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Abstract

Quadrotors have gained immense popularity among aerial vehicles in recent years
due to their diverse applications. Owing to their vertical take-off and landing (VTOL)
capabilities in limited spaces and hovering abilities over a specified target, quadrotors find
wide utility in surveillance, search and inspection, and several other social and military
applications. Recent advances in miniaturized sensors and high computational efficiency
have played a major role in the development of aerial vehicles, especially quadrotors.

Control of unmanned aerial vehicles is very challenging due to their highly nonlinear
dynamics and parameter variations with flight conditions. Several linear and nonlinear
control techniques have been proposed in the literature for stabilization and tracking
control of quadrotors. Most of the literature design the control laws using Euler angles or
quaternions. It is well known that Euler angles have singularity while quaternions have
ambiguities while representing the attitude of a quadrotor. To remove the singularities
associated with Euler angles and ambiguities with quaternions, rotation matrices have
been used to develop controllers in recent literature. Building upon these developments,
the thesis attempts to develop globally valid control laws in the presence of disturbances.
The effect of external disturbances considered in the literature assumes that the bound
on the disturbances is known a priori. This is a limitation of controllers present in the
literature since it is very difficult to know such bounds in practice. The thesis aims to
remove this limitation.

Most of the literature does not consider offset between the center of gravity and the
body-fixed frame’s origin. The offset between the center of gravity and geometric center
was explicitly compensated in some literature where 6-DOF rigid body dynamic model
was considered while designing the adaptive controller. This offset may be compensated
through integral actions, but if the nonlinear dynamic model is not properly considered,
additional disturbances may result. The assumption of zero offset is not practical, and
therefore the thesis attempts to remove this shortcoming of present literature. An adap-
tive control law is proposed to estimate this offset and estimate the mass and moment of
inertia of the quadrotor.

Time delays are widespread in the physical systems and engineering domain. The

v
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literature on the control of quadrotors with input delay is very limited. Teleoperation
is the next big thing in the robotics industry. But such a task is not without its own
set of challenges. The main challenge is packet loss, distortion, and time delay. It is
quite desirable to be able to control a robotic device over a network with remote access.
Almost all the literature on quadrotors does not consider communication time delay. The
presence of communication time delay may result in instability in the system. Motivated
by the current state of the literature, we propose to design a controller considering both
inputs as well as state delay experienced while operating the device over a network.

A trajectory tracking control law with finite-time convergence on the nonlinear
manifold SE(3) is more desirable since most of the existing finite-time control laws only
stabilize the attitude. Closed-loop systems under finite-time control usually demonstrate
a faster convergence rate, higher tracking precision, better disturbance rejection proper-
ties, and robustness against uncertainties. Because of above mentioned attractive features
and better practical implementation in actuators, the continuous feedback finite-time
control method has gained more attention in recent years. Moreover, the continuous
feedback stabilization in finite-time does not excite unmodeled high-frequency dynamics
as compared to discontinuous feedback. Motivated by these advantages of finite-time
convergence property, a finite-time stable geometric controller is designed for a quadro-
tor. The proposed control law is not only globally valid but also robust to external

disturbances.

TH-2551_166102009



Contents

List of Figures

List of Tables

Mathematical Notations

1 Introduction

1.1 Background . . . . .. . .. ..
1.2 Dynamic Modeling of Quadrotors . . . . . . . . . . ... .. .. ... ..
1.3 Attitude Representations . . . . . . . . . .. ... ...
1.3.1 Rotation matrix . . . . . . . ... Lo
1.3.2 FEuler axis and Principal Angle . . . . . . . ... ... ... .. ..
1.3.3 FEuler Angles. . . . . . . . . . ...
1.34 Quaternions . . . . . . . . ... ..o e e
1.3.5 Rodrigues Parameters . . . . . . ... .. ... ... ... ... .
1.3.6 Modified Rodrigues Parameters . . . . . ... .. ... ......
1.4 Literature Review of Control Strategies . . . . . . . . .. . ... .. ...
1.5 Motivation . . . . . . ..o e
1.6 Problem Statement . . . . . . .. .. ..o
1.7 Contribution of the thesis . . . . . . .. .. ... . 000
1.8 Thesis Organization . . . . . . . . .. ...

2 Mathematical Modeling

2.1 Introduction . . . . . . . ...
2.2 Mathematical Preliminaries . . . . . . . .. ... ... ... ... ... .
2.2.1 Topological Spaces . . . . ... ...
2.2.2 Manifold . . . . . . ..
2.2.3 Immersed Submanifold . . . . . . .. ... ... 0L
224 Tangent Bundle . . . . . . ... 0oL
225 Vectorfields . . . . . . . ...

TH-2551_166102009

vi

xii

xiii

© © 00 I O O OO O W = -

N = = =
— O o



Contents

2.2.6  Tangent Bundle of the configuration manifold . . . . . . .. . .. 27
2.2.7 Kinetic Energy of Rigid Body . . . . .. ... ... ... ..... 27
2.3 Lie Group and Lie Algebras . . . . . . .. .. ... ... 28
2.3.1 Rigid body transformations . . . . ... ... ... ... .. .. 28
2.3.2 Topological Group . . . . .. ... ... ... 30
233 LieGroup . . . . . . . 30
2.3.4 Matrix Lie group . . . . . . . ..o 30
2.3.5 Liealgebra . . . . . ... L 31
2.3.6 Matrix Lie algebra . . . . . .. .. o000 31
2.4 Modeling on SE(3) using Variational Principles . . . . . .. ... .. .. 31
2.5 Conclusion€ ™ .[«" . _ ool N, . ./ o .. L L 33

3 Nonlinear Disturbance Observer Based Geometric Control of a Quadro-

tor 34
3.1 Imtroduction . . . . . . . ... 34
3.2 Dynamic Model . . . . . .. .. oo 35
3.3 Geometric Controller . . . . . . .. . ... ... ... 36
3.3.1 Configuration Error . . . . . . .. .. ... 0oL 36
3.3.2 Nonlinear Disturbance Observer . . . . . . . . . . ... ... ... 37
3.4 Controller Design . . . . . . . . ... 39
3.4.1 Finding Reference Attitude . . . . . ... ... ... ... .. ... 40
3.4.2 Input to State Stability . . . . . . ... ... ... 40
3.5 Simulation Results . . . . . . ... .. 0oL 46
3.5.1 Scenario I : Finite Slope and bounded Disturbance . . . . . . .. 47
3.5.2 Scenario II : Constant Disturbance . . . . . . ... ... ... .. 47
3.6 Experimental Results . . . . . . . .. ... ... ... ... 49
3.7 Conclusion . . . . . . . . . e e e e e e 52

4 Geometric Adaptive Control of a Quadrotor with Location of Center of

Gravity Different from Geometric Center 55
4.1 Introduction . . . . . . . ... 55
4.2 Dynamic Model . . . . . . . ... 26
4.3 Controller Design . . . . . . . . ... 58
4.4 Numerical simulations . . . . . ... ... ... ... ... ... ... .. 63
4.4.1 Scenariol . . . . . ... 64
4.4.2 Scenario IT . . . . . . . . . . ... 65
4.5 Conclusion . . . . . . . . L 66
vii

TH-2551_166102009



Contents

5 Control of a Quadrotor with Network Induced Time Delay 70
5.1 Introduction . . . . . . . ... 70
5.2 Dynamic Model . . . . . . . ... 72
5.3 Lyapunov Razumikhin Theorem . . . . . . .. ... ... ... ... ... 73
5.4 State Predictor . . . . . . . ... 73

5.4.1 Error Dynamics for Rotational Subsystem . . . .. .. ... ... 75
5.4.2 Stability Proof for Rotational Subsystem . . . . . . .. ... ... 7
5.4.3 Complete Error Dynamics . . . . . . ... ... ... ... ... 78
5.4.4 Stability Proof for Complete System . . . . . ... .. ... ... 81
5.5 Controller Design . . . . . .. .. .. 82
5.5.1 Z—subsystem . . . . .. .. 83
5.5.2 Heading(¢)—) Subsystem . . . . . . . ... ... ... .. ... .. 84
5.5.3 Horizontal Subsystem . . . . . . .. ... ..o 86
55/ Y —subsystem . . . . .. .. ... 0o 86
55.50 JX— subsysteml .00 o000 L L0 U L 88
556 ¢— Subsystem . . . . . . ... 89
5.5.7 60— Subsystem . . . b o0 Lo L 0L 0L B 90
5.6 Numerical Simulations . . . . . .. .. .. .. . 0oL 91
5.6.1 Discussion of Results . . . . . ... .. .. ... ... ... 96
5.6.2 Comparison to existing literature . . . . . . . .. ... ... ... 96
5. TedGoMBlusio N . . U . L. . - . . . 97

6 Robust Attitude Stabilization of a Quadrotor with Input Time Delay 98

6.1 Introduction . . . . . . . .. . .. 98
6.2 Problem Formulation . . . . . . ... ... ... ... ... ... ..... 99
6.2.1 Dynamic Model . . . . . . . . . ... 99
6.2.2 Configuration Error . . . . . . ... ..o 100
6.3 Some Definitions . . . . .. ..o 100
6.3.1 Forward Completeness . . . . . . . . ... . ... ... ... 100
6.3.2 Norms for PDE state variables . . . . . ... ... ... ... ... 100
6.4 Controller Design . . . . . . . . .. .. 100
6.5 Numerical Simulations T . . . . ... ... ... ... ... ... ... 108
6.6 Robustness to Delay Mismatch . . . . . ... ... ... ... .. .... 108
6.7 Numerical Simulations IT . . . . . .. ... ... ... ... .. ...... 111
6.8 Conclusion . . . . . . . . . 111

7 Geometric Control of a Quadrotor with Finite-Time Convergence and

Improved Transients 114

viil

TH-2551_166102009



Contents

7.1 Introduction . . . . . . . . . 114
7.2 Some Definitions . . . . . . . ... 116
7.3 Controller Design . . . . . . . . ... 117
7.4 Robustness to bounded disturbances . . . . . . . . .. .. ... .. ... 123
7.5 Numerical Simulations . . . . . . . . . . .. 125
7.5.1 Trajectory Tracking . . . . . . . . . . .. ... ... ... ... 126

7.5.2 Comparison Result . . . . ... .. ... ... ... .. 126

7.5.3 Robustness to disturbances . . . . . . . ... ... 129

7.6 Conclusion . . . . . . . .o, 130

8 Conclusions and Future Works 133
8.1 Conclusions . . . . . . . . 133

8.2 Future Works . . . . . . o, 134

A SUPPLEMENTARY MATERIALS 136
A1 Hardware Setup . . . . . . . . . . . . 136
List of Publications 139
Bibliography 140

X

TH-2551_166102009



List of Figures

1.1

2.1
2.2

3.1
3.2
3.3

3.4
3.5
3.6

3.7
3.8
3.9

3.10

4.1
4.2
4.3

4.4

4.5
4.6

Quadrotor Configuration . . . . . . . . .. . .. ... ... ...

Charts and mappings . . . . . . . . . . ..
Rigid body transformations . . . . . . .. .. ... ... ... ... ..

Controller with the disturbance observer . . . . . .. ... .. ... ...
Trajectory tracking . . . . . . . . ...
Disturbance estimates in (a) Roll [Nm]; (b) Pitch [Nm]; (¢) Yaw [Nm]; (d)
XN YINF(E)Z[N]. - . .o oo oo e
(@) fo [IN]; () W. oo
Trajectory tracking . . . . . . . . . .. ..
Disturbance estimates in (a) Roll [Nm]; (b) Pitch [Nm]; (¢) Yaw [Nm]; (d)
XN () YINL () Z[N]. - o oo oo e e
Position Tracking in (a) X [m]; (b) Y [m]. . . ... ... ... ... ...
Position Tracking in Z [m] . . . . . .. ... .. ... ... ..
(a) Roll torque [Nm]; (b) Pitch torque [Nm];(c) Yaw torque [Nm|;(d) Throt-
tloATN]. . e . . . . . . . . . A . N
Disturbance estimates in (a) X [N]; (b) Y [N];(c) Z [N]; (d) Roll [Nm];(e)
Pitch [Nm]; (f) Yaw [Nm]. . . . . . ... ... . ...

Rigid Body Model with offset between CG and body-fixed frame . . . . .
Tracking in (a) X [m] (b) Y [m] (¢) Z [m] for rg = [0.02,0.02,0.01]"m

(a)-(c) Center of gravity estimates for rg = [0.02,0.02,0.01]7m (d)Mass
estimate (e)Throttle input (f) Torque input . . . . ... ... ... ...
(a) Attitude error (b) Angular velocity error (c) Linear velocity error (d)
Moment of Inertia estimate . . . . . . . ... ... o000
Product of Inertia estimate . . . . . . . ... ... o000
Tracking in (a) X [m] (b) Y [m] (¢) Z [m] (d)-(f) Center of gravity estimates
for rg = [0.04,0.04,0.02]Tm . . ...

TH-2551_166102009

49
20
20

o1

o2

52

23

o4

56
65

67

68
68



List of Figures

5.1 Controller-Predictor pair . . . . . . . . .. ... ... 74
5.2 Outputs (a) Roll,¢[rad]; (b) Pitch, 8[rad]; (c) Yaw, ¥[rad];(d) X [m] ; (e)

Y [m]; (f)Z[m]. . ... 93
5.3 Predicted states (a)o[rad]; (b)0[rad]; (c)[rad] ; (d) X[m] ; (e) Y[m] ; (f)

ZIM). o o 04
54  Inputs(a)Uy; (b)Us; (c)Us; (d)Uy; (€)ug,wy o o o o oo oo oo 95
6.1 Attitude Tracking. . . . . . . . ... 109
6.2 Angular Velocity stabilization . . . . . . .. .. ... ... 110
6.3 Control input . . . . . . .. 110
6.4 Control input-Case Il . . . . . ... ... ... .. .. ... ....... 111
6.5 Angular Velocity stabilization - Case IT . . . . . . . ... ... ... ... 112
6.6 Attitude Tracking - Case II. . . . . . . . . ... ... ... ... ..... 113
7.1 Trajectory trackingin 3D . . . . . ... ... Lo 127
7.2 Tracking Error in (a) X [m]; (b) Y [m];(c) Z [m]. . . . ... ... ... .. 129
7.3 (a) Force along body Z-axis [N]; (b) Configuration error. . . .. .. ... 129
7.4 Velocity Error in (a) X [m/s]; (b) Y [m/s];(c) Z [m/s]. . . . . . ... ... 130
7.5 Attitude Error in (a) Roll [rad]; (b) Pitch [rad];(c) Yaw [rad]. . . . . . .. 130

7.6 Angular Velocity Error in (a) Roll [rad/s|; (b) Pitch [rad/s];(c) Yaw [rad/s].131
7.7 Torque input in (a) Roll [Nm]; (b) Pitch [Nm];(c) Yaw [Nm]; (d) Tracking

performance in the presence of bounded disturbances . . . . . . ... .. 131
A.1 Quadrotor setup assembled in the Lab . . . . . . ... ... ... .... 137
xi

TH-2551_166102009



List of Tables

3.1 Parameters used in simulation . . . . . .. ... ... 0oL L. 47
3.2 Comparison Table . . . . . . . ... ... 48
3.3 Parameters used in experiment . . . ... .. ..o 48
4.1 Parameters used in simulation . . . . . . . ... ... L. 64
5.1 Parameters used in simulation . . . . . . ... ... 0oL 92
7.1 Parameters used in simulation . . . . . . ... ... ... 126
7.2 Convergence time for the parameters by each control law in sec[s] . . . . 128
7.3 Peak overshoot for parameters in both approaches in metres [m] . . . . . 128
xii

TH-2551_166102009



Mathematical Notations

R3x%3
SO(3)
SE(3)
50(3)

TH-2551_166102009

set of real numbers

set of 3 X 3 matrices with real entries

Special Orthogonal Group of dimension 3
Special Euclidean Group of dimension 3

Lie Algebra of SO(3)

Lie Algebra of SE(3)

Angular Velocity expressed in body-fixed frame
Angular Velocity expressed in inertial frame
Rotation Matrix

Torque in body frame

Force in body frame

xiii



Chapter 1

Introduction

1.1 Background

A mechanical system is a physical system having moving parts. For example, a
car with wheels that can rotate is a mechanical system. A mechanical system comprises
actuators, power supplies, sensors, etc. The degree of freedom of a mechanical system is
defined to be the number of the independent direction of motions it can perform. For
example, a mobile robot can move in a plane as well as rotate about a vertical axis, and
hence it has 3 degrees of freedom. A mechanical system has a number of inputs to control
its degree of freedom. If the degree of freedom is the same as the number of control inputs,
then the mechanical system is called a fully actuated mechanical system. Examples
of such systems include spacecraft and simple pendulum. Underactuated mechanical
systems belong to a class of mechanical systems where the number of control inputs is
less than the number of degrees of freedom to be controlled. This class of systems has
been the subject of active scientific research fueled by their broad applications in different
disciplines. Examples of such systems include underwater vehicles, wheeled mobile robots,
quadrotors, spacecraft, helicopters, etc.

Quadrotors are underactuated since they have four control inputs but six degrees
of freedom, three rotational and three translational. Recently quadrotors are becom-
ing increasingly popular aerial vehicles due to their multifaceted applications. Several
quadrotors applications include but are not limited to building surveillance, search and
inspection, and research applications. These critical applications of quadrotors are pos-
sible mainly due to their vertical take-off and landing (VTOL) capabilities in limited
spaces and hovering capabilities over the target. The first reported quadrotor helicopter
was built by Breguet Brothers in 1907 and is reported to have lifted into flight. But the
development of quadrotors was stalled for many years due to design and control issues.

The recent advances in miniaturized sensors (MEMS) and high computational efficiency
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1.1. Background

have made possible aerial vehicles’ development, especially quadrotors. Due to its critical
applications several academic institutions and industry [1] [2] [3] [4] [5] [6] are trying to
develop quadrotors suitable to their specific requirements.

A quadrotor is made of four rotors placed perpendicular to each other, as shown
in Fig. 1.1. One pair of opposite rotors rotate in the same direction while the other
pair rotate in the opposite direction. Due to the opposite sense of rotation of the rotors,
the gyroscopic and aerodynamic torques tend to cancel in trimmed flight. One of the
advantages of a quadrotor over conventional helicopters is its mechanical simplicity and
hence is very easy to build. Another advantage is payload enhancement since four rotors
are used, and hence more lift thrust can be generated. Unlike helicopters, a swashplate
mechanism is not required to control the movement of the quadrotors, which simplifies the
design of the quadrotors. A disadvantage of a quadrotor is the high energy requirement

to control the four rotors.

1>
2 ) w2
T3 A T4
ZB Ve
w3 /
3 —— L.
OB XnB g
Wi
ZI YI AT4
Or X; O wa
4

Figure 1.1: Quadrotor Configuration

Control of unmanned aerial vehicles are very challenging mainly due to the following
reasons:
e The dynamics of a quadrotor are highly nonlinear and coupled. For example, roll
motion results in motion in the Y —direction, and pitch motion results in motion in the
X —direction.
e There are only four control inputs but six degrees of freedom to manipulate. This is

known as underactuation, due to which the control design becomes non-trivial.
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1.2. Dynamic Modeling of Quadrotors

e The parameters of a quadrotor, such as mass, the moment of inertia, moment arm,

etc., may vary with flight conditions if load is being transported or a gimbal is attached.

Therefore, it is challenging to design an accurate trajectory tracking control law since it

will depend on these parameters.

e For outdoor operation, the effect of wind should be taken into account for stability and

better tracking performance.

e The aerodynamic effects comes into play at the high speed of operation. Therefore, at a

high speed of operation, one should consider these effects for accurate tracking operation.
Several linear and nonlinear control techniques have been reported in the literature

for the stabilization and tracking control of a quadrotor.

1.2 Dynamic Modeling of Quadrotors

This section introduces the dynamic model of a quadrotor using Newton’s second
law of motion. This modeling approach is predominantly available in the literature. An
approach to modeling using variational principles which results in singularity free model
is presented in chapter 2. The dynamic equation of a quadrotor is obtained by considering
two frames of reference. The inertial frame of reference is denoted by {Oy, X, Y7, Z;}
with the origin as O; as shown in Fig. 1.1. The body-fixed frame of reference is denoted
by {Op, X, Yps, Zp} with the origin as Op. To define a rigid body’s configuration with
respect to an inertial frame, we need to specify both position and orientation of the rigid
body with respect to the inertial frame. Various forces acting on a quadrotor can be

modeled as

Gravitational force acting at the center of mass of the body Op.
e Gyroscopic effects due to the rotation of the propeller plane.
e Aerodynamic effects due to blade flapping and rotation of the propeller.

e Drag forces due to motion in a fluid which is air in this case.

The complete dynamic equations should take all these forces into account. However, in
literature, control has been developed mainly with a simplified model neglecting some of
the effects, such as aerodynamic effects. Let us define some symbols before writing the
dynamic equations of motion.

x € R3 : position of origin of body fixed frame with respect to earth fixed frame.
R € SO3) := {R € R¥3|RTR = I3, det(R) = 1} : rotation matrix to specify the
orientation of body fixed frame with respect to earth fixed frame, v : velocity of Og with
respect to inertial frame, ¢ : roll angle, 0 : pitch angle, ¢ : yaw angle, w; : angular velocity

of rotor i, I=diag{I,,I,,I.} : inertia matrix in body fixed frame, I, : rotor Inertia,  :

3
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1.2. Dynamic Modeling of Quadrotors

map from R? to s0(3)(the set of skew-symmetric matrices), T;=thrust produced by rotor
1, 2= body angular velocity, f, : Forces expressed in the body fixed frame, 7, : External
control input, [ : distance from COM to propeller center.

The dynamic equation of motion of the vehicle from Newton-Euler approach ne-

glecting aerodynamic effects but including gyroscopic effects is given by:

T=0
) 1
v = —ges + —be
m
R = RO (1.1)

4
IO =—-Qx IQ—ZIT(Q X e3)w; + T,

=1

The first two equations are the translational dynamics whereas the last two are the
rotational dynamics. In comparison to the other moments, the gyroscopic terms have
very insignificant roles in the overall attitude of the craft. They are presented to provide
a more accurate model, but will not be used in the simulation or implementation of
the control system in order to reduce the overall complexity of the system. This set of
equations will be derived in chapter 2 using variational principles. If ZYX set of Euler

angles are used to specify orientation [7], then rotation matrix R is given by:

CyCy CySeSp — SyCp CySeCh 4= SyS¢
R= | syco 54595y + CopCyp Sy59Co — CySo
—Sp CoS¢ CoCy
where ¢y and sy represent cosf and sinf respectively. The ranges for the angles are
—T<¢<m —F<O<Fand —w <P <
The control input torque 7, is generated by the thrust produced from the rotors.

Since T; o< w?, increasing angular velocity of rotor 2 and decreasing that of 4 produces

i
roll motion. Similarly, increasing the angular velocity of rotor 3 and decreasing that of 1
produces pitch motion. The yaw motion is produced due to the reactive torque exerted on
the frame of the body by the propeller in accordance with Newton’s third law of motion.
Since reactive torque Ty o< w?, yaw motion is produced if we increase angular velocity of
2, 4 and decrease that of 1, 3 by the same amount. Let us define the following notations

for thrust generated by propellers and reactive torque produced
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1.2. Dynamic Modeling of Quadrotors

T = k’twiz

Td = kdwf

where k; and k; are constants of proportionality.

Putting together above equations, torque input in the body frame is given by

lkt(w22 — W42)
T, = Tk (ws? — wi?)

kd(w22 -+ w42 — (,U12 - W32)
The body force Fj can be written as:
0

0
kt(wl2 == CL)22 - CL)32 + W42)

Jo

Finally the dynamic equations of motion can be written as:

(cos ¢sinf cos 1) + sin ¢ sin ) I

where

T = 1
m
. cos ¢ sin 0 sin 1) — sin ¢ cos
o (cosgsindsing —singeos)
m
5— g+ (cos ¢T>rzjos 6) U,
ooty Lia Ly Y
Cb ¢( I )_-[_a: ‘1‘]36 2
- I, I - l
§= $H(==) + 290+ U
I, y y
1 — 1, 1
¢—9¢(I—Z)+I—ZU4

Ur = ky(wi® + wo? + ws? + wy?)

Uy = ky(wy? — wy?)

Us = ki(ws? — w;?) (1.4)
Uy = ka(w2® + wy® — w1 — ws?)
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1.3 Attitude Representations

A rigid body’s attitude is the orientation of its body-fixed frame with respect to
the inertial frame. A rigid body’s attitude evolves on a non-Euclidean manifold called
the Special Orthogonal Group of dimension three or SO(3). There are various ways to
represent the attitude [8] of a rigid body in non-Euclidean and Euclidean space. The
different representations are rotation matrix representation, Euler axis, principal angle,
Euler angles, quaternions, Rodrigues parameters, modified Rodrigues parameters etc. A

summary of each of these representations is given in the following subsections.

1.3.1 Rotation matrix

Let R denote the rotation matrix from the body-fixed frame to the inertial frame of
reference. The columns of the rotation matrix represent the components of the body-fixed
basis unit vectors expressed in the inertial frame. The rotation matrix has the property
that

RTR=RR" =1 (1.5)

from which it follows that R~! = RT. Hence the determinant of R = £1. A rigid-body
transformation for which det(R) = 1 is called a rotation matrix. Two successive rotations

can be represented by:
R'"=RR (1.6)

where R” is obtained by first undergoing rotation about R followed by rotation R'.

1.3.2 Euler axis and Principal Angle

The rotation of a coordinate frame about another can also be expressed by an
angle ¢ about an axis passing through the common origin. The Euler axis is obtained
by finding the rotation matrix’s eigenvector corresponding to the eigenvalue of 1. The

principal angle is obtained by finding the trace of R and using the following:

cosd = %(traee(R) - 1) (1.7)

1.3.3 Euler Angles

The minimum number of rotations required to represent the attitude of a rigid body
is 3. The three-angle representation of attitude is called Euler angles representation, and
the angles are called Fuler angles. The final rotation matrix is obtained by multiplying

three elementary rotations. For example, rotation matrix for ()3, (#)2 and (¢); is ob-
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tained by multiplying successive rotations by Z—axis, followed by successive rotations

about rotated Y and X —axis. The final rotation matrix is given by:

CoCy 6981/, —Sp
R=R(P)R(O)R(V) = | s48eCy — CoSyp  SpSaSy + CoCy SpCo
CpSeCy + SpSy  CpSeSy — SeCy  CpCh

where ¢y and sy represent cosf and sin 0 respectively.

The Euler angles for the above representation can be found as:

6 = tan~' (=)

C33
0 = —sin ' c3 (1.8)
¥ = tan~!(72)

‘11

where ¢;; is the element corresponding to i row and ;™ column of the matrix R. One
of the problems with Euler angle representation is that at a specific orientation, it is not
possible to determine all angles from the rotation matrix. For example, for the above
representation, there is a singularity at § = +90°. At this orientation, ¢ and v cannot

be determined uniquely. This is referred to as singularity.

1.3.4 Quaternions

Quaternions are four parameters representation of attitude derived from Euler axis
and principal angle. This is a singularity free representation of attitude. A quaternion
has four parameters, the first three of which form a vector ¢ = [q1, g2, g3]7 while the last

one, q is a scalar. The quaternions are represented as :

.
q; = €; SIHE

o (1.9)
qs = COSE

where e= [eq, e, e3] is the Euler axis and ® is the principal angle. From above equation

it is observed that following constraints are satisfied:

@+’ ra’=1 (1.10)
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This equation implies that the attitude representations using quaternions evolve on a

four- dimensional unit sphere. The rotation matrix in terms of quaternions is written as:

= ¢® — P+’ 2(q1q2 + q3q4) 2(¢1q3 — q244)
R= 2(q1g2 — q3q4) —q1% 4+ ¢2% — ¢35 + ¢4 2(¢2q3 + q14)
2(q193 + G2q4) 2(q2q3 — 1qa)Cy —q1% — ¢2% + q3% + q4*

The quaternions elements can be computed as:

¢ = €23 — C32
= =2
4qy
C31 — C13
N
d (1.11)
s = Ci2 — C21
4qy
1 1
qs = iE\/l +eit etz = i§ 1 + trace(R)

The rotation matrix derived from quaternions is computationally efficient than derived
from Euler angles since the former does not have trigonometric functions in them. The

successive rotations in quaternion space can be written as:

R(¢",qy) = R(¢', q4) R(q, qa) (1.12)

One of the problems of using quaternions is sign ambiguity. The quaternion (g, ¢4) and
(—q, —q4) represent same rotation matrix. This results in unwinding phenomenon [9]. In
quaternion space, (¢, qs4) and (—q, —q4) represent the same rotation matrix R € SO(3),
but (—q, —q4) is unstable hence attitude starting near it travels to the antipodal point

(¢,q4). This results in wastage of control effort and unnecessary rotation in SO(3).

1.3.5 Rodrigues Parameters

A set of 3 parameters of attitude representation, p = (py, p2, p3)? derived from

quaternions is called Rodrigues parameters. It is derived as :

q P
p=— =etan — 1.13
" 5 (1.13)
The advantage of Rodrigues parameters is that only three parameters are needed and
are less computationally intensive than Euler angle representation. But like Euler angles,

they have a singularity at ® = nm, and their use is limited to ® < 180°.
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1.3.6 Modified Rodrigues Parameters

A modified 3 parameter set derived from Rodrigues parameters in order to extend
its use for ® > 180° is defined as :

)
a :etanz (1.14)

This set p = (p1,p2,p3)” is nonsingular for ® < 360°. However, it has a singularity at
d = 360°.

1.4 Literature Review of Control Strategies

Several linear and nonlinear control techniques have been proposed in the litera-
ture for the stabilization and tracking control of quadrotors. The most common linear
methods have been PID and LQR. Nonlinear strategies employed for the stabilization
of quadrotor dynamics have been the Lyapunov function approach, feedback lineariza-

tion, backstepping, sliding mode control, and more recently, geometric control techniques.

e Linear Control Approach:

In [10], PID and LQR control techniques were compared to stabilize the attitude
dynamics of a micro quadrotor. PID controller was implemented on a simplified model,
while the LQR controller was developed on a complete model. But since the PID con-
troller was tuned on a complete model with actuator dynamics taken into consideration,
it performed better than the LQR controller, which was developed without taking actu-
ator dynamics into consideration. The PID control strategy is also employed in [11] in
which attitude, altitude, and position control tests are presented on Stanford Testbed of
Autonomous Rotorcraft for Multi-Agent Control(STARMAC) using PID controllers. The
aerodynamic effects present at high velocity have been treated as external disturbances,
and only PID controllers are used to show good performance. The effect of wind and

external disturbances has been neglected.

e Feedback Linearization Approach:

The initial approach to quadrotor control has been through feedback linearization.
Since the dynamics are underactuated and any combination of outputs for input-output
feedback linearization results in unstable zero dynamics, dynamic extension to feedback
linearization has been attempted in literature. In [12], it was shown that control using
input-output feedback linearization is not possible since the decoupling matrix is singu-

lar. Hence dynamic feedback extension of the control input is employed to develop the
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controller. In [13], coupling effects between rolling and transverse motions and between
pitching and forward motions are neglected. This resulted in an approximately linear
system. Input-output feedback linearization with dynamic extension was applied to this
system, and it was shown to have stable zero dynamics. In both the above cases, higher-
order derivatives of the states were required, and hence these are sensitive to external
disturbances and sensor noise. Model uncertainty can result in degradation of the perfor-
mance and may also cause instability because of inversion. In[14], an outer loop approach
to stabilize the zero dynamics is proposed. The method avoids the use of dynamic ex-
tension, and hence higher-order derivatives are not required. The desired values for pitch
and roll are chosen depending on the desired value of position such that the zero dynam-
ics are rendered stable. In [15], two control approaches were presented, namely feedback
linearization and backstepping. The estimates of position and orientation were obtained
using a single camera. The y and yaw motion was controlled using a PD controller, while
a feedback linearization controller was developed for x and z motion. In [16], estimates
were obtained using two cameras resulting in better controller performance even in the
presence of pose estimation errors.

Since rotational dynamics are independent of translational dynamics, the rotational
dynamics can be controlled independently of the translational dynamics. This approach
has been applied in [17] where control for the angular subsystem is developed using a
Lyapunov function while a PD control was used for z dynamics. A novel feedback con-
troller based on compensating the gyroscopic and Coriolis effects is proposed in [18]. The
controller avoids the singularity inherent with Euler angle representation. It was shown
that the controller was exponentially stable when Coriolis and gyroscopic effects were
compensated, while a PD controller without the compensation of these effects resulted
in asymptotic stability only. A controller based on nested saturation algorithm[19] is
proposed in [20] on a model developed using the Lagrangian approach. A separate nested
saturation algorithm is developed for (y, roll) and (x, pitch) motion. A PD controller
was developed for z and yaw motion. In [21], separate Lyapunov functions were used
for tracking and attitude stabilization. The effect of virtual control error is taken into
consideration, and a separate Lyapunov function for motor dynamics is used to bound
these errors.

In [22], a path following controller is presented for a quadrotor helicopter model.
The controller relies on input dynamic extension and feedback linearization. Besides solv-
ing the path following problem, the control design allows one to specify the quadrotor’s

speed profile and yaw angle along the path.

e Backstepping and sliding mode techniques:

10
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In [23], backstepping and sliding mode techniques were applied for the stabilization
of attitude dynamics of a micro quadrotor. Control was first developed for the angular
subsystem since it is independent of the translational subsystem. In [24], a backstepping
technique was applied to develop the control by dividing the system into fully actuated,
underactuated, and propeller subsystems. Control law was developed for each subsystem
to follow the desired trajectory. In [25], the model was divided into fully actuated and
underactuated subsystems. A rate bounded PID controller was used for z dynamics and
a sliding mode controller for yaw dynamics. Sliding mode control was also developed to
stabilize the underactuated subsystem consisting of x, y, roll, and pitch motion.

One of the practical limitations of the backstepping technique is that the virtual
control input’s analytic derivative form is very difficult to get in many situations. Over-
coming this difficulty, a command filtered backstepping technique has been proposed in
[26] for stabilizing the quadrotor attitude where a linear tracking differentiator is em-
ployed to extract the attitude command derivative avoiding tedious computations. This
subverted the virtual control input derivative calculation analytically and resulted in less
dependence on the dynamic model. A command-filtered adaptive backstepping technique
to control VTOL vehicles has been applied in [27] where the problem of input saturation,
as well as mass uncertainty, has been dealt with. An adaptive law based on immersion
and inversion technique [28] has been proposed to estimate mass, which is further utilized
in developing a nested saturation-based tracking law. The immersion and invariance [28|
based adaptive law guarantees the parameter convergence to its true value as opposed to
conventional adaptive laws, which is a major shortcoming of the conventional adaptive
laws. Similar to [26] command filter has been used to avoid tedious virtual control input
derivative calculations.

Backstepping technique along with nonlinear H., control was applied in [29]. The
nonlinear H,, control was applied for robust attitude stabilization while backstepping

was applied in cascade for trajectory tracking of the unmanned aerial vehicle.

e H., and Model Predictive Control:

The goal of the nonlinear H., control strategy, introduced by Van der Schaft in
the article [30], is to achieve a bounded ratio between the energy of the so-called error
signals and the energy of the disturbance signals. In general, this theory’s nonlinear ap-
proach considers two Hamilton-Jacobi-Bellman-Isaacs partial differential equations (HJBI
PDEs), which replace the Riccati equations in the case of the linear H,, control formu-
lation. The nonlinear case’s main problem is the absence of a general method to solve
these HJBI PDEs.

The basic strategy of MBPC is the repeated optimization of a performance objective

11
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over a finite horizon. After its introduction in the late 1960s, it has received much interest
and has been proven to be very successful in industrial applications. The main advantage
of MBPC is that the constraints can be easily handled, and therefore complex processes
can be controlled without special precautions. Same as the H., flight controller, the
MBPC controller can handle multivariable control problems naturally. It can also take
into account actuator constraints and ensure stability even if the constraints are exceeded.

A combined 2-DOF H,, and Model-Based Predictive Control (MBPC) was applied
in [31]. The control was implemented in two loops. In the inner loop, the H, controller
provided robust stabilization and disturbance rejection. The speed, throttle, and yaw
were controlled in the first outer loop with H., controllers. To handle the longitudinal
and lateral motion even in the large maneuvers, which exceeds the actuators’ constraints,
the model-based predictive control (MBPC) is implemented in the second outer loop.

A path tracking underactuated Ho, control strategy was proposed in [32]. An inner
loop H controller was designed to control the quadrotor’s attitude and altitude. The
outer-loop control is performed using a model-based predictive controller (MPC) to track
the reference trajectory. An integral predictive and nonlinear robust control strategy was
presented in [33] to solve the path following problem for a quadrotor helicopter. The
proposed control structure is a hierarchical scheme consisting of a model predictive con-
troller (MPC) to track the reference trajectory together with a nonlinear ., controller
to stabilize the rotational movements. In both controllers, the integral of the position
error is considered, allowing the achievement of a steady-state null error when sustained

disturbances are acting on the system.

e Observer Based Control:

In all the above works, it was assumed that the vehicle’s full state information was
available, and no external disturbance was present in the system. Several observer-based
control [34, 35] has been proposed in the literature to deal with such issues. In [36], sliding
mode observer with backstepping control has been proposed, while in [37], a higher-order
sliding mode observer has been proposed to not only observe the unmeasurable states but
also to estimate the external disturbances such as wind and parameter uncertainties. In
[38], a Lyapunov function approach is used to estimate the moments due to wind, while
in [39], wind effects are modeled based on the Dryden wind-gust model from which wind
forces are estimated. These estimates are then used to reject the external disturbance
due to wind. In [40] and [11], aerodynamic effects at high velocities such as blade flapping
and total thrust variation with angle of attack have been modeled and compensated using

feedback linearization.
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e Intelligent Control:

Intelligent control algorithms apply several artificial intelligence approaches, some
biologically-inspired, to control a system. Examples include fuzzy logic, neural networks,
machine learning, and genetic algorithm. They typically involve considerable uncertainty
and mathematical complexity. This complexity and abundant computational resources
required are limitations to the use of intelligent systems. Intelligent control is not limited
to fuzzy logic and neural networks, but the two are the most widely used. Fuzzy logic
algorithms deal with many-valued logic, not discrete levels of truth.

The central nervous system and brain biologically inspired artificial neural networks.
A robust neural networks algorithm was applied to a quadrotor in [41] to stabilize against
modeling error and considerable wind disturbance. The method showed improvements
with respect to achieving the desired attitude and reducing weight drift. An intelligent
fuzzy controller was applied in [42] to control the position and orientation of a quadrotor
with good response in simulation. However, a significant limitation of this work was the
trial and error approach for tuning input variables.

Output feedback control was implemented on a quadrotor using neural networks [43]
for leader-follower quadrotor formation to learn the full dynamics of the UAV, including
unmodeled dynamics. A virtual neural network control was implemented to control all
six degrees of freedom from four control inputs. The Lyapunov stability theory showed
that the position, orientation, velocity tracking errors, observer estimation errors, and
virtual control were semi-globally uniformly ultimately bounded.

An adaptive neural network scheme was applied in [44]. The proposed solution of
two parallel single hidden layers proved fruitful as this reduced tracking error, and no
weight drift was achieved. Neural nets were utilized in [45] to estimate the aerodynamic
components. One was utilized for aerodynamic components and one for aerodynamic
moments. The inner-outer loop structure was used. The outer loop was used for position
control, whereas the inner loop was used for attitude control. The backstepping tech-
nique was directly applied to the Lagrangian form of the dynamics. The control structure

developed was inherently robust to unmodeled disturbances.

e Geometric Control:

The attitude representation using Euler angles suffers from singularity while there
is sign ambiguity with the quaternion approach. The use of Euler angles also restricts the
ability of aerial vehicles to track nontrivial trajectories. A geometric control approach is
a coordinate-free approach, and hence the singularities and complexities when using local
coordinates can be avoided. In [46], a nonlinear tracking controller has been developed

directly on SFE(3), which is almost global. The controller was developed to track a three-
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dimensional translational position and a one-dimensional heading direction. Robust [47]
and robust adaptive [48] variants of this controller have also been proposed in the liter-
ature. The controller has been developed for two modes: attitude-controlled flight mode
and position-controlled flight mode. In [48], first, an adaptive tracking controller was
developed assuming inertia matrix was unknown, but the bounds on the inertia matrix
were known. The controller was developed assuming no disturbance. Then another ro-
bust controller was developed assuming bounded disturbance in the attitude dynamics.
In [49], geometric nonlinear PID is developed for a quadrotor UAV on SO(3). Since a
quadrotor has only four inputs, asymptotic stability for only four outputs can be achieved.
Hence two fight modes are proposed, namely attitude-controlled flight mode and position-
controlled flight mode. The controller is developed assuming some bounded disturbances
in the dynamics.

A feedback trajectory tracking scheme has been proposed in [50] where angular ve-
locity along the thrust direction is regulated to be zero. The other components of angular
velocity are used for tracking the desired trajectory. The developed scheme promises ex-
ponential stability of the desired position tracking while the angular velocity tracking
control is finite-time stable. Since a finite time-stable closed-loop system have better
robustness and disturbance rejection properties [51], a finite time stable tracking control
scheme was developed for underactuated aerial vehicles and simulated on a quadrotor dy-
namics in [52]. The control law was simulated on a discrete dynamics derived using Lie
Group Variational Integrators (LGVI) [53]. First, the desired control was developed to
stabilize the translational dynamics in finite-time. Based on this control force, the desired
attitude trajectory is generated. To track this generated attitude trajectory, a finite-time
stable attitude tracking control scheme is developed. In [54], a geometric controller was
developed for a tilt rotor UAV. The paper utilized left tracking error on SFE(3) unlike
[46], where right tracking error was used because left tracking error function results in
simpler control law design.

Due to topological restriction [9] on SO(3), it is not possible to design continuous-
time controllers on SO(3) having global exponential convergence. This is because any
configuration error function, defined on SO(3), results in more than one critical point.
Hence, one cannot achieve global convergence with only one configuration function. Hence
multiple configuration error functions have been used in the literature to overcome this
restriction. The idea is to switch between these error functions according to hybrid system
framework [55]. Another novel strategy to overcome this restriction has been proposed
in [56], where the authors achieve global attractivity with their approach and avoid dis-
continuities in time. The main idea is to shift the desired attitude temporarily based

on the initial condition. The proposed controller is discontinuous in the initial condition
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but is continuous in time. The shifted desired trajectory converges to the true attitude

trajectory in due time and hence guarantees asymptotic convergence.

e Control with input and state constraints:

Due to physical constraints on actuators, e.g., rotor speed, many researchers design
controllers with input saturation. In addition, constraints on states should also be con-
sidered for practical reasons. An attitude stabilization technique, considering the bounds
on the input signal, is developed in [57]. A backstepping controller was developed using
the saturation function for the control input. In [58], an inner-outer loop approach was
developed for trajectory tracking control of a quadrotor UAV. The outer loop generated
the saturated thrust, reference roll, and pitch angles, while the inner loop was designed
to follow these reference angles using a PID controller. In [59], a robust attitude con-
troller was designed for multiple input multiple output uncertain quadrotors considering
parametric uncertainties, external disturbances, and input time delays. A nominal input
was designed for the nominal system with input time delay. To deal with parametric
uncertainties and external disturbances, a robust compensating input is added with the
nominal input. Compared to [60], singularity free quaternion based robust controller has
been proposed in [61]. Similar to [60], a robust attitude controller is designed in [61] for
uncertain quadrotors considering various uncertainties, external disturbances, coupling,
and nonlinearities. In [59], a robust attitude controller was designed for multiple input
multiple outputs uncertain quadrotors considering parametric uncertainties, external dis-
turbances, and input time delays. A nominal input was designed for the nominal system
with input time delay. To deal with parametric uncertainties and external disturbances,
a robust compensating input is added with the nominal input. A similar robust con-
troller considering parametric uncertainties, unmodeled uncertainties, and input as well
as state delays is designed in [62, 63]. The external disturbances and multiple time-
varying states, and input time delays are taken into consideration. As an improvement
over [59], a nominal input was designed for an uncertain and delay-free model, and then
a robust compensator was added to take into account the effects of multiple uncertainties

and time delays in the closed-loop system.

e Control with state and input delay:

Time delays are ubiquitous in physical systems and engineering applications. The
literature on the control of quadrotors with input delay is very limited. In [59], a robust
attitude controller was designed for multiple input multiple output uncertain quadrotors,
considering parametric uncertainties, external disturbances, and input time delays. A

similar robust controller considering parametric uncertainties, unmodeled uncertainties,
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and input, as well as state delays, is designed in [62, 63]. Teleoperation [64] is the next big
thing in the robotics industry. But such a task is not without its own set of challenges.
The main challenges are packet loss, distortion, and time delay. It is quite desirable to
be able to control a robotic device over a network with remote access. There are several
examples in the literature of such an operation [65]. In [66, 67, 68], mobile robots have
been controlled with communication time delay while in [69], manipulators have been
controlled with input time delay. Similarly, in [70], an inverted cart pole pendulum has
been controlled, taking into account network-induced delay. All the literature mentioned
pertaining to quadrotors does not consider communication time delay. The presence of
communication time delay may result in instability in the system. The literature on the
control of quadrotors with input delay is very limited. In [71], a robust attitude con-
troller was designed for multiple input multiple output uncertain quadrotors considering
parametric uncertainties, external disturbances, and input time delays. A similar robust
controller considering parametric uncertainties, unmodeled uncertainties, and input as
well as state delays are designed in [62, 63, 72, 73].

e Control with finite-time convergence:

A trajectory tracking control law with finite-time convergence on the nonlinear
manifold SE(3) is more desirable since most of the existing finite-time control law only
stabilizes attitude. The closed-loop systems under finite-time control usually demonstrate
a faster convergence rate, higher tracking precision, better disturbance rejection proper-
ties, and robustness against uncertainties [74, 51]. Because of above mentioned attractive
features and better practical implementation in actuators, the continuous feedback finite-
time control method has gained more attention in recent years. Moreover, the continuous
feedback stabilization in finite time does not excite unmodeled high-frequency dynamics
as compared to discontinuous feedback. A continuous finite-time controller based on ho-
mogeneity [75, 76] was developed for robot manipulators in [77]. A continuous finite-time
stabilizing feedback law was developed for the double translational, and rotational dou-
ble integrator in [78]. A finite-time attitude stabilizing result based on a homogeneous
method was presented in [79]. Similarly, a finite time attitude tracking control law for
single and multiple spacecraft was developed in [80], but the attitude was represented
using Modified Rodriguez Parameters (MRPs). To deal with the external disturbances, a
finite disturbance observer-based finite-time attitude tracking control of a rigid spacecraft
was developed in [81]. In [82], a multi-variable finite-time attitude tracking law, based
on a homogeneous method, was presented. The attitude was represented using Euler
angles, and a multi-variable super-twisting-like algorithm was proposed with matched

disturbances. As an improvement to the above-mentioned method, an adaptive variant
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of the controller was developed in [83]. An adaptive multi-variable finite-time stabiliz-
ing control algorithm for second-order multi-variable systems is developed based on an
improved super-twisting and equivalent control algorithm.

A feedback tracking control scheme was developed for a class of underactuated
vehicles on SE(3) in [50] but the position dynamics are only exponentially stable. A
finite-time stabilization law with almost global convergence was developed for a rigid
body using rotation matrices for representing attitude in [84, 85] but the method was not
extended for the position dynamics. An integrated guidance and feedback control scheme
for an underactuated aerial vehicle on SF(3) was developed in [86, 52] but there was no
mention of robustness to disturbances. Finite time-controllers have also been developed
for speed regulation of Permanent Magnet Synchronous Motor in [87] and parallel DC-DC
Buck Converters in [88].

1.5 Motivation

The present research work’s motivation comes from the author’s research interest in
robotics, which is evident from his prior work in mobile robots such as PIONEER 3DX
and underwater vehicles undertaken in his Master’s thesis. The author has developed
nonlinear tracking control laws for mobile robots as well as underwater vehicles using
differential geometric concepts in his Master’s thesis. The tools of differential geometry
can be utilized to develop control laws on the manifolds on which the dynamics are
evolving and not in the ambient space. This results in the conservation of constraints
naturally. One can also avoid singularity associated with using local coordinates. Building
upon a limited background in differential geometry and its application in robotics, the
author applied these concepts to control aerial vehicles such as quadrotors. The main
motivation was to develop globally valid control laws under different conditions for aerial
vehicles such as quadrotors.

As mentioned in the literature review section, the present literature on the control of
quadrotors mainly utilizes Fuler angles or quaternions to represent a quadrotor’s attitude.
But such a representation introduces singularity in controller design and hence is not valid
globally. One cannot have aggressive maneuvers using Euler angles. One singularity-free
representation can be achieved by using quaternions. But such a representation introduces
ambiguity since an attitude is represented by two antipodal quaternions. This results in
an undesirable phenomenon called unwinding.

To avoid singularities introduced due to Euler angles and ambiguities associated
with quaternions, one uses rotation matrices to represent a rigid body’s attitude. The

rotation matrices are a singularity-free representation of the attitude, and the control laws
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developed using rotation matrices are globally valid. Due to these advantages, researchers
have lately shifted to rotation matrices for attitude representation of a rigid body. In
this thesis, we are also representing the rigid bodies’ attitude using rotation matrices and
developing a globally valid tracking algorithm.

Since, in a mechanical system, external disturbances are inevitable, we need to
consider the effect of such disturbances while designing control laws for such a system.
This motivated the author to develop a better tracking control law in the presence of
disturbances and verify it experimentally. The tracking control law presented in this
thesis in the presence of disturbance is an improvement over the current state of work.
This has been achieved using a nonlinear disturbance observer and a geometric controller
in the loop.

The modeling of a mechanical system is never perfect. This is due to unknown
dynamics, imperfect knowledge of its parameters, and its variation with time. This
motivated the author to develop an adaptive variant of a control law proposed before.
It was also assumed that the center of gravity and origin of the body-fixed frame are
different. This results in difficulty in modeling the dynamics of motion.

In physical and engineering systems, time delays are very much a reality. This
aspect has not been taken into consideration while designing control laws for a quadrotor.
Moreover, teleoperation is a new field of robotics that further results in time delays. The
presence of time delay in closed-loop results in instability of the whole system. All the
literature mentioned pertaining to quadrotors does not consider communication time
delay. This motivated the author to develop a control law in the presence of time delays.

Because of the attractive features of finite-time controllers such as faster conver-
gence, better disturbance rejection, and robustness to disturbances, such a controller is
desirable. Moreover, such a controller present in the literature is discontinuous. This mo-
tivated the author to develop a robust and continuous geometric controller with finite-
time convergence on SE(3). Therefore, the proposed finite-time controller is not only

continuous but globally valid also.

1.6 Problem Statement

In this thesis, the author aims to tackle the issue of globally valid control law
design for quadrotors in the presence of disturbances and time delays. As previously
mentioned, other attitude representations such as Euler angles or quaternions suffer from
either singularity or ambiguity of representation. Therefore, the thesis aims to remove
these shortcomings and develop control laws free of singularity or ambiguity.

As mentioned, a mechanical system always suffers from disturbances or modeling
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uncertainties. Therefore, we aim to develop globally valid control laws in the presence of
disturbances and modeling uncertainties. First, this is achieved by designing nonlinear
disturbance observers on SE(3). Then, the above is extended to the case of unknown
parameters such as mass, the moment of inertia, and offset in the center of gravity.
There, the author develops adaptive control design techniques to estimate the unknown
parameters and guarantee the boundedness of tracking errors.

There has been very little attention to designing control laws in the presence of
time delays. It is well known that time delays are unavoidable when operating a device
over a network. The time delays may also introduce instability in the system. Therefore,
the methods proposed in this thesis develop control laws for quadrotors in the presence
of both input and state time delays. First, the author develops controller-predictor pair
architecture to stabilize a quadrotor in the presence of both input and state delays. This is
achieved in local coordinates. The second work globally stabilizes the attitude dynamics
in the presence of input delay.

Since a controller with finite-time convergence has better disturbance rejection
property as compared to exponentially converging control laws, the thesis presents a
method to design a finite time stable control for trajectory tracking of a quadrotor.
There has been little effort in this direction in the current literature. The robustness of

the proposed controller to bounded disturbances is also demonstrated in this thesis.

1.7 Contribution of the thesis

The thesis’s main contribution is to design globally valid control laws in the presence
of disturbances and time delays by representing the attitude of a quadrotor using rotation
matrices. Since the rotation dynamics evolve on Special Orthogonal Group of matrices
denoted by SO(3) and the translational dynamics evolve on R?, the complete dynamics
evolve on SE(3). Therefore, global valid control laws are developed directly on SE(3).

The contributions of the thesis are mentioned below :

e The dynamics of an underactuated mechanical system, e.g., quadcopters, naturally
evolve on a nonlinear manifold. Hence, differential geometric modeling concepts
are better suited to arrive at the set of equations describing the dynamic behavior
of such systems. Resorting to a differential geometric approach, a generalized dy-
namical model for a quadcopter is proposed in this paper. The rotation matrices
in the forward kinematic map are represented using Euler angles. The modeling
has been presented on a single chart. The Riemannian metric, being a crucial in-
gredient for model development on a chart, is derived from the total kinetic energy.

A complete set of dynamic equations of motion neglecting external disturbances
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is derived for the quadcopter by representing the Levi-Civita affine connection in
local coordinates. Further, based on the derived model, a proportional-derivative
(PD) controller is designed for attitude stabilization. Simulation studies validate
the proposed model and also demonstrate its robustness to wide variations in initial

conditions.

e The thesis proposes a geometric controller with a nonlinear disturbance observer
for quadrotors using rotation matrices for attitude dynamics. The thesis utilizes
left tracking error while developing the tracking controller. This is because the
left tracking error results in a simpler controller structure as compared to the right
tracking error proposed in [46, 47, 48, 89]. Further, the proposed observer does not
have the assumption that the disturbance is constant or its upper bound is known,
which makes the approach much more realistic and general. The only assumption
made is that the disturbance and its variations are bounded. Hence the proposed

disturbance observer can handle constant disturbance as a special case.

e The thesis proposes an adaptive controller to estimate the center of gravity, mass,
and inertia matrix in a coordinate invariant approach when there is an offset be-
tween the center of gravity and the origin of the body-fixed frame. The compensa-
tion in the system dynamics due to the offset in the center of gravity and geometric
center in a coordinate invariant approach is one of this thesis’s contributions. The
current literature mainly utilizes Euler angles for system dynamics compensation
due to the offset in the center of gravity and geometric center, while this thesis uses

rotation matrices for the compensation.

e A state predictor is proposed to estimate the future values of the quadrotor’s state in
the presence of both input and state time delays. The chapter attempts to propose
a method to control a quadrotor over a network. According to the authors’ best
of knowledge, there is no such method in the literature that attempts to control a
quadrotor over a network. Then the output of the estimator is used in designing
a backstepping controller. A backstepping controller is designed for stabilization
and trajectory tracking, assuming no state or input delay. The controller is shown
to have asymptotic stability property. To the best of the authors’ knowledge, this
study is the first to compensate for both states as well as input time delays in a
quadrotor system explicitly. All the mentioned literature either does not consider

such a scenario or at best handle it as a disturbance.

e The thesis proposes a stabilizing controller for quadrotors with input time delay

using rotation matrices for attitude dynamics. There are very few references in
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literature compensating input delay in a quadrotor, and this chapter attempts to
bridge that gap. Predictor feedback has been developed to compensate for the
input time delay in rotation dynamics of the quadrotor. The method does not
approximate input delay, which is prevalent in the current literature on input delay

compensation.

e The thesis develops a control law that guarantees the convergence of the attitude as
well as the translational motion to the equilibrium configuration in finite time, while
most of the existing literature develops only finite time attitude tracking control
law. Moreover, a finite time control law has been developed for trajectory tracking
for an underactuated aerial vehicle on the nonlinear manifold SE(3). The control

law is also robust to bounded external disturbances.

1.8 Thesis Organization

The thesis is organized into eight chapters. A brief summary of each chapter is

given below :

e Chapter 2 : This chapter is divided into two sections. The first section presents the
mathematical modeling using local parameterization, such as Euler angles. This sec-
tion also presents the preliminaries of differential geometric concepts used in math-
ematical modeling. The chapter also presents a brief introduction to Lie Groups
and Lie algebras. The second section presents the mathematical modeling on Lie
group SE(3).

e Chapter 3 : Chapter 3 presents a geometric controller’s development in the pres-
ence of external disturbances when the bound on the disturbances is not known.
The external disturbances are estimated using a nonlinear disturbance observer.
Both the controller and the disturbance observer are developed on the nonlinear
manifold SFE(3). This makes the approach globally valid. The proposed control

and disturbance observer are also validated on a real-time quadrotor setup.

e Chapter 4 : An adaptive geometric controller is presented in this chapter in a
practical scenario when there is an offset between the center of gravity and the
origin of a body-fixed frame of reference. The adaptive control law estimates mass,
the moment of inertia, and the offset in the center of gravity in a coordinate invariant
approach. The control law, along with the adaptive laws, is shown to be Lyapunov
stable.
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e Chapter 5 : A control law in the presence of input as well as state time delay
is presented in this chapter. For this scenario, a predictor, as well as a backstep-
ping controller, is presented. The predictor predicts the quadrotor’s future states
from delayed measurements, while the backstepping controller is designed using the
predicted states. The controller predictor pair results in successful steering of a

quadrotor when operating over network-induced time delay.

e Chapter 6 : This chapter presents a geometric control law to stabilize a quadrotor’s
attitude in the presence of input time delay. The approach does not assume any
limitations on input delay. The approach is valid in long input time delay also. The
input delay equations are represented using partial differential equations (PDE)
such that the overall system is an ODE-PDE cascade. The control law results in

exponential stabilization of the attitude dynamics.

e Chapter 7 : A finite-time stable geometric control law for both attitude as well
as translational dynamics of a quadrotor is presented in this chapter. This results
in better disturbance rejection and faster convergence to reference trajectory, as

demonstrated in numerical simulations and comparison results.

e Chapter 8 : A summary of the work done and directions for future work are

presented in this chapter.
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Chapter 2

Mathematical Modeling

The dynamics of an underactuated mechanical system, e.g., quadrotors, naturally
evolve on a nonlinear manifold. Hence, differential geometric modeling concepts are better
suited to arrive at the set of equations describing the dynamic behavior of such systems.
Resorting to a differential geometric approach, a dynamical model for a quadrotor is
proposed in this chapter. Since Euler angles are local parameterization of SO(3), the
model suffers from singularity because the whole configuration space has not been covered.
A globally valid model of the quadrotor on SE(3), derived using variational principles,
has been presented in this chapter. This model will be utilized in designing controllers

in subsequent chapters.

2.1 Introduction

Attributed to their multifaceted applications, quadrotors have gained immense pop-
ularity among aerial vehicles in recent years [90]. Owing to their vertical take-off and
landing (VTOL) capabilities in limited spaces and their hovering abilities over a specified
target, quadrotors find wide utility in surveillance, search and inspection, and several
other social and military applications. Recent advances in miniaturized sensors and high
computational efficiency have played a major role in the development of aerial vehicles,
especially quadrotors [1, 3, 5, 6]. To introduce, a quadrotor is basically made of four
rotors placed perpendicular to each other. One pair of opposite rotors rotates in the
same direction while the other pair rotates in the opposite direction. One of the several
advantages of a quadrotor over conventional helicopters is its mechanical simplicity, and
therefore, these are very easy to build. The other advantage being payload augmentation
since four rotors are used, and hence more lift thrust can be generated. Unlike helicopters,
a swashplate mechanism is not required to control the movement of the quadrotors, which

further simplifies the design. One of the limitations of quadrotors is their high energy
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required to control the four rotors.

Modeling a dynamic system is the first and a very important step in designing
a controller. Once a system’s mathematical model is obtained, various analytical and
computational tools can be used for analysis purposes. Control of unmanned aerial vehi-
cles is very challenging due to their highly nonlinear dynamics and parameter variations
with flight conditions. Therefore, a good mathematical model of the system is crucial in
developing a controller that can give a reasonable performance under various operating
conditions. Several linear and nonlinear control techniques have been proposed in the lit-
erature for stabilization and tracking control of quadrotors. In [10], PID and LQR control
techniques are applied on a simplified linear model for stabilization of a quadrotor. Since
the linear model is used, the simulation results are not very satisfactory on account of
modeling inaccuracies. To improve performance, initial approaches to nonlinear control
of a quadrotor have been through feedback linearization. A dynamic feedback extension
of the control input is employed in [12] to develop the controller. Further, the coupling
effects between rolling and transverse motion and between pitching and forward motion
are neglected in [13] while designing the controller.

The authors in [14] proposed an outer loop approach to stabilize the zero dynamics.
Since rotational dynamics are independent of translational dynamics, the former can be
controlled independently of the latter. This approach has been applied in [17], where
control for the angular subsystem is developed using a Lyapunov function. While com-
pensating gyroscopic and Coriolis effects, a novel feedback controller is proposed in [18].
A Lagrangian-based model is considered, and subsequently, a controller based on nested
saturation algorithm [19] is presented in [20]. Thereafter, backstepping and sliding mode
control methodologies are reported in [23, 24, 25] for stabilization of quadrotor dynam-
ics. To simplify controller design, the translational dynamics have been represented in
the inertial frame while the rotational dynamics have been represented in the body-fixed
frame in [47, 89] and subsequently, a geometric approach to controller design has been
proposed.

This chapter presents the dynamical model of a quadrotor using differential geomet-
ric concepts. Geometric modeling techniques give a better understanding of the dynamic
system on manifolds that cannot be obtained using local coordinates. In other words,
modeling quadrotor dynamics, adopting a geometric approach results in a global dynamic
model. For instance, the configuration space of quadrotor dynamics cannot be globally
represented using a single chart since the configuration space is a nonlinear manifold.
Hence, multiple charts are needed to represent quadrotor dynamics globally.

The main contribution of the chapter is the modeling of the quadrotor dynamics

on SFE(3) using variational principles. The derived model is globally valid and hence
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singularity free as compared to model derived using Euler angles. This model will be
used in subsequent chapters while developing the geometric controllers.

Section 2.2 of the chapter explains some differential geometric concepts used in
modeling the dynamics for the sake of clarity in understanding. Section 2.3 presents the
basics of Lie Group and Lie algebras used in modeling the quadrotor dynamics on SFE(3).
Section 2.4 presents the modeling of quadrotor dynamics on SE(3) using variational
principles. This model will be used in subsequent chapters for controller design. A

summary of the work has been presented in Section 2.5.

2.2 Mathematical Preliminaries

Geometric control [7] [91] is the application of differential geometric tools to non-
linear control theory. Using these tools, one can develop control systems for dynamic
systems evolving on the nonlinear manifold, which are only locally Euclidean. The iden-
tification of these nonlinear manifolds with Euclidean spaces exhibits singularity. This is
the fundamental reason behind the occurrence of singularity when representing attitude
with Euler angles since attitude evolves on SO(3), which is a nonlinear manifold. Geo-
metric control techniques give a better understanding of the dynamic system on manifolds
that cannot be obtained using local coordinates. For example, there exists no continuous
feedback control that asymptotically stabilizes an attitude globally on SO(3). A review of
differential geometric tools for a better understanding of the modeling has been presented
below ([7], ch.3-4).

2.2.1 Topological Spaces

A topological space is a set S along with a subset O of power set of S called open

sets such that following conditions are satisfied :

(i) ) € O and S € O,

(77) Arbitrary union of open sets of @is in O
1.e. U Oa S @, (21)
acA

(7ii) Intersection of any two open sets of Qis also in O

ie.if 01, Oy € O then O; N Oy isin O.
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2.2.2 Manifold

A manifold is a topological space that is locally homeomorphic to R™. Since it is
locally homeomorphic to R™ a continuous bijective map, ¢ whose inverse is also continuous
(called homeomorphism) can be defined from an open neighborhood, U of the manifold
to R™. The pair (U,¢) is called a chart. The collection of such charts, such that the whole
manifold is covered, is called an atlas. If all the maps in the atlas take value in R™ then
the dimension of the manifold is said to be n. The map ¢ is said to be of type C" if the
map ¢ : U — R" is r—times differentiable. An atlas, equipped with C" maps such that
the transition map ¢15 is r—times differentiable, is called a C"—atlas. A C"—differentiable
structure is an equivalence class of atlases under the equivalence relation that the two

C"—atlases are equivalent if their union is also a C"—atlas. This is illustrated in Fig.2.1.

L1
4 ¢
U
| =
Us
L12
” N
R’IL

Figure 2.1: Charts and mappings

2.2.3 Immersed Submanifold

A subset S € M is a C"—immersed submanifold if there exists a manifold N and a

C"—injective immersion f : N — M for which S = image(N).

2.2.4 Tangent Bundle

A tangent vector at z is an equivalence class of curves under the equivalence rela-

tion that the local representative of all curves has the same derivative at their common
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intersection point. The collection of all tangent vectors at x is the tangent space at x
and is denoted by T, M. The disjoint union :

o

™ = | | T.M (2.2)

zeM

of all tangent spaces is called the tangent bundle. The tangent bundle projection is the
map 7mry - T'M — M defined by 77y (v) = when v € T, M.

2.2.5 Vector fields

A vector field assigns a tangent vector to each point on the manifold in an appro-
priately smooth way. Similarly, a covector field assigns a cotangent vector to each point

on the manifold in an appropriately smooth way.

2.2.6 Tangent Bundle of the configuration manifold

The tangent bundle T'SO(3) is isomorphic to SO(3) x R*. Let R € SO(3) and let
Ap € TrSO(3), then we define isomorphism from T'SO(3) to SO(3) x R? as (R, Ag) —
(R, (RTAR)Y) and (R, Ar) — (R, (ArR")") where (-)" : 50(3) — R? is the inverse of (\)
The body angular velocity corresponding to Ag is RT Ap.
The spatial angular velocity corresponding to Ag is AgxRT. The body angular velocity
at R(t) is denoted by Q(t) while the spatial angular velocity at R(t) is denoted by «(t).

2.2.7 Kinetic Energy of Rigid Body

A rigid body undergoing motion specified by a differential curve t — (R(t),r(t))
has following definition of kinetic energy (K E).

1 ) 1
K Egan = 5mll#(0)llgs; K Eror = 5Gs (L(Q(£)), (1))

where K E,,4, 1s the translational K F while K E,,; is the rotational K E at time ¢. The
total K E is written as :

KE = KEjan + K Eyo (2.3)
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2.3 Lie Group and Lie Algebras

2.3.1 Rigid body transformations

(RT7 _RTT)

Ospatial
S1

Figure 2.2: Rigid body transformations

Consider a rigid body undergoing motion in 3-dimensional Euclidean space as il-
lustrated in Fig.2.2. The inertial frame is denoted by (Ospatiar,S1,52,53) fixed in space and
a body frame (Opoay,b1,b2,b3) fixed to the body. The axes (s1,52,53) and (by,b2,b3) are
assumed to have same orientation. Let us define following notations :

r € R3 connect the origin Ospatiar t0 the origin Opeqy i.e. 7 = Ogpatiat — Opody-

The matrix R € R3*® has the a', a = {1,2,3} column, the components of b, relative to
the basis (s1,52,53).

Xs 18 coordinate of a point measured in the inertial frame.

X 18 coordinate of a point measured in the body fixed frame.

Then they are related by:

Xs ::}%Xﬁ +r

If we take z € R? as x = (z,1), also called homogenous coordinates of z, the transforma-

tion and its inverse can be represented as :

_ R r_
Xs = Xb
01x3 1
28
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~ RT —RTr |
Xb = Xs
01x3 1

The orthogonal group O(n) and the special orthogonal group SO(n) are defined by:

O(n) ={R e R | RRT = I,,}, SO(n) ={R € O(n) | det(R) = 1},

respectively. The Euclidean group E(n) and the special Euclidean group SE(n) are de-
fined by:

R r

E(n) = {g é R("+1)X(n+1)
01x3 L

g= ,REO(n),rGR”},

SE(n) = {g € E(n) | det(g) = 1}

respectively. For n = 3, the set SE(3) is the group of rigid displacements in R?, and
the matrix g € SE(3) is referred to as a rigid displacement matrix. The element of
SO(n) x R™ is identified with elements of SE(n) by means of the bijection :

R r

(R,7) =
O1x3 1

For n € N, we denote the vector space of skew-symmetric matrices in R"*" by :
so(n) = {S e R | ST = -5}

The linear map (-) : R3 — s0(3) is defined by &y = w x y for all w,y € R3. The linear

map (-) is an isomorphism of vector spaces and is written as s0(3)~ R3. Similarly we can

define :
S v
e _{ [om 0

Analogous to 50(3) case we can define another linear (-) : R ® R3 — se(3) by

A w v
5:
01><3 0

for £ = (w,v) € R? @ R®. Similarly, we can write se(3) ~ R3 @ R3. The elements of se(3)
are referred to as twists. We can also define inverse isomorphisms for both so(3) and
se(3) case as follows : (-)" : s50(3) —=R? and ()" : se(3) — R* @ R3. For a rigid body
undergoing movement described by a curve ¢t — (R(t),r(t)) € SO(3) x R? or equivalently

e R4 g € 50(n), v € R”}.
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t — g(t) € SE(3), the spatial angular velocity w : R — R3 and body angular velocity
Q: R — R? are given by :

respectively. For the curve g : R — SFE(3) , the spatial velocity & : R — R3 @ R? and
body velocity & : R — R3 @ R? are given by :

~ ~

&(t) = g(t)g™ (1), &(t) = g~ (1)g(t)

respectively. The transformation from the body to inertial reference frame is called the

adjoint map Ad, : se(3) — se(3) and is given by :
Adgiy = ging™

For any rigid body trajectory ¢ — ¢(t) with spatial velocity ¢t — &4(¢) and body velocity
t — &(t), following relation holds :

~

&:(t) = Adyp&(t).

2.3.2 Topological Group

A topological group is a group which is also a topological space for which the group

operation and inverse operation are continuous.

2.3.3 Lie Group

A Lie group is a topological group that is also a manifold and in which the group and
the inverse operations are smooth. For example, the set of all invertible n x n matrices
with real entries denoted by GL(n;R) is a Lie group with respect to the operation of
matrix multiplication. If the group operation is commutative, then the group is called
Abelian. For example, a vector space V with the operation of vector addition is an

Abelian group.

2.3.4 Matrix Lie group

A Matrix Lie group is a subgroup of GL(n;R).
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2.3.5 Lie algebra

A Lie algebra V' is an R—vector space endowed with a bilinear operation [-, -] :
V x V' — V referred to as bracket operation which satisfies :
(i) anti-commutativity, i.e. [{,n] = —[n,¢] for all £,n € V, and

(i) the Jacobi identity i.e. [¢, [n,¢]] + [, [, €]] + [C, [§,n]] = 0 for all {,n,C € V.
Example : R? with operation of vector cross-product is a Lie algebra.

2.3.6 Matrix Lie algebra

A matrix Lie algebra is a subspace of R™*™ closed under the operation of matrix
commutator [-, -] : R™*™ x R"*™ — R"™*" given by [A, B] = AB — BA.

2.4 Modeling on SE(3) using Variational Principles

The configuration space of quadrotor is SE(3). The material presented in this sec-

tion is motivated from [92]. The special orthogonal group SO(3) is defined by:

SO3) ={R e R¥*3 | RTR = I3, det(R) = 1}, (2.4)

Differentiating Eqn.(2.4) we get,
R'R+RTR=0 (2.5)

This means RTR is skew symmetric. Let RTR = Q, where the map (A) is defined as

before. Therefore, we have

R = RQ (2.6)

This is the kinematic equation of the rotational equation of motion of a quadrotor on
SO(3). Here, Q represents the angular velocity of the quadrotor expressed in the body-
fixed frame. The Lagrangian of a mechanical system is defined to be the difference
between kinetic and potential energy. Therefore, the Lagrangian of the quadrotor is
given by :

L= %QTIQ + %vav —mgz (2.7)
where [ is the moment of inertia of the quadrotor, v is the linear velocity, m is the
mass, ez = [0;0;1]7 and z is the z-coordinate of the position vector of the quadrotor.
Since rotational kinetic energy is independent of position coordinates and translational
kinetic energy is independent of rotational coordinates, one can derive the rotational

and translational dynamic equations of motion independent of each other. Let us first
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consider rotational kinetic energy. Let

Lyot = %QTIQ (2.8)

The equations of motion can be obtained by applying Hamilton’s principle i.e.

5Lr0t o
5/@ Lrot( dt—O — / < 50 >dt—0 (29)

The variations 0€) are induced by the variations on dR. By taking the variation of
Q= R 'R, one gets :

50— —RSRR'R+ R 'SR = —(R'SR)Q+ R"'6R (2.10)

The variations 0R are taken among paths R(t) € SO(3) with fixed endpoints, so that
dR(a) = 6R(b) = 0. Defining 3 € s0(3) by

> =R YR (2.11)
3. vanishes at the endpoints since dR does. Differentiating Eqn.(2.11) gives :

by 3
— =R 'RRYR+ R"'R — R 'SR = — + R 'RR™ISR (2.12)

Substituting in Eqn.(2.10) gives :

N=-30+—+0C=—+[Q,% 2.1
+ 2 an- T 0y (2.13)
where [-, -] is the matrix commutator. Since [, 3] = Q X %, one can write :
=2 +OQxX (2.14)

Substituting in Eqn.(2.9), we get

b 5L7“ot 5 5Lrot X 5Lrot
/a<59 ,Z+Q><E>dt 0 = /<5Q dt> /<5Q ,Q><2>dt—0
x €,

’ d 5Lrot 5Lrot
= [(al)m)y [ (- mpos
b d (5Lr0t 5Lrot
— a<_£(m) > (2.15)
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Since Eqn.(2.15) vanishes for any path ¥(t) € s0(3), the motion is given by the equation

d 5Lrot _ 5Lrot
£< (5Q>_ 50 x (2.16)
which simplifies to
IN=1I0xQ (2.17)

Similarly the translational equation of motion can be derived and is found to be :
mo = —mges (2.18)

Therefore, the complete equations of motion of a quadrotor on S E(3) in presence of forces

assumes the form :

R = RQ

IN=IQAxQ+7 (2.19)
T=v

mv = —mges + Rf, (2.20)

where 7 and f, are the external torque and force acting in the body-fixed frame. z € R?

is the position vector of the quadrotor.

2.5 Conclusion

Since Euler angles are local parameterization of SO(3), the model suffers from
singularity because the whole configuration space has not been covered. Moreover the
quaternions suffer from ambiguity of representation since two anti-podal quaternions
represent same rotation matrix. Therefore, a globally valid model of the quadrotor on
SE(3), derived using variational principles, has been presented in this chapter. This

model will be utilized in designing controllers in subsequent chapters.
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Chapter 3

Nonlinear Disturbance Observer
Based Geometric Control of a

Quadrotor

A mechanical system inherently suffers from disturbances. Therefore, this chap-
ter presents a nonlinear disturbance observer-based controller (NDOBC) for quadrotors
utilizing the rotation matrices for attitude dynamics. The proposed observer does not
make the assumption that the disturbance is constant or its upper bound is known. The
only assumptions are that the disturbance and its derivatives are bounded and hence
can handle constant disturbance as a special case. The proposed disturbance observer
can handle a large class of disturbances. The NDOBC is shown to be locally input to
state stable with respect to the derivatives of the disturbances present in attitude dy-
namics and translational dynamics. The proposed controller, as well as the nonlinear
disturbance observer, has been formulated on the nonlinear manifold SE(3), where the

rotational dynamics evolve on SO(3) while the translational dynamics evolve on R3.

3.1 Introduction

To remove the singularities associated with Euler angles and ambiguities with
quaternions, rotation matrices have been used to develop controllers in [46, 47, 48, 89].
The effect of external disturbances was considered in [47, 48] where it is assumed that the
bound on the disturbances is known a priori. A time-varying disturbance with bounded
amplitude and bounded derivative was considered in [93] but the control law was devel-
oped using quaternions.

The contributions of this chapter are mentioned below. Firstly, the chapter presents

a geometric controller with a nonlinear disturbance observer for quadrotors using rota-
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tion matrices for attitude dynamics. The second novelty of this chapter is the utilization
of left tracking errors while developing the tracking controller. This is because the left
tracking error results in a simpler controller structure as compared to the right tracking
error proposed in [46, 47, 48, 89]. The third contribution of this chapter is that the
proposed observer does not have the assumption that the disturbance is constant or its
upper bound is known, which makes the approach much more realistic and general. The
proposed geometric controller, along with the nonlinear disturbance observer, is shown
to render closed-loop error dynamics locally input to state stable with respect to the
derivatives of disturbances present in attitude as well as translational dynamics.

Section 3.2 of the chapter explains the dynamic model used in developing the controller.
Various configuration errors and nonlinear disturbance observer design have been pre-
sented in section 3.3. Section 3.4 explains the development of the geometric controller
while compensating for the external disturbances along with the proofs. Simulation re-
sults and experimental results on a hardware setup have been presented in section 3.5

and section 3.6, respectively.

3.2 Dynamic Model

The dynamic equations of motion of a quadrotor can be recalled from section 2.4.

In the presence of external disturbances, the equations of motion become :

i — U

R = RQ

mv = —mges + Rf, + d, (3.1)
IN=—-QxIQ+7+dg (3.2)

where, d, : disturbance vector in translational dynamics,

dg : disturbance vector in rotational dynamics.

() : map from R? to so(3), space of skew symmetric matrices i.e. if Q = [b; by b3]?,
then

0 —b3 by
Q - b3 0 —bl
by by 0
35

TH-2551_166102009



3.3. Geometric Controller

3.3 Geometric Controller

3.3.1 Configuration Error
The configuration error for the position and velocity are defined in the inertial frame
as :

€r =T —Xq, €, =0V — Uy

where, vy = T4 is the desired inertial velocity. For the attitude dynamics, left error

representation is employed as:
R. = RR} € SO(3)

where R, represents the desired attitude. This choice allows us to obtain a simple control

law design as opposed to the right error representation given below:
R, = RYR € SO(3)
The error function on SO(3) is chosen to be :
1 T
U= §tr(K(I — RRy))

for a symmetric positive definite matrix K € R3*3. Here tr(-) denotes trace of the matrix.
For the sake of simplicity, the gain matrix is taken to be diagonal i.e., K = diag(ky, k2, k3),
where kq, ko, k3 are strictly positive constants. The properties of the left error function
used in this chapter can be recalled from [54] but is mentioned below for the sake of
completeness.
(1) W is locally positive definite about R, = I3x3.
(2) The time derivative of W is
d
pri (skew(K R.)")' Ryeq = ek Ryeq. (3.3)
where (-)V denotes map from s0(3) to R® and ey, is attitude error vector.

(3) For U < 4 < py, it is locally quadratic

hallerl]* < ¥ < hofler||”
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3.3. Geometric Controller

b1 D3

hi=———, hy= ————
' P2 + p3 ? pi(p1 — )

(3.4)
where the constants, p; are given by

p1 = min{ky + ko, ko + k3, ks + k1 }
p2 = max{(k; — k2)2, (k2 — k?3)27 (ks — k‘1)2}
Ps = max{kl + kg, /{2 + kg, kg + k‘l}

(4) The time derivative of the attitude error vector ep is given by

ér = B(K, R.)eq

1
where F (K, R.) = E(tr(KRe)ngg — RTK)Ry

The norm of ég satisfies the following inequality and will be used in the stability analysis
[54]

1
erll < —tr(K)||leq
lexl] 7 ()] leall
To find the error in angular velocity, we need the concept of transport map [7]. The
transport map allows us to compare velocities in different tangent spaces. Since R €
TrSO(3) and Ry € Tx,SO(3), we cannot subtract them naively to obtain the error in

angular velocity, which is the case in TR3. The error in angular velocity is calculated as:

~ ~

R — 1(Ry) = R(Q — Q) = Réq

where 7; represents transport map. For left error representation 7, = R.. Hence left

velocity error is given by :

€QIQ—Qd

3.3.2 Nonlinear Disturbance Observer

One of the advantages of disturbance observer-based control (DOBC) over robust
control methods is good disturbance rejection property without sacrificing the nominal
performance. In case of no external disturbances, its estimates are zero, and hence the
DOBC law reduces to baseline control law. In this scenario, excessive control energy is not
wasted in rejecting the disturbances. Other advantages of disturbance observers are better

transient performance and better dynamic response. Owing to these advantages, we have
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3.3. Geometric Controller

chosen to utilize disturbance observers to estimate external disturbances. The nonlinear
disturbance observer proposed here is motivated from [94] and is used to estimate the

external disturbances. The structure of the observer is given by:

Z0 = 1[I AQ) + 2q) — T HQ x JQ) + T 17

Jo = 0+ A(©) 35)
o = U (N0) + 22) — ges + 2]
1= 242 (36)

where, dq and d, represent disturbance estimates in attitude and translational dynamics.
zi, 1 € {x,Q} represents the internal state of the observer. A(7) is a nonlinear function

and [(7) is designed as:

where i € {v,Q}. In this work, we have chosen the above parameters as:
AQ) = K,,Q therefore [(Q) = K., I3x3
Similarly,
A(v) = Ko and therefore [(v) = K l3x3

where K, and K are positive definite gain matrices and I3.3 is identity matrix.
The dynamics of the disturbance estimation error A, = d, — d, and Aq = dg — dq is

given by :

AQ = —Z(Q)[flAQ -+ dQ

Lemma 3.3.1. [95] If the disturbances are bounded, the estimation error of the distur-
bance observer is locally input to state stable(ISS) if the observer gain l(v) and I(2) are

chosen such that

A, + Z(U)Ax =0 and Ag + ()T 'Aq =0

m

are asymptotically stable.
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dz,dﬂ
Reference [Geometric| uy, AN u |Quadrotor Output
=|Controller | + Dynamics >
urf
States
Disturbance

Disturbance Observer
Compensation| 7 7

P dz, do

Figure 3.1: Controller with the disturbance observer

3.4 Controller Design

For a fully actuated rigid body, the control force and torque required to track any
desired trajectory (z4(t),vq(t), Ra(t), Q24(t)) while compensating for external disturbances,
are given by [54]:

féi = R m({)d + g€3> - CZ&: (37)
7, = —RYep — Kgeq + IQq + Q x IQ — dg (3.8)

where K,, K,, Ko € R33 are positive definite gain matrices. The control torque (3.8)
proposed in [7] has simpler expression as compared to the one based on right attitude
error representation [46]. In our approach we propose to apply following control law and

torque to the quadrotor :
fo=11fd]les and =7, (3.9)

The choice of control f;, always results in positive thrust to the quadrotor, whereas in
[46] the total thrust becomes negative when the angle between the desired thrust and
vertical body axis becomes greater than 90°. For a standard VTOL vehicle, it is required
that fles > 0. A conceptual diagram of the geometric controller with the nonlinear
disturbance observer in the loop is shown in Fig.3.1. In the figure u ;s denotes feedforward
compensation input while u, denotes feedback control input. u is given as sum of uys
and ugp, ie. u = urp + ugp. dq and d, depict disturbance estimates in attitude and
translational dynamics respectively. dg and d, depict additive external disturbances

present in attitude and translational dynamics respectively.
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3.4. Controller Design

3.4.1 Finding Reference Attitude

For a desired heading direction by4(t), we can calculate the desired attitude Ry(t)
[46] as :

Ry(t) = [baa(t) X b3a(t) baa(t) bza(t)]

where,

B d _bsa(t) x bia(?)
bsa(t) = Tl baalt) = [1bsa(t) X bra(t)]]

[ is defined in Eqn.(3.7). Thus, the attitude reference depends among others on the
translational movement errors. It is assumed that ||f¢]| # 0. It is also assumed that
bsq(t) is not parallel to by4(t).

3.4.2 Input to State Stability

The nonlinear system
T = f(t,z,u) (3.10)

is said to be input to state (ISS) [96, 97] stable if there exist a class ICL function S and a
class IC function ~ such that for any initial state z(¢y) and any bounded input u(t), the

solution exists for all ¢ > ¢y and satisfies

(@[] < B[z ()], = to) + 7 (supry<r<ilfu(7)]])

The above notion of input to state stability (ISS) is defined for the global case where the
initial state and the input can be arbitrarily large. If the above inequality is satisfied
in the region ||z|| < r and ||u|| < 7y, for ||z(to)|| < k1 and supgsy,||u(t)|| < k2 where ky
and ko are positive constants, then the system is said to be locally input to state stable
(LISS) [98].

Theorem 3.4.1. [96] Let V : [0,00) X R™ — R be a continuously differentiable function
such that

ar(llz]]) < V(t,2) < as(]|z]])
oV v

o g [t wu) < =Wa(@), ¥zl > p(lull) > 0
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3.4. Controller Design

V(t,x,u) € [0,00) X R™ X R™, where a1, as are class Ko functions, p is a class K
function, and Ws3(x) is a continuous positive definite function on R"™. Then the system

.10 is input to state stable with v = a;' o ay 0 p.

For local input to state stability (LISS) a; and «as can be class K functions and are
not necessarily class o, functions.

Following propositions are the contributions of this chapter.

Proposition 3.1. The attitude dynamics (3.2) driven by control law (3.8) with the dis-
turbance estimates given by (3.5) renders the closed loop attitude error dynamics locally
input to state stable (ISS) with respect to derivative of the disturbance, dg if the following
conditions are satisfied :

(i)W < p <p,

(ii) ||dal|| is bounded,

(#ii) The matrices A, Ly and Lo defined in the proof below are positive definite for positive

constant c;

Proof. Consider the following Lyapunov candidate for the rotational motion

1 1
Vi = 565169 + U+ creder + §A£AQ

where ¢; is a positive constant. Letting zz = [|ler|| |leall [|Aql|]T, we can write
Aa(Lo)ll2rl* < Ve < Ane(La)l 2| (3.11)
where
hl —C1 0 hQ C1 0
Li=| -1 320u) 0| Lo=| 1 3Au() 0
o o0 1 o o0 1

Am(+) represents minimum eigenvalue of its argument and
An(+) represents maximum eigenvalue of its argument

We can observe that

]éQ:](Q—Qd):—QXIQ+Tb+dQ—IQd:_RgeR_KQGQ‘i_AQ
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Then,

: 1 : ) .
Ve = ebléq + §tr(—KRRdT — KRRY) + ciéhen + crehén + AL Aq
1
= eh(—Rier — Kgeq + Aq) — §tr(KRéQRdT) +crenl H(—RYep — Koeq + Aq)
+ creb Eeq + AL(—1(Q) T Ag + dg)

From the equality A#A” = Az, we can write :

. 1 .
VR = 65(—RZ€R — KQ@Q —+ AQ) = §tl"(KRR§Rd€Q) —+ 01€£]_1<—R§€R — KQ@Q + AQ)
+ clegEeQ + Ag(—l(9>]_1AQ + dQ)
From the equality —%tr(a?g) = x -y and further simplification, we can write :
VR = —egngQ — clegl_leeR — Cleg_[_lKQBQ + Clegl_lAQ + c1EeQleq
— ATHQ) T ' Ag + ebAg + ALdg
c c
< —Am(Eq)lleal* + [lealll| Aal| — AMI(I) llerll* + Asz)AM(Kn)HeRl!HBQH
(K)lleall” = An(KmIH)|[Aall* + [|Aclll|del|

_a itlr
Am([) V2
< —An(EKo)lleal® + [leall||Aal| —

+ lerlll|Aall +

C1

Au (1)

C1

Am(1)

lerll® + A (Ka)llerl|l|eall

C1

Am(1)

c ~ Agll?2 lda|?
HeRHIIAnH+71§tr(K)HenH?—Am(KmI 1)HAQH2+H 2QH +H ;H

+

If zr = [|lerl| Ileall ||Aqll]T, then we can write

o P
90E < (Al + 101

VR < —z};AzR + g =

(3.12)

where matrix A is given by:

AJ\ZI(I) o ) A (Ko) . )

A= _ﬁl(l))‘M(KQ) A (Kq) — \C/—%tr(K) _%

/\m( m 71)_%

C1

P (1)

N =
=
~

Eqn.(3.12) can be written as :

ldall”

Vi < =An(A)(1 = )] 2l = Am(A)8) |25l + 25
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for 0 <6 < 1.
. 1 :
Vi < =An(A) (1 = 0)||zg|]* V ||2g]| > ——]|d 3.13
2 S M Olzel ¥ el 2 el (3.9
From Eqns.(3.11) and (3.13), we have
a1 (1) = A (L1)7%, aa(r) = As(Lo)r? and p(r) = ;r
20\,,(A)
Therefore the attitude error dynamics is locally ISS w.r.t. dg with
B A (L2)
() = \/ 20N (A) (L)
O

Proposition 3.2. The complete dynamics (3.1), (3.2) driven by control law (3.7), (3.8)
with the disturbance estimates given by (3.5), (3.6) renders the complete closed loop er-
ror dynamics locally input to state stable with respect to derivative of disturbances in
rotational and translational dynamics if the conditions in Proposition 1 as well as the
following conditions are satisfied.

(i) ||dz|| is bounded,

(i) ||d|| is bounded,

(iii) The matrices B, Py and Py defined in the proof below are positive definite for positive
constant co

d = [dq, d,] represents total disturbance vector.

Proof. Consider the following Lyapunov candidate for the translational motion

1 1 1
V= §mefev + §e§K$em + caele, + éAfo
Defining 2, = [[le.]| [les|| [[|Az][]", we have

An(Po)lza][* < Vo < Ana ()20

where
%)\m<Kx) —C2 O %)\M(Kx) D2 0
P1 = —C9 %m 0 P2 = D2 %m 0
0 0 1 0 0o 1
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We can observe that

mé, = m(v — 0g) = —mges + Rfy + dp — mig = —mges + Rfy + f& — f4 +d, — miy
= —Kpep — Kpey + Ay + Rfy — [ = —Kpep — Kyey + Ay + Af

where Af = Rf, — f2. Then,
V., = mefév + efoev + czéfev + CQ€£év + AfAm
= el (—Kpep — Kyey + Ay + Af) + el K e, + coele,
l .
+ 2T (Koo — Koeo + Ay + Af) + Af(—@Aw +d,)
m m
Further simplification results in
V; = —eZKUeU + eg’Am + eZAf + CQ@Z@U — %efoex - C—zevaev + @efo
m m m
+ 2IAF - ATKmA, + ATd,
m
2 G2 2 K 2
< —(An(Ky) — a)lle|” = E)\m(Kaz)llecxH = An( A7+ [leo|ll] A

A |

Co ‘
+’|evHHAfH"‘E)\M(Kvmewm,ev”‘{' = |lez||]]Aq H+—Hx|H|AfH+ 5

7112
+ Hd;” (3.14)

where, Af = Rf, — f¢, the norm of which can be written as :

IAFI = [|1Rfs — fAI = ||RII £ les — |1£4]| Raes]|
< ||Res = Raes|||| 2]
= \/(Res — Raes)T(Res — Raes)|| f7]]

= \/2— 2T R Rey| ]

€§R§R€3 represents cosine of angle between b3 and b3y where b3 represents current thrust
direction. Since 1 — W represents the cosine of the eigen-axis rotation angle between Ry

and R [46], we have:
1>e2RYRe3>1-U>0=0<1—esR]Res < ¥
Since

hiller||* € ¥ < hyllegr||?, we have
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[AFI] < V2ho|ler|| fu (3.15)

where f); represents maximum thrust delivered by the propellers i.e. ||f2|| < fu. There-

fore,

. C Ks
Ve < —(n(K,) = eo)llen]] — éAm(Kx)llemllg - AW(E)IIAIIIQ + [lel[||Asl]

Co Co
+ v 2halleulllerl] far + —Anr (o) leallllen]| + —llea][[| Al

C2 ||Aaﬂ||2 ||d:v||2
2ho—||ex r||fy + + .

The complete error dynamics can be proved to be locally input to state stable by taking

V =V, + Vg as the Lyapunov function candidate for the complete dynamics. Therefore,

letting 2z = [[ler]| [leall [|Aall llezl] lleul| [|A]]]", we can write
An(T1)||2]12 <V < Ay (T2) ||l (3.17)
where
L; 0 Ly 0
T, = 1 ) = 2
0 P1 0 P2

Therefore, T7 will be positive definite if both L; and P, are positive definite. Similarly,
T, will be positive definite if both Ly and P, are positive definite.
We can write
V=V,+ Vg
2 gl 2 K 2
< _()‘m(K)_C2)||evH = An(Eo)leall” = A (=) Aal]” + [leal Il Au ]
+ v 2hallev|l||erl| fu + At (K)o l]ew || + —||6x||I|A |

2h2%||ex||||eR||fM+ "A;“Q el aeall + leal 1ol
o lenll + 5w Ealleallleall + 5 llealllldall + o) eal?
— A (K I | Mgl + ||A29||2 + ”d;”2 (3.18)
162 = [llerl] lleall [18all lleall lleoll [[Au]1" , then we can write (3.18) as
< orps g Wl Mol e P 5.19)
45

TH-2551_166102009
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where
A B
B _ 12
Biy Ba
_\/%%fM _\/%fM 0
By = 0 0 0
0 0 0

A/ | " T
Here d = [dg, d,]” is the total disturbance vector and hence ||d||? = ||d.||? + ||da||?. Eqn.

(3.19) can be written as:

: d||?
V < -Au(B)(L~ I~ An(BY 2|+ VL
1

/20,0, (B)

for 0 < 6, < 1. From Eqns.(3.17) and (3.20), the complete error dynamics will be
locally input to state stable (ISS) with respect to the derivate of disturbances, d with the

< =Aa(B)(L = 0[PV ||zl > | (3.20)

following parameters

1

20 (B)

a1 (1) = An(T)r?, as(r) = M (T2)r?, plr) =

and

B ()
1) = \/ 20: A (B)An(T1)

3.5 Simulation Results

A numerical simulation [MATLAB/SIMULINK] of the geometric controller de-
veloped in the previous section is performed with the designed nonlinear disturbance
observer in the loop. Various parameters used in the simulations are given in Ta-
ble 3.1. Positive definite diagonal gain matrices have been chosen to quickly stabilize
the attitude dynamics. Yaw dynamics will be stabilized first due to higher inertia

value which will result in higher control effort in feedback control law. This results
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Table 3.1: Parameters used in simulation

Parameter Values Units Parameter Values Units

g 9.81 m/s? L. 0.082 kg m?
m 434 kg I, 0.0845 kg m?
K, Al - L. 0.1377 kg m?
K, 1015 - Kq 513 -
K, 515 - K, 515 -
K 1015 )

in better stability of the vehicle. Then pitch dynamics will be stabilized because of
greater control effort as compared to roll dynamics. The reference trajectory is given by
zq(t) = [2cos [TL] ; 2sin [7] ; 1] and bya(t) = IIZEgH' The initial conditions for simulation

are assumed to be [x(0); y(0); z2(0))] = [0;0;0] and R(0) = I5.

3.5.1 Scenario I : Finite Slope and bounded Disturbance

The external disturbances generated in the simulation environment are given by
dy(t) = do(t) = [0.13tan™" (%) ;0.2tan" (%) ;0.26 tan™" (%)]. The position tracking per-
formance and the disturbance estimates in position and attitude dynamics are shown in
Figs 3.2-3.3. It is observed from Fig. 3.2 that better position tracking is obtained with the
nonlinear disturbance observer than without the disturbance observer. The RMS error in
position tracking without the disturbance observer is found to be [0.4069; 0.2450; 0.1039]m
while RMS error in position tracking with the disturbance observer is found to be [0.3363;
0.0771; 0.0253]m, which is a substantial improvement. The transient performance and the
dynamic response of the NDOBC are also better compared to the one without the dis-
turbance observer. A good estimate of the disturbances present in position and attitude
dynamics is also obtained by the disturbance observer, as illustrated in Figs. 3.3. All
the disturbance estimates were initialized with zero initial conditions. The disturbance
estimates quickly converge to the actual ones within few seconds with some bounded
errors. The configuration error function, ¥ as seen from Fig.3.4b, decreases very fast and
settles around zero with some small bounded positive error. The control force f, is also

smooth, bounded, and settles to a final value of 42.3 N within 5 seconds.

3.5.2 Scenario II : Constant Disturbance

The external disturbances generated in the simulation environment are assumed
to be constants and are given by d,(t) = dq(t) = [0.13;0.2;0.26]. This type of scenario
might occur when there is a change in dynamic parameters like mass, the moment of in-

ertia, or the center of gravity. It is observed from Fig. 3.5 that better position tracking is

47
TH-2551_166102009



3.5. Simulation Results

"""""" without NDOBC
= == with NDOBC

30~ Desired trajectory

20 4
E
~N
104
0 “‘-_
4 \\“‘_-, —
2 \\\\\}\ — 4
0 “\\\. — 2
Yim 2 T~ — 0
"4 - X [m]
Figure 3.2: Trajectory tracking
Table 3.2: Comparison Table
RMS Error with NDOBC without NDOBC
Scenario I~ [0.3363;0.0771;0.0253]m  [0.4069; 0.2450; 0.1039]m
Scenario IT  [0.3358;0.0749; 0.0245]m  [0.3634;0.1809; 0.0716]m

obtained with the nonlinear disturbance observer than without the disturbance observer.

The RMS error in

position tracking without the disturbance observer is found to be

[0.3634; 0.1809; 0.0716]m while RMS error in position tracking with the disturbance ob-
server is found to be [0.3358; 0.0749; 0.0245]m. The estimates of the disturbances present

in position and attitude dynamics converge to the actual disturbances within few seconds,

as illustrated in Fig.

3.6. One can also observe that the convergence rate is also fast, and

the disturbance estimates converge to the actual disturbances in less than 5 secs.

Table 3.2 shows the RMS error in position tracking with and without the disturbance

observer in the loop

for both scenarios.

Table 3.3: Parameters used in experiment

Parameter Values Units Parameter Values Units
K I - J . 0.006 kg m?
Kq {0.15,0.15,0.2} - I, 0.008 kg m?
K, {0.95,0.95,1.0} - I.. 0.02 kg m?
K, {0.09,0.09,0.2} - m 1 kg
K,, {0.2,0.2,0.05} - K, 0.0215 -

TH-2551_166102009
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Figure 3.3: Disturbance estimates in (a) Roll [Nm]; (b) Pitch [Nm]; (¢) Yaw [Nm]; (d) X
[N]; (e) Y [NJ; (f) Z [N].

3.6 Experimental Results

The above designed geometric controller with the nonlinear disturbance observer
was implemented on an open-source Pixhawk[99] board with the parameters listed in

Table 3.3. The quadrotor was made from a DJI F450 frame with a frame length of 45cm

from one diagonal end to another. The quadrotor was given a circular trajectory to follow
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Figure 3.4: (a) f; [N]; (b) .

----------- without NDOBC

- - -with NDOBC
30 —Desired trajectory
20
E
N 10
0
5
5
0
0
Y [m] X [m]

-5 -5

Figure 3.5: Trajectory tracking

with a radius of 2m at an altitude of 5m as described below :

zqg(t) =0 yq(t) =0 2z4(t) = 0.5¢ for 0 <t < 10s;

(t= 10)} ya(t) = 2sin {27r (= 10)}

20 20

z4(t) = bm for 10s <t < 90s;

zq4(t) =0 y4(t) =0 z4(t) = 5m for 90s < t < 100s;

zq(t) = 0 ya(t) = 0 24(t) = —0.5(¢t — 110) for 100s < ¢t < 110s

zq(t) = 2cos |:27T

The experiment was done on a slightly windy day. The initial condition was taken to be

z(0) = 0;4(0) = 0;2(0) = 0 and R(0) = I3. The various experimental results are shown
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Figure 3.6: Disturbance estimates in (a) Roll [Nm]; (b) Pitch [Nm]; (¢) Yaw [Nm]; (d) X

[N]; (e) Y [NJ; (f) Z [N].

in Figs.

3.7-3.10. Decent tracking performance is observed from Figs.

3.7-3.8 while

the tracking errors can be attributed to lack of better localization methods. Here GPS

was used for localization of the quadrotor due to the unavailability of motion capture

systems. The various control torques and the throttle input are shown in Fig. 3.9. It

is observed that the control inputs are bounded and finite. The control torques vary
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around zero, while the throttle input varies around 0.425. Nominal values of dynamic
parameters were used in designing the disturbance observers. The disturbance estimates
shown in Fig. 3.10 are due to the deviation of parameters from their nominal values as
well as disturbances due to wind. It can be observed from the experimental results that
the disturbance estimates in yaw, as well as z-direction, become almost constant after
some time if the measurement noises are neglected. Small disturbances are also logged in
other directions, which can be considered almost constant if the measurement noises are
neglected. The periodic nature of disturbance estimates in the X and Y direction might

represent unmodelled dynamics.

25 p — = -Actual — ~ ~Actual
—Reference n —Reference

X [m]
Y [m]

0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
Time [s] Time [s]

(a) (b)
Figure 3.7: Position Tracking in (a) X [m]; (b) Y [m].

3.7 Conclusion

A nonlinear disturbance observer-based controller was designed for a quadrotor.

The proposed disturbance observer-based controller’s main advantage is that the bound

— — —Actual
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Z[m]

[N
! ""'.,""“-\_/"‘-’ ‘-r‘\‘-./"‘-"-f‘._,:-__,.r‘—h,-\_,-vv'
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Time [s]

Figure 3.8: Position Tracking in Z [m]
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Figure 3.9: (a) Roll torque [Nm]; (b) Pitch torque [Nm];(c) Yaw torque [Nm]|;(d) Throttle

IN].

on the disturbance is not assumed to be known. The controller is also shown to have
a simpler structure. The theoretical proof shows that the proposed controller is locally
input to state stable with respect to the derivative of the disturbances if the disturbance,
as well as its derivatives, are bounded, and hence the tracking errors are also bounded.
The simulation results and the experimental results show the proposed controller’s effec-

tiveness in the presence of disturbances and modeling inaccuracies.
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Chapter 4

Geometric Adaptive Control of a
Quadrotor with Location of Center
of Gravity Different from Geometric

Center

In the previous chapter, a nonlinear disturbance observer-based geometric control
of a quadrotor was presented. It was assumed that the origin of the body-fixed frame
and the center of gravity was coincident. This shortcoming of the previous chapter
will be removed in this chapter. Geometric adaptive control of quadrotors has been
presented in this chapter when the center of gravity of the quadrotor is different from
its geometric center. The controller’s unique feature is the use of the left tracking error
function to simplify controller design. The inertia matrix, mass as well as center of gravity
are assumed to be unknown, and coordinate invariant adaptive laws have been derived
for the estimate of these mentioned parameters. The coordinate invariant approach is
another unique feature of the proposed method as opposed to the literature. Rigorous
mathematical proofs have been prescribed to show the complete closed-loop dynamics’
stability under the proposed adaptive laws. The controller has been derived under the

assumption that the rotational dynamics are faster than the translational dynamics.

4.1 Introduction

The offset between the center of gravity and geometric center was explicitly com-
pensated in [100, 101, 102] wherein the 6-DOF rigid body dynamic model was considered
while designing the adaptive controller. This offset may be compensated through integral

actions, but if the nonlinear dynamic model is not properly considered, additional dis-
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turbances may result. In [100], it was shown through simulations that an input-output
feedback linearization-based controller was insufficient in the presence of dynamic changes
in the center of gravity, and so the authors developed an adaptive control algorithm. In
[101, 102], authors considered a transformation between frames of reference placed at
the center of mass and geometric center and developed separate adaptive algorithms for
altitude, attitude, and horizontal position control.

The contributions of this chapter are mentioned below. Firstly, the chapter presents
a nonlinear geometric controller with a nonlinear adaptive controller for quadrotors us-
ing rotation matrices for attitude dynamics. The second novelty of this chapter is the
utilization of left tracking errors while developing the tracking controller. The third con-
tribution of this chapter is that adaptive controllers are used to estimate the center of
gravity, mass, and inertia matrix in a coordinate invariant approach. The compensation
in the system dynamics due to the offset in the center of gravity and geometric center in
a coordinate invariant approach is one of this chapter’s main contributions. The current
literature [100, 101, 102] mainly utilizes Euler angles for system dynamics compensation
due to the offset in the center of gravity and geometric center, while this chapter utilizes
rotation matrices for the compensation.

Section 4.2 of the chapter explains the dynamic model used in developing the con-
troller. Section 4.3 explains the development of the geometric controller while compen-
sating for the offset in the center of gravity along with the proofs. Numerical simulation

results have been presented in Section 4.4.

4.2 Dynamic Model

The mathematical model of a rigid body with its center of gravity shifted from the

geometric center as shown in Fig.4.1 is derived from [103] and is presented below:

Figure 4.1: Rigid Body Model with offset between CG and body-fixed frame
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Rotational motion:

R = RO
LQ+Qx LY+ mrg x 0, + mrg x (2 xv,) =7 —mg(rg x Rl es) (4.1)

Translational motion:

T, = VU,

! R
Vo = —ges + —— (4.2)
m

In the above representation, the translational dynamics evolve in the inertial frame
while the rotational dynamics evolve in the body-fixed frame. This representation of
motion helps us in developing a simplified control law. The following nomenclature has
been used in defining the mathematical model (Eqn.(4.1)-Eqn.(4.2)):

{0B,X5,Ys,Zp} or {0,X,.Y,,Z,}: Body reference frame with origin Og or O re-
spectively.

{01, X1,Y1,Z1} or {I,X,Y,Z}: Inertial reference frame with origin O; or I respectively.
T, : thrust from rotor 7.

R € SO(3) : Rotation matrix from body reference frame to inertial reference frame.

2 : angular velocity of rigid body w.r.t inertial frame.

()" map from R? to s0(3), space of skew symmetric matrices i.e. if Q = [by by bs]”, then

0 —bs by
Q' =1 b3 0 —b
—by b 0

I, : Moment of Inertia w.r.t. body frame origin O or Og.

m : mass of the rigid body.

rq : location of center of gravity w.r.t. O or Op.

v, : velocity of origin O or Op of the rigid body w.r.t. I or O; respectively.
7 : external torque input in the body frame.

g : acceleration due to gravity = 9.81m/s>.

es : [0,0,1)7.

x, or 1, : position of Og or O w.r.t. Oy or I.

r. : position of CG w.r.t. Oy or I.

fy : thrust input in the body frame=[0,0, Y1, T;]”

o7
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¢ : represents time derivative in body frame.
¢ : represents time derivative in inertial frame.

The time derivative in inertial frame and body frame is related by following rela-
tionship : ¢ = ¢+ Q x ¢ and we know Q = Q. Therefore, rotational equation of motion

can also be written as :

R = RO
IO+ Qx IO+ m(rg X 0,) =7 —mg(rg x R es) (4.3)
Assumption 1. e 0, is bounded i.e. ||0|| < a due to the actuator saturation.

e ¢ is bounded i.e. ||rg|| < b which is quite realistic.

4.3 Controller Design

The reader may refer to Section 3.3.1 for definition of various configuration error
functions used in subsequent controller design. Following propositions are the contribu-

tions of this chapter.

Proposition 4.1. The attitude dynamics (4.1) driven by control law (4.4) with the adap-

tive laws given by (4.5) and (4.6) renders the closed loop attitude error dynamics {eg,eq}

stable :
T =— RgﬁR - KQQQ aF pod + Q x jOQ + mg(f‘g X RT€3) + m(f(; X 1'}0) (44)
X ki . .
= El(szdeg — e +QOTel — el Q0T (4.5)
Fo = ko (—0, X eq — g(RTes x eq)) (4.6)

where _fo 1s the estimate of 1,. Tq is the estimate of rq. m is the estimate of m. The

matrices 1,,1,,1, are symmetric. Ko € R33 is a positive definite gain matrix.

Proof. Let the Lyapunov function for the attitude dynamics be :

1 1 - 1
V = — TIO \D - [0 2 ra - T
R 269 eq + +2/€1H HF+2]€27’G ra
1 1 . 1.
= 5eg’;loeg + 5tr(K(I — RRY)) + 2—k1tr(1010) METRCE (4.7)

where ||I,||r represents Frobenius norm, eq = Q — Qy, k1 and ks are positive constants.
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~

I,=1,—1, 7¢ =rqg—7¢ and m = m — m. Then

Lég = 1,Q — I,y

= —Q x L,Q —m(rg x 1,) + 7 — mg(rg x Rles) — I,y

= —Q X L,Q— (i +m)(rg X 9,) — RYer — Kgeq + 1,04

+Q x L,Q + ig(ig x RTes) 4+ m(fa x 0,) — (m +m)g(rg x Rl es) — 1,04

= —Q x L,Q — i(fg X 1,) — Rrep — Kgeq — 1,Q4 — hg(fe x RTes)

—1m(rg X 0,) — mg(rg x Rles) (4.8)

The time derivative of Lyapunov function Eqn.(4.7) is given by :

1 -z 1 .
—tr(l,l,) + —7¢ - T
™ r(I,1,) + kng T

= —€q " (Q X [NOQ) —eq m(fG X @O) GQRd erR —€qQ KQ€Q

) 1 y .
Vi = ebl,éq — 5(KRRdT + KRRY) +

. 1
—eq - 1,Qq — mgeq - (Fg x RTes) — itr(KRegRg)

~ X 1
- k—tr(] I,) — k—rG TG —eq - m(rg X 0,) — eq - myg(rg X RT es) (4.9)
1 2

From the scalar triple product identity A- (B x C) = B-(C x A) = C - (A x B) and the
identity AzTAT = (Ax)T, we can write :

Vi = —1,Q - (eq X Q) — g - (0, X eq) — esRYer — ek Kqeq
- B 1
— eI,y — gig - (RTes x eq) — §tr(KRRd (Rgeq))
— —tr(I,L) — —Fg - fg — meq - (rg X 0,) — meq - g(re x RTes) (4.10)
From the equality —str(z'y') = 2 -y and z - y = tr(zy”) = tr(yz”), we can write :

Vi = —tr(1,Q(eq x Q)T) — i - (0, X eq) — ek Kaeq — tr(1,Q.el)—

1 ~ X
mgra - (RTes x eq) — k—ltr([ oly) — k—er Fo — meq - (ra x 0,) —meq - g(rg x RTes)
- ~ . 1 ~ =
= —elKoeq — tr(—L,00Tel, + I,Qqel + k_I oly) — mig - (U, X eq + g(RTe3 x eq) — Z—G)
2
—meq - (rg X 0,) — meq - g(rg x RYes)
59
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Ta

~ . 1 x
= —eLKoeq — tr(I,(—QQTel, + Qqel + kf_]O)) — g - (D, X eq + g(RTes3 x eq) + k‘_)
1 2
—megq - (rg X 0,) — megq - g(rg X RT€3>
If we choose
- ki, T Tt t oo T
I,= E(Qdeﬂ —eafly + Q0 e, — Q07
o = mky(—0, X eq — g(RTes x eq))
then
VR = —€£KQ€Q — ﬁleg . (TG X 1')0) — meg . g(’f‘G X RT63>
< =Am(Ka)lleal? + [m|leallllrall (20| + 9)
< =Am(Ko)lleal*(1 — 0) = An(Ka)lleal?0 + [m||[eallllral| (120l + 9)
ml||r Vol +
< A (Ko)lleal P(1 = 6) ¥ [Jegl| > [2Iralll[2l +9) (4.11)

Am (K@)

for 0 < @ < 1. In the following proposition, it will be proved that |m| is bounded. This
means Lyapunov function, Vx is bounded and therefore the attitude errors are bounded

with the following bound on ||eg]| :

[lllral|(l%]| +9) _ [mlb(a+g)

leall < =5 &) = AmKa)

where \,,(+) denotes minimum eigenvalue of its argument. O

Proposition 4.2. The translational dynamics (4.2) driven by control law (4.12) with the
adaptive law for mass given by (4.13) renders the closed loop translational error dynamics
{es,e,} stable :

fél i _Kxem = Kvev < m(vd + 963) (412)
m = —ks(geles + elvg) (4.13)

where K, K, € R33 are positive definite gain matrices, e, = v — Tq and e, = v, — Vgq.
m is the estimate of m and m = m — m.
Proof. Let the Lyapunov function for the translation dynamics be :

1 1 1
Vi = —el'me, + —el K,e, + —m?

4.14

where k3 is a positive constant. In our approach we propose to apply following control
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law and torque to the quadrotor :

Jo= 17 les (4.15)

The choice of control f;, always results in positive thrust to the quadrotor, whereas in [46]
the total thrust becomes negative when the angle between the desired thrust and vertical
body axis becomes greater than 90°. For a standard VTOL vehicle, it is required that
fif'e3 > 0. Then the time derivative of Vr is

. 1 .
Vp = el'mé, + el Kye, + k—Smm (4.16)

We can find mé, as

me, = mi, — My

= —mges + Rfy, — muy

= —mges + Rfy + f = f& — miy

= —mges + Rfy — Kyey — Kyey + Mg + ges) — f — mig

= —1mges + Rfy — Kye, — Kye, — mig — f2 (4.17)

From Eqn.(4.17), eqn.(4.16) becomes :
: ™ .
Vi = el (—iges + Rfy — Kpey — Kye, — mig — f9) + el Kpe, — k—mm
3
1.
= —el Kye, — m(el ges + elvg + k—m) +eX(Rfy — f9 (4.18)
3

If we choose :

m = —ks(geles + elvg) then (4.19)

Vi = —el'Kpe, + el (Rfy — f4) = —eTKe, + el Af
where, Af = Rf, — f. From (3.15), the norm of Ay can be written as :

A < V/2holler|| far
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Therefore, eqn.(4.18) becomes :

Ve < =) el |* + [leal[[|AS]]
(Ko)lleo]|* + v/ 2haleulllerl] far
=i (Fo)feul[*(1 = 01) = A (o) leol[*01 + v/ 2ol leu|[l]erl] far

V2hslleo[ller]|fu
Am (Ky) 01

< =
<

IA
=

A (Fo)leol*(1 = 601) ¥ les]| >

(4.20)

for 0 < #; < 1. From Eqns. (3.3) and (3.4), ||eg|| is bounded, therefore translational

error dynamics is bounded and hence |m| is also bounded. O

Proposition 4.3. The closed loop error dynamics {e,, e,, er,eq} is rendered stable if the
complete system dynamics (4.1), (4.2) is driven by the control laws (4.4), (4.12) along
with the adaptive laws given by (4.5), (4.6) and (4.13).

Proof. This can be proved by taking the Lypaunov function as :
V=Vr+Vg (4.21)

Taking the time derivative of Eqn.(4.21) and using Eqns.(4.11) and (4.20), we can prove

the boundedness of the complete closed loop error dynamics {e,, €,, eg.€q}. O

Desired angular velocity

To avoid complex analytic derivative of R, while calculating §2; and Qd, we used a

first-order command filter [26] to estimate these values as given below :

Ry = [bare baze basc] where
bigie = —T (bgic — baiy) for i = 1,2,3 and
Ry = [bat bazt bast]

Qq = [RTR,)Y where (1)V : s0(3) — R®

Similarly,
Qdc = —T(Qdc — Qd) and Qd = Qdc

T = diag(t;, t2,t3) > 0 is the filter time constant which should be high to ensure fast
tracking.
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Projection operation

The initial values of estimates of the center of gravity are set to be in a given
compact set. To limit the update of the center of gravity to a given compact set, projection

operation [104] is used as given below :

Assumption 2. There exist rgmaz, "Gmin and a small positive constant o so that rgmin +

o<rg<Tomax — O-

If 7oy = — (9 X €q) — g(RTe3 X eq)

The update law of 7 is modified as:

A

Tq(1) = mkores (i) if Tamin(i) + 0 < 76(1) < TGmaz(i) — 0
Foli) = mhs(rea(®) + U+ reali)?)) i 6(0) < romin(i) + 0
(i) = mky(ress (i) — %(1 4 Test (1)) if 76 (1) > Tamae(i) — 0

for i = 1,2,3. rg(i) and 7es(7) represent i" component of rg

and r.q respectively .

The initial value of r¢g is chosen such that rgmin < 76(0) < rgmaz- If 76 < rgmin + 0
then we have 7 > 0 and this will not let 7 getting smaller than 7. Similarly, if
TG 2 T'Gmaz — O , then we have f“g < 0 and this will not let ¢ getting greater than rguaz-

The projection operation has not been used for other parameters.

4.4 Numerical simulations

To illustrate the theoretical results, numerical simulations were carried out for the

system whose parameters are shown in Table.4.1. The reference trajectory is given by

(1)
lza()l]

] . 2sin [m] 5 and buu(t) =

xq(t) = [2cos {W— 0173

The initial conditions for simulation are assumed to be

[2(0),y(0), 2(0)] = [0,0,0], [£(0), 4(0), 2(0)] = [0,0, 0] and
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Table 4.1: Parameters used in simulation

Parameter Values Units Parameter Values Units

g 9.81 m/s? L. 0.006 kg m?
m 1.0 kg I, 0.008 kg m?
K, 313 - I, 0.015 kg m?
K, 215 - Kq 513 -
k1 0.2 - ko 0.2 -
K 215 - ks 0.2 -
T 5013 - o 0.005 -

The value of moment of inertia is given in Table 4.1 while its initial estimate is given by
I, = diag[0.005,0.007,0.012].

4.4.1 Scenario I

The value of center of gravity with its initial estimate and its minimum and maxi-

mum values are mentioned below :

rq = [0.02,0.02,0.01]"m, 7 = [0.01,0.01,0.005]"m,
TGmin = —[0.01,0.01,0.005)"m, rGmaz = [0.03,0.03,0.015]"m

The various simulation results are shown in Figs. 4.2-4.3. It is seen from Figs.4.2
that better trajectory tracking response is observed when the offset in the center of gravity
is explicitly compensated. The increase in the offset of the center of gravity results in
worse tracking performance, shown through simulations. The RMS error in position
tracking without the compensation is found to be [0.3287;0.2652; 0.0275] m while RMS
error in position tracking with the compensation is found to be [0.2627;0.1157; 0.0328] m,
which is a good improvement in horizontal position tracking. The dynamic response in
altitude with compensation is better than without the compensation. The transient
performance of altitude response with compensation has better settling time and less
overshoot as compared to the response without compensation.

The estimates in the center of gravity with projection is shown in Fig.4.3 (a)-
(c), which tends to be around the actual values used in the simulation. The estimates
oscillate around the actual value and the reason seems to be sinusoidal reference. Since the
sinusoidal references are used in X — and Y — axes, the X — and Y — estimates oscillate.
No sinusoidal references are used in Z— axes and hence estimates converge to a final
value. The initial estimate of mass was taken to be 0.9 kg. The estimates in mass tend to

converge to a value of 0.99 kg, which is very close to the actual value. The throttle input
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Figure 4.2: Tracking in (a) X [m] (b) Y [m] (c) Z [m] for r¢ = [0.02,0.02,0.01]"m

and torque input are stable, finite, and converge to finite values, as can be seen from
Figs.4.3(e)-(f). Initially high throttle is required as expected but soon it settles to a finite
value as steady state is reached. The attitude error vector, angular velocity error vector,
and linear velocity error vector also tend to a small value around zero in finite time as
seen from Fig.4.4(a)-(c). The moment of inertia and product of inertias as seen from
Fig.4.4(d)-4.5 also converge to some finite values. Since only boundedness of moment of
inertia and product of inertia is guaranteed in theoretical analysis, therefore, these values
do not tend to their actual values used in the simulation. We see a slight jump in the
estimation values during initial times which is expected during transient phase of the

response.

4.4.2 Scenario 11

The tracking performance with rg = [0.04,0.04,0.02]"m is shown in Figs.4.6.
The RMS error in position tracking without the compensation is found to be [0.5497,
0.5049, 0.0930]"m while RMS error in position tracking with the compensation is found
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to be [0.2625,0.1159, 0.0329]7m which is a substantial improvement. The transient re-
sponse of the proposed controller in altitude dynamics is much better as compared to
the controller without the compensation. Once again, it is observed that the transient
performance of altitude response with compensation has better settling time and less
overshoot as compared to the response without compensation. It is also observed that
the tracking error has increased with the increase in offset between the center of gravity
and the geometric center. The center of gravity estimates is shown in Fig.4.6(d). The
estimate in the center of gravity tends to be around the actual value, as can be seen from
Fig.4.6(d)-(f). We see a slight jump in the estimation values during initial times which
is expected during transient phase of the response. If the offset is increased beyond a
certain threshold, the system without compensation even becomes unstable. This shows
that the compensation in system dynamics due to offset is necessary. The other error
vectors in Scenario II reported similar behavior as that in Scenario I and hence their plots

are not presented for the sake of repetitions.

4.5 Conclusion

A nonlinear geometric adaptive controller is proposed for quadrotors when its loca-
tion of the center of gravity is different from the geometric center. The theoretical proof
shows that the proposed control law along with coordinate invariant adaptive laws is
stable. Simulation results show better tracking performance when the offset is explicitly
compensated as compared to when it is not. It can be observed through simulations
that beyond a certain threshold in the offset, if the system dynamics is not compensated
explicitly with the proposed method, then the system becomes unstable. Hence the pro-
posed method gives a tracking adaptive controller, which is stable and verified through
numerical simulations. The proposed method renders the closed-loop dynamics stable
irrespective of the magnitude of the offset. The hardware implementation is one of the

future works of these theoretical findings.
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Chapter 5

Control of a Quadrotor with

Network Induced Time Delay

In the first two chapters, time delays were not taken into account, but it is well
known that a physical system suffers from time delays. Therefore, a backstepping con-
troller augmented with a state predictor is presented in this chapter to control a quadrotor
over a network subjected to both state and input time delay. The state predictor predicts
the future values of the states by taking the measured delayed states as input. A back-
stepping control law is further designed based on these predicted states. It is shown with
the aid of the Lyapunov Razumikhin theorem that the error dynamics of the predictor
are asymptotically stable. The cascade of state predictor and backstepping controller
makes the tracking error dynamics of the quadrotor asymptotically stable. Simulation

results are presented to validate the proposed approach.

5.1 Introduction

Teleoperation [64] is a challenging task given the challenges faced in its implemen-
tation, such as packet loss, distortion, and time delay. But the advantages of such an
operation give the research community the motivation to overcome such challenges with
the present set of mathematical tools. There are several successful attempts in the litera-
ture of such an operation [65, 66, 67, 68, 69, 70]. All the literature mentioned pertaining
to quadrotors does not consider communication time delay. The presence of communica-
tion time delay may result in instability in the system. Unfortunately, such an approach
has not been extended for the remote operation of quadrotors. In [71], a robust attitude
controller was designed for multiple input multiple output uncertain quadrotors consid-
ering parametric uncertainties, external disturbances, and input time delays. A similar

robust controller considering parametric uncertainties, unmodeled uncertainties, and in-
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put as well as state delays are designed in [62, 63, 72, 73]. Motivated by the current state
of the literature, a controller considering both inputs as well as state delay experienced
while operating the device over a network is designed.

The contributions of this chapter are threefold. Firstly, we design a state predictor
to estimate the future values of the quadrotor’s state in the presence of both input and
state time delay. We assume bilateral operation such that the forward, as well as the
backward time delay, is constant and known. The chapter attempts to propose a method
to control a quadrotor over a network. According to the authors’ best of knowledge,
there is no such method in the literature that attempts to control a quadrotor over a
network. Since the network will inherently induce time delays in the state as well as
the control input, an estimator has been proposed to predict the future states from the
measured states, which are delayed. Then the output of the estimator is used in design-
ing a backstepping controller. Secondly, we design a backstepping [97, 105] controller for
stabilization and trajectory tracking, assuming no state or input delay. We have chosen
the backstepping technique since it is recursive and suitable for our needs. Such an algo-
rithm can also be easily extended to handle unknown parameters by using the adaptive
backstepping technique. The controller is shown to have asymptotic stability property.
Then state predictor is cascaded with the controller, where the output of the predictor is
used in place of the state requirement in the controller. To the best of the authors’ knowl-
edge, this study is the first to compensate for both states as well as input time delay in
a quadrotor system explicitly. All the mentioned literature either does not consider such
a scenario or at best handle it as a disturbance. Thirdly, the backstepping control law
has been designed to control an underactuated system, i.e., quadrotor. For a quadrotor,
its dynamics are highly coupled, and moreover, it is underactuated. This is another chal-
lenge of the controller design, which we have addressed by designing the controller of the
attitude subsystem independently of the translational subsystem. Numerical simulation
results have been given at the end to validate the proposed method.

The chapter is organized as follows. Section 5.2 of the chapter defines the quadro-
tor’s dynamic model while developing the controller and the predictor. Section 5.3 defines
the Lyapunov Razumikhin theorem used in the stability proof of the predictor. Section 5.4
gives the structure of the proposed state predictor along with its stability proof. Section
5.5 presents the backstepping controller design. Section 5.6 gives some numerical simu-
lation results to validate the proposed approach. The section also contains comparison

results with the existing literature and further discussion of the results obtained.
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5.2 Dynamic Model

The reader is referred to section 1.2 to refresh the dynamic model of a quadrotor
in local coordinates (Eqn. 1.3). The above equations of motion are in the presence of
zero states and zero input delay. We will neglect gyroscopic effects in the subsequent
analysis. In the presence of bilateral time delay, i.e., delay in both forward and backward

transmission, the equations of motion become :

ot —7) = O(t — 7)) (t — Tb)ly ]_ =y é%(t —7)
O(t — 1) = d(t — )b (t — Tb)[Z ;y 2, [iyUg(t —7)
Dt —7) = 0t — 1) p(t — Tb)lx 1— oy IizU4(t —7)
(1~ ) = (cos6(t — m)sin(t — m)eost(t — ) + sind(t = n)simb(t — 7))

U1 (t i 7')
it — 1) = (cosop(t — m)sinb(t — 1) sin(t — 1) — sing(t — 7)cos(t — Tb))%
U1 (t — T)

5(t— 1) = —g + (cos(t —7y)cosB(t — Tb))%m(t _7) (5.1)

where 7, is the backward transmission delay while 74 is the forward transmission delay
and 7 = 7y + 7. Let us denote the measured states by the following symbols : ¢, =
Gt —T0), b, = G(t—T0),0n, = O(t—T5), 0r, = O(t—70), Y, = Y(t—T7), 0, = Y(t—7), T, =
2t —1p), &y, =Tt —70), Yr, =Yt —T), Ur, = Y(t —Tp), 27, = 2(t = Tp), 25, = 2(t — 7). The
control objective is to design a state predictor to predict future states from the delayed
states and design a backstepping controller based on these predicted states to take care
of network delay. Let ¢ be the states of the quadrotor i.e. ¢ = [¢,0,v, 2z, x,y], f be the
output of the predictor and ¢,, be the delayed measurement. Then the predictor and the
control inputs Uy, U, Us, Uy have to be designed in such a way that :

~
~

lm[C(t—7) = Co) = 0y lim[C(t—7) = Gy =0

t—o00

lim[x — x4,y — Ya, 2 — 24) = [0,0,0];

t—o00

lim|& — 4,9 — Ya, 2 — 24 = [0,0,0];

Lim[¢ — ¢a,0 — 04,9 —¢a) = [0,0,0];  lim[6,6,9] = [0,0,0] (5.2)
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5.3 Lyapunov Razumikhin Theorem

For systems without time delay, one resorts to Lyapunov functions to test the
stability of the system. Unfortunately, such an approach is not suitable for systems with
time delays. One approach is to use Lyapunov Krassovski functionals to test the stability,
but such an approach suffers from complexity arising out of differentiating functionals. An
alternative is to use the Lyapunov Razumikhin theorem, where one deals with functions
rather than functionals, which simplifies the analysis and design. The same approach has
been used in this text to prove the asymptotic stability of the predictor. The statement

of Lyapunov Razumikhin theorem is given below :

Definition 1. [106, 107] Let us consider the following retarded functional differential

equation :

where x(t) € R™ and f : R x C — R™. C represents set of continuous functions that map
[—h,0] to R™ and v, = x(t +0) for —h <0 < 0. Let u,v,w : Ry — Ry be functions such
that u(7),v(r) > 0 for 7 > 0, u(0) = v(0) = 0, then

e [f one can infer the existence of a continuous and differentiable function V : RxR"™ — R
such that

u(lle]]) <V(tx) <o(llzl), teR, zeR" and
|

(1
V(t,z(t) < —w(||lz(t)]])
V(t+0,2(t +0)) < pV(t (b)) (5.4)

0 € [—h,0l,w(t) > 0 and p(1) > 7 for T > 0 then the equilibrium solution of (5.3) is

uniformly asymptotically stable.

5.4 State Predictor

The present section aims to design a state predictor to compensate for the bilateral
time delay induced due to the network’s presence on the input and the states’ measure-
ment. This predictor’s output will be used to design the backstepping controller by re-
placing the actual states with the states predicted by the predictor. A schematic diagram

of the controller predictor pair is shown in Fig. 5.1. Let the state space representation
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Network
U (t) U (t — T )
Controller A Quadrotor
Predictor | | _______
C(t —m) e
e 5T
Figure 5.1: Controller-Predictor pair
of the equation (5.1) be given below :
¢7'b = q¢7'b
. I,—1,. . 1
Ar, = y[—xgnﬂ/]'rb + I_IUQ(t - 7-)
éTb = qeq—b
L-I. . 1
] = T Y1 —Us(t -
qGTb Iy ¢ bw , T Iy 3( T)
wa = qd)‘rb
) IL,—1,. - 1
4y, = [—Zyede)Tb an [_ZU4(t - 7_)
'j77'b F q$7-b
1
G,y = (oS¢, sin0, cosr, + Singy, siniy, ) —Uy(t — 7)
m
yTb = qub
1
Gy, = (cOSpr, siNbO7, siNY,, — Sing,,costy, ) —Us(t — T)
m

ZTb = qZTb

. 1
4z, = —9 + (COSQbTbCOSQTb)EUl (t o T)

(5.5)
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We propose the following predictor scheme to estimate the future values of the quadrotor’s

states :

6= Go— kr(B(t — ) — 6, (1))

¢
- I _[,377 Ut
o= g+ PO oyt 1) g6, )

@y = I_z Godo + = — ke(qu(t —7) — qy,, (1))
&= — kr(2(t — 7) — 24,(1))

Ui ()

Gx = (cosd sinf costp + sing sin)
m

i& - _y - kQ(Q(t - T) A yTb(t))

(@t =7) = ¢, (1))

~ Ui (1)

(gt —7) — dy., (t))
é = _z — kll(,%(t - T) — sz(t))

i =~ + (0058 c050) " — (@t — ) = 4y (1) (5:6)

where k; for i = 1---12 are positive constants.

5.4.1 Error Dynamics for Rotational Subsystem

Let the prediction errors in rotational subsystem be given by :

es(t) = ot — 7) — ¢y, (t)
eq,(t) = Qp(t = 7) = qg,, (1)
(

eo(t) = 0(t — 1) — 0., (t)
€qo(t) = qo(t — 7) — go,, (1)
ey(t) = V(t =) = ¥, (1)
eq, (1) = qu(t — 7) — gy, (t) (5.7)
Then the error dynamics is given by :
65(t) = Ot —7) — by (8) = €q, () — kreg(t — 7) (5.8)
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and

éan) = - ot -1 — o) R -1 659

Let a = %, then from (5.7), we get

éqqa (t) = a’(elJGe% + GQqurb + e(JwQQTb) - er% (t - T) (510)
Similarly,

ég(t) = eq,(t) — kseg(t — 1)

€ge(t) = b(e%eqw + €44y, T eqwqaﬁfb) — kaeq,(t — 7)

ey(t) = eq, (t) — ksey(t — 7)

équ (t) = C(e%qu + eq¢q0‘rb + e‘l9q¢7b) - k6€q¢ (t R T) (5'11)
where b = % and ¢ = I”I:Iy.

Let ep = [ey €q, €9 €q, €y €q,] - It can be observed that ep = 0 is an equilibrium point
of the error dynamics. Therefore it will act as a state predictor if and only if eg = 0 is

an asymptotically stable equilibrium point. The linearized error dynamics is given by :

ég(t) = eq, (t) — kieg(t —7)

€qy (t) = a(eqaqw% + eqwq%) - k2eq¢ (t—1)

ég(t) = eg,(t) — ksea(t — 7)

Eqo(t) = bleg,qp,, + €q,44,,) — Kaeqy(t — T)

Ey(t) = eq, (t) = ksey(t —7)

e, (t) = cleq,qo., + €4y4s,,) — Keeq, (t — T) (5.12)

The equilibrium point ez = 0 is asymptotically stable for the original error dynamics
if and only if it is an asymptotically stable equilibrium point for the linearized error
dynamics (5.12). We will derive the sufficient condition for the equilibrium point eg = 0
to be an asymptotically stable equilibrium point for the linearized error dynamics (5.12).

The linearized error dynamics can be written in compact form as :

éR: —KRGR(t—T)+D (513)
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5.4. State Predictor

where K = diag(ky, ko, k3, k4, k5, k¢) and D is given by :
Cq4 (t)
a(€qy Gy, + €q,96-,)
€gy (1)
b(eq, Q- + €q,96-,)
€qy ()
| c(€qy 0., + €4055,) i

One should note the following assumption before proceeding:
Assumption 3. The magnitudes of angular velocities q,,qo and q, are bounded.

From Assumption 3, the norm of D can be written as :

| D] §|€q¢| + a1]egy| + a2‘eqw| + [ege| + b1|€q¢| + b2|€qw|
+ leg,| + cileg,| + caleq, | < nllerl| (5.14)

where a; = maz(alqgy,,|), a2 = maz(algs,,|), b1 = maz(blgy,,|), b» = maz(blgy,, |), c1 =
maz(clge,, |), c2 = maz(clgs,,|), 11 = maz((1+ b +c1), (14 a1 + c2), (1 + az + ba)).

5.4.2 Stability Proof for Rotational Subsystem

Proposition 5.1. The state predictor (5.6) for the rotational subsystem with the er-
ror dynamics given by (5.12) for the state equation (5.5) is asymptotically stable if the

following condition is satisfied :
Mn(KR) = A (K2)\/GT — An(Kr)1m — 71 > 0 (5.15)

where A\, (+) is the minimum eigenvalue of its argument.

Proof. Let us begin by observing that

er(t —7) =egr(t) — /t_ er(s)ds (5.16)

Therefore,

¢ ¢
Er = —KReR—K}?%/ eR(s—T)dS—I—KR/ D(s)ds+ D (5.17)
t—1 t—1
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Let us consider the following Lyapunov function candidate :

1
VR = 56%63 (518)

The time derivative of (5.18), along the solutions of (5.17) and using the relation Vg (er(t+
Q) < qVg(egr(t)) for all =27 < ¢ <0 and ¢ > 1, becomes :

VRZCEéR

it
< e / S / 1D(s)ids +2ljeal 1D
t—7 t—T1

< —An(KR)lerl]” + An(K2)Varllerll + An(K)n7llerll” + viller”
= —(An(Kr) = Aa(KR) VAT = An(Kr) 0T = 1)llerl” (5.19)
From Lyapunov Razumikhin theorem, one can conclude that the prediction error is

asymptotically stable if (A (Kg) — An(K7)/aT — A (Kg)717 — 1) > 0. This proves
Proposition 5.1. O

5.4.3 Complete Error Dynamics
Let the prediction error for the translational subsystem be given by :
e,(t) =z(t —7) — z,, (1)
€. (t) = &(t = 7) = Gz, (£)
ey(t) =9t = 7) — yr, (1)
€q,(t) = qy(t —7) — gy, (1)

e.(t) =2t —7)— 2z, (¢)
eq.(t) = @:(t = 1) = ¢, (1) (5.20)

Then the error dynamics is given by :

Ex(t) = Z(t — T) — iy (1) = €4, (t) — krea(t — 7)
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and

Cqp = Gt = 7) = o, (1)
= (cosgfg(t — 7)sinf(t — T)cosih(t — ) + sind(t — 7)sin(t — T)

Ul(t—T)

— 08y, $inby, oSy, — singr, siniy, ) — kseg, (t —17)

— <cos(e¢ + ¢, )sin(eq + 6;,)cos(ey, + V) + sin(es + ¢r,)

Uit —
sin(ey + 1y, ) — coSpr, sinb,, cosYy, — sinqSTbsimZ)Tb) 1(—7-) — kseg, (t —17)
m

The linearization of the above equation is

o = ((—sz’n@bsz’nen CoSYy, + COSP,, SiNtYy, ey + (cospr, cosl,, cosi,, )eq

Ul(t—T)

+ (—cos¢,, sinb,, sint,, + sin¢Tbcos¢Tb)e¢> — kgeg, (t —17)

=EU(t —7) — kseg, (t — 7) (5.21)

where

(—sinegy, sind,, costhy, + cos¢, sinhy, ey + (coso,, coshy, cosiy, )eq

E .
m
(—cospr, sinbyr, sint,, + sing,,cosi;, ey, (5.22)
m
The magnitude of E is bounded by
2 1 2 2
N, - —ley| < — 2
B1S Zleol + —leal + —leg] < (leg] + el + leul) (5.23)
Similarly,

éy(t) = eq,(t) — koey(t — 1) (5.24)
éq, = FUL(t = 7) — kioeq, (t — 7) (5.25)
é:(t) = €4, (t) — knes(t — 7) (5.26)
é‘]y - GU1 (t - T) - k126qy (t - T) (527)
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where
7o (—sing,, sindy, sin,, — cosp,,cosi,, ey + (cospr, cosby, sini,, Jeq
m
(€OSPr, SiNbOr, cOSYy, + SiNGL, SINY;, ey, (5.28)
m
and
( — sing,, cost,, ey — cosngbsinHTbeg)
G = 5.29
— (5.29)
The magnitudes of F and G are bounded by
2 1 2 2
F| < — — — < = 5.30
IFIS Zleol + ool + —legl < = (leal +leol + leg) (5.30)
G1< —(les] +leo) (5.31)
R e e .
s les 0
Therefore the linearized dynamics for the translational subsystem is given by :
é,(t) = eq, (t) — kreg(t — 1)
g, = BUL(t — T) — kgeq, (t — 7)
éy(t) = eq,(t) — koey(t — 7)
éqy == FUl(t — T) —3 k’loeqy(t — ’7')
é.(t) = eq. (t) — ke, (t — 7)
éq, = GUi(t — 7) — kizeq, (t — 7) (5.32)
Let ex = [e, €4 € €, € ¢e.]" and e = [ex eg]’. It can be observed that

e = 0 is an equilibrium point of the linearized error dynamics. Therefore, it will act as
a state predictor if and only if e = 0 is an asymptotically stable equilibrium point. The
equilibrium point e = 0 is asymptotically stable for the original error dynamics if and only
if it is an asymptotically stable equilibrium point for the linearized error dynamics (5.12)
and (5.32). We will derive the sufficient condition for the equilibrium point e = 0 to be
an asymptotically stable equilibrium point for the linearized error dynamics (5.12) and
(5.32). The linearized error dynamics of the complete system can be written in compact

form as :

é=—Ke(t—7)+H (5.33)
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where K = diag{k;} for i =1---12, and

eq, (t)
EU(t —7)
eqy(t)
H= | FU(t—7)
eq. (t)
GUl(t — 7')
D

Assumption 4. The magnitude of control input Uy is bounded i.e. |U,| < U.

From Assumption 4, the norm of H is bounded as shown below :

1HI < leq.| +1E|U + leg, | + [FIU + |eq.| + |GIU + || D] (5.34)

Substituting the values of |E|, |F| and |G|, one gets,

15 < leq.| + leg, | + leq.| + 5Ules| + 3Uleq| + 4Uley| + i llerll
< ellell +mllell < 7llell (5.35)

where 75 = max{1,50} and v = {91 + 12 }.

5.4.4 Stability Proof for Complete System

Proposition 5.2. The state predictor (5.6) for the complete system with the error dy-
namics given by (5.12) and (5.32) for the state equation (5.5) is asymptotically stable if

the following condition is satisfied :
A (K) = A (K2)\/qm = A (K)yT — 4 > 0 (5.36)

where A\, (+) is the minimum eigenvalue of its argument.

Proof. Let us begin by observing that

¢
e(t—71)=ce(t) — / é(s)ds (5.37)
t—7
Therefore,
¢ t
é:—Ke—KQ/ €(S—T)d8—|—K/ H(s)ds+ H (5.38)
t—1 t—1
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Let us consider the following Lyapunov function candidate :
L p
V= 3¢ € (5.39)

The time derivative of (5.39) along the solutions of (5.38) and using the relation V (e(t +
Q) < qV(e(t)) for all =27 < { <0 and ¢ > 1 becomes :
V=clé¢

t t
:eT(—Ke—KQ/ e(s—T)ds+K/ H(s)ds + H)
t—7 1=y

t t

< = A (K)|lel]” —BTKQ/ e(s=m)ds+e' K [ [[H(s)llds + le]||| H]]

< = Xn(E) el + A (B*) v/grlel* + A (EK)y7llel]” + el
= —(An(K) = An(K*)V/qm = An(E)ym — )| lexl[* (5.40)

From Lyapunov Razumikhin theorem, one can conclude that the prediction error is
asymptotically stable if (Ap,(K) — A (K?)\/qT — A (K)yT — ) > 0. This proves Propo-
sition 5.2. [

5.5 Controller Design

In this section, a control law based on the backstepping technique is designed to
enable the quadrotor to track a reference trajectory. The control design technique for
the whole system is divided into the control design technique of three subsystems. First,
we will design the control law for the z-subsystem, and the heading direction, i.e., ¥—
subsystem, since both z— and 1 — subsystems are independent of other subsystems.
Finally, we will design the control law for the horizontal subsystem, i.e., t — ¢ and y — 6
subsystem, since these are dependent on each other. Let us start by giving the state

space representation of (1.3) neglecting gyroscopic effects. Let 21 = ¢, 29 = ¢, x5 =

Iy—1I. —
I, b=

0,04 = 0,05 =V, 06 = Y, 07 = 2,78 = T,09 = Y, Tio = Y, T11 = 2, T12 = 2,0 =
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I.—1, _ L-Iy
I, ¢ L

, then the state space representation is given by :
i’l = X9 .Z"Q = ar4Tg + _U2
I,

Ztg = T4 j74 = b[EQI’(a + [—U3
T

i‘5 = T .i36 = CToZy4 + I_U4
z

. . . . . 1
Tr =xg Ty = (coszy sinxz cosxs + sinxy sinxs)—U;
m
. . | . . 1
g =x19 Z10 = (cosxy sinzs sinxs — sinzy cosws)—U;
m
. . 1
T11 = T12  T19 = —g + (coswy cosxs)—U; (5.41)
m

Let us proceed towards the control design in a step wise manner. In the following sections
all the ¢;s for ¢ = 1---12 are positive constants. The control law has been designed,
assuming that there is no delay in the state and input. In actual implementation, the
states in the control input are replaced by the output of the state predictor proposed in

the previous section.

5.5.1 Z—subsystem
The Z— subsystem is given by :

1

T =x12  E12 = —g + (coszicosxs)—U,; (5.42)
m
Let the error variables be given by :
21 — X111 — 24 29 = X192 — O] — 2d (543)

where z; is the reference position and «; is the virtual control variable. Then,
21 = -’tll - Zd = T12 — Zd = 29+ (544)
Let the Lyapunov function for the first subsystem be given by :

1
Vi = §z$ (5.45)
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The time derivative of above Lyapunov function along the subsystem trajectory is given

by :
Vi =213 = 21(29 + 1) (5.46)
Let us choose ay; = —c¢;z1. Such a choice will become apparent in the next step. Then,
Vi= 2129 — 123 (5.47)

The time derivative of «; is given by :
(341 = —012"1 = —C1T12 + Cléd (548)

To design the control input, consider the following Lyapunov function candidate for the

whole subsystem :

1
Vo=Vi+ 32 (5.49)

Then, the time derivative of the above Lyapunov function candidate along the system

trajectories become :

y 2 0 0 o
Vo = 2120 — 127 + 22(Z12 — 61 — Z4)

U
= 2129 — C123 + 23(—g + cosa:lcosrl:g—l + c1Z12 — 124 — Z4q) (5.50)
m
If we choose
m . .
Ur=———(9— 21— 0xn—ari+ it i) (5.51)
COST1COST3

Then V2 becomes :

Vo= —c122 — 22 <0 (5.52)

Therefore, the z— subsystem becomes asymptotically stable and z — z4 as t — oo.

5.5.2 Heading(:)—) Subsystem

The 19— subsystem is given by :

$5 = Tg l"ﬁ = CToXy + I_U4 (553)
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Let us take the error variables to be :
=a5—1a 2= T6— ay— Uy (5.54)
where 14 is the reference heading direction and as is the virtual control variable. Then,

23::b5—1/1d:x6—wd224+042 (555)

Consider the following Lyapunov function for the first subsystem :
L,
Vi = 5% (5.56)
The time derivative of above Lyapunov function is given by :
Vs = 2353 = 23(24 + ) (5.57)
Let us choose ap = —c323. Then,
Vi = 2324 — 373 (5.58)
The time derivative of ay is given by :
(562 = —C323 = —(C3%¢ + Cgi,bd (559)
Consider the following Lyapunov function candidate for the whole subsystem :
L,
Va=V5+ 2% (5.60)

Then,

Vi = 2324 — €375 + za(dg — G0 — V)

= 2324 — €325 + 2a(Cromy + C376 — cstha + [%U4 - &d) (5.61)
Let us choose
Uy = L(—cxomy — c3x6 + c;;@ﬁd + ﬁd — 23 — C424) (5.62)
then VLl becomes :
Vi= —c322 — 422 <0 (5.63)
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Therefore, ¥ — 14 as t — oo.

5.5.3 Horizontal Subsystem

Since the control input U; appears in the dynamics of both x— and y— subsystem,
the quadrotor dynamics are underactuated. Instead of designing the control input Uy,

we will design the virtual control inputs w, and wu, defined below.

Uy = COST1SINXT3COST5 + SINT1SINT5

Uy = COST1SINT3SINT; — SINT1COST; (5.64)
Therefore, the state representation for the horizontal subsystem becomes :
4 . 1
Ty =xg Tg=u,—U;
m
. : 1
Tg = X110 T10 = Uy—Ul (565)
m
Let u = [u, u,]”,

COST5  SINTs
M = ,
SiNTs —COSTs

and

[ COSX1SINT3 ]
v =

SINT

Then,
u=Mv = v=M"u (5.66)

Therefore, the desired roll and pitch angles are given by :

¢q = sin *[v(2)] and 6y = sin~" [ngﬁ)d] (5.67)

These desired values will be used while designing the control law for ¢p— and #— subsys-

tem.

5.5.4 Y —subsystem

The state representation for the Y — subsystem is :

. . 1
Tg — X190 T10 = uyEUl (568)
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We have to design u, for asymptotic tracking of y— subsystem. Let the error variables

be given by :

%5 =T~ Y4 %= Ti0— O3~ U (5.69)
where g, is the reference position and as is the virtual control variable. Then,

Z5 =T9g — Yq = T10 — Yd = 26 + Q3 (5.70)

Let the Lyapunov function for the first subsystem be given by :

Vs = %zg (5.71)
Then,
Vo= 2525 = 25(26 + a3) (5.72)
Choose a3 = —c525. Then,
Vs = 2526 — C528 (5.73)
The time derivative of ag is given by :
Q3 = —C525 = —Cs5T10 + C5Uq (5.74)

Consider the following Lyapunov function candidate :

1
Vo=V + 523 (5'75)

Then, the time derivative of the above Lyapunov function candidate along the system

trajectories become :

: 2 . . ..
Ve = 2526 — C525 + 26(810 — &3 — Ya)

= 2526 — C5Z§ + ZG(EyUl + 5210 — C5Yd — Ya) (5.76)
Choose
m . .
Uy = F(—Cﬂlo + C5Ya + Ja — Co26 — 25) (5.77)
1
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then VG becomes :
Ve = —c522 — coze <0 (5.78)
Therefore, the y— subsystem becomes asymptotically stable and y — y4 as t — oo.
5.5.5 X — subsystem
The X — subsystem is :
1 _ 1
7 = Tg Ty = Ux—Ul (579)
m

Again we have to design wu, for asymptotic tracking of x— subsystem. Let the error

variables be given by :

27 = T7 — g 28 =Ty — Oy — g (5.80)
where x4 is the reference position and a4 is the virtual control variable. Then,

Zp =Xy —Xqg=Tg — Tqg = 28 + Qy (5.81)

Let the Lyapunov function for the first subsystem be given by :

1

v;=:§z$ (5.82)
The time derivative is given by :
Vi = 2047 = 27(25 + au) (5.83)
Let us choose ay = —c727. Then,
Vs = 2728 — Cr22 (5.84)
Also,
Oy = —Crip = —CrTg + 7y (5.85)

Consider the following Lyapunov function candidate to design the control input :

1
\@:%+§% (5.86)
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Then, the time derivative of the above Lyapunov function becomes :

y 2 . . ..
Vs = 2728 — 727 + 2z3(dg — dy — &)

u.T . .
= 2728 — Cr28 + ZS(EUI + crxg — CrEg — Ig) (5.87)
Let us choose
Uy = F(—C7$8 + Crdg + Tq — c328 — 27) (5.88)
1
then Vg becomes :
Vo= —cr22 —csza <0 (5.89)

Therefore, the x— subsystem becomes asymptotically stable and x — x4 as t — oo.

5.5.6 ¢— Subsystem
The ¢— subsystem is given by :
(i'l = I3 .’tg = AT4Tq P I—UQ (590)

The error variables are defined as :

Zg=a1—¢a 210 =T2— 05— P (5.91)
where ¢4 is the reference roll angle and ay is the virtual control variable. Then,

o = &1 — ¢pg = o — Ya = 210 + Q5 (5.92)

Let the Lyapunov function for the first subsystem be given by :

Vo = %zg (5.93)
Then,
Vo = 2929 = 29(z10 + @t5) (5.94)
Let us choose a5 = —cgz9. Then,
Vo = 29210 — co2 (5.95)
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Let us calculate the time derivative of as :
éé5 = —092:'9 = —C9To + Cg(bd (596)
Consider the following Lyapunov function candidate for the whole subsystem :

1
‘40:‘6-%52% (5.97)

Then, its time derivative becomes :

Vio = 29210 — Cozg + 210(Z2 — G5 — da)

= 29210 — CgZS —F 210(a$4l’6 + CoTo — Cg@bd + I—UQ - ¢d) (598)

If we choose
UQ = T(—a:c4x6 — Cg2 T Cg¢d + (bd — 29 — 610210) (599)

then Vw is :
Vio = —co22 — c1023y < 0 (5.100)

Therefore, ¢ — ¢4 as t — oc.

5.5.7 60— Subsystem

The #— subsystem is :

l
1’3 = T4 .i’4 = bIQLUG + I_U3 (5101)
Y
The error variables are :
211 = X3 — 9d 219 = Xy — Qg — éd (5102)

where 6, is the reference pitch angle and «gq is the virtual control variable. Then,

Gy =3 — 0= 14— 0g = 215+ g (5.103)
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Let the Lyapunov function for the first subsystem be given by :

Vi = %zfl (5.104)
Its time derivative is given by :
Viy = 211411 = z11(212 + ) (5.105)
Choose ag = —cq11211- Then,
Vi = 211212 — czh (5.106)
Also,
g = —Cr1én = —cnity + by (5.107)

Consider the following Lyapunov function candidate :

1
Vig = Vi1 + §z%2 (5.108)

Then, its time derivative become :

. ) ‘ ‘ ..
Vie = 211212 — cn12iy + z12(%4 — &g — 04)

: l .
= 211”12 — 011231 + 212(611321'6 + Cc1124 — Cugd aF I_U3 i Qd) (5109)
Yy
Let us choose
Iy . .
Us = T(—bmgxﬁ — c11®g + 1104 + g — 211 — c12212) (5.110)

Then Vm becomes :
Vig = —c1122) — 0122%2 <0 (5.111)

Therefore, the §— subsystem becomes asymptotically stable and 8§ — 65 as t — oo.

5.6 Numerical Simulations

A numerical simulation was performed to test the validity of the proposed controller
augmented with the state predictor. The simulation was done in MATLAB/SIMULINK
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Table 5.1: Parameters used in simulation

Parameter Values Units Parameter Values Units

g 9.81 m/s? I, 4.1 x107* kg m?

m 0.468 kg I, 4.1 x107% kg m?
ci{i even} 2 - I, 8.8 x10™® kg m?
ki odd} 4 - ci{i odd} 5 -
k{i even} 2 - l 0.225 -

with an integration step size of 0.001 sec. The input, as well as the state delay, was
taken to be 7, = 7y = 0.1 sec. Therefore, 7 = 0.2 sec. A table of parameters used in
the simulation is shown in Table. 5.1. The state predictor was initialized with the same

initial condition as that of the system. The initial condition for the system was taken to

be [¢(0); 6(0); ¢(0); (0); y(0); 2(0)] = [m/4, 7/4,7/4,0,0,0] and [$(0); 6(0); ¥(0);
%(0);9(0); 2(0)] =[0,0,0,0,0,0]. The desired trajectory was specified to be

Tqg=Ya=24=2m and g =m/4,¢4=0,0,=0
m'd:y'd:?;‘dzo and de:qu:édzo

It can be observed from Fig.5.2 that the trajectory tracking performance is quite good,
and the final trajectory converges to the desired trajectory within 10 sec. The predicted
values of the state are also shown in Fig. 5.3, and it can be observed that the predicted
values converge to the desired value within 10 sec, and error in prediction goes to zero in
less than 10 sec. The transient performances of both the controller and the predictor are
also satisfactory. For example, both the controller and the predictor’s peak overshoots
are within 20% while the settling times are within 10 sec. The rise time is also within 5
sec. These can be varied with predictor and controller gains. This shows the satisfactory
performance of both the controller and the predictor in terms of transient response. The
control inputs and the virtual input are plotted in Fig.5.4, which is seen to be continuous,
finite, and bounded and hence realizable in practice. Since there is no change in 14 and
¥(0), the control input U, = 0 all the time, it can be concluded that the state predictor
successfully predicts the future values of the state. Hence, the controller can steer the
quadrotor to the desired position and orientation successfully. The control laws proposed
in the literature cannot stabilize a quadrotor in the presence of input and state delays.
Hence, the proposed method of predictor and controller is superior to the controllers

present in the literature.
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Figure 5.2: Outputs (a) Roll,¢[rad]; (b) Pitch, 8[rad]; (¢) Yaw, ¥[rad];(d) X [m] ; (e) Y
(m] ; (f) Z [m].
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Figure 5.3: Predicted states (a)¢[rad]; (b)0[rad]; (c)y[rad] ; (d) X[m] ; (e) Y[m] ; (f) Z[m].
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5.6.1 Discussion of Results

As shown in the numerical simulations, the controller predictor pair can steer a
quadrotor from origin to a desired position and orientation even in the presence of state
and input delay. One can observe from Fig.5.1 that the controller and predictor pair are
located at a remote location, and the quadrotor is equipped with a local controller to
control its motor speed only. The approach results in the remote steering of a quadrotor
from an initial configuration to a final configuration. In the simulation, we have taken
the forward and backward transmission delay to be 0.1 sec, but the approach is valid for
asymmetric time delay also, i.e., different delays in forward and backward transmission.
We have taken a small time delay for demonstration purposes, but the same asymptotic
tracking is achieved even in the presence of a long time delay. For example, a delay of
1 sec also results in asymptotic tracking performance. One can extend the backstepping
controller presented to handle the external disturbances and parametric uncertainty. For
instance, one can implement an adaptive backstepping controller to handle the uncertain-
ties. The controller predictor pair architecture is scalable and can be easily extended to
multi-agent systems. One can operate multiple quadrotors with this architecture by em-
ploying a centralized controller predictor pair, as shown in Fig.5.1. The central controller
will calculate each quadrotor’s desired control command and send it to the respective
quadrotor via the wireless network. The local controller in the quadrotor will implement
such a command. One can even control other robotic devices such as robotic manip-
ulators, wheeled mobile robots, inverted pendulum with this architecture. The results

demonstrate a method for the teleoperation of such robotic devices.

5.6.2 Comparison to existing literature

Almost all the controllers proposed for tracking control of a quadrotor do not con-
sider input time delay or state delay. Since time delay results in instability of the system,
the controllers proposed in the literature become unstable in the presence of time delay,
whereas the proposed controller is not only stable but asymptotically stable. The liter-
ature [62, 63] consider input as well as state delay as a disturbance to the system, and
the authors design a robust compensating term to take care of delays. Compared to this
approach, the proposed design is superior because of the following reasons:

1. The mentioned literature does not consider network delay as such. Their approach
is valid only for the small-time delay, but the proposed approach is valid for the large
delay. In fact, the proposed predictor controller pair is able to perform satisfactorily even
when the delay is 1 sec, while the controller proposed in the mentioned literature becomes

unstable in the presence of a delay of 1 sec.
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2. The mentioned literature has designed a controller only for attitude dynamics, whereas
the author has designed the control law for both attitude and translational dynamics.
Therefore the proposed approach is valid for trajectory tracking control of a quadrotor
in three-dimensional space.

3. Moreover, the proposed approach is simple and intuitive and can be easily scaled to

multi-agent systems.

5.7 Conclusion

A state predictor controller pair is developed to control a quadrotor in the presence
of network-induced state and input time delay. To the best of the authors’ knowledge,
this study is the first to explicitly compensate for both states and input time delay in a
quadrotor system. The state predictor is shown to be asymptotically stable and hence
is able to estimate the future values of the states. The output of the predictor is used
while implementing the controller developed in this chapter. The controller is also shown
to be asymptotically stable. Through simulations, it is observed that the quadrotor’s
satisfactory steering is obtained with a controller augmented with the predictor in the
presence of state and input delay. The future work will deal with controller design even in
the presence of packet loss experienced while operating over a TCP network. Moreover,
we have not considered parametric uncertainty in the estimator as well as controller

design. The effect of parametric uncertainly will also be considered in future work.
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Chapter 6

Robust Attitude Stabilization of a
Quadrotor with Input Time Delay

In the last chapter, a predictor-controller method was presented to tackle time
delays. But the presented method was developed in local coordinates and hence suffered
from the singularity. Therefore, to remove this shortcoming, a predictor feedback control
for attitude stabilization of quadrotors with input time delay has been presented in this
chapter by representing the attitude using rotation matrices to avoid the singularities
and ambiguities associated with Euler angles and quaternions. The closed-loop system is
shown to be asymptotically stable with respect to a norm defined in the text. The norm
has been defined in terms of states and past control efforts and hence explicitly results
in Lyapunov Krasovskii functional for the system. A cascade of PDE-ODE system and

the concept of transport delay has been used in the proof.

6.1 Introduction

Engineering systems inherently suffer from the state as well as input time delays
due to the finite propagation speed of electrical signals. Quadrotors also suffer from such
phenomena, but not much literature has been devoted to study and tackle these. In
[59], a robust attitude controller was designed for multiple input multiple output uncer-
tain quadrotors considering parametric uncertainties, external disturbances, and input
time delays. A similar robust controller considering parametric uncertainties, unmodeled
uncertainties, and input, as well as state delays, is designed in [62] [63].

The contributions of this chapter are mentioned below. Firstly, the chapter pro-
poses a stabilizing controller for quadrotors with input time delay using rotation matrices
for attitude dynamics. There are very few references in literature compensating input

delay in a quadrotor, and this chapter is an attempt to bridge that gap. Predictor feed-
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back has been developed to compensate for the input time delay in rotation dynamics
of the quadrotor. The method does not make any approximations on input delay, which
is prevalent in the current literature on input delay compensation. The predictor-based
method has the advantage of yielding an expression for Lyapunov Krasovskii functional
in designing the controller, and one needs not to have to assume such a functional before-
hand. The closed-loop system’s asymptotic stability is proved based on a norm defined
with respect to current states and past control efforts.

The chapter is organized as follows. Section 6.2 of the chapter presents the problem
formulation and various configuration errors. Some definitions used in this chapter are
given in section 6.3. Section 6.4 presents the proposed controller along with the proof.
Numerical simulation results are given in section 6.5. The controller’s robustness property

is presented in section 6.6, along with numerical simulation results in section 6.7.

6.2 Problem Formulation

6.2.1 Dynamic Model

The attitude dynamics of a quadrotor with input delay is represented below:

R = RO

Q= -QxIQ+U(t— D) (6.1)

R € SO(3) : Rotation matrix from body reference frame to inertial reference frame.

Q) : angular velocity of rigid body w.r.t inertial frame.

() : map from R3 to s0(3), space of skew symmetric matrices i.e. if Q = [b; by bs]7,
then

0 —bs by
Q - b3 0 _bl
—by by 0

I : Moment of Inertia.
7 : external torque input in the body frame.

D : known input delay.
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6.2.2 Configuration Error

The various configuration errors can be recalled from section 3.3.1 with suitable

substitutions for stabilization problem i.e. substitute Q; =0, Ry = I3 and K = I3.

6.3 Some Definitions

6.3.1 Forward Completeness

A system

&= f(x,u) (6.2)

with a locally Lipschitz vector field f : R® x R — R"™ is said to be forward complete if, for
every initial condition x(0) = ¢ and every measurable locally essentially bounded input
signal u : Ry — R, the corresponding solution is defined for all £ > 0 i.e., the maximal

interval of existence of solutions is 7},qz = +00.

Theorem 6.3.1. [105] System (6.2) is forward complete if and only if there ezist a
nonnegative-valued, radially unbounded, smooth function V : R" — R, and a class-K

function o such that

IV (z)
ox

f(z,u) <V(z) + o(|ul)

6.3.2 Norms for PDE state variables

Since the PDE state variable u(z, t) is a function of two arguments, = and ¢, taking
a norm in one of the variables, for example, in x, makes the norm a function of the other

variable i.e.

[[u(®)]|2210,0) = </0D u2(x7t)>é

or

[w()|]Locfo.p) = SUDPepo,pyu(, 1)

6.4 Controller Design

Following propositions are the contributions of this chapter.
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Proposition 6.1. The controller given below asymptotically stabilizes system (6.1) for
D=0.

K(Q) = —eg — ko + Q x IQ
Proof Please refer [54, 46] for proof.

The delay in the system (6.1) can be modeled by the following first-order hyperbolic
PDE, also referred to as the “transport PDE” :

u(z,t) = ug(z,t)
u(D,t) =U(t)

The solution to this equation is
u(z,t) =U({t+x— D),
and therefore the output
u(0,t) =U(t — D)

gives the delayed input. The system (6.1) can be modeled by the following ODE-PDE

cascade known as plant system

IQ = —Q x IQ +u(0,1)
w(z,t) = ug(x,t)
uw(D,t) = U(t) (6.3)

Let us define the following direct and inverse backstepping transformation

w(x,t) = u(z,t) — k(p(z,t)) 6.4
u(z,t) = w(z,t) + k(n(z,t)) (6.5)
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Then the plant system (6.3) can also be represented by the following ODE-PDE cascade

known as target system :

IO = —ep — koQ + w(0,1)
wt(xat) = wx(xat)

w(D,t) =0 (6.6)

The predictor variables are represented by the following differential equations with ap-

propriate initial conditions given below :

R= Rp(z,1)
Ipy(x,t) = —p(x,t) x Ip(z,t) + u(x,t)
p(0,t) = Q(¥) (6.7)

and

R = Ru(x,1)
Im,(x,t) = —er — kom(z,t) + w(x, t)
7(0,t) = Q(t) (6.8)

The p-system (6.7) and the 7-system (6.8) are used to generate the plant-predictor and

the target predictor in the following manner :

Proposition 6.2.

Proof This can be proved by noting that u(z,t) and w(x,t) are functions of only
one variable, x 4 t, and therefore so are p(z,t) and m(x,t) based on the ODEs (6.7) and
(6.8). This implies that

pt($7t) = px(.ilﬁ,t),
m(x,t) = me(x, t).
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Proposition 6.3. The plant system (6.7) is forward complete

Proof Let us consider the following nonnegative-valued, radially unbounded, smooth

function
1 T
J = ople,t) Ipz,t) + ¥
Then,
1 1
§Amm(1)HpH2 + halleg||* < J < §Amax(I)HpHQ + holle||”
and

g, pTu aF egp
1

1 1 1
<IIpl + llenl® + Slull® < T+l

= J(p(z, ) + a(||ull)
Hence from section 6.3.1 system (6.7) is forward complete.

Proposition 6.4. The target system (6.8) is input to state stable.

Proof Let us consider the following Lyapunov function

L=n(x,t) In(z,t) + U + clekn(z,t) (6.9)
Then,
)‘min(wl)HZRHQ <L< )‘ma:c(W2>HZRHQ
where
W, — min(D) EXin(D) W, = Amaz(1)  EXmaa(D)
g/\mzn(]) hl g)\max(j) h2
and zgr = [||legr|| ||7||]. The time derivative of (6.9) is

3¢
V2

L< k7| |* + alw — c|ler|* — ckwegﬂ + cegw + ||| |2

1+c¢
< —Amin (Al 28] + 5w
1+c¢
< —MAoin(A 2 >
< Amin(A)|zrlI° V¥ ||2rl] = 2Am(A)HwH
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1 ckr

2¢ 2
ckx kw—%—i

2 2

A:

Hence system (6.8) is input-to-state stable.

Proposition 6.5. Consider the closed loop system

IO=-QxIQ+U(t— D)
U(t):—eR—k:QP(t)—I—P(t) X[P(t)

P(t) = /;D(—P(H) < TP(0) + U(0))d0 + (1), ¢ >0

P(0) = /Z(—P(a) x IP(c)+U(o))do + Q(0), t € [-D,0]

with an initial condition Qo = Q(0) and Uy(0) = U(#), 0 € [-D,0]. Then there exists a
function 8 € KL such that

\IeR(t)!!2+Hﬂ(t)|!2+/t_DHU(9)Il2d9S
5(”813(0”’2_"HQ(O>H2+/_D||U(9)||2d9at>

Proof The proof will be completed in four steps :

Step 1 :
Since the plant system is forward complete, from Proposition 6.3 we can write

Fp(e, 1) < To(a, 1) + Slu(, )]
Therefore,
Tplet) < e Tp(0.0) + 5 [ el nlPac
R COREY R s

2
1
= " (1)) + 5(e" = 1) sup [Ju(¢, )]
0<(<z
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From Proposition 6.3 we get
1 1 1
S Amin (DI[PI* + haller][ < € (5Amac (DIQUP + hallerll*) + 5 (e” — 1) sup [[u(C,t)]*
2 2 2 0<(<a
(1
— im0 ) 1P+ lleal ) <

1 1
eD<ma:c(—Amam<I>, hg) (U + lerlP) + 2 = 1) sup [[ulc, O
2 2 0<(<a

Therefore, we have
lp(z, )11 + ller(z, 11> < pr(llerl® + [ + Sup [u(¢, D))

for some p; € K. Defining the Ly norm in x as

18 1221001 = ( / ’ ||z<m,t>||2dx)%

we can write

(e + ller(®)l) oo,y < prlller@I* + QI + [u(t)]] 210,01)

From Proposition 6.1

1M < [lerll + Eplpll + Amas (DIIPII* = p2(Ilpl])

for ps € K. Considering (6.7) with (6.4) as output map we can conclude :
1217 + ller(®)I* + llw)llzap0) < palller]” + 1B + [[u(®)]|Lo0,0)

for some p3 € K.
Step 2 :

Since the target system is input-to-state stable we get from proposition 6.4

It < Ain(0,0]10) +1  sup lwtz. o))

ST

|7 (, t]]) < B(1Q@)]], 1) +%( sup IIw(M)II)

0<(<z
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for some class ICL function ; and class K function ;. Similar to step 1 taking a Lo-norm

on both sides we get :

(@I + ller(®) a0, < Billler@®I* + 11202, 0) + n([Jw(t)l| Lapo,0)
Considering (6.8) with (6.5) as output map we can conclude :

1201 + ller@)]” + [lu)]] Lap.01 < palllerl]* + 121 + [[w(t)]|Loj0,0)

Step 3 :
Let us consider the target system (6.6) and prove its exponential stability. Let us

consider the following Lyapunov function for that purpose :
1 T T P (e+1)x 2
V(t)zﬁQ IO+ VU +cIQegp+ (c+ 1) e llw(t, )|
0
V is bounded by
D
min(Amin(Ws), (¢ + 1)) (||2z][* +/ D |w(t,z)||*) < V(1) <
0
D
maz(Amas(Wa)l, ¢ + 1)(I|zrl* +/ e Jw(t, 2)|?)
0

where

hl C)\m;n(l) h2 C)\mgz(I)
W3 - CAmin (I) Amin (I) W4 R CAmaz (I) Amaz (I)
2 2 2 2

Then its time derivative is given by :

V = —kql|Q| + QTw(0,t) — ¢||er||* — ckaekQ + cebw(0, 1)

D
+cIQpép + (c+ 1) / etV (t, 2)Twy(x, t)dx
0

c 1 3
< —= 2 (kg —=——
< —3llenll = (ha = 5 = 5
1 D

1w (0, )] + ckallerl |2l + (c + 1)/ et @) w, (2, t)do

0
c 1 3

< —= 2 (kg — = — —
< —glleal” = (ka = 5 = =
1 c+1 (P e

[[w(0, )II” + ckollel[|0]] + —; /e(“) dl|w(t, z)||*

0

C)\max(l))||Q||2

c+
2

C/\mw(]))HQHZ

c+
2

D
< DB = e+ 1) / (1, 2)
0

+
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where in the last step integration by parts has been applied and z = [||eg]|| [|Q|]] with

c cko
2 2
cko 1 3
P oka—35— TQCAma:L‘(I)

Therefore

where

 min(Apin(B), ¢+ 1)
 mar(Anaz(Wa),c+ 1)

Hence there exists a class-CL function (5 such that
V(t) < B2(V(0),t), Vt>D0.
Also there exists a function 8, € KL such that
ler()I* + 12O + [[w | zwfo.p) < Balller(0)]* + IO + [[w(O)|zfo,py,)-

Step 4 :

From steps 1,2 and 3 one obtains the following result
ler@I* + 1O + [lu(®)l] Lajo.0) < pa(Balps(ller(O)I* + [1O)]* + [[w(0)| Lajo,m1), 1)).
Then there exists a function 85 € KL such that :
ller(®I* + 117 + ()l Lo,y < Bs([ler(O)1* + QO + [[u(0)]] 2,001, 1).

or

ller@I* + 1@ + /t_D 1U@O)I17d0 < B(ller(0)][* + [|2(0)[]* + /_D 1U(0)]1d0, ¢)
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6.5 Numerical Simulations 1

Numerical simulations are carried out for the system whose moment of inertia is

mentioned below.
L, = 0.082kg/m?, I,,, = 0.0845kg/m? I, = 0.1377kg/m*
The initial conditions for simulation are assumed to be

Q(0) = [0.2;0.1;0.5], Q(0) = [0;0;0],

0 0 1
RO)=] 0 1 0
~1 .0 0

The proposed control law is simulated in MATLAB for the quadrotor attitude dynamics
with the initial conditions mentioned above. The stabilization performance of the control
law is shown in Figs.6.1-6.3 for delay D=0.1 sec. It is observed that the quadrotor
stabilizes to (R,2) = (I,0) within 5 sec. The control law proposed in [46, 54] fails to
stabilize the quadrotor in the presence of an input delay of 0.1 sec while the proposed
controller is able to stabilize the quadrotor. Similar stabilization results are obtained
with input delay of 0.05 sec, 0.2 sec, and 0.3 sec, but the simulation results are not given
due to repetition. We can observe that the stabilization results are valid for long input
delay as well as small input delay. The results are even robust to variations in the inertia
matrix and can be demonstrated by repeating the simulation for a small deviation in the

inertia matrix.

6.6 Robustness to Delay Mismatch

Since the exact delay is difficult to be known, we consider the scenario where there
is a small deviation in the delay. We will prove the exponential stability of the predictor
feedback even in the presence of a small deviation in the known delay. In the presence of

delay mismatch, the original system is given by :

R = RO

IQ=—-QxIQ+U(t— Dy — AD) (6.10)

where Dy is the nominal delay which is known and AD is the delay mismatch. We use

the same ODE-PDE method of modeling plant and target system. The plant system is
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Figure 6.1: Attitude Tracking.
modeled as :

IQ = —Q x IQ + u(0, 1)

u(z,t) = ug(z,t)

u(Do+ AD,t) =U(t) (6.11)
where the domain of the spatial variable of the PDE is defined as:
z € (min{0, AD}, Dy + AD) (6.12)
Also
u(z,t) =U(t +x — Dy — AD) (6.13)
such that
u(0,t) =U(t — Dy — AD) (6.14)
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Figure 6.3: Control input
The target system is given by :

IN = —ep — koQ + w(0,1)

wt(fE, t) = wx(xa t)

w(Dy+ AD,t) =0 (6.15)

Proposition 6.6. For § > 0 such that
AD € (=6,0) (6.16)

the system (6.10) with the control law in proposition 4.3 with D = Dy is exponentially
stable i.e. there exists a function 5, € KL such that

ler(®)[* + HQ(t)Her/t_DHU(@)HQd@ < Bi(ller(0)I]* + !IQ(O)!!2+/DHU(9)HQd9,t)
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where

D = Dy + maz{0,AD} (6.17)

6.7 Numerical Simulations 11

Numerical simulations were carried out with the same parameters and initial con-
ditions as in section 6.5. The proposed control law is simulated in MATLAB for the
quadrotor attitude dynamics. The stabilization performance of the control law is shown
in Figs.6.5-6.6 for nominal delay Dy = 0.1 sec and delay mismatch AD = 0.01 sec. It is
observed that the quadrotor stabilizes to (R, ) = (/,0) within 5 sec even in the presence
of delay mismatch. The control input also settles down to zero as expected after 2 sec
which is quite fast. Thus we can conclude that the proposed control law is robust to

mismatch in delay.

. 5 T T
—
=
Z
- ow
|
o, -5¢ —U,I |
=
---u

ra) 2
E 10+ y :
=S 3
O _15 | | | | | | | | |

0 2 4 6 8 10 12 14 16 18 20

Time [s]

Figure 6.4: Control input - Case II

6.8 Conclusion

A nonlinear geometric finite-time controller is proposed for attitude stabilization
of quadrotors where the attitude is represented using rotation matrices. The predictor
method proposed in this chapter is able to stabilize the quadrotor in the presence of
input delay, while the methods proposed in the current literature are not able to stabilize
the quadrotors in the presence of input delay. The proposed method works for a wide

variation in input delay and is even robust to delay mismatch.
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Conclusion

Attitude, R

Attitude, R

_R11
- 'R12
"""R13
-0.2
0 5 10 15 20
Time [s]
(a)
1 - —
0.8
—R
21
0.6
---Ry
04l S
0.2
-0.2 : : :
0 5 10 15 20
Time [s]
(b)
1 b T
; —Ry
¢ 05 ....R32
) Ry
T
J
=
b+
<

Time [5]

(c)
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Chapter 7

Geometric Control of a Quadrotor
with Finite-Time Convergence and

Improved Transients

The previous chapters presented geometric control of quadrotors with either expo-
nential or asymptotic convergence. Improving upon the convergence properties of the
earlier methods, a finite-time geometric control of a quadrotor has been presented in this
chapter by representing the attitude using rotation matrices to avoid the singularities and
ambiguities associated with Euler angles and quaternions. A composite error function is
designed, and it is proved mathematically that the closed-loop attitude and the trans-
lational dynamics are finite-time stable. The coordinate invariant approach is another
unique feature of the proposed method as opposed to the literature. Numerical simula-
tions have been provided at the end to show the effectiveness of the proposed method.
Simulation results demonstrate the better transient performance of the proposed control

method than the control law presented in the literature.

7.1 Introduction

Due to the advantages of finite-time controllers such as faster convergence rate,
higher tracking precision, better disturbance rejection properties, and robustness against
uncertainties [74, 51], such a controller is more desirable. But the finite-time controllers
proposed in the current literature are discontinuous in nature; therefore, continuous finite-
time controllers are more desirable due to ease of implementation on actuators. More-
over, the continuous feedback stabilization in finite time does not excite unmodeled high-
frequency dynamics as compared to discontinuous feedback. A continuous finite-time

controller based on homogeneity [75, 76] was developed for robot manipulators in [77]. A
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continuous finite-time stabilizing feedback law was developed for the double translational,
and rotational double integrator in [78]. A finite-time attitude stabilizing result based on
a homogeneous method was presented in [79]. Similarly, a finite time attitude tracking
control law for single and multiple spacecraft was developed in [80], but the attitude
was represented using Modified Rodriguez Parameters (MRPs). To deal with the exter-
nal disturbances, a finite disturbance observer-based finite-time attitude tracking control
of a rigid spacecraft was developed in [81]. In [82], a multivariable finite-time attitude
tracking law based on a homogeneous method was presented. As an improvement to the
method mentioned above, an adaptive variant of the controller was developed in [83].

The contributions of this chapter are mentioned below. Firstly, the chapter presents
a nonlinear geometric controller for a quadrotor using rotation matrices for attitude dy-
namics. The second novelty of this chapter is the utilization of left tracking errors while
developing the tracking controller. The third contribution of this chapter is that the
developed control law guarantees the convergence of the attitude as well as the transla-
tional motion to the equilibrium configuration in finite time, while most of the existing
literature develops only finite time attitude tracking control law. Moreover, a finite time
control law has been developed for trajectory tracking for an underactuated aerial vehicle
on the nonlinear manifold SE(3). A composite error function has been constructed, and
rigorous mathematical proof has been given to show the controller’s finite-time stabilizing
property. Lastly, the proposed control law is continuous and chattering free, while most
of the robust control laws proposed in the literature are discontinuous and hence possess
chattering. Due to the continuous and chattering free nature, the proposed control law
can be implemented in a physical system without excessive wear and tear. Moreover, the
proposed controller is simpler and intuitive. The control law is also robust to bounded
external disturbances, and one does not need a robust control strategy if the bound
on the disturbances satisfies the inequality derived in section 6. The simulation results
show improved convergence time and less peak overshoot as compared to exponentially
stabilizing control law developed in the literature.

Section 7.2 of the chapter explains the dynamic model used in developing the con-
troller. Section 7.3 lists some important theorem and lemma used in the subsequent de-
velopment. Section 7.4 explains the development of the finite-time geometric controller
along with the proofs. An analysis of robustness to bounded disturbances is presented in
section 7.5. Numerical simulation and comparison results have been presented in section
7.6.
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7.2 Some Definitions

Theorem 7.2.1. ([51]) Let us consider the following differential equations

&= flx(t)) (7.1)

Let us denote by 1*(-) the unique solution of (7.1) satisfying ¥ (0,x) = 0. The origin is
said to be a finite-time stable equilibrium of (7.1) if there exists an open neighborhood
N C D of the origin and a function T : N'/{0} — (0,00), called the settling-time func-
tion, such that the following statements hold:

(i) Finite-time convergence: For every x € N /{0}, ¥ is defined on [0,T(z)),
Y (t) e NJ{0} for all t € [0,T(x)), and limy_yr)¢"(t) = 0.
(71) Lyapunov stability: For every open neighborhood U. of 0 there exists an open subset
Us of N containing 0 such that, for every x € Us/{0}, ¥ (t) € U, for allt € [0,T(x)).

The origin is said to be a globally finite-time stable equilibrium if it is a finite-time
stable equilibrium with D = N = R™.

Theorem 7.2.2. ([51]) Let us consider the following differential equations

& = f(z(t)) (7.2)

If there exists a continuous function V. : D — R with V' being positive definite and if
there exists real numbers ¢ > 0 and o € (0,1). Also in an open neighborhood ¥V C D if
the following is valid

V(z) +c(V(z)* <0, zeV\{0}

Then the finite-time-stability of the origin of (7.2) is inferred. Moreover if T is the

settling-time function, then

T(x) < 1

S

If D =R", V is proper, and V < 0 on R"\{0}, then globally finite-time-stability of the
origin of (7.2) can be inferred.

Lemma 7.2.3. ([108]) For x € R", and p € (0, 1], following inequality is valid : (|z1| +
-+ ‘xn‘)p S ‘xllp + .+ ‘xnlp S nl_p(’x1’ + -+ ’$n|>p
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Lemma 7.2.4. ([109]) If P is a symmetric matriz and 7y > 0, the bound on ' Py can

be written as :

Amzn(P)zTy S :UTPy S )\ma:c(P):UTya

7.3 Controller Design

The reader may refer to Section 2.4 to recall the dynamic model and section 3.3.1
for various configuration errors before proceeding. Following propositions are the contri-

butions of this chapter.

Proposition 7.1. The attitude dynamics (3.2) driven by control law (7.3) renders the

closed loop attitude error dynamics {eg,eq} locally finite-time stable :

7 =—Rler — Kil||1]|*7Y 4 IQq + Q x IQ + IQqRY eg||er||* !

— IR Beg|ler]|*™" = (o — 1)[R56£E69# (7.3)
ER @
where,
| =eq+ RYegller||*™!, a € (0,1) (7.4)

and K is a gain matriz.

Proof. Define the composite error function as :
| =eq+ RYegller||*™! (7.5)
for a € (0,1) Let the Lyapunov function for the attitude dynamics be :
Vi = %ZTH + U= %ZTH + %tr(K(f — RRY)) (7.6)
Then

. d
Ii=Iéq + [%RgeRHeRHa_l

. d
= [(Q — Qd) + [—Rg@RHeRHa_l

dt
. d
=-—QxIQ+7—-10;+ IERZ[eRHeRH“”
= —RTep — KI||1]]*" (7.7)
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The time derivative of Lyapunov function Eqn.(7.6) is given by :
Ve =111 - %(KRRdT + KRRT)
= —KIP|1)* "t = I"RYep — %tr(KRengT )
— R = (e + R enllen]|* )T Ruer — %tr(KRéQRdT) (7.8)
From the identity A#AT = Az, we can write :
Vie = —KlllI** = (ea + REexllenl|* )" Rae — Str( RES (Rac)
From the equality —%tr(igj) = x -y, we can write :
Ve = =Ki|ll]|*** = |lerl|*** < —min(&, D(|II][*** + [lerl|**) (7.9)

From Lemma 7.2.3, we can write :

a+1

Vi < —min(Ky, V(11| + |lex|*) = (7.10)
Since
Loy
Vg = il I+ v

we have,

1 1

5 Amin(DIUF + Mallerl® < Va < 5Amae (DI + Pollerl
Therefore,

1
Vi 2 min(5Amin(1), b ) (I1]1* + llexl ") (7.11)

From (7.10) and (7.11), we can write :

: min(K;, 1) at1
Vi < — 7.12
B i), 1) (7.12)
or,
Vi < —cV? (7.13)
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where,

min(K;, 1) a+1
= d =
T i) ) b

e (0,1) (7.14)

Therefore, from Theorem 7.2.2, the attitude error dynamics is finite time stable. The

settling time, ¢ for the rotational motion is given by

1

C(l o a) VR_a<O)

th =
The above proposition shows that the attitude error vector converges to zero in finite
time. But this does not mean that R — R, in finite time. Due to the nonlinear structure
of SO(3) there exists three additional critical points of ¥ namely {Ry exp(ws)} for s €
{e1,eq,e3} where e = 0. This cannot be avoided for any continuous control systems
on SO(3) [9]. But it can be shown that those three additional equilibrium points are
unstable by using linearization. These points have both stable and unstable manifolds,
also known as saddle equilibria [110]. It has an almost-global stabilization property
because the stable manifolds’ union to these undesirable equilibria has a lower dimension

than the tangent bundle of the configuration space. O]

One should note that the control law (7.3) has singularity at ||eg|| = 0. This
singularity issue can be avoided by replacing ||eg|| by (||er|| + €) where € is a small
number. For our purposes, we have chosen e = 0.001. For large errors, this small number
can be neglected, thereby retaining the finite-time convergence property. For small errors,
the denominator will never approach zero, but eg, eq — 0, thereby the concerning terms

in the expression will converge to 0. Therefore the modified control law 7 becomes :

T =— RgeR — Kll(”lH + E)a_l + IQd + Q x IQ) + IQdeTeR(HeRH + €)a_1
€R

— IRYEeq(|ler|| + €)%t = (= 1)IRY L Feq——
d Q(“ R|| ) ( ) d“R Q(HeRH_‘_e);g,a

(7.15)

The above-modified control law has been tested in simulation, and the results are the
same as that of control law when € = 0. Therefore the singularity issue can be avoided

using this approach.

Proposition 7.2. The complete dynamics (3.2), (3.1) driven by control law (7.3), (7.16)

renders the closed loop error dynamics {eg, €q, €x, €y} locally finite-time stable :

_ . o ex
fd _ —Kxex . Kpp||p||a 1 + m(Ud + 963) — m€v||€x|| L m(Oé - 1)6561) ||€ HS*&

(7.16)
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where K, K, € R¥® are positive definite gain matrices and
p=e,+ele]|*, ae(0,1)

It is assumed that

€y

W S fcM (717)

H ~ Ky — Kppllpll= = meulles] 1" = m(a — 1)ele,
such that

WF < forr + fil < fur

where

fé, = sup(||mges + miy)

t>to

and fyr is given physical meaning in the proof below. Hence the Lyapunov analysis is

valid in the set
{{eg, e} € R? x R® : Eq.(7.17)holds}
Proof. Define the composite error function as :
p = ey + eglle.]]* (7.18)

for a € (0,1) Let the Lyapunov function for the translation dynamics be :

1 1
Vi = §mep + §€£Kx€x (7.19)

In this chapter following control law and torque is proposed to be applied to the quadrotor

fo = I£Eles (7.20)

The choice of control f;, always results in positive thrust to the quadrotor, whereas in
[46] the total thrust becomes negative when the angle between the vertical body axis and

the desired thrust becomes greater than 90°. For a standard VTOL vehicle, it is required
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that fle3 > 0. Then the time derivative of Vr is
Vi = p"'mp + el K,e, (7.21)
We can find mp as

) ) d _
mp = mé, + m—ez|le,||* 1

dt

d
= mb — mig + m—ey|ex||*

dt

) d
= —mges + Rf, — mig + m—e.||e,]

dt

. d o
— —mg63+be+fg— fcd—mvd—i—maexHexH 1

= —Kyeo — Kpp|lpl|*™" + Af (7.22)

|a—1

Combining Eqns.(7.21) and (7.22) :

Vp = p"' (—Kaea — Kpp|[pl|*™ + Af) + €} Koe,

= —p" Kye, — Kpp'plpl|*™" + p" Af + eL Kqey

= —(en + exllea]|* )T Koew — Kplpl|** + pTAS + ] Kye,

= —Kyle||*! — Kpllpl|**! +pTAf (7.23)

where, Af = Rf, — f¢. From (3.15), the norm of Af can be written as :
IAFI] < v/2hsler]| far
Therefore, eqn.(7.23) becomes :
Vr < =Ko lleal|* — Kllpl|*T + v/2hs ][l fa (7.24)

The complete error dynamics can be proved to be finite-time stable by taking V' = Vp+V5

as the Lyapunov function candidate for the complete dynamics. Therefore, letting z =

Uerll NI ezl [lpll]", we can write
1/\ (D% + h 2 1 2 1)\ (K 2 <
5 mm( )|| || + 1||6R|| +2m||p|| +2 mm( $)||6$|| >
1 1 1
V< 5)\ma:c(f)\|l|\2 + holler||” + §meH2 + 5)\max(Km)||€xH2 (7.25)
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The bound on V can be further written as :

1 1 1
V= min(GAmin(1); s 5, 5 Amin (F)) (1P + [[enl* + [[p[* + [lez|[*) (7.26)

From (7.9) and (7.24), the time derivative of V' can be written as :
V< KU = llerl|*™t = Kollea| | = Kllpl* ™ + v/2halpllllerl [ far - (7.27)

Since |leg|| < 1, we have, |leg|| < ||er||* for a € (0,1) and therefore, Eq.(7.27) can be

modified as :

V< =Kl = el = Kollea||*T! = Kpl[p||*™ + v/2hs||pl|lerl | fur
< KU = Jlerl|™ = Kalleal|* " — KolIpl|** + v/2hallpl|llerl|® far
+V/ 2hs|[pl|*|lerl| fu (7.28)

Let zo = [[lerll* [I1]|* leal|* |Ipl|*]", then (7.28) is

V <—2IPz (7.29)
where
1 0 0 2hafu
K,
p_ 0 1 0 0
0 0 K, 0
Vhafy 0 0 K,
[
From Lemma 7.2.4, inequality (7.29) can be further written as :
V < =Amin(P)22 2 (7.30)
Here P is chosen to be a positive definite matrix. Eq.(7.30) becomes :
V < = Auin(P)(Jerl "+ [+ [leal 1 + [lpl]*H) (7.31)
From Lemma 7.2.3 inequality (7.31) becomes :
: a1
V < =Xin(P)(llerll” + 11UI° + [lex|* + [|pl*) 2 (7.32)
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From Eq.(7.26), (7.32) is written as :

V<- Ve = —ev? 7.33
= T i (D b, 3, Do (K2)) ¢ (7.33)
where
C=—"7 11
mzn(i)\mm(l>7 h17 §m7 §>\mzn<Kx))
a+1
B = 9 S (07 1)

Hence from Theorem 7.2.2, the complete closed-loop error dynamics is finite-time stable.

The settling time, tg for the complete motion is given by

1
ts = ——=V(0)"®
i c(l—a) (0)
Again the control law (7.16) has singularity at |le,|| = 0. Similar to previous
method, this issue can be avoided by replacing ||e.|| by (||ex|| + €) where € is a small
number, where ¢ = 0.001. The reason for adding € can be understood in the same fashion

as before. Therefore the modified control law f¢ becomes :

[ =—Kye, — Kpp(|lpl| + €)*7" + m(va + ges)

oa— €z
— mev(||€x|| S 6) R m(a — 1)6561}W (734)

Therefore the singularity issue can be avoided using this approach.

7.4 Robustness to bounded disturbances

The dynamic equation of a quadrotor while accounting for external disturbances
present in rotational and translational dynamics is presented in section 3.2 but is men-

tioned below for completeness :

T =

R = RQ

mv = —mges + Rfy + d, (7.35)
IN=—-QxIQ+7+dg (7.36)
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Following assumptions are considered before showing robustness to bounded external

disturbances :

Assumption 5.

The norm of the disturbance vector in translational dynamics is bounded by a known
constant i.e. ||d.|| < demaz-

Assumption 6.

The norm of the disturbance vector in attitude dynamics is bounded by a known constant

ice. ||da]| < domas-

Proposition 7.3. If the disturbance in the attitude dynamics is bounded as in Assumption
6 and (7.37), then the finite-time control law (7.3) for the attitude dynamics makes the

attitude error dynamics converge to the neighborhood of (er,eq) = (0,0).

K la+l 1
deax < M (737)

- lmaz

Proof. This can be proved by taking the time derivative of the Lyapunov function Vi as

in Eq.(7.6). Proceeding as before along the system dynamics (7.36), we obtain :
VR = —Kl||l||a+1 — ||6R||a+1 -|- leQ (738)
From Assumptions 6 one gets :

Ve < =K% — 14 [[1]]||dal]

max

S _[(lla—’_1 =1 + lmaxdﬂmax (739)

max

Therefore, Vg is non-positive if
Vi <0 (7.40)

which is a sufficient condition for the attitude errors to converge to the neighborhood
of (1,0). The above condition can be utilized to derive the expression for the bound of

disturbance vector in attitude dynamics i.e. Eqn.(7.37). O

Proposition 7.4. If the disturbance in the attitude as well as translational dynamics is
bounded as in Assumption 5-6 and (7.37), (7.41), then the finite-time control law (7.3),

(7.16) for the attitude dynamics and translational dynamics makes the closed loop error
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dynamics converge to the neighborhood of (er, eq, €z, €,) = (0,0,0,0).

)\min P lo¢+1 1 ot ot lmazd max
dacmaz < ( )( mazx +1+ Crmaz + pma:p) i Q (741)

pmax pmax

Proof. This can be proved by taking the time derivative of the Lyapunov function Vr as
in Eq.(7.21). Proceeding as before along the system dynamics (7.35), we obtain :

Vi = —FKolle||* = K lpl|* ™ + pTAf +pTA, (7.42)

]

For the complete dynamics take V' = Vi 4+ Vi as before. From Eqns. (7.38) and
(7.42) and proceeding as before we get :

V< =Xin(P) (a1 + 1% + llea] | + 1[pl|*) + T da + p" A,
S _)\mm(P) (lg:gi + 1 + eg;}w + p%ti) + lma:chmax + pmaxdzmax

Therefore, V is non-positive if
V<0 (7.43)

which is a sufficient condition for the errors to converge to the neighborhood of (eg, eq, €., €,) =
(0,0,0,0). The above condition can be utilized to derive the expression for the bound of

disturbance vector in translational dynamics i.e. Eqn.(7.41).

7.5 Numerical Simulations

The simulation results have been divided into three sections. The first section
demonstrates the tracking performance of the proposed controller. From the simulation
diagrams, it can be observed that the tracking performance is quite good. The second sec-
tion presents the comparison result with the existing exponentially stabilizing controller
in the literature. It is shown that the proposed method results in faster convergence to
the desired trajectory. It is shown through comparison Table 7.2 and 7.3 that the peak
overshoot and the settling time of the proposed controller are significantly less as com-
pared to the other controller. The third section demonstrates the robustness property of
the proposed controller. It is shown that better position tracking is obtained with the
finite-time control law than the exponentially converging control law in the presence of

bounded external disturbances. The detailed results are discussed below, in which both
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Table 7.1: Parameters used in simulation

Parameter Values Units Parameter Values Units

g 9.81 m/s? I» 0.082 kg m?
m 1.0 kg I, 0.0845 kg m?
K, 21, ) L. 0.1377 kg m?
K, 21, i K 21, i
K I, ] o 0.8 ]

qualitative and quantitative results are presented. The comparison has been made in

terms of RMS error in trajectory tracking.

7.5.1 Trajectory Tracking

In order to illustrate the theoretical results, numerical simulations were carried out
for the system whose parameters are shown in Table.7.1. The reference trajectory is given
by

Tq(t)

za(t) = [2 cos r_t} - 9sin r_t} ;f] and by4(t) = T2l

10 %

The initial conditions for simulation are assumed to be

[2(0),(0), 2(0)] = [0,0,0], [£(0), §(0), 2(0)] = [0,0, 0] and

The proposed control law is simulated in MATLAB/SIMULINK for the quadrotor dynam-
ics with the trajectory and initial conditions mentioned above. The trajectory tracking
performance of the control law is shown in Fig.7.1. It is observed that the finite-time
control law tracks the reference trajectory quite well. The settling time is small, and the

peak overshoot is also small. These parameters have been quantified in the next section.

7.5.2 Comparison Result

The proposed control law is also compared with the control law proposed in [54]
where a geometric controller with exponential convergence is developed for a quadrotor.
The various comparative simulation results are shown in Figs. 7.2-7.3. It is observed
from various comparative figures that the proposed method results in faster convergence
to the desired trajectory with less peak overshoot, except in the case of angular velocity

errors. One can observe the tracking error performance in Fig.7.2 while velocity error
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performance is shown in Fig.7.4. The attitude error and angular velocity error perfor-
mances are shown in Fig.7.5-7.6. The time taken by the errors to converge within a
range of 0.02m for each control law is illustrated in Table 7.2. One can infer that the
convergence in the proposed control law’s case is very fast and is almost % in some cases
compared to the exponentially stable controller. A comparison of peak overshoot due to
both control efforts is illustrated in Table 7.3. It can be inferred from the table that the
peak overshoot in the case of the proposed control law is small as compared to the ap-
proach in [54]. The torque inputs shown in Fig.7.7 in both the cases are very similar, and
hence the finite-time control law is guaranteeing faster convergence at the same control
input. The control input in the body z-axis in the case of the proposed method converges
to the desired value within 5 sec while it takes almost 20 sec for similar convergence in
case of [54]. The configuration error function converges to zero very fast, as shown in
Fig.7.3-b within 2 sec in the case of the proposed control method. Very similar results
were obtained by comparing the proposed control law with the control law developed in
[46] and is not mentioned here for the sake of repetition. In [46] a geometric control law
is developed for a quadrotor but with the right tracking error function. Similar conver-
gence times were also obtained in this case also. From the simulation results, it can be
inferred that the control inputs are bounded and continuous, unlike many control laws in
literature where they are discontinuous, and hence the problem of chattering may occur.

The proposed control law is continuous and can be applied to practical actuators.

Actual Trajectory

= - - = Reference Trajectory
30 -

25
20
E 15

10+

Y [m] 4 4 7 X [m]

Figure 7.1: Trajectory tracking in 3D
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Table 7.2: Convergence time for the parameters by each control law in sec|s]

Parameter Invernizzi and Lovera Proposed method

e 25 5}
€y 25 5!
e, 25 5
Coz 25 6
Coy 25 6
Coz 26 6
er(1) 9 4
er(2) 6 3
er(3) 4 3
69(1) 4 5}
eq(2) 4 4
v 3.5 2

Table 7.3: Peak overshoot for parameters in both approaches in metres [m]

Parameter Invernizzi and Lovera Proposed method

€z 0.6 0.01
&t -0.8 -0.5
€, -0.45 -0.22
Eva 0.82 0.85
Cuy 0.35 0.25
Coz 0.2 0.1
e-(1) 0.01 0.01
er(2) 0.01 0.01
e-(3) 0.01 0.01
eq(1) 0.035 0.075
eq(2) 0.1 0.25
eq(3) 0.2 0.25
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T T T T
—Invernizzi and Lovera [54] —Invernizzi and Lovera [54]
---Proposed method ---Proposed method

: | | . . . .
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time [s] Time [s]

(a) (b)
‘ —Invernizzi and Lovera [54]
---Proposed method

T T T
—Invernizzi and Lovera [54]
---Proposed Method

0 5 10 15 20 25 30 5 10 15 20 25 30
Time [s] Time 5]

(a) (b)

Figure 7.3: (a) Force along body Z-axis [N]; (b) Configuration error.

7.5.3 Robustness to disturbances

The external disturbances generated in the simulation environment are given by

t t
d.(t) =[0.13tan™" (§> ;0.2tan ™" (%) ;0.26 tan ™" (5)],
do(t) =[0.13 tan ! (%) 0.2 tan ™ (%) ;0.26 tan ™! (%)]

The position tracking performance is shown in Fig 7.7-d. It is observed from Fig. 7.7-d
that better position tracking is obtained with the finite-time control law than the exponen-
tially converging control law. The RMS error in position tracking in the case of exponen-
tially converging control law is found to be [2.9028;2.8644; 0.6898|m while RMS error in
position tracking with the finite-time control law is found to be [0.3621;0.1880; 0.0849]m
which is a substantial improvement. The transient performance and the dynamic re-

sponse of the finite-time control law are also significantly improved compared to the one
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Figure 7.4: Velocity Error in (a) X [m/s]; (b) Y [m/s];(c) Z [m/s].
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1
—Invernizzi and Lovera [54]
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5 10 15 20 2 30
Time [s]
()

Figure 7.5: Attitude Error in (a) Roll [rad]; (b) Pitch [rad];(c) Yaw [rad].

with exponentially converging control law.

7.6 Conclusion

A nonlinear geometric finite-time controller is proposed for quadrotors for their
attitude as well as translational dynamics. A composite error is constructed based on
which finite-time control law is formulated for both rotational and translational dynam-

ics. The theoretical proof shows that the proposed control law results in a finite-time
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Figure 7.6: Angular Velocity Error in (a) Roll [rad/s]; (b) Pitch [rad/s];(c) Yaw [rad/s].
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Figure 7.7: Torque input in (a) Roll [Nm]; (b) Pitch [Nm];(c) Yaw [Nm]; (d) Tracking
performance in the presence of bounded disturbances

stable closed-loop system. Simulation results show better tracking performance and faster
convergence to the desired trajectory as compared to other exponentially converging con-
trol laws in the literature. The control law is also intrinsic, i.e., coordinate invariant.
Hence the proposed method not only gives a finite-time stable closed-loop system but
also improved transients. The simulation results also show that the proposed control law
is extremely robust to bounded external disturbances and results in very little RMS error

as compared to exponentially converging control law. A comparison table has been pro-
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vided to demonstrate the proposed control law’s better performance compared to other
control laws. Future work includes the implementation of the above finite-time control
law on a real-time hardware prototype. It is planned to implement this control law on

an open-source Pixhawk board based on PX4 firmware.
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Chapter 8

Conclusions and Future Works

8.1 Conclusions

In this thesis report, several globally valid algorithms for the control of quadrotors
in the presence of disturbance and time-delays are presented. The second chapter presents
a globally valid model of a quadrotor on SE(3) using variational principles.

In the third chapter, a nonlinear disturbance observer-based controller was designed
for a quadrotor. The proposed disturbance observer-based controller’s main advantage
is that the bound on the disturbance is not assumed to be known. The controller is
also shown to have a simpler structure. The theoretical proof shows that the proposed
controller is locally input to state stable with respect to the derivative of the disturbances
if the disturbance, as well as its derivatives, are bounded, and hence the tracking errors
are also bounded. The simulation results and the experimental results show the proposed
controller’s effectiveness in the presence of disturbances and modeling inaccuracies.

In the fourth chapter, a nonlinear geometric adaptive controller was proposed for
quadrotors when the center of gravity’s location is different from the geometric center.
The theoretical proof shows that the proposed control law along with coordinate invariant
adaptive laws is stable. Simulation results show better tracking performance when the
offset is explicitly compensated as compared to when it is not explicitly compensated. It
can be observed that beyond a certain threshold in offset between the center of gravity
and geometric center, if the system dynamics is not compensated explicitly with the
proposed method, then the system becomes unstable. Hence, the proposed method gives
a tracking controller and stable adaptive control laws, which have been verified through
numerical simulations.

In the fifth work, a state predictor controller pair was developed to control a quadro-
tor in the presence of network-induced state and input time delay. To the best of the

authors’ knowledge, this study is the first to explicitly compensate for both states and
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input time delay in a quadrotor system. The state predictor was shown to be asymp-
totically stable and hence was able to estimate the states’ future values. The output of
the predictor is used while implementing the controller developed in this chapter. The
controller is also shown to be asymptotically stable. Through simulations, it is observed
that the quadrotor’s satisfactory steering is obtained with a controller augmented with
the predictor in the presence of state and input delay.

In the sixth chapter, a predictor feedback control for attitude stabilization of
quadrotors with input time delay has been proposed by representing the attitude using
rotation matrices to avoid the singularities and sign ambiguities associated with Euler an-
gles and quaternions, respectively. The closed-loop system is shown to be asymptotically
stable with respect to a norm defined in the text. The norm has been defined in terms of
states and past control efforts and hence explicitly results in Lyapunov Krasovskii func-
tional for the system. A cascade of PDE-ODE system and the concept of transport delay
has been used in the proof. The control law is also shown to be robust in the presence of
external disturbances as well as delay mismatch.

In the seventh chapter, a nonlinear geometric finite-time controller was proposed for
quadrotors for their attitude as well as translational dynamics. A composite error was
constructed based on which finite-time control law was formulated for both rotational
and translational dynamics. The theoretical proof shows that the proposed control law
results in a finite-time stable closed-loop system. Simulation results show better tracking
performance and faster convergence to the desired trajectory as compared to other expo-
nentially converging control laws in the literature. Hence the proposed method not only
gives a finite-time stable closed-loop system but also improved transients. The simulation
results also show that the proposed control law is extremely robust to bounded external
disturbances and results in very little RMS error as compared to exponentially converging
control law. A comparison table has been provided to demonstrate the proposed control

law’s better performance compared to other control laws.

8.2 Future Works

The future work will mainly focus on the following scenario :

e The future work will deal with controller design even in the presence of packet loss
experienced while operating over a TCP network. This is a very practical scenario

since the network is never perfect, and packet loss is inevitable.

e Moreover, we have not considered parametric uncertainty in the estimator as well

as controller design. The effect of parametric uncertainly will also be considered in
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future work. In fact, globally valid control law in the presence of input and state

delay considering external disturbance is being developed presently.

e The proposed algorithm can be easily extended to multi-agent quadrotor systems.
For example, one can work on consensus or formation control of multiple quadrotors.

This work is presently being looked into.

e The experimental verification of the proposed method in this thesis is another area
to be looked into. This will demonstrate the effectiveness of the proposed method

in a real-life scenario.

e Geometric optimal control of multiple quadrotors is another promising area where
one can develop globally valid control law on SE(3) minimizing a performance
index. Since a quadrotor consumes a lot of energy, one can choose to minimize
control input to reduce energy consumption. One can also choose to minimize the

time required in tracking a trajectory.
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Appendix A

SUPPLEMENTARY MATERIALS

A.1 Hardware Setup

The specifications of the hardware set up are given below :

PIXHAWK FMU 2.4.8 with PX4 Firmware
30A Electronic Speed Controllers (ESC)
A2212/13T 1000KV BLDC Motors

GPS Module with Compass

3000 mAh 3 cell 11.1 V 30 C Li-ion batteries
433 MHz Telemetry Module

Buzzer

10 x 4.5 propellers

. FS-CT6B Transmitter

10. Raspberry Pi 3.0 motherboard

© 0N e oW

The hardware setup, assembled in the lab, is shown in Fig.A.1.
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Figure A.1: Quadrotor setup assembled in the Lab
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