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Abstract

In this thesis, we study certain properties of the eigenfunctions of the Laplacian and their

application in harmonic analysis on homogeneous trees. The topics we study in the thesis

are the following:

First we characterize all eigenfunctions of the Laplacian on homogeneous trees, which

are the Poisson transform of Lp functions defined on the boundary. Using the duality

argument, we also prove the restriction theorem for the Helgason-Fourier transforms on

a homogeneous tree.

In 1980, J. Roe proved that if {fk}k∈Z is doubly infinite sequence of functions in R

which is uniformly bounded and satisfies dfk/dx = fk+1 for all k ∈ Z then f0(x) =

a sin(x + θ) for some a, θ ∈ R. Later in 1993, Strichartz suitably extended the above

result to Rn. The second topic of this thesis mainly deals with some variant of their

results on homogeneous trees.

At last we study the chaotic dynamics of semigroups generated by the Laplacian.

Let f be a non-constant complex holomorphic function defined on a connected open set

containing the Lp-spectrum of the Laplacian L on a homogeneous tree. In this work we

give a necessary and sufficient condition for the semigroup T (t) = etf(L) to be chaotic on

Lp-spaces. Apart from this, we also study the dynamical behaviour of the semigroups

generated by affine functions. It includes some of the important semigroups such as the

heat semigroup and the Schrödinger semigroup.

x
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CHAPTER 1

Introduction

A homogeneous tree X of degree q+ 1 is a connected graph with no loops, in which every

vertex is adjacent to q + 1 other vertices. We shall henceforth assume q ≥ 2, unless

specified. We denote by d(x, y) the natural distance between any two vertices x and y,

which is the number of edges joining them. The canonical Laplacian L on X is then

defined by

Lf(x) = f(x)− 1

q + 1

∑
y:d(x,y)=1

f(y).

Let Ω be the boundary of X. For z ∈ C, the Poisson transform PzF of a function

F ∈ L2(Ω) is defined by

PzF (x) =

∫
Ω

p1/2+iz(x, ω)F (ω)dν(ω),

where p(x, ω) denotes the Poisson kernel on X. A detailed information regarding these

topics has been gathered in Chapter 2, however for more exhaustive treatments we refer

[12, 13, 14]. Here it is worth mentioning that we use a different parametrization of the

Poisson transform from that of the above mentioned references. Our PzF corresponds to

their P1/2+izF and all other related quantities are accordingly reparametrized.

1
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2 Chapter 1. Introduction

1.1 Eigenfunctions of the Laplacian

In [13] Figà-Talamanca and Picardello proved that if F ∈ L2(Ω), then PzF is an eigen-

function of L with the eigenvalue γ(z) where

γ(z) = 1− q1/2+iz + q1/2−iz

q + 1
for all z ∈ C.

Later Mantero and Zappa [29] gave a complete characterization of the eigenfunctions of the

Laplacian as Poisson transforms of martingales, for almost every z ∈ C. More precisely,

for z ∈ C, let Ez(X) be the eigenspace of the Laplacian with eigenvalue γ(z), K′(Ω) be

the space of all martingales defined on the boundary Ω, and also let τ = 2π/ log q. Then

the following result holds.

Theorem 1.1.1 ([29, Theorem A]). Let z ∈ C \ {(kτ + i)/2 : k ∈ Z}. Then the map

Pz : K′(Ω)→ Ez(X) is a bijection.

A detailed treatment of the above characterization is also given in [12, chapter 2].

The Poisson transform defined on a homogeneous tree is a natural analogue of the

Poisson transform on hyperbolic spaces. In fact a homogeneous tree is often considered

as a discrete analogue of a hyperbolic space. Many authors have shown the analogy

between the harmonic analysis on homogeneous trees and that on hyperbolic spaces or

more generally on non-compact symmetric spaces of rank one. For details we refer [5,

7, 12, 14, 39, 43]. Let X denote a non-compact symmetric space of rank one, K/M

be its boundary and ∆ be the Laplace-Beltrami operator on X. Theorem 1.1.1 can be

considered as an analogue of the following celebrated result by Helgason [17].

Theorem 1.1.2. If u is an eigenfunction of ∆ on X then u is a real analytic function

and is the Poisson transform of an analytic functional T defined on K/M .

In [23] the authors extended the above result for symmetric spaces with higher rank.

Further many authors continued to investigate the fine mapping properties of the Poisson

transform on symmetric spaces by putting some additional size estimates on the eigen-

functions of ∆. See for example [20, 26, 28, 38, 41]. One such important result is the

following characterization proved by Lohoué and Rychener:

TH-2467_156123004



1.1. Eigenfunctions of the Laplacian 3

Theorem 1.1.3 ([28, Proposition 1]). Let 1 < p < 2, λ = α + iγp′ρ, α ∈ R and

∆u = −(λ2 + ρ2)u. Then u ∈ Lp′,∞(X) if and only if u = PλF for some F ∈ Lp′(K/M).

Moreover, there exists a constant C > 0 such that

‖Pα+iγp′ρ
F‖p′,∞ ≤ C‖F‖p′ . (1.1.1)

In the above theorem, γp = (2
p
− 1) where ρ is the half sum of positive roots. In the

same paper [28], the authors also obtained the Lorentz space version of Kunze-Stein phe-

nomenon by using the estimate (1.1.1). In the context of homogeneous trees, Cowling etl.

[4, 5] gave a beautiful generalization of this result. They proved the following analogous

convolution relation on G, the group of isometries of X (see also [32]):

Lp,r(G) ∗ Lp,s(G) ⊆ Lp,t(G), (1.1.2)

where 1 < p < 2 and r, s, t ∈ [1,∞] satisfies the relation

1

t
≤ 1

r
+

1

s
.

These convolution relations are based on Herz’s principe de majoration. The main ingre-

dient in the proof is the norm estimates of matrix coefficients of the representation πz.

For z ∈ C, the representations πz of G on L2(Ω) is defined by the formula

πz(g)η(ω) = p1/2+iz(g · o, ω)η(g−1ω) ∀g ∈ G and ∀ω ∈ Ω.

Since the Poisson transform defined above is a matrix coefficient of the representation πz,

that is PzF (x) = 〈πz(x)1, F 〉, it is known that an estimate of the form (1.1.1) is true for

homogeneous trees. Now it is natural to ask whether a complete extension of Theorem

1.1.3 is possible on homogeneous trees. In this thesis we answer this question by proving

a version of Theorem 1.1.3 in the context of homogeneous trees.

Coming back to the hyperbolic spaces, another important aspect is the generalization

of Theorem 1.1.3 for p = 2. In [41] Strichartz initiated the study of the Poisson transform

on hyperbolic spaces for the parameter λ ∈ R \ {0}. Later Ionescu [20] established a

bijection between L2(K/M) and a suitable subspace of eigenspaces of the Laplacian on

non-compact symmetric spaces of rank one. A generalization of this result to arbitrary

symmetric spaces was proved in [22]. In [3] the authors also obtained a similar result for

p ≥ 2 on hyperbolic spaces. In [25] the author proved an extension of Theorem 1.1.3 for

the case p = 2.
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4 Chapter 1. Introduction

Theorem 1.1.4 ([25, Theorem 1.1]). If λ ∈ R \ {0} then there exists a constant Cλ > 0

such that

‖PλF‖2,∞ ≤ Cλ‖F‖L2(K/M), for all F ∈ L2(K/M). (1.1.3)

If ∆u = −(λ2 + ρ2)u then u ∈ L2,∞(X) if and only if u = PλF for some F ∈ L2(K/M).

Our inspiration to study this circle of ideas came from the following behaviour of the

elementary spherical function φz, which is defined as Pz1. Using the explicit formula for

φz given by Figà-Talamanca and Picardello in [13], we obtain

|φz(x)| � q−|x|/2(1 + |x|) if z ∈ (τ/2)Z and |φz(x)| ≤ Czq
−|x|/2 if z ∈ R \ (τ/2)Z.

The above pointwise estimates clearly implies that φz /∈ L2,∞(X) if z ∈ (τ/2)Z and

φz ∈ L2,∞(X) if z ∈ R \ (τ/2)Z. In view of this and Theorem 1.1.4 we may ask the

following questions in the context of homogeneous trees:

1. Does an estimate of the form (1.1.3) holds if z ∈ R \ (τ/2)Z and F ∈ L2(Ω)?

2. Are all weak L2 eigenfunctions of L with eigenvalue γ(z), z ∈ R\ (τ/2)Z necessarily

of the form PzF for some F ∈ L2(Ω)?

In this thesis we aim to address these questions and characterize all weak L2 eigenfunctions

of L on a homogeneous tree X.

1.2 Fourier Restriction Theorem

Our next aim is to prove a version of Fourier restriction theorem for the Helgason-Fourier

transform on homogeneous trees. Historically the formulation of Fourier restriction the-

orem on Rn (n ≥ 2) emerged explicitly by the work of Stein. It says that Sn−1 the unit

sphere in Rn (n ≥ 2) satisfies a (p, r) restriction theorem if(∫
Sn−1

|F(f)(ξ)|rdσ(ξ)

)1/r

≤ Cp,r‖f‖Lp(Rn)

holds for each f ∈ L1 ∩ Lp, where F(f) is the Euclidean Fourier transform of f . One of

the celebrated result in this context is the Tomas-Stein restriction theorem. It says that
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1.2. Fourier Restriction Theorem 5

the Fourier transform F(f) of a function f ∈ Lp(Rn) has a well defined restriction on

Sn−1 via the inequality(∫
Sn−1

|F(f)(ξ)|2dσ(ξ)

)1/2

≤ Cp‖f‖Lp(Rn) for all 1 ≤ p ≤ 2n+ 2

n+ 3
.

It turns out that the above estimate can also be viewed as (2, p′) boundedness of the

Poisson transform via the relation∫
Sn−1

F (ξ)Ff(ξ)dσ(ξ) =

∫
Rn

P1F (x)f(x)dx,

where, for λ > 0 and F ∈ C(Sn−1), the Poisson transform PλF is defined as

PλF (x) =

∫
Sn−1

e−2πiλx·ξF (ξ)dσ(ξ), x ∈ Rn.

More precisely the Tomas-Stein theorem can also be proved by using duality to the fol-

lowing boundedness of the Poisson transform and vice-versa.

‖P1F‖Lp(Rn) ≤ C‖F‖L2(Rn), where p >
2n+ 2

n− 1
.

By using a similar duality relation between the Helgason-Fourier transform H and the

Poisson transform, in [26] the authors proved the following restriction theorem on a rank

one symmetric space of non-compact type.

Theorem 1.2.1 ([26, Theorem 1.1]). Let f be a measurable function on X and α ∈ R.

Then

1. for f ∈ Lp,1(X), 1 ≤ p ≤ 2 and p ≤ r ≤ p′, ∫
K/M

|H(f)(α + iγrρ, b)|rdb


1/r

≤ Cp,r‖f‖Lp,1(X).

2. for f ∈ Lp,∞(X), 1 < p < 2 and p < r < p′, ∫
K/M

|H(f)(α + iγrρ, b)|rdb


1/r

≤ Cp,r‖f‖Lp,∞(X).

An extension of the above result for p = 2 was later proved in [25]. The result can be

stated as follows:
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6 Chapter 1. Introduction

Theorem 1.2.2 ([25, Theorem 4.1]). If λ ∈ R \ {0} and f ∈ L2,1(X) then ∫
K/M

|H(f)(λ, b)|2db


1/2

≤ Cλ‖f‖L2,1(X).

In this thesis we prove an analogue of Theorem 1.2.1 and 1.2.2 for the Helgason-Fourier

transform on X.

1.3 A Theorem of Roe and Strichartz

In 1980, J. Roe [34] proved the following characterization of the sine functions in terms

of the size of their derivatives and antiderivatives.

Theorem 1.3.1. Let {fk}k∈Z be a doubly infinite sequence of real-valued functions of a

real variable with
d

dx
fk = fk+1 for all k ∈ Z.

If there exists a constant M > 0 such that

|fk(x)| ≤M for all k ∈ Z and x ∈ R,

then f0(x) = a sin(x+ θ) for some a, θ ∈ R.

This striking characterization was later refined by R. Howard [18] where the author

proved the validity of Roe’s result by assuming a rather weaker condition on the size

estimates of the sequence {fk}k∈Z. Our starting point however is the following elegant

observation made by Strichartz in his paper [42]. He viewed Roe’s result as a representa-

tive theorem which characterizes all eigenfunctions of the operator d2/dx2 with eigenvalue

−1. This observation helped him to get an n-dimensional generalization of Theorem 1.3.1.

Consequently Strichartz [42] extended the above result to Rn by substituting d/dx with

the Laplacian ∆Rn on Rn. Strichartz’s result can be stated as follows.

Theorem 1.3.2 ([42, Theorem 1.1]). Let {fk}k∈Z be a doubly infinite sequence of functions

in Rn satisfying ∆Rnfk = fk+1 for all k ∈ Z and |fk(x)| ≤ M for all k ∈ Z and x ∈ Rn,

where M is a real number. Then ∆Rnf0 = −f0.
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1.3. A Theorem of Roe and Strichartz 7

In the same paper, Strichartz also proved that the above result holds for Heisenberg

groups but fails for hyperbolic 3-spaces. A somewhat deeper understanding of the coun-

terexample mentioned in [42] revealed that the negative result on hyperbolic 3-space can

indeed be extended to homogeneous trees.

Consider the spherical function φz which is a radial eigenfunction of the Laplacian

with eigenvalue γ(z). Let us define the doubly infinite sequence {fk}k∈Z as follows:

fk(x) = γ(z1)kφz1(x) + γ(z2)kφz2(x), x ∈ X,

where z1, z2 are two distinct points inside the strip {z ∈ C : |=z| ≤ 1/2} for which

γ(z1) 6= γ(z2) and |γ(z1)| = |γ(z2)| = 1. In Chapter 5 it is proved that the infinite sequence

{fk}k∈Z satisfy all the hypothesis of Theorem 1.3.2 but f0 fails to be an eigenfunction of

L.

A careful analysis of the above counterexample reveals that the failure of Strichartz’s

result on X is mainly due to the spectrum of L. It was also observed in [27] that the

failure of Strichartz’s result is deeply rooted in the p-dependence of the Lp-spectrum of the

Laplace-Beltrami operator ∆ on the hyperbolic spaces. In [27] it was in fact proved that

Theorem 1.3.2 indeed remains valid when uniform boundedness is replaced by uniform

“almost Lp boundedness”. Here it is worth mentioning that these size estimates arise

naturally due to the behaviour of the Poisson transforms, which also acts as eigenfunctions

of the Laplace-Beltrami operator with the eigenvalues lying on the boundary of the p-

depending parabolic region. The version of Roe’s theorem proved in the context of a

Riemannian symmetric space of non-compact type is as follows (see [27, 33]).

Theorem 1.3.3 ([27, Theorem B]). Let f be a measurable function on X and p ∈ (1, 2).

If ‖∆kf‖p′,∞ ≤M(4ρ2/pp′)k for k = 0, 1, 2, . . ., for some M > 0, then ∆f = −(4ρ2/pp′)f .

In particular, f = PiγpρF for some F ∈ Lp′(K/M).

An extension of the above result for the case p = 2 is the following.

Theorem 1.3.4 ([27, Theorem A]). Let f be a measurable function on X and λ be a

non-zero real number. If ‖∆kf‖2,∞ ≤ M(λ2 + ρ2)k for all k ∈ Z, for some M > 0, then

∆f = −(λ2 + ρ2)f . In particular, f = PλF for some F ∈ L2(K/M).
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In this thesis we extend Theorem 1.3.3 and 1.3.4, and hence prove a version of Roe’s

and Strichartz’s result in the context of homogeneous trees. We also prove a version of

Roe’s result on a homogeneous tree of degree 1.

1.4 Dynamics of Semigroups Generated by Laplacian

The study of chaotic dynamical systems has always been a central theme as it brings out

problems deeply rooted in several classical areas of mathematics, such as ergodic theory,

analysis and geometry. As a result this topic attracts a wide variety of literature. However

we shall restrict our attention only to those which suits our purpose. To begin with, we

first introduce some basic ergodic theoretic terminologies which we shall require further.

These definitions are an adaptaton of that introduced by Devaney [10] (see also [8, 9]).

Let B be a Banach space and B(B) be the space of all bounded linear operators from

B into itself. A semigroup on B is a map T : [0,∞)→ B(B) such that

1. T (0) = I, the identity map on B,

2. T (s+ t) = T (s)T (t) for all s, t ≥ 0.

Furthermore we say that T (t) is strongly continuous if T (t)x→ x as t→ 0 for all x ∈ B.

An infinitesimal generator A of a strongly continuous semigroup T (t) is then defined by

Ax = lim
t→0

(T (t)− I)x

t
,

whenever the above limit exists. In that case we also write T (t) = etA. A strongly

continuous semigroup T (t) is said to be hypercyclic if there exists x ∈ B such that

{T (t)x : t ≥ 0} is dense in B. In addition, a point x ∈ B is said to be periodic for T (t) if

there exists t > 0 such that T (t)x = x. The set of all periodic points will henceforth be

denoted by Bper. Finally the semigroup T (t) is said to be chaotic if it is hypercyclic and

its set of periodic points is dense in B.

In a recent paper [21] Ji and Weber started the study of chaotic dynamics of the

heat semigroup on a non-compact Riemannian symmetric space with real rank one. They

studied the chaotic behaviour of certain shifts of the heat semigroup corresponding to the

Laplace-Beltrami operator ∆ endowed with Riemannian structure, namely

T (t) = e−t(∆−c), t ≥ 0, c ∈ R
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1.4. Dynamics of Semigroups Generated by Laplacian 9

on the space of all radial functions on Lp(X). In [31] Pramanik and Sarkar extended the

above result and gave a complete characterization for the chaotic behaviour of the semi-

group T (t) on the whole of Lp(X) and its related subspaces. A similar result concerning

the chaotic behaviour of the heat semigroup and the Dunkl heat semigroup is also known

for harmonic NA groups and Euclidean spaces respectively. For details see [2] and [36].

In [31] the authors proved the following result.

Theorem 1.4.1. Let X be a Riemannian symmetric space of non-compact type, with T (t)

defined as above and cp = 4|ρ|2
pp′

. Then we have the following.

1. For 1 ≤ p ≤ 2, T (t) is non-chaotic on Lp(X) for all c ∈ R.

2. For 2 < p <∞, T (t) is chaotic on Lp(X) if and only if c > cp.

3. For p =∞, T (t) is non-chaotic on L∞(X) for all c ∈ R.

A detailed study revealed that the proof of the above theorem and the subsequent

results of Ji and Weber [21] are largely influenced by the work of Desch, Schappacher and

Webb. In [9] Desch etl. gave a sufficient condition for a semigroup to be chaotic in terms

of spectral properties of its generator. Their result can be stated as follows:

Theorem 1.4.2 ([9, Theorem 3.1]). Let T (t) denote a strongly continuous semigroup on

a separable Banach space B with generator A. Assume there is an open, connected subset

U inside the point spectrum of A and a function F : U → B such that:

1. U ∩ iR 6= ∅;

2. F (λ) ∈ Ker (A− λI) for all λ ∈ U ;

3. For all f in the dual space B′ of B, the mapping Ff : U → C defined by

Ff (λ) = f ◦ F (λ)

is analytic. Furthermore, if there is a f ∈ B′ such that Ff = 0, then already f = 0

holds. Then T (t) is chaotic.

The above result clearly indicates that the Lp-spectrum of ∆, which is a p-depending

parabolic region, plays a vital role in examining chaoticity and determining the range
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10 Chapter 1. Introduction

of perturbation for which the heat semigroup is chaotic. In fact the p-dependence of

the perturbation given in Theorem 1.4.1 relies heavily on the spectral properties of the

generator ∆ and demands that its point spectrum must contain infinitely many purely

imaginary points. Interestingly the Lp-spectrum of the Laplacian L is also a p-depending

conic region. In fact it is an elliptic region of all complex numbers w which satisfy[
1− Re (w)

b cosh(δp log q)

]2

+

[
=(w)

b sinh(δp log q)

]2

≤ 1, where b =
2
√
q

q + 1
and δp =

1

p
− 1

2
.

This observation paved the way for a detailed exploration of this problem in the context

of homogeneous trees.

Having said that we also have certain differences due to the structural difference of

these spaces. One such notable difference is that unlike ∆, the Laplacian L is a bounded

operator on Lp(X). Therefore unlike the symmetric spaces, we consider a rather larger

class of semigroups on homogeneous trees, of which the heat semigroups falls under a

particular case. More precisely let σp(L) denote the Lp-spectrum of L and f be a non-

constant complex holomorphic function defined on a connected open set containing σp(L).

Then we study the chaotic behaviour of the semigroup T (t) = etf(L). In addition we

separately study the dynamical behaviour of the semigroups generated by affine functions,

namely, T (t) = exp{t(aL+ b)}, a ∈ C \ {0}, b ∈ R and derive a sharp p-depending range

for which the affine semigroup is hypercyclic.

Another motivation to study this class of semigroups came from the work of de-

Laubenfels and Emamirad. In [8] the authors studied the dynamical behaviour of a class

of operators, which is generated by non-constant analytic functions of the shift operator L

on weighted Lp(N) spaces. To state their result more precisely we need the following nota-

tions. Let D be an open unit disc in the complex plane and β = {bk} be a complex-valued

sequence such that

∞∑
k=1

bkz
k converges for |z| < R and

∞∑
k=1

bkR
k diverges.

On the weighted space Lp(N, β), consider the semigroup T (t) generated by a non-constant

analytic function g defined in a neighbourhood of ‖L‖D, that is,

T (t) = etg(L) where t ≥ 0.

Then in [8] the authors proved the following.
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Theorem 1.4.3. For the semigroup T (t) as defined above, the following are equivalent.

1. T (t) is chaotic on Lp(N, β).

2. T (t) has a non-trivial periodic point in Lp(N, β).

3. g(R1/pD) ∩ iR 6= ∅.

In this thesis we prove an extension of Theorem 1.4.1 and 1.4.3 for the above mentioned

semigroups on homogeneous trees.

1.5 Outline of the Thesis

In Chapter 2 we introduce all such notations and conventions which we will follow through-

out the thesis. By referring appropriately we also quote all necessary results on homoge-

neous trees which we shall employ later. Most of these results can be treated as discrete

counterparts of that on hyperbolic spaces. However for the sake of simplicity we will

present the proof of a few of them which we were unable to locate in the literature.

Chapter 3 is mainly devoted to the study of Poisson transforms on X. In this chapter

we will prove two representative theorems which closely relates the size estimates of the

Poisson transform with the problem of characterizing the eigenfunctions of the Laplacian.

In Chapter 4 we deal with certain consequences of the size estimates of the Poisson

transform proved in Chapter 3. More precisely we prove the restriction theorems for the

Helgason-Fourier transform on X. This is done by carefully formulating a duality relation

between the Poisson transform on Ω and the Helgason-Fourier transform on X.

In Chapter 5 we study yet another form of characterization of eigenfunctions of the

Laplacian on homogeneous trees. Here we prove a version of Roe’s and Strichartz’s result

on X, in particular proving an analogue of Theorem 1.3.3 and Theorem 1.3.4 by analysing

the behaviour of the Poisson transform and its relation with the geometry of the Lp-

spectrum of the Laplacian.

In Chapter 6 we begin the study of chaotic dynamical systems on homogeneous trees.

Our aim is to prove an analogue of Theorem 1.4.3 for semigroups generated by analytic

function of the Laplacian on homogeneous trees. In view of Theorem 1.4.1 we will see how

the elliptic region of the spectrum of L plays an important role in examining chaoticity. In
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12 Chapter 1. Introduction

addition we also study the chaotic behaviour of the affine semigroup separately and derive

sharp p depending perturbations for which the affine semigroup is chaotic on Lp(X).

In Chapter 7 we briefly describe some open problems which are closely related to the

topics discussed in this thesis.
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CHAPTER 2

Preliminaries

This chapter is mainly devoted to introducing some general notations and preliminary

facts regarding the homogeneous trees. Although there are a variety of expositions, we

only gather those informations which we shall require further. Most of these preliminaries

about the homogeneous trees are extracted from [5, 12, 13, 14]. For a detailed study,

we advise all interested readers to go through the above mentioned references and the

references therein.

However, it is worthwhile to mention that we use a different parametrization from

that of [12, 14] while introducing the terms such as the Poisson transform, the Helgason-

Fourier transform and many more which appears later in this chapter. In fact this change

in the parametrization makes the analogy with symmetric spaces more transparent.

2.1 Generalities

The letters N,Z,Q,R and C will respectively denote the sets of all natural numbers,

integers, rational numbers, real numbers and complex numbers. For z ∈ C we use the

notation Re z and =z for real and imaginary parts of z respectively. We will use the

standard practice of using the letter C for constant, whose value may change from one

14
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line to another line. Initially the constants will be suffixed to show its dependency on the

related parameters. Given two positive functions A and B defined on a set M , we say

that A � B if there exist positive constants C1 and C2 such that C1A(t) ≤ B(t) ≤ C2A(t)

for all t in M .

For every Lebesgue exponent p ∈ (1,∞), we write p′ to denote the conjugate exponent

p/(p− 1). Further we define p′ =∞ when p = 1 and vice-versa. For p ∈ (1,∞) let

δp =
1

p
− 1

2
and Sp = {z ∈ C : |=z| ≤ |δp|}.

We assume δ1 = −δ∞ = 1/2 so that S1 = {z ∈ C : |=z| ≤ 1/2}. It is important to note

that δp = −δp′ and Sp = Sp′ for any p ∈ [1,∞]. When p = 2, the infinite strip reduces

to the real line. We shall henceforth write S◦p and ∂Sp to denote the usual interior and

boundary of Sp respectively.

Let (M,m) be a σ-finite measure space and f : M → C be a measurable function.

The distribution function df : (0,∞) → (0,∞] and the nonincreasing rearrangement

f ∗ : (0,∞)→ (0,∞] are defined by the formulae

df (s) = m
(
{x ∈M : |f(x)| > s}

)
and f ∗(t) = inf{s : df (s) ≤ t}.

For p ∈ [1,∞) and q ∈ [0,∞], we define the Lorentz space Lp,q(M) as follows:

Lp,q(M) = {f : M → C : f measurable and ‖f‖p,q <∞}.

where

‖f‖p,q =


(
q
p

∞∫
0

[f ∗(t)t1/p]q dt
t

)1/q

when q <∞,

sup
t>0

t1/pf ∗(t) = sup
t>0

tdf (t)
1/p when q =∞.

For 1 < p <∞ the space Lp,∞(M) is known as the weak Lp space and Lp,q ⊂ Lp,s for all

1 ≤ q ≤ s ≤ ∞. For 1 ≤ p ≤ ∞, Lp,p(M) coincides with the usual Lebesgue space Lp(M)

with the norm ‖ · ‖p which is given by the formulae

‖f‖p =


(∫
M

|f |pdm
)1/p

when 1 ≤ p <∞,

inf{C ≥ 0 : |f(x)| ≤ C for almost all x ∈M} when p =∞.

For any bounded linear operator T defined on Lp(M), we shall write σp(T ), Pσp(T )

to respectively denote the set of spectrum and point spectrum of T in Lp(M). We further

use the notation ‖T‖p→p to denote the operator norm of T .
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2.2 Homogeneous Trees

We begin our literature survey by introducing some basic definitions related to the ho-

mogeneous trees and associating a group structure to it.

2.2.1 Basic Structure

Definition 2.2.1. A homogeneous tree X of degree q + 1 is a connected graph with no

loops, in which every vertex is adjacent to q + 1 other vertices.

When q = 1, a homogeneous tree can be identified to the set of all integers whose

geometric and analytic properties are quite different from that of others. Therefore we

shall assume q ≥ 2 unless specified. Figure 2.1 represents a part of homogeneous tree of

degree 3 and 4 respectively.

Figure 2.1: A part of homogeneous tree of degree 2 and 3 resp.

We identify X with the set of all vertices where the natural distance d(x, y) between

any two vertices x and y, is defined as the number of edges between them. We endow X

with the counting measure and write #E to denote the measure of a finite set E in X.

Let S(x, n) = {y ∈ X : d(x, y) = n} and B(x, n) = {y ∈ X : d(x, y) ≤ n} respectively

denote a sphere and a ball centered at x with radius n. Clearly

#S(x, n) = (q + 1)qn−1 � qn and #S(x, n) � #B(x, n).

Let o be a fixed reference point in X. Let G be the group of isometries of the metric

space (X, d) and K be the stabilizer of o in G, that is K = {g ∈ G : g(o) = o}. Every
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element of K rotates the elements of S(o, n) about o, into itself. Hence K is often referred

to as the rotation subgroup of G. Under a suitable topology, G is a locally compact group

and K is a compact subgroup of G (see [12, Chapter I] for details).

The group G acts transitively on X via the map g → g · o where g · o = g(o). This

group action identifies X with the coset space G/K, so that functions on X corresponds to

K-right-invariant functions on G and vice-versa. Using this identification, the convolution

of two suitable functions f1 and f2 on X is defined by the formula

f1 ∗ f2(g · o) =

∫
G

f1(h · o) f2(h−1g · o) dh =

∫
G

f1(gh · o) f2(h−1 · o) dh for all g ∈ G.

In the above expression, dh represents the left Haar measure on G. For any two functions

f1 and f2 on X, we use the notation

〈f1, f2〉 =

∫
G

f1(g · o)f2(g · o) dg.

It is easy to see that for measurable functions f1, f2, f3 on X,

〈f1 ∗ f2, f3〉 = 〈f1, f2 ∗ f#
3 〉 where f#

3 (g · o) = f3(g−1 · o) for all g ∈ G.

For the sake of simplicity we shall henceforth write |x| to denote d(o, x). We now

introduce the notion of a radial function on X.

Definition 2.2.2. A complex-valued function f defined on X is said to be radial if f(x) =

f(y) whenever |x| = |y|.

Using the group action defined above, it follows that radial functions on X, that

is, functions which only depend on |x|, corresponds to K-bi-invariant functions on G.

Throughout this thesis, we shall use the notation E(X)# to denote the subspace of all

radial functions on X, in a function space E(X).

Definition 2.2.3. For a suitable function f on X, its radialization Rf is defined by the

formula

Rf(x) =

∫
K

f(k · x) dk for all x ∈ X.
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In the above expression, dk represents the normalized Haar measure on K. Writing

the above expression as an integral on X, it follows that

Rf(x) =


f(o) if x = o,

q1−|x|

q+1

∑
y:|y|=|x|

f(y) if x 6= o.

Before ending this section, we enlist some important properties of the radialization map

which will be used further.

Proposition 2.2.4. For a suitable function f , let Rf be as in Definition (2.2.3). Then

we have the following.

1. Rf is always a radial function on X.

2. If f is radial then Rf = f .

3. 〈Rf, g〉 = 〈f,Rg〉, for any two functions f and g for which the above integrals are

well-defined.

4. For p ∈ [1,∞], ‖Rf‖Lp(X) ≤ ‖f‖Lp(X) for all f ∈ Lp(X).

Proof. (1): To prove (1), it is enough to show that Rf is also a K-left invariant function

on G. To do so, we calculate

Rf(k1g · o) =

∫
K

f(kk1g · o) dk =

∫
K

f(k2g · o) dk2 = Rf(g · o),

where kk1 = k2 so that dk = dk2 (since K is unimodular). This completes the proof.

Statements (2) and (3) easily follows from the definition above and hence we omit the

proof.

(4): For a finitely supported function f on X,

∫
G

|Rf(g · o)| dg ≤
∫
G

∫
K

|f(kg · o)| dk

 dg =

∫
K

∫
G

|f(kg · o)| dg

 dk

= ‖f‖L1(X).

Therefore for all f ∈ L1(X), ‖Rf‖L1(X) ≤ ‖f‖L1(X). Interpolating (see [16, Theorem 1.3.4])

this with the trivial L∞-boundedness, that is ‖Rf‖L∞(X) ≤ ‖f‖L∞(X), we finally conclude
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that for every p ∈ [1,∞],

‖Rf‖Lp(X) ≤ ‖f‖Lp(X) for all f ∈ Lp(X).

This completes the proof.

2.2.2 Boundary and Poisson Kernel

An infinite geodesic ray ω in X is a one-sided sequence {ωn : n = 0, 1, 2 . . .} where the

ωn are in X. Two infinite geodesic rays ω = {ωn : n = 0, 1, 2 . . .} and ω′ = {ω′n :

n = 0, 1, 2 . . .} are said to be equivalent if there exist natural numbers n and m such

that ωi = ω′i+m for all i greater than n. This identification is an equivalence relation

and partitions the set of all infinite geodesic rays into disjoint classes. In every such

equivalence class there exists a unique geodesic ray which starts from o.

Definition 2.2.5. The boundary of X is the set of all infinite geodesic rays starting at o

and will be denoted by Ω.

The subgroup K acts transitively on Ω via the group action (k, ω) → k · ω. This

transitive action of the rotation group gives rise to a unique K-invariant measure on Ω

which we discuss below. We begin by defining the topology on Ω.

Given ω, ω′ ∈ Ω, we define c(ω, ω′) to be the confluence point of ω and ω′, that is,

the last common point between the infinite geodesics ω = {ωn : n = 0, 1, 2 . . .} and

ω′ = {ω′n : n = 0, 1, 2 . . .}. Next we introduce the sets

En(ω) = {ω′ ∈ Ω : |c(ω, ω′)| ≥ n} for all n ≥ 0.

Similarly for x ∈ X and ω ∈ Ω, we define c(x, ω) = xl where xl is the last point lying on

ω in the geodesic path {o, x1, . . . , x} joining o to x. For x ∈ X, let

Ej(x) = {ω ∈ Ω : |c(x, ω)| ≥ j} for all j ≥ 0.

Note that E0(x) = Ω and Ej(x) = ∅ whenever j is greater than |x|. The sets Ej(x) are

open subsets which indeed form a basis of Ω. For the sake of simplicity we shall use the

notation E(x) to denote E|x|(x). Observe that the sets of the form E(x) where x varies
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over S(o, n) partition Ω into (q + 1)qn−1 disjoint open sets. Consequently there exists a

unique K-invariant probability measure ν on Ω such that

ν(Ej(x)) =
q

(q + 1)qj
, where 1 ≤ j ≤ |x|.

Hence (Ω,M, ν) becomes a probability measure space with the σ-algebra M being gen-

erated by the set {E(x) : x ∈ X}.

To proceed further we need the notion of Poisson kernel. The measure ν on the

boundary Ω is a G-quasi-invariant probability measure and the Poisson kernel p(g · o, ω)

is defined to be the Radon-Nikodym derivative dν(g−1ω)/dν(ω) which is explicitly given

by the formula

p(x, ω) = qhω(x) ∀x ∈ X ∀ω ∈ Ω,

where the height hω(x) is defined by

hω(x) = 2|c(x, ω)| − |x|.

For more equivalent formulae for hω(x) and its relevant details, we refer [5, 7]. From the

explicit formula above, it turns out that the Poisson kernel is a non-negative function on

X × Ω, which for any fixed x, takes only finitely many values as a function of ω. More

precisely, for every fixed x, |c(x, ω)| can range from 0 to |x| and consequently

−|x| ≤ hω(x) ≤ |x| for all ω ∈ Ω.

Recalling the definition of Ej(x), we find that the Poisson kernel can also be written as

p(x, ω) =

|x|∑
j=0

q2j−|x|XEj(x)\Ej+1(x)(ω) ∀x ∈ X ∀ω ∈ Ω. (2.2.1)

2.2.3 Laplacian

Definition 2.2.6. For a complex-valued function f defined on X, the nearest neighbour

average Lf is defined by the formula

Lf(x) =
1

q + 1

∑
y:d(x,y)=1

f(y) for all x ∈ X.

Corresponding to the operator L, the Laplacian or the Laplace operator L is then defined

by

Lf(x) = (I − L)f(x) = f(x)− 1

q + 1

∑
y:d(x,y)=1

f(y) for all x ∈ X.
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Many authors have also adopted the formula L to denote the Laplacian on X (see for

example [12, page 34]). But more appropriately, the name Laplacian is generally given to

the operator L. It is easy to see that L defines a bounded operator on Lp(X) for every

p ∈ [1,∞].

For g ∈ G, we define

(τgf)(x) = f(g · x) for all x ∈ X.

Operators which commute with τg for all g ∈ G are often referred to as G-invariant

operators.

Proposition 2.2.7. The Laplacian L satisfies the following conditions:

1. L is a G-invariant operator, that is L(τgf) = τg(Lf) for every g ∈ G.

2. L commutes with the radialization operator R, that is L(Rf) = R(Lf).

Proof. Instead of considering L, it is enough to prove the above facts for the operator L.

For g ∈ G and x ∈ X,

L(τgf)(x) =
1

q + 1

∑
y:d(x,y)=1

f(g · y) =
1

q + 1

∑
g·y:d(g·x,g·y)=1

f(g · y) = τg(Lf)(x).

This completes the proof of (1 ). Next we prove (2 ). If x = o it immediately follows from

the definitions that L(Rf)(o) = R(Lf)(o). Hence we assume x 6= o. Let |x| = n > 0 and

xn−1, xn+1 be two vertices adjacent to x with |xn±1| = n± 1. Then

L(Rf)(x) =
1

q + 1

∑
y:d(x,y)=1

Rf(y) =
1

q + 1
(q Rf(xn+1) +Rf(xn−1))

=
q

q + 1

 1

(q + 1)qn

∑
w:|w|=n+1

f(w)

+
1

q + 1

 1

(q + 1)qn−2

∑
z:|z|=n−1

f(z)


=

1

(q + 1)qn−1

 1

q + 1

∑
w:|w|=n+1

f(w) +
q

q + 1

∑
z:|z|=n−1

f(z)

 .

Note that every z in S(o, n− 1) is adjacent to q number of xn’s with |xn| = n. Therefore

the above expression takes the form

L(Rf)(x) =
1

(q + 1)qn−1

 ∑
xn:|xn|=n

Lf(xn)

 = R(Lf)(x).

This completes the proof.
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The Laplacian L being a G-invariant and bounded operator on Lp(X), can be given

by convolution on the right by a radial function on X, namely

Lf(x) = f ∗ (δo − µ1)(x) for all x ∈ X,

where δo denotes the Dirac measure at the reference point o and µ1 denotes the uniformly

distributed probability measure supported on S(o, 1). Consequently for any two functions

f1 and f2,

〈f1 ∗ (δo − µ1), f2〉L2(X) = 〈f1, f2 ∗ (δo − µ1)〉L2(X),

which implies that L is self-adjoint on L2(X).

2.3 Poisson Transform and Eigenfunction

We now begin to introduce the technical hearts of this thesis. However to proceed fur-

ther we need the notion of conditional expectations and martingales on the boundary.

Martingales are important in our context due of the fact that the first fundamental result

related to the characterization of eigenfunctions of the Laplacian, which concerns us, is

given in terms of the Poisson transform of martingales.

2.3.1 Conditional Expectations and Martingales

For each n ≥ 0, let Mn denotes the sub-algebra of M generated by the sets of the form

E(x) where |x| ≤ n. In addition, let Kn(Ω) be a linear space of functions on Ω which are

finite linear combinations of characteristic functions of the sets E(x) where x varies over

B(o, n). It is easy to see that (Mn)n≥0 is an expanding sequence of sigma algebras on Ω

and Kn(Ω) is properly contained in Kn+1(Ω) for each n. Now define the space

K(Ω) =
⋃
n≥0

Kn(Ω).

Since Kn(Ω) ⊂ Kn+1(Ω) for each n ≥ 0, we find that F ∈ K(Ω) if and only if F ∈ Kn(Ω)

for some n. Functions belonging to this space are often referred to as the cylindrical

functions (see for example [14, page 52]).
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Definition 2.3.1. The conditional expectation En(F ) of an integrable function F on

(Ω,M, ν) relative to the sub-algebra Mn is defined by

En(F )(ω) =
1

ν(En(ω))

∫
En(ω)

F (ω′)dν(ω′). (2.3.2)

We now summarize some important properties of En which will be frequently used in

this thesis.

Proposition 2.3.2. For n ≥ 0, let En be as in Definition (2.3.1). Then for every n,m ≥ 0

and F,G ∈ L1(Ω), we have the following.

1. En is a projection of L1(Ω) onto Kn(Ω).

2.
∫
Ω

En(F )(ω)G(ω)dν(ω) =
∫
Ω

En(G)(ω)F (ω)dν(ω).

3. Em(En(F )) = Ek(F ), where k = min{m,n}.

Proof. The proof of (1) easily follows from the definition above. For the proof of (2), we

refer [40, Page 90]. Since Kn ⊂ Kn+1 for all n, we have (3).

For further details about the conditional expectations, we refer [40, Chapter IV].

Definition 2.3.3. The nth difference ∆n(F ) of an integrable function F on (Ω,M, ν) is

defined by the formula

∆n(F ) = En(F )− En−1(F ), where E−1 = 0.

Note that En(F ) =
n∑
j=0

∆j(F ) if n ≥ 1 and E0(F ) = ∆0(F ). Using Proposition 2.3.2

(1 ) and (2 ), it follows that

〈∆m(F ),∆n(F )〉L2(Ω) =

0 when m 6= n,

‖∆n(F )‖2
L2(Ω) when m = n,

(2.3.3)

where 〈·, ·〉L2(Ω) denotes the standard inner product on L2(Ω). By virtue of the above

orthogonality of ∆n we find that for any bounded sequence α = (αn) and F in L2(Ω), the

expression
∞∑
n=1

αn∆n(F ) is well-defined. It is thus legitimate to define the operator

Tα(F ) =
∞∑
n=1

αn∆n(F ), where F ∈ L2(Ω). (2.3.4)
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The L2-boundedness of Tα is addressed in the following theorem. The proof of this theorem

can be found in [40, page 94].

Theorem 2.3.4. Suppose that α = (αn) is any sequence of numbers such that |αn| ≤ 1

for all n ∈ N. For F ∈ L2(Ω), let Tα(F ) be as in (2.3.4). Then there exists a constant

C > 0 such that

‖Tα(F )‖L2(Ω) ≤ C‖F‖L2(Ω) for all F ∈ L2(Ω).

We are now in a position to define a martingale on the boundary.

Definition 2.3.5. A martingale on the boundary is a sequence F = (Fn)n≥0 of measurable

functions on Ω satisfying the following conditions:

1. Fn ∈ Kn(Ω) for each n ≥ 0.

2. For every m,n ≥ 0, Em(Fn) = Fk where k = min{m,n}.

It follows from Definition 2.3.1 and the relevant properties of En (that is Proposition

2.3.2) that each function F in Lp(Ω) identifies to a martingale F = (En(F ))n≥0 via the

conditional expectation. In fact for every p ∈ [1,∞], En(F ) converges to F in Lp norm

as n tends to infinity. Further using Theorem 2.3.6 (given below), it can also be shown

that En(F ) converges to the function F pointwise almost everywhere. The proof of this

maximal theorem can be found in [40, page 91].

Theorem 2.3.6. The maximal operator defined by the formula

E(F )(ω) = sup
n≥0
|En(F )(ω)|, (2.3.5)

is weak type (1, 1) and strong type (p, p) whenever p > 1.

A natural question that arises in our mind is whether every martingale is a conditional

expectation of some Lp-function defined on the boundary. The answer to this question is

negative. In fact the following theorem clarifies this inquiry.

Theorem 2.3.7. Let F = (Fn)n≥0 be a martingale such that

sup
n≥0
‖Fn‖Lp(Ω) <∞ for some p > 1.

Then there exists a unique function F in Lp(Ω) such that Fn = EnF for every n ≥ 0.
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2.3.2 Poisson Transform

Definition 2.3.8. For z ∈ C, the Poisson transform PzF of a function F ∈ K(Ω) is

defined by

PzF (x) =

∫
Ω

p1/2+iz(x, ω)F (ω)dν(ω) for all x ∈ X.

Alternatively, the Poisson transform can also be viewed as a matrix coefficient of a

representation πz. For z ∈ C, we define the representations πz of G on K(Ω) by the

formula

πz(g)η(ω) = p1/2+iz(g · o, ω)η(g−1ω) ∀g ∈ G and ∀ω ∈ Ω.

The Poisson transform of F ∈ K(Ω) is then given by the formula

PzF (x) = 〈πz(x)1, F 〉 .

From the above definitions it is clear that Pz+τ = Pz where τ = 2π/ log q. We shall

henceforth write T to denote the torus R/τZ, which we usually identify with the interval

[−τ/2, τ/2). Clearly for z = (kτ + i)/2, k ∈ Z, the Poisson transform Pz is not injective

on K(Ω). For other values of z, we have the following result (see [14, page 53] for the

proof).

Proposition 2.3.9. The Poisson transform Pz is injective on K(Ω) if and only if z /∈

(kτ + i)/2, k ∈ Z.

Our next aim is to extend the notion of Poisson transform to martingales. It is proved

in [14, Proposition 2.1] that the dual space K′(Ω) of K(Ω) identifies to the space of all

martingales. This means that every linear functional Φ defined on K(Ω) corresponds to

a unique martingale F = (Fn) and is given by

Φ(η) = lim
n→∞

∫
Ω

Fn(ω)η(ω)dν(ω) ∀ η ∈ K(Ω).

Since η ∈ Kn(Ω) for some n, using Proposition 2.3.2 (2 ) it follows that the above limit is

well-defined. In fact the corresponding sequence is eventually constant for each η.

Using the duality above, we now extend the definition of the Poisson transformation

to a martingale F = (Fn) as

PzF(x) = lim
n→∞

∫
Ω

p1/2+iz(x, ω)Fn(ω)dν(ω).
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The limit exists because, for each x, the function p1/2+iz(x, ·) ∈ K|x|(Ω) (see equation

(2.2.1)). Using this fact together with Proposition 2.3.2 (2 ), it follows that for every

x ∈ B(o,N)

PzF(x) = lim
n→∞

∫
Ω

p1/2+iz(x, ω)Fn(ω)dν(ω) =

∫
Ω

p1/2+iz(x, ω)FN(ω)dν(ω). (2.3.6)

2.3.3 Eigenfunctions of the Laplacian

We now begin our discussion on some basic eigenfunctions of L. Observe that if y is a

nearest neighbour of x, then hω(y) = hω(x) ± 1. In fact as y varies among the q + 1

nearest neighbours of x, the sign + occurs once and the sign − occurs q times. Since

the expression of p(x, ω) involves powers of hω(x), it follows that for every fixed ω, the

function x→ p1/2+iz(x, ω) satisfies

Lp1/2+iz(x, ω) = γ(z)p1/2+iz(x, ω), (2.3.7)

where γ is an analytic function on C defined by the formula

γ(z) = 1− q1/2+iz + q1/2−iz

q + 1
. (2.3.8)

Let x ∈ X be such that x = g · o for some g in G. For a suitable function F defined

on the boundary Ω, we find that

L(PzF )(g · o) = PzF ∗ µ1(g · o) =
1

q + 1

∑
g1·o:d(o,g1·o)=1

PzF (gg1 · o)

=
1

q + 1

∑
g1·o:d(o,g1·o)=1

∫
Ω

p1/2+iz(gg1 · o, ω)F (ω)dν(ω)

 .

Now using the identity p(gg1 · o, ω) = p(g1 · o, g−1ω) p(g · o, ω) (see [14, page 36]) together

with equation (2.3.7), we obtain

L(PzF )(x) =
q1/2+iz + q1/2−iz

q + 1
PzF (x) for all x ∈ X.

Consequently for every z ∈ C and F ∈ K′(Ω), PzF is in Ez(X) where

Ez(X) = {u : X→ C : Lu(x) = γ(z)u(x) for all x ∈ X}

is the eigenspace of the Laplace operator L with eigenvalue γ(z). Also using Proposition

2.3.9, it is easy to see that if z ∈ (kτ + i)/2, k ∈ Z, the map Pz : K′(Ω) → Ez(X) is not

injective.
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2.3.4 The Spherical Functions

We now draw our attention to the study of radial eigenfunctions of the Laplacian L. To

begin with, we first introduce the notion of the elementary spherical functions.

Definition 2.3.10. For z ∈ C, the elementary spherical function φz is the radial eigen-

function of the Laplacian normalized by φz(o) = 1.

Alternatively, the spherical function φz can also be represented in terms of the Poisson

transform as follows:

φz(x) = Pz1(x) =

∫
Ω

p1/2+iz(x, ω)dν(ω) ∀x ∈ X.

Note that for every x in X, the map z → φz(x) is an entire function. One of the most

intriguing property of φz is that any radial eigenfunction of L with eigenvalue γ(z) is a

constant multiple of φz (see [12, Theorem 2.1],[13]). It is also known that the elementary

spherical function φz has the following explicit formula (see for example [7]):

φz(x) =



(
q−1
q+1
|x|+ 1

)
q−|x|/2 ∀z ∈ τZ,(

q−1
q+1
|x|+ 1

)
q−|x|/2(−1)|x| ∀z ∈ τ/2 + τZ,

c(z)q(iz−1/2)|x| + c(−z)q(−iz−1/2)|x| ∀z ∈ C \ (τ/2)Z,

(2.3.9)

where c(·) is the Harish-Chandra’s c-function given by

c(z) =
q1/2

q + 1

q1/2+iz − q−1/2−iz

qiz − q−iz
∀z ∈ C \ (τ/2)Z. (2.3.10)

From the explicit formula above, it is easy to see that φz(x) = φ−z(x) = φz(x
−1) for every

z ∈ C and x ∈ X. Also |φz(x)| ≤ 1 for all x ∈ X whenever z ∈ S1. For other values of p,

we have the following pointwise estimates of φz(x) (see [24]).

Lemma 2.3.11. For every x ∈ X, φz(x) satisfies the following:

1. For 1 < p < 2, |φz(x)| � q
− |x|

p′ if =z = δp′.

2. For p = 2, |φz(x)| � q−|x|/2(1 + |x|) if z ∈ (τ/2)Z and |φz(x)| ≤ Czq
−|x|/2 if

z ∈ R \ (τ/2)Z.
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As a consequence of the above lemma, we have the following size estimates for the

spherical function φz.

Lemma 2.3.12. Let φz be the spherical function as defined above. Then the following

holds.

1. For 1 < p < 2, 1 ≤ q <∞, φz ∈ Lp
′,q(X)# if and only if z ∈ S◦p .

2. For 1 ≤ p < 2, φz ∈ Lp
′,∞(X)# if and only if z ∈ Sp.

3. φz /∈ L2,∞(X)# if z ∈ (τ/2)Z and φz ∈ L2,∞(X)# if z ∈ R \ (τ/2)Z.

Proof. We omit the proofs as they easily follow from the definition of the Lorentz norms

and the pointwise estimates of φz given in Lemma 2.3.11.

2.3.5 Spectrum of the Laplacian

All necessary informations concerning the Lp-spectrum of the Laplacian are already known

and can be retrieved from [12, 14]. However in an attempt to make this thesis self-

contained, we shall recall some of its important properties. To begin with, we briefly study

the map γ (defined in Subsection 2.3.3) which generates all eigenvalues of L. Recalling

equation (2.3.8), γ : C→ C is defined by

γ(z) = 1− q1/2+iz + q1/2−iz

q + 1
for all z ∈ C.

We now enlist some important properties of γ, most of which easily follows from the

definition above.

Proposition 2.3.13. For z ∈ C, the map z → γ(z) satisfies the following conditions.

1. z → γ(z) is an entire function.

2. γ(·) is a surjective function.

3. γ(z) = γ(−z) = γ(z + τ) for all z ∈ C.

Substituting z = x + iy in the above expression of γ(z), it follows that the real and

the imaginary parts of γ(z) can be explicitly written as

Re γ(z) = 1− q1/2+y + q1/2−y

q + 1
cos(x log q) and =γ(z) =

q1/2+y − q1/2−y

q + 1
sin(x log q).

(2.3.11)
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In an attempt to get a more transparent idea concerning the geometry of the map γ, in

the Proposition below, we enlist some important properties of the functions Re γ(·) and

=γ(·). We omit the proofs as they easily follow using elementary calculus.

Proposition 2.3.14. Let z = x + iy, x, y ∈ R and γ(z) be as defined above. Then we

have the following.

1. If cos(x log q) ≥ 0, the map y → Re γ(x+iy) is monotonically decreasing on [0, 1/2].

2. If sin(x log q) ≥ 0, the map y → =γ(x+ iy) is monotonically increasing on [0, 1/2].

We are now ready to investigate the image of Sp under the map γ. Using Proposition

2.3.13, we first note that γ(Sp) = γ(Sp′) and γ(S◦p) = γ(S◦p′) for every p ∈ [1, 2]. Since

δp = 1/p− 1/2 is a decreasing function on [1, 2], using Proposition 2.3.14, it follows that

for 1 ≤ p ≤ r ≤ 2,

γ(S2) ⊆ γ(Sr) ⊆ γ(Sp) ⊆ γ(S1).

More precisely, γ maps the lines {z ∈ C : z = s + iδp, s ∈ R} onto concentric ellipses

in the complex plane, which degenerates into a line segment when p = 2. The following

result about the Lp-point spectrum may be known to the experts. Nevertheless we try to

sketch the proof as we were unable to locate it in the literature.

Proposition 2.3.15. Regarding the Lp-point spectrum of L, we have the following results.

1. For 1 ≤ p ≤ 2, the point spectrum of L on Lp(X) is empty.

2. For 2 < p <∞, the point spectrum of L on Lp(X) is the set γ(S◦p).

3. The point spectrum of L on L∞(X) is the set γ(S1).

Proof. We begin with the proof of (2) and (3). Using Lemma 2.3.12 (1) and (2) it easily

follows that for 2 < p <∞ the sets γ(S◦p) and γ(S1) are respectively contained inside the

sets Pσp(L) and Pσ∞(L). So we prove the converse parts. Seeking a contradiction, let us

assume that there exists a non-zero function u in Lp(X) (or L∞(X)) such that Lu = γ(z)u

for some z /∈ S◦p (or S1). Further suppose that u(go · o) 6= 0 for some go ∈ G. Then define

the function

f(x) =

∫
K

u(gok · x)dk.
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Using Proposition 2.2.4 it is easy to see that f ∈ Lp(X)# (or L∞(X)#). On the other

hand, observe that f(x) = R(τgou)(x). Since L commutes with both these operators

(see Proposition 2.2.7), it follows that f is a radial eigenfunction of the Laplacian with

eigenvalue γ(z). Hence f(x) = u(go · o)φz(x) for every x ∈ X, which is impossible since

f ∈ Lp(X)# (or L∞(X)#) but φz /∈ Lp(X)# (or L∞(X)#) for z /∈ S◦p (or S1) (see Lemma

2.3.12). This completes the proof of (2) and (3).

Proceeding in a similar way as above, we find that in order to prove (1), it is enough

to show that for 1 ≤ p ≤ 2, φz /∈ Lp(X)# for any z ∈ C. Most of these facts easily follow

from the pointwise estimates of φz given in Lemma 2.3.11. The only non-trivial part is to

show that φz /∈ L2(X)# for any z ∈ R \ (τ/2)Z, which we shall prove now. Let us on the

contrary assume that φz ∈ L2(X)# for some z ∈ R \ (τ/2)Z. Using the explicit formula

2.3.9 we find that

‖φz‖L2(X) �
∞∑
n=1

|c(z)qizn + c(−z)q−izn|2.

Since ‖φz‖L2(X) <∞, it follows that 1
N

N∑
n=1

|c(z)qizn + c(−z)q−izn|2 tends to 0 as N →∞.

On the other hand a simple computation shows that for each N ,

N∑
n=1

|c(z)qizn + c(−z)q−izn|2 = 2N |c(z)|2 + c(z)c(−z)q2iz q
2izN − 1

q2iz − 1

+ c(z)c(−z)q−2iz q
−2izN − 1

q−2iz − 1
.

Now using the fact that |c(z)| = |c(−z)| for every z ∈ R \ (τ/2)Z, we obtain

lim
N→∞

1

N

N∑
n=1

|c(z)qizn + c(−z)q−izn|2 = 2|c(z)|2 6= 0 for any z ∈ R \ (τ/2)Z.

This is clearly not possible and hence we arrive at a contradiction. This completes the

proof.

We end this subsection by giving a complete description of the Lp-spectrum of L. For

details we refer [6, 14].

Proposition 2.3.16. For every p ∈ [1,∞], the Lp-spectrum σp(L) of L is the image of

Sp under the map γ, which is precisely the set of all w in C which satisfies[
1− Re (w)

b cosh(δp log q)

]2

+

[
=(w)

b sinh(δp log q)

]2

≤ 1, where b =
2
√
q

q + 1
. (2.3.12)

In particular, σ2(L) degenerates into the line segment [1− b, 1 + b].
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Figure 2.2 illustrates the geometrical view of the Lp-spectrum of L when 2 < p <∞.

In addition, the open elliptic region in this figure also represents the Lp point spectrum

of L (i.e., γ(S◦p)).

X

Y
|δp|

−|δp|

O X

Y

γ
Sp

γ(Sp)

(1, 0)γ(i|δp|)

γ(τ/2 + i|δp|)O

Figure 2.2: Lp-spectrum of L.

2.4 Fourier Transform on Homogeneous Trees

We begin this section by introducing the notion of Fourier transform of radial functions

on X.

2.4.1 Spherical Fourier Transform

Definition 2.4.1. The spherical Fourier transform f̂ of a finitely supported radial func-

tion f is defined by

f̂(z) =
∑
x∈X

f(x)φz(x) where z ∈ C. (2.4.13)

The symmetric property and the τ -periodicity of φz together implies that f̂ is even

and τ -periodic on C. Using Proposition 2.2.7 and the relevant properties of the spherical

function, it follows that

φz(x)φz(y) =

∫
K

φz(xky)dk for all x, y ∈ X. (2.4.14)

This in turn implies that the spherical Fourier transform defines a multiplicative linear

functional on the Banach algebra L1(X)# (see [12, Lemma 4.2]), that is,

̂(f1 ∗ f2)(z) = f̂1(z)f̂2(z) for all z ∈ S1.
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For 1 ≤ p ≤ 2, let Sp(X) be the space of all functions f on X for which

νm(f) = sup
x∈X

(1 + |x|)mq|x|/p|f(x)| <∞ for all m ∈ N. (2.4.15)

It is known that Sp(X) forms a Fréchet space with respect to these countable seminorms

νm(·) and they are also known as the p-Schwartz spaces of rapidly decreasing functions

on X (see for example [5]). We now aim to characterize the range of the spherical Fourier

transform with Sp(X)# as its domain. It was observed in [5] that the spherical Fourier

transform of a finitely supported radial function f can also be written as

f̂(z) =
∑
n∈Z

Af(n)qinz, where Af(n) = qn/2
∑
m∈N

b(m,n)f(m) (2.4.16)

denotes the Abel transformation of f and b(m,n) is as in [5, Proposition 2.1]. In the same

paper, Cowling, Meda and Setti proved that for every p ∈ [1, 2], the map f → Af is a

topological isomorphism from Sp(X)# onto q−δp|·|Sev(Z), where Sev(Z) is the space of all

even functions on Z such that

λm(F ) = sup
n∈Z

(1 + |n|)m|F (n)| <∞ for all m ∈ N.

More precisely, the map f → Af is a bijection from Sp(X)# onto q−δp|·|Sev(Z). Further

for any natural number m ≥ 2, there exists a constant C(p,m) > 0 such that for all

f ∈ Sp(X)#,

C−1λ(m−2)(q
δp|·|Af) ≤ νm(f) ≤ Cλm(qδp|·|Af). (2.4.17)

Using the above result as a tool, we are now ready to prove the isomorphism theorem for

the spherical Fourier transform on X. The proof of this theorem is mainly influenced by

the technique given in [11]. For 1 ≤ p ≤ 2, let H(Sp)
# be the space of all even, τ -periodic

functions g on Sp which are analytic on S◦p , continuous on ∂Sp and satisfies

µm(g) = sup
z∈Sp

∣∣∣∣ dmdzm g(z)

∣∣∣∣ <∞ for all m ∈ N. (2.4.18)

When p = 2, the strip reduces to the real line R and H(S2)# is the space of all even,

τ -periodic and infinitely differentiable functions g on R which satisfies

µm(g) = sup
s∈R

∣∣∣∣ dmdsm g(s)

∣∣∣∣ <∞ for all m ∈ N.
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Theorem 2.4.2. The map f → f̂ is a topological isomorphism from Sp(X)# onto H(Sp)
#,

for every p ∈ [1, 2].

Proof. The S2(X)# isomorphism theorem is already proved in [1, Theorem 3.3]. Hence

we choose p ∈ [1, 2). Let f ∈ Sp(X)# and z ∈ Sp. Then it is clear that the infinite series

(2.4.16) converges uniformly on Sp and consequently f̂ is well-defined. The analyticity of

f̂ on S◦p follows directly from the analyticity of qinz together with the fact that the infinite

series (2.4.16) converges uniformly on any compact subset of Sop . In fact for every m ∈ N,

f̂ (m)(z) =
∑
n∈Z

(in log q)mAf(n)qinz, for all z ∈ S◦p .

The above expression along with equation (2.4.17) implies that for every semi-norm µm

of H(Sp)
#, there exists a semi-norm ν(m+4) of Sp(X)# such that,

µm(f̂) ≤ Cν(m+4)(f) for all f ∈ Sp(X)#.

Conversely, assume g ∈ H(Sp)
#. Then for all r with p < r ≤ 2, the function g(·+iδr) is an

infinitely differentiable function of period τ . Hence g has a Fourier series representation

of the form g(s) =
∑
n∈Z

F (n)qins, where

F (n) =
1

τ

τ/2∫
−τ/2

g(s)q−insds

yields the nth Fourier co-efficient of the function g. Our aim is to prove that F ∈

q−δp|·|Sev(Z). Applying the Cauchy’s integral theorem to g, it is easy to verify that for

every r ∈ (p, 2] and n ∈ Z,

F (n) =
1

τ

τ/2∫
−τ/2

g(s+ iδr)q
−in(s+iδr)ds =

1

τ

τ/2∫
−τ/2

g(s− iδr)q−in(s−iδr)ds. (2.4.19)

Infact the first equality in (2.4.19) can be proved using the closed rectangle

Γ(z) = {z ∈ C : =z = 0,−τ/2 ≤ Re z ≤ τ/2} ∪ {z ∈ C : Re z = τ/2, 0 ≤ =z ≤ δr}

∪ {z ∈ C : =z = δr, τ/2 ≤ Re z ≤ −τ/2} ∪ {z ∈ C : Re z = −τ/2, δr ≤ =z ≤ 0}.

Using the identities (2.4.19) and noting that g is even, one can easily prove that F (−n) =

F (n) for all n ∈ N, that F is even in Z. Integrating by parts the second equation in
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(2.4.19) (m times) and further using the Dominated convergence theorem and letting

r → p we have,

λm(qδp|·|F ) ≤ Cµm(g) for every m ∈ N. (2.4.20)

Hence there exists an unique f ∈ Sp(X)# such that Af = F and g = f̂ . Further using

equations (2.4.17) and (2.4.20) we conclude that

νm(f) ≤ Cµm(f̂) for every m ∈ N.

This completes the proof.

2.4.2 Helgason-Fourier Transform

We will now introduce the notion of Fourier transform for functions which are not neces-

sarily radial.

Definition 2.4.3. The Helgason-Fourier transform f̃ of a finitely supported function f

on X is a function on C× Ω defined by the formula

f̃(z, ω) =
∑
x∈X

f(x)p1/2+iz(x, ω).

It is clear that f̃(z, ω) = f̃(z + τ, ω) for every z ∈ C. A simple computation shows

that if f is radial, its Helgason-Fourier transform becomes independent of the variable ω

and

f̃(z, ω) = f̂(z) =
∑
x∈X

f(x)φz(x),

that is, the Helgason-Fourier transform reduces to the spherical Fourier transform. Also

for every finitely supported function f1 and finitely supported radial function f2

˜(f1 ∗ f2)(z, ω) = f̃(z, ω)f̂2(z). (2.4.21)

We end this chapter by stating the Fourier inversion formula and the Plancherel the-

orem for the Helgason-Fourier transform on X. For details we refer [12, Chapter II] and

[14, Chapter 3 and Chapter 5].

Theorem 2.4.4. For every function f ∈ S2(X),

f(x) =

τ/2∫
−τ/2

∫
Ω

p1/2−is(x, ω)f̃(s, ω)dν(ω)dµ(s) for all x ∈ X.
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In particular, if f ∈ S2(X)#, then

f(x) =

τ/2∫
−τ/2

f̂(s)φs(x)dµ(s) for all x ∈ X.

Theorem 2.4.5. The Helgason-Fourier transform is an isometry from L2(X) onto the

space L2(T× Ω, µ× ν), that is, for f ∈ L2(X),

‖f‖2
L2(X) =

τ/2∫
−τ/2

∫
Ω

|f̃(s, ω)|2dν(ω)dµ(s).

In particular, if f ∈ L2(X)#, then

‖f‖2
L2(X) =

τ/2∫
−τ/2

|f̂(s)|2dµ(s).

In the above theorems µ denotes the Plancherel measure whose density with respect

to the Lebesgue measure is given by τ−1(q + 1)−1q/2|c(s)|−2.
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CHAPTER 3

Characterization of eigenfunctions of the Laplacian on

homogeneous trees

3.1 Introduction

In this chapter we aim to prove certain results that characterizes all eigenfunctions of

the Laplacian on homogeneous trees, which are the Poisson transform of Lp
′

functions

defined on the boundary. This is mostly done by carefully analyzing the size estimates of

the Poisson transform of Lp
′
functions whenever 1 < p ≤ 2. Our results mainly drew their

stimulation from the works [25, 26, 27, 28] where the authors proved the similar results

on symmetric spaces of non-compact type.

In 1983, Mantero and Zappa proved that if z 6= (kτ + i)/2, k ∈ Z, then every γ(z)-

eigenfunction of L can be represented as the Poisson transform of martingales on the

boundary (see Theroem 1.1.1). Taking a step forward, we now impose some size conditions

on these eigenfunctions of the Laplacian in order to ensure that they are actually the

Poisson transform of Lp
′

functions on Ω. Here it is worth mentioning that these size

estimates arise naturally due to the behaviour of the Poisson transform (of Lp
′

functions

defined on the boundary) which in turn is a generalization of the behaviour of the spherical

37
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38 Chapter 3. Characterization of eigenfunctions of the Laplacian on homogeneous trees

functions, that is Pz1. In fact recalling Lemma 2.3.11, we find that

for 1 < p < 2, |φz(x)| � q
− |x|

p′ if =z = δp′ and |φz(x)| ≤ Czq
−|x|/2 if z ∈ R \ (τ/2)Z.

To our surprise, the above point wise exponential decay also holds if we replace Pz1 by

PzF for any F ∈ Lp′(Ω), whenever 1 < p ≤ 2. This in particular leads to the fact that

PzF is a weak Lp
′

eigenfunction of L, which in turn signifies the use of Lp
′,∞ as the size

condition to characterize the eigenfunctions of L as the Poisson transform of Lp
′
functions.

3.2 Some Important Results

In this section we prove certain complementary results which we shall require further.

We begin with the following preparatory lemma whose proof follows directly from the

definition of weak Lp spaces given in Chapter 2. Nevertheless for the sake of completeness,

we provide the proof of this result.

Lemma 3.2.1. If 1 < p ≤ 2, then there exists a positive constant C such that for every

u ∈ Lp′,∞(X),
1

N

∑
x∈B(o,N)

|u(x)|p′ ≤ C‖u‖p
′

Lp′,∞ for all N ∈ N. (3.2.1)

Proof. Using the well known relation (see [16, Proposition 1.4.5])

∫
X

|f |p′dµ =

∞∫
0

f ∗(t)p
′
dt,

we obtain ∑
x∈B(o,N)

|u(x)|p′ =

∞∫
0

(χB(o,N)|u|)∗(t)p
′
dt. (3.2.2)

Since u ∈ Lp′,∞(X), it follows from the definition of the Lorentz norms that

u∗(t)p
′ ≤ 1

t
‖u‖p

′

Lp′,∞ , for all t > 0. (3.2.3)

Further for every x ∈ X,

|u(x)| =
∑
y∈X

|u(y)| χ{x}(y) ≤ ‖u‖Lp′,∞‖χ{x}‖Lp,1 ≤ Cp‖u‖Lp′,∞ .
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Therefore

|χB(o,N)(x)u(x)| ≤ Cp‖u‖Lp′,∞χB(o,N)(x).

Since (χB(o,N))
∗ = χ(0,#B(o,N)) ([16, Page 45]), the above expression yields

(χB(o,N)|u|)∗(t)p
′ ≤ Cp‖u‖p

′

Lp′,∞χ(0,#B(o,N))(t). (3.2.4)

Combining equations (3.2.2), (3.2.3) and (3.2.4) and using the fact that #B(o,N) � qN ,

we finally obtain

∑
x∈B(o,N)

|u(x)|p′ ≤ Cp

#B(o,N)∫
0

min{‖u‖p
′

Lp′,∞ , ‖u‖
p′

Lp′,∞

1

t
}dt

≤ Cp‖u‖p
′

Lp′,∞

qN∫
0

min{1, 1

t
}dt

= Cp‖u‖p
′

Lp′,∞

 1∫
0

dt+

qN∫
1

dt

t


= Cp‖u‖p

′

Lp′,∞(1 + log qN − log 1)

≤ Cp‖u‖p
′

Lp′,∞N.

This completes the proof.

For proving the main result of this chapter, we also need the following result concerning

the asymptotic behaviour of the Poisson transform. See [24, Proposition 1] for details.

Theorem 3.2.2. Let 1 < p < 2 and z = α + iδp′ for some α ∈ R. Then for every

F ∈ Lp′(Ω), ∫
K

∣∣∣∣PzF (k · ω0
n)

φz(ω0
n)

∣∣∣∣p′dk −→ ∫
K

|F (k · ω0)|p′dk as n→∞, (3.2.5)

where ω0 = {o, ω0
1, . . . , ω

0
n, . . .} is a fixed element in Ω.

We now enlist some important properties of the Harish-Chandra’s c-function which

are useful in the sequel.

Proposition 3.2.3. For z ∈ R \ (τ/2), the Harish-Chandra’s c-function satisfies the

following properties.
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40 Chapter 3. Characterization of eigenfunctions of the Laplacian on homogeneous trees

1. c(−z) = c(z).

2. c(z) + c(z) = 1.

Proof. Recalling (2.3.10), the Harish-Chandra’s c-function is explicitly given by

c(z) =
q1/2

q + 1

q1/2+iz − q−1/2−iz

qiz − q−iz
.

We omit the proof of (1) as it easily follows from the expression above. Further using (1),

the explicit formula for φz and the fact that φz(0) = 1, we get (2).

3.3 Weak Lp Eigenfunctions

The purpose of this section is to prove our main results regarding the characterization

of the eigenfunctions of the Laplacian, in terms of certain size estimates of the Poisson

transform. We begin with the case 1 < p < 2.

3.3.1 The Case 1 < p < 2

Theorem 3.3.1. Let 1 < p < 2. Suppose u is a complex valued function defined on X

and that z = α + iδp′, α ∈ R. Then u(x) = PzF (x) for some F ∈ Lp′(Ω) if and only if

u ∈ Lp′,∞(X) and Lu(x) = γ(z)u(x). Moreover there exist positive constants C1 and C2

such that for all F ∈ Lp′(Ω) we have

C1‖F‖Lp′ (Ω) ≤ ‖PzF‖Lp′,∞(X) ≤ C2‖F‖Lp′ (Ω). (3.3.6)

Proof. Fix p ∈ (1, 2) and suppose that z = α + iδp′ for some α ∈ R. We first prove that

for all F ∈ Lp′(Ω),

‖PzF‖Lp′,∞(X) ≤ Cp‖F‖Lp′ (Ω). (3.3.7)

The estimate (3.3.7) is already known (see for example [5]), however for the sake of

completeness, we give the sketch of the proof. Let x ∈ X and {o = x0, x1, x2, . . . , xn = x}
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be the geodesic connecting o to x. Using (2.2.1) we find that

PzF (x) =

∫
Ω

 |x|∑
j=0

q(2j−|x|)(iα+1/p)XEj(x)\Ej+1(x)(ω)

F (ω)dν(ω)

=

|x|∑
j=0

q(2j−|x|)(iα+1/p)

∫
Ej(x)\Ej+1(x)

F (ω)dν(ω).

Taking modulus on both sides, we obtain

|PzF (x)| ≤ q−|x|/p
|x|∑
j=0

q2j/p

∫
Ej(x)\Ej+1(x)

|F (ω)|dν(ω)

≤ q−|x|/p
|x|∑
j=0

q2j/p

∫
Ej(x)

|F (ω)|dν(ω).

Now using (2.3.2) and the fact that ν(Ej(x)) = q/(q + 1)qj, we have

|PzF (x)| ≤ q−|x|/p

 q

q + 1

|x|∑
j=1

q(2/p−1)jEj(|F |)(ω) + E0(|F |)(ω)


≤ E(|F |)(ω)q−|x|/p

|x|∑
j=0

q(2/p−1)j

= q−|x|/p
′E(|F |)(ω)

q2/p−1 − q|x|(1/p′−1/p)

q2/p−1 − 1

≤ Cpq
−|x|/p′E(|F |)(ω) for all x ∈ X, ω ∈ E|x|(x).

For λ > 0, define the set Eλ = {x ∈ X : |PzF (x)| > λ}. Then we have

Eλ ⊆ {x ∈ X : Cpq
−|x|/p′E(|F |)(ω) > λ}

=

{
x ∈ X : 1 ≤ q|x| <

Cp′
p E(|F |)p′(ω)

λp′

}

=

{
x ∈ X : 0 ≤ |x| < 1

log q
log

(
Cp′
p E(|F |)p′(ω)

λp′

)}
.
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Let β = 1
log q

log(
Cp′

p E(|F |)p′ (ω)

λp′
) and [β] denote its greatest integer function. Then

#Eλ ≤ # {x ∈ X : 0 ≤ |x| < β}

≤
∫
Ω

[β]∑
j=0

qjdν(ω) =

∫
Ω

q[β]+1 − 1

q − 1
dν(ω)

≤ C

∫
Ω

qβdν(ω) = C

∫
Ω

Cp′
p E(|F |)p′(ω)

λp′
dν(ω)

= Cp
‖E(|F |)‖p

′

Lp′ (Ω)

λp′
.

Therefore for λ > 0, we finally obtain

λp
′
dPzF (λ) ≤ Cp‖E(|F |)‖p

′

Lp′ (Ω)
.

Now the estimate (3.3.7) follows using Theorem 2.3.6. Further from the subsequent dis-

cussions in Section 2.3.3, it is clear that L(PzF ) = γ(z)PzF . This completes the proof of

the first part.

To prove the converse part of this theorem, we first show that for all F ∈ Lp′(Ω), there

exists a constant C (independent of F and α) such that

‖F‖Lp′ (Ω) ≤ C‖PzF‖Lp′,∞(X). (3.3.8)

Let ω0 = {o = ω0
0, ω

0
1, . . . , ω

0
n, . . .} be some fixed element in Ω. The estimates |ϕz(x)| �

q−|x|/p
′
, #S(o, n) � (q + 1)qn−1 and (3.2.1) altogether implies that

N∑
n=0

∫
K

∣∣∣∣PzF (k · ω0
n)

φz(ω0
n)

∣∣∣∣p′dk � N∑
n=0

(q + 1)qn−1

∫
K

|PzF (k · ω0
n)|p

′
dk

=
N∑
n=0

∑
x∈S(o,n)

|PzF (x)|p′

=
∑

x∈B(o,N)

|PzF (x)|p′ ≤ C‖PzF‖p
′

Lp′,∞N.

Therefore we finally have

1

N

N∑
n=0

∫
K

∣∣∣∣PzF (k · ω0
n)

φz(ω0
n)

∣∣∣∣p′dk ≤ C‖PzF‖p
′

Lp′,∞ for all N ∈ N.

Now (3.3.8) follows from above inequality and Theorem 3.2.2.
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Now we will show that if u ∈ Ez(X) ∩ Lp′,∞(X) then u(x) = PzF (x) for some F ∈

Lp
′
(Ω). By Theorem 1.1.1 there exists a martingale F = (Fn)n≥0 such that

u(x) = PzF(x) = lim
n→∞

PzFn(x).

Since Fn ∈ Kn(Ω) ⊂ Lp
′
(Ω) for each n, therefore it follows from (3.3.8) that

‖Fn‖Lp′ (Ω) ≤ C‖PzFn‖Lp′,∞(X). (3.3.9)

It was proved in [29] that for all n, the function PzFn is given by

PzFn(x) = εn(u)(x) for all x ∈ X, (3.3.10)

where εn is defined as

εnu(x) =
1

#S(n, x)

∑
y∈S(n,x)

u(y) for all x ∈ X,

and

S(n, x) =


{x} if |x| ≤ n,

{y ∈ X : |y| = |x|, xn = yn} if |x| > n.

Let us define a maximal function

ε∗u(x) = sup
n≥0
|εnu(x)| for all x ∈ X.

Assume for a moment that the operator ε∗ is a bounded map from Lp
′,∞(X) into itself.

Then from (3.3.9) and (3.3.10) we have

‖Fn‖Lp′ (Ω) ≤ C‖u‖Lp′,∞(X) for all n ∈ N.

Since the constant C above is independent of n, it follows from Theorem 2.3.7 that the

martingale F is given by a Lp
′
(Ω) function, say F . Hence we have u(x) = PzF (x).

Now we show that the operator ε∗ is a bounded map from Lp
′,∞(X) into itself. Note

that εnu(x) = u(x) if |x| ≤ n. Now assume that |x| > n, that is, |x| = n + k for some

k > 0. Let {o, x1, . . . , xn, . . . , xn+k = x} be the geodesic connecting o to x. Observe that

S(n, x) ⊂ B(x, 2k) and

#S(n, x) = qk � #B(x, 2k)1/2.
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From the above facts we find that for every x satisfying |x| > n,

|εnu(x)| ≤ C
1

#B(x, 2k)1/2

∑
y∈B(x,2k)

|u(y)| ≤ CMu(x),

where M is the operator defined by the formula

Mu(x) = sup
r∈N

1

#B(x, r)1/2

∑
y∈B(x,r)

|u(y)|.

Therefore we finally have

ε∗u(x) ≤ C(Mu(x) + |u(x)|) for all x ∈ X. (3.3.11)

In [43] Veca proved that M is a bounded operator from L2,1(X) to L2,∞(X). Hence

from (3.3.11) we can say that ε∗ is bounded from L2,1(X) to L2,∞(X). Interpolating with

the trivial L∞-boundedness of ε∗, we conclude that

‖ε∗u‖Lp′,∞(X) ≤ C‖u‖Lp′,∞(X) for all u ∈ Lp′,∞(X).

This completes the proof.

3.3.2 The Case p = 2

Our next theorem can be considered as an extension of the above result for p = 2. Here

the standard trick of dominating |PzF (x)| by Piδp′ (|F |)(x) does not work. This is clearly

evident from the fact that φ0 /∈ L2,∞(X) (see Lemma 2.3.12). Hence we treat this case

separately. Unlike the p case, here we compute PzF directly and one has to get into the

realms of the Harish-Chandra’s c-function to get the size estimates of Poisson transforms.

Theorem 3.3.2. Let u be a complex valued function defined on X and z ∈ R \ (τ/2)Z.

Then u(x) = PzF (x) for some F ∈ L2(Ω) if and only if u ∈ L2,∞(X) and Lu(x) =

γ(z)u(x). Moreover there exist positive constants C1 and C2 such that for all F ∈ L2(Ω)

C1|c(z)|‖F‖L2(Ω) ≤ ‖PzF‖L2,∞(X) ≤ C2|c(z)|‖F‖L2(Ω), (3.3.12)

where c(·) is the Harish-Chandra’s c-function given by (2.3.10).
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Proof. Since PzF = Pz+τF , therefore it is enough to prove the above estimates for z ∈

(−τ/2, τ/2)\{0}. To begin with, we first prove that if F ∈ L2(Ω) and z ∈ (−τ/2, τ/2)\{0}

then

‖PzF‖L2,∞(X) ≤ C2|c(z)|‖F‖L2(Ω). (3.3.13)

For the simplicity in calculation let us assume z = s/2 where 0 < |s| < τ . Let x ∈ X and

{o = x0, x1, . . . , xn = x} be the geodesic connecting o to x. Then using (2.2.1), we find

that

PzF (x) =

∫
Ω

p(1+is)/2(x, ω)F (ω)dν(ω)

= q−|x|(1+is)/2

|x|∑
j=0

q(1+is)j

∫
Ej(x)\Ej+1(x)

F (ω)dν(ω)

= q−|x|(1+is)/2

E0(F )(ω) +

|x|∑
j=1

q(1+is)j

∫
Ej(x)

F (ω)dν(ω)

−
|x|−1∑
j=0

q(1+is)j

∫
Ej+1(x)

F (ω)dν(ω)

 .
Now expanding PzF in terms of Ej(F ) by using the fact that ν(Ej(x)) = q/(q + 1)qj, we

get

PzF (x) = q−|x|(1+is)/2

E0(F )(ω) +
q

q + 1

( |x|∑
j=1

qisjEj(F )(ω)−
|x|−1∑
j=0

qisj−1Ej+1(F )(ω)
)

= q−|x|(1+is)/2

E0(F )(ω) +
q

q + 1

( |x|∑
j=1

qisjEj(F )(ω)−
|x|∑
j=1

qis(j−1)−1Ej(F )(ω)
)

= q−|x|(1+is)/2

E0(F )(ω) +
q

q + 1
(1− q−1−is)

|x|∑
j=1

qisjEj(F )(ω)

 .
Putting Ej(F ) =

j∑
m=0

∆j(F ) if j ≥ 1 and E0(F ) = ∆0(F ) in the above expression and then

changing the order of summation, we obtain

PzF (x) = q−|x|(1+is)/2

∆0(F )(ω) +
q

q + 1
(1− q−1−is)

|x|∑
j=1

qisj
j∑

m=0

∆m(F )(ω)


= q−|x|(1+is)/2 [∆0(F )(ω)

TH-2467_156123004



46 Chapter 3. Characterization of eigenfunctions of the Laplacian on homogeneous trees

+
q

q + 1
(1− q−1−is)

∆0(F )(ω)

|x|∑
j=1

qisj +

|x|∑
m=1

∆m(F )(ω)

|x|∑
j=m

qisj


= q−|x|(1+is)/2

[(
1 +

1− qis|x|

1− qis
q1+is

q + 1
(1− q−1−is)

)
∆0(F )(ω)

+
q

q + 1
(1− q−1−is)

|x|∑
m=1

qism
1− qis(|x|−m+1)

1− qis
∆m(F )(ω)


= q−|x|(1+is)/2

[(
1 +

(1− q−1−is)

1− qis
q1+is

q + 1

)
E0(F )(ω)

− q(1− q−1−is)

(q + 1)(1− qis)

qis(|x|+1)E|x|(F )(ω)−
|x|∑
m=1

qism∆m(F )(ω)

 .
Recalling formula (2.3.10), a simple computation shows that

c(s/2) = −q
1+is(1− q−1−is)

(q + 1)(1− qis)
.

Using the above fact together with Proposition 3.2.3, we obtain

PzF (x) = q−|x|(1/2+iz)
[
c(z)E0(F )(ω) + c(z)q2iz|x|E|x|(F )(ω)

− c(z)q−2iz

|x|∑
m=1

q2izm∆m(F )(ω)

 .
Taking modulus on both sides and using the fact that |c(z)| = |c(−z)|, we finally get

|PzF (x)| ≤ q−|x|/2|c(z)|

2E(|F |)(ω) + sup
|x|∈N

∣∣∣∣∣∣
|x|∑
m=1

q2izm∆m(F )(ω)

∣∣∣∣∣∣
 ∀x ∈ X, ω ∈ E(x).

Now let us define a function G by

G(ω) =
∞∑
m=1

q2izm∆m(F )(ω) for all ω ∈ Ω.

By Theorem 2.3.4, G is a well defined L2 function and ‖G‖L2(Ω) ≤ C‖F‖L2(Ω). Further

using Propsition 2.3.2 (3), we find that

E(G)(ω) = sup
n≥0
|En(G)(ω)|

= sup
n≥0

∣∣∣∣∣En
(
∞∑
m=1

q2izm∆m(F )

)
(ω)

∣∣∣∣∣
= sup

n≥0

∣∣∣∣∣
n∑

m=1

q2izm∆m(F )(ω)

∣∣∣∣∣ .
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Therefore |PzF (x)| is dominated by the sum of two factors namely, q−|x|/2E(|F |) and

q−|x|/2E(G). Now using a similar technique as in the previous theorem, estimate (3.3.13)

follows from Theorem 2.3.6.

Conversely we assume u ∈ Ez(X) for some z ∈ (−τ/2, τ/2)\{0}. Using Theorem 1.1.1

and formula (2.3.6) there exists a martingale F = (Fn)n≥0 such that

u(x) = PzF(x)

= PzFN(x) whenever |x| ≤ N.

To complete the proof we need to show that F is in L2(Ω). In view of Theorem 2.3.7, it

is enough to show that

sup
n≥0
‖Fn‖L2(Ω) <∞.

To do so, we will use the given assumption that u ∈ L2,∞(X). From Lemma 3.2.1, for all

N ∈ N, we have

1

N

N∑
m=0

qm
∫
K

|PzFN(k · ω0
m)|2dk � 1

N

N∑
m=0

∑
x∈S(o,m)

|PzFN(x)|2

=
1

N

∑
x∈B(o,N)

|PzFN(x)|2

=
1

N

∑
x∈B(o,N)

|u(x)|2 ≤ C‖u‖2
L2,∞ , (3.3.14)

where ω0 = {o = ω0
0, ω

0
1, . . . , ω

0
m, . . .} is some fixed element in Ω. Our next aim is to find

an explicit formula for PzFN(k · ω0
m). Recall that for all N ∈ N,

FN =
N∑
n=0

∆n(FN) with ∆n(∆n(FN)) = ∆n(FN).

Now we need the following formula for Pz(∆n(FN)) given in [29, Page 377].

Pz(∆n(FN))(k · ω0
m) =

0 if m < n,

B(n,m, z)∆n(FN)(k · ω0) if m ≥ n,

where B(n,m, z) is defined as follows.
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Case I: Suppose n = 0. Using [29, equation (2.5)], for all m ≥ 0 we have

B(0,m, z) = q−(1/2+iz)m

(
1 +

q

q + 1
(1− q−1−2iz)

m∑
j=1

q2izj

)

= q−(1/2+iz)m

(
1 +

q1/2

q + 1
(q1/2 − q−1/2−2iz)q2iz 1− q2izm

1− q2iz

)
= q−(1/2+iz)m

(
1 +

q1/2

q + 1

q1/2+iz − q−1/2−iz

qiz − q−iz
(q2izm − 1)

)
.

Substituting the value of c(z) from (2.3.10), the above expression finally takes the form

B(0,m, z) = q−m/2(q−izm + c(z)(qizm − q−izm)) for all m ≥ 0.

Case II: In a similar way as above, for n > 0 and m ≥ n, we have

B(n,m, z) = q−(1/2+iz)m q

q + 1
(1− q−1−2iz)

m∑
j=n

q2izj

= q−(1/2+iz)m q1/2

q + 1
(q1/2 − q−1/2−2iz)q2izn q

2iz(m−n+1) − 1

q2iz − 1

= q−m/2
q1/2

q + 1

q1/2+iz − q−1/2−iz

qiz − q−iz
qiz(n−1)(qiz(m−n+1) − q−iz(m−n+1))

= q−m/2c(z)qiz(n−1)(qiz(m−n+1) − q−iz(m−n+1)).

Hence for every m with 0 ≤ m ≤ N ,

PzFN(k · ω0
m) =

m∑
n=0

Pz(∆n(FN))(k · ω0
m) =

m∑
n=0

B(n,m, z)∆n(FN)(k · ω0).

Using the above expression of PzFN and (2.3.3), we compute

1

N

N∑
m=0

qm
∫
K

|PzFN(k · ω0
m)|2dk =

1

N

N∑
m=0

qm
∫
K

PzFN(k · ω0
m)PzFN(k · ω0

m)dk

=
1

N

N∑
m=0

qm
∫
K

(
m∑
j=0

B(j,m, z)∆j(FN)(k · ω0)

)(
m∑
n=0

B(n,m, z)∆n(FN)(k · ω0)

)
dk

=
1

N

N∑
m=0

qm
m∑
n=0

|B(n,m, z)|2‖∆n(FN)‖2
L2(Ω)

=
1

N

N∑
n=0

‖∆n(FN)‖2
L2(Ω)

N∑
m=n

qm|B(n,m, z)|2.

From (3.3.14), we have

N∑
n=0

‖∆n(FN)‖2
L2(Ω)

(
1

N

N∑
m=n

|B′(n,m, z)|2
)
≤ C‖u‖2

L2,∞ for all N ∈ N, (3.3.15)
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where B(n,m, z) = q−m/2B′(n,m, z). More precisely,

B′(n,m, z) =

q
−izm + c(z)(qizm − q−izm) if n = 0,

c(z)qiz(n−1)(qiz(m−n+1) − q−iz(m−n+1)) if n > 0.

(3.3.16)

Now we claim that for all n ≥ 0,

1

N

N∑
m=n

|B′(n,m, z)|2 → 2|c(z)|2 as N →∞. (3.3.17)

Case 1: First we assume n = 0. Using the explicit formula (3.3.16), we find that

N∑
m=0

|B′(0,m, z)|2 = 1 +
N∑
m=1

(q−izm + c(z)(qizm − q−izm)) · (q−izm + c(z)(qizm − q−izm))

= 1 +
N∑
m=1

(1 + |c(z)|2(2− q2izm − q−2izm) + c(z)(q2izm − 1)

+ c(z)(q−2izm − 1))

= (N + 1) + |c(z)|2
(

2N − q2iz 1− q2izN

1− q2iz
− q−2iz 1− q−2izN

1− q−2iz

)
+ c(z)

(
q2iz 1− q2izN

1− q2iz
−N

)
+ c(z)

(
q−2iz 1− q−2izN

1− q−2iz
−N

)
.

Using the above expression and the fact that c(z) + c(z) = 1, the convergence (3.3.17)

follows.

Case 2: Similarly for n > 0, (3.3.17) follows from the following explicit formula.

N∑
m=n

|B′(n,m, z)|2 = |c(z)|2
(

2(N − n+ 1)− q2iz

1− q2iz
(1− q2iz(N−n+1))

− q−2iz

1− q−2iz
(1− q−2iz(N−n+1))

)
.

Hence for any fixed k ∈ N there exists a large positive integer (say) Nk greater than k

such that

1

Nk

Nk∑
m=n

|B′(n,m, z)|2 > |c(z)|2, for all n with 0 ≤ n ≤ k. (3.3.18)

Since k < Nk, therefore by using (3.3.15), (3.3.18) and (2.3.3) we finally have

C|c(z)|2‖Fk‖2
L2(Ω) ≤ ‖u‖2

L2,∞(X). (3.3.19)

TH-2467_156123004
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Since k is arbitrary, therefore F coincides with some F ∈ L2(Ω) and u(x) = PzF (x).

Finally inequality (3.3.12) follows from (3.3.13), (3.3.19) and the fact that for all F ∈

L2(Ω),

‖Fk − F‖L2(Ω) → 0 as k →∞.

This completes the proof.

Remark 3.3.3. Before ending this chapter, we would like to highlight some remarkable

differences in the statements of our main results. Note that Theorem 3.3.2 holds only for

z ∈ R \ (τ/2)Z, however Theorem 3.3.1 is true for all parameter z that belongs to the

line R + iδp′. This difference occurs because of the fact that the constants that appeared

in norm estimate (3.3.6) is independent of the parameter z ∈ R + iδp′. On the other

hand, the constants that appeared in the norm estimate (3.3.12) depends on the Harish-

Chandra’s c-function. It follows from (2.3.10) that |c(z)| → ∞ as z approaches to 0 or

any z0 = τn/2 for n ∈ Z. This indicates that the quantity ‖PzF‖L2,∞(X) will go to infinity

if z approaches to 0 or any number belonging to (τ/2)Z. Hence Pz0F /∈ L2,∞(X) for any

z0 ∈ (τ/2)Z. An illustration of this observation can also be seen from the estimates of φz

given in Lemma 2.3.12.
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CHAPTER 4

Restriction Theorem for the Helgason-Fourier transform on

homogeneous trees

4.1 Introduction

In this chapter we prove the restriction theorems for the Helgason-Fourier transform on

X. These results can also be considered as an application of the size estimates of the

Poisson transform proved in Chapter 3. The key concept involved here is the formulation

of a duality relation between the Poisson transform and the Helgason-Fourier transform.

This idea is in turn adapted from [25, 26] where the authors proved the similar results on

symmetric spaces and harmonic NA groups. In Section 4.2 we recall certain important

facts related to the intertwining operators which plays a vital role in proving our main

results. We then prove the restriction theorems in Section 4.3. Finally in Section 4.4, we

discuss about the existence and analyticity of the Helgason-Fourier transform on X.

4.2 The Intertwining Operators

It is known that if z 6= (kτ+i)/2, k ∈ Z then Pz is a bijective map from K′(Ω) onto Ez(X).

Using this fact, Mantero and Zappa [29] proved the existence of an operator Iz on K′(Ω)

52
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4.2. The Intertwining Operators 53

which intertwines the representations πz and π−z. More precisely, for z 6= (kτ + i)/2,

k ∈ Z, the intertwining operator Iz = P−1
z P−z is such that

π−z(g)Iz = Izπz(g) for all g ∈ G.

Furthermore they also proved that for some selective values of z, Iz turns out to be an

integral operator, which in our context can be stated in the following manner. See [29,

Proposition 4.4] for details.

Theorem 4.2.1. For 1 < p < 2 and z = iδp′, Iz can be explicitly written as

Iiδp′F (ω) = P−1
iδp′
PiδpF (ω) =

∫
Ω

kp(ω, ω
′)F (ω′)dν(ω′), F ∈ K(Ω), (4.2.1)

where the kernel kp(ω, ω
′) is given by the formula

kp(ω, ω
′) = ρ(p)q2|c(ω,ω′)|/p′ and ρ(p) =

(q + 1)(1− q1−2/p)

q(1− q−2/p)
.

The main aim in this section is to prove certain important facts about the operator

Iiδp′ which will use further.

Theorem 4.2.2. For 1 < p < 2 and z = iδp′, let Iiδp′ be as defined in (4.2.1). Then we

have the following.

1. Iiδp′ = (F ∗Kp)(k1 · ω0) for all F ∈ K(Ω) and k1 ∈ K, where

Kp(k1 · ω0) = kp(ω0, k
−1
1 · ω0),

ω0 is some fixed element in Ω, and ‘∗’ denotes the convolution (whenever it makes

sense) of two functions defined on K.

2. Iiδp′ is a continuous linear operator from Lp(Ω) to Lp
′
(Ω). More precisely, there

exists a constant Cp > 0 such that

‖Iiδp′F‖Lp′ (Ω) ≤ C‖F‖Lp(Ω) for all F ∈ Lp(Ω). (4.2.2)
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Proof. (1): For F ∈ K(Ω) and k1 ∈ K, we have

(F ∗Kp)(k1 · ω0) =

∫
K

F (k2 · ω0) Kp(k
−1
2 k1 · ω0) dk2

=

∫
K

F (k2 · ω0) kp(ω0, k
−1
1 k2 · ω0) dk2

=

∫
K

F (k2 · ω0) kp(k1 · ω0, k2 · ω0) dk2

= Iiδp′F (k1 · ω0),

where the equality in the second and the third line is due to the fact that

|c(k1 · ω0, k2 · ω0)| = |k1 · c(ω0, k
−1
1 k2 · ω0)| = |c(ω0, k

−1
1 k2 · ω0)|. (4.2.3)

(2): In view of [15, Proposition 1.10], it is enough to prove that Kp ∈ Lp
′/2,∞(Ω). For

λ > 0, define the set Eλ = {ω′ ∈ Ω : |Kp(ω
′)| > λ}. Using (4.2.3), we obtain

ν (Eλ) = ν
(
{k1 · ω0 ∈ Ω : |kp(ω0, k

−1
1 · ω0)| > λ}

)
= ν

(
{ω′ ∈ Ω : ρ(p)q2|c(ω0,ω′)|/p′ > λ}

)
= ν

({
ω′ ∈ Ω : |c(ω0, ω

′)| > 1

log q
log

(
λ

ρ(p)

)p′/2})
≤ Cp
λp′/2

.

The assertion now follows from the definition of Lorentz norm given in Chapter 2.

4.3 Fourier Restriction Theorems

In this section we prove a version of restriction theorems for the Helgason-Fourier trans-

form on X. Recall that the Helgason-Fourier transform f̃ of a finitely supported function

f on X is a function on C× Ω defined by the formula

f̃(z, ω) =
∑
x∈X

f(x)p1/2+iz(x, ω).

For fixed z ∈ C, we say that the boundary Ω of X satisfies a (p, r) restriction theorem if(∫
Ω

|f̃(z, ω)|rdν(ω)

)1/r

≤ Cp,r‖f‖Lp(X) for all f ∈ Lp(X).
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Before the formulation of main result for general functions let us first discuss the special

case of radial functions. If f is a radial function then it is immediate that

f̃(z, ω) = f̂(z) =
∑
x∈X

f(x)φz(x).

Therefore the following theorem is an immediate consequence of Lemma 2.3.12.

Theorem 4.3.1. Let 1 ≤ p < 2. Then

1. f̂(z) exists if f ∈ Lp,∞(X)# and z ∈ S◦p .

2. f̂(z) exists if f ∈ Lp,1(X)
#

and z ∈ Sp.

3. f̂(z) exists if f ∈ L2,1(X)
#

and z ∈ R \ (τ/2)Z.

4.3.1 Restriction Theorem for the Helgason-Fourier Transform

Now we prove our main results for the Helgason-Fourier transform on X, which can also

be considered as an extension of Theorem 4.3.1. Our proofs are mainly based on the

following duality relation: For z ∈ C, a finitely supported function f on X and F ∈ K(Ω),∫
Ω

f̃(z, ω)F (ω)dν(ω) =

∫
Ω

(∑
x∈X

f(x)p1/2+iz(x, ω)

)
F (ω)dν(ω)

=
∑
x∈X

f(x)

∫
Ω

p1/2+iz(x, ω)F (ω)dν(ω)


=
∑
x∈X

f(x)PzF (x). (4.3.4)

Theorem 4.3.2. Let f be a complex valued function defined on X and α ∈ R.

(a) Let 1 ≤ p < 2 and p ≤ r ≤ p′. If f ∈ Lp,1(X) then∫
Ω

|f̃(α + iδr′ , ω)|rdν(ω)

1/r

≤ Cp,r‖f‖Lp,1(X) and C1,r = 1.

(b) Let 1 < p < 2 and p < r < p′. If f ∈ Lp,∞(X) then∫
Ω

|f̃(α + iδr′ , ω)|rdν(ω)

1/r

≤ Cp,r‖f‖Lp,∞(X).
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Proof. (a): First we assume p = 1 and f ∈ L1(X). For 1 ≤ r <∞ and z = α+ iδr′ , using

Minkowski’s inequality and the fact that

|φz(x)| ≤ 1 for all z ∈ S1 and x ∈ X,

we obtain ∫
Ω

|f̃(z, ω)|rdν(ω)

1/r

=

∫
Ω

∣∣∣∣∣∑
x∈X

f(x)p1/r+iα(x, ω)

∣∣∣∣∣
r

dν(ω)

1/r

≤
∑
x∈X

∫
Ω

|f(x)p1/r+iα(x, ω)|rdν(ω)

1/r

=
∑
x∈X

|f(x)|
(∫

Ω

p(x, ω)dν(ω)

)1/r

=
∑
x∈X

|f(x)|φiδ∞(x)1/r ≤ ‖f‖L1(X).

If r =∞ and z = α + iδ1 then

f̃(z, ω) =
∑
x∈X

f(x)piα(x, ω).

Since |piα(x, ω)| = 1, we have

|f̃(z, ω)| ≤
∑
x∈X

|f(x)| = ‖f‖L1(X).

Consequently for p = 1 the result follows with C1,r = 1.

Next we deal with the case 1 < p < 2. Suppose that r = p and z = α + iδp′ , α ∈ R.

In view of (4.3.4) and the estimate (3.3.7) we have∣∣∣∣∣∣
∫
Ω

f̃(z, ω)F (ω)dν(ω)

∣∣∣∣∣∣ =

∣∣∣∣∣∑
x∈X

f(x)PzF (x)

∣∣∣∣∣
≤ ‖f‖Lp,1(X)‖PzF‖Lp′,∞(X)

≤ Cp‖f‖Lp,1(X)‖F‖Lp′ (Ω).

Since the above inequality holds for every F ∈ K(Ω), therefore taking supremum over all

F ∈ K(Ω) with ‖F‖Lp′ (Ω) = 1, we finally get the relation∫
Ω

|f̃(z, ω)|pdν(ω)

1/p

≤ Cp‖f‖Lp,1(X).
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Now let us consider the case when r = p′ and z = α + iδp, α ∈ R. Using a similar

argument as above, it is enough to show that

‖Pα+iδpF‖Lp′,∞(X) ≤ Cp‖F‖Lp(Ω) for all F ∈ Lp(Ω). (4.3.5)

To prove (4.3.5), we first note that for all x ∈ X,

|Pα+iδpF (x)| =

∣∣∣∣∣∣
∫
Ω

p1/p′+iα(x, ω)F (ω)dν(ω)

∣∣∣∣∣∣
≤
∫
Ω

p1/p′(x, ω)|F (ω)|dν(ω) = Piδp(|F |)(x).

In view of the above expression, it is enough to prove that

‖PiδpF‖Lp′,∞(X) ≤ Cp‖F‖Lp(Ω) for all F ∈ Lp(Ω).

Using Theorem 1.1.1 and formula (4.2.1), we find that

PiδpF (x) = Piδp′P
−1
iδp′
PiδpF (x)

= Piδp′ (Iiδp′F )(x) for all x ∈ X.

Hence using the estimates (3.3.7) and (4.2.2), we finally obtain

‖PiδpF‖Lp′,∞(X) = ‖Piδp′ (Iiδp′F )‖Lp′,∞(X)

≤ Cp‖Iiδp′F‖Lp′ (X)

≤ Cp‖F‖Lp(X).

This completes part (a) except for the cases p < r < p′ which are included in the proof

of part (b) keeping in mind that Lp,1(X) ⊂ Lp,∞(X) and

‖f‖Lp,∞(X) ≤ ‖f‖Lp,1(X) for all f ∈ Lp,1(X).

(b): Let 1 < p < 2 and f ∈ Lp,∞(X). In view of the duality relation (4.3.4) it follows that

to prove our assertion, it is enough to prove that for every p < r < p′,

‖Pα+iδr′
F‖Lp′,1(X) ≤ Cp,r‖F‖Lr′ (Ω) for all F ∈ Lr′(Ω). (4.3.6)

We subdivide this proof into the following steps.
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Case 1: First we assume p < r < 2 and z = α + iδr′ . Using Hölder’s inequality and the

fact

|φz(x)| ≤ 1 for all z ∈ S1 and x ∈ X,

we find that for all x ∈ X,

|Pα+iδr′
F (x)| ≤

∫
Ω

|p1/r+iα(x, ω)||F (ω)|dν(ω)

=

∫
Ω

p1/r(x, ω)|F (ω)|dν(ω)

≤ ‖F‖Lr′ (X)

∫
Ω

p(x, ω)dν(ω)

1/r

= ‖F‖Lr′ (X)φiδ∞(x)1/r ≤ ‖F‖Lr′ (X) for all F ∈ K(Ω).

Taking supremum over all x ∈ X, we obtain

‖Pα+iδr′
F‖L∞(X) ≤ ‖F‖Lr′ (Ω) for all F ∈ Lr′(Ω). (4.3.7)

Now we interpolate between the two norm inequalities (4.3.7) and (3.3.7) (see [16, Page

64, 1.4.2]) to obtain

‖Pα+iδr′
F‖Lt,s(X) ≤ Ct,s,r‖F‖Lr′ (X) for all r′ < t <∞ and 0 < s ≤ ∞. (4.3.8)

Since r′ < p′ < ∞, the desired estimate (4.3.6) follows by putting t = p′ and s = 1 in

(4.3.8).

Case 2: For 2 < r < p′ and z = α + iδr′ , by using a similar interpolation between the

estimates (4.3.5) and (4.3.7), we get

‖Pα+iδr′
F‖Lt,s(X) ≤ Ct,s,r‖F‖Lr′ (X) for all r < t <∞ and 0 < s ≤ ∞. (4.3.9)

Now the estimate (4.3.6) follows by putting t = p′ and s = 1 in (4.3.9).

Case 3: Finally we consider r = 2 and z = α ∈ R. Choose two real numbers r1, r2

satisfying p < r1 < 2 < r2 < p′. Define a family of linear operators Tz on the strip

{z ∈ C : 1/r2 ≤ Re z ≤ 1/r1}

by the formula

TzF (x) =

∫
Ω

pz(x, ω)F (ω)dν(ω). (4.3.10)
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Note that the family Tz satisfies all the hypothesis of [16, 1.3.4, Page 43]. In addition,

using the estimates (4.3.8) and (4.3.9), it follows that for j = 1, 2, the operators

T1/rj+iαF (x) =

∫
Ω

p1/rj+iα(x, ω)F (ω)dν(ω) = Pα+iδr′
j

F (x) for all x ∈ X,

are bounded from Lr
′
j(X) to Lp1(X) for some p1 satisfying, max{r′1, r2} < p1 < p′. There-

fore using the complex interpolation [16, 1.3.4, Page 43], we find that

‖PαF‖Lp1 (X) = ‖T1/2+iαF‖Lp1 (X) ≤ Cp,2‖F‖L2(X).

Interpolating this with the trivial L∞ boundedness, that is

‖PαF‖L∞(X) ≤ ‖F‖L2(Ω)

and noting that p1 < p′ < ∞, the desired estimate (4.3.6) follows. This completes the

proof.

Now we consider the case p = 2. Since the behaviour of the Poisson transform differ

when p = 2 (see Chapter 3 for details), we prove this case separately.

Theorem 4.3.3. Let f ∈ L2,1(X). If z ∈ R \ (τ/2)Z, then there exists a constant C > 0

such that ∫
Ω

|f̃(z, ω)|2dν(ω)

1/2

≤ C|c(z)|‖f‖L2,1(X),

where c(·) is the Harish-Chandra’s c-function given by (2.3.10).

Proof. Using the duality relation (4.3.4), the above restriction theorem will follow from

(3.3.13).

4.4 Existence of the Helgason-Fourier Transform

The above ‘restriction type’ theorem reveals that if f ∈ Lp,∞(X) (or Lp,1(X)) then for

each z ∈ S◦p (or z ∈ Sp), there exists a subset Ωz of Ω of full Haar measure such that

f̃(z, ω) exists for all ω ∈ Ωz. In this section we intend to improve this result by using

some basic measure theoretic arguments.
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Theorem 4.4.1. Let f be a complex valued function defined on X.

1. Suppose f ∈ Lp,∞(X) for 1 < p < 2. Then there exists a subset Ωp of Ω of full Haar

measure such that f̃(z, ω) exists for all ω ∈ Ωp and z ∈ S◦p . Moreover for every

ω ∈ Ωp, the map z → f̃(z, ω) is analytic on S◦p .

2. Suppose f ∈ Lp,1(X) for 1 ≤ p < 2. Then there exists a subset Ωp of Ω of full Haar

measure such that f̃(z, ω) exists for all ω ∈ Ωp and z ∈ Sp. Moreover for every

ω ∈ Ωp, the map z → f̃(z, ω) is analytic on S◦p and continuous on ∂Sp.

Proof. (1): Fix 1 < p < 2 and suppose that f ∈ Lp,∞(X). Consider a sequence {rn} of

real numbers satisfying the following conditions.

(a). For all n ∈ N,

p < rn < 2 and hence 2 < r′n < p′. (4.4.11)

(b). The following convergences hold.

1

rn
↑ 1

p
and hence

1

r′n
↓ 1

p′
as n→∞. (4.4.12)

Using (4.4.11) and Theorem 4.3.2 it follows that for each n, there exist subsets Ωrn and

Ωr′n of Ω of full Haar measure such that |̃f |(iδrn , ω) and |̃f |(iδr′n , ω) exist for all ω ∈ Ωrn

and ω ∈ Ωr′n respectively. Now define the set

Ωp =
⋂

k=rn,r′n

Ωk.

Then |̃f |(±iδrn , ω) exists for every n ∈ N and ω ∈ Ωp. Furthermore

ν(Ω \ Ωp) = ν

Ω \
⋂

k=rn,r′n

Ωk


= ν

 ⋃
k=rn,r′n

Ω \ Ωk


≤

∑
k=rn,r′n

ν(Ω \ Ωk) = 0,

that is, Ωp is a subset of Ω with full Haar measure. We claim that f̃(z, ω) exists for all

ω ∈ Ωp and z ∈ S◦p . To prove our claim, let us first assume that z ∈ S◦p . Then z = α+ iδr′
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for some r satisfying p < r < p′. Using this fact and (4.4.12), we can find a natural

number k such that
1

p′
<

1

r′k
<

1

r
<

1

rk
<

1

p
. (4.4.13)

Hence for each ω ∈ Ωp,

|f̃(z, ω)| =

∣∣∣∣∣∑
x∈X

p1/2−δr′+iα(x, ω)f(x)

∣∣∣∣∣
=

∣∣∣∣∣∑
x∈X

p1/r+iα(x, ω)f(x)

∣∣∣∣∣
≤
∑
x∈X

p1/r(x, ω)|f(x)|

=
∑
x∈Eω,1

p1/r(x, ω)|f(x)|+
∑
x∈Eω,2

p1/r(x, ω)|f(x)|,

where the sets Eω,1 and Eω,2 are defined as follows.

Eω,1 = {x ∈ X : p(x, ω) < 1} and Eω,2 = {x ∈ X : p(x, ω) ≥ 1}.

Now using (4.4.13) in the last inequality, we finally get

|f̃(z, ω)| ≤
∑
x∈Eω,1

p1/r(x, ω)|f(x)|+
∑
x∈Eω,2

p1/r(x, ω)|f(x)|

≤
∑
x∈Eω,1

p1/r′k(x, ω)|f(x)|+
∑
x∈Eω,2

p1/rk(x, ω)|f(x)|

≤
∑
x∈X

p1/r′k(x, ω)|f(x)|+
∑
x∈X

p1/rk(x, ω)|f(x)|

= |̃f |(iδrk , ω) + |̃f |(iδr′k , ω) <∞.

This completes the proof of the existence while the analyticity of the Helgason-Fourier

transform follows from the standard use of Fubini’s theorem, Morera’s theorem and the

fact that for each x and ω, the map z → p1/2+iz(x, ω) is analytic on S◦p .

(2): The proof of this part follows from a similar argument as above.
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CHAPTER 5

A Theorem of Roe and Strichartz on homogeneous trees

5.1 Introduction

In this chapter we will witness yet another way of characterizing the eigenfunctions of

the Laplacian L on a homogeneous tree X. In particular our main aim here is to prove

a version of Roe’s and Strichartz’s theorem on X. In 1980, J. Roe [34] proved that a

function on the line with the property that all its derivatives and anti derivatives are

uniformly bounded must be a linear combination of sinx and cosx. This result was later

extended to Rn (see Theorem 1.3.2) by Strichartz [42] where he also proved that the

result is no longer valid on hyperbolic 3-spaces. We begin this chapter by extending this

counterexample on homogeneous trees.

Counterexample: It is known from the work of Figà-Talamanca etl. [13, Page 288] and

a subsequent refinement by Cowling etl. [6, Page 4273] that for all x in X,

|φz(x)| ≤ 1 if and only if z ∈ S1.

From the subsequent discussions in Chapter 2, it also follows that L is a bounded linear

operator from L∞ to itself and the L∞ point spectrum of L is the set γ(S1) which is an

63
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64 Chapter 5. A Theorem of Roe and Strichartz on homogeneous trees

elliptic region comprising of all complex numbers w which satisfy

(1− Re (w))2 +

(
q + 1

q − 1

)2

=(w)2 ≤ 1.

Note that the above elliptic region intersects {w ∈ C : |w| = 1} in infinitely many points.

Choose two distinct points z1, z2 in S1 such that γ(z1) 6= γ(z2) and |γ(z1)| = |γ(z2)| = 1.

Now let us define the doubly infinite sequence {fk}k∈Z as follows:

fk(x) = γ(z1)kφz1(x) + γ(z2)kφz2(x), where x ∈ X.

Then we find that for all k ∈ Z and for all x ∈ X,

Lfk(x) = γ(z1)kLφz1(x) + γ(z2)kLφz2(x)

= γ(z1)k+1φz1(x) + γ(z2)k+1φz2(x) = fk+1(x).

Furthermore for all k ∈ Z and for all x ∈ X,

|fk(x)| ≤ |φz1(x)|+ |φz2(x)| ≤ 2.

This shows that the infinite sequence {fk}k∈Z satisfy all the hypothesis of Theorem 1.3.2

but f0 fails to be an eigenfunction of L.

As described in Chapter 1, Srichartz’s result can also be viewed as a representative

theorem which characterizes all eigenfunctions of the Laplacian ∆Rn with eigenvalue −1.

In fact with the same line of arguments, Strichartz’s result can also be stated in the

following manner (see [27]).

Theorem 5.1.1. Let {fk}k∈Z be a doubly infinite sequence of functions in Rn satisfying

∆Rnfk = λfk+1 for all k ∈ Z, for some λ > 0 and |fk(x)| ≤M for all k ∈ Z and x ∈ Rn,

where M is a real number. Then ∆Rnf0 = −λf0.

Observe that the most elementary eigenfunction which satisfies the hypothesis of The-

orem 5.1.1 is of the form ei
√
λ〈ω,x〉 where ω ∈ Sn−1. An obvious analogue of these functions

on homogeneous trees are the complex powers of the Poisson kernel, that is, p1/2+iλ(x, ω),

which also act as elementary eigenfunctions of the Laplacian L (see Section 2.3.3, Chapter

2 for details). However the most concerning part is that these functions do not belong to

any Lp, weak Lp or in general in any Lorentz space. They are not even bounded, unlike
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their Euclidean counterparts. Consequently any extension of Strichartz’s theorem with

certain size restrictions would lead to a prior exclusion of these functions. As a result, we

try to adapt a different approach.

Apart from just being a bounded function, another way of looking at ei
√
λ〈ω,x〉 is that

it identifies to a tempered distribution on Rn. This approach was in fact exploited by

Strichartz in his article [42] where he proved Theorem 1.3.2 by extensively using Euclidean

distribution theory as a tool. In view of this, our primary objective is to introduce an

analogue of these distribution theories on homogeneous trees, which we shall do in Section

5.2. We then prove our version of Roe’s result for distributions, namely Theorem 5.2.4,

5.2.5 and 5.2.6, all of which are capable of accommodating a large class of eigenfunctions of

L, some of which are not even well-behaved in terms of size estimates. A vivid description

of such functions are also given in Section 5.2.2.

Finally in Section 5.3, we focus our attention to get an exact analogue of Roe’s and

Strichartz’s theorem on homogeneous trees by imposing various uniform size estimates

close to Lp, instead of uniform boundedness. An intuitive idea of these Lp-estimates are

mainly obtained by carefully analysing the size estimates of the Poisson transforms which

we have already proved in Chapter 3 (see Theorem 3.3.1 and 3.3.2 for details). Among

other things, in this chapter we also prove the sharpness of our main results in Section

5.3.1.

After dealing with all viable generalizations of Roe’s result on homogeneous trees

of degree q + 1 where q ≥ 2, it becomes quite plausible to consider this problem on a

homogeneous tree of degree 2 (i.e., when q = 1), which may be identified to Z. The reason

for handling this case separately can be ascribed to the difference between the analysis

on Z which has a polynomial growth and that of others which has an exponential growth.

However, the most intriguing difference in the context of this chapter lies in the spectrum

of their respective Laplace operators. The Laplace operator on Z is defined as

LZf(m) = f(m)− f(m− 1) + f(m+ 1)

2
for all m ∈ Z.

Unlike the spectrum of L which is a p-depending elliptic region, the spectrum of the LZ

is always a line segment, that is, [0, 2]. It must also be noted that the term −2LZ is in

some way, a ‘discrete’ representation of the operator −d2/dx2 whose spectrum is also a
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line segment in R. These observations motivated us to emphasize an analogy with Roe’s

result on R. A detailed survey in this direction is carried out in Section 5.4.

5.2 Tempered distributions on Homogeneous Trees

We begin this section by recalling the definition of p-Schwartz spaces given in Section 2.4,

Chapter 2. For 1 ≤ p ≤ 2, Sp(X) is the space of all such functions f on X for which

νm(f) = sup
x∈X

(1 + |x|)mq|x|/p|f(x)| <∞ for all m ∈ N. (5.2.1)

Definition 5.2.1. A linear functional T : Sp(X) → C is said to be an Lp-tempered

distribution if 〈T, fn〉 → 0 whenever νm(fn)→ 0 for all m ∈ N.

Recall the definition of the radialization operator R mentioned in Section 2.2, Chapter

2. In an attempt to retain the notion of a radial function, we say that a distribution T is

radial if

〈T, f〉 = 〈T,Rf〉, for all f ∈ Sp(X).

In general the radial part R(T ) of an Lp-tempered distribution T is again an Lp-tempered

distribution defined by the rule

〈R(T ), f〉 = 〈T,Rf〉, for all f ∈ Sp(X).

In view of the above definition, it follows that when T is radial, R(T ) = T . Furthermore

we shall say that T has no radial part if R(T ) = 0, in other words, if 〈T, f〉 = 0 for all

f ∈ Sp(X)#.

The left translation τx of T by an element x ∈ G is defined as

〈τxT, f〉 = T (τx−1f) = T ∗ f#(x−1), where f ∈ Sp(X) and f#(x) = f(x−1).

Having set down all basic definitions of a tempered distribution, we now focus our

attention to define its Fourier transform. We begin by stating the following isomorphism

theorem for the spherical Fourier transform, which can also be considered as one of the

technical hearts of this chapter. For all necessary informations surrounding this theorem,

we refer Section 2.4, Chapter 2.
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Theorem 5.2.2. The map f → f̂ is a topological isomorphism from Sp(X)# onto H(Sp)
#,

for every p ∈ [1, 2]. In particular, for every m ∈ N,

C1µm(f̂) ≤ νm+4(f) ≤ C2µm+4(f̂), for all f ∈ Sp(X)#. (5.2.2)

In view of the above isomorphism theorem, we shall write g∨ to denote the inverse

spherical Fourier transform of g ∈ H(Sp)
#. Furthermore for the sake of simplicity, we

shall mostly use the notation ν to represent any arbitrarily fixed seminorm νm which is

given by (5.2.1). Similarly we also use µ to denote a seminorm on H(Sp)
# which is related

to ν by the relation (5.2.2). Occasionally these seminorms will also be suffixed to show

its dependency on the parameter m, as and when necessary.

Definition 5.2.3. The spherical Fourier transform T̂ of a radial Lp-tempered distribution

T is a linear functional on H(Sp)
# defined by the following rule:

〈T̂ , ψ〉 = 〈T, f〉, where ψ ∈ H(Sp)
# and f̂ = ψ.

5.2.1 Roe’s Theorem for Tempered Distributions

After gathering all necessary informations, we are now ready to prove our results for Lp-

tempered distributions. Our approach is motivated by the proof given in [27], which in

turn is influenced by Strichartz’s approach. It is worthwhile to mention that in both these

papers, the Fourier transform of a tempered distribution played an important role.

Theorem 5.2.4. Let {Tk}k∈Z be a doubly infinite sequence of L2-tempered distributions

on X satisfying,

1. LTk = z0Tk+1 for some non-zero z0 ∈ C and

2. |〈Tk, φ〉| ≤Mν(φ) for all φ ∈ S2(X), where ν is some fixed semi-norm of S2(X) and

M > 0.

Then we have the following results.

(a) If |z0| ∈ [1− b, 1 + b], then LT0 = |z0|T0 and,

(b) if |z0| /∈ [1− b, 1 + b], then Tk = 0 for all k ∈ Z,
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where b =
2
√
q

q+1
.

Proof. Part (a): For a simplicity in understanding we have divided this proof into the

following steps.

Step I: We first prove part (a) with an additional assumption that the distributions Tk

are radial. Fix z0 ∈ C such that |z0| ∈ (1− b, 1 + b). The cases |z0| = 1± b can be dealt

with similarly. Since |z0| ∈ (1− b, 1 + b), therefore z0 = γ(α)eiθ for a unique α ∈ (0, τ/2)

where θ = arg z0. It follows from hypothesis (1) of the theorem that LkT0 = eikθγ(α)kTk

for every k ∈ Z. This implies

T̂0 = eikθ
(
γ(α)

γ(·)

)k
T̂k. (5.2.3)

Let φ ∈ H(S2)# be such that supp(φ) ⊆ [−τ/2,−α − r] ∪ [α + r, τ/2] where r > 0.

Observing the fact that γ(α)k/γ(·)kφ ∈ H(S2)# and using hypothesis (2) of the theorem,

we have

|〈T̂0, φ〉| =

∣∣∣∣∣
〈
T̂k, e

ikθ

(
γ(α)

γ(·)

)k
φ

〉∣∣∣∣∣ =

∣∣∣∣∣
〈
Tk,

((
γ(α)

γ(·)

)k
φ

)∨〉∣∣∣∣∣
≤Mν

[((
γ(α)

γ(·)

)k
φ

)∨]
.

By the Isomorphism Theorem 5.2.2, there exists a fixed seminorm µ on H(S2)# such that

ν

[((
γ(α)

γ(·)

)k
φ

)∨]
≤ Cµ

[(
γ(α)

γ(·)

)k
φ

]
= sup

α+r≤|s|≤τ/2

∣∣∣∣∣ dmdsm
((

γ(α)

γ(s)

)k
φ

)∣∣∣∣∣ ,
which tends to zero as k tends to infinity. In fact by using a similar argument as above

and letting k → −∞, we can show that 〈T̂0, φ〉 = 0 for every φ ∈ H(S2)# with supp(φ) ⊆

[−α+ r, α− r]. Hence we proved that for any r > 0 and for every φ ∈ H(S2)# such that

supp(φ) ⊆ [−τ/2,−α− r] ∪ [−α + r, α− r] ∪ [α + r, τ/2], 〈T̂0, φ〉 = 0.

We now show that

(L − γ(α))N+1T0 = 0 for some N ∈ Z+. (5.2.4)

In view of the fact that the spherical transform is an isomorphism from S2(X)# onto

H(S2)#, it is enough to prove that

(γ(α)− γ(s))N+1T̂0 = 0 for some N ∈ Z+. (5.2.5)
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Let g be an infinitely differentiable even function on R such that g ≡ 1 on [−1/2, 1/2]

and supp(g) ⊆ (−1, 1). Define

ψε(s) =

g((s− α)/ε) s ∈ [0, τ/2],

g((−s− α)/ε) s ∈ [−τ/2, 0].

Here ε is a suitably chosen positive number for which ψε ∈ H(S2)# with supp(ψε) ⊆

(−α− ε,−α + ε) ∪ (α− ε, α + ε).

Note that if φ ∈ H(S2)#, then (γ(α) − γ(·))N+1φ(1 − ψε) ∈ H(S2)# with its support

inside [−τ/2,−α − ε/2] ∪ [−α + ε/2, α − ε/2] ∪ [α + ε/2, τ/2]. Observing this fact and

using the result proved earlier, we obtain

|〈(γ(α)− γ(·))N+1T̂0, φ〉| = |〈T̂0, (γ(α)− γ(·))N+1φ〉|

≤ |〈T̂0, (γ(α)− γ(·))N+1φ(1− ψε)〉|

+ |〈T̂0, (γ(α)− γ(·))N+1φψε〉|

= |〈T̂0, (γ(α)− γ(·))N+1φψε〉|

≤Mν
[(

(γ(α)− γ(·))N+1φψε
)∨]

.

Once again using the Isomorphism Theorem 5.2.2, there exists a fixed seminorm µ on

H(S2)# such that

ν
[(

(γ(α)− γ(·))N+1φψε
)∨] ≤ µ

[
(γ(α)− γ(·))N+1φψε

]
= sup

s∈[−τ/2,τ/2]

∣∣∣∣ dmdsm ((γ(α)− γ(s))N+1φ(s)ψε(s)
)∣∣∣∣

= sup
α−ε≤|s|≤α+ε

∣∣∣∣ dmdsm ((γ(α)− γ(s))N+1φ(s)ψε(s)
)∣∣∣∣

≤
m∑
i=0

(
m

i

)
sup

α−ε≤|s|≤α+ε

∣∣∣∣ didsi ((γ(α)− γ(s))N+1
)∣∣∣∣

× sup
α−ε≤|s|≤α+ε

∣∣∣∣ dm−idsm−i
(φ(s)ψε(s))

∣∣∣∣ .
(5.2.6)

Choose N large enough, for example N = 10m+ 1. Then for every s ∈ (α− ε, α + ε) we

have the following estimates:

(i)
∣∣∣ didsi ((γ(α)− γ(s))10m+2)

∣∣∣ ≤ Bm|γ(α)− γ(s)|10m+2−i where 0 ≤ i ≤ m and
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(ii)
∣∣∣ dm−i

dsm−i (φ(s)ψε(s))
∣∣∣ ≤ Cm,φ/ε

m−i.

The above estimates together with (5.2.6) implies that

ν
[(

(γ(α)− γ(·))N+1φψε
)∨] ≤Mm,φ

m∑
i=0

sup
α−ε≤|s|≤α+ε

|γ(α)− γ(s)|10m+2−i 1

εm−i

≤ Dε9m+2 → 0 as ε→ 0.

This proves (5.2.5).

Finally we shall prove that

(L − γ(α))T0 = 0 that is, N must be 0 in (5.2.4).

Equation (5.2.4) together with hypothesis (1) of the theorem implies that

span{T0, T1, . . .} = span{T0,LT0, . . . ,LNT0} = span{T0, T0, . . . , TN}.

Now let us assume that (L − γ(α))T0 6= 0 and let k0 be the largest positive integer

such that (L − γ(α))k0T0 6= 0. Then 1 ≤ k0 ≤ N . Define T = (L − γ(α))k0−1T0 ∈

span{T0, T0, . . . , TN}. Then we can write T = c0T0 + c1T1 + · · ·+ cNTN and observe that

(i) (L − γ(α))T = (L − γ(α))k0T0 6= 0,

(ii) (L − γ(α))2T = (L − γ(α))k0+1T0 = 0.

This implies that for any positive integer k,

LkT = (L − γ(α) + γ(α))kT

= kγ(α)k−1(L − γ(α))T + γ(α)kT.

Thus for any ψ ∈ S2(X)#, we have

|〈(L − γ(α))T, ψ〉| ≤ 1

k
|γ(α)|1−k|〈LkT, ψ〉|+ 1

k
|γ(α)||〈T, ψ〉|. (5.2.7)

Using hypothesis (2) of the theorem and the expression of T , we now evaluate |〈LkT, ψ〉|

to get

|〈LkT, ψ〉| = |〈Lk(c0T0 + c1T1 + · · ·+ cNTN), ψ〉|

= |γ(α)|k|〈c0Tk + c1T1+k + · · ·+ cNTN+k, ψ〉|

≤Mν(ψ)|γ(α)|k(|c0|+ |c1|+ . . .+ |cN |).
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Thus from equation (5.2.7), we have

|〈(L − γ(α))T, ψ〉| ≤M
|γ(α)|
k

(|c0|+ |c1|+ . . .+ |cN |)ν(ψ) +
|γ(α)|
k
|〈T, ψ〉|

→ 0 as k →∞.

Therefore (L − γ(α))T = (L − γ(α))k0T0 = 0 which is a contradiction to our assumption

on k0. Hence N = 0 in (5.2.4) so that (L− γ(α))T0 = 0. This completes the proof of (a)

for radial distributions {Tk}.

Step II: Now we shall prove the result for general case. To avoid triviality, we further

assume that Tk is nonzero for some and hence for all k ∈ Z.

Observe that for any L2-tempered distribution T , if R(τxT ) = 0 for every x ∈ X then

T = 0. Indeed the above assumption on T implies that

〈τxT, δ0〉 = T ∗ δ0(x−1) = 0

for all x ∈ X, where δ0 denotes the Dirac-Delta function at o. Since T ∗ δ0 = T in the

sense of distribution thus T = 0. This shows that for every k ∈ Z, there exists an x ∈ X

such that the distribution τxTk has a non-zero radial part.

Now we claim that if R(τxT0) 6= 0 for some x ∈ X, then R(τxTk) 6= 0 for every

k ∈ Z. To prove this it is enough to show that if R(τxT0) 6= 0 for some x ∈ X, then

R(τxT−1) 6= 0 and R(τxT1) 6= 0. If R(τxT−1) = 0 then LR(τxT−1) = 0. Since L commutes

with translation and radialization (see Proposition 2.2.7) and LT−1 = z0T0 for z0 6= 0 thus

R(τxT0) = 0. On the other hand if R(τxT1) = 0 then

〈τxT1, φ〉 = 〈τxLT0, φ〉 = 〈τxT0,Lφ〉 = 0

for every φ ∈ S2(X)#. Since γ(s)−1ψ̂(s) ∈ H(S2)# for every ψ ∈ S2(X)#, therefore ψ can

be written as ψ = Lφ for some φ ∈ S2(X)#. Hence τxT0 = 0 for all x ∈ X. This proves

our claim.

Finally we shall show that for every x ∈ X, the sequence {R(τxTk)} of radial distribu-

tions satisfies the hypothesis of this theorem. Once again using the fact that L commutes

with translations and radialization (see Proposition 2.2.7) and LTk = zTk+1, we have

L(R(τxTk)) = zR(τxTk+1) for all k ∈ Z. It is also easy to see that every φ ∈ S2(X)#,

|〈RτxTk, φ〉| = |〈τxTk, φ〉| = |〈Tk, τx−1φ〉|. (5.2.8)
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Thus the sequence {R(τxTk)} satisfies the second hypothesis if for any seminorm νm of

S2(X) and for every φ ∈ S2(X)#, νm(τxφ) ≤Mxνm(φ). Using the fact that for all x, y ∈ X,

|xy| ≤ |x| + |y| and 1 + |xy| ≤ (1 + |x|)(1 + |y|), we have for any seminorm νm of S2(X)

and φ ∈ S2(X)#,

νm(τxφ) = sup
y∈X

(1 + |y|)mq|y|/2|φ(x−1y)|

= sup
y∈X

(1 + |xy|)mq|xy|/2|φ(y)|

≤ (1 + |x|)mq|x|/2 sup
y∈X

(1 + |y|)mq|y|/2|φ(y)|

= Mxνm(φ),

where Mx is a constant which only depends on x. Using equation (5.2.8) together with

the fact that |〈Tk, τx−1φ〉| ≤ Mν(τx−1φ), we finally have |〈RτxTk, φ〉| ≤ Cxν(φ) for every

φ ∈ S2(X)#.

Since the result is already proved for radial L2-tempered distributions, we have

LR(τxT0) = |z0|R(τxT0) for all x ∈ X.

Therefore R(τx(LT0 − |z0|T0)) = 0 for all x ∈ X. From above observation we have

LT0 = |z0|T0. This complete the proof of part (a).

Part (b): We shall prove this part of the theorem only for radial distributions. The proof

for the general case follows in a similar way as in part (a). Now assuming that Tk are

radial, we have for any φ ∈ S2(X)#,

|〈T̂0, φ〉| =

∣∣∣∣∣
〈
T̂k,

(
z0

γ(·)

)k
φ

〉∣∣∣∣∣ ≤Mν

[((
z0

γ(·)

)k
φ

)∨]
≤Mµ

[(
z0

γ(·)

)k
φ

]
.

If |z0| < γ(s) (resp. |z0| > γ(s)) for s ∈ [−τ/2, τ/2], then letting k →∞ (resp. k → −∞)

in the above equation we conclude that 〈T0, φ〉 = 0 for all φ ∈ S2(X)#. This completes

the proof.

Next we consider the case when 1 < p < 2. The main difference from the previous

theorem and the classical Euclidean case is that the Lp-tempered distributions act on

holomorphic functions. Therefore the main technique of the Theorem 5.2.4, namely, the

use of function whose Fourier transform are supported outside of an interval will not work.
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Theorem 5.2.5. For 1 < p < 2, let {Tk}k∈Z+ be an infinite sequence of Lp-tempered

distributions on X satisfying,

1. LTk = λTk+1 for some non-zero λ ∈ C and

2. |〈Tk, φ〉| ≤Mν(φ) for all φ ∈ Sp(X), where ν is some fixed semi-norm of Sp(X) and

M > 0.

Then we have the following results.

(a) If |λ| = γ(iδp′), then LT0 = |λ|T0.

(b) If |λ| < γ(iδp′), then Tk = 0 for all k ∈ Z+ and,

(c) there are solutions which are not eigen-distributions whenever γ(iδp′) < |λ| <

γ(τ/2 + iδp′).

Proof. Part (a): We prove this result for radial distributions, while the general case follows

in a similar way as in Theorem 5.2.4. For p ∈ (1, 2) let z0 = iδp′ . For a fixed N ∈ Z+ we

claim that

(γ(z0)− γ(z))N+1T̂0 = 0.

As observed earlier, for any φ ∈ H(Sp)
# we have,

|〈(γ(z0)− γ(·))N+1T̂0, φ〉| ≤Mµ

[((
γ(z0)

γ(·)

)k
(γ(z0)− γ(·))N+1φ

)]
.

Since γ(z) and φ(z) are τ−periodic, even functions on Sp, so the seminorm µ on H(Sp)
#

is given by

µ

[((
γ(z0)

γ(·)

)k
(γ(z0)− γ(z))N+1φ

)]
= sup

z∈Sp

∣∣∣∣∣ dmdzm
((

γ(z0)

γ(z)

)k
(γ(z0)− γ(z))N+1φ(z)

)∣∣∣∣∣
= sup

z∈S+
p

∣∣∣∣∣ dmdzm
((

γ(z0)

γ(z)

)k
(γ(z0)− γ(z))N+1φ(z)

)∣∣∣∣∣
= sup

z∈S+
p

Fk(z) (say),

where S+
p = {z ∈ Sp : |Re z| ≤ τ/2 and =z ≥ 0}. Observe that in order to prove our

claim it is enough to show that sup
z∈S+

p

Fk → 0 as k →∞.

To proceed further, we need the following estimates. For every z ∈ S+
p ,
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(i)
∣∣∣γ(z0)
γ(z)

∣∣∣ ≤ 1,

(ii)

∣∣∣∣ didzi ((γ(z0)
γ(z)

)k)∣∣∣∣ ≤ Bm

∣∣∣γ(z0)
γ(z)

∣∣∣k k(k + 1)(k + 2) . . . (k + i− 1), where 0 ≤ i ≤ m.

In view of these observations we find that for all z ∈ S+
p ,

Fk(z) ≤
m∑
i=0

(
m

i

) ∣∣∣∣∣ didzi
((

γ(z0)

γ(z)

)k)∣∣∣∣∣
∣∣∣∣ dm−idzm−i

(
(γ(z0)− γ(z))N+1φ(z)

)∣∣∣∣
≤

m∑
i=0

(
m

i

)
Bm

∣∣∣∣γ(z0)

γ(z)

∣∣∣∣k k(k + 1)(k + 2) . . . (k + i− 1) (5.2.9)

×
∣∣∣∣ dm−idzm−i

(
(γ(z0)− γ(z))N+1φ(z)

)∣∣∣∣ .
From the above inequality we also have

Fk(z) ≤ Amk
m

∣∣∣∣γ(z0)

γ(z)

∣∣∣∣k , (5.2.10)

where

Am = max
0≤i≤m

[
sup
z∈S+

p

∣∣∣∣ didzi ((γ(z0)− γ(z))N+1φ(z)
)∣∣∣∣
]
.

In order to prove that sup
z∈S+

p

Fk → 0 as k →∞, it is enough to show that

(a) sup
z∈V c

k

Fk → 0 and,

(b) sup
z∈Vk

Fk → 0 as k →∞.

where for k large enough,

Vk = {z ∈ S+
p : |Re z| < (k1/4 log q)−1 and δp − log(1 + 1/k1/6)(log q)−1 < =z ≤ δp}.

Case I: First we deal with (a). In view of equation (5.2.10), it is sufficient to show that

for every z ∈ V c
k there exists a constant c > 0 such that∣∣∣∣γ(z0)

γ(z)

∣∣∣∣k ≤ (1 +
c√
k

)−k
. (5.2.11)

Subcase I ′: Let z ∈ V c
k be such that 0 ≤ =z ≤ δp − log(1+1/k1/6)

log q
. Then using Proposition

(2.3.14) and the fact that |γ(z)| ≥ |Re γ(z)| we obtain

|γ(z)| ≥
∣∣∣∣γ (i(δp − log(1 + 1/k1/6)

log q

))∣∣∣∣ .
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Using the explicit formula (2.3.11) we find that

|γ(z)| ≥
(

1− q1/p(1 + k−1/6)−1 + q1/p′(1 + k−1/6)

q + 1

)
.

Therefore

|γ(z)| − |γ(z0)| ≥
(
q1/p + q1/p′

q + 1

)
−
(
q1/p(1 + k−1/6)−1 + q1/p′(1 + k−1/6)

q + 1

)
=

1

q + 1

q1/p′

k1/6(1 + k1/6)

[
k1/6(q2/p−1 − 1)− 1

]
. (5.2.12)

Since q2/p−1 − 1 > 0, there exists k0 ∈ N such that

k1/6(q2/p−1 − 1) ≥ 2 for every k ≥ k0.

This together with (5.2.12) gives the desired inequality (5.2.11).

Subcase I ′′: On the other hand if z ∈ V c
k is such that (k1/4 log q)−1 ≤ |Re z| ≤ τ/2, then

using Proposition (2.3.14) and the explicit formula (2.3.11) we obtain

|γ(z)| ≥ |Re γ(z)| = 1− q1/2+=z + q1/2−=z

q + 1
cos((Re z)(log q))

≥ 1− q1/2+δp + q1/2−δp

q + 1
cos((Re z)(log q))

≥
(

1− q1/p′ + q1/p

q + 1
cos(k−1/4)

)
.

Therefore

|γ(z)| − |γ(z0)| ≥
(
q1/p′ + q1/p

q + 1
(1− cos(k−1/4))

)
=

(
q1/p′ + q1/p

q + 1

)
2 sin2

(
1

2k1/4

)
≥ c

k1/2
.

Thus for every z ∈ V c
k , inequality (5.2.11) holds. Consequently sup

z∈V c
k

Fk → 0 as k →∞.

Case II: Now let us assume that z ∈ Vk. Then z = a+ iδr, where |a| < (k1/4 log q)−1 and

δp − log(1 + 1/k1/6)(log q)−1 < δr ≤ δp. Hence we have

|γ(z)− γ(z0)|2 =

(
q1/p′ + q1/p

q + 1
− q1/r′ + q1/r

q + 1
cos(a log q)

)2

+

(
q1/r − q1/r′

q + 1

)2

sin2(a log q)

≤
(
q1/p + q1/p′

q + 1
− q1/p(1 + k−1/6)−1 + q1/p′(1 + k−1/6)

q + 1
cos(k−1/4)

)2

+

(
q1/p − q1/p′

q + 1

)2

sin2(k−1/4).
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It follows from the inequality
√
|x|2 + |y|2 ≤ |x|+ |y| that

|γ(z)− γ(z0)| ≤
(
q1/p + q1/p′

q + 1
− q1/p(1 + k−1/6)−1 + q1/p′(1 + k−1/6)

q + 1
cos(k−1/4)

)
+

c1

k1/4

=

(
q1/p + q1/p′

q + 1
− q1/p(1 + k−1/6)−1 + q1/p′(1 + k−1/6)

q + 1

)
+
q1/p(1 + k−1/6)−1 + q1/p′(1 + k−1/6)

q + 1
(1− cos(k−1/4))

+
c1

k1/4

≤ c3

k1/6
+

c2

k1/2
+

c1

k1/4
≤ c

k1/6
,

where the constants c1, c2, c3 (and hence c) are independent of k. If we take N = 7m+ 1

then each term in equation (5.2.9) atleast contains the factor (γ(z0) − γ(z))N+1−m =

(γ(z0) − γ(z))6m+2. Thus from above estimates and equation (5.2.9), we finally have

sup
z∈Vk

Fk ≤ C
k1/3

, where C is independent of k and sup
z∈Sp

Fk → 0 as k → ∞. This completes

the proof of part (a) for radial and eventually for general distributions.

Part (b): We omit the proof of this part as it is similar to that of Part (b) of Theorem

5.2.4.

Part (c): Fix 1 < p < 2 and assume that γ(iδp′) < |λ| < γ(τ/2+ iδp′). Then the Lp
′

point

spectrum of L, that is, γ(S◦p) intersects {w ∈ C : |w| = |λ|} at infinitely many points.

Therefore we can choose p < r < s < 2 and two real numbers α, β such that

γ(α + iδr′)e
−iθ1 = γ(β + iδs′)e

−iθ2 = λ for some θ1, θ2 ∈ (0, 2π).

For all k ∈ Z+, let us define Tk = eikθ1φα+iδr′
+ eikθ2φβ+iδs′

. Then it follows that

LTk = eikθ1γ(α + iδr′)φα+iδr′
+ eikθ2γ(β + iδs′)φβ+iδs′

= λ(ei(k+1)θ1φα+iδr′
+ ei(k+1)θ2φβ+iδs′

) = λTk+1.

Furthermore using Lemma 2.3.11, we find that for every ψ ∈ Sp(X),

|〈Tk, ψ〉| ≤
∑
x∈X

|ψ(x)|
(
|φα+iδr′

(x)|+ |φβ+iδs′
(x)|

)
≤
∑
x∈X

|ψ(x)|
(
q−|x|/r

′
+ q−|x|/r

′
)
≤ 2

∑
x∈X

|ψ(x)|q−|x|/p′

≤

(
2
∑
x∈X

q−|x|

(1 + |x|)3

)
ν3(ψ).
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Therefore the distributions Tk satisfy all the hypothesis of Theorem 5.2.5 but T0 fails to

be an eigen-distribution of L. This completes the proof.

Now we state the another important theorem whose proof is just a repetation of the

arguments of Theorem 5.2.5.

Theorem 5.2.6. For 1 < p < 2, let {T−k}k∈Z+ be an infinite sequence of Lp-tempered

distributions on X satisfying,

1. LT−k = λT−k+1 for some non-zero λ ∈ C and

2. |〈T−k, φ〉| ≤ Mν(φ) for all φ ∈ Sp(X), where ν is some fixed semi-norm of Sp(X)

and M > 0.

Then we have the following results.

(a) If |λ| = γ(τ/2 + iδp′), then LT0 = |λ|T0.

(b) If |λ| > γ(τ/2 + iδp′), then T−k = 0 for all k ∈ Z+ and,

(c) there are solutions which are not eigen-distributions whenever γ(iδp′) < |λ| <

γ(τ/2 + iδp′).

5.2.2 Functions which are Tempered Distributions

The theory of distributions are often regarded as an important tool which furnishes a

mathematical framework for many operations to functions which are not really well-

behaved. In this section we aim to identify a few of these functions which qualifies to

form an Lp-tempered distribution.

Lemma 5.2.7. Let 1 < p ≤ 2 and f ∈ Lp′,∞(X). Then there exists a semi-norm ν on

Sp(X) such that for all φ ∈ Sp(X), |〈f, φ〉| ≤ C‖f‖p′,∞ν(φ).

Proof. Fix p ∈ (1, 2]. Using [32, Lemma 1], it follows that the radial function h(x) =

TH-2467_156123004



78 Chapter 5. A Theorem of Roe and Strichartz on homogeneous trees

q−|x|/p(1 + |x|)−m is in Lp,1(X) if and only if m > 1. Therefore for every φ ∈ Sp(X),

|〈f, φ〉| ≤
∑
x∈X

|f(x)||φ(x)|

=
∑
x∈X

q|x|/p(1 + |x|)m|φ(x)||f(x)|h(x)

≤ ν(φ)
∑
x∈X

|f(x)|h(x) ≤ ν(φ)‖h‖p,1‖f‖p′,∞. (5.2.13)

This gives us the desired result with C = ‖h‖p,1.

Lemma 5.2.8. Let 1 < p < 2. If z ∈ Sp, then for each ω ∈ Ω, the function x →

p1/2+iz(x, ω) identifies to an Lp-tempered distribution.

Proof. We first recall that for z ∈ Sp, φz ∈ Lp
′,∞(X) (see Lemma 2.3.12). Furthermore

from the previous lemma, h(x) = q−|x|/p(1 + |x|)−m ∈ Lp,1(X) for all m > 1. Hence using

Proposition 2.2.4 (3), we find that for ψ ∈ Sp(X) and z ∈ Sp,

|〈ψ, p1/2+iz(·, ω)〉| =

∣∣∣∣∣∑
x∈X

ψ(x)p1/2+iz(x, ω)

∣∣∣∣∣
=

∣∣∣∣∣∑
x∈X

q|x|/p(1 + |x|)mψ(x)p1/2+iz(x, ω)h(x)

∣∣∣∣∣
≤ ν(ψ)

∣∣∣∣∣∑
x∈X

p1/2+iz(x, ω)h(x)

∣∣∣∣∣ = ν(ψ)
∣∣〈h, p1/2+iz(·, ω)〉

∣∣
= ν(ψ)

∣∣〈Rh, p1/2+iz(·, ω)〉
∣∣ = ν(ψ)

∣∣〈h,Rp1/2+iz(·, ω)〉
∣∣

= ν(ψ) |〈h, φz〉| ≤ ν(ψ)‖h‖Lp,1(X)‖φz‖Lp′,∞(X).

This completes the proof.

5.3 Roe’s Results for Almost Lp-Functions

As a corollary of the results proved earlier, we are now ready to prove an extension of

Roe’s and Strichartz’s results on homogeneous trees by imposing certain size estimates

on the eigenfunctions of L.

Theorem 5.3.1. Let f be a complex valued function defined on X and z ∈ R \ (τ/2)Z. If

there exists an M > 0 such that ‖Lkf‖L2,∞(X) ≤M |γ(z)|k for all k ∈ Z then Lf ≡ γ(z)f .

In particular, there exists F ∈ L2(Ω) such that f ≡ PzF .

TH-2467_156123004



5.3. Roe’s Results for Almost Lp-Functions 79

Proof. Fix z ∈ R \ (τ/2)Z so that γ(z) ∈ [1− b, 1 + b]. Let us assume that

Tk = γ(z)−kLkf for all k ∈ Z.

From the hypothesis of this theorem, we find that γ(z)−kLkf ∈ L2,∞(X). Therefore by

Lemma 5.2.7, Tk is an L2-tempered distribution and

|〈Tk, φ〉| ≤ C‖Tk‖2,∞ν(φ) ≤Mν(φ) for all φ ∈ S2(X).

We also note that

LTk = γ(z)−kLk+1f = γ(z)γ(z)−(k+1)Lk+1f = γ(z)Tk+1.

Hence the sequence {Tk}k∈Z satisfies all the hypothesis of Theorem 5.2.4 and consequently

we have LT0 = γ(z)T0, that is, Lf = γ(z)f . Furthermore using Theorem 3.3.2 we conclude

that f ≡ PzF for some F ∈ L2(Ω). This completes the proof.

Theorem 5.3.2. Let f be a complex valued function defined on X and 1 < p < 2.

1. Suppose that z = nτ + iδp′ for some n ∈ Z. If there exists an M > 0 such that

‖Lkf‖Lp′,∞(X) ≤M |γ(z)|k for all k ∈ Z+ then Lf ≡ γ(z)f .

2. Suppose that z = (2n+ 1)τ/2 + iδp′ for some n ∈ Z. If there exists an M > 0 such

that ‖L−kf‖Lp′,∞(X) ≤M |γ(z)|−k for all k ∈ Z+ then Lf ≡ γ(z)f .

In either of these cases, there exists F ∈ Lp′(Ω) such that f ≡ PzF .

Proof. The proof of this theorem follows a similar procedure as the previous one. However

for the sake of completeness we shall sketch the proof of part (1).

Part (1): Fix z = nτ + iδp′ for some n ∈ Z. Since γ(·) is a τ -periodic function therefore

γ(z) = γ(iδp′). Assume that Tk = γ(iδp′)
−kLkf where k ∈ Z+. Using the hypothesis

of this theorem and Lemma 5.2.7, It is easy to show that each Tk is an Lp-tempered

distribution which satisfies all the hypothesis of Theorem 5.2.5. Hence Lf = γ(iδp′)f .

Furthermore using Theorem 3.3.1, we conclude that f ≡ PzF for some F ∈ Lp′(Ω). This

completes the proof.

Remark 5.3.3. In Comparison with the classical Euclidean case, that is Theorem 1.3.2,

we would like to point out certain important facts regarding our main results.
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1. Since γ(z) ∈ R whenever z ∈ R \ (τ/2)Z, Theorem 5.3.1 can be thought of as a

suitable extension of Strichartz’s result on homogeneous tree. In particular if we

define fk = γ(z)−kLkf , then the statement of Theorem 5.3.1 resembles Theorem

1.3.2 with the only difference that the L∞ boundedness is being replaced by weak L2

boundedness.

2. Unlike the Euclidean counterpart, our results on homogeneous trees are more precise

in the sense that it not only characterizes the eigenfunctions of L but also represents

the eigenfunctions as Poisson transform of functions on the boundary.

5.3.1 Sharpness of the Results

In this section we will try to establish the sharpness our main results by answering the

following natural questions. In fact from the relevant discussions, we will also get a

transparent idea regarding the formulation of Theorem 5.3.1 and 5.3.2.

Question 5.3.4. Is Theorem 5.3.1 valid for z ∈ (τ/2)Z?

Proof. Seeking a contradiction, let us assume that there exists a non-zero function u in

L2,∞(X) such that Lu = γ(z)u for some z ∈ (τ/2)Z. Further suppose that u(xo) 6= 0 for

some xo ∈ X. Then define the function

f(x) =

∫
K

u(xokx)dk.

Using Proposition 2.2.4 (4), it is easy to see that f ∈ L2,∞(X)#. On the other hand,

observe that f(x) = R(τxou)(x). Since L commutes with both these operators (see Propo-

sition 2.2.7), it follows that f is a radial eigenfunction of the Laplacian with eigenvalue

γ(z). Hence f(x) = u(xo)φz(x) for every x ∈ X, which is impossible since φz /∈ L2,∞(X)

for z ∈ (τ/2)Z (see Lemma 2.3.12). This observation shows that Theorem 5.3.1 is no

longer valid for any z ∈ (τ/2)Z.

Remark 5.3.5. However if we replace the L2,∞ estimate by ‖φ−1
0 Lkf‖L∞(X) ≤ M |γ(z)|k

for all k ∈ Z, then Theorem 5.3.1 holds true.

Question 5.3.6. Is it possible to replace the L2,∞ (resp. the Lp
′,∞) estimates in Theorem

5.3.1 (resp. in Theorem 5.3.2) by L2,r, r <∞ (resp. Ls
′,r with s > p or Lp

′,r with r <∞)

?
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Proof. In view of the radialization technique used in the proof of the previous question,

it is enough to prove the following.

(a) If z = α± iδp′ then φz /∈ Ls
′,r(X) for any s > p or s = p and r <∞.

(b) If z ∈ R \ (τ/2)Z then φz /∈ L2,r(X) for any r <∞.

(a) Let 1 < p < 2 and z = α ± iδp′ . Using Lemma 2.3.11, we find that |φz(x)| � q
− |x|

p′ .

Using this estimate, we now evaluate the distribution function dφz(·) of φz as

dφz(t) = #{x ∈ X : |φz(x)| > t} � #{x ∈ X : q
− |x|

p′ > t}

� #{x ∈ X : q|x| < t−p
′} � 1

tp′
. (5.3.14)

Therefore if s > p, ts
′
dφz(t) � 1/tp

′−s′ which tends to infinity as t tends to zero. Hence

φz /∈ Ls
′,∞(X) for any s > p.

On the other hand if s = p, then using [16, Proposition 1.4.9] and equation (5.3.14),

it follows that for r <∞,

‖φz‖p′,r �

 ∞∫
0

dt

t

1/r

,

which is not convergent by the Monotone Convergence Theorem. Therefore φz /∈ Lp
′,r(X)

for any r <∞.

(b): The proof uses a similar technique as above.

Hence we finally conclude that the use of L2,r estimate, r < ∞ (resp. Ls
′,r estimate

with s > p or Lp
′,r with r < ∞) in Theorem 5.3.1 (resp. in Theorem 5.3.2) can never

yield a non-zero eigenfunction of L.

Question 5.3.7. Do the conclusions of Theorem 5.3.2, Part (1) (resp. Part (2)) hold for

z = α± iδp′ where α ∈ R \ (nτ)Z (resp. α ∈ R \ ((2n+ 1)τ/2)Z)?

Proof. Let 1 < p < 2. On the contrary, let us assume that z = α + iδp′ for some

α ∈ R \ (nτ)Z. Then there are two possibilities.

Case 1: Suppose that α is not of the form ((2n + 1)τ/2)Z. Then the set {w ∈ C :

|w| = |γ(z)|} intersects the Lp
′
-spectrum of L at infinitely many points. Therefore we can

choose r, s satisfying p < r < s < 2 and two real numbers β, η such that |γ(β + iδr′)| =

|γ(η + iδs′)| = |γ(z)|. This further implies that there exists θ and ψ in (0, 2π) such that

γ(β + iδr′)e
−iθ = γ(η + iδs′)e

−iψ = γ(z). (5.3.15)
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Now let us define

f(x) = φβ+iδr′
(x) + φη+iδs′

(x) for all x ∈ X.

Using (5.3.15), it follows that

|Lkf(x)| =
∣∣γ(β + iδr′)

kφβ+iδr′
(x) + γ(η + iδs′)

kφη+iδs′
(x)
∣∣

= |γ(z)|k
(∣∣eikθφβ+iδr′

(x) + eikψφη+iδs′
(x)
∣∣)

≤ |γ(z)|k
(
|φβ+iδr′

(x)|+ |φη+iδs′
(x)|

)
.

Using Lemma 2.3.12, we find that ‖Lkf‖p′,∞ ≤ M |γ(z)|k where M = ‖φβ+iδr′
‖p′,∞ +

‖φη+iδs′
‖p′,∞. Hence f satisfies all the hypothesis of Theorem 5.3.2 but f is not an eigen-

function of L.

Case 2: Now let us assume that z = α + iδp′ for some α ∈ ((2n + 1)τ/2)Z. If we choose

f(x) = φiδp′ (x), then it is easy to see that

|Lkf(x)| = |γ(iδp′)|k|φiδp′ (x)| ≤ |γ(z)|k|φiδp′ (x)|.

Hence f satisfies all the hypothesis of Theorem 5.3.2 but Lf 6= γ(z)f .

The cases z = α − iδp′ , α ∈ R \ (nτ)Z and z = α ± iδp′ , α ∈ R \ ((2n + 1)τ/2)Z are

analogous.

Question 5.3.8. Unlike Theorem 5.3.2, is it necessary to consider all integral powers of

L in Theorem 5.3.1?

Proof. Yes, it is necessary to consider all the integral powers of L. Otherwise a coun-

terexample can be constructed in the following manner: For z ∈ R \ (τ/2)Z, choose

s1, s2 ∈ R \ (τ/2)Z such that γ(si) ≤ γ(z) for each i = 1, 2. Now define f = φs1 + φs2 .

Then for every k ∈ Z+,

|Lkf | ≤ |γ(s1)|k|φs1 |+ |γ(s2)|k|φs2|

= |γ(z)|k
(∣∣∣∣γ(s1)

γ(z)

∣∣∣∣k |φs1|+ ∣∣∣∣γ(s2)

γ(z)

∣∣∣∣k |φs2|
)

≤ |γ(z)|k (|φs1 |+ |φs2|) .

Therefore ‖Lkf‖2,∞ ≤M |γ(z)|k where M = ‖φs1‖2,∞+‖φs2‖2,∞, which is finite by Lemma

2.3.12. Hence f satisfies all the hypothesis of Theorem 5.3.1 but Lf 6= γ(z)f .
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5.4 Roe’s Theorem on Z (q = 1 case)

The Fourier transform f̂ of a finitely supported function f defined on Z, is a function on

T given by

f̂(s) =
∑
m∈Z

f(m)eims, where f(m) =
1

2π

π∫
−π

f̂(s)e−imsds

represents it’s inverse Fourier transform. Let us define the Schwartz space S(Z) = {f :

Z→ C : λ′n(f) <∞ for all n ∈ N}, equipped with the countable family of semi-norms

λ′n(f) = sup
m∈Z

(1 + |m|)n|f(m)|.

It is easy to see that the map f → f̂ is a topological isomorphism from S(Z) onto

C∞(T) where C∞(T) = {g : R → C : g is infintely differentiable on R, g(x + π) =

g(x) and µ′l(g) <∞ for all x ∈ R, l ∈ N respectively} where

µ′l(g) = sup
s∈[−π,π]

∣∣∣∣dlgdxl (s)
∣∣∣∣

defines a countable family of semi-norms. More precisely for all f ∈ S(Z),

C1λ
′
n+2(f) ≤ µ′n(f̂) ≤ C2λ

′
n+2(f) for all n ∈ N.

Analogous to the Euclidean case, a distribution T is a continuous linear functional on

S(Z) whose Fourier transform is defined as

〈T̂ , φ〉 = 〈T, (φ∨)#〉, where φ̂∨ = φ and (φ∨)
#

(m) = φ∨(−m).

Now we state our result on Z, which can be proved by a similar argument developed by

Roe in [34] (see also [19] for details). However for the sake of completeness, we provide

an outline of the proof.

Theorem 5.4.1. Let {fk}k∈Z be a doubly infinte sequence of functions on Z which satisfies

∆Zfk = (1− cosα)fk+1 for α ∈ (0, π], (5.4.16)

and there exists constants Mk ≥ 0, β ∈ (0, 1] and a non-negative integer n such that

|fk(m)| ≤Mk(1 + |m|)n+β for all k,m ∈ Z. (5.4.17)
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If

lim inf
k→∞

Mk

(1 + ε)k
= 0 for all ε > 0 (5.4.18)

and

lim inf
k→∞

M−k
(1 + ε)k

= 0 for all ε > 0, (5.4.19)

then

f0(m) = p(m)eimα + q(m)e−imα

where p, q are polynomials of degree at most n.

Proof. The proof uses the same techniques that were used to prove Theorem 5.2.4. Let

φ ∈ C∞(T) be such that supp(φ) ⊆ [−π,−α− r] ∪ [α + r, π] where r > 0. We shall show

that 〈f̂0, φ〉 = 0. Using the conditions (5.4.16) and (5.4.17) we have

|〈f̂0, φ〉| =

∣∣∣∣∣
〈
f̂k,

(
1− cosα

1− cos s

)k
φ

〉∣∣∣∣∣ =

∣∣∣∣∣∑
m∈Z

fk(m)

((
1− cosα

1− cos s

)k
φ

)∨
(−m)

∣∣∣∣∣
≤Mk

∑
m∈Z

(1 + |m|)n+β

∣∣∣∣∣
((

1− cosα

1− cos s

)k
φ

)∨
(−m)

∣∣∣∣∣ .
(5.4.20)

For every k ∈ Z, let us define

ψk(m) =

((
1− cosα

1− cos s

)k
φ

)∨
(−m), where m ∈ Z.

We now try to find a suitable pointwise estimate of ψk. Integrating by parts (l+ 2) times,

for m 6= 0 we have

|ψk(m)| = 1

2π

∣∣∣∣∣∣
π∫

−π

dl+2

dsl+2

((
1− cosα

1− cos s

)k
φ(s)

)
eims

(−im)l+2
ds

∣∣∣∣∣∣
≤ 1

2π|m|l+2

π∫
−π

∣∣∣∣∣ dl+2

dsl+2

((
1− cosα

1− cos s

)k
φ(s)

)∣∣∣∣∣ ds
≤ Cl,φk

l+2

|m|l+2

(
1− cosα

1− cos(α + r)

)k
.

Further when m = 0,

|ψk(m)| ≤ Cφ

(
1− cosα

1− cos(α + r)

)k
.
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Putting the above estimates in (5.4.20) and then using the hypothesis (5.4.18), we find

that 〈f̂0, φ〉 = 0. In a similar way as above, using (5.4.19) and letting k → −∞, one can

prove that 〈f̂0, φ〉 = 0 whenever sup(φ) ⊆ [−α + r, α − r]. We now use the structured

theorem to conclude that

f̂0 =

n1∑
N=0

(cNδ
(N)
α + dNδ

(N)
−α ) for some n1 ∈ N,

where δ
(N)
±α represent the N -th derivative of the Dirac delta distributions supported at the

points ±α. Taking the inverse Fourier transform and using equation (5.4.17), we conclude

that n1 ≤ n and hence f0(m) = p(m)eimα + q(m)e−imα, where p, q are polynomials of

degree at most n. This completes the proof.
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CHAPTER 6

Dynamics of semigroups generated by analytic functions of the

Laplacian on homogeneous trees

6.1 Introduction

Let σp(L) denote the Lp-spectrum of the Laplacian L. Also assume that f is a non-

constant complex holomorphic function defined on a connected open set containing σp(L).

Then by the usual Riesz functional calculus (see [35, Page 261]), it follows that the

semigroup

T (t) = etf(L) where t ≥ 0, (6.1.1)

is a bounded linear operator on the Lebesgue space Lp(X) for every p ∈ [1,∞]. In the

first part of this chapter, we study the chaotic behaviour of the semigroup T (t) in terms

of its set of all periodic points. After stating all necessary results in Section 6.2, we prove

our main results in Section 6.3. The main results of this part are Theorem 6.3.1 and

6.3.2. Theorem 6.3.1 can also be considered as an analogue of Theorem 1.4.3 proved for

weighted shift operators. Furthermore Theorem 6.3.2 is a generalization of [31, Theorem

1.3] proved for the heat semigroups on symmetric spaces. For details concerning the

dynamical system terminology we refer Section 1.4, Chapter 1.
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88 Chapter 6. Dynamics of semigroups on homogeneous trees

In the second part we separately study the dynamical behaviour of the semigroups

generated by affine functions, namely,

T (t) = exp{t(aL+ b)} where a ∈ C \ {0}, b ∈ R. (6.1.2)

Apart from studying chaoticity in terms of periodic points, here we also derive a sharp p-

depending range for which the semigroup (6.1.2) is hypercyclic. This range relies heavily

on the p-depending elliptic spectrum of L and the sharp operator norm estimates of eξL,

ξ ∈ C. A detailed survey of such operators started with the work of Cowling and his

collaborators (see [6]). They considered the heat semigroup {Ht}t≥0 generated by the

Laplacian L, that is,

Ht = e−tL =
∞∑
n=0

(−tL)n

n!
.

In [6] Cowling, Meda and Setti studied the behaviour of Ht and its Lp−Lr operator norm.

Further Setti considered the analogous problem for the complex-time heat operator Hξ,

and derived precise estimates for the Lp − Lr operator norms of Hξ, for ξ belonging to

the half-plane Re ξ ≥ 0 in his paper [37]. Since our main result largely depends on the

sharp Lp norm estimates of the operator eξL for ξ ∈ C, subsequently we have extended

Setti’s result for all ξ ∈ C. See Lemma 6.4.1 for details.

As a consequence of the results obtained so far, at last we separately study the dy-

namical behaviour of some classical semigroups such as the the heat semigroup and the

Schrödinger semigroup. Works in this direction are contained in Section 6.5.

6.2 Basic Results

Before going into further details, here we quote several important facts involving the

concepts introduced above. In fact these observations will be frequently used in the

remaining part of this chapter. We begin with the following lemma whose proof follows

immediately from the definition of hypercyclicity given in Section 1.4, Chapter 1.

Lemma 6.2.1. A Banach space B which admits a hypercyclic semigroup, must be sepa-

rable.

Proof. Suppose that the semigroup T (t) is hypercyclic on B, and that there exists x ∈ B

such that {T (t)x : t ≥ 0} is dense in B. We claim that the countable set {T (q)x : q ∈ Q}
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is also dense in B. To prove our assertion it is enough to prove that every element of the

form T (t)x where t ∈ R \Q, belong to the closure of {T (q)x : q ∈ Q} in B.

Using the density of rational numbers in R and the strong continuity of T (t) it follows

that for every t ∈ R \Q there exists a sequence {qn} of rational numbers such that qn ↓ t

and T (qn − t)x→ x as n→∞. Also for all n ∈ N, we have

0 ≤ ‖T (qn)x− T (t)x‖ ≤ ‖T (t)‖‖T (qn − t)x− x‖.

The assertion now follows by passing the limits to both the sides of the above inequality.

This completes the proof.

As mentioned earlier, chaoticity of a semigroup is mainly triggered due to the abun-

dance of purely imaginary point spectrum of its generators, which in our case is of the

form f(L). So we need the following spectral mapping theorem. For details we refer [35,

Theorem 10.28, Theorem 10.33].

Theorem 6.2.2. Suppose T is a bounded linear operator on Lp(X) and g is a non-constant

complex holomorphic function defined on a connected open set containing σp(T ). Then

we have the following.

(a) σp(g(T )) = g(σp(T )).

(b) Pσp(g(T )) = g(Pσp(T )).

For 1 ≤ p <∞ define the sets

X0 = {x ∈ Lp(X) : T (t)x→ 0 as t→∞}, (6.2.3)

X∞ = {x ∈ Lp(X) : ∀ε > 0 ∃ w ∈ Lp(X), t0 > 0 such that ‖w‖ < ε, ‖T (t0)w − x‖ < ε}.

(6.2.4)

The following sufficient condition for hypercyclicity which was proved by Desch, Schap-

pacher and Webb is also useful in the sequel. See [9, Theorem 2.3] for details.

Proposition 6.2.3. Let T (t), t ≥ 0 be a strongly continuous semigroup on Lp(X) for

1 ≤ p <∞. If both the sets X0 and X∞ are dense in Lp(X), then T (t) is hypercyclic.
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6.3 Chaotic Dynamics and Periodic Points

Using Lemma 6.2.1 it is obvious that the semigroup (6.1.1) cannot be hypercyclic on

L∞(X) and hence not chaotic on L∞(X). Therefore we exclude the case when p = ∞.

For other values of p, we have the following results.

Theorem 6.3.1. Let 2 < p < ∞ and T (t) = etf(L) be a semigroup on Lp(X) as defined

in (6.1.1). Then the following statements are equivalent.

(1) T (t) is chaotic on Lp(X).

(2) T (t) has a non-trivial periodic point, that is Lp(X)per 6= {0}.

(3) The set of periodic points of T (t) is dense in Lp(X), that is Lp(X)per = Lp(X).

Proof. Fix p ∈ (2,∞). It follows from the definition that (1) implies (2) and (3). To

complete the proof we only need to show that (2 ) =⇒ (3 ) and (3 ) =⇒ (1 ).

(2 ) =⇒ (3 ) : For a clear understanding, we have divided this proof into the following

steps.

Step 1: In this step, we prove that Pσp(f(L))∩ iR is an infinite set. Condition (2) implies

that there exists a nonzero function h ∈ Lp(X) such that T (to)h = h for some to > 0,

that is 1 ∈ Pσp(etof(L)). Using Proposition 2.3.15 (2) and Theorem 6.2.2 (b) we also have

Pσp(e
t0f(L)) = et0f(γ(S◦p)). Therefore there exists z0 ∈ S◦p such that f(γ(z0)) = 2nπi/to for

some n ∈ Z.

Let Γ : S◦p → C be defined by

Γ(z) = (f ◦ γ)(z) = f(γ(z)). (6.3.5)

It follows from the assumption on f that Γ is a non-constant holomorphic function on

S◦p . Since Γ(z0) = 2nπi/to for some z0 ∈ S◦p and Γ(S◦p) = Pσp(f(L)) therefore by the

open mapping theorem it follows that Pσp(f(L)) must contains some open ball centered

at 2nπi/to. Hence Pσp(f(L)) ∩ iR is an infinite set. In particular the set

V1 = {z ∈ S◦p : Γ(z) ∈ iQ}

is an infinite set which contains a cluster point in S◦p .

TH-2467_156123004



6.3. Chaotic Dynamics and Periodic Points 91

Step 2 : Let z ∈ V1. Since V1 ⊆ S◦p , therefore z = α + iδr′ for some r ∈ (p′, p) and α ∈ R.

Hence the set

V1 =
⋃
z∈V1

{PzF : F ∈ Lr′(Ω) whenever =z = δr′ with p′ < r < p}

is well defined. It follows from inequality (4.3.6) that V1 ⊆ Lp(X). We now show that

span(V1) ⊆ Lp(X)per. Since f(L)PzF = Γ(z)PzF for every z ∈ S◦p , thus T (t)PzF =

etΓ(z)PzF . Now if g ∈ span(V1) then

g =
k∑
j=1

βjPzjFj, where zj ∈ V1 and βj ∈ C, 1 ≤ j ≤ k.

Now for every j ∈ {1, 2, . . . , n}, zj ∈ V1 and hence, Γ(zj) = ipj/qj such that pj, qj ∈ Z

with qj 6= 0. If we choose s = 2πq1 · · · qn, then T (s)g = g. Hence span(V1) ⊆ Lp(X)per.

Step 3 : To prove that Lp(X)per = Lp(X), it is enough to prove that span(V1) is dense in

Lp(X). Let f ∈ Lp′(X) annihilates V1, that is

∑
x∈X

f(x)PzF (x) = 0 for all PzF ∈ V1.

Using the duality relation (4.3.4) we have,∫
Ω

f̃(z, ω)F (ω)dν(ω) =
∑
x∈X

f(x)PzF (x) = 0 for all PzF ∈ V1.

Fix z ∈ V1 and suppose that z = α + iδr′ for some r ∈ (p′, p) and α ∈ R. Then for every

F ∈ Lr′(X), we have ∫
Ω

f̃(α + iδr′ , ω)F (ω)dν(ω) = 0.

Since F ∈ Lr′(X) is arbitrary, therefore from Theorem 4.3.2 and the above equation, we

have f̃(α + iδr′ , ω) = 0 for almost every ω ∈ Ω. Thus for every z ∈ V1, f̃(z, ω) = 0 for

almost every ω ∈ Ω. By Theorem 4.4.1, for almost every ω the function z → f̃(z, ω)

is analytic on S◦p . So we conclude that for almost every ω, the set of zeros of f̃ has a

cluster point in S◦p , and hence f̃(z, ω) = 0 for every z ∈ S◦p and for almost every ω.

Since f ∈ Lp′(X) ⊆ L2(X) (as X is a discrete space) whenever 2 < p < ∞, therefore by

Plancherel Theorem 2.4.5 we conclude that f ≡ 0. This proves that span(V1) is dense in

Lp(X).
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(3 ) =⇒ (1 ) : Since the density of the periodic points is already assumed, so to prove

our assertion it is enough to show that T (t) is hypercyclic. In view of Proposition 6.2.3,

we only need to show that the sets X0 and X∞ (as defined in Proposition 6.2.3) are dense

in Lp(X). We define the sets

V2 = {z ∈ S◦p : Re (Γ(z)) < 0} and V3 = {z ∈ S◦p : Re (Γ(z)) > 0}.

By repeating the arguments of Step 1 in the previous proof, one may prove that V2 and

V3 are non-empty open sets and both contain a cluster point in S◦p . Corresponding to the

sets Vi, we define (for i = 2, 3)

Vi =
⋃
z∈Vi

{PzF : F ∈ Lr′(Ω) whenever =z = δr′ with p′ < r < p}.

Adopting a similar approach as in Step 2 and Step 3, we may easily show that both

span(V2) and span(V3) are dense in Lp(X). The proof will be complete once we show that

span(V2) ⊆ X0 and span(V3) ⊆ X∞. For every z ∈ V2,

lim
t→∞
‖T (t)PzF‖Lp(X) = lim

t→∞
etRe (Γ(z))‖PzF‖Lp(X) = 0.

This shows that V2 and hence span(V2) is a subset of X0 (since V2 is a subspace of X0).

Next we prove that span(V3) ⊆ X∞. Let g ∈ span(V3) be of the form

g =
k∑
j=1

αjPzjFj, where zj ∈ V3 and αj ∈ C, 1 ≤ j ≤ k.

If we choose gt =
k∑
j=1

e−tΓ(zj)αjPzjFj, then T (t)gt = g for all t ≥ 0. Since Re (Γ(zj)) > 0

for each j, the limit ‖gt‖Lp(X) → 0 as t→∞. Hence it follows from definition (6.2.4) that

span(V3) ⊆ X∞. This completes the proof.

Theorem 6.3.2. Let 1 ≤ p ≤ 2 and T (t) be as in Theorem 6.3.1. Then we have the

following.

(1) T (t) has no non-trivial periodic point in Lp(X).

(2) T (t) is not hypercyclic on Lp(X).

In particular T (t) is not chaotic on Lp(X).
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Proof. Part (1): Let p ∈ [1, 2]. We know from Proposition 2.3.15 (1) that Pσp(L) = ∅ .

Hence by Theorem 6.2.2 (b) it follows that Pσp(T (t)) = ∅ for all t > 0. This show that

only the zero function is a periodic point, that is, T (t) has no non-trivial periodic point

in Lp(X) for any p ∈ [1, 2].

Part (2): Now we will show that T (t) is not hypercyclic on Lp(X) for any p ∈ [1, 2]. Let

us first assume that p = 2. We proof this assertion by contradiction. If possible, assume

that there exists a non-zero h ∈ L2(X) such that the set {T (t)h : t ≥ 0} is dense in L2(X).

Then for g = 2h, there exists a sequence of non-negative real numbers {tn} such that

T (tn)h→ g in L2(X) as n→∞.

Case I: If the sequence {tn} is bounded then there exists a subsequence {tnk
} of {tn} and

some number t0 ≥ 0 such that tnk
→ t0 as k → ∞. Using the strong continuity of T (t),

it follows that T (tnk
)h → T (t0)h as k → ∞. By the uniqueness of limits we find that

T (t0)h = g = 2h, which is impossible as Pσ2(T (t0)) = ∅.

Case II: If the sequence {tn} is unbounded, then there always exists a strictly increasing

subsequence {tnk
} of {tn} such that tnk

→∞ as k →∞. With the abuse of notations we

assume that {tn} is strictly increasing to infinity. Since the sequence {T (tn)h} converges

to g = 2h in L2(X), using the Plancherel Theorem 2.4.5, we have

4‖h‖2
L2(X) = lim

n→∞
‖T (tn)h‖2

L2(X) = lim
n→∞

τ/2∫
−τ/2

∫
Ω

exp{2tnRe f(γ(s))}|h̃(s, ω)|2dν(ω)dµ(s).

(6.3.6)

Now let us define the sets

S1 = {s ∈ [−τ/2, τ/2) : exp{2Re f(γ(s))} ≤ 1} and

S2 = {s ∈ [−τ/2, τ/2) : exp{2Re f(γ(s))} > 1}.

Then (6.3.6) can be further decomposed as

4‖h‖2
L2(X) = lim

n→∞

 ∫
S1

∫
Ω

exp{2tnRe f(γ(s))}|h̃(s, ω)|2dν(ω)dµ(s)

+

∫
S2

∫
Ω

exp{2tnRe f(γ(s))}|h̃(s, ω)|2dν(ω)dµ(s)

 . (6.3.7)
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If the Plancherel measure of S2 is zero then 4‖h‖2
L2(X) ≤ ‖h‖2

L2(X). This further implies

that ‖h‖L2(X) = 0, which is a contradiction to our assumption that h 6= 0. On the other

hand if S2 has a positive Plancherel measure, then

4‖h‖2
L2(X) ≥ lim

n→∞

∫
S2

∫
Ω

exp{2tnRe f(γ(s))}|h̃(s, ω)|2dν(ω)dµ(s). (6.3.8)

Note that the above integral converges due of the fact that the integral over S1 in (6.3.7)

can further be decomposed into the integral over the sets

S ′1 = {s ∈ [−τ/2, τ/2) : exp{2Re f(γ(s))} < 1} and

S ′′1 = {s ∈ [−τ/2, τ/2) : exp{2Re f(γ(s))} = 1},

both of which converges by the Dominated Convergence Theorem. However by applying

the Monotone Convergence Theorem, it follows that the integral in (6.3.8) tends to infinity

as n tends to infinity. This again leads to a contradiction. Hence we conclude that for

any h ∈ L2(X) and h 6= 0, the set {T (t)h : t ≥ 0} can never approximate 2h. This proves

our assertion for p = 2.

Now we assume p ∈ [1, 2). Since X is a discrete space, hence Lp(X) ⊆ L2(X) whenever

1 ≤ p < 2 and ‖h‖L2(X) ≤ ‖h‖Lp(X) for every h ∈ Lp(X). This implies that for any

h ∈ Lp(X) and h 6= 0, the set {T (t)h : t ≥ 0} can never approximate 2h. This completes

the proof.

6.4 Chaotic Dynamics of Affine Semigroups

We begin this section by recalling some important facts related to the operator eξL for

ξ ∈ C. For a detailed study we refer [37]. The operator eξL is a G-invariant, bounded

operator on Lp(X). Let

hξ(x) = e−ξ
∞∑
k=0

ξk

k!
µ

(∗k)
1 ,

where µ1 is the probability measure at a distance 1 from the reference point o and µ
(∗k)
1

denotes the k-th convolution power of µ1 and µ
(∗0)
1 = δo. Then for p ≥ 1,

eξLf = f ∗ h−ξ, for all f ∈ Lp(X).
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Note that we use a different parametrization, our γ(z) corresponds to 1 − γ(z) in [37].

Now we prove the following lemma, which gives a sharp norm estimate of the operator

eξL for all ξ ∈ C. For 2 < p <∞ let us define

Φp(a) = (1− γ(iδp)) · ((Re a)2 + tanh2(δp log q)(=a)2)1/2. (6.4.9)

Lemma 6.4.1. Let eξL be the operator as defined above. Then for p > 2, the following

hold.

exp{Re ξ + Φp(ξ)} ≤ ‖eξL‖p→p ≤ C exp{Re ξ + Φp(ξ)}. (6.4.10)

Proof. For Re ξ ≤ 0, this result is already known (see [37, Theorem 1]). Now we prove

the result for Re ξ > 0. It was proved in [37, Corollary 4] that for all non-zero ξ,

‖h−ξ‖Lp,1(X) ≤ C
exp{γ(0)Re ξ}

|ξ|

(
∞∑
d=0

dqdδp |hZ−ξ(1−γ(0))(d)|

)
, (6.4.11)

where hZ−ξ(1−γ(0))(d) denotes the heat kernel associated to the heat operator on Z. It was

also proved in [37, Page 748] that

hZ−ξ(1−γ(0))(d) = eξ(1−γ(0))Id(−ξ(1− γ(0))),

where Id(ξ) denotes the modified Bessel function of order d. Since Re {−ξ(1−γ(0))} < 0,

so the arguments given in [37] cannot be applied here. However by using the formula (8.01)

from [30, Page 379], we have

hZ−ξ(1−γ(0))(d) = eiπde2ξ(1−γ(0))hZξ(1−γ(0))(d) ∀d ∈ N ∪ {0}.

Now by substituting the pointwise estimates of hZξ(1−γ(0))(d) from [37, Lemma 6] in the

above equation and then using (6.4.11), the result follows by just imitating the calculations

given in that paper.

Now we will prove the lower bound of ‖eξL‖p→p. For p > 2,

‖eξL‖p→p ≥
‖eξLφz‖Lp(X)

‖φz‖Lp(X)

= exp{Re (ξγ(z))} for all z ∈ S◦p .

By taking the supremum over all z ∈ S◦p , we find that

sup
z∈S◦p
{exp{Re (ξγ(z))}} = exp{Re ξ + Φp(ξ)}.

The above supremum is also explicitly calculated in the proof of Lemma 6.4.4. This gives

the desired lower bound.
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Using Theorem 6.3.2, it follows that the semigroup (6.1.2) cannot be hypercyclic on

Lp(X) whenever p ∈ [1, 2]. However for 2 < p < ∞, the following lemma gives us a

necessary condition in terms of the parameters a and b, for which the semigroup (6.1.2)

is hypercyclic. The proof of this lemma depends immensely on the sharp norm estimates

proved above.

Lemma 6.4.2. Suppose that T (t) = et(aL+b) where t ≥ 0, a is a non-zero complex number

and b is real. Then for 2 < p < ∞, T (t) is not hypercyclic on Lp(X) whenever b ≤

−Re a− Φp(a) or b ≥ −Re a+ Φp(a).

Proof. Fix p ∈ (2,∞) and let a be a non-zero complex number. To prove that the

semigroup T (t) is not hypercyclic for the given range of b, it is enough to show that the

set {T (t)h : t ≥ 0} is not dense in Lp(X) for any h ∈ Lp(X). If b ≤ −Re a − Φp(a) then

it follows from the Lemma 6.4.1 that for every h ∈ Lp(X),

‖T (t)h‖Lp(X) = ebt‖eatLh‖Lp(X) ≤ C exp{t(b+ Re a+ Φp(a))}‖h‖Lp(X) ≤ C‖h‖Lp(X).

This show that the set {T (t)h : t ≥ 0} is bounded and hence it cannot be dense.

Now we consider the case when b ≥ −Re a + Φp(a). We prove this assertion by

contradiction. Suppose that there exists a non-zero h in Lp(X) such that {T (t)h : t ≥ 0}

is dense in Lp(X). Since for all t ≥ 0, eatLe−atLh = e−atLeatLh = h, by using the norm

estimate (6.4.10) we have

‖h‖Lp(X) = ‖e−atLeatLh‖Lp(X) ≤ C exp{t(−Re a+ Φp(a))}‖eatLh‖Lp(X).

Hence we find that

‖eatLh‖Lp(X) ≥ C exp{t(Re a− Φp(a))}‖h‖Lp(X).

From the above inequality we obtain

‖T (t)h‖Lp(X) = ebt‖eatLh‖Lp(X) ≥ C exp{t(b+ Re a− Φp(a))}‖h‖Lp(X) ≥ C‖h‖Lp(X).

Thus we conclude that the function ‘0’ does not belong to the closure of {T (t)h : t ≥ 0}

in Lp(X) and we finally arrive at a contradiction. This shows that {T (t)h : t ≥ 0} cannot

be dense in Lp(X) for any h ∈ Lp(X). This completes the proof.
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Theorem 6.4.3. Let 2 < p <∞ and T (t) be a semigroup on Lp(X) as in (6.1.2). Then

the following are equivalent.

(1) T (t) is chaotic on Lp(X).

(2) T (t) has a non-trivial periodic point, that is Lp(X)per 6= ∅.

(3) a and b satisfy −Re a−Φp(a) < b < −Re a+Φp(a), where Φp(a) is given by (6.4.9).

(4) T (t) is hypercyclic.

Proof. The equivalence of the conditions (1) and (2) is already proved in Theorem 6.3.1.

Also (4) implies (3) is a consequence of the Lemma 6.4.2 and (1) implies (4) is obvious.

Now to complete the proof we only need to show the equivalence of (3) and (2), which

will follow from the the following lemma.

Lemma 6.4.4. Let T (t) be defined as in Theorem 6.4.3. Then for 2 < p <∞, T (t) has

a non-trivial periodic point on Lp(X) if and only if −Re a−Φp(a) < b < −Re a+ Φp(a).

Proof. Assume that T (t) has a non-trivial periodic point. As in the proof of Theorem

6.3.1 there exists z0 ∈ S◦p such that exp{(aγ(z0)+ b)t0)} = 1 for some t0 > 0. By applying

the open mapping theorem on the analytic function exp{(aγ(·) + b)t0}, it follows that the

set exp{(aγ(S◦p) + b)t0} contains an open ball centered at 1. This implies that

max
z∈Sp

|et0(aγ(z)+b)| > 1 and min
z∈Sp

|et0(aγ(z)+b)| < 1. (6.4.12)

Suppose a = x + iy and that z = s + iδp. Let h(s) = Re (aγ(s + iδp) + b) be a complex-

valued function defined for all s ∈ [−τ/2, τ/2]. Using the explicit formula (2.3.11) we find

that

Re γ(s+ iδp) = 1− q1/p + q1/p′

q + 1
cos(s log q) and =γ(s+ iδp) =

q1/p − q1/p′

q + 1
sin(s log q).

Hence we finally obtain

h(s) = x− q1/p + q1/p′

q + 1
x cos(s log q)− q1/p − q1/p′

q + 1
y sin(s log q) + b.

A straightforward computation yield that the maximum and the minimum values of h

on the interval [−τ/2, τ/2] are x + Φp(a) + b and x − Φp(a) + b respectively. Since γ
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is a τ -periodic function, therefore by applying the Maximum Modulus principle on the

function et(aγ(·)+b), we obtain

max
z∈Sp

|et(aγ(z)+b)| = exp{(Re a+ Φp(a) + b)t} and

min
z∈Sp

|et(aγ(z)+b)| = exp{(Re a− Φp(a) + b)t}.

Hence it follows from the above estimates and (6.4.12) that −Re a−Φp(a) < b < −Re a+

Φp(a).

Now we prove the converse. It is follows from the above discussion that if −Re a −

Φp(a) < b < −Re a+ Φp(a), then for any fix t > 0,

max
z∈Sp

|et(aγ(z)+b)| > 1 and min
z∈Sp

|et(aγ(z)+b)| < 1.

Recall that the maximum and the minimum values of |et(aγ(z)+b)| are attained on the

boundary ∂Sp. Let s1, s2 ∈ [−τ/2, τ/2] be such that

|et(aγ(s1+iδp)+b)| = exp{(Re a+ Φp(a) + b)t} and

|et(aγ(s1+iδp)+b)| = exp{(Re a− Φp(a) + b)t}.

Let {sj + iδrn}n be a sequence in S◦p which converges to the point sj + iδp for j =

1, 2. Using the continuity of |et(aγ(z)+b)| on Sp, it follows that |et(aγ(s1+iδrm )+b)| > 1 and

|et(aγ(s2+iδrm )+b)| < 1 for some natural number m. Consequently there exists s3 ∈ (s1, s2)

such that |et(aγ(s3+iδrm )+b)| = 1. The assertion now follows by using Theroem 6.2.2 (b).

This completes the proof.

Remark 6.4.5. Note that if we assume b to be a complex number, then there won’t be

any significant change in the proof of the Theorem 6.4.3 because |eit=b| = 1 for all t ≥ 0.

However there will be a minor modification in the statement of Theorem 6.4.3 (3) where

b will be replaced by Re b.

6.5 Some Classical Semigroups

There are some well-known examples of semigroups which are generated by the affine func-

tions. As a consequence of Theorem 6.4.3 we investigate the dynamics of these semigroups

which yeilds some interesting results.
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6.5.1 The Heat Semigroup

It is already mentioned in the introduction that the chaotic dynamics of the heat semi-

group generated by certain shifts of the Laplace-Beltrami operator, are extensively studied

on symmetric spaces [21, 31] and harmonic NA-groups [36]. Our objective here is to for-

mulate these results for the heat semigroup on homogeneous trees by using Theorem 6.4.3

as a tool. The heat semigroup on X generated by certain shifts of L is defined by the

formula

T (t) = e−t(L−b) where t ≥ 0, b ∈ R.

Using Theorem 6.3.2, it is clear that for any b ∈ R, T (t) is neither hypercyclic nor does

it have any non-trivial periodic point on Lp(X) whenever 1 ≤ p ≤ 2. However putting

a = −1, the following result is an immediate consequence of Theorem 6.4.3.

Theorem 6.5.1. Suppose that T (t) = e−t(L−b) where t ≥ 0. Then for 2 < p < ∞, the

following are equivalent.

(1) T (t) is chaotic on Lp(X).

(2) T (t) has a non-trivial periodic point.

(3) b satisfies the relation γ(iδp) < b < γ(τ/2 + iδp).

(4) T (t) is hypercyclic.

Proof. Substituting a = −1 in Theorem 6.4.3, we find that the above statements are

equivalent if and only if b satisfies

1− Φp(−1) < b < 1 + Φp(−1). (6.5.13)

Now explicitly calculating the value of Φp(−1) using formula (6.4.9), we obtain

Φp(−1) = (1− γ(iδp)) · ((−1)2)1/2 = (1− γ(iδp)).

Putting the above value of Φp(−1) in (6.5.13) and noting that 2− γ(iδp) = γ(τ/2 + iδp),

we finally get the relation

γ(iδp) < b < γ(τ/2 + iδp).

TH-2467_156123004



100 Chapter 6. Dynamics of semigroups on homogeneous trees

The geometrical interpretation of the above result can also be seen from the following

figure. In this figure, the open elliptic region in the left hand side represents the Lp point

spectrum of L. It is easy to see that the Lp point spectrum of L − b cuts the imaginary

axis at infinitely many points if and only if γ(iδp) < b < γ(τ/2 + iδp).

X

Y

γ(iδp)

γ(τ/2 + iδp)O X

Y

γ(iδp)− b γ(τ/2 + iδp)− bO

Figure 6.1

6.5.2 The Schrödinger Semigroup

Now we consider the Schrödinger semigroup generated by the perturbation of iL. Once

again using Theorem 6.4.3 with a = i, we have the following.

Theorem 6.5.2. Suppose that T (t) = et(iL+b) where t ≥ 0. Then for 2 < p < ∞, the

following are equivalent.

(1) T (t) is chaotic on Lp(X).

(2) T (t) has a non-trivial periodic point.

(3) b satisfies the relation =γ(τ/4 + iδp) < b < =γ(−τ/4 + iδp).

(4) T (t) is hypercyclic.

Proof. Following a similar procedure as in Theorem 6.5.1, it is enough to prove that b

satisfies the relation

=γ(τ/4 + iδp) < b < =γ(−τ/4 + iδp). (6.5.14)

Putting a = i in (6.4.9), we find that

Φp(i) = (1− γ(iδp)) · | tanh(δp log q)| = q1/p + q1/p′

q + 1
· q
−δp − qδp
q−δp + qδp

=
q1/p′ − q1/p

q + 1
.
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Putting the above value of Φp(i) in −Φp(i) < b < Φp(i) and noting that

=γ(±τ/4 + iδp) = ±q
1/p − q1/p′

q + 1
,

we finally get the relation (6.5.14). This completes the proof.

In a similar way as above, Theorem 6.5.2 can also be described geometrically using

the following figure.

X

Y γ(−τ/4 + iδp)

γ(τ/4 + iδp)

O

Y

X

iγ(τ/4 + iδp) + b

iγ
(−
τ/

4 +
iδ p

) +
b

O

Figure 6.2
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CHAPTER 7

Concluding Remarks

In this chapter we would like to point out certain interesting problems that evolved while

carrying out a detailed survey on the topics discussed so far.

Problem 1: Let f be a finitely supported function on X and z ∈ R. Then for every

g ∈ G, we have

f ∗ φz(g) =

∫
G

f(h)φz(h
−1g)dh.

Using the formula for φz(h
−1g) from [12, pp. 55], we obtain

f ∗ φz(g) =

∫
G

f(h)

 ∫
Ω

p1/2−iz(h, ω)p1/2+iz(g, ω)dν(ω)

 dh

=

∫
Ω

 ∫
G

f(h)p1/2−iz(h, ω)dh

 p1/2+iz(g, ω)dν(ω)

=

∫
Ω

f̃(−z, ω)p1/2+iz(g, ω)dν(ω)

= Pz(f̃(−z, ·))(g).

Therefore using Theorem 3.3.2 and 4.3.3, it follows that for every z ∈ R \ (τ/2)Z, the

103
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operator given by convolution on the right by φz is restricted weak type (2, 2) and

‖f ∗ φz‖L2,∞(X) ≤ C|c(z)|2‖f‖L2,1(X) for all f ∈ L2,1(X).

Next we observe that for z ∈ R \ (τ/2)Z, the following pointwise estimate of φz holds

(see Lemma 2.3.11):

|φz(x)| ≤ Czφ(x) where φ(x) = q−|x|/2.

In view of the above restricted weak type (2, 2) inequality, it is thus natural to investigate

whether the same holds for an operator given by convolution on the right by a larger

kernel, that is φ(x). By extending an example given in [25, pp. 5595], we now prove that

this is not the case. Consider a non-negative radial function f on X defined by

f(x) = (1 + |x|)−3/2q−|x|/2.

From the definition of the Lorentz norms, it follows that f ∈ L2,1(X). We now show that

f ∗ φ /∈ L2,∞(X). Using the functional equation (2.4.14), the pointwise estimates of φ0

from Lemma 2.3.11 and the fact that |xy| ≤ |x|+ |y|, we obtain

f ∗ φ(x) =

∫
G

f(y)φ(y−1x)dy

=

∫
G

f(y)

 ∫
K

φ(y−1kx)
(1 + |y−1kx|)
(1 + |y−1kx|)

dk

 dy

≥
∫
G

f(y)

(1 + |y|+ |x|)

 ∫
K

φ0(y−1kx)dk

 dy

=

∫
G

f(y)

(1 + |y|+ |x|)
φ0(y)φ0(x)dy

�
∑
n∈N

(1 + |x|)
(1 + n+ |x|)

(1 + n)−1/2q−|x|/2

≥ (1 + |x|)
(1 + 2|x|)

q−|x|/2
|x|∑
n=0

(1 + n)−1/2

≥ C|x|1/2q−|x|/2.

Once again using the definition of the Lorentz norms, it follows that f ∗ φ /∈ L2,∞(X).

The above observations signify the following facts regarding the restricted weak type

(2, 2) boundedness of an operator given by convolution on the right by a kernel.
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1. The end point version of the celebrated Kunze-Stein phenomenon (see [43]), that is,

L2,1(G) ∗ L2,1(G) ⊆ L2,∞(G)

is not sharp in the sense that there exist functions φz, z ∈ R \ (τ/2)Z, which is

in L2,∞(G) and not in L2,1(G), but convolves with L2,1(G) boundedly to give L2,∞

functions on G.

2. The presence of the oscillatory factor, that is, Re (c(z)qiz) in φz is mainly responsible

for the restricted weak type (2, 2) inequality. In fact for z ∈ R \ (τ/2)Z, φz has the

following explicit formula:

φz(x) = c(z)q(iz−1/2)|x| + c(−z)q(−iz−1/2)|x|

= q−|x|/2Re (c(z)qiz).

In view of these facts, it is natural to ask the following question in the context of ho-

mogeneous trees: For which function ψ : Z+ → C, does the function φ(x) = q−|x|/2ψ(|x|),

x ∈ X, defines a restricted weak type (2, 2) operator ?

Problem 2: The restriction theorem (that is Theorem 4.3.2) which we have proved for

the Helgason-Fourier transform on X is a natural analogue of those on harmonic NA

groups (see [26, Theorem 1.1]). However just like on NA groups, it would be interesting

to know whether the estimates in Theorem 4.3.2 are sharp.

Problem 3: Observe that in Theorem 6.4.3 we have mainly derived an equivalence

relation between the hypercyclicity and chaoticity of the affine semigroups on Lp(X), by

using the sharp operator norm of eξL as our tool. In spirit of this it would be interesting

to know whether a similar equivalence holds for semigroups generated by the operator

aL2 + bL + c, or more generally for semigroups generated by the analytic functions of

the Laplacian on X. The problems seem to be interesting due to the fact that the sharp

operator norms of these semigroups are not yet known and one has to adopt a completely

different approach to establish this equivalence (provided such an equivalence holds).
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[24] A. Korányi and M. A. Picardello. Boundary behaviour of eigenfunctions of the

Laplace operator on trees. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 13(3):389–399,

1986.

[25] P. Kumar. Fourier restriction theorem and characterization of weak L2 eigenfunctions

of the Laplace-Beltrami operator. J. Funct. Anal., 266(9):5584–5597, 2014.

[26] P. Kumar, S. K. Ray, and R. P. Sarkar. The role of restriction theorems in harmonic

analysis on harmonic NA groups. J. Funct. Anal., 258(7):2453–2482, 2010.

[27] P. Kumar, S. K. Ray, and R. P. Sarkar. Characterization of almost Lp-eigenfunctions

of the Laplace-Beltrami operator. Trans. Amer. Math. Soc., 366(6):3191–3225, 2014.
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[39] P. Sjögren. Asymptotic behaviour of generalized Poisson integrals in rank one sym-

metric spaces and in trees. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 15(1):99–113

(1989), 1988.

[40] E. M. Stein. Topics in harmonic analysis related to the Littlewood-Paley theory.

Annals of Mathematics Studies, No. 63. Princeton University Press, Princeton, N.J.;

University of Tokyo Press, Tokyo, 1970.

[41] R. S. Strichartz. Harmonic analysis as spectral theory of Laplacians. J. Funct. Anal.,

87(1):51–148, 1989.

[42] R. S. Strichartz. Characterization of eigenfunctions of the Laplacian by boundedness

conditions. Trans. Amer. Math. Soc., 338(2):971–979, 1993.

[43] A. Veca. The Kunze-Stein phenomenon on the isometry group of a tree. Bull. Austral.

Math. Soc., 65(1):153–174, 2002.

TH-2467_156123004



TH-2467_156123004



List of Articles from Thesis Work

List of Accepted/Published Articles

• P. Kumar and S. K. Rano. A characterization of weak Lp -eigenfunctions of the

Laplacian on homogeneous trees. Ann. Mat. Pura Appl. (4) (Published Online).

doi: 10.1007/s10231-020-01011-3.

List of Communicated Articles

• S. K. Rano. A theorem of Roe and Strichartz on homogeneous trees.

• P. Kumar and S. K. Rano. Dynamics of semigroups generated by analytic functions

of the Laplacian on homogeneous trees.

112
TH-2467_156123004


	Abstract
	Abbreviation and Notation
	Introduction
	Eigenfunctions of the Laplacian
	Fourier Restriction Theorem
	A Theorem of Roe and Strichartz
	Dynamics of Semigroups Generated by Laplacian
	Outline of the Thesis

	Preliminaries
	Generalities
	Homogeneous Trees
	Basic Structure
	Boundary and Poisson Kernel
	Laplacian

	Poisson Transform and Eigenfunction
	Conditional Expectations and Martingales
	Poisson Transform
	Eigenfunctions of the Laplacian
	The Spherical Functions
	Spectrum of the Laplacian

	Fourier Transform on Homogeneous Trees
	Spherical Fourier Transform
	Helgason-Fourier Transform


	Characterization of eigenfunctions of the Laplacian on homogeneous trees
	Introduction
	Some Important Results
	Weak S Eigenfunctions
	The Case s
	The Case s


	Restriction Theorem for the Helgason-Fourier transform on homogeneous trees
	Introduction
	The Intertwining Operators
	Fourier Restriction Theorems
	Restriction Theorem for the Helgason-Fourier Transform

	Existence of the Helgason-Fourier Transform

	A Theorem of Roe and Strichartz on homogeneous trees
	Introduction
	Tempered distributions on Homogeneous Trees
	Roe's Theorem for Tempered Distributions
	Functions which are Tempered Distributions

	Roe's Results for Almost s-Functions
	Sharpness of the Results

	Roe's Theorem on s (s case)

	Dynamics of semigroups generated by analytic functions of the Laplacian on homogeneous trees
	Introduction
	Basic Results
	Chaotic Dynamics and Periodic Points
	Chaotic Dynamics of Affine Semigroups
	Some Classical Semigroups
	The Heat Semigroup
	The Schrödinger Semigroup


	Concluding Remarks
	Bibliography
	List of Articles from Thesis Work

