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Abstract

This thesis aims at giving an axiomatization for the operation of if-then-else over

algebras of non-halting programs and non-halting tests, and further, makes use of

this axiomatization to study structural properties of the algebra of conditional logic.

To this aim the thesis introduces the notion of C-sets by considering the tests

from a C-algebra. When the C-algebra is an ada, the axiomatization is shown

to be complete through a subdirect representation. Further, this thesis gives an

axiomatization for the equality test along with if-then-else through the notion of

agreeable C-sets, which is complete for the class of agreeable C-sets where the C-

algebra is an ada. The thesis also introduces the notion of C-monoids which consider

the composition of programs as well as composition of programs with tests along

with if-then-else. A Cayley-type theorem is obtained in that every C-monoid

where the C-algebra is an ada is embeddable in a functional C-monoid.

The thesis also uses the if-then-else action to study the structure ofC-algebras

through the notions of annihilators and idempotence, through which a classification

of elements of the C-algebra of transformations
�X is achieved. The thesis also

proposes the notions of atoms and atomicity in C-algebras and obtains a characteri-

sation of atoms in
�X . Further, the thesis presents necessary or sufficient conditions

for the atomicity of C-algebras and shows that the class of finite atomic C-algebras

is precisely that of finite adas.
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Introduction

This thesis aims at giving an axiomatization for the operation of if-then-else

over algebras of non-halting programs and non-halting tests, and further, makes use

of this axiomatization to study structural properties of the algebra of conditional

logic. The work presented in this thesis lies in the area of general algebra, with

applications in the study of equivalence of programs in computer science.

We introduce the notion of C-sets to axiomatize the systems of if-then-else

in which the tests are drawn from an abstract C-algebra – the algebra of conditional

logic. Further, in order to axiomatize if-then-else systems with the equality test,

we extend the concept of C-sets to agreeable C-sets. We then introduce the notion

of C-monoids which include the composition of programs as well as composition of

programs with tests. We also use the if-then-else action to study the structure

of C-algebras.

The conditional expression if-then-else has received considerable importance

in programming languages, playing a vital role in the study of program semantics. As

noted in Bloom and Tindell [1983], if-then-else is present in almost all high level

programming languages and is useful in the study of various aspects of computation

(e.g., Courcelle and Nivat [1976], Manna and Vuillemin [1972]).

The most widely used interpretation of if p then f else g where p is a propo-

sition usually evaluating to true or false, and f and g are program components

1

TH-1673_11612304



2 Introduction

evaluating to some finite output, gives output evaluating to that of f if p is true,

and to that of g if p is false.

The juxtaposition of this construct in the context of real-world programming is-

sues leads to the necessity of including a third truth value, viz., undefined. This is

due to the fact that not all tests evaluate to only true or false because of program-

ming errors or non-termination. For this reason, it is also imperative to consider

program components that themselves might not halt. The concept of if-then-else

is also closely related to that of the equality test. Indeed, various studies, including

that of Sethi [1978], define the equality conditional in terms of the expression if

E = F then G else H where E,F,G,H might also themselves be expressions of

the same kind. It is also of interest to require that the program components be

combined via composition. Thus it would be natural to consider a monoid structure

over the collection of elements and to achieve an axiomatization for if-then-else

in this new setup.

Several authors have studied a suitable algebraic formalism to this construct

which vary according to the treatment of the operation, the nature (halting/non-

halting) of the tests and programs, and on the inclusion of an algebraic structure to

the collection of tests.

One of the seminal works in the axiomatization of this conditional expression was

by McCarthy [1963], where he gave an axiom schema for the determination of the

semantic equivalence between any two conditional expressions. Since then several

authors have studied the axiomatization of if-then-else in different contexts.

Following McCarthy’s approach, Igarashi [1971] studied a formal system com-

prising ALGOL-like statements including various programming features along with

if-then-else with predicates. The two systems were shown to be equivalent in

de Bakker [1969], i.e., axioms of one could be derived from the other. As mentioned
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earlier, Sethi [1978] gave a different framework to determine the semantic equiva-

lence of statements of the form if E = F then G else H . Kennison [1981] de-

fined comparison algebras as those equipped with a quaternary operation C(s, t, u, v)

satisfying certain identities modelling the equality test. He also showed that such

algebras are simple if and only if C is the direct comparison operation C0 given by

C0(s, t, u, v) taking value u if s = t and v otherwise. Pigozzi [1991] gave an axioma-

tization of the theory of equality test algebras appended with if-then-else, where

the test is purely T (true) or F (false). He gave a finite axiom scheme for the

quasi-equational theory of equality test algebras and another finite axiom scheme for

the equational theory of if-then-else algebras. Bergman [1991] studied the sheaf-

theoretic representation of sets equipped with an action of a Boolean algebra. This

Boolean action was in fact the if-then-else function. This approach was adopted

by Stokes [1998] who obtained a representation theorem for the Boolean algebra

case of if-then-else algebras of Manes [1993]. Further Stokes [2010] extended the

work of Kennison to semigroups and monoids. He showed that every comparison

semigroup (monoid) is embeddable in the comparison semigroup (monoid) T (X) of

all total functions from X to X, for some set X. He also obtained a similar result

in terms of partial functions from X to X.

Jackson and Stokes [2009] gave a complete axiomatization of if-then-else over

halting programs and tests. They also modelled composition of functions and of

functions with predicates and called this object a B-monoid. They further showed

that the more natural setting of only considering composition of functions would not

admit a finite axiomatization. They proved that every B-monoid is embeddable in a

functional B-monoid comprising total functions and halting tests and thus achieved

a Cayley-type theorem for the class of B-monoids.

The work listed above mainly focus on halting tests (by assuming them to be

of Boolean type) and halting programs. In the context of non-halting tests and

programs much work has been done, besides the work by McCarthy [1963] and

TH-1673_11612304



4 Introduction

Igarashi [1971]. Numerous studies have been made on the theory of partial functions

equipped with composition. Along these lines, Jackson and Stokes [2003] introduced

the notion of agreeable semigroups, which have an additional binary operation that

models the equality test in the context of partial functions.

Bloom and Tindell [1983] studied four versions of if-then-else along with

the equality test. In two cases they considered the halting scenario whilst in the

other two they modelled possibly non-halting programs and tests. They provided

an equationally complete proof system for each such framework while noting that

none of the classes formed an equational class. In order to obtain similar results

in the context of functional programming languages that have user-definable data

types, Guessarian and Meseguer [1987] extended the proof system of Bloom and

Tindell [1983] to heterogeneous algebras that have extra operations, predicates and

equations. Another extension of Bloom and Tindell [1983] was by Mekler and Nelson

[1987]. In this work the authors expanded the algebras in some equational class K

by adding the if-then-else operation and found axioms for the equational class

K∗ generated by these algebras. They also showed that the equational theory for

K∗ is decidable if the word problem for K is decidable. On a slightly different track,

Manes [1990] gave a transformational characterisation of if-then-else where the

tests are Boolean but the functions on which they act could be non-halting. Further,

Manes [1993] considered if-then-else algebras over Boolean algebras, C-algebras

and adas (Algebra of Disjoint Alternatives). Here C-algebras and adas are algebras

of non-halting tests, generalizing Boolean algebras to three-valued logics.

While there are several studies (e.g., Belnap [1970], Bergstra et al. [1995], Bochvar

[1981], Heyting [1934], Kleene [1938], Lukasiewicz [1920]) on extending two-valued

Boolean logic to three-valued logic, McCarthy’s logic (cf. McCarthy [1963]) mod-

els the short-circuit evaluation exhibited by programming languages that evaluate

expressions in sequential order, from left to right. Guzmán and Squier [1990] gave
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a complete axiomatization of McCarthy’s three-valued logic and called the corre-

sponding algebra a C-algebra, or the algebra of conditional logic. While studying

if-then-else algebras, Manes [1993] defined an ada which is essentially a C-algebra

equipped with an oracle for the halting problem.

Recently, Jackson and Stokes [2015] studied the algebraic theory of computable

functions, which can be viewed as possibly non-halting programs, equipped with

composition, if-then-else and while-do. In this work they assumed that the

tests form a Boolean algebra. Further, they demonstrated how an algebra of non-

halting tests could be constructed from Boolean tests in their setting. Jackson and

Stokes proposed an alternative approach by considering an abstract collection of

non-halting tests as in Manes [1993] and posed the following problem:

Characterize the algebras of computable functions associated with an abstract

C-algebra of non-halting tests.

Aiming to solve this problem, in this thesis we axiomatize if-then-else over

non-halting programs and non-halting tests by drawing the tests from an abstract

C-algebra.

We also study the algebraic structure of C-algebras, aided by the presence of

the if-then-else action. Various authors have studied structural properties of

C-algebras. Vali et al. [2010] introduced the notion of ideals in C-algebras and

studied various properties of ideals and principal ideals. Mandelker [1970] defined

the notion of annihilators in lattices which was extended to various classes of lattices

(cf. Cornish [1973]). The notion of annihilator ideals in C-algebras was introduced

by Rao [2013] where he showed that the class of annihilator ideals forms a complete

Boolean algebra. He further gave a list of equivalent conditions by which in the given

C-algebra, every ideal is an annihilator ideal. For further reading on annihilators

in C-algebras refer to Vali et al. [2015]. We introduce a notion of annihilators

and idempotents in C-algebras through the if-then-else action and study their

properties. Subsequently, we adopt the notion of atoms in Boolean algebras to
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6 Introduction

C-algebras and achieve a characterisation for the atomicity of finite C-algebras.

The work in this thesis has been divided into 2 parts comprising a total of 7

chapters in all. The first part is concerned with the axiomatization of if-then-else

under different contexts. The second part is engaged with the study of C-algebras,

first using the if-then-else action to obtain various structural properties, and sec-

ond in terms of a notion of atoms. The organisation of this thesis is as follows:

Chapter 1: Preliminaries

Part I: Axiomatization of if-then-else

Chapter 2: C-sets

Chapter 3: Representation of C-sets

Chapter 4: Agreeable C-sets

Chapter 5: C-monoids

Part II: Structure of C-algebras

Chapter 6: Applications of if-then-else

Chapter 7: Atomicity

Chapter 1. In this chapter we present relevant background material including fun-

damentals of algebras, necessary material on the axiomatization of if-then-else

over halting programs and tests from Jackson and Stokes [2009], and on the alge-

bra of conditional logic and adas from Guzmán and Squier [1990] and Manes [1993]

respectively.

Chapter 2. In this chapter we introduce the notion of a C-set to study an axiom-

atization of if-then-else that includes models of possibly non-halting programs

and tests, where the tests are drawn from a C-algebra. We first define the axioms

for C-sets in Section 2.1 and present the intuition behind the notion of a C-set and
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its axioms with respect to program constructs. Further, we present certain natural

examples of C-sets. Subsequently, in Section 2.2 we investigate some properties of

C-sets.

Chapter 3. Subdirect representations play an immense role in understanding struc-

tural properties of algebras. In Chapter 3, we obtain a subdirect representation for

a class of C-sets in terms of simple or basic C-sets in which the tests arise from

McCarthy’s three-valued logic,
�

(cf. Theorem 3.2.4). In order to achieve such a

representation, in this chapter we define a collection of congruences on the C-set

such that each quotient algebra is simple (cf. Section 3.1). Further, in Section 3.2

the intersection of this family of congruences is shown to be trivial, from which we

obtain the main theorem of this chapter, Theorem 3.2.4. Moreover, this result helps

in establishing equivalence of programs under the current setup (cf. Corollary 3.2.5).

Chapter 4. In order to achieve an algebraic formalism for the equality test in this

setup, in this chapter we extend the notion of C-sets to agreeable C-sets (cf. Sec-

tion 4.1). We give natural interpretations for each of the agreeable C-set axioms

along with some examples of agreeable C-sets. Further, in Section 4.2 we obtain a

subdirect representation for the class of agreeable C-sets where the C-algebra is an

ada (cf. Theorem 4.2.1). Using this, we obtain an alternative proof for Theorem 2.7

in Jackson and Stokes [2009] (cf. Theorem 4.2.4).

We await formal acceptance for publication for the work presented in chapters

2, 3 and 4 from the International Journal of Algebra and Computation.

Chapter 5. A natural line of thought would be to achieve an axiomatization for

if-then-else over non-halting programs and tests which include the composition of

programs. In Chapter 5 we consider a monoid structure which serves as an abstrac-

tion of programs with composition and give an axiomatization for if-then-else

in this context. In Section 5.1 we introduce the notion of a C-monoid which is an
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8 Introduction

extension of that of a C-set, and includes the composition of programs and that

of programs with tests. Further, we obtain a Cayley-type theorem in that every

C-monoid is embeddable in a functional C-monoid (cf. Theorem 5.2.1). In order

to achieve this result we list some properties of maximal congruences of adas in

Subsection 5.2.1. Following this, in Subsection 5.2.2 we construct a collection of

homomorphisms from the C-monoid to functional C-monoids, which separate every

distinct pair of elements. Using this, in Subsection 5.2.3 we construct a functional C-

monoid and achieve an embedding from the C-monoid to this functional C-monoid

(cf. Theorem 5.2.1). We conclude in Section 5.3 with some comments on C-sets,

agreeable C-sets and C-monoids along with some avenues for further study.

The work presented in chapter 5 has been submitted to a journal for publication.

Chapter 6. In this chapter we invoke the inherent if-then-else action of the

C-algebra M in order to study various structural properties of M . We treat the

if-then-else action of M as a binary operation, viz., αJ , K, for each α ∈M .

In Section 6.1 we introduce a notion of annihilators in C-algebras with T, F, U

through the if-then-else action. The notion of Galois connection yields a closure

operator in terms of annihilator, which in turn, yields closed sets. Further, in

Section 6.2 we characterise the closed sets in the C-algebra of transformations
�X .

Additionally, we show that the collection of closed sets in
�X forms a complete

Boolean algebra (cf. Theorem 6.2.5). Moreover, we obtain a classification of the

elements of
�X where the elements of the Boolean algebra �X form a distinct class

(cf. Theorem 6.2.6). In Section 6.3 we define a notion of idempotent elements and

that of idempotent operations through the if-then-else action and study their

properties. We conclude this chapter with Section 6.4 by listing various unanswered

problems.

Chapter 7. The concept of atoms in Boolean algebras is useful for achieving a

structural representation of Boolean algebras. Indeed, a finite Boolean algebra can

TH-1673_11612304
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be represented in terms of the power set of its atoms. In Chapter 7 we adopt the

notion of atoms in Boolean algebras to C-algebras and study structural properties

of C-algebras. In Section 7.1 a partial order is given on the C-algebra M , following

which the notions of atoms and atomic C-algebras are introduced. We also state

some properties related to atomicity in Section 7.2. On studying the C-algebra
�X ,

in Section 7.3 we obtain a characterisation of all atoms in
�X (cf. Theorem 7.3.1),

using which we establish that the C-algebra
�X for finite X is atomic (cf. Theorem

7.3.5).

When the C-algebra M is a subalgebra of
�X for X finite, in view of Theorem

7.3.5, a natural line of thought would be to involve our understanding of the atomic-

ity of
�X to gain an insight into that of M . In Section 7.4 we observe that all atoms

of
�X that are in M are, in fact, atoms of M . However, the converse need not hold

in general. The atoms of M that are also atoms of
�X are in some sense global, so

that if every atom of M is an atom of
�X then M is closed under the global nature

of its atoms. In this context we introduce the notion of M being globally closed in
�X , or g-closed in short, and observe that such finite C-algebras are precisely

�X

in Theorem 7.4.7. Subsequently, we present some necessary or sufficient conditions

for the atomicity of C-algebras in Section 7.5 (cf. Theorems 7.5.1, 7.5.2, 7.5.4).

Finally in Section 7.6 we obtain a characterisation of all finite atomic C-algebras

and establish that they are precisely adas (cf. Theorem 7.6.3). We conclude this

chapter in Section 7.7 with some avenues for further study.
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1
Preliminaries

In this chapter we present relevant definitions and theorems from the literature which

shall be used in later chapters. We begin with fundamental concepts of universal

algebra in Section 1.1 and delve into the notions of closure operators and Galois

connections in Section 1.2. Section 1.3 deals with concepts related to [Jackson and

Stokes, 2009] along with some of the main theorems proved in the aforesaid paper

(cf. Theorem 1.3.6, Theorem 1.3.11, Theorem 1.3.14). In Section 1.4 we fix the

ternary logic over which we seek to axiomatize the operation of if-then-else, and

the algebra associated with this logic, viz., C-algebra, as defined by Guzmán and

Squier [1990]. We then present material on adas, defined by Manes [1993], which is

a special class of C-algebras equipped with an oracle for the halting problem.

11
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1.1 Elements of algebras

Definition 1.1.1. A type of algebras is a set F of function symbols such that a

non-negative integer n is assigned to each member f of F . This n is the arity of f

and f is said to be an n-ary function symbol.

Definition 1.1.2. If F is a type of algebras, then an algebra A of type F is an

ordered pair 〈A,F 〉, where A is a non-empty set and F is a set of operations on

A indexed by F such that there is a one-one correspondence between each n-ary

function symbol f in F and an n-ary operation fA on A.

The set A is referred to as the universe of A = 〈A,F 〉. The operations fA will

be called fundamental operations of A. If F is finite, say F = {f1, f2, . . . , fk}, we

write 〈A,F 〉 as 〈A, f1, f2, . . . , fk〉, where

arity f1 ≥ arity f2 ≥ · · · ≥ arity fk.

We also say that algebra A is of type (arity f1, arity f2, . . . arity fk). We denote the

set of n-ary function symbols by Fn.

The fundamental operations of the algebra could also satisfy certain axioms

which are essentially identities or equational laws. Some algebras whose fundamental

operations satisfy identities are given below. We list those algebras which are useful

to us.

Definition 1.1.3. A lattice is an algebra 〈L,∨,∧〉 of type (2, 2) where both op-

erations are commutative, associative and idempotent, and additionally satisfy the

following axiom of absorption for all x, y ∈ L:

x = x ∨ (x ∧ y), x = x ∧ (x ∨ y) (1.1)

Remark 1.1.4. Note that a lattice can be equivalently defined in terms of a partial
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ordering on the set L if for every a, b ∈ L both sup{a, b} and inf{a, b} exist in L.

Note that sup{a, b} = a ∨ b and inf{a, b} = a ∧ b.

Definition 1.1.5. A lattice L is complete if supA and inf A exist in L for all A ⊆ L.

We denote supA by
∨

A and inf A by
∧

A.

Definition 1.1.6. If L is a lattice and ∅ 6= L′ ⊆ L such that a ∨ b and a ∧ b are in

L′ for every pair of elements a, b ∈ L′, then L′ is said to be a sublattice of L.

Definition 1.1.7. A sublattice L′ of a complete lattice L is said to be a complete

sublattice of L if
∨

A and
∧

A as defined in L are actually in L′, for all A ⊆ L′.

Definition 1.1.8. A distributive lattice is a lattice 〈L,∨,∧〉 of type (2, 2) which

satisfies either (and hence both) of the following axioms for all x, y, z ∈ L:

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z) (1.2)

x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z) (1.3)

Definition 1.1.9. A bounded lattice is a lattice 〈L,∨,∧, 0, 1〉 of type (2, 2, 0, 0)

which satisfies the following axioms for all x ∈ L:

x ∧ 0 = 0 (1.4)

x ∨ 1 = 1 (1.5)

Definition 1.1.10. A Boolean algebra is an algebra 〈Q,∨,∧,¬, 0, 1〉 of type

(2, 2, 1, 0, 0) such that 〈Q,∨,∧〉 is a distributive lattice, 〈Q,∨,∧, 0, 1〉 is a bounded

lattice and which satisfies the following axioms for all x ∈ Q:

x ∧ ¬x = 0 (1.6)

x ∨ ¬x = 1 (1.7)
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14 Preliminaries

Definition 1.1.11. Let A and B be two algebras of the same type, say F . B is

said to be a subalgebra of A, denoted by B ≤ A, if B ⊆ A and fB = fA|B for all

function symbol f ∈ F .

Definition 1.1.12. Let A be an algebra of type F . The equivalence relation θ

on A is said to be a congruence on A if it satisfies the following compatibility or

substitution property for all f ∈ Fn and ai, bi ∈ A for 1 ≤ i ≤ n:

if (ai, bi) ∈ θ for all 1 ≤ i ≤ n then (fA(a1, a2, . . . , an), fA(b1, b2, . . . , bn)) ∈ θ.

Notation 1.1.13. We denote the diagonal congruence and the congruence A×A on

A by ∆ and ∇ respectively, i.e.,

∆ = {(a, a) | a ∈ A}

∇ = {(a, b) | a, b ∈ A} = A× A

The equivalence class of a with respect to equivalence relation θ will be denoted by

aθ, i.e.,

aθ = {b ∈ A | (a, b) ∈ θ}.

Within a given context, if there is no ambiguity, we may simply denote the equiv-

alence class by a. The set of all equivalence classes with respect to equivalence

relation θ will be denoted by A/θ. The set of all congruences on an algebra A is

denoted by Con A.

Theorem 1.1.14. The set of all equivalence relations on set A, denoted by Eq(A)

is a complete lattice with respect to the partial ordering ⊆.

Definition 1.1.15. Let θ ∈ Con A. Then the quotient algebra of A by θ, denoted

by A/θ, is the algebra with universe A/θ, and whose fundamental operations satisfy

f (A/θ)(a1
θ, a2

θ, . . . , an
θ) = (fA(a1, a2, . . . , an))

θ

TH-1673_11612304



1.1 Elements of algebras 15

where f ∈ Fn and a1, a2, . . . , an ∈ A.

Theorem 1.1.16. The set Con A with respect to set inclusion ⊆ is a complete

sublattice of Eq(A).

Definition 1.1.17. An algebra A is simple if Con A = {∆,∇}. A congruence θ

on A is maximal if the interval [θ,∇] of Con A treated as a lattice has exactly two

elements.

The following theorem is useful to us.

Theorem 1.1.18 (Correspondence Theorem, Birkhoff [1944]). Let A be an algebra

and θ ∈ Con A. Then the lattice Con (A/θ) is isomorphic to [θ,∇].

Definition 1.1.19. Let A and B be two algebras of type F . A function φ : A→ B

is a homomorphism if for all f ∈ Fn and ai ∈ A, 1 ≤ i ≤ n we have

φ(fA(a1, a2, . . . , an)) = fB(φ(a1), φ(a2), . . . , φ(an)).

Definition 1.1.20. Let (Ai)i∈I be a family of algebras of type F . The direct

product of (Ai)i∈I , denoted by
∏

i∈I

Ai, is an algebra with universe
∏

i∈I

Ai such that

given f ∈ Fn and elements aj ∈
∏

i∈I

Ai for 1 ≤ j ≤ n and i ∈ I we have the

following:

f
∏

i∈I Ai(a1, a2, . . . , an)(i) = fAi(a1(i), a2(i), . . . , an(i)).

Definition 1.1.21. Let A =
∏

i∈I Ai be a direct product of algebras of type F .

For j ∈ I we have the projection map πj :
∏

i∈I Ai −→ Aj defined by

πj(a) = a(j).

The projection map is a surjective homomorphism.
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Definition 1.1.22. An algebra A is said to be a subdirect product of a family of

algebras (Ai)i∈I if A ≤
∏

i∈I Ai and πi(A) = Ai for all i ∈ I.

Definition 1.1.23. An algebra A is said to be subdirectly irreducible if given any

family of congruences (θi)i∈I on A the following holds:

∧

i∈I

θi = ∆ ⇒ ∃i◦ ∈ I such that θi◦ = ∆.

Theorem 1.1.24 (Birkhoff [1944]). Given an algebra A and an indexed family

(θi)i∈I of congruences on A such that
∧

i∈I

θi = ∆, A is isomorphic to a subdirect

product of (A/θi)i∈I .

The following concerns certain special classes of algebras and gives a characteri-

sation in terms of equations or identities.

Definition 1.1.25. A non-empty class of algebras is called a variety if it is closed

under subalgebras, homomorphic images and direct products.

Definition 1.1.26. Given a type of algebras F and a set X one can construct the

set of terms of type F over X freely as syntactic objects. An identity of type F

over X is an expression of the form p = q where both p and q are terms over X.

A quasi-identity of type F over X is an expression of the form (p1 = q1) ∧ (p2 =

q2) ∧ · · · ∧ (pN = qN) → p = q where pi, qi, p and q are terms over X. An algebra

A of type F is said to satisfy identity p = q if on substitution of elements of A in

place of variables of p and q, both expressions evaluate to the same value. A class

of algebras K satisfies the identity p = q if every member of K satisfies p = q. Given

a set of identities Σ, the class K satisfies Σ if it satisfies every identity p = q in Σ.

Definition 1.1.27. Let Σ be a set of identities of type F . Then M(Σ) is defined

to be the class of all algebras that satisfy Σ. If a class K of algebras is such that

there is a set of identities Σ for which K = M(Σ) then K is said to be an equational

class, or alternatively, that K is defined or axiomatized by Σ.
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Theorem 1.1.28 (Birkhoff [1935]). A non-empty class of algebras K is an equa-

tional class if and only if K is a variety.

Let I(K), S(K), H(K), P (K) denote the class of algebras isomorphic to K, the

subalgebras of members of K, the homomorphic images of members of K, and the

direct products of members of K ( 6= ∅) respectively. Birkhoff [1935] proved the

following interesting result.

Theorem 1.1.29 (Birkhoff [1935]). All of the classes K, I(K), S(K), H(K) and

P (K), where K 6= ∅, satisfy the same identities over any set of variables X.

Remark 1.1.30. Suppose that each member of the class K can be written as a

subdirect product of members of the class K′ where K′ consists of quotients of

members of K. Consequently, the class of identities (quasi-identities) satisfied by

the class K is the same as the class of identities (quasi-identities) satisfied by the

class K′.

Birkhoff proved the following fundamental relation between tautologies in an

equational class and theorems derived from the axiom set through term rewriting.

Theorem 1.1.31 (The Completeness Theorem for Equational Logic, Birkhoff [1935]).

Given a set of identities Σ and an identity p = q over a set of variables X, Σ yields

p = q if and only if Σ proves p = q.

We end this section with some definitions and statements regarding multi-sorted

algebras from Birkhoff and Lipson [1970]. The notion of multi-sorted algebras is

essentially a generalisation of that of algebras where one allows a collection of uni-

verses, called sorts along with a family of operations defined over subcollections of

the sorts. In precise terms we have the following.

Definition 1.1.32. A multi-sorted algebra or heterogeneous algebra is a system

A = (S, F ) in which:
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1. S = {Si} is a family of non-void sets Si of different types of elements, each

called a sort of the algebra A. The sorts Si are indexed by some set I; i.e.,

Si ∈ S for i ∈ I.

2. F = {fα} is a set of finitary operations, where each fα is a mapping

fα : Si(1,α) × Si(2,α) × · · · × Si(n(α),α) → Sr(α)

for some non-negative integer n(α), function iα : k → i(k, α) from n(α) =

{1, 2, . . . , n(α)} to I, and r(α) ∈ I. The operations fα are indexed by some

set Ω; i.e., fα ∈ F for α ∈ Ω.

Various notions in universal algebra have natural counterparts in this context,

including those of congruences and homomorphisms. A (multi-sorted) congruence

is one which has the compatibility or substitution property with respect to each of

the operations of the algebra. More precisely we have the following.

Definition 1.1.33. A congruence on a heterogeneous algebra A = ({Si}, F ) is a

family ξ = {Ei} of equivalence relations, with Ei defined on Si for each i ∈ I, which

for each fα ∈ F and xj, yj ∈ Si(j,α) has the following compatibility or substitution

property:

(xj, yj) ∈ Ei(j,α) (j = 1, 2, . . . , n(α)) implies (fα(x1, . . . xn(α), fα(y1, . . . , yn(α)) ∈ Er(α).

Along similar lines, a homomorphism over similar multi-sorted algebras is one

which respects each of the operations of the algebras. For similar algebras A =

({Si}, F ) and B = ({Ti}, F ), we have the following definition.

Definition 1.1.34. A homomorphism Φ from A to B is a set of functions

φi : Si → Ti,
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1.2 Closure operators 19

one for each i ∈ I such that for any fα ∈ F , n = n(α),

fα ◦ (φi(1,α) × · · · × φi(n,α)) = φr(α) ◦ fα.

We end this section with the following theorem.

Theorem 1.1.35 (Birkhoff and Lipson [1970]). The epimorphic images of any al-

gebra A are determined up to isomorphism by the quotient algebras A/ξ defined by

the congruences ξ on A.

For further material related to multi-sorted algebras refer to Higgins [1963],

Grätzer [1969], Goguen and Meseguer [1985] and Climent Vidal and Soliveres Tur

[2015].

1.2 Closure operators

We also include some definitions related to partially ordered sets which are useful

to us.

Definition 1.2.1. Let A and B be two partially ordered sets and F : A → B be a

function. The map F is said to be isotone or monotone if a1 ≤ a2 ⇒ F (a1) ≤ F (a2)

for all a1, a2 ∈ A. The map F is said to be antitone if a1 ≤ a2 ⇒ F (a1) ≥ F (a2) for

all a1, a2 ∈ A.

Definition 1.2.2. Given a set X, a function C : ℘(X) → ℘(X) is termed a closure

operator on X if for all A,B ⊆ X it satisfies the following:

A ⊆ C(A) (extensive)

C2(A) = C(A) (idempotent)

A ⊆ B ⇒ C(A) ⊆ C(B) (isotone)
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A subset A ⊆ X is called a closed subset if C(A) = A. The set of all closed sets of

X ordered by set inclusion ⊆ is a partially ordered set and is denoted by LC .

Theorem 1.2.3. If C is a closure operator on X then LC forms a complete lattice.

Definition 1.2.4. An algebraic closure operator on X is a closure operator C such

that for every A ⊆ X we have C(A) =
⋃

{C(B) : B ⊆ A and B is finite}.

Definition 1.2.5. An element a of lattice L is compact if whenever a ≤ ∨A for

some subset A of L for which
∨

A exists, then there exists a finite subset B ⊆ A

such that a ≤
∨

B. A lattice is compactly generated if every element is the sup of

compact elements. An algebraic lattice is one that is both complete and compactly

generated.

Theorem 1.2.6. If C is an algebraic closure operator on X then LC is an algebraic

lattice, and the compact elements of LC are precisely the closed sets C(A) where A

is a finite subset of X.

Definition 1.2.7 (Mac Lane [1971]). Let A and B be posets and F : A → B and

G : B → A be two antitone functions. The pair (F,G) is said to be an antitone

Galois connection if for all a ∈ A, b ∈ B,

b ≤ F (a) ⇔ a ≤ G(b).

Theorem 1.2.8. Given an antitone Galois connection (F,G) of posets A and B,

the composite functions FG : B → B and GF : A → A form closure operators and

are called the associated closure operators. Further, FGF = F and GFG = G.

1.3 B-sets and B-monoids

In this section, we list definitions and results based on which we have proposed the

notions of C-set and C-monoid. Jackson and Stokes [2009] considered the notion of
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a B-set, which was introduced by Bergman [1991], in order to study the theory of

halting programs equipped with the operation of if-then-else.

Definition 1.3.1. Let 〈Q,∨,∧,¬, F, T 〉 be a Boolean algebra and S be a set. A

B-set is a pair (S,Q), equipped with a function η : Q×S×S → S, called B-action,

where η(α, a, b) is denoted by α[a, b], read “if α then a else b”, that satisfies the

following axioms for all α, β ∈ Q and a, b, c ∈ S:

α[a, a] = a (1.8)

α[α[a, b], c] = α[a, c] (1.9)

α[a, α[b, c]] = α[a, c] (1.10)

F [a, b] = b (1.11)

¬α[a, b] = α[b, a] (1.12)

(α ∧ β)[a, b] = α[β[a, b], b] (1.13)

We recall the following examples from [Jackson and Stokes, 2009].

Example 1.3.2. For any Boolean algebra Q, the pair (Q,Q) is a B-set with the

following action for all α, β, γ ∈ Q:

α[β, γ] = (α ∧ β) ∨ (¬α ∧ γ).

We denote the action of the B-set (Q,Q) by double brackets J , K.

Example 1.3.3. Consider the two-element Boolean algebra � with the universe

{T, F}. For any set S, the pair (S, �) is a B-set with the following action for all
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a, b ∈ S:

T [a, b] = a,

F [a, b] = b.

These B-sets are called basic B-sets.

Notation 1.3.4. Let X and Y be two sets. The set of all functions from X to Y will

be denoted by Y X . The set of all functions from X to X will be denoted by T (X).

Example 1.3.5. For any set X, the pair (T (X), �X) is a B-set with the following

action for all α ∈ �X and g, h ∈ T (X):

α[g, h](x) =











g(x), if α(x) = T ;

h(x), if α(x) = F.

Jackson and Stokes [2009] showed that every B-set can be represented in terms

of basic B-sets.

Theorem 1.3.6 (Jackson and Stokes [2009]). Every B-set is a subdirect product of

basic B-sets.

This result in Jackson and Stokes [2009] was achieved by constructing a family

of multi-sorted congruences over B-sets whose respective intersections were trivial.

Further, the Boolean algebra quotient was shown to be isomorphic to the two-

element Boolean algebra �, from which the result followed.

Remark 1.3.7. Theorems 1.3.6 and 1.1.35 imply that studying the identities or

quasi-identities satisfied by the subclass of basic B-sets suffices to understand those

satisfied by the entire class of B-sets. Checking the validity of any identity (quasi-

identity) in a basic B-set involves merely checking the respective values for true

and false and is thus far simpler than checking the same in an arbitrary B-set.
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Further, Jackson and Stokes [2009] modelled the equality test based on the as-

sumption that the tests arise from a Boolean algebra and that the functions are

halting.

Definition 1.3.8. A B-set (S,Q) is said to be agreeable if it is equipped with an

operation ∗ : S × S → Q satisfying the following axioms for all s, t, u, v ∈ S and

α ∈ Q:

s ∗ s = T (1.14)

(s ∗ t)[s, t] = t (1.15)

α[s, t] ∗ α[u, v] = αJs ∗ u, t ∗ vK (1.16)

The following are examples of agreeable B-sets.

Example 1.3.9. The pair (T (X), �X) is an agreeable B-set with the operation ∗

defined as follows for all f, g ∈ T (X):

(f ∗ g)(x) =











T, if f(x) = g(x);

F, otherwise.

Example 1.3.10. Let S be any set. The pair (S, �) is an agreeable B-set under the

operation ∗ defined in the following manner for all s, t ∈ S:

s ∗ t =











T, if s = t;

F, otherwise.

These B-sets are called basic agreeable B-sets .

Jackson and Stokes [2009] proved the following result.

Theorem 1.3.11 (Jackson and Stokes [2009]). Every agreeable B-set is a subdirect

product of basic agreeable B-sets.

TH-1673_11612304



24 Preliminaries

Jackson and Stokes [2009] also considered the case of modelling if-then-else

over a collection of programs with composition, where they included an operation

abstracting the composition of programs with tests. The abstraction of this notion

was their concept of a B-monoid, which is the monoid version of a B-set.

Definition 1.3.12. A B-monoid is a B-set (S,Q) for which (S, ·) is a monoid with

identity 1 and there is an operator ◦ : S × Q → Q satisfying the following axioms

for all a, b, c ∈ S and α, β ∈ Q:

a ◦ T = T (1.17)

(a ◦ α) ∧ (a ◦ β) = a ◦ (α ∧ β) (1.18)

a ◦ (¬α) = ¬(a ◦ α) (1.19)

a ◦ (b ◦ α) = (a · b) ◦ α (1.20)

(α[a, b]) · c = α[a · c, b · c] (1.21)

a · (α[b, c]) = (a ◦ α)[a · b, a · c] (1.22)

β[a, b] ◦ α = βJa ◦ α, b ◦ αK (1.23)

1 ◦ α = α (1.24)

Example 1.3.13. Note that T (X) is a monoid under the usual operation of com-

position. The B-set (T (X), �X) is a B-monoid under the operation ◦ defined as

follows for all f ∈ T (X) and α ∈ �X :

(f ◦ α) = {x ∈ X : f(x) ∈ α}.

Jackson and Stokes [2009] showed the following theorem.

Theorem 1.3.14 (Jackson and Stokes [2009]). The B-monoid (S,Q) is embeddable

as a two-sorted algebra into the B-monoid (T (X), �X) for some set X, with X finite
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if S and Q are finite.

1.4 C-algebras and adas

Kleene [1952] discussed various three-valued logics that are extensions of Boolean

logic. McCarthy [1963] first studied the three-valued non-commutative logic in the

context of programming languages. This is the non-commutative regular extension

of Boolean logic to three truth values. Here the third truth value U denotes the

undefined state which is attained when a test diverges. In this new context, the

evaluation of expressions is carried out sequentially from left to right, mimicking

that of a majority of programming languages. A complete axiomatization for the

class of algebras associated with this logic was given by Guzmán and Squier [1990].

They called the algebra associated with this logic a C-algebra.

Definition 1.4.1. A C-algebra is an algebra 〈M,∨,∧,¬〉 of type (2, 2, 1), which

satisfies the following axioms for all α, β, γ ∈M :

¬¬α = α (1.25)

¬(α ∧ β) = ¬α ∨ ¬β (1.26)

(α ∧ β) ∧ γ = α ∧ (β ∧ γ) (1.27)

α ∧ (β ∨ γ) = (α ∧ β) ∨ (α ∧ γ) (1.28)

(α ∨ β) ∧ γ = (α ∧ γ) ∨ (¬α ∧ β ∧ γ) (1.29)

α ∨ (α ∧ β) = α (1.30)

(α ∧ β) ∨ (β ∧ α) = (β ∧ α) ∨ (α ∧ β) (1.31)

Example 1.4.2. Every Boolean algebra is a C-algebra. In particular, � is a C-

algebra.
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Example 1.4.3. Let
�

denote the C-algebra with the universe {T, F, U} and the

following operations. This is, in fact, McCarthy’s three-valued logic.

¬

T F

F T

U U

∧ T F U

T T F U

F F F F

U U U U

∨ T F U

T T T T

F T F U

U U U U

Remark 1.4.4. In view of the fact that the class of C-algebras is a variety using

Theorem 1.1.28, for any set X,
�X is a C-algebra with the operations defined point-

wise. In fact, Guzmán and Squier [1990] showed that elements of
�X along with the

C-algebra operations may be viewed in terms of pairs of sets. This is a pair (A,B)

where A,B ⊆ X and A ∩ B = ∅. Akin to the well-known correlation between �X

and the power set ℘(X) of X, for any element α ∈
�X , associate the pair of sets

(A,B) where A = {x ∈ X : α(x) = T} and B = {x ∈ X : α(x) = F}. Conversely,

for any pair of sets (A,B) where A,B ⊆ X and A∩B = ∅ associate the function α

where α(x) = T if x ∈ A, α(x) = F if x ∈ B and α(x) = U otherwise. With this

correlation, the operations can be expressed as follows:

¬(A1, A2) = (A2, A1)

(A1, A2) ∧ (B1, B2) = (A1 ∩ B1, A2 ∪ (A1 ∩ B2))

(A1, A2) ∨ (B1, B2) = ((A1 ∪ (A2 ∩ B1), A2 ∩B2)

Further, Guzmán and Squier showed that every C-algebra is a subalgebra of
�X

for some X as stated below.

Theorem 1.4.5 (Guzmán and Squier [1990]).
�

and � are the only subdirectly
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irreducible C-algebras. Hence, every C-algebra is a subalgebra of a product of copies

of
�
.

Remark 1.4.6. Considering a C-algebra M as a subalgebra of
�X , one may observe

that M# = {α ∈ M : α ∨ ¬α = T} forms a Boolean algebra under the induced

operations.

Notation 1.4.7. A C-algebra with T, F, U is a C-algebra with nullary operations

T, F, U , where T is the (unique) left-identity (and right-identity) for ∧, F is the

(unique) left-identity (and right-identity) for ∨ and U is the (unique) fixed point for

¬. Note that U is also a left-zero for both ∧ and ∨ while F is a left-zero for ∧.

Notation 1.4.8. The constants T, F, U of the C-algebra
�X will be denoted by T,F,U

respectively, and they can be identified by the pairs of sets (X, ∅), (∅, X), (∅, ∅) re-

spectively.

Let M be a C-algebra with T, F, U . When M is considered as a subalgebra of
�X , the constants T, F, U of M will also be denoted by T,F,U respectively.

There is an important subclass of the variety of C-algebras. Manes [1993] in-

troduced the notion of ada (algebra of disjoint alternatives) which is a C-algebra

equipped with an oracle for the halting problem. He showed that the category of

adas is equivalent to that of Boolean algebras. The C-algebra
�

is not functionally-

complete. However,
�

is functionally-complete when treated as an ada. In fact, the

variety of adas is generated by the ada
�
.
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Definition 1.4.9. An ada is a C-algebra M with T, F, U equipped with an addi-

tional unary operation ( )↓ subject to the following equations for all α, β ∈M :

F ↓ = F (1.32)

U↓ = F (1.33)

T ↓ = T (1.34)

α ∧ β↓ = α ∧ (α ∧ β)↓ (1.35)

α↓ ∨ ¬(α↓) = T (1.36)

α = α↓ ∨ α (1.37)

Example 1.4.10. The three-element C-algebra
�

with the unary operation ( )↓

defined as follows forms an ada.

T ↓ = T

U↓ = F = F ↓

We also use
�

to denote this ada. One may easily resolve the notation overloading

– whether
�

is a C-algebra or an ada – depending on the context.

Manes [1993] showed that the three-element ada
�

is the only subdirectly irre-

ducible ada. In view of Theorem 1.1.28 for any set X,
�X is an ada with operations

defined pointwise. Note that the three element ada
�

is also simple.

Remark 1.4.11. Since adas are C-algebras with an additional operation, every

C-algebra M freely generates an ada M̂ . That is, there exists a C-algebra ho-

momorphism φ : M → M̂ with the universal property that for each ada A and

C-algebra homomorphism f : M → A there exists a unique ada homomorphism

ψ : M̂ → A with ψ(φ(x)) = f(x) for all x ∈ M . Manes [1993] called such an ada

the enveloping ada of M .
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Manes also showed the following result.

Proposition 1.4.12 (Manes [1993]). Let A be an ada. Then A↓ = {α↓ : α ∈ A}

forms a Boolean algebra under the induced operations.

Remark 1.4.13. In fact, A↓ = A#. Also, A↓ = {α ∈ A : α↓ = α}.

Further, as outlined in the following remark, Manes established that the category

of adas and the category of Boolean algebras are equivalent.

Remark 1.4.14 (Manes [1993]). Let Q be a Boolean algebra. By Stone’s represen-

tation of Boolean algebras, suppose Q is a subalgebra of �X for some set X. Consider

the subalgebra Q? of the ada
�X with the universe Q? = {(E,F ) : E ∩F = ∅} given

in terms of pairs of subsets of X. Note that the map Q 7→ (Q?)# is a Boolean

isomorphism. Similarly, for an ada A, the map A 7→ (A#)? is an ada isomorphism.

Hence, the functor based on the aforesaid assignment establishes that the category

of adas and the category of Boolean algebras are equivalent.

Remark 1.4.15. In view of the fact that the only finite Boolean algebras are �X

for finite X and the equivalence of the categories of adas and Boolean algebras, we

see that the only finite adas are
�X for finite X.

Notation 1.4.16. Let X be a set and ⊥ /∈ X. The pointed set X ∪ {⊥} with base

point ⊥ is denoted by X⊥. Note that the pointed set X⊥ is also an algebra given

by 〈X ∪ {⊥},⊥〉 of type (0). The set of all functions on X⊥ which fix ⊥ is denoted

by To(X⊥), i.e. To(X⊥) = {f ∈ T (X⊥) : f(⊥) = ⊥}.
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Axiomatization of if-then-else
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2
C-sets

In this chapter we introduce the notion of a C-set to study an axiomatization of

if-then-else that includes models of possibly non-halting programs and tests,

where the tests are drawn from a C-algebra. We first define the axioms for C-sets

in Section 2.1 and present the intuition behind the notion of a C-set and its axioms

with respect to program constructs. Further, we present natural examples of C-sets

and detail the verification of the axioms in each. One of the examples presented

is that of functional C-sets, which models non-halting programs and non-halting

tests. Another example is that of basic C-sets where the C-algebra is McCarthy’s

three-valued logic
�
. The notion of basic C-sets is useful for the results presented

in this thesis. Finally, in Section 2.2 we investigate certain properties of C-sets.

33
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2.1 Axiomatization and models

The concept of C-sets is an extension of that of B-sets, wherein the tests are drawn

from a C-algebra instead of a Boolean algebra, and includes a non-halting or error

state. For the definition of a C-algebra refer to Definition 1.4.1, while the term

C-algebra with T, F, U is detailed in Notation 1.4.7.

Definition 2.1.1. Let S⊥ be a pointed set with base point ⊥ and M be a C-algebra

with T, F, U . The pair (S⊥,M) equipped with an action

[ , ] : M × S⊥ × S⊥ → S⊥

is called a C-set if it satisfies the following axioms for all α, β ∈M and s, t, u, v ∈ S⊥:

U [s, t] = ⊥ (U -axiom) (2.1)

F [s, t] = t (F -axiom) (2.2)

(¬α)[s, t] = α[t, s] (¬-axiom) (2.3)

α[α[s, t], u] = α[s, u] (positive redundancy) (2.4)

α[s, α[t, u]] = α[s, u] (negative redundancy) (2.5)

(α ∧ β)[s, t] = α[β[s, t], t] (∧-axiom) (2.6)

α[β[s, t], β[u, v]] = β[α[s, u], α[t, v]] (premise interchange) (2.7)

α[s, t] = α[t, t] ⇒ (α ∧ β)[s, t] = (α ∧ β)[t, t] (∧-compatibility) (2.8)

Remark 2.1.2. In view of equations (1.25) and (1.26) of C-algebras and (2.3) and

(2.6) of C-sets, we have:

(α ∨ β)[s, t] = ¬(¬(α ∨ β))[s, t] from (1.25)

= ¬(¬α ∧ ¬β)[s, t] from (1.25) and (1.26)
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= (¬α ∧ ¬β)[t, s] from (2.3)

= (¬α)[(¬β)[t, s], s] from (2.6)

= (¬α)[β[s, t], s] from (2.3)

= α[s, β[s, t]] from (2.3)

Thus we have the following property in C-sets.

(α ∨ β)[s, t] = α[s, β[s, t]] (∨-axiom)

We now present the intuition behind the notion of a C-set and its axioms with

respect to program constructs. In order to include the possibility of non-halting

tests, we assume that the tests form a C-algebra. A test diverges at a given input

if it evaluates to U , undefined. When a test diverges or if the program throws up

an error or does not halt, we say that the program evaluates to ⊥. Thus a pointed

set S⊥ models the set of states and base point ⊥ serves to denote the error state.

The U -axiom (2.1) essentially encapsulates the real-world requirement that if a

test diverges, the output should be the error state. The F -axiom (2.2) is natu-

ral since when the test is false, the else part of the if-then-else construct is

executed. The ¬-axiom (2.3) simply states that executing if not P then f else

g is the same as executing if P then g else f . The axioms of positive redun-

dancy and negative redundancy (2.4) and (2.5) encapsulate the cascading nature of

if-then-else. The ∧-axiom (2.6) states that evaluating the test P AND Q and

then executing f else g works in exactly the same way as evaluating P first, which

if true, executing if Q then f else g, and if false then simply executing g. The

axiom of premise interchange (2.7) serves as a switching law. This states that the

behaviour of the program where P is evaluated first and Q is a test situated within

both the branches of the main if-then-else, is exactly the same as evaluating Q

first with P in each branch, on suitably interchanging the programs situated at the
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leaves. The last axiom of ∧-compatibility (2.8) loosely means that if f and g agree

with regards to some domain, then they will agree on any subdomain.

Example 2.1.3. Let M be a C-algebra with T, F, U . By treating M as a pointed

set with base point U , the pair (M,M) is a C-set under the following action for all

α, β, γ ∈M :

α[β, γ] = (α ∧ β) ∨ (¬α ∧ γ).

Hereafter, the action of the C-set (M,M) will be denoted by double brackets J , K.

We now verify the axioms (2.1) – (2.8) in the following.

Axiom (2.1): UJα, βK = (U ∧ α) ∨ (¬U ∧ β) = (U ∧ α) ∨ (U ∧ β) = U ∨ U = U .

Axiom (2.2): F Jα, βK = (F ∧ α) ∨ (¬F ∧ β) = (F ∧ α) ∨ (T ∧ β) = F ∨ β = β.

Axiom (2.3): Note that (¬α)Jβ, γK = (¬α∧ β)∨ (α∧ γ) while αJγ, βK = (α∧ γ)∨

(¬α∧β). Thus we have to check the validity of the identity (¬α∧β)∨(α∧γ) =

(α ∧ γ) ∨ (¬α ∧ β). In view of Theorem 1.4.5, this identity is valid in all C-

algebras if it is valid in the three element C-algebra
�
:

α = T : In this case (¬α∧β)∨(α∧γ) = (¬T ∧β)∨(T ∧γ) = (F ∧β)∨(T ∧γ) =

F ∨ γ = γ = γ ∨ F = (T ∧ γ) ∨ (¬T ∧ β) = (α ∧ γ) ∨ (¬α ∧ β).

α = F : In this case (¬α ∧ β) ∨ (α ∧ γ) = (¬F ∧ β) ∨ (F ∧ γ) = β ∨ F = β =

F ∨ β = (F ∧ γ) ∨ (¬F ∧ β) = (α ∧ γ) ∨ (¬α ∧ β).

α = U : This reduces to the verification of axiom (2.1), from which it follows

that both expressions evaluate to U .

Axiom (2.4): It is clear that αJαJβ, γK, δK = (α ∧ ((α ∧ β) ∨ (¬α ∧ γ))) ∨ (¬α ∧ δ)

while αJβ, δK = (α∧β)∨(¬α∧δ). In view of Theorem 1.4.5 it suffices to check

the validity of the identity (α∧((α∧β)∨(¬α∧γ)))∨(¬α∧δ) = (α∧β)∨(¬α∧δ)

in the C-algebra
�
:
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α = T : In this case (α ∧ ((α ∧ β) ∨ (¬α ∧ γ))) ∨ (¬α ∧ δ) = (T ∧ ((T ∧ β) ∨

(¬T ∧ γ)))∨ (¬T ∧ δ) = (β ∨F )∨F = β = β ∨F = (T ∧ β)∨ (¬T ∧ δ) =

(α ∧ β) ∨ (¬α ∧ δ).

α = F : We have (α∧ ((α∧β)∨ (¬α∧γ)))∨ (¬α∧ δ) = (F ∧ ((F ∧β)∨ (¬F ∧

γ)))∨(¬F∧δ) = F∨δ = δ = F∨δ = (F∧β)∨(¬F∧δ) = (α∧β)∨(¬α∧δ).

α = U : Since ¬U = U and U is a left-identity for ∧ and ∨ in this case, both

expressions evaluate to U .

Axiom (2.5): We have αJβ, αJγ, δKK = (α ∧ β) ∨ (¬α ∧ ((α ∧ γ) ∨ (¬α ∧ δ))) while

αJβ, δK = (α ∧ β) ∨ (¬α ∧ δ). As earlier, in view of Theorem 1.4.5 it suffices

to consider the following three cases:

α = T : Here (α∧β)∨ (¬α∧ ((α∧γ)∨ (¬α∧ δ))) = (T ∧β)∨ (¬T ∧ ((T ∧γ)∨

(¬T ∧δ))) = β∨F = β = β∨F = (T ∧β)∨ (¬T ∧δ) = (α∧β)∨ (¬α∧δ).

α = F : In this case (α∧β)∨(¬α∧((α∧γ)∨(¬α∧δ))) = (F∧β)∨(¬F∧((F∧γ)∨

(¬F∧δ))) = F∨(F∨δ) = δ = F∨δ = (F∧β)∨(¬F∧δ) = (α∧β)∨(¬α∧δ).

α = U : It is easy to see that both expressions in this case evaluate to U .

Axiom (2.6): Here (α∧β)Jγ, δK = ((α∧β)∧γ)∨(¬(α∧β)∧δ) while αJβJγ, δK, δK =

(α∧ ((β ∧ γ)∨ (¬β ∧ δ)))∨ (¬α∧ δ). It suffices to consider the following three

cases:

α = T : Then we have ((α∧β)∧γ)∨(¬(α∧β)∧δ) = ((T∧β)∧γ)∨(¬(T∧β)∧δ) =

(β ∧ γ) ∨ (¬β ∧ δ) = ((β ∧ γ) ∨ (¬β ∧ δ)) ∨ F = (T ∧ ((β ∧ γ) ∨ (¬β ∧

δ))) ∨ (¬T ∧ δ) = (α ∧ ((β ∧ γ) ∨ (¬β ∧ δ))) ∨ (¬α ∧ δ).

α = F : Then we have ((α∧ β)∧ γ)∨ (¬(α∧ β)∧ δ) = ((F ∧ β)∧ γ)∨ (¬(F ∧

β) ∧ δ) = F ∨ δ = δ = F ∨ δ = (F ∧ ((β ∧ γ) ∨ (¬β ∧ δ))) ∨ (¬F ∧ δ) =

(α ∧ ((β ∧ γ) ∨ (¬β ∧ δ))) ∨ (¬α ∧ δ).

α = U : It is easy to see that both expressions in this case evaluate to U .
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Axiom (2.7): It is clear that αJβJγ, δK, βJρ, ωKK = (α∧ ((β∧γ)∨ (¬β∧δ)))∨ (¬α∧

((β ∧ ρ)∨ (¬β ∧ ω))). On the other hand βJαJγ, ρK, αJδ, ωKK = (β ∧ ((α∧ γ)∨

(¬α ∧ ρ))) ∨ (¬β ∧ ((α ∧ δ) ∨ (¬α ∧ ω))). It suffices to consider the following

three cases:

α = T : In this case (α∧ ((β ∧ γ)∨ (¬β ∧ δ)))∨ (¬α ∧ ((β ∧ ρ)∨ (¬β ∧ ω))) =

(T ∧ ((β ∧γ)∨ (¬β ∧ δ)))∨ (¬T ∧ ((β ∧ρ)∨ (¬β ∧ω))) = ((β ∧γ)∨ (¬β ∧

δ))∨F = (β ∧ γ)∨ (¬β ∧ δ). Also (β ∧ ((α∧ γ)∨ (¬α∧ ρ)))∨ (¬β ∧ ((α∧

δ)∨ (¬α∧ω))) = (β∧ ((T ∧γ)∨ (¬T ∧ρ)))∨ (¬β∧ ((T ∧δ)∨ (¬T ∧ω))) =

(β ∧ (γ ∨ F )) ∨ (¬β ∧ (δ ∨ F )) = (β ∧ γ) ∨ (¬β ∧ δ).

α = F : In this case (α∧ ((β ∧ γ)∨ (¬β ∧ δ)))∨ (¬α∧ ((β ∧ ρ)∨ (¬β ∧ ω))) =

(F ∧((β∧γ)∨(¬β∧δ)))∨(¬F ∧((β∧ρ)∨(¬β∧ω))) = F ∨((β∧ρ)∨(¬β∧

ω)) = (β∧ρ)∨ (¬β ∧ω). Similarly (β∧ ((α∧γ)∨ (¬α∧ρ)))∨ (¬β ∧ ((α∧

δ)∨(¬α∧ω))) = (β∧((F ∧γ)∨(¬F ∧ρ)))∨(¬β∧((F ∧δ)∨(¬F ∧ω))) =

(β ∧ (F ∨ ρ)) ∨ (¬β ∧ (F ∨ ω)) = (β ∧ ρ) ∨ (¬β ∧ ω).

α = U : In this case both expressions evaluate to U by checking casewise for

β ∈ {T, F, U}.

Axiom (2.8): Since αJγ, δK = αJδ, δK we have (α∧γ)∨(¬α∧δ) = (α∧δ)∨(¬α∧δ).

By Theorem 1.4.5 it suffices to check the validity of this quasi-identity in
�
:

α = T : Then (T ∧γ)∨ (¬T ∧δ) = (T ∧δ)∨ (¬T ∧δ) so that γ∨F = δ∨F that

is γ = δ. Consequently ((T ∧β)∧γ)∨(¬(T ∧β)∧δ) = (β∧γ)∨(¬β∧δ) =

(β ∧ δ) ∨ (¬β ∧ δ) = ((T ∧ β) ∧ δ) ∨ (¬(T ∧ β) ∧ δ).

α = F : In this case ((F ∧β)∧γ)∨ (¬(F ∧β)∧δ) = (F ∧γ)∨ (T ∧δ) = F ∨δ =

δ = F ∨ δ = ((F ∧ β) ∧ δ) ∨ (¬(F ∧ β) ∧ δ).

α = U : It is clear that ((U ∧ β) ∧ γ) ∨ (¬(U ∧ β) ∧ δ) = U = ((U ∧ β) ∧ δ) ∨

(¬(U ∧ β) ∧ δ).

Hence, the pair (M,M) is a C-set.
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We now present the motivating example of C-sets. Since the natural models of

possibly non-halting programs are partial functions, we consider the model To(X⊥)

in view of the following one-to-one correspondence between To(X⊥) and the set of

partial functions on a set X. Each partial function f on X is represented by the

total function f ′ ∈ To(X⊥) where f ′(x) = f(x) when x is in the domain of f , and

maps to ⊥ otherwise. Conversely, each g ∈ To(X⊥) is represented by the partial

function g′′ over X where g′′(x) = g(x) when x ∈ X and g(x) 6= ⊥, and is not

defined elsewhere. The model To(X⊥) can be seen to be a C-set under the action of

the C-algebra
�X as shown in the following example.

Example 2.1.4. Consider To(X⊥) as a pointed set with base point ζ⊥, the constant

function taking the value ⊥. The pair
(

To(X⊥),
�X
)

is a C-set with the following

action for all f, g ∈ To(X⊥) and α ∈
�X :

α[f, g](x) =



























f(x), if α(x) = T ;

g(x), if α(x) = F ;

⊥, otherwise.

(2.9)

Note that the execution of the first two cases, α(x) ∈ {T, F} demands that x ∈ X

as α ∈
�X . These C-sets will be called functional C-sets.

In order to verify the axioms we rely on the pairs of sets representation of the C-

algebra
�X as stated in Remark 1.4.4. Every α ∈

�X can be represented by the pair

of sets (A,B) = (α−1(T ), α−1(F )). In this representation T = (X, ∅),F = (∅, X)

and U = (∅, ∅). Thus we have the following:

α[f, g](x) = (A,B)[f, g](x) =



























f(x), if x ∈ A;

g(x), if x ∈ B;

⊥, otherwise.

We now verify the axioms (2.1) – (2.8) in the following. Assume that α and β ∈
�X
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are represented by the pairs of sets (A,B) and (C,D) respectively.

Axiom (2.1): In view of the above representation we have U[f, g](x) = (∅, ∅)[f, g](x) =

⊥ for all x ∈ X⊥. Thus U[f, g] = ζ⊥.

Axiom (2.2): We have F[f, g](x) = (∅, X)[f, g](x) = g(x) for all x ∈ X⊥. It follows

that F[f, g] = g.

Axiom (2.3): As α ∈
�X is represented by (A,B) then ¬α is represented by (B,A).

Thus (¬α)[f, g](x) = (B,A)[f, g](x). Thus

(B,A)[f, g](x) =



























f(x), if x ∈ B;

g(x), if x ∈ A;

⊥, otherwise.

=



























g(x), if x ∈ A;

f(x), if x ∈ B;

⊥, otherwise.

= (A,B)[g, f ](x).

Thus (¬α)[f, g] = α[g, f ].

Axiom (2.4): Since (A,B)[f, g](x) = f(x) when x ∈ A we have the following:

(A,B)[(A,B)[f, g], h](x) =



























(A,B)[f, g](x), if x ∈ A;

h(x), if x ∈ B;

⊥, otherwise.
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=



























f(x), if x ∈ A;

h(x), if x ∈ B;

⊥, otherwise.

= (A,B)[f, h](x).

Thus α[α[f, g], h] = α[f, h].

Axiom (2.5): Since (A,B)[g, h](x) = h(x) when x ∈ B we have the following:

(A,B)[f, (A,B)[g, h]](x) =



























f(x), if x ∈ A;

(A,B)[g, h](x), if x ∈ B;

⊥, otherwise.

=



























f(x), if x ∈ A;

h(x), if x ∈ B;

⊥, otherwise.

= (A,B)[f, h](x).

Thus α[f, α[g, h]] = α[f, h].

Axiom (2.6): The pair of sets representing α ∧ β ∈
�X is given by

(A,B) ∧ (C,D) = (A ∩ C,B ∪ (A ∩D)). Thus we have the following:

(α∧β)[f, g](x) = (A∩C,B∪(A∩D))[f, g](x) =



























f(x), if x ∈ A ∩ C;

g(x), if x ∈ B ∪ (A ∩D);

⊥, otherwise.
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Similarly we have

(A,B)[(C,D)[f, g], g](x) =



























(C,D)[f, g](x), if x ∈ A;

g(x), if x ∈ B;

⊥, otherwise.

=























































f(x), if x ∈ A ∩ C;

g(x), if x ∈ A ∩D;

⊥, if x ∈ A ∩ (X \ (C ∪D));

g(x), if x ∈ B;

⊥, otherwise.

=



























f(x), if x ∈ A ∩ C;

g(x), if x ∈ B ∪ (A ∩D);

⊥, otherwise.

Thus (A ∩ C,B ∪ (A ∩D))[f, g](x) = (A,B)[(C,D)[f, g], g](x) for all x ∈ X⊥

and so (α ∧ β)[f, g] = α[β[f, g], g].

Verification continues on the next page . . . . . .
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Axiom (2.7): We have the following:

(A,B)[(C,D)[f, g], (C,D)[h, k]](x) =



























(C,D)[f, g](x), if x ∈ A;

(C,D)[h, k](x), if x ∈ B;

⊥, otherwise.

=



















































































f(x), if x ∈ A ∩ C;

g(x), if x ∈ A ∩D;

⊥, if x ∈ A ∩ (X \ (C ∪D));

h(x), if x ∈ B ∩ C;

k(x), if x ∈ B ∩D;

⊥, if x ∈ B ∩ (X \ (C ∪D));

⊥, otherwise.

=























































f(x), if x ∈ A ∩ C;

g(x), if x ∈ A ∩D;

h(x), if x ∈ B ∩ C;

k(x), if x ∈ B ∩D;

⊥, otherwise.

On the other hand we have the following:

(C,D)[(A,B)[f, h], (A,B)[g, k]](x) =



























(A,B)[f, h](x), if x ∈ C;

(A,B)[g, k](x), if x ∈ D;

⊥, otherwise.
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=



















































































f(x), if x ∈ C ∩ A;

h(x), if x ∈ C ∩ B;

⊥, if x ∈ C ∩ (X \ (A ∪ B));

g(x), if x ∈ D ∩ A;

k(x), if x ∈ D ∩ B;

⊥, if x ∈ D ∩ (X \ (A ∪B));

⊥, otherwise.

=























































f(x), if x ∈ C ∩ A;

h(x), if x ∈ C ∩ B;

g(x), if x ∈ D ∩ A;

k(x), if x ∈ D ∩ B;

⊥, otherwise.

Thus (A,B)[(C,D)[f, g], (C,D)[h, k]](x) = (C,D)[(A,B)[f, h], (A,B)[g, k]](x)

for all x ∈ X⊥ and so α[β[f, g], β[h, k]] = β[α[f, h], α[g, k]].

Axiom (2.8): Note that α ∧ β is represented by (A ∩ C,B ∪ (A ∩D)). For f, g ∈

To(X⊥), α[f, g] = α[g, g] implies that α[f, g](x) = α[g, g](x) for all x ∈ X⊥.

Consider the following:

(A,B)[f, g](x) =



























f(x), if x ∈ A;

g(x), if x ∈ B;

⊥, otherwise.
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Similarly we have the following:

(A,B)[g, g](x) =



























g(x), if x ∈ A;

g(x), if x ∈ B;

⊥, otherwise.

Given that (A,B)[f, g](x) = (A,B)[g, g](x) for all x ∈ X⊥ as a consequence we

have f(x) = g(x) for all x ∈ A. Moreover f(x) = g(x) for all x ∈ A ∩ C ⊆ A.

Thus

(A ∩ C,B ∪ (A ∩D))[f, g](x) =



























f(x), if x ∈ A ∩ C;

g(x), if x ∈ B ∪ (A ∩D);

⊥, otherwise.

=



























g(x), if x ∈ A ∩ C;

g(x), if x ∈ B ∪ (A ∩D);

⊥, otherwise.

Thus (α∧ β)[f, g] = (α∧ β)[g, g] and so the quasi-identity (2.8) holds. Conse-

quently the pair
(

To(X⊥),
�X
)

is a C-set.

Example 2.1.5. Consider SX
⊥ , the set of all functions from X to S⊥, as a pointed

set with base point ζ⊥. The pair
(

SX
⊥ ,

�X
)

is a C-set under the action given in (2.9),

where f, g ∈ SX
⊥ and α ∈

�X . The axioms (2.1) – (2.8) can be verified along the

same lines as in Example 2.1.4.

Example 2.1.6. Consider T (X⊥), the set of all total functions on X⊥, as a pointed

set with base point ζ⊥. The pair
(

T (X⊥),
�X
)

is a C-set under the action given in

(2.9), where f, g ∈ T (X⊥) and α ∈
�X . The axioms (2.1) – (2.8) can be verified

along the same lines as in Example 2.1.4.
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We believe that the C-set given in Example 2.1.6 does not occur naturally in the

context of programs as this would include elements that terminate even when the

input diverges, i.e. the input is ⊥.

We now present a fundamental example of a C-set, where we only consider the

basic tests, true, false, undefined.

Example 2.1.7. Let S⊥ be a pointed set with base point ⊥. The pair (S⊥,
�
) is a

C-set with respect to the following action for all a, b ∈ S⊥ and α ∈
�
:

α[a, b] =



























a, if α = T ;

b, if α = F ;

⊥, if α = U.

These C-sets are called basic C-sets. In the following we verify the axioms (2.1) –

(2.8) by considering α to be T , F and U casewise.

Axiom (2.1): It is clear that U [s, t] = ⊥.

Axiom (2.2): It is easy to see that F [s, t] = t.

Axiom (2.3): It suffices to consider the following three cases:

α = T : In this case (¬T )[s, t] = F [s, t] = t = T [t, s].

α = F : In this case (¬F )[s, t] = T [s, t] = s = F [t, s].

α = U : In this case (¬U)[s, t] = U [s, t] = ⊥ = U [t, s].

Axiom (2.4): Consider the following three cases:

α = T : In this case T [T [s, t], u] = T [s, t] = s = T [s, u].

α = F : In this case F [F [s, t], u] = u = F [s, u].

α = U : In this case U [U [s, t], u] = ⊥ = U [s, u].
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Axiom (2.5): Consider the following three cases:

α = T : In this case T [s, T [t, u]] = s = T [s, u].

α = F : In this case F [s, F [t, u]] = F [t, u] = u = F [s, u].

α = U : In this case U [s, U [t, u]] = ⊥ = U [s, u].

Axiom (2.6): It suffices to consider the following three cases:

α = T : In this case (T ∧ β)[s, t] = β[s, t] = T [β[s, t], t].

α = F : In this case (F ∧ β)[s, t] = F [s, t] = t = F [β[s, t], t].

α = U : In this case (U ∧ β)[s, t] = U [s, t] = ⊥ = U [β[s, t], t].

Axiom (2.7): It suffices to consider the following three cases:

α = T : In this case T [β[s, t], β[u, v]] = β[s, t] = β[T [s, u], T [t, v]].

α = F : In this case F [β[s, t], β[u, v]] = β[u, v] = β[F [s, u], F [t, v]].

α = U : In this case U [β[s, t], β[u, v]] = ⊥. Consider β ∈ {T, F, U}. It is

easy to see that in each case we have β[⊥,⊥] = ⊥. In other words

U [β[s, t], β[u, v]] = ⊥ = β[⊥,⊥] = β[U [s, u], U [t, v]].

Axiom (2.8): For verification of this quasi-identity we again consider the following

three cases:

α = T : The hypothesis α[s, t] = α[t, t] gives T [s, t] = T [t, t] that is s = t. It

is easy to see that for each β ∈ {T, F, U} we have β[s, t] = β[t, t] that is

(T ∧ β)[s, t] = (T ∧ β)[t, t].

α = F : In this case (F ∧ β)[s, t] = F [s, t] = t = F [t, t] = (F ∧ β)[t, t].

α = U : In this case (U ∧ β)[s, t] = U [s, t] = ⊥ = U [t, t] = (U ∧ β)[t, t].
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2.2 Properties of C-sets

Henceforth, unless explicitly mentioned otherwise, an arbitrary C-algebra with T, F, U

is always denoted by M and an arbitrary C-set by (S⊥,M). In this section, we prove

certain properties of C-sets.

Proposition 2.2.1. The following statements hold for all α, β ∈M and s, t, r ∈ S⊥:

(i) α[⊥,⊥] = ⊥.

(ii) If α[s, u] = α[t, q] for some u, q ∈ S⊥ then α[s, v] = α[t, v] for all v ∈ S⊥.

(iii) If α[s, u] = α[r, r] for some u ∈ S⊥ then α[s, r] = α[r, r].

(iv) If α[s, u] = α[t, u] for some u ∈ S⊥ then α[s, v] = α[t, v] for all v ∈ S⊥.

(v) If α[s, t] = α[t, t] then (β ∧ α)[s, t] = (β ∧ α)[t, t].

Proof.

(i) Using (2.1) and (2.7), α[⊥,⊥] = α[U [⊥,⊥], U [⊥,⊥]] = U [α[⊥,⊥], α[⊥,⊥]] =

⊥.

(ii) Using (2.4), α[s, v] = α[α[s, u], v] = α[α[t, q], v] = α[t, v].

(iii) Using Proposition 2.2.1(ii), putting t = q = v = r, α[s, r] = α[r, r].

(iv) Using Proposition 2.2.1(ii), putting q = u, α[s, v] = α[t, v].

(v) Using (2.6), (β ∧ α)[s, t] = β[α[s, t], t] = β[α[t, t], t] = (β ∧ α)[t, t].

Remark 2.2.2.

(i) The C-set axioms from (2.2) to (2.6) are the same as the ones in the definition

of B-set. In view of (2.1), the only B-set axiom that does not carry over in the

context of C-sets is (1.8). To illustrate this, consider the basic C-set (S⊥,
�
)

where S⊥ = {a,⊥}. Then U [a, a] = ⊥ ( 6= a).
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(ii) Bergman [1991] showed that the axiom of premise interchange (2.7) holds in

B-sets.

(iii) Following the proof given in Proposition 2.2.1(v) and using the commuta-

tivity of ∧ in the context of B-sets, it can be observed that the axiom of

∧-compatibility (2.8) holds in B-sets.

Proposition 2.2.3. For each α ∈M# and s ∈ S⊥, we have α[s, s] = s.

Proof. Let α ∈M# and s ∈ S⊥.

s = T [s, s] from (2.3), (2.2)

= (α ∨ (¬α))[s, s] since α ∈M#

= α[s, (¬α)[s, s]] from (2.1.2)

= α[s, α[s, s]] from (2.3)

= α[s, s] from (2.5)

In view of Proposition 2.2.3, the axiom (1.8) of B-sets holds for the elements of

Boolean algebra M#. Hence, we have the following corollary.

Corollary 2.2.4. The pair (S⊥,M#) is a B-set.

Remark 2.2.5. The proof of Proposition 2.2.3 also shows us that axiom (1.8) is

redundant in the definition of a B-set.

We make the following observations on C-sets.

Remark 2.2.6.

(i) Given C-set (S⊥,M) where α[s, t] = β[s, t] for all s, t ∈ S⊥, α need not be

equal to β.
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Let X = {1, 2}. Consider (S⊥,M) ≤ (To(X⊥),
�X) given by the following.

Take M = {(T, T ), (F, F ), (U,U), (F, U), (T, U)} and S⊥ = {ζ⊥, f1, f2} where

f1(1) = 1 and f1(x) = ⊥ for x 6= 1 and f2(1) = 2 and f1(x) = ⊥ for x 6= 1. One

can see that this pair is closed under the usual action. Identify each element

of M with the pair of sets given below.

(T, T ) = ({1, 2}, ∅),

(F, F ) = (∅, {1, 2}),

(U,U) = (∅, ∅),

(F, U) = (∅, {1}),

(T, U) = ({1}, ∅).

Thus (T, T )[f, g] = ({1, 2}, ∅)[f, g] = f , (F, F )[f, g] = (∅, {1, 2})[f, g] = g and

(U,U)[f, g] = (∅, ∅)[f, g] = ζ⊥. We also have the following:

(F, U)[f, g](x) = (∅, {1})[f, g](x) =











g(1), if x = 1;

⊥, otherwise.

For the elements of S⊥ we have (F, U)[f, g] = g. Similarly (T, U)[f, g] = f

and so it follows that this is a subalgebra of the C-set (To(X⊥),
�X). Thus

in this C-set (S⊥,M) we have (T, U)[f, f ] = f = (F, U)[f, f ] for all f ∈ S⊥,

however (T, U) /∈ M# and (F, U) /∈ M#. Along similar lines take α = (T, T )

and β = (T, U). Then for all f, g ∈ S⊥ we have α[f, g] = f = β[f, g] but

α 6= β.

(ii) Along similar lines the statement α[s, s] = s ⇔ α ∈ M# need not hold in an

arbitrary C-set (S⊥,M).

Consider the C-set (S⊥,M) as defined in Remark 2.2.6(i) with α = (F, U). It

is straightforward to see that (F, U)[f, f ] = f for all f ∈ S⊥, however α /∈M#.
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We know that if M is a C-algebra with T, F, U then M# is a Boolean algebra

under the induced operations. A natural question that arises is what structure M c
#

has.

Proposition 2.2.7. Let M be a C-algebra with T, F, U . Then M c
# is a C-algebra

under the induced operations of M .

Proof. Let α ∈M c
#. Then ¬α∨¬¬α = ¬α∨α = α∨¬α 6= T and so ¬α ∈M c

#. Let

α, β ∈ M c
#. Then considering M ≤

�X for some set X it follows that there exists

x ∈ X such that α(x) = U . Therefore (α ∧ β)(x) = α(x) ∧ β(x) = U ∧ β(x) = U

and so α∧ β ∈M c
#. Thus M c

# is closed under ¬ and ∧, and therefore under ∨. The

result follows.

Remark 2.2.8. Note that althoughM c
# is a C-algebra under the induced operations

of M , it is not closed under the constants T and F , and is therefore not a subalgebra

of M (with T, F, U). It is therefore natural to consider M c
# = M c

# ∪ {T, F}, which

is clearly closed with respect to T, F, U .

Thus every C-algebra with T, F, U can be written in terms of a Boolean algebra

and another C-algebra with T, F, U . More precisely,

M = M# ∪M c
#

where M# ∩M c
# = {T, F}.

Remark 2.2.9. Hence every C-set (S⊥,M) can be written in terms of the B-set

(S⊥,M#) and the C-set (S⊥,M c
#).

In view of this, we question what the image of the if-then-else action under

elements from M# (and M c
#) is. Let (S⊥,M) be a C-set. Consider the following
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subsets of S⊥.

J = {r ∈ S⊥ : α[s, t] = r for some s, t ∈ S⊥ and some α ∈M#},

K = {r ∈ S⊥ : α[s, t] = r for some s, t ∈ S⊥ and some α ∈M c
#}.

Remark 2.2.10.

(i) J = S⊥ since for r ∈ S⊥ and any α ∈ M#( 6= ∅) using Proposition 2.2.3 we

have α[r, r] = r.

(ii) K = S⊥ since for r ∈ S⊥ we have T [r, r] = r for T ∈M c
#.

Since both J and K are simply S⊥ consider the subset of S⊥ defined by

L = {r ∈ S⊥ : α[s, t] = r for some s, t ∈ S⊥ and some α ∈M c
#}.

We observe that ⊥ ∈ L since U ∈M c
# so that U [s, t] = ⊥. We make the following

observations on the set L for various examples of C-sets.

Remark 2.2.11. In the basic C-set (S⊥,
�
) we have L = {⊥} since M c

# = {U}.

Remark 2.2.12. In the functional C-set (To(X⊥),
�X) we have L = {h ∈ To(X⊥) :

h(x) = ⊥ for some x ∈ X}. This is becauseM c
# = {α ∈

�X : α(x) = U for some x ∈

X}.

Remark 2.2.13. Consider the C-set (M,M). We show that L = M c
#. Let δ ∈ L.

Then δ = αJβ, γK for some α ∈M c
# and β, γ ∈M where αJβ, γK = (α∧β)∨(¬α∧γ).

Consider M ≤
�X for some set X. Then α ∈ M c

# implies that α(x) = U for some

x ∈ X. Thus (αJβ, γK)(x) = U so that δ ∈M c
#.

For the reverse inclusion consider δ ∈ M c
#. Then δJδ, δK ∈ L and δJδ, δK =

(δ ∧ δ) ∨ (¬δ ∧ δ) = δ ∨ (¬δ ∧ δ). The identity δ ∨ (¬δ ∧ δ) = δ can be easily seen

to hold in
�

so that it holds in all C-algebras. Thus δJδ, δK = δ so that δ ∈ L.

Consequently L = M c
#.
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Representation of C-sets

With the aim of studying structural properties of C-sets, in this chapter we obtain a

subdirect representation in terms of basic C-sets for the class of C-sets in which the

C-algebras are adas (cf. Theorem 3.2.4). Note that except in Example 2.1.3, the

C-algebras in all other examples of C-sets given in Section 2.1 are adas (cf. Example

1.4.10). In Section 3.1 we produce an equivalence relation Eθ on S⊥ such that (Eθ, θ)

is a congruence on (S⊥,M) for each maximal congruence θ onM . Further, in Section

3.2 we show that the intersection of the collection of congruences (Eθ, θ) is trivial,

using which we prove Theorem 3.2.4.

Let (S⊥,M) be a C-set, where M is an ada. In the following results we consis-

tently use α, β, γ for the elements of M , and r, s, t, u, v for the elements of S⊥.

53
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3.1 A family of congruences

Considering the C-sets as two-sorted algebras, we now define congruences on them.

Definition 3.1.1. A congruence of a C-set is a pair (σ, τ), where σ is an equivalence

relation on S⊥ and τ is a congruence on the ada M such that

(s, t), (u, v) ∈ σ and (α, β) ∈ τ ⇒ (α[s, u], β[t, v]) ∈ σ.

In order to give a subdirect representation of the C-set (S⊥,M), we consider the

collection of all maximal congruences on the ada M so that for each such congruence

θ, we have M/θ ∼=
�

using Theorem 1.1.18. We produce an equivalence relation Eθ

on S⊥ such that (Eθ, θ) is a congruence on (S⊥,M) for each θ, and the intersection of

the collection of congruences (Eθ, θ) is trivial. Consequently we show that (S⊥,M)

is a subdirect product of basic C-sets (S⊥/Eθ,M/θ).

Definition 3.1.2. For each maximal congruence θ on M , we define a relation on

S⊥ by

Eθ = {(s, t) ∈ S⊥ × S⊥ : β[s, t] = β[t, t] for some β ∈ T
θ
}.

Lemma 3.1.3. The relation Eθ is an equivalence on S⊥.

Proof. Since T [s, s] = T [s, s] and T ∈ T
θ
, we have (s, s) ∈ Eθ so that the binary

relation Eθ on S⊥ is reflexive.

For symmetry, let (s, t) ∈ Eθ. Then there exists β ∈ T
θ

such that β[s, t] = β[t, t].

Using (2.4), we have β[t, s] = β[β[t, t], s] = β[β[s, t], s] = β[s, s] so that (t, s) ∈ Eθ.

Let (s, t), (t, r) ∈ Eθ. Then there exist α, β ∈ T
θ
, such that α[s, t] = α[t, t] and

β[t, r] = β[r, r]. As θ is a congruence on M , (α, T ), (β, T ) ∈ θ implies (α∧ β, T ) ∈ θ
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so that (α ∧ β) ∈ T
θ
. Note that

(α ∧ β)[s, r] = (α ∧ β)[(α ∧ β)[s, t], r] from (2.4)

= (α ∧ β)[(α ∧ β)[t, t], r] from α[s, t] = α[t, t] and (2.8)

= (α ∧ β)[t, r] from (2.4)

= (α ∧ β)[r, r] from β[t, r] = β[r, r] and Proposition 2.2.1(v) .

Hence (s, r) ∈ Eθ so that Eθ is transitive.

Remark 3.1.4. Note that as θ is a maximal congruence on the ada M , using The-

orem 1.1.18, M/θ must be simple, i.e., M/θ ∼=
�
. Further, the quotient set S⊥/Eθ

can be treated as a pointed set with base point ⊥. Thus (S⊥/Eθ,M/θ) is a basic

C-set under the action

αθ [sEθ , tEθ ] =



























sEθ , if α ∈ T
θ
;

tEθ , if α ∈ F
θ
;

⊥
Eθ , if α ∈ U

θ
.

Proposition 3.1.5. For any α ∈ M , β = ¬(α↓ ∨ (¬α)↓) ∨ U satisfies β ∧ α = U .

Moreover, if (α, U) ∈ θ then (β, T ) ∈ θ.

Proof. Since
�

is the only subdirectly irreducible ada, it is sufficient to check the

validity of the identity β ∧ α = U in
�
.

α = T : Then β = ¬(T ↓ ∨ F ↓) ∨ U = ¬(T ∨ F ) ∨ U = F ∨ U = U . Thus β ∧ α =

U ∧ T = U .

α = F : Then β = ¬(F ↓ ∨ T ↓) ∨ U = ¬(F ∨ T ) ∨ U = F ∨ U = U . Thus β ∧ α =

U ∧ F = U .

α = U : Then β = ¬(U↓ ∨ U↓) ∨ U = ¬(F ∨ F ) ∨ U = T ∨ U = T . Thus β ∧ α =

T ∧ U = U .
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Hence in all these three cases we see that β ∧ α = U .

Suppose (α, U) ∈ θ. Since θ is a congruence, we have (α↓, U↓) = (α↓, F ) ∈ θ.

Also, we have (¬α,¬U) = (¬α, U) ∈ θ so that ((¬α)↓, F ) ∈ θ. Now, by substitution

with respect to ∨, we have (α↓ ∨ (¬α)↓, F ) ∈ θ.

This further implies (¬(α↓ ∨ (¬α)↓),¬F ) = (¬(α↓ ∨ (¬α)↓), T ) ∈ θ. However

since (U,U) ∈ θ we have (¬(α↓ ∨ (¬α)↓) ∨ U, T ∨ U) = (¬(α↓ ∨ (¬α)↓) ∨ U, T ) ∈ θ.

Hence (β, T ) ∈ θ.

Proposition 3.1.6. For each α ∈M and each s, t ∈ S⊥, we have the following:

(i) (α, T ) ∈ θ ⇒ (α[s, t], s) ∈ Eθ.

(ii) (α, F ) ∈ θ ⇒ (α[s, t], t) ∈ Eθ.

(iii) (α, U) ∈ θ ⇒ (α[s, t],⊥) ∈ Eθ.

Proof.

(i) From (2.4), we have α[α[s, t], s] = α[s, s]. Hence (α[s, t], s) ∈ Eθ as α ∈ T
θ
.

(ii) Note that (α, F ) ∈ θ implies (¬α, T ) ∈ θ. Using (2.5) and (2.3), (¬α)[α[s, t], t] =

α[t, α[s, t]] = α[t, t] = (¬α)[t, t]. Thus (α[s, t], t) ∈ Eθ.

(iii) If (α, U) ∈ θ, then by Proposition 3.1.5, β = ¬(α↓ ∨ (¬α)↓) ∨ U ∈ T
θ
, and

β ∧ α = U . Note that

β[α[s, t], t] = (β ∧ α)[s, t] from (2.6)

= U [s, t] from Proposition 3.1.5

= ⊥ from (2.1)

= β[⊥,⊥] from Proposition 2.2.1(i).
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Consequently, by Proposition 2.2.1(iii), we have β[α[s, t],⊥] = β[⊥,⊥]. Hence

(α[s, t],⊥) ∈ Eθ.

Lemma 3.1.7. The pair (Eθ, θ) is a C-set congruence.

Proof. In view of Remark 3.1.4, (S⊥/Eθ,M/θ) is a basic C-set. Consider the canon-

ical maps ν1 : S⊥ → S⊥/Eθ, given by ν1(s) = sEθ , and ν2 : M → M/θ ∼=
�
, given

by ν2(α) = αθ . We show that the pair (ν1, ν2) is a C-set homomorphism so that

ker(ν1, ν2) = (Eθ, θ) is a C-set congruence.

It is straightforward to see that ν1(⊥) = ⊥
Eθ and thus ν1 is a homomorphism of

pointed sets. It is also clear that ν2 is a homomorphism of adas. Additionally, we

require that ν1(α[s, t]) = (ν2(α))[ν1(s), ν1(t)]. In order to prove this, it suffices to

consider the following three cases in view of the maximality of congruence θ.

Case I: If α ∈ T
θ
, then we effectively need to show that α[s, t]

Eθ = αθ [sEθ , tEθ ].

From Remark 3.1.4 and the fact that α ∈ T
θ
, we have αθ [sEθ , tEθ ] = sEθ . This

reduces to showing that (α[s, t], s) ∈ Eθ, which follows from Proposition 3.1.6(i).

Case II: In a similar vein, if α ∈ F
θ
, we need to show that (α[s, t], t) ∈ Eθ, which

follows from Proposition 3.1.6(ii).

Case III: Similarly, if α ∈ U
θ
, we require that (α[s, t],⊥) ∈ Eθ, which is precisely

Proposition 3.1.6(iii).

This completes the proof.

Lemma 3.1.8. For the C-set (M,M) the equivalence Eθ on M , denoted by EθM
, is

a subset of θ.

Proof. Let (α, β) ∈ EθM
. Then there exists γ ∈ T

θ
such that γJα, βK = γJβ, βK. In

other words,

(γ ∧ α) ∨ (¬γ ∧ β) = (γ ∧ β) ∨ (¬γ ∧ β) (3.1)

Since γ ∈ T
θ
, we have (γ, T ) ∈ θ. Moreover, (α, α) ∈ θ as θ is reflexive. It follows

that (γ ∧ α, T ∧ α) = (γ ∧ α, α) ∈ θ. Similarly, (γ, T ) ∈ θ implies that (¬γ, F ) ∈ θ,
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and as (β, β) ∈ θ, we have (¬γ ∧ β, F ∧ β) = (¬γ ∧ β, F ) ∈ θ. Consequently

((γ ∧ α) ∨ (¬γ ∧ β), α ∨ F ) = ((γ ∧ α) ∨ (¬γ ∧ β), α) ∈ θ. Following a similar

procedure, using (γ, T ), (¬γ, F ), (β, β) ∈ θ, we obtain ((γ ∧ β) ∨ (¬γ ∧ β), β) ∈ θ.

Now using (3.1), the symmetry and transitivity of θ, we have (α, β) ∈ θ so that

EθM
⊆ θ.

3.2 A subdirect representation

In this section we show that the intersection of this family of congruences is trivial

using which we achieve a subdirect representation for this class of C-sets in terms

of basic C-sets. In order to obtain the main theorem we have the following result.

Proposition 3.2.1. If α[s, t] = α[t, t], then α↓[s, t] = α↓[t, t].

Proof. Using (1.37) and (2.1.2), α[s, t] = (α↓ ∨ α)[s, t] = α↓[s, α[s, t]] = α↓[s, α[t, t]].

On the other hand, observe that α[s, t] = α[t, t] = (α↓∨α)[t, t] = α↓[t, α[t, t]] so that

α↓[s, α[t, t]] = α↓[t, α[t, t]]. Consequently, we have α↓[s, t] = α↓[t, t] by Proposition

2.2.1(iv).

We now show that the intersection of all equivalence relations Eθ is trivial. We

proceed by first considering the pair (S⊥,M#) which is a B-set. Consequently,

Theorem 1.3.6 allows us to consider the pair (S⊥,M#) as a subalgebra of a product

of basic B-sets and using which we may treat elements of S⊥ as functions. We then

construct a family of maximal congruences on M which, along with the functional

representation helps prove that for (s, t) in the intersection of all Eθ we must have

s = t. Consequently, the intersection of all equivalence relations Eθ is trivial.

Lemma 3.2.2.
⋂

θ

Eθ = ∆S⊥
, where θ ranges over all maximal congruences on M .

Proof. By Corollary 2.2.4, (S⊥,M#) is a B-set so that (S⊥,M#) is a subdirect

product of basic B-sets (cf. Theorem 1.3.6). Hence, (S⊥,M#) is a subalgebra of a
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product of basic B-sets (Sx, �), where x ranges over some set X. That is,

(S⊥,M#) ≤
∏

x∈X

(Sx, �)

=

(

∏

x∈X

Sx, �X

)

≤

(

(

⋃

x∈X

Sx

)X

, �X

)

Note that the action in both
(
∏

x∈X Sx, �X
)

and
(

(
⋃

x∈X Sx)
X , �X

)

is

(α[s, t])(x) =











s(x), if α(x) = T ;

t(x), if α(x) = F.

Also note that the action in
(
∏

x∈X Sx, �X
)

is simply a restriction of that on
(

(
⋃

x∈X Sx)
X , �X

)

.

Since (S⊥,M#) is a subalgebra of
(

(
⋃

x∈X Sx)
X , �X

)

, we can see that M# is a subal-

gebra of �X . Using the construction mentioned in Remark 1.4.14, M ∼= (M#)? ≤
�X .

Now for any xo ∈ X, treating M as a subalgebra of
�X we define maximal

congruences on M as follows.

(α, β) ∈ θxo
⇔ α(xo) = β(xo).

Such θxo
is indeed a maximal congruence on M . It is clearly an equivalence relation

on M . Let (α1, β1), (α2, β2) ∈ θxo
. Then α1(xo) = β1(xo) and α2(xo) = β2(xo). Thus

α1(xo) ∧ α2(xo) = β1(xo) ∧ β2(xo). Thus (α1 ∧ α2, β1 ∧ β2) ∈ θxo
. Similarly θxo

is

compatible with the other operations on M , viz., ∨,¬ and ↓. Note that M has only
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the following three equivalence classes with respect to θxo
.

T
θ

= {α ∈M : α(xo) = T}

F
θ

= {α ∈M : α(xo) = F}

U
θ

= {α ∈M : α(xo) = U}

Thus M/θxo
is simple and so θxo

is maximal.

We now show that
⋂

Eθ = ∆S⊥
. Let (s, t) ∈

⋂

Eθ. Then for every maximal

congruence θ on M , there exists a βθ ∈ T
θ

such that βθ[s, t] = βθ[t, t]. On using

Proposition 3.2.1 we have β↓
θ [s, t] = β↓

θ [t, t]. Note that if βθ is in T
θ
, so is β↓

θ .

Moreover, β↓
θ ∈ M#.

As S⊥ ≤ (
⋃

x∈X Sx)
X , we may treat s, t as functions s′, t′ ∈ (

⋃

x∈X Sx)
X . Note

that the if-then-else action in (S⊥,M#) can be treated as a restriction of that

on ((
⋃

x∈X Sx)
X , �X). Considering the maximal congruences defined above, for each

xo ∈ X there exists β↓
θxo

∈ T
θxo , that is, β↓

θxo
(xo) = T and β↓

θxo
[s′, t′] = β↓

θxo
[t′, t′].

In other words, for each x ∈ X, (β↓
θxo

[s′, t′])(x) = (β↓
θxo

[t′, t′])(x). In particular for

x = xo, (β↓
θxo

[s′, t′])(xo) = (β↓
θxo

[t′, t′])(xo).

However (β↓
θxo

[s′, t′])(xo) = s′(xo) as β↓
θxo

(xo) = T . Similarly, (β↓
θxo

[t′, t′])(xo) =

t′(xo).

This tells us that for each xo ∈ X, s′(xo) = t′(xo), that is, s′ ≡ t′ which means

that s = t in S⊥. This completes the proof.

We now ascertain that the intersection of all maximal congruences on M must

be trivial in the following.

Remark 3.2.3. Let α, β ∈ M with α 6= β. Treating M as a subalgebra of
�X for

some X, there exists xo ∈ X such that α(xo) 6= β(xo). Then θxo
, as in the previous
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proof, is a maximal congruence which clearly separates α and β. Since the intersec-

tion of all such congruences is ∆M , the intersection of all maximal congruences on

M
⋂

θ maximal

θ = ∆M

We now prove the main theorem of this chapter.

Theorem 3.2.4. Every C-set (S⊥,M) where M is an ada is a subdirect product of

basic C-sets.

Proof. Let (S⊥,M) be a C-set where M is an ada and {θ} be the collection of

all maximal congruences on M . By Lemma 3.1.7, for each θ, the pair (Eθ, θ) is

a C-set congruence on (S⊥,M) and by Remark 3.1.4 (S⊥/Eθ,M/θ) is a basic C-

set. Further, by Lemma 3.2.2 and Remark 3.2.3, the intersection of all congruences

(Eθ, θ) is trivial. Hence, (S⊥,M) is a subdirect product of (S⊥/Eθ,
�
), where θ varies

over maximal congruences on M .

The following consequence of Theorem 3.2.4 is useful to establish the equivalence

between programs which admit the current setup.

Corollary 3.2.5. An identity (quasi-identity) is satisfied in every C-set (S⊥,M)

where M is an ada if and only if it is satisfied in all basic C-sets.
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4
Agreeable C-sets

In this chapter we describe an algebraic formalism for the equality test over possibly

non-halting programs, where the tests are drawn from a C-algebra. In Section 4.1

we extend the notion of C-sets to agreeable C-sets and give natural interpretations

for each of the agreeable C-set axioms in terms of the functional model, along with

some examples of agreeable C-sets. In Section 4.2 we give a representation theorem

for the class of agreeable C-sets where the C-algebra is an ada (cf. Theorem 4.2.1).

We achieve this result by showing that each C-set congruence (Eθ, θ) as defined

in Section 3.1 is also an agreeable C-set congruence. Using this we achieve an

alternative proof for Theorem 2.7 in Jackson and Stokes [2009].

63
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64 Agreeable C-sets

4.1 Axiomatization of equality test

The equality test over the functions f, g ∈ To(X⊥) can be naturally described by the

following:

(f ∗ g)(x) =



























T, if f(x) = g(x) and f(x) 6= ⊥ 6= g(x);

F, if f(x) 6= g(x) and f(x) 6= ⊥ 6= g(x);

U, otherwise.

(4.1)

For simplicity of notation, we denote the condition f(x) = g(x) and f(x) 6= ⊥ 6=

g(x) by f(x) = g(x) ( 6= ⊥) and the condition f(x) 6= g(x) and f(x) 6= ⊥ 6= g(x)

by f(x) 6= g(x) ( 6= ⊥). Consequently, f ∗ g can be identified with the pair of sets

(A,B) on X, where A = {x ∈ X : f(x) = g(x) ( 6= ⊥)} and B = {x ∈ X : f(x) 6=

g(x) ( 6= ⊥)}.

Keeping this model in mind, we extend the notion of agreeable B-sets, given in

Jackson and Stokes [2009], and define agreeable C-sets as follows.

Definition 4.1.1. A C-set (S⊥,M) equipped with a function

∗ : S⊥ × S⊥ →M

is said to be agreeable if it satisfies the following axioms for all s, t, u, v ∈ S⊥ and

α ∈M :

(s ∗ s)[s,⊥] = s (domain axiom) (4.2)

⊥ ∗ s = U = s ∗ ⊥ (⊥-comparison) (4.3)

(s ∗ t)[s, t] = (s ∗ t)[t, t] (equality on conclusions) (4.4)
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α[s, t] ∗ α[u, v] = αJs ∗ u, t ∗ vK (operation interchange) (4.5)

((s ∗ s = T ) ∧ (s ∗ t = U)) ⇒ t = ⊥ (totality condition) (4.6)

While the operation interchange axiom (4.5) is indeed an axiom in the context

of agreeable B-sets (cf. axiom (1.16)), one can verify that axiom (4.4) holds in

agreeable B-sets. However, the other axioms are specific to the current scenario

of the non-halting case. These axioms can be justified along the following lines by

considering equality of functions over the functional model (To(X⊥),
�X) of C-sets.

In To(X⊥), the domain of a function is considered in the spirit of a partial

function, i.e., all those points whose image is not ⊥. In the model (To(X⊥),
�X), the

partial predicate s ∗ s represents the domain of s. The domain axiom (4.2) captures

the behaviour of if-then-else with respect to the domain of s. For instance,

we expect s ∗ s takes truth value T in the domain of s so that (s ∗ s)[s,⊥] = s.

Also, in the complement of the domain of s, s ∗ s should take value U so that

(s ∗ s)[s,⊥] = U [s,⊥] = ⊥ = s.

Note that we check the equality of two functions over their domains. Thus the ⊥-

comparison axiom (4.3) states that comparing the error state ⊥ with any element

s results in the undefined predicate U .

The axiom of equality on conclusions (4.4) exhibits the behaviour of equality test

∗ on conclusions of the if-then-else action of the C-set. Indeed, when the partial

predicate s ∗ t = T , (s ∗ t)[s, t] = s = t = (s ∗ t)[t, t] and similarly if s ∗ t = F , then

(s ∗ t)[s, t] = t = (s ∗ t)[t, t]. Further, if s ∗ t = U , then (s ∗ t)[s, t] = ⊥ = (s ∗ t)[t, t].

The axiom of operation interchange (4.5) describes how ∗ and the if-then-else

action relate to the action on the C-set (M,M). The totality condition (4.6) is a

quasi-identity, in which if s is a total function but s ∗ t is undefined, then it must

follow that t is the empty function, i.e., t = ζ⊥.

We have the following example of agreeable C-sets.

Example 4.1.2. The pair
(

To(X⊥),
�X
)

is an agreeable C-set under the operation
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∗ defined in (4.1). Such agreeable C-sets are called agreeable functional C-sets. We

now verify the axioms (4.2) – (4.6) in the following.

Axiom (4.2): We show that (f ∗ f)[f, ζ⊥] = f . For any f ∈ To(X⊥), f ∗ f = (A,B)

where A = {x ∈ X : f(x) 6= ⊥} and B = ∅. Thus

(A,B)[f, ζ⊥](x) =











f(x), if x ∈ A;

⊥, if x /∈ A.

=











f(x), if f(x) 6= ⊥;

⊥, if f(x) = ⊥.

= f(x)

Axiom (4.3): For any f ∈ To(X⊥), ζ⊥ ∗ f = (A,B) where A = {x ∈ X : ζ⊥(x) =

f(x) ( 6= ⊥)} and B = {x ∈ X : ζ⊥(x) 6= f(x) ( 6= ⊥)}. Thus ζ⊥ ∗f = (A,B) =

(∅, ∅) = U = f ∗ ζ⊥.

Axiom (4.4): Let f, g ∈ To(X⊥) and f ∗ g = (A,B). Then

(f ∗ g)[f, g](x) =



























f(x), if x ∈ A;

g(x), if x ∈ B;

⊥, otherwise.

Thus for x ∈ A we have f(x) = g(x) ( 6= ⊥) and so (f ∗ g)[f, g](x) = f(x) =

g(x) = (f ∗ g)[g, g](x). Similarly when x ∈ B we have (f ∗ g)[f, g](x) = g(x) =

(f ∗ g)[g, g](x). If x ∈ (A ∪B)c then (f ∗ g)[f, g](x) = ⊥ = (f ∗ g)[g, g](x).

Axiom (4.5): We show that α[f, g] ∗ α[h, k] = αJf ∗ h, g ∗ kK. Let α = (A,B) and
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F1 = α[f, g], where

F1(x) = α[f, g](x) =



























f(x), if x ∈ A;

g(x), if x ∈ B;

⊥, otherwise.

Similarly let F2 = α[h, k] where

F2(x) = α[h, k](x) =



























h(x), if x ∈ A;

k(x), if x ∈ B;

⊥, otherwise.

Let F1 ∗ F2 = (C,D) where C = {x ∈ X : F1(x) = F2(x)( 6= ⊥)} and

D = {x ∈ X : F1(x) 6= F2(x)( 6= ⊥)}. Let f ∗h = (E,F ) where E = {x ∈ X :

f(x) = h(x)( 6= ⊥)} and F = {x ∈ X : f(x) 6= h(x)( 6= ⊥)}. Let g ∗ k = (G,H)

where G = {x ∈ X : g(x) = k(x)( 6= ⊥)} and H = {x ∈ X : g(x) 6= k(x)( 6=

⊥)}. Then we have

(A,B)J(E,F ), (G,H)K =
(

(A,B) ∧ (E,F )
)

∨
(

¬((A,B)) ∧ (G,H)
)

=
(

(A ∩ E,B ∪ (A ∩ F )
)

∨
(

B ∩G,A ∪ (B ∩H)
)

=
(

(A ∩ E) ∪
(

(B ∪ (A ∩ F )) ∩ (B ∩G)
)

,

(

B ∪ (A ∩ F )
)

∩
(

A ∪ (B ∩H)
)

)

In effect we need to show that

(C,D) =
(

(A∩E)∪
(

(B∪(A∩F ))∩(B∩G)
)

,
(

B∪(A∩F )
)

∩
(

A∪(B∩H)
)

)

.

Claim: (A ∩ E) ∪
(

(B ∪ (A ∩ F )) ∩ (B ∩G)
)

⊆ C.
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Let x ∈ (A ∩ E) ∪
(

(B ∪ (A ∩ F )) ∩ (B ∩ G)
)

. Then x ∈ (A ∩ E) or x ∈
(

(B ∪ (A ∩ F )) ∩ (B ∩ G)
)

. Suppose x ∈ A ∩ E. It follows that x ∈ A

and so F1(x) = f(x), F2(x) = h(x). It is also true that x ∈ E and so

f(x) = h(x)( 6= ⊥). Thus F1(x) = F2(x)( 6= ⊥) from which it follows that

x ∈ C.

Suppose x ∈
(

(B∪(A∩F ))∩(B∩G)
)

. Then x ∈ B∩G and hence x ∈ B, from

which it follows that F1(x) = g(x) and F2(x) = k(x). Moreover as x ∈ G,

g(x) = k(x)( 6= ⊥). Thus F1(x) = F2(x)( 6= ⊥) and so x ∈ C.

Claim: C ⊆ (A ∩ E) ∪
(

(B ∪ (A ∩ F )) ∩ (B ∩G)
)

.

Let x ∈ C. Then F1(x) = F2(x)( 6= ⊥).

Case I: x ∈ A: From the fact that F1(x) = F2(x)( 6= ⊥), on assuming

that x ∈ A, we have F1(x) = f(x) and F2(x) = h(x), that is, f(x) =

h(x)( 6= ⊥), that is, x ∈ E. Hence x ∈ (A ∩ E) and so x ∈ (A ∩ E) ∪
(

(B ∪ (A ∩ F )) ∩ (B ∩G)
)

.

Case II: x ∈ B: If x ∈ B then F1(x) = g(x), F2(x) = k(x) and

as F1(x) = F2(x)( 6= ⊥), it follows that g(x) = k(x)( 6= ⊥). Hence

x ∈ B ∩G ⊆ B ⊆ (B ∪ (A ∩ F )) from which the result follows.

Case III: x ∈ (A ∪ B)c: Then F1(x) = ⊥ = F2(x). However, our

assumption states that F1(x) = F2(x)( 6= ⊥), a contradiction. It follows

that this case cannot occur under the given hypothesis.

Claim:
(

B ∪ (A ∩ F )
)

∩
(

A ∪ (B ∩H)
)

⊆ D.

Let x ∈
(

B ∪ (A ∩ F )
)

∩
(

A ∪ (B ∩ H)
)

. Then x ∈
(

B ∪ (A ∩ F )
)

and

x ∈
(

A ∪ (B ∩H)
)

. From the fact that x ∈
(

B ∪ (A ∩ F )
)

we have x ∈ B or

x ∈ (A ∩ F ).

If x ∈ B then from the fact that A ∩B = ∅, we have x /∈ A. However, as it is

given that x ∈
(

A∪ (B ∩H)
)

, it must be the case that x ∈ B ∩H . Moreover,
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x ∈ B implies that F1(x) = g(x) and F2(x) = k(x), and x ∈ H implies that

g(x) 6= k(x)( 6= ⊥). Consequently F1(x) 6= F2(x)( 6= ⊥), that is, x ∈ D.

On the other hand, if x ∈ (A ∩ F ), then x ∈ A and so F1(x) = f(x) and

F2(x) = h(x) and x ∈ F means that f(x) 6= h(x)( 6= ⊥). Thus F1(x) 6=

F2(x)( 6= ⊥), which means that x ∈ D.

Claim: D ⊆
(

B ∪ (A ∩ F )
)

∩
(

A ∪ (B ∩ H)
)

. Let x ∈ D. Then F1(x) 6=

F2(x)( 6= ⊥).

Case I: x ∈ A: Then F1(x) = f(x) and F2(x) = h(x). From the

hypothesis, we have f(x) 6= h(x)( 6= ⊥) which implies that x ∈ F . Hence

x ∈ (A ∩ F ) ⊆ A, which gives that x ∈
(

B ∪ (A ∩ F )
)

∩
(

A ∪ (B ∩H)
)

.

Case II: x ∈ B: In this case F1(x) = g(x) and F2(x) = k(x). From the

hypothesis, it follows that g(x) 6= k(x)( 6= ⊥) which implies that x ∈ H .

Thus x ∈ B∩H ⊆ B which implies that x ∈
(

B∪(A∩F )
)

∩
(

A∪(B∩H)
)

.

Case III: x ∈ (A ∪ B)c: Then F1(x) = ⊥ = F2(x), a contradiction to

our assumption. It follows that this case cannot occur.

Thus (C,D) =
(

(A∩E)∪
(

(B∪(A∩F ))∩(B∩G)
)

,
(

B∪(A∩F )
)

∩
(

A∪(B∩H)
)

)

.

Axiom (4.6): Let f ∗f = (X, ∅) and f ∗g = (∅, ∅) for f, g ∈ To(X⊥). It follows from

f ∗ f = (X, ∅) that {x ∈ X : f(x) 6= ⊥} = X that is, for all x ∈ X, f(x) 6= ⊥.

Consider f ∗ g = (A,B) = (∅, ∅) where A = {x ∈ X : f(x) = g(x)( 6= ⊥)} and

B = {x ∈ X : f(x) 6= g(x)( 6= ⊥)}. Suppose that for some x ∈ X, we have

g(x) 6= ⊥. Using the fact that f(x) 6= ⊥ and that A = ∅, we can deduce that

f(x) 6= g(x), and so by definition, x ∈ B. However, it is given that B = ∅, a

contradiction. Hence, g(x) = ⊥ for each x ∈ X, that is g = ζ⊥. Therefore the

last quasi-identity holds so that the pair
(

To(X⊥),
�X
)

is an agreeable C-set.
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Example 4.1.3. Every basic C-set is agreeable under the operation given by

s ∗ t =



























T, if s = t ( 6= ⊥);

F, if s 6= t ( 6= ⊥);

U, if s = ⊥ or t = ⊥.

(4.7)

Such agreeable C-sets will be called agreeable basic C-sets. The verification of axioms

(4.2) – (4.6) is given below.

Axiom (4.2): For s ∈ S⊥ \ {⊥}, s ∗ s = T . Thus (s ∗ s)[s,⊥] = T [s,⊥] = s. If

s = ⊥ then s ∗ s = ⊥ ∗ ⊥ = U . Thus (s ∗ s)[s,⊥] = U [⊥,⊥] = ⊥ = s.

Axiom (4.3): ⊥ ∗ s = U = s ∗ ⊥ by definition.

Axiom (4.4): For s, t ∈ S⊥, we have the following:

s ∗ t = T : This occurs if and only if s = t and s 6= ⊥ 6= t. Thus (s ∗ t)[s, t] =

T [s, t] = s = t = T [t, t] = (s ∗ t)[t, t].

s ∗ t = F : In this case, we have (s ∗ t)[s, t] = F [s, t] = t = F [t, t] = (s ∗ t)[t, t].

s ∗ t = U : Here we have (s ∗ t)[s, t] = U [s, t] = ⊥ = U [t, t] = (s ∗ t)[t, t].

Axiom (4.5): It suffices to consider the following three cases:

α = T : Then α[s, t] ∗ α[u, v] = T [s, t] ∗ T [u, v] = s ∗ u. And αJs ∗ u, t ∗ vK =

(T ∧ (s ∗ u)) ∨ (F ∧ (t ∗ v)) = s ∗ u.

α = F : Then α[s, t] ∗ α[u, v] = F [s, t] ∗ F [u, v] = t ∗ v. And αJs ∗ u, t ∗ vK =

(F ∧ (s ∗ u)) ∨ (T ∧ (t ∗ v)) = t ∗ v.

α = U : Then α[s, t]∗α[u, v] = U [s, t]∗U [u, v] = ⊥∗⊥ = U . And αJs∗u, t∗vK =

(U ∧ (s ∗ u)) ∨ (U ∧ (t ∗ v)) = U ∨ U = U .

Axiom (4.6): Let s, t ∈ S⊥ such that s ∗ s = T and s ∗ t = U . Clearly s 6= t. As

s ∗ s = T , this means that s 6= ⊥. If t 6= ⊥ then in view of the fact that s 6= t
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we have s ∗ t = F by definition, which is a contradiction to our assumption

that s ∗ t = U . Thus t = ⊥. Therefore every basic C-set is an agreeable C-set.

Proposition 4.1.4. The operation defined in (4.7) is the only possible operation

under which a basic C-set can be made agreeable.

Proof. We show that for a basic C-set, axioms (4.2) to (4.6) restrict the operation

∗ to precisely (4.7). Let (S⊥,
�
) be a basic C-set which is agreeable, that is, it is

equipped with an operation ∗ : S⊥ × S⊥ →
�

which satisfies (4.2) - (4.6). Consider

the following cases:

(i) Case I : s = ⊥ or t = ⊥: Then from (4.3), we have s ∗ t = U .

(ii) Case II : s = t ( 6= ⊥): We show that neither s ∗ t = F nor s ∗ t = U is possible.

Consequently, it must be the case that s ∗ t = T .

Assume that s ∗ t = F . This, in conjunction with the hypothesis s = t and

(4.2), gives that ⊥ = F [s,⊥] = (s ∗ t)[s,⊥] = (s ∗ s)[s,⊥] = s, a contradiction

to our assumption that s 6= ⊥. If s ∗ t = U , along similar lines, we obtain

⊥ = U [s,⊥] = (s ∗ s)[s,⊥] = s, a contradiction.

(iii) Case III : s 6= t ( 6= ⊥): Along similar lines, we show that s ∗ t /∈ {T, U}, which

would imply that s ∗ t = F .

Assume that s ∗ t = T . It follows from (4.4) that s = T [s, t] = (s ∗ t)[s, t] =

(s∗t)[t, t] = T [t, t] = t, a contradiction to the hypothesis s 6= t. Note that if S⊥

has exactly two distinct elements then this case would be redundant. Suppose

that s ∗ t = U . Case II proved above, in conjunction with the hypothesis that

s 6= ⊥, gives that s ∗ s = T . From the statements s ∗ s = T , s ∗ t = U and

quasi-identity (4.6), we have t = ⊥, a contradiction.

Thus the operation ∗ must be as defined in (4.7).
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Example 4.1.5. The C-set (M,M) is agreeable under the operation

α ∗ β = (α ∧ β) ∨ (¬α ∧ ¬β).

The operation can be equivalently expressed in terms of the if-then-else action

by

α ∗ β = αJβ,¬βK.

The verification of the axioms (4.2) – (4.6) is given below.

Axiom (4.2): For α ∈M , α∗α = (α∧α)∨(¬α∧¬α) = α∨¬α. Hence (α∗α)Jα, UK =

(α∨¬α)Jα, UK = ((α∨¬α)∧α)∨ (¬α∧α∧U). This reduces to checking the

validity of the identity ((α∨¬α)∧α)∨ (¬α∧α∧U) = α in the C-algebra M .

In view of Theorem 1.4.5, it suffices to check over three elements T, F, U .

α = T : ((α∨¬α)∧α)∨ (¬α∧α∧U) = ((T ∨F )∧T )∨ (F ∧T ∧U) = T ∨F =

T = α.

α = F : ((α∨¬α)∧α)∨ (¬α∧α∧U) = ((F ∨T )∧F )∨ (T ∧F ∧U) = F ∨F =

F = α.

α = U : ((α∨¬α)∧α)∨ (¬α∧α∧U) = ((U ∨U)∧U)∨ (U ∧U ∧U) = U ∨U =

U = α.

Axiom (4.3): For α ∈ M , U ∗ α = (U ∧ α) ∨ (¬U ∧ ¬α) = U ∨ U = U . On the

other hand α ∗ U = (α ∧ U) ∨ (¬α ∧ ¬U). It suffices to consider the following

three cases:

α = T : α ∗ U = T ∗ U = (T ∧ U) ∨ (F ∧ ¬U) = U ∨ F = U .

α = F : α ∗ U = F ∗ U = (F ∧ U) ∨ (T ∧ ¬U) = F ∨ U = U .

α = U : α ∗ U = U ∗ U = (U ∧ U) ∨ (U ∧ ¬U) = U ∨ U = U .

Axiom (4.4): For α, β ∈M we have (α ∗ β)Jα, βK = ((α∧ β)∨ (¬α ∧¬β))Jα, βK =

(((α∧β)∨ (¬α∧¬β))∧α)∨ (¬((α∧β)∨ (¬α∧¬β))∧β). On the other hand
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(α ∗ β)Jβ, βK = (((α∧ β)∨ (¬α∧¬β))∧ β)∨ (¬((α∧ β)∨ (¬α∧¬β))∧ β). It

suffices to check the validity of this identity in the following three cases:

α = T : Here (α ∗ β)Jα, βK = (((T ∧ β) ∨ (F ∧ ¬β)) ∧ T ) ∨ (¬((T ∧ β) ∨ (F ∧

¬β)) ∧ β) = ((β ∨ F ) ∧ T ) ∨ (¬(β ∨ F ) ∧ β) = β ∨ (¬β ∧ β) = β. Also

(α∗β)Jβ, βK = (((T ∧β)∨ (F ∧¬β))∧β)∨ (¬((T ∧β)∨ (F ∧¬β))∧β) =

((β ∨ F ) ∧ β) ∨ (¬(β ∨ F ) ∧ β) = β ∨ (¬β ∧ β) = β.

α = F : In this case (α ∗ β)Jα, βK = (((F ∧ β) ∨ (T ∧ ¬β)) ∧ F ) ∨ (¬((F ∧

β) ∨ (T ∧ ¬β)) ∧ β) = ((F ∨ ¬β) ∧ F ) ∨ (¬(F ∨ ¬β) ∧ β) = (¬β ∧

F ) ∨ (β ∧ β) = (¬β ∧ β) ∨ β using the fact that x ∧ F = x ∧ ¬x holds

in all C-algebras. This expression reduces to (¬β ∧ β) ∨ β = β. Also

(α∗β)Jβ, βK = (((F ∧β)∨ (T ∧¬β))∧β)∨ (¬((F ∧β)∨ (T ∧¬β))∧β) =

((F ∨¬β)∧β)∨ (¬(F ∨¬β)∧β) = (¬β∧β)∨ (β∧β) = (¬β∧β)∨β = β.

α = U : In this case (α ∗ β)Jα, βK = (((U ∧ β) ∨ (U ∧ ¬β)) ∧ U) ∨ (¬((U ∧

β) ∨ (U ∧ ¬β)) ∧ β) = ((U ∨ U) ∧ U) ∨ (¬(U ∨ U) ∧ β) = U . Also

(α∗β)Jβ, βK = (((U ∧β)∨ (U ∧¬β))∧β)∨ (¬((U ∧β)∨ (U ∧¬β))∧β) =

((U ∨ U) ∧ β) ∨ (¬(U ∨ U) ∧ β) = U .

Axiom (4.5): We need to check the validity of the identity αJβ, γK ∗ αJδ, ρK =

αJβ ∗ δ, γ ∗ ρK. It suffices to consider the following three cases:

α = T : In this case αJβ, γK ∗ αJδ, ρK = T Jβ, γK ∗ T Jδ, ρK = β ∗ δ. On the other

hand αJβ ∗ δ, γ ∗ ρK = T Jβ ∗ δ, γ ∗ ρK = β ∗ δ.

α = F : Here αJβ, γK∗αJδ, ρK = F Jβ, γK∗F Jδ, ρK = γ ∗ρ. Also αJβ ∗ δ, γ ∗ρK =

F Jβ ∗ δ, γ ∗ ρK = γ ∗ ρ.

α = U : We have αJβ, γK∗αJδ, ρK = UJβ, γK∗UJδ, ρK = U . Also αJβ∗δ, γ∗ρK =

UJβ ∗ δ, γ ∗ ρK = U .

Axiom (4.6): In order to verify quasi-identity (4.6), we recall from Theorem 1.4.5

that M is a subalgebra of
�X for some set X. Suppose that α ∗ α = T and
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α ∗ β = U for some α, β ∈ M , that is, α ∨ ¬α = T and (α ∧ β) ∨ (¬α ∧

¬β) = U. Treating α, β as elements of
�X , we have α(x) ∨ ¬(α(x)) = T , and

(α(x)∧β(x))∨ (¬α(x)∧¬β(x)) = U for each x ∈ X. Since α(x)∨¬α(x) = T ,

where α(x) ∈ {T, F, U}, there are only two possible cases:

α(x) = T : Since (α ∗ β)(x) = U we have (α(x) ∧ β(x)) ∨ (¬α(x) ∧ ¬β(x)) =

(T ∧ β(x)) ∨ (F ∧ ¬β(x)) = β(x) = U .

α(x) = F : Since (α ∗ β)(x) = U we have (α(x) ∧ β(x)) ∨ (¬α(x) ∧ ¬β(x)) =

(F ∧ β(x)) ∨ (T ∧ ¬β(x)) = ¬β(x) = U , from which it follows that

β(x) = U .

Thus for each x ∈ X, β(x) = U that is, β = U. Therefore, the quasi-identity

(4.6) holds. Equivalently, we could have simply verified the validity of the

quasi-identity in
�

which follows along similar lines as the reasoning followed

above. Thus the pair (M,M) is an agreeable C-set.

Remark 4.1.6. If the C-algebra M is
�X , the equality test on the agreeable C-set

(M,M) coincides with that of the functional case, as shown below:

(α ∗ β)(x) =



























T, if α(x) = β(x) ( 6= U);

F, if α(x) 6= β(x) ( 6= U);

U, otherwise.

4.2 A subdirect representation

We now prove a representation theorem of agreeable C-sets along the lines of The-

orem 3.2.4 for the class of C-sets where the C-algebra is an ada. We proceed by

showing that the pair (Eθ, θ) as defined in Definition 3.1.2 for a maximal congru-

ence θ on ada M is also an agreeable C-set congruence, from which Theorem 4.2.1

follows.
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Theorem 4.2.1. Every agreeable C-set (S⊥,M) where M is an ada is a subdirect

product of agreeable basic C-sets.

Proof. Let (S⊥,M) be an agreeable C-set where M is an ada. For every maximal

congruence θ on M , consider the pair (Eθ, θ) as in Definition 3.1.2. By Lemma 3.1.7,

we have already ascertained that for each θ, the pair (Eθ, θ) is a C-set congruence

on (S⊥,M) and by Remark 3.1.4 that (S⊥/Eθ,M/θ) is a basic C-set. In order to

ascertain that this pair is indeed a congruence in the context of agreeable C-sets, it

is sufficient to show that

(a1, a2), (b1, b2) ∈ Eθ ⇒ (a1 ∗ b1, a2 ∗ b2) ∈ θ.

Let (a1, a2), (b1, b2) ∈ Eθ. Then there exist α and β ∈ T
θ

such that

α[a1, a2] = α[a2, a2] (4.8)

β[b1, b2] = β[b2, b2] (4.9)

Note that (α, T ), (β, T ) ∈ θ implies that (α ∧ β, T ∧ T ) = (α ∧ β, T ) ∈ θ. Applying

(2.8) on (4.8) and Proposition 2.2.1(v) on (4.9), we have, for (α ∧ β) ∈ T
θ

(α ∧ β)[a1, a2] = (α ∧ β)[a2, a2] (4.10)

(α ∧ β)[b1, b2] = (α ∧ β)[b2, b2] (4.11)

These imply that

(α ∧ β)[a1, a2] ∗ (α ∧ β)[b1, b2] = (α ∧ β)[a2, a2] ∗ (α ∧ β)[b2, b2]. (4.12)

From (4.5) it follows that

(α ∧ β)Ja1 ∗ b1, a2 ∗ b2K = (α ∧ β)Ja2 ∗ b2, a2 ∗ b2K, (4.13)
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so that (a1 ∗ b1, a2 ∗ b2) ∈ EθM
⊆ θ, by Lemma 3.1.8. Further, by Lemma 3.2.2 and

Remark 3.2.3, the intersection of all congruences (Eθ, θ), where θ ranges over all

maximal congruences of M , is trivial. This completes the proof.

Corollary 4.2.2. An identity (quasi-identity) is satisfied in every agreeable C-set

(S⊥,M) where M is an ada if and only if it is satisfied in all agreeable basic C-sets.

In view of Corollary 4.2.2 and (4.7), we have the following result.

Corollary 4.2.3. In every agreeable C-set (S⊥,M) where M is an ada we have

s ∗ t = t ∗ s.

Note that the only axiom of agreeable C-sets that plays a role in the proof of

Theorem 4.2.1 is (4.5). The remaining axioms have been included in order that the

operation on agreeable basic C-sets be uniquely defined. The proof of Theorem 4.2.1

suggests an alternative proof for Theorem 1.3.11, without using the commutativity

of ∗, which we now present.

Theorem 4.2.4 (Jackson and Stokes [2009]). Every agreeable B-set (S,B) is a

subdirect product of basic agreeable B-sets.

Proof. Let F be an ultrafilter of B. Consider the relation EF = {(s, t) ∈ S × S :

γ[s, t] = t for some γ ∈ F} as defined in Jackson and Stokes [2009]. The pair (EF , F )

is a B-set congruence. In order to show that the pair (EF , F ) is a congruence on

agreeable B-sets, we show that

(a1, a2), (b1, b2) ∈ EF ⇒ (a1 ∗ b1, a2 ∗ b2) ∈ θF ,

where θF is the congruence on B induced by the ultrafilter F .

Since (a1, a2), (b1, b2) ∈ EF , there exist α, β ∈ F such that

α[a1, a2] = a2 (4.14)

β[b1, b2] = b2 (4.15)
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In view of the commutativity of ∧, (1.13), (4.14) and (1.8), we obtain (α∧β)[a1, a2] =

(β ∧ α)[a1, a2] = β[α[a1, a2], a2] = β[a2, a2] = a2. Similarly we can obtain

(α ∧ β)[b1, b2] = b2. This implies that

(α ∧ β)[a1, a2] ∗ (α ∧ β)[b1, b2] = a2 ∗ b2

From axiom (1.16), we can deduce that

(α ∧ β)Ja1 ∗ b1, a2 ∗ b2K = a2 ∗ b2.

Since F is an ultrafilter of B, it suffices to ascertain that

a1 ∗ b1 ∈ F ⇔ a2 ∗ b2 ∈ F.

Assume that a1∗b1 ∈ F . Since α∧β ∈ F , we have (α∧β)∧(a1∗b1) ∈ F . Further,

as F is a filter and (α∧β)∧ (a1 ∗ b1) ≤ ((α∧β)∧ (a1 ∗ b1))∨ (¬(α∧β)∧ (a2 ∗ b2)) =

(α ∧ β)Ja1 ∗ b1, a2 ∗ b2K we have (α ∧ β)Ja1 ∗ b1, a2 ∗ b2K = a2 ∗ b2 ∈ F .

Conversely, assume that a2 ∗ b2 ∈ F . The symmetry of equivalence relation EF

implies that (a2, a1), (b2, b1) ∈ EF . Along similar lines as above, we obtain a1∗b1 ∈ F .

This completes the proof.
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5
C-monoids

In this chapter we consider a monoid structure which serves as an abstraction of pro-

grams with composition, over which we give an axiomatization for if-then-else. In

Section 5.1 we introduce the notion of a C-monoid, which includes the composition

of programs and that of programs with tests. Further, we obtain a Cayley-type the-

orem in that every C-monoid is embeddable in a functional C-monoid (cf. Theorem

5.2.1). In order to achieve this result we list some properties of maximal congru-

ences of adas in Subsection 5.2.1. In Subsection 5.2.2 we construct a collection of

homomorphisms from the C-monoid to functional C-monoids, which separate every

distinct pair of elements. Using this, in Subsection 5.2.3 we construct a functional

C-monoid and give an embedding from the C-monoid to this functional C-monoid.

79

TH-1673_11612304



80 C-monoids

5.1 Axiomatization over monoids

We consider the case where the composition of two elements of the base set and of an

element with a predicate is allowed. Our motivating example is again
(

To(X⊥),
�X
)

,

where To(X⊥) is considered to be a monoid with zero by equipping it with com-

position of functions. The composition will be written from left to right, i.e.,

(f · g)(x) = g(f(x)). The monoid identity in To(X⊥) is the identity function idX⊥

and the zero element is the constant function ζ⊥ satisfying ζ⊥ · f = f · ζ⊥ = ζ⊥. We

also include composition of functions with predicates via the natural interpretation

given by the following for all f ∈ To(X⊥) and α ∈
�X :

(f ◦ α)(x) =



























T, if α(f(x)) = T ;

F, if α(f(x)) = F ;

U, otherwise.

(5.1)

Note that if the composition takes value T or F at some point x ∈ X⊥ then as

α ∈
�X this implies that f(x) 6= ⊥.

With this example in mind we define a C-monoid as follows.

Definition 5.1.1. Let (S⊥, ·) be a monoid with identity element 1 and zero element

⊥ where ⊥ · s = ⊥ = s · ⊥ for all s ∈ S⊥. Let M be a C-algebra with T, F, U

and (S⊥,M) be a C-set with ⊥ as the base point of the pointed set S⊥. The pair

(S⊥,M) equipped with a function

◦ : S⊥ ×M →M

is said to be a C-monoid if it satisfies the following axioms for all s, t, r, u ∈ S⊥ and
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α, β ∈M :

⊥ ◦ α = U (⊥-◦-axiom) (5.2)

t ◦ U = U (U -◦-axiom) (5.3)

1 ◦ α = α (1-◦-axiom) (5.4)

s ◦ (¬α) = ¬(s ◦ α) (¬-◦-axiom) (5.5)

s ◦ (α ∧ β) = (s ◦ α) ∧ (s ◦ β) (∧-◦-axiom) (5.6)

(s · t) ◦ α = s ◦ (t ◦ α) (semigroup action) (5.7)

α[s, t] · u = α[s · u, t · u] (right composition) (5.8)

r · α[s, t] = (r ◦ α)[r · s, r · t] (left composition) (5.9)

α[s, t] ◦ β = αJs ◦ β, t ◦ βK (◦-interchange) (5.10)

Note that (1.17) does not hold in C-monoids in view of (5.2), since ⊥ ◦ T =

U ( 6= T ). The following are examples of C-monoids.

Example 5.1.2. The C-set
(

To(X⊥),
�X
)

equipped with the operation ◦ given in

(5.1) and with To(X⊥) treated as a monoid with zero is a C-monoid. Such C-monoids

will be called functional C-monoids.

We use the pairs of sets representation as stated in Remark 1.4.4 and identify

α ∈
�X with a pair of sets (A,B) of X where A = α−1(T ) and B = α−1(F ). In

this representation T = (X, ∅),F = (∅, X) and U = (∅, ∅). Thus the operation ◦ is

given as follows:

(f ◦ α)(x) =



























T, if f(x) ∈ A;

F, if f(x) ∈ B;

U, otherwise.

In other words f ◦ α can be identified with the pair of sets (C,D) where C = {x ∈

X : f(x) ∈ A} and D = {x ∈ X : f(x) ∈ B}. We now verify the axioms (5.2) –
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(5.10) in the following.

Axiom (5.2): Let α be identified with the pair of sets (A,B). Then ζ⊥◦α = (∅, ∅) =

U as ζ⊥(x) = ⊥ /∈ (A ∪ B).

Axiom (5.3): Consider U = (∅, ∅). Then f ◦ U = (∅, ∅) = U.

Axiom (5.4): We have

(1 ◦ α)(x) =



























T, if idX⊥
(x) ∈ A;

F, if idX⊥
(x) ∈ B;

U, otherwise

= α(x).

Thus 1 ◦ α = α.

Axiom (5.5): Let α be identified with the pair of sets (A,B). Then f ◦α = (C,D)

where C = {x ∈ X : f(x) ∈ A} and D = {x ∈ X : f(x) ∈ B}. Thus

¬(f ◦ α) = (D,C). Also f ◦ (¬α) = f ◦ (B,A) = (E,F ) where E = {x ∈ X :

f(x) ∈ B} and F = {x ∈ X : f(x) ∈ A}. It follows that (E,F ) = (D,C).

Axiom (5.6): Let α, β be represented by the pairs of sets (A1, A2) and (B1, B2)

respectively. Then α∧β = (A1 ∩B1, A2 ∪ (A1 ∩B2)). Also let f ◦α = (C1, C2)

where C1 = {x ∈ X : f(x) ∈ A1} and C2 = {x ∈ X : f(x) ∈ A2}, and f ◦ β =

(D1, D2) where D1 = {x ∈ X : f(x) ∈ B1} and D2 = {x ∈ X : f(x) ∈ B2}.

Then (C1, C2) ∧ (D1, D2) = (C1 ∩D1, C2 ∪ (C1 ∩D2)). Thus C1 ∩D1 = {x ∈

X : f(x) ∈ A1 ∩ B1} and C2 ∪ (C1 ∩D2) = {x ∈ X : f(x) ∈ A2 ∪ (A1 ∩B2)}.

Hence f ◦ (α ∧ β) = (f ◦ α) ∧ (f ◦ β).

Axiom (5.7): Consider f, g ∈ To(X⊥) and α ∈
�X represented by the pair of sets
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(A,B).

((f · g) ◦ α)(x) =



























T, if g(f(x)) ∈ A;

F, if g(f(x)) ∈ B;

U, otherwise.

Let g ◦ α = (C,D) where C = {x ∈ X : g(x) ∈ A} and

D = {x ∈ X : g(x) ∈ B}.

(f ◦ (g ◦ α))(x) =



























T, if f(x) ∈ C;

F, if f(x) ∈ D;

U, otherwise.

We may consider the following three cases.

Case I : x ∈ X such that g(f(x)) ∈ A: Then ((f ·g)◦α)(x) = T . Also f(x) ∈ C

as g(f(x)) ∈ A. Thus (f ◦ (g ◦ α))(x) = T .

Case II : x ∈ X such that g(f(x)) ∈ B: Then ((f · g) ◦ α)(x) = F . Similarly

g(f(x)) ∈ B means that f(x) ∈ D. Thus (f ◦ (g ◦ α))(x) = F .

Case III : x ∈ X such that g(f(x)) /∈ (A∪B): Then ((f ·g)◦α)(x) = U . Since

f(x) is in neither C nor D it follows that (f ◦ (g ◦ α))(x) = U .

Axiom (5.8): Consider α ∈
�X represented by the pair of sets (A,B).

(α[f, g] · h)(x) = h(α[f, g](x)) =



























h(f(x)), if x ∈ A;

h(g(x)), if x ∈ B;

⊥, otherwise.

Hence α[f, g] · h = α[f · h, g · h].
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Axiom (5.9): Let α ∈
�X be represented by the pair of sets (A,B).

(h · α[f, g])(x) = α[f, g](h(x)) =



























f(h(x)), if h(x) ∈ A;

g(h(x)), if h(x) ∈ B;

⊥, otherwise.

Let h ◦ α be represented by the pair of sets (C,D) where

C = {x ∈ X : h(x) ∈ A} and D = {x ∈ X : h(x) ∈ B}.

(h ◦ α)[h · f, h · g](x) =



























(h · f)(x), if x ∈ C;

(h · g)(x), if x ∈ D;

⊥, otherwise

=



























f(h(x)), if h(x) ∈ A;

g(h(x)), if h(x) ∈ B;

⊥, otherwise.

Thus h · α[f, g] = (h ◦ α)[h · f, h · g].

Axiom (5.10): Let α, β ∈
�X be represented by the pairs of sets (A1, A2) and

(B1, B2) respectively. For f, g ∈ To(X⊥) we have the following:

h(x) = α[f, g](x) =



























f(x), if x ∈ A1;

g(x), if x ∈ A2;

⊥, otherwise.

Also h ◦ β = (C1, C2) where C1 = {x ∈ X : h(x) ∈ B1} and C2 = {x ∈ X :

h(x) ∈ B2}. Similarly f ◦ β = (D1, D2) where D1 = {x ∈ X : f(x) ∈ B1}

and D2 = {x ∈ X : f(x) ∈ B2}. Let g ◦ β = (E1, E2) where E1 = {x ∈
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X : g(x) ∈ B1} and E2 = {x ∈ X : g(x) ∈ B2}. Thus αJf ◦ β, g ◦ βK =
(

(A1, A2) ∧ (D1, D2)
)

∨
(

¬(A1, A2) ∧ (E1, E2)
)

.

This evaluates to

αJf ◦ β, g ◦ βK =
(

A1 ∩D1, A2 ∪ (A1 ∩D2)
)

∨
(

A2 ∩E1, A1 ∪ (A2 ∩E2)
)

=
(

(A1 ∩D1) ∪
(

(A2 ∪ (A1 ∩D2)) ∩ (A2 ∩E1)
)

,

(A2 ∪ (A1 ∩D2)) ∩ (A1 ∪ (A2 ∩ E2))
)

= (S1, S2) (say)

We show that (C1, C2) = (S1, S2) by standard set theoretic arguments.

First we prove that C1 ⊆ S1. Let x ∈ C1. Then h(x) ∈ B1. Consider the

following cases:

Case I : x ∈ A1: Then h(x) = f(x) ∈ B1 hence x ∈ D1. Therefore x ∈ A1∩D1

and so x ∈ S1.

Case II : x ∈ A2: Then h(x) = g(x) ∈ B1 hence x ∈ E1. Hence x ∈ A2 ∩E1 ⊆

A2 we have x ∈ S1.

Case III : x /∈ (A1 ∪A2): Then h(x) = ⊥ /∈ B1 a contradiction to our assump-

tion that h(x) ∈ B1. It follows that this case cannot occur.

We show that S1 ⊆ C1. Let x ∈ S1. Thus x ∈ A1 ∩ D1 or x ∈
(

(A2 ∪ (A1 ∩

D2))∩(A2∩E1)
)

. If x ∈ A1∩D1 then h(x) = f(x) as x ∈ A1 and f(x) ∈ B1 as

x ∈ D1. Thus h(x) ∈ B1 and so x ∈ C1. If x ∈
(

(A2 ∪ (A1 ∩D2))∩ (A2 ∩E1)
)

,

then x ∈ (A2 ∩ E1). Thus h(x) = g(x) as x ∈ A2 and g(x) ∈ B1 as x ∈ E1.

Hence h(x) ∈ B1, thus x ∈ C1.

We show that C2 ⊆ S2. Let x ∈ C2 hence h(x) ∈ B2. Consider the following

cases:
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Case I : x ∈ A1: Then h(x) = f(x) ∈ B2, therefore x ∈ D2. Hence x ∈

A1 ∩D2 ⊆ A1 and so x ∈ S2.

Case II : x ∈ A2: Then h(x) = g(x) ∈ B2 therefore x ∈ E2. Thus x ∈

A2 ∩ E2 ⊆ A2 and so x ∈ S2.

Case III : x /∈ (A1 ∪ A2): Then h(x) = ⊥ /∈ B2 which is a contradiction. It

follows that this case cannot occur.

Finally we show that S2 ⊆ C2. Since A1 ∩A2 = ∅ it follows that x ∈ A1 ∩D2

or x ∈ A2 ∩ E2. If x ∈ A1 ∩D2 then h(x) = f(x) ∈ B2 and hence x ∈ C2. If

x ∈ A2 ∩ E2 then h(x) = g(x) ∈ B2 hence x ∈ C2.

Thus α[f, g] ◦ β = αJf ◦ β, g ◦ βK and so the pair
(

To(X⊥),
�X
)

is a C-monoid.

Example 5.1.3. Let S⊥ be a non-trivial monoid with identity 1 and zero ⊥ and no

non-zero zero-divisors, i.e., s · t = ⊥ ⇒ s = ⊥ or t = ⊥. Then SX
⊥ is also a monoid

with zero for any set X with operations defined pointwise. For f, g ∈ SX
⊥ define

(f · g)(x) = f(x) · g(x). The identity of SX
⊥ is the constant function ζ1 taking the

value 1. The zero and base point of SX
⊥ is the constant function ζ⊥ taking the value

⊥. The C-set
(

SX
⊥ ,

�X
)

is a C-monoid with ◦ defined as follows for all f ∈ SX
⊥ and

α ∈
�X :

(f ◦ α)(x) =











α(x), if f(x) 6= ⊥;

U, otherwise.

We now verify the axioms (5.2) – (5.10) in the following. Let f, g, h ∈ SX
⊥ and

α, β ∈
�X .

Axiom (5.2): It is easy to see that (ζ⊥ ◦ α)(x) = U for all x ∈ X.

Axiom (5.3): It is clear that (f ◦ U)(x) = U .

Axiom (5.4): Since S⊥ is non-trivial we must have 1 6= ⊥. If not then for a ∈

S⊥ \{⊥} we have a = a ·1 = a ·⊥ = ⊥ a contradiction. It follows that ζ1 6= ζ⊥.
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Hence (ζ1 ◦ α)(x) = α(x) as ζ1(x) = 1 6= ⊥.

Axiom (5.5): We have

(f ◦ (¬α))(x) =











(¬α)(x), if f(x) 6= ⊥;

U, otherwise

=











¬(α(x)), if f(x) 6= ⊥;

U, otherwise

= ¬(f ◦ α)(x).

Thus f ◦ (¬α) = ¬(f ◦ α).

Axiom (5.6): We have

(f ◦ (α ∧ β))(x) =











(α ∧ β)(x), if f(x) 6= ⊥;

U, otherwise

=











α(x) ∧ β(x), if f(x) 6= ⊥;

U ∧ U, otherwise

= (f ◦ α)(x) ∧ (f ◦ β)(x).

Thus f ◦ (α ∧ β) = (f ◦ α) ∧ (f ◦ β).

Axiom (5.7): Since S⊥ has no zero-divisors we have f(x) · g(x) = ⊥ ⇔ f(x) =

⊥ or g(x) = ⊥. Consequently

((f · g) ◦ α)(x) =











α(x), if (f · g)(x) 6= ⊥;

U, otherwise
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=











α(x), if f(x) · g(x) 6= ⊥;

U, otherwise

=











α(x), if f(x) 6= ⊥ and g(x) 6= ⊥;

U, otherwise

= (f ◦ (g ◦ α))(x).

Thus (f · g) ◦ α = f ◦ (g ◦ α).

Axiom (5.8): We have

(α[f, g] · h)(x) = α[f, g](x) · h(x) =



























f(x) · h(x), if α(x) = T ;

g(x) · h(x), if α(x) = F ;

⊥, otherwise

= α[f · h, g · h](x).

Thus α[f, g] · h = α[f · h, g · h].

Axiom (5.9): Consider

h · α[f, g](x) = h(x) · α[f, g](x) =



























h(x) · f(x), if α(x) = T ;

h(x) · g(x), if α(x) = F ;

⊥, otherwise.

TH-1673_11612304



5.1 Axiomatization over monoids 89

On the other hand

(h ◦ α)[h · f, h · g](x) =



























h(x) · f(x), if (h ◦ α)(x) = T ;

h(x) · g(x), if (h ◦ α)(x) = F ;

⊥, otherwise.

Note that if h(x) = ⊥ then h ·α[f, g](x) = ⊥ = (h ◦α)[h · f, h · g](x). Suppose

that h(x) 6= ⊥ then (h ◦ α)(x) = α(x). It is clear that in this case as well

h ·α[f, g](x) = (h ◦α)[h · f, h · g](x) holds. Thus h ·α[f, g] = (h ◦α)[h · f, h · g].

Axiom (5.10): Consider

(α[f, g] ◦ β)(x) =











β(x), if α[f, g](x) 6= ⊥;

U, otherwise

=











β(x), if (f(x) 6= ⊥, α(x) = T ) or (g(x) 6= ⊥, α(x) = F );

U, otherwise.

We have (αJf ◦ β, g ◦ βK)(x) = (α(x) ∧ (f ◦ β)(x)) ∨ (¬α(x) ∧ (g ◦ β)(x)).

If f(x) 6= ⊥ and α(x) = T we have (αJf ◦ β, g ◦ βK)(x) = (T ∧ β(x)) ∨ (F ∧

(g ◦ β)(x)) = β(x) ∨ F = β(x) = (α[f, g] ◦ β)(x).

If g(x) 6= ⊥ and α(x) = F we have (αJf ◦ β, g ◦ βK)(x) = (F ∧ (f ◦ β)(x)) ∨

(T ∧ β(x)) = F ∨ β(x) = β(x) = (α[f, g] ◦ β)(x).

In all other cases it can be easily ascertained that (αJf ◦ β, g ◦ βK)(x) = U =

(α[f, g] ◦ β)(x). Thus α[f, g] ◦ β = αJf ◦ β, g ◦ βK. Thus the pair
(

SX
⊥ ,

�X
)

is

a C-monoid.

Example 5.1.4. Let S⊥ be a non-trivial monoid with zero ⊥ and no non-zero zero-

divisors, i.e., s · t = ⊥ ⇒ s = ⊥ or t = ⊥. The basic C-set (S⊥,
�
) equipped with
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◦ : S⊥ ×
�
→

�
defined below for all s ∈ S⊥ and α ∈

�
is a C-monoid.

s ◦ α =











α, if s 6= ⊥;

U, if s = ⊥.

We now verify the axioms (5.2) – (5.10) in the following.

Axiom (5.2): It is clear that ⊥ ◦ α = U .

Axiom (5.3): It is obvious that t ◦ U = U .

Axiom (5.4): Since S⊥ is non-trivial it follows that 1 6= ⊥. Consequently 1◦α = α.

Axiom (5.5): If s = ⊥ then s ◦ (¬α) = U = ¬(s ◦ α). If s 6= ⊥ then s ◦ (¬α) =

¬α = ¬(s ◦ α). Thus s ◦ (¬α) = ¬(s ◦ α).

Axiom (5.6): If s = ⊥ then s ◦ (α ∧ β) = U and (s ◦ α) ∧ (s ◦ β) = U ∧ U = U . If

s 6= ⊥ then s◦(α∧β) = α∧β = (s◦α)∧(s◦β). Thus s◦(α∧β) = (s◦α)∧(s◦β).

Axiom (5.7): Consider s, t ∈ S⊥ such that s · t = ⊥. Then (s · t) ◦ α = ⊥ ◦ α = U .

Since S⊥ has no non-zero zero-divisors we have s = ⊥ or t = ⊥ and so

s◦(t◦α) = U in either case. If s·t 6= ⊥ then (s·t)◦α = α and s◦(t◦α) = t◦α = α

as neither s nor t are ⊥. Thus (s · t) ◦ α = s ◦ (t ◦ α).

Axiom (5.8): As α ∈ {T, F, U} we consider the following three cases:

α = T : Then α[s, t] · u = T [s, t] · u = s · u = T [s · u, t · u].

α = F : Then α[s, t] · u = F [s, t] · u = t · u = F [s · u, t · u].

α = U : Then α[s, t] · u = U [s, t] · u = ⊥ · u = ⊥ = U [s · u, t · u].

Thus α[s, t] · u = α[s · u, t · u].

Axiom (5.9): Consider the following cases:
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Case I : r = ⊥: Then r·α[s, t] = ⊥·α[s, t] = ⊥ = U [r·s, r·t] = (⊥◦α)[r·s, r·t] =

(r ◦ α)[r · s, r · t].

Case II : r 6= ⊥: We again consider the following three cases:

α = T : Then r · α[s, t] = r · T [s, t] = r · s = T [r · s, r · t] = (r ◦ T )[r · s, r · t] =

(r ◦ α)[r · s, r · t].

α = F : Then r · α[s, t] = r · F [s, t] = r · t = F [r · s, r · t] = (r ◦ F )[r · s, r · t] =

(r ◦ α)[r · s, r · t].

α = U : Then r·α[s, t] = r·U [s, t] = r·⊥ = ⊥ = U [r·s, r·t] = (r◦U)[r·s, r·t] =

(r ◦ α)[r · s, r · t].

Thus r · α[s, t] = (r ◦ α)[r · s, r · t].

Axiom (5.10): Consider the following three cases:

α = T : Then α[s, t] ◦ β = T [s, t] ◦ β = s ◦ β = T Js ◦ β, t ◦ βK.

α = F : Then α[s, t] ◦ β = F [s, t] ◦ β = t ◦ β = F Js ◦ β, t ◦ βK.

α = U : Then α[s, t] ◦ β = U [s, t] ◦ β = ⊥ ◦ β = U = UJs ◦ β, t ◦ βK.

Thus α[s, t] ◦ β = αJs ◦ β, t ◦ βK. Thus the pair (S⊥,
�
) is a C-monoid.

5.2 A Cayley-type theorem

In this section we obtain a Cayley-type theorem for a class of C-monoids as stated

in the following main theorem.

Theorem 5.2.1. Every C-monoid (S⊥,M) where M is an ada is embeddable in the

C-monoid
(

To(X⊥),
�X
)

for some set X. Moreover, if both S⊥ and M are finite then

so is X.
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Sketch of the proof. For each maximal congruence θ of M , we consider the C-set

congruence (Eθ, θ) of (S⊥,M). Corresponding to each such congruence, we construct

a homomorphism of C-monoids from (S⊥,M) to the functional C-monoid over the

set S⊥/Eθ. This collection of homomorphisms has the property that every distinct

pair of elements from each component of the C-monoid will be separated by some

homomorphism from this collection. We then set X to be the disjoint union of

S⊥/Eθ’s excluding the equivalence class ⊥
Eθ . We complete the proof by constructing

a monomorphism – by pasting together each of the individual homomorphisms from

the collection defined earlier – from the C-monoid (S⊥,M) to the functional C-

monoid over the pointed set X⊥ with a new base point ⊥.

The proof of Theorem 5.2.1 will be developed through various subsections. First

in Subsection 5.2.1, we study some properties of maximal congruences of adas. We

then present a collection of homomorphisms which separate every distinct pair of

elements from each component of (S⊥,M) in Subsection 5.2.2. In Subsection 5.2.3,

we construct the required functional C-monoid and establish an embedding from

(S⊥,M). Finally, we consolidate the proof in Subsection 5.2.4.

In what follows (S⊥,M) is a C-monoid with M as an ada. Let θ be a maximal

congruence on M and Eθ be the equivalence on S⊥ as defined in Definition 3.1.2 so

that the pair (Eθ, θ) is a congruence on (S⊥,M) (cf. Lemma 3.1.7). We denote the

quotient set S⊥/Eθ by Sθ⊥ and use Sθ to denote the set Sθ⊥ \ {⊥
Eθ}. Further, we

use q, s, t, u, v to denote elements of S⊥ and α, β, γ to denote elements of the ada

M .

5.2.1 Properties of maximal congruences

The following properties are useful in proving the main theorem.

Proposition 5.2.2. No two elements of {T, F, U} are related under θ. That is,

(T, F ) /∈ θ, (T, U) /∈ θ and (F, U) /∈ θ.
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Proof. If (T, F ) ∈ θ then we show that θ = ∇ contradicting the maximality of θ.

Suppose (T, F ) ∈ θ and let α, β ∈M . Then (T, F ), (α, α) ∈ θ ⇒ (T ∧ α, F ∧ α) ∈ θ

that is (α, F ) ∈ θ. Similarly (β, F ) ∈ θ and so using the symmetry and transitivity

of θ we have (α, β) ∈ θ and consequently θ = ∇. The proof of (T, U) /∈ θ follows

along similar lines. Finally since (F, U) ∈ θ ⇔ (T, U) ∈ θ, the result follows.

Proposition 5.2.3. For each q ∈ S⊥, we have

(i) (q ◦ T )[q,⊥] = q.

(ii) (q ◦ T, F ) /∈ θ.

(iii) (q ◦ T, U) ∈ θ ⇔ (q,⊥) ∈ Eθ.

(iv) (q ◦ T, T ) ∈ θ ⇔ (q ◦ F, F ) ∈ θ ⇔ (q,⊥) /∈ Eθ.

(v) (s, t) ∈ Eθ ⇒ (s ◦ α, t ◦ α) ∈ θ for all α ∈M .

(vi) (1,⊥) /∈ Eθ.

Proof.

(i) Using (5.9) we have q = q · 1 = q · T [1,⊥] = (q ◦ T )[q · 1, q · ⊥] = (q ◦ T )[q,⊥].

(ii) We prove the result by contradiction. Suppose (q ◦ T, F ) ∈ θ. Using the fact

that θ is a congruence onM and (5.5) we have (q◦T, F ) ∈ θ ⇒ (¬(q◦T ),¬F ) ∈

θ ⇒ (q ◦ (¬T ),¬F ) ∈ θ ⇒ (q ◦ F, T ) ∈ θ. Similarly using the fact that θ is

a congruence, (5.6) and (5.5) we have ((q ◦ F ) ∨ (q ◦ T ), (T ∨ F )) ∈ θ ⇒

(q ◦ (F ∨ T ), (T ∨ F )) ∈ θ ⇒ (q ◦ T, T ) ∈ θ. Thus we have (q ◦ T, F ) ∈ θ

and (q ◦ T, T ) ∈ θ. From the symmetry and transitivity of θ it follows that

(T, F ) ∈ θ, a contradiction by Proposition 5.2.2. The result follows.

(iii) We first show that (q ◦ T, U) ∈ θ ⇒ (q,⊥) ∈ Eθ. Let (q ◦ T, U) ∈ θ. Using

Proposition 3.1.6(iii) we can say that for any choice of s, t ∈ S⊥ we have
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((q ◦T )[s, t],⊥) ∈ Eθ. On choosing s = q, t = ⊥ and using Proposition 5.2.3(i)

we have ((q ◦T )[q,⊥],⊥) ∈ Eθ that is (q,⊥) ∈ Eθ which is the required result.

Conversely if (q,⊥) ∈ Eθ there exists β ∈ T
θ

such that β[q,⊥] = β[⊥,⊥] = ⊥

using Proposition 2.2.1(i). Thus

β[q,⊥] ◦ T = ⊥ ◦ T

βJq ◦ T,⊥ ◦ T K = U from (5.10), (5.2)

βJq ◦ T, UK = βJU,UK from Proposition 2.2.1(i) on (M,M)

Thus (q◦T, U) ∈ EθM
and so from Lemma 3.1.8, (q◦T, U) ∈ θ. Thus (q◦T, U) ∈

θ ⇔ (q,⊥) ∈ Eθ.

(iv) We first show that (q ◦ T, T ) ∈ θ ⇔ (q ◦ F, F ) ∈ θ by making use of the

substitution property of the congruence θ with respect to ¬, the fact that ¬

is an involution and (5.5). Thus (q ◦ T, T ) ∈ θ ⇔ (¬(q ◦ T ),¬T ) ∈ θ ⇔

(q ◦ (¬T ),¬T ) ∈ θ ⇔ (q ◦ F, F ) ∈ θ. Using Proposition 5.2.2, Proposition

5.2.3(ii) and Proposition 5.2.3(iii) we show the equivalence (q ◦ T, T ) ∈ θ ⇔

(q,⊥) /∈ Eθ. We have (q ◦ T, T ) ∈ θ ⇒ (q ◦ T, U) /∈ θ ⇒ (q,⊥) /∈ Eθ.

Conversely (q,⊥) /∈ Eθ ⇒ (q ◦ T, U) /∈ θ. Using Proposition 5.2.3(ii) it follows

that (q ◦ T, F ) /∈ θ. Since θ is a maximal congruence the only remaining

possibility is that (q ◦ T, T ) ∈ θ which completes the proof.

(v) Consider (s, t) ∈ Eθ and α ∈ M . Then there exists β ∈ T
θ

such that

β[s, t] = β[t, t]. Thus β[s, t]◦α = β[t, t]◦α. Using (5.10) we have βJs◦α, t◦αK =

βJt◦α, t◦αK from which it follows that (s◦α, t◦α) ∈ EθM
⊆ θ by Lemma 3.1.8.

(vi) Suppose that (1,⊥) ∈ Eθ. Using Proposition 5.2.3(v), (5.4), (5.2) we have

(1,⊥) ∈ Eθ ⇒ (1 ◦ T,⊥ ◦ T ) ∈ θ and so (T, U) ∈ θ a contradiction by

Proposition 5.2.2.
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5.2.2 A class of homomorphisms separating pairs of ele-

ments

For each maximal congruence θ on M , in this subsection, we present homomor-

phisms φθ : S⊥ → To(Sθ⊥) and ρθ : M →
�Sθ . Then we establish that (φθ, ρθ) is a

homomorphism from (S⊥,M) to the functional C-monoid
(

To(Sθ⊥),
�Sθ). Further,

we ascertain that every pair of elements in S⊥ (or M) are separated by some φθ (or

ρθ).

Proposition 5.2.4. The function φθ : S⊥ → To(Sθ⊥) given by φθ(s) = ψs
θ, where

ψs
θ(t

Eθ ) = t · sEθ , is a monoid homomorphism that maps the zero (and base point)

of S⊥ to that of To(Sθ⊥), that is ⊥ 7→ ζ⊥.

Proof. Claim: φθ is well-defined. It suffices to show that ψs
θ is well-defined and that

ψs
θ ∈ To(Sθ⊥), that is ψs

θ(⊥) = ⊥. In order to show the well-definedness of ψs
θ we

consider u = t that is (u, t) ∈ Eθ. Then there exists β ∈ T
θ
such that β[u, t] = β[t, t].

Consequently

β[u · s, t · s] = β[u, t] · s from (5.8)

= β[t, t] · s

= β[t · s, t · s] from (5.8)

Thus (u · s, t · s) ∈ Eθ and so ψs
θ(u) = ψs

θ(t). Also ψs
θ(⊥) = ⊥ · s = ⊥. Thus

ψs
θ ∈ To(Sθ⊥).

Claim: φθ(⊥) = ζ⊥ . We have φθ(⊥) = ψ⊥
θ where ψ⊥

θ (t) = t · ⊥ = ⊥. Thus

φθ(⊥) = ζ⊥.

Claim: φθ(1) = idSθ⊥
. We have φθ(1) = ψ1

θ where ψ1
θ(t) = t · 1 = t.

Claim: φθ is a semigroup homomorphism. Consider φθ(s · t) = ψs·t
θ where

ψs·t
θ (u) = u · (s · t) = (u · s) · t = ψt

θ(u · s) = ψt
θ(ψ

s
θ(u)) = (ψs

θ · ψt
θ)(u). Thus

φθ(s · t) = φθ(s) · φθ(t).
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Proposition 5.2.5. The function ρθ : M →
�Sθ given by

ρθ(α) =



























(Sθ, ∅), if α = T ;

(∅, Sθ), if α = F ;

(Aα
θ , B

α
θ ), otherwise

where Aα
θ = {tEθ : t ◦ α ∈ T

θ
} and Bα

θ = {tEθ : t ◦ α ∈ F
θ
}, is a homomorphism of

C-algebras with T, F, U .

Proof. Claim: ρθ is well-defined. If α ∈ {T, F} then the proof is obvious. If α /∈

{T, F} then we show that Aα
θ ∩B

α
θ = ∅ and that Aα

θ , B
α
θ ⊆ Sθ, that is, ⊥ /∈ Aα

θ ∪B
α
θ .

Let t ∈ Aα
θ ∩ Bα

θ . Then t ◦ α ∈ T
θ

and t ◦ α ∈ F
θ

and so (T, F ) ∈ θ which is a

contradiction to Proposition 5.2.2. Using (5.2) we have ⊥ ◦ α = U and so if ⊥ ∈

Aα
θ ∪B

α
θ we would have ⊥◦α = U ∈ {T

θ
, F

θ
}, a contradiction to Proposition 5.2.2.

Finally we show that the image under ρθ is independent of the representative of the

equivalence class chosen. Using Proposition 5.2.3(v) we have s = t⇒ (s◦α, t◦α) ∈ θ.

The result follows.

Claim: ρθ preserves the constants T, F, U . It is clear that ρθ(T ) = (Sθ, ∅),

ρθ(F ) = (∅, Sθ) and, using (5.3) and Proposition 5.2.2, that ρθ(U) = (AU
θ , B

U
θ ) =

(∅, ∅) from which the result follows.

Claim: ρθ is a C-algebra homomorphism. We show that ρθ(¬α) = ¬(ρθ(α)).

If α ∈ {T, F} the proof is obvious. Suppose that α /∈ {T, F}. Then we have the

following.

ρθ(¬α) = (A¬α
θ , B¬α

θ )

= ({t : t ◦ (¬α) ∈ T
θ
}, {t : t ◦ (¬α) ∈ F

θ
})

= ({t : ¬(t ◦ α) ∈ T
θ
}, {t : ¬(t ◦ α) ∈ F

θ
}) using (5.5)
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= ({t : t ◦ α ∈ F
θ
}, {t : t ◦ α ∈ T

θ
})

= (Bα
θ , A

α
θ )

= ¬(ρθ(α))

Finally we show that ρθ(α∧β) = ρθ(α)∧ρθ(β). Note that the proof of ρθ(α∨β) =

ρθ(α) ∨ ρθ(β) follows using the double negation and De Morgan’s laws, viz., (1.25)

and (1.26) respectively in conjunction with the fact that ρθ preserves ¬ and ∧. In

order to prove that ρθ(α∧β) = ρθ(α)∧ρθ(β) we proceed by considering the following

cases.

Case I : α, β /∈ {T, F}. We have the following subcases:

Subcase 1 : α ∧ β /∈ {T, F}. Then ρθ(α ∧ β) = (Aα∧β
θ , Bα∧β

θ ), ρθ(α) = (Aα
θ , B

α
θ ) and

ρθ(β) = (Aβ
θ , B

β
θ ). Now (Aα

θ , B
α
θ )∧ (Aβ

θ , B
β
θ ) = (Aα

θ ∩Aβ
θ , B

α
θ ∪ (Aα

θ ∩Bβ
θ )). Thus we

have to show that

(Aα∧β
θ , Bα∧β

θ ) = (Aα
θ ∩ Aβ

θ , B
α
θ ∪ (Aα

θ ∩ Bβ
θ )).

We show that the pairs of sets are equal componentwise.

Let q ∈ Aα∧β
θ . Then q ◦ (α ∧ β) ∈ T

θ

⇒ ((q ◦ α) ∧ (q ◦ β), T ) ∈ θ (using (5.6))

⇒ ((q ◦ α) ∧ ((q ◦ α) ∧ (q ◦ β)), (q ◦ α) ∧ T ) ∈ θ (since θ is a congruence)

⇒ ((q ◦ α) ∧ (q ◦ β), q ◦ α) ∈ θ (using the properties of ∧)

⇒ (q ◦ α, T ) ∈ θ (by transitivity of θ)

so that q ∈ Aα
θ . Along similar lines one can observe that

((((q ◦ α) ∧ (q ◦ β)) ∧ (q ◦ β)), T ∧ (q ◦ β)) ∈ θ.

Consequently (q ◦ β, T ) ∈ θ so that q ∈ Aβ
θ . Hence Aα∧β

θ ⊆ Aα
θ ∩ Aβ

θ .
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For reverse inclusion let q ∈ Aα
θ ∩A

β
θ . Then (q ◦α, T ), (q ◦ β, T ) ∈ θ. Since θ is a

congruence we have ((q◦α)∧(q◦β), T∧T ) = ((q◦α)∧(q◦β), T ) = ((q◦(α∧β), T ) ∈ θ

and so q ∈ Aα∧β
θ . Hence Aα∧β

θ = Aα
θ ∩ Aβ

θ .

In order to show that Bα∧β
θ ⊆ Bα

θ ∪ (Aα
θ ∩B

β
θ ) consider q ∈ Bα∧β

θ that is (q ◦ (α∧

β), F ) ∈ θ. Since θ is a maximal congruence consider the following three possibilities:

(q ◦ α, F ) ∈ θ Then clearly q ∈ Bα
θ and so q ∈ Bα

θ ∪ (Aα
θ ∩ Bβ

θ ).

(q ◦ α, T ) ∈ θ Then we have q ∈ Aα
θ . We show that (q ◦ β, F ) ∈ θ. If this is not the

case then either (q ◦ β, T ) ∈ θ or (q ◦ β, U) ∈ θ. If (q ◦ β, T ) ∈ θ then since

(q ◦ α, T ) ∈ θ we have (q ◦ (α ∧ β), T ∧ T ) = (q ◦ (α ∧ β), T ) ∈ θ using (5.6)

and the fact that θ is a congruence. However since (q ◦ (α ∧ β), F ) ∈ θ we

obtain a contradiction that (T, F ) ∈ θ (cf. Proposition 5.2.2). Along similar

lines if (q ◦ β, U) ∈ θ then as (q ◦ α, T ) ∈ θ we have (q ◦ (α∧ β), U) ∈ θ and so

(F, U) ∈ θ a contradiction to Proposition 5.2.2. Hence (q ◦ β, F ) ∈ θ so that

q ∈ (Aα
θ ∩Bβ

θ ) ⊆ Bα
θ ∪ (Aα

θ ∩ Bβ
θ ).

(q ◦ α, U) ∈ θ Since (q◦β, q◦β) ∈ θ we have (q◦(α∧β), U∧q◦β) = (q◦(α∧β), U) ∈ θ

using (5.6) and the fact that θ is a congruence. However since (q◦(α∧β), F ) ∈ θ

we have (F, U) ∈ θ a contradiction to Proposition 5.2.2. Thus this case cannot

occur.

To show the reverse inclusion let q ∈ Bα
θ ∪(Aα

θ ∩B
β
θ ) that is q ∈ Bα

θ or q ∈ Aα
θ ∩B

β
θ .

If q ∈ Bα
θ then (q ◦ α, F ) ∈ θ

⇒ ((q ◦ α) ∧ (q ◦ β), F ∧ (q ◦ β)) ∈ θ (since θ is a congruence)

⇒ (q ◦ (α ∧ β), F ∧ (q ◦ β)) ∈ θ (using (5.6))

⇒ (q ◦ (α ∧ β), F ) ∈ θ (since F is a left-zero for ∧)

from which it follows that q ∈ Bα∧β
θ . In the case where q ∈ Aα

θ ∩ Bβ
θ that is

(q ◦ α, T ), (q ◦ β, F ) ∈ θ, along similar lines it follows that (q ◦ (α ∧ β), T ∧ F ) =
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(q ◦ (α ∧ β), F ) ∈ θ and so q ∈ Bα∧β
θ . Therefore Bα∧β

θ = Bα
θ ∪ (Aα

θ ∩Bβ
θ ).

Subcase 2 : α ∧ β ∈ {T, F}. Using the fact that M ≤
�X for some set X it

is easy to see that if α, β /∈ {T, F} then α ∧ β 6= T . It follows that the only

possibility in this case is that α∧β = F . Therefore ρθ(α∧β) = ρθ(F ) = (∅, Sθ) and

ρθ(α) ∧ ρθ(β) = (Aα
θ ∩Aβ

θ , B
α
θ ∪ (Aα

θ ∩ Bβ
θ )) and so we have to show that

(∅, Sθ) = (Aα
θ ∩ Aβ

θ , B
α
θ ∪ (Aα

θ ∩Bβ
θ )).

We first show that Aα
θ ∩ Aβ

θ = ∅. If Aα
θ ∩ Aβ

θ 6= ∅ then let q ∈ Aα
θ ∩ Aβ

θ so that

(q ◦ α, T ) ∈ θ, (q ◦ β, T ) ∈ θ

⇒ ((q ◦ α) ∧ (q ◦ β), T ∧ T ) = ((q ◦ α) ∧ (q ◦ β), T ) ∈ θ (since θ is a congruence)

⇒ (q ◦ (α ∧ β), T ) ∈ θ (using (5.6))

⇒ (q ◦ F, T ) ∈ θ (since α ∧ β = F )

⇒ (¬(q ◦ F ),¬T ) = (¬(q ◦ F ), F ) ∈ θ (since θ is a congruence)

⇒ (q ◦ ¬F, F ) = (q ◦ T, F ) ∈ θ (using (5.5))

which is a contradiction to Proposition 5.2.3(ii). Hence Aα
θ ∩ Aβ

θ = ∅.

In order to show that Bα
θ ∪ (Aα

θ ∩Bβ
θ ) = Sθ consider q ∈ Sθ that is q 6= ⊥ which

gives (q,⊥) /∈ Eθ. We proceed by considering the following three cases:

(q ◦ α, F ) ∈ θ Then it is clear that q ∈ Bα
θ ⊆ Bα

θ ∪ (Aα
θ ∩Bβ

θ ).

(q ◦ α, T ) ∈ θ Then we have q ∈ Aα
θ . We show that (q ◦ β, F ) ∈ θ. Suppose that

this is not the case. Since θ is a maximal congruence it implies that either

(q ◦ β, T ) ∈ θ or (q ◦ β, U) ∈ θ. If (q ◦ β, T ) ∈ θ then since (q ◦ α, T ) ∈ θ

it follows that (q ◦ (α ∧ β), T ∧ T ) = (q ◦ F, T ) ∈ θ so that (q ◦ T, F ) ∈ θ.

This is a contradiction to Proposition 5.2.3(ii). In the case that (q ◦ β, U) ∈ θ

proceeding as earlier we have (q ◦ (α ∧ β), T ∧ U) = (q ◦ F, U) ∈ θ so that
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(q ◦ T, U) ∈ θ. It follows from Proposition 5.2.3(iii) that (q,⊥) ∈ Eθ which is

a contradiction to the assumption that q ∈ Sθ. Consequently it must be the

case that (q ◦ β, F ) ∈ θ so that q ∈ Aα
θ ∩ Bβ

θ ⊆ Bα
θ ∪ (Aα

θ ∩Bβ
θ ).

(q ◦ α, U) ∈ θ Since θ is a congruence we have (q ◦ β, q ◦ β) ∈ θ

⇒ ((q ◦ α) ∧ (q ◦ β), U ∧ (q ◦ β)) ∈ θ (since θ is a congruence)

⇒ ((q ◦ (α ∧ β), U) = (q ◦ F, U) ∈ θ (since U is a left-zero for ∧ and using (5.6))

⇒ (¬(q ◦ F ),¬U) ∈ θ (since θ is a congruence)

⇒ (q ◦ ¬F,¬U) = (q ◦ T, U) ∈ θ (using (5.5))

Thus using Proposition 5.2.3(iii) we have (q,⊥) ∈ Eθ which is a contradiction

to the assumption that q ∈ Sθ. Hence this case cannot occur.

Thus Bα
θ ∪(Aα

θ ∩B
β
θ ) = Sθ which completes the proof in the case where α, β /∈ {T, F}.

Case II : α ∈ {T, F}. The verification is straightforward by considering α = T and

α = F casewise.

Subcase 1 : α = T . Then ρθ(α ∧ β) = ρθ(T ∧ β) = ρθ(β) = (Sθ, ∅) ∧ ρθ(β) =

ρθ(T ) ∧ ρθ(β) = ρθ(α) ∧ ρθ(β).

Subcase 2 : α = F . Then ρθ(α∧β) = ρθ(F ∧β) = ρθ(F ) = (∅, Sθ) = (∅, Sθ)∧ρθ(β) =

ρθ(F ) ∧ ρθ(β) = ρθ(α) ∧ ρθ(β).

Case III : β ∈ {T, F}. We have the following subcases:

Subcase 1 : β = T . The proof follows along the same lines as Case II above since

T is the left and right-identity for ∧. Thus ρθ(α ∧ β) = ρθ(α ∧ T ) = ρθ(α) =

ρθ(α) ∧ (Sθ, ∅) = ρθ(α) ∧ ρθ(T ) = ρθ(α) ∧ ρθ(β).

Subcase 2 : β = F . If α ∈ {T, F} then this reduces to Case II proved above and
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consequently we have ρθ(α ∧ β) = ρθ(α) ∧ ρθ(β) in this case. Thus it remains to

consider the case where α /∈ {T, F}. We then have the following subcases depending

on α ∧ β:

α ∧ β /∈ {T, F}: Then ρθ(α∧β) = ρθ(α∧F ) = (Aα∧F
θ , Bα∧F

θ ) while ρθ(α) = (Aα
θ , B

α
θ )

and ρθ(β) = ρθ(F ) = (∅, Sθ). Thus ρθ(α) ∧ ρθ(F ) = (∅, Aα
θ ∪ Bα

θ ). We show

that

(Aα∧F
θ , Bα∧F

θ ) = (∅, Aα
θ ∪ Bα

θ )

as earlier by proving that the pairs of sets are equal componentwise.

We show that Aα∧F
θ = ∅ by contradiction. If Aα∧F

θ 6= ∅ then consider q ∈ Aα∧F
θ .

It follows that (q ◦ (α ∧ F ), T ) ∈ θ

⇒ ((q ◦ (α ∧ F )) ∧ (q ◦ F ), T ∧ q ◦ F ) ∈ θ (since θ is a congruence)

⇒ ((q ◦ (α ∧ F )) ∧ (q ◦ F ), q ◦ F ) ∈ θ (since T is a left-identity for ∧)

⇒ (((q ◦ α) ∧ (q ◦ F )) ∧ (q ◦ F ), q ◦ F ) ∈ θ (using (5.6))

⇒ ((q ◦ α) ∧ (q ◦ F ), q ◦ F ) ∈ θ (using the properties of ∧)

⇒ (q ◦ F, T ) ∈ θ (since θ is a congruence)

⇒ (q ◦ T, F ) ∈ θ (from (5.5) and since θ is a congruence)

which is a contradiction to Proposition 5.2.3(ii). Hence Aα∧F
θ = ∅.

We show that Bα∧F
θ = Aα

θ ∪ Bα
θ using standard set theoretic arguments. Let

q ∈ Bα∧F
θ and so (q ◦ (α ∧ F ), F ) ∈ θ so that ((q ◦ α) ∧ (q ◦ F ), F ) ∈ θ.

In view of the maximality of θ it suffices to consider three cases. If either

(q ◦ α, T ) ∈ θ or (q ◦ α, F ) ∈ θ then q ∈ Aα
θ ∪ Bα

θ . If (q ◦ α, U) ∈ θ then

((q ◦α)∧ ((q ◦α)∧ (q ◦F )), U ∧F ) = ((q ◦α)∧ (q ◦F ), U) ∈ θ.Thus (F, U) ∈ θ

which is a contradiction to Proposition 5.2.2. Hence this case cannot occur

and so Bα∧F
θ ⊆ Aα

θ ∪Bα
θ .
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For the reverse inclusion consider q ∈ Aα
θ ∪ Bα

θ so that q ∈ Aα
θ or q ∈ Bα

θ . If

q ∈ Aα
θ then (q ◦ α, T ) ∈ θ. Since q ∈ Aα

θ ⊆ Sθ using Proposition 5.2.3(iv)

we have (q,⊥) /∈ Eθ ⇒ (q ◦ F, F ) ∈ θ. Consequently (q ◦ (α ∧ F ), (T ∧ F )) =

(q ◦ (α ∧ F ), F ) ∈ θ and so q ∈ Bα∧F
θ . Along similar lines if q ∈ Bα

θ we have

(q ◦ (α ∧ F ), F ) ∈ θ so that q ∈ Bα∧F
θ . Hence (Aα∧F

θ , Bα∧F
θ ) = (∅, Aα

θ ∪ Bα
θ ).

α ∧ β ∈ {T, F}: Using the fact that M ≤
�X for some set X we have α ∧ F 6= T

from which it follows that the only case is α∧β = α∧F = F . Thus ρθ(α∧F ) =

ρθ(F ) = (∅, Sθ) while ρθ(α) ∧ ρθ(F ) = (∅, Aα
θ ∪ Bα

θ ). We show that

(∅, Sθ) = (∅, Aα
θ ∪ Bα

θ ).

In order to show that Aα
θ ∪ Bα

θ = Sθ consider q ∈ Sθ. If (q ◦ α, T ) ∈ θ or

(q ◦ α, F ) ∈ θ then the proof is complete. If (q ◦ α, U) ∈ θ then since q 6= ⊥

that is (q,⊥) /∈ Eθ by Proposition 5.2.3(iv) we have (q ◦ F, F ) ∈ θ. Thus

(q ◦ (α ∧ F ), U ∧ F ) = (q ◦ F, U) ∈ θ. Consequently from the transitivity of θ

it follows that (F, U) ∈ θ which is a contradiction to Proposition 5.2.2. Hence

(∅, Sθ) = (∅, Aα
θ ∪ Bα

θ ).

Thus ρθ is a homomorphism of C-algebras with T, F, U .

Lemma 5.2.6. The pair (φθ, ρθ) is a C-monoid homomorphism from (S⊥,M) to

the functional C-monoid
(

To(Sθ⊥),
�Sθ
)

.

Proof. In view of Proposition 5.2.4 and Proposition 5.2.5 it suffices to show that

φθ(α[s, t]) = ρθ(α)[φθ(s), φθ(t)] and ρθ(s ◦ α) = φθ(s) ◦ ρθ(α) hold. In order to show

that φθ(α[s, t]) = ρθ(α)[φθ(s), φθ(t)] we proceed casewise depending on the value of

α as per the following:
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Case I : α ∈ {T, F}. If α = T then φθ(α[s, t]) = φθ(T [s, t]) = φθ(s) = (Sθ, ∅)[φθ(s), φθ(t)] =

ρθ(T )[φθ(s), φθ(t)] = ρθ(α)[φθ(s), φθ(t)]. Along similar lines if α = F then φθ(α[s, t]) =

φθ(F [s, t]) = φθ(t) = (∅, Sθ)[φθ(s), φθ(t)] = ρθ(F )[φθ(s), φθ(t)] = ρθ(α)[φθ(s), φθ(t)].

Case II : α /∈ {T, F}. If α /∈ {T, F} then using (5.9) we have φθ(α[s, t]) = ψ
α[s,t]
θ

where ψ
α[s,t]
θ (v) = v · (α[s, t]) = (v ◦ α)[v · s, v · t]. Consider ρθ(α)[φθ(s), φθ(t)] =

(Aα
θ , B

α
θ )[ψs

θ, ψ
t
θ], where

(Aα
θ , B

α
θ )[ψs

θ, ψ
t
θ](v) =



























v · s, if v ∈ Aα
θ , that is (v ◦ α) ∈ T

θ
;

v · t, if v ∈ Bα
θ that is (v ◦ α) ∈ F

θ
;

⊥, otherwise.

It suffices to consider the following three cases:

Subcase 1 : (v◦α) ∈ T
θ
. using Proposition 3.1.6(i) we have ((v◦α)[v·s, v·t], v·s) ∈ Eθ.

Consequently (v ◦ α)[v · s, v · t] = v · s.

Subcase 2 : (v◦α) ∈ F
θ
. Along similar lines if (v◦α) ∈ F

θ
then ((v◦α)[v·s, v·t], v·t) ∈

Eθ, by Proposition 3.1.6(ii) and so (v ◦ α)[v · s, v · t] = v · t.

Subcase 3 : (v ◦ α) ∈ U
θ
. Then ((v ◦ α)[v · s, v · t],⊥) ∈ Eθ, by Proposition 3.1.6(iii)

which gives (v ◦ α)[v · s, v · t] = ⊥.

Thus we have ψ
α[s,t]
θ (v) = (Aα

θ , B
α
θ )[ψs

θ, ψ
t
θ](v) for every v ∈ Sθ⊥ and so φθ(α[s, t]) =

ρθ(α)[φθ(s), φθ(t)].

We show that ρθ(s ◦α) = φθ(s) ◦ ρθ(α) by proceeding casewise depending on the

value of α and s ◦ α.

Case I : α /∈ {T, F}, s ◦ α /∈ {T, F}. Then ρθ(s ◦ α) = (As◦α
θ , Bs◦α

θ ) and ρθ(α) =

(Aα
θ , B

α
θ ). Then φθ(s) ◦ (Aα

θ , B
α
θ ) = ψs

θ ◦ (Aα
θ , B

α
θ ) = (C,D), where C = {q ∈ Sθ :

ψs
θ(q) ∈ Aα

θ } and D = {q ∈ Sθ : ψs
θ(q) ∈ Bα

θ }. We have to show that

(As◦α
θ , Bs◦α

θ ) = (C,D).
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It is clear that q ∈ C

⇔ ψs
θ(q) ∈ Aα

θ

⇔ q · s ∈ Aα
θ

⇔ ((q · s) ◦ α, T ) ∈ θ

⇔ (q ◦ (s ◦ α), T ) ∈ θ (using (5.7))

⇔ q ∈ As◦α
θ

Along similar lines we have q ∈ D ⇔ q ∈ Bs◦α
θ .

Case II : α ∈ {T, F}, s ◦ α /∈ {T, F}. If α = T then ρθ(s ◦ α) = ρθ(s ◦ T ) =

(As◦T
θ , Bs◦T

θ ). On the other hand φθ(s)◦ρθ(α) = φθ(s)◦ρθ(T ) = ψs
θ ◦(Sθ, ∅) = (C,D)

where C = {q ∈ Sθ : ψs
θ(q) ∈ Sθ} and D = ∅. We have to show that

(As◦T
θ , Bs◦T

θ ) = (C, ∅).

We show that Bs◦T
θ = ∅ by contradiction. If Bs◦T

θ 6= ∅ then let q ∈ Bs◦T
θ

⇒ (q ◦ (s ◦ T ), F ) ∈ θ

⇒ ((q · s) ◦ T, F ) ∈ θ (using (5.7))

which is a contradiction to Proposition 5.2.3(ii). Thus Bs◦T
θ = ∅.

We now show that As◦T
θ = C. It is clear that q ∈ C

⇔ ψs
θ(q) ∈ Sθ

⇔ q · s ∈ Sθ

⇔ (q · s,⊥) /∈ Eθ

⇔ ((q · s) ◦ T, T ) ∈ θ (using Proposition 5.2.3(iv))

⇔ (q ◦ (s ◦ T ), T ) ∈ θ (using (5.7))

⇔ q ∈ As◦T
θ
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In the case where α = F the proof follows along similar lines.

Case III : α /∈ {T, F}, s ◦ α ∈ {T, F}. We have the following subcases:

Subcase 1 : s ◦ α = T . Then ρθ(s ◦ α) = ρθ(T ) = (Sθ, ∅). On the other hand

φθ(s) ◦ ρθ(α) = ψs
θ ◦ (Aα

θ , B
α
θ ) = (C,D) where C = {q ∈ Sθ : ψs

θ(q) ∈ Aα
θ } and

D = {q ∈ Sθ : ψs
θ(q) ∈ Bα

θ }. We have to show that

(C,D) = (Sθ, ∅).

We first show by contradiction that D = ∅. If D 6= ∅ consider q ∈ D

⇒ ψs
θ(q) ∈ Bα

θ

⇒ q · s ∈ Bα
θ

⇒ ((q · s) ◦ α, F ) ∈ θ

⇒ (q ◦ (s ◦ α), F ) ∈ θ (using (5.7))

⇒ (q ◦ T, F ) ∈ θ

which is a contradiction to Proposition 5.2.3(ii).

In order to show that C = Sθ consider q ∈ Sθ that is (q,⊥) /∈ Eθ

⇒ (q ◦ T, T ) ∈ θ (using Proposition 5.2.3(iv))

⇒ (q ◦ (s ◦ α), T ) ∈ θ

⇒ ((q · s) ◦ α, T ) ∈ θ (using (5.7))

⇒ q · s ∈ Aα
θ

⇒ ψs
θ(q) ∈ Aα

θ

⇒ q ∈ C.

Subcase 2 : s ◦ α = F . Then ρθ(s ◦ α) = ρθ(F ) = (∅, Sθ) while φθ(s) ◦ ρθ(α) =

ψs
θ ◦ (Aα

θ , B
α
θ ) = (C,D) where C = {q ∈ Sθ : ψs

θ(q) ∈ Aα
θ } and D = {q ∈ Sθ : ψs

θ(q) ∈

Bα
θ }. We have to show that

(C,D) = (∅, Sθ).
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We first show C = ∅ by contradiction. If C 6= ∅ consider q ∈ C

⇒ ψs
θ(q) ∈ Aα

θ

⇒ q · s ∈ Aα
θ

⇒ ((q · s) ◦ α, T ) ∈ θ

⇒ (q ◦ (s ◦ α), T ) ∈ θ (using (5.7))

⇒ (q ◦ F, T ) ∈ θ

⇒ (q ◦ T, F ) ∈ θ

which is a contradiction to Proposition 5.2.3(ii).

In order to show that D = Sθ consider q ∈ Sθ that is (q,⊥) /∈ Eθ.

⇒ (q ◦ F, F ) ∈ θ (using Proposition 5.2.3(iv))

⇒ (q ◦ (s ◦ α), F ) ∈ θ

⇒ ((q · s) ◦ α, F ) ∈ θ (using (5.7))

⇒ q · s ∈ Bα
θ

⇒ ψs
θ(q) ∈ Bα

θ

⇒ q ∈ D

which completes the proof for the case where α /∈ {T, F} and s ◦ α ∈ {T, F}.

Case IV : α ∈ {T, F}, s ◦ α ∈ {T, F}. Note that s ◦ T 6= F as a consequence of

Proposition 5.2.3(ii). If s◦T = F then as θ is a congruence, (F, F ) ∈ θ ⇒ (s◦T, F ) ∈

θ, a contradiction to Proposition 5.2.3(ii). Similarly we have s ◦ F 6= T . In view of

the above it suffices to consider the following cases:

Subcase 1 : α = T, s ◦ α = T . Then ρθ(s ◦ α) = ρθ(T ) = (Sθ, ∅) and φθ(s) ◦ ρθ(α) =

ψs
θ ◦ (Sθ, ∅) = (C,D) where C = {q ∈ Sθ : ψs

θ(q) ∈ Sθ} and D = ∅. Thus it suffices

to show that C = Sθ. Let q ∈ Sθ that is (q,⊥) /∈ Eθ

⇒ (q ◦ T, T ) ∈ θ (using Proposition 5.2.3(iv))

⇒ (q ◦ (s ◦ T ), T ) ∈ θ
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⇒ ((q · s) ◦ T, T ) ∈ θ (using (5.7))

⇒ (q · s,⊥) /∈ Eθ (using Proposition 5.2.3(iv))

⇒ q · s ∈ Sθ

⇒ ψs
θ(q) ∈ Sθ

⇒ q ∈ C.

Thus C = Sθ.

Subcase 2 : α = F, s ◦ α = F . Then ρθ(s ◦ α) = ρθ(F ) = (∅, Sθ) and φθ(s) ◦ ρθ(α) =

ψs
θ ◦ (∅, Sθ) = (C,D) where C = ∅ and D = {q ∈ Sθ : ψs

θ(q) ∈ Sθ}. The proof follows

along similar lines as above. In order to show that D = Sθ consider q ∈ Sθ that is

(q,⊥) /∈ Eθ

⇒ (q ◦ F, F ) ∈ θ (using Proposition 5.2.3(iv))

⇒ (q ◦ (s ◦ F ), F ) ∈ θ

⇒ ((q · s) ◦ F, F ) ∈ θ (using (5.7))

⇒ (q · s,⊥) /∈ Eθ (using Proposition 5.2.3(iv))

⇒ q · s ∈ Sθ

⇒ ψs
θ(q) ∈ Sθ

⇒ q ∈ D.

Hence D = Sθ which completes the proof.

Thus (φθ, ρθ) is a homomorphism of C-monoids.

Proposition 5.2.7. For all α ∈M the following statements hold:

(i) ρθ(α) = (Sθ, ∅) ⇒ (α, T ) ∈ θ.

(ii) ρθ(α) = (∅, Sθ) ⇒ (α, F ) ∈ θ.
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Proof.

(i) If α = T then the result is obvious. Suppose that α 6= T and ρθ(α) =

(Aα
θ , B

α
θ ) = (Sθ, ∅). It follows that (t ◦ α, T ) ∈ θ for all t ∈ Sθ. Using Proposi-

tion 5.2.3(vi) and (5.4) we have 1 ∈ Sθ and so (1 ◦ α, T ) = (α, T ) ∈ θ.

(ii) Along similar lines if α 6= F then ρθ(α) = (Aα
θ , B

α
θ ) = (∅, Sθ) gives (t◦α, F ) ∈ θ

for all t ∈ Sθ. Using Proposition 5.2.3(vi) and (5.4) we have 1 ∈ Sθ and so

(1 ◦ α, F ) = (α, F ) ∈ θ.

Lemma 5.2.8. For every s, t ∈ S⊥ where s 6= t there exists a maximal congruence

θ on M such that φθ(s) 6= φθ(t).

Proof. Using Lemma 3.2.2 we have
⋂

Eθ = ∆S⊥
and so since s 6= t there exists a

maximal congruence θ on M such that (s, t) /∈ Eθ, i.e., s 6= t. For this θ, consider

φθ : S⊥ → To(Sθ⊥). Then φθ(s) = ψs
θ, φθ(t) = ψt

θ. For 1 ∈ Sθ⊥ we have ψs
θ(1) =

1 · s = s while ψt
θ(1) = 1 · t = t. Since s 6= t it follows that φθ(s) 6= φθ(t).

Lemma 5.2.9. For every α, β ∈M where α 6= β there exists a maximal congruence

θ on M such that ρθ(α) 6= ρθ(β).

Proof. Using Remark 3.2.3 since α 6= β there exists a maximal congruence θ on

M such that (α, β) /∈ θ. We show that ρθ(α) 6= ρθ(β). If α or β is in {T, F} but

ρθ(α) = ρθ(β) then using Proposition 5.2.7 we have (α, β) ∈ θ, a contradiction. In

the case where α, β /∈ {T, F} we show that

(Aα
θ , B

α
θ ) 6= (Aβ

θ , B
β
θ )

by showing that either Aα
θ 6= Aβ

θ or that Bα
θ 6= Bβ

θ . Owing to Proposition 5.2.2 it

suffices to consider the following three cases:
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Case I : (α, T ) ∈ θ. Note that Proposition 5.2.3(vi) gives 1 ∈ Sθ. Thus we have

1 ∈ Sθ for which 1 ◦ α = α ∈ T
θ

and so 1 ∈ Aα
θ . However 1 /∈ Aβ

θ since (α, β) /∈ θ.

Case II : (α, F ) ∈ θ. Along similar lines for 1 ∈ Sθ we have 1 ◦ α = α ∈ F
θ

and so

1 ∈ Bα
θ . It is clear that 1 /∈ Bβ

θ since (α, β) /∈ θ.

Case III : (α, U) ∈ θ. In view of Proposition 5.2.2 it suffices to consider the following

cases:

Subcase 1 : (β, T ) ∈ θ. As earlier we have 1 ∈ Aβ
θ \Aα

θ .

Subcase 2 : (β, F ) ∈ θ. It is clear that 1 ∈ Bβ
θ \Bα

θ .

Thus ρθ(α) 6= ρθ(β) which completes the proof.

5.2.3 Embedding into a functional C-monoid

Let {θ} be the collection of all maximal congruences of M . Define the set X to be

the disjoint union of Sθ taken over all maximal congruences of M , written

X =
⊔

θ

Sθ (5.11)

Set X⊥ = X ∪ {⊥} with base point ⊥ /∈ X. For notational convenience we use the

same symbol ⊥ in X⊥ as well as in S⊥. Which ⊥ we are referring to will be clear

from the context of the statement.

In this subsection we obtain monomorphisms φ : S⊥ → To(X⊥) and ρ : M →
�X ,

using which we establish that (S⊥,M) can be embedded into the functional C-

monoid
(

To(X⊥),
�X
)

.
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Remark 5.2.10.

(i) Let q ∈ S be fixed. For different θ’s the representation of classes qEθ ’s are

different in the disjoint union X of Sθ’s.

(ii) Let {Aλ}, {Bλ} be two families of sets indexed over Λ. Then
⊔

λ

(Aλ ∩ Bλ) =

(

⊔

λ

Aλ

)

∩
(

⊔

λ

Bλ

)

and
⊔

λ

(Aλ ∪Bλ) =
(

⊔

λ

Aλ

)

∪
(

⊔

λ

Bλ

)

.

Notation 5.2.11.

(i) For the pair of sets (A,B), we denote by π1(A,B) the first component A, and

by π2(A,B) the second component B.

(ii) For a family of pairs of sets (Aλ, Bλ) where λ ∈ Λ we denote by
⊔

λ

(Aλ, Bλ)

the pair of sets
(

⊔

λ

Aλ,
⊔

λ

Bλ

)

.

Lemma 5.2.12. Consider φ : S⊥ → To(X⊥) given by

(φ(s))(x) =











(φθ(s))(qEθ ), if x = qEθ ∈ Sθ and (φθ(s))(qEθ ) 6= ⊥
Eθ ;

⊥, otherwise.

Then φ is a monoid monomorphism that maps the zero (and base point) of S⊥ to

that of To(X⊥), that is ⊥ 7→ ζ⊥.

Proof. It is clear that φ is well-defined and that φ(s) ∈ To(X⊥) since (φ(s))(⊥) = ⊥.

Claim: φ is injective. Let s 6= t ∈ S⊥. Using Lemma 5.2.8 there exists a maximal

congruence θ on M such that φθ(s) 6= φθ(t). Hence there exists a qEθ ( 6= ⊥
Eθ ) such

that (φθ(s))(q) 6= (φθ(t))(q). By extrapolation it follows that (φ(s))(q) 6= (φ(t))(q)

and so φ(s) 6= φ(t).

Claim: φ(⊥) = ζ⊥. Using Proposition 5.2.4 we have φθ(⊥) = ζ⊥Eθ for all θ and

so by definition (φ(⊥))(x) = ⊥ for all x ∈ X⊥.
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5.2 A Cayley-type theorem 111

Claim: φ(1) = idX⊥
. It is clear that (φ(1))(⊥) = ⊥. Consider q ∈ X that is

qEθ ∈ Sθ for some θ. Then by Proposition 5.2.4 we have (φ(1))(qEθ ) = (φθ(1))(qEθ ) =

qEθ and hence φ(1) = idX⊥
.

Claim: φ(s · t) = φ(s) · φ(t). Clearly (φ(s · t))(⊥) = ⊥ = (φ(s) · φ(t))(⊥).

Let q ∈ X that is qEθ ∈ Sθ for some θ. Suppose that (φ(s · t))(q) = ⊥ so that

(φθ(s · t))(q) = ⊥

⇒ ((φθ(s) · φθ(t))(q) = ⊥ (using Proposition 5.2.4)

⇒ φθ(t)(φθ(s)(q)) = ⊥

⇒ φ(t)(φθ(s)(q)) = ⊥

Noting that there are only two possibilities for φ(s)(q) we see that if φ(s)(q) =

φθ(s)(q) then we are through. On the other hand if φ(s)(q) = ⊥ that is φθ(s)(q) = ⊥

then we have (φ(s · t))(q) = ⊥ = (φ(s) · φ(t))(q) which completes the proof in this

case.

Consider the case where (φ(s · t))(q) 6= ⊥. Using Proposition 5.2.4 it follows that

(φ(s · t))(q) = (φθ(s · t))(q) = (φθ(s) ·φθ(t))(q) = φθ(t)(φθ(s)(q)) and so (φθ(s))(q) 6=

⊥. Consequently φ(t)(φ(s)(q)) = φθ(t)(φθ(s)(q)) since (φθ(s))(q) 6= ⊥. It follows

that (φ(s · t))(q) = (φ(s) · φ(t))(q) which completes the proof.

Lemma 5.2.13. The function ρ : M →
�X defined by

ρ(α) = tθρθ(α)

is a monomorphism of C-algebras with T, F, U .

Proof. Claim: ρ is well defined. Let α ∈ M . Using Remark 5.2.10(i) we

have π1(ρ(α)) ∩ π2(ρ(α)) = ∅ due to the distinct representation of equivalence

classes. Also by Proposition 5.2.5 we have π1(ρθ(α)), π2(ρθ(α)) ⊆ Sθ and so ⊥ /∈

π1(ρ(α)) ∪ π2(ρ(α)) that is ρ(α) is can be identified with a pair of sets over X.
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Claim: ρ is injective. Let α 6= β ∈ M . By Lemma 5.2.9 there exists a

θ such that ρθ(α) 6= ρθ(β). Without loss of generality we infer that there ex-

ists a qEθ ∈ π1(ρθ(α)) \ π1(ρθ(β)). Since ρ(α) is formed by taking the disjoint

union of the individual images under ρθ(α), using Remark 5.2.10(i) we can say that

q ∈ π1(ρ(α)) \ π1(ρ(β)) that is ρ(α) 6= ρ(β).

Claim: ρ preserves the constants T, F, U . It follows easily from Proposition 5.2.5

that ρ(T ) = (X, ∅), ρ(F ) = (∅, X) and ρ(U) = (∅, ∅).

Claim: ρ(¬α) = ¬(ρ(α)). If α ∈ {T, F} then the result is obvious. If α /∈ {T, F}

then ¬α /∈ {T, F}. Using Proposition 5.2.5 we have ρ(¬α) = (tA¬α
θ ,tB¬α

θ ) =

(tBα
θ ,tA

α
θ ). Thus ρ(¬α) = (tBα

θ ,tA
α
θ ) = ¬(ρ(α)).

Claim: ρ(α∧β) = ρ(α)∧ρ(β). In view of Remark 5.2.10(ii) we have t((Aλ, Bλ)∧

(Cλ, Dλ)) = (tAγ ,tBγ)∧(tCγ ,tDγ) for the family of pairs of sets (Aλ, Bλ), (Cλ, Dλ)

where λ ∈ Λ overX. In view of the above and Proposition 5.2.5 we have tρθ(α∧β) =

t(ρθ(α)∧ρθ(β)) = (tρθ(α))∧(tρθ(β)) = ρ(α)∧ρ(β) which completes the proof.

Lemma 5.2.14. The pair (φ, ρ) is a C-monoid monomorphism from (S⊥,M) to the

functional C-monoid
(

To(X⊥),
�X
)

.

Proof. In view of Lemma 5.2.12 and Lemma 5.2.13 it suffices to show φ(α[s, t]) =

(ρ(α))[φ(s), φ(t)] and ρ(s ◦ α) = φ(s) ◦ ρ(α).

In order to show that φ(α[s, t]) = (ρ(α))[φ(s), φ(t)] we show that φ(α[s, t])(x) =

(ρ(α))[φ(s), φ(t)](x) for all x ∈ X⊥. Thus we have the following cases:

Case I : x = ⊥. It is clear that φ(α[s, t])(⊥) = ⊥ = (ρ(α))[φ(s), φ(t)](⊥) since

π1(ρ(α)), π2(ρ(α)) ⊆ X and ⊥ /∈ X.
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Case II : x ∈ X. Consider q ∈ X that is qEθ ∈ Sθ for some θ. We have the following

subcases:

Subcase 1 : φ(α[s, t])(q) = ⊥. then φθ(α[s, t])(q) = ⊥ and so using Lemma 5.2.6

we have φθ(α[s, t])(q) = ⊥ = (ρθ(α))[φθ(s), φθ(t)](q). It follows that either q /∈

π1(ρθ(α)) ∪ π2(ρθ(α)) or that q ∈ π1(ρθ(α)) and φθ(s)(q) = ⊥ or, similarly, that

q ∈ π2(ρθ(α)) and φθ(t)(q) = ⊥. Thus we have the following:

q /∈ π1(ρθ(α)) ∪ π2(ρθ(α)): In view of Remark 5.2.10(i) it follows that q /∈ π1(ρ(α))∪

π2(ρ(α)) and so (ρ(α))[φ(s), φ(t)](q) = ⊥.

q ∈ π1(ρθ(α)) and φθ(s)(q) = ⊥: Then q ∈ π1(ρ(α)) and φ(s)(q) = ⊥ and so

(ρ(α))[φ(s), φ(t)](q) = ⊥.

q ∈ π2(ρθ(α)) and φθ(t)(q) = ⊥: Along similar lines we have (ρ(α))[φ(s), φ(t)](q) =

⊥.

Subcase 2 : φ(α[s, t])(q) 6= ⊥. Then φ(α[s, t])(q) = φθ(α[s, t])(q) and so using Lemma

5.2.6 we have φ(α[s, t])(q) = (ρθ(α))[φθ(s), φθ(t)](q). It follows that

φ(α[s, t])(q) = (ρθ(α))[φθ(s), φθ(t)](q) =



























φθ(s)(q), if q ∈ π1(ρθ(α));

φθ(t)(q), if q ∈ π2(ρθ(α));

⊥, otherwise.

q ∈ π1(ρθ(α)): It follows that q ∈ π1(ρ(α)) and so (ρ(α))[φ(s), φ(t)](q) = φ(s)(q).

Note that φθ(s)(q) 6= ⊥ else φ(α[s, t])(q) = ⊥, a contradiction. Thus φ(s)(q) =

φθ(s)(q) so that φ(α[s, t])(q) = (ρ(α))[φ(s), φ(t)](q).

q ∈ π2(ρθ(α)): The proof follows along similar lines as above.

q /∈ (π1(ρθ(α)) ∪ π2(ρθ(α))): This case cannot occur since we assumed that φ(α[s, t])(q) 6=

⊥.
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Thus φ(α[s, t]) = (ρ(α))[φ(s), φ(t)].

We now show that ρ(s ◦ α) = φ(s) ◦ ρ(α). In order to prove this we proceed by

showing that

πi(ρ(s ◦ α)) = πi(φ(s) ◦ ρ(α))

for i ∈ {1, 2}.

Let q ∈ π1(ρ(s ◦ α)) = tπ1(ρθ(s ◦ α)). Then qEθ ∈ Sθ for some θ and qEθ ∈

π1(ρθ(s ◦ α))

⇒ qEθ ∈ π1(φθ(s) ◦ ρθ(α)) (using Lemma 5.2.6)

⇒ φθ(s)(qEθ ) ∈ π1(ρθ(α)) ⊆ Sθ

⇒ φθ(s)(qEθ ) 6= ⊥

⇒ φ(s)(qEθ ) = φθ(s)(qEθ )

⇒ φ(s)(qEθ ) ∈ tπ1(ρθ(α))

⇒ φ(s)(qEθ ) ∈ π1(ρ(α))

⇒ qEθ ∈ π1(φ(s) ◦ ρ(α))

and so π1(ρ(s ◦ α)) ⊆ π1(φ(s) ◦ ρ(α)).

For the reverse inclusion assume that q ∈ π1(φ(s) ◦ ρ(α)). Consequently we have

qEθ ∈ Sθ for some θ and φ(s)(qEθ ) ∈ π1(ρ(α)) ⊆ X

⇒ φ(s)(qEθ ) 6= ⊥

⇒ φ(s)(qEθ ) = φθ(s)(qEθ )( 6= ⊥
Eθ )

⇒ φθ(s)(qEθ ) ∈ π1(ρθ(α)) (using Remark 5.2.10(i))

⇒ qEθ ∈ π1(φθ(s) ◦ ρθ(α))

⇒ qEθ ∈ π1(ρθ(s ◦ α)) (using Lemma 5.2.14)

⇒ qEθ ∈ tπ1(ρθ(s ◦ α)) = π1(ρ(s ◦ α))

from which it follows that π1(φ(s) ◦ ρ(α)) ⊆ π1(ρ(s ◦ α)). Proceeding along exactly

the same lines we can show that π2(ρ(s ◦ α)) = π2(φ(s) ◦ ρ(α)) which completes the

proof.
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5.2.4 Proof of Theorem 5.2.1

Let {θ} be the collection of all maximal congruences of M . Consider the set X as

in (5.11). The functions φ : S⊥ → To(X⊥) and ρ : M →
�X as defined in Lemma

5.2.12 and Lemma 5.2.13, respectively, are monomorphisms. Further, by Lemma

5.2.14, the pair (φ, ρ) is a monomorphism from (S⊥,M) to the functional C-monoid
(

To(X⊥),
�X
)

. From the construction of X it is also evident that if M and S⊥ are

finite then there are only finitely many maximal congruences θ on M and finitely

many equivalence classes Eθ on S⊥ and so X must be finite.

Corollary 5.2.15. An identity (quasi-identity) is satisfied in every C-monoid (S⊥,M)

where M is an ada if and only if it is satisfied in all functional C-monoids.

Though the following identity is derivable from the axioms (5.2) – (5.10) in a

straightforward manner, we can alternatively achieve the following result in view of

Corollary 5.2.15 and (5.1).

Corollary 5.2.16. In every C-monoid (S⊥,M) where M is an ada we have

(f ◦ T )[f, f ] = f .

5.3 Conclusion

The axiomatization of systems based on various program constructs is extremely

useful in the study of program semantics in general, and in establishing program

equivalence in particular. While many authors have studied the axiomatization of

the if-then-else construct, we have considered the case where the programs and

tests could possibly be non-halting. In this connection, we introduce the notion of

C-sets to axiomatize the systems of if-then-else in which the tests are drawn

from an abstract C-algebra. When the C-algebra is an ada, we obtain a subdirect

representation of C-sets through basic C-sets. This in turn establishes the com-

pleteness of the axiomatization and paves the way for determining the equivalence
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of programs under consideration through basic C-sets. Further, in order to axiom-

atize if-then-else systems with the equality test, we have extended the concept

of C-sets to agreeable C-sets and have obtained similar results.

We have then extended the notion of C-sets to that of C-monoids which include

the composition of programs as well as composition of programs with tests. For the

class of C-monoids where the C-algebra is an ada we obtain a Cayley-type theorem

which exhibits the embedding of such C-monoids into functional C-monoids. Using

this, we obtain a mechanism to determine the equivalence of programs through

functional C-monoids.

As future work, one may investigate a complete axiomatization of the systems

under consideration in which all the axioms are equations. It is also desirable to

extend the results to the general case of C-sets without restricting the C-algebra to

be an ada. Further we would like to achieve such a representation for the general

class of C-monoids with no restriction on the C-algebra, which can be considered

as future work. Note that the term f ◦ T in the standard functional model of a C-

monoid represents the aspect of the domain of the function, as used in Jackson and

Stokes [2015] and in Desharnais et al. [2009]. It is interesting to see what relation

these two concepts might have with one another.
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6
Applications of if-then-else

In Section 6.1 we introduce a notion of annihilators in C-algebras through the

if-then-else action. The notion of Galois connection yields a closure operator

in terms of annihilator, which in turn, yields closed sets. In Section 6.2 we charac-

terise the collection of closed sets in the C-algebra
�X (cf. Theorem 6.2.1) and show

that this collection forms a complete Boolean algebra (cf. Theorem 6.2.5). We also

obtain a classification of the elements of
�X where the elements of the Boolean alge-

bra �X form a distinct class (cf. Theorem 6.2.6). In Section 6.3 we define a notion of

idempotent elements and that of idempotent operations through the if-then-else

action and study their properties. We conclude this chapter with Section 6.4 by

listing various unanswered problems.

119
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In this chapter, unless stated otherwise, M is a C-algebra with T, F, U .

6.1 Annihilators

Rao [2013] introduced the concept of annihilator ideals in a C-algebra M by defining

the annihilator of an element a ∈M as the set {b ∈ M : b∧a is a left-zero of M}. In

this section we show that the presence of the if-then-else action on the C-algebra

M delineates a mechanism to define a notion of annihilators akin to the concept of

annihilators in modules.

Henceforth we consider the C-set (M,M) where M is a C-algebra with T, F, U

with the action αJβ, γK = (α ∧ β) ∨ (¬α ∧ γ). Since αJ , K can be treated as

a binary operation for each α ∈ M we define the notion of the annihilator of an

element a ∈M to be all the binary operations αJ , K which map the pair (a, a) to

U . We state the definition explicitly in Definition 6.1.1. Hereafter we use α, β, γ, δ

to denote elements of M treated as binary operations while a, b, c is used otherwise.

The elements of the C-algebra
�X will also be denoted by α, β, γ, δ. Recall that

the constants T, F, U of M ≤
�X are denoted by T,F,U respectively (cf. Notation

1.4.8).

Definition 6.1.1. For a ∈M ,

Ann(a) = {α ∈M : αJa, aK = U}.

We overload the notation of Ann in a natural manner to subsets of M .

Definition 6.1.2. The operator Ann : ℘(M) → ℘(M) is given by

Ann(S) =
⋂

a∈S

Ann(a).

In other words Ann(S) = {α ∈ M : for all a ∈ S, αJa, aK = U}.
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It is desirable that the operator Ann has some fundamental properties. For

instance every element α ∈M should annihilate U . Conversely every element must

be annihilated by U . In the following we ascertain these and other properties of the

operator Ann which may be deemed natural.

Proposition 6.1.3. The following hold in any C-algebra with T, F, U :

(i) Ann(U) = M .

(ii) For any a ∈ M , U ∈ Ann(a).

(iii) For any a ∈ M#, Ann(a) = {U}.

(iv) Ann(M) = {U}.

(v) b ∈ Ann(a) ⇔ a ∈ Ann(b).

(vi) B ⊆ Ann(A) ⇔ A ⊆ Ann(B).

(vii) A ⊆ B ⇒ Ann(B) ⊆ Ann(A).

Proof.

(i) Using Proposition 2.2.1(i) for the C-set (M,M) we have αJU,UK = U for each

α ∈M so that Ann(U) = M .

(ii) Using (2.1) on the C-set (M,M) we have UJa, aK = U so that U ∈ Ann(a) for

all a ∈M .

(iii) Using Proposition 6.1.3(ii) it is clear that {U} ⊆ Ann(a). For the reverse

inclusion since M ≤
�X for some set X, for a ∈ M# we have a(x) ∈ {T, F}

for all x ∈ X. Suppose that α(xo) ∈ {T, F} for some xo ∈ X so that (α(xo) ∧

a(xo)) ∨ (¬α(xo) ∧ a(xo)) ∈ {T, F}. However Ann(a) = {α ∈ M : (α(x) ∧

a(x)) ∨ (¬α(x) ∧ a(x)) = U for all x ∈ X}, a contradiction. Consequently

α(x) = U for all x ∈ X hence α = U.
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(iv) Since Ann(M) =
⋂

a∈M

Ann(a), using Proposition 6.1.3(iii) we have Ann(M) =

{U}.

(v) Consider M ≤
�X for some set X and b ∈ Ann(a) so that (b(x) ∧ a(x)) ∨

(¬b(x) ∧ a(x)) = U for all x ∈ X. For x ∈ X we have the following cases for

(a(x) ∧ b(x)) ∨ (¬a(x) ∧ b(x)):

b(x) = T : Since (b(x) ∧ a(x)) ∨ (¬b(x) ∧ a(x)) = U we have (T ∧ a(x)) ∨ (F ∧

a(x)) = a(x) ∨ F = a(x) = U . Thus (a(x) ∧ b(x)) ∨ (¬a(x) ∧ b(x)) =

(U ∧ b(x)) ∨ (U ∧ b(x)) = U .

b(x) = F : Along similar lines since (b(x)∧ a(x))∨ (¬b(x)∧ a(x)) = U we have

(F ∧ a(x)) ∨ (T ∧ a(x)) = F ∨ a(x) = a(x) = U . Hence (a(x) ∧ b(x)) ∨

(¬a(x) ∧ b(x)) = (U ∧ b(x)) ∨ (U ∧ b(x)) = U .

b(x) = U : Then (a(x)∧ b(x))∨ (¬a(x)∧ b(x)) = (a(x)∧U)∨ (¬a(x)∧U) = U

for a(x) ∈ {T, F, U}.

Hence aJb, bK = U so that a ∈ Ann(b). The converse follows along similar lines.

(vi) This follows as a direct consequence of Proposition 6.1.3(v).

(vii) Let A ⊆ B, β ∈ Ann(B) and a ∈ A. Since β ∈ Ann(b) for each b ∈ B and

a ∈ A ⊆ B we have β ∈ Ann(a). Thus Ann(B) ⊆ Ann(A).

We have the following result which follows from Proposition 6.1.3(vi) and Propo-

sition 6.1.3(vii).

Proposition 6.1.4. The pair (Ann,Ann) is an antitone Galois connection.

The following are consequences of Theorem 1.2.8 and Proposition 6.1.4.

Corollary 6.1.5. The function Ann2 : ℘(M) → ℘(M) is a closure operator.
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Corollary 6.1.6. Consider Ann3 : ℘(M) → ℘(M). Then Ann3 = Ann.

Using Theorem 1.2.3 and Corollary 6.1.5 we have the following.

Corollary 6.1.7. The collection of closed sets I = {I ⊆ M : Ann2(I) = I} forms

a complete lattice.

The collection of closed sets I has a distinct property.

Proposition 6.1.8. Let I ∈ I such that I 6= M . Then I ∩M# = ∅.

Proof. Suppose that there exists a ∈ I ∩M# where I ∈ I such that I 6= M . For

any α ∈ Ann(a) we have α = U using Proposition 6.1.3(iii) since a ∈M#. Further,

since Ann(I) =
⋂

a∈I

Ann(a) we have Ann(I) = {U}. Using Proposition 6.1.3(i) we

have Ann2(I) = Ann(U) = M . It follows that I = Ann2(I) = M since I ∈ I, which

is a contradiction. Thus I ∩M# = ∅.

Remark 6.1.9. We established that Ann2 is a closure operator. In fact, the fol-

lowing shows that, in general, Ann2 need not be an algebraic closure operator.

Let M =
��

where � is the set of natural numbers, viz., � = {1, 2, 3, . . .}.

Consider the subset A ⊆M given by

A = {(T, U, U, U, . . .), (U, T, U, U, . . .), (U,U, T, U, . . .), . . .}.

Then

Ann(A) = {(U, x2, x3, x4, . . .) : xi ∈ {T, F, U} for i ∈ � \ {1}}

∩ {(y1, U, y3, y4, . . .) : yi ∈ {T, F, U} for i ∈ � \ {2}}

∩ {(z1, z2, U, z4, . . .) : zi ∈ {T, F, U} for i ∈ � \ {3}} ∩ . . .

= {(U,U, U, U, . . .)}

Thus Ann2(A) = M .
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If Ann2 is an algebraic closure operator then for i ∈ I where I is some index

set, consider Bi ⊆ A where Bi is finite for each i and
⋃

Ann2(Bi) = Ann2(A) = M .

Then for each i, Bi comprises elements of the form β(j) =











T, for fixed j = kβ;

U, otherwise.

Along similar lines as above it follows that Ann(Bi) will have elements whose co-

ordinates do not take value U at infinitely many places. Thus all the elements in

Ann2(Bi) will have infinitely many coordinates that take value U . If
⋃

Ann2(Bi) =

M then the element T = (T, T, T, T, . . .) must belong in some Ann2(Bi), a contra-

diction since T does not take value U in infinitely many coordinates. Thus Ann2 is

not an algebraic closure operator.

6.2 Closed sets of
�X

In this section we consider the C-algebra
�X and give a characterisation of the closed

sets in I with respect to operator Ann2. To that aim in this section we consider the

C-algebra in question to be precisely
�X for some set X.

Theorem 6.2.1. Let I ⊆
�X. I ∈ I ⇔ there exists Y ⊆ X such that

(P1) for all α ∈ I, for all y ∈ Y , α(y) = U

(P2) for all f : Y c →
�

there exists α ∈ I such that α|Y c = f .

Proof. (⇐) Let I ⊆
�X such that there exists Y ⊆ X which satisfies both the given

conditions (P1) and (P2). We show that Ann2(I) = I. In view of the fact that

Ann2 is extensive it suffices to show that Ann2(I) ⊆ I.

Let β ∈ Ann2(I). For β|Y c : Y c →
�

there exists α ∈ I such that α|Y c = β|Y c .

Moreover, α(y) = U for all y ∈ Y . We show that β(y) = U for all y ∈ Y so that

β = α from which it follows that β ∈ I.

Suppose if possible, that β(yo) ∈ {T, F} for some yo ∈ Y . Since β ∈ Ann2(I)

we have (βJγ, γK)(yo) = U for all γ ∈ Ann(I) and so γ(yo) = U for all γ ∈ Ann(I).
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Consider δ ∈
�X given by

δ(x) =











T, if x ∈ Y,

U, otherwise.

Due to the fact that α(y) = U for all y ∈ Y , for all α ∈ I, we infer that δJα, αK = U

so that δ ∈ Ann(I). However δ(yo) = T 6= U , a contradiction. Hence β ∈ I and so

I ∈ I.

(⇒) Let I ∈ I. Consider the following.

A = {x ∈ X : α(x) = U for all α ∈ I}

B = {x ∈ X : α(x) ∈ {T, F} for some α ∈ I} = X \ A.

We show that Y = A is the required set. It is clear that α(y) = U for all α ∈ I

and for all y ∈ A. Let f : B →
�
. Consider its extension f̂ : X →

�
given by the

following:

f̂(x) =











f(x), if x ∈ B;

U, if x ∈ A.

Thus f̂ |B = f̂ |Ac = f . Let β ∈
�X . It is clear that

β ∈ Ann(I) ⇔ β(z) = U for all z ∈ B.

Consider β ∈ Ann(I). It follows that (f̂Jβ, βK)(z) = U for all z ∈ B. Also since

f̂(y) = U for all y ∈ A we have (f̂Jβ, βK)(y) = U and so f̂Jβ, βK = U from which it

follows that f̂ ∈ Ann2(I) = I. This completes the proof.

Theorem 6.2.1 equips us with a mechanism to identify the collection of closed

sets in I with respect to Ann2.
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Definition 6.2.2. For A ⊆ X define IA ⊆
�X by

IA = {α ∈
�X : α(y) = U for all y ∈ A}. (6.1)

Proposition 6.2.3. I = {IA : A ⊆ X}.

Proof. For A ⊆ X consider IA as defined by (6.1). It follows in a straightforward

manner that IA satisfies (P1) and (P2) of Theorem 6.2.1 for Y = A so that IA ∈ I.

Conversely for I ∈ I using Theorem 6.2.1 we have Y ⊆ X such that (P1) and

(P2) are satisfied. We show that I = IY . Clearly I ⊆ IY due to (P1). Conversely

assume that α ∈ IY that is α(y) = U for all y ∈ A. Using (P2) of Theorem 6.2.1 we

have β|Y c = α|Y c for some β ∈ I. Property (P1) of Theorem 6.2.1 ascertains that

β(y) = U for all y ∈ Y . It follows that α = β so that α ∈ I.

We make use of the following result to prove Theorem 6.2.5.

Lemma 6.2.4. For A ⊆ X and IA ∈ I the following hold:

(i) Ann(IA) = IAc.

(ii) IA ∩ IB = IA∪B.

(iii) Ann(Ann(IA) ∩ Ann(IB)) = IA∩B.

Proof.

(i) Let α ∈ Ann(IA). In view of Definition 6.2.2 and Proposition 6.2.3 it suffices

to show that α(y) = U for all y ∈ Ac. For each y ∈ Ac consider βy ∈
�X given

by

βy(x) =











T, if x = y;

U, otherwise.

It is straightforward to see that βy ∈ IA for all y ∈ Ac. Thus αJβy, βyK = U for

all y ∈ Ac and so (αJβy, βyK)(y) = U for all y ∈ Ac. Since βy(y) = T it follows

that α(y) = U for all y ∈ Ac.
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For the reverse inclusion consider α ∈ IAc and β ∈ IA. Using Definition 6.2.2

and Proposition 6.2.3 we have α(y) = U for all y ∈ Ac, so that (αJβ, βK)(y) = U

for all y ∈ Ac. Thus β(y) = U for all y ∈ A so that (αJβ, βK)(y) = U for all

y ∈ A. Thus α ∈ Ann(IA) and consequently Ann(IA) = IAc .

(ii) Consider α ∈ IA ∩ IB and y ∈ A ∪ B. It suffices to show that α(y) = U . If

y ∈ A then α(y) = U since α ∈ IA. Along similar line α(y) = U if y ∈ B so

that α ∈ IA∪B.

For the reverse inclusion consider α ∈ IA∪B. For y ∈ A ⊆ A ∪ B we have

α(y) = U so that α ∈ IA. Proceeding along similar lines we can show that

α ∈ IB from which the result follows.

(iii) Using Lemma 6.2.4(i) and Lemma 6.2.4(ii) we have Ann(Ann(IA)∩Ann(IB)) =

Ann(IAc ∩ IBc) = Ann(IAc∪Bc) = I(Ac∪Bc)c = IA∩B.

Theorem 6.2.5. The set I of closed sets of
�X with respect to Ann2 is a Boolean

algebra with respect to the operations

¬I = Ann(I)

I1 ∧ I2 = I1 ∩ I2

I1 ∨ I2 = Ann(Ann(I1) ∩ Ann(I2))

and {U} and
�X as the constants 0 and 1 respectively. Moreover, I ∼= �X and is

therefore complete.

Proof. We rely on the representation of I as given in Proposition 6.2.3. In view of

Lemma 6.2.4 we show that the operations given as follows define a Boolean algebra
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on I:

¬IA = IAc

IA ∧ IB = IA∪B

IA ∨ IB = IA∩B

The verification is straightforward and involves set theoretic arguments.

Let A,B ⊆ X. Using Lemma 6.2.4 we have IA ∧ IB = IA∪B = IB∪A = IB ∧ IA

and similarly IA ∨ IB = IA∩B = IB∩A = IB ∨ IA. Along similar lines the axioms

of associativity, idempotence, absorption and distributivity can be verified so that

〈I,∨,∧〉 is a distributive lattice.

Note that IX = {U} while I∅ =
�X . Using Lemma 6.2.4 we have IA ∧ IX =

IA∪X = IX and IA ∨ I∅ = IA∩∅ = I∅ for all A ⊆ X. Also IA ∧Ann(IA) = IA ∧ IAc =

IA∪Ac = IX and IA ∨ Ann(IA) = IA ∨ IAc = IA∩Ac = I∅.

Hence 〈I,∨,∧,¬, IX , I∅〉 is a Boolean algebra. It is a straightforward verification

to ascertain that the assignment given by IA 7→ Ac from I to �X is a Boolean algebra

isomorphism.

We now give a classification of elements ofM =
�X which segregates the elements

of �X(= M#) into one class.

Theorem 6.2.6. For each A ⊆ X define SA = {α ∈
�X : Ann(α) = IA}. The

collection {SA : A ⊆ X} forms a partition of
�X in which all the elements of �X

form a single equivalence class.

Proof. We first show that SA 6= ∅ for any A ⊆ X. To that aim consider α ∈
�X

given by

α(x) =











U, if x ∈ Ac;

T, otherwise.
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Using Definition 6.2.2 and Proposition 6.2.3 it is straightforward to verify that

Ann(α) = IA. Consequently SA 6= ∅.

It is self-evident that α ∈ SA∩SB is a violation of the well-definedness of Ann(α)

from which it follows that SA ∩ SB = ∅ for A,B ⊆ X where A 6= B.

Note that for any α ∈
�X we have Ann(α) ∈ I that is Ann(α) = IA for some

A ⊆ X, since Ann2(Ann(α)) = Ann3(α) = Ann(α) using Corollary 6.1.6. Thus

Ann(α) = IA for some A ⊆ X so that α ∈ SA. Therefore
⋃

A⊆X

{SA : A ⊆ X} =
�X

and hence the collection {SA : A ⊆ X} forms a partition of
�X .

Further, for α ∈ �X we have Ann(α) = {U} = IX so that α ∈ SX . Conversely

any α ∈ SX would satisfy Ann(α) = IX = {U}. If α(xo) = U for some xo ∈ X then

it follows that β ∈
�X given by

β(x) =











T, if x = xo;

U, otherwise.

satisfies βJα, αK = U and so U 6= β ∈ Ann(α) which is a contradiction. Thus α(x) ∈

{T, F} for all x ∈ X from which it follows that α ∈ �X . Hence the equivalence class

SX = �X .

We conclude this section with some remarks on annihilators.

Remark 6.2.7.

(i) The statement Ann(α) = {U} ⇔ α ∈M# holds in
�X but need not be true in

general.

Consider M = {(T, T ), (F, F ), (U,U), (F, U), (T, U)} ≤
�2 and (T, U) ∈ M .

Then Ann(T, U) = {β ∈ M : βJ(T, U), (T, U)K = (U,U)}. Hence for (x, y) ∈

Ann(T, U) we have ((x ∧ T ) ∨ (¬x ∧ T ), (y ∧ U) ∨ (¬y ∧ U)) = (U,U) and so

(x ∨ ¬x, U) = (U,U). It follows that x = U and so Ann(T, U) = {(U,U)}.

However (T, U) /∈M#.
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(ii) The only closed sets of M are M and {(U,U)}. Again note that the collection

of closed sets is a Boolean algebra.

(iii) For I ⊆M where M ≤
�X we have AnnM(I) = Ann�X (I) ∩M .

Let α ∈ AnnM(I). Clearly α ∈ M and α ∈ Ann�X (I). Conversely suppose

α ∈ Ann�X (I) ∩M . Then it is clear that α ∈ AnnM (I).

(iv) Thus on applying Ann to the previous statement and making appropriate

substitutions we have Ann2
M(I) = Ann�X (Ann�X (I) ∩M) ∩M .

6.3 Idempotents

In this section we consider the notion of idempotence on C-algebras by involving the

if-then-else action. First we study the notion of idempotent elements relative to

the binary operation αJ , K for α ∈ M followed by idempotent binary operations

αJ , K defined in a natural manner. For most of this section we distinguish

elements of the C-algebra M when being treated as operations by denoting them

by α, β, γ and as elements by a, b, c.

Definition 6.3.1. For α ∈ M define the idempotent elements with respect to α as

Eα = {a ∈M : αJa, aK = a}.

Definition 6.3.2. Let α ∈ M . Then αJ , K is an idempotent operation if every

a ∈ M is an idempotent element with respect to this operation, i.e.,

αJa, aK = a for all a ∈M.

The set of all idempotent operations, denoted by O, is therefore given by O = {α ∈

M : αJa, aK = a for all a ∈M}.

It is natural to ask what the set of all idempotent operations is. In this section

we show that the set of all idempotent operations is precisely the Boolean algebra
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M#. In order to achieve this, we first consider idempotent operations relative to a

fixed element a ∈M .

Definition 6.3.3. For a ∈ M define the set of idempotent operations with respect

to a as Oa = {α ∈M : αJa, aK = a}.

Remark 6.3.4. It is easy to observe that therefore, O =
⋂

a∈M

Oa.

We make use of this notion to obtain the following result.

Theorem 6.3.5. O = M#.

Proof. We first make the following observations.

(i) For all a ∈M we have M# ⊆ Oa.

(ii) M# = Oa ⇔ a ∈ M#.

The proof of each observation follows in a straightforward manner as given in

the following.

(i) Using Proposition 2.2.3 we have αJa, aK = a for all α ∈ M#. It follows that

M# ⊆ Oa.

(ii) Let a ∈ M#. Clearly M# ⊆ Oa. Let α ∈ Oa. Then αJa, aK = (α ∧ a) ∨

(¬α ∧ a) = a. Consider M ≤
�X for some set X. Then a(x) ∈ {T, F}

for all x ∈ X. Thus if α(x) = U for some x ∈ X we have (αJa, aK)(x) =

(α(x) ∧ a(x)) ∨ (¬α(x) ∧ a(x)) = U ∨ U = U which is a contradiction. Hence

α ∈ M#. Conversely suppose M# = Oa for some a ∈ M . If a /∈ M# then

using the previous point we have a ∈ Oa = M# which is a contradiction. Thus

a ∈M#.

In view of the aforementioned observations (i) and (ii), and Remark 6.3.4 we

have O =
⋂

a∈M

Oa = M#.
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It is natural to enquire about the relation between the two notions of idempotent

elements with respect to a fixed operation and idempotent operations with respect

to a fixed element. We make some observations on the notions of Eα and Oα for

α ∈M .

Proposition 6.3.6. For all α ∈M we have α ∈ Oα and U ∈ Eα.

Proof. Consider the identity α ∨ (¬α ∧ α) = α in the C-algebra
�
:

α = T : T ∨ (¬T ∧ T ) = T ∨ (F ∧ T ) = T ∨ F = T .

α = F : F ∨ (¬F ∧ F ) = F ∨ (T ∧ F ) = F ∨ F = F .

α = U : U ∨ (¬U ∧ U) = U ∨ (U ∧ U) = U ∨ U = U .

Thus the identity αJα, αK = α∨ (¬α∧α) = α holds in
�
, and consequently holds in

all C-algebras. Hence α ∈ Oα.

Further αJU,UK = U by Proposition 2.2.1(i) and so U ∈ Eα.

Proposition 6.3.7. OU = M and EU = {U}.

Proof. Proposition 2.2.1(i) applied to the C-set (M,M) gives αJU,UK = U for all

α ∈M . Consequently, since OU = {α ∈M : αJU,UK = U} we have OU = M .

Using Proposition 6.3.6 we have {U} ⊆ EU . For a ∈ EU we have UJa, aK = a

and so (U ∧ a) ∨ (¬U ∧ a) = U ∨ U = U = a and hence EU = {U}.

Along similar lines as observation (ii) of Theorem 6.3.5 we have the following

result.

Proposition 6.3.8.

(i) U ∈ Oa ⇔ a = U .

(ii) For all α ∈M we have Eα = M ⇔ α ∈M#.
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Proof.

(i) Clearly if a = U then using Proposition 6.3.6 we have U ∈ Oa. Conversely

suppose that U ∈ Oa for some a ∈ M . Then UJa, aK = a and so (U ∧ a) ∨

(¬U ∧ a) = U ∨ U = U = a.

(ii) Suppose that α ∈ M#. Then Eα = {a ∈ M : αJa, aK = a}. However Propo-

sition 2.2.3 applied to the C-set (M,M) gives αJa, aK = a for all a ∈ M so

that Eα = M . Conversely suppose that Eα = M for some α ∈ M . Then

αJT, T K = T and so (α ∧ T ) ∨ (¬α ∧ T ) = α ∨ ¬α = T so that α ∈M#.

The following result pertains to the relations between the idempotent elements

(and operations) with respect to α and those with respect to ¬α.

Proposition 6.3.9. For all α ∈M we have Oα = O¬α and Eα = E¬α

Proof. Let β ∈ Oα. Then βJα, αK = α. Consider M ≤
�X for some set X. The

various cases of (β(x) ∧ ¬α(x)) ∨ (¬β(x) ∧ ¬α(x)) are listed below:

β(x) = T : (T ∧ ¬α(x)) ∨ (¬T ∧ ¬α(x)) = ¬α(x) ∨ F = ¬α(x).

β(x) = F : (F ∧ ¬α(x)) ∨ (¬F ∧ ¬α(x)) = F ∨ ¬α(x) = ¬α(x).

β(x) = U : (U ∧ ¬α(x)) ∨ (¬U ∧ ¬α(x)) = U ∨ U = U .

Note that if β(x) = U then (βJα, αK)(x) = U = α(x) and so ¬α(x) = U . Thus we

have (βJ¬α,¬αK)(x) = (¬α)(x) for all x ∈ X so that β ∈ O¬α. The converse is

clear since ¬¬α = α.

Let a ∈ Eα. Then αJa, aK = a. Consider the identity (¬α ∧ a) ∨ (α ∧ a) =

(α ∧ a) ∨ (¬α ∧ a) in the C-algebra
�
:

α = T : (¬T ∧ a) ∨ (T ∧ a) = F ∨ a = a ∨ F = (T ∧ a) ∨ (¬T ∧ a).

TH-1673_11612304



134 Applications of if-then-else

α = F : (¬F ∧ a) ∨ (F ∧ a) = a ∨ F = F ∨ a = (F ∧ a) ∨ (¬F ∧ a).

α = U : (¬U ∧ a) ∨ (U ∧ a) = U ∨ U = (U ∧ a) ∨ (¬U ∧ a).

Thus the identity (¬α ∧ a) ∨ (α ∧ a) = (α ∧ a) ∨ (¬α ∧ a) holds in
�

and therefore

in all C-algebras. Since αJa, aK = (α ∧ a) ∨ (¬α ∧ a) = a it follows that ¬αJa, aK =

(¬α ∧ a) ∨ (¬¬α ∧ a) = (¬α ∧ a) ∨ (α ∧ a) = (α ∧ a) ∨ (¬α ∧ a) = a so that

a ∈ E¬α. Hence Eα ⊆ E¬α. The reverse inclusion follows along similar lines since

¬¬α = α.

We make the following observation on the subset Oa for a ∈M .

Proposition 6.3.10. For a ∈ M the set Oa is a C-algebra under the induced

operations of M .

Proof. It suffices to show that Oa is closed under ¬,∧,∨.

Let α, β ∈ Oa. Then (α ∧ β)Ja, aK = ((α ∧ β) ∧ a) ∨ (¬(α ∧ β) ∧ a). Consider

M ≤
�X for some set X. Then using the fact that α, β ∈ Oa the expression evaluates

to the following:

α(x) = T : ((T∧β(x))∧a(x))∨(¬(T∧β(x))∧a(x)) = (β(x)∧a(x))∨(¬β(x)∧a(x)) =

a(x).

α(x) = F : ((F ∧ β(x))∧ a(x))∨ (¬(F ∧ β(x))∧ a(x)) = (F ∧ a(x))∨ (¬F ∧ a(x)) =

F ∨ a(x) = a(x).

α(x) = U : ((U ∧ β(x))∧ a(x))∨ (¬(U ∧ β(x))∧ a(x)) = (U ∧ a(x))∨ (¬U ∧ a(x)) =

U = a(x) since α ∈ Oa.

Thus ((α ∧ β)Ja, aK)(x) = a(x) for all x ∈ X as a consequence of which we have

α ∧ β ∈ Oa.

Consider (¬α)Ja, aK = (¬α ∧ a) ∨ (¬¬α ∧ a) = (¬α ∧ a) ∨ (α ∧ a). Consider the

following cases:
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α(x) = T : (¬T ∧ a(x)) ∨ (T ∧ a(x)) = F ∨ a(x) = a(x).

α(x) = F : (¬F ∧ a(x)) ∨ (F ∧ a(x)) = a(x) ∨ F = a(x).

α(x) = U : (¬U ∧ a(x)) ∨ (U ∧ a(x)) = U ∨ U = U = a(x) since α ∈ Ia.

Thus ((¬α)Ja, aK)(x) = a(x) for all x ∈ X so that ¬α ∈ Oa. It is easy to see that,

therefore, α ∨ β ∈ Oa. The result follows.

Remark 6.3.11. Note that since M# ⊆ Oa (from observation (i) of Theorem 6.3.5)

we have T, F ∈ Oa. However using Proposition 6.3.8(i) U ∈ Oa only when a = U .

Thus Oa is always closed under T and F , and is closed under U if and only if a = U .

Further, in this case using Proposition 6.3.7 we have Oa = OU = M .

In the following result we see that the set of idempotent elements with respect

to α ∈ M is contained in the closure of the idempotent operations with respect to

α.

Theorem 6.3.12. For α ∈M we have Eα ⊆ Ann2(Oα).

Proof. In order to prove this we shall show that Ann(Oα) ⊆ Ann(Eα). Conse-

quently, using Proposition 6.1.3(vii) we have Ann2(Eα) ⊆ Ann2(Oα). Finally, using

Corollary 6.1.5 we have Ann2 is extensive, so that Eα ⊆ Ann2(Eα) ⊆ Ann2(Oα)

from which the result follows. We now show that Ann(Oα) ⊆ Ann(Eα).

Let β ∈ Ann(Oα) and a ∈ Eα. Consider M ≤
�X for some set X. We show

that βJa, aK(x) = U for all x ∈ X. If β(x) = U then βJa, aK(x) = (β(x) ∧ a(x)) ∨

(¬β(x) ∧ a(x)) = U . Let β(x) ∈ {T, F}. We show that a(x) = U . Let γ ∈ Oα.

Then βJγ, γK(x) = U and since β(x) ∈ {T, F} we have γ(x) = U . Also γ ∈ Oα and

so it follows that γJα, αK(x) = α(x). Since γ(x) = U it follows that α(x) = U . Since

a ∈ Eα we have αJa, aK(x) = a(x) and so a(x) = U which completes the proof.
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6.4 Conclusion

In this chapter we have delved into the algebraic structure of C-algebras with the

help of the augmented if-then-else action. We introduce a notion of annihilators

in C-algebras with T, F, U and obtain a closure operator in terms of the annihilator.

In the C-algebra of transformations
�X , we have obtained a characterisation of

closed sets and showed that the collection of closed sets forms the Boolean algebra

�X . Further, this characterisation allows us to achieve a classification of elements

of
�X such that the elements of the Boolean algebra �X form one distinct class. It

remains to be seen what characterisation may be achieved for the closed sets of an

arbitrary C-algebra with T, F, U , and whether the closed sets in such a C-algebra

always form a Boolean algebra. We also defined the notions of idempotent elements

and idempotent operations and obtain a relating factor between the two through

the closure operator.
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Atomicity

In this chapter we adopt the notion of atoms in Boolean algebras to C-algebras.

First, in Section 7.1 a partial order is given on the C-algebra M , following which the

notions of atoms and atomic C-algebras are introduced. We state various properties

related to atomicity in Section 7.2 while a characterisation of atoms in
�X is given

in Section 7.3 (cf. Theorem 7.3.1). Subsequently, we present some necessary or

sufficient conditions for the atomicity of C-algebras in Section 7.5 (cf. Theorems

7.5.1, 7.5.2, 7.5.4). Finally in Section 7.6 we obtain a characterisation of finite

atomic C-algebras and establish that they are precisely adas (cf. Theorem 7.6.3).

We conclude by proposing some avenues for further study in Section 7.7.

137
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7.1 Atoms and atomicity

In this chapter we assume that M is a C-algebra with T, F, U unless mentioned

otherwise. We denote elements of M by a, b, c and α, β, γ. The elements of the

C-algebra
�X will also be denoted by α, β, γ, δ. We continue to denote constants

T, F, U of M ≤
�X by T,F,U respectively. We begin with a partial order defined on

C-algebras and follow the notion of the partial order given in Chang [1958] regarding

MV -algebras.

Proposition 7.1.1. The relation ≤ on M defined by a ≤ b if a ∨ b = b is a partial

order on M .

Proof. Let a, b, c ∈ M . Since a ∨ a = a we have a ≤ a from which it follows that ≤

is reflexive.

Suppose that a ≤ b and b ≤ a so that a ∨ b = b and b ∨ a = a. Using the fact

that M ≤
�X for some set X we have a(x) ∨ b(x) = b(x) and b(x) ∨ a(x) = a(x) for

all x ∈ X. It suffices to consider the following three cases:

b(x) = T : Then b(x) ∨ a(x) = a(x) gives T ∨ a(x) = a(x) that is a(x) = T .

b(x) = F : Then a(x) ∨ b(x) = b(x) and so a(x) ∨ F = F so that a(x) = F .

b(x) = U : Then b(x) ∨ a(x) = a(x) that is U ∨ a(x) = a(x) and so a(x) = U .

In all three cases a(x) = b(x) and so a = b. Hence ≤ is antisymmetric.

In order to show that ≤ is transitive consider a ≤ b and b ≤ c. Then a ∨ b = b

and b ∨ c = c. It is clear that a ∨ c = a ∨ (b ∨ c) = (a ∨ b) ∨ c = b ∨ c = c and so

a ≤ c. This completes the proof.

Example 7.1.2. In the C-algebra
�

we have F ≤ T and F ≤ U while T � U and

U � T .

Remark 7.1.3. In fact F ≤ a for all a ∈ M . This partial order does not induce a

lattice structure on M .
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With this partial order we define the notion of an atom in M below.

Definition 7.1.4. An element a ∈ M where a 6= F is said to be an atom if for all

b ∈ M if F ≤ b ≤ a and b 6= a then b = F . We denote the set of atoms of M by

A (M).

For A ⊆ M where {F} ⊆ A define the atoms relative to A as those elements

a ∈ A such that for all b ∈ A if F ≤ b ≤ a and b 6= a then b = F . We denote the set

of atoms relative to A as A (A).

Example 7.1.5. In
�

we have A (
�
) = {T, U}.

Example 7.1.6. In
�
×
�

=
�2 we have A (

�2) = {(T, F ), (F, T ), (F, U), (U, F )}.

Example 7.1.7. ConsiderM =
�2\{(T, F ), (F, T )}. Then A (M) = {(T, T ), (F, U), (U, F )}.

Remark 7.1.8. The representation of elements as join of atoms need not be unique.

Consider M =
�2 \ {(T, F ), (F, T )} as in Example 7.1.7. Then (T, T ) = (T, T ) ∨

(F, U) while also (T, T ) = (T, T ) ∨ (U, F ).

Definition 7.1.9. Let {ai : 1 ≤ i ≤ N} be a finite set of atoms of M such that for

every rearrangement of (ai)
N
i=1 the join of these elements remain unchanged. More

precisely, if for every bijection σ : {1, 2, . . . , N} → {1, 2, . . . , N} we have

aσ(1) ∨ aσ(2) ∨ · · · ∨ aσ(N) = a1 ∨ a2 ∨ · · · ∨ aN = ao (say)

then define
N
⊕

i=1

ai = ao.

Remark 7.1.10. Thus
⊕N

i=1 ai exists when the ai’s commute under ∨.

Example 7.1.11. Let M =
�2. Then (T, U) = (T, F ) ⊕ (F, U).

TH-1673_11612304



140 Atomicity

Definition 7.1.12. Let M be a C-algebra with T, F, U . We say that M is atomic

if for every (F 6=) a ∈M we have

a =

N
⊕

i=1

ai

for a finite set of atoms {ai : 1 ≤ i ≤ N} ⊆ A (M).

Example 7.1.13. The C-algebra M =
�2 is atomic.

Example 7.1.14. Consider M =
�2 \ {(T, F ), (F, T )} for which

A (M) = {(T, T ), (F, U), (U, F )}. Then (T, U) cannot be written as ⊕ of atoms.

Thus M is not atomic.

7.2 Properties of atoms

In this section we list some properties that are satisfied by the set of atoms of M .

Proposition 7.2.1. Let M be a finite C-algebra with T, F, U . Then for each a ∈M

(a 6= F ) there exists ao ∈ A (M) such that ao ≤ a.

Proof. If a ∈ A (M) then we are done since a ≤ a. If a /∈ A (M) then there exists

a1 ∈M such that F � a1 � a. If a1 ∈ A (M) then we are done. If not, there exists

a2 ∈ M such that F � a2 � a1 � a. Proceeding along similar lines if there is no

atom in the list then there exists an infinite strictly descending chain of elements in

M which is a contradiction, since M is finite. The result follows.

This result suggests an immediate corollary. Note that M is atomless if

A (M) = ∅.

Corollary 7.2.2. Let M be a finite C-algebra with T, F, U . Then A (M) 6= ∅. Thus

no finite C-algebra with T, F, U is atomless.

The following result relates the effect of the partial ordering on elements of M#.
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Proposition 7.2.3. If a, b ∈ M such that a ≤ b and b ∈M# then a ∈M#.

Proof. Since the identity a ∨ ¬a = a ∨ T holds in
�
, it holds in all C-algebras. We

have a ∨ b = b since a ≤ b. Further, b ∈ M# gives b ∨ ¬b = T . Thus a ∨ ¬a =

a ∨ T = a ∨ (b ∨ ¬b) = (a ∨ b) ∨ ¬b = b ∨ ¬b = T which completes the proof.

We have the following corollary, which can also be proved independently.

Corollary 7.2.4. If a ∈M such that a ≤ T then a ∈M#.

We now list some properties which are useful in establishing the characterisation

of atomic C-algebras.

Proposition 7.2.5. The following hold for all α, γ, δ ∈M :

(i) α ∧ F ≤ α.

(ii) α ∧ F ≤ U .

(iii) α ∧ F = U ⇔ α = U .

(iv) α ∧ F = F ⇔ α ∈M#.

(v) α ∧ F = α ⇔ α ∧ β = α for all β ∈M .

(vi) α ≤ γ ⇒ α ∧ γ = α.

(vii) α ≤ α ∨ β for all β ∈M .

(viii) α ≤ δ and γ ≤ δ ⇒ α ∨ γ ≤ δ.

Proof.

(i) In the C-algebra
�

consider the identity (α ∧ F ) ∨ α = α:

α = T : (T ∧ F ) ∨ T = F ∨ T = T .

α = F : (F ∧ F ) ∨ F = F ∨ F = F .
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α = U : (U ∧ F ) ∨ U = U ∨ U = U .

Thus this identity holds in
�

and so it holds in all C-algebras. It follows that

α ∧ F ≤ α.

(ii) In the C-algebra
�

consider the identity (α ∧ F ) ∨ U = U :

α = T : (T ∧ F ) ∨ U = F ∨ U = U .

α = F : (F ∧ F ) ∨ U = F ∨ U = U .

α = U : (U ∧ F ) ∨ U = U ∨ U = U .

Since this identity holds in
�

it therefore holds in all C-algebras. It follows

that α ∧ F ≤ U .

(iii) Clearly U ∧ F = U . Suppose that α ∧ F = U . Since M ≤
�X for some set X

we have α(x) ∧ F = U for all x ∈ X. If α(xo) ∈ {T, F} for some xo ∈ X then

α(xo) ∧ F = F , a contradiction. Hence α(x) = U for all x ∈ X so that α = U

in M .

(iv) Clearly if α ∈M# then α∧F = F . Note that the identities α∧F = α∧¬α and

¬α∨α = α∨¬α hold in all C-algebras since they hold in
�
. Thus α∧¬α = F .

Using (1.26) we have ¬α∨α = T so that α∨¬α = T . Consequently α ∈M#.

(v) It is clear that α∧β = α for all β ∈M ⇒ α∧F = α. Suppose that α∧F = α.

Then for β ∈M we have α ∧ β = (α ∧ F ) ∧ β = α ∧ (F ∧ β) = α ∧ F = α.

(vi) Since α ≤ γ we have α∨γ = γ. Thus α∧γ = α∧(α∨γ) = α using (1.25),(1.26)

and (1.30).

(vii) Consider α ∨ (α ∨ β) = (α ∨ α) ∨ β = α ∨ β. Thus α ≤ α ∨ β.

(viii) Consider (α ∨ γ) ∨ δ = α ∨ (γ ∨ δ) = α ∨ δ = δ. Thus α ∨ γ ≤ δ.
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Remark 7.2.6. Note that the converse of Proposition 7.2.5(vi) is not true in general.

For instance U ∧ F = U , however U � F .

Proposition 7.2.7. Let a ∈ M be such that a =
N
⊕

i=1

ai where ai ∈ A (M) for all

1 ≤ i ≤ N . Then ai ≤ a for all 1 ≤ i ≤ N .

Proof. Consider ai ∨ a = ai ∨ (
⊕N

j=1 aj) = ai ∨ (ai ∨
∨

j 6=i aj) = (ai ∨ ai) ∨
∨

j 6=i aj =

ai ∨
∨

j 6=i aj =
⊕N

j=1 aj = a.

Proposition 7.2.8. A (M) ∩M# = A (M#). Moreover, A (M) ∩ (M#)c ⊆ {a ∈

M : a ∧ b = a for all b ∈M}.

Proof. Let a ∈ A (M)∩M#. Suppose that there exists b ∈M# such that F � b � a.

It follows that b ∈M such that F � b � a which is a contradiction to the fact that

a ∈ A (M). Conversely if a ∈ A (M#) then clearly a ∈ M#. If there exists b ∈ M

such that F � b � a then using Proposition 7.2.3 we have b ∈ M# which is a

contradiction to the fact that a ∈ A (M#). The result follows.

Let a ∈ A (M) ∩ (M#)c. In order to show that a is a left-zero for ∧, using

Proposition 7.2.5(v) it suffices to show that a ∧ F = a. Suppose if possible that

a ∧ F 6= a. Using Proposition 7.2.5(i) we have a ∧ F � a and so since a ∈ A (M) it

must follow that a ∧ F = F . Consider M ≤
�X for some set X. Then a ∧ F = F.

If a(xo) = U for some xo ∈ X then (a ∧ F)(xo) = a(xo) ∧ F = U ∧ F = U 6= F ,

a contradiction. Thus a(x) ∈ {T, F} for all x ∈ X and so a ∈ M# which is a

contradiction to our assumption that a ∈ (M#)c. Hence a ∧ F = a so that a is a

left-zero for ∧.

The following result gives a necessary condition for a to be an atom of M .

Proposition 7.2.9. If a ∈ A (M) then a ∧ b ≤ b or a ∧ b = a for all b ∈M .

Proof. Let a ∈ A (M) and b ∈ M . If a ∧ b ≤ b then we are through. Suppose not.

If a ∈ A (M) ∩M c
# then using Proposition 7.2.8 we have a is a left-zero for ∧ from
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which the result follows. If a ∈ A (M)∩M# then consider M ≤
�X for some set X.

Thus a = a
T,A

for some ∅ 6= A ⊆ X so that

(a ∧ b)(x) =











b(x), if x ∈ A;

F, otherwise.

Hence ((a ∧ b) ∨ b)(x) = b(x) for all x ∈ X so that a ∧ b ≤ b.

Remark 7.2.10. The converse of Proposition 7.2.9 need not be true, i.e., if a∧ b ≤

b or a ∧ b = a for all b ∈ M then a need not be in A (M). Consider M =
�4

and a = (U,U, F, F ) ∈
�4. This is a left-zero for ∧ but is not an atom since

(F, F, F, F ) ≤ (U, F, F, F ) ≤ (U,U, F, F ).

Remark 7.2.11. (i) For a ∈ A (M) and b ∈ M either a ≤ b or a ∧ b ≤ b need

not, in general, hold. Consider M = {(T, T, T, T ), (F, F, F, F ), (U,U, U, U),

(T, T, F, F ), (F, F, T, T ), (U,U, F, F ), (U,U, T, T ), (F, F,U, U), (T, T, U, U)} ≤
�4.

Take a = (F, F, U, U) ∈ A (M) and b = (U,U, T, T ) ∈ M . However a =

(F, F, U, U) � (U,U, T, T ) = b and a ∧ b = (F, F, U, U) � (U,U, T, T ) = b.

Note that in this case a ∧ b = a.

(ii) For a ∈ A (M) and b ∈ M it need not be true that a ∧ b ∈ A (M). Consider

M = {(T, T ), (F, F ), (U,U), (F, U), (T, U)} ≤
�2. Take a = (T, T ) ∈ A (M)

and b = (T, U) ∈ M . Then a ∧ b = (T, U) /∈ A (M).

(iii) For a, b ∈ M it need not be true that b ≤ a ∨ b. For instance in
�

we have

T � U ∨ T = U .

(iv) For a, b ∈ M we need not have a ∧ b ≤ a nor a ∧ b ≤ b in general. Consider

M =
�3, a = (T, U, F ) and b = (U, T, F ). Then a∧ b = (U,U, F ) � (T, U, F ) =

a and a ∧ b = (U,U, F ) � (U, T, F ) = b.

(v) For a ∈ A (M) it need not hold that a ∧ U ∈ A (M). Consider M =
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{(T, T ), (F, F ), (U,U), (F, U), (T, U)} ≤
�2 and a = (T, T ) ∈ A (M) (since

A (M) = {(T, T ), (F, U)}). However a∧U = (T, T )∧(U,U) = (U,U) /∈ A (M).

Let M̂ be the enveloping ada of M as defined in Remark 1.4.11. We have the

following properties in M̂ .

Proposition 7.2.12. The following are equivalent for all β ∈M :

(i) β is a left-zero for ∧.

(ii) β ∧ F = β.

(iii) β↓ = F in M̂ .

Proof. ((i) ⇔ (ii)) This is shown in Proposition 7.2.5(v).

((ii) ⇒ (iii)) Let β ∧ F = β. Consider M̂ ≤
�X for some set X. Then (β ∧ F)(x) =

β(x) gives β(x) ∈ {F, U} for all x ∈ X. Thus (β↓)(x) = (β(x))↓ = F for all x ∈ X.

Hence β↓ = F in M̂ .

((iii)) ⇒ (ii)) Let β↓ = F in M̂ . Consider M̂ ≤
�X for some set X. Then (β↓)(x) =

(β(x))↓ = F for all x ∈ X. It follows that β(x) ∈ {F, U} for all x ∈ X and so

(β ∧ F)(x) = β(x) for all x ∈ X. Hence β ∧ F = β in M .

The left-zeros of M play an important role in understanding the atomicity of M .

Notation 7.2.13. For ϕ ∈
�X denote by ϕ

T,A
the element represented by the pair of

sets (A,Ac) and ϕ
U,A

the element represented by the pair of sets (∅, Ac). If A = {x}

then we simply use the notation ϕ
T,x

and ϕ
U,x

.

We now establish a relation between atoms of M# and those of M c
# for an ada

M .

Theorem 7.2.14. Let M be an ada. There exists a bijection between the sets

A (M) ∩M c
# and A (M) ∩M#.
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Proof. Consider the function G : A (M)∩M c
# → A (M)∩M# given by the following:

G(α) = ¬((¬α)↓).

Let α ∈ A (M)∩M c
#. It is straightforward to deduce that G(α) ∈ M#. Consider

M ≤
�X for some set X. Since α is a left-zero for ∧ we have α = α

U,A
for some

∅ 6= A ⊆ X. It follows that G(α) = ¬((¬α)↓) = δ
T,A

. If G(α) is not an atom of M#

then there exists γ = γ
T,B

where ∅ 6= B ( A and F � γ � δ. Thus β = γ∧U = β
U,B

and F � β � α which is a contradiction to the fact that α ∈ A (M)∩M c
#. It follows

that G is well-defined.

Suppose that ¬((¬α)↓) = ¬((¬β)↓) for some α, β ∈ A (M)∩M c
#. Then (¬α)↓ =

(¬β)↓ ∈ M#. Consider M ≤
�X for some set X. Then (¬α)↓ = (¬β)↓ = γ

T,A
for

some A ⊆ X. It follows that ¬α and ¬β can be represented by the pairs of sets

(A,Bα) and (A,Bβ) where Bα, Bβ ⊆ Ac. Thus α and β can be represented by the

pairs of sets (Bα, A) and (Bβ, A) where Bα, Bβ ⊆ Ac. Since α, β ∈ A (M) ∩M c
# we

have α = α
U,C

and β = β
U,D

for some C,D ⊆ X. Hence in the representation for

α and β that is (Bα, A) and (Bβ, A) respectively we must have Bα = ∅ = Bβ . It

follows that α = β and so G is injective.

Let β ∈ A (M)∩M#. Consider M ≤
�X for some set X. It follows that β = β

T,A

for some ∅ 6= A ⊆ X. Consider α = β ∧ U = α
U,A

∈ M c
#. Along similar lines as in

the proof for the well-definedness of G, we show that α ∈ A (M) ∩M c
#. Further,

G(α) = β so that G is surjective.

Corollary 7.2.15. Let M be a finite ada. Then |A (M)| is even.
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7.3 Atomicity of
�X

In this section we consider the C-algebra
�X and first establish a characterisation

for its atoms.

Theorem 7.3.1. Let X be any set. Then A (
�X) = {α ∈

�X : there exists a unique

xo ∈ X such that α(xo) ∈ {T, U}}.

Proof. Let M =
�X and A = {α ∈M : there exists a unique xo ∈ X such that

α(xo) ∈ {T, U}}. Let α ∈ A. If α is not an atom then there exists β ∈ M such

that F � β � α. Since α ∈ A we have α(x) = F for all x 6= xo. Thus since

F ≤ β(x) ≤ α(x) we must have β(x) = F for all x 6= xo. It is clear that since β � α

we must have β(xo) � α(xo) and so β(xo) = F . This holds as F � T and F � U

but T � U and U � T . However this gives β = F which is a contradiction. Thus

α ∈ A (M).

Conversely suppose that α ∈ A (M) but α /∈ A. Then either there exist xo, yo ∈

X where xo 6= yo and α(xo), α(yo) ∈ {T, U} or we have α(x) = F for all x ∈ X.

If α(x) = F for all x ∈ X then clearly α = F and so α /∈ A (M) which is a

contradiction. If there exist xo, yo ∈ X where xo 6= yo and α(xo), α(yo) ∈ {T, U}

then consider β ∈M given by the following:

β(x) =











α(x), if x 6= xo;

F, if x = xo.

It is easy to see that F ≤ β(x) ≤ α(x) for all x ∈ X and so F ≤ β ≤ α. Since

β(xo) = F � α(xo) and β(yo) = α(yo) ∈ {T, U} we have F � β � α which is a

contradiction to the assumption that α ∈ A (M). The result follows.

This gives us the following result on the number of atoms in
�X .

Corollary 7.3.2. For X 6= ∅ we have |A (
�X)| = 2 × |X|.
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In view of the fact that all finite adas are isomorphic to
�X (cf. Remark 1.4.15)

we note that Corollary 7.3.2 is in fact a stronger version of Corollary 7.2.15.

We now study the set of atoms in
�X that have existence of ⊕.

Notation 7.3.3. Let α ∈ A (
�X). Using Theorem 7.3.1, denote by xα the unique

co-ordinate satisfying α(xα) ∈ {T, U}.

Theorem 7.3.4. Let {αi : 1 ≤ i ≤ N} be a finite set of atoms in
�X . Then

N
⊕

i=1

αi

exists if and only if xαi
6= xαj

for all i 6= j. Further

N
⊕

i=1

αi(x) =











αi(xαi
), if x = xαi

;

F, otherwise.

Proof. Let xαi
6= xαj

for all i 6= j. Thus using Theorem 7.3.1 for any x ∈ X there

exist at most one αx in this collection such that αx(x) ∈ {T, U}. In view of the fact

that F is a left and right-identity for ∨ we have

α1(x) ∨ α2(x) ∨ · · · ∨ αN (x) =











αi(xαi
), if x = xαi

for some 1 ≤ i ≤ N ;

F, otherwise.

Hence for any bijection σ : {1, 2, . . . , N} → {1, 2, . . . , N} we have:

ασ(1)(x) ∨ ασ(2)(x) ∨ · · · ∨ ασ(N)(x) =











αi(xαi
), if x = xαi

for some 1 ≤ i ≤ N ;

F, otherwise.

It follows that ασ(1) ∨ ασ(2) ∨ · · · ∨ ασ(N) = α1 ∨ α2 ∨ · · · ∨ αN and so

N
⊕

i=1

αi exists.

Conversely suppose that

N
⊕

i=1

αi exists and xαi
= xαj

for some i 6= j. Without

loss of generality assume that αi(xαi
) = T while αj(xαi

) = U . It follows that for the
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bijection σ : {1, 2, . . . , N} → {1, 2, . . . , N} given by

σ(n) =



























i, if n = 1;

j, if n = 2;

n, otherwise

we have ασ(1)(xαi
)∨ασ(2)(xαi

)∨· · ·∨ασ(N)(xαi
) = αi(xαi

)∨αj(xoαi
)∨· · ·∨ασ(N)(xoαi

) =

T ∨ U ∨ · · · ∨ ασ1(N)(xαi
) = T , since T is a left-zero for ∨.

On the other hand for the bijection τ : {1, 2, . . . , N} → {1, 2, . . . , N} where

τ(n) =



























j, if n = 1;

i, if n = 2;

n, otherwise

we have ατ(1)(xαi
)∨ατ(2)(xαi

)∨· · ·∨ατ(N)(xαi
) = αj(xαi

)∨αi(xαi
)∨· · ·∨ατ(N)(xαi

) =

U ∨ T ∨ · · · ∨ ατ(N)(xαi
) = U , since U is a left-zero for ∨. This is a contradiction to

the assumption that
⊕N

i=1 αi exists and the result follows. The expression for
⊕

αi

is also clear from the above proof.

Theorem 7.3.5. If X is finite then
�X is atomic.

Proof. Let β ∈
�X such that β 6= F. Using the pairs of sets representation of

�X

identify β with the pair of sets (A,B). Since β 6= F it follows that Bc 6= ∅. Consider

the family of elements defined by the following for y ∈ Bc:

αy(x) =











β(y), if x = y;

F, otherwise.

Using Theorem 7.3.1 since αy(y) = β(y) ∈ {T, U} we have αy ∈ A (
�X) for each

y ∈ Bc. Further there are finitely many αy since X and therefore Bc is finite. Note
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that xαy
= y and so xαy

6= xαz
for y 6= z. Consequently, using Theorem 7.3.4

⊕

y∈Bc

αy

exists.

For x ∈ B we have β(x) = F . Also αy(x) = F for all y ∈ Bc and so
⊕

αy(x) =

F = β(x). For x ∈ Bc using Theorem 7.3.4 we have
⊕

αy(x) = αx(x) = β(x). Thus

we have a finite set {αy : y ∈ Bc} ⊆ A (
�X) such that

⊕

αy = β. Hence
�X is

atomic.

Remark 7.3.6. Note that
�X where X is infinite will be non-atomic since the

element T can never be expressed in terms of finitely many atoms.

7.4 g-closed C-algebras

In this section we consider M ≤
�X and try to understand the atomicity of M from

information about the atoms of
�X . First we justify the feasibility of this approach.

Remark 7.4.1. Let φ : M →
�X be a C-algebra embedding. Then φ is also

order-preserving. Let x ≤ y ∈ M . Then φ(x) ∨ φ(y) = φ(x ∨ y) = φ(y) and so

φ(x) ≤ φ(y).

Thus we make use of the notion of atoms in
�X to gain an understanding of the

same in M where M ≤
�X . In this section we assume that M ≤

�X .

Remark 7.4.2. It is straightforward to verify thatM∩A (
�X) ⊆ A (M). In general

the inclusion could be proper.

To illustrate this consider

M = {(T, T ), (F, F ), (U,U), (F, U), (U, F ), (T, U), (U, T )}

where M ≤
�2. Then A (M) = {(F, U), (U, F ), (T, T )} ) M ∩A (

�2) since (T, T ) /∈

A (
�2).
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Thus not all atoms of M are atoms of
�X . The atoms of M that remain atoms

in
�X are in some sense global atoms. If every atom of M is an atom of

�X , and

therefore, a global atom, then M is closed with respect to global atoms. Thus we

define the following notion.

Definition 7.4.3. M is said to be closed with respect to global atoms in
�X if

A (M) ⊆ A (
�X). In short we say that M is g-closed in

�X .

Remark 7.4.4. If M is g-closed in
�X then we have A (M) = M ∩ A (

�X).

Remark 7.4.5. Consider M ≤
�2. The subalgebras of

�2 are as follows:

M0 = {(T, T ), (F, F ), (U,U)},

M1 = {(T, T ), (F, F ), (U,U), (F, U), (T, U)},

M2 = {(T, T ), (F, F ), (U,U), (U, F ), (U, T )},

M3 = {(T, T ), (F, F ), (U,U), (F, U), (T, U), (U, F ), (U, T )},

M4 =
�2.

The set of atoms of each subalgebra are as follows:

A (M0) = {(T, T ), (U,U)},

A (M1) = {(T, T ), (F, U)},

A (M2) = {(T, T ), (U, F )},

A (M3) = {(T, T ), (F, U), (U, F )},

A (M4) =
�2.

Since (T, T ) ∈ A (Mi) for 0 ≤ i ≤ 3 and (T, T ) /∈ A (
�2), no proper subalgebra is

g-closed in
�2.

We ascertain all the globally closed subalgebras of
�X . To that aim we first have

the following result.
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Lemma 7.4.6. Let M ≤
�X where X is finite. If A (M) = A (

�X) then M =
�X.

Proof. Let α ∈
�X . If α = F then we are done since F ∈ M . Suppose that α 6= F.

Then α can be represented by the pair of sets (A,B) where Bc 6= ∅. Consider as

earlier for each y ∈ Bc the family of elements given below:

αy(x) =











α(y), if x = y;

F, otherwise.

Using Theorem 7.3.1 we have αy ∈ A (
�X). Further A (M) = A (

�X) gives αy ∈

A (M) ⊆ M . Note that since X is finite, so is Bc. Consequently there are only

finitely many such αy. Moreover using Theorem 7.3.4
⊕

αy exists and so
⊕

αy ∈
�X

so that
⊕

αy ∈ M . It is straightforward to verify that
⊕

y∈Bc

αy = α so that α ∈ M .

Thus M =
�X .

Theorem 7.4.7. Let M be g-closed in
�X where X is finite. Then M =

�X.

Proof. We describe an algorithmic mechanism to generate all atoms from one. In

view of Lemma 7.4.6, on obtaining A (M) = A (
�X) we then have M =

�X . It

suffices to show that α
T,x

∈M for each x ∈ X, because if α
T,x

∈M then α
T,x

∧U =

α
U,x

∈M .

Since X is finite we have M is finite. Using Proposition 7.2.1 and Proposition

7.2.3 for T ∈ M there exists α ∈ A (M) such that α ≤ T so that α ∈ M# ≤ �X .

Since M is g-closed in
�X we have α ∈ A (

�X) so that α = α
T,x1

for some x1 ∈ X.

Define β1 = α
T,x1

and so ¬β1 = ¬α
T,x1

= α
T,X\{x1}

. If ¬β1 is an atom then

X \ {x1} is a singleton and so X = {x1, x2} and so the algebra is
�2. The only

subalgebra g-closed in
�2 is itself and we are done.

If ¬β1 is not an atom then there exists α
T,x2

∈ A (M) such that α
T,x2

≤ ¬β1 ≤ T.

Define β2 = α
T,x2

and so ¬β2 = ¬α
T,x2

= α
T,X\{x2}

. If ¬β2 is an atom then we are

through. Else there exists α
T,x3

∈ A (M) such that α
T,x3

≤ ¬β2 ≤ T. Define

β3 = α
T,x3

and so ¬β3 = ¬α
T,x3

= α
T,X\{x3}

and so on.
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This process can take at most |X| steps. Further, as mentioned above if α
T,x

∈M

then α
T,x

∧ U = α
U,x

∈ M so that A (M) = A (
�X). Hence M =

�X .

Corollary 7.4.8. The collection of g-closed subalgebras in
�X where X is finite

comprises atomic algebras.

Remark 7.4.9.

(i) Let M ≤
�X where X is finite and M is not g-closed in

�X . Then M may be

atomic. For instance, consider M = M0 ≤
�2 as given in Remark 7.4.5. We

know that M0 is not g-closed in
�2. However M0 is clearly atomic.

(ii) Let M ≤
�X where X is finite, M is non-trivial and M is not g-closed in

�X .

ThenM may still be atomic. ConsiderM = {(T, T, T, T ), (F, F, F, F ), (U,U, U, U),

(T, T, F, F ), (F, F, T, T ), (U,U, F, F ), (U,U, T, T ), (F, F,U, U), (T, T, U, U)} ≤
�4.

In this case A (M) = {(T, T, F, F ), (F, F, T, T ), (U,U, F, F ), (F, F, U, U)} and

so it is not g-closed in
�4. However M is atomic.

7.5 Non-atomic C-algebras

In this section we investigate the relation between the atomicity of M# and that of

M . It is a straightforward assertion that if M is a finite C-algebra with T, F, U then

no such relation holds since M# is always atomic but M need not be so. However

the question stands in the case where M is infinite. In this section we consider M

to be a C-algebra with T, F, U unless otherwise mentioned.

Theorem 7.5.1. If M# is non-atomic then M is non-atomic.

Proof. If possible let M# be non-atomic and M be atomic. Let a ∈ M# ⊆ M

then there exist finitely many ai ∈ A (M) such that a =
⊕

ai. Using Proposition

7.2.7 we have ai ≤ a. Moreover, using Proposition 7.2.3 we have ai ∈ M#. Further

using Proposition 7.2.8 we have A (M) ∩M# = A (M#) so that ai ∈ A (M#) and

a =
⊕

ai. Thus M# is atomic, a contradiction.
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The following result relates to atomless adas.

Theorem 7.5.2. Let M be an ada. If M# is atomless then M is atomless.

Proof. If possible let M# be atomless but M not be atomless. Therefore let α ∈

A (M). It is clear that α /∈ M# since otherwise using Proposition 7.2.8 we have

α ∈ A (M) ∩M# = A (M#) which is a contradiction since M# is atomless. Thus

α ∈M c
# and so α↓ 6= α (cf. Remark 1.4.13). We have the following cases.

Case I : α↓ 6= F : The ada identity α↓ ∨ α = α holds in
�

and therefore in all

adas. Thus we have F � α↓ � α which is a contradiction since α ∈ A (M).

Case II : α↓ = F : Using Proposition 7.2.8 we have α ∈ {a ∈ M : a ∧ b =

a for all b ∈ M}. Consider M ≤
�X for some set X. It follows that α = α

U,A
for

some A ⊆ X. This is true since if α(x) = T for some x ∈ X then α↓(x) = T and so

α↓ 6= F. Also A 6= ∅ since α 6= F. Then

¬α(x) = ¬α
U,A

(x) =











U, if x ∈ A;

T, otherwise.

Then (¬α)↓ ∈M since M is an ada so that

(¬α)↓(x) =











F, if x ∈ A;

T, otherwise.

In fact (¬α)↓ ∈M#. Consider ¬((¬α)↓) ∈M# where in fact ¬((¬α)↓) = β
T,A

∈M#.

Since M# is atomless it follows that there exists β
T,B

∈ M# where ∅ 6= B ( A and

F � β
T,B

� β
T,A

. Consider β
U,B

= β
T,B

∧ U ∈ M . Since ∅ 6= B ( A we have

F � β
U,B

� α
U,A

= α which is a contradiction to the fact that α ∈ A (M).

Remark 7.5.3. Theorem 7.5.2 allows us to construct an atomless ada from an

atomless Boolean algebra. For an atomless Boolean algebra B, the ada B? will also
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be atomless. For further reading on atomless Boolean algebras refer to Givant and

Halmos [2009].

Theorem 7.5.4. Let M be a finite C-algebra with T, F, U such that |M | > 3 and

T ∈ A (M). Then M is not atomic.

Proof. Since T ∈ A (M) it is clear that M# = {T, F}. Since |M | > 3 there exists

γ ∈ M \ {T, F, U} and since M is finite, using Proposition 7.2.1 there exists α ∈

A (M) such that α ≤ γ. Clearly α ∈ A (M) ∩M c
#.

Consider M ≤
�X for some set X. Then α = α

U,A
for some ∅ 6= A ⊆ X. Suppose

that A = X. Then α = U ∈ A (M). Hence M = {T,F,U} else if there was some

β ∈ M c
# \ {U} then using Proposition 7.2.5(ii) we have F � β ∧ F � U which is a

contradiction to the fact that U ∈ A (M). Thus M = {T,F,U}, a contradiction to

our assumption that M is non-trivial. Thus α = α
U,A

where ∅ 6= A ( X.

Suppose that M is atomic. Consider ¬α ∈ M c
#. There exist finitely many

ai ∈ A (M) such that ¬α =
⊕

ai. Clearly T /∈ {ai} since T ∨ a = T 6= ¬α. Since

M# = {T,F} we have A (M) \ {T} ⊆ M c
#. Thus ai = a

U,Ai
for ∅ 6= Ai ⊆ X.

However ¬α = ¬α
U,A

where ∅ 6= A ( X and so we have

¬α(x) =











U, if x ∈ A;

T, otherwise.

Moreover ¬α =
⊕

a
U,Ai

gives

¬α(x) =











U, if x ∈ Ai for some i;

F, otherwise.

This is a contradiction since A ( X which implies that ¬α(xo) = T for some xo ∈ X.

Hence M is not atomic.

Corollary 7.5.5. Let M be a finite C-algebra with T, F, U such that |M | > 3. Then
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M c
# = M c

# ∪ {T, F} is never atomic.

Proof. Note that M c
# is also a non-trivial finite C-algebra with T, F, U . Since

(M c
#)# = {T, F} we have T ∈ A (M c

#). The result follows from Theorem 7.5.4.

Remark 7.5.6. The converse of Theorem 7.5.4 need not be true. That is, if M be a

C-algebra with T, F, U such thatM is not atomic then T need not be in A (M). Con-

sider M = {(T, T, T ), (F, F, F ), (U,U, U), (U, F, F ), (U, T, T ), (F, F, T ), (T, T, F ),

(F, F, U), (T, T, U), (U,U, F ), (U, T, F ), (U, F, T ), (U, F, U), (U, T, U), (U,U, T )} ≤
�3.

Then (T, T, T ) /∈ A (M) since A (M) = {(U, F, F ), (F, F, T ), (T, T, F ), (F, F, U)}.

However M is not atomic since (U, T, F ) can only be written as join of atoms

(U, F, F ) and (T, T, F ) but the ⊕ of these atoms is not defined.

7.6 Finite atomic C-algebras

In this section we establish a characterisation of all finite atomic C-algebras. First

we establish some results on the existence of ⊕ in M where M is an arbitrary

C-algebra with T, F, U .

Proposition 7.6.1. Consider M ≤
�X for some set X and let αi ∈M for 1 ≤ i ≤

N be represented by the pairs of sets (Ai, Bi) respectively. Then
⊕

1≤i≤N

αi exists if

and only if Ai ∩ (Aj ∪Bj)
c = ∅ for all i, j ∈ I.
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Proof. If Ai ∩ (Aj ∪ Bj)
c = ∅ for all i, j ≤ N then

α1(x) ∨ α2(x) ∨ · · · ∨ αN(x) =



























T, if x ∈ A1;

U, if x ∈ (A1 ∪B1)
c;

α2(x) ∨ α3(x) ∨ · · · ∨ αN(x), otherwise.

=























































T, if x ∈ A1;

U, if x ∈ (A1 ∪ B1)
c;

T, if x ∈ A2;

U, if x ∈ (A2 ∪ B2)
c;

α3(x) ∨ · · · ∨ αN (x), otherwise.

Note that the well-definedness of this expression follows from the fact that Ai∩(Aj∪

Bj)
c = ∅ so that we do not have x ∈ A1 ∩ (A2 ∪ B2)

c or x ∈ A2 ∩ (A1 ∪ B1)
c. This

process yields the following:

α1(x) ∨ α2(x) ∨ · · · ∨ αN(x) =



























T, if x ∈
⋃

Ai;

U, if x ∈
⋃

(Ai ∪ Bi)
c;

F, otherwise

which is well-defined and establishes that the join is independent of the order of the

elements. Consequently
⊕

1≤i≤N αi exists and can be expressed as follows:

⊕

1≤i≤N

αi(x) =



























T, if x ∈ Ai for some 1 ≤ i ≤ N ;

U, if x ∈ (Ai ∪ Bi)
c for some 1 ≤ i ≤ N ;

F, otherwise.

Conversely, suppose if possible that x ∈ Ai∩(Aj ∪Bj)
c for some x ∈ X and some
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i, j ≤ N where i 6= j. Then (αi∨αj)(x) = T∨U = T while (αj∨αi)(x) = U∨T = U ,

a contradiction to the fact that
⊕

1≤i≤N αi is defined. The result follows.

Proposition 7.6.2. Let αi ∈ M for i ∈ I where I is finite, such that
⊕

i∈I

αi exists.

Consider ∅ 6= J ⊆ I. Then
⊕

j∈J

αj exists.

Proof. Consider M ≤
�X for some set X. Let αi be identified with the pair of

sets (Ai, Bi) for each i ∈ I. Since
⊕

i∈I αi exists, using Proposition 7.6.1 we have

Ai1 ∩ (Ai2 ∪Bi2)
c = ∅ for all i1, i2 ∈ I. Thus Aj1 ∩ (Aj2 ∪Bj2)

c = ∅ for all j1, j2 ∈ J

so that
⊕

j∈J αj exists.

We now arrive at the main result in this section.

Theorem 7.6.3. Let M be a finite C-algebra with T, F, U . M is atomic if and only

if M is an ada.

Proof. (⇐) In view of Remark 1.4.15 we have M is isomorphic to
�X for some finite

set X. Using Theorem 7.3.5 we establish that M is atomic.

(⇒) If possible let M be atomic and M not be an ada. Then M � M̂ where M̂

is the enveloping ada of M . Consider M̂ ≤
�X as adas for some finite set X. Thus

M ≤ M̂ ≤
�X as C-algebras.

Since M � M̂ there exists γ ∈ M such that γ↓ /∈ M . Therefore there exists

x1 ∈ X such that γ(x1) = T since otherwise γ↓ = F ∈ M . Further, there exists

x2 ∈ X such that γ(x2) = U since otherwise γ↓ = γ ∈M , a contradiction. Hence γ

can be identified with the pair of sets (A,B) where A 6= ∅ 6= (A ∪B)c.

Since M is atomic there exist αi where i ∈ I (I: finite) and αi ∈ A (M) ∩M#

and βj where j ∈ J (J : finite) and βj ∈ A (M) ∩M c
# such that

γ = (
⊕

αi) ⊕ (
⊕

βj).

It is clear that each αi can be identified with the pair of sets (Ai, A
c
i) and that each
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βj can be identified with the pair of sets (∅, Bc
j) where Ai, Bj ⊆ X. In other words

αi = α
T,Ai

and βj = β
U,Bj

.

Since we have ascertained that A 6= ∅ 6= (A ∪ B)c we have I 6= ∅ 6= J . Since ⊕

is defined, using Proposition 7.6.1 we have Ai ∩ (∅ ∪ (Bj)
c)c = Ai ∩ Bj = ∅ for all

i ∈ I and j ∈ J . Further,
⋃

Ai = A.

Since I is finite we have
⊕

αi ∈M# ⊆ M . Also
⊕

αi = γ↓ since γ↓ is represented

by the pair of sets (A,Ac) and
⊕

αi is represented by the pair of sets (
⋃

Ai, (
⋃

Ai)
c).

Thus γ↓ ∈M which is a contradiction. The result follows.

7.7 Conclusion

In this chapter we have defined the notions of atoms and atomicity in C-algebras by

adopting the partial order of Chang [1958]. After obtaining some properties related

to atomicity, we obtain a characterisation of atoms in
�X . We have also presented

necessary or sufficient conditions for the atomicity of C-algebras and have showed

that the class of finite atomic C-algebras is precisely that of finite adas.

A point of interest would be to enquire whether the representation of elements

through atoms by ⊕ as defined in this chapter is unique. Further, by the definition

of atomic C-algebras proposed by us, we note that
�X is not atomic for infinite X.

It is therefore desirable to obtain a suitable definition for atomicity so that
�X is

atomic for any set X.
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