/2−1 clock cycles to update LUTs. The computation of filter

coefficient increment term and output require 2W clock cycles. In the proposed design, the contents

of registers Dj = [D0, D1, ..., DM−1] for a particular column are updated with the block of error

computations. Hence, the total number of clock cycles for the proposed design would be 2L/2−1 +

2W + 1. Moreover, the parallel access of LUT0 and LUT1 also leads to lesser access delays over

DA4-BADF design. Due to BLMS algorithm, the proposed design offers higher throughput than DA0,

DA1, DA2 and DA3-BADF designs. Nonetheless, the effect of LUT access time and computation time

of SA unit on throughput performance can be selectively overcome by choosing the appropriate block

length. The complete filtering operation involve 2L write and (2W )LM read operations, respectively,

to update LUTs and to compute filter output and coefficient increment terms. Therefore, the number

of LUT access per output (LAPO) in case of proposed filter would be 2L+2WLM . From the results in

Table 5.1, the proposed filter offers less LAPO since splitted LUTs are used as compared to DA4-BADF

design.

5.4.2 Noise Reduction Performance

A theoretical comparison between the adders, LUT size and noise reduction of the proposed and

existing design [47] for two cases (Case A and Case B) is shown in Table 5.2. It is to be noted that

Case A corresponds to large order filter design, while Case B corresponds to small order filter design

with same input block-length to decide the number of PEs (and SFs) in the design of adaptive noise-

canceller. It can be noted that the proposed design for Case B offers 43.24 % less adders, 87.5 % LUT

words as compared to Case A for almost same noise reduction performance. Further, the existing

design occupies more hardware and LUT resources over the proposed design for same noise reduction

performance. Thus, it is concluded that the adopting large order filter does not always bring better

noise reduction performance [103]. Hence, a 32nd order filter is considered for the implementation of

proposed design suitable to in-ear headphone applications.

To verify the validity of the proposed filter, the design is coded in Verilog along with the other ex-

isting works. The proposed filter is synthesized using Xilinx ZYNQ FPGA device XC7Z020-1CLG84C
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for filter order N = 32, block-length L = 8 and µ = 0.04 by setting the system clock at 20 MHz. An

audio sample of bandwidth 0-4000 Hz and sampling frequency 8000 Hz is considered as the desired

response d(n) [105]. An additive white gaussian noise (AWGN) is generated to produce the actual

signal for in-ear headphone and fed to the input of the proposed filter, as shown in Fig. 5.1. Based on

the above specifications, the proposed design has to finish all the filter computations within 2500 clock

cycles. While the proposed design takes only 41 clock cycles (8 clock cycles in LUT0 and LUT1 update,

32 clock cycles in SA unit, and 1 clock cycle in block error computation and the update of external

registers content). It is capable of providing a throughput performance of 1.95× 106 samples / sec for

L = 4 at 20 MHz. Note that the exceeded performance of the proposed design makes it capable to

operate in higher frequency data converters. The corresponding results of noise reduction performance

for the proposed design are illustrated in Fig. 5.10(a)−5.10(c). The output desired speech signal after

noise cancellation is shown in Fig. 5.10(a). Also, the proposed filter keeps the estimate of input noise

time-to-time, as shown in Fig. 5.10(b). To identify the noise cancelling performance of proposed

filter at different frequencies, the noise reduction (in dB) is plotted and indicated by green-line in Fig.

5.10(c), which is the ratio of error signal to the desired signal. Note that the red-line in Fig. 5.10(c)

depicts the spectrum of desired response d(n), plotted as −log10(1 − D(k)), where D(k) is the FFT

of d(n). From the results, it is found that the proposed filter performs well at certain frequencies.

For instance, the proposed filter provides a maximum attenuation of 20 dB when the input frequency

lies in the range 2000 Hz to 2700 Hz. In general, 6−20 dB noise reduction is always achieved by the

proposed filter. For comparison purpose, the noise reduction along with logic utilization in terms of

sliced LUTs (SLUT) and flip-flops (FF) for different designs in frequency range 2000-2700 Hz are listed

in Table 5.3. Simulation results show that the proposed filter outperforms DA0-BADF, DA1-BADF,

DA2-BADF, DA3-BADF for noise cancellation in in-ear headphones. For example, the noise reduction

achieved by DA4-BADF in the frequency range 2000−2700 Hz is lower as compared to the proposed

design. From Table 5.3, it is quite evident that the proposed filter always has less logic utilization.

For example, the proposed filter with order N = 32 and block-length L = 4 requires 1.80 times less

SLUT and 1.71 times less FF than the DA4-BADF design.

5.4.3 ASIC Synthesis

ASIC synthesis for the proposed and existing designs is carried out by Cadence RTL Compiler

using TSMC 90 nm CMOS library and the corresponding results are listed in Table 5.4. The proposed

152

TH-2070_136102022
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filter with filter order N = 32 and block-length L = 8 occupies 1.91 times less area and consumes 1.78

times less power as compared to DA4-BADF. Furthermore, it provides nearly 3.91 and 1.4 times higher

throughput as compared to DA0-BADF and DA4-BADF respectively. For better comparison, area-

delay-product (ADP) and energy-per-output (EPO) of different designs are also estimated. Clearly,

the proposed filter provides 3.83, 2.41, 2.17, 2.81, 1.98 times less ADP as compared to DA0-BADF,

DA1-BADF, DA2-BADF, DA3-BADF and DA4-BADF designs respectively. While the proposed filter

offers 10.81, 3.57, 1.93, 4.32, 2.61 times less EPO over DA0-BADF, DA1-BADF, DA2-BADF, DA3-

BADF and DA4-BADF designs respectively. This is due to the reason that the clock cycles for the

proposed filter to produce the output is 3 + 2W . All the experimental results are in good agreement

with theoretical results as listed in Table 5.1.

5.5 Conclusion

In this Chapter, a low-complexity pipelined BLMS ADF based on OBC-DA suitable to in-ear

headphones application has been presented. Here, both physical LUT and SA unit are employed,

and their effect on throughput performance has been compensated by block processing. A block of

external registers are used whose contents are updated along with the block of error computation. As

a consequence, there has not been any problem of non-OBC terms like those encountered in Chapters

2 and 4. The proposed approach employed two splitted LUTs based on even and odd address locations

for computing the filter output and coefficient increment terms in the same-iteration. Also, a new filter

block update strategy and a novel LUTs updating scheme have been suggested. The block update

strategy needs to update only one processing element in the given set of processing elements, where

the splitted LUTs of each processing element are updated in parallel with the use of external registers.

Compared with the best existing design, the proposed filter offers less adders, less registers and half

LUT words with simultaneous reduction in the number of clock cycles. Simulation results showed that

the proposed design offers more noise reduction, occupies less area, consumes less power and utilizes

less number of SLUT and FF as compared to the best existing design.
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5.5 Conclusion

Table 5.2: Comparison of Adders, LUT size and Noise Reduction of Presented and Existing Design [47]
for different Filter Orders

Filter Order (N)
Proposed Design Existing Design [47]

ADD LUT NR ADD LUT NR

Case A

N = 128, L = 8, P = 2
296 2048 14.5 312 4096 14.5

Case B

N = 32, L = 8, P = 2
168 512 13.4 184 1024 13.4

ADD: Additions, LUT: Look-up Table, NR: Noise Reduction (in dB) and TR:
Throughput Rate.
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6. Summary and Conclusions

6.1 Summary of the Present Work

The objective of the work presented in this thesis is to develop low-complexity pipelined architec-

tures for LMS adaptive filters. This has been achieved using DA approach. Low-complexity DA based

pipelined LMS adaptive filters are then applied in several applications such as system identification,

channel equalization and noise cancellation.

In Chapter 2, three architectures for pipelined LMS adaptive filter based on OBC scheme have

been presented with an objective of optimizing the hardware complexity. The proposed design uses the

philosophy of LUT-less design in [71] to generate the partial products. Here, the partial products have

been generated serially in different ways by representing the coefficients in OBC-form. However, non-

OBC terms have been produced at the output during initial clock cycles which have been subsequently

corrected in error computation unit. The reason for choosing OBC scheme is to exploit symmetries

between the digits in high-radix for the realization of low-complexity partial product generator and

high-speed SA unit. Further, the novel implementations of minus-minus-plus based carry save full

adder, offset term, coefficient update and SA units have also been presented. All the proposed designs

have been extended for large filter order with the modification in correction scheme of non-OBC terms.

A general system identification problem with CLMS adaptive filter has been considered in Chapter

3. Although the complexity of pipelined LMS adaptive filter has been optimized using OBC scheme in

Chapter 2, non-OBC terms have been produced at the output. A correction scheme has been suggested

for the removal of non-OBC terms, but it cannot improve the convergence performance. This has been

addressed by CLMS adaptive filter which is realized using a single DA based LMS unit by representing

the filter coefficients in TC-form. Further reduction in complexity has been achieved by sharing of

partial products in parallel. To transfer the filter coefficients from one LMS unit to another in CLMS

adaptive filter, the correlation between adjacent errors has been exploited. In every iteration, the

correlation between the adjacent errors has been compared with the pre-defined time window. As the

duration of correlation of adjacent errors exceeds the pre-defined time window, the transfer of filter

coefficients has been made possible by pre-shifting the input samples. In the sequel, an expression for

pre-defined time window has been derived in terms of filter order, coefficients wordlength and step-size.

It is found that the proposed design for 32nd order filter provides about 6 dB better steady-state error

performance over the best existing design.

A case study on channel equalization problem for 5G communication system using ADFE has
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6.1 Summary of the Present Work

been considered in Chapter 4. This design is derived using low-complexity implementation of feedback

filter based on the OBC scheme. Although LUT-less designs are already discussed in Chapter 2 and

3, the idea of SA-less design is more suitable for the realization of feedback filter and hence it has

been taken up in this chapter. It is based on the fact that when radix-size equals the wordlength

of tentative decisions, the implementation of feedback filter can be made SA-less. The reason for

choosing the tentative decisions in OBC-form due to its low-complexity realization. The complexity

has been reduced by pre-computing and storing the coefficients of feedback filter in two different LUTs

separated by pipelined registers. Further reduction in complexity has been achieved by exploiting the

symmetries between the contents of each LUT. The presented architecture has been pre-speed up by

two, retimed and unfolded to meet the throughput requirements of 5G communication. To implement

the coefficient updating unit of feedback filter, a novel strategy has been presented to update the

contents of both the LUTs by adding them with the contents of decision LUT. In every iteration,

the contents of decision LUT are updated and the effect of non-OBC terms due to pipelining has

been eliminated using parallel error multiplexer. The proposed design offers a throughput of nearly

2.15 Gbps for 16-QAM while the hardware complexity and LUT size have been reduced over the best

existing design.

Finally, in Chapter 5, a BLMS algorithm based noise cancellation problem for in-ear headphone

applications has been considered. Here, both physical LUT and SA unit have been employed, and

their effects on throughput performance have been compensated by block processing. In this chapter,

the mathematical formulation is carried out for BLMS algorithm based on OBC to compute the filter

output and coefficient increment terms by decomposing the filter order into input-block length and

processing elements. The proposed approach employed two splitted LUTs to compute filter output and

coefficient increment terms in the same-iteration. Also, a new filter block update strategy and a novel

LUT update scheme have been suggested, where LUTs of one processing element require to update

in the set of given processing elements. The proposed architecture does not have the problem of non-

OBC terms as pipelined registers are external to the adaptive filter. Compared with the best existing

scheme, the proposed filter offers fewer adders, fewer registers, half LUT words while simultaneously

reduces the number of clock cycles. Simulation results showed that the proposed design for 32nd order

filter with block-length 8 offers 6-20 dB noise reduction while occupies less area, consumes less power

and utilizes less SLUT and FF as compared to the best existing design.
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6. Summary and Conclusions

6.2 Suggestions for Future Research

In this thesis, we have shown the effectiveness of DA for low-complexity realization of least-mean-

square (LMS) based adaptive filters. However, we still felt that there may exist considerable scope to

extend this work in various directions for future investigation. Some of them are listed as follows

(i) Approximate computing is an emerging area for VLSI design which basically relaxes the algo-

rithm precision constraints to improve digital circuit performance. Hence, there may be some

possibility of reducing the chip area and power dissipation at the algorithmic-level implementa-

tion of adaptive filters using approximate computing along with DA.

(ii) This thesis is primarily concentrated on complexity reduction of pipelined LMS adaptive fil-

ter and its variants. The other variants such as normalized LMS (NLMS), variable step-size

LMS (VSS-LMS), sign-sign LMS (SS-LMS) etc. may also be considered for future research to

reduce their complexity using DA. Further, recursive-least-square (RLS) adaptive filters which

exhibit superior performance over LMS adaptive filter have not been considered. Thus, it will

be pertinent to take similar methodology for DA based realization of RLS adaptive filter.

(iii) To improve the convergence of the proposed filter as described in Chapter 3, the present work

has employed the concept of pre-defined time window and compared it with the duration of

correlation between consecutive error signal. The convergence of pipelined filter may be improved

by parallel elimination, but this may require extra hardware, and one may try for low-complexity

implementation of such schemes.

(iv) The performance of proposed ADFE as introduced in Chapter 4 in terms of hardware com-

plexity may be enhanced by dynamic adaptation of filter coefficients. This is because the LUT

complexities of both the stages have still exponential dependence on the filter order with base

as QAM constellation size. For this purpose, thorough assessment of the coefficient adaptation

needs to be done since ADFE structure has two loops.
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