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Abstract

The aim of this thesis is to study a priori and a posteriori error analysis of finite element
methods for elliptic and parabolic optimal control problems with measure data in a bounded
convex domain in ]Rd(d = 2 or 3). The control problems governed by elliptic partial differen-
tial equation with measure data are used to model the potential of an electric field with an
electric charge distribution, whereas parabolic optimal control problems with measure data in
space are used in the design and management of waste water treatment systems, mainly the
disposal of sea outfalls discharging polluting efluent from a sewerage systems. On the other
hand, parabolic optimal control problems with measure data in time appear in the optimality
conditions of some optimal control problems with pointwise state constraints in time. The
solution of the state equation of such type of problems exhibits low regularity due to the pres-
ence of measure data which introduces some difficulties for both theory and numerics of the
finite element method. An effort has been made in this thesis to investigate both a priori and
a posteriori error analysis of finite element method for these control problems. The strategy

optimize-then-discretize is employed for the approximations of these control problems.

We first analyze elliptic optimal control problem with measure data and prove the existence,
uniqueness and regularity of the solution to the optimal control problem. To discretize the
control problem we use piecewise linear and continuous finite elements for the approximation
of the state and co-state variables, whereas piecewise constant functions are used for the
approximation of the control variable. We derive a priori error estimates for the state, co-
state and control variables in the L?-norm with an order of convergence O(h2_%). Further,
global @ posteriori upper bounds for the state, co-state and control variables in the L?-norm
are established. Moreover, local lower bounds for the errors in the state and co-state variables,
and global lower bound for the error in the control variable are demonstrated in case of two
space dimension (d = 2).

We next consider parabolic optimal control problems with measure data. Two kinds of
problems, namely measure data in space and measure data in time are considered and analyzed.
The existence, uniqueness and regularity of the solutions of both type of control problems are
proved. The continuous piecewise linear functions are used for the approximations of the state

and co-state variables, and piecewise constant functions for the approximation of the control
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variable. Both spatially discrete and fully discrete finite element approximations of the control
problems with measure data in space and time are analyzed. A priori error estimates of order
O(hz_%) is demonstrated for the spatially discrete control problem with measure data in space
whereas error estimate of order O(h2_% + k'/2) is established for the fully discrete backward
Euler time discretization. For parabolic optimal control problem with measure data in time,
we have obtained error estimates of order O(h) for the state, costate and control variables for
the spatially discrete problem. A time discretization scheme based on implicit backward-Euler
method is analyzed and error estimates of order O(h+ k'/?) are derived for the state, co-state
and control variables. Further, we study the a posteriori error analysis for the space-time
finite element discretization for both type of control problems. We derive global upper bounds
for the errors in the state, co-state and control variables in the L2?(0, T; L?(2))-norm.

Finally, numerical results for two dimensional test problems are presented to illustrate our

theoretical findings.
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EOCP Elliptic Optimal Control Problem
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H™(Q) Hilbert space W™2(Q)
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of 2 in the sense of trace
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including order m in Q
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1

Introduction

The main objective of this thesis is to study a priori and a posteriori error analysis of
finite element methods for elliptic and parabolic optimal control problems with measure
data. This chapter is introductory and contains the description of the problems, a brief
survey of the relevant literature and motivation for the present study. It also contains
some notations and preliminary materials to be used in the thesis. The organization of

the thesis is given in the last section of this chapter.

1.1 Description of the problems

Elliptic optimal control problem with measure data: Let Q C R? (d = 2 or 3)
be a bounded convex domain with smooth boundary 9€2. Consider the following model

elliptic optimal control problem (EOCP) with measure data:

. 1 «
min J(q,y) = §||y - ?/d”%%g) + 5”@1”%2(9) (1.1)

quad

subject to the state equation

Ay=p+q in Q
(1.2)
y=0 on 0,
and the control constraints

da < q(!lf) < qp a.c. n Q7 (13)

where y = y(z) denotes the state variable and ¢ = ¢(z) is the control variable. The
operator A is assumed to be a second order linear elliptic partial differential operator

of the form
_ Ay
Ay =37 5 (@i, ) + anlly (1.4)
1
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CHAPTER 1. Introduction 2

with ag(x) € L>(Q), ap(z) > 0 forall x € Q, a; j(x)(1 < 1,7 < d) is Lipschitz continuous
on () and satisfies the following uniform ellipticity condition: There exists a constant
¢ > 0 such that

Z a;j(2)&&; > e, VEER?, zeQ.

ij=1
Moreover, yq(z) € L*(Q) is a given desired state, i = gw, where g € C(Q), w € M(Q)
are given functions and a > 0 is a fixed parameter. Here, M () is the space of real
and Borel measures on ), which can be defined as the dual space of C(Q2). The set of

admissible controls is defined by
Qi ={q€L*(Q): qu<q(x) < q ae inQ} (1.5)

with q., ¢ € R fulfill ¢, < gp.
Parabolic optimal control problem with measure data: Let () be a bounded

convex domain in R? (d = 2 or 3) with smooth boundary 9. Set Qr = Q x (0,T] and
Iy = 0Qx[0,T] with T' < co. We shall consider the following parabolic optimal control
problem (POCP) with measure data:

1 [T ) a [T
min J(g,y) = / ly = yalZagey dr + & / lal12s 0y dr (1.6)
quad 2 2 0

subject to the state equation

;

w+Ay=p+q in Qp,

y(,0) =yo(x)  in O, (1.7)
v S 0 on I'p,
and the control constraints
¢ < q(z,t) < qq a.e. in Q. (1.8)

Here, y = y(x,t) denotes the state variable, ¢ = q(z,t) is the control variable and
Yy = %. The operator A is defined in (1.4) and & > 0 is a fixed constant. Further-
more, the initial state yo(z) € L*(Q) and y;(z,t) € L*(0,T; L*(Q2)) is a given desired
state. We shall consider two kinds of POCPs with measure data. At first, we consider
problem (1.6)-(1.8) with measure data in space, i.e., u = gw with g € L*(0,T;C(Q))
and w € M(Q), where M(Q) is the space of real and regular Borel measures on .

Next, we consider problem (1.6)-(1.8) with measure data in time, i.e., g = gw with

TH-2228_ 136123009



CHAPTER 1. Introduction 3

g € C([0,T]; L*(Q)) and w € M0, T], where M][0,T] is the space of real and regular

Borel measures in [0, 7], which can be defined as the dual space of C[0, T7].
The set of admissible controls is defined by

Po={qe L*0,T;L*(Q) : q. < q(z,t) < qq ae. inQp} (1.9)

with q., qq € R fulfill ¢. < qg4.
A classical control problem consists of finding a control function ¢ which minimizes

the cost functional (performance measure) J(q,y) (or J(gq,y)), where the pair (¢,y)
satisfies the state equation. The term %]|q||2L2(Q) (or § fOT ||q||%2(9) dr) is proportional to
the consumed energy. Thus, minimizing J( or J ) is a compromise between the energy

consumption and finding ¢ so that the state y is close to the desired state y4 (or yj;).
The optimal control problems of the form (1.1)-(1.3) can be used to model the

potential of an electric field with an electric charge distribution. For the literature
related to the elliptic equation with measure data, one may refer to [14] and [79]. The
problems of the form (1.6)-(1.8) are used in the design and management of waste water
treatment systems, mainly the disposal of sea outfalls discharging polluting effluent
from a sewerage systems [68]. On the other hand, parabolic equations of the form (1.7)
with measure data in time appear in the optimality conditions of some optimal control

problems with pointwise state constraints in time ( see [16] and [70]).

1.2 Notations and preliminaries

In this section, we shall introduce some standard notations and preliminary materials
to be used in this thesis. All functions considered here are real valued. Let ) be a
bounded convex domain in R? (d-dimensional Euclidean space) and let 9 denote the
boundary of Q. Let x = (z1,%2,...,24) € €, and let dx = dx1,...,dry. Further, let

T = (Yy,..., ) be a d-tuple with nonnegative integer components. Denote the order
of T as |Y| = Ty +... + Y4 Then, by DY¢, we shall mean the Tth derivative of ¢
defined by
17|
DY = ¢

o T Ty~
Ory'...0x,

We shall make frequent reference to the following well-known function spaces. For
1 < p < oo, LP(2) denotes the linear space of equivalence classes of measurable functions
¢ in Q such that [, [¢(x)]? dz exists and is finite. The norm on L?(€) is given by

folley = ( | o@Pdz)’, 1<p<oa

TH-2228_ 136123009



CHAPTER 1. Introduction 4

For p = 0o, L>(£2) denotes the space of functions ¢ on 2 such that
Pl Lo () := esssup |p(z)| < oo.
z€e)
When p = 2, L*(Q) is a Hilbert space with respect to the inner product

(¢,9) = /Q o(x)(z) de.

By support of a function ¢, denoted by supp(¢), we mean the closure of all points z
with ¢(x) # 0, i.e.,

supp(¢) == {x: ¢(x) # 0}.

For any nonnegative integer m, C™(€2) denotes the space of functions with continuous
derivatives upto and including order m in Q. CJ*(9) is the space of all C™() functions
with compact support in Q and C3°(€2) is the space of all infinitely differentiable functions

with compact support in €.
We now introduce the notion of Sobolev spaces. Let m be a nonnegative integer and

let p be such that 1 < p < co. The Sobolev space of order (m,p) on €, denoted by
WmP(Q), is defined as a linear space of functions (or equivalence class of functions) in

LP(€2) whose distributional derivatives upto order m are also in L?(Q2), i.e.,
WmP(Q) :={¢: DY¢ € LP(Q) for 0 < |Y| < m}.

The space W™2(Q2) is endowed with the norm

oo = (3 /Q DR p(@)Pdr)’
0<[T[<m

= (X IDT@l)" s 1<p<os.

0<[T|<m

When p = oo, the norm on the space W™ (Q)) is defined by

m,00 = DT oo .
||l wm.eo @) OSI%ET?mH ()| Lo (@)

Also, the semi-norms on W"?(Q) are defined as
|plwmnq) = Z 1D 6| o(c)-
[T|=m

For p = 2, we denote the spaces W™P(Q2) = H™(Q) and H°(Q) = L*(Q2). The space
H™(9Q) is a Hilbert space with natural inner product defined by

Oy = Y [ Do vde. o HT(@)

0<[T|<m

TH-2228_ 136123009



CHAPTER 1. Introduction 5

The Sobolev space H™(€2) (respectively, HJ(2)) is also defined as the closure of C*°((2)
(respectively, C3°(€2)) with respect to the norm ||¢||gm ) = ||¢|| gm2(@) and semi-norm
|0 () = |@| m2(). We denote the dual space of Hg(Q) by H~(Q2) with norm

|0l -1y == sup (9:9)
ver @), w20 [Vl m ()

We denote M(€) is the space of real and regular Borel measures on €2, which can

be defined as the dual space of C(2) with its natural norm

el me = sup{/ﬂgbd,u: ¢ €C(Q) and [|8llem) < 1}.

For 1 < p < oo, we also define the standard Bochner spaces L?(0,7;B), where B is a

real Banach space with norm || - ||g, consisting of all measurable functions ¢ : [0,7] — B

for which
T 1
ollorm = ([ le@ldr)” <o for 1<p<cs
0
@l Lo, By = ess sup ||¢(t)|ls < oo for p = co.
te(0,T)

In the subsequent chapters, we shall also use the following spaces. For a given Banach
space B, we define H'(0,T;B) as the space consisting of all measurable functions ¢ :
(0,7') — B for which

1

T ™
6/l ar10.7m) = (/0 y\¢(7)||$3dr+/0 ||¢t(7>||%3d7)2 < 0.

When no risk of confusion exists we shall write || - || o) for || - || r0m8), || - ||£oo(m) for
|| 2o 0,78y and || || i1 B) for ||-|| 1 (0,r;B)- Furthermore, C([0,77]; B) is defined as the space
of continuous functions ¢ : [0,7] — B with norm ||¢||¢(jo.11:8) := trl}g?r(] |lo(t)||B < oo and
M0, T] is the space of real and regular Borel measures in [0, 7], which can be defined

as the dual space of C[0, 7] with its natural norm

T
[[ell mpo,7) := sup {/O ¢pdp: ¢ €Cl0,T] and [|¢]lcpn < 1}.

Let C*(Q2r) be the space of all infinitely differentiable functions in Q7. We denote
D(Qr) the set of C*°(§2r) functions with compact support in Q7 and D'(Qr) is the dual
space of D(€Q7). For a complete discussion on Sobolev spaces, see Adams and Fournier

[1] and Grisvard [42]. From time to time we shall also use the following inequalities (see

TH-2228_ 136123009



CHAPTER 1. Introduction 6

Hardy et al. [43]):

Young’s inequality. For a, b > 0 and € > 0, the following inequality
a’>  el?

<
W= oot

holds.
Cauchy-Schwarz inequality. For all a,b > 0,1 < p < oo and % + z% =1,

a? b
p p

In integral form, if ¢ and 1 are both real valued functions with ¢ € LP(f2) and ¢ €
LP'(Q), then
R P e

For p = p/ = 2, the above inequality is known as Schwarz’s inequality.
Discrete version of the Cauchy-Schwarz inequality. Let ¢;, v;, 7 = 1,...,d be positive

real numbers. Then
d d . d 1
2 2
Sooi < (Xa) (Dwi)
j=1 j=1 j=1
Now, we state the Poincaré inequality which will be used frequently in this thesis.

Lemma 1.2.1 (Poincaré inequality). Let Q be a bounded convex domain in RY. Then

there exists a positive constant C' = C(S2) such that

I19ll22@) < ClIV@llra),  for every ¢ € Hy(Q).

In view of the Poincaré inequality, ||V (-)||z2) defines a norm on Hj(Q).

For the following definitions, we refer to [86].

Definition 1.2.1 (Directional derivative). Let X and Y be two normed spaces. Let
Xo be a non-empty open subset of X and f : Xog = Y be a given mapping. If for two
elements x € Xo and v € X the limit

f(@)(v) = lim

exists, then f'(z)(v) is called the directional derivative of f at x in the direction v.

fx +wv) = f(2)

v

Moreover, if the limit

f'(x 4+ vo)(v) = f(2)(v)

14

(@) (0. v) = lim

exists, then f"(x)(v,v) is called the second order directional derivative of f in the direc-

tion of v.
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Definition 1.2.2 (Fréchet derivative). Let X and Y be two normed spaces, X,y be a
non-empty open subset of X and f : Xqg — Y be a given mapping. Furthermore, let an
element © € Xq be given. If there is a continuous linear mapping f'(z) : X — Y with
the property

If(z +v) = f(z) — f'(@)olly

l[o]l x —0 vl x

—0,
then f'(x) is called the Fréchet derivative of f at x and f is said to be Fréchet differen-
tiable at x.
Definition 1.2.3 (Convex functional). Let S C R4 (d = 2 or 3) be a non-empty convex
set. Then a functional f : S — R is said to be convex if

flvey + (1 —v)xe) <vf(r)+ (1 —v)f(as), VYvel0,1] andxy,x9 € S.
The functional f is said to be strictly convex if the above condition holds with strict
inequality whenever 1 # xo and v € (0,1).

Let the bilinear form associated with the operator A on 2 and ¢ be given by

a(v,w) Z/ Ov Ouw +aovw> dz, Yv,w € Hi(Q)

”8:)&,

and

Z/ a”g;] pr +aovw) dzdr, Ywv,w € L*(0,T; Hy()),
2,7=1 Qr F

respectively. The adjoint of the operator A is defined by

d

9 9
Ay==3" (w05 L) +asla)y
7 7

ij=1
and L2-inner products on L*(Q) and L?(0,T; L*(Q2)) be denoted by
(v,w) = /vw dr, Vv,w € L*(Q),
Q

(v,w)q, = / vwdrdr,  Vv,w € L*(0,T; L*(Q)),
Qp

respectively. We assume that the bilinear a(-,-) is coercive and continuous on H}(f),

ie.,

a(v,v) > Bllollfg and a(v,w)] < Billvllave) wlla),  Vo,w e Hy(Q)
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with 3,6, € RT.
We now define some auxiliary elliptic problems which will be used in Chapters 2-3.

For f € L*(Q), let ¢ and 9 be the solutions of following problems

;

Ap = f in Q,
(1.10)
¢=0 onodf,
and
A*Y = fin Q,
(1.11)
=0 on0df,

respectively. Then, the following regularity results [42] hold true.
Lemma 1.2.2. Let ¢,¢ € H?*(Q2) N Hy(Q) be the solutions of the Dirichlet problems
(1.10) and (1.11), respectively. Then for f € L*(Q), there exist positive constants Cr
and Cy such that
6ll20) < Crllfllz@  and (9] < Cillfllz2@)- (1.12)
Now, we introduce some auxiliary parabolic problems which will be used in Chapters

4-6. For simplicity, we set
W(0,T) := L*0,T;Hy(Q)nH(0,T; H (),
X(0,T) = L*0,T; H*(Q) N Hy(Q) N HY(0,T; L*(Q)).

We note that W(0,T) < C([0, T]; L*(Q2)) and X (0,T) < C([0, T]; H}(Q)) (see [61]).
For f € L2*(0,T;L*)), let ¢ and v, respectively, be the solutions of the following

forward and backward in time standard parabolic problems:
(
¢t+A¢:fiHQT,
$(-,0)=0 inQ, (1.13)

¢=0 on I'r

\

and
.

-+ A% = fin Q x [0,7T),

W(-,T) =0 in Q, (1.14)

Yv=0 on ['p.

\

Then the following regularity results hold true, see [61].
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Lemma 1.2.3. Let ¢, € X(0,T) be the solutions of problems (1.13) and (1.14),
respectively. Then, X (0,T) < C([0,T]; H}(Q)) and satisfies

19l ez + 10ell 22 ) < COrllfllzzz2),
|l 22y + 1Vellez@)y < Crollfllze2@))s

and
1o(, Tz ) < Crillfll2z2)y, 190G, 0)lar @) < Cryll fllz2z2@)

for some positive generic constants Cr, and Chg,.

1.3 Background and motivation

In this section, we shall discuss a brief survey of the relevant literature pertaining
to the elliptic and parabolic optimal control problems and elucidates the motivation for

the present study.
In optimal control problems, the general idea is to vary an input quantity (called

control) in such a way that the output quantity (called state) minimizes the objective
functional. The input can be a function prescribed on the boundary (called boundary
control) or distributed all over the domain (called distributed control), and the output
is the solution of the partial differential equation. Due to physical and technical lim-
itations, one needs to impose some restrictions on the control or state. The theory of
optimal control problems governed by partial differential equations was introduced by
Lions in [60]. Among various numerical methods in the literature design for optimal
control problems, the discretization procedure, namely finite element method is widely
used in practice. We first detail a brief account of the literature concerning finite element

method for optimal control problems.
Finite element method. The design of efficient numerical techniques to approximate

the solution of an optimal control problem is of paramount importance in many prac-
tical applications. Over the last three decades, finite element method has become an
important tool for approximating the solutions of control problems. There have been
extensive theoretical and numerical studies for finite element approximations of opti-
mal control problems. We refer to [47, 48, 66, 86] for an overview and an up-to-date
discussion on numerical approximation to optimal control problems. The error analysis
of finite element method is grouped into two categories: A priori error analysis and a

posteriori error analysis. A priori error analysis yields bounds of the form

|lu—Ullx < C(u)h™, (1.15)
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where u and U are the exact and numerical solutions of some problem, respectively.
Here, C'(u) is a positive constant depends on the exact solution u, h denotes the mesh
parameter and || - ||x denotes a specified norm. The estimate (1.15) is not realistic in
general as it depends on the exact solution which is unknown for most of the problems.
Moreover, estimates of the form (1.15) can give asymptotic rates of convergence as the
mesh parameter goes to zero, but are not designed to give an actual error estimate for
a given mesh. The question of quantifying the error brings attention to a new error
estimation method which is able to characterize explicitly the accuracy of approximate
solutions and is known as a posteriori error estimation technique. An a posteriori error
estimate is a computable quantity in terms of the finite element solution and data of
the given problem, i.e., a posteriori error estimates employ the finite element solution
and the data of the problem to derive estimates on the actual errors. On the contrary

to a priori error analysis, a posteriori error analysis predicts bounds of the form
lu—Ul|x < n(U, data),

where the estimator n(U, data) is a computable quantity which depends on the numerical
solution U and the data of the problem. The use of adaptive techniques based on a pos-
teriori error estimation is well accepted in the context of finite element discretization of
partial differential equations [29, 30] and [87]. Adaptive finite element method (AFEM)
has been found to be able to save substantial computational work and ensures a higher
density of nodes in certain area of the given domain where the solution is more difficult
to approximate. The decision of whether further refinement of the meshes is necessary
is based on the a posterior: error estimator. If further refinement is performed then the
error estimator used as a guide to show how the refinement might be accomplish most
efficiently. The application of these techniques to optimal control problems governed by
partial differential equations is an active area of research. This thesis will focus on ana-
lyzing both a priori and a posteriori error analysis of finite element method for optimal
control problems of the form (1.1)-(1.3) and (1.6)-(1.8). In order to put the results of
this thesis in a proper prospective, we now give a brief account of the relevant literature

concerning a priori and a posteriori error analysis of EOCPs and POCPs.
Finite element method for EOCPs. There are wide range of articles available in the

literature regarding a priori error estimates for EOCPs. The two early papers on the
numerical approximation for a class of linear EOCPs are due to [31] and [34]. In these
papers, the authors have proved L2-error estimates which reflect the H'-regularity of
the optimal control and optimal regularity of the state variable. Falk has considered

distributed control in [31], while Geveci has concentrated on Neumann boundary con-
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trol in [34]. An optimal control problem governed by elliptic equation with control
constraints has been studied by Arnautu and Neittaanméki in [8]. The authors have
established the optimality condition and introduced the Ritz-Galerkin discretization for
EOCP, and obtained error estimates for the control and state variables. Casas in [15]
has studied convergence properties for a linear EOCPs with control in the coefficient
of elliptic equation. Moreover, we refer to Arada and Raymond [6] for error estimates
of relaxed optimal control problems governed by semilinear elliptic equations. In [5],
Arada et al. have derived error estimates for the control in the L* and L2-norms
for distributed control problems. For an analogous problem with finitely many state
constraints, Casas in [17] has derived error estimates for the control in the L*-norm.
Further, error estimates for Lagrange multipliers associated with the state constraints,
state and co-state variables are also obtained in [17]. For a semilinear elliptic boundary
control problem, Casas et al. in [20] have proved uniform convergence of discretized
control to the optimal control under natural assumptions by taking piecewise constant
controls. Subsequently, Casas and Raymond [21] have studied semilinear elliptic bound-
ary control problem with pointwise constraints on the control. The authors have used
continuous piecewise linear finite elements for the approximation of the state as well as
control variables and the related error estimate for the control is derived. Moreover, for
the approximation of EOCPs with control variable from measure spaces can be found
in [18, 25, 76].

The a posteriori error analysis for optimal control problems governed by elliptic
equations have been investigated by numerous researchers. AFEMs have been success-
fully applied to optimal control problems governed by partial differential equations. The
pioneer work has been made by Liu and Yan [62] for residual based a posteriori error
estimates and Becker et al. [10] for dual-weighted goal oriented adaptivity. We refer to
[45, 46, 58, 63] and [65] for distributed and boundary control problems governed by el-
liptic equations. An essential ingredient of AFEM is a posteriori error estimators which
provide information about the local quality of the approximate solution. AFEM aiming
to distribute more mesh nodes around the area where singularity of the solution hap-
pens to save the computational cost has been first proposed by Babuska and Rheinboldt
[9]. In [33], Gaevskaya et al. have studied the convergence of an AFEM for distributed
optimal control problems with control constraints. Becker and Mao [11] have provided
a convergence proof for the adaptive algorithm by viewing the control problems as a
nonlinear elliptic system of the state and co-state variables. An adaptive algorithm
presented in [11] involves marking of data oscillation. In [50], the authors have proved

that the sequence of adaptively generated discrete solutions converged to the true solu-

TH-2228_ 136123009



CHAPTER 1. Introduction 12

tions of optimal control problems. However, they have not shown convergence rate and
optimality in [50]. Recently, Gong and Yan [40] have presented a rigorous proof for con-
vergence and quasi-optimality of AFEM for an optimal control problem with pointwise
control constraints by means of variational discretization technique. In [39], the authors
have showed that the convergence of AFEM based on energy norm is suboptimal for
the control variable and numerical experiments confirmed this sub-optimality. Demlow
and Stevenson [27] have studied an AFEM for controlling L?-errors for elliptic problems,
where the convergence and quasi-optimality of the method are proved by keeping the
meshes sufficiently mildly graded. Leng and Chen have extended the work of [27] to the
optimal control problems in [56]. Moreover, for L?>-norm based AFEM, the authors of
[41] have proved the contraction property and quasi-optimal complexity for the L*norm
errors of the state, co-state and control variables. Their results improve the known result
of [40] for energy norm based AFEM. The recovery type a posteriori error estimates for
EOCPs are described in [59]. Apart from the residual and recovery type estimates new
results on a class of functional type a posteriori error estimates are described in [52]
and [89]. Very recently, Wolfmayr [89] has derived functional type a posteriori error

estimates for EOCPs with control constraints.
Despite being vast literature on numerical approximations to EOCPs, the a prior:

and a posteriori error analysis of finite element methods for EOCPs with measure data
remains unexplored. Our first attempt in this thesis is to study a priori error analysis
for EOCP with measure data. The main source of difficulty is that the solution of the
state equation has low regularity which makes the finite element error analysis somewhat
difficult. In the case of standard elliptic problems with measure data, Casas [14] has
derived error estimates of order O(hQ_g) in the L%-norm, where h is the mesh parameter
and d is the dimension of the domain (2. Further literature on a prior: error bounds
for elliptic problem with measure data are contained in [79]. This thesis generalizes
the a priort error analysis of finite element method for the standard elliptic problem
with measure data to EOCP with measure data. To solve optimal control problem
with measure data we use optimize-then-discretize approach. We prove the existence,
uniqueness and regularity of the solution of EOCP with measure data. We use piecewise
linear and continuous finite elements for the approximations of the state and co-state
variables whereas piecewise constant functions are used for the approximation of the
control variable. We derive convergence properties for the state, co-state and control
variables in the L*-norm with an order of convergence (’)(h2_%). Our theoretical results

are supported by numerical experiments.
The next problem in this thesis is to study a posteriori error analysis of EOCP
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(1.1)-(1.3) with measure data. The previous work on a posteriori error analysis with
Dirac source term for the standard elliptic problems have been discussed in [7]. They
have obtained global upper and local lower bounds in L? norm and W'? seminorm
for p < 2. This thesis extends the work of [7] from elliptic problems to EOCP with
measure data. In the context of EOCP with measure data (1.1)-(1.3), we have derived
global upper bounds for the state, co-state and control variables in the L?-norm. In
case of two space dimension (d = 2), we derive local lower bounds for errors in the state
and co-state variables, and global lower bound for error in the control variable. The
key technical tools used in our analysis are the interpolation approximation properties,
inverse estimates, element and edge bubble functions and their properties. Numerical

assessment of the estimators are presented.
Finite element method for POCPs. Optimal control problems with time-dependent

control play an important role in many applications, and the numerical treatment of
these problems has been an active research topic in the recent years. The pioneering
work of late 1970s and 1980s in the area of finite dimensional approximation for infinite
dimensional POCPs can be found in [4, 54, 55| and [69], where the Ritz-Galerkin approx-
imations and semigroup theory have been utilized. For an overview concerning a priori
error analysis for finite element approximations for POCPs, we refer to [49, 74, 78, 88]
and a priori error analysis for problems with state constraints can be found in [26, 36]
and [70]. In [71, 72|, the authors have developed a priori error analysis for space-time fi-
nite element discretization for POCPs, where they have applied discontinuous Galerkin
schemes for temporal discretization. Recently, the authors of [73] have used Petrov-
Galerkin Crank-Nicolson scheme for POCPs. However, all these papers have focused
on distributed control problems. In many applications, control can only act locally at
finitely many points of the domain, which is called pointwise control. Chryssoverghi
[23] has studied convergence properties for the state and control variables of an optimal
pointwise control problem for systems governed by a parabolic equation. Later, Dro-
niou and Raymond have analyzed the optimal pointwise control of semilinear parabolic
equations in [28]. We refer to [37] and [57] for a priori error estimates for finite element
approximations of POCPs with pointwise control. Recently, a priori error estimates to
sparse POCPs which utilize a formulation with control variable in measure spaces can

be found in [19].
The research work on a posteriori error analysis for POCPs have been extensively

analyzed in [53, 64, 82, 83, 84] and [90]. For residual type a posteriori error estimates
of finite element methods for POCPs, we refer to [64] and [90]. Further, a recovery type

a posteriori error estimate of fully discrete finite element approximation for POCP has
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been studied by Tang and Chen in [83]. Subsequently, Sun et al. [82] have derived
both lower and upper bounds for the errors for POCPs. In [84], Tang and Hua have
established upper bounds in the L>(0,T; L*(2))-norm for the spatially discrete finite
element approximations of POCP using elliptic reconstruction. Recently, functional
type a posteriori error estimates for POCPs have been discussed in [53]. As opposed
to the well established results on both a priori and a posteriori error estimates for
POCPs, the development and analysis of both a priori and a posteriori error estimates

for POCPs with measure data remains unexplored.

Our next attention in this thesis is to study a priori error analysis for POCP (1.6)-
(1.8) with measure data. The mathematical difficulty of such type of problem is low
regularity of the solution of the state equation which introduces some difficulties in both
theoretical and numerical analysis. In this work, we mainly discuss two types of problem,
namely measure data in space and measure data in time. For measure data in space, we
take u = gw, where g € L2(0,T;C(Q)) and w € M(£2) whereas for measure data in time
p = gw with g € C([0,T7]; L*(2)) and w € M[0,T]. We employ optimize-then-discretize
strategy to approximate the control problems. For the purpose of finite element formu-
lation we rewrite the state equation in weak form using transposition techniques [61]
and investigate the existence, uniqueness and regularity of the solutions for both type of
problems. We have used continuous piecewise linear functions for the approximations of
the state and co-state variables, and piecewise constant functions for the approximation
of the control variable. We have analyzed both spatially discrete and fully discrete finite
element approximations of POCPs with measure data in space and time. For measure
data in space, a priori error estimates of order (’)(hz_%) are derived for the spatially
discrete control problem whereas error estimates of order (’)(hz_g + k'/2) are established
for the fully discrete backward Euler time discretization scheme. Next, for POCPs with
measure data in time, we have obtained error estimates of order O(h) for the state,
costate and control variables for the spatially discrete problem. A time discretization
scheme based on the backward-Euler method is analyzed and error estimates of order
O(h + k'/2) are proved for the state, co-state and control variables. The key technical
tools used in our analysis include nonstandard weak formulation of the state equation,
interpolation approximation properties, embedding theorems, inverse estimates, opti-
mality conditions and duality technique. The previous work on the nonlinear parabolic
equations involving measure data, we refer to [12, 13]. Later, the author of [16] has
studied semilinear parabolic problems with measure data. Very recently, Gong [35] has
obtained a priori error estimates for a linear parabolic equation involving measure data

and for a posteriori error analysis, we refer to [38].
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Finally, we now turn our attention to study a posteriori error estimates for space-time
finite element discretization of POCP (1.6)-(1.8) with measure data. Two kinds of con-
trol problems, namely measure data in space and measure data in time, are considered
and analyzed. We use continuous piecewise linear functions for the approximations of
the state and co-state variables, and piecewise constant functions for the approximation
of the control variable whereas the time discretization is based on the backward-Euler
implicit scheme. We use duality argument, first order optimality condition and inter-
polation approximation properties to derive global upper bounds for errors in the state,
co-state and control variables in the L?(0,7T; L?(2))-norm. Numerical experiments are

performed to study the performance of the derived error estimators.

1.4 Organization of the thesis

This thesis consists of eight chapters, and is organized as follows. Chapter 1 intro-
duces the problems and it contains some basic notations and preliminary materials to
be used throughout this thesis. A brief survey of the relevant literature and motivation

for the present work are presented.
Chapter 2 considers optimal control problem governed by elliptic equation (1.1)-

(1.3) with measure data. The existence, uniqueness and regularity results for the state
and control variables are proved and a priori error estimates for the state, co-state and

control variables are derived.
Chapter 3 is devoted to the a posteriori error analysis for EOCP (1.1)-(1.3) with

measure data. We have derived the global upper bounds for the errors in the L2-norm.
Further, in the case of two space dimension (d = 2), local lower bounds are derived for
errors in the state and co-state variables, and global lower bound for error in the control

variable is established.
In Chapter 4, we study finite element approximations of POCP with measure data in

space in a bounded convex domain. We prove the existence, uniqueness and regularity of
the solution for the control problem. A priori error estimates for the state, co-state and
control variables are derived for both spatially discrete and fully discrete approximations
of the optimal control problem. Moreover, L?(0,T; L?(Q2)) convergence properties for

the state, co-state and control variables are established.
In Chapter 5, we consider optimal control problem governed by parabolic equations

with measure data in time. We prove the existence, uniqueness and regularity of the
solutions for this problem. The a prior: error analysis for the finite element method
is carried out and error estimates for the state, co-state and control variables for both

spatially discrete and fully discrete schemes are derived.
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Chapter 6 is concerned with residual type a posteriori error estimates of fully discrete
finite element approximation for parabolic optimal control problem with measure data
in a bounded convex domain. Two kinds of control problems, namely measure data in
space and measure data in time, are considered and analyzed. We derive global upper

bounds for the state, co-state and control variables in the L?(0,T; L*(£2))-norm.

Chapter 7 is devoted to the numerical assessments of both a priori and a posterior:

error estimates for EOCPs and POCPs with measure data.
Finally, Chapter 8 discusses the critical evaluation of the results highlighting the

contributions made by the thesis and scope of future investigations.
For clarity of presentation we have repeatedly given equations (1.1)-(1.3) or (1.6)-

(1.8) at the beginning of the subsequent chapters.
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EOCP with Measure Data: A Priori Error Analysis

In this chapter, we study the a priori error analysis of the control problem (1.1)-
(1.3) with measure data in a bounded convex domain in R? (d = 2 or 3). The state
equation exhibits low regularity due to the presence of measure data which introduces
some difficulties for both theoretical and numerical analysis. We prove the existence,
uniqueness and regularity of the solution of the control problem and derive a priori error
estimates for the state, co-state and control variables. To discretize the control problem
we use piecewise linear and continuous finite elements for the approximations of the
state and co-state variables whereas the control variable is approximated by piecewise

constant functions.

2.1 Introduction

Let Q C R? (d = 2 or 3) be a bounded convex domain with boundary 9. We now
recall the following EOCP:

. 1 «
min J(q,y) = §||y - de%Q(Q) + EHQH%Z(Q) (2.1)

9€Q7y
subject to the state equation
Ay=p+q in Q,
y=0 on 0f),
and the control constraints
G < q(x) < g ae. in Q, (2.3)

where y = y(z) denotes the state variable and ¢ = ¢(z) is the control variable. The

operator A is defined by (1.4) and o > 0 is a fixed parameter. Moreover, yq(z) € L*(2)
17
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is a given desired state, the function u = gw, where g € C(Q) and w € M (). The set

of admissible controls is defined by
E={qeL*(Q): ¢ <q) <q ae inQ} (2.4)

with q,, ¢, € R fulfill ¢, < gp.

The optimal control problems governed by elliptic equation with measure data play
an important role in many applications such as modeling of the potential of an electric
field with an electric charge distribution [60, 86]. An important feature of such problem
is that the solution of the state equation exhibits low regularity which introduces some
difficulties in the error analysis of finite element method. The solution of the state
equation of the control problem does not even belongs to H'(€). However, it belongs
to the Sobolev space W'?(Q)[1 < p < -%) of real valued functions together with all
their partial distributional derivatives of first order belongs to LP(2) (cf. [79]). The
previous work on elliptic problem with measure data are contained in [14] and [79]. In
[14], the author has derived convergence of order O(h?~%) for the finite element method
of standard elliptic problem, where h is the mesh size of the space triangulation and
d is the dimension of the domain 2. This chapter extends the a priori error analysis
of finite element method for standard elliptic problem with measure data to EOCP
with measure data. The key technical tools used in our error analysis include duality
technique, inverse estimate, optimality conditions and the properties of the interpolation

operator.
The outline of this chapter is as follows. We prove the existence, uniqueness and

regularity results for the state and control variables in Section 2.2. The finite element
approximation of optimal control problem is discussed in Section 2.3. Finally, in Section

2.4, we derive a priori error estimates for the state, co-state and control variables.
Throughout this chapter, C' denotes a positive generic constant independent of the

mesh parameter h.

2.2 Existence, uniqueness and regularity results

In this section, we prove the existence, uniqueness and regularity results for the

solution of optimal control problem (2.1)-(2.3). Let C(©2) be the space of real and
continuous functions on ©, endowed with the supremum norm || - || 1 (q), and let Co(€2)
be the subspace of C(Q) consisting of elements vanishing on the boundary. Note that the
space H2(Q) N HL(Q) is continuously embedded in Co(Q2), i.e., H2(Q) N HL(Q) — Co(Q)
(cf. [1]).

We now discuss the existence of solution of state equation (2.2). Let y € L*(Q2) be
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a solution of problem (2.2) in the sense that
/ yA'vdr =< gw,v - +/ qudr, Yve H*(Q)N Hy(Q), (2.5)
Q Q

where < gw, v >:= fQ gvdw. Note that the expression < gw, v > is well defined because
v € H2(Q) N HHQ) — Co().

Theorem 2.2.1. Let g € L?(Q2), g € C(Q) and w € M(Q). Then, the problem (2.2)

admits a unique solution y € L*(Q) in the sense that

/y.A*U dr =< gw,v > +/ qudr, Yve H*(Q)NH(Q). (2.6)
Q Q

Further, there exists a positive constant C' such that
Iyllzzr < € (gl + lallzz@)- (2.7)
Moreover, y € WyP(Q) forp € [1, L) and

sy < € (gl =@l + gl ). (2.8)

Proof. We borrow the proof technique of [14]. Let T : L*(2) — Co(Q2) be a linear map

such that T'f = ¢;. Then, in view of (1.12) of Lemma 1.2.2, 7" is continuous.
Let T* : M(Q2) — L*() be the adjoint operator of T. Take y = y; + ¥, where

y1 = T*p and yo € H*(Q) N HE () be the solution of
Ayz =¢q in Q,
ya =0 on Of).
Then, for v € H*(Q) N H (), we have

/yA*vdx = /ylA*vdx+/y2A*vdx
Q Q )

= /T*uA*vdx+/Ay2vd9:
Q Q

= /T(A*v) du+/quz
Q 0

= /vdu—i—/quw.
) )

/y.A*vdx = < gw,v > —l—/qux, (2.9)
Q Q

Since p = gw, we have
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and hence (2.6) holds. The uniqueness follows as the problem is linear. To prove (2.7),
we use the duality argument. For f € L?(2), let ¢ be the solution of (1.11). Then,

using (2.6) and Lemma 1.2.2 we obtain

/yfdx = /y.A*wdx:<gw,w>+/q¢dx
Q Q Q
< C(Ilgll ool 1= + lall 2oy 1422 )
< C(lgleo ol + lallze ) 12 (2.10)

The definition of L*-norm together with (2.10) gives the desired estimate. Next to prove
(2.8), we take f € Co(Q) and v € H2(Q) N HL(Q) to be the solution of problem:

Av=f in Q,
v=10 on Of).

From (2.9), we obtain

‘/yfdx‘ = ‘/y.A*vdx‘:)<gw,v>+/quw),
Q Q Q
9]l @ lwllm@ ol 2o @) + llall 2@ vl 22 (2.11)

IN

It follows from [75, Theorem 1.4] that there exists ¢ > 0 such that

[ollz@) < el fllw-1 0y (2.12)
where p' > d is arbitrary and W~=17(Q) denotes the dual of W,” () with % + z% = 1.
From (2.11) and (2.12), we obtain

| [ vFde] < clali@llcllsal Flw-sor + lallzlilliz

Since C(Q) is dense in W17 (Q) and L?(Q2), it follows that y € W,(Q) and satisfies
(2.8). This completes the proof. O

Now, we write the optimal control problem (2.1)-(2.3) in the weak form: Find (q,y) €
E x L?(Q) such that

. 1 2 Q2
q?qlzgd J(q,y) = iHy - yd||L2(Q) + §HQ||L2(Q) (2.13)
subject to
/ yAvdr =< gw,v = +(q,v), Vv € H*(Q)N Hy(Q). (2.14)
Q
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In the next step, we introduce the reduced cost functional j : L*(Q2) — R by

i(q) = J(q,y(q)),

where J is the cost function given by (2.13) and y(q) is the weak solution of (2.2)
as defined in (2.14) . The optimal control problem (2.13)-(2.14) can be equivalently
reformulated as

min j(q), (2.15)

1€Qr,
where the set of admissible controls is given by (2.4).
The following theorem ensures the existence and uniqueness of solution of the mini-

mization problem (2.15).
Theorem 2.2.2. The optimal control problem (2.15) admits a unique solution.
Proof. Let g, be the minimizing sequences, i.e., j(g,) — infquEd j(q). By virtue of the

term o|q||r2@) in j(q), ¢» is bounded in Q% and let y(g,) = y,. From the a priori
bound (2.7), we have

Ynllz2@) < C,

where €' = C(l[gll =@, [lwllm@), ll4llz2@)-
Hence, y, and ¢, has a subsequence denoted by y,, and ¢, such that y,, —

y in L?(Q) weakly. For v € D(Q), we have

(Gny,v) = — < gw,v > +/(ynk —y)A*vdr + / yA v dz,
Q Q

as n — 00, Yn, — y strongly and (¢,,,v) — (¢,v). Hence g,, — ¢ inD'(2) and y
satisfies (2.14). Then, we have y = y(q) and

jlg) < liminf j(g,) = inf j(g)
quad

and therefore, ¢ is the optimal control. O

In the following, we state the first order optimality condition for the optimal control
problem (2.13)-(2.14) (cf. [60]).

Theorem 2.2.3. Assume that (q,y) € QF,x L*(Q) is the solution of the problem (2.13)-
(2.14). Then there exists a unique co-state z € H*(Q) N HL(Q) satisfying

Az =y —yq in €,
(2.16)
z=10 on OS2.

Furthermore,
F(@G—q) =(q+24-9) >0, GeQl, (2.17)
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The optimality condition (2.17) can equivalently be written in the form [60, 86:

1
4= Po.q) ( - 52)7 (2.18)

where Py, 1 denotes the projection of R on to [q,, ¢»] defined as

Plga.y) (@) := max(qq, min(gy, q)).

The second derivative of j”(q)(+,-) is independent of ¢ and positive definite, i.e.,
7"(@)(r,r) > velrilizg), Vre L*(Q), (2.19)

where vg > 0 is a positive constant.
Using (2.18), we deduce the regularity results summarized below.

Theorem 2.2.4. Let (q,y) € Quqa X L*(R2) be the unique solution of (2.13)-(2.14), and
z be the unique solution of (2.16). Then, we have

d
Yy S WOLP(Q) N L2(Q)7 p € [17 ﬁ)a
2 e HAQ) N HYQ) and g € HA(Q) N HL(Q) N L=(Q).

Proof. Tt follows from Theorem 2.2.1 that y € W,"(Q) N L*(Q). By the standard
regularity results of elliptic equation z € H*(2) N H (). Now the embedding theorem

gives z € Cp(£2), thus the control constraints (2.3) and the property (2.18) imply the
stated regularity of the optimal control q. O

2.3 Discrete optimal control problem

This section considers finite element approximations of the control problem (2.13)-

(2.14) to obtain discrete optimal control problem.
Let Ty, be a family of triangulation of Q such that Q = Ugc7, K. We assume that  is

the union of the elements of 7, so that element edges(faces) lying on the boundary may
be curved. For each element K € 7T,, we associate two parameters hx and oy, where
hg denotes the diameter of the element K and o is the supremum of the diameters of
all circles contained in K. Define the mesh size h = max hg. Further, we assume that

there exists positive constants C'; and C5 such that

holds VK € T;, and Vhy > 0 (cf. [24]). Associated with Ty, let V}, be a finite dimensional
subspace of C(Q), consisting of piecewise linear polynomials. We denote V? = V}, N
Hy(9).
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Since T, is quasi-uniform, the following inverse estimates hold for all v, € V}, [24]:

ol < Ch 7 2[Jon|lgr ), 0 <81 <55 <1, (2.20)
lvnll o) < Ch‘d/2||vhHLz(Q). (2.21)

We need the following approximation properties [24, 77].

Lemma 2.3.1. Let m, : C(2) — V}, denote the standard Lagrange interpolation operator
defined by

TRY 1= Z v(a;)pi,

i

where a; are the nodes on Q and ; are the corresponding shape functions. Then, for
v € H*(Q), we have

||U — 7Th’U||L2(Q) 1 h”U — 7Th’U||H1(Q) < Ch2||UHH2(Q), (222)

and
_d
”'U — 7Th’U||Loo(Q) S Ch2 2 ”UHH?(Q) (223)

Lemma 2.3.2. Let L}, : L*(Q2) — V}, be the L*-projection operator defined by
(Lrv —v,v) =0, Yo, €V (2.24)
Then, we have
lv — Lavlla-19) + Allv = Lyolr2) < CR*[[o]lm ).

Let V;? be the finite dimensional space for the state and co-state variables and we

set
Qr ={dn € QL,: YK € Ty, qn|wx = constant}.

The finite element approximation of optimal control problem (2.13)-(2.14) is defined
as follows: Find (qs,yn) € QF x V2 such that

1 a
in J i —uill? - 2 2.25
thgglf (qnyn) 5 lyn — Yall72(q) + 5 lanllz2 0 (2.25)
subject to
a(yn, vn) == gw,vp = +(qn,vn),  Yop € Vi, (2.26)

where < gw, v, == [, gu, dw.
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The following stability result holds true.

Lemma 2.3.3. Let g and w be functions such that g € C(R), w € M(Q) with u = gw
and let ¢ € L*(Q). If yn(q) € V¥ is a unique solution of
alyn(q),vn) == gw,vp = +(q,v), Yo, € V)2

Then

lyn(@lz20) < € (gl llamer + lalzzie) ).
Analogous to the continuous case, we define the discrete reduced cost functional
gn L*(Q) - R as
in(a) = J(q,yn(q))-
The discrete optimal control problem (2.25)-(2.26) is read as

min_ jn(qn)- (2.27)

qhth

With the standard arguments we prove the existence of a unique solution g, € fo & Qfd

of (2.27). The first order optimality condition is written as

in(an)(@n —aqn) >0, Vg, € QF. (2.28)

Similar to the continuous case, the directional derivative j; (gn)(Grn—qn) for given qs, G, €

QF can be expressed as

In(@n)(@n — an) = (@gn + 21, Gn — qn), (2.29)
where z, be the solution of the discrete co-state equation

a(zn, vn) = (Yn = Yas vn), Yo, € V3. (2.30)

The variational inequality (2.28) is equivalent to the following pointwise projection for-
mula [60, 86]:

1
ah = Plgo.q) < - azh>
2.4 A priori error estimates

In this section, we derive a priori error estimates for the state, co-state and con-
trol variables of optimal control problem (2.1)-(2.3). For the subsequent error analy-
sis it is convenient to introduce the following auxiliary problems: For ¢ € QZ, find
(yn(q), 2n(q)) € V)2 x V2 such that

a(yn(q),vn) = =< gw,vn = +(q,vp), Vo, €V, (2.31)
a(zn(q),vn) = (yn(q) — ya,vn), Vo, € V. (2.32)
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We now recall the following lemma associated with error estimates for the adjoint
problem (1.11).

Lemma 2.4.1. Assume that ¢ € H*(Q) N HY(Q). Let 1, € V)P be the solution of

a(@bh, Uh) = a(@b,vh), Y, € V. (233)
Then, we have
1Y = nllrz) < CR*||[¥||m20), (2.34)
_d
1 = Unllee@ < Ch*2|[¢llu2). (2.35)

Proof. The proof follows the idea of [24]. To prove (2.35), we split the error as follows

1Y — ¥nllLoo) LY — T o) + |70 — Unll Lo (@)

where 7, is the Lagrange interpolation operator defined in Lemma 2.3.1. Use of inverse

estimate (2.21) together with Lemma 2.3.1 gives

_d _d
1Y — nlle@ < CR*2|[Yllm2) + b2 ||math — ¥nllr2(e)
_d _d
< CR 2 ||Y)lm2) + A2 | — Ynll 2
_d
< CR 2 |[Y] g2

This completes the proof. O

In the following lemma we prove an intermediate error estimate for the state variable.

Lemma 2.4.2. Assume that ¢ € L*(Q) and p = gw with g € C(Q), w € M(Q). Let
y and yn(q) be the solutions of (2.14) and (2.31), respectively. Then, there exists a
constant C' > 0 independent of h such that the following error estimate holds:

_4d
Iy = s (@l 2@ < C (R gl [llme + Al ).

Proof. For f € L*(Q2), let ¢ € H*(Q) N H}(Q) be the solution of (1.11). Then, use of
Green’s formula and (2.14) yields

/Q (v — (@) fdr = / (v — yn(@)) A da

_ / YA dar / un(g)A™ da
Q Q
= <gw, ¥ > +(q,%) — alyn(q), ¥).
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With an add of (2.33) and (2.31) we obtain

/Q - @) fde = < gw. b=+ ) — alyala), v)
= < gw, Y —p = +(q, ¥ — Uy).
An application of the Cauchy-Schwarz inequality gives
| [ = @) da] < lgllmo Wollsaeolld = vl + el [ = vnl

Using the estimates of Lemmas 2.4.1 and 1.2.2, we obtain
_d
| [ =@ dz] < (1 Hlgllmllolae + 7 ldlom ) 1z

Now, from the definition of L?-norm, we have

(fry = yn(q))

||y—yh(Q)||L2(Q) = sup
JEL?(),f#0 ||f||L2(Q)
_d
< C(R gl + Fllglm),
and this completes the proof. ]

Now, we proceed to estimate ||z — z,(q)|| 2

Lemma 2.4.3. Let z and z,(q) be the solutions of (2.16) and (2.32), respectively. Then

there exists a constant C > 0 such that

Iz = zn(@) 2 < Ch2(||y||L2(Q) + ||yd||L2(Q)) + ly = va(Dl22@)-
Proof. We shall use the standard duality argument to prove this. Let ¢ € H*(Q)NH] ()
be the solution of (1.10) with f € L?(Q). We multiply (2.16) by ¢ and form L2-inner
product over €. Then, use of Green’s formula, (2.32) and (2.33) yields

| [ o] = | [~ a@poa
= Ja(z.6) ~ a(zala). )]
= a(z,aﬁ)—a(zh(Q)a¢h)‘

= | = y0:9) = (@) = a0
Add and subtract the term (y — yq4, ¢n) and an application of the Cauchy-Schwarz

inequality together with Lemma 2.4.1 gives

| /Q<Z — (@) fde| = |— a0 )+ (- wla) on)]

1y = yall2@)llo — onllz2) + 1y — yn(@) | 2@ Pl 2@
< (CPlly = yallzoy + Iy = n(@ iz ) 1 2

IA
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In the above, we have used the stability estimate ||¢p||r2) < C||f]lz2(0) and Lemma
1.2.2. The definition of L?-norm gives the desired estimate. This completes the proof

of the lemma. O

The following lemma yields the error between the derivative of continuous and dis-

crete reduced cost functionals.

Lemma 2.4.4. Let j'(¢q)(r) and j;(q)(r) be given by (2.17) and (2.29) with q, = q,
respectively. Then

7(@(r) = G(@)(r)| < C* iz, Vr € LA(Q),
where
¢ = C(lgllzete, I1wlaays Iallzays lallzze))- (2:36)
Proof. Use of (2.17) and (2.29) together with the Cauchy-Schwarz inequality gives
(@) (r) = dn( @) = Iz = 2u(q),7)|
< == 2@z Il 20)-
An application of Lemma 2.4.3 completes the rest of the proof. O

We are now in a position to derive one of the main result of this chapter, namely

the error between the continuous control ¢ and discrete control g.

Theorem 2.4.1. Let q and g, be the optimal controls of (2.15) and (2.27), respectively.
Assume that 3"(q)(-, ) satisfies (2.19). Then, we have

o aillay < O + P
q—4q 2 S )
MO = T e
where C' is given by (2.36) and
6 = O(llghi=@: leollsaans lvall 2@, lallzos ). (2:37)
Proof. With r € L*(€), we have
7"(@)(r,r) = vellr ), Ve € Qo (2.38)
and
Jn(an)(r,r) = vl Za@), Van € Q- (2.39)
We now formulate the following auxiliary problem:
min_j(qn), (2.40)

aeQF
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where we only discretize the control variable. Let g, be the solution of problem (2.40).

We decompose the error as follows

q—qn="(q—a)+ (Gn — qn), (2.41)

and proceed to estimate each term separately.
In view of (2.38), we have for A\ € [0,1] with £ = Ag + (1 — A\)g, and h sufficiently

small,

vellg = @nllizy < 3"(E)(q = Gn g — Gn)

The necessary optimality condition imply for h sufficiently small

J(@)(qg—aq) <0 and —j'(qn)(Lrg — Gn) <0,

which together with the properties of £, and the Young’s inequality yields

el = @nllizy < —5'(@n)(q — Lng)
= _<a(jh + 2(Gn), q — ﬁhQ)
= —(2(Gn) — Lr2(dn),q — Lrq)
(G120@) — 42 Baoy + g lla — Lalae )

Therefore, we obtain

C . ’ C
= l54@) = @) ey +——lla = Ltz

Using Lemma 2.3.2, we immediately have

g = nllzee) < (

. C 4 C
lg—illze) < (—=hl=(@)llme + —=hllalmnw)).
VE VVE
¢
< N
V7E

where C'is given by (2.37). To estimate the second term in (2.41), we use the necessary

optimality condition which leads to the following relation

gnlan)(an — 1) <0 < 5'(Gn)(rn — Gn), Vra € Q.
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With € = Ay, + (1 — A\)@n, A € [0, 1] and h sufficiently small, we have from (2.39)

Vel — llie < Jn(E)(gh — G, an — Gn)

= Jn(an)(gn — Gn) — 3(@n)(an — Gn)
3'(@n)(an — @n) — 31(an)(qn — Gn)

< Ch* 3 lan — @nll 20,

IN

where the last step follows from Lemma 2.4.4 and C' is given by (2.36). This completes
the proof. 0

The following theorem yields the error between the continuous and approximate

state solutions.

Theorem 2.4.2. Let y € L*(Q) and y, € V¥ be the solutions of (2.14) and (2.26),

respectively. Assume that u = gw, g and w are given functions such that g € C(Q) and
w e M(Q). Then, we have
_d
Iy = pullzzor < € (B2 gllz=o e + B2 lallzzce) ) + lla = anllzz
Proof. Let ¢ be the solution of (1.11) with f € L?(Q). Then, using (2.14), (2.26) and

Lemma 2.4.1, we have

/Q(y—yh)fdﬁ = <gw,%— VY = +(q, ¥ — ) + (¢ — qn, ¥n)

g1l ee@yllwll Mm@ 1© — Ynll L) + llall 22 | — Ynll L2
+lla = anllz2@) | ¥nll L2 @)
_d
E C<h2 2| gll oo ol mee) + h2||Q||L2(Q) + llg = qh||L2(Q)) 1 f 1l 2.

IA

where we have used the fact ||{n||r2@) < C||f]|12() and Lemma 1.2.2. The definition

of L?>-norm gives the desired estimate. This completes the proof. O
Now, we write the error for the co-state variable.
Theorem 2.4.3. Let z and z, be the solutions of (2.16) and (2.30), respectively. Then
there exists a constant C' > 0 such that
I = 2l 22y < OB (lyllziey + lyall 2o ) + Iy = llzzcon.
Proof. The proof is similar to Lemma 2.4.3. Hence, we omit the details. O

Concluding remarks. In this chapter, we consider the optimal control problem
governed by elliptic equation with measure data and investigate the existence, unique-

ness and regularity results for the control problem. To discretize the control problem

TH-2228_ 136123009



CHAPTER 2. EOCP with Measure Data 30

we use piecewise linear and continuous finite elements for the approximations of the
state and co-state variables, whereas piecewise constant functions are used for the ap-
proximation of the control variable. We have derived a priori error estimates for the
state, co-state and control variables (see Theorems 2.4.1-2.4.3). Numerical experiment

is performed to validate our theoretical results in Chapter 7 (see Example 7.1).

TH-2228_ 136123009



3

EOCP with Measure Data: A Posteriori Error Analysis

This chapter is concerned with a posteriori error analysis of EOCP (1.1)-(1.3) with
measure data in a bounded convex domain in R? (d = 2 or 3). We derive global upper
bounds for errors in the state, co-state and control variables. Moreover, local lower
bounds are established for errors in the state and co-state variables, and global lower
bound for error in the control variable is demonstrated in the case of two space dimension
(d =2). The present work extends the results of standard elliptic problem [7] to EOCP
(1.1)-(1.3) with measure data.

3.1 Introduction

We now recall the following EOCP with measure data:
min J(q,y) = 21y~ vall i) + 2 lalliae (31)
4€QE, 2 @9 (@)

subject to the state equation

Ay =p+q in Q,
(3.2)

y=20 on 0f),

and control constraints
Ga < q(r) < g ae. inf, (3.3)

where  is a bounded convex domain in R¢(d = 2 or 3) with boundary 9. The
operator A is defined by (1.4) and a > 0 is a fixed parameter. Further, y; € L*(Q) is

a given desired state and p = gw with g € C(2), w € M(). The set of admissible
controls is defined by

QE ={qe L*(Q): ¢ <q(x)<q ae inQ} (3.4)
31
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with q,, g, € R fulfill ¢, < gp.
For the purpose of finite element approximation we write the weak formulation of

EOCP (3.1)-(3.3) as follows: Find a pair (¢,y) € QF, x L*(Q) such that

1 o
in J = —|ly — yal? —lqll3 3.5
in (@:9) = 511y = yallza@) + 5 lallza@) (3.5)
subject to
/ y A vdr =< gw,v = +(q,v), Vv € H*(Q)N H(Q), (3.6)
Q

where < gw,v == [, gvdw.
In the next step, we introduce the reduced cost functional j : L*(Q) — R by

i(a) = J(a,y(q)),
where J is the cost function given by (3.5) and y(q) is the weak solution of (3.2) as
defined in (3.6). The optimal control problem can then be equivalently reformulated as

min j(q), (3.7)

a€QE,

where the set of admissible controls is given by (3.4).
In the following theorem we state the necessary optimality condition for the optimal

control problem (3.5)-(3.6) (cf. [60]).

Theorem 3.1.1. Assume that (q,y) € QF,x L*(Q) is the solution of problem (3.5)-(3.6).
Then there erists a unique co-state z € H*(Q) N H(Q) satisfying

Az2=y—yqs in Q,
(3.8)
z2=0 on 0N).

Furthermore,
F(@G—q =(aqg+24-9 >0, §eQg (3.9)

Since this is a linear control problem, the reduced cost functional j is convex. Fur-
thermore, j(-) is strictly convex in the sense that there is a positive constant ¢; inde-
pendent of h such that

(]/(Q) _]/(Cj)7q - Cj) Z C1||q - Cj”%ﬂ(ﬂ)v V(jv qc Qfd‘ (310)

We now consider the finite element discretization of the control problem (3.5)-(3.6).
Let Ty, be a family of triangulation of Q such that Q = Ugc7, K. We assume that Q is

the union of the elements of 7, so that element edges(faces) lying on the boundary may
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be curved. For each element K € 7T,, we associate two parameters hx and o, where
hg denotes the diameter of the element K and o is the supremum of the diameters of
all circles contained in K. Further, we assume that there exists a positive constant C
Z—ﬁ < C) holds VK € Tp, and VYhy > 0 (cf. [24]). Let V}, be a finite dimensional subspace
of C(Q) consisting of piecewise linear polynomials. Set V! =V, N HL(Q2). Let &, be the

set of interelement edges(faces) in the interior of the mesh. The quantity
502)
on A

defined on the edge(face) e € &,, e = K N K’, measures the jump of Vv across the

= (AVU)K “NK + (AVU)K/ N

e

element edge(face) e. Here ng denotes the unit outward normal vector to JK and

A = (a;;(x))axa. Let he denotes the length of the edge(face) e.
Set QF as follows:

Qr = {an € QL : YK € Ty, Gu|x = constant}.

The finite element approximation of the optimal control problem (3.5)-(3.6) is defined
as follows: Find a pair (g, yn) € QF x V¥ such that

. 1 2 o 2
uin, T(ans yn) = 5llyn = Yallz2@) + S llanlz20) (3.11)
subject to
a(yn, vn) == gw,vp = +(qu,vn), Vo, € V2. (3.12)

Analogous to the continuous case, we define the discrete reduced cost functional
gn: L2(92) = R as
in(@) = J(q,yn(q))-

The discrete optimal control problem is then read as

min_jn(qn)- (3.13)

G eQF

With the standard arguments we prove the existence of a unique solution g, € Q¥ C QZF,

of (3.13), see [60]. The first optimality condition is then written as

in(@n)(Gn —an) >0,  Vin € QF. (3.14)

Similar to the continuous case, the directional derivative j; (¢x)(dn—qn) for given qx, ¢, €

QF can be expressed as

];l(q}l)(th - qh) = (Oéqh + zp, th - Qh)v (315)

TH-2228_ 136123009



CHAPTER 3. EOCP with Measure Data 34

where z, be the solution of the discrete co-state equation
alzn,vn) = (yn — ya,vn), Vo, € V2. (3.16)

The main focus of this work is to study a posterior: error analysis of the finite element
method for EOCP with measure data. It is known that a posteriori estimates are key
ingredients for the adaptive algorithm. The low regularity of the solution of the state
equation due to presence of measure data introduces some difficulties for both theory and
numerics of finite element method. Therefore, an efficient numerical technique is used to
solve these control problems and the development of AFEM suits to this kind of problem
for better accuracy. The aim of this chapter is to construct a posteriori error bounds for
EOCP with measure data. In the context of EOCP with measure data (3.1)-(3.3), we
have derived global upper bounds for errors in the state, co-state and control variables
in the L2-norm. In case of two space dimension (d = 2), we have obtained local lower
bounds for errors in the state and co-state variables, and global lower bound for error in
the control variable. The key technical tools used in our analysis are the interpolation
approximation properties, inverse estimates, optimality conditions, element and edge
bubble functions and their properties. The previous work on a posteriori error analysis
with Dirac source term for the standard elliptic problem has been discussed in [7]. They
have obtained global upper and local lower bounds in LP-norm and W*'? seminorm for

p < 2.
The rest of the chapter is organized as follows. In Section 3.2, we derive upper

bounds for errors in the state, co-state and control variables. Section 3.3 is devoted to
local lower bounds for errors in the state and co-state variables, and global lower bound

for the control variable.

3.2 Upper error bounds

This section considers a posteriori error analysis for the control problem (3.5)-(3.6)

and derive upper bounds for errors in the state, co-state and control variables.
In the following, we define some auxiliary problems: For ¢, € QF, let (y(qn), 2(qn))

be the solutions of the following equations:
/Qy(qh).A*v dr = <gw,v>=+(q,v), Yove H*(Q)NH;Q), (3.17)
a(z(an),v) = (y(an) — ya,v), VYo € Hy (). (3.18)
From (3.9) and (3.15), we have
(5'(q),7) = (aqg + z,7), Vre L*Q), (3.19)
(4'(an), ) = (agn + z(qn), ), Vr € L*(Q), (3.20)
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and
Gn(an), ) = (agn + zn,7),  Vre LXQ). (3.21)
We need the following lemmas in deriving residual-type a posteriori error estimates.

For a proof, see 24, 51].

Lemma 3.2.1. Let 7, : Co(2) — Vj, be the standard Lagrange interpolation operator
defined in Lemma 2.3.1. Then, for m = 0,1, we have

v = Thollgm ey < Crmhye ™vlmeg, Vv € H*(K),
and
[o = 7h0|| L) < Croohiae P 0lmay, Yo € HA(K).
Lemma 3.2.2. For allv € W'(Q), 1 < p < oo, we have
lWllir) < Cre (A lollasge) + b o).

In the following lemma, we derive upper bound for error in the control variable.

Lemma 3.2.3. Let q and g, be the solutions of (3.7) and (3.13), respectively. Assume
that (aqy + z1)|x € HY(K), VK € Ty, and there exists a positive constant C3 > 0, and
rh € QF such that

(agn + 2w — @)l < C5 > haclagn + znlmo g — anllze xo)- (3:22)
KeTy,
Then
3C2 3
— qnl? <([——=3 24y - — 2 3.23
o= 0l < (5 gt + ey o~ 20l )+ (329

where ¢; > % and
, ) 1/2
m:= < Z hiclogn ‘|‘Zh|H1(K)> ~
KeTy
Proof. Using (3.9), (3.10) and (3.22), we have

allg—anliz < G'(@),a—a) = (G'(an), a— an)
< —'(an) a—an) = Grlan)san — @) + Gnlan) — 3" (an) a — an)
< G Z hiclagn + znl o lla — anll 2y + 1Gnan) = 3" (an), @ — an)]

KeTy

IN

303 2 2 1 2
I Z Riclagn + 2u 5 x) + ZHQ — @720
KeTh

+(n(an) — 3" (an), a — an)l- (3.24)
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From (3.20) and (3.21), it is easy to show that

|(Gnlan) = 3'(an),qa —an)l = 1(zn — 2(qn), ¢ — qn)|

3 1
< ZHZh — 2(an)1 T2 + 5

4Hq - Qh||2L2(Q)- (3.25)

Combine (3.24) and (3.25) to complete the rest of the proof. O

In the following lemma, we derive intermediate error estimates for the state and

co-state variables.

Lemma 3.2.4. Let (yn, zn) and (y(qn), 2(qn)) be the solutions of (3.12), (5.16) and
(8.17)-(3.18), respectively. Then,

1y(an) — ynllz2) < Calnz + n3), (3.26)
and
12(gn) — 2nllz2@) < Ca(mz + m3) + Csna, (3.27)
where
77% = Z h}’}_d||g||%oo(z<)||w||i4(z<)
KeTy
o= 3 = Al + 2 (72
KeT, n a4 11L2(e)
8zh 2
2 3
o= Y bl =y = Al + 2R 5 ]||
KeTy, ey 8%_,4* L2

Cy = C1Cqmax{Cro, Cro,Cre} and Cs = | /2030 max{C},, C3.}.

Proof. To derive a posteriori error estimate for ||y(qn) — ynl/z2(0), we use the duality
argument. Let ¢ be the solution of the adjoint problem (1.11) with f = y(qn) — yn.
Then, from (3.17), we have

(@) — willZae = / (y(an) — yn) A0 da

_ /Q y(an) A dz — a(yn, ¥)
= < gw, ¥ = +(qn, ¥) — a(yn, ).
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Using interpolation operator ,, (3.12) and Green’s formula, we obtain

ly(an) — yh”%2(9) = < gw, b —mp = +(qn, Y — ) — alyn, Y — )
= {<9w7¢—ﬂh¢> Z/ (gn — Ayn) (¥ — mpt)p) da
KeTy
_ Z / ayh — 7Th’l7b) d€}
ecly,

Now, we need to estimate E;, ¢ = 1,2. From Lemmas 3.2.1 and 3.2.2, we have

I — Tl ey < Crohillmex), (3.29)
I = mntbllize < Cre(hg I = mtllae) + Bl = Tl o)

< Cr b3l a2 ), (3.30)

I — Ty < Cr ook [l (3.31)

where e C K. For Ey, use of property (3.31) yields

Bl <> Ngllzoe g lwll e 14 = mnt | oo e
KeTy

o4
< O Y, i tllgllescoyllwllaaqe 101 a2 (3.32)
KeTy

and for Es, use of (3.29), (3.30) together with the Cauchy-Schwarz inequality and shape
regularity of 7, gives

|By| = Z/qh—Ayh ) — ) d:c—z/ ayh b — mpt) de

KeTy e€Ey

< ClmaX{0107CIe}{ Z hcllan — Aynll 72y

KeTh
+ Z h3 [8%]

} 191 20 (3.33)
ecf h
Using the definition of L*norm, (3.32), (3.33) and Lemma 1.2.2 in (3.28), we obtain

L2(e)

o4
ly(gn) = wnllzzey < CiCaCroe > hig 29l wllmi) + C1Cz max{Cl o, Cr e}

KeTy
% (2 hkcllan — Ayl + > o)

KeTy

sl
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which proves (3.26). It remains to estimate ||2(gn) — 2n||r2(). Let ¢ be the solution of
(1.10) with f = z(qn) — zn. Then, use of (3.16) and (3.18) ylelds

12(an) = 2nll72) = (2(an) — 20, A9)
= a(z(qn), ¢) — alzn, 9)
= (y(gn) — va, ®) — alzn, 9)
= (y(an) — Ya, ¢) — alzn, @ — Thd) — (Yn — Ya, Th)

= Z/ (Yn — ya — A*zp) (¢ — o) dz

KeTy,
a
_GZE/ 8nzj* ¢ — o) de + (y(an) — yn, &).

Using (3.29)-(3.30), Lemma 1.2.2 and the Young’s inequality, we obtain

Iatan) ~ 2l < C2Chmax{Clo, G 3o W [ (- va = Aaf o
K

KeTy,

+ 0 [ [T e} + Jlvta) = vl

ecly

1
+5 1) = 2l

Therefore, we have

12(gn) = 2nllZ20) < 2C07CEmax{CFy, CF 3 i + lly(an) — vnlliz(q)
This completes the proof of the lemma. O

Now, we are in a position to derive the estimates for ||y, —y||r2() and ||z, — 2||2(q)-

We now write

lyn — vl 2 < Nlwlan) — vnllze) + ly(an) — yll2e)
and

l2n = 2llz2) < l2(qn) = 2nllr2@) + 12(qn) — 2l 2()-
Using Lemma 1.2.2, we have

lyn — vllze) < Nly(an) — vnllze) + llan — qll 2@

and

IN

12(qn) — 2nllz2@) + ly(an) — yllz2()
< lzlan) = znll2@) + llan — all 220

B Z||L2(Q)
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The following theorem provides upper bounds for errors in the state, co-state and

control variables.

Theorem 3.2.1. Let (y,q) and (yn, qn) be the solutions of (3.5)-(3.6) and (3.11)-(3.12),
respectively. Let z and z, be the solutions of the co-state equations (3.8) and (3.16),
respectively. Then,

{Con + CR05 + )+ C2ni },

3
lyn — yll320) + 120 — 2ll32 () + llan — ll32i0) < 202 — 1)

where my is defined in Lemma 3.2.83 and n;|i=o,.. .4 are defined in Lemma 3.2./.

.....

Remark 3.2.1. Note that Theorem 3.2.1 is valid when w = 9,,, where 6., denotes the
Dirac delta function concentrated at a point x.. If x. € K then the bound for the state

reduces to
3 .
lin =yl < 5505 Cnk + CR0E + 1) + O}

where My = hi||g|| L (x), M is defined in Lemma 3.2.3 and n;|—s 4 are defined in Lemma
3.2.4. If x. is the vertex of the element K then the bound for the state reduces to

3 R
I =yl < 5oy (Cink + O + CRk).

where Cy = CrCrmax{Co,Cr.}.

3.3 Lower error bounds

This section is devoted to the estimation of lower bounds for the errors in the case of
two space dimension (d = 2). We shall use the element and edge bubble functions and
their properties (cf. [2, 7, 87]) to derive the main results. We take w = d,, and define

the bubble functions for the state and co-state separately.
Bubble functions for the state: Given e € &, let b.(z) be the edge bubble function

having support
we ;== U{K : 0K D e}

is defined by

2
Ki\Ki1\K2\ K> ‘JB—-'EcP : o
(NSNS AR) i €
be(x) == )
Ki\K1\Ko\ Ko .
(AEAARAR?) otherwise,
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where wy is the interior of w, and Ay’ is the barycentric coordinate of = associated with

the triangle K; and the point P;, extended to the whole w..
The following lemma provides some properties of the edge bubble function b.(x)

which will be used in deriving lower bound for the state variable.

Lemma 3.3.1. Fore € &, let b.(x) and w, be defined as above. Then,

826755) = 0 on w,,

Cohe < / bo(x) de < Cr .
b @l < Cohl™  m=172,
[bc (@) L2we) < Co,

where Cilig....9 are positive constants depend on the polynomial degree and shape pa-

.....

rameter of Tp, and n. is the unit outward normal to the edge e.

We now define the element bubble function as follows: Let K be a triangle of 7y,
containing x. (if x. lies on an inner edge, any of the two triangles sharing the edge can
be chosen as K). Let

wg =U{K' €T, : K'NK # 0}, (3.34)

and L := dist(x., Owk ), where Qwg denotes the boundary of wg. Notice that, because
of the shape regularity of the mesh, hx < C'L. Let b, () be a smooth bubble function

defined on €2 with support in wg and satisfying

p

0<b,(x) <1, Vxel,

by(x) =1, |z—2x]<L/4, VreQ, (3.35)

beo(z) =0, |z—z/]>3L/4, Ve

Lemma 3.3.2. Let b, (z) and wg be defined as above and x, € K. Then, we have

1bec (@) |20y < Cho,
bz (T) |y < Cni h}{m, m=1,2,
162, (@) |20y < Cho,

where the positive constants C;li—1011,12 depend on the polynomial degree and shape reg-

ularity of the triangulation Ty,.
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Bubble functions for the co-state: Let by (x) be the standard third order polyno-
mial on K scaled such that bx = AjAgA3, where {A;, Ay, A3} denote the barycentric

coordinates on K. Then, by (z) satisfies the following properties:
suppbi(x) C K, 0<bg(x) <1, mz%(b;{(x) =1,
Te
Let Sk = by for all polynomials ¢ of degree 1, then B € H?(K) and

Cusllellzy < [1bkellzx) (3.36)
1Bk ey < Cahill| B2y, VK € Th, (3.37)

where (13 and C14 are positive constants depend on the polynomial degree and shape

regularity of the triangulation 7y,.
We need to introduce the edge bubble function for the co-state. Let b.(x) be the

fourth order polynomial for the edge e, where e = 0K1N0K, and K; be the triangle with
vertices (x07 yO)a (xla yl)» (x27 y2)a K2 be the triangle with vertices (:L'0> y0)7 (1’2, y?)v (1’3, y3)
and e be the common edge joining (xq, o), (72, y2). So, we define the edge bubble func-

tion b, () as follows:

oA Ay, Ky U Ky,
be(z) =
0, Q\ Ky UKy,

where 5\0, % corresponds to the triangle K; and 5\6, 5\’2 corresponds to the triangle Ks.
To Yo 1 To Yo 1 To Yo 1 Ty 1
Denote Ay := |z oy, 1|, D2 = |25 yo 1|, Dor == |27 y; 1}, D2 = |2y 1)

Ty Y2 1 r3 Yz 1 r y 1 Ty y2 1
x y 1 To Yo 1
Aoz = |z, y, 1land Agz:=|z 7 1|. Then, set

r3 Y3 1 r3 ys 1
N A12 N A01 N} A23 17 AOZ’)
A =———, Mgi=——, N\ji=—— and \y:= ——.
O T A+ A PTA A OT A FA, N TATTA,

Let K = K, U K. Then for 8. = @l;e(x) satisfies g—gz — 0 on JK, where n, is the

unit normal to the edge e, for all polynomials ¢ of degree 1. So, we have 8, € HZ(K).
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Then, from the standard scaling arguments, it can be shown that (cf. [3, 87])

1Bell2iey < Cushd|1Bell o) (3.38)
~1

Cisl|@llz2e) < 16 Pl L2(e)s (3.39)

1Bellziey < Creh|1Bell iy (3.40)

where Ci5,C1¢ and C}; are positive constants depend on the polynomial degree and

shape regularity of the triangulation 7j,.
Now, we are in a position to derive local lower bounds for error in the state variable.

Theorem 3.3.1. Let x. € K and wy be defined in (3.34). Let EF be the set of edges e
of triangles K C wg such that e ¢ dwg. Then

hicorclee) < i Cuollgr = gl + Cra (110 = iz + lan — Aallizcune) ) §

OYn
C w h2 [ ] )
+Cully = ynllz2wr) + Z onad 2
ec& h
and
OYn 1
2 < —<C — w C he( - & - v >}
[871,4} ‘ L2(e) Cﬁ{ 5|y yh”m( ) T Co llgn Ayh||L2( ot lg Qh||L2( )
where gx denotes the mean value of g on the element K ji.e., gx(x \K| fK

Proof. Let b,, be the bubble function defined by (3.35). Using (3.6) and integration by

parts, we obtain

gK(‘TC> = =< KOz, by, -
= = (gK - g)(srca b-'Ec -~ _'_/ yA*bmc dx — / quc dx
Wi WEK
= <(9x — 9)0u.. by, >~ +/ (y — yn)A*b,, dx +/ Ayp by, dx
wi

ayh abxc
+Z/ s [ .. de —Z/ 07@4* de—/qubxcdx.

Since [a Te ] ‘ = 0, it now follows that

(2 = =< (i — 9)0ussbu, > + / (y — yn) A"y, dr + / (Ayn — gn) bs, da

a
+Z/ yh bxcd +/ (qh — q) ba, da.
WK

eESK
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An application of the Cauchy Schwarz inequality and the shape regularity of the mesh
yields

Lo (wg) + ||y - yh||L2(wK ||A*b:cc||L2(wK)

(]

9x(we) < 119 = gl i [|ba

Fllan = Aynll 2 i) 10z | 22w L2()
ecEf

Flla = anll 22w 102 | 22w -
An use of Lemma 3.3.2 implies

gk (xe) < Cuollgr — glleowr) + Crn hig |y = ynll2 i) + Crz llan — Aynll 2w
| [5me]
0nA

which completes the proof of the first inequality. To prove the second inequality, we use

+ C’12 ||q - Qh||L2(wK)7

L2(e)
ecé h

(3.6) and integration by parts to obtain

/(y—yh)A*bedm+/ (gh — q) bedx = <g5mc,be>—/ yhA*bedcc+/ qn be dx

We We

= < g0y, b = +/ (qn — Ayp) be dx

We

- [ [5] oo [ e

Using the fact b.(z.) = 0 and [ ] ’ = 0, we have

[ w=matdos [ @ avede= [ = Ambdo— [[52]b.de. )

8nA
8%
‘ / 8nA b, de

the equation (3.41) becomes

‘/w (qn — Ayn) bedx‘ + ‘/w (y—yh)A*bed:):} + ‘/w (¢ — qn) be dz:
: e A bl

Since

Z Cﬁhe

[%} ‘ L2(e)

Cﬁ e

ons

L?(e)

A

< lan = Aynll 2o 1bell L20we) + 11y = ynllz2we)
—|—||q—QhHL?(we)HbeHLQ(we)'

Finally, using Lemma 3.3.1 we obtain

Ay,
6 e = s he 'y = unll 2o + Co ¢ llan — Avnll 2wy + 19 — anll 2 (we)
and this completes the proof of the theorem. O
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In the following theorem, we derive local lower bounds for the co-state variable.

Theorem 3.3.2. Let (y, q) and (yn, qn) be the solutions of (3.5)-(3.6) and (3.11)-(3.12),
respectively. Let z and z, be the solutions of the co-state equations (3.8) and (3.16),
respectively. Then,

Rocll(Gn — §a) — Azl 2oy < CE),Z{CMHZ — 2l p2ex) + h%(llyh —Ya — (Jn — Ya)ll 2(r0)

+ly = pull 2 ) |

and

3 1
he < Ci2Cis{he (I@n = 5a) — A"zall iy + n — 92) = @1 — 5l e

0
[ 07’2* ]

L2(e)

iy = 9ull 2z, ) + Coallz = 2ull oy
where v is the mean value of v on the element K such that v|x = ﬁ [ v(z) d

Proof. Multiplying (3.8) by v € H}(Q). We form L inner product over . Then, an

application of the Green’s theorem leads to

a(Z—Zh,U) — (y_ydyv) —a Zh7
(9z
= (y—vyav /Azhvda:—Z/ah
KeTy, ecsy nAx
= (y—uynv Z/ Un — Ya) — A zp) UdéU—Z/ (9(2::* Ude
KeT, e€esy
+ Z / Yn = Ya — (Jn — ¥a)) vdz. (3.42)
KeTy,
Note that
a(z — zp,v / Av (z — zp,) dx + Z/ 0nA (z — zp,) de. (3.43)
KeTy, ec&y,

Set Bk = b ((Yn — Ya) — A*z,) and choose v = Pk in (3.42) and (3.43), and compare
both the equations to obtain

/KABK(Z —zp)de = /K(@h — Ga) — A*2p)? b dz + / (Yn — Ya — (Yn — Ya)) B da

K

+/K(y — Yn) Br d,
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where we have used supp Sk C K. An application of the triangle inequality yields
‘ / ((Jn — ) — A*2n)* b dx‘ = ) / ABk(z — zp) dx — / (y — yn) B dx
K K K
~ [ = a0 52) B ]
K

< WKHH%K)HZ - ZhHL2(K) + ly — yh||L2(K)HﬁK||L2(K)
Hyn = ya — Gn — Ya) | L200) | Bre [ 22 (1)

The property of Br, || Bkl m2(x) < C’14h;<2||5K||L2(K) gives

| [ (=i = A bcds| < Cumi?lBeluolls = 2l
Hly = ynll L2 18xc || 20k
+llyn = ya = Gn — Ya)ll L2001 Bic [ L2 (16 (3.44)
and using (3.36), we find that

/K((?Jh — §a) = A"2n)" b dx > CH|(Gn — Ga) — A" 20| 72x0): (3.45)
We now combine (3.44) and (3.45) to have
Chll(n — Ga) — A 2nll T2y < (014h1_<2||2 = 22wy + 1y — ynllr2cx)
Hlyn — ya — (Un — ﬂd)HL?(K)) | (Fn — ¥a) — A"zl 2 (k)

where we have used the fact |Gkl r2(x) < [|(Jn — Ua) — A*2nl|22()- This proves the first

8zh

inequality. Next, to prove the second inequality, let 5, = [ b, and choose v = 3, in

(3.42) and (3.43). We compare both the equations to have

/.Aﬁez_zh = /K(y—yh)ﬁealzjt/f(((yh_yd)_A*Zh)ﬁealz
_/[ail] b de*/(yh—yd—(yh—yd))ﬁedaz

—/[gf;]zhde.
Since [866 ] ’ = 0, it now leads to

‘/ 8zh b de = ‘/f(((yh_yd)—A*zh)ﬁedﬂf—l—/f((yh—yd—(yh—yd))ﬂedx

anA*
+/(y - yh)ﬁe dx — / Aﬁe(z - Zh) dl"
K K
< (H(:gh - gd) - A*ZhHL?(R') + ||yh — Yd — (gh — gd)HL?(f()

+ly — thL2(K ) ||5e||L2 y T ||56HH2(K |2 — ZhHL?(f()
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An application of (3.38) and (3.40) yields

0zh 2 _ _
[ [2] Bede| < (11 = 5) = Azl oy + o = o = (5 = 50) Lz
8nA

lly = gull 2z + Crrh®lz = 2l sz ) 18ell it

1
< Cush? (115 = o) = A"l gy + v = va = (= )l
lly = ull 2z + Crrh?lz = 2l ) 18el 2o
1
< Cush? (115 = ) = A2l iy + v = va = = )2

H Oz
Hly = wlzaci + O 2 = 2z | [ | oy (340
In view of (3.39), we have
azh 2. 8zh 2
PEALN
/e[anA*] €= e On g+ 1 1lL2(e)
which combine with (3.46) completes the rest of the proof. O

Now, we derive global lower bound for error in the control variable.

Theorem 3.3.3. Let (y, q) and (yn, qn) be the solutions of (3.5)-(3.6) and (3.11)-(3.12),
respectively. Let z and z, be the solutions of the co-state equations (3.8) and (3.16),
respectively. Then,

1 < O (a%la — aalliz@ + 112 = iz
where C* is a positive constant and 1y is defined in Lemma 3.2.35.

Proof. From the optimality condition (3.9), we deduce that ag+ z = 0 on QZ,
application of inverse property [24] yields

Z hiclagn + 2ty < Z hicllogn + zull 2 k)
KeTy, KeTy,

< C* ) llagn + 2l

KeT,
= C"[lagn + Zh||%2(9)

= C*||agn + 2z, — aq — ZH%Q(Q)
< ¢ <a2||q — qull720) + 12 = ZhH%Q(Q))v

and this completes the proof. O
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Concluding remarks. In this chapter, a posterior: error estimators for the state,
co-state and control variables are obtained for EOCP with measure data. The error es-
timators obtained in Theorem 3.2.1 are contributed from the approximation error of the
state, co-state and control variables. Among them 7; mainly indicates the approxima-
tion error for the control, 17, and 73 are contributed by the state equation whereas 7, is
contributed by the co-state equation. The local lower bound for the state and co-state
variables are derived in Theorems 3.3.1-3.3.2. Further, a global lower bound for the
control variable is derived in Theorem 3.3.3. The performance of our error estimators is
reported in Chapter 7. These error estimators work satisfactorily in guiding the mesh

refinement and save substantial computational work (see Table 7.2, Chapter 7).
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4

POCP with Measure Data in Space: A Priori Error

Analysis

In this chapter, we analyze finite element approximation for POCP (1.6)-(1.8) with
measure data in space in a bounded convex domain in R?(d = 2 or 3). The main
mathematical difficulty of this problem is that the solution of the state equation exhibits
low regularity due to the presence of measure data in the source term, which makes the
the convergence analysis somewhat cumbersome. We prove the existence, uniqueness
and regularity of the solution of the control problem. A priori error estimates for
the state, co-state and control variables are derived for both spatially discrete and
fully discrete approximations of optimal control problems. Moreover, L?(0,7T; L*(Q2))
convergence properties for the state, co-state and control variables are established. We
use piecewise linear and continuous finite elements for approximations of the state and
co-state variables whereas the control variable is approximated by piecewise constant

functions.

4.1 Introduction

Let Q7 = Q x (0,7] and I'r = 09Q x [0, T, where 2 is a bounded convex domain in
R? (d = 2 or 3) with boundary 9Q and T' < co. We now recall the following POCP:

- 1" .
min J(,9) = ; / {Ily = vallieiey + llalteey | dr (4.1)

qeQ?f,

49
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subject to the state equation

(

Y+ Ay =p+q in Qr,

y(+,0) = yo(x) in (4.2)
V= 0 on I'p
and the control constraints
qe < q(x,t) < qq a.e. in Qp, (4.3)

where q., ¢4 € R fulfill ¢. < ¢4 and y; = %. The operator A is defined in (1.4) and
@ > 0 is a fixed constant. Further, yo(z) € L*(Q) and y;(x,t) € L*(0,T; L*(2)) are
given functions. The function p = gw with g € L2(0,T;C(Q)) and w € M(Q).

The set of adimissible controls is defined by
QY ={qe L*(0,T; L*(Q)) : q. < q(z,t) < qq a.e. inQr}. (4.4)

Optimal control problems with time-dependent control play an important role in
many applications, and the numerical treatment of these problems has been an active
research topic in the recent years. POCPs with measure data in space are used in the
modeling of acoustic monopoles and transport equations for effluent discharge in aquatic
media and the design and management of waste water treatment systems, mainly the
disposal of sea outfalls discharging polluting effluent from a sewerage system [68]. For
the purpose of finite element formulation we rewrite the state equation in weak form
using transposition techniques [61] and investigate the existence, uniqueness and reg-
ularity of the solution of the state variable for measure data in space. We have used
continuous piecewise linear functions for the approximations of the state and co-state
variables, and piecewise constant functions for the control variable. We have analyzed
both spatially discrete and fully discrete finite element approximations of POCP with
measure data in space. A prior:i error estimates of order O(hQ_%) is derived for the
spatially discrete control problem whereas error estimate of order @(hZ—% + kY2) is es-
tablished for the fully discrete backward Euler time discretization. The key technical
tools used in our analysis include nonstandard weak formulation of the state equation,
interpolation approximation properties, inverse estimates, optimality conditions, embed-
ding theorems and duality technique. The earlier work on standard nonlinear parabolic
problems involving measure data, we refer to [12, 13]. Later, the author of [16] has stud-

ied semilinear parabolic problems with measure data. Recently, Gong has derived error
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estimates for linear parabolic equation involving measure data in [35]. The purpose of
this chapter is to extent the results of standard linear parabolic problem [35] to POCP

(1.6)-(1.8) with measure data in space.
The plan of this chapter is as follows. In section 4.2, we discuss the existence,

uniqueness and regularity results of the optimal control problems. Section 4.3 deals with
the spatially discrete finite element approximations of the control problem, and derives
error estimates for the state, co-state and control variables. Section 4.4 is devoted to the
fully discrete error analysis for the control problem and the related convergence results

are proved.
Throughout this chapter C' denotes a positive generic constant independent of the

mesh parameters h and k.

4.2 Existence, uniqueness and regularity results

This section concerns the existence, uniqueness and regularity results of POCP (4.1)-
(4.3). In the following theorem we prove the existence, uniqueness and regularity results

of the solution to problem (4.2). We recall the following notations

W(0,T) = L*0,T;Hy(Q) N H0,T; H*(Q)),
X(0,7) = L*0,T; H*(Q) N Hy(Q)) N HY(0,T; L*(Q)).

Theorem 4.2.1. Assume that yo € L*(Q), q € L*(0,T;L*(Q)), u = gw, g and w are
given functions such that g € L*(0,T;C(Q)) and w € M(Q). Further, the problem (4.2)
admits a unique solution y € L*(0,T; L*(Q)) in the sense that

—(y,vt)ap + (Y, A0)q, =< 1,0 >a, +(Yo,v(+,0)) + (¢, v)qr, Yo e X(0,7) (4.5)

with v(-,T) = 0, where
T p—
< U >qp= / (/ g(z, 7)v(x, T) dT) dw(z), Yv € L*(0,T;C(Q)).
o NJo
Then there exists a positive constant C' such that

Iyl 220y < C (gl zm@pllwlie + Mol ) + lallzzazoy.  (46)

Moreover, we have y € LY(0,T; W'2(Q)) N C([0,T]; (W' (Q))') and
y, € L0, T; (WH'(Q))) with

Il < C(lgllzm@pllwlane + vz ) + lalzaxoy,  (47)

where p € [1, d;fl) and p’ is the conjugate number of p such that % + ]% =1.
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Proof. The case p = 0 and ¢ = 0 is contained in [61]. We set yo = 0 and let {w,}, C

C(£2) be the sequence converging weak™ to w in M(2) and satisfies

wnllz1 @) < [Jw]lm@)-

Let ¥, be the solutions of

(

Yn,t + Ayn = gwn +q in Qrp,

Yn(-,0) =0 inQ, (4.8)

(Yn = 0 on I'p.
Then y, € X(0,T). For f € D(Qr), let ¢ be the solution of problem (1.14). From the
regularity of the parabolic problem ¢ € X (0, 7). Using (4.8), we find that
fdodr = [ (< + A6y, dudr
Qr

Qp

— / gwp dedt + / qy dxdTt
QT QT

< C(||9||L2(Loo(ﬂ))||Wn||L1(Q)||?/)||L2(C(§)) + ||Q||L2(L2(Q))||?/)||L2(L2(Q))>-
Embedding theorem gives L?(0,T; H*(Q)) < L?(0,7T;C()). By standard estimates,

we have

Y| L2mz2 @)y < Cllflle22))- (4.9)

In view of (4.9) we conclude that the solution sequence {y,}, is bounded in the space
L*(0,T; L*(€2)). Thus we can extract a subsequence vy, such that y,, — y weakly in
L2(0,T; L*(Q)) and hence (4.6) is satisfied.

Next to prove (4.5), let ©» € X(0,7) and ¢(-,7") = 0. Multiplying (4.8) by % and

integrating by parts over ()7, we obtain

/0T</ng/)wn(x)dx> d7+/QT g dzdr = —/QTyn@DtdxdT

d
Oy O
+ LT ( Z aijﬁ—xia—l’j + aoynw)dl’dT. (410)

2,7=1
Passing to the limit in (4.10) we get (4.5). Finally, the uniqueness follows from the fact

that the only solution for the zero data of (4.5) is y = 0.
Furthermore, the inclusion W(Q) ¢ M(Q) c (W' (Q))’) and [16, Theorem 6.3]
imply the existence of a unique solution y € L*(0,T;W'?(Q2)), Vp € [1,5%) and

y, € LY0,T; (W5 (Q))') in the sense of (4.5), such that (4.7) is satisfied. Thus, y €
C([0, T]; (WP (Q))’) after a modification on a set of zero measure. O
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The weak form of POCP with measure data (4.1)-(4.3) is defined as follows:

- 1 A
mmJ@ww:§A (Ily = vall2zqey + Gllallizqey ) dr (4.11)

a€Qr,

subject to

—(y, v)a, + (v, A"0)ap =< i1, v >q, +(yo,v(-,0)) + (¢, v)a,, Yve X(0,T). (4.12)

In the next step, we introduce the reduced cost functional j : L?(0,T; L*(Q)) — R
by
J(a) = J(a.y(q),
where J is the cost function given by (4.11) and y(q) is the weak solution of (4.12).
Then the optimal control problem (4.11)-(4.12) can be equivalently reformulated as

min 7(q). (4.13)
quad

The following theorem ensures the existence and uniqueness of the solution of the

minimization problem (4.13).
Theorem 4.2.2. The optimal control problem (4.18) admits a unique solution.

Proof. Let g, be the minimizing sequences, i.e., j(g,) — infqufdj(q). By virtue of the
term &gl z2(z2(y in §(q), ¢n is bounded in QF, and let y(¢,) = y,. From the a priori
bound (4.6), we have
[Ynllz2z2 @) < C,
where
€ = C(llgllze s Nl lallezaaer, Mol )

Since L*(0,T; L*(2)) is a Hilbert spaces and the dual space of L%(0, T; L*(2)) is itself,
it follows that y,, has a subsequence, denoted by y,,, , such that y,,, — y strongly in L*(0,T; L*(Q)).
For v € D(Qr), we have

(QNk7U)QT = _(ynkyvt)QT + (ynka A*,U)QT_ < M?U >QT _(ynk(ﬁ 0)71}('7 O))
= ~Wn, — Y v)ar + Yn, — ¥, A0)ar — (U, (,0) — y(+,0),v(-,0))
_<y7 Ut)QT + (yv A*U>QT_ < U,V >qp _(y('7 O>7U('7 O))
Asn — 00, yp, — y strongly and (¢,,,v)a, — (¢,v)q.. Then, ¢, — ¢ in D'(Qr) and

consequently y satisfies (4.12). Hence y = y(q) and liminf j(g,,) > j(¢) and therefore,
q is the optimal control. O
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In the following theorem, we state the necessary optimality condition for the control
problem (4.11)-(4.12).

Theorem 4.2.3. Let (¢,y) € QY x L*(0,T; L*(Q2)) be a unique solution of (4.11)-(4.12).
Then there ezists a unique co-state z € X (0,T) satisfying

(

—u+Az=y—y; in Qx][0,T),

2(,T)=0 in Q, (4.14)

z=0 on I'p.

Moreover,
T
7'(@)(d—q) = / (@g+2,4—q)dr >0, VieQl, (4.15)
0

The optimality condition (4.15) can be equivalently written in the form [60, 86]

0= Paa( ~ 37(0), (1.16)

where P, denotes the projection of R onto (g, g4] defined as

Plgeqa (@) := maz(qe, min(qa, q))-
The second derivative j”(q)(-,-) is independent of ¢ and positive definite, i.e.,
7"(@)(r,r) = vplrllieaiy,  Vr € L2(0,T; LA(), (4.17)

where vp > 0 is a positive constant.
Using (4.16), we deduce the regularity results summarized below.

Theorem 4.2.4. Let (q,y) € QF, x L*(0,T; L*(Q)) be the unique solution of (4.11)-
(4.12), and z be the unique solution of (4.14). Then, we have

y € L'(0,T; Wy () N L*(0, T; L*(R2)) N ([0, T); (W' (€2))),

z€ X(0,T) and g€ X(0,7)NL>0,T; L>=(Q)).
Proof. Tt follows from Theorem 4.2.1 that

y € L1(0,T: Wy () N L*(0, T3 L*(2)) N C((0, TT: (W'(Q))).

By standard regularity results for the parabolic equation, we have z € X(0,7). Now
the embedding theorem gives z € L2(0,T;C(Q)), thus the control constraints (4.3) and
the property (4.16) imply the stated regularity for the optimal control gq. O
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4.3 Spatially discrete approximations of POCP

In this section, we consider the continuous time finite element approximation of
(4.11)-(4.12) and derive error estimates for the state, co-state and control variables for

spatially discrete optimization problem.
Let T, be the triangulation of {2 as described in Section 2.3 of Chapter 2. Associated

with Ty, let V3, be a finite dimensional subspace of C(€2), consisting of piecewise linear
polynomials. We denote V}? =V, N H}(Q), and let

QF = {@n(t) € Q%+ @ul(t)lic = constant, ¥ K € Ty, ¢ € (0,T]}.

Since 7}, is quasi-uniform, the following inverse estimates hold for all v, € V}, [24]:

lvallzs2 ) < CR2|lop|lgsi ), 0 <51 <8 <1, (4.18)
_a

[vnllze) < Ch™2||pllr2), (4.19)

[onllLoe@y < Cpld, h)llonllm @), (4.20)

where

Viloghl, d=2,

h2, d=3.

p(d, h) =

In the following lemma, we recall the approximation results from [24] and [77]. Let
Ly, : L*(Q) — Vj, be the L2-projection operator defined by

(Lo —v,v) =0, Yo, €V, (4.21)
and let Ry, : H}(Q) — V¥ denote the Ritz projection operator defined as
a(Rpv —v,vp) =0, Vo, € V). (4.22)

Lemma 4.3.1. Let L}, and Ry, be defined in (4.21) and (4.22), respectively. Then, we

have

||’U — /ChUHH*l(Q) + hH’U — ‘Ch'UHL2(Q) S Ch2||’U||H1(Q),
lv = Ryvllz29) + hllv = Ruvllm) < Ch?|v]| 2.

Moreover,
d
HU — RhUHLoo(Q) < Ch2_5 ||UHH2(Q)-
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Note that the solution of the problem (4.12) exhibits low regularity. To estimate error
between the solution of the continuous problem and the spatially discrete problem in the
L?(0,T; L*(Q))-norm, we introduce the spatially discrete finite element approximation
of the forward and backward parabolic problems (1.13) and (1.14):

(Dnt, vn)ay + a(Pn, vn)ay = (f,vn)ap,  Yun € Vhoa

(4.23)
¢h(',0) =0, Y, € V}?,
and
—(Unt, vh)ag + (U, vn)ar = (f,vn)ar,  Yup € VY,
(4.24)
Qﬂh(',T) = O, Vvh - V}?,
where ¢h(t)> wh(t) S H1(07 T; Vf?)
From (1.13), (4.23), (1.14) and (4.24), we have the following error equations
(A1 = ntsvn)ar +a(¢ — dn,vn)ar =0, Vo, € V3, (4.25)
and
— (¥ — Une, vn)ar + a(t) —Un,vp)a, =0, Vo, € V). (4.26)

We now prove some error estimates associated with the problems (1.13), (4.23),

(1.14) and (4.24), which will play a crucial role in the derivation of our main results.

Lemma 4.3.2. Let ¢ € X(0,T) < C([0,T); Hy () and ¥y, (t) € H'(0,T; V%) be the
solutions of (1.14) and (4.24), respectively. Then, we have the following error estimates:

19(t) = n() o2y < Ch(||?/)||L2(H2(Q)) + ||¢t||L2(L2(Q))>> (4.27)
190(t) = n(®) 22y < Ch2<||?/)||L2(H2(Q)) + ||¢t||L2(L2(Q)))> (4.28)

and
lo(t) = vn(®)lzamioy < CHE (I laare + Wil zua@y) . (4:29)

Similarly, ¢ € X(0,T)) < C([0,T]; H3(Q)) and ¢, (t) € H'(0,T; V) be the solutions of
(1.18) and (4.23), respectively. Then,

16(5) = 6n(0) 2wz < CR2 (]l 2rzqa + 91l 22 ). (4.30)
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Proof. Following the arguments as in [22] it is not difficult to prove the following a
priori error estimates under minimal regularity assumptions for the backward parabolic

equations

|0(t) — Yn(®) |l z2@) + 1 — Yull L2 ) < Ch<||¢||L2(H2(Q)) + ||¢t||L2(L2(Q)))

and

1Y = YnllL2r2) < Ch2<||?/)||L2(H2(Q)) + IthIILz(Lz(Q))>-

In [22], the L2-projection play a key role instead of the Ritz-projection used in the other
literatures like [67, 85]. To prove (4.29), let 7,1 be the piecewise linear interpolant of
¢ defined in Lemma 2.3.1. Then, using (4.19) we obtain

| — Unll2ey < WY — mbllze@ee @) + 1m0 — Unllz2@e @)
_d _a
< CR*2||Y|lr2mz() + Ch™ 2 ||matd — ¥nllr22 ()
4 4
< OR72|[Y|leme) + Ch™2 || — ¥ullreey,  (4.31)

where we have used Lemma 2.3.1. Now, (4.31) together with (4.28) implies (4.29).
Similarly, we have the results for the forward parabolic problem (1.13) and (4.23). O

We now define the spatially discrete finite element approximation of (4.11)-(4.12) as
follows: Find a pair (qs,ys) : [0,T] = QF x V2 such that

- 1" _
min, Jansn) = 5 | {lon = vall@) + ol } dr (4.32)
Qhth 0
subject to
~Wn, Unt)ar + a(Yn, Vn)ar =<t Vh >ar +(qn, Vn)ar + (Yno0, Va(-,0)), (4.33)

Vo, € HY(0,T; V) with yno = Lyyo and vy, (-, T) = 0. Here

T
< Uy Up >0p= / vpdp = / </ g(x, 7)o () dw(m)) dr, Vv, € H(0,T; V).
Or 0 Q

Analogous to Theorem 4.2.1, we have the following stability result.
Lemma 4.3.3. Assume that u = gw, g and w are given functions such that g €
L*(0,T;C(Q)), w e M(Q), yo € L*(Q2) andq € L*(0,T; L*(Q2)). Letyn(q) € L*(0,T;V?)
be the unique solution of
_(yh(Q)a Uh7t)QT + a(yh(Q), Uh)QT =< W, Vp > +(q7 Uh)QT + (yh,O(Q)a 'Uh('a 0))7
Vo, € HY(0,T; V) with v,(-,T) =0 and yno(q) = Lnyo. Then

lon(@llzzzzi@y < C (gl @yl + lallzzoy + luno(@lze)-
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Similar to the continuous case, the problem (4.32)-(4.33) admits a unique solution
(qn,yr) if and only if there exists a co-state variable zj, such that the triplet (yp, qn, z1)

satisfies the following optimality conditions for all v, € H*(0,7T; V}?):

—(WUn, vne)or + a(Yn, vr)ar = < Un >ap H(qn, Vn)or
+(Wn,0, vn(+,0)), (4.34)
—(2nt,Vn)ar +alzn, vn)or = (Yn =Yg Vh)ag (4.35)
(@gn + zn, G — qn) = 0, Vin € QF. (4.37)
We introduce the discrete reduced cost functional jj, : L?(0,T; L*(Q2)) — R by
Jn(q) = J(g: yn(9))- (4.38)
Then, the discrete optimal control problem (4.32)-(4.33) can be rewritten as
min 3h(%>- (4.39)
ahEQE
The derivative of the discrete reduced cost functional is given by
. T
In(an)(Gn — an) = / (Ggn, + 2n,qn — qn) dT >0, Vg, € Qp. (4.40)
0

For the purpose of error analysis it is convenient to introduce the following two
auxiliary problems: For ¢ € QF,, find a pair (yn(q), zn(q)) € L*(0,T; V%) x H(0,T;V}?)
satisfying

—(Wn(@), vnt)or + alyn(@), vn)or = < p,vn >ap +(¢; vr)or
+(Yn0(q), vn(+ 0)), (4.41)
—(2n4(a), vn)or + alzn(@),vn)or = (Ynl(@) = Y vn)or, (4.42)
a(q)(T) = 0, (4.43)

Vo, € HY(0,T; V).
The following lemma provide some auxiliary error estimate for the state variable.

Lemma 4.3.4. Assume that u = gw with g € L*(0,T;C(Q)), w € M(Q) and q €
L2(0,T;L*(Q)). Let y and yn(q) be the solutions of (4.12) and (4.41), respectively.

Then, we have

_d
Iy = yu(@) 2wz < B2 (gl awoian oo + lbollzz + gl )
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Proof. Let v be the solution of (1.14) with f € L?(0,T;L?*(2)). Then, from (4.12)
together with (4.26), (4.41) and (4.21), we have

| w-maysaear = | ) =)=+ A0) dear
= —(y, Yoy + (Y, AV)ay + (Yn(@), Ye)or — alyn(@), ¥)ay
= <, >ar H1o,¥(,0)) + (¢, ¥)ar + (Wn(q), Yni)as
—a(yn(q), Yn)or
= <, >a; (0, ¥(-0)) + (¢, V)ar— < 1 ¥n >ap
—(Yn0(9), ¥n (-, 0)) — (¢, ¥n)oy
= < pr’w — ¥ >a, (Y0, ¥(+,0) — ¥u(+,0)) + (¢, ¥ — ¥n)ay
= [ (] s@ne =) duta)) dr -+ (0. 0(-.0) = 11, 0)
+(q, % — Yn)ar
<||g||L2(Lo<>(Q))||W||M(Q)||?/) - ?/)hHL?(Loo(Q))

IA

yoll 2@ 1Y — Ynlleqorez@) + @l L22@)p 1 — WHL?(L?(Q)))-

Using Lemmas 1.2.3 and 4.3.2, we obtain

/ (v —yn(q)) fdxdr < (OhQ_g”gHL?(LOO(Q))”wHM(Q) + Ch|lyoll 2
Qr

+Ch2||Q||L2(L2(Q)>) (||¢||L2(H2(Q)) + IthHm(Lz(g)))
_4a
< Oh* (Jlglzew~ o lwllane + o2y

lall 22 ) 12222

Finally, the definition of L*(0,T’; L*(2))-norm gives the desired estimate. O

In the following lemma we derive an auxiliary error estimate for the co-state variable.

Lemma 4.3.5. Let z and z,(q) be the solutions of (4.14) and (4.42)-(4.43), respectively.

Then, we have

|z = 2n(@) |22 () < Ch2(|ly||L2(L2(Q)> + ||ycz||L2(L2(Q)>> +ly = yn(@) 2222())-

Proof. Let ¢ be the solution of (1.13) with f € L?(0,T; L*(2)). Then, multiply (4.14)

by ¢ and form an L2-inner product over 7. Then, using Green’s formula together with
Yy
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(4.25), (4.42) and (4.43), we obtain

T
| = at@sdndr= [ [ = al@)o+ A9) duar
Qr 0 Q
= (Z7 ¢t)QT + CL(Z, ¢)QT - (Zh(Q>7 ¢t>QT - a(zh(Q>7 ¢)QT
= —(2,9)ar +a(z,0)a, — (21(q), dnt)or — alzn(q), dn)or
(Y —y5 ®)ar + (20t (0), On)ar — alzn(q), dn)ar
(Y — Y P)ar — (Un(q) — Y, on)or
Y =Yg ®— dn)ar + (U — yn(q), Pn)ar
< Ny = yallezcezonll® — nll 22y + 1y — yu(@ 22 |0 || 222 @)) -

An application of Lemmas 1.2.3 and 4.3.2 yields

| = atansdadr < cr(lgllaason + ol ozon ) sy
Qr
Hllpnll 22 1y = yn (@) |2 z2()-

Using the stability result ||¢n| 1222y < C||f|l12(12(0)) and the definition of L2(0, T'; L*(12))-

norm yields the desired estimate. O

In the next lemma, we present the difference between the derivative of continuous

reduced cost functional and discrete reduced cost functional.

Lemma 4.3.6. Let j'(q)(r) and j,(q)(r) be given by (4.15) and (4.40) with q, = q
respectively. Then

~ ~. A _4d
7@ (r) = (@) ()] < Cil* 2|22y, Vr € L2(0,T5 L*(9)),
where
Cr = C(”QHL?(LOO(Q))a wllam@), Nvollzz@s llallze@2 @), ||yJ||L2(L2(Q))>- (4.44)

Proof. Using (4.15) and (4.40) with ¢, = ¢, we have

7"(@)(r) = g (@) ()]

IN

T
[ =i
0
< Nz = 2@l 22 7l 222 ()
An application of Lemma 4.3.5 gives the desired estimate. This completes the proof. [

In the following theorem, we write the error between the continuous control ¢ and

the discrete control gp.
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Theorem 4.3.1. Let q and gy, be the optimal controls of (4.13) and (4.39), respectively.
Assume that the second order optimality condition (4.17) is valid. Then the following

error estimate holds:

C~11 CAvl 94
q — qnllr2(12 < h+—h""2,
H hHL (L2(2)) \/’Y_P vp
where Cy is given by (4.44) and
¢y = C< lgllzzzo=(@), llwlla@), lvollze, HyJHLQ(LQ(Q))a&)- (4.45)
Proof. With r € L?(0,T; L*(f2)), we have
7"(@)(r,r) = yplrle @) (4.46)
and
n(gn)(r; ) > 7P||7“||%2(L2(Q))- (4.47)

We now formulate the following auxiliary problem:

min_ j(qp), (4.48)

an€Qy,
where we only discretize the control variable. Suppose ¢, be the solution of problem

(4.48). We now decompose the error as

q(t) — gn(t) = (a(t) = (1)) + (G (t) — an(t)), (4.49)

and proceed to estimate each term separately. In view of (4.46), we have for A € [0,1]
with € = Ag + (1 — M), and h sufficiently small,

a0

vella = anllieay < 570~ na — )
"(q)(q — an) — ' (@) (a — @)
(@)(q— an) — 3'(@n)(q — Lng) — J'(@)(Lrg — Gn)-

R

o S

The necessary optimality condition imply, for h sufficiently small,

7'(@)(g—ad) <0 and — j(G)(Lrg —dn) <0,

which together with the properties of £; and the Young’s inequality yields
vellg = @l Tege@y < =3 (@n) (g — Lag)

- /OT (dgh + 2(qn), q — ﬁhq) dr
= — /OT(z(cjh) — Ly2(qn),q — Lng) dT

T
1 ~ 1
< / <§||z(qh) — Ln2(Gn)[|72(0) + 5”‘1 - ﬁhqm%ﬂ)) ar.
0
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Therefore, we have

T
_ C . N C
Hq - Qh||L2(L2(Q)) < / ( ||Z(Qh) - ﬁhZ(Qh)HL?(Q) + —7P Hq - ﬁhQHL?(Q)) dr.
0

Nard VP
An application of Lemma 4.3.1 yields
. .
- C - C Ch
_ < (—h p v + —Rllql ) dr < —Lp,
o=l < [ @l + =l ) i<

where C} is given by (4.45). To estimate the second term in (4.49), we use the necessary

optimality condition (4.40) which leads to the following relation:

gnlan)(an — ) <0< 5(G)(rn — @),  Vru € Qr.

With € = Agy + (1 — N)dn, A € [0,1] and h sufficiently small, from (4.47) we have

vellan = @l Za@e@) < Jn(E)(an — Gnan — @)
= Jn(an)(an — @) — 71.(@n)(an — Gn)
< (@) (an = @n) = 3n(dn)(an — Gn)
< élhz_gHQh — GnllL2(22(0)-
The last step follows from Lemma 4.3.6 and C is given by (4.44). This completes the
proof of the theorem. 0

Now, we write the error between the continuous and the spatially discrete state
variables in the L?(0,T’; L*(Q))-norm.

Theorem 4.3.2. Assume that p = gw, g and w are gwen functions such that g €
L*(0,T;C(Q)) and w € M(Q). Let y and yy, be the solutions of (4.12) and (4.33),

respectively. Then, we have
_d
ly = ol < R (Nl @y ol + ol + lallzzcezy )
+lg — anllz2z2@))-

Proof. let 1 be the solution of the problem (1.14) with f € L?(0,T; L*(€2)). Then from
(4.12), (4.21), (4.26) and (4.33), we obtain

T
/ (v — yn)f dedr = / ( / o2, 7) (W — ) dw(cc)) a7 + (4o, (- 0) — (-, 0))
Qr 0 Q
(g, V)ar — (qn Yn)ar
C (gl zzasonlollmally = dallzz

IA

ol L2 1Y — Ynlleqomze ) + llallz2 @) l|¥ — ¥nll 22 )
+lg = anll 220 WhHm(L?(m))-
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Applications of Lemmas 1.2.3 and 4.3.2 yield
_d
| =g dsar < (CHHglliawmion e + Chllmlize + CWlal iz
Qp

X <||?/)||L2(H2(n)> + I|thIL2(L2(Q>)> + g = anll 22 ) 1¥nll 222 @)

IN

_4d
Ch2 4 {llgll 2tz |0l + ol 2@y + lalzuzcp FI fllzacezion
+llg = anll 22l fll 222 )
The definition of L?(0, T'; L*(2))-norm and the stability result ||¢n||r2(r2(0)) < C|l fll 22220

gives the desired estimate. This completes the proof. O

The following theorem presents the error estimate between the continuous and dis-

crete co-state variables.

Theorem 4.3.3. Let z and zy, be the solutions of (4.14) and (4.35)-(4.36), respectively.
Then

|z = 2nllL2 2y < Oh2<||y”L2(L2(Q)) + ||yJ||L2(L2(Q))) + 1y = ynllz2(z2())-
Proof. Following the lines of arguments of Lemma 4.3.5, it is easy to derive the result

and hence, the details are thus omitted. O

4.4 Fully discrete approximations of POCP

In this section, we consider the fully discrete approximation of spatially discrete
parabolic optimal control problem (4.32)-(4.33) using the backward Euler scheme in
time.

Let 0 =ty < t; < ... < ty_1 <ty =T be a partition of [0, 7] with time step-size k :=
tn — tn_1 and I, := (t,_1,t,) forn =1,2,... N. For any function y € C([0,T]; L*(2)),
"—x" Y. Forn=1,2,..., N, construct the finite
element spaces V;* € Hj(Q) and @y, with the mesh 7;". For our error analysis, we set
k= O(h?).

The fully discrete approximation of (4.32)-(4.33) is to find (qj,y5) € @}, x Vi,
n=1,2,...,N, such that

define x" := x(,1,) and Ox" = (X

min J(g}.o7) = Z [ ok = sl + il par 450

REQL,
subject to

(OyR, vn) + alyl, vn) =< p,vp >1, (@ o), Yo, € ViR, (451)

v (x) = yno(z), z€Q.
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Here,

1 1 [l
<= /Q L mdi=g / ( /Q 9(z, 7)on(2) dw(x)) dr, Vo, € V'
X tnflytn tnfl

The optimal control problem (4.50)-(4.51) has a unique solution (¢p, y7"), n = 1,2,..., N,

such that (y, ¢, 27~ ') satisfies the following optimality conditions:

Oy, o) +alyl,vn) = < pyop >5, +Hgr,vn), Yo, €V, n>1, (4.52)
un(x) = yno(z), z€Q, (4.53)

— (027, v) +a(z o) = (Y — Y5, vn), Yo, € V), (4.54)
Z(x) =0, zcQ, (4.55)

(agy + 27 G —an) = 0, Vi € Qe (4.56)

Analogous to the spatially discrete case, we reformulate the fully discrete optimal control
problem (4.50)-(4.51) as

min ]h n(ar) (4.57)

ameQyr ,
form=1,...,N.
We now proceed to derive error estimates for the fully discrete optimization problem.
Let V), and Z;, be the fully discrete finite element approximations of y and z, respectively.
Further, ), and Z, are piecewise constant in time and piecewise linear in space on each

time interval. To begin with, we first derive the stability estimate for (4.51).

Lemma 4.4.1. Assume that g and w are given functions such that g € L*(0,T;C(Q))
and w € M(Q), yo € L*(Q). Let yp € V", n = 1,2,..., N be the solutions of fully
discrete scheme (4.51) and y2 = Lypyo. Then there exists a constant C independent of
h, k and the data (g,w,yo) such that

N
Z i =y 220 + Fllvn 1Fn @) < C<kh_2“y0||i2(9) + ||g||%2(L°°(Q))||w||3\/l(Q)>

N
+C Y kahll720 (4.58)
n=1

and

N
lya 1720 + ZkHyZHle(Q) < C<||y0||%2(9) + p*(d, h)||9||%2(Loo(Q))||W||.2M(Q)>
n=1

N
+C Y |lkai 1720 (4.59)

n=1
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Proof. Setting v, = k(y? — y;'™") in (4.51), we get
Wi —yn yn =) Fhalyrvn —vn =) =k <wyy —yn > k(g v —un)-
Use of coercivity, continuity of a(+,-) and the Cauchy-Schwarz inequality yields
tn
i = vn 32 + kBT < Kalyr, ) +/t (/Qg(:c,f)(yﬁ — yZ‘l)dw(ﬂf)> dr
n—1
k(g v — v )

k. ko
515”?/}1”%{1(9) +51§||?/h 1”%{1(9)

IN

tn
+/ s = v~ @ () oo |0l me) d7
tn—1
kg 2@ llun — yn 2
Apply the inequality ab < ea® + % with @, b > 0 and € > 0, to obtain

lyn — Z/Z_1||%2(Q) + kHyZ“%ﬂ(Q) < Ckllyﬁ‘llléum + C||9H%2(tn,1,tn;L°°(Q))||WH3\/((Q)
+Cl|kqg||2LQ(Q)7

where we have used the inverse estimate (4.19) to obtain
n n— =d n n— n n—
VEllyi =y =@ < OVER 2|y — i Hzz) < Cllyi — v Hlzz).

Summing over n from n = 1 to N and using the inverse estimate (4.18), we get

n=1

N N
Z lyn — ?/2_1”%2(9) + k”yr]y”%{l(m < C’k:||y2||§{1(m + CZ ||9||%2(tn,1,tn;Loo(Q))||W||3\4(Q)
n=1

N
+CZ ||kqg||%2(n)
n=1
N
< CK|Lrgollzr o) + Cllgllzzw=aplloling + C Y kg l72@)
n=1

N
< Ckh_z”@/o”%z(m + CH9||2L2(LO<>(Q))HW||.2M(Q) + CZ HkQZH%%Q)’

n=1

which proves (4.58). Similarly, setting v, = ky;' in (4.51), we have
W =y~ ) + ka(yh,ui) = k < p,yh >, +k(g, u3),

and hence,

tn
(ynsyn) +kalyy,up) = (yﬁ‘l,yZH/

tn—1

( [ ote.mu dw(x)) dr + k(g o)

tn
< (yﬁ‘l,yZH/ i1l 2o 191 2o ) | || My dT + B(ar, yr)-
tn—1
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Using (4.20), coercive property of the bilinear form and the inequality ab < ea® + %
with a, b > 0 and € > 0, we obtain

il 720) + EBluRE )y < wn HZ2) + Co*(d W92y tsnoo o 19l
+||k5qg||%2(ﬂ)-

Summation over n from n = 1 to N and use of the fact y) = L,yo proves (4.59). O

Now, we introduce some intermediate variables (y(¢), 2 '(g)) which satisfy the

following equations for n = 1,2, ..., N.
(5?/}?(61)’ Uh) + a(yZ(Q)> 'Uh) = < W,Vh >y, +(qa Uh)> V'Uh € th> (460)
v @)(x) = yno(z), z€Q, (4.61)
—(021(q),vn) + alz; "M (q),on) = (yn(a) —y3,vn), Yo, € V', (4.62)
2N(g)(z) = 0, z€Q. (4.63)

The following two lemmas provide some intermediate error estimates of the state

and co-state variables which will be useful in the derivation of the main results.

Lemma 4.4.2. Assume that g and w are given functions such that

g€ L20,T;C(Q) N Hz(0,T; L¥(Q)), w € M(Q), yo € L2(Q) and q € L*(0,T; L*(Q)).
Let y € L*(0,T; L*(2)) be the solution of (4.12), and let Y (q) be the solution of (4.60)-
(4.61). Then, we have

_d 1
ly = Y@ lzezay < OO %+ 85) (gl o 1l )

+lyoll2 ) + IIqHL2<L2(ﬂ>>>-

Proof. To prove this lemma, we shall use the duality argument. Let ¢ be the solution
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of problem (1.14) with f € L*(0,T; L*(9)). Then, from (4.12) and v (-, T) = 0, we have

/QT(y ~ g fdxdT—/ / (=t + A*) dadr

= —(y,Y)a, + (y, AY)q, +Z { Yn (@) ) — alyy(q),¥)dr
= < ,% >qp +(yo,¥(-,0)) + (q ?/))QT

N Z /In{k‘l(yﬁ(% Y =) — ayp(q),v)} dr

— <0 0y o 6 Z / 6 ) — 5 (@), )
+a(yh( ) 9)} dr + (y (g )7¢N) (@), ¥ (-, 0)) + (¢ ¥)ar

= Z — g ()" ") +alyr(a),¥)} dr
+< m/) >ap +(y0 — Yn(@), ¥ (,0)) + (¢, ¥)or- (4.64)

From (4.60), we note that

N N
Z{ (Dyr(q), Ruv) + a(ui (@), Rutb)} = Y < 11, Rt >1, + > (¢, Ruth),  (4.65)

where Ry € Vi is defined on I,, as

_ _ 1

Rup = Rpy" = T
In

and Ry = Rp(-,T). Let ¢ denote the average of v in I,, as defined in (4.66) for all
Y € L'(I,). Then, it is easy to see that

/1 (¢ — ) dr = 0. (4.67)

Integrate (4.65) in time and add the resulting equation to (4.64). An application of
(4.67) yields

Ru(-,7)dr, n >0, (4.66)

| = Do dedr = - Z Q) — v @) v — Ru)
— — N —
+a(yn (@), ¥ — Rp) }dr + {< p, ¥ >q, —Z/l <, Rpyp >p, dr}

o — 12(0). (00} + {(g Z/l (4 Ro) dr ),

= El + EQ + Eg + E4. (468)
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-----

of Ritz-projection we have

/ a(yp(q), ¥ — Rup) dr = 0. (4.69)
In
Then, an application of the Cauchy-Schwarz inequality gives
A~ N —
Bl = | =3 [ 7 ) — g ) v = Ra) |
n=1 In
< BB,
where
1 1
N 2 N 2
b = (Z lyr(q) — yﬁ_l(Q)Hi2(Q)> , o Fa= (Z KO Rh¢||2L2(Q)> :
n=1 n=1

From (4.58) of Lemma 4.4.1 and the fact k = O(h?), we have

~

Fy

IA

C (k%h‘lllyollm(m + g1l 2z @ llwl s + k“q“”(”(m’)
< C (h%llyollmm + llgllz2@e @) lwllme) + ’“"q““(”(m)) '
Use of Lemma 4.3.2 and some standard error estimate yields
[ = Radllizey < " = Bllescey + 1 = Rusbll sz

< " =Pl + CR2|1P | a20),

and
9" — Y| r2() < k‘%||¢t||L2(tn71,tn;L2(Q))'
Since
1l r2@) < 572 920 sy

we have

[NIES

N
Z{h4||¢||%{2(9) + k||¢t||%2(tn,l,tn;L2(Q))})

[NIES

)

1
2

IA
Q
(=
—
>
[
oyl
=
=
e
[ V)
5
AN
Es
BN
=
_|_
=
=
=
B
$F
L
N
B
=
puem

N
Z{h4_dW||2L2(tn,1,tn;H2(Q)) + kWt||2L2(tn,1,tn;L2(Q))})

IA
Q

d
2

IA

Q

R
|

1
] 2 (a2 () + K2 H¢t||L2(L2(Q))>- (4.70)
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Thus

~ _d 1
By < O 2+7€2)<|IZ/OHL2(9)+Hg||L2(L<><>(Q>)||WHM(Q)

Hlallzzez@p ) 11l 2o (4.71)

To estimate E5, we have

B = Z/ [ st - R ar) duto)
- Z/ / 3 g(x, T)Y(x,7) — gz, ) Rpp(x, T) d7‘> dw(x)‘
Z/ [ gt r) - gt ) ar) doto)

+\2/ [ s~ R, dr) dofe)
tn—1
< Cllg = gllzz@=@) @l me 9]l z2@e= @)
+C gl 22z @l m@) |1 — Rt || L2 (o 02y - (4.72)

IA

Standard error estimate yields

i 1
g = gllz2(ze ) < Ck2||g]|

HE (L(Q))’
and
4
1Y — Rl 2oy < CR* 2 ||9|| r2(m2@))-
Hence
|Eo| < C(k= + h2")||9HH§ peeqay I 22 @))- (4.73)
For Eg, we have
B3l = [(yo —yn(@),¥(,0)] < llyo — yh(@) | -2 (@12 (-, 0) | 2
< Chllyollze@ 1 f lz2z2@))- (4.74)

Finally, for E,, we find that

AR \é/,}w — Ry) dr

< Cllallzzon v — Rutdll 122 )
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Note that
[ = Rl ey < 19— Yllzezi) + 19 — Raol 2@
< Ck2 ¥l momze) + ChlIG] L(m o))
< k2 +W)|$ll2gre ). (4.75)

Using the fact ||¢—7?,h1/)||L2(L2(Q)) < ||'l/)—7éh¢||Loo(L2(Q)) and using Lemma 1.2.3 together
with (4.75) yields

|Ea| < C(h+ k2)llqll a2 L | 22 (4.76)
Combining the estimates of Fy, Es, F3 ,E, and the definition of L2(0,T; L2(2))-norm,
we complete the rest of the proof. O

Lemma 4.4.3. Let z and Z,,(q) be the solutions of (4.14) and (4.62)-(4.63), respectively.
Then, forn > 1, we have

1
I = Z0@)llzz@y < Iy = Yul@)llzzqezcon + CCh+k3) (I=lzzgrecon + 1zl 2z )-
Proof. In order to estimate the error z — Z;,(q). We split the error on [, as follows:
2ta1) =25 (@) = (2(ta=1) = Rua(ta-1)) = (237 (a) = Ruz(ta-1))
=" = (" H(g).
By the standard arguments we have

N
Z k||77n||%2(9) < C<h2||z||L2(H2(Q)) + k||zt||L2(L2(Q))>- (4.77)

n=1
To bound (""!(q), we follow the idea of [32]. Define the fully-discrete approximation of
(1.13) at time t = ¢, with f* = (""(q) as

—1(¢n = (bn_l: Uh) 0 a(¢n’ Uh) = (Cn_1<Q)7 Uh) Vup, € th' (478>

Choose v, = (""!(q) in (4.78) and integrate in time to have

ZkHCnl HL?(Q = Z 1¢"~ 1 HL2(Qd

In

_ Z {F7H (" = ¢" 7, (") +ale", (" (g) T

In

= Z (M@ — 0" M @) + a5 @) dr

In

Z — " Ruz(tas)) + a(@", Riz(tur))} dr.

In
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Using summation by parts to obtain

Zkucnl e = —Z / (7Y 2 (q) — 27 (@) — alé™, 22~ (q)) } dr

+Z / U@ @) - (6L @) dr
Z @™, Ruz(tn) — Ruz(tn-1)) — a(¢”, Ruz(tn-1))} dr

—Z /I (6", Ruz(ta)) = (0", Ruz(tn-r))] dr.
Using (4.62)-(4.63) and ¢(-,0) = 0, we obtain

Zkucnl My = Z / (6", 42(a) — dT+Z " Ria(tn) — Ruz(tar))

( ,Ru#(tn-1))} dr

3 | @it dT—Z g gt =)
ol =3 / a6, 2(tn 1) — 2(tn)) dr.

where in the last step we subtracted the equation

N

> [ 407020 = 2lt0)) = alon ()} i == J st =y ar

n=1

for v = ¢". Summation by parts implies

ancnl Wewy = 3 / CRAORTTOLED Oy RUSCETY
Fa(d" ) — Z /I a(6", (b 1) — 2(t,)) d7.

Using the fact [, a(¢",n"~")dr = 0 in the above equation, we obtain
N
anc" Dl = 3 [ @00~ slta)) dr+ Z — Ly )dr
n=1 n
N
=S / a(&", 2(tr) — =(tn)) dr.
n=1 In
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An application of the Cauchy-Schwarz inequality and continuity of the bilinear form

gives

angnl iz < (ikw”im) (anyh (tn)ll720 )
n=1
(K- 6 ) (2 k‘||77"||i2(9>>%
n=1 p—
(ﬁéMWWmm)l

=1

1

(Zk{“ @) + N1zt 1)||?{1(Q>}>2. (4.79)

By setting vy, = ¢" — ¢" ! in (4.78), using the Cauchy-Schwarz inequality and Young’s

inequality together with the summation by parts gives
N
D kg = 0" Mgy + 19V ey < N6°N5n @) + CZ klIC" M (@) 72 )
n=1

< CZMK" YD)z (4.80)

where we have used ¢° = 0. Similarly set v, = k¢™ in (4.78) and applying the Cauchy-
Schwarz inequality, the Young’s inequality together with the summation by parts and
¢° = 0 yields

N
1V 1720) + D klld™ e <C‘Zk|l<"1 )70 (4.81)
n=1

Use (4.80) and (4.81) in (4.79) leads to

1

(Zkucn {@lBe) < [(ikuyh () aen) (Zklln o)’

<ik{H ) ) + 112 (- 1)||§{1(Q)}>%]-

This completes the proof. O

In the following lemma, we prove the error between the derivative of the continuous

and fully discrete reduced cost functions.
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Lemma 4.4.4. Let 7'(q)(r) and (5} (q)(r) be given by

H(@)(r) = / (Gq(r) + =(r).r)dr, Vi € L3(0,T: LX),

and
N

() (a)(r) = Z/ (Gq(r) + 237 (q),r)dr,  Vr € L*(0,T; L*(Q)),

n=1 In

respectively. Then

d

7@ () = G (@) £ Co(B*72 + k)|l 22y,

where
C1 = C(ollzz@s 1913 gy Il Nallzzzps Iallzazey ) (4.82)
Proof. The proof follows by straightforward calculation. O

The following theorem estimates the error in the control variable.

Theorem 4.4.1. Let q and g} be the optimal controls of (4.13) and (4.57), respectively.
Let the second order optimality condition (4.17) holds true. Then we have

h G

g <C b AR e g ), 483
lg — axllz2z20)) 1\/7—]3 7P( ) ( )
where Cy and Cy are given by (4.45) and (4.82).
Proof. For r € L*(0,T; L*(2)), we have
7"(@)(r,r) = yplrle e @) (4.84)
and
G (g (ryr) > Ve llr 222 0): (4.85)
We now formulate the following auxiliary problem:
min j(qp), (4.86)

P
q;LLth,n

where we only discretize the control variable. Let ¢ be the solution of problem (4.86).

By triangle inequality, we have

g — anll 22 < g — @2z + 1dn — a2z @) (4.87)
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With € = Ag + (1 — \)g, A € [0,1] and h sufficiently small, we have by (4.84)
"Ea—dn.a— @),

=J'(@)q—a) - 7@ — a)

=7 (@)q— @) = 7'(@)(a — Lng) — 7'(G)(Lrg — G1)-

S

vella = @lle 2@y <

The necessary optimality condition, for sufficiently small A, imply

J(@)@—q) <0 and  —j'(G)(Lug — G) <0,
and hence, using the properties of £, and the Young’s inequality, we have
vella — G lae)y < =" (@) — Lng)
T
—— | (ag+ @)a— £ag) dr
0
T
= —/ (2(51}7) — Lnz(d). g — th) dr
0
1 1 ~n ~n\ (|12 1 2
(G0 ~ Lra@ae + 5o = Lol dr

An application of Lemma 4.3.1 leads to

la— < [ Cnve@liam + —=hIVliae)
RIIL2(L2(Q) = A \/’Y_P hJIIL2(S2) \/7_13 L*(Q)

where C4 is given by (4.45). To estimate the second term in (4.87), we use the necessary

P

optimality condition leading to the following relation

O (@) (ar =ri) <0< 7 (@) (rn — @), Vrn € Q-

Again, with £ = S\q}} + (1 — Ny, A e [0,1] and sufficiently small h, we obtain using
(4.85)

IN

(R)" (€

= ()
7' (@) (ar
< Cl(hz_%

(q Cj}?aqg _(jfTLL)
) (g — an) — U (@) ar, — @)
— ) = Gn)(@)(ar — @)

vellan = @rllZe 2

)
(

IN

+E2)|lan — @nllez2 @),

where C) as in (4.82). The last step in the above follows from Lemma 4.4.4 and this
completes the proof. O
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With the above preparations we are now ready to estimate the error between the
solution y of the continuous problem (4.12) and the solution )}, of the fully discrete
problem (4.51).

Theorem 4.4.2. Assume that g and w are given functions such that
g€ L*(0,T;C(Q)) N H2(0,T: L™(Q)) and w € M(Q), yo € L*().

Let y € L*(0,T;L*(Q))) and Y, be the solutions of the problems (4.12) and (4.51),

respectively. Then, we have

_4d 1
ly = Vullee@ey < C(R*> + k2)(IIgIIH%(Lw(Q))HWHM(Q) + llvollz2(0) + ||Q||L2(L2(Q)))
+llg — arllrz2@))-

Proof. We use the duality argument to prove this result. Let @ be the solution of the
problem (1.14) with f € L*(0,7; L*(Q)). Then, from (4.12), we obtain

T
/QT(y_yh>fdl’dT = /0 /Q(y_yh)(_lpt‘i‘fl ) i
N

= =Y [ - v e +alyp, )} drt < ) >q,
= In

From (4.51), we have
N - ~ y N ~ N ~
Z{(ayi?a Rhw) + a’(y27 Rh,[vz))} = Z < M, Rhw >In + Z(QZa Rhw)v (489)
n=1 n=1 n=1

where Ry, € V" is defined in (4.66).
Integrate (4.89) in time and add the resulting equation to (4.88) gives

N
/Q (y=Vu)fdedr = =) i (K — w0 = Ru) + alyy, o — Ruh)}dr
n=1 N )
Hmvza, =3 [ <Rt >, dr)+ (- v, 0)
n=1 n

g oy~ / (a0, Rth) dr,

= E1+E2+E3+E4.
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Note that El, Eg, Eg are estimated in Lemma 4.4.2. To estimate E4, we have

B = \é/fﬂ@ﬂ) dr — é/LL(qg,nhw) dr

_ ‘é/jn(q,@b—ﬁh¢)d7+é/ln(q—qﬁﬁh@b)df‘-

Then, use of the Cauchy-Schwarz inequality and the stability result ||R;|| @) <
CllY|| 22y together with Lemma 1.2.3 gives

1Byl < Ollgllzz@pllt = Rullzz@) + g — il zz e I Rt | 22 (22 @)
1 n
< C{(h + k2)\lall 22 ) + llg = qhHL2(L2(Q))>}”f||L2(L2(Q))7
where we have used (4.75) and the fact ||y — Rath||12(22(0)) < [ = Rat|| L (12(0))- The
estimates of By, Ey, F3, Fy and the definition of L2(0,T; L2(2))-norm completes the
rest of the proof. O

Now, we write the error between the continuous and fully-discrete co-state variables.

Theorem 4.4.3. Let z and Z), be the solutions of (4.14) and (4.54)-(4.55), respectively.

Then, we have

1
|2 = Znllz2(2)) < C||y—yh||L2(L2(Q))+C(h+k2)(||z||L2(H2(ﬂ))
+||Zt||L2<L2(m>>-

Proof. Following the lines of arguments of Lemma 4.4.3, it is easy to derive the desired

estimate. O

Concluding remarks. In this chapter we study the a priori error analysis for
the finite element approximations of POCP with measure data in space. The spatial
discretization of the state and co-state variables are based on piecewise linear and contin-
uous finite elements whereas the control variable is approximated by piecewise constant
functions. A priori error bounds of order (’)(h2_%) are shown for the state, co-state and
control variables for the spatially discrete approximations of POCP with measure data
in space (see Theorems 4.3.1-4.3.3). The time discritization is based on the backward-
Euler implicit scheme and a priori error estimates of order O(hz_% + /{:%) for the state,
co-state and control variables are established (see Theorems 4.4.1-4.4.3). Numerical

results are provided in Chapter 7 (see Example 7.2) to support our theoretical findings.
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5

POCP with Measure Data in Time: A Priori Error

Analysis

This chapter considers finite element approximations for POCP (1.6)-(1.8) with measure
data in time, i.e., p = gw with g € C([0,T]; L*(Q)) and w € MJ0,T]. We prove the
existence, uniqueness and regularity results for the control problem. A priori error
estimates for both spatially discrete and fully discrete approximations for the state, co-
state and control variables are derived. The problem is spatially discretized by using
finite element approximation scheme with continuous piecewise linear functions for the
state, co-state variables and piecewise constant functions for the control variable. The

time discretization scheme is based on the backward Euler implicit method.

5.1 Introduction

Let Q7 = Q x (0,7] and I'r = 99 x [0, T], where 2 is a bounded convex domain in
R? (d = 2 or 3) with boundary 9Q and T' < co. We now recall the following POCP:

- 1 [T
i (g, o) = { — yil[Zage + &g }dT 5.1
min 70.9)=5 [ {1y vl + iz 6.1)
subject to the state equation

p

v+ Ay =p+q in Qp,

y(-,0) = yo(z) in Q, (5.2)
v = 0 on I'p
and the control constraints
e < q(x,t) < qq a.e. inQp, (5.3)
7
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where ¢., qq € R fulfill ¢. < ¢4 and 3, = %. The operator A is defined in (1.4) and
@ > 0 is a fixed constant. Further, yo(z) € L*(Q) and yy(x,t) € L*(0,T; L*(2)) are
given functions. The function p = gw, where g € C([0,T]; L*(2)) and w € M0, T]. The

set of admissible controls is defined by
Po={qe L*(0,T; L*(Q) : q. < q(z,t) < qq a.e. inQr}. (5.4)

The POCP (5.1)-(5.3) with measure data in time occurs in optimal control prob-
lems with state constraints pointwise in time [16]. In this work, we prove the existence,
uniqueness and regularity of the solution of the control problem, and investigate the con-
vergence properties of finite element approximations for the state, co-state and control
variables. Both spatially discrete and fully discrete optimization problems are ana-
lyzed and error estimates for the state, co-state and control variables are derived in the
L*(0,T; L*(©2))-norm. We obtain error estimates of order O(h) for the state, co-state
and control variables for the spatially discrete control problem. A time discretization
scheme based on the backward-Euler method is analyzed and error estimates of order

O(h + k'/?) are proved for the state, co-state and control variables.
A brief outline of this chapter is as follows. In Section 5.2, we discuss the existence,

uniqueness and regularity results of the control problem. Section 5.3 deals with the
spatially discrete finite element approximations of problem and derive error estimates
for the state, co-state and control variables. Section 5.4 is devoted to the fully discrete

error analysis for the control problem and the related convergence results are derived.
Throughout this chapter C' denotes a positive generic constant independent of h and

5.2 Existence, uniqueness and regularity results

This section is concerned with the existence, uniqueness and regularity results of the

control problem (5.1)-(5.3).
We recall the following notations:

W(0,T) := L*0,T;Hy(Q)NH0,T; H (),
X(0,T) = L*0,T; H*(Q) N Hy(Q) N HY0,T; L*(Q)),

It is straightforward that W (0,T) < C([0,T]; L*(2)) and X (0,T) < C([0,T]; H}())
(see [61]). The following theorem provides the results concerning the existence, unique-

ness and the regularity of the solution to problem (5.2).
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Theorem 5.2.1. Assume that ¢ € L*(0,T; L*(Q)) N L>=(0,T; L*()), yo € L*(Q), p =
gw, g and w are given functions such that g € C([0,T]; L*()), w € M[0,T]. Then, the
problem (5.2) admits a unique solution y € L*(0,T; Hy(Q)) N L>*(0,T; L*(Q)) such that

_(y7,Ut)QT + &(y,U)QT =< LU >>qp +(Q7,U)QT + (y07 U('> 0))7 YORS W(Ov T) (55)
with v(-,T) =0 and

il + 19l =z < € (gl ol + lallzezioy + Ivollze ) (5.6

where

<< v >>q.= / vdp = /OT (/Qg(x,T)v(z,T) da:) dw(t), Yov e C([0,T]; L*(Q)).

Q

Proof. We borrow the proof techniques from [16]. Since the problem is linear, it is
enough to consider either yg =0or u=0and ¢ =0. If u =0, ¢= 0 and yy € L3(Q), it
is straightforward that the problem (5.2) admits a unique solution y € L?(0,T; H3(2))N
L>(0,T; L*(2)) satisfying the a prior: estimates [61]

1yl L2z @) + 1Wllze@2@) < Cllyollrz@)-
Now we assume yo = 0, let {w,}, C C[0,T] be a sequence converging weak* to w in
M0, T] and satisfy
[wnllzro,my < llwl] mpo,7-
Let y,, be the solutions of

p

Yn,t T Ayn = gwn, +q  in Qr,

Yn(,0) =0 in (5.7)

(Un = Oon I'p,

Then y, € X(0,7). For f € D(Qr), let ¥ be the solution of problem (1.14). Then
e X(0,T) = C([0,T]; H}(€2)). Now, from (5.7) we have

Fyndadr = / (=t + A"0)y, dudr
Qr

Qr

= / g, drdT + / qy dxdTt
Qr

Qr

< C(Ilgll o qurion lonll pmlleqomseacey + lall2scan 1 ey ).

TH-2228_ 136123009



CHAPTER 5. POCP with Measure Data in Time 80

It is quite standard to prove the following bounds [61]:

[¥lleqoryrz) < Cllf Iz (5.8)
1Y lleqomizz@) < Cllf 21, (5.9)

and
|Vl 2222y < Cll fllz2z2@))- (5.10)

In view of (5.8) we conclude that the solution sequence {y,}, is bounded in the space
L>(0,T; L*(2)). By (5.9) we note that the sequence {y,}, is also bounded in the space
L*(0,T; H}(2)). Thus we can extract a subsequence y,, such that y,, — y weakly in
L*(0,T; HY(2)) N L>=(0,T; L*(2)) and hence (5.6) holds.

Next to prove (5.5), let » € W(0,T) and ¢(-,T7") = 0. Multiplying (5.7) by ¥ and

integrating by parts over {0y we obtain

/OT </Qg?/) dx)wn(f)dTJr /QT q¥ dxdr = —/QT yniby dzdr

d
OYn 61/)
—l—/QT <Z ”8 0 +a0yn¢>dxd7' (5.11)
i,7=1
Passing to the limit in (5.11) we get (5.5). Finally, the uniqueness follows from the fact
that the only solution for the zero data of (5.5) is y = 0. O

The weak form of the model problem (5.1)-(5.3) is as follows:

1 T
min Jg.0) =5 | {1~ sl + lalae (512

qeQ?,

subject to
_(yv Ut)QT + a(yv U)QT =<< W,V >>0p +(q7 U)QT + (y()av('v O))> Vo € W(O>T) (513)

In the next step, we introduce the reduced cost functional j : L2(0,T; L*(Q2)) — R by

i) = J(a.y(q),
where J is the cost function given by (5.12) and y(q) is the weak solution of (5.2) as
defined in (5.13). The optimal control problem (5.12)-(5.13) can be reformulated as

min j(q), (5.14)
9€QL,

where the set of admissible controls is given by (5.4).
The following theorem ensures the existence and uniqueness of solution of minimiza-

tion problem (5.14).
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Theorem 5.2.2. The optimal control problem (5.14) admits a unique solution.

Proof. Let g, be the minimizing sequences, i.e., j(g,) — infqude(q). By virtue of the
term &||ql|L2(z2(q)) in 7(q), @n is bounded in Q¥ and let y(g,) = y,,. From the regularity

estimate (5.6), we have
1Ynll L2y < C,
where

C = Cllgllz=z2 @, lwllmp, lallzaz@y, vollzzw)-

Since the injection map Hy () — L*(£2) is compact, it follows that y,, has a subsequence,
denoted by y,, such that

Yn, —y weakly in L*(0,T; Hy(Q)),
and y,, — y strongly in L*(0,T; L*(Q)).

For v € D(Qr), we have

(an7,U)QT = _(ynwvt)QT + a(yan)QT_ << W,V >>q (ynk( ,0),'[1( 70))
= _(ynk - y7vt)QT + a‘(ynk - Y U>QT T (ynk( ) ) ( 70)7 U( 70))
_(y7 Ut)QT + a‘(y7v>QT_ <<,V >>qp _(y< ) ( 70))

As n — 00, yp, — y strongly and (¢, ,v)o, — (¢,v)q,. Then, ¢,, — ¢ in D'(Qr) and
consequently y satisfies (5.13). Hence y = y(q) and lim inf}'(an) > j(q) and therefore,

q is the optimal control. O

The first order optimality condition is characterized by
J(@)(q—q) >0, YjeQh (5.15)
The derivative j'(¢)(g — q) for given ¢, ¢ € QF, can be expressed as
T
7(@)(G—q) = / (Gg+z,q—q)dr, (5.16)
0

where z = z(q) is the solution of the co-state problem

_(Ztv U)QT + a(’z?,U)QT = (y — Y U)QT7 Vv € L2(07 T; H&(Q)), (5 17)

2(,T)=0 inQ,
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and y = y(q) on the right hand side of (5.17) is the solution of the state equation (5.13).
Let the co-state variable corresponds to the optimal control ¢ is denoted by z(g). Then

the optimality condition (5.15) reads

0= Poai( ~ 22(). (515)

where Py, ., denotes the projection of R on to [gc, ¢q| defined as

Ply..qq(q) == max(ge, min(ga, q)). (5.19)

The second derivative of j”(¢)(-, ) is independent of ¢ and positive definite, i.e.,
7"(@)(r,7) 2 vl iaay, Vr € L2(0,T; L3(Q)). (5.20)

Using property (5.19), we provide an important regularity result.

Theorem 5.2.3. Assume that (q,y) be the solution of the optimization problem (5.12)-

(5.13) and z is the co-state variable. Then, we have

y € L*0,T; Hy()) N L=(0,T; L*(Q)),
z € X(0,7),
¢ € X(0,T)N L0, T; I°()).

Proof. The regularity of y follows directly from Theorem 5.2.1 and regularity of z follows
by Lemma 1.2.3. The property (5.18) imply the desired result for g. O

5.3 Spatially discrete approximations of POCP

In this section, we consider the continuous time finite element approximation of
(5.12)-(5.13) and derive error estimates of the continuous and the spatially discrete

state, co-state and control variables under suitable norm.

Associated with T, let Vj, be a finite dimensional subspace of C(f2), consisting of
piecewise linear polynomials as described in Section 2.3 of Chapter 2 . We denote
VY=V, N HYQ) and let

QF = {an(t) € QF,: Gu(t)|x = constant, VK € Ty, t € (0,T]}.

Now we define the spatially discrete finite element approximation of (5.12)-(5.13) as
follows: Find a pair (qu,ys) : [0, 7] — QF x V)2 such that

- 17 .
min J(an, 1) = / {llvn = vallt20) + GllanliFzey | dr (5:21)

ameQE
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subject to

—(Yns Unt)ar + a(Yn, Vn)ay =<< W, 5 >>qp +(qn, vn)asy + (Yno, vn(+,0)), (5.22)

Vo, € HY0,T;VY) with yno = Luyo and v,(-,T) = 0, where L, is the L?-projection
defined by (4.21). Here,

vy dp = /OT (/Qg(:)s,f)vh(x) d:)s) dw(t), Yo, € HY(0,T; V).

Analogous to Theorem 5.2.1, we have the following stability result.

<< W,V >>qr= /
Q

Lemma 5.3.1. Let ¢ € L*(0,T; L*(Q)) N L>(0,T; L*(2)), p = gw, g and w are given
functions such that g € C([0,T); L*()), w € M[0,T). Let yn(q) € L*(0,T;V?) be the

unique solution of

—(yn(@), vht)or +a(yn(q), va)ar =<< p,vh >>a, +(q,V0) o + (Yno(q), vn(-,0)), (5.23)

Vo, € HY(0,T;V0) with vy, (-, T) = 0 and yno(q) = Lnyo. Then

lyn(@) | 2 )y + 19p(Dl Lo z2 @) < C(llgHLw(Lm))Hw||M[o,T}+||(JHL2(L2(Q)>

(@) lr2@)- (5.24)
Analogous to the continuous case, we introduce the discrete reduced cost functional
gn: L*(0,T; L*(Q)) — R by
jh(‘]) = j(Quyh<q)>'
The discretized optimization problem (5.21)-(5.22) is stated as follows:

min jh(Qh)- (5.25)

ahEQE

The existence of a unique solution g, € QF of (5.25) follows from the standard arguments

of [60]. Then the first order optimality condition may be read as

Jnlan)(dn —aqn) =0, ¥ 4y € QF, (5.26)

where the directional derivative j; (g )(Gn — qn), for given qp,, Gn € QF, can be expressed
as

31(an) G — an) = /0 (6dn + %) (G — qn) dr (5.27)

with z, = zp,(qp) is the solution of the discrete co-state problem:

—(2nt, U)oy + a(2h, Un)ar = (Yn — Y Un)ar,
(5.28)

Zh(', T) = 0,
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Vo, € HY(0,7;VP). The variational inequality (5.26) is equivalent to the following

pointwise projection formula:

1
Qh = P[qc,qd] < - azh)7 (529)

where the projection Py, 4 is defined by (5.19).
For the purpose of error estimates, it is convenient to introduce the following two

auxiliary problems: For ¢ € QF, let a pair (yxn(q), zn(q)) € L*(0,T; V) x H*(0,T;V}?)
satisfy

—(Un(q); vri)ar + alyn(q), vn)or = << p,vn >>ap +(q, vh)os
+(Yn,0(q), vn(+, 0)), (5.30)
—(2ne(a), vn)ar + alzn(a), vn)or = (Yn(@) — Yg va)or, (5.31)
() (- T) = 0, (5.32)

Vo, € HY(0,T; V). Since q € QF,, we conclude from Lemma 5.3.1 that problem (5.30)
admits a unique solution y,(q) € L*(0,T; V). Similarly, (5.31)-(5.32) admits a unique
solution z;,(q) € H'(0,T; V).

In the following two lemmas, we prove some intermediate error estimates for the

state and co-state variables.

Lemma 5.3.2. Assume that ¢ € L>=(0,T;L*(Q2)) N L*(0,T; L*(Q)) and p = gw with
g €C([0,T); L*(Q)), w € M[0,T]. Lety and yn(q) be the solutions of (5.13) and (5.30),

respectively. Then, we have

Iy = yn(@) 22y < Ch(llgll=a@pllellaor + lvollzo) + lalzzay ).

Proof. The proof will proceed by the duality argument. Let ¢ be the solution of the
problem (1.14) with f € L?(0,7; L*(Q2)). Then, using (5.13), (4.26) and (5.30), we

obtain

/Q (v — yn(@)f dedr = / / (4 — u (@) (=t + A°0) dadr

= (W, Y)ar +aly, V), + (Wn(a), Y)or — alyn(), ¥)or

= << >>ap (o, ¥(,0)) + (¢, ¥)ay
+(Wn(a), Ynt)ar — alyn(q), ¥n)as

= << >>ap +(Yo, ¥(+0)) + (¢, ¥)or— << pn >>ap
—(Wn0(2), ¥n (-, 0)) = (¢, ¥n)or-
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Use of (4.21) gives

/Q (v —wyn(@)) fdxdr = << p, ¥ — Y >>ar +Wo, ¥(-,0) — Un(-,0)) + (¢, ¥ — Yn)ay

T
- /0 (/Qg(x,T)(lp — ) dm) dw(7) + (yo, (-, 0) — u(-,0))
+<q7 ¢ - 7vbh)QT
C<H9||L°°(L2(Q)) ||WHM[O,T] + Hy0||L2(Q)> Hqﬂ — whHLOO(L?(Q))

IA

llallzz @) llv = ¥nll 22 ))-
Apply Lemma 4.3.2 and regularity results from Lemma 1.2.3 to obtain

/Q (v —yn(q) fdxdr < (Ch||9||Loo(L2(m)||w||M[o,T] + Ch|lyol| L2

+Oh2||Q||L2(L2(Q))> <||¢||L2(H2(Q)) + ||¢t||L2(L2(Q)))

< Ch(llglsos zzon Loy + loll 2o + Nl z2cezcan ) 1 ll2ce2ie:

Then, from the definition of L?(0,T; L*(2))-norm, we have

Ly —un(@))a
|y = yn(@) 22y = sup ( (@)
feL2(0,T;L%(Q)),f#0 Hf||L2(L2(Q))

< Ch(llglleaaylllvom + wollzzco) + lall e )

This completes the proof of the lemma. O

Remark 5.3.1. In Lemma 5.3.2, we have obtained intermediate error estimate for
the state variable of order O(h) for the spatially discrete approzimation of POCP with
measure data in time. Compared to the estimate of Lemma 4.53.4 this estimate does not

depend on the dimension of the domain ).

Lemma 5.3.3. Let z and z,(q) be the solutions of (5.17) and (5.31)-(5.32), respectively.

Then, we have

|2 = 2n(@) |22 () < Ch2(|ly||L2(L2(Q)> + HyJHL?(LQ(Q))) +ly — yn(@) 2222(0))-

Proof. Let ¢ be the solution of (1.13) with f € L*(0,7; L*(?)). Then, from (5.17),
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(4.25), (5.31) and (5.32), we obtain

T
/ (z — zn(q)fdedr = / /(z — 21(q)) (¢ + A¢) dxdr
Qr 0 Q
= (Z7 ¢t)QT + CL(Z, ¢)QT - (Zh(Q>7 ¢t>QT - a(zh(Q>7 ¢)QT
= —(21,9)ar +alz,0)a, — (21(q), Dnt)or — alzn(q), dn)or
(Y —y5 ®)ar + (20t (0), On)ar — alzn(q), dn)ar
(Y — Y P)ar — (Un(@) — Y, on)or
Y =Yg ®— dn)ar + (¥ — Yn(q), Pn)ar
< Ny = yillzeelle = dnll 22y + [lv — yn(@ll 22 |90l 22 @)

An application of Lemmas 1.2.3 and 4.3.2 yields

| G- aansdudr < cr(lyllaason + ol ozon) Flzaeio
Qr
Fllonll 22 1y = yn (@) |2 z2()-

Using the stability estimate ||¢p||z2(22(0)) < C||f|l12(12()) and the definition of L?(0, T'; L*(12))-

norm yields the desired estimate. O

In the next lemma, we derive the error between the derivatives of continuous and

discrete reduced cost functionals.

Lemma 5.3.4. Let r € L*(0,T; L*(Q)), and let the derivatives of j(q) and ju(q) be
given by (5.16) and (5.27) with q, = q, respectively. Then, we have

17(a)(r) = Jn(@) ()] < Cohllr]| 222,

where

Ch = C<Hg||L°°(L2(Q))v lwll mpo,rrs Nvollze)s llallzz@2@)), ||?JJ||L2(L2(Q))>- (5.33)

Proof. For r € L*(0,T; L*(Q2)), we have

and

Then, we have
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and hence, we obtain

7'(@)(r) = a(@)(r)]

IN

[ e - st nar

< Iz = 2@ 22 Il 2222
< Coblr|l 2@y

where we have used Lemma 5.3.3. This completes the proof. O

We now present one of the the main result of this section namely, the error between

the continuous control ¢ of (5.14) and discrete control g, of (5.25).

Theorem 5.3.1. Let q and g be the optimal controls of (5.14) and (5.25), respectively.
Assume that the second order optimality condition (5.20) is valid. Then the following
error estimate holds:
C C
2 h4 Z2h,
TP P

lg = anll 220y <
where Cy is given by (5.33) and

Cy :C(IIQIILOO(L2(Q))> lwllmpzs Nlvollze@y, llallz2zz@)), IIyJIILQ(LZ(Q))>&>- (5.34)

Proof. The proof will follow in a manner similar to Theorem 4.3.1. But, for the sake of
completeness we present the proof. With r € L?(0,T; L*(Q2)), we have

3"(@)(r,m) = pl7ll72 (20, (5.35)
and
Jn(an)(r,r) = ypllrilie ey (5.36)

We now formulate the following auxiliary problem:

min 3<Qh>7 (537)

ameQl
where we only discretize the control variable. Suppose ¢, be the solution of problem

(5.37). We decompose the error as follows

q—aqn=(q—Gn) + (Gn — qn), (5.38)

and proceed to estimate each term separately. In view of (5.35), we have for A € [0,1]
with &€ = Ag + (1 — A)g, and h sufficiently small,

vllg = @l egz@y < 7@ — Gna — @)

I
—~
I
~—
—~
(S

I
Q
>
~

I
.
—~
;_‘l
~—
—~
(S

I

)
>
)
~—

I
.
—~
]
>
~
—~

()
>
L

I
0
>
~
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The necessary optimality condition imply, for A sufficiently small

7(@)(g—a) <0 and — 5 (Gn)(Lrg — Gn) <0,

which together with the properties of £; and the Young’s inequality yields

vellg = anllierey < —3'(@) (g — Lng)
T
= —/ (d(jh + 2(qn), q — ﬁhQ) dr
0
T
= _/ (2(qn) — Lnz(qn),q — Lng) dr
0
TN 5 1
it / <§||Z(Qh) = Loz(@n) 220y + slla— EhQ||2L2(Q)> dr.
0

Therefore, we have

T
C C
-4 < [ (“Lle@) - Lrctalls + ~=lla — Laalize) o
g qh||L2(L2(Q)) /0 \/7—P|| (Gn) h (qh)||L2(Q) ﬁ!\q hQ||L2(Q)

An application of Lemma 4.3.1 yields

Cs

C .
P

T
C
o= alway < | (S=hle@lme +—=hlalme) dr <
(L2 () 0 \yAP () NaTs (@)

where C, is given by (5.34). To estimate the second term in (5.38), we use the necessary

optimality condition (5.26), which leads to the following relation:

gnlan)an — ) <0< 3(@)rn— @), Vi €Qr.

With € = Agy + (1 — N)dn, A € [0, 1] and & sufficiently small, we have from (5.36)

vellan — @l Tore@y < I (E)(an = Gns an — Gn)
= Jn(an)(an — @) = Jn(Gn)(qn — Gn)

7'(@n) (an — an) — Jn(@n) (an — dn)
< Cohllgn — GnllL2(22()-

IA

The last step follows from Lemma 5.3.4 and C, is given by (5.33). This completes the
proof of the theorem. 0

The final result of this section gives the error between the continuous and spatially
discrete state variables in the L?(0,T; L*(2))-norm.
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Theorem 5.3.2. Let y € L*(0,T; HY(Q)) N L>(0,T; L*(Q)) and y, € L*(0,T;V?) be
the solutions of (5.18) and (5.22), respectively. Assume that p = gw, g and w are given
functions such that g € C([0,T]; L*(Q?)) and w € M0, T]. Then, we have

ly = wallizezey < Ch(llgleezolwlimom + lgollzz + gl ey
+llg — anllz2(z2@))-

Proof. Let 1 be the solution of the problem (1.14) with f € L?*(0,T; L?*(Q2)). Then from
(5.13), (4.21), (4.26) and (5.22), we obtain

[ w=wsanar = [7( [ oteniw - i) o) date) + (o, v0-0) = .0)

+(q, % — Yn)as + (4 — qn, Yn)ay
< C(lglle=uxanlwllaom + ol )1 = vnllr=cezan
Hlallzz 2@ 1Y = Ynllzz2 @) + g — anllzz2) 1¥nll 222 @))-

From Lemma 4.3.2, we have

| @-usdsar < (Chlglmuzaylloliviom + Chlv
Qp

|L2(Q)

+Ch2!|Q||L2(L2(Q>)) <||¢!|L2(H2(Q)) I ||¢t!|L2(L2(Q>))
+lg = gnll 22 l|1¥nll L2 L2y -

Using the stability estimate |[¢n | 2(z2(0)) < C|| f||r2(22()) and Lemma 1.2.3, we obtain

/ (y —yn)fdxdr < Ch{llQHLw(L?(Q))||w||M[o,T] + llyollz2) + ||Q||L2(L2(Q))}||f||L2(L2(Q))
Qp

+lla = anll 222 |l L20220)) -

Finally, the definition of L?(0, T'; L*(€))-norm gives the desired estimate. This completes
the proof of the theorem. O

The following theorem presents the error between the continuous and discrete co-

state variables.

Theorem 5.3.3. Let z and zj, be the solutions of (5.17) and (5.28), respectively. Then

|2 = 2ull 22 ) < Ch2<||y||L2(L2(Q)) + ||yJ||L2(L2(Q))) + 1y — ynllz2(L2(0))-

Proof. The proof follows by same lines of Lemma 5.3.3. So, we omit the details. O
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5.4 Fully discrete approximations of POCP

In this section, we shall consider the fully discrete approximations of (5.21)-(5.22)
based on the backward-Euler scheme for the time discretization and the continuous
piecewise linear finite elements for the space discretization. The control variable is

approximated by the piecewise constant functions.

Let 0 =tp < t; < .. <ty_1 <ty =T bea partition of [0, 7] with time step-size k :=
tn —tn_1 and I, :== (t,_1,t,) forn =1,2,... N. For any function y € C([0,T]; L*(2)),
define " := x(z,t,) and 0" := x—Tx” For n = 1,2,..., N, construct the finite
element spaces V;* C Hy(Q2) and @}, with the mesh 7. For our error analysis, we set

k = O(h?) throughout this section.
The fully discrete approximation of (5.21)-(5.22) is to find (gj, yj) € Qf,, x Vi', n =

1,2,..., N, such that

min J(gh.a7) = Z -, 1k = gl + il o (639)

45 EQ

subject to

(OyR, vp) + a(yl, vpn) =<< p,vp >>1, +(q2, vn), Yo, € V), (5.40)

Y2 (z) = yno(x), €N,

Here

1 I
<< v >>p, = E/Q ( }vh 1 E/ (/Qg(x,T)vh(x) da:) dw(T), v, € V.
X (tn—1,tn tn—1

The optimal control problem (5.39)-(5.40) has a unique solution (gp, y7"), n =1,2,..., N,

such that (y, ¢, 27~ ") satisfies the following optimality conditions:

Oy, o) +alyl,vn) = << p,vp >>1, +(@hv), Yo, € V', n>1, (5.41)
yn(@) = yno(z), €, (5.42)

—(5227%) +a(z,” 7Uh> = (yp — yg,vh), Vo, € Vi, (5.43)
Nx) = 0, xeq, (5.44)

(Gqr +27 "y —ap) > 0, VG €Qp,. (5.45)

Analogous to the spatially discrete case, we reformulate the fully discrete optimal control
problem (5.39)-(5.40) as
min 77 (a5) (5.46)

a4, €@ 1,
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form=1,...,N.
The derivative of the discretized reduced cost functional is given by

Y@ =Y / @Gqp + 2574, r) dr. (5.47)

As in the case of spatially discrete error analysis, we shall first obtain some intermediate
error estimates which will be then used to derive error estimates for the fully discrete
scheme. Let )}, and Z;, be the fully discrete finite element approximations of y and z,
respectively, which is piecewise constant in time and piecewise linear in space on each

time interval [,,. For this, we first derive some stability estimates for (5.40).

Lemma 5.4.1. Assume that g and w are given functions such that g € C([0,T]; L*(Q2)),
w e M([0,T]) and yo € L*(RQ). Let y? € V", n=1,2..., N, be the solutions of fully
discrete problem (5.40) with yno = Lpyo. Then there exists a constant C' independent
of h, k and the data (g,w,yo) such that

N
Z lyn — y2‘1||%2(9> + k||yiivl|%{1(m < C(H?Jo”%%m + ||9||%oo(L2(Q))||W||3\A[0,T])
n=1

N
+C > |kah 32 (5.48)
n=1

and

N
Il ey + D kllgilEne < C(llvolZam) + NoliEep loliaom

n=1
N
+C ) |Ikap 172 (5.49)
n=1
Proof. Choose vy, = k(y — y;™") in (5.40) to obtain
(Wh = —un” ) ka(yp,uh —yn ') =k <<y — i >>n k(g v~y

Using coercivity, continuity of a(-,-) and the Cauchy-Schwarz inequality, we have

tn
i = ui iz + kBIY T < kalyr,un ™) +/ (9(7),y —yp~") duw(7)

tn—1

+k(qr, yr —yp )

IA

koo koo
515”%”.%{1(9) +51§Hyh 1”?{1(9)

tn
Iy — o e / 97| ey deo(7)
tn—1

+klap 2 llvn — v 2 )-
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Applying the inequality ab < ea® + %, a,b>0, € >0, we obtain

tn 2
i = i 2@ + Fllvnlline < Ckllyn g + C(/ 19(7)[ 20 dw(7)>

tn—1

+C||7fqm%2(n)-

Summation over n from n = 1 to N leads to

N N tn
S lur = v e + Ellv 13y < CEILwol @) +C Y (/ 19(7) [ 22(0) dW(T))
n=1 tn—1

n=1

2

N
+CZ ||kq;f||%2(9)
n=1

Now, using the inverse estimate (4.18) in l<;||£hy0||2 ) < kh™ QHEhyoH ) < C'||y0||L2(Q
we have
Z lyn — 1”L2(Q i k:||y ||H1(Q £ O<”y0”%2(ﬂ) + ||9||%oo(L2(Q))||W||.2M[0,T}>

N
+C |lkgh 32 );

n=1
which proves (5.48). To prove the second part of the lemma, set v, = ky;' in (5.40)
and use of coercive property of the bilinear form together with the Cauchy-Schwarz

inequality and Young’s inequality we have

tn
lyallZz) + Bkllyﬁllﬁp(mS(y;’l_layﬁH/ (9(7), yk) dw(7) + (kay, yp)
tn—1

i W ) b
< §||yh||2m( ||y 22 +||yh||L2(Q)/ 19(7)| z2() dw(T)
tn—1
+C||kq2||L2(Q)Hyh||L2(Q)-

Using the inequality ab < ea® + %, a,b > 0 and ¢ > 0, and the standard kickback

argument we obtain

tn 2
Y7172 + Elvillne) < Clivi iz +C</ 19(T) | z2(0) dw(T)) + Cllkay |72
tn—1

Summing the above over n from n =1 to N, it now leads to

N N tn 2
ln 32 + D kllwilline < ClLaoll7ay +C </ 19(T) 20 dw(T))
n=1 n=1 tn—1

N
+CZ ||kqg||2L2(Q)
n=1

and this completes the proof of (5.49). O
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In the following lemma, we shall investigate the error between the continuous solution

y and intermediate solution yj!(q) of

(ayg(q)vvh) + a(y}r;(q)vvh) =<< H, Up >>In _l_(qvvh)) \V/'Uh S tha n Z 17

Y2 (q) () = yno(x), =€

(5.50)

Lemma 5.4.2. Assume that ¢ € L*(0,T; L*()) N L>(0,T; L*(Q)), n = gw, g and
w are giwen functions such that g € C([0,T]; L*(Q)) and w € MI0,T]. Let y €
L*(0,T; H} () N L*(0,T; L*(Q)) be the solution of (5.13), and let Yu(q) be the so-
lution of (5.50). Then, we have

1
1y = Vu(@)l 22 < C(h+ k?)(Hyon(m + 19/l zee 2@ lwll o,y + ||(JHL2<L2<Q>>)7
where the constant C' is independent of h, k and the given data (g, w, Yo).

Proof. Let 1 be the solution of problem (1.14) with f € L?(0,T; L*(Q2)). Tt follows from
(5.13) and ¥~ = 0 that

|- fda:dr—/ [ = @)=+ A0 dadr

= (y ¢t)QT + a’(y> Qr + Z s { yh( )>wt) - a(yZ(Q)>w)} dr

= << Nvdj >>QT +<y071/)('7 0)) Ny (q7¢)QT

Z q),¥" = ¢"") — alyy(q),¥) } dr
= < ,u,¢ >>QT y07 Yy Z ys_l(q>7¢n_1>
+a(y}f( ), )} dr + (' (q), ¥™) —( h( ), (-, 0)) + (¢, ¥)ay
- Z i —yp ), ¥" ) + alyi(q), ¥)} dr
+ << 1 >>ap +H(yo — yn(a), ¥ (-, 0)) + (q,0)ay. (5.51)

From (5.50), we have

N

Z{(éyZ(Q)a Rut) + a(yy (@), Ru)} = Z <<, Rpth >>p, + Z(qu Rut), (5.52)

n=1
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where Ry € V* in (4.66). Integrate (5.52) in time and add the resulting equation to
(5.51) together with (4.67), we obtain

N
[ = wanssir == [ {600 - 500 - Ruw)
Qr n=171In
B N
+a(y; (@), ¥ — Rap)}dr + {<< p1,9) >>q, —Z/I << p, Rptp >>y, dr}

o — 12(0). 0,00} + {(g Z / (¢ Ru) dr}
= E\+ FEy+ Es+ E,. (5.53)

Now, we need to estimate By, E,, Fs and E,. To estimate Ej, (4.69) and the Cauchy-
Schwarz inequality yields

|E1| < F - F,

where

(SIS

N % N
F = <Z||yZ(Q) —yZ_l(q)lliz(m> , By = (Z [k —ﬁh@DH%z(m)
n=1

n=1

Using (5.48) of Lemma 5.4.1 gives

F < C<||y0”L2(Q) + {19l oo 2 @) [|w |l mpo,y + ||Q||L2(L2(Q))>'

Similar to (4.70), we conclude that

D=

N
1B < O SNy + Il age, iz })
n=1

de

N
- 2
< (S M e, sz + EIe s rsizon})
n=1

< ORIl + kIl azy).

and use of Lemma 1.2.3 yields
~ 1
|Ev| < C(h+ k2)|| fll 22 <||yo||L2(Q) + lgllzoz2(@) el mo, ) + ||Q||L2(L2(Q))>-(5~54)

For Es, we note that

B = / ([ 9te.1)0 = Rav)@) do) ()
=1 tn—1 Q
< C||9||L°<>(L2(Q>)||w||M[o,T}||¢—ﬁh@DHLw(Lz(Q))- (5.55)
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Use (4.75) and Lemma 1.2.3 in (5.55) to obtain
= 1
[Eo| < C(k2 + W)Yl 2z 191l 2o (220 1wl apo,my
< C(k2 + 1)|gll 2@ llwll ao,m | 1 222 @) (5.56)
For Es, we find that

1Esl = (o — (@), (,0)] < llgo — Lagoll -1 (@1 (-, 0) |10
< Chllyoll 2@ | fll 2222 (0))- (5.57)

Finally, for Ej, an application of the Cauchy-Schwarz inequality, (4.75) and Lemma
1.2.3 gives

N
Bl = | e = /I (0. R} dr]
=1~

= ]i/fﬁ(w — Rt dr

< Mallezz@pllv — Rawll2z@))
1
< C(h+k2)llqll 22 | fll 222 (5.58)

where we have used the fact || — Rpt|lr2r2@) < 1Y — Rutb||lz=(r2() and (4.75). It
follows from (5.54), (5.56)-(5.58) and (5.53) that

f> Yy — yh Q
1y = V(@) 2@z = sup o~ Yoy
rerco.r;r2@).r20 122 @)

1
< C(h+ k2)<||yo||L2(Q> + [lgll o= z2 @) [l |l mpo,y + ||(JHL2(L2(Q)>>-
This completes the proof of the lemma. O
In order to estimate ||z —Z(q)||2(22()), we define some auxiliary problem as follows:

Let 2" (q) € V;" satisfy

—(927(q), vn) + a2 (q), va) = (yh(q) — Y3 vn), Yon € VI,
(5.59)

D) () =0, z€Q.
Lemma 5.4.3. Let z and Z,,(q) be the solutions of (5.17) and (5.59), respectively. Then,

forn > 1, we have

1
|z — Zh(q)HLz(Lz(Q)) < Ch+ k2><||ZHL2(H2(Q)) + HZt||L2(L2(Q))>
+ly = Y@l L2220y
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Proof. Following the lines of arguments of Lemma 4.4.3, the estimate can be easily

derived. Therefore, we omit the details. O

In the following lemma, we derive the error between the derivative of the continuous

and fully discrete reduced cost functionals.

Lemma 5.4.4. Let the derivative of the continuous and fully discrete cost functionals
be given by (5.16) and (5.47), respectively. Then

(@) =GB (@)(r)] < Calh+ k2) 7]l 222

where

Cy = C(||?/O||L2(Q)a gl 2, lwllagom llallzzz2@), ||?JJ||L2(L2(Q))>- (5.60)
Proof. From (5.16), for r € L*(0,T; L*(Q)), we have

(@) = / (Gglr) + 2(e), ) dr,

and the derivative of the discretized reduced cost functional

= Z/I (ag(r) + 2 (q), ) dr.

[\
»\
|
N
:‘3
S~—
ISH
-

VAN

||z —Zh( Mezz@plIrll2 @)
- 1
< Co(h+k2)|Irllc2zz@),

where Cj is given by (5.60), and the last step follows by Lemma 5.4.3. This completes
the proof. O

The following theorem estimates the error in the control variable.

Theorem 5.4.1. Let q and g} be the optimal controls of (5.14) and (5.46), respectively.

Assume that the second order optimality condition (5.20) is valid. Then we have

~ h (h + k?)
< + Gy,
\/VP TP

where Cy and Cy is given by (5.34) and (5.60).

g — aqp

TH-2228_ 136123009



CHAPTER 5. POCP with Measure Data in Time 97

Proof. The proof follows by the same lines of arguments of Theorem 4.4.1. So we refrain

from giving the details. O

With the above preparations we are ready to estimate the error between the solution
y of the continuous problem (5.13) and the solution ), of the fully discrete problem
(5.40).

Theorem 5.4.2. Assume that p = gw, g and w are given functions such that g €
C([0,T]; L*(Q)) and w € M[0,T). Let y € L*(0,T; H}()) N L>(0,T; L*(2)) be the
solution of (5.13), and let YV, be the solution of (5.40). Then, we have

il
ly = Vulle2ey < Clh+ kQ)(H?/OHL?(Q) + gl oo z2 @) |l a1 + ||(JHL2(L2(Q))>
+lg = arllz2z2(0))-

Proof. Let v be the solution of the problem (1.14) with f € L%*(0,7T; L*(Q2)). It follows
from (5.13) that

/QT(?J y yh)fdxdT:/T/(y_yh)(—¢t+A*w)dxdT

= —(y, Yoy + aly, QT+Z | Ak ) —alyi 0} dr

N
= > T r =y Y +alyp W)} dr << >>q,

+(yo = Y, ¥ (5 0) + (@ ¥)ey- (5.61)

From (5.40), we note that

N N N
Z{(éyga ,K)'hr(/)) + a’(?/}?) 72hilvb)} = Z << H, ﬁhw >>In 28 Z(Q}r:a ﬁhw)a (562)
n=1 n=1 n=1

where Ry € V" is defined in (4.66). Integrate (5.62) with respect to time and combine

the resulting equation to (5.61) we obtain
N — — —
[ = yrdedr == [ {705 - 0 = Ra) + alof b - Ra) dr
QO n=1"1In
N —
+{<< :u7¢ >>Qp — Z/ << M7Rhw >>1, dT} + {(yo - y27¢<7 O)>}
In

Z (7, Rutb) dr}

In

= El + E2 + E3 + E4. (563)
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The terms El, Eg, Eg are estimated as in Lemma 5.4.2. For the last term E4, we have

Bl = )i/w,wm—i/mz,ww
= )Z/ = Ryt dr+2/ — a5 Ra) d |

Applying the Cauchy-Schwarz inequality, (4.75) and the estimate [|R,v|| @) <
Cl¥]lL2(L2()), it now follows that

|Ed < Nallezzonllv — Ratll 2@z + Cllg — | z22 o 19| 22 )
> n
< { b+ k)lallaziey + la = ahllzagen P Fliz@:

Putting the estimates of E1, Ey, F3 and E, in (5.63), we arrive at

f7 Yy — y
ly = Vull22@) = sup vy = Ynlar
feL2(0,T;L2(Q)),f#0 ||f||L2(L2(Q))

1
< Clh+ k) (llgollzz@) + lgllzeez @pllollmom + lallzz sy )
+llg = arll2 @)
This completes the proof of the theorem. O

The following theorem presents the error between the continuous and fully discrete

co-state variables.

Theorem 5.4.3. Let z and 2}, be the solutions of (5.17) and (5.43)-(5.44), respectively.
Then, forn > 1, we have

1
Iz = Zull2@e@y < Clh+ kz)(HZHL?(H?(Q)) 4 ||ZtHL2(L2(Q))) + 1y = Pull 220y
Proof. The proof is similar to that of Lemma 4.4.3. The details are thus omitted. [

Concluding remarks. This chapter is devoted to the development of finite ele-
ment approximations for POCP with measure data in time. We derive a priori error
bounds for both spatially discrete and fully discrete finite element methods. The order
of convergence for the state and co-state and control variables are shown to be of O(h)
(see Theorems 5.3.1-5.3.3) for the spatially discrete approximations of POCP with mea-
sure data in time. The error estimates for the fully discrete approximations of optimal
control problem are presented in Theorems 5.4.1-5.4.3. The order of convergence with
respect to the time discretization is (’)(k%) for the state, co-state and control variables.
Numerical experiment is performed in Chapter 7 (see Example 7.3) to illustrate our

theoretical results.

TH-2228_ 136123009



6

POCP with Measure Data in Space and Time: A

Posteriori Error Analysis

In this chapter, we derive a posteriori error estimates for the space-time finite element
discretization of POCP (1.6)-(1.8) with measure data. Two kinds of control problems,
namely measure data in space and measure data in time, are considered and analyzed.
We use continuous piecewise linear functions for the approximations of the state and
co-state variables and piecewise constant functions for the control variable, whereas
the time discretization is based on the backward Euler implicit scheme. We derive
global upper bounds for the errors in the state, co-state and control variables in the
L*(0,T; L*(2))-norm.

6.1 Introduction

Let Qr = Q x (0,7] and I'r = 9Q x [0,T], where Q is a bounded convex domain
in R? (d = 2 or 3) with boundary Q and T" < oo be a real number. We recall the
following model problem:

- 1 /7
min J(q,y) = = ( —y4|? + 2 >d7‘ 6.1
min 0.9 = 5 | (I =valleor + Il (©.1)
subject to the state equation

p

yw+Ay=p+q in Qp,

y(-,0) = yo(z) in Q, (6.2)

(v = 0 on I'p,
and the control constraints

¢ < q(z,t) < qq ae. in Qp, (6.3)
99
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where q., qq € R fulfill ¢. < ¢q and y, = %. The operator A is defined in (1.4). Moreover,
the initial state yo(z) € L*(Q) and yy(z,t) € L*(0,T; L*(Q)) is a given desired state.

For ease of exposition we set @ = 1. The set of admissible controls is defined by
Po={qe L*0,T; L*(Q) : q. < q(z,t) < qq ae. in Qp}. (6.4)

In this chapter, we consider the control problem (6.1)-(6.3) with measure data in space
and time separately. These problems are discretized using finite element method and
a posteriori error estimates are derived assessing the error with respect to the cost
functional. The main intent of this work is to extend the a posteriori error analysis of
parabolic problem [38] to POCP with measure data. We consider the control problems
with measure data in space and time separately and derive a posteriori error estimates
for the state, co-state and control variables. We use finite element discretization for
the approximations of the spatial variable and the backward-Euler implicit scheme for
the temporal discretization. While continuous piecewise linear functions are used to
approximate the state and co-state variables, piecewise constant functions are employed
for the approximation of the control variable. We derive a posteriori error estimates
for the state, co-state and control variables in the L?*(0,T’; L*(€2))-norm for both control
problems. The key ingredient in our analysis includes the interpolation approximation

properties, first order optimality condition and the duality trick.
The layout of this chapter is as follows. In Section 6.2, we derive a posteriori error

estimates for the control problem with measure data in space. Section 6.3 is concerned

with a posteriori error estimates for the control problem with measure data in time.

6.2 POCP with measure data in space

In this section, we consider the POCP (6.1)-(6.3) with measure data in space. In this
case, we take 1 = gw with g € L%(0,T;C(Q)) and w € M(Q). The existence, uniqueness
and regularity of the solution to problem (6.2) is already discussed in Chapter 4. We

recall the following notations:

W(0,T) := L*0,T;Hy(Q)NH"0,T; H (1)),
X(0,T) := L*0,T; H*(Q) N Hy(Q)) N HY0,T; L*(Q)).

The weak formulation of optimal control problem (6.1)-(6.3) can be defined as fol-
lows: Find a pair (¢,y) € Qg x L*(0,T; L*(€2)) such that

s 1"
min J(a,y) = ; / (Ily = vallZzqe) + lalzey ) dr (6.5)

qeQf,
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subject to

_(y7vt)QT + (yaA*'U)QT = < W >QT +(y07 U('7 0))
+(q,v)a., Yv e X(0,7), (6.6)

where

< U >qp= /Q </0Tg(x,r)v(x,7') dT) dw(x), Yve L*0,T;C(Q)).

The optimal control problem (6.5)-(6.6) admits a unique solution if the following opti-

mality conditions are satisfied.

Theorem 6.2.1. A pair (q,y) € QY x L*(0,T; L*(Q)) is the solution of the optimal
control problem (6.5)-(6.6) if and only if there exists a co-state z € X(0,T) such that
the triplet (y, q, z) satisfies the following optimality conditions:

=W var + (y, Ao, = <p,v >, +(q,0)0r
+(y0,v(+,0)), Yo € X(0,7), (6.7)
—(21,v)q; +a(v,2)0, = (¥ —ypv)a., Yo € L*0,T; Hy(Q)), (6.8)
2(,T) = 0, (6.9)
(g+24d—q = 0, VieQl, (6.10)

In the following, we introduce the reduced cost functional as:

j:L*0,T;L*%(Q) — R
g = jla)=J(qyq),

where y(q) is the solution of the state equation (6.6). Hence the parabolic optimal

control problem (6.5)-(6.6) can be equivalently reformulated as

min j(q). (6.11)

a€Qr,

The following lemma presents a priori bounds for the co-state variable. For a proof,

we refer to [61].

Lemma 6.2.1. With ¢ € L*(0,T; L*(2)), let y = y(q) and z = z(q) be the solutions of
(6.6) and the co-state equation (6.8)-(6.9), respectively. Then z € X(0,T) and satisfies

2l 22 @) + 2l 22 )) < C(H?/HL?(L?(Q)) + H%HL?(L?(Q)))-

TH-2228_ 136123009



CHAPTER 6. POCP with Measure Data in Space and Time 102

6.2.1 Finite element approximations

Let V;, be a finite dimensional subspace of C(£) consisting of piecewise linear polynomials
as discussed in Chapter 3. Set V! = V), N H}(Q2). Let &, be the set of interelement
edges(faces) in the interior of the mesh. The quantity
v
|:—] = (AV’U)K ‘N + (AVU)K/ "Nk,
on A
defined on the edge(face) e € &,, e = K N K', measures the jump of Vv across the
element edge(face) e. Let QF be the finite element subspace of QF, defined by

QY ={dn € QY. Gulx = constant, VK € T,}.

Next, let 0 =ty < ... < ty_1 < ty = T be a partition of [0,7]. For n € [1 : NJ,
let k,, :=t,, — t,—1 be the time step and I, := (t,—1,t,]. We set " =" (z) = ¢ (x,t,)
and OyY" = ’/’”_kfnfl. Let V," be the finite element space associated with the mesh 7,".

Similar to &, we also denote &' as the union of interelement edges(faces) of 7,*. On

each I,,, we define the projection operator P, onto the piecewise constant space Py(1,,)
as Ppv = ¢ [} vdr. Let L} : L*(Q) — V3 be the L*-projection operator defined by

(Lhy —y,vn) =0, Vo, € Vi (6.12)

Similarly, we construct the finite element space Qi -
Then the fully discrete finite element approximation of problem (6.5)-(6.6) is to find

(an.yp) € @y, x Vi, n=1,2,..., N, such that

min (g7 ) = Z ) (1 =+ ) (6.13)

aeQy ,

subject to

(5?/;:7@}1) + a(yﬁv Uh) =< W, Vp >, +(C]Z,'Uh), Yoy, € th> (6 14)

Vh(®) = yno(z), z€Q,

where yp, o := Ly is an approximation of y, and

1 tn
< pyvp >p= k_/ (/ g(z, ) vp(z) dw(x)) dr, Vv, € V"
n tn—1 Q
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The optimal control problem (6.13)-(6.14) has a unique solution (¢}, '), n = 1,2,..., N,
if and only if there is a co-state 2}~ ' (n = 1,2,..., N) such that the triplet (y, ¢, 27"~ ")

satisfies the following optimality conditions:

(Oyit,vn) +aly,vn) = < pyon >1, +(gh,vn), Yo, € V', n>1, (6.15)
yo(z) = ynolr), x€Q, (6.16)

— (027, vp) +alz o) = (Y — Y5, vn), Yo, € Vi, (6.17)
() = 0, 2€Q, (6.18)
(gr+z7"ar—ay) = 0, Vi eQp,. (6.19)

Fortel, (n=1,2,...,N), let

Yh(t) = ?/Z»
Zh@t) = (En =12+ (t—ta1)2?) /K,
Qh(t) — W

For any function x € C([0,T]; L*(R)), let

Xn|teln = X(% tn); Xn_llteln = X(xvtn—l)-

Then, for n = 1,2,..., N, the optimality conditions (6.15) to (6.19) can be restated as

QY vp) + a(Yvp) = < pyop >1, +(On,vp), Yo, €V, n>1, (6.20)
Y2(x) = wyno(z), T€Q, (6.21)

— (07 vp) + a(ZF ) = (Y — Y5, vn), Yo, € Vi, (6.22)
(93) = 0, z€Q, (6.23)

(Qn+2Zr 1 ar—0n) > 0, Vi €Qh,. (6.24)

Analogous to the continuous case, we reformulate the fully discrete optimal control
problem (6.13)-(6.14) as

min j7(qp) (6.25)

ap len

forn=1,..., N, where j7" :== J(q}', y}").

6.2.2 A posteriori error estimates

In this section, we derive a posteriori error estimates for the control problem (6.5)-(6.6).

We first introduce the following auxiliary problems.
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For Q), € Qh > let (y(Qn), 2(Qn)) € L0, T; L)) x X(0,T) be the solutions of

following equations:

_(y(Qh)7,Ut)QT + (y(Qh),A*'U)QT = <V >qp +(y07 U('a 0))

+(On,v)a,, YveX(0,7), (6.26)
—(2(Qn),v)ar + a(2(Qn), V)0, = W(Qn) =Yg v)ay, v € L*(0,T; Hy(Q2))(6.27)
20)(T) = 0, zeQ. (6.28)

First, we derive the bounds for the error in the control variable.

Lemma 6.2.2. Let (y,q,z) and (Y, On, Z3) be the solutions of (6.7)-(6.10) and (6.20)-
(6.24), respectively. Assume that (Qy + Z; )|k € H'(K) and there exists a positive

constant Cg, and wy, € Qin such that

T T
’/ (Qn+2 " wn—q) dT’ < 018/ Z hic|On+ Z i) la— Qi ll L2y dr. (6.29)
0 off “ 8

Then, we have
llg - QhH%Q(L?(Q)) < Cy (Uﬁms - — Z(Qh)H%?(L?(Q)))? (6.30)

where Cyg = \/gmax{l,Clg}, N s = (fOT > KeT, h2|Qp + Zn 1 (K dT), and z(Qp)
is the solution of (6.27)-(6.28).

Proof. From (6.10), we have
(.9 — Q1) < —(2,q4— ). (6.31)
Then use of (6.31) gives
T
lq — Qh”é(m(g)) = / (g — Qn,q— Qn)dr
0

T

< {—(z,q — Qh) — (thq - Qh)}dT

0

T T
= —/ (Z}?—l + Qn,q — wy)dr —/ (Qn + Z;f_l,wh — Q) dr
0 0

—l—/o (Zp7' = 2(On),q — Q) d7'+/0 (2(Qp) — 2z,q — Qp) dr.

An application of (6.24) yields
T T
lg — Qh”%?(ﬂ(g)) < / (Qn+ 2y wy — q)dr +/ (Zp ' = 2(Qn).q — Qn)dr
0 0

T
+ [ @) - - G ar
0
= Il +[2—|—13. (632)
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From the assumption (6.29), it is easy to see that

T
L] = ‘/ (Qn+ Zp " wy — q)dr
0
T ~ ~
< / Z Cis hic|Qn + Z7 o llg — Qnllz2(r) dr
0 KeT,
3¢% . 1, A
< 418771,ms + ZHQ - QhH%Q(L?(Q))' (6.33)
Moreover, it is clear that
T ~ ~
Bl = | [ (@ ==(@a= i ar
0
2 - iy,
< Az Qo + 2la - Qe (630

Now, it remains to estimate [3. For this, we note that
y(@,0) —y(Qu)(@,0) =0 and  =z(z,T) — 2(Q)(x,T) =0,

using (6.7) and (6.26), we write I3 as
b= [ a=0unx@)~2)ir
— [ =000 4@ = 20+ (4= 9 @), A(e( Q) — )}

which combine with (6.8) and (6.27) yields

T
= [ ly-u(@)dr <o (6.35)
0
Altogether (6.32)-(6.35) completes the rest of the proof. O

The following two lemmas provide intermediate error estimates which will be used

to derive the main theorem of this section.

Lemma 6.2.3. Let (Yy,, Zy,) and (y(Qn), 2(Qr)) be the solutions of (6.20)-(6.23) and
(6.26)-(6.28), respectively. Then, we have

5
1Zp~t — Z(Qh>H%2(L2(Q)) < C anmsa
=2
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where

e = {3 W= Bt AL Y
0 KeTr
azn 1
/ Zh?’ 52— ] dT},
On g 111L2(e)
ng,ms = ||y _y(Qh)||L2(L2(Q))7
Nims = IIyg—yglliwm(m)’
Moms = |Zn—2 _1||L2(H1( Q)

and Cyy = Cg, max{1l,C1y max{Cro,Cre}}.

Proof. Let ¢ be the solution of (1.13) with f = Zj, — 2(Qy), and let ¢; = m,¢ be the

Lagrange interpolation of ¢ defined in Lemma 3.2.1. Then, we have
~ T ~
12— 500 Bagay = | (= @)+ Ad)dr
0
T ~ ~
— | {= - al@).0)+ o2 - 4@ )} ar
0
Add and subtract the terms to have
~ T ~ ~
1Zn = 2(Qu) 722y = / { — (Zng = 2(Qn); & — ¢1) + a(Z ™ — 2(Qn), ¢ — ¢I)} dr
0

+/OT{ — (Zny — 2(Qn), 01) + a(Z ! — Z(Qh)aﬁbl)} dr

T
+/ a(Zy — 2771, ¢) dr.
0
After rearranging the terms, we have
~ T ~ T
12— @)eay = [ (= %= (@) =y = o) ar+ [z 6 on)ar
0 0

T . T
+/0 (Yh"_y(Qh),¢I)dT+/0 (Y — v, ¢1)dr

T
+/ a(Zy, — Z}j_l,gb) dr
0
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and hence,

T
1Zh = 2(Qn)| 220y = {/0 (—=Zne+ A ZyH = (Y

07y~ 1 ro )
+/(; ceen e 8nA ¢_¢1) dedT} +/0 (Yh _y(Qh)7¢) dr

T
—l—/o (yd'—yd’?,gzﬁ)dT—l—/o a(Zh—Z}?_l,gb)dT

y3)7¢_¢1> dr

= '+ F) + F§ + F/. (6.36)
Now, we estimate F*|;—1 4. An application of Lemmas 3.2.1-3.2.2 gives
Zn 1
Il }/ (= Zug + A Z V7 4420 — ) d¢+/ Z/ (6 61) dedr
<

T
= Y Croticl= 2t A2 =5 il ol }
0

[l

[ X e
Using shape regularity of 7, to obtain

oIl 2y d7

L2
e€s}! ©

‘Fln| < ClmaX{CI,o,CIe {/ (Z h ||—th+A*Zn 1 Yh"+yg||2Lz( )dT

KeTn
T n—1 1
o0z 2 2

& |l | PO ~
ecey,

Use of Lemma 1.2.3 gives

(6.37)

|[FT'| < C1Cgr, max{Cr,Cr.} / Z Wicll = Zny + A Z7 =Y +yd||L2(K> T
KeT»
n—1
[ 2
ceer A

To estimate F3' and F3', an application of the Cauchy-Schwarz inequality and Lemma
1.2.3 gives

L2( ) dT} 2 ||Zh — Z(Qh)||L2(L2(Q))~ (638)

B < 1Y = y(Qn)llee

onlloll 22 @)
< Cgr |V —y(Q

W2z 1 Zn — 2(9n) || 22y (6.39)
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and
IF < lyg — vl |9l ez o)
< Cr lyg = yillezcz@)ll Zn — 2(Qn)l 2(22(0))- (6.40)
Finally, to estimate F}', we have
IFr| < 1120 = Zy e @10l 2 @)
< CR1 ||Zh — Z}TLL_1||L2(H1(Q)) ||Zh — Z(Qh)||L2(L2(Q)). (641)
Combining (6.36)-(6.41) we complete the rest of the proof. O

Lemma 6.2.4. Assume that g € L*(0,T;C(Q)), w € M(Q) and yo € L*(Q). Let
y(Qp) € L*(0,T; L*(Q)) be the solution of (6.26), and let Y;* € V;* (n=1,2,...,N) be
the solution of (6.20)-(6.21). Then we have

N N
Z . ||Yhn . y<Qh)||%z(Q) dr < C'221 Z{kn(gﬁms + gg,ms + £st> + &?,ms}7
n=1 n n=1
where
n - n n— n 2 IV, 1I1?
Eme = 2 Bkl (0 = Vi) 4 AV = Qullfeey + 2 B2 [52] |
KeT ceEl A~ HE2E)
gg,ms = ”Yhn I Yhn_lniz(ﬁ)?
ggl,ms = HyO 1 YF?H%Q(Q)’
1 N
mes =g ||W||3\4(K){||g - Png”%w(K) + h?d||g||%oo(z<)} dr,
k I
" n=1"1n KeT.»

and 021 = CR2 max{l, C], 01 IIlaX{CLQ, CI,oo> CLO, Cl,e}}-

Proof. To derive a posteriori error estimates we use the duality argument. Let 1 be
the solution of the problem (1.14) with f € L?(0,T; L*(Q2)). Note that ¢» = 0 on 09,
YN = (-, T) = 0, it follows from (6.26) and integrating by parts that

/szT<Yhn = y(Qu))f dedr = /OT/Q%" — y(Qn)) (— + A™Y) dadr

= (y(Qn), ¥)ar — (W(Qn), A)a, — Y /I (Y, ) — a(Yy' ) dr
= — <0 >ap —(yo — Y2, 0(,0)) — (Qn, Ve,

N
- nz::l /In {k;l(yhn =YLt +a(Yy, w)} dr. (6.42)
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We define vy such that iy|;, = 7 (Patp) € V' on each time interval I, with 7} the
standard Lagrange interpolation operator onto V;*. Note that ¢ € L*(0,T; H*(Q)) —
L%*(0,T;C(Q)), so that Lagrange interpolation is well defined. From equation (6.20), we

obtain
N N N
SO =V ) + a0 | = D0 < oty >, D (Qu ). (6.43)
n=1 n=1 n=1

Then we have

| 07— u(Gus dnar Z/J Sy ) dr+Z o =)
_(Qhuw_wﬁ}dT_(yO_Yh7w<'70))

N
_{</’L7w>QT_Z/ <:u7¢1>1n dT}
n=1 In

— EM+E}+EM+ED (6.44)

Now, we estimate E!|;—; . 4. Integrating by parts and using Lemma 3.2.1, we obtain

B = \Z/J Vi g = P+ Po(y — i) dr

-2 / VN - P
+ /1 BN = Y YPa(t = mh) da} 7|
< max(Cr, CuCra} k(197 ~ Vi~ g + 3o F I = Y7 D))

KeTh

X <Wt||L2(L2(Q)) . ||¢HL2(H2(Q))>, (6.45)
where we have used the following properties of P, :
19" = Pt 220 < Crknlltel 22,

and

1Pn(¥ = )l L2y < 10 — TRl 20y < Cro hi 91 2z iy -
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We now proceed to estimate EJ. From the definition of P,,, we have
N ~
B5l = | [ a0 e =) = (Qnv — )} dr]
n=1 In
N ~
- )Z a0 = i) = (G = )} dr|
< Z [ (32 140 = Qulgoll = mila
In KeT»
ay, "
Z | B e = iz ) dr (6.46)
The shape regularity of 7, and Lemmas 3.2.1-3.2.2 gives
IE2| < Cymax{Cro,Cr.} [Zk ( S RLILAY — Ol
KeTh
ay,"
3
5 R Tl o

e€sly

To estimate E7, we note that

B3] = [(y0 = Y3, (- 0)] < llyo — Yy llz2o 19, 0) | 22

From the structure of £} and Lemma 3.2.1, we have
By = )Z/ ([ stv — wn) dta)) ]

- {/fn</ng(x’7)( ~ Put) do(w) ) dr
+/ </g(a: ) Pu(tp — w0h) dw(x)) d’T}

I
e

IA

KeT

gl oo ) 1P () — W}?@D)HL*(K)HWHM(K)) } dr.
Using the fact ||t — Ppt)||pe(x) < Cral|t)|| m2(x) and

1Pt — 7240 oo i) < Crooh® %[00 26,

Z / { (g = P gll a0 = Pl ol
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By < ClmaX{CI2aCIoo}|:Z/ Z (|9 P 9ll70 a0 1o 3y
In KeTy

2
ol W)} 7] Wl

Combining the estimates of EI'|;—; 4 and Lemma 1.2.3, we obtain

.....

N
¥ = v(@ullzaray < On {{ an( S il (4 = Vi) AV — Gl
n=1 KeTp

KeT”
] i\
+h%<dug||%m(m>})df} + o = Yl (Zk IV ¥ )|

This completes the proof. O

Using Lemmas 6.2.2-6.2.4, we can obtain the following a posteriori error bounds for

measure data in space.

Theorem 6.2.2. Let (y,q,2) and (Yy, Qn, Z1) be the solutions of (6.7)-(6.10) and
(6.20)-(6.24), respectively. Assume that all the conditions in Lemmas 6.2.2-6.2.4 are

valid. Then, we have

N N N
3 / 1V — ooy dr+ 3 / 1207 = 2y dr+ 3 / 10s — all2s 0y dr
n=1 v n=1 n n=1 n

N N
< 019 771 ,ms + C’220 Z{n;ms ~ia ans + 775n,ms} + C(221 Z{kn(g?,ms + gg,ms + Sst) + gg,ms}7

n=1 n=1
where 17y ,,,, is defined in Lemma 6.2.2, 0}, © = 2,4,5 are defined in Lemma 6.2.3 and
n 1=1,...,4 are defined in Lemma 6.2.4.

1,ms"

Proof. Note that
IV = yllzae@y < 1Y —u(Q)llawe@) + 19(9n) — yll 2@
||Z;f_1 - Z||L2(L2(Q)) < ||ZZL_1 - Z(Qh)||L2(L2(Q)) + []2(@n) — Z||L2(L2(Q))-
Applications of Lemma 1.2.3 and Lemmas 6.2.2-6.2.4 complete the rest of the proof. [

Remark 6.2.1. The estimators presented in Theorem 6.2.2 are contributed from the ap-

proximation errors of the state, co-state and control variables. Among them, ny,,. mainly
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indicates the approrimation error for the control, and the other estimators mainly reflect
the approximation errors for the state and co-state. The estimators 13 ¢, Mims> Msms
are contributed from the co-state equation and the estimators &, ..., &L, are con-
tributed by the state equation. These estimators consist of three parts: the estimators
§oms and ny,, o are due to the time discretization, the estimators &7, and 0y, are due
to the space discretization, the estimators 0y .., &5 s and & .. corresponds to the data

approximation error. These estimators are very useful to guide adaptive procedure.

Remark 6.2.2. In particular, one may choose w = 0., where y(t) is a Lipschitz-
continuous m-dimensional manifold in Q with 0 <m < d—1 for all t € [0,T] and 0
is the Dirac delta function concentrated on ~(t). Note that for m = 0, (t) represents
a single point or a finite number of singular points, for m = 1, v(t) is a C*-curve and
for m =2, y(t) is a C*-surface. With this choice of w, the term Eims i Theorem 6.2.2
takes the form

E J Sxery (19 = Pagr ) ) By + W N9l ) drs - if m=0,

Sst =
é f]n (Hg - ,Png(’Y(tn)a T)H%Z(—y(t)) + ZKeTh" h4f(_d||L2(7(t)ﬂK)> dr, if m>0.

6.3 POCP with measure data in time

Now we consider the POCP (6.1)-(6.3) with measure data in time. Here p = gw
with g € C([0,T7]; L*(Q)) and w € M[0,T]. The weak formulation of POCP (6.1)-(6.3)

with measure data in time is defined as follows:

9 1 [T
o, . ( il + llall? )dT 6.48
iy Jg.0) =5 [ (1= valleor + ol (6.49
subject to
_<y,Ut)QT + Cl(y,’U)QT = << W,V >>qp _'_(yOaU(‘vO))
+(Q7U)QT7 Vo € W(07 T)? (649>
where

vdp = /OT (/Qg(x, T)v(x, T) dx) dw(t), YoveC([0,T]; L*()).

<< p,v >>QT:/
Q

Note that the problem (6.49) admits a unique solution (cf. Theorem 5.2.1). Similar
to (6.5)-(6.6), the parabolic optimal control problem (6.48)-(6.49) admits a unique solu-
tion (¢,y) € QL x L2(0,T; HY(Q))NL>(0,T; L*(€2)) if and only if there exists a co-state
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z € X(0,T) such that the triplet (y, q, z) satisfies the following optimality conditions:

—(y,v)ar +aly,v)a, = << p,v>>q, +(yo,v(+,0))
+(¢;v)ay, Yo € W(0,T) (6.50)
—(21,0)0, +a(z,0)0, = (Y= yz50)ar, Yo € L2(0,T; Hy(2)), (6.51)
2(-,T) = 0, (6.52)
(¢+24d—q) > 0, YieQhb, (6.53)

where z = z(q) is the solution of (6.51) and y = y(q) is the solution of the state equation
(6.50). We reformulate the parabolic optimal control problem (6.48)-(6.49) as

min j(g) = J(4,5(9), (6.54)

quad

where y(q) is the solution of problem (6.50).

6.3.1 Finite element approximations

This section considers the fully discrete approximations to POCP with measure data in
time. The time discretization is based on the backward Euler scheme. The fully discrete
approximation of (6.48)-(6.49) is to find (¢3!, yj) € @}, X Vi', n > 1, such that

min J(gpp) - Z -, (= e+ ) (6.55)

EQh n

subject to

Oy, vp) + alyl, vp) =<< p,vp >>1, +(q%,vs), Yo, € Vi, (6.56)

yh(x) = yno(z), = €Q,
where yj, o is the L?-projection of yy in V;? and
1 e
<<V >3, = </ g(z, ) vp () d:)s) dw(t), Vv, € V"
n Q

The optimal control problem (6.55)-(6.56) has a unique solution (¢}, yj),n = 1,2,..., N,
such that the triplet (y2, q7, 27~ ') satisfies the following optimality conditions:

Oy, vp) +alyl,vn) = << p,vp >>1, +(q o), Yo, € V', n>1, (6.57)
y(r) = ynolr), z€Q, (6.58)

—(0z},vp) + a(z,~ Lo = (yp — Y5, vn), Yo, € V), (6.59)
Z(z) = 0, x€Q, (6.60)

(ah + 27N —an) = 0, Vi € Q. (6.61)
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As before, we reformulate the fully discrete optimal control problem (6.55)-(6.56) as

nrgc}?n Jn(a), (6.62)
forn=1,..., N. Similar to measure data in space we rewrite the optimality conditions
(6.57)-(6.61) as follows:

QY vp) + a(Y vp) = << pyvp >>1, +(Qn,vp), Yo, € Vi, (6.63)
Y2(z) = ynolz), x€K, (6.64)

—(0Z,vn) +a(Zy o) = (Y =yt on), Vo € Vi (6.65)
;LV(a:) =0, z€Q, (6.66)

(On+Zp7 G —Qn) > 0, VireQp,. (6.67)

6.3.2 A posteriori error estimates

This section is devoted to a posteriori error estimate of parabolic optimal control prob-
lem with measure data in time.

In order to derive the error between the continuous solution y of (6.49) and the fully
discrete solution Y;" of (6.63)-(6.64), we introduce some intermediate variables. For
Q) € Qh > let (y(Qn), 2(Qy)) satisty the following equations:

_(y(Qh)>Ut)QT N a’(y(Qh)’ U)QT = << W,V >>qr +(y0a U('> 0))

+(Qh,v)a,, Yv e W(0,T), (6.68)
—(2(Qn),v)ap + al(2(Qn), V)ar = W(Qh) — ¥z v)ay, Yo € L2(0,T; HE(Q))(6.69)
29, T) = 0, ze€Q. (6.70)

Now, we split the error as follows:

1Y =yl < 1Y — y(Qn)ll 22y + 1w(Qn) — vl 22,
||Z}TLL_1 - Z||L2(L2(Q)) < ||Z;f_1 - Z(Qh)||L2(L2(Q)) + [|2(@Qn) — Z||L2(L2(Q))-

In the following lemma, we derive an intermediate error estimate for the state vari-
able.

Lemma 6.3.1. Assume that g € C([0,T]; L*(Q)), w € M[0,T] and yo € L*(Q). Let
y(Qn) € L20,T; HE(Q)) N L®(0,T; L*(Q)) be the solution of (6.68), and let Y;* €
Vi (n=1,2,...,N) be the solution of (6.63)-(6.64). Then, we have

Z 1Y, — Qh)HL2(Q d7'<022{zk §1mt+§2mt)+§3mt+§4mt}

I’!L
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where

n 4 -1 n n—1 3 aY

Elmt = Z hicllky ™ (Y =Y, 7) + A} — QhHL2(K "‘Zh [an } ,
Kerr ceen A L2 (e)

$ome = HYhn_Yhn_lH%Q(Qy

Eme = lvo — Y3220,
N

o = 3 3 Wl (ks = Pl n + Bl i) |
n=1 KeT

cmd 022 = CR2 max{l, C[, Cl maX{C[A, 0173, CI,Oa Cl,e}}'
Proof. Let 1 be the solution of problem (1.14) with f € L?(0,T; L*(2)), and let 977, :=

ThPny be the corresponding space-time interpolation. Proceeding as in the proof of

Lemma 6.2.4, we have

/ Y — y(Qn) fda:dT—Z/ — Yyt =) dr
Qr
Z a0 = o) - (On, ¥ — ¥r)}dr — (yo — Vi, (-, 0))
_{ <<y >>q, —Z/ << p,r >>1. dr}
n=1"1In

= E}+E}+E} + E}. (6.71)

The estimates of £, Ef and E} are similar to E7, Ey, E} as in the proof of Lemma
6.2.4. For E}, we have

By = \Z/ / (10— ) duo(7) )

4 ‘Z{/(/ (.7) (00 — Pth) do(r) ) di
t [ ([ stonPuty - mpw) o)) aof|

Thus,

N

By < Y { > <||9 — Pu 9l zoorusr2op 1 — Patd || Lo n, 20y lwl )

KeTp

H gl oo ;225 [P (0 — 7TW)||L°<>(1n;L2(K>)||0«1H/\A(In)> }
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Which can be estimated as

N
|E}| < Cimax{Cp3,Cra} Z { Z (l{:an - Png”%“’(ln;L?(K))HWH?\/I(I,L)

n=1 KeTy

1
+h%<||g||%man;m)||w||34<1n))}2 % (I + Wl azey),  (6.72)
where we have used the following approximation properties:
16 — Putllzmirmzz@y < Crakilllm e
| — mpllee a2y < Crah||¥|| e, m1 k)
Combining (6.45)-(6.47), (6.71) and (6.72), we obtain

N
{30 32 Al 07 = ¥ £ AV = Gl

n=1 KeT!

1Y, — y(@h)Hm(L?(Q)) < Oy

1 N 1

2 2 " . 5

2 . ))} + o = Yillzzoy + (D kall¥ir = Y7 I3y
n=1

DI [

eely

Z{ 5= (il = Pl ssaagoplllBu + Hillolr ey el

KeTy

1
2

This completes the proof. O

In the following lemma, we obtain a bound for the error in the control variable.
Following the proof of Lemma 6.2.2 together with (6.50)-(6.53), (6.67) and (6.68)-(6.70),

it is easy to derive the result.

Lemma 6.3.2. Let (y, q, z) and (Y, Qn, Z1) be the solutions of (6.50)-(6.53) and (6.63)-
(6.67), respectively. Assume that ¥n € [1: N|, Q) C QL (On+ 27 Y|k € HY(K)

and there is a constant Cig > 0, and wy, € Qin such that

(Qn+ Zp " wn — ) < Cis Y | O+ Z3 oo llg — Qnlz2y
KeT,

Then, we have
g = Qnlliz2i) < Crontm: + 1207 = 2(Q0) 72220

where Crg = \/gmax{l,Clg}, Nt = <f0 > KeT, h2|Qn+ Zp 12 Hl(K) dr ), and z(Qp)
satisfies the problem (6.69)-(6.70).
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Analogous to Lemma 6.2.3, the following lemma gives an intermediate error estimate

for the co-state variable.

Lemma 6.3.3. Let (Y, Zy) and (y(Qy),2(Qp)) be the solutions of (6.63)-(6.66) and
(6.68)-(6.70), respectively. Then, we have

5
1237 — 2(Qn) 1222 () < CgoZﬁffmta (6.73)
=2
where
Moy = {/ > bl = Zna + A ZET =Y+ R dr
0 KeTr
3 1
B3 [ ] dr b,
/ Z On g+ L2 (e) T}
ng,mt = ||y _y(Qh)HL?(L?(Q))’
Wil — IIyJ—y;}II%(Lz(m),
ng,mt = ||Zh_Z}TLL_1||%2(H1(Q))7

and the constant Coy is defined in Lemma 6.2.3.

We are now in a position to present a posteriori error bound in the L*(0,T; L*(Q2))-

norm for measure data in time.

Theorem 6.3.1. Let (y,q,2) and (Y, On, Zy) be the solutions of (6.50)-(6.53) and
(6.63)-(6.67), respectively. Assume that all the conditions in Lemmas 6.5.1-6.3.3 are

valid. Then, we have

N N N
Z/J ||Yhn_y”%2(ﬂ) dTJFZ/I ||Z;Z_1 _ZH%Q(Q) dTJFZ/J HQh—Q||2L2(Q) dr
n=1"Y"n To—| e n=1"%Y""n

N
S C%Qn?,mt + C220 Z(n;mt i nz,mt + ngmt>

n=1
N
n=1

where £

Tntli=1,..4 are defined in Lemma 6.5.1, 0}, is defined in Lemma 6.5.2, 103 ¢, M5 1t

and ng ., are defined in Lemma 0.3.5.

Remark 6.3.1. If we have w = §(t — t.), where 6(t — t.) denotes the Dirac measure in

time concentrated at time t = t.. Then, &, ., in Theorem 6.3.1 reduces to

Erm = 2 (KallgCote) ey + Pllg t) g )

KEThI
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with t, € (tn_1,tn] for some n € N and T be the set of indices for time partitions where

measure data §(t — t.) is concentrated on.

Concluding remarks. The main concern of this chapter is to study a posteriori
error estimates for the space-time finite element discretizations of POCP (6.1)-(6.3) with
measure data. Here, we have considered two kinds of problems. First, we consider the
problem (6.1)-(6.3) with measure data in space, i.e., 4 = gw where g € L*(0,T;C(Q))
and w € M(2). Next, we consider the POCP (6.1)-(6.3) with measure data in time,
ie., p = gw with g € C([0,T]; L*(Q)) and w € M][0,T]. The finite element method is
used to discretized these problems and a posteriori error estimators are derived. These
estimators are used to obtain quantitative information on the discretization error as
well as guiding an adaptive algorithm for local mesh refinement. The implementation
of these estimators are carried out for the test problems in Chapter 7 with promising

numerical results (see Examples 7.2 and 7.4).
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Numerical Assessments

In this chapter, we shall present numerical results for two dimensional test problems
to illustrate our theoretical findings. All computations are carried using the software
FreeFem++ [44]. A projection gradient algorithm is used to solve the optimal control
problems [65]. For each example, we compute the errors in the state, co-state and control

variables.

Example 7.1. In this example, we consider the following EOCP of the form

1 o
: J _ . 2 s 2
i (09) = 511y = Yallz2@) + 5 laliz@)

subject to the state equation

Ay = gw+q in Q,
y = 0 on 02,

where g € C(Q) and w € M(Q). The co-state problem is given by
Az = y—yq n
z =0 on 051,

where yq 15 a given desired state.
Here, QQ = B(0,1), where B(0,1) is the unit circle centered at zero with radius 1 and

a = 3. The exact solutions are chosen as follows:
(1) = —5-logls
y\r) = o 0g\|T|,
2a) = —cos(SeP),
q(z) = max(qe, min(q, —z(z)/a),

9. = 0.1 ¢ =028.
119
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Then after a simple calculation, we have

gw = 6xo_Q(x)7

1
yale) = 2msin(G|ef) +7°|f? cos(S o) — S-logle],
where 6, is the Dirac function centered at xy = (0,0).

First we validate the results obtain in Chapter 2. In this numerical implementation,
the errors ||y — ynllz2@), |12 — 2nll2() and ||¢ — qul|2(@) obtained on a sequence of
uniformly refined triangular meshes are presented in Table 7.1. Further, the rate of
convergence for the state variable is less compared to the co-state variable see Table 7.1.
To find the errors we use different degree of freedoms (DOF). The errors in the state,
co-state and control variables decreases with the increase of DOF. The profiles of the
exact and approximate solutions are plotted in Figures 7.1-7.3. The rate is calculated

by the following formula:

log(E}/Efy,)

log(hi/hit1)’

where 4 corresponds to the spatial partition, and £ denotes the error norm.

Rate ~

Table 7.1: The errors for the state, co-state and control variables in the L?-norm.

DOF | |ly — uynllz2@ | Rate | ||z — 2|2 | Rate | [[¢ — qull2@) | Rate

25 8.27569¢-4 - 6.34391e-3 - 2.50618e-3 -

81 2.78924e-4 0.92 7.12468e-4 1.86 7.25218e-4 | 1.05
144 1.5646e-4 1.033 | 2.72908e-4 | 1.714 3.9496e-4 1.08
289 7.57631e-5 | 1.046 | 8.12089e-5 | 1.748 1.7089e-4 1.2

Next, we validate the results obtained in Chapter 3. More precisely, we implement
the estimators derived in Theorem 3.2.1 for Example 7.1. All constants involved in the
estimators are taken to be 1. For this, we compute the errors on a uniform mesh and an
adaptive mesh, respectively. Here the solution of the state equation has a singularity at
the origin. In Table 7.2, the mesh information is displayed with L?-norm approximation
errors for the state, co-state and control variables. It can be clearly seen that on adaptive
mesh one may use fewer nodes and elements in comparison to the uniform mesh. Since
the main computational loads in solving the control problem come from repeatedly
solving the state and co-state equations, the adaptive mesh can therefore save much

computation.
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© o

Figure 7.1: The profile of the approximate state(left) and the exact state(right) with 1089

Figure 7.2: The profile of the approzimate co-state(left) and the exact co-state(right)

degree of freedoms.

with 1089 degree of freedoms.

Figure 7.3: The profile of the approximate control(left) and the exact control(right) with
1089 degree of freedoms.
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Table 7.2: The performance of the estimators obtained in Theorem 3.2.1.
on uniform mesh on adaptive mesh
Y < q Y < q
Nodes 21733 21733 21733 5934 8995 8998
Elements | 42964 42964 42964 11743 17630 14738
Error 1.37e-1 | 2.36331e-2 | 8.09986e-1 | 1.36946e-1 | 2.39682¢-2 | 8.47418e-1
1.9 iy 1.99
0.300 o 0.300
0.509 0.509
0.499 0.499
0.200 0.209
Y 2773005 \ AVAYAv,, Y 2773005
-0.200 \ “ B -0.200 \ \ x
PYPER ATA%A 0,499
-0.500 -0.500
-0.409 -0.409
0 00,90, 00 4020200, 303201 4070, 5070.5001.00 e 'W"/'9'*1’-"J'L'*"'W‘i’”':’”“"'Qm""m‘”w‘”w 00,
Step 1 Step 2
1.9 AN Loy AYaY,
0.999 0.990
0.599 0.599
0.499 0.490
0.200 0.290
Y 5.963-005 Y -8.323-00;
-0.209 _0.20
0,499 -0.499
-0.500 0.500
-0.409 -0.409
100 0.9950 .09 100 1.09-0, 1,09
Step 3 Step 4

Figure 7.4: The profile of the adaptive mesh for the state at different steps.

The a posteriori error estimators obtained in Theorem 3.2.1 are used to detect the

location of the singularity and distributed more mesh nodes around the area, where the

singularity happen to save the computational cost. The mesh adapt very well at the

neighborhood of the singular point, and a higher density of nodes are indeed distributed

in the neighborhood, see Figure 7.4.
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To validate the theoretical results obtained in Chapters 4-6, we consider the following

POCP with measure data as follows:

min T(g.1) = / {lly = yalaey + allall 2 } dr

subject to the state equation

p

—Ay=gw+q inQp,

y(+,0) = yo(x) in Q,

\y(m, t)=0 on I'r.

We introduce the co-state problem as:

;

—Az=y—y; nQx|0,T),

2(,T) =0 in 0,

\z(x, t)=0 on I'r,

where y; is the given desired state.

(7.1)

(7.2)

To validate the theoretical results obtained in Chapter 4, we consider the following

example.

Example 7.2. Consider the problem (7.1)-(7.3) with g € L*(0,T;C(Q)) andw € M().

We choose the domain Qr = B(0,1) X

at zero with radius 1. The exact solutions are chosen as follows:

Wo.t) = —s-logle] - tlexp(t) — exp(T)),

1) = —cos(5[ef) - (eap(t) = cap(T)).
Q(zvt) = ma$(Qc>min(Qda_Z(xvt)))'

. = —0.08 ¢q;=0.1.

Then, the data is given by

qgw

yd(xv t)

—%logm - (t - exp(t) + exp(t) — exp(T))
+t - (exp(t) — exp(T))ds, — q(z,1),

s loglal - texp(t) — exp(T)) — cos(5 af?) - eap(t)

+(2rsin(Glal?) + 72l eos(5 o)) - (cap(t) = ean(T)),

[0,0.1], where B(0,1) is the unit circle centered
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where 0y, is the Dirac delta function concentrated at the point xo = (0,0). We set & = 1,

k = 0.01, where k is the time step size and h is the mesh size of the spatial triangulation.

In Table 7.3, the errors ||y — ynllz22))s 12 = 2nll22@)), 114 — anll 22y are
computed using piecewise linear and continuous finite elements for the state and co-state
variables whereas the control variable is approximated by piecewise constant functions.
The numerical results at final time 7" = 0.1 with different DOF are shown in Table
7.3 which validate the theoretical results. The profile of the exact and approximate

solutions are shown in Figures 7.5-7.7.

Table 7.3: The errors for the state, co-state and control variables in the L*>(L*(Q))-norm

for Example 7.2.

DOF | |ly — ynllzez2() | Rate | [[2 = zpllr2z2)) | Rate | [l — anllr2z20)) | Rate
25 7.57256e-2 - 1.55701e-1 - 2.01236e-3 -
81 2.3841e-2 0.98 4.5872e-2 1.03 5.9889e-4 1.029
144 1.2483e-2 1.15 2.32036e-2 1.21 2.95175e-4 1.026
289 6.02956e-3 1.05 1.12188e-2 1.05 1.4469e-4 1.029

Figure 7.5: The profile of the approximate state(left) and the exact state(right) at t =
0.08 with 625 degrees of freedoms.
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Figure 7.6: The profile of the approzimate co-state(left) and the exact co-state(right) at
t = 0.08 with 625 degrees of freedoms.

Figure 7.7: The profile of the approzimate control(left) and the exact control(right) at
t = 0.08 with 625 degrees of freedoms.

The following example validates the results of Chapter 5.

Example 7.3. Consider the problem (7.1)-(7.3) with g € C([0,T); L*(Q)) and w €
M0, T]. We choose the domain Q1 = B(0,1) x [0,1], where B(0,1) is the unit circle
centered at zero with radius 1. We set @ = 1, k = 0.01, where k is the time step size and

h is the mesh size of spatial triangulation. The exact solution are chosen as follows:

2, t < 0.5,
y(z,t) = sin(nlz|*)-

t2+2t, t>0.5,
2(x,t) = sin(m|z|?) - t,
q(z,t) = mazx(qe, min(qe, —z(z,1))),
. = —0.5, q4=0.1.
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A short calculation shows the data is given by
gw = sin(r|z|*) - 5(t —0.5) — q(x,t) + sin(r|z|*) - (1)
2, t < 0.5,

+( — dncos(r|z|?) + 4 7r2|x|23m(7r|x|2)) :
2 +2t, t>0.5,

and
yiz,t) = sin(ﬂ|x\2)+<47Tcos(7r|x\2)—47?2\x|28in(7r\x|2)>-t

2, t <0.5,
+sin(r|x|?) -

2 4+2¢t, t>0.5,

where 6(t—t*) denotes the Dirac measure with respect to the time variable t concentrated
att =t*, and

21, t<0.5,
v(t) =
2t+2  t>0.5.

To validate the results obtained in Chapter 5, we compute the errors in sequence of
uniformly refined triangular meshes. The errors ||y — yn || r2(22()), 12 — 2nll 220y lg —
qnl|L2(22(0)) are computed at final time 7" = 1 with different degrees of freedom. The
state and co-state are approximated by the continuous piecewise linear functions and the
control is approximated by piecewise constant functions. To find the errors, we fix our
time discretization with 100 time steps and use different degree of freedoms to validate
our results. Table 7.4 shows the errors for the state, co-state and control variables in
the L2(0,T; L?(Q))-norm. The profile of the exact and approximate controls are shown

in Figure 7.8.
We now proceed to validate the results obtained in Chapter 6. For this, we have taken

Example 7.2. To study the performance of the estimators obtained in Theorem 6.2.2,
we perform the experiment on a uniform mesh and an adaptive mesh, respectively. We
have considered the singularity of the state solution at the origin. The state and co-state
variables are approximated by the continuous piecewise linear functions while piecewise
constant functions are used to approximate the control. All constants involved in the
estimators are taken to be 1. It can be clearly seen from Table 7.5 that on adaptive mesh

we use fewer nodes, elements compared to the uniform mesh at final time 7" = 0.1 with
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Table 7.4: The errors for the state, co-state and control variables in the L*(L*(Q))-norm

for Example 7.3.

DOF | [ly = ynllz2z2() | Rate | [[2 =zl 220 | Rate | [l — anllr2z2o) | Rate
25 1.73004e-1 - 7.3917e-2 - 3.62604e-1 -
81 5.6486e-2 0.95 2.191e-2 1.03 7.87327e-2 1.29
169 2.7658e-2 0.97 8.7945e-3 1.24 3.701e-2 1.02
225 2.1146e-2 0.96 6.2789%e-3 1.21 2.72908e-2 1.10

Figure 7.8: The profile of the approzimate control(left) and the exact control(right) at
T =1 with 625 degrees of freedoms.

time step size k = 0.01. The main computational load in solving the control problem is
due to repeated solving the state and the co-state equations and hence, the adaptivity
saves much computation. The errors for the state, co-state and control variables are
computed in the L?*(0,T; L*(Q))-norm.

Table 7.5: The performance of the estimators obtained in Theorem 6.2.2.

on uniform mesh on adaptive mesh
Y z q ) z q
Nodes 14059 14059 14059 5920 6958 9000
Elements 27716 27716 27716 11776 13676 17266
Error | 2.21556e-1 | 1.62374e-1 | 1.37254e-1 | 2.20165e-1 | 1.62368e-1 | 1.37419e-1
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Loy ATy Loy VALV
0.999 0.999
0.500 0.509
0.499 0400
0.299 B : 9.299
Y 0.009127 § * PRk Y -7.123-00
0299 1\ S -0.299
-0.499 0,499
0,300 0.509
-0.300 0,309
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Adaptive mesh at step 1

Loy

- 1.009-0.8020. 5020402, 000,500, 3091.99

000, 5000.3901.90

Adaptive mesh at step 3 Adaptive mesh at step 4

Figure 7.9: The profile of the adaptive mesh for the state at different steps at time
T =0.1.

Figure 7.9 shows the adaptive mesh for the state for different steps. In this figure,
it is easy to see that the mesh for the state variable adapts very well in the neighbor-

hood of the singular point, and a higher density of nodes are indeed distributed in the
neighborhood.

In the following example, we verify the performance of the error estimators obtained
in Theorem 6.3.1 for POCP with measure data in time.

Example 7.4. Consider the problem (7.1)-(7.3) with the data as follows. Let Qp =
[—1,—1]2 x [0,1], v € (0,1) and X € R. Let

e(t) = (e — e3).

The exact solutions are chosen as follows:

y(z,t) = 0.1exp(—25|x—(t—0.5)|2)(1.01—t)T-
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2(x,t) = sin(n|z?)-t,
q(z,t) = mazx(q., min(qq, —2)),

¢g. = —0.05, ¢4=0.1.
A short calculation shows the data

gw = 0.1exp(—25|z — (t —0.5)[*)(1.01 — t)d(t) — ¢,

and
yi(z,t) = sin(r|z?) + <47Tcos(7r|x\2) 4 47?2\x|23in(7r[x|2)) -t
A €(0)17, t>0.5,
+0.1 exp(—25|z — (t — 0.5)]*)(1.01 — ) —— -
A= | oy — ey, <05,
where

We set A =1 and v = 0.6.

We compute Example 7.4 on a uniform mesh and an adaptive mesh, respectively.
In this example, the solution of the state equation y has singularity in time, i.e., as
time vary singularity vary. The piecewise linear and continuous finite elements are used
for the approximations of the state and co-state variables while the control variable is
approximated by piecewise constant functions. All constants involved in the estimators
are taken to be 1. In Table 7.6, the mesh information is displayed with L*(0,7T; L*(Q2))
approximation errors for the state, costate and control variables at time 7' = 1 with time
step size k = 0.01. It can be clearly seen that on adaptive mesh one may use less number
of nodes compare to the uniform mesh, thus the adaptive mesh can substantially save

much computation.
The a posterior: error estimators obtained in Theorem 6.3.1 are used to detect the

location of the singularity and distributed more mesh nodes around the area, where the
singularity happen to save the computational cost. The mesh adapt very well at the
point, where the singularity occurs. Figure 7.10 shows that the singularity moves as
time changes, while ¢t = 0.00025, ¢t = 0.25 and t = 0.95.
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Table 7.6: The performance of the estimators obtained in Theorem 6.3.1.

on uniform mesh

on adaptive mesh

Y

z

q

Y

z

q

Nodes

11987

11987

11987

3177

5536

16146

Elements

23572

23572

23572

6160

10730

9000

Error

7.4367¢e-2

2.06573e-2

1.32832e-2

7.43054e-2

1.32726e-2

1.40755e-2

Figure 7.10: The profile of adaptive mesh at different time levels.
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Conclusions and Extensions

This chapter is devoted to the critical assessment of the results highlighting the contri-
butions made by this thesis and the techniques used in deriving these. It also provides

information for the scope of possible extensions and future investigations.

8.1 Critical review of the results

In this thesis, we have considered finite element method for the approximations of op-
timal control problems governed by elliptic and parabolic equations with measure data.
Our main focus is on the derivation of a priori and a posteriori error estimates in suit-
able norms for the unknown variables that appeared in the formulation. Moreover, the
theoretical results are supported by numerical experiments. We now present critical

review of the results obtained in each chapter.

In Chapter 2, we have studied finite element approximations of optimal control prob-
lems governed by elliptic equations with measure data. Unlike standard finite element
methods, the weak solution of the problem (2.1)-(2.3) is defined via nonstandard weak
formulation (2.5) of the state equation. Under the assumptions that p = gw, where
g € C(Q) and w € M(Q), we prove the existence, uniqueness as well as regularity of the
solutions to the problem (2.2)(cf. Theorem 2.2.1). We derive a priori error bounds for
the control, state and co-state variables in the L?-norm (see Theorems 2.4.1-2.4.3). The
main tools used in our error analysis are duality technique, optimality conditions, error
estimates associated with the adjoint problem (1.11) (Lemma 2.4.1) and second order
optimality condition.

In Chapter 3, we have discussed a posteriori error analysis for EOCP (3.1)-(3.3)
with measure data. The global upper bound estimators are derived for (d = 2 or 3)
in the L?-norm with p = gw, where g € C(Q) and w € M(Q). We have used residual

type estimators to bound the errors. The upper bounds for the state, co-state and
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control variables in the L?-norm are derived in Theorem 3.2.1. The local lower bounds
for the errors in the state and co-state variables (Theorems 3.3.1 and 3.3.2) and global
lower bound for the control variable (Theorem 3.3.3) are proved in the case of two space
dimension (d = 2). The element and edge bubble functions play a key role in deriving
lower bounds for the state and co-state variables, whereas inverse estimates play a key

role for deriving lower bound for the control variable.
Chapter 4 is devoted to the development of finite element method for POCP (4.1)-

(4.3) with measure data in space. With the assumption that p = gw, where g €
L*(0,T;C(Q)) and w € M(Q), the weak solution of the problem (4.2) is defined by
transposition techniques (see Lions and Magenes [61]). The existence, uniqueness and
regularity of the solutions of problem (4.2) are proved in Theorem 4.2.1. The key in-
gredients used in the proof of Theorem 4.2.1 include embedding results and duality
argument. We derive a priori error estimates for both semidiscrete and fully discrete
finite element methods. The spatial discretization uses piecewise linear and continuous
finite elements for the state and co-state variables whereas piecewise constant functions
for the control variable. The backward Euler scheme is employed for the time discretiza-
tion. The duality trick in conjunction with the approximation properties associated with
the L2-projection and Ritz projection (cf. Lemma 4.3.1), inverse estimates, interpolation
properties are used to derive error bounds for the state, co-state and control variables
in the L?(0,T; L*(Q))-norm. The first and second order optimality condition plays a

crucial role in deriving the error in the control variable (cf. Theorems 4.3.1 and 4.4.1).
Chapter 5 deals with the finite element approximations of POCP with measure data

in time (5.1)-(5.3), i.e., p = gw with g € C([0,7]; L*(R?)) and w € M[0,T]. The ex-
istence, uniqueness as well as regularity of the solution of the state equation (5.2) are
studied and related a priori bounds for the solution are derived in Theorem 5.2.1. We
derive a priori error estimates for both semidiscrete and fully discrete finite element
methods. We use piecewise linear and continuous finite elements for the approxima-
tion of the state and co-state variables whereas the control variable is approximated by
piecewise constant functions. The embedding results, duality technique and approxima-
tion properties (Lemma 4.3.1) play key technical role in deriving these estimates. For
the estimation of error in the control variable we have used the first and second order
optimality condition.

Chapter 6 concerns with a posterior: error estimates for the space-time finite element
discretization of POCP (6.1)-(6.3) with measure data. Here, we consider two kinds of
problems. At first, we consider problem (6.1)-(6.3) with measure data in space, i.e.,
pw=gw, g€ L*0,T;C()) and w € M(Q). Next, we consider the POCP (6.1)-(6.3)
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with measure data in time, i.e., u = gw, g € C([0,T]; L*(Q)) and w € M]0,T]. The
solution of state equation of such problem exhibits low regularity due to the presence of
measure data and hence the development of AFEM fits to this kind of problems for the
sake of accuracy enhancement. Since a posteriori error estimates play an important role
to guide the adaptive procedure, a posterior: error estimators are thus constructed in this
chapter. We derive a posteriori error bounds for the state, co-state and control variables
in the L?(0,T; L*(Q2))-norm for both type of problems (see Theorems 6.2.2 and 6.3.1).
The estimators presented in Theorems 6.2.2 and 6.3.1 consist of the approximation errors
of the state, co-state and control variables. The key technical tools include interpolation
error estimates for the element and edge (Lemmas 3.2.1 and 3.2.2), duality technique

and the first order optimality condition (see Lemma 6.2.2).
Chapter 7 is concerned with numerical assessments of our theoretical results derived

in Chapters 2-6 with two dimensional test problems. All computations are carried
out using the software FreeFem++ [44]. The optimization problems are solved by a
projection gradient algorithm [65]. Numerical results are shown to be in agreement

with our derived results.

8.2 Possible extensions

In this section, we make some informal observations pertaining to the possible ex-
tensions of our results to new research directions and propose some open problems for
future investigation. Below, we shall briefly outline some interesting problems to be

persuaded in future.
A priori and a posteriori error analysis of EOCP with measure data in

nonconvex domains. Let 2 be a non-convex polygonal domain in R2. Consider the

following problem:
min J(0,9) = 51y — vallay + Sl
q€QE, 2 2
subject to
Ay=p+q in Q,
y=0 on 019,

and the control constraints

Qo < (J(Zlf) <@ ae. n Q7
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where y = y(z) denotes the state variable and ¢ = ¢(z) is the control variable. The
operator A is defined by (1.4). We assume, for simplicity of presentation, that exactly
one interior angle @ is reentrant, i.e., 6 € (m, 2m). We set B = 7 and note that % < B < 1.
In the special case of an L-shaped domain, 6 = 37“ and § = % The given function 4 = gw,
g € C(Q) and w € M(Q). Furthermore, ys(z) € L?(€) is the given desired state and

a > 0 is a fixed parameter. The bounds ¢q,, ¢, € R fulfill ¢, < ¢.
It would be challenging to study the convergence analysis of the finite element method

for EOCP with measure data in a nonconvex domain. We strongly believe that the

techniques used in Chapters 2 and 3 will play a crucial role to tackle this issue.
A priori and a posteriori error analysis of POCP with measure data in

nonconvex domains. Let {2 be a nonconvex domain in R?. Consider the following

optimal control problem governed by parabolic equation with control constraints

- 1 [T
min J(q,y) = = —yill?20n + &llql? dr
iy Ja) = 5 [ Al = vl + bl

subject to

(

v+ Ay =pu+q in Qp,

y(-,0) = yo(x) in Q,

V= 0 on I'p,
and the control constraints
g < q(x,t) < qq a.e. in Qp,

where y = y(x,t) denotes the state variable, ¢ = ¢(z,t) denotes the control variable and
Yy = %. The operator A is defined by (1.4). We assume, for simplicity of presentation,

that exactly one interior angle 6 is reentrant, i.e., § € (m, 27). We set B = Z and

0
note that % < B < 1. In the special case of an L-shaped domain, 6 = 37” and 8 = %
The constant @ > 0 is a fixed constant and the bounds ¢.,q; € R fulfill ¢. < qq.
Moreover, yo(x) and y;(z,t) are sufficiently smooth in their respective domains. Here,
we shall consider two kinds of problems. First, measure data in space, i.e., 4 = gw,
g € L*0,T;C(Q)), w € M(Q). Next, we shall analyze measure data in time, i.e.,
pw=gw, g€ C([0,T]; L*(Q)) and w € M0, T).

We note that the error analysis in Chapters 4 and 5 rely on the inverse estimates,
approximation properties of the L2-projection and Ritz projection (Lemma 4.3.1). Fur-

ther, Lemma 4.3.1 is valid under the assumption that €2 is convex, so the approximation
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properties in Lemma 4.3.1 do not hold when €2 is a nonconvex domain. Therefore, it
would be interesting to see how the results of Chapters 4 and 5 can be extended to the

case when the domain €2 is nonconvex.
Adaptive finite element methods for EOCPs and POCPs with measure

data. Adaptive finite element method (AFEM) is one of the useful numerical method
to approximate optimal control problems. It is known fact that the solution of the state
equations of EOCP (1.1)-(1.3) and POCP (1.6)-(1.8) with measure data exhibit low
regularity. Thus, the development of adaptive algorithms for finite element method fit
to these kind of problems for the sake of accuracy enhancement. Moreover, a posteriori
error estimators are key ingredients for the design of adaptive algorithms. We believe
that a posteriori error estimators constructed in Chapters 3 and 6 would be useful to

guide the adaptive procedure for these problems.
Optimal control problems governed by parabolic integro-differential equa-

tion (PIDE) with measure data. Let Q C R? (d = 2 or 3) be a bounded convex
domain with boundary 9€2. Consider the following problem:

min, J(q,y) = / {ly — valay + allalZa } dr (8.1)

quad

subject to the linear PIDE of the form

p

yt+Ay—fO Yy(z,7)dr +p+q in Qr,

y(-,0) = yo(z) in Q, (8.2)

(v = 0 on I'p,
and the control constraints
qe < Q(Z’,t) <qq a.e. in QT, (83)

where q., qg € R fulfill ¢. < qq, y; = a > 0 is a fixed constant. The operator A is

y
ot
defined by (1.4) and the operator B is a second order partial differential operator of the

form
B(t,7) ==V - (B(t,s)Vy),

where V denotes the spatial gradient. The coefficient matrix B(t,s) = {b;;(z,t;s)},
0 < s <t isadx d real-valued matrix assumed to be in L>®(2)¥? in the space
variable. Moreover, the elements of B(t, s) are assumed to be smooth in both ¢ and s.

The given functions yo(x) and y;(x,t) are assumed to be smooth for our purpose. We
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shall consider two kinds of problem, i.e., measure data in space and measure data in
time. The given function p = gw, where g € L*(0,T;C(Q)), w € M(Q) for measure
data in space and g € C([0,T]; L*(Q2)), w € M0, T for measure data in time.

Optimal control problems governed by PIDE occur in many applications, such as
heat conduction control of materials with memory, population dynamics control, and
control in elastic-plastic mechanics (see [80, 81]). The state equation for optimal control
problems governed by PIDE (8.2) can be thought of as perturbation of the associated
state equation (1.7) of POCP. We would like to see how the error analysis developed
in Chapters 4-6 can be extended to optimal control problems governed by PIDE. We
wish to investigate both a priori and a posteriori error analysis of the optimal control
problems governed by (8.1)-(8.3).
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