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Abstract

This thesis focuses on certain classical problems in harmonic analysis in connection with
mathematical physics. We begin with the Fourier analysis on the Euclidean space, dis-
cuss some well known results, basic definitions, and review of recent developments that
motivates us to consider the problems discussed in the thesis.

We prove a restriction theorem for the Fourier-Hermite transform and obtain a Strichartz
estimate for systems of orthonormal functions associated with the Hermite operator
H = —A+ |z|? on R for the range 1 < ¢ < 2t as an application. Besides, we show an
optimal behavior of the constant in the Strichartz estimate as limit of a large number of
functions.

Further, we prove a restriction theorem for the special Hermite transform and establish
a Strichartz inequality as a by-product for the range 1 < ¢ < 1+ %, for systems of
orthonormal functions associated with the special Hermite operator £ on C".

Next, we consider the Schrodinger operator H = —Ag + V' on the Heisenberg group
H", where Ay is the full laplacian on H"™ and V' is a positive smooth potential grows like
lg|", k > 0, for large value of |g|. We prove Szegd type limit theorem for H with respect
to the multiplication operator My, where b is a bounded real valued integrable function

on H". More preciously, we prove that, for any f € C(R),

Tr f(IPrMbPT)

B N AL

where P, denote the orthogonal projection of L?*(H") onto the space of eigenfunctions

X
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X Acknowledgement

of H with eigenvalue less than or equal to r. Further, we generalize the above result by
taking a 0-th order self-adjoint pseudo-differential operator A on L?*(H") with symbol
a(g, \) relative to the operator 1 + |A\|H 4+ V(g), where H is the Hermite operator on
L*(R") and (g,\) € H" x R*, in place of the multiplication operator M}, and obtain the
following Szego type limit theorem:

lim T f(PAPy) _ lim Jor Flaga(§, x)) d€ dz dg dp(N)
r—00 Tr(P,) oo fGT dé dx dg dp(\) )

(0.0.1)

where G" = {(g,\,&,x) € H* x R* x R" x R™ : [A|[(1 + |2 + |z*) + V(g) < r},
a(g,\) = Op"(ay), and p(N) is the Plancherel measure on the Heisenberg group, as-
suming one limit exists. We show that the above Szego type limit theorem also holds
under a perturbation of the Schrodinger operator H by a bounded self-adjoint operator
on L*(H"). Further, we show that the right hand limit of (0.0.1) remains unaltered under
a compact perturbation of the pseudo-differential operator A.

For a given compact (Hausdorff) group G and a closed subgroup H of G, we present
symbolic criteria for pseudo-differential operators on compact homogeneous space G/H
characterizing the Schatten-von Neumann classes S,(L*(G/H)), for all 0 < r < oc.
We provide a symbolic characterization for r-nuclear pseudo-differential operators with
0<r<1 onLP(G/H),1 < p < oo, along with applications to adjoint, product and
trace formulae. Finally, as an application of the aforementioned results, we derive a trace

formula and provide a criteria for the heat kernel to be r-nuclear on LP(G/H),1 < p < 0.
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Abbreviation and Notation

N The set of all natural numbers

7 The set of all integer numbers

Q The set of all rational numbers

C The set of all complex numbers

T Unit circle in R

R* R\{0}

7" {(k1,ko,..., kn) | ks €2Z,i=1,2,--- ;n}, n>1
R {(z1,29,...,2,) | z; ERi=1,2,--- ;n},n>1
(O {(z1,29,...,2n) | z€Ci=1,2,--- 'n},n>1

Re z The real part of z € C

Im z The imaginary part of z € C

G Unitary dual group of G

Sn—t The unit sphere in R”

H" The Heisenberg group

LP(S) {f:S— C| fis measurable and [ |f[’ds < oo}
s

Sr(X) The r-Schatten-von Neumann classes on X
B(9) The class of bounded linear operators on a Hilbert space $
C(%) The set of all complex valued continuous functions on X

»
=

The collection of trace class operators on a Hilbert space $

X1
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xii

Abbreviation and Notation

Tr(A)

The class of Hilbert-Schmidt operators on a Hilbert space $
Laplacian on R"

Laplacian on Z"

Hermite operator on R™

Special-Hermite operator on C"

Sublaplacian on the Heisenberg group H"

Full laplacian on the Heisenberg group H"
Laplace-Beltrami operator on a compact group G
Lie algebra for H™

Convolution of f and g

Twisted convolution of f and g

Plancherel measure on the Heisenberg group H"
Pseudo-differential operator with symbol o

Trace of an (trass class) operator A defined on some Hilbert space
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CHAPTER 1

Introduction

In this thesis we focus our attention on three types of classical problems in harmonic
analysis: Strichartz inequality for system of orthonormal functions associated with Her-
mite and special Hermite operator, Szego type limit theorems on the Heisenberg group,
and nuclearity of pseudo-differential operators on homogeneous space of compact groups.
In this chapter, we provide basic definitions, notations, and some well known results
(see [20,28,47,84-86,95,100, 108]) that will be used throughout this thesis. To motivate
the work presented in this thesis, we only outline the historical developments and results

related to these topics.

1.1 Basic definitions

Let X and Y be two measurable spaces with positive measures p and v, respectively. The

space LP(X) (1 < p < o0) is defined as follows:

{01+ [11Pauta) < oo}

L=(X) = {[f]: ess sup|f|(x) < oo},

LP(X)

1
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2 Chapter 1. Introduction

where [] denotes the equivalence class of functions differing on a set of u-measure zero.

The mixed LP-spaces is given by

L,,(XxY)= {f : f is measurable on X x Y, |’fHL§LZ(X><Y) < oo} ,

Vhisoen = </x (/y 1/ <x’y>\qdv<y>)z du(x)> |

is the norm in L, , (X xY) for 1 < p,¢q < co. For f € L'(R"), the Fourier transform f of
f is defined by

where

A

f(e) = (2m)°% / (o), EER"

For f € L'(R") N L%(R"), one has the Plancherel formula ||f||; = ||f]|2. Since L'(R™) N
L?*(R™) is dense in L?(R"), the Fourier transform can be extended to functions in L?(R").

The inversion formula reads as

flz) = (27r)_3/ eEf(€) de,  for a.e. x € R™

n

Definition 1.1.1. Let S(R") denote the class of all infinitely differentiable functions on
R™ such that

sup |2*DPp(z)| < oo, Va,B€Nj=NU{0},

TER"

where a = (a1, 02, ), B=(B1, B2+ Ba), ¥ = 2723 -+ aj» and

DF = ;;51 ;;;2 ;j;n , for all x = (x1,29, - -x,). The space S(R™) is called Schwartz
1 2 @

class of rapidly decreasing functions.

Let Cp(R™) denote the class of continuous functions vanishing at infinity. Then S(R™)
is dense in Cy(R") and LP(R™), 1 < p < oo. The Fourier transform f — f is a homeo-
morphism of S(R™) onto itself. The collection S’'(R™) of all continuous linear functionals
on S(R™) is called the space of tempered distributions.

Let f be a function on Z", and e; € N" be such that e; has 1 in the j-th entry and

zeros elsewhere. The difference operator A; is defined by
ANif(k)=f(k+e;)— f(k), keZ"

and set A® = ATTAZ? .. A% for all @ = (o, a9,...,q,) € N{.

TH-2994 166123103



1.1. Basic definitions 3

Definition 1.1.2. The Schwartz space S(Z™), on the lattice Z™ is the space of all functions
p : Z™ — C such that

sup |/{:a (Aﬂga) (k?)‘ < oo, Va,BeNg,

kezm
where o = (i, o, - ), B= (B, Ba-- Bn), k* = kOS2 ko and AP = ATV AD> AP,
for all k = (ky, ko, ... k) € Z".

Definition 1.1.3. A topological group G is a group endowed with a topology such that the
multiplication map (g, h) — gh from G x G to G, and the inverse map g — g~ from G

to G, are both continuous.

Let G be a topological group and H be a Hilbert space. Denote U(H) by the group

of unitary operators on .

Definition 1.1.4. A map 7 from G into the group U(H) is called a homomorphism if
mw(gh) = w(g)m(h), for all g,h € G.

Definition 1.1.5. A homomorphism © from G into U(H) is called strongly continuous

if, for every x in H, the map g — w(g)x is continuous from G into H.

Definition 1.1.6. A unitary representation of G is a strongly continuous homomorphism
7 of G into U(H). In this case, the Hilbert space H is called the representation space of w
and is denoted by H,. The dimension of H, is called the dimension of the representation

.

Definition 1.1.7. Two unitary representations m and p of G are called equivalent if there

ezists an isometry T' of H, onto H, such that Tn(g) = p(g)T, for all g in G.

Definition 1.1.8. A subspace M of H, is said to be invariant under the unitary repre-

sentation m if e w(g)M C M, for all g in G.

Definition 1.1.9. A unitary representation m is said to be irreducible if the only -
invariant closed subspaces of H, are {0} and H,. The collection of equivalence classes of

irreducible representations of G is denoted by G.

Definition 1.1.10. Let 7 be a representation of G. For every £,m in H., the function

Ten(g) = (m(9)€,n) is called representative function associated to .

TH-2994 166123103



4 Chapter 1. Introduction

Let A denote the set of all representative functions associated to all irreducible repre-

sentations of G.

Theorem 1.1.11. [Peter-Weyl theorem] Let G be a compact group. Then the following

assertions holds.

1. FEwvery irreducible unitary representation of G is finite dimensional.

2. Let (m,H,) be an irreducible unitary representation of G, {e1,eq,...,e,} an or-
thonormal basis of Hr and ¢i(g) =< 7w(g)ej,ei >. Let ¥i(g) = v/n ¢i;(g) and
E; = span {4%, i, ... i}, Then @ F; = E, = span{m,, : x,y € H,} in L*(G)
with dim(E;) = dim 7 = d, and dim(E,) = d>. Further, L*(G) decomposes into an

orthogonal direct sum of all the irreducible representations of G, i.e.,
L*(G) = &, B\ with dim(E)) = d2.
3. A is dense in C(G), the space of continuous functions on G.

4. A is dense in L*(G).

For more details regarding representation theory, we refer to [85,95].

1.2 Orthonormal Strichartz inequality

A long-standing but persistent classical topic in harmonic analysis is the so-called restric-
tion problem. Originally emerged by the works of Stein in the late 1960s, the restriction
problem is a key problem for understanding the general oscillatory integral operators. The
restriction problem and its applications are crucial from the point of view of their credible
implementation in many areas of mathematical analysis, geometric measure theory, com-
binatorics, harmonic analysis, number theory, including the Bochner-Riesz conjecture,
Kakeya conjecture, the estimation of solutions to the wave, Schrédinger, and the local
smoothing conjecture for PDE’s [98]. Given a surface S embedded in R™ with n > 2, the
classical restriction problem is the following:

Problem 1: For which exponents 1 < p < 2,1 < ¢ < oo, the Fourier transform of a
function f € L? (R™) belongs to L?(S), where S is endowed with its (n — 1)-dimensional

Lebesgue measure do?

TH-2994 166123103



1.2.  Orthonormal Strichartz inequality 5

More precisely, if we define the restriction operator Rg as Rsf = f‘s’ for all f in
the Schwartz class of R™, then this question is equivalent to when Rg can be extended
as a bounded operator from LP (R") to LI(S). If £ (Fourier extension operator) be the
operator dual to Rg defined as

Esf(x) = (2m) % / F(6)eE7do(€), = e R,

for all f € L*(S), then the restriction problem is thus equivalent to knowing when Eg is
bounded from L% (S) to L¥ (RN ), where p’ and ¢ are the conjugate exponents of p and
q, respectively. A model case of the restriction problem which is often considered in the
literature is the case ¢ = 2 (see [92,94,103]). Thus, Problem 1 can be also reframed as
follows:
Problem 2: For which exponents 1 < p < 2, the operator £ f is bounded from L?(R")
to L¥' (R™)?
Since &g is bounded from L?(S) to L¥ (R") if and only if T := E5(£s)* is bounded from
LP(R™) to L¥ (R™), thus Problem 2 also can be re-written as follows:
Problem 3: For which exponents 1 < p < 2, the operator Tg := Eg(Es)* is bounded
from LP(R") to LP' (R")?

For smooth compact surfaces and quadratic surfaces, the restriction problem has been
completely settled. In this context, the celebrated Stein-Tomas theorem for smooth com-

pact surfaces with non-zero Gauss curvature states that the restriction problem has a

2(n+1)

positive answer if and only if 1 < p < nt3)

(see [92,103]). However, for quadratic sur-
faces, Strichartz in [94] gave a complete characterization depending on the type of the
surfaces, such as paraboloid, cone, or spherical type. For a detailed study on the history
of the restriction problem, we refer to the excellent survey of Tao [98]. There exists a vast
literature on the restriction problem that is difficult to mention here. However, we refer
to [3,15,64] for few recent developments and important works in this direction.
Generalization involving the orthonormal system is strongly motivated by the theory
of many body quantum mechanics. In quantum mechanics, a system of N independent
fermions in the Fuclidean space R™ is described by a collection of N orthonormal functions

uy, ..., uy in L? (R™). It is then essential to obtain functional inequalities on these systems

whose behavior is optimal in the finite number N of such orthonormal functions. For

TH-2994 166123103



6 Chapter 1. Introduction

this particular reason, functional inequalities involving a large number of orthonormal
functions are very useful in mathematical analysis of large quantum systems.

Therefore, it is natural to investigate generalization of Problem 2 in the framework of
orthonormal systems. The question we want to address is a generalization of Problem 2
in the framework of orthonormal systems, whenever Esf be the solution of Schrodinger
equation associated with Hermite and special Hermite operators with initial data f. More
precisely, let ( fj)j6 ; be a (possibly infinite) system of orthonormal functions in L*(S),

and let (n;)._, C C be a sequence of coefficients, then one can ask, for which exponents

=
1 <p <2, we have

> njlEsfil

JET

1
<C (Z |nj|°“> : (1.2.1)
L%/(R") JjeJ
for some a > 1 and for some positive constant C' (independent of (f;) and (n;)). Using
triangle inequality, Problem 2 leads to the estimate

2 2
> njlEs il <Y sl IEs il 2 gey < C D Ingl,
jeJ LE@®ny  J€J jeJ

which is weaker than (1.2.1) (since @ > 1 in (1.2.1)). The estimate of the form (1.2.1)

is important due to its applications to the Hartree equation modeling for infinitely many
particles in a large quantum system [36, 66, 67].

The idea of extending functional inequalities involving a single function to a orthonor-
mal systems of input functions is hardly a new topic. The first initiative work of such
generalization goes back to the famous work established by Lieb and Thirring, known
as Lieb-Thirring inequality [71,72] and it states that for any u,,---uy orthonormal in
L*(R™), we have

1+2

/ (i |wj<:c>|2> o> C (i \uj<x>|2> i,
R\ 5T R\ 521
where C'(> 0) is independent of N, which generalizes the known Gagliardo-Nirenberg-
Sobolev inequality
/ \Vu(z)|*dz > C' / u(z)[> 7 da
for an L?-normalized functifn u. Importantly, Lieb-Thirring inequality (the sharp or-
thonormal inequality) is one of the fundamental tool to prove the stability of matter, see,

for example [71] or the extensive survey by Lieb [70] for further details.

TH-2994 166123103



1.2.  Orthonormal Strichartz inequality 7

One more example of such type of generalization was proved by Lieb in [69], which
states that for any N orthonormal functions uy, . .., uy in L? (R™) and for any non-negative

coefficients nq,no, - -+ ,ny, we have
n—25

Soicarint] | sofam)* (50)

which generalizes the homogeneous Sobolev inequality

H(_A 2u||L‘T(Rn < O||u|lL2(R”)7

for an L?-function u and 0 < s < 2.

In 1977, Strichartz [94] proved the following remarkable estimate for the solution to
inhomogeneous Schrédinger equation associated with Laplacian on R™ in connection with
Fourier restriction theory:

2(n+2)

Theorem 1.2.1. [94] Let f € L*(R"),g € L = (R" xR) and u be the solution of

inhomogeneous equation

iu(z,t) = —Au(z,t) + g(x,t), ze€R"teR, (1.2.2)
u(z,0) = f(x), z € R".

s (R™ x R) and satisfies the inequality

n < n n .
HUHLM(MR”) =0 (||f||L2(R Al HgHL%})(R"XR))

The above inequality is popularly known as classical Strichartz inequality for the
Schrodinger propagator €. In particular, when g = 0, u = € f is the unique solution
to the homogeneous initial value problem (1.2.2). In case of homogeneous Schrodinger

equation, Theorem 1.2.1 can be extended to mixed norm setting (see [35]) as follows:

Theorem 1.2.2. Let f € L*(R"). Ifp,q > 1 satisfying (p,q,n) # (1,00,2) and 12—)4-% =n
then ™™ f € LPL2 (R x R") and satisfies the inequality

1€ Fll 20 120 ey < ClLF Nl p2eny-

The above inequality has been substantially generalized for a system of orthonormal
functions in the works of Frank-Lewin-Lieb-Seiringer [35] and Frank-Sabin [36]. The result

can be stated as follows:
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8 Chapter 1. Introduction

Theorem 1.2.3. [35,36] Assume that p,q,n > 1 such that

1 2
1§q<n+ and —+2:n.
n—1 P q

For any (possibly infinite) system u; of orthonormal functions in L? (R™) and any coeffi-
cients (nj) C C, we have

a+1

2q

<, <Z |njrq+l) , (1.2.3)
J

2 : itA, |2
TLj ‘6 Uj|
J

LPLL(RxR™)
where Cy, 4 15 a uniwersal constant which only depends on n and q. The exponent %, mn
the right hand side of (1.2.3) is optimal.

These generalized orthonormal Strichartz estimates (1.2.3) extensively used in the
study of nonlinear evolution of quantum systems for many body particles [66,67]. It is
important to note that Nakamura in [77] established the sharp orthonormal Strichartz
inequality on T", which generalizes Strichartz inequality on torus [15,16]. We also refer
to [10] for the recent work in the framework of orthonormal families of initial data.

Further, Theorem 1.2.2 has been extended to the Schrodinger equation for the quantum

harmonic oscillator associated with the Hermite operator H = —A + |z|%:
iwu(z,t) = Hu(x,t), x€R" teR, (1.2.4)
u(z,0) = f(z), z € R".

Assuming f € L*(R™), the solution of the initial value problem (1.2.4) is given by u(z,t) =
e~ f(z). The classical Strichartz inequality in this case has been proved by Koch-Tataru

[56] or Nandakumaran-Ratnakumar [76] resulting the following.

Theorem 1.2.4. [76] Let f € L*(R") and u(z,t) = e ™ f(z) be the solution of the

initial value problem (1.2.4). Then w is periodic in t and for

oo, ifn=1,
l<p<oo and 2<g<A=
25, ifn=>2,

u satisfies the inequality

HuHLng([fﬂ,ﬂan) < Cn||f||L2(]R”)
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1.2.  Orthonormal Strichartz inequality 9

Recently, the above estimate has been substantially generalised to the context of or-

thonormal systems in the works of Bez-Hong-Lee-Nakamura-Sawano [9] as follows:

Theorem 1.2.5. [9] Let p,q,n > 1 be such that

1 2
1§q<n+ and —+2:n.
n—1 P q

For any (possibly infinite) system (u;) of orthonormal functions in L* (R™) and any coef-

ficients (n;) C C, we have

2 : —itH, |2
‘ ’I’Lj |6 Uj|
J

where C,, 4 s a universal constant only depends on n and q.

a+1

2q
<c,, (szfl) a2
Lng((fTrJr)XR”)

J

Further, Theorem 1.2.4 has been extended for the Schrodinger equation associated
with the special Hermite operator £ defined on L?(C"). In this case, the Strichartz

estimate has been considered by Ratnakumar [81] in the following initial value problem:

i0wu(z,t) = Lu(z,t), ze€C"teR, (1.2.6)

u(z,0) = f(2), z e C".

For f € L*(C"), the solution of the initial value problem (1.2.6) is given by u(z,t) =

e~ £ f(z) and satisfies the following Strichartz estimate.

IA

Theorem 1.2.6. [81] Let f € L*(C"). If1 <p < oo, 1 > n( - l) orl<p<i 1
q < "5, then

n—1’

”eiitﬁfHL?pqu(TXCn) S CHfHLZ(Cn)

In this thesis, we aim to generalize Theorem 1.2.4 and Theorem 1.2.6 for a system
of orthonormal functions associated with the Hermite and special Hermite operator, re-
spectively. Note that, the Strichartz inequality for the system of orthonormal functions
associated with Hermite operator has been proved in [9] using the classical Strichartz
estimates for the free Schréodinger propagator for orthonormal systems [35,36] and the re-
lation between the Schrodinger kernel and the Mehler kernel associated with the Hermite
semigroup [90]. However, we obtain this result independently as a direct application of

the Fourier-Hermite restriction theorem.

TH-2994 166123103
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1.3 Pseudo-differential operators

The theory of pseudo-differential operators is one of the essential tools in recent inter-
disciplinary activities concerning mathematics analysis with important applications in
applied mathematics and physics. Pseudo-differential operators are widely used in har-
monic analysis, PDE, geometry, mathematical physics, time-frequency analysis, imaging,
computations, and index theory [2,47]. Kohn and Nirenberg [57] introduced the theory of
pseudo-differential operators and later used by Hérmander [47] for solving the problems
in partial differential equations.

Let o be a measurable function on R™ x R". Then the (global) pseudo-differential

operator T, associated with o is defined by

(Tof) () = (2m) % / ¢ o(x,E) f(O)de, =R, (13.1)

for all f in the Schwartz space S (R"), provided the integral exists. The function o :
R" x R* — C in (1.3.1) is called the symbol of the pseudo-differential operator T,. If
the symbol o does not depend on the variable z, then the function o = o(€) is called the
multiplier and 7T, is called the Fourier multiplier operator. In order to get a useful and
tractable class of operators, it is necessary to impose certain conditions on the functions
0. The most fundamental question that arises in the field of pseudo-differential operators
is to define a suitable class of symbols. In this regard, for m € R and 0 < § < p < 1,
Hérmander [47] introduced symbol class S7%(R"), famously known as (p, §)-Hérmander
class, consisting of those functions o(-,-) € C*°(R™ x R") which satisfy the following
estimate:

m—3dla|+p|B]
2

1050( 0 (2,€)| < Cayp (1+1€[) :

for all multi-indices «, 8 € Njj. Here, m denotes the order of the symbol o. The cor-
responding set of pseudo-differential operators with symbols in (p, §)-classes are denoted
as Us(R™). For p =1 and § = 0, the class S{(R") is introduced by Kohn and Niren-
berg [57]. The class S7(R") is the most simplest and useful class of symbols to work.
Eventually, such classes of pseudo-differential operators play a key role in the local solv-
ability problem for differential operators (see [5]). Pseudo-differential operators on R"

satisfy the following important properties:
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1.3. Pseudo-differential operators 11

Let o € STH(R"),m € R and f € S(R"), then T, f € S(R"), i.e., T, maps the

Schwartz space S into itself.

Let o € S7((R"). Then T, : L? (R") — L* (R") is a bounded linear operator.

Let 0 € ST (R") and 7 € ST¢(R™). Then there exists a symbol X € ST} "™ (R")
such that Ty, = T,7T,.

Let o € ST(R"),m € R. Then there exists a symbol o* € S7(R") such that
T* = T,«, where T is the formal L*-adjoint of T},.

We refer to [85,108] for several properties and symbolic calculus of pseudo-differential
operators on R".
We note that, the formation of a pseudo-differential operator is mainly based on the

Fourier inversion formula given by

f(z) = (2m)° / =< fle)de, zeR",

for all fin S (R"). To define the pseudo-differential operators on other non-commutative
groups, we first observe that R" is a locally compact abelian group and its dual group is
also R". A pseudo-differential operator can also be defined using the inverse Fourier trans-
form on R™. These observations allow us to extend the definition of pseudo-differential
operators to other non-commutative groups, provided we have a Fourier inversion for-
mula for the Fourier transform on the groups. Using this idea, pseudo-differential op-
erators on various classes of groups, such as S',Z, finite abelian groups, locally com-
pact abelian groups, affine groups, compact groups, compact Lie groups, homogeneous
spaces of compact groups, Heisenberg group, and on general locally compact type I
groups, have been defined and studied broadly by several researchers. We refer to
[18-20, 22,22,24,33,34,60,61,85,86,108] and references therein.

Ruzhansky and Turunen [85,86] studied (global) pseudo-differential operators with
matrix-valued symbols on compact (Lie) groups. They introduced symbol classes and
studied symbolic calculus for matrix-valued symbols on compact Lie groups, and presented
plentiful applications of this global theory. After that, the theory of pseudo-differential
operators with matrix-valued symbols on compact (Hausdorff) groups, compact homoge-

neous spaces, compact manifolds is broadly studied by several authors [26, 28, 30, 40, 60,
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74,75,108] in many different contexts. Further, pseudo-differential operators with matrix-
valued symbols have been extended to non-compact non-abelian groups. In this direction,
Ruzhansky and Fischer developed the global theory of pseudo-differential operators on
the Heisenberg group, more generally on graded Lie groups [33,34]. We refer to [73] for

global quantization of pseudo-differential operators on nilpotent Lie groups.

1.3.1 Szego limit theorem

The observable quantities in the classical system are described by real valued functions on
the phase space, whereas in quantum systems they are given by self-adjoint operators on
a Hilbert space. Therefore it is important to study the correspondence between classical
and quantum statistical mechanics. Pseudo-differential operator theory provides a nat-
ural platform to relate classical and quantum mechanics. For instance in [109], Zelditch
considered the Schrédinger operator on R™ of the form H = —%A + V., where V is a
smooth positive function that grows like Vy|z|*, & > 0, at infinity. He took a 0-th order
self-adjoint pseudo-differential operator A associated with a symbol o relative to Beals-
Fefferman weights o1 (z,€) = 1, pa(z,€) = (1 + [£]* + V(x))"/?, and proved the following

Szego type theorem: For any continuous function f on R,

lim w -1 fﬁ(w,é)gAj(U(xag)) dxd€

= lim
Ax—oo  rank(Py) A—r00 Vol(H (z,§) < \)

where H(z,§) = £1€]*4+V (z) and Py is the orthogonal projection of L?(R™) onto the space
of the eigenfunctions of H with eigenvalue less equal to A, assuming one limit exists.

The classical Szego limit theorem describes the asymptotic distribution of eigenvalues
of the operator P, T} P,, where T is the multiplication operator on L?((0,27)) associated
with a positive function f € C1*¢[0,27],a > 0, and the orthogonal projections {P,} of
L?[0, 2] onto a linear subspace spanned by the functions {e"’ : 0 < m <n;0 < 0 < 27}.
For such a triple (f,Ty,{P,}), Szegd proved that

lim
n—oo M

1 1 2
log det P, T, P, = — / log £(6)do. (1.3.2)
1 2m Jo

Equation (1.3.2) is well known as Szeg6 limit theorem. We refer to [41,97] for details and
related results. More specifically, for a bounded real-valued integrable function f, Szego

limit theorem can be generalized to any continuous function F' (instead of the logarithm in
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(1.3.2)) defined on [inf f,sup f], containing the eigenvalues {\?'}I, of P, TP, (see Section
5.3 of [41]). For such F, the following limit holds:

n—oo N m

lim 23 F(A) = zi /%F(f(e))de. (1.3.3)
Py 0
Notice that the left hand side can be seen as the limit of
Tr(F (P Ty Fa))/ Te(Pn),
where Tr(X) denotes the trace of the operator X, with the asymptotic of the functional
PA(F) = Te(mF(mTym)m) = > F(uk())
k

being precisely the sum of Dirac measures located at the eigenvalues ju;(\) of the operator
m\Tymy. The above expression (1.3.3) roughly says that, as n — oo, the eigenvalues of
F(P,T;P,) distribute like the values of F'(f(#)) sampled at regularly spaced points in the
interval [0, 27].

In [96], the authors consider the operator of the form L = Ay + V on the lattice,
where the self adjoint discrete Laplacian operator Az on ¢2(Z") is defined as (Azu)(k) =
> pb—ji=1(u(j) — u(k)), and the operator V' is the multiplication by a positive sequence
{V(k),k € Z"} with V (k) — oo as |k| — co. They also considered 0-th order self-adjoint
pseudo-differential operator B associated with symbol b € S}« (T" x Z™), and proved
the following Szego type theorem on Z": For any continuous function f on R,

A Trf (7T)\B7T/\) . 1 Zv(k)g)\ an f<b<x7k))d'r
lim —————== = lim
A—oo  rank (my) A=roo (27)™ D vimenl

I

where 7y is the orthogonal projection of ¢2 (Zd) onto the space of the eigenfunctions of
L with eigenvalues less equal to A\, assuming one limit exists. Such asymptotic spectral
formulae expressing the relation between functions of pseudo-differential operators and
their symbols is an important and interesting problem in mathematical analysis. We refer
to [46,48,49,89,96,107] for similar results available in the literature. There is an extensive
work on the Szegd’s theorem associated with orthogonal polynomials in L?(T, du) with
some probability measure p on T, we refer to the monumental work of Barry Simon [89)]

for the details.
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The main ingredient to establish Szegd type theorem is to consider the ratios of dis-
tribution functions associated to different measures and their asymptotic behavior. The
asymptotic limit of such ratios is computed using a suitable theorem (Tauberian theo-
rem), where some transform of these measures is considered and the limit is taken for
such transforms. For example, Zelditch [109] used the Laplace transform via Karamata’s
Tauberian theorem (see [106]), whereas Robert [82] suggested the use of Stieltjes transform
via Keldysh Tauberian theorem (see [50]). However, the authors in [96] considered Taube-
rian theorem of Grishin-Poedintseva (see [42]) and a theorem of Laptev-Safarov (see [63]
and [62]) to compute the asymptotic limit of such ratios for estimating the errors.

Fischer and Ruzhansky in [34] (see also [33]) introduced and studied symbolic calculus
for pseudo-differential operators on the Heisenberg group (more generally on nilpotent Lie
groups). In this thesis we prove Szegé limit theorem on the Heisenberg group H™. We
use the recent version of Tauberian theorem of Keldysh by Grishin-Poedintseva [42] and

a theorem of Laptev-Safarov [62,63] to estimate the error term.

1.3.2 Schatten class and nuclear pseudo-differential operators

The trace of an (trace class) operator on Hilbert spaces is the sum of its eigenvalues is
equal to integration of its integral kernel over the diagonal. However, this property fails
in Banach spaces. The importance of r-nuclear operators lies in the seminal work of
Grothendieck [44,45], who proved that, for 2/3-nuclear operators, the trace in LP-spaces
agrees with the sum of all the eigenvalues with multiplicities counted. Therefore, the
notion of r-nuclear operators becomes useful. One of the interesting question is to find
a good criteria for ensuring the r-nuclearity of operators on LP-spaces. But this needs
to be formulated differently than those on Hilbert spaces and has to take into account
the impossibility of certain kernel formulations in view of Carleman’s example [21] (also
see [26]). In view of this, one should establish conditions imposed on symbols instead of
kernels ensuring the r-nuclearity of the corresponding operators.

The initiative of finding necessary and sufficient conditions for pseudo-differential op-
erators to be r-nuclear is due to Delgado and Wong [31]. The main tool used for such
characterization was established by Delgado [25]. A multilinear version of this result was

recently proved by Kumar and Cardona to study the nuclearity of multilinear pseudo-
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differential operators on the lattice and torus [19,20]. Delgado and Ruzhansky [26] stud-
ied the LP-nuclearity and traces of pseudo-differential operators on compact Lie groups
using the global symbolic calculus developed by Ruzhansky and Turunen [85]. Later,
Ruzhansky et. al extended these results to more general spaces such as compact homo-
geneous spaces and compact manifolds [25,26,28,30]. On the other hand, Wong et. al
extended the results of [31] in the settings of abstract compact groups without differen-
tial structure [39,40]. In particular, characterizations of nuclear operators in terms of
decomposition of symbol via Fourier transform were investigated by Ghaemi, Jamalpour

Birgani, and Wong [39] for S! and arbitrary compact groups [40].

It is well known that in the setting of Hilbert spaces, the class of r-nuclear operators
agrees with the r-Schatten-von Neumann class of operators [79]. Over the years, con-
siderable attention has been devoted by several researchers for finding good criteria for
operators belonging to r-Schatten-von Neumann class and to the class of r-nuclear oper-
ators in terms of their symbols with lower regularity [17,26,29,101,102]. Ruzhansky and
Delgado [26, 28] successfully drop the regularity condition in their setting using matrix-
valued symbols. Ruzhansky and Delgado investigated this in detail in many different
settings; for example, using the matrix-valued symbols on compact Lie groups in [26-29)]
they successfully characterized these classes of operators on compact Lie groups. Later,
they with their collaborators extended these results to compact manifolds and to more
general on Hilbert spaces [29,30] using the non-harmonic analysis, developed by Ruzhan-

sky and Tokmagambetov [83].

The homogeneous spaces of abstract compact groups play an important role in mathe-
matical physics, geometric analysis, constructive approximation, and coherent state trans-
form, see [51-55,57] and the references therein. Let G is a compact (Hausdorff) group
and H be a closed subgroup of G. Pseudo-differential operators on homogeneous spaces
of compact groups G/H (without differential structure) was studied in [60] (see also [85]).
Using the operator-valued Fourier transform on homogeneous spaces of compact groups
developed by Ghani Farashahi [38], in this thesis, we define global pseudo-differential
operators on homogeneous spaces of compact groups and study the r-Schatten-von Neu-
mann class of operators on L*(G/H) and r-nuclear operators on LP-spaces on compact

homogeneous spaces.
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1.4 Outline of the Thesis

This thesis consists of five chapters with the present chapter dealing with the basic def-
initions, review of recent developments, and our motivation to consider the problems

discussed in the thesis.

Chapter 2 is mainly devoted to study orthonormal Strichartz inequality associated

with Hermite operator H on R". We generalize Theorem 1.2.4 and obtain the Strichartz

estimate for 1 < ¢ < Z—ﬂ, for the system of orthonormal functions associated with the

Hermite operator as the restriction of the Hermite-Fourier transform to the discrete surface

S ={(u,v) e Ny X Z: v =2Ju|+n}. As a key step to prove this, we obtain the duality

principle in terms of Schatten bounds of the operator We ™ (e=*#)*I)/ and give an
20

1+Xo’

affirmative answer to Problem 2, when p = for some \g > 1. We also prove the

optimality of Schatten exponent.

In Chapter 3, we investigate yet another Strichartz inequality for orthonormal func-
tions, but for special Hermite operator £ on C". Adopting similar mathematical formu-
lation as in Chapter 2, we generalize Theorem 1.2.6 and obtain the Strichartz estimate
for1<g<1+ %, for systems of orthonormal functions associated with the special Her-
mite operator as the restriction of the special Hermite transform to the discrete surface
S={(pv,\) e Ny xNj XZ: \=2|v|+n}.

In chapter 4, we prove Szego type limit theorems on the Heisenberg group H". We
consider the Schrédinger operator H = —Ag + V' on the Heisenberg group H", where Ay
is the full laplacian on H" and V' is a positive smooth potential, bounded below and grows
like |g|*, k > 0, for large |g|. First, we build up symbolic calculus for pseudo-differential
operators relative to the operator 1+ |\ H + V(g) on L*(H"), using the techniques de-
veloped in [33,34]. Then we construct pseudo-differential approximations to the operator
(H+wu)"™on L*(H") and (1+ |A[(H+1)+V(g)+u)~™ on L?*(R™) within the calculus of
symbols defined related to 1+ |\ H +V(g) and 1+ |A|(1+ [£]* + |x]?) + V (g), respectively.
We first obtain Szegd type limit theorem for H = —Ay + V' with respect to the multipli-
cation operator My, where b is a bounded real valued integrable function on H". Further,
we prove Szego type limit theorem for H = —Ag+V by considering 0-th order self-adjoint
pseudo-differential operator on L*(H") relative to the operator 1+ |A\|[H + V(g), where
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(g, A) € H" x R*, in place of the multiplication operator M. We show that the generalize
Szego limit theorem also holds under a perturbation of the Schrodinger operator ‘H by a
bounded self-adjoint operator on L?(H"). Further, we show that all the Szego type limit
theorems are also valid under a compact perturbation of the pseudo-differential operator
A. Finally, we provide an alternative proof of the error estimate for x € (0,1) without
using pseudo-differential symbolic calculus, but the boundedness of the operators [A, V]
and [A, L] on L*(H").

In Chapter 5, we consider homogeneous spaces of compact groups G/H, where G is
a compact (Hausdorff) group and H be a closed subgroup of G. We present symbolic
criteria for pseudo-differential operators on GG/H characterizing the Schatten-von Neu-
mann classes S, (L*(G/H)) for all 0 < r < oo. We provide a symbolic characterization for
pseudo-differential operators on LP(G/H),1 < p < oo, to be r-nuclear for 0 < r < 1. We
calculate the nuclear trace of related pseudo-differential operators. We also find symbols
of the adjoint and product of r-nuclear pseudo-differential operators on G/H and provide
a characterization for self-adjointness. In the end, we present an application of our results

in the context of the heat kernel on G/H.
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CHAPTER 2

Restriction theorem for the Fourier-Hermite transform and solution

of the Hermite-Schrodinger equation

2.1 Introduction

In this chapter, we prove a restriction theorem for the Fourier-Hermite transform and
obtain the full range Strichartz estimate for the system of orthonormal functions for the
Hermite operator H = —A+|z|? on R as an application. We also show that the constant
obtained in the Strichartz inequality is optimal in terms of the limit of a large number of

functions.

The Strichartz inequality for the system of orthonormal functions for the Hermite oper-
ator has been proved in [9] using the classical Strichartz estimates for the free Schrédinger
propagator for orthonormal systems [35,36] and the link between the Schrodinger kernel
and the Mehler kernel associated with the Hermite semigroup [90]. However, it is impor-
tant to note that this result can also be obtained independently as a direct application of
the Fourier-Hermite restriction theorem.

19
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2.2 Preliminaries

In this section, we provide basic definitions and necessary background about the Hermite

semigroup. We start with the definition of the Hermite operator.

2.2.1 Hermite operator and the spectral theory

Let Ny denote the set of all non-negative integers. For z € C, Re(z) and Im(z) denote
real and imaginary parts of z, respectively. Let Hy denote the Hermite polynomial on R,
defined by

dk 2 2
Hy(z) = (_1)k@(e—z e, ke Ny,

and hj; denote the normalized Hermite functions on R defined by
hie(z) = 25Tk "2 Hy(z)e 2%, k € N,.

For o € Njj, the higher dimensional Hermite functions ®,, are obtained by taking tensor
product of one dimensional Hermite functions. Thus for any multi-index o € N, and
z € R", we define ®,(v) = [[_, ha,(2;). The family {®,} forms an orthonormal basis for
L?*(R™). They are eigenfunctions of the Hermite operator H = —A + |z|*> corresponding
to eigenvalues (2|a| +n), where |a| = 7", a;. Given f € L*(R"), we have the Hermite

expansion

f= Z (f,(I)a)(I)a:ZZ (f’(IDQ)CI)a:ZPkf,

aeNR k=0 |a|=k

where P}, denotes the orthogonal projection of L?*(R™) onto the eigenspace spanned by
{®, : |a| = k}. The operator H defines a semigroup called the Hermite semigroup

et t >0, given by
eftHf _ Z ef(2k+n)tpkf
k=0

for f € L*(R"). On a dense subspace, say the space of all Schwartz class functions, the

above also can be written as

e M f(z) = - fy)Ki(z,y)dy,

where the kernel, K,;(z,y) is given by the expansion

Ki(z,y) =Y e PP, (2)d,(y), =,y €R"

aeNy
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For 2/ = r +it,r > 0,t € R, the kernel of the operator e *'* is given by

KZ’ (.T, y) -

WE

e~ (2k+n) Z O, (x)Pu(y), z,y€R™
0 la]=k

i

Using Mehler’s formula, the kernel of the operator e=*# can be obtained as (see [76])

1 1 ’ 2 2 2z-y
Ko(z,y) = ——— ez (—coth 2/ (e +yl*)+ i) 2.2.1
(@9) (27 sinh 227)2 ( )

For t € R\ (5)Z, letting r — 0, the kernel of the operator e=* can be written as

Mimin

€ "4 i 2 2y_ 2zy
Kiy(2,y) = ——— e (ot 2P -5%). 2.2.2
{z,9) (27 sin 2t) 2 ( )

Also for t € R\ (§)Z, we have
K—it(xay) = Kit(xay) and Ki(t+g)(x,y) = e_m%Kit(_xay>' (2-2-3)

It is known that for real valued functions f, the LP(R") norm of e " f is even and %-
periodic as a function of ¢. We refer to [76,99] for a detailed study on the kernel associated

with the operator e~ .

2.2.2 Schatten class

Let H be a complex and separable Hilbert space with respect to the inner product (-, ).
Let T : H — H be a compact operator and let 7™ denotes the adjoint of T'. For 1 < r < o0,
the Schatten space, S,.(#) is defined as the space of all compact operators T" on H such
that .

(sn(T))" < o0,

n=1
where s,(7") denotes the singular values of 7', i.e., the eigenvalues of |T'| = /T*T' counted

according to multiplicity. For T' € S,.(H), the Schatten r-norm is defined by

ITls. = (Z (Sn(T))r>

If r = 0o, we define ||T||s., = ||T'||. An operator in S1(H) (S2(#H)) is a Trace class operator

T

(Hilbert-Schmidt operator). If A : H — H is bounded operator and 7" : H — H is a trace
class operator then both AT and T'A are trace class operators, and | Tr(AT)| < ||A||||T]]s, -

We refer to [87] for a detailed study on Schatten classes.
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2.3 The Restriction theorem

In this section, we set a platform to prove the restriction theorem with respect to the
Fourier-Hermite transform for a given discrete surface S C Nj x Z. We start this section
with the definition of Fourier-Hermite transform.

Let f € L'(R"). The Hermite transform of f is defined by
fw)= | f@)®u(z)dz, peN,
Rn

where @,’s are the n-dimensional Hermite functions. If f € L*(R") then {f(u)} € ¢2(N2),

and the Plancherel formula is of the form

113 = D 1wl
HENG
The inverse Hermite transform is given by
=) f(Weu(2), zeR,
HENG
e., the orthonormal basis expansion of f with respect to {®,(z)}. Given a discrete
surface S in N x Z, we define the restriction operator Rgf = {f(u, V) }upyes and the

operator dual to Rg (called the extension operator) as

Es{ i) = 3 fuv i (2.3.)

(wv)es

where the Fourier-Hermite transform of f is given by
flu, I / / ft, )P, (z)e™ dadt. (2.3.2)
Then

EsELf(t, ) Z V), (z)e” "

n)es
;Z//M (5,9)Pu(2) @, (y)e 9" dy ds

(n,v)eS

:/n /( K= s..0)f(s.) dy ds

= [ (K s 560 do (233
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where

K(t,y)=(2m)72 Y Su(@)0,(y)e ™, (2.3.4)
(m,v)€S

and the convolution in (2.3.3) is on the circle group. Now we consider the following
problem:

Problem 1: For which exponents 1 < p < 2, the sequence of Fourier-Hermite transforms
of a function f € LP((—m,7) x R™) belongs to £*(S)?

This question can be reframed to the boundedness of the operator £g from ¢*(S) to
LP ((—m,m) x R"), where p' is the conjugate exponent of p, i.e., % + z% = 1. Since &g
is bounded from ¢2(S) to L¥ ((—m,7) x R") if and only if T := Es&% is bounded from
LP((—=m,m) x R*) to L ((—m,7) x R™), Problem 1 can be re-written as follows:
Problem 2: For which exponents 1 < p < 2, the operator T := E5€§ is bounded from
LP((—m,m) x R™) to LP' ((—m,7) x R™)?

Note that Holder’s inequality implies that the operator Ts = £¢€% is bounded from
LP((—7, 7) xR to L¥ ((—m, ) x R?) if and only if for any Wi, Wy € L2 (=, 7) x R™),
the operator W1TsW, (composition of the multiplication operator associated with Wy, Ts
and the multiplication operator associated with 1) is bounded on L?*((—n, ) x R™) with

WA TsWa | L2 ((—m) xRy L2((— ) xRe) < Cf[W3 HL% ool W2 ||L22TPP M ) XR)’

(2.3.5)
for some constant C' > 0.

Another motivation to consider Problem 1 is due to the connection to Frame theory:
The Fourier-Hermite restriction and extension operators seem to be what is called analysis
and synthesis operator in Gabor Analysis [12,43]. More precisely, the extension operator
as defined by (2.3.1) is not only a synthesis operator, it is already the frame operator for
the union of modulated ONBs consisting of Hermite functions. The problem about the
boundedness of the extension operator defined by (2.3.1) is therefore a reduced to the
boundedness of the frame operator of a degenerated multi-window Gabor system. The
degeneracy stems from the fact that no translations are used. The multi-window Gabor

system is built from the eigenfunctions of a Daubechies localization operator [13] (see

also [14]).
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We introduce an analytic family of operators (7,) defined on the strip, a < Re z < b
in the complex plane such that Ts = T, for some ¢ € (a,b) and show that the operator

W1 TsWs belongs to a Schatten class with

IWATsWa| s, (22 ((=mm)xrnyy < ClIWA| 2 [Wal|

JRE P ((—m,m)xR") L;Tpp((fﬂ',ﬂ-)X]R")’
for some a > 0, which is a more general L? — L”" boundedness result of Ts.

Recall that, a family of operators (7.) on R"™ defined on a strip a < Re(z) < b
with @ < b, in the complex plane is analytic in the sense of Stein [91] if for all simple
functions f, g on R™, the map z — (g, 7T, f) is analytic in a < Re(z) < b, continuous in
a < Re(z) < b, and if sup, <<, [(9, Totisf)| < C(5), for some C(s) with at most a (double)
exponential growth in s.

The following proposition assures an affirmative answer to Problem 2 under certain
assumptions. We refer to Lemma 3 of [36] with appropriate modifications to obtain the
following result. In order to obtain the Strichartz inequality for the system of orthonormal

functions, we need the duality principle lemma in our context due to Frank-Sabin [36].

Lemma 2.3.1. [Duality principle] Let p,q > 1 and o« > 1. Let A be a bounded linear
operator from a separable Hilbert space H to Lfngl((—ﬂ,ﬂ) x R™). Then the following

statements are equivalent.

1. There is a constant C' > 0 such that

< (J||W||2 : (2.3.6)

L2 p((—7r,7r)><R")

IWAAW g 12

((=m,m)xR™))

2¢ 2
for all W € LI 9L: " ((—m,m) x R™), where the function W is interpreted as an

operator which acts by multiplication.

2. For any orthonormal system (fj)jEJ in H and any sequence (nj)jej C C, there is a

1/a’
o < (me’) . (2.3.7)

a D .
L2 L2 ((—m,m)xR") jed

constant C' > 0 such that

> ni AL

jedJ

Proof. We note that (2.3.7) is equivalent to itself but with the additional condition on

the scalers is that n; > 0,7 € J, i.e.,

1/a/
YomlALP §0/<2|nj|al> , Vn; >0,5€J (2.3.8)

jed jed

Y

b
L, L2 ((—m,m)xRn)

o
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Thus to show equivalence of (2.3.6) and (2.3.7), it is enough to show that (2.3.6) is equiv-
alent to (2.3.8). First we show that (2.3.6) implies (2.3.8). Let (f;);., be an orthonormal
system in H and (n;),.; C Ry.

We define an operator v on H as
vi= Y lf5) (fil (2.3.9)
J

where the Dirac’s notation |u)(v| stands for the rank-one operator f +— (v, f)u. Then (f;)
are the eigenfunctions of v corresponding to the eigenvalues (n;). Moreover, the estimate

(2.3.6) is equivalent to

||A*|W’2AHSQ(H) < CHWHi% 2 : (2.3.10)

¢ Lz P ((—mm)xR")

2q

20 2
foral W e L7 "Ly " ((—m,m) x R™). Using (2.3.10) and Holder’s inequality for Schatten
spaces, we get
Trrz((—mmyxrn) (WAY(WA)T) = Try (’YA*|W\2A)

< s, a0 1A WAl 5, 2@y

1/a/
(Sl ) WP s
L; 7Lz P

= LEP (-mm)xRr).
On the other hand, using the notation in (2.3.9), we have the following identity
T ey (W AR (W A)* / L (Z n(Af;) <x,t>|2> W (z,t)|? do dt.
™) jeJ
So we can infer that, for all V € L} L2 " ((—m, 7) x R") with V' > 0,

/M/ (an (Af5) $t|>|V(a: t)|dz dt

jeJ
1/a’
<C 1 1% .

jedJ

/ /
Since <ﬁ> = &, the duality principle for LP-spaces leads to (2.3.8). The proof of other

part is similar. O

Note that Lemma 2.3.1 is also valid in the domain (-7, F) x R".

s
49
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Let S be the discrete surface S = {(u,v) € Nj X Z : R(p,v) = 0}, where R(u,v) is a
polynomial of degree one with respect to the counting measure.

For € > 0, we define

J@w)z/‘l‘ et =5 )g(s,0) dy ds

where K. (2,y,t) = lecp<- K (t,z,y) and K(t,z,y) is defined in (2.3.4). We suppose that

for (t,z,y) € (—m,7) x R?", we have
|Ko(t,2,y)] < O, (2.3.11)
for some positive A € R and the constant C' is independent of e. We show that

||W1T5W2||SQ(L2(—7r,rr)><R”) S C ||W1 ||Lng‘((—7r,7r)><R") ||W2||Lng( (2312)

(—m,m)xR™)

for some constant C' independent of €, where a, § > 1 such that

24—%—1and;<
B o 20+1) —

1< 1
a  22+1

To prove (2.3.12), we apply Stein’s complex interpolation, for z € C with Re(z) € [—1, )],

on the operator

T..f(t,x) = / / K. (t—s,z,9)9(s,y) dy ds,
= (—7’[’771')

where K, (t,z,y) = |t K. (t, x,y).
Then from (2.3.11), for any (¢, z,y) € (—m,7) x R**, we have

K. o(t, 2, y)] < CJt[ReEA, (2.3.13)

Then, an application of the Hardy-Littlewood-Sobolev inequality (see page 39 in [6]) along
with (2.3.13) yields

2
IWAT. e Walls, (22 () <)

_ / / |W1(t,x)|2|Kz,£(t—t',x,x')|2|W2(t',x')2dmdx'dtdt'
7r7r R2n

7-‘-71-)2 R2n

2)\ 2 Re(z

/‘ [ |maupwnmawmmﬁw
(—m,m) )

t‘2)\ 2Re(z)
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< “||W1||%g(Rn)

W2 2 g

L?G—Wﬂﬂ)‘ Li((~mm)

provided we have 0 < 2A — 2Re(z) < 1 and £ + (A — Re(2)) = 1. Further, if we denote

2u = u, then % € (i, %} and
”WlTZyEWQ”SQ(LQ((—w,w)xR”)) <C HWlHL?L:%((—fr,ﬂ)XR") ”W2HL§L§((—7T,7r)an) ) (2-3-14)

provided 2 = 1 4+ 1 (Re(z) — ) and Re(z) € (271, )]
Now we consider the case Re(z) = —1. Suppose that T.. : L7, ((—m,7) x R") —
L}, ((=m,m) x R") is bounded with some constant that depends only on n and Im(z)

exponentially, then, using the boundedness of T.. on L7, ((—m,m) x R") and the fact

that S.,-norm is the operator norm, we have

”Wsz,sW2”soo(p((_w,n)xw)) < C(Im(z)) HW1HLt°°Lg°((—7r,7r)><R") HWQHLt"OLgO((fﬂ,ﬂ)XR") ,
(2.3.15)

for Re(z) = —1. Finally, applying analytic interpolation (see [7,8]) between the estimates
(2.3.14) and (2.3.15), we get the following Fourier-Hermite restriction theorem by letting
e — 0in (2.3.12).

Theorem 2.3.2. [Fourier-Hermite restriction theorem] Let n > 1 and let S C Ny x Z be
a discrete surface. Suppose that

(1) for Re(z) € [—1,A] and for each (t,z,y) € (—m,m) x R*™, |K.(t,z,y)| < C|t|™,
for some positive real \, and

(2) for Re(z) = —1, T.. : Li, ((—m,m) xR") — L7, ((—m,m) x R") is a bounded
linear operator with the constant depends on n and Im(z) exponentially,

then Ts is bounded from LP((—m,7) x R") to LP ((—m,7) x R™) for p = 2(/\)‘—;“21)

Proof. In order to prove Theorem 2.3.2, by Lemma 2.3.1, it is enough to show that

IWATsWalls, (z2(mmrny < C MWl Lprg (crmyxrn) W2l 2 g ((rmyxzmy
for « = §=2(1+ \) at z = 0 and compare it with (2.3.5) to get p = 2(/\)‘j21). O
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2.4 Strichartz inequality for system of orthonormal
functions

Consider the Schrodinger equation associated with the Hermite operator H = —A + |z[%:

iOwu(t,r) = Hu(t,z), teR, zeR", (2.4.1)

u(z,0) = f(x), z € R".

If f € L?*(R"), the solution of the initial value problem (2.4.1) is given by u(t,z) =
e~ f(z). The solution to the initial value problem (2.4.1) can be realized as the extension
operator of some function f on (—m,7) x R"™. To estimate the solution to the initial value
problem (2.4.1) is equivalent to obtain the Schatten bound (2.3.6) with A = e~

Let S be the discrete surface S = {(y,v) € Nj X Z : v = 2|u| +n} with respect to the
counting measure. Then for all f such that f € /*(S) and for all (t,2) € (-, 7) x R,
the extension operator can be written as

Esf(t,x) =Y fluv)®u(x)e ™, (24.2)

VeSS

where f(u,v) is defined in (2.3.2). Choosing

~

Fu) = (), if v =2lu|+n,

U
0, otherwise,

for some u : R" — C in (2.4.2), we get

Esfltr)= 3 Fluv)d,(x)e ™

WVES

- / (Z (I)M(x)¢>u(y)€_it(2|“|+n)) u(y) dy

R”

= ey ().
Now we prove our main result of this chapter.

Theorem 2.4.1. [Strichartz inequality for orthonormal functions for Hermite operator]
Let p,q,n > 1 such that

n+1

1<g<
n—1 P q
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For any (possibly infinite) system (u;) of orthonormal functions in L* (R™) and any coef-

ficients (n;) C C, we have
p(g+1)

q g 2q
/( )(/ dg;) dt < ¥, (Z|nj|qf1> . (24.3)
—,T j

where C,, 4 is a universal constant which only depends on n and q.

—th ] ({L‘)|2

Proof. To prove (2.4.3), by Lemma 2.3.1, is enough to show that

HWl(c:S(c/‘ngQHSa(LQ 7r7T)><R” ) ~ ”WlHLBLa ( 7T7r)><]R" HWQHLﬁ‘La ( 7r7'r)><R")’ (244)

forallaﬁ>1suchthat2+——1and0< <nJrl

~#H i unitary, the triangle inequality gives (2.4.3)

Using the fact that the operator e
for the pair (p,q) = (00, 1). Equivalently, (2.4.4) is true for (5, a) = (2, 00). Therefore it
is enough to show (2.4.4) for the range ﬁ S < < 5. For e > 0, we define

f(t,x) / /7”r (t—s,2,uy)f(s,y) dy ds,
1)
where K.(t,z,y) = lecyy<z K(t,2,y) and K({,z,y) is defined in (2.3.4). Once we can
show that

IWATWallg, (r2(-2,2)xmn) < C IWillpprg(z 2yumn) Wallpro (o2 2)xmny»  (245)

for some constant C' independent of ¢, then (2.4.4) follows by letting ¢ — 0 and extending
it to (—m, 7). In order to apply complex interpolation, for z € C with Re(z) € [—1, %],
we further define

K.o(t,z,y) = [t|"K.(t, 2, y)
and
T..f(t,x) = / / K. (t—s,z,y)f(s,y) dy ds.
mS(=TT)
But from (2.2.2), for every ,y € R" and t € (=7, }), we have

K.o(t,2,y)| < R, (2.4.6)

Now, an application of the Hardy-Littlewood-Sobolev inequality (see page 39 in [6]) along
with (2.4.6) yields

2
HW1TZ,5W2HSQ(Lz((_g,g)an))
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/ Wit 2) 2 |Kun(t — ¥, 2, x’)|2 Wy (', 2')? dudadtdt
RQn

Wit t',x
R2n

n 2Re(z)

2
/ HW1( )HLg(Rn) W2 (75/)||L§(Rn)dtdt,
)Y (=11)

’t . t,‘n—Z Re(z)

Y

W22 o

L (-5.9) ‘ Li(5.5)
provided we have 0 < n —2Re(z) < 1 and 2 4 (n — 2Re(z)) = 2. Further, if we denote

24 = u, then < € (1,1] and

||W1Tz,eW2||52(L2((,7r,7r)xu§n)) <C ||W1||LgL2 —m,m)XR") ||W2||LgL§.((—w,w)an) ’

provided - =1 4 1 (Re(z) — 2) and Re(z) € (%5, %].
Now we consider the case Re(z) = —1. For Re(z) = —1, we show that 7., :
L}, ((-%,5) xR") = L, ((— x R") is bounded with some constant that only de-

) exponentially. Note that

53
pends on the dimension n and Im(z

Tz,sf(t,x)z// K. o(t—s,2,y)f(s,y) dy ds
Sz
—@n R [ s (o) s dy) ds
" e<|s|<% n
—(2n) Y Ba) [ e oy — 5, )() ds,
4 e<|s|<F

where fz denotes the Hermite transform of f with respect to the second variable. Then

using Plancherel’s theorem, for each t € (=7, §), we have

2

||Tz,sf("t)”ig(Rn) = (2m) 71 Z / p 3—1+iIm(z)e—z‘(t—s)(2lu\+n)f2(t —s5,-)(p) ds
e<|s|<7

2
—entY / s G (1~ g) ds (2.4.7)
0 e<|s|<%
where G ,(t) = e ) £, (¢ ) (). If we define
F..:G(t) — sTIHIME G — 5 ds,
e<|s|<F
then (2.4.7) becomes
2 - 2
HTZv&f“ng((—g,g)an) = (2m) 12 ||FZ7EGM||L§((_%&)) : (2.4.8)
I

TH-2994 166123103



2.5. Optimality of the Schatten exponent 31

Since the operator F,. is the Hilbert transform up to iIm(z) (see [104]), the operator
F..: L* — L? is bounded with constant depends only on Im(z) exponentially. Thus,
using the boundedness of T, : L7 ((—%5,5) x R") — L7, ((—5.%) x R") and the fact

that Ss-norm is the operator norm, we have

||Wsz7aW2||sw(L2((_g,g)an)) < C(Im(z)) ||W1||LgoLgo((_g,g)an) HWQHL;ngo((—g,g)an) )

for Re(z) = —1. Finally, applying Stein’s analytic interpolation result [7,8], the required
inequality (2.4.4) holds for the range
1 1 1 2 n

e ith —+—=1,
n+2° « 7’L—|-1W1 B+Oz

at z = 0. Using the kernel properties (2.2.3) of the semigroup e~ the range of ¢ can

be extended to the interval (—m, 7).

O
2.5 Optimality of the Schatten exponent
In this section, we show that the power p(‘;—j;l) on the right hand side in (2.4.3) is optimal.

The inequality (2.4.3) can also be written in terms of the operator
Yo=Y 1) (u] (2.5.1)
J

on L?(R"™), where the Dirac’s notation |u)(v| stands for the rank-one operator f +

(v, fYu. For such 7y, let
7@) - efitnyOeitH = an ‘e—itHuj> <67itHuj‘ )
J
Then the density of the operator 7(t) is given by
Pry(t) 1= an ‘e_“Hujf . (2.5.2)
J

With these notations (2.4.3) can be rewritten as

Hpv(t)HLg’Lg((_m)an) = Cn,qH%HS%a (2.5.3)
q+1
2q 24
where [[yolls,, = <Z|"a‘|““) :
a+I -
J
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Proposition 2.5.1. [Optimality of the Schatten exponent] Assume that n,p,q > 1 satisfy

12) + % =n. Then we have

Hpe*"“’voe“f’ HLng((_w,w)an)

sup

= +OO,
"0ES: olls.

29
for all r > pm,

Proof. Depending on the positive parameters (5, L and p, we construct the family of

operators

e ﬁ “ lFx§> <Fx7§|dfﬂd§,

R xR"™

n (=22 . . .
where F,¢(z) = (2r8)"1e~ % €. The functions F, ¢ are normalized and satisfy

dxd€ B
//ann W |Fre) (Frel = 1

By Mehler’s formula (2.2.1), we get

. . %
e F,e(z) = (—2mi sin2t)_g(27rﬂ)_z/ e~ 3% 24 el 2y o~ UH ity gy

n

Therefore

n

. 2 4 _ B(z—=xcos2t+E£sin 2t)2

IethF ’ — ﬂ e 4B2cosZ 2t +sin? 2¢ ,
(432 cos? 2t + sin® 2t)

and

Pr(t)(2) 1= Peitge-itt (z)

dxd 22 2 )
_ // T S R (o)
R7 xR" (271_)

2 _2p2
— 27]-6”[’ e (482+2BL?) 00522§t+(1+2,u6) sin2 2¢ )
(432 + 2BL2) cos? 2t + (1 + 2uf3) sin? 2t

B

So

n(g—1)
ng

Iosolltgy = (Z) (e * ’ 2
"L ) q (482 + 2BL2) cos? 2t + (1 + 2u3) sin? 2t
Using the fact that n(q — 1)p = 2q, we have

{120 ||12ng((771',#)an)

T 2q np B
— (I % / di
<q> () (~mm) (487 +2BL?) cos® 2t + (1 + 2u8) sin” 2t
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np

_ T\ 2\ % s
v (5)" ) e

Therefore

o7l L2 28 (7 m) xR

= Auy (nL%)E (L2) F % !

Using the fact that 7 (1 + %) s A 2ip and choosing 1/u < 8 < L?, we obtain

1 lig
oy | L2 La((—mmyxrry = Anp2” 2» N720,
where

N = Yo(z, 2)dz
Rn

22 2
~JI] o B T Bl
R xR xRe (27)"

// drdf _<2_¢
= e 2 n
R xR" (27)"

= A, L™z .

An application of the Berezin-Lieb inequality [68] gives that

d d 'er T 2
rops [ Bty
R xR% (27T)

wherer > 1 and N = (“Z# Therefore

Hpe’itH%)eitHHLng((—ﬂ'Jr)XR") An,p27ﬂ (1 q—%)
170

S, Y
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CHAPTER 3

Strichartz inequality for orthonormal functions associated with

special Hermite operator

3.1 Introduction

The objective of this chapter is to prove the restriction theorem for the special Hermite
transform and obtain Strichartz inequality for the system of orthonormal functions associ-
ated with special Hermite operator £ defined on L?*(C") as an application of the restriction

theorem.

3.2 Preliminaries

In this section, we mainly discuss some basic definitions and provide necessary background
information about the special Hermite semigroup. We start with the definition of the
special Hermite functions.

35
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3.2.1 Special Hermite operator and spectral theory

For each multi-index p,v € Nj and ¢ € C, we define the special Hermite functions @,
by
Bulc) = 2m) [

where ®,’s are the higher dimensional Hermite functions defined in Subsection 2.2.1.

o, (¢4 ) o, (¢-L)de, (=ariyec,

n

The family of functions {®,,} forms an orthonormal basis for L?*(C"). These special
Hermite functions are the eigenfunctions of the special Hermite operator £ (or the twisted

Laplacian) defined by

j=1
where Z; = a%— + 1.2 = —8%_ + 3¢, = 1,2,...n with eigenvalues (2|v] + n). The
special Hermite operator L is self-adjoint and admits a spectral decomposition in terms

of special Hermite functions. Given f € L? (C"), the expansion

F= ) (f2u)u (3.2.1)

1, vENg

converges to f in L? (C™). The above expansion also can be written as f = > 2 P f,

where

B, = Z <'7(I)W>(I)LW

{u,veENg:|v|=k}
is the orthogonal projection of L? (C™) onto the eigenspace spanned by {®,, : [v| = k}.

For each k € N, the spectral decomposition of £ can be written as
Lf =) (2k+n)Ppf.
k=0
The twisted convolution of two functions f and g on C" is defined by
fxgQ)= | f(¢—wglw)e™ Vdw, (ecC
(Cn
The family {®,, } satisfies the following orthogonality properties

22,5, if v = a,
D, X Bop = ()" Pus (3.2.2)
0, otherwise.
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Let Ly denote the Laguerre polynomial of degree k and of order o > —1, defined by the

generating function identity (see [81])
ZLg(m)wk = (1-w) e ma"  Ju| <1,
k=0

and let ¢p(z) = L~ (3]2]?) e~1” be the Laguerre function of order n — 1. Then the
special Hermite functions ®,, are related to the Laguerre functions ¢, by the following

relation
(27T)n/2 Z ¢, = ¢k. (323)
lv|=k
Now taking twisted convolution on both sides of (3.2.1) with ®,, and using the orthogo-
nality property (3.2.2), we have

f X ®og =202 > (f. Ppa) Ppa, a0 €N, (3.2.4)
HeENY
Summing both sides of (3.2.4) with respect to all a such that |a| = k and using (3.2.3),

the spectral projection P, has the simpler representation

Pif(Q)=(2m)7% Y [ x PaalC) = (2m)7"f x @1(¢), CEC™

|a|=k

Then the special Hermite expansion takes the compact form
FQ =@ Y fx (), ¢ecCm
k

The operator £ defines a semigroup, called the special Hermite semigroup and denoted

by e *,¢ > 0, by the expansion

o0

e f = (2m)™" Z e” B £ oy,

k=0

for f € L*(C"). For the auxiliary complex semigroup {e="¢}, n = r +it, r > 0, we write
eTEF(Q) = (2m) Y eI f (), (e
k=0

Thus, e~ is a twisted convolution operator

RO = [ F(C— w) Ky (w)er ™ED du
Cn
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with kernel (see [81])
K,(¢) = (2m)™ Z efn(2k+n)¢k(o = (2m) e "(1 — w)’”e_méj
k=0

where w = e with Re(n) > 0. Thus K,;#(¢) = K,4i+2m(¢) and for Re(n) > 0, K,

satisfies the uniform estimate

2
[, (0)] < T +it, (eC", forteR\7Z (3.2.5)

Also for t € R\ 7Z, we have
K i(¢) = Ku(¢) and  Kiqyn)(C) = e ™ K(C). (3.2.6)

We refer to [81,99] for a detailed study on special Hermite semigroup.

3.3 The Restriction theorem

In this section, we set a platform to prove the restriction theorem with respect to the
special Hermite transform for a given discrete surface S C N2" x Z. We start this section
with the definition of special Hermite transform.

Let f € L}Y(C"). Define the special Hermite transform of f by
fv)= | J@%ul)dz v e,

where ®,,’s are the special Hermite functions on C*. If f € L*(C"), then {f(u,v)} €
(*(NZ™), and satisfies the following Plancherel formula

If3=">_ [fwr)l

(1,v)ENG
The inverse special Hermite transform is given by
S fr)Oulz), zecC

(u,V)ENgn

Given a discrete surface S in NZ" x Z, we define the restriction operator (Rgf) :=

{f(, v, M)} nes and the operator dual to Ry (called the extension operator) as

Es({fpv. V) = D fu v, N (-)e O,

(p,v,A)ES
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where the Fourier-special Hermite transform of f is given by

Flu, v, \) / /_ Ft,w)®,, (w)e™ didw. (3.3.1)

Using the similar notations in Chapter 2, we consider the following problem:
Problem 1: For which exponents 1 < p < 2, the sequence of Fourier-special Hermite
transform of a function f € LP((—m,w) x C") belongs to ¢*(S)?

This question can be reframed to the boundedness of the operator £s from ¢%(S) to
LY ((—m,m) x C"), where p is the conjugate exponent of p, i.e., % + I% = 1. Since &g is
bounded from ¢2(S) to L ((—m,7) x C") if and only if T := Es(Es)* is bounded from
LP((—m,7) x C*) to L” ((—m,m) x C"), Problem 1 can be re-written as follows:
Problem 2: For which exponents 1 < p < 2, the operator Tg := E5(Es)* is bounded
from LP((—m,m) x C") to L' ((—=, ) x C")?

Note that Hélder’s inequality implies that the operator Ts = E5(Es)* is bounded from
LP((—7,m) x C") to L¥ ((—m, m) x C*) if and only if for any Wy, W, € L%((—m ) x C"),
the operator W, TsW, is bounded on L*((—m, 7) x C") with

||W1TSW2||L2((—m)x@n)aL?((—n,w)xcn)§C||W1||L22Tpp((7”)x(cn)|| 2||Lﬂ(( IR,

for some constant C' > 0. In this chapter, we consider the discrete surface S of the form
S ={(p,v,\) € Ny x Nj X Z: X\ =2|v| + n} with respect to counting measure.

We introduce an analytic family of operators (7,) defined on the strip a < Re z <b
in the complex plane such that Ts = T, for some ¢ € (a,b) and show that the operator
Wi TsWs belongs to a Schatten class with

[WiTsWalls,(L2((—rmyxcny) < CHWlHL%((_W,W)ch)HWQ“L%((_W,n)xcn)’

for some C' > 0 and some o > 0, which is a more general L? — L” boundedness result of
Ts.

The following proposition assures an affirmative answer to Problem 2 under certain
assumptions. In order to obtain the Strichartz inequality for the system of orthonormal
functions, we need the following duality principle lemma in our context. The proof follows

along the similar lines of Lemma 2.3.1 of Chapter 2.
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Lemma 3.3.1. [Duality principle] Let p,q > 1 and o > 1. Let Af(t,w) = e~ f(w) and
if A be a bounded linear operator from L*(C") to Lg/Lg((—ﬂ, m) x C"), then the following

statements are equivalent.

1. There is a constant C' > 0 such that

[WAA W4 < C||VV||2 2 : (3.3.2)

L2((—m,m)xC")) qL2 P ((—m,m)xCn)

20 2
for all W € L "Ly * ((—m,7) x C"), where the function W is interpreted as an

operator which acts by multiplication.

2. For any orthonormal system (f;),c; in L*(C™) and any sequence (nj);e; C C, there

15 a constant C' > 0 such that

> ni AL

jed

1/a/
> |nj|a’> . (3.3.3)

L2 LZ ((—m,m)xC") jed

3.4 Strichartz inequality for system of orthonormal
functions
Consider the Schrodinger equation associated with the special Hermite operator L:

i0wu(t,w) = Lu(t,w), weC" teR, (3.4.1)

uw(0,w) = f(w), w e C".

If f € L*(C"), the solution of the initial value problem (3.4.1) is given by u(t,w) =
e f(w). The solution to the initial value problem (3.4.1) can be realized as the extension
operator of some function f on (—m, ) x C". Estimating the solution to the initial value
problem (3.4.1) is equivalent to obtain the Schatten bound (3.3.2) with A = e~%~.

Let S be the discrete surface S = {(p, v, \) € Ny x N§ X Z : A = 2|v|+n} with respect
to counting measure. Then for all f such that f € £2(S) and for all (¢,¢) € (—m,7) x C",

the extension operator can be written as

Esf(t, Q)= > Flp v, N (Q)e ™, (3.4.2)

(1, eS
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where f(u, v, A) is defined in (3.3.1). Using the fact that

fx P =(2 m)? Z(f, ) P,

14

and choosing

0, otherwise,

Fpvn) = { 2m)"u(p,v), if A =2v|+n,

for some u : C" — C in (3.4.2), we get

Esf(t, Q) = (2m)" Z g1, 1), (C) e HE )

2214

=@y (Zm,@mwo) &)

v 7

i (27‘[‘)% Ze—it(2|u\+n)u « CI)VV(C)

v

— (@m)t Y ek (u > wo)

k=0 lv|=k

Ze 2k+n)u % ¢k(z) — efitﬁu(é—).

k=0

Again

EsESF( Q) = Y Fluv, V(e ™

(p,v,N)ES

et Y [ ) 2@l dw s
= (2m) 72 / D (F(5,), @) Ry (e Iy s, (3.4.3)
(—mm) o

Now from (3.2.4) and (3.2.3), we have

Z<f(37 .)7 (Duy>(p#V(C)e_i(t_s)(Q\Vl—&-n)

u’?V

= (27)"2 Zf( ) X B, (C)e =) @ln)

)7 D e I (s, ) % 4i(C)

k=0

= (2m) " f(s, ) x Y e I (),
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Then from (3.4.3), we get

oo

f(S, . ) « Z efi(tfs)(QkJrn)(bk(C)dS

—7T,7T) k=0

EsELF(t,C) = (2m)~(n+2)
$E31(1,0) = (2m) /(
= (2m)~("+2) /(_mr) /n H(t—s,¢—w)f(s,w)e 2 ™2 gsdu

= (2m) (2
Cn

(H(-, ¢ —w) * f(-,w))(t)e™ 2 ™CD) gy, (3.4.4)
where

H(t,() = i e 6L(C). (3.4.5)
k=0

Next we prove our main result of this chapter.

Theorem 3.4.1. [Strichartz inequality for orthonormal functions for special Hermite
operator| Let g,n > 1 and p > 1 such that

2 1 1
1<qg< n and ——i—ﬁzn.
2n —1 P q

For any (possibly infinite) system (u;) of orthonormal functions in L? (C") and any coef-

ficients (n;) C C, there exists a constant C' > 0 such that
(g+1)
2q

‘ an !e’iwujf <C (Z ]n3|42+ql> ! (3.4.6)
J J

Proof. To prove (3.4.6), by Lemma 3.3.1, is enough to show that

LYLYL, ((—m,m)xCn)

||W15585W2||S(¥(L2((—7r,7r)><(C”)) 5 ||Wl||LfLﬁ‘,((—7r,7r)><(C") ||W2||L5L§f‘u((—7r,7r)><(cn) y (347)

for alla,ﬁleuChthat%+%:1and0§§< 2n1+1.

Using the fact that the operator e™#£ is unitary, the triangle inequality gives (3.4.6)

for the pair (p,q) = (oo, 1). Equivalently, (3.4.7) is true for (5, «) = (2,00). Therefore it

1

< 2n+1"

is enough to show (3.4.7) for the range m <1

For € > 0, we define
T.f(t,C) = / / H.(t—s,( — w)e*%Im(C'w)f(s,w) dw ds,
" J(=5.5)
where H.(t,() = locjyj<z H(t, () and H(t,() is defined in (3.4.5). Once we can show that

IMTWalls, (12(-5.51x0) < CIWilligng (5,500 Welligng (3. pmen) - (B48)
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for some constant C' independent of ¢, then (3.4.7) follows by letting ¢ — 0 and extending
it to (—m, ). In order to apply complex interpolation, for z € C with Re(z) € [—1,n|, we
further define

H..(t,¢) = [t|"H.(t, ()
and

T.cf(t,€) = /(g

But from (3.2.5), for every ¢t € (-7, 5) and ¢ € C", we have

/ H,.(t —5,¢ —w)e 31D f(5 w) dsduw.
g n
|H.e(t, )| < C|t|Re(z)_n' (3.4.9)

Now, an application of the Hardy-Littlewood-Sobolev inequality (see page 39 in [6]) along
with (3.4.9) yields

HWsz EWQHS (LQ(( g g)x(C"))
/ / Wi (t, Q)2 | Hae(t — £, — )2 [Wa (¢, ¢') [PdCdCdtdt
% (C?n

|Wl t C |W2 (t/ ,)l
X /vr )2 /(C% t’ o aRemdcdd dtdt!

2
< O /12n—2 Re(2)
&= 522 ’t —

l
2

< & [Imiliz e N (LT .

By (. p) T e (.)
provided we have 0 < 2n — 2Re(z) < 1 and + + (n — Re(z)) = 1. Further, if we denote
2u = u, then % € (i, %} and

||W1Tz,aW2||52<L2((,%’g)><@n)) S C HWlHLyL%J((*%,%)X(C") ||W2”L§*Lﬁ,((f%,g)><cn) )

provided % = % + % (Re(z) — n) and Re(z) c (2n—17n]

2
Now we consider the case Re(z) = —1. For Re(z) = —1, we show that T, :
L}, ((-3,5)xC") — L7, ((—=%,%) x C") is bounded with some constant that only

depends on the dimension n and Im(z) exponentially. Note that

T..f(t,Q) = / /( - H, (t—s,(— w)e_%lm(c'“_’)f(s,w) dw ds
—5:5

= / s* Z e is(2k+n) ( or(C — w)e_%lm@'w)f(t —s,w) dw) ds
e<|s|<F cn

k=0
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:/ flt—s,- xZe s@h4n) g (€) ds
5<|s|<f k=0

=Y 0wl0) [ e (s s
v e<|s|<E

where fg denotes the special Hermite transform of f with respect to the second variable.

iy

Then using Plancherel’s theorem, for each t € (-7, 5), we have

2
ITec f (8 e oy = 1) / g =)W fo g g (0 1) ds
v e<|s|<%
2
— en Y. / sHIMEG (4 o) ds (3.4.10)
v e<|s|<%
where G, (t) = e~ @0 f,(t, ) (u, ). If we define
F..:G(t) — sTIHIME G (¢ _ 5 ds,
e<|s|<F
then (3.4.10) becomes
2 - 2
1T £z, (-2.2)xcn) = (21)° > 1P Gl 5y - (3.4.11)
787

Since the operator F . is just a Hilbert transform up to i Im(z), from [104], the operator
F..: L?> — L? is bounded with constant depends only on Im(z) exponentially. Thus,
using the boundedness of T%. : L7, ((—%3,5) x C") — L7, ((—%,5) x C") and the fact

that Ss-norm is the operator norm, we have

HWsz,sW2st(m((—g,g)xcn)) < C(Im(z)) ”WlHLtoongo((—g,g)an) HWQHLgOLgO((—g,g)an) ’

for Re(z) = —1. Finally, applying Stein’s analytic interpolation result [7,8], the required
inequality (3.4.7) holds for the range

1
2(n+1)

1 2
with — +—n =1,

<1
“a 2n+1 B

at z = 0. Finally, using the kernel properties (3.2.6) of the semigroup e~*#, the range of

t can be extended to the interval (—m, 7).
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CHAPTER 4

Szego type limit theorems on the Heisenberg group

4.1 Introduction

The observable quantities in the classical system are described by real valued functions on
the phase space whereas in quantum system they are given by self-adjoint operators on a
Hilbert space. Therefore it is important to study the correspondence between the classical
and quantum statistical mechanics. Pseudo-differential operator theory provides a natural
platform to relate the classical and quantum mechanics. In [109] Zelditch proved a Szegd
limit theorem for the Schrodinger operator on L?*(R™) with certain potentials comparing
the quantum and classical mean values in the high energy limit. In this chapter, we prove
a similar result on the Heisenberg group H" for the Schrodinger operator H (defined in the
subsection 4.2.2) with respect to the multiplication operator My, in Theorem 4.5.1, where b
is a bounded real valued integrable function on H". Further, we generalize the Szego type
limit theorem for the Schrodinger operator H with respect to a 0-th order self-adjoint
pseudo-differential operator on L?(H") (relative to the operator 1 + |A\H + V(g),g €
H", A € R*) with symbol a(g,A) in Theorem 4.5.4. We show that the conclusion of
Theorem 4.5.4 remains unaltered under a perturbation of the Schrodinger operator H by
bounded self-adjoint operators on L?*(H") in Theorem 4.6.1. We also show that our main

45
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46 Chapter 4. Szego type limit theorems on the Heisenberg group

results in Theorems 4.5.1, 4.5.4, and 4.6.1 remains unaltered under a compact perturbation

of the pseudo-differential operator A.

4.2 Preliminaries

In this section we recall some basic definitions and important properties of pseudo-

differential operators, Weyl operators on R™ and the Heisenberg group H".

4.2.1 Pseudo-differential and Weyl quantized operator on R"

Given a reasonable function a on R™ x R", the corresponding operator 7, associated with
the function a given by

T.f(x) = (2m)% / "o, €)f(€) de, Vr R,

n

for all Schwartz class functions f on R", where the Fourier transform of f is defined by

f(©) = (2m)72 . f(x)e ™ dy, VECR™

The operator T, is called pseudo-differential operator corresponding to the symbol a. Let
m € R0 <4< 1and 0 < p < 1. Then the symbol class %(R”) consists of those

functions a(z,§) € C*°(R™ x R") satisfying

m=5|a|+p|B]
2

1050 alx, )] < Cas (1 + [€]°) (4.2.1)

for all multi-indices «, 8. Such m is called the order of the symbol a. We take p = 1 and
§ = 0 through out the paper and denote the symbol class ST (R”) by S™(R"). We refer
to [85] for a detailed study on symbolic calculus and pseudo-differential operators on R".

The Weyl quantization Op" for a “reasonable” symbol a in R” x R™ is given by

o @i =@ [ [ e (e foyavde, vuer,

for all Schwartz class functions f on R™. The composition of two Weyl quantized operators

Op" (a) and Op" (b) is given by Op" (a)Op" (b) = Op" (a#tb), where (see [65])

a#b(C,u) = (2m)" / / / / e 2UEQ--0-0=0) g ¢ 2)b(n, y)dEdndady
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and asymptotically
N Ny -
Jdg o0 0 0
————— b 4.2.2
a#tb(z,€) ~ Z ( ) 6 (ag 5 5 au> (2.6 +Sn(w,6)  (422)
(arrows point towards the factor to be differentiated) with Sy € S™+m2=N(Rn),

Further, if Op"'(a) is a trace class operator whose symbol a € L' (R™ x R"), then
trace of the operator Op" (a) is given by

Tr(Op™ ( (2r)" // (z,€) dwd.

Moreover, the correspondence a — Op"(a) is an isometry of L? (R™ x R™) onto the set

of all Hilbert-Schmidt operators on L? (R™). This yields

r(ABY) /n/na#b (z,€) do df = // (z,€)b(x, €) dx de, (4.2.3)

where A = Op"(a) and B = Op" (b). For a detailed study on pseudo-differential opera-

tors and Weyl operators on R"™, we refer to [65,85,109].

4.2.2 The Heisenberg group

One of the simple and natural example of non-abelian, non-compact group is the famous
Heisenberg group H", which plays an important role in several branches of mathematics.
The Heisenberg group H" is a nilpotent Lie group whose underlying manifold is R?**+1

and the group operation is defined by

1
(z,y, )2y, ) = (@ + 2"y + 9 t +t' + 5(%?/ —2'y)),

where (z,y,t) and (2, ¢/, t') are in R™ x R™ x R. Moreover, H" is a unimodular Lie group
on which the Haar measure is the usual Lebesgue measure dx dy dt. The canonical basis

for the Lie algebra §,, of H" is given by the left-invariant vector fields:
X; =0, — 28, Y,=0, +20, j=12 dT=9 (4.2.4)
Jj — Vzj 2 t) J — Yy, 9 t, J=1,4,...7, an — Yt el

satisfying the commutator relation [X;,Y;| =T, j=1,2,...n

The sublaplacian and the full laplacian on the Heisenberg group are defined as

n n 2 2
L= (XJ4Y))=> ((c‘)m]. — %&) + (8%. + %at) )

j=1 j=1
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and
n

A=) (X]+Y7+T7),

j=1
respectively. Let H = —Ay + V' be the Schrodinger operator on the Heisenberg group
H", where V is a positive smooth potential, bounded below and grows like |g|*, x > 0 for

large |g| with
gl = (al* + 1tP)3, g = (z,t) € H", (42.5)
defining the homogenous norm on H".

Theorem 4.2.1. [Theorem 2, [88]] Let i be a measure on a locally compact space, X with
L*(X,du) separable. Let Ly be a selfadjoint operator on L*(X,du) so that its semigroup
is ultracontractive, i.e., for some s > 0,e~*L° maps L? to L>(X,du). Suppose V is a

nonnegative multiplication operator so that
p{z |0 < V(r) < M}) < oo,
for all M. Then L = Lo+ V has purely discrete spectrum.

From (2.2.1) of [58], the kernel of e!*# can be computed as

e—i)\ée—t)\z ( A > e—%)\(coth )\t)(ac~:r:+u-u)d)\

Ri(w,u,8) = cn/ sinh \t

R

with ¢, = (47)™™. Thus e'?# is L? — L* bounded. Therefore, from the above result,
we conclude that ‘H has purely discrete spectrum whose eigenfunctions form a complete
orthonormal basis for L?(H").

By Stone-von Neumann theorem, the only infinite dimensional unitary irreducible

representations (up to unitary equivalence) are given by my, A € R*, where 7, is defined
by
7T)\(I',y,t>f(U) = 6i>\(t+%wy)eiﬁyuf(u + |)‘|l‘)a (l’,y,t) S Hn7u € an

for all f € L*(R™). We use the convention

VA, if A >0,

—VN, it <o0.

VA = sen( M)A =
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For each \ € R*, the group Fourier transform of f € L*(H") is a bounded linear operator
on L*(R™) defined by
fN =mf) = | Sy, O)mi(,y,t) de dy dt.
H™
We denote B(L%*(R™)) to be the set of all bounded operators on L*(R"). If f € L?(H"),
then f()) is a Hilbert-Schmidt operator on L2(R") and satisfies the Plancherel formula

e LF VI, di(A) = 111l 2 ey,

where ||.||s, stands for the norm in the Hilbert space Sy of all Hilbert-Schmidt operators

on L*(R") and du(\) = c,|A|" d), ¢, being a constant.

Theorem 4.2.2. For all Schwartz class functions on H", the following inversion formula

holds:

o) = | Tm(e)fN)duy), Vg e H"

Definition 4.2.3. Let o : H" x R* — B(L?(R")) be a operator valued function. Then the

pseudo-differential operator T, corresponding to o is defined by

T,f(g) = / Te(m(g)o(g, M) du(N), g€ H, (4.2.6)

for all f € S(H™). The operator valued function o is called the symbol of the pseudo-

differential operator T,. We also often denote the pseudo-differential operator T, as

Op(0o).

For several important properties of pseudo-differential operators on the Heisenberg
group, we refer to [33,34]. We also refer to Thangavelu [100] for a complete account of

representation theory on the Heisenberg group H".

4.3 Symbolic calculus relative to 1+ |\ H +V(g) on H"

In this section we develop the symbolic calculus relative to 1+ |A|H + V' (g) on the Heisen-
berg group H", that will be useful for our study. We start this section by recalling the
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50 Chapter 4. Szego type limit theorems on the Heisenberg group

definition of Weyl-Hérmander pseudo-differential calculus and obtain the (A, V(g))-Shubin
classes X7y 1, (R™). This classes depends in both the parameter A and V(g), g € H" which

will be of particular importance to us.

4.3.1 Weyl-Hormander calculus

We present the main elements of the Weyl-Hormander calculus relevant to the pseudo-
differential analysis for (A, V(g))-Shubin classes. We refer to [65] for the details on the
underlying theory. Identifying the cotangent bundle of R” with R?”, the canonical sym-

plectic form on R*" is w, defined as
w(T,TY=z- -2 ¢ T=(x),T = (¢, 1) eR™
If q is a positive quadratic form on R?", then its conjugate ¢* is defined by

w (T, T
#(T) =  sup w (7, 17)]

, VT € R™.
T'eR27\ {0} q (T/)

Also, the gain factor of ¢ is defined as

. q“(T)
A, = f ’
*7 rerem oy g(T)

Definition 4.3.1. A metric is a family of positive quadratic forms g = {gx, X € R*"}
that depends smoothly on X € R®™. Then

e the metric g is uncertain if Az, > 1 for every X € R*".

o The metric § is said to be slowly varying if there exists a positive constant C' such
that for any X, X' € R?", gx (X — X') < C~! implies that
g (T -

sup (gX( ) —i—gX( )) <C.

rerem\ oy \9Ix'(T)  gx(T)

o The metric § is called temperate if there are constants C > 0 and N > 0 such that
for any X, X" € R*™ and T € R*"\{0}, we have

9x(T)
gx(T)

<C1+g2 (X=X

A metric g is of Hormander type if it is uncertain, slowly varying and temperate. For a

detailed study on Weyl-Hormander calculus, we refer to Section 6.4 of [34].
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Now we define the Shubin metric §§"OJ\’

and V(g),g € H" on R*" as

vig) depending on both the parameter A € R*

BY )p(
L+ AL+ (€12 + [ul?) + V(9)

The associated positive function M*V9) on R?" is

geMO (de, du) = < de* + du?) .

1
MOV (g ) = (14 AL (14 [+ [ul?) +V(9)” -
We consider these (A, V(g))-families of metrics for the case p = 1 as introduced in [4].

Proposition 4.3.2. For each \ € R* and g € H", the metric V9 s of Hormander

PAV(9))

U

type, i.e., g is uncertain, slowly varying and temperate, where the conjugate of §§

18 (@é’;’;\’v(g))) given by

(1Y iy = (AL P+ o) v<g>)p (e )

Moreover, the gain is given by

L+ M (1 + € + [ul?) + V(9)
A oavien = :
Ie.u A
Proof. The proof of the proposition follows exactly as in Proposition 1.20 of [4] for p =
1. L]

Definition 4.3.3. Let g be a metric of Hormander type. A positive function M defined
on R?" is said to be a G-weight when there are positive constants C' and N’ satisfying: for

any X,Y € R?, gx(X —Y) < C"=! implies that

MX) MY) _ -
M) mx) <
and
M(X> ~ ~W N’
T ccargx -

Definition 4.3.4. [Hérmander symbol class S(M, g)]. Let g be a metric of Hormander
type and M be a g-weight on R*". The symbol class S(M, g) is the set of functions a €
C>=(R?") such that for each integer | € Ny, the quantity

Or +-- 7@ a X
lallsarg = sup 12000
I'<1,X cR2" M(X)
gx (Ty)<1

s finite.
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We refer to Chapters 1 and 2 of [65] for a detailed study of the Hormander symbol class
S(M,g). For each parameters A € R* and V(g),g € H", we define the (\, V(g))-Shubin
symbol class (with m € R and the fixed parameter p € (0,1]) on R™ as:

2 AP (€2 + due) )
CLA AL [EP A+ u?) + Vig))r

That means a symbol a,y € C®(R*") is in X7, |,y (R") if and only if for each N € N,

ﬁwwﬁﬂ:s(u+wa+mﬁ+w%+wm)

the quantity ||ag|lsm. N < 00, where

PNV (g)

lagallsm, |

_ lal+18]
= sup AT (L N1 EP A+ ) +V(g)
(£,u)ERM XR™
lal,|1B]<N

_m=p(la|+[B])
2

|08 0 ag (€ )| .

In other words, a symbol ayx = {ag(§,w)} is in X7y ) (R") if and only if for all

a, f € Ny and for all (§,u) € R® x R”, there exists a constant C' = C, g > 0 such that

la|+]8]

0200 ag (€ u)| < CIAPTZ7 (1+ A (1 + |6 + [ul?) + V(9))

m=p(la|+|8D
2

4.3.2 Difference operators

In this subsection we discuss the difference operators and some of its properties to describe
the symbolic calculus on the Heisenberg group. We only state the main results of difference

operators that can be found in Section 5.2 of [34].

Definition 4.3.5. Let H" be the Heisenberg group with Lie algebra by, i.e., the Lie algebra
equipped with the Lie bracket given by the commutator relations of its canonical basis

{Xla." )Xnayla"' 7Yn7T}:

[X Y]:T fOT j:1>"'7n7

VRS
and all the other Lie brackets (apart from those obtained by anti-symmetry) are trivial.

1. A function P on H" is a polynomial if the composition P o exp™ is a polynomial

on b, where exp™ defines the exponential map from b, onto H".

2. We denote by P, the set of all polynomials on H". For any M > 0 we denote P<ys the
set of polynomials on H" whose homogeneous degree DP < M, where the homoge-

neous degree of the polynomial P = ZaeNgn-H Cag® (with all but finitely many of the
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coefficients co, € C vanish) is defined as DP := {max[a] : « € N3"™' with ¢, # 0},

where [a] == aj1+ oo+ +aq, g+ - -+ ag, +2a3 defining the homogeneous de-
gree of the multi-inder o = (a1, Qg -+, Qip, o1, -+ -, Qa, 3) € N2V Similarly
we define P_pr. For g = (1, ,Zn, Y1, ,Yn,t) € H", we have used the notation
g% = apt wy Y Yy 1

Example 4.3.1. On three dimensional Heisenberg group H', any element can be described

as ¢ = (x,y,t) € R® with the degree 1 polynomials are ¢ = z, ¢©'0 = 4 and
q(o’o’l) =t, where as degree 2 polynomials are q(2’070) S q(O’Q’O) =2, and q(l’m) = xy.
Let W be the set of all possible homogeneous degrees [a], a € Ng"“, ie.,
W = {|au| + |ea| + 203 : a € NJ" T},
where a; = (@11, -+ ,a1,) € NI |, as = (ag1,- -+, a9,) € NI and a3 € Ny. We define the

difference operators associated with the polynomials appearing with the Taylor expan-

sions:
Proposition 4.3.6. [34]

1. For each o = (ouy, 009, ,Qup, Qo1, -+, Qop, 3) € NZ"T there ewists a unique

homogeneous polynomial q, of degree [a] satisfying

L, Zf 6205,

0, otherwise,

VB e N2t XFq,(0) =

where X® = XoryeaTes X1 — X1 X2 X0 apd Yo = YUYM2 LY %,

2. The polynomials qo,« € N1 form a basis for P. Furthermore, for each M € W,

the polynomials q., [o] = M, form a basis of Paj=u.

3. The Taylor polynomial of a suitable function f at a point g € H" of homogeneous
degree M € W s

Ply(h) =" qu(h)X*f(g), heH" (4.3.1)

[e]<M
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Definition 4.3.7. For a € N2"*! the difference operators are defined as
A% = Ay,
where §o(g) = ¢a(9™"), g € H" and qo € P—y) defined in Proposition 4.5.6.
Let us collect some properties of difference operators in the following proposition.
Proposition 4.3.8. [34]

1. For any o € N3"™| the operator A® is linear and
ACF(S(H")) € F(SH")),
where F and S(H™) denote the Fourier transform and the collection of all Schwartz

class functions on H", respectively.

2. For any a1, 9 € Ng"t' | there exists constants oy ape € R with [a] = [aq] + [aw]

such that for any ¢ € S(H"), we have

AC(A%20) = A2(A%G) = ST oy anald®,

[a]=[a1]+]e2]

where ngS is the Fourier transform of ¢ and the sum is taken over all a € N3"*!

satisfying [o] = [on] + [az].

3. For any a € NZ"™', there exists constants Coy.0p € R with [a] = [aq] + [aw] such

that for any ¢1, ¢ € S(H"), we have

Aa(élé?) = Z Ca,ahagAalgglAaQéQa

[a]=[a1]+]ez]

where the sum is taken over all ay, ap € NJ"™ satisfying [on] + [aa] = [a].

4.3.3 Computations of difference operators

For j =1,2,--- ,n, the difference operators A, A, and A; are defined via

Ay R(my) = ma(xjk), Ay k(ma) = ma(yik), Ak(my) = mA(tk)
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for suitable distributions s defined on H". The following properties of difference operators
in the setting of Heisenberg group are well known and can be found in Section 6.3 of [34].

For a Schwartz class function h on R", we have

1
Ay R(my))h(u) = ——(uj(A(ma)h)(u) — (A(mx)(uih))(u)),
(Az k()R (u) \/W((())()(()( ))(w))
(Ay,&(mr))h(u) . (=0u; (R(ma)h)(u) + (A(72)(Ou; b)) (w)),

T VA
(Ak(ma))h(w) = idyma(r)h(u) + % Z Ap, Ay (K (u)

- % Z{W,\(Y})ijﬂ'k(/f) + Aa:jﬂ-k(l{)ﬂ-)\(Xj)}h(u)'

If % () = ™ (k) = Op" (ay) and ay = {a(§,u)}, then the difference operators A, , A

Yo

and A, satisfies

Ay, B (my) 1= m (zj5) = Op¥ ( . agjaA) ,

where

= 1

Orew i= Or — 2 (uj0u; + &0, - (4.3.2)
Further, an easy calculation gives

ijﬂ')\<Yk> — Azjﬂ',\(T) - ijﬂ')\<Xk) = ijTI')\(T) 3 O,
ij’/T)\<Xk) = ij’/T)\<Y;€) = —(SngI, Atﬂ)\(T) = —[,
ijﬂ')\(ﬁ) = —27T)\(Xj), ijﬂ'/\(ﬁ> = —271')\(}/]‘), Atﬂ'/\(ﬁ) =0.

Lemma 4.3.9. Let ay = {ax(&,u)} be a family of Weyl symbols depending smoothly on
X #0. If Gy is the renormalization obtained via a(€,u) := ax(\/INE, VAu), then

Oneuan (&) = {Dran(VINE V),

Z.—\/lm%ax(f, u) = O, in (v/TVE, V),
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and

%aujak(g, w) = By, an(VINE, V).

Consequently,

Ay, ma(k) =i0p™ (Og,ar), Ay, ma(k) =10p" (9y,an), and  Ayma(k) = iOp" (Oran).

4.3.4 The symbol class 57, (H")

In this subsection we define the symbol class ST ,, (H") relative to the operator 1+ |\ H +
V(g). First we recall some important formulae that will be used to define the symbol class
;”L&H(H”). We mainly adopt the notation and terminology given in [34]. The Schrédinger

infinitesimal representation of m, acts on the canonical basis of h,, via

™ (X5) = /A3, = 0p" (iv/INg )
m (Y;) = z'\/Xuj = O0p” (zﬁ, uj)
mA(T) = Al = Op" (iM),
for j =1,...,n. Thus m\(£) = |A| D_7_, (3%. - u?) = Op" (W "W (=& - U?)) - Now

we are in a position to define the symbol class ST, (H") relative to the operator 1 +

|IA|[H 4+ V(g) (see Section 6.5.2 of [34]) by the following family of seminorms which are

finite:
HaHsg}m,a,b,c B ge]HISF}I?ER* llo(g, )\)“S;?(S,H,A,varbrc’ a,b,c € Ny,
where
||U(g7 )‘) HS;V,L&H‘/\YVa,b,c (433)
plel=m—3IBl47 5 s, _a
= Sup H(,/T)\(I_ﬁH)_FV(g)) 3 ‘ngA U(ga A)(,/T)\([_ﬁH)_FV(g)) 2Hop

[0]<a,[B]<b,|v|<c
with oo = (Oél, Qo, 063) = (0411, Q19 ...01, 021,099 . ..oy, 043) € Ng X Ng X No, H . HOP denote

the operator norm on B(L?(R")) and the difference operators are

o a1 a2 a3 [0 Ru— a1l Q12 aq Qg __ Q21 Q22 a2
A= ATATAP, where A% = AZHAYR AN A% = ACHACER A0

1 Yn

and

(& 2 aq Q2ra3 a1 a11 @12 o a1 11 @12 «aq
X% = XY T* where X' = X7 X5 ... X' and Y = Y"1 Y2 ...y,
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4.3.5 Characterisation of S}, (H")

In this subsection we describe the symbol in S7; 5, (H") in terms of scalar-valued (A, V'(g))-

symbols. More precisely, the symbols o = (g, A) in 7% 5 (H") are all of the form

U(Qa )‘) - OpW(agj,\(f, U’))>

with the (X, V(g))-symbols a4 ) satisfying some properties described below in terms of the
family of (A, V' (g))-Shubin classes.

Theorem 4.3.10. Let m,p,6 € R such that 1 > p > § > 0 and (p,d) # (0,0). If
o =0(g, ) isin S (H"), then there exist a smooth function a = a(g, A\, §,u) = a, (&, u)

on H" x R* x R™ x R"™ such that

o(g,A) = Op" (ay,)

with 5?‘735#)(5@% e X 2pes OBl (RnY for each (g, \) € H" x R* satisfying

P\ V(9g)
~ o 3
Sup aA,&qu g, ‘Em—Qpa3+6£|(Rn) - < 00, (4.3.4)
(g,\)€H™ xR* o 1 (o) ;

for every N € Ny. More precisely, for every N € Ny there exist C' > 0 and a, b, ¢ such that

a3 B
RUD Oyt X g g\ ‘Em—2pa3+6|ﬁl

< Clo
(g,\)€H" xR* Y : (R™),N — H ||S;'}5’H,a,b,c,

where the operator 5§?’£u is defined in (4.3.2).

Conversely, if a = {agreuw) = agr(§,u)} is a smooth function on H" x R* x R™ x R"
satisfying (4.3.4) for every N € Ny, then there exist a unique symbol o € S5 5, (H") such
that o(g,\) = Op"(ay). Furthermore, for every a,b,c there exists C > 0 and N € N,

such that
ollsm.  ape < C  sup 0% uXﬂa A ) o 4.3.5
H H P8, H (g’)\)eanR* )\767 g9 Ep’Aﬁ/p(‘gS)%»éIBl(Rn)?N ( )
Proof. The proof is similar to the proof of Theorem 6.5.1 of [34]. O

In other words, Theorem 4.3.10 yields that o € S}, (H") is equivalent to o(g, \) =
Op" (a,.) for each (g,\) € H" x R* with a,, € C=(R?") satisfying: for any oy € NJ"**,
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there exists a constant C' > 0 such that for every (g, \) € H" x R* and for every (§,u) €

R™ x R™, we have

Ia\+\m m—ploq|+38|8]
2

080008 ¢ X} ag A (€ w)] < Copapl P2 (L4 AL+ [ + [uf’) + V(9))

We take p = 1 and ¢ = 0 throughout this chapter and denote the symbol classes ST7, 5, (H")
by ST (H™).

Example 4.3.2. For any 3 € R, mx(I — Lg),V(9)?, (mx(I — Lu) + V(g))? and (1 + \?)#
are symbols with order 2,203,253 and 403, respectively.

Remark 4.3.11. Let o € Sj/(H"). Then we have the following properties.
1. If B, € Ny then the symbol {XPeo(g,N), (g,\) € H" x R*} is in S5 (H") and
| X0 (g, A ||Sm ave < Copollo(g, Mlism ap+iso.e:
2. If a, € N then the symbol {A%a(g,\), (g,\) € H* X R*} is in S;:Z_[ao] (H™) and
1A%0(g, Ml gm-teol 4, < Caaollo(g, Mllsg atiaclpe
3. If oy € Si(H™) and oy € S%(H") then a(g, \) = a1(g,N)aa(g, A) € Sk (H") and
lo(g, Mgzt ape < llo1(g, Mlist ap.cra+ i llo2(g; sy ab.e-

4. If o1 € SY(H") and o9 € S%,(H™) then A%01 X0y € S;f”_[a} (H") for o, € Nj.

Lemma 4.3.12. If A is a trace class pseudo-differential operator on L*(H") with symbol
o(-,+) € L' (H" x R*, Sy, du(N)), then

_ / n / Tr(o(g,A)) dg du(N). (4.3.6)
Proof. For all f € L2(H"), we have
(49)(9) = [ Te(mala)ole. ) FN) duy)
— [ mm(@ote Nm(a)) du) () do

= K(g,91)f(g1) dan,

H™

TH-2994 166123103
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with
Klg.00) = [ Te(m(o)a(o. \ma(a:)") ().
R*
Therefore
) = [ Kg)dg= [ [ Trlolg. ) dgdni.
H» n *
where the last step of the above computation is justified by Corollary 3.2 of [11]. O

For an operator valued symbol o on H", the correspondence o — Op(c) is an isometry
from L? (H" x R*, Sy, du(N)) onto the set of Hilbert-Schmidt operators on L*(H") via

square integrable kernels [80]. This allows us to write

15(0p(0) 0 Op(r)) = [ [ Tostenr ) (g N dgdut
3 / n / T (g, )7 (g, V) dg diu(), (4.3.7)

where o#g»T is the symbol of the composition Op(a) o Op(7) (defined in Theorem 4.3.18)
and 7 is the symbol of Op(7)*, the adjoint of Op(7) (see page 365 of [34]).
Now as in the proof of Calderén-Vaillancourt theorem (Theorem 5.7.1 of [34]), we get

the following Calderén-Vaillancourt theorem for the symbol class S9,(H").

Theorem 4.3.13 (The Calderén-Vaillancourt theorem). Let o € SY,(H"). Then Op(c)
extends a bounded operator on L*(H"). Moreover, there exist a constant C > 0 and a

seminorm || - [|sy 5. with computable integers a,b, c € No independent of Op(o) such that

10p(0) |2y < Cllollsy, apcllPlez@m, ¢ € SH").

Definition 4.3.14 (Kernel associated with a symbol). If o is a symbol, then the tempered
distribution

kg = F {olg, )} € S'(H")

18 called its associated kernel or the right convolution kernel. We also call the smooth map
H" > g — K, € S'(H") or the map (g, h) = k4(h) = k(g, h) the kernel associated with the

symbol o.

Remark 4.3.15. 1. If o = {o(g,\)} is a symbol of the operator Op(c) acting on the
Heisenberg group with kernel k4 then for any B € Nev+ XPBo = {Xgﬁa(g, A} XPo =
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\ By -— ; ; B Y
{XPo(g,\)} and 900 := {0fo(g,\)} are symbols with respective kernels X[kq, Xk,
and E)gﬁ/{g, where Xg 1s the right invariant vector fields related with the left invariant

vector fields X, on H" by ng(g) = —(Xf)(g™") with f(g) = f(g™").

2. The quantization defined in (4.2.6) makes sense for any symbol o = {o(g,\)}. More
precisely, for any ¢ € S(H") and g € H", we have

0p(0)8(9) = [ Trim(@)olo NN =6 xryle) (138)

where k4 denotes the kernel of o.

4.3.6 Composition of symbols

Let a € S3;'(H") and b € S3;*(H"™). Then the composition of pseudo-differential operators
corresponding to the symbols a and b defines a pseudo-differential operator and the symbol
o of the composition is given by the following asymptotic expansion (4.3.9). We add
constraints on V (see [59] and [109]) which guarantees the asymptotic expansion (4.3.9).

Definition 4.3.16. The potential V is said to be temperate potential if there exists a

constant C' > 0 such that
(A (I = L) +V(9)) ™ (maI = Lar) + V(991))llop < Claal®,
for all g, g1 € H" and for some constant k > 0.
Definition 4.3.17. The potential V s said to be a regular potential if V € C*(H") and
X V(9)| < Ca(V(g) +1)
for all g € H", for some C, > 0.

Theorem 4.3.18 (Composition formula). Let a € S3;'(H") and b € S3;>(H"). Then the
composition Op(a) o Op(b) is a pseudo-differential operator with symbol o € Sy ™2 (H™)

having asymptotic expansion

(9. \) ~ > A%lg, M) Xb(g, M), (4.3.9)
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where the asymptotic expansion means that for every M € N, we have
o= Y A%Xgbe SprtmMED),
[e]<M
where (o] = |aq| + |az| + 23 defining the homogeneous degree of the multi-index o (see

the notations used in (4.3.3)).

Now we are in a position to estimate the reminder term in composition formula in the

following lemma.

Lemma 4.3.19. Let mi,mq € R, By € N, and M, M, € Ny. Suppose that

mo §2M1 <M—m1+v1,
(4.3.10)

mo < 2M; < —mq — M.

If M > 2M;, then only the second condition may be assumed. Then there exist a constant

C > 0 and two pseudo-norms || - || - ”s;’?,o,bg,o such that for any two symbol a,b

H m1,R
SHl ,a1,b1’

and for any (g, \) € H" x R*, we have

Xf“ aob(g,\) — Z A%a(g, /\>X;b<97 A) < CHGHSZLR,%M||b||sq”j2,o,b2,0-

[a]<M
Proof. Let k; and ks are the kernels of Op(a) and Op(b) respectively. Then for ¢ € S(H")
Op(@) 2 0p0)ols) = [ Op(B)o(hyes(g.h " g)a
= / - $(g1)k2(h, g1 h)ra (g, h ™" g)dhdg,
= / i Sg1)r2(995 ", 91 995" )k1(g, 92)dgrdge
= | 9@l g 9)dgy = 6% 5(g.9).

where x(g, 97 g) = ka(h, g7 *h)k1(g, h~'g) with a change of variable h™'g = g,. If Op(a) o
Op(b) = Op(o), then

o(g. ) = &(g,\) = / (g, h)ma () dhy
_ / / o (gh™", huh Y er (g, B)ma () my (hah ™YY dhydh

_ / k1 (g, h)w(h)*b (gh™", \) dh. (4.3.11)
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By the Taylor series expansion (see (4.3.1)) of b in the first variable we have

b(gh™', \) an X&b(g, ).
Implementing this in (4.3.11), we get
o(g, \) ~ /nkl g, h an HX2b(g, \)dh (4.3.12)
= an Dk(g, h)m(h)* Xgb(g, A)dh
= A%f(g, )Xgb(g, N
First we consider the case when 3y = 0. Thus by (4.3.11) and (4.3.12), we have

U(ga /\) - Z Aaa(gv)‘)X;b(ga )‘)

[e]<M

B /n kr (g, h)ma(h)* (ma(I — La) + V()" (ma(I — La) + V(g)) ™

x ([ b(gh™ ) = Y ga (h71) X2b(g, M) | dh

o] <M
=Y [kl m(b)mall ~ L)V I ma(T — L)+ Vig))

x| b(gh™N) = D ga (B7) Xob(g, N) | dh

[a]l<M

B11 Mi—j 3
B 22[511]+ B22 <2]/ X kl g7 ( ) T\ (h)

x X2 (ma(I — L) + V(9) M RIGY (h7Y) dh,

where Rzg\’j‘)(h) = b(gh, A) = > 1n<nr da (h) Xb(g, A) and S"a; := cja; denotes a finite
linear combination with some constants ¢;. Taking the operator norm on B(L?(R™)), we

have

lo(g. ) = D A%alg, ) Xgb(g, ) llop

[a]l<M
S [ Rty
J=0 [B11]+][B22]<
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x || X7 (a1 = L) + VgD RS (07| an.

op

Using Taylor’s estimate for vector-valued functions given in Proposition 3.1.40, Remark

3.1.52(3), Proposition 3.1.46 and Corollary 3.1.53 of [34], there is a constant C' > 0
(depending on M) such that

X5 a1 = ) + V@) RYG (07

op

Xﬁzzb(.,)\) _
g,?ﬂ (h 1)

(ma(I — Lu) +V(9)) ™R

op

<

(ma(T = La) + V(gh ™) ™ X P20 (gh™' \) — (maI = Lr) + V(9) ™™ Y g (B71) X3 X2b(g,\)
[a]<M

+ [[(ma(I = L) + V(g)) M X220 (gh™" X) — (ma(I — Lu) + Vi(gh™ ")) M X220 (gh™ " 2|

op

op

<Cu Z |h) sup HX'Y(TD\(I—AC]HI)+V(ggl))*MlXﬁzzb(ggl’)\)H
Y1 <(M—[Ba2])+1 lgr|<erh]
[v[>(M—[B22])

+ (= L) + V()M (mad = L) + V(gh™ )™ — Illop | (ma(I = L) + V (gh™)) " X726 (gh™1, A) [lop-

Using the fact that V' is a regular temperate potential (see definitions 4.3.16 and 4.3.17),

we have

| % (o1 = ) + Vo)) RGY (07)

op
<Cu Y, MY sup |[(ma — La) + V(ggr) X XP2h (990, M|

op
[7|< (M —[B22])+1 l<hl lg1|<c1|h]
[v]> (M =[B22])

+ (IR + DA — L) + V(gh™) T X720 (gh™ A) llop.

Let a1(g,\) = V(9)MJa(g,)\). Then a; € S$1+2(M1_j) with kernel k, = V(g9)K1(g, ).

Thus a; = 7(k,). Choosing M, M; such that it satisfies (4.3.10) and the conditions of
Lemma 5.5.6 in [34]. Therefore

lo(g. ) = D A%alg, ) Xgb(g, M lop

[o]<M
My
S ID SR DI (L R R ORGP
J=0 [B11]+[B22] <25 [ <(M—[B22])+1

11> (M —[B22])
X ||bHsZ2,0,b2,o

< Callarll om0 X 1Bl .m0

< Cllaligmr g, 4, % 10lls32 0,600
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where C' = Cl‘|VHS,?_ZM2’R,a1,b1.

Lemma 5.5.5 in [34]. O

The general case [y # 0 follows by adopting the proof of

Proof of theorem 4.3.18. Let T'= Op(a) o Op(b). Then

150 = [ [ #0kaon g0k, hydgra,

where k; and ko are the kernels of Op(a) and Op(b), respectively. Furthermore, we have
Op(a) o Op(b) = Op(c), where

o(g,\) = /n k1(g, h)ma(R)*b (gh~", X) dh.

By the Taylor series expansion (see (4.3.1)) of b in the first variable, we get
(g, A) ~ > A%l(g, \)X5b(g, \).

The reminder term is estimated similar to Theorem 5.5.3 of [34] with few modifications.
We will only indicate the main steps with modifications in our setting. Let m = mj +mea,

Bo € Ny and My € N. By Theorem 4.3.13, we have

| Xioraro, a1 = L) + V()

op

= | Xeoraslo. N (mald = £a))~ T [(m(f — La)"7 " (ma(I = La) + V(9))

m— ]\/Ioi|

op
M m—M

(mall = Lu)) "7 - (ma(I = L) + V(g))™

= ’Xz?OTM(g, N = Lu)™

op

: (4.3.13)

op

<C HXﬁOTM 9. N(ma(I = Lx)) ™"

where 7y = aob — 37, A%Xgb. We fix mj := —my + Mo. Then we can find
M > max (My,vy) such that —my + M — m}, > 2. This shows that we can find M;
satisfying the second condition of (4.3.10) for my, m}, and therefore also the first. Hence
we can apply Lemma 4.3.19 to M, M; and the symbols a and b(my(I — Ly))~ "5 with
orders my and m). Thus by (4.3.13) and Theorem 4.3.13, we obtain

m—DMy

HXfOTM(g,A)(m(I —Lw) +V(g)

op
m— ]WO

<allgn,,, Hb (I — L))

/
55,2,0,b2,0

m— ]MO

(mal = Lz + V()™ Fb(ma(l — L))

=llallgmn g, ,,

op
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4.4. Symbolic calculus relative to (14 |NH + V(g) + |w|) on H" 65

m—My

(mall = L+ V(9))) b (mall — L + V(9))~ "5

=llallgmin g, ,,

_m—]WO _m—]%o

X(mal = Lu+V(9) = (ml — Lu)) 2

op

(ma(I — Las + V(9))~ b (mall — L + V(9)))"

m—My

< ”aHSgl’RJllJ)l

op
__ m—Mjy

% H(WA(I — Ly + V(Q)))fm%%(ﬂx\([ — Ly))” 2

op
_ m—Mj

<Clallgun gy, [[b (AT = £+ V(9))) 5

!
55,2,0,b2,0

|6

m =
,a1,b1 5472,0,b2,c2

<Cllaf g0

The rest part of proof follows along the similar lines of Theorem 5.5.3 in [34]. H

4.4 Symbolic calculus relative to (1+|AH +V(g)+|w])

on H"

Let I' € C be a curve enclosing Rt and w vary over I'. In particular, let us consider
the curve I' be made up of two half-lines hinged at —1 and makes an angles of +7 with
respect to the real axis. In order to construct the pseudo-differential approximation to

the operator (H + u)~™, we need to define the following symbol class.

4.4.1 The symbol class S,  (H")

We define the symbol class S} 5, ,(H") relative to the operator 1 + [A|H + V(g) + |w|
as in Subsection 4.3.4 and (A, V'(g))-Shubin class defined as in Section 4.3 relative to the
weight 1+ |A|(J€]? + |z]? + 1) + V(g) + |w]|. Also we get the similar result for the symbol
class S5 ,,(H") as in Theorem 4.3.10. When p = 1 and ¢ = 0, we denote the symbol
classes ST 4.,,(H") by S3, (H").

Proposition 4.4.1. Let ayy.,(&u) = (M1 + €7+ [u]?) +V(g) —w)’,s € R, and
o(g, A\, w) = Op" (agrw). Then o € S37,(H").

Proof. By Theorem 4.3.10, Op" (|A|(1 + [¢]* + [u[?) + V(g9) — w) € S3,,,(H"). Now

8?agé§,§,quﬂag,A,w (57 u)
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66 Chapter 4. Szego type limit theorems on the Heisenberg group

2 2 s—0
=3 (AP P + V() - w)
1<0< al+|B|+|a|+| 8|
|1 4o | =]
1 |4-+|vo |=|8]
1]+ +[ o |=] &l
|1 |4+ Ve |=|B]

0
x [[ 0t 00 X2 (IN(L+ €2 + [ul?) + V(g) — w).

J=1

Since each term is bounded by a constant times

i i1+lv;
(AL + I€2 + [ul?) + V(g) —w)* TIN5

j=1
) ) 2205~ (g +1v; )
X (L+ AL+ [E]7 + ul*) + V(g) + [w]) 2
lal+18] —2-2]a|—(|a| +18])
< (Al (14 X+ € 4 ul?) + V(g) + |w]) 2 ,

thus for any w € I", we have

—2=2|a|=(la|+I8D
2 .

+5\(1+|>\|(1_|_|§|2+|u|2)+V(9)+|w|)

D005 ¢ XDy (€ ) ‘ <

Now
) XB(Z AMH
’ utg g =3 e ®M),N
_ lef+|8] _ =2=2|a|=(le|+]8D
= sup ATz (LA (L4EP+ ul?) + Vig) + w) F
(,u)ER™ X R™
la,|BISN
x |0£0208 ¢ . X g€ 0)| < Cag.
Thus 0 = o(g, \,w) = Op" (agrw) € 3, (H") by (4.3.5). O

Construct a symbol Ry(g, A, w) such that (H — w) o Op(Rn(g,\,w)) = Ir2mn) +
Op(Sn(g, A\, w)), where Sy € 53, (H") or equivalently (|\|(H+1)+V (g)—w)#a Ry (g, A, w)
= Ir2@ny + Sy (g, A\, w). By substltutmg the expansion Ry = R+ R_3+---+ R_y with
the property that R_,_, € S;fuj ‘(H") into the asymptotic expansion (4.3.9), we get

(A(H +1) +V(g) — w)#fun Bn(g, A, w)
= Y AYNH +1) +V(9) —w) XgRn(g.: A w) + Sy (g, A w)

o] <N

= _[LQ(Rn) + SN(g,)\,w).
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4.4. Symbolic calculus relative to (14 |NH + V(g) + |w|) on H" 67

Now solving for R_5_, recursively by comparing the order by order of the symbols so that

the sum equals to 1, we get
R_o(g,\w) = (IN(H + 1)+ V(g) —w)™ (4.4.1)
and

Ry i(g. \w) = (N(H + 1)+ V(g) — )™
x " N(AH D) +V(g) ~ w) XIR a9, \w)  (44.2)

[kl +151=¢
|k|<£

for w € I'. To understand the dependence on w, we express the symbol R_,_, differently

in the following proposition.
Proposition 4.4.2. Let w € I'. Then

R_y_¢(g, A\ w) = (\I(H + 1)+ V(g) —w)™
e Z R (g, N(A(H + 1)+ V(g) —w) ™™, (4.4.3)

[Sl<M<e

where [£] denotes the least integer grater than £ and Ry (g, \) € S;QL%J_K(H”) is a polyno-

mial in 7(X) and X7V, |al <.

Proof. We prove the proposition by induction on ¢. When ¢ = 0, the expression is trivial
from (4.4.1). Assume that the expression (4.4.3) holds for k£ < ¢ — 1. From (4.4.2), the
difference operator A contributes only some possible factors of 7(X) but no w. However,
the differential operator X, either acts on (|[A|[(H + I) + V(g9) — w)™ or Ry (after
substituting (4.4.3) for k < /—1in (4.4.2)) resulting the expressions as in (4.4.3). It is easy
to check that each term in the sum for R_5_; lies in 57_{21; *(H") after expanding by Leibniz
rule. Since (|\[(H+1)+V (g)—w) ™ Rear(g, \)(IMN(H+1)+V (g)—w) M € SQ?IU_K(H”), this
implies that Ry s € S%{U’e (H™). So Ry is a polynomial in 7(X) and X'V. The highest
power of ([\[(H +1)+V(g) —w)~" in the right comes out when we throw all derivatives
on factors of (|[A|[(H + I) + V(g) — w)~! and count this number which is essentially .

O]
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68 Chapter 4. Szego type limit theorems on the Heisenberg group

4.4.2 Approximation of symbols

Let f be a holomorphic function. Then by the holomorphic functional calculus for un-

bounded operators, all pseudo-differential approximations can be written in the following

way:
F04) = 5 [ Flw) (=)
21 Jp
and define the pseudo-differential operator fy(H) = 5= fF w)Op(Ry (g, A\, w)) dw with
symbol

Z Z <2m/f JIMH + 1)+ V(g) —w) ' Rear(g, A)

=0 [L)<m<e

x (IA|(H+ 1)+ V(g) —w)™ dw)

by formally computing the residue. However, the error term in the approximation of f(H)
is given by

L. fw)(H —w) ' Op(Sy(g, N, w)) dw. (4.4.4)

271 r

In particular, letting f(w) = (w + w)® for some fixed v > 0, the pseudo-differential
approximation to (H + u)® is Op(osn (g, A)), where

oon(g, A Z > <2m/ (w+w)*(|MN(H + 1) + V(9) — w) " Rem(g, \)

=0 [L
[L)<m<e

x ((AN(H+1)+V(g) —w)™ dw).

Let A be a linear operator on L?(H"). Observe that | Tr(A)| < ||(I + H)*Al|| Tr(I +
H)~5|. If ||(I +H)*AJ| is finite and (I +#H)~* is also a trace class operator then A is trace
class on L?(H"). From the above discussion, we can write (I +H)™2 = Op((1 + |\ H +
V(9))~2)+Op(Fs(g, A)). So (I+H)* is a trace class operator when (I +#)~2 is Hilbert-
Schmidt operator. That means, if Op((1+|X|H +V (g))"2) and Op(Fs (g, \)) are Hilbert-
Schmidt operators or equivalently (14 |A\|[H+V (g))~2, Fs(g,\) € L? (H" x R*, Sy, du(N)),

(I +H)~* is a trace class operator. By generalized Minkowski’s inequality, we have

(14 (A H + V(9)) ™2 || 2 xre 82.du(0)
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4.4. Symbolic calculus relative to (14 |NH + V(g) + |w|) on H" 69

1
2

_ (/ [ 1T (1 N +V(9) 5 dg du(A)>

_ // 2 dg dp(A)
: C%: </ / (1+ |A|(2Ia!A+n A dk>
O e e )

_ C; m </H T V(lg))s_n_l dg) ° ) (4.4.5)

Under the assumption V(g) ~ Vo|g|* as |g| — oo, the function W is integrable

D=

1
1+ A\ (2lal +n) +V(g))?2

if we choose (s —n — 1)k > 1. A similar argument gives F’s is also a Hilbert-Schmidt
operator for large N. Indeed (H—w)~! = Op(Rn)+(H—w) 'Op(Sn(g, A\, w)) is compact

and hence has discrete spectrum.

Proposition 4.4.3. Let u > 0 and m € N be sufficiently large such that (H + u)™™ is a

trace class operator on L*(H™). Then for such m, we have
(H+u)™™ = Op ((IN(H +1) + V(g) +u) ™) + Op(E(g, A, )
such that

| Te(H +u)™™ =T (Op (IA|(H + 1)+ V(g) +u)™™))| = |Tx(Op(E(g, X\, u)))
< Yy (u) |Tr (Op ((INH + 1)+ V(g) +u)™™))|

with ¥y (u) — 0 as u — oo.

Proof. From the discussions in the previous subsections, we write

(H4+u)™™ =Op ((\)\](H + 1)+ V(g) + u)*m) + Op(E(g, A\, u)), (4.4.6)
where
E(g,\,u)
-3 37 L 0 A + 1)+ V() = ) Rear(9,2)
/=1 %SMSZ
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70 Chapter 4. Szego type limit theorems on the Heisenberg group

x (IA[(H+ 1)+ V(g) —w)™ dw + 1 (w+u)""(H —w) 'Op(Sn(g, A\, w)) dw.

21 Jp

s

For large N, choose 0 < s < N such that (I + #) 2 is a trace class operator. Then

Op(Sn(g, A\, w)) is a trace class operator with

I Te(Op(Sw (g, A\, w))| < |Tr (I +H)"2(I +H)>Op(Sn(g, A, w)))
‘Tr( (I+H 7%)

H (I +H) Op(SN(g,)\ w))“ (4.4.7)
But from Theorem 4.3.13, we have

[(1 +H)20p(Sn (g, A w))

— |+ s+ |w|>-%<’ﬂ +ul)* Op(Sy(g, A w))|

)% Op(Sx(g, ) )|

)E(H + |w]) "%

N
2

:H (I+H)2(H + |w]) "2

< CH (I +H)2(H + |w]) "2 (H + |w

<O +H)2(H + |w])” HH’HH“" H
o (). (4.4.8)

Therefore, from (4.4.7) and (4.4.8), we obtain

Tr </(w +u)""™(H — w) " Op(Sn(g, A, w)) dw) ‘ <Cu'™™ =0 as u — oo.
r

Consequently this part of the error is negligible and the pseudo-differential part of E (g, A, u)
is a trace class operator because it has smooth rapidly decaying symbol. By Lemma 4.3.12,

each term of Tr(Op(E(g, A\, u)) is of the form

Tr {Op(le /F(w L) A + 1)+ V(9) = w0)  Renr(9, V)
x (I\N(H + 1)+ V(g) — w)_de)]
= [ [ ] (5 [+ 0 mau 1+ Vi) - )t dw ) Ruarla, )] da da
= Conar [ [ T (NG 1)+ V(g) + 0) ™ Raaa(9, ) dgdu(
— ™M / n / T (N 1)+ um V(g) )M Ryae(g, ) dgdu()

~ m,Mu—m—M+”+1+?+i/ / Tr ((IN(H + 1)+ [g]" + 1) MRy 01(g, u))) |A” dg dA,
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4.4. Symbolic calculus relative to (14 |NH + V(g) + |w|) on H" 71

~ 1 1 1 2 . _
where g = (urxy, urxg, -+, UxTop, uxt). Since Ry € S?L%) Z(H”),

2]W+é

| Rear (3, uX) CulAI(CH + 1)+ ulgl* + 1)

op

is uniformly bounded and so
| Te (Op (IN(H + 1) +V(g) +u)"™ M Rear(g,N)) |
I
um—i—M /n /*
X (|A|(H+1)+|g]" + 1)’mM> ‘M\”dg d\ (4.4.9)

M*
< Cy-m-Mntle 22 / / u|)\| 2k|+n+1)+ulg|"+1)
- n (JAI2[K] +n + 1) + |g|x + 1)m+M

Tr( ulA[(H + 1) 4 ulg|® + )77

A" dg dA

—me Moo 14 5 4 2= (N@Ik| +7+1) +]glF + 1),
= Z/"/ (1A 2|k|+n+1)+|g|”+1)m+M|)‘| dg dA

Sou—m+n+1+%+;—§ // A" _ dgd\
nJre (JA[(2E] +n+1) +|g|~ +1)™*2

SC«uﬂn+n+1+ +Z/ A" dA 4/ : dg _
* 4 JH" 2+

(IA|( 2|k|+n+1)+1) lg|® +1)

+£
4

< Oyt 225
=i Z (2|k:|—|—n—|—1)"+1

~ U_m+n+1+%+%_§- (4410)

Similarly, we have
ITr (Op ((A[(H + 1) + V(g) +u)™™)) | mu mtnti+ i, (4.4.11)

Thus applying trace in (4.4.6) and using (4.4.9), (4.4.11), we get

Tr(Op(E(g, A, u))) ’ Tr((H+w)™)
Tr (Op ((A(H +1) +V(g) +u)=™)) | | Tr (Op (AI(H +1) + V(g) +u)=™))

< Cy(u) — 0 as u — o0, (4.4.12)

where ¢ (u) = # + Zévzl u~3. Note that when ¢ = 0,M =0 and Ryp = 1, (4.4.9),
(4.4.11) has same decay. If £ > 1 then (4.4.12) also holds. O

Let w be the complex number varying over the curve I' (defined in Section 4.4). For

fixed (g,A) € H" x R*, the class S} | (R") defined as

w,g, )\(Rn)
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72 Chapter 4. Szego type limit theorems on the Heisenberg group

= {agn € CX(R x 1) : 10000 aya(w, )] < Cap(L+ AL +IEL +[af?) + V(g) + ) 7™ }
(4.4.13)

We obtain the following result as in Proposition 4.4.3.

Proposition 4.4.4. Let m > 0 be a sufficiently large such that (|\(H + 1)+ V(g)+u) "

is in trace class. Then for a fized (g, \) € H" x R*, we have
(INICH + 1) + V(g)+u) ™ = OpY (IAI(1+ €2+ o) + V(g) + ) ™" ) +Op" (Bya(w)),
where
T (INCH + 1)+ Vig) +w) ™ = Tr (0" (A0 + [P+ fel?) + V(g) +w) ™))
= | Te(Op" (Ega(u)))|
< () [T (0" (N1 + 182 + [22) + V() + ) ™))
with Ye(u) — 0 as u — oo.

Proof. The proof is based on the similar idea as in Proposition 4.4.3. For fixed (g, \) €
H" x R*, there exists m € N such that (|A\|(H 4+ I) + V(g)+u) " is a trace class operator
on L*(R™). We refer to page 72-75 of [109] for similar pseudo-differential approximation to
(M(H + 1)+ V(g) +u)” ™ on L?*(R™). However, we will only indicate some intermediate

steps. Now

(INICH + 1) + V(g) + u) ™" = Op™ (1AL + JEP? + |of%) + V(9) + u) ™) + Op™ (Eya(w),

(4.4.14)
where
a (s + 1 -
Bya(w) = o A(j;( Y Ty R )N+ 1€ + laf) + Vi) +u) ™
=1 [f1<m<e
b o o u) YV @) AH + 1) + V() — )™ d
T Jr

with S € SV (R™) and RY%) € S? 3 (R™). Let 0 < s < N and (I + [\|[(H + 1) +

w,g,A w,g,\

V(g))~2 is a trace class operator on L?(R"). Then imitating the similar calculations in

page 75 of [109], we have

i ([ w4000 (SN + 1)+ V(g) = ) dw)\ S 0as u oo,
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4.4. Symbolic calculus relative to (14 |NH + V(g) + |w|) on H" 73

and

= (0" (R%;N 2) (WO +1P + o) + V(g +0) ") )

/n / ) (A + € + o) + V(g) +u) ™ da dg’

L
e L
el ]
e f [

X (INI(E + J2?) +1) ™" de de

4
< Cu ™"z,

(W N+ €2+ |22) +u V(g + 1) do dg

g>\)
g)\)

uHAN(ER + [2)?) + 1) T da de

e —m—M
R ugg,m)‘ (M€l + ) +1) ™" dar dg

21\1 4

1+ AL+ uléf + ulzf) + V(g) + |w]) >

Note that if =1 and M =1, R%A)(:z:,g) =1. So for £ > 2, we have

Tr (0p" (RGP (€ @) (AL + 6P + o) + V(g) +w) ™) )| o,

Similarly, we have

T (0p" ((IN(L+ €+ Jo) + V(g) +w) ")) | mu.
Thus

Tr(OpY (E, A (w)))
Tr (opW ((m(l + €7 + [=1?) + V(g) + “)%))
B Tr (Op (IN|[(H + I) + V(g) +u)™))
Tr (opW <(|>\|(1 + &P+ 1z[*) + V(g) + “>7m>>

L%

< Po(u) — 0 as u — oo,

where ¢s(u) = —— + Sy uh O
Remark 4.4.5. Note that for sufficiently large m € N, the operator
A —m—M
Op (09" (REGD(&,2) (IN(L+ 1€ +[af?) + V(g) +w) "))

is a trace class operator on L*(H™), since from Proposition 4.4.4, we have

T (0p (00" (R (€ 2) (N +1€R + [2) + V(g) +0) ™))
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<[] [ (08" (RED.0) N+ 1R + 1) + Vi) +1) ")) dg du()

fo k.

x (ML + €]+ |22) + V(g) + 1) ™" da de dg du(\) < oo

L NP + o)+ Vo)™ da de dg duty

SC’/ // T dz d€ dg d
B2 JHn R 1+|A!1+\€!2+\$!)+V()+1)

(u=1-V(g)"
:0/ dxdgf / ¥ dudg
ren (14 ’§|2 + zf?)n 1 n J14+V (g u"s

dg < 00.

(M@ + €2 + [22) + V(g) + )55

IN

IN

)
1 1
_C da d
/Rzn T+ [EP + [Pyt & : m (14 V(g))™ 1

Similarly it can be shown that Op (OpW <(|)\|(1 + €+ |z*) + V(g) + u)_m>) is a trace

class operator on L*(H") for sufficiently large m € N.

We take the positive integer m such that m-th power of the operators discussed earlier

is a trace class operator.

4.5 Szego type limit theorems for H

In this section we aim to prove Szegé type limit theorems for H (defined on Subsection
4.2.2). Let A = Op(Op"(ay.,)) be a 0-th order self-adjoint pseudo-differential operator on
L*(H") relative to the operator 14|\ H+V (g) (defined in Subsection 4.3.4) and P, be the
orthogonal projection of L2(IH™) onto the space of eigenfunctions of H with eigenvalue < r.
For each r > 0, P, AP, is a finite rank symmetric operator with spectral measure defined

as the sum of Dirac delta functions at its eigen values. We show (in Theorem 4.5.4) that

Trf(PrAPy) Jor flag A(€,x)) dE da dg dpu(N)
Tr(Pr) Jor d€ dx dg dpu(X) )

where G™ = {(g,\,&,z) € H* x R* x R® x R™ : |[A|(1+ |£]2 + |2]?) + V(g) < r} and p(N)

converges to the weak limit

the sequence of measures

is the Plancherel measure on the Heisenberg group. In particular, if b is a bounded real
valued integrable function on H"™ then we obtain the following result with respect to the

operator of multiplication My:

Theorem 4.5.1. Consider the Schrodinger operator of the form H = —Ag + V on the
Heisenberg group H™. Let P, be the orthogonal projection of L?*(H™) onto the space of

eigenfunctions of H with eigenvalue < r. Let b be a bounded real valued integrable function
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on H" and My be the operator of multiplication by b on L*(H"™). Then for any f € C(R),
the space of all continuous function defined on R, we have

Trf (P MyP;)

i s = [ (b)) do

In order to prove Theorem 4.5.1, we need the following lemmas.

Lemma 4.5.2. Let My be the multiplication operator defined in Theorem 4.5.1, then
Trf(P-MyP;) = Tr(P,f(My)P;) for any f € C(R).

Proof. Notice that ||(I—P,) MyP,||g, = Tr(P.MyP,) = Tr(P, MEP,)—Tr(P, MyP,)?. Also
P, MEP, is an operators on L?(H") with kernel K;(g,g1) = Z (b%er,, er,)er, (9)er (91),

k1,ka<r

for any orthonormal basis {e;} of L*(H"). Therefore Tr(P,MEP,) = [y, Ki(g,9)dg =
erk, er). Further, Tr(P,MyP,)? = [... Ks(g,g)dg = b2€k, ex), where the opera-
H

k<r k<r

tor P, My P, MpP, is an integral operator with kernel

Kg(g, gl) = Z <b€k1 ) ek2><bek27 ek3>ek3 (g>ek1 (gl)'

k1 k2 ks <r
So Tr(P, MEP,) = Tr(P,MyP,)?. Therefore ||(I —P,)MyP, |5, = 0. Observe that for each
neN, P,MIP, = PoMyp(P, + (I — Pp)) M, - - - My P, = (P.MypP,)"+ terms with a factor
of (I —P,)MyP,. By Cauchy-Schwarz inequality, Tr(terms with a factor of (I — P,)My,)
is dominated by some constant (depending on b) times |[({ — P,)MypP;||s,.- Therefore
(Te(P, MEP,) — Te(P, My P,)"| = 0. Thus Tef (P, MyP,) = Te(P,f(My)P,) for f(z) = ™,
Vn € N, and this result can be extended to continuous functions as an application of the

Weierstrass approximation theorem and spectral theorem. O

Lemma 4.5.3. Forr > 0 define I, : L*(H") — L*(H") by

L@ = [ Tm@d)dn), g e

Then

— im Tv(P, 1. f(My)P. 1)
r—00 Tr(P,) =500 Tr(P, 1) ‘

(4.5.1)

Proof. We know that if X is a positive trace class operator and Y is a bounded operator

on L?(H") then | Tr(XY X)| < ||Vl Tr(X?). Using this inequality, we get

| Tv(P,) — Te(P.L)| = | Te(P(I — L))| < |II — L||| Te(P,)].
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But for ¢ € L?*(H"), an application of Plancherel formula gives

I = L)l = / [ 2, du(A) — 0 as 7 — oo.

[A|>r

Therefore,

’Tr(?’r]r)

V) < T = L) =0 . 45.2
T(P,) ’_H | - 0asr— o0 ( )

We add a suitable constant to make the operator My, positive and any f € C(R) can be
written as the difference of two positive functions namely the positive and the negative

part of f. So without loss of generality we take f(M,) as a positive operator. Further,
| Te(P,f (M) P,) = Te(Po I f (My) P, 1) |
= |Te(P, f(My)P:(I = L)) = Te(P.(I — L) f(Mp) Py 1,)|
< [Te(Prf (M) P — Ll + | Te(Prf (M) P, L)1 — L.

Therefore,
Tr(P, 1, f(Mp) Py 1) ‘ < ‘Tr(Prf(Mb)Prlr) >
1)< (1 [—1L] =0, (453
P 0Py S\ e rene) |) (459
as 7 — o0o. Combining (4.5.2) and (4.5.3), we get (4.5.1). O

Now we are in a position to prove Szego limit theorem for the multiplication operator

M.
Proof of theorem 4.5.1. The operator P,.I,. f(My)P,I, is an integral operator with kernel

K.(g,g1) = / Te(m3 (9) e £ (b{gn))ma(g0)) dpa(A).

Therefore

%

TP LR = [ Kolggdg=r [ duh) [ ole) da

and

T

Tr(Pody) = (161, 0i) = Y (i bi) = D / TR ) d() = 7 / dp(X),

i<r i<r i<r VT -r
for any orthonormal basis {¢;}°, of L?*(H"). Thus

: Tr(Prf(Mb)Pr) 1. Tr(Pr]rf(Mb)PrIr)
MRy AT TP

= | 1b(o))do.
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We can generalize Theorem 4.5.1 by taking a 0-th order self-adjoint pseudo-differential
operator on L?(H") relative to the operator 1 + |[A|H + V(g), where H is the Hermite
operator on L*(R™) and (g, \) € H" x R*, in place of the multiplication operator M, and

obtain the following Szego type limit theorem:

Theorem 4.5.4. Consider the Schrdodinger operator of the form H = —Ag + V on
the Heisenberg group H™. Let P, be the orthogonal projection of L*(H") onto the space
of eigenfunctions of H with eigenvalue < r; let A be a 0-th order self-adjoint pseudo-
differential operator relative to the operator 1+ |\ H+V (g) on L*(H") with symbol a(g, \),
where g € H", X\ € R*. Then for any f € C(R), we have

lim w - Jar [laga(§,2)) d€ dx dg dp())
rooo  Tr(P,) r—500 [ ¢ dzdg du()) :

(4.5.4)

(Assuming one limit exists)
where G" = {(g, A, §, z) € H" x R* x R" x R™: [A|(1+[¢]* + [2]*) + V(9) <7}, alg,A) =
OpW(a,y), and u(X) is the Plancherel measure on the Heisenberg group.

We prove Theorem 4.5.4 under certain assumptions on the symbol a(g,\) to ensure

the existence the RHS limit in Theorem 4.5.4 (see [109]). We assume

Elgn a(E) = a, (4.5.5)
where a(E) = ﬁ/@ ag (&, x)dé drdgdp(N) and S(E) = / d¢ dx dg du(X), with

E Gg
Gp={(g, N\ & x) € H" x R* x R" x R™ : [\|(1 + [¢|* + |z]*) + V(g) = E} and
V(g) ~ Volgl™ as |g] = o0 (4.5.6)
for real kK > 0 in the sense that V(g) = Vy|g|® + W (g), where W(g) = o(|g|").

Proposition 4.5.5. Let GF = {(g, A\, &, z) € H"XxR*xR"xR™ : |\|[(1+]|¢]2+]z]?)+V (g) <

2(n+1)

E}. Then volume of GF = v(E) ~ E"™" 7%~ as E — oo.

Proof. Using the homogeneous norm on H", we have

U(E):/ d¢ dx dg du(N)

- /n //RQ” <//\<<E‘V(9”+ A d)\) dS diw dg

o] 2 +[¢]2
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1 n+1
—een [ e=virta [ () s

:c,gE”“/n( —E7'V(g))"" dg

~ B [ (L= Bl W) dg

n 2(n+1) n+1
= C/ BT / (1= Volgl* = EZ'W(9)) " dg, (4.5.7)
where g = (E%xl,E%xg, . ,E%xgn,E%t) for g = (x1, 29+ , 29, t) € H". Since limpg_,

E~'W(g) = 0, the right hand side of the above integral converges to [y, (1 — V0|g|’*)7fr+1 dg

by dominated convergence theorem. O]

Lemma 4.5.6. Let ¢(r) = Te(P,) and (r) = Tr(P.AP,). Then under the assumption
(4.5.5) and (4.5.6), we have

. [ dedzdgdui
(u) = GP E+E
W= [ = [ B+ i)

and

/ (€, 3) d€ dadg dpu(N)
/ dE + Es(u),

(E + u)mtl

P(w) = /Ooo (r +u m+1

with |E;(u)| = 0 as u — oo, i =1,2.

Proof. The operator H has discrete spectrum of eigenvalues 0 < ¢; < ¢y---00. Let

{¥j}32, be the complete set of eigenfunctions on corresponding to the eigenvalues {c;}

on L*(H"). Then t)(r) = Tr(P,AP,) = > (Ath;, ;) and /(r) = Y (Ah;,4;)0(r — ¢;).

c;<r Jj=1
Now

V(u) = /000 oyt fgﬂ))mﬂ dr = m;@‘l%a ) /000 —fﬁi_ujiz dr

:m;@‘l%)%) (Cj+U)m

=m Tr (A(H+u)™™).
By Proposition 4.4.3, we obtain

U(u) = mTr(AH+u)™™)
— m Te (A Op(IAI(H + 1) + V(g) +u) ™) +m Tr (A Op(E(g, A, v)))
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4.5. Szegd type limit theorems for H 79

with |Tr (A Op(E(g, A\, u))) | < ||A]| |Tr (Op(E(g, A\, w)))] — 0 u — oo. Thus for large u,
using (4.3.7) and (4.2.3), we have
w(w)=m [ T (alg. V(A + 1)+ V() +u) ™) dgdu())

H™ xR*

=m Tr (a(g, N Oop™Y <(\)\|(1 + €2 + |z) + V(g) + u)7m>

H» xR*

— m/Hn N /Rn . agA(S,x)(W(l + €2 + |2) + V(g) +u)7m> d¢ dz dg dp(N) + E (u)

/C; ag)\ ga ) d{ dx dg d/u()\)
/ 5 e dE + Ex(u),

where Ey(u) = m Tr (a(g, \)Op" (Eya(w))) dg dp(X). From Remark 4.4.5, we
Hn™ xR*
conclude that |E;(u)] — 0 as u — oo by dominated convergence theorem. Similarly

taking A = I, we get ¢(r) = Tr(P,), and in this case, for large u, we have

d¢ dx dg dp(N)

ol

E 4 u)mtl

with |Fy(u)| — 0 as u — oo. O

In order to prove the Szegd limit theorem for the Schrédinger operator H, we need
to estimate the asymptotic growth of the measures Tr(P.AP,) and Tr(P,). We apply
Keldysh Tauberian Theorem (see Theorem 5.4 in Appendix) to compare the measures.

Before that, first we recall the definition of multiplicatively continuous of a function.

Definition 4.5.7. A function ¢ is said to be multiplicatively continuous at infinity if it

satisfies hrn olrr) = 1.
T~>1 gp( )

Corollary 4.5.8. Consider the self-adjoint operator P, and v(r) as given in Theorem
4.5.4 and Proposition 4.5.5, respectively. Let ¢p(r) = Tr(P,) and (r) = Tr(P,AP,), then

we have the following asymptotic:

2(n+1)
1. v(r) it as r — oo.

2. v 1s multiplicatively continuous.
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2(n+1)
8. Te(P,) = r™ ™75 asr — oo.

4. sup[Tr(Pygr,) — Tr(P,)] < Tr(P;)

u<r

2
(n—i—l—I—M)ﬁ—i—O(}) ],asr—>oo.
K r r

5. ¥ is multiplicatively continuous.

Proof. Clearly (1) directly follows from Proposition 4.5.5. Now

2(n+1)
wu(rr) L (rr)tT ey
lim = lim ~————=lim7 o=
T (0,9] T o0 — =k
T—1 U(T’) T—1 Tn+1+ K T

Therefore v is multiplicatively continuous function. We choose sufficiently large m such
that the operator (H + wl)~™ is a trace class operator. Therefore by Lemma 4.5.6 and
Theorem 8 of Grishin-Poedintseva [42], we get ¢(r)/v(r) — 1 as r — oco. This proves (3).

Using the asymptotic in (3), it is easy to check that

(oo 2m0) 0 o (1]

r
To prove (5), notice that if ¢ and y are two distribution functions satisfying lim SDE i

r—00 X T
then ¢ is multiplicatively continuous whenever y is. Therefore v is also a multiplicatively

SUp[Tr(Piry) — Te(P,)] < Ta(P,)

p<r

=1,

continuous function. O

Theorem 4.5.9. Under the assumption (4.5.5) and (4.5.6), we have

fin DGR Jar g2 (€, ) d€ dx dg dp(N)

r—oo Tr(P;) r—00 Jor d€ dx dg dpu(X)

Proof. The proof follows directly by Lemma 4.5.6, as all the requirements (by our as-
sumption (4.5.5) on the symbol a(g, A)) of Theorem 8 of Grishin-Poedintseva [42] are
satisfied. O

Corollary 4.5.10. Let P be a polynomial in R. Then

 Te(PP(A)P) . o Plaga(§ @) d§ dudg du(N)
ey A ¢ Jor dédxdg dp())

Proof. From the asymptotic expression of Theorem 4.3.18 along with Remark 4.3.11, we
see that the operator P(A) has symbol P(a(g, \))+E(g, \)+E_1(g, ), where E(g,\), E_1(g, \) €
Sy'(H™) (the term associated with [a] = 1is E(g, A) and E_;(g, A) is the remaining terms
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4.5. Szegd type limit theorems for H 81

with [a] > 1 in the asymptotic expansion). The proof will be complete if we can show

that

S Ega(&, ) d€ dw dg dp(N)
Jim [, dededgdp(y) % (4.5.8)

where E(g,\)+ FE_1(g,\) = OpW(Eg,)\(f, x)). Now proceeding as in Proposition 4.5.5, we
get

| 1Boal€ @)l d do dg du()

= C/n //Rzn </|A|< (r=V(9)y (L4 X+ €17 + |=]?) + V(Q))HM”(M) dé dx dg

1+|z|2+¢]2

S C/n //R2n </|>\|§(TV(9))+ |)\| 2 d)\> dfd%dg

e TX
142 +]€]2

- ¥ n+% 1 nJr%
—C/n(r V(g))+ dg//RQn (1—#‘:1:\2—1— 15‘2) dg dz

—crmtd [ (1= W) dg

1, 2(n+1)

~r"tEtT (see (4.5.7)).

2(n+1)

On the other hand, from Corollary 4.5.8, we have Tr(P,) ~ r"™'*7% . Thus we get
(4.5.8). O

Lemma 4.5.11. Let H, A be the operators defined in Theorem 4.5.4. Then
(a) VH = Hi+C, where Hy = Op(H% (g,\)) and C' is a bounded operator on L*(H"),
(b) the operator [V/H, A is bounded on L*(H"),
(c¢) under the assumptions of Theorem 4.5.4, we have

Tf(PAP)  Te(Pof(A)P,)

Tr(PT) Tr(PT) — 0 asr — 0.

Proof. (a) Let f(w) = w?. Proceeding as in Subsection 4.4.2, we get vVH = Hi+ I,
where H1 = Op(Hi(g,))) with Hi(g,A) € Sy(H") and F is defined in (4.4.4) with
Sy € Sifi(H”). We choose N > 0 such that the integral (4.4.4) converges in the norm on
B(L*(R™)). Denoting C' = F1, we have VH = H,1 + C as desired.

(b) From part (a), we have vH = Hi + C. Since C'is bounded, [VH, A] is bounded
if [, A] is bounded on L*(H"). Now using the composition formula (4.3.9) of Theorem
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4.3.18, there exist two symbols R;(g,\), Ra(g, \) € SY(H") such that

(M1, Al =H1 A =AM,
=Op (H% (9, \)#uralg, A)) —Op (a(g, N #anHi(g, A))
—Op ( Hi (g, Nalg. \) + A®H, (g, ) Xga(g, ) + Ri(g, A))

~ 0p (alg. N H,
= Op (OP™ (g \(& w)#Hy 4 (€ u) = Hy 2 (€ 0)Hag (€ 0)

+ Op (A“H% (9, ) Xga(g, \) — A%(g, \) X Hy(g, A)) +Op (Ri(g,A) — Ra(g, 7))
= Op (Op" (Fy (&) + Fy (€, w))) + Op (Ri(g, ) — Ra(g, V)

+Op (AQH% (9.3) Xga(g, \) = Aa(g, )X, Hi (g, )\)) , (4.5.9)

(9, A) + A%alg, ) X3 H1(g, A) + Ra(g, A))

1
2

where [o] = 1 and F,,(§ u), FA(§,u) € S°(R") (the term associated with j = 1 is
Fgly)\ and Fg%)\ is the remaining terms with j > 1 in the asymptotic expansion (4.2.2)).
Therefore Op" (F, (&, u) + F2\(§,u)) € S3,(H"). Since each symbol in the last equality
of the expression (4.5.9) belongs to the SY (H") class, by Theorem 4.3.13, the operator
['H%, A] is bounded on L?(H").

(c) Since A is bounded self-adjoint, the spectrum of A, o(A), is a compact subset
of R. Since any continuous function can be approximated in the supremum norm by
smooth functions, it is enough to assume that f € C?(c(A)). By Theorem 1.6 of Laptev-
Safarov [63], by setting A = vH,B = A,x = 0,1 = f, and Py = P,2, we get

| Tr (P2 f(A)Pr2 — P2 f(Pr2APy2)P2)|

1 w2
< || " 2 2 2A|IP+ — 2 2).
< G Tl 0%) (1P AP + 5 P[4 VAL

Dividing both sides by Tr(P,2) and setting r; = r**, a € (0,1), we get
|Tr(Pr2f(A)Pr2 - Pﬂf(PﬂA,Pﬂ),Pﬂﬂ N7~20¢ (7“)

< ~ e,
Tr(P,2) SChpa T
Thus
| Te (P, f(A)P, — Prf(P.AP,)P,)| Nya(r) a1
< ~
TP, _OTr(PT) r — 0 asr — oo,
by part (3) and part (4) of Corollary 4.5.8, where N, (r) = sup (Tr(P,4r, — Pp))- O
u<r
Proof of theorem /.5.4. The proof of Theorem 4.5.4 follows from Corollary 4.5.10 and
part (c¢) of Lemma 4.5.11. O

TH-2994 166123103



4.6. Szego type limit theorem for Hy 83

We show that the right hand limit in (4.5.4) remains unaltered under a perturbation of
the Schrodinger operator by a bounded self-adjoint operator B on L2(H"). So we establish
Szegd type limit theorem for the operator Hy = B + M on L2(H™).

4.6 Szego type limit theorem for

tB

Note that the operator e~#B+H) = ¢=tBe—tH ig o compact operator as e 2 is a bounded

operator for any ¢t > 0 (see Theorem 2 of [88]). So H; has discrete spectrum. Since the

operators e~*1 and e~t"

are compact for ¢ > 0, we choose a suitable m € N such that
(H1+rI)™™ and (H +rI)~™ are trace class operators on L?(H") for > 0. Then we have

the following Szego type limit theorem for H;.

Theorem 4.6.1. Consider the operator Hy = B + H on the Heisenberg group H", where
B is a bounded self-adjoint operator on H" such that Hi has purely discrete spectrum
and the eigenfunctions of Hy form a complete orthogonal basis for L>(H"). Let P, be the
orthogonal projection of L*(H™) onto the space of eigenfunctions of Hy with eigenvalue
<r; let A be a 0-th order self-adjoint pseudo-differential operator relative to the operator
1+ |AH + V(g) on L*(H") with symbol a(g, ), where g € H", X € R*. Then for any
f € C(R), we have

lim w ¥ Jor Flaga(§, x)) d€ dz dg dp(N)
T—r00 TI‘(P;) d 7—00 fGT dé‘ dx dg dﬂ()\) 5

(Assuming one limit exists)

where G" = {(g, A, &, x) € H" x R* x R" x R" : [A|(1 + [§* + [2[*) + V(¢9) <7}, a(g,A) =

OpY(a,y), and u(X) is the Plancherel measure on the Heisenberg group.
We observe the following facts before proving Theorem 4.6.1.

Lemma 4.6.2. Consider the self-adjoint operators H and H; as defined in Theorem 4.6.1.
Then
(a)

TI'((Hl + T’I)_m)
Te((H +rl)—™)

(b) If B is any bounded operator on L?*(H"), then

Te(B(Hy +rl)™™)
Te(B(H +rl)™™)

—1‘—>Oasr—>oo.

— 1| = 0asr— oo.
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Proof. Without loss of generality we prove the result for the positive operator B by adding
a suitable constant ¢ > 0 which makes the operator B + ¢l positive.

(a) Since B and (H +rI)~! are bounded and positive operators, we have

My +rD) = (H+rD2(H+rD) 2(B)(H+r])"2 + 1)(H +rl)2. (4.6.1)
Therefore
(Hi+rD)™=H+rD) ™+ H+rD)2(1+K) ™= 1)(H+r)"2,  (46.2)

where K, = (7—[—1—7"[)*%3(7-[—1—7“[)’%. Here K, is a positive operator and ||(I+K,)7!| <1,

for any r > 0. Thus

| Tr (Ha+rD)™™) = Te(H+rD) ™) = | Te (H+rD) 2 (1+ K,) ™ —1)(H+rl)"7)|
< Tr ((7—[ + rI)‘m) H((l + K,)™™ — 1)”
< Kl e (01

< m||B||||(H + 1)~ T ((H +r)™™).

Therefore,

Tl"((,Hl + T’I)_m)
Te((H +rl)=™)

(b) Using the relation (4.6.2), we have

— 1| <m||B||||(H+rD)7!|| = 0asr — oo.

| Tr (B(Hy +71)™) — Te(B(H +rI)™™)|
=|Tr (B(H+rD) 2 (L+K,) ™= 1)(H+rl)?)]
= |Tr ((H+rl) %B(wa) 2((1+K,) ™ 1)
= |Tr(W,(1+ K,)"™—1))]

= \ Tr (WE((l + K.)™" — 1)W5)\
m||B||||(H + rI)7H| T (B(H +rI)~™),

where W, = (H +71)"2 B(H +rI)~% is a positive and trace class operator on L?(H").
Therefore,

Tr(B(Hy +rI)™™)
To(B(H + r1)~™)

— 1 <m|B||||(H +r)7!|| = 0 as r — oo.
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Lemma 4.6.3. Let H and Hy defined as in Theorem 4.6.1 and B is a bounded operator
on L*(H"), then for r > 0, we have

oy DB +rD™) | Te(BH A )™
rose To((Hy + D)™)o Te((H 4 rD)™)

The above equality valid in the sense that if one of limits exist then the other also does

and the limits are the same.

Proof. For each r > 0, we have

(Tr(B(’Hl—i-rI)m)) (Tr(B(HH—rI)m))
Te(B(H+rD)—™) Te((FHa+rD)—™)
_ . (4.6.3)
(Tr((?-h—i—rl)'")) (Tr((B(H—‘rrI)—m))
Tr(H+rI)—™) Tr((H+rI)—™)

Since the left hand side of (4.6.3) has limit 1 (by part (b) of Lemma 4.6.2), the right hand

side limit in (4.6.3) exists and equal to 1. Therefore, if the numerator or the denominator
in the fraction in the right hand side has a limit in (4.6.3), then the other also has a limit

Te(B(Hy+rl)™™) .. Te(B(H+rI)™™)
h h Theref li =1 :
and they both agree. Therefore, , m T ((Hy £ 1)) Lim To((H + 1)) O

Proof of theorem 4.6.1. Without loss of generality add a suitable constant to make the
function f positive. Then f(A) is a positive operator. Setting ¢# (1) = Tr(P,), ¢, (r) =

Tr(P,), d3.5(r) = Te(P, f(A)P,), and ¢y, ;(r) = Tr(P, f(A)P.), we have

fooo 1y, r(w) du

] Tr(’P;f(A)P;) 5 (142)ym+T
TIEEO Te(P!) = Tlggo o
' 0 (1+%)ymF1 du
. fOOO (l(zfuf)m-ﬂ du
= lim — )
r—00 0 (1+—m+ldu
_ iy D f(A)P)
T—00 TI‘(P )
_ oy dor f(a9 (€ 7)) d€ dx dg dp ()
i [ dédzdgdu()) =

(Assuming one limit exists)

where G" = {(g,\,&,7) € H* x R* x R* x R™ : |\|(1 + [£]*> + |z]?) + V(g) < r} and
a(g,\) = Op"(a,). We use Lemma 4.6.3 for the middle equality and Theorem 4.7.3
(see Appendix) for the extreme left equalities. The extreme right equality follows from

Lemma 4.5.11. OJ
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In the next corollary, we show that all the Szego type limit theorems are valid under

a compact perturbation of the pseudo-differential operator A.

Corollary 4.6.4. Theorems 4.5.1, 4.5.4 and 4.6.1 also hold under the compact perturba-

tion of the pseudo-differential operator A.

Proof. To prove the above result, it is enough to show that

lim Tr(P,A"P,) lim Tr(P-(A+ K)"P,)
r—00 Tr(’PT) oo Tr('PT)

for any compact operator K on L?*(H"). Notice that (A + K)" = A"+ terms with factor
APK™ P or KPA™ P where p € {1,2,--- ,n}. Since the class of compact operators form a

two sided ideal of the class of bounded operators, we can write (A+K)" = A"+ a compact

p TR TP,
operator. We are done if we can prove that for a compact operator 7', lim ¥ =

r—00 Tr(’PT)
Since T is a compact operator, for given € > 0 there exist a finite rank operator T}, such

that ||Tx — T'|| — 0 as k — oo. Thus

Te(P.TP,) — Tr(P. 1T P;)
Tr(P,)

<|IT'—Tk|]| — 0ask— oc.

Te(P,TP,) — Tr(P. T}, P,) €

Therefore for given e > 0, there exist Ny € N such that ‘ TP, < 3

Tr(Py Ty Pr) . . .
for £ > Ny. Further, TP:’) — 0 as r — o0, i.e., for given € > 0, there exists N; € N
such that W < %, for all » > N;. Thus

Te(P.TP,) Te (P, Tn, Pr)

T —Tn| <
Te(P,) TP, | I Tl <

for all » > Nj. This completes the proof of the theorem. O]

In the next result, we provide an alternative proof of the error estimate for x € (0, 1)
without using pseudo-differential symbolic calculus, but by proving the boundedness of

the operators [A, V] and [A, Ly] on L?(H").

Remark 4.6.5. The proof of part (c) of Lemma 4.5.11 can also be achieved for k € (0,1)
by proving the boundedness of the operators [A, V] and [A, Ly] on L*(H"). Now for any
h € L*(H"), we have

[A, V]h(g) = (AV =V A)h(g) = [ Ks(g,91)h(g1) dgi,

H"™
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4.6. Szego type limit theorem for Hy 87

where

K3(g,01) = (V(g1) = V(9)) /R Tr(ma(g) alg, \)mx(g1)) dp(N). (4.6.4)

We note that (see Corollary 5.2.25 of [34])
a(g. A) = ky(V)
kg(g1)m3(91)dgn

B / By(gn)(J = TN (1 X21) Vx5 (91)dgy

(CD)N @+ RN / (I = T2)™ by (g2)73 (90 dgn

n

—

(DY@ + XDV — T2)Wkg)(A)

DN+ XD Y 7 () alg, N). (4.6.5)
B<2N

Then, using the identity (4.6.5), we have

Te(ma(g) alg, N)mx(91))| = [Tr (magr 'g) alg, V) |

Tr (Wx(gf Lg) (mad — La) + V(gr'9)) " (ma(I — Lu) + V(g 9))

4N

X (L+ X0~ 3" 7(T) alg, A))'

B<AN

Te(m(1 = L) + V(g 9) ™| || (mall = ) + V(g 9)) ™ (14 03) =

> (1) alg. \)

B<AN

Tr(7r)\(] — Lu) + V(gflg))

<

op

X

op

—4N

<C

. (4.6.6)
where the second and the third terms are bounded by Theorem 4.3.13. Now

Tr (1+ NH+V(gr'g)™ = Y {1+ NH+ V(g 'g) N, 00)

o

1
— 2 (14 N 2la] +n) + V(gl_lg))4N’

and consequently

[ Tl(mala) alg i (a0)) ()
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oo /\n
<C dA
- 2/0 (1+A@2lal +n) + V(g 'g)™

00 1 —1 n
:Cz;/ (u—1-V(g; g)) Ju
- (2|a] 4+ n)n+t 1+V(g19~1) ut™
1

e e
Thus from (4.6.4), (4.6.6), and (4.6.7), we get

|(V(g) = V(g)|
(1+V(gy'g))N—n-t’

(4.6.7)

|K5(g,91)] <

For large |g| and |g1|, using the triangle inequality for the homogeneous norm (see page

113 of [34]) and the fact that k € (0,1), we have

2

Ks3(g,91)h(g1) dg1| dg

A vingg <
Hn
“91|]c - |9|k’h(91)

: CN/” (/H (1+ [g7g|"yN-n-1
<o [, (L.

<o (e
<o (.

1
where K(g) = Al —e Since for a sufficiently large N € N, K € L'(H"), an

application of Minkowski’s inequality gives ||[A, V]h|la < C||K|1||h2-

n

2
dgl) dg
2
dgl) dg
2
d91> dg

2
@Q(m=MM*K@

|lg1| = lgl]2(g1)
(14 g g|")yn -

|91 9|h(g1)
(14 ]g;g|")yn -
h(g1)
(14 |gitg|")1n—n—2

If|g| and |g:| are lying in some compact set K C R, then [, UK K3(g,91)h(g1) dgl|2 dg <
Cxllhll2- If |g| (or |g1|) lies in K and |g1| (or |g|) is large, an application of Cauchy-
Schwarz inequality gives ||[A, V1hll2 < ||kl [i [, 1K3(g, 91)[* dg1 dg < Cic|[R]|2.

Now for any k € (0,1), clearly the operator [V, A] is bounded. The boundedness of the
operator [Ly, A] will imply boundedness of the operator [H, A] on L*(H") as [T?, A] = 0.
Using the identity (4.6.5), we get

ALyh(g) = /

[ T (mi(9)alg, N Eah(Y)) (N
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- / T (wmg)a X072 3 x(T)alg,\) mmm) ey

B<AN

- / Tr( (w3 (9L — Lag) + V(9)) ™V (malL = La) + V(9))™ (14 N21) >

< 3 OVAH (ma(I = L)+ V(9))™ 1)du<x>.

B<AN

Arguing as in (4.6.6) and (4.6.7), we obtain

|ALzh(g)] < /

R*

< [ e ((mald = £+ V™) Il duh)

< ([ e (tmtr = 2= vy )| ) ([ 1ot )

<O+ V(g) ™ 2

T (ma1 = L) + V) ™) 15N lop dia(2)

For sufficiently large N, an application of Cauchy-Schwarz inequality gives ||ALghlls <

My||hls. Further,
Ly Ah(g)
= [ (m3(0) AR ) di()
= [ 1 (@ ARNNT) du)
= [ [ Ao e (mi@mlan ) ) o

/ /n </ ™ (gr)a (glvAl)Tl(Aﬁ) dﬂ(M)) Tr(ﬂi(g)w(glﬂMH) dp(\) dgy.

Proceeding as in (4.6.7), we get

J.

Moreover, a similar way as in (4.6.7), we obtain

8N+4n+41

Tr (73, (91)algn, MR ) | da(h) < Cllhlla(1 + V(g1) ™

8N+n+1

[ @m N (1 + Vi) ™5 du(3) doy

8N+n+1

< [ eV [ TN m@)] i)
< [m ((1+A2>—4N > 7r<T>6|A\H> ey

B<8N
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90 Chapter 4. Szego type limit theorems on the Heisenberg group

< CO(1+V(g) N+

Therefore ||[A, Lu|h||2 < M|h||s and so the operator [A, H] is bounded on L*(H").
Now setting A = H,B =A,x = 0,v = f, and Py, = 7, in Theorem 1.6 of Laptev-
Safarov [63], we get

ITe(P,J(A)P, — P, S (P.AP,)P,)|
1 2
< S e Mo ) (Il AN + 5l [ A4, 2 12).

Dividing both sides by Tr(P,) and setting r = r*, « € (0,1), the boundness of A, [A, H]
together with (4) of Corollary 4.5.8 implies that

| Tr(P, f(A)P, — P f(P-AP,)Py)| Nya(r)
(P, SCTI(PT)%O as r — 0o,
where N, (r) = sup (Tr(m, — m,—,)).
u<r

4.7 Appendix

We collect few definitions and theorems of Grishin-Poedintseva [42], that we use in this

chapter for the reader’s convenience.
Definition 4.7.1. Let ¢ be a positive function on the half line [0, 00). Let
S ={a:3IM, R with ¢(tr) < Mt“¢(r), for all t > 1,r > R}

and

G = {B:3M, R with ¢(tr) > Mt°¢(r), for all t > 1,7 > R}.

Then the numbers a(¢p) = infS and B(¢p) := supG are called the upper and lower
Matushevskaya index of ¢, respectively.

Theorem 4.7.2 ( [42], Theorem 2). Let m > —1. Assume that ¢ is positive measurable

function on [0,00) that does not vanish identically in any neighborhood of infinity. Let
* t

O(r) = / (1:0—(%(# be finite. Then the functions ¢ and ® have same growth at
0

infinity if and only if B(¢) > —1 and a(p) < m.

Theorem 4.7.3 ( [42], Theorem 8). Let ¢ and v be positive functions on [0, 00) satisfying

the following conditions:
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1. the functions @ and v do not vanish identically in any neighborhood of infinity;
2. the function p is multiplicatively continuous at infinity and B(p) > —1;

3. the function v is increasing;

4. at least one of the inequalities () < m and a(y) < m holds, where m > —1;

5. the functions

@(r):/ooo (Spﬂdu o qf(r):/om(qpﬂdu

1+ u)mt! 1+ u)mtt
v
are finite, and if lim (r) =1, then lim ¥(r) =
r—00 <I)(7‘) r—00 (p(r)
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CHAPTER b

Schatten class and nuclear pseudo-differential operators on

homogeneous spaces of compact groups

5.1 Introduction

Let G be a compact (Hausdorff) group and H be a closed subgroup of G. In this chapter,
we present symbolic criteria for pseudo-differential operators on the compact homogeneous
space G/H characterizing the Schatten-von Neumann classes S,.(L*(G/H)) for all 0 < r <
o0o. We provide a symbolic characterization for r-nuclear, 0 < r < 1, pseudo-differential
operators on LP(G/H) with applications to adjoint, product, and trace formulae. The
criteria here are given in terms of matrix-valued symbols defined on noncommutative
analogue of phase space G/ H x CT/T—I . Finally, we present an application of aforementioned

results in the context of heat kernel.

5.2 Fourier analysis and the global quantization on
homogeneous spaces of compact groups

We begin this section by recalling some basic and important concepts of harmonic analysis

on homogeneous spaces of compact (Hausdorff) groups from [38], which is almost similar

93
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to the theory given in [1] and [105] (see also [23,29,78] for homogeneous spaces of compact
Lie groups).

Throughout the chapter, we assume that G is a compact (Hausdorff) group with the
normalized Haar measure dz and H is a closed subgroup of G with the probability Haar
measure dh. The left coset space G/H can be seen as a homogeneous space with respect
to the action of G on G/H given by left multiplication. Let C(2) denote the space of all

continuous functions on a compact Hausdorff space 2. Define Ty : C(G) — C(G/H) by
Ty(f)(xH) = / f(zh)dh, zH € G/H.
H

Then Ty is onto. The homogeneous space G/H has a unique normalized G-invariant

positive Radon measure p such that the Weil formula

| Tuetdutet) = | j(o)do
G/H G

holds. The map Ty can be extended to L*(G/H, ) and is a partial isometry on L*(G/H)
with <TH(f)7TH<9)>L2(G/H,H) = {f, 9>L2(G)7 for all f,g € L*(G).

Let (7, H,) be a continuous unitary representation of a compact group G on a Hilbert
space H,. It is well-known that any irreducible representation (7, #,) of G is finite di-

mensional with the dimension d, (say). Consider an operator-valued integral

TTi= /Hﬂ(h) dh

defined in the weak sense, i.e., (Tfu,v) = [, (m(h)u,v) dh, for all u,v € H,. Note that T}
is a bounded linear operator on H, with norm bounded by one. Further, 77 is a partial

isometric orthogonal projection and is an identity operator if and only if 7w(h) = I for all

h € H (see [38]).

Definition 5.2.1. Let H be a closed subgroup of a compact group G. Then the dual CT/?J
of G/H is a subset of@ given by

G//?I::{weészﬁéO}:{Weészw(h)dhséO}.

We note that the set Cj/?l is the set of all type 1 representations of G with respect to
H which was denoted by Gy in [78,105].
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5.2. Fourier analysis and the global quantization on homogeneous spaces of compact groups 95

Let m € CT/?I . Then the functions ng : G/H — C defined by
wll(xH) = (n(2)T}C.€),  «H € G/H,

for &, ¢ € H,, are called H-matrix elements of (7, H,). If {e1,ea,..., €4, } is an orthonor-
mal basis for H, then we denote (m(z)Tfe; e;) by nfi(xzH). Using the orthogonality

relation of matrix coefficients of G and the fact that Ty (7c¢) = ng, we have
1

H H -
<7ri,j7 5k,l>L2(G/H”u) 5 aéﬂ'gézké‘yl

Let p € LY(G/H,u) and 7 € CT/?I Then the group Fourier transform F¢,/n(¢) of ¢
at 7w defined by

Foyn(e)(m) = olr) = /G P ) dpa) (5.2.1)

is a bounded linear operator on the Hilbert space H,, where for tH € G/H the notation

I, (xH) stands for a bounded linear operator on #, satisfying

(¢ Tr(zH)E) = (¢, (@) THE)
for all (,¢& € H,. Note that, from the notation of T';(zH), the H-matrix coefficients

m/(xH) are same as [r(zH);;. Moreover, if ¢ € L*(G/H), ¢(r) is a Hilbert-Schmidt

operator on H, and satisfies the following Plancherel formula as stated in next theorem.

Theorem 5.2.2. For p € L*(G/H, i), we have
Y dalle@lz, = lelie oy
[neG/H

where ||.||s, stands for the Hilbert-Schmidt norm on the space of all Hilbert-Schmidt op-

erators on H,.

Theorem 5.2.3. For p € L*(G/H, 1), the following Fourier inversion formula holds
o(xH) = Z d, Tr[p(m)m(x)Th],  for w— a.e. zH € G/H. (5.2.2)
[x]eG/H

We would like to record the following lemma whose proof is similar to [26, Lemma 2.5]

by using the fact that the operator 77 is norm bounded by one.
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Lemma 5.2.4. Let G/H be a compact homogeneous space with the normalized measure
i oand let m € 5/7—! Then, for all 1 <1, j <d,, we have
d.?, if 2<q<oo,

ITx(ijllLaerm < ¢
d=2, if 1<q<2,

with the convention that for ¢ = oo we have dr * = 1.

Given a continuous linear operator T': C(G/H) — C(G/H), its matriz-valued global
symbol op(zH, ) € Ci=*% is defined by

Tror(zH, 1) = m(z)*(IT,)(zH), (zH,7) e G/H x G/H. (5.2.3)

where TT, stands for the action of 7" on the matrix components of I';(zH). Setting

(TT(zH))mn = (T'(T's,,.,.))(xH), we have

(Thor(zH, Z Toem () (TT (0 H )

where 1 < m,n <d,.
Assume that op is a matrix-valued global symbol for the continuous linear operator
T:C(G/H) - C(G/H) as above. Then we can recover the operator 7' by using the

Fourier inversion formula as follows:

Tf(xH)=T Z dx Tx(m ()T f (7))

[W]EG/H
> d Te(TT.(zH) f(m)).
[r]eG/H

Using (5.2.3) and the relation 7(z)TF = I'x(xH), we get

Z dr Te(Tr(xH)op(zH, ) f (1)) (5.2.4)

[n]eG/H
forall f € C(G/H), p-a.e. *H € G/H, and the sum is independent of the representation
from each equivalence class [r] € 5/7—! . We will also write T = Op(or) for the operator T’
given by the formula (5.2.4). The operator T' = Op(or) will be called pseudo-differential
operator corresponding to matrix-valued symbol op. For more details and consistent de-
velopment of this quantization on compact Lie group and the corresponding symbolic

calculus, we refer to [85] and [86].
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Remark 5.2.5. Let H be a closed normal subgroup of the compact group G and p be
the normalized G-invariant measure over the left quotient group G/H associated to the
Weil formula. Then p is a Haar measure on the compact (quotient) group G/H and
CT/?{ — HY = {n € G:x(h) =1 forall h € H}. Moreover, the Fourier trans-
form (5.2.1), inverse Fourier transform (5.2.2), and pseudo-differential operator defined
by (5.2.4) coincide with the classical Fourier transform, inverse Fourier transform, and

pseudo-differential operator on the compact group G/H, respectively.

5.3 r-Schatten-von Neumann class of pseudo-differential

operators on L*(G/H)

This section is devoted to the study of r-Schatten-von Neumann class of pseudo-differential
operators on the Hilbert space L?(G/H). We begin this section with the definition of
L*(G/H x CT/I\'-I) space.
Let L*(G/H x CT/?I ) denotes the space of all matrix-valued functions o4 on G/H x
CT/?{ such that
1

sl = | |30 deloaeH TSI, du(eH) | < oo
[€leG/H

The following theorem gives a characterization of Hilbert-Schmidt pseudo-differential op-
erators on GG/H. We remark here that the following theorem is already proved by Kumar
in [60] using a different method.

Theorem 5.3.1. Let T : L*(G/H) — L*(G/H) be a continuous linear operator with
matriz-valued symbol o on G/H X CT/?I Then T is a Hilbert-Schmidt operator if and
only if or € L*(G/H x C?/?I) Moreover, we have

(Ey P T —
Proof. For all f € L*(G/H), we have

Tf(xH)= Y deTr(Te(aH)or(zH,)f(€))

[€leG/H
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=i > deTe(Ue(wH)or(eH,Te(wH)") f(wH) du(wH)
l€]eG/H

= K(xH,wH)f(wH) du(wH),
G/H

where the kernel K (zH,wH) is given by

K(zH,wH) Z de Te(Te(xH)op(zH, )Te(wH)*), x=H,wH € G/H.

[€leG/H
Then
1T, = [ VK GH. P duCo) duty )
G/H JG/H
:/ / |K(oH,zz " H)|> du(xH) dp(zH).
G/H JG/H
Note that

K(zH,zz'H) = Z de Tt (Te(zH)or(zH, §)Te(x2"H)*)

[EleG/H

Z dgTr< (zH)or(zH, f)T5>

€ eG/H

= (F'7(zH,")) (zH),
where 7(zH, €) = op(xH, €)TY. Therefore, using Plancherel’s formula, we have
1T, = [ [ o 1) Pt ) duaH)
G/H Ja/H
= [ AF et ) Pl due1)
G/H JG/H

_ / ST dellr(@H, €)|13, du(zH)

G/H “—
[€leG/H

= [ % delorH TS, duto)
[eleG/H

= ||O-T||L2(G/H><CT/?I)'
[

The following lemma is a consequence of the definition of r-Schatten-von Neumann

class (see [28]).
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Lemma 5.3.2. Let A : H — H be a compact linear operator. Let 0 < r;t < oo. Then
A € S.(H) if and only if |A| € Sy(H). Moreover, ||Al5 = |||A|7 ||k,

The corollary below is the main result of this section which present a characterization
of a pseudo-differential operator on L?*(G/H) to be in r-Schatten-von Neumann class of

operators. The proof follows from Lemma 5.3.2 with ¢ = 2 and Theorem 5.3.1.

Corollary 5.3.3. Let T : L*(G/H) — L*(G/H) be a continuous linear operator with
matriz-valued symbol o on G/H X 5/?] Then T € S, (L*(G/H)) if and only if

| oy H TS, duGe) < .
M e

5.4 Characterizations and traces of r-nuclear, 0 < r <

1, pseudo-differential operators on LP(G/H)

This section is devoted to the study of r-nuclear operators on Banach spaces LP(G/H).
Here we present a symbolic characterization of r-nuclear operators and give a formula for
the nuclear trace of such operators. We begin this section by recalling the basic notions
of nuclear operators on Banach spaces.

Let 0 < r <1 and T be a bounded linear operator from a complex Banach space X
into another complex Banach space Y such that there exist sequences {z] } | in the dual

space X' of X and {y,},—, in Y such that Y ||z} || [|ynl]y < oo and

To= 3 a7 € X.
n=1

Then we call T : X — Y a r-nuclear operator and if X =Y/ then its nuclear trace Tr(T)

is given by
Te(T) = Y ), (yn) -
n=1

The definition of r-nuclear operators is independent of the choices of the sequences {2}, }~
and {y, }.—, . An l-nuclear operators will be simply called a nuclear operator. The follow-

ing theorem is a characterization of r-nuclear operators on o-finite measure spaces [25].
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Theorem 5.4.1. Let 0 < r < 1. Let (Xy,p1) and (Xa, pe) be two o-finite measure
spaces. Then a bounded linear operator T : LP* (X1, uy) — LP?* (Xo, o), 1 < py,p2 < 00,
is r-nuclear if and only if there exist sequences {g,},—, in LA (Xy, 1) and {hn} 2y in

LP? (X5, o) such that for all f € LP' (X1, p1),

(Tf)(z) = i K(z,y)f(y)dm(y), =z € X,
where

K(‘T?y) 1 Zhn(l‘)gn(y), YRS X27y (S Xla
and

[e.e]
Z ”gnH;,pl/(Xl,p,l) th||2p2(X2,u2) < 0.

n=1

Let 0 < r <1 and (X, p) be a o-finite measure space. Let T : LP(X, u) — LP(X, u),
1 < p < o0, be a r-nuclear operator. Then by Theorem 5.4.1, we can find sequences

{g.}°%, in LP (X, p) and {h,}°2, in LP(X, p) such that

> gall o e nll o,y < 005

n=1

and for all f € LP(X, ), we have

(Tf)(x) = /X K(o9)f@) duly), =< X,

where
o0

K(z,y) =Y ha(@)ga(y), @,y € X,

n=1

and it satisfies

/X K, 9)] d) < 3 9alli e i -

n=1

The nuclear trace Tr(T') of T : LP(X, u) — LP(X, u) is given by

TH(T) = /X K(x, ) du(z). (5.4.1)

Now, we present a characterization of r-nuclear pseudo-differential operators from L' (G /H)

into L”?(G/H).
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Theorem 5.4.2. Let 0 <r <1 andletT: LP*(G/H) — LP*(G/H),1 < p1,ps < 00, be a
continuous linear operator with matriz-valued symbol op on G/H X @ . Suppose that
or satisfies

Z d o &) lope=e, =) | L2 (/1) < 00,
€ EG/H

where p1 = min{2,p1} and or(-, €)' denotes the transpose of the operator or(-,€)t. Then

the operator T is r-nuclear.

Proof. Since the operator T' can be written as

Tf(xH) /G . Z de Te(De(xH)or(zH, €)Le(wH)*) f(wH) dp(wH),
[gleG/H

the kernel of T is given by

K(zH,wH) = Y de Tr(Te(zH)or(vH,&)Te(wH)").

lEleG/H
Now we write
de
Te(Te(wH)op(aH, Te(wH)*) = > (Te(xH)or(xH, §));Te(wH),;,
ij=1

and set that he ;;(vH) = de(Le(xH )or(xH, §))i5, and ge i (wH) = (De(wH)*)j; = Te(wH), ..

ij
We observe that

de de
(Te(xH)or(xH,§)); =Y Te(@H)iwor(xH, gy = > (or(xH, §))! Te(xH )i
k=1 k=1

By taking into account that |I¢(zH )| < 1, we get

dg

(Te(eH)or(vH, €))i| = > _(or(xH, &) Te(w H ),

< Nor(@H, £)||opgese ooy | (Ce(@H )i, Te(xH )ia, .., Te(xH )ige )] e

< Nlor(zH, &) op(ese 4=)-

Therefore,

1g,is (e iy = lde (Te(or (- €))igle )

< dgllor (-, ) lop(ese o) | Loz () -
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If p| denotes the Lebesgue conjugate of py, then we have p% + % = 1, where ¢ =
max{2, p}}. By Lemma 5.2.4, we have ||I'¢(- )HLpl o S <d, i . Thus

3 e O Vs O ey < Sl ™ A2l () oo 2
[€],3,5 €l

24—
< > de 0w, &) llaptee.= iy < 0o
(€]

Hence, by invoking Theorem 5.4.1, it follows that 7" is r-nuclear. [

Next theorem gives a necessary and sufficient condition for an operator to be r-nuclear

in terms of its symbolic decomposition.

Theorem 5.4.3. Let 0 <r <1 and let T : LP*(G/H) — L**(G/H),1 < p1,ps < 00, be a
continuous linear operator with matriz-valued symbol o on G/H X 5/7—1 Then T is r-
nuclear if and only if there exist sequences {g}re, € LP1(G/H) and {hy}oe, € LP*(G/H)
such that

Z ”ngZpll(G/H) ||hk||21’2(G/H) <0
k=1

and

TS or(zH,€) = th (cH)GrE)*, (vH,€) € G/H x G/H.

Proof. Suppose that 7' : LP*(G/H) — L**(G/H) is r-nuclear for 1 < p;,py < oo. Then
by Theorem 5.4.1, there exist sequences {gi}re, in L”(G/H) and {hy}e, in LP*(G/H)
such that

Z ”ngZp/l(G/H) ||hk‘||21’2(G/H) < 00
k=1

and for all f € LP'(G/H), we have

(Tf Z de Te(Dp(zH)op(xH, 7) f (7))

(rleG/H

Z dr Z (zH)op(zH, 7))y f(7);i

nleG/H  BI=1

Z d, Z (xH)or(zH, 7)) Tr(wH); f(wH) du(wH)
" megim =1

_ / . (Z hk@:H)gk(wH)) FwH) d(wH) (542)

k=1
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for all tH € G/H. Let £ be a fixed but arbitrary element in CT/?I Then for 1 <m,n < dg,
we define the function f on G/H by

f(wH) =T¢(wH)pm, wHeG/H.

Since

_ 1
| Telwt) T, dutwt) -
G/H df

if and only if 7 =&, i = n and j = m, and is zero otherwise, it follows from (5.4.2) that

(Te(zH)op(zH, )y th (zH) ( /

Therefore,
Thor(cH,€) = E@)" Y h(eH)Gi()", («H,€) € G/H x G/H.
k=1

Conversely, suppose that there exist sequences {gi}r., in LP1(G/H) and {hi};o, in
LP2(G/H) such that

ls=I1l

and

T or(zH, €) = th (zH)gr(€)*, (zH,€) € G/H x (7/?[

Then, for all f € LP*(G/H), we have

(Tf)(zH) = Y deTe(Ce(xH)or(zH, &) f(£))

€leG/H

= ) d Z (Ce(xH)or(xH, €))um f(E)mn

geG/m  mn=t

Z dg Z (th (xH)Fx(¢ nm) F(€)mn

= ) d Z ( hk@H)g—uf)mn) F()mn

f]EG/H m,n=1
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S de 3 hn(eH) ( / | H) T du(wﬂ)) 7€)

[i]ECT/?I m,n=1 k=1

de 00
G \gearm mn=t k=1

- /G y > de Te(Te(wH) f(€) th (zH)gr(wH) du(wH)

[€leG/H

_ / (Z hk(xH)gk(wH)) FwH) du(wH)
G/H \ k=1
for all tH € G/H. Therefore by Theorem 5.4.1, it follows that 7" is r-nuclear. O]

In the next theorem, we will give another characterization of r-nuclear operators from
LPY(G/H) into LP*(G/H) in order to find the trace of r-nuclear operators from LP(G/H)
into LP(G/H).

Theorem 5.4.4. Let 0 < r < 1 and let T : LP*(G/H) — LP*(G/H),1 < p1,ps < o0,
be a continuous linear operator with matriz-valued symbol or on G/H X CT/T{ Then

the operator T is r-nuclear if and only if there exist sequences {gi}p., in L’ (G/H) and

{hi}rey in LP*(G/H) such that

Z Hgkﬂzp’l(G/H) “thZW(G/H) <0
k=1

and
> de Te(Te(wH)or(xH, §)Te(yH)") th aH) g (yH).
(€leG/H A
Proof. Suppose that T : LP*(G/H) — LP*(G/H) is a r-nuclear operator for 1 < py,py <
0o. Then by Theorem 5.4.3, there exist sequences {gi}r, in LP1(G/H) and {h;};o, in
LP>(G/H) such that

k=1

and

(Ce(zH)op(zH,€)), th (zH) ( ) . (@H€) € G/H x G/H,
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for all n,m with 1 <n,m <d. Let yH € G/H. Then

(Ce(@H)or(wH,&))unTe(YH),, th (wH)(G(6)) TelyH),,
= /G/H Te(2H)pmDe(yH) yH), th (xH)gr(zH)du(zH).

Consequently,

de
Y Ce(wH)or(@H,&))umle(yH),,,

:/G/H Z Pe(zH),, Fg(yH th (xH)g(zH)dp(zH).

m,n=1

Therefore, for all H, yH € G/H, we get

S deTi(Te(wH)op(xH, ETe(yH)*)
€leG/H

= / Z de Tr (Te(zH)Te(yH)*) | Y hu(wH)gr(2H)dp(zH)
e [€)eG/H L

I
T
=

( Z deTr (Te(yH)Te(zH)* ) hi(zH ) gr.(zH)dpu(2H)
/ [€)eG/H k=i

hE

B
Il
|

hi(xH) /G/H > dsTr(Fg(yH)Fg(zﬂ)*)gk(zﬂ))

€leG/H

NE

ulat) | X aem (vewmreaGm)

[€leG/H

hk(xH)( Y T (Fg(yH/j )) th :BH(
€

¢€eG/H

i
I

NE

£
Il
—

NE

hi.(xH)gr(yH).

£
Il
—

Conversely, let {gx }oe, and {hy,} 7, be sequences in L”1(G/H) and LP*(G/H), respectively
such that

Z ||gk||£pl1(G/H) ||hk||zp2(G/H) <0
k=1
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and for all xH and yH in G/H, we have

Z de Tr(Te(xH)o(xH,§)Te(yH)") th (H)gr(yH).
€leG/H k=1

Then, for all f € L”(G/H), we get

(T,f) (@H) = > de Te(Te(wH)o(xH, ) f(6))

[€leG/H

= > de Z (Ce(xH)o(xH, €))mn f(E)nm

e EG’/H m,n=1

Z de Z (Ce(xH)o(wH, €))mnLe(yH )un | fyH) du(yH)

[geG/m ™=t

I
i
=

= [ | X denemomarewmny) | s du)
(€)eG/H

th(wﬂ)gk(yﬂ)> f(yH) du(yH)

k=1

[
T
=

for all tH € G/H. This completes the proof of the theorem. O

An immediate consequence of Theorem 5.4.4 gives the trace of a r-nuclear pseudo-

differential operator on LP(G/H) for 1 < p < co. Indeed, we have the following result.

Corollary 5.4.5. Let 0 <r < 1 and let T : L’(G/H) — LP(G/H),1 < p < oo, be a
r-nuclear operator with matriz-valued symbol op on G/H X (7/?[ . Then the nuclear trace
of T is given by
Tr (T) = > de Te(Tyor(zH, &) dp(xH).
M gearm
Proof. Using trace formula (5.4.1) and Theorem 5.4.4, we have
Tr(T) = / Z hi.(xH) g (xH)dp(xH)
G/H =,

_ / S e Te(Te(wH)or(H, €)Te(xH) )du(z H).
I ey
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Since Tg is an orthogonal projection, we obtain

T (T) = - > de Te(Thor(xH, €))dp(xH).
M gecrn

5.5 Adjoint and product of r-nuclear pseudo-differential
operators

Let T : L"(G/H) — LP*(G/H),1 < pi1,ps < oo, be a r-nuclear continuous linear
operator with matrix-valued symbol oy on G/H X CT/?I . Then the adjoint operator
T* : LP>(G/H) — LP'(G/H) of T is also nuclear (in general on Banach spaces, if T is
nuclear then its adjoint 7* is also nuclear). In this section, we give a formula for symbols
of the adjoints of r-nuclear pseudo-differential operators from LP*(G/H) into L**(G/H)
for 1 < py,pa < 0o, where G is a compact Hausdorff group and H be a closed subgroup
of G.

Theorem 5.5.1. Let 0 <r <1 andlet T : LP*(G/H) — L**(G/H),1 < p1,ps < 00, be a
r-nuclear continuous linear operator with matriz-valued symbol o on G /H X 5/?[ . Then

the symbol T of T, the adjoint operator of T is given by

TS 7(xH,€) = ng cH)h,(6)*, (xH,€) € G/H x CF/T'{,

where {g}re, and {hi )i, are two sequences in LP1(G/H) and LP2(G/H), respectively,
such that

Z HngZm’(G/H) “thZW(G/H) < 0.
k=1

Proof. For f € LP*(G/H) and g € L*2(G/H), from the definition of the adjoint of an

operator, we have

/ (Tf) (eH)g@H) du(eH) = | f(eH)(Tg) @H) dulcH).
G/H G/H

Therefore,

/G/H </ >, & Z (Ce(zH)or(zH,£))mn

gleG/a  mn=l
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X Le(yH )imn f(yH) du(yH)>9(wH) dp(zH) (5.5.1)

de

- vH d De(xH)T(xH, €))pmn
/G/H“ ></G/HZ e S (Te(eH)r(aH,€))

leG/m - M=t

X Te(yH)mng(yH) dpu(yH )) dp(zH).

Let v and 7 be elements in CT/?I Then for 1 <1i,5 <d, and 1 < p,q < d,, we define the
functions f and g on G/H by

f(eH)=T,(zH) xH € G/H,

R

and

g(zH) =T, (zH),,, xH e G/H.

Thus, from the relation (5.5.1), it follows that

/C‘?/H<F’Y($H)UT($H7 7))ijmpq d,u(xH)

N /G/H Uy (zH)ij(Ty(zH)7(zH, 77))pq du(zH),

and so

/G/H(FW(QUH)UT(QCH’ 'y))ijm dy(zH)

This implies that

(5 )or (7)) (m)ap = (Cr ()7 (1)) (1) (5.5.2)

for 1 <i,j <d,,1<p,qg<d,, and~,ne€ Cj/?l Since T : L (G/H) — LP*(G/H) is
r-nuclear, from Theorem 5.4.3, there exist sequences {g}r, in LP1(G/H) and {hy};,

in L”?(G/H) such that

Z ||gk||2p1’(G/H) ||hk||TLP2(G/H) <00
k=1

TH-2994 166123103



5.5. Adjoint and product of r-nuclear pseudo-differential operators 109

and for all (yH,~) € G/H x CT/?I we have

(Uy(yH)or(yH, 7)) th yH) <g;.C ) r
Then

(Cy(eH)r(@H, m)pg = > dy Te[Dy(@H) (Do ()7, m))pe) (7)]

eG/H

d’Y
S S (T @ H)) G (o) m)pe) (1)

MeG/a b=t

for all (zH,n) € G/H X CT/?J Thus by (5.5.2), for all (zH,n) € G/H x CT/?I, we get

(L (xH) (2 H,m))pq

d'Y
> dy (T (@ ) (T e (7)) (1)) g

MeGy/H =1

> S amems [ GRS, 1), i)

Mec?ﬁf”:l
- S ) / S Bl H) @)Ly (v H),, dp(yH)
hleG7i =1 R
= (/ (Y H) Ty (y H )pg dp(yH) ) Z Z s ( (e());i
k=1 G/H 3,0=1
heG/H
Z N Zd (e());i
h=l hleG/a »I=!
Z ) ap Z d, Tr(T,(zH) gk( )
h=1 MeG/H
= Zﬁ\ m)gp9r(TH) Z pqgk (xH)
k=1 k=1

for all 1 < p,q <d,. Thus, for all (xH,n) € G/H x CT/T{ we have

Iy(zH)T(xH,n) th Gr(zH)

and hence
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]

As an application of Theorem 5.4.3 and Theorem 5.5.1, in the next corollary, we give

a criterion for the self-adjointness of r-nuclear pseudo-differential operators.

Corollary 5.5.2. Let 0 < r < 1 and let T : L*(G/H) — L*(G/H) be a r-nuclear
continuous linear operator with matriz-valued symbol or on G/H X CT/?I . Then T 1s

self-adjoint if and only if there exist sequences {gi}r—, and {hi},—, in L*(G/H) such

that
Z “thZQ(G/H) HngZQ(G/H) < 0,
k=1
3 b H)Gi(€) Z * gi(eH), («H,€) e G/H x G/H,
and
Téor(zH,€) = th (cH)GRE)*, (xH,€) € G/H x G/H.

We can give another characterization of symbols for the adjoints of r-nuclear operators.

Indeed, we have the following theorem.

Theorem 5.5.3. Let 0 < r < 1. Let or be a matriz-valued function on G/H x CT/T-I
such that the corresponding pseudo-differential operator T : LP*(G/H) — L**(G/H) is r-
nuclear for 1 < py, py < co. Then the symbol T of the adjoint T* : LP>(G/H) — L"(G/H)

s given by
Tir(eH.€) = €@ 3 dy [ T (yH)or(y,n) Ty )N H)du(y ),
n eG/H G/H
which 1s eventually same as
A *
Thr(eH, € =€) 32 dy (TlorC Ty 0 T, (H) (6))
(meG/H

for all (xH,§) € G/H x (7/7—!

Proof. Suppose that T': LP*(G/H) — LP*(G/H) is r-nuclear operator for 1 < py,py <
00. Then by Theorem 5.4.3, there exist sequences {gi}re, in LP1(G/H) and {h;};>, in
LP*(G/H) such that
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S 161t sy 1 ) < 0
k=1

and for all (yH,n) € G/H x CT/?{, we have

or,

(Ty(yH)or(yH,n)) th yH)gi(n)-

Let (xH,§) € G/H X G{/T{ Then

for all (zH,¢) € G

/G Ty H ) (H ) T )| Py H) i)

= / Tr
G/H 1

> hi(yH)gr(n)Ty (v H )] Le(yH) dp(yH)

= 3 TG )T (=) /G TRGT(UH) di(yH)

= > ()" Tr(Ge(m)Ty (@ H)].

[neG/H
Z Z dy Te(ge ()T (2 H)]

]

Another criterion for the self-adjointness of r-nuclear pseudo-differential operators on

homogeneous space of compact groups is as follows.

TH-2994 166123103



Chapter 5. Schatten class and nuclear pseudo-differential operators on homogeneous spaces of
112 compact groups

Corollary 5.5.4. Let 0 < r < 1. Let op be a matriz-valued function on G/H X CT/?J
such that T : L*(G/H) — L*(G/H) is r-nuclear. Then T : L*(G/H) — L*(G/H) is
self-adjoint if and only if

A

Thor(eH,€) = €@) Y dy (Tlorl ) Ty (T, o) ()

(neG/H

for all (xH,§) € G/H x 5/7—!

Next, we show that the product of a nuclear pseudo-differential operator on LP(G/H)
with a bounded operator again a nuclear pseudo-differential operator on LP(G/H) for
1 < p < oo, where G is a compact (Hausdorff) group and H is a closed subgroup of G.

We present a formula for the symbol of the product operator.

Theorem 5.5.5. Let T : LP(G/H) — L*(G/H), 1 < p < o0, be a nuclear operator with
matriz valued symbol op and let S : LP(G/H) — LP(G/H) be a bounded linear operator
with symbol ag. Then the symbol X of the nuclear operator ST : LP(G/H) — L?(G/H) is
given by

Tg)\(ng Zh (xH) gk
k=1

for all (xH,&) € G/H x 67/7{, where {gx ooy and {hy}oe, are two sequences in L (G/H)
and LP(G/H), respectively, such that > . ||gkll o (/) 1l ooy < 00 with

b (xH) Z d T&r[ (wH)os(zH, 7)1 )], cH e G/H.

[eG/H
Proof. Since T : LP(G/H) — L?(G/H) is a nuclear pseudo-differential operator for 1 <
p < oo, by Theorem 5.4.3, there exist sequences {gi}re, € LY (G/H) and {hi}ro, €
LP(G/H) such that

Z 9kl 2o ey WPkl 2o () < 00
k=1

and

T or(zH, €) = th (zH)gr(€)", (zH, &) € G/H x @T—I
Let f € LP(G/H). Then

(STf)(xH) Z d, Tr(T(zH)og(xH, n)Tf( )
(meG/H
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~ Y 4m {I‘n(;pH>Js(IH7n) (/G

meG/H

Z d, Tr [ (xH)os(zH,n)
neG/H

Tf(yH)Tn(yH)*dM(yH))]
/H

x / /H( S™ de Te(Te(yH)or (yH, ) A<s>>) I, (yH) d(yH)
[

¢eG/H

for all tH € G/H. Using the nuclearity of T, we have

(STf)(xH) ZdTr[ xHUSan/ ng

nleG/H €leG/H

x Tr (Z hk(yH)ﬁ(é)*A(§)> Pn@H)*du(yH)]

A Z d, Tr [Fn(xH)aS(xH,n) Z ngTf (glk(f)*A(fD

EleG/H *=1

< ; hk<yH>rn<yH>*du<yH>]

= Z\dnTr [P (xH)os(xH,n) Z nghk ( £ A(ﬁ))]

EleG/H *=1

= Y S Y dedyTe [Py Hos(eH )] T (7(0) i)

meG/H *=1 [eG/H

= Y @ (PleBNH,OF(0))

€leG/H

where

o0

TEN@H,€) = €)Y > dy Tr [Dy(@H)os(@H, n)ii(n) | Gi(€)"

for all (zH, &) € G/H x G/H, and

W(eH) = Y d,Tr [Fn(a:H)as(a:H,n)hAk(n)], vH € G/H.
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5.6 Application to the heat kernel on G/H

In this section, we assume that GG is a compact Lie group and H is a closed subgroup of
G. Let Lg be the Laplace-Beltrami operator (or the Casimir element of the universal en-
veloping algebra) on G. For every [¢] € G , the matrix elements of ¢ are the eigenfunctions

of L with same eigenvalue denoted by —)\%ﬂ. Therefore,
—Lc&ij = )\ &y for alll <4, j <dg.

Let —Lg/u : C°(G/H) — C*(G/H) be the differential operator on G/H obtained by

—L¢ acting on functions that are constant on cosets of G| i.e., such that —Lq/ g f = —ﬁgf
for f € C™(G/H), where for f € C®(G/H), f € C™(G) is the lifting of f given by
f(z) = f(zH). The operator —Lg g has the eigenfunctions I'¢, (zH) for 1 < 4, j <
d¢ corresponding to the common eigenvalue )\[25}. For more details on —L¢, i, see [78].
We make use the symbol of the heat kernel e~**c¢/#. Indeed, by taking into account

0 regu (TH,E) = e P TS where [€] = A we have

~

tﬂG/Hf(mH Z dgTI‘ Fg(ﬂ?H)U tﬁc/H($H 5) (5))

[EleG/H

S & Ti(Te(aH)e NOTEF(€))
[(leG/H

Y dee”MaTR(Te(xH)(E))-
[€leG/H

Now, we show the nuclearity of the heat kernel on LP-spaces.

Theorem 5.6.1. Let G be a compact Lie group and let H be closed subgroup of G. Then
the heat kernel e~*cc/u . [P(GJH) — LP2(G/H) is nuclear for every t > 0 and all
1 < p1, p2 < 0o. Moreover, if 0 < r < 1, then e~*c/m . [P(G/H) — LP(G/H) is r-
nuclear operator for every t > 0 and 1 < p < oo. In particular, on each LP(G/H), we
have the following nuclear trace formula
Tr (e tFo/m) = Z dee” P e (7).
[€)eG/H
Proof. The kernel of e~'£¢/# is given by

Ki(w,y)= Y dee 0 Tr(De(aH)D(yH)")
EleG/H
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= 3 dee O Ti(Te(xH)E(y)")

[€leG/H
with

Tr(Te (2 H)E ng (xH)y; €

We set

heij = dee”NOTe(xH)iy,  geiy = €W
Let p} denotes the Lebesgue conjugate of p; and ¢; = max {2, p}}. Then by Lemma 5.2.4,
we get

1

Hgﬁ,inLpll(G/H) = |’Zij|‘Lp/1(G/H) < Hrﬁ()UHLP’l(G/H) < dg "

Also, we have

2
e ijl| o (e = ||dee” NOTe(@H)ijl| ey

—t)\2 )2
< [ldge™" | De(lopll ra(ymy < dee™

Therefore,

1
N
> 1955 O ot gy 1 Meas Wl zmagapmny <Y didg e < oo,
GEY [eleG/H

where the last convergence follows from any of the Weyl formula, see, for example [23].
Therefore, e **¢/# is a nuclear operator. Similarly, one can prove r-nuclearity of e *4c/u
By Corollary 5.4.5 and using the fact that measure p on G/H is normalized, the nuclear

trace formula of e~*4c/# given by

Tr(e~*orm) = Z de Te(e™™oTE)dpu(zH) Z dee”Na Te(TS).
" eam (€leG/H
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