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Abstract

We study the evolution of the topological properties of Chern insulators subjected
to band engineering for a variety of systems, such as, the honeycomb lattice,
dice lattice, bilayer honeycomb lattice etc. Since topology is inextricably related
to band properties, engineering band deformities results in the evolution of the
topological invariants and may even induce phase transitions. In particular, a
honeycomb lattice under deformation demonstrates vanishing of the Dirac elec-
trons, and eventually yields a scenario where the electronic dispersion is linear
in one direction and quadratic along the other one. This is known as the semi-
Dirac dispersion. A variety of materials and cold atomic systems, demonstrate
such a dispersion. Further, the inclusion of the Haldane flux breaks the time-
reversal symmetry (TRS) and creates an energy gap in the spectrum which makes
the system a topological (Chern) insulator. The topological gap vanishes in the
semi-Dirac limit, which, however reopens upon further deformation. The nature
of the gaps prior to, and beyond the semi-Dirac limit have distinct features (TRS
remains broken all the while), and have been elaborately studied in the thesis.
Going a step ahead of the traditional Haldane model, we have considered a third
neighbour hopping, in presence of which the system exhibits higher Chern num-
ber (C), such as, C = %2, along with C' = £1. Further, a bilayer Haldane system
with Bernal stacking exhibits differential behaviour of the bands that are closer
to the Fermi level than the ones further away from it. Multiple topological phase
transitions are realized for such a bilayer model. Moreover, a dice lattice, which
not only is an interesting extension of the honeycomb structure of graphene, it
also hosts a flat band that is in general relevant for studying strong electronic
correlations. As in the earlier case, the system possesses topological regions with
higher Chern numbers, however, it shows topological phase transitions straight
from C' = +2 phases to a ' = 0 phase (trivial insulator). In all of these cases,
we have depicted the phase diagrams to support the topological phase transition

occurring therein via the presence or the absence of edge currents in semi-infinite
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ribbon geometries, and evolution of the plateau in the anomalous Hall conduc-
tivity in presence of band engineering. The corresponding scenario in a quantum
spin Hall insulator described by a Kane-Mele model has been explored and the
spin resolved bands respond in no different manner to the band deformation as
shown via computing the Z, invariant. The evolution of the spin Hall response

shows vanishing of the quantum spin hall phase in the semi-Dirac limit.
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Chapter 1

Introduction

The discovery of quantum Hall effect (QHE) in the year 1980 [1] in ‘dirty’ two di-
mension electron gases stimulated an immense amount of research on the topo-
logical phases of matter in the scientific community. The QHE displays a series
of quantized plateaus in the Hall conductivity in unit of e¢?/h, and soon after-
wards it is shown than the quantization is described by the Thouless-Kohmoto-
Nightingale-den Nijs (TKNN) invariant [2]. This quantization occurs due to the
presence of the discrete magnetic Bloch bands [2-7] or the Landau levels [8-11]
owing to the presence of an external magnetic flux. Besides the magnetic field-
induced Hall effect, there have been attempts to observe such behavior in the
absence of magnetic fields, known as the quantum anomalous Hall effect (QAHE),
which relies solely on the system’s time-reversal symmetry (TRS) breaking [12-15].
The idea of QAHE was first introduced by Haldane [16] in a two-dimensional
honeycomb lattice (a paradigmatic model for graphene), where a complex next-
nearest-neighbor (NNN) hopping with a phase ¢ (also known as Haldane flux) was
included to break the TRS. In this model, the bands are associated with a topo-
logical invariant, namely, the Chern number, C. C denotes the TKNN invariant
in this case and hence describes the quantization of the Hall conductivity. A Se-
menoff mass term (usually denoted by A) that breaks the sublattice symmetry
may also be included (a prototype model for hexagonal Boron Nitride (h-BN)), that
causes opening or closing of the spectral gap in the electronic band structure.

The phase diagram shows the variation of the Chern number as a function of
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A and ¢, and encodes the opening and closing of the band gaps at the Dirac
points, where the spectrum shows linear dispersion in the absence of Haldane
flux, usually denoted by K and K’ points in the Brillouin zone (BZ). The value of
the Chern number determines the nature of the spectral gap, that is, whether it

is a topological (finite) or trivial (zero) gap.

Let us give a general introduction to topology which will aid our subsequent
discussions. Topological properties of materials are interwoven with their elec-
tronic band structure [17-20]. The topology of a band is characterized by several
quantities, including the Berry phase, Berry connection, Berry curvature and the
topological invariant, namely, the Chern number as mentioned earlier. In 1984,
M.V. Berry first introduced the concept of the Berry phase [21], a quantity that
describes how a global phase of a complex vector evolves when carried out along a
closed orbit in a planar surface. The complex vector is equivalent to the Berry con-
nection. The Berry connection also facilitates the calculation of Berry curvature,
whose non-zero values give an indication of non-trivial topology of the system.
There is a close analogy with the electrodynamics, where the Berry connection is
equivalent to the vector potential, the Berry phase is equivalent to the magnetic
flux and the Berry curvature is equivalent to the magnetic field. In terms of this
analogy, we can talk about a particular case, where for a 2D honeycomb lattice,
the non-zero Berry phase implies the flux of the magnetic field at the point of
degeneracies, namely, the Dirac points. Stated slightly differently, the electrons

pick up a phase as it circulates around a closed orbit in the k-space.

Further, the integration of Berry curvature in the first BZ yields Chern num-
ber. As stated earlier, the Chern number is the topological invariant that may
be non-zero if a system has broken TRS. The corresponding non-zero value gives
the quantization of the plateau found in the anomalous Hall conductivity and the
number of chiral edge modes in a semi-infinite geometry, such as a ribbon. Fur-
ther, if we involve the real spin degrees of freedom for the electron, and the TRS
remains protected, then we observe vanishing of the Hall conductivity, however,
the spin Hall conductivity has a non-zero value. This type of system is charac-
terized by a topological invariant, known as the Z, invariant where the system

exhibits helical edge modes in a nanoribbon.

2
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After Haldane’s groundbreaking work in 1988, people have looked for similar
topological phases in various two-dimensional model systems, such as the Lieb
lattice [22-25], checkerboard lattice [26], and Kagomeé lattice [27-30], buckled
lattice [31], acoustic system [32] etc. Notably, experimental realizations of the
Haldane model have also been achieved in two-dimensional honeycomb struc-
tures, including Fe-based ferromagnetic insulators X Fey(PO,)2, where X can be
K, Cs, or La [33], the interface between the two trivial ferromagnetic insulators
EuO and GdN [34] etc. Additionally, cold atomic systems loaded in the optical
lattice (the latter is created by standing-wave laser beams [35-37]), such as an
optical honeycomb lattice [38], dice lattice [39] etc, has opened up new possibili-

ties for investigating similar non-trivial topological phases.

One notable feature for a two-dimensional honeycomb lattice is that in the
absence of the Haldane flux, the dispersion is linear along both longitudinal di-
rections in the momentum-space (k-space) about the band touching Dirac points
(K and K') in the BZ. These are known as the massless Dirac systems and the
corresponding Hamiltonian represents the electronic properties of graphene at
low energies. A related scenario, where the dispersion is linear in one direc-
tion and quadratic along the perpendicular one, and is known as the semi-Dirac
dispersion [40, 41], also exists in the literature. Here, the electrons behave as
a massless fermions along one direction in the BZ and massive particles along
the perpendicular direction. Thus it is distinct from the Dirac case where the
fermionic behaviour is isotropic. Such anisotropic behaviour has been observed
in multilayered structures, such as, (TiO3)5/(VO3), (n denotes the number of
VO, layers) with n = 3 and n = 4 [42, 43], phosphorene under an electric
field [44, 45] and pressure [46], graphene under doping and pressure [47, 48],
a deformed graphene structure [49], organic salts, such as BEDT-TTFsI3 un-
der pressure [50, 51], oxidized silicene layers [52], black phosphorene doped by
potassium atoms by means of in situ [53] etc. In addition, the semi-Dirac dis-
persion has been investigated for its optical properties [54, 55], thermoelectric
properties [55, 59], Floquet states [56-58], magnetic susceptibility, specific heat,
Faraday rotation [60], Landau levels, and the transport properties [61-63].

There is a smooth way to connect a Dirac spectrum to a semi-Dirac one which

3
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is done via band engineering (or a band deformation), and forms the main thrust
of this thesis. Since the topological properties are related to the characteristic of
the energy bands, band engineering will surely affect the topological properties.
However, it is not clear apriori, how it affects, or whether it can induce a phase
transition from one topological phase to another. The different chapters presented
in this thesis perform a comprehensive study of this topic and explore several

interesting features of topological phase transitions that occur in the system.

Let us discuss the details of the band engineering that we have spoken about.
All our calculations are limited to 2D honeycomb lattice and its variants, where
the transition from a Dirac to a semi-Dirac dispersion can be smoothly achieved
via the introduction of an anisotropy among the nearest-neighbour (NN) hopping
amplitudes. In such an inhomogeneous hopping scenario, the two Dirac cones
situated at the K and the K’ points shift towards each other. At a certain value
of the anisotropy, the Dirac cones merge into one at the M point in the BZ,
where we observe the so-called semi-Dirac dispersion. Several theoretical stud-
ies have explored the anisotropy-induced movement and merger of Dirac cones
in the crystal lattice [49, 68], and the impact of a continuous deformation of the
band structure on physical properties, such as, specific heat, Landau quantiza-
tion [49], the density of states (DOS) [51], optical conductivity [68], the Hofstadter
butterfly [69] etc. Also, the band-deformation has been experimentally realized in
several other systems, such as, germanene and stanene [64], different optimized
structures [65,66], such as, a-graphyne, $-graphyne [67] etc. However, the topo-
logical properties in the context of band engineering have not been studied and
thus left space for us to do a systematic and exhaustive exploration of the topic.
It is worth noting that topological phases are achieved by breaking the TRS of the
system, either by including a perpendicular magnetic field or via adding the com-
plex second neighbour hopping, namely, the Haldane term. We are interested in
the latter. A gap opens up in the spectrum of Dirac case at the K and K’ points,

however, what happens in the semi-Dirac case remains to be explored.

Further, the Haldane model demonstrate the non-trivial phases with the Chern
numbers C = +1 and —1. A related and topical issue is that if there is a way
to increase the value of the topological invariant C, which encodes a larger val-

4
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ues of the Hall conductivity and hence should be realizable at high temperatures.
Intuitively, a multi-band system should be able to yield larger Chern numbers.
However, we have observed that there is an alternative way to achieve higher
Chern number by including a longer range hopping in our system [70]. Such
further neighbour hopping increases the number of Dirac cones in the dispersion
spectrum. The system becomes a topological insulator in presence of the Haldane
flux and shows higher Chern numbers (for example, ' = 2, £3 etc). Interest-
ingly, such extended hopping can also be added in the semi-Dirac system, which
may show higher Chern numbers, and the may yield topological phase transi-
tion where the Chern number discontinuously changes from one allowed value to
another (including C' = 0). Such higher values of the Chern numbers are real-
ized beyond the 2D honeycomb lattice, and are found in a star lattice (decorated
honeycomb structure) [71], multi-orbital triangular lattice with third neighbor
hopping [72], the spin-orbit coupled honeycomb lattice [73, 74], ultracold atomic
gases on a triangular lattice [75, 76], magnetic-doped topological insulators [77],
Cr-doped thin laminar sheets of Biy(Se, Te)3 [78], in a classical system created by
means of acoustic components [79] etc. Experimentally, higher Chern numbers
have been realized in multilayered structures of magnetically doped, and undoped

topological insulators [80], MnBi,Te, at high temperature [81, 82] etc.

One may also achieve higher Chern numbers in multi-band systems which
may be found in coupled bilayer systems [83-86], Moiré lattices [87-91] etc. A
bilayer graphene (in presence of Haldane flux) is one of such candidate. In the
absence of the Haldane flux, an interlayer coupling among the two layers plays
a crucial role in determining the electronic properties at the low energies. The
dispersion spectrum progressively becomes quadratic in nature at the low energies
as the interlayer coupling is enhanced. Interestingly, one may also look for the
behaviour of the electrons in the semi-Dirac limit for a bilayer graphene. Inclusion
of a Haldane flux will create a non-trivial gap and the corresponding scenario

needs to be ascertained for the semi-Dirac case.

Further, a dice lattice is a suitable candidate which exhibits higher Chern
numbers [92]. The spectrum shows three bands, including a flat band owing
to the presence of an additional sublattice at the center of hexagon [93-105].

5
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Chapter 1. Introduction

Except for the flat band, the rest of the two bands are identical to that of a hon-
eycomb lattice. It is known that in presence of Haldane flux, the valence and
the conduction bands acquire larger Chern numbers, namely, ' = +2. However,
the flat band shows zero Chern number. One notable feature of the flat band
is that it exhibits dissipationless properties, and may provide a perfect platform
for investigating strong electronic correlations, the kinetic energy of the particles
being entirely quenched. In a way, they are analogous to the Landau levels with
regards to their non-dispersive nature. There have been theoretical predictions
regarding several intriguing phenomena, including Wigner crystallization in hon-
eycomb structures [106], a large critical temperature for superconductivity [107],
and fractional Chern insulators [108, 109]. On the experimental front, flat bands
have been observed in photonic crystals [110], optical lattices [111], and metama-
terials [112]. However, the band structure for semi-Dirac dice lattice has not been
explored. In particular, the effect on the non-trivial phases due to the Haldane
flux in a band deformed dice lattice, that is, the semi-Dirac limit has not been

studied and constitutes a topic for us to investigate.

In the above discussed models, the electron spin is not included into con-
sideration. This is because most experimental situations correspond to spin-
polarized behaviour, making the role of electron spin inconsequential. Here, we
include the electron spin in the Haldane model which is known as the Kane-Mele
model [113,114]. One important consequence of the inclusion of a spin is restora-
tion of the lost TRS. With TRS being intact, the QHE will vanish. However, this
yields another topological state of matter, namely, the quantum spin Hall (QSH)
state. A spin-orbit coupling of a special type, namely, the Rashba spin-orbit cou-
pling (RSOC) [115], which is usually present (and may be strong) in systems with
broken inversion symmetry (described below) can now be incorporated. This re-
stores TRS and has interesting consequences for technological applications of the

spintronic devices.

The RSOC appears in a system where the surface inversion symmetry is not
preserved which leads to a non-zero potential gradient [116, 117]. Such potential
gradient can be controlled by using an external gate voltage, allowing for control

of RSOC [118,119]. The strength of RSOC can be enhanced by significant amount
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1.1 Topological invariants

[120] and it is used in different type of devices, such as, spin interference based
devices [121, 122], spin field effect transistor [123] etc. However, the RSOC in
graphene is very weak (~ few meV). Nonetheless, it can be enhanced by using the
proximity effect of heavy adatoms, such as, Au, Ni, Pb, Ir or Co etc to values as
large as 100meV [124-133].

Further, the QSH phase in the Kane-Mele model is defined by a non-zero
topological invariant, known as the Z, invariant (instead of the Chern number
which is a Z invariant). This category of insulators are called as Z, topological
insulators and they posses a finite spin Hall conductivity [114]. The RSOC and
a sublattice symmetry breaking staggered potential, namely, the Semenoff mass
gives rise to a phase diagram displaying topological phase transitions where the
Zs invariant shows a discontinuous jump from a value 1 to 0. However, these
phases of the semi-Dirac system have not been explored.

In experiments, the non-zero spin Hall conductivity has been observed in a va-
riety of materials, including CdTe-HgTe [134, 135], Cl-doped ZnSe [136], FePt/Au
devices [137], Pt [138], GaAs [139], Pt/Au lateral spin valve structures [140] etc.
These observations provide opportunities to manipulate the spin degree of freedom
for achieving dissipationless transport, which is a crucial aspect of spintronics.

Motivated by the above scenario, we wish to explore topological phases in band-
engineered systems. We shall study both Chern insulating phase and quantum
spin Hall phase in various systems in presence of band deformation. Later, we will
see how the band structure is intimately related to topological phases of matter,

which in turn affects the conducting properties and the edge modes of the system.

1.1 Topological invariants

Topology is a mathematical subject that examines quantities that remain un-
changed during continuous transformations. These quantities are referred to as
topological invariants. For example, one can transform a single hole donut into
a coffee cup, but the number of holes (which is one in this case) remains the
same, which is a topological invariant. Such invariants play a crucial role in

distinguishing topological and trivial phases.

7
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Chapter 1. Introduction

In condensed matter systems, the role of topology first came into light after the
discovery of integer quantum Hall effect [1]. As already stated, the plateaus are
associated with topological invariants known as the Chern numbers [141, 142].
In this section, we will see computation of such topological invariants from the
band properties. However, we begin form Berry phase for a better understanding

of the topological invariants.

1.1.1 Berry phase

In quantum mechanics, the state of a system is described by a set of vectors in
the Hilbert phase. Multiplication by a complex phase does not change any infor-
mation, as the phase cancels out in expectation values and only the expectation
values are physically relevant. In that sense, a phase in the wave vector does not
have any physical importance. However, the relative phase between two vectors
can not be neglected which was shown by Berry in 1984 [21]. Since, if a system
evolves in a cyclic manner, a phase can accumulate in the observable quantity.
This phase is known as the Berry phase (also known as the Berry-Pancharatnam

phase).

We consider a set of vectors, |V;), |Us),...|¥y) in the Hilbert space. Say, the
vectors are arranged in a loop. The phase difference between two vectors is given

by,

T2 = — arg<\Ifl|\Il2>

- (U] Wy)
—_— Y12 -
£ (0| 05)]
! (V| Wy) }
e =1 ln _ 1.1
2 melrw L

Now, the Berry phase is defined by the net relative phase in one complete cycle,

which is,

Y =712+ Yoz + ... + VN1

(W1|Ws) (Wo|W3)  (Upn|Vy)

—y=1ln
[(W1[Wa)| [(a Ws)| ™ (U | W)
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1.1 Topological invariants

In the continuum case, the vectors are dependent on certain parameter, say (.
Further, we assume a curve £ that depends on the parameter ¢, and the compo-
nents of |¥(¢)) are smooth along L. Then the relative phase between two vectors

at ¢ and ¢ + d¢ lying in curve ( is given by,

A= O T o)

We do a Taylor series expansion of In [(VU(¢)|V(¢ + d¢))] upto first order in d¢
which yields,

In [(2(C)[W(C + d€))] = In [(W(C) () + (B(C) [V W(C)) - d]
— (O (¢ +dO)] = In[1 + (U(Q)| V[ ¥(C) - dC]
— W[(U(Q)(C + Q)] = (U(Q)| V[ ¥(C)) - dC

we also get a similar expression for the denominator of Eq. 1.3. However, since it
is the modulus of a complex number and under infinitesimal change (d{ — 0), it

is close to zero. Therefore, A can be written as,

Ay =i (U(C)|V|¥(¢)) - d¢

since the Berry phase is sum of all such phase around a closed path, ®5 can be

expressed as,

Dy =1 74 (W(Q) V() - d¢

We shall use this expression to compute Berry phase. The quantity in the inte-

grand is known as the Berry connection which is denoted by A, that is,

A= i((Q)[V[¥(C))

One can also compute the curl of A, which can be denoted by 2. and is known

as the Berry curvature.

N=VxA

In a condensed matter system, the Bloch wave vector of a Hamiltonian is used
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Chapter 1. Introduction

to compute Berry connection, which further helps to compute Berry phase and
Berry curvature [143]. The momentum, k is used as the parameter ¢ and the
curve L lie in the BZ. The calculations of Berry curvature are illustrated in the

next section.

1.1.2 Berry curvature

We show the Berry curvature for a two-dimensional system whose band structure
lies in the k,-k, plane. Therefore, the Berry curvature is a function of k, and k,

which is given by,

Q=[VxA,
_0A, 0A,
- Ok, Ok,

Here only the z-component of () is non-zero since A is independent of any k,

variable. Now, the above expression may be simplified in the following way.

o _ OA, A,
Ok, Ok,
— i G W00 = e )
=i (w9 509+ (W] 5 2w~ o)
— <aim\11(k)' a%qf(k)> y <a%\p(k) ;%xp(k)>
— 9 Im<aiw\11(k)' aiky\p(k)> 1.10

62 02

Dhadly — Dhoydls " If we have a Hamiltonian that is

where we have used the relation
written in the form H = h(k) - o, where o is the 2x2 Pauli matrix vector, then 2
can be written in a simplified form. In order to derive it, we rewrite the fourth line

10
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1.1 Topological invariants

of Eq. 1.10 in the following way,

1
;Q = (0, V1[0, W) — (0, ¥1[0, V)

= Y {0V W) = [z y] = (DU W) (W_|9,0,) — [z ¢ ] 111
n==+

where V. are the two eigen vectors corresponding to the 2 x 2 Hamiltonian. For
brevity, a%m and 8% are written as d, and 0, respectively. The left part of the second
line is obtained by inserting the complete set of states, [ = > __ |¥,)(¥,|, while
the right part is obtained using the relation (9, V. |V, )(¥,|0,V,) — [z + y] = 0.
Next we apply the first order perturbation theory to write the eigen vectors of

H(K') = H(k + k) = H(k) + 625\ H in terms of those of H (k) which is given by,

(U_|dz* O\H| W, ) (U_|62> Oyh - o| W)

v, (k)) =|v v ) =¥ v
0 (K)) = [04) 4+ = g S ) = [ + O 2 T )
1.12
This equation implies,
1 R
(U_[0,%.) = 5(U_[9, h- o] s) 1.13

We use this in Eq. 1.11 which is simplified further in the following way,

| —

Q= (W |V} V_|0,¥4) = [z < 9]

! (410, b o0 ) (W [0, b o 0,) — [z 4 g

~

>~

— 13 [0 0, B ol (810, b o) — o g

1 % L 7 . -
=1 <<‘1’+H3x h-o,0,h- 0]|‘I’+>) - §€z’jk(3x h;)(0y hy ) (Y o [ow |V )
- %el-jk(am h,) (3, h;)h, = %fl (8, h x 9, h) 1.14

To derive the third line from the second line of the above equation, the fact

(0,0, h - o|VU) (V. |0, h-o|V,) — [z < y] = 0 have been used. Finally, the

11
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Chapter 1. Introduction

simplified form of Berry curvature can be written as,

h oh 0h

The derivation of the above formula can be found in Ref. [144] and is included
here for completeness. It should be noted that we have not introduced any band
index to €2 in Egs. 1.10 and 1.15. The band index arises because of several
eigenvalues of a Hamiltonian. For example if we have a n X n Hamiltonian then
we get n number of eigenvalues and n different {2 for each of the eigenvalue. So,
we write another form of the Berry curvature which shows a direct involvement of

different eigenvalues and can be expressed as,

_E,)2
n’;ﬁn (En E’ﬂ )

where the summation is taken over all eigen solutions excluding the one with the
degeneracy. In the above expression, we have dropped the momentum variable
k for brevity. It should be noted that once again we are left with only the z-

component (2" for a two-dimensional system.

1.1.3 Chern number

Chern number is defined as a sum of the Berry curvature for a system living
on a torus. For a two dimensional system, the Brillouin zone (BZ) has a torus
geometry, as the momenta have periodicity (say, 27) and hence k, and k, + 2,
and k, and k, + 27 are equivalent. Therefore the integration of Berry curvature

over the first BZ yields Chern number.

C = i// Q. (k)d’k 1.17
27T BZ

where (), can be obtained from Eq. 1.10 or 1.15. The Chern invariant is not
defined in case of any degeneracy in a system which is evident from Eq. 1.16 as

the denominator vanishes, thereby leading to a divergence of Berry curvature.

In a condensed matter system, the Chern number is associated with a partic-

12
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ular band and if it is non-zero, then the system is called as a Chern insulator or
the topological insulator. The Chern insulator demonstrates topological proper-
ties, such as, quantized Hall conductivity, non-zero edge current etc. However, to
achieve such non-trivial phases, we need to break the TRS and also there must
be gap in the dispersion spectrum to avoid any degeneracy. We shall elaborate
this later in the context of the Haldane model. Here we present another method
which is used for the numerical computation of Chern number as illustrated in

Ref. [145].

In our two-dimensional system, we assume the BZ spans from zero to kY .
along the x direction, and from zero to kY. along the y direction. This zone is
discretized into N points in both directions. Each point within the Brillouin zone

is represented by the following coordinates,

K it
ki = (kj, k) = (J—N S ) 1.18

To proceed, we make the assumption that the wave function ¥ exhibits periodicity
on the lattice. In other words, we have |V(k;+N, /1)) = |¥(k,)), where /i represents

a vector in the p direction. Now, the link variable is defined as,

W)U + A)
Unlks) = ()W, + B, =

Here, A, denotes the width of the discretized momentum along the p direction,
given by A, = k¥ . /N. The link variables remain well-defined as long as the inner

product in the denominator is non-zero.

Next, we evaluate the lattice field strength using the following formula:

Uz (k) Uy (kj + Ag)

1.20
Un(kj + A8y Us(k;)

me(’%‘) = hl

Finally, to determine the Chern number, we sum the field strengths over all the

discretized points within the Brillouin zone, that is,
1
C=-—=> Fyk). 1.21
J

13

TH-3205_186121022



Chapter 1. Introduction
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FIG. 1.1: A Brillouin zone is depicted which extends from zero to k% .. in the z-direction

and from zero to kY. in the y-direction. This zone is divided into /N points in each

direction.
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FIG. 1.2: The Brillouin zone of a honeycomb lattice is depicted in (a). In (b), the BZ is
transformed into a rectangular shape and displayed in blue. To avoid any singularity at
(kz, ky) = (0,0), the BZ can be further shifted as shown in (c).

It should be noted that we need a rectangular BZ in order to apply the above
formula. If the BZ is not rectangular, one may transform into a rectangular shape
by using reciprocal lattice vectors. For example, the BZ of honeycomb lattice has
the hexagonal structure as shown in Fig. 1.2(a). Next the BZ is turned into a
rectangular shape as shown in Fig. 1.2(b) by blue color. Two different shaded
regions imply they are euivalent to each other. Further, to avoid any divergence
at (ky, ky) = (0,0), the BZ is shifted to a new position as shown in Fig. 1.2(c).

We have used both Eqs. 1.17 and 1.21 to compute Chern numbers in all of

the systems we considered.

1.1.4 7, topological invariant

In this section, we show the calculation of another topological invariant known

as the Z, invariant. It is an invariant which describes the quantum spin Hall

14
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phase of a system. Such systems are different from the Chern insulators as
they exhibit quantized spin Hall conductivity and spin filtered edge currents in a
ribbon geometry, while the conductivity in the charge sector vanishes. In order to
achieve a spin Hall insulating phase, the TRS should remain intact in the system.
We have described such non-trivial phases elaborately later in the context of Kane-
Mele model. In the following, we have presented the Fu-Kane method to calculate

the Z, invariant [147].

We consider a one-dimensional system with lattice constant ¢ = 1 and length
L = N, with periodic boundary conditions and 2N occupied bands. The normal-

ized eigenstates of the nth band can be written as

ey ) 1.22

1
v =
| k,n) \/ﬁc

To describe the topological properties of this system, the Wannier charge centers
(WCCs) are employed. The polarization is determined by summing the center of
charge of the Wannier states associated with the R = 0 unit cell across all bands.

This can be written as,

Z' ™
Fo= 3 0nlrom) =3 o [ (Vi) =Y ¢, BB

where (), represents the Chern number of the nth band. It should be noted
that the charge polarization is defined only up to a lattice constant. However, by
adiabatically changing H () from an initial value ¢, to a final value ¢, and ensuring

the continuity of |V, (t)), the change in charge polarization can be expressed as

Plt] — Pyfts) = {

dkA(t, k) — ¢ dRA(LE) 1.24
3 | ot f avacn)

Cc2 Cc1

where cy(1) denotes the loop for k=-—-rmtomatafixedt = t1(2).- The integrand is

the Berry connection and is given by,

Now, the change in charge polarization can be computed and has the following

15

TH-3205_186121022



Chapter 1. Introduction

L

=
—

V2
0L

1
4|--
o
;‘__
|

FIG. 1.3: The Kramers pairs of bands for a one-dimensional system are displayed.

form,

P[] = P,ts] = zi / dt dk Q(t, k) 1.26

T Jri o

where ()(¢, k) is the Berry curvature which can be written as,
Qt, k) = iz (Vi ()| VieWen(t)) — (VWi n(O)|Vi¥n(t))] 1.27

Considering a total period 7', the quantity P,(T) — P,(0) in the above equation
corresponds to the integral over an entire torus in ¢ and k space, representing
an integer known as the first Chern number. It’s worth noting that the system

possesses time-reversal invariance, resulting in a total of zero Chern number.

Now, in order to calculate the Z, invariant, Fu and Kane introduced a division
of the total charge polarization Pp into two parts to account for the presence of
Kramers Pairs. Let us assume we have 2/N bands, where each pair is labelled by
a =1, ..., N. The bands corresponding to each « are assigned with indices s = I, 11
as depicted in Fig. 1.3. One advantage of Kramers Pairs is that the time-reversed
Bloch waves at k are related to the Bloch waves at —k up to a phase factor, that

is,

', ) =—eXeou) ) 1.28

[l ) = eX R0l ) 1.29

where O represents the time-reversal operator with the property ©2 = —1. The
16
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1.2 Topological Insulator

partial polarization associated with the splitting s = I, I is denoted as

1 ™
Pi=— [ dkA*(k) 1.30

T o o

where,

A(R) = 0 (03D, 131

o

The Z, invariant is defined as the difference between the partial polarizations,
namely, the time-reversal polarization, denoted by P; = P! — P!, Since the
system exhibits time-reversal invariance, only the integration over half a period
is necessary to compute this invariant. Consequently, the Z, invariant for such

time-reversal invariant systems can be precisely expressed as,
v = [Py(T/2) — Py(0)] mod 2. 1.32

We have used Eq. 1.32 for computing the Z, invariant in this thesis.

1.2 Topological Insulator

Earlier we have mentioned two topological invariants which depends on the TRS.
However, the topological phases may also depend on other symmetries, such as
the chiral symmetry, particle-hole symmetry etc. To have a clear insight, we
present a periodic table of topological insulators [157] as shown in table 1.1. This
is also known as the periodic table for topological insulators and superconductors.
The operators for time-reversal, particle-hole and chiral symmetries are denoted
by O, = and II respectively. The dimension of the system is denoted by d. The
values +1 and zero in each symmetry column are obtained by squaring the re-
spective unitary operators. For example, ©% = £1 represent the presence of TRS,
while ©2 = () implies the absence of TRS. The topological phases in each symmetry
class are denoted by the invariants Z, Z, and zero. It should be noted that in the
periodic table, the Chern numbers and the winding numbers are denoted by Z.
However, we have used C' to denote the Chern number throughout the thesis.

Our work is based on two different systems. One is the class A Haldane

17
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TABLE. 1.1: The periodic table [157] for topological insulators and superconductors
is presented. The ten symmetry classes are denoted using Altland Zirnbauer notation
[158]. The classification depends on the TRS, the particle-hole symmetry and the chiral
symmetry whose operators are denoted by 0, = and II respectively. +1 and 0 in the
symmetry column denote the presence and absence of symmetry respectively and the
values are obtained upon squaring the operators. d denotes the dimension of the system
and topological invariants are Z and Zy which repeat in d + 8 interval. Adopted from

Ref. [157].
Symmetry d
AZ ) = IT 1 2 3 4 ) 6 7 8
A 0 0 0 0 / 0 / 0 Z 0 Z
Alll 0 0 1 Z 0 Z 0 Z 0 Z 0
Al 1 0 0 0 0 0 Z 0 Ly Ly Z
BDI 1 1 1 Z 0 0 0 Z 0 Ly 2Ly
D 0 1 0 2Ly Z 0 0 0 Z 0 Ly
DIII -1 1 1 2Ly Ly Z 0 0 0 Z 0
All —4 0 0 0 Ly Ly 7 0 0 0 7
CII -1 4 1 Z 0 2Ly Ly Z 0 0 0
C 0 —1 0 0 Z 0 Lo Ly Z 0 0
CI 1 -1 1 0 0 Z 0 2Ly Ly Z 0

model [16], which is characterized by the non-zero Chern number that denotes
chiral edge modes. The two-dimensional system that shows quantum Hall state,
belongs to this symmetry class. The other one we have studied is the Kane-Mele
model [113] which belongs to class AIl symmetry and has non-zero Zs topological
invariant. This in turn implies the presence of the helical edge modes in a system

with open boundaries and demonstrates quantum spin Hall phase.

There are also other topological insulators in different dimensions that have
entries in the periodic table, such as, a quantum Hall state in d = 4 dimensions
that belongs to class A or All symmetries [148], a Z invariant superfluid 3HeB that
belongs to the DIII symmetry class in d = 3 dimensions [149-154], SSH model of
BDI symmetry in d = 1 dimension [155], the Zy (d = 1) and Z (d = 2) topological
superconductors [156] of class D etc. However, these have not been explored in

this thesis.
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1.3 Spin-orbit coupling

1.3 Spin-orbit coupling

The spin-orbit interaction is the coupling between the spin and the orbital angular
momentum of a particle. This interaction leads to the splitting of degenerate
energy levels. It arises due to the presence of a magnetic field or an electric
field. When an electron moves in a magnetic field, it experiences a Lorentz force
F = —ep x B/m, and acquires a Zeeman energy Fg. Now, if an electron moves
through the strong electric field of a nucleus, it would experience a magnetic field
in its own inertial frame [159]. The Hamiltonian that describes such spin-orbit
splitting is given by,

-
Hso:ﬁcf'vavb 1.33

dmic
where m, is the electron mass, c denotes the velocity of light, o is the Pauli matrix,
p is the momentum and Vj is the electric potential [160]. In crystals, the above

form may be approximated by,
HSO = CsoL . S, 134

where (g0 is the interaction strength, L represents the orbital angular momen-
tum operator and S denotes the spin angular momentum operator [160]. The
corresponding energies of this Hamiltonian are non-degenerate. Hence, the SOC
leads to the formation of energy sub-levels that exhibit different energies depend-
ing on the orientation of the total angular momentum vector. This phenomenon
is known as fine structure splitting.

There are different types of spin-orbit coupling, such as, Dresselhaus spin-
orbit coupling [161, 162], Rashba spin-orbit coupling [115] etc. Our main focus is

the Rashba spin-orbit coupling which we shall explain in the following section.

1.3.1 Rashba spin-orbit coupling

If an electron experiences a strong electric field, or the potential gradient, then
another spin-orbit interaction takes place. Such potential gradient exists in two
dimensional system because of lack of inversion symmetry. The advantage of

such confinement potential is that one can control it by means of an external

19
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FIG. 1.4: The energy spectra of 2DEG in the presence of RSOC are shown in (a). In (b),
the Fermi energy contours are depicted. The energy spectra in the absence of both RSOC
and Zeeman energy are presented in (c), in the presence of Zeeman energy in (d), and in
the presence of RSOC in (e). These figures are adopted from Ref. [164].

gate voltage, which finally allows one to tune the spin-orbit coupling (SOC). This
type of SOC was first proposed by E. I. Rashba in 1960 [115] and is known as
Rashba SOC. It may be noted that the magnitude of RSOC also relies on the
crystal composition found in quantum wells, exhibiting its maximum value in
narrow gap III - V semiconductors such as InGaAs, InAs etc. In the following, we

have described a short derivation for the RSOC in a continuum model.

The Rashba Hamiltonian for a two-dimensional electron gas (2DEG) can be

described using the following form [115].
HR = O{R(O' X p) -7 1.35

where ag is the strength of the SOC, o = (0,,0,,0,) denote the spin-1/2 Pauli
matrices and p = —:hV is the momentum operator. In the absence of any Zeeman

coupling and elastic scattering, the total Hamiltonian reads,

2 2 2
p . Dzt D
2m +ar(o xp)-2 2m

+ ar(0zpy — Oyp) 1.36
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The diagonalization of the above Hamiltonian gives the following energy spectrum

[163].
h?k?

2m

E(k) + aghlk| 1.37

where |k| = /K2 + k2 and the + sign refers to two different spin-filtered bands.
The associated eigen vectors of the Hamiltonian corresponding to the bands are
given by,

= ei(kzl”rkyy)i 1 1.38

V2 \ tie—it

_ 1k
where 0 = tan~!' 2
T

- It may be noted that the spin states are orthogonal to the
direction of motion. When an electron traverses in the x-direction, the spinor
component of the eigenvector assumes the form (1, i), implying that the spin up
and spin down are entangled in the y-direction. Conversely, when the electron
moves along the y-direction, the eigenvectors take the form (1, 1), indicating that
the spin up and spin down states are confined within the z-direction (refer to Fig.
1.4).

The three dimensional depiction of the energy spectra corresponding Eq. 1.37
is shown in Fig. 1.4(a). While in Figs. 1.4(c)-1.4(e), the spectra is shown as a
function of k, and k, being fixed at zero. When ag = 0, there is no splitting
of energy, that is, the bands are degenerate and coincide with each other (see
Fig. 1.4(c)). The degeneracies are lifted in presence of an external magnetic field
and the splitting is known as the Zeeman splitting (see Fig. 1.4(d)). RSOC also
removes the spin degeneracy with the exception at &, = 0 as presented in Fig.

1.4(e), however, it does not open any gap. Fig. 1.4(b) demonstrates the Fermi

energy with the spin states.

1.4 Anomalous Hall conductivity

The anomalous Hall conductivity appears to be non-zero when the system has a
non-zero Chern number. The term ‘anomalous’is added to distinguish it from the
original Hall conductivity which arises due to the presence of the magnetic field.

In our work we have not included any magnetic field, and so we have dealt with
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anomalous Hall conductivity. To compute it, we first obtain the Berry curvature,
Q. (ks, k,) of a system using either Eq. 1.10 or Eq. 1.15, and then use the following
formula [165-167],

lof0 dk,dk,
oy = — Ey\(kg, ky)] Qa2 (ks K 1.39
= 2 [t (B k)00 )
where FE)(k,,k,) denotes the electronic energies with A being the band index.
oo(= €?/h) sets the scale for o,,. f[E] is the Fermi-Dirac distribution function

which has the following form:

1
fIE] = 1 + eB(E—Er)

where Er is the Fermi energy and 5 = 1/(kgT) is the inverse temperature. It
should be noted that the summation in Eq. 1.39 is taken over all the bands. For
example, in the case of dice lattice we have three bands and hence we calculate
the Berry curvature for all the three bands. After that the integration is carried
out over the occupied states, that is, the states below the Fermi level, £r are

taken into account.

1.5 Graphene

Throughout this thesis, we have performed calculations on a 2D honeycomb lat-
tice (and its variations), which forms a paradigmatic model for graphene. A short
discussion on graphene and the Berry-o-logy associated with it yields a smooth
connection to the main objective of the thesis.

Graphene is two-dimensional carbon allotrope with the honeycomb lattice
structure. Itis the first two-dimensional material and was discovered by Novoselov
et al in 2004 [168]. The carbon atoms in graphene are 3p2 hybridized, which
means the atoms are o-bonded in a planar triangular manner which is respon-
sible for the honeycomb structure. Moreover, graphene exhibits remarkable me-
chanical and thermal properties. It is the strongest material ever measured,

with a tensile strength reaching approximately 120 GPa [169]. Its high thermal
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FIG. 1.5: In the left panel, the lattice structure of graphene is shown, where the red and
blue circles represent the A and B sublattices respectively. The Brillouin zone is depicted
in the right panel.

conductivity of ~ 5000 W/(m-K) makes it a promising candidate for thermal ap-
plications [170]. Further, the high carrier mobility [171] and ballistic transport
properties of graphene make it a potential candidate for conventional silicon-based
materials in high-speed transistors [172] and integrated circuits [173]. These as-
tounding properties of graphene allows one to implement it in electronics [174],
photonics [175], energy storage devices [176], biosensors [177], batteries [178]
etc.

Now, we describe the crystal structure of graphene. It is hexagonal with two
atoms per unit cell. We have denoted them as A and B sublattices as shown in
the left panel of Fig. 1.5. We can write the primitive lattice vectors in different
ways. We show one of them by the black arrows a; and a, in Fig. 1.5, which are

given by,

a; = % (\/g, 3) ;o a; = % (—\/g, 3) 1.40

where a( is the nearest neighbour distance. The values of ay for graphene is
ag = 1.42A [179]. The nearest neighbour vectors, d;s are defined to point from A

to B sublattice and are written as follows.

41 = ap(0,1); 522%(\/3,-1% 5;;2%(—@,—1) 1.41

The reciprocal lattice vectors are denoted by b; and b, which are given by,

b, = 2% (\/5 3) by = 2 (—\/5, 3) 1.42

N 3@0 3@0
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The first Brillouin zone (BZ) of graphene is also hexagon as shown in the right
panel of Fig. 1.5. The special points in the BZ are shown via I', K, M and K’

points which are,

2 2 2 2 2
T = (()7()); K = (—W7 _7T> : M= (07 i) : K = (_—W’_W) 1.43
3v/3a 3ao 3ag 3v/3ay 3ao

The locations are shown by yellow dots in the BZ. We shall describe the importance
of such special points later in the discussion of band structure. Owing to large
kinetic energy of the electrons (and one conduction electron per C atom), a tight-

binding description suits the best.

The tight-binding Hamiltonian of graphene can be written as,

e tZ(cgcj +h.c.) 1.44
(i)

where (ij) denotes the two nearest neighbour (NN) sites with indices 7 and j, cj»(cz-)
is the creation (annihilation) operator corresponding to site ;. Now, we Fourier
transform the operators in order to compute the dispersion relation, using the

following form,
K = — e T 1.45

It yields the following form of the Hamiltonian in momentum space,

H(k) = h,(k)o, + h,(k)o,
=h(k)- o 1.46

where o;s are the 2 x 2 Pauli matrices and h;s have following expressions,

h.(k) = {t cos k, + 2t cos % Cos \/zkx } 1.47
hy(k) = {—t sin k,, + 2t sin % Cos \/ikx } 1.48
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FIG. 1.6: The band structure of graphene is shown in (a) where the bands touch each
other at six points. Two-dimensional depictions of the band structure are presented in (b)
and (c) which are along the £, and k, axes respectively. In (b), the value of kyag is fixed
at 27 /3, while in (c), the value of k,ay is fixed at zero.

By diagonalizing the above Hamiltonian, we get the dispersion relation as

Ei(k) = it\/B + 2cos(V3ak,) + 4 cos(v/3ak,/2) cos(3ak,/2) 1.49

where the + sign refers to the conduction and valence bands respectively. We plot
the band structure in Fig. 1.6. As can be seen, there are six points in the Brillouin
zone (BZ), where the conduction band touches the valence band. However, only
two points are important and they are denoted as the K and the K’ points. The
rest four points can be obtained from these two points using a combination of the
reciprocal lattice vectors (see Eq. 1.42). Further, the band structure about these
points are linear at the low energies, and hence the electron behave as a massless
Dirac Fermions. The velocities are found to be 300 times lower than the speed of

light.

Further, to obtain a low energy dispersion, one may use the Taylor series
expansion about the K and the K’ points. This yields the following form of the
Hamiltonian.

HK,K’ = UF<TZ Qe O + Ay Uy) 1.50

where q is the small momentum about the K and K’ points, that is, q = k — K

(or k — K/). 7, has values +1 which represent two different valleys (K and K') and
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vp = 3tap/2 is the velocity of the electrons. The corresponding eigensolutions are,

1 1
Ei(q) = tvplql; Pi(q)=— 1.51

V2 \ £eits

where 0, = tan~'(g,/q.). The above dispersion verifies the fact that the band

structure is linear along both %, and ky directions (see Figs. 1.6(b) and 1.6(c)).

Now we compute the topological invariant of the system. First we evaluate the
expression for Berry connection using Eq. 1.7 and the low energy eigenvector cor-
responding to Eq. 1.51. Since, the low energy spectrum shows circular symmetry,

V, may be taken as, V, = (ja% + 0,12 The Berry connection is given by,

9q 004
0 .~ 1 0
Ay =i (W |g— +0,——— |U
+ Z< :|:|qaq+ qqagq| i>
' 4 0 16
— 3 (1 i6719q> ' R :ZF——q 1.52
2 +iei §, 2q

Now the Berry phase for graphene can be computed using the line integral of Eq.
1.6.

10 16 . 2" 1 dg

@B::Fj{——qd(;:ﬂp/ ——2.(dg §+qdb 0)::F/ e 1.53
£24q 0o 2¢ o o 2 ¢

where the path L is circular around the K point and d({ denotes the infinitesimal

momentum vector. We obtain ® g = F for the conduction and valence bands re-

spectively. Similarly, when we consider the K’ point, ® 5z has the same magnitude

but with opposite signs [180]. This aids us in defining a topological charge which
is £1 at the two Dirac points.

1.5.1 Cyclotron effective mass for graphene

Here we calculate the cyclotron mass of the electrons which depends on the band
dispersion. The cyclotron mass [181] is calculated by obtaining the area of the
orbit corresponding to a particular energy described by the particle and can be
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expressed as [182],

n* (0S(F)
m'=— | —=— 1.54

2 < oF
where S(F) is the area enclosed by the particle trajectory expressed as a function
of the electron energy. Since the dispersion is isotropic, the trajectory electrons
become circular. Therefore, the area of the orbit is S(F) = nFE?/v%. This yields
the effective mass to be proportional to £, namely,

- | KB

Uk

This linear dependence of m* on F or rather on the momentum £ has been ob-

served in graphene by imaging the cyclotron orbit in scanning microscopy exper-

iments [183, 184].

1.6 Haldane model
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FIG. 1.7: This figure demonstrates the direction dependent complex NNN hopping. For
NNN hopping in the clockwise (counter-clockwise) direction ¢ is positive (negative).

Now we discuss the Haldane model which demonstrates the quantum Hall
effect without an external magnetic field [16]. Only requirement is to break the
time reversal symmetry of the system, which was done by adding a complex next-
nearest neighbour (NNN) hopping in the honeycomb lattice. The Hamiltonian of

the system in presence of such hopping can be written as,

H= |t cj.cj + 19 Z ercle, +he. | + A Zfzcjcl 1.56
(i) ((ik)) i

where the first term is the NN hopping as described in Eq. 1.44, the second term
is the complex NNN hopping (refer to Fig. 1.7) with an amplitude ¢, and phase
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oir. The sign of ¢;;, depends on the direction of the hopping and can be computed
from the relation of sgn(d;; x d;i).. Here d;; is a vector that connects site i to
its NN site j. This implies that ¢ acquires a positive (negative) value when the
electron hops in the anticlockwise (clockwise) direction. The term e?* breaks the
TRS since it flips the direction of hopping. The third term is the onsite potential
(also known as Semenoff mass) where §; = +1 alters the sign of potential A at
the A and B sublattices respectively. Now, we Fourier transform the operators to

write the Hamiltonian in momentum space as follows.

H(k) = hy(k)o, + hy(k)o, + h.(k)o, + ho(k)oo = h(k) - o + ho(k)oy 1.57

where o, is the z-component of the Pauli matrix and oy is the 2 x2 identity matrix.
The expressions for h, and h, are identical to Eqs. 1.47 and 1.48 respectively,

while those for h, and h are given by,

k. k. .
h.(k) :A—thsinqﬁ{Qsin\/g cos%—sm\/gkz} 1.58
and,
ho(k) = 2t5 cos ¢ {2 Cos \/ikx Ccos %ky + cos \/gkm} : 1.59

The dispersion relation can be written as,

B(k) = ho(k) £ y/ha ()2 + Iy ()? + D (K)2, 1.60

Now, we calculate the energy as a function of £, and k,, and show the band
structure in Fig. 1.8. The values of ¢ is taken to be 7/2 where the NNN hoppings
become purely imaginary, and also the particle hole symmetry remains preserved.
For the moment we keep A at zero, and later we will see how A changes the
band structure. From Fig. 1.8, it is clear that gaps open up at the Dirac points
and hence the system becomes an insulator. The magnitude of the gap can be

obtained by substituting the momenta corresponding to the K and K’ points in
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kxao
(a) (b)

FIG. 1.8: A 3D band structure corresponding to the Haldane model is depicted in (a),
showcasing the presence of gaps at six Dirac points. In (b), a 2D depiction of the band
structure as a function of k,a is presented, with k,a( fixed at 27 /3.

the dispersion relation given in Eq. 1.60. It can also be checked by evaluating the

low energy Hamiltonian about the Dirac points given by,
Hx g = vp(729:05 + qy0,) + (B1. + A)o, 1.61

where 7, = +1 refers to the K and the K’ points, and q is the small momenta
about these points. § = 3v/3t, sin ¢ is independent of momenta and describes the

amount of the gap. The low energy dispersion is given by,

Ei(q) = £4/vp2 +vigs + (BT, + A)? 1.62

This dispersion relation clarifies that the amount of band gap is 28 = 6v/3t, when
A = 0. The bandwidth still remains at 6¢ similar to the case of graphene. Once
we switch on A, an imbalance in the band gap is induced since 7, takes opposite
signs at the two valleys. Hence, by tuning A, one can close the energy gap at only
one valley while keeping the gap at other valley opened. We have discussed this

in the subsequent section, after the discussion of the Berry curvature.

1.6.1 Berry curvature

Here we compute the Berry curvature, {2 numerically using Eq. 1.10. The corre-

sponding spectrum is shown in Fig. 1.9 for various values of A and t,. It may be
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noticed that 2 is highly concentrated around the Dirac points, that is, around the
maxima positions of the valence bands. For ¢, = 0 and A # 0, the magnitudes
at the K and K’ points are equal, but have opposite signs (see Fig. 1.9(a)). Since
the Semenoff mass A breaks the inversion symmetry, it creates an imbalance in
(2 at the two Dirac points. If we switch on ¢, for A = 0, 2 acquires identical
magnitudes and same sign at the K and the K’ points (see Fig. 1.9(b)). Now we
keep t, fixed and turn on A, and ) becomes unequal at the K and the K’ points
as shown in Fig. 1.9(c). The reason for getting such unequal amplitudes is that
the band gap is lesser at the K point as compared to that at the K’ point, and {2
depends on the band gap. When A flips its sign, the gap at the K’ point becomes
larger, and hence (2 has a greater value at the K’ point as compared to that at the

K point (see Fig. 1.9(d)).

These were the calculations from the full tight-binding Hamiltonian. However,
an analytical expression of {) can be obtained from the low energy Hamiltonian in

Eq. 1.61. First we rewrite the eigen systems of the Hamiltonian as follows.

1 ity

v = — ; B = £, /v%q2 + viq2 + (2 1.63

where 6, = tan"'(q,/q,). Now we use Eq. 1.15 to obtain the following expressions

for (2, namely,

U%‘(ﬁ + TZA)
2 [v2g2 + 022 + (1.8 + A)2]

Qi(q) ==+ 3 1.64

where the + sign refers to the conduction and the valence bands respectively.
The above equation clarifies the fact that {2 is maximum around the K and the K’
points as can be checked by substituting ¢, = ¢, = 0. The value of {) diminishes
as one goes away from those points. Further, when 3 = 0 (or ¢, = 0), {2 acquires

opposite signs at the K and the K’ points as described earlier.

Further, the expressions for the Berry connection can be evaluated using Eq.

1.7 and is given by,
1.65

Finally the Berry phase can be computed using Eq. 1.6 which yields ¢ = F27.
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FIG. 1.9: The Berry curvature is plotted in absence of ¢5 in (a) for A = 0.1¢. In (b), (c), and
(d), the Berry curvature is shown for a non-zero ts with A =0, A = 0.1¢, and A = —0.1¢,
respectively. The value of ¢ is fixed at 7/2.

1.6.2 Chern number: Phase diagram

In this section, we check the nature of the band gap by calculating the Chern
number of the system. It is done by integrating the Berry curvature obtained
numerically using Eq. 1.17 over the first BZ. It is found that the Chern number
has a value C' =1 in this case. As long as the NNN hopping retains its imaginary
part, that is, for 0 < ¢ < m, C' remains at one. At ¢ = 0 and ¢ = m, only the
real part of NNN hopping term is included in the Hamiltonian (since ¢** = 1 for
¢ = 0 and ¢ = 7) which switches off /.(k) in Eq. 1.58 and the system becomes a
semi-metal. For —m < ¢ < 0, the Chern number reverses its sign (C' = —1), since
h.(k) reverses its sign which result in the sign change of the Berry curvature. This
implies that C' = —1for (2n + )7 < ¢ < (2n+ 2)r and —(2n + 1)7 < ¢ < —2n,
while C' = +1 for 2nm < ¢ < (2n + 1)m and —(2n 4+ 2)7 < ¢ < —(2n + 1)7 with
n=20,1,2....

Further, we incorporate the onsite potential A to observe the interplay of topo-
logical phases between A and the Haldane flux ¢. Hence we obtain the Chern
number phase diagram in the A — ¢ plane which is shown in Fig. 1.10(a). As
can be seen, there are two coloured regions. The one in cyan in ¢ > 0 region
represents the ' = +1 phase, while the red one in ¢ < 0 region denotes the
C = —1 phase. The white region signifies the trivial insulating regime with C' = 0.
There exists a semi-metallic phase between the trivial and non-trivial regimes in
the phase diagram. This is shown by purple curve. The equations of these curves
are given by,

AJty = £3V/3sin ¢ 1.66
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FIG. 1.10: The phase diagram corresponding to the Haldane model is presented in (a).
The red and cyan regions represent the non-trivial phase with Chern numbers C = —1
and C' = +1, respectively. The white region denotes the trivial phase with a zero Chern
number. The band structures for three different values of A are presented in (b) for
A < 3v/3ts, (¢) for A = 3/3t9, and (d) for A > 3v/3t5. The value of ¢ for these three band
structures is taken as /2.

Here the term 3v/3 multiplied by t, represent the magnitude of half-energy gap
when ¢ = /2. Therefore, at ¢ = 7/2, if we keep A = 3/3t,, then the gap at the
K point closes and the system becomes a semi-metal as shown in Fig. 1.10(c).
For A > 31/3t,, the gap opens up again (see Fig. 1.10(d)) and the system becomes
an insulator. For a negative value of A, the gap closes at the K’ point. The
computation of Chern number shows that for A < [3v/3t;| the Chern number
has value one (C = 1), that is, the system is a topological insulator. While for

A > |3\/§t2| the Chern number vanishes and system becomes a trivial insulator.

1.6.3 Cyclotron effective mass for Haldane model

We calculate the cyclotron mass of the electrons using the following relation [182],

m* = h—2 95(E) 1.67
2\ OF .

where S(F) is the area enclosed by the particle trajectory expressed as a function
of the electron energy. The dispersion spectra of the Haldane model is isotropic
at the low energies. Hence, the isoenergy contours are circular whose area is

S(E) = m(E? — %) /v%. Therefore the effective mass can be obtained as,

m' = ——. 1.68
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This linear dependence of m* on F is identical to that observed in graphene. It can
be noticed that although the NNN hopping ?» is non-zero, however, the effective
mass is still linear in £. This is because the band structure is isotropic at the low

energies for both graphene and the Haldane model.

1.7 Kane-Mele model

So far we have not included the electronic spin in the calculation. In this section,
we incorporate that in the Haldane model, which yields a wonderful dividend,
namely, bringing back TRS, as we shall see later. It was first done by Kane and
Mele [113, 114] whose tight-binding Hamiltonian can be written as,

—thc]%—z)\SOZlecscmLMRZ sxdzj G+ Ay Z&ccj 1.69

where the first term is the NN hopping which was already appeared in graphene

and Haldane model. Here the operator c}

are written as, cz = (C;-rT CzTi)' The second term represents the NNN hopping

consists of two spinor operators and

similar to the Haldane model. However, the quantity ¢; is replaced by 7 x;. This
means that the flux is taken to be 7/2, and the magnitude of y; follows the same
rule described by ¢;; in the Haldane model (refer to the description of Eq. 1.56
in Sec. 1.6). It may be noticed that a z-component of the Pauli matrix, s, is
added in the NNN hopping term which represents the real spin degree of freedom
of electrons. Because of s., the flux takes opposite signs corresponding to the
two different spins, namely, +7 for 1-spin and —7 for |-spin. This term is now
called the intrinsic spin-orbit coupling term as it couples the electron spin s,
with the chirality of the electron y; and the strength is Agp. The third term is
the nearest-neighbour Rashba spin-orbit coupling term with the strength Ag. s
denotes the Pauli matrix vector and (Aiij is the unit vector that connects the site ¢
to its NN site j (direction is from site ¢ to site j). The fourth term is the staggered
sublattice potential. ; is +1 and —1 for A and B sublattices respectively. Hence,
the last term causes a sign difference in the onsite potential corresponding to two

different sublattices. Therefore, except the Rashba SOC term, all the terms in the
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Hamiltonian have already been appeared in the Haldane model. For A\g = 0, the
Kane-Mele Hamiltonian can be written as a sum of Haldane Hamiltonian of two
different spins, that is, Hxy = Hipgone(¢0 = 7/2) + Hipgon (0 = —7/2). It is also
noticeable that the NNN hopping, ¢, and the onsite potential, A of the Haldane

model have been replaced by )\, and A\gp in the Kane-Mele model.

o A&=0,4,=0 e MRF0,4,#0
SNV N
1 i i 1 i i
0 1 1 0
A NN N
I‘(/ M kkxao I‘(/ M I‘(kxao
(a) (b)

FIG. 1.11: The Band structure of Kane-Mele model is displayed for (a) Ag = Ay = 0 and
(b) Ag = 0.05¢, Ay = 0.1¢.

Although the second term resembles a Haldane like term, it preserves the TRS.
This is because the time-reversal operator flips the direction of hopping as well as
the spins, resulting in two negative signs. Consequently, there is no net change
of sign due to the time-reversal operation. To have a clear insight, we write the

low energy Hamiltonian about the K and the K’ points which is given by,
R
Hyx g = vp (T:04G5 + qy0y) So + As00.T:S, + > (72025 — 0ySz) + A0S0, DAY

where both (0,,0,,0,) and (s, sy, s,) are 2 X 2 spin-1/2 Pauli matrices, however,
they represent sublattice and spin degrees of freedom respectively. sy is a 2 X 2
identity matrix which again denotes the spin degree of freedom. Now, the time-
reversal operator is given by, 7 = is,7,k. This reverses the sign of both 7, and s,
(second term in the above Hamiltonian), but leaves o, unaltered, that is, under
time reversal, 7, - —7,, 0, — 0., s, — —Ss,. Therefore, there is no net change
of sign in the second term and hence the TRS remains intact in the system. As
a result, the system does not show any quantum Hall effect, instead it shows
quantum spin Hall effect.

Before discussing such phenomenon, we first present the band structure of the
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system as depicted in Fig. 1.11. There are four bands in the dispersion spectrum
because of two sublattices and two spin degrees of freedom. However, when both
Ar and )\, are zero, the conduction bands corresponding to two different spins
(true for the two valence bands as well) coincide with each other. That is why in
Fig. 1.11(a) we observe only two bands. Non-zero value of either A\ or \,, or both

lead to separation of the spin-resolved bands as shown in Fig. 1.11(b).

1.7.1 Phase diagram: 7, invariant

Despite the similarity of the bands for each spin with those of the Haldane model,
they displays unique behaviour. Because, the 1- and |-spins have complex NNN
hopping phases of ¢ = +7/2 and —7/2 respectively, they possess opposite masses
at the Dirac points. It results in a spin-dependent Chern number (C,), with
Cy = 41 and C| = —1. The total Chern number, u=1., Cn = 0, is preserved due

to time-reversal symmetry. However, the difference between the Chern numbers is

N

_5L. i
™ )\v}))\so :

FIG. 1.12: The phase diagram of the Kane-Mele model is presented, where the colored
region denotes the spin Hall phase with Zy = 1. The white region represents the trivial
phase with Zy = 0.

non-zero. This indicates that the system can be defined with another topological
invariant, and is known as the Z, invariant. This type of insulators are categorized
as a Z, topological insulator. The difference between the Chern numbers for spin-
1 and spin-| electrons is given by C° = C}y — C| = 2. The Z, invariant can be
calculated using C* / 2 mod 2, which is equal to 1 [146, 147]. Now, we turn on
the staggered sublattice potential )\, and the Rashba SOC \g. Now the previous

method can not be used to compute the Z, invariant because the Rashba term
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mixes the spin degrees of freedom with the sublattice degrees of freedom and
hence C;(C|) can not be computed separately. We use the method described
in Sec. 1.1.4 to compute the Z, invariant for various values of A\g and )\, and
plotted it in Fig. 1.12. The region enclosed by the curve (the blue region) has a Z,
invariant of 1, while it vanishes outside. Therefore, the system shows non-trivial
spin Hall insulating phase (Z, = 1) inside the curve, while it is a trivial insulator

(Z4 = 0) in the outside region.

1.7.2 Cyclotron effective mass for Kane-Mele model

To compute the Cyclotron effective mass, it is necessary to establish an equation
for the electronic energy about the Dirac points. This equation can be derived
through the diagonalization of the Hamiltonian presented in Eq. 1.70. However,
diagonalizing a 4 x 4 Hamiltonian is a challenging task, making it difficult to
obtain the desired energy expression. Alternatively, when )y is set to zero, we
can derive an analytical expression with an identical form to that of the Haldane
model. Consequently, the Cyclotron effective mass m* remains the same as that

in the Haldane model, exhibiting a linear variation with respect to F.

1.8 Semi-Dirac system

S e O ®
t18,  ag
o ® ¢ Le
ﬁ63 azﬁ
A® B ®
o

FIG. 1.13: A honeycomb lattice with the nearest neighbour hopping is presented. The
NN hopping ¢; is along the §; direction, while it is ¢ along the 5 and d3 directions.

In a previous observation, it was noted that the dispersion spectrum of graphene
displays isotropy around the band touching points, resulting in a linear spectrum
in all directions. Some systems exist that display anisotropic dispersions, which

36

TH-3205_186121022



1.8 Semi-Dirac system

FIG. 1.14: The band structure along the k, axis is shown for (a) t; = ¢, (b) t;1 = 1.5¢, (c)
t1 = 1.8t, (d) t; = 2¢, and (e) t; = 2.2t. The spectrum along the k, axis is shown in (f)
specifically for £; = 2¢. A 3D depiction of the dispersion spectrum for ¢; = 2t is presented
in (2).

show interesting properties. The anisotropic dispersion in the honeycomb lattice
can also be achieved if the NN hopping along a specific direction (say, d; direction)
is adjusted to twice that for rest of the NN hoppings. This results in movement
of Dirac cones and their merger into one at an intermediate M(O, g—’;) point. The
dispersion exhibits linearity in one direction and quadratic behaviour along the
other, which is called the semi-Dirac dispersion. It causes electrons to behave as
both massive fermions and massless Dirac particles simultaneously in orthogonal

directions. The tight-binding Hamiltonian of the system can be written as,

H=> (tjclc; + hc) 1.71
(i)

where ¢;; is the anisotropic nearest neighbour hopping. ¢;; = t; when the sites i

and j lie along the §; direction, while ¢;; = ¢t when they lie along the d, 3 directions

as depicted in Fig. 1.13. Similar to the case of graphene, we Fourier transform

the operators and the k-space Hamiltonian becomes H (k) = h,(k)o, + hy(k)o, =
37
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h(k) - . The expressions for ;s are

he(k) = {t1 cos k, +2tcos%cos \/ikgﬁ} : 1.72
and
h,(k) = {—t1 sin k, 4 2t sin % cos \/‘zk”” } 1.73
The dispersion relation is written as
Ey = j:\/2t2 + 12 + 2t2 cos V/3k,a + 4tty cos(3k,a/2) cos(v/3k.a/2) 1.74

Now we show the band structure for various values of ¢; in Fig. 1.14. It can
be noticed that for the isotropic case, that is, for ¢{; = ¢ we observe the band
structure of graphene. As the value of ¢; is increased, the Dirac cones at the K
and K’ points migrate towards each other (see Figs. 1.14(b) and 1.14(c)). They
finally merge at the M point for a particular value of ¢;, namely, t; = 2{, where
the dispersion is quadratic along the k,-direction (Fig. 1.14(d)) and linear along
the k,-direction (Fig. 1.14(f)). For the values of ¢, beyond 2¢, a gap opens up at the
M point as shown in Fig. 1.14(e). In this transition process, the bandwidth of the
system also increases and is equal to 2(¢; + 2¢). A three-dimensional depiction of

the spectrum corresponding to ¢; = 2t is presented in Fig. 1.14(g).

The low energy Hamiltonian of the semi-Dirac systems ({; = 2{) about the M
point is given by,
Hyv = ozxkfgax + v kyoy 1.75

2
where o, = ?’TO and v, = 3tag. q is the small momenta about the M point, that

is, ¢ = k — M. The corresponding eigensolutions have the following form,

2 1 1
E(q) = i\/(awqg) + (vyqy)? Yi(q) = 75 |y 1.76
[ q

—1 vyky

where 6, = tan™ 2%,

The dispersion relation clearly verifies the anisotropic

38

TH-3205_186121022
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nature of the band structure. Further, we use the above eigensolutions and Eq.

1.7 to obtain the expression for Berry connection, which is given by,

A=—

Do |<d®l\'>

1 . X
7y (2002 + 429) 177

Now Berry phase can be calculated using Eq. 1.6 which yields @5 = 0. The Berry

curvature is also found to be zero which can be predicted from Eq. 1.15, since
h, = 0.

1.8.1 Cyclotron effective mass

(=]
c%
=~
3
_ 2n 0 2
9¢/3 keao 9¢/3

FIG. 1.15: An isoenergy contour of the semi-Dirac dispersion around the M point is
depicted.

To calculate the cyclotron effective mass, we use Eq. 1.54. Before that we need
to calculate the area S(FE) of the isoenergy contours. However, the trajectory of
the electrons are not circular, since it is quadratic in k, and linear in k, as shown
in Fig. 1.15. Therefore, we calculate the area of the first quadrant by integration

and the total area would be four times of it which is given by,

\ E/a
1
ﬂEN—/%d%—4./ 1 /B dg,
Vy

qz=0

1
-2 [a-grena
=0

1.78
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Hence the cyclotron mass becomes proportional to VE, namely,

L REE T
a v Qg Uy 2\/%F(4§;)‘

m 1.79

This result is completely different from graphene (the Dirac case) as evident from

the band structure which is anisotropic in this type of semi-Dirac system.
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Chapter 2

Band-Engineered Haldane Model

In order to answer a question whether a crystal lattice with Bloch bands can
possess a non-zero Chern number in the absence of an external magnetic field,
Haldane in a seminal paper [16] had proposed a complex next nearest neighbour
hopping in a honeycomb lattice which explicitly breaks the time reversal symmetry
(albeit no net flux) and should yields a quantized anomalous Hall conductance,
0.y. The quantization of o,, is an artefact of the quantized (integral) values of
the Chern number which is obtained from the integral of the Berry curvature
over the BZ. A non-vanishing Chern number and hence a finite Hall response
are expected for any arbitrary value of the phase, ¢ of the complex next nearest
neighbour hopping, where the closing (opening) of the energy gap occurs at either
of the Dirac points (K and K’) depending on the value of the Semenoff mass, A. A
rescaled variant of it, namely, A =A/ 3\/§ sin ¢) as a function of ¢ shows a phase
diagram that encodes opening and closing of the spectral gaps alternately at the

K and the K’ points as A is tuned between +1 and —1.

A striking distinction of the linear dispersion (Dirac like) along both the longitu-
dinal directions in k-space, is a case presented by an anisotropic dispersion where
the bands are found to be linearly disperse along one direction and quadratically
in the other [40,41]. Such a dispersion is referred to as the semi-Dirac dispersion
and has been realized in a variety of experimental scenarios. We have already
presented an account of such experiments and the relevant theoretical work in

the previous chapter (see the introduction of Chapter 1).
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Chapter 2. Band-Engineered Haldane Model

However, the fate of the anisotropic Dirac physics has never been discussed
in conjunction with a topologically non-trivial energy gap in the spectrum. This
motivates us to explore the evolution of the topological properties of an anisotropic
dispersion in the presence of a Haldane flux as one interpolates between the
Dirac and the semi-Dirac cases and it comprises of the content in this chapter.
As detailed earlier, such a possibility can be realized by choosing the hopping
amplitude corresponding to one of the neighbours (say ¢;) to be different than the
other two (say t), where the former can be tuned starting from a value equal to
the latter, that is, t; = t to larger values, for example, ¢; > 2¢{. We shall show
below that in the regime ¢t < t; < 2¢, we get a non-trivial insulating phase with
a plateau at a value of e? / h for the (anomalous) Hall conductivity whose width
shrinks as a function of (= ¢; /t) since it denotes the energy gap in the spectrum.
At the semi-Dirac limit (¢; = 2¢), upto second order in momenta, the dispersion
displays a linear behaviour in one direction and quadratic in the other. The M
point is located at (0, ;Tﬂo)’ aop being the lattice constant. Under this condition,
the physics becomes similar to that of a single anisotropic Dirac cone in the
low energy limit, although the inversion symmetry is still preserved. This, along
with a Berry phase of 7 yields a finite Berry curvature at certain k-points in the
BZ, despite not having any gap in the spectrum. The Chern number vanishes
as soon as t; becomes greater than 2¢ where a trivial insulating phase emerges,
thereby indicating a transition from a topological phase to a trivial one through a
gap closing point. Appearance of two counter propagating modes at the edges is
responsible for the emergence of a trivial insulating phase beyond the gap closing

point.

To summarize, in this chapter, we present a detailed study of the evolution of
the band structure, density of states (DOS), edge modes in a nanoribbon, Berry
curvature, Chern number phase diagram and finally the anomalous Hall conduc-
tivity to study the evolution of the topological properties. Importantly, we address
the existence of a phase transition from a topological to a trivial phase embedded

therein.
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2.1 Model Hamiltonian

FIG. 2.1: (Color online) A honeycomb lattice is shown where the red and the blue circles
represent two different sublattices A and B respectively. In the d5 and d3 direction, the
nearest neighbour hopping strengths are same, namely, t, whereas in the §; direction,
it is ¢1. At the top, the sign of the complex phase, ¢ corresponding to NNN hopping is
depicted. The arrows indicate the direction of the electrons hopping between the sites of
the same sublattice (A to A or B to B). For the hopping to be in the clockwise direction, ¢
is positive and for the hopping in the anti-clockwise direction ¢ is negative.

2.1 Model Hamiltonian

The tight-binding Hamiltonian for Haldane model can be written as,

H=) tijcc,+1t Z e%icle; + Z Aicle; + hee.,
(i,3) ((5.3)) i
Various symbols have already been used in Chapter 1. We still include here for
completeness. The first term denotes the nearest-neighbour hopping with the
strength ¢;;. ¢;; = t in the two nearest neighbours directions (§; and J3), whereas
in the third direction, that is, along d;, the strength is ¢;. The NN vectors are given
by, 8; = ao(0,1), 8y = ao(v/3/2,—1/2) and 85 = ag(—+/3/2,—1/2). The second
term denotes the direction dependent next nearest neighbour (NNN) hopping with
an amplitude ¢, and a complex phase ¢ having identical values along all the
NNN directions, where ¢ assumes positive (negative) values if the electron hops
in the clockwise (anti-clockwise) direction. The three NNN vectors are denoted by
Vi =0y — 03, V3 = 03 — 0, and v3 = d5 — &;. The third term in Eq. (2.1) denotes
the on-site energy term, where A; is +A (—A) depending on the A (B) sublattice
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Chapter 2. Band-Engineered Haldane Model

sites. A Fourier transform of the Hamiltonian in Eq. (2.1) yields,

3 3
H = |t cos(k- 1) + Zt cos(k-6;)| op + |tisin(k-61) + Zt sin(k - 62)] oy
i=2 i=2
3 3
+ |A =2ty sin ¢Z sin(k - v;)| 0, + |2ty cos ¢Z cos(k - v;) ] 1
i=1 =1

= hyo, + hyoy + h.o, + hol,

where o; are the 2 X 2 spin-1/2 Pauli matrices which denote the sublattice degrees
of freedom and [ is the 2 x 2 identity matrix. h; as shown in square brackets
in Eq. (2.2) are the coefficients of ¢;. The energy dispersion can be obtained as,
E(k) = ho £ [h2 + h? + h2]'/2, where the + signs correspond to the conduction

and the valence band dispersions respectively. To make the notations on different

k, fhit=1.0 =12 hit=15
@ 5 20N 20N 20N
K K
M ~
=0 0 0
r r.
-2 P -2 A -2 A
I K MK ' T K MK ' T K MK T
T 4 T 4 N ‘
nit=1.9 1/t=2.0 nit=2.1 n/t=2.0
20 @\ 1 A O\ 2 @\ 1 2t (h) 1
=0 0 0 0
-2 -2 -2 -2
r K M K IS K M K T K M K NS M I’
k — space k — space k — space kyao

FIG. 2.2: In (a), the BZ of a honeycomb lattice is shown. The electronic band dispersions
in the k-space along the I' - K — M — K’ — T direction are depicted for (b) t; = t,
() t;1 = 1.2¢, (d) t1 = 1.5¢, (e) t1 = 1.9¢, () t1 = 2t and (g) t; = 2.1t are shown. In (h),
the dispersion along the I' — M — I" direction is shown specifically for ¢t; = 2¢. In all
figures, to, A, and ¢ are kept fixed at 0.1¢, 0 and 7/2 respectively.

symmetry points clear, the BZ of the honeycomb lattice and the electronic band
structures corresponding to different values of ¢; are shown in Fig. 2.2. The NNN
hopping amplitude and the complex phase are fixed at t, = 0.1t and ¢ = 7/2
respectively. Inclusion of this complex NNN hopping opens up a gap, thereby
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2.1 Model Hamiltonian

making it an insulating state. It may be noted that even with A = 0 and ¢, = 0,
gaps still open up at the K and K’ points, however they are trivial gaps and hence
do not contribute to the topological properties of the system. For ¢t; = t, t; # 0
and ¢ = 7/2, the system is the famous Haldane model [16], where a gap opens
at the two non-equivalent Dirac points, that is, at the K’ (27/3v/3ag, 27/3a,) and
at the K (—277/3\/§a0,27r/3a0) points (see Fig. 2.2(b)). As t; deviates from ¢,
these points come closer to each other, accompanied by a diminishing band gap
occurring in the spectrum (see Figs. 2.2(c)-2.2(e)). As t; becomes equal to 2¢, that
is the semi-Dirac limit, even in the presence of ¢,, the two bands touch at the
M (0,27 /3ap) point (see Fig. 2.2(f)). This is obvious from the expression of /.,
which is zero only at the M point, becomes non-zero as one moves away from the
M point and eventually at the K or the K’ points it reaches its maximum value,
namely, |31/3t5|. Moreover, the band structure along the k,-direction for t, = 2t is
depicted in Fig. 2.2(h). Upon closer inspection, it can be seen that the dispersion
is linear along both the k,- and ky—directions (see Figs. 2.2(f) and 2.2(h)) at the low
energies, however the velocities of the electrons are unequal. Such dispersions
are known as the anisotropic linear dispersion which is different from the Dirac
case (f; = t) where the spectrum is isotropically linear. Later we shall demonstrate
how the band dispersion affects the Berry phase. Furthermore, when ¢; exceeds
the semi-Dirac value (= 2¢), namely, t; = 2.1¢, a spectral gap reopens. This occurs
owing to h, and h, now becoming non-zero at the M point as evident from Fig.
2.2(g). Moreover, the bandwidth increases from 6¢ in the Dirac case to 2(2t + tl)

for the semi-Dirac one.

Further, to support the anisotropic linear behaviour for the t; = 2¢ case, we
obtain the expressions for cyclotron effective mass only for the ¢t; = 2¢ case in

presence of a non-zero t; using Eq. 1.54.
hE

m' =

Uy Uy

To calculate it, the area of isoenergy contours is used, which is S(F) = 7E?/(v,v,,).

Here, £ = [v2¢? + vjqz] is the energy of the system obtained from the low en-

ergy Hamiltonian in Eq. 2.10 (only the terms linear in ¢, and ¢, are kept) with
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0.16f (a) ' ' tl)t=].0" 0,12-' (b) ' ' tl)z=1.2'- 0.12_,((:) ' tlltél.S
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FIG. 2.3: The density of states (DOS) (in units of 1 / t) is plotted as a function of £/t for
@t =t )ty =1.2¢, (c) t; = 1.5¢, (d) t; = 1.9¢, (e) t; = 2t and (f) t; = 2.1¢. Through out
the calculations ta, A and ¢ are kept fixed at 0.1¢, 0 and 7/2 respectively.

vy = —4/3tya¢ and vy, = 3tag. Thus we recover the cyclotron mass being lin-
early dependent on energy similar to the Dirac case (see Eq. 1.55). This confirms
an anisotropic Dirac behaviour in presence of the Haldane flux and is a distinct

feature compared to the absence of the Haldane flux.

Next we compute the density of states (DOS) that counts the number of elec-
tronic states in the vicinity of a particular value of energy £. It can be obtained

from the following relation,

1
oE) = o [ a2~ B0)ak

To show the detailed evolution, we have numerically computed the DOS for several
different values of ¢; as shown in Fig. 2.3. Two extra peaks (other than the
dominant ones whose origin is well understood) in the DOS spectrum appear for
ty = 1.2t and t; = 1.5¢ (see Fig. 2.3(b) and 2.3(c)) because of the presence of
saddle points in the band structure (see Fig. 2.2(c) and 2.2(d)) occurring at the M
(0,27/3a0) point in the BZ. The saddle points are absent for further large values
of t1, namely, t; > 1.9¢ which results in the vanishing of the additional peaks
in the DOS. These peaks would occur even in absence of Haldane flux [63]. For

t < t; < 2t, the DOS becomes non-vanishing in the vicinity of the zero energy
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2 L=t t1=1.5t 4 =2t 4 =21t
) Lo 5 A A P
(a) (b) 2 (0) 2/ @)
0 0 0 0
) -2
2/ N ] ] ] ]
r K' M K r r K M K r r K M K r r K M K r
S k — space k — space k — space k — space
X | (e) ®) t=1.5¢ (2) =2t (h) H =21t
0.14 0.10 0.10 0.10
0.07 0.05 0.05 0.05
00070 2 40007 509 2 400 5 ¢ 32 4004 50 3 3
Elt Elt Elt Elt

FIG. 2.4: The band structures are shown for ¢t; = ¢,1.5¢,2¢, and 2.1¢ in (a), (b), (c), and
(d) respectively. While, the density of states are shown for ¢; = ¢,1.5¢,2¢, and 2.1¢ in
(e), (f), (g), and (h) respectively. These plots are obtained under the condition where the
particle-hole symmetry is broken in the system (¢ = 7/4).

which is also evident from the band structure shown in Fig. 2.2. As soon as 1;
becomes equal to 2¢, the DOS vanishes quadratically near £/ = () energy is denoted
in unit of the hopping ¢ (Fig. 2.3(e)). Beyond that (at t; = 2.1¢), the DOS again

becomes zero at E' ~ () and thus implies of a gap opening up in the spectrum.

Now, we show the dispersion spectrum and DOS for another value of ¢,
namely, ¢ = 7/4 in Fig. 2.4. At this value of ¢, the NNN becomes complex and
breaks the particle-hole symmetry. However, the main discussion of this chapter
is relevant for ¢ = 7r/ 2. From the band structures (see Figs. 2.4(a)-2.4(d)), it is
evident that the conduction and valence bands are not symmetric about the Fermi
level (Er = 0). However, the variations of band gap with the anisotropic hopping
t, for ¢ = 7/4 remain the same as those corresponding to ¢ = 7/2. Further, the
DOS (see Figs. 2.4(e)-2.4(h)) shows the asymmetry about £ = 0, which is evident
from the corresponding band structure plots. We also see the existence of peaks

in DOS similar to the case for ¢ = 7/2.
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Chapter 2. Band-Engineered Haldane Model

2.2 Edge States

So far we have studied infinite systems which is periodic in both the x and the
y-directions. However to achieve edge states and their properties, a system of
finite size suits the best. It is therefore interesting to consider a semi-infinite
ribbon with a finite number of sites in the y-direction and an infinite number of
sites in the x direction. We label the sublattices as A;, By, Ag, Bo, .... Ay, By
etc. along the y-direction. The periodicity and hence the translational symmetry
of the ribbon in the y-direction are broken because of the edges being present,
while along the z-direction the system is periodic. This allows us to Fourier trans-
form the operators only in the z-direction, via Cl‘,y => e““””cpy. Incorporating

such transformation in the tight binding Hamiltonian (Eq. (2.1)), we arrive at the

following set eigenvalue equations,

Ekakm = —» [t {1 + 6(_1)nik} bk,n + tlbk,n—1:|

Bty {cos(k + ¢)agn + D" cos (5 — qb) {akn1 + ak,nﬂ}}

Epbpn = — [t {1 + e(*l)nﬂik} Qg + tlak,nﬂ]

3 213 [cos(k — )bk + LA (g + ¢> {akn-1 + ak7n+1}}
where n stands for the n-th sublattice which is an integer in the range [1 : N]|.
N is related to the width of the ribbon (see below) and k is the (dimensionless)
momentum in the z-direction defined by k = \/§a0kx. The width of the ribbon can
be calculated from the relation W (N) = ay (% — ) In our work, we have used
N = 128 and hence the ribbon has a width of 191q in the y-direction. In Egs. (2.5)
and (2.6), ay, and by, are the coefficients of the wavefunctions corresponding to
the sublattices A and B respectively. By solving these equations, we have obtained
the band structure of the ribbon for different values of ¢; in the range [t : 2¢] and
also for ¢; > 2t as shown in Fig. 2.5 for a given value of N. As can be seen, one
of the modes from the lower band crosses over to the upper band with increasing

values of k, and another one crosses in the opposite direction. The amplitudes

of the wavefunctions corresponding to these modes decay exponentially into the
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FIG. 2.5: The energy spectra as a function k£ (here k& denotes V/3apk,) are shown for (a)
t1 =1t )ty =1.2¢, (c) t1 = 1.5¢, (d) t1 = 1.9¢, (e) t1 = 2t and (f) ¢; = 2.1¢. In each figure,
the edge state are shown by red dots at the Fermi energy Er (red dashed line), while
in (e) the purple dots are the bulk states. A schematic diagram of a part of the ribbon
with edge current are shown in yellow panels, where the edge currents along the edges
are depicted by arrows. For t; = 2.1¢, the edge modes are detached from the bulk. This
results in no edge current as shown in the yellow panel a the bottom of (f). Through out
the calculations N, t3, A and ¢ are kept fixed at 128, 0.1¢, 0 and 7/2 respectively.

bulk from a maximum value at the edge of the ribbon [184-186]. It should be
noted that the velocities have opposite signs (since v is proportional to 0E/0k)
along these states, implying that the electrons move in opposite directions along
the edges. This makes the edge states chiral in nature. Owing to the presence
of the edge states there will be a plateau in the Hall response of value ¢*/h. The
edge states are shown for various values of ¢; in Fig. 2.5.

In Fig. 2.5(e), we have shown the band structure for ¢; = 2¢, where the inter-
section of the edge states with the Fermi energy, Iy (shown via a dashed line at
E/t = 0) are represented by the dots u and v, whereas the purple dots w and x
belong to the bulk states. Below the figure, the edge currents corresponding to
the points u and v along the edges of the ribbon are depicted in a yellow panel.
Although there is a small gap discernible at £ = 0 for ¢; = 2t, if we gradually

increase the value of N, or equivalently, the width of the ribbon, we shall observe
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Chapter 2. Band-Engineered Haldane Model

vanishing of the gap. Consequently in an infinite system there will be no gap in
the band structure as inferred from Fig. 2.2(f). The edge states for t; = 2.1¢ is
depicted in Fig. 2.5(f), where the edge modes are detached from the bulk bands.
As a result, there is no edge current in the ribbon, as shown in the yellow panel

at the bottom of Fig. 2.5(f).

2.3 Berry phase and Berry curvature

In this section, we present the Berry curvature and Berry phase of the system.
First, we compute the Berry curvature, {2 numerically using Eq. 1.15 for various
values of ¢; and the results are shown in Fig. 2.6. The t; = t case (Fig. 2.6(a))
represents a familiar scenario where the non-zero (and negative) values are highly
concentrated around the Dirac points which persists as ?; starts deviating from
t till moderate values of ¢;. At larger values of ¢; (close to yet less than 2t) the
Berry curvature (Fig. 2.6(b)-2.6(f)) becomes non-zero only in the vicinity of the M
point. For t; = 2t, ) diverges since the two bands touch each other at the M
point. When ¢; > 2t, () reverses its sign as shown in Fig. 2.6(f). The implication of
the sign change in (2 for ¢; > 2¢ becomes clear, as we examine the Chern number,
which drops from a value 1 — 0, as we shall see in Sec. 2.4.

Further, to visualize the divergence nature of () corresponding to the ¢; = 2¢

case, we evaluate the expression for () using Eq. 1.15 which is given as,

2
VpUy Qe
Qi(Qm:Qy) = T N s 3
2 [a2q} + v2¢2 + v2¢2]?

where o, = %, vy = 3tay, and v, = —4\/§t2a0. q is the small momenta about
the M point, that is, q = k — M. The low energy Hamiltonian discussed in Sec.
2.5 has been used for the calculation of above (). The expressions for d,, d, and
d, are ozxqg, v,qy and v,q, respectively. The other terms of d;s, shown in table 2.1
for t; = 2t have been ignored. It can be seen that () diverges at the M point (put
Gz = qy = 0).

Now we discuss the evolution of the Berry phase, ®5. To calculate it, Eq. 1.6

has been used. The variation of ® 3 with respect to the NN hopping ¢; in presence
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FIG. 2.6: Berry curvatures are shown in the k,-k, plane for (a) t; = ¢, (b) t; = 1.2¢, (¢
t, = 1.5¢, (d) t1 = 1.9¢, (e) t1 = 1.95¢ and (f) t; = 2.1¢. Here t9, ¢ and A are fixed at 0.1¢,
7/2 and 0 respectively. The colorbar denotes the magnitude of the Berry curvature.

of a NNN hopping ({2 = 0.1¢) is shown in Fig. 2.7 by the blue curve. As can be
seen, Pp ~ 27 as long as there is a gap in the spectrum, that is, for ¢; < 2¢. This
is a key result as it implies that a non-zero Haldane flux renders a non-relativistic
character to an otherwise relativistic Dirac fermion. As soon as t; becomes 2¢, the
gap disappears and becomes anisotropic linear (about the M point, see Figs. 2.2(f)
and 2.2(h)), &g drops to a value very nearly equal to 7. When t; exceeds 2t (say,
t, = 2.11), again a gap opens up in the spectrum, however ® 5 drops to zero.

We have also shown ®p as a function of #; in absence of ¢ (t; = 0) in Fig.
2.7 by the red curve. When t; = ¢, that is, in the Dirac case, ®p is found to
have a value 7. It persists at a value 7 as long as t; remains less than 2¢, since
the Dirac cones exist (see Figs. 1.14(a)-1.14(c) in chapter 1). When those Dirac
cones merge at t; = 2t and the dispersion becomes semi-Dirac type about the M
point, ® 5 vanishes. As t; exceeds 2¢, 3 remains at zero in the gapped dispersion
spectrum.

Therefore, in the gap closing scenarios, when we have linear dispersions in
both k.- and k,-directions, whether it is isotropic or anisotropic, we always observe
a Berry phase 7 [the cases with (¢ < ¢; < 2t,ty = 0) and (t; = 2t,t, = 0.1¢)]. Once

the gap opens or the dispersion becomes quadratic, ®p either becomes 27 or
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4= =0

1.0 1.5 Hlt 20 22

FIG. 2.7: The Berry phase is shown as a function of ¢; both in the presence ({2 = 0.17)
and in the absence (t2 = 0) of NNN hopping.

drops to zero.

2.4 Chern Number

To obtain a phase diagram that encodes vanishing of the quantum anomalous
Hall phase, we now turn on the inversion-symmetry breaking on-site energies +A
and —A at the sublattices A and B respectively [188]. Only inclusion of A (that
is, keeping t, = () allows us to open an energy gap in the spectrum at the Dirac
points. However, the gap is trivial in nature.

Now in order to get information about the non-trivial phase in such a scenario,
we compute the Chern number. We follow the method discussed in Sec. 1.1.3
to calculate the Chern number corresponding to the lower band as a function of
A and ¢, keeping t, constant as shown in the phase diagrams of Fig. 2.8. As
can be seen, there are three regions in each phase diagram. The red (C' = +1)
and the blue (C' = —1) regions are the topologically non-trivial insulating phase,
while the green region (C' = 0) denotes a trivial insulator. When ¢; = ¢ we get the
well known phase diagram of the Haldane model [187] (see Fig. 2.8(a)), where the
phase transition occurs at A = [31/3t,| for ¢ = m/2. Whereas if we look at the
other phase diagrams (Fig. 2.8(b) - 2.8(f)) for ¢; > {, the features are similar to
that of the Haldane model, except for the size of Chern insulating region gradually

shrinks. These results are consistent with the band structure plots (see Fig. 2.2).
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FIG. 2.8: Phase diagram for (a) t; = ¢, (b) t; = 1.2¢, (¢) t; = 1.5¢, (d) t; = 1.9¢, (e) t; = 1.95¢
and (f) ;1 = 1.99¢. Each of the red and the blue regions represent Chern insulating phase
with Chern number +1 and —1 respectively, whereas the green region in each figure is
the normal insulating phase with zero Chern number.

As the band gap decreases with the increasing strength of ¢;, phase transitions
between the topological and the trivial phases occur for lesser values of A. In the
semi-Dirac limit, the energy spectrum consists of gapless anisotropic Dirac cones
in the low energy limit. Here ¢; = 2¢ denotes a critical point (gap closing point)
which demarcates the topological phase (f < t; < 2¢) from a normal insulating
phase (t; > 2t). As the value of t; becomes larger than 2¢, that is, t; = 2.1¢, the
system becomes a band insulator.

The shrinking of the width of the Chern lobes in shown in Fig. 2.9. As can be

1.0 15 2.0

tl/t

FIG. 2.9: The width of the Chern insulating phase as a function of ¢; /t corresponding to
¢ = 7/2 is shown. Here wy = 6/3t is the width for ¢; = ¢, that is, the width of the lobe

in the Haldane model.
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seen from Fig. 2.8, the width is maximum at ¢; = ¢ and has a value 6\/§t2 (let us
denote it by wy). There is a slower fall off initially as ¢; starts deviating from ¢,
however there is a near vertical decrease in the width as #; approaches 2¢, which

eventually vanishes at the critical (semi-Dirac) point, namely, ¢; = 2.

F— B — VB - +i3V3n  --— —h/3y/31)

L3570 n/t=1.0 1 (b nit=12 o nh=1s
1.0k~ | e~

0.5
0.0
-05
~1.0-~

—1.5¢
1.577

1.0

0.5¢

50.0f
—0.5¢

-1.0 s

—1.552 : < : o oy 2 s -

K M K K M K K M K

keag kyao kxao

N
H /,

: ~
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FIG. 2.10: The band dispersion in the absence of the NNN hopping (t2 = 0) along
K — M — K’ direction, that is, the k, direction for (a) t; = ¢, (b) t; = 1.2¢, (c) t; = 1.5,
(d) t1 = 1.9¢, (e) t1 = 1.95¢ and (f) ;1 = 1.99¢. In the inset of (f), a closer view in the vicinity
of M point is shown. In each of the figures, the red and the blue curves represent the
conduction band (CB) and the valence band (VB) respectively, while the green and the
purple dashed curves are positive and negative values of &, scaled by 31/3ts. The vertical
dotted lines are plotted at k, points where the CB and VB touch each other. Here we have
set ¢ and A as 7/2 and 0 respectively.

In order to visualize the dependence of the width w on the band structure, we
have depicted the conduction and the valence bands along the k,-axis for a par-
ticular value of k,, namely, k, = 27/3 for different values of ¢; in Fig. 2.10, where
the NNN hopping is absent, that is, for ¢, = 0. The conduction and the valence
bands are shown by the red and the blue curves, while the values +h,/ 3\/§t2 (see
definition of /. in Eq. (2.2) where the complex NNN hopping, ¢; enters through A,
with 3\/§t2 being the value of h, at the K and K’ points in the Haldane model) are
shown by the green and the purple curves. The dotted vertical lines are drawn
at the band touching points which depend on the NN hopping strength (¢;) and
the height of these lines between the positive and the negative values of h, is
2w/wy, where w is width of the Chern insulating phase for ¢; # t. So the width

depends on the magnitude of /, at the band touching point and this magnitude
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decreases as one approaches the M point starting from the K and the K’ points.
Mathematically, it can be represented as,

w h.(ky, ky)
=2 2.8
WH 3\/§t2

where k, and k, denote the magnitude of the momenta for which the energy gap
vanishes. It should be noted that between K and K’, the band touching points
for different ¢; can be evaluated by setting either h, or h, to zero and k, to 27/3

which results in the following equation,

2 t
km—iﬁcosl<2—lt), 1<t <2

These boundary points are shown in Fig. 2.10.

2.5 Anomalous Hall conductivity

In this section we present numerical calculations of the Hall conductivity for
our band deformed system. A non-zero local Berry curvature gives rise to the
anomalous Hall conductivity. In order to calculate it we first obtain the low
energy form for the tight binding Hamiltonian in Eq. (2.1) for different choices of
t1. Such a low energy expansion (that is, the Taylor series expansion around the
band minima points) of the Hamiltonian will be valid and helpful for our purpose.

It can be written in a compact notation as,

H =d,(t1/t, ke, ky)to, + dy(t1/t, ke, ky)toy, + d.(t1/t, ks, ky)tao, 2.10

where the coefficients d,, d, and d, are functions of k,, k, and ¢,/t. These coef-
ficients are presented up to terms quadratic in %, and k, corresponding to a few
values of ¢; /t in table 2.1. For simplicity we have absorbed the lattice constant in
the definition of the momentum, k so that it is rendered dimensionless. It is to
be kept in mind that the low energy expansions are done at different k,, k, points

for different values of ¢; since the bands come closest at different points in the
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Chapter 2. Band-Engineered Haldane Model

TABLE. 2.1: The coefficients d,, dy, and d, for a few different values of ¢;/t are shown
in the table. The coefficients are presented up to terms quadratic in k, and k,. Here we
have set ¢ and A as /2 and O respectively.

ty/t d, d, d.
1 ke — 2k2+ k7 Sky — Skyks -3v3
1.9 3k2 — Lk2 + B3k, — & 0/3k2 4 B, 4 332 4 ¥3 —4v/3k,
2 32 _ 32 3k, + 23k2 — 3k? —4+/3k,
2.1 3k2 — BR2 4 BBk, + & WSR2 Slp g SVSR2_ 3 43k,

BZ. As an example, for t; = ¢, the approximation is done around the point with
coordinates (27/3v/3,27/3) (the Dirac points), whereas for ¢, < 2t, the expansion
is done around the point (0, 27/3) (the M point).

The Hamiltonian with these coefficients in table 2.1 represents the generic
Hamiltonian for a two-level system and is of the form, H = d - o, where the com-
ponents of d-vector are the coefficients of 0;s in Eq. (2.10). One may distinguish
the d;s from the h;s in Eq. (2.2) where the latter, namely, h,, h, and i, denote the
coefficients corresponding to the full tight binding Hamiltonian. For ¢; = ¢, the
coefficients of 0, and 0,, namely, d, and d, depend on terms that are linear in &,

and £, respectively.

For larger ¢, particularly for ¢; = 2¢, d, is quadratic in both k, and k,, while
d, has terms linear in k, and quadratic in both %, and k,. This renders non-
uniformity in the band dispersion, and thus results in unequal velocities in differ-
ent directions in the k-space. Further, the coefficient of 0., which arises because
of the Haldane term (complex NNN hopping) is a constant for ¢; = ¢, while for larger
values of ¢y, it varies linearly in k,. However for small k values (near the M point),
the linear terms are dominant which gives anisotropic linear band dispersion at

low energies.

The simple form of the Hamiltonian facilitates computation of the anomalous
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FIG. 2.11: (a) The variation of the Hall conductivity, 0., is shown as a function of Fermi
energy, F'r for several values of ¢;. Here oy = e2 /h is the unit of Hall conductance. In
the calculation we have set to = 0.1t and ¢ = 7/2. It is evident from the figure that the
plateau width decreases with increase in ¢; values. (b) The Chern number is plotted as
a function of ¢; /t. The Chern number stays at 1 for all values of ¢; < 2t and vanishes
for t1 > 2t. (c) The gap width and the plateau width in Hall conductivity are shown
as a function of ¢;/t. They are labelled by the red curve and the green diamond points
respectively. The plateau width is same as the gap width till t; < 2¢t. At t; = 2.1¢ the
width of the Hall plateau is zero but gap is non-zero.

Hall conductivity using (we repeat here for completeness),

e? dk
7= / ! (50209 2.11

where (k) denotes the z-component of Berry curvature which can be obtained
from the derivatives of the d vector with respect to the momenta, £, and k, using
(repeated here for convenience),

d od od
Q(k) = 2dF (akx X 8ky> . 2.12

and f(¢) = [e®(“"Fr) 1 1]7! is the Fermi-Dirac distribution function with 3 being
the inverse temperature (8 = 1 / kgT). The total Hall conductivity is the sum
of 0., from all the bands. Using Eqs. (2.12) and (2.11) the Hall conductivity
is calculated numerically and plotted as a function of the Fermi energy, £y for
T = 0 in Fig. 2.11(a). We can see that as long as the Fermi energy lies in the
gap the Hall conductivity has a plateau and hence quantized in unit of e*/h. The
integral in Eq. (2.11) is performed over the states which are partially occupied at

a given value of the Fermi energy. Consequently, the Hall conductivity decreases
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rapidly as the Fermi energy moves away from the gapped region. In Fig. 2.11(a)
the quantized plateau stays at e?/h, except that the plateau width decreases with
increase in the value of ¢;. This occurs because the width of the energy gap in the
spectrum decreases with the increasing strength of ¢;, although the Hall plateau
survives as long as the Fermi energy lies in the gap.

The above inference is supported by Fig. 2.11(b) where we plot the Chern
number, C' as a function of ¢;/t. C stays at 1 as long as t;/t < 2, implying
continued existence of the topological phase, while as soon as 1 /t becomes slightly
larger than 2, C' drops to zero. Thus we get a normal insulator beyond the semi-
Dirac limit.

We further derive support of the above scenario via Fig. 2.11(c), where we have
shown the variation in the width of the Hall plateau and the width of the energy
gap as a function of ¢, /t. Here the band gap decreases with the increase in ¢; and
the plateau width is found to be proportional to the energy gap. So the width of
the Hall plateau follows the energy gap till {; = 2¢{. Again as ?; becomes larger
than 2t¢, the plateau width vanishes, but the gap in the dispersion continues to

exist.

2.6 Summary

We have investigated the evolution of the electronic spectrum and the topological
properties in a Chern insulating model with deformable band properties. The tun-
able dispersion achieved by creating an anisotropy in hopping among a particular
pair of nearest neighbours (f{;) as compared to the other two (f) is otherwise a
well-studied problem, except that the presence of a non-zero Haldane flux yields
significantly rich physics embedded therein. The model shows a topological phase
transition from a Chern insulating regime to a trivial insulating phase as the above
anisotropy is progressively made larger. Computation of the electronic dispersion
shows the Dirac points move towards each other and finally merge at the M
point where the conduction and the valence bands touch each other as the hop-
ping amplitudes satisfy ¢; = 2¢. Eventually, for larger values of ¢;, the electronic

spectrum gets gapped out again, where it shows properties of a trivial insulator.
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2.6 Summary

These conclusions are supported by computing the band dispersion, DOS, edge
modes, Berry curvature, the Chern number phase diagram and the anomalous

Hall conductivity.
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Chapter 3

Semi-Dirac Limit of (Real) Third Neighbour
Hopping on a Honeycomb Lattice: Higher

Chern Numbers

In the previous chapter, we have seen that the semi-Dirac system does not exhibit
any non-trivial phases even in absence of the TRS which is in contrary to its Dirac
counter part. Here we wish to explore the possibilities of achieving non-trivial
phases in the semi-Dirac system via a suitable modification. A crucial point is
that, unlike the Dirac case, addition of the complex second neighbour hopping
in the semi-Dirac system does not open a gap in the electronic spectrum, in-
stead the system still remains a semi-metal with the conduction and the valence
bands touching each other at the M point in the BZ. A little introspection reveals
that, in such a scenario we can add a real third neighbour hopping to shift the
band extrema point in the energy spectrum, and hence look for the existence of
the topological phases. It is known that the (real) second neighbour hopping in
graphene is approximately 10% of that of the nearest-neighbour hopping [184].
Thus, a further neighbour would be even smaller. However, we will demonstrate
that incorporating the third neighbor as a parameter in the tight-binding descrip-
tion yields intriguing phenomena. However, we shall see in the following that if
the third neighbour is used as a parameter to the tight binding description, it

yields interesting phenomenon.
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The Dirac system with the third neighbour hopping has been discussed in
literature [70]. However to the best of our knowledge, the semi-Dirac system in
presence of the Haldane term and a real third neighbour hopping have never been
discussed, and hence is new to the scientific community. An important dividend of
such an exercise will be accessing regions in the phase diagram with large values
of the Chern number [190], which also facilitates studying the topological phase
transitions between phases with different Chern numbers. On both theoretical
and experimental fronts, a variety of systems have been found that shows higher
Chern numbers which we have already discussed in the Chapter 1 and are skipped

them for brevity.

Motivated by the above scenario, here we discuss the topological properties of
the semi-Dirac system in presence of a third neighbour (hence between different
sublattices) hopping. We shall show that inclusion of the third neighbour hopping
shifts the band minima from the boundary towards the interior of the BZ and
makes the system a Chern insulator, with Chern numbers £2 for certain values
of the hopping amplitude. Addition of the Semenoff mass to the problem changes
Chern numbers from +2 to F1 for a specific range of values for the Semenoff
mass and the third neighnour hopping amplitude. Consequently, we obtain the
plateaus of the Hall conductivity that are quantized as Ce?/h, with C being its

Chern number and acquires values 1 and +2.

This chapter is organized as follows, in section 3.1 we show the semi-Dirac
Hamiltonian in presence of a Haldane term and a real third neighbour hopping
on a honeycomb lattice. In section 3.2, we investigate the topological properties
by computing the Chern number for various values of the amplitude of the third
neighbour hopping, and obtain the phase diagrams that demonstrate the exis-
tence (or absence) of the non-trivial topological phases. In section 3.3, we study
the structure of the edge modes in a nanoribbon for various relevant values of
the second and the third neighbour hopping amplitudes. Hence, we compute the
anomalous Hall conductivities in section 3.4 that exhibit plateaus quantized in
units of ¢?/h and finally conclude with a brief summary of our results in section

3.5.
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3.1 Model Hamiltonian

We consider a tight binding Hamiltonian on a honeycomb lattice with hopping

between the various neighbours that can be written as,

H = Z tijchj + 1o Z ei‘z’i’“chk + 13 Z cjcl +he | + Z Aicjci
(i.3) (k) (@) i

The first term is the nearest neighbour (N1) hopping. Here, for the sake of distinc-
tion with other hopping amplitudes, we shall refer to it as N1 hopping. The N1
hopping strengths (denoted by ¢;;) along the §, and the J3 directions are ¢, while
along the 9§, direction, the strength is t;, as shown in Fig. 3.1. We have assumed
two different values of 1, such as, t; = f and ¢; = 2t (other intermediate values are
not discussed here) which represent the isotropic Dirac and the semi-Dirac cases
respectively. As the Dirac case has already been studied, the semi-Dirac case is
the main focus for this chapter. The second term is the Haldane term comprising
of a complex second neighbour (N2) hopping with an amplitude, ¢, and a complex
phase denoted by ¢;; whose values have already been described in the previous
chapter. The third term represents the third neighbour (N3) hopping between
different sublattices and the fourth term represents the onsite energy (Semenoff
mass), that assumes values +A and —A for sublattices A and B respectively. We
have skipped mentioning the N1 and N2 vectors in this chapter for brevity. It may
be noted that the anisotropic hopping amplitudes enter through the N1 hopping
amplitudes, while N2 and N3 hoppings are left unaltered. Thus, the key symme-
tries, such as, chiral (with A = 0) and particles-hole (subject to N2 hopping being
purely imaginary) symmetries are not disturbed, while TRS remains broken all

the while.

Performing a Fourier transform of Eq. 3.1, the Hamiltonian in the momentum

space can be written as,
H(k) = h,(k)o, + hy(k)o, + h.(k)o. + ho(k)I = h(k) - o + ho(k)I
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FIG. 3.1: A honeycomb lattice is shown where the red and the blue circles represent the
sublattices A and B respectively. In the §5 and d3 directions the N2 hopping strengths are
same (t), while in the §; direction it is ¢;. The N3 hopping is shown by the yellow arrow.

where,

V3k,
2

k
h.(k) = {tl cos ky, + 2t cos ?y cos } + t3 {cos 2k, + 2 cos k, cos \/ger} ,

V3k,
2

k
hy(k) = {—tl sin k, + 2t sin Ey cos } + i3 {sin 2k, — 2sin k, cos \/gkx} :

k k
hz(k):A—2t281n¢{2Siﬂ\/§ xcos%—sin\/gkx}

and,

3k, 3k
ho(k) = 2t5 cos ¢ {2 coS \/; cos Ty + cos \/gk:x}

where o0; (1 € x,v,2) denote the 2x2 spin-1/2 Pauli matrices which represent
the sublattice degrees of freedom, and [ is the 2x2 identity matrix. The energy

dispersion can be obtained as,

B(k) = ho(k) £ \/ha()2 + oy ()? + D (K)2,
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where the + signs refer to the upper (conduction) band and the lower (valence)
band respectively. In the absence of {5 and ¢3, the band dispersion is linear along
one direction and quadratic along its perpendicular direction [63] about the band
touching M point in the BZ. We refer to this as the zero mode in our subsequent

discussion.

Hh=2,13=0,tpb=0 th1=2,t3=05,6,=0 Hh=2,3=1,6p=0 =2, t3—3 =0
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FIG. 3.2: The top view of the bandstructure for the semi-Dirac ({; = 2t) system is depicted
for (a) t3/t = 0, (b) t3/t = 0.5, (c) t3/t = 1 and (d) t3/t = 3. The hexagons in each figure
represent the first Brillouin zone. In the calculations, we have fixed t5 = 0, A = 0. In (e)
and (f) a three dimensional depiction of the bandstructure for the semi-Dirac system are
shown for to = 0 and t9 = 0.5¢ respectively, where we have used A = 0 and ¢ = 7/2.

Now, if we add a small N3 hopping, namely, ¢3, then the zero modes shift from
the M point towards the interior of the BZ as shown in Figs. 3.2(b)-3.2(d). There
are four zero modes inside the first BZ for a non-zero value of t3. Let us call these
points where the zero modes occur as the A points. For example, one of the zero
modes for a particular value of ¢3, namely, {3 = ¢ occurs approximately at a point,

which we call as A; = <131/5§2§, L %ii”). while the same for a different value of

t3, namely t3 = 3t approximately occurs at another, A; = ( eV

other values of {3, namely, say t3 > 3¢, the zero modes remain fixed at the same

1.08057 1. 24037r) For

locations as that for ¢35 = 3{. We wish to remind ourselves that ¢3; is merely a
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parameter in our model, and hence a large value such as this is only to access
different topological phases and hence of academic interest.

Now, if we turn on the N2 hopping, ¢, then the spectral gaps open up at these
A points in the BZ where the zero modes occur, and hence the system behaves as
an insulator. However, in the absence of ¢35 (with ¢, being non-zero), there is no
gap at the M point, and the dispersion is anisotropic linear (linear along both the
directions, but with different velocities along the x- and the y-directions) about the
M point, which makes the system a semi-metal as discussed in Ref. [193]. In Figs.
3.2(e) and 3.2(f), we have shown the bandstructures for the semi-Dirac system in
the absence, and in the presence of ¢, respectively for non-zero values of t3. In
our calculations, we have fixed the values of the Haldane flux, ¢, N1 hopping, t;
and the Semenoff mass, A to be 7/2, 2t and zero respectively. The corresponding
bandstructures for the Dirac system have been discussed in Ref. [191, 192], and

we skip them here to make our discussion concise.

3.2 Phase diagram

In this section, we obtain the phase diagram by numerically calculating the Chern
number of the system. Since in this model, the complex N2 hopping term breaks
the TRS, non-zero values and hence non-trivial phases with finite Chern number
are expected. The inversion symmetry breaking onsite energies, +A on different
sublattices open or close energy gaps in the energy spectrum at the A points. We
compute the Chern number using Eq. 1.21 (see Sec. 1.1.3) as a function of A
and ¢3, and plotted it in the phase diagram in Fig. 3.3.

It is to be noted that in the absence of an N3 hopping, the Chern number is
always zero for any arbitrary value of A and ¢ for the semi-Dirac case (t; = 2t),
even though the time reversal symmetry remains broken. However in presence of
the non-zero N3 hopping, we may obtain non-zero values for the Chern number.
In Fig. 3.3(a) we have depicted the Chern number corresponding to the lower
band as a function of A and ¢3 for Haldane flux, ¢ = 7/2. As can be seen, there
are two regions denoted by the red and the green colours. The region in red

indicates the value of the Chern number, C' = 1, while the green region indicates
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FIG. 3.3: The Chern number of the lower band is depicted as a function of A and t3 for
(@) t1/t = 2 and (b) t1/t = 1. The coloured regions signify the Chern insulating regions
with non-zero Chern numbers (C' = +1 for the red region and C' = —2 for the green one),
while the white region denotes the trivial insulating phase with C' = (. We have shown
the variation of C' as a function of A for a particular value of 3, say t3 = 3t, in (c) and (d)
for t;/t = 2 and t; /t = 1 respectively. In this calculation, the Haldane flux ¢ is kept fixed
at /2. The topological phase transitions are implied via C' discontinuously changing
values between 1 — 0 — —2.

C = —2. In addition, there is also a finite region denoted by the white colour,

which corresponds to a trivial region with C' = 0. In absence of {3 or at small

values of t3, namely t3 < 0.68¢, for all values of A, the trivial region prevails. We

observe the topological phase with the Chern number C' = —2 beyond a certain

value of the N3 hopping, t3, namely t3 2 0.68t, for a zero Semenoff mass (A = 0). If

we increase the value of A, then we observe the C' = —2 phase for a range of values

of t3, such as, 0.68¢ < t3 < 1.9¢. However, for t3 = 1.9¢, there are two topological

phases with Chern numbers C' = 1 and ' = —2, which depend on the value of

A. For example, for t3 = 3t, there is phase transition occurring from a C' = 0 to

a C =1 phase at A ~ —5.04t,. C again drops to zero for A ~ —3.11¢,. Beyond

A ~ —2.56t,, the Chern number becomes —2 and stays at —2 until a specific value
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FIG. 3.4: The Chern numbers of the lower band is shown as a function of A and ¢ for
(@ ti1/t =2and t3/t =1, (b) t1/t = 2 and t3/t = 3 and (c) t1/t = 1 and t3/t = 3. In
each figure, the green and the orange regions denote the Chern insulating phase with
the Chern numbers -2 and +2 respectively, while the red and the blue regions imply
the Chern numbers +1 and -1 respectively. Further, the white region denotes trivial
topological regime with zero Chern number.

H=0,A=0 th#0,Alt,=0 Hh#0,Alt,=3.44 1, #0,Altp=—-3.44
2n
3 (a) (b) (c) (d) 6
S0 4
=2
2
_2r
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FIG. 3.5: The conduction band of the semi-Dirac system (t; = 2¢t) is shown in (a) in
absence of t5 and the Semenoff mass A, while the same in presence of a non-zero ty are
presented in (b), (c) and (d) for A = 0, A/te = 3.44 and A/ty = —3.44 respectively. The
values of t3 and ¢ are taken as ¢ and 7/2 respectively.

of A, namely, A ~ 2.56t5, when the Chern number vanishes again. The Chern
number becomes 1 at A ~ 3.11¢,, and finally vanishes again for A 2 5.04¢,. Thus
there are a series of phase transitions occurring at t3 = 3¢. There is always a
trivial region (with C' = () in between the two Chern insulating regions having two
different Chern numbers (the white region between the red and the green regions).
Further, as one increases the value of ¢3, the regions with zero Chern numbers
(C = 0) are obtained for lesser values of A. As a result, the width of the Chern
insulating region with C' = —2 (the green region) shrinks with the increase of ¢3,

or equivalently, we can say, the width of the C' = 1 region increases with the
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increase in N3 hopping ¢3. The trivial region (shown in white in Fig. 3.3(a)) gets

narrower as one increases the value of ¢3.

This phenomenon is somewhat different in the Dirac case (see Fig. 3.3(b)),
where we can see a non-zero Chern number (namely, C' = 1) even in absence of
the N3 hopping, that is, the well-known Haldane model. The phase persists for
very small values of {3. However in the presence of N3 hopping, we obtain a phase
with Chern number C' = —2 or C' = 1 depending on the value of A. Further,
unlike the semi-Dirac case, there is no trivial regime in between the two different
Chern insulating regimes, that is, the red and the green regions. If we fix the value
of t3, say, t3 = 3t, and calculate the Chern numbers for increasing values of A,
then we observe the Chern number to jump from C' = —2 to C' =1 at A ~ 2.55¢,.
Finally, the Chern number drops to zero from a value C' = 1 at A = 31/3t,. The
values of A, at which the Chern number changes from a value C' = —2to C' = 1,
depend on the value of the N3 hopping ¢3 (see the shoulder like region in Fig.
3.3(b)). However, the values of A at which the Chern number vanishes from a
value C' = 1 does not depend upon ¢3. It should be noted that the calculations are
done for a Haldane flux, ¢ = 7/2. If we alter the value of ¢ to —7/2 then the phase
diagram will remain unchanged, except that the Chern numbers will undergo a

sign change.

In Figs. 3.3(c) and 3.3(d), we have shown the variation of Chern numbers
as a function of A for the semi-Dirac ({; = 2t) and the Dirac systems (t; = )
respectively for a particular value of t3, say, t3 = 3t. As can be seen for the semi-
Dirac case (see fig. 3.3(c)), there are phase transitions occurring from C' = 0 to
C' = 1 and then again to C' = 0 as one increases A. With further increase of A,
C drops to —2. To quote some numerical values, the plateau at C' = —2 exists
for a range of A, that is, —2.56t < A < 2.56t,. With further increase in the
value of A, C drops to zero and then again rises to 1 and finally vanishes. The
plateaus at C' = 1 persist for some values of A, such that, —5.04t; < A < —3.11t,
and 3.11t2 < A < 5.04¢5. A similar phase transitions are observed for the Dirac
case (see Fig. 3.3(d)), except that there is direct phase transitions from C' = 1 to

C = —2 or vice versa. The C' = —2 plateau occurs for —2.55t, < A < 2.55t,, while
the plateaus at C' = 1 occur for —3v/3t, < A < —2.55t, and 2.55t, < A < 3v/3t,.
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TABLE. 3.1: The value of Chern numbers for various values of A and t3 are presented.
The upper table corresponds to the semi-Dirac case, while the lower one corresponds to
the Dirac case.

ty =2t
The range/value of A | The range/value of t3
= < .
C A—0 0<t3<0.68t
= -2 t3 = 0.68¢
C=-2 IA| < 2.56t, °
C=+1 |A| = 4.38t t3 = 1.9t
t1=1t
The range/value of A | The range/value of t3
C=+1 0<t3<0.4t
it A=0 =1
C =+1| 33t < |A| < 2.55¢, -
c=_2 |A| < 2.55t, ’
C=+1 |A| = 3/3t, t3 > 0.51t

We summarize the preceding discussion in Table 3.1.

Fig. 3.4 shows the phase diagram in the A-¢ plane corresponding to the
lower band for both the semi-Dirac and the Dirac cases. For both of them, the
values of the Chern number depend on the value of N3 hopping amplitude (see
Fig. 3.3). In Fig. 3.4(a), we have shown the phase diagram for the semi-Dirac
case for t3 = t. As can be seen, there are two Chern insulating regions with Chern
numbers C' = —2 (green region) and C' = +2 (yellow region). The phase diagram is
similar to that of the Haldane model, except that the values for the Chern number
are different in this case. Further, the widths of the Chern insulating lobes are
smaller than those in the Haldane model. Now, if we increase the value of ¢35 (say,
t3 = 3t), we shall see additional Chern insulating regions emerge, with the Chern
numbers given by C' = +1 (red region) and C' = —1 (blue region) as depicted in
Fig. 3.4(b). There exists a trivial insulating phase with C' = 0 in between the
two Chern insulating regions, that is, between the green and the red regions, or

between the yellow and the blue regions. These types of phase diagrams are in
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complete contrast with the Dirac case, where in the latter, the trivial insulating
phase is absent as shown in Fig. 3.4(c). The width of the Chern insulating region
with C' = —2 is greater in the Dirac case compared to that of the semi-Dirac case
(see Fig. 3.4(c)), as is evident from the A-t3 phase diagram (Fig. 3.3(b)). For
vanishingly small values of ¢35, which are physically relevant, the phase diagram
becomes similar to that of the Haldane model.

The reason of having a value of the Chern number |C| = 2 is that we have
multiple zero modes in presence of {3 (and in absence of ¢,) inside the first BZ for
the semi-Dirac system. For example, when t3 = ¢, the zero modes occur at four A
points as depicted in Fig. 3.5(a), which are perceptible from the dark blue colours.
Gaps open up at those A points, as we turn on the N2 hopping ¢, (see Fig. 3.5(b)).
The Chern number of the system becomes —2. Now, if we keep increasing the
value of the Semenoff mass, A, the gaps at two out of four A points decrease, and
finally vanish at A =~ 3.4372 (see Fig. 3.5(c)), where a topological phase transition
takes place. For A 2 3.4372, the gaps open up again, however the Chern number
vanishes. A similar gap closing scenario occurs at the remaining two A points for
A ~ —3.4372 (see Fig. 3.5(d)).

The phase diagrams presented in Figs. 3.3 and 3.4 aid us in identifying specific
values of t3 and A to explore the nature of the topological phases. We achieve
that via the numerical computation of the edge states and the anomalous Hall
conductivity as discussed below. These quantities are investigated for t3 = 0.5¢, ¢
and 3t, where we have considered A = ( corresponding to t3 = 0.5t and ¢, while
the t3 = 3t case has been studied for A = 0 and A = 4t,, which, correspond to
C = —2 and C = 1 respectively.

3.3 Edge states

In order to understand whether the nature of the band gaps are topological or
trivial, we look for the existence (or absence) of the edge states. To achieve this,
we have considered the system to have semi-infinite ribbon geometry with zigzag
edges along the periodic x-direction. We Fourier transform the operators along

the z-direction (because of the translational symmetry) which yields two sets of
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FIG. 3.6: The energy spectra of the ribbon as a function of the dimensionless momentum
k (here k denotes v/3agk,) for the semi-Dirac system (¢ /t = 2) are shown in (a) t3/t = 1,
AJta =0 (b) t3/t = 3, AJta = 4 and (c) t3/t = 0.5, A/ta = 0, while for the Dirac system
(t1/t = 1)itis shownin (e) t3/t = 0.1, A =0, (O t3/t =1, A =0and (g) t3/t =3, A/ta = 4.
The green dots in each figure signify the intersection of the edge states with the Fermi
energy F'r (shown via the red dashed line). (d) and (h) are Schematic diagrams of a part
of the ribbon. The arrows in (d) represent the edge currents corresponding to the points
of figure (a) and (f), while in (h) the edge currents are shown corresponding to the points
of figure (b), (e) and (g).

coupled eigenvalue equations for the wave functions as follows,

Ekak’n = — [t {1 + 6(_1)nik} bk,n = tlbkz,n—l] + t3 [bk,n_;_g + 2bk:,n—1 CcOos /{Z] + Aakm

ni k
— 2t [cos(k + @)akn + D" % cos <§ — qb) {akn-1 + ak,nﬂ}}
Eybgn = — [t {1 + e(*l)nﬂik} Qn + tlak’nﬂ] + t3 [akn—3 + 2ak n41 cos k| — Aby,

n+1l1i k
— 2ty {cos(k — )b + eV cog <§ + qﬁ) {akn-1+ ak,nﬂ}}

where n denotes the site index. n assumes integer values in the range [1 : N]|
with NV being the total number of unit cells along the y-direction. In Egs. 3.8 and
3.9, ay, and by, are the coefficients of the wave functions corresponding to the
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n-th A and B sublattices respectively. Here £ is the momentum along the periodic
x-direction, which is rendered dimensionless by defining, k£ = V/3aok,. The width
D of the ribbon along the y-direction is related to N via D(N) = ao (2 — 1). As
earlier, we have used N = 128 and hence the ribbon has a width of 191ay. By
solving Egs. 3.8 and 3.9 one can get the bandstructure of the nanoribbon as
shown in Fig. 3.6 for a fixed value of the Haldane flux, namely ¢ = 7/2. As can be
seen, one of the edge modes from the lower band crosses over to the upper band
as a function of k,, and another one traverses in the opposite direction. These
edge modes are responsible for a finite value of the Hall conductivity, provided the
Fermi energy lies in the bulk spectral gap. In Fig. 3.6(a), we show the edge states
for the semi-Dirac (t; = 2t) system corresponding to a particular value of the N3
hopping, for example, t3 = t. The red dashed line represents the Fermi energy,
Er and the points where the edge modes intersect the Fermi energy are shown by
green dots. The edge currents corresponding to the points p’ and 7’ flow along
one of the zigzag edges of the ribbon and the edge currents corresponding to the
points ‘p’ and ‘s’ travel along the other edge (see Fig. 3.6(g)). However they flow
in the opposite directions, since the velocity of the electron is proportional to the
slope of electron dispersion, that is, 0E/0k, which alters sign at (¢, s) compared

to those at (p, r).

Owing to the presence of a pair of edge states, there will be finite Hall con-
ductivity with a plateau occurring at a value n.e?/h, where n. = 2’ denotes the
number of edge modes [189]. This result is consistent with the Chern number
phase diagram (see Fig. 3.3(a)), where the Chern number is found to have a value
—2for t3 =t and A = 0. In contrast, we get a single edge mode, along either edge
of the ribbon for t3 = 3t and A = 4¢, as shown in Fig. 3.6(f). In this case, we show
the edge currents corresponding to the points ‘¢’ and ‘r’ in Fig. 3.6(h). This result
is also consistent with the phase diagram (Fig. 3.3(b)), where we find C' = 1. For
ts = 0.5 and A = 0, the edge modes are shown in Fig. 3.6(c). It is clearly visible
that the edge modes are split from the bulk. Thus, one can say that the edge
modes do not contribute to the edge current and hence the system possesses zero

Hall conductivity.

The edge states for the Dirac system ({; = t) are shown for comparison in
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Figs. 3.6(d), 3.6(e) and 3.6(f). The plots show the presence of single edge mode
at the points 9’ and ‘s’ for t3 = 0.1t and A = 0 (Fig. 3.6(d)), which propagates at
two opposite edges of the ribbon corresponding to the points p’ and ‘s’. Such a
situation yields a plateau in the Hall conductivity at ¢?/h. This result is similar
to that of the Haldane model. Now, if we further increase the value of the N3
hopping, for example, consider {3 = ¢ (Fig. 3.6(e)), a pair of edge modes appear,
and they propagate along two different edges of the ribbon, however these two
pairs are counter propagating at the opposite edges (see Fig. 3.6(h)). In this case,
the Hall plateau is quantized in unit of 2¢%/h. The pair of the edge currents will
exist as long as the Semenoff mass, A remains at a zero value. However, as we
introduce a finite value of A, there is possibility that there will be single edge mode
at each edge as depicted in Fig. 3.6(f). Here we see that the edge modes are along
either edge of the ribbon corresponding to the points ‘¢’ and 7’ as shown in Fig.
3.6(h). The number of edge currents along either edge of the ribbon is consistent
with their values for the Chern numbers, namely, C' = 1 and (' = —2 (see Fig.

3.3(b)).

3.4 Anomalous Hall conductivity

In this section, we describe the Hall conductivity of the system which is calculated
numerically at zero temperature (I' = 0) as a function of Fr using Eq. 1.39.
The spectrum is shown in Fig. 3.7(a) corresponding to the semi-Dirac system
(t1 = 2t). We see that as long the Fermi energy lies in the gapped region, the Hall
conductivity shows a plateau quantized in unit of 2¢?/h for t3 = t and A = 0.
Since the integral is performed over the occupied states for a given value of Fp,
the Hall conductivity decreases as £ moves away from the gapped region, that
is, towards the bulk. If we consider the Semenoff mass, A to be zero, we see
that the plateaus occur at 2¢2/h as shown by the green and the red curves in Fig.
3.7(a). However, in presence of a finite value of A, there is a possibility of getting a
plateau at e?/h occurring in 0.y as shown by the blue curve in Fig. 3.7(b). These
results are supported by the respective values for the Chern numbers. Thus,

corresponding to C' = —2, we get the Hall plateau quantized at a value 2¢? /h, and
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FIG. 3.7: The variation of anomalous Hall conductivity, o, is shown as a function of
the Fermi energy Er. for (a) t1/t = 2 and (b) t;/t = 1. Here oo = €2/h is the unit of the
Hall conductivity. In this calculation we have fixed the N2 hopping ?2 at 0.5¢ and the
Haldane flux ¢ at 7/2.

for C = 1, we get it is quantized at €*/h.

To compare with the Dirac case, that is, for ¢; = ¢, we have shown the anoma-
lous Hall conductivity in Fig. 3.7(b). As can be seen, with a small N3 hopping
(say, t3 = 0.1t), the Hall plateau is quantized in unit of ¢?/h (the red curve in Fig.
3.7(b)). If we increase the value of the N3 hopping, the quantized Hall conductivity
is seen at 2¢?/h. Now, if we add the Semenoff mass term, the quantized Hall con-
ductivity acquires a plateau at ¢?/h. The value of A till which the ¢?/h plateau is
retained depends on the value of ¢5. In Fig. 3.7(b), we show the Hall conductivity
for a non-zero A by the blue curve corresponding to t3 = 3t. The existence of the
e%/h Hall plateau is noted for a certain range of A, that is, 2.5t < A < 3v/3t,
corresponding to a fixed value of N3 hopping, namely, {3 = 3¢t. Similar to the case
of the semi-Dirac system, the quantized Hall conductivity of the Dirac system is

fully consistent with the corresponding Chern number phase diagrams (see Fig.

3.3(b)).
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3.5 Summary

We have shown that in the semi-Dirac system, adding a third neighbour hopping
causes the zero modes to move inward into the BZ from its boundary. Addition
of the Haldane term creates spectral gaps at those points. We have obtained
two different phase diagrams, namely, in the parameter spaces defined by A-¢
and A-t3 by computing the Chern numbers for the respective cases. The A-t3
phase diagram is an addition to the existing literature. Further, the A-t3 phase
diagram for the semi-Dirac case encodes different scenario than the Dirac case
in the following sense. There is always a trivial regime in between the two Chern
insulating regimes (C' = —2 and C' = 1), which is absent for the Dirac case.
The A-¢ phase diagram for the semi-Dirac case shows that one may have Chern
insulating regions either with |C| = 2 and |C| = 1, or only |C| = 2, depending
on the value of the N3 hopping, {3. The computation of the edge states show
additional crossing of the edge modes corresponding to |C| = 2. Finally, the
anomalous Hall conductivities, for several values of ¢35, demonstrate the existence
of Hall plateaus quantized either at 2¢*/h or at e¢*/h depending on the number of

edge modes crossing the Fermi energy.
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Chapter 4

Topological Properties of a Bernal Stacked

Bilayer Graphene

All of our previous work deals with monolayer systems in which the topological
features were controlled by the properties of their bands. In this chapter, we will
explore a bilayer topological model that is even more intriguing because it offers
another way to achieve higher Chern numbers. This is due to the presence of a
larger number of bands in its band structure, specifically two conduction bands
and two valence bands. A higher value of the Chern number implies higher value
of the anomalous Hall conductivity, together with larger number of chiral edge
modes present in the system. It is instructive to investigate how band engineer-
ing affects the topological properties of such bilayer systems. Similar to the earlier
case, band deformation can also be introduced via anisotropic hopping along a
specific direction. The topological properties of such band-engineered bilayer sys-
tems are fascinating since they exhibit a richer phase diagram, and the existence
of chiral edge modes and quantized Hall conductivity has not been studied in the

literature before.

Therefore, in this chapter, we focus on a bilayer graphene with broken TRS,
that is, a coupled bilayer Haldane model. The stacking of the two layers is as-
sumed in such a way that the B sublattice of the upper layer lies exactly above
the A sublattice of the lower layer. Such stacking is known as the AB stacking

or the Bernal stacking. We shall see that the Chern numbers associated with
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various bands reveal interesting properties. For example, some of the bands pos-
sess both Chern numbers +2 and +1, while the rests are associated with Chern
numbers £1. Such a scenario needs to be assessed for a band engineered system.
Specifically, we wish to address the ramifications of the band deformation caused
via asymmetric hopping amplitudes on the topological properties and ascertain
whether such deformation induces a topological phase transition. In our bilayer
model, band engineering is incorporated via asymmetric NN hopping amplitudes
in each of the layers, while the tunneling amplitude across the layers is left un-
altered. It should be noted that the AA stacking of graphene also demonstrates
non-trivial phases [194]. However, it needs elaborate investigation and is not
considered in this thesis.

Our subsequent discussions are arranged as follows. Sec. 4.1 introduces the
tight binding Hamiltonian of a bilayer graphene. Sec. 4.2 discusses the band
structure of the system with the interlayer coupling (£;) and the anisotropic NN
hopping amplitudes (f;) as parameters. Sec. 4.3 deals with the phase diagram that
are obtained by computing the Chern numbers associated with the bands. In Sec.
4.4, the presence (or absence) of the chiral edge modes in a ribbon geometry are
presented. Next, the numerical computations of the anomalous Hall conductivity
are shown in Sec. 4.5. Finally, a brief summary of the results are included in the

concluding section (Sec. 4.6).

4.1 The Hamiltonian

A tight-binding Hamiltonian of a bilayer honeycomb lattice can be written as

follows,

H=Y" | t;d'd+t > %"l +he |+ [t Y dict+he

pELu | (if) ((im)) (@)1

where ¢/ T(cf ) is the creation (annihilation) operator corresponding to site ¢ which
belongs to the layer p. Here p = [, u represent the lower and the upper layers
respectively. The first term in the right hand side denotes the nearest neighbour

(NN) hopping with the amplitude ¢;; being either ¢; when 7 and j sites lie along
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(a)

FIG. 4.1: A bilayer graphene is shown in (a) with the interlayer coupling ¢, between the
B sublattice of upper layer and the A sublattice of lower layer. In both layers, the A and B
sublattices are denoted by the red and blue filled circles. In (b), the other planar hoppings
are shown. To properly see each sublattices in each layer, we have denoted the A and
B sublattices in lower layer with the circles in red and blue respectively. The subscripts
[ and u in A;, and B;, refers to lower and upper layer respectively. All the bondings
and NNN hoppings in the lower layers are shown by the dashed lines and dashed arrows
respectively. The NN hopping strength along the §; direction (shown via the yellow arrow)
is t1, while it is ¢ along the d2 3 directions (J; are defined in text). The NNN hopping is
t2€i¢> (tge_i¢) for the clockwise (anti-clockwise) direction.

the d, direction, or ¢ when they lie along the J, 3 directions as shown in Fig. 4.1.
The second term represents the complex next nearest neighbour (NNN) hopping
with the amplitude ¢, and a phase <b§f;. We have labelled the Haldane flux corre-
sponding to the lower and upper layers as ¢!™ and ¢'™ respectively. Both acquire
a positive or negative sign when an electron hops in the counter-clockwise or
clockwise direction. The third term is the hopping between the two layers with
the coupling strength ¢ . t is important to note that the interlayer hopping occurs
between the B sublattice on layer u (r € B,) and the A sublattice on layer [ (¢ € A))
(AB or Bernal stacking). In our calculations, we have varied ¢; in both the layers

from a value ¢ to 2t (semi-Dirac limit) and also considered the case t; > 2t.

Now, we Fourier transform the Hamiltonian and write them in the four sub-
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FIG. 4.2: The band structure in absence of ts (to = 0) is shown along the k,-axis (at
kyag = 2m/3) for (@) t1 = t, (b) t1 = 1.2¢, (c) t; = 1.5¢, (d) t; = 2t, and (e) {; = 2.2¢.
Similarly, the dispersions in presence of to (2 = 0.1t) are depicted for (f) t; = ¢, ()
t1 = 1.5¢t, (h) t; = 1.8¢, (i) t1 = 2¢, and (j) t1 = 2.2¢. The values of the other parameters are
t; = 0.5t and ¢; = ¢, = /2.

lattice basis, namely, {A;, B;, A,, B, } in the following way,

where hf are defined as, 1 (k, ¢,)

h;s can be written as,

ho(k, ¢,) = 2ty cos ¢, {2 cos

h.(k, ¢,) = —2tysin ¢, {2 sin
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hj<k7 ¢l)
h;y(ka tl)
0

"

By (k. t1)
h; (k, 1)
0
0

0 t,
0 0
hi(k, ¢u)  hay(k, t)
h,(k t1) by (k, ¢.)

= ho(k, ¢p) £ h.(k, ¢,). The element h,,(k, t1)
has the following form, h,,(k,t;) = h,(k,t1) —ih,(k,t;). The expressions for the
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FIG. 4.3: The band structure for {3 = 0 is shown along the k,-axis (at kyag = 27 /3) for
@ty =t, )ty =1.2t, (c) t1 = 1.5¢, (d) t; = 2t, and (e) t; = 2.2¢t. While, the spectra for a
non-zero ty (ta = 0.1t) are depicted for (f) t; = t, (g) t; = 1.5¢, (h) t; = 1.8t, (i) t; = 2t, and
() t1 = 2.2t. The values of ¢t , ¢; and ¢,, are fixed at 0.1t, /2 and 7/2 respectively.

k. 3k,
hy(k,t) = {t1 cosky—|—2tcos§ycos\/; } ,
and
k 3k,
hy(k,t1) = {—t1 sinky+2tsin5ycos \/; } ,

Throughout our work, the amplitude of the NNN hopping ¢, is kept fixed at 0.1¢,
and two different values of the interlayer hopping strength are chosen, namely,
t, = 0.5tand t; = 0.1t. The values of ¢; and ¢,, are taken such that ¢, = ¢, = 7/2.
However, only for obtaining the Chern number phase diagrams, ¢; and ¢, are
varied in the range [—7 : +7| (see Sec. 4.3). Now, for ¢, = ¢;, we obtain the

following dispersion relation,

. 12 t
ES = h0+\/5l+|hxy|2+hgi?./ti+4hgy
EY = |h t hoen2e fe ap

+ — 0— ?+|xy| + zi? tJ_+ zy
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Chapter 4. Topological Properties of a Bernal Stacked Bilayer Graphene

where I/ denote the two conduction bands and EY are the two valence bands for
a bilayer. We discuss the results on the band structure in detail in the subsequent

section.

4.2 Spectral properties

In this section, we discuss how the spectral properties evolve as we interpolate
between the Dirac and the semi-Dirac limits. We show the band structure for
two different values of ¢, . The first one is for ¢, = 0.5t as shown in Fig. 4.2. As
can be seen, there are four bands which we have labeled as follows. The upper
conduction band is labeled as band-c1, while the lower conduction band is band-
c2. Similarly, the lower and the upper valence bands are labeled as band-v1l and
band-v2 respectively. When ¢, = 0 (no Haldane flux), band-c2 and band-v2 touch
each other at the Fermi level at the K and K’ points (see Figs. 4.2(a)-4.2(d)). These
points are referred to as the Dirac points. Further, with the increase in the value
of t;, we deviate from the Dirac limit, and the band touching points move close to
each other which finally merge at {; = 2¢{. Beyond this value, that is, for ¢; > 2t,
a gap opens up at the M point. Now, if we switch on 5 (see Figs. 4.2(e)-4.2(i)),
the spectral gap remains open for ¢ < t; < 2t and t; > 2¢, while the gap vanishes
exactly at the semi-Dirac limit, namely, ¢; = 2¢{. The gap closing scenario of the
bilayer graphene is thus similar to the case of single layer graphene, where the
energy gap between the conduction and valence band vanishes at the semi-Dirac
limit, that is, at t; = 2¢ [193].

Further, we have presented band structure in Fig. 4.3 for a smaller value of ¢ | ,
namely, t; = 0.1¢. It is obvious from Eqgs. 4.7 and 4.8 that the separation among
the conduction bands (band-c1 and band-c2) and that among the valence bands
(band-v1 and band-v2) decreases with decrease in ¢,. Moreover, the low energy
dispersions of band-c2 and band-v2 about the band touching points have a linear
behaviour which was quadratic for ¢; = 0.5¢. Thus, the massive electrons become
progressively massless as we lower the value of {;. Further, with the decrease
in ?,, the spectral gap between band-c2 and band-v2 increases. For example,

when ¢; = 0.1t the band gap is AF, ~ 1.0390t and 0.3124¢ for ¢t; = ¢t and 1.8
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respectively. While for ¢, = 0.5¢, AE, ~ 1.0335¢ and 0.1406¢ for t; = ¢ and 1.8¢
respectively. Thus the difference in energy is more noticeable as we move towards

the semi-Dirac limit, that is, at large values of ¢;.

4.3 Chern number and phase diagram

| C=+2 EC=+1 HEC=-1 EC=-)|
()1 =t (b) 1y =1.5¢ (c)t1=1.8¢ (d) 11 =1.9¢
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FIG. 4.4: The phase diagrams corresponding to the lowest occupied band, that is, band-
v1 are presented in (a)-(d), while those for band-v2 are shown in (e)-(h). The white regions
denote the trivial phase with Chern number as zero, while the colored regions indicate the
non-trivial phase with the non-zero Chern numbers. The values of the Chern numbers
corresponding to the colors are indicated at the top of the figure. The value of ¢ is kept
fixed at 0.5¢7.

In this section, we calculate the Chern number as a function of the fluxes
¢; and ¢, using Eq. 1.21 and shown in the phase diagrams in Fig. 4.4. Here
the value of ¢, is chosen to be 0.5¢. The phase diagrams corresponding to band-
vl are shown in Figs. 4.4(a)-4.4(d), while Figs. 4.4(e)-4.4(h) corresponds to the
phase diagrams of band-v2. We have denoted the Chern insulating regions by

two different colors. The regions in red denote C' = +1 phase, while the blue ones
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| C=+2 EC=+]1 EEC=-1 EC=-2|
(a) band-v2 (b) band-v2 (c) band-vl1 (d) band-v1

FIG. 4.5: The phase diagrams corresponding to band-v2 are shown in (a) and (b), and
those for band-v1l are presented in (c) and (d). In (a) and (c), the 1 points are used and
shown along the L; and Ly lines, whereas the v and x points are marked along the L3
and L4 lines in both (b) and (d). Along those lines multiple phase transitions occur. For
example, along L3, the Chern number corresponding to band-v2 has values +1, 0, +2, 0,
+1 at the points 71, 73, ¥5, 77 and g respectively. The phase transitions take place at s,
Y4, 76 and g, where band-v2 touches either band-v1 or band-c2. The values of {| and ¢;
are taken as 0.5¢ and t; respectively.

denote C' = —1 phases. The trivial phases with C' = 0 are shown by the white
regions. Itis evident from Fig. 4.4(a) that the areas of the Chern insulating regions
are maximum for ¢; = ¢ (Dirac case). An engineering of the band structure, that
is, with the increase in the value of ¢;, the area of the topological regions (called
as the Chern lobes) gradually shrink. We have shown the phase diagram till a
certain value, namely, ¢; = 1.9¢ (see Fig. 4.4(d)), beyond which the topological
regions can hardly be seen. When ¢; becomes equal to 2¢, the Chern number
(C) vanishes completely for all values of ¢; and ¢, owing to a gapless scenario
that exists between band-c2 and band-v2. Although band-v1 remains separated
from the band-v2, the Chern number still vanishes. For ¢; > 2¢, a gap opens up,
however, the Chern numbers continue to be zero, and thus the gap is trivial.
Further, the phase diagrams corresponding to band-v2 (see Figs. 4.4(e)-4.4(h))
demonstrates additional phases with higher Chern numbers (C' = +2). Such non-
trivial phases are denoted by different colors, namely, the cyan and green colors for
the C' = 42 and C' = —2 phases respectively. The red and blue colors continue to
denote C' = +1 and C' = —1 phases respectively. Thus, both C' = +2 and C' = £1

phases occur at different parameter values in the same phase diagram. Further,
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FIG. 4.6: The band structures corresponding to the points 7;-1n¢ [shown in Figs. 4.5(a)
and 4.5(c)] are depicted in (a)-(f). The spectra for the points v;-v9 [shown in Figs. 4.5(c)
and 4.5(d)] are shown in (g)-(0), and for the points x;-x3 are presented in (p)-(r). The
values of ¢t; and ¢, for all the band structures are kept fixed at ¢ and 0.5t respectively.

the topological regions shrink with the increase in ¢;, and finally vanish at ¢; = 2t,
where the gap between the band-v2 and band-c2 vanishes. For ¢; > 2¢, the gap
reopens, but the Chern number remains zero for all values of ¢; and ¢,. The phase
diagrams for band-c1 and band-c2 are identical in shape to those of band-v1 and
band-v2 respectively, except the Chern numbers have opposite signs.

In order to visualize the gap closing scenario corresponding to different phase
transitions occurring in the phase diagrams, the band structures are presented
in Fig. 4.6 for a particular value of ¢; and ¢,, namely, ¢t; = ¢t and t; = 0.5¢.
The values of ¢; and ¢, are such that they lie along the four lines, namely, L,
Ly, L3 and L4 in the phase diagrams depicted in Fig. 4.5, and are denoted by
ni(i=1,...,6), v (j = 1,...,9), and xs(s = 1,2,3). Along L;, a topological
phase transition occur between C' = +2 and ' = —2 corresponding to band-v2,
while the transition between C' = +1 and C' = —1 occur along L, for both band-
v2 and band-vl. These results have to be understood in conjunction with the
corresponding band structures as shown in Figs. 4.6(a)-4.6(c) and 4.6(d)-4.6(f)

respectively. The band structures corresponding to 1; and 73 points are identical
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Chapter 4. Topological Properties of a Bernal Stacked Bilayer Graphene

and the Chern numbers corresponding to band-v2 are +2 and —2 respectively
[Fig. 4.5(a)l. At 70, band-v2 and band-c2 touch each other at both the Dirac
points [Fig. 4.6(b)], and hence there is a phase transition at 7. However, band-
v1 remains isolated from band-v2 at these 1 points, and the Chern numbers are
zero along L, as evident from its phase diagram [Fig. 4.5(c)]. Further, the band
structures corresponding to 7, and 7 have similar features, however in this case,
C has values +1 and —1 respectively corresponding to band-v2, while for band-
v1, (' has the same magnitude, but are of opposite signs. At the phase transition
occurring at 7);, band-v2 and band-v1 touch each other at the K point in the BZ
[Fig. 4.6(e)], and hence for both the bands, a topological phase transition takes
place at this point.

| C=+2 EEEC=+] EEEC=-1 EEEC=—)

7; (b)tyy=1.5¢ (c)t;=1.8¢ (d) =19t
3

<0

=

-7

(e)tl—t | (ﬂt1—15t (h) 1 =1.9¢

FIG. 4.7: The phase diagrams corresponding to band-v1 are shown in (a)-(d), while those
for band-v2 are shown in (e)-(h). The value of ¢ is kept fixed at 0.1¢. The values of ¢; are
such that ¢; =t in (a) and (e), 1 = 1.5¢ in (b) and (f), ;1 = 1.8¢ in (c) and (g), and t; = 1.9¢
in (d) and (h). The white regions denote trivial phases with zero Chern numbers, while the
colored regions indicate the non-trivial phases with the non-zero Chern numbers. The
values are indicated at the top of the figure.

Further, along L3, again multiple phase transitions occur [see Figs. 4.5(b) and
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4.5(d)], and the corresponding dispersions are shown in Figs. 4.6(g)-4.6(0). At 7,
band-v2 and band-vl show C' = +1 and C' = —1 respectively which drops to zero
at 7, and hence the gap between those bands close at the K point as shown in
Fig. 4.6(h). At 3, the gap reopens, but the Chern numbers corresponding to these
bands remain zero. The gap between band-v2 and band-c2 vanishes at v, where
again a phase transition takes place, since along the line connecting v, and -,
the Chern number has a value +2. The band structure at an intermediate point,
namely, 75 has been shown in Fig. 4.6(k). Similarly, phase transitions take place
at 75 and 7y, where the gaps vanish at the K’ point. At 7; and 7, C assumes
values zero and +1 respectively corresponding to band-v2. It should be noted that
band-v1 shows vanishing of the Chern number between 7, and 75 segments [see
Fig. 4.5(d)] and hence it never touches band-v2 which results in absence of any

phase transition.

We now show the phase transitions between C' = —2 and C' = —1 phase along
L,. The corresponding band structures are shown in Figs. 4.6(p)-4.6(r). At Yo,
band-v2 and band-vl remain isolated from each other, however, they possess
Chern numbers C = —2 and C' = 0 respectively. At y; and Y3, these two bands
touch each other at the K’ and K points in the BZ respectively, where topological
phase transitions take place. Beyond x; and Y3, the gap reopens and both bands

possess non-trivial phases with C' = —1.

Further, along the ¢, = —¢; line, a semi-metallic phase exists for all the bands.
In the vicinity of ¢, = ¢;, only the phase diagrams of band-v1 show trivial regions
with C' = 0, however, those for band-v2 demonstrate non-trivial phases either
with C =42 or C' = —2.

Moreover, in order to see the effects of the interlayer hopping, ¢; on the topo-
logical phases, we have shown the phase diagrams corresponding to band-v1l
[Figs. 4.7(a)-4.7(d)] and band-v2 [Figs. 4.7(e)-4.7(h)] for a different value of ¢, (in
addition to ¢; = 0.5%). It is evident that the areas of Chern insulating regions are
enhanced corresponding to a lower values of ¢; = (0.1¢. Also, the shapes of the
topological regions are different from those for the ¢, = 0.5¢ case. Further, the ar-
eas of C' = +2 regions in the phase diagram corresponding to band-v2 are mostly

spanned by C' = +1 regions. However, the feature that remains unaltered is the
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Chapter 4. Topological Properties of a Bernal Stacked Bilayer Graphene

trivial phase along ¢, = +¢; lines for band-vl and ¢, = ¢, line for band-v2. For
both t; = 0.5t and ¢, = 0.1¢, the Chern insulating regions gradually shrink with
the increase in the value of ¢; and finally vanish at the semi-Dirac limit, namely,

t; = 2t. For t; > 2t, the system remains a trivial insulator.

4.4 Edge states

\ No Edge
Current

No Edge
Current

2 gz 372 2=x

\/? kyag ﬁkxdo

FIG. 4.8: The edge state spectra are shown for (a) t; = ¢, (b) {1 = 1.5¢, (c) t1 = 2¢, and
(d) t; = 2.2¢t. The green shaded regions represent the bulk gap in (a), (b) and (d) [no bulk
gap in (c)]. The Fermi levels (Er) are denoted by the red dashed lines, which are shown
to be present in the bulk gap. Er intersects the edge modes at the points denoted by the
green dots as shown in (a) and (b). For these, the edge currents are shown by the green
arrows in the yellow panels located at the top right corner, which represent parts of the
semi-infinite ribbon.

To show the existence (and their vanishing) of the edge modes, in this section,
we show the band structure of the system for semi-infinite nanoribbon. The
ribbon has a finite width along the y-direction, while it is infinite along the -
direction [70, 185]. Further, we label the sites along the y-direction as Al, B,
AL, B, .... A, BY, AY, BY, A%, BY, .... A%, BY. Since, the periodicity along the
z-direction remains preserved, we can Fourier transform the operators along that

direction. This results in a set of four coupled equations as shown below.

Eyap, = [t {1+ * b +tibr ]

e

nt

MBS

k
— 2ty |cos(k + @)ay,, + e=V"% cos (5 - 925) {ahn1 + ki1t
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4.4 Edge states

E t ] —1)nTg / 2 1)nt+1ik k‘
k }CL,n - { 6( 1) IZk} }CL,TL 16 Z,TH’ t2 ( ) ' Qk COS (— + (Z)>

X{az,nfl + a’z,n+1} + COS([{Z - ¢) Z,n} + tJ— [gleiik + 52:| a’iz

Ekagc,n = [t {1 +el Zk} bfk,n + tlbi@,n—l] — 2ty {6(_1) 7 cos (5 — qb)
4.11

}{@}, 1 + @l i fos(k + @)al,+] +t1 [Ge™ + &) b
Eyby,,, = [t {1 + e(_l)nﬂik} aj, + tlaﬁwﬂ]

A L 4.12
- 2t2 |:COS<]€ ¢>b§c,n + 6(71) 2 cos (5 + ¢> {aéc,n—l + agc,n+l}:|

where aé’i and bf,;; are the amplitudes of the wave functions corresponding to the

sublattices A and B respectively. To remind ourselves, the superscripts [ and u
refer to lower and upper layers respectively. Here k = V/3k,ao is the dimensionless
momentum and n denotes the site index which assumes integer values in the
range [1 : N| with N being the total number of unit cells along the y-direction.
We have chosen N = 128, resulting in a width of 79v/3ag. In Egs. 4.10 and 4.11,

&1 and & denote quantities that depend on the site index n and are defined as,
& =[1-(=1"/2 and & = [1+(-1)"]/2

respectively.

By solving Egs. 4.9, 4.10, 4.11, and 4.12, we obtain the band structure of the
nanoribbon for various values of ¢; as presented in Fig. 4.8. It can be noticed that
a pair of edge modes from the valence bands (band-v2) traverse the Fermi level, £
(shown via the red dashed line) and merge with the conduction bands (band-c2),
and another pair crosses the Fermi level in the opposite direction. Such crossing
of the edge modes leads to a quantized Hall conductivity should the Fermi level
lie in the bulk gap. Er intersects the edge modes [see Figs. 4.8(a) and 4.8(b)] at
four points (marked by the green dots), whose corresponding edge currents are
shown by the green arrows in the yellow panels located at the top right corner of
the plots. The yellow panels represent a part of the semi-infinite ribbon. Since
the velocity of electrons is proportional to the slope of the band structure, that is,

OFE Ok, there exists a pair of edge currents at each edge that moves in the same
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direction. However, such pairs of currents propagate in opposite directions at the
two edges of the ribbon. Hence, these modes are called chiral edge modes.

It should be noted that because of a pair of chiral edge modes, we should obtain
the Hall conductivity quantized with a plateau at 2¢?/h, with the factor 2’ arising
due to doubling of the number of chiral edge modes [189]. Such chiral edge modes
exist as long as the value of ¢; remains less than 2¢{. Since the bulk gap vanishes
at t; = 2t [see Fig. 4.8(c)], the edge current vanishes. For t; > 2¢, the edge
modes get detached from the bulk bands as shown in Fig. 4.8(d) for t; = 2.2¢,
thereby resulting in a zero edge current. These results are consistent with the
corresponding Chern numbers obtained in the phase diagram. For example, we
observe the non-zero edge currents for t; < 2t and the corresponding Chern
number is found to be C' = |2|. For ¢; > 2t, the Chern numbers vanish, and so do
the edge currents. The figures presented here are for t;, = 0.5¢. For ¢, = 0.1¢, we
observe similar features in the spectrum, except that the bulk gaps are reduced.

We have skipped the discussion of the latter for brevity.

4.5 Hall conductivity

2r 2r
S S
\’»\ \’»\
S S

—_— =t
——— 1 =1.5¢ ——— 1 =1.5¢
c—-— 1 =1.8¢ c——-— 1 =1.8¢

Hh =19t H=1.9¢

0 - ‘ | 5 0 - ‘ | ,
2 1 E(F) s 1 2 2 1 E(F) s 1 2
(a) (b)

FIG. 4.9: The anomalous Hall conductivities are shown as a function of Er for various
values of ¢; in (a) and (b) for t; = 0.5t and ¢; = 0.1t respectively. The plateau width
decreases as t; deviates from ¢.

Here, we calculate the anomalous Hall conductivity as a function of the Fermi
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energy Iy using Eq. 1.39 at zero temperature. The spectrum for various values
of 1 is shown in Fig. 4.9.

As can be seen from Fig. 4.9(a), that when the Fermi energy, I/ lies in the
bulk gap, 0,, becomes quantized at a value 20(,. The width of the plateau is equal
to the width of the bulk gap in the dispersion spectrum of Fig. 4.2. As soon as Er
intersects the bands (either both the conduction or both the valence bands), o,
starts to decrease since the integral is performed over the occupied states. This
also results in diminishing of the plateau width with increase in the value of ¢;.
This happens because the energy gap between the band-c2 and band-v2 shrinks.
The plateau and the Hall conductivity vanish completely at t; = 2¢, where the
spectrum becomes gapless. For the hopping asymmetry engineered beyond the
semi-Dirac limit, that is, {; > 2¢, the bands become gapped again, however, the
Hall conductivity remains zero. These results are consistent with their corre-
sponding information coming from the Chern numbers. The Hall plateaus are
observed as long as the system remains a Chern insulator, that is, for ¢; < 2¢.
Further, the factor 2’ in 20 denotes the value of Chern number (and also the edge
modes) which vanishes for ¢; > 2t.

We have also presented the Hall conductivity for a smaller value of ¢, , namely,
t; = 0.1t in Fig. 4.9(b). In this case, the plateau widths corresponding to different
values of t; are larger as compared to that for the t; = 0.5¢ case, since the
corresponding band gaps are enhanced as shown in Fig. 4.3. However, similar
to the previous case, the plateau width decreases with the increase of ¢;, which
finally vanishes at ¢t; = 2¢ and beyond. Thus, a topological phase transition takes

place across the gap closing point at the semi-Dirac limit, namely, ¢; = 2t.

4.6 Summary

We have investigated the topological properties for a band engineered bilayer Hal-
dane. By tuning one of the three NN hopping amplitudes, the band extrema,
which were located at the K and K’ points for the Dirac case, migrate towards
each other and finally merge at an intermediate M point in the BZ in the semi-

Dirac limit, that is, at t; = 2¢. We have calculated the Chern numbers for various
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values of ¢; and plotted them in the ¢,-¢, plane which demonstrates that the
higher Chern numbers (C' = +2) are associated only with band-v2. However, the
Chern numbers corresponding to both bands vanish, that is, there are topolog-
ical phase transitions, where the Chern numbers discontinuously change from
C=42toC =0and C' = £1 to C = 0, across the semi-Dirac point t; = 2¢. Also,
there are multiple phase transitions in the phase diagram, such as, +2 — —2,
+1 — —1, £2 — £1 and £2 — 0 — 1. These phase transitions are confirmed by
the opening and closing of the energy gaps (semi-metallic phase) in the dispersion
spectrum. Further, we have also computed the band structure of a nanoribbon,
where we observe a pair of chiral edge modes along the edges of the ribbon exist
as long as t; remains lesser than 2{. Also for the anomalous Hall conductivity,
the width of the quantized plateau at 20( gradually decreases with increase in
t1, which finally vanishes at ¢t; = 2¢. Thus, a bilayer Haldane model, similar to
its monolayer analogue, exhibits a topological phase transition at the semi-Dirac
point. However, here we have larger Chern number values and doubling of the
edge modes at the edges of the bilayer nanoribbon. Further, the phase transi-
tions are supported by the vanishing Chern number, chiral edge modes, and the

anomalous Hall conductivity.
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Chapter

Band-Deformed Dice Lattice: Role of Flat

Bands and Topological Phase Transitions

The previous chapters include description of topological phases for two-band sys-
tems, where the Chern number assumes values +1. In this chapter wish to
extend the exploration of such non-trivial phases in multi-band system. The
system we have considered here is the dice lattice which has the structure of a
honeycomb lattice with an additional lattice point at the centre of the hexagon.
This point is connected to either A or B sublattice and thus belongs to a third
sublattice, namely, a C sublattice [93]. Thus, the unit cell contains three sublat-
tices, namely, A, B and C. The band structure consists of a zero energy flat band
that resides between the conduction (upper) and the valence (lower) bands, and
they have degeneracies at the Dirac points (K and K’) in the sense that all the
bands touch each other at these points in the BZ.

Further, to induce non-trivial phases in the system, the TRS breaking complex
NNN hopping is included in the dice lattice whose topological and the transport
properties may be predictable from the band structure perspective (similarity with
that of the honeycomb lattice). However, owing to an additional flat band at the
Fermi level, the topological properties would be more interesting and are char-
acterized by larger values of Chern number, namely, C' = +2. Interestingly, the
electrons in the flat band are immobile, and hence their contribution to the trans-

port phenomena may not yield interesting results. However our studies will have
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Chapter 5. Band-Deformed Dice Lattice: Role of Flat Bands and Topological Phase Transitions

larger impact if somehow the flat band is rendered dispersive, which will enable it
to contribute to the transport phenomenon and may have important consequences
on the topological properties. We simulate the evolution of the topological prop-
erties of a band-engineered dice lattice induced by an anisotropic hopping energy

between selected nearest neighbour bonds.

As a first case (we shall call this as case-I later), the hopping anisotropy is
introduced via tuning the nearest nighbour (NN) hopping amplitudes between the
A-B (say, t1) and B-C (say, t) sublattices identically along a given direction, while
those along the rest of the NN directions (¢) are kept unaltered (see Fig. 5.1). Such
an anisotropic hopping causes the band extrema from the Dirac points to move
closer to each other, and they eventually merge at an intermediate M point, in
a scenario quite similar to us. The spectral gaps and the topological properties
vanish at a special value of the hopping ¢;, namely, t; = ¢ = 2¢. In the absence
of the NNN hopping, the band dispersion for this particular value of ¢; and t’
is quadratic along the k, direction and linear along the k, direction, resulting
in the so-called semi-Dirac dispersion. However, the presence of NNN hopping
makes the spectrum anisotropic linear, that is, linear along both the directions,
but the electrons have unequal velocities. This phenomenon is similar to the case
for graphene, where a topological phase transition takes place at the gap closing
semi-Dirac limit [193, 202], except that in the dice lattice we have an additional
zero energy flat band. Thus, disappearance of a band gap is more involved here

as we shall see below.

An second option to induce hopping anisotropy is via ‘selectively’ tuning the
hopping t; between the A and B sublattices, while keeping ¢’ between the B and
C sublattices unaltered. To distinguish it from the case above, we call it case-
II. Such a selective hopping anisotropy leads to distinct effects compared to the
above case, where the band extrema do not migrate, however the flat band gets
dispersive, which eventually alters the gap between the conduction (or valence)
and the flat band. Moreover, the deformation of the flat band, which no longer
remains flat, should enable it to contribute to the transport properties. Finally,
the spectral gap vanishes at certain value of the anisotropy, intermediate to the

Dirac and the semi-Dirac limits, namely, t; = 1.67¢ which is different from case-
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I (that is, t; = ' = 2t) and depends on the value of NNN hopping amplitude
to. The latter is also a discernible feature of this system, since the value of ¢,
did not play a role earlier and any non-zero t; induces topological properties.
Such vanishing of the band gap again leads to the vanishing of the topological
properties similar to the case above. However, the Chern insulating regions in the
phase diagram and the anomalous Hall conductivities have differences in these
two cases. Expectedly, we see that the effects of the flat band being dispersive lead

to observable consequences in the behaviour of the anomalous Hall conductivity.

Possible experimental scenarios in inducing hopping anisotropy, at least for
case-1 can be provided as follows. The hopping energies t; and ¢’ can be altered
simultaneously by applying an uniaxial strain to the system which changes the
bond length along the direction of application of the strain. Thus, the hopping
energies among the A-B and B-C sublattices will be modified simultaneously.
Such applications of uniaxial strain in the honeycomb lattice structure, such as,
SisO yields a semi-Dirac band structure [52]. For the sake of completeness, we
have applied both types of anisotropy and compare between the corresponding
properties for a dice lattice. Case-II involves selective control of the hopping
amplitudes (see Fig. 5.1) and is included for comparison owing to the interesting

consequences detailed above (and also later in section 5.3).

This chapter is organized in the following way. In Sec. 5.1, we present the
Hamiltonian of the system for the two cases (case-I and case-II) and the energy
dispersions are plotted for a few different values of the anisotropy parameters in
Sec. 5.2. Sec. 5.3 deals with the topological properties among which Sec. 5.3.1
shows the phase diagrams corresponding to different strengths of the anisotropic
hopping. Further, the presence (or absence) of a pair of edge modes of a nanorib-
bon for various parameters are shown in Sec. 5.3.2. Finally, we present numerical
computation of the anomalous Hall conductivity in Sec. 5.3.3 corresponding to
both the case-I and case-II. We finally conclude with a brief summary of the results

obtained in Sec. 5.4.
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FIG. 5.1: A dice lattice is shown in (a) where the red, blue and the green circles represent
the sublattices A, B and C respectively. The NN hopping strength between A and B
sublattices along the d; direction (shown via the yellow arrow) is ¢;, while it is ¢ between
B and C sublattices along the same direction. The NNN hopping is t2e’® (t2e~*?) for
the clockwise (anti-clockwise) direction. §; and ag represent the NN vectors and lattice
constant respectively. In (b) and (c), the values of the NN hopping amplitude, namely, ¢’
are shown corresponding to case-I and case-II respectively.

5.1 The Hamiltonian

A tight-binding Hamiltonian on a dice lattice can be written as follows,

H— Ztijcjcj + Z ei¢ikc;rck + h.c.| + Z AZ'CZCZ‘
(i5) ((ik)) 0

The first term is the nearest neighbour (NN) hopping, where the hopping t;; = #;
when i connects the site j along the §; = ao(0, 1) direction, while it is ¢ along
the &, = ao(v/3/2, —1/2) and &3 = ag(v/3/2, —1/2) directions shown in Fig. 5.1.
Such values of ¢;; are restricted among the A and B sublattices. Further, the NN
hoppings between the B and C sublattices along the §; direction is ¢/, and is ¢ in
the J, 5 directions. As elaborated earlier, we have considered two cases. In case-I
we vary both ¢; and ¢’ in the range [t : 2t], while is the second case, t’ is kept fixed at
t, and t; is varied in the range [t : 1.8t]. This rather unfamiliar value, namely, 1.8t
originates from the vanishing of spectral gap occurring at ¢; = 1.67¢. The second
term in Eq. 5.1 represents the complex next nearest neighbour hopping (NNN)
with an amplitude ¢, and a phase ¢;;, where ¢, is positive (negative) when an
electron hops in the clockwise (anti-clockwise) direction. The third term denotes

the onsite energy term, that assumes values +A at the sites that belong to A and
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FIG. 5.2: The band structure of the system in absence of t3 (t3 = 0) is shown along the
ky-axis (at kyag = 27/3) for (@) t1 =t/ =t, (b) t1 = t' = 1.5¢, (©) ¢t = t' = 2t, and (d)
t1 = ¢ = 2.2t. Similarly, the dispersion in presence of t5 (to = 0.1t) is depicted for (e)
th=t=t, Oty =t =12t, (@ t; =t =1.5t, (W) t; =¢ = 1.8, () t =t/ = 2t, and
() t1 = t' = 2.1t. In the figures, k, is rendered dimensionless by multiplying with lattice
constant ag.

C sublattices respectively.

The Fourier transformed Hamiltonian can be written as,

hik)  hkt) 0
Hk) = | n(k,t;) 0  hkt)
0 h(kt) h(k)

z

where h(k,t) = h,(k,t) — ih,(k, 1), where  is either ¢, or ¢'. The elements h¥ are
defined as, h} (k) = ho(k) £ h.(k). The expressions for the h;s can be written as,

- . k k
he(k,t) = {tcosk:y—i-%cos?ycos\/g x},
h,(k,t) = {—fsin k, + 2tsin % cos \/ikx } ,
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k k
hz(k)—A—Qtzsinqﬁ{%in\/i xcos%—sin\/gkm}

and,

ho(k) = 2t5 cos ¢ {2 cos \/zkw cos 37]% + cos \/gkm}

To make discussion self-contained, we have included the calculation of the
electronic dispersion in Appendix A.1. The Haldane flux is kept constant at /2
to ensure that the NNN hopping amplitudes are purely imaginary. Furthermore,
we have considered A = 0, except for the computation of the phase diagram in

Sec. 5.3.1.

5.2 Spectral properties

The electronic energy spectra of the system, via varying both ¢; and t’, have been
obtained via numerical diagonalization of Eq. 5.2 and are shown in Fig. 5.2. Three
bands appear in the spectrum, which we term as the conduction band (shown in
red), flat band (in green) and valence band (in blue). In absence of the NNN
hopping, there is no spectral gap (Figs. 5.2(a)-5.2(d)) in the BZ except for ¢; > 2t.
As we turn on the NNN hopping, spectral gaps (of the same magnitude) open up
at the Dirac points, that is, at K (27/3v/3ag, 27/3a,) and K’ (=27 /3v/3aqg, 27 /3a0)
points (Fig. 5.2(e)). Now if we increase t; and t/, the band extrema at the K and
the K’ points migrate towards each other which results in diminishing of the band
gap. At a special value of the hopping amplitude, namely, t; = t' = 2¢, the band
gap vanishes at M (27/3ay, 0) point even in the presence of the Haldane term, ¢,
(that is, TRS remains broken) (Fig. 5.2(i)). As both #; and t' are increased beyond
value 2t (¢ denotes NN hopping), a spectral gap opens up again at the M point and
the band structure henceforth remains gapped for all values of t; > 2t and t' > 2t.
It should be noted that without the Haldane’s NNN hopping, the band structure
of the dice lattice (Figs. 5.2(a)-5.2(d)) demonstrates very similar properties with
that of graphene, except that there is no flat band for the latter [40,41]. At

t; = t' = 2t, the spectrum resembles a semi-Dirac dispersion, that is, linear along
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k,, and quadratic along the £, direction. The presence of ¢, makes the dispersion
anisotropic linear, that is linear along both the directions, however the electrons
move with different velocities (see Fig. 5.2(i)). Further, the spectra for other values

of t; (for ty # 0) demonstrate similar features as that obtained for graphene [193].

Now we discuss the spectral features corresponding to case-II where t’ is fixed
at ¢, while ¢, is varied. The corresponding plots are depicted in Fig. 5.3 for both
ts = 0 (5.3(a) - 5.3(d)) and t5 # 0 (5.3(e) - 5.3(j)). For t = 0, one can observe
a spectral gap, which scales with ¢;, however the flat band continues to remain
flat. As t, is turned on, the flat band becomes dispersive for ; # ¢, and the
spectral gap decreases. Hence, we can no longer call it flat band and we refer
to it from now on as the middle band. It should be noted that the conduction
band minimum remains fixed at the K point, while the same near the K’ point is
displaced along the positive k,-direction. A similar scenario occurs in the case of
the valence band. In fact the reverse occurs, that is, the valence band maximum
at K’ point remains constant, while that at K shifts. Finally the gap vanishes
completely at a specific value of ¢;, namely ¢; ~ 1.67¢. Beyond this value, the gap
reopens. Thus the gap closing or the so called ‘semi-Dirac’ limit occurs at a much

lower value compared to standard ¢; = 2¢.

Another important aspect of keeping ¢’ unchanged (' = t) is that the closing
of the energy gap depends on the value of ¢5. The spectrum shown in Figs. 5.3(e)
- 5.3(j) is for to = 0.1t for which the gap closes at t; = 1.67¢t. However, if ¢ is
increases (decreases) the gap closes at higher (lower) values of ¢;. Further, as
opposed to all the three bands (three fold degeneracy) touching together at the M
point in case-I, here we observe the two bands (conduction and middle bands) to
be touching each other above the Fermi level, while the other two (valence and

middle bands) touch below the Fermi level (see Fig. 5.3(i)).
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FIG. 5.3: The band structures corresponding to case-II are shown along the dimension-
less ky-axis (at kyag = 2m/3) for (a) t; = 1.2, (b) t; = 1.5¢, (c) t; = 1.8¢, and (d) t; = 2¢,
without a Haldane term (to = 0). The same for to # 0 are shown in (e)-(j) for t; = 1.1¢,
t1 = 1.3t, t1 = 1.4t, t; = 1.5¢, t; = 1.67t, and t; = 1.9¢ respectively. The values of t/, ¢
and A are taken as t, /2 and zero respectively.

5.3 Topological properties

5.3.1 Chern number

In this section, we obtain the phase diagram of the system by calculating the
Chern number numerically. Since the NNN hopping term breaks the TRS, we
should get non-zero values of Chern number. Moreover, non-vanishing onsite
energies, (A) can open or close energy gaps at the Dirac points and play an es-
sential role in inducing a topological phase transition. The Chern number (C) of
the system have been calculated using the relation in Eq. 1.21 as a function of
A and ¢. In Fig. 5.4, we show the Chern number phase diagram corresponding
to case-1. As can be noticed, the green and the blue regions in each figure repre-
sent the topological phases of the system with Chern numbers C' = +2 and —2
respectively, while the white region denotes trivial phase with zero Chern number
(C' = 0). Also, we have shown the boundaries separating the topological and the
trivial phases corresponding to the original Haldane model for graphene by the
black sinusoidal curve. Corresponding to t; =t = ¢, that is, for the familiar dice

lattice we get a maximum area of Chern insulating lobes (Fig. 5.4(a)). However,
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FIG. 5.4: The phase diagrams are shown for t; = t' = ¢ in (a), (¢) and (i), t; = ¢’ = 1.5¢
in (b), (f) and (j), t; = t' = 1.8t in (c), (g) and (k), t; = t' = 1.95¢ in (d), (h) and (1). These
phase diagrams are presented corresponding to the valence, conduction and flat bands in
(@)-(d), (e)-(h) and (i)-(1) respectively. The non-zero Chern numbers corresponding to blue
and green regions have values +2 and —2 respectively (indicated above the figures), while
the white regions represent vanishing Chern number.

the Chern insulating (topological) regions are smaller than those for the original
Haldane model. The phase boundary is sinusoidal for 0 < |¢| < 7/2 and linear for
|¢| > /2. Further, with the increase in the value of ¢; and ¢’ (Figs. 5.4(b)-5.4(d)),
the area of the Chern insulating region gradually decreases, but the phase bound-
ary follows the pattern corresponding to that of {; = ¢’ = t. Finally, the Chern
number vanishes completely at the semi-Dirac limit, that is, ¢t = ¢’ = 2t. In this
limit, for any non-zero value of A, there is always a gap in the band structure,
however |C| remains zero. If the values of ¢; and ¢’ increases beyond 2t, the
spectral gap remains trivial (C' = 0) for all values of A.

The phase diagrams corresponding to the conduction bands are presented in
Figs. 5.4(e)-5.4(h). It is evident that they are similar to that of the valence band

except that the Chern insulating regions move away symmetrically from ¢ = 0
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FIG. 5.5: The phase diagrams are shown for ¢; = 1.2¢ in (a), (e) and (i), ¢; = 1.3¢ in (b),
() and (j), t1 = 1.4¢ in (¢), (g) and (k), t; = 1.55t in (d), (h) and (1). These phase diagrams
are presented corresponding to the valence, conduction and the middle bands in (a)-(d),
(e)-(h) and (i)-(I) respectively. The value of ¢’ and ¢, are taken as ¢ and 0.1 respectively.
The non-zero Chern numbers corresponding to cyan and red regions have values +2 and
—2 respectively (indicated above the figures), while the white regions represent vanishing
Chern number.

with these having opposite signs for the Chern number, C. In Figs. 5.4(i)-5.4(1),
the phase diagrams corresponding to the flat band are depicted. It is obvious that
the topological regions are away from ¢ = 7/2 and both C' = +2 and C' = —2
are observed in the © > |¢| > 0 regime. Further the combined phase diagrams
for the conduction, middle and the valence bands totally fill up the region under
the sinusoidal curves that correspond to the band deformed two-band Haldane

model [193]. Hence the total Chern number summed over all bands vanishes.

Also we get higher Chern numbers, namely, |C| = 2 instead of |C| = 1, along with
each of the Chern lobes no longer being symmetric (and sinusoidal).

The scenario changes for case-II, when we retain ¢ = ¢t and selectively vary

t, as shown in Fig. 5.5. In this case the Chern insulating phases are denoted
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FIG. 5.6: The variation of Chern number as a function of the NN hopping amplitude ¢; /¢
is shown for various values of ¢, which are indicated in panel above the curves.

by different colours, namely, cyan for C' = 2 and red for C' = —2 phases. It
can be noticed that the Chern insulating regions are shifted away from ¢ = 0
corresponding to the valence band (Figs. 5.5(a)-5.5(d)), while it gets shifted away
from |¢| = 7 corresponding to the conduction band (Figs. 5.5(¢)-5.5(h)). It should
be noted that when ¢; # t, the Chern number corresponding to the valence band
becomes zero for |¢| # 0 along the A = 0 line, since the valence band touches
the dispersive flat band at these values of ¢. As a result, the topological lobes for
¢ > 0 and ¢ < 0 regions are separated by a trivial region in the vicinity of ¢ = 0.
Also the separation increases with increase in the value of ;. A similar scenario
occurs for the conduction band, but the Chern lobes are separated by a trivial
region in the vicinity of ¢ = +£.

Further, the Chern lobes are sinusoidal in shape and thus are distinct from
those in case-1. However as earlier, the Chern insulating regions gradually shrink
with increase in ¢; and it eventually vanishes completely at the gap closing point
t; = 1.67t. For any non-zero value of A, the spectral gap is always trivial for
t; = 1.67t. For t; > 1.67¢, the gap reopens for A = 0, however the Chern number
vanishes. Thus we observe a topological phase transition at the gap closing point
t; = 1.67t. This is analogous to the semi-Dirac limit for case-II, which now
occurs for lower values of ¢;. Further, the non-trivial regions corresponding to
the middle band have values both +2 and —2 for 7 > |¢| > 0 (Figs. 5.5(i)-5.5(1).

The combined phase diagrams corresponding to the conduction, middle and the
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valence bands again account for the total Chern number to be vanishing and is
similar to the previous case.

There is a subtle issue regarding the non-trivial phases of the system which
needs to be mentioned in some details (we have made a brief mention of it in
Sec. 5.2). For the well known Haldane model, the topological phase of the system
does not depend upon the value of the NNN hopping amplitude ?-, that is, it only
requires an infinitesimal ¢, to break the time-reversal invariance, which yields a
non-zero Chern number. However, in case of a band deformed dice lattice the
non-trivial topology depends on the value of ¢,. For example, let us fix ¢;, say at
t1 = 1.4t and vary t,. At t5 = 0.05¢, we observe vanishing of the Chern number
regardless of the values of ¢ and A. However, when t, = 0.1¢ we obtain the
C' = |2| phase for certain range of values for ¢ and A. This implies that at a
particular value of ¢;, the Chern insulating regions in the A-¢ phase diagram
gradually increases with increase in the value of ¢;,. However, such variation with
to occurs for all values of t;, such that ¢; > ¢ (except for ¢; = ?). In Fig. 5.6
we have plotted the Chern number as a function of the hopping strength ¢; for
various representative values of ¢, indicated in the figure. As can be seen, with
increase in the value of ¢5, the Chern number vanishes at higher values of ¢;. For
example, when ¢, = 0.02¢, the phase transition occurs at ¢; >~ 1.16¢. Whereas, for
to = 0.1¢, the transition occurs at t; >~ 1.67¢t. We quote a few other pair of values
of t; and t, for which the Chern number vanishes, such as, (¢;,t2) ~ (1.37¢,0.05%),
(1.56t,0.08t), (1.77¢,0.12t) and (1.84¢,0.14¢) and so on.

5.3.2 Edge states

In order to visualize the nature of the band gap, that is, whether it is topological
or trivial, we look for the crossings of the edge modes with the Fermi energy. To
obtain such edge modes in our calculation, we consider a semi-finite ribbon of the
system which breaks the periodicity along one direction, while the translational
symmetry remains intact along the perpendicular direction. We take the ribbon
[70, 185] to be finite along the y-direction and infinite along the z-direction with
armchair edges. Further, the sites along the y-direction are labelled as A;, By, Cy,

Ay, Bs, Cs .... Ay, By, Cy etc. Now we Fourier transform the operators along the
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FIG. 5.7: The band structure of the semi-infinite ribbon is shown for (a) {1 = ¢, (b)
t1 = 1.2t, (c) t1 = 1.3¢t, (d) t1 = 1.4¢, (e) t1 = 1.5¢, and () t; = 1.8t. The Fermi level is
shown via the red dashed line which intersects the edge modes at four distinct points
(shown by the green dots). Corresponding to those intersecting points, the edge currents
are shown by the red arrows in the yellow panel at the bottom of each figure. The values
of t/, tg, ¢ and A are taken as ¢, 0.1¢, 7/2 and zero respectively.

x-direction (k, being a good quantum number). This yields following sets of three

coupled eigenvalue equations for the wave function amplitudes.

By n = [t {brnt1 + b1} + tibgne” ™ ] + Aay,
2 [eﬂd) {a”‘2 TR (1 + ei(_l)nﬂk) } Tt {an+2 t n—1 (1 + ei(_l)n+1k> }
Eybyn = [t {akn+1 + app-1} + tlak,ne+imk] + [tCk,n—H +iCpp-1 + t’ck,ne_mk}
5.8
By = [thinir + thpn1 + t'bk,ne“"?k} — Ackn
B B )

where ay, ,,, by, and ¢y, are the coefficients of the wave function corresponding to
the sublattices A, B and C respectively and n is the site index which takes integer
values between [1 : N|, with N being the total number of unit cells along the y-

direction. Appendix A.2 provides a detailed computation explaining the derivation
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of Egs. 5.7, 5.8 and 5.9. Within the equations, 7; and 7, are defined as 7, =
{1+ (=1)"}/2and 7, = {1+ (—1)"*'} /2 respectively. Further, the momentum k
is the scaled k, variable and is defined by k = V/3agk,, such that it is rendered
dimensionless. The width of the ribbon is related N via D(N) = @(N —1). In
our calculation we have taken N = 80, which gives the width D(N) = 79v/3a/2.

By solving Eqs. 5.7, 5.8 and 5.9, we have computed the band structure of
the semi-infinite ribbon (armchair) corresponding to case-Il, that is, for ¢ = t,
to = 0.1t, ¢ = m/2 and A = 0 which is presented in Fig. 5.7. As can be seen, a
pair of edge modes from the valence bands crosses over to the middle bands (they
are bunched together around the zero energy) and another pair crosses over in
the opposite direction. A similar scenario happens corresponding to the modes
connecting the conduction bands and the middle bands. Because of these edge
modes, the Hall conductivity remains finite, provided the Fermi energy lies in
the bulk gap. The Fermi energy in each figure is shown via the red dashed line,
which intersects the edge modes at four points (shown by green dots). The edge
currents corresponding to those green dots, are shown by the red arrows in the
yellow panels in Figs. 5.7(a)-5.7(e). The yellow panels represent a part of the semi-
infinite ribbon. Therefore, there are a pair of edge currents along either edges of
the ribbon. Since the velocity of the electron is proportional to the slope of the
bands, that is, JE/0k, the edge currents along a particular edge move in the
same direction, however, along the other edge, each pair moves in the opposite

direction. These modes are chiral (and not helical).

Owing to the presence of a pair of edge modes, there will be a quantized Hall
conductivity occurring at a value 2¢?/h, with the factor 2’ in front denoting the
number of edge modes [189]. This result is consistent with the corresponding
Chern numbers of the system as presented in Fig. 5.5. For example, the non-zero
edge currents are observed for t; < 1.67¢ (see Fig. 5.7(a) - 5.7(e)) and in this range
the Chern number is found to be |C| = 2. For t; > 1.67t, say at t; = 1.8¢, we
observe a vanishing Chern number and as well as the edge currents disappear
(see Fig. 5.7(f)). The behaviour of the edge states corresponding to case-I, that is,
when ¢, and t’ are varied simultaneously, are not shown since they are similar to

what we observe in Fig. 5.7, with the critical value of ¢; being the only difference,
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that is, the edge modes exist till both #; and ' remain just below 2t (as opposed

to 1.67¢).

5.3.3 Hall conductivity
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FIG. 5.8: (a) The Hall conductivity is depicted for various values of ¢; and ¢’ shown in the
inset. The other parameters are taken as, t2 = 0.1¢, ¢ = 7/2 and A = 0. (b) The Hall
conductivity for a fixed ¢’ is depicted for various values of ¢; shown in the panel above.
In the inset, a broader view of the regions near zero Fermi energy are shown. The dips in
the Hall conductivity are clearly visible. The values of ¢/, t3, ¢ and A are fixed at ¢, 0.1t,
7/2 and zero respectively.

In this section we shall compute the Hall conductivity of the system. The Hall
conductivity has been calculated using Eq. 1.39 at zero temperature as a function
of the Fermi energy Er and are shown in Figs. 5.8(a) and 5.8(b).

The conductivity plot corresponding to case-I reveals that a plateau quantized
at 2¢2/h exists as long as Er remains in the bulk gap of the dispersion spectrum.
The value of 0, starts to decrease when £ deviates the bulk gap and sinks inside
the band (either conduction or the valence bands). This results in diminishing
of the plateau width as the values of ¢; and t' increase. This occurs because the
gap between the conduction and valence bands shrinks. The Hall conductivity
vanishes completely when both ¢; and ¢’ become larger than 2¢. Thus, we observe
plateau at |C'|e?/h (also supported by our edge states data) as long as the system
remains a non-trivial insulator, which vanishes at the gap closing point at ¢; =
t' = 2t.

In Fig. 5.8(b), we have presented the Hall conductivity as a function of Ey for
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FIG. 5.9: The Berry curvature corresponding to the middle band is presented for (a)
t; = 1.1¢, (b) t; = 1.3t, () t; = 1.5t and (d) t; = 1.6¢t. The values of ¢, t3, ¢ and A are
again taken as t, 0.1¢, 7/2 and zero respectively. A comparison between the dips in the
plateau width (W) and the bandwidths of the middle band for different values of ¢; are
shown in (e) and (f). The Hall conductivities are plotted in (e) along the z-direction, while
the middle bands are depicted in (f). Different colours signify different values of t;. Wy
for various values of ¢; are mentioned above the figures.

case-1I where only the value of ¢; is tuned, while ¢’ is kept same as ¢. In this case,
the middle band plays an important role in the behaviour of the Hall conductivity
as it acquires a dispersive nature. For example, let us fix the value of ¢; at 1.1¢, for
which the variation of o,, is shown in Fig. 5.8(b) via purple color. It shows that
there is no longer a smooth plateau in the Hall conductivity, instead, o,, acquires
a dip in the vicinity of zero bias along with a spike occurring at £r ~ (. The
spike gets more and more prominent with increase of ¢;. Further, the dips widen
with the increase in the value of ¢; resulting in a diminishing width of the plateau
region around the zero Fermi energy. Let us denote the width of the dip as Wj.
Notably, W; becomes very large for ¢t; = 1.6¢. Finally, the plateau and hence the
Hall conductivity completely vanish for t; 2 1.67¢.

The reason of getting a dip in the Hall conductivity can be reconciled from
the fact that the dispersive middle band has non-zero Berry curvature, () (see
Fig. 5.9) which would otherwise be zero for the flat band. Let us say, we set

E'r in such a way that some of the states corresponding to the middle band lies
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above Er and others lie below it. So, when we compute the integral of {2 over
the occupied states corresponding to the middle band, we get a non-zero value.
However, when it is included in the contributions from that of the valence band,
the result yields lesser values than 20, (0o = ¢2/h) for the Hall conductivity. On
the other hand, when Ef lies between the gap of the middle and the conduction
bands, the integral of ) corresponding to the middle band completely vanishes.
This is consistent with the corresponding value of the Chern number, which is
zero for the middle band at ¢ = 7/2. Therefore, we observe a plateau at 20, when
Er lies in the band gap.

In Figs. 5.9(e) and 5.9(f), we have compared the width of the dip (I¥/,) in the
Hall conductivity with the bandwidth of the middle band. The figure clarifies that
W, scales with the bandwidth of the middle band. W, becomes zero for t; = t.
It increases with increase of ¢;, and W, is maximum below ¢; = 1.67¢, where the
middle band touches both the valence and conduction bands. Beyond ¢; = 1.67¢,

the Hall conductivity vanishes completely.

5.4 Summary

We have presented two schemes through which hopping anisotropies are intro-
duced that induce a band deformation of a Haldane model on dice lattice. In
case-1, both ¢; (A-B hopping) and ' (B-C hopping) are varied where the band
extrema from the K and K’ points are shifted. Along with that the band gap
diminishes which finally vanishes in the semi-Dirac limit, namely, at t; = t' = 2t.
In contrast, case-II refers to a situation where only ?; is varied, and the spectrum
shows dispersive flat bands. Unlike case-I, the band extremum in case-II located
at one of the Dirac points, is displaced slightly in the BZ and the spectral gap
closes at t; = 1.67t. In both the cases we observe the Chern numbers to assume
values £2 till their respective gap closing transition occurs. However, the shape
of the topological lobes in the phase diagrams are distinct in these two cases.
Further, a pair of chiral edge modes at each edge are obtained in a nanoribbon
geometry which confirms the values of the Chern numbers obtained for these two

cases. We have also calculated the anomalous Hall conductivity, which shows
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plateaus quantized at 2¢? /h as long as t; and t' remain less than the semi-Dirac
value, namely, 2¢ corresponding to case-I. While in case-II, because of the non-
vanishing Berry curvature corresponding to the the middle band, a dip in the
plateau appears for t; # t close to zero Fermi energy. Such dip widens (or the
plateau width decreases) with increasing of ¢;. The Hall conductivity vanishes for
t; > 1.67t which is in agreement of the vanishing Chern numbers at such values
of ;. Thus, our model of a band-engineered dice lattice presents topological phase
transition scenarios from a Chern insulating phase to a trivial insulator across a
gap closing point for the hopping amplitude values given by (¢;,t) = (2t,2t) in
case-1 and (t1,t') = (1.67t,t) in case-II.
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Chapter 6

Band Engineering of the Quantum Spin Hall

Phase: Fate of Z9 Invariant

So far we have looked at the band-engineered systems with broken TRS, in this
chapter, we shall consider restoration of TRS in the system. Such a time-reversal
symmetric system in a two-dimensional honeycomb lattice is known as the Kane
Mele model [113] which shows quantum spin Hall effect in presence of a Rashba
SOC and is characterized by the Z, invariant. Further, a band deformation may be
achieved via the familiar anisotropic NN hopping ¢;. Such an anisotropy shifts the
band minima points, which eventually merge onto a single point in the semi-Dirac
limit ({; = 2?), intervening the two Dirac points in the BZ. However, to the best of
our knowledge, such shift and merger of the spin bands have not been studied
in spin-full systems. Particularly, the band deformation effects are interesting to
study in the context of spin transport and evolution of the topological phases in

systems where the TRS is intact.

The scenario also motivates us to explore the variation of the Z, invariant in
the band-deformed Kane-Mele model. The Kane-Mele model belongs to the DII
class in the periodic classification of topological insulators [157, 158]. We shall
see that such topological invariants vanish as soon as ¢; becomes equal to 2¢,
where a trivial phase emerges, thereby indicating a transition from a topological
phase to a trivial one through a gap closing point. However, it remains to be

seen how the Z; number phase diagram vanishes and the spin Hall conductance
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Chapter 6. Band engineering of the quantum spin Hall phase: Fate of Zs invariant

respond to the tuning of the band structure across the gap closing (critical) point.
To address such questions, we perform a detailed study of the evolution of (spin-
resolved) band structure, edge modes in a nanoribbon, the phase diagram and
the spin Hall conductivity to study the evolution of the topological properties.
The chapter is organized as follows, in section 6.1 we show our Kane Mele
model Hamiltonian in presence of a hopping anisotropy inside a unit cell on a
honeycomb lattice. In section 6.2, we have depicted the evolution of the edge
states in a nanoribbon and specifically depicted the edge modes and the currents
carried by them in relevance to the ongoing discussion. Then, in section 6.3 we
investigate the evolution of the phase diagram which characterizes the topological
phase and also its disappearance in a quantitative manner. Finally we show the
spin Hall conductivity in section 6.4 and conclude with a brief summary of our

results in section 6.5.

6.1 Model Hamiltonian

Consider the Kane Mele Hamiltonian on a honeycomb lattice with different nearest
neighbour (NN) hopping strengths which we show in Fig. 6.1. The hopping
strengths along the > and d3 directions are ¢, while in the third direction, that
is along 47, the strength is ¢;. The NN vectors are given by d; = ao(0,1), d, =
ao(v/3/2,—1/2) and 85 = ag(—+/3/2, —1/2). We assume ¢, is a tunable parameter
and is defined in the range, ¢ < t; < 2¢. The value ¢; = 2t denotes a critical point
which we termed as the semi-Dirac case. We have also considered values beyond

the semi-Dirac limit, namely ¢; > 2¢. The Hamiltonian can be written as follows,

H = Z tijclcj + i/\so Z VijCISZCj + Z)\R Z CI(S X az‘j)ZCj + )\v Z giCICj
(i5) ((ig)) (ig) i

Here t;; = t; or t when j denotes the neighbours d; or J, 3 respectively. The first
term denotes the direction dependent nearest neighbour hopping. The second
term is the complex NNN hopping which encodes a sign difference between the

spin-1 and spin-| electrons. It is usually denoted as the intrinsic spin-orbit cou-
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6.1 Model Hamiltonian

FIG. 6.1: A honeycomb lattice is shown where the red and the blue circles represent the
sublattices A and B respectively. In the d2 and d3 directions the NN hopping strengths
are same (t) while in the §; direction it is 7.

pling with a coupling strength A\so. Here, v;; = sgn(al X (Slg)z — 41, where d, and
32 are the unit vectors along the two bonds that electron traverses while going
from site j to NNN site 7. s denotes the Pauli matrices describing the electron
spin. The third term is the nearest neighbour Rashba spin-orbit interaction with
strength \r where aij is a unit vector of nearest neighbour sites pointing from site
1 to site j. This term breaks the 2 — —z mirror symmetry, and as a result, the
spins in the 2 direction are no longer conserved. The fourth term is the staggered
sublattice potential that induces an energy difference between A and B sublattices

and §; = +1.

Performing a Fourier transform on the Hamiltonian in Eq. 6.1 can be written

v(k) + Ay (k) 0 p(k)
H{k) = (k) —vk)=A  —p(-k) 0
0 - (k) —yk)+A (k)
p*(k) 0 k) k) = A
where,

ikya \/gk‘xa

C(k) = tie” ™ + 2te™2 cos 5 6.3a
3k, 3k .
~v(k) = 2Xs0 | 2sin \/_2 % cos 2ya — sin V3k,al , 6.3b
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Chapter 6. Band engineering of the quantum spin Hall phase: Fate of Zs invariant

and,

. ikya kx
p(k) = ilr lelky“ + e $2c0s (\/i ° g)] 6.3c

The above Hamiltonian obeys the time-reversal symmetry. The corresponding

discussion for the low energy Hamiltonian can be found in Sec. 1.7.

A =0A=0 Ag=0A=0 Ag=0,A=0

§ \ t =t / t; = 1.5¢
1 : : 1 : :
/\ N NG/

0 (a)] (b);
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t, = 1.5t 1, =22t

o~

(d);

(h);

hag K M K 3 "KM K

FIG. 6.2: The energy band structure corresponding to the Hamiltonian in Eq. (3.2) along
the k, axis (kyao is fixed at 27/3) are shown for ¢/t = 1 in (a) and (e), ¢/t = 1.5 in (b)
and (f), t1/t = 2 in (c) and (g), and ¢/t = 2.2 in (d) and (h). RSOC and sublattice potential
both are zero in (a)-(d), while they have values AR = 0.05¢ and A, = 0.1t in (e)-(h). The
non-zero values of A\ (together with \,) term makes the bands spin resolved and hence
distinct as shown in (e)-(h). The intrinsic SOC is fixed at 0.06¢.

The band structure of this Hamiltonian have been calculated numerically and
presented in Fig. 6.2 for various values of ¢ in absence of A\g and A\, (Ag and A\,
are set to zero for now) so as to demonstrate the effects of the band deformation
in presence of the spin dependent Haldane flux. The NNN hopping amplitude is
fixed at 0.06¢. For ¢{; = ¢ (let us denote this as the Dirac case to distinguish it
from the semi-Dirac case where the latter corresponds to t; = 2t), gaps open up
at the two non-equivalent Dirac points, that is, at the K (27/3v/3ag, 27/3a0) and
the K’ (—27/3v/3ag, 27/3a,) points as depicted in Fig. 6.2(a). It should be noted

that the band dispersion for the spin-1 and spin-| electrons are identical. There

114

TH-3205_186121022



6.2 Edge states

are, in fact two conduction and two valence bands, one for each of the T and |
spins. However, in the absence of the Rashba and the Semenoff terms, these
bands are degenerate. As ?; is tuned to larger values, these two points come
closer to each other and the band gap decreases. When ?; becomes equal to 2t,
that is the semi-Dirac limit, the gap vanishes at the M (0, 27/3a,) point (see Fig.
6.2(c)). Eventually when t; exceeds 2t, the gap again opens up in the spectrum
(see Fig. 6.2(d)). The nature of the two gaps are different, and which is what we
show below.

Now if we include the Rashba coupling (Ar) and the sublattice potential (\,),
then the bands corresponding to the 1T-spins or |-spins become distinct as shown
in Figs. 6.2(e)-6.2(h). Hence, in this case we see a pair of conduction and valence
bands for each spin. It should be noted that below the semi-Dirac limit, that
is, for ¢; < 2t, there exists a certain value of A\g and \,, where the gap vanishes
completely and the bands touch (semi-metallic state). With further increase in the
value of A\g and )\, the gap opens up again. However, such opening and closing
of the spectral gaps are different in the semi-Dirac limit ({; = 2¢), where there is
no gap for A\g and )\, to be both zero. With the increase of Az and \,, the gap
opens up, but unlike the previous case, no closing of the band gap is observed
in the dispersion spectrum. For ¢; > 2¢, the dispersion is always gapped for any

finite value of Ar or \,.

6.2 Edge states

To understand the distinction between the spectral gaps observed for finite values
of Ag and A\, (Ago is always taken to be non-zero in our discussion) correspond-
ing to the Dirac (f; = t) and the semi-Dirac (t; = 2t¢) cases, we ascertain the
existence (or absence) of the edge states. To achieve this, we consider a finite
strip of the system which breaks the periodicity along a particular direction, but
allows translational invariance along the perpendicular direction. Such a sys-
tem is known as semi-infinite ribbon, which we have taken to be finite along the
y-direction and infinite along the z-direction. We label the sites as A;, By, Ay,

Bg, .... Ay, By etc. along the y-direction. Owing to translational invariance is
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Chapter 6. Band engineering of the quantum spin Hall phase: Fate of Zs invariant

the z-direction, we can Fourier transform the operators only in the x-direction,
namely, use c;y = ei’”ﬁc;y. Using such a transformation on the Hamiltonian
in Eq. (6.1), we arrive at the following system of eigenvalue equations for the wave

functions,

Eray, = [t {1 + 6(_1)n+1ik} bin + tlbk,n+1:| 50 4+ Av@knSo

n+1 ik

K
2 sin g {@kn1 + apnr} | 2+

1 nt1; vy
{_5 (1 + 6(71) +1lk> bk,n + bk:,nJrl} Sy — {(_1)"? <1 - 6(71) +1lk> bk,n} Sx]

+ 2Xs0 {ak,n sink + eV

1AR

Ekbk,n = [t {1 + e(—l)"ik} QAk.n + tlak,n—l} So — )\ka:,nSO

+ 2As0 [bkm cosk + V"% cos 5{&;.3,”_1 + ak,n+1}:| S,+

1 ns "
IAR [{5 (1 + e Z’“) bin + bk,n—l} Sy — {(—1)”“\/7g (1 — e ’k) ak,n} sz]

where n stands for the n-th sublattice which is an integer in the range [1 : N| with
N being total number of unit cells along the y-direction and £ is the dimension-
less momentum along the z-direction, such that, k = v/3agk,. Also s; (i = z,y, 2)
denote the Pauli matrices and sy is the 2x2 identity matrix. A detailed cal-
culation leading to the Hamiltonian including the Rashba term is presented in
Appendix B.2. In the above equations ay, and b, are the coefficients of the
wavefunction corresponding to the sublattices A and B respectively, with momen-
tum k. By solving these two equations, one can get the energy band structure for

the ribbon for any arbitrary value of ¢;. The width of the ribbon, D can be written

in terms of N, given by, D(N) = ao (2¥ — 1). In our work, we have used N = 100
and hence the width of the ribbon is 149a, along the y-direction. As can be seen
from the Fig. 6.3, a pair of modes from the lower (valence) band crosses over to
the upper (conduction) band, and another pair crosses in the opposite direction.
The amplitudes of the wave functions of these modes decay exponentially into the
bulk, with their values being maximum at the edges of the ribbon [185, 186]. It

should be noted that the velocities have opposite signs (since the velocity is pro-
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portional to OF /0k) along these modes, which implies that electrons propagate in
opposite directions along each edge. These edge states are called as helical states

as opposed to chiral modes corresponding to the quantum Hall case.

Let us scrutinize Fig. 6.3 in more details. In Fig. 6.3(a) we have shown the
band structure corresponding to the Dirac case (t; = t), where the intersection
of the edge states with the Fermi energy, £'r (shown via a red dashed line near
E/t = 0) are represented by the green dots labelled as p, ¢, r and s. The edge
currents (proportional to the velocities) at those points are shown in the yellow
panel of Fig. 6.3(e), where the yellow panel represents a part of the ribbon. As can
be seen (Fig. 6.3(¢e)) that there are counter propagating edge currents along either
edge of the ribbon, and these edge currents are spin resolved, that is, they are
different for spin-1 and spin-|. Since the system possesses TRS, the quantized
(charge) Hall conductivity vanishes, however there will be a non-zero spin Hall
conductivity, should the Fermi energy lies in the bulk gap. This state is known
as the quantum spin Hall (QSH) phase and denotes a topological state of matter,
that is, distinct from the familiar quantum Hall state. These edge currents will
exist as long as the hopping strength ¢; remains lower than 2¢ (the semi-Dirac
limit).

In Fig. 6.3(b), we have shown the band structure for ¢; = 1.5¢ which is similar
to the case t; = ¢, except that the bulk band gap being less. So, similar helical
edge currents are observed for ¢t; = 1.5¢ (Fig. 6.3(e)). Now if we increase t; to 2¢
or even beyond that (Fig. 6.3(c) and 6.3(d)), we see that there are 4 additional
intersections of the edge states with the Fermi energy, I/r which are denoted
by the points u, v, w and x. Hence there are a total of two pairs of the edge
modes along either edge of the ribbon (Fig. 6.3(f)), where for both 1 and | spins,
the edge currents flow in opposite directions. Therefore in this case, the spin
Hall conductivity vanishes completely and the system is devoid of any topological
property [146]. This phenomenon persists for ¢t; > 2¢. Thus the edge states in a
finite ribbon endorses a vanishing of the QSH phase in the semi-Dirac limit. The
current is cancelled in the semi-Dirac case due to the counter propagating spin
resolved edge modes at each edge. This signals a topological phase transition

occurring at the critical point, namely, ¢; = 2¢. Beyond this point, the edge modes

117

TH-3205_186121022



Chapter 6. Band engineering of the quantum spin Hall phase: Fate of Zs invariant

are completely split from the bulk, thereby yielding a trivial insulating state.

—

_ (d) z,/z=2.2

FIG. 6.3: The energy spectra corresponding to a semi-infinite ribbon are shown for (a)
ti/t =1, ) t1/t = 1.5, () t1/t = 2 and (d) t1/t = 2.2. In each figure, the edge modes
corresponding to the spin-1 and spin-| electrons are also depicted. The yellow panels in
(e) and (f) represents a part of the semi-infinite ribbon, where the edge currents corre-
sponding to the green dots are shown by arrows. The green dots in each figure signify the
intersection of the edge states with the Fermi energy Er (shown via the red dashed line).
Through out the calculations N (D(N) = 149a0), Aso, Ay and Ar are kept fixed at 100,
0.06¢, 0.1t and 0.05t respectively.

6.3 The Phase diagram

The quantum spin Hall (QSH) phase is characterized by a non-vanishing Z, topo-
logical invariant (defined below). In this section, we show the variation of the Z,
invariant as we smoothly migrate from the Dirac to the semi-Dirac limit. For the
calculation of this Z, index, Eq. 1.32 described in Sec. 1.1.4 can be used. How-
ever, for completeness, we present another method to compute such invariant as
follows.

Let us consider the Bloch wave functions, u;(k;) of the occupied bands cor-
responding to a pair of points k; and k; in the Brillouin zone. These two points
denote the locations of the band extrema (minima for the conduction band and
maximum for the valence band) in the BZ. Note that corresponding to the Dirac

case, k; and ks denote the Dirac points K and K’ respectively, however they shift
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FIG. 6.4: (a) The phase diagram of the system in the Ar-J), plane is shown for several
values of t;. The region enclosed by each curve represents the quantum spin Hall in-
sulating phase where the Zs index has a value 1, while the outside region denotes the
trivial insulator where the Z, index vanishes. The gradual vanishing of the area enclosed
by each curve is shown. (b) The half width of the spin Hall insulating regime along the
Av/Aso direction is shown by the red curve (denoted by W, /2), while along the A\g/Aso
direction, it is shown by the blue curve (denoted by Wg/2).

for t; # t. The wave function at one of these points can be obtained by time revers-
ui(ki)) = O |ui(kz))

and vice versa where © denotes the time reversal operator. Since the Hamilto-

ing the wave function corresponding to the other one, that is,

nian is time reversal invariant, so we can decompose the Hamiltonian, H (k) and

its corresponding occupied band wave functions, |u;(k)) into even and odd sub-
spaces. The even subspace has the property that O |u;(k)) is equivalent to |u;(k))
upto a U(2) rotation. Whereas, the wave functions corresponding to the odd sub-
space has the property that the space spanned by O |u;(k)) is orthogonal to that
of |u;(k)). Now the Z, invariant [146, 147] can be calculated by considering the
momenta which belong to this odd subspace. We compute the expectation value

of the time reversal operator between |u;(k)) and |u;(k)), namely, (u;(k)|O|u;(k)).

This yields a matrix which is antisymmetric. Hence we have,

(ui(k)|O|u;(k)) = €; P(k), 6.6
where ¢;; is the Levi-Civita symbol and P (k) is the Pfaffian of the matrix [195, 196]

119

TH-3205_186121022



Chapter 6. Band engineering of the quantum spin Hall phase: Fate of Zs invariant

defined as,
P(k) = PE [(u:(K)]©]u (k)]

For a 2 x 2 antisymmetric matrix A;;, the Pfaffian picks up the off-diagonal compo-
nent. Now the absolute value of this Pfaffian is unity in the even subspace, while
it is zero in the odd subspace. So we dissect the BZ into two halves such that the
points k; and k; lie in different halves. Thus the Z, index can be computed via

performing the integral [113],

ZQZ% ) dic- V(P9 + o X
where ¢ is a convergence factor and the contour C' is the circumference of the
halved BZ discussed above. This integral can be used to compute the Z, invariant
for any values of A\g and )\,. Nonetheless, in the subsequent discussion, we shall
focus on a more straightforward approach to determine this topological invariant

when the system possesses no sublattice potential and no RSOC, that is, when

Ar = A, = 0.

For the above case, first we need to calculate the matrix w of the time-reversed

Bloch states,

wij(k) = (ui(k)|Olu; (k)). 6.9

Now, we use the following relation to compute the Z, invariant,

(-0 =]Jv with 7= Vdetlw(Ts)] 6.10

Pflw(T;)]

1=1

Here, I';s are the time-reversal invariant momenta (TRIM) points. The TRIM points

for the honeycomb lattice is given by,

27 (V3 o <\/§ 2

I = 0,0,'y=— | —,1].,T's5= —. 1 d I'y=—1(0,1
1 a0(7)7 2 3&0( 9 7)» 3 3(10 2,),&11 4 3@0(7)

The Pfaffian Pf(T") is the square root of the antisymmetric matrix w(I';). As a
result, the sign of ; depends on the branch of the square root in Eq. 6.10. The

branch is chosen in such a way that |u;(k)) and y/det|w(I;)] are continuous at
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the TRIM points.

In Fig. 6.4(a) we have shown the phase diagram of the system as it is deformed
from the Dirac to the semi-Dirac limit. For a given value of ¢{;, we have obtained
the phase diagram in the Ag-)\, plane. As can be seen that there are two regions
in the phase diagram for all values of #; less than 2¢, comprising of the topological
and the trivial phases. The region enclosed by each curve has the Z, invariant
equal to 1, while it vanishes outside the enclosed region. That means, the system
shows non-trivial topology inside the enclosed region (Z; = 1) and in the outside
region, the system is trivial (Z; = 0). It should be noted that the Dirac case (t; = t)
yields the phase diagram obtained by Kane and Mele [113] (red curve in Fig. 6.4(a))
where the phase transition occurs at \, = 3v/3\g0o for A\g = 0. Whereas, if we look
at the phase diagrams for other values of ¢;, that is intervening the Dirac and the
semi-Dirac cases, the extent of the topological regime gradually shrinks. These
results are consistent with the band structure plots (see Fig. 6.2). As the band gap
decreases with increasing values of ¢;, the phase transition from the topological to
trivial phase now occurs for progressively lesser values of A\, and \g. In the semi-
Dirac limit ({; = 2{), the system shows gapless band structure in the absence of
both Ag and )\, and the Z,; number is identically equal to zero. Therefore, t; = 2¢
denotes a critical point which demarcates the topological insulator from a band
insulating phase. As the value of ¢; becomes larger than 2t (say t; = 2.2¢), the

system remains a band insulator.

It should be noted that the plots in the phase diagram in Fig. 6.4(a) represent
the semi-metallic state of the system, or equivalently, the system shows gap-
less dispersion. For example, when Ag = 0, the spectrum is gapless at (\,,t1) =
(3v3As0, 1), (5v/7TAs0, 1.5t), (32v/19As0, 1.8t), (33%v/39As0, 1.9t), (705V/79As0, 1.95t),
(%\/@)\SO, 1.99t) and (0, 2t) where the values lie on the z axis in the first quad-
rant of Fig. 6.4(a). On the other hand, in the absence of \,, the semi-metallic
states are realized for (Ag,?1) = (3.46)s0, 1), (2.63Xs0, 1.5t), (1.74)s0, 1.8t),
(1.25Xs0, 1.9%), (0.87As0, 1.95%), (0.39As0, 1.99t) and (0, 2¢) which lie on the positive

y-axis of Fig. 6.4(a).
The shrinking of the half width (measured from the center in Fig. 6.4(a)) along
the A\g axis (A, = 0) of the non-trivial insulating region in the phase diagram
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Chapter 6. Band engineering of the quantum spin Hall phase: Fate of Zs invariant

is shown in Fig. 6.4(b) (the blue curve). As can be seen, the width (WR/ 2) is
maximum at ¢; = ¢ and has a value 2v/3\go (non-zero Wy implies Zs = 1, while
Wgr = 0 implies Zy, = 0), which was obtained by Kane and Mele [113]. Now
with increase in the value of ¢;, Wr /2 decreases slowly. However there is a rapid
decrease in the width as t; approaches 2t. Wg /2 eventually vanishes at the critical
point (semi-Dirac), namely, ¢; = 2¢. In the same figure (Fig. 6.4(b)) we have also
depicted the variation of the half width along the ), direction (A\g = 0), namely
W, /2 as a function of ¢ /t. In this case also, the width W, /2 falls off slowly near
t; = t but as t; increases, W, /2 drops rapidly in the vicinity of t; = 2t. W, /2
vanishes at the critical point, {; = 2¢ and continues to remain at zero for t; > 2t.
The analytic form of the width, say for W, /2 as a function of ¢; /t can be obtained

as,
W, i t
S — - — 2t 6.12
2 t t
where the equation is valid for ¢ < ¢; < 2¢. From this equation one can get the half
width in the phase diagram along the horizontal direction for ¢; = ¢ is 3\/3)\50,

which is a well known result in the Kane-Mele model [113] and mentioned earlier.

For t; = 2¢, this width vanishes and the topological regime ceases to exist.

6.4 Spin Hall conductivity

In this section we present numerical calculations of the spin Hall conductivity for
our system. In order to calculate the spin Hall conductivity, we first obtain the
low energy form of the Hamiltonian in Eq. 6.1 for different values of ¢;. Such a
low energy expansion of the Hamiltonian will be helpful for our purpose, which

can be written in a compact notation as,

H(qgsa Qy) :C:c(qgm an tl)axSO + Cy(ggsa Qy> tl)JySO + 7(‘]&07 Qy> tl)o_zsz+

[px(QQMvatl)Uac +py(Qxaant1)Uy] (SJ: _Sy) 6.13

where the coefficients (,, (,, 7 and p, and p, are functions of the momentum

q (measured relative to the band extrema) and the hopping strength ¢;. s,, s,
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and s, are the 2x2 Pauli matrices which represent the real spin of the electrons,
while the other 2x2 Pauli matrices 0,, 0, and o, represent the sublattice degree
of freedom and si is the 2x2 identity matrix. We have presented all of these
coefficients, namely, (., ;. 7, p; and p, in Appendix B. It should be noted that the
low energy expansions are done at different points in the BZ for different values
of ¢, since the band minima shift as we change ¢; relative to ¢ (see Fig. 6.2).
For example, at ¢; = ¢, the band minima occur at K (27/3+v/3ay, 27/3a,) and at
K’ (—27/3v/3a¢, 270 /3ay) points, whereas at ¢; = 2t the band minima occur at the
M(0, 27 /3ap) point in the BZ. Thus the approximations are done at locations in

the BZ where the spectral gap is minimum for all values of #;.

—— 1/t=1.0 1t
—a— 1/t=1.5

-10 ‘—(‘).5‘ H ‘OIO‘ 0510
Er/t

FIG. 6.5: The evolution of the spin Hall conductivity of the system for various values of ¢;
as a function of the Fermi energy Er. The plateau width gets gradually narrower, before
vanishing at the semi-Dirac limit.

In order to calculate the Hall conductivity we have used the following formula

[197-199],

0% = eh; / gTq)Qf(En)Q;y(q) 6.14

where f(E,) = [e#Fn~FF) 4 1]7! is the Fermi-Dirac distribution function corre-
sponding to a given energy £, and (= (KgT)™') is the inverse temperature. (27,

is the Berry curvature which can be evaluated from the following expression,

6.15

(g m) (mlu,In) — (z & y)
Qy(q) =1 5
) ; [Eu(q) — En(q))
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Chapter 6. Band engineering of the quantum spin Hall phase: Fate of Zs invariant

where z <+ y denotes interchanging x and y variables in the first term. Further,
(2%, (q) is the spin dependent Berry curvature, {|n), E, } denotes the eigensolutions
corresponding to the Hamiltonian in Eq. 6.13, v; = %8H /Ok; is the velocity
operator and vZ; = %{vi, ’—;‘szao} is the velocity operator corresponding to the spin
current. The integral is performed over the states which are occupied at a given
value of the Fermi energy. Using Eqs. 6.13, 6.14 and 6.15, we have computed the
spin Hall conductivity numerically as a function of £ at a temperature, 7' = 0
for various values of ¢; as shown in Fig. 6.5. We can see that as long as the
Fermi energy lies in the bulk gap, the Hall conductivity possesses a plateau and
hence quantized in unit of oy (= € / 27) [114]. The spin Hall conductivity however
decreases rapidly as the Fermi energy moves away from the gapped region. With
increase in the value of 1, the quantized plateau stays at e¢/2m, except that the
plateau width decreases, which eventually vanishes at t; = 2¢. Thus a vanishing
of the QSH phase indeed occurs because of the band deformation induced by the
hopping anisotropy as discussed throughout the paper. The above scenario also

implies that Z, invariant vanishes in the semi-Dirac limit.

6.5 Summary

We have investigated the evolution of the electronic dispersion and the topological
properties in the semi-Dirac Kane Mele model with the inclusion of a differential
hopping between the neighbours on a honeycomb lattice. This causes defor-
mation of the (spin resolved) bands which are evident from our band structure
calculations. The electronic band dispersion shows the band minima originally
located at the Dirac points to migrate towards each other and finally merge at the
M point, where the gap vanishes completely in the semi-Dirac limit. The model
shows a topological phase transition from a non-trivial spin Hall insulating phase
to a trivial band insulator at the semi-Dirac limit. Further, such a topological
phase transition is adequately supported via computing the helical edge modes,

Zs invariant, phase diagram and the spin Hall conductivity.
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Chapter 7

Concluding Remarks

The study of topological properties in systems has been a wide attention in the
condensed matter community. It all started with the discovery of quantum Hall
effect, however, gained importance after Haldane’s groundbreaking work on topo-
logical phases in the honeycomb lattice without an external magnetic field. Later
on, various other type of topological insulators, namely, the quantum spin Hall
insulators, have been discovered which could produce their own magnetic fields
through internal interactions between the charges and the nuclei, and are de-
scribed by the famous Kane-Mele Model. This special type of insulator is rele-
vant because the spin-orbit coupling is the main ingredient here, which can be
controlled by an external gate voltage, and hence they are considered potential
applications for spintronic devices. Moreover, topological insulators denote a wide
variety of systems depending on their symmetries, making them promising can-
didates for fundamental research. Hence, we have introduced these in Chapter 1,
where various topological invariants and their classifications have been included.
It also shows a detailed explanation of the method to compute those invariants

and the calculation of Hall conductivity.

It is fairly well understood that the topological properties are intimately linked
with the band structures. Therefore, band engineering has the potential to alter
these topological properties. Consequently, controlled deformation of the band(s)
can induce a topological phase transition. The study of such phase transitions

is currently being investigated to gain a better understanding of the critical prop-
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erties in the vicinity of these transitions. In line with that, we have illustrated
electronic properties of two-dimensional Dirac and semi-Dirac systems, where
the former shows isotropic linear dispersion, while the latter exhibits quadratic
dispersion in one direction and linear in the other direction. The behaviour of
the electrons in these systems have been made clear by obtaining the cyclotron
effective mass. Moreover, the unique dispersion of semi-Dirac systems makes
it a suitable candidate for the development of high-speed electronics and opto-
electronics devices, the advancement of topological quantum computing, and the
design of innovative materials. This motivation led us to explore the topological
properties in the semi-Dirac systems, as demonstrated in the subsequent chap-

ters.

As a first problem, we have studied the Haldane model with deformable band
properties in a honeycomb lattice in Chapter 2. We specifically focus on the evolu-
tion of the electronic spectrum and the topological characteristics. By introducing
an anisotropy in hopping among certain nearest neighbours, we achieve tunable
dispersion characteristics. We also observe a topological phase transition from a
Chern insulating regime to a trivial insulating phase as the anisotropy is tuned
beyond a certain value, which is known as the semi-Dirac limit (; = 2¢). The
computation of the electronic dispersion demonstrates the movement and even-
tual merging of the Dirac points, resulting in the conduction and the valence
bands touching each other at the M point in the BZ at (t; = 2¢). Further, we
have computed the density of states (DOS), which provides information about the
distribution of energy levels in the system. We have also examined the evolution
of Berry curvature and the Berry phase, which support our observed phase tran-
sition at the semi-Dirac limit. Furthermore, we have explored the behaviour of
the edge modes, which are states localized at the edges of the nanoribbon, and
found the existence of chiral edge modes as long as the non-trivial properties
are preserved ({; < 2t). Finally, our calculations of anomalous Hall conductivity
demonstrate the existence of the quantized plateaus below the semi-Dirac limit.
The subsequent vanishing of these plateaus further supports the observed phase

transition present therein [193,200,201].

In Chapter 3, we have focused on a semi-Dirac system ({; = 2¢) that incorpo-
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rates a real third neighbour (N3) hopping. The reason for the introduction of such
longer range hopping is that the semi-Dirac system does not exhibit any non-
trivial phase as shown in Chapter 2. We have observed that for a certain range
of values of N3 hopping, the system shows higher Chern numbers C' = +2. This
is because the dispersion spectrum demonstrates more number of band touching
points (in absence of the Haldane term) inside the BZ and the TRS breaking Hal-
dane term induces spectral gaps at these points. Further, to clarify the picture
of non-trivial phases, we have demonstrated the Chern number phase diagram
in various parameter spaces, which shows not only the |C'| = 2 phase, but also
the |C| = 1 phase. Our investigation of the edge states in a nanoribbon geometry
shows either a pair or a single chiral edge modes, which confirms the value of
the Chern number in the phase diagram. Additionally, we have calculated the
anomalous Hall conductivity for various values of the hopping amplitudes and
demonstrated the presence of Hall plateaus quantized at ne?/h, where n denotes
the number of edge modes crossing the Fermi energy [202]. Thus, our model in
this Chapter provides a tool for obtaining higher Chern numbers. Such higher
Chern numbers finds application in enabling robust and efficient electronic and

photonic devices, spintronics, and quantum technologies.

Chapter 4 contains the work on the band-engineered bilayer Haldane system.
A bilayer system, specifically the bilayer graphene is interesting since it has sig-
nificant role in the field of optoelectronic, as it is suitable in photodetectors, LEDs,
and solar cells. Also, bilayer graphene-based sensors offer high sensitivity and
selectivity, and its inclusion in composites enhances mechanical, electrical, and
thermal properties. This motivated us to study the bilayer graphene including
a Haldane flux in this chapter, where the two layers have been coupled in such
a way that the B sublattice of upper layer lies exactly above the A sublattice of
lower layer. This type of arrangement is known as the AB stacking or the Bernal
stacking. The dispersion spectrum shows the gap closing at the semi-Dirac limit
(t1 = 2t) identical to that of the monolayer system (shown in Chapter 2). However,
because of the multiple bands, higher Chern numbers, C' = +2 have been ob-
served, a feature that is absent in its monolayer counterpart. Interestingly, there

is also a band specific behaviour. For example, the lower valence band acquires
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only the C' = +1 phase, while the upper valence band has both C' = +2 and
C = 41 phases. The Chern number phase diagram shows multiple topological
phase transitions with the Chern numbers changing from 2 — 0 — 1, 2 — -2
etc. These phase transitions are supported by the opening and the closing of
the energy gaps in the dispersion spectrum. Additionally, we have examined the
band structure of a nanoribbon, which revealed the presence of a pair of chiral
edge modes along the edges of the ribbon as long as ¢; remains less than 2¢. We
have also analyzed the anomalous Hall conductivity and observed that the width
of the quantized plateau at ne?/h (n: number pf chiral edge modes) gradually
decreases as t; is increased, eventually vanishing at ¢; = 2¢. Thus, the bilayer
Haldane model, similar to its monolayer counterpart, exhibits a topological phase
transition at the semi-Dirac point. However, in the bilayer case, the Chern num-
bers are found to have larger values. Moreover, the edge modes are doubled in
a nanoribbon, and the plateaus in the Hall conductivity are quantized at higher

values, namely, at 2¢?/h [203].

The next chapter, that is, Chapter 5 is based on band-deformed dice lattice, in-
cluding the Haldane term. The study of dice lattice is very important because the
dispersion spectrum contains zero energy flat band where the electrons possess no
kinetic energy (owing to its flatness) and hence the electrons do not contribute in
transport properties. The flat band has several important consequences, includ-
ing strong electron localization, electron-electron interactions and the emergence
of correlated states. Motivated by the above scenario, in this chapter, we explore
the topological properties and the phase transitions in dice lattice. We include
the band deformation in a similar fashion as earlier. In particular, the band de-
formation is introduced via hopping anisotropies in two different ways (labelled
them as case-I and case-II). In case-I, we have varied both the A-B hopping (¢)
and the B-C hopping (), resulting in the shifting of band extrema from the K and
the K’ points. This variation results in the band gap being diminished, ultimately
leading to its closure at the semi-Dirac limit (¢; = ¢’ = 2t). In case-II, only the A-B
hopping (¢1) has been varied, leading to dispersive flat bands. However, unlike
case-I, the band extremum in case-II, located at one of the Dirac points, is slightly

displaced, and the spectral gap closes earlier than the conventional semi-Dirac
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limit, that is, at t; = 1.67¢. The crucial point is that, both the cases exhibit Chern
numbers of +2 until the gap closing transition occur, however, the topological
lobes in the phase diagrams and the Hall conductivity have different structure in
those two cases. The anomalous Hall conductivity displays quantized plateaus at
2¢*/h as long as t; and t’ remain less than the semi-Dirac value of 2¢ in case-1.
However, in case-II, due to the non-vanishing Berry curvature corresponding to
the middle band, a dip in the plateau appears in the vicinity of Fermi energy for
t; # t. The dip widens with the increase of ¢; and finally vanishes at t; = 1.67¢
signalling the topological phase transition. Also, a pair of chiral edge modes in a
nanoribbon has been observed in both the cases which vanishes at the gap closing
points. This verifies the observed phase transition, where the Chern number, C'

drops from 2 — ( at the gap closing hopping amplitudes [204].

Finally, we focus on the other class of topological insulators, namely, the
quantum spin Hall (QSH) insulators. The QSH insulator has wide range of ap-
plications, such as, the spin-orbit torque device, magnetic field sensors owing
to its spin-Hall magnetoresistance effect, spintronic devices, quantum comput-
ing systems etc. We have explored the topological properties of such a spin Hall
insulator via studying the band-engineered Kane-Mele model in Chapter 6. The
analysis of the spin resolved band dispersions reveal a migration of the band ex-
trema from the Dirac points, eventually merge into one at the M point. Here
the Chern number is zero owing to time-reversal symmetry. The Z, topological
invariant that characterizes the system, has a value ‘1’, which vanishes at the
gap closing semi-Dirac limit, that is, at {; = 2¢{. We demonstrate a phase diagram
which encodes a gradual decrease in the topological regimes with the increase in
t; and vanishes completely for t; > 2¢. The system has no charge Hall conduc-
tivity, however, it has finite spin Hall conductivity. We have obtained a plateau
quantized at e/(27) for t; < 2¢t. The plateau vanishes for t; > 2t because of the
phase transition occurring at ¢; = 2¢{. Finally, we have obtained the edge states
in a ribbon geometry, which shows helical modes (as opposed to chiral ones) for
t; < 2t. Therefore, the system exhibits a topological phase transition from a
quantum spin Hall insulator to a trivial insulator at the semi-Dirac limit, which

is supported by the computation of helical edge modes, Z, invariant, and the spin
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Hall conductivity [205].

— Bilayer —-— Monolayer]| —-— Case-I —— Case-ll|
1.0 | Haldane | % [\_ —~'~._  Dice Haldane
ey \.
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° \.
\‘
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N
099 15 0 20 %Mo 5 1 20
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FIG. 7.1: The evolution of the band gap (F,) as a function of #; / t is shown for various
systems. In (a), the red and blue curves correspond to the monolayer and bilayer Haldane
models (discussed in Chapters 2 and 4) respectively. Further, (b) showcases the scenario
for case-I (red) and case-II (blue) in the dice Haldane model (discussed in Chapters 5).

Although, in all of the systems, the spectral gap closes at a certain value of
the anisotropy parameter, the band gap evolves in distinct ways as shown in
Fig. 7.1. The variation of the band gap (£,) corresponding to the Haldane model is
presented in Fig. 7.1(a), where the two curves in different colors signify the bilayer
and monolayer systems. As can be seen, both the monolayer and bilayer initially
have the same magnitude of E, at {; = ¢, but it deviates as ¢; is increased. In
both the cases, F, decreases slowly near ¢; = ¢t and rapidly drops in the vicinity
of t; = 2t. Finally, the gap, F/, becomes zero at ¢, = 2¢. The curve shape indicates
that F, varies linearly (almost) before reaching zero in the single layer case, while
it deviates from being linear in the bilayer case. The more rapid variation of F,
in a bilayer Haldane may be related to a comparatively more drastic behaviour of
the band structure induced by the interlayer coupling (hopping).

Additionally, Fig. 7.1(b) shows the variation of £, for the dice lattice, with two
different curves representing two cases of hopping anisotropies (case-I and case-II
as defined in Chapter 5). Here E, represents the magnitude of band gap between
the flat band (or the middle band) and the valence band. The variation of F, for
case-I is identical to that of the monolayer Haldane model because, apart from
the flat band, the band structures are same in both the cases. However, the

scenario for case-II is significantly different. £, decreases almost linearly as the
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value of ¢; increases. [/, becomes zero at ¢{; = 1.67¢t and then becomes non-zero
again. The gap-closing scenarios for the two cases indicate that the vanishing of
band gap and hence the deformation of the band structure are not an universal
phenomenon. The spectral gap may close at t; = 2t for case-1 or at t; = 1.67¢ in
case-II of the dice lattice, but the variations of E, with respect to t;/t differ. It
should be noted that in the case of band deformed Kane-Mele model, the variation
of I/, is identical to that of the monolayer Haldane model. Hence, we have skipped
it for brevity.

Overall, our investigations pertaining to the evolution of electronic spectra
and topological properties in these systems provided valuable insights into the
behaviour of these systems under different conditions. The manipulation of hop-
ping anisotropies and the introduction of Haldane flux allowed us to observe and
analyze topological phase transitions, edge modes, anomalous Hall conductivity,
and the spin Hall conductivity. These findings contribute to the fundamental
understanding of topological insulators subjected to band deformation and may
have potential applications in the development of electronic devices and technolo-
gies. Further, the scenario at the critical point (¢; = 2¢) could be interesting and
may lead to potentially important outcome. Preliminary analysis reveals frac-
tional Chern numbers at the critical point, however, the corresponding results

need deeper scrutiny.
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Appendix A

Band Structure and Edge States of a Dice

Lattice

A.1 Band structure: Analytic Expression

Here we show analytic calculations for the energy spectrum corresponding to the
Hamiltonian in Eq. 5.2. We diagonalize the matrix which yields an eigenvalue

equation of the form,

E? — (hf + b)) E? + (hfh; — | fayl? = |92y E
+(hj‘gwy|2+h;‘facy’2) =0

where f,, = h,(k,t1) —ihy(k,t1) and g,y = h,(k,t') — ih,(k,t'). Thus one gets a

cubical equation, such as,

GE)+GEP+ GE+ 6 =0
with the coefficients &; defined via,

o = (WF|guyl” + 17 | fuy ),

&1 = (hjhz_ - |fxy|2 - |g:cy|2)

& =—(hl +h;)and& =1
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Transformation of Eq. A.2 into a depressed cubic equation by substituting £ =

E— 3552 will aid in its solution, and is given by,

E*+GE+ ¢ =0

where,
_ 388 — 366 — & and ¢ — 265 + 276560 — 983626

BESE » 2763
For all values of k, (; < 0. Further, since all the roots of Eq. A.3 are real, the

G =

solutions are of the trigonometric form and can be written as,

El:2\/_?gcos{%cosl <32,/ Q)—%ﬂ}

with [ = 0,1 and 2 are the indices corresponding to the conduction, middle and
the valence bands respectively. Finally, the energy spectrum for different values

of [ are given by,

Bi—Bi- 2
3
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A.2 Edge States of a Dice Nanoribbon

In order to obtain the Hamiltonian for edge states, we first calculate the non-
zero elements of the Hamiltonian corresponding to each atoms of the nanoribbon.
Those atoms are denoted by n (n = 1,2,3,...N) as shown in Fig. A.1. Now, to find
such non-zero elements, the following NN tight-binding eigenvalue equation can

be used.

Ebp= Y turbye*®

(n,R)Eom
Now, we find the NN hoppings related to nth atom which we write as o,, in the

following fashion.

={(8,0)¢,(2,0)¢, (6,a1)t: },{(3, 0)tc, (5, 0)te, (9, 0)te}
={(7,0)te, (4, 0)tc, (1,0t}
={(L,0)¢, (7,0)t, (4, —a)t. }
o7 ={(12,0)t, (6,0)¢, (8,0)t1}, {(5, 0)tc, (11, 0)te, (9, —a1)te}
={(10,0)¢, (4,0)¢,(7,0)t1}

(

{ 10 70)t (4 0) 67(7 al)t }

where we have used the tuple notation (m,R). For example, the 4th atom has
six neighbours. Only one atom is located outside the region enclosed by the red
dashed lines (lies beyond the red dashed line on the right hand side). However,
because of the translational invariant along the z-direction, we can assume that
6th atom is equivalent to that one, the position should be transformed by d;.
Hence, we have used the tuple (6,d;) to denote such atom. The remaining five
atoms are inside the unit cell which are denoted by (m, 0). The respective hoppings
are written outside each tuple. The NN hopping between the B and C sublattices
is . which is different from the one used in Chapter 5 to distinguish it from the

other hoppings for better understanding.

Now, the eigenvalue equation corresponding to o4 is given by,

Eb, :tbg—FtbQ+t1€_ikzalb(5+tc(b3—|—b5+b9).
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FIG. A.1: An armchair dice nanoribbon is depicted, which is infinite along the x-direction
and finite along the y-direction. The A, B, and C sublattices are represented by blue, red,
and green circles, respectively. The translational vector is denoted as d@;. The section
between the two red dashed lines is repeated on both sides of that section.
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It can be noted that only the coefficient of b is multiplied by e~*+%, while the rest
do not possess any exponential factor. For them R = 0, which makes etkel Rl = 1,
The equations for other tuples can be written in the similar way and is skipped
for brevity. Since, we have obtained all of the equations for each atoms, we can

write the following equation.

_bl_ _bl_
by by

Hyn |bs| = E |1y
by by

where the Hamiltonian Hyy is shown in table A.1. It may be noted that only 12
rows and columns are shown. The first six rows and columns repeat in the next
six rows and columns, that is, Hyy[i,j] = Hyy[i + 6,j + 6]. This repetition is
better clarified from Fig. A.1, where the 4th and 10th atoms, or the 5th and 11th
atoms are located at an identical environment.

Now for the next nearest neighbour hopping, the following tuples can be ob-

tained.

={(6,0), (6,a@)}e,  {(8,0)}e "
={(9,0)}¢*,  {(5,0), (5,a@)}e ™
(11,0

(

{ 11, ) ( ) )7(3’ _61)}6i¢7 {(970)7(97_61)}6_i¢
={(8,0), (8, —a)}e"*, {(12,0),(2,0), (2, —a)}e " A.10

Following the procedure for obtaining the NN Hamiltonian, the NNN Hamiltonian
(Hynpy) of the dice nanoribbon have been obtained and shown in table A.2. The
total Hamiltonian is Hyy + Hyyy Which can be diagonalize to calculate the edge
states.

Further, we have demonstrated the coupled eigenvalue equations for a dice
nanoribbon in Chapter 5 which were obtained by combining the eigenvalue equa-

tions for identical sublattices. For example, the equations for the 4th and 7th
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TABLE. A.1: The Hamiltonian corresponding to the NN hopping (Hyy) is shown. Here
p = te” ™ and p; = tje” e,

1|/2|3|4|5|6|7|8|9|10]|11]12
10|t |p t
2 [t 0|0 ¢ 0
3pl0]0|¢t |0 00
4 t|t]o]|t]pr t]t
5 | t ol t|ojo]|¢ ol o0
6 | t|O pplolo]¢t]o0 0| o0
7 0|0 tlt|lolt|p t| ot
8 0| t 0t |0]0] ¢ 0
9 ¢ prlolo| t | o
10 0|0 t|t| o] ¢t |p
11 0| ¢ olt|o]|o
12 t]o 1 0

atoms (both belonging to sublattice B) are distinct, but can be expressed as a

single equation:

Eybrs = [t{arst1 + arso1} + tran €™ + [tepspr + tops—1 + t'cpse” ]
where a, b and c refer to the coefficients corresponding to A, B, and C sub-
lattices respectively. 1; and 7, are defined as n; = {1+ (—1)*} /2 and 7, =
{1+ (=1)**1} /2 respectively. Here, s denotes the unit cell as shown in Fig. A.1.
Hence, s = 2 and s = 3 in the above equation yield the equations for the 4th and
7th atoms respectively. Similarly, the equations for sublattices A and C can also

be derived and are given in Egs. 5.7 and 5.9 respectively.
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A.2 Edge States of a Dice Nanoribbon

TABLE. A.2: The Hamiltonian corresponding to the NNN hopping (H ) is shown. Here
a = t2e’® and B = (1 + e*o1),

1 2 3 4 5 6 7 8 9 10 | 11 12
1|0 0 0 0
2 A 0 af a*
3|0 A o*f 0 a
4 0 0] 0 0 0
510 af* —A 0 ot p* Q
6 a*fp* 0 A af* 0 o
4 0 0 0 0 0
8 0 o*p A 0 af
9 af 0 —A ot
10 0 0 0 0
11 0 af* A
12 a*fp* 0 A
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Appendix B

Band-Engineered Kane-Mele Model

B.1 Low Energy Hamiltonian

Here we present the low energy Hamiltonian of the band-engineered Kane-Mele
model. In order to do it, first we write the coeflicients of each term on the right

hand side of Eq. 6.2 as in the following,

C:E = op + zq, + Oy Qqy + %2(]3; A ay2q33 + Ay Gy

The other coefficients, namely, ¢,, v, p, and p, have similar forms. The coefficients
of various terms associated with the momenta indices ¢, and g, for different values

of ¢, are shown in Tables B.1-B.4.

TABLE. B.1: The coefficients, ag, oy, ay, a2, o
corresponding to {; = t (Dirac case) are shown.

y2 and gy as appear in Eq. (B.1)

Qg Oy Qy Qg2 Q2 gy
G/t 0 1.5 0 0 0 0
Cy/t 0 0 15 0 0 0
v/ Aso —3v/3 0 0 0 0 0
pz/(iAs0) 1 0 0 0 0 0
py/(iXs0) —1 0 0 0 0 0
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Chapter B. Band-Engineered Kane-Mele Model

TABLE. B.2: The coefficients, g, oz, oy, a2, «
corresponding to t; = 1.5t are shown.

y2 and agy as appear in Eq. (B.1)

% Qy Qy Q2 Q2 Qg
G/t 0 1.14567 0 0.5625 —0.5625 0
G/t 0 0.5728 —2.25 0 0 0

v/ Aso —4.6300 —3.0310 0 3.9686 2.9765 0

P/ (iAs0) 1.75 —0.5728 0.625¢ —0.2813 0.5938 0.28641

py/ (iXs0) —1.1456 —1.125 0.5728: 0.4296 0.1432 0.56257

TABLE. B.3: The coefficients, ag, o, ay, a2, o
corresponding to ¢; = 1.8¢ are shown.

y2 and gy as appear in Eq. (B.1)

Q) Qg Qyy g2 Q2 gy
Ce/t 0 0.5408 0 0.7125 —0.7125 0
G/t 0 0 —2.85 0 0 0.2704

v/ Aso —2.4356 —6.0795 0 2.2482 1.4051 0

P/ (iAs0) 1.9 —0.3775 0.557 0.3375 0.6125 0.1887%

py/ (iAs0) —0.7549 —1.35 0.3775¢ 0.2832 0.0944 0.675¢

TABLE. B.4: The coefficients, ag, oz, oy, a2, «
corresponding to ¢; = 1.9¢ are shown.

Y2 and oy, as appear in Eq. (B.1)

Qg Qy Qy Q2 Q2 Oy
G/t 0 0.7549 0 0.675 —0.675 0
¢/t 0 0 —2.7 0 0 0.3775
v/Aso ~3.3128  —5.2654 0 3.0076 1.9615 0
pu/ (iXso) 1.95 —0.2701 0525  —0.3563  —0.6188  0.1352i
p/(iAso) | —0.5408  —1.425  0.2704i  0.2028 0.0676  0.7125

B.2 Edge States including the Rashba term

The Hamiltonian corresponding to the Rashba term defined in Eq. 6.1 is rewritten

here.
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B.2 Edge States including the Rashba term

Hp =1i)\g Z czT [sydﬁgj — sxdzj] C;
(i5)
For the first term on the right hand side, we find the following tuples.

oy = {(1,0)dy, (L, a)(d7)}
o3 = {(4,0)d}, (4,a)(d3)}
oy = {(3,0)d3, (3, —a)(d3)}
o5 = {(6,0)dg, (6,—a)(dg)}

where o,s are written in the (m, é) notation with m being the NN site corre-
sponding to nth atom and R is the position of the site (see Fig. B.1). A detailed
description to find such tuples has been illustrated in Sec. A.2. Here, the con-

stants dfs are given by,

AP = df = —/3/2, di=dE=+V3/2

Similarly, for the second term, we find the following tuples.

— {<17O>d 1s (175>d2{> (3? 0>de}
= {(4’ O>d43’ (47 a)dZZiv (27 O)dg}
— {<37 O) 34> (37 —J)dg4, (57 0>dg}
= {<670)d27 (67 —J)dg, (470)dZ5}

The values for d!s are given by,
d =dj, =—-1/2, dj;=di=+1/2

By=dl =1, d&f=d}s=-1
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Chapter B. Band-Engineered Kane-Mele Model

Using Egs. B.3 and B.4, we can write the following eigenvalue equation.

b b

Eg by | = Hp by

where the Hamiltonian Hy is shown in Eq. B.6 with « being (1 + exp|—ik,a1]).

0 «
—a* 0 0
0 0 —af
0 0 «
—a 0 0
0 0 —af
a 0
0 %a
_71&* 0 1
-1 0 ja*
_7104 0 1
— IARSy m
. 0 %a
Sa* 01
-1 0 %04*
a0

Here only an 8 X 8 matrix is shown. If we consider a ribbon with N atoms, the

matrix size would be 2N x 2N, where the factor 2’ arises to account for the
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B.2 Edge States including the Rashba term

FIG. B.1: A zigzag honeycomb nanoribbon is depicted. The section between the two red
dashed lines repeats on both the right and left hand sides of that section. The translational
vector is denoted by dj.

presence of spin-1/2 Pauli matrices s, and s,. The Hamiltonian associated with
the NN and NNN hoppings can also be obtained using a similar approach (see
Sec. A.2). The eigenvalues of the total Hamiltonian are plotted as a function of k,

in Fig. 6.3.
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