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A B S T R A C T

In communications, adaptive equalizers not only counter the intersymbol interference (ISI)
introduced by the channel but also keep track on the changes in the channel characteris-
tics out of which the adaptive decision feedback equalizer (ADFE) performs well because
of its low-noise enhancement compared to linear equalizers (LEs). However high speed
applications demand for a large number of taps in the feed forward filter (FFF) and feed-
back filter (FBF) of ADFE and hence the implementation and real-time operation of such
an equalizer is a difficult task due to increased complexity and very small intersymbol
period. Distributed Arithmetic (DA), which uses partial-products for the computation of
the inner product of two vectors, can be a suitable technique since DA based realization
of digital signal processing (DSP) algorithms can lead to low computational cost while
achieving high system throughputs. Further, the modular and memory-based structure of
DA can lead to the resultant ADFE in enjoying the advantages of ease of implementation
making it more suitable for implementing on field-programmable-gate-arrays (FPGAs)
and design of application specific integrated circuits (ASICs).

In this thesis, we first applied appropriate DA treatment for a least mean square (LMS)
based adaptive filter. Although, the DA based implementation of systems with fixed co-
efficients such as the finite-impulse response (FIR) filters and transforms is easy, problem
arises when realizing adaptive filters and recursive systems viz-a-viz the partial products
of the coefficients need to be updated from time to time. For this purpose, we have taken
an auxiliary look-up-table (LUT) storing the partial-products of most recent input sam-
ples along with the LUT that stores the partial-products of filter coefficients. For reducing
the memory requirement of DA, we used the offset binary coding (OBC) scheme. The
auxiliary LUT is updated from time to time by manipulation of its addressing bits and
by the use of the entries in its consecutive address locations. Later, we explored the DA
advantages by the realization of a non-adaptive decision feedback equalizer (DFE). One
of the traditional ways of implementing the non-adaptive DFEs is by the use of one or
more multiply-and-accumulate (MAC) units and such an implementation is performance
limited by the presence of bulky multipliers. We have used the digit-serial nature of DA
and the proposed structure has been shown to be suitable for real time implementations
as they offer considerable savings over their MAC based counterparts. Next, we extended
the DA philosophy for the realization of an LMS based ADFE. Such an ADFE is perfor-
mance limited by the the presence of feedback loop and the weight-adaptation loop. The
proposed DA based ADFE uses separate DA treatments for FFF and FBF where the idea
of auxiliary LUT is used again for handling the weight-update operations. Lastly, the DA
philosophy is applied for the realization of block ADFE. Block ADFEs suffer from the
causality problem i.e., the block processing of FBF cannot be performed due to the pres-
ence of unknown decisions in every iteration which are to be sought out by the ADFE.
We have computed these unknown decisions by using an efficient approach that uses two
minimization criteria along with a bank of registers where all the symbol values used
in the modulation scheme are stored. Once, the unknown decisions are computed, we
have used the fast convolution techniques where the DA philosophy is applied for the
reduction of computational complexities.
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The initial attempt of optimizing the LMS adaptive filter using DA utilizes OBC scheme.
The technique uses an auxiliary look-up-table which stores the partial-products of in-
put samples to aid the weight-update operation. The proposed filter is mainly useful for
the realization of higher order filters and is found to be utilizing between 20%-30% less
chip-area compared to the best of existing architectures. The proposed non-adaptive DFE
realizations can be configured to obtain three different architectures all of which use digit-
serial input scheme. While for lower order FFF and FBF upto 40% of reduction in FPGA
resources have been observed, the three architectures use more or less the same number of
computational resources as that of multiplier-and-accumulator (MAC) based implementa-
tion for higher order FFF and FBF filters. In case of LMS-ADFE, the idea utilizes the OBC
scheme and separate auxiliary look-up-tables for FFF and FBF filters in order to aid the
weight-update operation. While the proposed DA based LMS-ADFE uses no hardware
multipliers for its implementation, good computational savings have been achieved al-
though it was found that there is an exponential increase in the size of memories because
of the requirement for two auxiliary look-up-tables for FFF and FBF individually. Lastly,
the proposed block-ADFE implementation uses two minimization criteria for the compu-
tation of unknown decisions in every block iteration. This idea is based on the fact that
the unknown decisions take one value out of all symbol values used at the modulation
scheme. The proposed DA based algorithm may be considered semi-optimal as there are
some inconsistencies found in the FBF coefficients approaching the weiner solution while
FFF coefficients do so.
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1
I N T R O D U C T I O N

1.1 introduction

Most of the physical channels, such as the telephone lines, are band-limited in nature and
are responsible for the distortion of the transmitted signal. The distortion can be of two
types namely amplitude distortion and phase distortion. Amplitude distortion occurs
if the magnitude of the frequency response of the channel is not constant within the
bandwidth of the signal. Phase distortion occurs if the phase of the frequency response
of the channel is not a linear function of the frequency i.e., the delay introduced by the
channel for all the frequency components of the signal is not the same. Typically, one or
both the types of distortion can occur depending on the characteristics of the channel.
Signal smearing can occur if the signal reaches the receiver via multiple paths which is
more often in wireless communications. The causes for this include reflection & refraction
of the signal with objects such as buildings, atmospheric effects such as atmospheric
ducting & ionospheric reflection.

In case of digital communications, messages are transmitted in the form of symbols
which are decoded at the receiving end. The distortion of the signals because of the fore-
mentioned reasons can make the symbols overlap thus making the receiver difficult to
distinguish a symbol from its neighboring symbols. This phenomenon of overlapping
of successive symbols is known as intersymbol interference (ISI) which is depicted in Fig.
1.1. Measures have to be taken at the receiving end before the extraction of message to
avoid the ISI as it may cause wrong interpretations of the message. Depending on the
application, various methods are adopted to counter the ISI. One such method includes
designing systems such that the impulse response is very short and only a small amount
of energy smears from one symbol into the adjacent symbol. Usage of guard periods to
separate the symbols in time domain can also help in elimination of the ISI. However,
in most of the practical cases, the channel impulse response spans over many tens of
signalling periods and the methods mentioned above may not be effective in equalizing
such channels. Nyquist investigated the problem and put forth the conditions on the
communication channel (impulse responses of transmit filter, channel and receive filter)
such that no ISI can occur. He showed that, for zero ISI, the minimum theoretical system
bandwidth is only half that of the data rate of transmission.

The most prominent method of approaching the ISI problem is to use a digital filter
at the receiver end which approximates the inverse of the discrete time model of the
channel impulse response. It can be noted that the nth received pulse in the absence of
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Figure 1.1: The Intersymbol Interference Phenomenon.
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Figure 1.2: The Zero Forcing Equalizer system model.

noise can be given by the convolution sum as rn = tn ∗ hn where, tn is the nth transmitted
pulse and hn is the impulse response of the equivalent discrete time model of the channel.
The impulse response can contain causal and anti-causal parts which contribute for the
pre-cursor and post-cursor parts of the overall ISI. With hn ←→ H (z), the ISI at the
receiver can be completely eliminated by using a filter called zero-forcing equalizer whose
transfer function is given by F (z) = 1/H (z). Such a model of the transmitter, channel
and equalizer system is shown in Fig. 1.2 where ηn represents the additive noise in the
channel and r̃n denotes the pre-decision output. The error en = tn − r̃n is a measure of the
performance of the equalizer. With en ←→ E (z) and ηn ←→ N (z), E (z) can be given as

E (z) = T (z)− R̃ (z)

= T (z)− R (z) F (z)

= T (z)− T (z) H (z) F (z)− N (z) F (z)

= T (z) (1− H (z) F (z))− N (z) F (z)

Now, the power spectrum Se (z) of the error signal can be given as

Se (z) = St (z) |1− H (z) F (z)|2 + Sη (z) |F (z)|2

where St (z) and Sη (z) are respectively the power spectra of the transmitted data sym-
bols and the additive noise. The ISI contribution to the error vanishes completely if zero-
forcing criteria i.e., F (z) = 1/H (z) is imposed, however, the contribution of the noise
power will be infinity at those frequencies where the channel transfer function becomes
zero (H (z) = 0 for some z). Even without the presence of spectral nulls, the noise power
will be greatly enhanced if there are any deep nulls in the spectrum of H (z).

Decision Feedback Equalizers (DFEs) which use the regenerative effect of the decision
device, are an effective means of equalizing the channels exhibiting deep spectral nulls.
Unlike the linear equalizers, DFEs do not estimate the inverse of the channel directly,
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Figure 1.3: Block diagram of a decision feedback equalizer.

instead the filtered version of past decisions are subtracted out from the equalizer output.
The basic block diagram of a DFE is shown in Fig. 1.3. A DFE basically consists of a
feed forward filter (FFF), a feedback filter (FBF) and a decision device (quantizer). The
FFF works directly on the received data and equalizes the anti-causal part of the channel
transfer function. The residual ISI at the FFF output is then cancelled out by subtracting
the FBF output from the FFF output. The output of FBF whose coefficients are carefully
chosen, operates on the decisions made on the past symbols. The DFE works basically
on the assumption that there are no errors at the output of the decision device. As long
as the decisions are correct, the DFE can equalize the channel effectively with low noise
enhancement. But if at-least one of the past decisions is incorrect it may lead to successive
incorrect decisions and hence error propagation may occur. However, on typical channels
the DFEs are typically self-corrective as the errors occur only in short bursts [38].

The DFE helps in equalizing the channel when the channel characteristics are constant.
However, the channel coefficients of most of the practical channels vary with respect
to time. This is more often in the case of wireless communications due to the relative
movements in the physical objects present in the channel. In such cases, the DFE needs
to adapt its filter coefficients based on the variations in the channel characteristics. Such
an equalizer is known as adaptive decision feedback equalizer (ADFE). The general block
diagram of a sample by sample ADFE is shown in Fig. 1.4. The FFF and FBF coefficients
of ADFE are made to adapt based on a suitable adaptation algorithm and the ADFE is
generally operated in two modes: (i) the initial training mode where a copy of the original
transmitted sequence is used for training the filters i.e., the desired signal d (n) = x̂ (n)
and error e (n) = x̂ (n)− y (n) (ii) the decision-directed mode where the output decisions
are used for tracking any slow variations in the channel and in this mode, the desired
signal d (n) = yq (n) and error e (n) = yq (n)− y (n). The error, along with the filter inputs
are used to adjust the tap-weights of FFF and FBF in a time-recursive manner using the
adaptive algorithms such as least-mean square (LMS), block LMS, recursive-least squares
(RLS) etc.

1.2 performance issues and related research in adfe

The ADFEs play an important role in wireless communications and hence their imple-
mentation issues need to be addressed carefully by considering their design difficulty
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Figure 1.4: General block diagram of a sample by sample processing based adaptive decision feed-
back equalizer.

caused by the feedback loop and the non-linear device. A common problem faced with
ADFE is that with increasing data transmission rate, more and more adjacent symbols
get overlapped and thus the orders of both FFF and FBF increase. This is because, with
higher data transmission rate, the signal bandwidth becomes large and when the signal
bandwidth becomes more than the coherence bandwidth of the channel, the link suffers
from multi-path fading which results in severe ISI. Hence, large number of filter taps are
required for equalizing such channels. The resulting increase in complexity makes real
time operation of the ADFE difficult due to very short symbol period, which means that
lesser and lesser time will be available to carry out the computations while the volume
of computation goes on increasing. The complexity can go up further if one employs fast
converging equalizers such as those belonging to the RLS family, which require shorter
training sequences and thus provides valuable savings in bandwidths. The power and
chip area requirement also go up as the complexity increases.

Pipelining [46] of adaptive DFEs is difficult as the ADFE contains a non-linear device
in the decision-feedback loop. The presence of weight-adaptation loop in the ADFE also
makes it difficult to achieve pipelining. Hence, the initial works on high-speed ADFE
architectures have almost exclusively adopted parallelization [17, 20, 39]. Algorithms in
[20, 39] result in the loss of performance due to incorrect initialization of the FFF and a cod-
ing loss due to the incorrect initialization of FBF. Later, look-ahead based approaches were
successfully applied to pipeline linear time-invariant recursive filters and feed-forward
adaptive lattice filters. Look-ahead was also used in parallel implementation of linear
recursive systems and in block implementation of recursive adaptive digital filters. How-
ever, algorithms that contain quantizer loops pose difficulty in pipelining the system using
look-ahead computation. To overcome this, a method of pipelining algorithms with quan-
tizer loops was proposed by Parhi in [34]. Here, using look-ahead computation, loops
containing nonlinear devices are transformed to equivalent forms which contain no non-
linear operation. The drawback of this approach is that the hardware keeps growing with
increase in the number of levels in the quantizer or the order of the predictor in algo-
rithms with quantizer loops. Later Parhi et. al have successfully applied look-ahead and
relaxed look-ahead [45] in order to pipeline adaptive DFEs. To achieve this, the function-
ality of the algorithm is maintained rather than the input-output behavior which resulted
in good computational savings.
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Later, there was an inclination in the field of research towards the use of block based and
frequency domain based approaches which were inspired from the development of fast
convolution techniques like the overlap-save and overlap-add methods. In [9, 7, 42], sev-
eral block and frequency domain based techniques have been proposed. In [9], Berberidis
et al. presented a new block ADFE that is mathematically equivalent to the conventional
LMS-based sample-by-sample DFE but with considerably reduced computational load.
A new block ADFE implemented in frequency domain was later proposed by the same
author in [7]. In [42], Rontogiannis et al. subsequently presented a new efficient DFE ap-
propriate for channels with long and sparse impulse response. It is shown that, in case of
sparse channels, the FFF and FBF have a particular structure, which can be exploited to
derive efficient implementation of DFE, provided that the time delays of the channel im-
pulse response multipath components are known. In [55], a high speed pipelined ADFE
is derived where a postcursor processing filter (PCF) is used to cancel the most signifi-
cant postcursor Intersymbol Interference (ISI). For this purpose, a new updating ADFE
scheme based on the Principle of Orthogonality is derived. It has been shown that the
PCF-ADFE structure, while maintaining the similar hardware cost as that of PIPEADFE1
and PIPEADFE2, has a better convergence rate.

In [35], pipelining technique has been extended for the realization of a multiplexer loop
based adaptive DFE. In this, a novel look-ahead approach is developed for parallel nested
multiplexer loops, based on which pipelining or parallelism can be achieved. In [43],
an efficient finite precision realization of the block adaptive decision feedback equalizer
based on the block floating point (BFP) approach has been presented. The motivation
behind going for this approach is that the direct floating point (FP) based approach would
result in high processing cost and complexity due to additional steps in the floating point
approach compared to the fixed point counterpart. Based on the lengths of FFTs and IIFTs
and the exponents in the floating point representation of the data, the proposed approach
is three to four times faster than the fixed point counterpart for moderately large values of
the block lengths. A finite word length analysis of efficient block adaptive DFE (EBA-DFE)
has been carried out in [27]. Here, both the truncation and round-off schemes have been
studied and it has been shown that moderate word lengths are required for facilitating the
hardware implementation of the EBA-DFE. A simplified approximate rounding scheme
is also presented and it is shown that the proposed scheme is efficient in simplifying the
complexity of rounding a product without having effect on the behavior of the algorithm.
In [30], a new look-ahead method to break the feedback path for multi-gigabit DFE design
is proposed. Here, parallelization has been adopted to increase the throughput rate of the
system and is shown that the throughput rate can be proportional to the parallelization
factor. The computational complexity here is lower than that of the multiplexer-based
look-ahead provided that the tap number of the feedback filter is large.

A signed normalized block LMS adaptive decision feedback equalizer has been pro-
posed in [28]. For this purpose, a normalized version with respect to the square euclidean
norm of the tap input vector is used for the correction of the tap-weight vector. Here, once
again the incoming data is partitioned into non-overlapping blocks and the filtering op-
erations are performed in the frequency domain using the overlap and save FFT method.
This facilitated for the easier choice of the step-size with which the proposed algorithm
was convergent in the mean square sense. This is different from the time-domain based
approach where the information of the largest eigen value of the correlation matrix of
the input sequence is required. Simulation studies have shown that the proposed algo-
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rithm has good convergence performance and better bit error rate (BER) performance
compared to the existing algorithms. In the recent past [44], a block floating point (BFP)
realization of ADFE has been taken up. Here, separate BFP treatments have been carried
out for the FFF and FBF weights and separate weight-update relations have been devel-
oped for their respective mantissas and exponents. However, this technique suffers from
co-efficient round-off noise errors.

In [25], an adaptive frequency-domain DFE (ADF-DFE) for single-carrier frequency
division multiple access (SC-FDMA) systems has been developed. Here both the feed-
forward and feedback filters operate in the frequency domain and are adapted using
the block recursive least squares (RLS) algorithm. It is shown that the complexity of the
ADF-DFE can be reduced when compared to its time-domain counterpart by exploiting a
matrix structure in the frequency domain. The authors also extended the formulation for
multiple-input-multiple-output (MIMO) SC-FDMA systems. It was observed that the pro-
posed AFD-DFE is robust and enjoys significant reduction in computational complexity
when compared with the frequency-domain non-adaptive DFE. In [31], a CORDIC based
pipelined ADFE architecture using reformulated LMS algorithm has been proposed. The
proposed ADFE is observed to have not only reduced number of multipliers in the feed
forward path, but also easy to implement due to the flexibility and modularity in the
structure. The resultant ADFE is suitable for mitigating severe channel distortion which
arise due to ISI in high speed communications and found to be area efficient with good
convergence. Based on the above literature, we conclude that performance enhancement
of ADFE can be achieved by optimizations at both the algorithmic and architectural levels
and so all these aforementioned works along with the demanding need for complexity
reduction of ADFEs motivate us to take up the work of performance enhancement in
ADFE. In this process, we found that distributed arithmetic is a suitable candidate for the
performance enhancement in ADFE.

1.3 distributed arithmetic and its variants

Distributed Arithmetic (DA) is an efficient way of computing the inner product of two vec-
tors where one of the vectors is known prior to implementation. The basic idea behind
DA is that the pre-computed partial-products are stored in look-up-tables (LUTs) and
through shift-and-accumulate operations, the inner product is computed. The computa-
tion of inner product of two vectors using DA is explained in the following paragraphs.
Consider the inner product of two vectors c and x (i = 0, 1, . . . , N − 1) which can be given
as

y =
N−1

∑
i=0

cixi (1.1)

If every sample of xi is written in fixed point Q1.B − 1 (1) signed two’s complement
representation, then

xi = −bi,B−1 +
B−1

∑
j=1

bi,B−1−j2−j (1.2)

where bi,j ∈ {0, 1}.
Substituting (1.2) in (1.1) and re-arranging, we get

1 Appendix A
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Figure 1.5: General Block Diagram of distributed arithmetic architecture.

y = −
N−1

∑
i=0

cibi,B−1 +
B−1

∑
j=1

{
N−1

∑
i=0

cibi,B−1−j

}
2−j (1.3)

Let

f j =
N−1

∑
i=0

cibi,B−1−j (1.4)

and

CB−1−j =




− f0 j = 0

f j j 6= 0
(1.5)

Hence, (1.3) becomes

y =
B−1

∑
j=0

CB−1−j2−j (1.6)

From (1.4) and (1.5), it can be observed that, taking j-th bit from each of xi, the term
CB−1−j would take only one out of 2N possible combinations which are nothing but the
partial products of elements of ci. Hence all these combinations can be stored in an LUT
(usually a read-only memory (ROM)) whose address bits are formed by j-th bit of every
xi . Then the output y can be computed by shifting the partial products taken from the
memory for every j-th (j = 0, 1, . . . , B− 1) set of bits of xi’s and accumulating all of them
using shifting operation. As there are B bits in all xi’s counting from LSB to MSB, the
system would take a total of B clock cycles to compute the inner product. Fig. 1.5 shows
the DA structure for computation of the inner product as per (1.6) with B = 4. Here the
address bits are indexed by j and the memory word is indexed by i .

As there are 2N partial products, the size of the LUT would be 2N and so if N is large,
the LUT size requirement would be high. DA provides the flexibility for the usage of
multiple small sized LUTs. The idea can be understood if N is split as N = M × K in
which case (1.4) becomes
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Figure 1.6: Distributed arithmetic architecture with ROM decomposition.

f j =
MK−1

∑
i=0

cibi,B−1−j (1.7)

=
K−1

∑
i=0

cibi,B−1−j +
2K−1

∑
i=K

cibi,B−1−j + . . . +
MK−1

∑
i=(M−1)K

cibi,B−1−j (1.8)

=
M−1

∑
m=0

(m+1)K−1

∑
i=mK

cibi,B−1−j (1.9)

If s = i−mK and if the dummy variable s is replaced by i, then

f j =
M−1

∑
m=0

{
K−1

∑
i=0

ci+mKbi+mK,B−1−j

}
(1.10)

Hence, M number of LUTs can be used each of size 2K, taking address lines from
every K sets of xi’s. The DA structure corresponding to (1.10) with K = 2 and B = 4
is shown in Fig. 1.6 where the address bits are indexed by j, the LUT block is indexed
by m and the LUT word is indexed by i. The number of clock cycles to compute the
inner product remains the same but the number of arithmetic operations (adders) would
increase. Specifically, the system requires a total of M × 2K LUT locations and M − 1
adders and computes the inner product in B clock cycles. K = N is same as (1.4) and
K = 1 case will have N individual LUTs with two locations in each. In order to increase
the speed of the system, multiple bits of xi’s can be used in parallel as the address lines
to the LUT at the cost of increase in its size. This is obtained by splitting B as B = P×Q
in which case (1.6) becomes

y =
PQ−1

∑
j=0

CB−1−j2−j (1.11)

=
Q−1

∑
j=0

CB−1−j2−j +
2Q−1

∑
j=Q

CB−1−j2−j + . . . +
PQ−1

∑
j=(P−1)Q

CB−1−j2−j (1.12)

=
P−1

∑
p=0

(p+1)Q−1

∑
j=pQ

Ci,j2−j (1.13)
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Figure 1.8: Distributed arithmetic architecture with combined ROM decomposition and digit-
serial scheme.

If s = j− pQ and if the dummy variable s is replaced by j, then

y =
P−1

∑
p=0

Q−1

∑
s=0

Ci,j+pQ2−(j+pQ) (1.14)

The DA structure (also called digit-serial DA) corresponding to (1.8) with P = 2 is
shown in Fig. 1.7. In such case, the size of the memory would be 2PN and the speed is
increased by a factor of P and hence the inner product is computed in B/P clock cycles.
Further it can be noted from (1.8) that the shifting is done for P units unlike the previous
case where unit shifting is done on each of the partial product. If P = B then all the B-bits
of xi’s form the address lines and the inner product is computed in a single clock cycle
while P = 1 is same as 1.6.

Hence, from (1.10) and (1.14), it can be noted that splitting N would result in the low
memory size requirement at the expense of increased combinational logic and employing
digit-serial would speed up the system at the cost of increased parallelism. Alternately,
one can employ the ROM splitting as well as the digit-serial nature of DA as shown in Fig.
1.8 for the trade-offs between speed and hardware complexity based on the parameters M
and P as explained above. These techniques apply equally well when the partial products
of xi’s are stored and the bits of ci’s are used as the address bits to the LUT. Further, the
techniques work well for the signed complement representation of the elements of the
vectors [36].
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1.4 da based fir filter design 10

1.4 da based fir filter design

One of the direct applications of DA would be the realization of a finite impulse response
(FIR) filter as the output of an FIR filter at any instant is the weighted sum of present and
past input samples. The state-of-the-art implementation of such filters typically involve
DSP processors or custom logic design containing one or more hardware multiply-and-
accumulate (MAC) units. One of the main advantages of DA is that the number of clock
cycles it takes to compute the inner product depends on the bit-length of the input se-
quence unlike the case of MAC units where it depends on the filter order. By careful
design using DA, one may reduce the total computational savings of the system upto
80% [53]. Further, the flexibility of configuring the DA architecture as per the speed/com-
plexity requirements and its multiplier-free structure makes it one of the most effective
technique for the realization of higher order filters.

1.4.1 DA based FIR filter

The output y[n], (n ∈ Z) of an N-tap FIR filter with the present input sample x[n] is given
as

y[n] =
N−1

∑
i=0

w[i]x[n− i] (1.15)

where w[i] (i = 0, 1, ...N − 1) are the weights of the filter.

Representing each of the input sample x[n− i] in the 2’s-complement we have

x[n− i] = xn−i =− bi,B−1 +
B−1

∑
j=1

bi,B−1−j2−j (1.16)

Substituting (1.16) in (1.15) and re-arranging we get

y[n] =
B−1

∑
j=0

cB−1−j2−j (1.17)

where

cB−1−j =
N−1

∑
i=0

wibi,B−1−j (j 6= 0),

cB−1 = −
N−1

∑
i=0

wixi,B−1

For a given set of wi (i = 0, 1, ..., N − 1), the terms cB−1−j’s would take only one out of
2N possible combinations which can be pre-computed and stored in a look-up table (LUT).
The DA based implementation of a 4-tap FIR filter is shown in Fig. 1.9. The incoming bits
of input samples are stored in the registers in the order that at any instant, the bits of most
recent input sample are stored in the top most register while the bits of oldest sample
are stored in the bottom most register. The least-significant bits (LSB) from each of the
registers form the address lines to the LUT containing the partial products. The partial
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products are then shifted and accumulated for ’B’ number of clock cycles to produce one
sample of output.

1.4.2 DA based FIR filter with offset binary coding scheme

The ROM size in the above architecture can be further reduced using the offset-binary
coding (OBC) technique [36] which can be derived as follows:
Re-writing (1.16) as xn−i =

1
2 [xn−i − (−xn−i)] we have:

x[n− i] =
1
2
[
−
(
bi,B−1 − b̄i,B−1

)]

+
1
2

[
+

B−1

∑
j=1

(
bi,B−1−j − b̄i,B−1−j

)
2−j − 2−(B−1)

] (1.18)

Choosing

di,j =




−(bi,j − bi,j), j 6= B− 1

−(bi,B−1 − bi,B−1), j = B− 1
(1.19)

Substituting (1.18), (1.19) in (1.15) and re-arranging we get

y[n] =
B−1

∑
j=0

(
N−1

∑
i=0

1
2

widi,B−1−j

)
2−j

−
(

1
2

N−1

∑
i=0

wi

)
2−(B−1)

Defining
pj = ∑N−1

i=0
1
2 widi,j, 0 ≤ j ≤ B− 1

and

pinitial = −
1
2

N−1

∑
i=0

wi (1.20)

We arrive at

y[n] =
B−1

∑
j=0

pB−1−j2−j + pinitial2−(B−1) (1.21)

Now, for a given set of wi (i = 0, 1, ..., N − 1), the terms pB−1−j’s would take one out
of 2N combinations, half of which would be the mirror image of other half [53]. Hence a
2N−1 sized ROM can be used the address of which can be obtained through the Ex-OR
operation of all the LSB’s with the LSB of the newest sample as shown in Fig. 1.10.

1.5 literature on distributed arithmetic based implementations

The study on the development and the feasibility of DA technique in the realization of
digital signal processing (DSP) algorithms takes us back into early 1950s. During 1950s,
the first digital computers were introduced and the progress in their development has
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influenced the progress in the field of digital signal processing. Since then, the develop-
ment of DSP algorithms and their implementations have been influenced by demands of
the applications, the progress in the integrated circuit (IC) technology and the available
level of integration. DSP algorithms are typically characterized by computation intensive
algorithms, primarily multiply-add operations. Some of the advanced algorithms, make
use of division, square-root, rotation and trigonometric operations. The early computers
were equipped with adders and as a result all the arithmetic operations including mul-
tiplication and division were implemented using multiply (controlled) and add (or add-
subtract) operations. This motivated the emphasis to reduce the number of multiplication
operations in DSP algorithms as they take up considerable amount of space.

Later in 1970s, the development of general-purpose microprocessors which operate at
high speeds led to design of faster signal processing systems. During those decades, sev-
eral efficient architectures such as co-ordinate rotation digital computer (CORDIC) and
distributed arithmetic (DA) White [53] have been proposed for the implementation of DSP
algorithms. While CORDIC is primarily is used for implementation of trigonometric func-
tions and rotation operations, DA is used to implement the sum-of-products especially in
custom implementations where the performance/cost ratio is critical. DA was first intro-
duced by Croisier [16] in 1973 and further developed by Peled and Liu [37]. From then,
DA was successfully applied in applications such as the telephone system at Bell Lab-
oratories, air-to-ground missile digital autopilot, and few other communication system
applications [53]. Since most of the DSP algorithms like convolution, correlation etc are
principally the sum-of-product operations, the early works based on DA mostly included
finite & infinite impulse-response filters [4, 57, 50, 51] and rotation operations rotation
operations [49, 10] and few adaptive filters [15, 48, 52]. The disadvantage with the early
DA architecture is that it requires single large memory in order to compute inner product
of vectors whose lengths are very large. In [13], the authors proposed a technique for
reduction of size of the ROM thereby making DA much useful in the implementation of
large inner products. Later, DA has been successfully used in the implementation of other
DSP algorithms such as cyclic convolution [11], discrete cosine transform (DCT) [56] and
Fourier Transform [12, 40]. Recent works based DA once again include transformations
and adaptive digital filters [3, 54, 21, 41, 32].

As explained earlier, a fixed coefficient filter can be easily realized using DA by storing
the partial-products of filter coefficients in the LUT. But, the DA treatment to adaptive
filters faces certain difficulties, not encountered in the fixed coefficient case, namely the
two principle operations-filtering and weight updating are mutually coupled, thus, the
partial-products of filter coefficients stored in the LUTs are to be recalculated before the
filtering operation. The early attempts on DA based adaptive filters used approximations
to standard adaptation algorithms which degrade the performance [15, 48, 52]. Allred et
al., proposed a new method by maintaining an auxiliary LUT that serves the adaptation
process apart from the LUT demanded by DA [2, 1, 3]. The authors showed that by proper
choice of system parameters, the throughput is a constant regardless of the filter order.
In the recent past, Guo et al., [22, 21] proposed two schemes in which only one LUT
is maintained that stores the partial-products of input samples. Considerable hardware
savings was achieved by using the bits of filter coefficients as the address bits to the LUT.
However, in this the weight adaptation using the partial-products of input samples alone
is a complicated process and account for much computational complexity since the partial
products of filter coefficients are not stored. A block LMS based adaptive filter has been
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Figure 1.11: Timeline of the pricing of dynamic random-access memory (RAM). (Source: [26])

proposed in [32] where a novel LUT sharing technique has been proposed for handling
the filtering and weight adaptation operations. The approach offers good computational
savings as the number of computational units (adders) does not increase proportionately
with respect to the block length. With semi-conductor memories becoming more cheaper
and much smaller (Fig. 1.11 and 1.12), due to the feasibility of DA technique in realizing
higher order filters along with the flexibility of configuring DA structure for speed and
complexity requirements, we feel that DA is an appropriate technique in the realization
of high speed structures for ADFEs.

1.6 problem formulation

As described earlier, system complexity and difficulty in fast processing are the main
problems in the implementation of equalizers. In case of high data rate applications, the
complexity of the equalizers increase due to the requirement of large number of taps in
the filters. As the complexity increases power and chip area requirement also go up. All
these can make the real-time operation of equalizers difficult. Distributed arithmetic is a
preferable method for the implementation of ADFEs since it eliminates the requirement
of hardware multipliers and is capable of implementing large order filters with high
throughput. Further, the recent trends in semi-conductor memories also make DA more
suitable for realization of ADFE architectures on FPGA and ASIC platforms. However,
direct implementation of DA adaptive filters on sample by sample basis may entirely
eliminate the efficiency advantages of DA realization and complexity reduction of ADFEs
based on DA realizations have not been studied well so far in the literature. This motivates
us to exploit possible benefits of DA in the realization of equalizer structures.
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Figure 1.12: Graph showing the increments of gains in memory capacities over the years. (Source:
Cymer Inc.)

1.7 organization of the thesis

Based on the background above, the salient contributions made by this thesis are pre-
sented as follows:

Chapter 1

This introductory chapter provides a brief description of channel equalization used in
the time-varying wireless environment. This chapter also provides the basic motivation
behind the work, major research activities in complexity reduction of high speed ADFE
over the last decades. The need for the DA treatment for the ADFE realization and the
fundamental issues and challenges are also presented in Chapter 1. This chapter ends by
summarizing the overview of its contents and the contributions of the thesis.

Chapter 2

Chapter 2 presents an efficient DA based implementation of the LMS adaptive filter. The
purpose here is to develop a framework for use later for the realization of LMS ADFE
and block ADFE. Although, an LMS adaptive filter based on DA implementation has al-
ready been studied well in the literature [15, 52, 3, 21], there was a possibility of further
optimizing the architecture for area and speed. So, in this chapter, we exploited the use
of DA-OBC scheme to store the partial-products of filter weights to gain efficiency advan-
tages in area and speed. Further, the idea of maintaining an auxiliary-LUT for storing the
partial-products of most recent input samples as given in Allred et al. [3] has been utilized.
Although, the weight-update operation is not a difficult task when the similar partial-
products of filter weights and recent input samples are available, the basic challenge lies
in updating the auxiliary-LUT in every iteration i.e., eliminating the oldest input sample
and maintaining the analogy of the OBC combinations of the recent input samples. The
idea in this Chapter differs from the idea of Allred et al. [3] in that Allred et al. [3] uses the
partial-products in direct DA where as the present work includes OBC-DA. Hence, the
partial-products inside the look-up-tables contain more complex combinations of the filter
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weights. This is achieved by manipulation of the addressing bits of the auxiliary-LUT and
it is shown how the oldest input sample can be smartly eliminated in every iteration.

Chapter 3

In Chapter 3, the DA treatment for the efficient realization of non-adaptive DFE has been
carried out. The purpose here is to explore the benefits of DA for complexity reduction
and speed improvements of DFEs, the experience of which allows us to take up the re-
alization of ADFE and block ADFE later. In order to compare the DA based DFE with
that of traditional MAC based one, the throughput of both have been made equal. For
this purpose, the digit-serial nature of DA has been utilized and the basic filtering equa-
tions of FFF and FBF have been recast to realize them using DA. A direct-memory ar-
chitecture has been developed first where the lower-half entries of the memories storing
partial-products are mirror image to the upper-half. Based on this, a reduced-memory
architecture has been developed later where one half of the entries can be generated live
using the other half. The approaches presented here are different from the traditional
MAC based approach in that the MAC based approach uses the bulky multipliers which
are responsible for high computational cost and processing delays, while the proposed
approach replaces the multipliers with look-up-tables. This facilitates ease of implement-
ing the design on FPGAs and ASICs too, taking into consideration the advances in the
semi-conductor memory technologies in the last few decades. The proposed non-adaptive
DFE with different configurations has been implemented on FPGA platform and it was
observed that the DA based non-adaptive DFE outperforms the MAC based non-adaptive
DFE both in terms of computational complexity and speed.

Chapter 4

In Chapter 4, using the framework of DA based LMS adaptive filter in Chapter 2 and non-
adaptive DFE in Chapter 3, we take up the DA based realization of LMS ADFE. Majority
of the works so far in the direction of complexity reduction of high speed ADFEs mainly
adopted parallelism and pipelining. Parallelism can be a good choice if the filter orders in
the ADFE are small and such a realization may become extremely complex for large filter
orders. Piplening ADFE is not so easy task due the presence of the feedback loop and the
non-linear device (quantizer) in the ADFE. However, using the look-ahead techniques,
few attempts have been made in order to realize ADFEs. Most of these techniques either
involve approximations to the standard algorithms involved in the ADFE which can result
in performance loss or they may become more complex for filters of higher order. Hence,
our first attempt in the DA treatment was to simplify the final set of equations governing
the operation of ADFE into the form of sum of product of two vectors. However, this
approach requires a very large memory even for small number of taps in FFF and FBF and
the approach proved to be impractical. Hence, we used the idea presented in Chapter 2
and carry out DA treatment for the filtering and weight-update operations of FFF and
FBF separately.
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Chapter 5

Having considered the DA treatment of ADFE in Chapters 3 and extending the DA treat-
ment to LMS algorithm provided in Chapter 2 to block LMS algorithm, we take up the
realization of block ADFE in Chapter 5. Note that, the block processing of ADFE is not
direct, since, the block processing of FFF is possible as the processing is done on received
data, which are known a priori, the same is not the case with FBF as the processing is done
on decision outputs, which are unknowns in every iteration and needs to be sought out
by the ADFE. The most efficient approach of addressing this issue is to use tentative deci-
sions in place of unknown ones in every iteration and then using an iterative procedure,
replacing these tentative decisions with the correct set of decisions. Based on the fact that,
the unknown decisions in every iteration takes one out of all the possible symbols used in
the modulation scheme at the transmitter, we proposed an efficient approach to determine
the unknown decisions. In this approach, the unknown decisions are computed by using
two minimization criteria namely mean-absolute difference (MAD) and mean-square dif-
ference (MSD) and by storing all the symbol values (used at the transmitter) in a bank of
registers.

Finally, the thesis is concluded by summing up the salient features of all the proposed
schemes along with the suggestions for future work are presented in Chapter 6.
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2
H I G H P E R F O R M A N C E A R C H I T E C T U R E F O R A N L M S B A S E D
A D A P T I V E F I LT E R U S I N G D I S T R I B U T E D A R I T H M E T I C

2.1 introduction

Adaptive filters are widely used in many signal processing applications such as system
identification and modelling, equalization, interference and echo cancellation etc [23].
Such filters are generally made of finite-impulse-response (FIR) filters whose coefficients
are updated as per a minimization criteria. The output of an FIR filter is the weighted sum
of present and past input samples and hence they can be realized using MAC units as is
the case in DSP processors. If N is the number of filter taps, a single MAC unit would take
N− 1 clock cycles to compute one sample of output sequence. Multiple MAC units can be
utilized in order to increase the speed of the system but the system cost goes up because
the multipliers consume much area. Distributed Arithmetic (DA) discussed in Chapter 1,
would be a suitable technique for the realization of higher order adaptive filters as it can
achieve high throughputs without involving a hardware multiplier. Towards this objec-
tive, a high performance implementation scheme for least mean square adaptive filter is
presented in this chapter. The purpose here is to develop a basic framework for use later
(Chapter 4) for the realization of LMS based adaptive decision feedback equalizer.

A fixed coefficient filter can be easily realized using DA by storing the partial-products
of filter coefficients in the LUT as discussed in Chapter 1. But, the DA treatment to adap-
tive filters faces certain difficulties, not encountered in the fixed coefficient case, namely
the two principle operations-filtering and weight updating are mutually coupled, thus,
the partial-products of filter coefficients stored in the LUTs are to be recalculated be-
fore the filtering operation. However, few attempts have been made to realize adaptive
filters using DA by approximations to standard adaptation algorithms which degrades
the performance [15, 52, 48]. Anderson et al., proposed a new method by maintaining
an auxiliary LUT that serves the adaptation process apart from the LUT demanded by
DA [2, 3]. They showed that by proper choice of system parameters, the throughput is a
constant regardless of the filter order. In the recent past, Guo and DeBrunner [21, 22] pro-
posed two schemes in which only one LUT is maintained that stores the partial-products
of input samples. Considerable hardware savings was achieved by using the bits of fil-
ter coefficients as the address bits to the LUT. However, weight adaptation using the
partial-products of input samples alone is a complicated process and account for much
computational complexity since the partial products of filter coefficients are not stored.
One approach to improve the speed of the system is to store the filter weights in registers
and generating the partial products using AND gates and adder tree as shown in Fig. 2.1
and 2.2 where the partial-products can be generated alive instead of pre-computing and
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2.2 high performance lms adaptive filter architecture using da 20

storing them in memory. However, such a system would lack a mechanism for controlling
the throughput and the system would be too complex for filters of very high order.

Hence, maintaining an auxiliary LUT is the best approach for the weight update mech-
anism in the realization of LMS adaptive filter using DA. However, the new challenge
would be to update this auxiliary-LUT that stores the partial-products of most recent in-
put samples. This is because, the oldest sample in one iteration of an LMS adaptive filter is
not used in the successive iteration as shown in Fig. 2.3 and hence the auxiliary-LUT has
to be updated from time to time for the elimination of the oldest sample and the incorpo-
ration of the newest sample. Although, Anderson et al., were successful in the realization
of this, there is still some scope in further optimization of the DA-LMS adaptive filter. In
the following sections, based on the OBC scheme, we propose a new weight adaptation
strategy that accounts for low computational cost and high system throughput.

2.2 high performance lms adaptive filter architecture using da

Consider an LMS based adaptive filter as shown in Fig. 2.4 that processes an input se-
quence x(n), (n ∈ Z) and generates the output sequence y(n) as per the following:

y(n) = wTx (2.1)

where wT = [w0(n), w1(n), . . . , wN−1(n)] is the filter’s tap-weight vector, xT = [x(n), x(n−
1), . . . , x(n− N + 1)] is the input sample vector and N being the number of filter coeffi-
cients. The filter weights are updated using:

w(n + 1) = w(n) + µe(n)x (2.2)

where e(n) = d(n)− y(n) is the error signal and µ is an appropriate step size which is to
be chosen as 0 < µ < 2

[P trR]
for convergence of the algorithm (R is the auto-correlation

matrix).

The block schematic of the distributed arithmetic based architecture for efficient imple-
mentation of the filtering and weight update operations of LMS adaptive filter as given
by (2.1) and (2.2) is shown in Fig. 2.5. It consists of a register bank to store the incoming
input samples, a primary-LUT (P-LUT) that stores the combinations of weights which
is responsible for the DA filtering operation in every iteration and a secondary-LUT (S-
LUT) that stores the combinations of input samples. It also consists of a register R0 which
along with S-LUT aids the weight-adaptation process, a shift and accumulate block of
the DA-filtering operation and a combinational logic block that takes care of the weight
adaptation process.

While the P-LUT stores the OBC combinations of the filter weights, the S-LUT stores
the OBC combinations of input samples except with the term containing the most recent
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wi (n + 1) wi (n)

Figure 2.2: The internal structure of weight-update module.

input sample which is stored in register R0. The entry of P-LUT at time n addressed by a
can be mathematically expressed as

P(a)(n) =
1
2

w0(n) +
N−1

∑
k=1

1
2

wk(n)(−1)q(a)
N−1−k+1 =

1
2

aTw

a = 0, 1, . . . , 2N/2 − 1

(2.3)

where wT = [w0(n), w1(n), . . . , wN−1(n)], aT = [1, (−1)q(a)
N−2+1, . . . , (−1)q(a)

0 +1] and q(a)
l is

the lth bit in the N-bit representation (q(a)
N−1 = 0) of address a. That is

a =
N−2

∑
s=0

q(a)
s 2s (2.4)

If the vector w in (2.3) is replaced by the vector x which is given as xT = [x(n), x(n −
1), . . . , x(n− N + 1)], then a new look-up-table T(n) is formed with its entry at address
location a given as

T(a)(n) =
1
2

x(n) +
N−1

∑
k=1

1
2

x(n− k)(−1)q(a)
N−1−k+1

a = 0, 1, . . . , 2N/2 − 1

(2.5)

T(a)(n) = R0(n) + S(a)(n) (2.6)

where R0(n) is the contents of register R0 at time n and S(a)(n) is the entry of the S-LUT
at time n addressed by a

R0(n) =
1
2

x(n) (2.7)

S(a)(n) =
N−1

∑
k=1

1
2

x(n− k)(−1)q(a)
N−1−k+1 (2.8)

Fig. 2.6 shows the contents of P-LUT and S-LUT at time instant n for a 4-tap filter. It
can be observed that S-LUT stores the OBC combinations (lower half) of input samples
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Figure 2.4: Block diagram of an LMS based adaptive filter.

Register
Bank

Shift and
accumulate

block

S-LUT

P-LUT

Input
Signal

R0

RegisterAdder tree and address
rotation block

Figure 2.5: Architecture for LMS adaptive filter based on DA-OBC scheme.

except with the most recent input sample x(n) which can be stored in a special register
R0. The benefit of storing the term containing the most recent input sample in register R0

is explained in the following paragraphs.
The S-LUT update scheme in the DA based implementation from time n to n + 1 is

explained as follows. Averaging the S-LUT entry with its next consecutive entry would
generate a term that is independent of the oldest input sample. The content of register
R0 is then subtracted and added with the result. For example, when N = 4, the average
of the first and second entries of S-LUT would give 1/2[−x(n− 1)− x(n− 2)] which is
independent of the term x[n − 3]. Now subtraction and addition of the term 1/2[x(n)]
with the result will generate the terms 1/2[−x(n)− x(n− 1)− x(n− 2)] and 1/2[x(n)−
x(n− 1)− x(n− 2)] respectively which are then stored in the same consecutive locations
of S-LUT. Similarly, the third and fourth locations of S-LUT are updated by subtracting
and adding the term 1/2[x(n)] to their average and storing the difference and sum in
exactly the same locations. In the similar manner, all the entries of S-LUT are updated
using the sum and difference with the term 1/2[x(n)]. Mathematically, the new entries
Si (n + 1) of S-LUT can be obtained from the old entries Si (n) with the index entry i ∈[
0, 2N−1 − 1

]
as follows:

Si(n + 1) = (−1)i+1R0 +
1
2
{S2b i

2c(n) + S2b i
2c+1(n)} (2.9)

where R0(n) is the entry of register R0 at time n.
When the new input sample x(n + 1) is arrived, the right shifted version of it that is

the term 1/2[x(n + 1)] is stored in the register R0 which is useful for weight adaptation
at time n + 1. The S-LUT update scheme from time n to n + 1 for a 4-tap filter is shown
in Fig. 2.7 where the positive and negative terms of the input samples are represented by
‘1’ and ‘0’ respectively . It can be observed that at time n + 1, there are enough contents in
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Figure 2.7: S-LUT update scheme from time n to n + 1 for a 4-tap filter.
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1: initial a′ = a

2: loop
y[n]← ∑B−1

j=0 pB−1−j2
−j + pinitial2

−(B−1)

for a = 0 : 2N−1 − 1 do

Sa (n)← (−1)a+1R0(n− 1) +
1
2
{S2b a

2c(n− 1) + S2b a
2c+1(n− 1)}

end for

3: R0(n)← 1
2
x[n];e[n]← d[n]− y[n]

4: a′ = cirleftshift(a, N)
5: for a = 0 : 2N−1 − 1 do

Pa(n+ 1)← Pa(n) + ue[n]{R0(n) + Sa′(n)}
end for

pinitial = −P2(N/2)−1(n+ 1)

6: n← n+ 1

7: end loop

Figure 2.9: Algorithm explaining the operation of the DA based LMS adaptive filter.

the S-LUT but their locations are not in proper order for the weight adaptation. By close
observation it can be seen that the contents of S-LUT are placed in the bit-circularly right
shifted address locations. For example, consider the data (at time n + 1) at the address
location one (001) given as 1/2[x(n)− x(n− 1)− x(n− 2)] which is supposed to be in the
address location four (100) - circularly right shifted version of address bits of location one
(001). Similarly, consider the data at address location five (101) given as 1/2[x(n) + x(n−
1)− x(n− 2)] which is supposed to be in the address location six (110) nothing but the
circularly right shifted version of address bits of location five (101).

If we represent ‘1’ and ‘0’ as the positive and negative terms in the OBC combinations of
input samples, at time n, the contents of the S-LUT would look like the binary sequence of
the input samples as shown in the Fig. 2.8. At time n + 1, the contents would be circularly
right shifted version of that binary sequence. At time n + 2, it would be circularly right
shifted version of the sequence at time n + 1 and so on. Hence for accessing the entries of
S-LUT in each iteration, instead of physically moving the contents, the address bits to the
S-LUT are circularly left-shifted. At time n+ 3, the sequence once again would be a normal
binary sequence as shown in Fig. 2.8. Accessing time can be reduced by maintaining two
smaller S-LUTs namely ODD-LUT and EVEN-LUT as shown in Fig. 2.11 where the even
location entries and odd location entries are stored respectively. µe[n] can be quantized
to the powers of 2 and hence the multiplication of µe[n] with the term x[n − i] can be
performed using the shift operation as in [3]. pinitial can be stored in a register and can be
updated in every iteration easily since the term pinitial (refer (Equation 1.20)) is nothing
but the additive inverse of the entry of P-LUT at its last address location. The algorithm
explaining the overall operation of the DA based LMS adaptive filter is shown in Fig. 2.9.
The error curves for the DA based and MAC based implementations for a 4-tap filter are
shown in Fig. 2.10.
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2.3 performance analysis

2.3.1 Area

22 − LUT

2 x 1
MUX

22 − LUT

ODD-LUT

EVEN-LUT

Address
Lines

Figure 2.11: Two LUTs storing the odd and even
addressed location entries of S-LUT.

In order to verify the validity of the
DA based adaptive filter implementation
scheme, a 4-tap FIR filter has been imple-
mented on Xilinx® Spartan3E1 XC3S500E
FPGA. We refer to the scheme in [3] as DA0

scheme and the first and second proposed
schemes in [21] as DA1and DA2 schemes
respectively. Assuming N to be composite,
the filter can be split into m filters each
having k-tap DA base units (N = m × k).
The memory requirements for DA0, DA1,
DA2 are (2m+1 − 2)(k/m), (2m − 1)(k/m)

and (2m−1)(k/m) respectively [21] and for
the presented scheme, it is same as DA1

scheme. Synthesis results using 180nm
standard cell library of the DA based adap-
tive filter implementation scheme along with the existing schemes is shown in Fig. 2.12.
The schemes DA1 and DA2 although perform the filtering operation using DA, the weight
adaptation scheme is similar to that of the conventional adaptive filter implementation. So,
despite the fact that they have a low memory requirement, the weight adaptation blocks
account for much hardware complexity. Apart from the weight adaptation blocks, extra
storage registers and adder units are required for the pre-computation of certain terms in
case of DA2 although it has the lowest memory requirement of all the schemes. The pre-
sented DA based architecture utilizes very less chip area compared to DA0 scheme which
stems from the fact that it demands half the memory size than that of DA0 scheme and
utilizes less combinational logic. The presented scheme outperforms all the other schemes
and is more advantageous for large filters as can be seen in Fig. 2.12.

2.3.2 Throughput

The throughput2 comparison curves for the DA based implementation scheme and ex-
isting schemes are shown in Fig. 2.13. The curves are obtained by choosing k=2, 4, 8
and setting the system clock at 100MHz. It is obvious that the throughput of all these
schemes depend on the size of LUTs since updating them takes the longest time in the
entire system processing time. In the presented scheme, the filtering operation is done
in parallel with updating the S-LUT which takes max(B, 2

k
2−1) clock cycles. Error e[n]

is calculated alongside updating the register R0 which takes one clock cycle. The up-
date of P-LUT takes 2

k
2 clock cycles during which pinitial is also updated. The adder tree

would take dlog2(m)e clock cycles and hence the presented filter would take a total of
max(B, 2

k
2−1) + 2

k
2 + dlog2(m)e+ 1 clock cycles for one complete filtering and weight up-

date operation. While the schemes DA1 and DA2 suffer from severe throughput bottle-

1 The details can be found at www.xilinx.com/support/documentation/data_sheets/ds312.pdf
2 Appendix A
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neck, the DA based architecture has the same throughput as that of DA0 for k = 2.
However, it is observed that for large values of k, the DA based implementation is more
advantageous. For instance, when k = 4, the presented scheme produces two times more
throughput than that of DA0 and almost twelve times more when k = 8. Further, it is
observed that the throughput is constant regardless of the base filter size k as is the case
in DA0 scheme.

2.4 conclusion

In this Chapter, an FIR adaptive filter implementation based on distributed arithmetic is
presented. OBC scheme has been employed in order to reduce the memory requirement.
Unlike the recent existing schemes, the presented DA based implementation scheme uses
a secondary LUT that aids in the weight adaptation process. The OBC scheme stores
complex combinations of input samples and the oldest input sample is smartly eliminated
in order to update the S-LUT. The design utilizes very less chip area and operates at
higher throughput rate compared to all the existing architectures. Further, the design can
be adopted to filters of any order and is in particular useful for filters of higher order and
large base units.
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3
D I G I T- S E R I A L D A B A S E D R E A L I Z AT I O N O F T H E D E C I S I O N
F E E D B A C K E Q U A L I Z E R

3.1 introduction

Decision feedback equalizers (DFE) are widely used for effectively equalizing the chan-
nels that exhibit nulls in their frequency spectrum . Unlike the linear equalizers, DFEs
do not estimate the inverse of the channel directly. A DFE basically consists of a feed
forward filter (FFF), a feedback filter (FBF) and a decision device (quantizer). The FFF
works directly on the received data and equalizes the pre-cursor part of the intersymbol
interference (ISI). The residual post-cursor part of ISI is then cancelled out by subtracting
the FBF output from the FFF output. The output of FBF whose coefficients are carefully
chosen, operates on the decisions made on the past symbols. The DFE works basically
on the assumption that there are no errors at the output of the decision device. As long
as the decisions are correct, the DFE can equalize the channel effectively with low noise
enhancement. The problem with DFEs is that the sizes of FFF and FBF increase as the
transmission data rate increases. This is because of the fact that as the transmission data
rate increases, more and more symbols get overlapped which demands for large number
of taps for FFF and FBF. Hence, when implementing the DFEs more number of multiply-
and-accumulate (MAC) units are to be employed and operated in parallel in order to cope
up with the transmission speed. But, due to the presence of large number of multipliers,
the system would become complex and the real-time implementation becomes difficult.
Distributed Arithmetic as discussed in Chapter 1, can be employed for the realization of
DFE since it can realize vectors of any size without the presence of a hardware multiplier.
In this Chapter, the DA treatment for the basic non-adaptive decision feedback equalizer
has been taken up. The purpose here is to explore the possible benefits of DA in realizing
the DFE so as to gain an experience for the realization of adaptive DFE (ADFE) in the
later chapters.

3.2 the dfe architecture based on digit-serial da

Consider a DFE shown in Fig. 3.1 with ‘N f ’ number of FFF coefficients and ‘Nb’ number
of FBF coefficients which process the input signal u(n), (n ∈ Z) and the previous output
decisions s(n) respectively. The equations describing the operation of the DFE are given
as

rq (n) = Q [r (n)] (3.1)

where Q [.] is the quantization operation.
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+

-

u(n)

û(n)

r(n) rq(n)

D

FFF

FBF

Quantizer

ŝ(n) s(n0

Figure 3.1: General block diagram of a decision feedback equalizer.

r (n) = û (n)− ŝ (n) (3.2)

s (n) = rq (n− 1) (3.3)

and the output of FFF and FBF filters respectively are given as follows:

û (n) =
N f−1

∑
i=0

wiu (n− i) = wTu (3.4)

ŝ (n) =
Nb−1

∑
i=0

vis (n− i) = vTs (3.5)

where wT =
[
w0, w1, . . . , wN f−1

]
, vT = [v0, v1, . . . , vNb−1] are the coefficients of FFF and

FBF respectively.

If each of u (n) and s (n) is represented by their signed 2’s-complement representation,
we have:

u (n− i) = −ui,B−1 +
B−1

∑
j=1

ui,B−1−j2−j (3.6)

s (n− i) = −si,B−1 +
B−1

∑
j=1

si,B−1−j2−j (3.7)

Employing the digit-serial arithmetic, using Equation 1.14 we have

û (n) =

[
− f (wi, ui,0) 20 +

Pf−1

∑
j=1

f
(

wi, ui,Pf−1−j

)
2−j

] (
2Pf
)Q f−1

+
Q f−2

∑
k=0

{Pf−1

∑
j=0

f
(

wi, ui,Pf−1−j

)
2−j

}(
2Pf
)k

(3.8)

where f
(

wi, ui,Pf−1−j

)
is given by
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û
(n
)

F
F
F
:
α
=

L
f
−
1

In
p
u
t=

u
(n
)

ti j
=

u
i,
j
,a

i
=

w
i

y
=

ŝ(
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f
(

wi, ui,Pf−1−j

)
=

N f−1

∑
i=0

wiui,Pf−1−j (3.9)

Now, if the ROM decomposition technique is also employed, then using Equation 1.10 of
chapter 1, we have

f
(

wi, ui,Pf−1−j

)
=

L f−1

∑
l=0

lM f +M f−1

∑
i=lM f

wiui,Pf−1−j (3.10)

Hence, the equations (3.8) & (3.10) describe the realization of FFF using both digit-serial
input and ROM decomposition techniques. Similarly, for FBF we can have

ŝ(n) =

{
− f (vi, si,0) 20 +

Pb−1

∑
j=1

f
(
vi, si,Pb−1−j

)
2−j

}(
2Pb
)Qb−1

+
Qb−2

∑
k=0

{
Pb−1

∑
j=0

f
(
vi, si,Pb−1−j

)
2−j

}(
2Pb
)k

(3.11)

f
(
vi, si,Pb−1−j

)
=

Lb−1

∑
l=0

lMb+Mb−1

∑
i=lMb

visi,Pb−1−j (3.12)

The internal structure for all the three (direct-memory, reduced-memory and OBC mem-
ory) DA based architectures are shown in Fig. 3.2, 3.3 and 3.4 respectively. It can be seen
that each of the filters has their own DA block that work on both digit-serial and ROM
decomposition techniques. The parameters Pf and Pb decide the number of digits used
from each of input register for FFF and FBF respectively. Similarly, the parameters L f and
Lb decide the number of ROMs operated in parallel for FFF and FBF respectively. The
filters FFF and FBF can be synchronized by choosing same number of digits from the
each of the input register i.e., by choosing Pf = Pb. Hence, the output of FFF & FBF can be
computed using just the shift and add operations which makes the DFE free of hardware
multipliers. The detailed internal structure of the FFF and/or FBF block for all the three
schemes are shown in Fig. 3.2, 3.3 and 3.4.

3.2.1 Direct-memory architecture

The internal structure of direct-memory architecture consists of a register bank, a set of
memory blocks, bank of adders and a shift-accumulator block. Input bits enter the register
bank serially which form the address bits to the memories. The adder bank consists of
a set of adders where the outputs from the memories are summed up. The result is
then shift-accumulated to compute the output. Figs. 3.2, 3.3 and 3.4 show the case where
P = B, however the parameters P and L can be chosen based on the speed and complexity
requirements. It can be seen from Fig. 3.2 that the contents of upper-half of the memories
look like the mirror-image of the lower-half and hence a memory storing only one half of
the contents can be used to perform DA filtering. The idea is particularly useful when the
requirement for the memory size is large.
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3.2.2 Reduced-memory architecture

The reduced memory architecture consists of the same internal blocks as that of the direct-
memory architecture but requires only half the memory size as required by the direct
memory scheme. In this scheme, when the ‘upper-half’ contents are stored, the lower-
half can be generated by using a multiplexer (MUX) and a NOT gate as shown in Fig.
3.3. The idea here is that, since one half of the contents are nothing but the additive
inverse version of the other half, these contents can be generated by just accessing the
corresponding locations of the memory and by negating them using the NOT gate. Now,
the most significant bit (MSB) is neglected in forming the address bits to the memory,
instead it is used to find the effective address using the Ex-OR operation with each of the
remaining address bits.

3.2.3 OBC based-memory architecture

The OBC based memory architecture also consists of a register bank, a set of memory
blocks, bank of adders and a shift-accumulator block. The memory size requirement for
these blocks is same as that of the reduced-memory architecture, however the contents
(partial-products of filter coefficients) are more complex as can be observed from Fig. 3.4.
The other half of the partial-products can be obtained by performing the two’s comple-
ment operation on the contents of the memories which can be obtained by the usage of
adder and NOT gates. The system also uses an extra adder and a register to store the
Cinitial term as described by (Equation 1.20).

The decision device takes an input signal that lies between a set of signal levels and
quantizes it to a set of pre-defined levels that depends on the modulation scheme em-
ployed. The control circuitry sends the required timing signals for the operation of FFF
and FBF. The internal architecture for DA-OBC scheme that employs the ROM decompo-
sition as well as the digit-serial scheme is shown in Fig. 3.4.

3.3 performance analysis

In order to test the DA based architecture, a DFE based channel-equalizer system has been
created like the one shown in Fig. 3.5. For the ease of analysis, we chose Nb = N f − 1. The
input to the DFE and the weights of FFF and FBF are chosen to be fixed-point Q2.6 signed
2’s - complement representation and the system is implemented using verilog HDL. To
attain the maximum speed, Pf and Pb are chosen to be eight and the outputs of each mem-
ory are summed up by the adder bank and hence one sample of output of both FFF and
FBF is computed in one clock cycle. The decision device quantizes its input to either of the
two symbols (as BPSK1 scheme is used). A rough estimations and comparisons of max-
imum usable frequency (Fmax) and number of logic elements (LEs)2 for the MAC based
and DA based implementations for various FFF taps implemented on Altera® Cyclone
III EP3C55F484C6 at different operating conditions (0◦C, 85◦C) are summarized in Table
3.1. From the table, it can be observed that the DA based implementation outperforms

1 Appendix A
2 Logic elements (LEs) are the smallest units of logic in the Cyclone III device family architecture. Each

logic element consists of four input look-up-table, a programmable register and many other features.
(www.altera.com/literature/hb/cyc3/cyc3_ciii51002.pdf)
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the MAC based implementation in all the cases. For the case of 4-tap FFF, the difference
in the number of logic elements for DA based and MAC based implementations is very
less however the maximum usable frequency (Fmax) is a bit more in case of DA based
implementation. Further, it can be seen that as the filter order increases, the difference
in the number of logic elements between the MAC based and DA based implementation
is getting increased while the maximum usable frequency of DA based implementation
is approaching to that of MAC based implementation. This can be explained as follows.
For lower order filters, the number of MAC units in the MAC based implementation is
quite low and therefore the number of memories replacing the multipliers in case of DA
based implementation will also be less. But as the filter order increases, the number of
memories replacing the multipliers in DA based implementation will be high and hence
the difference in the number of logic elements utilized will be high. The critical path3

(that decides the maximum usable frequency) of the FFF filter for the MAC based and
DA based direct-memory implementation are given as CPMAC = Tm + NTA + Tquantizer
and CPDA−direct−memory = Tmemory + (N − 1) TA where Tmemory, Tm, TA and Tquantizer are
the computation times of memory, multiplier, adder and quantizer units respectively. For
lower order filters, because of the presence of less number of adder units, the critical
path of MAC based and DA based implementation differs. As the filter order increases,
the number of adders increase and hence the critical path of the DA based implemen-
tation approaches that of MAC based implementation due to the fact that the terms
Tmemory and TM become negligible compared to the term (N − 1) TA. In case of reduced-
memory architecture, even though the memory size is halved, the additional hardware
overhead is added by the Ex-OR gates, multiplexer and adder units. The number of Ex-
OR gates is fixed for a fixed P (which depends on B) while the number of adder units
and MUXs’ depend upon the value of M and P. The critical path in this case would
be CPDA−reduced−memory = Treduced−memory + TMUX + NTA. Since the computation time of a
memory does not vary much with respect to size of it, the additional computation time
of reduced-memory architecture is just TMUX + TA units.

3.4 conclusion

In this Chapter, a distributed arithmetic based realization of the decision feedback equal-
izer has been presented. In order to attain the maximum speed, digit serial input has been
employed, apart from that ROM decomposition technique is also employed to eliminate
the exponential increase in the size requirement of memory as the FFF and FBF filter
orders increase. Two DA-based architectures have been presented and results show that
both are efficient when compared with MAC based implementation. A third architecture
which uses DA-OBC scheme has also been presented which uses slightly more number
of hardware resources compared to reduced memory architecture. For lower order filters,
the maximum usable frequency is a bit high compared to that of MAC based implemen-
tation while the number of logic elements is only few units less. For higher order filters,
the number of logic elements is almost half that of the MAC based implementation. The
DA based architecture can be used in high data-rate modems such as the case of IEEE

3 Appendix A
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802.11b scenarios. The speed of the DA based implementation can be further increased
by choosing less number of adder units which results in the reduction of critical path.
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4
A D A B A S E D R E A L I Z AT I O N O F T H E A D A P T I V E D E C I S I O N
F E E D B A C K E Q U A L I Z E R

4.1 introduction

In tele-communications, the transmitted symbols are often prone to distortion due to the
band-limited nature of the transmission medium. The distortion can be of two types as the
frequency components of the transmitted signal are non-equally attenuated (amplitude
distortion) and non-equally delayed (delay distortion). This distortion is more severe in
case of high-speed and long-distance wireless communications. Further, the distortion
cannot be same at every time-instant due to the time-varying nature of the channels. The
distortion causes overlapping of adjacent symbols known as Intersymbol Interference (ISI)
which is an undesired phenomenon as it may cause erroneous symbols at the receiver thus
making the communications less reliable. Equalizers are widely used at the receiver end in
order to eliminate the ISI. Linear Equalizers are a class of equalizers which provide a good
means of channel equalization by estimating the inverse of the channel transfer function.
The ISI can be completely removed, however, the noise at the equalizer output may be
enhanced at those frequencies where the channel has deep nulls in its frequency spectrum.
Adaptive decision feedback equalizers (ADFEs) are an effective means of combating the
ISI with low noise enhancement. An ADFE basically consists of a feed forward filter
(FFF), a feedback filter (FBF) and a decision device. The feed forward filter (FFF) filters
out the pre-cursor part of the ISI which occurs due to the anti-causal part of the channel
transfer function. The remaining post-cursor portion of the ISI is cancelled out by the
FBF using the decisions made by the decision device on the past symbols. The low noise
enhancement of the ADFE is because, the decision device removes (quantizes) the noise
present in the signal, assuming there are no decision errors. When there are erroneous
decisions, error propagation occurs which may effect the reliability, however, in practice
ADFEs are typically self-corrective as the errors occur only in short bursts. Distributed
arithmetic can be used for the reduction of the computational complexities that arise due
to the requirement of large number of taps in FFF and FBF. An interesting approach would
be to unite the filtering equations of FFF and FBF into a single equation which would be
in the form of sum of product of vectors. In such case, the resultant weight vector would
contain the tap weights of both FFF and FBF and the resultant input sample vector would
contain the terms of input samples of both FFF and FBF. However, such an approach
would require a very large memory even for small filter orders and the idea would be
impractical. Hence, the idea presented in chapter 2, i.e., maintaining an auxiliary look-up-
table for the DA realization which could be useful in reducing the complexity involved
in the implementation of an LMS based ADFE. In this Chapter, the DA based realization
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FFF

D

FBF

x(n)

v(n)

s(n) d(n)
y f (n)

yb(n)

+

−

training
mode

decision
directed

mode

e(n)

delayed transmitted sequence

Figure 4.1: Block diagram of an adaptive decision feedback equalizer.

of LMS based ADFE has been taken up where separate DA treatments are carried out for
FFF and FBF.

4.2 mathematical formulation of da based adfe

Consider an adaptive decision feedback equalizer as shown in Fig. 4.1, with w( f ) =[
w( f ) (0) , w( f ) (1) , . . . , w( f )

(
N f − 1

)]T
and w(b) =

[
w(b) (0) , w(b) (1) , . . . , w(b) (Nb − 1)

]T
,

the tap-weight vectors of FFF and FBF respectively are to be updated using the LMS
algorithm. The equations governing the operation of the ADFE are:

y f (n) =
N f−1

∑
i=0

w( f ) (i) x (n− i) = w( f )x (4.1)

yb (n) =
Nb−1

∑
i=0

w(b) (i) v (n− i) = w(b)v (4.2)

s (n) = y f (n)− yb (n) (4.3)

d (n) = Q [s (n)] (4.4)

v (n) = d (n− 1) (4.5)

e (n) = d̂ (n)− s (n) (4.6)

where x and v are the vectors containing the ADFE input samples and delayed decision
output samples respectively and Q [.] is the quantization operation. The sequence d̂ (n)
represents the delayed version of the original transmitted sequence in case of training
mode and the output decisions in case of decision-directed mode.
For DA based realization, each of x (n− i) terms may be represented in Q1,B−1 fixed-point
signed 2’s-complement representation as,
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x (n− i) = −b( f )
i,B−1 +

B−1

∑
j=1

b( f )
i,B−1−j2

−j (4.7)

Using the framework of offset-binary coding technique discussed in subsection 1.4.2,
x (n− i) can be represented as x (n− i) = (1/2) [x (n− i)− (−x (n− i))] which gives,

x (n− i) = −1
2

[
d( f )

i,B−1

]
+

1
2

B−1

∑
j=1

[
d( f )

i,B−1−j

]
2−j − 2−(B−1) (4.8)

where d( f )
i,B−1−j =

(
b( f )

i,B−1−j − b
( f )
i,B−1−j

)
and b

( f )
i,B−1−j is the complement of b( f )

i,B−1−j ∈ [0, 1].
By substituting (4.7) in (4.1) and re-arranging, we get

y f (n) = −1
2

[N f−1

∑
i=0

w( f ) (i) d( f )
i,B−1

]
+

1
2

B−1

∑
j=1

[N f−1

∑
i=0

w( f ) (i) d( f )
i,B−1−j

]
2−j −W( f )

initial2
−(B−1)

(4.9)
where,

W( f )
initial =

1
2

N f−1

∑
i=0

w( f ) (i) (4.10)

It can be observed that the terms in the square braces of (4.9) can take one out of 2N f pos-
sible combinations depending upon b( f )

i,B−1−j which are nothing but the partial-products
of coefficients of FFF. These partial-products can be stored in memory which we call it
as FFF-LUT1. The content of FFF-LUT1 at the address location a can be mathematically
expressed as

FFF− LUT1(a) (n) =
1
2

w( f ) (0) +
N f−1

∑
k=1

1
2

w( f ) (k) (−1)
m(a)

Nf −1−k+1
=

1
2

aTw( f ) (4.11)

where w( f ) = [w( f )(0), w( f )(1), . . . , w( f )(N f − 1)]T, aT = [1, (−1)
m(a)

Nf −2+1
, . . . , (−1)m(a)

0 +1]

and m(a)
l is the lth bit in the N-bit representation (m(a)

N f−1 = 0) of address a. That is

a =
N f−2

∑
s=0

m(a)
s 2s (4.12)

Let the weight vector w( f ) in (4.11) be replaced with the vector x to form a new equation,
which can be given as
Clearly,

R( f )
0 (n) =

1
2

x (n) (4.13)

and

FFF− LUT2(a) (n) =
N f−1

∑
k=1

1
2

x (n− k) (−1)
m(a)

Nf −1−k+1
(4.14)

TH-1746_09610218



4.2 mathematical formulation of da based adfe 47

Exclusive of the most recent sample i.e., 1
2 x (n), (4.14) represents the partial products of

the input samples. These partial-products (OBC combinations) can be stored in a memory
and we call it as FFF-LUT2. The partial products of FFF-LUT2 follow the same analogy as
the partial-products of FFF filter weights described by (4.10).

Similarly, if each of the terms v (n− i) can be represented in Q1,B−1 fixed-point signed
2’s-complement representation and by using the relation v (n− i)= (1/2) [v(n − i) −
(−v(n− i))],

v (n− i) = −1
2

[
d(b)i,B−1

]
+

1
2

B−1

∑
j=1

[
d(b)i,B−1−j

]
2−j − 2−(B−1) (4.15)

By substitution of (4.15) in (4.2),

yb (n) = −1
2

[
Nb−1

∑
i=0

w(b) (i) d(b)i,B−1

]
+

1
2

B−1

∑
j=1

[
Nb−1

∑
i=0

w(b) (i) d(b)i,B−1−j

]
2−j −W(b)

initial2
−(B−1)

(4.16)

W(b)
initial =

1
2

Nb−1

∑
i=0

w(b) (i) (4.17)

FBF− LUT1(a) (n) =
1
2

w(b) (0) +
Nb−1

∑
k=1

1
2

w(b) (k) (−1)m(a)
Nb−1−k+1

=
1
2

aTw(b) (4.18)

R(b)
0 (n) =

1
2

x (n) (4.19)

and

FBF− LUT2(a) (n) =
Nb−1

∑
k=1

1
2

x (n− k) (−1)m(a)
Nb−1−k+1 (4.20)

The equations (4.9) and (4.16) correspond to the filtering operations of the FFF and FBF
filters respectively. With partial products following the same analogy in both the look-up-
tables (memories) of FFF and FBF, the weight-update operation of FFF can be performed
as follows. Access the first location of the FFF − LUT2(a) (n) and add it with the term

R( f )
0 (n). Multiply the result with µe (n) (can be performed using shift operation if µe (n) is

quantized to powers of 2). Add the product to the same location of the FFF− LUT1old
(a) (a)

and store the result back in the same location of FFF− LUT1old
(a) (a). Repeat the steps for

all the address locations of FFF− LUT1old
(a) (a) and FFF− LUT2(a) (n).

The same procedure can be used for the weight-update operation of FBF and the equa-
tions describing the weight-update operations for FFF and FBF respectively are given as
follows:

FFF− LUT1new
(a) (n) = FFF− LUT1old

(a) (a) + µe (n)
[

R( f )
0 (n) + FFF− LUT2(a) (n)

]
(4.21)

FBF− LUT1new
(a) (n) = FBF− LUT1old

(a) (n) + µe (n)
[

R(b)
0 (n) + FBF− LUT2(a) (n)

]
(4.22)
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where FFF− LUT1old
(a) (n), FBF− LUT1old

(a) (n) and FFF− LUT1new
(a) (n), FBF− LUT1new

(a) (n)
are respectively the partial-products of old and new set of weights of FFF and FBF respec-
tively.

It can be observed that the terms R( f )
0 , R(b)

0 may take special attention as they are not
included in the partial products described by (4.13) and (4.19). These terms, which are use-
ful in the weight-update operation (refer (4.20) and (4.21)) may be stored in registers. The
purpose and benefit of storing them in the separate registers is explained in the follow-
ing section. Based on the above equations, in the following section, we derive an efficient
architecture for the adaptive decision feedback equalizer using distributed arithmetic.

4.3 obc scheme for the da based architecture

The micro-architecture for the proposed ADFE using distributed arithmetic OBC scheme
is shown in Fig. 4.2. As described by the equations (4.11) & (4.14), FFF − LUT1, FFF −
LUT2 store the partial-products of the tap-weights of FFF and FBF respectively. The mem-
ories FFF− LUT2 and FBF− LUT2 store the partial products of corresponding samples
useful for the weight-update operation. The operation of the FFF portion of ADFE for
one complete filtering and weight-update operations is as follows: Bits of arriving input
samples are stored in the registers one bit per clock. The least-significant bits of all the
registers form the address to the FFF-LUT1. Assuming the length of the registers to be
B-bits, the computation of the FFF filtering output based on the latest input samplex (n)
along with the past samples can be done in B clock cycles. The FFF-LUT2 which stores
the partial-products of the input samples have to be updated along with the register R( f )

0
so as to incorporate the newest sample x (n) which will be useful for the weight-update
operation in the current iteration. For this, the average of the consecutive contents of the
FFF− LUT2 are utilized along with the addition and subtraction of the term present in
the R( f )

0 register.
For example, let us consider the case of N f = 4. The corresponding contents of FFF−

LUT2 and R( f )
0 before updating is shown in the left side of Fig. 4.3. The average of the

even addressed and the next consecutive odd addressed location entries of the FFF −
LUT2 would generate terms which are independent of the most recent input sample
x (n− 4). The addition and subtraction of the generated terms with the entry of R( f )

0
( 1

2 x (n− 1) in this example) would generate terms that are useful for the weight-update
operation. These new terms can be stored consecutively in the same address locations of
FFF− LUT2 as that of the terms used for averaging. The updated FFF− LUT2 however,
will not be in the proper order or do not follow the same analogy as that of the contents
of FFF − LUT1 and hence weight-update operation cannot be continued. However, the
updated FFF− LUT2 can be properly accessed by circular shifting of its address lines. To
understand this, let us consider the term (1/2) [−x (n− 1)− x (n− 2) + x (n− 3)] which
is actually supposed to be at the address location 1 (i.e., 001 in binary form) of the updated
FFF− LUT2. However, using the above update scheme, this term is actually placed in the
address location 2 (i.e., 010 in binary form) as shown in the . Similarly, consider the term
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(1/2) [x (n− 1)− x (n− 2) + x (n− 3)] which is supposed to be in the address location
5 (i.e., 101 in the binary form) of the updated FFF − LUT2. However, it is placed in the
address location 3 (i.e., 011 in the binary form). Hence, it can be observed that, using
the above FFF − LUT2 update scheme, the terms in the updated FFF − LUT2 are the
terms that are supposed to be present at the address location (to be in the same pattern
of OBC combinations) formed by circular left-shift of the addressing bits of FFF− LUT2.
Hence, instead of re-arranging the terms, the FFF− LUT2 can be accessed by circular-left
shifting the addressing bits during the weight-update operation. The term R( f )

0 which
stores the shifted version of the newest input sample can be updated (to store the term
1
2 x (n)) along-side updating the FFF − LUT2. Updating the FFF − LUT2 can in turn be
done in parallel with the filtering operation. Further, a dual-port memory can be used for
FFF− LUT2 which is more convenient for the update operation.

Similar filtering and LUT update scheme can be used for FBF and once one sample
of the FFF and FBF outputs are available, the error e (n) can be computed. In order to
avoid the presence of hardware multipliers, the term µe (n) can be quantized to fall in
the powers of 2 and hence the multiplication of the term µe (n) with the input sample
during the gradient estimation can be done using the shift operation. Now, the weight-
update operations of FFF and FBF as described by (4.21) & (4.22) can be achieved by
the following sequence of operations: (i) Access the term at the first address location of
FFF − LUT2/FBF − LUT2 and add it to the entry of R( f )

0 /R(b)
0 . (ii) Multiply the result

with the term µe (n) using a barrel shifter. (iii) Add the resultant term to the entry at the
first address location of FFF− LUT1/FBF− LUT1 and store the result back in the same
location of FFF− LUT1/FBF− LUT1. (iv) Repeat the steps (i)-(iii) for all the other address
locations. The algorithm describing the operation of ADFE for one complete filtering and
weight-update operations has been summarized in Fig. 4.4.

4.4 extension to sign-lms and signed-regressor lms adfe

Consider the filtering equation of the feedforward filter (FFF) of the adaptive decision
feedback equalizer like the one shown in Fig. 4.1 whose weights are updated using Sign-
LMS algorithm:

y (n) = wTx

=
N−1

∑
i=0

w( f )
i x (n− i)

where w( f )
i , i = 0, 1, 2, . . . , N f − 1 are the filter taps of the adaptive filter.

If each of x (n− i) is represented in 2’s-complement form and using OBC scheme dis-
cussed in subsection 1.4.2, y (n) can be expressed as:

y (n) =
B−1

∑
j=0

W( f )
B−1−j2

−j −W( f )
extra2−(B−1) (4.23)

The above filtering operation can be performed using DA processing unit by taking the
LSB of each of xn−i. The terms W( f )

B−1−j and W( f )
extra in (4.23) are given as
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Step-1:
a) Computation of FFF output:
x̂ (n)← − 1

2

[
∑

N f−1
i=0 w( f ) (i) d( f )

i,B−1

]
+ 1

2 ∑B−1
j=1

[
∑

N f−1
i=0 w( f ) (i) d( f )

i,B−1−j

]
2−j −W( f )

initial2
−(B−1);

b) Computation of FBF output:
v̂ (n)← − 1

2

[
∑Nb−1

i=0 w(b) (i) d(b)i,B−1

]
+ 1

2 ∑B−1
j=1

[
∑Nb−1

i=0 w(b) (i) d(b)i,B−1−j

]
2−j −W(b)

initial2
−(B−1);

c) Updating FFF− LUT2(a′) (n):
for a′ = 0 : 2N f−1 − 1 do
FFF− LUT2(a′) (n)← (−1)a′+1 R( f )

0 (n− 1)

+ 1
2

{
FFF− LUT2(

2
⌊

a′
2

⌋) (n− 1) + FFF− LUT2(
2
⌊

a′
2

⌋
+1
) (n− 1)

}
;

end for
d) Updating FBF− LUT2(a′) (n):
for a′ = 0 : 2Nb−1 − 1 do
FBF− LUT2(a′) (n)← (−1)a′+1 R(b)

0 (n− 1)

+ 1
2

{
FBF− LUT2(

2
⌊

a′
2

⌋) (n− 1) + FBF− LUT2(
2
⌊

a′
2

⌋
+1
) (n− 1)

}
;

end for
Step-2:
a) Updating R( f )

0 :
R( f )

0 ← 1
2 x (n);

b) Updating R(b)
0 :

R(b)
0 ← 1

2 v (n);
c) Computation of error e (n):
e (n) = d̂ (n)− s (n);
Step-3:
a′ = circle f tshi f t (a′);
Step-4:
a) Updating FFF− LUT1(a) (n):
for a = 0 : 2N f−1 − 1 do
FFF− LUT1new

(a) (n) = FFF− LUT1old
(a) (a) + µe (n)

[
R( f )

0 (n) + FFF− LUT2(a′) (n)
]
;

end for
b) Updating FBF− LUT1(a) (n):
for a = 0 : 2Nb−1 − 1 do
FBF− LUT1new

(a) (n) = FBF− LUT1old
(a) (n) + µe (n)

[
R(b)

0 (n) + FBF− LUT2(a′) (n)
]
;

end for
Step-5:
a) W( f )

initial = FFF− LUT1new(
2(Nf /2)−1

) (n);

b) W(b)
initial = FBF− LUT1new(

2(Nb/2)−1
) (n);

Step-6:
n← n + 1;
repeat;

Figure 4.4: Algorithm showing the operation of the DA based ADFE.
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W( f )
B−1−j =




−F( f )

0 j = 0

F( f )
j j 6= 0

(4.24)

W( f )
extra =

1
2

N−1

∑
i=0

w( f )
i (4.25)

where

F( f )
j =

N−1

∑
i=0

w( f )
i d( f )

i,B−1−j (4.26)

The terms in (4.26) are the partial-products which can be stored in a memory. If only the
upper half of the partial-products are stored in the memory, then the entry of the memory
at address location a can be given by

F( f )(a)
j =

1
2

w( f )
0 +

N−1

∑
i=1

w( f )
i (−1)p(a)

N−1−i+1 (4.27)

where p(a)
i is the ith bit in the binary representation of a.

To derive the weight-update equation for the DA based implementation, let us consider
the weight-update equation of sign-LMS adaptive and re-write it on a sample basis which
is given by

w( f )
i (n + 1) = w( f )

i (n) + µsign (e (n)) x (n− i) (4.28)

If both the LHS and RHS of the above equation are multiplied by the term ∑N−1
i=0 (−1)p(a)

N−1−i+1,
then by re-arranging

1
2

w( f )
0 (n + 1) +

N−1

∑
i=1

(−1)p(a)
N−1−i+1 w( f )

i (n + 1)

=
1
2

w( f )
0 (n) +

N−1

∑
i=1

(−1)p(a)
N−1−i+1 w( f )

i (n)

+µsign (e (n))

[
1
2

x (n) +
N−1

∑
i=1

(−1)p(a)
N−1−i+1 x (n− i)

]
(4.29)

In (4.29), the summation related to the term x (n− i) are nothing but the partial-products
of the input samples and hence it may be convenient to store the partial-products of
input samples in a memory so that the weight-update operation can be performed using
the partial-products of filter weights and input samples.
Letting,

G( f )
j (n) =

N−1

∑
i=1

(−1)p(a)
N−1−i+1 x (n− i) (4.30)

R( f ) (n) =
1
2

x (n) (4.31)

and by substitution of (4.30) & (4.31) in (4.29)
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F( f )
j (n + 1) = F( f )

j (n) + µsign (e (n))
[

R( f ) (n) + G( f )
j (n)

]
(4.32)

Since, in every iteration, a new input sample is used for the filtering while the oldest
sample is not considered, the memory that stores G( f )

j (n) has to be updated from time to
time. This may be obtained by taking the average of the pairs of consecutive locations of
the memory (which eliminates the oldest input sample) and then by addition and subtrac-
tion of the term R (n) with the result and storing them back in the same corresponding
locations of the memory. Mathematically, this can be written as

G( f )(a)
j (n) = (−1)a+1 R( f ) (n− 1)

+
1
2

[
G
( f )(2b a

2c)
j (n− 1) + G

( f )(2b a
2c+1)

j (n− 1)
] (4.33)

Using the above memory update scheme, although, the memory has been updated, the
new partial-products containing the newest set of samples are not in proper order. This
can be corrected by accessing the memory just by circularly left shifting its address bits as
described in section 4.3. Considering the memory storing the partial-products of weights
and input samples of FFF as MEM( f )

w and MEM( f )
X respectively, the step-by-step process-

ing of the DA based realization for one complete iteration is as follows:

• Bits of input samples arriving are stored in the buffers and are shifted one bit per
clock cycle. The LSBs of each of the buffers are used as the address bits to MEM( f )

w
and the filtering takes places for B clock cycles (B is the bit-length of the buffers) as
per (4.23) for the computation of one sample of output.

• Using the term R( f )
0 (n − 1) which is stored in a register, the memory MEM( f )

x is
updated using the scheme described by (4.33).

• The term R( f )
0 (n− 1) is updated so as to incorporate the term related to the newest

input sample which becomes R( f )
0 (n).

• The error e (n) and thereby sign (e (n)) is computed using the filtered output and
the desired sequence.

• The term µsign (e (n)) is quantized to fall into levels which are in powers of 2 so
that the multiplication becomes a shifting operation.

• The partial-products of MEM( f )
w are then updated using (4.32) which makes it ready

for filtering operation in the next iteration. For this purpose, the memory MEM( f )
x

is accessed by circularly left shifting its address bits.

• The term W( f )
extra is updated for the filtering operation in the next iteration and this is

done just by using the content in the last address location of the updated memory
MEM( f )

w .

Similar algorithm can be applied for the feedback filter (FBF) of the ADFE and the same
algorithm can be extended to signed-regressor LMS algorithm in which case the sign (.)
function in (4.28) is applied to the input sample in place of the error. The convergence
curves for the sign-LMS and signed-regressor LMS based ADFEs are shown in 4.7.
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4.5 performance analysis

In order to verify the performance of the proposed technique, simulations were carried
out using an ADFE channel-equalizer model where set of 1000 message signal samples,
each modulated using binary phase shift keying (BPSK) scheme have been transmitted
into an Additive White Gaussian Noise (AWGN) channel for the initial training of the
equalizer. The channel induces ISI among the transmitted symbols which are also cor-
rupted by the white noise present in the channel. The length of the FFF and FBF are 3 and
6 respectively. Out of the 1000 transmitted symbols, the first set of 200 symbols are used
as the pilot sequence that are used for training the ADFE (training mode) and the remain-
ing set of symbols are used for the decision directed mode of operation of ADFE. The
convergence plots for the proposed and MAC based implementations is shown in Fig. 4.5
and the convergence curves for DA based implementation for different bit lengths of the
input vector are shown in Fig. 4.6. These plots have been obtained by taking the average
of 50 independent MATLAB simulations. Once the ADFE has been trained to estimate
the changes in the characteristics of the channel as well as to track any slow variations in
it, a set of 500 message signals were transmitted each once again modulated using BPSK
scheme for communication purpose. It can be observed that the approximation of the
error signal to powers of 2 has not affected the convergence performance.

4.6 computational complexity

The computational complexity of the proposed architecture along with the existing archi-
tectures are given in Tab 4.1. The computational complexity of the proposed architecture
can be computed as follows assuming DA ROM decomposition can be employed where
N f and Nb can be split as N f = m f × 2k f and Nb = mb × 2kb . The DA processing unit in
the FFF uses m f + 1 number of adder units. The FFF-LUT2 update scheme for FFF uses a
total of 5 adder units. Similarly the DA unit and the FBF-LUT2 update scheme uses mb + 6
number of adder units. The subtraction of FBF output from the FFF output and the com-
putation of error takes 4 adder units. This gives a total of m f + mb + 16 number of adder
units. The proposed structure is free of hardware multipliers because of the DA realization
and also due to the quantization of the term µe (n) to the nearest powers of 2. Assuming
the bit-length of the data at every stage is rounded-off to B-bits, the register bank that
stores the input samples to the FFF takes N f B number of flip-flop units. The look-up-
table FFF-LUT1 takes m f 2k f B number of flip-flop units assuming the bit-width of each
of the memory location is B bits. While the accumulator in the DA processing unit takes
B flip-flops, the FFF-LUT2 look-up-table update scheme would require 5B number of
flip-flops. Similarly the FBF unit takes

(
Nb + mb2kb + 6

)
B number of flip-flop units along

with B-flops for storing the output decision in every iteration and hence the total num-
ber of flops for the proposed architecture would be

(
N f + Nb + m f 2k f + mb2kb + 13

)
B.

Apart from these, the architecture uses few combinatorial units such as 2x1-multiplexers,
shifter units and barrel shifters. The size of memories for FFF− LUT1 and FBF− LUT1
would be 2k f and 2kb respectively. The auxiliary LUTs useful for the weight-update op-
eration also need same sized memories and hence the total memory requirement would
be 2(k f +1) + 2(kb+1). Assuming the scenario where the post-cursor components of ISI are
more which is often the case, let Nb = 2N f . Hence, mb × 2kb = 2× m f × 2k f . Assuming,
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same number of adder units are used for FFF and FBF, we have kb = k f + 1 which means
that the total memory size requirement would be 6.2k f .

4.7 conclusion

In this Chapter, an LMS based ADFE has been realized using distributed arithmetic. The
ADFE equations have been recast in such a way that the structure can be realized using
distributed arithmetic. The partial-products of filter coefficients of FFF and FBF which
are useful for the filtering operation have been stored in the look-up-tables named FFF−
LUT1 and FBF− LUT1 respectively. Two more look-up-tables namely FFF− LUT2 and
FBF− LUT2 which store the partial-products of the recent filter input samples have been
used which aid in the weight-update operation. These look-up-tables have been updated
from time to time using registers namely R( f )

0 and R(b)
0 and using the manipulation of

their address bits.
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Figure 4.5: Convergence curves for the DA based and MAC based ADFEs.
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Figure 4.6: Convergence curves for LMS ADFE for different bit lengths.
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Figure 4.7: Convergence curves for Sign-LMS and Signed Regressor LMS ADFEs realized using
DA.
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5
D A B A S E D A P P R O A C H F O R T H E R E A L I Z AT I O N O F T H E B L O C K
A D A P T I V E D E C I S I O N F E E D B A C K E Q U A L I Z E R

5.1 introduction

As discussed in Chapter 1, a common problem faced by ADFE is that with increasing
data transmission rate, the ISI components become more and hence the order of both the
FFF and FBF would increase. The resulting increase in complexity would make real time
operation of the ADFE difficult. Block processing is one of the approaches in reducing
the complexities in digital filters [14, 47], as the block based computations such as the
convolution and correlation operations can be implemented using fast fourier transform
(FFT) techniques. However, block processing of ADFE poses difficulty in that the block
processing of FFF input, i.e., the received data is possible as they are known a priori,
but the same cannot be achieved with FBF input, i.e., the decision outputs which are to
be evaluated by the ADFE. Few attempts [8, 18, 7] were made in the literature in order
order to realize block ADFE. In [8], the technique developed enjoys the advantages of
frequency domain schemes i.e., ease of implementation and low complexity, however
the technique imposes few restrictions on choosing the block length with respect to the
lengths of FFF and FBF. In [18], a hybrid scheme has been implemented where only the
feedforward part is implemented in the frequency domain, whereas the feedback part is
implemented in the time domain. Hence, the scheme does not enjoy all the advantages
of a full frequency-domain implementation. The scheme in [7] uses two iterative schemes
where the unknown decisions are replaced with tentative decisions and using an iterative
procedure, the unknown decisions are finally made to converge to optimal decisions.
However, the idea requires computation of certain terms (like the matrix inversion) which
makes the hardware very complex. In this Chapter, the DA treatment has been taken up
for the realization of the block ADFE. Throughout the Chapter, the following conventions
are used: (i) x (n) represents a sample at time instant n. (ii) x (n) represents a vector
of appropriate dimension. (iii) X (n) represents a matrix of appropriate dimensions. (iv)
XF (n) represents a matrix containing samples in frequency domain. (v) Xc (n) represents
a circular square matrix. (vii)∇X (n) and4X (n) represent the upper and lower triangular
matrices and finally (vii) Xm,n (n) is a special matrix and has been explained as per the
context. In the Chapter, the subscripts/superscripts f and b represent the terms related to
FFF and FBF respectively.
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5.2 the block lms (blms) algorithm

Consider a block LMS based adaptive filter depicted in Fig. 5.1, that takes an input se-
quence x (n), (n ∈ Z), which is partitioned into non-overlapping blocks of length L each
by means of a serial-to-parallel converter. The blocks of data so produced are applied
to a block FIR filter of length N, one block at a time. The tap weights of the filter are
updated after the collection of each block of data samples, so that the adaptation of the
filter proceeds on a block by block basis rather than on a sample-by-sample basis as in
conventional LMS algorithm.

With the j-th block, (j ∈ Z) consisting of x (jL + s), s ∈ Zp = 0, 1, . . . , L − 1, the filter
coefficients are updated from block to block as,

w (j + 1) = w (j) + µ
N−1

∑
s=0

x (jL + s) e (jL + s) (5.1)

where w (j) = [w0 (j) , w1 (j) . . . wN−1 (j)]T is a tap weight vector corresponding to the j-
th block, x (jL + s) = [x (jL + s) , x (jL + s− 1) . . . x (jL + s− L + 1)]T and e (jL + s) is the
output error at n = jL + s, given by,

e (jL + s) = d (jL + s)− y (jL + s) (5.2)

The sequence d (jL + s) is the so-called desired response available during the initial train-
ing period and y (jL + s) is the filter output at n = jL + s, given as,

y (jL + s) = wT (j) x (jL + s) (5.3)

The parameter µ, popularly called step size parameter is to be chosen as 0 < µ < 2
[P trR]

for convergence of the algorithm (R is the auto-correlation matrix).

5.3 the causality problem in block adfe

Consider a block adaptive decision feedback equalizer shown in Fig. 5.2, whose feed for-
ward filter (FFF) and feedback filter (FBF) weights are to be updated using the block LMS
algorithm with a block length L. With k being the block index, the equations governing
the operation of the ADFE are given as

x̂(k) = X (k) .w f (k) (5.4)

v̂(k) = V (k) .wb (k) (5.5)

s(k) = x̂(k)− v̂(k) (5.6)

v(k) = d(k− (1/L)) (5.7)

d(k) = Q [s(k)] (5.8)

e(k) = d̂(k)− s(k) (5.9)
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Figure 5.2: A block adaptive decision feedback equalizer.

d̂(k) =





x̃(k) training mode

d(k) decision− directed mode
(5.10)

where w f (k) =
[
w f ,0, w f ,1, . . . , w f ,N f−1

]T
, wb (k) =

[
wb,0, wb,1, . . . , wb,Nb−1

]T are the weights
of FFF and FBF respectively and Q[.] is the quantization operator of the L-dimensional
decision device. Further, d̂(k) is the desired vector which is the vector containing the
delayed original transmitted sequence vector x̃(k) in case of training mode and output
decision vector d(k) in case of decision-directed mode. The vector e (k) is the error vector
used for updating the tap-weights of FFF and FBF.
Here x̂ (k) and v̂ (k) are row vectors containing L samples of FFF and FBF outputs re-
spectively. s (k) and d (k) represent the row vectors containing the L samples of adder
output and their corresponding decisions respectively. The matrices X (k) and V (k) are
respectively given as

X (k) =
[

X1 (k) X2 (k)
]

(5.11)

V (k) =
[

V1 (k) V2 (k)
]

(5.12)

The matrices X1 (k) and X2 (k) in (5.11) are given as

X1 (k) =




x(Lk + L− 1) . . . x(Lk)

x(Lk + L− 2) . . . x(Lk− 1)
...

. . .
...

x(Lk + 1) . . . x(Lk + N f − L)

x(Lk) . . . x(Lk + N f − L− 1)




(5.13)

X2 (k) =




x(Lk− 1) . . . x(Lk + N f − L)

x(Lk− 2) . . . x(Lk + N f − L− 1)
...

. . .
...

x(Lk− N f − L− 1) . . . x(Lk− N f + 2)

x(Lk− N f − 2) . . . x(Lk− N f + 1)




(5.14)
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The matrix V1 (k) in (5.12) is given as,

V1 (k) = ∇V1 (k) +4V1 (k) (5.15)

where ∇V1 (k), 4V1 (k) are the upper and lower triangular matrices, which are given as,

∇V1 (k) =




v(Lk + L− 1) . . . v(Lk + 1) 0

v(Lk + L− 2) . . . 0 0
...

. . .
...

...

v(Lk + 1) . . . 0 0

0 . . . 0 0




(5.16)

4V1 (k) =




0 0 . . . v(Lk)

0 0 . . . v(Lk− 1)
...

...
. . .

...

0 v(Lk) . . . v(Lk + Nb − L)

v(Lk) v(Lk− 1) . . . v(Lk + Nb − L− 1)




(5.17)

and

V2 (k) =




v(Lk− 1) . . . v(Lk + Nb − L)

v(Lk− 2) . . . v(Lk + Nb − L− 1)
...

. . .
...

v(Lk− Nb − L− 1) . . . v(Lk− Nb + 2)

v(Lk− Nb − 2) . . . v(Lk− Nb + 1)




(5.18)

From the equations (5.6)-(5.8) and (5.16), it can be observed that, for the computation of a
block of decisions, decisions within the same block are required. In other words, the de-
cisions corresponding to the terms of the upper triangular matrix ∇V1 (k) are unknowns
for the current block of inputs to the FBF. Hence, the block evaluation of v̂(k) becomes a
“non-causal” operation. To avoid this causality problem, an iterative procedure was pro-
posed in [7] where the unknown decisions are properly initialized with tentative decisions
using two initialization schemes namely, initialization scheme 1 (IS1) and initialization
scheme 2 (IS2). In IS1, the initial tentative decisions are set to zero vector to compute the
current block of decisions. The unknown decisions so obtained are used to compute the
next block of decisions. This procedure is continued until the block of decisions in two
successive iterations are matched. However, if convergence in a reduced number of steps
is desirable, an alternative approach IS2 was used by exploiting all the available informa-
tion. In IS2, the initial tentative decisions are chosen by removing the quantizer operation
Q [.] in (5.8), i.e., by setting d(k) = s(k). This involves computation of inverse of an L× L
matrix. To avoid this complexity, we propose an approach that uses a cost function which
is minimized based on either of the two criteria namely absolute difference (MAD) and
mean-square difference (MSD). The approach is based on the fact that each of the un-
known decisions can assume one of the symbol values out of the set of symbol values
used in the modulation scheme employed at the transmitter. The algorithm for the com-
putation of the unknown decisions based on this approach is shown in 5.3. This approach
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requires a bank of registers as shown in Fig.Fig. 5.5 and 5.6 where all the symbols used
in the modulation scheme are stored. In case of MAD, the cost function is chosen to the
absolute mean of the difference between the desired signal value and the output of the
adder that sums up FFF’s and FBF’s outputs. Similarly, in case of MSD, the cost function
is chosen to be the absolute mean of the squares of the difference between the desired
value and the adder output. Here, the desired sequence in case of training mode is the
delayed version of the transmitted symbol sequence and ADFE output sequence in case
of decision directed mode.

By minimization of either of these cost functions, each of the L− 1 unknown decisions
are initialized by successively using all the combinations of ‘L − 1’ symbol values. The
set of ‘L − 1’ unknown decision are directly assigned to those values of the symbols to
which the cost function is minimum. The processing elements (PE) for MAD and MSD
are shown in Fig. 5.5 and 5.6 respectively. Apart from the bank of registers that store all
the symbol values, the PE in case of MAD as shown in Fig. 5.5 consists of a multi-input
NOR gate and register with chip enable input. The operation of the processing element
is as follows. The subtractor performs the difference of the training input (sample from
previous symbol cycle) and the output of memory the address of which is generated from
a counter (typically from control circuitry). The multi-input NOR gate checks whether the
difference (cost function) is zero or not. The counter provides the address values starting
from zero to the last location and accordingly the register passes that value of the symbol
value for which the difference is zero. In case of MSD, the PE requires an extra adder,
multiplier and a register for performing the squaring and accumulation operations which
is shown in Fig. 5.6. The presence of decisions computing block which works on either
MAD/MSD criterion in the decision feedback loop is shown in Fig. 5.4.

5.4 formulation of the da based block adfe

The frequency domain equations describing the operation of the block ADFE of Fig. 5.2
are given as

x̂ (k) = R0,LF−1
{

XF (k)w f
F (k)

}
(5.19)

v̂ (k) = R0,LF−1
{

VF (k)wb
F (k)

}
(5.20)

s (k) = x̂ (k)− v̂ (k) (5.21)

v (k) = d (k− (1/L)) (5.22)

d (k) = Q [s (k)] (5.23)

e (k) = d̂ (k)− s (k) (5.24)
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1: loop
for k = 1 : (N/L) do % Block index
for i = 1 : number_o f _all_symbol_combinations do
decisions(((k− 1) ∗ L + 2) : ((k− 1) ∗ L + L))) = all_comb_decisions(i);
f b f _output = f ilter((decisions(((k− 1) ∗ L + 2) : ((k− 1) ∗ L + L)));
adder_output = f f f _output + f b f _output;
for j = 1 : L do
slicer_output(j) = bpsk_decision_device(adder_output(j));

end for
decisions((k− 1) ∗ L + 1 : k ∗ L) = slicer_output;
e_vec = desired_signal_train((k− 1) ∗ L + 1 : k ∗ L)− adder_output;
% For MAD case
count = 0;
for iii = 1 : L do
if(abs(e_vec(iii)) == 0)
count = count + 1;

end
end for
if (count == L)
break;

end if
% For MSD case
mse = 0;
for iii = 1 : L do
mse = mse + (e_vec(iii))2;

end for
if (count == L);
break;

end if
end for

end for
2: end loop

Figure 5.3: Algorithm for the computation of unknown decisions.

FFF

FBF

Decision

Decisions
Computing

Sample
Delay

Received
Signal

Output
Decisions

Block

Device

(MAD/MSD)

Figure 5.4: Block ADFE with the decisions computing block in the feedback loop.
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where, Q [.] is the quantization operation of the L-dimensional decision device and d̂ (k) is
the vector containing the corresponding samples from the original transmitted sequence
in case of training mode and the decisions vector d (k) in case of decision-directed mode.
Further, x̂ (k), v̂ (k) are the output vectors of FFF and FBF respectively. The matrix R0,L is
used for the selection of the last L valid samples of the filter output vector (as obtained
from the overlap-save method) and is given as

R0,L =
[

0 IL

]
(5.25)

where 0 is the L× (N − 1)-dimensional (N = N f for FFF and N = Nb for FBF) all-zero
matrix and IL is the L-dimensional identity matrix.

The matrices F and F−1 are respectively the M×M (M = N f + L− 1 in case of FFF
and M = Nb + L− 1 in case of FBF)-dimensional Fast Fourier Transform (FFT) and Inverse
Fast Fourier Transform (IFFT) matrices which may be given as,

F =




1 1 . . . 1

1 e−j2π/M . . . e−j2π(M−1)/M

1 e−j4π/M . . . e−j4π(M−1)/M

...
...

. . .
...

1 e−j2π(M−1)/M . . . e−j2π(M−1)2/M




(5.26)

F−1 =
1
M




1 1 . . . 1

1 ej2π/M . . . ej2π(M−1)/M

1 ej4π/M . . . ej4π(M−1)/M

...
...

. . .
...

1 ej2π(M−1)/M . . . ej2π(M−1)2/M




(5.27)

The matrices XF (k), VF (k) are respectively given as

XF (k) = FXc (k)F−1 (5.28)

VF (k) = FVc (k)F−1 (5.29)

where, Xc (k) and Vc (k) are the
(

N f + L− 1
)
×
(

N f + L− 1
)

and (Nb + L− 1)× (Nb + L− 1)-
dimensional circular matrices respectively, which are given as,

Xc (k) =




x
(
kL− N f + 1

)
. . . x

(
kL + N f − 2

)

x
(
kL− N f + 2

)
. . . x

(
kL− N f + 3

)
...

. . .
...

x (kL + L− 1) . . . x
(
kL− N f + 1

)




(5.30)

Vc (k) =




d (kL− Nb + 1) . . . d (kL + Nb − 2)

d (kL− Nb + 2) . . . d (kL− Nb + 3)
...

. . .
...

d (kL + L− 1) . . . d (kL− Nb + 1)




(5.31)
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In (15) and (16), w f
F (k) and wb

F (k) are the vectors containing the frequency domain
samples of the zero-padded tap-weight vectors of FFF and FBF respectively and are given
as

w f
F (k) = F w̃ f (5.32)

wb
F (k) = F w̃b (5.33)

and

w̃ f (k) =

[
w f (k)

0

]
(5.34)

w̃b (k) =

[
wb (k)

0

]
(5.35)

where, w f (k) and wb (k) are the tap-weight vectors of FFF and FBF respectively.

From the properties of circular matrices, the matrices XF (k) and VF (k) will be the
diagonal matrices and the diagonal elements correspond to the FFT of the first column of
Xc (k) and Vc (k) respectively. In matrix notation, they may be written as

XF (k) = diag [xF (k)] (5.36)

VF (k) = diag [vF (k)] (5.37)

and

xF (k) = F {x (k)} (5.38)

vF (k) = F {v (k)} (5.39)

where,

x (k) =
[
x
(
kL− N f + 1

)
, x
(
kL− N f + 2

)
, . . . , x (kL + L− 1)

]T (5.40)

v (k) =
[
v
(
kL− N f + 1

)
, v
(
kL− N f + 2

)
, . . . , v (kL + L− 1)

]T (5.41)

are the first columns of Xc (k) and Vc (k) respectively.
Further, the weight-update recursion for FFF and FBF are respectively given by the equa-
tions,

w f
F (k + 1) = w f

F (k) + µPN f ,0X∗F (k) eF (k) (5.42)

wb
F (k + 1) = wb

F (k) + µPNb,0V∗F (k) eF (k) (5.43)

where,
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Figure 5.7: The block diagram of block ADFE implemented in the frequency domain.
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eF (k) = F ẽ (k) (5.44)

Here X∗F (k) and V∗F (k) represent the complex conjugates of XF (k) and VF (k) respec-

tively. Further, ẽ (k) =
[

0 e (k)
]T

and the matrices PN f ,0, PNb,0 are required to ensure

that the last L− 1 samples of the IFFT of w f
F (k) and wb

F (k) are constrained to zeros.
Although, the derivations of frequency-domain block LMS based adaptive filters in-

volve extending the vectors to a length of L + N − 1 (N being the length of filter under
consideration), in practice, the vectors are chosen to be of length L + N. Further, L = N
may be chosen for maximum efficiency where N is typically in the powers of 2. Hence,
assuming N f , Nb and L are all in powers of 2, the FFT/IFFT operations in (5.19), (5.20),
(5.28), (5.29), (5.32), (5.33), (5.38) and (5.39) may be given as

aF = Fan =
1√
M

M−1

∑
n=0

ane−j 2π
M kn (5.45)

where an is the nth element of vector an and M = L + N and N = N f and N = Nb in
case of FFF and FBF respectively. Using the procedure described above, each of the FFT
and IFFT operations may be realized using the distributed arithmetic technique for the
efficient realization of block ADFE and this can be obtained as follows.
If each of an is represented in signed 2’s-complement representation, as given by

an = −bn,B−1 +
B−1

∑
j=1

bn,B−1−j2−j (5.46)

where bn,B−1−j is the (B− 1− j)th-bit in the B-bit binary representation of an, then

ane−j 2π
M kn = −

[
bn,B−1e−j 2π

M kn
]

+
B−1

∑
j=1

[
bn,B−1−je−j 2π

M kn
]

2−j
(5.47)

Now, since bn,B−1−j ∈ [0, 1], the expressions inside the square braces of above equations
may take one out of 2 possible combinations (partial-products of twiddle factors) which
may be stored in a memory as the twiddle factors are known constants prior to the im-
plementation. Hence, (5.47) may be computed by right-shift (due to the term 2−j) and
accumulate (due to the summation) operations. This is known as the distributed arith-
metic (DA) based realization and requires no hardware multiplier for its implementation.
Hence, all the multipliers present in the FFT/IFFT units can be realized using DA and
the IFFTs can also be realized using the same structure of FFT. When the filter lengths
are not in the powers of 2, other FFT algorithms (such as the Prime-Factor FFT algorithm,
Rader’s FFT algorithm etc) may be chosen and the hardware complexity depends on the
type of algorithm chosen. Such an implementation for block LMS based adaptive filter
can be found in [5, 6].

The detailed block diagram of the block ADFE implemented in the frequency domain
is shown in Fig. 5.7. The operation of FFF is as follows: The received samples arrive
serially which are stored for parallel processing using a serial-to-parallel converter. These
samples are buffered taking the newest set of L samples along with N f − 1 old samples for
conversion into frequency domain using an FFT block as described by (5.38). The set of
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FFF co-efficients which are appended with L− 1 zeros are also converted into frequency
domain using an FFT block as described by (5.32) and (5.34). These set of frequency
domain samples of received signal along with the FFF coefficients are multiplied sample
by sample using a multiplier and the multiplied set of samples are converted back into
time domain using an IFFT block after which only the significant set of L samples are
taken for further processing. The corresponding equation describing the above operations
are given by (5.19). All these operations are also carried for FBF where the input samples
are nothing but the decision outputs which are generated by the decisions computing
block that operates on either the MAD or MSD criterion. Here the initial decision sample
is taken to be any symbol value out of all the symbol values used and the FBF coefficients
can be initialized to zeros or random values as is the case with FFF coefficients. A block of
error samples are generated using outputs of FFF and FBF. These error samples are zero-
padded at the beginning for conversion into frequency domain. These frequency domain
error samples are used for the weight-update operations for FFF and FBF as described by
(5.42) and (5.43).

5.5 performance analysis

To verify the validity of the proposed approach, we have simulated a channel-equalizer
model in MATLAB. The channel is taken to be a raised-cosine AWGN channel which
has the property of distorting the transmitted symbols. For simplicity of the decision
device, the modulation scheme is chosen to be binary phase shift keying (BPSK) and the
lengths of FFF and FBF are chosen to be 9 and 6 respectively. These choices are based on
the linear prediction interpretation of the DFE as given in [24]. A total of 500 symbols
are transmitted, out of which 60 are used for training mode and remaining are used for
the decision-directed mode of operation. For better convergence of the FBLMS algorithm,
step-normalization has been employed [19]. The mean square error in decibels (dB) for
the proposed approach under different block lengths for MAD and MSD cases are shown
in Fig. 5.8 and Fig. 5.9 respectively. These curves have been plotted by taking the average
of 100 independent MATLAB simulations. The computational complexity of the proposed
ADFE is as follows.

A single N-point FFT/IFFT block takes approximately Nlog2(N) multiplications and
Nlog2(N) additions. Each B-bit multiplier unit when realized using DA requires 4B flip-
flops (B is the bit-width of registers) and an adder unit. The feed forward filter con-
tains 5 FFT/IFFT blocks and hence requires 10(N f + L)log2(N f + L) adder and 20B(N f +

L)log2(N f + L) flip-flops. The filtering and weight-update operations for FFF takes (N f +

L) additions and 3(N f + L) multiplications respectively. This gives a total of 10(N f +

L)log2(N f + L)+(N f + L) adders, 3(N f + L) multipliers and 20B(N f + L)log2(N f + L)
flip-flops for FFF alone. Similarly, FBF requires 10(Nb + L)log2(Nb + L)+(Nb + L) adders,
3(Nb + L) multipliers and 20B(Nb + L)log2(Nb + L) flops. The computation of the differ-
ence between the FFF output and FBF output and the calculation of the error (training or
decision-directed mode) will take 2L additions each. Hence, the computational complex-
ity of the block ADFE alone would be approximately 3(N f + Nb + 2L) multiplications,
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Figure 5.8: Convergence curves in case of MAD criterion.

TH-1746_09610218



5.5 performance analysis 76

0 50 100 150 200 250 300 350 400 450 500
−30

−25

−20

−15

−10

−5

0

5

X: 211
Y: −27.18

Block Length=2

Number of transmitted symbols

M
ea

n 
Sq

ua
re

 E
rro

r i
n 

dB

0 50 100 150 200 250 300 350 400 450 500
−30

−25

−20

−15

−10

−5

0

5

X: 171
Y: −26.28

Block Length=3

Number of transmitted symbols

M
ea

n 
Sq

ua
re

 E
rro

r i
n 

dB

0 50 100 150 200 250 300 350 400 450 500
−30

−25

−20

−15

−10

−5

0

5

X: 118
Y: −26.89

Block Length=6

Number of transmitted symbols

M
ea

n 
Sq

ua
re

 E
rro

r i
n 

dB

Figure 5.9: Convergence curves in case of MSD criterion.

TH-1746_09610218



5.6 conclusion 77

10(N f + L)log2(N f + L)+10(Nb + L)log2(Nb + L)+(N f + Nb + 2L) addition operations
and 20B(N f + L)log2(N f + L)+20B(Nb + L)log2(Nb + L) flip-flops.

Apart from this, the proposed approach in case of MAD requires the basic processing
element as described previously. If we assume that at every stage of the system, the data is
rounded-off to B bits and if Nt symbols are transmitted, a flip-flop based registers would
take approximately NtB flip-flops. The subtractor and the register in the basic process-
ing element would take B + 2 flip-flops along with (B− 1) NOR gates required for the
multi-input NOR gate used in the PE. Hence, for the computation of the L− 1 unknown
decisions, when PEs are used in parallel, this would take NtB (L− 1) + (B + 2) (L− 1)
flip-flops and (B− 1) (L− 1) NOR gates apart from the computations required for the
basic ADFE structure as described in the previous paragraph.

In case of MSD, apart from the hardware required for the PE of MAD, a register, a
multiplier and an adder are required. Hence, with parallelism, the system would take
(L− 1) extra adders, NtB (L− 1) + 2 (L− 1) (B + 2) flip-flops, (L− 1) multipliers and
(B− 1) (L− 1) NOR gates for the computation of unknown decisions. The total com-
putational complexity of block ADFE for both MAD and MSD cases have been given in
Tab. 5.1 and Tab. 5.2 respectively.

For practical channels with long channel impulse response such as the case of HDTV
broadcasting, the lengths of tap-weights of FFF and FBF are very large. Let us consider the
typical case where N f = 64, Nb = 128 and L = 128 and assuming the modulation scheme
to be 64-ary QAM, we have Nt = 64. In such case, a rough estimation of gate count in
case of MAD and MSD are 7.36 million gates and 7.47 million gates respectively. Thus the
proposed implementation, in comparison with the existing scheme [7] which takes 15.04
million gates has a computational savings of around 50%. However, the final set of FBF
filter weights are not found to be exactly matching with the weiner solution although the
error signal is getting converged. Hence, a correction factor is required which adjusts the
final set of filters’ weights to approach the weiner solution. As the proposed approach
has a computational savings of 50% compared to the existing schemes, if the hardware
required for the correction factor does not exceed a certain limit, then the proposed ap-
proach would be an efficient technique for the implementation of the block ADFE.

5.6 conclusion

In this Chapter, an approach for the computation of the unknown decisions which appear
in the block formulation of ADFE is presented. The unknown decisions are computed
by the minimization of a cost function which can be chosen based on either of the two
criteria namely mean absolute difference and mean square difference. For this, samples
from the previous symbol cycle along with a memory containing all the symbols used
in the modulation scheme are used. Using the presented approach for eliminating the
causality problem and using DA, we implemented block ADFE. The DA based approach
has good convergence characteristics and is computationally efficient.
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6
C O N C L U S I O N

6.1 summary of the present work

In this thesis, we have made an attempt to develop suitable DA treatment for efficient
realization of adaptive decision feedback equalizer.

In Chapter 2, an efficient DA based realization of the LMS adaptive filter is presented
with an objective of optimizing the adaptive filter for use later for the realization of LMS
based ADFE. The proposed scheme uses the philosophy of [3] to store the partial products
of recent input samples to aid the weight-update operation. Here, OBC scheme has been
employed for the reducing the size of the look-up-tables. The error in each iteration is
quantized to the powers of 2 which accounts for only a negligible loss in convergence
performance. It is shown that the LUT storing the partial-products of input samples can
be updated in every iteration using the most recent input sample along with circular shift
of addressing bits of LUT. The performance analysis for different base filter sizes have
been carried out through simulations. The proposed scheme enjoys considerable speed
up over the existing schemes and also consumes less chip area.

The DA treatment for the realization of basic DFE has been considered in Chapter 3. To
maximize the speed, the digit-serial nature of DA has been taken up. For this purpose,
first, the filtering operations of FFF and FBF have been recast for DA treatment indepen-
dently. Based on these equations, a direct-memory architecture has been developed where
the lower half contents of the LUTs are mirror image to the upper half. Later, for reduced
complexity, a new architecture namely reduced-memory architecture has been developed
where one-half of the contents of the LUTs are generated alive using a combinational logic.
A channel-equalizer model has been created for testing the DFE. The proposed DFE has
been implemented on Altera® Cyclone III EP3C55F484C6 FPGA platform and synthesis
on FPGA platform has been carried out for extensive range of FFF filter lengths. Both the
proposed structures can operate at a higher frequency and consume less computational
resources than the MAC based counterparts.

In Chapter 4, the DA treatment for the LMS based adaptive decision feedback equal-
izer has been carried out. For this purpose, the idea in Chapter 2 i.e., updating the look-
up-table that stores the OBC combinations of filters’ input samples is utilized. The ar-
chitecture of the DA based LMS ADFE utilizes separate look-up-tables for filtering and
weight-update operations in both FFF and FBF and the entire structure works on simple
arithmetic operations such as addition and shifting operations. Further, the architecture
is free of hardware multipliers and the convergence performance is observed to be no less
than the traditional MAC based implementations.

Finally, in Chapter 5, a large objective of realizing the block ADFE using DA has been
taken up. The inherent causality problem i.e., the presence of unknown decisions in every
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iteration has been shown with detailed mathematics. These unknown decisions are com-
puted using two minimization criteria namely mean absolute difference (MAD) and mean
square difference (MSD). For this purpose, a memory storing all possible symbol values
used in the modulation scheme at the transmitter has been used. Once, the unknown
decisions are computed, it is shown that the entire structure can be implemented in the
frequency domain where the DA philosophy has been applied to the multipliers present
in the FFTs/IFFTs. The convergence analysis has been carried out through extensive sim-
ulations. It has been shown that the proposed structure uses upto 50% less computational
resources but with some inconsistencies observed in the FBF coefficients approaching the
weiner solution.

6.2 scope of the future work

In this thesis, we have tried to demonstrate the effectiveness of DA scheme in a meaning-
ful realization of the adaptive decision feedback equalizer. However, it is felt that there
may exist considerable scope for extending the work reported here along various direc-
tions for future investigations. Some of them are outline below.

• This thesis has concentrated primarily on DA treatment for Least Mean Square
(LMS) based ADFE. On the other hand, recursive least square (RLS) based ADFE
which has superior performance over LMS ADFE has not been considered. It will
therefore be pertinent to take up a similar exercise and develop means for DA based
realization of RLS-based ADFE.

• In this thesis, for eliminating the causality problem in block ADFE, the set of un-
known decisions in every iteration are checked with all the symbol values and here
only the binary phase shift keying (BPSK) scheme has been used. Although, the FFF
co-efficients are found to be converging to weiner solution, there are inconsistencies
found in the FBF co-efficients approaching to weiner solution. Hence, a correction
factor may be introduced which can be used to make all the co-efficients of FBF to
approach the weiner solution.

• It would be interesting to take up the challenge of using complex modulation
schemes such as M-ary PSK in which case the time complexity of block ADFE
would be high.

• The primary focus of this thesis is the reduction of computational complexity and
improving the speed of operation of ADFEs. On the other hand, application of low
power techniques for the realization of ADFEs would be a good topic of research.

• The proposed DA based schemes may be extended to multi-input-multi-output
(MIMO) equalization techniques.
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A P P E N D I X A

a.1 awgn

Additive White Gaussian Noise (AWGN) is an additive noise generally used to model
communication channels. The spectral density of AWGN is a constant over all frequencies
and the amplitude has a normal distribution with an average value of zero.

a.2 binary phase shift keying

Binary Phase Shift Keying (BPSK) is the simplest form of phase-shift keying digital mod-
ulation scheme where two phases of carrier signal separated by 180 degrees are used one
for transmitting a ’0’ and the other for transmitting a ’1’.

a.3 critical path in a dfg

The critical path in a data flow graph (DFG) of a DSP system is defined as the longest
path between any two storage elements. It determines the minimum clock feasible for that
DSP system.

a.4 fixed-point Qn .m format

Qn .m is a fixed-point number format for the representation of digital data where n bits
are used for integer part and m bis are used for fractional part.

a.5 throughput of a system

The throughput of a system is defined as the number of samples processed per second. It
is one of the measures of performance of a system. If t is the number of clock cycles taken
by the system to process one sample, then the throughput can be given as

Throughput =
clock rate

t
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