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Abstract

The aim of this thesis is to study a priori and a posteriori error analysis of finite element

methods for elliptic and parabolic optimal control problems with measure data in a bounded

convex domain in Rd(d = 2 or 3). The control problems governed by elliptic partial differen-

tial equation with measure data are used to model the potential of an electric field with an

electric charge distribution, whereas parabolic optimal control problems with measure data in

space are used in the design and management of waste water treatment systems, mainly the

disposal of sea outfalls discharging polluting effluent from a sewerage systems. On the other

hand, parabolic optimal control problems with measure data in time appear in the optimality

conditions of some optimal control problems with pointwise state constraints in time. The

solution of the state equation of such type of problems exhibits low regularity due to the pres-

ence of measure data which introduces some difficulties for both theory and numerics of the

finite element method. An effort has been made in this thesis to investigate both a priori and

a posteriori error analysis of finite element method for these control problems. The strategy

optimize-then-discretize is employed for the approximations of these control problems.

We first analyze elliptic optimal control problem with measure data and prove the existence,

uniqueness and regularity of the solution to the optimal control problem. To discretize the

control problem we use piecewise linear and continuous finite elements for the approximation

of the state and co-state variables, whereas piecewise constant functions are used for the

approximation of the control variable. We derive a priori error estimates for the state, co-

state and control variables in the L2-norm with an order of convergence O(h2−
d
2 ). Further,

global a posteriori upper bounds for the state, co-state and control variables in the L2-norm

are established. Moreover, local lower bounds for the errors in the state and co-state variables,

and global lower bound for the error in the control variable are demonstrated in case of two

space dimension (d = 2).

We next consider parabolic optimal control problems with measure data. Two kinds of

problems, namely measure data in space and measure data in time are considered and analyzed.

The existence, uniqueness and regularity of the solutions of both type of control problems are

proved. The continuous piecewise linear functions are used for the approximations of the state

and co-state variables, and piecewise constant functions for the approximation of the control
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variable. Both spatially discrete and fully discrete finite element approximations of the control

problems with measure data in space and time are analyzed. A priori error estimates of order

O(h2−
d
2 ) is demonstrated for the spatially discrete control problem with measure data in space

whereas error estimate of order O(h2−
d
2 + k1/2) is established for the fully discrete backward

Euler time discretization. For parabolic optimal control problem with measure data in time,

we have obtained error estimates of order O(h) for the state, costate and control variables for

the spatially discrete problem. A time discretization scheme based on implicit backward-Euler

method is analyzed and error estimates of order O(h+ k1/2) are derived for the state, co-state

and control variables. Further, we study the a posteriori error analysis for the space-time

finite element discretization for both type of control problems. We derive global upper bounds

for the errors in the state, co-state and control variables in the L2(0, T ;L2(Ω))-norm.

Finally, numerical results for two dimensional test problems are presented to illustrate our

theoretical findings.
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1
Introduction

The main objective of this thesis is to study a priori and a posteriori error analysis of

finite element methods for elliptic and parabolic optimal control problems with measure

data. This chapter is introductory and contains the description of the problems, a brief

survey of the relevant literature and motivation for the present study. It also contains

some notations and preliminary materials to be used in the thesis. The organization of

the thesis is given in the last section of this chapter.

1.1 Description of the problems

Elliptic optimal control problem with measure data: Let Ω ⊂ Rd (d = 2 or 3)

be a bounded convex domain with smooth boundary ∂Ω. Consider the following model

elliptic optimal control problem (EOCP) with measure data:

min
q∈QE

ad

J(q, y) =
1

2
‖y − yd‖2L2(Ω) +

α

2
‖q‖2L2(Ω) (1.1)

subject to the state equation














A y = µ+ q in Ω,

y = 0 on ∂Ω,

(1.2)

and the control constraints

qa ≤ q(x) ≤ qb a.e. in Ω, (1.3)

where y = y(x) denotes the state variable and q = q(x) is the control variable. The

operator A is assumed to be a second order linear elliptic partial differential operator

of the form

Ay = −
d
∑

i,j=1

∂

∂xj

(

ai,j(x)
∂y

∂xi

)

+ a0(x)y (1.4)

1
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CHAPTER 1. Introduction 2

with a0(x) ∈ L∞(Ω), a0(x) ≥ 0 forall x ∈ Ω, ai,j(x)(1 ≤ i, j ≤ d) is Lipschitz continuous

on Ω and satisfies the following uniform ellipticity condition: There exists a constant

c > 0 such that
d
∑

i,j=1

ai,j(x)ξiξj ≥ c|ξ|2, ∀ξ ∈ Rd, x ∈ Ω.

Moreover, yd(x) ∈ L2(Ω) is a given desired state, µ = g ω, where g ∈ C(Ω), ω ∈ M(Ω)

are given functions and α > 0 is a fixed parameter. Here, M(Ω) is the space of real

and Borel measures on Ω, which can be defined as the dual space of C(Ω). The set of

admissible controls is defined by

QE
ad := {q ∈ L2(Ω) : qa ≤ q(x) ≤ qb a.e. in Ω} (1.5)

with qa, qb ∈ R fulfill qa < qb.

Parabolic optimal control problem with measure data: Let Ω be a bounded

convex domain in Rd (d = 2 or 3) with smooth boundary ∂Ω. Set ΩT = Ω× (0, T ] and

ΓT = ∂Ω× [0, T ] with T <∞. We shall consider the following parabolic optimal control

problem (POCP) with measure data:

min
q∈QP

ad

J̃(q, y) =
1

2

∫ T

0

‖y − yd̃‖2L2(Ω) dτ +
α̃

2

∫ T

0

‖q‖2L2(Ω) dτ (1.6)

subject to the state equation



























yt +Ay = µ+ q in ΩT ,

y(·, 0) = y0(x) in Ω,

y = 0 on ΓT ,

(1.7)

and the control constraints

qc ≤ q(x, t) ≤ qd a.e. in ΩT . (1.8)

Here, y = y(x, t) denotes the state variable, q = q(x, t) is the control variable and

yt =
∂y
∂t
. The operator A is defined in (1.4) and α̃ > 0 is a fixed constant. Further-

more, the initial state y0(x) ∈ L2(Ω) and yd̃(x, t) ∈ L2(0, T ;L2(Ω)) is a given desired

state. We shall consider two kinds of POCPs with measure data. At first, we consider

problem (1.6)-(1.8) with measure data in space, i.e., µ = gω with g ∈ L2(0, T ; C(Ω))
and ω ∈ M(Ω), where M(Ω) is the space of real and regular Borel measures on Ω.

Next, we consider problem (1.6)-(1.8) with measure data in time, i.e., µ = gω with

TH-2228_ 136123009



CHAPTER 1. Introduction 3

g ∈ C([0, T ];L2(Ω)) and ω ∈ M[0, T ], where M[0, T ] is the space of real and regular

Borel measures in [0, T ], which can be defined as the dual space of C[0, T ].
The set of admissible controls is defined by

QP
ad := {q ∈ L2(0, T ;L2(Ω)) : qc ≤ q(x, t) ≤ qd a.e. in ΩT} (1.9)

with qc, qd ∈ R fulfill qc < qd.

A classical control problem consists of finding a control function q which minimizes

the cost functional (performance measure) J(q, y) (or J̃(q, y)), where the pair (q, y)

satisfies the state equation. The term α
2
‖q‖2L2(Ω) (or

α̃
2

∫ T

0
‖q‖2L2(Ω) dτ) is proportional to

the consumed energy. Thus, minimizing J( or J̃) is a compromise between the energy

consumption and finding q so that the state y is close to the desired state yd (or yd̃).

The optimal control problems of the form (1.1)-(1.3) can be used to model the

potential of an electric field with an electric charge distribution. For the literature

related to the elliptic equation with measure data, one may refer to [14] and [79]. The

problems of the form (1.6)-(1.8) are used in the design and management of waste water

treatment systems, mainly the disposal of sea outfalls discharging polluting effluent

from a sewerage systems [68]. On the other hand, parabolic equations of the form (1.7)

with measure data in time appear in the optimality conditions of some optimal control

problems with pointwise state constraints in time ( see [16] and [70]).

1.2 Notations and preliminaries

In this section, we shall introduce some standard notations and preliminary materials

to be used in this thesis. All functions considered here are real valued. Let Ω be a

bounded convex domain in Rd (d-dimensional Euclidean space) and let ∂Ω denote the

boundary of Ω. Let x = (x1, x2, . . . , xd) ∈ Ω, and let dx = dx1, . . . , dxd. Further, let

Υ = (Υ1, . . . ,Υd) be a d-tuple with nonnegative integer components. Denote the order

of Υ as |Υ| = Υ1 + . . . + Υd. Then, by DΥφ, we shall mean the Υth derivative of φ

defined by

DΥφ :=
∂|Υ|φ

∂xΥ1

1 . . . ∂xΥd

d

.

We shall make frequent reference to the following well-known function spaces. For

1 ≤ p <∞, Lp(Ω) denotes the linear space of equivalence classes of measurable functions

φ in Ω such that
∫

Ω
|φ(x)|p dx exists and is finite. The norm on Lp(Ω) is given by

‖φ‖Lp(Ω) :=
(

∫

Ω

|φ(x)|p dx
)

1

p

, 1 ≤ p <∞.
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For p = ∞, L∞(Ω) denotes the space of functions φ on Ω such that

‖φ‖L∞(Ω) := ess sup
x∈Ω

|φ(x)| <∞.

When p = 2, L2(Ω) is a Hilbert space with respect to the inner product

(φ, ψ) =

∫

Ω

φ(x)ψ(x) dx.

By support of a function φ, denoted by supp(φ), we mean the closure of all points x

with φ(x) 6= 0, i.e.,

supp(φ) := {x : φ(x) 6= 0}.
For any nonnegative integer m, Cm(Ω) denotes the space of functions with continuous

derivatives upto and including order m in Ω. Cm0 (Ω) is the space of all Cm(Ω) functions
with compact support in Ω and C∞

0 (Ω) is the space of all infinitely differentiable functions

with compact support in Ω.

We now introduce the notion of Sobolev spaces. Let m be a nonnegative integer and

let p be such that 1 ≤ p < ∞. The Sobolev space of order (m, p) on Ω, denoted by

Wm,p(Ω), is defined as a linear space of functions (or equivalence class of functions) in

Lp(Ω) whose distributional derivatives upto order m are also in Lp(Ω), i.e.,

Wm,p(Ω) := {φ : DΥφ ∈ Lp(Ω) for 0 ≤ |Υ| ≤ m}.

The space Wm,p(Ω) is endowed with the norm

‖φ‖Wm,p(Ω) :=
(

∑

0≤|Υ|≤m

∫

Ω

|DΥφ(x)|p dx
)

1

p

:=
(

∑

0≤|Υ|≤m

‖DΥφ(x)‖pLp(Ω)

)
1

p

, 1 ≤ p <∞.

When p = ∞, the norm on the space Wm,∞(Ω) is defined by

‖φ‖Wm,∞(Ω) := max
0≤|Υ|≤m

‖DΥφ(x)‖L∞(Ω).

Also, the semi-norms on Wm,p(Ω) are defined as

|φ|Wm,p(Ω) :=
∑

|Υ|=m

‖DΥφ‖Lp(Ω).

For p = 2, we denote the spaces Wm,p(Ω) = Hm(Ω) and H0(Ω) = L2(Ω). The space

Hm(Ω) is a Hilbert space with natural inner product defined by

(φ, ψ)Hm(Ω) :=
∑

0≤|Υ|≤m

∫

Ω

DΥφDΥψ dx, φ, ψ ∈ Hm(Ω).
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The Sobolev space Hm(Ω) (respectively, Hm
0 (Ω)) is also defined as the closure of C∞(Ω)

(respectively, C∞
0 (Ω)) with respect to the norm ‖φ‖Hm(Ω) = ‖φ‖Hm,2(Ω) and semi-norm

|φ|Hm(Ω) = |φ|Hm,2(Ω). We denote the dual space of H1
0 (Ω) by H

−1(Ω) with norm

‖φ‖H−1(Ω) := sup
ψ∈H1

0
(Ω), ψ 6=0

(φ, ψ)

‖ψ‖H1(Ω)

.

We denote M(Ω) is the space of real and regular Borel measures on Ω, which can

be defined as the dual space of C(Ω) with its natural norm

‖µ‖M(Ω) := sup
{

∫

Ω

φ dµ : φ ∈ C(Ω) and ‖φ‖C(Ω) ≤ 1
}

.

For 1 ≤ p ≤ ∞, we also define the standard Bochner spaces Lp(0, T ;B), where B is a

real Banach space with norm ‖·‖B, consisting of all measurable functions φ : [0, T ] → B

for which

‖φ‖Lp(0,T ;B) :=
(

∫ T

0

‖φ(τ)‖p
B
dτ
)

1

p

<∞ for 1 ≤ p <∞,

‖φ‖L∞(0,T ;B) := ess sup
t∈(0,T )

‖φ(t)‖B <∞ for p = ∞.

In the subsequent chapters, we shall also use the following spaces. For a given Banach

space B, we define H1(0, T ;B) as the space consisting of all measurable functions φ :

(0, T ) → B for which

‖φ‖H1(0,T ;B) :=
(

∫ T

0

‖φ(τ)‖2
B
dτ +

∫ T

0

‖φt(τ)‖2B dτ
)

1

2

<∞.

When no risk of confusion exists we shall write ‖ · ‖Lp(B) for ‖ · ‖Lp(0,T ;B), ‖ · ‖L∞(B) for

‖·‖L∞(0,T ;B) and ‖·‖H1(B) for ‖·‖H1(0,T ;B). Furthermore, C([0, T ];B) is defined as the space

of continuous functions φ : [0, T ] → B with norm ‖φ‖C([0,T ];B) := max
t∈[0,T ]

‖φ(t)‖B <∞ and

M[0, T ] is the space of real and regular Borel measures in [0, T ], which can be defined

as the dual space of C[0, T ] with its natural norm

‖µ‖M[0,T ] := sup
{

∫ T

0

φ dµ : φ ∈ C[0, T ] and ‖φ‖C[0,T ] ≤ 1
}

.

Let C∞(ΩT ) be the space of all infinitely differentiable functions in ΩT . We denote

D(ΩT ) the set of C∞(ΩT ) functions with compact support in ΩT and D′(ΩT ) is the dual

space of D(ΩT ). For a complete discussion on Sobolev spaces, see Adams and Fournier

[1] and Grisvard [42]. From time to time we shall also use the following inequalities (see
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Hardy et al. [43]):

Young’s inequality. For a, b ≥ 0 and ε > 0, the following inequality

ab ≤ a2

2ε
+
ε b2

2

holds.

Cauchy-Schwarz inequality. For all a, b ≥ 0, 1 < p <∞ and 1
p
+ 1

p′
= 1,

ab ≤ ap

p
+
bp

′

p′
.

In integral form, if φ and ψ are both real valued functions with φ ∈ Lp(Ω) and ψ ∈
Lp

′

(Ω), then
∫

Ω

φψ dx ≤ ‖φ‖Lp(Ω)‖ψ‖Lp′ (Ω).

For p = p′ = 2, the above inequality is known as Schwarz’s inequality.

Discrete version of the Cauchy-Schwarz inequality. Let φj, ψj , j = 1, . . . , d be positive

real numbers. Then

d
∑

j=1

φjψj ≤
(

d
∑

j=1

φ2
j

)
1

2

(

d
∑

j=1

ψ2
j

)
1

2

.

Now, we state the Poincaré inequality which will be used frequently in this thesis.

Lemma 1.2.1 (Poincaré inequality). Let Ω be a bounded convex domain in Rd. Then

there exists a positive constant C = C(Ω) such that

‖φ‖L2(Ω) ≤ C‖∇φ‖L2(Ω), for every φ ∈ H1
0(Ω).

In view of the Poincaré inequality, ‖∇(·)‖L2(Ω) defines a norm on H1
0 (Ω).

For the following definitions, we refer to [86].

Definition 1.2.1 (Directional derivative). Let X and Y be two normed spaces. Let

X0 be a non-empty open subset of X and f : X0 → Y be a given mapping. If for two

elements x ∈ X0 and v ∈ X the limit

f ′(x)(v) := lim
ν→0

f(x+ νv)− f(x)

ν

exists, then f ′(x)(v) is called the directional derivative of f at x in the direction v.

Moreover, if the limit

f ′′(x)(v, v) := lim
ν→0

f ′(x+ νv)(v)− f ′(x)(v)

ν

exists, then f ′′(x)(v, v) is called the second order directional derivative of f in the direc-

tion of v.
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Definition 1.2.2 (Fréchet derivative). Let X and Y be two normed spaces, X0 be a

non-empty open subset of X and f : X0 → Y be a given mapping. Furthermore, let an

element x ∈ X0 be given. If there is a continuous linear mapping f ′(x) : X → Y with

the property

lim
‖v‖X→0

‖f(x+ v)− f(x)− f ′(x)v‖Y
‖v‖X

= 0,

then f ′(x) is called the Fréchet derivative of f at x and f is said to be Fréchet differen-

tiable at x.

Definition 1.2.3 (Convex functional). Let S ⊂ Rd (d = 2 or 3) be a non-empty convex

set. Then a functional f : S → R is said to be convex if

f(νx1 + (1− ν)x2) ≤ νf(x1) + (1− ν)f(x2), ∀ν ∈ [0, 1] and x1, x2 ∈ S.

The functional f is said to be strictly convex if the above condition holds with strict

inequality whenever x1 6= x2 and ν ∈ (0, 1).

Let the bilinear form associated with the operator A on Ω and ΩT be given by

a(v, w) =

d
∑

i,j=1

∫

Ω

(

ai,j
∂v

∂xi

∂w

∂xj
+ a0vw

)

dx, ∀v, w ∈ H1
0 (Ω)

and

a(v, w)ΩT
=

d
∑

i,j=1

∫

ΩT

(

ai,j
∂v

∂xi

∂w

∂xj
+ a0vw

)

dxdτ, ∀v, w ∈ L2(0, T ;H1
0(Ω)),

respectively. The adjoint of the operator A is defined by

A∗y = −
d
∑

i,j=1

∂

∂xj

(

aj,i(x)
∂y

∂xi

)

+ a0(x)y

and L2-inner products on L2(Ω) and L2(0, T ;L2(Ω)) be denoted by

(v, w) =

∫

Ω

vw dx, ∀v, w ∈ L2(Ω),

(v, w)ΩT
=

∫

ΩT

vw dxdτ, ∀v, w ∈ L2(0, T ;L2(Ω)),

respectively. We assume that the bilinear a(·, ·) is coercive and continuous on H1
0 (Ω),

i.e.,

a(v, v) ≥ β‖v‖2H1(Ω) and |a(v, w)| ≤ β1‖v‖H1(Ω)‖w‖H1(Ω), ∀v, w ∈ H1
0 (Ω)

TH-2228_ 136123009
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with β, β1 ∈ R+.

We now define some auxiliary elliptic problems which will be used in Chapters 2-3.

For f ∈ L2(Ω), let φ and ψ be the solutions of following problems














Aφ = f in Ω,

φ = 0 on ∂Ω,

(1.10)

and














A∗ψ = f in Ω,

ψ = 0 on ∂Ω,

(1.11)

respectively. Then, the following regularity results [42] hold true.

Lemma 1.2.2. Let φ, ψ ∈ H2(Ω) ∩ H1
0 (Ω) be the solutions of the Dirichlet problems

(1.10) and (1.11), respectively. Then for f ∈ L2(Ω), there exist positive constants CR

and CR̃ such that

‖φ‖H2(Ω) ≤ CR‖f‖L2(Ω) and ‖ψ‖H2(Ω) ≤ CR̃‖f‖L2(Ω). (1.12)

Now, we introduce some auxiliary parabolic problems which will be used in Chapters

4-6. For simplicity, we set

W (0, T ) := L2(0, T ;H1
0(Ω)) ∩H1(0, T ;H−1(Ω)),

X(0, T ) := L2(0, T ;H2(Ω) ∩H1
0 (Ω)) ∩H1(0, T ;L2(Ω)).

We note that W (0, T ) ↪→ C([0, T ];L2(Ω)) and X(0, T ) ↪→ C([0, T ];H1
0(Ω)) (see [61]).

For f ∈ L2(0, T ;L2(Ω)), let φ and ψ, respectively, be the solutions of the following

forward and backward in time standard parabolic problems:


























φt +Aφ = f in ΩT ,

φ(·, 0) = 0 in Ω,

φ = 0 on ΓT

(1.13)

and


























−ψt +A∗ψ = f in Ω× [0, T ),

ψ(·, T ) = 0 in Ω,

ψ = 0 on ΓT .

(1.14)

Then the following regularity results hold true, see [61].
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Lemma 1.2.3. Let φ, ψ ∈ X(0, T ) be the solutions of problems (1.13) and (1.14),

respectively. Then, X(0, T ) ↪→ C([0, T ];H1
0(Ω)) and satisfies

‖φ‖L2(H2(Ω)) + ‖φt‖L2(L2(Ω)) ≤ CR1
‖f‖L2(L2(Ω)),

‖ψ‖L2(H2(Ω)) + ‖ψt‖L2(L2(Ω)) ≤ CR2
‖f‖L2(L2(Ω)),

and

‖φ(·, T )‖H1(Ω) ≤ CR1
‖f‖L2(L2(Ω)), ‖ψ(·, 0)‖H1(Ω) ≤ CR2

‖f‖L2(L2(Ω))

for some positive generic constants CR1
and CR2

.

1.3 Background and motivation

In this section, we shall discuss a brief survey of the relevant literature pertaining

to the elliptic and parabolic optimal control problems and elucidates the motivation for

the present study.

In optimal control problems, the general idea is to vary an input quantity (called

control) in such a way that the output quantity (called state) minimizes the objective

functional. The input can be a function prescribed on the boundary (called boundary

control) or distributed all over the domain (called distributed control), and the output

is the solution of the partial differential equation. Due to physical and technical lim-

itations, one needs to impose some restrictions on the control or state. The theory of

optimal control problems governed by partial differential equations was introduced by

Lions in [60]. Among various numerical methods in the literature design for optimal

control problems, the discretization procedure, namely finite element method is widely

used in practice. We first detail a brief account of the literature concerning finite element

method for optimal control problems.

Finite element method. The design of efficient numerical techniques to approximate

the solution of an optimal control problem is of paramount importance in many prac-

tical applications. Over the last three decades, finite element method has become an

important tool for approximating the solutions of control problems. There have been

extensive theoretical and numerical studies for finite element approximations of opti-

mal control problems. We refer to [47, 48, 66, 86] for an overview and an up-to-date

discussion on numerical approximation to optimal control problems. The error analysis

of finite element method is grouped into two categories: A priori error analysis and a

posteriori error analysis. A priori error analysis yields bounds of the form

‖u− U‖X ≤ C(u)hm, (1.15)
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where u and U are the exact and numerical solutions of some problem, respectively.

Here, C(u) is a positive constant depends on the exact solution u, h denotes the mesh

parameter and ‖ · ‖X denotes a specified norm. The estimate (1.15) is not realistic in

general as it depends on the exact solution which is unknown for most of the problems.

Moreover, estimates of the form (1.15) can give asymptotic rates of convergence as the

mesh parameter goes to zero, but are not designed to give an actual error estimate for

a given mesh. The question of quantifying the error brings attention to a new error

estimation method which is able to characterize explicitly the accuracy of approximate

solutions and is known as a posteriori error estimation technique. An a posteriori error

estimate is a computable quantity in terms of the finite element solution and data of

the given problem, i.e., a posteriori error estimates employ the finite element solution

and the data of the problem to derive estimates on the actual errors. On the contrary

to a priori error analysis, a posteriori error analysis predicts bounds of the form

‖u− U‖X ≤ η(U, data),

where the estimator η(U, data) is a computable quantity which depends on the numerical

solution U and the data of the problem. The use of adaptive techniques based on a pos-

teriori error estimation is well accepted in the context of finite element discretization of

partial differential equations [29, 30] and [87]. Adaptive finite element method (AFEM)

has been found to be able to save substantial computational work and ensures a higher

density of nodes in certain area of the given domain where the solution is more difficult

to approximate. The decision of whether further refinement of the meshes is necessary

is based on the a posteriori error estimator. If further refinement is performed then the

error estimator used as a guide to show how the refinement might be accomplish most

efficiently. The application of these techniques to optimal control problems governed by

partial differential equations is an active area of research. This thesis will focus on ana-

lyzing both a priori and a posteriori error analysis of finite element method for optimal

control problems of the form (1.1)-(1.3) and (1.6)-(1.8). In order to put the results of

this thesis in a proper prospective, we now give a brief account of the relevant literature

concerning a priori and a posteriori error analysis of EOCPs and POCPs.

Finite element method for EOCPs. There are wide range of articles available in the

literature regarding a priori error estimates for EOCPs. The two early papers on the

numerical approximation for a class of linear EOCPs are due to [31] and [34]. In these

papers, the authors have proved L2-error estimates which reflect the H1-regularity of

the optimal control and optimal regularity of the state variable. Falk has considered

distributed control in [31], while Geveci has concentrated on Neumann boundary con-
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trol in [34]. An optimal control problem governed by elliptic equation with control

constraints has been studied by Arnautu and Neittaanmäki in [8]. The authors have

established the optimality condition and introduced the Ritz-Galerkin discretization for

EOCP, and obtained error estimates for the control and state variables. Casas in [15]

has studied convergence properties for a linear EOCPs with control in the coefficient

of elliptic equation. Moreover, we refer to Arada and Raymond [6] for error estimates

of relaxed optimal control problems governed by semilinear elliptic equations. In [5],

Arada et al. have derived error estimates for the control in the L∞ and L2-norms

for distributed control problems. For an analogous problem with finitely many state

constraints, Casas in [17] has derived error estimates for the control in the L∞-norm.

Further, error estimates for Lagrange multipliers associated with the state constraints,

state and co-state variables are also obtained in [17]. For a semilinear elliptic boundary

control problem, Casas et al. in [20] have proved uniform convergence of discretized

control to the optimal control under natural assumptions by taking piecewise constant

controls. Subsequently, Casas and Raymond [21] have studied semilinear elliptic bound-

ary control problem with pointwise constraints on the control. The authors have used

continuous piecewise linear finite elements for the approximation of the state as well as

control variables and the related error estimate for the control is derived. Moreover, for

the approximation of EOCPs with control variable from measure spaces can be found

in [18, 25, 76].

The a posteriori error analysis for optimal control problems governed by elliptic

equations have been investigated by numerous researchers. AFEMs have been success-

fully applied to optimal control problems governed by partial differential equations. The

pioneer work has been made by Liu and Yan [62] for residual based a posteriori error

estimates and Becker et al. [10] for dual-weighted goal oriented adaptivity. We refer to

[45, 46, 58, 63] and [65] for distributed and boundary control problems governed by el-

liptic equations. An essential ingredient of AFEM is a posteriori error estimators which

provide information about the local quality of the approximate solution. AFEM aiming

to distribute more mesh nodes around the area where singularity of the solution hap-

pens to save the computational cost has been first proposed by Babuška and Rheinboldt

[9]. In [33], Gaevskaya et al. have studied the convergence of an AFEM for distributed

optimal control problems with control constraints. Becker and Mao [11] have provided

a convergence proof for the adaptive algorithm by viewing the control problems as a

nonlinear elliptic system of the state and co-state variables. An adaptive algorithm

presented in [11] involves marking of data oscillation. In [50], the authors have proved

that the sequence of adaptively generated discrete solutions converged to the true solu-
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tions of optimal control problems. However, they have not shown convergence rate and

optimality in [50]. Recently, Gong and Yan [40] have presented a rigorous proof for con-

vergence and quasi-optimality of AFEM for an optimal control problem with pointwise

control constraints by means of variational discretization technique. In [39], the authors

have showed that the convergence of AFEM based on energy norm is suboptimal for

the control variable and numerical experiments confirmed this sub-optimality. Demlow

and Stevenson [27] have studied an AFEM for controlling L2-errors for elliptic problems,

where the convergence and quasi-optimality of the method are proved by keeping the

meshes sufficiently mildly graded. Leng and Chen have extended the work of [27] to the

optimal control problems in [56]. Moreover, for L2-norm based AFEM, the authors of

[41] have proved the contraction property and quasi-optimal complexity for the L2-norm

errors of the state, co-state and control variables. Their results improve the known result

of [40] for energy norm based AFEM. The recovery type a posteriori error estimates for

EOCPs are described in [59]. Apart from the residual and recovery type estimates new

results on a class of functional type a posteriori error estimates are described in [52]

and [89]. Very recently, Wolfmayr [89] has derived functional type a posteriori error

estimates for EOCPs with control constraints.

Despite being vast literature on numerical approximations to EOCPs, the a priori

and a posteriori error analysis of finite element methods for EOCPs with measure data

remains unexplored. Our first attempt in this thesis is to study a priori error analysis

for EOCP with measure data. The main source of difficulty is that the solution of the

state equation has low regularity which makes the finite element error analysis somewhat

difficult. In the case of standard elliptic problems with measure data, Casas [14] has

derived error estimates of order O(h2−
d
2 ) in the L2-norm, where h is the mesh parameter

and d is the dimension of the domain Ω. Further literature on a priori error bounds

for elliptic problem with measure data are contained in [79]. This thesis generalizes

the a priori error analysis of finite element method for the standard elliptic problem

with measure data to EOCP with measure data. To solve optimal control problem

with measure data we use optimize-then-discretize approach. We prove the existence,

uniqueness and regularity of the solution of EOCP with measure data. We use piecewise

linear and continuous finite elements for the approximations of the state and co-state

variables whereas piecewise constant functions are used for the approximation of the

control variable. We derive convergence properties for the state, co-state and control

variables in the L2-norm with an order of convergence O(h2−
d
2 ). Our theoretical results

are supported by numerical experiments.

The next problem in this thesis is to study a posteriori error analysis of EOCP
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(1.1)-(1.3) with measure data. The previous work on a posteriori error analysis with

Dirac source term for the standard elliptic problems have been discussed in [7]. They

have obtained global upper and local lower bounds in Lp norm and W 1,p seminorm

for p < 2. This thesis extends the work of [7] from elliptic problems to EOCP with

measure data. In the context of EOCP with measure data (1.1)-(1.3), we have derived

global upper bounds for the state, co-state and control variables in the L2-norm. In

case of two space dimension (d = 2), we derive local lower bounds for errors in the state

and co-state variables, and global lower bound for error in the control variable. The

key technical tools used in our analysis are the interpolation approximation properties,

inverse estimates, element and edge bubble functions and their properties. Numerical

assessment of the estimators are presented.

Finite element method for POCPs. Optimal control problems with time-dependent

control play an important role in many applications, and the numerical treatment of

these problems has been an active research topic in the recent years. The pioneering

work of late 1970s and 1980s in the area of finite dimensional approximation for infinite

dimensional POCPs can be found in [4, 54, 55] and [69], where the Ritz-Galerkin approx-

imations and semigroup theory have been utilized. For an overview concerning a priori

error analysis for finite element approximations for POCPs, we refer to [49, 74, 78, 88]

and a priori error analysis for problems with state constraints can be found in [26, 36]

and [70]. In [71, 72], the authors have developed a priori error analysis for space-time fi-

nite element discretization for POCPs, where they have applied discontinuous Galerkin

schemes for temporal discretization. Recently, the authors of [73] have used Petrov-

Galerkin Crank-Nicolson scheme for POCPs. However, all these papers have focused

on distributed control problems. In many applications, control can only act locally at

finitely many points of the domain, which is called pointwise control. Chryssoverghi

[23] has studied convergence properties for the state and control variables of an optimal

pointwise control problem for systems governed by a parabolic equation. Later, Dro-

niou and Raymond have analyzed the optimal pointwise control of semilinear parabolic

equations in [28]. We refer to [37] and [57] for a priori error estimates for finite element

approximations of POCPs with pointwise control. Recently, a priori error estimates to

sparse POCPs which utilize a formulation with control variable in measure spaces can

be found in [19].

The research work on a posteriori error analysis for POCPs have been extensively

analyzed in [53, 64, 82, 83, 84] and [90]. For residual type a posteriori error estimates

of finite element methods for POCPs, we refer to [64] and [90]. Further, a recovery type

a posteriori error estimate of fully discrete finite element approximation for POCP has
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been studied by Tang and Chen in [83]. Subsequently, Sun et al. [82] have derived

both lower and upper bounds for the errors for POCPs. In [84], Tang and Hua have

established upper bounds in the L∞(0, T ;L2(Ω))-norm for the spatially discrete finite

element approximations of POCP using elliptic reconstruction. Recently, functional

type a posteriori error estimates for POCPs have been discussed in [53]. As opposed

to the well established results on both a priori and a posteriori error estimates for

POCPs, the development and analysis of both a priori and a posteriori error estimates

for POCPs with measure data remains unexplored.

Our next attention in this thesis is to study a priori error analysis for POCP (1.6)-

(1.8) with measure data. The mathematical difficulty of such type of problem is low

regularity of the solution of the state equation which introduces some difficulties in both

theoretical and numerical analysis. In this work, we mainly discuss two types of problem,

namely measure data in space and measure data in time. For measure data in space, we

take µ = gω, where g ∈ L2(0, T ; C(Ω)) and ω ∈ M(Ω) whereas for measure data in time

µ = gω with g ∈ C([0, T ];L2(Ω)) and ω ∈ M[0, T ]. We employ optimize-then-discretize

strategy to approximate the control problems. For the purpose of finite element formu-

lation we rewrite the state equation in weak form using transposition techniques [61]

and investigate the existence, uniqueness and regularity of the solutions for both type of

problems. We have used continuous piecewise linear functions for the approximations of

the state and co-state variables, and piecewise constant functions for the approximation

of the control variable. We have analyzed both spatially discrete and fully discrete finite

element approximations of POCPs with measure data in space and time. For measure

data in space, a priori error estimates of order O(h2−
d
2 ) are derived for the spatially

discrete control problem whereas error estimates of order O(h2−
d
2 +k1/2) are established

for the fully discrete backward Euler time discretization scheme. Next, for POCPs with

measure data in time, we have obtained error estimates of order O(h) for the state,

costate and control variables for the spatially discrete problem. A time discretization

scheme based on the backward-Euler method is analyzed and error estimates of order

O(h + k1/2) are proved for the state, co-state and control variables. The key technical

tools used in our analysis include nonstandard weak formulation of the state equation,

interpolation approximation properties, embedding theorems, inverse estimates, opti-

mality conditions and duality technique. The previous work on the nonlinear parabolic

equations involving measure data, we refer to [12, 13]. Later, the author of [16] has

studied semilinear parabolic problems with measure data. Very recently, Gong [35] has

obtained a priori error estimates for a linear parabolic equation involving measure data

and for a posteriori error analysis, we refer to [38].
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Finally, we now turn our attention to study a posteriori error estimates for space-time

finite element discretization of POCP (1.6)-(1.8) with measure data. Two kinds of con-

trol problems, namely measure data in space and measure data in time, are considered

and analyzed. We use continuous piecewise linear functions for the approximations of

the state and co-state variables, and piecewise constant functions for the approximation

of the control variable whereas the time discretization is based on the backward-Euler

implicit scheme. We use duality argument, first order optimality condition and inter-

polation approximation properties to derive global upper bounds for errors in the state,

co-state and control variables in the L2(0, T ;L2(Ω))-norm. Numerical experiments are

performed to study the performance of the derived error estimators.

1.4 Organization of the thesis

This thesis consists of eight chapters, and is organized as follows. Chapter 1 intro-

duces the problems and it contains some basic notations and preliminary materials to

be used throughout this thesis. A brief survey of the relevant literature and motivation

for the present work are presented.

Chapter 2 considers optimal control problem governed by elliptic equation (1.1)-

(1.3) with measure data. The existence, uniqueness and regularity results for the state

and control variables are proved and a priori error estimates for the state, co-state and

control variables are derived.

Chapter 3 is devoted to the a posteriori error analysis for EOCP (1.1)-(1.3) with

measure data. We have derived the global upper bounds for the errors in the L2-norm.

Further, in the case of two space dimension (d = 2), local lower bounds are derived for

errors in the state and co-state variables, and global lower bound for error in the control

variable is established.

In Chapter 4, we study finite element approximations of POCP with measure data in

space in a bounded convex domain. We prove the existence, uniqueness and regularity of

the solution for the control problem. A priori error estimates for the state, co-state and

control variables are derived for both spatially discrete and fully discrete approximations

of the optimal control problem. Moreover, L2(0, T ;L2(Ω)) convergence properties for

the state, co-state and control variables are established.

In Chapter 5, we consider optimal control problem governed by parabolic equations

with measure data in time. We prove the existence, uniqueness and regularity of the

solutions for this problem. The a priori error analysis for the finite element method

is carried out and error estimates for the state, co-state and control variables for both

spatially discrete and fully discrete schemes are derived.
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Chapter 6 is concerned with residual type a posteriori error estimates of fully discrete

finite element approximation for parabolic optimal control problem with measure data

in a bounded convex domain. Two kinds of control problems, namely measure data in

space and measure data in time, are considered and analyzed. We derive global upper

bounds for the state, co-state and control variables in the L2(0, T ;L2(Ω))-norm.

Chapter 7 is devoted to the numerical assessments of both a priori and a posteriori

error estimates for EOCPs and POCPs with measure data.

Finally, Chapter 8 discusses the critical evaluation of the results highlighting the

contributions made by the thesis and scope of future investigations.

For clarity of presentation we have repeatedly given equations (1.1)-(1.3) or (1.6)-

(1.8) at the beginning of the subsequent chapters.
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2
EOCP with Measure Data: A Priori Error Analysis

In this chapter, we study the a priori error analysis of the control problem (1.1)-

(1.3) with measure data in a bounded convex domain in Rd (d = 2 or 3). The state

equation exhibits low regularity due to the presence of measure data which introduces

some difficulties for both theoretical and numerical analysis. We prove the existence,

uniqueness and regularity of the solution of the control problem and derive a priori error

estimates for the state, co-state and control variables. To discretize the control problem

we use piecewise linear and continuous finite elements for the approximations of the

state and co-state variables whereas the control variable is approximated by piecewise

constant functions.

2.1 Introduction

Let Ω ⊂ Rd (d = 2 or 3) be a bounded convex domain with boundary ∂Ω. We now

recall the following EOCP:

min
q∈QE

ad

J(q, y) =
1

2
‖y − yd‖2L2(Ω) +

α

2
‖q‖2L2(Ω) (2.1)

subject to the state equation














A y = µ+ q in Ω,

y = 0 on ∂Ω,

(2.2)

and the control constraints

qa ≤ q(x) ≤ qb a.e. in Ω, (2.3)

where y = y(x) denotes the state variable and q = q(x) is the control variable. The

operator A is defined by (1.4) and α > 0 is a fixed parameter. Moreover, yd(x) ∈ L2(Ω)

17

TH-2228_ 136123009
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is a given desired state, the function µ = g ω, where g ∈ C(Ω) and ω ∈ M(Ω). The set

of admissible controls is defined by

QE
ad := {q ∈ L2(Ω) : qa ≤ q(x) ≤ qb a.e. in Ω} (2.4)

with qa, qb ∈ R fulfill qa < qb.

The optimal control problems governed by elliptic equation with measure data play

an important role in many applications such as modeling of the potential of an electric

field with an electric charge distribution [60, 86]. An important feature of such problem

is that the solution of the state equation exhibits low regularity which introduces some

difficulties in the error analysis of finite element method. The solution of the state

equation of the control problem does not even belongs to H1(Ω). However, it belongs

to the Sobolev space W 1,p(Ω) [1 ≤ p < d
d−1

) of real valued functions together with all

their partial distributional derivatives of first order belongs to Lp(Ω) (cf. [79]). The

previous work on elliptic problem with measure data are contained in [14] and [79]. In

[14], the author has derived convergence of order O(h2−
d
2 ) for the finite element method

of standard elliptic problem, where h is the mesh size of the space triangulation and

d is the dimension of the domain Ω. This chapter extends the a priori error analysis

of finite element method for standard elliptic problem with measure data to EOCP

with measure data. The key technical tools used in our error analysis include duality

technique, inverse estimate, optimality conditions and the properties of the interpolation

operator.

The outline of this chapter is as follows. We prove the existence, uniqueness and

regularity results for the state and control variables in Section 2.2. The finite element

approximation of optimal control problem is discussed in Section 2.3. Finally, in Section

2.4, we derive a priori error estimates for the state, co-state and control variables.

Throughout this chapter, C denotes a positive generic constant independent of the

mesh parameter h.

2.2 Existence, uniqueness and regularity results

In this section, we prove the existence, uniqueness and regularity results for the

solution of optimal control problem (2.1)-(2.3). Let C(Ω) be the space of real and

continuous functions on Ω, endowed with the supremum norm ‖ · ‖L∞(Ω), and let C0(Ω)
be the subspace of C(Ω) consisting of elements vanishing on the boundary. Note that the

space H2(Ω)∩H1
0 (Ω) is continuously embedded in C0(Ω), i.e., H2(Ω)∩H1

0 (Ω) ↪→ C0(Ω)
(cf. [1]).

We now discuss the existence of solution of state equation (2.2). Let y ∈ L2(Ω) be
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a solution of problem (2.2) in the sense that
∫

Ω

yA∗v dx =≺ gω, v � +

∫

Ω

qv dx, ∀v ∈ H2(Ω) ∩H1
0 (Ω), (2.5)

where ≺ gω, v �:=
∫

Ω
gv dω. Note that the expression ≺ gω, v � is well defined because

v ∈ H2(Ω) ∩H1
0 (Ω) ↪→ C0(Ω).

Theorem 2.2.1. Let q ∈ L2(Ω), g ∈ C(Ω) and ω ∈ M(Ω). Then, the problem (2.2)

admits a unique solution y ∈ L2(Ω) in the sense that
∫

Ω

yA∗v dx =≺ gω, v � +

∫

Ω

qv dx, ∀v ∈ H2(Ω) ∩H1
0 (Ω). (2.6)

Further, there exists a positive constant C such that

‖y‖L2(Ω) ≤ C
(

‖g‖L∞(Ω)‖ω‖M(Ω) + ‖q‖L2(Ω)

)

. (2.7)

Moreover, y ∈ W 1,p
0 (Ω) for p ∈ [1, d

d−1
) and

‖y‖W 1,p
0

(Ω) ≤ C
(

‖g‖L∞(Ω)‖ω‖M(Ω) + ‖q‖L2(Ω)

)

. (2.8)

Proof. We borrow the proof technique of [14]. Let T : L2(Ω) → C0(Ω) be a linear map

such that Tf = φf . Then, in view of (1.12) of Lemma 1.2.2, T is continuous.

Let T ∗ : M(Ω) → L2(Ω) be the adjoint operator of T . Take y = y1 + y2, where

y1 = T ∗µ and y2 ∈ H2(Ω) ∩H1
0(Ω) be the solution of














Ay2 = q in Ω,

y2 = 0 on ∂Ω.

Then, for v ∈ H2(Ω) ∩H1
0 (Ω), we have

∫

Ω

yA∗v dx =

∫

Ω

y1A∗v dx+

∫

Ω

y2A∗v dx

=

∫

Ω

T ∗µA∗v dx+

∫

Ω

Ay2v dx

=

∫

Ω

T (A∗v) dµ+

∫

Ω

qv dx

=

∫

Ω

v dµ+

∫

Ω

qv dx.

Since µ = gω, we have
∫

Ω

yA∗v dx = ≺ gω, v � +

∫

Ω

qv dx, (2.9)
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and hence (2.6) holds. The uniqueness follows as the problem is linear. To prove (2.7),

we use the duality argument. For f ∈ L2(Ω), let ψ be the solution of (1.11). Then,

using (2.6) and Lemma 1.2.2 we obtain
∫

Ω

yf dx =

∫

Ω

yA∗ψ dx =≺ gω, ψ � +

∫

Ω

qψ dx

≤ C
(

‖g‖L∞(Ω)‖ω‖M(Ω)‖ψ‖L∞(Ω) + ‖q‖L2(Ω)‖ψ‖L2(Ω)

)

≤ C
(

‖g‖L∞(Ω)‖ω‖M(Ω) + ‖q‖L2(Ω)

)

‖f‖L2(Ω). (2.10)

The definition of L2-norm together with (2.10) gives the desired estimate. Next to prove

(2.8), we take f̃ ∈ C0(Ω) and v ∈ H2(Ω) ∩H1
0 (Ω) to be the solution of problem:















A∗v = f̃ in Ω,

v = 0 on ∂Ω.

From (2.9), we obtain

∣

∣

∣

∫

Ω

yf̃ dx
∣

∣

∣
=

∣

∣

∣

∫

Ω

yA∗v dx
∣

∣

∣
=
∣

∣

∣
≺ gω, v � +

∫

Ω

qv dx
∣

∣

∣
,

≤ ‖g‖L∞(Ω)‖ω‖M(Ω)‖v‖L∞(Ω) + ‖q‖L2(Ω)‖v‖L2(Ω). (2.11)

It follows from [75, Theorem 1.4] that there exists c > 0 such that

‖v‖L∞(Ω) ≤ c‖f̃‖W−1,p′(Ω), (2.12)

where p′ > d is arbitrary and W−1,p′(Ω) denotes the dual of W 1,p
0 (Ω) with 1

p
+ 1

p′
= 1.

From (2.11) and (2.12), we obtain

∣

∣

∣

∫

Ω

yf̃ dx
∣

∣

∣
≤ c‖g‖L∞(Ω)‖ω‖M(Ω)‖f̃‖W−1,p′(Ω) + ‖q‖L2(Ω)‖v‖L2(Ω).

Since C(Ω) is dense in W−1,p′(Ω) and L2(Ω), it follows that y ∈ W 1,p
0 (Ω) and satisfies

(2.8). This completes the proof.

Now, we write the optimal control problem (2.1)-(2.3) in the weak form: Find (q, y) ∈
QE
ad × L2(Ω) such that

min
q∈QE

ad

J(q, y) =
1

2
‖y − yd‖2L2(Ω) +

α

2
‖q‖2L2(Ω) (2.13)

subject to
∫

Ω

yA∗v dx =≺ gω, v � +(q, v), ∀v ∈ H2(Ω) ∩H1
0 (Ω). (2.14)
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In the next step, we introduce the reduced cost functional j : L2(Ω) → R by

j(q) := J(q, y(q)),

where J is the cost function given by (2.13) and y(q) is the weak solution of (2.2)

as defined in (2.14) . The optimal control problem (2.13)-(2.14) can be equivalently

reformulated as

min
q∈QE

ad

j(q), (2.15)

where the set of admissible controls is given by (2.4).

The following theorem ensures the existence and uniqueness of solution of the mini-

mization problem (2.15).

Theorem 2.2.2. The optimal control problem (2.15) admits a unique solution.

Proof. Let qn be the minimizing sequences, i.e., j(qn) → infq∈QE
ad
j(q). By virtue of the

term α‖q‖L2(Ω) in j(q), qn is bounded in QE
ad and let y(qn) = yn. From the a priori

bound (2.7), we have

‖yn‖L2(Ω) ≤ C,

where C = C(‖g‖L∞(Ω), ‖ω‖M(Ω), ‖q‖L2(Ω)).

Hence, yn and qn has a subsequence denoted by ynk
and qnk

such that ynk
→

y inL2(Ω) weakly. For v ∈ D(Ω), we have

(qnk
, v) = − < gω, v > +

∫

Ω

(ynk
− y)A∗v dx+

∫

Ω

yA∗v dx,

as n → ∞, ynk
→ y strongly and (qnk

, v) → (q, v). Hence qnk
→ q inD′(Ω) and y

satisfies (2.14). Then, we have y = y(q) and

j(q) ≤ lim inf j(qn) = inf
q∈QE

ad

j(q),

and therefore, q is the optimal control.

In the following, we state the first order optimality condition for the optimal control

problem (2.13)-(2.14) (cf. [60]).

Theorem 2.2.3. Assume that (q, y) ∈ QE
ad×L2(Ω) is the solution of the problem (2.13)-

(2.14). Then there exists a unique co-state z ∈ H2(Ω) ∩H1
0 (Ω) satisfying















A∗z = y − yd in Ω,

z = 0 on ∂Ω.

(2.16)

Furthermore,

j′(q)(q̂ − q) = (αq + z, q̂ − q) ≥ 0, q̂ ∈ QE
ad. (2.17)

TH-2228_ 136123009



CHAPTER 2. EOCP with Measure Data 22

The optimality condition (2.17) can equivalently be written in the form [60, 86]:

q = P[qa,qb]

(

− 1

α
z
)

, (2.18)

where P[qa,qb] denotes the projection of R on to [qa, qb] defined as

P[qa,qb](q) := max(qa,min(qb, q)).

The second derivative of j′′(q)(·, ·) is independent of q and positive definite, i.e.,

j′′(q)(r, r) ≥ γE‖r‖2L2(Ω), ∀r ∈ L2(Ω), (2.19)

where γE > 0 is a positive constant.

Using (2.18), we deduce the regularity results summarized below.

Theorem 2.2.4. Let (q, y) ∈ Qad × L2(Ω) be the unique solution of (2.13)-(2.14), and

z be the unique solution of (2.16). Then, we have

y ∈ W 1,p
0 (Ω) ∩ L2(Ω), p ∈ [1,

d

d− 1
),

z ∈ H2(Ω) ∩H1
0 (Ω) and q ∈ H2(Ω) ∩H1

0 (Ω) ∩ L∞(Ω).

Proof. It follows from Theorem 2.2.1 that y ∈ W 1,p
0 (Ω) ∩ L2(Ω). By the standard

regularity results of elliptic equation z ∈ H2(Ω) ∩H1
0 (Ω). Now the embedding theorem

gives z ∈ C0(Ω), thus the control constraints (2.3) and the property (2.18) imply the

stated regularity of the optimal control q.

2.3 Discrete optimal control problem

This section considers finite element approximations of the control problem (2.13)-

(2.14) to obtain discrete optimal control problem.

Let Th be a family of triangulation of Ω such that Ω = ∪K∈ThK. We assume that Ω is

the union of the elements of Th so that element edges(faces) lying on the boundary may

be curved. For each element K ∈ Th, we associate two parameters hK and σK , where

hK denotes the diameter of the element K and σK is the supremum of the diameters of

all circles contained in K. Define the mesh size h = max
K

hK . Further, we assume that

there exists positive constants C1 and C2 such that

hK
σK

≤ C1,
h

hK
≤ C2

holds ∀K ∈ Th and ∀hK > 0 (cf. [24]). Associated with Th, let Vh be a finite dimensional

subspace of C(Ω), consisting of piecewise linear polynomials. We denote V 0
h = Vh ∩

H1
0 (Ω).
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Since Th is quasi-uniform, the following inverse estimates hold for all vh ∈ Vh [24]:

‖vh‖Hs2 (Ω) ≤ Chs1−s2‖vh‖Hs1 (Ω), 0 ≤ s1 ≤ s2 ≤ 1, (2.20)

‖vh‖L∞(Ω) ≤ Ch−d/2‖vh‖L2(Ω). (2.21)

We need the following approximation properties [24, 77].

Lemma 2.3.1. Let πh : C(Ω) → Vh denote the standard Lagrange interpolation operator

defined by

πhv :=
∑

i

v(ai)ϕi,

where ai are the nodes on Ω and ϕi are the corresponding shape functions. Then, for

v ∈ H2(Ω), we have

‖v − πhv‖L2(Ω) + h‖v − πhv‖H1(Ω) ≤ Ch2‖v‖H2(Ω), (2.22)

and

‖v − πhv‖L∞(Ω) ≤ Ch2−
d
2‖v‖H2(Ω). (2.23)

Lemma 2.3.2. Let Lh : L2(Ω) → Vh be the L2-projection operator defined by

(Lhv − v, vh) = 0, ∀vh ∈ Vh. (2.24)

Then, we have

‖v −Lhv‖H−1(Ω) + h‖v − Lhv‖L2(Ω) ≤ Ch2‖v‖H1(Ω).

Let V 0
h be the finite dimensional space for the state and co-state variables and we

set

QE
h = {q̂h ∈ QE

ad : ∀K ∈ Th, q̂h|K = constant}.
The finite element approximation of optimal control problem (2.13)-(2.14) is defined

as follows: Find (qh, yh) ∈ QE
h × V 0

h such that

min
qh∈Q

E
h

J(qh, yh) =
1

2
‖yh − yd‖2L2(Ω) +

α

2
‖qh‖2L2(Ω) (2.25)

subject to

a(yh, vh) =≺ gω, vh � +(qh, vh), ∀vh ∈ V 0
h , (2.26)

where ≺ gω, vh �:=
∫

Ω
gvh dω.
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The following stability result holds true.

Lemma 2.3.3. Let g and ω be functions such that g ∈ C(Ω), ω ∈ M(Ω) with µ = gω

and let q ∈ L2(Ω). If yh(q) ∈ V 0
h is a unique solution of

a(yh(q), vh) =≺ gω, vh � +(q, vh), ∀vh ∈ V 0
h .

Then

‖yh(q)‖L2(Ω) ≤ C
(

‖g‖L∞(Ω)‖ω‖M(Ω) + ‖q‖L2(Ω)

)

.

Analogous to the continuous case, we define the discrete reduced cost functional

jh : L
2(Ω) → R as

jh(q) := J(q, yh(q)).

The discrete optimal control problem (2.25)-(2.26) is read as

min
qh∈Q

E
h

jh(qh). (2.27)

With the standard arguments we prove the existence of a unique solution qh ∈ QE
h ⊂ QE

ad

of (2.27). The first order optimality condition is written as

j′h(qh)(q̂h − qh) ≥ 0, ∀q̂h ∈ QE
h . (2.28)

Similar to the continuous case, the directional derivative j′h(qh)(q̂h−qh) for given qh, q̂h ∈
QE
h can be expressed as

j′h(qh)(q̂h − qh) = (αqh + zh, q̂h − qh), (2.29)

where zh be the solution of the discrete co-state equation

a(zh, vh) = (yh − yd, vh), ∀vh ∈ V 0
h . (2.30)

The variational inequality (2.28) is equivalent to the following pointwise projection for-

mula [60, 86]:

qh = P[qa,qb]

(

− 1

α
zh

)

.

2.4 A priori error estimates

In this section, we derive a priori error estimates for the state, co-state and con-

trol variables of optimal control problem (2.1)-(2.3). For the subsequent error analy-

sis it is convenient to introduce the following auxiliary problems: For q ∈ QE
ad, find

(yh(q), zh(q)) ∈ V 0
h × V 0

h such that

a(yh(q), vh) = ≺ gω, vh � +(q, vh), ∀vh ∈ V 0
h , (2.31)

a(zh(q), vh) = (yh(q)− yd, vh), ∀vh ∈ V 0
h . (2.32)
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We now recall the following lemma associated with error estimates for the adjoint

problem (1.11).

Lemma 2.4.1. Assume that ψ ∈ H2(Ω) ∩H1
0 (Ω). Let ψh ∈ V 0

h be the solution of

a(ψh, vh) = a(ψ, vh), ∀vh ∈ Vh. (2.33)

Then, we have

‖ψ − ψh‖L2(Ω) ≤ Ch2‖ψ‖H2(Ω), (2.34)

‖ψ − ψh‖L∞(Ω) ≤ Ch2−
d
2‖ψ‖H2(Ω). (2.35)

Proof. The proof follows the idea of [24]. To prove (2.35), we split the error as follows

‖ψ − ψh‖L∞(Ω) ≤ ‖ψ − πhψ‖L∞(Ω) + ‖πhψ − ψh‖L∞(Ω),

where πh is the Lagrange interpolation operator defined in Lemma 2.3.1. Use of inverse

estimate (2.21) together with Lemma 2.3.1 gives

‖ψ − ψh‖L∞(Ω) ≤ Ch2−
d
2‖ψ‖H2(Ω) + h−

d
2‖πhψ − ψh‖L2(Ω)

≤ Ch2−
d
2‖ψ‖H2(Ω) + h−

d
2‖ψ − ψh‖L2(Ω)

≤ Ch2−
d
2‖ψ‖H2(Ω).

This completes the proof.

In the following lemma we prove an intermediate error estimate for the state variable.

Lemma 2.4.2. Assume that q ∈ L2(Ω) and µ = gω with g ∈ C(Ω), ω ∈ M(Ω). Let

y and yh(q) be the solutions of (2.14) and (2.31), respectively. Then, there exists a

constant C > 0 independent of h such that the following error estimate holds:

‖y − yh(q)‖L2(Ω) ≤ C
(

h2−
d
2‖g‖L∞(Ω)‖ω‖M(Ω) + h2‖q‖L2(Ω)

)

.

Proof. For f ∈ L2(Ω), let ψ ∈ H2(Ω) ∩ H1
0 (Ω) be the solution of (1.11). Then, use of

Green’s formula and (2.14) yields

∫

Ω

(y − yh(q))f dx =

∫

Ω

(y − yh(q))A∗ψ dx

=

∫

Ω

yA∗ψ dx−
∫

Ω

yh(q)A∗ψ dx

= ≺ gω, ψ � +(q, ψ)− a(yh(q), ψ).
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With an add of (2.33) and (2.31) we obtain
∫

Ω

(y − yh(q))f dx = ≺ gω, ψ � +(q, ψ)− a(yh(q), ψh)

= ≺ gω, ψ − ψh � +(q, ψ − ψh).

An application of the Cauchy-Schwarz inequality gives
∣

∣

∣

∫

Ω

(y − yh(q))f dx
∣

∣

∣
≤ ‖g‖L∞(Ω)‖ω‖M(Ω)‖ψ − ψh‖L∞(Ω) + ‖q‖L2(Ω)‖ψ − ψh‖L2(Ω).

Using the estimates of Lemmas 2.4.1 and 1.2.2, we obtain
∣

∣

∣

∫

Ω

(y − yh(q))f dx
∣

∣

∣
≤ C

(

h2−
d
2‖g‖L∞(Ω)‖ω‖M(Ω) + h2‖q‖L2(Ω)

)

‖f‖L2(Ω).

Now, from the definition of L2-norm, we have

‖y − yh(q)‖L2(Ω) = sup
f∈L2(Ω),f 6=0

(f, y − yh(q))

‖f‖L2(Ω)

≤ C
(

h2−
d
2‖g‖L∞(Ω)‖ω‖M(Ω) + h2‖q‖L2(Ω)

)

,

and this completes the proof.

Now, we proceed to estimate ‖z − zh(q)‖L2(Ω).

Lemma 2.4.3. Let z and zh(q) be the solutions of (2.16) and (2.32), respectively. Then

there exists a constant C > 0 such that

‖z − zh(q)‖L2(Ω) ≤ Ch2
(

‖y‖L2(Ω) + ‖yd‖L2(Ω)

)

+ ‖y − yh(q)‖L2(Ω).

Proof. We shall use the standard duality argument to prove this. Let φ ∈ H2(Ω)∩H1
0 (Ω)

be the solution of (1.10) with f ∈ L2(Ω). We multiply (2.16) by φ and form L2-inner

product over Ω. Then, use of Green’s formula, (2.32) and (2.33) yields
∣

∣

∣

∫

Ω

(z − zh(q))f dx
∣

∣

∣
=

∣

∣

∣

∫

Ω

(z − zh(q))Aφ dx
∣

∣

∣

=
∣

∣

∣
a(z, φ)− a(zh(q), φ)

∣

∣

∣

=
∣

∣

∣
a(z, φ)− a(zh(q), φh)

∣

∣

∣

=
∣

∣

∣
(y − yd, φ)− (yh(q)− yd, φh)

∣

∣

∣
.

Add and subtract the term (y − yd, φh) and an application of the Cauchy-Schwarz

inequality together with Lemma 2.4.1 gives
∣

∣

∣

∫

Ω

(z − zh(q))f dx
∣

∣

∣
=

∣

∣

∣
(y − yd, φ− φh) + (y − yh(q), φh)

∣

∣

∣

≤ ‖y − yd‖L2(Ω)‖φ− φh‖L2(Ω) + ‖y − yh(q)‖L2(Ω)‖φh‖L2(Ω)

≤
(

Ch2‖y − yd‖L2(Ω) + ‖y − yh(q)‖L2(Ω)

)

‖f‖L2(Ω).
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In the above, we have used the stability estimate ‖φh‖L2(Ω) ≤ C‖f‖L2(Ω) and Lemma

1.2.2. The definition of L2-norm gives the desired estimate. This completes the proof

of the lemma.

The following lemma yields the error between the derivative of continuous and dis-

crete reduced cost functionals.

Lemma 2.4.4. Let j′(q)(r) and j′h(q)(r) be given by (2.17) and (2.29) with qh = q,

respectively. Then
∣

∣

∣
j′(q)(r)− j′h(q)(r)

∣

∣

∣
≤ Ĉh2−

d
2‖r‖L2(Ω), ∀r ∈ L2(Ω),

where

Ĉ = C
(

‖g‖L∞(Ω), ‖ω‖M(Ω), ‖yd‖L2(Ω), ‖q‖L2(Ω)

)

. (2.36)

Proof. Use of (2.17) and (2.29) together with the Cauchy-Schwarz inequality gives

|j′(q)(r)− j′h(q)(r)| = |(z − zh(q), r)|
≤ ‖z − zh(q)‖L2(Ω)‖r‖L2(Ω).

An application of Lemma 2.4.3 completes the rest of the proof.

We are now in a position to derive one of the main result of this chapter, namely

the error between the continuous control q and discrete control qh.

Theorem 2.4.1. Let q and qh be the optimal controls of (2.15) and (2.27), respectively.

Assume that j′′(q)(·, ·) satisfies (2.19). Then, we have

‖q − qh‖L2(Ω) ≤ C̃
h√
γE

+ Ĉ
h2−

d
2

γE
,

where Ĉ is given by (2.36) and

C̃ = C
(

‖g‖L∞(Ω), ‖ω‖M(Ω), ‖yd‖L2(Ω), ‖q‖L2(Ω), α
)

. (2.37)

Proof. With r ∈ L2(Ω), we have

j′′(q)(r, r) ≥ γE‖r‖2L2(Ω), ∀q ∈ QE
ad, (2.38)

and

j′′h(qh)(r, r) ≥ γE‖r‖2L2(Ω), ∀qh ∈ QE
h . (2.39)

We now formulate the following auxiliary problem:

min
qh∈Q

E
h

j(qh), (2.40)

TH-2228_ 136123009



CHAPTER 2. EOCP with Measure Data 28

where we only discretize the control variable. Let q̃h be the solution of problem (2.40).

We decompose the error as follows

q − qh = (q − q̃h) + (q̃h − qh), (2.41)

and proceed to estimate each term separately.

In view of (2.38), we have for λ ∈ [0, 1] with ξ = λq + (1 − λ)q̃h and h sufficiently

small,

γE‖q − q̃h‖2L2(Ω) ≤ j′′(ξ)(q − q̃h, q − q̃h)

= j′(q)(q − q̃h)− j′(q̃h)(q − q̃h)

= j′(q)(q − q̃h)− j′(q̃h)(q − Lhq)− j′(q̃h)(Lhq − q̃h).

The necessary optimality condition imply for h sufficiently small

j′(q)(q − q̃h) ≤ 0 and − j′(q̃h)(Lhq − q̃h) ≤ 0,

which together with the properties of Lh and the Young’s inequality yields

γE‖q − q̃h‖2L2(Ω) ≤ −j′(q̃h)(q −Lhq)
= −

(

αq̃h + z(q̃h), q − Lhq
)

= −(z(q̃h)− Lhz(q̃h), q −Lhq)
≤

(1

2
‖z(q̃h)− Lhz(q̃h)‖2L2(Ω) +

1

2
‖q − Lhq‖2L2(Ω)

)

.

Therefore, we obtain

‖q − q̃h‖L2(Ω) ≤
( C√

γE
‖z(q̃h)−Lhz(q̃h)‖L2(Ω) +

C√
γE

‖q − Lhq‖L2(Ω)

)

.

Using Lemma 2.3.2, we immediately have

‖q − q̃h‖L2(Ω) ≤
( C√

γE
h‖z(q̃h)‖H1(Ω) +

C√
γE
h‖q‖H1(Ω)

)

,

≤ C̃√
γE
h,

where C̃ is given by (2.37). To estimate the second term in (2.41), we use the necessary

optimality condition which leads to the following relation

j′h(qh)(qh − rh) ≤ 0 ≤ j′(q̃h)(rh − q̃h), ∀rh ∈ QE
h .
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With ξ = λqh + (1− λ)q̃h, λ ∈ [0, 1] and h sufficiently small, we have from (2.39)

γE‖qh − q̃h‖2L2(Ω) ≤ j′′h(ξ)(qh − q̃h, qh − q̃h)

= j′h(qh)(qh − q̃h)− j′h(q̃h)(qh − q̃h)

≤ j′(q̃h)(qh − q̃h)− j′h(q̃h)(qh − q̃h)

≤ Ĉh2−
d
2 ‖qh − q̃h‖L2(Ω),

where the last step follows from Lemma 2.4.4 and Ĉ is given by (2.36). This completes

the proof.

The following theorem yields the error between the continuous and approximate

state solutions.

Theorem 2.4.2. Let y ∈ L2(Ω) and yh ∈ V 0
h be the solutions of (2.14) and (2.26),

respectively. Assume that µ = gω, g and ω are given functions such that g ∈ C(Ω) and
ω ∈ M(Ω). Then, we have

‖y − yh‖L2(Ω) ≤ C
(

h2−
d
2‖g‖L∞(Ω)‖ω‖M(Ω) + h2‖q‖L2(Ω)

)

+ ‖q − qh‖L2(Ω).

Proof. Let ψ be the solution of (1.11) with f ∈ L2(Ω). Then, using (2.14), (2.26) and

Lemma 2.4.1, we have
∫

Ω

(y − yh)f dx = ≺ gω, ψ − ψh � +(q, ψ − ψh) + (q − qh, ψh)

≤ ‖g‖L∞(Ω)‖ω‖M(Ω)‖ψ − ψh‖L∞(Ω) + ‖q‖L2(Ω)‖ψ − ψh‖L2(Ω)

+‖q − qh‖L2(Ω)‖ψh‖L2(Ω)

≤ C
(

h2−
d
2‖g‖L∞(Ω)‖ω‖M(Ω) + h2‖q‖L2(Ω) + ‖q − qh‖L2(Ω)

)

‖f‖L2(Ω),

where we have used the fact ‖ψh‖L2(Ω) ≤ C‖f‖L2(Ω) and Lemma 1.2.2. The definition

of L2-norm gives the desired estimate. This completes the proof.

Now, we write the error for the co-state variable.

Theorem 2.4.3. Let z and zh be the solutions of (2.16) and (2.30), respectively. Then

there exists a constant C > 0 such that

‖z − zh‖L2(Ω) ≤ Ch2
(

‖y‖L2(Ω) + ‖yd‖L2(Ω)

)

+ ‖y − yh‖L2(Ω).

Proof. The proof is similar to Lemma 2.4.3. Hence, we omit the details.

Concluding remarks. In this chapter, we consider the optimal control problem

governed by elliptic equation with measure data and investigate the existence, unique-

ness and regularity results for the control problem. To discretize the control problem
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we use piecewise linear and continuous finite elements for the approximations of the

state and co-state variables, whereas piecewise constant functions are used for the ap-

proximation of the control variable. We have derived a priori error estimates for the

state, co-state and control variables (see Theorems 2.4.1-2.4.3). Numerical experiment

is performed to validate our theoretical results in Chapter 7 (see Example 7.1).
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3
EOCP with Measure Data: A Posteriori Error Analysis

This chapter is concerned with a posteriori error analysis of EOCP (1.1)-(1.3) with

measure data in a bounded convex domain in Rd (d = 2 or 3). We derive global upper

bounds for errors in the state, co-state and control variables. Moreover, local lower

bounds are established for errors in the state and co-state variables, and global lower

bound for error in the control variable is demonstrated in the case of two space dimension

(d = 2). The present work extends the results of standard elliptic problem [7] to EOCP

(1.1)-(1.3) with measure data.

3.1 Introduction

We now recall the following EOCP with measure data:

min
q∈QE

ad

J(q, y) =
1

2
‖y − yd‖2L2(Ω) +

α

2
‖q‖2L2(Ω) (3.1)

subject to the state equation














Ay = µ+ q in Ω,

y = 0 on ∂Ω,

(3.2)

and control constraints

qa ≤ q(x) ≤ qb a.e. in Ω, (3.3)

where Ω is a bounded convex domain in Rd (d = 2 or 3) with boundary ∂Ω. The

operator A is defined by (1.4) and α > 0 is a fixed parameter. Further, yd ∈ L2(Ω) is

a given desired state and µ = gω with g ∈ C(Ω), ω ∈ M(Ω). The set of admissible

controls is defined by

QE
ad := {q ∈ L2(Ω) : qa ≤ q(x) ≤ qb a.e. in Ω} (3.4)

31
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with qa, qb ∈ R fulfill qa < qb.

For the purpose of finite element approximation we write the weak formulation of

EOCP (3.1)-(3.3) as follows: Find a pair (q, y) ∈ QE
ad × L2(Ω) such that

min
q∈QE

ad

J(q, y) =
1

2
‖y − yd‖2L2(Ω) +

α

2
‖q‖2L2(Ω) (3.5)

subject to
∫

Ω

yA∗v dx =≺ gω, v � +(q, v), ∀v ∈ H2(Ω) ∩H1
0 (Ω), (3.6)

where ≺ gω, v �:=
∫

Ω
gv dω.

In the next step, we introduce the reduced cost functional j : L2(Ω) → R by

j(q) := J(q, y(q)),

where J is the cost function given by (3.5) and y(q) is the weak solution of (3.2) as

defined in (3.6). The optimal control problem can then be equivalently reformulated as

min
q∈QE

ad

j(q), (3.7)

where the set of admissible controls is given by (3.4).

In the following theorem we state the necessary optimality condition for the optimal

control problem (3.5)-(3.6) (cf. [60]).

Theorem 3.1.1. Assume that (q, y) ∈ QE
ad×L2(Ω) is the solution of problem (3.5)-(3.6).

Then there exists a unique co-state z ∈ H2(Ω) ∩H1
0(Ω) satisfying















A∗z = y − yd in Ω,

z = 0 on ∂Ω.

(3.8)

Furthermore,

j′(q)(q̂ − q) = (αq + z, q̂ − q) ≥ 0, q̂ ∈ QE
ad. (3.9)

Since this is a linear control problem, the reduced cost functional j is convex. Fur-

thermore, j(·) is strictly convex in the sense that there is a positive constant c1 inde-

pendent of h such that

(j′(q)− j′(q̂), q − q̂) ≥ c1‖q − q̂‖2L2(Ω), ∀q̂, q ∈ QE
ad. (3.10)

We now consider the finite element discretization of the control problem (3.5)-(3.6).

Let Th be a family of triangulation of Ω such that Ω = ∪K∈ThK. We assume that Ω is

the union of the elements of Th so that element edges(faces) lying on the boundary may
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be curved. For each element K ∈ Th, we associate two parameters hK and σK , where

hK denotes the diameter of the element K and σK is the supremum of the diameters of

all circles contained in K. Further, we assume that there exists a positive constant C1

hK
σK

≤ C1 holds ∀K ∈ Th and ∀hK > 0 (cf. [24]). Let Vh be a finite dimensional subspace

of C(Ω) consisting of piecewise linear polynomials. Set V 0
h = Vh ∩H1

0 (Ω). Let Eh be the

set of interelement edges(faces) in the interior of the mesh. The quantity

[ ∂v

∂nA

]
∣

∣

∣

e
= (A∇v)K · nK + (A∇v)K ′ · nK ′

defined on the edge(face) e ∈ Eh, e = K ∩ K ′, measures the jump of ∇v across the

element edge(face) e. Here nK denotes the unit outward normal vector to ∂K and

A = (ai,j(x))d×d. Let he denotes the length of the edge(face) e.

Set QE
h as follows:

QE
h = {q̂h ∈ QE

ad : ∀K ∈ Th, q̂h|K = constant}.

The finite element approximation of the optimal control problem (3.5)-(3.6) is defined

as follows: Find a pair (qh, yh) ∈ QE
h × V 0

h such that

min
qh∈Q

E
h

J(qh, yh) =
1

2
‖yh − yd‖2L2(Ω) +

α

2
‖qh‖2L2(Ω) (3.11)

subject to

a(yh, vh) =≺ gω, vh � +(qh, vh), ∀vh ∈ V 0
h . (3.12)

Analogous to the continuous case, we define the discrete reduced cost functional

jh : L
2(Ω) → R as

jh(q) := J(q, yh(q)).

The discrete optimal control problem is then read as

min
qh∈Q

E
h

jh(qh). (3.13)

With the standard arguments we prove the existence of a unique solution qh ∈ QE
h ⊂ QE

ad

of (3.13), see [60]. The first optimality condition is then written as

j′h(qh)(q̂h − qh) ≥ 0, ∀q̂h ∈ QE
h . (3.14)

Similar to the continuous case, the directional derivative j′h(qh)(q̂h−qh) for given qh, q̂h ∈
QE
h can be expressed as

j′h(qh)(q̂h − qh) = (αqh + zh, q̂h − qh), (3.15)
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where zh be the solution of the discrete co-state equation

a(zh, vh) = (yh − yd, vh), ∀vh ∈ V 0
h . (3.16)

The main focus of this work is to study a posteriori error analysis of the finite element

method for EOCP with measure data. It is known that a posteriori estimates are key

ingredients for the adaptive algorithm. The low regularity of the solution of the state

equation due to presence of measure data introduces some difficulties for both theory and

numerics of finite element method. Therefore, an efficient numerical technique is used to

solve these control problems and the development of AFEM suits to this kind of problem

for better accuracy. The aim of this chapter is to construct a posteriori error bounds for

EOCP with measure data. In the context of EOCP with measure data (3.1)-(3.3), we

have derived global upper bounds for errors in the state, co-state and control variables

in the L2-norm. In case of two space dimension (d = 2), we have obtained local lower

bounds for errors in the state and co-state variables, and global lower bound for error in

the control variable. The key technical tools used in our analysis are the interpolation

approximation properties, inverse estimates, optimality conditions, element and edge

bubble functions and their properties. The previous work on a posteriori error analysis

with Dirac source term for the standard elliptic problem has been discussed in [7]. They

have obtained global upper and local lower bounds in Lp-norm and W 1,p seminorm for

p < 2.

The rest of the chapter is organized as follows. In Section 3.2, we derive upper

bounds for errors in the state, co-state and control variables. Section 3.3 is devoted to

local lower bounds for errors in the state and co-state variables, and global lower bound

for the control variable.

3.2 Upper error bounds

This section considers a posteriori error analysis for the control problem (3.5)-(3.6)

and derive upper bounds for errors in the state, co-state and control variables.

In the following, we define some auxiliary problems: For qh ∈ QE
h , let (y(qh), z(qh))

be the solutions of the following equations:
∫

Ω

y(qh)A∗v dx = ≺ gω, v � +(qh, v), ∀v ∈ H2(Ω) ∩H1
0 (Ω), (3.17)

a(z(qh), v) = (y(qh)− yd, v), ∀v ∈ H1
0 (Ω). (3.18)

From (3.9) and (3.15), we have

(j′(q), r) = (αq + z, r), ∀r ∈ L2(Ω), (3.19)

(j′(qh), r) = (αqh + z(qh), r), ∀r ∈ L2(Ω), (3.20)
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and

(j′h(qh), r) = (αqh + zh, r), ∀r ∈ L2(Ω). (3.21)

We need the following lemmas in deriving residual-type a posteriori error estimates.

For a proof, see [24, 51].

Lemma 3.2.1. Let πh : C0(Ω) → Vh be the standard Lagrange interpolation operator

defined in Lemma 2.3.1. Then, for m = 0, 1, we have

‖v − πhv‖Hm(K) ≤ CI,mh
2−m
K |v|H2(K), ∀v ∈ H2(K),

and

‖v − πhv‖L∞(K) ≤ CI,∞h
2−d/2
K |v|H2(K), ∀v ∈ H2(K).

Lemma 3.2.2. For all v ∈ W 1,p(Ω), 1 ≤ p ≤ ∞, we have

‖v‖Lp(e) ≤ CI,e

(

h
−1/p
K ‖v‖Lp(K) + h

1−1/p
K |v|W 1,p(K)

)

.

In the following lemma, we derive upper bound for error in the control variable.

Lemma 3.2.3. Let q and qh be the solutions of (3.7) and (3.13), respectively. Assume

that (αqh + zh)|K ∈ H1(K), ∀K ∈ Th, and there exists a positive constant C3 > 0, and

rh ∈ QE
h such that

|(αqh + zh, rh − q)| ≤ C3

∑

K∈Th

hK |αqh + zh|H1(K)‖q − qh‖L2(K). (3.22)

Then

‖q − qh‖2L2(Ω) ≤
(

3C2
3

2(2c1 − 1)
η21 +

3

2(2c1 − 1)
‖zh − z(qh)‖2L2(Ω)

)

, (3.23)

where c1 >
1
2
and

η1 :=
(

∑

K∈Th

h2K |αqh + zh|2H1(K)

)1/2

.

Proof. Using (3.9), (3.10) and (3.22), we have

c1‖q − qh‖2L2(Ω) ≤ (j′(q), q − qh)− (j′(qh), q − qh)

≤ −(j′(qh), q − qh) = (j′h(qh), qh − q) + (j′h(qh)− j′(qh), q − qh)

≤ C3

∑

K∈Th

hK |αqh + zh|H1(K)‖q − qh‖L2(K) + |(j′h(qh)− j′(qh), q − qh)|

≤ 3C2
3

4

∑

K∈Th

h2K |αqh + zh|2H1(K) +
1

4
‖q − qh‖2L2(Ω)

+|(j′h(qh)− j′(qh), q − qh)|. (3.24)

TH-2228_ 136123009



CHAPTER 3. EOCP with Measure Data 36

From (3.20) and (3.21), it is easy to show that

|(j′h(qh)− j′(qh), q − qh)| = |(zh − z(qh), q − qh)|
≤ 3

4
‖zh − z(qh)‖2L2(Ω) +

1

4
‖q − qh‖2L2(Ω). (3.25)

Combine (3.24) and (3.25) to complete the rest of the proof.

In the following lemma, we derive intermediate error estimates for the state and

co-state variables.

Lemma 3.2.4. Let (yh, zh) and (y(qh), z(qh)) be the solutions of (3.12), (3.16) and

(3.17)-(3.18), respectively. Then,

‖y(qh)− yh‖L2(Ω) ≤ C4(η2 + η3), (3.26)

and

‖z(qh)− zh‖L2(Ω) ≤ C4(η2 + η3) + C5 η4, (3.27)

where

η22 :=
∑

K∈Th

h4−dK ‖g‖2L∞(K)‖ω‖2M(K),

η23 :=
∑

K∈Th

h4K‖qh −Ayh‖2L2(K) +
∑

e∈Eh

h3e

∥

∥

∥

[ ∂yh
∂nA

]
∥

∥

∥

2

L2(e)
,

η24 :=
∑

K∈Th

h4K‖yh − yd −A∗zh‖2L2(K) +
∑

e∈Eh

h3e

∥

∥

∥

[ ∂zh
∂nA∗

]
∥

∥

∥

2

L2(e)
,

C4 = C1CR̃max{CI,∞, CI,0, CI,e} and C5 =
√

2C2
RC

2
1 max{C2

I,0, C
2
I,e}.

Proof. To derive a posteriori error estimate for ‖y(qh) − yh‖L2(Ω), we use the duality

argument. Let ψ be the solution of the adjoint problem (1.11) with f = y(qh) − yh.

Then, from (3.17), we have

‖y(qh)− yh‖2L2(Ω) =

∫

Ω

(y(qh)− yh)A∗ψ dx

=

∫

Ω

y(qh)A∗ψ dx− a(yh, ψ)

= ≺ gω, ψ � +(qh, ψ)− a(yh, ψ).
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Using interpolation operator πh, (3.12) and Green’s formula, we obtain

‖y(qh)− yh‖2L2(Ω) = ≺ gω, ψ − πhψ � +(qh, ψ − πhψ)− a(yh, ψ − πhψ)

=
{

≺ gω, ψ − πhψ �
}

+
{

∑

K∈Th

∫

K

(qh −Ayh)(ψ − πhψ) dx

−
∑

e∈Eh

∫

e

[ ∂yh
∂nA

]

(ψ − πhψ) de
}

=: E1 + E2. (3.28)

Now, we need to estimate Ei, i = 1, 2. From Lemmas 3.2.1 and 3.2.2, we have

‖ψ − πhψ‖L2(K) ≤ CI,0h
2
K |ψ|H2(K), (3.29)

‖ψ − πhψ‖L2(e) ≤ CI,e

(

h
−1/2
K ‖ψ − πhψ‖L2(K) + h

1/2
K |ψ − πhψ|H1(K)

)

≤ CI,eh
3/2
K |ψ|H2(K), (3.30)

‖ψ − πhψ‖L∞(K) ≤ CI,∞h
2− d

2

K |ψ|H2(K), (3.31)

where e ⊂ K. For E1, use of property (3.31) yields

|E1| ≤
∑

K∈Th

‖g‖L∞(K)‖ω‖M(K)‖ψ − πhψ‖L∞(K)

≤ CI,∞
∑

K∈Th

h
2− d

2

K ‖g‖L∞(K)‖ω‖M(K)‖ψ‖H2(K), (3.32)

and for E2, use of (3.29), (3.30) together with the Cauchy-Schwarz inequality and shape

regularity of Th gives

|E2| =
∣

∣

∣

∑

K∈Th

∫

K

(qh −Ayh)(ψ − πhψ) dx−
∑

e∈Eh

∫

e

[ ∂yh
∂nA

]

(ψ − πhψ) de
∣

∣

∣

≤ C1max{CI,0, CI,e}
{

∑

K∈Th

h4K‖qh −Ayh‖2L2(K)

+
∑

e∈Eh

h3e

∥

∥

∥

[ ∂yh
∂nA

]
∥

∥

∥

2

L2(e)

}
1

2‖ψ‖H2(Ω), (3.33)

Using the definition of L2-norm, (3.32), (3.33) and Lemma 1.2.2 in (3.28), we obtain

‖y(qh)− yh‖L2(Ω) ≤ C1CR̃CI,∞
∑

K∈Th

h
2− d

2

K ‖g‖L∞(K)‖ω‖M(K) + C1CR̃max{CI,0, CI,e}

×
(

∑

K∈Th

h4K‖qh −Ayh‖2L2(K) +
∑

e∈Eh

h3e

∥

∥

∥

[ ∂yh
∂nA

]
∥

∥

∥

2

L2(e)

)
1

2

,
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which proves (3.26). It remains to estimate ‖z(qh)− zh‖L2(Ω). Let φ be the solution of

(1.10) with f = z(qh)− zh. Then, use of (3.16) and (3.18) yields

‖z(qh)− zh‖2L2(Ω) = (z(qh)− zh,Aφ)
= a(z(qh), φ)− a(zh, φ)

= (y(qh)− yd, φ)− a(zh, φ)

= (y(qh)− yd, φ)− a(zh, φ− πhφ)− (yh − yd, πhφ)

=
∑

K∈Th

∫

K

(yh − yd −A∗zh)(φ− πhφ) dx

−
∑

e∈Eh

∫

e

[ ∂zh
∂nA∗

]

(φ− πhφ) de+ (y(qh)− yh, φ).

Using (3.29)-(3.30), Lemma 1.2.2 and the Young’s inequality, we obtain

‖z(qh)− zh‖2L2(Ω) ≤ C2
1C

2
Rmax{C2

I,0, C
2
I,e}
{

∑

K∈Th

h4K

∫

K

(yh − yd −A∗zh)
2 dx

+
∑

e∈Eh

h3e

∫

e

[ ∂zh
∂nA∗

]2

de
}

+
1

2
‖y(qh)− yh‖2L2(Ω)

+
1

2
‖z(qh)− zh‖2L2(Ω).

Therefore, we have

‖z(qh)− zh‖2L2(Ω) ≤ 2C2
1C

2
Rmax{C2

I,0, C
2
I,e} η24 + ‖y(qh)− yh‖2L2(Ω).

This completes the proof of the lemma.

Now, we are in a position to derive the estimates for ‖yh− y‖L2(Ω) and ‖zh− z‖L2(Ω).

We now write

‖yh − y‖L2(Ω) ≤ ‖y(qh)− yh‖L2(Ω) + ‖y(qh)− y‖L2(Ω),

and

‖zh − z‖L2(Ω) ≤ ‖z(qh)− zh‖L2(Ω) + ‖z(qh)− z‖L2(Ω).

Using Lemma 1.2.2, we have

‖yh − y‖L2(Ω) ≤ ‖y(qh)− yh‖L2(Ω) + ‖qh − q‖L2(Ω),

and

‖zh − z‖L2(Ω) ≤ ‖z(qh)− zh‖L2(Ω) + ‖y(qh)− y‖L2(Ω)

≤ ‖z(qh)− zh‖L2(Ω) + ‖qh − q‖L2(Ω).
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The following theorem provides upper bounds for errors in the state, co-state and

control variables.

Theorem 3.2.1. Let (y, q) and (yh, qh) be the solutions of (3.5)-(3.6) and (3.11)-(3.12),

respectively. Let z and zh be the solutions of the co-state equations (3.8) and (3.16),

respectively. Then,

‖yh− y‖2L2(Ω)+ ‖zh− z‖2L2(Ω)+ ‖qh− q‖2L2(Ω) ≤
3

2(2c1 − 1)

{

C2
3η

2
1 +C2

4(η
2
2 + η23)+C2

5 η
2
4

}

,

where η1 is defined in Lemma 3.2.3 and ηi|i=2,...,4 are defined in Lemma 3.2.4.

Remark 3.2.1. Note that Theorem 3.2.1 is valid when ω = δxc, where δxc denotes the

Dirac delta function concentrated at a point xc. If xc ∈ K then the bound for the state

reduces to

‖yh − y‖2L2(Ω) ≤
3

2(2c1 − 1)

{

C2
3η

2
1 + C2

4 (η̃
2
2 + η23) + C2

5 η
2
4

}

,

where η̃2 := hK‖g‖L∞(K), η1 is defined in Lemma 3.2.3 and ηi|i=3,4 are defined in Lemma

3.2.4. If xc is the vertex of the element K then the bound for the state reduces to

‖yh − y‖2L2(Ω) ≤
3

2(2c1 − 1)

(

C2
3η

2
1 + Ĉ2

4η
2
3 + C2

5 η
2
4

)

,

where Ĉ4 = CR̃C1max{CI,0, CI,e}.

3.3 Lower error bounds

This section is devoted to the estimation of lower bounds for the errors in the case of

two space dimension (d = 2). We shall use the element and edge bubble functions and

their properties (cf. [2, 7, 87]) to derive the main results. We take ω = δxc and define

the bubble functions for the state and co-state separately.

Bubble functions for the state: Given e ∈ Eh, let be(x) be the edge bubble function

having support

we := ∪{K : ∂K ⊃ e}

is defined by

be(x) :=















(

λK1

P2
λK1

P3
λK2

P2
λK2

P3

)2
|x−xc|2

h2e
, if xc ∈ w◦

e ,
(

λK1

P2
λK1

P3
λK2

P2
λK2

P3

)2

, otherwise,
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where w◦
e is the interior of we and λ

Kj

Pi
is the barycentric coordinate of x associated with

the triangle Kj and the point Pi, extended to the whole we.

The following lemma provides some properties of the edge bubble function be(x)

which will be used in deriving lower bound for the state variable.

Lemma 3.3.1. For e ∈ Eh, let be(x) and we be defined as above. Then,

∂be(x)

∂ne
= 0 on we,

C6 he ≤
∫

e

be(x) de ≤ C7 he,

|be(x)|Hm(we) ≤ C8 h
1−m
e , m = 1, 2,

‖be(x)‖L2(we) ≤ C9,

where Ci|i=6,...,9 are positive constants depend on the polynomial degree and shape pa-

rameter of Th, and ne is the unit outward normal to the edge e.

We now define the element bubble function as follows: Let K be a triangle of Th
containing xc (if xc lies on an inner edge, any of the two triangles sharing the edge can

be chosen as K). Let

wK := ∪{K ′ ∈ Th : K ′ ∩K 6= ∅}, (3.34)

and L := dist(xc, ∂wK), where ∂wK denotes the boundary of wK . Notice that, because

of the shape regularity of the mesh, hK ≤ CL. Let bxc(x) be a smooth bubble function

defined on Ω with support in wK and satisfying



























0 ≤ bxc(x) ≤ 1, ∀x ∈ Ω,

bxc(x) = 1, |x− xc| ≤ L/4, ∀x ∈ Ω,

bxc(x) = 0, |x− xc| ≥ 3L/4, ∀x ∈ Ω.

(3.35)

Lemma 3.3.2. Let bxc(x) and wK be defined as above and xc ∈ K. Then, we have

‖bxc(x)‖L∞(wK) ≤ C10,

|bxc(x)|Hm(wK) ≤ C11 h
1−m
K , m = 1, 2,

‖bxc(x)‖L2(wK) ≤ C12,

where the positive constants Ci|i=10,11,12 depend on the polynomial degree and shape reg-

ularity of the triangulation Th.
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Bubble functions for the co-state: Let bK(x) be the standard third order polyno-

mial on K scaled such that bK = λ1λ2λ3, where {λ1, λ2, λ3} denote the barycentric

coordinates on K. Then, bK(x) satisfies the following properties:

supp bK(x) ⊂ K, 0 ≤ bK(x) ≤ 1, max
x∈K

bK(x) = 1,

Let βK = ϕbK for all polynomials ϕ of degree 1, then βK ∈ H2(K) and

C13‖ϕ‖L2(K) ≤ ‖b
1

2

Kϕ‖L2(K) (3.36)

‖βK‖H2(K) ≤ C14h
−2
K ‖βK‖L2(K), ∀K ∈ Th, (3.37)

where C13 and C14 are positive constants depend on the polynomial degree and shape

regularity of the triangulation Th.
We need to introduce the edge bubble function for the co-state. Let b̃e(x) be the

fourth order polynomial for the edge e, where e = ∂K1∩∂K2 and K1 be the triangle with

vertices (x0, y0), (x1, y1), (x2, y2),K2 be the triangle with vertices (x0, y0), (x2, y2), (x3, y3)

and e be the common edge joining (x0, y0), (x2, y2). So, we define the edge bubble func-

tion b̃e(x) as follows:

b̃e(x) :=















λ̂0λ̂2λ̂
′
0λ̂

′
2, K1 ∪K2,

0, Ω \K1 ∪K2,

where λ̂0, λ̂2 corresponds to the triangle K1 and λ̂′0, λ̂
′
2 corresponds to the triangle K2.

Denote ∆1 :=

∣

∣

∣

∣

∣

∣

∣

∣

∣

x0 y0 1

x1 y1 1

x2 y2 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

, ∆2 :=

∣

∣

∣

∣

∣

∣

∣

∣

∣

x0 y0 1

x2 y2 1

x3 y3 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

, ∆01 :=

∣

∣

∣

∣

∣

∣

∣

∣

∣

x0 y0 1

x1 y1 1

x̄ ȳ 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

, ∆12 :=

∣

∣

∣

∣

∣

∣

∣

∣

∣

x̄ ȳ 1

x1 y1 1

x2 y2 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

∆23 :=

∣

∣

∣

∣

∣

∣

∣

∣

∣

x̄ ȳ 1

x2 y2 1

x3 y3 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

and ∆03 :=

∣

∣

∣

∣

∣

∣

∣

∣

∣

x0 y0 1

x̄ ȳ 1

x3 y3 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

. Then, set

λ̂0 :=
∆12

∆1 +∆2

, λ̂2 :=
∆01

∆1 +∆2

, λ̂′0 :=
∆23

∆1 +∆2

and λ̂′2 :=
∆03

∆1 +∆2

.

Let K̃ = K1 ∪K2. Then for βe = ϕ̃b̃e(x) satisfies
∂βe
∂ne

= 0 on ∂K̃, where ne is the

unit normal to the edge e, for all polynomials ϕ̃ of degree 1. So, we have βe ∈ H2
0 (K̃).
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Then, from the standard scaling arguments, it can be shown that (cf. [3, 87])

‖βe‖L2(K̃) ≤ C15h
1/2
e ‖βe‖L2(e), (3.38)

C16‖ϕ̃‖L2(e) ≤ ‖b̃
1

2

e ϕ̃‖L2(e), (3.39)

‖βe‖H2(K̃) ≤ C17h
−2
e ‖βe‖L2(K̃), (3.40)

where C15, C16 and C17 are positive constants depend on the polynomial degree and

shape regularity of the triangulation Th.
Now, we are in a position to derive local lower bounds for error in the state variable.

Theorem 3.3.1. Let xc ∈ K and wK be defined in (3.34). Let EKh be the set of edges e

of triangles K ⊂ wK such that e * ∂wK . Then

hKgK(xc) ≤ hK

{

C10‖gK − g‖L∞(wK) + C12

(

‖q − qh‖L2(wK) + ‖qh −Ayh‖L2(wK)

)}

+C11‖y − yh‖L2(wK) +
∑

e∈EK
h

h2e

∥

∥

∥

[ ∂yh
∂nA

]
∥

∥

∥

L2(e)
,

and

h2e

∥

∥

∥

[ ∂yh
∂nA

]
∥

∥

∥

L2(e)
≤ 1

C6

{

C8‖y − yh‖L2(we) + C9 he

(

‖qh −Ayh‖L2(we) + ‖q − qh‖L2(we)

)}

,

where gK denotes the mean value of g on the element K,i.e., gK(x) :=
1

|K|

∫

K
g(x) dx.

Proof. Let bxc be the bubble function defined by (3.35). Using (3.6) and integration by

parts, we obtain

gK(xc) = ≺ gKδxc , bxc �

= ≺ (gK − g)δxc, bxc � +

∫

wK

yA∗bxc dx−
∫

wK

q bxc dx

= ≺ (gK − g)δxc, bxc � +

∫

wK

(y − yh)A∗bxc dx+

∫

wK

Ayh bxc dx

+
∑

e∈EK
h

∫

e

[ ∂yh
∂nA

]

bxc de−
∑

e∈EK
h

∫

e

[ ∂bxc
∂nA∗

]

yh de−
∫

wK

q bxc dx.

Since
[

∂bxc
∂nA∗

]
∣

∣

∣

e
= 0, it now follows that

gK(xc) = ≺ (gK − g)δxc , bxc � +

∫

wK

(y − yh)A∗bxc dx+

∫

wK

(Ayh − qh) bxc dx

+
∑

e∈EK
h

∫

e

[ ∂yh
∂nA

]

bxc de+

∫

wK

(qh − q) bxc dx.
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An application of the Cauchy Schwarz inequality and the shape regularity of the mesh

yields

gK(xc) ≤ ‖gK − g‖L∞(wK)‖bxc‖L∞(wK) + ‖y − yh‖L2(wK)‖A∗bxc‖L2(wK)

+‖qh −Ayh‖L2(wK)‖bxc‖L2(wK) +
∑

e∈EK
h

he

∥

∥

∥

[ ∂yh
∂nA

]
∥

∥

∥

L2(e)

+‖q − qh‖L2(wK)‖bxc‖L2(wK).

An use of Lemma 3.3.2 implies

gK(xc) ≤ C10‖gK − g‖L∞(wK) + C11 h
−1
K ‖y − yh‖L2(wK) + C12 ‖qh −Ayh‖L2(wK)

+
∑

e∈EK
h

he

∥

∥

∥

[ ∂yh
∂nA

]
∥

∥

∥

L2(e)
+ C12 ‖q − qh‖L2(wK),

which completes the proof of the first inequality. To prove the second inequality, we use

(3.6) and integration by parts to obtain
∫

we

(y − yh)A∗be dx+

∫

we

(qh − q) be dx = ≺ gδxc , be � −
∫

we

yhA∗be dx+

∫

we

qh be dx

= ≺ gδxc , be � +

∫

we

(qh −Ayh) be dx

−
∫

e

[ ∂yh
∂nA

]

be de+

∫

e

[ ∂be
∂nA∗

]

yh de.

Using the fact be(xc) = 0 and
[

∂be
∂nA∗

]
∣

∣

∣

e
= 0, we have

∫

we

(y − yh)A∗be dx+

∫

we

(qh − q) be dx =

∫

we

(qh −Ayh) be dx−
∫

e

[ ∂yh
∂nA

]

be de. (3.41)

Since
∣

∣

∣

∫

e

[ ∂yh
∂nA

]

be de
∣

∣

∣
≥ C6he

∥

∥

∥

[ ∂yh
∂nA

]
∥

∥

∥

L2(e)
,

the equation (3.41) becomes

C6 he

∥

∥

∥

[ ∂yh
∂nA

]
∥

∥

∥

L2(e)
≤

∣

∣

∣

∫

we

(qh −Ayh) be dx
∣

∣

∣
+
∣

∣

∣

∫

we

(y − yh)A∗be dx
∣

∣

∣
+
∣

∣

∣

∫

we

(q − qh) be dx
∣

∣

∣

≤ ‖qh −Ayh‖L2(we)‖be‖L2(we) + ‖y − yh‖L2(we)‖A∗ be‖L2(we)

+‖q − qh‖L2(we)‖be‖L2(we).

Finally, using Lemma 3.3.1 we obtain

C6 he

∥

∥

∥

[ ∂yh
∂nA

]
∥

∥

∥

L2(e)
≤ C8 h

−1
e ‖y − yh‖L2(we) + C9

{

‖qh −Ayh‖L2(we) + ‖q − qh‖L2(we)

}

,

and this completes the proof of the theorem.
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In the following theorem, we derive local lower bounds for the co-state variable.

Theorem 3.3.2. Let (y, q) and (yh, qh) be the solutions of (3.5)-(3.6) and (3.11)-(3.12),

respectively. Let z and zh be the solutions of the co-state equations (3.8) and (3.16),

respectively. Then,

h2K‖(ȳh − ȳd)−A∗zh‖L2(K) ≤ C−2
13

{

C14‖z − zh‖L2(K) + h2K

(

‖yh − yd − (ȳh − ȳd)‖L2(K)

+‖y − yh‖L2(K)

)}

,

and

h
3

2

e

∥

∥

∥

[ ∂zh
∂nA∗

]
∥

∥

∥

L2(e)
≤ C−2

16 C15

{

h
1

2

e

(

‖(ȳh − ȳd)−A∗zh‖L2(K̃) + ‖(yh − yd)− (ȳh − ȳd)‖L2(K̃)

+‖y − yh‖L2(K̃)

)

+ C17‖z − zh‖L2(K̃)

}

,

where v̄ is the mean value of v on the element K such that v̄|K = 1
|K|

∫

K
v(x) dx.

Proof. Multiplying (3.8) by v ∈ H1
0 (Ω). We form L2-inner product over Ω. Then, an

application of the Green’s theorem leads to

a(z − zh, v) = (y − yd, v)− a(zh, v)

= (y − yd, v)−
∑

K∈Th

∫

K

A∗zh v dx−
∑

e∈Eh

∫

e

[ ∂zh
∂nA∗

]

v de

= (y − yh, v) +
∑

K∈Th

∫

K

((ȳh − ȳd)−A∗zh) v dx−
∑

e∈Eh

∫

e

[ ∂zh
∂nA∗

]

v de

+
∑

K∈Th

∫

K

(yh − yd − (ȳh − ȳd)) v dx. (3.42)

Note that

a(z − zh, v) =
∑

K∈Th

∫

K

Av (z − zh) dx+
∑

e∈Eh

∫

e

[ ∂v

∂nA

]

(z − zh) de. (3.43)

Set βK = bK((ȳh − ȳd) − A∗zh) and choose v = βK in (3.42) and (3.43), and compare

both the equations to obtain

∫

K

AβK(z − zh) dx =

∫

K

((ȳh − ȳd)−A∗zh)
2 bK dx+

∫

K

(yh − yd − (ȳh − ȳd)) βK dx

+

∫

K

(y − yh) βK dx,
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where we have used supp βK ⊂ K. An application of the triangle inequality yields
∣

∣

∣

∫

K

((ȳh − ȳd)−A∗zh)
2 bK dx

∣

∣

∣
=

∣

∣

∣

∫

K

AβK(z − zh) dx−
∫

K

(y − yh) βK dx

−
∫

K

(yh − yd − (ȳh − ȳd)) βK dx
∣

∣

∣

≤ ‖βK‖H2(K)‖z − zh‖L2(K) + ‖y − yh‖L2(K)‖βK‖L2(K)

+‖yh − yd − (ȳh − ȳd)‖L2(K)‖βK‖L2(K).

The property of βK , ‖βK‖H2(K) ≤ C14h
−2
K ‖βK‖L2(K) gives

∣

∣

∣

∫

K

((ȳh − ȳd)−A∗zh)
2 bK dx

∣

∣

∣
≤ C14h

−2
K ‖βK‖L2(K)‖z − zh‖L2(K)

+‖y − yh‖L2(K)‖βK‖L2(K)

+‖yh − yd − (ȳh − ȳd)‖L2(K)‖βK‖L2(K), (3.44)

and using (3.36), we find that
∫

K

((ȳh − ȳd)−A∗zh)
2 bK dx ≥ C2

13‖(ȳh − ȳd)−A∗zh‖2L2(K). (3.45)

We now combine (3.44) and (3.45) to have

C2
13‖(ȳh − ȳd)−A∗zh‖2L2(K) ≤

(

C14h
−2
K ‖z − zh‖L2(K) + ‖y − yh‖L2(K)

+‖yh − yd − (ȳh − ȳd)‖L2(K)

)

‖(ȳh − ȳd)−A∗zh‖L2(K),

where we have used the fact ‖βK‖L2(K) ≤ ‖(ȳh− ȳd)−A∗zh‖L2(K). This proves the first

inequality. Next, to prove the second inequality, let βe =
[

∂zh
∂nA∗

]

b̃e and choose v = βe in

(3.42) and (3.43). We compare both the equations to have
∫

K̃

Aβe(z − zh) dx =

∫

K̃

(y − yh) βe dx+

∫

K̃

((ȳh − ȳd)−A∗zh)βe dx

−
∫

e

[ ∂zh
∂nA∗

]2

b̃e de+

∫

K̃

(yh − yd − (ȳh − ȳd))βe dx

−
∫

e

[ ∂βe
∂nA

]

zh de.

Since
[

∂βe
∂nA

]
∣

∣

∣

e
= 0, it now leads to

∣

∣

∣

∫

e

[ ∂zh
∂nA∗

]2

b̃e de
∣

∣

∣
=

∣

∣

∣

∫

K̃

((ȳh − ȳd)−A∗zh)βe dx+

∫

K̃

(yh − yd − (ȳh − ȳd))βe dx

+

∫

K̃

(y − yh)βe dx−
∫

K̃

Aβe(z − zh) dx
∣

∣

∣

≤
(

‖(ȳh − ȳd)−A∗zh‖L2(K̃) + ‖yh − yd − (ȳh − ȳd)‖L2(K̃)

+‖y − yh‖L2(K̃)

)

‖βe‖L2(K̃) + ‖βe‖H2(K̃)‖z − zh‖L2(K̃).
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An application of (3.38) and (3.40) yields

∣

∣

∣

∫

e

[ ∂zh
∂nA∗

]2

b̃e de
∣

∣

∣
≤

(

‖(ȳh − ȳd)−A∗zh‖L2(K̃) + ‖yh − yd − (ȳh − ȳd)‖L2(K̃)

+‖y − yh‖L2(K̃) + C17h
−2
e ‖z − zh‖L2(K̃)

)

‖βe‖L2(K̃)

≤ C15h
1

2

e

(

‖(ȳh − ȳd)−A∗zh‖L2(K̃) + ‖yh − yd − (ȳh − ȳd)‖L2(K̃)

+‖y − yh‖L2(K̃) + C17h
−2
e ‖z − zh‖L2(K̃)

)

‖βe‖L2(e)

≤ C15h
1

2

e

(

‖(ȳh − ȳd)−A∗zh‖L2(K̃) + ‖yh − yd − (ȳh − ȳd)‖L2(K̃)

+‖y − yh‖L2(K̃) + C17h
−2
e ‖z − zh‖L2(K̃)

)
∥

∥

∥

[ ∂zh
∂nA∗

]
∥

∥

∥

L2(e)
. (3.46)

In view of (3.39), we have

∫

e

[ ∂zh
∂nA∗

]2

b̃e de ≥ C2
16

∥

∥

∥

[ ∂zh
∂nA∗

]
∥

∥

∥

2

L2(e)
,

which combine with (3.46) completes the rest of the proof.

Now, we derive global lower bound for error in the control variable.

Theorem 3.3.3. Let (y, q) and (yh, qh) be the solutions of (3.5)-(3.6) and (3.11)-(3.12),

respectively. Let z and zh be the solutions of the co-state equations (3.8) and (3.16),

respectively. Then,

η21 ≤ C∗
(

α2‖q − qh‖2L2(Ω) + ‖z − zh‖2L2(Ω)

)

,

where C∗ is a positive constant and η1 is defined in Lemma 3.2.3.

Proof. From the optimality condition (3.9), we deduce that αq + z = 0 on QE
ad. An

application of inverse property [24] yields

∑

K∈Th

h2K |αqh + zh|2H1(K) ≤
∑

K∈Th

h2K‖αqh + zh‖2H1(K)

≤ C∗
∑

K∈Th

‖αqh + zh‖2L2(K)

= C∗‖αqh + zh‖2L2(Ω)

= C∗‖αqh + zh − αq − z‖2L2(Ω)

≤ C∗
(

α2‖q − qh‖2L2(Ω) + ‖z − zh‖2L2(Ω)

)

,

and this completes the proof.
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Concluding remarks. In this chapter, a posteriori error estimators for the state,

co-state and control variables are obtained for EOCP with measure data. The error es-

timators obtained in Theorem 3.2.1 are contributed from the approximation error of the

state, co-state and control variables. Among them η1 mainly indicates the approxima-

tion error for the control, η2 and η3 are contributed by the state equation whereas η4 is

contributed by the co-state equation. The local lower bound for the state and co-state

variables are derived in Theorems 3.3.1-3.3.2. Further, a global lower bound for the

control variable is derived in Theorem 3.3.3. The performance of our error estimators is

reported in Chapter 7. These error estimators work satisfactorily in guiding the mesh

refinement and save substantial computational work (see Table 7.2, Chapter 7).
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4
POCP with Measure Data in Space: A Priori Error

Analysis

In this chapter, we analyze finite element approximation for POCP (1.6)-(1.8) with

measure data in space in a bounded convex domain in Rd (d = 2 or 3). The main

mathematical difficulty of this problem is that the solution of the state equation exhibits

low regularity due to the presence of measure data in the source term, which makes the

the convergence analysis somewhat cumbersome. We prove the existence, uniqueness

and regularity of the solution of the control problem. A priori error estimates for

the state, co-state and control variables are derived for both spatially discrete and

fully discrete approximations of optimal control problems. Moreover, L2(0, T ;L2(Ω))

convergence properties for the state, co-state and control variables are established. We

use piecewise linear and continuous finite elements for approximations of the state and

co-state variables whereas the control variable is approximated by piecewise constant

functions.

4.1 Introduction

Let ΩT = Ω× (0, T ] and ΓT = ∂Ω× [0, T ], where Ω is a bounded convex domain in

Rd (d = 2 or 3) with boundary ∂Ω and T <∞. We now recall the following POCP:

min
q∈QP

ad

J̃(q, y) =
1

2

∫ T

0

{

‖y − yd̃‖2L2(Ω) + α̃‖q‖2L2(Ω)

}

dτ (4.1)

49
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subject to the state equation



























yt +Ay = µ+ q in ΩT ,

y(·, 0) = y0(x) in Ω,

y = 0 on ΓT

(4.2)

and the control constraints

qc ≤ q(x, t) ≤ qd a.e. in ΩT , (4.3)

where qc, qd ∈ R fulfill qc < qd and yt =
∂y
∂t
. The operator A is defined in (1.4) and

α̃ > 0 is a fixed constant. Further, y0(x) ∈ L2(Ω) and yd̃(x, t) ∈ L2(0, T ;L2(Ω)) are

given functions. The function µ = gω with g ∈ L2(0, T ; C(Ω)) and ω ∈ M(Ω).

The set of adimissible controls is defined by

QP
ad := {q ∈ L2(0, T ;L2(Ω)) : qc ≤ q(x, t) ≤ qd a.e. in ΩT }. (4.4)

Optimal control problems with time-dependent control play an important role in

many applications, and the numerical treatment of these problems has been an active

research topic in the recent years. POCPs with measure data in space are used in the

modeling of acoustic monopoles and transport equations for effluent discharge in aquatic

media and the design and management of waste water treatment systems, mainly the

disposal of sea outfalls discharging polluting effluent from a sewerage system [68]. For

the purpose of finite element formulation we rewrite the state equation in weak form

using transposition techniques [61] and investigate the existence, uniqueness and reg-

ularity of the solution of the state variable for measure data in space. We have used

continuous piecewise linear functions for the approximations of the state and co-state

variables, and piecewise constant functions for the control variable. We have analyzed

both spatially discrete and fully discrete finite element approximations of POCP with

measure data in space. A priori error estimates of order O(h2−
d
2 ) is derived for the

spatially discrete control problem whereas error estimate of order O(h2−
d
2 + k1/2) is es-

tablished for the fully discrete backward Euler time discretization. The key technical

tools used in our analysis include nonstandard weak formulation of the state equation,

interpolation approximation properties, inverse estimates, optimality conditions, embed-

ding theorems and duality technique. The earlier work on standard nonlinear parabolic

problems involving measure data, we refer to [12, 13]. Later, the author of [16] has stud-

ied semilinear parabolic problems with measure data. Recently, Gong has derived error
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estimates for linear parabolic equation involving measure data in [35]. The purpose of

this chapter is to extent the results of standard linear parabolic problem [35] to POCP

(1.6)-(1.8) with measure data in space.

The plan of this chapter is as follows. In section 4.2, we discuss the existence,

uniqueness and regularity results of the optimal control problems. Section 4.3 deals with

the spatially discrete finite element approximations of the control problem, and derives

error estimates for the state, co-state and control variables. Section 4.4 is devoted to the

fully discrete error analysis for the control problem and the related convergence results

are proved.

Throughout this chapter C denotes a positive generic constant independent of the

mesh parameters h and k.

4.2 Existence, uniqueness and regularity results

This section concerns the existence, uniqueness and regularity results of POCP (4.1)-

(4.3). In the following theorem we prove the existence, uniqueness and regularity results

of the solution to problem (4.2). We recall the following notations

W (0, T ) := L2(0, T ;H1
0(Ω)) ∩H1(0, T ;H−1(Ω)),

X(0, T ) := L2(0, T ;H2(Ω) ∩H1
0 (Ω)) ∩H1(0, T ;L2(Ω)).

Theorem 4.2.1. Assume that y0 ∈ L2(Ω), q ∈ L2(0, T ;L2(Ω)), µ = gω, g and ω are

given functions such that g ∈ L2(0, T ; C(Ω)) and ω ∈ M(Ω). Further, the problem (4.2)

admits a unique solution y ∈ L2(0, T ;L2(Ω)) in the sense that

−(y, vt)ΩT
+ (y,A∗v)ΩT

=< µ, v >ΩT
+(y0, v(·, 0)) + (q, v)ΩT

, ∀v ∈ X(0, T ) (4.5)

with v(·, T ) = 0, where

< µ, v >ΩT
=

∫

Ω

(

∫ T

0

g(x, τ)v(x, τ) dτ
)

dω(x), ∀v ∈ L2(0, T ; C(Ω)).

Then there exists a positive constant C such that

‖y‖L2(L2(Ω)) ≤ C
(

‖g‖L2(L∞(Ω))‖ω‖M(Ω) + ‖y0‖L2(Ω)

)

+ ‖q‖L2(L2(Ω)). (4.6)

Moreover, we have y ∈ L1(0, T ;W 1,p(Ω)) ∩ C([0, T ]; (W 1,p′(Ω))′) and

yt ∈ L1(0, T ; (W 1,p′(Ω))′) with

‖y‖L1(W 1,p(Ω)) ≤ C
(

‖g‖L2(L∞(Ω))‖ω‖M(Ω) + ‖y0‖L2(Ω)

)

+ ‖q‖L2(L2(Ω)), (4.7)

where p ∈ [1, d
d−1

) and p′ is the conjugate number of p such that 1
p
+ 1

p′
= 1.
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Proof. The case µ ≡ 0 and q ≡ 0 is contained in [61]. We set y0 ≡ 0 and let {ωn}n ⊂
C(Ω) be the sequence converging weak∗ to ω in M(Ω) and satisfies

‖ωn‖L1(Ω) ≤ ‖ω‖M(Ω).

Let yn be the solutions of


























yn,t +Ayn = gωn + q in ΩT ,

yn(·, 0) = 0 in Ω,

yn = 0 on ΓT .

(4.8)

Then yn ∈ X(0, T ). For f ∈ D(ΩT ), let ψ be the solution of problem (1.14). From the

regularity of the parabolic problem ψ ∈ X(0, T ). Using (4.8), we find that
∫

ΩT

fyn dxdτ =

∫

ΩT

(−ψt +A∗ψ)yn dxdτ

=

∫

ΩT

gωnψ dxdτ +

∫

ΩT

qψ dxdτ

≤ C
(

‖g‖L2(L∞(Ω))‖ωn‖L1(Ω)‖ψ‖L2(C(Ω)) + ‖q‖L2(L2(Ω))‖ψ‖L2(L2(Ω))

)

.

Embedding theorem gives L2(0, T ;H2(Ω)) ↪→ L2(0, T ; C(Ω)). By standard estimates,

we have

‖ψ‖L2(H2(Ω)) ≤ C‖f‖L2(L2(Ω)). (4.9)

In view of (4.9) we conclude that the solution sequence {yn}n is bounded in the space

L2(0, T ;L2(Ω)). Thus we can extract a subsequence ynk
such that ynk

→ y weakly in

L2(0, T ;L2(Ω)) and hence (4.6) is satisfied.

Next to prove (4.5), let ψ ∈ X(0, T ) and ψ(·, T ) = 0. Multiplying (4.8) by ψ and

integrating by parts over ΩT , we obtain
∫ T

0

(

∫

Ω

gψ ωn(x) dx
)

dτ +

∫

ΩT

qψ dxdτ = −
∫

ΩT

ynψt dxdτ

+

∫

ΩT

(

d
∑

i,j=1

aij
∂yn
∂xi

∂ψ

∂xj
+ a0ynψ

)

dxdτ. (4.10)

Passing to the limit in (4.10) we get (4.5). Finally, the uniqueness follows from the fact

that the only solution for the zero data of (4.5) is y = 0.

Furthermore, the inclusion W 1,p(Ω) ⊂ M(Ω) ⊂ (W 1,p′(Ω))′) and [16, Theorem 6.3]

imply the existence of a unique solution y ∈ L1(0, T ;W 1,p(Ω)), ∀ p ∈ [1, d
d−1

) and

yt ∈ L1(0, T ; (W 1,p′(Ω))′) in the sense of (4.5), such that (4.7) is satisfied. Thus, y ∈
C([0, T ]; (W 1,p′(Ω))′) after a modification on a set of zero measure.
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The weak form of POCP with measure data (4.1)-(4.3) is defined as follows:

min
q∈QP

ad

J̃(q, y) =
1

2

∫ T

0

(

‖y − yd̃‖2L2(Ω) + α̃‖q‖2L2(Ω)

)

dτ (4.11)

subject to

−(y, vt)ΩT
+ (y,A∗v)ΩT

=< µ, v >ΩT
+(y0, v(·, 0)) + (q, v)ΩT

, ∀v ∈ X(0, T ). (4.12)

In the next step, we introduce the reduced cost functional j̃ : L2(0, T ;L2(Ω)) → R

by

j̃(q) := J̃(q, y(q)),

where J̃ is the cost function given by (4.11) and y(q) is the weak solution of (4.12).

Then the optimal control problem (4.11)-(4.12) can be equivalently reformulated as

min
q∈QP

ad

j̃(q). (4.13)

The following theorem ensures the existence and uniqueness of the solution of the

minimization problem (4.13).

Theorem 4.2.2. The optimal control problem (4.13) admits a unique solution.

Proof. Let qn be the minimizing sequences, i.e., j̃(qn) → infq∈QP
ad
j̃(q). By virtue of the

term α̃‖q‖L2(L2(Ω)) in j̃(q), qn is bounded in QP
ad and let y(qn) = yn. From the a priori

bound (4.6), we have

‖yn‖L2(L2(Ω)) ≤ C,

where

C = C
(

‖g‖L2(L∞(Ω)), ‖ω‖M(Ω), ‖q‖L2(L2(Ω), ‖y0‖L2(Ω)

)

.

Since L2(0, T ;L2(Ω)) is a Hilbert spaces and the dual space of L2(0, T ;L2(Ω)) is itself,

it follows that yn has a subsequence, denoted by ynk
, such that ynk

→ y strongly in L2(0, T ;L2(Ω)).

For v ∈ D(ΩT ), we have

(qnk
, v)ΩT

= −(ynk
, vt)ΩT

+ (ynk
,A∗v)ΩT

− < µ, v >ΩT
−(ynk

(·, 0), v(·, 0))
= −(ynk

− y, vt)ΩT
+ (ynk

− y,A∗v)ΩT
− (ynk

(·, 0)− y(·, 0), v(·, 0))
−(y, vt)ΩT

+ (y,A∗v)ΩT
− < µ, v >ΩT

−(y(·, 0), v(·, 0)).

As n→ ∞, ynk
→ y strongly and (qnk

, v)ΩT
→ (q, v)ΩT

. Then, qnk
→ q in D′(ΩT ) and

consequently y satisfies (4.12). Hence y = y(q) and lim inf j̃(qnk
) ≥ j̃(q) and therefore,

q is the optimal control.
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In the following theorem, we state the necessary optimality condition for the control

problem (4.11)-(4.12).

Theorem 4.2.3. Let (q, y) ∈ QP
ad×L2(0, T ;L2(Ω)) be a unique solution of (4.11)-(4.12).

Then there exists a unique co-state z ∈ X(0, T ) satisfying



























−zt +A∗z = y − yd̃ in Ω× [0, T ),

z(·, T ) = 0 in Ω,

z = 0 on ΓT .

(4.14)

Moreover,

j̃′(q)(q̂ − q) =

∫ T

0

(α̃q + z, q̂ − q) dτ ≥ 0, ∀q̂ ∈ QP
ad. (4.15)

The optimality condition (4.15) can be equivalently written in the form [60, 86]

q = P[qc,qd]

(

− 1

α̃
z(q)

)

, (4.16)

where P[qc,qd] denotes the projection of R onto [qc, qd] defined as

P[qc,qd](q) := max(qc, min(qd, q)).

The second derivative j̃′′(q)(·, ·) is independent of q and positive definite, i.e.,

j̃′′(q)(r, r) ≥ γP‖r‖2L2(L2(Ω)), ∀r ∈ L2(0, T ;L2(Ω)), (4.17)

where γP > 0 is a positive constant.

Using (4.16), we deduce the regularity results summarized below.

Theorem 4.2.4. Let (q, y) ∈ QP
ad × L2(0, T ;L2(Ω)) be the unique solution of (4.11)-

(4.12), and z be the unique solution of (4.14). Then, we have

y ∈ L1(0, T ;W 1,p
0 (Ω)) ∩ L2(0, T ;L2(Ω)) ∩ C([0, T ]; (W 1,p′(Ω))′),

z ∈ X(0, T ) and q ∈ X(0, T ) ∩ L∞(0, T ;L∞(Ω)).

Proof. It follows from Theorem 4.2.1 that

y ∈ L1(0, T ;W 1,p
0 (Ω)) ∩ L2(0, T ;L2(Ω)) ∩ C([0, T ]; (W 1,p′(Ω))′).

By standard regularity results for the parabolic equation, we have z ∈ X(0, T ). Now

the embedding theorem gives z ∈ L2(0, T ; C(Ω)), thus the control constraints (4.3) and

the property (4.16) imply the stated regularity for the optimal control q.
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4.3 Spatially discrete approximations of POCP

In this section, we consider the continuous time finite element approximation of

(4.11)-(4.12) and derive error estimates for the state, co-state and control variables for

spatially discrete optimization problem.

Let Th be the triangulation of Ω as described in Section 2.3 of Chapter 2. Associated

with Th, let Vh be a finite dimensional subspace of C(Ω), consisting of piecewise linear

polynomials. We denote V 0
h = Vh ∩H1

0 (Ω), and let

QP
h := {q̂h(t) ∈ QP

ad : q̂h(t)|K = constant, ∀ K ∈ Th, t ∈ (0, T ]}.

Since Th is quasi-uniform, the following inverse estimates hold for all vh ∈ Vh [24]:

‖vh‖Hs2 (Ω) ≤ Chs1−s2‖vh‖Hs1 (Ω), 0 ≤ s1 ≤ s2 ≤ 1, (4.18)

‖vh‖L∞(Ω) ≤ Ch−
d
2 ‖vh‖L2(Ω), (4.19)

‖vh‖L∞(Ω) ≤ Cρ(d, h)‖vh‖H1(Ω), (4.20)

where

ρ(d, h) =















√

|log h|, d = 2,

h−
1

2 , d = 3.

In the following lemma, we recall the approximation results from [24] and [77]. Let

Lh : L2(Ω) → Vh be the L2-projection operator defined by

(Lhv − v, vh) = 0, ∀vh ∈ Vh, (4.21)

and let Rh : H
1
0 (Ω) → V 0

h denote the Ritz projection operator defined as

a(Rhv − v, vh) = 0, ∀vh ∈ V 0
h . (4.22)

Lemma 4.3.1. Let Lh and Rh be defined in (4.21) and (4.22), respectively. Then, we

have

‖v − Lhv‖H−1(Ω) + h‖v − Lhv‖L2(Ω) ≤ Ch2‖v‖H1(Ω),

‖v −Rhv‖L2(Ω) + h‖v −Rhv‖H1(Ω) ≤ Ch2‖v‖H2(Ω).

Moreover,

‖v −Rhv‖L∞(Ω) ≤ Ch2−
d
2‖v‖H2(Ω).

TH-2228_ 136123009



CHAPTER 4. POCP with Measure Data in Space 56

Note that the solution of the problem (4.12) exhibits low regularity. To estimate error

between the solution of the continuous problem and the spatially discrete problem in the

L2(0, T ;L2(Ω))-norm, we introduce the spatially discrete finite element approximation

of the forward and backward parabolic problems (1.13) and (1.14):















(φh,t, vh)ΩT
+ a(φh, vh)ΩT

= (f, vh)ΩT
, ∀vh ∈ V 0

h ,

φh(·, 0) = 0, ∀vh ∈ V 0
h ,

(4.23)

and














−(ψh,t, vh)ΩT
+ a(ψh, vh)ΩT

= (f, vh)ΩT
, ∀vh ∈ V 0

h ,

ψh(·, T ) = 0, ∀vh ∈ V 0
h ,

(4.24)

where φh(t), ψh(t) ∈ H1(0, T ;V 0
h ).

From (1.13), (4.23), (1.14) and (4.24), we have the following error equations

(φt − φh,t, vh)ΩT
+ a(φ − φh, vh)ΩT

= 0, ∀vh ∈ V 0
h , (4.25)

and

−(ψt − ψh,t, vh)ΩT
+ a(ψ − ψh, vh)ΩT

= 0, ∀vh ∈ V 0
h . (4.26)

We now prove some error estimates associated with the problems (1.13), (4.23),

(1.14) and (4.24), which will play a crucial role in the derivation of our main results.

Lemma 4.3.2. Let ψ ∈ X(0, T ) ↪→ C([0, T ];H1
0 (Ω)) and ψh(t) ∈ H1(0, T ;V 0

h ) be the

solutions of (1.14) and (4.24), respectively. Then, we have the following error estimates:

‖ψ(t)− ψh(t)‖L∞(L2(Ω)) ≤ Ch
(

‖ψ‖L2(H2(Ω)) + ‖ψt‖L2(L2(Ω))

)

, (4.27)

‖ψ(t)− ψh(t)‖L2(L2(Ω)) ≤ Ch2
(

‖ψ‖L2(H2(Ω)) + ‖ψt‖L2(L2(Ω))

)

, (4.28)

and

‖ψ(t)− ψh(t)‖L2(L∞(Ω)) ≤ Ch2−
d
2

(

‖ψ‖L2(H2(Ω)) + ‖ψt‖L2(L2(Ω))

)

. (4.29)

Similarly, φ ∈ X(0, T )) ↪→ C([0, T ];H1
0(Ω)) and φh(t) ∈ H1(0, T ;V 0

h ) be the solutions of

(1.13) and (4.23), respectively. Then,

‖φ(t)− φh(t)‖L2(L2(Ω)) ≤ Ch2
(

‖φ‖L2(H2(Ω)) + ‖φt‖L2(L2(Ω))

)

. (4.30)
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Proof. Following the arguments as in [22] it is not difficult to prove the following a

priori error estimates under minimal regularity assumptions for the backward parabolic

equations

‖ψ(t)− ψh(t)‖L2(Ω) + ‖ψ − ψh‖L2(H1(Ω)) ≤ Ch
(

‖ψ‖L2(H2(Ω)) + ‖ψt‖L2(L2(Ω))

)

and

‖ψ − ψh‖L2(L2(Ω)) ≤ Ch2
(

‖ψ‖L2(H2(Ω)) + ‖ψt‖L2(L2(Ω))

)

.

In [22], the L2-projection play a key role instead of the Ritz-projection used in the other

literatures like [67, 85]. To prove (4.29), let πhψ be the piecewise linear interpolant of

ψ defined in Lemma 2.3.1. Then, using (4.19) we obtain

‖ψ − ψh‖L2(L∞(Ω)) ≤ ‖ψ − πhψ‖L2(L∞(Ω)) + ‖πhψ − ψh‖L2(L∞(Ω))

≤ Ch2−
d
2‖ψ‖L2(H2(Ω)) + Ch−

d
2‖πhψ − ψh‖L2(L2(Ω))

≤ Ch2−
d
2‖ψ‖L2(H2(Ω)) + Ch−

d
2‖ψ − ψh‖L2(L2(Ω)), (4.31)

where we have used Lemma 2.3.1. Now, (4.31) together with (4.28) implies (4.29).

Similarly, we have the results for the forward parabolic problem (1.13) and (4.23).

We now define the spatially discrete finite element approximation of (4.11)-(4.12) as

follows: Find a pair (qh, yh) : [0, T ] → QP
h × V 0

h such that

min
qh∈Q

P
h

J̃(qh, yh) =
1

2

∫ T

0

{

‖yh − yd̃‖2L2(Ω) + α̃‖qh‖2L2(Ω)

}

dτ (4.32)

subject to

−(yh, vh,t)ΩT
+ a(yh, vh)ΩT

=< µ, vh >ΩT
+(qh, vh)ΩT

+ (yh,0, vh(·, 0)), (4.33)

∀vh ∈ H1(0, T ;V 0
h ) with yh,0 = Lhy0 and vh(·, T ) = 0. Here

< µ, vh >ΩT
=

∫

ΩT

vh dµ =

∫ T

0

(

∫

Ω

g(x, τ)vh(x) dω(x)
)

dτ, ∀vh ∈ H1(0, T ;V 0
h ).

Analogous to Theorem 4.2.1, we have the following stability result.

Lemma 4.3.3. Assume that µ = gω, g and ω are given functions such that g ∈
L2(0, T ; C(Ω)), ω ∈ M(Ω), y0 ∈ L2(Ω) and q ∈ L2(0, T ;L2(Ω)). Let yh(q) ∈ L2(0, T ;V 0

h )

be the unique solution of

−(yh(q), vh,t)ΩT
+ a(yh(q), vh)ΩT

=< µ, vh >ΩT
+(q, vh)ΩT

+ (yh,0(q), vh(·, 0)),

∀vh ∈ H1(0, T ;V 0
h ) with vh(·, T ) = 0 and yh,0(q) = Lhy0. Then

‖yh(q)‖L2(L2(Ω)) ≤ C
(

‖g‖L2(L∞(Ω))‖ω‖M(Ω) + ‖q‖L2(L2(Ω)) + ‖yh,0(q)‖L2(Ω)

)

.
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Similar to the continuous case, the problem (4.32)-(4.33) admits a unique solution

(qh, yh) if and only if there exists a co-state variable zh such that the triplet (yh, qh, zh)

satisfies the following optimality conditions for all vh ∈ H1(0, T ;V 0
h ):

−(yh, vh,t)ΩT
+ a(yh, vh)ΩT

= < µ, vh >ΩT
+(qh, vh)ΩT

+(yh,0, vh(·, 0)), (4.34)

−(zh,t, vh)ΩT
+ a(zh, vh)ΩT

= (yh − yd̃, vh)ΩT
, (4.35)

zh(·, T ) = 0, (4.36)

(α̃qh + zh, q̂h − qh) ≥ 0, ∀q̂h ∈ QP
h . (4.37)

We introduce the discrete reduced cost functional j̃h : L
2(0, T ;L2(Ω)) → R by

j̃h(q) := J̃(q, yh(q)). (4.38)

Then, the discrete optimal control problem (4.32)-(4.33) can be rewritten as

min
qh∈Q

P
h

j̃h(qh). (4.39)

The derivative of the discrete reduced cost functional is given by

j̃′h(qh)(q̂h − qh) =

∫ T

0

(α̃qh + zh, q̂h − qh) dτ ≥ 0, ∀q̂h ∈ QP
h . (4.40)

For the purpose of error analysis it is convenient to introduce the following two

auxiliary problems: For q ∈ QP
ad, find a pair (yh(q), zh(q)) ∈ L2(0, T ;V 0

h )×H1(0, T ;V 0
h )

satisfying

−(yh(q), vh,t)ΩT
+ a(yh(q), vh)ΩT

= < µ, vh >ΩT
+(q, vh)ΩT

+(yh,0(q), vh(·, 0)), (4.41)

−(zh,t(q), vh)ΩT
+ a(zh(q), vh)ΩT

= (yh(q)− yd̃, vh)ΩT
, (4.42)

zh(q)(·, T ) = 0, (4.43)

∀vh ∈ H1(0, T ;V 0
h ).

The following lemma provide some auxiliary error estimate for the state variable.

Lemma 4.3.4. Assume that µ = gω with g ∈ L2(0, T ; C(Ω)), ω ∈ M(Ω) and q ∈
L2(0, T ;L2(Ω)). Let y and yh(q) be the solutions of (4.12) and (4.41), respectively.

Then, we have

‖y − yh(q)‖L2(L2(Ω)) ≤ Ch2−
d
2

(

‖g‖L2(L∞(Ω))‖ω‖M(Ω) + ‖y0‖L2(Ω) + ‖q‖L2(L2(Ω))

)

.
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Proof. Let ψ be the solution of (1.14) with f ∈ L2(0, T ;L2(Ω)). Then, from (4.12)

together with (4.26), (4.41) and (4.21), we have

∫

ΩT

(y − yh(q))f dxdτ =

∫ T

0

∫

Ω

(y − yh(q))(−ψt +A∗ψ) dxdτ

= −(y, ψt)ΩT
+ (y,A∗ψ)ΩT

+ (yh(q), ψt)ΩT
− a(yh(q), ψ)ΩT

= < µ, ψ >ΩT
+(y0, ψ(·, 0)) + (q, ψ)ΩT

+ (yh(q), ψh,t)ΩT

−a(yh(q), ψh)ΩT

= < µ, ψ >ΩT
+(y0, ψ(·, 0)) + (q, ψ)ΩT

− < µ, ψh >ΩT

−(yh,0(q), ψh(·, 0))− (q, ψh)ΩT

= < µ, ψ − ψh >ΩT
+(y0, ψ(·, 0)− ψh(·, 0)) + (q, ψ − ψh)ΩT

=

∫ T

0

(

∫

Ω

g(x, τ)(ψ − ψh) dω(x)
)

dτ + (y0, ψ(·, 0)− ψh(·, 0))

+(q, ψ − ψh)ΩT

≤
(

‖g‖L2(L∞(Ω))‖ω‖M(Ω)‖ψ − ψh‖L2(L∞(Ω))

+‖y0‖L2(Ω)‖ψ − ψh‖C([0,T ];L2(Ω)) + ‖q‖L2(L2(Ω))‖ψ − ψh‖L2(L2(Ω))

)

.

Using Lemmas 1.2.3 and 4.3.2, we obtain

∫

ΩT

(y − yh(q))f dxdτ ≤
(

Ch2−
d
2‖g‖L2(L∞(Ω))‖ω‖M(Ω) + Ch‖y0‖L2(Ω)

+Ch2‖q‖L2(L2(Ω))

)(

‖ψ‖L2(H2(Ω)) + ‖ψt‖L2(L2(Ω))

)

≤ Ch2−
d
2

(

‖g‖L2(L∞(Ω))‖ω‖M(Ω) + ‖y0‖L2(Ω)

+‖q‖L2(L2(Ω))

)

‖f‖L2(L2(Ω)).

Finally, the definition of L2(0, T ;L2(Ω))-norm gives the desired estimate.

In the following lemma we derive an auxiliary error estimate for the co-state variable.

Lemma 4.3.5. Let z and zh(q) be the solutions of (4.14) and (4.42)-(4.43), respectively.

Then, we have

‖z − zh(q)‖L2(L2(Ω)) ≤ Ch2
(

‖y‖L2(L2(Ω)) + ‖yd̃‖L2(L2(Ω))

)

+ ‖y − yh(q)‖L2(L2(Ω)).

Proof. Let φ be the solution of (1.13) with f ∈ L2(0, T ;L2(Ω)). Then, multiply (4.14)

by φ and form an L2-inner product over ΩT . Then, using Green’s formula together with
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(4.25), (4.42) and (4.43), we obtain

∫

ΩT

(z − zh(q))f dxdτ =

∫ T

0

∫

Ω

(z − zh(q))(φt +Aφ) dxdτ

= (z, φt)ΩT
+ a(z, φ)ΩT

− (zh(q), φt)ΩT
− a(zh(q), φ)ΩT

= −(zt, φ)ΩT
+ a(z, φ)ΩT

− (zh(q), φh,t)ΩT
− a(zh(q), φh)ΩT

= (y − yd̃, φ)ΩT
+ (zh,t(q), φh)ΩT

− a(zh(q), φh)ΩT

= (y − yd̃, φ)ΩT
− (yh(q)− yd̃, φh)ΩT

= (y − yd̃, φ− φh)ΩT
+ (y − yh(q), φh)ΩT

≤ ‖y − yd̃‖L2(L2(Ω))‖φ− φh‖L2(L2(Ω)) + ‖y − yh(q)‖L2(L2(Ω))‖φh‖L2(L2(Ω)).

An application of Lemmas 1.2.3 and 4.3.2 yields

∫

ΩT

(z − zh(q))f dxdτ ≤ Ch2
(

‖y‖L2(L2(Ω)) + ‖yd̃‖L2(L2(Ω))

)

‖f‖L2(L2(Ω))

+‖φh‖L2(L2(Ω))‖y − yh(q)‖L2(L2(Ω)).

Using the stability result ‖φh‖L2(L2(Ω)) ≤ C‖f‖L2(L2(Ω)) and the definition of L2(0, T ;L2(Ω))-

norm yields the desired estimate.

In the next lemma, we present the difference between the derivative of continuous

reduced cost functional and discrete reduced cost functional.

Lemma 4.3.6. Let j̃′(q)(r) and j̃′h(q)(r) be given by (4.15) and (4.40) with qh = q

respectively. Then

|j̃′(q)(r)− j̃′h(q)(r)| ≤ Ĉ1h
2− d

2‖r‖L2(L2(Ω)), ∀r ∈ L2(0, T ;L2(Ω)),

where

Ĉ1 = C
(

‖g‖L2(L∞(Ω)), ‖ω‖M(Ω), ‖y0‖L2(Ω), ‖q‖L2(L2(Ω)), ‖yd̃‖L2(L2(Ω))

)

. (4.44)

Proof. Using (4.15) and (4.40) with qh = q, we have

|j̃′(q)(r)− j̃′h(q)(r)| ≤
∣

∣

∣

∫ T

0

(z − zh(q), r) dτ
∣

∣

∣

≤ ‖z − zh(q)‖L2(L2(Ω))‖r‖L2(L2(Ω)).

An application of Lemma 4.3.5 gives the desired estimate. This completes the proof.

In the following theorem, we write the error between the continuous control q and

the discrete control qh.
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Theorem 4.3.1. Let q and qh be the optimal controls of (4.13) and (4.39), respectively.

Assume that the second order optimality condition (4.17) is valid. Then the following

error estimate holds:

‖q − qh‖L2(L2(Ω)) ≤
C̃1√
γP
h+

Ĉ1

γP
h2−

d
2 ,

where Ĉ1 is given by (4.44) and

C̃1 = C
(

‖g‖L2(L∞(Ω)), ‖ω‖M(Ω), ‖y0‖L2(Ω), ‖yd̃‖L2(L2(Ω)), α̃
)

. (4.45)

Proof. With r ∈ L2(0, T ;L2(Ω)), we have

j̃′′(q)(r, r) ≥ γP‖r‖2L2(L2(Ω)) (4.46)

and

j̃′′h(qh)(r, r) ≥ γP‖r‖2L2(L2(Ω)). (4.47)

We now formulate the following auxiliary problem:

min
qh∈Q

P
h

j̃(qh), (4.48)

where we only discretize the control variable. Suppose q̃h be the solution of problem

(4.48). We now decompose the error as

q(t)− qh(t) = (q(t)− q̃h(t)) + (q̃h(t)− qh(t)), (4.49)

and proceed to estimate each term separately. In view of (4.46), we have for λ̃ ∈ [0, 1]

with ξ = λ̃q + (1− λ̃)q̃h and h sufficiently small,

γP‖q − q̃h‖2L2(L2(Ω)) ≤ j̃′′(ξ)(q − q̃h, q − q̃h)

= j̃′(q)(q − q̃h)− j̃′(q̃h)(q − q̃h)

= j̃′(q)(q − q̃h)− j̃′(q̃h)(q − Lhq)− j̃′(q̃h)(Lhq − q̃h).

The necessary optimality condition imply, for h sufficiently small,

j̃′(q)(q − q̃h) ≤ 0 and − j̃′(q̃h)(Lhq − q̃h) ≤ 0,

which together with the properties of Lh and the Young’s inequality yields

γP‖q − q̃h‖2L2(L2(Ω)) ≤ −j̃′(q̃h)(q −Lhq)

= −
∫ T

0

(

α̃q̃h + z(q̃h), q − Lhq
)

dτ

= −
∫ T

0

(z(q̃h)− Lhz(q̃h), q −Lhq) dτ

≤
∫ T

0

(1

2
‖z(q̃h)− Lhz(q̃h)‖2L2(Ω) +

1

2
‖q − Lhq‖2L2(Ω)

)

dτ.
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Therefore, we have

‖q − q̃h‖L2(L2(Ω)) ≤
∫ T

0

( C√
γP

‖z(q̃h)− Lhz(q̃h)‖L2(Ω) +
C√
γP

‖q −Lhq‖L2(Ω)

)

dτ.

An application of Lemma 4.3.1 yields

‖q − q̃h‖L2(L2(Ω)) ≤
∫ T

0

( C√
γP
h‖z(q̃h)‖H1(Ω) +

C√
γP
h‖q‖H1(Ω)

)

dτ ≤ C̃1√
γP
h,

where C̃1 is given by (4.45). To estimate the second term in (4.49), we use the necessary

optimality condition (4.40) which leads to the following relation:

j̃′h(qh)(qh − rh) ≤ 0 ≤ j′(q̃h)(rh − q̃h), ∀rh ∈ QP
h .

With ξ = λ̃qh + (1− λ̃)q̃h, λ̃ ∈ [0, 1] and h sufficiently small, from (4.47) we have

γP‖qh − q̃h‖2L2(L2(Ω)) ≤ j̃′′h(ξ)(qh − q̃h, qh − q̃h)

= j̃′h(qh)(qh − q̃h)− j̃′h(q̃h)(qh − q̃h)

≤ j̃′(q̃h)(qh − q̃h)− j̃′h(q̃h)(qh − q̃h)

≤ Ĉ1h
2− d

2‖qh − q̃h‖L2(L2(Ω)).

The last step follows from Lemma 4.3.6 and Ĉ1 is given by (4.44). This completes the

proof of the theorem.

Now, we write the error between the continuous and the spatially discrete state

variables in the L2(0, T ;L2(Ω))-norm.

Theorem 4.3.2. Assume that µ = gω, g and ω are given functions such that g ∈
L2(0, T ; C(Ω)) and ω ∈ M(Ω). Let y and yh be the solutions of (4.12) and (4.33),

respectively. Then, we have

‖y − yh‖L2(L2(Ω)) ≤ Ch2−
d
2

(

‖g‖L2(L∞(Ω))‖ω‖M(Ω) + ‖y0‖L2(Ω) + ‖q‖L2(L2(Ω))

)

+‖q − qh‖L2(L2(Ω)).

Proof. let ψ be the solution of the problem (1.14) with f ∈ L2(0, T ;L2(Ω)). Then from

(4.12), (4.21), (4.26) and (4.33), we obtain
∫

ΩT

(y − yh)f dxdτ =

∫ T

0

(
∫

Ω

g(x, τ)(ψ − ψh) dω(x)

)

dτ + (y0, ψ(·, 0)− ψh(·, 0))

+(q, ψ)ΩT
− (qh, ψh)ΩT

≤ C
(

‖g‖L2(L∞(Ω))‖ω‖M(Ω)‖ψ − ψh‖L2(L∞(Ω))

+‖y0‖L2(Ω)‖ψ − ψh‖C([0,T ];L2(Ω)) + ‖q‖L2(L2(Ω))‖ψ − ψh‖L2(L2(Ω))

+‖q − qh‖L2(L2(Ω))‖ψh‖L2(L2(Ω))

)

.
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Applications of Lemmas 1.2.3 and 4.3.2 yield
∫

ΩT

(y − yh)f dxdτ ≤
(

Ch2−
d
2‖g‖L2(L∞(Ω))‖ω‖M(Ω) + Ch‖y0‖L2(Ω) + Ch2‖q‖L2(L2(Ω))

)

×
(

‖ψ‖L2(H2(Ω)) + ‖ψt‖L2(L2(Ω))

)

+ ‖q − qh‖L2(L2(Ω))‖ψh‖L2(L2(Ω))

≤ Ch2−
d
2

{

‖g‖L2(L∞(Ω))‖ω‖M(Ω) + ‖y0‖L2(Ω) + ‖q‖L2(L2(Ω))

}

‖f‖L2(L2(Ω))

+‖q − qh‖L2(L2(Ω))‖f‖L2(L2(Ω)).

The definition of L2(0, T ;L2(Ω))-norm and the stability result ‖φh‖L2(L2(Ω)) ≤ C‖f‖L2(L2(Ω))

gives the desired estimate. This completes the proof.

The following theorem presents the error estimate between the continuous and dis-

crete co-state variables.

Theorem 4.3.3. Let z and zh be the solutions of (4.14) and (4.35)-(4.36), respectively.

Then

‖z − zh‖L2(L2(Ω)) ≤ Ch2
(

‖y‖L2(L2(Ω)) + ‖yd̃‖L2(L2(Ω))

)

+ ‖y − yh‖L2(L2(Ω)).

Proof. Following the lines of arguments of Lemma 4.3.5, it is easy to derive the result

and hence, the details are thus omitted.

4.4 Fully discrete approximations of POCP

In this section, we consider the fully discrete approximation of spatially discrete

parabolic optimal control problem (4.32)-(4.33) using the backward Euler scheme in

time.

Let 0 = t0 < t1 < ... < tN−1 < tN = T be a partition of [0, T ] with time step-size k :=

tn − tn−1 and In := (tn−1, tn] for n = 1, 2, . . . , N . For any function χ ∈ C([0, T ];L2(Ω)),

define χn := χ(x, tn) and ∂̄χ
n := 1

k
(χn− χn−1). For n = 1, 2, . . . , N , construct the finite

element spaces V n
h ⊂ H1

0 (Ω) and Q
P
h,n with the mesh T n

h . For our error analysis, we set

k = O(hd).

The fully discrete approximation of (4.32)-(4.33) is to find (qnh , y
n
h) ∈ Qp

h,n × V n
h ,

n = 1, 2, . . . , N , such that

min
qn
h
∈QP

h,n

J̃(qnh , y
n
h) =

1

2

N
∑

n=1

∫

In

{

‖ynh − yn
d̃
‖2L2(Ω) + α̃‖qnh‖2L2(Ω)

}

dτ (4.50)

subject to














(∂̄ynh , vh) + a(ynh , vh) =< µ, vh >In +(qnh , vh), ∀vh ∈ V n
h ,

y0h(x) = yh,0(x), x ∈ Ω.

(4.51)
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Here,

< µ, vh >In=
1

k

∫

Ω×(tn−1,tn]

vh dµ =
1

k

∫ tn

tn−1

(
∫

Ω

g(x, τ)vh(x) dω(x)

)

dτ, ∀vh ∈ V n
h .

The optimal control problem (4.50)-(4.51) has a unique solution (qnh , y
n
h), n = 1, 2, . . . , N ,

such that (ynh , q
n
h , z

n−1
h ) satisfies the following optimality conditions:

(∂̄ynh , vh) + a(ynh , vh) = < µ, vh >In +(qnh , vh), ∀vh ∈ V n
h , n ≥ 1, (4.52)

y0h(x) = yh,0(x), x ∈ Ω, (4.53)

−(∂̄znh , vh) + a(zn−1
h , vh) = (ynh − yn

d̃
, vh), ∀vh ∈ V n

h , (4.54)

zNh (x) = 0, x ∈ Ω, (4.55)

(α̃qnh + zn−1
h , q̂nh − qnh) ≥ 0, ∀q̂nh ∈ QP

h,n. (4.56)

Analogous to the spatially discrete case, we reformulate the fully discrete optimal control

problem (4.50)-(4.51) as:

min
qn
h
∈QP

h,n

j̃nh (q
n
h) (4.57)

for n = 1, . . . , N .

We now proceed to derive error estimates for the fully discrete optimization problem.

Let Yh and Zh be the fully discrete finite element approximations of y and z, respectively.

Further, Yh and Zh are piecewise constant in time and piecewise linear in space on each

time interval. To begin with, we first derive the stability estimate for (4.51).

Lemma 4.4.1. Assume that g and ω are given functions such that g ∈ L2(0, T ; C(Ω))
and ω ∈ M(Ω), y0 ∈ L2(Ω). Let ynh ∈ V n

h , n = 1, 2, . . . , N be the solutions of fully

discrete scheme (4.51) and y0h = Lhy0. Then there exists a constant C independent of

h, k and the data (g, ω, y0) such that

N
∑

n=1

‖ynh − yn−1
h ‖2L2(Ω) + k‖yNh ‖2H1(Ω) ≤ C

(

kh−2‖y0‖2L2(Ω) + ‖g‖2L2(L∞(Ω))‖ω‖2M(Ω)

)

+C
N
∑

n=1

‖kqnh‖2L2(Ω), (4.58)

and

‖yNh ‖2L2(Ω) +
N
∑

n=1

k‖ynh‖2H1(Ω) ≤ C
(

‖y0‖2L2(Ω) + ρ2(d, h)‖g‖2L2(L∞(Ω))‖ω‖2M(Ω)

)

+C

N
∑

n=1

‖kqnh‖2L2(Ω). (4.59)
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Proof. Setting vh = k(ynh − yn−1
h ) in (4.51), we get

(ynh − yn−1
h , ynh − yn−1

h ) + ka(ynh , y
n
h − yn−1

h ) = k < µ, ynh − yn−1
h >In +k(qnh , y

n
h − yn−1

h ).

Use of coercivity, continuity of a(·, ·) and the Cauchy-Schwarz inequality yields

‖ynh − yn−1
h ‖2L2(Ω) + kβ‖ynh‖2H1(Ω) ≤ k a(ynh , y

n−1
h ) +

∫ tn

tn−1

(

∫

Ω

g(x, τ)(ynh − yn−1
h )dω(x)

)

dτ

+k(qnh , y
n
h − yn−1

h )

≤ β1
k

2
‖ynh‖2H1(Ω) + β1

k

2
‖yn−1

h ‖2H1(Ω)

+

∫ tn

tn−1

‖ynh − yn−1
h ‖L∞(Ω)‖g(τ)‖L∞(Ω)‖ω‖M(Ω) dτ

+‖kqnh‖L2(Ω)‖ynh − yn−1
h ‖L2(Ω).

Apply the inequality ab ≤ εa2 + b2

ε
with a, b ≥ 0 and ε > 0, to obtain

‖ynh − yn−1
h ‖2L2(Ω) + k‖ynh‖2H1(Ω) ≤ Ck‖yn−1

h ‖2H1(Ω) + C‖g‖2L2(tn−1,tn;L∞(Ω))‖ω‖2M(Ω)

+C‖kqnh‖2L2(Ω),

where we have used the inverse estimate (4.19) to obtain
√
k‖ynh − yn−1

h ‖L∞(Ω) ≤ C
√
kh−

d
2‖ynh − yn−1

h ‖L2(Ω) ≤ C‖ynh − yn−1
h ‖L2(Ω).

Summing over n from n = 1 to N and using the inverse estimate (4.18), we get

N
∑

n=1

‖ynh − yn−1
h ‖2L2(Ω) + k‖yNh ‖2H1(Ω) ≤ Ck‖y0h‖2H1(Ω) + C

N
∑

n=1

‖g‖2L2(tn−1,tn;L∞(Ω))‖ω‖2M(Ω)

+C
N
∑

n=1

‖kqnh‖2L2(Ω)

≤ Ck‖Lhy0‖2H1(Ω) + C‖g‖2L2(L∞(Ω))‖ω‖2M(Ω) + C
N
∑

n=1

‖kqnh‖2L2(Ω)

≤ Ckh−2‖y0‖2L2(Ω) + C‖g‖2L2(L∞(Ω))‖ω‖2M(Ω) + C

N
∑

n=1

‖kqnh‖2L2(Ω),

which proves (4.58). Similarly, setting vh = kynh in (4.51), we have

(ynh − yn−1
h , ynh) + ka(ynh , y

n
h) = k < µ, ynh >In +k(qnh , y

n
h),

and hence,

(ynh , y
n
h) + ka(ynh , y

n
h) = (yn−1

h , ynh) +

∫ tn

tn−1

(
∫

Ω

g(x, τ)ynh dω(x)

)

dτ + k(qnh , y
n
h)

≤ (yn−1
h , ynh) +

∫ tn

tn−1

‖ynh‖L∞(Ω)‖g‖L∞(Ω)‖ω‖M(Ω)) dτ + k(qnh , y
n
h).
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Using (4.20), coercive property of the bilinear form and the inequality ab ≤ εa2 + b2

ε

with a, b ≥ 0 and ε > 0, we obtain

‖ynh‖2L2(Ω) + kβ‖ynh‖2H1(Ω) ≤ ‖yn−1
h ‖2L2(Ω) + Cρ2(d, h)‖g‖2L2(tn−1,tn;L∞(Ω))‖ω‖2M(Ω))

+‖kqnh‖2L2(Ω).

Summation over n from n = 1 to N and use of the fact y0h = Lhy0 proves (4.59).

Now, we introduce some intermediate variables (ynh(q), z
n−1
h (q)) which satisfy the

following equations for n = 1, 2, . . . , N .

(∂̄ynh(q), vh) + a(ynh(q), vh) = < µ, vh >In +(q, vh), ∀vh ∈ V n
h , (4.60)

y0h(q)(x) = yh,0(x), x ∈ Ω, (4.61)

−(∂̄znh(q), vh) + a(zn−1
h (q), vh) = (ynh(q)− yn

d̃
, vh), ∀vh ∈ V n

h , (4.62)

zNh (q)(x) = 0, x ∈ Ω. (4.63)

The following two lemmas provide some intermediate error estimates of the state

and co-state variables which will be useful in the derivation of the main results.

Lemma 4.4.2. Assume that g and ω are given functions such that

g ∈ L2(0, T ; C(Ω)) ∩H 1

2 (0, T ;L∞(Ω)), ω ∈ M(Ω), y0 ∈ L2(Ω) and q ∈ L2(0, T ;L2(Ω)).

Let y ∈ L2(0, T ;L2(Ω)) be the solution of (4.12), and let Yh(q) be the solution of (4.60)-

(4.61). Then, we have

‖y − Yh(q)‖L2(L2(Ω)) ≤ C(h2−
d
2 + k

1

2 )
(

‖g‖
H

1

2 (L∞(Ω))
‖ω‖M(Ω)

+‖y0‖L2(Ω) + ‖q‖L2(L2(Ω))

)

.

Proof. To prove this lemma, we shall use the duality argument. Let ψ be the solution
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of problem (1.14) with f ∈ L2(0, T ;L2(Ω)). Then, from (4.12) and ψ(·, T ) = 0, we have
∫

ΩT

(y − Yh(q))f dxdτ =

∫ T

0

∫

Ω

(y − Yh(q))(−ψt +A∗ψ) dxdτ

= −(y, ψt)ΩT
+ (y,A∗ψ)ΩT

+
N
∑

n=1

∫

In

{(ynh(q), ψt)− a(ynh(q), ψ)} dτ

= < µ, ψ >ΩT
+(y0, ψ(·, 0)) + (q, ψ)ΩT

+
N
∑

n=1

∫

In

{k−1(ynh(q), ψ
n − ψn−1)− a(ynh(q), ψ)} dτ

= < µ, ψ >ΩT
+(y0, ψ(·, 0))−

N
∑

n=1

∫

In

{k−1(ynh(q)− yn−1
h (q), ψn−1)

+a(ynh(q), ψ)} dτ + (yNh (q), ψ
N)− (y0h(q), ψ(·, 0)) + (q, ψ)ΩT

= −
N
∑

n=1

∫

In

{k−1(ynh(q)− yn−1
h (q), ψn−1) + a(ynh(q), ψ)} dτ

+ < µ, ψ >ΩT
+(y0 − y0h(q), ψ(·, 0)) + (q, ψ)ΩT

. (4.64)

From (4.60), we note that

N
∑

n=1

{(∂̄ynh(q), R̄hψ) + a(ynh(q), R̄hψ)} =

N
∑

n=1

< µ, R̄hψ >In +

N
∑

n=1

(q, R̄hψ), (4.65)

where R̄hψ ∈ V n
h is defined on In as

R̄hψ = R̄hψ
n =

1

k

∫

In

Rhψ(·, τ) dτ, n > 0, (4.66)

and R̄hψ
N = R̄hψ(·, T ). Let ψ̄ denote the average of ψ in In as defined in (4.66) for all

ψ ∈ L1(In). Then, it is easy to see that
∫

In

(ψ − ψ̄) dτ = 0. (4.67)

Integrate (4.65) in time and add the resulting equation to (4.64). An application of

(4.67) yields

∫

ΩT

(y − Yh(q))f dxdτ = −
N
∑

n=1

∫

In

{k−1(ynh(q)− yn−1
h (q), ψn−1 − R̄hψ)

+a(ynh(q), ψ̄ − R̄hψ)} dτ + {< µ, ψ >ΩT
−

N
∑

n=1

∫

In

< µ, R̄hψ >In dτ}

+{(y0 − y0h(q), ψ(·, 0))}+ {(q, ψ)ΩT
−

N
∑

n=1

∫

In

(q, R̄hψ) dτ},

=: Ê1 + Ê2 + Ê3 + Ê4. (4.68)
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Now, we estimate Êi|i=1,...,4. For Ê1, we note that ynh(q) ∈ V n
h and from the definition

of Ritz-projection we have
∫

In

a(ynh(q), ψ̄ − R̄hψ) dτ = 0. (4.69)

Then, an application of the Cauchy-Schwarz inequality gives

|Ê1| =
∣

∣

∣
−

N
∑

n=1

∫

In

{k−1(ynh(q)− yn−1
h (q), ψn−1 − R̄hψ)}dτ

∣

∣

∣

≤ F̂1 · F̂2,

where

F̂1 =

(

N
∑

n=1

‖ynh(q)− yn−1
h (q)‖2L2(Ω)

)

1

2

, F̂2 =

(

N
∑

n=1

‖ψn−1 − R̄hψ‖2L2(Ω)

)

1

2

.

From (4.58) of Lemma 4.4.1 and the fact k = O(hd), we have

F̂1 ≤ C
(

k
1

2h−1‖y0‖L2(Ω) + ‖g‖L2(L∞(Ω))‖ω‖M(Ω) + k‖q‖L2(L2(Ω))

)

≤ C
(

h
d−2

2 ‖y0‖L2(Ω) + ‖g‖L2(L∞(Ω))‖ω‖M(Ω) + k‖q‖L2(L2(Ω))

)

.

Use of Lemma 4.3.2 and some standard error estimate yields

‖ψn−1 − R̄hψ‖L2(Ω) ≤ ‖ψn−1 − ψ̄‖L2(Ω) + ‖ψ̄ − R̄hψ‖L2(Ω)

≤ ‖ψn−1 − ψ̄‖L2(Ω) + Ch2‖ψ̄‖H2(Ω),

and

‖ψn−1 − ψ̄‖L2(Ω) ≤ k
1

2‖ψt‖L2(tn−1,tn;L2(Ω)).

Since

‖ψ̄‖H2(Ω) ≤ k−
1

2‖ψ‖L2(tn−1,tn;H2(Ω)),

we have

F̂2 ≤ C
(

N
∑

n=1

{h4‖ψ̄‖2H2(Ω) + k‖ψt‖2L2(tn−1,tn;L2(Ω))}
)

1

2

≤ C
(

N
∑

n=1

{h4k−1‖ψ‖2L2(tn−1,tn;H2(Ω)) + k‖ψt‖2L2(tn−1,tn;L2(Ω))}
)

1

2

≤ C
(

N
∑

n=1

{h4−d‖ψ‖2L2(tn−1,tn;H2(Ω)) + k‖ψt‖2L2(tn−1,tn;L2(Ω))}
)

1

2

≤ C
(

h2−
d
2‖ψ‖L2(H2(Ω)) + k

1

2‖ψt‖L2(L2(Ω))

)

. (4.70)
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Thus

|Ê1| ≤ C(h2−
d
2 + k

1

2 )
(

‖y0‖L2(Ω) + ‖g‖L2(L∞(Ω))‖ω‖M(Ω)

+‖q‖L2(L2(Ω))

)

‖f‖L2(L2(Ω)). (4.71)

To estimate Ê2, we have

|Ê2| =
∣

∣

∣

N
∑

n=1

∫

Ω

(

∫ tn

tn−1

g(x, τ)(ψ − R̄hψ)(x, τ) dτ
)

dω(x)
∣

∣

∣

=
∣

∣

∣

N
∑

n=1

∫

Ω

(

∫ tn

tn−1

g(x, τ)ψ(x, τ)− ḡ(x, τ)Rhψ(x, τ) dτ
)

dω(x)
∣

∣

∣

≤
∣

∣

∣

N
∑

n=1

∫

Ω

(

∫ tn

tn−1

ψ(x, τ)(g(x, τ)− ḡ(x, τ)) dτ
)

dω(x)
∣

∣

∣

+
∣

∣

∣

N
∑

n=1

∫

Ω

(

∫ tn

tn−1

ḡ(x, τ)(ψ −Rhψ)(x, τ) dτ
)

dω(x)
∣

∣

∣

≤ C‖g − ḡ‖L2(L∞(Ω))‖ω‖M(Ω)‖ψ‖L2(L∞(Ω))

+C‖ḡ‖L2(L∞(Ω))‖ω‖M(Ω)‖ψ −Rhψ‖L2(L∞(Ω)). (4.72)

Standard error estimate yields

‖g − ḡ‖L2(L∞(Ω)) ≤ Ck
1

2‖g‖
H

1
2 (L∞(Ω))

,

and

‖ψ −Rhψ‖L2(L∞(Ω)) ≤ Ch2−
d
2‖ψ‖L2(H2(Ω)).

Hence

|Ê2| ≤ C(k
1

2 + h2−
d
2 )‖g‖

H
1

2 (L∞(Ω))
‖f‖L2(L2(Ω)). (4.73)

For Ê3, we have

|Ê3| = |(y0 − y0h(q), ψ(·, 0))| ≤ ‖y0 − y0h(q)‖H−1(Ω)‖ψ(·, 0)‖H1(Ω)

≤ Ch‖y0‖L2(Ω)‖f‖L2(L2(Ω)). (4.74)

Finally, for Ê4, we find that

|Ê4| =
∣

∣

∣

N
∑

n=1

∫

In

(q, ψ − R̄hψ) dτ
∣

∣

∣

≤ C‖q‖L2(L2(Ω))‖ψ − R̄hψ‖L2(L2(Ω)).
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Note that

‖ψ − R̄hψ‖L∞(L2(Ω)) ≤ ‖ψ − ψ̄‖L∞(L2(Ω)) + ‖ψ̄ − R̄hψ‖L∞(L2(Ω))

≤ Ck
1

2‖ψ‖H1(0,T ;L2(Ω)) + Ch‖ψ̄‖L∞(H1(Ω))

≤ C(k
1

2 + h)‖ψ‖L2(H2(Ω)). (4.75)

Using the fact ‖ψ−R̄hψ‖L2(L2(Ω)) ≤ ‖ψ−R̄hψ‖L∞(L2(Ω)) and using Lemma 1.2.3 together

with (4.75) yields

|Ê4| ≤ C(h+ k
1

2 )‖q‖L2(L2(Ω))‖f‖L2(L2(Ω)). (4.76)

Combining the estimates of Ê1, Ê2, Ê3 ,Ê4 and the definition of L2(0, T ;L2(Ω))-norm,

we complete the rest of the proof.

Lemma 4.4.3. Let z and Zh(q) be the solutions of (4.14) and (4.62)-(4.63), respectively.

Then, for n ≥ 1, we have

‖z − Zh(q)‖L2(L2(Ω)) ≤ ‖y − Yh(q)‖L2(L2(Ω)) + C(h+ k
1

2 )
(

‖z‖L2(H2(Ω)) + ‖zt‖L2(L2(Ω))

)

.

Proof. In order to estimate the error z −Zh(q). We split the error on In as follows:

z(tn−1)− zn−1
h (q) = (z(tn−1)− R̄hz(tn−1))− (zn−1

h (q)− R̄hz(tn−1))

=: ηn−1 − ζn−1(q).

By the standard arguments we have

N
∑

n=1

k‖ηn‖2L2(Ω) ≤ C
(

h2‖z‖L2(H2(Ω)) + k‖zt‖L2(L2(Ω))

)

. (4.77)

To bound ζn−1(q), we follow the idea of [32]. Define the fully-discrete approximation of

(1.13) at time t = tn with fn = ζn−1(q) as

k−1(φn − φn−1, vh) + a(φn, vh) = (ζn−1(q), vh) ∀vh ∈ V n
h . (4.78)

Choose vh = ζn−1(q) in (4.78) and integrate in time to have

N
∑

n=1

k‖ζn−1(q)‖2L2(Ω) =

N
∑

n=1

∫

In

‖ζn−1(q)‖2L2(Ω) dτ

=
N
∑

n=1

∫

In

{k−1(φn − φn−1, ζn−1(q)) + a(φn, ζn−1(q))} dτ

=

N
∑

n=1

∫

In

{k−1(φn − φn−1, zn−1
h (q)) + a(φn, zn−1

h (q))} dτ

−
N
∑

n=1

∫

In

{k−1(φn − φn−1, R̄hz(tn−1)) + a(φn, R̄hz(tn−1))} dτ.
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Using summation by parts to obtain

N
∑

n=1

k‖ζn−1(q)‖2L2(Ω) = −
N
∑

n=1

∫

In

{k−1(φn, znh(q)− zn−1
h (q))− a(φn, zn−1

h (q))} dτ

+

N
∑

n=1

∫

In

k−1[(φn, znh(q))− (φn−1, zn−1
h (q))] dτ

+

N
∑

n=1

∫

In

{k−1(φn, R̄hz(tn)− R̄hz(tn−1))− a(φn, R̄hz(tn−1))} dτ

−
N
∑

n=1

∫

In

k−1[(φn, R̄hz(tn))− (φn−1, R̄hz(tn−1))] dτ.

Using (4.62)-(4.63) and φ(·, 0) = 0, we obtain

N
∑

n=1

k‖ζn−1(q)‖2L2(Ω) =
N
∑

n=1

∫

In

(φn, ynh(q)− yn
d̃
) dτ +

N
∑

n=1

∫

In

{k−1(φn, R̄hz(tn)− R̄hz(tn−1))

−a(φn, R̄hz(tn−1))} dτ

=
N
∑

n=1

∫

In

(φn, ynh(q)− y(tn)) dτ −
N
∑

n=1

∫

In

{k−1(φn, ηn − ηn−1)

−a(φn, ηn−1)}dτ −
N
∑

n=1

∫

In

a(φn, z(tn−1)− z(tn)) dτ,

where in the last step we subtracted the equation

N
∑

n=1

∫

In

{k−1(v, z(tn)− z(tn−1))− a(v, z(tn))} dτ = −
N
∑

n=1

∫

In

(v, y(tn)− yn
d̃
) dτ

for v = φn. Summation by parts implies

N
∑

n=1

k‖ζn−1(q)‖2L2(Ω) =

N
∑

n=1

∫

In

(φn, ynh(q)− y(tn)) dτ +

N
∑

n=1

∫

In

{k−1(φn − φn−1, ηn)

+a(φn, ηn−1)}dτ −
N
∑

n=1

∫

In

a(φn, z(tn−1)− z(tn)) dτ.

Using the fact
∫

In
a(φn, ηn−1) dτ = 0 in the above equation, we obtain

N
∑

n=1

k‖ζn−1(q)‖2L2(Ω) =

N
∑

n=1

∫

In

(φn, ynh(q)− y(tn)) dτ +

N
∑

n=1

∫

In

{k−1(φn − φn−1, ηn)dτ

−
N
∑

n=1

∫

In

a(φn, z(tn−1)− z(tn)) dτ.
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An application of the Cauchy-Schwarz inequality and continuity of the bilinear form

gives

N
∑

n=1

k‖ζn−1(q)‖2L2(Ω) ≤
(

N
∑

n=1

k‖φn‖2L2(Ω)

)
1

2

(

N
∑

n=1

k‖ynh(q)− y(tn)‖2L2(Ω)

)
1

2

+
(

N
∑

n=1

k−1‖φn − φn−1‖2L2(Ω)

)
1

2

(

N
∑

n=1

k‖ηn‖2L2(Ω)

)
1

2

+C
(

N
∑

n=1

k‖φn‖2H1(Ω)

)
1

2

×
(

N
∑

n=1

k{‖z(tn)‖2H1(Ω) + ‖z(tn−1)‖2H1(Ω)}
)

1

2

. (4.79)

By setting vh = φn − φn−1 in (4.78), using the Cauchy-Schwarz inequality and Young’s

inequality together with the summation by parts gives

N
∑

n=1

k−1‖φn − φn−1‖2L2(Ω) + ‖φN‖2H1(Ω) ≤ ‖φ0‖2H1(Ω) + C
N
∑

n=1

k‖ζn−1(q)‖2L2(Ω)

≤ C
N
∑

n=1

k‖ζn−1(q)‖2L2(Ω), (4.80)

where we have used φ0 = 0. Similarly set vh = kφn in (4.78) and applying the Cauchy-

Schwarz inequality, the Young’s inequality together with the summation by parts and

φ0 = 0 yields

‖φN‖2L2(Ω) +
N
∑

n=1

k‖φn‖H1(Ω) ≤ C
N
∑

n=1

k‖ζn−1(q)‖2L2(Ω), (4.81)

Use (4.80) and (4.81) in (4.79) leads to

(

N
∑

n=1

k‖ζn−1(q)‖2L2(Ω)

)
1

2 ≤ C
[(

N
∑

n=1

k‖ynh(q)− y(tn)‖2L2(Ω)

)
1

2

+
(

N
∑

n=1

k‖ηn‖2L2(Ω)

)
1

2

+
(

N
∑

n=1

k{‖z(tn)‖2H1(Ω) + ‖z(tn−1)‖2H1(Ω)}
)

1

2

]

.

This completes the proof.

In the following lemma, we prove the error between the derivative of the continuous

and fully discrete reduced cost functions.
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Lemma 4.4.4. Let j̃′(q)(r) and (j̃nh)
′(q)(r) be given by

j̃′(q)(r) =

∫ T

0

(α̃q(τ) + z(τ), r) dτ, ∀r ∈ L2(0, T ;L2(Ω)),

and

(j̃nh )
′(q)(r) =

N
∑

n=1

∫

In

(α̃q(τ) + zn−1
h (q), r) dτ, ∀r ∈ L2(0, T ;L2(Ω)),

respectively. Then

|j̃′(q)(r)− (j̃nh )
′(q)(r)| ≤ C̄1(h

2− d
2 + k

1

2 )‖r‖L2(L2(Ω)),

where

C̄1 = C
(

‖y0‖L2(Ω), ‖g‖H 1

2 (L∞(Ω))
, ‖ω‖M(Ω), ‖q‖L2(L2(Ω)), ‖yd̃‖L2(L2(Ω))

)

. (4.82)

Proof. The proof follows by straightforward calculation.

The following theorem estimates the error in the control variable.

Theorem 4.4.1. Let q and qnh be the optimal controls of (4.13) and (4.57), respectively.

Let the second order optimality condition (4.17) holds true. Then we have

‖q − qnh‖L2(L2(Ω)) ≤ C̃1
h√
γP

+
C̄1

γP
(h2−

d
2 + k

1

2 ), (4.83)

where C̃1 and C̄1 are given by (4.45) and (4.82).

Proof. For r ∈ L2(0, T ;L2(Ω)), we have

j̃′′(q)(r, r) ≥ γP‖r‖2L2(L2(Ω)) (4.84)

and

(j̃nh )
′′(qnh)(r, r) ≥ γP‖r‖2L2(L2(Ω)). (4.85)

We now formulate the following auxiliary problem:

min
qn
h
∈QP

h,n

j̃(qnh), (4.86)

where we only discretize the control variable. Let q̃nh be the solution of problem (4.86).

By triangle inequality, we have

‖q − qnh‖L2(L2(Ω)) ≤ ‖q − q̃nh‖L2(L2(Ω)) + ‖q̃nh − qnh‖L2(L2(Ω)). (4.87)
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With ξ = λ̃q + (1− λ̃)q̃nh , λ̃ ∈ [0, 1] and h sufficiently small, we have by (4.84)

γP‖q − q̃nh‖2L2(L2(Ω)) ≤ j̃′′(ξ)(q − q̃nh , q − q̃nh),

= j̃′(q)(q − q̃nh)− j̃′(q̃nh)(q − q̃nh)

= j̃′(q)(q − q̃nh)− j̃′(q̃nh)(q − Lhq)− j′(q̃nh)(Lhq − q̃nh).

The necessary optimality condition, for sufficiently small h, imply

j̃′(q)(q − q̃nh) ≤ 0 and − j̃′(q̃nh)(Lhq − q̃nh) ≤ 0,

and hence, using the properties of Lh and the Young’s inequality, we have

γP‖q − q̃nh‖2L2(L2(Ω)) ≤ −j̃′(q̃nh)(q −Lhq)

= −
∫ T

0

(

α̃q̃nh + z(q̃nh), q − Lhq
)

dτ

= −
∫ T

0

(

z(q̃nh)− Lhz(q̃nh), q −Lhq
)

dτ

≤
∫ T

0

(1

2
‖z(q̃nh)− Lhz(q̃nh)‖2L2(Ω) +

1

2
‖q −Lhq‖2L2(Ω)

)

dτ.

An application of Lemma 4.3.1 leads to

‖q − q̃nh‖L2(L2(Ω)) ≤
∫ T

0

( C√
γP
h‖∇z(q̃nh)‖L2(Ω) +

C√
γP
h‖∇q‖L2(Ω)

)

dτ ≤ C̃1√
γP
h,

where C̃1 is given by (4.45). To estimate the second term in (4.87), we use the necessary

optimality condition leading to the following relation

(j̃nh )
′(qnh)(q

n
h − rh) ≤ 0 ≤ j̃′(q̃nh)(rh − q̃nh), ∀rh ∈ QP

h,n.

Again, with ξ = λ̃qnh + (1 − λ̃)q̃nh , λ̃ ∈ [0, 1] and sufficiently small h, we obtain using

(4.85)

γP‖qnh − q̃nh‖2L2(L2(Ω)) ≤ (j̃nh )
′′(ξ)(qnh − q̃nh , q

n
h − q̃nh)

= (j̃nh)
′(qnh)(q

n
h − q̃nh)− (j̃nh )

′(q̃nh)(q
n
h − q̃nh)

≤ j̃′(q̃nh)(q
n
h − q̃nh)− (j̃nh )

′(q̃nh)(q
n
h − q̃nh)

≤ C̄1(h
2− d

2 + k
1

2 )‖qnh − q̃nh‖L2(L2(Ω)),

where C̄1 as in (4.82). The last step in the above follows from Lemma 4.4.4 and this

completes the proof.
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With the above preparations we are now ready to estimate the error between the

solution y of the continuous problem (4.12) and the solution Yh of the fully discrete

problem (4.51).

Theorem 4.4.2. Assume that g and ω are given functions such that

g ∈ L2(0, T ; C(Ω)) ∩H 1

2 (0, T ;L∞(Ω)) and ω ∈ M(Ω), y0 ∈ L2(Ω).

Let y ∈ L2(0, T ;L2(Ω)) and Yh be the solutions of the problems (4.12) and (4.51),

respectively. Then, we have

‖y − Yh‖L2(L2(Ω)) ≤ C(h2−
d
2 + k

1

2 )
(

‖g‖
H

1

2 (L∞(Ω))
‖ω‖M(Ω) + ‖y0‖L2(Ω) + ‖q‖L2(L2(Ω))

)

+‖q − qnh‖L2(L2(Ω)).

Proof. We use the duality argument to prove this result. Let ψ be the solution of the

problem (1.14) with f ∈ L2(0, T ;L2(Ω)). Then, from (4.12), we obtain

∫

ΩT

(y − Yh)f dxdτ =

∫ T

0

∫

Ω

(y −Yh)(−ψt +A∗ψ) dxdτ

= −
N
∑

n=1

∫

In

{k−1(ynh − yn−1
h , ψn−1) + a(ynh , ψ)} dτ+ < µ, ψ >ΩT

+(y0 − y0h, ψ(·, 0)) + (q, ψ)ΩT
. (4.88)

From (4.51), we have

N
∑

n=1

{(∂̄ynh , R̄hψ) + a(ynh , R̄hψ)} =
N
∑

n=1

< µ, R̄hψ >In +
N
∑

n=1

(qnh , R̄hψ), (4.89)

where R̄hψ ∈ V n
h is defined in (4.66).

Integrate (4.89) in time and add the resulting equation to (4.88) gives

∫

ΩT

(y −Yh)f dxdτ = −
N
∑

n=1

∫

In

{k−1(ynh − yn−1
h , ψn−1 − R̄hψ) + a(ynh , ψ̄ − R̄hψ)} dτ

+{< µ, ψ >ΩT
−

N
∑

n=1

∫

In

< µ, R̄hψ >In dτ}+ {(y0 − y0h, ψ(·, 0))}

+{(q, ψ)ΩT
−

N
∑

n=1

∫

In

(qnh , R̄hψ) dτ},

=: Ê1 + Ê2 + Ê3 + Ě4.

TH-2228_ 136123009



CHAPTER 4. POCP with Measure Data in Space 76

Note that Ê1, Ê2, Ê3 are estimated in Lemma 4.4.2. To estimate Ě4, we have

|Ě4| =
∣

∣

∣

N
∑

n=1

∫

In

(q, ψ) dτ −
N
∑

n=1

∫

In

(qnh , R̄hψ) dτ
∣

∣

∣

=
∣

∣

∣

N
∑

n=1

∫

In

(q, ψ − R̄hψ) dτ +
N
∑

n=1

∫

In

(q − qnh , R̄hψ) dτ
∣

∣

∣
.

Then, use of the Cauchy-Schwarz inequality and the stability result ‖R̄hψ‖L2(L2(Ω)) ≤
C‖ψ‖L2(L2(Ω)) together with Lemma 1.2.3 gives

|Ě4| ≤ C‖q‖L2(L2(Ω))‖ψ − R̄hψ‖L2(L2(Ω)) + ‖q − qnh‖L2(L2(Ω))‖R̄hψ‖L2(L2(Ω))

≤ C
{

(h+ k
1

2 )‖q‖L2(L2(Ω)) + ‖q − qnh‖L2(L2(Ω)))
}

‖f‖L2(L2(Ω)),

where we have used (4.75) and the fact ‖ψ− R̄hψ‖L2(L2(Ω)) ≤ ‖ψ− R̄hψ‖L∞(L2(Ω)). The

estimates of Ê1, Ê2, Ê3, Ě4 and the definition of L2(0, T ;L2(Ω))-norm completes the

rest of the proof.

Now, we write the error between the continuous and fully-discrete co-state variables.

Theorem 4.4.3. Let z and Zh be the solutions of (4.14) and (4.54)-(4.55), respectively.

Then, we have

‖z − Zh‖L2(L2(Ω)) ≤ C‖y − Yh‖L2(L2(Ω)) + C(h+ k
1

2 )
(

‖z‖L2(H2(Ω))

+‖zt‖L2(L2(Ω))

)

.

Proof. Following the lines of arguments of Lemma 4.4.3, it is easy to derive the desired

estimate.

Concluding remarks. In this chapter we study the a priori error analysis for

the finite element approximations of POCP with measure data in space. The spatial

discretization of the state and co-state variables are based on piecewise linear and contin-

uous finite elements whereas the control variable is approximated by piecewise constant

functions. A priori error bounds of order O(h2−
d
2 ) are shown for the state, co-state and

control variables for the spatially discrete approximations of POCP with measure data

in space (see Theorems 4.3.1-4.3.3). The time discritization is based on the backward-

Euler implicit scheme and a priori error estimates of order O(h2−
d
2 + k

1

2 ) for the state,

co-state and control variables are established (see Theorems 4.4.1-4.4.3). Numerical

results are provided in Chapter 7 (see Example 7.2) to support our theoretical findings.
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5
POCP with Measure Data in Time: A Priori Error

Analysis

This chapter considers finite element approximations for POCP (1.6)-(1.8) with measure

data in time, i.e., µ = gω with g ∈ C([0, T ];L2(Ω)) and ω ∈ M[0, T ]. We prove the

existence, uniqueness and regularity results for the control problem. A priori error

estimates for both spatially discrete and fully discrete approximations for the state, co-

state and control variables are derived. The problem is spatially discretized by using

finite element approximation scheme with continuous piecewise linear functions for the

state, co-state variables and piecewise constant functions for the control variable. The

time discretization scheme is based on the backward Euler implicit method.

5.1 Introduction

Let ΩT = Ω× (0, T ] and ΓT = ∂Ω× [0, T ], where Ω is a bounded convex domain in

Rd (d = 2 or 3) with boundary ∂Ω and T <∞. We now recall the following POCP:

min
q∈QP

ad

J̃(q, y) =
1

2

∫ T

0

{

‖y − yd̃‖2L2(Ω) + α̃‖q‖2L2(Ω)

}

dτ (5.1)

subject to the state equation


























yt +Ay = µ+ q in ΩT ,

y(·, 0) = y0(x) in Ω,

y = 0 on ΓT

(5.2)

and the control constraints

qc ≤ q(x, t) ≤ qd a.e. in ΩT , (5.3)

77
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where qc, qd ∈ R fulfill qc < qd and yt =
∂y
∂t
. The operator A is defined in (1.4) and

α̃ > 0 is a fixed constant. Further, y0(x) ∈ L2(Ω) and yd̃(x, t) ∈ L2(0, T ;L2(Ω)) are

given functions. The function µ = gω, where g ∈ C([0, T ];L2(Ω)) and ω ∈ M[0, T ]. The

set of admissible controls is defined by

QP
ad := {q ∈ L2(0, T ;L2(Ω)) : qc ≤ q(x, t) ≤ qd a.e. in ΩT }. (5.4)

The POCP (5.1)-(5.3) with measure data in time occurs in optimal control prob-

lems with state constraints pointwise in time [16]. In this work, we prove the existence,

uniqueness and regularity of the solution of the control problem, and investigate the con-

vergence properties of finite element approximations for the state, co-state and control

variables. Both spatially discrete and fully discrete optimization problems are ana-

lyzed and error estimates for the state, co-state and control variables are derived in the

L2(0, T ;L2(Ω))-norm. We obtain error estimates of order O(h) for the state, co-state

and control variables for the spatially discrete control problem. A time discretization

scheme based on the backward-Euler method is analyzed and error estimates of order

O(h + k1/2) are proved for the state, co-state and control variables.

A brief outline of this chapter is as follows. In Section 5.2, we discuss the existence,

uniqueness and regularity results of the control problem. Section 5.3 deals with the

spatially discrete finite element approximations of problem and derive error estimates

for the state, co-state and control variables. Section 5.4 is devoted to the fully discrete

error analysis for the control problem and the related convergence results are derived.

Throughout this chapter C denotes a positive generic constant independent of h and

k.

5.2 Existence, uniqueness and regularity results

This section is concerned with the existence, uniqueness and regularity results of the

control problem (5.1)-(5.3).

We recall the following notations:

W (0, T ) := L2(0, T ;H1
0(Ω)) ∩H1(0, T ;H−1(Ω)),

X(0, T ) := L2(0, T ;H2(Ω) ∩H1
0 (Ω)) ∩H1(0, T ;L2(Ω)),

It is straightforward that W (0, T ) ↪→ C([0, T ];L2(Ω)) and X(0, T ) ↪→ C([0, T ];H1
0(Ω))

(see [61]). The following theorem provides the results concerning the existence, unique-

ness and the regularity of the solution to problem (5.2).
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Theorem 5.2.1. Assume that q ∈ L2(0, T ;L2(Ω)) ∩ L∞(0, T ;L2(Ω)), y0 ∈ L2(Ω), µ =

gω, g and ω are given functions such that g ∈ C([0, T ];L2(Ω)), ω ∈ M[0, T ]. Then, the

problem (5.2) admits a unique solution y ∈ L2(0, T ;H1
0(Ω))∩L∞(0, T ;L2(Ω)) such that

−(y, vt)ΩT
+ a(y, v)ΩT

=<< µ, v >>ΩT
+(q, v)ΩT

+ (y0, v(·, 0)), ∀v ∈ W (0, T ) (5.5)

with v(·, T ) = 0 and

‖y‖L2(H1

0
(Ω)) + ‖y‖L∞(L2(Ω)) ≤ C

(

‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖q‖L2(L2(Ω)) + ‖y0‖L2(Ω)

)

,(5.6)

where

<< µ, v >>ΩT
=

∫

ΩT

v dµ =

∫ T

0

(

∫

Ω

g(x, τ)v(x, τ) dx
)

dω(τ), ∀v ∈ C([0, T ];L2(Ω)).

Proof. We borrow the proof techniques from [16]. Since the problem is linear, it is

enough to consider either y0 ≡ 0 or µ ≡ 0 and q ≡ 0. If µ ≡ 0, q ≡ 0 and y0 ∈ L2(Ω), it

is straightforward that the problem (5.2) admits a unique solution y ∈ L2(0, T ;H1
0(Ω))∩

L∞(0, T ;L2(Ω)) satisfying the a priori estimates [61]

‖y‖L2(H1

0
(Ω)) + ‖y‖L∞(L2(Ω)) ≤ C‖y0‖L2(Ω).

Now we assume y0 ≡ 0, let {ωn}n ⊂ C[0, T ] be a sequence converging weak∗ to ω in

M[0, T ] and satisfy

‖ωn‖L1[0,T ] ≤ ‖ω‖M[0,T ].

Let yn be the solutions of



























yn,t +Ayn = gωn + q in ΩT ,

yn(·, 0) = 0 in Ω,

yn = 0 on ΓT ,

(5.7)

Then yn ∈ X(0, T ). For f ∈ D(ΩT ), let ψ be the solution of problem (1.14). Then

ψ ∈ X(0, T ) ↪→ C([0, T ];H1
0(Ω)). Now, from (5.7) we have

∫

ΩT

fyn dxdτ =

∫

ΩT

(−ψt +A∗ψ)yn dxdτ

=

∫

ΩT

gωnψ dxdτ +

∫

ΩT

qψ dxdτ

≤ C
(

‖g‖L∞(L2(Ω))‖ωn‖L1[0,T ]‖ψ‖C([0,T ];L2(Ω)) + ‖q‖L2(L2(Ω))‖ψ‖L2(L2(Ω))

)

.
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It is quite standard to prove the following bounds [61]:

‖ψ‖C([0,T ];L2(Ω)) ≤ C‖f‖L1(L2(Ω)), (5.8)

‖ψ‖C([0,T ];L2(Ω)) ≤ C‖f‖L2(H−1(Ω)), (5.9)

and

‖ψ‖L2(L2(Ω)) ≤ C‖f‖L2(L2(Ω)). (5.10)

In view of (5.8) we conclude that the solution sequence {yn}n is bounded in the space

L∞(0, T ;L2(Ω)). By (5.9) we note that the sequence {yn}n is also bounded in the space

L2(0, T ;H1
0(Ω)). Thus we can extract a subsequence ynk

such that ynk
→ y weakly in

L2(0, T ;H1
0(Ω)) ∩ L∞(0, T ;L2(Ω)) and hence (5.6) holds.

Next to prove (5.5), let ψ ∈ W (0, T ) and ψ(·, T ) = 0. Multiplying (5.7) by ψ and

integrating by parts over ΩT we obtain
∫ T

0

(

∫

Ω

gψ dx
)

ωn(τ)dτ +

∫

ΩT

qψ dxdτ = −
∫

ΩT

ynψt dxdτ

+

∫

ΩT

(

d
∑

i,j=1

aij
∂yn
∂xi

∂ψ

∂xj
+ a0ynψ

)

dxdτ. (5.11)

Passing to the limit in (5.11) we get (5.5). Finally, the uniqueness follows from the fact

that the only solution for the zero data of (5.5) is y = 0.

The weak form of the model problem (5.1)-(5.3) is as follows:

min
q∈QP

ad

J̃(q, y) =
1

2

∫ T

0

{

‖y − yd̃‖2L2(Ω) + α̃‖q‖2L2(Ω)

}

dτ (5.12)

subject to

−(y, vt)ΩT
+ a(y, v)ΩT

=<< µ, v >>ΩT
+(q, v)ΩT

+ (y0, v(·, 0)), ∀v ∈ W (0, T ). (5.13)

In the next step, we introduce the reduced cost functional j̃ : L2(0, T ;L2(Ω)) → R by

j̃(q) := J̃(q, y(q)),

where J̃ is the cost function given by (5.12) and y(q) is the weak solution of (5.2) as

defined in (5.13). The optimal control problem (5.12)-(5.13) can be reformulated as

min
q∈QP

ad

j̃(q), (5.14)

where the set of admissible controls is given by (5.4).

The following theorem ensures the existence and uniqueness of solution of minimiza-

tion problem (5.14).
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Theorem 5.2.2. The optimal control problem (5.14) admits a unique solution.

Proof. Let qn be the minimizing sequences, i.e., j̃(qn) → infq∈QP
ad
j̃(q). By virtue of the

term α̃‖q‖L2(L2(Ω)) in j̃(q), qn is bounded in QP
ad and let y(qn) = yn. From the regularity

estimate (5.6), we have

‖yn‖L2(H1

0
(Ω)) ≤ C,

where

C = C(‖g‖L∞(L2(Ω)), ‖ω‖M[0,T ], ‖q‖L2(L2(Ω)), ‖y0‖L2(Ω)).

Since the injection mapH1
0 (Ω) → L2(Ω) is compact, it follows that yn has a subsequence,

denoted by ynk
such that

ynk
→ y weakly in L2(0, T ;H1

0(Ω)),

and ynk
→ y strongly in L2(0, T ;L2(Ω)).

For v ∈ D(ΩT ), we have

(qnk
, v)ΩT

= −(ynk
, vt)ΩT

+ a(ynk
, v)ΩT

− << µ, v >>ΩT
−(ynk

(·, 0), v(·, 0))
= −(ynk

− y, vt)ΩT
+ a(ynk

− y, v)ΩT
− (ynk

(·, 0)− y(·, 0), v(·, 0))
−(y, vt)ΩT

+ a(y, v)ΩT
− << µ, v >>ΩT

−(y(·, 0), v(·, 0)).

As n→ ∞, ynk
→ y strongly and (qnk

, v)ΩT
→ (q, v)ΩT

. Then, qnk
→ q in D′(ΩT ) and

consequently y satisfies (5.13). Hence y = y(q) and lim inf j̃(qnk
) ≥ j̃(q) and therefore,

q is the optimal control.

The first order optimality condition is characterized by

j̃′(q)(q̂ − q) ≥ 0, ∀q̂ ∈ QP
ad. (5.15)

The derivative j̃′(q)(q̂ − q) for given q, q̂ ∈ QP
ad can be expressed as

j̃′(q)(q̂ − q) =

∫ T

0

(α̃q + z, q̂ − q) dτ, (5.16)

where z = z(q) is the solution of the co-state problem















−(zt, v)ΩT
+ a(z, v)ΩT

= (y − yd̃, v)ΩT
, ∀v ∈ L2(0, T ;H1

0(Ω)),

z(·, T ) = 0 in Ω,

(5.17)
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and y = y(q) on the right hand side of (5.17) is the solution of the state equation (5.13).

Let the co-state variable corresponds to the optimal control q is denoted by z(q). Then

the optimality condition (5.15) reads

q = P[qc,qd]

(

− 1

α̃
z(q)

)

, (5.18)

where P[qc,qd] denotes the projection of R on to [qc, qd] defined as

P[qc,qd](q) := max(qc,min(qd, q)). (5.19)

The second derivative of j̃′′(q)(·, ·) is independent of q and positive definite, i.e.,

j̃′′(q)(r, r) ≥ γP‖r‖2L2(L2(Ω)), ∀r ∈ L2(0, T ;L2(Ω)). (5.20)

Using property (5.19), we provide an important regularity result.

Theorem 5.2.3. Assume that (q, y) be the solution of the optimization problem (5.12)-

(5.13) and z is the co-state variable. Then, we have

y ∈ L2(0, T ;H1
0(Ω)) ∩ L∞(0, T ;L2(Ω)),

z ∈ X(0, T ),

q ∈ X(0, T ) ∩ L∞(0, T ;L∞(Ω)).

Proof. The regularity of y follows directly from Theorem 5.2.1 and regularity of z follows

by Lemma 1.2.3. The property (5.18) imply the desired result for q.

5.3 Spatially discrete approximations of POCP

In this section, we consider the continuous time finite element approximation of

(5.12)-(5.13) and derive error estimates of the continuous and the spatially discrete

state, co-state and control variables under suitable norm.

Associated with Th, let Vh be a finite dimensional subspace of C(Ω), consisting of

piecewise linear polynomials as described in Section 2.3 of Chapter 2 . We denote

V 0
h = Vh ∩H1

0 (Ω) and let

QP
h := {q̂h(t) ∈ QP

ad : q̂h(t)|K = constant, ∀K ∈ Th, t ∈ (0, T ]}.

Now we define the spatially discrete finite element approximation of (5.12)-(5.13) as

follows: Find a pair (qh, yh) : [0, T ] → QP
h × V 0

h such that

min
qh∈Q

P
h

J̃(qh, yh) =
1

2

∫ T

0

{

‖yh − yd̃‖2L2(Ω) + α̃‖qh‖2L2(Ω)

}

dτ (5.21)
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subject to

−(yh, vh,t)ΩT
+ a(yh, vh)ΩT

=<< µ, vh >>ΩT
+(qh, vh)ΩT

+ (yh,0, vh(·, 0)), (5.22)

∀vh ∈ H1(0, T ;V 0
h ) with yh,0 = Lhy0 and vh(·, T ) = 0, where Lh is the L2-projection

defined by (4.21). Here,

<< µ, vh >>ΩT
=

∫

ΩT

vh dµ =

∫ T

0

(

∫

Ω

g(x, τ)vh(x) dx
)

dω(τ), ∀vh ∈ H1(0, T ;V 0
h ).

Analogous to Theorem 5.2.1, we have the following stability result.

Lemma 5.3.1. Let q ∈ L2(0, T ;L2(Ω)) ∩ L∞(0, T ;L2(Ω)), µ = gω, g and ω are given

functions such that g ∈ C([0, T ];L2(Ω)), ω ∈ M[0, T ]. Let yh(q) ∈ L2(0, T ;V 0
h ) be the

unique solution of

−(yh(q), vh,t)ΩT
+a(yh(q), vh)ΩT

=<< µ, vh >>ΩT
+(q, vh)ΩT

+(yh,0(q), vh(·, 0)), (5.23)

∀vh ∈ H1(0, T ;V 0
h ) with vh(·, T ) = 0 and yh,0(q) = Lhy0. Then

‖yh(q)‖L2(H1

0
(Ω)) + ‖yh(q)‖L∞(L2(Ω)) ≤ C

(

‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖q‖L2(L2(Ω))

+‖yh,0(q)‖L2(Ω)

)

. (5.24)

Analogous to the continuous case, we introduce the discrete reduced cost functional

j̃h : L
2(0, T ;L2(Ω)) → R by

j̃h(q) := J̃(q, yh(q)).

The discretized optimization problem (5.21)-(5.22) is stated as follows:

min
qh∈Q

P
h

j̃h(qh). (5.25)

The existence of a unique solution qh ∈ QP
h of (5.25) follows from the standard arguments

of [60]. Then the first order optimality condition may be read as

j̃′h(qh)(q̂h − qh) ≥ 0, ∀ q̂h ∈ QP
h , (5.26)

where the directional derivative j′h(qh)(q̂h− qh), for given qh, q̂h ∈ QP
h , can be expressed

as

j̃′h(qh)(q̂h − qh) =

∫ T

0

(α̃qh + zh)(q̂h − qh) dτ (5.27)

with zh = zh(qh) is the solution of the discrete co-state problem:














−(zh,t, vh)ΩT
+ a(zh, vh)ΩT

= (yh − yd̃, vh)ΩT
,

zh(·, T ) = 0,

(5.28)
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∀vh ∈ H1(0, T ;V 0
h ). The variational inequality (5.26) is equivalent to the following

pointwise projection formula:

qh = P[qc,qd]

(

− 1

α̃
zh

)

, (5.29)

where the projection P[qc,qd] is defined by (5.19).

For the purpose of error estimates, it is convenient to introduce the following two

auxiliary problems: For q ∈ QP
ad, let a pair (yh(q), zh(q)) ∈ L2(0, T ;V 0

h ) ×H1(0, T ;V 0
h )

satisfy

−(yh(q), vh,t)ΩT
+ a(yh(q), vh)ΩT

= << µ, vh >>ΩT
+(q, vh)ΩT

+(yh,0(q), vh(·, 0)), (5.30)

−(zh,t(q), vh)ΩT
+ a(zh(q), vh)ΩT

= (yh(q)− yd̃, vh)ΩT
, (5.31)

zh(q)(·, T ) = 0, (5.32)

∀vh ∈ H1(0, T ;V 0
h ). Since q ∈ QP

ad, we conclude from Lemma 5.3.1 that problem (5.30)

admits a unique solution yh(q) ∈ L2(0, T ;V 0
h ). Similarly, (5.31)-(5.32) admits a unique

solution zh(q) ∈ H1(0, T ;V 0
h ).

In the following two lemmas, we prove some intermediate error estimates for the

state and co-state variables.

Lemma 5.3.2. Assume that q ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;L2(Ω)) and µ = gω with

g ∈ C([0, T ];L2(Ω)), ω ∈ M[0, T ]. Let y and yh(q) be the solutions of (5.13) and (5.30),

respectively. Then, we have

‖y − yh(q)‖L2(L2(Ω)) ≤ Ch
(

‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖y0‖L2(Ω) + ‖q‖L2(L2(Ω))

)

.

Proof. The proof will proceed by the duality argument. Let ψ be the solution of the

problem (1.14) with f ∈ L2(0, T ;L2(Ω)). Then, using (5.13), (4.26) and (5.30), we

obtain

∫

ΩT

(y − yh(q))f dxdτ =

∫ T

0

∫

Ω

(y − yh(q))(−ψt +A∗ψ) dxdτ

= −(y, ψt)ΩT
+ a(y, ψ)ΩT

+ (yh(q), ψt)ΩT
− a(yh(q), ψ)ΩT

= << µ, ψ >>ΩT
+(y0, ψ(·, 0)) + (q, ψ)ΩT

+(yh(q), ψh,t)ΩT
− a(yh(q), ψh)ΩT

= << µ, ψ >>ΩT
+(y0, ψ(·, 0)) + (q, ψ)ΩT

− << µ, ψh >>ΩT

−(yh,0(q), ψh(·, 0))− (q, ψh)ΩT
.
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Use of (4.21) gives

∫

ΩT

(y − yh(q))f dxdτ = << µ, ψ − ψh >>ΩT
+(y0, ψ(·, 0)− ψh(·, 0)) + (q, ψ − ψh)ΩT

=

∫ T

0

(

∫

Ω

g(x, τ)(ψ − ψh) dx
)

dω(τ) + (y0, ψ(·, 0)− ψh(·, 0))

+(q, ψ − ψh)ΩT

≤ C
(

‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖y0‖L2(Ω)

)

‖ψ − ψh‖L∞(L2(Ω))

+‖q‖L2(L2(Ω))‖ψ − ψh‖L2(L2(Ω)).

Apply Lemma 4.3.2 and regularity results from Lemma 1.2.3 to obtain

∫

ΩT

(y − yh(q))f dxdτ ≤
(

Ch‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + Ch‖y0‖L2(Ω)

+Ch2‖q‖L2(L2(Ω))

)(

‖ψ‖L2(H2(Ω)) + ‖ψt‖L2(L2(Ω))

)

≤ Ch
(

‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖y0‖L2(Ω) + ‖q‖L2(L2(Ω))

)

‖f‖L2(L2(Ω)).

Then, from the definition of L2(0, T ;L2(Ω))-norm, we have

‖y − yh(q)‖L2(L2(Ω)) = sup
f∈L2(0,T ;L2(Ω)),f 6=0

(f, y − yh(q))ΩT

‖f‖L2(L2(Ω))

≤ Ch
(

‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖y0‖L2(Ω) + ‖q‖L2(L2(Ω))

)

.

This completes the proof of the lemma.

Remark 5.3.1. In Lemma 5.3.2, we have obtained intermediate error estimate for

the state variable of order O(h) for the spatially discrete approximation of POCP with

measure data in time. Compared to the estimate of Lemma 4.3.4 this estimate does not

depend on the dimension of the domain Ω.

Lemma 5.3.3. Let z and zh(q) be the solutions of (5.17) and (5.31)-(5.32), respectively.

Then, we have

‖z − zh(q)‖L2(L2(Ω)) ≤ Ch2
(

‖y‖L2(L2(Ω)) + ‖yd̃‖L2(L2(Ω))

)

+ ‖y − yh(q)‖L2(L2(Ω)).

Proof. Let φ be the solution of (1.13) with f ∈ L2(0, T ;L2(Ω)). Then, from (5.17),
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(4.25), (5.31) and (5.32), we obtain

∫

ΩT

(z − zh(q))f dxdτ =

∫ T

0

∫

Ω

(z − zh(q))(φt +Aφ) dxdτ

= (z, φt)ΩT
+ a(z, φ)ΩT

− (zh(q), φt)ΩT
− a(zh(q), φ)ΩT

= −(zt, φ)ΩT
+ a(z, φ)ΩT

− (zh(q), φh,t)ΩT
− a(zh(q), φh)ΩT

= (y − yd̃, φ)ΩT
+ (zh,t(q), φh)ΩT

− a(zh(q), φh)ΩT

= (y − yd̃, φ)ΩT
− (yh(q)− yd̃, φh)ΩT

= (y − yd̃, φ− φh)ΩT
+ (y − yh(q), φh)ΩT

≤ ‖y − yd̃‖L2(L2(Ω))‖φ− φh‖L2(L2(Ω)) + ‖y − yh(q)‖L2(L2(Ω))‖φh‖L2(L2(Ω)).

An application of Lemmas 1.2.3 and 4.3.2 yields
∫

ΩT

(z − zh(q))f dxdτ ≤ Ch2
(

‖y‖L2(L2(Ω)) + ‖yd̃‖L2(L2(Ω))

)

‖f‖L2(L2(Ω))

+‖φh‖L2(L2(Ω))‖y − yh(q)‖L2(L2(Ω)).

Using the stability estimate ‖φh‖L2(L2(Ω)) ≤ C‖f‖L2(L2(Ω)) and the definition of L2(0, T ;L2(Ω))-

norm yields the desired estimate.

In the next lemma, we derive the error between the derivatives of continuous and

discrete reduced cost functionals.

Lemma 5.3.4. Let r ∈ L2(0, T ;L2(Ω)), and let the derivatives of j̃(q) and j̃h(q) be

given by (5.16) and (5.27) with qh = q, respectively. Then, we have

|j̃′(q)(r)− j̃′h(q)(r)| ≤ Ĉ2h‖r‖L2(L2(Ω)),

where

Ĉ2 = C
(

‖g‖L∞(L2(Ω)), ‖ω‖M[0,T ], ‖y0‖L2(Ω), ‖q‖L2(L2(Ω)), ‖yd̃‖L2(L2(Ω))

)

. (5.33)

Proof. For r ∈ L2(0, T ;L2(Ω)), we have

j̃′(q)(r) =

∫ T

0

(α̃q(τ) + z(τ), r) dτ,

and

j̃′h(q)(r) =

∫ T

0

(α̃q(τ) + zh(q)(τ), r) dτ.

Then, we have

j̃′(q)(r)− j̃′h(q)(r) =

∫ T

0

(z(τ)− zh(q)(τ), r) dτ,
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and hence, we obtain

|j̃′(q)(r)− j̃′h(q)(r)| ≤
∣

∣

∣

∫ T

0

(z(τ)− zh(q)(τ), r) dτ
∣

∣

∣

≤ ‖z − zh(q)‖L2(L2(Ω))‖r‖L2(L2(Ω))

≤ Ĉ2h‖r‖L2(L2(Ω)),

where we have used Lemma 5.3.3. This completes the proof.

We now present one of the the main result of this section namely, the error between

the continuous control q of (5.14) and discrete control qh of (5.25).

Theorem 5.3.1. Let q and qh be the optimal controls of (5.14) and (5.25), respectively.

Assume that the second order optimality condition (5.20) is valid. Then the following

error estimate holds:

‖q − qh‖L2(L2(Ω)) ≤
C̃2√
γP
h+

Ĉ2

γP
h,

where Ĉ2 is given by (5.33) and

C̃2 = C
(

‖g‖L∞(L2(Ω)), ‖ω‖M[0,T ], ‖y0‖L2(Ω), ‖q‖L2(L2(Ω)), ‖yd̃‖L2(L2(Ω)), α̃
)

. (5.34)

Proof. The proof will follow in a manner similar to Theorem 4.3.1. But, for the sake of

completeness we present the proof. With r ∈ L2(0, T ;L2(Ω)), we have

j̃′′(q)(r, r) ≥ γP‖r‖2L2(L2(Ω)), (5.35)

and

j̃′′h(qh)(r, r) ≥ γP‖r‖2L2(L2(Ω)). (5.36)

We now formulate the following auxiliary problem:

min
qh∈Q

P
h

j̃(qh), (5.37)

where we only discretize the control variable. Suppose q̃h be the solution of problem

(5.37). We decompose the error as follows

q − qh = (q − q̃h) + (q̃h − qh), (5.38)

and proceed to estimate each term separately. In view of (5.35), we have for λ̃ ∈ [0, 1]

with ξ = λ̃q + (1− λ̃)q̃h and h sufficiently small,

γP‖q − q̃h‖2L2(L2(Ω)) ≤ j̃′′(ξ)(q − q̃h, q − q̃h)

= j̃′(q)(q − q̃h)− j̃′(q̃h)(q − q̃h)

= j̃′(q)(q − q̃h)− j̃′(q̃h)(q − Lhq)− j′(q̃h)(Lhq − q̃h).
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The necessary optimality condition imply, for h sufficiently small

j̃′(q)(q − q̃h) ≤ 0 and − j̃′(q̃h)(Lhq − q̃h) ≤ 0,

which together with the properties of Lh and the Young’s inequality yields

γP‖q − q̃h‖2L2(L2(Ω)) ≤ −j̃′(q̃h)(q −Lhq)

= −
∫ T

0

(

α̃q̃h + z(q̃h), q −Lhq
)

dτ

= −
∫ T

0

(z(q̃h)− Lhz(q̃h), q −Lhq) dτ

≤
∫ T

0

(1

2
‖z(q̃h)− Lhz(q̃h)‖2L2(Ω) +

1

2
‖q − Lhq‖2L2(Ω)

)

dτ.

Therefore, we have

‖q − q̃h‖L2(L2(Ω)) ≤
∫ T

0

( C√
γP

‖z(q̃h)− Lhz(q̃h)‖L2(Ω) +
C√
γP

‖q −Lhq‖L2(Ω)

)

dτ.

An application of Lemma 4.3.1 yields

‖q − q̃h‖L2(L2(Ω)) ≤
∫ T

0

( C√
γP
h‖z(q̃h)‖H1(Ω) +

C√
γP
h‖q‖H1(Ω)

)

dτ ≤ C̃2√
γP
h,

where C̃2 is given by (5.34). To estimate the second term in (5.38), we use the necessary

optimality condition (5.26), which leads to the following relation:

j̃′h(qh)(qh − rh) ≤ 0 ≤ j̃′(q̃h)(rh − q̃h), ∀rh ∈ QP
h .

With ξ = λ̃qh + (1− λ̃)q̃h, λ̃ ∈ [0, 1] and h sufficiently small, we have from (5.36)

γP‖qh − q̃h‖2L2(L2(Ω)) ≤ j′′h(ξ)(qh − q̃h, qh − q̃h)

= j̃′h(qh)(qh − q̃h)− j̃′h(q̃h)(qh − q̃h)

≤ j̃′(q̃h)(qh − q̃h)− j̃′h(q̃h)(qh − q̃h)

≤ Ĉ2h‖qh − q̃h‖L2(L2(Ω)).

The last step follows from Lemma 5.3.4 and Ĉ2 is given by (5.33). This completes the

proof of the theorem.

The final result of this section gives the error between the continuous and spatially

discrete state variables in the L2(0, T ;L2(Ω))-norm.
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Theorem 5.3.2. Let y ∈ L2(0, T ;H1
0(Ω)) ∩ L∞(0, T ;L2(Ω)) and yh ∈ L2(0, T ;V 0

h ) be

the solutions of (5.13) and (5.22), respectively. Assume that µ = gω, g and ω are given

functions such that g ∈ C([0, T ];L2(Ω)) and ω ∈ M[0, T ]. Then, we have

‖y − yh‖L2(L2(Ω)) ≤ Ch
(

‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖y0‖L2(Ω) + ‖q‖L2(L2(Ω))

)

+‖q − qh‖L2(L2(Ω)).

Proof. Let ψ be the solution of the problem (1.14) with f ∈ L2(0, T ;L2(Ω)). Then from

(5.13), (4.21), (4.26) and (5.22), we obtain

∫

ΩT

(y − yh)f dxdτ =

∫ T

0

(

∫

Ω

g(x, τ)(ψ − ψh) dx
)

dω(τ) + (y0, ψ(·, 0)− ψh(·, 0))

+(q, ψ − ψh)ΩT
+ (q − qh, ψh)ΩT

≤ C
(

‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖y0‖L2(Ω)

)

‖ψ − ψh‖L∞(L2(Ω))

+‖q‖L2(L2(Ω))‖ψ − ψh‖L2(L2(Ω)) + ‖q − qh‖L2(L2(Ω))‖ψh‖L2(L2(Ω)).

From Lemma 4.3.2, we have

∫

ΩT

(y − yh)f dxdτ ≤
(

Ch‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + Ch‖y0‖L2(Ω)

+Ch2‖q‖L2(L2(Ω))

)(

‖ψ‖L2(H2(Ω)) + ‖ψt‖L2(L2(Ω))

)

+‖q − qh‖L2(L2(Ω))‖ψh‖L2(L2(Ω)).

Using the stability estimate ‖ψh‖L2(L2(Ω)) ≤ C‖f‖L2(L2(Ω)) and Lemma 1.2.3, we obtain

∫

ΩT

(y − yh)f dxdτ ≤ Ch
{

‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖y0‖L2(Ω) + ‖q‖L2(L2(Ω))

}

‖f‖L2(L2(Ω))

+‖q − qh‖L2(L2(Ω))‖f‖L2(L2(Ω)).

Finally, the definition of L2(0, T ;L2(Ω))-norm gives the desired estimate. This completes

the proof of the theorem.

The following theorem presents the error between the continuous and discrete co-

state variables.

Theorem 5.3.3. Let z and zh be the solutions of (5.17) and (5.28), respectively. Then

‖z − zh‖L2(L2(Ω)) ≤ Ch2
(

‖y‖L2(L2(Ω)) + ‖yd̃‖L2(L2(Ω))

)

+ ‖y − yh‖L2(L2(Ω)).

Proof. The proof follows by same lines of Lemma 5.3.3. So, we omit the details.
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5.4 Fully discrete approximations of POCP

In this section, we shall consider the fully discrete approximations of (5.21)-(5.22)

based on the backward-Euler scheme for the time discretization and the continuous

piecewise linear finite elements for the space discretization. The control variable is

approximated by the piecewise constant functions.

Let 0 = t0 < t1 < ... < tN−1 < tN = T be a partition of [0, T ] with time step-size k :=

tn − tn−1 and In := (tn−1, tn] for n = 1, 2, . . . , N . For any function χ ∈ C([0, T ];L2(Ω)),

define χn := χ(x, tn) and ∂̄χn := χn−χn−1

k
. For n = 1, 2, . . . , N , construct the finite

element spaces V n
h ⊂ H1

0 (Ω) and Q
P
h,n with the mesh T n

h . For our error analysis, we set

k = O(h2) throughout this section.

The fully discrete approximation of (5.21)-(5.22) is to find (qnh , y
n
h) ∈ QP

h,n×V n
h , n =

1, 2, . . . , N , such that

min
qn
h
∈QP

h,n

J̃(qnh , y
n
h) =

1

2

N
∑

n=1

∫

In

{

‖ynh − yn
d̃
‖2L2(Ω) + α̃‖qnh‖2L2(Ω)

}

dτ (5.39)

subject to














(∂̄ynh , vh) + a(ynh , vh) =<< µ, vh >>In +(qnh , vh), ∀vh ∈ V n
h ,

y0h(x) = yh,0(x), x ∈ Ω.

(5.40)

Here

<< µ, vh >>In=
1

k

∫

Ω×(tn−1,tn]

vh dµ =
1

k

∫ tn

tn−1

(
∫

Ω

g(x, τ)vh(x) dx

)

dω(τ), ∀vh ∈ V n
h .

The optimal control problem (5.39)-(5.40) has a unique solution (qnh , y
n
h), n = 1, 2, . . . , N ,

such that (ynh , q
n
h , z

n−1
h ) satisfies the following optimality conditions:

(∂̄ynh , vh) + a(ynh , vh) = << µ, vh >>In +(qnh , vh), ∀vh ∈ V n
h , n ≥ 1, (5.41)

y0h(x) = yh,0(x), x ∈ Ω, (5.42)

−(∂̄znh , vh) + a(zn−1
h , vh) = (ynh − yn

d̃
, vh), ∀vh ∈ V n

h , (5.43)

zNh (x) = 0, x ∈ Ω, (5.44)

(α̃qnh + zn−1
h , q̂nh − qnh) ≥ 0, ∀q̂nh ∈ QP

h,n. (5.45)

Analogous to the spatially discrete case, we reformulate the fully discrete optimal control

problem (5.39)-(5.40) as:

min
qn
h
∈QP

h,n

j̃nh (q
n
h) (5.46)
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for n = 1, . . . , N .

The derivative of the discretized reduced cost functional is given by

(j̃nh )
′(qnh)(r) =

N
∑

n=1

∫

In

(α̃qnh + zn−1
h , r) dτ. (5.47)

As in the case of spatially discrete error analysis, we shall first obtain some intermediate

error estimates which will be then used to derive error estimates for the fully discrete

scheme. Let Yh and Zh be the fully discrete finite element approximations of y and z,

respectively, which is piecewise constant in time and piecewise linear in space on each

time interval In. For this, we first derive some stability estimates for (5.40).

Lemma 5.4.1. Assume that g and ω are given functions such that g ∈ C([0, T ];L2(Ω)),

ω ∈ M([0, T ]) and y0 ∈ L2(Ω). Let ynh ∈ V n
h , n = 1, 2 . . . , N , be the solutions of fully

discrete problem (5.40) with yh,0 = Lhy0. Then there exists a constant C independent

of h, k and the data (g, ω, y0) such that

N
∑

n=1

‖ynh − yn−1
h ‖2L2(Ω) + k‖yNh ‖2H1(Ω) ≤ C

(

‖y0‖2L2(Ω) + ‖g‖2L∞(L2(Ω))‖ω‖2M[0,T ]

)

+C

N
∑

n=1

‖kqnh‖2L2(Ω) (5.48)

and

‖yNh ‖2L2(Ω) +

N
∑

n=1

k‖ynh‖2H1(Ω) ≤ C
(

‖y0‖2L2(Ω) + ‖g‖2L∞(L2(Ω))‖ω‖2M[0,T ]

)

+C
N
∑

n=1

‖kqnh‖2L2(Ω). (5.49)

Proof. Choose vh = k(ynh − yn−1
h ) in (5.40) to obtain

(ynh − yn−1
h , ynh − yn−1

h ) + ka(ynh , y
n
h − yn−1

h ) = k << µ, ynh − yn−1
h >>In +k(qnh , y

n
h − yn−1

h ).

Using coercivity, continuity of a(·, ·) and the Cauchy-Schwarz inequality, we have

‖ynh − yn−1
h ‖2L2(Ω) + kβ‖ynh‖2H1(Ω) ≤ ka(ynh , y

n−1
h ) +

∫ tn

tn−1

(g(τ), ynh − yn−1
h ) dω(τ)

+k(qnh , y
n
h − yn−1

h )

≤ β1
k

2
‖ynh‖2H1(Ω) + β1

k

2
‖yn−1

h ‖2H1(Ω)

+‖ynh − yn−1
h ‖L2(Ω)

∫ tn

tn−1

‖g(τ)‖L2(Ω) dω(τ)

+k‖qnh‖L2(Ω)‖ynh − yn−1
h ‖L2(Ω).
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Applying the inequality ab ≤ εa2 + b2

ε
, a, b ≥ 0, ε > 0, we obtain

‖ynh − yn−1
h ‖2L2(Ω) + k‖ynh‖2H1(Ω) ≤ Ck‖yn−1

h ‖2H1(Ω) + C
(

∫ tn

tn−1

‖g(τ)‖L2(Ω) dω(τ)
)2

+C‖kqnh‖2L2(Ω).

Summation over n from n = 1 to N leads to
N
∑

n=1

‖ynh − yn−1
h ‖2L2(Ω) + k‖yNh ‖2H1(Ω) ≤ Ck‖Lhy0‖2H1(Ω) + C

N
∑

n=1

(
∫ tn

tn−1

‖g(τ)‖L2(Ω) dω(τ)

)2

+C

N
∑

n=1

‖kqnh‖2L2(Ω).

Now, using the inverse estimate (4.18) in k‖Lhy0‖2H1(Ω) ≤ kh−2‖Lhy0‖2L2(Ω) ≤ C‖y0‖2L2(Ω),

we have
N
∑

n=1

‖ynh − yn−1
h ‖2L2(Ω) + k‖yNh ‖2H1(Ω) ≤ C

(

‖y0‖2L2(Ω) + ‖g‖2L∞(L2(Ω))‖ω‖2M[0,T ]

)

+C

N
∑

n=1

‖kqnh‖2L2(Ω),

which proves (5.48). To prove the second part of the lemma, set vh = kynh in (5.40)

and use of coercive property of the bilinear form together with the Cauchy-Schwarz

inequality and Young’s inequality we have

‖ynh‖2L2(Ω) + βk‖ynh‖2H1(Ω) ≤ (yn−1
h , ynh) +

∫ tn

tn−1

(g(τ), ynh) dω(τ) + (kqnh , y
n
h)

≤ 1

2
‖ynh‖2L2(Ω) +

1

2
‖yn−1

h ‖2L2(Ω) + ‖ynh‖L2(Ω)

∫ tn

tn−1

‖g(τ)‖L2(Ω) dω(τ)

+C‖kqnh‖L2(Ω)‖ynh‖L2(Ω).

Using the inequality ab ≤ εa2 + b2

ε
, a, b ≥ 0 and ε > 0, and the standard kickback

argument we obtain

‖ynh‖2L2(Ω) + k‖ynh‖2H1(Ω) ≤ C‖yn−1
h ‖2L2(Ω) + C

(
∫ tn

tn−1

‖g(τ)‖L2(Ω) dω(τ)

)2

+ C‖kqnh‖2L2(Ω).

Summing the above over n from n = 1 to N , it now leads to

‖yNh ‖2L2(Ω) +
N
∑

n=1

k‖ynh‖2H1(Ω) ≤ C‖Lhy0‖2L2(Ω) + C
N
∑

n=1

(
∫ tn

tn−1

‖g(τ)‖L2(Ω) dω(τ)

)2

+C
N
∑

n=1

‖kqnh‖2L2(Ω),

and this completes the proof of (5.49).
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In the following lemma, we shall investigate the error between the continuous solution

y and intermediate solution ynh(q) of















(∂̄ynh(q), vh) + a(ynh(q), vh) =<< µ, vh >>In +(q, vh), ∀vh ∈ V n
h , n ≥ 1,

y0h(q)(x) = yh,0(x), x ∈ Ω.

(5.50)

Lemma 5.4.2. Assume that q ∈ L2(0, T ;L2(Ω)) ∩ L∞(0, T ;L2(Ω)), µ = gω, g and

ω are given functions such that g ∈ C([0, T ];L2(Ω)) and ω ∈ M[0, T ]. Let y ∈
L2(0, T ;H1

0(Ω)) ∩ L∞(0, T ;L2(Ω)) be the solution of (5.13), and let Yh(q) be the so-

lution of (5.50). Then, we have

‖y −Yh(q)‖L2(L2(Ω)) ≤ C(h+ k
1

2 )
(

‖y0‖L2(Ω) + ‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖q‖L2(L2(Ω))

)

,

where the constant C is independent of h, k and the given data (g, ω, y0).

Proof. Let ψ be the solution of problem (1.14) with f ∈ L2(0, T ;L2(Ω)). It follows from

(5.13) and ψN = 0 that

∫

ΩT

(y − Yh(q))f dxdτ =

∫ T

0

∫

Ω

(y −Yh(q))(−ψt +A∗ψ) dxdτ

= −(y, ψt)ΩT
+ a(y, ψ)ΩT

+
N
∑

n=1

∫

In

{(ynh(q), ψt)− a(ynh(q), ψ)} dτ

= << µ, ψ >>ΩT
+(y0, ψ(·, 0)) + (q, ψ)ΩT

+

N
∑

n=1

∫

In

{k−1(ynh(q), ψ
n − ψn−1)− a(ynh(q), ψ)} dτ

= << µ, ψ >>ΩT
+(y0, ψ(·, 0))−

N
∑

n=1

∫

In

{k−1(ynh(q)− yn−1
h (q), ψn−1)

+a(ynh(q), ψ)} dτ + (yNh (q), ψ
N)− (y0h(q), ψ(·, 0)) + (q, ψ)ΩT

= −
N
∑

n=1

∫

In

{k−1(ynh(q)− yn−1
h (q), ψn−1) + a(ynh(q), ψ)} dτ

+ << µ, ψ >>ΩT
+(y0 − y0h(q), ψ(·, 0)) + (q, ψ)ΩT

. (5.51)

From (5.50), we have

N
∑

n=1

{(∂̄ynh(q), R̄hψ) + a(ynh(q), R̄hψ)} =
N
∑

n=1

<< µ, R̄hψ >>In +
N
∑

n=1

(q, R̄hψ), (5.52)
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where R̄hψ ∈ V n
h in (4.66). Integrate (5.52) in time and add the resulting equation to

(5.51) together with (4.67), we obtain

∫

ΩT

(y − Yh(q))f dxdτ = −
N
∑

n=1

∫

In

{k−1(ynh(q)− yn−1
h (q), ψn−1 − R̄hψ)

+a(ynh(q), ψ̄ − R̄hψ)} dτ + {<< µ, ψ >>ΩT
−

N
∑

n=1

∫

In

<< µ, R̄hψ >>In dτ}

+{(y0 − y0h(q), ψ(·, 0))}+ {(q, ψ)ΩT
−

N
∑

n=1

∫

In

(q, R̄hψ) dτ}

=: Ẽ1 + Ẽ2 + Ẽ3 + Ẽ4. (5.53)

Now, we need to estimate Ẽ1, Ẽ2, Ẽ3 and Ẽ4. To estimate Ẽ1, (4.69) and the Cauchy-

Schwarz inequality yields

|Ẽ1| ≤ F̃1 · F̃2,

where

F̃1 =

(

N
∑

n=1

‖ynh(q)− yn−1
h (q)‖2L2(Ω)

)

1

2

, F̃2 =

(

N
∑

n=1

‖ψn−1 − R̄hψ‖2L2(Ω)

)

1

2

.

Using (5.48) of Lemma 5.4.1 gives

F̃1 ≤ C
(

‖y0‖L2(Ω) + ‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖q‖L2(L2(Ω))

)

.

Similar to (4.70), we conclude that

|F̃2| ≤ C
(

N
∑

n=1

{h4‖ψ̄‖2H2(Ω) + k‖ψt‖2L2(tn−1,tn;L2(Ω))}
)

1

2

≤ C
(

N
∑

n=1

{h4k−1‖ψ‖2L2(tn−1,tn;H2(Ω)) + k‖ψt‖2L2(tn−1,tn;L2(Ω))}
)

1

2

≤ C
(

h‖ψ‖L2(H2(Ω)) + k
1

2‖ψt‖L2(L2(Ω))

)

,

and use of Lemma 1.2.3 yields

|Ẽ1| ≤ C(h+ k
1

2 )‖f‖L2(L2(Ω))

(

‖y0‖L2(Ω) + ‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖q‖L2(L2(Ω))

)

.(5.54)

For Ẽ2, we note that

|Ẽ2| =
∣

∣

∣

N
∑

n=1

∫ tn

tn−1

(

∫

Ω

g(x, τ)(ψ − R̄hψ)(x) dx
)

dω(τ)
∣

∣

∣

≤ C‖g‖L∞(L2(Ω))‖ω‖M[0,T ]‖ψ − R̄hψ‖L∞(L2(Ω)). (5.55)
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Use (4.75) and Lemma 1.2.3 in (5.55) to obtain

|Ẽ2| ≤ C(k
1

2 + h)‖ψ‖L2(H2(Ω))‖g‖L∞(L2(Ω))‖ω‖M[0,T ]

≤ C(k
1

2 + h)‖g‖L∞(L2(Ω))‖ω‖M[0,T ]‖f‖L2(L2(Ω)). (5.56)

For Ẽ3, we find that

|Ẽ3| = |(y0 − y0h(q), ψ(·, 0))| ≤ ‖y0 − Lhy0‖H−1(Ω)‖ψ(·, 0)‖H1(Ω)

≤ Ch‖y0‖L2(Ω)‖f‖L2(L2(Ω)). (5.57)

Finally, for Ẽ4, an application of the Cauchy-Schwarz inequality, (4.75) and Lemma

1.2.3 gives

|Ẽ4| =
∣

∣

∣
(q, ψ)ΩT

−
N
∑

n=1

∫

In

(q, R̄hψ) dτ
∣

∣

∣

=
∣

∣

∣

N
∑

n=1

∫

In

(q, ψ − R̄hψ) dτ
∣

∣

∣

≤ ‖q‖L2(L2(Ω))‖ψ − R̄hψ‖L2(L2(Ω))

≤ C(h+ k
1

2 )‖q‖L2(L2(Ω))‖f‖L2(L2(Ω)), (5.58)

where we have used the fact ‖ψ − R̄hψ‖L2(L2(Ω)) ≤ ‖ψ − R̄hψ‖L∞(L2(Ω)) and (4.75). It

follows from (5.54), (5.56)-(5.58) and (5.53) that

‖y − Yh(q)‖L2(L2(Ω)) = sup
f∈L2(0,T ;L2(Ω)),f 6=0

(f, y −Yh)ΩT

‖f‖L2(L2(Ω))

≤ C(h+ k
1

2 )
(

‖y0‖L2(Ω) + ‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖q‖L2(L2(Ω))

)

.

This completes the proof of the lemma.

In order to estimate ‖z−Zh(q)‖L2(L2(Ω)), we define some auxiliary problem as follows:

Let zn−1
h (q) ∈ V n

h satisfy














−(∂̄znh(q), vh) + a(zn−1
h (q), vh) = (ynh(q)− yn

d̃
, vh), ∀vh ∈ V n

h ,

zNh (q)(x) = 0, x ∈ Ω.

(5.59)

Lemma 5.4.3. Let z and Zh(q) be the solutions of (5.17) and (5.59), respectively. Then,

for n ≥ 1, we have

‖z − Zh(q)‖L2(L2(Ω)) ≤ C(h+ k
1

2 )
(

‖z‖L2(H2(Ω)) + ‖zt‖L2(L2(Ω))

)

+‖y − Yh(q)‖L2(L2(Ω)).
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Proof. Following the lines of arguments of Lemma 4.4.3, the estimate can be easily

derived. Therefore, we omit the details.

In the following lemma, we derive the error between the derivative of the continuous

and fully discrete reduced cost functionals.

Lemma 5.4.4. Let the derivative of the continuous and fully discrete cost functionals

be given by (5.16) and (5.47), respectively. Then

|j̃′(q)(r)− (j̃nh )
′(q)(r)| ≤ C̄2(h+ k

1

2 )‖r‖L2(L2(Ω)),

where

C̄2 = C
(

‖y0‖L2(Ω), ‖g‖L∞(L2(Ω)), ‖ω‖M[0,T ], ‖q‖L2(L2(Ω)), ‖yd̃‖L2(L2(Ω))

)

. (5.60)

Proof. From (5.16), for r ∈ L2(0, T ;L2(Ω)), we have

j̃′(q)(r) =

∫ T

0

(α̃q(τ) + z(τ), r) dτ,

and the derivative of the discretized reduced cost functional

(j̃nh )
′(q)(r) =

N
∑

n=1

∫

In

(α̃q(τ) + zn−1
h (q), r) dτ.

Then

∣

∣

∣
j̃′(q)(r)− (j̃nh )

′(q)(r)
∣

∣

∣
=

∣

∣

∣

N
∑

n=1

∫

In

(α̃q(τ) + z(τ), r) dτ −
N
∑

n=1

∫

In

(α̃q(τ) + zn−1
h (q), r) dτ

∣

∣

∣

≤
∣

∣

∣

N
∑

n=1

∫

In

(z(τ)− zn−1
h (q), r) dτ

∣

∣

∣

≤ ‖z −Zh(q)‖L2(L2(Ω))‖r‖L2(L2(Ω))

≤ C̄2(h+ k
1

2 )‖r‖L2(L2(Ω)),

where C̄2 is given by (5.60), and the last step follows by Lemma 5.4.3. This completes

the proof.

The following theorem estimates the error in the control variable.

Theorem 5.4.1. Let q and qnh be the optimal controls of (5.14) and (5.46), respectively.

Assume that the second order optimality condition (5.20) is valid. Then we have

‖q − qnh‖L2(L2(Ω)) ≤ C̃2
h√
γP

+ C̄2
(h+ k

1

2 )

γP
,

where C̃2 and C̄2 is given by (5.34) and (5.60).
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Proof. The proof follows by the same lines of arguments of Theorem 4.4.1. So we refrain

from giving the details.

With the above preparations we are ready to estimate the error between the solution

y of the continuous problem (5.13) and the solution Yh of the fully discrete problem

(5.40).

Theorem 5.4.2. Assume that µ = gω, g and ω are given functions such that g ∈
C([0, T ];L2(Ω)) and ω ∈ M[0, T ]. Let y ∈ L2(0, T ;H1

0(Ω)) ∩ L∞(0, T ;L2(Ω)) be the

solution of (5.13), and let Yh be the solution of (5.40). Then, we have

‖y − Yh‖L2(L2(Ω)) ≤ C(h+ k
1

2 )
(

‖y0‖L2(Ω) + ‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖q‖L2(L2(Ω))

)

+‖q − qnh‖L2(L2(Ω)).

Proof. Let ψ be the solution of the problem (1.14) with f ∈ L2(0, T ;L2(Ω)). It follows

from (5.13) that

∫

ΩT

(y − Yh)f dxdτ =

∫ T

0

∫

Ω

(y − Yh)(−ψt +A∗ψ) dxdτ

= −(y, ψt)ΩT
+ a(y, ψ)ΩT

+
N
∑

n=1

∫

In

{(ynh , ψt)− a(ynh , ψ)} dτ

= −
N
∑

n=1

∫

In

{k−1(ynh − yn−1
h , ψn−1) + a(ynh , ψ)} dτ+ << µ, ψ >>ΩT

+(y0 − y0h, ψ(·, 0)) + (q, ψ)ΩT
. (5.61)

From (5.40), we note that

N
∑

n=1

{(∂̄ynh , R̄hψ) + a(ynh , R̄hψ)} =
N
∑

n=1

<< µ, R̄hψ >>In +
N
∑

n=1

(qnh , R̄hψ), (5.62)

where R̄hψ ∈ V n
h is defined in (4.66). Integrate (5.62) with respect to time and combine

the resulting equation to (5.61) we obtain

∫

ΩT

(y − Yh)f dxdτ = −
N
∑

n=1

∫

In

{k−1(ynh − yn−1
h , ψn−1 − R̄hψ) + a(ynh , ψ̄ − R̄hψ)} dτ

+{<< µ, ψ >>ΩT
−

N
∑

n=1

∫

In

<< µ, R̄hψ >>In dτ}+ {(y0 − y0h, ψ(·, 0))}

+{(q, ψ)ΩT
−

N
∑

n=1

∫

In

(qnh , R̄hψ) dτ}

=: Ẽ1 + Ẽ2 + Ẽ3 +
ˆ̃E4. (5.63)
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The terms Ẽ1, Ẽ2, Ẽ3 are estimated as in Lemma 5.4.2. For the last term ˆ̃E4, we have

| ˆ̃E4| =
∣

∣

∣

N
∑

n=1

∫

In

(q, ψ)dτ −
N
∑

n=1

∫

In

(qnh , R̄hψ) dτ
∣

∣

∣

=
∣

∣

∣

N
∑

n=1

∫

In

(q, ψ − R̄hψ)dτ +
N
∑

n=1

∫

In

(q − qnh , R̄hψ) dτ
∣

∣

∣
.

Applying the Cauchy-Schwarz inequality, (4.75) and the estimate ‖R̄hψ‖L2(L2(Ω)) ≤
C‖ψ‖L2(L2(Ω)), it now follows that

|Ẽ4| ≤ ‖q‖L2(L2(Ω))‖ψ − R̄hψ‖L2(L2(Ω)) + C‖q − qnh‖L2(L2(Ω))‖ψ‖L2(L2(Ω))

≤ C
{

(h+ k
1

2 )‖q‖L2(L2(Ω)) + ‖q − qnh‖L2(L2(Ω))

}

‖f‖L2(L2(Ω)).

Putting the estimates of Ẽ1, Ẽ2, Ẽ3 and ˆ̃E4 in (5.63), we arrive at

‖y − Yh‖L2(L2(Ω)) = sup
f∈L2(0,T ;L2(Ω)),f 6=0

(f, y −Yh)ΩT

‖f‖L2(L2(Ω))

≤ C(h + k
1

2 )
(

‖y0‖L2(Ω) + ‖g‖L∞(L2(Ω))‖ω‖M[0,T ] + ‖q‖L2(L2(Ω))

)

+‖q − qnh‖L2(L2(Ω)).

This completes the proof of the theorem.

The following theorem presents the error between the continuous and fully discrete

co-state variables.

Theorem 5.4.3. Let z and Zh be the solutions of (5.17) and (5.43)-(5.44), respectively.

Then, for n ≥ 1, we have

‖z − Zh‖L2(L2(Ω)) ≤ C(h+ k
1

2 )
(

‖z‖L2(H2(Ω)) + ‖zt‖L2(L2(Ω))

)

+ ‖y − Yh‖L2(L2(Ω)).

Proof. The proof is similar to that of Lemma 4.4.3. The details are thus omitted.

Concluding remarks. This chapter is devoted to the development of finite ele-

ment approximations for POCP with measure data in time. We derive a priori error

bounds for both spatially discrete and fully discrete finite element methods. The order

of convergence for the state and co-state and control variables are shown to be of O(h)

(see Theorems 5.3.1-5.3.3) for the spatially discrete approximations of POCP with mea-

sure data in time. The error estimates for the fully discrete approximations of optimal

control problem are presented in Theorems 5.4.1-5.4.3. The order of convergence with

respect to the time discretization is O(k
1

2 ) for the state, co-state and control variables.

Numerical experiment is performed in Chapter 7 (see Example 7.3) to illustrate our

theoretical results.
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6
POCP with Measure Data in Space and Time: A

Posteriori Error Analysis

In this chapter, we derive a posteriori error estimates for the space-time finite element

discretization of POCP (1.6)-(1.8) with measure data. Two kinds of control problems,

namely measure data in space and measure data in time, are considered and analyzed.

We use continuous piecewise linear functions for the approximations of the state and

co-state variables and piecewise constant functions for the control variable, whereas

the time discretization is based on the backward Euler implicit scheme. We derive

global upper bounds for the errors in the state, co-state and control variables in the

L2(0, T ;L2(Ω))-norm.

6.1 Introduction

Let ΩT = Ω × (0, T ] and ΓT = ∂Ω × [0, T ], where Ω is a bounded convex domain

in Rd (d = 2 or 3) with boundary ∂Ω and T < ∞ be a real number. We recall the

following model problem:

min
q∈QP

ad

J̃(q, y) =
1

2

∫ T

0

(

‖y − yd̃‖2L2(Ω) + ‖q‖2L2(Ω)

)

dτ (6.1)

subject to the state equation


























yt +Ay = µ+ q in ΩT ,

y(·, 0) = y0(x) in Ω,

y = 0 on ΓT ,

(6.2)

and the control constraints

qc ≤ q(x, t) ≤ qd a.e. in ΩT , (6.3)

99

TH-2228_ 136123009



CHAPTER 6. POCP with Measure Data in Space and Time 100

where qc, qd ∈ R fulfill qc < qd and yt =
∂y
∂t
. The operator A is defined in (1.4). Moreover,

the initial state y0(x) ∈ L2(Ω) and yd̃(x, t) ∈ L2(0, T ;L2(Ω)) is a given desired state.

For ease of exposition we set α̃ = 1. The set of admissible controls is defined by

QP
ad := {q ∈ L2(0, T ;L2(Ω)) : qc ≤ q(x, t) ≤ qd a.e. in ΩT }. (6.4)

In this chapter, we consider the control problem (6.1)-(6.3) with measure data in space

and time separately. These problems are discretized using finite element method and

a posteriori error estimates are derived assessing the error with respect to the cost

functional. The main intent of this work is to extend the a posteriori error analysis of

parabolic problem [38] to POCP with measure data. We consider the control problems

with measure data in space and time separately and derive a posteriori error estimates

for the state, co-state and control variables. We use finite element discretization for

the approximations of the spatial variable and the backward-Euler implicit scheme for

the temporal discretization. While continuous piecewise linear functions are used to

approximate the state and co-state variables, piecewise constant functions are employed

for the approximation of the control variable. We derive a posteriori error estimates

for the state, co-state and control variables in the L2(0, T ;L2(Ω))-norm for both control

problems. The key ingredient in our analysis includes the interpolation approximation

properties, first order optimality condition and the duality trick.

The layout of this chapter is as follows. In Section 6.2, we derive a posteriori error

estimates for the control problem with measure data in space. Section 6.3 is concerned

with a posteriori error estimates for the control problem with measure data in time.

6.2 POCP with measure data in space

In this section, we consider the POCP (6.1)-(6.3) with measure data in space. In this

case, we take µ = gω with g ∈ L2(0, T ; C(Ω)) and ω ∈ M(Ω). The existence, uniqueness

and regularity of the solution to problem (6.2) is already discussed in Chapter 4. We

recall the following notations:

W (0, T ) := L2(0, T ;H1
0(Ω)) ∩H1(0, T ;H−1(Ω)),

X(0, T ) := L2(0, T ;H2(Ω) ∩H1
0 (Ω)) ∩H1(0, T ;L2(Ω)).

The weak formulation of optimal control problem (6.1)-(6.3) can be defined as fol-

lows: Find a pair (q, y) ∈ QP
ad × L2(0, T ;L2(Ω)) such that

min
q∈QP

ad

J̃(q, y) =
1

2

∫ T

0

(

‖y − yd̃‖2L2(Ω) + ‖q‖2L2(Ω)

)

dτ (6.5)
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subject to

−(y, vt)ΩT
+ (y,A∗v)ΩT

= < µ, v >ΩT
+(y0, v(·, 0))

+(q, v)ΩT
, ∀v ∈ X(0, T ), (6.6)

where

< µ, v >ΩT
=

∫

Ω

(

∫ T

0

g(x, τ)v(x, τ) dτ
)

dω(x), ∀v ∈ L2(0, T ; C(Ω)).

The optimal control problem (6.5)-(6.6) admits a unique solution if the following opti-

mality conditions are satisfied.

Theorem 6.2.1. A pair (q, y) ∈ QP
ad × L2(0, T ;L2(Ω)) is the solution of the optimal

control problem (6.5)-(6.6) if and only if there exists a co-state z ∈ X(0, T ) such that

the triplet (y, q, z) satisfies the following optimality conditions:

−(y, vt)ΩT
+ (y,A∗v)ΩT

= < µ, v >ΩT
+(q, v)ΩT

+(y0, v(·, 0)), ∀v ∈ X(0, T ), (6.7)

−(zt, v)ΩT
+ a(v, z)ΩT

= (y − yd̃, v)ΩT
, ∀v ∈ L2(0, T ;H1

0(Ω)), (6.8)

z(·, T ) = 0, (6.9)

(q + z, q̂ − q) ≥ 0, ∀q̂ ∈ QP
ad. (6.10)

In the following, we introduce the reduced cost functional as:

j̃ : L2(0, T ;L2(Ω)) → R

q 7→ j̃(q) := J̃(q, y(q)),

where y(q) is the solution of the state equation (6.6). Hence the parabolic optimal

control problem (6.5)-(6.6) can be equivalently reformulated as

min
q∈QP

ad

j̃(q). (6.11)

The following lemma presents a priori bounds for the co-state variable. For a proof,

we refer to [61].

Lemma 6.2.1. With q ∈ L2(0, T ;L2(Ω)), let y = y(q) and z = z(q) be the solutions of

(6.6) and the co-state equation (6.8)-(6.9), respectively. Then z ∈ X(0, T ) and satisfies

‖z‖L2(H2(Ω)) + ‖zt‖L2(L2(Ω)) ≤ C
(

‖y‖L2(L2(Ω)) + ‖yd̃‖L2(L2(Ω))

)

.
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6.2.1 Finite element approximations

Let Vh be a finite dimensional subspace of C(Ω) consisting of piecewise linear polynomials

as discussed in Chapter 3. Set V 0
h = Vh ∩ H1

0 (Ω). Let Eh be the set of interelement

edges(faces) in the interior of the mesh. The quantity

[ ∂v

∂nA

]

= (A∇v)K · nK + (A∇v)K ′ · nK ′,

defined on the edge(face) e ∈ Eh, e = K ∩ K ′, measures the jump of ∇v across the

element edge(face) e. Let QP
h be the finite element subspace of QP

ad defined by

QP
h := {q̂h ∈ QP

ad : q̂h|K = constant, ∀K ∈ Th}.

Next, let 0 = t0 < . . . < tN−1 < tN = T be a partition of [0, T ]. For n ∈ [1 : N ],

let kn := tn − tn−1 be the time step and In := (tn−1, tn]. We set ψn = ψn(x) = ψ(x, tn)

and ∂̄ψn = ψn−ψn−1

kn
. Let V n

h be the finite element space associated with the mesh T n
h .

Similar to Eh we also denote Enh as the union of interelement edges(faces) of T n
h . On

each In, we define the projection operator Pn onto the piecewise constant space P0(In)

as Pnv := 1
kn

∫

In
v dτ . Let Lnh : L2(Ω) → V n

h be the L2-projection operator defined by

(Lnhy − y, vh) = 0, ∀vh ∈ V n
h . (6.12)

Similarly, we construct the finite element space QP
h,n.

Then the fully discrete finite element approximation of problem (6.5)-(6.6) is to find

(qnh , y
n
h) ∈ QP

h,n × V n
h , n = 1, 2, . . . , N, such that

min
qn
h
∈QP

h,n

J̃(qnh , y
n
h) =

1

2

N
∑

n=1

∫

In

(

‖ynh − yn
d̃
‖2 + ‖qnh‖2

)

dτ (6.13)

subject to















(∂̄ynh , vh) + a(ynh , vh) =< µ, vh >In +(qnh , vh), ∀vh ∈ V n
h ,

y0h(x) = yh,0(x), x ∈ Ω,

(6.14)

where yh,0 := L0
hy0 is an approximation of y0 and

< µ, vh >In=
1

kn

∫ tn

tn−1

(

∫

Ω

g(x, τ) vh(x) dω(x)
)

dτ, ∀vh ∈ V n
h .
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The optimal control problem (6.13)-(6.14) has a unique solution (qnh , y
n
h), n = 1, 2, . . . , N ,

if and only if there is a co-state zn−1
h (n = 1, 2, . . . , N) such that the triplet (ynh , q

n
h , z

n−1
h )

satisfies the following optimality conditions:

(∂̄ynh , vh) + a(ynh , vh) = < µ, vh >In +(qnh , vh), ∀vh ∈ V n
h , n ≥ 1, (6.15)

y0h(x) = yh,0(x), x ∈ Ω, (6.16)

−(∂̄znh , vh) + a(zn−1
h , vh) = (ynh − yn

d̃
, vh), ∀vh ∈ V n

h , (6.17)

zNh (x) = 0, x ∈ Ω, (6.18)

(qnh + zn−1
h , q̂nh − qnh) ≥ 0, ∀q̂nh ∈ QP

h,n. (6.19)

For t ∈ In (n = 1, 2, . . . , N), let

Yh(t) := ynh ,

Zh(t) := ((tn − t)zn−1
h + (t− tn−1)z

n
h)/kn,

Q̃h(t) := qnh .

For any function χ ∈ C([0, T ];L2(Ω)), let

χn|t∈In = χ(x, tn), χn−1|t∈In = χ(x, tn−1).

Then, for n = 1, 2, . . . , N, the optimality conditions (6.15) to (6.19) can be restated as

(∂̄Y n
h , vh) + a(Y n

h , vh) = < µ, vh >In +(Q̃h, vh), ∀vh ∈ V n
h , n ≥ 1, (6.20)

Y 0
h (x) = yh,0(x), x ∈ Ω, (6.21)

−(∂̄Zn
h , vh) + a(Zn−1

h , vh) = (Y n
h − yn

d̃
, vh), ∀vh ∈ V n

h , (6.22)

ZN
h (x) = 0, x ∈ Ω, (6.23)

(Q̃h + Zn−1
h , q̂nh − Q̃h) ≥ 0, ∀q̂nh ∈ QP

h,n. (6.24)

Analogous to the continuous case, we reformulate the fully discrete optimal control

problem (6.13)-(6.14) as:

min
qn
h
∈QP

h,n

j̃nh (q
n
h) (6.25)

for n = 1, . . . , N , where j̃nh := J̃(qnh , y
n
h).

6.2.2 A posteriori error estimates

In this section, we derive a posteriori error estimates for the control problem (6.5)-(6.6).

We first introduce the following auxiliary problems.
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For Q̃h ∈ QP
h,n, let (y(Q̃h), z(Q̃h)) ∈ L2(0, T ;L2(Ω)) × X(0, T ) be the solutions of

following equations:

−(y(Q̃h), vt)ΩT
+ (y(Q̃h),A∗v)ΩT

= < µ, v >ΩT
+(y0, v(·, 0))

+(Q̃h, v)ΩT
, ∀v ∈ X(0, T ), (6.26)

−(zt(Q̃h), v)ΩT
+ a(z(Q̃h), v)ΩT

= (y(Q̃h)− yd̃, v)ΩT
, v ∈ L2(0, T ;H1

0(Ω)),(6.27)

z(Q̃h)(·, T ) = 0, x ∈ Ω. (6.28)

First, we derive the bounds for the error in the control variable.

Lemma 6.2.2. Let (y, q, z) and (Yh, Q̃h, Zh) be the solutions of (6.7)-(6.10) and (6.20)-

(6.24), respectively. Assume that (Q̃h + Zn−1
h )|K ∈ H1(K) and there exists a positive

constant C18, and wh ∈ QP
h,n such that

∣

∣

∣

∫ T

0

(Q̃h+Z
n−1
h , wh−q) dτ

∣

∣

∣
≤ C18

∫ T

0

∑

K∈Th

hK |Q̃h+Z
n−1
h |H1(K)‖q−Q̃h‖L2(K) dτ. (6.29)

Then, we have

‖q − Q̃h‖2L2(L2(Ω)) ≤ C2
19

(

ηn1,ms + ‖Zn−1
h − z(Q̃h)‖2L2(L2(Ω))

)

, (6.30)

where C19 =
√

3
2
max{1, C18}, ηn1,ms :=

(

∫ T

0

∑

K∈Th
h2K |Q̃h+Z

n−1
h |2H1(K) dτ

)

, and z(Q̃h)

is the solution of (6.27)-(6.28).

Proof. From (6.10), we have

(q, q − Q̃h) ≤ −(z, q − Q̃h). (6.31)

Then use of (6.31) gives

‖q − Q̃h‖2L2(L2(Ω)) =

∫ T

0

(q − Q̃h, q − Q̃h) dτ

≤
∫ T

0

{−(z, q − Q̃h)− (Q̃h, q − Q̃h)} dτ

= −
∫ T

0

(Zn−1
h + Q̃h, q − wh) dτ −

∫ T

0

(Q̃h + Zn−1
h , wh − Q̃h) dτ

+

∫ T

0

(Zn−1
h − z(Q̃h), q − Q̃h) dτ +

∫ T

0

(z(Q̃h)− z, q − Q̃h) dτ.

An application of (6.24) yields

‖q − Q̃h‖2L2(L2(Ω)) ≤
∫ T

0

(Q̃h + Zn−1
h , wh − q) dτ +

∫ T

0

(Zn−1
h − z(Q̃h), q − Q̃h) dτ

+

∫ T

0

(z(Q̃h)− z, q − Q̃h) dτ

=: I1 + I2 + I3. (6.32)
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From the assumption (6.29), it is easy to see that

|I1| =
∣

∣

∣

∫ T

0

(Q̃h + Zn−1
h , wh − q) dτ

∣

∣

∣

≤
∫ T

0

∑

K∈Th

C18 hK |Q̃h + Zn−1
h |H1(K)‖q − Q̃h‖L2(K) dτ

≤ 3C2
18

4
ηn1,ms +

1

4
‖q − Q̃h‖2L2(L2(Ω)). (6.33)

Moreover, it is clear that

|I2| =
∣

∣

∣

∫ T

0

(Zn−1
h − z(Q̃h), q − Q̃h) dτ

∣

∣

∣

≤ 3

4
‖Zn−1

h − z(Q̃h)‖2L2(L2(Ω)) +
1

4
‖q − Q̃h‖2L2(L2(Ω)). (6.34)

Now, it remains to estimate I3. For this, we note that

y(x, 0)− y(Q̃h)(x, 0) = 0 and z(x, T )− z(Q̃h)(x, T ) = 0,

using (6.7) and (6.26), we write I3 as

I3 =

∫ T

0

(q − Q̃h, z(Q̃h)− z) dτ

=

∫ T

0

{−(y − y(Q̃h), zt(Q̃h)− zt) + (y − y(Q̃h),A∗(z(Q̃h)− z))} dτ,

which combine with (6.8) and (6.27) yields

I3 = −
∫ T

0

‖y − y(Q̃h)‖2 dτ ≤ 0. (6.35)

Altogether (6.32)-(6.35) completes the rest of the proof.

The following two lemmas provide intermediate error estimates which will be used

to derive the main theorem of this section.

Lemma 6.2.3. Let (Yh, Zh) and (y(Q̃h), z(Q̃h)) be the solutions of (6.20)-(6.23) and

(6.26)-(6.28), respectively. Then, we have

‖Zn−1
h − z(Q̃h)‖2L2(L2(Ω)) ≤ C2

20

5
∑

i=2

ηni,ms,
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where

ηn2,ms :=

{
∫ T

0

∑

K∈T n
h

h4K‖ − Zh,t +A∗Zn−1
h − Y n

h + yn
d̃
‖2L2(K) dτ

+

∫ T

0

∑

e∈En
h

h3e

∥

∥

∥

[∂Zn−1
h

∂nA∗

]
∥

∥

∥

2

L2(e)
dτ

}

,

ηn3,ms := ‖Y n
h − y(Q̃h)‖2L2(L2(Ω)),

ηn4,ms := ‖yd̃ − yn
d̃
‖2L2(L2(Ω)),

ηn5,ms := ‖Zh − Zn−1
h ‖2L2(H1(Ω)),

and C20 = CR1
max{1, C1max{CI,0, CI,e}}.

Proof. Let φ be the solution of (1.13) with f = Zh − z(Q̃h), and let φI = πhφ be the

Lagrange interpolation of φ defined in Lemma 3.2.1. Then, we have

‖Zh − z(Q̃h)‖2L2(L2(Ω)) =

∫ T

0

(Zh − z(Q̃h), φt +Aφ) dτ

=

∫ T

0

{

− (Zh,t − zt(Q̃h), φ) + a(Zh − z(Q̃h), φ)
}

dτ.

Add and subtract the terms to have

‖Zh − z(Q̃h)‖2L2(L2(Ω)) =

∫ T

0

{

− (Zh,t − zt(Q̃h), φ− φI) + a(Zn−1
h − z(Q̃h), φ− φI)

}

dτ

+

∫ T

0

{

− (Zh,t − zt(Q̃h), φI) + a(Zn−1
h − z(Q̃h), φI)

}

dτ

+

∫ T

0

a(Zh − Zn−1
h , φ) dτ.

After rearranging the terms, we have

‖Zh − z(Q̃h)‖2L2(L2(Ω)) =

∫ T

0

(

− Zh,t − (y(Q̃h)− yd̃), φ− φI

)

dτ +

∫ T

0

a(Zn−1
h , φ− φI) dτ

+

∫ T

0

(Y n
h − y(Q̃h), φI) dτ +

∫ T

0

(yd̃ − yn
d̃
, φI) dτ

+

∫ T

0

a(Zh − Zn−1
h , φ) dτ,
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and hence,

‖Zh − z(Q̃h)‖2L2(L2(Ω)) =
{

∫ T

0

(−Zh,t +A∗Zn−1
h − (Y n

h − yn
d̃
), φ− φI) dτ

+

∫ T

0

∑

e∈En
h

∫

e

[∂Zn−1
h

∂nA∗

]

(φ− φI) de dτ
}

+

∫ T

0

(Y n
h − y(Q̃h), φ) dτ

+

∫ T

0

(yd̃ − yn
d̃
, φ) dτ +

∫ T

0

a(Zh − Zn−1
h , φ) dτ

=: F n
1 + F n

2 + F n
3 + F n

4 . (6.36)

Now, we estimate F n
i |i=1,...,4. An application of Lemmas 3.2.1-3.2.2 gives

|F n
1 | =

∣

∣

∣

∫ T

0

(−Zh,t +A∗Zn−1
h − Y n

h + yn
d̃
, φ− φI) dτ +

∫ T

0

∑

e∈Eh

∫

e

[∂Zn−1
h

∂nA

]

(φ− φI) dedτ
∣

∣

∣

≤
∫ T

0

{

∑

K∈T n
h

CI,0 h
2
K‖ − Zh,t +A∗Zn−1

h − Y n
h + yn

d̃
‖L2(K)‖φ‖H2(K)

}

dτ

+

∫ T

0

∑

e∈En
h

CI,e h
3/2
e

∥

∥

∥

[∂Zn−1
h

∂nA∗

]
∥

∥

∥

L2(e)
‖φ‖H2(K) dτ

Using shape regularity of T n
h to obtain

|F n
1 | ≤ C1max{CI,0, CI,e}

{

∫ T

0

(

∑

K∈T n
h

h4K‖ − Zh,t +A∗Zn−1
h − Y n

h + yn
d̃
‖2L2(K)

)

dτ

+

∫ T

0

∑

e∈En
h

h3e

∥

∥

∥

[∂Zn−1
h

∂nA∗

]
∥

∥

∥

2

L2(e)
dτ
}

1

2‖φ‖L2(H2(Ω)). (6.37)

Use of Lemma 1.2.3 gives

|F n
1 | ≤ C1CR1

max{CI,0, CI,e}
{

∫ T

0

(

∑

K∈T n
h

h4K‖ − Zh,t +A∗Zn−1
h − Y n

h + yn
d̃
‖2L2(K)

)

dτ

+

∫ T

0

∑

e∈En
h

h3e

∥

∥

∥

[∂Zn−1
h

∂nA

]
∥

∥

∥

2

L2(e)
dτ
}

1

2‖Zh − z(Q̃h)‖L2(L2(Ω)). (6.38)

To estimate F n
2 and F n

3 , an application of the Cauchy-Schwarz inequality and Lemma

1.2.3 gives

|F n
2 | ≤ ‖Y n

h − y(Q̃h)‖L2(L2(Ω))‖φ‖L2(L2(Ω))

≤ CR1
‖Y n

h − y(Q̃h)‖L2(L2(Ω))‖Zh − z(Q̃h)‖L2(L2(Ω)), (6.39)
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and

|F n
3 | ≤ ‖yd̃ − yn

d̃
‖L2(L2(Ω))‖φ‖L2(L2(Ω))

≤ CR1
‖yd̃ − yn

d̃
‖L2(L2(Ω))‖Zh − z(Q̃h)‖L2(L2(Ω)). (6.40)

Finally, to estimate F n
4 , we have

|F n
4 | ≤ ‖Zh − Zn−1

h ‖L2(H1(Ω))‖φ‖L2(H1(Ω))

≤ CR1
‖Zh − Zn−1

h ‖L2(H1(Ω))‖Zh − z(Q̃h)‖L2(L2(Ω)). (6.41)

Combining (6.36)-(6.41) we complete the rest of the proof.

Lemma 6.2.4. Assume that g ∈ L2(0, T ; C(Ω)), ω ∈ M(Ω) and y0 ∈ L2(Ω). Let

y(Q̃h) ∈ L2(0, T ;L2(Ω)) be the solution of (6.26), and let Y n
h ∈ V n

h (n = 1, 2, . . . , N) be

the solution of (6.20)-(6.21). Then we have

N
∑

n=1

∫

In

‖Y n
h − y(Q̃h)‖2L2(Ω) dτ ≤ C2

21

N
∑

n=1

{kn(ξn1,ms + ξn2,ms + ξn4,ms) + ξn3,ms},

where

ξn1,ms :=
∑

K∈T n
h

h4K‖k−1
n (Y n

h − Y n−1
h ) +AY n

h − Q̃h‖2L2(K) +
∑

e∈En
h

h3e

∥

∥

∥

[∂Y n
h

∂nA

]
∥

∥

∥

2

L2(e)
,

ξn2,ms := ‖Y n
h − Y n−1

h ‖2L2(Ω),

ξn3,ms := ‖y0 − Y 0
h ‖2L2(Ω),

ξn4,ms :=
1

kn

N
∑

n=1

∫

In

{

∑

K∈T n
h

(

‖ω‖2M(K){‖g −Pn g‖2L∞(K) + h4−dK ‖g‖2L∞(K)}
)}

dτ,

and C21 = CR2
max{1, CI , C1max{CI,2, CI,∞, CI,0, CI,e}}.

Proof. To derive a posteriori error estimates we use the duality argument. Let ψ be

the solution of the problem (1.14) with f ∈ L2(0, T ;L2(Ω)). Note that ψ = 0 on ∂Ω,

ψN = ψ(·, T ) = 0, it follows from (6.26) and integrating by parts that

∫

ΩT

(Y n
h − y(Q̃h))f dxdτ =

∫ T

0

∫

Ω

(Y n
h − y(Q̃h))(−ψt +A∗ψ) dxdτ

= (y(Q̃h), ψt)ΩT
− (y(Q̃h),A∗ψ)ΩT

−
N
∑

n=1

∫

In

((Y n
h , ψt)− a(Y n

h , ψ)) dτ

= − < µ, ψ >ΩT
−(y0 − Y 0

h , ψ(·, 0))− (Q̃h, ψ)ΩT

+
N
∑

n=1

∫

In

{

k−1
n (Y n

h − Y n−1
h , ψn−1) + a(Y n

h , ψ)
}

dτ. (6.42)
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We define ψI such that ψI |In := πnh(Pnψ) ∈ V n
h on each time interval In with πnh the

standard Lagrange interpolation operator onto V n
h . Note that ψ ∈ L2(0, T ;H2(Ω)) ↪→

L2(0, T ; C(Ω)), so that Lagrange interpolation is well defined. From equation (6.20), we

obtain

N
∑

n=1

{

k−1
n (Y n

h − Y n−1
h , ψI) + a(Y n

h , ψI)
}

=

N
∑

n=1

< µ, ψI >In +

N
∑

n=1

(Q̃h, ψI). (6.43)

Then we have

∫

ΩT

(Y n
h − y(Q̃h))f dxdτ =

N
∑

n=1

∫

In

k−1
n (Y n

h − Y n−1
h , ψn−1 − ψI) dτ +

N
∑

n=1

∫

In

{a(Y n
h , ψ − ψI)

−(Q̃h, ψ − ψI)} dτ − (y0 − Y 0
h , ψ(·, 0))

−
{

< µ, ψ >ΩT
−

N
∑

n=1

∫

In

< µ, ψI >In dτ
}

=: En
1 + En

2 + En
3 + En

4 . (6.44)

Now, we estimate En
i |i=1,...,4. Integrating by parts and using Lemma 3.2.1, we obtain

|En
1 | =

∣

∣

∣

N
∑

n=1

∫

In

k−1
n (Y n

h − Y n−1
h , ψn−1 −Pnψ + Pn(ψ − πnhψ)) dτ

∣

∣

∣

=
∣

∣

∣

N
∑

n=1

∫

In

{

∫

Ω

k−1
n (Y n

h − Y n−1
h )(ψn−1 − Pnψ) dx

+

∫

In

k−1
n (Y n

h − Y n−1
h )Pn(ψ − πnhψ) dx

}

dτ
∣

∣

∣

≤ max{CI , C1CI,0}
[

kn

(

‖Y n
h − Y n−1

h ‖2L2(Ω) +
∑

K∈T h
n

h4K‖k−1
n (Y n

h − Y n−1
h )‖2L2(K)

)]
1

2

×
(

‖ψt‖L2(L2(Ω)) + ‖ψ‖L2(H2(Ω))

)

, (6.45)

where we have used the following properties of Pn :

‖ψn−1 − Pnψ‖L2(L2(Ω)) ≤ CIkn‖ψt‖L2(L2(Ω)),

and

‖Pn(ψ − πnhψ)‖L2(K) ≤ ‖ψ − πnhψ‖L2(K) ≤ CI,0 h
2
K‖ψ‖L2(H2(K)).
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We now proceed to estimate En
2 . From the definition of Pn, we have

|En
2 | =

∣

∣

∣

N
∑

n=1

∫

In

{a(Y n
h , ψ − ψI)− (Q̃h, ψ − ψI)} dτ

∣

∣

∣

=
∣

∣

∣

N
∑

n=1

∫

In

{a(Y n
h , ψ − πnhψ)− (Q̃h, ψ − πnhψ)} dτ

∣

∣

∣

≤
N
∑

n=1

∫

In

(

∑

K∈T n
h

‖AY n
h − Q̃h‖L2(K)‖ψ − πnhψ‖L2(K)

+
∑

e∈En
h

∥

∥

∥

[∂Y n
h

∂nA

]
∥

∥

∥

L2(e)
‖ψ − πnhψ‖L2(e)

)

dτ. (6.46)

The shape regularity of T n
h and Lemmas 3.2.1-3.2.2 gives

|En
2 | ≤ C1max{CI,0, CI,e}

[

N
∑

n=1

kn

(

∑

K∈T h
n

h4K‖AY n
h − Q̃h‖2L2(K)

+
∑

e∈En
h

h3e

∥

∥

∥

[∂Y n
h

∂nA

]
∥

∥

∥

2

L2(e)

)]
1

2‖ψ‖L2(H2(Ω)). (6.47)

To estimate En
3 , we note that

|En
3 | = |(y0 − Y 0

h , ψ(·, 0))| ≤ ‖y0 − Y 0
h ‖L2(Ω)‖ψ(·, 0)‖L2(Ω).

From the structure of En
4 and Lemma 3.2.1, we have

|En
4 | =

∣

∣

∣

N
∑

n=1

∫

In

(

∫

Ω

g(ψ − ψI) dω(x)
)

dτ
∣

∣

∣

=

N
∑

n=1

{
∫

In

(

∫

Ω

g(x, τ)(ψ − Pnψ) dω(x)
)

dτ

+

∫

In

(

∫

Ω

g(x, τ)Pn(ψ − πnhψ) dω(x)
)

dτ

}

≤
N
∑

n=1

∫

In

{

∑

K∈T n
h

(

‖g − Pn g‖L∞(K)‖ψ − Pnψ‖L∞(K)‖ω‖M(K)

+‖g‖L∞(K)‖Pn(ψ − πnhψ)‖L∞(K)‖ω‖M(K)

)

}

dτ.

Using the fact ‖ψ − Pnψ‖L∞(K) ≤ CI,2‖ψ‖H2(K) and

‖Pn(ψ − πnhψ)‖L∞(K) ≤ CI,∞h
2− d

2‖ψ‖H2(K),
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|En
4 | ≤ C1max{CI,2, CI,∞}

[ N
∑

n=1

∫

In

{

∑

K∈T n
h

(

‖g − Pn g‖2L∞(K)‖ω‖2M(K)

+h4−dK ‖g‖2L∞(K)‖ω‖2M(K)

)}

dτ

]
1

2

‖ψ‖L2(H2(Ω)).

Combining the estimates of En
i |i=1,...,4 and Lemma 1.2.3, we obtain

‖Y n
h − y(Q̃h)‖L2(L2(Ω)) ≤ C21

[

{

N
∑

n=1

kn

(

∑

K∈T n
h

h4K‖k−1
n (Y n

h − Y n−1
h ) +AY n

h − Q̃h‖2L2(K)

+
∑

e∈En
h

h3e

∥

∥

∥

[∂Y n
h

∂nA

]
∥

∥

∥

2

L2(e)

)}
1

2

+
{

N
∑

n=1

∫ tn

tn−1

(

∑

K∈T n
h

{

‖ω‖2M(K)(‖g −Pn g‖2L∞(K)

+h4−dK ‖g‖2L∞(K))
})

dτ
}

1

2

+ ‖y0 − Y 0
h ‖L2(Ω) +

(

N
∑

n=1

kn‖Y n
h − Y n−1

h ‖2L2(Ω)

)
1

2

]

.

This completes the proof.

Using Lemmas 6.2.2-6.2.4, we can obtain the following a posteriori error bounds for

measure data in space.

Theorem 6.2.2. Let (y, q, z) and (Yh, Q̃h, Zh) be the solutions of (6.7)-(6.10) and

(6.20)-(6.24), respectively. Assume that all the conditions in Lemmas 6.2.2-6.2.4 are

valid. Then, we have

N
∑

n=1

∫

In

‖Y n
h − y‖2L2(Ω) dτ +

N
∑

n=1

∫

In

‖Zn−1
h − z‖2L2(Ω) dτ +

N
∑

n=1

∫

In

‖Q̃h − q‖2L2(Ω) dτ

≤ C2
19 η

n
1,ms + C2

20

N
∑

n=1

{ηn2,ms + ηn4,ms + ηn5,ms}+ C2
21

N
∑

n=1

{kn(ξn1,ms + ξn2,ms + ξn4,ms) + ξn3,ms},

where ηn1,ms is defined in Lemma 6.2.2, ηni,ms, i = 2, 4, 5 are defined in Lemma 6.2.3 and

ξni,ms, i = 1, . . . , 4 are defined in Lemma 6.2.4.

Proof. Note that

‖Y n
h − y‖L2(L2(Ω)) ≤ ‖Y n

h − y(Q̃h)‖L2(L2(Ω)) + ‖y(Q̃h)− y‖L2(L2(Ω)),

‖Zn−1
h − z‖L2(L2(Ω)) ≤ ‖Zn−1

h − z(Q̃h)‖L2(L2(Ω)) + ‖z(Q̃h)− z‖L2(L2(Ω)).

Applications of Lemma 1.2.3 and Lemmas 6.2.2-6.2.4 complete the rest of the proof.

Remark 6.2.1. The estimators presented in Theorem 6.2.2 are contributed from the ap-

proximation errors of the state, co-state and control variables. Among them, ηn1,ms mainly
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indicates the approximation error for the control, and the other estimators mainly reflect

the approximation errors for the state and co-state. The estimators ηn2,ms, η
n
4,ms, η

n
5,ms

are contributed from the co-state equation and the estimators ξn1,ms, . . . , ξ
n
4,ms are con-

tributed by the state equation. These estimators consist of three parts: the estimators

ξn2,ms and η
n
5,ms are due to the time discretization, the estimators ξn1,ms and η

n
2,ms are due

to the space discretization, the estimators ηn4,ms, ξ
n
3,ms and ξ

n
4,ms corresponds to the data

approximation error. These estimators are very useful to guide adaptive procedure.

Remark 6.2.2. In particular, one may choose ω = δγ(t), where γ(t) is a Lipschitz-

continuous m-dimensional manifold in Ω with 0 ≤ m ≤ d− 1 for all t ∈ [0, T ] and δγ(t)

is the Dirac delta function concentrated on γ(t). Note that for m = 0, γ(t) represents

a single point or a finite number of singular points, for m = 1, γ(t) is a C2-curve and

for m = 2, γ(t) is a C2-surface. With this choice of ω, the term ξn4,ms in Theorem 6.2.2

takes the form

ξn4,ms :=















1
kn

∫

In

∑

K∈T n
h

(

‖g − Png(γ(tn), τ)‖2L∞(K) + h4−dK ‖g‖2L∞(K)

)

dτ, if m = 0,

1
kn

∫

In

(

‖g − Png(γ(tn), τ)‖2L2(γ(t)) +
∑

K∈T n
h
h4−dK ‖L2(γ(t)∩K)

)

dτ, if m > 0.

6.3 POCP with measure data in time

Now we consider the POCP (6.1)-(6.3) with measure data in time. Here µ = gω

with g ∈ C([0, T ];L2(Ω)) and ω ∈ M[0, T ]. The weak formulation of POCP (6.1)-(6.3)

with measure data in time is defined as follows:

min
q∈QP

ad

J̃(q, y) =
1

2

∫ T

0

(

‖y − yd̃‖2L2(Ω) + ‖q‖2L2(Ω)

)

dτ (6.48)

subject to

−(y, vt)ΩT
+ a(y, v)ΩT

= << µ, v >>ΩT
+(y0, v(·, 0))

+(q, v)ΩT
, ∀v ∈ W (0, T ), (6.49)

where

<< µ, v >>ΩT
=

∫

ΩT

v dµ =

∫ T

0

(

∫

Ω

g(x, τ)v(x, τ) dx
)

dω(τ), ∀v ∈ C([0, T ];L2(Ω)).

Note that the problem (6.49) admits a unique solution (cf. Theorem 5.2.1). Similar

to (6.5)-(6.6), the parabolic optimal control problem (6.48)-(6.49) admits a unique solu-

tion (q, y) ∈ QP
ad×L2(0, T ;H1

0(Ω))∩L∞(0, T ;L2(Ω)) if and only if there exists a co-state

TH-2228_ 136123009



CHAPTER 6. POCP with Measure Data in Space and Time 113

z ∈ X(0, T ) such that the triplet (y, q, z) satisfies the following optimality conditions:

−(y, vt)ΩT
+ a(y, v)ΩT

= << µ, v >>ΩT
+(y0, v(·, 0))

+(q, v)ΩT
, ∀v ∈ W (0, T ) (6.50)

−(zt, v)ΩT
+ a(z, v)ΩT

= (y − yd̃, v)ΩT
, ∀v ∈ L2(0, T ;H1

0(Ω)), (6.51)

z(·, T ) = 0, (6.52)

(q + z, q̂ − q) ≥ 0, ∀q̂ ∈ QP
ad, (6.53)

where z = z(q) is the solution of (6.51) and y = y(q) is the solution of the state equation

(6.50). We reformulate the parabolic optimal control problem (6.48)-(6.49) as

min
q∈QP

ad

j̃(q) := J̃(q, y(q)), (6.54)

where y(q) is the solution of problem (6.50).

6.3.1 Finite element approximations

This section considers the fully discrete approximations to POCP with measure data in

time. The time discretization is based on the backward Euler scheme. The fully discrete

approximation of (6.48)-(6.49) is to find (qnh , y
n
h) ∈ QP

h,n × V n
h , n ≥ 1, such that

min
qn
h
∈QP

h,n

J̃(qnh , y
n
h) =

1

2

N
∑

n=1

∫

In

(

‖ynh − yn
d̃
‖2 + ‖qnh‖2

)

dτ (6.55)

subject to














(∂̄ynh , vh) + a(ynh , vh) =<< µ, vh >>In +(qnh , vh), ∀vh ∈ V n
h ,

y0h(x) = yh,0(x), x ∈ Ω,

(6.56)

where yh,0 is the L2-projection of y0 in V 0
h and

<< µ, vh >>In=
1

kn

∫ tn

tn−1

(

∫

Ω

g(x, τ) vh(x) dx
)

dω(τ), ∀vh ∈ V n
h .

The optimal control problem (6.55)-(6.56) has a unique solution (qnh , y
n
h), n = 1, 2, . . . , N ,

such that the triplet (ynh , q
n
h , z

n−1
h ) satisfies the following optimality conditions:

(∂̄ynh , vh) + a(ynh , vh) = << µ, vh >>In +(qnh , vh), ∀vh ∈ V n
h , n ≥ 1, (6.57)

y0h(x) = yh,0(x), x ∈ Ω, (6.58)

−(∂̄znh , vh) + a(zn−1
h , vh) = (ynh − yn

d̃
, vh), ∀vh ∈ V n

h , (6.59)

zNh (x) = 0, x ∈ Ω, (6.60)

(qnh + zn−1
h , q̂nh − qnh) ≥ 0, ∀q̂nh ∈ QP

h,n. (6.61)
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As before, we reformulate the fully discrete optimal control problem (6.55)-(6.56) as:

min
qn
h
∈QP

h,n

j̃nh (q
n
h), (6.62)

for n = 1, . . . , N . Similar to measure data in space we rewrite the optimality conditions

(6.57)-(6.61) as follows:

(∂̄Y n
h , vh) + a(Y n

h , vh) = << µ, vh >>In +(Q̃h, vh), ∀vh ∈ V n
h , (6.63)

Y 0
h (x) = yh,0(x), x ∈ Ω, (6.64)

−(∂̄Zn
h , vh) + a(Zn−1

h , vh) = (Y n
h − yn

d̃
, vh), ∀vh ∈ V n

h , (6.65)

ZN
h (x) = 0, x ∈ Ω, (6.66)

(Q̃h + Zn−1
h , q̂nh − Q̃h) ≥ 0, ∀q̂nh ∈ QP

h,n. (6.67)

6.3.2 A posteriori error estimates

This section is devoted to a posteriori error estimate of parabolic optimal control prob-

lem with measure data in time.

In order to derive the error between the continuous solution y of (6.49) and the fully

discrete solution Y n
h of (6.63)-(6.64), we introduce some intermediate variables. For

Q̃h ∈ QP
h,n, let (y(Q̃h), z(Q̃h)) satisfy the following equations:

−(y(Q̃h), vt)ΩT
+ a(y(Q̃h), v)ΩT

= << µ, v >>ΩT
+(y0, v(·, 0))

+(Q̃h, v)ΩT
, ∀v ∈ W (0, T ), (6.68)

−(zt(Q̃h), v)ΩT
+ a(z(Q̃h), v)ΩT

= (y(Q̃h)− yd̃, v)ΩT
, ∀v ∈ L2(0, T ;H1

0(Ω)),(6.69)

z(Q̃h)(·, T ) = 0, x ∈ Ω. (6.70)

Now, we split the error as follows:

‖Y n
h − y‖L2(L2(Ω)) ≤ ‖Y n

h − y(Q̃h)‖L2(L2(Ω)) + ‖y(Q̃h)− y‖L2(L2(Ω)),

‖Zn−1
h − z‖L2(L2(Ω)) ≤ ‖Zn−1

h − z(Q̃h)‖L2(L2(Ω)) + ‖z(Q̃h)− z‖L2(L2(Ω)).

In the following lemma, we derive an intermediate error estimate for the state vari-

able.

Lemma 6.3.1. Assume that g ∈ C([0, T ];L2(Ω)), ω ∈ M[0, T ] and y0 ∈ L2(Ω). Let

y(Q̃h) ∈ L2(0, T ;H1
0(Ω)) ∩ L∞(0, T ;L2(Ω)) be the solution of (6.68), and let Y n

h ∈
V n
h (n = 1, 2, . . . , N) be the solution of (6.63)-(6.64). Then, we have

N
∑

n=1

∫

In

‖Y n
h − y(Q̃h)‖2L2(Ω) dτ ≤ C2

22

{

N
∑

n=1

kn(ξ
n
1,mt + ξn2,mt) + ξn3,mt + ξn4,mt

}

,
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where

ξn1,mt :=
∑

K∈T n
h

h4K‖k−1
n (Y n

h − Y n−1
h ) +AY n

h − Q̃h‖2L2(K) +
∑

e∈En
h

h3e

∥

∥

∥

[∂Y n
h

∂nA

]
∥

∥

∥

2

L2(e)
,

ξn2,mt := ‖Y n
h − Y n−1

h ‖2L2(Ω),

ξn3,mt := ‖y0 − Y 0
h ‖2L2(Ω),

ξn4,mt :=

N
∑

n=1

{

∑

K∈T n
h

‖ω‖2M(In)

(

kn‖g − Pn g‖2L∞(In;L2(K)) + h2K‖g‖2L∞(In;L2(K))

)

}

.

and C22 = CR2
max{1, CI , C1max{CI,4, CI,3, CI,0, CI,e}}.

Proof. Let ψ be the solution of problem (1.14) with f ∈ L2(0, T ;L2(Ω)), and let ψI |In :=

πnhPnψ be the corresponding space-time interpolation. Proceeding as in the proof of

Lemma 6.2.4, we have

∫

ΩT

(Y n
h − y(Q̃h))f dxdτ =

N
∑

n=1

∫

In

(k−1
n (Y n

h − Y n−1
h , ψn−1 − ψI)) dτ

+

N
∑

n=1

∫

In

{a(Y n
h , ψ − ψI))− (Q̃h, ψ − ψI)} dτ − (y0 − Y 0

h , ψ(·, 0))

−
{

<< µ, ψ >>ΩT
−

N
∑

n=1

∫

In

<< µ, ψI >>In dτ
}

=: Ěn
1 + Ěn

2 + Ěn
3 + Ěn

4 . (6.71)

The estimates of Ěn
1 , Ě

n
2 and Ěn

3 are similar to En
1 , E

n
2 , E

n
3 as in the proof of Lemma

6.2.4. For Ěn
4 , we have

|Ěn
4 | =

∣

∣

∣

N
∑

n=1

∫

Ω

(

∫

In

g(ψ − ψI) dω(τ)
)

dx
∣

∣

∣

=
∣

∣

∣

N
∑

n=1

{
∫

Ω

(

∫

In

g(x, τ)(ψ −Pnψ) dω(τ)
)

dx

+

∫

Ω

(

∫

In

g(x, τ)Pn(ψ − πnhψ) dω(τ)
)

dx

}

∣

∣

∣
.

Thus,

|Ěn
4 | ≤

N
∑

n=1

{

∑

K∈T n
h

(

‖g − Pn g‖L∞(In;L2(K))‖ψ − Pnψ‖L∞(In;L2(K))‖ω‖M(In)

+‖g‖L∞(In;L2(K))‖Pn(ψ − πnhψ)‖L∞(In;L2(K))‖ω‖M(In)

)

}

.
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Which can be estimated as

|Ěn
4 | ≤ C1max{CI,3, CI,4}

N
∑

n=1

{

∑

K∈T n
h

(

kn‖g − Pn g‖2L∞(In;L2(K))‖ω‖2M(In)

+h2K‖g‖2L∞(In;L2(K))‖ω‖2M(In)

)

}
1

2

×
(

‖ψ‖L∞(H1(Ω)) + ‖ψ‖H1(L2(Ω))

)

, (6.72)

where we have used the following approximation properties:

‖ψ −Pnψ‖L∞(In;L2(Ω)) ≤ CI,3 k
1

2

n ‖ψ‖H1(L2(Ω)),

‖ψ − πnhψ‖L∞(In;L2(K)) ≤ CI,4 hK‖ψ‖L∞(In;H1(K)).

Combining (6.45)-(6.47), (6.71) and (6.72), we obtain

‖Y n
h − y(Q̃h)‖L2(L2(Ω)) ≤ C22

[

{ N
∑

n=1

kn

(

∑

K∈T n
h

h4K‖k−1
n (Y n

h − Y n−1
h ) +AY n

h − Q̃h‖2L2(K)

+
∑

e∈En
h

h3e

∥

∥

∥

[∂Y n
h

∂nA

]
∥

∥

∥

2

L2(e)

)

}
1

2

+ ‖y0 − Y 0
h ‖L2(Ω) +

(

N
∑

n=1

kn‖Y n
h − Y n−1

h ‖2L2(Ω)

)
1

2

+

N
∑

n=1

{

∑

K∈T n
h

(

kn‖g −Pn g‖2L∞(In;L2(K))‖ω‖2M(In) + h2K‖g‖2L∞(In;L2(K))‖ω‖2M(In)

)

}
1

2

]

.

This completes the proof.

In the following lemma, we obtain a bound for the error in the control variable.

Following the proof of Lemma 6.2.2 together with (6.50)-(6.53), (6.67) and (6.68)-(6.70),

it is easy to derive the result.

Lemma 6.3.2. Let (y, q, z) and (Yh, Q̃h, Zh) be the solutions of (6.50)-(6.53) and (6.63)-

(6.67), respectively. Assume that ∀n ∈ [1 : N ], QP
h,n ⊂ QP

ad, (Q̃h + Zn−1
h )|K ∈ H1(K)

and there is a constant C18 > 0, and wh ∈ QP
h,n such that

|(Q̃h + Zn−1
h , wh − q)| ≤ C18

∑

K∈Th

hK |Q̃h + Zn−1
h |H1(K)‖q − Q̃h‖L2(K).

Then, we have

‖q − Q̃h‖2L2(L2(Ω)) ≤ C2
19η

n
1,mt + ‖Zn−1

h − z(Q̃h)‖2L2(L2(Ω)),

where C19 =
√

3
2
max{1, C18}, ηn1,mt :=

(

∫ T

0

∑

K∈Th
h2K |Q̃h+Zn−1

h |2H1(K) dτ
)

, and z(Q̃h)

satisfies the problem (6.69)-(6.70).
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Analogous to Lemma 6.2.3, the following lemma gives an intermediate error estimate

for the co-state variable.

Lemma 6.3.3. Let (Yh, Zh) and (y(Q̃h), z(Q̃h)) be the solutions of (6.63)-(6.66) and

(6.68)-(6.70), respectively. Then, we have

‖Zn−1
h − z(Q̃h)‖2L2(L2(Ω)) ≤ C2

20

5
∑

i=2

ηni,mt, (6.73)

where

ηn2,mt :=

{
∫ T

0

∑

K∈T n
h

h4K‖ − Zh,t +A∗Zn−1
h − Y n

h + yn
d̃
‖2L2(K) dτ

+

∫ T

0

∑

e∈En
h

h3e

∥

∥

∥

[∂Zn−1
h

∂nA∗

]
∥

∥

∥

2

L2(e)
dτ

}

,

ηn3,mt := ‖Y n
h − y(Q̃h)‖2L2(L2(Ω)),

ηn4,mt := ‖yd̃ − yn
d̃
‖2L2(L2(Ω)),

ηn5,mt := ‖Zh − Zn−1
h ‖2L2(H1(Ω)),

and the constant C20 is defined in Lemma 6.2.3.

We are now in a position to present a posteriori error bound in the L2(0, T ;L2(Ω))-

norm for measure data in time.

Theorem 6.3.1. Let (y, q, z) and (Yh, Q̃h, Zh) be the solutions of (6.50)-(6.53) and

(6.63)-(6.67), respectively. Assume that all the conditions in Lemmas 6.3.1-6.3.3 are

valid. Then, we have

N
∑

n=1

∫

In

‖Y n
h − y‖2L2(Ω) dτ +

N
∑

n=1

∫

In

‖Zn−1
h − z‖2L2(Ω) dτ +

N
∑

n=1

∫

In

‖Q̃h − q‖2L2(Ω) dτ

≤ C2
19η

n
1,mt + C2

20

N
∑

n=1

(ηn2,mt + ηn4,mt + ηn5,mt)

+C2
22

{

N
∑

n=1

kn(ξ
n
1,mt + ξn2,mt) + ξn3,mt + ξn4,mt

}

,

where ξni,mt|i=1,...4 are defined in Lemma 6.3.1, ηn1,mt is defined in Lemma 6.3.2, ηn2,mt, η
n
4,mt

and ηn5,mt are defined in Lemma 6.3.3.

Remark 6.3.1. If we have ω = δ(t− t∗), where δ(t− t∗) denotes the Dirac measure in

time concentrated at time t = t∗. Then, ξn4,mt in Theorem 6.3.1 reduces to

ξn4,mt :=
∑

K∈Th,I

(

kI‖g(·, t∗)‖2L2(K) + h2K‖g(·, t∗)‖2L2(K)

)

,
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with t∗ ∈ (tn−1, tn] for some n ∈ N and I be the set of indices for time partitions where

measure data δ(t− t∗) is concentrated on.

Concluding remarks. The main concern of this chapter is to study a posteriori

error estimates for the space-time finite element discretizations of POCP (6.1)-(6.3) with

measure data. Here, we have considered two kinds of problems. First, we consider the

problem (6.1)-(6.3) with measure data in space, i.e., µ = gω where g ∈ L2(0, T ; C(Ω))
and ω ∈ M(Ω). Next, we consider the POCP (6.1)-(6.3) with measure data in time,

i.e., µ = gω with g ∈ C([0, T ];L2(Ω)) and ω ∈ M[0, T ]. The finite element method is

used to discretized these problems and a posteriori error estimators are derived. These

estimators are used to obtain quantitative information on the discretization error as

well as guiding an adaptive algorithm for local mesh refinement. The implementation

of these estimators are carried out for the test problems in Chapter 7 with promising

numerical results (see Examples 7.2 and 7.4).
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7
Numerical Assessments

In this chapter, we shall present numerical results for two dimensional test problems

to illustrate our theoretical findings. All computations are carried using the software

FreeFem++ [44]. A projection gradient algorithm is used to solve the optimal control

problems [65]. For each example, we compute the errors in the state, co-state and control

variables.

Example 7.1. In this example, we consider the following EOCP of the form

min
q∈QE

ad

J(q, y) =
1

2
‖y − yd‖2L2(Ω) +

α

2
‖q‖2L2(Ω)

subject to the state equation

−∆y = gω + q in Ω,

y = 0 on ∂Ω,

where g ∈ C(Ω) and ω ∈ M(Ω). The co-state problem is given by

−∆z = y − yd in Ω,

z = 0 on ∂Ω,

where yd is a given desired state.

Here, Ω = B(0, 1), where B(0, 1) is the unit circle centered at zero with radius 1 and

α = 3. The exact solutions are chosen as follows:

y(x) = − 1

2π
log|x|,

z(x) = −cos(π
2
|x|2),

q(x) = max(qa, min(qb,−z(x)/α),
qa = 0.1 qb = 0.8.

119
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Then after a simple calculation, we have

gω = δx0 − q(x),

yd(x) = 2πsin(
π

2
|x|2) + π2|x|2 cos(π

2
|x|2)− 1

2π
log|x|,

where δx0 is the Dirac function centered at x0 = (0, 0).

First we validate the results obtain in Chapter 2. In this numerical implementation,

the errors ‖y − yh‖L2(Ω), ‖z − zh‖L2(Ω) and ‖q − qh‖L2(Ω) obtained on a sequence of

uniformly refined triangular meshes are presented in Table 7.1. Further, the rate of

convergence for the state variable is less compared to the co-state variable see Table 7.1.

To find the errors we use different degree of freedoms (DOF). The errors in the state,

co-state and control variables decreases with the increase of DOF. The profiles of the

exact and approximate solutions are plotted in Figures 7.1-7.3. The rate is calculated

by the following formula:

Rate ' log(E∗
i /E

∗
i+1)

log(hi/hi+1)
,

where i corresponds to the spatial partition, and E∗
i denotes the error norm.

Table 7.1: The errors for the state, co-state and control variables in the L2-norm.

DOF ‖y − yh‖L2(Ω) Rate ‖z − zh‖L2(Ω) Rate ‖q − qh‖L2(Ω) Rate

25 8.27569e-4 - 6.34391e-3 - 2.50618e-3 -

81 2.78924e-4 0.92 7.12468e-4 1.86 7.25218e-4 1.05

144 1.5646e-4 1.033 2.72908e-4 1.714 3.9496e-4 1.08

289 7.57631e-5 1.046 8.12089e-5 1.748 1.7089e-4 1.2

Next, we validate the results obtained in Chapter 3. More precisely, we implement

the estimators derived in Theorem 3.2.1 for Example 7.1. All constants involved in the

estimators are taken to be 1. For this, we compute the errors on a uniform mesh and an

adaptive mesh, respectively. Here the solution of the state equation has a singularity at

the origin. In Table 7.2, the mesh information is displayed with L2-norm approximation

errors for the state, co-state and control variables. It can be clearly seen that on adaptive

mesh one may use fewer nodes and elements in comparison to the uniform mesh. Since

the main computational loads in solving the control problem come from repeatedly

solving the state and co-state equations, the adaptive mesh can therefore save much

computation.
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Figure 7.1: The profile of the approximate state(left) and the exact state(right) with 1089

degree of freedoms.

Figure 7.2: The profile of the approximate co-state(left) and the exact co-state(right)

with 1089 degree of freedoms.

Figure 7.3: The profile of the approximate control(left) and the exact control(right) with

1089 degree of freedoms.
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Table 7.2: The performance of the estimators obtained in Theorem 3.2.1.

on uniform mesh on adaptive mesh

y z q y z q

Nodes 21733 21733 21733 5934 8995 8998

Elements 42964 42964 42964 11743 17630 14738

Error 1.37e-1 2.36331e-2 8.09986e-1 1.36946e-1 2.39682e-2 8.47418e-1

Step 1 Step 2

Step 3 Step 4

Figure 7.4: The profile of the adaptive mesh for the state at different steps.

The a posteriori error estimators obtained in Theorem 3.2.1 are used to detect the

location of the singularity and distributed more mesh nodes around the area, where the

singularity happen to save the computational cost. The mesh adapt very well at the

neighborhood of the singular point, and a higher density of nodes are indeed distributed

in the neighborhood, see Figure 7.4.
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To validate the theoretical results obtained in Chapters 4-6, we consider the following

POCP with measure data as follows:

min
q∈QP

ad

J̃(q, y) =
1

2

∫ T

0

{‖y − yd̃‖2L2(Ω) + α̃‖q‖L2(Ω)} dτ (7.1)

subject to the state equation



























yt −∆y = gω + q in ΩT ,

y(·, 0) = y0(x) in Ω,

y(x, t) = 0 on ΓT .

(7.2)

We introduce the co-state problem as:



























−zt −∆z = y − yd̃ in Ω× [0, T ),

z(·, T ) = 0 in Ω,

z(x, t) = 0 on ΓT ,

(7.3)

where yd̃ is the given desired state.

To validate the theoretical results obtained in Chapter 4, we consider the following

example.

Example 7.2. Consider the problem (7.1)-(7.3) with g ∈ L2(0, T ; C(Ω)) and ω ∈ M(Ω).

We choose the domain ΩT = B(0, 1)× [0, 0.1], where B(0, 1) is the unit circle centered

at zero with radius 1. The exact solutions are chosen as follows:

y(x, t) = − 1

2π
log|x| · t(exp(t)− exp(T )),

z(x, t) = −cos(π
2
|x|2) · (exp(t)− exp(T )),

q(x, t) = max(qc, min(qd,−z(x, t))).
qc = −0.08 qd = 0.1.

Then, the data is given by

gω = − 1

2π
log|x| · (t · exp(t) + exp(t)− exp(T ))

+t · (exp(t)− exp(T ))δx0 − q(x, t),

yd̃(x, t) = − 1

2π
log|x| · t(exp(t)− exp(T ))− cos(

π

2
|x|2) · exp(t)

+
(

2πsin(
π

2
|x|2) + π2|x|2cos(π

2
|x|2)

)

· (exp(t)− exp(T )),
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where δx0 is the Dirac delta function concentrated at the point x0 = (0, 0). We set α̃ = 1,

k = 0.01, where k is the time step size and h is the mesh size of the spatial triangulation.

In Table 7.3, the errors ‖y − yh‖L2(L2(Ω)), ‖z − zh‖L2(L2(Ω)), ‖q − qh‖L2(L2(Ω)) are

computed using piecewise linear and continuous finite elements for the state and co-state

variables whereas the control variable is approximated by piecewise constant functions.

The numerical results at final time T = 0.1 with different DOF are shown in Table

7.3 which validate the theoretical results. The profile of the exact and approximate

solutions are shown in Figures 7.5-7.7.

Table 7.3: The errors for the state, co-state and control variables in the L2(L2(Ω))-norm

for Example 7.2.

DOF ‖y − yh‖L2(L2(Ω)) Rate ‖z − zh‖L2(L2(Ω)) Rate ‖q − qh‖L2(L2(Ω)) Rate

25 7.57256e-2 - 1.55701e-1 - 2.01236e-3 -

81 2.3841e-2 0.98 4.5872e-2 1.03 5.9889e-4 1.029

144 1.2483e-2 1.15 2.32036e-2 1.21 2.95175e-4 1.026

289 6.02956e-3 1.05 1.12188e-2 1.05 1.4469e-4 1.029

Figure 7.5: The profile of the approximate state(left) and the exact state(right) at t =

0.08 with 625 degrees of freedoms.

TH-2228_ 136123009



CHAPTER 7. Numerical Assessments 125

Figure 7.6: The profile of the approximate co-state(left) and the exact co-state(right) at

t = 0.08 with 625 degrees of freedoms.

Figure 7.7: The profile of the approximate control(left) and the exact control(right) at

t = 0.08 with 625 degrees of freedoms.

The following example validates the results of Chapter 5.

Example 7.3. Consider the problem (7.1)-(7.3) with g ∈ C([0, T ];L2(Ω)) and ω ∈
M[0, T ]. We choose the domain ΩT = B(0, 1) × [0, 1], where B(0, 1) is the unit circle

centered at zero with radius 1. We set α̃ = 1, k = 0.01, where k is the time step size and

h is the mesh size of spatial triangulation. The exact solution are chosen as follows:

y(x, t) = sin(π|x|2) ·















t2, t < 0.5,

t2 + 2 t, t ≥ 0.5,

z(x, t) = sin(π|x|2) · t,
q(x, t) = max(qc, min(qd,−z(x, t))),

qc = −0.5, qd = 0.1.
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A short calculation shows the data is given by

gω = sin(π|x|2) · δ(t− 0.5)− q(x, t) + sin(π|x|2) · γ(t)

+
(

− 4πcos(π|x|2) + 4 π2|x|2sin(π|x|2)
)

·















t2, t < 0.5,

t2 + 2 t, t ≥ 0.5,

and

yd̃(x, t) = sin(π|x|2) +
(

4πcos(π|x|2)− 4 π2|x|2sin(π|x|2)
)

· t

+sin(π|x|2) ·















t2, t < 0.5,

t2 + 2 t, t ≥ 0.5,

where δ(t−t∗) denotes the Dirac measure with respect to the time variable t concentrated

at t = t∗, and

γ(t) =















2 t, t < 0.5,

2 t+ 2, t ≥ 0.5.

To validate the results obtained in Chapter 5, we compute the errors in sequence of

uniformly refined triangular meshes. The errors ‖y− yh‖L2(L2(Ω)), ‖z− zh‖L2(L2(Ω)) ‖q−
qh‖L2(L2(Ω)) are computed at final time T = 1 with different degrees of freedom. The

state and co-state are approximated by the continuous piecewise linear functions and the

control is approximated by piecewise constant functions. To find the errors, we fix our

time discretization with 100 time steps and use different degree of freedoms to validate

our results. Table 7.4 shows the errors for the state, co-state and control variables in

the L2(0, T ;L2(Ω))-norm. The profile of the exact and approximate controls are shown

in Figure 7.8.

We now proceed to validate the results obtained in Chapter 6. For this, we have taken

Example 7.2. To study the performance of the estimators obtained in Theorem 6.2.2,

we perform the experiment on a uniform mesh and an adaptive mesh, respectively. We

have considered the singularity of the state solution at the origin. The state and co-state

variables are approximated by the continuous piecewise linear functions while piecewise

constant functions are used to approximate the control. All constants involved in the

estimators are taken to be 1. It can be clearly seen from Table 7.5 that on adaptive mesh

we use fewer nodes, elements compared to the uniform mesh at final time T = 0.1 with
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Table 7.4: The errors for the state, co-state and control variables in the L2(L2(Ω))-norm

for Example 7.3.

DOF ‖y − yh‖L2(L2(Ω)) Rate ‖z − zh‖L2(L2(Ω)) Rate ‖q − qh‖L2(L2(Ω)) Rate

25 1.73004e-1 - 7.3917e-2 - 3.62604e-1 -

81 5.6486e-2 0.95 2.191e-2 1.03 7.87327e-2 1.29

169 2.7658e-2 0.97 8.7945e-3 1.24 3.701e-2 1.02

225 2.1146e-2 0.96 6.2789e-3 1.21 2.72908e-2 1.10

Figure 7.8: The profile of the approximate control(left) and the exact control(right) at

T = 1 with 625 degrees of freedoms.

time step size k = 0.01. The main computational load in solving the control problem is

due to repeated solving the state and the co-state equations and hence, the adaptivity

saves much computation. The errors for the state, co-state and control variables are

computed in the L2(0, T ;L2(Ω))-norm.

Table 7.5: The performance of the estimators obtained in Theorem 6.2.2.

on uniform mesh on adaptive mesh

y z q y z q

Nodes 14059 14059 14059 5920 6958 9000

Elements 27716 27716 27716 11776 13676 17266

Error 2.21556e-1 1.62374e-1 1.37254e-1 2.20165e-1 1.62368e-1 1.37419e-1
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Adaptive mesh at step 1 Adaptive mesh at step 2

Adaptive mesh at step 3 Adaptive mesh at step 4

Figure 7.9: The profile of the adaptive mesh for the state at different steps at time

T = 0.1.

Figure 7.9 shows the adaptive mesh for the state for different steps. In this figure,

it is easy to see that the mesh for the state variable adapts very well in the neighbor-

hood of the singular point, and a higher density of nodes are indeed distributed in the

neighborhood.

In the following example, we verify the performance of the error estimators obtained

in Theorem 6.3.1 for POCP with measure data in time.

Example 7.4. Consider the problem (7.1)-(7.3) with the data as follows. Let ΩT =

[−1,−1]2 × [0, 1], γ ∈ (0, 1) and λ̂ ∈ R. Let

ε(t) = (e−λ̂t − e
λ̂
2 ).

The exact solutions are chosen as follows:

y(x, t) = 0.1 exp(−25|x− (t− 0.5)|2)(1.01− t)
eλ̂t

λ̂(1− γ)
·















ε(0)1−γ , t ≥ 0.5,

ε(0)1−γ − ε(t)1−γ , t < 0.5.
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z(x, t) = sin(π|x|2) · t,
q(x, t) = max(qc, min(qd,−z)),

qc = −0.05, qd = 0.1.

A short calculation shows the data

gω = 0.1 exp(−25|x− (t− 0.5)|2)(1.01− t)δ(t)− q,

and

yd̃(x, t) = sin(π|x|2) +
(

4πcos(π|x|2)− 4 π2|x|2sin(π|x|2)
)

· t

+0.1 exp(−25|x− (t− 0.5)|2)(1.01− t)
eλ̂t

λ̂(1− γ)
·















ε(0)1−γ , t ≥ 0.5,

ε(0)1−γ − ε(t)1−γ , t < 0.5,

where

δ(t) =















0, t ≥ 0.5,

ε(t)−γ , t < 0.5.

.

We set λ̂ = 1 and γ = 0.6.

We compute Example 7.4 on a uniform mesh and an adaptive mesh, respectively.

In this example, the solution of the state equation y has singularity in time, i.e., as

time vary singularity vary. The piecewise linear and continuous finite elements are used

for the approximations of the state and co-state variables while the control variable is

approximated by piecewise constant functions. All constants involved in the estimators

are taken to be 1. In Table 7.6, the mesh information is displayed with L2(0, T ;L2(Ω))

approximation errors for the state, costate and control variables at time T = 1 with time

step size k = 0.01. It can be clearly seen that on adaptive mesh one may use less number

of nodes compare to the uniform mesh, thus the adaptive mesh can substantially save

much computation.

The a posteriori error estimators obtained in Theorem 6.3.1 are used to detect the

location of the singularity and distributed more mesh nodes around the area, where the

singularity happen to save the computational cost. The mesh adapt very well at the

point, where the singularity occurs. Figure 7.10 shows that the singularity moves as

time changes, while t = 0.00025, t = 0.25 and t = 0.95.
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Table 7.6: The performance of the estimators obtained in Theorem 6.3.1.

on uniform mesh on adaptive mesh

y z q y z q

Nodes 11987 11987 11987 3177 5536 16146

Elements 23572 23572 23572 6160 10730 9000

Error 7.4367e-2 2.06573e-2 1.32832e-2 7.43054e-2 1.32726e-2 1.40755e-2

t=.00025 t=0.25

t=0.95

Figure 7.10: The profile of adaptive mesh at different time levels.
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8
Conclusions and Extensions

This chapter is devoted to the critical assessment of the results highlighting the contri-

butions made by this thesis and the techniques used in deriving these. It also provides

information for the scope of possible extensions and future investigations.

8.1 Critical review of the results

In this thesis, we have considered finite element method for the approximations of op-

timal control problems governed by elliptic and parabolic equations with measure data.

Our main focus is on the derivation of a priori and a posteriori error estimates in suit-

able norms for the unknown variables that appeared in the formulation. Moreover, the

theoretical results are supported by numerical experiments. We now present critical

review of the results obtained in each chapter.

In Chapter 2, we have studied finite element approximations of optimal control prob-

lems governed by elliptic equations with measure data. Unlike standard finite element

methods, the weak solution of the problem (2.1)-(2.3) is defined via nonstandard weak

formulation (2.5) of the state equation. Under the assumptions that µ = gω, where

g ∈ C(Ω) and ω ∈ M(Ω), we prove the existence, uniqueness as well as regularity of the

solutions to the problem (2.2)(cf. Theorem 2.2.1). We derive a priori error bounds for

the control, state and co-state variables in the L2-norm (see Theorems 2.4.1-2.4.3). The

main tools used in our error analysis are duality technique, optimality conditions, error

estimates associated with the adjoint problem (1.11) (Lemma 2.4.1) and second order

optimality condition.

In Chapter 3, we have discussed a posteriori error analysis for EOCP (3.1)-(3.3)

with measure data. The global upper bound estimators are derived for (d = 2 or 3)

in the L2-norm with µ = gω, where g ∈ C(Ω) and ω ∈ M(Ω). We have used residual

type estimators to bound the errors. The upper bounds for the state, co-state and

131
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control variables in the L2-norm are derived in Theorem 3.2.1. The local lower bounds

for the errors in the state and co-state variables (Theorems 3.3.1 and 3.3.2) and global

lower bound for the control variable (Theorem 3.3.3) are proved in the case of two space

dimension (d = 2). The element and edge bubble functions play a key role in deriving

lower bounds for the state and co-state variables, whereas inverse estimates play a key

role for deriving lower bound for the control variable.

Chapter 4 is devoted to the development of finite element method for POCP (4.1)-

(4.3) with measure data in space. With the assumption that µ = gω, where g ∈
L2(0, T ; C(Ω)) and ω ∈ M(Ω), the weak solution of the problem (4.2) is defined by

transposition techniques (see Lions and Magenes [61]). The existence, uniqueness and

regularity of the solutions of problem (4.2) are proved in Theorem 4.2.1. The key in-

gredients used in the proof of Theorem 4.2.1 include embedding results and duality

argument. We derive a priori error estimates for both semidiscrete and fully discrete

finite element methods. The spatial discretization uses piecewise linear and continuous

finite elements for the state and co-state variables whereas piecewise constant functions

for the control variable. The backward Euler scheme is employed for the time discretiza-

tion. The duality trick in conjunction with the approximation properties associated with

the L2-projection and Ritz projection (cf. Lemma 4.3.1), inverse estimates, interpolation

properties are used to derive error bounds for the state, co-state and control variables

in the L2(0, T ;L2(Ω))-norm. The first and second order optimality condition plays a

crucial role in deriving the error in the control variable (cf. Theorems 4.3.1 and 4.4.1).

Chapter 5 deals with the finite element approximations of POCP with measure data

in time (5.1)-(5.3), i.e., µ = gω with g ∈ C([0, T ];L2(Ω)) and ω ∈ M[0, T ]. The ex-

istence, uniqueness as well as regularity of the solution of the state equation (5.2) are

studied and related a priori bounds for the solution are derived in Theorem 5.2.1. We

derive a priori error estimates for both semidiscrete and fully discrete finite element

methods. We use piecewise linear and continuous finite elements for the approxima-

tion of the state and co-state variables whereas the control variable is approximated by

piecewise constant functions. The embedding results, duality technique and approxima-

tion properties (Lemma 4.3.1) play key technical role in deriving these estimates. For

the estimation of error in the control variable we have used the first and second order

optimality condition.

Chapter 6 concerns with a posteriori error estimates for the space-time finite element

discretization of POCP (6.1)-(6.3) with measure data. Here, we consider two kinds of

problems. At first, we consider problem (6.1)-(6.3) with measure data in space, i.e.,

µ = gω, g ∈ L2(0, T ; C(Ω)) and ω ∈ M(Ω). Next, we consider the POCP (6.1)-(6.3)
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with measure data in time, i.e., µ = gω, g ∈ C([0, T ];L2(Ω)) and ω ∈ M[0, T ]. The

solution of state equation of such problem exhibits low regularity due to the presence of

measure data and hence the development of AFEM fits to this kind of problems for the

sake of accuracy enhancement. Since a posteriori error estimates play an important role

to guide the adaptive procedure, a posteriori error estimators are thus constructed in this

chapter. We derive a posteriori error bounds for the state, co-state and control variables

in the L2(0, T ;L2(Ω))-norm for both type of problems (see Theorems 6.2.2 and 6.3.1).

The estimators presented in Theorems 6.2.2 and 6.3.1 consist of the approximation errors

of the state, co-state and control variables. The key technical tools include interpolation

error estimates for the element and edge (Lemmas 3.2.1 and 3.2.2), duality technique

and the first order optimality condition (see Lemma 6.2.2).

Chapter 7 is concerned with numerical assessments of our theoretical results derived

in Chapters 2-6 with two dimensional test problems. All computations are carried

out using the software FreeFem++ [44]. The optimization problems are solved by a

projection gradient algorithm [65]. Numerical results are shown to be in agreement

with our derived results.

8.2 Possible extensions

In this section, we make some informal observations pertaining to the possible ex-

tensions of our results to new research directions and propose some open problems for

future investigation. Below, we shall briefly outline some interesting problems to be

persuaded in future.

A priori and a posteriori error analysis of EOCP with measure data in

nonconvex domains. Let Ω be a non-convex polygonal domain in R2. Consider the

following problem:

min
q∈QE

ad

J(q, y) =
1

2
‖y − yd‖2L2(Ω) +

α

2
‖q‖2L2(Ω)

subject to















A y = µ+ q in Ω,

y = 0 on ∂Ω,

and the control constraints

qa ≤ q(x) ≤ qb a.e. in Ω,
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where y = y(x) denotes the state variable and q = q(x) is the control variable. The

operator A is defined by (1.4). We assume, for simplicity of presentation, that exactly

one interior angle θ is reentrant, i.e., θ ∈ (π, 2π). We set β̃ = π
θ
and note that 1

2
< β̃ < 1.

In the special case of an L-shaped domain, θ = 3π
2
and β̃ = 2

3
. The given function µ = gω,

g ∈ C(Ω) and ω ∈ M(Ω). Furthermore, yd(x) ∈ L2(Ω) is the given desired state and

α > 0 is a fixed parameter. The bounds qa, qb ∈ R fulfill qa < qb.

It would be challenging to study the convergence analysis of the finite element method

for EOCP with measure data in a nonconvex domain. We strongly believe that the

techniques used in Chapters 2 and 3 will play a crucial role to tackle this issue.

A priori and a posteriori error analysis of POCP with measure data in

nonconvex domains. Let Ω be a nonconvex domain in R2. Consider the following

optimal control problem governed by parabolic equation with control constraints

min
q∈QP

ad

J̃(q, y) =
1

2

∫ T

0

{‖y − yd̃‖2L2(Ω) + α̃‖q‖2L2(Ω)} dτ

subject to



























yt +Ay = µ+ q in ΩT ,

y(·, 0) = y0(x) in Ω,

y = 0 on ΓT ,

and the control constraints

qc ≤ q(x, t) ≤ qd a.e. in ΩT ,

where y = y(x, t) denotes the state variable, q = q(x, t) denotes the control variable and

yt =
∂y
∂t
. The operator A is defined by (1.4). We assume, for simplicity of presentation,

that exactly one interior angle θ is reentrant, i.e., θ ∈ (π, 2π). We set β̃ = π
θ
and

note that 1
2
< β̃ < 1. In the special case of an L-shaped domain, θ = 3π

2
and β̃ = 2

3
.

The constant α̃ > 0 is a fixed constant and the bounds qc, qd ∈ R fulfill qc < qd.

Moreover, y0(x) and yd̃(x, t) are sufficiently smooth in their respective domains. Here,

we shall consider two kinds of problems. First, measure data in space, i.e., µ = gω,

g ∈ L2(0, T ; C(Ω)), ω ∈ M(Ω). Next, we shall analyze measure data in time, i.e.,

µ = gω, g ∈ C([0, T ];L2(Ω)) and ω ∈ M[0, T ].

We note that the error analysis in Chapters 4 and 5 rely on the inverse estimates,

approximation properties of the L2-projection and Ritz projection (Lemma 4.3.1). Fur-

ther, Lemma 4.3.1 is valid under the assumption that Ω is convex, so the approximation
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properties in Lemma 4.3.1 do not hold when Ω is a nonconvex domain. Therefore, it

would be interesting to see how the results of Chapters 4 and 5 can be extended to the

case when the domain Ω is nonconvex.

Adaptive finite element methods for EOCPs and POCPs with measure

data. Adaptive finite element method (AFEM) is one of the useful numerical method

to approximate optimal control problems. It is known fact that the solution of the state

equations of EOCP (1.1)-(1.3) and POCP (1.6)-(1.8) with measure data exhibit low

regularity. Thus, the development of adaptive algorithms for finite element method fit

to these kind of problems for the sake of accuracy enhancement. Moreover, a posteriori

error estimators are key ingredients for the design of adaptive algorithms. We believe

that a posteriori error estimators constructed in Chapters 3 and 6 would be useful to

guide the adaptive procedure for these problems.

Optimal control problems governed by parabolic integro-differential equa-

tion (PIDE) with measure data. Let Ω ⊂ Rd (d = 2 or 3) be a bounded convex

domain with boundary ∂Ω. Consider the following problem:

min
q∈QP

ad

J̃(q, y) =
1

2

∫ T

0

{‖y − yd̃‖2L2(Ω) + α̃‖q‖2L2(Ω)} dτ (8.1)

subject to the linear PIDE of the form



























yt +Ay =
∫ t

0
B(t, τ)y(x, τ) dτ + µ+ q in ΩT ,

y(·, 0) = y0(x) in Ω,

y = 0 on ΓT ,

(8.2)

and the control constraints

qc ≤ q(x, t) ≤ qd a.e. in ΩT , (8.3)

where qc, qd ∈ R fulfill qc < qd, yt =
∂y
∂t
, α̃ > 0 is a fixed constant. The operator A is

defined by (1.4) and the operator B is a second order partial differential operator of the

form

B(t, τ) = −∇ · (B(t, s)∇y),

where ∇ denotes the spatial gradient. The coefficient matrix B(t, s) = {bij(x, t; s)},
0 ≤ s ≤ t, is a d × d real-valued matrix assumed to be in L∞(Ω)d×d in the space

variable. Moreover, the elements of B(t, s) are assumed to be smooth in both t and s.

The given functions y0(x) and yd̃(x, t) are assumed to be smooth for our purpose. We
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shall consider two kinds of problem, i.e., measure data in space and measure data in

time. The given function µ = gω, where g ∈ L2(0, T ; C(Ω)), ω ∈ M(Ω) for measure

data in space and g ∈ C([0, T ];L2(Ω)), ω ∈ M[0, T ] for measure data in time.

Optimal control problems governed by PIDE occur in many applications, such as

heat conduction control of materials with memory, population dynamics control, and

control in elastic-plastic mechanics (see [80, 81]). The state equation for optimal control

problems governed by PIDE (8.2) can be thought of as perturbation of the associated

state equation (1.7) of POCP. We would like to see how the error analysis developed

in Chapters 4-6 can be extended to optimal control problems governed by PIDE. We

wish to investigate both a priori and a posteriori error analysis of the optimal control

problems governed by (8.1)-(8.3).
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[7] R. Araya, E. Behrens, and R. Rodŕıguez, A posteriori error estimates for

elliptic problems with Dirac delta source term, Numer. Math., 105 (2006), pp. 193–

216.

[8] V. Arnautu and P. Neittaanmäki, Discretization estimates for an elliptic

control problem, Numer. Funct. Anal. Optim., 19 (1998), pp. 431–464.
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