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Abstract

The ground state superconducting and magnetic propeiftiegager cuprate superconduc-
tors are studied usingtal model with interlayer couplings using the variational MeQtarlo
(VMC) method. As a separate exercise, but relevant to thglesilayers and ladder com-
pounds, a brief study of an impurity doped Hubbard model ki@ quantum Monte Carlo
method is reported. To settle a crucial question regardiagymmetry of the superconduct-
ing order parameter, we investigated the stability of a nemalh different pairing symmetries
for a t-J bilayer. For model parameter values that are suggested jpgriexental studies
on bilayer superconductors, the favourable pairing symyradtthe superconducting state is
found to bed-wave. Superconductivity coexists with antiferromagnéing range order in
the underdoped region. Superconducting and magnetic gpirepe the pure superconduct-
ing and the coexisting state are examined and it is conviiieshown that in the coexisting
phase, both the antiferromagnetic and superconductinglations are enhanced. Further,
to compliment the phase diagrams of planar systems awailaliterature, we obtained a
ground state phase diagram fot-a bilayer as a function of interlayer couplings. The phase
diagram shows rich features, such as, a crossover of suphkrcting correlations from being
predominantly planar to strongly interplanar as intertagsechange coupling is increased, a
non-monotonic variation of the critical hole concentraiapto which thed-wave supercon-
ducting phase remains stable, as a function of interplaoping parameter etc. In addition,
there is a lowering of superconducting correlations as atfan of interlayer hopping in the
under and optimally doped phases, while these are enhamteeloverdoped region for mod-
erate values of the coupling parameter. However ffexctof interlayer coupling parameters
on magnetic correlations are much less pronounced. Fjrtallfomplete our discussion on
bilayered superconductors, we studied the consequenceenfayer pair tunneling using a
grand canonical VMC method, where the superconducting sfad bilayer is described by a
variational wavefunction that is a product of two Gutzwileojectedd-wave BCS wavefunc-
tions, one for each layer, with variable particle numben €alculations show that the energy
due to the tunneling of Cooper pairs across the layers hasesting bahaviour. However, the
magnitude of energy is found to be too small to have any siamifi éfect on the physical
properties at least for realistic values of the tunnelingpeeter.
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Chapter 1
Introduction

High temperature superconductivity in cuprates contiriadse an intense research topic in
condensed matter physics due to the highly unusual featurdsts immense potential in
technological applications. The cuprate superconduea@€haracterized by the presence of
one or more copper oxide (Cuyldayers per unit cell in the crystal structure. The key pbysi
of the high temperature superconductors (HTSC) lies iretkkepper oxide layers where elec-
tronic correlations are very strong. The low energy elettr@xcitations in a single copper
oxide layer is well represented by a two dimensional Hubloaodel and its strong coupling
variant, thet-J model. Theoretical studies on these two models have camtedtprimar-
ily on a single layer and have been quite successful in reymiad the main features of the
phase diagram of highz superconductors. However presence of more than one copiger o
layers per unit cell in the crystal structure leads to sonmgoitant consequences to the phys-
ical properties of the cuprates. In this work we shall study ground state superconducting
and magnetic properties of bilayer superconductors ancbtbef interlayer couplings in the
framework of thet-J model using variational Monte Carlo (VMC) method.

In chapter2, we introduce the model Hamiltonian, i.et-d model containing planar and
interplanar couplings, that we consider for describingy®f superconductors. The numer-
ical code for the variational Monte Carlo method used to wtiné model is developed and
tested. The method is described in details. This chaptercalstains a report on a Quantum
Monte Carlo (QMC) study of the Hubbard model doped with nognsdic impurities. We
took this brief detour to understand the interestifig@s of nonmagnetic impurity doping in

TH-790_AMEDHI



2 Chapter 1. Introduction

cuprate compounds observed experimentally. Ch&atentains a study of the superconduct-
ing pairing symmetry in d-J bilayer for parameter values relevant to the bilayer c@gsrat
The magnetic and superconducting properties otithe. wave superconducting state which
turns out to be a favourable state in bilayers are examinddtails. Next the interplay of an-
tiferromagnetism and superconductivity is examined usingriational wavefunction which
describes both these orders simultaneously. Supercawvitycioexists with antiferromag-
netism in the underdoped phase as in planar systems. Therpegpof the coexisting state
are compared with those of the pure superconducting stdttharctoexisting phase is found to
have enhanced superconducting and magnetic correlatioobapterd, we obtain a ground
state phase diagram of the bilayel model as a function of interlayer coupling parameters
and hole concentration.fiects of interlayer couplings on various physical propseréiee ex-
amined and discussed in details. In chafewe study the consequence of interlayer pair
tunneling in the superconducting state of a bilayer usingaamd canonical VMC method
based on a new Monte Carlo algorithm. The summary of all theltgeof the study alongwith
its possible extensions are discussed in chapter

In the remaining part of this introductory chapter we shaiktty review the basic ex-
perimental facts and a few current topics in theoreticadlissi of highT, superconductors.
Details of the phenomenon in various respects have beenssisd extensively in the past in
literature. Here we only attempt to highlight some of its mageresting features and then
bring out the underlying motivation for our present work.

1.1 A preliminary survey on high-T. superconductors

1.1.1 A new class of material

A new class of material emerged with the discovery of supstaotivity in barium doped
La,CuO, by Bednorz and Muller in 198&]. Undoped LaCuQ, is a ceramic compound
which is a very good insulator. When doped with barium, qui#®arkably, it became su-
perconducting with a high transition temperatufe,of around 30K. This critical temper-
ature was a step above the previously known highigstvhich for several years remained
around 23K (for Nbs;Ge) in the inter-metallic compound®| Superconductivity in the La-
Ba-Cu-O system was immediately confirmed by several gronggteeT. was pushed even

TH-790_AMEDHI



1.1. A preliminary survey on highsBuperconductors 3

higher, 4, 5, 6, 7]. Using strontium as dopant, another compoung L%r,CuQ, (LSCO)
was discovered with & of around 36K[8, 9]. Soon, Wuet al[10] discovered supercon-
ductivity in YBaCuwOe,x (YBCO) with aT. of about 93K, a temperature well above the
boiling point of liquid nitrogen (77K). Besides these, a large number of other systems of
superconducting materials, e.g. Bi-Sr-Ca-CuiD[12], TI-Ba-Ca-Cu-OL3, 14] and Hg-Ba-
Ca-Cu-O[5, 16|, have been discovered having still higher critical tenapeares.

The strikingly common feature in the crystallographic agament of all these materi-
als is its layered perovskite-like structures which cantame or more copper oxide (CyO
planes per unit cell[7, 18, 19, 20]. The compounds are called cuprates because of the pres-
ence of these CuQayers. In LSCO, for example, there is one Gué@yer while YBCO have
two layers separated by Y atoms in a unit cell (Figl). The number of Cu@layers per

Conduction
Layer

©® Cu
0
© La/Sr

Charge
Reservoir
Layer

Cu0,
Planes

@ Copper

b o Oxygen
a ® Barium

@ Ytrium

(a) Crystal structure of LaxSrKCuO, (Soure: Ref.21]). (b) Crystal structure of YBEuwOg.x (Source:
Ref. [22])

Ficure 1.1: Crystal structure of two well known highs superconductors.

unit cell in the Bi, Tl, and Hg compounds can vary from one t@éhor even higher. Charge
transport takes place in the Cu@lanes and hence these are called conduction planes. In
one CuQ plane, each copper atom is surrounded by four oxygen atorassguare planar
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4 Chapter 1. Introduction

configuration &b plane). The distance between copper and a neighbouringeoxgtpm in

a plane is approaximately 1.9 A, which is rather small ancchehere exists strong covalent
bonds between copper and oxygen atoms in a{ul@ne. The Cu@planes are separated
by insulating layers of other metal oxides, such as LaO, BO,etc. The insulating layers
provide charge carriers to the Cu@Planes and hence are called charge reservoirs. The dis-
tance (along: direction) between two CuQayers in two adjacent unit cells is quite large,
approaximately 6.6 A in La,Sr,CuQ, for instance. The resulting crystal structure is highly
anisotropic tetragonal which often makes transition thathombic structure as temperature
or pressure is varied. In compounds which have more than a@g flanes per unit cell, the
separation between two such planes in a unit cell is smatlekample, in bilayered YBCO
the distance between two Cu@yers in same unit cell is 3.2 A, whereas the unit cells itself
are separated from each other by a distance®® A. This makes possible an interlayer cou-
pling between two close CuQayers in a multilayered compound, which is believed to give
rise to the higheT. and other important eierences in physical properties of the multilayered
cuprates in comparison to its single layered counterparts.

Most of the highT, superconductors can be grouped into certain homologoiess®rsed
on their structural formula@p, 23]. For example, the Bi, Tl and Hg based compounds can
be grouped into families represented by the general forepBaSrLCa,_1Cu,Oon,4.x (Bi-
22(n—-1)n, BSCCO), T}BaCa, 1CuOoni2imix (TI-Mm2(n— 1)n) and HgBaCa,_1Cu,Oon. 24«
(Hg-12( — 1)n), respectively. Heren and n denote two integers with representing the
number of Cu@ layers per unit cell. The superconducting transition terafjees, T, of
the members of a series dependronin a homologous serie3, of an individual member
increases with the numberfor n equal to one, two or three. For example, Bi2201=
1), Bi2212 6 = 2) and Bi2223 14 = 3) of the BSCCO family of superconductors hale
equal to 20K, 85°K and 110K, respectively (see Ref2[]). There are also compounds
having the value oh greater than three. HoweVvér, is found to decrease whemincreases
beyond three. The Hg based compounds are found to have theshigalues o, amongst
the cuprates discovered currently. In the Hg-Ba-Ca-Cu4@ilja Hg1201 (r=1), Hg1212
(n=2) are Hg1223 (83) haveT. equal to 94K, 127°K and 133K, respectively. The critical
temperature of HgBEaCwsOg.« (Hg1223) has been raised to above ¥Qnder very high
pressurel6], and it is one of the highest observégdso far.
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1.1. A preliminary survey on highsBuperconductors 5

1.1.2 Universal phase diagram

The phase diagrams of the higl-superconductors are marked by a number of universal
features (see Ref2f, 25, 26, 27] for detailed discussion). The undoped compounds, called
parent compounds, of all the high-superconductors are antiferromagnetic insulators. Upon
doping with charge carriers, the antiferromagnetic orderimishes and superconductivity
appears after a finite carrier concentration at low tempegat To elaborate on the details,
we discuss below the phase diagrams of two well known comiguba_,Sr,CuQ, and
YBa,CwsOg, . Fig. 1.2(a)shows the phase diagram of Lg@r,CuQ,. Undoped LaCuO,

(x = 0) is an insulator. The free state electronic configuratioinhe constituent atoms in

500 ' ' l 1 I 1 l
i LozxSCus ] 500 YBayCug07.5
500 5\ -
o [N\ e - Z 400k \Tet| Orth i
= 400} \.\° RAG =
2 [ n ' £ N
8 by A 2 300 .
© 3004-R , - ©
g b My WY ®
E i O ° ] a Metal
= L Ho ‘ E 200 B ]
200 M -] o
B L]
A , 2 AF
;",, NéelState  © . 1
1 ry - -
1001 \ i 100 Tc
Insu-}{  Metal
Spin __-alor\ \ ] SC
Qlasso E V—N—"Supercorltm?\“ . 0 1 1 | 1
0 0.1 0.2 0.3 0.4 10 08 06 04 02 0.0
Sr concentration , x ' d
(a) Phase diagram of ba,SKCuOy (Source: Ref.28]). (b) Phase diagram of YB&uzOg, x, Wherex = (1-6) (Source:
Ref. [29).

Ficure 1.2: Phase diagrams of two well studied highsuperconductors.

this compound are given by, La(5&[Xe](5d)'(6s)?, Cu(29)-[Ar](3d)*°(4s)! and O(8)}-
[He](29)?(2p)*. In La,CuQy, lanthanum loses three electrons and attains the stabfiggon
ration La*. Oxygen accepts two electrons to complete its valence ahdliis in state &'.

To conserve charge neutrality copper must be in stafé,®¢hich is achieved by losing one
4s and one 8 electron. Thus in LeCuQy, copper ions are in an incomplete valence shell
configuration 8°. With one hole per copper atom (in thé,3,: orbital), the valence band is
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6 Chapter 1. Introduction

half-filled and according to the band theory the compoundilshbave been a metal. How-
ever it is an antiferromagnetic insulator, a fact which uhdes the dramatic consequences
of strong electronic correlatioB]. Charge fluctuations are prevented in,CaQ,, because it
costs a large amount of energy for two holes or electronsdamca single copperdz._» or-
bital due to strong repulsive interaction between tHi20yB1]. Such an insulator where charge
carriers are localized due to strong electronic correfatie called a Mott insulator as opposed
to a band insulator. Indeed, the charge excitation gapi€u@) is of the order of 2 eV as ob-
served in various optical measureme88[33, 34]. The magnetic ordering in La,SrCuQy
has been extensively studied by neutron scattering expatsifsee Ref2b, 35| for review).
Because of the partially filledd3 configuration, each Ctiion in La,CuQ, carry a magnetic
moment which was found to be of magnitude0.5ug and lying almost parallel to a CyO
planeB6]. At half-filling (x = 0), the magnetic moments are ordered antiferromagnsticall
with a Néel temperaturd,y of 325K[37]. The magnetic correlations are two dimensional in
nature with strong exchange coupling between the spins in@ @lane and weak coupling
between spins in éierent layers. The nearest neighbour antiferromagnetitagge coupling
energy in a Cu@plane is found to be 0.13 eVB8, 39 which is one of the largest value of
exchange energy observed. When@aQ, is doped with Sr atoms, Baions are replaced
by SP* and consequently holes (charge carriers) are introdu¢ediia CuQ planes. Several
phase transitions occur in the material with introductibhales. Ty, decreases dramatically
as seen in Figl.2(a)with the AF long range order (AFLRO) vanishing completelyhate
doping, x ~ 0.02. However 2D short range AF correlations survive and elgarpto the
superconducting state which appears at 0.05. With further increase in Sr concentration,
the superconducting transition temperaturg rises gradually till it becomes maximum at
X ~ 0.15. Beyond this doping level, starts decreasing slowly and eventually superconduc-
tivity vanishes atx ~ 0.30. The doping range (around~ 0.15) at whichT. is maximum is
called optimally doped region, while the region to the ldftlee peak & < 0.15) in the phase
diagram is called underdoped region. The higher hole doginge & > 0.15) is called over-
doped region. In the underdoped region above about 2% dothiagnaterial behaves as a
2D disordered metal at higher temperature and makes grachsgover to an insulating spin
glass phase at low temperature. A structural phase transitso occurs in the compound as
shown in the phase diagram. The tetragonal phase at higtetatnpe makes a phonon driven
transition into orthorhombic phase at lower temperatdi@<f1].

The phase diagram for YB@w;Oe,, a bilayered compound, is shown in Fig2(b) In
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1.1. A preliminary survey on highsBuperconductors 7

this compound Cu atoms exist both in the Gu©nduction planes and in the charge reservoir
between the conduction planes. In the charge reservoirdussorm the linear Cu-O chains
which have varying oxygen content. By changixgor ¢ in the notation of Figl1.2(b),
oxygen is added to or removed from the Cu-O chains. The Cudhstprovide and control
charge carriers for electrical conduction in the Guilanesp9]. For x < 0.3, the crystal
structure is tetragonal and the material is insulating. T spins in the copper oxide
planes are ordered antiferromagnetically with the Némlpterature, Ty being about 41K
near half-filling k = 0.0) [42, 43] which is considerably higher than that in single layered
LSCO. The three dimensional (3D) AF long range order dinmegswith increasing and
vanishes completely at ~ 0.3. Adding further oxygen to the Cu-O chains provides holes
into the CuQ planes and consequently superconductivity starts devejopith the crystal
structure making transition to an orthorhombic phase. Taesition temperaturel. rises
with increasing oxygen content but not monotonically. Eher a plateau region between
x ~ 0.5 and 0.7 wher&. remains fixed at about 8K. The T, becomes maximumy(93°K)

for fully oxygenated compound YBEwO; (x = 1.0). It may be mentioned that there are
electron doped compounds, such as,Nde,CuQO,_,, whose phase diagrams show similar
evolution with carrier (electron) concentration as theshsidped compoundaf].

In general, the under- and optimally doped regions of thesplttagrams of all higf-
superconductors have been intriguing. In this region oé liwping, the physical properties
show a host of anomalous features which do not follow the karfeermi liquid (FL) theory
(to be discussed if1.1.3. The normal state abovk. in the optimally doped region show a
strange 2D metallic behaviour in which electrical trang$pstrictly confined to the copper
oxide planes. Some of the non-Fermi liquid (NFL) behavianithis metallic state are - linear
dependence of resistivity on temperature, temperatureratgmce of Hall ca@cient, unusual
optical conductivity etc. Also the underdoped phase shtwegpphenomenon of pseudogap,
where below a characteristic temperatiire(> T.), an energy gap exists without any phase
coherence. On the other hand, normal 3D metallic behav®wedovered gradually in the
overdoped region with the restoration of Fermi liquid lilkafures. These universal features
of high-T. superconductors are schematically depicted in the gepkase diagram shown in
Fig.1.3
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Ficure 1.3: A schematic phase diagram of hole doped Higlsuperconductors.
1.1.3 Anomalous behaviour

High-T, superconductors have been under intense investigati@ubeof its puzzling fea-
tures which challenge existing condensed matter theoApart from the highly unconven-
tional superconductivity, the normal metallic state instnenaterials itself is unusual in many
respects and is believed to hold the key to understandinghiguperconductivity. Here
we state some of the important properties of the higlsuperconductors which are strik-
ingly different from those of conventional superconductors. Forilddtaescription, see
Ref. [25, 26, 44, 45, 46, 47, 48].

We first focus on the normal state properties. Electricaldpart properties in the cuprates
have been studied quite extensively and experimental datzamy diferent compounds show
a strikingly unusual behaviour. The resistivipy, of these compounds parallel to the GuO
planes is almost linear in temperatufegver a wide range of temperature. This is illustrated
in Fig. 1.4(a)which shows the experimental results for resistivity inL&LCuQ, in the
optimal and underdoped regiatg. However it is only a representative figure and similar
behaviour is observed in other compouridsp2, 53]. It is to be noted that the exact nature
of pap dependence ol changes with hole concentration. In the optimally dopedoreg
(aroundx = 0.15), pap is linear inT upto a very high temperature- (1000K) and it is
given bypan ~ A + BT with the residual resistivityA being very nearly zero. The value
of B scaled by number of CuQayers, remarkably remains constant 1.5 uQcny°K)[54]
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(a) Temperature dependence of in-plane resistigity,for op-
timal and underdoped kLaySrkCuOy (Source: Ref.49)).

(b) Evolution ofpap(T) with doping (Source: Ref50]).
Ficure 1.4: In-plane resistivitypap(T) in high-T. superconductors.

for different materials. In contrast, resistivity of a conventidrermi liquid varies ap ~

T2, arising from electron-phonon scattering. In the undeedopegion, dependence pf,

on temperature is slightly deviated from linearity at l@wand it has a dferent power-law
behaviour. In the overdoped regime, it is found that the Fhaveor is gradually restored
with pgp starting to show ar? variation. The evolution of in-plane resistivitya,(T) with
doping is nicely demonstrated in Fit).4(b)which shows the representative plots fs(T)

in the three dferent regimes of hole doping. Apart from tlielinear resistivity, another
striking feature in the transport properties of highsuperconductors is the huge anisotropy
between in-plane and out-of-plane resistivities. In themrad state of all cuprates-axis
resistivity, p. is very high as compared jg,. In the optimally doped compounds, can be
larger thano,, by a factor of the order 107 to 1. This is anomalous because the factor
¢/ pab IS much greater than what the electronic band structurelzions would suggest and

it strongly vary withT[55]. The anisotropy between, andp,, in YBa,CusO7_ is shown in
Fig.1.5(a]J56]. Moreover, the temperature dependencg.afself is unusual. For underdoped
cupratesp. can be expressed as ~ A/T + BT[26]. In this regime . is non-metallic and
increases with decreasing temperature in sharp contrést tmetallic behaviour gf,,. The
evolution of p¢(T) with doping level for La_4Sr,CuGQ, is shown in Fig.1.5(b)57]. In the
heavily overdoped regime¢/pan becomes temperature independent signaling formation of a
coherent-axis charge motion and development of a 3D electronic giauateb4]. Another
puzzling experimental fact about high-superconductors is the temperature dependence of
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Ficure 1.5: Out-of-plane resistivityyc(T) in high-T; superconductors.

Hall codficient,Ry. While according to the FL theoriR, should be temperature independent,

experimental results for the cuprates shigwto be stronglyT dependent. As an example,
Hall codficient for YBCO measured as a function Dfis shown in Fig.1.658]. It is clear
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Ficure 1.6: Hall codticient, Ry as a function oflf for YBCO. SamplesA, B andC haveT,
values 91K, 74°K and 60K, respectively (Source: Ref5§]).

thatRy have a strond dependence, in fact it goes géllat higher temperatures. Anomalous

behaviour of charge transport in high-cuprates is further exemplified by the experimental

data on optical conductivity;(w). Bothab-plane ana-axis conductivitiesgan(w) ando¢(w)
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1.1. A preliminary survey on highsBuperconductors 11

have features beyond the Drude like behaviour for ordinaeyais (see Ref.26, 59] and
references therein).

Another non-Fermi liquid nature of the normal state of higlsuperconductors is the phe-
nomenon of pseudogap observed in the underdoped phase afflees (see Ref6(, 61]
for a review). In this phase, low-energy electronic densitystates get highly suppressed
instead of getting totally eliminated. Existence of theymk®yap and its nature is confirmed
by a variety of experiments. In NMR and neutron scatteringlisisp2, 63|, Knight shift
and spin susceptibility of underdoped cuprates show a &tvio the corresponding values
for a Heisenberg antiferromagnet at low temperatures. dhicient of the temperature de-
pendent term in the expression for electronic specific hegtidrapidly with decreasing
implying the loss of spin entropy at low temperat@4[ These facts are indication of on-
set of spin singlet pairing leading to the formation of theymogap in underdoped cuprates.
Angle-resolved photoemmission spectroscopy (ARPES)gwdbe variation of the energy
gap ink-space and its evolution with temperat@®[66, 67]. The k-dependence of the pseu-
dogap resembles that of the superconducting gap. As tetnperadecreased below a certain
valueT* (> T,) in underdoped cuprates, an energy pseudogap opens ug-atrtheline, first
near (Qx) direction. The gap has a maximum magnitude here and it gidextends with
decreasing magnitude towards #he= k, line as temperature is further lowered. Eventually
atT = T¢, the whole Fermi line becomes gaped exce at ky, giving rise to the supercon-
ducting energy gap. Thus in other words, as one goes ahofrem lower temperatures, a
considerable portion of the Fermi line still remain gapetbupmuch higher temperatufée
in the underdoped region, whereas in the overdoped regmsuperconducting gap closes
everywhere af.. Indeed,T* is maximum in heavily underdoped region and decreases with
increasing hole doping eventually merging withat optimal doping (Figl.3). The origin of
the pseudogap and its connection with superconductivitg baen under intense theoretical
investigation.

The superconducting (SC) phase of the highsuperconductors has always been fasci-
nating due its striking dierences with conventional lows superconductors which are well
explained by the BCS theory. Apart from the unusually highugaf T, it exhibits a num-
ber of other features that are fundamentallffatent from those of BCS superconductors.
First and foremost is the pairing mechanism. Direct evidesfeexistence of Cooper pairs in
high-T. superconductors was provided by SQUID measurement of miadlue quantization
in a superconducting ringB]. However the phonon mediated attractive interaction betw
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electrons as the origin of pair formation as in BCS theorg Ib@en under doubt in highs
superconductorgp]. Indeed, a number of experimental facts point to a mechawispair-
ing originating from strong electronic correlations in Ba0, planes. One fact that stands
out in this regard is the symmetry of the superconducting g#). In BCS superconduc-
tors, the superconducting gap is isotropikispace, or in other words, the symmetry of the
pair wavefunction is ok-wave type. In contrast, the superconducting gap in Aigbuper-
conductors is found to be anisotropickrspace. In fact it has a predominantly_.-wave
(d-wave) symmetry as clearly evidenced from photoemmissi@htanneling spectroscopy
(see Ref. 46] for a review). Angle-resolved photoemission spectrogc@xRPES)R1, 69|
can directly investigate the topology of the Fermi surfacé emomentum dependence of the
superconducting gap. The highly anisotropic nature of t@eg8p obtained by a ARPES
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Ficure 1.7: Anisotropy of the SC gap in highs superconductors. (a) Normal-state Fermi

surface in Bi2212 determined by ARPES (Source: R&)))[ (b) Schematic diagram of the

Fermi surface identifying dierent regions (Source: Refl1]). (c) SC gap in Bi2212T; =

87°K) measured at T& by ARPES plotted as function of angle along the normaleskarmi

surface. The solid line fits the data withdavave gap functionA(k) = Ao(cosky — cosky)
(Source: Ref.T2).

study of Bi2212F2] is shown Fig.1.7. The underlying Fermi surface of the compound iden-
tifying the high symmetry points is also shown. The figurevehithat the magnitude of the
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SC gap is maximum near the, {f) region (antinodal region) and is nearly zero near the re-
gion alongl’-Y direction (nodal region). The experimental data for thegmitude of the SC
gap agrees well with thd-wave gap function4(k) = Ag(cosky — cosk,)). The sign of the
d-wave state is confirmed by phase-sensitive tests basecdalogiephson tunneling and flux
guantization experimentg8, 74, 75]. Such a highly anisotropic nature of the SC gap is not
expected in a superconductivity resulting from phonon raedi pairing of electrons. Instead,
it is compatible with a pairing based on electronic mechani&lso the magnitude of the gap
in high-T. superconductors, which is of the order of 20-30 M&MK)|maxat T = 0), is too
high (almost double the value of the energy gap in BCS supelatiors) to be accounted
for by a electron-phonon interaction. Another notable fadhat the ratio 2/kgT, for the
BCS superconductors remains constant3(51) while it varies from & — 5.5 for high-T,
superconductors.

The ARPES in the superconducting state of highrsuperconductors shows a number of
other anomalous features that are not expected in any wegkicg theories such as the BCS
theory (see RefZ1] for a review). An well known phenomenon in this regard is dnamatic
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Ficure 1.8: Temperature dependence of photoemission spectrgpfionaily doped Bi2212
(T = 91°K), angle integrated over a narrow cut aroungrjqSource: Ref.76]).

change in the line shape of photoemission spectra near thg g0int of Fermi surface as
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temperature is lowered just beloW([76, 77]. This is illustrated in Fig.1.8 which shows
ARPES spectra, angle integrated over a finite cut around) (Goint for optimally doped
Bi2212[76]. The ARPES intensity] (k, w) which is plotted in the figure as a function of
binding energyqw gives information about the single-particle density ofestaWithin certain
approaximations, it is given bk, w) o f(w)A(k, w), wheref(w) is the Fermi function and
A(k, w) is the single-electron spectral functi@i]. The figure shows that the spectra have
broad line shapes aboVe. As temperature is lowered beldw, spectral weights in the region
around the Fermi leveler drops. The lost intensity appears in an energy level bdigw
where it gives rise to a peak. This shifting of spectral istgnfrom the Fermi level signifies
formation of the SC gap. The striking feature in the spectiaw T, is the sharpening of
the peak with decreasing. This indicates that the scattering rate of the quasigastiwhich
determines the linewidth di(k, w), drops sharply below. underlining the role of electron-
electron interaction in the superconducting sté8g[ Another striking feature in the spectra
belowT, is the appearance of the dip in the spectra at a binding enleagys slightly higher
than that of the sharp quasiparticle peak, followed by theapnce of a broader hump. The
origin of the dip is still debated. One more important indiiea of an unconventional pairing
mechanism comes from angle-integrated photoemissionregeopy, which gives the single-
particle density of statdN(w) (= Xk Ak, w)). In BCS superconductors, one electron intensity
moves up in energy from the gap region. This results in a as@en net electronic kinetic
energy in the SC state which is overcompensated by a gairtémiya energy due to pairing.
In contrast, angle-integrated spectroscopy in higleuprates]9] shows that one electron
intensity is shifted downward from the superconductingigapying a gain in kinetic energy
in the SC statg]6]. This demonstrates the fact that superconductivity inhigé-T. cuprates

is kinetic energy driven while BCS superconductivity isgrttal energy driven.

Apart from these, high~ superconductivity is distinguished from BCS superconiditgt
by other facts like the coherence length;The coherence length signifies the average size
of a Cooper pair. For conventional superconductgrs, very large, of the order of 500 A
to 10000 A. This length is much larger than the average distietween two Cooper pairs.
In high-T. cuprates¢ is very small in comparison. The coherence length of Cooperip
the ab-planes ., is ~ 12 A to 15 A which 3 to 4 times the lattice spacing in a plane. The
coherence length alongdirection is even smallek. is of the order of 2 A to 5 A, which is
smaller than the interplanar distance between two Qdagers.
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1.2 Electronic models for highT. superconductors

1.2.1 Basic electronic structure

Theoretically, it has been recognized that the key play¢heénphysics of cuprate supercon-
ductors are the CugQayers which are responsible for the low lying electronici&ations in
these systems. In the parent compounds of Aigbuprates, such as @uQy, the Ci¥* ions

are in 31° configuration. Each Ct ions is surrounded by six oxygen atoms in an octahedral
configuration, four oxygen atoms being in a Gu@dane and two perpendicular to the plane
(apical oxygen). The resulting crystal field splits the fiegdnerate CudBorbitals as shown
schematically in Figl.971, 8Q]. First the orbitals are split inte, andt,y States. A distortion

=
X2_y? £
ey P =
ad® 3z y? T
XY #
1, _ ™ .
’ XZYZ T
G o
Cu 2+ o
Atomic C;,ys‘(l’al Covalency fC Fﬁia\ Atomic
level 18 e level
(a) (b)

Ficure 1.9: Electronic structure of the cuprates. (a) A Guilane. (b) Splitting of the CucB
and O 2 orbitals in crystal field and their hybridization. (Souréef. [71])

from perfect octahedron due to a shift of the two apical O atorauses these two levels to
further split. The four lower energy orbitalgy, xz yzand & — r? are fully occupied by
electrons, while the orbital with the highest energy, k&— y? is half-filled. Since the ener-
gies of the Cu 8 orbitals and O p orbitals are close, there is a strong hybridization between
them. As a result, the antibonding Cd,3,. - O 2p,, hybridized orbital lies topmost in the
spectrum.

1.2.2 Three-band Hubbard model

Thus the electronic state of the cuprates can be describedtimee-band Hubbard Hamil-
tonian corresponding to electronic motion in one @¢l,» and two Op,, orbitals per unit
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cell[81, 82]. In terms of a hole notation, where the vacuum is defined lathalorbitals in
Fig. 1.9 occupied, the Hamiltonian can be written as,

= _tpd Z d|0’ + h C - tpp Z (p-}O.pj’(T + hC)

(o (i

nd n° +U n U np n°

+é€g I(r+€p i T Yd 1Y% it
io j

+Ugp Z n,(,nf’(r (1.1)

(ijy,oc0"

The operatodfg creates a Cud._,» hole of spinc at sitei and pJT(, creates a O @, hole
atsitej. n = d' d,, is the number operator for holes and smfs. (ij) refers to pairs of
nearest neighbour (nmYCu) andj (O) sites. The hopping tertyy corresponds to hybridiza-
tion between two nn copperand oxygenp orbitals, while thet,, represents direct hopping
between two nn oxygep orbitals.es ande,, are the energies of a hole in tendp orbitals,
respectively.Uy andU, are two positive constants that represent the repulsivenpiat be-
tween two holes occupying sanaeand p orbitals, respectively. Finally),q represent the
interaction potential between two holes occupying twalramd p orbitals.

The values of dterent parameters in the Hamiltonian can be obtained frowtrel@c
band structure calculations. These values estimatedaBusie listed in Tablel.1 It shows

3.6 |13/065 105 4 |12

TasLe 1.1: Values of various parameters (in eV) in the three-baaciHonian obtained from
electronic band structure calculati8g]

that the hole energy in a copperorbital, €5 is lower than that in oxygemp orbital, ;. As

a result, the first hole added to the system will occupy the €orBitals as is observed in
undoped Cu@planes. This is schematically shown in FiglQ The energy to doubly occupy
the Cud orbitals,Uy is ~ 10.5 eV which is very large compared with all other energies in
the problem. The lowest energy excitation in the system esctiarge transfer excitation,
in which a hole fromd orbital hops to a nearegtorbital with amplitude-t,q. However as
(ep— €q) Is suficiently large compared wittyy, the hole is essentially localized in therbital
forming a magnetic moment in the corresponding Cu atom. Wameextra hole is added to
the system by way of doping, the new hole will occupy a oxygenbital because of the large
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Uy

E; Y 1

Ficure 1.10: The copperd._,» and oxygen Pxy orbitals in hole picture. In undoped CyO
planes, a single hole occupies the copperbital. (Source: Ref.d7])

energy costly in doubly occupying al orbital. The holes can hop vigg and thus can get
delocalized to form a metallic state.

1.2.3 One-band models

The full description of hole doping the three-band modebisiplicated because of the large
number of parameters involved. However it has been reatlzithe low-energy physics of
the problem can be understood in terms of #eaive one-band model. The idea is that, a
doped hole resonates between the four oxygen sites suimmuacdcopper atond4]. These
states combine with the spin of the central copper atom to fosinglet, known as the Zhang-
Rice singlet. Thus the doped hole originally located in aygen atom get replaced by a spin
singlet state centered at copper atom. This is equivaler@mmving a copper spin from the
square arrangement of copper spins in an undoped Gy@r. The Zhang-Rice singlet can
hop from site to site with anfiective hopping integrat, of the order oftﬁd/(ep — &) In this
picture, the oxygen atoms are no longer present in the systkisis schematically shown in
Fig.1.11

By focusing on the low-lying energy states of the single,lible doped three-band model
simplifies to an &ective one-band model. In the limit of largg, - €;) this maps on the-J
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Ficure 1.11: A two dimensional copper oxide layer (left) simplifigda picture in one-band
model (right). (Source: Ref2[r])

modelB5], given by

?{:SDG[— Z t.,(cwc,g+hc +JZ(SS —in, )

{,j).0 (N)

P (1.2)

Herec' (c.) is the fermion operator that creates (annihilates) artrele®f spino- at sitei

loo

while n; is the number operator given by,= 3, cfacig. S Is the spin operator at sitegiven

Cit

by S* = wf(%a-(,)wi, wherey; = ( ] ando, (@ = XY, 2) are the Pauli spin matrices; is
Ciy

the hopping integral between two nearest neighbour gijegndJ is the antiferromagnetic
exchange interaction between two spingiaf). The operatorPg = [];(1 — niyny) is the
Gutzwiller projector that restricts the Hilbert space into a subsp&singly occupied sites.

The parameter values of the Hamiltonian determined frorarif§86] and experimen§g9, 87]
are found to bet;; =t = 0.44 eV and] = 0.13 eV.

In addition to the above, another model relevant to the Aighuperconductors that has
been widely studied, is the two dimensional one-band HubbeardelB8g]. This Hamiltonian
is written as,

H = - Z tij (CiT(TCj(T + h.C.) +U Z NitNjy (13)
(ij),o i

The first term represents the hopping of electrons from aeetsianother as before and the
second term represents the repulsive Coulomb energy betweespins occupying the same
site. The on-site interaction potentibl,in the model plays the role of the charge transfer gap,
A = €, — g In the electronic structure. The valuefrelevant to the highr. cuprates is- 8t,
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which is regarded as moderately large. In the strong cogyilinit, it can be shown that the
Hubbard model reduces to thel model as far as low-energy excitations are concerned.

1.3 Theoretical studies of highT; superconductors

1.3.1 Alternative approaches

From the large number of experimental evidences showingusranomalous features of
cuprate superconductors, it was very clear from the beggthat superconductivity in these
materials can not be described by the BCS the&@89iypf conventional superconductors. The
most basic questions are the origin of pairing and the natiitlee superconducting state in
these materials. Various theories were proposed that tadtivess these issues as well as
explain other observed anomalies in the cuprates, but mbathem are invalidated by one
experimental evidence or the othg].

The initial idea was to construct theories in the BCS framéwioat consider the presence
of strong planar antiferromagnetic correlations in highsuperconductors. These Fermi-
liquid based theories include the spin-bag thedd}[spin-fluctuation based theori€d] 92]
and theories based on Van Hove singularity scen@8j094] among others. Another ap-
proach that treats antiferromagnetism and supercondiyadiv the same footing is the SO(5)
theoryP5]. On the other hand, a number of other theories have beemgedthat are based
on quite new physics. The most notable ones are the bipokienryP6|, the marginal
Fermi-liquid theory (MFT)97] and the Luttinger liquid theor@6]. The bipolaron theory is
based on the fact that an electron motion is accompanied &tieel distortion due to strong
electron-phonon coupling. The resulting motion is desatiby a polaron. A bipolaron is a
bound pair of two polarons which are mutually attracted Ityda distortion. The bipolarons
are spin singlets and form a Bose condensate at the SC inartsinperature. The marginal
Fermi-liquid theory proposes that in high-superconductors, electron-electron interactions
are so strong that it drives the quasiparticle weighthe jump in momentum distribution at
the Fermi level, towards zero. However, it assumesZhat 0 very slowly (logarithmically)
so that a Fermi surface remains just barely. In such a sttter physical properties of the
system show non-Fermi liquid behaviour.
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Amongst the various theories put forward so far, the theary @ Andersorf6] seems
to be the most rigorous. The theory is able to explain manh@&xperimental observations
in high-T, superconductors. According to this theory, supercondiigtbriginates in the in-
dividual CuQ layers of highT, superconductors due to pairings caused by some electronic
mechanism. A single-band Hubbard model of intermediat@log strength is good enough
to describe the electronic excitations in a Gu&yer. The electronic system described by the
2D Hubbard model at finit& exhibits Luttinger liquid behaviour, which are characted by
features, such as, fractionation of quantum numbers, amplawesingularity of momentum
distribution at the Fermi surface, unusual exponents afetation functions etc. Collective
excitations in Luttinger liquids are described by spjg-dpinons and-e spinless holons which
propagates with diierent velocities leading to spin-charge separation. ¢Faris conductiv-
ity in the normal state of highz superconductors is blocked due the confinement property
of Luttinger liquids which prohibits coherent single pal¢i hopping across the planes. How-
ever in the superconducting state, pairs can tunnel adneslayers coherently lowering the
kinetic energy substantially. This interlayer pair tunngl(ILPT) amplifies superconductiv-
ity preformed in the Cu@planes and provides almost all the condensation energyeseth
superconductors leading to the high value3 of Though quite successful, the theory is still
incomplete in the sense that, it does not explain the mestraoi pairing in the Cu@planes.
Moreover, certain experiments seem to contradict the ILE3nario. As an example, the
measured-axis penetration depth in JBaCuG;.,[98, 99 is found to difer from the value
predicted by the ILPT theory by roughly one order of magretud

1.3.2 Success with th&J model

The electronic system described by th&Hamiltonian is strongly correlated because of the
projection operatorfs in it (Eq. (1.2)) which prohibits doubly occupied sites. Theoretical
studies on thé-J model have shown that the strong correlations present imdukel is enough

to capture the essential physics of highsuperconductors (see Re27] for a review).

Thet-J model has often been used to study higlsuperconductivity from the viewpoint
of doping an antiferromagnetic Mott insulat®7]. The undoped compounds of high-su-
perconductors behave as Mott insulators. It has one etegieo unit cell but is insulating
by virtue of strong Coulomb repulsion between two electromshe same site. In the CyO
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planes, virtual hopping to a doubly occupied state leadsntardiferromagnetic exchange
coupling,J between two nearest neighbour Cu spl@¥]. In fact, a variety of experimental
and theoretical studieBD1, 102 103 104 have shown the copper spin systems in the £€uO
planes to be a close realization of the spji2-2D AF Heisenberg modek; = J 3, S.S;,
which is same as thieJ model at half-filling.

To describe evolution of the ground state and excited stdtes model with hole dop-
ing, an important idea introduced by Anders@j[is the concept of resonating-valence-bond
(RVB) liquid (see Ref. 105 for a review). The RVB state can be described as a coherent
superposition of states in which various pairs of electfons singlet bonds between them.
It is a unique spin-singlet ground state of the spj2-AF Heisenberg Hamiltonian and have
no long range AF order. It was suggested that the RVB statédagive a better description
of the ground state of theJ model doped with holes. The Néel ordered AF state is incémpa
ible with hole doping which can be seen as follows. As soonddashare introduced into an
undoped Cu®@plane, it will tend to hop around in order to lower its kinegiwergy. In an Néel
antiferromagnetic background, this will cause two neamegihbour spins to align ferromag-
netically thereby destroying the AF order and increasingrgyn On the other hand, a better
compromise between the hole kinetic energy and spin exehangrgy can be achieved, if
instead the holes are envisioned to hop around in the bagkdrof a liquid of spin-singlet
states. These ideas were quantified by a number of analgichhumerical calculations.
Elementary excitations in the RVB state are obtained byKingasome of the singlet bonds
in it. It give rise to neutral spin-/R fermionic excitations called spinons. When doped, the
holes combine with the spinons to form bosonic excitati@ied holonsL06 107]. A spinon
carries spin but no charge whereas a holon carries chargeolsyin, thus spin and charge
excitations are separated.

An important realization regarding the RVB state is thaait be generated as a Gutzwiller
projection of a suitable trial wavefunction,

Yrve) = P [Yo) (1.4)

wherePs is given by Eq. 1.2). The physical properties of thie]l model can be readily studied
within such a wavefunction because it takes care of the cnsino doubly occupied site.
However the diiculty lies in the implementation &?. Analytically, it has been implemented
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approaximately in a variety of ways. Numerically, the riesion of the projection operator
has been enforced exactly using computers.

The slave-boson mean field formalism for thémodel[L0§ 109 110 is a powerful ana-
lytical method to implement the projection operator. Irstfirmalism the fect of projection
is replaced by introducing an auxiliary boson field and tisaiitant Hamiltonian is decoupled
using mean-field approaximations. The incorporation oftflatons around the mean-field
provides a way for systematic extension of the slave-bosesamfield theory (SBMFT). This
is done in the U(1) gauge theoiy1, 112 113 and the SU(2) gauge theody14 for the t-J
model. These studies showed that th& model indeed supports superconductivity with a
d-wave pairing symmetryA, = A(cosky — cosk,)) and a pseudogap phase in underdoped re-
gion. Thisisillustrated in Figl.12which shows the phase diagram for thémodel obtained
by the SU(2) mean-field theord/L4]. The figure shows six elierent phases for thteJ model.

LS

0.2 | S7 |
FL

SC | e e

T

xt/Jd 0.2

Ficure 1.12: SU(2) mean-field phase diagram for thé& model fort/J = 1, as a function

of temperature,T and hole concentrations. Also shown are the Fermi surface topology

in various phases which consists of Fermi surface, Fernd amel Fermi points (Source:
Ref. [27]).

The localized spin phase (LS), uniform RVBRVB), n-flux Liquid (#fL) and the staggered
flux liquid (sfL) phases all correspond to some unusual rietstatesp7]. As temperature

is lowered, theuRVB state changes into thdL or sfL phases at underdoping. A gap opens
up near (Or) points of the Fermi surface and these two phases corredpdhéd pseudogap
phase. At lowl and away from half-filling, the phase islavave superconducting state of the
electrons. The Fermi surface is gaped except alang) directions. The FL phase represents
a Fermi liquid metallic state of the electrons.
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The renormalization mean-field theory (RMFT) due to Zhahgl[115 provides another
way of tackling the projection operator in the Hamiltonian (see Refl[1g for a review).
The RMFT is based on the Gutzwiller approaximation (GA)f] within which the dfects of
projection are absorbed by statistical weight factordedalenormalization factors. In GA,
one writes

(PolPcOPsto) _  (FolO¥o)
(PolPcPs|o) ® (YolWo)

(1.5)

Where the expectation value 6f within the projected stat®s|Wo) is approaximated by a
corresponding statistical weiglit; multiplying the expectation value within the unprojected
state. This approaximation for the kinetic and exchangeggrerms of the-J model leads
to two renormalization factorgy andgs respectively, given by

g =2x/(L+x) and gs=4/(1+ x)? (1.6)

where x represent the average concentration of holes in the lati@ensequently thé-J
model gets modified to

Hers = —git <”Z>;r t; (c?o_c,-(, i h.c.) + QgsJ %; (S.S,- - %ninj) (1.7)
If the renormalized-J Hamiltonian is treated within the Hartree-Fock-BCS apgnwetion,
then one arrive at a modified BCS gap equatld®]. Optimum solution of the gap equation
gives a superconducting gap, which have ad-wave pairing symmetry. The SC state is
characterized by an order parameter (OP) defined as,

® = (cc]) (1.8)
In GA, @ is renormalized by, as® ~ gA, whereA is the maximum ofA,. Results forA
and® calculated thus were compared by Andersbma[105 with the SC gap obtained by
ARPES and the correspondifigfor Bi2212. Here we reproduce the comparison in Eid.3
As seen in the figure) is maximum near half-filling and decreases uniformly witlpihg).
The parameteA corresponds to the crossover temperaflir@vhich marks the onset of the
pseudogap in underdoped cuprates. On the other [ahads a non-monotonic dependence
on x resembling the variation of. with doping. The comparison shows that the theoretical
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Ficure 1.13: (a) Thed-wave gap parametep and the SC order parametdr,as a function

of hole doping,x in thet-J model forJ/t = 0.2 calculated using the RMFIL5. (b) The

spectral gap (in meV) for Bi2212 as measured by ARAEg[and T as a function of hole
doping. (Source: Ref105]).

prediction agrees very well with the results obtained fromegziments.

The properties of thed model as well as the Hubbard model have also been extensively
investigated using a variety of numerical methods (24gfpr a review). These include vari-
ous Quantum Monte Carlo (QMC) techniquek§ for finite size lattices, Lanczos diagonal-
ization of small clusterd[20, 121], density-matrix-renormalization group (DMRG}2 stud-
ies ofn-leg ladders, dynamical mean-field theory (DMFI28 for bulk lattice etc. The early
proposal of using the projected RVB wavefunctions as quargtates of the-J model was
implemented numerically in Variational Monte Carlo (VMQG)Iculations by Grog[24, 125
and others (segl.3.3. Studies using all these techniques show thatthenodel supports
an antiferromagnetic phase at half-filling, a pseudogap@l underdoping anddwave
superconducting phase for a wide range of hole doping aveay fralf-filling. Particularly,
Sorella and co-authork26 127, 128 129 130 using much more refined calculations based
on several numerical techniques have showrtth@ve SC state to be a robust ground state of
the two dimensionatlJ model away from half-filling. Thus itis clear that thed Hamiltonian
is a worthwhile candidate for studying superconductivityhie highT. cuprates.
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1.3.3 Variational Monte Carlo studies

The Variational Monte Carlo (VMC) method is a powerful nuioal technique to study
Gutzwiller projector based variational wavefunctionslikmthe analytical methods describe
above, VMC allows one implement the Gutzwiller projeci®g, exactly. It can be employed
to study the physical properties of a variational wavefiomcfor a wide range of parameter
values. The fermion sign problem that plague the other Quarilonte Carlo methods is
absent here. However it a variational study and hence therdat results are dependent on
the choice of the variational wavefunction. Also one is tedito studying mainly the ground
state properties only. Nevertheless, VMC has been extgsiged over the years to study
the physical properties of various lattice fermion modekhwreat success.

The Variational Monte Carlo (VMC) method was first appliedstady the ground state
properties of*He[131] and later on it was extended to study fermionic systethi)[132
133. Since then the method has been applied fedent lattice fermion models to study
various ground state phases, such as a Fermi liquid metlbaramagnetic, a long-range AF
ordered state ettB4, 135 136. Following the idea of using RVB type wavefunctions to stud
the guantum states of highs- superconductors, Grds?4, 125 applied the VMC technique
to thet-J Hamiltonian by taking a projected BCS superconductingestath d-wave pairing
symmetry as trial wavefunction. The study showed thatdiveave SC state is indeed a
variational ground state of thiteJ model for a wide range of hole doping. Similar result was
obtained by Yokoyamat al[137] who studied the-J model using a grand canonical VMC.
In an extensive study of the phase diagram of a two dimenktedianodel using VMC by
Yokoyamaet al[138], several pairing symmetries for the SC state were consiand it was
found that thed-wave state give lower energy for J parameter values that correspond to
experimental results. The phase diagram inrthe J/t plane,n being the electron density,
is shown in Fig.1.14 As seen in figure, at half-fillingn(= 1) and forJ/t < 1.4, the phase
is AF insulating. Thed,._.-wave SC phase emerges as the stable ground state away from
half-filling for a broad range ofi andJ/t. As hole doping is increased, the SC phase makes
transition to a paramagnetic metallic phase at a criticaisdy that depends od/t. For
low electron density and a range of larggt, a SC state with extendedwave symmetry
(Ax = A(cosk, + cosky)) (S) appears in the phase diagram. For higher valuktpfve get a
phase separated (P.S.) state in which holes and electrosspggerated into islands of hole and
electron rich regions. The ferromagnetic state (FM) is ioleiéhfor J/t — 0 andn > 0.7. The
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J/t

Ficure 1.14: Ground state phase diagram of thet2Dmodel as a function of electron density,
nand exchange coupling/t obtained by VMC (Source: Refl1B8).

interplay of antiferromagnetism and superconductivityhie two-dimensionatJ model has
also been examined using VMC by several auti®9[14( and it was found that AF long
range order coexists with tiilewave SC phase in the underdoped region.

The usefulness of VMC was demonstrated more recently byniRekantiet al[141, 142,
who extensively studied the 2D Hubbard model in strong daggimit using VMC by con-
sidering thed,._» wave SC state as the variational wavefunction. Several kggipal proper-
ties were calculated and comparison of the results withrexeatal data on cuprates showed
fairly good agreements. An exciting prospect is the appboaof VMC to study the finite
temperature properties of the superconducting state. Hdgsalready started in recent past
and various aspects of the quasiparticle excitation syecin the Gutzwiller projected BCS
wavefunction are being examined using this technitdg[144, 145. Thus VMC can be
expected to give more wider information about the cruciatlping excited states in highz
superconductors in future.

1.4 Interlayer coupling

It is generally agreed that the key physics of the cupratemgmductors lies in a single CydO
plane. The electronic system in these copper oxide layerstewsngly correlated. Theoretical
studies over the years have shown that, indeed such a twosiomal strongly interacting
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electron system can give rise to many of the unusual pr@sediserved in higfiz super-
conductors. Thus a number of theories proposed for the Tdghuperconductors have con-
centrated mainly on the isolated copper oxide layers angbliysics that emerges from the
presence of more than one Culayer have received limited attention.

Nevertheless, interlayer coupling betweeffatent CuQ layers in the cuprate supercon-
ductors influences many of its physical properties (see [$&f.for a review). The crystal
structure of these materials consists well separated blotk closely spaced CuQayers,
wheren can be 1, 2, 3 or 4 (segl.1.]). The separation between the layers in a block or unit
cell in multilayered compounds is very sma# B.5 A), whereas the blocks itself are sep-
arated by large distances 6-8 A). Therefore the coupling betweerfférent copper oxide
layers within a unit cell (intracell) is generally distingbed from that between two adjacent
blocks of the closely spaced Cuf@yers (intercell coupling). The nature of intercell caogl
in the cuprate superconductors and its role in the obseargdd-axis anisotropies in various
physical properties has been intriguing. For example tele band structure calculations
predict thatc-axis charge transport in the normal state should be me@lie to the finite
hopping integral between laye&€]. However experimental evidences suggest that single
particle hopping of electrons across the Gu&yers is highly incoherent. Several mechanism
have been proposed to explain this phenomenon, sucheaxss charge confinement due to a
non-Fermi liquid ground state in the layetdp, 147, 148, renormalization of the interlayer
hopping by inplane scatterintg9 etc.

As regard to the Cu@layers in a single unit cell of multilayered cuprates, itaagsonable
to expect coherent single particle motion across the ldyecause of their proximity. In fact,
band structure calculations on bilayered superconduaoch as BiSr,CaCuyOg, « (Bi2212),
predict a splitting of the main electronic band crossingReemi level into a bonding. (k)
and an antibonding_(k) band, withk representing a two dimensional wavevector in the first
Brillouin zone for a single Cu@layer[150. Such a splitting would originate from a coherent
hopping electrons between the two Gu@yers in a unit cell. Further, calculations show that
the splitting isk dependent and can be quantified as,

t (k) = % |cosk.a) - coskya)| (1.9)

with t, being~ 0.1 — 0.15 eV. Thus the splitting is maximum at, () or (r, 0) points and
zero along the#, 7) direction. However, early ARPES study on Bi2212 reportiesesmce of
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any such bilayer band splitting$1]. But later ARPES studies with improved resolution on
overdoped Bi2212 have clearly shown the presence of thedyditting as suggested by band
theory[Ll52 153. More recently, finite bilayer band splittings in optimatioped Bi2212 and
YBCO have been observed even in the nodal redib#[155 156

The implications of these interlayer couplings on the ptgisproperties of the cuprate
superconductors are profound. The famous peak-dip-humgtste observed in the ARPES
spectra of bilayer superconductors near thé) point of the Fermi surfaceép, 77, 157 is
shown to be a consequence of the bilayer splitting (388 [and references therein). In the
magnetic excitation spectra away from half-filling, a conmswate £, 7) resonance peak in
inelastic neutron scattering data is observed only in bilagaterials, such as, YBCO§9,
16Q and Bi2212[161], whereas the the feature is absent in monolayer LI6Q] Fur-
ther a gap in the spin spectrum observed in bilayered YBCGQtdates another distinguish-
ing feature when compared with the monolayer compour&| In the superconducting
state, tunneling of Cooper pairs across the layers is liéy play a crucial role in highz
superconductorgp]. It has been proposed that interlayer pair tunneling gtesithe large
condensation energy in high-cuprates leading to the high values of superconductingitran
tion temperature. In fact, the transition temperatiigggf multilayered compounds are much
higher than that of their single layered counterparts wighTt. of different members in ho-
mologous series of compounds increasing linearly with tialmer,n of CuG, layers per unit
cell (forn < 3) (see§1.1.1). However, reliable theoretical work on multilayered gyst are
very few and hence the role played by the interplanar cogplin determining the physi-
cal properties, especially in the superconducting stat@rgely left unexplored. This is the
motivation for us to proceed with the current project on dedbilayered systems.

TH-790_AMEDHI



Chapter 2

Bilayer t-J model and variational Monte
Carlo method

2.1 Introduction

In this chapter, we introduce the model for bilayer supedemtors used in this study. Previ-
ous results for this model in literature are discussed priéfext we describe the variational
Monte Carlo method which we use for studying the model. Thn&dism and the algorithm
for the method are described in details. For verificationwfandes, we show comparison of
our results with that of the published works.

The second part of the chapteg2(4) briefly deals with a problem which is somewhat
different from the main focus of the thesis. Here we have stutediects of nonmagnetic
impurities on the magnetic properties of the Hubbard madaltivo dimensional lattice and a
two-leg ladder using the Quantum Monte Carlo method. Thalt®are interesting and agree
with experiments on impurity doping in the cuprates.

2.2 Bilayert-J model

Often the first step in any theoretical study of a physicateaysis to model the system by
a representative Hamiltonian in such a way that it remaecable to the available tools of
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study. In our case, the task is to decide on a minimal Hamdtothat would represent the
bilayered superconductors, such as, YBa&Os.x (YBCO), Bi,Sr,CaCuyOg, 4 (Bi2212) etc.

We have seen tha$1.3.2 a single Cu@ layer in the high¥. cuprates is well described by a
two dimensionat-J Hamiltonian (Egql.2). Therefore it is reasonable to extend this Hamilto-
nian to the closely coupled Cy@lanes in the bilayer compounds mentioned above. Here we
have considered a Hamiltonian for bilayer superconducitrsre each layer is represented
by the two dimensionatJ model and a single particle interlayer hopping and an exgdan
term connects the two layers. Thus our model for bilayer siqreluctors is given by,

t Z (¢ cje +hc)+J Z (S.Sj -~ %—-ninj)
(i,jyo (SN

¥ Z (citrck(, + h.c.) +J, Z (S.SK - %‘rni nk)

(i.kyo «i.kyy

H = Po

Pe (2.1)

Heret andJ are the planar hopping and exchange integrals respectivieé/fermion opera-

torsc, (CL) annihilates (creates) an electron of spiat sitei. S is the spin operator at site
. G I .
given byS? = w?(%aa)wi, wherey; = g ) ando, (@ = X, Y, 2) are the Pauli spin matrices.
G,

The Gutzwiller projection operatofs = [[i(1 — niyni;) imposes the condition of no double
occupancy of the sites. The summation indeX) runs over the pairs of nearest neighbour
sitesi, j in each individual layers. Thus, the first two terms in E2}1) represent the-J
Hamiltonian for two uncoupled single layers. The last twarg in the equation provide the
interlayer couplings via the single particle interplanapping and exchange integral,and

J,, respectively. The summation indé€x, k)) runs over the pairs of interplanar nearest neigh-
bor siteq, k. It may be mentioned that the observed band splitting irnybiiauperconductors
due to single particle interlayer hopping is anisotropik4space (planar) as describedih4.
However here we considerkaindependent hopping integral, for simplicity.

Such a model has been studied previously in connection vilitlydy superconductors,
mostly within mean-field approaximations. Biagitéd, 165 166 using the slave-boson
mean field theory (SBMFT) studied th&ects of interlayer coupling on the superconduct-
ing properties of a bilayer. He found that larger interptahapping strongly reduces the
superconducting (SC) transition temperature, but it eoésithe magnitude of the SC gap in
underdoped regime. On the other hand, the interlayer exgheoupling was found to have
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negligible dfect. Yuanet al[167] studied charge transport in the bilayted model with in-
terlayer interaction and observed qualitatively similah@viour as in single layered systems.
The dfects of the interlayer exchange coupling on the magnetitatian spectra of bilayers
was studied by Krugeet a[168. The interlayer coupling was shown to give rise to bilayer
band splitting of the magnon band. The observed magnonmispenear the antiferromag-
netic wave vector was found to be in agreements with neutatiesing experiment results.
The phase diagram of the bilayed Hamiltonian as a function of the interlayer parameters
and hole doping was examined using SBMFT by Zkaal[169 who identified several flux
phases apart from tribwave SC state as the stable states of the Hamiltonian atugapa-
rameter values. Zhoet al[170 considered a similar model to study the doping dependehce o
the spin resonance peak in the odd and even channels of bdagerconductors. Recently,
Yamaseet a[17]] in a comprehensive study, explained the magnetic exeratand their
anisotropy in the bilayer YBCO on the basis of the bilalydrmodel.

2.3 The variational Monte Carlo method

The method we choose here for studying the bildayg&Hamiltonian is the variational Monte
Carlo (VMC) technique. It is essentially a variational stuehere calculations are carried out
using the Monte Carlo technique. The usefulness of VMC idyng the strongly correlated
electronic models of high superconductors was stated earliefIn3.3 As mentioned, the
chief advantage of VMC is its ability to treat the constraiftno double occupancy in the
t-J Hamiltonian exactly. In fact, it is trivial to implement ti@utzwiller projection operator
in this technique whereas analytical methods achieve it approaximately. Also a larger
system size can be studied in comparison with exact diagatian (ED). The details of
this method in the context of the superconducting wavefanatonsidered in our study is
described below.

2.3.1 Representation of the wavefunction in real space
A variational study starts with choosing a trial wavefuoaotfor the ground state of the Hamil-

tonian. For VMC simulation, the trial wavefunction is firstpgessed in real space represen-
tation. Here, we demonstrate the procedure by considenmgvafunction which describes
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a state of paired electrons. The wavefunction is the Gulzmplrojected BCS wavefunction
which we shall consider later for studying the supercondgdtate of the bilayet-J Hamil-
tonian. The wavefunction is given by,

[Pvar) = PcPnl¥acs) (2.2)

where®Ps = []i(1 — mymy) is the Gutzwiller projector which imposes the conditionnaf
doubly occupancy an#y is an operator which projects out the state with a fixed edectr
numberN. |Wgcs) is the BCS wavefunction given by,

Wacs) = | | (u+vicycly, ) 100 (2.3)
k
whereu, andyv are the BCS cad#cients which are related to each other|ty? + |vi > = 1.
The product indexK’ runs over all points in the first Brillouin zone. EqR.Q) describes
a wavefunction with a varying number of particles which id nonvenient for numerical
simulation. Therefore the projection operafy in Eq. 2.2) is used to project out the states
with fixed electron number. To expreli&cs) in fixed N representation, we write it as

Wecs) = []_[uk]]_[(1+so(k)cchikl)|0>

k k

| [ exp(etk)cy,c’y, )0y
k

C exp(Z so(k)CETCikl]lm
k

N/2
Z Chn/2 [Z Qﬂ(k)CETCjkl) 10) (2.4)
k

N=0,2,...

whereC’, Cy are constantsp(k) represents the pairing amplitude and is given by,

o(k) = % = A (2.5)

AN \/m

whereA, = Af(k) is the superconducting (SC) gap functipnis the chemical potential. In

general A andu are treated as the variational parameters. Fodghe-wave @-wave) state
f(k) = (cosk, — cosky). The quantityey is the free electron dispersion relation which for the
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bilayer model is given by
g = —2t (coskx + cosky) — 2t, cosk, (2.6)
with k; being 0 orr. Thus from Eq. 2.4), for evenN we can write
N/2
Pnl¥ees) = (Z ¢(k)CETCikl) 0) (2.7)
k
Therefore our variational wavefunction of EQ.2) becomes,
N/2
Prar) = P [Z so(k)ciTcili 10) (2.8)
k

The wavefunction is represented in real space by using tbhadtdransformation,

Gl \/LN_S Z e kg (2.9)
so that we get,
N/2
s (Z o(ri —r ,-)cﬁc,l] |0) (2.10)
i]

whereNs is the number of lattice sites; andr; are the position coordinates of and ji,
electrons, respectively.

o) = 1 " ege 211)
Sk

The wavefunction in Eq.2.10 in that form represent a resonating-valence-bond (Rvétest
(81.3.2 with singlets in all possible pairs of sites of the bilayeklattice. LetR be a configura-
tion of P (=N/2) up andP down spins represented by a ordered set of indi¢gsio, .. ., ip},
{i1» J2,-- -, jp}}, such that up spins occupy sitgs. . ., ip and down spins occupy sitgs .. .,
jp. Then the set of all fermion configurations without doublewgzancies is given by,

Ben, = {{{il’iZ’---’iP}, g o nplt|1<i< ... <ip <N,

1<ji<...<jp< Ngwithip# J, foranym, n} (2.12)

TH-790_AMEDHI
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Expanding the right hand side of EQ.L0 and rearranging the terms, the wavefunction can
be written as

W)= ). CRIR) (2.13)

ReBpns

where|R) = (clT c....ccc ..c )|0>. The summation oveR excludes configurations
1T 7127 ipT i1l T2l jrl
with any doubly occupied site. The d@eientsC(R) can be expressed as determinants of the

amplitudesp(riy —rj;) as

e(figp =) - @(ligy = Tjpy)
C(R) = : : (2.14)

O(Fipp =) =+ @(Fipr = Tjp1)

Herer; ; represents the position vector of theth siteoccupied by thep-th up electron

2.3.2 Lattice boundary condition

For calculation of the determinantal ¢beientsC(R) in Eq. (2.14), one needs to first calcu-
late the amplitudes(r) by Fourier transforming(k) as in Eq. 2.11). However numerical
evaluation ofi(r) is not possible ifp(k) has singularities. For example, for tdg_,. wave
SC state,

o)=Y ) gk =) (2.15)

N - + \/ (6% — )2 + [ Alcosk, — cosk)]

where the sum is over all the allowed points in the first Buliozone. Clearlyy(Kk) is singular
for points withk, = k, ande, < u. These singularities ip(k) can be avoided by choosing
special boundary conditions or lattice geometries. Sonssipte choices in this regard for
a two dimensional lattice are - (1) a periodic-antiperig@d) boundary condition along the
two directions] 35 139, (2) atilted lattice with periodic boundary conditidi4, 142 (PBC)
along both directions, and (3) a rectangular lattice whasedsions are mutually co-prime
with PBC along both directions. For a bilayered lattice, ahyhe above conditions can be
applied to the individual layers. Here we take periodic tamy condition along planax-
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and antiperiodic boundary condition along plagatirection, i.e.

ghll) = ki
} (2.16)

akyb+ly) = _dky

Eqg. 2.16 determines the allowed values lof andk,. Thek, values are taken to be 0 and
n. The allowed points in the first Brillouin zone in a fixédplane for a 8< 8 x 2 lattice are

I
|
J

Ficure 2.1: Allowed momentum values in the first Brillouin zone in xefi k, plane for a
8 x 8 x 2 lattice with periodic (antiperiodic) boundary conditiatongx (y) direction.

shown in Fig.2.1
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e 6 o6 o (o o o o
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=

T

2.3.3 Calculation of the expectation values

Expectation value of a physical quantity represented fis/given by

- (Prarl AP yar)
A = ————~ 2.17
< > <\Pvar | \Pvar> ( )

TH-790_AMEDHI



36 Chapter 2. Bilayer t-J model and variational Monte Carlo hned

We can write it as .
(PvarlAIR)

(Ay = zR: PRI R (2.18)

where CRI
PR) = ——~7 2.19
® Yr IC(R)P (2.19)

From Eq. 2.18), (A) may be considered as a weighted sumigf= (¥, |AIR)/C*(R) overR
with P(R) as the weights. Numerically, evaluation of the sum in theatign is usually not
possible as the dimension of the Hilbert space is very laH@wever in general, owing to
the nature oP(R), only a fraction of the total number of configurations cdnite to the sum
significantly. In the Monte Carlo techniqu&{Z, the exact sum is approaximated by a sum
consisting of terms only a few percent of the total numberarifigurations, as follows. We
generate a large number of configuratiofiy), |Ry), ..., |Ry) from probability distribution
P(R) (see§2.3.4). Then the sum in Eq2(18) is approaximated by

< 1 2
By = B =15 ) AR (2.20)
i=1

Theoretically,(A)y converges tgA) in the limit M — oo. However in practice, a value of
M which is only a small fraction of the dimension of the Hilbepace is enough to get an
estimate(A)y fairly close to the exact valu@).

2.3.4 The Markov chain Monte Carlo method

The theory of Markov chain Monte Carlo method (MCMC) has bdescribed in detail
elsewherel72 173 174, 175. Here, we mention the essential ideas and results without
proofs. Consider a sequence of random variabggt is referred to as time) taking val-
ues from a given state spat®, a,, ..., an}. This sequence is called a Markov chain if the
transition probabilities fronX; to X.,; depend solely oiX;. That s,

Pr(Xu1 =aj| X = a...., X = &) = Pr(Xu1 = aj| X = a) (2.21)

The term in the left hand side of the above equation is theitiondl probability thatX:,;
has valuen;, given thatX; has values; and so on. LeW(i — j) be the transition probability,
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defined as
W(i — j) = Pr(Xu: = aj| X = &). (2.22)

A Markov chain is called homogeneous/fis independent df.

Let pi(&) be the probability that the chain is in staeat timet, i.e.
pi(a) = Pr(X = &) (2.23)

Clearly, the initial probabilitypo(a;) must be specified. During the Markov procesga;)
evolves witht. Now, clearly

pra@) = > Pr(Xe=ajIX =a)Pr(x =a)

2, Wi = Dea) (2.24)

Eqg. 2.29 is known as the Master equation (also as Chapman-Kolmegagaation). The
n-step transition probability is defined as,

WO (i - j) = Pr(Xun = a1 X = &) (2.25)
Then,
p@g) = ) WO = Dpofa) (2.26)
i
Now, a Markov chain is said to be irreducible or ergodic ierexists an integersuch that
WG = j)>0 Vi, j (2.27)

That is, each state is reachable from any other state in fim& In addition, a Markov chain
is said to be aperiodic if none of the eigenvalues of the malttiis —1.
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One of the main results on Markov chains is that if a Markovirclgergodic and aperi-
odic, p; evolves to a stationary distribution defined as,

play) = ) Wi — (@) (2.28)

However, usually the converse question is asked. Will a iadhain with giverW, reach a
desired probability distributiom? It is easy to see that if the detailed balance (reversibilit
condition,

p@)W(i — j) = pla)W(j — i) (2.29)

holds for alli and j, thenp is a stationary distribution of the Markov chain. Anothesutk
is that if a Markov chain satisfies EQR.9 and is ergodic, then irrespective of the initial
probability distributionp, it reaches for larget.

Metropolis Algorithm : Suppose that we wish to draw sampdew/ith a distributiono(a;)
from the state space. Metropolis gave an algorithm thatrgéee a sequence of draws from
this distribution. It is as follows:

1. Start with any initial stateg with p(ag) > 0.

2. From the current stat®, generate a trial sta@ by using an appropriate Monte Carlo
move froma;. Let g(a’, &) be the probability of generating a trial staefrom the
current state,. The only restriction on the Monte Carlo moves in the Metipalgo-
rithm is that it is symmetric, i.eq(@, &) = g(a;, ).

3. Given the trial state’, calculate the ratio,

p(@)

== (2.30)

4. If the move increases the weighpt(i.e.« > 1), accept the trial sta&@® as the new state,
a,,1 in the Markov chain. If the move decreases the weight (1), then accepd’ with
probabilitya. If rejected, consides, as the new stat@;,;. Return to step 2.
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The Metropolis sampling can be summarized as first computing

p@) }
“pa) )’

a= min{l (2.31)
and then accepting a trial state with probability The corresponding transition probability
which satisfies Eq.2Z.29 is given by

W(a — @) = axq@,a). (2.32)

The above algorithm generates a Markov cha) &4, ..., &, ...). Following a stificient
warm up period, it is guaranteed that the chain approacbesationary distributiop(a;).

2.3.5 VMC simulation

The adaptations of MCMC to VMC simulation have been desdrébéensively in literaturd[16,
132 135. The procedure to construct a Markov chain is described@btn this case, we
draw samplesk from the state space formed by various possible configuratidhe elec-
trons. The desired stationary probability distributio®{&) given by Eq. 2.19. The Monte
Carlo moves consists of hopping a spin to a vacant site arfthegjing two antiparallel spins.
The choice of the spins or vacant site are made randomly.

After each accepted move, the current state of the systedsiiede updated, that is, we
need to calculate the determinantal fmgent C(R) for the new configuration. Actually the
guantity that we need to calculate is the ratio,

E(RY

- TR (2.33)

between a new and old cieients for calculation of the transition probability as i the
expectation values. As given in EQ.14), the codficients are expressed as a determinant,
C(R) = det|B| whereB is aP x P matrix of the form,

e(rigp =Tjy) -+ @(Fiyr = jol)

O(Mipr = Tj1) = @(Nipy = Tjpy)
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P is the number of up or down electrons arfd 2 N < Ns. CalculatingC(R) directly for a
new configuration from the above equation 8#?) process and hence computationally very
expensive. This can be minimized by using the inverse updatbod of Ceperley[32. In
this scheme, the inverse Bfis also calculated and maintained which enables us to edécul
the ratio,r easily without the need of calculating a n€é{R) afresh. The updating of the
inverse ofB is O(P?) process which is much less expensive. To describe the guoeget us
define matrixD to be the transpose inverse®f

p=[B"]" (2.35)
We also define &l x Ng matrix, ® as

oty =ry) - @y —rng)
o = : : (2.36)

erng =ru) - o(rng = I'ng)
Now let us examine how the cficient matrixB changes after each hopping move. There

can be two types hopping move corresponding to selectingn(a) spin or (b) a down spin.

(a) Let us consider thp-th up spin hopping to the-th vacant site. In that case, tipeth
row of theB matrix of Eq. .34) corresponding to the current configuration will change
according to the new position of the spin. The new positiartaeof the spin igs, SO
the p-th row will be replaced by new row whose elements are,

®s, q=12,...,P (2.37)

wherer ;.| represent the position of the down spin electrons in the gordtion. Now
the ratio between the new and old dd@ents can be shown to be

"~ detB| ZJ[DO [ (2.38)
g=
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The inverse matrix for the new configuration can be calcdldtg updating the old
inverse matrix as follows

[D™ = [D™| /r for k=p, 1=12...,P (2.39)

[D"]y

Il
—
)
[=X
[o%
[E—

P old .
_ [Dold]pI Z:; [D ]kn Psiv (2.40)

(b) For the case of hopping tlieth down spin to thes-the vacant site, thg-th column of
the B matrix is replaced by a new column whose elements are given by

O, p=L12....P (2.41)
The ratio between the new and old determinant is

= oo = 241" ha e (2:42)

And the inverse matrix is updated as

[Dnew_'l ki

[DOId]kI /r forl=q, k=12,...,P (2.43)

o), = [D°'d]quP] ° OId]r D (2.44)

for | 9, k= ,2, ,P

[D™

For exchange of two antiparallel spins, the above schemdeamplemented in a two step
process to calculate the ratio of determinants. First weentlog up electron to the position of
the down electron making the site doubly occupied. The w@itibe two determinants is cal-
culated using the formalism of (a). Next the down electrom@ed to the previous position
of the up electron and the second ratio of determinants @itzdkd using the formalism of
(b). The product of these two ratios give the final ratio bemvihe cofficient of the new con-
figuration after exchange to that before exchange. Thesevaatrix is also updated through
the intermediate step.
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The process of generating new states in the Markov chaimismeeed by visiting diferent
lattice sites and hopping or exchanging spins. This prooésssiting the lattice sites and
making the Monte Carlo moves is called sweep. Generally @ante Carlo sweep (MCS),
Ns (number of lattice sites) moves are made which consistsging an electron to an empty
site and exchanging two antiparallel spins. The percemvégepping and exchange moves
should be tuned so as to maximize the overall acceptanceofatioves. Before measurement
is started, we need to warm up the system to a the desiredraaidistribution. Usually a
few thousand MCS is enough for warming up for a typical 208ssiattice. Once the warm
up is over, measurement process can be started on the sehsstaies. However successive
states generated by a Monte Carlo move are highly correlatextder to get a true statistical
estimate of a quantity, it is desirable to have samples warehindependent of each other.
Therefore measurement are performed on the states in therssz separated by a certain
interval. Here we consider an interval of 5 MCS, which is gglént to 5x Ns Monte Carlo
moves. Average values are calculated using EQQj by considering samples from the total
generated by about 1@ 10’ MCS. However, the results of individual measurements for al
the samples are not averaged together. The total numbeeefpsis divided int& (= 10-20)
groups and the measurement results for each groups aretedlgeparately ibins We then
calculate the bin averages separately, using

(Pral AIR;)
A M21C® (2.45)

whereM; is number of samples collected in th#h bin. These averaggsy, A,, ..., A} can
be regarded as true random variables and the final expettatioe is calculated using,

.o
<m:EZA (2.46)

The statistical error igA) is estimated as

28 ((Ay - AY
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2.3.6 Verification of the VMC code

We developed the complete code for the VMC in C programminguage. We performed
rigorous checks of the codes by comparing our results witheswell known results. By
switching dt one layer in our code, we calculated energies for the two dgi@alt-J model
at various hole doping. For the two dimensional model theeepéenty of results available
in the literature. Here, we show the comparison of our reswith those by Yokoyamat
al[13§

We consider thel-wave SC state in a 18 10 lattice and take the exchange coupling in
the planart-J Hamiltonian to bel/t = 0.5. We found the optimal values of the variational
parameter of the wavefunction to he= 0.57,0.72, 0.56, 0.38 and 025 for electron densities,

n = 1.00,0.96,0.88,0.80 and 072, respectively. These values match closely with thosergiv
in Ref. [138. Next we show comparison of energies corresponding fiemint terms in the
t-J Hamiltonian. We defin€&;, E; andEy as

E = <—tZ(c§chU+h.c.)> (2.48)
(,jyo
& - {1%ss) (2.49)
(W)
niN;
o _ <J _g> (2.50)
g (IZ;( 4)

Values of these three energy componentspg@n siteand in units oft) obtained from our
calculations and its comparison with the correspondingiealin Ref. 138 are shown in

Fig. 2.2 The excellent agreements between the two results as sdemfigures indicate the
correctness of our codes

For bilayer lattice, we could not directly compare our cétions with others as we are
not aware of any published VMC results on bilayer model. However we made a check
of the codes for bilayers in another way as follows. For a thatice of size 4x 4 x 2, we
calculated the energy of tliewave SC state at half-filling by exactly carrying out the sam
Eq. .18 by considering all possible the states of the system. Thermnantal cofficients
were calculated directly without going through any updatprocedure. The energy thus
obtained with all parameter values set to unity;-1s6518 per site. The energy obtained for
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0 . . . . . .
Yokoyama et al. —< 015 | Yokoyama et al. —<
Our result -~ ' Our result -~
= -02¢t 1 ©
= D 021
@ @
o o
= 047 = -025¢
< S
= =
06 | -03 |
0.96 0.88 0.8 0.72 0.96 0.88 0.8 0.72
n n
(@) (b)

Yokoyama et al. —<
Our result &~

-0.15 ¢

-0.2 ¢

E,/t (per site)

-0.25

0.96 0.88 0.8 0.72

©
Ficure 2.2: Comparison of our VMC results with those by Yokoyaetal138. Energies (a)

E: (b) E; and (c)Eq (per site in units of) for thed-wave superconducting state as a function
of electron densityp. Lattice size is 1 10 andJ = 0.50t.

the same case, by using the Monte Carlo procedureli8504, showing good agreement

between the two.
2.4 A gquantum Monte Carlo (QMC) study of the Hubbard
model doped with nonmagnetic impurities

Substitution of nonmagnetic impurities in the cuprate coomms has been used as an ef-
fective probe to study the nature of electronic correlaionthe materials, specially in the
underdoped region. The €uions in the Cu@ planes of the cuprate superconductors have a
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net magnetic moment, whereas ions likéZnaving almost same ionic radius as’€is non-
magnetic with a filled 8 shell. Thus local defects are created on the Cu sites byitubgj
them with Zn ions. One direct consequence of nonmagnetiaiitysubstitution in half-filled
cuprates is the weakening of antiferromagnetism due todbssggnetic moments and subse-
guent suppression of Néel temperatufg,as observed in L&CuQy[37, 176, 177]. Interest-
ingly in weakly hole doped La,Sr,CuQ,, Ty was found to increase when doped with a small
amount of Zn impurity before decreasing eventually for éangnpurity concentratiord[7§.
The experimental data indicates that the increaskyimccurs due to reduction of hole mo-
bility caused by the presence of Zn impurities. In the suprdccting state, nonmagnetic
impurities are found to suppress the transition tempesaiyf179.

Effects of nonmagnetic impurities have also been studied atefatbmpounds which are
of special interest because of the existence of a spin gapR Niddies of the the two-leg
ladder compound SrGQ@; (spin gap,A ~ 680K) have revealed that the gap gets rapidly
suppressed when doped with Zn impurit8{). Other experiments involving magnetic sus-
ceptibility measurement have shown that dc magnetic stibdép versus temperature curves
for Sr(Cu_xZny),03 shows a cusp-like anomaly at a particular temperature éefoowing a
Curie-Weiss behavior at lower temperati&]].

To elucidate these features and also to investigate thilatebetween holes and impu-
rities, we model the physical system by a strong couplingld4uth model with an additional
potential term representing the presence of the impuritidge resulting Hamiltonian in a
square lattice and in a two-leg ladder is studied using theefiamperature quantum Monte
Carlo (FTQMC) method. A number of relevant macroscopic gjtias are calculated as a
function of impurity concentration at fierent levels of hole doping.

2.4.1 The Quantum Monte Carlo method

The Quantum Monte Carlo (QMC) method is a powerful numerieehnique for studying
the finite temperature properties of a strongly correlatedten systen82. The advantage
of QMC is that it gives fairly exact result of a finite size syist and results are unbiased by
choice of any variational wavefunction as in VMC. Howevke hegative sign problem limits
its applicability away from half-filling and at very low terapaturel83.
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We developed the numerical code for the FTQMC method forystigithe Hubbard model
during the current project. The technical problem of staini¢y computations at low tempera-
tures is adequately taken care of by using the method of x@dddomposition introduced by
White et a[187. The details of the method are described in appeAdixere we show the
verification of our codes by comparing a few results for the timensional Hubbard model.
The Hubbard model is given by,

H =t Z (CiTO_Cj(r + hC) +U Z NipNj, — Z Ni- (251)
io

(o i

wherec’

loo

(ci,) is the creation (annihilation) operator for an electrositgi with spino-, and
N, = C Ci.. The sum(ij) is over all pairs of nearest neighbor sitess the hopping integral,

loo

U is on site Coulomb repulsiop,is the chemical potential controlling the band filling.

For testing our QMC codes, we calculate the following threamities for the Hamilto-
nian and compare with the corresponding results shown in[R8f. These quantities are
(a) squared local moment(0, 0) = {(ni; — my)?) (b) site double occupandi;n;;) and (c)
spin-spin correlation functiorg(i, J) = <(nn - n)(njy — n,-l)>. Results for these quantities
calculated using our QMC codes are shown in the Zi§. Comparing the results with that
obtained for the same quantities by Whetieal [182), we find very good quantitative agree-
ment between the two, thus indicating correctness of ouesod

2.4.2 Hfects of nonmagnetic impurities

We study the ffects of nonmagnetic impurity doping on the magnetic progexf Hubbard
model at and slightly away from half-filling. We also examiie mobility of holes in the
vicinity of an impurity to determine whether the impuritiefect the hole mobility. The
impurities are modeled by adding an extra potential ternméousual Hubbard model. Thus
we consider a Hamiltonian given by,

H = -t Z (cit,c,-(, + h.c.) +U Z nipNj; — Z Niy + Z Voni (2.52)
] = v

(o

where the first three terms represent the usual Hubbard rdefieed in Eq.2.51). The sum-
mation index’ in the last term denote an impurity site. The presence of giity can be
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Ficure 2.3: Results for a few quantities for the two dimensional bl model obtained by
our QMC. The results are in good quantitative agreement thidke in Ref. 182. The data
shown are for inverse temperatyge- 16/t and band filling{n) = 1.0. (a) The squared local
moment,c(0, 0) as a functior. (b) Double occupancyniyn;) as a function otJ. (c) Spin-
spin correlationg(i, j) as a function of distance. The paired numbers in parergitasng the
horizontal axis are the coordinates of a few chosen lattigetpin a 10x 10 lattice.

simulated by taking/, to be either a large (as compargd negative or large positivéB4.

For large negative value &fy, the corresponding sites are always doubly occupied making
them magnetically inert. On the other hand for large pos¥y, the sites will be rarely occu-
pied by electrons resulting in null magnetic moments in ie ¥#&keV, to be large negative,
that isVy = —20t. We have checked that occupancies of the impurity sitesemeclose to 2

for this potential. In case of multiple impurities, the inmjiy sites are chosen randomly.
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2.4.3 Two dimensional lattice

We consider a lattice of size 0 10. The Hubbard interaction potential is taken to be
U = 4t. The simulations are performed at an inverse temperatuge-ofl/kT = 6/t. We
calculate the local magnetic moment, = ((ni;, — nil)z)l/z, spin-spin correlation function,
c(i,j) = <(nn —ny)(njy — njl)> and spin structure factaB(q) = (1/Ns) 3; €4 c(i, j) (Ns

is the number of lattice sites) for the impurity doped lattat two values of band filling, e.g.
(ny = 1.0 and{ny = 0.93. We observe interestingfects of impurity, such as, enhancement
of magnetic correlations around an impurity, destructiorAB long range order by finite
concentration of impurities etc. The results are describéde following.

At half-filling, with one nonmagnetic impurity the value dfe local magnetic moment
is found to be 0, 0.882(3) and 0.867(2) at the impurity sitessieighbouring the impurity and
sites far away from the impurity respectively, indicatinglight enhancement of the value near
the impurity site. Qualitatively same behaviour was seetémd filling(ny = 0.93. Fig.2.4
shows the nearest neighbour (nn) spin correlations ar@antbalong<and diagonal directions
with reference to the impurity site, respectively. The nmgprrelations are found to increase

03| MC=1.00 —=— 10x10, U=4, p=p M= 1.00 —#—
' M= 0.93 —e— 02 f M= 0.93 —e— 1
ﬁ\*—‘*—* along d
[ 0.2 ¢ 1 >
< N 0
(S} Q
01t 10x10, U=4, B =6 ] along z
0.2 t
0
0 1 2 3 4 5 0 1 2 3 4
T
() (b)

Ficure 2.4: Spin-spin correlatiorg(i, j) for two nearest neighbour (nn) siteg as a function
of distancer; of the sitei from the impurity. (ay; is alongx'and the bonds j are transverse
tor;. (b)rj is alongxXand diagonal directiord, and the bondsg | lie alongr;.

in the vicinity of the impurity site which is in agreement tviprevious studie§BSy. The
enhancement decreases as one moves away from the impuwéaitafively similar behavior

is seen for the hole doped case. The origin of tiiiea can be understood on the basis of
the fact that configurations with lower energy are favouredenThe four neighbours of the
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impurity experience constrained hopping because of thauiityp To compensate for this,
a spin at these sites would prefer to have its other threeeseaeighbour sites not to be
occupied by the same species of spin, so that it can mininmiezegg by hopping to those
sites more frequently. This increases the spin correlatiwar the impurity. On the other
hand the increase in local moment at sites near the impgritgcause of reduced probability
of double occupancy at those sites which happens becausédbere surrounded by only
three ‘active’ sites. Fig2.5shows the spin structure fact8(q) calculated for wave vector
g = (m, 7), with different number of randomly positioned impurities. The ihiiggid decrease

10

8 [ 10x10, U=4, B = 6
= 6
E
w4t

2t

0 10 20 30 40 50

N
Ficure 2.5: Spin structure facto§(r, 7) as a function of numbelN of impurities. Parameter
values are shown in figure.

of S(r, 7) with increasing number of impurities is due to the suppoessf AFLRO. The order
seems to get destroyed completely at around 35% of impuoitgzentration in accordance
with experiments]77. The slow decrease beyond this concentration is due tontipetrity
induced dilution of the lattice.

2.4.4 Two-leg ladder

Next we examine theffects of nonmagnetic impurity doping in a two-leg Hubbardlkedof
size 20x 2. The interaction potential is taken to be= 6t. The impurity site configurations
are chosen in such a way that the ladder remains always deahnec

We calculate the magnetic susceptibility defined as,

1 (P
x(Q) = N IZJ] etatir) fo dr((nn(r) — My (7))(nj(0) - rm(O))) (2.53)
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50 Chapter 2. Bilayer t-J model and variational Monte Carlo hned

as a function of temperaturd, for the pure and doped ladder. He#eas the inverse tem-
perature and is the imaginary time. The results for the uniform magnetisceptibility,
xo(T) (= x(qg = 0, T)) whereT = 1/B, are shown in Fig2.6. For the pure case, suscepti-

15 . .
pure ladder =~
5 impurities e~
= 1.0
/Q 1
3
>
05t
0 0.5 1 15 2

T

Ficure 2.6: Uniform susceptibilityy(q = 0) versus temperaturd, for the pure and doped
ladder at half filling.

bility increases initially with decreasing temperatuegches a maximum and then decreases
sharply at further lower temperatures. However when thddads doped with nonmagnetic
impurities,yo(T) shows a cusp-like feature followed by a dramatic increasaaser tempera-
tures. Similar behavior of magnetic susceptibility wasestsed experimentally in Ref1B1].
The results for the pure case can be understood as followsigAer temperatures spins are
almostfree due to weak magnetic correlations and hence susceptibhibyvs the expected
Curie-Weiss like increase with decreasing temperature thAgemperature is further low-
ered, spin fluctuations are reduced and spins start to fangledipairs which results in the
decrease of susceptibility below a certain critical terapge. When the ladder is doped with
nonmagnetic impurities, free local moments are inducedratampurity sites]86 giving
rise to the rapid increase in susceptibility at low tempeaest. The occurrence of the cusp has
the following explanation. There exists two charactecistimperature scales in the system.
One, below which susceptibility starts to decrease, mdr&®nset of spin singlet formation.
The other, slightly lower, signals the onset of localizataf induced free magnetic moment
as indicated by the sharp increase in susceptibility. Teoled cusp is a result of these two
phenomena occurring at twoftérent temperatures.

To examine the enhancement of magnetic correlations by agnstic impurities, we cal-
culate the spin spin correlation functiai, j) = ((ni; —n;)(nj; —n;,)) at various temperatures
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at and away from half filling. FigR2.7 shows the results for spin correlations along a leg for the
pure ladder and the ladder doped with one nonmagnetic inypatihalf filling. It is observed

0.4} MCE 1.0
02}

B8

c(i, 7)
c(i, 5)
o

-0.2 Y

1impurity at 7, =0
-0.4 1

) (b)

Ficure 2.7: Spin spin correlations(i, j) between sites (=1) andr; (=2,. ..,10) belonging to

the same leg for (a) the pure ladder and (b) the ladder dopidowe nonmagnetic impurity

placed at site; = 0. The sites in the leg are numbered a%,@, . .. respectively. Band filling,
(ny = 1.0. The values oB (in units oft) are shown in the figures.

that in the presence of the impurity, the antiferromagn@i€) correlations are enhanced, a
feature also noted in studies on Heisenberg ladti8E&s[L87]. This efect is more prominent
at lower temperatures. F@r= 2 shown in figure, no noticeable impurityfect is observed.
For the two other values ¢, viz. 5 and 10, it is interesting to note that in addition to the
nearest neighbor, the long distance spin correlationslaceemhanced by the impurity. We
carried out similar calculations for a 3010 square lattice and found that the enhancement at
larger distances for the ladder is greater than that in tharegattice. Away from half filling,

at electron densitieg) = 0.95 and 090, the &ect of an impurity on spin correlations for
B < 5is found to be weaker. Simulation at still lower temperasus prevented by the nega-
tive sign problem. Further, we calculate the spin strudiaeorsS(q) = 1/N 3;; €4i="c(i, j)

at q = (m, n) for various band fillings with dierent number of impurities, to study thffe=t

of finite impurity concentration on the magnetic order. Tasults are shown in Fi@.8. At
half filling, S(r, 7) increases for small impurity concentration indicatingsgthening of AF
order in the ladder, which is in agreement with experimemslilts81]. For larger impurity
concentrations, long range spin correlations are heaeyrdyed by the presence of impuri-
ties and thusS(r, 7) decreases. Away from half filling, the enhancement of spmetations
by impurity is anyway small for the range of temperaturessaered here. Henc8(r, n)
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decreases slowly with increasing impurity concentratioe tb the dilution of magnetic sites.

IB _g [MC=100 =~
(= 0.95 —e— |
M= 0.90 ~v-

= 3
E
P 25
Y
2\%‘%\%\‘?
0 2 4 6

No. of impurities

Ficure 2.8: S(r, ) versus number of nonmagnetic impurities at various bahdgs.

We also examine thefects of nonmagnetic impurities on the spin wave excitatiodes
in the ladder. We calculate the spin wave veloatty,as a function of impurity concentration
in the following way. The magnon dispersian(g) was calculated for the two dimensional
Hubbard model using an approximate relation givend{g) = 2S(q)/x(q)[18§. We use the
same relation to calculate magnon dispersion for the ladidezn the spin wave velocity for
long wavelengthd — 0) spin wave modes is obtained uswmg(q) = w(g)/g. In Fig. 2.9,
we show the results forg,(q) for a few small values o) calculated for dierent number of
impurities forg = 8. The plot clearly suggests that spin wave velocity getpsegsed due to
softening of the spin wave excitations.

Finally, to verify whether nonmagnetic impurityffacts hole mobility as suggested by
experiments[ 78, we calculate the kinetic energy;f(rc,-(» of the electrons around an impurity
site for the doped ladder and compare it with that for the jadder, slightly away from half
filling. The results of our calculation do not show any evideof any &ect of the impurities
on the mobility of the electrons neighboring it. To quote samumbers, the value ¢’ c;,)
for two nearest neighbor sitésj for the pure ladder is.Q65 forg = 5, (n) = 0.95. For the
doped case also, the value for any pair around an impurgysiound to be the same within
statistical error bars.
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Ficure 2.9: Long wavelength spin wave velocitys,(q) for the pure and impurity doped
ladder. = 8 and(n) = 1.0.

2.5 Summary

In this chapter, we have introduced our model for bilayeesapnductors and mentioned pre-
vious results obtained for the model. We have describedahational Monte Carlo method
in details. The numerical code for the method developed byasstested for correctness by
comparing our results with other published results.

We have also reported the results of a brief QMC study on ngmetsc impurity doping
in the Hubbard model. We developed the numerical code fofitlie temperature QMC
method and tested for its correctness. Using QMC, we stutliedffects of nonmagnetic
impurity doping on the Hubbard model for square lattice andaftwo-leg ladder at and away
from half-filling. We observed interestindfects of nonmagnetic impurities on the magnetic
properties. Antiferromagnetic correlations are enhararedind an impurity. However AF
long range order (AFLRO) is destroyed by a finite concerdratf impurities. For ladder,
the uniform magnetic susceptibility as a function of tenapere for the doped system shows
a sharp increase at lower temperatures, a feature not spareitadders. In addition the spin
wave modes softens which is signaled by the spin wave vglgoing down for the doped
systems. Further, we found no evidence of affigat of impurity on the mobility of electrons
neighboring impurity sites.
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Chapter 3

Superconducting and magnetic properties
of t-J bilayer

3.1 Introduction

Superconductivity in the two dimensional (2B)) model has been studied in considerable
details in the past using variational Monte Carlo (VMC). i8igant contributions include
early works by Gros[24, 125, Yokoyamaet al[138, Sorellaet a[128 and others. In these
studies, the superconducting as well as several other domggehases based for the 2B)
model were described in terms of Gutzwiller projected \atal wavefunctions. The results
obtained in these studies have established a ground stase pllagram for the model. It is
found that the half-filled phase is AF insulating, the hol@elb phase for a wide range of
doping is superconducting and the heavily overdoped plsaaenormal metallic. A num-
ber of symmetries were considered for the superconductpgfgnction, however the most
favourable state in the physical rangetpd parameter values was found to have the,.-
wave (@d-wave) symmetry in agreement with experiments. The Gutzwprojected BCS
wavefunction withd-wave symmetry has been quite successful in explaining roathe ob-
served properties of highz superconductors as demonstrated more recently by Paratheka
et a[141, 142. However such studies have been lacking in bilayers anaitiges a motiva-
tion for our current study.
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56 Chapter 3. Superconducting and magnetic properties of layér

The interplay of antiferromagnetism and supercondugtivithigh-T. cuprates has been
of utmost interest owing to their proximity in the phase dag. A basic question has been
whether the AF interactions between the copper spins in th@, Gayers play a role in the
pairing mechanism of higfiz superconductor8p, 189 19(. In the phenomenologic&Q5)
theory, antiferromagnetism and superconductivity araragsl to have a common microscopic
origin and are treated on an equal foot@g[191. A natural extrapolation of finding the
connection between AF and SC is the issue of their coexisteBxperimentally, inelastic
neutron scattering studies on underdoped YBCO suggesntgetic ordering, though may
be of short range, exists in the SC sta 193 194. A Cu-NMR study on a five-layered
Hg-based compound finds that AF and SC ordering exist at the e in alternating copper
oxide layers of the materidlp5. In contrast, the two dimensional Hubbard andl models
are found to support a coexisting scenario where the magoetering is rather robust with
AF long range order (AFLRO) surviving in the supercondugtatate upto a large value of
hole dopingll28 139 140, 196.

Here we examine these issues, e.g. the pairing symmetrg gugherconducting state and
coexistence of AF and SC in bilayers using VMC by taking thei@nian parameter values
within a range as suggested by theory and experiments.vigrsbnsider a variational wave-
function describing a purely superconducting state. Tip@ssible pairing symmetries for
the SC state are considered. Our variational calculatiotisate that the favourable pairing
symmetry of the SC state dswave. We study the dependence of the optimal gap parameter
for the d-wave state on hole doping, lattice size and the interplpaeameters. Next we ex-
amine the coexistence of antiferromagnetic and superatimgucorrelations by considering
a variational wavefunction which describe both the ordersikaneously. We find that the
underdoped regime supports a coexisting phase, beyondhwiedd-wave) superconducting
state becomes stable. The superconducting and magnepierpes in the coexisting phase
are compared with those in the pure SC state. The results thiadwoth the SC and AF cor-
relations are enhanced in coexisting phase as compareoge iththe pure SC state. A larger
interplanar hopping, is found to reduce planar correlatianoptimal doping, while an oppo-
site behaviour, that is stabilization of the superconadhgcsitate is observed in the overdoped
regime, with the interplanar exchange all the while playandgprmant role.
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3.2 Model parameters and other numerical details

The bilayert-J Hamiltonian is described i§2.2 For referring to diterent terms in the Hamil-
tonian later, we write it as

H = Po|-t ) (c,c +he)+ JZ(S'SJ' ) %1”‘”")

(i,)o {.j)

1
_t, Z (cﬁ,ckg + h.c.) +J, Z (S.Sk -3 nk) Ps
i,k ((i,ky)
= H +H +H +H] (3.1)

The planar parameter values of i@ model are estimated from ab initio calculations to
bet ~ 0.35- 0.44 eV andJ ~ 0.13 eV[86, 15( giving a J/t value of~ 0.30— 0.37. Such
a value of the planar exchange coupling parametdd.{3 eV) is confirmed by experiments
measuring magnon excitation spectra in both single layer,58Cu(,[39, 87] and bilayer
YBa,CuzOe,4[197, 198 199. However it is not possible to measure the hopping paramete
directly in experiment. In this work we fix the planar hoppiaigd exchange parameters at
constant values and takle= 0.35t throughout.

To study the #&ect of interplanar interaction on the properties, we havesdd, andJ,
over a small range compatible with experiments and abeiiculations. The interplanar
exchangeJ, is estimated to be of 0.01 eV by Millis et a[200 and also in the above
references mentioned for bilayer. The band structure talons of Anderseret al[150
givet, = 0.05 eV andJ, = 0.02 eV. A recent ab-initio calculation by Munce al[20]]
concludes that for dierent multilayer cuprates, varies from 0091- 0.121 eV andJ, from
0.004- 0.014 eV. Here we have considered= 0.05t, 0.20t, andJ, = 0.03t, 0.10t. These
values are approaximately in the range as suggested by dlve atudies.

The method (VMC) used to study the Hamiltonian is descrilmegli3. The numerical
details of our calculations are calculations are as folloBisnulation was performed mainly
on a lattice of size & 8 x 2. We have examined the finite sizéfexts by calculating a
few quantities for dterent lattice sizes. The Monte Carlo (MC) moves consists @fing
a randomly chosen electron to a random vacant site and egicigatwo randomly chosen
antiparallel spins. The system is warmed up for about 500tMGarlo sweeps (MCS), where
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58 Chapter 3. Superconducting and magnetic properties of layér

one MCS consists dfls (number of lattice sites) random moves. Out of lhanoves within
one MCS, the percentages of hopping and exchange moves @encbo as to maximize
the acceptance ratio of the Monte Carlo moves. After a moeedepted, the configurations
are updated using the inverse update meth®d[ For calculation of the expectation values,
we have taken comparatively larger sample sizes in ordeet@ good accuracy. The size
of the Hilbert space increases rapidly upto about 30% hahe@atration and then fallsfto
One therefore has to increase the sample size accordinglgér to get similar accuracy in
calculated quantities at various doping levels. For eneejgulations, we have taken about
10° sweeps at half-filling which was increased upto aboutsieeps away from half-filling,
making measurements at an interval of 5 MCS. For calculatiether properties, the number
of sweeps was F0at half-filling and larger away for non-zero hole doping. Ereergy and
parameter values mentioned in all the subsequent discissaie in units of. In addition, the
energy values are quoted as energy per site.

3.3 The superconducting state

The variational wavefunction that we have considered farcdbing the superconducting
state, is the Gutzwiller projected BCS wavefunction, whiclixed N (number of electrons)
formulation §2.3.1) can be written as,

N/2
[Fvar) = Po [Z ‘P(k)CiTCikl) 10) (3.2)
k

where®Ps = [1;(1 — ni;n;y) is the Gutzwiller projector which projects out the statethwno
doubly occupied site. The summation ind&kruns over all points in the first Brillouin zone.
The pairing amplitudeyy is given by

oK) = A (33)

(86 — 1) + (e — p)* + AZ

where Ay is the superconducting gap functios, = —2t (coskx + cosky) — 2t, cosk, with

k, being 0 orn, is the dispersion relation for bilayers apds the chemical potential. The
wavefunction of Eg.3.2) reduces to the the normal state whtgn— 0 uniformly for all k.
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We get,
lim (k) =0 for (k) > s (3.4)
k—>

and consequently i is equal toup (chemical potential for the noninteracting cag®),ar)
becomes the projected Fermi sea upto a normalization aunJtaat is

Wyar)ao = Po | | crc, 100 (3.5)
k<kr

3.3.1 The gap function

The momentum dependence of the superconducting/gdpas been one of the major issues
in the highT, superconductors. The general conclusion from angle redgiotoemission
spectroscopy (ARPES) and tunneling experiments isAQdtasd-wave symmetry A(k) =
A(cosky — cosk,))[21, 46]. It is maximum near the antinodal,(@) or (7, 0) points and is zero
along the nodal#, n) direction. However, there exists a number of experimeenadences
which suggest that the gap function is more complex than alsidiwave. An early report

in this regard is the ARPES result for the energy gap ySBCaCuyOsg, (Bi2212) by Ding

et al[207 They find that the gap does not vanish alongn{) direction, instead the node is
split into two and lies near ther(r) line on its either side. Similar result was obtained by
Vobornik et al[203 who found an energy gap of 9 meV along the Brillouin zone diagonal
for heavily overdoped Bi2212. More recently, analyzinghirgsolution spectroscopic data
on Bi2212, Zhad?04] concludes that the diagonal superconducting gap in thepoomd is

of ~ 7 meV. These results are in direct contrast th\@ave scenario of the superconducting
gap. Zhao argues that the photoemission and tunnelingiexgets are surface sensitive and
hence may not reveal the true gap characteristics of therhalierials. In fact, his results
support a gap with an extendedvave symmetry having eight line nodes. However such
evidences contradicting tilewave scenario seem to be coming only from bilayer materials
A very recent ARPES study on high quality single crystad L&r,CuQ, (LSCO) shows that
the superconducting gap in this material follows the singplgave variation with the gap
magnitude vanishing along (r).

These facts put together, lead one to believe that the situiatbilayered materials might
be diferent and it may be a consequence of interlayer coupling.poksibility of interlayer
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pairing and its &ect on the overall energy gap structure in bilayers was tigeged by Leest
al[209 in the framework of theé-J model. Using the slave-boson mean field theory (SBMFT),
they showed that introduction of interlayer hopping andhexge coupling lead to a state
having both an interlayer pairing amplitude and-wave pairing amplitude in a layer. The
stable state was found to havela s symmetry with the gap function being given by =

Aq £ A, whereAq hasd-wave symmetry and, is constant. The -«) sign correspond to
the bonding (antibonding) band. Such a gap structure exptaie observation of Ref202]

on Bi2212, since the minima ¢hy + A, | would be shifted from then( x) line. Here we also
consider such a gap function (we call tha state asl,-wave here) for the superconducting
state in addition to a pur@-wave gap. Our ansatz functions for the superconductingagap
the following,

(@ Aq (coskX - cosky) (d-wave)
Ax =1 (b) Ay(cosk,—cosk,)+ A, cosk, (d+dy) (3.6)
(c) Ay(cosky—cosk)+A,(1-cosk) (d-d,)

3.3.2 Stable pairing symmetry

As with any variational calculation, we have optimized th@efunction by calculating the
energy,

_ (Pvarl H|Pvar)

= v
<7.{> <\Pvar|\Pvar> (3 )

as a function of the variational parameters and then minngiiz. The stable pairing symme-
try of the superconducting state is determined by choosiadgawest energy state among the
ones considered. The variational parameters fodtheve state i\q andu. For the other
two states listed above (EcB.6)), the parameters consist af, A, andu. The parameter
u can practically be taken to be the chemical potential forciveesponding noninteracting
systemug. This is because the energy improvement obtained by vapyargundu, is found

to be negligible, especially for small as observed in the two dimensiortial model[13§.
We found this to be true in bilayers also. This is illustraite#ig. 3.1where we plot the varia-
tional energy of thel-wave state at hole concentratiorns 0.19 as a function ol for various

u. The figure shows that theftirence in energy between the lowest minimum (obtained for
u — o = —0.20) and the minimum for the noninteracting value of the cloaipotential is
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0.1 0.3 0.5

Ficure 3.1: Variational energyE for thed-wave SC state plotted as function/qf for different

values ofu. The numbers shown in figure are the valuesof(ug), whereug (= —0.37

in this case) is the noninteracting chemical potential. eHobncentrationx = 0.19 and
(t.,J.) =(0.20,0.10). Lattice size is & 8 x 2.

very small. More importantly the variationaldoes not seem to shift values of optinig
which has a direct bearing on the physical properties. Smfdature was observed also for
other values of interplanar coupling parameters. Hence&d = 1 in all the calculations.

Optimizing with respect to rest of the variational paramgteve observed the following.
The pairing symmetry (c) (Eg3(6)) is not favourable for any parameter value or hole doping.
The lowest energy of the state is obtained only with = 0, which reduces it to the-
wave state. As for thed(+ d,) state, it yields lowest energy (with nonzefq) only for
one case, e.g. for the smaller (= 0.05), largerJ, (= 0.10) and at half-filling. For all
other parameter values and hole doping,raises the energy as compared to that for pure
d-wave state. In Fig3.2, we plot the variational energy of thd ¢ d,) state as a function
of Ay andA, for (t,,J,) = (0.050.10) at and slightly away from half-filling. The figure
at x = 0 shows that the energy of the puttevave state £, = 0) is significantly lowered
by the introduction of nonzera,. The lowest energy is obtained Af ~ 0.8, A, ~ 0.8
signaling the stability of thed(+ d,) state at this value of hole doping. On the other hand,
the figure atx = 0.02 shows that even slightly away from half-filling, theé« d,) state lies
higher in energy in comparison to the pukevave state. Similar behaviour is observed at all
hole doping for other values of interplanar parameterss Tésult is in sharp contrast to the
mean-field results of Ref2p5, which finds the § + d,) state to be favourable for bilayers for
a wide range of hole doping. Thus except for the one casel-tha@ve state the yield lowest
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Ficure 3.2: Variational energyEyar for the d + d,) state as function ok for various values

of A, (a) at half-filling and (b) at a hole doping,= 0.02. Error bars are shown only for one

curve in each figure for clarity. Interplanar parameters @reJ,) = (0.05,0.10) and lattice
size is 8x 8 x 2.

energy among the ones considered for a wide range of holeglopo show the behaviour
of the variational energy of thé-wave state, in Fig3.3we plot the energy for the state as a
function of its variational parametekq for a few diferent values of hole concentration. The

-0.4

-0.585

-0.488

-0.415 -0.605

-0.508

-0.625

-0.43 -0.528

-0.71
-0.66 -0.78
-0.68
-0.76 083
-0.7
-0.72 -0.81 -0.88

Ficure 3.3: Variational energyk, s, (along the vertical axes) for theewave state as func-
tion of Ay (along the horizontal axes) at various hole concentratgimsvn in the figures.
Interplanar parameters ar¢, (J,) = (0.05,0.10) and lattice size is 8 8 x 2.

variational energy shows a shallow minimum as a functioigafear half-filling. The depth of
the minimum increases with doping, becoming maximum araptanal hole concentration
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and then decreases again. The position of the minimum griftdually to lowerAy side
with increasingx. The optimal energy of thd-wave state obtained from the such data as
above for various values of interplanar parameter are shiowig. 3.4 as a function of hole
concentration. In order to estimate the finite siffe&s on the magnitude of the optimal gap

-0.35 . .
(0.05, 0.10) =
(0.20, 0.10) —e—
P (0.20,0.03) & |
& dsc
0.75 }

Ficure 3.4: Optimal energyEg (per site in units ott) for the d-wave state as function of
hole concentrationx. The paired number in the parentheses shown in the figureaires/of
(t.,Jd,). Lattice size is & 8 x 2.

parameterAq (for d-wave state), we optimized the wavefunction for threedéent lattice
sizes, e.qg. & 6x 2,8x8x 2 and 10x 10x 2. This is presumably important as the physical
properties of the wavefunction are crucially dependemt@rHowever in this case, we found
that the finite sizefect onAq is very little which will be evident in the following section

Thus we conclude that the energy gap forttidebilayer for realistic parameter values has
d-wave symmetry which has also been found to be the case ifedaygrs. Having decided
on the pairing symmetry, we now investigate the propertiebed-wave state in details.

3.3.3 Doping dependence of the superconducting gap

The doping dependence of the superconducting gap paramgte) of the d-wave state
for different lattice sizes and interplanar parameter values wrsho Fig. 3.5 The main
features observed in the figures are as follows. Except radffilling, the gapAq decreases
monotonically with increasing hole dopingand vanishes at a critical concentratiggwhich

is around 30%. The magnitude Afi(x) is roughly the same amongftérent lattice sizes,
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Ficure 3.5: Doping dependence of the optimal variational paramatgx) of thed-wave SC
state in bilayer for dterent lattice sizes and interplanar parameters.

except for some small flerences in the overdoped region (negy for the larger value of
interplanar hoppingt,. For this caseAq(X) shows a increase with increasing lattice size as
seen in Fig3.5(b) The interplanar exchange couplinky, has no &ect on theAq and hence
figures are shown only for one value &f. For comparison, we also optimized tdevave
superconducting wavefunction for the two dimensidndlmodel for parameter values same
as those of the planar parameters for the bilayer. The sefaulivg(X) is shown in Fig3.6. It

0.8

8x8 o=

0.6 square lattice
< 0.4
0.2
0 : : SR
0 0.1 0.2 0.3 0.4

Ficure 3.6: Optimal gap parameteid(x) of thed-wave state as a function of hole doping for
the two dimensional-J model. Lattice size is & 8 andJ/t (= 0.35) is same as the value of
planar exchange coupling parameter taken for the bilayer.

shows that the behaviour &fj for bilayer and the two dimensional lattice is similar.

Another feature observed in Fig.5is thatA4 increases initially just away from half-filing
from its value atx = 0, before going down witkx. This appear as humps neae 0 in the
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A(X) curves as seen in the figure. We find it to be a result of the etitign between hopping
and exchange energies. To see this, in Big.we plot the exchange and hopping energies,
E; (= <7{HJ + H}y) andE; (= <7{|t‘ + H')) respectively, versus the variational paramengr,

for a few small values of hole doping corresponding to thidatsize and parameter values
shown. At half-filling, the exchange energy and hence tha tatergy shows a minimum for
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Ficure 3.7: Variation of exchange enerdy; and hopping energi; (per site in units ot)
of the d-wave state with variational paramet&y, at different values of hole concentration
shown in the figures. The lattice size ix& x 2 and {,, J,) = (0.20,0.10).

Aq ~ 0.4. Away from half-filling, the exchange energy does not selthve a minimum. It
decreases initially with increasinyy and becomes almost constant afterwards. This tends
to shift Ay towards the higher side as the hole concentration is ineceadowever, as soon

as holes are introduced into the lattice the kinetic enetgstssplaying a role. The hopping
energyE; increases with increasinty;, and at a faster rate at larger hole concentration. At
small hole concentration, with initial increase &f, the energy gain due to decreasedn
overcompensates for the energy loss due to increae ifhusAq increases with increasing

X up to a certain value. Beyond this value xjfthe kinetic energy dominates the energy
spectrum which results in the decrease@gfvith increasing hole concentration.

3.3.4 Magnetic and superconducting correlations

To study the magnetic properties in th@vave SC state in the bilayer, we calculate the spin-
spin correlation functior(,SfS?) and the corresponding Fourier transfo®{g), called as the
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spin structure factor which is defined as,

S(q) = % Z QQ-(ri—fJ‘)(SiZS?
i

(3.8)

The results at various hole dopings and its comparison Wwighcbrresponding results for a

square lattice are shown in Fig.8. Fig. 3.8(a)shows the spin-spin correlatio(Sfo) as a
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Ficure 3.8: Magnetic correlations in thebwave state (dSC) in bilayer and in a two dimen-
sional lattice at various hole dopings. (a) Spin-spin datien, (SfS?) in a plane as a function
of distance along-direction at half-filling. The two envelopes represent deeay of corre-
lation with distance which goes asr~142. (b) Spin structure facto(q) as a function ofj
along a pathI{MX triangle) shown in the figure, for a square lattice of size® (c)S(q) as

a function of planag along thel'MX triangle forg, = 0. (d) Same as (c) but fa, = 0. The
bilayer lattice size is & 8 x 2 and (., J,) = (0.20,0.10). Planard (= 0.35) is same in both
the bilayer and the square lattice.

function of distance,r{ — r) along the planax-direction at half-filling. The correlations are
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3.3. The superconducting state 67

suggestive of the existence of AF order in the system. Homiineestrength of correlations
decays with distance as shown by the curves enveloping tigaitndes, indicating the ab-
sence of AF long range order (AFLRO). The decay obeys a pavwebEhaviour and it was
found to be given bysizsp ~ 1142 The value of the exponent4R is not too diferent from
the value of 15 obtained for thel-wave state in a 2D Hubbard modk4g. The interplanar
correlations, i.e(SiZSJ?> with i, j belonging to diferent layers, are found to be even smaller. In
fact, itis negligible in comparison to planar correlatioRer instance, the strength of the near-
est neighbour spin correlation for two corresponding sitelfferent planes is approximately
10% of that for two sites in the same plane. The spin strudagtr, S(q) as a function of
(ax, ay) along the’'MX triangle forg, = 0 andr are shown in Fig3.8(d)and Fig.3.8(c)at dif-
ferent hole dopings. The peak at £, ) indicates the AF correlations in the lattice, however
it is not as sharp as is expected for a true AFLRO. Thugithe@ve state underestimates the
magnetic correlations in the cuprates near half-filling ad in earlier studietffd. Also
the magnitudes o®(qy, gy, 0) andS(a, gy, r) are comparable suggesting again that the inter-
planar correlations are very weak. Away from half-fillingtheaks ir5(q) decreases rapidly
signaling the destruction of AF order. Qualitatively sianibehaviour is observed for a square
lattice whose results is also shown in the figure. The resudtsther values of the interplanar
parameters are similar and hence not shown. It may be mewtithat the quantity that is
usually measured in neutron scattering experiments isyhardic structure facto$(q, w).
Away from half-filling, the experiments observe peaks intang intensity at certain in-
commensurate wave vectors at lower frequencies (see Rdl.dnd references therein for a
recent progress on the subject). In bilayer compounds, asfBCO, the incommensurate
peaks merge into a single commensurate resonance peakgditea fiequency.

Next we examine the superconducting correlations indtheave SC state. The SC pair-
pair correlation function is defined as,

Fap(r =1") = (Bf,Brs) (3.9)

where B's are pair operators, given g,z = %(cr,Tcmm — G Crypr). Brg annihilates a
singlet pair on bondr(, r’ + B) while B}, creates one orr (r + @). @ andg are unit vectors
connecting to nearest neighbours in the (planar) andz{across the plane) directions. We
have computed, z as a function of distande — r’| and obtained the superconducting order
parameterd as follows. The order parameter for tthavave state is defined ds{? F, g(r -
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68 Chapter 3. Superconducting and magnetic properties of layér

r')y — +®4° for large|r — r’|, where the+ (=) sign correspond te || (L) to 8 (with botha
andg lying in a single layer). Thus the quantidyy correspond to the planar SC correlations
in the lattice. The interplanar correlations are obtaingdaking botha, B to be alongz-
direction. The results for planar superconducting coti@is for one particular case is shown
in Fig. 3.9. We see that the planar correlations are strong and doesiowtany appreciable

0.004 t 2 .
.\F/;:)d\(:&.
0.002 r 1
\?z% 0
<
-0.002 t 1
- = = 5 3
2
-0.004 | ®g alB
2 3 4 5 6

(r-r)

Ficure 3.9: SC pair-pair correlatiork, g(r —r’) for thed-wave state as a function of distance

(r — r’) between two planar pairs alongdirection. The points of maximum distance which

are used to determine the order parame®grare indicated in the figure. Hole concentration,
x = 0.19. Lattice sizeis & 8x 2 and {,,J,) = (0.20,0.10).

decay with distance. The change in sign @f| (L) 8 is due to thed-wave symmetry of
the superconducting state. The interplanar correlationgesponding to botkr, g alongz-
direction, which is not shown in the figure, are found to bdigégly small. The result appears
as no surprise in view of the form of the gap function for therave state.

The SC order parameteby obtained from the pair-pair correlation function as dédsexli
above is calculated at various values of hole doping anddlatear parameters. The results are
shown in Fig.3.1Q The figure shows thaby is zero at half-filling, increases with increasing
x in the underdoped region and becomes maximum at an optirpaiglof around 20% hole
concentration. Beyond this levaby decreases witlt and vanishes at a critical hole doping,
X. that depends on the interplanar hopping intedralThe variation ofdy4 with X resembles
the variation ofT with hole concentration in the phase diagrams of hHiglsuperconductors.
Also it is in contrast to behaviour of the gap parametgnwhich increases with decreasing
and becomes maximum near half-filling. The behavioubgfs understood as followsf2.

At underdoping, particle number fluctuations at individsdes are severely restricted by
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Ficure 3.10: Superconducting order parameteg, of the d-wave SC state as a function of

hole doping,x. (a) For a bilayer of size 8 8 x 2 and interplanar parameter values as shown

in the figure. (b) For a square lattice of sizex® with planar parameter values same as that
for the bilayer.

the projection operator. Consequently, there is a largeu&tions in its conjugate variable,
the phase of the order parameter. This quantum fluctuatieasay the order parameter
increasingly as we approach half-filling. In the overdopegion,®4 decreases witk because
more and more Cooper pairs are disrupted by the holes whichtteget delocalized in order
to lower the kinetic energy. In the figure, we have also shdvenrésults obtained by us for
a two dimensional-J model. The square lattice results are in good agreementthgte in
Ref. [142.

An important feature to be noted in Fig.10is the dfect of interplanar hopping on the
SC order parameter. In the optimally doped region, largaglsiparticle hoppingt, clearly
reduces the planar SC correlations. This is also confirmedobyparing the value obqy
for the square lattice with that for the bilayer for the cagénighert,. This reduction of
planar superconducting correlations by single partiderilayer hopping agrees with the cor-
responding mean-field results for the bilayrgkmodel[L64]. On the other hand, the interlayer
exchange coupling], is found to play a dormant as far as the range of its valuesderesl
here is concerned. The SC correlationsJor= 0.03 (not shown here) is almost the same as
that forJ, = 0.10 shown above. Interestingly, we observe an opposite l@lvawn the over-
doped region. Here largér seems to enhance the superconducting correlations emtetta
stability of the SC state to a slightly higher hole dopingislik found to be due to a change in
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70 Chapter 3. Superconducting and magnetic properties of layér

momentum distribution by increasedin the overdoped region. This issue shall be discussed
in details in the next Chapter.

3.4 Coexistence of magnetism and superconductivity

We have seen in the above that a pdtwave superconducting wavefunction is inadequate to
describe the magnetic correlations in the Mott insulatihgge of the high. cuprates. The
wavefunction is found to grossly underestimate the AF l@argye order near existing in these
materials near half-filling. Here we consider a variatiomavefunction which provides a bet-
ter description of the ground state near half-filling. Itongorates both the superconducting
and antiferromagnetic orders. The energy minimizatiorcedore yield a state of coexist-
ing AF and SC in the underdoped region. Magnetic and supdtmtimg correlations in the
coexisting state are calculated and compared with thategptine SC state.

3.4.1 The variational wavefunction

The variational wavefunction which we consider for desaglboth the AF and SC orders is
given by[139 14Q

Wyar (Asc Anr)) = PP | | (U + vidtf,d”, ) 10) (3.10)
k
where the operatoPy projects out the states with a fixed electron numbend g =
[Ti(1-niyiy), is the Gutzwiller projector which imposes the conditiémo double occupancy.
The product in Eg3.10is over the first Brillouin zone and the amplitudgsandvi are defined

by,
Vk Ax

== (k) = (3.11)
(FE— )+ (B~ % + A7

Uk
whereAy = Ascf(K) represents the SC gap(k) being an appropriate symmetry function of

k andEy = ,/eﬁ + AﬁF. gx = —2t(cosky + cosk,) — 2t, cosk;, is the free electron dispersion
for bilayer andu is the chemical potential. The (+) sign in the denominator of EQ.5
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3.4. Coexistence of magnetism and superconductivity 71

corresponds te, < 0 (gx > 0). The quasiparticle operatod;:h diagonalizes the AF Hartree-
Fock Hamiltonian (AppendiB) with a gapAar and are related to the electron operators by
the following transformation,

dlg } _ [ ak n(o)Bx ][ Clo’ ] (3.12)

dE+Q0' _n(o-)ﬁk @k Cl+QU
with
1 x )1/2 1 ( & )“2
a = —|1- — = —|1+— 3.13
K \/i( E, B 3 E. (3.13)

HereQ = (r, , 7), is the perfect nesting vector anbr) = =1 foro =1, |.

The wavefunction in Eg3.10consists of two variational parameters, vigc and Ar.
Ideally the chemical potential; should also be treated as a variational parameter, however
here we fix it at its noninteracting valug, for reason mentioned i§3.3.2 The wavefunc-
tion describes dierent phases depending upon the values of the variatiorainggers. For
Aar = 0 andAsc # 0, it describes the usual BCS superconducting state, whardhe limit
Asc — 0 andAar # 0, the wavefunction reduces to a state with antiferromagitatg range
order[L39. For nonzera\sc andAag, the wavefunction describes a phase with coexisting AF
and SC state as will be shown later, while the normal statcsvered as both the parameters
vanish.

In the following sections, results will be presented onlyifderplanar parameter values
of (t.,J,) = (0.20,0.10). The results for other values considered here are fauhd similar.
The lattice size is chosen bex& x 2.

3.4.2 Optimal gap parameter and energy

As mentioned earlier, our variational calculations suppard-wave symmetry for the SC
state. Hence we have considered this state as the supectioigdpairing symmetry in the
coexisting wavefunction. We refer to tllewave SC gap by, as before, that is, we write
Ay = Ag(cosk, — cosky). The optimization of the wavefunction with pudewave SC order
(for Aar = 0) is already described i§8.3.2 Here we introduce the second variational param-
eter, Aar and optimize the wavefunction again, now in the parametacesfAy and Aar.
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72 Chapter 3. Superconducting and magnetic properties of layér

The results for the optimal parameters and the ground sty in the underdoped region
are shown in Fig3.11 Fig.3.11(a)showsAag, the optimal value of the antiferromagnetic gap

0.4 ; ; 0.8 :
AF+dSC =~ dsC =
AF o
03 06 | +dsc ]
<9
- 02 < 0.4t
0.1 0.2t
0 : : 0 : : :
0 0.05 0.1 0.15 0 0.05 0.1 0.15
r xIr
(@) (b)
0.4 ; :
dsC =

AF+dSC ~e—

0 0.05 0.1 0.15

©

Ficure 3.11: (a) Optimal AF gap parametérAF for the coexisting wavefunction as a function

of hole concentration. (b) Optimal SC gap parametgrfor both the purel-wave SC and the

coexisting phases as a function of hole concentration iuttterdoped region. (c) Optimal

energy,Eq (per site in units of) for the pured-wave SC (dSC) and the coexisting AF & SC

(AF+dSC) states as a function of hole concentration in the uoged region. Lattice size is
8x8x2and¢.,J, ) =(0.200.10).

parameter as a function of hole concentration in the ungmdoegion. The corresponding
optimal SC gap parametekq is now modified as compared to its value in the pure SC wave-
function. The values ol for the two wavefunctions are shown in FBj11(b) We see from

the figures that\ar is maximum at half-filling, decreases slowly wittfor small value ofx

and then falls & rapidly to vanish at 14% hole concentratiomq in the coexisting state is
clearly reduced as compared to its value in the pure SC Sihtes in the underdoped region,
belowx ~ 0.14, we have the lowest energy state with nonzero valuds,efindA4. In this
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3.4. Coexistence of magnetism and superconductivity 73

state, both the magnetic and superconducting correlaiosn$ound to be strong (shown in
the next section) implying that antiferromagnetism coeugth superconductivity below this
hole concentration. The optimal energies of the glireave SC (dSC) and the coexisting AF
& SC (AF+dSC) states is shown in Fig.11(c)as a function of hole doping in the underdoped
region. The figure shows that the energy in the coexisting s$asignificantly lowered near
half-filling as compared to that in the pure SC state. Thegndifference between the two
phases is maximum at half-filling and decreases graduatlyincreasing hole concentration,
finally vanishing atx ~ 0.14. It may be mentioned that the coexistence of the two phases
also observed in the two dimensioal model[Ll28 139, 140 below a hole doping which is
almost same as the value obtained above for bilayer.

3.4.3 Enhanced correlations in the coexisting state

Here we calculate the magnetic and superconducting ctoesain the coexisting AF & SC
state and show that correlations are strong and enhanceglacedhwith the pure SC state.
First we examine the magnetic correlations in the underdiopgion. Fig.3.12 we plot the
planar and interplanar spin correlations in the coexissiiage at various values of hole dop-
ing. The figures show that in this case spin-spin correlataecay very slowly as compared
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Ficure 3.12: Spin-spin correlation as a function of distance alairection in the coexisting
AF+dSC state. The spins are on lattice sites lying (a) along ge &da plane, and (b) on two
different planes along the same direction. Lattice sizex8& 2 and ¢,, J,) = (0.20,0.10).

to the case of purd-wave SC state (Fig3.8(a). Only at larger values of, the correlations
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74 Chapter 3. Superconducting and magnetic properties of layér

show a appreciable decay with distance as seen for0.12 in the figure. The interplanar
correlations, which are very weak in tldewave state, is almost of the same magnitude as
the planar correlations in the coexisting state. The pasehmagnetic order in the coexist-
ing phase is further emphasized by plotti&fg) versusq at various hole concentrations in
Fig.3.13 We see that the peaks${q) atq = (r, 7, ) are very sharp indicating the existence

"£=0.00 =
z=0.06 —&- -0
=012 & 4
T | T
r M X r
(4,-4,) (4,4,
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Ficure 3.13: S(q) for the coexisting AF & SC state as a function gf.(dy) along thel'MX
path as shown in Fig.8(d)for (a) g, = 0 and (b)g, = x, as various hole doping shown in the
figures. Lattice sizeis8x 2 and {,,J,) = (0.20,0.10).

strong AFLRO in the coexisting phase. To give an quantiagstimate of the sharpness of the
peaks, we calculate the ratio between the peak and the Idth-at half-maximum (HWHM)

of the curves. This ratio at half-filling, for the coexistiatate is~ 40 while the same for the
pured-wave state is- 3. A few other points may be noted regarding the behaviol8(qj

in the coexisting state contrasted with that in the piiveave state (Fig3.8). The ditference
between magnitudes &(r, 7, r) and S(x, r, 0) in the coexisting state is much more larger.
This is indicative of the strong interplanar AF correlasan this state. Also the variation
of S(q)) with hole concentration is very contrasting in the twoesasS(qy, oy, 7) decreases
with increasingx in both the cases which is due to the destruction of planaelaiions by
holes. HoweverS(qy, gy, 0) shows an opposite variation in the two cases. It increagis
increasingx in the coexisting state while the opposite behaviour is nteskfor the case of
the pured-wave state3.8(c). The former behaviour is understood as follows. Away from
half-filling, the holes destroy interplanar AF correlatsomore &ectively than planar corre-
lations because of the lower energy cost in doping s@l,as J. This can be observed by
comparing the spin correlations in F§12(a)and3.12(a)for the larger value of hole doping,
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3.4. Coexistence of magnetism and superconductivity 75

e.g.x = 0.12. S(gx, gy, 0) increases witlx because of this weaker interplanar AF correlations
away from half-filling as compared to the situation at hdliAig where planar and interplanar
correlations are of same magnitudes. As for the case of ghuvave state, the decrease of
S(ax. ay, 0) with x is a reflection of the fact that interplanar correlationshia state is negligi-
ble at all hole doping. Finally we mention that, though thexasting state provides a better
description of the magnetic properties of the ground stt@rediction of a robust AF order
in the SC state far away from half-filling is not observed ekpentally.

Our next task is to examine how the SC correlations #iected by the coexisting AF
order. For this purpose, we calculate the SC pair-pair tatioms,F, 5(r — r’) and the corre-
sponding order paramet@by as described before. The results day for the coexisting state
and for the pural-wave state are compared in RBgl4 The figure shows that in the region

dSC -m-
AF+dSC ~e-

0 0.1 0.2 0.3
T

Ficure 3.14: SC order parameteby as a function of hole concentratioxfor the coexisting
AF & SC and the pure SC state. Lattice size is8x 2 and {,, J,) = (0.20,0.10).

of hole doping where the two phases coexists, the SC ordanyaer,®y has significantly
higher magnitude. Thus the superconducting correlatiortee coexisting state of AF and
SC are enhanced as compared to that in the pure SC stateerkalhave noted the AF cor-
relations are enhanced in the coexisting state as expddmaever the enhancement of SC
correlations also is very interesting. More so, if we coneptlie behaviour of the supercon-
ducting gap parametefy in the two phasesiq is clearly diminished in the coexisting state
as shown earlier in Fig3.11(b) Howeverdy shows the opposite behaviour and it increases
in coexisting phase.
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3.5 Summary

We have studied the superconducting and magnetic propeartithe bilayert-J model for
parameters relevant to bilayer superconductors. Thresilgespairing symmetries of the
superconducting state were considered. The energy miafinizyield the planad,._. state

to be the most suitable one to study superconductivity. &yloently thed,._y» wavefunction
was optimized at various hole doping fofférent values of the interplanar parameters. The
magnetic and superconducting correlations were studiddtails and compared with square
lattice results. We observed no qualitativéfeliences between the bilayer and single layer
results, though some quantitativeétdrences exist. Larger interplanar hopping was found to
reduce planar superconducting correlations in the oplyrdabed region, whereas it enhances
it the overdoped region. Interlayer exchange coupling lagfliect on the superconducting
correlations for the range of its values considered. Thenaihgcorrelations were found to
be very weakly dependent on the interplanar parameters. ake &lso examined the issue
of coexistence of antiferromagnetism and supercondtgtini the bilayer. We found that
these two phases coexist in the underdoped region upto aB8tithole concentration. In
the coexisting phase, interestingly both the magnetic ap@rsonducting are significantly
enhanced.
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Chapter 4

Role of interlayer couplings: A ground
state phase diagram

4.1 Introduction

In the previous chapter, we studied the properties of theybilt-J model for the values of
the interlayer coupling parameters which are thought tcebevant to the high-. supercon-
ductors. However, it has always been of general interest fmodel of strongly correlated
electron to understand its various phasesffedent ranges of its parameter values. The phase
diagrams of the two dimensional and Hubbard models which capture the basic physics of
the cuprate superconductors, have been studied in extethsiigils in the past using a variety
of analytical and numerical techniques.

Apart from the general interest, the estimated values eflayer coupling parameters in
bilayer cuprates are also not accurate. Especially theihggarameter can not be measured
directly in experiments and its estimates from band streatalculations may not be correct.
In this work, we consider a larger range of values for therpitanar parameters of the bilayer
t-J model by keeping the planar parameters fixed, and studydfsepties using the variational
Monte Carlo technique. Specifically, we vary interlayer piog, t, from a small value to a
value equal td (planar hopping parameter) and interlayer exchadgdrom 0.10t to 0.35t
(=J, planar exchange parameter). Thus we obtain a ground $tase gliagram for the model

77
TH-790_AMEDHI



78 Chapter 4. Role of interlayer couplings: A ground state ghdsigram

as a function of interplanar hoppintg,and hole concentratiom,for a few values of interpla-
nar exchange parameter,. The phase diagram shows rich features, such as a coexstenc
of antiferromagnetism and superconductivity at undendgpplanar §-wave) and interplanar
(d,-wave) superconducting correlations for respectivelylsarad largeJ,, etc. It may be
mentioned that thd,-wave gap function (defined i§3.3.1) in combination with thed-wave
gap was thought to be a possible candidate to explain thev@sseight nodes energy gap
structure in bilayer superconductors as describe$BiB.1 In fact, mean-field study of the
t-J model found a combination of these two gap symmetries to\mifable in bilayer205.
However our VMC study show that these two symmetries arelstath separately in dierent
range of parameter values. The planar and interplanarcupgucting orders are never found
to coexist for any of the parameter values that we have ceresid Other interesting features
in the phase diagrams include a non-monotonic variatiorhefghase boundary between
the d-wave superconducting and normal phases as a functibn @fhere small interplanar
hopping enhances superconducting correlations in thedoped region before destroying it
eventually for large, .

4.2 The trial wavefunction and optimization scheme

The variational wavefunction considered here is same asrteeconsidered i1§3.4 for de-
scribing the coexisting state of superconductivity (SCJl antiferromagnetism (AF). The
wavefunction is defined in Eq3(10. For the pairing symmetry for the superconducting
state, here we have considered a few more ansatz functicaddition to the earlier ones
(Eq. 3.6)). The full list of choices forAy is, (a) A(cosky — cosky) (d-wave), (b)A cosk; (d,-
wave). (C)A(cosk,—cosk,) + A, cosk;, (d) Aj(cosky—cosky) + A, (1-cosk,), () A (s-wave)
and (f)Ax = A(cosk, + cosk,) cosk, where thet () sign is fork, = 0 () (extendeds* state).

Thus the variational parameters of the wavefunction witfedent pairing symmetries are
Ay andA, or A in addition to AF gap parametéar (Eg. 3.10). The chemical potential
is fixed to its value for the noninteracting system for reasmmtioned earlier i§3.3.2 Out
of the maximum three variational parameters, we shall dee tlhat the wavefunctions with
two the coexisting SC gap parameters, &dgandA, are never stabilized in any region of
parameter space. Thus mostly we have to deal with two vanatiparameter, one being the
SC gap parameter which we denoteAyt and the othen . Since we need to optimize the
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4.2. The trial wavefunction and optimization scheme 79

wavefunction at a very large number points in the Hamiltoquarameter space formed by the
two interplanar parameters and hole doping, it is desirablegave an icient optimization
scheme so that the optimal variational parameters can leendieied accurately in a reason-
able time. The conventional methods for finding the minimuna enultivariable function
can not be applied here because it still involves evaluaifdhe function at large number of
points. Another concern in this case is that the calculatiame statistical. In conventional
minimum finding methods, it is dicult to take into account the statistical fluctuations in the
evaluated values of the function. In VMC, special schemes lha@en proposed fofffecient
optimization multiparameter wavefunctio26f, 207]. However, here we adopted a straight-
forward method which enabled us to locate an optimal poimlyfaccurately without the
possibility of getting trapped into any local minimum. Thepedure for the cases of two
variational parameters is as follows.

For subsequent discussion, et Axr andy = Asc. For minimization, we first select
a wide region in the two dimensional parameter space fornyed dndy, and then divide
it into a coarse grid of points. Energies are evaluated aetlp®ints with smaller number
of Monte Carlo sweeps (MCS). This yields a rough estimat&efrhinimum position of the
resulting energy surface. Next, a finer grid is taken arotedeistimated optimal point and
energy evaluations are done again, now with larger numb&i@$. Fig. 4.1 shows such
an energy surface obtained in the second step. Let us ddmtiresponding data set as
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Ficure 4.1: Variational energ¥ of the coexistingd-wave SC and AF state as a functiomof
(= Asc) andy (= Aaf) at hole concentrations = 0.14. The interplanar parameter values are,
t, =0.20,J, = 0.10.

{(%.y;,Eij)li =0,....,m; j =0,...,n}. To locate the optimal point, we first fit a polynomial
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Ejl(x) to the data{(x;, Ejj)| i = 1,..., m} for each fixed values of. Suppose the minimum
of the polynomialE;} falls atx; and letE; = Ej(x;). TheseE; for various] gives rise to
a new data sef(y;, Ej)| j = 1,...,n}. To this data, we fit another polynomigP(y). Let
the minimum ofE?(y) be obtained ay = y,. The corresponding minimuni, = E?(yo) is
taken to be the optimal value energy. The ploEd(y) for the data set of our current example
is shown in Fig4.2(a) Finally xo, the value of optimak is obtained by interpolating data
(¥}, X;) atyo as shown in Fig4.2(b)

-0.621 : : : 0.46 w : :
E, =-0.6244 (0.0007)
[ | Ty =0.42
Yo =0.19
-0.623 % : 0.42 t :
& %
-0.625 | 1 0.38 t
0.1 0.2 0.3 0.1 0.2 0.3
(@ (b)

Ficure 4.2: Determination of the global minimum and the correspogmaptimal parameters

for the energy surface shown in Fi§1 (a) The energyE* as a function of/ (see text). The

solid line is a quadratic polynomial fit to the data points) Xbas a function ofy. The solid
line is a linear fit to the data points. The filled circle is tl@ue ofx" corresponding tgp.

4.3 Phase diagram

We have optimized the energy with respect to the wavefunatiibh different pairing sym-
metries for various, and hole dopingx for three diterent values ofl,. The lattice size is
chosen to be & 8 x 2. The parameter values and energies are quoted in urtits of

4.3.1 J, =0.10phase

The phase diagram ih — x plane forJ, = 0.10 is shown in Fig4.3. In this case, energy
calculations show that the SC phase has ahiyave pairing symmetry. In fact, the other
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1
o~ AF J,=0.10
O " normal
n
£ 05 o
% dsc
0 L
0 0.1 0.2 0.3 0.4

Ficure 4.3: Phase diagram in the — x plane forJ, = 0.10.

pairing symmetries considered here have energies higherttiat of the normal state and
hence are out of the competition. AT half-filling € 0), the system is insulating and has AF
long range order (AFLRO). The insulating behaviour at lidlifirg is a consequence of the
suppression of charge fluctuations enforced by the Guemphojection operator. Away from
half-filling, there is a coexistence akwave SC and antiferromagnetism (A#SC phase)
uptox ~ 0.14 for all values ot, . Evidence of the coexisting phase in the underdoped regime
was already seen fdr upto Q2 in the last chapter. The same is seen to persist here even at
larger values of,. Beyondx ~ 0.14, pured-wave SC (dSC) phase emerges as the stable state
upto a hole concentratiomxs which strongly depends an. We observe interesting features

of the boundary separating the SC and the normal phase invrdaped region. Starting
att, = 0, the boundary extends towards larger values of hole dapmg about, ~ 0.3,
beyond which it turns towards smallemith further increase in, . Naively, largert, should
destroy planar SC correlations by delocalizing the pairssscthe planes. However a close
look at the momentum distribution functiak) (= (clgck(» in the overdoped region reveals
that there is a significant transfer of spectral weight figns 7 plane tok, = 0 plane with
increasing,, implying the emergence of a robusivave SC phase at moderate At larger
values oft, the delocalizing ffect takes over and we observe a vanishing of the SC phase at
lower values of hole doping. Thes#ects are described in details in a following section.
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82 Chapter 4. Role of interlayer couplings: A ground state ghdsigram

4.3.2 J, =0.20phase

The most interesting phase diagram (owing to maximum nurabphases) is exhibited by
the moderate value of the interplanar exchadgee.g. 020 (Fig.4.4). In this phase diagram,

1
~ AF J=0.20
8N normal
I?(L dscC
L d,SC
0 I 1
0 0.1 0.2 0.3 04
M

Ficure 4.4: The phase diagram fdr, = 0.20.

an SC state with a fferent pairing symmetryA, = Acosk, (i.e. d-wave, as mentioned
earlier) emerges as the stable ground state over a wide mdrgErameter values. Thab-
wave state competes energetically with dheave state over the whole SC phase region in the
phase plane. In the under- and optimally doped regiondtveave state yields lower energy
than thed-wave state. The half-filled phase is AF insulating as befdnethe underdoped
regime, antiferromagnetism coexists with thevave SC state (AFd,SC phase) upto a hole
concentration which seems to decrease slightly with irgingg, . The optimally doped phase

is pured,-wave superconducting {8C phase). This phase yields lower energy upto a hole
concentration which has a strongdependence as shown in the figure. It is worth mentioning
here that thel,-wave pairing symmetry is characterized by strong interptaand weak planar
SC correlations as discussed in the next section. In thedoped regime, however, the
wave state wins over and shows the similar variation of thendary between the SC and the
normal state as in th& = 0.10 phase diagram. Energies of all other pairing symmetries a
found to be higher than that of the normal state at all valfi¢s andx.
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4.3.3 J, =0.35phase

Finally we consider the phase diagram for ladgei.e.J, = J = 0.35. The phase diagram is
shown in Fig4.5. The presence of the coexistence of AF dpavave SC phase at underdoped

l ..
AF _
e Jy=035
8 normal
£ 0.5 -_? .
LL
< d,SC
0

0 0.1 0.2 0.3 0.4 0.5
T

Ficure 4.5: The phase diagram is shown for laigei.e. J, = 0.35. Thed,-wave SC is the
dominating phase here.

regime is predictable. However the range of hole dopingtierdoexisting phase is smaller
than that in the previous casé, (= 0.20). The interplanard,-wave) correlations owing to
largerJ, now spans all of the overdoped region and extends all the way>xu~ 0.45 for
smallt,. Thed-wave state no longer yields lower energy in any region opdr@ameter space
unlike in the previous cases. The phase boundary betweat-thieve SC and normal state
moves towards smallerwith increasing; .

4.4 HEffect of interlayer couplings

The phase diagrams presented above show a number of imtgressitures. We see that a
planard-wave superconducting state for smallerreplaced by thel,-wave state for larger
J,. For the moderate value df_, these two phases are found to stabilize separately in dif-
ferent regions of hole doping. The superconducting phasd! ithe cases coexists with the
antiferromagnetism in the underdoped region upto a vatietgth of hole doping. Interpla-
nar hopping destroys superconducting correlations exXoephe d-wave state in overdoped
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84 Chapter 4. Role of interlayer couplings: A ground state ghdsigram

region where it stabilizes superconductivity. Here we exenafects of the interplanar cou-
pling parameters on various quantities of interest. Alee,rtature of SC correlations in the
d,-wave state is unknown unlike in the casedefvave state. Therefore we shall calculate the
SC pair-pair correlations for thi-wave state and examine its behaviour.

4.4.1 Energy gaps

First we discuss the variation of the AF and SC energy gapls mterlayer hopping and
hole concentration for éierent values ofl,. For distinction, we definéy and Adz to be

the optimal SC gap for thd-wave andd,-wave states in the phase diagram, respectively.
Fig. 4.6 shows the variation o4 with t, for a few diferent hole dopingx for J, = 0.10.
The energy gap showsftérent variation with, at different hole doping. At half-fillingAq

2.5
z
0.00 Jy=0.10
0.06
0.16
15} 025
=
<
05 |
v v v vV
0 0.5 1
U

Ficure 4.6: Dependence of the optimaiwave SC gap[&d on interlayer hoppingt, at dif-
ferent hole dopingx. J, = 0.10.

increases with increasirtg whereas slightly away from half-filling, the increase is raate.
The two curves in the optimak(= 0.16) and overdopedx(= 0.25) regions show thakg is
almost independent @f. This result is to be compared with a corresponding resu#ionbd

in a slave-boson mean field (SBMFT) results on bilay@model[L65, which corroborates
increase of\q with t, in the underdoped region. The dependence of the energ;&gﬁpr the
d,-wave state om, andx is shown in Figd.7. In this case, we observe an opposite behaviour
of the energy gap as compared with that\f Adz decreases with increasingfor all values

of x. Also for a fixedt, , the gap increases slightly initially and then falts @pidly for larger
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to

Ficure 4.7: Dependence of the optimd}-wave SC gapﬁdZ on interlayer hoppingt, at
different hole dopingx. J, = 0.35.

hole doping. On the other hand, the magnitude of the AF §apis found to be more or less
independent of, . With regard to its doping dependendgy is maximum at half-filling and
decreases rapidly with increasing hole concentrations iBs8hown in Fig4.8for the case of
J, = 0.10. For other values af,, the behaviour of\sr is same except that it vanishes much
more rapidly with hole doping for largek, .

0.6

Jy=0.10 i

be s

0 0.1 0.2

x

Ficure 4.8: Doping dependence of the AF gab.p for a few values ot, shown in figure.
J, =0.10.
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86 Chapter 4. Role of interlayer couplings: A ground state ghdsigram

4.4.2 Superconducting correlations

Earlier we have mentioned about the non-monotonic vanaifdhe phase boundary between
the SC and normal state or equivalently the variation ofcaiithole concentratiorx. where
the SC phase vanishes, with interlayer hopping. Fordtheve state in thd, = 0.10 and
0.20 phase planes, increases initially with increasinty, reaches a maximum &t ~ 0.3
and then decreases sharply. Here we try to explain thisrkeatuthe basis of energetics. We
find that increasing, can have two contrastingfects on thed-wave SC correlations. Let
us look the momentum distribution(k) for the d-wave state in the overdoped region. It is
calculated as,

() = 5 3" (Gl ) (4.1)

In Fig. 4.9, we plot the two dimensional projection of the momentumribstion function in
thek, = 0 andk, = = planes for two dterent interplanar hopping parameters in the overdoped
region of theJ, = 0.10 phase diagram. The values of the hopping parameter asercho

Ficure 4.9: Plots ofn(k) for the d-wave state at hole concentration= 0.28, projected on
a two dimensionalky, ky) plane fork, = 0 andk, = = marked in the figures. The top panel
showsn(k) for t, = 0.10 while the bottom panel correspondd to= 0.30. J, = 0.10.

TH-790_AMEDHI



4.4. Hfect of interlayer couplings 87

be,t, = 0.10 and 030 and hole concentratio, = 0.28. Around this doping, we see the
SC-normal phase boundary extending towards higher dopigigm as we go from, = 0.10
tot, = 0.30. The plots in the figure show a significant redistributiémx) weights in the
two momentum planes ds is increased. Comparing the plots for the twéatient values
of t,, we see that the spectral weights shift from #he= 7 plane to thek, = 0 plane as
t, is increased from .Q0 to Q30. Thus for larget,, occupation of the pairs witk, = 0

is higher in the overdoped region. This favours the stabditthe SC phase, as the = 0
pairs are planar and contribute to the development of the @&khpgs which for thed-wave
state are essentially planar. Tkhe= n pairs are interplanar and hence are not expected to be
important as far as thé-wave state is concerned. We believe that this transfer @iiwé&om

k, = mtok, = 0 plane ag, is increased helps in stabilizing the SC order in the ovezdop
region for small values of,. For largert, however, hopping frequency of the electrons
across the planes increases and consequently the propablireaking a planar pair becomes
increasing greater. Thus we see a rapid falkofor largert,. To provide evidence for this,
we look at the interlayer hopping energy and planar exchangegy for thed-wave state as

a function oft,. This is shown in Fig4.10 In Fig. 4.10(a) we plot the interplanar hopping
energy,E! (= (H') per site) scaled by, as a function of,. The lowering of this quantity

0

z=0.16 = |
2= 025 —e- -0.18
0.1 ¢
o . Jy=0.10
I 3 -0.22 t
N 1S
-0.2 ¢
-0.26
-0.3
0 0.5 1 0 0.5 1
Unl tn
(@ (b)

Ficure 4.10: (a) Interplanar hopping energy scaledtbyE! /t, and (b) planar exchange
energy,Elf for thed-wave SC state as a functiontgf. The values of hole concentrations are
shown in the figuresJ, = 0.10.

with increasing, as observed in the figure, is an indication of occurrencegiidriinterlayer
hopping frequency of electrons for larger The disruption of planar pairings by the enhanced
interplanar hopping is confirmed by the loss of planar exgbaemergyElf (= <7{”J> per site)
for largert,, which is shown in Fig4.10(b) On the other hand, for the case ayfwave
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88 Chapter 4. Role of interlayer couplings: A ground state ghdsigram

state in thel, = 0.35 phase plane, we see thgtdecreases uniformly with increasing,
except for smalt, where variation ofx; is negligible. This is probably due to the fact that
the mechanism for enhancement of planar SC correlationsdogased, mentioned above is
not operative in this case. However the pair breakifigat of interlayer hopping of electrons
continues to exist for the interlayer pairs as indicatedigyoss of interlayer exchange energy
in thed,-wave SC state with increasingin Fig. 4.11

01 " o 1=025-m |
./,/'/' r=0.34 —e-
J;=0.35
?ﬂ[l -0.14
-0.18 | -/_/-/'/./.
0 0.5 il

to

Ficure 4.11: Interplanar exchange ener&i, for thed,-wave state as a function of for two
different hole concentrationd, = 0.35.

To investigate theféect of interlayer couplings on the superconducting cotiia, we
calculate the SC order paramet@rdefined as (se&3.3.9),

Fog(r — 1) — +@? (4.2)
B

whereF, 4(r —1’) = (B,Bys). The operatoB' defined a®/, = 3(c/c/,,,, ¢/ c,,,) creates
a singlet pair at two nearest neighbour sitesdr + @. The unit vectorsy, 8 can be eithek,”
y or Z. We further definep = &4 when botha andg lie in a single plane with the(-) signs
in Eq. @.2) referring to the case whenparallel (perpendicular) t8. For«, 8 both equal to
z, we defined = @4, which denotes the order parameter corresponding SC coredaacross

the planes.

The SC pair-pair correlation$; shows very dierent behaviour in thd- and d,-wave
states. For thel-wave state, the SC correlations in plane are strong andchgs fange or-
dered. In comparison, the correlations between two indegl pairs €, 4 for @ = g = 2)
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4.4. Hfect of interlayer couplings 89

are found to be very weak, roughly an order of magnitude sné#flan that of the planar
correlations. The order parametéx; corresponding to the planar correlations in thevave
state is shown in Figd.12(a)as a function of hole doping for fllerent values of interlayer
hopping. While the dome shaped structuredgfhas been observed and explained before

() (b)

Ficure 4.12: SC order parameter as a function of hole dopingfégreint values of interlayer

hopping. (a) Order parameteby corresponding to planar correlations for ttievave SC

state (, = 0.10). (b) Order paramete®q, corresponding to interplanar correlations for the

d,-wave SC stateJ, = 0.35). Interplanar (planar) SC correlations for thevave @,-wave)
state are negligibly small.

for planar system4i2, here it is interesting to note théfect oft, on the correlations. The
figure shows that single electron interlayer hopping redube SC correlations at all values
of doping, except for in the overdoped region where supetaotivity enhances for moderate
values oft, . This should be contrasted with the variation of the SC gap, which increases
with t, in the underdoped region as shown earlier. It may be merditmd whiledy scales
with the transition temperatur@, of cuprate superconductors, the gag- scales withT*,

the temperature scale for the pseudogap generic to the doykd cuprates. On the other
hand, the superconducting correlations in thevave state are found to be predominantly
interplanar. This is a consequence of ladgewhich make the formation of interlayer pairs
energetically favourable. The corresponding order patamé,, for J, = 0.35 is shown
Fig. 4.12(b) It is remarkable that the interplandswave correlations is almost an order of
magnitude stronger than the plambwave correlations as seen in the figure. The correlations
between planar pairs in this case are very weak and are nehsiAmother appealing feature

is that in spite of the very élierent nature of the SC correlations, we observe the same dome
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90 Chapter 4. Role of interlayer couplings: A ground state ghdsigram

like structure ofdy, as a function ofx which is interesting. Also to be noted is the fact that
the interlayer hopping, reduces SC correlations similar to thevave case.

4.4.3 Magnetic correlations

Further, a probe into the magnetic correlations revealsttiae dimensional antiferromag-
netic long range order (AFLRO) exists in the region of holpidg where AF and SC coexist.
Effects of interlayer couplings, andJ, on the strength of the AF correlations are negligible.
This is confirmed by calculating the planar and interplapar-spin correlations as a function
of t, andJ, (not shown here). However the AFLRO is destroyed rapidly igs and it goes
down with hole doping in a similar fashion ASE.

4.5 Summary

Our variational studies ontal bilayer coupled by interplanar hoppinig  and exchangel()
reveals an interesting.(— X) phase diagram. We consider three representative valugs of
(= 0.10,0.20,0.35). ForJ, = 0.10, the stable pairing symmetry of the SC statd-isave
which is characterized by strong planar and weak interpl&Qacorrelations. Increasing the
strength of interlayer exchange coupling changes the eatiithe SC state drastically. At
J, = 0.35, the stable pairing of the SC state becomesdtheave state at all hole doping
which is characterized by negligible planar and very strogrplanar SC correlations. At
moderate values af, (=0.20), thed,-wave SC state in underdoped regime makes transition
to thed-wave state in the overdoped region. Antiferromagnetisexists with the SC state

at underdoping in all the three cases. Single particlelaer hopping has other interesting
effects on the superconducting properties. Latgenhances thé-wave SC gap at underdop-
ing while it reduces thd,-wave SC gap at all values of doping. On the other hand, itaesiu
the SC order parameter in both the cases. However in the @veddegion, moderate values
of t, tends to enhance thtwave SC correlations to higher hole doping. We conclude by
mentioning that usually phase separation (PS) is an iritegetopic in the study of phase
diagrams for planar systems, however there are enoughreadehat PS is not an issue for
the value of (planary we have chosen in our study (viz.= 0.35)[208 209 210 and hence
does not figure in our discussion.
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Chapter 5

Interlayer pair tunneling in bilayer: A
variational calculation

5.1 Introduction

The idea of interlayer pair tunneling (ILPT) in high-superconductors was introduced by
Wheatleyet al[211, 212 in order to explain the occurrence of the high transitiomper-
atures in the materials. The mechanism of ILPT forms one @fvital components of the
theory of highT. superconductivity proposed by Anders@@ According to this theory,
superconductivity originates in the individual Cu@yers by way of pairing of electrons
that may be caused either by electron-phonon interactioby spin fluctuations. Coherent
single particle hopping between two Cufyers is blocked in the normal state due to the
non-Fermi liquid nature. This explains the obsereeskis anisotropies in various physical
properties in the normal state. In the superconducting $tatvever, Cooper pairs from one
CuG, plane can tunnel to an adjacent plane by the Josephson ingpnmeéchanism. This
delocalization process is coherent and it lowers the kireaiergy substantially by accessing
the c-axis dynamical degrees of freedom which is forbidden inntbemal state. The pos-
sibility of coherent tunneling of singlet pairs was rewsitby Muthukumaset a[213 who
showed that the matrix elements for interlayer hopping okkattron pair is nonzero and
hence the corresponding Green'’s function has a coherentygale single particle tunneling
across the layers is forbidden. The ILPT the@#@}[proposes that this coherent tunneling of
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92 Chapter 5. Interlayer pair tunneling in bilayer: A variatial calculation

pairs enhances superconducting correlations preformdéideitCuQ planes and provides a
large condensation energy leading to the high valuek ofThus within the ILPT scenario,

superconductivity is driven by a gain in kinetic energy imtrast to the BCS theory where the
condensation energy is provided by an overall gain in pakenergy, a possibility believed

to be operative for cuprates superconductors. The consegs®f ILPT to a conventional

superconducting state was studied by Chakrawetrgf148. They showed that planar mo-
mentum conserving tunneling of Cooper pairs give rise tdllgign anisotropic character to
a s'wave superconducting gap function and leads to a high \@ldg. More references on

ILPT in high-T, superconductors is available in the thesis by Angil2id].

The Josephson tunneling of Cooper pairs between two adj&ied, layers ca be de-
scribed by a terni[4§,

Z Ty(k) (et ¢ + h.o) (5.1)

wherec™" creates an electron with wave vectorand spino in layerm (= 1,2). Ty(k)
represents the Josephson pair tunneling amplitude whichdsen to be (k) = t, (k)?/t,
wheret is the in-plane hopping integral. The single particle iptanar hopping amplitude,
t, (k) depends on planar momentunas,

t, (K) = [coskxa) coskya)] (5.2)

Such a form ot (k) is supported by band structure calculation and experiai@vidences
in bilayer cuprates§.4). The tunneling Hamiltonian of Eq5(1) describes destruction of
a Cooper pair in one plane and creation of a pair in the otrerepl The process conserves
the planar momentunk, and represents an interaction which is strictly locatigpace. This
implies an infinite range pairing interaction in real space & is believed to have many
nontrivial consequences to the properties in the superedimd) state including the highly
anisotropic gap structur2f)].

Regarding the validity of the ILPT model, experiments desijto verify the scenario
seem to contradict the notion for certain materials. Fong{a, thec-axis penetration depth,
which is related to the condensation energy due to the ayterltunneling, is found to ffer
in TI,BaxCuGs,4[98, 99] from the value predicted by the ILPT theory by roughly ondeor
of magnitude. However, Chakravanty a[215 have argued that the discrepancy in theory
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5.2. The model 93

and experiments in these materials can be brought downahtgby a more careful analysis
taking into account the fluctuatiorfects.

In this work, we directly calculate the energy due to the pghsen pair tunneling term
in a bilayer in superconducting state, where each of thas$agelescribed by the Gutzwiller
projectedd-wave BCS wavefunction having variable particle numbedc@ations are done
using a grand canonical VMC simulation. The results of olrwdation show that the energy
due to the pair tunneling term is too small to be of any sigaifee at least for parameter
values considered. Apart from this result that negateswipeitance of ILPT in the variational
study, this work also demonstrates an algorithm to perforomte Carlo simulation in a grand
canonical scheme.

5.2 The model

The dfect of ILPT on the superconducting properties of multil@gesystems have been stud-
ied by describing individual layers by either a BCS-likéeetive Hamiltonian[48 214 or a
toy Hamiltonianp13 and then adding a pair-tunneling term between them. Hereonsider
the two dimensional-J model for each of the layers connected by the Josephsonlingne
term. Thus we consider a Hamiltonian for a bilayer lattioeegiby,

Ha -t Z (ci(;””c(jr;) + h. c +J Z (S(m) S(m) n(m)n(m)
i, j)o i, j)

Z Ty(k) (¢ ic? 6@ + h.c) (5.3)

wherec™ (") annihilates (creates) an electron of spirat sitei of layerm (= 1,2), and
n™ = MM M js the spin operator at sifeof layerm. The summation indiced, j)
indicate nearest neighbor pairs in a plane and wave v&dietongs to the first Brillouin zone
of a 2D square lattice. The no double occupancy restriciamplicitly assumed. The param-
eterst and J are the planar hopping and exchange integral, respectiVélg pair tunneling
amplitude,T;(Kk) is taken to be of the formd4g,

2
T,(K) = 1t_i6t(coskx ~ cosk,)* (5.4)
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94 Chapter 5. Interlayer pair tunneling in bilayer: A variatial calculation

with t, being the interplanar single particle hopping parameterfok the parameter values,
estimates fot (~ 0.4 eV) andJ (~ 0.13 eV) are already mentioned §3.2 Magnitude oft,

is estimated to be of the order ofi® eV[14§ giving a value oft, /t to be~ 0.4. Hence, here
we considet; to be 04t. The exchange parametgis fixed at 035t.

5.3 The variational wavefunction

The Gutzwiller projected BCS wavefunction has proved to beasonably good variational
wavefunction to describe the superconducting state ofvileedimensionat-J and Hubbard
models as mentioned before. Traditionally in VMC studieshafse models, one consider a
variational wavefunction in fixed electron numbgl) (fepresentation for convenience. This is
possible and also justified as these Hamiltonians consentiele number and average values
of observables in canonical and grand canonical schemeajpeeted to show same qualitative
behaviour. However in this case, the pair tunneling termha lHamiltonian (Eqg.%.3)) de-
stroys or creates two electrons in an individual layer. &fgge it is necessary to incorporate
particle number fluctuations in the variational wavefunictiHere we describe the state of in-
dividual layers by the Gutzwiller projected BCS wavefuoativith variable particle number,

)™ = PO ™ = PL | | (ue+ viecy e 10) (5:5)
k

wherem (= 1, 2) is the layer index. The pairing symmetry of the supercatidg state is taken
to be thed-wave. Then we consider a product two such wavefunctionss éor each layer,
as the trial wavefunction of the Hamiltonian of E§.J). Thus our variational wavefunction
is given by,

Pyar) = [PV P)@ (5.6)

5.4 The method

As the variational wavefunction described above reprasantavefunction with fluctuating
particle number, we employ a grand canonical version of thi€\method. First, we represent
the Hamiltonian and the wavefunction in real space, astititisd below.
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5.4.1 Hamiltonian in real space

The third term,H; of Eq. (6.3) is in k-space. We transform it into real space by using the
Fourier transformations,

o = hZ KA and o = Zé“m v 5.7)

whereNs is the number of lattice sites per layer alﬁ’f? represents a vector in layer. Thus
we get,

Hs

1 il 2 2
= > T5() (e ic? ¢ + he)
k
i ) A2 (2 ’ 2)F A(2)F A(1) A1
= = (TijpaC e e@c® + T3, @ cPcy) (5.8)
iipq
where the amplitudesijpq and T, ,; are given by,
Tijpg = izZTJ(k)e‘i"'(ri(l)‘rgl))e‘”“('(pz)‘“(lz)) (5.9)
e @)_r@ @)_ (1)
quji _ ZTJ(k) ik(rg”—r5)) g k(1 ) _ T”pq Tiqu (5.10)
SinceTqpji = Tijpq = Tjjpq: EQ-5.8can be written as,
1t AT A(2) (2
ZT.,pq (el c@e® +he) (5.11)

ijpq

In numerical simulation, it is advantageous to calculajg, beforehand and store it in mem-
ory rather than calculating it on the run, in order to save potational time. On the other
hand, T;jpq for all possible combination of the indices is a four dimensil matrix of size
Ns X Ns X Ns X Ng and hence storing it requires a large amount of computer mepw@n
for a reasonable lattice size. However it is easily recagphithat due to the symmetries of
Tijoq, Many of matrix elements are same and it turns out that we teestbre a matrix of
size of onlyNg X Ns. All other elements can be mapped on to this matrix usingyhesetry
properties ofT .
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96 Chapter 5. Interlayer pair tunneling in bilayer: A variatial calculation

5.4.2 Wavefunction in real space

In §2.3.1 we described the real space representation of a wavedmnatiich is same as the
individual terms in the product wavefunction of E5.) except that in the earlier case the
wavefunction was projected into a fixétl(electron number) subspace. In this case, though
the procedure is similar, we have keep in mind some nontreaasequence of the particle
number variation. To illustrate it, let us concentrate oamdhand canonical wavefunction for

a single layer as given in E§.5). Dropping the layer indices for the time being, we write it
as.

¥) = PoMecs) = Po | [ (U +wici,cy)I0)

k
Ns 1 N/2
P — | oK) ci] 10)
N

= Pe Z [YBecsIn (5.12)
N=0,2....
whereg(Kk) as defined ir§2.3.1], is given by
o(K) = = (5.13)

(8x — 1) + /(e — p)? + AZ

The gap function is taken to b = A(cosk, — cosk,). Each term in the summation oviar
in Eq. 6.12), i.e. |[¥gcs)n represent a BCS state witth (even) electrons. Using the Fourier
transformation of Eq.4.9), we get

N/2
1
¥ecs)n = W (Z @(rip — er)CiTTCJTi] 10) (5.14)
ij
whereg(r) as defined in Eq.2.11), is given by
o0 == 3 pke (5.15)
Ns -
Here we mention that in the grand canonical formalism, ieisassary to consider the numer-

ical factors, such ad\[/2)! andNs in the above two equations, correctly in the calculations.
The next important step is the expand the right hand side offF=t) by maintaining correct
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order of the electron operators. By doing so, we get
_ Pt f ool of of
Pol¥econ = > C(R) (L1l - clich ¢l ) 10) (5.16)
Rn

whereP (= N/2) is the number of up or down electrons &@y) is aN/2x N/2 determinant
given by,

Pt =) - @(Miar = Tjey)
C(Ry) = : E (5.17)

O(Mipr = Ti1) =+ @(Mipr = Tjpy)

and the &ect of the projection operatdP is taken care of by excluding any configuration in
Eq. (.16 with doubly occupied site. The factor %17), in Eg. (.14 is canceled by a factor
accumulated after rearranging the terms to get bd.§. Further rearranging the electron
operators in Eq.H.16) to recast it into a slightly dierent form, we get

Pcl¥ecs)n

_ 1\ 244(P-1) (T AT FoAT AT J
Z C(RN)( 1) (CichlzT to CiPTlelCizl "B ijl) 0)
Ry

Sv ) CRYIRY (5.18)
Rn

where the sign factoy is equal to £1)H+2++(N2=1) — (_1)NN-2/8 \jith this we can write
the real space grand canonical BCS wavefunction for a slagér as,

o0

wy= > sN[ZC(RN)|RN>] (5.19)
2,... Rn

N=0,

Therefore the real space representation of our variatimaskfunction of Eq. §.6) for the
bilayer becomes,

(o) (9]

W)= > > SuSv| D) D CRICRDIRDIRD (5.20)

N=0,2,... N’=0,2,... (1) (2
o o RV RV

TH-790_AMEDHI



98 Chapter 5. Interlayer pair tunneling in bilayer: A variatial calculation

5.4.3 Grand canonical simulation

Having done the groundwork, the next task is to perform thetd&arlo simulation of the
variational wavefunction. The trial wavefunction definedtiq. 6.20) is a linear superposition
of product states where each term in the product repres@&@Sastate for a layer with a fixed
electron number. In a particular configuration, the numbiexiectrons in the two layersy
andN’ may be diterent. However it is to be noted that because of the preshadautzwiller
projector,N andN’ can vary only uptd\Ns. The average number of electrons in each layer
will be determined by the chemical potential, which we canage to have same value for
both the layers so as to get same average particle denshg invb layers. However it turns
out that, such a direct simulation of the wavefunction of &R0 where particle number can
fluctuate, has some nontrivial aspects. It may be mentidmegga previous simulation of the
grand canonical BCS wavefunction was performed by transfay the wavefunction into a
mixed band probleni[37. But here we succeed in doing so directly from Eg20) using an
algorithm to be described below. Since the basic problenfisgnaulating a grand canonical
wavefunction in the individual layers, we first focus on thavwefunction for a single layer.

The projected grand canonical BCS wavefunction for a silayler is given in Eq.5.19).
This wavefunction represent a state in the Hilbert sp&icepnsisting of states with varying
number of particles. The expectation value of an obseryatiegiven by

A = ZnZa SNC(Ru)(YIAIRy)
YN 2Ry [C(R)I2
= Z Z P(RN)S’“g(lFA{'F)eN> (5.21)
where
P(Ry) = IC(Ry)P? (5.22)

2N 2Ry IC(RN)?

In Monte Carlo, we can evaluate the sum in E§.2Q) by importance sampling over the
configurations with respect to their weighBRy). Thus we can write,

) SW(CHIARY)
® = zNMNZZ( ) (629

TH-790_AMEDHI



5.4. The method 99

where My is number of states sampled from &Ahparticle subspace dfl. However, the
problem in carrying out the Monte Carlo simulation in thiseds of obtaining the right
distribution of My among various fixed subspaces. This fiiculty can be illustrated by
comparing with the situation in canonical VMC. In this cadee wavefunction (Eq.5.18)
consists of superposition of states with a fixed number digl@s. The various basis states of
the wavefunction dier only in the occupancies of the lattice sites. Therefasisg with one
state, we can generate any other state by successivelyirapplyy of the following two kinds
of Monte Carlo moves. These are (i) a hopping move where arr @own spin is moved
to a vacant site or a combination of the hopping move and Qig@change move where
two antiparallel spins are exchanged, with the selectiospais and sites all being possibly
random. Thus in other words, a rand@ralkin the Hilbert space of the fixeld wavefunction,
based on these two Monte Carlo moves is ergodic as the walkéie to visit any of the states
in the Hilbert space. However, such a walk based on only tbeetwo moves will obviously
fail in the grand canonical case. Here, in addition to thevabuoves, we need to create or
destroy electrons from a configuration. Since for our wanefiion, each basis state is defined
for an even number of electrons therefore we need to createstroy electrons in pairs. The
guestion is how often should we create and how often shouldes&oy a pair?

Let Hy be the subspace @f with fixed number of particles\. The dimension ofl, that
is the total number of configurations wibhelectrons strongly depend dhand is given by,

Ng!

Ci (Ne— Ny 1)

(5.24)
The quantityGy is equal to the total number distinct ways in which we can [g¢2 up
electronsN/2 down electrons and\g — N) holes in a lattice havings sites (no site is to be
doubly occupied by electronsizy is sharply peaked at a particuldrand much smaller at
other values. As an example, we sh@y as a function oN for a 8x 8 lattice in Fig.5.1(a)
With the creation or destruction of a pair of electrons, thiedom walker jumps from one
subspace to another as indicated in Bid(b) Let us call the move in which we either attempt
to create or destroy a pair or stay in current subspace, aifgnmpove. Now we require that,
the time which the walkeattemptsto spend in a particular subspagg,, or the number of
attempts the walker makes to jump into subspBge should be proportional t8y. However
the actual time spent may befldirent as it will be influenced by the weights or fitc@ents,
C(Ry) of the configuration$Ry) of a subspace. In particular if we consider a hypothetical
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Ficure 5.1: (a) DimensionGy (normalized to unity) of dierent subspacééy as a function

of number of electrond\ for a 8x 8 lattice. (b) Schematic representation of a random walk

in the grand canonical Hilbert spagewith the arrows indicating jumps of the walker from
one fixedN subspace to another with the creation or destruction ofrelepairs.

situation where allRy) have the same weight, that is, if we consider a wavefunchig)
such that

Ns

Wy = D, D, IR (5.25)
R

N=0,2,...

then we should getVy « Gy, whereMy is as defined in Eq.5(23. This is an important
condition which must be satisfied by the random walker in ttaad canonical Hilbert space.
The challenge now is to formulate a strategy for random wadidictvmeets the above criterion.
In this regard, we propose an algorithm as described below.

We start with an initial random configuratigi®y); of N/2 up andN/2 down electrons, as
usual. To generate other states in the Markovian chain§@&e4 we do a series of Monte
Carlo moves as follows. First, we select two distinct sitesd j randomly. The occupants
ands; at these sites may be a hole (0) or an fipspin or a down [) spin. Depending upon
the occupant, we attempt a jumping move as follows.

1. If sis O ands; is O: try to create a pair at these two sites (jump fifin— Hy.).

2. If boths ands; are?: try to destroy one of these with anothiespin chosen randomly
(jump fromHy — Hpy_»).
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3. If boths ands; arel: try to destroy one of these with anotHespin chosen randomly
(jump fromHy — Hy_»).

4. Otherwise: do nothing (stay ifiy)
One such jumping move can be followed by a certain numberbimg and exchange moves

as usual. In any of these moves, a new gi{e),, 1 is generated from the current st#Re ),
with a transition probabilityyV given by,

P(R::
W(R], — RU1) = min{l (Ry )}

PR (5.26)

Here in one Monte Carlo step (MCS), we do one jumping moveofedd by Ng number
of combined hopping and exchange moves. To check whethemtorithm satisfies the
condition described in Eq5(25, we calculatedMy by takingC(Ry) for all configurations to
be equal to unity. The results obtained after giving a run®fMCS consisting of the above
algorithm, is shown alongwith the desired distributi@) in Fig. 5.2 The figure shows

0 10 20 30 40 50 60
N

Ficure 5.2: Normalized values oMy defined in Eq. %.23 measured after Monte Carlo
simulation of the hypothetical wavefunction of E§.Z5 andGy (see text) as a function of
number of electrondl. The results are for a lattice size ok&.

that the shapes of the two distribution curves K&y andGy are remarkably similar, though
their peak positions are slightlyfeerent. We found that the simulation based on the above
algorithm gives results for the calculated quantitiesierdactual wavefunction that agree well
with those in other studies, as will be shown later. Theeefoe go ahead with this algorithm

to perform the grand canonical VMC simulation for our pumpbsre.
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5.4.4 Controlling particle density

The average number of particléd,in the grand canonical wavefunction determined by the
variational parameterg and A¢. Since in our simulation, the particle density is fixed, the
variation ofu andA is constrained by an implicit equation,

N_(/u, A) = constant (5.27)

effectively reducing the number of variational parametersre, avhich we choose to be
A. Thus before proceeding for calculations, we must obtass a function ofA and N
that satisfies Eq.5(27). Since inverting Eq.5.27) analytically is not possible, we have to
determineu only by trial and error method. This requires a searchufover a wide range of
values to obtain the desirgdvhich would fix the average particle dfor a constant. This

is inconvenient as the procedure has to be repeated for eliange ofA in a calculation, for
example, in wavefunction optimization. However we get abthis dificulty by reducing
the search fop to a great extent by using the method of renormalizationyssbf Edegger
etalllq.

The average number of particles in the projected grand d¢e@loBCS wavefunction is
given by,

(PcslPcNPe|Pecs)
(WecslPel¥ecs)

N = (5.28)
This numberN is different from the the average particle number in the unprajeB@S
wavefunction because of the projection operaiy, However, the ffect of projection can
be taken into account by renormalizing the unprojected fuenation and the average num-
ber of particles in the projected wavefunction can be madmlefp that in an unprojected
renormalized wavefunctiog[Lg. This way it can be shown that,

N~2) _ Gl (5.29)
— Uy |2 + gF|Vicl?

whereg, is a renormalization factor given by,

_ NS_ I\I_
O = Ne— N/2 (5.30)
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The BCS amplitudes, andyy are given by,

1 1
w==z|1- i V=z|1+ ok

2 2 20 K2 2 2|
k+(8k—/.l) Ak"'(gk_/-l)

wheregy is the free electron dispersion. Therefore given a holeitlens= N/Ns and gap

(5.31)

parameten\, we can solve Eq.529 numerically for chemical potentiak. The value ofu
can in turn be used in the projected grand canonical BCS wagtbn to get a density close
to the desired value in the VMC simulation. While this apmtogreatly narrows down the
search for a desired value gfand hence reduces computationfibds, it also provides a
check for the VMC codes. The chemical potential, obtainéer aolving the above equation
for a particular electron density, should fix the averagéigdamumber in the VMC simulation
of the grand canonical wavefunction to almost the same valNe carried out this check to
test the correctness of our VMC algorithm and found positasailt, which will be shown in
the following section.

5.4.5 \Verification of the algorithm

The first check of our grand canonical VMC algorithm comestiigh the calculation of par-
ticle densitiesh as a function of chemical potential, For this purpose we consider the
projected grand canonicdiwave BCS wavefunction for thieJ model on a square lattice of
size 8<8. Results fon as function ofx and gap parameterfor this wavefunction is available
from an earlier VMC study by Yokoyanet al[ 137 who used a dierent formalism for simu-
lation. These results were also compared by Edego@f216 with their results obtained by
the method of renormalization mentioned before. Therefarealso calculate this quantity
by our grand canonical VMC method and compare the resultstiwdse obtained in both of
these studies. The comparison is shown in 5ig. It shows that our results faorin Fig. 5.3(a)
agree very well with those in Fig.3(b) Especially, the agreement with the VMC results in
the second figure is excellent. This gives us an indicatiahahr algorithm for grand canon-
ical VMC simulation is correct. We make a further check on tbedes by calculating the
energy of the grand canonical BCS wavefunction for the sgttdrmodel using the grand
canonical VMC and comparing the results with that for thedikewavefunction obtained by
using the canonical VMC described earlier. The resultsHerhopping energ\g; (=(H,))
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100

() (b)

Ficure 5.3: Particle densityq as a function of gap paramet&ifor the projected grand canon-
ical BCS wavefunction witll-wave symmetry at various chemical potentjal(a) Obtained
from our grand canonical VMC simulation for a lattice size8ak 8. (b) Obtained by the
method of renormalization by Edeggetral[216] (solid lines) and by VMC of Yokoyamat
al[137] (circles for 6x 6 lattice) and ( squares for>88 lattice), taken from Ref216].

and exchange energl,; (=(7H;)) with H; and#; being the first two terms of Eq5(3) for
one layer, at various hole densities obtained in the twoscase shown in Fig5.4. We see

-0.1 ; ‘ : ‘
grand can. VMC =~ -0.15 1 grand can. VMC -=~
fixed NVMC —e— fixed NVMC -e—
-0.2 .
-0.3 =
w lattice = 8 x 8 - g =@
& X
= R -0.25
-0.5
-0.3
-0.7 : : ‘ A s ‘
0.1 0.2 0.3 0.1 0.2 0.3
(@) (b)

Ficure 5.4: (a) Hopping energy¥;:/t (per site) and (b) exchange energy,/t (per site) of the
d-wave SC state for a squatr€d model as a function of hole concentratiogbtained by the
grand canonical and fixed VMC simulation. Exchange constart,= 0.35t.

in the figures that except for the smaltfé@rences near half-filling, the overall agreement be-
tween the two results is excellent. This confirms the coness of our grand canonical VMC
algorithm. Therefore next we go ahead with the calculatfonghe bilayer for purpose as set
out in the beginning.
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5.5 Energy due to interlayer pair tunneling

In this section, we shall show the calculation of energiethefvarious terms in the Hamilto-
nian of Eq. 6.3) using the grand canonical VMC method. The system that wsidenis a
bilayer lattice consisting of two square planes which we takbe of size & 8. As described
by the Hamiltonian (Eq.5.3)), each of the layers is represented lyJmodel and a Joseph-
son pair tunneling term connects the two layers. The vanatiwavefunction for the bilayer
is defined in Eq.%.6). It consists of a product of two projected BCS wavefundiovith
varying particle number, one for each layer. The wavefuomchiasd-wave pairing symmetry.

The grand canonical VMC formalism used here to simulate t#function is described
above in details in the context of a single layer wavefumctibhe procedure for the bilayer
is similar. We first initiate two random configurations ofspin the two layers. To generate
other configurations, we make a series of Monte Carlo movédsliasvs. First we choose
one layer randomly and then attempt a jumping move from tyadrl This is followed byNs
(number of sites in a layer) number of hopping and exchangeemm the layer where we
stay after the jumping move. One set of such moves is coresicees one Monte Carlo sweep
(MCS). The inverse update method used earf§i@r3.5 to update configurations after a move
is accepted is employed here also. The chemical potentiglchosen to have the same value
in both the layers to obtain same average density of pastinl¢he two layers. To calculate
the expectation values of observables, we take samplesdbout 5x 10* MCS after giving
a warm up run of 5000 MCS.

We calculated energy as a function of the variational patam® at various hole doping.
In the calculations, we found that for = 0.4t, which is the value suggested in Ref4g as
mentioned earlier, the interlayer pair tunneling energgumerically negligible. Therefore,
here we consider a much greater value, e.gt = 1 in the calculations. The results for
the total energyE (per site in units oft) as a function ofA for three hole concentrations
in three diferent regimes of hole doping are shown in Fach. In the figures forx = 0.06
(underdoped) and = 0.19 (optimally doped), we see th&athas a minimum with respect
to A indicating the stability of al-wave superconducting state in the bilayer. kot 0.31
however, the lowest energy is obtained only o+ 0 which reduces the wavefunction to the
normal state. Now let us examine the component of the energyadnterlayer pair tunneling,
i.e., E.(= (H;) whereH; is the third term of the Hamiltonian of E¢h.Q)). In Fig. 5.6, we
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Ficure 5.5: Total energyk (per site in units of) of the wavefunction defined in Ecb.©) for
a bilayer as a function of the variational parametefor three values of hole concentrations
shown in the figures. Parameter values 3ite= 0.35 andt, /t = 1 and lattice size is88x 2.
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Ficure 5.6: EnergyE, (per site in units ot) due to the interlayer pair tunneling term in the
Hamiltonian of Eq. $.3) as a function of\, for parameter values same as those in 5i§.

plot E, (per site in units ot) as a function ofA for same values ok as above. The figures
shows thak, is a non-monotonic function af. This is in sharp contrast to the behaviour of
the single particle hopping energy or the exchange energghwdre monotonically varying
function of A (as in Fig.3.7). Moreover, the relative depth of the minima in tBe versusA
curves are much greater than that for the total endtgyaAnother remarkable feature is the
behaviour ofA’, the gap parameter wheke shows a minimum. Comparison of the plots in
the above two figures show that the magnitud&ois much greater than, the optimal gap
parameter corresponding to the total energy. This imphiasihterlayer pair tunneling tends
to enhance superconducting pairing in a plane as suggestieel ILPT theory26]. However,
we observe that the lowering of energy by interlayer painglimg is very small even for
t./t = 1 (see the scale of the vertical axis in Fi§6) as compared to the other energies,
which is the most important result here. Because of thislsrahle of E, , the pair tunneling
term has practically has ndfect onA. We also calculated the condensation eneEgyas

E. = E, — Es, whereE, (= E for A —» 0) andEg (= E for A = A) are the energies of the
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normal and superconducting states, respectively. We fthatcat optimal dopingX = 0.19),
contribution toE,; by the interlayer pair tunneling term (for/t = 1) is only~ 10% percent
of the total value, in contrast to the opposite scenario ssiggl in the ILPT theorgp]. The
reason for this negligible energy of the pair tunneling tevas found to be the following.
The magnitudes of the tunneling amplitudégyq (Eq. 6.9)) are very small. Fot,/t = 1,
typically it ranges from zero te 1073,

5.6 Summary

We have studied thdfects of interlayer pair tunneling intal bilayer by using a grand canon-
ical variational Monte Carlo method. As the variationakestave consider a product wave-
function where each of the layers is described by the prejetiwave BCS wavefunction
with varying particle number. The algorithm used for thengt@anonical VMC simulation
is unique which we have developed and described in detadscalulate the energies corre-
sponding to diterent terms in the Hamiltonian at various hole dopings. W tiirat though
the energy due the Josephson pair tunneling term showsstitey variations with respect to
the superconducting gap parameter, its magnitude is totl trfaave any significantféect
on the superconducting properties, including the condemsanergy.
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Chapter 6
Summary and outlook

Since the discovery of highz superconductivity in the cuprate compounds intense tleore
ical efforts have been made to understand the strongly correlagetrat systems in these
materials. The crystal structures of the cuprates conkgratified CuQ layers as the main
component of a unit cell. Over the years, theoretical saidrethe high¥f. cuprates have fo-
cused mainly on a single CyQayer which is believed to carry the essential physics oé¢he
materials. However, there also exists a strong interlageplking between dierent CuQ@
planes, especially in multilayered compounds which contadore than one CuQayer per
unit cell. For example, the magnetic moments of the coppamatin two adjacent CuQ
planes of bilayer compounds, such as ¥B&Os.x (YBCO), Bi,S,CaCuyOg, 4 (Bi2212)
etc., are found to be connected by an antiferromagneticamgdicoupling whose strength is
nearly 10% of that between the copper spins in a plane. Thgdikplitting clearly observed
in the recent ARPES experiments in bilayer cuprates imphiasthere exists a coherent sin-
gle particle hopping in the superconducting state acras€tiQ planes. The interlayer cou-
plings between dierent CuQ layers have profound implications to the physical propsrtf
the cuprate superconductors. It gives rise to a much higiggrsonducting transition tem-
perature,T. in multilayered cuprates in addition to some subtl@eiences in magnetic and
other electronic properties. However the precise mechahmw interlayer couplingféects
the physical properties is currently not well understood.

In this thesis, we have studied the superconducting and etiagiroperties of bilayer su-
perconductors and examined tHEeets of interlayer couplings on the properties. Each of the
layers is described by a two dimensioia model. Interlayer couplings are provided by an
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interplanar single particle hopping and an interplanaharge coupling term. The resulting
Hamiltonian is studied using the variational Monte Carld®) method which is a powerful
numerical numerical technigue to obtain the ground staipgaties in presence of strong cor-
relations. We developed the numerical code for VMC and teistégorously for correctness.
The method is described in details. These form the subjechabter2. We also included a
brief study on the ects of nonmagnetic impurity doping on the magnetic progedf cop-
per oxide layer and ladder materials. The physical systeene modeled by a strong coupling
Hubbard model with an additional potential term represgnthe impurities. The resulting
Hamiltonian is studied using the finite temperature quantonte Carlo (FTQMC) method,
the code for which are also developed by us independentlyohServed interestingtects,
such as, enhancement of antiferromagnetic (AF) correlatawound an impurity, destruction
of AF long range order (AFLRO) by finite concentration of innipies etc. For ladder, the uni-
form magnetic susceptibility as a function of temperatorelie doped system shows a sharp
increase at lower temperatures, a feature not seen in gider& We examined the interplay
of holes and impurities away from half-filling but found naadence of any impurity #ect on
hole mobility.

The momentum dependence of the superconducting gap hasbeerf the major issues
in the highd superconductors. In general, the gap function is found tofbd._.-wave
symmetry from angle resolved photoemission spectroscARPES) and tunneling exper-
iments. Various analytical and numerical studies of the divoensionalt-J and Hubbard
models over the years have shown that these models stramubpd the scenario. However,
there also exists a number of experimental evidences, iedlgen bilayer materials, which
suggest that the gap symmetry is more complex than a sidiplave. We examined this
issue in chapteB. We considered several pairing symmetries of the supermiimdy state for
at-J bilayer by taking the Hamiltonian parameter values thasaiggested to be appropriate
for bilayer cuprates by experiments. Our variational dalitons show that for the physical
range of Hamiltonian parameter values, theave state yield the lowest energy in the bilayer
as in single layered systems. The interplay of antiferrameéigm and superconductivity has
always been an important issue in the study of cuprate sopéuctors owing to their prox-
imity in the phase diagram. We have investigated the issumexistence in bilayers and
found that antiferromagnetism coexists with supercondiztin the underdoped regime, a
scenario also observed in the two dimensidrdlmodel. Interestingly we observed that in
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the coexisting state, both the AF and SC correlations arefgigntly enhanced as compared
to those in pure superconducting state.

In chapter, we obtained a ground state phase diagrant-fbbilayer as a function the in-
terlayer coupling strengths and hole concentration fodfaues of planar parameters. The
phase diagram shows rich features, such as a coexistenogifeframagnetism and super-
conductivity at underdoping, competing planar and ineampl superconducting correlations
for moderate and strong interlayer exchange coupling etmtlfer interesting feature in the
phase diagram is a non-monotonic variation of the phasedayyrbetween the supercon-
ducting and normal phases as a function of interlayer happarameter. While larger single
particle interlayer hopping enhances the magnitudd-aefave SC gap at underdoping, it is
found to have the oppositdéfect on SC correlations. The single electron interlayer imapp
reduces the SC correlations at all doping levels, excepinftihe overdoped region where
pairing correlations are enhanced for moderate valueseop#inameter. Increasing strength
of interlayer exchange coupling changes the nature of thet&€ from being predominantly
planar to a state having strong interplanar pairing. Themaigcorrelations at and near half-
filling are found to show three dimensional AF long range or@d-LRO). The magnetic
correlations areféected negligibly by interlayer couplings. Instead, thessare found to be
much more &ective in destroying the AFLRO.

The interlayer pair tunneling (ILPT) has been believed &y @n important role in the de-
velopment of the superconducting state in highzuprates. It has been suggested that in the
superconducting state Cooper pairs tunnel across the Giyers coherently thereby lower-
ing the kinetic energy substantially. This interlayer gaineling amplifies superconductivity
in the plane and provides almost all of the large condensat@rgy observed in the cuprate
superconductors. However experimental test of the abamesio in a number of compounds
contradicts the picture. Here we examined the issue usimgradgcanonical VMC method
based on a new algorithm. Specifically, we calculated theggn#due to the Josephson tun-
neling of Cooper pairs across the layers. This is the comteabapters. We described the
superconducting state of the bilayer by a variational wawetion which consists of product
of two Gutzwiller projectedd-wave BCS wavefunctions with varying particle number, one
for each layer. The wavefunction is simulated using our gr@anonical VMC method which
is described in details. Calculation of energies show thatgh the energy due the interlayer
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112 Chapter 6. Summary and outlook

pair tunneling shows interesting variations with respedhe superconducting gap parame-
ter, its magnitude is too small to have any significafeé@ on the superconducting properties,
including the condensation energy.

Finally, a few concluding remarks are in order. In this watle, have attempted to under-
stand how interlayer couplingsfect the superconducting and magnetic properties of bilayer
superconductors. Since the variational method used henaiisly limited to studying only
the ground state properties, rigorous comparison of owltsesith experiments could not
be made. As for the possible extension of the work, it can beymd in various directions.
First we can consider a more realistic model Hamiltoniarbflatyer superconductors than the
basic bilayert-J model considered here. To cite an example, we can includeekienear-
est neighbour hopping in the Hamiltonian which is shown tanbeessary to explain some
of the observed ARPES features of the cuprates. Also, tleglayyer hopping parametdr,
is taken here to be independent of the planar momenkuntjowever, in view of the ob-
served anisotropy in the magnitude of band splitting inydtesuperconductors, it is desirable
to take ak-dependent form of, as suggested by the experiments. As for the nature of the
superconducting state in bilayer, a few more possible p@asymmetries than the ones con-
sidered here can be explored. Another interesting prospadd be to extend the variational
Monte Carlo method to excited states and study the finite ¢éeatpre properties of bilayer
superconductors.
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Appendix A

The finite temperature Quantum Monte
Carlo method

A.1 Grand canonical ensemble average

The basic idea in finite temperature Quantum Monte Carlo (ACPmethod[L82 217] is to
simulate the grand canonical ensemble of a system. The gearahical expectation value of
an observableD is given by,

Tr (Oe‘ﬁH)

(0) = Z

(A.1)

wheres = 1/KT, H is the Hamiltonian of the systemlr stands for sum over all particle
numbers and over all site occupancigsis the grand canonical partition function defined as,

Z=Tr(e™) (A.2)

The Hamiltonian for the Hubbard model is given by,

H =t Z (cﬁvcj(, + h.c.) +U Z nipNj, — Z N (A.3)

(ij).o i io

where the meaning of the terms are as described in Chapter

113
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114 Appendix A. The finite temperature Quantum Monte Carlo naetho

A.2 Trotter decomposition

To perform numerical simulation, we have to first carry ot ttace over fermionic degrees
of freedom in Eq.A.1). To achieve this, we discretize the imaginary tifg@to small steps
by writing 8 = ArL. The partition function now can be written as

Z=Tr(e™) =Tr (e‘AT(K“’))L (A.4)
with K andV being

K

i Z (cii,cjg " h.c.) —u Z N (A.5)

Vv (A.6)

Il
C
[
=
3

Now different terms in the exponential in Ed.4) are separated using the Suzuki-Trotter
decomposition formul @18,

e—A‘r(K+V) ~ e—A‘rK e—A‘rV (A?)
so that the partition function becomes
L
Z=Tr (e‘ATKe‘ATV) (A.8)

A.3 Hubbard-Stratonovich transformation

The interaction terne*"V is quartic in electron operators. This term is made quatliati
using the discrete Hubbard-Stratonovich transforma®bg[as follows. SincmﬁT = n,,, we
can write

1 1
NNy = —Emz + Eni (Ag)
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A.4. Trace over fermionic degrees of freedom 115

wherem = (ni; — niy) andn; = (n; + n;;) are local magnetization and charge, respectively.
Therefore we get

eV _ —ATUZi(—%nf+%ni)

l_[ g 2 e (A.10)

By the Hubbard-Stratonovich transformation,

ez = Z g sam (A.11)

S+l

where coshl = eV27/2. U is regarded to be positive here.

A.4 Trace over fermionic degrees of freedom

Using the above the "V term can be written as,

gV _ —[ e Uﬁ’ Z g SAm

S+1

- 7[ 3 []etmsen

| s=+1 o
< %)N Zz...l—[e-zi(m%)%
= ) []—[e DGt )ﬂ (A.12)

In the aboveg = + (=) for spint () andNs is the number of lattice sites. Now tlee*™®
term is written as,

ATk _ eATtZm‘>U.(C:-(erU-+h.C.)+AT/lZi(rni(r

l:[( A7 i ¢, Kijco )(eAminniU) (A.13)
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116 Appendix A. The finite temperature Quantum Monte Carlo naetho

The two exponential terms can be separated because theyutenky = —t for i, j nearest
neighbour and is 0 otherwise. Therefore

N
e—ATK e—ATV — [l | e—AT Z” Cr(rKijCj(reATl,[ Zio— ni(r] [(%) S T ,
{s}
o o

Ns
(:_ZL) (l—[ e—ATZ” Cn KijCjo —ATZI Cn i CJ“) (A14)

We have divided the whole imaginary time intervalgPinto small slices each of widtA. If
we consider the above term to be for thi time slice [ = 1,2,...,L), then the Hubbard-
Stratonovich (HS) variables as well asV” acquires a time indek ThusV/(l) is given

e Zi(ffS/HU—?T)ni(r)

by,
em _ oAs(l) (U )
Vi) = T2+ (S - (A15)
Next we write,
1
( ATK ATV rl ATK —ATV (A16)

=L

so that earlier times appear to the right. The partition fiemcnow becomes

Z

IR

Tr ( —ATK e—ATV)L

NsL
(%) _!_}r i (l—[ e AT Cr(rKijerre—AT i ¢l Vi cio (A.17)
S|
o |

The trace over fermionic degrees of freedom of the term enp@renthesis can be shown to
be equal to ddt + BB, ... B]|. Thus

IR

Z

1 NsL
(5) Tr | |detlt+ 8787, ... BY] (A.18)

The matriced3” are give by

Bo- _ —ATKe ATVI(l) (Alg)
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A.4. Trace over fermionic degrees of freedom 117
with K andV7(l) being theNg x Ng matrices
O -t 0 --- 0 -t
-t 0 -t --- 0 O
K=f 0 -t 0 .-- O O (A.20)
-t 0 0 .-~ -t O
df) 07 e 0
o dg() --- 0
Vo) =| () . (A.21)
0 0 - &)
where the diagonal elements are giverdbl) = L1os(1) + (% — u). Introducing
o7 ({s) =[I +B/B/_;...B] (A.22)
we get
1
Z = (2) r[deto’ ({s)) O* ({s))]
= Tr [p({s})] (A-23)
where
1 NsL
plis)=(3)  [deton 1) 0 1) (A.24)

is called the &ective density matrix.
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118 Appendix A. The finite temperature Quantum Monte Carlo naetho

A.5 Calculation of expectation values

Using Eq. A.17), the equal-time correlation function of two operatérandB is written as

1 oo
(AB) = z-{r}rTI’ [ABH e A Xij Cr(rKiJCJfTe‘AT i e, Ve (A.25)
s
lo

Defining the fermion average or Green’s function for a givenfiguration of HS fields as,

1 a
<AB>{S} = ({ S})T r [AB l—[ e—AT 2ij Cr(TKijCj(re—A‘r i C.T(rVi Cio (A26)
p lo
the correlation function becomes
1
(AB) = ZTr(ABysp (is)) (A.27)

Therefore the correlation functions are obtained by samgghe corresponding Green’s func-
tions over the HS spin configurations weighteddgjs}). The algorithm for the simulation is

described in great details elsewhdi@®, 183 22(. Here we mention a few technical points.
The problem that plagues the method is that the weight fagt(is})) becomes negative in

certain cases, especially away from half-filling, which @skalculations impractical. Thisis
called the negative sign problem in the method.

The equal-time single-particle Green’s functkm(l)c}g(l»{s} plays a very important role
in the Monte Carlo updating process as well as in calculatfoexpectation values of other
observables. This quantity can be shown to be equal to

(o), (), = [g"O)]; = [ + A()] (A.28)

whereA’(l) = B ,B7,...B{B{...B/. We note that the Green’s function matrg¥(l) is
obtained from the inverse of another matrik;{A’(I)]. This matrix is often very ill condi-
tioned, especially at low temperature or hghrherefore straightforward calculation gf(l)
becomes unstable at low temperatygex 3) and largetJ (> 4t). The problem is overcome
to a large extend by employing an elaborate technique forpcoation ofg”(l), called the
method of matrix decompositiob82 220.
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A.5. Calculation of expectation values 119

In addition to the equal-time Green'’s functiagf(l) we also define unequal-time Green’s
function,G7(I4,1,) for I, > I, asGﬁ(Il, L) = <ci(,(ll)c?0_(lz)>{s}. G7(l4,1,) can be expressed in
terms of the single-particle Green'’s function as,

G’(l,15) = BYBY ... B{Bj...B7,,g"(I2 + 1) (A.29)

We note that both the quantitigﬁ(l) andGﬁ(Il, I,) correspond to a particular configuration
of HS fields{s}. The averages of these quantities over the HS configuraai®nsEq. A.27)
give the final expectation values which we denote{(gﬁ(l))) and((G;}(Il, [))). In Monte
Carlo, the average is calculated by importance samplingtbed\, configurations according
to their weight ({s}), to get

1 &
CHODEENAHO (A.30)
a =1

and so on. Heré represents a configuratiofs} of HS field variables.

The expectation value of other quantities can be expressedms of these two averages.
For example, let us consider a few quantities of commonesterThe occupatiom; at site
i is given by,n; = Z(r(CLCia)- However in this formalism, eaat), operator has a time index
I. In other words we have a space-time lattice of dimenshx (N) x L. If the lattice has
translational symmetry, average occupation at any sitbteimed as,

n = N]s-l_ ; ; <CiTo—(|)Ci(r(|)>

D INC (0% (A.31)
STl o

whered”(l) = 1 - g7(l). The spin-spin correlation function {(§.S;) = (<mxm}<> + (rr\yrrfj@ +
(mfmf))/2, wherem = ¢y + ¢ ¢y, M = —i(c],¢i; — ¢ cy) andnf = ny; — ny;. Using the
Wick’s theorem,

4

(¢ G,cl e =(c

ilCi2>{s}<CiZCi4>{s} + <CiT Ci4>{s}<ci2CiT3>{s} (A.32)

1
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each component of the spin-spin correlation function caexpeessed as,

()
()

i) = (]9} + 1) 39
((6g) + gjg} - 816}, - 65 + 619 + §j9))) (A.34)

Finally the spin susceptibility is defined as,
(@) = = 3 e f e (s(1)S(0)) (A.35)

In the discrete time formulation here, the integral is repthby a sum over the filerent
imaginary time intervals. The unequal-time correlationdiion is expressed in terms of the
unequal-time Green’s function. For example, tomponent of the correlation function can
be written as,

(MEA)M(12)) = > [@000 = DG 11T (12))) + 600 ((GF (11, 12)G5 (11, 12)))]  (A.36)

oo’

Other quantities are expressed in terms of the Green’siamict a similar way.
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Appendix B

Variational wavefunction with coexisting
AF and SC order

B.1 AF mean-field decoupling of the bilayert-J model

Let us consider the J Hamiltonian given by,
H=-t) (dco+hc)+I)' S-S (B.1)
(i.jor ()

for a three dimensional cubic lattice with and B being the two sublattices. Hetds the
hopping integral and is exchange constart,, (ciL) annihilates (creates) an electron of spin
o at sitei. § is the spin operator at sife The summation indice§, j) indicate sum over
nearest neighbours. The Hamiltonian act on a subspace ajutdydoccupied sites.

The exchange part of the Hamiltonian can be decoupled by tisanidentity

PQ = (P)Q + (Q)P - (PXQ) (B.2)

121
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122 Appendix B. Variational wavefunction with coexisting ARI&C order

For antiferromagnetically (AF) ordered ground state, wianr

(8 = «(sh=0 (B.3)
(SH = +m if ieA
= -m if ieB

Or (S» = mé?", Q= (mn,7) (B.4)

wherem > 0 andA, B represent the two sub lattices. Thus

IS8 = J) ((SPST+(SHS!—(SIXSD)
By (B)
JmY (e21s? + €2187) - 3 ) (xS
(3N .0
2JmZ dris? — %Jm?zl\g (B.5)
(3N

Here Ns is the number of lattice sites amzds the coordination number of each site. We can
write

P o= % D) d9fidlnigz= _p 3" gOnig? (B.6)
), i 6 i

whered; is a vector connecting siieto its nearest neighbourB, (= z/2) is the dimension of
the lattice. Thus the mean-field Hamiltonian up to a condtmm becomes

e 3 —tz Cjo + hc.) AAFZeiQ'”SiZ (B.7)

(0, i

whereAar = 2JmD> 0. Fourier transforming the electron operators, we get

Hye = . &Cp,Chr — Anr ) 1(07)Ch, q, Chor (B.8)

ko ko

wheren(o) = +1,-1 foro =7, ] ande, = —2t(cosk + cosk, + cosk,) is the free electron
dispersion relation. The Hamiltonian is block diagonakinwe recast the Hamiltonian into
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B.2. Diagonalization of the Hamiltonian 123

the following form,

Hur = ) (6Cl, Cr + raChy00 Chrar) = Anr Y 1(0) (ChgrChr + ChyageChiar)  (B-9)
ko ko

where in the summationk,is now limited to that part of the Brillouin zone, for whieh < 0.
Sinceec.q = —& andk + 2Q = k, we get

Hur = > {e (Gl Chr = ClrquCiiar) = Anen(@) (€l Cho + ClCriar)]  (B.10)
ko

B.2 Diagonalization of the Hamiltonian

The Hamiltonian can be written in matrix form as follows.

i
Cko - A Ckeo
Hyr = Z k € n(c)Aar k (B.11)
o | CksQor (o) Anr —€&k Ck+Qor
The matrix
- A
_ €k n(o)Aar (B.12)
~1(0)Aar —€

can be diagonalized easily to get the eigenvalueSjas F \/e2 + A3.. The eigen vectors
corresponding eigenvalu&g are found to be respectively,

hy, A - =n(0)Bk (B.13)
n(o)Bx ag
Hereay, andgi are given by
1/2
1 €k
a = —|1- — (B.14)
V2 v Elf + AZAF
1/2
8 s & (B.15)
Kk = — .
V2l e
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124 Appendix B. Variational wavefunction with coexisting ARI&C order

It is easy to see that the transformation

U - [ v v ] | —n(0)Bk (B.16)
n(o)Bx ak
diagonalizes the matrik in the following way
Ee~. O
U?MuU=| *
0 E
Thus the diagonalized Hamiltonian becomes
& |[E 0 |[d
Hygdl= Z[ ‘8 k Ko ] (B.17)
ko dk+Q0’ 0 E; dk+Q0’

The antiferromagnetic quasiparticle operatiys are related to the electron operatoys, by
the following transformation

dko’ } _ [ (07 U(O')ﬂk }I: Cko } (818)

dk+Q0' —U(O')ﬁk (043 Ck+Q0'

The ground state of the Hamiltonian is the fully projectea skthe quasiparticles filled up to
the Fermi level,

Wo(Anr)) = Po | | di;d) 100 (B.19)

k<kr

wherePs = [];(1 — niyn;y) is Gutzwiller projector. It is worth mentioning here thatnce
e < 0, therefore forApyr = 0 we getay = 1 andB¢ = 0, which reduces EqB(18) to the
identity transformation as it should.

B.3 Wavefunction with coexisting AF and SC order

If we assume that the ground state of the Hamiltonian canefstoexisting antiferromagnetic
(AF) and superconducting (SC) phases, then a reasonal¢ieaal wavefunction would be
a BCS wavefunction with built in pairs of AF quasiparticl@ss¢ead of bare electrons). Such
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B.4. Various phases in the wavefunction 125

a wavefunction in fixedN (particle number) formulation can be written as,

Wo(Aar, Asd) = PoPu | | (uk + widf,dly, ) 10) (B.20)
k

where the product index' runs over the first Brillouin zone (FBZ) and

Vi ¢~ (k) fork, suchthag, <0
u | ¢*(k) fork, suchthat >0
with
g A
#7(k) = — (8.21)
(B~ m)+ (B 1) +

The quantityAx = Ascf (k) is the SC gap function andis the chemical potential.

B.4 Various phases in the wavefunction

The wavefunction given by EqB(20) describes various phases depending upon the values of
Aar andAsc as follows.

B.4.1 Pure superconducting 4ar = 0, Asc # 0)

ForAar = 0, a¢ = 1 andB = 0. Therefore

T AT St AT T i PN T
dedl =€l Gigr9li) = CheeiCliran
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126 Appendix B. Variational wavefunction with coexisting ARI&C order

With this, from Eq. B.27) we get,

A
[¥o(0,Asc)) = PG( X CTkTCikl
clao) (e — 1) + (el — )2 + A2
Ak N/2
+Q Fooaf
I - Ck+QTC—(k+Q)l) )
k (&<0) (|ek+ql — 1) + \/(|€k+Q| -1+ Ao
A

= SDG( > a CliCly

k(ac<0) (e — p) + f(e — )% + AF

N/2
Ak Pt
+ cch_kl) |O)
k(ezk;m (e — 1) + /(e — )% + Ag
N/2
~ | Y = Gty ] o
16k
k (keFB2) (& — 1) + /(& — p)? + A
N/2
= P [Z so(k)CLTCili 10) (B.22)
k

which is the usual projected BCS wavefunction.

B.4.2 Pure antiferromagnetic Aar # 0, Asc — 0)

Because there is no double occupancy 0 and hencel; — x) > 0. Therefore fokg > O,
we get

Ascf(k)
(Bt~ )+ (Es — ) + (Asc P2 o

¢ () yo0 = =0 (B.23)

Again since E; —u) < 0fork < ke and €, — u) > O fork > kg, therefore forg < 0 we get,

lim ¢7(k) = lim_ Ascf(k)2
- () + (B )+ (0sct 007
= 0 fork>ke (B.24)
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Therefore Eq.B.27) becomes

Wo(Anr, Asc — 0)) = Pg | | dyd’ 10y = P | | d,d,10) (B.25)

k<kr k<kg

which is same as EqB(19).

B.4.3 Paramagnetic Aar = 0, Asc — 0)

For this case we have in addltl%dkl = cchkl in Eq. B.25. Therefore the wavefunction
reduces to the paramagnetic Fermi sea of electrons.

¥o(0, Asc > 0)) = P | | ¢f,c),I0) (B.26)
k<kg

B.5 Transformation of the wavefunction into real space

The wavefunction with coexisting AF and SC order given in @320) can be written as

N/2
%(kad* d' ] 0

Po

[¥o)

N/2

> e (dydl + 0"k +Qdl o, 0| 100 (B.27)

k (e.<0)

Using the transformations given by E®.18), we get

7oAt _ i t ot ¥ ¥
ddlyy = CkTC ki~ ABKCGC (ki) t WkBKCrorCly

BiCrC 01

i i _ 4 T PN 4 4
oo @ geqn = BiCiCly ~ BBCC g  ABiCioCl
¥ T
U 0rC e
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128 Appendix B. Variational wavefunction with coexisting ARI&C order

Here we have usedk + Q = -k + Q-2Q = —(k + Q). Performing reverse Fourier transform
of thecy, operators, we get

Y oodd,, = Y ¢ (k){ Z > e
k (e.<0) k (a20)

+ ak,BkeiQ'” _’826|Q(r. J)) gk (ri- J)CITTCITL} (B.28)

and

Z ¢7(k +Q)dk+QT _(k+Q)L — Z g7 (k + Q){ Z(aEéQ'(”‘”)

k (e<0) k (e<0) i

—onBie ' + oy B €2 - ) ! Cﬁ} (B.29)

The second equation can be recast into slightffedent form by writingk = k" — Q, where
k" is such that, > 0. We getay = aw-q = S andBx = ax.. Thus

1 + 2 —iQ.ri
¢ (K + Q)dk+QT ~(k+Q)L ~ Z {N Z ¢* (k) (ﬁk — ayfe "
k (e<0) ij k (e>0)
+ @B @@ — afer ) gh fﬂ}chcT (B.30)
Therefore we can write the wavefunction as,
N/2
[Wo(Aar, Asc)) = Po (Z (i, TjL)ciC Jl] 0) (B.31)
i

whereg(rir, 1) = ¢1(rip, r'jy) + ¢2(rip, 1), @ndey, ¢, are given by

$alfin i) = Z ¢ (K) (f — awBe ™ + ax i@ — pReRT) e (B.32)

k (e.<0)

¢2(riT, rjl) = N Z ¢+(k) (Bi _ Ozkﬁke_'Q'r' + akﬁkelQ.rJ _aie—lQ.(r.—rJ)) e|k.(r.—r1) (B.33)
k (&>0)
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Expanding the right hand side of Ed@.81), and then applying the projection operator, we
can write it as

Wo) = Z {detjg(rir, 1)} CurGint - - - Ciy1CuCi - - - €y 110D (B.34)

where the sum is over the set of occupandies..,iy} and{js,..., ju} of T and| spins
respectively, with the restriction that in any term+ j, for m,n < M. M is the number of
or | spins, M < N. The determinant is given by,

¢(ri1T’r11l) ¢(ri1T’riMl)
det|p(rir,ri)| = : (B.35)

¢(riMT’rj1l) ¢(riMT’rJMl)
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