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Abstract

This thesis focuses on certain classical problems in harmonic analysis in connection with

mathematical physics. We begin with the Fourier analysis on the Euclidean space, dis-

cuss some well known results, basic definitions, and review of recent developments that

motivates us to consider the problems discussed in the thesis.

We prove a restriction theorem for the Fourier-Hermite transform and obtain a Strichartz

estimate for systems of orthonormal functions associated with the Hermite operator

H = −∆ + |x|2 on Rn for the range 1 ≤ q < n+1
n−1

as an application. Besides, we show an

optimal behavior of the constant in the Strichartz estimate as limit of a large number of

functions.

Further, we prove a restriction theorem for the special Hermite transform and establish

a Strichartz inequality as a by-product for the range 1 ≤ q ≤ 1 + 1
n
, for systems of

orthonormal functions associated with the special Hermite operator L on Cn.

Next, we consider the Schrödinger operator H = −∆H + V on the Heisenberg group

Hn, where ∆H is the full laplacian on Hn and V is a positive smooth potential grows like

|g|κ, κ > 0, for large value of |g|. We prove Szegö type limit theorem for H with respect

to the multiplication operator Mb, where b is a bounded real valued integrable function

on Hn. More preciously, we prove that, for any f ∈ C(R),

lim
r→∞

Tr f(PrMbPr)
Tr(Pr)

=

∫
Hn
f(b(g)) dg,

where Pr denote the orthogonal projection of L2(Hn) onto the space of eigenfunctions

ix
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of H with eigenvalue less than or equal to r. Further, we generalize the above result by

taking a 0-th order self-adjoint pseudo-differential operator A on L2(Hn) with symbol

a(g, λ) relative to the operator 1 + |λ|H + V (g), where H is the Hermite operator on

L2(Rn) and (g, λ) ∈ Hn × R∗, in place of the multiplication operator Mb, and obtain the

following Szegö type limit theorem:

lim
r→∞

Tr f(PrAPr)
Tr(Pr)

= lim
r→∞

∫
Gr
f(ag,λ(ξ, x)) dξ dx dg dµ(λ)∫

Gr
dξ dx dg dµ(λ)

, (0.0.1)

where Gr = {(g, λ, ξ, x) ∈ Hn × R∗ × Rn × Rn : |λ|(1 + |ξ|2 + |x|2) + V (g) ≤ r},

a(g, λ) = OpW (ag,λ), and µ(λ) is the Plancherel measure on the Heisenberg group, as-

suming one limit exists. We show that the above Szegö type limit theorem also holds

under a perturbation of the Schrödinger operator H by a bounded self-adjoint operator

on L2(Hn). Further, we show that the right hand limit of (0.0.1) remains unaltered under

a compact perturbation of the pseudo-differential operator A.

For a given compact (Hausdorff) group G and a closed subgroup H of G, we present

symbolic criteria for pseudo-differential operators on compact homogeneous space G/H

characterizing the Schatten-von Neumann classes Sr(L
2(G/H)), for all 0 < r ≤ ∞.

We provide a symbolic characterization for r-nuclear pseudo-differential operators with

0 < r ≤ 1, on Lp(G/H), 1 ≤ p < ∞, along with applications to adjoint, product and

trace formulae. Finally, as an application of the aforementioned results, we derive a trace

formula and provide a criteria for the heat kernel to be r-nuclear on Lp(G/H), 1 ≤ p <∞.
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Abbreviation and Notation

N The set of all natural numbers

Z The set of all integer numbers

Q The set of all rational numbers

C The set of all complex numbers

T Unit circle in R

R∗ R\{0}

Zn {(k1, k2, . . . , kn) | ki ∈ Z, i = 1, 2, · · · , n}, n ≥ 1

Rn {(x1, x2, . . . , xn) | xi ∈ R, i = 1, 2, · · · , n}, n ≥ 1

Cn {(z1, z2, . . . , zn) | zi ∈ C, i = 1, 2, · · · , n}, n ≥ 1

Re z The real part of z ∈ C

Im z The imaginary part of z ∈ C

Ĝ Unitary dual group of G

Sn−1 The unit sphere in Rn

Hn The Heisenberg group

Lp(S) {f : S → C | f is measurable and
∫
S

|f |pds <∞}

Sr(X) The r-Schatten-von Neumann classes on X

B(H) The class of bounded linear operators on a Hilbert space H

C(X) The set of all complex valued continuous functions on X

S1(H) The collection of trace class operators on a Hilbert space H

xi
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xii Abbreviation and Notation

S2(H) The class of Hilbert-Schmidt operators on a Hilbert space H

∆ Laplacian on Rn

∆Z Laplacian on Zn

H Hermite operator on Rn

L Special-Hermite operator on Cn

LH Sublaplacian on the Heisenberg group Hn

∆H Full laplacian on the Heisenberg group Hn

LG Laplace-Beltrami operator on a compact group G

hn Lie algebra for Hn

f ∗ g Convolution of f and g

f × g Twisted convolution of f and g

µ(λ) Plancherel measure on the Heisenberg group Hn

Op(σ), Tσ Pseudo-differential operator with symbol σ

Tr(A) Trace of an (trass class) operator A defined on some Hilbert space
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CHAPTER 1

Introduction

In this thesis we focus our attention on three types of classical problems in harmonic

analysis: Strichartz inequality for system of orthonormal functions associated with Her-

mite and special Hermite operator, Szegö type limit theorems on the Heisenberg group,

and nuclearity of pseudo-differential operators on homogeneous space of compact groups.

In this chapter, we provide basic definitions, notations, and some well known results

(see [20, 28, 47, 84–86, 95, 100, 108]) that will be used throughout this thesis. To motivate

the work presented in this thesis, we only outline the historical developments and results

related to these topics.

1.1 Basic definitions

Let X and Y be two measurable spaces with positive measures µ and ν, respectively. The

space Lp(X) (1 ≤ p ≤ ∞) is defined as follows:

Lp(X) :=

{
[f ] :

∫
|f |pdµ(x) <∞

}
,

L∞(X) := {[f ] : ess sup|f |(x) <∞} ,

1
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2 Chapter 1. Introduction

where [·] denotes the equivalence class of functions differing on a set of µ-measure zero.

The mixed Lp-spaces is given by

Lp,q (X × Y ) =
{
f : f is measurable on X × Y, ‖f‖LpxLqy(X×Y ) <∞

}
,

where

‖f‖LpxLqy(X×Y ) =

(∫
X

(∫
Y

|f(x, y)|qdν(y)

) p
q

dµ(x)

) 1
p

is the norm in Lp,q (X × Y ) for 1 ≤ p, q <∞. For f ∈ L1(Rn), the Fourier transform f̂ of

f is defined by

f̂(ξ) = (2π)−
n
2

∫
Rn
e−ix·ξf(x)dx, ξ ∈ Rn.

For f ∈ L1(Rn) ∩ L2(Rn), one has the Plancherel formula ||f ||2 = ||f̂ ||2. Since L1(Rn) ∩

L2(Rn) is dense in L2(Rn), the Fourier transform can be extended to functions in L2(Rn).

The inversion formula reads as

f(x) = (2π)−
n
2

∫
Rn
eix·ξf̂(ξ) dξ, for a.e. x ∈ Rn.

Definition 1.1.1. Let S(Rn) denote the class of all infinitely differentiable functions on

Rn such that

sup
x∈Rn

∣∣xαDβϕ(x)
∣∣ <∞, ∀ α, β ∈ Nn

0 = Nn ∪ {0},

where α = (α1, α2, · · ·αn), β = (β1, β2 · · · βn), xα = xα1
1 x

α2
2 · · ·xαnn and

Dβ = ∂β1

∂x
β1
1

∂β2

∂x
β2
2

· · · ∂βn
∂xβnn

, for all x = (x1, x2, · · ·xn). The space S(Rn) is called Schwartz

class of rapidly decreasing functions.

Let C0(Rn) denote the class of continuous functions vanishing at infinity. Then S(Rn)

is dense in C0(Rn) and Lp(Rn), 1 ≤ p < ∞. The Fourier transform f 7→ f̂ is a homeo-

morphism of S(Rn) onto itself. The collection S ′(Rn) of all continuous linear functionals

on S(Rn) is called the space of tempered distributions.

Let f be a function on Zn, and ej ∈ Nn be such that ej has 1 in the j-th entry and

zeros elsewhere. The difference operator ∆j is defined by

∆jf(k) = f (k + ej)− f(k), k ∈ Zn,

and set ∆α = ∆α1
1 ∆α2

2 . . .∆αn
n , for all α = (α1, α2, . . . , αn) ∈ Nn

0 .

TH-2994_166123103



1.1. Basic definitions 3

Definition 1.1.2. The Schwartz space S(Zn), on the lattice Zn is the space of all functions

ϕ : Zn → C such that

sup
k∈Zn

∣∣kα (∆βϕ
)

(k)
∣∣ <∞, ∀α, β ∈ Nn

0 ,

where α = (α1, α2, · · ·αn), β = (β1, β2 · · · βn), kα = kα1
1 kα2

2 · · · kαnn , and ∆β = ∆β1

1 ∆β2

2 . . .∆βn
n ,

for all k = (k1, k2, . . . , kn) ∈ Zn.

Definition 1.1.3. A topological group G is a group endowed with a topology such that the

multiplication map (g, h) 7→ gh from G × G to G, and the inverse map g 7→ g−1 from G

to G, are both continuous.

Let G be a topological group and H be a Hilbert space. Denote U(H) by the group

of unitary operators on H.

Definition 1.1.4. A map π from G into the group U(H) is called a homomorphism if

π(gh) = π(g)π(h), for all g, h ∈ G.

Definition 1.1.5. A homomorphism π from G into U(H) is called strongly continuous

if, for every x in H, the map g 7→ π(g)x is continuous from G into H.

Definition 1.1.6. A unitary representation of G is a strongly continuous homomorphism

π of G into U(H). In this case, the Hilbert space H is called the representation space of π

and is denoted by Hπ. The dimension of Hπ is called the dimension of the representation

π.

Definition 1.1.7. Two unitary representations π and ρ of G are called equivalent if there

exists an isometry T of Hπ onto Hρ such that Tπ(g) = ρ(g)T , for all g in G.

Definition 1.1.8. A subspace M of Hπ is said to be invariant under the unitary repre-

sentation π if e π(g)M ⊂M , for all g in G.

Definition 1.1.9. A unitary representation π is said to be irreducible if the only π-

invariant closed subspaces of Hπ are {0} and Hπ. The collection of equivalence classes of

irreducible representations of G is denoted by Ĝ.

Definition 1.1.10. Let π be a representation of G. For every ξ, η in Hπ, the function

πξ,η(g) = 〈π(g)ξ, η〉 is called representative function associated to π.

TH-2994_166123103



4 Chapter 1. Introduction

Let A denote the set of all representative functions associated to all irreducible repre-

sentations of G.

Theorem 1.1.11. [Peter-Weyl theorem] Let G be a compact group. Then the following

assertions holds.

1. Every irreducible unitary representation of G is finite dimensional.

2. Let (π,Hπ) be an irreducible unitary representation of G, {e1, e2, . . . , en} an or-

thonormal basis of Hπ and φij(g) =< π(g)ej, ei >. Let ψij(g) =
√
n φij(g) and

Ei = span {ψi1, ψi2, . . . , ψin}. Then ⊕dπi=1Ei = Eπ ≡ span {πy,x : x, y ∈ Hπ} in L2(G)

with dim(Ei) = dimπ = dπ and dim(Eπ) = d2
π. Further, L2(G) decomposes into an

orthogonal direct sum of all the irreducible representations of G, i.e.,

L2(G) = ⊕λ∈ĜEλ with dim(Eλ) = d2
π.

3. A is dense in C(G), the space of continuous functions on G.

4. A is dense in L2(G).

For more details regarding representation theory, we refer to [85,95].

1.2 Orthonormal Strichartz inequality

A long-standing but persistent classical topic in harmonic analysis is the so-called restric-

tion problem. Originally emerged by the works of Stein in the late 1960s, the restriction

problem is a key problem for understanding the general oscillatory integral operators. The

restriction problem and its applications are crucial from the point of view of their credible

implementation in many areas of mathematical analysis, geometric measure theory, com-

binatorics, harmonic analysis, number theory, including the Bochner-Riesz conjecture,

Kakeya conjecture, the estimation of solutions to the wave, Schrödinger, and the local

smoothing conjecture for PDE’s [98]. Given a surface S embedded in Rn with n ≥ 2, the

classical restriction problem is the following:

Problem 1: For which exponents 1 ≤ p ≤ 2, 1 ≤ q ≤ ∞, the Fourier transform of a

function f ∈ Lp (Rn) belongs to Lq(S), where S is endowed with its (n− 1)-dimensional

Lebesgue measure dσ?

TH-2994_166123103



1.2. Orthonormal Strichartz inequality 5

More precisely, if we define the restriction operator RS as RSf = f̂
∣∣∣
S
, for all f in

the Schwartz class of Rn, then this question is equivalent to when RS can be extended

as a bounded operator from Lp (Rn) to Lq(S). If ES (Fourier extension operator) be the

operator dual to RS defined as

ESf(x) = (2π)−
n
2

∫
S

f(ξ)eiξ·xdσ(ξ), x ∈ Rn,

for all f ∈ L1(S), then the restriction problem is thus equivalent to knowing when ES is

bounded from Lq
′
(S) to Lp

′ (RN
)
, where p′ and q′ are the conjugate exponents of p and

q, respectively. A model case of the restriction problem which is often considered in the

literature is the case q = 2 (see [92, 94, 103]). Thus, Problem 1 can be also reframed as

follows:

Problem 2: For which exponents 1 ≤ p ≤ 2, the operator ESf is bounded from L2(Rn)

to Lp
′
(Rn)?

Since ES is bounded from L2(S) to Lp
′
(Rn) if and only if TS := ES(ES)∗ is bounded from

Lp(Rn) to Lp
′
(Rn), thus Problem 2 also can be re-written as follows:

Problem 3: For which exponents 1 ≤ p ≤ 2, the operator TS := ES(ES)∗ is bounded

from Lp(Rn) to Lp
′
(Rn)?

For smooth compact surfaces and quadratic surfaces, the restriction problem has been

completely settled. In this context, the celebrated Stein-Tomas theorem for smooth com-

pact surfaces with non-zero Gauss curvature states that the restriction problem has a

positive answer if and only if 1 ≤ p ≤ 2(n+1)
(n+3)

(see [92, 103]). However, for quadratic sur-

faces, Strichartz in [94] gave a complete characterization depending on the type of the

surfaces, such as paraboloid, cone, or spherical type. For a detailed study on the history

of the restriction problem, we refer to the excellent survey of Tao [98]. There exists a vast

literature on the restriction problem that is difficult to mention here. However, we refer

to [3, 15,64] for few recent developments and important works in this direction.

Generalization involving the orthonormal system is strongly motivated by the theory

of many body quantum mechanics. In quantum mechanics, a system of N independent

fermions in the Euclidean space Rn is described by a collection of N orthonormal functions

u1, . . . , uN in L2 (Rn). It is then essential to obtain functional inequalities on these systems

whose behavior is optimal in the finite number N of such orthonormal functions. For

TH-2994_166123103



6 Chapter 1. Introduction

this particular reason, functional inequalities involving a large number of orthonormal

functions are very useful in mathematical analysis of large quantum systems.

Therefore, it is natural to investigate generalization of Problem 2 in the framework of

orthonormal systems. The question we want to address is a generalization of Problem 2

in the framework of orthonormal systems, whenever ESf be the solution of Schrödinger

equation associated with Hermite and special Hermite operators with initial data f . More

precisely, let (fj)j∈J be a (possibly infinite) system of orthonormal functions in L2(S),

and let (nj)j∈J ⊂ C be a sequence of coefficients, then one can ask, for which exponents

1 ≤ p ≤ 2, we have ∥∥∥∥∥∑
j∈J

nj |ESfj|2
∥∥∥∥∥
L
p′
2 (Rn)

≤ C

(∑
j∈J

|nj|α
) 1

α

, (1.2.1)

for some α > 1 and for some positive constant C (independent of (fj) and (nj)). Using

triangle inequality, Problem 2 leads to the estimate∥∥∥∥∥∑
j∈J

nj |ESfj|2
∥∥∥∥∥
L
p′
2 (Rn)

≤
∑
j∈J

|nj| ‖ESfj‖2
Lp′ (Rn) ≤ C

∑
j∈J

|nj| ,

which is weaker than (1.2.1) (since α > 1 in (1.2.1)). The estimate of the form (1.2.1)

is important due to its applications to the Hartree equation modeling for infinitely many

particles in a large quantum system [36,66,67].

The idea of extending functional inequalities involving a single function to a orthonor-

mal systems of input functions is hardly a new topic. The first initiative work of such

generalization goes back to the famous work established by Lieb and Thirring, known

as Lieb-Thirring inequality [71, 72] and it states that for any u1, · · ·uN orthonormal in

L2(Rn), we have ∫
Rn

(
N∑
j=1

|∇uj(x)|2
)
dx ≥ C

∫
Rn

(
N∑
j=1

|uj(x)|2
)1+ 2

n

dx,

where C(> 0) is independent of N , which generalizes the known Gagliardo-Nirenberg-

Sobolev inequality ∫
Rn
|∇u(x)|2dx ≥ C ′

∫
Rn
|u(x)|2+ 4

ndx

for an L2-normalized function u. Importantly, Lieb-Thirring inequality (the sharp or-

thonormal inequality) is one of the fundamental tool to prove the stability of matter, see,

for example [71] or the extensive survey by Lieb [70] for further details.

TH-2994_166123103



1.2. Orthonormal Strichartz inequality 7

One more example of such type of generalization was proved by Lieb in [69], which

states that for anyN orthonormal functions u1, . . . , uN in L2 (Rn) and for any non-negative

coefficients n1, n2, · · · , nN , we have∥∥∥∥∥
N∑
j=1

nj
∣∣(−∆)−

s
2uj
∣∣2∥∥∥∥∥

L
n

n−2s (Rn)

≤ C

(
sup
j
nj

) 2s
n

(
N∑
j=1

nj

)n−2s
n

,

which generalizes the homogeneous Sobolev inequality∥∥(−∆)−
s
2u
∥∥
L

2n
n−2s (Rn)

≤ C‖u‖L2(Rn),

for an L2-function u and 0 < s < n
2
.

In 1977, Strichartz [94] proved the following remarkable estimate for the solution to

inhomogeneous Schrödinger equation associated with Laplacian on Rn in connection with

Fourier restriction theory:

Theorem 1.2.1. [94] Let f ∈ L2 (Rn) , g ∈ L
2(n+2)
n+4 (Rn × R) and u be the solution of

inhomogeneous equation

i∂tu(x, t) = −∆u(x, t) + g(x, t), x ∈ Rn, t ∈ R, (1.2.2)

u(x, 0) = f(x), x ∈ Rn.

Then u ∈ L
2(n+2)
n (Rn × R) and satisfies the inequality

‖u‖
L

2(n+2)
n (R×Rn)

≤ C

(
‖f‖L2(Rn) + ‖g‖

L
2(n+2)
n+4 (Rn×R)

)
.

The above inequality is popularly known as classical Strichartz inequality for the

Schrödinger propagator eit∆. In particular, when g = 0, u = eit∆f is the unique solution

to the homogeneous initial value problem (1.2.2). In case of homogeneous Schrödinger

equation, Theorem 1.2.1 can be extended to mixed norm setting (see [35]) as follows:

Theorem 1.2.2. Let f ∈ L2(Rn). If p, q ≥ 1 satisfying (p, q, n) 6= (1,∞, 2) and 2
p
+ n

q
= n,

then eit∆f ∈ L2p
t L

2q
x (R× Rn) and satisfies the inequality

‖eit∆f‖L2p
t L

2q
x (R×Rn) ≤ C‖f‖L2(Rn).

The above inequality has been substantially generalized for a system of orthonormal

functions in the works of Frank-Lewin-Lieb-Seiringer [35] and Frank-Sabin [36]. The result

can be stated as follows:
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8 Chapter 1. Introduction

Theorem 1.2.3. [35, 36] Assume that p, q, n ≥ 1 such that

1 ≤ q <
n+ 1

n− 1
and

2

p
+
n

q
= n.

For any (possibly infinite) system uj of orthonormal functions in L2 (Rn) and any coeffi-

cients (nj) ⊂ C, we have∥∥∥∥∥∑
j

nj
∣∣eit∆uj∣∣2

∥∥∥∥∥
LptL

q
x(R×Rn)

≤ Cp
n,q

(∑
j

|nj|
2q
q+1

) q+1
2q

, (1.2.3)

where Cn,q is a universal constant which only depends on n and q. The exponent 2q
q+1

, in

the right hand side of (1.2.3) is optimal.

These generalized orthonormal Strichartz estimates (1.2.3) extensively used in the

study of nonlinear evolution of quantum systems for many body particles [66, 67]. It is

important to note that Nakamura in [77] established the sharp orthonormal Strichartz

inequality on Tn, which generalizes Strichartz inequality on torus [15, 16]. We also refer

to [10] for the recent work in the framework of orthonormal families of initial data.

Further, Theorem 1.2.2 has been extended to the Schrödinger equation for the quantum

harmonic oscillator associated with the Hermite operator H = −∆ + |x|2:

i∂tu(x, t) = Hu(x, t), x ∈ Rn, t ∈ R, (1.2.4)

u(x, 0) = f(x), x ∈ Rn.

Assuming f ∈ L2(Rn), the solution of the initial value problem (1.2.4) is given by u(x, t) =

e−itHf(x). The classical Strichartz inequality in this case has been proved by Koch-Tataru

[56] or Nandakumaran-Ratnakumar [76] resulting the following.

Theorem 1.2.4. [76] Let f ∈ L2(Rn) and u(x, t) = e−itHf(x) be the solution of the

initial value problem (1.2.4). Then u is periodic in t and for

1 < p <∞ and 2 ≤ q < Λ =

∞, if n = 1,

2n
n−2

, if n ≥ 2,

u satisfies the inequality

‖u‖LptLqx([−π,π]×Rn) ≤ Cn‖f‖L2(Rn).
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1.2. Orthonormal Strichartz inequality 9

Recently, the above estimate has been substantially generalised to the context of or-

thonormal systems in the works of Bez-Hong-Lee-Nakamura-Sawano [9] as follows:

Theorem 1.2.5. [9] Let p, q, n ≥ 1 be such that

1 ≤ q <
n+ 1

n− 1
and

2

p
+
n

q
= n.

For any (possibly infinite) system (uj) of orthonormal functions in L2 (Rn) and any coef-

ficients (nj) ⊂ C, we have∥∥∥∥∥∑
j

nj
∣∣e−itHuj∣∣2

∥∥∥∥∥
LptL

q
x((−π,π)×Rn)

≤ Cn,q

(∑
j

|nj|
2q
q+1

) q+1
2q

, (1.2.5)

where Cn,q is a universal constant only depends on n and q.

Further, Theorem 1.2.4 has been extended for the Schrödinger equation associated

with the special Hermite operator L defined on L2(Cn). In this case, the Strichartz

estimate has been considered by Ratnakumar [81] in the following initial value problem:

i∂tu(z, t) = Lu(z, t), z ∈ Cn, t ∈ R, (1.2.6)

u(z, 0) = f(z), z ∈ Cn.

For f ∈ L2(Cn), the solution of the initial value problem (1.2.6) is given by u(z, t) =

e−itLf(z) and satisfies the following Strichartz estimate.

Theorem 1.2.6. [81] Let f ∈ L2(Cn). If 1 < p <∞, 1
p
≥ n

(
1− 1

q

)
, or 1

2
≤ p ≤ 1, 1 ≤

q < n
n−1

, then

‖e−itLf‖L2p
t L

2q
z (T×Cn) ≤ C‖f‖

L2(Cn)
.

In this thesis, we aim to generalize Theorem 1.2.4 and Theorem 1.2.6 for a system

of orthonormal functions associated with the Hermite and special Hermite operator, re-

spectively. Note that, the Strichartz inequality for the system of orthonormal functions

associated with Hermite operator has been proved in [9] using the classical Strichartz

estimates for the free Schrödinger propagator for orthonormal systems [35,36] and the re-

lation between the Schrödinger kernel and the Mehler kernel associated with the Hermite

semigroup [90]. However, we obtain this result independently as a direct application of

the Fourier-Hermite restriction theorem.
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1.3 Pseudo-differential operators

The theory of pseudo-differential operators is one of the essential tools in recent inter-

disciplinary activities concerning mathematics analysis with important applications in

applied mathematics and physics. Pseudo-differential operators are widely used in har-

monic analysis, PDE, geometry, mathematical physics, time-frequency analysis, imaging,

computations, and index theory [2,47]. Kohn and Nirenberg [57] introduced the theory of

pseudo-differential operators and later used by Hörmander [47] for solving the problems

in partial differential equations.

Let σ be a measurable function on Rn × Rn. Then the (global) pseudo-differential

operator Tσ associated with σ is defined by

(Tσf) (x) = (2π)−
n
2

∫
Rn
eix·ξσ(x, ξ)f̂(ξ)dξ, x ∈ Rn, (1.3.1)

for all f in the Schwartz space S (Rn), provided the integral exists. The function σ :

Rn × Rn → C in (1.3.1) is called the symbol of the pseudo-differential operator Tσ. If

the symbol σ does not depend on the variable x, then the function σ = σ(ξ) is called the

multiplier and Tσ is called the Fourier multiplier operator. In order to get a useful and

tractable class of operators, it is necessary to impose certain conditions on the functions

σ. The most fundamental question that arises in the field of pseudo-differential operators

is to define a suitable class of symbols. In this regard, for m ∈ R and 0 ≤ δ < ρ ≤ 1,

Hörmander [47] introduced symbol class Smρ,δ(Rn), famously known as (ρ, δ)-Hörmander

class, consisting of those functions σ(·, ·) ∈ C∞(Rn × Rn) which satisfy the following

estimate:

|∂αx∂
β
ξ σ(x, ξ)| ≤ Cα,β (1 + |ξ|2)

m−δ|α|+ρ|β|
2 ,

for all multi-indices α, β ∈ Nn
0 . Here, m denotes the order of the symbol σ. The cor-

responding set of pseudo-differential operators with symbols in (ρ, δ)-classes are denoted

as Ψm
ρ,δ(Rn). For ρ = 1 and δ = 0, the class Sm1,0(Rn) is introduced by Kohn and Niren-

berg [57]. The class Sm1,0(Rn) is the most simplest and useful class of symbols to work.

Eventually, such classes of pseudo-differential operators play a key role in the local solv-

ability problem for differential operators (see [5]). Pseudo-differential operators on Rn

satisfy the following important properties:
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• Let σ ∈ Sm1,0(Rn),m ∈ R and f ∈ S(Rn), then Tσf ∈ S(Rn), i.e., Tσ maps the

Schwartz space S into itself.

• Let σ ∈ S0
1,0(Rn). Then Tσ : L2 (Rn)→ L2 (Rn) is a bounded linear operator.

• Let σ ∈ Sm1
1,0 (Rn) and τ ∈ Sm2

1,0 (Rn). Then there exists a symbol λ ∈ Sm1+m2
1,0 (Rn)

such that Tλ = TσTτ .

• Let σ ∈ Sm1,0(Rn),m ∈ R. Then there exists a symbol σ∗ ∈ Sm1,0(Rn) such that

T ∗σ = Tσ∗ , where T ∗σ is the formal L2-adjoint of Tσ.

We refer to [85, 108] for several properties and symbolic calculus of pseudo-differential

operators on Rn.

We note that, the formation of a pseudo-differential operator is mainly based on the

Fourier inversion formula given by

f(x) = (2π)−
n
2

∫
Rn
eix·ξf̂(ξ)dξ, x ∈ Rn,

for all f in S (Rn). To define the pseudo-differential operators on other non-commutative

groups, we first observe that Rn is a locally compact abelian group and its dual group is

also Rn. A pseudo-differential operator can also be defined using the inverse Fourier trans-

form on Rn. These observations allow us to extend the definition of pseudo-differential

operators to other non-commutative groups, provided we have a Fourier inversion for-

mula for the Fourier transform on the groups. Using this idea, pseudo-differential op-

erators on various classes of groups, such as S1,Z, finite abelian groups, locally com-

pact abelian groups, affine groups, compact groups, compact Lie groups, homogeneous

spaces of compact groups, Heisenberg group, and on general locally compact type I

groups, have been defined and studied broadly by several researchers. We refer to

[18–20,22,22,24,33,34,60,61,85,86,108] and references therein.

Ruzhansky and Turunen [85, 86] studied (global) pseudo-differential operators with

matrix-valued symbols on compact (Lie) groups. They introduced symbol classes and

studied symbolic calculus for matrix-valued symbols on compact Lie groups, and presented

plentiful applications of this global theory. After that, the theory of pseudo-differential

operators with matrix-valued symbols on compact (Hausdorff) groups, compact homoge-

neous spaces, compact manifolds is broadly studied by several authors [26, 28, 30, 40, 60,
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74,75,108] in many different contexts. Further, pseudo-differential operators with matrix-

valued symbols have been extended to non-compact non-abelian groups. In this direction,

Ruzhansky and Fischer developed the global theory of pseudo-differential operators on

the Heisenberg group, more generally on graded Lie groups [33, 34]. We refer to [73] for

global quantization of pseudo-differential operators on nilpotent Lie groups.

1.3.1 Szegö limit theorem

The observable quantities in the classical system are described by real valued functions on

the phase space, whereas in quantum systems they are given by self-adjoint operators on

a Hilbert space. Therefore it is important to study the correspondence between classical

and quantum statistical mechanics. Pseudo-differential operator theory provides a nat-

ural platform to relate classical and quantum mechanics. For instance in [109], Zelditch

considered the Schrödinger operator on Rn of the form H̃ = −1
2
∆ + V , where V is a

smooth positive function that grows like V0|x|κ, κ > 0, at infinity. He took a 0-th order

self-adjoint pseudo-differential operator A associated with a symbol σ relative to Beals-

Fefferman weights ϕ1(x, ξ) = 1, ϕ2(x, ξ) = (1 + |ξ|2 + V (x))1/2, and proved the following

Szegö type theorem: For any continuous function f on R,

lim
λ→∞

Trf(PλAPλ)

rank(Pλ)
= lim

λ→∞

∫
H̃(x,ξ)≤λ f(σ(x, ξ)) dxdξ

Vol(H̃(x, ξ) ≤ λ)
,

where H̃(x, ξ) = 1
2
|ξ|2 +V (x) and Pλ is the orthogonal projection of L2(Rn) onto the space

of the eigenfunctions of H̃ with eigenvalue less equal to λ, assuming one limit exists.

The classical Szegö limit theorem describes the asymptotic distribution of eigenvalues

of the operator PnTfPn, where Tf is the multiplication operator on L2((0, 2π)) associated

with a positive function f ∈ C1+α[0, 2π], α > 0, and the orthogonal projections {Pn} of

L2[0, 2π] onto a linear subspace spanned by the functions {eimθ : 0 ≤ m ≤ n; 0 ≤ θ < 2π}.

For such a triple (f, Tf , {Pn}) , Szegö proved that

lim
n→∞

1

n+ 1
log detPnTfPn =

1

2π

∫ 2π

0

log f(θ)dθ. (1.3.2)

Equation (1.3.2) is well known as Szegö limit theorem. We refer to [41,97] for details and

related results. More specifically, for a bounded real-valued integrable function f , Szegö

limit theorem can be generalized to any continuous function F (instead of the logarithm in
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(1.3.2)) defined on [inf f, sup f ], containing the eigenvalues {λni }ni=1 of PnTfPn (see Section

5.3 of [41]). For such F , the following limit holds:

lim
n→∞

1

n

n∑
i=1

F (λni ) =
1

2π

∫ 2π

0

F (f(θ))dθ. (1.3.3)

Notice that the left hand side can be seen as the limit of

Tr(F (PnTfPn))/Tr(Pn),

where Tr(X) denotes the trace of the operator X, with the asymptotic of the functional

ρλ(F ) = Tr(πλF (πλTfπλ)πλ) =
∑
k

F (µk(λ))

being precisely the sum of Dirac measures located at the eigenvalues µk(λ) of the operator

πλTfπλ. The above expression (1.3.3) roughly says that, as n → ∞, the eigenvalues of

F (PnTfPn) distribute like the values of F (f(θ)) sampled at regularly spaced points in the

interval [0, 2π].

In [96], the authors consider the operator of the form L = ∆Z + V on the lattice,

where the self adjoint discrete Laplacian operator ∆Z on `2(Zn) is defined as (∆Zu)(k) =∑
|k−j|=1(u(j) − u(k)), and the operator V is the multiplication by a positive sequence

{V (k), k ∈ Zn} with V (k)→∞ as |k| → ∞. They also considered 0-th order self-adjoint

pseudo-differential operator B associated with symbol b ∈ S1,0,∞ (Tn × Zn) , and proved

the following Szegö type theorem on Zn: For any continuous function f on R,

lim
λ→∞

Trf (πλBπλ)

rank (πλ)
= lim

λ→∞

1

(2π)n

∑
V (k)≤λ

∫
Tn f(b(x, k))dx∑
V (k)≤λ 1

,

where πλ is the orthogonal projection of `2
(
Zd
)

onto the space of the eigenfunctions of

L with eigenvalues less equal to λ, assuming one limit exists. Such asymptotic spectral

formulae expressing the relation between functions of pseudo-differential operators and

their symbols is an important and interesting problem in mathematical analysis. We refer

to [46,48,49,89,96,107] for similar results available in the literature. There is an extensive

work on the Szegö’s theorem associated with orthogonal polynomials in L2(T, dµ) with

some probability measure µ on T, we refer to the monumental work of Barry Simon [89]

for the details.
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The main ingredient to establish Szegö type theorem is to consider the ratios of dis-

tribution functions associated to different measures and their asymptotic behavior. The

asymptotic limit of such ratios is computed using a suitable theorem (Tauberian theo-

rem), where some transform of these measures is considered and the limit is taken for

such transforms. For example, Zelditch [109] used the Laplace transform via Karamata’s

Tauberian theorem (see [106]), whereas Robert [82] suggested the use of Stieltjes transform

via Keldysh Tauberian theorem (see [50]). However, the authors in [96] considered Taube-

rian theorem of Grishin-Poedintseva (see [42]) and a theorem of Laptev-Safarov (see [63]

and [62]) to compute the asymptotic limit of such ratios for estimating the errors.

Fischer and Ruzhansky in [34] (see also [33]) introduced and studied symbolic calculus

for pseudo-differential operators on the Heisenberg group (more generally on nilpotent Lie

groups). In this thesis we prove Szegö limit theorem on the Heisenberg group Hn. We

use the recent version of Tauberian theorem of Keldysh by Grishin-Poedintseva [42] and

a theorem of Laptev-Safarov [62,63] to estimate the error term.

1.3.2 Schatten class and nuclear pseudo-differential operators

The trace of an (trace class) operator on Hilbert spaces is the sum of its eigenvalues is

equal to integration of its integral kernel over the diagonal. However, this property fails

in Banach spaces. The importance of r-nuclear operators lies in the seminal work of

Grothendieck [44, 45], who proved that, for 2/3-nuclear operators, the trace in Lp-spaces

agrees with the sum of all the eigenvalues with multiplicities counted. Therefore, the

notion of r-nuclear operators becomes useful. One of the interesting question is to find

a good criteria for ensuring the r-nuclearity of operators on Lp-spaces. But this needs

to be formulated differently than those on Hilbert spaces and has to take into account

the impossibility of certain kernel formulations in view of Carleman’s example [21] (also

see [26]). In view of this, one should establish conditions imposed on symbols instead of

kernels ensuring the r-nuclearity of the corresponding operators.

The initiative of finding necessary and sufficient conditions for pseudo-differential op-

erators to be r-nuclear is due to Delgado and Wong [31]. The main tool used for such

characterization was established by Delgado [25]. A multilinear version of this result was

recently proved by Kumar and Cardona to study the nuclearity of multilinear pseudo-
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differential operators on the lattice and torus [19,20]. Delgado and Ruzhansky [26] stud-

ied the Lp-nuclearity and traces of pseudo-differential operators on compact Lie groups

using the global symbolic calculus developed by Ruzhansky and Turunen [85]. Later,

Ruzhansky et. al extended these results to more general spaces such as compact homo-

geneous spaces and compact manifolds [25, 26, 28, 30]. On the other hand, Wong et. al

extended the results of [31] in the settings of abstract compact groups without differen-

tial structure [39, 40]. In particular, characterizations of nuclear operators in terms of

decomposition of symbol via Fourier transform were investigated by Ghaemi, Jamalpour

Birgani, and Wong [39] for S1 and arbitrary compact groups [40].

It is well known that in the setting of Hilbert spaces, the class of r-nuclear operators

agrees with the r-Schatten-von Neumann class of operators [79]. Over the years, con-

siderable attention has been devoted by several researchers for finding good criteria for

operators belonging to r-Schatten-von Neumann class and to the class of r-nuclear oper-

ators in terms of their symbols with lower regularity [17,26,29,101,102]. Ruzhansky and

Delgado [26, 28] successfully drop the regularity condition in their setting using matrix-

valued symbols. Ruzhansky and Delgado investigated this in detail in many different

settings; for example, using the matrix-valued symbols on compact Lie groups in [26–29]

they successfully characterized these classes of operators on compact Lie groups. Later,

they with their collaborators extended these results to compact manifolds and to more

general on Hilbert spaces [29,30] using the non-harmonic analysis, developed by Ruzhan-

sky and Tokmagambetov [83].

The homogeneous spaces of abstract compact groups play an important role in mathe-

matical physics, geometric analysis, constructive approximation, and coherent state trans-

form, see [51–55, 57] and the references therein. Let G is a compact (Hausdorff) group

and H be a closed subgroup of G. Pseudo-differential operators on homogeneous spaces

of compact groups G/H (without differential structure) was studied in [60] (see also [85]).

Using the operator-valued Fourier transform on homogeneous spaces of compact groups

developed by Ghani Farashahi [38], in this thesis, we define global pseudo-differential

operators on homogeneous spaces of compact groups and study the r-Schatten-von Neu-

mann class of operators on L2(G/H) and r-nuclear operators on Lp-spaces on compact

homogeneous spaces.
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1.4 Outline of the Thesis

This thesis consists of five chapters with the present chapter dealing with the basic def-

initions, review of recent developments, and our motivation to consider the problems

discussed in the thesis.

Chapter 2 is mainly devoted to study orthonormal Strichartz inequality associated

with Hermite operator H on Rn. We generalize Theorem 1.2.4 and obtain the Strichartz

estimate for 1 ≤ q < n+1
n−1

, for the system of orthonormal functions associated with the

Hermite operator as the restriction of the Hermite-Fourier transform to the discrete surface

S = {(µ, ν) ∈ Nn
0 × Z : ν = 2|µ|+ n}. As a key step to prove this, we obtain the duality

principle in terms of Schatten bounds of the operator We−itH(e−itH)∗W and give an

affirmative answer to Problem 2, when p = 2λ0

1+λ0
, for some λ0 > 1. We also prove the

optimality of Schatten exponent.

In Chapter 3, we investigate yet another Strichartz inequality for orthonormal func-

tions, but for special Hermite operator L on Cn. Adopting similar mathematical formu-

lation as in Chapter 2, we generalize Theorem 1.2.6 and obtain the Strichartz estimate

for 1 ≤ q ≤ 1 + 1
n
, for systems of orthonormal functions associated with the special Her-

mite operator as the restriction of the special Hermite transform to the discrete surface

S = {(µ, ν, λ) ∈ Nn
0 × Nn

0 × Z : λ = 2|ν|+ n}.

In chapter 4, we prove Szegö type limit theorems on the Heisenberg group Hn. We

consider the Schrödinger operator H = −∆H + V on the Heisenberg group Hn, where ∆H

is the full laplacian on Hn and V is a positive smooth potential, bounded below and grows

like |g|κ, κ > 0, for large |g|. First, we build up symbolic calculus for pseudo-differential

operators relative to the operator 1 + |λ|H + V (g) on L2(Hn), using the techniques de-

veloped in [33,34]. Then we construct pseudo-differential approximations to the operator

(H+u)−m on L2(Hn) and (1 + |λ|(H+ I) +V (g) +u)−m on L2(Rn) within the calculus of

symbols defined related to 1+ |λ|H+V (g) and 1+ |λ|(1+ |ξ|2 + |x|2)+V (g), respectively.

We first obtain Szegö type limit theorem for H = −∆H + V with respect to the multipli-

cation operator Mb, where b is a bounded real valued integrable function on Hn. Further,

we prove Szegö type limit theorem for H = −∆H+V by considering 0-th order self-adjoint

pseudo-differential operator on L2(Hn) relative to the operator 1 + |λ|H + V (g), where
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(g, λ) ∈ Hn×R∗, in place of the multiplication operator Mb. We show that the generalize

Szegö limit theorem also holds under a perturbation of the Schrödinger operator H by a

bounded self-adjoint operator on L2(Hn). Further, we show that all the Szegö type limit

theorems are also valid under a compact perturbation of the pseudo-differential operator

A. Finally, we provide an alternative proof of the error estimate for κ ∈ (0, 1) without

using pseudo-differential symbolic calculus, but the boundedness of the operators [A, V ]

and [A,L] on L2(Hn).

In Chapter 5, we consider homogeneous spaces of compact groups G/H, where G is

a compact (Hausdorff) group and H be a closed subgroup of G. We present symbolic

criteria for pseudo-differential operators on G/H characterizing the Schatten-von Neu-

mann classes Sr(L
2(G/H)) for all 0 < r ≤ ∞. We provide a symbolic characterization for

pseudo-differential operators on Lp(G/H), 1 ≤ p <∞, to be r-nuclear for 0 < r ≤ 1. We

calculate the nuclear trace of related pseudo-differential operators. We also find symbols

of the adjoint and product of r-nuclear pseudo-differential operators on G/H and provide

a characterization for self-adjointness. In the end, we present an application of our results

in the context of the heat kernel on G/H.
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CHAPTER 2

Restriction theorem for the Fourier-Hermite transform and solution

of the Hermite-Schrödinger equation

2.1 Introduction

In this chapter, we prove a restriction theorem for the Fourier-Hermite transform and

obtain the full range Strichartz estimate for the system of orthonormal functions for the

Hermite operator H = −∆+ |x|2 on Rn as an application. We also show that the constant

obtained in the Strichartz inequality is optimal in terms of the limit of a large number of

functions.

The Strichartz inequality for the system of orthonormal functions for the Hermite oper-

ator has been proved in [9] using the classical Strichartz estimates for the free Schrödinger

propagator for orthonormal systems [35, 36] and the link between the Schrödinger kernel

and the Mehler kernel associated with the Hermite semigroup [90]. However, it is impor-

tant to note that this result can also be obtained independently as a direct application of

the Fourier-Hermite restriction theorem.
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Hermite-Schrödinger equation

2.2 Preliminaries

In this section, we provide basic definitions and necessary background about the Hermite

semigroup. We start with the definition of the Hermite operator.

2.2.1 Hermite operator and the spectral theory

Let N0 denote the set of all non-negative integers. For z ∈ C, Re(z) and Im(z) denote

real and imaginary parts of z, respectively. Let Hk denote the Hermite polynomial on R,

defined by

Hk(x) = (−1)k
dk

dxk
(e−x

2

)ex
2

, k ∈ N0,

and hk denote the normalized Hermite functions on R defined by

hk(x) = (2k
√
πk!)−

1
2Hk(x)e−

1
2
x2

, k ∈ N0.

For α ∈ Nn
0 , the higher dimensional Hermite functions Φα, are obtained by taking tensor

product of one dimensional Hermite functions. Thus for any multi-index α ∈ Nn
0 , and

x ∈ Rn, we define Φα(x) =
∏n

j=1 hαj(xj). The family {Φα} forms an orthonormal basis for

L2(Rn). They are eigenfunctions of the Hermite operator H = −∆ + |x|2 corresponding

to eigenvalues (2|α| + n), where |α| =
∑n

j=1 αj. Given f ∈ L2(Rn), we have the Hermite

expansion

f =
∑
α∈Nn0

(f,Φα) Φα =
∞∑
k=0

∑
|α|=k

(f,Φα) Φα =
∞∑
k=0

Pkf,

where Pk denotes the orthogonal projection of L2(Rn) onto the eigenspace spanned by

{Φα : |α| = k}. The operator H defines a semigroup called the Hermite semigroup

e−tH , t > 0, given by

e−tHf =
∞∑
k=0

e−(2k+n)tPkf

for f ∈ L2(Rn). On a dense subspace, say the space of all Schwartz class functions, the

above also can be written as

e−tHf(x) =

∫
Rn
f(y)Kt(x, y)dy,

where the kernel, Kt(x, y) is given by the expansion

Kt(x, y) =
∑
α∈Nn0

e−(2|α|+n)tΦα(x)Φα(y), x, y ∈ Rn.
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For z′ = r + it, r > 0, t ∈ R, the kernel of the operator e−z
′H is given by

Kz′(x, y) =
∞∑
k=0

e−z
′(2k+n)

∑
|α|=k

Φα(x)Φα(y), x, y ∈ Rn.

Using Mehler’s formula, the kernel of the operator e−z
′H can be obtained as (see [76])

Kz′(x, y) =
1

(2π sinh 2z′)
n
2

e
1
2(− coth 2z′(|x|2+|y|2)+ 2x·y

sinh 2z′ ). (2.2.1)

For t ∈ R \ (π
2
)Z, letting r → 0, the kernel of the operator e−itH can be written as

Kit(x, y) =
e−

iπn
4

(2π sin 2t)
n
2

e
i
2(cot 2t(|x|2+|y|2)− 2x·y

sin 2t). (2.2.2)

Also for t ∈ R \ (π
2
)Z, we have

K−it(x, y) = Kit(x, y) and Ki(t+π
2

)(x, y) = e−iπ
n
2Kit(−x, y). (2.2.3)

It is known that for real valued functions f , the Lp(Rn) norm of e−itHf is even and π
2
-

periodic as a function of t. We refer to [76,99] for a detailed study on the kernel associated

with the operator e−itH .

2.2.2 Schatten class

Let H be a complex and separable Hilbert space with respect to the inner product 〈·, ·〉H.

Let T : H → H be a compact operator and let T ∗ denotes the adjoint of T . For 1 ≤ r <∞,

the Schatten space, Sr(H) is defined as the space of all compact operators T on H such

that
∞∑
n=1

(sn(T ))r <∞,

where sn(T ) denotes the singular values of T, i.e., the eigenvalues of |T | =
√
T ∗T counted

according to multiplicity. For T ∈ Sr(H), the Schatten r-norm is defined by

‖T‖Sr =

(
∞∑
n=1

(sn(T ))r
) 1

r

.

If r =∞, we define ‖T‖S∞ = ‖T‖. An operator in S1(H) (S2(H)) is a Trace class operator

(Hilbert-Schmidt operator). If A : H → H is bounded operator and T : H → H is a trace

class operator then both AT and TA are trace class operators, and |Tr(AT )| ≤ ‖A‖‖T‖S1 .

We refer to [87] for a detailed study on Schatten classes.
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Hermite-Schrödinger equation

2.3 The Restriction theorem

In this section, we set a platform to prove the restriction theorem with respect to the

Fourier-Hermite transform for a given discrete surface S ⊂ Nn
0 × Z. We start this section

with the definition of Fourier-Hermite transform.

Let f ∈ L1(Rn). The Hermite transform of f is defined by

f̂(µ) =

∫
Rn
f(x)Φµ(x) dx, µ ∈ Nn

0 ,

where Φµ’s are the n-dimensional Hermite functions. If f ∈ L2(Rn) then {f̂(µ)} ∈ `2(Nn
0 ),

and the Plancherel formula is of the form

‖f‖2
2 =

∑
µ∈Nn0

|f̂(µ)|2.

The inverse Hermite transform is given by

f(x) =
∑
µ∈Nn0

f̂(µ)Φµ(x), x ∈ Rn,

i.e., the orthonormal basis expansion of f with respect to {Φµ(x)}. Given a discrete

surface S in Nn
0 × Z, we define the restriction operator RSf := {f̂(µ, ν)}(µ,ν)∈S and the

operator dual to RS (called the extension operator) as

ES({f̂(µ, ν)}) :=
∑

(µ,ν)∈S

f̂(µ, ν)Φµ(·)e−i(·)ν , (2.3.1)

where the Fourier-Hermite transform of f is given by

f̂(µ, ν) = (2π)−
1
2

∫
Rn

∫
(−π,π)

f(t, x)Φµ(x)eitν dxdt. (2.3.2)

Then

ESE∗Sf(t, x) =
∑

(µ,ν)∈S

f̂(µ, ν)Φµ(x)e−itν

= (2π)−
1
2

∑
(µ,ν)∈S

∫
Rn

∫
(−π,π)

f(s, y)Φµ(x)Φµ(y)e−i(t−s)ν dy ds

=

∫
Rn

∫
(−π,π)

K(t− s, x, y)f(s, y) dy ds

=

∫
Rn

(K(·, x, y) ∗ f(·, y))(t) dy, (2.3.3)
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where

K(t, x, y) = (2π)−
1
2

∑
(µ,ν)∈S

Φµ(x)Φµ(y)e−iνt, (2.3.4)

and the convolution in (2.3.3) is on the circle group. Now we consider the following

problem:

Problem 1: For which exponents 1 ≤ p ≤ 2, the sequence of Fourier-Hermite transforms

of a function f ∈ Lp((−π, π)× Rn) belongs to `2(S)?

This question can be reframed to the boundedness of the operator ES from `2(S) to

Lp
′
((−π, π) × Rn), where p′ is the conjugate exponent of p, i.e., 1

p
+ 1

p′
= 1. Since ES

is bounded from `2(S) to Lp
′
((−π, π) × Rn) if and only if TS := ESE∗S is bounded from

Lp((−π, π)× Rn) to Lp
′
((−π, π)× Rn), Problem 1 can be re-written as follows:

Problem 2: For which exponents 1 ≤ p ≤ 2, the operator TS := ESE∗S is bounded from

Lp((−π, π)× Rn) to Lp
′
((−π, π)× Rn)?

Note that Hölder’s inequality implies that the operator TS = ESE∗S is bounded from

Lp((−π, π)×Rn) to Lp
′
((−π, π)×Rn) if and only if for any W1,W2 ∈ L

2p
2−p ((−π, π)×Rn),

the operator W1TSW2 (composition of the multiplication operator associated with W1, TS

and the multiplication operator associated with W2) is bounded on L2((−π, π)×Rn) with

‖W1TSW2‖L2((−π,π)×Rn)→L2((−π,π)×Rn) ≤ C‖W1‖
L

2p
2−p ((−π,π)×Rn)

‖W2‖
L

2p
2−p ((−π,π)×Rn)

,

(2.3.5)

for some constant C > 0.

Another motivation to consider Problem 1 is due to the connection to Frame theory:

The Fourier-Hermite restriction and extension operators seem to be what is called analysis

and synthesis operator in Gabor Analysis [12,43]. More precisely, the extension operator

as defined by (2.3.1) is not only a synthesis operator, it is already the frame operator for

the union of modulated ONBs consisting of Hermite functions. The problem about the

boundedness of the extension operator defined by (2.3.1) is therefore a reduced to the

boundedness of the frame operator of a degenerated multi-window Gabor system. The

degeneracy stems from the fact that no translations are used. The multi-window Gabor

system is built from the eigenfunctions of a Daubechies localization operator [13] (see

also [14]).
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We introduce an analytic family of operators (Tz) defined on the strip, a ≤ Re z ≤ b

in the complex plane such that TS = Tc for some c ∈ (a, b) and show that the operator

W1TSW2 belongs to a Schatten class with

‖W1TSW2‖Sα(L2((−π,π)×Rn)) ≤ C‖W1‖
L

2p
2−p ((−π,π)×Rn)

‖W2‖
L

2p
2−p ((−π,π)×Rn)

,

for some α > 0, which is a more general Lp − Lp′ boundedness result of TS.

Recall that, a family of operators (Tz) on Rn defined on a strip a ≤ Re(z) ≤ b

with a < b, in the complex plane is analytic in the sense of Stein [91] if for all simple

functions f, g on Rn, the map z 7→ 〈g, Tzf〉 is analytic in a < Re(z) < b, continuous in

a ≤ Re(z) ≤ b, and if supa≤x≤b |〈g, Tx+isf〉| ≤ C(s), for some C(s) with at most a (double)

exponential growth in s.

The following proposition assures an affirmative answer to Problem 2 under certain

assumptions. We refer to Lemma 3 of [36] with appropriate modifications to obtain the

following result. In order to obtain the Strichartz inequality for the system of orthonormal

functions, we need the duality principle lemma in our context due to Frank-Sabin [36].

Lemma 2.3.1. [Duality principle] Let p, q ≥ 1 and α ≥ 1. Let A be a bounded linear

operator from a separable Hilbert space H to Lq
′

t L
p′
x ((−π, π)× Rn). Then the following

statements are equivalent.

1. There is a constant C > 0 such that∥∥WAA∗W
∥∥
Sα(L2((−π,π)×Rn))

≤ C‖W‖2

L
2q

2−q
t L

2p
2−p
x ((−π,π)×Rn)

, (2.3.6)

for all W ∈ L
2q

2−q
t L

2p
2−p
x ((−π, π)× Rn), where the function W is interpreted as an

operator which acts by multiplication.

2. For any orthonormal system (fj)j∈J in H and any sequence (nj)j∈J ⊂ C, there is a

constant C ′ > 0 such that∥∥∥∥∥∑
j∈J

nj |Afj|2
∥∥∥∥∥
L
q′
2
t L

p′
2
x ((−π,π)×Rn)

≤ C ′

(∑
j∈J

|nj|α
′

)1/α′

. (2.3.7)

Proof. We note that (2.3.7) is equivalent to itself but with the additional condition on

the scalers is that nj ≥ 0, j ∈ J , i.e.,∥∥∥∥∥∑
j∈J

nj |Afj|2
∥∥∥∥∥
L
q′
2
t L

p′
2
x ((−π,π)×Rn)

≤ C ′

(∑
j∈J

|nj|α
′

)1/α′

, ∀nj ≥ 0, j ∈ J. (2.3.8)
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Thus to show equivalence of (2.3.6) and (2.3.7), it is enough to show that (2.3.6) is equiv-

alent to (2.3.8). First we show that (2.3.6) implies (2.3.8). Let (fj)j∈J be an orthonormal

system in H and (nj)j∈J ⊂ R+.

We define an operator γ on H as

γ :=
∑
j

nj |fj〉 〈fj| , (2.3.9)

where the Dirac’s notation |u〉〈v| stands for the rank-one operator f 7→ 〈v, f〉u. Then (fj)

are the eigenfunctions of γ corresponding to the eigenvalues (nj). Moreover, the estimate

(2.3.6) is equivalent to

∥∥A∗|W |2A∥∥
Sα(H)

≤ C‖W‖2

L
2q

2−q
t L

2p
2−p
x ((−π,π)×Rn)

, (2.3.10)

for all W ∈ L
2q

2−q
t L

2p
2−p
x ((−π, π)× Rn). Using (2.3.10) and Hölder’s inequality for Schatten

spaces, we get

TrL2((−π,π)×Rn) (WAγ(WA)∗) = TrH
(
γA∗|W |2A

)
≤ ‖γ‖Sα′ (H)

∥∥A∗|W |2A∥∥
Sα(L2(Rn))

= C

(∑
j∈J

|nj|α
′

)1/α′

‖W‖2

L
2q

2−q
t L

2p
2−p
x ((−π,π)×Rn)

.

On the other hand, using the notation in (2.3.9), we have the following identity

TrL2((−π,π)×Rn) (WAγ(WA)∗) =

∫
(−π,π)

∫
Rn

(∑
j∈J

nj |(Afj) (x, t)|2
)
|W (x, t)|2 dx dt.

So we can infer that, for all V ∈ L
q

2−q
t L

p
2−p
x ((−π, π)× Rn) with V ≥ 0,∫

(−π,π)

∫
Rn

(∑
j∈J

nj |(Afj) (x, t)|2
)
|V (x, t)|dx dt

≤ C

(∑
j∈J

|nj|α
′

)1/α′

‖V ‖
L

q
2−q
t L

p
2−p
x ((−π,π)×Rn)

.

Since
(

p
2−p

)′
= p′

2
, the duality principle for Lp-spaces leads to (2.3.8). The proof of other

part is similar.

Note that Lemma 2.3.1 is also valid in the domain (−π
4
, π

4
)× Rn.
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Let S be the discrete surface S = {(µ, ν) ∈ Nn
0 × Z : R(µ, ν) = 0}, where R(µ, ν) is a

polynomial of degree one with respect to the counting measure.

For ε > 0, we define

Tεf(t, x) =

∫
Rn

∫
(−π,π)

Kε(t− s, x, y)g(s, y) dy ds,

where Kε(x, y, t) = 1ε<|t|<πK(t, x, y) and K(t, x, y) is defined in (2.3.4). We suppose that

for (t, x, y) ∈ (−π, π)× R2n, we have

|Kε(t, x, y)| ≤ C|t|−λ, (2.3.11)

for some positive λ ∈ R and the constant C is independent of ε. We show that

‖W1TεW2‖Sα(L2(−π,π)×Rn) ≤ C ‖W1‖Lβt Lαx ((−π,π)×Rn) ‖W2‖Lβt Lαx ((−π,π)×Rn) (2.3.12)

for some constant C independent of ε, where α, β ≥ 1 such that

2

β
+

2λ

α
= 1 and

1

2(λ+ 1)
≤ 1

α
<

1

2λ+ 1
.

To prove (2.3.12), we apply Stein’s complex interpolation, for z ∈ C with Re(z) ∈ [−1, λ],

on the operator

Tz,εf(t, x) =

∫
Rn

∫
(−π,π)

Kz,ε(t− s, x, y)g(s, y) dy ds,

where Kz,ε(t, x, y) = |t|zKε(t, x, y).

Then from (2.3.11), for any (t, x, y) ∈ (−π, π)× R2n, we have

|Kz,ε(t, x, y)| ≤ C|t|Re(z)−λ. (2.3.13)

Then, an application of the Hardy-Littlewood-Sobolev inequality (see page 39 in [6]) along

with (2.3.13) yields

‖W1Tz,εW2‖2
S2(L2((π,π)×Rn))

=

∫
(π,π)2

∫
R2n

|W1(t, x)|2 |Kz,ε(t− t′, x, x′)|2 |W2 (t′, x′)
2
dxdx′dtdt′

≤ C1

∫
(−π,π)2

∫
R2n

|W1(t, x)|2|W2 (t′, x′) |2

|t− t′|2λ−2 Re(z)
dxdx′dtdt′

≤ C1

∫
(−π,π)

∫
(−π,π)

‖W1(t)‖2
L2
x(Rn) ‖W2 (t′)‖2

L2
x(Rn)

|t− t′|2λ−2 Re(z)
dtdt′
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≤ C1

∥∥∥‖W1‖2
L2
x(Rn)

∥∥∥
Lũt ((−π,π))

∥∥∥‖W2‖2
L2
x(Rn)

∥∥∥
Lũt ((−π,π))

,

provided we have 0 ≤ 2λ − 2 Re(z) < 1 and 1
ũ

+ (λ − Re(z)) = 1. Further, if we denote

2ũ = u, then 1
u
∈
(

1
4
, 1

2

]
and

‖W1Tz,εW2‖S2(L2((−π,π)×Rn)) ≤ C ‖W1‖Lũt L2
x((−π,π)×Rn) ‖W2‖Lũt L2

x((−π,π)×Rn) , (2.3.14)

provided 1
u

= 1
2

+ 1
2

(Re(z)− λ) and Re(z) ∈
(

2λ−1
2
, λ
]
.

Now we consider the case Re(z) = −1. Suppose that Tz,ε : L2
t,x ((−π, π)× Rn) →

L2
t,x ((−π, π)× Rn) is bounded with some constant that depends only on n and Im(z)

exponentially, then, using the boundedness of Tz,ε on L2
t,x ((−π, π)× Rn) and the fact

that S∞-norm is the operator norm, we have

‖W1Tz,εW2‖S∞(L2((−π,π)×Rn)) ≤ C(Im(z)) ‖W1‖L∞t L∞x ((−π,π)×Rn) ‖W2‖L∞t L∞x ((−π,π)×Rn) ,

(2.3.15)

for Re(z) = −1. Finally, applying analytic interpolation (see [7,8]) between the estimates

(2.3.14) and (2.3.15), we get the following Fourier-Hermite restriction theorem by letting

ε→ 0 in (2.3.12).

Theorem 2.3.2. [Fourier-Hermite restriction theorem] Let n ≥ 1 and let S ⊂ Nn
0 × Z be

a discrete surface. Suppose that

(1) for Re(z) ∈ [−1, λ] and for each (t, x, y) ∈ (−π, π) × R2n, |Kε(t, x, y)| ≤ C|t|−λ,

for some positive real λ, and

(2) for Re(z) = −1, Tz,ε : L2
t,x ((−π, π)× Rn) → L2

t,x ((−π, π)× Rn) is a bounded

linear operator with the constant depends on n and Im(z) exponentially,

then TS is bounded from Lp((−π, π)× Rn) to Lp
′
((−π, π)× Rn) for p = 2(λ+1)

λ+2
.

Proof. In order to prove Theorem 2.3.2, by Lemma 2.3.1, it is enough to show that

‖W1TSW2‖Sα(L2(−π,π)×Rn) ≤ C ‖W1‖Lβt Lαx ((−π,π)×Rn) ‖W2‖Lβt Lαx ((−π,π)×Rn)

for α = β = 2(1 + λ) at z = 0 and compare it with (2.3.5) to get p = 2(λ+1)
λ+2

.
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2.4 Strichartz inequality for system of orthonormal

functions

Consider the Schrödinger equation associated with the Hermite operator H = −∆ + |x|2:

i∂tu(t, x) = Hu(t, x), t ∈ R, x ∈ Rn, (2.4.1)

u(x, 0) = f(x), x ∈ Rn.

If f ∈ L2(Rn), the solution of the initial value problem (2.4.1) is given by u(t, x) =

e−itHf(x). The solution to the initial value problem (2.4.1) can be realized as the extension

operator of some function f on (−π, π)×Rn. To estimate the solution to the initial value

problem (2.4.1) is equivalent to obtain the Schatten bound (2.3.6) with A = e−itH .

Let S be the discrete surface S = {(µ, ν) ∈ Nn
0 ×Z : ν = 2|µ|+ n} with respect to the

counting measure. Then for all f such that f̂ ∈ `1(S) and for all (t, x) ∈ (−π, π) × Rn,

the extension operator can be written as

ESf(t, x) =
∑
µ,ν∈S

f̂(µ, ν)Φµ(x)e−itν , (2.4.2)

where f̂(µ, ν) is defined in (2.3.2). Choosing

f̂(µ, ν) =

 û(µ), if ν = 2|µ|+ n,

0, otherwise,

for some u : Rn → C in (2.4.2), we get

ESf(t, x) =
∑
µ,ν∈S

f̂(µ, ν)Φµ(x)e−itν

=

∫
Rn

(∑
µ

Φµ(x)Φµ(y)e−it(2|µ|+n)

)
u(y) dy

= e−itHu(x).

Now we prove our main result of this chapter.

Theorem 2.4.1. [Strichartz inequality for orthonormal functions for Hermite operator]

Let p, q, n ≥ 1 such that

1 ≤ q <
n+ 1

n− 1
and

2

p
+
n

q
= n.
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For any (possibly infinite) system (uj) of orthonormal functions in L2 (Rn) and any coef-

ficients (nj) ⊂ C, we have

∫
(−π,π)

(∫
Rn

∣∣∣∣∣∑
j

nj
∣∣(e−itHuj) (x)

∣∣2∣∣∣∣∣
q

dx

) p
q

dt ≤ Cp
n,q

(∑
j

|nj|
2q
q+1

) p(q+1)
2q

, (2.4.3)

where Cn,q is a universal constant which only depends on n and q.

Proof. To prove (2.4.3), by Lemma 2.3.1, is enough to show that

‖W1ESE∗SW2‖Sα(L2((−π,π)×Rn)) . ‖W1‖Lβt Lαx ((−π,π)×Rn) ‖W2‖Lβt Lαx ((−π,π)×Rn) , (2.4.4)

for all α, β ≥ 1 such that 2
β

+ n
α

= 1 and 0 ≤ 1
α
< 1

n+1
.

Using the fact that the operator e−itH is unitary, the triangle inequality gives (2.4.3)

for the pair (p, q) = (∞, 1). Equivalently, (2.4.4) is true for (β, α) = (2,∞). Therefore it

is enough to show (2.4.4) for the range 1
n+2
≤ 1

α
< 1

n+1
. For ε > 0, we define

Tεf(t, x) =

∫
Rn

∫
(−π

4
,π
4

)

Kε(t− s, x, y)f(s, y) dy ds,

where Kε(t, x, y) = 1ε<|t|<π
4
K(t, x, y) and K(t, x, y) is defined in (2.3.4). Once we can

show that

‖W1TεW2‖Sα(L2(−π4 ,
π
4 )×Rn) ≤ C ‖W1‖Lβt Lαx((−π

4
,π
4

)×Rn) ‖W2‖Lβt Lαx((−π
4
,π
4

)×Rn) , (2.4.5)

for some constant C independent of ε, then (2.4.4) follows by letting ε→ 0 and extending

it to (−π, π). In order to apply complex interpolation, for z ∈ C with Re(z) ∈
[
−1, n

2

]
,

we further define

Kz,ε(t, x, y) = |t|zKε(t, x, y)

and

Tz,εf(t, x) =

∫
Rn

∫
(−π

4
,π
4

)

Kz,ε(t− s, x, y)f(s, y) dy ds.

But from (2.2.2), for every x, y ∈ Rn and t ∈ (−π
4
, π

4
), we have

|Kz,ε(t, x, y)| ≤ C|t|Re(z)−n
2 . (2.4.6)

Now, an application of the Hardy-Littlewood-Sobolev inequality (see page 39 in [6]) along

with (2.4.6) yields

‖W1Tz,εW2‖2
S2(L2((−π

4
,π
4

)×Rn))
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=

∫
(−π

4
,π
4

)2

∫
R2n

|W1(t, x)|2 |Kz,ε(t− t′, x, x′)|2 |W2 (t′, x′)
2
dxdx′dtdt′

≤ C1

∫
(−π

4
,π
4

)2

∫
R2n

|W1(t, x)|2|W2 (t′, x′) |2

|t− t′|n−2 Re(z)
dxdx′dtdt′

≤ C1

∫
(−π

4
,π
4

)

∫
(−π

4
,π
4

)

‖W1(t)‖2
L2
x(Rn) ‖W2 (t′)‖2

L2
x(Rn)

|t− t′|n−2 Re(z)
dtdt′

≤ C1

∥∥∥‖W1‖2
L2
x(Rn)

∥∥∥
Lũt ((−π

4
,π
4

))

∥∥∥‖W2‖2
L2
x(Rn)

∥∥∥
Lũt ((−π

4
,π
4

))
,

provided we have 0 ≤ n − 2 Re(z) < 1 and 2
ũ

+ (n − 2 Re(z)) = 2. Further, if we denote

2ũ = u, then 1
u
∈
(

1
4
, 1

2

]
and

‖W1Tz,εW2‖S2(L2((−π,π)×Rn)) ≤ C ‖W1‖Lut L2
x((−π,π)×Rn) ‖W2‖Lut L2

x((−π,π)×Rn) ,

provided 1
u

= 1
2

+ 1
2

(
Re(z)− n

2

)
and Re(z) ∈

(
n−1

2
, n

2

]
.

Now we consider the case Re(z) = −1. For Re(z) = −1, we show that Tz,ε :

L2
t,x

(
(−π

4
, π

4
)× Rn

)
→ L2

t,x

(
(−π

4
, π

4
)× Rn

)
is bounded with some constant that only de-

pends on the dimension n and Im(z) exponentially. Note that

Tz,εf(t, x) =

∫
Rn

∫
(−π

4
,π
4

)

Kz,ε(t− s, x, y)f(s, y) dy ds

= (2π)−
1
2

∑
µ

Φµ(x)

∫
ε<|s|<π

4

sze−is(2|µ|+n)

(∫
Rn

Φµ(y)f(t− s, y) dy

)
ds

= (2π)−
1
2

∑
µ

Φµ(x)

∫
ε<|s|<π

4

sze−is(2|µ|+n)f̂2(t− s, ·)(µ) ds,

where f̂2 denotes the Hermite transform of f with respect to the second variable. Then

using Plancherel’s theorem, for each t ∈ (−π
4
, π

4
), we have

‖Tz,εf(·, t)‖2
L2
x(Rn) = (2π)−1

∑
µ

∣∣∣∣∣
∫
ε<|s|<π

4

s−1+i Im(z)e−i(t−s)(2|µ|+n)f̂2(t− s, ·)(µ) ds

∣∣∣∣∣
2

= (2π)−1
∑
µ

∣∣∣∣∣
∫
ε<|s|<π

4

s−1+i Im(z)Gµ (t− s) ds

∣∣∣∣∣
2

(2.4.7)

where Gµ(t) = e−it(2|µ|+n)f̂2(t, ·)(µ). If we define

Fz,ε : G(t) 7→
∫
ε<|s|<π

4

s−1+i Im(z)G (t− s) ds,

then (2.4.7) becomes

‖Tz,εf‖2
L2
t,x((−π

4
,π
4

)×Rn) = (2π)−1
∑
µ

‖Fz,εGµ‖2
L2
t((−π

4
,π
4

)) . (2.4.8)
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Since the operator Fz,ε is the Hilbert transform up to i Im(z) (see [104]), the operator

Fz,ε : L2 → L2 is bounded with constant depends only on Im(z) exponentially. Thus,

using the boundedness of Tz,ε : L2
t,x

(
(−π

4
, π

4
)× Rn

)
→ L2

t,x

(
(−π

4
, π

4
)× Rn

)
and the fact

that S∞-norm is the operator norm, we have

‖W1Tz,εW2‖S∞(L2((−π
4
,π
4

)×Rn)) ≤ C(Im(z)) ‖W1‖L∞t L∞x ((−π
4
,π
4

)×Rn) ‖W2‖L∞t L∞x ((−π
4
,π
4

)×Rn) ,

for Re(z) = −1. Finally, applying Stein’s analytic interpolation result [7, 8], the required

inequality (2.4.4) holds for the range

1

n+ 2
≤ 1

α
<

1

n+ 1
with

2

β
+
n

α
= 1,

at z = 0. Using the kernel properties (2.2.3) of the semigroup e−itH , the range of t can

be extended to the interval (−π, π).

2.5 Optimality of the Schatten exponent

In this section, we show that the power p(q+1)
2q

on the right hand side in (2.4.3) is optimal.

The inequality (2.4.3) can also be written in terms of the operator

γ0 :=
∑
j

nj |uj〉 〈uj| (2.5.1)

on L2 (Rn) , where the Dirac’s notation |u〉〈v| stands for the rank-one operator f 7→

〈v, f〉u. For such γ0, let

γ(t) := e−itHγ0e
itH =

∑
j

nj
∣∣e−itHuj〉 〈e−itHuj∣∣ .

Then the density of the operator γ(t) is given by

ργ(t) :=
∑
j

nj
∣∣e−itHuj∣∣2 . (2.5.2)

With these notations (2.4.3) can be rewritten as∥∥ργ(t)

∥∥
LptL

q
x((−π,π)×Rn)

≤ Cn,q‖γ0‖S 2q
q+1

, (2.5.3)

where ‖γ0‖S 2q
q+1

=

(∑
j

|nj|
2q
q+1

) q+1
2q

.
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Proposition 2.5.1. [Optimality of the Schatten exponent] Assume that n, p, q ≥ 1 satisfy

2
p

+ n
q

= n. Then we have

sup
γ0∈Sr

∥∥ρe−itHγ0eitH

∥∥
LptL

q
x((−π,π)×Rn)

‖γ0‖Sr
= +∞,

for all r > 2q
q+1

.

Proof. Depending on the positive parameters β, L and µ, we construct the family of

operators

γ0 =
1

(2π)n

∫∫
Rn×Rn

e−
x2

L2−
ξ2

µ |Fx,ξ〉 〈Fx,ξ| dxdξ,

where Fx,ξ(z) = (2πβ)−
n
4 e−

(z−x)2

4β eiξ·z. The functions Fx,ξ are normalized and satisfy∫∫
Rn×Rn

dxdξ

(2π)n
|Fx,ξ〉 〈Fx,ξ| = 1.

By Mehler’s formula (2.2.1), we get

eitHFx,ξ(z) = (−2πi sin 2t)−
n
2 (2πβ)−

n
4

∫
Rn
e−

i
2

cot 2t(z2+y2)+ i
sin(2t)

z·ye−
(y−x)2

4β eiξ·ydy.

Therefore ∣∣eitHFx,ξ(z)
∣∣ =

(
2β

π(4β2 cos2 2t+ sin2 2t)

)n
4

e
−β(z−x cos 2t+ξ sin 2t)2

4β2 cos2 2t+sin2 2t ,

and

ργ(t)(z) := ρeitHγ0e−itH(z)

=

∫∫
Rn×Rn

dxdξ

(2π)d
e−

x2

L2−
ξ2

µ

∣∣eitHFx,ξ(z)
∣∣2

=

(
2πβµL2

(4β2 + 2βL2) cos2 2t+ (1 + 2µβ) sin2 2t

)n
2

e
−2βz2

(4β2+2βL2) cos2 2t+(1+2µβ) sin2 2t .

So

‖ργ(t)‖qLqx(Rn)
=

(
π

q

)n
2 (
µL2

)nq
2

(
β

(4β2 + 2βL2) cos2 2t+ (1 + 2µβ) sin2 2t

)n(q−1)
2

.

Using the fact that n(q − 1)p = 2q, we have

‖ργ(t)‖pLptLqx((−π,π)×Rn)

=

(
π

q

)np
2q (

µL2
)np

2

∫
[−π,π]

β

(4β2 + 2βL2) cos2 2t+ (1 + 2µβ) sin2 2t
dt
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=
√

2π

(
π

q

)np
2q (

µL2
)np

2
β√

2β2 + βL2
√

1 + 2µβ
.

Therefore

‖ργ(t)‖LptLqx((−π,π)×Rn)

= An,p
(
µL2

)n
2 (L2)−

1
2pµ−

1
2p

1(
2β
L2 + 1

) 1
2p

(
1
µβ

+ 2
) 1

2p

= An,p
(
µL2

)n
2
− 1

2p
1(

2β
L2 + 1

) 1
2p

(
1
µβ

+ 2
) 1

2p

.

Using the fact that n
4

(
1 + 1

q

)
= n

2
− 1

2p
and choosing 1/µ < β < L2, we obtain

‖ργ(t)‖LptLqx((−π,π)×Rn) ≥ An,p2
− 1

2pN
1+q
2q ,

where

N =

∫
Rn
γ0(z, z)dz

=

∫∫∫
Rn×Rn×Rn

dxdξ

(2π)n
e−

x2

2 −
ξ2

µ |Fxξ(z)|2 dz

=

∫∫
Rn×Rn

dxdξ

(2π)n
e−

x2

2 −
ξ2

µ

= AnL
nµ

n
2 .

An application of the Berezin-Lieb inequality [68] gives that

Tr γr0 ≤
∫∫

Rn×Rn

dxdξ

(2π)d
e−

rx2

2 −
rξ2

µ = r−nN,

where r ≥ 1 and N = (µL2)
n
2

2n
. Therefore∥∥ρe−itHγ0eitH

∥∥
LptL

q
x((−π,π)×Rn)

‖γ0‖Sr
≥ An,p2

− 1
2p

r−
n
r

N( 1+q
2q
− 1
r ).
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CHAPTER 3

Strichartz inequality for orthonormal functions associated with

special Hermite operator

3.1 Introduction

The objective of this chapter is to prove the restriction theorem for the special Hermite

transform and obtain Strichartz inequality for the system of orthonormal functions associ-

ated with special Hermite operator L defined on L2(Cn) as an application of the restriction

theorem.

3.2 Preliminaries

In this section, we mainly discuss some basic definitions and provide necessary background

information about the special Hermite semigroup. We start with the definition of the

special Hermite functions.

35
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3.2.1 Special Hermite operator and spectral theory

For each multi-index µ, ν ∈ Nn
0 and ζ ∈ C, we define the special Hermite functions Φµν

by

Φµν(ζ) = (2π)−
n
2

∫
Rn
eix·ξΦµ

(
ξ +

y

2

)
Φν

(
ξ − y

2

)
dξ, ζ = x+ iy ∈ Cn,

where Φµ’s are the higher dimensional Hermite functions defined in Subsection 2.2.1.

The family of functions {Φµν} forms an orthonormal basis for L2(Cn). These special

Hermite functions are the eigenfunctions of the special Hermite operator L (or the twisted

Laplacian) defined by

L =
1

2

n∑
j=1

(
ZjZ̄j + Z̄jZj

)
,

where Zj = ∂
∂ζj

+ 1
2
ζ̄j, Z̄j = − ∂

∂ζ̄j
+ 1

2
ζj, j = 1, 2, . . . n with eigenvalues (2|ν| + n). The

special Hermite operator L is self-adjoint and admits a spectral decomposition in terms

of special Hermite functions. Given f ∈ L2 (Cn), the expansion

f =
∑

µ,ν∈Nn0

〈f,Φµν〉Φµν (3.2.1)

converges to f in L2 (Cn) . The above expansion also can be written as f =
∑∞

k=0 Pkf ,

where

Pk =
∑

{µ,ν∈Nn0 :|ν|=k}

〈·,Φµν〉Φµν

is the orthogonal projection of L2 (Cn) onto the eigenspace spanned by {Φµν : |ν| = k}.

For each k ∈ N, the spectral decomposition of L can be written as

Lf =
∞∑
k=0

(2k + n)Pkf.

The twisted convolution of two functions f and g on Cn is defined by

f × g(ζ) =

∫
Cn
f(ζ − w)g(w)e

i
2

Im(ζ·w̄)dw, ζ ∈ Cn.

The family {Φµν} satisfies the following orthogonality properties

Φµν × Φαβ =

 (2π)n/2Φµβ, if ν = α,

0, otherwise.
(3.2.2)
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Let Lαk denote the Laguerre polynomial of degree k and of order α > −1, defined by the

generating function identity (see [81])

∞∑
k=0

Lαk (x)ωk = (1− ω)−α−1e−
ω

1−ωx, |ω| < 1,

and let φk(z) = Ln−1
k

(
1
2
|z|2
)
e−

1
4
|z|2 be the Laguerre function of order n − 1. Then the

special Hermite functions Φνν are related to the Laguerre functions φk by the following

relation

(2π)n/2
∑
|ν|=k

Φνν = φk. (3.2.3)

Now taking twisted convolution on both sides of (3.2.1) with Φαα and using the orthogo-

nality property (3.2.2), we have

f × Φαα = (2π)n/2
∑
µ∈Nn0

〈f,Φµα〉Φµα, α ∈ Nn
0 . (3.2.4)

Summing both sides of (3.2.4) with respect to all α such that |α| = k and using (3.2.3),

the spectral projection Pk has the simpler representation

Pkf(ζ) = (2π)−
n
2

∑
|α|=k

f × Φαα(ζ) = (2π)−nf × ϕk(ζ), ζ ∈ Cn.

Then the special Hermite expansion takes the compact form

f(ζ) = (2π)−n
∑
k

f × φk(ζ), ζ ∈ Cn.

The operator L defines a semigroup, called the special Hermite semigroup and denoted

by e−tL, t > 0, by the expansion

e−tLf = (2π)−n
∞∑
k=0

e−(2k+n)tf × φk,

for f ∈ L2(Cn). For the auxiliary complex semigroup {e−ηL}, η = r + it, r > 0, we write

e−ηLf(ζ) = (2π)−n
∞∑
k=0

e−η(2k+n)f × φk(ζ), ζ ∈ Cn.

Thus, e−ηL is a twisted convolution operator

e−ηLf(ζ) =

∫
Cn
f(ζ − w)Kη(w)e

i
2

Im(ζ·w̄)dw
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with kernel (see [81])

Kη(ζ) = (2π)−n
∞∑
k=0

e−η(2k+n)φk(ζ) = (2π)−ne−nη(1− ω)−ne−
1+ω
1−ω

|ζ|2
4 ,

where ω = e−2η with Re(η) > 0. Thus Kr+it(ζ) = Kr+i(t+2π)(ζ) and for Re(η) > 0, Kη

satisfies the uniform estimate

|Kη(ζ)| ≤ 2

| sin t|n
, η = r + it, ζ ∈ Cn, for t ∈ R \ πZ. (3.2.5)

Also for t ∈ R \ πZ, we have

K−it(ζ) = Kit(ζ) and Ki(t+π)(ζ) = e−inπKit(ζ). (3.2.6)

We refer to [81,99] for a detailed study on special Hermite semigroup.

3.3 The Restriction theorem

In this section, we set a platform to prove the restriction theorem with respect to the

special Hermite transform for a given discrete surface S ⊂ N2n
0 ×Z. We start this section

with the definition of special Hermite transform.

Let f ∈ L1(Cn). Define the special Hermite transform of f by

f̂(µ, ν) =

∫
Cn
f(z)Φµν(z) dz, µ, ν ∈ Nn

0 ,

where Φµν ’s are the special Hermite functions on Cn. If f ∈ L2(Cn), then {f̂(µ, ν)} ∈

`2(N2n
0 ), and satisfies the following Plancherel formula

‖f‖2
2 =

∑
(µ,ν)∈N2n

0

|f̂(µ, ν)|2.

The inverse special Hermite transform is given by

f(z) =
∑

(µ,ν)∈N2n
0

f̂(µ, ν)Φµν(z), z ∈ Cn.

Given a discrete surface S in N2n
0 × Z, we define the restriction operator (RSf) :=

{f̂(µ, ν, λ)}(µ,ν,λ)∈S and the operator dual to RS (called the extension operator) as

ES({f̂(µ, ν, λ)}) :=
∑

(µ,ν,λ)∈S

f̂(µ, ν, λ)Φµν(·)e−i(·)λ,
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where the Fourier-special Hermite transform of f is given by

f̂(µ, ν, λ) = (2π)−
1
2

∫
Cn

∫
(−π,π)

f(t, w)Φµν(w)eiλt dtdw. (3.3.1)

Using the similar notations in Chapter 2, we consider the following problem:

Problem 1: For which exponents 1 ≤ p ≤ 2, the sequence of Fourier-special Hermite

transform of a function f ∈ Lp((−π, π)× Cn) belongs to `2(S)?

This question can be reframed to the boundedness of the operator ES from `2(S) to

Lp
′
((−π, π) × Cn), where p′ is the conjugate exponent of p, i.e., 1

p
+ 1

p′
= 1. Since ES is

bounded from `2(S) to Lp
′
((−π, π) × Cn) if and only if TS := ES(ES)∗ is bounded from

Lp((−π, π)× Cn) to Lp
′
((−π, π)× Cn), Problem 1 can be re-written as follows:

Problem 2: For which exponents 1 ≤ p ≤ 2, the operator TS := ES(ES)∗ is bounded

from Lp((−π, π)× Cn) to Lp
′
((−π, π)× Cn)?

Note that Hölder’s inequality implies that the operator TS = ES(ES)∗ is bounded from

Lp((−π, π)×Cn) to Lp
′
((−π, π)×Cn) if and only if for any W1,W2 ∈ L

2p
2−p ((−π, π)×Cn),

the operator W1TSW2 is bounded on L2((−π, π)× Cn) with

‖W1TSW2‖L2((−π,π)×Cn)→L2((−π,π)×Cn) ≤ C‖W1‖
L

2p
2−p ((−π,π)×Cn)

‖W2‖
L

2p
2−p ((−π,π)×Cn)

,

for some constant C > 0. In this chapter, we consider the discrete surface S of the form

S = {(µ, ν, λ) ∈ Nn
0 × Nn

0 × Z : λ = 2|ν|+ n} with respect to counting measure.

We introduce an analytic family of operators (Tz) defined on the strip a ≤ Re z ≤ b

in the complex plane such that TS = Tc for some c ∈ (a, b) and show that the operator

W1TSW2 belongs to a Schatten class with

‖W1TSW2‖Sα(L2((−π,π)×Cn)) ≤ C‖W1‖
L

2p
2−p ((−π,π)×Cn)

‖W2‖
L

2p
2−p ((−π,π)×Cn)

,

for some C > 0 and some α > 0, which is a more general Lp − Lp′ boundedness result of

TS.

The following proposition assures an affirmative answer to Problem 2 under certain

assumptions. In order to obtain the Strichartz inequality for the system of orthonormal

functions, we need the following duality principle lemma in our context. The proof follows

along the similar lines of Lemma 2.3.1 of Chapter 2.
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Lemma 3.3.1. [Duality principle] Let p, q ≥ 1 and α ≥ 1. Let Af(t, w) = e−itLf(w) and

if A be a bounded linear operator from L2(Cn) to Lq
′

t L
p′
w ((−π, π)× Cn), then the following

statements are equivalent.

1. There is a constant C > 0 such that

∥∥WAA∗W
∥∥
Sα(L2((−π,π)×Cn))

≤ C‖W‖2

L
2q

2−q
t L

2p
2−p
w ((−π,π)×Cn)

, (3.3.2)

for all W ∈ L
2q

2−q
t L

2p
2−p
w ((−π, π)× Cn), where the function W is interpreted as an

operator which acts by multiplication.

2. For any orthonormal system (fj)j∈J in L2(Cn) and any sequence (nj)j∈J ⊂ C, there

is a constant C ′ > 0 such that∥∥∥∥∥∑
j∈J

nj |Afj|2
∥∥∥∥∥
L
q′
2
t L

p′
2
w ((−π,π)×Cn)

≤ C ′

(∑
j∈J

|nj|α
′

)1/α′

. (3.3.3)

3.4 Strichartz inequality for system of orthonormal

functions

Consider the Schrödinger equation associated with the special Hermite operator L:

i∂tu(t, w) = Lu(t, w), w ∈ Cn, t ∈ R, (3.4.1)

u(0, w) = f(w), w ∈ Cn.

If f ∈ L2(Cn), the solution of the initial value problem (3.4.1) is given by u(t, w) =

e−itLf(w). The solution to the initial value problem (3.4.1) can be realized as the extension

operator of some function f on (−π, π)×Cn. Estimating the solution to the initial value

problem (3.4.1) is equivalent to obtain the Schatten bound (3.3.2) with A = e−itL.

Let S be the discrete surface S = {(µ, ν, λ) ∈ Nn
0 ×Nn

0 ×Z : λ = 2|ν|+n} with respect

to counting measure. Then for all f such that f̂ ∈ `1(S) and for all (t, ζ) ∈ (−π, π)×Cn,

the extension operator can be written as

ESf(t, ζ) =
∑

(µ,ν,λ)∈S

f̂(µ, ν, λ)Φµν(ζ)e−itλ, (3.4.2)
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where f̂(µ, ν, λ) is defined in (3.3.1). Using the fact that

f × Φµµ = (2π)
n
2

∑
ν

〈f,Φµν〉Φµν ,

and choosing

f̂(µ, ν, λ) =

 (2π)nû(µ, ν), if λ = 2|ν|+ n,

0, otherwise,

for some u : Cn → C in (3.4.2), we get

ESf(t, ζ) = (2π)n
∑
µ,ν

û(µ, ν)Φµν(ζ)e−it(2|ν|+n)

= (2π)n
∑
ν

(∑
µ

〈u,Φµν〉Φµν(ζ)

)
e−it(2|ν|+n)

= (2π)
n
2

∑
ν

e−it(2|ν|+n)u× Φνν(ζ)

= (2π)
n
2

∞∑
k=0

e−it(2k+n)

u×∑
|ν|=k

Φνν(ζ)


=
∞∑
k=0

e−it(2k+n)u× φk(z) = e−itLu(ζ).

Again

ESE∗Sf(t, ζ) =
∑

(µ,ν,λ)∈S

f̂(µ, ν, λ)Φµν(ζ)e−itλ

= (2π)−
1
2

∑
(µ,ν,λ)∈S

∫
(−π,π)

〈f(s, ·),Φµν〉Φµν(ζ)e−i(t−s)λ dw ds

= (2π)−
1
2

∫
(−π,π)

∑
µ,ν

〈f(s, ·),Φµν〉Φµν(ζ)e−i(t−s)(2|ν|+n) dw ds. (3.4.3)

Now from (3.2.4) and (3.2.3), we have∑
µ,ν

〈f(s, ·),Φµν〉Φµν(ζ)e−i(t−s)(2|ν|+n)

= (2π)−
n
2

∑
ν

f(s, ·)× Φνν(ζ)e−i(t−s)(2|ν|+n)

= (2π)−n
∞∑
k=0

e−i(t−s)(2k+n)f(s, ·)× φk(ζ)

= (2π)−nf(s, ·)×
∞∑
k=0

e−i(t−s)(2k+n)φk(ζ).
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Then from (3.4.3), we get

ESE∗Sf(t, ζ) = (2π)−(n+ 1
2

)

∫
(−π,π)

f(s, ·, ·)×
∞∑
k=0

e−i(t−s)(2k+n)φk(ζ)ds

= (2π)−(n+ 1
2

)

∫
(−π,π)

∫
Cn
H(t− s, ζ − w)f(s, w)e−

i
2

Im(ζ·w̄)dsdw

= (2π)−(n+ 1
2

)

∫
Cn

(H(·, ζ − w) ∗ f(·, w))(t)e−
i
2

Im(ζ·w̄)dw, (3.4.4)

where

H(t, ζ) =
∞∑
k=0

e−it(2k+n)φk(ζ). (3.4.5)

Next we prove our main result of this chapter.

Theorem 3.4.1. [Strichartz inequality for orthonormal functions for special Hermite

operator] Let q, n ≥ 1 and p > 1 such that

1 ≤ q <
2n+ 1

2n− 1
and

1

p
+
n

q
= n.

For any (possibly infinite) system (uj) of orthonormal functions in L2 (Cn) and any coef-

ficients (nj) ⊂ C, there exists a constant C > 0 such that∥∥∥∥∥∑
j

nj
∣∣e−itLuj∣∣2

∥∥∥∥∥
LptL

q
w((−π,π)×Cn)

≤ C

(∑
j

|nj|
2q
q+1

) (q+1)
2q

. (3.4.6)

Proof. To prove (3.4.6), by Lemma 3.3.1, is enough to show that

‖W1ESE∗SW2‖Sα(L2((−π,π)×Cn)) . ‖W1‖Lβt Lαw((−π,π)×Cn) ‖W2‖Lβt Lαw((−π,π)×Cn) , (3.4.7)

for all α, β ≥ 1 such that 2
β

+ 2n
α

= 1 and 0 ≤ 1
α
< 1

2n+1
.

Using the fact that the operator e−itL is unitary, the triangle inequality gives (3.4.6)

for the pair (p, q) = (∞, 1). Equivalently, (3.4.7) is true for (β, α) = (2,∞). Therefore it

is enough to show (3.4.7) for the range 1
2(n+1)

≤ 1
α
< 1

2n+1
.

For ε > 0, we define

Tεf(t, ζ) =

∫
Cn

∫
(−π

2
,π
2

)

Hε(t− s, ζ − w)e−
i
2

Im(ζ·w̄)f(s, w) dw ds,

where Hε(t, ζ) = 1ε<|t|<π
2
H(t, ζ) and H(t, ζ) is defined in (3.4.5). Once we can show that

‖W1TεW2‖Sα(L2((−π
2
,π
2

)×Cn)) ≤ C ‖W1‖Lβt Lαw((−π
2
,π
2

)×Cn) ‖W2‖Lβt Lαw((−π
2
,π
2

)×Cn) , (3.4.8)
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for some constant C independent of ε, then (3.4.7) follows by letting ε→ 0 and extending

it to (−π, π). In order to apply complex interpolation, for z ∈ C with Re(z) ∈ [−1, n], we

further define

Hz,ε(t, ζ) = |t|zHε(t, ζ)

and

Tz,εf(t, ζ) =

∫
(−π

2
,π
2

)

∫
Cn
Hz,ε(t− s, ζ − w)e−

i
2

Im(ζ·w̄)f(s, w) dsdw.

But from (3.2.5), for every t ∈ (−π
2
, π

2
) and ζ ∈ Cn, we have

|Hz,ε(t, ζ)| ≤ C|t|Re(z)−n. (3.4.9)

Now, an application of the Hardy-Littlewood-Sobolev inequality (see page 39 in [6]) along

with (3.4.9) yields

‖W1Tz,εW2‖2
S2(L2((−π

2
,π
2

)×Cn))

=

∫
(−π

2
,π
2

)2

∫
C2n

|W1(t, ζ)|2 |Hz,ε(t− t′, ζ − ζ ′)|2 |W2 (t′, ζ ′) |2dζdζ ′dtdt′

≤ C1

∫
(−π

2
,π
2

)2

∫
C2n

|W1(t, ζ)|2|W2 (t′, ζ ′) |2

|t− t′|2n−2 Re(z)
dζdζ ′dtdt′

≤ C1

∫
(−π

2
,π
2

)

∫
(−π

2
,π
2

)

‖W1(t)‖2
L2
w(Cn) ‖W2 (t′)‖2

L2
w(Cn)

|t− t′|2n−2 Re(z)
dtdt′

≤ C1

∥∥∥‖W1‖2
L2
w(Cn)

∥∥∥
Lũt ((−π

2
,π
2

))

∥∥∥‖W2‖2
L2
w(Cn)

∥∥∥
Lũt ((−π

2
,π
2

))
,

provided we have 0 ≤ 2n − 2 Re(z) < 1 and 1
ũ

+ (n − Re(z)) = 1. Further, if we denote

2ũ = u, then 1
u
∈
(

1
4
, 1

2

]
and

‖W1Tz,εW2‖S2(L2((−π
2
,π
2

)×Cn)) ≤ C ‖W1‖Lut L2
w((−π

2
,π
2

)×Cn) ‖W2‖Lut L2
w((−π

2
,π
2

)×Cn) ,

provided 1
u

= 1
2

+ 1
2

(Re(z)− n) and Re(z) ∈
(

2n−1
2
, n
]
.

Now we consider the case Re(z) = −1. For Re(z) = −1, we show that Tz,ε :

L2
t,w

(
(−π

2
, π

2
)× Cn

)
→ L2

t,w

(
(−π

2
, π

2
)× Cn

)
is bounded with some constant that only

depends on the dimension n and Im(z) exponentially. Note that

Tz,εf(t, ζ) =

∫
Cn

∫
(−π

2
,π
2

)

Hz,ε(t− s, ζ − w)e−
i
2

Im(ζ·w̄)f(s, w) dw ds

=

∫
ε<|s|<π

2

sz
∞∑
k=0

e−is(2k+n)

(∫
Cn
φk(ζ − w)e−

i
2

Im(ζ·w̄)f(t− s, w) dw

)
ds
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=

∫
ε<|s|<π

2

szf(t− s, ·)×
∞∑
k=0

e−is(2k+n)φk(ζ) ds

= (2π)n
∑
µ,ν

Φµν(ζ)

∫
ε<|s|<π

2

sze−is(2|ν|+n)f̂2(t− s, ·)(µ, ν)ds,

where f̂2 denotes the special Hermite transform of f with respect to the second variable.

Then using Plancherel’s theorem, for each t ∈ (−π
2
, π

2
), we have

‖Tz,εf(t, ·)‖2
L2
w(Cn) = (2π)2n

∑
µ,ν

∣∣∣∣∣
∫
ε<|s|<π

2

s−1+i Im(z)e−i(t−s)(2|ν|+n)f̂2(t− s, ·)(µ, ν) ds

∣∣∣∣∣
2

= (2π)2n
∑
µ,ν

∣∣∣∣∣
∫
ε<|s|<π

2

s−1+i Im(z)Gµν (t− s) ds

∣∣∣∣∣
2

(3.4.10)

where Gµν(t) = e−it(2|ν|+n)f̂2(t, ·)(µ, ν). If we define

Fz,ε : G(t) 7→
∫
ε<|s|<π

2

s−1+i Im(z)G (t− s) ds,

then (3.4.10) becomes

‖Tz,εf‖2
L2
t,w((−π

2
,π
2

)×Cn) = (2π)2n
∑
µ,ν

‖Fz,εGµν‖2
L2
t ((−

π
2
,π
2

)) . (3.4.11)

Since the operator Fz,ε is just a Hilbert transform up to i Im(z), from [104], the operator

Fz,ε : L2 → L2 is bounded with constant depends only on Im(z) exponentially. Thus,

using the boundedness of Tz,ε : L2
t,w

(
(−π

2
, π

2
)× Cn

)
→ L2

t,w

(
(−π

2
, π

2
)× Cn

)
and the fact

that S∞-norm is the operator norm, we have

‖W1Tz,εW2‖S∞(L2((−π
2
,π
2

)×Cn)) ≤ C(Im(z)) ‖W1‖L∞t L∞w ((−π
2
,π
2

)×Cn) ‖W2‖L∞t L∞w ((−π
2
,π
2

)×Cn) ,

for Re(z) = −1. Finally, applying Stein’s analytic interpolation result [7, 8], the required

inequality (3.4.7) holds for the range

1

2(n+ 1)
≤ 1

α
<

1

2n+ 1
with

2

β
+

2n

α
= 1,

at z = 0. Finally, using the kernel properties (3.2.6) of the semigroup e−itL, the range of

t can be extended to the interval (−π, π).
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CHAPTER 4

Szegö type limit theorems on the Heisenberg group

4.1 Introduction

The observable quantities in the classical system are described by real valued functions on

the phase space whereas in quantum system they are given by self-adjoint operators on a

Hilbert space. Therefore it is important to study the correspondence between the classical

and quantum statistical mechanics. Pseudo-differential operator theory provides a natural

platform to relate the classical and quantum mechanics. In [109] Zelditch proved a Szegö

limit theorem for the Schrödinger operator on L2(Rn) with certain potentials comparing

the quantum and classical mean values in the high energy limit. In this chapter, we prove

a similar result on the Heisenberg group Hn for the Schrödinger operatorH (defined in the

subsection 4.2.2) with respect to the multiplication operatorMb in Theorem 4.5.1, where b

is a bounded real valued integrable function on Hn. Further, we generalize the Szegö type

limit theorem for the Schrödinger operator H with respect to a 0-th order self-adjoint

pseudo-differential operator on L2(Hn) (relative to the operator 1 + |λ|H + V (g), g ∈

Hn, λ ∈ R∗) with symbol a(g, λ) in Theorem 4.5.4. We show that the conclusion of

Theorem 4.5.4 remains unaltered under a perturbation of the Schrödinger operator H by

bounded self-adjoint operators on L2(Hn) in Theorem 4.6.1. We also show that our main

45
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46 Chapter 4. Szegö type limit theorems on the Heisenberg group

results in Theorems 4.5.1, 4.5.4, and 4.6.1 remains unaltered under a compact perturbation

of the pseudo-differential operator A.

4.2 Preliminaries

In this section we recall some basic definitions and important properties of pseudo-

differential operators, Weyl operators on Rn and the Heisenberg group Hn.

4.2.1 Pseudo-differential and Weyl quantized operator on Rn

Given a reasonable function a on Rn×Rn, the corresponding operator Ta associated with

the function a given by

Taf(x) = (2π)−
n
2

∫
Rn
eix·ξa(x, ξ)f̂(ξ) dξ, ∀x ∈ Rn,

for all Schwartz class functions f on Rn, where the Fourier transform of f is defined by

f̂(ξ) = (2π)−
n
2

∫
Rn
f(x)e−ix·ξ dx, ∀ξ ∈ Rn.

The operator Ta is called pseudo-differential operator corresponding to the symbol a. Let

m ∈ R, 0 ≤ δ < 1 and 0 ≤ ρ ≤ 1. Then the symbol class Smρ,δ(Rn) consists of those

functions a(x, ξ) ∈ C∞(Rn × Rn) satisfying

|∂αx∂
β
ξ a(x, ξ)| ≤ Cα,β (1 + |ξ|2)

m−δ|α|+ρ|β|
2 (4.2.1)

for all multi-indices α, β. Such m is called the order of the symbol a. We take ρ = 1 and

δ = 0 through out the paper and denote the symbol class Sm1,0(Rn) by Sm(Rn). We refer

to [85] for a detailed study on symbolic calculus and pseudo-differential operators on Rn.

The Weyl quantization OpW for a “reasonable” symbol a in Rn × Rn is given by

OpW (a)f(u) = (2π)−n
∫
Rn

∫
Rn
ei(u−v)·ξa

(
u+ v

2
, ξ

)
f(v) dv dξ, ∀u ∈ Rn,

for all Schwartz class functions f on Rn. The composition of two Weyl quantized operators

OpW (a) and OpW (b) is given by OpW (a)OpW (b) = OpW (a#b), where (see [65])

a#b(ζ, u) = (2π)−2n

∫
Rn

∫
Rn

∫
Rn

∫
Rn
e−2i{(ξ−ζ)(y−u)−(η−ζ)(x−u)}a(ξ, x)b(η, y)dξdηdxdy
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and asymptotically

a#b(x, ξ) ∼
N∑
j=0

1

j!

(
i

2

)j
a(x, ξ)

(←−
∂

∂ξ

−→
∂

∂u
−
−→
∂

∂ξ

←−
∂

∂u

)j

b(x, ξ) + SN(x, ξ) (4.2.2)

(arrows point towards the factor to be differentiated) with SN ∈ Sm1+m2−N(Rn).

Further, if OpW (a) is a trace class operator whose symbol a ∈ L1 (Rn × Rn), then

trace of the operator OpW (a) is given by

Tr(OpW (a)) = (2π)−n
∫
Rn

∫
Rn
a(x, ξ) dxdξ.

Moreover, the correspondence a → OpW (a) is an isometry of L2 (Rn × Rn) onto the set

of all Hilbert-Schmidt operators on L2 (Rn). This yields

Tr(AB∗) =

∫
Rn

∫
Rn

(a#b̄)(x, ξ) dx dξ =

∫
Rn

∫
Rn
a(x, ξ)b(x, ξ) dx dξ, (4.2.3)

where A = OpW (a) and B = OpW (b). For a detailed study on pseudo-differential opera-

tors and Weyl operators on Rn, we refer to [65,85,109].

4.2.2 The Heisenberg group

One of the simple and natural example of non-abelian, non-compact group is the famous

Heisenberg group Hn, which plays an important role in several branches of mathematics.

The Heisenberg group Hn is a nilpotent Lie group whose underlying manifold is R2n+1

and the group operation is defined by

(x, y, t)(x′, y′, t′) = (x+ x′, y + y′, t+ t′ +
1

2
(xy′ − x′y)),

where (x, y, t) and (x′, y′, t′) are in Rn×Rn×R. Moreover, Hn is a unimodular Lie group

on which the Haar measure is the usual Lebesgue measure dx dy dt. The canonical basis

for the Lie algebra hn of Hn is given by the left-invariant vector fields:

Xj = ∂xj −
yj
2
∂t, Yj = ∂yj +

xj
2
∂t, j = 1, 2, . . . n, and T = ∂t, (4.2.4)

satisfying the commutator relation [Xj, Yj] = T, j = 1, 2, . . . n.

The sublaplacian and the full laplacian on the Heisenberg group are defined as

LH =
n∑
j=1

(X2
j + Y 2

j ) =
n∑
j=1

((
∂xj −

yj
2
∂t

)2

+

(
∂yj +

xj
2
∂t

)2)
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and

∆H =
n∑
j=1

(X2
j + Y 2

j + T 2
j ),

respectively. Let H = −∆H + V be the Schrödinger operator on the Heisenberg group

Hn, where V is a positive smooth potential, bounded below and grows like |g|κ, κ > 0 for

large |g| with

|g| := (|x|4 + |t|2)
1
4 , g = (x, t) ∈ Hn, (4.2.5)

defining the homogenous norm on Hn.

Theorem 4.2.1. [Theorem 2, [88]] Let µ be a measure on a locally compact space, X with

L2(X, dµ) separable. Let L0 be a selfadjoint operator on L2(X, dµ) so that its semigroup

is ultracontractive, i.e., for some s > 0, e−sL0 maps L2 to L∞(X, dµ). Suppose V is a

nonnegative multiplication operator so that

µ({x | 0 ≤ V (x) < M}) <∞,

for all M . Then L = L0 + V has purely discrete spectrum.

From (2.2.1) of [58], the kernel of et∆H can be computed as

kt(x, u, ξ) = cn

∫
R
e−iλξe−tλ

2

(
λ

sinhλt

)n
e−

1
4
λ(cothλt)(x·x+u·u)dλ

with cn = (4π)−n. Thus et∆H is L2 − L∞ bounded. Therefore, from the above result,

we conclude that H has purely discrete spectrum whose eigenfunctions form a complete

orthonormal basis for L2(Hn).

By Stone-von Neumann theorem, the only infinite dimensional unitary irreducible

representations (up to unitary equivalence) are given by πλ, λ ∈ R∗, where πλ is defined

by

πλ(x, y, t)f(u) = eiλ(t+ 1
2
xy)ei

√
λyuf(u+

√
|λ|x), (x, y, t) ∈ Hn, u ∈ Rn,

for all f ∈ L2(Rn). We use the convention

√
λ := sgn(λ)

√
|λ| =


√
λ, if λ > 0,

−
√
|λ|, if λ < 0.

TH-2994_166123103



4.3. Symbolic calculus relative to 1 + |λ|H + V (g) on Hn 49

For each λ ∈ R∗, the group Fourier transform of f ∈ L1(Hn) is a bounded linear operator

on L2(Rn) defined by

f̂(λ) ≡ πλ(f) =

∫
Hn
f(x, y, t)π∗λ(x, y, t) dx dy dt.

We denote B(L2(Rn)) to be the set of all bounded operators on L2(Rn). If f ∈ L2(Hn),

then f̂(λ) is a Hilbert-Schmidt operator on L2(Rn) and satisfies the Plancherel formula∫
R∗
‖f̂(λ)‖2

S2
dµ(λ) = ‖f‖L2(Hn),

where ‖.‖S2 stands for the norm in the Hilbert space S2 of all Hilbert-Schmidt operators

on L2(Rn) and dµ(λ) = cn|λ|n dλ, cn being a constant.

Theorem 4.2.2. For all Schwartz class functions on Hn, the following inversion formula

holds:

f(g) =

∫
R∗

Tr(πλ(g)f̂(λ)) dµ(λ), ∀g ∈ Hn.

Definition 4.2.3. Let σ : Hn×R∗ → B(L2(Rn)) be a operator valued function. Then the

pseudo-differential operator Tσ corresponding to σ is defined by

Tσf(g) =

∫
R∗

Tr(πλ(g)σ(g, λ)f̂(λ)) dµ(λ), g ∈ Hn, (4.2.6)

for all f ∈ S(Hn). The operator valued function σ is called the symbol of the pseudo-

differential operator Tσ. We also often denote the pseudo-differential operator Tσ as

Op(σ).

For several important properties of pseudo-differential operators on the Heisenberg

group, we refer to [33, 34]. We also refer to Thangavelu [100] for a complete account of

representation theory on the Heisenberg group Hn.

4.3 Symbolic calculus relative to 1+ |λ|H+V (g) on Hn

In this section we develop the symbolic calculus relative to 1+ |λ|H+V (g) on the Heisen-

berg group Hn, that will be useful for our study. We start this section by recalling the
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50 Chapter 4. Szegö type limit theorems on the Heisenberg group

definition of Weyl-Hörmander pseudo-differential calculus and obtain the (λ, V (g))-Shubin

classes Σm
ρ,λ,V (Rn). This classes depends in both the parameter λ and V (g), g ∈ Hn which

will be of particular importance to us.

4.3.1 Weyl-Hörmander calculus

We present the main elements of the Weyl-Hörmander calculus relevant to the pseudo-

differential analysis for (λ, V (g))-Shubin classes. We refer to [65] for the details on the

underlying theory. Identifying the cotangent bundle of Rn with R2n, the canonical sym-

plectic form on R2n is ω, defined as

ω (T, T ′) = x · ξ′ − x′ · ξ, T = (ξ, x), T ′ = (ξ′, x′) ∈ R2n.

If q is a positive quadratic form on R2n, then its conjugate qω is defined by

qω(T ) := sup
T ′∈R2n\{0}

|ω (T, T ′)|2

q (T ′)
, ∀T ∈ R2n.

Also, the gain factor of q is defined as

Λq := inf
T∈R2n\{0}

qω(T )

q(T )
.

Definition 4.3.1. A metric is a family of positive quadratic forms g̃ = {gX , X ∈ R2n}

that depends smoothly on X ∈ R2n. Then

• the metric g̃ is uncertain if Λg̃X ≥ 1 for every X ∈ R2n.

• The metric g̃ is said to be slowly varying if there exists a positive constant C̄ such

that for any X,X ′ ∈ R2n, gX (X −X ′) ≤ C̄−1 implies that

sup
T∈R2n\{0}

(
gX(T )

gX′(T )
+
gX′(T )

gX(T )

)
≤ C̄.

• The metric g̃ is called temperate if there are constants C̄ > 0 and N̄ > 0 such that

for any X,X ′ ∈ R2n and T ∈ R2n\{0}, we have

gX(T )

gX′(T )
≤ C̄ (1 + gωX (X −X ′))N̄ .

A metric g̃ is of Hörmander type if it is uncertain, slowly varying and temperate. For a

detailed study on Weyl-Hörmander calculus, we refer to Section 6.4 of [34].
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Now we define the Shubin metric g̃
(ρ,λ,V (g))
ξ,u depending on both the parameter λ ∈ R∗

and V (g), g ∈ Hn on R2n as

g̃
(ρ,λ,V (g))
ξ,u (dξ, du) :=

(
|λ|

1 + |λ| (1 + |ξ|2 + |u|2) + V (g)

)ρ (
dξ2 + du2

)
.

The associated positive function M (λ,V (g)) on R2n is

M (λ,V (g))(ξ, u) :=
(
1 + |λ|

(
1 + |ξ|2 + |u|2

)
+ V (g)

) 1
2 .

We consider these (λ, V (g))-families of metrics for the case ρ = 1 as introduced in [4].

Proposition 4.3.2. For each λ ∈ R∗ and g ∈ Hn, the metric g̃(ρ,λ,V (g)) is of Hörmander

type, i.e., g̃ is uncertain, slowly varying and temperate, where the conjugate of g̃
(ρ,λ,V (g))
ξ,u

is
(
g̃

(ρ,λ,V (g))
ξ,u

)ω
given by(

g̃
(ρ,λ,V (g))
ξ,u

)ω
(dξ, du) =

(
1 + |λ| (1 + |ξ|2 + |u|2) + V (g)

|λ|

)ρ (
dξ2 + du2

)
.

Moreover, the gain is given by

Λ
g̃

(ρ,λ,V (g))
ξ,u

=

(
1 + |λ| (1 + |ξ|2 + |u|2) + V (g)

|λ|

)2ρ

.

Proof. The proof of the proposition follows exactly as in Proposition 1.20 of [4] for ρ =

1.

Definition 4.3.3. Let g̃ be a metric of Hörmander type. A positive function M defined

on R2n is said to be a g̃-weight when there are positive constants C̄ ′ and N̄ ′ satisfying: for

any X, Y ∈ R2n, g̃X(X − Y ) ≤ C̄ ′−1 implies that

M(X)

M(Y )
+
M(Y )

M(X)
≤ C̄ ′,

and
M(X)

M(Y )
≤ C̄ (1 + g̃ωX(X − Y ))N̄

′
.

Definition 4.3.4. [Hörmander symbol class S(M, g̃)]. Let g̃ be a metric of Hörmander

type and M be a g̃-weight on R2n. The symbol class S(M, g̃) is the set of functions a ∈

C∞(R2n) such that for each integer l ∈ N0, the quantity

‖a‖S(M,g̃),l := sup
l′≤l,X∈R2n

gX(Tl′ )≤1

|∂T1 · · · , ∂Tl′a(X)|
M(X)

is finite.
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We refer to Chapters 1 and 2 of [65] for a detailed study of the Hörmander symbol class

S(M, g̃). For each parameters λ ∈ R∗ and V (g), g ∈ Hn, we define the (λ, V (g))-Shubin

symbol class (with m ∈ R and the fixed parameter ρ ∈ (0, 1]) on Rn as:

Σm
ρ,λ,V (g) (Rn) := S

((
1 + |λ|

(
1 + |ξ|2 + |u|2

)
+ V (g)

)m
2 ,

|λ|ρ (dξ2 + du2)

(1 + |λ| (1 + |ξ|2 + |u|2) + V (g))ρ

)
.

That means a symbol ag,λ ∈ C∞(R2n) is in Σm
ρ,λ,V (g) (Rn) if and only if for each N ∈ N0,

the quantity ‖ag,λ‖Σm
ρ,λ,V (g)

,N <∞, where

‖ag,λ‖Σm
ρ,λ,V (g)

,N

:= sup
(ξ,u)∈Rn×Rn
|α|,|β|≤N

|λ|−ρ
|α|+|β|

2

(
1 + |λ|

(
1 + |ξ|2 + |u|2

)
+ V (g)

)−m−ρ(|α|+|β|)
2

∣∣∂αξ ∂βuag,λ(ξ, u)
∣∣ .

In other words, a symbol ag,λ = {ag,λ(ξ, u)} is in Σm
ρ,λ,V (g) (Rn) if and only if for all

α, β ∈ Nn
0 and for all (ξ, u) ∈ Rn × Rn, there exists a constant C = Cα,β > 0 such that

∣∣∂αξ ∂βuag,λ(ξ, u)
∣∣ ≤ C|λ|ρ

|α|+|β|
2 (1 + |λ| (1 + |ξ|2 + |u|2) + V (g))

m−ρ(|α|+|β|)
2 .

4.3.2 Difference operators

In this subsection we discuss the difference operators and some of its properties to describe

the symbolic calculus on the Heisenberg group. We only state the main results of difference

operators that can be found in Section 5.2 of [34].

Definition 4.3.5. Let Hn be the Heisenberg group with Lie algebra hn, i.e., the Lie algebra

equipped with the Lie bracket given by the commutator relations of its canonical basis

{X1, · · · , Xn, Y1, · · · , Yn, T} :

[Xj, Yj] = T for j = 1, · · · , n,

and all the other Lie brackets (apart from those obtained by anti-symmetry) are trivial.

1. A function P on Hn is a polynomial if the composition P ◦ expHn is a polynomial

on hn, where expH
n

defines the exponential map from hn onto Hn.

2. We denote by P , the set of all polynomials on Hn. For any M ≥ 0 we denote P≤M the

set of polynomials on Hn whose homogeneous degree DP ≤ M , where the homoge-

neous degree of the polynomial P =
∑

α∈N2n+1
0

cαg
α (with all but finitely many of the
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coefficients cα ∈ C vanish) is defined as DP := {max[α] : α ∈ N2n+1
0 with cα 6= 0},

where [α] := α11 +α12 + · · ·+α1n+α21 + · · ·+α2n+2α3 defining the homogeneous de-

gree of the multi-index α = (α11, α12, · · · , α1n, α21, · · · , α2n, α3) ∈ N2n+1
0 . Similarly

we define P=M . For g = (x1, · · · , xn, y1, · · · , yn, t) ∈ Hn, we have used the notation

gα = xα11
1 , xα12

2 , · · · , xα1n
n , yα21

1 , yα22
2 · · · , yα2n

n , tα3 .

Example 4.3.1. On three dimensional Heisenberg group H1, any element can be described

as q = (x, y, t) ∈ R3 with the degree 1 polynomials are q(1,0,0) = x, q(0,1,0) = y, and

q(0,0,1) = t, where as degree 2 polynomials are q(2,0,0) = x2, q(0,2,0) = y2, and q(1,1,0) = xy.

Let W be the set of all possible homogeneous degrees [α], α ∈ N2n+1
0 , i.e.,

W := {|α1|+ |α2|+ 2α3 : α ∈ N2n+1
0 },

where α1 = (α11, · · · , α1n) ∈ Nn
0 , α2 = (α21, · · · , α2n) ∈ Nn

0 and α3 ∈ N0. We define the

difference operators associated with the polynomials appearing with the Taylor expan-

sions:

Proposition 4.3.6. [34]

1. For each α = (α11, α12, · · · , α1n, α21, · · · , α2n, α3) ∈ N2n+1
0 , there exists a unique

homogeneous polynomial qα of degree [α] satisfying

∀β ∈ N2n+1
0 Xβqα(0) =

1, if β = α,

0, otherwise,

where Xα = Xα1Y α2Tα3 , Xα1 = Xα11
1 Xα12

2 . . . Xα1n
n and Y α1 = Y α11

1 Y α12
2 · · ·Y α1n

n .

2. The polynomials qα, α ∈ N2n+1
0 , form a basis for P . Furthermore, for each M ∈ W,

the polynomials qα, [α] = M, form a basis of P[α]=M .

3. The Taylor polynomial of a suitable function f at a point g ∈ Hn of homogeneous

degree M ∈ W is

P f
g,M(h) =

∑
[α]≤M

qα(h)Xαf(g), h ∈ Hn. (4.3.1)
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Definition 4.3.7. For α ∈ N2n+1
0 , the difference operators are defined as

∆α := ∆q̃α ,

where q̃α(g) = qα(g−1), g ∈ Hn and qα ∈ P=[α] defined in Proposition 4.3.6.

Let us collect some properties of difference operators in the following proposition.

Proposition 4.3.8. [34]

1. For any α ∈ N2n+1
0 , the operator ∆α is linear and

∆αF(S(Hn)) ⊂ F(S(Hn)),

where F and S(Hn) denote the Fourier transform and the collection of all Schwartz

class functions on Hn, respectively.

2. For any α1, α2 ∈ N2n+1
0 , there exists constants cα1,α2,α ∈ R with [α] = [α1] + [α2]

such that for any φ ∈ S(Hn), we have

∆α1(∆α2φ̂) = ∆α2(∆α1φ̂) =
∑

[α]=[α1]+[α2]

cα1,α2,α∆αφ̂,

where φ̂ is the Fourier transform of φ and the sum is taken over all α ∈ N2n+1
0

satisfying [α] = [α1] + [α2].

3. For any α ∈ N2n+1
0 , there exists constants cα,α1,α2 ∈ R with [α] = [α1] + [α2] such

that for any φ1, φ2 ∈ S(Hn), we have

∆α(φ̂1φ̂2) =
∑

[α]=[α1]+[α2]

cα,α1,α2∆α1φ̂1∆α2φ̂2,

where the sum is taken over all α1, α2 ∈ N2n+1
0 satisfying [α1] + [α2] = [α].

4.3.3 Computations of difference operators

For j = 1, 2, · · · , n, the difference operators ∆xj ,∆yj and ∆t are defined via

∆xj κ̂(πλ) := πλ(xjκ), ∆yj κ̂(πλ) := πλ(yjκ), ∆tκ̂(πλ) := πλ(tκ)
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for suitable distributions κ defined on Hn. The following properties of difference operators

in the setting of Heisenberg group are well known and can be found in Section 6.3 of [34].

For a Schwartz class function h on Rn, we have

(∆xj κ̂(πλ))h(u) =
1√
|λ|

(uj(κ̂(πλ)h)(u)− (κ̂(πλ)(ujh))(u)),

(∆yj κ̂(πλ))h(u) =
1

i
√
λ

(−∂uj(κ̂(πλ)h)(u) + (κ̂(πλ)(∂ujh))(u)),

(∆tκ̂(πλ))h(u) = i∂λπλ(κ)h(u) +
1

2

n∑
j=1

∆xj∆yjπλ(κ)h(u)

+
i

2λ

n∑
j=1

{πλ(Yj)∆yjπλ(κ) + ∆xjπλ(κ)πλ(Xj)}h(u).

If κ̂ (πλ) ≡ πλ (κ) = OpW (aλ) and aλ = {aλ(ξ, u)}, then the difference operators ∆xj ,∆yj ,

and ∆t satisfies

∆xj κ̂ (πλ) := πλ (xjκ) = OpW

(
i√
|λ|
∂ξjaλ

)
,

∆yj κ̂ (πλ) := πλ (yjκ) = OpW
(

i√
λ
∂ujaλ

)
,

∆tκ̂ (πλ) := πλ(tκ) = iOpW
(
∂̃λ,ξ,uaλ

)
,

where

∂̃λ,ξ,u := ∂λ −
1

2λ

n∑
j=1

(
uj∂uj + ξj∂ξj

)
. (4.3.2)

Further, an easy calculation gives

∆xjπλ(Yk) = ∆xjπλ(T ) = ∆yjπλ(Xk) = ∆yjπλ(T ) = 0,

∆xjπλ(Xk) = ∆yjπλ(Yk) = −δj,kI, ∆tπλ(T ) = −I,

∆xjπλ(L) = −2πλ(Xj), ∆yjπλ(L) = −2πλ(Yj), ∆tπλ(L) = 0.

Lemma 4.3.9. Let aλ = {aλ(ξ, u)} be a family of Weyl symbols depending smoothly on

λ 6= 0. If ãλ is the renormalization obtained via aλ(ξ, u) := ãλ(
√
|λ|ξ,

√
λu), then

∂̃λ,ξ,uaλ(ξ, u) = {∂λãλ(
√
|λ|ξ,

√
λu)},

1

i
√
|λ|
∂ξjaλ(ξ, u) = ∂ξj ãλ(

√
|λ|ξ,

√
λu),
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and
1

i
√
λ
∂ujaλ(ξ, u) = ∂uj ãλ(

√
|λ|ξ,

√
λu).

Consequently,

∆xjπλ(κ) = iOpW (∂ξj ãλ), ∆yjπλ(κ) = iOpW (∂uj ãλ), and ∆tπλ(κ) = iOpW (∂λãλ).

4.3.4 The symbol class Smρ,δ,H(Hn)

In this subsection we define the symbol class Smρ,δ,H(Hn) relative to the operator 1+ |λ|H+

V (g). First we recall some important formulae that will be used to define the symbol class

Smρ,δ,H(Hn). We mainly adopt the notation and terminology given in [34]. The Schrödinger

infinitesimal representation of πλ acts on the canonical basis of hn via

πλ (Xj) =
√
|λ|∂uj = OpW

(
i
√
|λ|ξj

)
,

πλ (Yj) = i
√
λuj = OpW

(
i
√
λ, uj

)
πλ(T ) = iλI = OpW (iλ),

for j = 1, . . . , n. Thus πλ(L) = |λ|
∑n

j=1

(
∂2
uj
− u2

j

)
= OpW

(
|λ|
∑n

j=1

(
−ξ2

j − u2
j

))
. Now

we are in a position to define the symbol class Smρ,δ,H(Hn) relative to the operator 1 +

|λ|H + V (g) (see Section 6.5.2 of [34]) by the following family of seminorms which are

finite:

‖σ‖Smρ,δ,H,a,b,c := sup
g∈Hn,λ∈R∗

‖σ(g, λ)‖Smρ,δ,H,λ,V a,b,c, a, b, c ∈ N0,

where

‖σ(g, λ)‖Smρ,δ,H,λ,V a,b,c (4.3.3)

:= sup
[α]≤a,[β]≤b,|γ|≤c

‖(πλ(I − LH) + V (g))
ρ[α]−m−δ[β]+γ

2 Xβ
g ∆′ασ(g, λ)(πλ(I − LH) + V (g))−

γ
2 ‖op

with α = (α1, α2, α3) = (α11, α12 . . . α1n, α21, α22 . . . α2n, α3) ∈ Nn
0 ×Nn

0 ×N0, ‖ · ‖op denote

the operator norm on B(L2(Rn)) and the difference operators are

∆′α := ∆α1
x ∆α2

y ∆α3
t , where ∆α1

x = ∆α11
x1

∆α12
x2
· · ·∆α1n

xn , ∆α2
y = ∆α21

y1
∆α22
y2

. . .∆α2n
yn ,

and

Xα = Xα1Y α2Tα3 , where Xα1 = Xα11
1 Xα12

2 . . . Xα1n
n and Y α1 = Y α11

1 Y α12
2 · · ·Y α1n

n .
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4.3.5 Characterisation of Smρ,δ,H(Hn)

In this subsection we describe the symbol in Smρ,δ,H (Hn) in terms of scalar-valued (λ, V (g))-

symbols. More precisely, the symbols σ = σ(g, λ) in Smρ,δ,H(Hn) are all of the form

σ(g, λ) = OpW (ag,λ(ξ, u)),

with the (λ, V (g))-symbols ag,λ satisfying some properties described below in terms of the

family of (λ, V (g))-Shubin classes.

Theorem 4.3.10. Let m, ρ, δ ∈ R such that 1 ≥ ρ ≥ δ ≥ 0 and (ρ, δ) 6= (0, 0). If

σ = σ(g, λ) is in Smρ,δ,H(Hn), then there exist a smooth function a = a(g, λ, ξ, u) = ag,λ(ξ, u)

on Hn × R∗ × Rn × Rn such that

σ(g, λ) = OpW (ag,λ)

with ∂̃α3
λ,ξ,uX

β
g ag,λ ∈ Σ

m−2ρα3+δ|β|
ρ,λ,V (g) (Rn) for each (g, λ) ∈ Hn × R∗ satisfying

sup
(g,λ)∈Hn×R∗

∥∥∥∂̃α3
λ,ξ,uX

β
g ag,λ

∥∥∥
Σ
m−2ρα3+δ|β|
ρ,λ,V (g)

(Rn),N
<∞, (4.3.4)

for every N ∈ N0. More precisely, for every N ∈ N0 there exist C > 0 and a, b, c such that

sup
(g,λ)∈Hn×R∗

∥∥∥∂̃α3
λ,ξ,uX

β
g ag,λ

∥∥∥
Σ
m−2ρα3+δ|β|
ρ,λ,V (g)

(Rn),N
≤ C‖σ‖Smρ,δ,H,a,b,c,

where the operator ∂̃α3
λ,ξ,u is defined in (4.3.2).

Conversely, if a = {a(g,λ,ξ,u) = ag,λ(ξ, u)} is a smooth function on Hn ×R∗ ×Rn ×Rn

satisfying (4.3.4) for every N ∈ N0, then there exist a unique symbol σ ∈ Smρ,δ,H(Hn) such

that σ(g, λ) = OpW (ag,λ). Furthermore, for every a, b, c there exists C > 0 and N ∈ N0

such that

‖σ‖Smρ,δ,H,a,b,c ≤ C sup
(g,λ)∈Hn×R∗

∥∥∥∂̃α3
λ,ξ,uX

β
g ag,λ

∥∥∥
Σ
m−2ρα3+δ|β|
ρ,λ,V (g)

(Rn),N
. (4.3.5)

Proof. The proof is similar to the proof of Theorem 6.5.1 of [34].

In other words, Theorem 4.3.10 yields that σ ∈ Smρ,δ,H(Hn) is equivalent to σ(g, λ) =

OpW (ag,λ) for each (g, λ) ∈ Hn ×R∗ with ag,λ ∈ C∞(R2n) satisfying: for any α1 ∈ N2n+1
0 ,
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there exists a constant C > 0 such that for every (g, λ) ∈ Hn × R∗ and for every (ξ, u) ∈

Rn × Rn, we have

|∂αξ ∂βu ∂̃ᾱλ,ξ,uX β̄
g ag,λ(ξ, u)| ≤ Cα,β,ᾱ,β̄|λ|ρ

|α|+|β|
2 (1 + |λ|(1 + |ξ|2 + |u|2) + V (g))

m−ρ|α1|+δ|β̄|
2 .

We take ρ = 1 and δ = 0 throughout this chapter and denote the symbol classes Sm1,0,H(Hn)

by SmH (Hn).

Example 4.3.2. For any β ∈ R, πλ(I −LH), V (g)β, (πλ(I −LH) + V (g))β and (1 + λ2)β

are symbols with order 2, 2β, 2β and 4β, respectively.

Remark 4.3.11. Let σ ∈ SmH (Hn). Then we have the following properties.

1. If βo ∈ Nn
0 then the symbol

{
Xβo
x σ(g, λ), (g, λ) ∈ Hn × R∗

}
is in SmH (Hn) and

∥∥Xβo
g σ(g, λ)

∥∥
SmH ,a,b,c

≤ Cb,βo‖σ(g, λ)‖SmH ,a,b+[βo],c.

2. If αo ∈ Nn
0 then the symbol {∆αoσ(g, λ), (g, λ) ∈ Hn × R∗} is in S

m−[αo]
H (Hn) and

‖∆αoσ(g, λ)‖
S
m−[αo]
H ,a,b,c

≤ Ca,αo‖σ(g, λ)‖SmH ,a+[αo],b,c.

3. If σ1 ∈ SµH(Hn) and σ2 ∈ SνH(Hn) then σ(g, λ) = σ1(g, λ)σ2(g, λ) ∈ Sµ+ν
H (Hn) and

‖σ(g, λ)‖Sµ+ν
H ,a,b,c ≤ ‖σ1(g, λ)‖SµH,a,b,c+a+|ν|‖σ2(g, λ)‖SνH,a,b,c.

4. If σ1 ∈ SµH(Hn) and σ2 ∈ SνH(Hn) then ∆ασ1X
β
xσ2 ∈ Sµ+ν−[α]

H (Hn) for α, β ∈ Nn
0 .

Lemma 4.3.12. If A is a trace class pseudo-differential operator on L2(Hn) with symbol

σ(·, ·) ∈ L1 (Hn × R∗, S1, dµ(λ)), then

Tr(A) =

∫
Hn

∫
R∗

Tr(σ(g, λ)) dg dµ(λ). (4.3.6)

Proof. For all f ∈ L2(Hn), we have

(Af)(g) =

∫
R∗

Tr(πλ(g)σ(g, λ)f̂(λ)) dµ(λ)

=

∫
Hn

∫
R∗

Tr(πλ(g)σ(g, λ)πλ(g1)∗) dµ(λ)f(g1) dg1

=

∫
Hn
K(g, g1)f(g1) dg1,
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with

K(g, g1) =

∫
R∗

Tr(πλ(g)σ(g, λ)πλ(g1)∗) dµ(λ).

Therefore

Tr(A) =

∫
Hn
K(g, g) dg =

∫
Hn

∫
R∗

Tr(σ(g, λ)) dg dµ(λ),

where the last step of the above computation is justified by Corollary 3.2 of [11].

For an operator valued symbol σ on Hn, the correspondence σ → Op(σ) is an isometry

from L2 (Hn × R∗, S2, dµ(λ)) onto the set of Hilbert-Schmidt operators on L2(Hn) via

square integrable kernels [80]. This allows us to write

Tr(Op(σ) ◦Op(τ)∗) =

∫
Hn

∫
R∗

Tr(σ#Hnτ
(∗))(g, λ) dg dµ(λ)

=

∫
Hn

∫
R∗

Tr(σ(g, λ)τ (∗)(g, λ)) dg dµ(λ), (4.3.7)

where σ#Hnτ is the symbol of the composition Op(σ)◦Op(τ) (defined in Theorem 4.3.18)

and τ (∗) is the symbol of Op(τ)∗, the adjoint of Op(τ) (see page 365 of [34]).

Now as in the proof of Calderón-Vaillancourt theorem (Theorem 5.7.1 of [34]), we get

the following Calderón-Vaillancourt theorem for the symbol class S0
H(Hn).

Theorem 4.3.13 (The Calderón-Vaillancourt theorem). Let σ ∈ S0
H(Hn). Then Op(σ)

extends a bounded operator on L2(Hn). Moreover, there exist a constant C > 0 and a

seminorm ‖ · ‖S0
H,a,b,c

with computable integers a, b, c ∈ N0 independent of Op(σ) such that

‖Op(σ)φ‖L2(Hn) ≤ C‖σ‖S0
H,a,b,c

‖φ‖L2(Hn), φ ∈ S(Hn).

Definition 4.3.14 (Kernel associated with a symbol). If σ is a symbol, then the tempered

distribution

κg := F−1{σ(g, ·)} ∈ S ′(Hn)

is called its associated kernel or the right convolution kernel. We also call the smooth map

Hn 3 g → κg ∈ S ′(Hn) or the map (g, h)→ κg(h) = κ(g, h) the kernel associated with the

symbol σ.

Remark 4.3.15. 1. If σ = {σ(g, λ)} is a symbol of the operator Op(σ) acting on the

Heisenberg group with kernel κg then for any β ∈ N2n+1
0 , Xβσ := {Xβ

g σ(g, λ)}, X̃βσ :=
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{X̃β
g σ(g, λ)} and ∂βg σ := {∂βg σ(g, λ)} are symbols with respective kernels Xβ

g κg, X̃
β
g κg

and ∂βg κg, where X̃g is the right invariant vector fields related with the left invariant

vector fields Xg on Hn by X̃gf(g) = −(Xf̃)(g−1) with f̃(g) = f(g−1).

2. The quantization defined in (4.2.6) makes sense for any symbol σ = {σ(g, λ)}. More

precisely, for any φ ∈ S(Hn) and g ∈ Hn, we have

Op(σ)φ(g) =

∫
R∗
Tr(πλ(g)σ(g, λ)φ̂(λ))dµ(λ) = φ ∗ κg(g), (4.3.8)

where κg denotes the kernel of σ.

4.3.6 Composition of symbols

Let a ∈ Sm1
H (Hn) and b ∈ Sm2

H (Hn). Then the composition of pseudo-differential operators

corresponding to the symbols a and b defines a pseudo-differential operator and the symbol

σ of the composition is given by the following asymptotic expansion (4.3.9). We add

constraints on V (see [59] and [109]) which guarantees the asymptotic expansion (4.3.9).

Definition 4.3.16. The potential V is said to be temperate potential if there exists a

constant C > 0 such that

‖(πλ(I − LH) + V (g))−1(πλ(I − LH) + V (gg1))‖op ≤ C|g1|k,

for all g, g1 ∈ Hn and for some constant k > 0.

Definition 4.3.17. The potential V is said to be a regular potential if V ∈ C∞(Hn) and

|Xα
g V (g)| ≤ Cα(V (g) + 1)

for all g ∈ Hn, for some Cα > 0.

Theorem 4.3.18 (Composition formula). Let a ∈ Sm1
H (Hn) and b ∈ Sm2

H (Hn). Then the

composition Op(a) ◦ Op(b) is a pseudo-differential operator with symbol σ ∈ Sm1+m2
H (Hn)

having asymptotic expansion

σ(g, λ) ∼
∑
α

∆αa(g, λ)Xα
g b(g, λ), (4.3.9)
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where the asymptotic expansion means that for every M ∈ N, we have

σ −
∑

[α]≤M

∆αaXα
g b ∈ S

m1+m2−M
H (Hn),

where [α] = |α1| + |α2| + 2α3 defining the homogeneous degree of the multi-index α (see

the notations used in (4.3.3)).

Now we are in a position to estimate the reminder term in composition formula in the

following lemma.

Lemma 4.3.19. Let m1,m2 ∈ R, β0 ∈ Nn
0 , and M,M1 ∈ N0. Suppose thatm2 ≤ 2M1 < M −m1 + v1,

m2 ≤ 2M1 < −m1 −M.

(4.3.10)

If M ≥ 2M1, then only the second condition may be assumed. Then there exist a constant

C > 0 and two pseudo-norms ‖ · ‖
S
m1,R
H ,a1,b1

, ‖ · ‖Sm2
H ,0,b2,0

such that for any two symbol a, b

and for any (g, λ) ∈ Hn × R∗, we have∥∥∥∥∥∥Xβ0
g

a ◦ b(g, λ)−
∑

[α]≤M

∆αa(g, λ)Xα
g b(g, λ)

∥∥∥∥∥∥ ≤ C‖a‖
S
m1,R
H ,a1,b1

‖b‖Sm2
H ,0,b2,0

.

Proof. Let k1 and k2 are the kernels of Op(a) and Op(b) respectively. Then for φ ∈ S(Hn)

Op(a) ◦Op(b)φ(g) =

∫
Hn
Op(b)φ(h)κ1(g, h−1g)dh

=

∫
Hn

∫
Hn
φ(g1)κ2(h, g−1

1 h)κ1(g, h−1g)dhdg1

=

∫
Hn

∫
Hn
φ(g1)κ2(gg−1

2 , g−1
1 gg−1

2 )κ1(g, g2)dg1dg2

=

∫
Hn
φ(g1)κ(g, g−1

1 g)dg1 = φ ∗ κ(g, g),

where κ(g, g−1
1 g) = κ2(h, g−1

1 h)κ1(g, h−1g) with a change of variable h−1g = g2. If Op(a)◦

Op(b) = Op(σ), then

σ(g, λ) = κ̂(g, λ) =

∫
Hn
κ(g, h1)πλ(h1)∗dh1

=

∫
Hn

∫
Hn
κ2(gh−1, h1h

−1)κ1(g, h)πλ(h)∗πλ(h1h
−1)∗dh1dh

=

∫
Hn
k1(g, h)π(h)∗b

(
gh−1, λ

)
dh. (4.3.11)
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By the Taylor series expansion (see (4.3.1)) of b in the first variable we have

b(gh−1, λ) ≈
∑
α

qα(h−1)Xα
g b(g, λ).

Implementing this in (4.3.11), we get

σ(g, λ) ≈
∫
Hn
k1(g, h)π(h)∗

∑
α

qα(h−1)Xα
g b(g, λ)dh (4.3.12)

=
∑
α

qα(h−1)k1(g, h)π(h)∗Xα
g b(g, λ)dh

=
∑
α

∆αa(g, λ)Xα
g b(g, λ).

First we consider the case when β0 = 0. Thus by (4.3.11) and (4.3.12), we have

σ(g, λ)−
∑

[α]≤M

∆αa(g, λ)Xα
g b(g, λ)

=

∫
Hn
k1(g, h)πλ(h)∗(πλ(I − LH) + V (g))M1(πλ(I − LH) + V (g))−M1

×

b (gh−1, λ
)
−
∑

[α]≤M

qα
(
h−1
)
Xα
g b(g, λ)

 dh

=

M1∑
j=0

∫
Hn
k1(g, h)πλ(h)∗(πλ(I − LH))jV (g)M1−j(πλ(I − LH) + V (g))−M1

×

b (gh−1, λ
)
−
∑

[α]≤M

qα
(
h−1
)
Xα
g b(g, λ)

 dh

=

M1∑
j=0

∑
[β11]+[β22]≤2j

∫
Hn
X̃β11

h k1(g, h)V (g)M1−jπλ(h)∗

× X̃β22

h (πλ(I − LH) + V (g))−M1R
b(·,λ)
g,M

(
h−1
)
dh,

where R
b(·,λ)
g,M (h) = b (gh, λ) −

∑
[α]≤M qα (h)Xα

g b(g, λ) and
∑
aj := cjaj denotes a finite

linear combination with some constants cj. Taking the operator norm on B(L2(Rn)), we

have

‖σ(g, λ)−
∑

[α]≤M

∆αa(g, λ)Xα
g b(g, λ)‖op

≤
M1∑
j=0

∑
[β11]+[β22]≤2j

∫
Hn

∣∣∣X̃β11

h k1(g, h)V (g)M1−j
∣∣∣
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×
∥∥∥X̃β22

h (πλ(I − LH) + V (g))−M1R
b(·,λ)
g,M

(
h−1
)∥∥∥

op
dh.

Using Taylor’s estimate for vector-valued functions given in Proposition 3.1.40, Remark

3.1.52(3), Proposition 3.1.46 and Corollary 3.1.53 of [34], there is a constant C > 0

(depending on M) such that∥∥∥X̃β22

h (πλ(I − LH) + V (g))−M1R
b(·,λ)
g,M

(
h−1

)∥∥∥
op

=

∥∥∥∥(πλ(I − LH) + V (g))−M1R
Xβ22g b(·,λ)
g,M

(
h−1

)∥∥∥∥
op

≤

∥∥∥∥∥∥(πλ(I − LH) + V (gh−1))−M1Xβ22
g b

(
gh−1, λ

)
− (πλ(I − LH) + V (g))−M1

∑
[α]≤M

qα
(
h−1

)
Xα
g X

β22
g b(g, λ)

∥∥∥∥∥∥
op

+
∥∥(πλ(I − LH) + V (g))−M1Xβ22

g b
(
gh−1, λ

)
− (πλ(I − LH) + V (gh−1))−M1Xβ22

g b
(
gh−1, λ

)∥∥
op

≤ CM
∑

|γ|≤(M−[β22])+1
|γ|>(M−[β22])

|h|[γ] sup
|g1|≤c1|h|

∥∥Xγ(πλ(I − LH) + V (gg1))
−M1Xβ22b (gg1, λ)

∥∥
op

+ ‖(πλ(I − LH) + V (g))−M1(πλ(I − LH) + V (gh−1))M1 − I‖op‖(πλ(I − LH) + V (gh−1))−M1Xβ22
g b

(
gh−1, λ

)
‖op.

Using the fact that V is a regular temperate potential (see definitions 4.3.16 and 4.3.17),

we have∥∥∥X̃β22

h (πλ(I − LH) + V (g))−M1R
b(·,λ)
g,M

(
h−1
)∥∥∥

op

≤ CM
∑

|γ|≤(M−[β22])+1
|γ|>(M−[β22])

|h|[γ]
∑

[γ1]≤[γ]

sup
|g1|≤c1|h|

∥∥(πλ(I − LH) + V (gg1))−M1Xγ1Xβ22b (gg1, λ)
∥∥
op

+ (|h|kM1 + 1)‖(πλ(I − LH) + V (gh−1))−M1Xβ22
g b

(
gh−1, λ

)
‖op.

Let a1(g, λ) = V (g)M1−ja(g, λ). Then a1 ∈ S
m1+2(M1−j)
H with kernel k̃g = V (g)K1(g, ·).

Thus a1 = π(k̃g). Choosing M,M1 such that it satisfies (4.3.10) and the conditions of

Lemma 5.5.6 in [34]. Therefore

‖σ(g, λ)−
∑

[α]≤M

∆αa(g, λ)Xα
g b(g, λ)‖op

≤
M1∑
j=0

∑
[β11]+[β22]≤2j

CM
∑

|γ|≤(M−[β22])+1
|γ|>(M−[β22])

∫
Hn

(|h|[γ] + |h|kM1 + 1)
∣∣∣X̃β11

h k1(g, h)V (g)M1−j
∣∣∣ dh

× ‖b‖Sm2
H ,0,b2,0

≤ C2‖a1‖Sm1+2M1,R2
H ,0,b2,0

× ‖b‖Sm2
H ,0,b2,0

≤ C‖a‖
S
m1,R
H ,a1,b1

× ‖b‖Sm2
H ,0,b2,0

,
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where C = C1‖V ‖S2M2,R
H ,a1,b1

. The general case β0 6= 0 follows by adopting the proof of

Lemma 5.5.5 in [34].

Proof of theorem 4.3.18. Let T = Op(a) ◦Op(b). Then

Tf(g) =

∫
Hn

∫
Hn
f(h)k2(g1, h

−1g1)k1(g, h)dg1dh,

where k1 and k2 are the kernels of Op(a) and Op(b), respectively. Furthermore, we have

Op(a) ◦Op(b) = Op(σ), where

σ(g, λ) =

∫
Hn
k1(g, h)πλ(h)∗b

(
gh−1, λ

)
dh.

By the Taylor series expansion (see (4.3.1)) of b in the first variable, we get

σ(g, λ) ∼
∑
α

∆αa(g, λ)Xα
g b(g, λ).

The reminder term is estimated similar to Theorem 5.5.3 of [34] with few modifications.

We will only indicate the main steps with modifications in our setting. Let m = m1 +m2,

β0 ∈ N0 and M0 ∈ N. By Theorem 4.3.13, we have∥∥∥Xβ0
g τM(g, λ)(πλ(I − LH) + V (g))−

m−M0
2

∥∥∥
op

=
∥∥∥Xβ0

g τM(g, λ)(πλ(I − LH))−
m−M0

2

[
(πλ(I − LH))

m−M0
2 (πλ(I − LH) + V (g))−

m−M0
2

]∥∥∥
op

≤
∥∥∥Xβ0

g τM(g, λ)(πλ(I − LH))−
m−M0

2

∥∥∥∥∥∥(πλ(I − LH))
m−M0

2 (πλ(I − LH) + V (g))−
m−M0

2

∥∥∥
op

≤ C
∥∥∥Xβ0

g τM(g, λ)(πλ(I − LH))−
m−M0

2

∥∥∥
op
, (4.3.13)

where τM = a ◦ b −
∑

[α]≤M ∆αaXα
g b. We fix m′2 := −m1 + M0. Then we can find

M ≥ max (M0, v1) such that −m1 + M − m′2 ≥ 2. This shows that we can find M1

satisfying the second condition of (4.3.10) for m1,m
′
2 and therefore also the first. Hence

we can apply Lemma 4.3.19 to M,M1 and the symbols a and b(πλ(I − LH))−
m−M0

2 , with

orders m1 and m′2. Thus by (4.3.13) and Theorem 4.3.13, we obtain∥∥∥Xβ0
g τM(g, λ)(πλ(I − LH) + V (g))−

m−M0
2

∥∥∥
op

≤‖a‖
S
m1,R
H ,a1,b1

∥∥∥b (πλ(I − LH))−
m−M0

2

∥∥∥
S
m′2
H ,0,b2,0

= ‖a‖
S
m1,R
H ,a1,b1

∥∥∥∥(πλ(I − LH + V (g)))−
m′2
2 b(πλ(I − LH))−

m−M0
2

∥∥∥∥
op
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= ‖a‖
S
m1,R
H ,a1,b1

∥∥∥∥(πλ(I − LH + V (g)))−
m′2
2 b (πλ(I − LH + V (g)))−

m−M0
2

×(πλ(I − LH + V (g)))−
m−M0

2 (πλ(I − LH))−
m−M0

2

∥∥∥
op

≤‖a‖
S
m1,R
H ,a1,b1

∥∥∥∥(πλ(I − LH + V (g)))−
m′2
2 b (πλ(I − LH + V (g)))−

m−M0
2

∥∥∥∥
op

×
∥∥∥(πλ(I − LH + V (g)))−

m−M0
2 (πλ(I − LH))−

m−M0
2

∥∥∥
op

≤C ‖a‖
S
m1,R
H ,a1,b1

∥∥∥b (πλ(I − LH + V (g)))−
m−M0

2

∥∥∥
S
m′2
H ,0,b2,0

≤C ‖a‖
S
m1,R
H ,a1,b1

‖b‖Sm2
H ,0,b2,c2

.

The rest part of proof follows along the similar lines of Theorem 5.5.3 in [34].

4.4 Symbolic calculus relative to (1+ |λ|H +V (g)+ |w|)

on Hn

Let Γ ⊂ C be a curve enclosing R+ and w vary over Γ. In particular, let us consider

the curve Γ be made up of two half-lines hinged at −1 and makes an angles of ±π
4

with

respect to the real axis. In order to construct the pseudo-differential approximation to

the operator (H + u)−m, we need to define the following symbol class.

4.4.1 The symbol class Smρ,δ,H,w(Hn)

We define the symbol class Smρ,δ,H,w(Hn) relative to the operator 1 + |λ|H + V (g) + |w|

as in Subsection 4.3.4 and (λ, V (g))-Shubin class defined as in Section 4.3 relative to the

weight 1 + |λ|(|ξ|2 + |x|2 + 1) + V (g) + |w|. Also we get the similar result for the symbol

class Smρ,δ,H,w(Hn) as in Theorem 4.3.10. When ρ = 1 and δ = 0, we denote the symbol

classes Sm1,0,H,w(Hn) by SmH,w(Hn).

Proposition 4.4.1. Let ag,λ,w(ξ, u) = (|λ|(1 + |ξ|2 + |u|2) + V (g)− w)
s
, s ∈ R, and

σ(g, λ, w) = OpW (ag,λ,w). Then σ ∈ S2s
H,w(Hn).

Proof. By Theorem 4.3.10, OpW (|λ|(1 + |ξ|2 + |u|2) + V (g)− w) ∈ S2
H,w(Hn). Now

∂αξ ∂
β
u ∂̃

α̃
λ,ξ,uX

β̃
g ag,λ,w(ξ, u)
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=
∑

1≤θ≤|α|+|β|+|α̃|+|β̃|
|µ1|+···+|µθ|=|α|
|ν1|+···+|νθ|=|β|
|µ̃1|+···+|µ̃θ|=|α̃|
|ν̃1|+···+|ν̃θ|=|β̃|

(
|λ|(1 + |ξ|2 + |u|2) + V (g)− w

)s−θ

×
θ∏
j=1

∂
µj
ξ ∂

νj
u ∂̃

µ̃j
λ,ξ,uX

ν̃j
g

(
|λ|(1 + |ξ|2 + |u|2) + V (g)− w

)
.

Since each term is bounded by a constant times

(
|λ|(1 + |ξ|2 + |u|2) + V (g)− w

)s−θ θ∏
j=1

|λ|
|µj |+|νj |

2

× (1 + |λ|(1 + |ξ|2 + |u|2) + V (g) + |w|)
2−2|µ̃j |−(|µj |+|νj |)

2

≤ |λ|
|α|+|β|

2 (1 + |λ|(1 + |ξ|2 + |u|2) + V (g) + |w|)
−2−2|α̃|−(|α|+|β|)

2 ,

thus for any w ∈ Γ, we have∣∣∣∂αξ ∂βu ∂̃α̃λ,ξ,uX β̃
g ag,λ,w(ξ, u)

∣∣∣ ≤ C|λ|
|α|+|β|

2 (1 + |λ|(1 + |ξ|2 + |u|2) + V (g) + |w|)
−2−2|α̃|−(|α|+|β|)

2 .

Now ∥∥∥∂̃α̃λ,ξ,uX β̃
g ag,λ,w

∥∥∥
Σ−2−2α̃
ρ,λ,V (g)

(Rn),N

= sup
(ξ,u)∈Rn×Rn
|α|,|β|≤N

|λ|−
|α|+|β|

2

(
1 + |λ|

(
1 + |ξ|2 + |u|2

)
+ V (g) + w

)−−2−2|α̃|−(|α|+|β|)
2

×
∣∣∣∂αξ ∂βu ∂̃α̃λ,ξ,uX β̃

g ag,λ,w(ξ, u)
∣∣∣ ≤ Cα̃,β̃,N .

Thus σ = σ(g, λ, w) = OpW (ag,λ,w) ∈ S2s
H,w(Hn) by (4.3.5).

Construct a symbol RN(g, λ, w) such that (H − w) ◦ Op(RN(g, λ, w)) = IL2(Hn) +

Op(SN(g, λ, w)), where SN ∈ S−NH,w(Hn) or equivalently (|λ|(H+I)+V (g)−w)#HnRN(g, λ, w)

= IL2(Rn) +SN(g, λ, w). By substituting the expansion RN = R−2 +R−3 + · · ·+R−N with

the property that R−2−` ∈ S−2−`
H,w (Hn) into the asymptotic expansion (4.3.9), we get

(|λ|(H + I) + V (g)− w)#HnRN(g, λ, w)

=
∑

[α]≤N

∆α(|λ|(H + I) + V (g)− w) Xα
g RN(g, λ, w) + SN(g, λ, w)

= IL2(Rn) + SN(g, λ, w).
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Now solving for R−2−` recursively by comparing the order by order of the symbols so that

the sum equals to 1, we get

R−2(g, λ, w) = (|λ|(H + I) + V (g)− w)−1 (4.4.1)

and

R−2−`(g, λ, w) = (|λ|(H + I) + V (g)− w)−1

×
∑

|k|+|j|=`
|k|<`

∆j(|λ|(H + I) + V (g)− w) Xj
gR−2−|k|(g, λ, w) (4.4.2)

for w ∈ Γ. To understand the dependence on w, we express the symbol R−2−` differently

in the following proposition.

Proposition 4.4.2. Let w ∈ Γ. Then

R−2−`(g, λ, w) = (|λ|(H + I) + V (g)− w)−1

×
∑

[ `
2

]≤M≤`

R`,M(g, λ)(|λ|(H + I) + V (g)− w)−M , (4.4.3)

where [ `
2
] denotes the least integer grater than `

2
and R`,M(g, λ) ∈ S2M−`

H,w (Hn) is a polyno-

mial in π(X) and Xα
g V, |α| ≤ `.

Proof. We prove the proposition by induction on `. When ` = 0, the expression is trivial

from (4.4.1). Assume that the expression (4.4.3) holds for k ≤ ` − 1. From (4.4.2), the

difference operator ∆ contributes only some possible factors of π(X) but no w. However,

the differential operator Xg either acts on (|λ|(H + I) + V (g) − w)−M or R`,M (after

substituting (4.4.3) for k ≤ `−1 in (4.4.2)) resulting the expressions as in (4.4.3). It is easy

to check that each term in the sum for R−2−` lies in S−2−`
H,w (Hn) after expanding by Leibniz

rule. Since (|λ|(H+I)+V (g)−w)−1R`,M(g, λ)(|λ|(H+I)+V (g)−w)−M ∈ S−2−`
H,w (Hn), this

implies that R`,M ∈ S2M−`
H,w (Hn). So R`,M is a polynomial in π(X) and Xα

g V. The highest

power of (|λ|(H + I) + V (g)−w)−1 in the right comes out when we throw all derivatives

on factors of (|λ|(H + I) + V (g)− w)−1 and count this number which is essentially `.
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4.4.2 Approximation of symbols

Let f be a holomorphic function. Then by the holomorphic functional calculus for un-

bounded operators, all pseudo-differential approximations can be written in the following

way:

f(H) =
1

2πi

∫
Γ

f(w)(H− w)−1 dw

and define the pseudo-differential operator fN(H) = 1
2πi

∫
Γ
f(w)Op(RN(g, λ, w)) dw with

symbol

fN(g, λ) =
N∑
`=0

∑
[ `
2

]≤M≤`

(
1

2πi

∫
Γ

f(w)(|λ|(H + I) + V (g)− w)−1R`,M(g, λ)

× (|λ|(H + I) + V (g)− w)−M dw

)
by formally computing the residue. However, the error term in the approximation of f(H)

is given by

1

2πi

∫
Γ

f(w)(H− w)−1Op(SN(g, λ, w)) dw. (4.4.4)

In particular, letting f(w) = (w + u)s for some fixed u > 0, the pseudo-differential

approximation to (H + u)s is Op(σs,N(g, λ)), where

σs,N(g, λ) =
N∑
`=0

∑
[ `
2

]≤M≤`

(
1

2πi

∫
Γ

(w + u)s(|λ|(H + I) + V (g)− w)−1R`,M(g, λ)

× (|λ|(H + I) + V (g)− w)−M dw

)
.

Let A be a linear operator on L2(Hn). Observe that |Tr(A)| ≤ ‖(I +H)sA‖|Tr(I +

H)−s|. If ‖(I +H)sA‖ is finite and (I +H)−s is also a trace class operator then A is trace

class on L2(Hn). From the above discussion, we can write (I +H)−
s
2 = Op((1 + |λ|H +

V (g))−
s
2 )+Op(F s

2
(g, λ)). So (I+H)−s is a trace class operator when (I+H)−

s
2 is Hilbert-

Schmidt operator. That means, if Op((1+ |λ|H+V (g))−
s
2 ) and Op(F s

2
(g, λ)) are Hilbert-

Schmidt operators or equivalently (1+|λ|H+V (g))−
s
2 , F s

2
(g, λ) ∈ L2 (Hn × R∗, S2, dµ(λ)),

(I +H)−s is a trace class operator. By generalized Minkowski’s inequality, we have

‖(1 + |λ|H + V (g))−
s
2‖L2(Hn×R∗,S2,dµ(λ))
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=

(∫
Hn

∫
R∗
|Tr(1 + |λ|H + V (g))−

s
2 |2 dg dµ(λ)

) 1
2

=

∫
Hn

∫
R∗

∣∣∣∣∣∑
α

1

(1 + |λ|(2|α|+ n) + V (g))
s
2

∣∣∣∣∣
2

dg dµ(λ)

 1
2

≤ C
∑
α

(∫
Hn

∫
R∗

λn

(1 + |λ|(2|α|+ n) + V (g))s
dg dλ

) 1
2

= C
∑
α

1

(2|α|+ n)
n+1

2

(∫
Hn

∫ ∞
1+V (g)

(u− 1− V (g))n

us
du dg

) 1
2

= C
∑
α

1

(2|α|+ n)
n+1

2

(∫
Hn

1

(1 + V (g))s−n−1
dg

) 1
2

. (4.4.5)

Under the assumption V (g) ∼ V0|g|k as |g| → ∞, the function 1
(1+V (g))s−n−1 is integrable

if we choose (s − n − 1)k > 1. A similar argument gives F s
2

is also a Hilbert-Schmidt

operator for large N . Indeed (H−w)−1 = Op(RN)+(H−w)−1Op(SN(g, λ, w)) is compact

and hence has discrete spectrum.

Proposition 4.4.3. Let u > 0 and m ∈ N be sufficiently large such that (H + u)−m is a

trace class operator on L2(Hn). Then for such m, we have

(H + u)−m = Op
(
(|λ|(H + I) + V (g) + u)−m

)
+Op(E(g, λ, u))

such that∣∣Tr(H + u)−m − Tr
(
Op
(
(|λ|(H + I) + V (g) + u)−m

))∣∣ = |Tr(Op(E(g, λ, u)))|

≤ ψ1(u)
∣∣Tr
(
Op
(
(|λ|(H + I) + V (g) + u)−m

))∣∣
with ψ1(u)→ 0 as u→∞.

Proof. From the discussions in the previous subsections, we write

(H + u)−m = Op
(
(|λ|(H + I) + V (g) + u)−m

)
+Op(E(g, λ, u)), (4.4.6)

where

E(g, λ, u)

=
N∑
`=1

∑
[ `
2

]≤M≤`

1

2πi

∫
Γ

(w + u)−m(|λ|(H + I) + V (g)− w)−1R`,M(g, λ)
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× (|λ|(H + I) + V (g)− w)−M dw +
1

2πi

∫
Γ

(w + u)−m(H− w)−1Op(SN(g, λ, w)) dw.

For large N , choose 0 < s < N such that (I + H)−
s
2 is a trace class operator. Then

Op(SN(g, λ, w)) is a trace class operator with

|Tr(Op(SN(g, λ, w)))| ≤
∣∣Tr
(
(I +H)−

s
2 (I +H)

s
2Op(SN(g, λ, w))

)∣∣
≤
∣∣Tr
(
(I +H)−

s
2

)∣∣ ∥∥(I +H)
s
2Op(SN(g, λ, w))

∥∥ . (4.4.7)

But from Theorem 4.3.13, we have

∥∥(I +H)
s
2Op(SN(g, λ, w))

∥∥
=
∥∥∥(I +H)

s
2 (H + |w|)−

N
2 (H + |w|)

N
2 Op(SN(g, λ, w))

∥∥∥
=
∥∥∥(I +H)

s
2 (H + |w|)−

N
2

∥∥∥∥∥∥(H + |w|)
N
2 Op(SN(g, λ, w))

∥∥∥
≤ C

∥∥∥(I +H)
s
2 (H + |w|)−

s
2 (H + |w|)

s
2 (H + |w|)−

N
2

∥∥∥
≤ C

∥∥(I +H)
s
2 (H + |w|)−

s
2

∥∥∥∥∥(H + |w|)
(s−N)

2

∥∥∥
= O

(
|w|

(s−N)
2

)
. (4.4.8)

Therefore, from (4.4.7) and (4.4.8), we obtain∣∣∣∣Tr

(∫
Γ

(w + u)−m(H− w)−1Op(SN(g, λ, w)) dw

)∣∣∣∣ ≤ Cu1−m → 0 as u→∞.

Consequently this part of the error is negligible and the pseudo-differential part of E(g, λ, u)

is a trace class operator because it has smooth rapidly decaying symbol. By Lemma 4.3.12,

each term of Tr(Op(E(g, λ, u)) is of the form

Tr

[
Op

(
1

2πi

∫
Γ

(w + u)−m(|λ|(H + I) + V (g)− w)−1R`,M(g, λ)

× (|λ|(H + I) + V (g)− w)−Mdw

)]
=

∫
Hn

∫
R∗

Tr

[(
1

2πi

∫
Γ

(w + u)−m(|λ|(H + I) + V (g)− w)−1−Mdw

)
R`,M(g, λ)

]
dg dµ(λ)

= Cm,M

∫
Hn

∫
R∗

Tr
(
(|λ|(H + I) + V (g) + u)−m−MR`,M(g, λ)

)
dg dµ(λ)

= Cm,Mu
−m−M

∫
Hn

∫
R∗

Tr
(
(u−1|λ|(H + I) + u−1V (g) + 1)−m−MR`,M(g, λ)

)
dg dµ(λ)

∼ Cm,Mu
−m−M+n+1+ 2n

κ
+ 2
κ

∫
Hn

∫
R∗

Tr
(
(|λ|(H + I) + |g|κ + 1)−m−MR`,M(g̃, uλ)

)
|λ|n dg dλ,
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where g̃ = (u
1
κx1, u

1
κx2, · · · , u

1
κx2n, u

2
κ t). Since R`,M ∈ S2M−`

H,w (Hn),∥∥∥R`,M(g̃, uλ)(u|λ|(H + I) + u|g̃|k + 1)
−2M+`

2

∥∥∥
op

is uniformly bounded and so∣∣Tr
(
Op
(
(|λ|(H + I) + V (g) + u)−m−MR`,M(g, λ)

))∣∣
∼ C

un+1+ 2n
κ

+ 2
κ

um+M

∫
Hn

∫
R∗

∣∣∣∣Tr

(
(u|λ|(H + I) + u|g|κ + 1)

2M−`
2

× (|λ|(H + I) + |g|κ + 1)−m−M
)∣∣∣∣|λ|ndg dλ (4.4.9)

≤ Cu−m−M+n+1+ 2n
κ

+ 2
κ

∫
Hn

∫
R∗

∑
k

(u|λ|(2|k|+ n+ 1) + u|g|κ + 1)
2M−`

2

(|λ|(2|k|+ n+ 1) + |g|κ + 1)m+M
|λ|n dg dλ

≤ Cu−m−M+n+1+ 2n
κ

+ 2
κ

+ 2M−`
2

∑
k

∫
Hn

∫
R∗

(|λ|(2|k|+ n+ 1) + |g|κ + 1)
2M−`

2

(|λ|(2|k|+ n+ 1) + |g|κ + 1)m+M
|λ|n dg dλ

≤ Cu−m+n+1+ 2n
κ

+ 2
κ
− `

2

∑
k

∫
Hn

∫
R∗

|λ|n

(|λ|(2|k|+ n+ 1) + |g|κ + 1)m+ `
2

dg dλ

≤ Cu−m+n+1+ 2n
κ

+ 2
κ
− `

2

∑
k

∫
R∗

|λ|n dλ
(|λ|(2|k|+ n+ 1) + 1)

m
2

+ `
4

∫
Hn

dg

(|g|κ + 1)
m
2

+ `
4

≤ Cu−m+n+1+ 2n
κ

+ 2
κ
− `

2

∑
k

1

(2|k|+ n+ 1)n+1

≈ u−m+n+1+ 2n
κ

+ 2
κ
− `

2 . (4.4.10)

Similarly, we have∣∣Tr
(
Op
(
(|λ|(H + I) + V (g) + u)−m

))∣∣ ≈ u−m+n+1+ 2n
κ

+ 2
κ . (4.4.11)

Thus applying trace in (4.4.6) and using (4.4.9), (4.4.11), we get∣∣∣∣ Tr(Op(E(g, λ, u)))

Tr (Op ((|λ|(H + I) + V (g) + u)−m))

∣∣∣∣ =

∣∣∣∣ Tr ((H + u)−m)

Tr (Op ((|λ|(H + I) + V (g) + u)−m))
− 1

∣∣∣∣
≤ Cψ1(u)→ 0 as u→∞, (4.4.12)

where ψ1(u) = 1
um−1 +

∑N
`=1 u

− `
2 . Note that when ` = 0,M = 0 and R`,M = 1, (4.4.9),

(4.4.11) has same decay. If ` ≥ 1 then (4.4.12) also holds.

Let w be the complex number varying over the curve Γ (defined in Section 4.4). For

fixed (g, λ) ∈ Hn × R∗, the class Smw,g,λ(Rn) defined as

Smw,g,λ(Rn)
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=
{
ag,λ ∈ C∞(R2n × Γ) : |∂αξ ∂βxag,λ(x, ξ)| ≤ Cα,β(1 + |λ|(1 + |ξ|2 + |x|2) + V (g) + |w|)

m−|α|
2

}
.

(4.4.13)

We obtain the following result as in Proposition 4.4.3.

Proposition 4.4.4. Let m > 0 be a sufficiently large such that
(
|λ|(H + I) + V (g)+u

)−m
is in trace class. Then for a fixed (g, λ) ∈ Hn × R∗, we have(
|λ|(H + I) + V (g)+u

)−m
= OpW

((
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m)
+OpW (Eg,λ(u)),

where∣∣∣Tr
(
|λ|(H + I) + V (g) + u

)−m − Tr
(
OpW

((
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m))∣∣∣
= |Tr(OpW (Eg,λ(u)))|

≤ ψ2(u)
∣∣∣Tr
(
OpW

((
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m))∣∣∣
with ψ2(u)→ 0 as u→∞.

Proof. The proof is based on the similar idea as in Proposition 4.4.3. For fixed (g, λ) ∈

Hn×R∗, there exists m ∈ N such that
(
|λ|(H + I) + V (g)+u

)−m
is a trace class operator

on L2(Rn). We refer to page 72-75 of [109] for similar pseudo-differential approximation to

(|λ|(H + I) + V (g) + u)−m on L2(Rn). However, we will only indicate some intermediate

steps. Now(
|λ|(H + I) + V (g) + u

)−m
= OpW

((
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m)
+OpW (Eg,λ(u)),

(4.4.14)

where

Eg,λ(u) =
N∑
`=1

∑
[ `
2

]≤M≤`

Γ(s+ 1)

Γ(s−M)Γ(M + 1)
R

(g,λ)
`,M (ξ, x)((|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m−M
+

1

2πi

∫
Γ

(w + u)−mS
(g,λ)
N (w)(|λ|(H + I) + V (g)− w)−1 dw

with S
(g,λ)
N ∈ S−Nw,g,λ(Rn) and R

(g,λ)
`,M ∈ S2`−M

w,g,λ (Rn). Let 0 < s < N and (I + |λ|(H + I) +

V (g))−
s
2 is a trace class operator on L2(Rn). Then imitating the similar calculations in

page 75 of [109], we have∣∣∣∣Tr

(∫
Γ

(w + u)−mOpW (S
(g,λ)
N (w))(|λ|(H + I) + V (g)− w)−1 dw

)∣∣∣∣→ 0 as u→∞,
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and∣∣∣Tr
(
OpW

(
R

(g,λ)
`,M (ξ, x)

(
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m−M))∣∣∣
=

∣∣∣∣∫
Rn

∫
Rn
R

(g,λ)
`,M (ξ, x)

(
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m−M
dx dξ

∣∣∣∣
≤ u−m−M

∫
Rn

∫
Rn

∣∣∣R(g,λ)
`,M (ξ, x)

∣∣∣ (u−1|λ|(1 + |ξ|2 + |x|2) + u−1V (g) + 1
)−m−M

dx dξ

≤ u−m−M
∫
Rn

∫
Rn

∣∣∣R(g,λ)
`,M (ξ, x)

∣∣∣ (u−1|λ|(|ξ|2 + |x|2) + 1
)−m−M

dx dξ

= u−m−M+n

∫
Rn

∫
Rn

∣∣∣R(g,λ)
`,M (u

1
2 ξ, u

1
2x)
∣∣∣ (|λ|(|ξ|2 + |x|2) + 1

)−m−M
dx dξ

≤ u−m−M+n

∫
Rn

∫
Rn

∣∣∣(1 + |λ|(1 + u|ξ|2 + u|x|2) + V (g) + |w|)
2M−`

2

∣∣∣
×
(
|λ|(|ξ|2 + |x|2) + 1

)−m−M
dx dξ

≤ Cu−m+n− `
2 .

Note that if ` = 1 and M = 1, R
(g,λ)
1,1 (x, ξ) = 1. So for ` ≥ 2, we have∣∣∣Tr

(
OpW

(
R

(g,λ)
`,M (ξ, x)

(
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m−M))∣∣∣ ≈ u−m+n−1.

Similarly, we have∣∣∣Tr
(
OpW

((
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m−M))∣∣∣ ≈ u−m+n.

Thus∣∣∣∣∣∣ Tr(OpW (Eg,λ(u)))

Tr
(
OpW

((
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m))
∣∣∣∣∣∣

=

∣∣∣∣∣∣ Tr (Op ((|λ|(H + I) + V (g) + u)−m))

Tr
(
OpW

((
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m)) − 1

∣∣∣∣∣∣ ≤ ψ2(u)→ 0 as u→∞,

where ψ2(u) = 1
um−1 +

∑N
`=1 u

−1.

Remark 4.4.5. Note that for sufficiently large m ∈ N, the operator

Op
(
OpW

(
R

(g,λ)
`,M (ξ, x)

(
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m−M))
is a trace class operator on L2(Hn), since from Proposition 4.4.4, we have∣∣∣Tr

(
Op
(
OpW

(
R

(g,λ)
`,M (ξ, x)

(
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m−M)))∣∣∣
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≤
∫
Hn

∫
R∗

∣∣∣Tr
(
OpW

(
R

(g,λ)
`,M (ξ, x)

(
|λ|(1 + |ξ|2 + |x|2) + V (g) + 1

)−m−M))∣∣∣ dg dµ(λ)

≤
∫
Hn

∫
R∗

∫
R2n

∣∣∣(|λ|(1 + |ξ|2 + |x|2) + V (g) + 1)
2M−`

2

∣∣∣
×
(
|λ|(1 + |ξ|2 + |x|2) + V (g) + 1

)−m−M
dx dξ dg dµ(λ) <∞.

≤
∫
Hn

∫
R∗

∫
R2n

(1 + |λ|(1 + |ξ|2 + |x|2) + V (g))
−m−`

2 dx dξ dg dµ(λ)

≤ C

∫
R2n

∫
Hn

∫
R∗

λn

(1 + |λ|(1 + |ξ|2 + |x|2) + V (g) + 1)
m+`

2

dx dξ dg dλ

= C

∫
R2n

1

(1 + |ξ|2 + |x|2)n+1
dx dξ

∫
Hn

∫ ∞
1+V (g)

(u− 1− V (g))n

u
m+`

2

du dg

= C

∫
R2n

1

(1 + |ξ|2 + |x|2)n+1
dx dξ

∫
Hn

1

(1 + V (g))
m+`

2
−n−1

dg <∞.

Similarly it can be shown that Op
(
OpW

(
(|λ|(1 + |ξ|2 + |x|2) + V (g) + u)

−m
))

is a trace

class operator on L2(Hn) for sufficiently large m ∈ N.

We take the positive integer m such that m-th power of the operators discussed earlier

is a trace class operator.

4.5 Szegö type limit theorems for H

In this section we aim to prove Szegö type limit theorems for H (defined on Subsection

4.2.2). Let A = Op(OpW (ag,λ)) be a 0-th order self-adjoint pseudo-differential operator on

L2(Hn) relative to the operator 1+|λ|H+V (g) (defined in Subsection 4.3.4) and Pr be the

orthogonal projection of L2(Hn) onto the space of eigenfunctions ofH with eigenvalue ≤ r.

For each r > 0, PrAPr is a finite rank symmetric operator with spectral measure defined

as the sum of Dirac delta functions at its eigen values. We show (in Theorem 4.5.4) that

the sequence of measures Trf(PrAPr)
Tr(Pr) converges to the weak limit

∫
Gr f(ag,λ(ξ,x)) dξ dx dg dµ(λ)∫

Gr dξ dx dg dµ(λ)
,

where Gr = {(g, λ, ξ, x) ∈ Hn × R∗ × Rn × Rn : |λ|(1 + |ξ|2 + |x|2) + V (g) ≤ r} and µ(λ)

is the Plancherel measure on the Heisenberg group. In particular, if b is a bounded real

valued integrable function on Hn then we obtain the following result with respect to the

operator of multiplication Mb:

Theorem 4.5.1. Consider the Schrödinger operator of the form H = −∆H + V on the

Heisenberg group Hn. Let Pr be the orthogonal projection of L2(Hn) onto the space of

eigenfunctions of H with eigenvalue ≤ r. Let b be a bounded real valued integrable function
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on Hn and Mb be the operator of multiplication by b on L2(Hn). Then for any f ∈ C(R),

the space of all continuous function defined on R, we have

lim
r→∞

Trf(PrMbPr)
Tr(Pr)

=

∫
Hn
f(b(g)) dg.

In order to prove Theorem 4.5.1, we need the following lemmas.

Lemma 4.5.2. Let Mb be the multiplication operator defined in Theorem 4.5.1, then

Trf(PrMbPr) = Tr(Prf(Mb)Pr) for any f ∈ C(R).

Proof. Notice that ‖(I−Pr)MbPr‖2
S2

= Tr(PrMbPr) = Tr(PrM2
bPr)−Tr(PrMbPr)2. Also

PrM2
bPr is an operators on L2(Hn) with kernel K1(g, g1) =

∑
k1,k2≤r

〈b2ek1 , ek2〉ek2(g)ek1(g1),

for any orthonormal basis {ek} of L2(Hn). Therefore Tr(PrM2
bPr) =

∫
Hn K1(g, g)dg =∑

k≤r

〈b2ek, ek〉. Further, Tr(PrMbPr)2 =
∫
Hn K2(g, g)dg =

∑
k≤r

〈b2ek, ek〉, where the opera-

tor PrMbPrMbPr is an integral operator with kernel

K2(g, g1) =
∑

k1,k2,k3≤r

〈bek1 , ek2〉〈bek2 , ek3〉ek3(g)ek1(g1).

So Tr(PrM2
bPr) = Tr(PrMbPr)2. Therefore ‖(I−Pr)MbPr‖2

S2
= 0. Observe that for each

n ∈ N, PrMn
bPr = PrMb(Pr + (I −Pr))Mb · · ·MbPr = (PrMbPr)n+ terms with a factor

of (I − Pr)MbPr. By Cauchy-Schwarz inequality, Tr(terms with a factor of (I − Pr)Mb)

is dominated by some constant (depending on b) times ‖(I − Pr)MbPr‖S2 . Therefore

|Tr(PrMn
bPr)−Tr(PrMbPr)n| = 0. Thus Trf(PrMbPr) = Tr(Prf(Mb)Pr) for f(x) = xn,

∀n ∈ N, and this result can be extended to continuous functions as an application of the

Weierstrass approximation theorem and spectral theorem.

Lemma 4.5.3. For r > 0 define Ir : L2(Hn)→ L2(Hn) by

Ir(φ)(g) =

∫ r

−r
Tr(πλ(g)φ̂(λ))dµ(λ), g ∈ Hn.

Then

lim
r→∞

Tr(Prf(Mb)Pr)
Tr(Pr)

= lim
r→∞

Tr(PrIrf(Mb)PrIr)
Tr(PrIr)

. (4.5.1)

Proof. We know that if X is a positive trace class operator and Y is a bounded operator

on L2(Hn) then |Tr(XYX)| ≤ ‖Y ‖|Tr(X2). Using this inequality, we get∣∣Tr(Pr)− Tr(PrIr)
∣∣ =

∣∣Tr(Pr(I − Ir))
∣∣ ≤ ‖I − Ir‖|Tr(Pr)|.
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But for ψ ∈ L2(Hn), an application of Plancherel formula gives

‖(I − Ir)ψ‖2
2 =

∫
|λ|>r
‖ψ̂(λ)‖2

S2
dµ(λ)→ 0 as r →∞.

Therefore, ∣∣∣∣Tr(PrIr)
Tr(Pr)

− 1

∣∣∣∣ ≤ ‖I − Ir‖ → 0 as r →∞. (4.5.2)

We add a suitable constant to make the operator Mb positive and any f ∈ C(R) can be

written as the difference of two positive functions namely the positive and the negative

part of f . So without loss of generality we take f(Mb) as a positive operator. Further,∣∣Tr(Prf(Mb)Pr)− Tr(PrIrf(Mb)PrIr)
∣∣

=
∣∣Tr(Prf(Mb)Pr(I − Ir))− Tr(Pr(I − Ir)f(Mb)PrIr)

∣∣
≤
∣∣Tr(Prf(Mb)Pr)

∣∣‖I − Ir‖+
∣∣Tr(Prf(Mb)PrIr)

∣∣‖I − Ir‖.
Therefore,∣∣∣∣Tr(PrIrf(Mb)PrIr)

Tr(Prf(Mb)Pr)
− 1

∣∣∣∣ ≤ (1 +

∣∣∣∣Tr(Prf(Mb)PrIr)
Tr(Prf(Mb)Pr)

∣∣∣∣) ‖I − Ir‖ → 0, (4.5.3)

as r →∞. Combining (4.5.2) and (4.5.3), we get (4.5.1).

Now we are in a position to prove Szegö limit theorem for the multiplication operator

Mb.

Proof of theorem 4.5.1. The operator PrIrf(Mb)PrIr is an integral operator with kernel

Kr(g, g1) =

∫ r

−r
Tr(πλ(g)Ir×rf(b(g1))πλ(g1)) dµ(λ).

Therefore

Tr(PrIrf(Mb)PrIr) =

∫
Hn
Kr(g, g) dg = r

∫ r

−r
dµ(λ)

∫
Hn
f(b(g)) dg,

and

Tr(PrIr) =
∑
i≤r

〈Îrφi, φ̂i〉 =
∑
i≤r

〈φ̂iX[−r,r], φ̂i〉 =
∑
i≤r

∫ r

−r
Tr(φ̂i

∗
(λ)φ̂i(λ)) dµ(λ) = r

∫ r

−r
dµ(λ),

for any orthonormal basis {φi}∞i=1 of L2(Hn). Thus

lim
r→∞

Tr(Prf(Mb)Pr)
Tr(Pr)

= lim
r→∞

Tr(PrIrf(Mb)PrIr)
Tr(PrIr)

=

∫
Hn
f(b(g)) dg.
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We can generalize Theorem 4.5.1 by taking a 0-th order self-adjoint pseudo-differential

operator on L2(Hn) relative to the operator 1 + |λ|H + V (g), where H is the Hermite

operator on L2(Rn) and (g, λ) ∈ Hn×R∗, in place of the multiplication operator Mb and

obtain the following Szegö type limit theorem:

Theorem 4.5.4. Consider the Schrödinger operator of the form H = −∆H + V on

the Heisenberg group Hn. Let Pr be the orthogonal projection of L2(Hn) onto the space

of eigenfunctions of H with eigenvalue ≤ r; let A be a 0-th order self-adjoint pseudo-

differential operator relative to the operator 1+|λ|H+V (g) on L2(Hn) with symbol a(g, λ),

where g ∈ Hn, λ ∈ R∗. Then for any f ∈ C(R), we have

lim
r→∞

Tr f(PrAPr)
Tr(Pr)

= lim
r→∞

∫
Gr
f(ag,λ(ξ, x)) dξ dx dg dµ(λ)∫

Gr
dξ dx dg dµ(λ)

, (4.5.4)

(Assuming one limit exists)

where Gr = {(g, λ, ξ, x) ∈ Hn ×R∗ ×Rn ×Rn : |λ|(1 + |ξ|2 + |x|2) + V (g) ≤ r}, a(g, λ) =

OpW (ag,λ), and µ(λ) is the Plancherel measure on the Heisenberg group.

We prove Theorem 4.5.4 under certain assumptions on the symbol a(g, λ) to ensure

the existence the RHS limit in Theorem 4.5.4 (see [109]). We assume

lim
E→∞

ā(E) = a, (4.5.5)

where ā(E) =
1

S(E)

∫
GE

ag,λ(ξ, x) dξ dx dg dµ(λ) and S(E) =

∫
GE

dξ dx dg dµ(λ), with

GE = {(g, λ, ξ, x) ∈ Hn × R∗ × Rn × Rn : |λ|(1 + |ξ|2 + |x|2) + V (g) = E} and

V (g) ∼ V0|g|κ as |g| → ∞ (4.5.6)

for real κ > 0 in the sense that V (g) = V0|g|κ +W (g), where W (g) = o(|g|κ).

Proposition 4.5.5. Let GE = {(g, λ, ξ, x) ∈ Hn×R∗×Rn×Rn : |λ|(1+|ξ|2+|x|2)+V (g) ≤

E}. Then volume of GE = v(E) ≈ En+1+
2(n+1)
κ as E →∞.

Proof. Using the homogeneous norm on Hn, we have

v(E) =

∫
GE

dξ dx dg dµ(λ)

= Cn

∫
Hn

∫∫
R2n

(∫
|λ|≤ (E−V (g))+

1+|x|2+|ξ|2

|λ|n dλ

)
dξ dx dg
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= 2Cn

∫
Hn

(E − V (g))n+1
+ dg

∫∫
R2n

(
1

1 + |x|2 + |ξ|2

)n+1

dξ dx

= C ′nE
n+1

∫
Hn

(
1− E−1V (g)

)n+1

+
dg

∼ C ′nE
n+1

∫
Hn

(
1− E−1(V0|g|κ +W (g))

)n+1

+
dg

= C ′nE
n+1+

2(n+1)
κ

∫
Hn

(
1− V0|g|k − E−1W (g̃)

)n+1

+
dg, (4.5.7)

where g̃ = (E
1
κx1, E

1
κx2, · · · , E

1
κx2n, E

2
κ t) for g = (x1, x2 · · · , x2n, t) ∈ Hn. Since limE→∞

E−1W (g̃) = 0, the right hand side of the above integral converges to
∫
Hn (1− V0|g|κ)n+1

+ dg

by dominated convergence theorem.

Lemma 4.5.6. Let φ(r) = Tr(Pr) and ψ(r) = Tr(PrAPr). Then under the assumption

(4.5.5) and (4.5.6), we have

Φ(u) =

∫ ∞
0

φ(r)

(r + u)m+1
dr =

∫ ∞
0

∫
GE

dξ dx dg dµ(λ)

(E + u)m+1
dE + E1(u)

and

Ψ(u) =

∫ ∞
0

ψ(r)

(r + u)m+1
dr =

∫ ∞
0

∫
GE

ag,λ(ξ, x) dξ dx dg dµ(λ)

(E + u)m+1
dE + E2(u),

with |Ei(u)| → 0 as u→∞, i = 1, 2.

Proof. The operator H has discrete spectrum of eigenvalues 0 ≤ c1 ≤ c2 · · ·∞. Let

{ψj}∞j=1 be the complete set of eigenfunctions on corresponding to the eigenvalues {cj}

on L2(Hn). Then ψ(r) = Tr(PrAPr) =
∑
cj≤r

〈Aψj, ψj〉 and ψ′(r) =
∞∑
j=1

〈Aψj, ψj〉δ(r − cj).

Now

Ψ(u) =

∫ ∞
0

ψ(r)

(r + u)m+1
dr = m

∞∑
j=1

〈Aψj, ψj〉
∫ ∞

0

δ(r − cj)
(r + u)m

dr

= m

∞∑
j=1

〈Aψj, ψj〉
1

(cj + u)m
= m Tr

(
A(H + u)−m

)
.

By Proposition 4.4.3, we obtain

Ψ(u) = m Tr
(
A(H + u)−m

)
= m Tr

(
A Op

(
|λ|(H + I) + V (g) + u

)−m)
+m Tr (A Op(E(g, λ, u)))
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with |Tr (A Op(E(g, λ, u))) | ≤ ‖A‖ |Tr (Op(E(g, λ, u)))| → 0 u → ∞. Thus for large u,

using (4.3.7) and (4.2.3), we have

Ψ(u) = m

∫
Hn×R∗

Tr
(
a(g, λ)

(
|λ|(H + I) + V (g) + u

)−m)
dg dµ(λ)

= m

∫
Hn×R∗

Tr

(
a(g, λ)OpW

((
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m)
+ a(g, λ)OpW (Eg,λ(u))

)
dg dµ(λ)

= m

∫
Hn×R∗

∫
Rn×Rn

(
agλ(ξ, x)

(
|λ|(1 + |ξ|2 + |x|2) + V (g) + u

)−m)
dξ dx dg dµ(λ) + E1(u)

=

∫ ∞
0

∫
GE

agλ(ξ, x) dξ dx dg dµ(λ)

(E + u)m+1
dE + E1(u),

where E1(u) = m

∫
Hn×R∗

Tr
(
a(g, λ)OpW (Eg,λ(u))

)
dg dµ(λ). From Remark 4.4.5, we

conclude that |E1(u)| → 0 as u → ∞ by dominated convergence theorem. Similarly

taking A = I, we get φ(r) = Tr(Pr), and in this case, for large u, we have

Φ(u) =

∫ ∞
0

∫
GE

dξ dx dg dµ(λ)

(E + u)m+1
dE + E2(u)

with |E2(u)| → 0 as u→∞.

In order to prove the Szegö limit theorem for the Schrödinger operator H, we need

to estimate the asymptotic growth of the measures Tr(PrAPr) and Tr(Pr). We apply

Keldysh Tauberian Theorem (see Theorem 5.4 in Appendix) to compare the measures.

Before that, first we recall the definition of multiplicatively continuous of a function.

Definition 4.5.7. A function ϕ is said to be multiplicatively continuous at infinity if it

satisfies lim
r→∞
τ→1

ϕ(τr)

ϕ(r)
= 1.

Corollary 4.5.8. Consider the self-adjoint operator Pr and v(r) as given in Theorem

4.5.4 and Proposition 4.5.5, respectively. Let φ(r) = Tr(Pr) and ψ(r) = Tr(PrAPr), then

we have the following asymptotic:

1. v(r) ≈ rn+1+
2(n+1)
κ as r →∞.

2. v is multiplicatively continuous.
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3. Tr(Pr) ≈ rn+1+
2(n+1)
κ as r →∞.

4. sup
µ≤r

[Tr(Pµ+r1)−Tr(Pµ)] ≤ Tr(Pr)

[(
n+ 1 +

2(n+ 1)

κ

)
r1

r
+O

(
1

r

)2
]

, as r →∞.

5. ψ is multiplicatively continuous.

Proof. Clearly (1) directly follows from Proposition 4.5.5. Now

lim
r→∞
τ→1

v(τr)

v(r)
= lim

r→∞
τ→1

(τr)n+1+
2(n+1)
κ

rn+1+
2(n+1)
κ

= lim
τ→1

τn+1+
2(n+1)
κ = 1.

Therefore v is multiplicatively continuous function. We choose sufficiently large m such

that the operator (H + uI)−m is a trace class operator. Therefore by Lemma 4.5.6 and

Theorem 8 of Grishin-Poedintseva [42], we get φ(r)/v(r)→ 1 as r →∞. This proves (3).

Using the asymptotic in (3), it is easy to check that

sup
µ≤r

[Tr(Pµ+r1)− Tr(Pµ)] ≤ Tr(Pr)

[(
n+ 1 +

2(n+ 1)

κ

)
r1

r
+O

(
1

r

)2
]
.

To prove (5), notice that if ϕ and χ are two distribution functions satisfying lim
r→∞

ϕ(r)

χ(r)
= 1,

then ϕ is multiplicatively continuous whenever χ is. Therefore ψ is also a multiplicatively

continuous function.

Theorem 4.5.9. Under the assumption (4.5.5) and (4.5.6), we have

lim
r→∞

Tr(PrAPr)
Tr(Pr)

= lim
r→∞

∫
Gr
ag,λ(ξ, x) dξ dx dg dµ(λ)∫
Gr

dξ dx dg dµ(λ)
.

Proof. The proof follows directly by Lemma 4.5.6, as all the requirements (by our as-

sumption (4.5.5) on the symbol a(g, λ)) of Theorem 8 of Grishin-Poedintseva [42] are

satisfied.

Corollary 4.5.10. Let P be a polynomial in R. Then

lim
r→∞

Tr(PrP (A)Pr)
Tr(Pr)

= lim
r→∞

∫
Gr
P (ag,λ(ξ, x)) dξ dx dg dµ(λ)∫

Gr
dξ dx dg dµ(λ)

Proof. From the asymptotic expression of Theorem 4.3.18 along with Remark 4.3.11, we

see that the operator P (A) has symbol P (a(g, λ))+E(g, λ)+E−1(g, λ), where E(g, λ), E−1(g, λ) ∈

S−1
H (Hn) (the term associated with [α] = 1 is E(g, λ) and E−1(g, λ) is the remaining terms
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with [α] > 1 in the asymptotic expansion). The proof will be complete if we can show

that

lim
r→∞

∫
Gr
Ẽg,λ(ξ, x) dξ dx dg dµ(λ)∫
Gr

dξ dx dg dµ(λ)
= 0, (4.5.8)

where E(g, λ) +E−1(g, λ) = OpW (Ẽg,λ(ξ, x)). Now proceeding as in Proposition 4.5.5, we

get ∫
Gr
|Ẽg,λ(ξ, x)| dξ dx dg dµ(λ)

≤ C

∫
Hn

∫∫
R2n

(∫
|λ|≤ (r−V (g))+

1+|x|2+|ξ|2

(1 + |λ|(1 + |ξ|2 + |x|2) + V (g))−
1
2 |λ|n dλ

)
dξ dx dg

≤ C

∫
Hn

∫∫
R2n

(∫
|λ|≤ (r−V (g))+

1+|x|2+|ξ|2

|λ|n−
1
2 dλ

)
dξ dx dg

= C

∫
Hn

(r − V (g))
n+ 1

2
+ dg

∫∫
R2n

(
1

1 + |x|2 + |ξ|2

)n+ 1
2

dξ dx

= Crn+ 1
2

∫
Hn

(
1− r−1V (g)

)n+ 1
2

+
dg

≈ rn+ 1
2

+
2(n+1)
κ (see (4.5.7)).

On the other hand, from Corollary 4.5.8, we have Tr(Pr) ≈ rn+1+
2(n+1)
κ . Thus we get

(4.5.8).

Lemma 4.5.11. Let H, A be the operators defined in Theorem 4.5.4. Then

(a)
√
H = H 1

2
+C, where H 1

2
= Op(H 1

2
(g, λ)) and C is a bounded operator on L2(Hn),

(b) the operator [
√
H, A] is bounded on L2(Hn),

(c) under the assumptions of Theorem 4.5.4, we have∣∣∣∣Trf(PrAPr)
Tr(Pr)

− Tr(Prf(A)Pr)
Tr(Pr)

∣∣∣∣→ 0 as r →∞.

Proof. (a) Let f(w) = w
1
2 . Proceeding as in Subsection 4.4.2, we get

√
H = H 1

2
+ F 1

2
,

where H 1
2

= Op(H 1
2
(g, λ)) with H 1

2
(g, λ) ∈ S1

H(Hn) and F 1
2

is defined in (4.4.4) with

SN ∈ S−NH,w(Hn). We choose N > 0 such that the integral (4.4.4) converges in the norm on

B(L2(Rn)). Denoting C = F 1
2
, we have

√
H = H 1

2
+ C as desired.

(b) From part (a), we have
√
H = H 1

2
+ C. Since C is bounded, [

√
H, A] is bounded

if [H 1
2
, A] is bounded on L2(Hn). Now using the composition formula (4.3.9) of Theorem
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4.3.18, there exist two symbols R1(g, λ), R2(g, λ) ∈ S0
H(Hn) such that

[H 1
2
, A] = H 1

2
A− AH 1

2

= Op
(
H 1

2
(g, λ)#Hna(g, λ)

)
−Op

(
a(g, λ)#HnH 1

2
(g, λ)

)
= Op

(
H 1

2
(g, λ)a(g, λ) + ∆αH 1

2
(g, λ) Xα

g a(g, λ) +R1(g, λ)
)

−Op
(
a(g, λ)H 1

2
(g, λ) + ∆αa(g, λ)Xα

gH 1
2
(g, λ) +R2(g, λ)

)
= Op

(
OpW (ag,λ(ξ, u)#H 1

2
,g,λ(ξ, u)−H 1

2
,g,λ(ξ, u)#ag,λ(ξ, u)

)
+Op

(
∆αH 1

2
(g, λ) Xα

g a(g, λ)−∆αa(g, λ)Xα
gH 1

2
(g, λ)

)
+Op (R1(g, λ)−R2(g, λ))

= Op
(
OpW (F 1

g,λ(ξ, u) + F 2
g,λ(ξ, u))

)
+Op (R1(g, λ)−R2(g, λ))

+Op
(

∆αH 1
2
(g, λ) Xα

g a(g, λ)−∆a(g, λ)XgH 1
2
(g, λ)

)
, (4.5.9)

where [α] = 1 and F 1
g,λ(ξ, u), F 2

g,λ(ξ, u) ∈ S0(Rn) (the term associated with j = 1 is

F 1
g,λ and F 2

g,λ is the remaining terms with j > 1 in the asymptotic expansion (4.2.2)).

Therefore OpW (F 1
g,λ(ξ, u) + F 2

g,λ(ξ, u)) ∈ S0
H(Hn). Since each symbol in the last equality

of the expression (4.5.9) belongs to the S0
H(Hn) class, by Theorem 4.3.13, the operator

[H 1
2
, A] is bounded on L2(Hn).

(c) Since A is bounded self-adjoint, the spectrum of A, σ(A), is a compact subset

of R. Since any continuous function can be approximated in the supremum norm by

smooth functions, it is enough to assume that f ∈ C2(σ(A)). By Theorem 1.6 of Laptev-

Safarov [63], by setting A =
√
H, B = A,χ = 0, ψ = f, and Pλ = Pr2 , we get

|Tr(Pr2f(A)Pr2 − Pr2f(Pr2APr2)Pr2)|

≤ 1

2
‖f ′′‖∞Nr1(r2)

(
‖Pr2−r1,r2A‖2 +

π2

6r2
1

‖Pr2−r1 [A,
√
H]‖2

)
.

Dividing both sides by Tr(Pr2) and setting r1 = r2α, α ∈ (0, 1), we get

|Tr(Pr2f(A)Pr2 − Pr2f(Pr2APr2)Pr2)|
Tr(Pr2)

≤ C
Nr2α(r)

Tr(Pr2)
≈ r2α−2.

Thus
|Tr(Prf(A)Pr − Prf(PrAPr)Pr)|

Tr(Pr)
≤ C

Nrα(r)

Tr(Pr)
≈ rα−1 → 0 as r →∞,

by part (3) and part (4) of Corollary 4.5.8, where Nr1(r) = sup
µ≤r

(Tr(Pµ+r1 − Pµ)).

Proof of theorem 4.5.4. The proof of Theorem 4.5.4 follows from Corollary 4.5.10 and

part (c) of Lemma 4.5.11.
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We show that the right hand limit in (4.5.4) remains unaltered under a perturbation of

the Schrödinger operator by a bounded self-adjoint operator B̃ on L2(Hn). So we establish

Szegö type limit theorem for the operator H1 = B̃ +H on L2(Hn).

4.6 Szegö type limit theorem for H1

Note that the operator e−t(B̃+H) = e−tB̃e−tH is a compact operator as e−tB̃ is a bounded

operator for any t > 0 (see Theorem 2 of [88]). So H1 has discrete spectrum. Since the

operators e−tH1 and e−tH are compact for t > 0, we choose a suitable m ∈ N such that

(H1 +rI)−m and (H+rI)−m are trace class operators on L2(Hn) for r > 0. Then we have

the following Szegö type limit theorem for H1.

Theorem 4.6.1. Consider the operator H1 = B̃ +H on the Heisenberg group Hn, where

B̃ is a bounded self-adjoint operator on Hn such that H1 has purely discrete spectrum

and the eigenfunctions of H1 form a complete orthogonal basis for L2(Hn). Let P ′r be the

orthogonal projection of L2(Hn) onto the space of eigenfunctions of H1 with eigenvalue

≤ r; let A be a 0-th order self-adjoint pseudo-differential operator relative to the operator

1 + |λ|H + V (g) on L2(Hn) with symbol a(g, λ), where g ∈ Hn, λ ∈ R∗. Then for any

f ∈ C(R), we have

lim
r→∞

Trf(P ′rAP
′
r)

Tr(P ′r)
= lim

r→∞

∫
Gr
f(ag,λ(ξ, x)) dξ dx dg dµ(λ)∫

Gr
dξ dx dg dµ(λ)

,

(Assuming one limit exists)

where Gr = {(g, λ, ξ, x) ∈ Hn ×R∗ ×Rn ×Rn : |λ|(1 + |ξ|2 + |x|2) + V (g) ≤ r}, a(g, λ) =

OpW (ag,λ), and µ(λ) is the Plancherel measure on the Heisenberg group.

We observe the following facts before proving Theorem 4.6.1.

Lemma 4.6.2. Consider the self-adjoint operators H and H1 as defined in Theorem 4.6.1.

Then

(a) ∣∣∣∣Tr((H1 + rI)−m)

Tr((H + rI)−m)
− 1

∣∣∣∣→ 0 as r →∞.

(b) If B is any bounded operator on L2(Hn), then∣∣∣∣Tr(B(H1 + rI)−m)

Tr(B(H + rI)−m)
− 1

∣∣∣∣→ 0 as r →∞.
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Proof. Without loss of generality we prove the result for the positive operator B by adding

a suitable constant c > 0 which makes the operator B + cI positive.

(a) Since B and (H + rI)−1 are bounded and positive operators, we have

(H1 + rI) = (H + rI)
1
2 ((H + rI)−

1
2 (B)(H + rI)−

1
2 + 1)(H + rI)

1
2 . (4.6.1)

Therefore

(H1 + rI)−m = (H + rI)−m + (H + rI)−
m
2 ((1 +Kr)

−m − 1)(H + rI)−
m
2 , (4.6.2)

where Kr = (H+rI)−
1
2B(H+rI)−

1
2 . Here Kr is a positive operator and ‖(I+Kr)

−1‖ ≤ 1,

for any r > 0. Thus∣∣Tr
(
(H1 + rI)−m)− Tr((H + rI)−m

)∣∣ =
∣∣Tr

(
(H + rI)−

m
2 ((1 +Kr)

−m − 1)(H + rI)−
m
2

)∣∣
≤ Tr

(
(H + rI)−m

)∥∥((1 +Kr)
−m − 1)

∥∥
≤ m

∥∥Kr

∥∥Tr
(
(H + rI)−m

)
≤ m

∥∥B∥∥∥∥(H + rI)−1
∥∥Tr

(
(H + rI)−m

)
.

Therefore, ∣∣∣∣Tr((H1 + rI)−m)

Tr((H + rI)−m)
− 1

∣∣∣∣ ≤ m
∥∥B∥∥∥∥(H + rI)−1

∥∥→ 0 as r →∞.

(b) Using the relation (4.6.2), we have∣∣Tr
(
B(H1 + rI)−m)− Tr(B(H + rI)−m

)∣∣
=
∣∣Tr

(
B(H + rI)−

m
2 ((1 +Kr)

−m − 1)(H + rI)−
m
2

)∣∣
=
∣∣Tr

(
(H + rI)−

m
2 B(H + rI)−

m
2 ((1 +Kr)

−m − 1)
)∣∣

=
∣∣Tr

(
Wr((1 +Kr)

−m − 1)
)∣∣

=
∣∣Tr

(
W

1
2
r ((1 +Kr)

−m − 1)W
1
2
r

)∣∣
≤ m

∥∥B∥∥∥∥(H + rI)−1
∥∥Tr

(
B(H + rI)−m

)
,

where Wr = (H + rI)−
m
2 B(H + rI)−

m
2 is a positive and trace class operator on L2(Hn).

Therefore,∣∣∣∣Tr(B(H1 + rI)−m)

Tr(B(H + rI)−m)
− 1

∣∣∣∣ ≤ m‖B‖
∥∥(H + rI)−1

∥∥→ 0 as r →∞.
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Lemma 4.6.3. Let H and H1 defined as in Theorem 4.6.1 and B is a bounded operator

on L2(Hn), then for r > 0, we have

lim
r→∞

Tr(B(H1 + rI)−m)

Tr((H1 + rI)−m)
= lim

r→∞

Tr(B(H + rI)−m)

Tr((H + rI)−m)
.

The above equality valid in the sense that if one of limits exist then the other also does

and the limits are the same.

Proof. For each r > 0, we have(
Tr(B(H1+rI)−m)
Tr(B(H+rI)−m)

)
(

Tr((H1+rI)−m)
Tr((H+rI)−m)

) =

(
Tr(B(H1+rI)−m)
Tr((H1+rI)−m)

)
(

Tr((B(H+rI)−m)
Tr((H+rI)−m)

) . (4.6.3)

Since the left hand side of (4.6.3) has limit 1 (by part (b) of Lemma 4.6.2), the right hand

side limit in (4.6.3) exists and equal to 1. Therefore, if the numerator or the denominator

in the fraction in the right hand side has a limit in (4.6.3), then the other also has a limit

and they both agree. Therefore, lim
r→∞

Tr(B(H1 + rI)−m)

Tr((H1 + rI)−m)
= lim

r→∞

Tr(B(H + rI)−m)

Tr((H + rI)−m)
.

Proof of theorem 4.6.1. Without loss of generality add a suitable constant to make the

function f positive. Then f(A) is a positive operator. Setting φH(r) = Tr(Pr), φH1(r) =

Tr(P ′r), φH,f (r) = Tr(Prf(A)Pr), and φH1,f (r) = Tr(P ′rf(A)P ′r), we have

lim
r→∞

Tr(P ′rf(A)P ′r)
Tr(P ′r)

= lim
r→∞

∫∞
0

φH1,f
(u)

(1+u
r

)m+1du∫∞
0

φH1
(u)

(1+u
r

)m+1du

= lim
r→∞

∫∞
0

φH,f (u)

(1+u
r

)m+1du∫∞
0

φH(u)
(1+u

r
)m+1du

= lim
r→∞

Tr(Prf(A)Pr)
Tr(Pr)

= lim
r→∞

∫
Gr
f(ag,λ(ξ, x)) dξ dx dg dµ(λ)∫

Gr
dξ dx dg dµ(λ)

,

(Assuming one limit exists)

where Gr = {(g, λ, ξ, x) ∈ Hn × R∗ × Rn × Rn : |λ|(1 + |ξ|2 + |x|2) + V (g) ≤ r} and

a(g, λ) = OpW (ag,λ). We use Lemma 4.6.3 for the middle equality and Theorem 4.7.3

(see Appendix) for the extreme left equalities. The extreme right equality follows from

Lemma 4.5.11.
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In the next corollary, we show that all the Szegö type limit theorems are valid under

a compact perturbation of the pseudo-differential operator A.

Corollary 4.6.4. Theorems 4.5.1, 4.5.4 and 4.6.1 also hold under the compact perturba-

tion of the pseudo-differential operator A.

Proof. To prove the above result, it is enough to show that

lim
r→∞

Tr(PrAnPr)
Tr(Pr)

= lim
r→∞

Tr(Pr(A+K)nPr)
Tr(Pr)

for any compact operator K on L2(Hn). Notice that (A+K)n = An+ terms with factor

ApKn−p or KpAn−p, where p ∈ {1, 2, · · · , n}. Since the class of compact operators form a

two sided ideal of the class of bounded operators, we can write (A+K)n = An+ a compact

operator. We are done if we can prove that for a compact operator T , lim
r→∞

Tr(PrTPr)
Tr(Pr)

= 0.

Since T is a compact operator, for given ε > 0 there exist a finite rank operator Tk such

that ‖Tk − T‖ → 0 as k →∞. Thus∣∣∣∣Tr(PrTPr)− Tr(PrTkPr)
Tr(Pr)

∣∣∣∣ ≤ ‖T − Tk‖ → 0 as k →∞.

Therefore for given ε > 0, there exist N0 ∈ N such that

∣∣∣∣Tr(PrTPr)− Tr(PrTkPr)
Tr(Pr)

∣∣∣∣ < ε

2

for k ≥ N0. Further,

∣∣∣∣Tr(PrTN0
Pr)

Tr(Pr)

∣∣∣∣→ 0 as r →∞, i.e., for given ε > 0, there exists N1 ∈ N

such that

∣∣∣∣Tr(PrTN0
Pr)

Tr(Pr)

∣∣∣∣ < ε

2
, for all r > N1. Thus

∣∣∣∣Tr(PrTPr)
Tr(Pr)

∣∣∣∣ ≤ ∣∣∣∣Tr(PrTN0Pr)
Tr(Pr)

∣∣∣∣+ ‖T − TN0‖ < ε

for all r ≥ N1. This completes the proof of the theorem.

In the next result, we provide an alternative proof of the error estimate for κ ∈ (0, 1)

without using pseudo-differential symbolic calculus, but by proving the boundedness of

the operators [A, V ] and [A,LH] on L2(Hn).

Remark 4.6.5. The proof of part (c) of Lemma 4.5.11 can also be achieved for κ ∈ (0, 1)

by proving the boundedness of the operators [A, V ] and [A,LH] on L2(Hn). Now for any

h ∈ L2(Hn), we have

[A, V ]h(g) = (AV − V A)h(g) =

∫
Hn
K3(g, g1)h(g1) dg1,
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where

K3(g, g1) =
(
V (g1)− V (g)

) ∫
R∗

Tr
(
πλ(g) a(g, λ)π∗λ(g1)

)
dµ(λ). (4.6.4)

We note that (see Corollary 5.2.25 of [34])

a(g, λ) = k̂g(λ)

=

∫
Hn
kg(g1)π∗λ(g1)dg1

=

∫
Hn
kg(g1)(I − T 2)N(1 + λ2I)−Nπ∗λ(g1)dg1

= (−1)N(1 + λ2I)−N
∫
Hn

(I − T 2)Nkg(g1)π∗λ(g1)dg1

= (−1)N(1 + λ2I)−N ̂((I − T 2)4Nkg)(λ)

= (−1)N(1 + λ2I)−N
∑
β≤2N

π(T )βa(g, λ). (4.6.5)

Then, using the identity (4.6.5), we have

|Tr
(
πλ(g) a(g, λ)π∗λ(g1)

)
| = |Tr

(
πλ(g

−1
1 g) a(g, λ)

)
|

=

∣∣∣∣Tr

(
πλ(g

−1
1 g)

(
πλ(I − LH) + V (g−1

1 g)
)−4N (

πλ(I − LH) + V (g−1
1 g)

)4N

× (1 + λ2I)−4N
∑
β≤4N

π(T )βa(g, λ)

)∣∣∣∣
≤
∣∣∣Tr
(
πλ(I − LH) + V (g−1

1 g)
)−4N

∣∣∣ ∥∥∥(πλ(I − LH) + V (g−1
1 g)

)4N
(1 + λ2)−4N

∥∥∥
op

×
∥∥∥∥ ∑
β≤4N

π(T )βa(g, λ)

∥∥∥∥
op

≤ C
∣∣∣Tr
(
πλ(I − LH) + V (g−1

1 g)
)−4N

∣∣∣ , (4.6.6)

where the second and the third terms are bounded by Theorem 4.3.13. Now

Tr (1 + |λ|H + V (g−1
1 g))−4N =

∑
α

〈(1 + |λ|H + V (g−1
1 g))−4NΦα,Φα〉

=
∑
α

1

(1 + |λ|(2|α|+ n) + V (g−1
1 g))4N

,

and consequently∫
R∗

Tr|
(
πλ(g) a(g, λ)π∗λ(g1)

)
| dµ(λ)
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≤ C
∑
α

∫ ∞
0

λn

(1 + λ(2|α|+ n) + V (g−1
1 g))4N

dλ

= C
∑
α

1

(2|α|+ n)n+1

∫ ∞
1+V (g1g−1)

(u− 1− V (g−1
1 g))n

u4N
du

= C2
1

(1 + V (g−1
1 g))4N−n−1

. (4.6.7)

Thus from (4.6.4), (4.6.6), and (4.6.7), we get

|K3(g, g1)| ≤ c|(V (g1)− V (g)|
(1 + V (g−1

1 g))4N−n−1
.

For large |g| and |g1|, using the triangle inequality for the homogeneous norm (see page

113 of [34]) and the fact that κ ∈ (0, 1), we have

‖[A, V ]h‖2
2 ≤

∫
Hn

∣∣∣∣ ∫
Hn
K3(g, g1)h(g1) dg1

∣∣∣∣2 dg
≤ cN

∫
Hn

(∫
Hn

∣∣∣∣
∣∣|g1|k − |g|k

∣∣h(g1)

(1 +
∣∣g−1

1 g
∣∣k)4N−n−1

∣∣∣∣ dg1

)2

dg

≤ cN

∫
Hn

(∫
Hn

∣∣∣∣
∣∣|g1| − |g|

∣∣h(g1)

(1 +
∣∣g−1

1 g
∣∣k)4N−n−1

∣∣∣∣ dg1

)2

dg

≤ cN

∫
Hn

(∫
Hn

∣∣∣∣
∣∣g−1

1 g
∣∣h(g1)

(1 +
∣∣g−1

1 g
∣∣k)4N−n−1

∣∣∣∣ dg1

)2

dg

≤ cN

∫
Hn

(∫
Hn

∣∣∣∣ h(g1)

(1 +
∣∣g−1

1 g
∣∣k)4N−n−2

∣∣∣∣ dg1

)2

dg = ‖|h| ∗K‖2
2,

where K(g) =
1

(1 + |g|k)4N−n−2
. Since for a sufficiently large N ∈ N, K ∈ L1(Hn), an

application of Minkowski’s inequality gives ‖[A, V ]h‖2 ≤ C‖K‖1‖h‖2.

If |g| and |g1| are lying in some compact set K ⊂ R, then
∫
K

∣∣∫
KK3(g, g1)h(g1) dg1

∣∣2 dg ≤
CK‖h‖2. If |g| (or |g1|) lies in K and |g1| (or |g|) is large, an application of Cauchy-

Schwarz inequality gives ‖[A, V ]h‖2 ≤ ‖h‖2

∫
K

∫
|g| |K3(g, g1)|2 dg1 dg ≤ CK‖h‖2.

Now for any κ ∈ (0, 1), clearly the operator [V,A] is bounded. The boundedness of the

operator [LH, A] will imply boundedness of the operator [H, A] on L2(Hn) as [T 2, A] = 0.

Using the identity (4.6.5), we get

ALHh(g) =

∫
R∗

Tr
(
π∗λ(g)a(g, λ)L̂Hh(λ)

)
dµ(λ)
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=

∫
R∗

Tr

(
π∗λ(g)(1 + λ2I)−2N

∑
β≤4N

π(T )βa(g, λ) ĥ(λ)|λ|H

)
dµ(λ)

=

∫
R∗

Tr

(
(π∗λ(g)πλ(I − LH) + V (g))−4N+1 (πλ(I − LH) + V (g))4N (1 + λ2I)−2N

×
∑
β≤4N

π(T )βa(g, λ) ĥ(λ)|λ|H (πλ(I − LH) + V (g))−1

)
dµ(λ).

Arguing as in (4.6.6) and (4.6.7), we obtain

|ALHh(g)| ≤
∫
R∗

Tr
(

(πλ(I − LH) + V (g))−4N+1
)
‖ĥ(λ)‖op dµ(λ)

≤
∫
R∗

Tr
(

(πλ(I − LH) + V (g))−4N+1
)
‖ĥ(λ)‖S2 dµ(λ)

≤
(∫

R∗

∣∣∣Tr
(

(πλ(I − LH) + V (g))−4N+1
)∣∣∣2 dµ(λ)

) 1
2
(∫

R∗
‖ĥ(λ)‖2

S2
dµ(λ)

) 1
2

≤ C‖h‖2(1 + V (g))
−8N+n+3

2 .

For sufficiently large N , an application of Cauchy-Schwarz inequality gives ‖ALHh‖2 ≤

M1‖h‖2. Further,

LHAh(g)

=

∫
R∗

Tr
(
π∗λ(g)L̂HAh(λ)

)
dµ(λ)

=

∫
R∗

Tr
(
π∗λ(g)Âh(λ)|λ|H

)
dµ(λ)

=

∫
R∗

∫
Hn
Ah(g1) Tr

(
π∗λ(g)πλ(g1)|λ|H

)
dµ(λ) dg1

=

∫
R∗

∫
Hn

(∫
R∗

Tr
(
π∗λ1

(g1)a(g1, λ1)ĥ(λ1)
)
dµ(λ1)

)
Tr

(
π∗λ(g)πλ(g1)|λ|H

)
dµ(λ) dg1.

Proceeding as in (4.6.7), we get∫
R∗

∣∣∣Tr
(
π∗λ1

(g1)a(g1, λ1)ĥ(λ1)
)∣∣∣ dµ(λ1) ≤ C‖h‖2(1 + V (g1))

−8N+n+1
2 .

Moreover, a similar way as in (4.6.7), we obtain∫
R∗

∫
Hn
|Tr (π∗λ(g)πλ(g1)|λ|H)| (1 + V (g1))

−8N+n+1
2 dµ(λ) dg1

≤
∫
Hn

(1 + V (g1))
−8N+n+1

2 dg1

∫
R∗
|Tr (|λ|H π∗λ(g))| dµ(λ)

≤
∫
R∗

Tr

(
(1 + λ2)−4N

∑
β≤8N

π(T )β|λ|H

)
dµ(λ)
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≤ C(1 + V (g))−8N+n.

Therefore ‖[A,LH]h‖2 ≤M‖h‖2 and so the operator [A,H] is bounded on L2(Hn).

Now setting A = H, B = A,χ = 0, ψ = f, and Pλ = πr in Theorem 1.6 of Laptev-

Safarov [63], we get

|Tr(Prf(A)Pr − Prf(PrAPr)Pr)|

≤ 1

2
‖f ′′‖∞Nr(r)

(
‖πrA‖2 +

π2

6r2
‖πr−r[A,H]‖2

)
.

Dividing both sides by Tr(Pr) and setting r = rα, α ∈ (0, 1), the boundness of A, [A,H]

together with (4) of Corollary 4.5.8 implies that

|Tr(Prf(A)Pr − Prf(PrAPr)Pr)|
Tr(Pr)

≤ C
Nrα(r)

Tr(Pr)
→ 0 as r →∞,

where Nr(r) = sup
µ≤r

(Tr(πµ − πµ−r)).

4.7 Appendix

We collect few definitions and theorems of Grishin-Poedintseva [42], that we use in this

chapter for the reader’s convenience.

Definition 4.7.1. Let φ be a positive function on the half line [0,∞). Let

S = {α : ∃M,R with φ(tr) ≤Mtαφ(r), for all t ≥ 1, r ≥ R}

and

G = {β : ∃M,R with φ(tr) ≥Mtβφ(r), for all t ≥ 1, r ≥ R}.

Then the numbers α(φ) := inf S and β(φ) := supG are called the upper and lower

Matushevskaya index of φ, respectively.

Theorem 4.7.2 ( [42], Theorem 2). Let m > −1. Assume that ϕ is positive measurable

function on [0,∞) that does not vanish identically in any neighborhood of infinity. Let

Φ(r) =

∫ ∞
0

ϕ(rt)

(1 + t)m+1
dt be finite. Then the functions ϕ and Φ have same growth at

infinity if and only if β(ϕ) > −1 and α(ϕ) < m.

Theorem 4.7.3 ( [42], Theorem 8). Let ϕ and ψ be positive functions on [0,∞) satisfying

the following conditions:
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1. the functions ϕ and ψ do not vanish identically in any neighborhood of infinity;

2. the function ϕ is multiplicatively continuous at infinity and β(ϕ) > −1;

3. the function ψ is increasing;

4. at least one of the inequalities α(ϕ) < m and α(ψ) < m holds, where m > −1;

5. the functions

Φ(r) =

∫ ∞
0

ϕ(ru)

(1 + u)m+1
du and Ψ(r) =

∫ ∞
0

ψ(ru)

(1 + u)m+1
du

are finite, and if lim
r→∞

Ψ(r)

Φ(r)
= 1, then lim

r→∞

ψ(r)

ϕ(r)
= 1.
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CHAPTER 5

Schatten class and nuclear pseudo-differential operators on

homogeneous spaces of compact groups

5.1 Introduction

Let G be a compact (Hausdorff) group and H be a closed subgroup of G. In this chapter,

we present symbolic criteria for pseudo-differential operators on the compact homogeneous

space G/H characterizing the Schatten-von Neumann classes Sr(L
2(G/H)) for all 0 < r ≤

∞. We provide a symbolic characterization for r-nuclear, 0 < r ≤ 1, pseudo-differential

operators on Lp(G/H) with applications to adjoint, product, and trace formulae. The

criteria here are given in terms of matrix-valued symbols defined on noncommutative

analogue of phase space G/H×Ĝ/H. Finally, we present an application of aforementioned

results in the context of heat kernel.

5.2 Fourier analysis and the global quantization on

homogeneous spaces of compact groups

We begin this section by recalling some basic and important concepts of harmonic analysis

on homogeneous spaces of compact (Hausdorff) groups from [38], which is almost similar
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to the theory given in [1] and [105] (see also [23,29,78] for homogeneous spaces of compact

Lie groups).

Throughout the chapter, we assume that G is a compact (Hausdorff) group with the

normalized Haar measure dx and H is a closed subgroup of G with the probability Haar

measure dh. The left coset space G/H can be seen as a homogeneous space with respect

to the action of G on G/H given by left multiplication. Let C(Ω) denote the space of all

continuous functions on a compact Hausdorff space Ω. Define TH : C(G)→ C(G/H) by

TH(f)(xH) =

∫
H

f(xh) dh, xH ∈ G/H.

Then TH is onto. The homogeneous space G/H has a unique normalized G-invariant

positive Radon measure µ such that the Weil formula∫
G/H

TH(f)(xH) dµ(xH) =

∫
G

f(x) dx

holds. The map TH can be extended to L2(G/H, µ) and is a partial isometry on L2(G/H)

with 〈TH(f), TH(g)〉L2(G/H,µ) = 〈f, g〉L2(G), for all f, g ∈ L2(G).

Let (π,Hπ) be a continuous unitary representation of a compact group G on a Hilbert

space Hπ. It is well-known that any irreducible representation (π,Hπ) of G is finite di-

mensional with the dimension dπ (say). Consider an operator-valued integral

T πH :=

∫
H

π(h) dh

defined in the weak sense, i.e., 〈T πHu, v〉 =
∫
H
〈π(h)u, v〉 dh, for all u, v ∈ Hπ. Note that T πH

is a bounded linear operator on Hπ with norm bounded by one. Further, T πH is a partial

isometric orthogonal projection and is an identity operator if and only if π(h) = I for all

h ∈ H (see [38]).

Definition 5.2.1. Let H be a closed subgroup of a compact group G. Then the dual Ĝ/H

of G/H is a subset of Ĝ given by

Ĝ/H :=
{
π ∈ Ĝ : T πH 6= 0

}
=

{
π ∈ Ĝ :

∫
H

π(h) dh 6= 0

}
.

We note that the set Ĝ/H is the set of all type 1 representations of G with respect to

H which was denoted by Ĝ0 in [78, 105].
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Let π ∈ Ĝ/H. Then the functions πHζ,ξ : G/H → C defined by

πHζ,ξ(xH) := 〈π(x)T πHζ, ξ〉 , xH ∈ G/H,

for ξ, ζ ∈ Hπ, are called H-matrix elements of (π,Hπ). If {e1, e2, . . . , edπ} is an orthonor-

mal basis for Hπ then we denote 〈π(x)T πHei, ej〉 by πHij (xH). Using the orthogonality

relation of matrix coefficients of G and the fact that TH (πζ,ξ) = πHζ,ξ, we have

〈
πHi,j, ξ

H
k,l

〉
L2(G/H,µ)

=
1

dπ
δπξδikδjl.

Let ϕ ∈ L1(G/H, µ) and π ∈ Ĝ/H. Then the group Fourier transform FG/H(ϕ) of ϕ

at π defined by

FG/H(ϕ)(π) = ϕ̂(π) :=

∫
G/H

ϕ(xH)Γπ(xH)∗ dµ(xH) (5.2.1)

is a bounded linear operator on the Hilbert space Hπ, where for xH ∈ G/H the notation

Γπ(xH) stands for a bounded linear operator on Hπ satisfying

〈ζ,Γπ(xH)ξ〉 = 〈ζ, π(x)T πHξ〉

for all ζ, ξ ∈ Hπ. Note that, from the notation of Γπ(xH), the H-matrix coefficients

πHi,j(xH) are same as Γπ(xH)ij. Moreover, if ϕ ∈ L2(G/H), ϕ̂(π) is a Hilbert-Schmidt

operator on Hπ and satisfies the following Plancherel formula as stated in next theorem.

Theorem 5.2.2. For ϕ ∈ L2(G/H, µ), we have∑
[π]∈Ĝ/H

dπ‖ϕ̂(π)‖2
S2

= ‖ϕ‖2
L2(G/H,µ),

where ‖.‖S2 stands for the Hilbert-Schmidt norm on the space of all Hilbert-Schmidt op-

erators on Hπ.

Theorem 5.2.3. For ϕ ∈ L2(G/H, µ), the following Fourier inversion formula holds

ϕ(xH) =
∑

[π]∈Ĝ/H

dπ Tr[ϕ̂(π)π(x)T πH ], for µ− a.e. xH ∈ G/H. (5.2.2)

We would like to record the following lemma whose proof is similar to [26, Lemma 2.5]

by using the fact that the operator T πH is norm bounded by one.
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Lemma 5.2.4. Let G/H be a compact homogeneous space with the normalized measure

µ and let π ∈ Ĝ/H. Then, for all 1 ≤ i, j ≤ dπ, we have

‖Γπ(·)ij‖Lq(G/H) ≤

d
− 1
q

π , if 2 ≤ q ≤ ∞,

d
− 1

2
π , if 1 ≤ q ≤ 2,

with the convention that for q =∞ we have d
− 1
q

π = 1.

Given a continuous linear operator T : C(G/H) → C(G/H), its matrix-valued global

symbol σT (xH, π) ∈ Cdπ×dπ is defined by

T πHσT (xH, π) = π(x)∗(TΓπ)(xH), (xH, π) ∈ G/H × Ĝ/H. (5.2.3)

where TΓπ stands for the action of T on the matrix components of Γπ(xH). Setting

(TΓπ(xH))mn = (T (Γπmn))(xH), we have

(T πHσT (xH, π))mn :=
dπ∑
k=1

πkm(x)(TΓπ(xH))kn,

where 1 ≤ m,n ≤ dπ.

Assume that σT is a matrix-valued global symbol for the continuous linear operator

T : C(G/H) → C(G/H) as above. Then we can recover the operator T by using the

Fourier inversion formula as follows:

Tf(xH) = T

 ∑
[π]∈Ĝ/H

dπ Tr(π(x)T πH f̂(π))


=

∑
[π]∈Ĝ/H

dπ Tr(TΓπ(xH) f̂(π)).

Using (5.2.3) and the relation π(x)T πH = Γπ(xH), we get

Tf(xH) =
∑

[π]∈Ĝ/H

dπ Tr(Γπ(xH)σT (xH, π)f̂(π)) (5.2.4)

for all f ∈ C(G/H), µ-a.e. xH ∈ G/H, and the sum is independent of the representation

from each equivalence class [π] ∈ Ĝ/H. We will also write T = Op(σT ) for the operator T

given by the formula (5.2.4). The operator T = Op(σT ) will be called pseudo-differential

operator corresponding to matrix-valued symbol σT . For more details and consistent de-

velopment of this quantization on compact Lie group and the corresponding symbolic

calculus, we refer to [85] and [86].
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Remark 5.2.5. Let H be a closed normal subgroup of the compact group G and µ be

the normalized G-invariant measure over the left quotient group G/H associated to the

Weil formula. Then µ is a Haar measure on the compact (quotient) group G/H and

Ĝ/H = H⊥ := {π ∈ Ĝ : π(h) = I for all h ∈ H}. Moreover, the Fourier trans-

form (5.2.1), inverse Fourier transform (5.2.2), and pseudo-differential operator defined

by (5.2.4) coincide with the classical Fourier transform, inverse Fourier transform, and

pseudo-differential operator on the compact group G/H, respectively.

5.3 r-Schatten-von Neumann class of pseudo-differential

operators on L2(G/H)

This section is devoted to the study of r-Schatten-von Neumann class of pseudo-differential

operators on the Hilbert space L2(G/H). We begin this section with the definition of

L2(G/H × Ĝ/H) space.

Let L2(G/H × Ĝ/H) denotes the space of all matrix-valued functions σA on G/H ×

Ĝ/H such that

‖σA‖L2(G/H×Ĝ/H)
=

∫
G/H

∑
[ξ]∈Ĝ/H

dξ‖σA(xH, ξ)T ξH‖
2
S2
dµ(xH)

 1
2

<∞.

The following theorem gives a characterization of Hilbert-Schmidt pseudo-differential op-

erators on G/H. We remark here that the following theorem is already proved by Kumar

in [60] using a different method.

Theorem 5.3.1. Let T : L2(G/H) → L2(G/H) be a continuous linear operator with

matrix-valued symbol σT on G/H × Ĝ/H. Then T is a Hilbert-Schmidt operator if and

only if σT ∈ L2(G/H × Ĝ/H). Moreover, we have

‖T‖S2 = ‖σT‖L2(G/H×Ĝ/H)
.

Proof. For all f ∈ L2(G/H), we have

Tf(xH) =
∑

[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σT (xH, ξ)f̂(ξ))
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=

∫
G/H

∑
[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σT (xH, ξ)Γξ(wH)∗)f(wH) dµ(wH)

=

∫
G/H

K(xH,wH)f(wH) dµ(wH),

where the kernel K(xH,wH) is given by

K(xH,wH) =
∑

[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σT (xH, ξ)Γξ(wH)∗), xH,wH ∈ G/H.

Then

‖T‖2
S2

=

∫
G/H

∫
G/H

|K(xH, yH)|2 dµ(xH) dµ(yH)

=

∫
G/H

∫
G/H

|K(xH, xz−1H)|2 dµ(xH) dµ(zH).

Note that

K(xH, xz−1H) =
∑

[ξ]∈Ĝ/H

dξ Tr
(
Γξ(xH)σT (xH, ξ)Γξ(xz

−1H)∗
)

=
∑

[ξ]∈Ĝ/H

dξ Tr
(

Γξ(zH)σT (xH, ξ)T ξH

)
=
(
F−1τ(xH, ·)

)
(zH),

where τ(xH, ξ) = σT (xH, ξ)T ξH . Therefore, using Plancherel’s formula, we have

‖T‖2
S2

=

∫
G/H

∫
G/H

|K(xH, xz−1H)|2dµ(xH) dµ(zH)

=

∫
G/H

∫
G/H

|F−1τ(xH, ·)(zH)|2dµ(xH) dµ(zH)

=

∫
G/H

∑
[ξ]∈Ĝ/H

dξ‖τ(xH, ξ)‖2
S2
dµ(xH)

=

∫
G/H

∑
[ξ]∈Ĝ/H

dξ‖σT (xH, ξ)T ξH‖
2
S2
dµ(xH)

= ‖σT‖L2(G/H×Ĝ/H)
.

The following lemma is a consequence of the definition of r-Schatten-von Neumann

class (see [28]).
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Lemma 5.3.2. Let A : H → H be a compact linear operator. Let 0 < r, t < ∞. Then

A ∈ Sr(H) if and only if |A| rt ∈ St(H). Moreover, ‖A‖rSr = ‖|A| rt ‖tSt.

The corollary below is the main result of this section which present a characterization

of a pseudo-differential operator on L2(G/H) to be in r-Schatten-von Neumann class of

operators. The proof follows from Lemma 5.3.2 with t = 2 and Theorem 5.3.1.

Corollary 5.3.3. Let T : L2(G/H) → L2(G/H) be a continuous linear operator with

matrix-valued symbol σT on G/H × Ĝ/H. Then T ∈ Sr (L2(G/H)) if and only if∫
G/H

∑
[ξ]∈Ĝ/H

dξ‖σ|T | r2 (xH, ξ)T ξH‖
2
S2
dµ(xH) <∞.

5.4 Characterizations and traces of r-nuclear, 0 < r ≤

1, pseudo-differential operators on Lp(G/H)

This section is devoted to the study of r-nuclear operators on Banach spaces Lp(G/H).

Here we present a symbolic characterization of r-nuclear operators and give a formula for

the nuclear trace of such operators. We begin this section by recalling the basic notions

of nuclear operators on Banach spaces.

Let 0 < r ≤ 1 and T be a bounded linear operator from a complex Banach space X

into another complex Banach space Y such that there exist sequences {x′n}
∞
n=1 in the dual

space X ′ of X and {yn}∞n=1 in Y such that
∑∞

n=1 ‖x′n‖
r
X′ ‖yn‖

r
Y <∞ and

Tx =
∞∑
n=1

x′n(x)yn, x ∈ X.

Then we call T : X → Y a r-nuclear operator and if X = Y, then its nuclear trace Tr(T )

is given by

Tr(T ) =
∞∑
n=1

x′n (yn) .

The definition of r-nuclear operators is independent of the choices of the sequences {x′n}
∞
n=1

and {yn}∞n=1 . An 1-nuclear operators will be simply called a nuclear operator. The follow-

ing theorem is a characterization of r-nuclear operators on σ-finite measure spaces [25].
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Theorem 5.4.1. Let 0 < r ≤ 1. Let (X1, µ1) and (X2, µ2) be two σ-finite measure

spaces. Then a bounded linear operator T : Lp1 (X1, µ1) → Lp2 (X2, µ2) , 1 ≤ p1, p2 < ∞,

is r-nuclear if and only if there exist sequences {gn}∞n=1 in Lp
′
1 (X1, µ1) and {hn}∞n=1 in

Lp2 (X2, µ2) such that for all f ∈ Lp1 (X1, µ1),

(Tf)(x) =

∫
X1

K(x, y)f(y)dµ1(y), x ∈ X2,

where

K(x, y) =
∞∑
n=1

hn(x)gn(y), x ∈ X2, y ∈ X1,

and
∞∑
n=1

‖gn‖rLp1′ (X1,µ1) ‖hn‖
r
Lp2 (X2,µ2) <∞.

Let 0 < r ≤ 1 and (X,µ) be a σ-finite measure space. Let T : Lp(X,µ) → Lp(X,µ),

1 ≤ p < ∞, be a r-nuclear operator. Then by Theorem 5.4.1, we can find sequences

{gn}∞n=1 in Lp
′
(X,µ) and {hn}∞n=1 in Lp(X,µ) such that

∞∑
n=1

‖gn‖rLp′ (X,µ) ‖hn‖
r
Lp(X,µ) <∞,

and for all f ∈ Lp(X,µ), we have

(Tf)(x) =

∫
X

K(x, y)f(y) dµ(y), x ∈ X,

where

K(x, y) =
∞∑
n=1

hn(x)gn(y), x, y ∈ X,

and it satisfies ∫
X

|K(x, y)| dµ(y) ≤
∞∑
n=1

‖gn‖rLp′ (X,µ) ‖hn‖
r
Lp(X,µ) .

The nuclear trace Tr(T ) of T : Lp(X,µ)→ Lp(X,µ) is given by

Tr(T ) =

∫
X

K(x, x) dµ(x). (5.4.1)

Now, we present a characterization of r-nuclear pseudo-differential operators from Lp1(G/H)

into Lp2(G/H).
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Theorem 5.4.2. Let 0 < r ≤ 1 and let T : Lp1(G/H)→ Lp2(G/H), 1 ≤ p1, p2 <∞, be a

continuous linear operator with matrix-valued symbol σT on G/H × Ĝ/H. Suppose that

σT satisfies ∑
[ξ]∈Ĝ/H

d
2+ r

p̃1
ξ ‖‖σT (·, ξ)t‖op(`∞, `∞)‖rLp2 (G/H) <∞,

where p̃1 = min{2, p1} and σT (·, ξ)t denotes the transpose of the operator σT (·, ξ)t. Then

the operator T is r-nuclear.

Proof. Since the operator T can be written as

Tf(xH) =

∫
G/H

∑
[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σT (xH, ξ)Γξ(wH)∗)f(wH) dµ(wH),

the kernel of T is given by

K(xH,wH) =
∑

[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σT (xH, ξ)Γξ(wH)∗).

Now we write

Tr(Γξ(xH)σT (xH, ξ)Γξ(wH)∗) =

dξ∑
i,j=1

(Γξ(xH)σT (xH, ξ))ijΓξ(wH)ij,

and set that hξ,ij(xH) = dξ(Γξ(xH)σT (xH, ξ))ij, and gξ,ij(wH) = (Γξ(wH)∗)ji = Γξ(wH)ij.

We observe that

(Γξ(xH)σT (xH, ξ))ij =

dξ∑
k=1

Γξ(xH)ik σT (xH, ξ)kj =

dξ∑
k=1

(σT (xH, ξ))tjk Γξ(xH)ik.

By taking into account that |Γξ(xH)ik| ≤ 1, we get

|(Γξ(xH)σT (xH, ξ))ij| =

∣∣∣∣∣∣
dξ∑
k=1

(σT (xH, ξ))tjk Γξ(xH)ik

∣∣∣∣∣∣
≤ ‖σT (xH, ξ)t‖op(`∞,`∞)‖(Γξ(xH)i1,Γξ(xH)i2, . . . ,Γξ(xH)idξ)‖`∞

≤ ‖σT (xH, ξ)t‖op(`∞,`∞).

Therefore,

‖hξ,ij(·)‖rLp2 (G/H) = ‖dξ (Γξ(·)σT (·, ξ))ij‖rLp2 (G/H)

≤ drξ‖‖σT (·, ξ)t‖op(`∞,`∞)‖Lp2 (G/H).
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If p′1 denotes the Lebesgue conjugate of p1, then we have 1
p̃1

+ 1
q̃1

= 1, where q̃1 =

max{2, p′1}. By Lemma 5.2.4, we have ‖Γξ(·)‖r
Lp
′
1 (G/H)

≤ d
− r
p̃′1

ξ . Thus

∑
[ξ],i,j

‖gξ,ij(·)‖r
Lp
′
1 (G/H)

‖hξ,ij(·)‖rLp2 (G/H) ≤
∑
[ξ]

d
− r
p̃′1

ξ drξd
2
ξ‖‖σT (·, ξ)t‖op(`∞,`∞)‖Lp2 (G/H)

≤
∑
[ξ]

d
2+ r

p̃1
ξ ‖‖σT (·, ξ)t‖op(`∞,`∞)‖Lp2 (G/H) <∞.

Hence, by invoking Theorem 5.4.1, it follows that T is r-nuclear.

Next theorem gives a necessary and sufficient condition for an operator to be r-nuclear

in terms of its symbolic decomposition.

Theorem 5.4.3. Let 0 < r ≤ 1 and let T : Lp1(G/H)→ Lp2(G/H), 1 ≤ p1, p2 <∞, be a

continuous linear operator with matrix-valued symbol σT on G/H × Ĝ/H. Then T is r-

nuclear if and only if there exist sequences {gk}∞k=1 ∈ Lp
′
1(G/H) and {hk}∞k=1 ∈ Lp2(G/H)

such that
∞∑
k=1

‖gk‖rLp′1 (G/H)
‖hk‖rLp2 (G/H) <∞

and

T ξHσT (xH, ξ) = ξ(x)∗
∞∑
k=1

hk(xH)ĝk(ξ)
∗, (xH, ξ) ∈ G/H × Ĝ/H.

Proof. Suppose that T : Lp1(G/H) → Lp2(G/H) is r-nuclear for 1 ≤ p1, p2 < ∞. Then

by Theorem 5.4.1, there exist sequences {gk}∞k=1 in Lp
′
1(G/H) and {hk}∞k=1 in Lp2(G/H)

such that
∞∑
k=1

‖gk‖rLp′1 (G/H)
‖hk‖rLp2 (G/H) <∞

and for all f ∈ Lp1(G/H), we have

(Tf) (xH) =
∑

[π]∈Ĝ/H

dπ Tr(Γπ(xH)σT (xH, π)f̂(π))

=
∑

[π]∈Ĝ/H

dπ

dπ∑
i,j=1

(Γπ(xH)σT (xH, π))ij f̂(π)ji

=

∫
G/H

∑
[π]∈Ĝ/H

dπ

dπ∑
i,j=1

(Γπ(xH)σT (xH, π))ijΓπ(wH)ijf(wH) dµ(wH)

=

∫
G/H

(
∞∑
k=1

hk(xH)gk(wH)

)
f(wH) dµ(wH) (5.4.2)
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for all xH ∈ G/H. Let ξ be a fixed but arbitrary element in Ĝ/H. Then for 1 ≤m,n ≤ dξ,

we define the function f on G/H by

f(wH) = Γξ(wH)nm, wH ∈ G/H.

Since ∫
G/H

Γξ(wH)nmΓπ(wH)ij dµ(wH) =
1

dξ

if and only if π = ξ, i = n and j = m, and is zero otherwise, it follows from (5.4.2) that

(Γξ(xH)σT (xH, ξ))nm =
∞∑
k=1

hk(xH)

(∫
G/H

gk(wH) Γξ(wH)nm dµ(wH)

)
=
∞∑
k=1

hk(xH)
(
ĝk(ξ)

)
mn
.

Therefore,

T ξHσT (xH, ξ) = ξ(x)∗
∞∑
k=1

hk(xH)ĝk(ξ)
∗, (xH, ξ) ∈ G/H × Ĝ/H.

Conversely, suppose that there exist sequences {gk}∞k=1 in Lp
′
1(G/H) and {hk}∞k=1 in

Lp2(G/H) such that
∞∑
k=1

‖gk‖rLp′1 (G/H)
‖hk‖rLp2 (G/H) <∞

and

T ξHσT (xH, ξ) = ξ(x)∗
∞∑
k=1

hk(xH)ĝk(ξ)
∗, (xH, ξ) ∈ G/H × Ĝ/H.

Then, for all f ∈ Lp1(G/H), we have

(Tf) (xH) =
∑

[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σT (xH, ξ)f̂(ξ))

=
∑

[ξ]∈Ĝ/H

dξ

dξ∑
m,n=1

(Γξ(xH)σT (xH, ξ))nmf̂(ξ)mn

=
∑

[ξ]∈Ĝ/H

dξ

dξ∑
m,n=1

(
∞∑
k=1

hk(xH)ĝk(ξ)
∗
nm

)
f̂(ξ)mn

=
∑

[ξ]∈Ĝ/H

dξ

dξ∑
m,n=1

(
∞∑
k=1

hk(xH)ĝk(ξ)mn

)
f̂(ξ)mn
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=
∑

[ξ]∈Ĝ/H

dξ

dξ∑
m,n=1

∞∑
k=1

hk(xH)

(∫
G/H

gk(wH)Γξ(wH)nm dµ(wH)

)
f̂(ξ)mn

=

∫
G/H

 ∑
[ξ]∈Ĝ/H

dξ

dξ∑
m,n=1

Γξ(wH)nmf̂(ξ)mn

 ∞∑
k=1

hk(xH)gk(wH) dµ(wH)

=

∫
G/H

 ∑
[ξ]∈Ĝ/H

dξ Tr(Γξ(wH)f̂(ξ))

 ∞∑
k=1

hk(xH)gk(wH) dµ(wH)

=

∫
G/H

(
∞∑
k=1

hk(xH)gk(wH)

)
f(wH) dµ(wH)

for all xH ∈ G/H. Therefore by Theorem 5.4.1, it follows that T is r-nuclear.

In the next theorem, we will give another characterization of r-nuclear operators from

Lp1(G/H) into Lp2(G/H) in order to find the trace of r-nuclear operators from Lp(G/H)

into Lp(G/H).

Theorem 5.4.4. Let 0 < r ≤ 1 and let T : Lp1(G/H) → Lp2(G/H), 1 ≤ p1, p2 < ∞,

be a continuous linear operator with matrix-valued symbol σT on G/H × Ĝ/H. Then

the operator T is r-nuclear if and only if there exist sequences {gk}∞k=1 in Lp
′
1(G/H) and

{hk}∞k=1 in Lp2(G/H) such that

∞∑
k=1

‖gk‖rLp′1 (G/H)
‖hk‖rLp2 (G/H) <∞

and ∑
[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σT (xH, ξ)Γξ(yH)∗) =
∞∑
k=1

hk(xH)gk(yH).

Proof. Suppose that T : Lp1(G/H) → Lp2(G/H) is a r-nuclear operator for 1 ≤ p1, p2 <

∞. Then by Theorem 5.4.3, there exist sequences {gk}∞k=1 in Lp
′
1(G/H) and {hk}∞k=1 in

Lp2(G/H) such that
∞∑
k=1

‖gk‖rLp′1 (G/H)
‖hk‖rLp2 (G/H) <∞

and

(Γξ(xH)σT (xH, ξ))nm =
∞∑
k=1

hk(xH)
(
ĝk(ξ)

)
mn
, (xH, ξ) ∈ G/H × Ĝ/H,
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for all n,m with 1 ≤ n,m ≤ dξ. Let yH ∈ G/H. Then

(Γξ(xH)σT (xH, ξ))nmΓξ(yH)nm =
∞∑
k=1

hk(xH)
(
ĝk(ξ)

)
mn

Γξ(yH)nm

=

∫
G/H

Γξ(zH)nmΓξ(yH)nm

∞∑
k=1

hk(xH)gk(zH)dµ(zH).

Consequently,

dξ∑
m,n=1

(Γξ(xH)σT (xH, ξ))nmΓξ(yH)nm

=

∫
G/H

 dξ∑
m,n=1

Γξ(zH)nmΓξ(yH)nm

 ∞∑
k=1

hk(xH)gk(zH)dµ(zH).

Therefore, for all xH, yH ∈ G/H, we get

∑
[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σT (xH, ξ)Γξ(yH)∗)

=

∫
G/H

 ∑
[ξ]∈Ĝ/H

dξ Tr (Γξ(zH)Γξ(yH)∗)

 ∞∑
k=1

hk(xH)gk(zH)dµ(zH)

=

∫
G/H

 ∑
[ξ]∈Ĝ/H

dξTr (Γξ(yH)Γξ(zH)∗)

 ∞∑
k=1

hk(xH)gk(zH)dµ(zH)

=
∞∑
k=1

hk(xH)

∫
G/H

 ∑
[ξ]∈Ĝ/H

dξTr (Γξ(yH)Γξ(zH)∗)gk(zH)


=
∞∑
k=1

hk(xH)

∫
G/H

 ∑
[ξ]∈Ĝ/H

dξTr
(

Γξ(yH)Γξ(zH)∗gk(zH)
)

=
∞∑
k=1

hk(xH)

 ∑
[ξ]∈Ĝ/H

dξ Tr
(

Γξ(yH)ĝ(ξ)
) =

∞∑
k=1

hk(xH)
(
g(yH)

)

=
∞∑
k=1

hk(xH)gk(yH).

Conversely, let {gk}∞k=1 and {hk}∞k=1 be sequences in Lp
′
1(G/H) and Lp2(G/H), respectively

such that
∞∑
k=1

‖gk‖rLp′1 (G/H)
‖hk‖rLp2 (G/H) <∞
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and for all xH and yH in G/H, we have

∑
[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σ(xH, ξ)Γξ(yH)∗) =
∞∑
k=1

hk(xH)gk(yH).

Then, for all f ∈ Lp1(G/H), we get

(Tσf) (xH) =
∑

[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σ(xH, ξ)f̂(ξ))

=
∑

[ξ]∈Ĝ/H

dξ

dξ∑
m,n=1

(Γξ(xH)σ(xH, ξ))mnf̂(ξ)nm

=

∫
G/H

 ∑
[ξ]∈Ĝ/H

dξ

dξ∑
m,n=1

(Γξ(xH)σ(xH, ξ))mnΓξ(yH)mn

 f(yH) dµ(yH)

=

∫
G/H

 ∑
[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σ(xH, ξ)Γξ(yH)∗)

 f(yH) dµ(yH)

=

∫
G/H

(
∞∑
k=1

hk(xH)gk(yH)

)
f(yH) dµ(yH)

for all xH ∈ G/H. This completes the proof of the theorem.

An immediate consequence of Theorem 5.4.4 gives the trace of a r-nuclear pseudo-

differential operator on Lp(G/H) for 1 ≤ p <∞. Indeed, we have the following result.

Corollary 5.4.5. Let 0 < r ≤ 1 and let T : Lp(G/H) → Lp(G/H), 1 ≤ p < ∞, be a

r-nuclear operator with matrix-valued symbol σT on G/H × Ĝ/H. Then the nuclear trace

of T is given by

Tr (T ) =

∫
G/H

∑
[ξ]∈Ĝ/H

dξ Tr(T ξHσT (xH, ξ))dµ(xH).

Proof. Using trace formula (5.4.1) and Theorem 5.4.4, we have

Tr (T ) =

∫
G/H

∞∑
k=1

hk(xH)gk(xH)dµ(xH)

=

∫
G/H

∑
[ξ]∈Ĝ/H

dξ Tr(Γξ(xH)σT (xH, ξ)Γξ(xH)∗)dµ(xH).
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Since T ξH is an orthogonal projection, we obtain

Tr (T ) =

∫
G/H

∑
[ξ]∈Ĝ/H

dξ Tr(T ξHσT (xH, ξ))dµ(xH).

5.5 Adjoint and product of r-nuclear pseudo-differential

operators

Let T : Lp1(G/H) → Lp2(G/H), 1 ≤ p1, p2 < ∞, be a r-nuclear continuous linear

operator with matrix-valued symbol σT on G/H × Ĝ/H. Then the adjoint operator

T ∗ : Lp
′
2(G/H) → Lp

′
1(G/H) of T is also nuclear (in general on Banach spaces, if T is

nuclear then its adjoint T ∗ is also nuclear). In this section, we give a formula for symbols

of the adjoints of r-nuclear pseudo-differential operators from Lp1(G/H) into Lp2(G/H)

for 1 ≤ p1, p2 < ∞, where G is a compact Hausdorff group and H be a closed subgroup

of G.

Theorem 5.5.1. Let 0 < r ≤ 1 and let T : Lp1(G/H)→ Lp2(G/H), 1 ≤ p1, p2 <∞, be a

r-nuclear continuous linear operator with matrix-valued symbol σT on G/H× Ĝ/H. Then

the symbol τ of T ∗, the adjoint operator of T is given by

T ξHτ(xH, ξ) = ξ(x)∗
∞∑
k=1

gk(xH)ĥk(ξ)
∗, (xH, ξ) ∈ G/H × Ĝ/H,

where {gk}∞k=1 and {hk}∞k=1 are two sequences in Lp
′
1(G/H) and Lp2(G/H), respectively,

such that
∞∑
k=1

‖gk‖rLp1′ (G/H) ‖hk‖
r
Lp2 (G/H) <∞.

Proof. For f ∈ Lp1(G/H) and g ∈ Lp
′
2(G/H), from the definition of the adjoint of an

operator, we have∫
G/H

(Tf) (xH)g(xH) dµ(xH) =

∫
G/H

f(xH)(T ∗g) (xH) dµ(xH).

Therefore, ∫
G/H

(∫
G/H

∑
[ξ]∈Ĝ/H

dξ

dξ∑
m,n=1

(Γξ(xH)σT (xH, ξ))mn
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× Γξ(yH)mnf(yH) dµ(yH)

)
g(xH) dµ(xH) (5.5.1)

=

∫
G/H

f(xH)

(∫
G/H

∑
[ξ]∈Ĝ/H

dξ

dξ∑
m,n=1

(Γξ(xH)τ(xH, ξ))mn

× Γξ(yH)mng(yH) dµ(yH)

)
dµ(xH).

Let γ and η be elements in Ĝ/H. Then for 1 ≤ i, j ≤ dγ and 1 ≤ p, q ≤ dη, we define the

functions f and g on G/H by

f(xH) = Γγ(xH)ij, xH ∈ G/H,

and

g(xH) = Γη(xH)pq, xH ∈ G/H.

Thus, from the relation (5.5.1), it follows that∫
G/H

(Γγ(xH)σT (xH, γ))ijΓη(xH)pq dµ(xH)

=

∫
G/H

Γγ(xH)ij(Γη(xH)τ(xH, η))pq dµ(xH),

and so ∫
G/H

(Γγ(xH)σT (xH, γ))ijΓη(xH)pq dµ(xH)

=

∫
G/H

(Γη(xH)τ(xH, η))pqΓγ(xH)ij dµ(xH).

This implies that

(((Γγ(·)σT (·, γ))ij)∧(η))qp = (((Γη(·)τ(·, η))pq)
∧(γ))ji, (5.5.2)

for 1 ≤ i, j ≤ dγ, 1 ≤ p, q ≤ dη, and γ, η ∈ Ĝ/H. Since T : Lp1(G/H) → Lp2(G/H) is

r-nuclear, from Theorem 5.4.3, there exist sequences {gk}∞k=1 in Lp
′
1(G/H) and {hk}∞k=1

in Lp2(G/H) such that

∞∑
k=1

‖gk‖rLp1′ (G/H) ‖hk‖
r
Lp2 (G/H) <∞
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and for all (yH, γ) ∈ G/H × Ĝ/H, we have

(Γγ(yH)σT (yH, γ))ij =
∞∑
k=1

hk(yH)
(
ĝk(γ)

)
ji
.

Then

(Γη(xH)τ(xH, η))pq =
∑

[γ]∈Ĝ/H

dγ Tr[Γγ(xH)((Γη(·)τ(·, η))pq)
∧(γ)]

=
∑

[γ]∈Ĝ/H

dγ∑
i,j=1

dγ(Γγ(xH))ij(((Γη(·)τ(·, η))pq)
∧(γ))ji

for all (xH, η) ∈ G/H × Ĝ/H. Thus by (5.5.2), for all (xH, η) ∈ G/H × Ĝ/H, we get

(Γη(xH)τ(xH, η))pq

=
∑

[γ]∈Ĝ/H

dγ∑
i,j=1

dγ(Γγ(xH))ij(((Γγ(·)σT (·, γ))ij)∧(η))qp

=
∑

[γ]∈Ĝ/H

dγ∑
i,j=1

dγ(Γγ(xH))ij

∫
G/H

(Γγ(yH)σT (yH, γ))ijΓη(yH)pq dµ(yH)

=
∑

[γ]∈Ĝ/H

dγ∑
i,j=1

dγ(Γγ(xH))ij

∫
G/H

∞∑
k=1

hk(yH)(ĝk(γ))jiΓη(yH)pq dµ(yH)

=
∞∑
k=1

(∫
G/H

hk(yH)Γη(yH)pq dµ(yH)

) ∑
[γ]∈Ĝ/H

dγ∑
i,j=1

dγ(Γγ(xH))ij(ĝk(γ))ji

=
∞∑
k=1

ĥk(η)qp
∑

[γ]∈Ĝ/H

dγ∑
i,j=1

dγ(Γγ(xH))ij(ĝk(γ))ji

=
∞∑
k=1

ĥk(η)qp
∑

[γ]∈Ĝ/H

dγ Tr(Γγ(xH)ĝk(γ))

=
∞∑
k=1

ĥk(η)qpgk(xH) =
∞∑
k=1

ĥk(η)∗pqgk(xH)

for all 1 ≤ p, q ≤ dη. Thus, for all (xH, η) ∈ G/H × Ĝ/H, we have

Γη(xH)τ(xH, η) =
∞∑
k=1

ĥk(η)∗ gk(xH)

and hence

T ηHτ(xH, η) = η(x)∗
∞∑
k=1

ĥk(η)∗ gk(xH).
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As an application of Theorem 5.4.3 and Theorem 5.5.1, in the next corollary, we give

a criterion for the self-adjointness of r-nuclear pseudo-differential operators.

Corollary 5.5.2. Let 0 < r ≤ 1 and let T : L2(G/H) → L2(G/H) be a r-nuclear

continuous linear operator with matrix-valued symbol σT on G/H × Ĝ/H. Then T is

self-adjoint if and only if there exist sequences {gk}∞k=1 and {hk}∞k=1 in L2(G/H) such

that
∞∑
k=1

‖hk‖rL2(G/H) ‖gk‖
r
L2(G/H) <∞,

∞∑
k=1

hk(xH)ĝk(ξ)
∗ =

∞∑
k=1

ĥk(ξ)
∗ gk(xH), (xH, ξ) ∈ G/H × Ĝ/H,

and

T ξHσT (xH, ξ) = ξ(x)∗
∞∑
k=1

hk(xH)ĝk(ξ)
∗, (xH, ξ) ∈ G/H × Ĝ/H.

We can give another characterization of symbols for the adjoints of r-nuclear operators.

Indeed, we have the following theorem.

Theorem 5.5.3. Let 0 < r ≤ 1. Let σT be a matrix-valued function on G/H × Ĝ/H

such that the corresponding pseudo-differential operator T : Lp1(G/H)→ Lp2(G/H) is r-

nuclear for 1 ≤ p1, p2 <∞. Then the symbol τ of the adjoint T ∗ : Lp
′
2(G/H)→ Lp

′
1(G/H)

is given by

T ξHτ(xH, ξ) = ξ(x)∗
∑

[η]∈Ĝ/H

dη

∫
G/H

Tr[(Γη(yH)σT (yH, η))∗Γη(xH)]Γξ(yH)dµ(yH),

which is eventually same as

T ξHτ(xH, ξ) = ξ(x)∗
∑

[η]∈Ĝ/H

dη

(
Tr(σT (·, η)∗Γη(·)∗Γη(xH))

∧
(ξ)
)∗

for all (xH, ξ) ∈ G/H × Ĝ/H.

Proof. Suppose that T : Lp1(G/H) → Lp2(G/H) is r-nuclear operator for 1 ≤ p1, p2 <

∞. Then by Theorem 5.4.3, there exist sequences {gk}∞k=1 in Lp
′
1(G/H) and {hk}∞k=1 in

Lp2(G/H) such that
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∞∑
k=1

‖gk‖rLp′1 (G/H)
‖hk‖rLp2 (G/H) <∞

and for all (yH, η) ∈ G/H × Ĝ/H, we have

Γη(yH)σT (yH, η) =
∞∑
k=1

hk(yH)ĝk(η)∗,

or,

(Γη(yH)σT (yH, η))∗ =
∞∑
k=1

hk(yH)ĝk(η).

Let (xH, ξ) ∈ G/H × Ĝ/H. Then∫
G/H

Tr [(Γη(yH)σT (yH, η))∗Γη(xH)] Γξ(yH) dµ(yH)

=

∫
G/H

Tr

[
∞∑
k=1

hk(yH)ĝk(η)Γη(xH)

]
Γξ(yH) dµ(yH)

=
∞∑
k=1

Tr(ĝk(η)Γη(xH))

∫
G/H

hk(yH)Γξ(yH) dµ(yH)

=
∞∑
k=1

ĥk(ξ)
∗Tr[ĝk(η)Γη(xH)].

Thus by Theorem 5.5.1, we obtain

∑
[η]∈Ĝ/H

dη

∫
G/H

Tr[(Γη(yH)σT (yH, η))∗Γη(xH)]Γξ(yH) dµ(yH)

=
∑

[η]∈Ĝ/H

dη

(
∞∑
k=1

ĥk(ξ)
∗Tr[ĝk(η)Γη(xH)]

)

=
∞∑
k=1

ĥk(ξ)
∗
∑

[η]∈Ĝ/H

dη Tr[ĝk(η)Γη(xH)]

=
∞∑
k=1

ĥk(ξ)
∗gk(xH) = Γξ(xH)τ(xH, ξ)

for all (xH, ξ) ∈ G/H × Ĝ/H.

Another criterion for the self-adjointness of r-nuclear pseudo-differential operators on

homogeneous space of compact groups is as follows.

TH-2994_166123103



112
Chapter 5. Schatten class and nuclear pseudo-differential operators on homogeneous spaces of

compact groups

Corollary 5.5.4. Let 0 < r ≤ 1. Let σT be a matrix-valued function on G/H × Ĝ/H

such that T : L2(G/H) → L2(G/H) is r-nuclear. Then T : L2(G/H) → L2(G/H) is

self-adjoint if and only if

T ξHσT (xH, ξ) = ξ(x)∗
∑

[η]∈Ĝ/H

dη

(
Tr(σT (·, η)∗Γη(·)∗Γη(xH))

∧
(ξ)
)∗

for all (xH, ξ) ∈ G/H × Ĝ/H.

Next, we show that the product of a nuclear pseudo-differential operator on Lp(G/H)

with a bounded operator again a nuclear pseudo-differential operator on Lp(G/H) for

1 ≤ p < ∞, where G is a compact (Hausdorff) group and H is a closed subgroup of G.

We present a formula for the symbol of the product operator.

Theorem 5.5.5. Let T : Lp(G/H) → Lp(G/H), 1 ≤ p < ∞, be a nuclear operator with

matrix valued symbol σT and let S : Lp(G/H) → Lp(G/H) be a bounded linear operator

with symbol σS. Then the symbol λ of the nuclear operator ST : Lp(G/H)→ Lp(G/H) is

given by

T ξHλ(xH, ξ) = ξ(x)∗
∞∑
k=1

h′k(xH)ĝk(ξ)
∗

for all (xH, ξ) ∈ G/H× Ĝ/H, where {gk}∞k=1 and {hk}∞k=1 are two sequences in Lp
′
(G/H)

and Lp(G/H), respectively, such that
∑∞

k=1 ‖gk‖Lp′ (G/H) ‖hk‖Lp(G/H) <∞ with

h′k(xH) =
∑

[η]∈Ĝ/H

dη Tr
[
Γη(xH)σS(xH, η)ĥk(η)

]
, xH ∈ G/H.

Proof. Since T : Lp(G/H) → Lp(G/H) is a nuclear pseudo-differential operator for 1 ≤

p < ∞, by Theorem 5.4.3, there exist sequences {gk}∞k=1 ∈ Lp
′
(G/H) and {hk}∞k=1 ∈

Lp(G/H) such that
∞∑
k=1

‖gk‖Lp′ (G/H) ‖hk‖Lp(G/H) <∞

and

T ξHσT (xH, ξ) = ξ(x)∗
∞∑
k=1

hk(xH)ĝk(ξ)
∗, (xH, ξ) ∈ G/H × Ĝ/H.

Let f ∈ Lp(G/H). Then

(STf)(xH) =
∑

[η]∈Ĝ/H

dη Tr(Γη(xH)σS(xH, η)T̂ f(η))
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=
∑

[η]∈Ĝ/H

dη Tr

[
Γη(xH)σS(xH, η)

(∫
G/H

Tf(yH)Γη(yH)∗dµ(yH)

)]

=
∑

[η]∈Ĝ/H

dη Tr [Γη(xH)σS(xH, η)

×
∫
G/H

 ∑
[ξ]∈Ĝ/H

dξ Tr(Γξ(yH)σT (yH, ξ)f̂(ξ))

Γη(yH)∗dµ(yH)


for all xH ∈ G/H. Using the nuclearity of T , we have

(STf)(xH) =
∑

[η]∈Ĝ/H

dη Tr

Γη(xH)σS(xH, η)

∫
G/H

∑
[ξ]∈Ĝ/H

dξ

× Tr

(
∞∑
k=1

hk(yH)ĝk(ξ)
∗f̂(ξ)

)
Γη(yH)∗dµ(yH)

]

=
∑

[η]∈Ĝ/H

dη Tr

Γη(xH)σS(xH, η)
∑

[ξ]∈Ĝ/H

∞∑
k=1

dξ Tr
(
ĝk(ξ)

∗f̂(ξ)
)

×
∫
G/H

hk(yH)Γη(yH)∗dµ(yH)

]

=
∑

[η]∈Ĝ/H

dη Tr

Γη(xH)σS(xH, η)
∑

[ξ]∈Ĝ/H

∞∑
k=1

dξĥk(η) Tr
(
ĝk(ξ)

∗f̂(ξ)
)

=
∑

[η]∈Ĝ/H

∞∑
k=1

∑
[ξ]∈Ĝ/H

dξdη Tr
[
Γη(xH)σS(xH, η)ĥk(η)

]
Tr
(
ĝk(ξ)

∗f̂(ξ)
)

=
∑

[ξ]∈Ĝ/H

dξ Tr
(

Γξ(xH)λ(xH, ξ)f̂(ξ)
)
,

where

T ξHλ(xH, ξ) = ξ(x)∗
∞∑
k=1

∑
[η]∈Ĝ/H

dη Tr
[
Γη(xH)σS(xH, η)ĥk(η)

]
ĝk(ξ)

∗

= ξ(x)∗
∞∑
k=1

h′k(xH)ĝk(ξ)
∗

for all (xH, ξ) ∈ G/H × Ĝ/H, and

h′k(xH) =
∑

[η]∈Ĝ/H

dη Tr
[
Γη(xH)σS(xH, η)ĥk(η)

]
, xH ∈ G/H.
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Chapter 5. Schatten class and nuclear pseudo-differential operators on homogeneous spaces of

compact groups

5.6 Application to the heat kernel on G/H

In this section, we assume that G is a compact Lie group and H is a closed subgroup of

G. Let LG be the Laplace-Beltrami operator (or the Casimir element of the universal en-

veloping algebra) on G. For every [ξ] ∈ Ĝ, the matrix elements of ξ are the eigenfunctions

of LG with same eigenvalue denoted by −λ2
[ξ]. Therefore,

−LGξij = λ2
[ξ]ξij for all 1 ≤ i, j ≤ dξ.

Let −LG/H : C∞(G/H) → C∞(G/H) be the differential operator on G/H obtained by

−LG acting on functions that are constant on cosets of G, i.e., such that −L̃G/Hf = −LGf̃

for f ∈ C∞(G/H), where for f ∈ C∞(G/H), f̃ ∈ C∞(G) is the lifting of f given by

f̃(x) = f(xH). The operator −LG/H has the eigenfunctions Γξij(xH) for 1 ≤ i, j ≤

dξ corresponding to the common eigenvalue λ2
[ξ]. For more details on −LG/H , see [78].

We make use the symbol of the heat kernel e−tLG/H . Indeed, by taking into account

σ
e
−tLG/H (xH, ξ) = e−t|ξ|

2
T ξH , where |ξ| = λ2

[ξ], we have

e−tLG/Hf(xH) =
∑

[ξ]∈Ĝ/H

dξTr(Γξ(xH)σ
e
−tLG/H (xH, ξ)f̂(ξ))

=
∑

[ξ]∈Ĝ/H

dξTr(Γξ(xH)e−tλ
2
[ξ]T ξH f̂(ξ))

=
∑

[ξ]∈Ĝ/H

dξe
−tλ2

[ξ]Tr(Γξ(xH)f̂(ξ)).

Now, we show the nuclearity of the heat kernel on Lp-spaces.

Theorem 5.6.1. Let G be a compact Lie group and let H be closed subgroup of G. Then

the heat kernel e−tLG/H : Lp1(G/H) → Lp2(G/H) is nuclear for every t > 0 and all

1 ≤ p1, p2 < ∞. Moreover, if 0 < r ≤ 1, then e−tLG/H : Lp(G/H) → Lp(G/H) is r-

nuclear operator for every t > 0 and 1 ≤ p < ∞. In particular, on each Lp(G/H), we

have the following nuclear trace formula

Tr (e−tLG/H ) =
∑

[ξ]∈Ĝ/H

dξe
−tλ2

[ξ] Tr (T ξH).

Proof. The kernel of e−tLG/H is given by

Kt(x, y) =
∑

[ξ]∈Ĝ/H

dξe
−tλ2

[ξ] Tr(Γξ(xH)Γ(yH)∗)
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=
∑

[ξ]∈Ĝ/H

dξe
−tλ2

[ξ] Tr(Γξ(xH)ξ(y)∗)

with

Tr(Γξ(xH)ξ(y)∗) =

dξ∑
i,j

Γξ(xH)ij ξ(y)ij.

We set

hξ,ij = dξe
−tλ2

[ξ]Γξ(xH)ij, gξ,ij = ξ(y)ij.

Let p′1 denotes the Lebesgue conjugate of p1 and q̃1 = max {2, p′1}. Then by Lemma 5.2.4,

we get

‖gξ,ij‖Lp′1 (G/H)
= ‖ξij‖Lp′1 (G/H)

≤ ‖Γξ(·)ij‖Lp′1 (G/H)
≤ d

− 1
q̃1

ξ .

Also, we have

‖hξ,ij‖Lp2 (G/H) = ‖dξe−tλ
2
[ξ]Γξ(xH)ij‖Lp2 (G/H)

≤ ‖dξe−tλ
2
[ξ]‖Γξ(·)‖op‖Lp2 (G/H) ≤ dξe

−tλ2
[ξ] .

Therefore, ∑
[ξ],i,j

‖gξ,ij(·)‖Lp′1 (G/H)
‖hξ,ij(·)‖Lp2 (G/H) ≤

∑
[ξ]∈Ĝ/H

d2
ξd
− 1
q̃1

ξ e−tλ
2
[ξ] <∞,

where the last convergence follows from any of the Weyl formula, see, for example [23].

Therefore, e−tLG/H is a nuclear operator. Similarly, one can prove r-nuclearity of e−tLG/H .

By Corollary 5.4.5 and using the fact that measure µ on G/H is normalized, the nuclear

trace formula of e−tLG/H given by

Tr(e−tLG/H ) =

∫
G/H

∑
[ξ]∈Ĝ/H

dξ Tr(e−tλ
2
[ξ]T ξH)dµ(xH) =

∑
[ξ]∈Ĝ/H

dξe
−tλ2

[ξ] Tr(T ξH).
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lator, Trans. Amer. Math. Soc. 280(2), 563-587 (1983).

[50] M. V. Keldysh, On a Tauberian theorem, Trudy Mat. Inst. Steklov. 38, 77-86

(1951).

[51] A. A. Kirillov and A. D. Gvishiani, Teoremy i zadachi funktsionalnogo analiza, 2nd

edn. Nauka, Moscow (1988).

[52] V. V. Kisil, Relative convolutions. I. Properties and applications, Adv. Math.

147(1), 35-73 (1999).
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[55] V. V. Kisil, Calculus of operators: covariant transform and relative convolutions,

Banach J. Math. Anal. 8(2), 156-184 (2014) .

[56] H. Koch and D. Tataru, Lp eigenfunction bounds for the Hermite operator, Duke

Math. J. 128(2), 369-392 (2005).

[57] J. J. Kohn and L. Nirenberg, An algebra of pseudo-differential operators, Comm.

Pure Appl. Math. 18, 269-305 (1965).
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