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Abstract

The intriguing connections between gravity and thermodynamics have been a long
standing subject of study. The conventional laws of black hole mechanics have often pro-
vided deep insights into the nature of gravity. The dynamics involving black holes can
be recast in a form analogous to the laws of thermodynamics. The universality of a black
hole, whose features are completely independent of the collapsing matter has been sug-
gested to be the thermodynamic limit of the underlying microscopic (quantum) degrees
of freedom. The classical and semi-classical aspects of black hole mechanics provide a
window into quantum gravity. As a result, the study of the geometrical features of a
black hole has been a major research theme. However, it has been established that the
connections between gravity and thermodynamics are not just only restricted to black
holes. In fact, any given event of a spacetime has a well defined temperature and entropy
assigned to it by the so called Rindler observers.

It was shown by Jacobson, that one can derive the Einstein field equations from an
equilibrium thermodynamic relationship implemented for local causal horizons estab-
lished at a given point in spacetime. Later, it was shown by Padmanabhan that the Ein-
stein field equations projected on a general null surface assume a thermodynamic inter-
pretation analogous to the first law of thermodynamics for a certain physical process.
Damour also showed that the field equations of general relativity on a null surface as-
sume the dynamics which look structurally equivalent to Navier-Stokes equations. These
strong interconnections between the gravitational field equations and the laws of ther-
modynamics and fluid flow form the basis of the emergent nature of gravity. Under this
view, the gravitational dynamics are a result of the coarse-graining of the underlying mi-
croscopic degrees of freedom.

In this thesis, we explore further the picture of this emergence of the gravitational
field equations from a classical stand-point and test its validity to theories beyond general
relativity.

In part one of this thesis, we develop in detail the geometrical construction of a gen-
eral integrable null hypersurface in the Riemann-Cartan spacetime. The Riemann-Cartan
spacetime is a generalization to the usual (pseudo)-Riemannian spacetime (equipped
with the Levi-Civita connection) in the sense of allowing non-trivial torsion in it. We
develop in detail the evolution equations of certain geometric data established on the
null surface. In part two of the thesis, we try to interpret the physical nature of the grav-
itational field equations on the null surface in the light of the evolution equations con-
structed in part one. Our first study is the general case of gravitational theories described
on spacetimes equipped with the Levi-Civita connection. We show in a covariant fashion
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that the field equations on the null surface under the process of virtual displacement take
up a thermodynamic structure without taking recourse to any explicit coordinate system
adapted to the null surface. Next, we take the specific case of scalar-tensor theory and
show such a thermodynamic interpretation of the field equations allow us to shed some
light on the issue of the physical (in)equivalences between the Einstein and Jordan frame.
We also provide a proof of the zeroth law for Killing horizons in the scalar-tensor theory.
Next, we take the explicit case of Einstein-Cartan gravity and show similar thermody-
namic interpretation exists for the gravitational field equations on the null surface. We
also study the dynamics of a geometrical data called the Héjicek 1-form on the null sur-
face in Einstein-Cartan gravity and show that under suitable conditions, it looks like a
Cosserat fluid. This strengthens the analogy of the horizon or null surface dynamics to
that of a viscous fluid flow, for theories even beyond general relativity. Finally, we con-
clude the thesis with a brief discussion of the conclusions and potential future directions.
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Notations and conventions

We adopt the metric signature (—, +, +,+) and work in d = 4 spacetime dimensions.
We will use the geometrized unit system where ¢, ' and G have been set to one. The
bulk spacetime indices are designated by the lowercase Latin letters a,b,- - -. The spa-
tial coordinates on a time constant slice are designated by the Greek letters y, v, - - -. The
coordinates on the null hypersurface H are designated by Greek letters, with a tilde on
them, i, 7, - - -. The spatial coordinates on the two dimensional spatial cross section S; of
H are designated by the uppercase Latin letters A, B, - - -. All kinematical and dynamical
quantities associated with #H in the Riemann-Cartan spacetime will be designated with
a hat on them. The equivalent quantities in the usual spacetime without torsion will be
unhatted.
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Chapter 1

Introduction

General relativity has been one of the most singular intellectual pursuits into the myster-
ies of the universe and cosmos with wide ranging consequences, implications and deep
(open) questions into the nature of physical reality. One of the most fantastic predictions
of general relativity is that of a spacetime with a black hole. Colloquially speaking, the
black hole is a region from which not even light can escape. The event horizon denotes the
boundary of the black hole region. The very definition of a black hole in a given spacetime
implies the notion of inescapability. Inescapability requires the notion of a boundary, which
obviously is a one-way membrane. A given boundary in a spacetime can be of three types
depending upon the nature of its normal vector, viz, timelike, spacelike and null. The
timelike surface is two-way membrane and hence cannot the support the notion of in-
escapability. Spacelike and null surfaces are however one-way membranes. Before laying
out the formal definition of a black hole, let us discuss some of its properties. The event
horizon is a null surface of codimension one. It is ruled by null geodesics, that once enter
the horizon can never leave it. The event horizon as a null structure is smooth; it does not
have any caustics (the point where the null geodesics converge). The event horizon is a
causal null boundary. No signal originating within the black hole region can affect any
observer outside the event horizon, thus being causally disconnected from the rest of the
spacetime. The definition of an event horizon is a global concept. It requires a complete
knowledge of the spacetime in order to demarcate the event horizon. In order to decide
upon whether any particle is within the event horizon, one needs to know beforehand
its complete evolution into the future in order to decide whether it can escape and reach
some observer stationed at infinity (in the spacetime) or remain completely unobserved.
A spacetime containing an isolated single black hole is not invariant under time reversal
operation. A radially infalling causal geodesic falling into the black hole region can never
retrace its path back. A black hole portrays universality. The final state of a black hole
system that is generated from gravitational collapse is independent of the inherent details
of the collapsing matter. That is, all black holes in the universe can be defined by a set of
three parameters which are its mass, charge and angular momentum.

Let us now state the definition of a black hole region and the event horizon. We will

TH-3171_186121030



2 Chapter 1. Introducti

assume that the spacetime manifold (M, g) is time orientable and has a conformal com-
pletion at null infinity. The spacetime hence possesses a future null infinity 7 which is
assumed to be complete. Then the black hole region Bgy denotes the set of points not in
the causal past ]~ (J ™) of the future null infinity [1-3],

By =M\ (J (T )NM). (1.1)

This definition shows that no future directed causal curve originating from a point in the
black hole region Bpy can reach the future null infinity. Not even light can escape from
the black hole region. The boundary of the black hole region is usually defined as the
event horizon Hpgy,

Hpy = 90Bgy - (1.2)

Via a series of great intellectual endeavors, it has been shown that there exists a very
strong parallel between the laws of classical thermodynamics and that of black hole
mechanics. These connections came to life following the seminal works of Bekenstein,
Hawking and others [4-8].

Bekenstein came to the conclusion that if the second law of thermodynamics is not to
be violated then an event horizon should be assigned an entropy and temperature. This
can be understood from the following thought experiment. Suppose some ‘hot” matter
(hence containing large entropy) fell into the event horizon, then all traces of its informa-
tion is lost to an observer stationed outside the horizon. This would apparently reduce
the total entropy of the universe. Hence in order to ‘save’ the second law, Bekenstein
conjectured that an event horizon should be endowed with an entropy. Via the area law
[9], the entropy of an event horizon was postulated to be,

Spa _ . ABH
ks 2

(1.3)

where 7 is a proportionality constant. The area Ay of the event horizon is normalized to
the Planck area (I3) = Gii/c® due to dimensional reasons. In the above relation, we have
restored the natural units. The entropy of the event horizon and the outside system i.e.
SpH + Sout must never decrease under any process. They should satisfy the generalized
second law. While studying quasi-static processes involving two nearby Kerr black holes,
Bekenstein [10] showed that they satisfy the following relationship under an infinitesimal

transformation ,

K
= ——dA Qpyyd .
aM S0 ABH + Qpud] , (1.4)

where M, | and Qpp are the mass, angular momentum and angular velocity respectively
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Chapter 1. Introduction

of the Kerr black hole. Hence it was conjectured that if the above relation was to be
interpreted as the first law of black hole mechanics implying energy conservation, then
the temperature T of the event horizon must be of the form,

kpT = %% . (1.5)
Hence, it was assumed that the temperature of the event horizon is proportional to its sur-
tace gravity k. However, black holes being classical geometric objects should not radiate.
This can also be seen from the relation (1.5), in the classical limit of # — 0 where the tem-
perature of the black holeis T — 0, thus reproducing the correct classical temperature for
the black hole. Classically, a black hole should be a zero temperature object and therefore
cannot radiate. The fact that via (1.5), a non-radiating classical black hole is assigned a
temperature, produces a contradiction to the second law of thermodynamics. This can be
understood from a simple thought experiment. We consider a black hole inside a box that
provides a thermal bath at temperature Toyt. Suppose an amount of radiation AE falls into
the black hole, thus reducing the entropy of the box by an amount ASout = —AE/ Tout.
The entropy of the black hole should increase by the amount ASpy = AE/T. Hence the
entropy variation of the total system is,

ASigal = AE(% ~ Tjut) : (1.6)
If the temperature of the box is less than that of the black hole i.e. T,y < T, then the total
entropy variation AS;y,; is negative, which violates the generalized second law. Hence,
in order to get away from this paradox, black holes must radiate.

This was indeed shown by Hawking in 1975 [11]. Hawking showed in his brilliant
work while investigating quantum fields in a black hole spacetime, that there arises a
thermal (Hawking) radiation flux from the black hole. The thermal spectrum of such
radiation coming from the black hole corresponds to a temperature of T = fix /27tc. Before
this seminal work, Hawking himself was unconvinced of the underlying deep connection
between black hole mechanics and the laws of thermodynamics. Hawking’s calculations
fixed the value of the proportionality constant 7} introduced by Bekenstein to be /j = 1/4.
This implies that the entropy of the black hole is given by,

Spgn _ 1ApH
SBh_ Z . 1.7
kg 4 I3 1.7)
This convinced Hawking that the analogy of assigning a temperature and entropy to an
event horizon is of fundamental essence. Hawking’s work of deriving the black hole ra-
diation is based on semi-classical quantum analysis, by carefully analyzing the notion of

vacuum in curved spacetime. The vacuum of quantum field theory in curved spacetime

TH-3171_186121030



4 Chapter 1. Introducti

is observer dependent. The vacuum of zero-particle initial state in the black hole back-
ground will be populated with particles (field excitations) with respect to an observer
at the future null infinity J . Thus the observer at J 1 will observe a thermal distri-
bution corresponding to the temperature fix /27tc for the initial vacuum state at the past
null infinity J ~. Instead of following Hawking’s original derivation, we can show the
emergence of temperature in a heuristic sense that will hide much of the rigorous mathe-
matics. If in the Euclidean formulation, the partition function and the Green functions of
a statistical mechanical system are periodic in the imaginary time with a period p = 1/T,
then such a system is in thermal equilibrium at the temperature T.

Let us consider a static spherically symmetric black hole spacetime and study its near-
horizon (but outside) geometry. The metric of such a spacetime is given by,

1

f(r)

The horizon r = r;, of such a spacetime is given by f(r;) = 0. The surface gravity is

ds? = — f(r)dt* + dr? 4 r*dQy3 . (1.8)

then given by x = 1/2f'(r;,). Introducing the proper distance p from horizon via dp =
dr/+/f(r), it can be shown that the near-horizon expansion of the function f(r) goes as,

fr) = f'(rn) (r =) + O((r — r)?) = %> + O(p*) . (1.9)
The near-horizon metric then follows as,
ds* = —x2p?dt* + dp* + 1,dQ3 = —p*dy* + dp* + 1,dQ3 (1.10)

where we have used # = «t. In order to describe a quantum field theory (QFT) at finite
temperature, we need to analytically continue to the Euclidean signature i.e. t — —it. If
the imaginary time in the Euclidean continuation of the QFT is periodic, then it implies
that the QFT is at a finite temperature. Since the black hole is a thermal system, we
periodically identify T to have a period of B = 1/T i.e. T ~ T + B. Here, we have set the
Boltzmann and the Planck constants to one. We now consider the analytic continuation of
the near-horizon geometry of the static spherically symmetric spacetime to the Euclidean

signature. This gives us, near the horizon,
ds% = x**dt? 4 dp? + 1, dQ3 = p*d6? + dp* + 1,dQ3, (1.11)

where we have set 8 = x7. The first two terms in the Euclidean continuation of the
near-horizon metric (1.11) is simply the plane IR? described in polar coordinates. The
Lorentzian metric (1.10) is regular at r = r;, which is mapped to p = 0 in the Euclidean
metric. Hence, in order to avoid the conical singularity (in the Euclidean metric ) atp = 0,
itimplies that @ must be periodic with a period of 27r. This then implies that the imaginary
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1.1. Overview of black-hole thermodynamics

time must be periodic in 27t /«x i.e. T ~ T + 27/x. We notice that the time ¢ is the proper
time corresponding to observers at spatial infinity (r — o0). Hence such observers would
feel that the black horizon is at a temperature T = x /27t.

1.1 Overview of black-hole thermodynamics

Let us now state the four laws of black hole mechanics.

* Zeroth law : For a black hole in equilibrium, the surface gravity is constant.
The zeroth law of conventional (mechanical) thermodynamics defines the notion of
a quantity called temperature which is constant for two systems in thermal equilib-
rium. However, for black hole mechanics, the notion of equilibrium is different. We
do not speak of two black hole systems being in equilibrium with each other. Rather,
the notion of a black hole event horizon being in equilibrium necessitates it being
a Killing horizon #X). The Killing horizon, being a null hypersurface is generated
by a Killing vector field that becomes null on H(X). The non-affinity parameter as-
sociated with this Killing field is denoted as k. For a stationary spacetime admitting
a non-degenerate (x # 0) Killing horizon #(X), the non-affinity parameter is called
the surface gravity. Generally speaking, for the case of general relativity, if the mat-
ter and the non-gravitational fields satisfy the null dominant energy condition, then
the non-affinity parameter is constant over the Killing horizon [5, 12]. Without the
assumption of energy conditions, and hence independent of the field equations, the
zeroth law has been proved for an event horizon in static or axisymmetric stationary

spacetimes (with t — ¢ reflection symmetry) [13].

* Firstlaw: We assume a stationary black hole in general relativity, with mass M, hori-
zon surface area A and angular momentum J. We consider a quasi-static perturba-
tion process that takes the black hole to a further stationary state with the global
parameters of the mass, horizon area and angular momentum to be (M + dM),
(A4 6A) and (] + J]) respectively.

For such changes in the global properties of the black hole, the first law is simply an identity
of the form,
K

5M:87‘[

0A + Qpyd] . (1.12)

The black hole’s surface gravity is x and its rotation velocity is Qgp. The pertur-
bation process is described via a stress energy tensor Ta(;ﬂ ) and all the variations are
taken to be of the first order. Initially, the proof was provided for Kerr black holes by
Bekenstein [10]. Later, the first law was extended to any diffeomorphism invariant
gravitational theory by Wald [14]. The analogy with the conventional first law of
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6 Chapter 1. Introducti

thermodynamics (stating the conservation of energy) under a quasi-static reversible
mechanical process of the form dE = TdS — pdV is quite evident, if we identify the
mass, area and surface gravity of the black hole with the thermodynamic entities
of energy, entropy and temperature. Thatis M <+ E, A/4 < Sand x/2m < T.
Under this analogy, the term Qpyd] would represent the work done on the black
hole under the quasi-static perturbation process.

* Second law: For any classical process in an asymptotically flat spacetime satisfying
the Einstein field equations, if the Ricci tensor R,y satisfies the null energy condition i.e.
Ryp1°1° > 0 for any null vector 1° on the black hole horizon, then its surface area can never
decrease i.e.,

5A>0. (1.13)

The second law follows from the area theorem by Hawking [9]. The area theorem
follows from the focusing theorem and the fact that the family of null geodesics [”
that rule the event horizon H gy, when followed into the future have no end points
[15]. Any null vector can enter into the event horizon and become a part of the null
generators of the horizon; however once they enter, they can never leave Hpp. This
means that the event horizon is geodesically complete and has no caustics. The area
theorem then guarantees, that if R171Y > 0, the expansion scalar 6; of the future
pointing null generators [* of the event horizon is positive or zero,

6, >0. (1.14)

If the initial expansion of the null geodesics forming the horizon were negative (and
the null energy condition holds), then the focusing theorem states that these null
generators will form a caustic (§; — —o0) in a finite (affine) time. This comes in
contradiction with the assumption that the (smooth) event horizon is ruled via null
geodesics that by definition do not form a caustic. Hence the expansion scalar 0;
is everywhere positive on the event horizon. The surface area of an event horizon

always increases.

o Third law: There does not exist any physical process(es) that can reduce the surface gravity
of a black hole to zero within a finite advanced time.
This theorem requires that the stress energy tensor is bounded and the weak energy
condition is satisfied. Extremal black holes have by definition zero surface gravity.
This third law then states that no black hole can become extremal in a finite ad-
vanced time. This case of extremal black holes contradicts the Nernst formulation
of standard third law of thermodynamics. The Nernst formulation states that at
zero temperature, the entropy is constant and does not depend on the macroscopic
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1.2. Local definitions of temperature and entropy

variables of the system. Together with Planck’s postulate, this asserts that the en-
tropy at zero temperature is zero. The extremal black holes with zero surface gravity
still have finite surface area. The area of extremal black holes depends on the mass
and hence the entropy is non-zero for zero surface gravity. However, the third law
of black holes is not violated in the unattainability formulation, which states there
does not exit a finite number of thermodynamical processes that makes the system
go to absolute zero; absolute zero can only be reached asymptotically. The third law
of black hole mechanics was proved by Israel [16].

These four laws of black hole mechanics present an astonishing similarity with the well
known laws of thermodynamics. The laws of classical thermodynamics are a set of pre-
cise well defined constraint relations for a macroscopic system under thermal interac-
tions. The laws of thermodynamics as such do not probe into the microscopic details of
the system even though they strongly hint towards it. Similarly, the laws of black hole
mechanics probe into the global properties of a black hole spacetime and are a set of
precise relations for processes involving the black hole. As such they are of paramount
importance for a theory of quantum gravity. In fact, the Bekenstein-Hawking entropy for
a black hole provides one of the very few test beds for quantum gravity. We can have
an idea of the entropy and the number of microstates for a black hole by considering as
concrete example the case of Schwarzschild black hole in general relativity. For a one
solar mass black hole in this case, the entropy Spy = Ap kpc® /4hG at the event horizon
r, = 2GM/c? gives the numerical value of the order 10°4] /K. The number of microstates
N associated with this entropy is given by N’ = exp(Spy/k3) is of the order of exp(1077).
This is astronomical by any standards and hence the black hole is a highly entropic object.
The problem of quantum gravity is to identify the microscopic degrees of freedom that
account for the entropy of the black hole.

1.2 Local definitions of temperature and entropy

In the previous section, we saw that the laws of black hole thermodynamics allow us to
assign thermodynamic notions of entropy, temperature and energy to black hole event
horizons. Since any theory of gravity is built upon the principle of general covariance,
there exists the democracy of observers. We should also in principle consider the notion
of local horizons (Rindler horizons) that are purely due to the state of motion of observers.
In fact, the notion of the horizon as being a one-way membrane is observer-dependent. For
example, in the Schwarzschild spacetime, radially infalling observers (plunging into the
r < 2M) region do not perceive the event horizon. Hence, if we are to attribute ther-
modynamic interpretation to the dynamics of gravity with respect to (w.r.t.) a notion
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8 Chapter 1. Introducti

of a horizon, we should not prefer one set of observers over the other. The only re-
quirement is that the observer should perceive the horizon. Hence a static observer in
the Schwarzschild spacetime observing the dynamics of the event horizon should not
be considered more important than say any locally accelerating observing perceiving the
dynamics of his Rindler horizon. We should not be making distinctions over the notions
of horizons as being ‘absolute’ (say event horizons) or ‘observer-dependent’ (the Rindler
horizons) and treat all horizons on the same footing [17, 18]. Whatever interpretation an
observer can assign to the dynamics of the horizon, is only via the variables accessible to
him or her.

The teleological feature of event horizons also presents a conceptual difficulty. Such
horizons having a global definition, requires us to have the complete knowledge of the
spacetime in order to pin point the event horizon. As a result, it might be convenient to
work with local or quasi-local definitions of horizons. Given any point P of the spacetime,
we can have a local Rindler horizon corresponding to an accelerated Rindler observer. A
family of Rindler observers can have such a local causal horizon formed by the bound-
ary of the union of the past light cones constructed along their trajectories. Such a local
Rindler horizon can be generated by an (approximate) timelike boost Killing vector &
whose norm vanishes on the Rindler horizon. The Rindler horizon, as a result is a null
surface. So whatever notion of horizon we work with, say global or local, in essence the
horizon is one-way causal null surface that separates the region of spacetime into ‘inside’
and ‘outside’. Intuitively, this allows the notion of entropy to be assigned to the null
horizon.

In the previous section, we saw that the notion of (Hawking) temperature assigned
to a global event horizon was a consequence of the (Hawking) radiation flux from the
black hole. However, from the observation by Unruh [19], we know that given any point
P of the spacetime, an accelerated Rindler observer assigns a temperature called the Un-
ruh temperature to the local Rindler horizon. Even in the flat Minkowski spacetime, the
Rindler horizon provides a thermal bath at the Unruh temperature for the accelerated
observer. In fact, given any spacetime endowed with a horizon, a local patch of the null
surface may be approximated by a Rindler horizon. Such Rindler observers will assign
a local temperature to the horizon in a well defined way even if there exists no radiation
flux from the horizon. This can again be seen quite heuristically via the Euclidean form of
the Rindler metric. In fact, the near-horizon geometry of the static spherically symmetric
metric used in (1.10) is precisely that of the Rindler metric for the Minkowski spacetime.
Let us discuss the interpretation of temperature assigned to the Rindler horizon by accel-
erated observers. The Rindler metric in 1 + 1 dimensions is given by,

ds* = —p%dn? + dp? . (1.15)
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1.2. Local definitions of temperature and entropy

The local proper time for accelerated observers moving along constant p is given via
dtl . = p*dn®. Analytic continuation to the imaginary time via  — —ifl gives us the
Rindler metric in the Euclidean signature,

ds% = 0*d6* + dp?, (1.16)

with dt. = p?df?. Again since the Rindler metric is just the flat regular Minkowski
metric, in order to avoid the conical singularity at p = 0, the imaginary time 6 must
be periodic in 27t. This implies that 7, must also be periodic with a period of 27/ p.
Since t, is the proper time measured by an accelerated Rindler observer moving along
p = constant, such observer would measure the Rindler horizon to be at a temperature
of T = 1/(2mp). The constant acceleration of such an observer is given by a = 1/p.
This tells us that in the Minkowski spacetime, owing to the state of constant acceleration,
Rindler observers will measure the temperature of the Rindler horizon to be at the Unruh
temperature T = -.

The Unruh effect has its origins in the fact that the vacuum state for an inertial ob-
server is not the same as that for an accelerated Rindler observer. The positive frequency
modes (and hence the creation and annihilation operators) used by the Rindler observers
is quite different from the Minkowski observer; as a result of which they perceive differ-
ent vacua even though both of them are living in the same flat spacetime. The positive
frequency modes used by the accelerated observer is related to the positive and nega-
tive frequency modes of the inertial observer via the Bogoliubov transformations. The
Bogoliubov transformations mix both the creation and annihilation operators, resulting
that one observer’s vacuum will contain particles for the other. The concept of vacuum
is left invariant under Lorentz transformations, not under general coordinate transfor-
mations. In fact, using the simple case of a massless scalar field as a probe, it can be
shown that the expectation value of the particle number operator (for the Rindler frame)
on the Minkowski vacuum |0y;) gives exactly a Planckian thermal radiation spectrum
corresponding to the Unruh temperature T = a/27t. This means that for the Rindler ob-
server, the Minkowski vacuum is filled with particles (field excitations) and the Rindler
horizon provides a thermal bath at the Unruh temperature. There exists a strong inter-
connection between the Unruh and the Hawking effect. Taking the example of the static
spherically symmetric spacetime, we had showed that its near-horizon geometry is well
approximated by the Rindler spacetime. In fact, the proper acceleration of static observers
near the horizon increases as one approaches the horizon, effectively taking infinite ac-
celeration to stay static on the horizon. We could be of the viewpoint, that the radiation
measured by such a static observer near enough to the horizon is the Unruh radiation as
opposed to some black-hole radiation. Using the redshift factor on the Unruh radiation
for such near-horizon static observers to stationary observers at spatial infinity allows us

TH-3171_186121030



10 Chapter 1. Introducti

to recover the Hawking radiation and hence the Hawking temperature.

Having defined the notion of a local temperature assigned to any given event of the
spacetime by an accelerated observer who perceives the Rindler horizon, let us come to
the notion of an entropy that can defined locally. The Rindler horizon, as a null surface
is a Killing horizon. The global definition of an event horizon (1.2) does not presume any
symmetries of the spacetime. However, now we will consider the case of Killing horizons.
We will assume that the spacetime manifold (M, g) allows for a 1-parameter group of
isometries whose orbits form the timelike Killing vector field & such that £e8ap = 0. The
Killing horizon is a null surface HK) such that the Killing field & becomes null on HK).
Not all event horizons are Killing horizons. In fact, the strong rigidity theorem [6, 20, 21]
in d = 4 dimensions asserts that for a stationary spacetime, the event horizon is a Killing
horizon. For an (constant) accelerated observer in the (1 4+ 1) Minkowski spacetime, the
Rindler horizon is the plane x = |t|. The Rindler observer moving along the p = constant
trajectory (1.15) defines a timelike Killing vector field in the temporal direction. Such a
vector field & = xd; + tdy is the generator of Lorentz boosts in the (t — x) plane. This
vector field becomes null on the Rindler horizon x = |t|. Hence, we see that the Rindler
horizon is a Killing horizon.

We will now discuss the notion of entropy of a Killing horizon as that of the Noether
charge associated with such a horizon. For such a discussion, we will consider a general
class of gravity theories whose gravitational Lagrangians Lgrav(8%, R%, ;) depend on
the metric and the curvature tensor, but not on the covariant derivatives of the latter.

Specifically, we have,

16T Agray = /v d*x\/=gLgrav(8", R%ped) » (1.17)

where, V denotes the region of integration in the spacetime manifold. It can be shown
[22, 23] that the variation of this gravitational action yields the generic structure of the

form,

1671 6 Agrav = / d4x\/—g (Eabég“b + Va50”> , (1.18)
v

where V60" generates a surface term. The form of the symmetric tensor £, is given by,

aﬁgrav 1 1 1
fu =g, 2500 Loy =2V VB, 119)

bed

where P,;.; has been defined as

aﬁgrav

JdR”
bed ‘gub

pled = (1.20)
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1.2. Local definitions of temperature and entropy

P,pcq has all the algebraic symmetries of the curvature tensor. The boundary term is given
by,

6o’ = 2peoTY, +2( V) )ogh. (1.21)

Corresponding to the matter action, we have by definition,

1
6 Amater = — /V d*x\/—gTM g, (1.22)

where T(;)n )

p  denotes the energy-momentum tensor. Extremizing the gravitational and the

matter action w.r.t the inverse metric tensor, yields,

J (Agrav + Amatter)

o —0 — & =8nTy". (1.23)

Without imposing the field equations, one can arrive at a generalized Bianchi identity [22—
24] of the form,

V.V =0. (1.24)

This off-shell generalized Bianchi identity owes its origin to the general covariance of the
gravitational theory of the form (1.17). The fact that the gravitational action Agyay is in-
variant under infinitesimal diffeomorphism of the form x' — x’ + &(x) leads to an off-
shell conserved current (J.¢)’. Such a conserved current can be shown to have the form,

(Jott)' = 26581 + Lgrav & + 60" (1.25)

In the above, for now, we have & (x) being a general vector field and not the Killing field.
The boundary term (ngi is evaluated on (1.21) with the variations of the metric and the
Christoffel connection as,

5_’gab — _EEgElb — Vaérb + vbéa .

¢
8eT e = Ripoyal” = Vo V) &" . (1.26)

This off-shell current is conserved albeit the gravitational field equations and is crucially
dependent on the generalized Bianchi identity,

VilJoit) = 0. (1.27)
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Via further manipulations on the gravitational Lagrangian of the form (1.17), it can shown
[23], that the off-shell conserved current takes the specific form of

(Joit) =2V (Pi“bf n Pib“f) Vol — 4 (v]-vkpifkb) &y — 2PYICY 7, | (1.28)

Conservation of such a current implies the possibility of an anti-symmetric tensor field

(Jog)” from which it can be derived,

Jott)' = Vi(Jotr)" - (1.29)

Such a (non-unique) anti-symmetric tensor field for the Lagrangian Lgray ( g“b SR, d) takes
the form of,

(Jott)V = 2P0V 12, — 4(VaPif“b) & - (1.30)

The fact that we have a conserved current associated with the diffeomorphism invariance
of the gravitational Lagrangian leads us to define a conserved Noether charge Qnoether-
For the specific case, when the infinitesimal diffeomorphism of the form x* — x 4
&%(x) is generated by a Killing vector field &, the boundary term (5§vi vanishes exactly.
This is because both the metric and the Christoffel symbols are left invariant under the
infinitesimal diffeomorphism generated by the Killing vector field. Under such a specific

choice of the diffeomorphism, we have,

(Jot) kv = 2858 () + Larav - (1.31)

Consider a Killing horizon #(K) with respect to a Killing vector field & such that it coin-
cides with the non-affinely parametrized null generators I of HK) defined via,

K K

Z.i" and ¢ (1.32)

We can compute the Noether charge as the flux of the off-shell Noether current (1.28)
over a Cauchy hypersurface C, such that the closed boundary dC of the Cauchy slice is
d0C = J U Se,

ONoether = / dXg (Jois)" = §I§ dSap (Jot)™
- / 4Sp (Jogt)™ / 4S5 (Jott)™ - (1.33)

In the above, J, is a closed 2-dimensional spatial sub-manifold of the Killing horizon
H(K) and S is the boundary of the Cauchy slice at spatial infinity. dS,, is the directed
surface element on these 2-boundaries. Computation of the surface integral in (1.33) at the
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spatial infinity S, gives the numerical value of the ADM Hamiltonian when the Killing
vector field is appropriately chosen to correspond to time translation and rotations. Com-
putation of the Noether charge at the Hilling horizon gives,

(K) 1
Q%oether = Q’H(K) = E /j dSab(]off)ab . (1.34)

Let us now, as an example, consider the Einstein-Hilbert action. The off-shell anti-

symmetric Noether tensor for this gravitational theory is given by,

(o) = Ten (V & - V]fi)~ (1.35)

Computing the Noether charge on a Killing horizon for the Einstein-Hilbert case with the
directed 2-dimensional surface element [25] on J given by dS,, = d2®\/ﬁ(lakb — kalp)

turns out to be,
K) 1
Qlik "S5 [ dOValak — k) [ (V72" - ')
_ 2 V1 i
/jd@ 1 27r . (1.36)

In the above, we used the fact that k is the auxiliary null vector field on #(X) defined

z 7 MW #H(K)
via the conditions k - k o 0 and k172 _1. The surface gravity x of the Killing

(K) . 1K) .
horizon is given by &'V, CZ e l] Vi e kg "7 k. The induced metric on J is

given by g, Ho Sab + Lok + kol and @4 = (©2,03) are the intrinsic coordinates on 7.
Provided that the null dominant energy condition holds, the zeroth law states that the
surface gravity « is constant over H(K) in general relativity. In that case, we have for the
Einstein-Hilbert theory via (1.36),

K\ Ay
QE_[I_(IK) = - (E) Z = —T SBekenstein - (1.37)

where T = « /27 is the Hawking temperature and Sgekenstein = A4 (k) /4 is the Bekenstein-
Hawking entropy of the Killing horizon.

Motivated by this example, it is natural to suggest that the entropy of a Killing horizon
for the general class of gravitational theories given by Lgray ( g, R, d) is [26, 27],

27 2\ 1
SNoether = T Q’H(K) == (7) > /jdsab(]off)ab . (1.38)

This motivation was fortified by the works of Wald [28, 29] which considered a Killing
horizon with a bifurcation 2-surface B, on which the Killing vector vanishes. It was
shown, via the covariant phase space formalism [30-32], under linear perturbations, that

TH-3171_186121030



14 Chapter 1. Introducti

the following result holds [28, 29, 33],

0= %(5 [ A5 o))+ 30( [ Sy (Jo)") + / dsygtet. (139)

S/
(. J
~ -~

—(/27)0SNoether 5E_Q’H(K)5]

The above relation can be identified analogous to the first law of thermodynamics un-
der linear perturbations of the background stationary Killing horizon # (). The spatial
infinity Se, computations provide the “work done” terms 6E — ),k 6], where E and |
are the energy and angular momentum respectively. If the relation (1.39) is indeed to be
interpreted as a thermodynamic identity, then the entropy of the Killing horizon must
necessarily be of the form (1.38). That is, for any diffeomorphism invariant gravity the-
ory, the black hole entropy is related to the Noether charge associated with the isometry
of the Killing field z‘ that generates the horizon. For the case of Lovelock gravity [33], the
Noether entropy evaluated on a stationary event horizon turns out to be the Wald entropy
given as,

Swald = —27T /B d*@./qepea P, (1.40)

where B is the bifurcation 2-surface and €, is the bi-normal to it. It has been shown [34]
that provided that B is a regular surface, the computation of the Wald entropy remains
unaffected if computed on an arbitrary spatial cross-section J of the stationary event
horizon.

This analysis shows that entropy can be assigned to a Rindler horizon which is a
Killing horizon via the Noether prescription. Since a Rindler horizon can be constructed
at any point in the spacetime, there exists observers in the spacetime who can attribute
both temperature T, entropy density s and hence heat density Ts associated with each
event P of a given spacetime. Spacetime is hence ‘hot’.

1.3 Local versions of thermodynamic laws and the emer-

gent paradigm

Since, locally both temperature and entropy can be assigned to a given event in the space-
time, we could expect for local thermodynamic laws to be valid. In essence the notion of
Clausius type thermodynamical identities that can be expressed in the form 6Q = T4S can
be established locally. Such an identity can be thought to be a re-expression of the first
law. In essence such a Clausius type identity can again be interpreted as an energy con-
servation or entropy balance equation. Let us try to motivate this locally for any given
event in a spacetime. The same idea can be applied to global event horizons. We saw
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that the local observers on account of their acceleration perceive a Rindler horizon. When
some amount of matter crosses across the Rindler horizon, all the information pertaining
to the matter is lost for the Rindler observer. Hence for such an observer, the entropy
corresponding to the matter is lost. The phenomenon of matter flow crossing the Rindler
horizon constitutes a heat flux Q crossing across the horizon. In order to compensate for
the entropy loss, the Rindler observer has to assign an entropy increase 6S = 0Q/T to
the horizon, where T is the Unruh temperature of the Rindler horizon, thus implying an
entropy balance equation. It can also be interpreted via §Q = TéS as a energy conserva-
tion equation that is valid locally for any given point of the spacetime, thus quantifying
a version of the first law. This form of the energy conservation or entropy balance can
be applied to any event P of the spacetime for any diffeomorphism invariant theory of
gravity. The reason behind this is the structure of the off-shell Noether current (1.31) for
an (approximate) Killing vector field Z generating the Killing (Rindler) horizon. We will
provide a much more rigorous justification of such a local version of the Clausius identity
in the next section when we discuss the physical process first law in the next section.

In fact, the deep connection between the gravitational field equations and such ver-
sions of Clausius or thermodynamical relations established locally at any given point P
of the spacetime gave rise to idea that perhaps the dynamics of gravity is emergent. This
idea has been supported by the following observations :

¢ It was shown by Jacobson [35], that the Einstein field equations can be ‘derived’
from a local equilibrium constitutive relation 6Q = TS called the Clausius iden-
tity applied to local causal horizon (null surface) constructed at any event of the
spacetime.

* It was shown by Padmanabhan [36], that the Einstein field equations under a certain
physical process, when projected onto a generic null surface, takes the form of a
thermodynamic identity analogous to the first law of thermodynamics.

We see that null surfaces are quite universal in such analysis. Null surfaces in a spacetime
can act as a horizon to special class of observers. These observers can attribute both
notions of temperature and entropy density to these null surfaces locally. Thus each point
in the spacetime can be assigned an observer-dependent heat density Ts. The fact that
spacetime is hot, means that it has a micro-structure or that there are atoms of spacetime.
Aside from these thermodynamical implications of the gravitational field equations
another conclusive evidence came from the work of Damour [37]. It was shown that there
exists a correspondence between the field equations of general relativity when projected
onto a generic null hypersurface and equations of fluid-dynamics. The horizon dynamics
has an interpretation of that of a viscous fluid membrane. It has also been shown that the
Navier-Stokes fluid equations can be derived from an action principle [38]. When such
an action is extremized with respect to null vectors in the spacetime, the field equations
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are precisely the Navier-Stokes equations. These results point to the deep interplay of
gravitational field equations with the laws of thermodynamics and fluid flow and hence
point to the notion of gravity being emergent. These evidences point towards the emer-
gent paradigm of gravity which propounds the view that the statistical mechanics of the
atoms of spacetime gives rise to the gravitational field equations [39, 40]. A few other
observations also hint towards the emergence of the gravitational field equations. It has
been shown [41, 42] that when gravitational and matter heat density constructed for ev-
ery null surface in the spacetime is maximized, then it leads to the relevant gravitational
field equations. So the field equations of gravity can also be derived from a thermody-
namic variational principle. Such a thermodynamic extremum principle can be related to
the zero point length of spacetime arising at the Planck scales [43, 44]. This then identi-
ties the characteristics of the underlying microscopic theory, such that coarse-graining of
these degrees of freedom lead to the gravitational field equations in the long wavelength
limit. The emergent paradigm of gravity provides direct thermodynamical interpretation
to quantities built out of the metric and the Christoffel connection in terms of tempera-
ture and entropy [45, 46]. The Noether current and hence the charge associated to the
diffeomorphism invariance of the gravitational action under a time evolution vector field
can also be provided a thermodynamic connotation [46]. In fact, all these vivid ther-
modynamical connections are not just only for Einstein gravity, but can be extended to
Lanczos-Lovelock theories of gravity where the horizon entropy is not proportional to the
surface area as opposed to general relativity. This suggests that the emergent paradigm
transcends general relativity and is hinting to something deeper within the structures of
gravity and the nature of spacetime. Obviously, the notion of emergence that we speak
of here is that of the field equations and not of the emergence of manifold structure of the
spacetime [47].

In the next sections, we will elaborate about the physical process first law and Jacob-
son’s analysis of deriving the Einstein field equations from the Clausius identity. We will
also discuss briefly Padmanabhan’s approach of interpreting the Einstein field equations
as a thermodynamic identity as well as Damour’s work of relating the Einstein field equa-
tions to fluid behavior.

1.4 The physical process first law of black hole mechanics

We could ask the question as to whether such Clausius type thermodynamic identity
of the form TéS = 6Q exists for local definitions of horizons say the Rindler horizons.
This would be in accordance with the democracy of the observers who on account of
their motion perceive a local causal horizon. This is where the physical process first law
(PPFL) comes into play. The PPFL does not require the spacetime to be asymptotically
flat and hence applies to a wide class of horizons. The PPFL is local and hence can be
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Cross-section of future stationary horizon : Ay = Ay

Matter flux
perturbing the horizon

Time

Background
stationary horizon

Past bifurcation surface : Ay =0

FIGURE 1.1: The unperturbed evolution of the stationary background Killing
horizon is shown by the green curve. The evolution of the dynamical horizon
under the perturbation is shown by the black curve.

applied to local Rindler horizons constructed at any event in the spacetime [48-50]. The
basic requirement for the PPFL is that there exists a Killing horizon H(K) generated by a
timelike Killing vector field (whose norm vanishes on H(K)) and that the spacetime can
be extended to the past such that the Killing horizon possesses a regular bifurcation 2-
surface. For the PPFL, unlike the equilibrium case, we truly consider a dynamical scenario
in which the background stationary Killing horizon is perturbed by a matter flux crossing
across HX). The PPFL then relates the entropy variation for the dynamical horizon to the
matter flux.

In the construction of the PPFL, the null generators I of #(X) will be affinely parametrized
with the affine parameter value 7_\(1)- The Killing field &, which is null on the horizon is
non-affinely parametrized with the Killing parameter v. As a result, we have,

dx!

e A Y g, (1.41)

with x being the surface gravity of the Killing horizon. In general, for such a choice of

parametrization, it can be shown that,
K
& 7E KA. (1.42)

The bifurcation 2-surface of the Killing horizon is assumed to be located at A(;; = 0.

Given a spatial 2-dimensional cross-section defined via )1(1) = constant on the future
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Killing horizon ()_\(l) > 0), there exists two orthogonal null directions I and k to it. The
auxiliary null vector field k is as usual defined via k- k = 0 and k - I = —1. The induced
metric on a transverse 2-dimensional cross-section Jy, () is given via g, = gap + laky +
kalp. The expansion scalar and the shear corresponding to the null generators I are given
via 6; and (N, Similarly, the expansion scalar and the shear tensor corresponding to
the auxiliary field k are given by 6 and (k)¢ . The null Raychaudhuri equation (NRE)
corresponding to the affinely parametrized null geodesics I is given by,

A0 Ly

L g2 _ (D (D
dAg 2! &

TR0 (1.43)

Let us now study the dynamics of the gravitational field equations under the per-
turbation of the stationary Killing horizon H(K) via the influx of the matter energy mo-
mentum tensor across 7 (K). The strength of the perturbation is given by a parameter
€. As an assumption, it can be demanded that on the bifurcation surface B of the back-
ground stationary Killing horizon, the expansions and the shears of both I and k vanish
[51]. This can be demanded since the horizon H(K) at the bifurcation 2-surface starts out
as a stationary background configuration before the perturbation kicks in. The expan-

(K)

sion 6; and the shear (Do, on the future dynamical event horizon H (f) is of the order

O(e). The expansion 0y and the shear (k)crﬂb are zeroth order on the future dynamical
horizon ’HE?) and hence of order O(e) on the bifurcation surface of the dynamical hori-
zon. We would be considering a general covariant diffeomorphism invariant theory of
gravity under this dynamical perturbation process by the matter flux. Obviously, the
Bekenstein-Hawking entropy density for the horizon will not work since we are consid-
ering theories beyond general relativity. Moreover, since the process is dynamical, and
the horizon under the perturbation is non-stationary, the Wald entropy density turns out
to be ambiguous. Whatever be the case, the horizon entropy for such a dynamical horizon

can be expressed in the form,

1
denamical = Z /j dZ@\/ﬁ(l +P) ’ (1.44)

2(K)

where ,/gp is some locally constructed entropy density involving higher curvature contri-
butions. In the limit when the dynamical horizon goes over to the stationary background
Killing horizon, (1.44) should give us the Wald entropy. Setting p = 0 under station-
arity implies neglecting the higher curvature contributions and we get the Bekenstein-
Hawking entropy. For such a choice of general diffeomorphism invariant theory of grav-
ity, the field equations take the form of G,, + H,, = SHTCEL" ), where H,, involves higher
curvature contributions and is a measure of the deviation from general relativity.
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1.4. The physical process first law of black hole mechanics

Under the process of perturbation, let us compute the change in the entropy by in-
tegrating from the transverse cross-section Ji(,() situated at the affine parameter value

Ay = A1 to ‘77%1(10 situated at () = Aa.

5S ! /AZ iR g2 (/ #0,/5(1+p)) L /AZ dx / 20,/57

dynamical — FEu ==

ynamica 4 )\1 (l) d}\(l) jH(K) 4 Al (l) jH(K) (l)
(1.45)

where {(;) has been defined as {;) = 60;(1+ p) +dp/dA(;). In the above, we have used

the relation for the expansion scalar for the affinely parametrized null generators as 0;

V/q- We integrate by parts the relation (1.45) to get,

fdA
1 2
5denamical = Z(/ d ®\/—A >|
T5(K)
1 [ _ Al
— dAlAl/ *0./9(60,0 ) + —=—=) . (1.46)
i), Yot va(edo d/\(l)>

Upon using the NRE for the affinely parametrized null geodesic generators i.e. (1.43) in

(1.46), we obtain for the variation of the entropy of the horizon as,

1
5Sd}’namical = 4 ( /j dZG)\/—A g(l )|
#(K)

1 07 dp 2
R d@ 20— — (1+p) P
1), Mo z)/ \f[( Py + esz(l) (1+p) Yo
d%p
. ~ ajb %
(1+P)Rall" + =5 ] (1.47)

Next, upon using the field equations for the given diffeomorphism invariant theory of

gravity, we obtain,

1 s =\
0S dynamical = Z<[7 ( )dz@\/ﬁ}\(z) C(z)) w2 d/\(z z)/ d 0,7 Ty 11"
(K 1

1M 07 2

+1/ d%))‘m/ PO (— (1+p)F+(1+p) (’)U)
M VS

1/A2 T3 / 2 dzﬁ dp o apb b

— = dA A Q) + 26 — PRp1"1” + Hypl®17 | .

(1.48)

The above expression for the variation of the entropy under the evolution of the horizon

from the cross-section Ay = Ay to Ay = Az is quite general and has not taken into
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account any order of perturbation under the dynamical evolution of the horizon. We will
do that now. We see that on the future horizon, 67 and (Dg” are of the order O(€?) in the
strength of the perturbation. Hence to the first order, the change in the entropy associated
with the evolution of the horizon, under the perturbation is given as,

1 A2

(1) _ 307\ A
5denam1cal o 41 < /j dz@\/ﬁ)\(l) ZU)) Af +27
1K)

I 2 b
d)‘(z)/\(z)/j d20.,/4 T, 1"l

M 2(K)

+ 26, ddp pRablﬂlMHabl”zb} .

— = d)ll)ll/ 4’0,/q
4 (/A1) 7 0 [dAz Ao

0
(1.49)

It can easily be verified that for Einstein gravity, the second line in the first order variation
of the entropy (1.49) vanishes identically by setting p and H,;, to zero. Moreover, it can
be shown [51] that for Einstein gravity with f(R) corrections, the second line in the R.H.S
of (1.49) again vanishes exactly for the choice of g = af’(R). Taking cue from this, it is
postulated that for any diffeomorphism invariant theory of gravity,

A2

o dp
v / d2®\/—[d/\2 + 2025 — PRI + Hyl'l!| = O(%), (1.50)
M VS

0 A

in the order of perturbation. Hence, the first order variation of the entropy of the horizon
under the perturbation can be shown to be,

1 3 > A
58 amical = Z< /j 0 /i ) g(l)) v | d/\(l 0 / d @/q T

#(K) 1

(1.51)

The first term in the R.H.S of Eq (1.51) is a surface term. At this point we make a further
assumption. Remember that we had already assumed for the existence of a regular bifur-
cation 2-surface for the Killing horizon stationed at A(;) = 0 which corresponds to infinite
past of the (non-affine) Killing parameter v since /_\(l) = %exp [kv]. The final assumption
that we make is that the horizon is stable under perturbations. That is, we must wait long
enough to the asymptotic future so that after the perturbation has acted out, the horizon
finally settles to an equilibrium state where its expansion and shear vanish. This assump-
tion has been motivated by the cosmic censorship conjecture [52, 53]. While considering
the first order variation of the entropy for the dynamical horizon, we have neglected con-
tributions which were of the second order in the strength of perturbation. This means
that we are essentially considering small perturbations in the future horizon HEE)) that
do not diverge under the evolution and remain small throughout. This ensures that the
Killing horizon remains a smooth structure throughout its evolution and there does not
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1.4. The physical process first law of black hole mechanics

form any caustics. This assumption remains parallel with a conventional thermodynamic
system where if we wait long enough, with all the dissipation having acted out, the sys-
tem finally reaches thermal equilibrium. Under this assumption, the first boundary terms
drop out since the integral is then evaluated at A(;) = A1 = 0 bifurcation slice 5 and final
asymptotic stationary slice A(;) = A, — Ay. So finally we have,

58 smamen =27 [ i A 20,7 T 1 1.52
dynamical = 47T (H7™MD) 7 \/ﬁ ab . (1.52)

Apy=0 2(K)

The directed surface element [25] on the Killing horizon is d¥, = —d/_\(l)ludz(*)\/ﬁ. We

Y1 .
use the relation ¢ e kAl for the background Killing horizon H(K). Since, we have

assumed that #(X) for stationary spacetime possesses a bifurcation 2-surface, the zeroth
law holds and x remains constant over the background Killing horizon. So finally, this
yields,

K _ (m) b
E(ssd}’namical - _/H(K) dZaTab é : (1.53)

The above equation (1.53) defines the PPFL. If matter accretes into the Killing horizon,
resulting in a truly dynamical process, then the PPFL relates the flux of the energy-
momentum tensor across the dynamical horizon to its entropy change. The temperature
associated with this process is the Hawking temperature of the background Killing hori-
zon T = x/2m. If the matter fields satisfy the null energy condition (Ta(g1 )l“lb > 0), then
(1.52) verifies that the entropy change under the process is positive. If we identify the

matter flux as some heat exchanged 5Q across the horizon, we then have under the PPFL,

a kind of local Clausius identity interpretation,
T4S gynamical = 0Q (1.54)
where we define
5QE—AMﬂYﬂ??. (1.55)

Getting back to (1.51), we might not have thrown away the boundary terms. We can
still provide a local thermodynamic interpretation to the PPFL provided we interpret the
boundary terms as a change of energy J6E associated with the horizon membrane [54]. We

would then have,
Tésdynamical =0J0E+4Q. (1.56)

Finally, the PPFL is local and hence can be used by Rindler observers who can construct
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FIGURE 1.2: The Rindler horizon is x = |t|. The local causal horizon Hc
(x = —t) acts as a diathermic wall for Rindler observers.

at any given point P of the spacetime a Rindler (Killing) horizon provided with a bifur-
cation surface B. For such observers, the local Clausius identity of the form (1.54) holds
under matter flux across the horizon. This will provide us some motivation to consider
Jacobson’s procedure [35] of deriving the Einstein field equation from a local Clausius
identity applied to a given event in the spacetime.

1.5 “Deriving” Einstein field equations from a thermody-

namic identity: dla Jacobson

In this section we will follow through Jacobson’s analysis [35] of obtaining the Einstein
field equations from an equilibrium thermodynamic constitutive relationship valid for
a local causal horizon established on a given point in the spacetime. Let us discuss the
construction for Jacobson’s analysis. Given any event P in the spacetime manifold (M, g),
we can consider a local patch of spacelike 2-surface B which contains the point P. Given
this surface, one side of the boundary of the causal past of all points lying on B can define
a local causal horizon at P.

We can construct a local inertial frame (LIF) around the point P depending on the
curvature scale in the neighborhood of the point. If one selects a region with an intrinsic
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length scale [ such that | << R(P)~!/2, where R(P) is the radius of curvature of the
spacetime at the point P, then the metric in the neighborhood of P can be approximated
by the Minkowski metric. Using the Lorentz invariance of the spacetime in the region
of size I about P, we can construct a LIF for the local patch B. Using Riemann normal
coordinates {x'} in this patch, we set the point P to be x' = 0. Having constructed this LIF,
we could accelerate along a preferred spatial axis (say x-axis, implying a boost in the t — x
plane) with an acceleration k. For such an accelerated observer, we can introduce the local
Rindler frame (LRF) by the usual Rindler transformations. This in principle can always be
done in a region I << R(P)~'/2 which is satisfied provided x~! << R(P)~1/2. A large
enough value of the acceleration « satisfies such a condition. The LRF construction allows
for a family of uniformly accelerated observers who perceive the plane x = £t as the local
Rindler horizon. Now that we had previously designated one side of the boundary of the
causal past of the set of points lying in B as the local causal horizon, it implies that the past
Rindler horizon x = —t coincides with the local causal horizon Hc. Hence we see that in
Jacobson'’s construction the null generators I of the local causal horizon are past pointing.
Corresponding to translations in the Rindler time, we can have an (approximate) future
pointing boost Killing vector field g generating an (approximate) Killing horizon such
that the norm of  vanishes on the Killing horizon. We can consider the local causal
horizon H| ¢ to be a part of this (approximate) Killing horizon. The non-affine parameter
for z is v satisfying &V;v = 1. Since the null generators (in Jacobson’s construction) are
affinely parametrized (with the parameter value A;)), we have & = —1;yxl and ;) =
—% exp [—«xv]. The 2-surface B is situated at the value f\(l) = 0 which corresponds to
infinite Killing parameter v. The approximate Killing vector within its region of validity
satisfies,

Vil =0 and V,V& = Rymcl’ . (1.57)

We finally comment that the above construction of a local Rindler horizon at a given
spacetime event is independent of the gravitational field equations and only depends on
the principle of equivalence.

Generally, null surfaces in any given spacetime act as one-way membranes. In fact, lo-
cally any null surface can be approximated by a Rindler horizon generated by an Killing
vector field. Given any event P, let an accelerated observer consider an amount of mat-
ter flux across his Rindler horizon. Once the matter crosses over the Rindler horizon,
all information pertaining to it is lost for the observer. This would imply a decrease in
the total entropy for the outside accelerated observer who perceives the Rindler hori-
zon. This would then imply a violation of the sacrosanct second law of thermodynam-
ics. In order to rescue this principle, the outside observer must assign an entropy to the
Rindler horizon when the matter flux crosses across the horizon. Corresponding to the
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temperature T of the horizon (as perceived by the observer), if the matter flux is 6Q, then
0S = 0Q/ T should be the entropy increase for the Rindler horizon. Jacobson’s idea was to
“invert” such a local thermodynamical relationship established for causal horizons Hc
constructed at P to evolve out the Einstein field equations.

At this point, we will move away from Jacobson'’s original construction using local
causal horizons. Rather, we will consider a general integrable null surface H and a spe-
cial coordinate system called the Gaussian null coordinate (GNC) system adapted to it.
We do this because we will also consider Padmanabhan’s approach of interpreting the
gravitational field equations on a null surface as a thermodynamic identity [36]. Pad-
manabhan’s program was generalized to the case of an integrable null surface H in the
spacetime and specifically used the GNC system. Hence, in order to elucidate the struc-
tural similarities and distinctions between Jacobson’s and Padmanabhan’s analysis, we
will proceed with a general null surface H and the GNC providing a coordinate chart for
the spacetime in the neighborhood of H.

Let us begin briefly discussing about the GNC system. The details of it can be found
in [55-58]. In this coordinate system x? = (1,7, x2, x3), the generic integrable null surface
is defined by r = 0. The non-affine parameter along the null generators I of such a null
surface is the parameter u. The null-generators in such a construction is assumed to be
future pointing. The spatial transverse coordinates x* = (x2,x) of the null surface are
carried along the integral curves of . As a result, the null surface is parameterized by
(u, x%,x%). To move away from the null surface into the neighborhood of the spacetime,
we deploy the auxiliary null vector field k. In the GNC construction, the auxiliary null
vector is assumed to be tangent to affine geodesics with the affine parameter —r. The
spacetime line interval in the vicinity of the null surface is given by,

ds?> = —2radu?® + 2dudr — ZrﬁAdudxA + qAdeAde . (1.58)

The six independent functions «, B4 and g4p precisely account for the six independent
degrees of freedom in the metric defined up to the freedom of general coordinate trans-
formations. Let us list the components of the null generator and the auxiliary null vector

k= —% on the null surface atr = 0,
I'=(1,0,0,0); 1;=(0,1,0,0); Kk =(0,-1,0,0); k= (-1000). (159

The time development vector & = % in this coordinate system has the interpretation of
being the Killing vector field for the Schwarzschild and the Rindler metric when they are
written in the GNC form. Hence local Rindler observers who identify the null surface
locally as their Rindler horizon, assign the vector field & = % to be their local time di-
rection. The norm of the vector E is given by Z‘ : (T.f = Quu = —2ra. This shows that time
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development vector is timelike for r > 0 and spacelike for r < 0 provided « is chosen
positive. & goes to null on r = 0. Hence the null surface r = 0 partitions the spacetime
into an inner and outer region. The value of the affine parameter r on the null surface is
set to zero with the auxiliary null vector pointing towards the ‘ingoing” direction. Any
dynamics of the null surface will be studied by observers in the outside r > 0 region.

In order to evolve out the connection between the gravitational field equations and
thermodynamics we consider the vector field G%¢’. This vector field is quite important
since it is related to the off-shell Noether current (1.25) or the gravitational momentum
[59, 60]. It will turn out that two projection components of the vector field G% ¢’ on the
null surface viz G,1?1’ and G,;k%I” have been used by Jacobson and Padmanabhan re-
spectively in their analysis.

Let us begin with the projection component (on the null surface) used by Jacobson i.e.
the G,,1%1°. In the GNC coordinates, using (1.59), we find that,

Gapl?1Y = G®I,1, = R*I,1, = Ryl*1° = R,y = R . (1.60)

Using the GNC metric and the Christoffel connection components [57], it can be shown
that,

1
Ruy = R = Gpl"l" = G"laly = a9 (In\/7) — 05 (In \/q) — 0" “4°° (9uq 45) (dudcp) -
(1.61)

The second fundamental form ©,, = qaiqu Vil; [61] or the deformation rate tensor x,; =
quiqb] £59,; [61] of the null surface (for spacetimes equipped without torsion) is a completely

spatial tensor,

1
OAB = XAB = EauQAB , (1.62)

with all the rest of the components being zero. The trace of the second fundamental form

gives the expansion scalar 6; for the null generators I,

01 = q"Valy = 3,(In \/7) . (1.63)
Using the relations (1.62) and (1.63) in (1.61), we have,

Ryy = R = a; — 9,6, — OO 45 . (1.64)
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Since Ry, = R,,1%1%, (1.64) is nothing but the null Raychaudhuri equation written out in
the GNC, expressible as,

940, = ab; — ©48@ 45 — R, 11, (1.65)

which expresses the rate of change of the expansion scalar 8; along the null generators
I quantified by the term 9,6;. The term af; appears since we have chosen a non-affine
parameter u associated with the null generators. This can be seen from the fact that the
time development vector Zf (which becomes null on the H) satisfies,

lim &V,& 2 a(u,r = 0,x4)¢ . (1.66)
r—0
This shows that the non-affinity parameter associated with the (non-affinely) parameter-
ized null generators of H is «|,_o. Hence we can identity «|,_ to be the surface gravity of
the Killing horizon that becomes synonymous with a local patch of the null surface H.
However, in accordance with Jacobson’s analysis and the PPFL, we would like to have
the null generators of H being affinely parameterized and hence satisfying I/ lei = 0.
This puts a restriction on the choice of the function a. Specifically, we see that for affinely
parameterized null geodesics, the non-affinity parameter should go to zero on the r = 0
surface. Hence, we must have a(u,r = 0,x4) = 0. This can be implemented by the
4) = ry(u,x%) )

borhood of the null surface. Hence the GNC metric in the vicinity of the null surface

suitable choice a(u, r.x , where (1, x*) is a smooth function in the neigh-

under affine parameterization is,
ds? = —2r2'ydu2 + 2dudr — ZrﬁAdudxA + qAdeAde . (1.67)
Under this choice, the structure of the NRE given via (1.65) becomes,
0,0, = —O OB — R, 191" . (1.68)

Since, the null surface is integrable and the spacetime does not have torsion, the second
fundamental form ©  is completely spatial (orthogonal to both I and k) and symmetric.
This implies that the anti-symmetric vorticity tensor for the null surface is zero.

Here, we come to the first assumption by Jacobson. The null surface is assumed to be
in equilibrium. This states that the expansion 0; and the shear (I)Uub of the null surface is
zero. Let us interpret this. We are given an initial configuration of the null surface H on
which the expansion and the shear vanish. This null surface is then subjected to a matter
flux crossing it. This matter flux perturbs the null surface along its null generators. That is
to say the initial spacelike cross-section defined by (r = 0) and (# = 0) is now perturbed
to another spacelike cross-section defined by (r = 0) and (¢ = Ju) under the matter
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flux. However, as usual, we will assume that the perturbation is weak enough so that
there does not form any caustics and the regular integrable structure of the null surface
remains. Under this perturbation process, the initial expansion and shear of the horizon
cross-section vanish (assumption), however their derivatives (along the null generators)

do not. Under this assumption, we then have the following structure of the NRE,
9,0, = —R,1"1° . (1.69)

We can integrate the above equation forward with the initial condition that at u = 0, the
expansion scalar 0; vanishes. This gives us (within the small perturbation regime),

0, = —(Rypl®1®)u . (1.70)

The above solution ensures the analyticity in the expansion scalar avoiding the formation

of caustics. We remind that the null generators in the GNC construction is future pointing

and u hence increases towards the future. Let us then compute the variation A of the

cross-sectional area J of the null surface under the perturbation process. Using the fact
. .. 1

that the expansion scalar is given by 0; = 7678” V4, we have,

u=adou d u=adu
(SA:/ du—/ de\/z,:/ du/ d*x,/q 6,
u=0 du J u=0 J
u=aou
=— / du u / d*x\/q Rypl°1° (1.71)
u=0 J

We would now require the second assumption by Jacobson. It is assumed that the
variation of the entropy under the perturbation due to the matter flux across the null
surface is proportional to the area change,

u=ou
0S =ndA = —7 / du u / d*x\/q Rypl®1V . (1.72)
u=0 J

We will now choose observers in the vicinity of the null surface, who on account of their
motion will perceive a local patch of the null surface as their Rindler horizon. Such ob-
servers would be able to assign an acceleration temperature to the null surface. The ac-
celeration of the Rindler observer is inversely proportional to the proper distance from
the horizon. As such, we will consider highly accelerated observers such that they are
very close to the null surface, effectively going to the infinite acceleration limit on the null
surface. We will consider those observers moving along the field g’ defined by,

Xi - (1/[, -7, 0/ O) 7 (173)
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in the affinely parameterized GNC metric (1.67). The unit normalized four-velocity x' of
these observers is given by x' = N{'. We remind that the null geodesic generators of
in the GNC metric (1.67) is given by ‘Z—’i; = (1,0,0,0) with u being the affine parameter
and I'V;l/ = 0 w.r.t the metric (1.67). On the null surface, we have,

lim ¥ = u(1,0,0,0) = ul’. (1.74)
r—0
The acceleration of the observers moving along x' = N’ is N and hence the Unruh

temperature associated with such observers to the patch of the null surface is given by
T = N/2m. The physical process involved in this construction is that the matter flux
crossing across the horizon results in an entropy change of the null surface which is re-
lated to the area variation of H along its null generators. The heat energy 6Q (1.55) due
to matter flux associated with the energy momentum tensor Té;ﬂ ) is given by,

u=du
0 = — /H = Tyt = N / duy /j d2x qT I (1.75)

In the above, we have used the fact that the directed surface element on the null surface is
given by d¥, = —l,dud*x,/q and that on H, x* = Nul” (w.r.t the affinely parameterized
GNC metric).

The final assumption in Jacobson’s analysis is to equate the heat flux Q with TéS i.e.
the entropy variation of the null surface is precisely due to the matter flux,

u=déu u=ou
N/ du u/ dzx\/ﬁTa(lT)l‘llb = —En/ du u/ dzx\/ﬁ Rypl°1b . (1.76)
u=0 J 270" Ju=0 J
This gives us,
R, %1% = —%"T;Z”I“zb . (1.77)

which is precisely what Jacobson had obtained except for the minus sign. This could be
interpreted as follows. If the null energy condition on Tég;ﬂ ) is satisfied, then the L.H.S of
(1.76) is positive. However the entropy variation term on the R.H.S of (1.76) turns out to
be a negative quantity. We had seen while dealing with our analysis of the PPFL, that
if the matter flux into the horizon is positive, then the entropy variation associated with
the horizon is also positive. The issue arises due to a subtle difference in the construc-
tions of Jacobson and the GNC method. As mentioned in the beginning of this section,
the (affinely parameterized) null geodesic generators of the local causal horizon is past
pointing, whereas the (approximate) Killing vector field is future directed. However, in
the (affine) GNC construction, both the time development vector field and the null gen-

erators are future pointing. If we take this factor into account and consider past pointing
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null generators of H in the affinely parametrized GNC construction, then we have got to
change the directed surface element of H to dX; = ladudzx\/ﬁ. This then gives us for the
perturbation process,

u=ou N u=ou
N / du u / PxqTo I = ~y / du u / A2x, /G Ryl°1" . (1.78)
u=0 J 27 u=0 J

We finally have Jacobson’s result,

Rypl*1" = %”Ta(;”)lﬂzb . (1.79)
The above relation (1.79) implies,
27
Rap + P8ap = 7Ta(£n) ’ (1.80)

where ¥ is an undetermined integration constant. Upon using the local conservation of
the energy momentum tensor i.e. VbTéén ) = 0 and the Bianchi identity V,R?, = 1/2V,R,
we obtain by using the derivative operator V? on both sides of (1.80),

2 (%R + ¢) ~0. (1.81)

This gives us that ¢y = —1/2R + A, where A is an arbitrary integration constant. Thus we
obtain for the specific choice of 7 = 1/4, the Einstein field equation,

1
Rap = 58aR — Agay = 8T . (1.82)

In fact, Jacobson’s analysis has been extended to the non-equilibrium setting [62] to
obtain the field equations for general relativity or their higher order theories via a local
thermodynamic constitutive relation. For such an analysis, a clear distinction needs to be
made between the reversible and the irreversible parts of the entropy generation terms.
Specific cases for f(R) [63] and Einstein-Cartan gravity [64] have also been performed.
There have been attempts to generalize Jacobson’s procedure to higher curvature theories.
Attempts have been made for more general diffeomorphism-invariant theories [65-68].
One major issue has been the fact that since the planar Rindler horizon corresponding to
the (planar) boost vector ¢ = X0; + 1oy say, in the (t — x) plane has no closed spacelike
cross-sections, there exists extra boundary contributions to the variation of the entropy
(associated to the horizon under the heat flux) due to the edges of the planar section of
the Rindler horizon.

Recently, it has been shown [69], that both the Einstein field equations and the field
equations for general diffeomorphism-invariant theories of gravity could be derived in
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the spirit of Jacobson’s analysis by considering a stretched future light cone. The stretched
future light cone is a timelike codimension 1 surface generated by a radial boost vector
rather than a planar boost vector. This results in a spherical Rindler horizon associated
to these radially accelerating observers. As such, even in the Minkowski spacetime it-
self, these radial boosts do not represent true isometries. They naturally fail to satisfy
the Killing identities. The authors of [69] assume local holography for the stretched light
cones. For Einstein gravity, the entropy associated with these stretched future light cones
is the Bekenstein-Hawking entropy whereas for general diffeomorphism invariant theo-
ries of gravity, the entropy associated is the Wald entropy. The advantage of the spherical
Rindler horizon is that they possess closed spherical cross-sections. The authors of [69]
show that (in the computation for the variation in the entropy) most of the terms resulting
from the failure of the Killing identities integrate to zero on the sphere. The remaining
contribution precisely cancels out the change of the entropy that results from the natu-
ral expansion of the (approximate) spherical Rindler hyperboloid. What remains after all
such cancellations is what the authors in [69] call the reversible part of the entropy vari-
ation. Employing the Clausius identity and equating this reversible change (TAS;ev) to
the heat flux associated to the stress-energy tensor, the authors of [69] have been able
to obtain both the Einstein field equations as well as those for general diffeomorphism
invariant theories of gravity.

Before concluding this section, let us talk about an alternative to the perturbation pro-
cess. Instead of physically dropping matter across the horizon, one can think of a virtual
displacement of the horizon along its null generators. Such a virtual displacement will
engulf matter from the vicinity of the horizon thus decreasing the entropy (for outside
observers). However, such a virtual displacement should be infinitesimal since the infor-
mation and hence the entropy of the matter is not lost till it gets eaten up by the horizon.
This engulfing process should be of the matter infinitesimally close by the horizon. This
is because observers will not account for any loss of entropy till the moment the mat-
ter stays in the outside region of the horizon and is ‘observed” by the observers. Once
the matter infinitesimally close (to the horizon) gets engulfed by the horizon under the
virtual displacement process, the observer will account for a loss of entropy. Hence, in
order to preserve entropy balance, the observer must assign an entropy increase to the
horizon under this virtual displacement process. This interpretation will now allow us
to transition to Padmanabhan’s analysis of regarding the gravitational field equations as
a thermodynamic identity. Such interpretation would be brought about by a virtual dis-
placement of H; but along a different direction.
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1.6 Padmanabhan’s thermodynamic interpretation of grav-

itational field equations

The analysis by Padmanabhan [36] is in the opposite direction to that of Jacobson. For the
case of general relativity, it was shown by Padmanabhan that the Einstein field equations
have a thermodynamic interpretation when projected onto a null surface. Initially the
result was shown for the case of static and spherically symmetric [70-74] black hole event
horizons. For such symmetric cases of the horizon the T component of the stress
energy tensor has the interpretation of being the radial transverse pressure P across the
horizon [74, 75]. It was shown that a certain component of the Einstein field equations of
the form G, = 87TT(m)rr for a virtual displacement of the horizon in the radial direction
assumed a structure of the form T4,S = J,E + PJ, V. The variations in the quantities are
for an affine parameter A. Padmanabhan was later able to generalize this result (valid
for static and spherically symmetric spacetimes) to any arbitrary null surface in a given
spacetime without imposing any additional symmetries [36]. We will now analyze Pad-
manabhan’s general result again via the GNC system.

Considering the vector field G% ¥, Padmanabhan took the other projection component
G,pk?1? on the null surface. As mention in [36], this component is more suitable for the
thermodynamic interpretation since it represents the component of the vector field G%! b
along the null surface. Hence, inherently, G,,k"1” is a better suited projection component.
Using the Einstein field equations, we have on the null surface,

Gapkl? = G, = 8aTU kb = —8T™" = —g7T™" . (1.83)
It can be shown in [36] that the component G’, in the GNC system is,

G, =wadrIn /g — R+ﬁaa u\/q + ﬁAﬁ +— \/_

where 2R is the 2-dimensional Ricci scalar of the spacelike cross-section r = 0 and u =

04(vap") ., (1.84)

constant. Now using the fact that the expansion scalar corresponding to the auxiliary null
vector field is given by 6 = —d,In /g, we have,

1
\/ﬁ \/ﬁ

Using the above relation (1.85) in (1.84), we have,

0,0 = —ab) — %2R—919k+}1ﬁAﬁA+—\/_aA(\/_ﬁ ) — . (1.86)
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Since 9,6y quantifies the evolution rate of the expansion scalar (for k) along the null gen-
erators parameterized by u, the relation (1.86) is a special case of the cross-focusing equa-
tions [76] derived in the Gaussian null coordinates. In a later chapter, we will derive a
covariant version of this evolution equation and interpret it as the null Raychaudhuri
equation for the ingoing expansion scalar 6.

We will subject the null hypersurface to the process of virtual displacement along the
auxiliary null vector field k. This provides an infinitesimal displacement that perturbs
the cross-section of the horizon initially at = 0 to r = ér. Coupled with the Einstein field
equation, the relation (1.84) under this virtual displacement process takes the structure
of,

/ d*x Té,s = 6,E + For . (1.87)
J

Here, 4,5 is the variation of the Bekenstein-Hawking entropy density as the null hypersur-
tace is perturbed along k. The temperature associated to the null surfaceis T = a(u,r =
0,x%) /2. The variation of the energy under this process is 6,E. The work done under

)

Initially, the generic thermodynamic identity (1.87) was provided for spacetimes with a

the virtual displacement is Fdr, where F is the integral of T;;n k*I’ over the null surface.

high degree of symmetry [71, 73] which allowed the thermodynamic interpretation as,
T6,S = 6,E + Fér . (1.88)

The result (1.87) was also generalized to Lanczos-Lovelock theories of gravity [77-79]. We
not go further here into the details and interpretation of the results since we will revisit
this entire program in chapter 4. This is because, the GNC construction makes the ther-
modynamic interpretation dependent on a specific choice of coordinate system adapted
to the null surface. In chapter 4, we will provide a coordinate-independent generaliza-
tion of the thermodynamic interpretation of the gravitational field equations under the
virtual displacement. Our analysis will remove the requirement of some restrictions that
are inherent in the GNC construction. There, we will make the equivalence between our
coordinate-independent interpretation and the one achieved via the GNC construction.
Before we end this section, let us reiterate some structural differences between Ja-
cobson’s and Padmanabhan’s approach. For Jacobson, the matter flux perturbs the null
surface along the null generators or equivalently, the virtual displacement occurs along
1. The entropy variation occurs because the cross-sectional area changes along the null
generators. For this, the relevant projection component to use is G,,/?I” and hence the

(m)

matter flux component is Ta;n 171°. For Padmanabhan, the virtual displacement is along
k. The entropy change occurs due to the variation of the null surface along the transverse

field k. The relevant projection component to use is Gq»k?I”. However, it has been claimed
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1.7. Fluid interpretation of the field equations: 4 la Damour

[36] that the more natural projection component to use to bring the thermodynamic in-
terpretation is G,,k?I’. This is evident from from the approach of Padmanabhan, who
does not use any restriction of equilibrium condition on the null surface to bring about

the thermodynamic interpretation.

1.7 Fluid interpretation of the field equations: dla Damour

Let us finally come to the other spatial projection G% ga.I” (onto the closed cross-section 7)
of the vector field G”bc'jb on the null surface H. This component is related to the dynamics
of the Haji¢ek 1-form [61, 80] associated with the null surface when the gravitational field
equations are used. In fact, it was shown by Damour [37, 81] that when the Einstein field
equations are projected onto the black hole event horizon via the component G,,?g",, the
resulting dynamics look very similar to the Navier-Stokes equation. This result can be
generalized to any arbitrary null surface in the spacetime. The dynamics of the Hajicek
1-form when viewed through a suitable coordinate system adapted to the null surface,
gives rise to the Damour-Navier-Stokes equation. It was later shown by Padmanabhan
[82] that when the Damour-Navier-Stokes dynamics is viewed with respect an inertial
reference frame, it looks exactly like a Navier-Stokes fluid. This shows that for an outside
observer, a black hole horizon, or for that matter any null surface (whose local patch
can be approximated by a Rindler horizon) behaves like a viscous fluid membrane. This
forms the basis of the membrane paradigm [83] which establishes a connection between
black hole dynamics and non-relativistic mechanical fluids. The membrane paradigm
considers a stretched membrane with a fictitious fluid residing on it. The dynamics of
the black hole horizon perturbed by external fields mirrors the response of this fictitious
fluid under interaction with such fields. The viscous fluid then possesses a stress-tensor
that sources the gravitational field. For the event horizon in general relativity, the shear
viscosity for this membrane fluid is 7 = 1/167. Dividing it with the Bekenstein-Hawking
entropy density s = 1/4, we obtain a dimensionless number 7/s = 1/4m. To arrive at
this result in the membrane paradigm, only the knowledge of the dynamics of the horizon
and its associated thermodynamic quantities is sufficient. However, the same ratio was
also obtained under string theoretic considerations [84-86]. It was suggested that this
ratio, called the KSS bound is the universal lower bound for all materials.

We will not discuss further the fluid interpretation in this section. This is because we
will be devoted to this question largely in chapter 7, however for Einstein-Cartan gravity
[87]. For the case of general relativity the interested reader may look at [61, 80, 82].
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1.8 Objective and chapter-wise outline of the thesis

It is the objective of this thesis to explore further these connections between gravitational
dynamics and thermodynamics and fluid behavior. In fact, the thermodynamic identity
attested to the gravitational field equations in the works of Padmanabhan has been ex-
plicitly dependent on a choice of coordinate system adapted to the generic null surface
or for spacetimes with a high degree of symmetry. As a result of this, the thermody-
namic entities are coordinate dependent. We will try to attest a covariant thermodynamic
interpretation to the relevant gravitational field equations with respect to the generic inte-
grable null surface for any gravitational theory formulated on spacetimes equipped with
the unique Levi-Civita connection. If the emergent paradigm of gravity is indeed correct,
then it should transcend to theories beyond Einstein gravity. It is in this respect, that
we also consider Einstein-Cartan (EC) gravity [87, 88] and study in detail whether the
relevant gravitational field equations lend themselves a thermodynamic and fluid inter-
pretation.

The entire thesis consists of two parts excluding introduction and conclusion. The
first chapter introduces and motivates some well known results of black hole physics.
We also briefly discussed the physical interpretations brought to the gravitational field
equations in the context of Einstein gravity following the works of Jacobson, Padman-
abhan and Damour. We wrap off this chapter by briefly introducing the reader to the
emergent paradigm of gravity. We then head over to part I of this thesis which includes
two chapters. Part I of the thesis is devoted in its entirety to a detailed study and explo-
ration of the geometry, both intrinsic and extrinsic, of a generic integrable null surface
in the Riemann-Cartan (RC) spacetime. The RC spacetime is a Lorentzian manifold pro-
vided with a metric-compatible connection that is independent of the metric and hence
supports non-trivial torsion in it. We develop in depth various geometric/kinematical
quantities associated with the null surface in the spacetimes with torsion as these were
absent in the literature . We also study the relevant evolution laws of these kinematical
quantities since they would be indispensable in our goal of attesting the gravitational
tield equations the required thermodynamic and fluid interpretation. As a result part I
forms the geometrical background of this thesis, that introduces the relevant geometrical
and mathematical tools. Part II of the thesis is where we put in the physics. This part
deals completely in analyzing the relevant evolution equations with respect to the cho-
sen gravity theory. In part II, chapter 4 deals with attesting a covariant thermodynamic
interpretation to the gravitational field equations for any gravity theory formulated on
spacetimes provided with the Levi-Civita connection. Chapter 5 is devoted to elucidating
the physical (in)equivalences between the Einstein and Jordan frame for scalar tensor (ST)
theory of gravity on the basis of this covariant thermodynamic interpretation. Chapters 6
and 7 are devoted completely to establishing the thermodynamic and fluid interpretation
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to the field equations of Einstein-Cartan gravity. We present a brief conclusion and future
directions for our findings in chapter 8.

The contents of this thesis is based on the works [89-92]. We summarize the contents
of the following chapters for the convenience of the reader.

Chapter 2:

Following the objective of this thesis, we begin with its central tool: a generic inte-
grable null hypersurface H. Since we aim to explore the thermodynamic and fluid inter-
pretations of the gravitational field equations to theories beyond general relativity, with
a specific eye to Einstein-Cartan gravity, we begin with the in-depth construction of a
null hypersurface in the Riemann-Cartan spacetime. The RC spacetime forms the geo-
metric backdrop for the EC gravity theory, where the metric and the connection (metric-
compatible) are treated as independent geometric entities. We begin this chapter with a
brief introduction to the geometrical properties of the RC spacetime with non-trivial tor-
sion present in it. We then describe in detail the geometric construction of an integrable
null hypersurface in the RC spacetime. Hypersurface orthogonality leads us to the fact
that the null generators forming the null surface in the RC spacetime are null geodesics;
yet they are not auto-parallel. To specify the null surface, we describe in detail both its
intrinsic and extrinsic geometry. Following a 1 + 3 decomposition of the null surface, we
allow for the construction of a unique transverse auxiliary null vector field. This allows
us to define a unique projection tensor or induced metric (which encodes the intrinsic
geometry) onto a spacelike submanifold of our null surface. For the extrinsic geometry,
we describe in detail, the construction of the Weingarten map (the shape operator) and
the second fundamental form restricted to the null surface. Viewing the null surface as
an embedded submanifold in the ambient RC spacetime, we then describe various kine-
matical quantities associated with H. Among them, we describe in detail, the extended
Weingarten map and the extended second fundamental form. We follow this up with the
description of the rotation and the Hajicek 1-forms. We also describe in detail notions
of the deformation rate tensor, the transversal deformation rate tensor and the projected
deviation tensor. These kinematical quantities form a part of the geometric data on the in-
tegrable surface and quantity its extrinsic geometry. We will be interested in the evolution
dynamics of these geometric data for our purposes of providing physical interpretation
to the gravitational field equations.

Chapter 3:

In this chapter, we focus exclusively on the dynamical evolution of some of the kine-
matical quantities introduced in the previous chapter. We will consider the evolution

dynamics along the null generators of our integrable null surface. This is because, in
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the geometrical construction of H, the null generators are related to the time evolution
vector field. We begin with the evolution of the outgoing expansion scalar correspond-
ing to the null generators of H in the RC spacetime. In this general analysis, we end up
with the generalization of the null Raychaudhuri equation corresponding to the outgo-
ing expansion scalar in the RC spacetime. Next, we analyze the evolution dynamics of
the ingoing expansion scalar corresponding to the transverse auxiliary null vector field.
However, such an analysis has been done under the geodesic constraint. The geodesic con-
straint forces the null generators to be both geodesics as well as auto-parallel null curves
in the RC spacetime. We call the resulting dynamics as the NRE corresponding to the
ingoing expansion scalar. Finally, we look at the evolution (along the null generators)
of the Hajicek 1-form. This analysis yields for us the generalization to the Hajicek equa-
tion for the null surface in the RC spacetime. The evolution equations so obtained are
completely geometric in structure, in the sense that the gravitational field equations have
not been used. It is only when we encode the dynamics of the relevant theory of gravity
into these evolution equations can we interpret them of having thermodynamic and fluid
interpretation. This will be the objective in the later chapters. The resulting evolution
equations corresponding to the above three cases for spacetimes equipped with the usual
Levi-Civita connection have also been studied by setting the torsion tensor to zero.

Chapter 4:

Having laid out the evolution equations of relevant kinematical quantities (of H) we
focus exclusively in this chapter, on spacetimes provided with the unique Levi-Civita
connection and hence gravity theories constructed in such spacetimes thereof. We begin
with the NRE corresponding to the ingoing expansion scalar. Such an evolution equation
was a crucial input by Jacobson, when he “derived” the Einstein field equations from
the equilibrium Clausius identity applied to local Rindler horizons. Here, we interpret
the gravitational dynamics corresponding to the NRE under a certain virtual displacement
process. The virtual displacement in this case perturbs the null surface along the null gen-
erators. This allows us to interpret the gravitational dynamics corresponding to the NRE
of the outgoing expansion scalar as a thermodynamic identity in a covariant fashion. It is
noticed that in the special case of a stationary hole hole system, the expression of the en-
ergy is related to the well known Komar energy. We also see from this analysis that the in-
tegrated form of the resulting thermodynamic identity leads to a generalized form of the
Smarr formula. Next, we analyze the gravitational dynamics corresponding to the NRE
of the ingoing expansion scalar defined with respect to the auxiliary null vector field. The
dynamics has been studied under the process of a virtual displacement which perturbs
the integrable null surface along the auxiliary null vector field. This yields a covariant
interpretation of the resulting gravitational dynamics. Contrary to earlier approaches, all
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the relevant thermodynamic quantities turn out to covariant and foliation-independent.
As such the results of our analysis can be implemented on any coordinate system adapted
to the null surface. Moreover, our thermodynamic analysis is independent of the gravita-
tional theory in the sense that only requirement is that the gravitational theory needs to
described on a spacetime equipped with the Levi-Civita connection. The equivalence of
our covariant thermodynamic interpretation with previous coordinate dependent ther-
modynamic interpretation to the resulting gravitational dynamics in the specific case of
Einstein gravity has also been established.

Chapter 5:

The issue of physical equivalences or in-equivalences between the Einstein and Jordan
frame in the scalar-tensor theory of gravity has been a long standing issue as of such. In
this chapter, we have tried to throw some light on this issue by studying the thermody-
namic interpretation of the gravitational field equations via the NRE (corresponding to
the ingoing expansion scalar) in both the respective frames under the physical process of
virtual displacement. We show that field equations of gravity acquire a form quite iden-
tical in structure to the first law of thermodynamics when projected (in a certain way)
on a generic null surface constructed in the scalar tensor theory. We then show, explic-
itly the equivalences of thermodynamic quantities like temperature, entropy, energy and
work done in the Einstein and Jordan frame. This is consistent with previous findings of
a Killing horizon. The entire analysis is based on a covariant geometrical construction of
the general null hypersurface. We also provide a concrete proof of the zeroth law in the
scalar-tensor theory for the null surface generated by a Killing vector field.

Chapter 6:

If this emergent paradigm of gravity is indeed correct, then it should hopefully tran-
scend to theories beyond Einstein gravity. It is in this respect that we consider the case
of Einstein-Cartan gravity. In this chapter we again investigate whether the gravitational
field equations in EC theory lend themselves a thermodynamic interpretation. We hence
begin this chapter with a brief review of the gravitational field equations for the EC theory.
Considering a general integrable null surface in the RC spacetime, we use the evolution
dynamics of the ingoing expansion scalar corresponding to the auxiliary null vector field
under the geodesic constraint. We then consider the physical process of virtual displace-
ment that perturbs the null surface along the auxiliary null field. Employing the EC grav-
ity field equations to the resulting dynamical evolution law (for the ingoing expansion
scalar) allows us to interpret it in a form analogous to the first law of thermodynamics.
As opposed to the Einstein gravity case, we observe here that the variation of the en-
tropy density under the virtual displacement process has a non-zero contribution due to
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non-trivial torsion current flowing along the null generators. We also see that the energy
and work function terms are suitably modified by the inclusion of torsion in the gravity
theory. We also consider the case when the torsion tensor is completely antisymmetric
under which the geodesic constraint is trivially satisfied. We also discuss the notion of
equilibrium for the null surface under this virtual displacement process for the EC gravity

case.

Chapter 7:

In this chapter, we concern ourselves with providing a fluid-dynamic interpretation to
the Einstein-Cartan gravitational field equations. To this effect, we consider the evolution
dynamics of the Hajicek 1-form of an integrable null surface in the EC theory. Employing
the relevant field equations and the geodesic constraint, we propose a possible fluid inter-
pretation of this evolution equation by connecting it to the Cosserat generalization of the
the Navier-Stokes fluid. This has been done by analyzing the dynamics of the Hajicek
1-form in a set of coordinates adapted to the null surface and then going to a local iner-
tial frame. This shows that the horizon or the null surface also in the case of EC theory
behaves as a viscous membrane whose dynamics are synonymous to that a null Cosserat
fluid. An analogous viewpoint can also be built under the motive that the usual material
derivative for fluids should be replaced by the Lie derivative. Finally, we also derive the
tidal force equation for the null surface dynamics in the Einstein-Cartan theory.

Chapter 8:

We dedicate this final chapter of our thesis for the possible extensions of the results
discussed in the thesis as well as a list of new problems that could be explored in the
future. We have also highlighted several important conclusions related to our work.
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Chapter 2

A generic null hypersurface: Geometry

and kinematics

2.1 Introduction and motivation

We saw that the notion of inescapability requires the notion of a boundary. A boundary
obviously is a one-way membrane. Spacelike and null surfaces are one-way membranes.
It turns out that the black-hole boundary, also called the event horizon is a codimension
one null surface [2, 93-95]. Hence in order to answer questions about black holes the
study of null surfaces becomes essential.

Null surfaces are ubiquitous in the study of general relativity. They arise not just only
for global event horizons, but also quasi-local definitions of horizons [96-102]. They are
essential ingredients in the study of causality and the singularity theorems [3, 103-110].
Null surfaces hold a very special status in the arena of spacetime both in terms of its rich
mathematical and physical interpretations. The gravitational field equations have distin-
guished meanings on the null surface. In essence, both the constraint and the evolution
set of field equations on the null surface give rise to very important physical interpreta-
tions. The study of null surfaces is essential in the context of black hole thermodynamics
as well as providing thermodynamic status to the gravitational field equations [4-8, 11,
14, 28, 35, 36, 41, 45, 46, 59, 71, 72, 111-124]. The thermodynamic description of grav-
ity is not just limited to the special case of event horizons, but rather for any arbitrary
null hypersurface in the spacetime. Thermodynamics essentially points to the statisti-
cal mechanics of “microstates” residing on the null surface. Hence for possible routes to
quantization of gravity, null surfaces become important.

A partial aim of the thesis is to provide a self-contained description of the geometry of
a general integrable null surface in the Riemann-Cartan spacetime. The complete geomet-
rical description of null surfaces in the Riemannian spacetime (M, g, V) provided with
the Levi-Civita connection V has already been presented in detail [61, 125]. The RC space-
time is a particular example of non-Riemannian spacetime. The use of non-Riemannian

spacetimes become important while describing test particles with spin (intrinsic degree
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of freedom). The spin can couple to the non-Riemannian parameters of the spacetime.
Gauge theories of gravity require the use of non-Riemannian geometries while gauging
the spacetime symmetries [126, 127]. The RC spacetime arises while localizing or gauging
the Poincaré symmetry which leads to the Poincaré gauge theory of gravity (PGT) [126,
128, 129]. The simplest of the PGT is the Einstein-Cartan spacetime which is constructed
on the arena of the RC spacetime.

Let us briefly review the contents of this chapter. We begin with a brief review of the
RC spacetime and lay out its necessary geometrical properties in Sec. 2.2. Next, in Sec.
(2.3) we begin with the geometric construction of a generic integrable null hypersurface
H in the RC spacetime. Here, we describe in detail both the intrinsic and the extrinsic
geometry of our null surface. We then proceed to describe in Sec. (2.4) various kine-
matical quantities of H that will be of much relevance to us in our analysis. They are
the extended Weingarten map, the extended second fundamental form, the rotation and
the Héji¢ek 1-forms, the deformation and the transversal deformation rate tensors and
the projected deviation tensor. Various of these kinematical quantities will have much
relevance and specific roles in the fluid and thermodynamic interpretation of the gravita-
tional field equations. Finally we conclude this chapter with a very brief discussion about
a few coordinate systems that can be adapted to a general null surface in Sec. 2.5.

2.2 The Riemann-Cartan spacetime: The requisite geomet-

ric background

Keeping the future in mind, we would like to consider the construction of a general in-
tegrable null hypersurface in the RC spacetime. The RC spacetime is a generalization
of the Riemannian spacetime in the sense that it allows for torsion to be present in the
spacetime. The entire geometric construction of a null hypersurface in the Riemannian
spacetime is already present in the literature [61]. However, such an analysis has been
absent for spacetimes having a non-trivial torsion present in it. It is an objective of this
thesis to fill this present gap and study in depth the resulting kinematics and dynamics
of a null hypersurface in the RC spacetime.
The RC spacetime manifold M, endowed with the metric g and designated as (M, g, @)

is provided with a metric-compatible affine connection V,

Vagie = 0. (2.1)

2.2.1 Geometrical properties of (M, g, V) :

Let us now very briefly review the geometrical properties of such a spacetime. For details
refer to [87]. Just to set the convention straight, we define the covariant derivative of a
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(r,s) rank tensor T} ") to be,
al al...ar . al...ar f\al il.‘.ar Aur al...ir Ajl al...gr
VaT by-bs — aaT by---bs +T ailT by---bs SR airT by-bs I ablT j1+bs s
fis  a1-ear
=10 T (2.2)
where notice that the differentiating index “a” sits at the first position in the subscript
indices of affine connections. We will follow this convention in the subsequent analysis.
The torsion tensor is basically defined as,

A

%ac = 1ﬁ'abc - 1—‘acb ’ (2-3)

implying that the torsion tensor is antisymmetric in the last two indices. This general
metric-compatible affine connection coefficient is related to the symmetrical Levi-Civita
connection coefficient (the Christoffel symbol) I'%, . via the contorsion tensor K7,

fabc — ric + KubC . (2.4)

The contorsion tensor can be expressed in terms of the torsion tensor as,

Kubc - %( Ei)c + Tbac + Tcub) : (2'5)
The above relation can be obtained by the familiar trick of setting (—V,gpc + Vigea +
@Cgab) = 0 via (2.1) and then using (2.2). It is quite easy to verify (according to the
convention followed in (2.3)) that the contorsion tensor K. is antisymmetric in the first
and last indices. Here, we use the metric tensor g, to raise and lower all spacetime indices
of a tensorial quantity. Let us now look at the trace of the torsion tensor defined via
contracting the first and the third index. Following properties can then be easily deduced

from the definition,

Ty =8"Tope = Ty = — Ty 5
K =—Ty; K% =0; Kf,=T,. (2.6)

a

Another quantity of interest that comes into play is the modified torsion tensor 59 de-
fined as,

§% =T% + 65T, — 6T, 2.7)

which like the torsion tensor is antisymmetric in the last two indices.
In general, the existence of torsion in the spacetime (M, g, V) can be characterized by
the fact that the action of the commutator of the covariant derivatives V on any scalar
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field does not vanish,
Vo, Vp]® = —T4, (V). (2.8)
The corresponding action on contravariant and covariant vectors are summarized below,

[Va, Vy]Al =R, AR — T (VAT ; (2.9)
Vo, Vilwe = —RE g — T (Vawe) - (2.10)

The Riemann tensor in the spacetime (M, g, V) follows the usual definition in terms of

the affine connection f“b . and as per our convention is,
Ryeq = 0cl"qy = 9l + 113y = T - (2.11)
The following symmetries of the Riemann tensor are then quite evident,

Rabcd = _Rabdc and Rabcd = _Rbucd . (2-12)

However, the usual symmetry under pairwise exchange of the indices does not follow
through over here, as Regab = Raped + Qaped Where,

A 3/ A A A
Qabed = _§<v[bT\a|cd] - v[aT|b|cd} - v[12,'T|c\ab] + v[cT|d|11b]
+ Tt T — Toefa T — Teela Ty + TdE[cTeub]> , (2.13)

In the last equation, || indicates the enclosed index barred from antisymmetrization. Sim-

ilarly, the usual first and the second Bianchi identities do not follow:

R = VTS — {adec] Iz (2.14)
Vil g = ~ TR (2.15)
Here, we have used the convention that,
1
Apjy gy = H%(—l)e"Aiam...im) ,
Afyoiy) = %%Aim)‘”iv(n) , (2.16)

where the summation is over all possible permutations {¢} of the set {1,2,---,n} and

€, =0, when o is an even permutation of {1,2,---,n}

€ =1, when o isan odd permutation of {1,2,---,n} . (2.17)
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2.3. Geometric construction of the null surface in the RC spacetime

The Ricci tensor is no longer symmetric owing to the presence of torsion,

A

(Vi+ TS, . (2.18)

NI~

R[ab] = -

In analogy with the Einstein tensor of the usual Riemannian geometry, we introduce the
tensor G”b = R“b — %5"bﬁ in the spacetime (M, g, V). As anticipated, due to the presence
of torsion, the tensor G fails to be divergenceless,

A A A 1 N
V.GY = —TK R + sz“dRadkb . (2.19)
The Lie derivative of the metric tensor of (M, g, V) along a given vector field v is,
£ogap = vIlvb + vbva + (Tacb + Tbcu)vc . (2.20)

Now, we consider the decomposition of curvature tensor R peq in the RC spacetime into a
Riemannian part (R,p4) and an extra part that involves the torsion contributions. It can
be shown that,

Ry = Riypeq + (VeKyy — VaK'y) + T'eyK + (K' Ky — Ky K) - (2.21)
Similarly, taking the contraction to yield the Ricci tensor, it can be easily verified that,
Rop = Rop + ViKly, + Vi To+ Ty K + K K+ TiKY, (2.22)

Let us just finally remind ourselves that all the above mentioned results valid in the
RC spacetime (M, g, V) go over to usual familiar results in the Riemannian spacetime
(M, g, V) provided the Levi-Civita connection V once the torsion tensor has been set to
zero. Again, for details of these discussions, see [87].

2.3 Geometric construction of the null surface in the RC

spacetime

In this introduction to the structure of a generic null hypersurface in the RC spacetime
(M, g, V) and its associated kinematics and dynamics (to be introduced in the next chap-
ter), we will stick to the notations and formalism introduced in [61], which provided the
formulation for the Riemannian spacetime. In fact part of our objective is to see what
modifications do the kinematics and dynamics of a general null surface incur provided
our ambient spacetime has non-trivial torsion present in it. It is to this respect that we

adopt the formalism introduced in [61] and follow the notions. Even though we will
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FIGURE 2.1: A null hypersurface H of codimension 1 generated by the null
vector [ (shown in red).

work in d = 4 spacetime dimensions, generalizations to higher spacetime dimensions
follows quite naturally.

A null integrable hypersurface H is basically a surface of codimension one such that
the induced metric g on it is degenerate. The null hypersurface is characterized by its in-
duced metric and the extrinsic curvature (viewed as an embedding in the ambient space-
time). The fact that the induced metric on the null surface in degenerate means the exis-
tence of a vector field 7 in the tangent bundle 7 () of # that is orthogonal to any vector
field defined on H. The induced metric q is (0,2) rank tensor defined on the cotangent
space 75 () at any point P of H i.e. g € T5(H) @ T5(H). For any vector @ lying in the
tangent space of H, we have,

Vo e Tp(H), q(,3)=0. (2.23)

The vector field [ is null w.r.t the ambient spacetime metric g i.e. g(I,1) = 1-1 = 0. Both
the intrinsic and the extrinsic properties of the null surface H need to be defined properly
in the RC spacetime.

We consider the existence of a generic null hypersurface # in the spacetime (M, g, V),
defined via the scalar field u(x?) = 0. The surface # is integrable into a hypersurface-
orthogonal null surface such that its null normal 1-form [ is given by,

l, = —ePo,u = —e’V,u, (2.24)
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2.3. Geometric construction of the null surface in the RC spacetime

where p is some smooth scalar field on ‘H. The co-efficient e that relates the null normal /,
with the gradient of the scalar field d,u is chosen to be negative such that the null normal
vector [ is future pointing. This can be done by a suitable choice of the scalar field u(x”).
Notice that the null normal cannot be provided a unique normalization on account of
the fact that I - T = 0. We notice that as of yet, our construction permits the support of
to be constrained only on H. Hence the notion of taking derivatives of the null normal
vector [ away from the null surface is not well defined. In order to have well defined
operations valid in the spacetime (M, g, V) like the covariant derivative V, we cannot be
only constrained on the single null hypersurface u(x*) = 0. The support of the null vector
field I needs to be extended from the null surface to at least in its vicinity. To remedy this
issue, we can consider the existence of an auxiliary null foliation in the neighborhood of
our null hypersurface H. Following Carter [130], this is facilitated by considering not
just a single hypersurface u = 0, but by rather a family of null hypersurfaces u(x?) = ¢,
where c is a constant. Hence the spacetime is foliated by a family of null hypersurfaces
‘H,, out which our particular chosen surface H,—o = H is just an element with ¢ = 0. This
null foliation of (M, g, V) in the neighborhood of H extends the validity of the scalar
tield p and hence T to not just on H, but to an open neighborhood of (M, g, V) about
H. This finally allows us to perform operations that are valid on the ambient spacetime
rather than on the hypersurface. Even though such a foliation is non-unique, yet the
geometrical quantities of interest that will be introduced and evaluated on our chosen
hypersurface H does not depend on the choice of foliation.

Next, we proceed to a discussion of the Frobenius identity on our integrable null sur-
face. The fact that we have been able to write our null normal in the form of (2.24) means
that the exterior derivative of the null normal to the hypersurface satisfies,

dl =dpoNl.

(2.25)

This represents the Frobenius theorem in its dual formulation [2]. The Frobenius identity
quantifies the fact that the hyperplane, normal to [, is integrable into our null hypersur-
face H and is hence hypersurface-orthogonal. As a consequence of the dual formulation
of the Frobenius identity we have,

INdl=INdpNl=—-doNINL=0. (2.26)
In the index notation, the above implies,

IOl = 0. (2.27)
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Converting to the spacetime covariant derivatives, the above formula translates to,

Oape = 1, Vol = Iy (Tdbc zd) _ zb(wa zd> 1, (Tdabld) : (2.28)

Thus we see that due to the presence of torsion in the spacetime, hypersurface orthog-
onality does not imply a zero twist @,;.. Again going back to Riemannian spacetime

(M, g, V), the twist tensor is zero as the torsion tensor vanishes,

M.,g,V
e B )l[avblc]zo. (2.29)

2.3.1 Hypersurface-orthogonal null geodesic congruence

As a consequence of the Frobenius identity (2.25), we have,
daly — Aply = (vazb . m) T, I = (vazb . vbza> = (0a0)lp — (Op)la.  (2.30)
Contracting the above formula with [?, we obtain,
1"Valy + Togy 1°1° = 1°V 11, = (199,0)1;, . (2.31)

The operator V is the covariant derivative of the spacetime taken w.r.t the Levi-Civita
connection. Defining the directional rate of change of the scalar field p(x?) along the null
generators [* to be x, i.e. [?d,p = x and using the antisymmetry of the torsion tensor in its
last two indices (2.3), we hence have,

1V aly — Tope 1916 = 1V, =« . (2.32)

The above equation indicates that even though the vector field [* is the null generator of
H, yet it is not an auto-parallel vector field i.e. [* does not satisfy the parallel transport
equation w.r.t to the spacetime connection V,

la@alb = «ly + Tyl = xl, + Ty, (2.33)

where T), = T, I?I°. Notice that even though I is not an auto-parallel vector field in
the spacetime (M, g, V), yet I is extremal in the sense that they are null geodesic curves
of extremal length. This is because the notion of extremal curves is defined only w.r.t.
the Levi-Civita connection. It is quite clear that the null normal vector field  is both a
geodesic congruence as well as auto-parallel in (M, g, V).

It maybe noted that if we impose the constraint,

Ty = Ty 1°I° =0, (2.34)
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2.3. Geometric construction of the null surface in the RC spacetime

in the Riemann-Cartan spacetime, we then have, via (2.33), that the null generators are
parallel-transported along themselves with x being the non-affinity parameter,

195740, "0 ki, (2.35)
The condition (2.34) will be termed as the geodesic constraint. Application of the geodesic

constraint implies,
ag a c a7 Tv=0 4
I*Valy = 1"Vl — K I, =" 1"Vl = xly, (2.36)

thus verifying the fact that if the null generators I of # satisfy the parallel-transport equa-
tion w.r.t. the connection V, then they also satisfy the geodesic equation w.r.t. the Levi-
Civita connection V. The above geodesic constraint (2.34) represents the vanishing of the
torsion current T,;.[?I°. In the context of Killing horizons established in the spacetime
(M, g, V) it has been shown in [64] that the above condition of the vanishing of such
a torsion current is necessary to establish the zeroth law of black hole mechanics. This
allows a notion of equilibrium to be defined for such a horizon. We will have much to
say about this later in chapter 6 when we begin discussing about our thermodynamic
interpretation alluded to the gravitational dynamics.

2.3.2 Intrinsic geometry of the null surface

Before proceeding to define the intrinsic geometry of H via the induced metric g, ex-
pressed through the ambient spacetime metric g, we are faced with two issues. Firstly,
we have no unique normalization for our null generators 1 Secondly, because of the
unique structure of our null hypersurface H, we do not have any notion of a vector that
is transverse to H. Hence we do not have any well defined projection tensor onto the null
surface. To remedy these issues we have to add some extra structure onto H. This we do
via a 3 + 1 induced foliation of our null family of hypersurfaces u(x?) = c. For this, we
consider in our spacetime at least in the vicinity of the null family of hypersurfaces H,, a
stack of spacelike hypersurfaces, defined via ¥; = #(x") = constant slices. The timelike
normal to these spacelike slices is defined via,

Ny = —NO,t = —NV,t. (2.37)

The timelike normal is normalized i.e. n,n* = —1 and the proportionality factor N is
called the lapse function. The orthogonal projection tensor onto the surfaces ¥ defined
as,

v = 0% +n'ny, (2.38)
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FIGURE 2.2: The null surface being intersected by a family of spacelike hyper-
surfaces ;. The intersection of H and a given X is the spatial cross-section
S; of codimension 2.

projects any vector in (M, g, V) onto the surface ;. Now with the help of this spacelike
foliation we can introduce a chosen coordinate system for (M, g, V). Let the independent
coordinates parametrizing the t(x*) = « (constant) surface be x* = (x!,x?,x3). This
allows a locally well defined coordinate system to be established in an open neighborhood
of (M, g, V) given via x* = (t,x*). The coordinate time vector ¥ along its flow basically
joins the points having the same spatial coordinates x* for the different time slices and is

defined as,

and t0,t =1. (2.39)
This allows an orthogonal decomposition of the time vector as follows,

t" = Nn" + B°. (2.40)

The vector B? is basically the projection of the time vector onto the #(x?) = « slice and is
known as the shift vector.

Now, we finally come to the topic of foliating our family of null hypersurfaces by this
stack of spacelike hypersurfaces. The spacelike slices X cut our generic null surface H
into a stack of 2-dimensional cross-sections S; defined as,

Ss=HNZ. (2.41)
As we can visualize, the family of these transverse spacelike 2-dimensional cross-sections
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S¢ provide a foliation of 7. The value of the scalar field f(x*) = constant can be cho-
sen as a parameter along each null generator [ of H. With this (in general) non-affine

parametrization t, we can in essence normalize [61] the null normal by demanding that,

_ dx?

a —_—
== (2.42)

Geometrically this means that the 2-surfaces S; can be Lie-dragged along the null gener-
ators [* thus forming our null hypersurface H. It is in this sense that the null vector [ is
called the null generator of H. Thus following (2.41), the transverse 2-surfaces S; can be
defined as level sets of the scalar field u(x?) = 0 such that it is the set of all the points P,

Ss={PeM, PeS;:u(P)=0 and t(P) =t} . (2.43)

Hence, with this induced 3 + 1 foliation of H, we have been able to fix a unique non-
affine parametrization of our null generators I. As mentioned earlier, in order to define a
projector onto the tangent space 7p(H ) of H, we need to have a direction that is transverse
to the hypersurface. There exists no unique transverse direction to H. The auxiliary null
vector E(au) € Tp(M) defined via the relations,

Kau) - Kauy = 0 and Koy - 1= -1, (2.44)

defines a notion of a vector field transverse to the null surface H. However such a vector
is non-unique. We will see that the 3 + 1 induced foliation of #H actually resolves this
issue of non-uniqueness in the auxiliary null vector field definition.

Let us consider a unit spacelike vector field s belonging to the tangent space of X
and which is directed outward from the transverse 2-surface S; (S; is considered as an
embedding of codimension one in the spacelike surface X;). This vector field follows the

properties given as,

Vo € Tp(%y), D€ Tp(S) < §-5=0. (2.45)

Then it can be quite easily shown [61] that, the 3 4+ 1 decomposition of the null generator
is,

I=N(+53). (2.46)
Obviously it can be seen that the projection of the null generator onto the spacelike slices

% given by 7%,1” = Ns® with N > 0 points in the exterior direction w.r.t. S;. It is in this
respect that the null generators are “outgoing” w.r.t. the 2-surface S;. Using (2.24) and
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FIGURE 2.3: The auxiliary null vector field (shown in neon green) represents
a null vector transverse to H. The codimension 2-spacelike surface S; is or-

thogonal to the plane containing Tand k.

(2.37), it can very easily be shown that,

1 0
Sa — (ﬁ)la _na — Naat_ (%)auu — Naut+Maau, (2.47)
where M = —ef /N. Now once we have provided a null normal 1, to the spacelike slices

2 and the unit outward spacelike vector field s, to the transverse cross-sections S, we
can define an orthogonal projection tensor q,, onto the spacelike 2-surface S; as,

Jab = ab + Nallp — SaSp - (2.48)

Now it can be very easily verified that qiquj =g j and that g’ ]-vj is the projected part of the
vector v' onto the 2-surface S;, hence proving that g, is indeed an orthogonal projection
tensor onto S;.

Now let us come to the discussion of the construction of a unique ingoing transverse
auxiliary null vector field to . Any null vector pointing in the direction (# — ) points
in the ingoing direction w.r.t. S;. We can normalize this ingoing auxiliary null field [61]
by taking it as, .

k= (i—3). (2.49)

The normalization has been chosen so that k is consistent with a unique definition of

the auxiliary null vector field thanks to the foliation of the null surface H by the stack of
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spacelike slices 2,

I-k=-1, k-k=0and k-é4 =0, (2.50)
where {€j} denotes the set of basis vectors lying on the tangent space 7p(S¢) of S;. By
using the Egs. (2.49), (2.47) and (2.37) we have,

M

ky = —0at — (m)aau . (2.51)

The unique orthogonal projection tensor onto the transverse 2-surface S; can also be de-
fined in terms of the null normal /, and the auxiliary null normal k; as,

Qab = Gab + laky + kaly . (2.52)

Its trivial to verify that g%’ = 0 and ¢%k” = 0. Finally, owing to the induced (3 +
1) foliation of H by the stack of spacelike X, we have at our disposal both a unique
normalized null normal 1 (parameterized by the non-affine parameter t) and a unique
auxiliary transverse null vector field k.

The above construction associated with H allows us to consider the following unique
projection tensor onto the tangent space of H,

This projection tensor basically projects any vector belonging to 7p(M) to only the part
belonging to 7p(#). The projection tensor satisfies the following properties as can be
easily verified along with the fact that Hikaj = Hij,

Hablb — la’ abkb =0,

I1%1, =0 and IT%k, =k . (2.54)
However, even though IT! jacts as a good projection tensor onto 7p(#), it is not a sym-
metric object which is definitely what we expect of an induced metric.

To understand the nature of the induced metric onto the null hypersurface H, let us
consider the following choice of basis {€;} on Tp(M),

& = (k,1,€x). (2.55)
Of this, the tangent basis vectors {€;} on Tp(#) are,

—

¢ =(Ien). (2.56)
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It can easily be verified that the cotangent basis {e'} of Tp (M) satisfying (e_l, E]> =4 i is,

el = (-1 —ke?) (2.57)

Obviously we have,
qi]-lj =0; qijkj =0; and qij(é’A)j = (4) (2.58)

Thus as seen from Eq. (2.58), we see that g’ j projects spacetime vectors onto the tangent
subspace of 7p(M) spanned by the basis vectors {€4 }. The metric induced onto the null
hypersurface H spanned by the basis vector é; = (I,84) is defined as,

hﬁﬁ = g(Eﬁ,Eﬁ) = gl](éﬁ)l(zﬁ)] . (2.59)

Obviously, hy1; = gi]-lilf =0and hjg = gijli(EA)j = 0. The transverse components of the
induced metric on H are given by,

hap = gij(€a) (€)= (qij — likj — kil;) (€a)'(€5)) = qij(¢a)" (€8) = qa5 - (2.60)

Hence we notice that entire information of the induced metric /5 is captured by only the
components hap = qap, where gap = g(€4,6p) = gij(EA)i(é’B)f is the metric induced on
the 2-dimensional spatial cross-section S; orthogonal to both I and k. Hence the induced
metric onto the null surface H is given by (in the basis (12, 18 A)),

b = (1 (2.61)
0 qgas

Since the entire information of the induced metric /5 is contained in g4, we will from
now on call the restriction of the ambient metric g onto H i.e. S =19 Eq. (2.61) also
reveals that the metric g restricted to ‘H has the signature (0, 4, +) and hence the induced
metric onto H as a hypersurface of codimension one is indeed degenerate.

2.3.3 Extrinsic geometry of the null hypersurface

Let us now come to the discussion of the extrinsic geometry of the null surface H as
viewed as an embedding in the RC spacetime. For any hypersurface of codimension
one embedded in the spacetime (M, g, V), the extrinsic curvature captures the notion of
bending of the hypersurface. The extrinsic curvature is quantified by the Weingarten map
(also known as the shape operator). The Weingarten map at a point P on the hypersur-
face measures how its normal changes as we move along a vector on the tangent space
established on the hypersurface at P. Let us now focus on our null surface H. For any
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vector @ € Tp(H), we have the definition of the Weingarten map 7% as follows,
Hya ot =V, 17 =o'V, (2.62)

Now, since the notion of the Weingarten map involves taking the covariant derivative of
the null generator along a tangent vector to H, the quantity H?”bvb is independent of the
null foliation. The quantity #1% v’ again itself lies on the tangent space of H established
on P as verified via the following,

LMY ob) = 1,V, 17 = ,o" V1" =0 = (T79,0%)8, € Tp(H) . (2.63)

In Riemannian spacetime (M, g, V) with the Levi-Civita connection, the Weingarten map
HY”b is self-adjoint. However, the presence of non-trivial torsion in the Riemann-Cartan
spacetime forces the Weingarten map to not be self-adjoint. This can be shown along the
following lines. Consider two vectors # and @ established on the tangent space of H at
the point P i.e. [,u® = 0 = [,v°. Then obviously the Lie commutator of these two vectors
again lies on the tangent space of H at P i.e. [1i, 3] € Tp(#) as can be verified by showing
that,

l[u,9]" = LV, 0" — 1,0V u® — 1.T, ubot
= ub?}a (@alb - ﬁblﬂ) - TabC lgubvc
— by ((aup) Iy — (9p) I — TS, lc) — T Lubo
= —I.TS, uo® — 1. T u"’ = 0. (2.64)

a

Getting back to our reasoning and using the definition of the torsion tensor we have the
following,

ug (V900) = 1, (WPVy1°) = — 1,0Vt
= —LutV,o" +1, [4,9]" + Topel“ub o

= 0, (V1% + Topelubo’ = v, (HY"bub) + Topluboc . (2.65)

This shows that the presence of non-zero torsion in the Riemann-Cartan spacetime ac-
counts for the fact that u, 7% 0% # v, V% u? and hence the Weingarten map *Y* is in
general not self-adjoint.

Let us then move on to the concept of the second fundamental form of H. The second
fundamental form %@, is a second rank (0,2) tensor belonging to the cotangent space of
the hypersurface H defined as the following. Consider any two vectors # and @ belonging
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to the tangent space of H, then,
O pu 0’ = u, (H100%) — HOue" el € TH(H) @ T (H) . (2.66)

Notice that since the Weingarten map in (M, g, V) is not self-adjoint, the second funda-

mental form is not symmetric in its two indices. It can very easily be verified that,
HO,0"ub = MO u 0’ + Tyl 0t uc . (2.67)

The above same analysis in the Riemannian spacetime (M, g, V) will allow us to con-
clude that the second fundamental form 7©,;, on H is symmetric,

HO, 271G, . (2.68)

2.4 Kinematics of the null hypersurface H: viewed from

the ambient spacetime

Following [61], what we imply by kinematical quantities are all those geometrical entities
that have first order derivatives of the null vector fields I and 12, their associated 1-forms [
and k and the metric fields g and g as well. By first order derivatives, we mean spacetime
covariant derivatives V as well as the Lie derivatives along I and k. The extension of such
kinematical quantities (to be described in detail in this section) to case of the Riemann-
Cartan spacetime (M, g, V) is quite necessary for our analysis. In doing so, we will keep
track of the modifications that arise in these kinematical quantities when we consider

torsion in the spacetime.

2.4.1 The extended Weingarten map and extended second fundamental
form

Previously we have defined our Weingarten map or the shape operator corresponding to

vectors constrained only on the hypersurface H. Now, as we have a unique projection

tensor [T ; onto the tangent space of H (because of the induced 3 + 1 foliation of H), we

can extend the definition of the Weingarten map to vectors living in the tangent space
Tp(M). The extended Weingarten map Y* is defined for vectors living in 7p(M) as,

foob = Hie (Hbcvc) = Vi)l" = (") V17 = (5’1 + kblc> AL (2.69)
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where contrary to the earlier section, now @ € Tp(M). From the above, it follows that,

Yo = V" + (KV "), . (2.70)

Then one finds that,
o1 = 1PV, 1" = k1" 4+ T,7 1% = «1° + 17, 2.71)
Tk =0, (2.72)

where T? = T,* I°I°. It is worthwhile to notice that the action of the extended Weingarten
map onto any spacetime vector @ € 7Tp(M) is to effectively map it to another vector
belonging to the tangent space of H. This can quite easily seen by,

a b v a 1 a b d
This clearly shows that % 0% belongs to the tangent space Tp(#) for any vector @ € Tp(M).
For this reason the action of the extended Weingarten map onto any spacetime vector is
the same as its action on the projected part of the vector onto the tangent space of H i.e.

T (TT2.0) = 720" . (2.74)

Notice, that as evident from Eq. (2.71), I is not an eigenvector of the extended Weingarten
map 1% exclusively due to the presence of torsion in (M, g, V). However, in (M, g, V)
without any intrinsic torsion, the null generators I become the eigenvector for the ex-
tended Weingarten map Y, with the eigenvalue of the non-affinity parameter «,

app MEV) o (2.75)

In the same vein, we can extend the notion of the second fundamental form ®,, to
its action over vectors living in 7p(M) rather than 7p(H). Hence for any two vectors
(1,7) € Tp(M) x Tp(M) we define the extended second fundamental form O, as the
following,

A

@abu

"o, ( U 1, d) (I1%.0) (T12,07) V1,

< 1% ) <(qbd - lbkd)vd) Vol

(%ol ) = (kg gt (Kla + ) + (ko) (kgo") 1 (lo + T )
(90 Vale = gk T Juto? (2.76)
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This naturally allows us to define the extended second fundamental form as a bilinear,
O = (929%Vale) — (k) - (2.77)
In the Riemannian spacetime (M, g, V), we naturally have,

M., gV
O =2V 4 48 V4l . (2.78)

Naturally by inspection it can be observed that,

Oupl® =0, Opl® =5 T, Ouk" =0 and OHk" =0. (2.79)
Opl® =0, Oul" =0, 00,k =0 O kY =0. (2.80)

The above Eq. (2.79) very clearly shows that in the presence of torsion in (M, g, V), the
extended second fundamental form ©,, (as opposed to ©,;)is not a second rank tensor
lying only in the space 7*(S¢) ® T*(S;); rather it lies in the space T*(H) @ T*(H). We
can compute the trace of this extended second fundamental form,

0 = gubéab = gab [(qcuqdbﬁdlc> - (qcakac>} = quﬁdlc
= (¢ 1K + K1V gl = V,aI" — x4 Kk, T . (2.81)

I~

The trace of the second fundamental form in the Riemannian spacetime follows,

()
0 = g0 =V, —x. (2.82)

Imposing the geodesic constraint i.e. T* = 0, we notice that the extended second
fundamental form lies in the orthogonal transverse space (to [ and k) 7*(S;) ® T*(S;)
and hence is orthogonal to both T and k. Note that again due to the presence of torsion
in the spacetime, the extended second fundamental form is not symmetric in its indices
ie. Oy # Oy, For the specific case of the geodesic constraint T, = 0, the extended
second fundamental form being a bilinear established on the 2-dimensional transverse

space orthogonal to both I and k can be provided an irreducible decomposition into a
(e)
symmetric trace part 6;, a traceless symmetric part (96, and an antisymmetric traceless

part (l'e)cf)ub,

(e)

Oy = 5 %ab o + oy, + 190, . (2.83)
(©) T'=0 ;& 1a (Le)s T'=0 A 1Y (Le) ~  T=0 A
91 = (Val — K), 0y = @(ab) — iq“bgl and ¥ Wy = ®[ab] . (284)
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In the same manner, the extended second fundamental form @, of H in (M, g, V) can

be decomposed as,

1 (o) (Le)
®llb = Eq“b 9[ -+ \ Tab - (285)
(¢) l 1@
01=(Val" — x)and "o, =Oup) — Sdubr - (2.86)

(e)

Note that the trace of the extended second fundamental form §; is not to be designated
as the expansion scalar corresponding to the null congruence I in the RC spacetime since
it does not quantify the fractional rate of change of the area element /7 of S; along 1.
We will soon develop the proper notion of an expansion scalar corresponding to null
congruences in (M, g, V) for our purpose.

2.4.2 The Rotation 1-form and the Héji¢ek 1-form

A quantity of great interest and utility for practical calculations dealing with this analysis
is the spacetime covariant derivative of the null normal /,. Now having foliated the space-
time in the neighborhood of our generic null surface H by a family of null hypersurfaces
and the slicing of this null family by a stack of spacelike slices X, we have now a well
defined notion of V1. According to (2.76), we have for any (#,3) € Tp(M) x Tp(M),

A

@ubl/lavb = (H”Cuc)@n(ﬁ)la = (u“ + (lcl/lc)ka> vn(;;)lg

= u" (I Vil + (Lu )"V iy zyla

=u" (vb + (ldvd)kb) Vila + (Lu)k, (X”dvd)

= (Vpl)u®0® + u®(1;0") (V1) + (Lau® )k, (devd> : (2.87)
The rotation 1-form @ € T, (M) is defined in such a way that its action on any vector

f € Tp(M) is given via,
Oaf® = —kq (T2,£) . (2.88)

Then using (2.88) in (2.87), we obtain,

A

Opuv” = (Vpla)uv? + (1,k°V ol ) uv” — (Iu®) (@0?) . (2.89)

Now, since u” and v” are arbitrary, one finds after rearranging,

A

Valp, = é)ba + @alp — lu(ﬁk’lb) . (2.90)
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The corresponding analogue of Eq. (2.90) in (M, g, V) is given by,

M,gV
AV ( £ ) Opy + wyly — la(vj{’lb) . (2.91)

The above expansions Eq. (2.90) and Eq. (2.91) of the spacetime covariant derivative of
the null normal are going to be of significant practical interest to us.

Let us look at some properties of the rotation 1- form in the RC spacetime. Using the
basic definition (2.88), it can very easily verified that,

Cbaka - 0 al’ld C’(\]ala == K - kaTa . (2.92)
Combining (2.70) and (2.90), we have,
Yo = @7 + @yl . (2.93)

Let us now proceed to obtain an expression of the rotation 1-form. We begin by noticing
that for any vector f € Tp(M), we have,

@af® = =k Vo f0 = —koIT, ANV, 17 = —ka<(53 + kbld)fd> Vil
= k(£ K Uaf) ) Vol = = (V) 7 = (VD)) *. (299)
This allows us to have,
@0 = —(kyVal”) — Laky (V217) . (2.95)

The corresponding analogue of the rotation 1-form w in (M, g, V) is given by,
wa = —(kpVal") — Laky (V17) . (2.96)

The above equation Eq. (2.95) stands as a working definition of the rotation 1-form. How-
ever, we will soon come up with other expressions of this rotation 1-form that will be
useful later on.

The Hajicek 1-form Q € T (S;) is defined as the projection of the rotation 1-form @
onto the cotangent space of S;.

A

O, = g%y . (2.97)
Following the above definition, we have for any vector & € Tp(M),

A

00" = (g5,dp)0" = &"(4%0°) . (2.98)
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Using the fact that g% = 119 + I°k;, we have,

A" = &, ((nﬂb n l“kb)vb> = G (TT%500) + (@al®) k0"
= @a0" + (i — k,T%) (ko) (2.99)
In the above, we have used the fact that d)a(H”bvb ) = @,v" precisely via the property of

the extended Weingarten map as shown in (2.74). This allows us to have a relationship
between the rotation 1-form and the Héji¢ek 1-form as,

Wq = O — xky + (ky Tk, . (2.100)

The analogue of the above expression in the Riemannian spacetime (M, g, V) is,

w, V&Y, — xk, . (2.101)

From the dual formulation of the Frobenius theorem for the null normal I, we have
upon using (2.90),

dl = dp N1 = (3aly — Opla)e” @ €
= (@alb — Vpla + Tcablc)ﬁa ® e’

= (@ba — Op + Daly — Gpla + (Vla)ly — (Vilp)la + waZC)g“ e . (2.102)

Using (2.77), we have the antisymmetric part of the extended second fundamental form
as,

A

®ba - ®ab = qcaqdb <(vcld - vdlc) + (kcha - kaqcb)TC> . (2103)

Using the fact that on account of the dual formulation of the Frobenius theorem i.e. (04l —
Ipla) = (0ap)ly — (9pp)ls, we have,

O — Opp = 459 Trac IV + (kpg®, — kaq) Te - (2.104)

This allows us to have,

dl = <qcaqdefdc v + (kcha - kaqcb)TC + Toppl€ + @uly — Wyl

+ (Velo)ly — (%lb)la>g“ ®e. (2.105)
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Using the definition of the projection tensor g% = 6 + ["k;, + k"I, and few lines of simple
algebra it can be shown that,

0°0% Trac V' + (kpq — kag%) Te + Teapl® = (Teaal k)1 — (Teaplk?)1s - (2.106)
This finally results in the fact that,
dl = (walb — @yl + (Vila)lo — (Vily)la + (Teaal k)l — (Tcdblfkd)la)g” ®e’ . (2107)

Provided we define a 1-form T = (T,4,Ik?)e", we can succinctly via (2.107) express the
exterior derivative of the null normal as,

(2.108)

dAl=wN1+ (Vi) AL+ TN = (Q+W;D+§)/\l

The comparison of the above relation with dl = dp A I, provides a relationship between
the scalar field p and the rotation 1-form, via the equation,

dap = @a + Vila + Togglk?. (2.109)

Let us proceed to derive another expression of the rotation 1-form. For that, notice that
the exterior derivative of the auxiliary null normal k via (2.51) can be simply expressed
as,

dk = zlﬁ d(ln(%)) AL (2.110)
Since the auxiliary null normal k does not satisfy the dual formulation of the Frobenius
theorem it can be interpreted that the hyperplane orthogonal to the auxiliary null normal
is not integrable. From the definition (2.88) of the rotation 1-form, we have for any vector

v € Tp(M),

0" = kg (V4o") = kg (MVIT06) = —kg Vigz)l*
= —k,(TT2.0°) V1% = 17(TT%.0°) (Vpk,) (2.111)

From the relation of the exterior derivative of the auxiliary null normal, we have from
(2.110),

S e 1 N N
Buky — duka = (Vaky = Vuko + Topke ) = ooy (daIn(5) b =y In(7) o)
. . 1 N N
= Vika = Vaky + Tipke = 523 (aa In() Iy = 9 In( ) 1 ) : (2.112)
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Employing (2.112) in (2.111), we end up having,

@g0" = I"T10° [V ok + TS ke 2N2<a In(+ )lb—abln(zz\\]/[)zﬂ
= I'TT 0"V oy + 1TI% 0 TSk
= 1°(0% 4 K010V oy 4+ 1°(q% — 1Pk )0 TC ke
= (I'Vyks) 0" 4 Togpk1%g% 0" . (2.113)

Thus we finally retrieve an alternative and useful expression of the rotation 1-form w as,
O = (I°Vpks) + Tpeak®9% . (2.114)
The corresponding analogue of the rotation 1-form in (M, g, V) is given by,
wa = 1"Vky . (2.115)
The above formula Eq. (2.114) allows us very easily to verify the relations (2.92).

2.4.3 The deformation rate tensor

The fact that the null generators I are parameterized by the (non-affine) time parameter
t, (given by Eq. (2.42)), makes it a convenient vector field along which the evolution of
geometrical quantities associated with H can be considered. The deformation rate tensor
is one such quantity. The deformation rate tensor x,, essentially quantifies the rate at
which the metric g of the 2-surface S; changes as we evolve along the null generators I.
Following [61], the deformation rate tensor is defined as,

L1,
Xav = quaq]bﬁlqij : (2.116)

Using the definition (2.20) of the Lie derivative of the metric tensor g,, along the null
generators 1,itis quite easy to notice that,

e e
Xab = iqcaqdb (Vcld + Vale + (Tepa + Tdfc)lf) : (2.117)

Then using (2.77), the deformation rate tensor can be also be expressed as,

fa = 5 (O + Oua) + 5 (ks + a5k ) T+ oty (Topa+ Tare) V. 2119
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For the spacetime (M, g, V), the deformation rate tensor (in the absence of torsion) fol-

lows,
Xab = Oup - (2.119)

A point worthwhile to notice is that in the presence of torsion in (M, g, V), the extended
second fundamental form ©,, and the deformation rate tensor %, are not equivalent.
Contrary to the extended second fundamental form O,p, in general the deformation rate
tensor is by definition both symmetric and orthogonally transverse to the space spanned
by [ and k,

Rapl” = 0 = £pl° and £k = 0 = £kl . (2.120)

We can in fact perform an irreducible decomposition of the deformation rate tensor in

terms a symmetric trace part and a traceless symmetric part,

(d)
Rab = 54a 01 + Do, (2.121)

(d)
where ] is the outgoing expansion scalar and ("¢, is the traceless shear tensor corre-
(d)
sponding to the null congruence I. The reason as to why 6; is called the expansion scalar

is because it represents the fractional rate of change of the area element of the transverse
spacelike 2-surface S; as we move along the null generators 1. We will prove this result
shortly in Sec. 2.5.1 (see Eq. (2.160)). The trace of the deformation rate tensor is given by,

@ b 1 1 4
0 = 8" Xap = ch £19ca = ch £18cd
1

= Equ (ﬁcld + Vale + (Tepa + Tdfc)lf>

1 A )
= (g K+ KU (vczd + ¥Vale + (Tepa + Tdfc)zf)
= V" + T —x=V,l"—«. (2.122)

In the above, we have used Eq. (2.116) and Eq. (2.117). Similarly, in the Riemannian
spacetime (M, g, V), the irreducible decomposition of the deformation rate tensor fol-
lows as,

(MgV) 1@

Xab = 0 +

5 Edg . (2.123)

With the induced metric g on the integrable null surface H (defined by the scalar function
u(x*) = 0 in both (M, g, V) and (M, g, V)) we expect that the fractional rate of change
of the area element on S; along the null generators I be the same in both (M, g, V) and

TH-3171_186121030



2.4. Kinematics of the null hypersurface H: viewed from the ambient spacetime

(M, g, V). This is quantified by the fact that,

@ @
0, =0, =V I+ T,l" —x=V,I"—«. (2.124)

In the spirit of Eq. (2.90) we will find it beneficial to expand the spacetime covariant
derivative of the null normal [, in terms of the deformation rate tensor. To that extent,
using Eq. (2.118) and Eq. (2.104), we can provide a relationship between the deformation
rate tensor and the extended second fundamental form,

Rab = Opa + ko, Te + 454%Kseal (2.125)

Finally, upon using Eq. (2.90), we get our desired expression relating the covariant deriva-
tive of the null normal I, with the deformation rate tensor,

A

Valp = Rab + @alp — 1 (K'Vily) — ko Te — 49 Kreal . (2.126)

2.4.4 Transversal deformation rate tensor

Much like the deformation rate tensor we can also look for the projection (onto the trans-
verse spacelike surface S¢) of the Lie derivative of the metric q,,, however now in a di-
rection transverse to H. This transverse direction is provided by the auxiliary null vector
field k. We define the transversal deformation rate tensor as,

9% £xllea - (2.127)

N| =

“ —
\_dab =

Using the properties of the Lie derivative of the metric ¢, and the fact that g,,1* = g,,k” =
0, the transversal deformation rate tensor can be expressed as,

[z

1. 1. o -
ab = 51 0EkSed = 51 'y <V0kd + Vake + (Tepa + Tdfc)kf> ' (2.128)

From (2.110), in the index notation, we have,

~ A 1 N 1
(9aky — Opka) = (Vaky — Vipka + Teapk®) = da(In M)lb ~ SN2

N
= 5 .. (2.129)

9p(In )

Using (2.129) for the covariant derivative of the auxiliary field in (2.128), we have,

1 A 1 N 1 N
ab = chaqcb |:2dec + 2_]\]2811 (ln M)lb — Z—NZBb(ln M

— Tpegk! + Tepak! + Typck! ] ,

[P

)a

= %4 (vdkc + deckf) : (2.130)
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Obviously, in the Riemannian spacetime (M, g, V), the transversal deformation rate ten-

sor assumes the simple form,
Eab = 9507 (Vake) - (2.131)

As evident from its definition (2.127), the transversal deformation rate tensor is symmetric
and orthogonal to the space spanned by the vectors [ and k i.c.

Epl® =0 = Epl" and B upk® = 0 = HukY . (2.132)

Just like for the case of the null generators, it would be of great practical interest for
us to calculate the spacetime covariant derivative of the auxiliary null vector field k. This
quantity is again a well defined quantity, thanks to the null foliation of the spacetime
(M, g, V) in the neighborhood of H. For this, we will just have to manipulate the part
qcﬂqbd@dkc in the expression (2.130) for B

0%9% Vake = (85 4 1%, + K1) (6% + 19k, + K1,) V gk,
= (6, + Ik, (ka + k(1% k) + zb(xdvdkc))
= Vipky 4 kp(19V gky ) + L (k4N gkg ) + ka (1°V ke
+ kakpI€(19V k¢ ) + kalpI€ (k4 4k,
= Vika + ky [wa — Teagk‘l qfa] + 1y (k"V gka) — kak® (V1)
— kakpk€(19% 410) + kal, 1€ (KT 4k )
= ko + ky@a + I (Vka) — Kok (@Cb +dple — 1,V )
— Kakpk® (ke + Te) — kalpk (k7% 4le) — ky Toa k€1,
= Vika + kp@a + 1,(Vika) + kacoy
+ickaky, — kakpkc T — Ky Toa k17,

= Voo + kp@a + 1 (V ko) + kaQY — Ky Toa k197, . (2.133)
For the above result, we have used Eq. (2.114) in the fourth line, Eq. (2.90) in the fifth
line and Eq. (2.100) in the seventh line. Putting the value of 499 dvdkc as obtained in Eq.

(2.133) into Eq. (2.130) and rearranging, we obtain our desired quantity i.e. the covariant

derivative of the auxiliary null normal in terms of the transversal deformation rate tensor,

Vaky = Bap — Oukyy — ko — L(K'V k) + kaTCdkaldqfa — 4% Kreak! . (2.134)
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For the spacetime (M, g, V), the above expansion for the covariant derivative of the aux-
(2.135)

iliary null normal reduces to,
Vﬂkb = E‘ab - Qakb — kawb — l,l (kivikb) .

In the same way, the transversal deformation rate tensor =, can be decomposed into a
(2.136)

symmetric trace part and a symmetric traceless part,
(4) kD)
0 -

1 .
ab = 54ab O +

[xp

The trace of the transversal deformation rate tensor is the expansion scalar corresponding
to the auxiliary k congruence. Again, as we will show later that the trace is truly the
expansion scalar in the sense that it quantifies the fractional rate of change of the area

element of S; as we move along k. The ingoing expansion scalar corresponding to the

auxiliary null vector field, via Eq. (2.130) is then given by,

b = q“(Vake + Kpgck!)

(d) .
9k = gﬂbE‘a
. 1
= 4'Vake + 5 (¢ + 1K + K1) (Tdfc + chd)kf
= (¥ k) + Tok" — T k1% (2.137)
(2.138)

Analogously, we have the following relations valid for # in (M, g, V)
() (d) p
o and O =0 = gV k. .

O + (k)
(k'd)aab = (k)gab'

1
ab — Eqab

Also as a matter of notation in the Riemannian spacetime, we define

[1]

2.4.5 The projected deviation tensor
Till now, we have discussed about three kinematical second rank tensors that are of in-

terest to us. They are the extended second fundamental form ©,p, the deformation rate

tensor {,, and the transversal deformation rate tensor Z,,. As we shall see later, all these
quantities will be very relevant in the analysis of providing our advertised thermody-

namic interpretation as applied to H. There also exists another second rank tensor called
the deviation tensor that we wont require for our thermodynamic interpretation. How-
ever, for the sake of completeness, we provide a discussion of such a kinematical quantity
in this section. Shortly afterwards, in the next chapter, we provide a detailed derivation
of the null Raychaudhuri equation corresponding to the expansion scalar of the null gen-
erators | without the assumption of the geodesic constraint (2.34). To corroborate our
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results with the existing literature [64] we would require the construction of the deviation
tensor and its relation to the extended second fundamental form. In this section, we go
ahead with the discussion of the kinematics of the null hypersurface by describing the
deviation tensor or effectively its projected part. On the outset, let us mention that the
discussion of the deviation tensor does not require a foliation of (M, g, V) by a family
of null hypersurfaces and their subsequent slicing by a stack of spacelike surfaces. All
we actually require is a congruence of null trajectories (not necessarily geodesic or auto-
parallel) and build upon the premise that the deviation vector field 7 is Lie-transported
along the null congruence 1. The deviation vector essentially measures the deviation be-
tween two neighboring null trajectories. The above condition means,

[7,1]=0. (2.139)
In index notation this translates to,
19;7° — '9;1" =0,
1" = o (Wﬂ + T zf) =i (2.140)

Here B‘ZZ. is called the deviation tensor which measures the failure of the deviation vector

to be parallel-transported along the null congruence. This is given by,
Bm' = ﬁilu + Tu]'ilj . (2.141)

The auxiliary null vector field k” to such a null congruence is as usual defined via the re-
lations [,k* = —1 and k"k, = 0, with the projection tensor onto a 2-dimensional spacelike
cross-section of the null congruence being q,, = s + laky + kalp. We can easily verify
that the deviation tensor is not orthogonal to both [* and k” as seen from,

B_ablu — _r]l-‘b, B_ablb — Klu + Tu y
Bapk® = —1°Vpka + Toipk®l' and  Bpk? = kPNl + T,ipl'kP (2.142)

We will project the deviation tensor onto the transverse spacelike 2-surface of the null

congruence to define the projected deviation tensor By,
By = q%4° Bea - (2.143)

Opening up the projection tensors g% = (6% + I°k; + kl;) in (2.143), a few lines of simple
algebra lead us to,

Bay = Bap + 1ok Bag + 1k By + Lalpkk? By + Taky — Typka 4+ (Lky — Ipka ) TC . (2.144)

TH-3171_186121030



2.4. Kinematics of the null hypersurface H: viewed from the ambient spacetime

Next, using the relation (2.141) and (2.114) in the above, we obtain,

Bap = Vpla + Tapl* + (Taky — Toka) + (Laky — kalp) Tke — Ly + 1, (K'V 1)
+(Ta ) 1y + L Tk 1° + Lol (T K T°KT) . (2.145)

The above relation relates the spacetime covariant derivative of the null normal with the
projected deviation tensor. Finally using (2.90) in (2.145), we end up deriving a relation-
ship between the projected deviation tensor and the extended second fundamental form,

O = Bap — Topl© — (Toky — ko Tp) — (Lky — kaly,) Tk
+ (Tuik' V)l — 1, Ty kP 1997, . (2.146)

We can again perform an irreducible decomposition of the projected deviation tensor into

a symmetric trace part, a symmetric traceless part and an antisymmetric part,

(B)
A 1 A A A,
Bap = 54a 01 + UB) g + 1B oy, (2.147)

Computing the trace of the projected deviation tensor we obtain,

(B)

~

0 = "By, = 4" By
= (g + 1°kbK°1?) [%lu + Tacblc] = V" — Kk + T,I" (2.148)

(B) ()
We notice that 6; = 6; and hence the trace of the projected deviation tensor also quanti-

ties the expansion scalar of the null congruence.
We end our discussion on these kinematical quantities by mentioning that in the Rie-
mannian spacetime (M, g, V), the extended second fundamental form, the deformation

rate tensor and the projected deviation tensor are all equivalent and spatial (orthogonal
to I and 12),

(Mr ,V) 1 j
O = Xav =B ~ = 7, Vil - (2.149)

Hence the corresponding traces of these spatial tensors are the same,

© @ (B
6, =6, =6 MEV g _x=9. (2.150)

The corresponding shear tensors are also the same,

(Le) (Ld)

B gy = Doy, . (2.151)

Ogp = Ogh =
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2.5 Notions of coordinate systems adapted to the null sur-

face

Let us allude to in this section, a few coordinate systems that are adapted to the null
surface H. We will first describe a coordinate system in the spirit of 3 + 1 foliation of the
spacetime and how such a coordinate system can be adapted to H. Then we will list out
a few other coordinate systems that are used in the context of null surfaces without going
into any details.

Now that we foliated our chosen null surface H by a family of spacelike hypersurfaces
2 (defined by t = constant slices), we can in essence set up a system of coordinates on
the null surface. We can construct a coordinate system x' = (t,x#) in the spirit of the
3 + 1 decomposition of the given spacetime in the neighborhood of #. Here ¢t is the
coordinate associated with the time development/evolution vector £ = a : = (1,0,0,0)
and x# = (x!,x?,x%) are the spacelike coordinates on the t = constant slice. The time
evolution vector field can then be decomposed in terms of the normal 7 to X; and a spatial

shift vector B € Tp(%) as,

i+ B, (2.152)

~|

where N represents the usual lapse function. Viewing the spacelike manifold (S;, g, D)
as an embedding in the spatial slice ¥;, we can decompose the shift vector B as follows,

B=bs—V, (2.153)

where b = §- B and V is a spatial vector lying in the tangent space of S; (and hence
V-5 = 0). V is usually denoted as the surface velocity of the null surface H. The time
development vector basically connects neighboring slices of X; and X 5; with the same
spatial coordinates. We now describe the notion of a coordinate system stationary w.r.t H
[61]. If in this coordinate system (x'), the equation of 7 does not depend on the coordinate
t and only involves the spatial coordinates x*, then (x') is a coordinate system that is
stationary w.r.t H. This basically means that the location of H is fixed via the spatial
coordinates by some scalar function say f(x!, x2, x3) = 0. For such a stationary coordinate
system adapted to H, it can be shown that [61],

1214+ v. (2.154)
One specific choice would be to set f(x!,x2,x3) = x! = 0. So with this choice, x! = 0
defines the transverse two-dimensional cross-section S; on X;. With this, the coordinates
A _ ( 2

then on S; surface are x x%,x%) and the coordinate basis vectors of T,(St) are €4 =

d4 = (82,8;) = (92, 03). The coordinate time evolution vector f = 9; connects same
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spatial points along neighboring ¥; hypersurfaces. Hence the coordinates defined on
the null surface are x# = (t,x) with the coordinate basis vectors on T,(#) being &; =
(£,84) = (91,04). It can be shown that the metric of the null surface H w.r.t the coordinate
system x = (t,x*) is given by [61, 82],

deH = quodx"dx” = qap(dx? — VAdt) (dx® — VEdt) . (2.155)

Another popular choice of coordinate system describing the spacetime in the vicinity
of H is the Gaussian null coordinates that is named in analogy with the Gaussian normal
coordinates [25, 131]. We described this system briefly in section 1.5.

Another choice of providing a coordinate grid to the spacetime in the vicinity of H
is using the so called double null foliation. Here we begin with a spatial surface of codi-
mension two (in our case this would correspond to the surface S;). We consider two scalar
fields such the intersection of the level sets or surfaces (corresponding to the scalar fields)
defines our codimension two surface. Both the null normal one form [ and the auxiliary
null normal one form k can be expanded as linear combinations of the gradient one forms
of the two scalar fields. One distinguishing feature in such a construction is that both I
and k are in general not hypersurface-orthogonal. For the construction and details of the
double null foliation the reader may wish to consult [132-134].

2.5.1 Proof of the expansion scalars as being the rate of change of area

element on S;

We conclude this chapter on the discussion of the geometry and kinematics of our in-
(d) (d)
tegrable null surface H by convincing ourselves that 6, and 6; represent the expansion

scalars of the auxiliary null vector field k and the null generators i respectively. Let us
represent the (in general) non-affine parameter along the auxiliary null vector field to be

Ax)- Hence we have k* = d /\( . . The crucial negative sign is because of the fact that the

auxiliary null field k is ingoing as opposed to the null generators I which are outgoing.
On account of the determinant of the transverse metric of the 2-surface S; being a scalar
density, we have,

d \/— 1

= v
A k)

d

1 e = \a(z
)QAB = —EﬁqABk Vi (gab(eA) (eA)b)-

Therefore one finds,

1 d 1 . . 1 ~ A
i q= EqABgub(eB)b(klvi(eA)a) + EqABgab(eA)a(klvi(eB)b)
= q"P g (e)" (K'Vi(€a)") (2.156)
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72 Chapter 2. A generic null hypersurface: Geometry and kinemat

Under the construction of the null hypersurface #, the basis vectors {é4 } of the tangent
space established on the 2-surface S; are Lie-transported along the auxiliary null field i.e.
[k,é4] = 0. This results in,

KVi(84)" = (84)"Vik* + T kP (84)° . (2.157)
Using Eq. (7.47) in Eq. (7.46), we obtain,

_LL _ AB_ (2 \b( (3 \i(¥7.14 a 1d (2 \c
Trdng V= 1 g @) (@) (Vi) + Tick" (@)

= gV kp + ¢V Tk” (2.158)

In the above, we have used the fact that g8 (2,4)%(é3)? = ¢°*. Upon using the relation
(2.134) in Eq. (7.48), we obtain,

1 4 . (d)
_W% q= qubc‘ab - quKfcdkf + qabTacbkC = ek (2-159)

()
Hence we indeed verify that the ingoing expansion scalar 6 represents the fractional rate

of change of the 2-surface area element , /7 along the auxiliary null vector field k. Strictly
along the lines of the previous analysis, its quite straightforward to establish that,

LA e —g) (2.160)

where A ;) = f represents the non-affine parameter for the outgoing null generators 1.

2.6 Summary and discussions

Our goal in this chapter was to define in a concrete sense the construction of a general in-
tegrable null hypersurface in the RC spacetime (M, g, V). The RC spacetime allows for
non-trivial torsion to be present associated with its connection V. We then studied the ge-
ometric construction of such a generic null surface H in this spacetime. That is, we stud-
ied in depth both the intrinsic and extrinsic geometry of # in (M, g, V). Even though
the in-depth study of null surfaces have been done in Riemannian spacetime (M, g, V),
such a coherent presentation, we believe was lacking in the literature for the RC space-
time. Let us mention at the outset that the RC spacetime is not completely general. It
is constrained by the fact that the linear connection V is metric-compatible. It gives rise
to those class of gravitational theories (called the metric-affine theories) where the non-
metricity tensor has been set to zero. One of the main aims of this thesis is to study the
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2.6. Summary and discussions

thermodynamic and fluid dynamic interpretation of the gravitational field equations of
the Einstein-Cartan theory w.r.t a generic null surface. The EC theory is a sub-class of
such metric affine theories. For that purpose it is quite imperative that we study quite in
its generality the geometry of a null surface in the RC spacetime.

With a view towards this goal, we began in this chapter with a very brief review about
the geometrical properties of the RC spacetime. We then discussed about the construc-
tion of a null surface of codimension one generated by a hypersurface-orthogonal null
congruence I. We then studied in depth both the intrinsic and extrinsic geometry of such
an integrable surface in (M, g, V). We saw that the induced metric on the null surface
is degenerate. In order to discuss concretely the kinematics of the null surface as viewed
from the ambient spacetime, we considered a null foliation of the spacetime in the neigh-
borhood of H by a family of null hypersurfaces. This allowed us to define the notion
of a derivative of the null generators along a direction away from the surface. We then
proceeded to study the extended Weingarten map (also known as the shape operator) as
well as the extended second fundamental form. We then discussed about the rotation
1-form and the Haji¢ek 1-form. Next, we considered the kinematical evolution of the in-
duced metric g along the null generators [ and the auxiliary null vector field k. These led
us to the concepts of the deformation rate and the transversal deformation rate tensors.
Finally we discussed about the projected (onto the 2-surface S;) deviation tensor. Such
construction of the null surface H and its defined kinematical quantities will be useful
in the later chapters where we discuss the physical interpretations of the dynamics of the
relevant gravitational theory with respect to the null surface. The few salient features that
separate a generic hypersurface-orthogonal null surface H in RC spacetime from the one
in say Riemannian spacetime (M, g, V), are the following.

e Since the ambient connection (V) is not torsion-free, we see that the connection D
compatible with the spatial 2-metric g of the null surface is also non-unique and not
torsion-free. The submanifold on the spatial 2-dimensional cross-section (S;, g, D)
is provided with a metric-compatible linear connection D i.e. Dyqp. = 0. We will
have much more to say on this when we study the dynamics of H in the next chap-
ter.

* Even in spite of the assumption of hypersurface-orthogonality of H in the RC space-
time, we found that the twist vector does not vanish.

¢ The relevant kinematical quantities are modified due to the presence of torsion. We
saw that the Weingarten map is not self-adjoint for H in the RC spacetime. This
leads to the fact that the extended second fundamental form (not symmetric) has
only k as the degeneracy direction and not I. The extended second fundamental
form, the deformation rate tensor (symmetric) and the projected deviation tensor
obviously are not equivalent and agree only when the torsion vanishes.
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Chapter 3

Dynamics of the generic null

hypersurface

3.1 Introduction and motivation

In the last chapter, we have constructed the relevant kinematical quantities of interest for
our analysis. Now, we shall proceed to discuss the evolution dynamics of these kinemat-
ical variables along the null generators I of 7. These will become the building blocks for
our later chapters. Lets us remind ourselves that by “kinematics”, we mean those quanti-
ties obtainable as the first order spacetime derivative of the null vector fields I and l_c’, the
null 1-forms [ and k as well as the metric field g and 4. Following [61] by “dynamics”,
we mean the quantities involving first derivatives of kinematical objects along a speci-
fied vector field in the spacetime. The null generator [ is related to the time evolution
vector field £. For our consideration we would specifically call the first derivative (Lie or
covariant) of kinematical variables along I to be dynamical quantities of interest. There
can be evolution equations of kinematical variables along the auxiliary null vector field
k. However, with the hindsight of interpreting the gravitational field equations w.r.t H as
having a fluid /thermodynamic nature, we would only require for our purposes, the evo-
lution equations along I. Now, as far Einstein’s theory of gravity is concerned, the field
equations expressed w.r.t a generic null hypersurface H give rise to important physical
interpretations. To look at this, consider the expansion of the vector field G% I’ in the basis
(Ik,éa),

GYI" = g1l + ok + ¢ (4)" (3.1)
with ¢1 = —Gk?1%, ¢p = —Gpl°1Y and ¢4 = (G,p1°9%)(é4)°. These projection compo-
nents have important thermodynamic and fluid-dynamic interpretation as far as Einstein
gravity is concerned. It is well known that G,,/%I" arises in the null Raychaudhuri equa-
tion that governs the dynamical evolution of the outgoing expansion scalar along I [25,
61]. The projection component G,,1”¢". arises in the context of the Damour-Navier-Stokes
equation that describes the evolution of the Héfiéek 1-form along 1 [61, 76, 80, 82]. The
DNS equation is structurally similar to the NS equation. In fact, it has been pointed out
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76 Chapter 3. Dynamics of the generic null hypersurfe

that in a boosted inertial reference frame, the DNS equation reduces to the NS equation

[82]. Finally, the projection component G,;k"I” in the Riemannian spacetime is related to
(d) "
the dynamics of the ingoing expansion scalar ) along I. For Einstein gravity as well as

Lanczos-Lovelock models of gravity this dynamical evolution law leads to a thermody-
namic identity for a well defined physical process involving H [36]. This thermodynamic
identity is structurally similar to the first law of (conventional) thermodynamics. Such

(d) (d)

evolution equations for 6; and 6y form a part of the so called focusing and cross-focusing
equations [76, 135]. The focusing and cross-focusing equations and their relation to ther-
modynamics for local definitions of horizons have been studied in [135].

Our objective in the later chapters is to provide a thermodynamic and fluid-dynamic
interpretation to the gravitational field equations corresponding to the RC spacetime. For
that purpose, we would need the evolution equations corresponding to the projection
components Gpl1t, Gpk?1? and Gabl”qbc, where G, is the analogue of the Einstein tensor
in (M, g, V). Motivated by the results explicitly established for the case of Einstein grav-
ity, we aim to see what exactly are the corresponding dynamical evolution equations in
the RC spacetime. However, our consideration of the dynamics will be focused entirely

on the null case. The NRE corresponding to the evolution of the outgoing expansion
()
scalar 6; (along I) will be related to the projection component G/’ and have already

been derived in the literature [64, 136, 137]. However, for the sake of completeness, in
Sec. 3.2, we provide a detailed derivation of the NRE for the outgoing expansion scalar

()

6, within the formalism and convention that we follow. The NRE and the tidal force
equation [61] (which concerns the geodesic deviation equation between two neighboring
null congruences) are a part of the optical scalar equations [136, 138] obtained within the
Newman-Penrose formalism [139, 140]. The Raychaudhuri equation and other optical
scalar equations for timelike congruences in the case of RC spacetime has been derived

in [137, 141, 142]. We also derive the dynamical evolution equations of the ingoing ex-
(d)
pansion scalar 6 and the Haji¢ek 1-form in Sec. 3.3 and Sec. 3.4 and show they are

determined by the projection components G,;k?I” and G,,1%". respectively.

3.2 The dynamics for Gp1°1°: The null Raychaudhuri equa-
tion for  in (M, g, V)

We begin with the dynamical evolution equation corresponding to the projection compo-
nent G,,°1”. Doing this, we arrive at the NRE for our generic null hypersurface in the RC
spacetime. The Raychaudhuri equations (for both timelike and null congruences) find
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diverse applications in physics and hence hold enormous significance. The Raychaud-
huri equations at their core are geometric relations involving the dynamics of flows and
hence find applications beyond theories of gravity. For a very pedagogical introduction
to the Raychaudhuri equations and its diverse applications to various areas in physics,
the reader may wish to consult [143].

In order to arrive at the NRE, we can reap the benefit of the induced foliation of our

spacetime (M, g, V) in the neighbourhood of H by the null family of hypersurfaces.
()

The NRE determines the dynamics of the outgoing expansion scalar §; along the null
generator [. To arrive at the NRE we start from the null Codacci identity established on
H,

Va(Vpl®) = Vp(Val®) = Rypl® — T4, (V41%) . (3.2)

Making judicious use of Eq. (2.90) on both sides of (3.2), we arrive at the following evo-

lution equation,

(ﬁaTbac)lblC + (Tabc + Tepg + Tbac)éablc + (kﬂTa)(kab) - ®ab®ba

(d) (d)
+x6; — 1PV, 0; + 1°1°(V, T,) + T°T, = Rypl°1° . (3.3)

The proof of the above relation (3.3) has been shown in the appendix 3.6. Notice that
() ()
(3.3) relates the evolution 1YV, 6; of the outgoing expansion scalar ¢; to R,5171° and hence

Gapl?1? (since G = Ry — 1/2 gupR).
However, we should be careful not to assign (3.3) as being interpreted as the NRE.
This is because we notice the trace of the extended second fundamental form ©,, is not

(d)

the true outgoing expansion scalar ;. It would be better to rewrite any @,;, occurring in
(3.3) by the corresponding projected deviation tensor B, or the deformation rate tensor

(d)

Rap, since the trace of both of these tensors gives the true outgoing expansion scalar 6;.
This can be done by the virtue of (2.146) or (2.125). However here, we will progress with
the projected deviation tensor in order to corroborate our results with [64]. Using (2.146)
through some moderate but straightforward algebra, it can be shown that,

A

ab®ba = Bab[;’bu - ZBablCTbca + (Taibli)(Tbkalk) + (Tﬂka)(Tbkb)
—2TT, 'k . (34)

@

Using the symmetries of the torsion tensor, similar straightforward algebra shows that,

lc(Tabc + chu + Tbac)é)ab - _BablC(Tucb + Tbca + Tcub)
+ T L (Tocp + Tyea + Teap) + 2Teapl“Tk” — 2(Tok?) (Tpk") — 2Tk VT . (3.5)
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Combining the last two relations (3.4) and (3.5), we have after some simplification,

lc(Tabc + cha + Tbac)@ab - ®ab®ba = _Bab(Tacb - Tbca + Tcab)lc

+ Tﬂi blilj(Tajb + Tjab) - Bubgba - 3(Tﬂka) (Tbkb) - 2TuTabckblC

— 2T, k1% + 20 Ty, 1K™ (3.6)

Putting (3.6) in (3.3), we obtain as a result,
S . (@) .
1"V, 0; = —Rpl®1° + (VT ) IPI€ + 6, + 1°1(V, T,) + T*T,

- Bab(Tacb - Tbcu + Tcab>lc + lileai b(Tu]'b + Tjab) - BabBAbu
| = 2(Tak") (TpK) = 21K (T + Thea + Teva) | - (3.7)

As usual, using (2.147) and using the fact that R %10 = G,p1°1°, we have tinally the NRE
corresponding to a hypersurface-orthogonal null congruence,

(d) (d)
1°V,6; = —Gopl®1” + (VOTpae) P16 + 66, + 1°1°(V, T,) + T°T,
- (I'B)wab(Tacb — Tpea + Tcab)lc + lileai b(Tajb + Tjab)
(d)

1 X ] ) a
_ E(9, )2 — (LB)g.  (LB)gab 4 (LB) g,  (LB),ab
" [ - Z(Tuka) (Tbkb) N 2TakblC(TabC + Tbcu =+ chﬂ)] : (3.8)

In the Riemannian spacetime (M, g, V), the above evolution equation (3.8) reduces to,

1"V a0 = —Gppl°1° + x6; — %(9,)2 ENOPNOPCS (3.9)

This is the usual NRE for the null generators [ in the Riemannian spacetime. The above
(d)

Eq. (3.8) represents the evolution of the outgoing expansion scalar §; along the null con-
gruence I. Notice, that as of yet we have not imposed the geodesic constraint and hence
even though the congruence I is geodesic, it not auto-parallel. The present Eq. (3.8)
should be matched with Eq. (66) of [64]. Eq. (66) of [64] has been written down for an
affinely parametrized null congruence (x = 0). Our Eq. (3.8) matches exactly with Eq.
(66) of [64] except for the last terms in the squared parentheses (i.e. the terms containing
T,). Even though the authors of [64] claim that their Eq. (66) represents the NRE in its full
generality, we believe that they have missed the terms in the square parentheses. Notice
that the NRE (3.8) in this generality depends upon the auxiliary null vector field k. This
is somewhat a rather peculiar feature. This is because, for our construction the auxiliary

null vector is uniquely defined. The auxiliary null field is transverse to the null generator

TH-3171_186121030



3.3. The dynamics related to G pk1?

as well as being orthogonal to the 2-dimensional sub-space S;. The dynamical equation
(d)
(3.8) necessarily implies that the evolution of the outgoing expansion scalar 6; along the

null generator I actually encodes information of a direction that is transverse to the null
generators and orthogonal to the spacelike submanifold of H. It is quite an instructive
exercise to verify that if we decompose (3.8) into its pure Riemannian parts and the pure

torsion terms on both sides of the equation, we end up having the NRE for the outgoing
(d)
expansion scalar §; = 60; of H established in the Riemannian spacetime (M, g, V) (pro-

vided with the Levi-Civita connection V). The explicit details of this has been relegated
to appendix 3.7.

Finally, if we want to consider a system of hypersurface-orthogonal auto-parallel geodesic
null congruence generating H, then we have to impose the geodesic constraint T, = 0 in
(3.8). For this particular case then, we have,

@ @ 41 @
1°Vaf) = —Rpl"1" + 6, — 5 (61 )2 = WP (WPt g (1B gy (HP) o
— B (T — Ty + Teap)I€ + VT Ty + Tiap)
+ (VT 11+ 11(V, ) (3.10)

The above equation under the geodesic constraint determines the evolution of the outgo-
()
ing expansion scalar 8; along I and contains explicitly no signature of the auxiliary null

field k.

3.3 The dynamics related to G pk?1

In this section, we will focus on the dynamical evolution equation related to the projection
component G,,kI". In doing so, we will first derive the evolution equation along [ of the
transversal deformation rate tensor =,,. Then we will proceed to find the evolution rate

(d)
of the expansion scalar ) along the null generators. We will see in a later chapter, that

this will then provide our starting point towards a thermodynamic interpretation that
can be attributed to the relevant projection component. At the outset, let us establish the
fact that the dynamics of G,;,I?k? will be studied entirely keeping the geodesic constraint
Eq. (2.34) in mind. We will use the fact that T = 0 in all subsequent analysis. Under
the geodesic constraint, as we have discussed at the end of section 2.4.1, that the null
generators of H are both auto-parallel and geodesic. To proceed, we start with the Ricci
identity established on the manifold of the transverse spacelike 2-surface (St, g, ’f)), where

D is the spatial covariant derivative compatible with g i.e. D,q,. = 0. By definition, for
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any spatial vector @ € Tp(S;), we have
Db = qiuqu@izﬂ' and D,v, = qiaqu@uvb , (3.11)
and its obvious generalization to tensor fields on S; follows. So for the spatial vector 9,
Do, Dyl = @Ry 07 — AT, Dy, (312)

where, @R, and @ Tabc are the 2-dimensional Ricci and torsion tensors established re-
spectively on (S, ¢, ’ﬁ) Let us first take on the left-hand side (L.H.S) of (3.12). We show
(via a detailed calculation in Appendix 3.8) that,

[Da, Dy = Dy(Dyv") — Dy(D,0")
(d)
= [(91 — g Tepal g — X% + qcqumecdlf} (ks Vinv®)
(d)
+ [(Qk — 4Tk ) g — B + qcqumecdkf} (IsV )
+q

g RS 0t + 450 T (V) (3.13)

Looking at the R.H.S of (3.12) we have on account of (?) Tabc being a tensor defined on the

transverse 2-dimensional space S,

@R,y 0" — AT Dav = ORyo" + AT 4" (Vo)
. f A N f o
= Ry v + 4905 DT g (Virv®) = D Rep 0" + 05050 T o (Vi) . (3.14)

Incidentally, it can be proven that the complete projection of the spacetime torsion onto

the 2-dimensional transverse space S; is equivalent to the intrinsic torsion established in
(St,q9,D) i

f
950%0" Ty = 059%0" D Toy (3.15)
For the detailed derivation of this, see Appendix 3.9. Upon equating the L.H.S and the
R.H.S of (3.12) via the relations (3.13) and (3.14) respectively, and using (3.15), we end up
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having,

()

- [(éz — 4T al g — R + qcqumecdlf} (0"V ks

expression 1
(d)

- [(ék — 4T pqk gy — BT + qcqumecdkf] (V" Vmla)

-~

7
expression 2

+ 45 R 0" = P R0

(3.16)

Let us focus on expression 1. Again as usual, using (2.134) for the covariant derivative of
the auxiliary null normal and simplifying, we obtain,

(d)
expression 1 = v” [)ETZ g — ( 1 — quchdlf> Epa — 1925 (Kpeal)

(d)
— X% (Kpeak! ) + (91 - quchdlf) 94" (K eak!)
+ %" (Kpeal) (Kiih") ]

(3.17)
Analogously, for expression 2, we use (2.126) and simplify to yield,

(d)
expression 2 = o [Enl; Xma — <9k - quchdkf>7€ba - quXda (Kfcdkf)

o (d) o
— &yl a(Kiifl") + <9k - quchdkf> 957 o (Knigl")
+ qcquiq]a(Kfcdkf)(Khijlh)} : (3.18)
Adding up both the expressions (3.17) and (3.18) in (3.16), we end up having the expres-

sion of the 2-dimensional Ricci tensor in terms of the 4-dimensional spacetime quantities
(since v” is arbitrary),

(Xniﬁma + Enf»?@ma) - (gz) - qijTihjlh> (Eba — 499" K peak )

) <?€ba - qcquaKfcdlf> - (qcbé‘da + qdaé‘cb>1<fcdlf
— (4R% + 4985 ) Kreak” + (47000 + 4'4"0% ) (Kpeal ) (K™

—
2
N

(3.19)
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Now, we focus on the term q”]}qlsqr; R

., of (3.19). After some routine computations (see
Appendix 3.10), it can be shown that,

CI"éqlsqpa RS = m pa Qrmspkrls + qngqpaﬁpm + ZQa()b - (Qagzb + e@a()b)
—q"hghl"V, [ 28y (qimq]p + qiquM> (Khijkh)}

79 a [(Vmwp + prm> — (Wm@p + Wp@mﬂ
(

§ Em + Xraé“rb> T (q]axib + qu)%i > (Khijk ) (Cl a=p + 5] b‘_‘ ) (Kdelf)
{q]aqdchz + q quaqcz} (chdlf)(Khijkh) )

+

>

[I])

0+ E90%) (Tepal) = |00 ag™ + 020" | (Kpeal ) (Kyifk)

(3.20)
In the above, we have defined the quantity &, accordingly as

Py = Tyeak®15g", . (3.21)
Obviously, the quantity &, is orthogonal to both I* and k” and hence is defined on the

2-surface S;. Converting the spacetime covariant derivatives present in the above relation
(3.20) to Lie derivatives along the null generator I, we obtain from the above,

459 sq'a Ry = 454" Qrmspkrls + 570 Rpm + 2000 — (P + Palyy)

— q'pq"ks [ngp < q9'mdp + qiqum)(Khijkh)} + (Xarﬁrb + Xbﬁ@)
+ Da(Q = Pp) + DO — Pa) — 2B + (800% + E4% ) (Tepal)

q &%) (Kpeal) + [0’y = &) + 'y (0 = #a) | (Knigh")
— [ (daas + "% ) 4| (Tegal) (K"

<5] aq b T4 bq a)qjd} (Kfcdlf) (Khijkh) . (3.22)

We relegate the details of the computation to Appendix 3.10. Now all that remains to
do is to put Eq. (3.22) into Eq. (3.19) to get to the evolution equation of the transversal
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3.3. The dynamics related to G pk1?

deformation rate tensor,

A

= 1
qﬂéqp“’{ld‘ q bq a£l [<qmq p + q pq m> (Khzjkh)} = _E(Z)Rab

1 A n A ,” A
+ 56]"261 aQrmspkrls + EqngqpaRpm + (Xarﬁ'rb + Xbrd‘ra>

1 A A A N 9 2
+ E (Dg(Qb - f-@b) + Db(Qu - @;J) - (K + Tl)ﬂaﬂb
(@)
e . Aoan 1 A 1
— Ek?(ab + Y = 5 (P + W) + 5 [(‘:Caqdb +8%9%) + qu*iab} (Tesal’)
1 2 2d 2d _ 4 A
+ 2 [9 q q — 4% ‘E qcb‘E a qch a4 u‘ECb} (Kdelf)
1 j o o
ol (K% DRLACIRED
+ Gt~ Rl - Bt + 7 Rab | (Kiik")
1
— 5[ (ded, + a4 + %', | (Tegal) (Kigh")
1
— 5 (a7a%a% ) (Tgk") (Keal)
1 g .
5| (ad's + a5’ ) 4 + 07000+ 4,070 | (Kpal) (Knigk”) (3.23)

So we have arrived at the evolution equation for the transversal deformation rate tensor in
the metric-compatible general affine spacetime (M, g, V) under the geodesic constraint
(T* = 0) i.e. the null geodesic generators of H are parallel-transported along themselves.
In the absence of torsion in the spacetime this equation matches with Eq. (6.43) of [61].

Now, that we have derived the evolution equation of the transversal deformation rate
()
tensor, we proceed to study the evolution of the expansion scalar 6. This would enable us

to provide the thermodynamic relation established on H for the gravitational dynamics
(d)

in (M, g, V). To get to the evolution equation for 6y, all we need to is to take the trace
of the evolution equation of the transversal deformation rate tensor (3.23). However this
can be avoided to the benefit of a shorter route that involves taking the trace of (3.19) and
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(3.20) and then combining them. The result of the trace computation leads us to,

(d) (d)
(6 — Tk} = [FOR 1 1%, (6 — Ty k") — O + O 0
K\ Uk — 47 Linj ) r\ Uk = g7 Linj a a

o A () (d) . P @ d _ &cd
—Dy (O — P + 6, <9k — 47 Tipjk ) B (9ch - >(chdlf)
(70" — 47 ) (Teoa) (K1

- [Gab +(VaTy — VoTo) + (Vi + T)) "ﬂb] Kb (3.24)

In the Riemannian spacetime (M, g, V), the above dynamical evolution equation reduces
to,

by — [%(2) R+1'V,0, — 0,0 — D,0° + e,ek] — Gkt (3.25)

The above equation (3.25) becomes a special case of the cross-focusing equation [76]. All
the relevant steps involved in the computation for the trace leading up to (3.24) have
been shown in Appendix 3.11. The above geometrical relation involves the directional

(d)

derivative of the ingoing expansion scalar 6 along the null generator i being related to

the component Gpk?1Y. Tt is in this sense that the above equation can be referred to as the
(d)
NRE for 6.

3.4 The dynamics corresponding to G,;/"¢".

In this section, we will describe the dynamical evolution law of a kinematical quantity
that is related to the projection component G,;,/?%.. The kinematical quantity of interest
to us, whose dynamics we study here is the the Hajicek 1-form. We will indeed see that
dynamical evolution of (), along 1 is related to the projection component G,;/%¢". To
arrive at this, let us begin with the null Ricci identity established for 7,

2

[V, Va1 = Raal = T (V). (3.26)

We will be interested in the projection of the above dynamical equation on the transverse
two-surface S; of H,

[ﬁbf ﬁu} lbqat = Rablaqbt - Tiba(ﬁilb)q“t . (3.27)
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3.4. The dynamics corresponding to G,;1%".

From here along, our procedure will follow [61]. In order to remove the clutter of indices,
let us define the following spatial tensor,

fij = q;9; Kusl" . (3.28)

Let us also define the following quantity,

~

& = 1% — %9 Kl = %% - T (3.29)

& is a completely spatial (1,1) tensor that is orthogonal to both the [ and k directions. It
is easily verified that,

ci)ab — ci)ba = ZqA)[ab] = qcaqdefcdlf . (330)

It can be shown that the (Lie) evolution of the Héji¢ek 1-form ) along the null gener-
ator I is indeed related to the quantity R, 1gb, = Gyp1°qY, via the following relationship,

qatﬁlﬂa + 25bcﬁbt - thgﬁb + qctqdb(Kfcdlf)gzb — &, T"
@ @
+Q4m+kﬂ¢—nﬁ)—D(m+x—nﬁ)+¢ﬁﬁ@mﬁmﬂ

- Gubl qt zbaX 5] tt4q t( ibakiquTﬁ) + qat(inqdeibu(Kfcdlf)) : (3.31)

The explicit proof of the above equation (3.31) has been provided in Appendix 3.12. We
now consider the completely spatial tensor &, and perform an irreducible decomposition
of it by breaking it up 1nto a trace part (9) a symmetric traceless part ((Tbt) and an anti-

symmetric traceless part (a)bt). The trace of this spatial tensor by, is,

(d)
= q"dy = qbf<)€bt — qchdefcdlf> = 0 — " Kpeal’

(d) (d)
= 0 — (g + Ik + kU)K el = 6y — Tyl” + Tk . (3.32)

D> *

In arriving at the above result, we have used the antisymmetry of the contorsion tensor
in the first and third indices along with the fact that K, = T,. The symmetric traceless
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part of the tensor by, is,

(d)
1 . 1 P
(bt) — %tG = (X( bt) — G4 be(cd)lf> - —%t<91 —Tl" + Tbkb>

Q *

I
/\ »eo

bt

\/

94 be cd) - —%t(Tbl - Tbkb)>

= gy, — (q AWKl — E‘]bt(Tbl —Tbkb)) : (3.33)

- = 9
X bt 2%1

—
~

Similarly, the traceless anti-symmetric part of by, is,

* . . 1 1
Wyt = Py = Xjpr) — chtqdb(Kfcd - dec)lf = chtqdefdclf : (3.34)

Using (3.32), (3.33) and (3.34), we obtain,

(@
L1 s
B = S0 (0 = Tol? + Tk ) + 0 + 505 Tracl (3.35)

The above result allows us to have,

D& = D, [% ((g,) Tt Tbkbﬂ + ﬁb?}bt + DY (%qctqdefdczf ) . (3.36)

Using (3.36) in (3.31) and further simplifying, we end up with,

A ) A 1 @ b
qatﬁlﬂu + Qt<91 — Tblb + kab> — Dy (K + 5(91 — Tblb — kab)> + Dyb 4

1 o L
+ D" (‘qctqdefdclf) - th«@b + qctqdb(Kfcdlf)ga - &thb + qctqdb(deckf)T
= Gapl"q", — TipaX"q"s + 0% (Tivak' 9T e) + 4% (39" Tipa (Kgeal) ) - (3.37)

The above geometrical relationship established in the RC spacetime relates the (Lie)evolution
of the Haji¢ek one-form (), along the null generators in its full generality with the projec-
tion component Rubl”qbt or Gubl”qbt. Note that, in arriving at (3.37), we have not used the
geodesic constraint condition T} = 0.

We can express the above relationship in a slightly different version by switching over
to the extended second fundamental form ®j;. This we do by noticing via the relation-
ship between the extended second fundamental form and the deformation rate tensor, i.e.
(2.125). We see that upon using (2.125), we have,

_®bu3%bqat = _thg/jb + qctqdb<Kfcdlf)g®b . (3'38)
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Similarly the last three terms on the R.H.S of (3.37) can be combined via (2.125) to get,

— Tina®" 0% + 4% (Tipak' 4T ) + 4% (099 Tipa (Kpeal”) ) =
— Tipatt’ (7%’” — K'qPT — g9 q" K eql! ) = —TipaqO" . (3.39)

Using (3.38) and (3.39) in (3.37), we express the Lie-evolution of the Héjiéek one-form in
a slightly different form,

AR ) 1@ ob
qatﬁlﬂa + Qt<91 — Tblb + kab> — Dy (K + 5(91 — Tblb — kab)> + Db&t
b (1 c A o5b a A c
+ D’ (5‘7 tqdefdclf) — Oy P — By TP + g tqdb(deckf)Tb
= Gupl"q'y — T ®"q", . (3.40)

Obviously, in the Riemannian spacetime (M, g, V), the above evolution equation reduces
to,

a () 1@ (1d) b a_b
g"£1Q0% + Q4 6; —Dt<K+§(01>—|—Db( Do) = Guplgl, . (3.41)

Note that, in contrast to the deformation rate tensor, the extended second fundamental
form is not symmetric and completely spatial as evidenced from the relations (2.79) and
(2.104). So in essence, via Eq. (3.40), we have have arrived at the dynamical evolution
equation of the Héji¢ek 1-form along the null generators I.

3.5 Summary and discussion

In this present chapter, we have gone ahead and discussed the relevant dynamics of some
of the kinematical quantities introduced in the previous chapter. As mentioned before, the
null generators [ associated with the non-affine parameter ¢ provides a natural vector field

along which the evolution of kinematical quantities associated with H can be considered.
(d)
The first such kinematical quantity is the outgoing expansion scalar 6;. We considered
(d)

the evolution of 6, along the null vector field I and saw that its dynamical evolution
is related to the projection component G,,/*I’. We have called this evolution equation
to be the NRE in the RC spacetime (M, g, V). There exists one peculiar distinguishing

feature of the NRE in the RC spacetime from the NRE in Riemannian spacetime. The
(d)
evolution equation for 6; involves explicit dependence on the auxiliary null vector field

k in the sense that the torsion tensor field is coupled to k as evident from Eq. (3.8). This

feature is absent in the Riemannian spacetime as torsion vanishes there. However, if
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88 Chapter 3. Dynamics of the generic null hypersurfe

we impose the geodesic constraint, then such explicit dependence on k vanishes. The
geodesic constraint forces the null geodesics to be auto-parallel in the RC spacetime. The
geodesic constraint will be important in the notion of equilibrium for the null surface H
in the RC spacetime. This will be elaborated further in chapter 6 when the discuss the
thermodynamics associated with the gravitational field equations. Next, we considered

()

the dynamical evolution of the ingoing expansion scalar 6 along I and saw that it was
related to the projection component G,;k?I”. We have called such an evolution equation
Eq. (3.24) to be the NRE corresponding to the ingoing expansion scalar. However, the
entire analysis was done under the geodesic constraint right from the start. Finally, we
considered the evolution dynamics of the Haji¢ek 1-form Q) along the null generators
I and saw that it was related to the projection component G,,1%¢". as evident from Eq.
(3.37).

In principle, we could also have have considered evolution dynamics of kinematical
quantities along the auxiliary null field k or along an arbitrary vector field X = al + pk
(a, B > 0) lying in the orthogonal tangent space to 7p(S¢). However, for the objective of
providing a thermodynamic and fluid-dynamic interpretation to the gravitational field
equations in the RC spacetime, the ones that we have considered would suffice. For a
study of the evolution equation of such kinematical quantities along the arbitrary vector
field X in the GR spacetime (M, g, V), the reader may wish to consult [76, 135]. It would
quite an instructive exercise to see what modifications arise for the dynamical equations
once we go over to the RC spacetime.

Now, the objective of the chapters 2 and 3 have been to present in its generality, the
construction, geometry (both intrinsic and extrinsic), kinematics and dynamics of an in-
tegrable null hypersurface H in the RC spacetime. So in a sense, the first two chapters lay
out the geometrical foundations with which we need to work on. Till this point, we have
not used the relevant gravitational dynamics to be employed in the RC spacetime. This
will be our focus in the subsequent chapters.

TH-3171_186121030



3.6. Proof of Eq. (3.3)

Appendices

3.6 Proof of Eq. (3.3)

We begin by manipulating the first term on the L.H.S of (3.2) using the relation (2.90) and
(2.122),

A

Va(Vpl")

I
<

(O + 1PV, @y + @ (V™) — (Valy) (KV %) = 1,V (K'V17)
o R (d)
V0% + 19V 16y + @ (9, fr— Tal“>

— (Gpa + @by — L (V1) ) (K1) — Vo (K V317)

(@ 5
= Va@)ab + la@ad)b + Wy, (él + K — Talﬂ> - @ba(klvil“)

A

— 1, (wﬂ(ki%zﬂ) - va(kl’%z“)) . (3.42)

Let us now proceed with the second term in the R.H.S of (3.2). Again using the relation
(2.90) and (2.122), we can similarly show that,

. L /9D
¥y (Val®) = vb(el tr— Tal“>

(d) .
- vb(el + K) 1NN T) — T'Op — @p(T,l") + lb(Ta(klvil”)> . (343)

Similarly, using (2.90) for the second term in the R.H.S of (3.2), we have,
T (Val®) = Tuap®™ + Taqp@1* — Tyl (K V1) . (3.44)

Finally, upon using the relations (3.42), (3.43) and (3.44) in the null Cadacci equation (3.2)

and simplifying, we end up having,

(@) 3 @ )
Vo + 1"Vadoy + @y (61 + 1) = Op (K1) = V(6 + 1) +1°(V, )

LT, — I [d)a(kiﬁil”) L (K1) + Tu(kiﬁiw)} — Rypl® — Ty ®f
— Trap@ 1% + Tl (KV1%) . (3.45)

To this end, we simply need to contract the previous equation (3.45) with I°. Upon using
the following relations, w,/* = x — k,T7, Op,l? =0, 0,1 = 95, T.and T%¢°, T, = T*T, +
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(T1,) (k"T},) and simplifying the above contracted (with ) relation, we have,

(d) ()
1°V,€ oW+ lb(la@a(ﬁb) + (k — kaTa)(él +x)— lb@b(él + %)

+ P19V Ta) 4+ T + (T2) (K'Ty) = Repl1” — Typ®Y 1P + T, (KV1%) . (3.46)

Next, we manipulate the term 1b @a@”b in the L.H.S of (3.46). Using the fact that @)“blb =
g“"T., we have upon using (2.90),

lbﬁgéub - @g(@ﬂblb) - @ﬂb(ﬁalb)
ValgTe) — 0% (&%, + @ul” — 1 (V1" )

= V(T + (KT)1) — 008 — 0, 61,1

(d)
= VT 4 (1°V ok )T + (1I°V, Tk + (KTe) (6 + 1) — (To1%) (k°T)

— OO — O, T — (x — k,T") (K°T,) . (3.47)

Upon using the relation of the rotation 1-form (2.114) in the previous relation (3.47) and
simplifying, we end up with,

(d)
I'V,0% = (V,T%) — (Typck"I°)T + (1°V, T )k + (KT, ) (6; — T,l%)

+(K"T,) (K°T}) — 0,0 . (3.48)

After this, we focus on the term [?(1°V,&;) in the L.H.S of (3.46) and use the fact that

1’y = x — kT, along with the implementation of (2.114),

P(1°% 1) = 19V 4 (i — kcT€) — @y (1°V,1°)

= 19V — 20, T% + (Typck"IP) T — K (1°V, T) — 6> + x(k,T%) . (3.49)

Adding (3.48) and (3.49) leads to upon simplification,
. A . . @) " A
1PV ,0% 4 1°1°V ,&p, = VT 4 (k) (6; — Tal®) + (ko T%) (k, T?) — ©,,,0%
+ 1oV o1 — 200, T — k> + x (k,T) . (3.50)
Putting the above relation (3.50) in (3.46) and simplifying, we get
. " @ @ .

VT + (k,T) (ky TY) — 00" — 20, T 4 k6, — 1PV, 60, + I°1°(V, T,) + T°T,
= Rypl"l” — Trp®Y 1P + T, (K V17) . (3.51)
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3.7. Reduction of NRE in (M, g, V) to NRE in the Riemannian spacetime

After this, we consider a further manipulation of the term V,T* using the relation (2.90),

Vo = V(T 1°16) = (VT )L+ T, (Val%)I¢ 4+ T, 17 (V1)

c [

= (VaT,* )IPI° + Tyl “ O + Ty 1O + 2T + T (K V1) (3.52)

Putting the above relation (3.52) in (3.51) and further simplifying leads us to Eq. (3.3).

3.7 Reduction of NRE in (M, g, V) to NRE in the Rieman-

nian spacetime

It seems quite obvious that if we separate out Eq. (3.8) into its purely Riemannian part
and the part involving the torsion terms on both the L.H.S and R.H.S, then the torsion
terms on both sides of the relation must cancel out, leaving aside the NRE for the null
generators [ in (M, g, V). For arriving at the result, we make the following observations
based on the projected deviation tensor. It can quite simply be established that,

Bab = Bab + (Kabc - Tabc)lc + [la (dec - Tdbc)kdlc + lb(Kadc - Tadc)kdlc}
+ Laly(Keap — Teap) KKV + (Takyy — kaTy) + (Laky — kaly) (kT) (3.53)

where B, = qaiqu (V;l;) is the projected deviation tensor as computed for the null con-
gruence I in the spacetime (M, g, V) endowed with the Levi-Civita connection. Taking
the trace of (3.53) on both sides leads to the fact that the outgoing expansion scalars for

the Riemann-Cartan and the Riemannian versions are the same i.e.

(d)
0, =0, =Vul* —k+T,l° = V,I* —«. (3.54)

Similarly, the shear tensors are related by,

B0 = U)oy + Ll (Keag — Teap) KK, (3.55)

1,B)

where B)g,, = Bap) — 1g.00;. For a hypersurface-orthogonal null congruence H gener-

ated by I in (M, g, V), we have the antisymmetric part of the projected deviation tensor
By to be zero i.e. By = 0 [25]. Hence,

UB) @y = Biap) = Kacpl” + (laKaep — 16Kaea) K1 + (Taky — ko T)
+ (Liky, — kalyy) (kT (3.56)
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Finally we would require the decomposition of the Ricci tensor in (M, g, V) in terms of

the pure Riemannian counterpart and pure torsion terms, i.e.,

A

Rap = Rap + ViK', + VpTo + T K, + K K+ TiK (3.57)

Putting (3.54), (3.55), (3.56) and (3.57) in (3.8), leads upon simplification to the well known
NRE for 6,

1 b
1V ,0; = —R 11" + ) — 59’2 — (LB)g , (LB)G™ (3.58)

3.8 Derivation of the relation (3.13)

Let us manipulate the first term i.e. D,(Dyv*) of (3.12),

Da(Dyo") = 444"V i 7V 0®)

= 44’ V(8 + ki + K1) (V0

+ 440 V(8 A+ ks + 1) (V™) + '3 V1 V0
= 40 I (Viki) (Vi0®) + 48 K™ (Vili) (Vi) + 45 ks (Vi) (Vi)
+ qngqlkls(vlkk)(vmvs) + qnéqlsvlvmvs . (3.59)
Upon using (2.134) and (2.126) in (3.59), we have,

Da(Dyo") = 441" [Eli - qclqdincdkf} (Vm0®)

+ 0 k" [ R1i = 450 K el | (V)

+q'3q"s [Elk — 4 Kseak” ] (Vio®) + 57" s [ch — 499K seal’ } (Vm?®)

+ 475 sV Vo’ (3.60)

The above expression can be very easily expressed as,

A

75ﬂ(vaa) = [é‘sb - qcsqdefcdkf] (lmvaS) + [Xsb - qcsqdefcdlf] (kmvaS)

(d) (d)
+ | (B — 0 Kpeak )y | (15902°) + | (61 = 4 Kpeal )| (k¥ )

+ 4730 VIV uo® (3.61)
Let us now deal with the second term Dy, (D,v%) of (3.12),

A A

Dy(Dav®) = ¢4,V (¢ + quvivj) : (3.62)
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3.9. Proof of Eqn. (3.15)

Using an exactly similar analysis as was done for D, (ﬁbv”), it can be verified that,

>
S
—~
>
AN
<
AN
N—
I
L —

gbs - qcqustcdkf} (lmﬁmvs) + {sz - qcqustcdlf} (kmﬁmvs)
2% — 00" K el | (ks V%) + [ 87 — 00" Kpeak! | (1,7 0°)
91 sV mVio° . (3.63)

Before proceeding forward let us list a few results obtained from the properties of the

torsion and contorsion tensor,

(99" Kfea — 9%9%K ae )k = 4%9% (Kped — Kpae) k! = 4% (Treak’) (3.64)
(9%9%Kea — 454K rac)V = q°4%(Tyeal’) - (3.65)

Finally, subtracting (3.63) from (3.61) and utilizing the symmetry of the deformation rate
and transversal deformation rate tensors along with, (3.64) and (3.65) we have our desired
result (3.13).

3.9 Proof of Eqn. (3.15)

Due to the presence of torsion in the ambient spacetime (M, g, V), the submanifold
(St,q,f)) is not torsion-free with an intrinsic (Z)Tabc present in it. For any two vectors
(X,Y) € Tp(S:) ® Tp(St), we have from the definition of torsion as,

A

@T(X,Y)=D

A -

Y - DX - Y[X, Y], (3.66)

where A [X,Y] = (Z)EXT/ is the intrinsic Lie bracket defined for the manifold (S;, g, D).

In index notation, this translates to,
@)1 X0y = XID,Y — YDX" — QL Yy (3.67)

Now, since the vectors X and ¥ lie in the tangent space established on S;, the Lie bracket
of these two vectors also belongs to 7p(S;). Following from the Frobenius theorem [144],
we have,
- =0 - —
@X,Y] =q¢%[X,Y]". (3.68)

Expanding the above relation (3.68), we have,

XD = YD, X" — AT XY = gy | X Vey! - YU xP - Th x| (3.69)

Using the fact that X and Y are spatial tangent vectors on S;, we have as consequence,
7, XVeY? = XD Y? and ¢% YV X" = YD X" Using these relations in (3.69) and
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simplifying, we obtain the following,
@12 X0y = T% XPYC + Ik Ty XPYC + K19 Ty XEYE . (3.70)
From this, it follows that,
BT b XY = T qbq XY + 1K Tgueq g XY + K1 Tapeqlig XY (3.71)
From the above, we can have,
7D T b0 XY = g/, T4 qhg5 XY (3.72)

Since all the indices of the 4-dimension torsion tensor have been projected onto the surface
S; we have finally the result,

cdm()

f m
70T = 050t P T = AT, (3.73)

3.10 Derivation of the relations (3.20) and (3.22)
We begin by noticing that,
q";qlsqpa Rsplm q"q" <Rpm + Rsprmlrks + Rsprmk’ls> (3.74)

Let us list a few relevant properties involving curvature tensors in metric affine spacetime
(M,g, V). Even though the Riemann curvature tensor is antisymmetric in the first two

and the last two indices, it is not symmetric under pairwise exchange,

Reday =Raped + Laved » Wwhere

\ 3/ . . .
Qabed = —5 (v[bT\a|cd] = ViuTipea) = ViaTicjar] T VicT|aan]

+ Tae[b Tecd] - Tbe[a Tecd] - Tce[dTegb} + Tde[c Te,w]) ’ (3-75)

where || indicates the enclosed index barred from antisymmetrization. Using the above
property (3.75) in (3.74), we obtain,

qnqusqpa RSplm = qnqua (Rpm + IY(RSPrmkS) + lr(Rsmrpks) + Qrmsrﬂkrls> . (3.76)
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3.10. Derivation of the relations (3.20) and (3.22)

Using the Ricci identity (2.10) for the auxiliary vector field k, we have,
74030 R = 45" (Rpms = 17V, Ve + 1V ke = T, (V)
— 1Y ki 17N g = 1T, (Y akn) ) + '3 Qs I

= 450 [Rpm 170, (V) = 701 (Fpkn) ¥ (IVky) + V(1 ki)

J/ J/

A As
—(Tu) (k) = () (Fkn) —IT (k) = T (k)|
4s Ay
+ qnqua Qrmspkrls . (3.77)

Let us build on this calculation step by step. We first evaluate the projection of the quan-
tity A;. Using (2.134) and the symmetry of the transversal deformation rate tensor we

obtain,

( pkrrZ)> =
P [Nrémp — O(Viky) — O (Vikin)

r m)(Tdepkdle) + (ﬁrkp)(Tdemkdle) - ﬁr ((qcqup + qcpqdm)Kfcdkfﬂ (3.78)

Upon this present relation (3.78), we will use the auto-parallel equation under the geodesic
constraint i.e. 1"Vl = xI® as well as (2.114). Let us further bring in the notation we in-
troduced earlier in Eq. (3.21) to reduce the clutter of indices,

Py = Tyeak®1g%, (3.79)
Finally simplifying (3.78), we have,

75— UV (Foiky) = IV (V) ) =
- qnliyqpﬂlr@r [zgmr’ - (qcqup + qcpqdm)(Kfcdkf)} + 4Qa0b - 332110b
— 30, P, + 29, P, . (3.80)

Proceeding to the next term in (3.77), and using lr@rkp = wp — @p, we have,

73 (Vo (U k) + ¥, (¥ ) ) =
fl"?;qpa <(vmd)p + vpd)m) - (Vmﬁp + ?p@m» . (3.81)
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96 Chapter 3. Dynamics of the generic null hypersurfe

Proceeding on to the spatial projection of the term A3, we again as usual use the relations
(2.134) and (2.126) and simplify to have,

qn;;qpa( - (ﬁmlr)(ﬁrkp) - (ﬁplr)(@rkmg = _?Erbgm - Xraé“rb —202,0Yy
+ (Qa@b =+ Qb@a) + [qjaxib + q]b?eia} (Khijkh) + [qcué‘db + qcbé‘da} (Kfcdlf)

— 00" + 40" | (Kpeal) (K" (3.82)

Similar analysis on the spatial projection of term A4 leads us to,

7l (= 1T (Vaky) - lTT‘ip(%km)) =- (@zq% +8%9% ) (Tegal)

— 22, P, + (P, + 0P, + <q 7eq" + 0% g >(Tcdflf ) (Kpik) . (3.83)
Adding up (3.80), (3.81) , (3.83) and (3.83) in (3.77) and proceeding to simplify, we have
our result (3.20).

Notice that in (3.20), there exists the term q"gqp alr@r(ZEmP). We will convert the co-
variant derivative into a Lie derivative term along the null generator to go ahead towards

our construction of the evolution equation of the transversal deformation rate tensor. It is
quite easy to show that,

="V, Epp + 3 (vz)+Eip(vmzi)+ﬁsp(nimzi)+ﬁsm(TS,pz) (3.84)

Projecting the Lie derivative along the null generator [ of the transversal deviation rate
tensor £1@mp on to the spatial cross-section S; , we the use (2.126) and simplify to have,
243" (28p) = =208y + 2| Eat’y + B | (Tepal)
2Ry + R0l ) — 2[5 8% + 3584 (Kpeal) (3.85)
There also exists the term q”gqpal’ [@r (qimqj p+ qiqu m) (Khijkh)] in (3.20). In a similar fash-

ion, following (3.84) and (3.85), we want to convert the covariant derivative into a Lie
derivative term. After a few lines of simple algebra, we have,

T30 |V (qudp + 00 ) (Knigh') | = a'sa'ets | (7' + 40 ) (K"

— [(dody + ) g + (900 + a'00% ) 0] (Tegal ) (Kiih)

96 oyt 1 qa+xaqb+qua} (Kpijk")

+ [ (90 + 450 0 + (408, + a5 )| (Kpeal) (Kiigh™) (3.86)
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3.11. Derivation of the result (3.24)

We have one more transformation to do. We consider the sixth term of the R.H.S. of Eq.
(3.20) i.e. q"q" Kvmd)p + Vpd)m> - (Wm@p + Vp@mﬂ. We aim to convert the space-
time covariant derivatives into spatial derivatives. Notice that &, acts on the tangent
space of S; and hence is a spatial covector. Upon using the relation @&, = Q), — xl, under
the geodesic constraint, we have,

Upon using Eq. (2.134) in the above Eq. (3.87), we have,
@a(ob — @b) + ﬁb(ﬂa — @a) — 21(3,1;, +x (qibqja + E]iaqu) (Khljkh) . (3.88)

At the end of this, finally using (3.85), (3.86) and (3.88) in (3.20), we obtain, after some
simplification, our desired result (3.22).

3.11 Derivation of the result (3.24)

Let us for the benefit of the reader list the individual traces of the terms in the R.H.S of
Eq. (3.20).

(1) gabqnli)qpﬂ Qrmspkrls — qbanbcdkalc )
@) 8" Rom = R+ (Ropl k! + Rypk1” ) .
3_amelr@ z'ﬁ' . i i K"kh —
B) —8"q"q'al"V | 28mp — (9" p + ' 9 m ) (Knifk")
LG

oy, ((ak . qlle-hjkh) .
4) g% (20,00 =200, .
(5) —g (2, + 2,0) = —20,9° .

. . e A . o . (d)

©) §"q"s [ (Vop + Vpiom) = (VuBy + Vp )| = 2Du( — 57) — 21 (6 -

qijTihjkh> :
(7) —g”b <)€rb3m "‘Xragrb) = _Zé“abxub .

®) 8 (qakt, + 0/, ) (Kiijk) = 229 Tygh" .
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98 Chapter 3. Dynamics of the generic null hypersurfe

(9) gab (qcaé“db + qcbé‘da) (Kfcdlf) = é“Cchfdlf .
(10) —g™* (3Caﬂldb + é‘cqua) (Tepall) = —28T pqlf
(1) ~8™ 4,81 + 40y 0% | (Kpeal) (Kiih®) = ~29°7% (Kl ) (Kiigh")

(12) g™ [qjuﬂldqu + quqdaﬂlﬂ (Tepal?) (Kpifk) = 297 (T, 541" ) (Kpijk") .
Adding up the traces we have,

8 (30 sq R 1) = 4" Qubeak™I° + R
@
* <R“blakb + Rabkﬂlb> —2I'V, (ék - ql]Tihjkh>
o e @
+ 200, — 200, P + 2D, (O — 27) — 2K<9k _ qz]TZ,h],kh>

— 28,87 + 28T Tyk" — 2499 (Kgeal’ ) (Kpijk") + 2979 (Tepal?) (Kpigk") . (3.89)

Now we have to take the trace of (3.19) and put the value of ¢??(g"4'.g", R from (3.89).
p 8 \pd s

plm
That leads us to, upon simplification,

(éi) l]T kh _ 1 (Z)R 1 bd A k21¢ 1R
_K<k_q ihj )_E — 51 Qabed 5
. 1(fzablﬂkb n Rabk”lb> 0.0+ 0, 9"
U D C
+ err(Gk — g7 Tipjk ) —Da(QY = 2%) + 0, (9k — 47 Tinjk )
(d) o )
- [quCd - ECd] (Tepal’) — [qd]qa - q“lq”} (Tefald ) (Kpijk") . (3.90)

N

Onwards, using the symmetries of the tensor Qbed, WE go on to compute the quantity
qbd Qabedk®I€. The tensor Qpq4 like the curvature tensor is antisymmteric in the first and
the second pair of indices. We have hence upon using the symmetries of Qabcd/

qbd Qabcdkalc = gbd Qabcdkalc - Qubcdkakclbld . (3-91)

From (3.75), we see that all the individual terms inside the expression for O bed is anti-
symmetric in either a and c or b and d. Hence 0 15cdk®k€1°14 vanishes. Hence,

) 3 ) ) ) )
" Q ppeak®lc = —Egbdk”lc (v[bTch] = ViaTipjeq) = ViaTiclan] + VieT|djay)

+ Tllt’[bTeCd] — Tbe[aTeCd] — TCE[dTeab] + Tde[CTegb})

3 . )
= gbdk“lc( — V1 Tiied) + VieTatan) = Toeia T + Tde[CT;b}) . (3.92)
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3.11. Derivation of the result (3.24)

Upon expanding the antisymmetric parts, we have,

3 A ) . . A
- Egbdk“lc< = VieTlplea) T V[cT|d|ab}> =K (vﬂT‘f ~ Vela ¥ vdTgC)

3 a a
- 58"k lC( — Tyea T + Tde[CTeab]) = K¢ (gbd (Tyea T — TheeTy) + TeTeaC) . (3.93)

Hence we have as a result,

4% O ppeak®I€ = [(vaTb . %Ta> VT + (Tl —TL,T ) n TiTiab] K. (3.94)
However, owing to the symmetry property of the torsion tensor, it is quite easy to see
that,

T, 1% — T, T% =0. (3.95)
Hence we have,
7 Queakl® = | (VaTy = VT ) + (Vi + T) Thy [ 017 (3.96)

Next, we will deal with the term (R,,1°k? + R ,k*1%) = (Ryp + Ry, )k%1P in (3.90). Followmg
simply the definition of the Riemann-curvature tensor in the spacetime (M, g, ), we
have for the Ricci tensor,

Ry, = Ryp + (%Th - %Ta) + (vi + Ti> T, (3.97)

Using the above relation (3.97) and the fact that R=— Sap! akb R, we obtain,
. %(Rabl“kb +R bk”lb> -
- [Gab +35 (vaTb VbTa)

' b} kb (3.98)

where as usual we have G, = R, — 5 louR. Using the relations (3.98) and (3.96), we have,

1 A 1/4 1A A
_Eqbdgabcdkalc - z (Rgblakb + Rabkalb> . E _Gabkulb
—[(VaTy = VL) + (Vi 4 T) Ty | 017 (3.99)

Let us then rewrite (3.90) using (3.99) and hence end up with the relation (3.24).
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100 Chapter 3. Dynamics of the generic null hypersurfe

3.12 Derivation of the relation (3.31)

Let us begin with the first term within the parentheses in the L.H.S of (3.26). Using (2.126)

in this term, one finds,
V(Val) = ¥y |2+ @al” = L (K%)= kag Te = 400" Kpeal| (3.100)

Then, we make use of (2.134) and (2.122) in (3.100) for the spacetime covariant deriva-
tive of the ingoing auxiliary null vector field k” and the covariant divergence of the null
generator [* respectively. Upon simplification, this leads to,

(d) |
Vp(Valt) = V1l + 1PV, @0 + @4 (9, tr— Tiﬂ)

— Rap(KV1°) + 4 Te (ko (K1 V1))
109K peald (KN 1P) — BT + g%  TiK peak” — Vi (909" K peal”
+ 99 fed ( v] ) 2 Le+q .91 fed vb(qaq fed )
—1, (wb(kfvjlb) + %(k}ﬁﬂ%) +ka <fﬂrc - %(qdﬂrc)) . (3.101)

Similarly, taking on the second term in the commutator bracket of L.H.S of (3.26), we have
upon using (2.122),

Va(Vpl®) = Va(6) + 1) — (VaT)l = T'gia — @a(T'L) + 1, (Ti(kfﬁ,-li))
+ ka(g5TeT) + 454 TP (Kpegl”) - (3.102)

Using the above results we compute the quantity [Vb, 7,1] 1. We then project it on the
two-surface S; and have the expression for the L.H.S of (3.27),

(d)
{vb/ va] lbqat - qatvb [Xbu - qcuqdedelf] + qat(lbvbd]a) + (91 + K)
- D L9 o
— R (K1) + 4 Teky (V1) = ETe = Di (6 + ) +4%(VaT)l + £ T’

+45%4°% [(declf)(kj@jlb) + (Kpack/) TP — (Kfcdlf)Tb] : (3.103)
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3.12. Derivation of the relation (3.31)

Let us now, focus on the term q“tvb [)@bg — qcaqdefcdlf } in RH.S of (3.103) and try to
manipulate it. We see then,

BN
-
<]>
1

— 4 Kpeal! | = 00, = 10,04 (V%)
= ¢(q)y, — Uky — K1) (9%, — 1o — K41,) V0,
= q]bqatqkuv cDb —q tl]kbv $b ' —q tk]lb@ CTD
bl + g5dY (l]V ky) + g5 DY (k]V 1)
:@b t+qt<1>k< @b>+qt¢ (k]Vlb)

®>
G

— D&Y + & (Qb . %) + 2o (HV 1) — g%, (Kpegl) (V17 (3.104)

In the above, we use the definition Eq. (3.21) of the spatial covector &,. In arriving at
(3.104), we have used orthogonality relations of the spatial tensor CTD‘Ib (w.rt I and E) and
(2.114). Similarly, we have used (2.97) in the above manipulation. Next, we focus on the
term g% (1°V,@,) of (3.103). Using (2.100), we have,

A

7(1Vy00) = 407, (O — ko + (k- T)k, )
= 441"V Q) — (x — K - )qt(ﬁ

D) . (3.105)

Here, we have used the notation that k - T = k,T". In the above, we have as usual used
(2.114) and (2.97). Note that using (2.126) for the expansion of the spacetime covariant
derivative of the null generator in terms of the deformation rate tensor, it can quite easily
be shown that,

9% (1I°Vp Q) = 74100 — X QY + 45 Keql! — 44Ty Q16 (3.106)

44 (V3 @a) = 44£1Q0 — RO — (k= & - T) (O — P1) + 4O 1 (Kegy — The) - (3.107)
Upon using (3.107) and (3.104) in (3.103), we obtain, after a bit simplification,

[v \Y ] q = Dy®h + &Y (Cy — c@b)+qat£lﬁa+)€ti(Ti—ﬂi)
T (K - k ' T)(Qt - @t) + qatﬁblc(Kcab - Tbca)

(d) (d)
+ (0 + 1) + 45Teky (KV1°) — Di(6; + 1) + 4 (Vo T)I!

+ 45y | (Tracl ) KV 317) + (Kpack YT = (Kpegt)) T (3.108)

A
H
u
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102 Chapter 3. Dynamics of the generic null hypersurfe

We manipulate further a few terms on the R.H.S of (3.108). We note that upon using the

definition (3.29), we have,

N A

(O — PP) + R (TP = OF) = £ (TP — P) — .0 (K el )
+ 952" (Kseal’) . (3.109)

Next, we manipulate the term g% (V,T;)I” in the R.H.S of (3.108) via using (2.126):

1 (VaTo)l” = ¢ (Va(Tl?) = T (Valy) )
Di(Tpl”) — R1aT* — Qu(Tal®) + 9% T" (Kseal’) - (3.110)

Finally using the relations (3.109) and (3.110) in (3.108), we obtain after simplification,

[ﬁb, @a] lbq“t = 2ADbci)bt + q“tgl()u - thgzb + qct@d(Kfcdlf) — &,T

(d) 5
(k= kT + (k— K- T) 2 — QI Ty, + O (9, + K) + 45Ty (KV17)

(d) .
- Dt(e, + K — szb) — O(Tal®) + 459% (Tracl") (K V1°) + 9% (Kpack TP . (3.111)

Now, we bring our focus to the R.H.S of (3.27). As usual, we use (2.126) for the expan-
sion of the covariant derivative of the null generator. This yields,

Rpl®g% — T4,(Vi®) g% = Ropl®q" — T, X%0% — (Tipa@'1%)q",
+ (Tipal ) IV 1°) 4% + Tipak' g Teq®s + T'ad 9™ (Kgeal )" - (3.112)

We now express the term (Tj,l") (kK/ ﬁjlb)q”t in the R.H.S of (3.112) in a different way:

(Tibali)<kj@jlb)qat = q%db(declf)(kj@jlb)
= 45(q% — Ky — 17k (Tyacl)) (W V1)
= qctqdb(declf)(kj@jlb) + qctkac(kjﬁjlb) . (3.113)

Upon using (3.113) in (3.112) and using (2.100), we obtain,

Rpl®q% — T4 (Vil®) g% = RplqY — Tinak”q% — TipaOV1%¢% + (x — k- T) 2,
+454% (Tracl" ) (HV1°) + g T (K V19)
+ Tipak' " Teq’s + 49 4" TipaKseal” . (3.114)

Now, all we got to do is to equate (3.111) and (3.114) via (3.27) and simplify. To this effect,
we obtain (3.31).
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Applications to theories of gravity
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Chapter 4

Covariant approach to the
thermodynamic structure of a generic

null surface in Riemannian spacetime

4.1 Introduction and motivation

Now, we begin our journey of interpreting the gravitational field equations w.r.t the
generic null hypersurface H. Our objective will be to see whether we can attest any
thermodynamic or fluid dynamic interpretation to the gravitational dynamics. In the
previous chapter, we have constructed the dynamical evolution equations of quantities
described for ‘H in the RC spacetime. We saw that such evolution equations reduced to
the well known laws for the Riemannian spacetime (M, g, V) by setting the torsion to
zero. Our first testbed will be studying the thermodynamic interpretation to the gravita-
tional field equations for a spacetime without any torsion built into it and hence provided
with the Levi-Civita connection V. We will not be focusing on the fluid-dynamic interpre-
tation for Einstein gravity since this is already a standard result in the literature. Damour
[37] (in the context of a black hole event horizon in Einstein gravity) showed that the
particular projection, Gabl”qbc, on S; leads to the Damour Navier-Stokes (DNS) equation
which is structurally quite similar to the Navier-Stokes (NS) equation. However, the DNS
equation can as well be obtained for any generic null hypersurface H in the spacetime [38,
61, 82] (see Eq. (6.14) of [61] for an excellent review).

The intriguing connection between gravitational dynamics explored on the black hole
horizon and classical thermodynamics was laid bare in the seventies following the work
of Bekenstein, Hawking and others [4-8] (for a review see [14, 112, 115]). This led to the
development of the famous black hole mechanics which are a set of intricate equivalences.
For every law of black hole mechanics, there exists a corresponding law of classical ther-
modynamics, thus allowing the black hole to be considered as a thermodynamic object.

However these connections can very well be equivalently established not just only for
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in Riemannian spacetil

black hole horizons, but rather on any arbitrary null hypersurface. This allows the attri-
bution of thermodynamical quantities like temperature, entropy etc for any null surface
[45].1

We saw in Chapter 3 that G,;/%1” is related to the null Raychaudhuri equation [25, 61].

The NRE equation is a purely geometrical relation which relates the evolution of the out-
(d) -
going expansion scalar 6; along the null generators I with G,;/?I”. The NRE equation was

used as a crucial input by Jacobson to derive the Einstein field equations from the Clau-
sius identity 6S = ?, applied on the local Rindler horizons [35]. The Rindler horizons are
assumed to be at thermodynamic equilibrium and JQ represents the matter energy flux
traversing across the causal horizon which results in the change of entropy 6S (known
as Clausius entropy) associated with the horizon. The equilibrium condition requires the
crucial restrictive assumption of the vanishing of the second fundamental form and the
shear tensor on the null horizon. It is postulated that §S is proportional to the area change
of the horizon. The above formalism was extended to the non equilibrium case, in the
regime of which, the shear tensor and the expansion scalar on the null surface cannot be
set to zero [62-64]. Gravitational equations for certain modified theories of gravity were
also obtained from such similar thermodynamic considerations [63]. Later this concept of
Clausius entropy was extended to arbitrary bifurcate null surface [148] and the Einstein
equations were also derived for stretched light cone [69]. Moreover, Jacobson [149] de-
rived the Einstein field equations as applied to local causal diamonds (constructed at any
point in the spacetime) by extremizing the total entanglement entropy of the null horizon
and the matter inside of it.

Next, we consider the other relevant projection component of the Einstein tensor. It
was shown by Padmanabhan and his collaborators [36, 70, 73] that a certain projection
of the Einstein field equations (via Gp17kP) yields a thermodynamic interpretation which
is structurally similar to the first law of thermodynamics. The main difference between
Padmanabhan’s [36, 70, 73] and Jacobson’s [35] approaches in order to relate thermody-
namics is the choice of the component of the Einstein equation. For Jacobson, the relevant
projection component is G,;,/?I”, whereas for Padmanabhan, the choice is G,;/%k”. In fact,
it is pointed out in [36] that the neater component to consider is G,p1°k? which produces
the thermodynamic identity without any restrictive assumptions like the vanishing of
the second fundamental form and the shear tensor on H (which was a crucial assumption
in Jacobson’s approach). The argument behind this is G,;/?k” picks out the component
of G“blb along 7, the null generators which are intrinsic to the null surface #. Whereas
the other one corresponds to that of G“blb along k (see section 3 of [36] for more details).
Padmanabhan’s approach has been generalized to the case of Lanczos-Lovelock theories

of gravity [77-79] as well. However, such a thermodynamic interpretation (following

1 Although not fully understood, but there exists certain progress in this direction (see [145-147] for few
instances).
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Padmanabhan) has been done for a generic null hypersurface by invoking the adapted
Gaussian null coordinates [55-58]. This makes the identified expression of the thermo-
dynamics entities to be in “non covariant” form. In this chapter, we aim to investigate
whether in a completely covariant fashion G,;,1”! b and G,;1?k? can be provided any physi-
cal interpretation, without invoking any specific gravitational dynamics; i.e. solely based
on the properties of the null surface . In our analysis, the NRE equation (for both the
outgoing and ingoing expansion scalars) is the starting point in providing a physical in-
terpretation for the two concerned projections. We will show that the underlying form
of the gravitational dynamics of the background spacetime (M, g, V) is not “explicitly”
necessary to provide such interpretation.

Let us briefly summarize the contents of this chapter. We begin in section 4.2 by eluci-
dating the constructional differences between the GNC chart and the 3 + 1 foliation of the
null family H, of (M, g, V) (that we introduced in chapter 2). In section 4.3, we analyze
if Ggl°1° can be provided a physical/thermodynamic interpretation. We begin with the
NRE equation for the outgoing expansion scalar 6; and then integrate it on the transverse
spacelike surface S;. Performance of a virtual displacement along the null generators of
H leads to a possibility of thermodynamic identity. We feel that this is not a surprising
result at all as NRE equation has been used in the search of thermodynamics of horizons
and therefore it possesses such an inherent structure. Still we present this study in order
to provide a segue into our main topic of providing a physical interpretation to Gk’ in
a covariant way. In going through the steps we shall observe a few interesting features
of the approach which are probably not emphasized in literature. It is noticed that in
the special case of a stationary black hole system, the expression of the energy is related
to the well known Komar energy Ex (see Chapter 4, page number 149 of [25]). More-
over the integrated form of the thermodynamic identity leads to a generalized form of
Smarr formula [150] which, as given in literature, is of the form Ex = 2ST. Here T is the
temperature of the horizon (see [119, 151-153] for discussions related to this identity).

Next we concentrate our attention to G,;,/?k? in Section 4.4. Invoking the NRE equa-
tion corresponding to the ingoing expansion scalar 8 and integrating it on the transverse
space S; and allowing for the virtual displacement along k, we arrive at a thermodynamic
interpretation of G,,/°k? which is structurally equivalent to the first law of thermodynam-
ics. The induced null foliation (though non-unique) of the spacetime manifold (M, g, V)
(which we introduced in Sec. 2.3) allows us to have a completely covariant expression of
the energy term. This is because the expression of the energy term contains geometrical
quantities defined on the null surface H. These geometrical quantities once defined on H
will be independent of the foliation chosen. Here we provide our definition of the “geo-
metrical work function” in order to make way for the thermodynamic identity independent
of any theory of gravity established on the background spacetime (M, g, V).

Previously equivalent thermodynamic interpretation (analogous to the first law of
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thermodynamics) have been provided in the Einstein-Hilbert [36] and Lanczos-Lovelock
theory [79]. However there are certain important differences between the work in [36],[79]
and ours. In [36] and [79], the derivations of the thermodynamic identity have been per-
formed near a generic null hypersurface without any assumed symmetries of the space-
time. However the derivations have been performed w.r.t an adapted null coordinate
system constructed in the neighborhood of the generic null surface H known as the GNC
system. One noticeable feature of such a construction is that the expression of the energy
is compatible to the GNC metric only. For the GNC construction, the auxiliary null vec-
tor field k is affinely parametrized and hypersurface-orthogonal. We in our case, how-
ever foliate the spacetime in the vicinity of the generic null surface H by a family or
stack of null hypersurfaces. Then allowing for the 3 + 1 induced foliation of the family
of the null surfaces, we derive exactly the same structural thermodynamic identity in a
completely coordinate-independent fashion. Our construction does not require k to be
affinely parametrized and hypersurface-orthogonal. Another difference in our approach
from that adopted in earlier ones is that our starting point is the NRE equation corre-
sponding to 0y, whereas no such equation has been explicitly used in these works. It
may be pointed out that the work function (or pressure) in [36, 74, 79] has consistently
been defined as P = —T,,I?k? i.e. owing entirely to the matter energy tensor. The en-
tropy density has then been defined as the Bekenstein-Hawking entropy density for the
Einstein-Hilbert case [36] and as the the Wald entropy density for the Lanczos-Lovelock
models [79]. However in our interpretation, we have identified what we call as the “ge-
ometrical work function” (or geometrical pressure), entirely from geometrical quantities. In
analogy to the entanglement entropy, we call our identified entropy density as the “en-
tanglement entropy density” since it depends on the geometry of the relevant surface.
Under the umbrella of such an interpretation, we have aimed to provide the thermody-
namic identification independent of any theory of gravity whose solution space is the
Riemannian spacetime (M, g, V).

For the reader, we summarize the structural and interpretational difference between

the approach in [36, 79] and ours.

* The thermodynamic identity in [36, 79] and is brought through the GNC construc-
tion while ours is brought about through a 3 4 1 foliation of the null family #,,.

* The expression of the energy in the GNC is solely adapted to these coordinates. On
the contrary, ours is in a covariant form and hence can be applied to any structure
of the null surface.

* In [36, 79], the pressure or work function has been consistently defined w.r.t the
matter energy tensor P = —T,;,1"k?, while we define a so called “geometrical work

function".

TH-3171_186121030



4.2. 3+ 1 induced foliation of H vs the GNC construction

* The entropy density for the case of Einstein gravity is the Bekenstein-Hawking en-
tropy density [36], while it is the Wald entropy density for the Lanczos-Lovelock
models [79]. For our interpretation, the entropy density is consistently the entangle-
ment entropy density irrespective of the theory of gravity.

In Sec. 4.5, we show that the covariant expression of the energy we derive entirely
matches with the expression of the energy obtained via the GNC system in [36] for the
Einstein-Hilbert case. We use the appendices to provide derivation of results used in this
chapter.

4.2 3+ 1induced foliation of H vs the GNC construction

As mentioned earlier, our covariant interpretation of thermodynamic identity will be
brought about in the spirit of 3 + 1 induced foliation of H. To remind the reader, the
3 + 1 foliation of H by spacelike slices just brings about the extra structure in H so that
both the null generators and the auxiliary null vector field are fixed uniquely. However,
as far as the previous literature is concerned, the relevant thermodynamic interpretation
has been brought about in the GNC construction. So it is important to bring about struc-
tural differences between the systems. This discussion is important in order to identify
the underlying constructional differences used in the thermodynamic interpretation from
the earlier attempts which rely on the structure of GNC. In the GNC construction with
the coordinates (u,r,x*), the generic null hypersurface is stationed at r = 0. The null
normal to the hypersurface H is defined as the gradient of the » = constant surfaces i.e.
l, = 9,r and are non-affinely parametrized satisfying IV ]-li = «I'. The auxiliary null vec-
tor field k* in the GNC is by construction chosen to be along affinely parametrized null
geodesics. That is, we move away from the null surface stationed at r = 0 along the ingo-
ing null geodesic of k”. In the GNC, the auxiliary null vector field k* = —(9/dr)" has the
affine parameter r and points along the direction of decreasing r (ingoing). It can also be
seen that the null geodesic k; is hypersurface-orthogonal to the u = constant surfaces i.e.
k, = —d,u. Hence we see that the coordinates adapted to the null surface H at r = 0 are
(u,x%). As a result of this adapted coordinatization (u,r, x?) of (M, g, V) in the vicinity
of H, the thermodynamic interpretation of the gravitational dynamics via the projection
component G,,k?I’ comes explicitly as GNC dependent. However within the construc-
tion of induced 3 + 1 foliation of H, we do not impose any such specific coordinate system
as per se. Within this scheme, as mentioned earlier, all the relevant geometrical quantities
of interest will be foliation-independent and the thermodynamic identity will be com-
pletely coordinate-independent. In our construction, the auxiliary null vector field need
not be along null geodesics as well as hypersurface-orthogonal. The auxiliary null vector

field in our case is by construction an ingoing normal to the spacelike 2-surfaces S; and
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hence extends out into the open neighborhood of H. It can be shown via Eq. (2.110), that
k, satisfies the following relation,

1 N N
_ - = — — 4.1
9oky — ks = >3 [aa<1n(M)>zb 8b<ln( ))za} , (4.1)
where M = —%. The relation (4.1) shows that k is not hypersurface-orthogonal (as on

the right hand side (RHS) I, appears). Hence k? is not the generator of any null hyper-
surface or in other words, the hyperplane normal to k* is not integrable into a smooth
submanifold surface. It can also be shown (see [61]) that,

: 1 N
K'Viks = — o511, In (M) , (4.2)
where IT), = &, + k'l, is the projection tensor onto H along k;. The relation (4.2) essen-
tially shows that the auxiliary null vector field k* does not satisfy the geodesic equation

as opposed to that in the GNC construction.

4.3 Gy l°1% route to a thermodynamic identity ?

The quantity G,;I°I” comes about in the NRE for the null generators of [ of #. Usually,
NRE equation is used to explore the thermodynamical behavior of a black hole horizon.
Both for proving the area increase theorem as well as finding the first law of black hole
mechanics, the NRE plays a central role. It must be noted that in all these analyses, the
NRE equation usually comes in the middle of the calculation and is always applied for
the Killing vector which is null on the horizon. For instance, see the discussion around
Eq. (8.168) to Eq. (8.173) of [95]. Moreover, in Jacobson’s analysis [35], the NRE has been
used to derive the Einstein’s field equations from the Clausius relation (an equilibrium
local constitutive relation). Therefore, apparently the NRE provides an inherent thermo-
dynamical structure on the horizon w.r.t the gravitational dynamics. Although it is not
explicitly mentioned in literature, but the way it has been used, one can immediately
identify this property. In all these earlier analysis, the expressions for thermodynamical
entities are taken as input at the very beginning and then finally the NRE is used to ob-
tain the required conclusion. Also, as we mentioned earlier, the analysis has been strictly
confined to the Killing horizon case (or asymptotically Killing).

Here we shall take the “opposite” route. We will begin with the NRE for an arbitrary
null congruence i (say), not necessarily a Killing one. We will only assume that the null
vector field 1 is hypersurface-orthogonal, generating an integrable surface H. Interest-
ingly, the integration of the NRE on the two-dimensional subspace S; (which is orthog-
onal to ), leads to a first law of thermodynamics like structure. This analysis has some
noticeable features. First of all, this is valid for any arbitrary integrable null surface H and
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so the results are valid beyond Killing vector field-generated horizons. Secondly, a more
general expression of gravitational energy can be obtained. Finally, this thermodynamic
structure is the property of the gravitational dynamics w.r.t. the null surface embedded
in the Riemannian spacetime, and is independent of the specifics of which gravitational
theory we use.

Let us now start our calculation. The NRE [25, 61] for the outgoing expansion scalar
6;in (M, g, V) as given by Eq. (3.9),

d9 ]. ) ab

1°V,6; = ~07 — W, Do — Gl1°, (4.3)

where [%, satisfying I/ lei = «l', is parametrized by non-affine parameter Agy =t el =
dx®/dA ) = dx"/dt. We now make a virtual displacement of the null hypersurface along
its own generators by an amount 6A ;). We will discuss about the physical interpretation
of the virtual displacement later in this chapter. In essence, the virtual displacement is
a “physical process” that virtually shifts the two-dimensional cross-section S; stationed
at the non-affine parameter value Ay = f to say A(;) + dA(;) = £+ 0A(y. This virtual
displacement process shifts H along I by a parameter value dA ;). Multiplying both sides
of equation (4.3) by the transverse elementary area dA = /gd*x of S and oA and then
integrating on the two-surface S;, one finds,

d91 92 ( ) (l) ab arb
o) [ dAxe = oA | dA [W p AW D" G0 ] L (44
St (1
Now since we know that L d
o= L4 4.5)

VA dAm

the term on the left hand side (LHS) of (4.4) can be expressed as follows:

1 d /1
'y dA x0; = / d2 x—§/\ - / deT(s 4.6
g7 I OFrom <4\/ﬁ) S (4.6)

& St Ay

In the above we introduced a factor 1/ (87). Here we have identified T = 5% as the tem-
perature of the null surface and is hence related to the non-affinity parameter « of the
null generators of the null hypersurface . We here also identify s = ‘/Tﬁ as the entropy
density of the null surface. This, in analogy to entanglement entropy, we may interpret
as entanglement entropy density (more will be discussed on this analogy in the next sec-
tion). In the same way, multiplying the R. HS of (4.4) by the numerical factor (1/87), the
resultant equation can be interpreted as the following thermodynamic identity:

2 —
S d xT6, s =0,,E, 4.7)
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where E is the energy associated to the null surface, given by

= — /d/\ l)/ dA - —|— + ( )aab( )0' + Gablal . (48)

Note that in the whole analysis, we never used Einstein’s field equations or any grav-
itational field equations (defined for (M, g, V)) and hence the result is very generic to
any null surface and whatever the gravitational theory be. The only requirement is that
background for the gravitational theory needs to be Riemannian.

We can however provide an alternative interpretation to the NRE (5.19) under the
process of the virtual displacement A ;). We first multiply both sides of Eq. (5.19) by
the transverse area element of the 2-surface S; together with a multiplicative factor of g
ie. =dA = & /Gd*x and the virtual displacement 0A (). We then integrate the resulting
equation over S,

2

1 2 — 1 2 1 I ab
_(S)L(l) /Std X\/ﬁ K@l = 8_7T§A(l) /Std x\/ﬁ < — + ( )Uab( )0- >

1 2 d9 2 arb
tgedh [ d xﬁ[d)\(z) + 02+ Gyl } . (4.9)
Following Eq. (4.6), the LHS can be identified as,
—M / d*x./q x0; = / &xTs, (4.10)

\[
entanglement entropy density. Looking at the first term of the RHS of (4.9), we find the

where s = ¥~ is the entropy density of the null hypersurface and will be identified as the
integrand contains the well known dissipation term ID corresponding to the null hyper-
surface,

1 b
D = 0,07 — 67 = —59,2 + g, O™ (4.11)

The identification of the dissipation term basically comes from the G,;/%g". projection
component, which results in the DNS equation. The physical interpretation of this vis-
cous dissipation term and its observer dependence has been explored in [82]. Finally, if
we identify the variation of the energy under dA ;) virtual displacement as,

1 2 d@ 2 aib
5)\(1) = g&/\( ) s, d x\/ﬁ[m + 6 + Gabl ) ’ (412)
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we can then identify (4.9) as,

1
2 _ 2
s d xT(Sw)s = gé)\(l) s d=x\/q 1D + (SMI)E . (4.13)
t t
The first term on the RHS of (4.13) is identified as the heat generation part under the
virtual displacement JA ;) process due to irreversible viscous dissipation effects of the

null surface H,
1
0,1 Qdis = 8_7r5/\(1) /St dx/q4D. (4.14)

A very interesting feature of this dissipation term D is that it comprises entirely of geo-
metrical quantities. Hence it can be thought that the dissipative sector of the heat gen-
eration basically arises due to gravitational energy fluxes through the null surface. A
similar interpretation was previously put forth in [63]. The authors of [63] show via an
analogy between the horizon null congruence and a continuous medium that the dissipa-
tive heat generation is purely due to gravitational effects. Our expression of the internal
heat production (4.14) for non-affine generators [ matches with Eq. (47) of [63] for non-
affine Killing vector field approximately generating the Killing horizon, provided we set
01 to zero in our case. The authors in [63] constructed a local Rindler wedge in the neigh-
borhood of a spacetime point P. The Rindler horizon is approximately generated by the
Killing vector field &* which satisfies £V ,&" = x&’. The Killing vector field is tangent
to the affinely parametrized null congruence [ of the Rindler horizon. The viscous dissi-
pative part of the heat generation term or uncompensated heat in Eq. (47) of [63] contains
the norm ||7||, where ¢, is the shear tensor corresponding to the Killing congruence.
However in our construction, the arbitrary null surface is generated by the non-affinely
parameterized [” field and hence all geometric quantities in our expression (4.14) of the
dissipative heat generation pertains to the /* congruence itself. Under such an identifica-
tion, we have from Eq. (4.13),

8 dxT6, s = 6, Quis + 6, E - (4.15)

We now carry over this analysis to the special case of a stationary black hole system,
for example the Kerr spacetime. In that case, the non-affinity parameter « is independent
of the transverse coordinates {x} and hence can be taken outside the integral in equa-
tion (4.6). This allows us to interpret equation (4.7) in the more familiar setting of the
thermodynamic identity (first law of thermodynamics),

T6,,S =6,,E, (4.16)

TH-3171_186121030



1C’1}}1apter 4. Covariant approach to the thermodynamic structure of a generic null surfe

in Riemannian spacetil

where S = 4 is the entropy of the null hypersurface and hence proportional to its area A.
Let us now investigate the expression (4.8) of the energy E for the stationary black hole
case. In this case H is the event horizon of the black hole and [* is the timelike Killing
vector which is null on ‘H. Therefore, we denote [? as I* = ¢* = (1,0,0, Q) where Qg
is the angular velocity of the black hole. Then, the first term on the RHS of (4.8) can

Apy=2

be evaluated as follows. Integration over A yields [; dA GI)A(I) ' and since the value
Ok

of 0; vanishes for the stationary horizon, this term will not contribute. This obviously

entails the fact, that the initial and the final states of the horizon are stationary and hence
in equilibrium after the process of virtual displacement has been applied. In this case,
for the “quasi-static physical process” the next two terms of RHS can be neglected on S;
compared to the other terms (known as equilibrium or near-equilibrium situation [154,
155]). Therefore the energy expression (4.8), for this special case reduces to

_ i axb
E= / dA ) /S | dA Gpfoet . (4.17)

Also analogously we investigate the second alternative interpretation provided via Eq.
(4.15), through the introduction of the viscous dissipative part of the heat generation un-
der the “quasi-static physical process” for the stationary black hole system. However for
the stationary black hole case, the virtual displacement is through a quasi-equilibrium
process. That is, initially the 2-surface S; is at equilibrium at A(;) = t and then via a quasi-
static process it is displaced to the stationary equilibrium state at A(;y + 0A(;) = £+ A ().
As a result of this quasi-static virtual displacement process, the dissipative heat gener-
ation 5A(l> Qgis is basically zero. Under such a process for the stationary black hole, we
hence have (4.16). The energy expression for the stationary black hole case in this alter-
native interpretation still remains the same and is given by (4.17).

This expression of the energy (4.17) is known to be proportional to the Komar expres-
sion for conserved quantity (see [25] for details on Komar conserved quantity), calculated
on the horizon. The volume element on H is dx% = —¢"dA ;) dA. Also, we can express
Ryl as Ryp&l = [V, V,a]& = (1/2)VV(Va&y — Vi) = (1/2)V],p, where in the last
step of the Killing equation V¢, + V¢, = 0 has been used. Note that ], can be identi-
fied as the Noether potential for Einstein gravity. Using all these in (4.17) one obtains

1 1
E=——— [ dZ,V,J" = ——— @ dZq,J". 41
o7, BV = g b Tl (4.18)
In the last equality, the Stoke’s law for integration has been applied. Now the Komar
conserved quantity is defined as [25]

1

S W) Y.L S 4.19

Ex =
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which for Killing vector corresponding to time translational symmetry, gives mass term
Mp at the horizon while that for Killing vector corresponding to azimuthal symmetry
leads to —2Q0)y ]y where [p is the angular momentum at S;. Therefore (4.19) for stationary
black hole, like Kerr metric, yields Ex = My — 2QpJg. Comparison of (4.18) and (4.19)
yields E = (1/2)Ek.

Next we can integrate Eq. (4.16) over A(;). Since for stationary background I = ¢*
and ¢*V,x = 0, we have

aT

oI = (5)\(1)% = 0A)¢"V, T =0. (4.20)
Therefore integration of (4.16) yields E = TS and since E = (1/2)Ek, in terms of Komar

conserved quantity on horizon, one finds
Ex =2TS. (4.21)

This has already been shown in literature [119, 151-153] to be the general form of the fa-
mous Smarr formula [150] (for a particular dynamical black hole, similar relations have
also been achieved [156]). For instance, in the case of Kerr, the above leads to our well
known Smarr expression My = 2Q ]y + (kA/47). This shows that the integrated form
of NRE (incorporating the relevant gravitational dynamics) on the stationary horizon

along the Killing vector is the Smarr relation.

4.4 G, l°k?, the favourable candidate for thermodynamic in-

terpretation: a covariant approach

We are now in a position to hit the better candidate among the different projections of
Gap; i.e. Gpl°k? (the logic for better choice has been discussed in [36]) which serves as a
thermodynamic identity. The approach will be similar to the earlier section and hence the
outcome will be covariant in nature. We start with the following evolution equation of the

transversal deformation rate tensor Z,, along the null generators [” of the hypersurface

H:
L. _ 1 1 1 L 9 _
TalpEi8i = E(DaQb + Dp) + QY — EzRab + E%%sz - (K + El)d'ab
0 T
— ?k@)ab + ®m":';; + aﬂi@i) . (4.22)

The detailed derivation of this is given in [61]. Analogously, Eq. (4.22) follows directly
from Eq. (3.23) by setting all the torsion terms to zero. Taking trace on both sides of Eq.
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(4.22) we obtain the following identity:
kO = ( — DaQY — QO + 0,0 + 'V ,0) + %2R> — Gylikk . (4.23)

The above relation is same as Eq. (3.25) which relates the evolution of the ingoing expan-
sion scalar 0 along I to the projection component G,/%k”. Tt is in this sense we call the
above equation, the NRE for 8 in the Riemannian spacetime.

Below, we shall show, taking inspiration from the earlier section, the NRE (4.23) via the
virtual displacement along k can also be provided an interpretation as a thermodynamic
relation on the 2-surface S;, without explicitly invoking the specifics of the underlying
gravitational dynamics.

The auxiliary null vector field k' is parameterized as k' = —(dx'/ dA)), where Ay is
the parameter along the k' field. Note that negative sign is chosen here in the parametriza-
tion. The reason is as follows. Usually the null vector /* is chosen to be outgoing and so
its ‘radial’ component increases along integral curves of I. Whereas the auxiliary vector
k* is regarded as ingoing one and hence the ‘radial’ component along integral curves of k
decreases along this field. Now here we are interested in the thermodynamic interpreta-
tion of (4.23) when provided with a virtual displacement along k. In this case, to identify
the relevant thermodynamic entities like entropy, energy, etc. in its usual meaning, it is
required to define change of x* along k” as positive one. Therefore we have the coordinate
variation under the virtual displacement 6A ;) as 6x” = —k?0A ;). The physical interpre-
tation of this displacement has been explained in [36] and we briefly mention it here. Let
us consider two null surfaces under the null based foliation of the spacetime by the fam-
ily Hy. The null surfaces have to be the solutions to the specific theory of gravity that we
are considering implicitly. Let us suppose that the null surfaces are stationed at Ay = 0
and A(y) = 0A(). The virtual displacement JA ;) is essentially a process that lets us shift
from one solution of the hypersurface to the other since k is an ingoing vector field. Then
the expansion of the congruence of the auxiliary null vector field in terms of rate of area

element of S; is given as,

y 1. 1
O = q/(Vikj) = qujﬁk%'j = ﬁﬁk\/ﬁ
1 d

= —— 7. (4.24)
CEAD

The details of this relation has been sketched in Sec. 2.5.1. Now we multiply both sides of
(4.23) with 6A ;) and the elemental area \/ﬁdzx on the 2-surface S; along with an overall
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factor of —. Then the integration over the 2-surface yields,
—Mk)/dz f——Gk—M /de\f 2R+ZV9k—Q O — DO
_ = GaliKd
(S)t(k) /St d x\/ﬁ87'( G,]l K. (425)

The LHS of above equation (4.25) can be rewritten in the following form:

— oA d2 fﬂzek - / dzx—(S/\ d( : (}1\/5) ) dxTs, , (4.26)
where we associate the temperature T of the null surface S; as being related to the non-
affinity parameter via T = (x/27t). The entropy density s of the null surface is identified
tobes = (,/4/4). We identify this entropy density defined on the null hypersurface to be
the entanglement entropy density. We will have more to say on the nature of this entropy
density shortly.

Now focusing on the first term on the RHS of (4.25), we identify it as the variation of
the energy associated with the null surface S¢ under the virtual displacement 6A ), i.e

5, E = 0Ag dzx\/_ [ 2R + 11V ,0; + 0,0 — Q)" DAQA] 4.27)

Performing an indefinite integration over Ay allows us to have an expression for the
energy associated with the 2-surface S;,

/ dA x) / dzx\/_ 2R+l Vibk + 0,05 — Q. Q° DAQA] (4.28)

Before proceeding, we note that the expression of the energy as obtained in (4.28) is rem-
iniscent of the Hawking-Hayward energy definition [157, 158]. Our aim here is to show
that the analogous NRE for the ingoing expansion scalar 6y (4.23) has a thermodynamic
interpretation under the process of the virtual displacement A ). That is, we proceed
towards interpreting (4.25) as a thermodynamic identity. To this end we have identified
the LHS of (4.25) as T¢, , s integrated on the transverse spatial 2-surface 5; (of #) and the
first term on the RHS of (4 25) as the variation of the energy of the null surface under the
virtual displacement. The thermodynamic identity would be complete if we are allowed
to interpret the second term of of (4.25) as the virtual work done under the displacement
of the null surface S; by 61 ). Allowing ourselves the liberty, we identify the “geometric
work function” associated with the virtual displacement 6A ) as P = —1/(87)G;;l'k!.
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Following this, we have,

1 .

—6A 1) de¢§§ Gijl'k = oA / d*x\/qP = FoAq, , (4.29)
St St

where F is the integral of the work function over the transverse space S; of the null surface

and FdAy is to be interpreted as the virtual work done under 6\ ;). Combining (4.26),

(4.27) and (4.29), we see that (4.25) can be succinctly formulated as,

8 d*xT6, s =&, E+ FoA . (4.30)
We remind that this interpretation holds for all the variations that are consistent with
the virtual displacement. That is to physically interpret this, let us say that our virtual
displacement is a “physical" process that virtually shifts our null surface H from say
Ay = 0to Ay = dA(x). Under such a virtual variation process, energy flows through
the null surface H. The energy is given by J, ,, E. The energy then contributes to the heat
energy |, dsz(SA(k)s and the virtual work done FA ;) under this virtual displacement
process.

We further note that the expression of the energy (4.28) can be rewritten as,

1 Xy, 1 2 o _ o A
E= z/d/\(k)<2> n Sn/dA(k) Std x\/ﬁ[l Vi + 0,0, — Q.0 — DAOA|,  (431)

having noted that x represents the following integral over S; (a 2 dimensional manifold)
defined as,

_ 1 2 2
X—47T/Stdx\/ﬁ R. (4.32)

If the transverse space S; of the null surface is compact then, x is precisely equal to the
Euler characteristic of the Sy; if not, then ) is defined via the integral (4.32). For example if
the topology of H is R x S?, then S; is the compact surface S? and hence x then represents
the Euler characteristics of the sphere.

Now, we restrict to the special case where the non-affinity parameter « and hence the
temperature T associated with the null surface S; is independent of the transverse coor-
dinates of S; (for example a stationary black hole system). In that sense T can be taken
outside the integral, and then identifying the total change of the entropy S of the null sur-
face under the virtual displacementas d, , S = [5, d>xé A0S » we have further simplification
of (4.30),

16,5 =0, E+FoAy . (4.33)

Before proceeding ahead towards showing the equivalence of our approach with pre-
vious results and interpretations let us mention the differences instead first. We iterate
that our analysis is independent of any gravitational theory as per se. For example we
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have not invoked the Einstein’s field equations or any other gravitational field equations
for that matter in our interpretation of the NRE (for 6)) as providing a thermodynamic
identity. Whatever be the gravitational theory, all we require is that the corresponding
solution space is (M, g, V) provided with the Levi-Civita connection. This is in contrast
to previous results, which have been specifically formulated for explicit theories of grav-
ity [36, 74, 79]. This is precisely the reason as to why we define a gravitational /geometric
work function P = —1/ (87T)Gi]-likf as opposed to P = —Ta(;" )7kP as is done in previ-
ous works [36, 74, 79] which identify the work function or pressure entirely in terms
of the matter energy momentum tensor. This also entails as to why irrespective of any
given gravitational theory, we have identified the entropy density of the null hypersur-
face under the virtual displacement process to be the entanglement entropy density. The
observer under such a virtual displacement process is the null observer moving along the
integral curves of the null generators /*. We assume that our generic null hypersurface H
actually partitions the spacetime into timelike and spacelike regions. Then the quantum
fields living in spatial slices on both these two sides can be entangled. The degrees of
freedom (dof) of the quantum fields in the spacelike acausal region is not accessible to a
timelike observer in the timelike causal region. The timelike observer then calculates the
reduced density matrix by tracing out the dof of the quantum fields on the acausal side.
The entanglement entropy is then defined as the Von Neumann entropy of this reduced
density matrix. By introducing a momentum cut-off the entanglement entropy is shown
to be proportional to the area of the null surface H. Since the entropy density introduced
in our case is proportional to /g, with an analogy to entanglement entropy, we propose
that this as entanglement entropy density as measured by the null observer, moving along
[*. In this regard we mention that a similar concept has been taken by Jacobson [35, 62,
149] at the very beginning of his analysis in order to obtain the Einstein’s equation by
extremizing the entropy of the Rindler horizon as well as for a causal diamond. This
also makes connections with the Einstein gravity which we will elaborate further in the
next section. For the case of general relativity, under the process of virtual displacement
along k, the entropy density has been shown to be precisely the Bekenstein-Hawking en-
tropy density s = ,/q/4. The pressure identified for this virtual displacement in GR is

P = —(1/87)Gl"l" = —Tégn )11t For static spherically symmetric spacetimes in general
relativity —Ta(;ﬂ Jjage = T(m)rr which has the interpretation of being the transverse radial

pressure. We will have more to say on these connections to previous results in the next
section.

Let us mention again, that in our analysis leading towards the thermodynamic inter-
pretation (under the virtual displacement A ), (4.30) is independent of any coordinate
system as opposed to [36, 79], which produces the equivalent thermodynamic identity,
but under the null adapted GNC coordinates. A specific requirement under the GNC
system is the fact that there is only one null hypersurface stationed at the position r = 0.
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This null hypersurface partitions the spacetime between timelike and spacelike regions.
However in our case, we have foliated the spacetime in the neighborhood of H by a
family of null hypersurfaces H, and have focused on producing the the thermodynamic
identity on any one of them, say H,—o = H. A specific advantage of such a foliation
is that all the relevant geometrical quantities that can be defined on the null surface (for
example expansion scalar, second fundamental form etc) are independent of the foliation.
Another requirement specific to the GNC analysis is that the auxiliary null vector field is
affinely parametrized i.e. k, = —d,u or in other words k” is hypersurface-orthogonal to
u = constant surfaces. This, we believe is a certain restriction on the analysis. We can
however do away with such a restriction. Under the system of the foliation of spacetime
introduced in 2.3, we do not require k? to be affinely parametrized and hypersurface-
orthogonal. In fact, under this general structure, the hyperplane normal to k” cannot be
integrated into some integrable surface. As a result of such a null foliation of the space-
time in the vicinity of H, our interpretation of the energy and the work function pertain
entirely to geometric quantities defined in the spacetime manifold. The way we have
made a distinction between the energy term and the work function is to identify that the
energy expression (4.28) contains terms that are defined geometrically for H or for the
transverse 2-surface S; along with a term involving the directional derivative (along 7) of
such a geometrical quantity defined on H. However the work function (4.29) contains
terms that are defined for the entire spacetime manifold. In doing so, we have obtained a
covariant (but foliation based) expression of the energy of the null surface. Previous ex-
positions [36, 79] into the energy term under the purview of providing a thermodynamic
interpretation have however come under the context of an adapted coordinate system
w.rt a fiduciary null surface i.e. the GNC construction. As a result, previous such de-
scriptions of the energy have been coordinate dependent.

As a mathematical curiosity, the above relation (4.23) can also be derived in an alter-
native method following [74]. In [74], the thermodynamic identity analogous to equa-
tion (4.33) was shown for static null horizons. We generalize the results to any arbi-
trary null hypersurface via the use of two following relations. The first one relates the
Ricci tensor (>R,;) of the 2-dimensional transverse Riemannian manifold (S;, ) with the
4-dimensional Riemann curvature tensor of the spacetime (M, g, V), the second funda-
mental form ©,;, of the null hypersurface H and the transversal deformation rate =, (see

[61]),
Rap = 499 R i — Eapf1 — OB + O Egpy + E Oy (4.34)
Taking the trace of the above equation, we obtain,

’R = q"q%Rj; — 20,0y + 20", . (4.35)
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Using the definition of the orthogonal projection tensor onto the 2-surface S; as ¢ =
g + 1KY + k%1, we have,

979 Rejri = R+ AR;1'K + 2R gl "k keI . (4.36)

Similarly using the irreducible decomposition of both the second fundamental form of H
and the traversal deformation tensor of the 2-surface Sy i.e. @, = %91 Gab + Dg,p and
Eap = %Qk Gab + (k)aab, we get,

b
20,E% = 0,0, + 2V, W™ (4.37)

Upon using the equations (4.36) and (4.37) in equation (4.35), we obtain as a result,
. b
R = 2R — 4R;jl'k — 2R el kK14 + 6,6y, — 2V, W™ . (4.38)

The second relation that will be put to use is,

Rapeal kK1 = Dy + Q0,08 — 16y — I'V 16 — %e,ek ~ g, O™ R (4.39)
A detailed derivation of the above result is provided in appendix 4.7. In fact the relation
(4.39) can be regarded as a generalization to Eq. (5) of [74] (which is valid only for static
null horizons) to any arbitrary null surface. Now simply the use of equation (4.39) in
equation (4.38) leads us to equation (4.23).

In the next section, we show the equivalence of the energy term (4.28) and the gravita-
tional/geometric work function term with those obtained in [36] via the GNC construc-
tion under the purview of Einstein gravity.

4.5 Connection with existing results

In the previous section 4.4 we landed ourselves with a covariant expression of the energy
(4.28) associated with the null surface ‘H resulting from a virtual displacement A (k) along
the ingoing auxiliary null field k. We now aim to compute this expression of the energy in
the GNC system. To this end, we mention that the metric expressed in the GNC (u, r, xA)
reads,

ds? = —2radu® + 2dudr — ZrﬁAdudxA + qAdeAde , (4.40)

where the six independent parameters («,f4,94p) are dependent on the coordinates
(u,r,x). The null hypersurface in this system is stationed at r = 0. The relevant inverse
metric as well as its Christoffel connection coefficients have been calculated in [57]. The

components of the null normal and the auxiliary null normal in this coordinate system
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are,

I, =(0,1,0,0)  k,=(—1,0,0,0)

(4.41)
1" = (1,2ra + 2B%,rp?) k" = (0,—1,0,0) .

Before proceeding, we now invoke the Einstein’s field equations and note that the work
function previously defined as P = —1/(87)G;jl'k/ when evaluated on the null hyper-
surface r = 0, yields P = —1/(87)G;l'kl = (—Ti(]-m)likj) = (—T(m)ijlik]-) = —T(m)ablakb =
T(mur — T(m)rr = TL(,T) = T(m)’i,. In static spherically symmetric spacetimes T(m)rr has
the interpretation of being the radial or the normal pressure [74, 75]. Hence the inte-
gral of the work function F = fSt dzx\/ﬁP in the static spherically symmetric case is
F = fSt dzx\/ﬁP = fSt dzx\/ﬁT(m)rr, which is to be interpreted as the average normal
force on the spatial two-dimensional cross-section S;.

We note that all the quantities in the integrand of the expression of energy (4.28) are
to be evaluated on the null hypersurface i.e. at r = 0. Looking at the term 6;, we obtain,

0 = q"Valy = —q*PT . (4.42)

The value of I ,

1 1
g = _EaquB — E(rZ,B2 +2ra)0,g 4

) (4.43)
+ L—LV(DA,BB + DB,3A> :
Evaluating 6; on the null hypersurface,
1 1
_ _ AByr — _,AB - —
Orrm = =9""Thag,_y = 50" 0utan = —- (au\/q> A (1n \/§> . (4.44)
Looking at the computation of 0, we have,
Ok = q"'Vaky, = g BT 5 . (4.45)
The value of I'}} 5 is — %qu Ap- Evaluating 0y on the null hypersurface,
1
_ _AByu _
Ok, = Py, = ﬂ(ar\/ﬁ) . (4.46)
Computation of I'V;6 on the null hypersurface, with the components of I given in (4.41),
yields,
Vi), = —u (iar\/q) : (4.47)
} Vi
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This allows us to have,
1
Vi

Next, noting that ), = w, + xk,;, we have 0,00 = w,w", where w, refers to the rota-

010k, + 'Viby),_, = ——=0,0u\/7 - (4.48)

tion one form defined in the manifold. For the evaluation of w, = I!Vk,, with I’ and k,
provided from (4.41), we have,

w'"=0, w,=0. (4.49)

As a consequence of this, we have w,w” = w aw?. The relevant quantities are,

_ _/sA + r< rﬁA) - 1rﬁB (0:9.48)

1 1 (4.50)
= q" [ Bc + T( rﬁC) - 57[33 <arqBC>}
Evaluation of (3,0)% on the null hypersurface at r = 0 yields,
1
QO = wawf}_g = P ABA. (4.51)

Finally we are left with the evaluation of D 4Q* on the null hypersurface. The calculations

follow as,
OA — gAB Ly — g ( By + r( rﬁg) gD <8rqBD>) (4.52)
DA = [ Va(5B% + 51" (3ps) - a6 (a0 )| (459
Nz 2 2 2
DAy = f o4 (v/aB") - (4.54)
In the GNC coordinates, the virtual displacement dx? = d /\ = —k%A = (0,0A =

0r,0,0). Finally putting the values of the relevant quantities obtamed in (4.48), (4.51) and
(4.54) into the expression of the energy in (4.28), we obtain,

S

- lﬂ/dr[ g d%ﬁ(%arau\/ﬁJr }LﬁAﬁA) + %%aA(\/ﬁﬁA)} : (4.55)
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We note that,

r=2 1
dr / d*x\/q( —=0,0 = / d*x0,,/q|=% . 4.56
[, [ aeva(Jzaauwa) = [ o (4.56)

With this, the energy of the null hypersurface manifests as,

1
=/ (%)
- l/ P33 /] — —— /dr/ dzx\/ﬁ[lﬁA,BA + iaA(\/ﬁﬁA)] (4.57)
87 /s, 167 S, 2 Vi
We find that the expression of the energy obtained in the GNC (4.57) via the covariant
form of the expression of the energy (4.28) matches with Eq. (53) in [36]. Provided the
2-dimension surface S; is compact, the above expression can be simplified to,

/ d d2x8 Ji— / dr / dzx\/— /sA/s ] (4.58)

The reason as to why (4.58) is called the energy term is because it provides the expression
of the energy in quite a few well known cases. For a review of these specific cases, the
reader may wish to see [36]. As an example, for the Schwarzschild metric, the energy
term (4.58) reduces to the mass.

4.6 Summary and discussions

Our first ground of application was to study the null surface in the Riemannian space-
time (M, g, V) provided with the Levi-Civita connection. Whatever be the gravitational
theory whose solution space is given by the spacetime (M, g, V), we tried interpreting
whether a thermodynamic identity can be provided covariantly to the dynamics corre-
sponding to G,,1?1" and G,;,1°k" on the integrable null surface H.

For the dynamics pertaining to G,,?I”, we started with the NRE for the outgoing
expansion scalar 6; (4.3), and then provided a virtual displacement 6A(;). We then in-
tegrated the resulting equation onto the transverse spacelike 2-surface S; and obtained
relevant thermodynamical structures (4.7) and (4.15). We have provided two alternative
interpretations of the resulting thermodynamic identity. In the first interpretation (4.7),
we identified that under the virtual displacement process 6A;), an amount of energy J, , E
sweeps across through the null surface . The expression of the energy is provided in
(4.8). This energy flow results in the heat exchanged as a result of the entropy variation
of the null surface. The temperature of H is associated with the non-affinity parameter «
of the null generators and the entropy density is proportional to ,/q of the area element

of S;. In our second interpretation (4.15), we have identified the energy variation AU)E
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and the irreversible heat ¢ A Quis that flows (as a result of the virtual displacement pro-
cess) across through the null surface H. These quantities are given by (4.12) and (4.14)
respectively. This results in the heat energy generation (4.10) due to the variation of the
entropy density of the null surface identified as ¢, s, where s is again postulated to be
proportional to ,/q of the area element of S;. The irreversible heat generation (4.14) is due
to the viscous dissipative effects present in the null surface. We also identified that this
dissipative heat generation must be entirely due to geometric fluxes since the dissipation
term contains only geometrical quantities established on . Finally, we showed for the
explicit case of a stationary black hole system, that the integrated form of the NRE (for
0;) over the virtual displacement produces the generalized Smarr formula (4.21). We also
showed that the energy term (in both our interpretations) is proportional to the Komar
energy term (4.18) for this special case.

Next we focused on the more relevant projection component G,,/?k? and the dynami-
cal evolution (for 0y along I) related to it for providing the thermodynamic interpretation
in a covariant fashion. In literature, previous works [36, 70, 73] had solidified the fact that
the gravitational field equations via G,;,/"k? can be provided a thermodynamical relation-
ship which is structurally quite similar to the first law of thermodynamics. However they
had been proposed for event horizons in spacetimes with a high degree of symmetry or
for a general null surface, but in an adapted coordinate system called the GNC system.
This results in the expression of the energy being either very simplified or dependent on
the GNC coordinates. Here, we have tried to show, in quite a very general setting whether
a similar interpretation can be provided without the need of adapting any coordinate sys-
tem w.r.t the null surface or imposing any symmetries in the spacetime. In our approach,
we started out with the NRE (for 6y) (4.23) and provided a virtual displacement A 4.
We then integrated the resulting equation over the 2-surface S;. This procedure allowed
us to obtain our required thermodynamic interpretation in a covariant fashion. However
our proposed interpretation does have major differences with the previous approaches.
We have not invoked in our analysis any specific gravitational field equations and hence
proposed that our interpretation is not specific to any particular theory of gravity. This
required us to propose that the entropy density associated with the null surface under
the virtual displacement process is actually the entanglement entropy density assigned
to H by a null observer moving along the integral curves of the null generators /. This is
because in our case the entropy density is actually proportional to ,/q of our area element
on the 2-surface S;. The temperature is again found to be proportional to the non-affinity
parameter x associated with the null generators I*. To have a consistent thermodynamic
interpretation irrespective of any particular theory of gravity we have defined a so called
geometric/gravitational pressure P = —1/(87)G;;l'k/. This is in contrast with the earlier
methods defining the pressure entirely through the matter energy tensor. Moreover, the
identified energy here is in covariant form and so can be applied to any metric adapted
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to the null surface. This added advantage of our formalism can be very useful for further
progress of this field.

We have indeed claimed to use the notion of entanglement entropy associated with the
generic surface in question while studying the thermodynamic interpretation of the rel-
evant gravitational field equations under the approach of Padmanabhan. This was done
precisely, so that we could attest a coordinate-independent notion of thermodynamic in-
terpretation of the gravitational dynamics irrespective of the gravity theory that is being
considered. This interpretation is surely different from Padmanabhan’s viewpoint where
exclusively for Einstein gravity, the entropy is the Bekenstein-Hawking entropy and for
Lanczos-Lovelock theory, the entropy is the Wald entropy. The pressure term following
Padmanabhan’s works have been precisely due to the stress-energy tensor. We have have
however identified a geometric pressure to attest to the thermodynamics of the gravita-
tional field equations irrespective of the theory of gravity. Hence for theories other than
Einstein gravity, the notions of pressure between Padmanabhan’s and our work differ.
Our notion of using the entanglement entropy for the null surface coincides with the
work of [64]. However, we have no rigorous justification of its use as of now. The use
of the entanglement entropy allows the thermodynamic analogy of the gravitational field
equations to be set in irrespective of the gravity theory.

It would certainly be worthwhile to use the notion of entanglement entropy as regards
to a causal diamond instead of a single null surface. In fact, the derivations of the field
equations for Einstein gravity and for generic diffeomorphism invariant theories of grav-
ity following the approach of Jacobson has already been done in [69]. On the other hand,
to our knowledge, Padmanabhan’s analysis using causal diamonds have not been done
previously. The notion of entanglement entropy can then be naturally used for causal
diamonds based on spacelike cross-sections. We look forward to examine this issue in the

near future.
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Appendices

4.7 Derivation of Eq. (4.39)

Before delving into the derivation, we note two relations involving the covariant deriva-
tives of the null normals [” and k%, which we had derived earlier in Eq. (2.91) and Eq.
(2.135) and which we are going to put to heavy usage. We list them here again for better
reference of the reader.

Valpy = Oy + waly — L(K'V,1y) , (4.59)

and
Vaky = Egp — Quky — kgwp — 1a (kivikb) . (4.60)

We start with the Ricci identity for the null normals [” and k?,
1°(VaVpke) = 1°(VVake) = Rapsel®k/ . (4.61)
We focus on the LHS of Eq. (4.61). Upon using Eq. (4.60), we obtain,

1"(VaVipke) = 1°(VaBpe) — (19V 0O ke — Qp (1°V 5k, ) — (1°V 1k ) we
— kp(I°V qwe) — (1°V 1) (K V ik ) — L,1°V 1 (K'V k). (4.62)

Upon using the relations [“V I, = «ly, , 17V ;k, = wy, and w, = Q,; — «k,;, we contract the
above Eq. (4.62) with kPI¢ to have,

1"(V o Vipk)KIC = =0, QF + k1K (Vik,) + I1°V (K V k) (4.63)

We now focus on the first term of the RHS of Eq. (4.61) i.e. IV ,(V k). Again upon using
Eq. (4.60), we have,

1V (Vake) = —Bac(Vpl?) + Qa(VplM ke — (19V ks )we + Viooe - (4.64)

Contracting the above Eq. (4.64) with k”I° and using the fact that Q,/* = 0, 0,k = 0 and
w,l* = k¥ we obtain,

1°(VVako K1 = — Q0 (VR IMEP — 1kP1%(Vpk,) 4 KIS (V)
= 1Y (V, Q) — k1K (Vike) + kP16 (V pewe) (4.65)
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We focus on the first term of the RHS of Eq. (4.65) i.e. k" (V;,Q,),

1KY (Vp00) = (g% = g — K1) (V5 Q)
= " (05(Vi00) ) = (V407) + 107 (Vyka) (4.66)

Upon using the completeness relation 6 = q; — [,k" — 1°k;, we have after some simple
algebra,

1k (V) = g% (Db0a> — (V0% + Q.00 . (4.67)
Putting Eq. (4.67) into Eq. (4.65), we obtain,

19(VV ake)KVIE = g (Db0a> — (V) + 0,07 — Ik (V ke
+kb1°(Vyw,) (4.68)

We now contract the Ricci identity i.e. Eq. (4.61) on both sides with kI°. Following this
we use the relations (4.63) and (4.68) onto the contracted Ricci identity to obtain,

Rupeal KPke1? = g7 <Db0a> — (V") + 20,07 — 2kIK (Vik,)
+ K1 (Vypwe) — I1°V (K V ik, ) - (4.69)

The term —2xI°k(V;k.) can further be manipulated as,
—2kI°K (Vike) = —2K(q% — g — k°1') (Vike) = —2K6) + 2k (V k) . (4.70)
Putting Eq. (4.70) in Eq. (4.69) we obtain as a result,

Rupeql® k1% = DO — (V,07) 4 200,07 — 2x6) + 2k (V k%)
+ KPI(Vywe) — 19V, (K'V k) - (4.71)

Following this result, we focus on the last term on the RHS of Eq. (4.71) i.e. [°I°V,(k'V ;k.)
and manipulate it in the following sense,

€1V (K'Y ik, ) = I°w' (Vike) + 1K'V 1 (Vike)
Upon using Eq. (4.60), we have,

1V, (K'V k) = Q0 — kI€(K'Vik.) + IF1°'V o (Vike) (4.72)
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We proceed to manipulate the last term on the RHS of Eq. (4.72) with the help of Eq.
(4.60),

1K'V 1 (Vike) = 1°(q" — ¢ — I'k)V 4 (Vikc)
_ qiclavaEic _ laquQi(vakc) _ laqic(VQki)wc (473)
— 19V, (ViK' — Ik (V ew,) -
Putting Eq. (4.73) in Eq. (4.72) we obtain along with the use of Eq. (4.60),
1V, (K'V ike) = Q) — x1°(KV pke) + 47 (1°V o Eie)
—21°0°(Vake) — 19V, (Vik) — 6 (V cw,)

| , (4.74)
=~ —I°(K'V k) + 4 (1°V o)
— "V, (Vik)) — I6*(V ew,)
Putting the value of I/°V,(k'Vk.) from Eq. (4.74) in Eq. (4.71), we obtain,
RapealKPk14 = DY — (V%) + 30,07 — «IK (Vike) — g™ (I'Vi84)
+ 19V, (VikD) 4 (I8 4+ K°1°) (V ewy,)
= D, — (V.07 4+ 30,0 — kI (Vike) — g (I'VEqp)
+1°Va(Vik') + (4% = 8¥) (Vewy) - (4.75)

Expanding the above result and after a few lines of simple manipulations we obtain,

Rupeal® kK1 = D, Q" — (V, Q%) + 30,07 — kIK (Vike) — g™ (I'V24)
+ g™ (Vawy) — (Val) (Vik®) — Rypl°KP (4.76)

To this end, we focus at the —g"(I'V;E,;) term and using the fact,
£18ap = I'ViZap + Eai(Vpl') + i (Val')
along with Eq. (4.59), we have,
(Y Ep) = — £ By + 280 = —qPEEy + 0,0 +2 Doy ®o™ . (477)

Upon using the irreducible decomposition of the transversal deformation rate tensor =,

it is fairly straightforward to show that,

450 = 00 +2 Doy ®e™ + 17,6, . (4.78)
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Using Eq. (4.78) in Eq. (4.77), we obtain,
—q"*(I'V;Eg) = —1'V . (4.79)

Upon using Eq. (4.79) and the relation —«I°k(V;k.) = —x60) + x(V,k?) in Eq. (4.76), we

have as a result,

RapealkPkC1% = D, Q% — (V. Q) + 30,0 — 60y + k(Vak") — I1V6;
+ 47 (Vawp) — (Val' ) (Vik?) — Ryl kP . (4.80)

Let us now take a look at the term (V,I')(V;k%). Using the relations (4.59) and (4.60), it
can manipulated quite simply to be,

(V) (Vik®) = OB 4+ Q0,08 — K"V i + 1k (V) (4.81)

Looking at the last term on the RHS of Eq. (4.81), i.e. [°k?(V,w,) , we obtain in the process

of manipulation as
K (Vpw,) = (q”b — g lbk”> (Vowa) = 4 (Vywa) — (Vp!) + 0,00 . (4.82)
Equating Eq. (4.82) in Eq. (4.81), we have,
(Val)(Vik") — ¢ (Vyws) = OgpZ2 4 20,0 — k*V ok — (V) . (4.83)

Looking at Eq. (4.80) we manipulate the terms (V,07) — x(V4k?) using the relation w, =
Qu - Kku,
(VuQa) - K(V(,zka) - (Vﬂwa) + (kuVuK) . (4.84)

To this end, we obtain, using Eq. (4.84) and Eq. (4.83),

— (Va2 + 1(Vk®) 4 g (Vawy) — (Vo) (Vik®) = —05E™ — 20,007

b
= S0 — VoMo 20,00 (4.85)

Finally, putting Eq. (4.85) in Eq. (4.80) we obtain our desired result,

Rabcdlukbkcld = D, 0% + Q0,0 — k0 — Z’Viek — %Qlek — (I)Uab(k)(fab — Rablakb . (4.86)
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Chapter 5

Thermodynamic structure of a generic
null surface and the zeroth law in

scalar-tensor theory

5.1 Introduction and Motivation

Now, that we advertised in the previous chapter, we can attribute a given thermody-
namic interpretation to a particular dynamics of an integrable null hypersurface H in
a background Riemannian spacetime equipped with a Levi-Civita connection, whatever
the gravitational theory be. Our thermodynamic interpretation was brought about with-
out any particular reference to a given coordinate system and we systematically obtained
covariant expressions of relevant thermodynamic quantities. We checked that for the case
of Einstein gravity, our results match exactly with well known previous results that were
done either in spacetimes with high degree of symmetry or had used an explicit coordi-
nate chart (GNC). In this chapter, we will still remain within the realm of the ambient
spacetime provided with the Levi-Civita connection (V), however the gravitational dy-
namics (and its subsequent connection to thermodynamics) to be studied here is that of
scalar-tensor theory.

In spite of the enormous success of GR, there are several reasons which imply that
the actual behavior of gravity might deviate significantly from Einstein GR in the strong
gravity region, where GR is not experimentally well-tested. However, in pursuit of de-
veloping a more accurate theory of gravity, one has to remember that Einstein’s theory of
gravity cannot be ruled out completely because of its sheer success against the observa-
tional tests and also due to its infallible predictions: such as the presence of black holes,
gravitational waves efc., existence of which were proved later. Therefore, a more accurate
version of the theory of gravitation is more likely to be a modified version of Einstein GR
instead of being a radically new theory [159, 160]. The ST theory is one of the most popu-
lar among the modified theories of gravity for various reasons [161-166]. Unlike Einstein
gravity, the dynamical variable in this theory is not only the metric tensor, but also the
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scalar degrees of freedom are accounted for this theory in the form of “non-minimal cou-
pling” between the scalar field and the curvature. This theory is described in two differ-
ent frames which raises several issues in the literature, particularly on the equivalence of
the physical results described in these two frames [167-191]. The original frame, where
the non-minimal coupling is present, is known as the Jordan frame. With the help of a
conformal transformation, the non-minimal coupling can be removed and the theory can
be expressed equivalently in the Einstein frame. In that case, the curvature and scalar
tield are separated out and the scalar field behaves like an external source. Now the is-
sues of the two frames are the following: the apparent mathematical equivalence between
the two frames via the conformal transformation raises the question on whether the two
frames are physically equivalent [168-172, 174, 181-184, 188-191] or one of the two frames
is more physical than the other one [167]. The behavior of energy and other conserved
charges under conformal transformations for ST as well as higher curvature theories of
gravity have been studied in [177]. In [177], the authors show that such charges are invari-
ant under conformal transformations provided the conformal factor goes over to unity at
infinity. However, a proper thermodynamic description was detailed out in [188-191]. In
these works [188-191], the authors have shown that the thermodynamic first law can be
obtained in the two different frames using the existing well-defined formalisms of gen-
eral relativity. In addition, earlier works show that the thermodynamic parameters are
exactly equivalent in two different frames. This provides considerable improvement of
the previous work [174], in which the equivalence of the thermodynamic parameters are
subject to a few assumptions such as the asymptotic flatness of the spacetime.

The works stated above [188-191] (describing thermodynamics laws in the two frames
of the scalar-tensor theory) are done in the context of the black hole horizon. As men-
tioned in the previous chapter, in Einstein GR, it is known for a long time that the ther-
modynamic structure of general relativity is present in any arbitrary null surface [36, 45,
59, 72,92, 146, 147] and is not restricted to the black hole horizon. In fact, the thermody-
namics of a null surface is very significant in the context of “emergent gravity” paradigm,
which was first predicted by Sakharov [192] and later the idea was resurrected by Jacob-
son by establishing the fact that the Einstein’s equation can be obtained as an equation of
state from the Clausius relation on a local Rindler horizon [35]. On the other hand, Pad-
manabhan and his group established the fact that the governing dynamical equations in
GR (such as the Einstein’s equation) has a thermodynamic structure on the horizon (see
the review [72]). In particular, we are driven by the fact that the Einstein’s equation, when
suitably projected on a null surface, takes the form of a thermodynamic identity [36] (In-
terestingly, this has been successfully extended to any order Lanczos-Lovelock gravity as
well [59]). Therefore, within ST theory, one needs to check the possibility for develop-
ing the first law of thermodynamics like structure for an arbitrary integrable null-surface
H. This will provide the generality and robustness of the earlier claim on obtaining the
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thermodynamic structure in this theory. In the process of obtaining the first law for a
generic null surface in ST theory, we need to identify certain terms as the temperature
to draw the analogy between the gravitational thermodynamics and the conventional
thermodynamics. To claim the analogous expression of temperature as the physical ther-
modynamic quantity, we need to investigate as to whether the expression is consistent
with other thermodynamic laws, such as the zeroth law. Now, the idea of temperature
becomes meaningful only in the equilibrium thermodynamic system; in gravity this is
analogous to the Killing horizon.! So far we know, the zeroth law has not been explored
rigorously in ST theory. Therefore, we need to check whether the identified temperature
satistfies the zeroth law for the Killing horizon, which is a special category of null-surface
and represents the equilibrium thermodynamic system. In summary, the motivation of
the present work is straightforward; i.e. obtaining the first law for a generic null-surface
and proving the zeroth law for the Killing horizon.? Thus, the present work is motivated
to fill the gaps in the literature and to establish the thermodynamics of the scalar-tensor
gravity in a more concrete manner.

To obtain the thermodynamic interpretation of the gravitational field equations as ap-
plied to the generic integrable null hypersurface in the ST theory w.r.t. both the Einstein
and Jordan frame, we would again employ the same strategy of analyzing the gravita-
tional dynamics via the NRE (for 0x) Eq. (3.25) under the virtual displacement process as
detailed out in the previous chapter. We adopt this method [92] in the context of scalar-
tensor gravity and show that the same method works well to obtain the thermodynamic
tirst law in the two frames. In addition, we also prove that the thermodynamic param-
eters in the two frames are equivalent, as it has been suggested earlier for the stationary
black hole horizon (i.e. the Killing horizon) [189]. However, as we discuss later, obtaining
thermodynamic law in the Jordan frame is quite non-trivial as compared to the Einstein
frame, where the latter case is very much similar to that of the Einstein gravity. Thereafter,
we prove the zeroth law for the Killing horizon. To our knowledge, the zeroth law has
not been studied extensively for the scalar-tensor theory of gravity. However, there exists
some comments in the literature stating that for any sensible definition of zeroth law in
ST gravity, the scalar field is required to be constant on the horizon [169]. In our analy-
sis, we show that imposition of such a strong restriction is not required. Instead, what it
only requires is that the scalar field needs to be Lie-transported along the direction of the
Killing vector i.e. the scalar field is required to be independent of only one coordinate,
which is along the direction of the generator of the horizon surface.

Let us also mention that the gravitational dynamics of the ST theory as seen in the

!t is the horizon, which behaves like a thermodynamic object in black hole thermodynamics and the
Killing horizon corresponds to a stationary black hole horizon [6].

ZNote that the area increase theorem (i.e. the second law of black hole thermodynamics) has already
been proved in the ST theory [189].
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dynamical evolution of the Hajicek 1-form (along I) under the consideration of the pro-
jection component G,,/?g%. and its subsequent characterization as a relevant DNS equa-
tion (for both the frames) has been extensively studied in [190]. Hence in this chapter, we
fill focus exclusively on thermodynamic interpretation of the ST gravitational dynamics
incorporated by the projection component G,,/°k” and see whether its possible to shed
some light on the physical (in)equivalences between the frames purely standing on the
thermodynamic viewpoint.

Let us give an overview of this chapter. In Sec. 5.2 we begin with a very brief review
of the action and field dynamics in the Einstein and Jordan frames. Next we proceed
in Sec. 5.3 to our essential study of the covariant formulation of the thermodynamic
identity established on a generic null hypersurface in the two frames. We go ahead in
Sec. 5.3.1 towards our construction of the thermodynamic identity in both frames. This
allows us then to attribute the equivalence of thermodynamic variables in the two frames.
Finally, in order to provide a concrete interpretation of the notion of temperature in the
two frames, we establish the proof of the zeroth law in Sec. 5.4. This proof has been
performed in two different ways as applied to Killing horizons in the two frames.

5.2 Actions and equations of motion in the two frames : A

brief review

Among the modified theories of gravity, the ST theory is a much viable and discussed
one. In the original Jordan frame, the scalar field ¢ is non-minimally coupled to the Ricci
scalar R. The total action for the ST theory in the Jordan frame (M, g, V, ¢) is given by,

ABD = / dxy/ g7 (PR - ) 0,9V - V() + AT, )
v 0 ¢

where w(¢) is known as the Brans-Dicke parameter, which is kept as a variable of the
scalar-field ¢. When w(¢) is considered as the constant parameter, the scalar-tensor the-
ory reduces to the Brans-Dicke theory. Also, V(¢) corresponds to the arbitrary scalar-field
potential and A = | d4x V—8LM is the ordinary matter action (ordinary in the sense
that the matter fields are not coupled to the scalar field ¢). The resulting field equation
of g™ corresponding to the action (5.1) with a suitable Gibbons-Hawking-York (GHY)
surface term is [188, 189]

1 w : w |% -
Eab = 16_7'C [‘PGab + %gabvlqbviq> - Evafl’vb(l’ + Egab - VaVbCP + gabViVZCP

1 (m)

= E {Zb ’ (5'2)
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where Ta(;n) = (=2/(M, g))9((M, g) L") /9% represents the matter energy momen-
tum tensor corresponding to Alm),

In the Einstein frame (M, g, V, $) (where V is the Levi-Civita connection associated
with the metric §), we can remove the non-minimal coupling by the following set of
conformal transformations on the metric and rescaling of the scalar field respectively,

gab = ngabr (5-3)
- [2w(¢)+3d¢

where O? = ¢ along with the condition that ¢ > 0. The related field equation in Einstein
frame turns out to be [188, 189]

- Gw ls - -~ 1 =~ o - 1 ~ 1 2 (m)
o = et — SNV + 8V Vi + S8 U(§) = 510", (5.5)
where U () = V(¢)/(1671¢?*) and T — 2 9 —$L) _ 170" represents the mat-
- ab NEY agub ¢ ab p

ter energy momentum tensor corresponding to matter action in the Einstein frame. The
gravitational field equation in the Einstein frame (5.5) can be expressed in the similar form
of Einstein’s equation as G, = SN(TIZ(ZP )+ Ta(;]ﬂ )) where,

I = VabVof — 580V PVid — gl () 56
Throughout this paper we will follow the notation as presented in this section, where the tilde
variables are reserved for the Einstein frame and the untilde ones are for the Jordan frame.

5.3 Covariant thermodynamic description on a generic null

surface: equivalence between Jordan and Einstein frames

As usual for the coordinate-independent characterization of the desired thermodynamics,
we will foliate the spacetime (provided with the Levi-Civita connection) in the neighbor-
hood of our general null surface by a family of null surfaces. We would then as usual
slice this null family by a stack of spacelike slices ¥;. The intersection of the spacelike
slice Xy with our null surface is the codimension two spacelike cross-section S;. As usual
with the convention introduced in the previous section Tand k will denote the null gener-
ators and the auxiliary null vector field respectively for our null surface # in the Einstein
frame. The induced metric § onto the submanifold (S;, §, D) provided with a torsion-free
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metric-compatible connection D (D, = 0) is given as,
Jab = ab + Talzb + Tcule . (5.7)

The same considerations hold for our null surface H in the Jordan frame. With these
prerequisites, we now move on to discuss the procedure to obtain the thermodynamic

law for a general null hypersurface in the two frames of the scalar-tensor theory.

5.3.1 Thermodynamic first law of a generic null surface in scalar-tensor
gravity

In the previous chapter, we introduced a new covariant description of the thermodynam-
ics alluded to specific dynamics (w.r.t. a generic null surface) of any given gravitational
theory that properly reproduces the previous coordinate dependent results in the case of
Einstein gravity. In the present section, we want to check whether this new formulation
works well in ST gravity i.e., whether we can obtain a similar thermodynamic identity
in both the frames from the recent approach, as prescribed in [92]. In this analysis the
starting point was Eq. (3.25) which governs the evolution of the ingoing expansion scalar
0y along the null generators. We rewrite the evolution equation here, for the convenience
of the reader.

—K0) = [%(Z)R + 1"V, 0, — QO — D, 0" + elek] — Gk®1, (5.8)

where D, is the torsion-free unique covariant derivative operator defined on the mani-
fold (S;, q) and ()R denotes the Ricci scalar associated with the operator D,. This identity
does not take into account any information of the particulars of the dynamics of gravita-
tional field and hence one can use it in any theory of gravity. Below, in this identity the
explicit form of field equations for g, in ST theory will be used in order to investigate
our goal.

5.3.1.1 Einstein frame

We start our analysis in Einstein frame as the situation is simpler in this frame. The
non-minimal coupling no longer exists in this frame and, the scalar field appears like the
external field. In the Einstein frame (M, g, v, $), we assume the existence of a generic
null hypersurface H. Let us briefly describe the nature of such a null surface (for details
see [61]) in the Einstein frame which is designated by the constant value of the scalar field
u(x"). The null normal I, to H is given by I, = —efV,u, with  being a scalar function on
#. The integrable null surface # is generated by null generators I satisfying the geodesic
equation [*V,[” = &I’. The integrability of the null surface is defined by the Frobenius’s
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theorem, which in its dual formulation [2] reads,
Valy = Viplo = (Vap)ly — (Vip)la - (5.9)

The non-affinity parameter of the null generators assumes the value & = [*V,p. The
transverse 2-dimensional spacelike submanifold of this null hypersurface is designated
by (5,4, D). In this frame, since every quantity is represented by tilde variable, we ex-
press the identity (5.8) in the following form:

@R — G,k . (5.10)

From the above equation (5.10), one can obtain the thermodynamic first law considering
the virtual displacement process along the auxiliary null vector field k. We just reiter-
ate the idea which goes as follows. We consider the auxiliary null vector field as being
parametrized by Az, which means ki = —dx'/dA (k)- The reason for the negative sign has
been explained in the previous chapter. Furthermore, we consider that a set of two null
surfaces are located at A ;) = O and at A3y = A g. A virtual displacement JA ) implies
a shift from one solution of null hypersurface to the other. Then the coordinate variation
under the mentioned virtual displacement is given as dx’ = —I~<i5)x(~) Next, we multiply
both sides of the Eq. (5.10) with (5)\ (along with an overall factor 1/877) and integrate it
over the two-surface S;, which ylelds

d 2x\/§ oA k>2 4
dzx\/_ g [ 5 R+ I + Byl — 02" — D]
/ x/G 5M g, [T(‘P + T R (5.11)

In the above we have used the gravitational field equation of the Einstein frame (5.5).
The above equation (5.11) can be given the interpretation analogous to the first law of
thermodynamics as applied to the null surface via,

5 L
: d°xTo, ;8§ =0, E+FoAgy, (5.12)
where, the thermodynamic parameters are identified as the following. We identify the

temperature as T = %/27, the entropy density s is identified as s = 1/§/4 and, the change
of entropy density (s) due to the virtual displacement is denoted by 5 L which is given
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. ds 1 a\/q 1 s

While obtaining the last step in the above relation (5.13), we have used (see [25, 61])

A 1 dvj
0, = —— , (5.14)
¢ VA

The total entropy in Einstein frame is given as

S= [ d*x5= / Vad*x, (5.15)
S

which is consistent with the area law of the entropy. The variation of energy E due to the

virtual displacement (in (5.12)) is given as

1 G A A A o .
6, E = 8— dzx\/— oMy | R+ TV + 03 — Q)" = DY . (5.16)
An indefinite integration over A ; (k) provides the expression of energy associated with the
two-surface S;, which is given as

/ S Poy/T N g [2RA TV + 0 — 0 D Y] (517)
t

The above expression has been identified as the energy term inspired by the fact that
it reduces to expressions of that for well known spacetimes as explained in section 4.5.
For example, it has been shown in [92] that specifically for Einstein gravity the covariant
expression of the energy term matches with the expression of the energy expressed in
the GNC system [36]. For example, the covariant energy term for the Schwarzschild
metric (in Einstein gravity) reduces to the mass Finally, we identify the pressure (P) as
b = —(Ta(f )4 Té;ﬂ ))l~”l~cb in the similar way as it has been identified in [36, 74, 79]. The
total work due to the virtual displacement dA ¢, is given as

W= FoA g = dzx\/_ oA P = — /S xS0 (T + TUNER . (5.18)
t

Here F is the integral of the pressure over the two-surface S; and hence can be given
the interpretation of the generalized force conjugate to the virtual displacement JA .
The null hypersurface H is obviously considered to be a solution of the field equations
in (M,§,V,$). As a result of this virtual displacement process, an amount of energy
5, (%)E flows across the null hypersurface. Part of this energy contributes in the entropy
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generation term [¢ d*xTs 2p® and the other contributes to the virtual work done 155/\(,;).
Let us note, before proceeding next, that all the relevant quantities (geometrical, physical
and thermodynamical) in the Jordan frame will be denoted without the use of any tilde
as opposed to the Einstein frame.

5.3.1.2 Jordan frame

We now proceed to obtain the thermodynamic law in the Jordan frame taking hints from
the analysis in the Einstein frame. The dynamics of the ingoing expansion scalar ) along
the null generators I in the Jordan frame is given by (5.8). We see that the evolution equa-
tions for 5,; in the Einstein frame and 6 in the Jordan frame i.e. the null Raychaudhuri
equations (for the ingoing expansion scalars) are form-invariant under conformal trans-
formations, viz Eq (5.10) and Eq (5.8). This is to be anticipated since they are evolution
equations valid as geometrical identities on any arbitrary null hypersurface. Conformal
transformations after all do not alter the causal structure of null hypersurfaces. In fact,
it can also be proven that the geodesic equation for the null generators as well as the
null Raychaudhuri equations (for the outgoing expansion scalars 6; and 6;) remain form-
invariant under conformal transformations for a generic null hypersurface in the Einstein
and Jordan frames. Simply multiplying equation (5.8) by 6A ;) /87 and integrating over
the two-surface S; does not lead to the correct expression of thermodynamiclaw and iden-
tification of thermodynamic quantities. The reason is the following. It has been found in
the earlier works [188-190] for a Killing horizon that the thermodynamic quantities are
equivalent in the two frames. Therefore we expect our present thermodynamic quan-
tities, defined on a generic null surface, must be equivalent in the two frames at least
when the null normal becomes the symmetry generator of a Killing horizon. Let us now
check whether this is the case. If we multiply Eq. (5.8) by dA () /87 and integrate over
two-surface, the term on left hand side then yields —g- |, 5, d*x,/q OA (50 which by the
earlier argument can be expressed as

1

8t Sy

2 _ 2. K V4
42/ OA o KOy = /Std x?ﬁ(?) . (5.19)

Now if the null surface is a Killing horizon, then «x is constant on S; (we will explicitly
prove this later in section 5.4). In this case, the above is expressed as («/27)J) (A/4), from
which one can identify temperature and entropy as /27 and A /4 respectively. But this
is in conflict with the earlier result [188, 189] since this is not equivalent to its counter part
in Einstein frame. For Killing horizon we know that T = Tand S = A/4 = S = ¢pA/4.
But this is not what we are obtaining from the above. Hence the above simple extension
of the approach will not be consistent to known cases.
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The remedy can be found from the earlier work [190]. From the analysis of fluid-
gravity correspondence in scalar-tensor gravity [190], it is known that the the parameters
of the Einstein frame (such as &, %, 5(7) etc.) are used in the Jordan frame as well to obtain
the equivalent framework, where the physical parameters of the Einstein frame becomes
equivalent to the same in the Jordan frame. Here we adopt the same method. Therefore,
we plan to obtain the dynamics associated with the projection component G,;,/?k? in terms
of the parameters of Einstein frame (such as &, O, éz, 9,; etc.) and in terms of the the
covariant derivative operator and the null vectors of the Jordan frame (i.e. V;, I, k* etc.).
The desired relation can be obtained either from (5.10) or from (5.8) as (5.10) and (5.8) are
equivalent under the conformal transformation (see the Appendix 5.6). For simplicity,
here we obtain it from eq. (5.10). In the Appendix 5.7 we obtain the same equation from
eq. (5.8).

Firstly, we show how the different quantities in one frame are connected to the same
in the other frame. From the conformal transformation relation (5.3), we obtain that the

null vectors change between the two frames in the following manner [190]

" =1°, I, = ¢l,
k" = %kﬂ, ko =ka . (5.20)

Let us take note of the nature of the null hypersurface in the Jordan frame. Its important
to stress that we are not considering a different null surface H in the Jordan frame. The
hypersurface is still defined by #(x?) = 0 in the Jordan spacetime as well. To establish this
fact, it is sufficient to prove that H still represents an integrable hypersurface generated
by [ under the conformal transformation. Taking cue from (5.20) and (5.9), its quite easy
to show that,

<}
p~Y
=
|

<}
fay
ENY
I

—~

<}
i)

™

N—
=
p~Y
|

— (Vop)la = ¢(Valy — Vila) + (Va)ly — (Vpp)la . (5:21)
This implies,
(Valp = Vpla) = (9ap — Valn )l — (9pp — Valng)lo = (dap)ly — (9pp)la,  (5.22)

with the scalar function p on H defined by § = p + In¢ + constant. The relation (5.22)
guarantees the hypersurface orthogonality of the null surface H generated by I defined
via [, = —ePV,u. The non-affinity parameter of the null generators of H are defined via
K = 1"V,p.
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From the relation (5.20), we find,

0; =0, +1'ViIn¢,

g, = 1[9k+kiviln¢]

9

R=x+1V;Ing,
@ = wWa + % [zakivi Ing 4+ VyIng —k,I'V;Ing | ,

. 1
O, =0, + Eqbavbln(,b : (5.23)

Now, we start from the relation (5.10) and change the covariant derivative operator of
the Einstein frame (i.e. V;) to the covariant derivative of the Jordan frame (i.e. V;). Also,
the null vectors of the Einstein frame (I and k') are transformed to the null vectors of the
Jordan frame using eq. (5.20). However, we keep the kinematical parameters (such as
%, Q7 57, 9,; etc.) unchanged. In addition, the Ricci tensor, the intrinsic scalar curvature
of the whole manifold and the same of the two-surface are expressed in terms of their

Jordan frame’s counterpart. With these goals in our mind, we obtain

D,0" = D,0" + O'V;(Ing) . (5.24)
The intrinsic scalar curvature of the two-surface transforms as [2]

. @r 1
@R =" -Dip,( ) 5.25
p p (Ing) ( )

The quantity G,;,%k? changes under conformal transformation as
q Y Gap g

N Guplk? 3 17kb 1,
Gkl = %+%zakbva(m¢)vb(m¢) —Fvavbcp—ﬁvtvﬂp
+ %vi(m(p)vi(ln(p). (5.26)

Using the transformation relations (5.24), (5.25) and (5.26) in (5.10) one obtains the desired
dynamics related to G,,/*k” projection component in the Jordan frame, which is given as

- ~ y - . L 1
70, = =D, 0" — O'V;(Ing) — OO0 + 06, + I'Vi6; + — PR

2¢
1, Gapl®k? 3 .., 17k
~ 55D Dillng) - ( o gl VaIng)Vi(Ing) — 5 VaVig
1 3 .
~pVIViet @Vi(lnc]))vl(lnc[))) . (5.27)
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To interpret the above relation (5.27) as the thermodynamic identity, we firstly use the
tield equation in the Jordan frame (i.e. eq. (5.2)) in (5.27), which yields upon multiplication
by the scalar field ¢ on both sides as,

— pRO; =
— ¢D, O — Q'V;(In¢) — pO O + pF:0; + pI'V,0; + % @R - %Dip-(ln ¢)
2w +3 1
=1 [(FLE2){ Valn @) Vi (ing) — S8 Vi(Ing) Viling) } — 5 3 ]
- 8—”T( okt | (5.28)
¢

The terms inside the square bracket of (5.28) can be identified as the quantity 87TT(b)

as
computed in the Jordan frame. Note that the same energy-momentum tensor for ¢ field
was also obtained in [190] when the dynamics (of the Haji¢ek 1-form) associated with the
projection component G,,1%q? was interpreted as Damour-Navier-Stokes equation in Jor-
dan frame. Also, we know that the energy-momentum tensor of the external matter fields
are connected in the two frames as Tégn ) = Tél',n )/ ¢. We now follow the same procedure
as that of the Einstein frame to obtain the first law of thermodynamics. In the Einstein
frame we considered the virtual displacement of the null hypersurface from A ) = 0 to
Ary = 0A () ie by an amount of OA(r)- We obviously expect this numerical value of the
displacement to remain the same when we consider an analogous virtual displacement
in the Jordan frame. We have the relation,

a
ox = —Ea(m(,;) = —%M( = —KoA. (5.29)

This above relation allows us to interpret dA ;) = ¢ 0Ax. This can also be understood
by the following way. We know ke = —dx“/d)\ and k?* = —dx*/dA; and as ke = k*/ @,
we must have dA ;) = ¢dA (). Hence multiplying the relation (5.28) with dA ) /8m =
¢ Ay /8m and 1ntegrat1ng it over the transverse 2-surface S; with the integration mea-

sure \/_ g, we have,

/dz""’f—“’k“m:— Pxyq| T,y + =
dzx\/— [ @R+ 1V, + 6i0; — Q. QO" — DO — O'Vi(Ing)

—%Dlpi(ln@} SA g - (5.30)
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This allows us to have,

2 2 K 15 2 =(§) Ty 1o
—/5 NS /S A/ A9 | Ty + 7]1 k
t t
2
/S P/ Ao {24) IR+ 1'V6; + 6,5, — 0,0 — D404
t
~Q'Vi(Ing) - ﬂDZDi(lnqb)} . (5.31)

As earlier, the above equation (5.31) can be interpreted as the first law of the gravitational

dynamics w.r.t the null-surface H in the Jordan frame, which is given as

dsz(S 08 =0, E+FoAg . (5.32)

S
For the moment we do not give the covariantly identified thermodynamical quantities
in the Jordan frame. This will be given in the next discussion where we will show their

equivalence with those in Einstein frame.

5.3.1.3 Thermodynamic equivalence in two frames

In the following, it will be shown that we not only obtain the first law of thermodynamics
in the two frames, but also the fact that the thermodynamic parameters are equivalent in
the two frames. Firstly, we identify the temperature in the Jordan frame as T = &/27.
This is equivalent to the temperature T in the Einstein frame. Here, the entropy density
(s) in the Jordan frame is defined as s = ,/q¢ /4. Therefore,

ds OA k) d\/_

Vi)

l 7} 1 ~ N
= —5/\ \/_(P <9k +k 1(11’1([))) = _Z(P \/56,;5)»(,{) = —L—L\/ﬁek(m(,;)

where we have used

1dyq
—— v (5.34)
VA AA k)

The total entropy in the Jordan frame is defined in the similar way as that of the Einstein

frame, which is given as

S = / sd’x = (,bﬂdzx = ﬂde =S. (5.35)
S, s, 4 4
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Here, we have used the fact that \/§ = ¢,/g. Therefore, we obtain that the entropy density
and the entropy in the two frames are equivalent. Also, let us note that the usual area law
of entropy is not valid in the Jordan frame. But, the obtained expression of entropy is
consistent with earlier observation [176].

The variation of the energy in Jordan frame due to the virtual displacement is given
as

- L[ L) 38— OLC A
Su0E = g [, VA [24) R +1'V,8; + 6,6, — 0,07 — D40
—QO'V;(Ing) — Lpip Di(lng)| . (5.36)

The expression of energy associated with the two-surface S; is identified as

1 1 ‘s m s ox -

- _/ 5 d*x /i dA 1) ° [%Qm + Vil + 016 — Q' — DaQ!
t

—Q'Vi(Ing) — —D'D;(In¢)| . (5.37)

Its quite evident using (5.24) and (5.25) that the expressions for the variation of the energy
(5.36) and the energy (5.37) in the Jordan frame are equivalent to the ones established
in the Einstein frame, viz (5.16) and (5.17) respectively. Hence we have established the
fact that the energy terms are equivalent in both the frames under the process of virtual

displacement.
The work done under the virtual displacement process in the Jordan frame is identi-
tied as
- T(m)
W=~ [ dxgorpe(Ty + %)l”kb = FéA g - (5.38)
St
Using the relevant transformations i.e k* = ¢k?, T 521 ) = % é m) , OAky = OAy /¢ and

Vq = ¢,/q we obtain,

(m)
5 T
FoAgy = — / d2x /G oMo (T + —2— ) 1°K!

/ x /G 0A ( +Té£1))~”l~cb=155/\(,~c). (5.39)

Hence we see that the work done under the virtual displacement process is equivalent
in both the Jordan and the Einstein frames. Even though the work function turns out to

be equivalent, the pressure terms in the respective frames are not synonymous under our
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interpretation. We identify the pressure (P) in the Jordan frame as,
P=—(gTi + Ty )1t (5.40)

Obviously, the pressure functions in the two frames are not equivalent i.e. P # P. Our
identification of the pressure term comes from the fact that the force conjugate to the
virtual displacement JA ;) in the Jordan frame is given as the integral of the pressure
term over the 2-surface S;,

F= / d*x,/qP . (5.41)
St

So far we have seen that, like Einstein gravity, the ST theory has also similar thermo-
dynamic structure on a generic null surface. We found the thermodynamic quantities on
both the frames and constructed them in such a way that they are equivalent. It must be
mentioned that this identification of quantities is purely analogy. A comparison with the
familiar thermodynamics yields such interpretations. But it may happen that the afore-
said null surface may not be describing an equilibrium system and therefore defining the
geometric quantities in terms of thermodynamic entities runs into trouble. Hence the
discussion till now has been based on a formal analogy between gravitational equations
and conventional thermodynamic identities. On the contrary if the manifold has a Killing
horizon present in it (wWhich represents a stationary solution of the gravity theory) then, in
the light of constancy of surface gravity on the horizon and area (more generally entropy)
increase theorem, the thermodynamic interpretation is much more logical. Having said
that, we mention that the entropy increase theorem for a Killing horizon in the ST theory
has been discussed in literature [189]. But constancy of surface gravity on the equilib-
rium Killing horizon in this theory, as far we aware of, has not been proven explicitly. Of
course, there is a mention in literature that for the zeroth law to hold, the scalar field ¢
must be constant on the horizon, i.e. it must not only be independent of the coordinate
along the null generator, but also of coordinates on S;. In our point of view the latter
restriction is very strong. Therefore we aim to look into this issue here. We will posit the
existence of a black-hole spacetime. The Killing vector field is only timelike in some open
region of the manifold i.e. outside a compact region. We mean that only this open region
of the spacetime is stationary. The vanishing norm of the Killing vector field determines
the position of the Killing horizon. We will see in the next discussion that the existence
of a timelike Killing vector field in the stationary region of the spacetime and the scalar
tield ¢ being Lie-transported along it are enough to prove the constancy of surface grav-
ity on the horizon. Therefore to obtain the zeroth law in general, ¢ can be a function of
coordinates on S;.
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5.4 Study of the zeroth law in both the frames

Having stated our motivation, we are now going to prove the zeroth law (in other words,
constancy of surface gravity on the Killing horizon) in this section. As far as the literature
is concerned, the proof of the zeroth law crucially depends on the assumptions in the
theory. The assumptions constrain the generality of the proof in turn. As far as we know
of, the zeroth law has been proven under three specific assumptions.

* Use of the gravitational field equations along with the assumption that the non-
gravitational and matter fields satisfy the Null Dominant Energy Condition (NDEC):
This approach does not assume any extra symmetries of the spacetime other than
the existence of a Killing vector field. This has been explicitly proven for the case
of Einstein gravity [2] and Lanczos-Lovelock gravity [193]. Our proof of the con-
stancy of the surface gravity in this section for the case of ST gravity rests upon this

assumption.

* Assumption of the existence of bifurcate Killing horizons without the need of any
gravitational field equations [25]: This however is restrictive since not all Killing
horizons admit a bifurcation 2-surface.

* Assumptions of extra symmetries in the spacetime without the need of any field
equations: This has been explicitly shown in the case of static and circular (station-
ary axisymmetric with ¢-¢ reflection symmetry) spacetimes admitting the Killing
horizon [13, 94, 194]. We present a proof (which we hope will add to the existing
literature) of the zeroth law for static spacetimes in Appendix 5.8.

Our analysis will be done both in Einstein and Jordan frames. In order to do that we
start by constructing the background requisites.
Let us posit the existence of a Killing vector j in the Einstein frame (M, g, V, $) de-

fined via, )
£y Gy Y g (5.42)
Using the above fact and ¢, = ¢g,,, we have,
MgV 1
g = = (9)sw (543)

(Mg, V.9) -
This shows that provided £; ¢ #* 0, the vector field ¥ becomes the conformal

Killing vector field in the Jordan spacetime (M, g, V, ¢). However, provided we impose
the constraint,

£ 0, (5.44)
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we observe that ¥ is also the Killing vector field in the Jordan frame as well. As a matter
of field renaming (as per our conventions) we can define the generator of this Killing
symmetry in the Jordan spacetime (M, g, V, ) to be ¥ and hence ¥ and ¥ coincide in
(M,g,V,¢p)ie.,

M,g,V,
gt M) s (5.45)

The above relation has been followed from [175] and has also been imposed in [174].
Obviously, we notice that the contravariant components of the Killing vectors match in
the two frames, whereas the covariant vectors are related by the conformal factor. Hence

the constraint (5.44) translates to the condition,
X'Vap  ="70. (5.46)

We now show what the condition (5.46) implies in the Einstein frame. In fact, taking help
of the rescaling of the scalar field ¢ (5.4) we can show that,

- N 2 3) 1
X'Vap = X'0ag = % s X'V . (5.47)

MgV, .
The above relation clearly implies that setting the constraint V¢ MeV9) 0 in the

Jordan frame results in an analogous constraint in the Einstein frame, i.e.,

Mg V.P)

o

X'V (

0. (5.48)

Having established the connections between the constraints (5.46) and (5.48) in the two
frames, we now switch our attention to Killing horizons established in the two respec-
tive spacetimes. We reiterate that the Einstein frame (M, §, V,$) and the Jordan frame
(M, g, V,$) admit the Killing vector fields ¥ and X respectively upon which we have
assumed the existence of the constraints (5.46) and (5.48).

A Killing horizon H(K) in the Einstein frame (M, g, V, $) admitting the Killing vector
field ¥ is by definition a null hypersurface of co-dimension one such that ¥ is the normal

(K) and hence coincides with the null generators of 7(K). Under the assump-

vector to H
tion of the constraint (5.46) and ¢ being finite on horizon, we necessarily see that the
Killing horizon H(K) under the conformal transformation (5.3) and scalar field re-scaling
(5.4) is mapped to a Killing horizon ) in the Jordan frame (M, g, V, ¢). The null gen-
erators of HK) coincide with the Killing field ¥ on H(K). Furthermore, we assume that the
respective Killing horizons have (transverse to the null generators) spacelike codimension

two cross-sections that are closed manifolds. The null generators satisfy the pregeodesic
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equation on their respective Killing horizons,
XVt = kY (5.49)

and .
XV TS kx, (5.50)

where & and «x are the non-affinity parameters and in this context of Killing horizons
are the surface gravities associated with the null generators ¥ and ¥ of H(X) and #H(K)
respectively. It is worth noticing from (5.23) and under the constraint (5.44) imposed on
the scalar field that ¥ and x are same.

We now shift our attention towards the consideration of the zeroth law of black hole
mechanics as applied to the Killing horizons in the two frames. Our proof towards the
constancy of the surface gravity in the Killing horizon will demand the dynamical content
of the theory, in the sense that we will use the gravitational field equations. The dynamical
field equations come into play along with the assumption of some energy conditions. For
our case, we will assume that the NDEC holds. We will prove the zeroth law as applied
to the Killing horizons in both the frames in two different ways.

5.4.1 Approachl

For the first approach we basically follow [2]. We observe that the relations (5.49) and
(5.50) are applicable only on the respective Killing horizons. Hence directly applying the
derivative operator V, onto such relations that are only valid on the Killing horizon leads
us to problems. In order to prove the constancy of the surface gravity we basically need
to take its directional derivative along a vector/tensor field that lies in the tangent plane
of the Killing horizon. The Killing horizon being a null surface, makes it impossible to
have a well defined projection tensor onto it using only the metric and the null normal.

However we can look at the tensor field e??c?

abcd

Xa Which is tangent to the Killing horizon as

evident from the fact that €””““x,x, = 0. Here €, is the spacetime volume form. Hence

we can apply the derivative operator "4

XaVyp as applied to relations that are valid only
on the Killing horizon. Taking the completely antisymmetric nature of the volume form,
we may as well take the derivative operator x|,V as applied to relations valid only on
the Killing horizon. For any Killing horizon generated by X, we have the relation [2],

HEK)

XaVere 'S =XaRy! Xy, (5.51)

where R, stands for the Ricci tensor.
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5.4.1.1 Einstein frame

Let us now begin our analysis in the Einstein frame (M, §, V, @) as applied to the Killing
horizon HK) generated by ¥. The resulting equation concerning the change of the surface
gravity & along any direction tangent to the Killing horizon H(K)is given by,

ViR S R, % (5.52)
Using the field equations (5.5), we compute the R.H.S of (5.52) which leads us to,
vl K =167 [ T %5 + 10 Vud (VIdrs) — kbl ks (ViGVi
RaRy) Xf 2K Ty K+ 23X Ve ® (V9Xf) — 4Xady Xr (V'OVip)
~ 3810 X U(P) + = Rudy) Xy R (5.53)
Using the constraint (5.48) as applied to the Einstein frame, the above relation simplifies,
which allows us to express (5.52) as,

1S B 11 3
XaVok = _X[aRb}fo = 87X Ty " Ar- (5.54)

we have,

P (5.55)

where X2 stands for % - ¥ = §aX*%’. Employing the constraint as applied in the Einstein
frame (5.48) and the fact that % is null on the Killing horizon #K) we obtain,

RpX°'%" '= 8nT'X'%" . (5.56)

As mentioned earlier, we assume that our Killing horizon H(K) is a null hypersurface
provided with the topology H(K) ~ R x J, where the spacelike cross-section J is a
closed 2 dimensional manifold (this is similar to the S; describing the cross-section of our
earlier generic null surface and being a closed submanifold). The induced metric onto the
cross-section 7 is designated as 4. The null generator X satisfies (5.42), which implies
that ¥ is a symmetry generator of H(K). Now since g, is the metric induced by &,, on J
and the fact that the basis vectors on J are Lie-transported along the null generators, we
have the second fundamental form ©,, of #(K) (which coincides with the deformation
rate tensor for the integrable null hypersurface in the absence of torsion) [61] vanishing
identically,

- 1_. . o HE
O, = chﬂqdb £xGq = 0. (5.57)
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The irreducible decomposition of the deformation tensor
N 1. 3
Oub = 50ab O(3) + Tab , (5.58)

where é( x) denotes the expansion scalar corresponding to the null generator % and &, the
shear tensor necessitates the fact that,

~ 7(K) 7(K)

by = 0 and Gy = 0. (5.59)

This is precisely because the cross-section J is spacelike in nature. Now we can use the
NRE as applied on H(X) to find the value of R, 7"’ The NRE reads as,

1 > 7 (K) -
+ 502 +oa0™ "= —Raf'X (5.60)

As applied to the specific Killing Horizon H(K), where we established that the expansion
scalar and the shear tensor for pj( vanish, the NRE implies,

0. (5.61)

This entails the fact from (5.56) that,

T gagh 27 0, (5.62)
From the above relation we can conclude that the vector field T(m)ab %" lies on the tangent
plane of the Killing horizon and hence is either null (collinear to X) or spacelike (in the
tangent plane of 7). To proceed ahead, we will make the assumption that the matter and
the non-gravitational fields in (M, §, V, ¢) satisfy the Null Dominant Energy Condition
(NDEC). The NDEC states that the vector field W* defined as,

We = — i gh (5.63)

is future directed causal (null or timelike) for the future directed null generator X of HK),

(m)% %” can either be

However, we have already shown that on #(X), the vector field T
null or spacelike. Hence the NDEC forces T(m)ub %" to be null on the Killing horizon and
hence collinear to the null generators,

b (A ~ =0

~TL R TS Ay, (5.64)

where & is some proportionality factor. Using the above relation in (5.54), we finally
end up with the establishment of the zeroth law as applied on the Killing horizon in
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(M,& V. ),
. HE
[ Vb]K = 0. (5.65)
This basically shows the constancy of the surface gravity over the entire Killing horizon
H(K) established in the Einstein frame (M, g, V, $) by the null generators ¥.

5.4.1.2 Jordan frame

Now, we proceed towards the establishment of the zeroth law in the Jordan frame (M, g, V, ¢).
As again, we reiterate that under the constraint (5.46), the Einstein frame (M, g, v, P)
with the Killing vector (¥) is mapped (under the conformal transformation of the metric

and the scaling of the scalar field) to the Jordan frame (M, g, V, ¢) with the Killing vector
field ¥. We further posit the existence of a Killing horizon (X in the Jordan frame where

its null generators I coincide with the Killing vector ¥,

- 4(K)
ey (5.66)

The topology of the Killing horizon in the Jordan frame should remain the same, in the
sense that the spacelike cross-section of codimension two of the null surface is assumed
to be a closed manifold. The same analysis towards the fact that the Killing horizon # (K)
is a non-expanding horizon follows. The null Killing vector X is a symmetry generator of

the Killing Horizon H(K),

H (K)
Exga = 0. (5.67)

This again implies that the deformation rate tensor and the second fundamental tensor
corresponding to K vanishes. So does the expansion scalar and the shear tensor corre-
sponding to the null generator . Again, application of the NRE for X, leads us to the fact
that,

(K)
Rypx"x” =" 0. (5.68)

As applied to the Killing horizon #(K), analogous relation holds regarding the directional
derivative of the surface gravity along any vector field tangent to the null surface (5.51).
Its is quite easy to verify that the R.H.S of (5.51) upon application of the field equations in
the Jordan frame leads us to,

xR xy P

_ % s T s - prx[u 5 X7 (VigVig) + gx Vb (V1)

- %ma%{ X5 V(@) + (X VeV o)xs — X0 xf(viqup)]

~ X% Xf R (5.69)
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Using the constraint as applied in the Jordan frame (5.46) and simplifying the above re-
sult, we have then for (5.51),

K

74(K) 1 m
XaVpk = —$<87TX[QTZ,(] )fo+Xf(X[aVb]Vf 4?))- (5.70)

Next, we have the fact that,

(M@MP)

£x(Vad) 0. (5.71)

This is again to be expected since the scalar field ¢ is Lie-transported along X as evident
under the constraint (5.46) and therefore the quantity (V,¢) is expected to satisfy the
symmetry of the spacetime. However we give a brief sketch of its proof in Appendix 5.9.
Using (5.71), we can verify that,

K)

(
X (x.VuVie) = 0. (5.72)

A detailed outlined proof of this is given in Appendix 5.9. So finally, we obtain from (5.70)
and (5.72),

{(K)

X[uvb]K H T(m)f

1
—587'[7([,1 b XS (5.73)

Next, we proceed to calculate T(ﬂ";) x"x" on the Killing horizon. Using the field equations

of motion (5.2), we can show that,

b (MEV.P)

EaX'X o [$Gax" X" + 57 (VipVig) - %(X”Vaqb) (X'V9)

HV(9) — XA VaVip + X (ViVig)| = 4T xx! (5.74)

On the Killing horizon HK), X is null and the projection component R, x* x? vanishes
(5.68). Upon using the constraint relation (5.46), we obtain from (5.74),

(K)
XAV Vg e 8AT b (5.75)

Using the relation (5.71), it can be easily shown that x* X"V ,V;¢ vanishes on H &),

K K

H (K)
X'VaVipp = x ( (Vag) — Vbcpvaxb) 0 Ve = 0. (5.76)
Hence this allows us to finally conclude that,

(K)
Tt = 0. (5.77)

a

m)a

The above relation relation implies as usual that the vector field T(b x" lies on the tan-

gent space of the Killing horizon H(K) and hence is either null or spacelike. From the

TH-3171_186121030



5.4. Study of the zeroth law in both the frames

invariance of the matter action under conformal transformations,

A0 = / dhx/ZFEM = / dhxy/—gLm = At (5.78)

we necessarily have the following relation between the matter (and non-gravitational)
Lagrangians between the Einstein and the Jordan frames, under the conformal transfor-

mation rule (5.3),

£m =4 (5.79)

From the definition of the matter energy momentum tensor,

) _ 28 (= am)) _ 498 2 6 — )
Tab _\/__g(sgab( gL >_Q agub\/__g(sgcd< gL )’ (5.80)

we have the following relations between the matter energy momentum tensors in the two

conformal frames,

T(m) _ Q_ZT(m) T(’:)a — Q_4T(rbn)a, T(m)ub — Q_6T(m)ab (581)

ab ab ’
Now, since ()? = ¢ is a strictly positive function of the spacetime coordinates, we con-
clude via (5.81) that if the NDEC holds in the Einstein frame, then it must also necessarily
hold in the Jordan frame. The vector field W* defined as,

We =~ (5.82)

is future directed timelike or null for any future directed null vector field ¥. But as again,

(m)

we have previously shown that T'}”* can either be null or spacelike. Hence the NDEC as
applied to HK) forces T('Z)a to be null on the Killing horizon and hence is collinear to its

null generators,
(K)
_TU;;W P (5.83)
where « is some proportionality factor. Finally using the above relation in (5.73), we get
to our desired goal,

H(K)
X[avb]K = 0. (584)
So we have essentially established the constancy of the surface gravity x over the Killing
horizon HX) i.e. the zeroth law holds for the Killing horizon established in the Jordan

frame under the constraint (5.46).
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5.4.2 Approach Il

Now we give a different proof of the zeroth law in the two frames considered. However,
this proof also relies upon the dynamical content of the theory in the sense that the field
equations are used under the fact that the NDEC holds in both the frames. The method
we follow is adopted from [1]. Let us begin with very generic considerations in the sense
that suppose our spacetime (M, g) admits a Killing vector field ¥. The vector field ¥ then
generates the Killing horizon in the given spacetime, in the sense that ¥ coincides with
the null generators of the Killing horizon. The surface gravity x of the Killing horizon H
is defined as,

K2

IBS

1
VeV (5.85)

We can show, without using the gravitational field equations, that x is constant along
the null generators. After all, this is to be expected since X is the symmetry generator of
the horizon H. Taking directional derivative of the above equation (5.85) along the null
generators X, we have,

i H ; H 1 H
2k(x'Vix) = —(VA) X' ViVaxy) = — (VA Rpaiax’x” = 0. (5.86)

Since « is non-zero on the horizon (non-degenerate), we necessarily have,

[BS

(X'Vik) = 0. (5.87)

As a result, once we have established the fact that we have respective Killing horizons in
the two frames, we should be content in proving the constancy of the surface gravity only
along the spacelike directions of the submanifold (7, q). This is exactly the point where
we will require the respective field equations in the two frames. As before, we assume
the Killing horizon H has a topology of R x J, where J is a spacelike closed manifold
transverse to the null generators. We can establish the relation [1],

H
D.x = —Rab)(“qbc , (5.88)

where D, denotes the spatial covariant derivative w.r.t the spacelike manifold (7, q) and
q°% = 0% + x"ky + k" xp denotes the induced metric on J with k” being the auxiliary null
vector transverse to H.
5.4.2.1 Einstein frame
We now follow up with this in the Einstein frame (M, g, V,$) where we have for the
Killing horizon H(K) generated by ¥ (having the spacelike cross-section (7, §, D)),

Dk "= —Rupx'd.. (5.89)
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Using the field equations in the Einstein frame (5.5) its quite easy to show that,

R 75 Ly cazp L oo 595 5
R, = 167 (ST %0+ 5 (XY o) Do) - (5.90)

Use of the constraint relation (5.48) allows us to have,

~ 7 (K) ~
Dk 'S —snTW gt (5.91)

Invoking the validity of the NDEC as applied to the Einstein frame, we have,

_plmga ALY

R BXb , (5.92)

where 8 is some proportionality factor. This further allows us to conclude that the R.H.S
of (5.91) on the Killing horizon AHK) s,

~ o HE ~
8Tzt "= 8B gyt = 0. (5.93)

The last part comes from the fact that the null generator of H) is orthogonal to the
spacelike cross-section J. So in essence, we have finally showed that in the Einstein
frame, the zeroth law holds,

D & 0. (5.94)
5.4.2.2 Jordan frame

We now proceed towards the Jordan frame where we have the relation established on the
Killing horizon &) (with the spacelike cross-section (7, g, D)),

(K)

H
Dk "= —Rypx"q%.. (5.95)

Again, using the field equations (5.2) for the Jordan frame and the constraint (5.46) it is
quite easy to show that,

Rubxaqbc = <87TT([7 )X qc + X" q cvaqu)) . (5.96)

1
¢
The quantity x?q%.V,V ¢ vanishes on the Killing horizon # &),

)
XNV E 0. (5.97)
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This has has been shown in Appendix 5.10. This allows us again to have,

© o1
Dk = —$87TTQ(;")X”qu. (5.98)

Similar validity of the NDEC in the Jordan frame allows us to establish the fact that the
R.H.S of (5.98) vanishes on #X). Hence we finally establish the zeroth law as well in the
Jordan frame.

(K)
Dk = 0. (5.99)

Since temperature is proportional to surface gravity, the above analysis shows that the
temperature is constant over the horizon. This we have shown separately in both the
frames.

Note that the zeroth law has been proved here for a Killing horizon. The Rigidity
theorem [6, 20, 21] for the case of general relativity ensures that (under certain assump-
tions) that the event horizon of a stationary black hole is a Killing horizon. Till now, it
is not known whether the rigidity theorem also holds for scalar tensor gravity theory.
Therefore the present analysis is only valid for a Killing horizon only.

5.5 Conclusion

There has been much debate about the physical (in)equivalence of the Jordan and the Ein-
stein frame and the question still remains as to what can be considered “more” physical
than the other. Any establishment of (in)equivalences of physical and thermodynami-
cal quantities can only help us to address such long-standing issues. Our present work
has been focused in this particular direction aimed at the thermodynamic aspects of the
gravitational theories in the two frames. In the earlier works, it had been shown in the
context of Killing horizons present in the spacetime that the thermodynamic parameters
are equivalent in the two frames. However, the presence of the Killing horizon imposes
symmetry requirements on the spacetime. Moreover, since the Killing horizon describes
a stationary equilibrium black hole system, the equivalence of such thermodynamic pa-
rameters is restricted only to equilibrium processes. However, it has been established
that at least for Einstein gravity and the Lanczos-Lovelock gravity the gravitational field
equations expressed in the neighborhood of a generic null hypersurface assumes a ther-
modynamic interpretation in analogy with the first law of thermodynamics. The presence
of this generic null surface does not ask for any symmetry requirements on the spacetime.
The resulting thermodynamical interpretation given under the context of virtual displace-
ment of the null hypersurface incorporates both equilibrium as well as non-equilibrium
processes. That is such an interpretation is capable of handing internal entropy genera-
tion due to dissipation or viscous effects under the process of virtual displacement [92].
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5.5. Conclusion

We have shown that such an equivalence of the relevant thermodynamic parameters also
exists in the case of ST theory of gravity. For this, we used the gravitational dynamics
associated with the projection component G,;/?k? onto a generic null hypersurface estab-
lished in both the Einstein and the Jordan frames. Through the process of virtual dis-
placements, we connected the dynamics related to the component G,,/°k” to the relevant
thermodynamic identities (established on the null hypersurface) in both the frames in a
completely covariant fashion. We stress again that such an identity has been interpreted
not via any coordinate system adapted to the null hypersurface (say the Gaussian null
coordinate system). Our analysis has been done completely in a covariant fashion which
allows us to provide covariant expressions of the relevant thermodynamical parameters,
which can then be adapted to any coordinate system of the person’s choice describing the
spacetime in the neighborhood of the null surface. This allowed us to interpret from the
analogous thermodynamical first law established in both the frames, that the quantities
like temperature, entropy density, energy and the work function are equivalent in both
the frames. Finally, this nicely ties in with another interpretation provided under the um-
brella of the projection component G,,1%¢"., the dynamics associated to which leads to the
Damour-Navier-Stokes equation. The equivalence of the relevant fluid variables (of the
DNS equation) in the two frames had previously been established. Thus such fluid vari-
ables and thermodynamic parameters operate on an equal footing when the two frames
are considered. This we hope lends much ground to the issue about the physical equiva-
lences between the two frames.

Let us reinstate the fact that the above thermodynamical interpretation (using the field
equations in the two frames) had been drawn based on analogy with conventional ther-
modynamics. This however does not allow concrete physical interpretation of the ther-
modynamic variables, especially the temperature. In conventional thermodynamics, the
temperature is essentially an intensive variable whose constancy defines the notion of
thermal equilibrium between two thermal systems under contact. This is essentially the
statement of the zeroth law of thermodynamics. However, for gravitational dynamics,
there is actually no notion of two black hole systems being in thermal equilibrium with
each other. The zeroth law of black hole mechanics says that a black hole system in ther-
mal equilibrium must be by definition a Killing horizon (defining a stationary black hole
system) over which its surface gravity is constant. This constancy of the surface gravity
allows us then to give a concrete identification and interpretation of the temperature asso-
ciated with any generic null hypersurface. So our analysis would be quite well rounded
if we could prove the zeroth law as established in Killing horizons in the two frames.
The zeroth law for Scalar-Tensor theory had been established in the literature under the
constraint that the scalar field needed to be constant over the Killing horizon. However,
we believe that this is a bit too restrictive. In second part of our analysis, we showed that
in order for the zeroth law to hold in both the frames, the only requirement we demand
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of the scalar field is for it to respect the symmetry of the given spacetime. That is, we
only demanded that the scalar field is Lie-transported along the symmetry generator of
the spacetime. This implies that on the Killing horizon the scalar field is independent of
the coordinate along the null symmetry generator, but can very well depend on the angu-
lar/transverse coordinates. We did not put any extra symmetries on the spacetime other
than to impose that the matter and non-gravitational fields in the two frames satisfy the
NDEC.

Finally, we believe that our results based on the thermodynamic identity valid on any
generic null hypersurface and the proof of the zeroth law in the two frames provide some
clarifications into questions regarding their physical equivalences (or in-equivalences for
that matter). It is worthwhile to mention that at the classical level a certain class of f(R)
gravity can be cast in the form of ST theories (as not possible in general; for instance see
[195] and references therein). The thermodynamic structure of such f(R) theories can be
discussed along the present line of thought. We hope that our analysis will help shed
more light onto the nature of physics in both the Einstein and the Jordan frame.
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5.6. Equivalence of Eq. (5.10) and Eq. (5.8) under the conformal transformation

Appendices

5.6 Equivalence of Eq. (5.10) and Eq. (5.8) under the con-

formal transformation
Using eq. (5.23), one obtains the following relations

o . 1 1 ) . ab
DuY' = D0+ 5 0k + 01| Vi(Ing) + g—q)vavb(ln ¢), (5.100)

6,0, = % [elek + (elkf + ekli) Vi(lng) + I'KV(In¢)V;(Ing)] (5.101)
e 1. 1r . . . Iiki
[V,6; = 5;z'lvie)k +3 [Ql — ki — ekzﬂ Villng) = -Vilng)Vj(ing)
+ %viv]-(ln $) . (5.102)

Using (5.24), (5.25), (5.26), (5.100), (5.101) and (5.102) in (5.10) one obtains (5.8).

5.7 Obtaining Eq. (5.27) starting from Eq. (5.8)

We start from (5.8) and write each parameters of the Jordan frame (such as 8, 0y, x,
etc.), in terms of the parameters of the Einstein frame (such as 57, 67,2, &, O etc.) using Eq.
(5.23). We consider term-by-term of Eq. (5.8) and obtain the following relations for each

term
K0y = ¢kl — k' V;(Inp) — ¢pOI'Vi(Inp) + 'K V;(In¢) V;(In¢) . (5.103)
D, = ¢D, OV + VDo — %D”Da (Ing) . (5.104)
9,9k = (Péiéfc - (])é,;llvl(lncp) - éikivi(lncp) + llk]Vl(lncp)V](ln (P) . (5105)

TH-3171_186121030
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Now, we know that DD, (In¢) = qjvi(qjk Vi(In¢)), from which it can be obtained that
D'Da(Ing) = ¢V, V;(Ing) + [0k + 0;1')V;(In¢) . (5.106)
Writing 0; and 6y, in terms of 91 and 5,;, one further obtains

D'Dy(In¢) = q'V;V;(In¢) + p0zI'Vi(In¢) + 6;k'V;(In ¢)
—2I'KV(In¢)V;(Ing) . (5.107)

Using (5.107) in (5.105), one obtains
010k = ¢0;0; — D"Dya(Ing) + 47V, V(Ing) — ' V;(In¢p)V;(In ) . (5.108)
Writing Q7 in terms of ()” we obtain
. . 1 .
0", = 9O Q) — OV Vi(Ing) + Zq”vi(ln ¢)V(Ing) . (5.109)
Finally we obtain
. o . - 1 .
I'V0, = 4)llvl‘9,~( + (IDGEIZVZ'(II’I ) — pQ'V;(Ingp) + qujvi(h’l qb)V](ln )
+ ¢prk'V(Ing) — 'K V;(In¢)V;(In¢) — 'K/ V;V;(In ) . (5.110)

Now, using (5.103), (5.104), (5.108), (5.109) and (5.110) in Eq. (5.8), one obtains Eq. (5.27).

5.8 Proof the zeroth law for static spacetimes

We assume the spacetime (M, g, V) to be static i.e. both stationary (admitting a Killing
vector field ¥) and the Killing vector field X as being hypersurface-orthogonal. The hy-
persurface orthogonality condition implies that over the manifold we have,

XicVoXa) = XcVoXa + XoVaXe + XaVexy = 0. (5.111)

The above relation is valid on the manifold and not just only on the Killing horizon # (K)
in the given spacetime. Hence we can safely take the derivative of the above relation:

4 [Xcvaa + XpVaXe + Xachb] =0. (5.112)

Using the Killing equation V,x;, + Vpxa = 0, its quite easy to show that the above relation
reduces to,
XeVaVx® + xs0xe + x*VaVexy =0. (5.113)
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5.8. Proof the zeroth law for static spacetimes

We now define the following quantity P, to be,
P, = Rlxy. (5.114)
Simple manipulations allow us to have,

P, = RfaXf = [V, vu]Xb
= VVax! = VoVix! = ViVaxt = —VioVixe = —Oxa - (5.115)

Use of Eq. (5.115) in Eq. (5.113) yields,
XcPy — xpPe = —X"VaVexs - (5.116)

Since X is a symmetry generator of the spacetime, any tensor constructed out of X and g,
will also respect the spacetime symmetry. Such a tensor field is the quantity T, = V xp.
Explicitly, this means that,

£xTepy = 0. (5.117)

This follows that,

X'VaVexy + Vaxs(Vex®) + Vexa(Vex®) =0,
xX'VaVexy =0. (5.118)

Use of Eq. (5.118) in Eq. (5.116) implies,
XcPp — xpPe = 0. (5.119)

Now, as applied onto the Killing horizon # (%), we have the relation (5.51), upon which
using Eq. (5.119) leads to,

H(K)
Xd XaVok = _XdeRf[bXa]
H& - Xa f f
= _T(XfR qu_XfRaXb>
H (K)
= APy~ Paxy) = 0. (5:120)

(X)
Since we assume our Killing horizon to be non-degenerate, we essentially have x|, V)« e

0. This essentially proves the zeroth law for static spacetimes admitting a Killing horizon
without the need of the dynamical field equations.
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5.9 Proof of the relation (5.72)

We begin by showing that the Lie derivative of V,¢ along the null generator of X vanishes
over (M, g, V, ¢) using the constraint (5.46),

Ex(Vad) =X VoV i+ (V¢)(Vax))
=Va(X Vo) = (Vax)) (Vi) + (V59) (Vax) = 0. (5.121)

We have then,
1
X (X ViV ¢) = 5 <xf XaVV i — X xsVaV f4>> . (5.122)

Using the first line of (5.121) we have )(bfofVa(p = —xp(Vep)(Vax©). Putting this in

the second term of above relation, we have,
1
Xf(X[avb} vf ) ) (Xavb<7(fvf¢) - Xﬂ(vaf)(vffp) + Xb(qub)(vaxf))
1
= Vo (xaVpxs + xVary) - (5.123)

Let us then invoke the hypersurface orthogonality of the integrable null hypersurface
H(K) generated by the null vector field ¥ in the absence of torsion,

(K)
XV iXo + X5 Voxa + xoVaXs = 0. (5.124)
Using the relation (5.124), we have,
5& 1 74(K)
KV Vee) 'S =5 (M V9(Vixa)) = 0. (5.125)

This proves our desired relation.

5.10 Proof of the relation (5.97)

Next we proceed to give a proof of (5.97). Using the relation (5.121), we have on the
Killing horizon H (%),

X' VaVep = = 4'(Vad) (Vox") = = (0% + xke + kxc) (Vo) (Vix")
=—-V%% (Vc)(a + kkexa + kbxcvaa) . (5.126)
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5.10. Proof of the relation (5.97)

From the hypersurface orthogonality condition of the Killing horizon (5.124), we have,

(K)
Xaqbcvavbﬁb = —Vi (vc)(a + kexa — ky(XpVaxe + Xachb)>
H® a b

Use of the fact that ¥ is a symmetry generator of (K) and the constraint condition (5.46),

allows us to have,

=

#(

X'WVaVyp = 0. (5.128)
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Chapter 6

Thermodynamic structure of
Einstein-Cartan gravity via a generic null

hypersurface

6.1 Introduction and Motivation

In the past two chapters, we have laid out the completely co-ordinate independent method-
ology of interpreting the particular dynamics of any gravity theory whose solution space
is the spacetime manifold endowed with a Levi-Civita connection (M, g, V) with that of
having a given thermodynamic interpretation. For this we needed to project the relevant
dynamics onto a generic integrable null surface H. We also saw how this methodology
can be applied to the case of ST theory to elucidate the (in)equivalences between the Ein-
stein and the Jordan frame. Next, to move ahead with the discussion, as mentioned in Sec.
4.1, the field equations of Einstein gravity render themselves a fluid dynamic interpreta-
tion on a generic null surface. Moreover, it was shown by Jacobson [35] that the Einstein
field equations could be “derived” from an equilibrium local thermodynamic constitutive
relation (Clausius identity) applied to approximate Rindler horizons constructed at any
point of the spacetime (endowed with the Levi-Civita connection).

These vivid connections of gravitational dynamics with thermodynamics and fluid
equation established in the context of generic null hypersurfaces form the motivation for
thinking about gravity as an “emergent phenomenon”.! In a paradigm shift, the “emergent
gravity” program considers gravitational dynamics to be not fundamental. Rather it con-
siders gravity to be emergent from fundamental degrees of freedom associated with the
gravitational field [45, 46, 151, 196-198]. That is, gravity and its dynamics emerge much
like thermodynamics of matter arises as an effective theory from the statistical mechanics
of its constituent atoms.

Under this point of view, if gravity is indeed emergent (as seen especially for Ein-
stein gravity), then the connections between gravitational dynamics and thermodynamics

!Emergent nature of gravity was initially introduced in 1967 by Sakharov [192].

TH-3171_186121030



166 Chapter 6. Thermodynamic structure of Einstein-Cartan gravity via a generic n
hypersurtfe

should indeed transcend to other theories of gravity. Here, in our case we take the exam-
ple of Einstein-Cartan theory [199]. The EC theory is built in the geometrical backdrop
of the Riemann-Cartan (RC) spacetime (M, g, V). The EC theory is a natural extension
of Einstein gravity obtained by including the intrinsic spin of the particle(s) in the ge-
ometrization of spacetime [88]. The presence of intrinsic spin causes non-zero torsion in
the spacetime geometry and the relevant gravitational field equations are the Einstein-
Cartan-Kibble-Sciama (ECKS) equations [200-204] (for textbook expositions and reviews
see [87, 129, 205-208]). The presence of spin allows for a non-zero spin angular mo-
mentum tensor in addition to the energy-momentum tensor. In the macroscopic classical
domain, the spin degrees of freedom cancel out due to their dipole nature and hence dy-
namics of macroscopic bodies are characterized by the energy-momentum tensor alone.
However, in the microscopic regime, one cannot ignore the spin angular momentum
which actually “sources” torsion as being a geometric field in the spacetime in addition
to the metric tensor.

In this chapter, we aim to address exclusively the question whether the projection
component G,,k?I’ on H in the EC theory can be provided a thermodynamic interpre-
tation in a completely covariant way. Here, G, is the analogue (not symmetric) of the
Einstein tensor in the RC spacetime. So in this chapter, we are effectively moving to a
gravity theory whose solution space is not endowed with the Levi-Civita connection V.
Let us pause to mention that the component G,;,1?I” is related to the NRE determining
the dynamical evolution of the outgoing expansion scalar. The corresponding NRE in
the RC spacetime has been derived in Eq. (3.8). The evolution equations, correspond-
ing to the expansion, shear and vorticity, for congruences of both timelike as well as null
curves in spacetimes with torsion (under different assumptions on the nature of the tor-
sion) have been provided in [64, 137, 209, 210]. The thermodynamic interpretation for
G.p1?1” has been provided in [64] and hence will not be pursued here. In order to pro-
vide a coordinate-independent thermodynamic interpretation to the gravitational field

equations in the EC theory via the projection component G,,k?I” (onto H), we would as
(d)
usual require the dynamical evolution of the ingoing expansion scalar 6 along the null

generators 1. This has been explicitly derived in Eq. (3.24). However, there is crucial
(d)
restriction. The NRE for the ingoing expansion scalar 6y i.e. Eq. (3.24) has been derived

under the geodesic constraint Eq. (2.34). We will see that with the help of the notion of vir-
tual displacement ? applied to this evolution equation and the relevant field equations,
we provide a covariant thermodynamic interpretation to G,,k?I’. In doing so, we will be
able to access how the thermodynamic parameters and their interpretations are affected

by the inclusion of torsion under the geodesic constraint.

2In this context, the concept of virtual displacement was initially introduced in [211].
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6.2. A brief review of the gravitational field equations for the EC theory

The organization of this chapter is as follows. In Sec. 6.2, we very briefly discuss about
ECKS gravitational field equations in the EC theory. In Sec. 6.3, we begin our in-depth
study of the thermodynamic interpretation provided to G,,k*I’ and also discuss some
special cases. Finally, we conclude in Sec. 6.4.

6.2 A brief review of the gravitational field equations for
the EC theory

The gravitational action in the spacetime (M, g, V) will henceforth be referred to as the
Einstein-Cartan action Agc. For details refer to [87, 207, 212]. In this theory both the
metric and the torsion tensors are treated as independent dynamical variables. The total
action for the theory is,

At = Apc + Am = —— / B /—gR + Am 6.1)
167'[ Y%

where, Ap, is the corresponding matter or non-gravitational action. Obviously, the above
action is extremized by varying w.r.t. both the metric and the torsion (preferably here the
contorsion tensor) to yield the field equations. The Einstein-Cartan-Sciama-Kibble field
equation (by varying w.r.t. the metric) is [87, 207, 212],

A 1 =
Gap + E(Vc + TC) < - Scab + Suhc + Sbtf) = STETa(;n) ’ (62)

(m)
where Tab

extremizing the total action w.r.t. the contorsion tensor is,

is the matter stress energy-momentum tensor. The field equation obtained by

S%e = 81T, (6.3)

where T/ _ is the spin angular momentum tensor. Hence given a matter Lagrangian de-
pending upon the metric, the matter field and its first derivative, the variation of the

matter action is given as,

5 Am = —% / dhx /=g | Ty o™ + 7 oK, | (6.4)
vV

This indicates that the matter energy-momentum tensor Ta(;n ) is symmetric whereas the
spin angular momentum tensor 7% is antisymmetric in the last two indices. In anticipa-

tion of the result we are trying to achieve, let us state the following identity,

(VaTo = V3To) + (Vit T) Ty = (Vi + T) Sy (6.5)
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The above result can quite easily be verified by using the definition of the modified torsion
tensor (2.7). Upon using (6.5) in (6.2), we obtain,

Cap + (VaTy = Vo Ta) + (Vi + T) Ty, = 8T
+ EWZ' +T)[38% + 8/ + 5. (66)

Using (6.3), the last term on the right hand side (R.H.S) of the above equation can be
expressed in terms of the spin angular momentum tensor. This form of the gravitational
tield equation (6.6) will be used later in our analysis.

6.3 Thermodynamic interpretation provided to the NRE (3.24)

via virtual displacement JA j

In Eq. (3.24), we had derived the evolution dynamics of the expansion scalar of the ingo-
ing auxiliary null vector field k along the null generators I and showed that as a purely
geometric relationship, it is related to the projection component G,,k*I’. Let us try to
motivate the reason of this particular choice of arranging the terms in Eq. (3.24). Notice

that all the terms in the first squared parentheses for the R.H.S of Eq. (3.24) except for
(d)

'V, (6 — q" Tihjkh> contains geometrical/kinematical quantities that are defined on the
transverse 2-surface S; or the null surface H. The terms in the second squared parenthe-
ses for the R.H.S of (3.24) involves rather quantities defined for the spacetime (M, g, V)
and are not restricted to S; or H.

Till this point, we have not used the dynamics of the gravitational field equations. We
will now use the ECKS field equation corresponding to the metric tensor. We will rather
use the form given in (6.6). Use of this in (3.24), we have,

@
— K(Qk - qlJTih]'k )
(d) . () .
(O —27) + 6, <9k — q”Tih]’kh> - <9kqu - ECd) (Teal’)

—D,
( djgei _ q”)( chd)(Kaij)kalb}

G E(m +T) (38 + Sy + 5 ) K1 6.7)

(@)
%< IR+ vr(ek - q]Tlh]kh> — 0,0 4+ O, P
(@)

Before proceeding to interpret (6.7) as a thermodynamic identity established on the generic
(d) (d)

null surface H, it is necessary to convince ourselves that 6 and 6; indeed represent the
expansion scalars of the auxiliary null field k and the null generators I respectively. This
we have already done in Sec. 2.5.1 arriving at Egs (2.159) and (2.160).
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6.3. Thermodynamic interpretation provided to the NRE (3.24) via virtual displace.
%0

Now, we come to the point where we discuss the physical process under which a
thermodynamic interpretation can be alluded to. The physical process is a virtual dis-
placement 6\ ;) along the auxiliary null vector field. The notion of virtual displacement
has been adopted from the analysis in [36]. The virtual displacement basically shifts our
null hypersurface #H along k. Consider the foliation of (M, g, V) in the neighborhood of
H by the null family H,,. Let us suppose that # is stationed at the value of A ;) = 0 and
in the null family, there exists another surface at the value of A4y = JAy). Of course, both
of these null surfaces are solutions of the Einstein-Cartan spacetime. The virtual displace-
ment is the physical process that shifts us from the null surface at A,y = 0to Ay = oA ).
Let us multiply then both sides of Eq. (6.7) with dA ) along with a multiplicative factor
of 5. We integrate the resulting equation on the 2-dimensional spacelike cross-section S;
of H. This results in,

/ = < (Gdk)—lq”Tlh]kh)]é/\()

()
/ def DR 41"V, (9k - q”Tlh]kh) A0 + O, D0

@ @ (d)
~D, (()a - ﬁﬂ) + 6, (ék - qZ]Tih]-kh) - (échd - écd> (Tsalf)

- <qdqui—q ‘11])( cbd)(Kaij)kalb]M(k)

1. S
/ dzx\/_ [87'(7" "y E(VZ-+Ti)<351ab+5;b—|—Sbla)]k”lb(5}\(k). (6.8)

Let us now focus on the term in the L.H.S of Eq. (6.8). We can rewrite it as,

dzx\/_[ ( 59;()—4(1 Tlh]khﬂé)\()

=/Sd2xx[ }df <f>+f 9Tk |7

/ g M g (5 + 000 (S T

d*x T((SA Spull + 9, Stor) . (6.9)
S
Here, we identify the temperature associated with the null surface under the process of
virtual displacement Ay to be T = (x/27). We postulate that the variation of the total
entropy density occurs from two contributions. First is the entropy generation term of the
null surface itself. The entropy density of the null surface H is proportional to the area
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element /7 of the 2-surface S; i.e. sy = /§/4.> This part of the entropy generation is
purely due to the variation of cross-sectional transverse area elements S; as we move in
the transverse k direction under the virtual displacement. But this not the end of the story.
Due to the presence of non-trivial torsion in the spacetime, there happens to be another
entropy generation term (5  Stor In order to have an understanding for the source of it,
let us consider the followmg particular torsion current T; h].ql] . Obviously the quantity
g T,-hjkh is negative the component of this torsion current along the null generators I. We
here define the entropy variation under the virtual displacement JA ;) due to presence of
this non-trivial torsion current T; h q’] to be (5 stor

8, 0 Stor = Ok (\f ”Tihjkh) : (6.10)

Thus we see that there exists two causes of entropy generation under the virtual displace-
ment JA ;). One arises primarily due to the variation of the transverse cross-sectional
area element S;. The other arises due to a non-trivial torsion current flowing along the
null generators. We will have something more to say on this at the end of this section.
Having done this, let us now look at the first term in the R.H.S of (6.8). We identify
this term to be the variation of energy ¢ Ao E associated with the physical process of virtual

displacement JA ),

(d)
_ 2 171 ARG v 1 7 h A A A 5
6, E = : /G A 5 | PR+ var<9k — Ty k ) — 0.0+ 0, P"
e @ @
— D, (Q" @”) ( k — q7 Tinjk > - <9ch — & >(chdlf)
— (%9 = 4" ) (Tepa) (K R'1" | (6.11)

We can in principle perform an integration over the non-affine parameter A ;) of the aux-
iliary null field to provide an expression of the energy associated with the null surface
H,

A A A

@ A
E= /cm dzx\/" [ @R 4+ 1%, (ék —q”Tih]-kh) — 00"+ 0, 2"

W @ (@
= Do (O = 27) + 6 (6 — ¢ Tak") — (6q? = E) (Tepal!)

- (q””q”'—q q”)( cbd)(ij)k"lb} - 6.12)

Let us reiterate that our aim is to provide a thermodynamic interpretation to the NRE

3Same identification of entropy has been done in [213] through Noether prescription on a Killing hori-
zon.
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6.3. Thermodynamic interpretation provided to the NRE (3.24) via virtual displace.
%0

()

(corresponding to the ingoing expansion scalar ) in analogy with the first law of ther-
modynamics. That would be complete, if we have the liberty to interpret the following
expression to be the pressure term P,

1 1 4 . . ,
P=—— 87Ty + 2 (Vi + 1) (38, + S5 + S, ) | k1" (6.13)

The force F conjugate to the physical process of virtual displacement JA 4 is simply then
the integral of the pressure term over the transverse surface S;,

_ 2
F_/Std x\/qP. (6.14)

Now once this interpretation is allowed (we will try to justify this shortly), the process
of virtual displacement of the null surface H along the auxiliary null field described via
(6.8) can be succinctly restated as,

s P T(&,\(k) Sl + 0, stor> =6, E+FoAy . (6.15)
The above interpretation is made possible only under a virtual displacement of the null
hypersurface # in the auxiliary null field k direction. The virtual displacement is to be
thought of as a physical process that “virtually” shifts the position of H from stationed
at Ay = 0 to the position at say Ay = dA (). The virtual work done under this process
is FOA 1). As a result of this, an amount of energy ¢ A E sweeps through the null surface.
The corresponding change in the heat energy is [, d?>xT (5 (o Snull + 6 I Stor )-

Let us now describe the motivation behind the pressure term (6.13). The pressure

term contains the term —T(IT )

k%I In the case of Einstein and Lanczos-Lovelock gravity,

this particular term has been consistently identified as the pressure under the process
of virtual displacement [36, 74, 79]. For static spherically symmetric spacetimes, this
particular term has the value —Ta(;" Jkatb = T(m)rr, which has the interpretation of being
the radial or the normal pressure[74, 75]. However, when dealing with the spacetime
(M, g, V), we see that there are necessarily extra terms in the pressure. Notice that there
are quadratic terms involving the torsion [and hence the modified torsion which can then
be related to the spin angular momentum tensor via the field equation (6.3)]. For example
consider the following term in the pressure,

11

. . . 1 . . .
_8_7r§Ti <3slab + S, + Sb1a>kalb = —Sﬂ;lgacTaci <3T1ub + 7, + Tblu>kalb : (6.16)

In arriving at the above relation, we have used (6.3) and the fact that T; = % 8%Saci = %S“ai.
Such quadratic terms in the spin tensor actually represent spin-spin contact interaction
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and hence produce a correction to the matter energy-momentum tensor [87]. Our defi-
nition of the pressure involves such spin-spin interaction terms in addition to the matter
energy-momentum tensor. In addition to the energy-momentum tensor and the spin-
spin contact interaction terms we also have a derivative of modified torsion tensors in
the pressure term i.e. —g=3V;(3S'  +S1, + S/ kb = —Lv, (¢, + 7 + 7 kP In
Chapter 4, while analyzing the thermodynamic interpretation provided to a generic null
surface (under virtual displacement) in Riemannian spacetimes without any torsion, we
described the notion of a “gravitational pressure” defined as P = —%Gabk’llb . Hence
for a generic null surface in Einstein gravity P = —g-Ggk“I" = —Tu(;]n k1t ie. the field
equation gives rise to the pressure term. In the same spirit, we identify the pressure as
— o= (Gap + (VaTp — VpTo) + (Vi + T;) T, 1k"1P. Once the ECKS equation (6.6) is used on
this it actually reduces to the value of the pressure (6.13). In addition to the above motiva-
tion, there lies another reason behind the (not so obvious) definition of energy term (6.11)

and the work function (6.13) under the virtual displacement. As already mentioned pre-
(d)
viously, we have partitioned the NRE (for 6y) (3.24) in such a way, that the energy contri-

bution arises entirely from geometrical quantities defined on the transverse submanifold
@
S; or on the null surface # (in addition to the scalar field term "V, <9Ak —q' T,-hjkh> ). Con-

trary to this, the pressure term (leading to the work function) is entirely from quantities
defined in the manifold (M, g, V). In fact, it has been explicitly shown [92] that at least
for Einstein gravity (with zero torsion), the covariant expression of the energy (6.12) re-
duces to expressions of energy for well known spacetimes. For example, the computation
of (6.12) for the usual Schwarzschild metric gives us the mass term. It is in this spirit, that
the natural generalization of energy term for a generic H in EC gravity theory follows.

6.3.1 Case of completely antisymmetric torsion:

Let us now come to the important specific case of the torsion being completely antisym-
metric. Applications of completely antisymmetric torsion tensor have been discussed in
string and superstring theories [214]. For the case of a string-inspired gravitational theory,
the Kalb-Ramond field is identified with a completely antisymmetric torsion background
[215]. In the case of completely antisymmetric torsion, the expressions in our thermo-
dynamic analysis simplify significantly. Firstly, the geodesic constraint (2.34) no longer

needs to be assumed but rather is a consequence of total antisymmetry of the torsion ten-
()
sor. Let us focus on the NRE corresponding to the ingoing expansion scalar 0y i.e. (6.7).
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6.3. Thermodynamic interpretation provided to the NRE (3.24) via virtual displace.
%0

The expression simplifies to,

(d) (d)
b, — [%@)R 19,6 — QO + (0,97 — Dy(OF — )
@@ g o L
+ 016k — 50" SawaSuk't? | = (87T + 5V (38 ) [KIT . (6.17)
In the above, we have used the fact that for completely antisymmetric torsion, S,p. = Typc

and K ;. = %Tabc. Proceeding ahead with the process of virtual displacement, we can
attest the thermodynamic interpretation to this specific case as well. The heat energy
associated with the process now is,

/ deTéAk Spull » (6.18)
S (k)
where spy = \/Tﬁ. Obviously, the entropy generation term 5)‘(1() Stor due to the torsion

current component g'/ Tih]-kh flowing along the null generators T of H is zero owing to the
total antisymmetry of torsion. Hence under the virtual displacement process the only
change in the entropy density occurs via the change in the transverse area element , /g of
‘H. The amount of energy flow along the null hypersurface under such considerations is,

(@)

1 ls o
S E= [ P g, SOREIV, 6 — 0,07 + 0, 9"
t
oy @@ g b
_D, (Q - ,@ﬂ) + 016 — 54747 S oSk } . (6.19)

The corresponding identification of the pressure term under such a process in the case of
totally antisymmetric torsion tensor is,

p= —% [SnTgﬁ n %vi <3Siab>]k”lb . (6.20)

6.3.2 Notion of equilibrium for the null surface H in (M, g, v)

Now, let us discuss the case of an equilibrium null hypersurface Hegq, i.e. we want a truly
stationary description of our null surface/horizon. First of all, we would require our
theory to have non-propagating torsion. The Einstein-Cartan action Agc is given by (6.1),

1 N 1 / 1111
Apc = —— /V Vg R=1— /V =g [R+2VZ-TZ — TT, + K™K, . (6.21)

We see that this gravitational action does not contain second derivatives of the torsion
term. Hence, in such theories, the torsion field itself does not propagate. This can also

TH-3171_186121030



174 Chapter 6. Thermodynamic structure of Einstein-Cartan gravity via a generic n
hypersurtfe

be seen from the ECKS field equations Eq. (6.3) which shows that the source of torsion
is the spin angular momentum density tensor. However this relation is purely algebraic
and involves no second order derivatives of the torsion term. The EC theory is such
an example of a gravitational theory with non-propagating torsion. However, the tor-
sion can indirectly propagate through some other field with which it is coupled. For
instance, here the torsion is carried by the propagation of g,;,. In principle, whatever be
the case, for a truly stationary description of our null hypersurface, we would require
any torsion current flowing along the null surface H to be zero. The first among such a
non-trivial torsion current is T,;.[?I°. Setting this to zero implies our geodesic constraint
(2.34). In fact, when considering the case of a Killing horizon (a stationary equilibrium
description of the horizon), such a torsion current needs to be eliminated for removing
inequivalent definitions of surface gravity [64]. The second among such torsion current
that we need to consider for our purposes is Tihjqij . The component of this torsion cur-
rent flowing along the null surface (i.e. along the null generators [ is precisely g/ Tihjkh.
We should demand for this component to vanish in order to have a stationary descrip-
tion of the null surface/horizon. In fact, the authors of [64] have shown that only the
geodesic constraint (2.34) is required to prove the zeroth law of black-hole mechanics
for a Killing horizon established in (M, g, V). They do not demand specifically the re-
quirement that g Tihjkh be zero as well for the Killing horizon. In order to prove the
zeroth law, the authors consider the specific case of a Killing horizon having a bifurca-
tion 2-surface. However, not all stationary horizons have a bifurcation 2-surface. Here
we postulate that for a true stationary and hence equilibrium notion of a Killing horizon,
we require both the conditions T, [*I° = 0 and g/ Ti]-hkh = 0 to be simultaneously imple-
mented. These two constraints represent our equilibrium conditions. For such a Killing

horizon established in the spacetime (M, g, V), the surface gravity and hence the tem-
(d)

perature is constant over the horizon. Moreover the outgoing expansion scalar 6; of the
null generators vanish by definition for a Killing horizon. Now if we perform a virtual
displacement process for such a Killing horizon, then the thermodynamic interpretation
becomes quite clear. The variation of the entropy due to the torsion term i.e. § Ao Stor 1S
by default zero under our equilibrium conditions. Since the temperature is constant over
the Killing horizon, while considering Eq. (6.15), we can take T outside the integral. We
then identify the total change of the entropy S, of the null surface (Killing horizon) to
be J A Snul = J. 5, d*x & A Snull- We then finally have the thermodynamic interpretation

established on the Killing horizon in (M, g, V) under the virtual displacement oAy to
be,

76, Soun =0, E+FoA( . (6.22)
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6.3. Thermodynamic interpretation provided to the NRE (3.24) via virtual displace.
%0

The variation of the energy term is,

1y e @D
— 2 2
b E= [ dxy/G oA o | SPRHIV, 6 — 0,00 + O, 9"

St
A ~ ” (‘1) d A cd di _ci b
D (O~ %) — (Gg® — ) (Tepal)) — 997 (T K KT] . (623)

Similarly the pressure term for the virtual displacement of the Killing horizon is,

- _% {87@5;”) + %(@i +T) (3siab +S}, 45, a)]k“lb . (6.24)

Now, having discussed the physical interpretation of the thermodynamic identity as
applied to a generic hypersurface-orthogonal null surface (satisfying the geodesic con-
straint) in the spacetime (M, g, V') and its relevant specifications to the case of completely
antisymmetric torsion and the equilibrium case, we delve a little bit more into the pos-
sible origins of the total entropy variation term. In this regard it helps to compare our
results with the interpretation provided in [64]. In this paper, the authors in the context of
a local causal horizon established in the Riemann-Cartan spacetime (M, g, V) assume an
area-entropy law, where they propose that the variation of the entropy is proportional to
the variation of the horizon cross-section [see Eq. (69) of [64]]. However, as we have seen
in our case, w.r.t (6.9), that the total variation of the entropy density is due to the sum of
two contributions. One is due to the variation of the null surface/horizon cross-section
under the virtual displacement A . The other is the entropy generation term (6.10) due
to the non-zero torsion current 4/ Tj;;. One can surely think as to why there is no such en-
tropy generation term due to the torsion current in the process involving the local causal
horizons described in [64]. To our understanding, this stems from the difference in the
processes involved. Even though there is no mention of a virtual displacement process in
[64], the entropy variation in [64] as applied to local causal horizons is surely due to some
physical process (here that represents a local constitutive relation of entropy balance law
on the local causal horizon). This physical process (involving matter fluxes across the

horizon) clearly perturbs the local causal horizon along its null generators 1. As a result
(d)
the NRE corresponding to the outgoing expansion scalar §; has been used to compute

the variation of the horizon cross-section. Clearly, whatever the case may be, under the
process of varying the local causal horizons along their null generators, there does not
arise the need for a torsion current of the type '/ Tinj. However, the process that we are
considering virtually shifts our null surface along the transverse auxiliary null field k.

The physical processes involved in both of these considerations are very different. For
()
our case, as the NRE corresponding to the ingoing expansion scalar 0y suggests, we have
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to very well take into consideration the entropy generation term due to the torsion cur-
rent q'/ Tipj. Setting the component of this torsion current along the null generators to zero
(along with the geodesic constraint), which we have seen, represents our notion of an

equilibrium horizon.

6.4 Discussion and conclusion

The main aim of the present analysis was to investigate whether the thermodynamic in-
terpretation of gravitational dynamics is possible in the presence of torsion in the space-
time. We found that a particular projection of the field equation of EC theory of gravity
on a generic null surface indeed provides a thermodynamic structure. The idea was orig-
inally introduced in [36, 211] based on an infinitesimal virtual displacement along the
auxiliary null vector field. Since the original analysis was a non-covariant one, we here
followed the spirit of our earlier work [92] in order to provide a covariant formalism for
a specific spacetime with torsion.

Having developed all the necessary geometrical tools in Chapters 2 and 3, we ex-
tended the formalism that we developed in Chapter 4 to the case of EC theory. We focused
on one particular projection of ECKS equations on our generic null surface. Then follow-
ing [36] we provided the process of virtual displacement of H in the transverse auxiliary
null vector direction. This enabled us to interpret this evolution equation “similar” to the
first law of thermodynamics in a covariant fashion. We saw the presence of a non-trivial
torsion current Tih]-qij leading to non-zero torsion current component Tihjqij k" along the
null generators. This led to an additional entropy generation term under the virtual dis-
placement process. The amount of energy flow across the null surface under such process
now contains additional terms depending on the non-trivial torsion tensor. Similarly, the
pressure term is not defined only with respect to the matter energy-momentum tensor.
It contains suitable spin-spin contact interaction terms as well as covariant derivatives of
the torsion term. We mention that the present thermodynamic interpretation is strictly
based on the geodesic constraint as our evolution equation was derived within this con-
dition. All of the analysis, we saw, consequently reduces to the familiar form when we
set the torsion to zero, i.e. say, for Einstein gravity [92]. The special case of the torsion
field being completely antisymmetric and its consequences were also discussed. Finally,
we commented upon the case of null surface H being in equilibrium in the EC gravity
theory.

Let us at this point discuss our approach to the viewpoint of torsion. There have
been predominantly two notions of torsion. It can be considered either as a geometric
tield or that of a background dynamical field. Here, in our analysis, we have leaned
onto the geometrical perspective. This is quite evident in the way we factored the energy
and work done term under the virtual displacement JA ;). In the NRE (of the ingoing
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6.4. Discussion and conclusion

(d)

expansion scalar ék) (3.24), we had factored out the energy terms on the basis that they
contained terms purely defined on the two-surface S; or the null surface H [along with the

(d)

term I"V, () — g Tihjkh)]. The work function contained terms defined entirely on the four
dimensional manifold (M, g, V). This thermodynamic interpretation provided to G,;,k"1”
through the virtual displacement essentially takes this viewpoint from the very beginning
that torsion is a geometric field. It is only at the end once the dynamics of the EC theory
has been established (letting the torsion be sourced by the spin angular momentum tensor
(6.3)) that we can also interpret the work function or rather the pressure (6.13) in terms
of the matter energy-momentum tensor Té’bﬂ ) and the spin angular momentum tensor
7%,.- However we can right away begin with the viewpoint of torsion being a dynamical
background field. This viewpoint lets the torsion terms be a part of an effective stress-
energy tensor T{%f. This effective stress-energy tensor is related to the Einstein tensor of
the spacetime provided with the Levi-Civita connection (see Eq. (2.5.10) of [87]),

Gy = Ry — %gabR — 87T(TL§Z1) +Uy) = 8rTe, (6.25)
where U,;, contains terms quadratic in 77, and hence represents spin-spin contact inter-
action terms. Obviously owing to the Bianchi identity, the effective stress-energy tensor
is covariantly conserved with respect to the Levi-Civita connection V. We in our ap-
proach did not proceed with such consideration of an effective stress-energy tensor [for
the spacetime (M, g, V)] and went purely by the geometrical interpretation. We could
however have started with the dynamical equation for ingoing expansion scalar 0} for

the spacetime (M, g, V) i.e. Eq. (3.25)

— Kb = ( — D, Q" — 0,0 + 0,6 + 'V 6 + %2R> — Gpk®I? . (6.26)

d
Using the fact that E?Ak) = 0, we can certainly use the form of the ECKS field equation
(6.25) in (6.26). Then the process of virtual displacement would on (6.26) have yielded
for us different energy variation and work done terms. The pressure, as we can anticipate
would depend on the matter energy tensor as well the spin-spin contact interaction terms.
The variation of energy term would also be different from what had been obtained pre-
viously. Similarly looking on the L.H.S of (6.26), we see that the entropy generation term
is purely due to the change in the cross-sectional area of the null hypersurface under the
virtual displacement. Under this interpretation, there is no identification of an entropy
generation term due to a non-zero torsion current. The question then naturally arises as
to which interpretation for the torsion field is correct. Is it good to consider it a geomet-
ric field or would it be better if torsion acted as a background field? This dilemma was

TH-3171_186121030



178 Chapter 6. Thermodynamic structure of Einstein-Cartan gravity via a generic n
hypersurtfe

also addressed in [64] where the ECKS field equations were derived from a generalized
Clausius identity 6Q = T(dS + dS;) applied to a local Rindler horizon. In the paper [64],
the authors discussed that the internal entropy production term dS; followed quite natu-
rally when torsion was considered as geometric field. However if torsion was proposed
as a background dynamical field then such a term had to imposed by hand in an ad-hoc
tashion to recover the EC equations. We also believe that our analysis is more structured
towards interpretation of torsion being a geometric field. However, our stand on this

issue is by no means definitive and remains open to further scrutiny and interpretation.
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Chapter 7

Possible fluid interpretation and tidal
force equation on a generic null

hypersurface in Einstein-Cartan theory

7.1 Introduction and motivation

The fascinating connection between gravitational dynamics and fluid-dynamics has been
a subject of great interest for long. One of the earliest works relating the dynamics of grav-
ity and that of hydrodynamics appeared in the doctoral thesis of Damour [37], wherein
there are suggestions of a connection between horizon and fluid dynamics. This work
contains the evolution dynamics of a given geometric data on an arbitrary null surface,
now known as the Damour-Navier-Stokes (DNS) equation. The same equation is also
obtained in terms of coordinates adapted to a null surface [82] [61] by projecting the Ein-
stein’s equations of motion onto the null hypersurface (a similar analysis has also been
done in [190] for scalar-tensor gravity theory to obtain DNS like equation). Moreover, a
corresponding action formulation of the same has been greatly detailed in [38]. A con-
nection in this regard has also been obtained in the membrane paradigm approach by
Price and Thorne in [216]. The membrane paradigm was applied in [217] in the context of
asymptotically AdS spacetimes to show the dynamics of the membrane being described
by the incompressible NS equation. In [218], the authors have obtained an analogous DNS
type equation for both future outer trapped horizons and dynamical horizons (which are
spacelike). One peculiarity of the DNS equation as obtained on a null horizon is that the
bulk viscosity of the horizon fluid is negative. This makes the null horizon fluid unfit
to have a connection with ordinary fluids. However the authors of [218] show that the
horizon fluid on both future outer trapped horizons and the dynamical horizons have a
positive value of the bulk viscosity.

In the AdS/CFT context, it has been shown that the dissipative behavior of an AdS
black hole agrees with the hydrodynamics of the holographically dual CFT. In this ap-
proach the NS equation together with its corrections arise under a gradient expansion of
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the Einstein’s equations. This has been studied extensively and important works in this
regard include [219-222]. More recently in a cut-off surface approach by Bredberg et al.
[223], it has been shown by explicit construction that for every solution of the incompress-
ible NS equation in (p + 1)-dimensions, there is a uniquely associated dual solution of the
vacuum Einstein equations in (p + 2)-dimensions. The metric of [223] has been extended
to all orders perturbatively via gradient expansion in [224], thus yielding higher order
corrections to the NS equation as well as the incompressibility condition. In [225], the
authors have generalized the cut-off surface approach by expounding on the dynamics
of the dual field theory living on the boundary of AdS spacetime, provided the Dirich-
let boundary conditions on the » = r. cut-off surface is ensured. The authors show that
there exists a critical radius as we go towards the horizon, beyond which, a relativistic
description of the fluid living on the cut-off surface is not valid because of the acausal
propagation of sound modes. Allowing the non relativistic scaling, the authors retrieve
that Ricci flat gravitational duals to the incompressible NS equations. In [226], the au-
thors provide a general approach to fluid /gravity correspondence, where the base metric
is no longer the flat Rindler metric, but rather a generic static metric. The spacetime is en-
dowed with a general bulk stress energy tensor and an event horizon. This cut-off surface
approach has been applied in various cases, see [227-229]. For example, it was extended
for higher curvature gravity theories [230-234] as well as for the AdS [235, 236] and dS
[237] gravity theories (for other theories, like black branes, see [238]). In [228], it was
shown that an incompressible DNS-like equation can be obtained in the cut-off surface
approach. In this case the obtained metric is a solution of Einstein’s equations of motion
in the presence of a particular type of matter. Also a corresponding relativistic situation
has been discussed extensively in [239]. Symmetries of the vacuum Einstein equations
have been exploited to develop a formalism for solution-generating transformations of
the corresponding NS fluid duals in [240]. The fluid description on the Kerr horizon has
also been explored in [241] (see [242] for the isolated horizon case). The correspondence
has also been established for general rotating black holes yielding a Coriolis force term
[243]. For extensive reviews of the fluid-gravity correspondence, refer to [72, 244, 245].
In this chapter, we will not deal with the fluid /gravity duality from the gauge-gravity
context. Our analysis will be entirely within the purview of the membrane paradigm of
gravity, where we will focus on the dynamics of the gravitational field equations on a
generic null hypersurface. For this, we will have to focus on the projection component
Gapl?gh.. As mentioned in the earlier chapters, for the case of Einstein gravity, G,,1"q",
leads to the Lie evolution of the Hajicek 1-form along the null generators which is then
interpreted as the DNS equation [61, 82]. It also works in scalar-tensor theory of gravity as
well [190]. In this chapter, we will focus exclusively whether G,,17g", would enable us to
attribute to the ECKS field equations any fluid/elastic continuum model interpretation.
In particular, under the geodesic constraint, we will be able to see when we write down
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the dynamics of the Haji¢ek 1-form in a coordinate system adapted to the null surface ,
the structure we get is quite similar to the Cosserat generalization of the NS fluid (under
appropriate identifications of the fluid variables with the kinematical variables of H and
the external force density). In fact, we will see that w.r.t a local inertial frame, the above
dynamical equation will indeed reduce to the Cosserat fluid equation. The Cosserat fluid
is a real world fluid dynamical system that incorporates intrinsic angular momentum via
the rotational degrees of freedom for its constituent fluid particles.

Even though, much of our analysis is based on providing a possible fluid interpre-
tation for the ECKS field equations, we also present the tidal force equation for the null
surface H in its most generic sense. The only imposition, that we will make while arriv-
ing at the tidal force equation is that the geodesic null congruence generates an integrable
hypersurface, i.e. it satisfies the Frobenius identity. In doing this analysis, we are again

(d)
led to derive to the NRE (for 6;) for the given integrable hypersurface A in the RC space-

time (however in a different form). The tidal equation and the NRE analyzed for the EC
theory furnish a part of the optical scalar equations obtained under the Newman-Penrose
formalism.

The organization of this chapter is as follows. In section 7.2, we recollect our dy-
namical evolution dynamics of the Héjicek 1-form related to the projection component
Gapl"gh. and connect it with the gravitational dynamics via the ECKS field equations. In
the next section 7.3, we try to argue whether the ECKS field equation w.r.t H via the com-
ponent G,;1%g". can be attributed any possible fluid dynamical/elastic theory interpreta-
tion. Here, we come to the conclusion that the resulting dynamics cannot be compared
with the DNS fluid. The dynamics has rather an analogy with the Cosserat generalization
of the NS fluid which we try to make more precise in a boosted local inertial frame. We
do this to argue whether the dynamics of the “null fluid” established on H has connec-
tions/analogy with some real world fluid scenarios. For the sake of completeness, we also
present in section 7.4 the tidal force equation governing a congruence of null geodesics
in the RC spacetime. We then conclude in 7.5 and in the appendices provide detailed
derivations of some of the expressions used in the text.

7.2 The relevant gravitational dynamics projected onto H

In Chapter 3, we derived the evolution dynamics of the Haji¢ek 1-form along the null
generators I in Eq. (3.40). Our objective now would be to use the ECKS field equations on
this evolution equation and get to the extension of the Héji¢ek equation [61] in the case of
the EC gravity theory. Using the ECKS field equations (6.2), we have,

. - 1 .
Copl®qly = 8T M1t — 5(Ve+ To) (= 8+ Suf + S )1 (7.1)
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Note that in (3.40) or (3.37), we have related the dynamical evolution (along 7) of O with
Gapl?q, instead of G,q%1Y as anticipated in the transverse projection component of the
vector field G”bl b However, this is not a matter of concern, since at this point, we eventu-

ally use the field equations as seen in (7.1). Using (7.1) in (3.40), we have,

() «b

9 3 1 )
0" £,00 + O (9, Tt kab) _ P, (K +5(0 =Tl - kﬂrb)) + Do,

Nyal R .
+ Db (chtqdb’]"fdclf) _ ®baf@bqut _ thTb + qctqdb<deckf)Tb

— 8Tl — (Vo +T.) ( — S+ St + Sb;)l”qbt — T ®"q"% . (7.2)

1
2
The above relation reduces to the equation (6.15) in [61] in the absence of torsion in the
spacetime and then hence defines the Haji¢ek equation under the membrane paradigm.
We notice that the above general dynamical evolution law of the Hajicek one-form ),
ie. (7.2) involves the transversal deformation rate tensor Z,. The transversal deforma-
tion rate tensor in essence measures the projection of the Lie derivative of the transverse
induced metric q,, along the ingoing auxiliary null field k. So the dynamics involving
the evolution of the Héji¢ek 1-form i.e. (7.2) involves a part that contains the evolution
of g, along k. This is however in stark contrast to the evolution equation of the Héjicek
1-form in the Riemannian spacetime [61]. Such a dynamical evolution equation in the
Riemannian spacetime involves the evolution of relevant kinematical quantities along
the outgoing null generator I and none so in the direction of the ingoing field k. Such

terms that encode explicit information of the auxiliary null field k can also be seen from
(d)
the corresponding NRE (for 6;) in the RC spacetime. Without invoking the geodesic con-

straint, the most general form of the NRE has been derived in (3.8) . A different variant
of the NRE in RC spacetime has been derived in the Appendix 7.7 (see Eq. (7.67)). It
is quite clear that in the presence of torsion in the spacetime, the dynamical evolution

()

of the outgoing expansion scalar §; along I encodes information about the uniquely de-
fined ingoing k field. This is again in contrast with the Riemannian spacetime, where the

()

NRE (for 6;) carries no explicit terms involving the auxiliary k field. Coming back to the
present analysis, in the presence of torsion in the spacetime, i.e. in the RC spacetime, the
evolution equation of the Hajicek 1-form (), involves terms like Zy,. This is preferably
due to the fact that in the RC spacetime, the null generators of our integrable null hyper-
surface H are not parallel-transported along themselves. However these null generators
are themselves null geodesics w.r.t. the Levi-Civita connection V. However, if we im-
pose the geodesic constraint i.e. Ty, = T, [*I° = 0, then we force the null generators to be
simultaneously auto-parallel (w.r.t to the connection V) and extremal length geodesics
(w.r.t V). Hence, we notice that under the geodesic constraint, we remove in equations
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(3.37) and (3.40) any reference to evolution of kinematical/geometrical quantities along

the auxiliary null field k. As a side note, this feature was also shared by the NRE (for
(d)

f;) in the RC spacetime, where the application of the geodesic constraint removed ex-
plicit references of evolution of kinematical quantities along k. Thus, under the geodesic

constraint, we have our relevant dynamical evolution laws for (), to be,

- P @ b
qat£ZQa+Qt(91 —Tbl ) —Dt<K+§(91 —Tbl )) +Db(ATt

~ 1 ~ ~
+ Db (chtqdefdclf> — 0y, 2%, = 87TTQ(IT)Z“qbt
1 c c c\jya b Abi _a
— S (Ve b To) (= S% + o + S8 ) 10" — Ty (7.3)
The above can be expressed in the following alternative structure as well:
P g

P N
q"t£10a+ﬂt(91 — Tyl ) —'Dt<K+§(91 — Tyl )) + Dyo

1 . R
+D° <§Clctqdefdclf> — Xt P" + 5" (Kpealh) PP

m 1, -
= 8”Ta(b gl — 5 (Ve +To) < — S+ S + Sb;)laqbt
- iba?ebiqat + qat(inqdeiba (Kfcdlf)) . (7-4)

The above dynamical equations (7.3) and (7.4) are completely covariant relations writ-
ten in any arbitrary coordinate system. It is this equation that in absence of torsion in the
spacetime reduces to the Damour-Navier-Stokes (DNS) equation under a specific choice
of coordinates adapted to the null surface H. So, in view of this, let us discuss the struc-
tural aspects of this dynamical equation. Firstly, note that (7.3) contains the Lie derivative
of the Hajiek 1-form along the null generator I. In a coordinate system adapted to the
null hypersurface H, we have [61],

1X3.v, (7.5)

where £ is the time evolution vector field (essentially connecting similar spatial points on
the t = constant spacelike X slices foliating ) and V is a spacelike vector field tangent
to the two-surface S;. For a coordinate system (t, x* = {x!,x?,x%}) adapted to the null
hypersurface H, its location is prescribed by say x! = 1 and hence the coordinates on
the transverse 2-surface are prescribed by (x4 = {x2,x3}). For such an adapted coor-
dinate system, we hence have [” Ay yay 4 and that ¢°, = 6°. For such a choice of
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coordinates, its quite easy to show that,

0Q)

aA +VEDRO, + QD4 VE + OTE  vCAO,, (7.6)

A H A

010 = 4 v =
where () T4 is the induced torsion tensor on the transverse submanifold (S;, g, D). In-
serting the above relation (7.6) into (7.3), we obtain,

()
a(a)A + VBDBQA + QBDAV -+ (2 )TBCAVCQB + OA(QAI — Tblb)
— 87q?, T 17 — —(vc +Te) (= 8% + Suf + S ) 18" + O P4

o «B 1 . ( ) . 1
— T;s0"q% + Dax — Dyt 4 + 2DA(91 T,I") — DP <§chqudeclf> . (77

The initial two terms in the L.H.S of (7.7) denote the material derivative of the Héjiéek
1-form Q)4 along V. In the context of Einstein gravity, as applied to a black-hole event
horizon, Damour interpreted V as the surface velocity of the horizon. In this context, V
is to be interpreted as the surface velocity of the null hypersurface H w.r.t. the adapted
coordinates in the RC spacetime. The extra term Q3D 4 VB involving the derivative of the
velocity field V4 is present (as in the DNS case) along with an extra term (2 T2 , VEQOp.
This is because the ambient spacetime (M, g, V) carries intrinsic torsion that induces a
non-symmetric connection D and hence torsion on the submanifold (S;, g, D). It is worth
mentioning that in analogy with the membrane paradigm approach, we can exchange the
Lie derivative operator with the operator D; [216] such that its operation on the Hajicek
1-form is given as,

Dy = 4°(VV ), (7.8)
which quantifies the projection (onto S;) of the covariant derivative of the Haji¢ek 1-form
along I. It can then quite easily be seen that,

7£,0, = D) + O, 0%, qf + Tijal g, (7.9)

Using (7.9) in (7.3), we can also interpret the dynamical evolution of the Héji¢ek 1-form
in the following way,

+ (%~ 2)0 = 8nT}km>lfq’z
— SV T) (= S+ S+ Sud )"0y = Tiga (O + VOV, (7.10)
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7.3. Possible connections with fluid dynamics/ generalized continuum mechanics

In the absence of torsion in the spacetime, the above equation reduces to the “Hajicek
equation” arising in the context of membrane paradigm approach [216]. Though we have
these two notions of the derivative operator acting on (), the Lie derivative presents itself

as a natural generalization to the material derivative in curved manifolds.

7.3 Possible connections with fluid dynamics/ generalized

continuum mechanics

7.3.1 Projected ECKS field equations on H are not equivalent to DNS:

It is quite well known that for the case of vanishing torsion, the DNS equation describes
the dynamics of a 2-dimensional null viscous fluid living on H. In fact, it has also been
shown that the DNS equation is exactly identical to the NS equation provided we view
it in a boosted inertial frame [82]. Much in the same way, we would like to have an
interpretation for the dynamical equations (7.3) or (7.7).

We notice in (7.3), the presence of the spatial covariant derivatives of (ffab and (%qcuqdb declf )
which denote the traceless symmetric and antisymmetric parts of &, respectively. With
respect to the adapted coordinate system (x* = (t,x*) = (x9,x#)), it can be shown that,
(for derivation, see Appendix 7.6)

s #nl A A
Rap =35 <athB +DaVe+DpVa+ (P Tacs + (Z)TBCA)VC> , (7.11)
and

(aMAB +DaVp + DpVa — 2Kgpa — @ TDBAVD) : (7.12)

N =

. . - A
Dap = XaB —taB =

In the case of the geodesic constraint (T, = 0), it can easily be verified that ©, 120
KRap — Fap = Py ice. the second fundamental form of the null hypersurface H coincides
with the spatial tensor ®,;,. Hence we have,

T,=0 = A B
= ®pa = XBa —tBa

5 (atEIAB +DaVs + DpVa — 2Koap — (Z)TDABVD> : (7.13)

Opa

IBS

We do indeed see that w.r.t. the adapted coordinate system, @, contains the term
D 4 Vg + DpV4. Let us mention the reason as to why we are looking at the spatial tensor
Op4. In the absence of torsion, for the case of Einstein gravity, the second fundamental
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form of H in (M, g, V) is of the form,

(Mg V) 1

© I
BA 5

(0tqaB +DaVp +DpVya) . (7.14)

For the suitable choice case of an adapted coordinate system on the null surface H, we
can make the induced metric g 45 of S; independent of the time evolution parameter ¢ i.e.
0t = 0. Then, we notice that the second fundamental form of H in Einstein gravity has
the same form as that of the stress tensor of a viscous fluid (having no internal angular
momentum) with velocity V4. The symmetric combination of the velocity gradient tensor
i.e. 1/2(D4Vp+ DpV,4) can as usual be broken down into a trace part and a traceless shear
part. The trace part which contains the divergence of the velocity field V4 is necessarily
interpreted as the expansion scalar corresponding to the fluid flow lines. In that same
respect, the trace of the second fundamental form ® 45 = @p4 gives the true expansion
scalar of the null surface H. This is perhaps the central reason as to why (in the absence
of torsion), (7.3) or (7.7) can be interpreted as the DNS equation or the NS equation (in a
boosted inertial frame) [82]. The viscous stress tensor for a conventional two-dimensional
NS fluid is necessarily of the form 21045 + 6450, where 1 and ¢ stand for the shear and
bulk viscosity coefficients respectively. For the NS fluid, the trace-free shear tensor c4p is
built from the derivatives of the velocity field V4. In the case of vanishing torsion tensor,
the spatial tensors O a5 P ap and X ap all coincide.

Coming back to the EC theory, we indeed see via (7.13) that the second fundamen-
tal form of H as usual contains the term D 4Vy + DgV4. However, now for the generic
RC spacetime (M, g, @), ©p4 has the extra terms of 0tgap and —2Kpap — @ THAsVP in-
volving the contorsion and the two dimension torsion tensor. These terms have no direct
interpretation of fluid variables. Via certain choices of the metric and the adapted coor-
dinate system along with the freedom of rescaling 1, one can make gap independent of t.
However, the term involving the contorsion and torsion tensor i.e. —2Kgap — (2) TpagVP
cannot be set to zero for the generic RC spacetime. Moreover, now in the RC space-
time, the second fundamental form ®z,4 has both symmetric as well as antisymmetric
parts due to the presence of the torsion tensor in its definition (7.13). This is certainly
a far cry from the usual spacetime without torsion. It is precisely for this reason that
by a particular choice of the metric and an adapted coordinate system, we cannot set
0tgap — 2Koap — @) Tp VP = 0. It will not be possible to compensate for the antisym-
metric contribution. The presence of the antisymmetric part in the definition (7.13) of ®p 4
is the reason as to why we have a term D? (%qctqdb declf ) involving the spatial derivative
of an antisymmetric tensor. This shows that in no way, can (7.3) or (7.7) be interpreted
as some kind of (modified) DNS equation in the RC spacetime. This is because the stress
tensor for the DNS fluid is by default symmetric. The precise symmetry property of the
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7.3. Possible connections with fluid dynamics/ generalized continuum mechanics

Cauchy stress tensor is intimately connected to the underlying assumption that the mate-
rial points describing the continuum (fluid) system have no intrinsic angular momentum.
But this does fly in the face of the assumption underlying the RC spacetime in the EC the-
ory. The very source of torsion is the intrinsic spin-angular momentum tensor describing
the intrinsic spin of particles in the geometrization of RC spacetime. Thus there is a non-
zero contribution involving the spatial covariant derivative of a completely antisymmet-
ric tensor in (7.3) and (7.7). It is for this reason, we can safely conclude that if we were
to allude a fluid /elastic medium interpretation to the dynamics of our null hypersurface
H in EC theory, its shear tensor would certainly not be symmetric in general. Hence it is
quite certain, that the projected ECKS field equations on H (as observed via the projection
component Gabl“qbc) cannot be interpreted as the DNS (or NS) fluid equation.

7.3.2 Any real life analogies possible?

Perhaps the most that we can stretch our imagination to give a real life analogy with
the dynamics of (7.3) or (7.7) is that of Cosserat [246] fluids. In fact, Cosserat theory
describes a classical elastic continuum in which the material point bodies have translation
as well as rotational degrees of freedom. Conventional Navier-Stokes dynamics does
not incorporate any intrinsic length scales. Each point of the Cosserat medium can be
visualized as an infinitesimal rigid body. There exists both stress and couple stress as
responses to the translation and rotational degrees of freedom respectively.

Let us now briefly describe the Cosserat fluid in Cartesian coordinates y*. The parti-
cle velocity and spin are designated as v, (t,y") and w,(t,y") respectively. The velocity
gradient tensor can as usual be broken into a symmetric and antisymmetric part,

ayvy — D]/“/ + W’/“/ 7 (7.15)

where Dy, = %(ayvy +9yv,) and W, = %(%vv — d,vy,) represent strain rate (or classi-
cal deformation rate) tensor and the rotation rate (or vorticity) tensor respectively. The
Cosserat generalization to the NS equations are then described as [246],

0 <8tva + vﬂaﬂva> =
IuP + 70" (9408 + 040y) + 0" ([040a — 0a0y] — 2€40pW") + . (7.16)

In the above Eq. (7.16), P stands for the fluid pressure and v is identified as the classi-
cal macroscopic fluid viscosity and is related to the symmetric part of the shear tensor.
The quantity 7. represents an extra viscosity material parameter. The relative spin of the
Cosserat fluid particle w.r.t the background vorticity is accounted for by the extra viscos-
ity parameter -y, [246]. f&* represents the external volume or body force density that acts

per unit volume of the fluid.
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7.3.2.1 In coordinates adapted to H

Let us rewrite (7.7) in the following suggestive way,
—04\ | gy (—O4
at( 871 >+V DB( 871 )

+<—8?TB>@AVB ()TE. VC< B>+< > @ Sy p—
)

L 1

igr (Ve T )( S'ab + Sat + Sus )1"0'a = _®baf@bq A SnTiba@bZQix
(d)

5, (F 1 /x 1 .
_DA<87T> +DB |:87'[ <0BA_§qAB(91 Tblb))]

. 1 1

[ 1 1,4 . f
+D [87'[< 51 34 A Tyeal )] : (7.17)

Now referring to (7.17), we make the following identification,

i == a(b)qua—i_K(vC—f—T)( S+ Sap +Sba)lan
1
~ 52 (0w P'q"s — Tu0"g% ) (7.18)

where f$! represents the surface force density on the two-dimensional cross-section S;.
It is the momentum per unit area per unit coordinate time ¢. We notice that the definition
of force density includes the projection of matter energy momentum tensor onto the two-
surface S; via — Ta(;” ) qb 41”. However, it also includes contribution due to the torsion tensor
as well. Specifically we note that in this identification that we have made for the force
density, there is the existence of the terms Oy, PP 9", and —Tibﬂ@biqfq. This means that the
torsion tensor coupled with the second fundamental form ©,;, provides a kind of a force
density on the surface S;. Once such identification has been made, we make comparisons
between (7.17) and (7.16). This will allow us to make the necessary identification for the
description of the two-dimensional viscous null fluid governed by (7.17). The surface
momentum density 7, is related to the Haji¢ek 1-form as

Ty = —i()A. (7.19)

871

The velocity of our null fluid is V4, whereas x/ (87r) denotes the null fluid pressure. From
the symmetric part of the stress tensor, we note that 1/(167) is the shear viscosity coeffi-
cient, whereas —1/(1677) represents the bulk viscosity coefficient. When comparing (7.16)
and (7.17), we notice that the comparative terms (for the antisymmetric part of the stress
tensor) are respectively, 0" (9,0y — 040y — 2€,4pw") and DB {%( — %quchchdlfﬂ It
is clear that on the side of the null fluid dynamics (7.17), there does not exist any term
of the form 153(153 V4 — Dy Vp). This is also evident from the expansion the second
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fundamental form ©®4p (7.13) which does not contain any antisymmetric combination
of DgVy. Given (7.16), the generic stress for the Cosserat fluid has antisymmetric con-
tribution. The antisymmetric part of the Cauchy stress tensor for the Cosserat fluid is
V(040 — 040y — 2€40pwP ). So the null fluid that we are trying to describe via (7.17) is a
special case of the Cosserat fluid in the sense that the antisymmetric part of its own stress
tensor will have no contribution from DV, — D4 V3. Having decided on this issue, we
now compare 20" (—€yqpwf) and DB [% < — Lq%qe Achdlf )} . Its clear that the spin w”
of the Cosserat fluid particle is related to the torsion tensor on the null fluid side. This
was perhaps anticipated since the origin of torsion is the spin angular momentum den-
sity in the matter action part. The extra material viscosity parameter -y, for the null fluid
is hence identified as 7. = 1/(167r). This establishes the connection that €;,,,w" is re-
lated to (1/2)Ta glf. In the characterization of the two-dimensional null fluid we have to
take notice of the fact that there exists the extra factor of QgD 4VE + (2) TBC A VEQp along
with the material derivative term in (7.7). The analog of the first extra term in the case of
Einstein gravity i.e. QD4 V? was already present in the DNS equation.

In Einstein gravity case it has been observed that the extra factors can be removed if
the analysis is done in locally constructed inertial frame related to the adapted coordi-
nates [82]. Then the Haji¢ek 1-form equation exactly maps to NS dynamics. Having this
instance, next we want to proceed our analysis in the local inertial frame. This would

make the analogy more transparent.

7.3.2.2 Analysis in a boosted local inertial frame constructed in adapted coordinates

In this section we want to look at the evolution equation of ()4 in the adapted coordinate
system x' = (t,x") i.e. (7.7) from the perspective of a local inertial observer. However,
before we go over to that particular analysis, we should comment on whether it is indeed
possible to construct a local inertial frame (LIF) in the EC theory. The EC theory is pro-
vided with the non symmetric, however metric-compatible Cartan connection V. In fact,
it has been pointed out that the only connection (with torsion) that is compatible with the
Einstein equivalence principle is the Cartan connection [64, 247, 248]. The equivalence
principle in the context of EC theory means the existence of a unique local frame where
all the components of the Cartan connection coefficients vanish. If we insist on only holo-
nomic or coordinate bases, then the only possible way for the connection coefficients (in
the coordinate bases) to vanish is to demand that the torsion tensor vanishes. However,
one can introduce a local Lorentz or orthonormal tetrad basis at the point p in (M, g, V)
where we want to construct our local inertial frame. The local orthonormal tetrad basis
are required to be locally Minkowskian at the point p. With respect to this anholonomic
tetrad bases, it has been explicitly shown [64, 248], that it is indeed possible to set the
Cartan connection coefficient (in the local orthonormal tetrad bases) to zero at the point
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(tl,a:“):(tl,xl,a:2,£1:3) Z» -E
21
t(CEa) = tl
(t2,$1,$2,1’3)
Yito
t(:c“) = tg

FIGURE 7.1: Construction of the adapted coordinate system w.r.t. H. The
surface velocity vector V is tangent to the cross-section S;. The time evolution
vector field # (shown in red) connects the same spatial points on %;.

p, without demanding that the torsion tensor also vanishes identically. We will hence not
repeat the argument here.

In order to study the dynamics of the null surface H via (7.7) in the adapted coordinate
system by constructing a LIF at a point p on H, we need to revisit both the intrinsic and
the extrinsic geometry of the null surface which we have done in chapter 2. Let us again
go back to the notion of the adapted coordinate system that we discussed in Sec. 2.5. The
coordinates on S; surface are x4 = (x2,x%) and the coordinate basis vectors of T,(S;) are
4 = 04 = (ér,83) = (52, 53) The coordinate time evolution vector ¥ = 9; connects
same spatial points along neighboring ¥; hypersurfaces. We remind that the coordinates
defined on the null surface are x” = (¢, xA). On the null surface H, we have 1 a2 f+V,
where V € T, (S;). Hence w.r.t the coordinates on H we have I* A (1,V4). From (2.155), it
can be easily verified that I; = gz5l" = (It, {Ia}) A (0,0,0). The null generator I belongs
the tangent space T,,(#) of H and hence can be lowered w.r.t the induced metric 4.

In the discussion of the extrinsic geometry of the null surface H in Sec. 2.3.3, we had
discussed in detail about the Weingarten map. The Weingarten map was defined for any

vector field 7 € T,(H) as,

Hﬁd:vw. (7.20)

Since the vector field 7 is arbitrary, we have as a result, HW]- = W]-li. With respect to

the coordinates on H, we hence have, HW‘B -V BZE‘. The second fundamental form @
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restricted to # is defined for arbitrary vectors (i,7) € T,(H) x T,(H) in the following
way [61, 90],

H®1’]'1/livj = U; (H?Z]U]) . (721)

Let us make the choice of the vectors # and @ to be the basis vectors é; and é; respectively.
Then, we have,

(7.22)

So we see that the second fundamental form restricted to the null surface H is propor-
tional to the connection coefficients of the RC spacetime. The non symmetric nature of @
(asa (0,2) tensor field) is also evident from the fact that the connection coefficients are not
symmetric. In fact, restricted to the transverse space S;, we see that HE g = —lifiB 4- The
above analysis leading to (7.22) can also be arrived from the relation (2.90). Expressing
(2.90) w.r.t the coordinates x# on H, we have,

— Opp = —1l; . (7.23)

In the above, we have used the fact that /; H (0,0,0).

Next, we come to analysis of the rotation 1-form, again restricted on . In order to
facilitate the form of the rotation 1-form restricted to H, we would require a knowledge
of the uniquely defined auxiliary null vector field k. The auxiliary null vector field is
not defined on the tangent space of H. Hence we would now require to choose a basis
for T,(M). Let us define the outward pointing spacelike unit normal to the surface S;
by s [61]. Hence the basis vectors on T,(X;) are é, = (s,é4). Extending the X; surfaces
along the time evolution vector field, we have that the basis for T,(M) is & = (£,5,84).
The covector k; decomposed in such a basis is k; = (k¢, ks, k4). From the condition that
k-V= 0, we have k4 = 0. Similarly, the condition, k-1 = —1leads us to have ki = —1.
Hence the expansion of the covector k; in the basis (?, S,64)isk; = (—1,ks,0). From the
working definition of the rotation 1-form (2.95), we consider the projection of (); onto
the null surface H. The projection tensor onto H is given by IT i = (5i]. + kilj [61]. The
projected part of the rotation 1-form onto H is defined by,

Moy = W@ = TV (knVil™) = —kn Vil + LKk V17 . (7.24)

1
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In the above, we have used the fact that TP il = 0. We now specifically look at the com-
ponents of *; in the coordinate basis of T, ().

g = —km(Val™) + Lk (K VI™) = —ky(Val™)
—koVal® — ki (Vall) — ka(Val®) E 200 — kg (Valh)
Mg 2100 — T 1Ky (7.25)

B

The projection of the rotation 1-form onto the 2-surface S; is the Hajicek 1-form Q4. Tt is
clear that @z = (Mo, " 4) = (Mg, O4). This allows us to identify,

Q=Moo 2

PO =Tk (7.26)
So, again w.r.t the basis established on H, we find that the rotation 1-form (restricted to
H) is proportional to the connection coefficients. Similar analysis can also be brought
through a tetrad basis (#,5,é4) of T,(M), where 7 denotes the timelike unit normal to
the t(x') = constant surface. It can be shown that the Haji¢ek 1-form w.r.t the above
mentioned basis is associated to the tetrad connection coefficients [80] as Q4 = flo A
Having done this analysis, let us now look at the evolution equation for Q4 i.e. (7.17)
in the adapted (or stationary) coordinates x' = (¢, x*) w.r.t {. We propose to consider this
expression around the given event point p € H in a LIF. In the LIF, the connection coeffi-
cients will vanish, but not their derivatives. We will be working with a Lorentz boosted
inertial frame given by the fact that the metric coefficients are constant. The metric in this
Lorentz boosted LIF is diagonal in structure with V4 # 0. The physical interpretation of
such a boosted inertial frame has been explained in detail in [82]. Under the consideration
of such aboosted LIF, all the terms that are proportional to the connection coefficients van-
ish. Hence Q)4 and ©p 4 vanish in the LIF, however not their derivatives. Let us remember
the fact that (7.17) has been derived under the geodesic constraint. Under this assump-
d
tion, the trace of the second fundamental form ®g 4 which is ((él) — T,lb ), the shear tensor
(fTB A and the antisymmetric part @[B A = %qc Aqudeclf = %[TOB A+ 2TppaVP ] all vanish
in the boosted LIF. Since, we are working under the geodesic constraint, the second fun-
damental form is completely a spatial bilinear (given by the fact that @1 = 0,0, =
0,0,k = 0 and ©k? = 0). Let us look at the term —8% (@ba@bqu — iba@ﬂ”qi) in
the external force density term (7.18). The term within the parentheses (in the geodesic
constraint) evaluates to <@CB (gchBA — ZTCBD@Ban> which naturally vanishes in the
boosted LIF. Finally, under these considerations, let us consider the evolution equation
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(7.17), which now becomes (remembering that in the adapted coordinates g% = %),

on () 4 viay (<20 =

b (m) 1
_5ATﬂb l(l + 16—7_[(86

+ 3

TC) ( - Scab + Sabc + Sb;>la5bA

. s 1% 1. @ ) sl 1/ 1., /
- A(S—n)+a [8_7r< b4 — 50an(6) — Tyl )] +o [s_n(_i‘sB‘sATffdl ). o2

d

Even though the term () A((él) — Tyl?) is zero in the LIF, it can be formally added so
that its analogous structure with the Cosserat generalization to the NS fluid equation
becomes evident. Now, in the boosted LIF, the equation (7.27) should be compared
with the Cosserat fluid equation (7.16). The comparison shows that the dynamics of the
Hajicek 1-form via the ECKS field equations looked through the adapted coordinate sys-
tem and viewed in a LIF is structurally similar to that a two-dimensional null Cosserat
fluid. Hence we say that in the EC theory, the generic null surface behaves as a viscous
Cosserat fluid. Here, we have the exact material derivative of the momentum density
w4 = —QO 4 /87 The null fluid pressure is x /87 while the shear and extra material vis-
cosity coefficients are 1/167t. The bulk viscosity coefficient is —1/167t. The external force
density is f§* = —Té;n)ébAl” + 1=(0c + To) ( =8, + S, + Sbac)laébA which quite natu-
rally arises from the term —1/87G,;1%q" ',» once the ECKS field equations are applied in
the LIF. This completes our analysis of the evolution equation (7.7) through an adapted
coordinate system w.r.t. H about the point p € H, where a boosted LIF has been con-
structed.

A few comments are in order. Let us discuss again about the stress tensor of the
Cosserat null fluid that we have been considering. The analogy was complete under

the consideration that the stress tensor S4p for our two-dimensional null fluid describ-
% (d)
ing the dynamics of A in the EC theory has the form Sgs = 2170pa + §opa (0] — T,1%) —

279:(1/2)Ta glf. Tt is obviously necessary that the trace-free shear tensor is built from the
derivative of the velocity field V4 i.e. we must have,

A p K

* 1 oanr A ) 1 .
DBy, = EDB [(DBVB L DAVE) — EqAB(DCVC)} . (7.28)

However, as evident from (7.13), that would be possible only if d;g 4p — 2Ko(ap) = 0tgAB —
Koap — Kopa was equal to zero. Now, it might be that in some choice of the adapted coor-
dinate system, we might be able to set 9;q4p = Koap + Koap. However, the interpretation
of dtg4p in terms of fluid variables is under debate. This issue was also present in the
DNS case [82]. In terms of the analogy, we pointed out that the momentum density of our
null fluid in the EC theory is proportional to the Haji¢ek 1-form (), which a kinematical
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quantity. Its physical interpretation would be clearer if it was shown that the momentum
density 74 is indeed proportional to the velocity of the null fluid V4. For the case of
Einstein gravity, via the use of a particular adapted coordinate system w.r.t #, it was in-
deed shown that the Haji¢ek 1-form was proportional to V4 [38]. The same logic applies
over here except that in the case of EC theory, we would have extra terms involving the
two-dimensional torsion tensor on S;. We notice, that for our null fluid, both the shear
viscosity and the extra material viscosity coefficients are positive. However, the bulk vis-
cosity coefficient is negative. This feature was also present for the case of Einstein gravity.
This is in contrast to the real world scenario where viscosity coefficients are positive. In
the case of hydrodynamics, a negative bulk viscosity would lead to local entropy decrease
with time. Reasons for the negative sign in the bulk viscosity has been attributed to the
teleological nature of the horizon [218, 249-251]. Finally, while considering the antisym-
metric part of the stress tensor, we made the analogy that the quantity €;,,,w" (7.16) is re-
lated to (1/2)Tsa glf for our null fluid (7.17). One could have the viewpoint, that it might
be better to relate Tr4p to the intrinsic spin angular momentum tensor for the EC theory
via the use of Ty = Sppe + (1/2)(24pSc — acSp) and Sz = 87T, where S, = ¢S 4.
In that sense, perhaps the connection between the spin w* of the Cosserat fluid particle
and the intrinsic spin density of our null fluid might have been more evident. This would
have naturally resulted in a different material viscosity parameter .. However, in deal-
ing, with this analysis, we are of the viewpoint, that different kinematical quantities of
H are provided fluid interpretation (like —()4 /87 as momentum density, x/87 as the
pressure etc). Similarly, here we adopt the geometrical viewpoint of torsion rather than
that of a dynamical field. Such issues regarding whether torsion is to be interpreted as a
geometrical or dynamical field has been explored in [64, 90].

7.3.2.3 Covariant generalization of Cosserat fluid

Finally, let us note that we have made a formal analogy between (7.7) and the Cosserat
generalization to the NS fluid equation (7.16). However instead, we could have taken the
viewpoint that the natural generalization of the material derivative (in real world fluids)
to the case of (hypersurface) null fluids on a genuinely curved background is the notion of
the Lie derivative. Under that viewpoint, all the extra terms i.e. QD VB 4+ (2) T% A VEQ,
can be effectively incorporated in the Lie derivative term as evident from (7.6). As a result,
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we have from (7.6) and (7.7),

(d)
4 4£10% + Qa(6) — T,1")
1 - A N
— 87q?, T\ 1 — S(Ve+ To) ( — S+ St + Sb;>l”qu + O P40y
Abi A NS Ya S 1. W b
— Tipa®"'q% +Dax —Dpo o — D <§ch‘1 Bdeclf> +5Da(0r = T7) - (7.29)

The above dynamical equation for our null fluid can then be compared with the Cosserat
generalization of the NS equation (7.16) with the identification that the material derivative

has now been replaced with the Lie derivative term (for the null fluid).

7.4 The tidal force equation in the RC spacetime (M, g, V)

We present the derivation of the tidal force equation in the RC spacetime for the sake of

completeness. We will see that the tidal force equation is related to the evolution of the

(Ld) 5

symmetric traceless shear tensor (/4)¢; along the null generators [. As again, we begin

with the Ricci identity,

F [V V|1 = (= Ryl — T )
— ViVl = IV(Viy) = Ryl 1IF = T (Vi) - (7.30)

Our analysis follows [61]. With respect to (3.29), we have the expansion for the covariant

derivative of the null generators as,

Valy = ®py + @aly — La(K'V;ly) — kag®, T . (7.31)
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This allows us to have,

qimq]'nlr@r <(l,d)0-1.]. — Ez]> + (l'd)o-mlqijTirjlr _ {mzqn]Tzr]lr
1@ ~ o 1 ~
+ 5 0 <2(l'd)amn — tn — qlmq]nTjrilr + Eqmn(qrsTrtslt) + tnm)

g » » L 1 s
— WD itty = et Gun (MO il) + Fil'y = 5 nn (FE)

_ T 1 s t (l,d) 7 1 k& rs t
1 ij i A

N Eqmﬂ ((l,d)o'l]T]'rilr — tZ]T]'rilr) + 4, QT
1 A

+ quqdn <(¢CKadb - ﬁdKucb) + Ti chﬂib + (Ki chadi — Ki deaci)> 1“1¢
]. 2 H A . . . . .
o Eqm” (viKl cat V. I,+T jcK] in + K juK] ci + Tl'Kl Ca)lulc =

— %%, Capeal 1€ (7.32)

A detailed derivation of the above result has been shown in Appendix 7.7. Even though
we are considering an integrable null hypersurface H generated by I in the RC space-
time (M, g, V), the null generators are themselves null geodesics in the sense that they
satisfy I"V,1* = xI°. However, in this general setup, the null generators are not autopat-
allel along themselves. In the context of a congruence of geodesic null curves, the term
—quqdnCubcdl”lc (present on the R.H.S of (7.32)) is related to the geodesic deviation equa-
tion [2, 95] between two null geodesics. The driving force behind the relative acceleration
between two neighboring null geodesics is directly related to the term involving the Weyl
tensor in the R.H.S of (7.32). It is in this respect that in literature, the above Eq. (7.32) is
called the tidal force equation [216]. Our analysis also allows us to arrive at a different

(d)
form of the NRE (as seen in (7.67)) corresponding to the outgoing expansion scalar 0, as
compared to the ones presented in [64, 90]. Let us mention that the tidal force equation
for a null congruence has also been derived in [209] (see Eq. (63) of [209]). However, the

traceless shear tensor considered in [209] is different from (/4)

omn analyzed over here.
In [209], the shear tensor considered is the traceless symmetric part of the projected de-
viation tensor [90] i.e. B, = quiqu Bijj, where B;; = @jli + Tisjl". As evident, from its
definition, the projected deviation tensor is not symmetric. Its decomposition involves a
non trivial antisymmetric part. However, our analysis leading to (7.32) deals with the de-
formation rate tensor (2.116), which by definition is symmetric. It can be shown that the
trace part of both the deformation rate and the projected deviation tensor are equivalent
[90]. However, owing to the difference in their definitions, the symmetric traceless part

of these two projected tensors (B,, and %) are different.
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7.5 Discussions and comments

As pointed out in [36], in the case of Einstein gravity, the structure of Einstein field equa-
tions near an arbitrary null surface can be understood w.r.t the components of the vector
field G%! b on the null surface. The components turn out to have very precise physical and
thermodynamical interpretations. These insights have paved way to the understanding
that the gravitational field equations (at least in the context of Einstein gravity) is per-
haps emergent from underlying degrees of freedom associated with the gravitational
field. Here, we have studied and tested the claim of emergence of the relevant gravi-
tational field equations of a different theory of gravity. Our object of study has been the
EC theory, which is the simplest of all possible gravitational theories under the umbrella
of Poincaré gauge theory (PGT) of gravity [88, 126, 128, 205, 252]. As again, to under-
stand the structure of the ECKS gravitational field equations about H, we consider the
relevant projection components of G”bl b, They, as usual turn out to be Gpl1t, G,pk?1% and
Gapg®l?
tions would be to find out and analyze the physical underpinnings of these components.

. Naturally, the goal towards probing the emergent nature of the ECKS field equa-

Gapl?1P is related to the dynamical evolution rule (the NRE) of the outgoing expansion
scalar for the geodesic null congruence generating the integrable null hypersurface H.
We mentioned that the EC theory is the only gravity theory with torsion that is compat-
ible with the Einstein equivalence principle. This means that locally about a given event
p of the spacetime, we can construct a local inertial frame, without requiring the torsion
tensor to vanish [64]. This can be achieved by going to a local Lorentz (tetrad) basis as
opposed to a holonomic coordinate basis. The Lorentz frames are introduced by requir-
ing that the induced metric in such basis is locally Minkowskian. Hence depending upon
the length scale set by the torsion and the curvature tensor, we can again in the EC theory
choose a sufficiently small region about the event p, where the metric becomes locally
Minkowskian.

With regards to the approach by Jacobson, we can now introduce approximate Rindler
observers who will perceive the approximate Rindler horizon to be a thermal system at
the Unruh temperature of T = ;l—fr Employing the procedure of Jacobson, and assuming
the notion of local holography, the authors of [64] have been able to derive the Einstein-
Cartan field equations as an equation of state from a (modified) Clausius identity, by em-
ploying additional irreversible entropy generation terms. For the notion of local hologra-
phy, the authors of [64] have assumed that the entropy of the approximate local Rindler
horizon in the EC theory is proportional to its area. They argue that for a causal horizon,
the origin of its entropy is due to vacuum entanglement between the quantum gravita-
tional degrees of freedom across the horizon. They argue that the presence of torsion (in
the EC theory at least) that is sourced by the matter distribution away from the horizon is
not expected to affect the constant of proportionality of the entanglement entropy across
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the horizon.

Similarly, it was shown in chapter 6, that the component G,;k"I” is related to the dy-
namical evolution law of the ingoing expansion scalar of the null geodesic congruence
forming H. Application of the process of virtual displacement of H along the auxiliary
null vector field allowed the interpretation of the ECKS field equations (via the compo-
nent G,,k?1%) as a structure analogous to the first law of thermodynamics. In this chapter
we provided the physical interpretation of the component G,;q%1°.

We have shown that the transverse spatial component G,;,q%1” or rather G,1%¢". is in-
deed related to the dynamical evolution rule of the Héjicek 1-form for . In the case of
Einstein gravity, the correspondence of the dynamical evolution law for (), in a set of
coordinates adapted to H yields a structure called the DNS equation. The DNS equation
for the null fluid on H is structurally very similar to the NS equation. The NS or the
DNS equation is marked by the fact that its Cauchy stress tensor is symmetric by defi-
nition. This we expect, since the NS equation describes a fluid with no intrinsic angular
momentum. This is turn, on the Einstein gravity side is guaranteed by the fact that there
does not exist any contribution to the matter energy-momentum tensor due to the spin
degrees of freedom in the microscopic domain. This, we surely cannot neglect in the EC
theory. The source of torsion in the EC theory is precisely due to the intrinsic spin angu-
lar momentum tensor. The matter energy momentum sources the metric whereas torsion
as a geometric field is sourced by the spin angular momentum density tensor. Hence, if
it were indeed possible to interpret the evolution law for the Hajicek 1-form (), of H in
terms of a fluid /elastic model theory, then that particular theory must have a stress ten-
sor that has a non-zero antisymmetric contribution. This we explicitly see from the term
Db (%qctqdb declf ) in (7.3). However, we reiterate that the evolution law (with which the
fluid correspondence has to be made) has been considered under the geodesic constraint
that forces the null generators of H to be simultaneously auto-parallel and geodesic.

We note that the presence of the antisymmetric contribution to the stress tensor in
the case of EC theory hinted us to look at any real life scenario of fluids/elastic model
systems with built in intrinsic angular momentum. One such hint came from [246, 253].
The Cosserat generalization to the NS equation describes a continuum fluid system in
which the constituent material point bodies have translation as well as rotational degrees
of freedom. Hence the Cosserat fluid does have an antisymmetric contribution to its stress
tensor. Next, in order to furnish the analogy of the dynamical evolution equation of (),
with that of fluid dynamical equation of the Cosserat fluid, we adopted two ways. In
the first approach, we expressed the evolution equation of €), in terms of a coordinate
system (t,x") adapted to the null hypersurface H (7.7). Making suitable identification
of the external body force density (7.18), we compared our resulting equation with the
Cosserat fluid equation (7.16). The momentum density of our null fluid on H turned out
to be —)4/(87). The comparison allowed us to extract the viscosity coefficients with
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the shear and the extra material viscosity parameter 7. turning out to be positive. The
bulk viscosity coefficient of our null fluid as in the Einstein case remains negative. We
then performed the analysis in a boosted LIF which made the analogy of our dynamical
evolution equation of ) 4 with the Cosserat fluid more evident. In the second approach,
we made the identification that the material derivative of the Cosserat fluid (written in
Cartesian coordinates in Galilean spacetime) should be replaced by the Lie derivative.
This is on the basis that the Lie derivative of the momentum density should be the natural
generalization of the material derivative in a genuinely curved background.

Having done this analysis, we should be cautious about the analogy brought in. There
are certain issues regarding the fluid interpretation of the gravitational field equations
which are in still under debate. Firstly, w.r.t (7.13), consider the quantity, d;q4p . It is
for a convenient choice of the adapted coordinates w.r.t. H, can we set ;745 to zero.
However, the physical interpretation of this quantity in terms of fluid variables is still
lacking. This was also the case for Einstein gravity. In addition, for the case of the
ECKS theory, we understand, w.r.t. to (7.13), there is an extra contribution to the ex-
tended second fundamental form @p4 written in the adapted set of coordinates (t, x*)
ie. %(—21(0 g — B TpapVP). The antisymmetric part of the second fundamental form i.e.
é)[BA] = 1/2(Topa + (2) TppaVP) = 1/2(quqCA)dele should be related to spin w# of the
Cosserat fluid particle (7.16). However, the symmetric part of ©p4 barring aside the term
1/ 2(15 4Vi + Dp V4) (analogous to the strain rate or classical deformation rate tensor Dy,
in (7.15)) i.e. the term d;gap — Koap — Kopa does not have direct fluid interpretation. It is
again only by a convenient choice of the adapted coordinates can we set this extra term to
zero. Hence the correspondence of the dynamical evolution law for (), with the Cosserat
fluid is in no way watertight. Further scrutiny and insight into the analogy is desired.

For a real world fluid, negative value of bulk viscosity coefficient would imply a dila-
tion or contraction instability. This would translate to the fact, that the global null surface
H is unstable under external perturbations. The fact, that the bulk viscosity coefficient
is negative is in agreement with the fact that a generic hypersurface has the tendency to
continually contract to expand. For the case of event horizon, the expansion vanishes
under the equilibrium condition attained at far future and hence it stabilizes [218]. In
any case, the event horizon is a global concept, that requires full knowledge of the space-
time or complete future predictability of any Cauchy surface. There are local concepts of
horizons which are bereft of this teleological property. It has been shown that the gener-
alized DNS equation applied to future outer trapping horizon and dynamical horizon in
(M, g, V) leads to a positive bulk viscosity coefficient [80, 218]. It is also desirable to see
whether we encounter the same positive bulk viscosity coefficient for such local horizons
in the RC spacetime.

This “completes” the physical interpretation for the trifecta of the relevant projection
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components of the vector field G”bl b in the EC theory. The fact that the ECKS field equa-
tions expressed w.r.t to a generic null surface H has both thermodynamic (via Gapl®1P and
Gpk?1P) and fluid dynamic (via Cabqaclb ) interpretation lends strength to the concept of
the emergent paradigm of gravity.

For the sake of completeness, we also computed the tidal force equation for a null
geodesic congruence in the RC spacetime. Here, we did not employ the geodesic con-
straint and kept the analysis general. The only assumption that went into the tidal force
equation was that the geodesic null congruence forms an integrable hypersurface, i.e. the

Frobenius identity is satisfied.

Appendices

7.6 Derivation of the relations (7.11) and (7.12)

We will now expand the deformation rate tensor %;; = %qimqj"’ﬁlqmn w.r.t to the coor-
dinate system (t,x*) generated by the foliation of (M, g, V) by the stack of spacelike
hypersurfaces ¥;. Our analysis follows [61]. With respect to the (3 4 1) foliation, we have
in general that I = ¥+ V + (N — b)S, where N is the lapse function and § is the outward
pointing spacelike unit normal to transverse cross-section S; on X;. The orthogonal de-
composition of the time evolution vector field ¥ is given by f = N7 + B The spatial shift
vector B can again be provided an orthogonal decomposition on %; via B = b§ — V, where
V is a vector field established on the tangent space of S;. As a consequence, we have,

Xij = %qirqjs {ft‘hs + Lvqrs + £(N—b)sqr5} . (7.33)
Expanding the term £y4,s in terms of the spacetime covariant derivative, we have,
£vars = ViViges + 45i(VsV)) + qis(V, V) + TR gV + TE g VP (7.34)
Same expansion for the term £y _y)s4rs leads us to,

£(N-_b)sqrs = (N - b)siﬁiqrs + qriﬁsw\’ - b)si] + qis@r[(N - b)si]
+ TX gis(N —b)s’ + TX g, (N — b)s' . (7.35)

Putting the relations (7.34) and (7.35) in (7.33), and using the fact that
ql-rquVi@iqrs = 0and (N — b)qirqjssi@iqrs = 0, we simplify the resulting expression for
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Xij- to have,

. 1 A A
Rij = 5|07 97Eedrs + DyVi+ DV + DTy, v + O,V
+ (N =) (Hij + Hji + 4/ Tars' + %kquTerSlﬂ : (7.36)
In the above, we have used the following definitions. The spatial covariant derivative
(compatible with the induced metric g of S;) of any vector field V lying in the tangent

space of S; is given by @iVj =q/q jk (V,V}). The two-dimensional torsion tensor (2) T, as
result of the induced connection D on the submanifold (St,q, ’ZA?) is given via the relation,

A1 =gqfqd T, (7.37)

The proof of (7.37) has been presented in [90]. Similarly, the extrinsic curvature H;; of the
2-surface S; viewed as embedded hypersurface in the 3-dimensional spacelike surface %

is given by,

H;j = qfq].k (Vyisi) - (7.38)
Now, for an adapted coordinate system w.r.t H, we have b N and qi‘ =4 4 [61]. Thus
on the null hypersurface, we have 1 a2 f+ V. As a result, from (7.36), we have,

H

w1 N
Rij 2 5|00 etrs + DV + DY+ (DT + D) VI (7.39)

Similarly, the spatial tensor f;; can be expressed in the following way on the null surface
H,

- H
Fj = 4°q{ Kursl' = 4,5 Kors (' + V') = (40 Korst™) + *Kyji V" . (7.40)
Finally, the spatial tensor CTDi]-, turns out to be,

dij = fij —

H 1 N A
= 507978 + DV DY,

+ <(2)lei + (Z)Tilj> V! =247 Kyrst™ — Z(ZKzﬁ)Vj] : (7.41)

Using the fact that for the adapted coordinate system g’ , = &' ,, we have via (7.41),

RS
—_

b5 > [ﬁtQAB + DAV + DpVa

+ <2TADB + 2TBDA> VD —2Kopa — Z(ZKDBA)VD} : (7.42)
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Using the definition of contorsion tensor, we easily arrive at (7.12). Similar analysis on
(7.39) leads us to (7.11).

7.7 Derivation of (7.32)

Let us manipulate the first term in the R.H.S of (7.30), by repeated use of (2.126). Upon
using, (2.126) on the term lmﬁj(@mli), we have,

—
<
B

I
E
<}
=
§;
<]>
E)
_l_
—~
2
|
E A

vV j
+ Vi (6] T,») — Cblm(@]lm) + (lmﬁjd)m)ll + (K -
+ Vi(q'iTy) - 749

We now use the fact that the (0,2) tensor CTDi]- is a completely spatial tensor and hence,
lm@j(cbim) = —@im(@jlm), upon which we again make use of (2.126). This leads us to,

lmW](lel) = _ci)iqu)m]' + l]é)lm(krﬁrlm) + k]qsmT CIA)m — qr-Trch
1 <qr.1rrkm(k5®szm)) LI ) + (5 — K- T) Dy + 1i(k — k- T) @

) [(K — kT (kv )} k; [(K k- ﬁ“)qiﬂrs} +¥i(qT,) - (7.44)

Let us look at the third term —T’”k].lk(@mli) in the R.H.S of (7.30). Again, upon use of the
relation (2.126), and the symmetry property of the torsion tensor, we have,

—T" 5 (Vili) = =D T = T (K Vsli) + P/ Ty — (T 1)1
+ l]-(kaskmlkks)q T, . (7.45)

In principle, we would like to project the Eq. (7.30) onto the 2-surface S;. As a conse-

quence, we have,

qimanlk@j(vkli) = _ci)mtci)tn - Qn(qrmTr) + (x — k- T) Dyun
+40 5 V(a7 Ty . (7.46)

Similarly,

TH-3171_186121030



7.7. Derivation of (7.32)

Thus upon using (7.46) and (7.47), we have,

T (V1 (VL) = Ryt 1F = T4 (V,17) ) = by, — Q(q7,T)
+ (K — I_é : T)qsmn + qiman@ﬂqrﬂrr) - qimanRrisjlrls - qA)mrTrkjlk jn
— (74T (kN sli) + P T . (7.48)

Let us focus back on the term in the L.H.S of (7.30). As usual, use of (2.126) and (2.114) on
the term lk@k(ﬁjli) leads to,

lkﬁk(ﬁjli) = lkﬁkq\)ij + li(lkﬁk@]’) + Cf)]'(Kli + Ti) - Kl]'(ksﬁsli) - Tj(ksﬁsli)
1 (lfﬁr(ksmli» — (& — P))q'T, — k; (lsm(qfﬂrr)) . (7.49)

Projection of the above Eq. (7.49) onto the 2-surface S; leads to,

N

Tt VKV 1) = 0 (Vi) — (00T (@ RVl + PulqyTr) . (7.50)
We equate the Egs. (7.50) and (7.48) following (7.30). Upon using the fact that,

4V i@ Ty) = Du(q', T, (7.51)

we end up after some simplification, with the following result,

N

T n (V1D ) = —Dpud, + (k= K- T) Dy — ¢ uRigl'IF = (7, T,)
Du(q'Tr) = s T 1* fn . (7.52)

Essentially, we would want to convert the covariant derivative of the spatial tensor o,

along the null generator into its Lie derivative counterpart. To that effect, in the RC space-
time (M, g, V), it is quite easy to establish that for any spatial tensor, we have,

A

£1Dij = IV, By + IS TF, + Dy TH; + By (Vil) + D (V1) (7.53)
This leads to,
0w nE1Di =0"d o (V1 5) + b, T 117 + D T 17
+4q mch ( ) + q]nci)m]%ﬁjlk) . (7.54)

Again, using the relation for the covariant derivative of the null generator i.e. (2.126) and
the fact that CTDi]- is a completely transverse spatial tensor, we can easily show that,

A A7 Az

0 @ (Vilk) + 7@, K (Vil) = &1, ', + &, (7.55)
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Using (7.55) in (7.54), we hence have,

0'dn (VD) = ¢ g w1 ®ij — P T, — ﬁ)kakr]-lr /.
- &, & — b, . (7.56)

Employing (7.56) in (7.52) and simplifying a bit, we end up having,

qimq]”£l ij= qA)im(i)in + (k — k- T)q)mn - qimq]nRriSflrls
+ &, T g, — O (g, T + Du(q,Tr) (7.57)

The above Eq. (7.57) defines the dynamical (Lie) evolution (along the null generator 1
of H) of the spatial tensor CTDI']- as projected on to the two-surface S;. On taking the trace
of (7.57), it can perhaps be anticipated that it leads to the dynamical evolution equation
of the trace of CTDZ-j along the null generator. This we will proceed with and carry out
explicitly. Let us then take the trace of the L.H.S of (7.57) i.e. q1]£lq3i]-. Let us note that the
trace of the spatial tensor CTDi]- is,

B (W
§1®;; = q1d;; = ¢ (%ij — F;j) = 0 — 4 Kusl' = 0 — 4" Tsl" . (7.58)

Computing the trace of the L.H.S of (7.57), we have,

qijﬁl(i)ij = qi]‘l”@rq’\)ij + erTDjiTjri + erTDjiTirj + CIADIJ(V]ZI) + @Jl(v]lz)
= I'V(g7%i) + ' (R' = F')(Tjri + Tirj) + (X7 — 1) (Rij — Eyj)
(X' =) (Rij — Hij)

(@) ) ) ’
= Vi (61 = 4 Kursl' ) + 2% Ty = BTy + Tyi) + 277 2
— Fj(28Y7) — (Big"7 + Eid?) + B (B + PY) (7.59)

Upon using the irreducible decomposition of the deformation rate tensor X;; i.e. (2.121),
the above relation (7.59) can be expanded to,

o @) (@) y
PEby = V(0 = g Kinl!) + (1 Te) 6 +2 (17T, )
#ij o 1d 1d) 1 @
— VBT + Tii) + (67)% +2(WDayp) (M) — 2(Kersl) 6
—4(U gy B+ B (FT + 7). (7.60)
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Let us then compute the trace of the terms present in the R.H.S of (7.57). We have then,

()

(d) )
n n 1 ‘& . s s
7" & d,, = 5 (6) )24 (M) (Ha”y — (g Kipsl®) 6 — 2(Wo)FI + EFT ;- (7.61)
B IACY
g (k — K - T) by = (x — k- T) (9, - quKtrslf) ; (7.62)
0" iRl TF = — Ryl ; (7.63)
8ok g _ Loy W i ij
" O T = 5 (0q" Tos ) 61 + (U )T l" — FITyl" (7.64)
_qmnﬁn(qrmjrr) = _Qn(qur) ’ (7.65)
9" Du(q"wT;) = Di(g7T)) . (7.66)

We then add up (7.61), (7.62), (7.63), (7.64), (7.65) and (7.66) to obtain the trace of the R.H.S
of (7.57). Equating the resultant relation with (7.60), we end up after some simplification,

(@)

R (d) @
b = —

2002~ (M) (M6") 4 (kK- T) (6 — g Tl ) — Ryt
(d) y
A 1 ~ i e
+ lkvk(l]rSTrtslt) + E(qrs rtslt) 6, — ((l'd)O'])Tirjlr + fZ]T]'m'lr
+2(e")E; — I — g0 + Di(q'T) . (7.67)

The resulting equation provides the geometrical dynamics of the evolution of the ex-
(d)

pansion scalar 6; (corresponding to the outgoing null generators) along I and relates it
to the quantity Rijlilj = Gijlilj . This equation (7.67) can hence be identified as the null
Raychaudhuri equation corresponding to a congruence of hypersurface-orthogonal null
generators I. The above form of the NRE should be compared with Eq. (A18) of [90]. Let
us mention a few structural differences between them. Here, the construction of the NRE
has been done via the taking the irreducible decomposition of the deformation rate tensor
Xij i-e. (2.121). The deformation rate tensor by construction is a symmetric spatial tensor

1,d)

and hence 0jj represents its symmetric traceless part. As contrasted with Eq. A18 of

[90], this form the NRE does not incorporate any antisymmetric rotation terms. Eq. A18
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of [90] has been constructed with the dynamical variable [S’i]- which is the projected devia-
tion tensor. The irreducible decomposition of the the projected deviation tensor involves
an antisymmetric traceless part (LB) &, and hence in principle Cd) g, # LBg .

Let us get back to the dynamical equation involving the spatial tensor QADZ-]' ie. (7.57). We
focus on the term ¢',,q’ n£l<i>l~]- in the L.H.S of (7.57). Using the definition of the deformation
rate tensor £;; (2.116) and its irreducible decomposition (2.121) its quite easy to show that,

<gl> SC . A (g)
qu L1y = 2qmn< > + 6 (Do) + Eqmn( "V, 0r)
' s (e — 1) (7.68)

(d)
Now, we incorporate the form of the NRE given in (7.67) to put down the value of 'V, 6.

This leads us to,

Ny @, @
qzmq’nﬁz%#mq%ﬁ((’%- by) + 4qmn<9) + 6 (Do)

1 -
01] ) qmn (k—k- T) (91 - quTrtSlt
(d)

(M ) -
(zkvk (g7 Tysl! >+1qmn<A(quﬁsl ) n(’dalelr]lr)
30 a5~ P 110

+ Eqmn (@i(qUTJ-)> . (7.69)

2qm qmnR~j1ilf
qu

Next, along the same lines as above, using (3.29) and (2.121), we can expand the R.H.S of
(7.57). We have, as a result,

— A

& ®, + (k= K- T) Dy — g0 Ryl T°
+ Ci)kﬂTkrilr o — 07’1 (qrmTT) + ﬁn (qrmTr)
(d) . (d)
1A . . 1 N2
501 <5I mq ﬂT]rllr> (qlm(l'd)o']nTjrilr> - (qzmt]nTjrilr) + Z‘]mn (Gl>
(d) )
1'% . - g .
+ 0; ((l'd)o'mn) ) 01 (tmn + tnm) + (l'd)o'im(l'd)azn - <(l'd)0'imtln + (l'd)o'intzm>

(d)
~ ~ 1 - — A~ — — — — o~

- qimanﬁrisjlrls - anrmTr + ’bn(qrm']rr) . (7.70)
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7.7. Derivation of (7.32)

Now, all that we need to do is to invoke (7.57) and hence equate (7.69) and (7.70). After
the necessary simplification, we end up with,

4wl ni <(l’d)(7ij - fij) =
i - oo71 -
Gmn <(l'd)(7ij(l'd)(71]> + (K —k- T) <Ean(quTrtslt) + (l'd)a'mn - tmn)

(d)
1 A 1% 1 ~ -
- Ean <lkvk(qrsTrtslt)> + zel <qlmq]nTjrilr - Ean(qrsTrtslt) — (Fmn + tnm))

. ; 1 i o 1 »
+ (40 T+ 2 P06 Ty )) = (4 FaTid” + 2 (T3l

— (Ui + i,y + (Do) ) + (Fint'y + 5 (55 )

R 1 o . 1 .
- (qernTr - E‘]mn(ql]QiTj)> + <Dn(qrmTr) - E‘]mnDi(ql]Tj)>
~ 1 R
- quqanabcdlalC + EﬂmnRaclalC . (7.71)

In the above, we have used the result, that for a §patial two-dimensional symmetric ten-
sor, one has, ("d)aim(l'd)azn = %qmn((l'd)aij(l'd)azj ). Now, we would want to break the
curvature tensor R.s in (M, g, V) into the Riemannian part R,.; and the torsion part
and similarly for the Ricci tensor Ri]-. The decomposition of the Riemannian curvature

tensor R4 reads as,

1 1
Riyeq = Clyeq + 5 (Rucgbd — R%8be + Rpad’; — Rbc(S“d) + gR (gbc5“d — gbddac) , (772

where C,;,; is the traceless part of R4 called the Weyl tensor. Employing (2.21), (2.22)
and (7.72), it is quite easy to verify that,

A 1 A
o quqanabcdlalc + EanRaclulC — —quqdncabcdlalc
- quqdn ((ﬁCKadb - vdKucb) =+ Ti chﬂib + (Ki chudi — Ki deaci)> 1%1¢
1 2 . A . : . . .
5 (ViK' + VeTu+ T K |+ KK+ T )18 (7.73)

Eq. (7.71) coupled with Eq. (7.73) would then define the dynamical evolution of the

shear tensor (14

0jj corresponding to the deformation rate tensor. Our final goal of arriv-
ing at the tidal equation involves converting the projected (onto the two-surface S;) Lie
derivative (along I) of the quantity ((l'd)(fij — 1;j) into the covariant directional derivative

counterpart. To that end, after a few trivial manipulations involving (2.126) and (2.121),
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it can be shown that,

g nf ((l’d)(fz';' - fij) = qudnl"V; ((l’d)(fij - fij) + 4, <(l’d)0kn - fkn) Tieril”

(@)
k- i A ~ k
+ ((lld)am - tmk) qn]Tkrjlr + 0 (Uld)gmn - tmﬂ) +20g,, 1A n

o k - - - . s
— Z(I’d)O'mktkn — (l’d)O' n(tmk + tkm) + (tmk + tkm)tkn : (7'74)

Finally, we equate (7.74) with (7.71) and use the relation (7.73). After some simplifications,
we finally end up with (7.32).
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Chapter 8

Conclusions and outlook

8.1 Conclusions

Gravity has always been elusive in its road towards quantization. We still do not have
a complete and consistent theory of quantum gravity. The laws of black hole mechan-
ics, and the very strong thermodynamic implications of the gravitational field equations
provide a strong framework that a given quantum theory of gravity should perhaps re-
spect. The fact that event horizons have a temperature and entropy suggests one to look
for the microscopic origins of black hole entropy. However, corresponding to any given
event of a spacetime, an accelerated observer can assign a well defined entropy and tem-
perature to its local causal Rindler horizon. Event horizons are in no way special. It has
been shown following the works of Jacobson[35], that the Einstein field equations can
be derived from a thermodynamic Clausius identity applied to such local Rindler hori-
zons. In fact any general null surface # generated by a null vector field I can locally act
as a Rindler horizon for a given set of accelerated observers. It has been shown that the
gravitational field equations via the projection components Gapl?1%, Gpk1° and Gpq®l”
have both thermodynamic and fluid interpretations. This suggests that perhaps the field
equations have the same conceptual status as that of fluid dynamics. As an effective
field theory, the field equations describe the long wavelength limit to the underlying sta-
tistical mechanics of the atoms of spacetime. The connection between the macroscopic
continuum gravitational field equations and that of the microscopic quantum degrees of
freedom is precisely via the ‘descriptions’ of temperature and entropy density assigned to
an event of the spacetime. Various results [39, 40] suggest us to look more carefully at the
‘emergence of gravity’ in order to understand the gravitational dynamics more clearly.
The central theme of this thesis has been to explore and fortify the thermodynamic and
fluid interpretations of the gravitational field equations.

We see that the null hypersurface has been a central tool in our investigations into
the physical interpretations of the gravitational field equations. To this effect, we wanted
to describe in complete generality, the geometrical structure of an integrable null hyper-
surface H in the Riemann-Cartan spacetime. This we did in the second and the third
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chapters. The RC spacetime supports intrinsic torsion in it via the metric-compatible Car-
tan connection. Part of our aim in this thesis has been to explore the thermodynamic
and fluid interpretations of the gravitational field equations of the Einstein-Cartan the-
ory which is formulated in the geometric backdrop of the RC spacetime. The second and
the third chapters introduced the necessary geometrical and mathematical tools into the
description of an integrable null surface in the RC spacetime.

The findings and salient features of chapter 2 are summarized below.

e We saw that the null generators I of H in the RC spacetime are not parallel-transported
along themselves; yet they are geodesic congruences (w.r.t. the Levi-Civita connec-
tion). It is only under the geodesic constraint (2.34), that we force the null generators
to be both auto-parallel and geodesics.

e The null generator [ is not an eigen-vector to the (extended) Weingarten map or the
shape operator for the null surface. This translated to the fact that the (extended)
second fundamental form is neither symmetric nor completely orthogonal to the
plane containing I and k. However, the imposition of the geodesic constraint makes
it orthogonal to both I and k. The extended second fundamental form is one among
the relevant kinematical quantities that we described for null hypersurface.

* For the kinematical quantities, we also discussed three other important second rank
tensor fields. They were the deformation rate tensor, the transversal deformation
rate tensor and the projected deviation tensor. The deformation and the transversal
deformation rate tensors were by construction symmetric and spatial (orthogonal to
I and k). The irreducible decompositions of these (spatial) tensors gave us various
important notions of (outgoing and ingoing) expansion scalars and corresponding

shear tensors.

e We also studied the rotation 1-form and its spatial projection, the Haji¢ek 1-form
onto the submanifold. (S, ¢, ’15).

¢ All the relevant kinematics were studied under an null foliation of the RC spacetime
in the neighborhood of H by a family of null surfaces.

Having developed the relevant kinematical quantities for the null surface H in the RC
spacetime (M, g, V), we needed to find their evolution dynamics along the null genera-
tors I. This is because the null generators were related to the time evolution vector field
for the spacetime. A detailed development of these evolution equations have been dealt
with in chapter 3. At this very level, the evolution equations were completely geomet-
rical in the sense that no gravitational field equations had been used. We saw that our
evolution equations were related to the projection components of the vector field G%” on
the null surface. The vector field G% 1" is very important in our analysis since it is related
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to the (off-shell) Noether current and gravitational momentum [59], both of which have

thermodynamic interpretations. The important features in this chapter are :

* We studied in depth the null Raychaudhuri equation for the outgoing expansion
(d)
scalar f; of the null hypersurface H in the RC spacetime. The analysis had been

performed in quite its generality without assuming the geodesic constraint. This
()
evolution dynamics of ; is related to the projection component G171, Without

the imposition of the geodesic constraint, we saw that the evolution dynamics (3.8)
(d)
of 0; contained terms directly dependent on the auxiliary null field; a feature that

was not shared in spacetimes without torsion.
()
* We studied in depth the evolution of the ingoing expansion scalar 6 along the null
generators I under the geodesic constraint. This evolution was related to the projec-
tion component G,,k?I” and forms a part of the cross-focusing equations [76].

e We finally studied the evolution law for the Héji¢ek 1-form along I both in com-
pletely generality and under the geodesic constraint. We saw that such an evolution
is related to the projection component G,,q%1°.

Having developed in detail both the (intrinsic and extrinsic) geometry of the null sur-
face H in the RC spacetime and its relevant associated dynamics, we tried to investigate
whether the gravitational field equations have a thermodynamic and fluid interpreta-
tion. This is where we brought in the physics. We first wanted to remain exclusively
in the realm of gravitational theories that were formulated in spacetimes equipped with
the (unique) Levi-Civita connection. This we did in the fourth chapter 4, whose major
findings are the following :

* We inverted Jacobson’s procedure [35], by considering a virtual displacement of
the null surface along its null generators I. Under this process, the gravitational
dynamics via the null Raychaudhuri equation (corresponding to 6;) does indeed
attain a thermodynamic interpretation. We provided two versions of this interpre-
tation viz (4.7) and (4.13). We also showed that for a stationary Killing horizon in the
spacetime, the integrated version of the NRE (for ;) under the virtual displacement
produces the generalized Smarr formula.

e We then proceeded to the more ‘relevant’ projection component G,;kI”. For this
we considered a process of virtual displacement that perturbs the null surface along
the auxiliary null vector field k. We then showed that any gravitational dynam-
ics (for spacetimes with the Levi-Civita connection) via the the evolution equation
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for 6 does indeed have a thermodynamic interpretation (4.30). Previous investiga-
tions into such analogous thermodynamic interpretations of the field equations had
either been restricted to static and spherically symmetric spacetimes or had been
dependent on a choice of adapted coordinate system (GNC system). Thanks to our
null foliation, the thermodynamic interpretation attested to the gravitational field
dynamics under the virtual displacement along k was completely independent of
any choice of adapted coordinate system. The usual case of general relativity was

also analyzed and mapped to the previous results under this formalism.

Having described the coordinate-independent thermodynamic interpretation brought to
the gravitational field equations under a virtual displacement process along k for any
gravity theory established in spacetimes with the Levi-Civita connection, we draw our
attention to the specific case of scalar-tensor gravity. In particular, there arises the ques-
tions of physical equivalences or inequivalences between the the Einstein and the Jordan
frame for this theory. We tried to shed some light on this issue via the thermodynamic
interpretation of the field equations for ST gravity in chapter 5. The major findings of this
chapter are :

¢ We saw that under the process of virtual displacement of the general null surface H
along the auxiliary null field k, the ST field equations assume the usual (coordinate-
independent) thermodynamic interpretation in both the Einstein (5.12) and the Jor-
dan frame (5.32). We explicitly showed the equivalences for the thermodynamic
parameters of temperature, entropy, energy and the work done terms in both the
frames. This result generalizes previous results that were known for the specific
case of a Killing horizon.

* In order to make the interpretation more concrete and to establish the notion of
equilibrium, we provided a general proof (for the first time) of the zeroth law for
a Killing horizon in ST gravity. We did not use the assumption of a bifurcation
2-surface in the Killing horizon or any symmetries in the spacetime. Our general
proof relied upon the null dominant energy condition being satisfied by the non-
gravitational fields.

Having studied the specific examples of general relativity and scalar-tensor gravity in this
thermodynamic formalism, we extended our view to a gravitational theory built in the
backdrop of a spacetime with torsion present. Our objective in chapters six and seven was
to investigate whether the thermodynamic and fluid interpretation of the field equations
can be accounted for in the Einstein-Cartan theory. We began with the usual thermody-
namic interpretation to the Einstein-Cartan-Kibble-Sciama field equations for the virtual
L

displacement process accounted by G,,k*I” in the sixth chapter 6. The salient features of

this chapter are;
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 We saw that under the virtual displacement process of H along k, the ECKS field
equations can again be consistently provided a covariant thermodynamic interpre-
tation (6.15). However, the variation of the entropy term under this process no
longer results only because of the change of (transverse) cross-sectional area (S;).
There arises additional entropy corrections due to torsion. Similarly, the variation
of the energy and the work done terms are suitably modified by the inclusion of
torsion in the theory.

* We studied the specific case of the thermodynamic interpretation for completely
antisymmetric torsion. We also conjectured that for the notion of equilibrium to be
defined for a Killing horizon in the EC theory, not only the geodesic constraint needs
to be satisfied, but also there needs to be the vanishing of the torsion current of the
form qif Tinj-

The emergence of the ECKS field equations from a local thermodynamic constitutive re-
lation applied to approximate Rindler (Killing) horizons constructed at any point in the
spacetime had been previously shown in [64]. Hence the only interpretation left for the
field equations was that of its fluid nature. In chapter 7, we tried to address this particular
question. The main points of this chapter are;

¢ We analyzed the evolution dynamics of the Haji¢ek 1-form along Tunder the geodesic
constraint. We then expressed the Héji¢ek equation in a coordinate system adapted
to the null surface H and viewed the resultant dynamics from a local inertial frame.
This showed the similarity of the null surface dynamics with that of a (null) Cosserat
fluid.

* We extracted the transport coefficients for this null Cosserat fluid describing the
dynamics of H in the EC theory. We saw that the Cauchy stress tensor for the null
Cosserat fluid is no longer symmetrical. In fact, the antisymmetric part of the stress
tensor is due to the torsion field which is sourced by the spin-angular momentum
density in the matter sector of the EC theory.

¢ We also provided a covariant generalization to the Cosserat null fluid under the
assumption that in genuine curved spacetime, the material derivative is replaced
by the Lie derivative.

* We also derived the tidal force equation for the null congruences generating our
integrable null surface.

We have seen that a running theme behind the thesis is that the gravitational field
equations seem to suggest a very strong connection with thermodynamics or that of fluid
flow. The conventional laws of black hole mechanics established on event horizons have
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stood as a strong testament to this fact. However, following the works of Jacobson, Pad-
manabhan and others, we have come to the conclusion that spacetime is indeed hot and
indicates an inherent micro structure. Each point in spacetime according to a well defined
observer has both entropy and temperature assigned to it. Such observers perceiving a
local Rindler horizon can assign the gravitational dynamics both a thermodynamic and
fluid interpretation. In the literature, the analysis had been constrained only to theories
of gravity built in spacetimes provided with the Levi-Civita connection. In this thesis,
we have formalized in a coherent fashion, a coordinate-independent interpretation to the
thermodynamics and extended it to theories beyond general relativity. In particular our
focus has been restricted to scalar-tensor and Einstein-Cartan gravity. We have consis-
tently shown as well that the Einstein Cartan field equations assume a fluid interpretation
as well.

Via these works in this thesis, we have hopefully strengthened the idea that perhaps
gravitational dynamics is indeed emergent. We may need to give this alternative (ther-
modynamic) interpretation of the field equations its proper due. However, a lot needs to
be done and justified. In the following, I provide some future directions in tandem with
this approach that might be illuminating or interesting at best.

8.2 Scope for future works

From the thermodynamic perspective, we can look at the following :

8.2.1 Application to quasi-local definition of horizons

Global event horizons are teleological and highly non-local. However another character-
ization of black holes is of quasi-local nature. These are based on the notion of a trapped
surface. The future directed null expansions from such a trapped surface is negative. The
various such notions of quasi-local horizons are isolated horizons [99], apparent horizons
[61], dynamical horizons [254] and slowly evolving horizons [255]. It can be worthwhile
to establish and investigate the connections of the dynamics of the gravitational theory
with respect to such quasi-local horizons. For example, for the apparent horizon, we
need to define a congruence of null geodesics and its associated expansion 8;. Consider-
ing a spacelike hypersurface ¥, there can be defined a local notion of a trapped surface.
A trapped surface on X is a codimension 2-surface on %; such that expansions of the
both the outgoing and ingoing null congruences is less than zero for every point on the
trapped surface i.e. 8; < 0 and 6; < 0. The subset of X; that contains all the trapped
surfaces is now essentially a codimension 1 region called the trapped region 7. The
apparent horizon is then defined to be the boundary 97 of such a trapped region. By
definition the expansion scalar of the outgoing null congruence for the apparent horizon
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is zero i.e. §; = 0. Hence apparent horizons are 2-dimensional surfaces associated with a
given spacelike foliation of the spacetime. The world tube obtained by joining these ap-
parent horizons is spacelike in general and not null. In a similar vein, there exists another
quasi-local notion of a horizon called the trapping horizon [61]. The trapping horizon is
a world tube constructed out of marginally trapped codimension 2 surfaces (where the
expansion scalars for both the outgoing 6; and ingoing 6; null congruences vanish). Such
trapping horizons are in general codimension one timelike hypersurfaces. Another as-
sociated quasi-local construct of the horizon which is spacelike is the dynamical horizon
[97].

Both the intrinsic and the extrinsic geometry of such timelike/spacelike quasi-local
horizons have been previously studied in the literature at least for spacetimes without
torsion [61, 80, 256]. In fact, the “first law” of black hole thermodynamics has been stud-
ied for dynamical horizons [97]. Moreover, the fluid dynamical interpretation has been
studied for these trapped and dynamical horizons resulting in a generalized Damour-
Navier-Stokes equation [80]. An interesting feature that results from the fluid interpreta-
tion on these timelike horizons is that bulk viscosity is positive. This means that the fluid
behavior of the horizon is stable under perturbations, which is quite distinct from that
of null hypersurfaces. However, the methodology of Jacobson and Padmanabhan have
not been largely applied to these non-null quasi-local horizons. These are interesting di-
rections to look at. There are questions of observer dependence of the thermodynamics
for these non-null surfaces. The null hypersurface is useful for thermodynamic analysis
since the Rindler observers can perceive the null surface as their local Rindler horizon,
thus associating notions of temperature and entropy density to the null surface. It is at
present uncertain as to what classes of observers would be able to assign thermodynamic
variables to these timelike/spacelike horizons.

Obviously, with the inclusion of torsion in the spacetime, the intrinsic and extrinsic
geometry of such non-null surfaces would become rather more involved (however man-
ageable); in this respect, non-null hypersurfaces are easier to handle than null surfaces.
This is certainly an interesting direction to look at. Possibly, what are modifications to
the fluid interpretation under the inclusion of torsion? What is the way ahead for Ja-
cobson’s and Padmanabhan’s thermodynamic analysis still remains an open question for
spacetimes with torsion. We could in principle study the notions of both equilibrium as
well out-of-equilibrium thermodynamics since such quasi-local horizons can be adapted
to such schemes. This is because isolated horizons correspond to equilibrium states and
dynamical horizons refer to non-trivially evolving horizons and thus representing non-
equilibrium states. The establishment of the black hole mechanics for different theories
of gravity can be tested for such quasi-local horizons. These could have consequences
and avenues in the field of quantum gravity and understanding the microscopic origins

of gravity.
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8.2.2 Applications to Poincaré gauge theory

It would be worthwhile to investigate the above intriguing connection between gravi-
tational dynamics and thermodynamics in the context of Poincaré gauge theory (PGT)
[126]. The dynamical variables in PGT are the veilbeins and the Lorentz spin connection.
Hence the study of the thermodynamic interpretation of the gravitational dynamics in
terms of these dynamical variables is quite interesting. We could look at specific cases of
PGT say the teleparallel gravity [252], coincident general relativity [257] efc.

8.2.3 Asymptotic symmetries of the spacetime

In the study of thermodynamics of black holes, the Noether charges and currents asso-
ciated with the diffeomorphism invariance of the gravitational theory turns out to be
very important. There exists a special class of symmetries called the asymptotic symmetry
that forms a closed Virasoro algebra [258]. The entropy of the black hole is related to
the central charge of this algebra. In the pioneering work by Bondi, Metzner and Sachs
[259, 260], it was shown that the symmetry group corresponding to the isometries of an
asymptotically flat spacetime at null infinity was infinite dimensional with the Poincaré
symmetry as a subgroup. Considerable work has been devoted in specifying the appro-
priate boundary conditions on the gravitational field configuration. Similar asymptotic
symmetry considerations has also been explored in the near-horizon analysis of a black
hole for both extremal and non-extremal cases [147]. Most of the analysis in the litera-
ture has been done either for asymptotic null infinity or in the neighborhood of the event
horizon. However we could have in principle considered any general physical bound-
ary in the spacetime. Such a boundary could be either null or non-null in nature. It
would be worthwhile to study the physical implications of the diffeomorphism symme-
tries associated with such a physical boundary for the gravitational theory. It would be
interesting to study the asymptotic symmetries near such null or non-null hypersurfaces.
For extremal null horizons, it has been shown [261] that the near-horizon symmetries are
spontaneously broken. In the quantum theory, this leads to Goldstone modes that act
as soft hairs and lead to a thermal nature of the horizon at the semi-classical level. This
could have implications in the black hole information paradox.

For the fluid dynamic side, we could possibly look at the following :

8.2.4 In the context of gauge-gravity duality

The theory of gauge-gravity duality [220] predicts that the hydrodynamics of gauge theory
can be effectively described by the long wavelength, long time limit dynamics of a black
hole living in the bulk. In the fluid-gravity duality picture, the momentum constraint of
the gravitational field equations (constraining the initial data on a timelike cut-off surface)
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is dual or equivalent to the NS fluid dynamics. It would be worthwhile to study the fluid
sector in more details at the microscopic or the mesoscopic scales. This could reveal much
about the microscopic details of the dual gravitational side.

8.2.5 Asymptotic symmetries of the spacetime

The asymptotic symmetries of the gravitational field in general relativity are related to
the symmetries of a dual hypothetical fluid defined on the conformal boundary. When
the spacetime is asymptotically anti-de-Sitter, then the boundary is timelike and the dual
fluid is relativistic. When the spacetime is flat, the boundary is null and the associated
dual fluid is Carrolian. Local transformations on the fluid side is dual to diffeomorphisms
on the gravitational side. It would be interesting to see whether the dynamics of the null
boundary (considering the evolution of various kinematical quantities) have any impli-
cations on the Carrolian fluid structure. The Bondi-Metzner-Sachs (BMS) type symmetry
action has been studied on isolated horizons and the corresponding field theory interpre-
tation has been provided in the membrane paradigm [262]. Supertranslations and super-
rotations as subset of the asymptotic symmetries that preserve the structure of the isolated
horizons have been considered on a stretched membrane near the horizon. These sym-
metries when viewed from the non-relativistic field theory living on the membrane are
spontaneously broken. It would be interesting to look at other quasi-local horizons in the
spacetime and look at the physical interpretation of the corresponding asymptotic sym-
metries that preserve the horizon structure. The field theory in the membrane paradigm
can also be analyzed for such other quasi-local horizons.
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