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Abstract

Quadrotors have gained immense popularity among aerial vehicles in recent years

due to their diverse applications. Owing to their vertical take-off and landing (VTOL)

capabilities in limited spaces and hovering abilities over a specified target, quadrotors find

wide utility in surveillance, search and inspection, and several other social and military

applications. Recent advances in miniaturized sensors and high computational efficiency

have played a major role in the development of aerial vehicles, especially quadrotors.

Control of unmanned aerial vehicles is very challenging due to their highly nonlinear

dynamics and parameter variations with flight conditions. Several linear and nonlinear

control techniques have been proposed in the literature for stabilization and tracking

control of quadrotors. Most of the literature design the control laws using Euler angles or

quaternions. It is well known that Euler angles have singularity while quaternions have

ambiguities while representing the attitude of a quadrotor. To remove the singularities

associated with Euler angles and ambiguities with quaternions, rotation matrices have

been used to develop controllers in recent literature. Building upon these developments,

the thesis attempts to develop globally valid control laws in the presence of disturbances.

The effect of external disturbances considered in the literature assumes that the bound

on the disturbances is known a priori. This is a limitation of controllers present in the

literature since it is very difficult to know such bounds in practice. The thesis aims to

remove this limitation.

Most of the literature does not consider offset between the center of gravity and the

body-fixed frame’s origin. The offset between the center of gravity and geometric center

was explicitly compensated in some literature where 6-DOF rigid body dynamic model

was considered while designing the adaptive controller. This offset may be compensated

through integral actions, but if the nonlinear dynamic model is not properly considered,

additional disturbances may result. The assumption of zero offset is not practical, and

therefore the thesis attempts to remove this shortcoming of present literature. An adap-

tive control law is proposed to estimate this offset and estimate the mass and moment of

inertia of the quadrotor.

Time delays are widespread in the physical systems and engineering domain. The
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literature on the control of quadrotors with input delay is very limited. Teleoperation

is the next big thing in the robotics industry. But such a task is not without its own

set of challenges. The main challenge is packet loss, distortion, and time delay. It is

quite desirable to be able to control a robotic device over a network with remote access.

Almost all the literature on quadrotors does not consider communication time delay. The

presence of communication time delay may result in instability in the system. Motivated

by the current state of the literature, we propose to design a controller considering both

inputs as well as state delay experienced while operating the device over a network.

A trajectory tracking control law with finite-time convergence on the nonlinear

manifold SE(3) is more desirable since most of the existing finite-time control laws only

stabilize the attitude. Closed-loop systems under finite-time control usually demonstrate

a faster convergence rate, higher tracking precision, better disturbance rejection proper-

ties, and robustness against uncertainties. Because of above mentioned attractive features

and better practical implementation in actuators, the continuous feedback finite-time

control method has gained more attention in recent years. Moreover, the continuous

feedback stabilization in finite-time does not excite unmodeled high-frequency dynamics

as compared to discontinuous feedback. Motivated by these advantages of finite-time

convergence property, a finite-time stable geometric controller is designed for a quadro-

tor. The proposed control law is not only globally valid but also robust to external

disturbances.
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Chapter 1

Introduction

1.1 Background

A mechanical system is a physical system having moving parts. For example, a

car with wheels that can rotate is a mechanical system. A mechanical system comprises

actuators, power supplies, sensors, etc. The degree of freedom of a mechanical system is

defined to be the number of the independent direction of motions it can perform. For

example, a mobile robot can move in a plane as well as rotate about a vertical axis, and

hence it has 3 degrees of freedom. A mechanical system has a number of inputs to control

its degree of freedom. If the degree of freedom is the same as the number of control inputs,

then the mechanical system is called a fully actuated mechanical system. Examples

of such systems include spacecraft and simple pendulum. Underactuated mechanical

systems belong to a class of mechanical systems where the number of control inputs is

less than the number of degrees of freedom to be controlled. This class of systems has

been the subject of active scientific research fueled by their broad applications in different

disciplines. Examples of such systems include underwater vehicles, wheeled mobile robots,

quadrotors, spacecraft, helicopters, etc.

Quadrotors are underactuated since they have four control inputs but six degrees

of freedom, three rotational and three translational. Recently quadrotors are becom-

ing increasingly popular aerial vehicles due to their multifaceted applications. Several

quadrotors applications include but are not limited to building surveillance, search and

inspection, and research applications. These critical applications of quadrotors are pos-

sible mainly due to their vertical take-off and landing (VTOL) capabilities in limited

spaces and hovering capabilities over the target. The first reported quadrotor helicopter

was built by Breguet Brothers in 1907 and is reported to have lifted into flight. But the

development of quadrotors was stalled for many years due to design and control issues.

The recent advances in miniaturized sensors (MEMS) and high computational efficiency
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have made possible aerial vehicles’ development, especially quadrotors. Due to its critical

applications several academic institutions and industry [1] [2] [3] [4] [5] [6] are trying to

develop quadrotors suitable to their specific requirements.

A quadrotor is made of four rotors placed perpendicular to each other, as shown

in Fig. 1.1. One pair of opposite rotors rotate in the same direction while the other

pair rotate in the opposite direction. Due to the opposite sense of rotation of the rotors,

the gyroscopic and aerodynamic torques tend to cancel in trimmed flight. One of the

advantages of a quadrotor over conventional helicopters is its mechanical simplicity and

hence is very easy to build. Another advantage is payload enhancement since four rotors

are used, and hence more lift thrust can be generated. Unlike helicopters, a swashplate

mechanism is not required to control the movement of the quadrotors, which simplifies the

design of the quadrotors. A disadvantage of a quadrotor is the high energy requirement

to control the four rotors.

XI

YI
ZI

XB

YB
ZB

T1

T2

T3

T4

ω1

ω2

ω3

ω4

1

2

3

4

OB

OI

Figure 1.1: Quadrotor Configuration

Control of unmanned aerial vehicles are very challenging mainly due to the following

reasons:

• The dynamics of a quadrotor are highly nonlinear and coupled. For example, roll

motion results in motion in the Y−direction, and pitch motion results in motion in the

X−direction.

• There are only four control inputs but six degrees of freedom to manipulate. This is

known as underactuation, due to which the control design becomes non-trivial.

2

TH-2551_166102009



1.2. Dynamic Modeling of Quadrotors

• The parameters of a quadrotor, such as mass, the moment of inertia, moment arm,

etc., may vary with flight conditions if load is being transported or a gimbal is attached.

Therefore, it is challenging to design an accurate trajectory tracking control law since it

will depend on these parameters.

• For outdoor operation, the effect of wind should be taken into account for stability and

better tracking performance.

• The aerodynamic effects comes into play at the high speed of operation. Therefore, at a

high speed of operation, one should consider these effects for accurate tracking operation.

Several linear and nonlinear control techniques have been reported in the literature

for the stabilization and tracking control of a quadrotor.

1.2 Dynamic Modeling of Quadrotors

This section introduces the dynamic model of a quadrotor using Newton’s second

law of motion. This modeling approach is predominantly available in the literature. An

approach to modeling using variational principles which results in singularity free model

is presented in chapter 2. The dynamic equation of a quadrotor is obtained by considering

two frames of reference. The inertial frame of reference is denoted by {OI , XI , YI , ZI}
with the origin as OI as shown in Fig. 1.1. The body-fixed frame of reference is denoted

by {OB, XB, YB, ZB} with the origin as OB. To define a rigid body’s configuration with

respect to an inertial frame, we need to specify both position and orientation of the rigid

body with respect to the inertial frame. Various forces acting on a quadrotor can be

modeled as

� Gravitational force acting at the center of mass of the body OB.

� Gyroscopic effects due to the rotation of the propeller plane.

� Aerodynamic effects due to blade flapping and rotation of the propeller.

� Drag forces due to motion in a fluid which is air in this case.

The complete dynamic equations should take all these forces into account. However, in

literature, control has been developed mainly with a simplified model neglecting some of

the effects, such as aerodynamic effects. Let us define some symbols before writing the

dynamic equations of motion.

x ∈ R3 : position of origin of body fixed frame with respect to earth fixed frame.

R ∈ SO(3) := {R ∈ R3×3|RTR = I3, det(R) = 1} : rotation matrix to specify the

orientation of body fixed frame with respect to earth fixed frame, v : velocity of OB with

respect to inertial frame, ϕ : roll angle, θ : pitch angle, ψ : yaw angle, ωi : angular velocity

of rotor i, I=diag{Ix,Iy,Iz} : inertia matrix in body fixed frame, Ir : rotor Inertia, .̂ :

3
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map from R3 to so(3)(the set of skew-symmetric matrices), Ti=thrust produced by rotor

i, Ω= body angular velocity, fb : Forces expressed in the body fixed frame, τa : External

control input, l : distance from COM to propeller center.

The dynamic equation of motion of the vehicle from Newton-Euler approach ne-

glecting aerodynamic effects but including gyroscopic effects is given by:

ẋ = v

v̇ = −ge3 +
1

m
Rfb

Ṙ = RΩ̂

IΩ̇ = −Ω× IΩ−
4∑
i=1

Ir(Ω× e3)ωi + τa

(1.1)

The first two equations are the translational dynamics whereas the last two are the

rotational dynamics. In comparison to the other moments, the gyroscopic terms have

very insignificant roles in the overall attitude of the craft. They are presented to provide

a more accurate model, but will not be used in the simulation or implementation of

the control system in order to reduce the overall complexity of the system. This set of

equations will be derived in chapter 2 using variational principles. If ZYX set of Euler

angles are used to specify orientation [7], then rotation matrix R is given by:

R =

 cψcθ cψsθsϕ − sψcϕ cψsθcϕ + sψsϕ

sψcθ sϕsθsψ + cϕcψ sψsθcϕ − cψsϕ

−sθ cθsϕ cθcϕ


where cθ and sθ represent cos θ and sin θ respectively. The ranges for the angles are

−π < ϕ ≤ π, −π
2
< θ < π

2
and −π < ψ ≤ π.

The control input torque τa is generated by the thrust produced from the rotors.

Since Ti ∝ ω2
i , increasing angular velocity of rotor 2 and decreasing that of 4 produces

roll motion. Similarly, increasing the angular velocity of rotor 3 and decreasing that of 1

produces pitch motion. The yaw motion is produced due to the reactive torque exerted on

the frame of the body by the propeller in accordance with Newton’s third law of motion.

Since reactive torque Td ∝ ω2
i , yaw motion is produced if we increase angular velocity of

2, 4 and decrease that of 1, 3 by the same amount. Let us define the following notations

for thrust generated by propellers and reactive torque produced

4
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Ti = ktω
2
i

Td = kdω
2
i

(1.2)

where kt and kd are constants of proportionality.

Putting together above equations, torque input in the body frame is given by

τa =

 lkt(ω2
2 − ω4

2)

lkt(ω3
2 − ω1

2)

kd(ω2
2 + ω4

2 − ω1
2 − ω3

2)


The body force Fb can be written as:

fb =

 0

0

kt(ω1
2 + ω2

2 + ω3
2 + ω4

2)


Finally the dynamic equations of motion can be written as:

ẍ =
(cosϕ sin θ cosψ + sinϕ sinψ)

m
U1

ÿ =
(cosϕ sin θ sinψ − sinϕ cosψ)

m
U1

z̈ = −g + (cosϕ cos θ)

m
U1

ϕ̈ = θ̇ψ̇(
Iy − Iz
Ix

)− Ir
Ix
θ̇Ω +

l

Ix
U2

θ̈ = ϕ̇ψ̇(
Iz − Ix
Iy

) +
Ir
Iy
ϕ̇Ω +

l

Iy
U3

ψ̈ = θ̇ϕ̇(
Ix − Iy
Iz

) +
1

Iz
U4

(1.3)

where

U1 = kt(ω1
2 + ω2

2 + ω3
2 + ω4

2)

U2 = kt(ω2
2 − ω4

2)

U3 = kt(ω3
2 − ω1

2)

U4 = kd(ω2
2 + ω4

2 − ω1
2 − ω3

2)

Ω = ω2 + ω4 − ω1 − ω3

(1.4)
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1.3 Attitude Representations

A rigid body’s attitude is the orientation of its body-fixed frame with respect to

the inertial frame. A rigid body’s attitude evolves on a non-Euclidean manifold called

the Special Orthogonal Group of dimension three or SO(3). There are various ways to

represent the attitude [8] of a rigid body in non-Euclidean and Euclidean space. The

different representations are rotation matrix representation, Euler axis, principal angle,

Euler angles, quaternions, Rodrigues parameters, modified Rodrigues parameters etc. A

summary of each of these representations is given in the following subsections.

1.3.1 Rotation matrix

Let R denote the rotation matrix from the body-fixed frame to the inertial frame of

reference. The columns of the rotation matrix represent the components of the body-fixed

basis unit vectors expressed in the inertial frame. The rotation matrix has the property

that

RTR = RRT = I (1.5)

from which it follows that R−1 = RT . Hence the determinant of R = ±1. A rigid-body

transformation for which det(R) = 1 is called a rotation matrix. Two successive rotations

can be represented by:

R′′ = R′R (1.6)

where R′′ is obtained by first undergoing rotation about R followed by rotation R′.

1.3.2 Euler axis and Principal Angle

The rotation of a coordinate frame about another can also be expressed by an

angle Φ about an axis passing through the common origin. The Euler axis is obtained

by finding the rotation matrix’s eigenvector corresponding to the eigenvalue of 1. The

principal angle is obtained by finding the trace of R and using the following:

cosΦ =
1

2
(trace(R)− 1) (1.7)

1.3.3 Euler Angles

The minimum number of rotations required to represent the attitude of a rigid body

is 3. The three-angle representation of attitude is called Euler angles representation, and

the angles are called Euler angles. The final rotation matrix is obtained by multiplying

three elementary rotations. For example, rotation matrix for (ψ)3, (θ)2 and (ϕ)1 is ob-

6
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tained by multiplying successive rotations by Z−axis, followed by successive rotations

about rotated Y and X−axis. The final rotation matrix is given by:

R = R(ϕ)R(θ)R(ψ) =

 cθcψ cθsψ −sθ
sϕsθcψ − cϕsψ sϕsθsψ + cϕcψ sϕcθ

cϕsθcψ + sϕsψ cϕsθsψ − sϕcψ cϕcθ


where cθ and sθ represent cos θ and sin θ respectively.

The Euler angles for the above representation can be found as:

ϕ = tan−1(
c23
c33

)

θ = − sin−1 c13

ψ = tan−1(
c12
c11

)

(1.8)

where cij is the element corresponding to ith row and jth column of the matrix R. One

of the problems with Euler angle representation is that at a specific orientation, it is not

possible to determine all angles from the rotation matrix. For example, for the above

representation, there is a singularity at θ = ±90◦. At this orientation, ϕ and ψ cannot

be determined uniquely. This is referred to as singularity.

1.3.4 Quaternions

Quaternions are four parameters representation of attitude derived from Euler axis

and principal angle. This is a singularity free representation of attitude. A quaternion

has four parameters, the first three of which form a vector q = [q1, q2, q3]
T while the last

one, q4 is a scalar. The quaternions are represented as :

qi = ei sin
Φ

2

q4 = cos
Φ

2

(1.9)

where e= [e1, e2, e3] is the Euler axis and Φ is the principal angle. From above equation

it is observed that following constraints are satisfied:

q1
2 + q2

2 + q3
2 + q4

2 = 1 (1.10)

7
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This equation implies that the attitude representations using quaternions evolve on a

four- dimensional unit sphere. The rotation matrix in terms of quaternions is written as:

R =

 q1
2 − q2

2 − q3
2 + q4

2 2(q1q2 + q3q4) 2(q1q3 − q2q4)

2(q1q2 − q3q4) −q12 + q2
2 − q3

2 + q4
2 2(q2q3 + q1q4)

2(q1q3 + q2q4) 2(q2q3 − q1q4)cψ −q12 − q2
2 + q3

2 + q4
2


The quaternions elements can be computed as:

q1 =
c23 − c32

4q4

q2 =
c31 − c13

4q4

q3 =
c12 − c21

4q4

q4 = ±1

2

√
1 + c11 + c22 + c33 = ±1

2

√
1 + trace(R)

(1.11)

The rotation matrix derived from quaternions is computationally efficient than derived

from Euler angles since the former does not have trigonometric functions in them. The

successive rotations in quaternion space can be written as:

R(q′′, q′′4) = R(q′, q′4)R(q, q4) (1.12)

One of the problems of using quaternions is sign ambiguity. The quaternion (q, q4) and

(−q,−q4) represent same rotation matrix. This results in unwinding phenomenon [9]. In

quaternion space, (q, q4) and (−q,−q4) represent the same rotation matrix R ∈ SO(3),

but (−q,−q4) is unstable hence attitude starting near it travels to the antipodal point

(q, q4). This results in wastage of control effort and unnecessary rotation in SO(3).

1.3.5 Rodrigues Parameters

A set of 3 parameters of attitude representation, ρ = (ρ1, ρ2, ρ3)
T derived from

quaternions is called Rodrigues parameters. It is derived as :

ρ =
q

q4
= e tan

Φ

2
(1.13)

The advantage of Rodrigues parameters is that only three parameters are needed and

are less computationally intensive than Euler angle representation. But like Euler angles,

they have a singularity at Φ = nπ, and their use is limited to Φ < 180◦.

8
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1.3.6 Modified Rodrigues Parameters

A modified 3 parameter set derived from Rodrigues parameters in order to extend

its use for Φ > 180◦ is defined as :

p =
q

1 + q4
= e tan

Φ

4
(1.14)

This set p = (p1, p2, p3)
T is nonsingular for Φ < 360◦. However, it has a singularity at

Φ = 360◦.

1.4 Literature Review of Control Strategies

Several linear and nonlinear control techniques have been proposed in the litera-

ture for the stabilization and tracking control of quadrotors. The most common linear

methods have been PID and LQR. Nonlinear strategies employed for the stabilization

of quadrotor dynamics have been the Lyapunov function approach, feedback lineariza-

tion, backstepping, sliding mode control, and more recently, geometric control techniques.

• Linear Control Approach:

In [10], PID and LQR control techniques were compared to stabilize the attitude

dynamics of a micro quadrotor. PID controller was implemented on a simplified model,

while the LQR controller was developed on a complete model. But since the PID con-

troller was tuned on a complete model with actuator dynamics taken into consideration,

it performed better than the LQR controller, which was developed without taking actu-

ator dynamics into consideration. The PID control strategy is also employed in [11] in

which attitude, altitude, and position control tests are presented on Stanford Testbed of

Autonomous Rotorcraft for Multi-Agent Control(STARMAC) using PID controllers. The

aerodynamic effects present at high velocity have been treated as external disturbances,

and only PID controllers are used to show good performance. The effect of wind and

external disturbances has been neglected.

• Feedback Linearization Approach:

The initial approach to quadrotor control has been through feedback linearization.

Since the dynamics are underactuated and any combination of outputs for input-output

feedback linearization results in unstable zero dynamics, dynamic extension to feedback

linearization has been attempted in literature. In [12], it was shown that control using

input-output feedback linearization is not possible since the decoupling matrix is singu-

lar. Hence dynamic feedback extension of the control input is employed to develop the

9
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controller. In [13], coupling effects between rolling and transverse motions and between

pitching and forward motions are neglected. This resulted in an approximately linear

system. Input-output feedback linearization with dynamic extension was applied to this

system, and it was shown to have stable zero dynamics. In both the above cases, higher-

order derivatives of the states were required, and hence these are sensitive to external

disturbances and sensor noise. Model uncertainty can result in degradation of the perfor-

mance and may also cause instability because of inversion. In[14], an outer loop approach

to stabilize the zero dynamics is proposed. The method avoids the use of dynamic ex-

tension, and hence higher-order derivatives are not required. The desired values for pitch

and roll are chosen depending on the desired value of position such that the zero dynam-

ics are rendered stable. In [15], two control approaches were presented, namely feedback

linearization and backstepping. The estimates of position and orientation were obtained

using a single camera. The y and yaw motion was controlled using a PD controller, while

a feedback linearization controller was developed for x and z motion. In [16], estimates

were obtained using two cameras resulting in better controller performance even in the

presence of pose estimation errors.

Since rotational dynamics are independent of translational dynamics, the rotational

dynamics can be controlled independently of the translational dynamics. This approach

has been applied in [17] where control for the angular subsystem is developed using a

Lyapunov function while a PD control was used for z dynamics. A novel feedback con-

troller based on compensating the gyroscopic and Coriolis effects is proposed in [18]. The

controller avoids the singularity inherent with Euler angle representation. It was shown

that the controller was exponentially stable when Coriolis and gyroscopic effects were

compensated, while a PD controller without the compensation of these effects resulted

in asymptotic stability only. A controller based on nested saturation algorithm[19] is

proposed in [20] on a model developed using the Lagrangian approach. A separate nested

saturation algorithm is developed for (y, roll) and (x, pitch) motion. A PD controller

was developed for z and yaw motion. In [21], separate Lyapunov functions were used

for tracking and attitude stabilization. The effect of virtual control error is taken into

consideration, and a separate Lyapunov function for motor dynamics is used to bound

these errors.

In [22], a path following controller is presented for a quadrotor helicopter model.

The controller relies on input dynamic extension and feedback linearization. Besides solv-

ing the path following problem, the control design allows one to specify the quadrotor’s

speed profile and yaw angle along the path.

• Backstepping and sliding mode techniques:

10
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In [23], backstepping and sliding mode techniques were applied for the stabilization

of attitude dynamics of a micro quadrotor. Control was first developed for the angular

subsystem since it is independent of the translational subsystem. In [24], a backstepping

technique was applied to develop the control by dividing the system into fully actuated,

underactuated, and propeller subsystems. Control law was developed for each subsystem

to follow the desired trajectory. In [25], the model was divided into fully actuated and

underactuated subsystems. A rate bounded PID controller was used for z dynamics and

a sliding mode controller for yaw dynamics. Sliding mode control was also developed to

stabilize the underactuated subsystem consisting of x, y, roll, and pitch motion.

One of the practical limitations of the backstepping technique is that the virtual

control input’s analytic derivative form is very difficult to get in many situations. Over-

coming this difficulty, a command filtered backstepping technique has been proposed in

[26] for stabilizing the quadrotor attitude where a linear tracking differentiator is em-

ployed to extract the attitude command derivative avoiding tedious computations. This

subverted the virtual control input derivative calculation analytically and resulted in less

dependence on the dynamic model. A command-filtered adaptive backstepping technique

to control VTOL vehicles has been applied in [27] where the problem of input saturation,

as well as mass uncertainty, has been dealt with. An adaptive law based on immersion

and inversion technique [28] has been proposed to estimate mass, which is further utilized

in developing a nested saturation-based tracking law. The immersion and invariance [28]

based adaptive law guarantees the parameter convergence to its true value as opposed to

conventional adaptive laws, which is a major shortcoming of the conventional adaptive

laws. Similar to [26] command filter has been used to avoid tedious virtual control input

derivative calculations.

Backstepping technique along with nonlinear H∞ control was applied in [29]. The

nonlinear H∞ control was applied for robust attitude stabilization while backstepping

was applied in cascade for trajectory tracking of the unmanned aerial vehicle.

• H∞ and Model Predictive Control:

The goal of the nonlinear H∞ control strategy, introduced by Van der Schaft in

the article [30], is to achieve a bounded ratio between the energy of the so-called error

signals and the energy of the disturbance signals. In general, this theory’s nonlinear ap-

proach considers two Hamilton-Jacobi-Bellman-Isaacs partial differential equations (HJBI

PDEs), which replace the Riccati equations in the case of the linear H∞ control formu-

lation. The nonlinear case’s main problem is the absence of a general method to solve

these HJBI PDEs.

The basic strategy of MBPC is the repeated optimization of a performance objective
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over a finite horizon. After its introduction in the late 1960s, it has received much interest

and has been proven to be very successful in industrial applications. The main advantage

of MBPC is that the constraints can be easily handled, and therefore complex processes

can be controlled without special precautions. Same as the H∞ flight controller, the

MBPC controller can handle multivariable control problems naturally. It can also take

into account actuator constraints and ensure stability even if the constraints are exceeded.

A combined 2-DOF H∞ and Model-Based Predictive Control (MBPC) was applied

in [31]. The control was implemented in two loops. In the inner loop, the H∞ controller

provided robust stabilization and disturbance rejection. The speed, throttle, and yaw

were controlled in the first outer loop with H∞ controllers. To handle the longitudinal

and lateral motion even in the large maneuvers, which exceeds the actuators’ constraints,

the model-based predictive control (MBPC) is implemented in the second outer loop.

A path tracking underactuated H∞ control strategy was proposed in [32]. An inner

loop H∞ controller was designed to control the quadrotor’s attitude and altitude. The

outer-loop control is performed using a model-based predictive controller (MPC) to track

the reference trajectory. An integral predictive and nonlinear robust control strategy was

presented in [33] to solve the path following problem for a quadrotor helicopter. The

proposed control structure is a hierarchical scheme consisting of a model predictive con-

troller (MPC) to track the reference trajectory together with a nonlinear H∞ controller

to stabilize the rotational movements. In both controllers, the integral of the position

error is considered, allowing the achievement of a steady-state null error when sustained

disturbances are acting on the system.

• Observer Based Control:

In all the above works, it was assumed that the vehicle’s full state information was

available, and no external disturbance was present in the system. Several observer-based

control [34, 35] has been proposed in the literature to deal with such issues. In [36], sliding

mode observer with backstepping control has been proposed, while in [37], a higher-order

sliding mode observer has been proposed to not only observe the unmeasurable states but

also to estimate the external disturbances such as wind and parameter uncertainties. In

[38], a Lyapunov function approach is used to estimate the moments due to wind, while

in [39], wind effects are modeled based on the Dryden wind-gust model from which wind

forces are estimated. These estimates are then used to reject the external disturbance

due to wind. In [40] and [11], aerodynamic effects at high velocities such as blade flapping

and total thrust variation with angle of attack have been modeled and compensated using

feedback linearization.
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• Intelligent Control:

Intelligent control algorithms apply several artificial intelligence approaches, some

biologically-inspired, to control a system. Examples include fuzzy logic, neural networks,

machine learning, and genetic algorithm. They typically involve considerable uncertainty

and mathematical complexity. This complexity and abundant computational resources

required are limitations to the use of intelligent systems. Intelligent control is not limited

to fuzzy logic and neural networks, but the two are the most widely used. Fuzzy logic

algorithms deal with many-valued logic, not discrete levels of truth.

The central nervous system and brain biologically inspired artificial neural networks.

A robust neural networks algorithm was applied to a quadrotor in [41] to stabilize against

modeling error and considerable wind disturbance. The method showed improvements

with respect to achieving the desired attitude and reducing weight drift. An intelligent

fuzzy controller was applied in [42] to control the position and orientation of a quadrotor

with good response in simulation. However, a significant limitation of this work was the

trial and error approach for tuning input variables.

Output feedback control was implemented on a quadrotor using neural networks [43]

for leader-follower quadrotor formation to learn the full dynamics of the UAV, including

unmodeled dynamics. A virtual neural network control was implemented to control all

six degrees of freedom from four control inputs. The Lyapunov stability theory showed

that the position, orientation, velocity tracking errors, observer estimation errors, and

virtual control were semi-globally uniformly ultimately bounded.

An adaptive neural network scheme was applied in [44]. The proposed solution of

two parallel single hidden layers proved fruitful as this reduced tracking error, and no

weight drift was achieved. Neural nets were utilized in [45] to estimate the aerodynamic

components. One was utilized for aerodynamic components and one for aerodynamic

moments. The inner-outer loop structure was used. The outer loop was used for position

control, whereas the inner loop was used for attitude control. The backstepping tech-

nique was directly applied to the Lagrangian form of the dynamics. The control structure

developed was inherently robust to unmodeled disturbances.

• Geometric Control:

The attitude representation using Euler angles suffers from singularity while there

is sign ambiguity with the quaternion approach. The use of Euler angles also restricts the

ability of aerial vehicles to track nontrivial trajectories. A geometric control approach is

a coordinate-free approach, and hence the singularities and complexities when using local

coordinates can be avoided. In [46], a nonlinear tracking controller has been developed

directly on SE(3), which is almost global. The controller was developed to track a three-
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dimensional translational position and a one-dimensional heading direction. Robust [47]

and robust adaptive [48] variants of this controller have also been proposed in the liter-

ature. The controller has been developed for two modes: attitude-controlled flight mode

and position-controlled flight mode. In [48], first, an adaptive tracking controller was

developed assuming inertia matrix was unknown, but the bounds on the inertia matrix

were known. The controller was developed assuming no disturbance. Then another ro-

bust controller was developed assuming bounded disturbance in the attitude dynamics.

In [49], geometric nonlinear PID is developed for a quadrotor UAV on SO(3). Since a

quadrotor has only four inputs, asymptotic stability for only four outputs can be achieved.

Hence two fight modes are proposed, namely attitude-controlled flight mode and position-

controlled flight mode. The controller is developed assuming some bounded disturbances

in the dynamics.

A feedback trajectory tracking scheme has been proposed in [50] where angular ve-

locity along the thrust direction is regulated to be zero. The other components of angular

velocity are used for tracking the desired trajectory. The developed scheme promises ex-

ponential stability of the desired position tracking while the angular velocity tracking

control is finite-time stable. Since a finite time-stable closed-loop system have better

robustness and disturbance rejection properties [51], a finite time stable tracking control

scheme was developed for underactuated aerial vehicles and simulated on a quadrotor dy-

namics in [52]. The control law was simulated on a discrete dynamics derived using Lie

Group Variational Integrators (LGVI) [53]. First, the desired control was developed to

stabilize the translational dynamics in finite-time. Based on this control force, the desired

attitude trajectory is generated. To track this generated attitude trajectory, a finite-time

stable attitude tracking control scheme is developed. In [54], a geometric controller was

developed for a tilt rotor UAV. The paper utilized left tracking error on SE(3) unlike

[46], where right tracking error was used because left tracking error function results in

simpler control law design.

Due to topological restriction [9] on SO(3), it is not possible to design continuous-

time controllers on SO(3) having global exponential convergence. This is because any

configuration error function, defined on SO(3), results in more than one critical point.

Hence, one cannot achieve global convergence with only one configuration function. Hence

multiple configuration error functions have been used in the literature to overcome this

restriction. The idea is to switch between these error functions according to hybrid system

framework [55]. Another novel strategy to overcome this restriction has been proposed

in [56], where the authors achieve global attractivity with their approach and avoid dis-

continuities in time. The main idea is to shift the desired attitude temporarily based

on the initial condition. The proposed controller is discontinuous in the initial condition
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but is continuous in time. The shifted desired trajectory converges to the true attitude

trajectory in due time and hence guarantees asymptotic convergence.

• Control with input and state constraints:

Due to physical constraints on actuators, e.g., rotor speed, many researchers design

controllers with input saturation. In addition, constraints on states should also be con-

sidered for practical reasons. An attitude stabilization technique, considering the bounds

on the input signal, is developed in [57]. A backstepping controller was developed using

the saturation function for the control input. In [58], an inner-outer loop approach was

developed for trajectory tracking control of a quadrotor UAV. The outer loop generated

the saturated thrust, reference roll, and pitch angles, while the inner loop was designed

to follow these reference angles using a PID controller. In [59], a robust attitude con-

troller was designed for multiple input multiple output uncertain quadrotors considering

parametric uncertainties, external disturbances, and input time delays. A nominal input

was designed for the nominal system with input time delay. To deal with parametric

uncertainties and external disturbances, a robust compensating input is added with the

nominal input. Compared to [60], singularity free quaternion based robust controller has

been proposed in [61]. Similar to [60], a robust attitude controller is designed in [61] for

uncertain quadrotors considering various uncertainties, external disturbances, coupling,

and nonlinearities. In [59], a robust attitude controller was designed for multiple input

multiple outputs uncertain quadrotors considering parametric uncertainties, external dis-

turbances, and input time delays. A nominal input was designed for the nominal system

with input time delay. To deal with parametric uncertainties and external disturbances,

a robust compensating input is added with the nominal input. A similar robust con-

troller considering parametric uncertainties, unmodeled uncertainties, and input as well

as state delays is designed in [62, 63]. The external disturbances and multiple time-

varying states, and input time delays are taken into consideration. As an improvement

over [59], a nominal input was designed for an uncertain and delay-free model, and then

a robust compensator was added to take into account the effects of multiple uncertainties

and time delays in the closed-loop system.

• Control with state and input delay:

Time delays are ubiquitous in physical systems and engineering applications. The

literature on the control of quadrotors with input delay is very limited. In [59], a robust

attitude controller was designed for multiple input multiple output uncertain quadrotors,

considering parametric uncertainties, external disturbances, and input time delays. A

similar robust controller considering parametric uncertainties, unmodeled uncertainties,
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and input, as well as state delays, is designed in [62, 63]. Teleoperation [64] is the next big

thing in the robotics industry. But such a task is not without its own set of challenges.

The main challenges are packet loss, distortion, and time delay. It is quite desirable to

be able to control a robotic device over a network with remote access. There are several

examples in the literature of such an operation [65]. In [66, 67, 68], mobile robots have

been controlled with communication time delay while in [69], manipulators have been

controlled with input time delay. Similarly, in [70], an inverted cart pole pendulum has

been controlled, taking into account network-induced delay. All the literature mentioned

pertaining to quadrotors does not consider communication time delay. The presence of

communication time delay may result in instability in the system. The literature on the

control of quadrotors with input delay is very limited. In [71], a robust attitude con-

troller was designed for multiple input multiple output uncertain quadrotors considering

parametric uncertainties, external disturbances, and input time delays. A similar robust

controller considering parametric uncertainties, unmodeled uncertainties, and input as

well as state delays are designed in [62, 63, 72, 73].

• Control with finite-time convergence:

A trajectory tracking control law with finite-time convergence on the nonlinear

manifold SE(3) is more desirable since most of the existing finite-time control law only

stabilizes attitude. The closed-loop systems under finite-time control usually demonstrate

a faster convergence rate, higher tracking precision, better disturbance rejection proper-

ties, and robustness against uncertainties [74, 51]. Because of above mentioned attractive

features and better practical implementation in actuators, the continuous feedback finite-

time control method has gained more attention in recent years. Moreover, the continuous

feedback stabilization in finite time does not excite unmodeled high-frequency dynamics

as compared to discontinuous feedback. A continuous finite-time controller based on ho-

mogeneity [75, 76] was developed for robot manipulators in [77]. A continuous finite-time

stabilizing feedback law was developed for the double translational, and rotational dou-

ble integrator in [78]. A finite-time attitude stabilizing result based on a homogeneous

method was presented in [79]. Similarly, a finite time attitude tracking control law for

single and multiple spacecraft was developed in [80], but the attitude was represented

using Modified Rodriguez Parameters (MRPs). To deal with the external disturbances, a

finite disturbance observer-based finite-time attitude tracking control of a rigid spacecraft

was developed in [81]. In [82], a multi-variable finite-time attitude tracking law, based

on a homogeneous method, was presented. The attitude was represented using Euler

angles, and a multi-variable super-twisting-like algorithm was proposed with matched

disturbances. As an improvement to the above-mentioned method, an adaptive variant
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of the controller was developed in [83]. An adaptive multi-variable finite-time stabiliz-

ing control algorithm for second-order multi-variable systems is developed based on an

improved super-twisting and equivalent control algorithm.

A feedback tracking control scheme was developed for a class of underactuated

vehicles on SE(3) in [50] but the position dynamics are only exponentially stable. A

finite-time stabilization law with almost global convergence was developed for a rigid

body using rotation matrices for representing attitude in [84, 85] but the method was not

extended for the position dynamics. An integrated guidance and feedback control scheme

for an underactuated aerial vehicle on SE(3) was developed in [86, 52] but there was no

mention of robustness to disturbances. Finite time-controllers have also been developed

for speed regulation of Permanent Magnet Synchronous Motor in [87] and parallel DC-DC

Buck Converters in [88].

1.5 Motivation

The present research work’s motivation comes from the author’s research interest in

robotics, which is evident from his prior work in mobile robots such as PIONEER 3DX

and underwater vehicles undertaken in his Master’s thesis. The author has developed

nonlinear tracking control laws for mobile robots as well as underwater vehicles using

differential geometric concepts in his Master’s thesis. The tools of differential geometry

can be utilized to develop control laws on the manifolds on which the dynamics are

evolving and not in the ambient space. This results in the conservation of constraints

naturally. One can also avoid singularity associated with using local coordinates. Building

upon a limited background in differential geometry and its application in robotics, the

author applied these concepts to control aerial vehicles such as quadrotors. The main

motivation was to develop globally valid control laws under different conditions for aerial

vehicles such as quadrotors.

As mentioned in the literature review section, the present literature on the control of

quadrotors mainly utilizes Euler angles or quaternions to represent a quadrotor’s attitude.

But such a representation introduces singularity in controller design and hence is not valid

globally. One cannot have aggressive maneuvers using Euler angles. One singularity-free

representation can be achieved by using quaternions. But such a representation introduces

ambiguity since an attitude is represented by two antipodal quaternions. This results in

an undesirable phenomenon called unwinding.

To avoid singularities introduced due to Euler angles and ambiguities associated

with quaternions, one uses rotation matrices to represent a rigid body’s attitude. The

rotation matrices are a singularity-free representation of the attitude, and the control laws
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developed using rotation matrices are globally valid. Due to these advantages, researchers

have lately shifted to rotation matrices for attitude representation of a rigid body. In

this thesis, we are also representing the rigid bodies’ attitude using rotation matrices and

developing a globally valid tracking algorithm.

Since, in a mechanical system, external disturbances are inevitable, we need to

consider the effect of such disturbances while designing control laws for such a system.

This motivated the author to develop a better tracking control law in the presence of

disturbances and verify it experimentally. The tracking control law presented in this

thesis in the presence of disturbance is an improvement over the current state of work.

This has been achieved using a nonlinear disturbance observer and a geometric controller

in the loop.

The modeling of a mechanical system is never perfect. This is due to unknown

dynamics, imperfect knowledge of its parameters, and its variation with time. This

motivated the author to develop an adaptive variant of a control law proposed before.

It was also assumed that the center of gravity and origin of the body-fixed frame are

different. This results in difficulty in modeling the dynamics of motion.

In physical and engineering systems, time delays are very much a reality. This

aspect has not been taken into consideration while designing control laws for a quadrotor.

Moreover, teleoperation is a new field of robotics that further results in time delays. The

presence of time delay in closed-loop results in instability of the whole system. All the

literature mentioned pertaining to quadrotors does not consider communication time

delay. This motivated the author to develop a control law in the presence of time delays.

Because of the attractive features of finite-time controllers such as faster conver-

gence, better disturbance rejection, and robustness to disturbances, such a controller is

desirable. Moreover, such a controller present in the literature is discontinuous. This mo-

tivated the author to develop a robust and continuous geometric controller with finite-

time convergence on SE(3). Therefore, the proposed finite-time controller is not only

continuous but globally valid also.

1.6 Problem Statement

In this thesis, the author aims to tackle the issue of globally valid control law

design for quadrotors in the presence of disturbances and time delays. As previously

mentioned, other attitude representations such as Euler angles or quaternions suffer from

either singularity or ambiguity of representation. Therefore, the thesis aims to remove

these shortcomings and develop control laws free of singularity or ambiguity.

As mentioned, a mechanical system always suffers from disturbances or modeling
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uncertainties. Therefore, we aim to develop globally valid control laws in the presence of

disturbances and modeling uncertainties. First, this is achieved by designing nonlinear

disturbance observers on SE(3). Then, the above is extended to the case of unknown

parameters such as mass, the moment of inertia, and offset in the center of gravity.

There, the author develops adaptive control design techniques to estimate the unknown

parameters and guarantee the boundedness of tracking errors.

There has been very little attention to designing control laws in the presence of

time delays. It is well known that time delays are unavoidable when operating a device

over a network. The time delays may also introduce instability in the system. Therefore,

the methods proposed in this thesis develop control laws for quadrotors in the presence

of both input and state time delays. First, the author develops controller-predictor pair

architecture to stabilize a quadrotor in the presence of both input and state delays. This is

achieved in local coordinates. The second work globally stabilizes the attitude dynamics

in the presence of input delay.

Since a controller with finite-time convergence has better disturbance rejection

property as compared to exponentially converging control laws, the thesis presents a

method to design a finite time stable control for trajectory tracking of a quadrotor.

There has been little effort in this direction in the current literature. The robustness of

the proposed controller to bounded disturbances is also demonstrated in this thesis.

1.7 Contribution of the thesis

The thesis’s main contribution is to design globally valid control laws in the presence

of disturbances and time delays by representing the attitude of a quadrotor using rotation

matrices. Since the rotation dynamics evolve on Special Orthogonal Group of matrices

denoted by SO(3) and the translational dynamics evolve on R3, the complete dynamics

evolve on SE(3). Therefore, global valid control laws are developed directly on SE(3).

The contributions of the thesis are mentioned below :

� The dynamics of an underactuated mechanical system, e.g., quadcopters, naturally

evolve on a nonlinear manifold. Hence, differential geometric modeling concepts

are better suited to arrive at the set of equations describing the dynamic behavior

of such systems. Resorting to a differential geometric approach, a generalized dy-

namical model for a quadcopter is proposed in this paper. The rotation matrices

in the forward kinematic map are represented using Euler angles. The modeling

has been presented on a single chart. The Riemannian metric, being a crucial in-

gredient for model development on a chart, is derived from the total kinetic energy.

A complete set of dynamic equations of motion neglecting external disturbances
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is derived for the quadcopter by representing the Levi-Civita affine connection in

local coordinates. Further, based on the derived model, a proportional-derivative

(PD) controller is designed for attitude stabilization. Simulation studies validate

the proposed model and also demonstrate its robustness to wide variations in initial

conditions.

� The thesis proposes a geometric controller with a nonlinear disturbance observer

for quadrotors using rotation matrices for attitude dynamics. The thesis utilizes

left tracking error while developing the tracking controller. This is because the

left tracking error results in a simpler controller structure as compared to the right

tracking error proposed in [46, 47, 48, 89]. Further, the proposed observer does not

have the assumption that the disturbance is constant or its upper bound is known,

which makes the approach much more realistic and general. The only assumption

made is that the disturbance and its variations are bounded. Hence the proposed

disturbance observer can handle constant disturbance as a special case.

� The thesis proposes an adaptive controller to estimate the center of gravity, mass,

and inertia matrix in a coordinate invariant approach when there is an offset be-

tween the center of gravity and the origin of the body-fixed frame. The compensa-

tion in the system dynamics due to the offset in the center of gravity and geometric

center in a coordinate invariant approach is one of this thesis’s contributions. The

current literature mainly utilizes Euler angles for system dynamics compensation

due to the offset in the center of gravity and geometric center, while this thesis uses

rotation matrices for the compensation.

� A state predictor is proposed to estimate the future values of the quadrotor’s state in

the presence of both input and state time delays. The chapter attempts to propose

a method to control a quadrotor over a network. According to the authors’ best

of knowledge, there is no such method in the literature that attempts to control a

quadrotor over a network. Then the output of the estimator is used in designing

a backstepping controller. A backstepping controller is designed for stabilization

and trajectory tracking, assuming no state or input delay. The controller is shown

to have asymptotic stability property. To the best of the authors’ knowledge, this

study is the first to compensate for both states as well as input time delays in a

quadrotor system explicitly. All the mentioned literature either does not consider

such a scenario or at best handle it as a disturbance.

� The thesis proposes a stabilizing controller for quadrotors with input time delay

using rotation matrices for attitude dynamics. There are very few references in
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literature compensating input delay in a quadrotor, and this chapter attempts to

bridge that gap. Predictor feedback has been developed to compensate for the

input time delay in rotation dynamics of the quadrotor. The method does not

approximate input delay, which is prevalent in the current literature on input delay

compensation.

� The thesis develops a control law that guarantees the convergence of the attitude as

well as the translational motion to the equilibrium configuration in finite time, while

most of the existing literature develops only finite time attitude tracking control

law. Moreover, a finite time control law has been developed for trajectory tracking

for an underactuated aerial vehicle on the nonlinear manifold SE(3). The control

law is also robust to bounded external disturbances.

1.8 Thesis Organization

The thesis is organized into eight chapters. A brief summary of each chapter is

given below :

� Chapter 2 : This chapter is divided into two sections. The first section presents the

mathematical modeling using local parameterization, such as Euler angles. This sec-

tion also presents the preliminaries of differential geometric concepts used in math-

ematical modeling. The chapter also presents a brief introduction to Lie Groups

and Lie algebras. The second section presents the mathematical modeling on Lie

group SE(3).

� Chapter 3 : Chapter 3 presents a geometric controller’s development in the pres-

ence of external disturbances when the bound on the disturbances is not known.

The external disturbances are estimated using a nonlinear disturbance observer.

Both the controller and the disturbance observer are developed on the nonlinear

manifold SE(3). This makes the approach globally valid. The proposed control

and disturbance observer are also validated on a real-time quadrotor setup.

� Chapter 4 : An adaptive geometric controller is presented in this chapter in a

practical scenario when there is an offset between the center of gravity and the

origin of a body-fixed frame of reference. The adaptive control law estimates mass,

the moment of inertia, and the offset in the center of gravity in a coordinate invariant

approach. The control law, along with the adaptive laws, is shown to be Lyapunov

stable.
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� Chapter 5 : A control law in the presence of input as well as state time delay

is presented in this chapter. For this scenario, a predictor, as well as a backstep-

ping controller, is presented. The predictor predicts the quadrotor’s future states

from delayed measurements, while the backstepping controller is designed using the

predicted states. The controller predictor pair results in successful steering of a

quadrotor when operating over network-induced time delay.

� Chapter 6 : This chapter presents a geometric control law to stabilize a quadrotor’s

attitude in the presence of input time delay. The approach does not assume any

limitations on input delay. The approach is valid in long input time delay also. The

input delay equations are represented using partial differential equations (PDE)

such that the overall system is an ODE-PDE cascade. The control law results in

exponential stabilization of the attitude dynamics.

� Chapter 7 : A finite-time stable geometric control law for both attitude as well

as translational dynamics of a quadrotor is presented in this chapter. This results

in better disturbance rejection and faster convergence to reference trajectory, as

demonstrated in numerical simulations and comparison results.

� Chapter 8 : A summary of the work done and directions for future work are

presented in this chapter.
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Chapter 2

Mathematical Modeling

The dynamics of an underactuated mechanical system, e.g., quadrotors, naturally

evolve on a nonlinear manifold. Hence, differential geometric modeling concepts are better

suited to arrive at the set of equations describing the dynamic behavior of such systems.

Resorting to a differential geometric approach, a dynamical model for a quadrotor is

proposed in this chapter. Since Euler angles are local parameterization of SO(3), the

model suffers from singularity because the whole configuration space has not been covered.

A globally valid model of the quadrotor on SE(3), derived using variational principles,

has been presented in this chapter. This model will be utilized in designing controllers

in subsequent chapters.

2.1 Introduction

Attributed to their multifaceted applications, quadrotors have gained immense pop-

ularity among aerial vehicles in recent years [90]. Owing to their vertical take-off and

landing (VTOL) capabilities in limited spaces and their hovering abilities over a specified

target, quadrotors find wide utility in surveillance, search and inspection, and several

other social and military applications. Recent advances in miniaturized sensors and high

computational efficiency have played a major role in the development of aerial vehicles,

especially quadrotors [1, 3, 5, 6]. To introduce, a quadrotor is basically made of four

rotors placed perpendicular to each other. One pair of opposite rotors rotates in the

same direction while the other pair rotates in the opposite direction. One of the several

advantages of a quadrotor over conventional helicopters is its mechanical simplicity, and

therefore, these are very easy to build. The other advantage being payload augmentation

since four rotors are used, and hence more lift thrust can be generated. Unlike helicopters,

a swashplate mechanism is not required to control the movement of the quadrotors, which

further simplifies the design. One of the limitations of quadrotors is their high energy
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required to control the four rotors.

Modeling a dynamic system is the first and a very important step in designing

a controller. Once a system’s mathematical model is obtained, various analytical and

computational tools can be used for analysis purposes. Control of unmanned aerial vehi-

cles is very challenging due to their highly nonlinear dynamics and parameter variations

with flight conditions. Therefore, a good mathematical model of the system is crucial in

developing a controller that can give a reasonable performance under various operating

conditions. Several linear and nonlinear control techniques have been proposed in the lit-

erature for stabilization and tracking control of quadrotors. In [10], PID and LQR control

techniques are applied on a simplified linear model for stabilization of a quadrotor. Since

the linear model is used, the simulation results are not very satisfactory on account of

modeling inaccuracies. To improve performance, initial approaches to nonlinear control

of a quadrotor have been through feedback linearization. A dynamic feedback extension

of the control input is employed in [12] to develop the controller. Further, the coupling

effects between rolling and transverse motion and between pitching and forward motion

are neglected in [13] while designing the controller.

The authors in [14] proposed an outer loop approach to stabilize the zero dynamics.

Since rotational dynamics are independent of translational dynamics, the former can be

controlled independently of the latter. This approach has been applied in [17], where

control for the angular subsystem is developed using a Lyapunov function. While com-

pensating gyroscopic and Coriolis effects, a novel feedback controller is proposed in [18].

A Lagrangian-based model is considered, and subsequently, a controller based on nested

saturation algorithm [19] is presented in [20]. Thereafter, backstepping and sliding mode

control methodologies are reported in [23, 24, 25] for stabilization of quadrotor dynam-

ics. To simplify controller design, the translational dynamics have been represented in

the inertial frame while the rotational dynamics have been represented in the body-fixed

frame in [47, 89] and subsequently, a geometric approach to controller design has been

proposed.

This chapter presents the dynamical model of a quadrotor using differential geomet-

ric concepts. Geometric modeling techniques give a better understanding of the dynamic

system on manifolds that cannot be obtained using local coordinates. In other words,

modeling quadrotor dynamics, adopting a geometric approach results in a global dynamic

model. For instance, the configuration space of quadrotor dynamics cannot be globally

represented using a single chart since the configuration space is a nonlinear manifold.

Hence, multiple charts are needed to represent quadrotor dynamics globally.

The main contribution of the chapter is the modeling of the quadrotor dynamics

on SE(3) using variational principles. The derived model is globally valid and hence
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singularity free as compared to model derived using Euler angles. This model will be

used in subsequent chapters while developing the geometric controllers.

Section 2.2 of the chapter explains some differential geometric concepts used in

modeling the dynamics for the sake of clarity in understanding. Section 2.3 presents the

basics of Lie Group and Lie algebras used in modeling the quadrotor dynamics on SE(3).

Section 2.4 presents the modeling of quadrotor dynamics on SE(3) using variational

principles. This model will be used in subsequent chapters for controller design. A

summary of the work has been presented in Section 2.5.

2.2 Mathematical Preliminaries

Geometric control [7] [91] is the application of differential geometric tools to non-

linear control theory. Using these tools, one can develop control systems for dynamic

systems evolving on the nonlinear manifold, which are only locally Euclidean. The iden-

tification of these nonlinear manifolds with Euclidean spaces exhibits singularity. This is

the fundamental reason behind the occurrence of singularity when representing attitude

with Euler angles since attitude evolves on SO(3), which is a nonlinear manifold. Geo-

metric control techniques give a better understanding of the dynamic system on manifolds

that cannot be obtained using local coordinates. For example, there exists no continuous

feedback control that asymptotically stabilizes an attitude globally on SO(3). A review of

differential geometric tools for a better understanding of the modeling has been presented

below ([7], ch.3-4).

2.2.1 Topological Spaces

A topological space is a set S along with a subset O of power set of S called open

sets such that following conditions are satisfied :

(i) ∅ ∈ O and S ∈ O,

(ii) Arbitrary union of open sets of O is in O

i.e.
⋃
a∈A

Oa ∈ O,

(iii) Intersection of any two open sets of O is also in O

i.e. if O1,O2 ∈ O then O1 ∩ O2 is in O.

(2.1)
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2.2.2 Manifold

A manifold is a topological space that is locally homeomorphic to Rn. Since it is

locally homeomorphic to Rn a continuous bijective map, ι whose inverse is also continuous

(called homeomorphism) can be defined from an open neighborhood, U of the manifold

to Rn. The pair (U ,ι) is called a chart. The collection of such charts, such that the whole

manifold is covered, is called an atlas. If all the maps in the atlas take value in Rn then

the dimension of the manifold is said to be n. The map ι is said to be of type Cr if the
map ι : U → Rn is r−times differentiable. An atlas, equipped with Cr maps such that

the transition map ι12 is r−times differentiable, is called a Cr−atlas. A Cr−differentiable

structure is an equivalence class of atlases under the equivalence relation that the two

Cr−atlases are equivalent if their union is also a Cr−atlas. This is illustrated in Fig.2.1.

M

ι1

ι2

Rn

Rn

ι12

U1

U2

Figure 2.1: Charts and mappings

2.2.3 Immersed Submanifold

A subset S ⊂M is a Cr−immersed submanifold if there exists a manifold N and a

Cr−injective immersion f : N → M for which S = image(N).

2.2.4 Tangent Bundle

A tangent vector at x is an equivalence class of curves under the equivalence rela-

tion that the local representative of all curves has the same derivative at their common
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intersection point. The collection of all tangent vectors at x is the tangent space at x

and is denoted by TxM . The disjoint union :

TM =

◦⋃
x∈M

TxM (2.2)

of all tangent spaces is called the tangent bundle. The tangent bundle projection is the

map πTM : TM →M defined by πTM(v) = x when v ∈ TxM .

2.2.5 Vector fields

A vector field assigns a tangent vector to each point on the manifold in an appro-

priately smooth way. Similarly, a covector field assigns a cotangent vector to each point

on the manifold in an appropriately smooth way.

2.2.6 Tangent Bundle of the configuration manifold

The tangent bundle TSO(3) is isomorphic to SO(3)× R3. Let R ∈ SO(3) and let

AR ∈ TRSO(3), then we define isomorphism from TSO(3) to SO(3)× R3 as (R,AR) →
(R, (RTAR)

∨) and (R,AR) → (R, (ARR
T )∨) where (·)∨ : so(3) → R3 is the inverse of (̂·).

The body angular velocity corresponding to AR is RTAR.

The spatial angular velocity corresponding to AR is ARR
T . The body angular velocity

at R(t) is denoted by Ω(t) while the spatial angular velocity at R(t) is denoted by α(t).

2.2.7 Kinetic Energy of Rigid Body

A rigid body undergoing motion specified by a differential curve t → (R(t),r(t))

has following definition of kinetic energy (KE).

KEtran =
1

2
m||ṙ(t)||2R3 ; KErot =

1

2
GR3(Ic(Ω(t)),Ω(t))

where KEtran is the translational KE while KErot is the rotational KE at time t. The

total KE is written as :

KE = KEtran +KErot (2.3)
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2.3 Lie Group and Lie Algebras

2.3.1 Rigid body transformations

Ospatial

s1

s2
s3

b1b2

b3

Obody
(R, r)

(RT ,−RTr)

Figure 2.2: Rigid body transformations

Consider a rigid body undergoing motion in 3-dimensional Euclidean space as il-

lustrated in Fig.2.2. The inertial frame is denoted by (Ospatial,s1,s2,s3) fixed in space and

a body frame (Obody,b1,b2,b3) fixed to the body. The axes (s1,s2,s3) and (b1,b2,b3) are

assumed to have same orientation. Let us define following notations :

r ∈ R3 connect the origin Ospatial to the origin Obody i.e. r = Ospatial −Obody.

The matrix R ∈ R3×3 has the ath, a = {1, 2, 3} column, the components of ba relative to

the basis (s1,s2,s3).

χs is coordinate of a point measured in the inertial frame.

χb is coordinate of a point measured in the body fixed frame.

Then they are related by:

χs = Rχb + r

If we take x ∈ R3 as x = (x, 1), also called homogenous coordinates of x, the transforma-

tion and its inverse can be represented as :

χ̄s =

[
R r

01×3 1

]
χ̄b
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χ̄b =

[
RT −RT r

01×3 1

]
χ̄s

The orthogonal group O(n) and the special orthogonal group SO(n) are defined by:

O(n) = {R ∈ Rn×n | RRT = In}, SO(n) = {R ∈ O(n) | det(R) = 1},

respectively. The Euclidean group E(n) and the special Euclidean group SE(n) are de-

fined by:

E(n) =

{
g ∈ R(n+1)×(n+1)

∣∣∣∣ g =
[

R r

01×3 1

]
, R ∈ O(n), r ∈ Rn

}
,

SE(n) = {g ∈ E(n) | det(g) = 1}

respectively. For n = 3, the set SE(3) is the group of rigid displacements in R3, and

the matrix g ∈ SE(3) is referred to as a rigid displacement matrix. The element of

SO(n)× Rn is identified with elements of SE(n) by means of the bijection :

(R, r) 7→
[

R r

01×3 1

]

For n ∈ N, we denote the vector space of skew-symmetric matrices in Rn×n by :

so(n) = {S ∈ Rn×n | ST = −S}

The linear map (̂·) : R3 → so(3) is defined by ω̂y = ω × y for all ω, y ∈ R3. The linear

map (̂·) is an isomorphism of vector spaces and is written as so(3)≃ R3. Similarly we can

define :

se(n) =

{[
S v

01×n 0

]
∈ R(n+1)×(n+1) | S ∈ so(n), v ∈ Rn

}
.

Analogous to so(3) case we can define another linear (̂·) : R3 ⊕ R3 → se(3) by :

ξ̂ =

[
ω̂ v

01×3 0

]

for ξ̂ = (ω, v) ∈ R3 ⊕ R3. Similarly, we can write se(3) ≃ R3 ⊕R3. The elements of se(3)

are referred to as twists. We can also define inverse isomorphisms for both so(3) and

se(3) case as follows : (·)∨ : so(3) →R3 and (·)∨ : se(3) → R3 ⊕ R3. For a rigid body

undergoing movement described by a curve t 7→ (R(t), r(t)) ∈ SO(3)×R3 or equivalently
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t 7→ g(t) ∈ SE(3), the spatial angular velocity ω : R → R3 and body angular velocity

Ω : R → R3 are given by :

ω̂(t) = Ṙ(t)RT (t), Ω̂(t) = RT (t)Ṙ(t)

respectively. For the curve g : R → SE(3) , the spatial velocity ξs : R → R3 ⊕ R3 and

body velocity ξb : R → R3 ⊕ R3 are given by :

ξ̂s(t) = ġ(t)g−1(t), ξ̂b(t) = g−1(t)ġ(t)

respectively. The transformation from the body to inertial reference frame is called the

adjoint map Adg : se(3) → se(3) and is given by :

Adgη̂ = gη̂g−1

For any rigid body trajectory t 7→ g(t) with spatial velocity t 7→ ξs(t) and body velocity

t 7→ ξb(t), following relation holds :

ξ̂s(t) = Adg(t)ξ̂b(t).

2.3.2 Topological Group

A topological group is a group which is also a topological space for which the group

operation and inverse operation are continuous.

2.3.3 Lie Group

A Lie group is a topological group that is also a manifold and in which the group and

the inverse operations are smooth. For example, the set of all invertible n × n matrices

with real entries denoted by GL(n;R) is a Lie group with respect to the operation of

matrix multiplication. If the group operation is commutative, then the group is called

Abelian. For example, a vector space V with the operation of vector addition is an

Abelian group.

2.3.4 Matrix Lie group

A Matrix Lie group is a subgroup of GL(n;R).
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2.3.5 Lie algebra

A Lie algebra V is an R−vector space endowed with a bilinear operation [·, ·] :
V × V → V referred to as bracket operation which satisfies :

(i) anti-commutativity, i.e. [ξ, η] = −[η, ξ] for all ξ, η ∈ V , and

(ii) the Jacobi identity i.e. [ξ, [η, ζ]] + [η, [ζ, ξ]] + [ζ, [ξ, η]] = 0 for all ξ, η, ζ ∈ V .

Example : R3 with operation of vector cross-product is a Lie algebra.

2.3.6 Matrix Lie algebra

A matrix Lie algebra is a subspace of Rn×n closed under the operation of matrix

commutator [·, ·] : Rn×n × Rn×n → Rn×n given by [A,B] = AB −BA.

2.4 Modeling on SE(3) using Variational Principles

The configuration space of quadrotor is SE(3). The material presented in this sec-

tion is motivated from [92]. The special orthogonal group SO(3) is defined by:

SO(3) = {R ∈ R3×3 | RTR = I3, det(R) = 1}, (2.4)

Differentiating Eqn.(2.4) we get,

ṘTR +RT Ṙ = 0 (2.5)

This means RT Ṙ is skew symmetric. Let RT Ṙ = Ω̂, where the map (̂·) is defined as

before. Therefore, we have

Ṙ = RΩ̂ (2.6)

This is the kinematic equation of the rotational equation of motion of a quadrotor on

SO(3). Here, Ω represents the angular velocity of the quadrotor expressed in the body-

fixed frame. The Lagrangian of a mechanical system is defined to be the difference

between kinetic and potential energy. Therefore, the Lagrangian of the quadrotor is

given by :

L =
1

2
ΩT IΩ +

1

2
vTmv −mgz (2.7)

where I is the moment of inertia of the quadrotor, v is the linear velocity, m is the

mass, e3 = [0; 0; 1]T and z is the z-coordinate of the position vector of the quadrotor.

Since rotational kinetic energy is independent of position coordinates and translational

kinetic energy is independent of rotational coordinates, one can derive the rotational

and translational dynamic equations of motion independent of each other. Let us first
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consider rotational kinetic energy. Let

Lrot =
1

2
ΩT IΩ (2.8)

The equations of motion can be obtained by applying Hamilton’s principle i.e.

δ

∫ b

a

Lrot(Ω)dt = 0 =⇒
∫ b

a

〈
δLrot
δΩ

, δΩ

〉
dt = 0 (2.9)

The variations δΩ are induced by the variations on δR. By taking the variation of

Ω̂ = R−1Ṙ, one gets :

δΩ̂ = −R−1δRR−1Ṙ +R−1δṘ = −(R−1δR)Ω̂ +R−1δṘ (2.10)

The variations δR are taken among paths R(t) ∈ SO(3) with fixed endpoints, so that

δR(a) = δR(b) = 0. Defining Σ̂ ∈ so(3) by

Σ̂ = R−1δR (2.11)

Σ̂ vanishes at the endpoints since δR does. Differentiating Eqn.(2.11) gives :

dΣ̂

dt
= −R−1ṘR−1δR +R−1δṘ =⇒ R−1δṘ =

dΣ̂

dt
+R−1ṘR−1δR (2.12)

Substituting in Eqn.(2.10) gives :

δΩ̂ = −Σ̂Ω̂ +
dΣ̂

dt
+ Ω̂Σ̂ =

dΣ̂

dt
+ [Ω̂, Σ̂] (2.13)

where [·, ·] is the matrix commutator. Since [Ω̂, Σ̂] = Ω× Σ
∧

, one can write :

δΩ = Σ̇ + Ω× Σ (2.14)

Substituting in Eqn.(2.9), we get∫ b

a

〈
δLrot
δΩ

, Σ̇ + Ω× Σ

〉
dt = 0 =⇒

∫ b

a

〈
δLrot
δΩ

,
dΣ

dt

〉
+

∫ b

a

〈
δLrot
δΩ

,Ω× Σ

〉
dt = 0

=⇒
∫ b

a

〈
− d

dt

(
δLrot
δΩ

)
,Σ

〉
+

∫ b

a

〈
− Ω× δLrot

δΩ
,Σ

〉
dt = 0

=⇒
∫ b

a

〈
− d

dt

(
δLrot
δΩ

)
+
δLrot
δΩ

× Ω,Σ

〉
dt = 0 (2.15)
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Since Eqn.(2.15) vanishes for any path Σ(t) ∈ so(3), the motion is given by the equation

:

d

dt

(
δLrot
δΩ

)
=
δLrot
δΩ

× Ω (2.16)

which simplifies to

IΩ̇ = IΩ× Ω (2.17)

Similarly the translational equation of motion can be derived and is found to be :

mv̇ = −mge3 (2.18)

Therefore, the complete equations of motion of a quadrotor on SE(3) in presence of forces

assumes the form :

Ṙ = RΩ̂

IΩ̇ = IΩ× Ω + τ (2.19)

ẋ = v

mv̇ = −mge3 +Rfb (2.20)

where τ and fb are the external torque and force acting in the body-fixed frame. x ∈ R3

is the position vector of the quadrotor.

2.5 Conclusion

Since Euler angles are local parameterization of SO(3), the model suffers from

singularity because the whole configuration space has not been covered. Moreover the

quaternions suffer from ambiguity of representation since two anti-podal quaternions

represent same rotation matrix. Therefore, a globally valid model of the quadrotor on

SE(3), derived using variational principles, has been presented in this chapter. This

model will be utilized in designing controllers in subsequent chapters.
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Chapter 3

Nonlinear Disturbance Observer

Based Geometric Control of a

Quadrotor

A mechanical system inherently suffers from disturbances. Therefore, this chap-

ter presents a nonlinear disturbance observer-based controller (NDOBC) for quadrotors

utilizing the rotation matrices for attitude dynamics. The proposed observer does not

make the assumption that the disturbance is constant or its upper bound is known. The

only assumptions are that the disturbance and its derivatives are bounded and hence

can handle constant disturbance as a special case. The proposed disturbance observer

can handle a large class of disturbances. The NDOBC is shown to be locally input to

state stable with respect to the derivatives of the disturbances present in attitude dy-

namics and translational dynamics. The proposed controller, as well as the nonlinear

disturbance observer, has been formulated on the nonlinear manifold SE(3), where the

rotational dynamics evolve on SO(3) while the translational dynamics evolve on R3.

3.1 Introduction

To remove the singularities associated with Euler angles and ambiguities with

quaternions, rotation matrices have been used to develop controllers in [46, 47, 48, 89].

The effect of external disturbances was considered in [47, 48] where it is assumed that the

bound on the disturbances is known a priori. A time-varying disturbance with bounded

amplitude and bounded derivative was considered in [93] but the control law was devel-

oped using quaternions.

The contributions of this chapter are mentioned below. Firstly, the chapter presents

a geometric controller with a nonlinear disturbance observer for quadrotors using rota-
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tion matrices for attitude dynamics. The second novelty of this chapter is the utilization

of left tracking errors while developing the tracking controller. This is because the left

tracking error results in a simpler controller structure as compared to the right tracking

error proposed in [46, 47, 48, 89]. The third contribution of this chapter is that the

proposed observer does not have the assumption that the disturbance is constant or its

upper bound is known, which makes the approach much more realistic and general. The

proposed geometric controller, along with the nonlinear disturbance observer, is shown

to render closed-loop error dynamics locally input to state stable with respect to the

derivatives of disturbances present in attitude as well as translational dynamics.

Section 3.2 of the chapter explains the dynamic model used in developing the controller.

Various configuration errors and nonlinear disturbance observer design have been pre-

sented in section 3.3. Section 3.4 explains the development of the geometric controller

while compensating for the external disturbances along with the proofs. Simulation re-

sults and experimental results on a hardware setup have been presented in section 3.5

and section 3.6, respectively.

3.2 Dynamic Model

The dynamic equations of motion of a quadrotor can be recalled from section 2.4.

In the presence of external disturbances, the equations of motion become :

ẋ = v

Ṙ = RΩ̂

mv̇ = −mge3 +Rfb + dx (3.1)

IΩ̇ = −Ω× IΩ + τb + dΩ (3.2)

where, dx : disturbance vector in translational dynamics,

dΩ : disturbance vector in rotational dynamics.

(̂·) : map from R3 to so(3), space of skew symmetric matrices i.e. if Ω = [b1 b2 b3]
T ,

then

Ω̂ =

 0 −b3 b2

b3 0 −b1
−b2 b1 0


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3.3 Geometric Controller

3.3.1 Configuration Error

The configuration error for the position and velocity are defined in the inertial frame

as :

ex = x− xd, ev = v − vd

where, vd = ẋd is the desired inertial velocity. For the attitude dynamics, left error

representation is employed as:

Re = RRT
d ∈ SO(3)

where Rd represents the desired attitude. This choice allows us to obtain a simple control

law design as opposed to the right error representation given below:

Rr = RT
dR ∈ SO(3)

The error function on SO(3) is chosen to be :

Ψ =
1

2
tr(K(I −RRT

d ))

for a symmetric positive definite matrix K ∈ R3×3. Here tr(·) denotes trace of the matrix.

For the sake of simplicity, the gain matrix is taken to be diagonal i.e., K = diag(k1, k2, k3),

where k1, k2, k3 are strictly positive constants. The properties of the left error function

used in this chapter can be recalled from [54] but is mentioned below for the sake of

completeness.

(1) Ψ is locally positive definite about Re = I3×3.

(2) The time derivative of Ψ is

d

dt
Ψ = (skew(KRe)

∨)TRdeΩ = eTRRdeΩ. (3.3)

where (·)∨ denotes map from so(3) to R3 and eR is attitude error vector.

(3) For Ψ < ψ < p1, it is locally quadratic

h1||eR||2 ≤ Ψ ≤ h2||eR||2
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h1 =
p1

p2 + p23
, h2 =

p3
p1(p1 − ψ)

(3.4)

where the constants, pi are given by

p1 = min{k1 + k2, k2 + k3, k3 + k1}
p2 = max{(k1 − k2)

2, (k2 − k3)
2, (k3 − k1)

2}
p3 = max{k1 + k2, k2 + k3, k3 + k1}

(4) The time derivative of the attitude error vector eR is given by

ėR = E(K,Re)eΩ

where E(K,Re) =
1

2
(tr(KRe)I3×3 −RT

eK)Rd

The norm of ėR satisfies the following inequality and will be used in the stability analysis

[54]

||ėR|| ≤
1√
2
tr(K)||eΩ||

To find the error in angular velocity, we need the concept of transport map [7]. The

transport map allows us to compare velocities in different tangent spaces. Since Ṙ ∈
TRSO(3) and Ṙd ∈ TRdSO(3), we cannot subtract them naively to obtain the error in

angular velocity, which is the case in TR3. The error in angular velocity is calculated as:

Ṙ− τl(Ṙd) = R(Ω̂− Ω̂d) = RêΩ

where τl represents transport map. For left error representation τl = Re. Hence left

velocity error is given by :

eΩ = Ω− Ωd

3.3.2 Nonlinear Disturbance Observer

One of the advantages of disturbance observer-based control (DOBC) over robust

control methods is good disturbance rejection property without sacrificing the nominal

performance. In case of no external disturbances, its estimates are zero, and hence the

DOBC law reduces to baseline control law. In this scenario, excessive control energy is not

wasted in rejecting the disturbances. Other advantages of disturbance observers are better

transient performance and better dynamic response. Owing to these advantages, we have
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chosen to utilize disturbance observers to estimate external disturbances. The nonlinear

disturbance observer proposed here is motivated from [94] and is used to estimate the

external disturbances. The structure of the observer is given by:

żΩ = −l(Ω)[I−1(λ(Ω) + zΩ)− I−1(Ω× JΩ) + I−1τb]

d̄Ω = zΩ + λ(Ω) (3.5)

żx = −l(v)[ 1
m
(λ(v) + zx)− ge3 +

Rfb
m

]

d̄x = zx + λ(v) (3.6)

where, d̄Ω and d̄x represent disturbance estimates in attitude and translational dynamics.

zi, i ∈ {x,Ω} represents the internal state of the observer. λ(i) is a nonlinear function

and l(i) is designed as:

l(i) =
∂λ(i)

∂i

where i ∈ {v,Ω}. In this work, we have chosen the above parameters as:

λ(Ω) = KmΩ therefore l(Ω) = KmI3×3

Similarly,

λ(v) = Ksv and therefore l(v) = KsI3×3

where Km and Ks are positive definite gain matrices and I3×3 is identity matrix.

The dynamics of the disturbance estimation error ∆x = dx − d̄x and ∆Ω = dΩ − d̄Ω is

given by :

∆̇x = − l(v)
m

∆x + ḋx

∆̇Ω = −l(Ω)I−1∆Ω + ḋΩ

Lemma 3.3.1. [95] If the disturbances are bounded, the estimation error of the distur-

bance observer is locally input to state stable(ISS) if the observer gain l(v) and l(Ω) are

chosen such that

∆̇x +
l(v)

m
∆x = 0 and ∆̇Ω + l(Ω)I−1∆Ω = 0

are asymptotically stable.
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d̄x, d̄Ω

uff

Figure 3.1: Controller with the disturbance observer

3.4 Controller Design

For a fully actuated rigid body, the control force and torque required to track any

desired trajectory (xd(t), vd(t), Rd(t),Ωd(t)) while compensating for external disturbances,

are given by [54]:

fdc = −Kxex −Kvev +m(v̇d + ge3)− d̄x (3.7)

τc = −RT
d eR −KΩeΩ + IΩ̇d + Ω× IΩ− d̄Ω (3.8)

where Kx, Kv, KΩ ∈ R3×3 are positive definite gain matrices. The control torque (3.8)

proposed in [7] has simpler expression as compared to the one based on right attitude

error representation [46]. In our approach we propose to apply following control law and

torque to the quadrotor :

fb = ||fdc ||e3 and τb = τc (3.9)

The choice of control fb always results in positive thrust to the quadrotor, whereas in

[46] the total thrust becomes negative when the angle between the desired thrust and

vertical body axis becomes greater than 90◦. For a standard VTOL vehicle, it is required

that fTb e3 > 0. A conceptual diagram of the geometric controller with the nonlinear

disturbance observer in the loop is shown in Fig.3.1. In the figure uff denotes feedforward

compensation input while ufb denotes feedback control input. u is given as sum of uff

and ufb i.e. u = uff + ufb. d̄Ω and d̄x depict disturbance estimates in attitude and

translational dynamics respectively. dΩ and dx depict additive external disturbances

present in attitude and translational dynamics respectively.
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3.4.1 Finding Reference Attitude

For a desired heading direction b1d(t), we can calculate the desired attitude Rd(t)

[46] as :

Rd(t) = [b2d(t)× b3d(t) b2d(t) b3d(t)]

where,

b3d(t) =
fdc

||fdc ||
, b2d(t) =

b3d(t)× b1d(t)

||b3d(t)× b1d(t)||

fdc is defined in Eqn.(3.7). Thus, the attitude reference depends among others on the

translational movement errors. It is assumed that ||fdc || ≠ 0. It is also assumed that

b3d(t) is not parallel to b1d(t).

3.4.2 Input to State Stability

The nonlinear system

ẋ = f(t, x, u) (3.10)

is said to be input to state (ISS) [96, 97] stable if there exist a class KL function β and a

class K function γ such that for any initial state x(t0) and any bounded input u(t), the

solution exists for all t ≥ t0 and satisfies

||x(t)|| ≤ β(||x(t0)||, t− t0) + γ(supt0≤τ≤t||u(τ)||)

The above notion of input to state stability (ISS) is defined for the global case where the

initial state and the input can be arbitrarily large. If the above inequality is satisfied

in the region ||x|| < r and ||u|| < ru for ||x(t0)|| < k1 and supt≥t0 ||u(t)|| < k2 where k1

and k2 are positive constants, then the system is said to be locally input to state stable

(LISS) [98].

Theorem 3.4.1. [96] Let V : [0,∞)×Rn → R be a continuously differentiable function

such that

α1(||x||) ≤ V (t, x) ≤ α2(||x||)
∂V

∂t
+
∂V

∂x
f(t, x, u) ≤ −W3(x), ∀ ||x|| ≥ ρ(||u||) > 0
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∀(t, x, u) ∈ [0,∞) × Rn × Rm, where α1, α2 are class K∞ functions, ρ is a class K
function, and W3(x) is a continuous positive definite function on Rn. Then the system

3.10 is input to state stable with γ = α−1
1 ◦ α2 ◦ ρ.

For local input to state stability (LISS) α1 and α2 can be class K functions and are

not necessarily class K∞ functions.

Following propositions are the contributions of this chapter.

Proposition 3.1. The attitude dynamics (3.2) driven by control law (3.8) with the dis-

turbance estimates given by (3.5) renders the closed loop attitude error dynamics locally

input to state stable (ISS) with respect to derivative of the disturbance, dΩ if the following

conditions are satisfied :

(i) Ψ < ψ < p1,

(ii) ||ḋΩ|| is bounded,
(iii) The matrices A, L1 and L2 defined in the proof below are positive definite for positive

constant c1

Proof. Consider the following Lyapunov candidate for the rotational motion

VR =
1

2
eTΩIeΩ +Ψ+ c1e

T
ΩeR +

1

2
∆T

Ω∆Ω

where c1 is a positive constant. Letting zR = [||eR|| ||eΩ|| ||∆Ω||]T , we can write

λm(L1)||zR||2 ≤ VR ≤ λM(L2)||zR||2 (3.11)

where

L1 =

 h1 −c1 0

−c1 1
2
λm(I) 0

0 0 1
2

 L2 =

 h2 c1 0

c1
1
2
λM(I) 0

0 0 1
2


λm(·) represents minimum eigenvalue of its argument and

λM(·) represents maximum eigenvalue of its argument

We can observe that

IėΩ = I(Ω̇− Ω̇d) = −Ω× IΩ + τb + dΩ − IΩ̇d = −RT
d eR −KΩeΩ +∆Ω
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Then,

V̇R = eTΩIėΩ +
1

2
tr(−KṘRT

d −KRṘT
d ) + c1ė

T
ΩeR + c1e

T
ΩėR +∆T

Ω∆̇Ω

= eTΩ(−RT
d eR −KΩeΩ +∆Ω)−

1

2
tr(KRêΩR

T
d ) + c1e

T
RI

−1(−RT
d eR −KΩeΩ +∆Ω)

+ c1e
T
ΩEeΩ +∆T

Ω(−l(Ω)I−1∆Ω + ḋΩ)

From the equality Ax̂AT = Ax
∧

, we can write :

V̇R = eTΩ(−RT
d eR −KΩeΩ +∆Ω)−

1

2
tr(KRRT

dRdeΩ
∧

) + c1e
T
RI

−1(−RT
d eR −KΩeΩ +∆Ω)

+ c1e
T
ΩEeΩ +∆T

Ω(−l(Ω)I−1∆Ω + ḋΩ)

From the equality −1
2
tr(x̂ŷ) = x · y and further simplification, we can write :

V̇R = −eTΩKΩeΩ − c1e
T
RI

−1RT
d eR − c1e

T
RI

−1KΩeΩ + c1e
T
RI

−1∆Ω + c1EeΩ
T eΩ

−∆T
Ωl(Ω)I

−1∆Ω + eTΩ∆Ω +∆T
ΩḋΩ

≤ −λm(KΩ)||eΩ||2 + ||eΩ||||∆Ω|| −
c1

λM(I)
||eR||2 +

c1
λm(I)

λM(KΩ)||eR||||eΩ||

+
c1

λm(I)
||eR||||∆Ω||+

c1√
2
tr(K)||eΩ||2 − λm(KmI

−1)||∆Ω||2 + ||∆Ω||||ḋΩ||

≤ −λm(KΩ)||eΩ||2 + ||eΩ||||∆Ω|| −
c1

λM(I)
||eR||2 +

c1
λm(I)

λM(KΩ)||eR||||eΩ||

+
c1

λm(I)
||eR||||∆Ω||+

c1√
2
tr(K)||eΩ||2 − λm(KmI

−1)||∆Ω||2 +
||∆Ω||2

2
+

||ḋΩ||2
2

If zR = [||eR|| ||eΩ|| ||∆Ω||]T , then we can write

V̇R ≤ −zTRAzR +
||ḋΩ||2

2
≤ −λm(A)||zR||2 +

||ḋΩ||2
2

(3.12)

where matrix A is given by:

A =


c1

λM (I)
− c1

2λm(I)
λM(KΩ) − c1

2λm(I)

− c1
2λm(I)

λM(KΩ) λm(KΩ)− c1√
2
tr(K) −1

2

− c1
2λm(I)

−1
2

λm(KmI
−1)− 1

2


Eqn.(3.12) can be written as :

V̇R ≤ −λm(A)(1− θ)||zR||2 − λm(A)θ||zR||2 +
||ḋΩ||2

2
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for 0 < θ < 1.

V̇R ≤ −λm(A)(1− θ)||zR||2 ∀ ||zR|| ≥
1√

2θλm(A)
||ḋΩ|| (3.13)

From Eqns.(3.11) and (3.13), we have

α1(r) = λm(L1)r
2, α2(r) = λM(L2)r

2 and ρ(r) =
1√

2θλm(A)
r

Therefore the attitude error dynamics is locally ISS w.r.t. ḋΩ with

γ(r) =

√
λM(L2)

2θλm(A)λm(L1)
r

Proposition 3.2. The complete dynamics (3.1), (3.2) driven by control law (3.7), (3.8)

with the disturbance estimates given by (3.5), (3.6) renders the complete closed loop er-

ror dynamics locally input to state stable with respect to derivative of disturbances in

rotational and translational dynamics if the conditions in Proposition 1 as well as the

following conditions are satisfied.

(i) ||ḋx|| is bounded,
(ii) ||ḋ|| is bounded,
(iii) The matrices B, P1 and P2 defined in the proof below are positive definite for positive

constant c2

d = [dΩ, dx] represents total disturbance vector.

Proof. Consider the following Lyapunov candidate for the translational motion

Vx =
1

2
meTv ev +

1

2
eTxKxex + c2e

T
x ev +

1

2
∆T
x∆x

Defining zx = [||ex|| ||ev|| |||∆x||]T , we have

λm(P1)||zx||2 ≤ Vx ≤ λM(P2)||zx||2

where

P1 =


1
2
λm(Kx) −c2 0

−c2 1
2
m 0

0 0 1
2

 P2 =


1
2
λM(Kx) p2 0

p2
1
2
m 0

0 0 1
2


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We can observe that

mėv = m(v̇ − v̇d) = −mge3 +Rfb + dx −mv̇d = −mge3 +Rfb + fdc − fdc + dx −mv̇d

= −Kxex −Kvev +∆x +Rfb − fdc = −Kxex −Kvev +∆x +∆f

where ∆f = Rfb − fdc . Then,

V̇x = meTv ėv + eTxKxev + c2ė
T
x ev + c2e

T
x ėv +∆T

x ∆̇x

= eTv (−Kxex −Kvev +∆x +∆f) + eTxKxev + c2e
T
v ev

+
c2
m
eTx (−Kxex −Kvev +∆x +∆f) + ∆T

x (−
l(v)

m
∆x + ḋx)

Further simplification results in

V̇x = −eTvKvev + eTv∆x + eTv∆f + c2e
T
v ev −

c2
m
eTxKxex −

c2
m
eTxKvev +

c2
m
eTx∆x

+
c2
m
eTx∆f −∆T

xKsm
−1∆x +∆T

x ḋx

≤ −(λm(Kv)− c2)||ev||2 −
c2
m
λm(Kx)||ex||2 − λm(

Ks

m
)||∆x||2 + ||ev||||∆x||

+ ||ev||||∆f ||+
c2
m
λM(Kv)||ex||||ev||+

c2
m
||ex||||∆x||+

c2
m
||ex||||∆f ||+

||∆x||2
2

+
||ḋx||2
2

(3.14)

where, ∆f = Rfb − fdc , the norm of which can be written as :

||∆f || = ||Rfb − fdc || =
∣∣∣∣R||fdc ||e3 − ||fdc ||Rde3

∣∣∣∣
≤

∣∣∣∣Re3 −Rde3
∣∣∣∣||fdc ||

=
√

(Re3 −Rde3)T (Re3 −Rde3)||fdc ||

=
√

2− 2eT3R
T
dRe3||fdc ||

eT3R
T
dRe3 represents cosine of angle between b3 and b3d where b3 represents current thrust

direction. Since 1− Ψ represents the cosine of the eigen-axis rotation angle between Rd

and R [46], we have:

1 > eT3R
T
dRe3 > 1−Ψ > 0 ⇒ 0 < 1− eT3R

T
dRe3 < Ψ

Since

h1||eR||2 ≤ Ψ ≤ h2||eR||2, we have
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||∆f || <
√

2h2||eR||fM (3.15)

where fM represents maximum thrust delivered by the propellers i.e. ||fdc || ≤ fM . There-

fore,

V̇x ≤ −(λm(Kv)− c2)||ev||2 −
c2
m
λm(Kx)||ex||2 − λm(

Ks

m
)||∆x||2 + ||ev||||∆x||

+
√
2h2||ev||||eR||fM +

c2
m
λM(Kv)||ex||||ev||+

c2
m
||ex||||∆x||

+
√

2h2
c2
m
||ex||||eR||fM +

||∆x||2
2

+
||ḋx||2
2

(3.16)

The complete error dynamics can be proved to be locally input to state stable by taking

V = Vx + VR as the Lyapunov function candidate for the complete dynamics. Therefore,

letting z = [||eR|| ||eΩ|| ||∆Ω|| ||ex|| ||ev|| ||∆x||]T , we can write

λm(T1)||z||2 ≤ V ≤ λM(T2)||z||2 (3.17)

where

T1 =

[
L1 0

0 P1

]
T2 =

[
L2 0

0 P2

]
Therefore, T1 will be positive definite if both L1 and P1 are positive definite. Similarly,

T2 will be positive definite if both L2 and P2 are positive definite.

We can write

V̇ = V̇x + V̇R

≤ −(λm(Kv)− c2)||ev||2 −
c2
m
λm(Kx)||ex||2 − λm(

Ks

m
)||∆x||2 + ||ev||||∆x||

+
√
2h2||ev||||eR||fM +

c2
m
λM(Kv)||ex||||ev||+

c2
m
||ex||||∆x||

+
√

2h2
c2
m
||ex||||eR||fM +

||∆x||2
2

+
||ḋx||2
2

− λm(KΩ)||eΩ||2 + ||eΩ||||∆Ω||

− c1
λM(I)

||eR||2 +
c1

λm(I)
λM(KΩ)||eR||||eΩ||+

c1
λm(I)

||eR||||∆Ω||+
c1√
2
tr(K)||eΩ||2

− λm(KmI
−1)||∆Ω||2 +

||∆Ω||2
2

+
||ḋΩ||2

2
(3.18)

If z = [||eR|| ||eΩ|| ||∆Ω|| ||ex|| ||ev|| ||∆x||]T , then we can write (3.18) as:

V̇ ≤ −zTBz + ||ḋx||2
2

+
||ḋΩ||2

2
≤ −λm(B)||z||2 + ||ḋ||2

2
(3.19)
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where

B =

[
A B12

BT
12 B22

]

B12 =

 −
√

h2
2
c2
m
fM −

√
h2
2
fM 0

0 0 0

0 0 0



B22 =


c2
m
λm(Kx) − c2

2m
λM(Kv) − c2

2m

− c2
2m
λM(Kv) λm(Kv)− c2 −1

2

− c2
2m

−1
2

λm(
Ks
m
)


Here d = [dΩ, dx]

T is the total disturbance vector and hence ||ḋ||2 = ||ḋx||2+ ||ḋΩ||2. Eqn.
(3.19) can be written as:

V̇ ≤ −λm(B)(1− θ1)||z||2 − λm(B)θ1||z||2 +
||ḋ||2
2

≤ −λm(B)(1− θ1)||z||2 ∀ ||z|| ≥ 1√
2θ1λm(B)

||ḋ|| (3.20)

for 0 < θ1 < 1. From Eqns.(3.17) and (3.20), the complete error dynamics will be

locally input to state stable (ISS) with respect to the derivate of disturbances, ḋ with the

following parameters

α1(r) = λm(T1)r
2, α2(r) = λM(T2)r

2, ρ(r) =
1√

2θ1λm(B)
r

and

γ(r) =

√
λM(T2)

2θ1λm(B)λm(T1)
r

3.5 Simulation Results

A numerical simulation [MATLAB/SIMULINK] of the geometric controller de-

veloped in the previous section is performed with the designed nonlinear disturbance

observer in the loop. Various parameters used in the simulations are given in Ta-

ble 3.1. Positive definite diagonal gain matrices have been chosen to quickly stabilize

the attitude dynamics. Yaw dynamics will be stabilized first due to higher inertia

value which will result in higher control effort in feedback control law. This results

46

TH-2551_166102009



3.5. Simulation Results

Table 3.1: Parameters used in simulation

Parameter Values Units Parameter Values Units

g 9.81 m/s2 Ixx 0.082 kg m2

m 4.34 kg Iyy 0.0845 kg m2

Kx 4I3 - Izz 0.1377 kg m2

Kv 10I3 - KΩ 5I3 -
Km 5I3 - Ks 5I3 -
K 10I3 -

in better stability of the vehicle. Then pitch dynamics will be stabilized because of

greater control effort as compared to roll dynamics. The reference trajectory is given by

xd(t) = [2 cos
[
πt
10

]
; 2 sin

[
πt
10

]
; t
2
] and b1d(t) =

ẋd(t)
||ẋd(t)||

. The initial conditions for simulation

are assumed to be [x(0); y(0); z(0))] = [0; 0; 0] and R(0) = I3.

3.5.1 Scenario I : Finite Slope and bounded Disturbance

The external disturbances generated in the simulation environment are given by

dx(t) = dΩ(t) = [0.13 tan−1
(
t
2

)
; 0.2 tan−1

(
t
2

)
; 0.26 tan−1

(
t
2

)
]. The position tracking per-

formance and the disturbance estimates in position and attitude dynamics are shown in

Figs 3.2-3.3. It is observed from Fig. 3.2 that better position tracking is obtained with the

nonlinear disturbance observer than without the disturbance observer. The RMS error in

position tracking without the disturbance observer is found to be [0.4069; 0.2450; 0.1039]m

while RMS error in position tracking with the disturbance observer is found to be [0.3363;

0.0771; 0.0253]m, which is a substantial improvement. The transient performance and the

dynamic response of the NDOBC are also better compared to the one without the dis-

turbance observer. A good estimate of the disturbances present in position and attitude

dynamics is also obtained by the disturbance observer, as illustrated in Figs. 3.3. All

the disturbance estimates were initialized with zero initial conditions. The disturbance

estimates quickly converge to the actual ones within few seconds with some bounded

errors. The configuration error function, Ψ as seen from Fig.3.4b, decreases very fast and

settles around zero with some small bounded positive error. The control force fb is also

smooth, bounded, and settles to a final value of 42.3 N within 5 seconds.

3.5.2 Scenario II : Constant Disturbance

The external disturbances generated in the simulation environment are assumed

to be constants and are given by dx(t) = dΩ(t) = [0.13; 0.2; 0.26]. This type of scenario

might occur when there is a change in dynamic parameters like mass, the moment of in-

ertia, or the center of gravity. It is observed from Fig. 3.5 that better position tracking is

47

TH-2551_166102009



3.5. Simulation Results

Figure 3.2: Trajectory tracking

Table 3.2: Comparison Table

RMS Error with NDOBC without NDOBC

Scenario I [0.3363; 0.0771; 0.0253]m [0.4069; 0.2450; 0.1039]m
Scenario II [0.3358; 0.0749; 0.0245]m [0.3634; 0.1809; 0.0716]m

obtained with the nonlinear disturbance observer than without the disturbance observer.

The RMS error in position tracking without the disturbance observer is found to be

[0.3634; 0.1809; 0.0716]m while RMS error in position tracking with the disturbance ob-

server is found to be [0.3358; 0.0749; 0.0245]m. The estimates of the disturbances present

in position and attitude dynamics converge to the actual disturbances within few seconds,

as illustrated in Fig. 3.6. One can also observe that the convergence rate is also fast, and

the disturbance estimates converge to the actual disturbances in less than 5 secs.

Table 3.2 shows the RMS error in position tracking with and without the disturbance

observer in the loop for both scenarios.

Table 3.3: Parameters used in experiment

Parameter Values Units Parameter Values Units

K I3 - Ixx 0.006 kg m2

KΩ {0.15, 0.15, 0.2} - Iyy 0.008 kg m2

Kx {0.95, 0.95, 1.0} - Izz 0.02 kg m2

Kv {0.09, 0.09, 0.2} - m 1 kg
Km {0.2, 0.2, 0.05} - Ks 0.02I3 -
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(a) (b)

(c) (d)

(e) (f)

Figure 3.3: Disturbance estimates in (a) Roll [Nm]; (b) Pitch [Nm]; (c) Yaw [Nm]; (d) X
[N]; (e) Y [N]; (f) Z [N].

3.6 Experimental Results

The above designed geometric controller with the nonlinear disturbance observer

was implemented on an open-source Pixhawk[99] board with the parameters listed in

Table 3.3. The quadrotor was made from a DJI F450 frame with a frame length of 45cm

from one diagonal end to another. The quadrotor was given a circular trajectory to follow
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(a) (b)

Figure 3.4: (a) fb [N]; (b) Ψ.

Figure 3.5: Trajectory tracking

with a radius of 2m at an altitude of 5m as described below :

xd(t) = 0 yd(t) = 0 zd(t) = 0.5t for 0 ≤ t ≤ 10s;

xd(t) = 2 cos

[
2π

(t− 10)

20

]
yd(t) = 2 sin

[
2π

(t− 10)

20

]
zd(t) = 5m for 10s ≤ t ≤ 90s;

xd(t) = 0 yd(t) = 0 zd(t) = 5m for 90s ≤ t ≤ 100s;

xd(t) = 0 yd(t) = 0 zd(t) = −0.5(t− 110) for 100s ≤ t ≤ 110s

The experiment was done on a slightly windy day. The initial condition was taken to be

x(0) = 0; y(0) = 0; z(0) = 0 and R(0) = I3. The various experimental results are shown
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(a) (b)

(c) (d)

(e) (f)

Figure 3.6: Disturbance estimates in (a) Roll [Nm]; (b) Pitch [Nm]; (c) Yaw [Nm]; (d) X
[N]; (e) Y [N]; (f) Z [N].

in Figs. 3.7-3.10. Decent tracking performance is observed from Figs. 3.7-3.8 while

the tracking errors can be attributed to lack of better localization methods. Here GPS

was used for localization of the quadrotor due to the unavailability of motion capture

systems. The various control torques and the throttle input are shown in Fig. 3.9. It

is observed that the control inputs are bounded and finite. The control torques vary
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around zero, while the throttle input varies around 0.425. Nominal values of dynamic

parameters were used in designing the disturbance observers. The disturbance estimates

shown in Fig. 3.10 are due to the deviation of parameters from their nominal values as

well as disturbances due to wind. It can be observed from the experimental results that

the disturbance estimates in yaw, as well as z-direction, become almost constant after

some time if the measurement noises are neglected. Small disturbances are also logged in

other directions, which can be considered almost constant if the measurement noises are

neglected. The periodic nature of disturbance estimates in the X and Y direction might

represent unmodelled dynamics.

(a) (b)

Figure 3.7: Position Tracking in (a) X [m]; (b) Y [m].

3.7 Conclusion

A nonlinear disturbance observer-based controller was designed for a quadrotor.

The proposed disturbance observer-based controller’s main advantage is that the bound

Figure 3.8: Position Tracking in Z [m]
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(a) (b)

(c) (d)

Figure 3.9: (a) Roll torque [Nm]; (b) Pitch torque [Nm];(c) Yaw torque [Nm];(d) Throttle
[N].

on the disturbance is not assumed to be known. The controller is also shown to have

a simpler structure. The theoretical proof shows that the proposed controller is locally

input to state stable with respect to the derivative of the disturbances if the disturbance,

as well as its derivatives, are bounded, and hence the tracking errors are also bounded.

The simulation results and the experimental results show the proposed controller’s effec-

tiveness in the presence of disturbances and modeling inaccuracies.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.10: Disturbance estimates in (a) X [N]; (b) Y [N];(c) Z [N]; (d) Roll [Nm];(e)
Pitch [Nm]; (f) Yaw [Nm].
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Chapter 4

Geometric Adaptive Control of a

Quadrotor with Location of Center

of Gravity Different from Geometric

Center

In the previous chapter, a nonlinear disturbance observer-based geometric control

of a quadrotor was presented. It was assumed that the origin of the body-fixed frame

and the center of gravity was coincident. This shortcoming of the previous chapter

will be removed in this chapter. Geometric adaptive control of quadrotors has been

presented in this chapter when the center of gravity of the quadrotor is different from

its geometric center. The controller’s unique feature is the use of the left tracking error

function to simplify controller design. The inertia matrix, mass as well as center of gravity

are assumed to be unknown, and coordinate invariant adaptive laws have been derived

for the estimate of these mentioned parameters. The coordinate invariant approach is

another unique feature of the proposed method as opposed to the literature. Rigorous

mathematical proofs have been prescribed to show the complete closed-loop dynamics’

stability under the proposed adaptive laws. The controller has been derived under the

assumption that the rotational dynamics are faster than the translational dynamics.

4.1 Introduction

The offset between the center of gravity and geometric center was explicitly com-

pensated in [100, 101, 102] wherein the 6-DOF rigid body dynamic model was considered

while designing the adaptive controller. This offset may be compensated through integral

actions, but if the nonlinear dynamic model is not properly considered, additional dis-
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turbances may result. In [100], it was shown through simulations that an input-output

feedback linearization-based controller was insufficient in the presence of dynamic changes

in the center of gravity, and so the authors developed an adaptive control algorithm. In

[101, 102], authors considered a transformation between frames of reference placed at

the center of mass and geometric center and developed separate adaptive algorithms for

altitude, attitude, and horizontal position control.

The contributions of this chapter are mentioned below. Firstly, the chapter presents

a nonlinear geometric controller with a nonlinear adaptive controller for quadrotors us-

ing rotation matrices for attitude dynamics. The second novelty of this chapter is the

utilization of left tracking errors while developing the tracking controller. The third con-

tribution of this chapter is that adaptive controllers are used to estimate the center of

gravity, mass, and inertia matrix in a coordinate invariant approach. The compensation

in the system dynamics due to the offset in the center of gravity and geometric center in

a coordinate invariant approach is one of this chapter’s main contributions. The current

literature [100, 101, 102] mainly utilizes Euler angles for system dynamics compensation

due to the offset in the center of gravity and geometric center, while this chapter utilizes

rotation matrices for the compensation.

Section 4.2 of the chapter explains the dynamic model used in developing the con-

troller. Section 4.3 explains the development of the geometric controller while compen-

sating for the offset in the center of gravity along with the proofs. Numerical simulation

results have been presented in Section 4.4.

4.2 Dynamic Model

The mathematical model of a rigid body with its center of gravity shifted from the

geometric center as shown in Fig.4.1 is derived from [103] and is presented below:

X

Y

Z

ro

rc

rG

Xo

Yo

O

I

CG
Zo

Figure 4.1: Rigid Body Model with offset between CG and body-fixed frame
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Rotational motion:

Ṙ = RΩ†

IoΩ̄ + Ω× IoΩ +mrG × v̄o +mrG × (Ω× vo) = τ −mg(rG ×RT e3) (4.1)

Translational motion:

ẋo = vo

v̇o = −ge3 +
Rfb
m

(4.2)

In the above representation, the translational dynamics evolve in the inertial frame

while the rotational dynamics evolve in the body-fixed frame. This representation of

motion helps us in developing a simplified control law. The following nomenclature has

been used in defining the mathematical model (Eqn.(4.1)-Eqn.(4.2)):

{OB,XB,YB,ZB} or {O,Xo,Yo,Zo}: Body reference frame with origin OB or O re-

spectively.

{OI ,XI ,YI ,ZI} or {I,X,Y ,Z}: Inertial reference frame with origin OI or I respectively.

Ti : thrust from rotor i.

R ∈ SO(3) : Rotation matrix from body reference frame to inertial reference frame.

Ω : angular velocity of rigid body w.r.t inertial frame.

(·)† : map from R3 to so(3), space of skew symmetric matrices i.e. if Ω = [b1 b2 b3]
T , then

Ω† =

 0 −b3 b2

b3 0 −b1
−b2 b1 0


Io : Moment of Inertia w.r.t. body frame origin O or OB.

m : mass of the rigid body.

rG : location of center of gravity w.r.t. O or OB.

vo : velocity of origin O or OB of the rigid body w.r.t. I or OI respectively.

τ : external torque input in the body frame.

g : acceleration due to gravity = 9.81m/s2.

e3 : [0, 0, 1]T .

xo or ro : position of OB or O w.r.t. OI or I.

rc : position of CG w.r.t. OI or I.

fb : thrust input in the body frame=[0, 0,
∑4

i=0 Ti]
T
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c̄ : represents time derivative in body frame.

ċ : represents time derivative in inertial frame.

The time derivative in inertial frame and body frame is related by following rela-

tionship : ċ = c̄ + Ω × c and we know Ω̄ = Ω̇. Therefore, rotational equation of motion

can also be written as :

Ṙ = RΩ†

IoΩ̇ + Ω× IoΩ +m(rG × v̇o) = τ −mg(rG ×RT e3) (4.3)

Assumption 1. � v̇o is bounded i.e. ||v̇0|| ≤ a due to the actuator saturation.

� rG is bounded i.e. ||rG|| ≤ b which is quite realistic.

4.3 Controller Design

The reader may refer to Section 3.3.1 for definition of various configuration error

functions used in subsequent controller design. Following propositions are the contribu-

tions of this chapter.

Proposition 4.1. The attitude dynamics (4.1) driven by control law (4.4) with the adap-

tive laws given by (4.5) and (4.6) renders the closed loop attitude error dynamics {eR, eΩ}
stable :

τ =−RT
d eR −KΩeΩ + ÎoΩ̇d + Ω× ÎoΩ + m̂g(r̂G ×RT e3) + m̂(r̂G × v̇o) (4.4)

˙̂
Io =

k1
2
(Ω̇de

T
Ω − eΩΩ̇

T
d + ΩΩT e†Ω − e†ΩΩΩ

T ) (4.5)

˙̂rG = m̂k2(−v̇o × eΩ − g(RT e3 × eΩ)) (4.6)

where Îo is the estimate of Io. r̂G is the estimate of rG. m̂ is the estimate of m. The

matrices Io, Îo, Ĩo are symmetric. KΩ ∈ R3×3 is a positive definite gain matrix.

Proof. Let the Lyapunov function for the attitude dynamics be :

VR =
1

2
eTΩIoeΩ +Ψ+

1

2k1
||Ĩo||2F +

1

2k2
r̃G · r̃G

=
1

2
eTΩIoeΩ +

1

2
tr(K(I −RRT

d )) +
1

2k1
tr(ĨoĨo) +

1

2k2
r̃G · r̃G (4.7)

where ||Ĩo||F represents Frobenius norm, eΩ = Ω− Ωd, k1 and k2 are positive constants.
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Ĩo = Io − Îo. r̃G = rG − r̂G and m̃ = m− m̂. Then

IoėΩ = IoΩ̇− IoΩ̇d

= −Ω× IoΩ−m(rG × v̇o) + τ −mg(rG ×RT e3)− IoΩ̇d

= −Ω× IoΩ− (m̂+ m̃)(rG × v̇o)−RT
d eR −KΩeΩ + ÎoΩ̇d

+ Ω× ÎoΩ + m̂g(r̂G ×RT e3) + m̂(r̂G × v̇o)− (m̂+ m̃)g(rG ×RT e3)− IoΩ̇d

= −Ω× ĨoΩ− m̂(r̃G × v̇o)−RT
d eR −KΩeΩ − ĨoΩ̇d − m̂g(r̃G ×RT e3)

− m̃(rG × v̇o)− m̃g(rG ×RT e3) (4.8)

The time derivative of Lyapunov function Eqn.(4.7) is given by :

V̇R = eTΩIoėΩ − 1

2
(KṘRT

d +KRṘT
d ) +

1

k1
tr(Ĩo

˙̃Io) +
1

k2
r̃G · ˙̃rG

= −eΩ · (Ω× ĨoΩ)− eΩ · m̂(r̃G × v̇o)− eTΩR
T
d eR − eΩ ·KΩeΩ

− eΩ · ĨoΩ̇d − m̂geΩ · (r̃G ×RT e3)−
1

2
tr(KRe†ΩR

T
d )

− 1

k1
tr(Ĩo

˙̂
Io)−

1

k2
r̃G · ˙̂rG − eΩ · m̃(rG × v̇o)− eΩ · m̃g(rG ×RT e3) (4.9)

From the scalar triple product identity A · (B ×C) = B · (C ×A) = C · (A×B) and the

identity Ax†AT = (Ax)†, we can write :

V̇R = −ĨoΩ · (eΩ × Ω)− m̂r̃G · (v̇o × eΩ)− eTΩR
T
d eR − eTΩKΩeΩ

− eTΩĨoΩ̇d − m̂gr̃G · (RT e3 × eΩ)−
1

2
tr(KRRT

d (RdeΩ)
†)

− 1

k1
tr(Ĩo

˙̂
Io)−

1

k2
r̃G · ˙̂rG − m̃eΩ · (rG × v̇o)− m̃eΩ · g(rG ×RT e3) (4.10)

From the equality −1
2
tr(x†y†) = x · y and x · y = tr(xyT ) = tr(yxT ), we can write :

V̇R = −tr(ĨoΩ(eΩ × Ω)T )− m̂r̃G · (v̇o × eΩ)− eTΩKΩeΩ − tr(ĨoΩ̇de
T
Ω)−

m̂gr̃G · (RT e3 × eΩ)−
1

k1
tr(Ĩo

˙̂
Io)−

1

k2
r̃G · ˙̂rG − m̃eΩ · (rG × v̇o)− m̃eΩ · g(rG ×RT e3)

= −eTΩKΩeΩ − tr(−ĨoΩΩT e†Ω + ĨoΩ̇de
T
Ω +

1

k1
Ĩo

˙̂
Io)− m̂r̃G · (v̇o × eΩ + g(RT e3 × eΩ)−

˙̂rG
k2

)

− m̃eΩ · (rG × v̇o)− m̃eΩ · g(rG ×RT e3)
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= −eTΩKΩeΩ − tr(Ĩo(−ΩΩT e†Ω + Ω̇de
T
Ω +

1

k1

˙̂
Io))− m̂r̃G · (v̇o × eΩ + g(RT e3 × eΩ) +

˙̂rG
k2

)

− m̃eΩ · (rG × v̇o)− m̃eΩ · g(rG ×RT e3)

If we choose

˙̂
Io =

k1
2
(Ω̇de

T
Ω − eΩΩ̇

T
d + ΩΩT e†Ω − e†ΩΩΩ

T )

˙̂rG = m̂k2(−v̇o × eΩ − g(RT e3 × eΩ))

then

V̇R = −eTΩKΩeΩ − m̃eΩ · (rG × v̇o)− m̃eΩ · g(rG ×RT e3)

≤ −λm(KΩ)||eΩ||2 + |m̃|||eΩ||||rG||(||v̇o||+ g)

≤ −λm(KΩ)||eΩ||2(1− θ)− λm(KΩ)||eΩ||2θ + |m̃|||eΩ||||rG||(||v̇o||+ g)

≤ −λm(KΩ)||eΩ||2(1− θ) ∀ ||eΩ|| ≥
|m̃|||rG||(||v̇o||+ g)

λm(KΩ)θ
(4.11)

for 0 < θ < 1. In the following proposition, it will be proved that |m̃| is bounded. This

means Lyapunov function, VR is bounded and therefore the attitude errors are bounded

with the following bound on ||eΩ|| :

||eΩ|| ≤
|m̃|||rG||(||v̇o||+ g)

λm(KΩ)
≤ |m̃|b(a+ g)

λm(KΩ)

where λm(·) denotes minimum eigenvalue of its argument.

Proposition 4.2. The translational dynamics (4.2) driven by control law (4.12) with the

adaptive law for mass given by (4.13) renders the closed loop translational error dynamics

{ex, ev} stable :

fdc = −Kxex −Kvev + m̂(v̇d + ge3) (4.12)

˙̂m = −k3(geTv e3 + eTv v̇d) (4.13)

where Kx, Kv ∈ R3×3 are positive definite gain matrices, ex = x − xd and ev = vo − vd.

m̂ is the estimate of m and m̃ = m− m̂.

Proof. Let the Lyapunov function for the translation dynamics be :

VT =
1

2
eTvmev +

1

2
eTxKxex +

1

2k3
m̃2 (4.14)

where k3 is a positive constant. In our approach we propose to apply following control

60

TH-2551_166102009



4.3. Controller Design

law and torque to the quadrotor :

fb = ||fdc ||e3 (4.15)

The choice of control fb always results in positive thrust to the quadrotor, whereas in [46]

the total thrust becomes negative when the angle between the desired thrust and vertical

body axis becomes greater than 90◦. For a standard VTOL vehicle, it is required that

fTb e3 > 0. Then the time derivative of VT is

V̇T = eTvmėv + eTxKxev +
1

k3
m̃ ˙̃m (4.16)

We can find mėv as

mėv = mv̇o −mv̇d

= −mge3 +Rfb −mv̇d

= −mge3 +Rfb + fdc − fdc −mv̇d

= −mge3 +Rfb −Kxex −Kvev + m̂(v̇d + ge3)− fdc −mv̇d

= −m̃ge3 +Rfb −Kxex −Kvev − m̃v̇d − fdc (4.17)

From Eqn.(4.17), eqn.(4.16) becomes :

V̇T = eTv (−m̃ge3 +Rfb −Kxex −Kvev − m̃v̇d − fdc ) + eTxKxev −
1

k3
m̃ ˙̂m

= −eTvKvev − m̃(eTv ge3 + eTv v̇d +
1

k3
˙̂m) + eTv (Rfb − fdc ) (4.18)

If we choose :

˙̂m = −k3(geTv e3 + eTv v̇d) then (4.19)

V̇T = −eTvKvev + eTv (Rfb − fdc ) = −eTvKvev + eTv∆f

where, ∆f = Rfb − fdc . From (3.15), the norm of ∆f can be written as :

||∆f || <
√
2h2||eR||fM
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Therefore, eqn.(4.18) becomes :

V̇T ≤ −λm(Kv)||ev||2 + ||ev||||∆f ||
< −λm(Kv)||ev||2 +

√
2h2||ev||||eR||fM

< −λm(Kv)||ev||2(1− θ1)− λm(Kv)||ev||2θ1 +
√

2h2||ev||||eR||fM

≤ −λm(Kv)||ev||2(1− θ1) ∀ ||ev|| ≥
√
2h2||ev||||eR||fM
λm(Kv)θ1

(4.20)

for 0 < θ1 < 1. From Eqns. (3.3) and (3.4), ||eR|| is bounded, therefore translational

error dynamics is bounded and hence |m̃| is also bounded.

Proposition 4.3. The closed loop error dynamics {ex, ev, eR, eΩ} is rendered stable if the

complete system dynamics (4.1), (4.2) is driven by the control laws (4.4), (4.12) along

with the adaptive laws given by (4.5), (4.6) and (4.13).

Proof. This can be proved by taking the Lypaunov function as :

V = VT + VR (4.21)

Taking the time derivative of Eqn.(4.21) and using Eqns.(4.11) and (4.20), we can prove

the boundedness of the complete closed loop error dynamics {ex, ev, eR.eΩ}.

Desired angular velocity

To avoid complex analytic derivative of Rd while calculating Ωd and Ω̇d, we used a

first-order command filter [26] to estimate these values as given below :

Ṙd = [ḃd1c ḃd2c ḃd3c] where

ḃdic = −T̄ (bdic − bdit) for i = 1, 2, 3 and

Rd = [bd1t bd2t bd3t]

Ωd = [RT
d Ṙd]

∨ where (·)∨ : so(3) → R3

Similarly,

Ω̇dc = −T̄ (Ωdc − Ωd) and Ω̇d = Ω̇dc

T̄ = diag(t1, t2, t3) > 0 is the filter time constant which should be high to ensure fast

tracking.
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Projection operation

The initial values of estimates of the center of gravity are set to be in a given

compact set. To limit the update of the center of gravity to a given compact set, projection

operation [104] is used as given below :

Assumption 2. There exist rGmax, rGmin and a small positive constant σ so that rGmin+

σ < rG < rGmax − σ.

If rest = −(v̇o × eΩ)− g(RT e3 × eΩ)

The update law of r̂G is modified as:

˙̂rG(i) = mk2rest(i) if rGmin(i) + σ < r̂G(i) < rGmax(i)− σ

˙̂rG(i) = mk2(rest(i) +
1

2
(1 + rest(i)

2)) if r̂G(i) ≤ rGmin(i) + σ

˙̂rG(i) = mk2(rest(i)−
1

2
(1 + rest(i)

2)) if r̂G(i) ≥ rGmax(i)− σ

for i = 1, 2, 3. rG(i) and rest(i) represent i
th component of rG

and rest respectively .

The initial value of rG is chosen such that rGmin < r̂G(0) < rGmax. If r̂G ≤ rGmin + σ

,then we have ˙̂rG ≥ 0 and this will not let r̂G getting smaller than rGmin. Similarly, if

r̂G ≥ rGmax−σ , then we have ˙̂rG ≤ 0 and this will not let r̂G getting greater than rGmax.

The projection operation has not been used for other parameters.

4.4 Numerical simulations

To illustrate the theoretical results, numerical simulations were carried out for the

system whose parameters are shown in Table.4.1. The reference trajectory is given by

xd(t) = [2 cos

[
πt

10

]
; 2 sin

[
πt

10

]
;
t

2
] and b1d(t) =

ẋd(t)

||ẋd(t)||

The initial conditions for simulation are assumed to be

[x(0), y(0), z(0)] = [0, 0, 0], [ẋ(0), ẏ(0), ż(0)] = [0, 0, 0] and

R(0) = I3.
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Table 4.1: Parameters used in simulation

Parameter Values Units Parameter Values Units

g 9.81 m/s2 Ixx 0.006 kg m2

m 1.0 kg Iyy 0.008 kg m2

Kx 3I3 - Izz 0.015 kg m2

Kv 2I3 - KΩ 5I3 -
k1 0.2 - k2 0.2 -
K 2I3 - k3 0.2 -
T̄ 50I3 - σ 0.005 -

The value of moment of inertia is given in Table 4.1 while its initial estimate is given by

Îo = diag[0.005, 0.007, 0.012].

4.4.1 Scenario I

The value of center of gravity with its initial estimate and its minimum and maxi-

mum values are mentioned below :

rG = [0.02, 0.02, 0.01]Tm, r̂G = [0.01, 0.01, 0.005]Tm,

rGmin = −[0.01, 0.01, 0.005]Tm, rGmax = [0.03, 0.03, 0.015]Tm

The various simulation results are shown in Figs. 4.2-4.3. It is seen from Figs.4.2

that better trajectory tracking response is observed when the offset in the center of gravity

is explicitly compensated. The increase in the offset of the center of gravity results in

worse tracking performance, shown through simulations. The RMS error in position

tracking without the compensation is found to be [0.3287; 0.2652; 0.0275] m while RMS

error in position tracking with the compensation is found to be [0.2627; 0.1157; 0.0328] m,

which is a good improvement in horizontal position tracking. The dynamic response in

altitude with compensation is better than without the compensation. The transient

performance of altitude response with compensation has better settling time and less

overshoot as compared to the response without compensation.

The estimates in the center of gravity with projection is shown in Fig.4.3 (a)-

(c), which tends to be around the actual values used in the simulation. The estimates

oscillate around the actual value and the reason seems to be sinusoidal reference. Since the

sinusoidal references are used in X− and Y− axes, the X− and Y− estimates oscillate.

No sinusoidal references are used in Z− axes and hence estimates converge to a final

value. The initial estimate of mass was taken to be 0.9 kg. The estimates in mass tend to

converge to a value of 0.99 kg, which is very close to the actual value. The throttle input
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(a) (b)

(c)

Figure 4.2: Tracking in (a) X [m] (b) Y [m] (c) Z [m] for rG = [0.02, 0.02, 0.01]Tm

and torque input are stable, finite, and converge to finite values, as can be seen from

Figs.4.3(e)-(f). Initially high throttle is required as expected but soon it settles to a finite

value as steady state is reached. The attitude error vector, angular velocity error vector,

and linear velocity error vector also tend to a small value around zero in finite time as

seen from Fig.4.4(a)-(c). The moment of inertia and product of inertias as seen from

Fig.4.4(d)-4.5 also converge to some finite values. Since only boundedness of moment of

inertia and product of inertia is guaranteed in theoretical analysis, therefore, these values

do not tend to their actual values used in the simulation. We see a slight jump in the

estimation values during initial times which is expected during transient phase of the

response.

4.4.2 Scenario II

The tracking performance with rG = [0.04, 0.04, 0.02]Tm is shown in Figs.4.6.

The RMS error in position tracking without the compensation is found to be [0.5497,

0.5049, 0.0930]Tm while RMS error in position tracking with the compensation is found
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to be [0.2625, 0.1159, 0.0329]Tm which is a substantial improvement. The transient re-

sponse of the proposed controller in altitude dynamics is much better as compared to

the controller without the compensation. Once again, it is observed that the transient

performance of altitude response with compensation has better settling time and less

overshoot as compared to the response without compensation. It is also observed that

the tracking error has increased with the increase in offset between the center of gravity

and the geometric center. The center of gravity estimates is shown in Fig.4.6(d). The

estimate in the center of gravity tends to be around the actual value, as can be seen from

Fig.4.6(d)-(f). We see a slight jump in the estimation values during initial times which

is expected during transient phase of the response. If the offset is increased beyond a

certain threshold, the system without compensation even becomes unstable. This shows

that the compensation in system dynamics due to offset is necessary. The other error

vectors in Scenario II reported similar behavior as that in Scenario I and hence their plots

are not presented for the sake of repetitions.

4.5 Conclusion

A nonlinear geometric adaptive controller is proposed for quadrotors when its loca-

tion of the center of gravity is different from the geometric center. The theoretical proof

shows that the proposed control law along with coordinate invariant adaptive laws is

stable. Simulation results show better tracking performance when the offset is explicitly

compensated as compared to when it is not. It can be observed through simulations

that beyond a certain threshold in the offset, if the system dynamics is not compensated

explicitly with the proposed method, then the system becomes unstable. Hence the pro-

posed method gives a tracking adaptive controller, which is stable and verified through

numerical simulations. The proposed method renders the closed-loop dynamics stable

irrespective of the magnitude of the offset. The hardware implementation is one of the

future works of these theoretical findings.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.3: (a)-(c) Center of gravity estimates for rG = [0.02, 0.02, 0.01]Tm (d)Mass
estimate (e)Throttle input (f) Torque input
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(a) (b)

(c) (d)

Figure 4.4: (a) Attitude error (b) Angular velocity error (c) Linear velocity error (d)
Moment of Inertia estimate

Figure 4.5: Product of Inertia estimate
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(a) (b)

(c) (d)

(e) (f)

Figure 4.6: Tracking in (a) X [m] (b) Y [m] (c) Z [m] (d)-(f) Center of gravity estimates
for rG = [0.04, 0.04, 0.02]Tm
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Chapter 5

Control of a Quadrotor with

Network Induced Time Delay

In the first two chapters, time delays were not taken into account, but it is well

known that a physical system suffers from time delays. Therefore, a backstepping con-

troller augmented with a state predictor is presented in this chapter to control a quadrotor

over a network subjected to both state and input time delay. The state predictor predicts

the future values of the states by taking the measured delayed states as input. A back-

stepping control law is further designed based on these predicted states. It is shown with

the aid of the Lyapunov Razumikhin theorem that the error dynamics of the predictor

are asymptotically stable. The cascade of state predictor and backstepping controller

makes the tracking error dynamics of the quadrotor asymptotically stable. Simulation

results are presented to validate the proposed approach.

5.1 Introduction

Teleoperation [64] is a challenging task given the challenges faced in its implemen-

tation, such as packet loss, distortion, and time delay. But the advantages of such an

operation give the research community the motivation to overcome such challenges with

the present set of mathematical tools. There are several successful attempts in the litera-

ture of such an operation [65, 66, 67, 68, 69, 70]. All the literature mentioned pertaining

to quadrotors does not consider communication time delay. The presence of communica-

tion time delay may result in instability in the system. Unfortunately, such an approach

has not been extended for the remote operation of quadrotors. In [71], a robust attitude

controller was designed for multiple input multiple output uncertain quadrotors consid-

ering parametric uncertainties, external disturbances, and input time delays. A similar

robust controller considering parametric uncertainties, unmodeled uncertainties, and in-
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put as well as state delays are designed in [62, 63, 72, 73]. Motivated by the current state

of the literature, a controller considering both inputs as well as state delay experienced

while operating the device over a network is designed.

The contributions of this chapter are threefold. Firstly, we design a state predictor

to estimate the future values of the quadrotor’s state in the presence of both input and

state time delay. We assume bilateral operation such that the forward, as well as the

backward time delay, is constant and known. The chapter attempts to propose a method

to control a quadrotor over a network. According to the authors’ best of knowledge,

there is no such method in the literature that attempts to control a quadrotor over a

network. Since the network will inherently induce time delays in the state as well as

the control input, an estimator has been proposed to predict the future states from the

measured states, which are delayed. Then the output of the estimator is used in design-

ing a backstepping controller. Secondly, we design a backstepping [97, 105] controller for

stabilization and trajectory tracking, assuming no state or input delay. We have chosen

the backstepping technique since it is recursive and suitable for our needs. Such an algo-

rithm can also be easily extended to handle unknown parameters by using the adaptive

backstepping technique. The controller is shown to have asymptotic stability property.

Then state predictor is cascaded with the controller, where the output of the predictor is

used in place of the state requirement in the controller. To the best of the authors’ knowl-

edge, this study is the first to compensate for both states as well as input time delay in

a quadrotor system explicitly. All the mentioned literature either does not consider such

a scenario or at best handle it as a disturbance. Thirdly, the backstepping control law

has been designed to control an underactuated system, i.e., quadrotor. For a quadrotor,

its dynamics are highly coupled, and moreover, it is underactuated. This is another chal-

lenge of the controller design, which we have addressed by designing the controller of the

attitude subsystem independently of the translational subsystem. Numerical simulation

results have been given at the end to validate the proposed method.

The chapter is organized as follows. Section 5.2 of the chapter defines the quadro-

tor’s dynamic model while developing the controller and the predictor. Section 5.3 defines

the Lyapunov Razumikhin theorem used in the stability proof of the predictor. Section 5.4

gives the structure of the proposed state predictor along with its stability proof. Section

5.5 presents the backstepping controller design. Section 5.6 gives some numerical simu-

lation results to validate the proposed approach. The section also contains comparison

results with the existing literature and further discussion of the results obtained.
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5.2 Dynamic Model

The reader is referred to section 1.2 to refresh the dynamic model of a quadrotor

in local coordinates (Eqn. 1.3). The above equations of motion are in the presence of

zero states and zero input delay. We will neglect gyroscopic effects in the subsequent

analysis. In the presence of bilateral time delay, i.e., delay in both forward and backward

transmission, the equations of motion become :

ϕ̈(t− τb) = θ̇(t− τb)ψ̇(t− τb)
Iy − Iz
Ix

+
l

Ix
U2(t− τ)

θ̈(t− τb) = ϕ̇(t− τb)ψ̇(t− τb)
Iz − Ix
Iy

+
l

Iy
U3(t− τ)

ψ̈(t− τb) = θ̇(t− τb)ϕ̇(t− τb)
Ix − Iy
Iz

+
1

Iz
U4(t− τ)

ẍ(t− τb) = (cosϕ(t− τb)sinθ(t− τb)cosψ(t− τb) + sinϕ(t− τb)sinψ(t− τb))
1

m

U1(t− τ)

ÿ(t− τb) = (cosϕ(t− τb)sinθ(t− τb)sinψ(t− τb)− sinϕ(t− τb)cosψ(t− τb))
1

m

U1(t− τ)

z̈(t− τb) = −g + (cosϕ(t− τb)cosθ(t− τb))
1

m
U1(t− τ) (5.1)

where τb is the backward transmission delay while τf is the forward transmission delay

and τ = τf + τb. Let us denote the measured states by the following symbols : ϕτb =

ϕ(t−τb), ϕ̇τb = ϕ̇(t−τb), θτb = θ(t−τb), θ̇τb = θ̇(t−τb), ψτb = ψ(t−τb), ψ̇τb = ψ̇(t−τb), xτb =
x(t− τb), ẋτb = ẋ(t− τb), yτb = y(t− τb), ẏτb = ẏ(t− τb), zτb = z(t− τb), żτb = ż(t− τb). The

control objective is to design a state predictor to predict future states from the delayed

states and design a backstepping controller based on these predicted states to take care

of network delay. Let ζ be the states of the quadrotor i.e. ζ = [ϕ, θ, ψ, z, x, y], ζ̂ be the

output of the predictor and ζτb be the delayed measurement. Then the predictor and the

control inputs U1, U2, U3, U4 have to be designed in such a way that :

lim
t→∞

[ζ̂(t− τ)− ζτb ] = 0; lim
t→∞

[ ˆ̇ζ(t− τ)− ζ̇τb ] = 0

lim
t→∞

[x− xd, y − yd, z − zd] = [0, 0, 0];

lim
t→∞

[ẋ− ẋd, ẏ − ẏd, ż − żd] = [0, 0, 0];

lim
t→∞

[ϕ− ϕd, θ − θd, ψ − ψd] = [0, 0, 0]; lim
t→∞

[ϕ̇, θ̇, ψ̇] = [0, 0, 0] (5.2)
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5.3 Lyapunov Razumikhin Theorem

For systems without time delay, one resorts to Lyapunov functions to test the

stability of the system. Unfortunately, such an approach is not suitable for systems with

time delays. One approach is to use Lyapunov Krassovski functionals to test the stability,

but such an approach suffers from complexity arising out of differentiating functionals. An

alternative is to use the Lyapunov Razumikhin theorem, where one deals with functions

rather than functionals, which simplifies the analysis and design. The same approach has

been used in this text to prove the asymptotic stability of the predictor. The statement

of Lyapunov Razumikhin theorem is given below :

Definition 1. [106, 107] Let us consider the following retarded functional differential

equation :

ẋ = f(t, xt) (5.3)

where x(t) ∈ Rn and f : R× C → Rn. C represents set of continuous functions that map

[−h, 0] to Rn and xt = x(t+ θ) for −h ≤ θ ≤ 0. Let u, v, w : R̄+ → R̄+ be functions such

that u(τ), v(τ) > 0 for τ > 0, u(0) = v(0) = 0, then

• If one can infer the existence of a continuous and differentiable function V : R×Rn → R
such that

u(||x||) ≤ V (t, x) ≤ v(||x||), t ∈ R, x ∈ Rn, and

V̇ (t, x(t)) ≤ −w(||x(t)||) if

V (t+ θ, x(t+ θ)) ≤ pV (t, x(t)) (5.4)

θ ∈ [−h, 0],w(τ) > 0 and p(τ) > τ for τ > 0 then the equilibrium solution of (5.3) is

uniformly asymptotically stable.

5.4 State Predictor

The present section aims to design a state predictor to compensate for the bilateral

time delay induced due to the network’s presence on the input and the states’ measure-

ment. This predictor’s output will be used to design the backstepping controller by re-

placing the actual states with the states predicted by the predictor. A schematic diagram

of the controller predictor pair is shown in Fig. 5.1. Let the state space representation
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Controller Quadrotor

Predictor

e−sτ

Network

U(t)
e−sτf

e−sτb

ζ

U(t− τ )

ζ(t− τb)

ζ̂

Figure 5.1: Controller-Predictor pair

of the equation (5.1) be given below :

ϕ̇τb = qϕτb

q̇ϕτb =
Iy − Iz
Ix

θ̇τbψ̇τb +
1

Ix
U2(t− τ)

θ̇τb = qθτb

q̇θτb =
Iz − Ix
Iy

ϕ̇τbψ̇τb +
1

Iy
U3(t− τ)

ψ̇τb = qψτb

q̇ψτb =
Ix − Iy
Iz

θ̇τbϕ̇τb +
1

Iz
U4(t− τ)

ẋτb = qxτb

q̇xτb = (cosϕτbsinθτbcosψτb + sinϕτbsinψτb)
1

m
U1(t− τ)

ẏτb = qyτb

q̇yτb = (cosϕτbsinθτbsinψτb − sinϕτbcosψτb)
1

m
U1(t− τ)

żτb = qzτb

q̇zτb = −g + (cosϕτbcosθτb)
1

m
U1(t− τ) (5.5)
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We propose the following predictor scheme to estimate the future values of the quadrotor’s

states :

˙̂
ϕ = q̄ϕ − k1(ϕ̂(t− τ)− ϕτb(t))

˙̄qϕ =
Iy − Iz
Ix

q̄θq̄ψ +
U2(t)

Ix
− k2(q̄ϕ(t− τ)− qϕτb (t))

˙̂
θ = q̄θ − k3(θ̂(t− τ)− θτb(t))

˙̄qθ =
Iz − Ix
Iy

q̄ϕq̄ψ +
U3(t)

Iy
− k4(q̄θ(t− τ)− qθτb (t))

˙̂
ψ = q̄ψ − k5(ψ̂(t− τ)− ψτb(t))

˙̄qψ =
Ix − Iy
Iz

q̄ϕq̄θ +
U4(t)

Iz
− k6(q̄ψ(t− τ)− qψτb (t))

˙̂x = q̄x − k7(x̂(t− τ)− xτb(t))

˙̄qx = (cosϕ̂ sinθ̂ cosψ̂ + sinϕ̂ sinψ̂)
U1(t)

m
− k8(q̄x(t− τ)− qxτb (t))

˙̂y = q̄y − k9(ŷ(t− τ)− yτb(t))

˙̄qy = (cosϕ̂ sinθ̂ sinψ̂ − sinϕ̂ cosψ̂)
U1(t)

m
− k10(q̄y(t− τ)− qyτb (t))

˙̂z = q̄z − k11(ẑ(t− τ)− zτb(t))

˙̄qz = −g + (cosϕ̂ cosθ̂)
U1(t)

m
− k12(q̄z(t− τ)− qzτb (t)) (5.6)

where ki for i = 1 · · · 12 are positive constants.

5.4.1 Error Dynamics for Rotational Subsystem

Let the prediction errors in rotational subsystem be given by :

eϕ(t) = ϕ̂(t− τ)− ϕτb(t)

eqϕ(t) = q̄ϕ(t− τ)− qϕτb (t)

eθ(t) = θ̂(t− τ)− θτb(t)

eqθ(t) = q̄θ(t− τ)− qθτb (t)

eψ(t) = ψ̂(t− τ)− ψτb(t)

eqψ(t) = q̄ψ(t− τ)− qψτb (t) (5.7)

Then the error dynamics is given by :

ėϕ(t) =
˙̂
ϕ(t− τ)− ϕ̇τb(t) = eqϕ(t)− k1eϕ(t− τ) (5.8)
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and

ėqϕ(t) =
(Iy − Iz)

Ix
(q̄θ(t− τ)q̄ψ(t− τ)− qθτbqψτb )− k2eqϕ(t− τ) (5.9)

Let a = (Iy−Iz)
Ix

, then from (5.7), we get

ėqϕ(t) = a(eqθeqψ + eqθqψτb + eqψqθτb )− k2eqϕ(t− τ) (5.10)

Similarly,

ėθ(t) = eqθ(t)− k3eθ(t− τ)

ėqθ(t) = b(eqϕeqψ + eqϕqψτb + eqψqϕτb )− k4eqθ(t− τ)

ėψ(t) = eqψ(t)− k5eψ(t− τ)

ėqψ(t) = c(eqϕeqθ + eqϕqθτb + eqθqϕτb )− k6eqψ(t− τ) (5.11)

where b = Iz−Ix
Iy

and c = Ix−Iy
Iz

.

Let eR = [eϕ eqϕ eθ eqθ eψ eqψ ]
T . It can be observed that eR = 0 is an equilibrium point

of the error dynamics. Therefore it will act as a state predictor if and only if eR = 0 is

an asymptotically stable equilibrium point. The linearized error dynamics is given by :

ėϕ(t) = eqϕ(t)− k1eϕ(t− τ)

ėqϕ(t) = a(eqθqψτb + eqψqθτb )− k2eqϕ(t− τ)

ėθ(t) = eqθ(t)− k3eθ(t− τ)

ėqθ(t) = b(eqϕqψτb + eqψqϕτb )− k4eqθ(t− τ)

ėψ(t) = eqψ(t)− k5eψ(t− τ)

ėqψ(t) = c(eqϕqθτb + eqθqϕτb )− k6eqψ(t− τ) (5.12)

The equilibrium point eR = 0 is asymptotically stable for the original error dynamics

if and only if it is an asymptotically stable equilibrium point for the linearized error

dynamics (5.12). We will derive the sufficient condition for the equilibrium point eR = 0

to be an asymptotically stable equilibrium point for the linearized error dynamics (5.12).

The linearized error dynamics can be written in compact form as :

ėR = −KReR(t− τ) +D (5.13)
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where KR = diag(k1, k2, k3, k4, k5, k6) and D is given by :

D =



eqϕ(t)

a(eqθqψτb + eqψqθτb )

eqθ(t)

b(eqϕqψτb + eqψqϕτb )

eqψ(t)

c(eqϕqθτb + eqθqϕτb )


One should note the following assumption before proceeding:

Assumption 3. The magnitudes of angular velocities qϕ, qθ and qψ are bounded.

From Assumption 3, the norm of D can be written as :

||D|| ≤|eqϕ|+ a1|eqθ |+ a2|eqψ |+ |eqθ |+ b1|eqϕ|+ b2|eqψ |
+ |eqψ |+ c1|eqϕ |+ c2|eqθ | ≤ γ1||eR|| (5.14)

where a1 = max(a|qψτb |), a2 = max(a|qθτb |), b1 = max(b|qψτb |), b2 = max(b|qϕτb |), c1 =

max(c|qθτb |), c2 = max(c|qϕτb |), γ1 = max((1 + b1 + c1), (1 + a1 + c2), (1 + a2 + b2)).

5.4.2 Stability Proof for Rotational Subsystem

Proposition 5.1. The state predictor (5.6) for the rotational subsystem with the er-

ror dynamics given by (5.12) for the state equation (5.5) is asymptotically stable if the

following condition is satisfied :

λm(KR)− λm(K
2
R)
√
qτ − λm(KR)γ1τ − γ1 > 0 (5.15)

where λm(·) is the minimum eigenvalue of its argument.

Proof. Let us begin by observing that

eR(t− τ) = eR(t)−
∫ t

t−τ
ėR(s)ds (5.16)

Therefore,

ėR = −KReR −K2
R

∫ t

t−τ
eR(s− τ)ds+KR

∫ t

t−τ
D(s)ds+D (5.17)
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Let us consider the following Lyapunov function candidate :

VR =
1

2
eTReR (5.18)

The time derivative of (5.18), along the solutions of (5.17) and using the relation VR(eR(t+

ζ)) ≤ qVR(eR(t)) for all −2τ ≤ ζ ≤ 0 and q > 1, becomes :

V̇R = eTRėR

= eTR(−KReR −K2
R

∫ t

t−τ
eR(s− τ)ds+KR

∫ t

t−τ
D(s)ds+D)

≤ −λm(KR)||eR||2 − eTRK
2
R

∫ t

t−τ
eR(s− τ)ds+ eTRKR

∫ t

t−τ
||D(s)||ds+ 2||eR||||D||

≤ −λm(KR)||eR||2 + λm(K
2)
√
qτ ||eR||2 + λm(K)γ1τ ||eR||2 + γ1||eR||2

= −(λm(KR)− λm(K
2
R)
√
qτ − λm(KR)γ1τ − γ1)||eR||2 (5.19)

From Lyapunov Razumikhin theorem, one can conclude that the prediction error is

asymptotically stable if (λm(KR) − λm(K
2
R)
√
qτ − λm(KR)γ1τ − γ1) > 0. This proves

Proposition 5.1.

5.4.3 Complete Error Dynamics

Let the prediction error for the translational subsystem be given by :

ex(t) = x̂(t− τ)− xτb(t)

eqx(t) = q̄x(t− τ)− qxτb (t)

ey(t) = ŷ(t− τ)− yτb(t)

eqy(t) = q̄y(t− τ)− qyτb (t)

ez(t) = ẑ(t− τ)− zτb(t)

eqz(t) = q̄z(t− τ)− qzτb (t) (5.20)

Then the error dynamics is given by :

ėx(t) = ˙̂x(t− τ)− ẋτb(t) = eqx(t)− k7ex(t− τ)
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and

ėqx = ˙̄qx(t− τ)− q̇xτb (t)

=
(
cosϕ̂(t− τ)sinθ̂(t− τ)cosψ̂(t− τ) + sinϕ̂(t− τ)sinψ̂(t− τ)

− cosϕτbsinθτbcosψτb − sinϕτbsinψτb
)U1(t− τ)

m
− k8eqx(t− τ)

=

(
cos(eϕ + ϕτb)sin(eθ + θτb)cos(eψ + ψτb) + sin(eϕ + ϕτb)

sin(eψ + ψτb)− cosϕτbsinθτbcosψτb − sinϕτbsinψτb

)
U1(t− τ)

m
− k8eqx(t− τ)

The linearization of the above equation is

ėqx =

(
(−sinϕτbsinθτbcosψτb + cosϕτbsinψτb)eϕ + (cosϕτbcosθτbcosψτb)eθ

+ (−cosϕτbsinθτbsinψτb + sinϕτbcosψτb)eψ

)
U1(t− τ)

m
− k8eqx(t− τ)

= EU1(t− τ)− k8eqx(t− τ) (5.21)

where

E =
(−sinϕτbsinθτbcosψτb + cosϕτbsinψτb)eϕ + (cosϕτbcosθτbcosψτb)eθ

m

+
(−cosϕτbsinθτbsinψτb + sinϕτbcosψτb)eψ

m
(5.22)

The magnitude of E is bounded by

|E| ≤ 2

m
|eϕ|+

1

m
|eθ|+

2

m
|eψ| ≤

2

m
(|eϕ|+ |eθ|+ |eψ|) (5.23)

Similarly,

ėy(t) = eqy(t)− k9ey(t− τ) (5.24)

ėqy = FU1(t− τ)− k10eqy(t− τ) (5.25)

ėz(t) = eqz(t)− k11ez(t− τ) (5.26)

ėqy = GU1(t− τ)− k12eqy(t− τ) (5.27)
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where

F =
(−sinϕτbsinθτbsinψτb − cosϕτbcosψτb)eϕ + (cosϕτbcosθτbsinψτb)eθ

m

+
(cosϕτbsinθτbcosψτb + sinϕτbsinψτb)eψ

m
(5.28)

and

G =

(
− sinϕτbcosθτbeϕ − cosϕτbsinθτbeθ

)
m

(5.29)

The magnitudes of F and G are bounded by

|F | ≤ 2

m
|eϕ|+

1

m
|eθ|+

2

m
|eψ| ≤

2

m
(|eϕ|+ |eθ|+ |eψ|) (5.30)

|G| ≤ 1

m
(|eϕ|+ |eθ|) (5.31)

Therefore the linearized dynamics for the translational subsystem is given by :

ėx(t) = eqx(t)− k7ex(t− τ)

ėqx = EU1(t− τ)− k8eqx(t− τ)

ėy(t) = eqy(t)− k9ey(t− τ)

ėqy = FU1(t− τ)− k10eqy(t− τ)

ėz(t) = eqz(t)− k11ez(t− τ)

ėqy = GU1(t− τ)− k12eqy(t− τ) (5.32)

Let eX = [ex eqx ey eqy ez eqz ]
T and e = [eX eR]

T . It can be observed that

e = 0 is an equilibrium point of the linearized error dynamics. Therefore, it will act as

a state predictor if and only if e = 0 is an asymptotically stable equilibrium point. The

equilibrium point e = 0 is asymptotically stable for the original error dynamics if and only

if it is an asymptotically stable equilibrium point for the linearized error dynamics (5.12)

and (5.32). We will derive the sufficient condition for the equilibrium point e = 0 to be

an asymptotically stable equilibrium point for the linearized error dynamics (5.12) and

(5.32). The linearized error dynamics of the complete system can be written in compact

form as :

ė = −Ke(t− τ) +H (5.33)
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where K = diag{ki} for i = 1 · · · 12, and

H =



eqx(t)

EU1(t− τ)

eqy(t)

FU1(t− τ)

eqz(t)

GU1(t− τ)

D


Assumption 4. The magnitude of control input U1 is bounded i.e. |U1| ≤ Ū .

From Assumption 4, the norm of H is bounded as shown below :

||H|| ≤ |eqx|+ |E|Ū + |eqy |+ |F |Ū + |eqz |+ |G|Ū + ||D|| (5.34)

Substituting the values of |E|, |F | and |G|, one gets,

||H|| ≤ |eqx|+ |eqy |+ |eqz |+ 5Ū |eϕ|+ 3Ū |eθ|+ 4Ū |eψ|+ γ1||eR||
≤ γ2||e||+ γ1||e|| ≤ γ||e|| (5.35)

where γ2 = max{1, 5Ū} and γ = {γ1 + γ2}.

5.4.4 Stability Proof for Complete System

Proposition 5.2. The state predictor (5.6) for the complete system with the error dy-

namics given by (5.12) and (5.32) for the state equation (5.5) is asymptotically stable if

the following condition is satisfied :

λm(K)− λm(K
2)
√
qτ − λm(K)γτ − γ > 0 (5.36)

where λm(·) is the minimum eigenvalue of its argument.

Proof. Let us begin by observing that

e(t− τ) = e(t)−
∫ t

t−τ
ė(s)ds (5.37)

Therefore,

ė = −Ke−K2

∫ t

t−τ
e(s− τ)ds+K

∫ t

t−τ
H(s)ds+H (5.38)
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Let us consider the following Lyapunov function candidate :

V =
1

2
eT e (5.39)

The time derivative of (5.39) along the solutions of (5.38) and using the relation V (e(t+

ζ)) ≤ qV (e(t)) for all −2τ ≤ ζ ≤ 0 and q > 1 becomes :

V̇ = eT ė

= eT (−Ke−K2

∫ t

t−τ
e(s− τ)ds+K

∫ t

t−τ
H(s)ds+H)

≤ −λm(K)||e||2 − eTK2

∫ t

t−τ
e(s− τ)ds+ eTK

∫ t

t−τ
||H(s)||ds+ ||e||||H||

≤ −λm(K)||e||2 + λm(K
2)
√
qτ ||e||2 + λm(K)γτ ||e||2 + γ||e||2

= −(λm(K)− λm(K
2)
√
qτ − λm(K)γτ − γ)||eR||2 (5.40)

From Lyapunov Razumikhin theorem, one can conclude that the prediction error is

asymptotically stable if (λm(K)− λm(K
2)
√
qτ − λm(K)γτ − γ) > 0. This proves Propo-

sition 5.2.

5.5 Controller Design

In this section, a control law based on the backstepping technique is designed to

enable the quadrotor to track a reference trajectory. The control design technique for

the whole system is divided into the control design technique of three subsystems. First,

we will design the control law for the z-subsystem, and the heading direction, i.e., ψ−
subsystem, since both z− and ψ− subsystems are independent of other subsystems.

Finally, we will design the control law for the horizontal subsystem, i.e., x− ϕ and y − θ

subsystem, since these are dependent on each other. Let us start by giving the state

space representation of (1.3) neglecting gyroscopic effects. Let x1 = ϕ, x2 = ϕ̇, x3 =

θ, x4 = θ̇, x5 = ψ, x6 = ψ̇, x7 = x, x8 = ẋ, x9 = y, x10 = ẏ, x11 = z, x12 = ż, a = Iy−Iz
Ix

, b =
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Iz−Ix
Iy

, c = Ix−Iy
Iz

, then the state space representation is given by :

ẋ1 = x2 ẋ2 = ax4x6 +
l

Ix
U2

ẋ3 = x4 ẋ4 = bx2x6 +
l

Ix
U3

ẋ5 = x6 ẋ6 = cx2x4 +
1

Iz
U4

ẋ7 = x8 ẋ8 = (cosx1 sinx3 cosx5 + sinx1 sinx5)
1

m
U1

ẋ9 = x10 ẋ10 = (cosx1 sinx3 sinx5 − sinx1 cosx5)
1

m
U1

ẋ11 = x12 ẋ12 = −g + (cosx1 cosx5)
1

m
U1 (5.41)

Let us proceed towards the control design in a step wise manner. In the following sections

all the c′is for i = 1 · · · 12 are positive constants. The control law has been designed,

assuming that there is no delay in the state and input. In actual implementation, the

states in the control input are replaced by the output of the state predictor proposed in

the previous section.

5.5.1 Z−subsystem

The Z− subsystem is given by :

ẋ11 = x12 ẋ12 = −g + (cosx1cosx5)
1

m
U1 (5.42)

Let the error variables be given by :

z1 = x11 − zd z2 = x12 − α1 − żd (5.43)

where zd is the reference position and α1 is the virtual control variable. Then,

ż1 = ẋ11 − żd = x12 − żd = z2 + α1 (5.44)

Let the Lyapunov function for the first subsystem be given by :

V1 =
1

2
z21 (5.45)
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The time derivative of above Lyapunov function along the subsystem trajectory is given

by :

V̇1 = z1ż1 = z1(z2 + α1) (5.46)

Let us choose α1 = −c1z1. Such a choice will become apparent in the next step. Then,

V̇1 = z1z2 − c1z
2
1 (5.47)

The time derivative of α1 is given by :

α̇1 = −c1ż1 = −c1x12 + c1żd (5.48)

To design the control input, consider the following Lyapunov function candidate for the

whole subsystem :

V2 = V1 +
1

2
z22 (5.49)

Then, the time derivative of the above Lyapunov function candidate along the system

trajectories become :

V̇2 = z1z2 − c1z
2
1 + z2(ẋ12 − α̇1 − z̈d)

= z1z2 − c1z
2
1 + z2(−g + cosx1cosx3

U1

m
+ c1x12 − c1żd − z̈d) (5.50)

If we choose

U1 =
m

cosx1cosx3
(g − z1 − c2z2 − c1x12 + c1żd + z̈d) (5.51)

Then V̇2 becomes :

V̇2 = −c1z21 − c2z
2
2 < 0 (5.52)

Therefore, the z− subsystem becomes asymptotically stable and z → zd as t→ ∞.

5.5.2 Heading(ψ−) Subsystem

The ψ− subsystem is given by :

ẋ5 = x6 ẋ6 = cx2x4 +
1

Iz
U4 (5.53)
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Let us take the error variables to be :

z3 = x5 − ψd z4 = x6 − α2 − ψ̇d (5.54)

where ψd is the reference heading direction and α2 is the virtual control variable. Then,

ż3 = ẋ5 − ψ̇d = x6 − ψ̇d = z4 + α2 (5.55)

Consider the following Lyapunov function for the first subsystem :

V3 =
1

2
z23 (5.56)

The time derivative of above Lyapunov function is given by :

V̇3 = z3ż3 = z3(z4 + α2) (5.57)

Let us choose α2 = −c3z3. Then,

V̇3 = z3z4 − c3z
2
3 (5.58)

The time derivative of α2 is given by :

α̇2 = −c3ż3 = −c3x6 + c3ψ̇d (5.59)

Consider the following Lyapunov function candidate for the whole subsystem :

V4 = V3 +
1

2
z24 (5.60)

Then,

V̇4 = z3z4 − c3z
2
3 + z4(ẋ6 − α̇2 − ψ̈d)

= z3z4 − c3z
2
3 + z4(cx2x4 + c3x6 − c3ψ̇d +

1

Iz
U4 − ψ̈d) (5.61)

Let us choose

U4 = Iz(−cx2x4 − c3x6 + c3ψ̇d + ψ̈d − z3 − c4z4) (5.62)

then V̇4 becomes :

V̇4 = −c3z23 − c4z
2
4 < 0 (5.63)
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Therefore, ψ → ψd as t→ ∞.

5.5.3 Horizontal Subsystem

Since the control input U1 appears in the dynamics of both x− and y− subsystem,

the quadrotor dynamics are underactuated. Instead of designing the control input U1,

we will design the virtual control inputs ux and uy defined below.

ux = cosx1sinx3cosx5 + sinx1sinx5

uy = cosx1sinx3sinx5 − sinx1cosx5 (5.64)

Therefore, the state representation for the horizontal subsystem becomes :

ẋ7 = x8 ẋ8 = ux
1

m
U1

ẋ9 = x10 ẋ10 = uy
1

m
U1 (5.65)

Let u = [ux uy]
T ,

M =

[
cosx5 sinx5

sinx5 −cosx5

]
and

v =

[
cosx1sinx3

sinx1

]
Then,

u =Mv =⇒ v =M−1u (5.66)

Therefore, the desired roll and pitch angles are given by :

ϕd = sin−1[v(2)] and θd = sin−1

[
v(1)

cosϕd

]
(5.67)

These desired values will be used while designing the control law for ϕ− and θ− subsys-

tem.

5.5.4 Y−subsystem

The state representation for the Y− subsystem is :

ẋ9 = x10 ẋ10 = uy
1

m
U1 (5.68)
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We have to design uy for asymptotic tracking of y− subsystem. Let the error variables

be given by :

z5 = x9 − yd z6 = x10 − α3 − ẏd (5.69)

where yd is the reference position and α3 is the virtual control variable. Then,

ż5 = ẋ9 − ẏd = x10 − ẏd = z6 + α3 (5.70)

Let the Lyapunov function for the first subsystem be given by :

V5 =
1

2
z25 (5.71)

Then,

V̇5 = z5ż5 = z5(z6 + α3) (5.72)

Choose α3 = −c5z5. Then,

V̇5 = z5z6 − c5z
2
5 (5.73)

The time derivative of α3 is given by :

α̇3 = −c5ż5 = −c5x10 + c5ẏd (5.74)

Consider the following Lyapunov function candidate :

V6 = V5 +
1

2
z26 (5.75)

Then, the time derivative of the above Lyapunov function candidate along the system

trajectories become :

V̇6 = z5z6 − c5z
2
5 + z6(ẋ10 − α̇3 − ÿd)

= z5z6 − c5z
2
5 + z6(

uy
m
U1 + c5x10 − c5ẏd − ÿd) (5.76)

Choose

uy =
m

U1

(−c5x10 + c5ẏd + ÿd − c6z6 − z5) (5.77)
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then V̇6 becomes :

V̇6 = −c5z25 − c6z
2
6 < 0 (5.78)

Therefore, the y− subsystem becomes asymptotically stable and y → yd as t→ ∞.

5.5.5 X− subsystem

The X− subsystem is :

ẋ7 = x8 ẋ8 = ux
1

m
U1 (5.79)

Again we have to design ux for asymptotic tracking of x− subsystem. Let the error

variables be given by :

z7 = x7 − xd z8 = x8 − α4 − ẋd (5.80)

where xd is the reference position and α4 is the virtual control variable. Then,

ż7 = ẋ7 − ẋd = x8 − ẋd = z8 + α4 (5.81)

Let the Lyapunov function for the first subsystem be given by :

V7 =
1

2
z27 (5.82)

The time derivative is given by :

V̇7 = z7ż7 = z7(z8 + α4) (5.83)

Let us choose α4 = −c7z7. Then,

V̇5 = z7z8 − c7z
2
7 (5.84)

Also,

α̇4 = −c7ż7 = −c7x8 + c7ẋd (5.85)

Consider the following Lyapunov function candidate to design the control input :

V8 = V7 +
1

2
z28 (5.86)
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Then, the time derivative of the above Lyapunov function becomes :

V̇8 = z7z8 − c7z
2
7 + z8(ẋ8 − α̇4 − ẍd)

= z7z8 − c7z
2
7 + z8(

ux
m
U1 + c7x8 − c7ẋd − ẍd) (5.87)

Let us choose

ux =
m

U1

(−c7x8 + c7ẋd + ẍd − c8z8 − z7) (5.88)

then V̇8 becomes :

V̇8 = −c7z27 − c8z
2
8 < 0 (5.89)

Therefore, the x− subsystem becomes asymptotically stable and x→ xd as t→ ∞.

5.5.6 ϕ− Subsystem

The ϕ− subsystem is given by :

ẋ1 = x2 ẋ2 = ax4x6 +
l

Ix
U2 (5.90)

The error variables are defined as :

z9 = x1 − ϕd z10 = x2 − α5 − ϕ̇d (5.91)

where ϕd is the reference roll angle and α5 is the virtual control variable. Then,

ż9 = ẋ1 − ϕ̇d = x2 − ψ̇d = z10 + α5 (5.92)

Let the Lyapunov function for the first subsystem be given by :

V9 =
1

2
z29 (5.93)

Then,

V̇9 = z9ż9 = z9(z10 + α5) (5.94)

Let us choose α5 = −c9z9. Then,

V̇9 = z9z10 − c9z
2
9 (5.95)
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Let us calculate the time derivative of α5 :

α̇5 = −c9ż9 = −c9x2 + c9ϕ̇d (5.96)

Consider the following Lyapunov function candidate for the whole subsystem :

V10 = V9 +
1

2
z210 (5.97)

Then, its time derivative becomes :

V̇10 = z9z10 − c9z
2
9 + z10(ẋ2 − α̇5 − ϕ̈d)

= z9z10 − c9z
2
9 + z10(ax4x6 + c9x2 − c9ϕ̇d +

l

Ix
U2 − ϕ̈d) (5.98)

If we choose

U2 =
Ix
l
(−ax4x6 − c9x2 + c9ϕ̇d + ϕ̈d − z9 − c10z10) (5.99)

then V̇10 is :

V̇10 = −c9z29 − c10z
2
10 < 0 (5.100)

Therefore, ϕ→ ϕd as t→ ∞.

5.5.7 θ− Subsystem

The θ− subsystem is :

ẋ3 = x4 ẋ4 = bx2x6 +
l

Iy
U3 (5.101)

The error variables are :

z11 = x3 − θd z12 = x4 − α6 − θ̇d (5.102)

where θd is the reference pitch angle and α6 is the virtual control variable. Then,

ż11 = ẋ3 − θ̇d = x4 − θ̇d = z12 + α6 (5.103)
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Let the Lyapunov function for the first subsystem be given by :

V11 =
1

2
z211 (5.104)

Its time derivative is given by :

V̇11 = z11ż11 = z11(z12 + α6) (5.105)

Choose α6 = −c11z11. Then,

V̇11 = z11z12 − c11z
2
11 (5.106)

Also,

α̇6 = −c11ż11 = −c11x4 + c11θ̇d (5.107)

Consider the following Lyapunov function candidate :

V12 = V11 +
1

2
z212 (5.108)

Then, its time derivative become :

V̇12 = z11z12 − c11z
2
11 + z12(ẋ4 − α̇6 − θ̈d)

= z11z12 − c11z
2
11 + z12(bx2x6 + c11x4 − c11θ̇d +

l

Iy
U3 − θ̈d) (5.109)

Let us choose

U3 =
Iy
l
(−bx2x6 − c11x4 + c11θ̇d + θ̈d − z11 − c12z12) (5.110)

Then V̇12 becomes :

V̇12 = −c11z211 − c12z
2
12 < 0 (5.111)

Therefore, the θ− subsystem becomes asymptotically stable and θ → θd as t→ ∞.

5.6 Numerical Simulations

A numerical simulation was performed to test the validity of the proposed controller

augmented with the state predictor. The simulation was done in MATLAB/SIMULINK
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Table 5.1: Parameters used in simulation

Parameter Values Units Parameter Values Units

g 9.81 m/s2 Ix 4.1 ×10−3 kg m2

m 0.468 kg Iy 4.1 ×10−3 kg m2

ci{i even} 2 - Iz 8.8 ×10−3 kg m2

ki{i odd} 4 - ci{i odd} 5 -
ki{i even} 2 - l 0.225 -

with an integration step size of 0.001 sec. The input, as well as the state delay, was

taken to be τb = τf = 0.1 sec. Therefore, τ = 0.2 sec. A table of parameters used in

the simulation is shown in Table. 5.1. The state predictor was initialized with the same

initial condition as that of the system. The initial condition for the system was taken to

be [ϕ(0); θ(0);ψ(0);x(0); y(0); z(0)] = [π/4, π/4, π/4, 0, 0, 0] and [ϕ̇(0); θ̇(0); ψ̇(0);

ẋ(0); ẏ(0); ż(0)] = [0, 0, 0, 0, 0, 0]. The desired trajectory was specified to be

xd = yd = zd = 2m and ψd = π/4, ϕd = 0, θd = 0

ẋd = ẏd = żd = 0 and ψ̇d = ϕ̇d = θ̇d = 0

It can be observed from Fig.5.2 that the trajectory tracking performance is quite good,

and the final trajectory converges to the desired trajectory within 10 sec. The predicted

values of the state are also shown in Fig. 5.3, and it can be observed that the predicted

values converge to the desired value within 10 sec, and error in prediction goes to zero in

less than 10 sec. The transient performances of both the controller and the predictor are

also satisfactory. For example, both the controller and the predictor’s peak overshoots

are within 20% while the settling times are within 10 sec. The rise time is also within 5

sec. These can be varied with predictor and controller gains. This shows the satisfactory

performance of both the controller and the predictor in terms of transient response. The

control inputs and the virtual input are plotted in Fig.5.4, which is seen to be continuous,

finite, and bounded and hence realizable in practice. Since there is no change in ψd and

ψ(0), the control input U4 = 0 all the time, it can be concluded that the state predictor

successfully predicts the future values of the state. Hence, the controller can steer the

quadrotor to the desired position and orientation successfully. The control laws proposed

in the literature cannot stabilize a quadrotor in the presence of input and state delays.

Hence, the proposed method of predictor and controller is superior to the controllers

present in the literature.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.2: Outputs (a) Roll,ϕ[rad]; (b) Pitch, θ[rad]; (c) Yaw, ψ[rad];(d) X [m] ; (e) Y
[m] ; (f) Z [m].
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.3: Predicted states (a)ϕ[rad]; (b)θ[rad]; (c)ψ[rad] ; (d) X[m] ; (e) Y[m] ; (f) Z[m].
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(a)

(b)

(c)

(d)

(e)

Figure 5.4: Inputs(a)U1; (b)U2; (c)U3; (d)U4; (e)ux, uy
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5.6.1 Discussion of Results

As shown in the numerical simulations, the controller predictor pair can steer a

quadrotor from origin to a desired position and orientation even in the presence of state

and input delay. One can observe from Fig.5.1 that the controller and predictor pair are

located at a remote location, and the quadrotor is equipped with a local controller to

control its motor speed only. The approach results in the remote steering of a quadrotor

from an initial configuration to a final configuration. In the simulation, we have taken

the forward and backward transmission delay to be 0.1 sec, but the approach is valid for

asymmetric time delay also, i.e., different delays in forward and backward transmission.

We have taken a small time delay for demonstration purposes, but the same asymptotic

tracking is achieved even in the presence of a long time delay. For example, a delay of

1 sec also results in asymptotic tracking performance. One can extend the backstepping

controller presented to handle the external disturbances and parametric uncertainty. For

instance, one can implement an adaptive backstepping controller to handle the uncertain-

ties. The controller predictor pair architecture is scalable and can be easily extended to

multi-agent systems. One can operate multiple quadrotors with this architecture by em-

ploying a centralized controller predictor pair, as shown in Fig.5.1. The central controller

will calculate each quadrotor’s desired control command and send it to the respective

quadrotor via the wireless network. The local controller in the quadrotor will implement

such a command. One can even control other robotic devices such as robotic manip-

ulators, wheeled mobile robots, inverted pendulum with this architecture. The results

demonstrate a method for the teleoperation of such robotic devices.

5.6.2 Comparison to existing literature

Almost all the controllers proposed for tracking control of a quadrotor do not con-

sider input time delay or state delay. Since time delay results in instability of the system,

the controllers proposed in the literature become unstable in the presence of time delay,

whereas the proposed controller is not only stable but asymptotically stable. The liter-

ature [62, 63] consider input as well as state delay as a disturbance to the system, and

the authors design a robust compensating term to take care of delays. Compared to this

approach, the proposed design is superior because of the following reasons:

1. The mentioned literature does not consider network delay as such. Their approach

is valid only for the small-time delay, but the proposed approach is valid for the large

delay. In fact, the proposed predictor controller pair is able to perform satisfactorily even

when the delay is 1 sec, while the controller proposed in the mentioned literature becomes

unstable in the presence of a delay of 1 sec.
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2. The mentioned literature has designed a controller only for attitude dynamics, whereas

the author has designed the control law for both attitude and translational dynamics.

Therefore the proposed approach is valid for trajectory tracking control of a quadrotor

in three-dimensional space.

3. Moreover, the proposed approach is simple and intuitive and can be easily scaled to

multi-agent systems.

5.7 Conclusion

A state predictor controller pair is developed to control a quadrotor in the presence

of network-induced state and input time delay. To the best of the authors’ knowledge,

this study is the first to explicitly compensate for both states and input time delay in a

quadrotor system. The state predictor is shown to be asymptotically stable and hence

is able to estimate the future values of the states. The output of the predictor is used

while implementing the controller developed in this chapter. The controller is also shown

to be asymptotically stable. Through simulations, it is observed that the quadrotor’s

satisfactory steering is obtained with a controller augmented with the predictor in the

presence of state and input delay. The future work will deal with controller design even in

the presence of packet loss experienced while operating over a TCP network. Moreover,

we have not considered parametric uncertainty in the estimator as well as controller

design. The effect of parametric uncertainly will also be considered in future work.
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Chapter 6

Robust Attitude Stabilization of a

Quadrotor with Input Time Delay

In the last chapter, a predictor-controller method was presented to tackle time

delays. But the presented method was developed in local coordinates and hence suffered

from the singularity. Therefore, to remove this shortcoming, a predictor feedback control

for attitude stabilization of quadrotors with input time delay has been presented in this

chapter by representing the attitude using rotation matrices to avoid the singularities

and ambiguities associated with Euler angles and quaternions. The closed-loop system is

shown to be asymptotically stable with respect to a norm defined in the text. The norm

has been defined in terms of states and past control efforts and hence explicitly results

in Lyapunov Krasovskii functional for the system. A cascade of PDE-ODE system and

the concept of transport delay has been used in the proof.

6.1 Introduction

Engineering systems inherently suffer from the state as well as input time delays

due to the finite propagation speed of electrical signals. Quadrotors also suffer from such

phenomena, but not much literature has been devoted to study and tackle these. In

[59], a robust attitude controller was designed for multiple input multiple output uncer-

tain quadrotors considering parametric uncertainties, external disturbances, and input

time delays. A similar robust controller considering parametric uncertainties, unmodeled

uncertainties, and input, as well as state delays, is designed in [62] [63].

The contributions of this chapter are mentioned below. Firstly, the chapter pro-

poses a stabilizing controller for quadrotors with input time delay using rotation matrices

for attitude dynamics. There are very few references in literature compensating input

delay in a quadrotor, and this chapter is an attempt to bridge that gap. Predictor feed-
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back has been developed to compensate for the input time delay in rotation dynamics

of the quadrotor. The method does not make any approximations on input delay, which

is prevalent in the current literature on input delay compensation. The predictor-based

method has the advantage of yielding an expression for Lyapunov Krasovskii functional

in designing the controller, and one needs not to have to assume such a functional before-

hand. The closed-loop system’s asymptotic stability is proved based on a norm defined

with respect to current states and past control efforts.

The chapter is organized as follows. Section 6.2 of the chapter presents the problem

formulation and various configuration errors. Some definitions used in this chapter are

given in section 6.3. Section 6.4 presents the proposed controller along with the proof.

Numerical simulation results are given in section 6.5. The controller’s robustness property

is presented in section 6.6, along with numerical simulation results in section 6.7.

6.2 Problem Formulation

6.2.1 Dynamic Model

The attitude dynamics of a quadrotor with input delay is represented below:

Ṙ = RΩ̂

IΩ̇ = −Ω× IΩ + U(t−D) (6.1)

R ∈ SO(3) : Rotation matrix from body reference frame to inertial reference frame.

Ω : angular velocity of rigid body w.r.t inertial frame.

(̂·) : map from R3 to so(3), space of skew symmetric matrices i.e. if Ω = [b1 b2 b3]
T ,

then

Ω̂ =

 0 −b3 b2

b3 0 −b1
−b2 b1 0


I : Moment of Inertia.

τ : external torque input in the body frame.

D : known input delay.
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6.2.2 Configuration Error

The various configuration errors can be recalled from section 3.3.1 with suitable

substitutions for stabilization problem i.e. substitute Ωd = 0, Rd = I3 and K = I3.

6.3 Some Definitions

6.3.1 Forward Completeness

A system

ẋ = f(x, u) (6.2)

with a locally Lipschitz vector field f : Rn×R → Rn is said to be forward complete if, for

every initial condition x(0) = ζ and every measurable locally essentially bounded input

signal u : R+ → R, the corresponding solution is defined for all t ≥ 0 i.e., the maximal

interval of existence of solutions is Tmax = +∞.

Theorem 6.3.1. [105] System (6.2) is forward complete if and only if there exist a

nonnegative-valued, radially unbounded, smooth function V : Rn → R+ and a class-K∞

function σ such that

∂V (x)

∂x
f(x, u) ≤ V (x) + σ(|u|)

6.3.2 Norms for PDE state variables

Since the PDE state variable u(x, t) is a function of two arguments, x and t, taking

a norm in one of the variables, for example, in x, makes the norm a function of the other

variable i.e.

||u(t)||L2[0,D] =
(∫ D

0

u2(x, t)
) 1

2

or

||u(t)||L∞[0,D] = supx∈[0,D]|u(x, t)|

6.4 Controller Design

Following propositions are the contributions of this chapter.
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Proposition 6.1. The controller given below asymptotically stabilizes system (6.1) for

D=0.

κ(Ω) = −eR − kΩΩ + Ω× IΩ

Proof Please refer [54, 46] for proof.

The delay in the system (6.1) can be modeled by the following first-order hyperbolic

PDE, also referred to as the “transport PDE” :

ut(x, t) = ux(x, t)

u(D, t) = U(t)

The solution to this equation is

u(x, t) = U(t+ x−D),

and therefore the output

u(0, t) = U(t−D)

gives the delayed input. The system (6.1) can be modeled by the following ODE-PDE

cascade known as plant system

IΩ̇ = −Ω× IΩ + u(0, t)

ut(x, t) = ux(x, t)

u(D, t) = U(t) (6.3)

Let us define the following direct and inverse backstepping transformation

w(x, t) = u(x, t)− κ(p(x, t)) (6.4)

u(x, t) = w(x, t) + κ(π(x, t)) (6.5)
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Then the plant system (6.3) can also be represented by the following ODE-PDE cascade

known as target system :

IΩ̇ = −eR − kΩΩ + w(0, t)

wt(x, t) = wx(x, t)

w(D, t) = 0 (6.6)

The predictor variables are represented by the following differential equations with ap-

propriate initial conditions given below :

Ṙ = Rp(x, t)
∧

Ipx(x, t) = −p(x, t)× Ip(x, t) + u(x, t)

p(0, t) = Ω(t) (6.7)

and

Ṙ = Rπ(x, t)
∧

Iπx(x, t) = −eR − kππ(x, t) + w(x, t)

π(0, t) = Ω(t) (6.8)

The p-system (6.7) and the π-system (6.8) are used to generate the plant-predictor and

the target predictor in the following manner :

P (t) = p(D, t),

Π(t) = π(D, t).

Proposition 6.2.

pt(x, t) = px(x, t),

πt(x, t) = πx(x, t).

Proof This can be proved by noting that u(x, t) and w(x, t) are functions of only

one variable, x+ t, and therefore so are p(x, t) and π(x, t) based on the ODEs (6.7) and

(6.8). This implies that

pt(x, t) = px(x, t),

πt(x, t) = πx(x, t).

102

TH-2551_166102009



6.4. Controller Design

Proposition 6.3. The plant system (6.7) is forward complete

Proof Let us consider the following nonnegative-valued, radially unbounded, smooth

function

J =
1

2
p(x, t)T Ip(x, t) + Ψ

Then,

1

2
λmin(I)||p||2 + h1||eR||2 ≤ J ≤ 1

2
λmax(I)||p||2 + h2||eR||2

and

J̇ = pTu+ eTRp

≤ ||p||2 + 1

2
||eR||2 +

1

2
||u||2 ≤ 1

min(1
2
λmin(I), h1)

J +
1

2
||u||2

= J(p(x, t)) + σ(||u||)

Hence from section 6.3.1 system (6.7) is forward complete.

Proposition 6.4. The target system (6.8) is input to state stable.

Proof Let us consider the following Lyapunov function

L = π(x, t)T Iπ(x, t) + Ψ + cIeTRπ(x, t) (6.9)

Then,

λmin(W1)||zR||2 ≤ L ≤ λmax(W2)||zR||2

where

W1 =

[
1
2
λmin(I)

c
2
λmin(I)

c
2
λmin(I) h1

]
W2 =

[
1
2
λmax(I)

c
2
λmax(I)

c
2
λmax(I) h2

]
and zR = [||eR|| ||π||]. The time derivative of (6.9) is

L̇ ≤ −kπ||π||2 + πTw − c||eR||2 − ckπe
T
Rπ + ceTRw +

3c√
2
||π||2

≤ −λmin(A)||zR||2 +
1 + c

2
||w||2

≤ −λmin(A)||zR||2 ∀ ||zR|| ≥
√

1 + c

2λmin(A)
||w||
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A =

[
1
2
c ckπ

2
ckπ
2

kπ − 1
2
− 3c√

2

]
Hence system (6.8) is input-to-state stable.

Proposition 6.5. Consider the closed loop system

IΩ̇ = −Ω× IΩ + U(t−D)

U(t) = −eR − kΩP (t) + P (t)× IP (t)

P (t) =

∫ t

t−D
(−P (θ)× IP (θ) + U(θ))dθ + Ω(t), t ≥ 0

P (θ) =

∫ θ

−D
(−P (σ)× IP (σ) + U(σ))dσ + Ω(0), t ∈ [−D, 0]

with an initial condition Ω0 = Ω(0) and U0(θ) = U(θ), θ ∈ [−D, 0]. Then there exists a

function β ∈ KL such that

||eR(t)||2 + ||Ω(t)||2 +
∫ t

t−D
||U(θ)||2dθ ≤

β(||eR(0)||2 + ||Ω(0)||2 +
∫ 0

−D
||U(θ)||2dθ, t)

Proof The proof will be completed in four steps :

Step 1 :

Since the plant system is forward complete, from Proposition 6.3 we can write

J̇(p(x, t)) ≤ J(p(x, t)) +
1

2
||u(x, t)||2

Therefore,

J(p(x, t)) ≤ exJ(p(0, t)) +
1

2

∫ x

0

ex−ζ ||u(ζ, t)||2dζ

= exJ(Ω(t)) +
1

2

∫ x

0

ex−ζ ||u(ζ, t)||2dζ

= exJ(Ω(t)) +
1

2
(ex − 1) sup

0≤ζ≤x
||u(ζ, t)||2
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From Proposition 6.3 we get

1

2
λmin(I)||p||2 + h1||eR||2 ≤ ex(

1

2
λmax(I)||Ω||2 + h2||eR||2) +

1

2
(ex − 1) sup

0≤ζ≤x
||u(ζ, t)||2

=⇒ min

(
1

2
λmin(I), h1

)
(||p||2 + ||eR||2) ≤

eD(max

(
1

2
λmax(I), h2

)
(||Ω||2 + ||eR||2)) +

1

2
(eD − 1) sup

0≤ζ≤x
||u(ζ, t)||2

Therefore, we have

||p(x, t)||2 + ||eR(x, t)||2 ≤ ρ1(||eR||2 + ||Ω(t)||2 + sup
0≤ζ≤x

||u(ζ, t)||)

for some ρ1 ∈ K∞. Defining the L2 norm in x as

||l(t)||L2[0,D] =

(∫ D

0

||l(x, t)||2dx
) 1

2

we can write

(||p(t)||+ ||eR(t)||)L2[0,D] ≤ ρ1(||eR(t)||2 + ||Ω(t)||2 + ||u(t)||L2[0,D])

From Proposition 6.1

||κ(p)|| ≤ ||eR||+ kp||p||+ λmax(I)||p||2 = ρ2(||p||)

for ρ2 ∈ K∞. Considering (6.7) with (6.4) as output map we can conclude :

||Ω(t)||2 + ||eR(t)||2 + ||w(t)||L2[0,D] ≤ ρ3(||eR||2 + ||Ω(t)||2 + ||u(t)||L2[0,D])

for some ρ3 ∈ K∞.

Step 2 :

Since the target system is input-to-state stable we get from proposition 6.4

||π(x, t||) ≤ β1(||π(0, t)||, t) + γ1

(
sup

0≤ζ≤x
||w(x, t)||

)
||π(x, t||) ≤ β1(||Ω(t)||, t) + γ1

(
sup

0≤ζ≤x
||w(x, t)||

)

105

TH-2551_166102009



6.4. Controller Design

for some class KL function β1 and class K function γ1. Similar to step 1 taking a L2-norm

on both sides we get :

(||π(t)||+ ||eR(t)||)L2[0,D] ≤ β1(||eR(t)||2 + ||Ω(t)||2, 0) + γ1(||w(t)||L2[0,D])

Considering (6.8) with (6.5) as output map we can conclude :

||Ω(t)||2 + ||eR(t)||2 + ||u(t)||L2[0,D] ≤ ρ4(||eR||2 + ||Ω(t)||2 + ||w(t)||L2[0,D])

Step 3 :

Let us consider the target system (6.6) and prove its exponential stability. Let us

consider the following Lyapunov function for that purpose :

V (t) =
1

2
ΩT IΩ +Ψ+ cIΩT eR + (c+ 1)

∫ D

0

e(c+1)x||w(t, x)||2

V is bounded by

min(λmin(W3), (c+ 1))(||zR||2 +
∫ D

0

e(c+1)x||w(t, x)||2) ≤ V (t) ≤

max(λmax(W4)|, c+ 1)(||zR||2 +
∫ D

0

e(c+1)x||w(t, x)||2)

where

W3 =

[
h1

cλmin(I)
2

cλmin(I)
2

λmin(I)
2

]
W4 =

[
h2

cλmax(I)
2

cλmax(I)
2

λmax(I)
2

]
Then its time derivative is given by :

V̇ = −kΩ||Ω||2 + ΩTw(0, t)− c||eR||2 − ckΩe
T
RΩ + ceTRw(0, t)

+ cIΩT ėR + (c+ 1)

∫ D

0

e(c+1)xw(t, x)Twt(x, t)dx

≤ − c
2
||eR||2 − (kΩ − 1

2
− 3√

2
cλmax(I))||Ω||2

+
c+ 1

2
||w(0, t)||2 + ckΩ||eR||||Ω||+ (c+ 1)

∫ D

0

e(c+1)xw(t, x)Twx(x, t)dx

≤ − c
2
||eR||2 − (kΩ − 1

2
− 3√

2
cλmax(I))||Ω||2

+
c+ 1

2
||w(0, t)||2 + ckΩ||eR||||Ω||+

c+ 1

2

∫ D

0

e(c+1)xd||w(t, x)||2

≤ −λmin(B)||z||2 − (c+ 1)

∫ D

0

e(c+1)x||w(t, x)||2
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where in the last step integration by parts has been applied and z = [||eR|| ||Ω||] with

B =

[
c
2

ckΩ
2

ckΩ
2

kΩ − 1
2
− 3√

2
cλmax(I)

]

Therefore

V̇ ≤ −µV

where

µ =
min(λmin(B), c+ 1)

max(λmax(W4), c+ 1)

Hence there exists a class-KL function β2 such that

V (t) ≤ β2(V (0), t), ∀t ≥ 0.

Also there exists a function β4 ∈ KL such that

||eR(t)||2 + ||Ω(t)||2 + ||w(t)||L∞[0,D] ≤ β4(||eR(0)||2 + ||Ω(0)||2 + ||w(0)||L∞[0,D], t).

Step 4 :

From steps 1,2 and 3 one obtains the following result

||eR(t)||2 + ||Ω(t)||2 + ||u(t)||L2[0,D] ≤ ρ4(β4(ρ3(||eR(0)||2 + ||Ω(0)||2 + ||u(0)||L2[0,D]), t)).

Then there exists a function β5 ∈ KL such that :

||eR(t)||2 + ||Ω(t)||2 + ||u(t)||L2[0,D] ≤ β5(||eR(0)||2 + ||Ω(0)||2 + ||u(0)||L2[0,D], t).

or

||eR(t)||2 + ||Ω(t)||2 +
∫ t

t−D
||U(θ)||2dθ ≤ β(||eR(0)||2 + ||Ω(0)||2 +

∫ 0

−D
||U(θ)||2dθ, t)
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6.5 Numerical Simulations I

Numerical simulations are carried out for the system whose moment of inertia is

mentioned below.

Ixx = 0.082kg/m2, Iyy = 0.0845kg/m2, Izz = 0.1377kg/m2

The initial conditions for simulation are assumed to be

Ω(0) = [0.2; 0.1; 0.5], Ω̇(0) = [0; 0; 0],

R(0) =

 0 0 1

0 1 0

−1 0 0


The proposed control law is simulated in MATLAB for the quadrotor attitude dynamics

with the initial conditions mentioned above. The stabilization performance of the control

law is shown in Figs.6.1-6.3 for delay D=0.1 sec. It is observed that the quadrotor

stabilizes to (R,Ω) = (I, 0) within 5 sec. The control law proposed in [46, 54] fails to

stabilize the quadrotor in the presence of an input delay of 0.1 sec while the proposed

controller is able to stabilize the quadrotor. Similar stabilization results are obtained

with input delay of 0.05 sec, 0.2 sec, and 0.3 sec, but the simulation results are not given

due to repetition. We can observe that the stabilization results are valid for long input

delay as well as small input delay. The results are even robust to variations in the inertia

matrix and can be demonstrated by repeating the simulation for a small deviation in the

inertia matrix.

6.6 Robustness to Delay Mismatch

Since the exact delay is difficult to be known, we consider the scenario where there

is a small deviation in the delay. We will prove the exponential stability of the predictor

feedback even in the presence of a small deviation in the known delay. In the presence of

delay mismatch, the original system is given by :

Ṙ = RΩ̂

IΩ̇ = −Ω× IΩ + U(t−D0 −∆D) (6.10)

where D0 is the nominal delay which is known and ∆D is the delay mismatch. We use

the same ODE-PDE method of modeling plant and target system. The plant system is
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(a) (b)

(c)

Figure 6.1: Attitude Tracking.

modeled as :

IΩ̇ = −Ω× IΩ + u(0, t)

ut(x, t) = ux(x, t)

u(D0 +∆D, t) = U(t) (6.11)

where the domain of the spatial variable of the PDE is defined as:

x ∈ (min{0,∆D}, D0 +∆D) (6.12)

Also

u(x, t) = U(t+ x−D0 −∆D) (6.13)

such that

u(0, t) = U(t−D0 −∆D) (6.14)
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Figure 6.2: Angular Velocity stabilization

Figure 6.3: Control input

The target system is given by :

IΩ̇ = −eR − kΩΩ + w(0, t)

wt(x, t) = wx(x, t)

w(D0 +∆D, t) = 0 (6.15)

Proposition 6.6. For δ > 0 such that

∆D ∈ (−δ, δ) (6.16)

the system (6.10) with the control law in proposition 4.3 with D = D0 is exponentially

stable i.e. there exists a function β1 ∈ KL such that

||eR(t)||2 + ||Ω(t)||2 +
∫ t

t−D̄
||U(θ)||2dθ ≤ β1(||eR(0)||2 + ||Ω(0)||2 +

∫ 0

−D̄
||U(θ)||2dθ, t)
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where

D̄ = D0 +max{0,∆D} (6.17)

6.7 Numerical Simulations II

Numerical simulations were carried out with the same parameters and initial con-

ditions as in section 6.5. The proposed control law is simulated in MATLAB for the

quadrotor attitude dynamics. The stabilization performance of the control law is shown

in Figs.6.5-6.6 for nominal delay D0 = 0.1 sec and delay mismatch ∆D = 0.01 sec. It is

observed that the quadrotor stabilizes to (R,Ω) = (I, 0) within 5 sec even in the presence

of delay mismatch. The control input also settles down to zero as expected after 2 sec

which is quite fast. Thus we can conclude that the proposed control law is robust to

mismatch in delay.

Figure 6.4: Control input - Case II

6.8 Conclusion

A nonlinear geometric finite-time controller is proposed for attitude stabilization

of quadrotors where the attitude is represented using rotation matrices. The predictor

method proposed in this chapter is able to stabilize the quadrotor in the presence of

input delay, while the methods proposed in the current literature are not able to stabilize

the quadrotors in the presence of input delay. The proposed method works for a wide

variation in input delay and is even robust to delay mismatch.

111

TH-2551_166102009



6.8. Conclusion

Figure 6.5: Angular Velocity stabilization - Case II
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(a)

(b)

(c)

Figure 6.6: Attitude Tracking - Case II.
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Chapter 7

Geometric Control of a Quadrotor

with Finite-Time Convergence and

Improved Transients

The previous chapters presented geometric control of quadrotors with either expo-

nential or asymptotic convergence. Improving upon the convergence properties of the

earlier methods, a finite-time geometric control of a quadrotor has been presented in this

chapter by representing the attitude using rotation matrices to avoid the singularities and

ambiguities associated with Euler angles and quaternions. A composite error function is

designed, and it is proved mathematically that the closed-loop attitude and the trans-

lational dynamics are finite-time stable. The coordinate invariant approach is another

unique feature of the proposed method as opposed to the literature. Numerical simula-

tions have been provided at the end to show the effectiveness of the proposed method.

Simulation results demonstrate the better transient performance of the proposed control

method than the control law presented in the literature.

7.1 Introduction

Due to the advantages of finite-time controllers such as faster convergence rate,

higher tracking precision, better disturbance rejection properties, and robustness against

uncertainties [74, 51], such a controller is more desirable. But the finite-time controllers

proposed in the current literature are discontinuous in nature; therefore, continuous finite-

time controllers are more desirable due to ease of implementation on actuators. More-

over, the continuous feedback stabilization in finite time does not excite unmodeled high-

frequency dynamics as compared to discontinuous feedback. A continuous finite-time

controller based on homogeneity [75, 76] was developed for robot manipulators in [77]. A
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continuous finite-time stabilizing feedback law was developed for the double translational,

and rotational double integrator in [78]. A finite-time attitude stabilizing result based on

a homogeneous method was presented in [79]. Similarly, a finite time attitude tracking

control law for single and multiple spacecraft was developed in [80], but the attitude

was represented using Modified Rodriguez Parameters (MRPs). To deal with the exter-

nal disturbances, a finite disturbance observer-based finite-time attitude tracking control

of a rigid spacecraft was developed in [81]. In [82], a multivariable finite-time attitude

tracking law based on a homogeneous method was presented. As an improvement to the

method mentioned above, an adaptive variant of the controller was developed in [83].

The contributions of this chapter are mentioned below. Firstly, the chapter presents

a nonlinear geometric controller for a quadrotor using rotation matrices for attitude dy-

namics. The second novelty of this chapter is the utilization of left tracking errors while

developing the tracking controller. The third contribution of this chapter is that the

developed control law guarantees the convergence of the attitude as well as the transla-

tional motion to the equilibrium configuration in finite time, while most of the existing

literature develops only finite time attitude tracking control law. Moreover, a finite time

control law has been developed for trajectory tracking for an underactuated aerial vehicle

on the nonlinear manifold SE(3). A composite error function has been constructed, and

rigorous mathematical proof has been given to show the controller’s finite-time stabilizing

property. Lastly, the proposed control law is continuous and chattering free, while most

of the robust control laws proposed in the literature are discontinuous and hence possess

chattering. Due to the continuous and chattering free nature, the proposed control law

can be implemented in a physical system without excessive wear and tear. Moreover, the

proposed controller is simpler and intuitive. The control law is also robust to bounded

external disturbances, and one does not need a robust control strategy if the bound

on the disturbances satisfies the inequality derived in section 6. The simulation results

show improved convergence time and less peak overshoot as compared to exponentially

stabilizing control law developed in the literature.

Section 7.2 of the chapter explains the dynamic model used in developing the con-

troller. Section 7.3 lists some important theorem and lemma used in the subsequent de-

velopment. Section 7.4 explains the development of the finite-time geometric controller

along with the proofs. An analysis of robustness to bounded disturbances is presented in

section 7.5. Numerical simulation and comparison results have been presented in section

7.6.
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7.2 Some Definitions

Theorem 7.2.1. ([51]) Let us consider the following differential equations

ẋ = f(x(t)) (7.1)

Let us denote by ψx(·) the unique solution of (7.1) satisfying ψ(0, x) = 0. The origin is

said to be a finite-time stable equilibrium of (7.1) if there exists an open neighborhood

N ⊆ D of the origin and a function T : N /{0} → (0,∞), called the settling-time func-

tion, such that the following statements hold:

(i) Finite-time convergence: For every x ∈ N /{0}, ψx is defined on [0, T (x)),

ψx(t) ∈ N /{0} for all t ∈ [0, T (x)), and limt→T (x)ψ
x(t) = 0.

(ii) Lyapunov stability: For every open neighborhood Uϵ of 0 there exists an open subset

Uδ of N containing 0 such that, for every x ∈ Uδ/{0}, ψx(t) ∈ Uϵ for all t ∈ [0, T (x)).

The origin is said to be a globally finite-time stable equilibrium if it is a finite-time

stable equilibrium with D = N = Rn.

Theorem 7.2.2. ([51]) Let us consider the following differential equations

ẋ = f(x(t)) (7.2)

If there exists a continuous function V : D → R with V being positive definite and if

there exists real numbers c > 0 and α ∈ (0, 1). Also in an open neighborhood V ⊆ D if

the following is valid

V̇ (x) + c(V (x))α ≤ 0 , x ∈ V\{0}

Then the finite-time-stability of the origin of (7.2) is inferred. Moreover if T is the

settling-time function, then

T (x) ≤ 1

c(1− α)
V (x)1−α

If D = Rn, V is proper, and V̇ < 0 on Rn\{0}, then globally finite-time-stability of the

origin of (7.2) can be inferred.

Lemma 7.2.3. ([108]) For x ∈ Rn, and p ∈ (0, 1], following inequality is valid : (|x1|+
· · ·+ |xn|)p ≤ |x1|p + · · ·+ |xn|p ≤ n1−p(|x1|+ · · ·+ |xn|)p.
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Lemma 7.2.4. ([109]) If P is a symmetric matrix and xTy > 0, the bound on xTPy can

be written as :

λmin(P )x
Ty ≤ xTPy ≤ λmax(P )x

Ty,

7.3 Controller Design

The reader may refer to Section 2.4 to recall the dynamic model and section 3.3.1

for various configuration errors before proceeding. Following propositions are the contri-

butions of this chapter.

Proposition 7.1. The attitude dynamics (3.2) driven by control law (7.3) renders the

closed loop attitude error dynamics {eR, eΩ} locally finite-time stable :

τ =−RT
d eR −Kll||l||α−1 + IΩ̇d + Ω× IΩ + IΩ̂dR

T
d eR||eR||α−1

− IRT
dEeΩ||eR||α−1 − (α− 1)IRT

d e
T
REeΩ

eR
||eR||3−α

(7.3)

where,

l = eΩ +RT
d eR||eR||α−1, α ∈ (0, 1) (7.4)

and Kl is a gain matrix.

Proof. Define the composite error function as :

l = eΩ +RT
d eR||eR||α−1 (7.5)

for α ∈ (0, 1) Let the Lyapunov function for the attitude dynamics be :

VR =
1

2
lT Il +Ψ =

1

2
lT Il +

1

2
tr(K(I −RRT

d )) (7.6)

Then

Il̇ =IėΩ + I
d

dt
RT
d eR||eR||α−1

= I(Ω̇− Ω̇d) + I
d

dt
RT
d eR||eR||α−1

= −Ω× IΩ + τ − IΩ̇d + I
d

dt
RT
d eR||eR||α−1

= −RT
d eR −Kll||l||α−1 (7.7)
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The time derivative of Lyapunov function Eqn.(7.6) is given by :

V̇R = lT Il̇ − 1

2
(KṘRT

d +KRṘT
d )

= −Kll
T ||l||α−1 − lTRT

d eR − 1

2
tr(KRe†ΩR

T
d )

= −Kl||l||α+1 − (eΩ +RT
d eR||eR||α−1)TRdeR − 1

2
tr(KRêΩR

T
d ) (7.8)

From the identity Ax̂AT = Ax
∧

, we can write :

V̇R = −Kl||l||α+1 − (eΩ +RT
d eR||eR||α−1)TRdeR − 1

2
tr(KRRT

d (RdeΩ)
∧

)

From the equality −1
2
tr(x̂ŷ) = x · y, we can write :

V̇R = −Kl||l||α+1 − ||eR||α+1 ≤ −min(Kl, 1)(||l||α+1 + ||eR||α+1) (7.9)

From Lemma 7.2.3, we can write :

V̇R ≤ −min(Kl, 1)(||l||2 + ||eR||2)
α+1
2 (7.10)

Since

VR =
1

2
lT Il +Ψ

we have,

1

2
λmin(I)||l||2 + h1||eR||2 ≤ VR ≤ 1

2
λmax(I)||l||2 + h2||eR||2

Therefore,

VR ≥ min(
1

2
λmin(I), h1)(||l||2 + ||eR||2) (7.11)

From (7.10) and (7.11), we can write :

V̇R ≤ − min(Kl, 1)

min(1
2
λmin(I), h1)

V
α+1
2 (7.12)

or,

V̇R ≤ −cV β (7.13)
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where,

c =
min(Kl, 1)

min(1
2
λmin(I), h1)

and β =
α + 1

2
∈ (0, 1) (7.14)

Therefore, from Theorem 7.2.2, the attitude error dynamics is finite time stable. The

settling time, tR for the rotational motion is given by

tR =
1

c(1− α)
V 1−α
R (0)

The above proposition shows that the attitude error vector converges to zero in finite

time. But this does not mean that R → Rd in finite time. Due to the nonlinear structure

of SO(3) there exists three additional critical points of Ψ namely {Rd exp(πŝ)} for s ∈
{e1, e2, e3} where eR = 0. This cannot be avoided for any continuous control systems

on SO(3) [9]. But it can be shown that those three additional equilibrium points are

unstable by using linearization. These points have both stable and unstable manifolds,

also known as saddle equilibria [110]. It has an almost-global stabilization property

because the stable manifolds’ union to these undesirable equilibria has a lower dimension

than the tangent bundle of the configuration space.

One should note that the control law (7.3) has singularity at ||eR|| = 0. This

singularity issue can be avoided by replacing ||eR|| by (||eR|| + ϵ) where ϵ is a small

number. For our purposes, we have chosen ϵ = 0.001. For large errors, this small number

can be neglected, thereby retaining the finite-time convergence property. For small errors,

the denominator will never approach zero, but eR, eΩ → 0, thereby the concerning terms

in the expression will converge to 0. Therefore the modified control law τ becomes :

τ =−RT
d eR −Kll(||l||+ ϵ)α−1 + IΩ̇d + Ω× IΩ + IΩ̂dR

T
d eR(||eR||+ ϵ)α−1

− IRT
dEeΩ(||eR||+ ϵ)α−1 − (α− 1)IRT

d e
T
REeΩ

eR
(||eR||+ ϵ)3−α

(7.15)

The above-modified control law has been tested in simulation, and the results are the

same as that of control law when ϵ = 0. Therefore the singularity issue can be avoided

using this approach.

Proposition 7.2. The complete dynamics (3.2), (3.1) driven by control law (7.3), (7.16)

renders the closed loop error dynamics {eR, eΩ, ex, ev} locally finite-time stable :

fdc = −Kxex −Kpp||p||α−1 +m(v̇d + ge3)−mev||ex||α−1 −m(α− 1)eTx ev
ex

||ex||3−α
(7.16)
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where Kx, Kp ∈ R3×3 are positive definite gain matrices and

p = ev + ex||ex||α−1, α ∈ (0, 1)

It is assumed that∣∣∣∣∣∣∣∣−Kxex −Kpp||p||α−1 −mev||ex||α−1 −m(α− 1)eTx ev
ex

||ex||3−α
∣∣∣∣∣∣∣∣ ≤ fcM (7.17)

such that

||fdc || ≤ fcM + fdM ≤ fM

where

fdM = sup
t≥t0

(||mge3 +mv̇d)

and fM is given physical meaning in the proof below. Hence the Lyapunov analysis is

valid in the set

{{ex, ev} ∈ R3 × R3 : Eq.(7.17)holds}

Proof. Define the composite error function as :

p = ev + ex||ex||α−1 (7.18)

for α ∈ (0, 1) Let the Lyapunov function for the translation dynamics be :

VT =
1

2
pTmp+

1

2
eTxKxex (7.19)

In this chapter following control law and torque is proposed to be applied to the quadrotor

:

fb = ||fdc ||e3 (7.20)

The choice of control fb always results in positive thrust to the quadrotor, whereas in

[46] the total thrust becomes negative when the angle between the vertical body axis and

the desired thrust becomes greater than 90◦. For a standard VTOL vehicle, it is required
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that fTb e3 > 0. Then the time derivative of VT is

V̇T = pTmṗ+ eTxKxev (7.21)

We can find mṗ as

mṗ = mėv +m
d

dt
ex||ex||α−1

= mv̇ −mv̇d +m
d

dt
ex||ex||α−1

= −mge3 +Rfb −mv̇d +m
d

dt
ex||ex||α−1

= −mge3 +Rfb + fdc − fdc −mv̇d +m
d

dt
ex||ex||α−1

= −Kxex −Kpp||p||α−1 +∆f (7.22)

Combining Eqns.(7.21) and (7.22) :

V̇T = pT (−Kxex −Kpp||p||α−1 +∆f) + eTxKxev

= −pTKxex −Kpp
Tp||p||α−1 + pT∆f + eTxKxev

= −(ev + ex||ex||α−1)TKxex −Kp||p||α+1 + pT∆f + eTxKxev

= −Kx||ex||α+1 −Kp||p||α+1 + pT∆f (7.23)

where, ∆f = Rfb − fdc . From (3.15), the norm of ∆f can be written as :

||∆f || <
√

2h2||eR||fM

Therefore, eqn.(7.23) becomes :

V̇T ≤ −Kx||ex||α+1 −Kp||p||α+1 +
√

2h2||p||||eR||fM (7.24)

The complete error dynamics can be proved to be finite-time stable by taking V = VT+VR

as the Lyapunov function candidate for the complete dynamics. Therefore, letting z =

[||eR|| ||l|| ||ex|| ||p||]T , we can write

1

2
λmin(I)||l||2 + h1||eR||2 +

1

2
m||p||2 + 1

2
λmin(Kx)||ex||2 ≤

V ≤ 1

2
λmax(I)||l||2 + h2||eR||2 +

1

2
m||p||2 + 1

2
λmax(Kx)||ex||2 (7.25)
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The bound on V can be further written as :

V ≥ min(
1

2
λmin(I), h1,

1

2
m,

1

2
λmin(Kx))(||l||2 + ||eR||2 + ||p||2 + ||ex||2) (7.26)

From (7.9) and (7.24), the time derivative of V can be written as :

V̇ ≤ −Kl||l||α+1 − ||eR||α+1 −Kx||ex||α+1 −Kp||p||α+1 +
√

2h2||p||||eR||fM (7.27)

Since ||eR|| ≤ 1, we have, ||eR|| ≤ ||eR||α for α ∈ (0, 1) and therefore, Eq.(7.27) can be

modified as :

V̇ ≤ −Kl||l||α+1 − ||eR||α+1 −Kx||ex||α+1 −Kp||p||α+1 +
√

2h2||p||||eR||αfM
≤ −Kl||l||α+1 − ||eR||α+1 −Kx||ex||α+1 −Kp||p||α+1 +

√
2h2||p||||eR||αfM

+
√

2h2||p||α||eR||fM (7.28)

Let zα = [||eR||α ||l||α ||ex||α ||p||α]T , then (7.28) is

V̇ ≤ −zTαPz (7.29)

where

P =


1 0 0

√
2h2fM

0 Kl 0 0

0 0 Kx 0√
2h2fM 0 0 Kp



From Lemma 7.2.4, inequality (7.29) can be further written as :

V̇ ≤ −λmin(P )zTα z (7.30)

Here P is chosen to be a positive definite matrix. Eq.(7.30) becomes :

V̇ ≤ −λmin(P )(||eR||α+1 + ||l||α+1 + ||ex||α+1 + ||p||α+1) (7.31)

From Lemma 7.2.3 inequality (7.31) becomes :

V̇ ≤ −λmin(P )(||eR||2 + ||l||2 + ||ex||2 + ||p||2)α+1
2 (7.32)
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From Eq.(7.26), (7.32) is written as :

V̇ ≤ − λmin(P )

min(1
2
λmin(I), h1,

1
2
m, 1

2
λmin(Kx))

V
α+1
2 = −cV β (7.33)

where

c =
λmin(P )

min(1
2
λmin(I), h1,

1
2
m, 1

2
λmin(Kx))

β =
α + 1

2
∈ (0, 1)

Hence from Theorem 7.2.2, the complete closed-loop error dynamics is finite-time stable.

The settling time, tS for the complete motion is given by

tS =
1

c(1− α)
V (0)1−α

Again the control law (7.16) has singularity at ||ex|| = 0. Similar to previous

method, this issue can be avoided by replacing ||ex|| by (||ex|| + ϵ) where ϵ is a small

number, where ϵ = 0.001. The reason for adding ϵ can be understood in the same fashion

as before. Therefore the modified control law fdc becomes :

fdc = −Kxex −Kpp(||p||+ ϵ)α−1 +m(v̇d + ge3)

−mev(||ex||+ ϵ)α−1 −m(α− 1)eTx ev
ex

(||ex||+ ϵ)3−α
(7.34)

Therefore the singularity issue can be avoided using this approach.

7.4 Robustness to bounded disturbances

The dynamic equation of a quadrotor while accounting for external disturbances

present in rotational and translational dynamics is presented in section 3.2 but is men-

tioned below for completeness :

ẋ = v

Ṙ = RΩ̂

mv̇ = −mge3 +Rfb + dx (7.35)

IΩ̇ = −Ω× IΩ + τb + dΩ (7.36)
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Following assumptions are considered before showing robustness to bounded external

disturbances :

Assumption 5.

The norm of the disturbance vector in translational dynamics is bounded by a known

constant i.e. ||dx|| ≤ dxmax.

Assumption 6.

The norm of the disturbance vector in attitude dynamics is bounded by a known constant

i.e. ||dΩ|| ≤ dΩmax.

Proposition 7.3. If the disturbance in the attitude dynamics is bounded as in Assumption

6 and (7.37), then the finite-time control law (7.3) for the attitude dynamics makes the

attitude error dynamics converge to the neighborhood of (eR, eΩ) = (0, 0).

dΩmax ≤
Kll

α+1
max + 1

lmax
(7.37)

Proof. This can be proved by taking the time derivative of the Lyapunov function VR as

in Eq.(7.6). Proceeding as before along the system dynamics (7.36), we obtain :

V̇R = −Kl||l||α+1 − ||eR||α+1 + lTdΩ (7.38)

From Assumptions 6 one gets :

V̇R ≤ −Kll
α+1
max − 1 + ||l||||dΩ||

≤ −Kll
α+1
max − 1 + lmaxdΩmax (7.39)

Therefore, V̇R is non-positive if

V̇R ≤ 0 (7.40)

which is a sufficient condition for the attitude errors to converge to the neighborhood

of (I, 0). The above condition can be utilized to derive the expression for the bound of

disturbance vector in attitude dynamics i.e. Eqn.(7.37).

Proposition 7.4. If the disturbance in the attitude as well as translational dynamics is

bounded as in Assumption 5-6 and (7.37), (7.41), then the finite-time control law (7.3),

(7.16) for the attitude dynamics and translational dynamics makes the closed loop error
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dynamics converge to the neighborhood of (eR, eΩ, ex, ev) = (0, 0, 0, 0).

dxmax ≤
λmin(P )(l

α+1
max + 1 + eα+1

xmax + pα+1
max)

pmax
− lmaxdΩmax

pmax
(7.41)

Proof. This can be proved by taking the time derivative of the Lyapunov function VT as

in Eq.(7.21). Proceeding as before along the system dynamics (7.35), we obtain :

V̇T = −Kx||ex||α+1 −Kp||p||α+1 + pT∆f + pT∆x (7.42)

For the complete dynamics take V = VT + VR as before. From Eqns. (7.38) and

(7.42) and proceeding as before we get :

V̇ ≤ −λmin(P )(||eR||α+1 + ||l||α+1 + ||ex||α+1 + ||p||α+1) + lTdΩ + pT∆x

≤ −λmin(P )(lα+1
max + 1 + eα+1

xmax + pα+1
max) + lmaxdΩmax + pmaxdxmax

Therefore, V̇ is non-positive if

V̇ ≤ 0 (7.43)

which is a sufficient condition for the errors to converge to the neighborhood of (eR, eΩ, ex, ev) =

(0, 0, 0, 0). The above condition can be utilized to derive the expression for the bound of

disturbance vector in translational dynamics i.e. Eqn.(7.41).

7.5 Numerical Simulations

The simulation results have been divided into three sections. The first section

demonstrates the tracking performance of the proposed controller. From the simulation

diagrams, it can be observed that the tracking performance is quite good. The second sec-

tion presents the comparison result with the existing exponentially stabilizing controller

in the literature. It is shown that the proposed method results in faster convergence to

the desired trajectory. It is shown through comparison Table 7.2 and 7.3 that the peak

overshoot and the settling time of the proposed controller are significantly less as com-

pared to the other controller. The third section demonstrates the robustness property of

the proposed controller. It is shown that better position tracking is obtained with the

finite-time control law than the exponentially converging control law in the presence of

bounded external disturbances. The detailed results are discussed below, in which both
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Table 7.1: Parameters used in simulation

Parameter Values Units Parameter Values Units

g 9.81 m/s2 Ixx 0.082 kg m2

m 1.0 kg Iyy 0.0845 kg m2

Kx 2I3 - Izz 0.1377 kg m2

Kp 2I3 - Kl 2I3 -
K I3 - α 0.8 -

qualitative and quantitative results are presented. The comparison has been made in

terms of RMS error in trajectory tracking.

7.5.1 Trajectory Tracking

In order to illustrate the theoretical results, numerical simulations were carried out

for the system whose parameters are shown in Table.7.1. The reference trajectory is given

by

xd(t) = [2 cos

[
πt

10

]
; 2 sin

[
πt

10

]
;
t

2
] and b1d(t) =

ẋd(t)

||ẋd(t)||

The initial conditions for simulation are assumed to be

[x(0), y(0), z(0)] = [0, 0, 0], [ẋ(0), ẏ(0), ż(0)] = [0, 0, 0] and

R(0) = I3.

The proposed control law is simulated in MATLAB/SIMULINK for the quadrotor dynam-

ics with the trajectory and initial conditions mentioned above. The trajectory tracking

performance of the control law is shown in Fig.7.1. It is observed that the finite-time

control law tracks the reference trajectory quite well. The settling time is small, and the

peak overshoot is also small. These parameters have been quantified in the next section.

7.5.2 Comparison Result

The proposed control law is also compared with the control law proposed in [54]

where a geometric controller with exponential convergence is developed for a quadrotor.

The various comparative simulation results are shown in Figs. 7.2-7.3. It is observed

from various comparative figures that the proposed method results in faster convergence

to the desired trajectory with less peak overshoot, except in the case of angular velocity

errors. One can observe the tracking error performance in Fig.7.2 while velocity error
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performance is shown in Fig.7.4. The attitude error and angular velocity error perfor-

mances are shown in Fig.7.5-7.6. The time taken by the errors to converge within a

range of 0.02m for each control law is illustrated in Table 7.2. One can infer that the

convergence in the proposed control law’s case is very fast and is almost 1
5
in some cases

compared to the exponentially stable controller. A comparison of peak overshoot due to

both control efforts is illustrated in Table 7.3. It can be inferred from the table that the

peak overshoot in the case of the proposed control law is small as compared to the ap-

proach in [54]. The torque inputs shown in Fig.7.7 in both the cases are very similar, and

hence the finite-time control law is guaranteeing faster convergence at the same control

input. The control input in the body z-axis in the case of the proposed method converges

to the desired value within 5 sec while it takes almost 20 sec for similar convergence in

case of [54]. The configuration error function converges to zero very fast, as shown in

Fig.7.3-b within 2 sec in the case of the proposed control method. Very similar results

were obtained by comparing the proposed control law with the control law developed in

[46] and is not mentioned here for the sake of repetition. In [46] a geometric control law

is developed for a quadrotor but with the right tracking error function. Similar conver-

gence times were also obtained in this case also. From the simulation results, it can be

inferred that the control inputs are bounded and continuous, unlike many control laws in

literature where they are discontinuous, and hence the problem of chattering may occur.

The proposed control law is continuous and can be applied to practical actuators.

Figure 7.1: Trajectory tracking in 3D
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Table 7.2: Convergence time for the parameters by each control law in sec[s]

Parameter Invernizzi and Lovera Proposed method

ex 25 5
ey 25 5
ez 25 5
evx 25 6
evy 25 6
evz 26 6
er(1) 9 4
er(2) 6 3
er(3) 4 3
eΩ(1) 4 5
eΩ(2) 4 4
eΩ(3) 4 3
Ψ 3.5 2

Table 7.3: Peak overshoot for parameters in both approaches in metres [m]

Parameter Invernizzi and Lovera Proposed method

ex 0.6 0.01
ey -0.8 -0.5
ez -0.45 -0.22
evx 0.82 0.85
evy 0.35 0.25
evz 0.2 0.1
er(1) 0.01 0.01
er(2) 0.01 0.01
er(3) 0.01 0.01
eΩ(1) 0.035 0.075
eΩ(2) 0.1 0.25
eΩ(3) 0.2 0.25
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(a) (b)

(c)

Figure 7.2: Tracking Error in (a) X [m]; (b) Y [m];(c) Z [m].

(a) (b)

Figure 7.3: (a) Force along body Z-axis [N]; (b) Configuration error.

7.5.3 Robustness to disturbances

The external disturbances generated in the simulation environment are given by

dx(t) = [0.13 tan−1

(
t

2

)
; 0.2 tan−1

(
t

2

)
; 0.26 tan−1

(
t

2

)
].

dΩ(t) = [0.13 tan−1

(
t

2

)
; 0.2 tan−1

(
t

2

)
; 0.26 tan−1

(
t

2

)
].

The position tracking performance is shown in Fig 7.7-d. It is observed from Fig. 7.7-d

that better position tracking is obtained with the finite-time control law than the exponen-

tially converging control law. The RMS error in position tracking in the case of exponen-

tially converging control law is found to be [2.9028; 2.8644; 0.6898]m while RMS error in

position tracking with the finite-time control law is found to be [0.3621; 0.1880; 0.0849]m

which is a substantial improvement. The transient performance and the dynamic re-

sponse of the finite-time control law are also significantly improved compared to the one
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(a) (b)

(c)

Figure 7.4: Velocity Error in (a) X [m/s]; (b) Y [m/s];(c) Z [m/s].

(a) (b)

(c)

Figure 7.5: Attitude Error in (a) Roll [rad]; (b) Pitch [rad];(c) Yaw [rad].

with exponentially converging control law.

7.6 Conclusion

A nonlinear geometric finite-time controller is proposed for quadrotors for their

attitude as well as translational dynamics. A composite error is constructed based on

which finite-time control law is formulated for both rotational and translational dynam-

ics. The theoretical proof shows that the proposed control law results in a finite-time
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(a) (b)

(c)

Figure 7.6: Angular Velocity Error in (a) Roll [rad/s]; (b) Pitch [rad/s];(c) Yaw [rad/s].

(a) (b)

(c) (d)

Figure 7.7: Torque input in (a) Roll [Nm]; (b) Pitch [Nm];(c) Yaw [Nm]; (d) Tracking
performance in the presence of bounded disturbances

stable closed-loop system. Simulation results show better tracking performance and faster

convergence to the desired trajectory as compared to other exponentially converging con-

trol laws in the literature. The control law is also intrinsic, i.e., coordinate invariant.

Hence the proposed method not only gives a finite-time stable closed-loop system but

also improved transients. The simulation results also show that the proposed control law

is extremely robust to bounded external disturbances and results in very little RMS error

as compared to exponentially converging control law. A comparison table has been pro-
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vided to demonstrate the proposed control law’s better performance compared to other

control laws. Future work includes the implementation of the above finite-time control

law on a real-time hardware prototype. It is planned to implement this control law on

an open-source Pixhawk board based on PX4 firmware.
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Chapter 8

Conclusions and Future Works

8.1 Conclusions

In this thesis report, several globally valid algorithms for the control of quadrotors

in the presence of disturbance and time-delays are presented. The second chapter presents

a globally valid model of a quadrotor on SE(3) using variational principles.

In the third chapter, a nonlinear disturbance observer-based controller was designed

for a quadrotor. The proposed disturbance observer-based controller’s main advantage

is that the bound on the disturbance is not assumed to be known. The controller is

also shown to have a simpler structure. The theoretical proof shows that the proposed

controller is locally input to state stable with respect to the derivative of the disturbances

if the disturbance, as well as its derivatives, are bounded, and hence the tracking errors

are also bounded. The simulation results and the experimental results show the proposed

controller’s effectiveness in the presence of disturbances and modeling inaccuracies.

In the fourth chapter, a nonlinear geometric adaptive controller was proposed for

quadrotors when the center of gravity’s location is different from the geometric center.

The theoretical proof shows that the proposed control law along with coordinate invariant

adaptive laws is stable. Simulation results show better tracking performance when the

offset is explicitly compensated as compared to when it is not explicitly compensated. It

can be observed that beyond a certain threshold in offset between the center of gravity

and geometric center, if the system dynamics is not compensated explicitly with the

proposed method, then the system becomes unstable. Hence, the proposed method gives

a tracking controller and stable adaptive control laws, which have been verified through

numerical simulations.

In the fifth work, a state predictor controller pair was developed to control a quadro-

tor in the presence of network-induced state and input time delay. To the best of the

authors’ knowledge, this study is the first to explicitly compensate for both states and
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input time delay in a quadrotor system. The state predictor was shown to be asymp-

totically stable and hence was able to estimate the states’ future values. The output of

the predictor is used while implementing the controller developed in this chapter. The

controller is also shown to be asymptotically stable. Through simulations, it is observed

that the quadrotor’s satisfactory steering is obtained with a controller augmented with

the predictor in the presence of state and input delay.

In the sixth chapter, a predictor feedback control for attitude stabilization of

quadrotors with input time delay has been proposed by representing the attitude using

rotation matrices to avoid the singularities and sign ambiguities associated with Euler an-

gles and quaternions, respectively. The closed-loop system is shown to be asymptotically

stable with respect to a norm defined in the text. The norm has been defined in terms of

states and past control efforts and hence explicitly results in Lyapunov Krasovskii func-

tional for the system. A cascade of PDE-ODE system and the concept of transport delay

has been used in the proof. The control law is also shown to be robust in the presence of

external disturbances as well as delay mismatch.

In the seventh chapter, a nonlinear geometric finite-time controller was proposed for

quadrotors for their attitude as well as translational dynamics. A composite error was

constructed based on which finite-time control law was formulated for both rotational

and translational dynamics. The theoretical proof shows that the proposed control law

results in a finite-time stable closed-loop system. Simulation results show better tracking

performance and faster convergence to the desired trajectory as compared to other expo-

nentially converging control laws in the literature. Hence the proposed method not only

gives a finite-time stable closed-loop system but also improved transients. The simulation

results also show that the proposed control law is extremely robust to bounded external

disturbances and results in very little RMS error as compared to exponentially converging

control law. A comparison table has been provided to demonstrate the proposed control

law’s better performance compared to other control laws.

8.2 Future Works

The future work will mainly focus on the following scenario :

� The future work will deal with controller design even in the presence of packet loss

experienced while operating over a TCP network. This is a very practical scenario

since the network is never perfect, and packet loss is inevitable.

� Moreover, we have not considered parametric uncertainty in the estimator as well

as controller design. The effect of parametric uncertainly will also be considered in
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future work. In fact, globally valid control law in the presence of input and state

delay considering external disturbance is being developed presently.

� The proposed algorithm can be easily extended to multi-agent quadrotor systems.

For example, one can work on consensus or formation control of multiple quadrotors.

This work is presently being looked into.

� The experimental verification of the proposed method in this thesis is another area

to be looked into. This will demonstrate the effectiveness of the proposed method

in a real-life scenario.

� Geometric optimal control of multiple quadrotors is another promising area where

one can develop globally valid control law on SE(3) minimizing a performance

index. Since a quadrotor consumes a lot of energy, one can choose to minimize

control input to reduce energy consumption. One can also choose to minimize the

time required in tracking a trajectory.
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Appendix A

SUPPLEMENTARY MATERIALS

A.1 Hardware Setup

The specifications of the hardware set up are given below :

1. PIXHAWK FMU 2.4.8 with PX4 Firmware

2. 30A Electronic Speed Controllers (ESC)

3. A2212/13T 1000KV BLDC Motors

4. GPS Module with Compass

5. 3000 mAh 3 cell 11.1 V 30 C Li-ion batteries

6. 433 MHz Telemetry Module

7. Buzzer

8. 10 × 4.5 propellers

9. FS-CT6B Transmitter

10. Raspberry Pi 3.0 motherboard

The hardware setup, assembled in the lab, is shown in Fig.A.1.
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Figure A.1: Quadrotor setup assembled in the Lab
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