ADAPTIVE COMPENSATION BASED ACTUATOR FAULT TOLERANT
CONTROL OF NONLINEAR UNCERTAIN SYSTEMS WITH EMPHASIS ON
TRANSIENT PERFORMANCE IMPROVEMENT

A
thesis submitted
for the award of the degree of

DOCTOR OF PHILOSOPHY

by
ARGHYA CHAKRAVARTY

Department of Electronics and Electrical Engineering
Indian Institute of Technology Guwahati
Guwahati - 781 039, INDIA.
NOVEMBER 2018

TH-2198 11610211



ADAPTIVE COMPENSATION BASED ACTUATOR FAULT TOLERANT
CONTROL OF NONLINEAR UNCERTAIN SYSTEMS WITH EMPHASIS ON
TRANSIENT PERFORMANCE IMPROVEMENT

ARGHYA CHAKRAVARTY

TH-2198 11610211



Certificate

This is to certify that the thesis entitled “ADAPTIVE COMPENSATION BASED AC-
TUATOR FAULT TOLERANT CONTROL OF NONLINEAR UNCERTAIN SYSTEMS
WITH EMPHASIS ON TRANSIENT PERFORMANCE IMPROVEMENT", submitted
by Arghya Chakravarty (11610211), affiliated to the Department of Electronics and Electrical En-
gineering, Indian Institute of Technology Guwahati, for the award of the degree of Doctor of Philos-
ophy, is a record of an original research work carried out by him under my supervision and guidance.
The thesis has fulfilled all requirements as per the regulations of the Institute and in my opinion
has reached the standard needed for submission. The results embodied in this thesis have not been

submitted to any other University or Institute for the award of any degree or diploma.

Dated: Dr. Chitralekha Mahanta

Guwahati. Professor
Dept. of Electronics and Electrical Engg.
Indian Institute of Technology Guwahati
Guwahati - 781039, India.

TH-2198 11610211



To my beloved mother Mrs. Bananit Chakravarty, the memory of my
father Mr. Ashoke Chakravarty and

my research inspiration Professor Francesco Bullo

| have an angel watching over me an | call him my Father. | would always remember the things

you taught me and how much you did love me. | have no words to acknowledge the sacrifices

you and mother made and the dreams you both had to let go, just to give me the opportunity to
achieve mine.

“To leave everything to the fate and to not actively contribute to the music of the universe is a sign
of sheer ignorance. You might not change your instrument, but how well you play is entirely upto
you. Whatever happens in your life, no matter how troubling things might seem, do not enter the
neighbourhood of despair. Even when all doors remain closed, God will open up a new path only
for you. Be thankful! for not only what you have been given but also for what you have been
denied...!”

-from The Forty Rules of Love by Elif Shafak

TH-2198 11610211



Acknowledgement

First and foremost, I am grateful to Almighty for having guided me through the righteous path
and bestowed upon me his grace to complete this PhD thesis successfully.

I take this opportunity to express my deepest gratitude and heartfelt thanks to my thesis advisor
Prof. Chitralekha Mahanta for her incisive expertise, consistent guidance and her intense support. I am
extremely grateful to her for giving me the opportunity to pursue a research career and introducing me
to the field of robust adaptive control theory. Her unmatched supervision, support and untiring efforts
(given that I was a direct entrant into Ph.D. after my B. Tech.) ever since the days I joined the Institute
eventually made me a successful researcher I am today. Her sincere dedication, accessibility and keen
attention to minor details in my research were of immense motivation to me. I must acknowledge her
kindness, patience and extreme diligence in correcting all my manuscripts.

I would always be indebted to my doctoral committee chair Dr. Indrani Kar for her constructive
criticisms of my work, her generous support in all possible ways she could and her trust on me more
than what I deserve. Some of her bright thoughts were very helpful in shaping up my thoughts and
were beneficial to my research. My deep appreciation and sincere thanks to her. Words would not
be enough to express my sincere gratitude towards her for the guidance, constant encouragement and
support she has imparted me throughout my PhD tenure in IIT Guwahati. I would really miss my
daily discussions with her and most specifically, the delicious chocolate truffle cakes she gifted me every
year on my birthday on New Year mornings.

I owe a debt of gratitude to other members of my doctoral committee, Dr. Srinivasan Krishnaswamy
and Dr. Sisir Kumar Nayak for devoting their precious time in evaluating the progress of my research.
Their critique and quality inputs counseled on timely basis have been of great help to me. I am thankful
to the Ministry of Human Resource Development (MHRD), Government of India for providing me the
necessary fellowship grant to pursue the Ph.D programme.

A special thanks and admiration to the person, I share a strong bond of friendship with, my dear
friend Tousif Khan Nizami. Thank you for having stood beside me against all odds and being there
for me in both difficult and good times during my stay. Your consistent encouragement and faith in
my abilities have helped me immensely to overcome the challenges and finally led to the successful
completion of this thesis. I am extremely thankful to Dr. Sanjoy Mondal (now at NTU Singapore) for
his guidance and I should submit that a greater share of the knowledge and ability I have gathered so
far in research, should be accredited to him. I also extend my deep sense of gratitude to my dearest
friends Rohan Kumar Das (now at NUS, Singapore), Saurabh Pandey (now at Dalian University of
Technology, China), Abdul Basit Andrabi, Tasaduq Hussain and Karteek for their constant motivating

discussions, support and joyful company. Especially, I am greatly indebted in Saurabh and Basit for

TH-2198 11610211



supporting and upholding my confidence and sanguineness in all possible ways throughout the days of
writing this research monograph. I deeply appreciate their efforts in keeping me happy and bearing
with me all throughout my final struggling days at II'T Guwahati. During my toughest times here in
Guwahati, Basit’s intense support and guidance being my dearest brother, have been invaluable and
certainly beyond words. Though I have been miles apart from my family, I should definitely admit
that my years at II'T Guwahati had been like staying at home away from home in the company of these
wonderful people. I greatly acknowledge the help from my colleague and friend Manmohan Sharma in
the experimental realization of the algorithms in this thesis.

I would also like to acknowledge the love and encouragement from my dear friends Murat (Anirud-
dha Mazumdar), Abhijit Mazumdar and Nayanjyoti Kakoti. Just expressing gratitude to the un-
conditional and unparalleled support from my international friends Babba Ali Jraisheh, Grandfather
Moustafa Najm, Anne Ghadir Nofal, ¢ocuk Ahmad AlMamo, Sami Allssa and Malek AlHasan, would
not be enough and I would always be indebted in them for their kindness and deep affection for me.
I would also like to take this opportunity to thank Mr. Nizam Ali Khan (Tousif’s father) for bestow-
ing his affection on me and our thought-provoking discussions which have helped me immensely all
throughout my journey so far.

This journey would not have been complete without the love and affection of my dear friends Vinay
Kumar Pandey (now R&D Scientist in Mercedes, Germany), Pravin Kumar Chaturvedi, Vibhuti Ku-
mar, Khalid Wani, Syed Zainul Aabidin, Ankit Bansal, Resmi N. Chandrasekharan (Chechi), Subhasis
Mandal, Nabanita Adhikary, Jyoti Prakash Medhi & his family, Jasvindar Singh, Shadab Illahi, Ajaz
Ahmad Dar, Deepak Joshi and Satyabrata Dash. Also, my acknowledgment to my faculty and friend
Mrs. Papiya Debnath for her confidence in my worthiness.

I am grateful to the staff of the Academic Section at II'T Guwahati, Mr. Manas Sarma in particular,
and Mr. Sidananda Sonowal, for their valuable advice, encouragement and kind assistance in all times
throughout my PhD tenure. I also extend my thankfulness to Mrs. Kajallata Brahma and Mrs.
Trishna Choudhury for their generous help and cooperation in regards to the formalities involved in
potential funding for my research visit to France in July 2017. I soulfully thank my colleagues from
Control & Instrumentation Laboratory, who have made this journey, a learning and a joyful experience.
Among them my appreciation to Dr. Bajarangbali, Dr. Ezhil Reena Joy, Mandar Maitra, Madhulika
Das, Mridul K. Malakar, Gautam Rituraj, Kamakshi Manjari, Suman Roy, Mriganka Biswas and
Karnika Biswas. Last but definitely not the least, I do not find words to describe the extent of debt
I owe to my family. The unlimited sacrifices and relentless hardwork of my mother Mrs. Banani
Chakravarty and my sister Ananya Chakravarty have been truly motivating and been a consistent
source of encouragement to me. The contributions of my Godfather Mr. Satyabrata Jana, Mrs.
Subhra Jana and Mrs. Dolly Bose (Madame) are much beyond words and I feel privileged to have had
them in my life. Their unmatched love and patience have been undeniable, without whom my dreams

would not have taken a shape.

Arghya Chakravarty
Fall 2018, IIT Guwahati

vi



Abstract

Growing demands of reinforced reliability, survivability, safety and stringent performance require-
ments in complex critical systems have led to the inception of a new control paradigm, widely known
as Fault Tolerant Control (FTC). Systems equipped with an FTC module are, in general, presumed
to be resilient to uncertain eventualities of faults and failures. Ever since its outset, FTC has been
well recognized as a promising research domain and extensive contributions have been reported so far,
however, largely in the context of linear dynamical systems. Given the fact that almost all physical
systems existing in nature exhibit an inherent nonlinear behavior; FTC schemes for linear systems may
not be fruitful when the operating regime is desired to large and precise fault tolerant control perfor-
mance also becomes a critical design attribute. In addition to actuator faults/failures, the presence of
unknown parametric uncertainties, modeling imperfections and external disturbances combined with
structural limitations in such systems pose numerous challenges to the problem of an effective active
FTC design. Therefore, this thesis resorts to an fault estimation based FTC (FE/FTC) architecture
and attempts to propose some new adaptive FTC methodologies for nonlinear uncertain dynamical
systems assuming the occurrence of unanticipated actuator failures. The emphasis of the design al-
gorithms is laid on achieving an improvement in start up and post failure transients without yielding
to any decrement in input performance (quantified in terms of total variation and energy of input
signal). Such ambitious objectives are attained through an amalgamation of robust control ideas with
the inherent online learning capabilities of adaptive control.

Firstly, a direct adaptive actuator failure compensation is designed for nonlinear uncertain systems
offering asymptotic output tracking and an improved transient and steady state performance with no
additional control energy spent. Unlike conventional adaptive backstepping and sliding mode con-
trol strategies compensating actuator failures, the improvement in output transient performance is
achieved without any trajectory initialization or increase in virtual control gains. Following the above,
the shortcomings of direct adaptive control methods are discussed and mathematically proved. Obvi-
ating the drawbacks, a new adaptive control scheme in the context of FTC, is designed using multiple
models with a two layer adaptation to alleviate the adverse effects of finite as well as infinite actuator
failures. Start up and post failure transient performance improvement has been theoretically proved.
The control development is supported by a rich and rigorous stability analysis unveiling the benefits
of the proposed control design with the most important attributes being the modular behavior of the
controller-estimator pair and global boundedness of closed loop trajectories. The proposed methodol-
ogy is extended to a more challenging problem of FTC design for multi input multi output (MIMO)

system with unknown subsystem coupling. Results obtained through numerical simulations and exper-
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imental investigations are indeed encouraging and showcases the potential of the control algorithm in
real time applications. Within the ambit of a similar indirect adaptive design philosophy, to alleviate
computational complexity and anticipating reinforced robust fault tolerant performance, the multiple
model adaptive estimator is replaced by a novel finite time parameter estimator. The rapidity and
correctness apart from a time bound estimation allows for a promising initial and post failure tran-
sients. Besides, the fault-free tracking performance of the nominal closed-loop system during the entire
time period including the transients due to abrupt actuator faults/failures is recovered in an explicitly
measurable finite time. Following the above work, to render to the crucial requirement of rapid esti-
mation and compensation of unknown failures in safety critical systems, a parametrization free finite
time adaptive estimation based nonlinear adaptive controller is developed for nonlinear systems. The
proposed adaptive controller is based on the design philosophy of active disturbance rejection control
(ADRC) strategies and is so formulated such that controller-estimator modularity is ensured and the
separation principle is satisfied. The controller augmented with the adaptive finite time uncertainty
estimator effectively compensates infinitely occurring actuator failures, system uncertainties and time
varying exogenous disturbances. This new result has proved to be instrumental in achieving output
asymptotic stability when exposed to adverse situations of finite occurrences of actuator failures, un-
known modelling imperfections and subsystem interconnections. The most unique aspect which is
indigenous to this scheme is exact nominal performance recovery ascribed to the finite time estima-
tion independent of knowledge of uncertainty structure as well as its bounds. Further, these control
designs strategies are also able to compensate high degree of uncertainties and hence are applicable
for a large class of nonlinear systems. The proposed control design offers an excellent output transient
performance spending only as much control effort as required. All of the adaptive control strategies
are free from any controller reconfiguration/redesign and exhibit a retrofitting feature. Such a de-
sign characteristic along with computational simplicity indeed enables them to transcend theoretical
boundaries and qualify to be a promising choice for FTC applications in real time. Results obtained
from extensive numerical simulation and experimental investigations support theoretical propositions

presented in this thesis and substantiate their suitability for practical FTC applications.
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1. Introduction

1.1 Introduction

Control theory plays an integral role in deciding the behavior of all dynamical systems existing in
nature. The concept of feedback is central to almost all control systems and has indeed been instrumen-
tal in acheiving system output regulation or desired reference trajectory tracking. With overwhelming
technological developments and spectacular success of the industrial revolution, the early 19th century
witnessed the first instances of feedback control systems in the form of Watt’s centrifugal governor
shown in Figure 1.1 [1]. The centrifugal governor was intended to control the output shaft speed of the
steam engine. Until 1868, the design of control systems in such mechanical and electrical machineries,
was primarily an art procured from intuition, experience and engineering ingenuity. Such approaches
abstained from representing the control problem, its objectives and imposed constraints in terms of

mathematical relationships. As a result, these ad hoc control solutions failed to provide analytical

Figure 1.1: Centrifugal governor [1]

insights into system behavior in the event of parameter variations and unanticipated disturbances;
and hence attaining a robust and optimized performance was certainly questionable. By then, a for-
mal mathematical analysis had already begun with the study of governor dynamics by physicist J.C.
Maxwell [1]. Eventually, the analysis led to the introductory concept of limit cycle oscillations and
the fundamental notion of instability in dynamical systems under feedback. In consequence, these
issues motivated several analytical developments regarding dynamic instability of linear systems in the
West; the most remarkable one being the celebrated Routh-Hurwitz stability criterion. Alternatively,
one of the greatest developments in the theory of stability of dynamic systems was the publication of
Lyapunov’s famous memoir in 1892 followed by promising methods on stability analysis. By World
War 11, owing to demands of high performance and stability of closed-loop feedback control systems,
mathematical research on automatic control theory gained enough impetus for applications in missile

guidance and control, ship steering, and aircrafts. Servomechanisms in frequency domain were de-
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signed from theoretical results on dynamic stability using frequency response, bandwidth, gain and
phase margins. Restricted to linear systems, these methods lacked severely in achieving performance
robustness and resulted in a very limited dynamically stabilizable operating regime. In contrary, the
stability results independently proposed by Lyapunov in the Soviet Union, was more general and was
applicable to systems regardless of their input-output characteristics. These results were indeed a ma-
jor scientific breakthrough for the Soviet Union which marked the emergence of modern control theory

and the inception of new control paradigms based on state space approaches.

1.1.1 Fault Tolerant Control

Apart from stability; safety, reliability and performance are among the essential operational charac-
teristics sought for in control of dynamical systems, especially in mission critical applications. Besides,
cost effectiveness has also been an added design objective to be possibly met. Imperfections in system
modeling, uncertain operating environment, large variations in parameters, malfunctioning or dam-
age of system components further complicate the synthesis of a stable controller. On similar lines,
it is extremely difficult to ensure the existence of sustainable closed-loop system solutions respecting
the foregoing design attributes using conventional feedback control. Consistent attempt to address
these design challenges gradually motivated the development of retrofit control technologies for com-
plex safety critical systems to render resilience to uncertain eventualities. In this direction, the first
pioneering effort was the launch of Self Repairing Flight Control System Program [7] by the US Air
Force in 1984. Eventually followed up by the National Aeronautics and Space Administration (NASA),
this initiative led to the inception of a new research avenue in the field of control theory applications
known as fault tolerant control (FTC) [8]. Hence, FTC systems are defined as control systems that are
equipped with the ability to accommodate system, component faults or failures automatically and are
capable of maintaining overall system stability and acceptable performance in the event of such fault or
failure [8-10].

Fault can be defined as an undesired change in a system parameter that degrades performance.
Whereas, failure is an eventuality that results in catastrophic or complete breakdown of a component
or function which can be compared to a fault which is a tolerable malfunction. Having defined the
terminologies, a broad classification comprises of actuator, sensor and system faults/failures. Changes
in operating points, large uncertain abrupt variation in system parameters, payload variations, etc.
are termed as system faults. On the other hand, sensor faults manifest themselves in incorrect mea-
surements with noise, measurement bias, freezing and drift. Actuator faults/failures and their types
are illustrated in Figure [.2l The variable ¢; denotes the failure instant and umax, Umin are the maxi-
mum/minimum limits of actuation magnitude. Different types of actuator failures are demonstrated
using an aircraft example. Figure [[.3] shows a commercial aircraft exhibiting faults and failures in
ailerons (fy), elevators (f.) and rudder (f,). Faults in such control surfaces occur in the form of par-
tial loss of effectiveness (PLOE) as shown in Figure [[2(d), wherein the actuator operates with reduced
efficiency after time t;. Total actuator failures manifests in three forms, namely, float, lock-in-place
(LIP) and hard-over failures (Figure [[L2(a)-(c)). Float failure is a condition when the control surface

moves freely and has no moment contribution to the aircraft. While LIP failure results in the condition
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where the actuator is stuck or jammed at a certain value. The most catastrophic form of actuator
failure is the hard-over failure where the actuator actuates at its maximum rate limit until its position

reaches the blowdown limit.

Faulty Actuator output
A

Desired Actuator output

umax

Umin

Umin

f
(c) Hard over (d) Loss of Effectiveness

Figure 1.2: Illustration of the types of actuator faults and failures in dynamical systems.
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Figure 1.3: Demonstration of actuator faults and failures of control surfaces in Boeing 747 aircraft.
This thesis broadly concerns the design, development and analysis of fault tolerant controllers to

compensate actuator faults and failures in addition to system uncertainties and external disturbances.

The generalized problem of FTC has not been attempted and hence sensor failures are beyond the
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Figure 1.4: A photo of the Jet Airways Flight 9W 2374 which suffered a rare engine failure on December 27, 2016.

scope of this work. In what follows, some practical motivation for actuator FTC research in aerospace
systems ranging from commercial aircrafts to unmanned aerial vehicles (UAV) are provided. The
basic premise of FTC systems is the availability of redundancy which can be used judiciously in
emergency conditions to maintain system stability and an allowable performance degradation. There
have been several instances of malfunctioning and shut down of actuators in aircrafts when the pilots
were still able to safely land the aircraft utilizing their expertise and redundant system components.
For example, on 9 October 2002, the Boeing 747-400 Airline Flight 85 suffered a lower rudder hard-
over failure at an altitude of 35,000 ft (404 people on board including 4 crew members and 14 flight
attendants) [11]. On account of such a failure, the rudder deflected left to the maximum position limit
causing excessive roll. The crew members managed to land the aircraft safely in Anchorage, Alaska
by manipulating the upper rudder and the ailerons together with differential engine thrust. More
recently, on 27 December 2016, the Jet Airways Flight 9W 2374 (154 passengers, 7 crew members)
departing from Goa (Figure [[4)), India underwent a rare engine failure during take-off where the right
reverser got engaged and the right engine started producing a thrust in reverse direction while that
on the left was producing a forward thrust [12,13]. The aircraft veered off the runway with excessive
spinning. This was indeed dangerous given the fact that the extremely high force which catapults
the aircraft into the air was now engaged in spinning it. However, the promptness and expertise of
the pilot within the reaction time of such a scenario avoided a catastrophic accident with no human
casualties. It is certainly clear from these incidents that the presence of redundancy and the use of pilot
skills were central to achieving aircraft stability in such seriously adverse operating conditions. The
solutions given by the pilots in these emergency scenarios should be automatically and autonomously
found by the onboard autopilot embedded with an FTC unit. Thus, the research on FTC design
for commercial /military aircraft systems is highly motivated and undubiously promising. Recent years
have seen a tremendous use of unmanned aerial vehicles (UAV) in a multitude of applications including

surveillance and reconnaissance, searching and inspection, high resolution imaging, goods delivery and
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in-flight refueling and various military missions. Therefore, their relentless deployment in fire-fighting
and surveillance operations largely under rough environmental conditions including natural disasters,
make them highly vulnerable to on-flight actuator failures. Of late, in this regard, the Washington
Post has reported more than 400 crashes of military UAVs in the United States since 2001 [14, 15].
Besides mission failures, these crashes have led to huge loss of property including but not limited
to, destruction of houses, farms, forest fires, airport and naval base infrastructures, etc, which is also
unfortunate. Indeed, with years of rapid technological advancements in the 21st century, new inventions
of mechanical /aerospace systems and their multifaceted applications have come up with several design
and operational issues including reliability and safety. Thus, from a control design perspective, these
burgeoning issues and their subsequent challenges leave a exciting aura for further research on actuator

FTC synthesis for dynamical systems.

1.1.1.1 Approaches to FTC Design

Approaches to FTC design are broadly classified into two categories, namely, an active and a
passive approach. Figure depicts the classification of FTC along with the segregation between

various important control methodologies as active and passive methods.

Fault Tolerant Contro
(FTC)

|
f *

Passive Active

' ! ! ' ' '

. Control Signal Multiple . .
RobustControl
Adaptation Redistribution Models Scheduling Prediction
{ } Y y Y Y
H Infinity Sliding Mode Model Referenc Control Multiple Model Gain Model Predictive
Control (SMC) Adaptive Control Allogitlon Switching and Scheduling Control (MPC)
(MRAC) €A Tuning (MMST) (GS)
Integral Sliding
Mode Control D i Li
_ ynamic - inear
(ISMC) 2T Inversion Ir:t.e:actln?j | Parameter
Control (STC) (I Multiple Models Varying
(LA1%) (LPV)

Figure 1.5: Major approaches to fault tolerant control (FTC) design (adapted from [2]).

Active fault tolerant controllers are online self repairing strategies which rely on three fundamental
units, namely, an fault detection and isolation (FDI) unit, a reconfigurable controller and a control

reconfiguration mechanism to achieve fault tolerance and nominal performance recovery. A schematic
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block diagram representing the basic design structure of active FTC is shown in Figure These three
units have to work in a cooperative manner to guarantee system stability and optimal excellent output
performance in the event of a failure. The illustration in Figure [L7 shows the operational procedure of
an active FTC scheme from an event-driven perspective sarting from the occurence of a fault/failure
until it is recovered. The operation modes of the system are denoted by H (healthy/faultfree), F
(faulty), D (fault diagnosed) and R (reconfigured). The terms E¢, Eq, E,. and E, denote the events
resulting in the transition from one operational mode to the other. The explanation of an active FTC
scheme based on FDI is as follows: The controller starts to operate in H (faultfree) operation mode.
Due to occurrence of a fault/failure event E, the control system transits from H mode to F(faulty)
mode. Thereafter, from the diagnosis event Fy and mode D, the reconfiguration event F,.. enables
the system to attain a desirable reconfiguration mode (R) where it should be at least stable and
should satisfy the design objectives as much as possible. Following the synthesis of the reconfigurable
controller, a suitable reconfiguration strategy is designed to make the system transit to its (H) healthy
mode through the recovery event E,. The timing diagram in Figure [[7|right) shows the temporal
relation between the events incurred within this active FTC architecture. Although appearing to be
apparently advantageous, it exhibits the following shortcomings: (a) The success of fault tolerance
solely depends on the correctness of the FDI unit. However, guaranteeing robustness FDI results to
modeling uncertainties is difficult and hence false alarms are often incurred. This eventually leads to
incorrect reconfiguration thereby degrading performance and at times may destabilize the system; (b)
In safety critical systems, where time is a crucial parameter, there is a time interval within which the
active FTC system should detect the fault and subsequently resort to reconfiguration and FTC action.
This time is known as the critical reaction time. Therefore, as shown in the timing diagram in Figure
[L7(right) if the time delay incurred in fault diagnosis E; until reconfiguration E,. is greater than the
critical reaction time, the fault/failure is not recoverable and the system experiences instability which
is undesirable; (c) Further, the switching action (reconfiguration) between optimal control solutions
aligned to each type of faults/failures based on a reconfiguration criterion results in harmful switching
transients. These transients contribute to sabotage the fault tolerant performance of the active FTC
system. Further, closed loop instability can occur in case the system considered does not have a
positive dwell time; (d) The reconfiguration procedure involves a complex decision making process
which is computationally intense. The reconfiguration time adds to the computation time of the
reconfiguration solution which increases with the growing dimension of the system. All these factors
inhibit a successful implementation of an integrated FDI based FTC system.

Owing to practical implementation challenges of an integrated FDI based FTC design, an integrated
fault estimation(FE) based FTC emerges to be a promising alternative. The basic architecture of an FE
based FTC system is illustrated in the block diagram presented in Figure[[.8 Similar to the explanation
of an FDI based FTC, to elucidate the working of an FE/FTC strategy, an event driven architecture of
the same is depicted as a finite state automaton in Figure[[L9 Such a FTC design topology comprises of
three operation modes and three events to allow transition between each of the modes. The operation
modes are denoted by H (healthy/faultfree), F (faulty) and E(fault estimated) while the events are

represented as Ey, E, and FE, defining the occurrence of fault, fault estimation and failure recovery,
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Figure 1.6: Schematic block diagrammatic representation of active fault tolerant control (AFTC) architecture.
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Figure 1.7: An event-driven interpretation and illustration of active fault tolerant control (AFTC) architecture [3].
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respectively. This design framework does not rely on any switching or reconfiguration strategy and
controller reconfiguration. It consists of a single controller wherein the fault estimation from the FE
module can be retrofitted to achieve fault tolerance and improved output performance. Hence, the
design is indeed computationally appealing with increased design freedom and has great potential for
practical use in FTC applications. Besides, closed loop stability analysis of the integrated FE/FTC
scheme is comparatively tractable. Apart from the aforementioned advantages, system performance
recovery cannot be guaranteed if the critical reaction time is lesser than the time required for fault
estimation. Several active FTC methodologies have been proposed in literature using model reference
adaptive control [16, 17|, self tuning [18], control allocation [19-21|, multiple models [22-24], gain
scheduling [25], linear-parameter varying approaches [26], model predictive control |27, 28|, adaptive
sliding mode control [4,29,30], adaptive backstepping control [5,31, 32].

[33] On the other hand, passive FTC schemes are off-line strategies based on robust control ideas

Reference signal Disturbance
_____________________ DO s £

Fault Tolerant H u(t) x(7)
Controller Actuators i .

Sensors

Uncertain System

é y(t)
¥(1) et e

Fault Estimator

Ja(?): Actuator faults £ (7): Sensor faults

Figure 1.8: Structure and operational flow of active fault tolerant control (AFTC) scheme adopted in the thesis.

Events

\J

—

Estimation time

(a) (b)

Figure 1.9: An event-driven interpretation and illustration of active fault tolerant control (AFTC) scheme adopted in
the thesis.

and do not require any online scheme of fault detection and diagnosis. A single fixed controller is
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designed by considering a predetermined set of faults and failures that can probably occur, during
the design stage. The fundamental objective of passive FTC methods is to maintain stability of the
system in the event of multiple failures without striving for optimal performance corresponding to any
specific fault. Therefore, any passive FTC design is conservative in terms of performance and hence
not suitable for performance critical systems. Passive FTC basically makes a trade-off between system
performance and stability. Further, since most passive FTC designs are formulated as optimization
problems, it is very likely to encounter ill posed problems wherein, the existence of solutions is not
guaranteed. Hence, performance robustness of passive schemes are limited to a restrictive repertoire
of anticipated actuator failures. Various passive FTC methodologies have been proposed in literature,
for instance, Hoo control [34-39], sliding mode control (SMC) [40-42] and integral sliding mode control
(ISMC) [43,44].

This thesis adopts an active FTC approach to guarantee robustness to large class of faults and
failures, maintain optimal performance and therefore attempts to increase its reliability and applica-
bility. In what follows, the active FTC methodologies pertaining to nonlinear uncertain systems are

reviewed.

1.2 Literature Review

The basic premise of an actuator fault tolerant control (FTC) system is to achieve fault tolerance
and maintain a stable post fault/failure output tracking by redesigning /reconfiguring the control input.
Besides, in safety and mission critical systems, owing to a large variation in operating points, the FTC
design should ensure increased stability margins and an expanded dynamically stable operating regime.
In addition, robust output performance in presence of system uncertainties and external disturbances
is another design objective in FTC. For example, in aircrafts, UAVs, spacecrafts, the wide variations
in aerodynamic coefficients, Mach, altitude, dynamic pressure, angle of attack (AoA) and payload are
inevitable. Payload variations may occur due to fuel consumption, release of missiles and carriage.
Apart from actuator failures, these factors, if not compensated, also contribute to decreased flight
envelope with degraded flying quality and may be a factor for potential instability as well. Thus,
design of an actuator failure resilient control system which automatically adapts to the change in
operating conditions and guarantees closed loop stability over its entire operating envelope, is indeed
a Herculean task. Moreover, considering the system to be nonlinear, further adds a dimension to
the difficulty of the foregoing FTC design. Aligned with the aforementioned control design problem,
different FTC strategies based on passive and active philosophies have been proposed for both linear
and nonlinear systems. However, none of the methodologies has been able enough to address the design
objectives in a unified manner. Passive FTC methodologies and their shortcomings have been reviewed
in the previous section. To be specific with the development of the thesis objectives within the ambit
of active FTC; in the following, a brief survey of relevant literature on various active FTC methods
for nonlinear dynamical systems is provided.

In the context of nonlinear systems, a number of active FTC schemes have been proposed, such as,

control allocation [45-47], neural networks/fuzzy logic based control [48-52|, multiple model adaptive

=
[
(0]
=
O
N
=
[

10



TH-2198

1.2 Literature Review

control [24,53-56], reconfigurable control with learning [57], model predictive control [27,28, 58|, and
SMC/ISMC with control signal redistribution [59-61]. These control strategies solely rely on an FDI
based control design architecture (Figure [L6]) and hence are more likely to suffer from its inherent
drawbacks. Besides, assumption of existence of system dwell time, switching mechanism, increasing
computational burden and excessive input usage proportional to output performance; are some of
the features exhibited by the above-mentioned active FTC design. In view of these foregoing issues,
practical implementation of such schemes is difficult and hence, their applicability is largely restricted
to a specific class of nonlinear systems only.

On the other hand, adaptive control methodologies are found to be intuitively appealing in the de-
sign of efficient active fault tolerant controllers for nonlinear systems. Among all active FTC schemes,
adaptive controllers offer two major conceptual advantages. Firstly, only a single adaptive controller
is needed to compensate actuator failures. Secondly and more importantly, these controllers do not
require an explicit fault detection and diagnosis (FDD) module eluding the implementation issues of
FDD and subsequent reconfiguration in real time. This motivated the design of active fault tolerant
controllers for nonlinear systems subjected to complete actuator failures. With an aim to achieve total
failure tolerance in uncertain nonlinear systems, direct adaptive control strategies have been proposed
for multiple input single output and multiple input multiple output nonlinear uncertain systems using
adaptive feedback linearization [62—65|, adaptive backstepping control (ABSC) [5,32,54| and adaptive
dynamic surface control (ADSC) methodologies [66,67|. Although, adaptive feedback linearization [68|
procedures of actuator FTC design reported in [62-65] are methodically attractive and ensure a faithful
compensation of actuator failures, the design requires an accurate and complete knowledge of system
dynamics. In real time, the presence of parametric uncertainties in system dynamics is obvious and
their adverse effects on system performance is inevitable. However, apart from actuator failures, in-
corporating compensation of uncertain system parameters into feedback linearization design leads to a
large dimension of parameter estimates. As a result, overparameterization prevails, culminating in high
computational burden and the closed loop solutions may experience numerical instability. Whereas,
ABSC [69] and ADSC [70] methodologies [5,32,54,66,67| address the issues of compensating coexist-
ing system uncertainties along with actuator failures and ensure stable fault tolerant output tracking.
However, an FTC based on ADSC does not offer asymptotic stability and its transient and steady state
performances are dependent on the chosen time constants of intermediate low pass filters encountered
in the course of design. Further, a robust adaptive output feedback controller designed using backstep-
ping procedure was developed in [71,72] to stabilize a nonlinear system affected by uncertain linearly
parameterized actuator failures. Eventually, the results of [71,72] were extended in [73| to compensate
parameterizable as well as non-parameterizable actuator failures. The aforementioned methodologies
are reported to yield promising results in the event of uncertain actuator failures in presence of state de-
pendent matched and unmatched uncertainties only. Actuator failures in nonlinear systems with model
uncertainties, have also been compensated using adaptive sliding mode control (ASMC) [4,30,74]. With
the ASMC in action, the closed-loop system exhibits fast response and makes the system output in-
variant to actuator faults/failures. The design of ASMC is primarily based on the bound estimation

of lumped uncertainty encompassing state dependent system uncertainties, external disturbances and
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actuator failures. Moreover, the lumped uncertainty should necessarily satisfy the matched condition.
Further, unlike [5,32,54,62-67|, the most severe drawback of ASMC is its discontinuity across sliding
surfaces which leads to chattering and subsequent excitation of neglected high-frequency dynamics.
To make ASMC strategies practically feasible for FTC, efforts to alleviate chattering using sigmoid
function based smoothing and boundary layer approximation have been proposed. However, the track-
ing precision is severely compromised with control smoothing. Although transient performance is still
acceptable, asymptotic stability is lost. In summary, translation of ASMC techniques from theory to
practice suffers from a trade-off between output performance and control bandwidth. Inspired by pre-
scribed performance bound (PPB) based adaptive controllers, using a variable transformation, ABSC
is designed to compensate actuator failures [31]. Such a method ensures that the output trajectory
never escapes the pre-defined exponential envelope and hence, offers a guaranteed transient and steady
state performance. Recently, a bound estimation based backstepping control approach using tuning
functions [75| is proposed for nonlinear systems with uncertainties, to compensate finite as well as
possibly infinite (intermittent) actuator failures. However, the proposed adaptive control solution and
its ultimate transient bounds explicitly depend on time. Besides, another direct adaptive backstepping
controller is proposed using a fusion of tuning function approach, nonlinear damping and a projection
based parameter adaptation [76]. The review of direct adaptive FTC approaches herein shows their
design flexibility and potential to be retrofitted into an existing control loop in complex critical systems
to ensure fault tolerance.

Indirect adaptive FTC strategies have also been proposed for nonlinear systems assuming the
presence of decoupling between the estimator-controller pair. Herein, the unknown parameters are
estimated first and then the control signal comprising of functions of these unknown parameters is
calculated using these estimates. These controllers are characterized by a poor oscillatory transient
behaviour during their learning phase. Their output performance is directly correlated to the accu-
racy and fastness of parameter estimation. Moreover, overparameterization is absent. Very few works
have been reported in adaptive FTC literature so far on deriving an indirect adaptive compensator
for linearly parametrized nonlinear systems affected by actuator failures. It is our belief that such a
cold attitude towards adopting an indirect adaptive approach for FTC design is ascribed to its poor
output transient performance. Within a certainty equivalence (CE) based indirect adaptive control
structure, introduction of large parameteric uncertainties due to actuator failures may result in high
output overshoots which may trespass the safety limits of the system. Further, to ensure modularity
between controller and the estimator, the nonlinear system should be necessarily globally Lipschitz.
Further, the closed loop stability analysis and proof of asymptotic stability is not straightforward. Al-
though substantial number of these controllers contribute to FTC literature on linear systems, solving
the failure compensation design problem using similar strategies for nonlinear systems has rarely been
considered by researchers. Lately, the problem of actuator failure compensation in nonlinear MIMO
systems with linearly parameterizable uncertainties, is attempted using a multiple model adaptive con-
trol with switching and tuning [24]. Assuming modularity of controller-identifier pair, the proposed
backstepping controller follows an indirect adaptive control design philosophy and the transient perfor-

mance is improved by the use of multiple identification models in conjunction with PPB control. The
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first seminal work on adaptive compensation of infinite actuator failures in nonlinear uncertain systems
is based on a modular adaptive backstepping control [6]. Except for switching multiple model based
adaptive control (MMAC) approaches to FTC, active FTC methods based on indirect adaptive con-
trol are based on an fault estimator (FE) based FTC architecture driven by three events and a single
controller, without any reconfiguration/switching strategy between a bank of controllers/estimators
(see Figures [L8LY). With reference to FE/FTC design topology, some of the major active FTC
techniques for parametrization free system uncertainties and actuator failures are discussed below.
Based on the fault estimate from a nonlinear unknown input observer, an adaptive sliding mode fault
tolerant controller is designed [77| for Lipschitz nonlinear systems. The observer and the control gains
are obtained from solutions of an H,, optimization problem to minimize the bidirectional robustness
interactions between the controller and the observer. In [78], differential geometric tools are utilized
to design an FE integrated FTC scheme. A neural network observer based backstepping controller is
proposed in [79] to estimate the failure pattern and magnitude for multivariable nonlinear systems.
Active disturbance rejection controllers (ADRC) using nonlinear disturbance observers (NDOB)
have recently earned great popularity due to excellent estimation and output transient performance.
They are indeed applicable to a large class of nonlinear systems owing to their capability to handle
a large class of nonlinear and linear uncertainties and disturbances. Herein, the design procedure
first assumes that the system is bounded under the action of a nominal control law. Thereafter,
a disturbance observer is designed which estimates the temporal profile of the lumped uncertainty
comprising of state dependent system uncertainties, external disturbances and parameterization free
actuator failure induced perturbations. Some of the recent works on ADRC based active actuator
failure compensators can be found in [80-83] and the references therein. These disturbance observers
(DOB) utilize the information from the disturbance prediction error and/or the state prediction error to
estimate the distubance. Subsequently, the estimated disturbance is fed back to the nominal controller
for subsequent cancellations. ADRC startegies can be categorically placed under an indirect adaptive
FTC design scheme for nonlinear systems affected by uncertainties and actuator failures which are
not necessarily parameterized. Further, adaptive neural FTC based on disturbance observers with
composite adaptation have also been proposed recently in [84-88|. These estimator based control
algorithms follow an integrated design approach where the disturbance observer utilizes the disturbance
prediction error for its estimation. Neural networks with online learning are used to estimate unknown
state dependent nonlinearities and disturbance estimation error for subsequent compensation. The
online learning herein is based on the information from either the tracking error, the state prediction
error or both. Although through proper tuning of controller gains, output transient performance is
preserved at large; asymptotic stability of the output is lost. Globally uniformly ultimately bounded
closed loop trajectories are not guaranteed. Finally, it is observed that ADRC startegies at large are
also easy to be integrated to any nominal existing control loop without changing the control structure.
Hence, with the retrofit property, DOB based adaptive control qualifies to be a potential choice for

FTC applications in real time.
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1.3 Research Motivation

It is evident from the literature review in the preceding section that the area of active FTC design,

has been extensively researched upon. Fruitful results within the active framework have been reported

as regards control of nonlinear uncertain systems to compensate unknown actuator faults and failures.

However, there are still a number of challenging problems which are yet to be addressed. Some of the

open theoretical issues drawing our attention are discussed below.

=
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Control design using a direct adaptive backstepping technique is known to offer a promising
output transient performance through trajectory initialization and initial increase of the virtual
control gains. The same ideology translates analogously to transient performance improvement
in adaptive sliding mode control (ASMC) through increment in the sliding surface coefficients.
However, actuator faults and failures are unknown in time, and hence, trajectory initialization
is not so feasible. Further, it has been mathematically proved in [69] that an increase in the
virtual control gains may improve the start-up transients while such a measure will increase the
value of the tracking error at the instant of actuator fault/failure. In consequence, the post-fault
transient performance is degraded and the output experiences cumulatively high overshoots with
each instance of failures, which is undesirable. Addressing this design issue, an adaptive back-
stepping control based failure compensation is proposed in [31| guaranteeing prescribed output
transient performance in the event of complete actuator failures and PLOE faults. However,
since the design philosophy relies on the ideology of high gain adaptive controllers using perfor-
mance funnels, the control energy, in this case, varies inversely with the prescribed error bounds.
Although being theoretically promising, owing to design and physical constraints in practical
systems, rewarding application of such controllers to crucial FTC problems is doubtful and may
not be promising. Therefore, it would be interesting to develop new backstepping based adaptive
control strategies wherein the output transients in failure cases can be improved independent of
the choice of virtual control gains and trajectory initialization without any significant increase

in the control effort.

From the perspective of active approaches, most of the active FTC schemes rely on fault detec-
tion and isolation (FDI) unit for controller reconfiguration in the event of uncertain eventualities
of actuator faults and failures. However, the performance and correctness of such residual based
FDI schemes are largely affected by system modeling errors, parametric uncertainties and exter-
nal disturbances, which may often lead to false alarms. Thus, FDI strategies strictly require an
optimal determination of residual signals and a selection of detection thresholds so as to success-
fully differentiate between an actuator failure and an uncertainty. Thereafter, a reconfiguration
strategy based on the information from FDI unit is to be formulated to conform the system with
the failure induced changes and maintain stability. Nevertheless, an integrated FDI based FTC
design is very difficult to realize and implement [89,90], owing to a discrete event structure of
reconfiguration, time delay in FDI and optimality factors regarding modeling imperfections and
external disturbances during the detection phase. In summary, the integrated FDI/FTC design

problem essentially reduces to a hard optimization problem and finding a solution satisfying the
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design constraints is indeed difficult, if not impossible [9, 10]. Although being apparently ad-
vantageous, the aforementioned design issues along with implementation complexity inhibits its
translation to practice, especially in systems, where safety is an overriding concern. Moreover,
the design is far more difficult for general nonlinear dynamical systems. Most of the research on
FTC conducted till date, is on model based FDI without an FTC function or on fault tolerant
control (FTC) design without the requirement of FDI module for computational simplicity.

As an alternative, an integrated fault estimator (FE) based active FTC architecture can be re-
sorted to. Such a design can be realized in either ways by adopting a direct or an indirect adaptive
control philosophy. However, FE/FTC design based on the philosophy of direct adaptive control
is believed to exhibit high and aggressive control effort since its learning is directly dependent
on the output [91]. To economize the control requirement, FE/FTC synthesis on the basis of
indirect adaptive control methodology seems to be a suitable choice. Nevertheless, to the best of
our knowledge, an FE/FTC design for nonlinear systems guaranteeing global /semiglobal output
stability is not trivial. The bidirectional robustness interaction between the controller and the
estimator in nonlinear systems results in the breakdown of the separation principle. With the loss
of design modularity, the stability margins of the closed loop system are substantially decreased
and the trajectories will experience a finite escape time. The active FTC algorithms proposed
so far in this context largely assume systems with Lipschitz nonlinearities. Moreover, inte-
grated FE/FTC design has been proposed for general nonlinear dynamics using neural networks
and NDOB based control approaches [80-88| only guarantee semi global uniformly ultimately
bounded (UUB) closed loop trajectories. The assumptions are neither rigorously analyzed nor
are well justified from a theoretical design perspective. Estimation accuracy is unguaranteed.
Herein, disturbance observers are used to estimate time dependent unknown signals and neural
networks/fuzzy observers with a composite weight learning law are used to estimate unknown
system nonlinearities and failure induced uncertainties. Owing to the usage of both disturbance
observers and neural network /fuzzy estimators, these control methodologies are computationally
intensive and also exhibit high control usage. Bidirectional uncertainty interactions now exist
between the neural network estimator, disturbance observer and the controller which adversely
effect estimation performance thereby affecting the output. However, such robustness interaction
issues have not at all been investigated in the above works and other pertinent literature. On
the same lines, rigorous mathematical analysis proving the modularity of the triple along with
insights on estimation correctness of the coexisting neural network estimator and the disturbance
observer, is challenging and remains open. On the other front, development of globally stable
FE/FTC for nonlinear systems using only disturbance observers which can successfully com-
pensate state dependent nonlinearities, actuator faults/failures(not necessarily parameterized)
and external disturbances, will be an interesting and impactful contribution. In this direction,
when an ADRC strategy using an NDOB [92, 93], is adopted into the FE/FTC framework, a
bidirectional robustness interaction between the control system and the estimator creeps in. To
remove these interactions, the existing ADRC methods based on NDOB, presume that the time

derivative of the unknown lumped disturbance is zero which is restrictive. Therefore, apart from
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FE/FTC, with the perspective of proposing a general methodology for control of nonlinear sys-
tems guarantees of global output asymptotic stability and relaxation of the foregoing assumption
will definitely attract applicability to a wide range of systems.

As an addition to the preceding problem, the following issue is certainly generic to any inte-
grated FE based FTC intended for nonlinear uncertain systems. Within such an active FTC
architecture, the time available for fault estimation and subsequent recovery plays a crucial role
in deciding the existence of stable adaptive solutions. Considering practical situations such as
in mission critical systems, where the time window in which the faulty system is stabilizable is
very short [8,94]. As a matter of fact, if the actuator fault/failure is not accommodated within a
specific finite time, the inputs and outputs will encroach their safety limits and eventually lead to
mission failures, which is undesirable. Therefore, finite time system performance recovery from
the effects of actuator failure is necessary for complex safety systems, where time is a crucial
parameter. To the best of our knowledge, the simultaneous treatment of all these factors within

an FE/FTC scheme for nonlinear systems has not yet been explicitly considered.

Most of the existing results on adaptive compensation of actuator failures assume the occurrence
of a finite number of faults and failures, meaning that a single actuator fails only once and does
not recover thereafter. In other words, this implies that there exists a finite time after which
the failure topology never changes and the system is not subjected to any further faults/failures.
These existing results are derived from the closed-loop stability analysis using Lyapunov functions
involving unknown fault/failure parameter estimation errors. Hence, the Lyapunov functions
will experience jumps at the time instances when failures occur. Moreover, boundedness of the
Lyapunov function or rather that of the output tracking error, at all instances of failures can only
be guaranteed if and only if the jumps are limited to be finite. This validates the presumption
on the applicability of direct adaptive control strategies to the problem of FTC which states the
existence of an upper bound on the total number of actuator failures and restricts any change in
the failure pattern after a finite span of time. However, in practice, the actuator failure topology
may change intermittently without violating the relative degree condition. More generally, this
implies that an actuator can infinitely switch between its faulty and healthy states provided that
there is a finite time lapse between its two states of operation. In contrast to finite number
of actuator failures, an adaptive compensation of possibly infinite number of unknown actuator
failures using direct adaptive control methodologies [5,32,54,66,67,95| fail to ensure boundedness
of the overall closed loop system dynamics. Very few results on adaptive compensation of infinite
actuator failures in nonlinear systems have been reported in literature [6], [75]. The method
proposed in [6] assures convergence of the tracking error in the mean square sense. However,
no explicit calculation of Lo or L, on the tracking errors is derived which could hint on the
tuning of parameters to achieve better performance. Different from [6], the bound estimation
based approach in [75]| suffers from a very high control requirement. No rigorous analysis is
reported and the upper bound on the tracking error is not time invariant. Further, no insights
on transient and input performance improvements are provided and the work only focuses on

achieving boundedness of closed loop trajectories. Improvement of output transient performance
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and its consequent quantification have always been an exciting problem in adaptive control
of nonlinear systems irrespective of the parametrization of uncertainties. Efforts are needed
towards proposal of new indirect adaptive control strategies for FTC applications in nonlinear
systems which yield an improvement in output transient and steady state performance without
substantially increasing the input usage. Besides, the problems of finite time estimation based
adaptive compensation of infinite actuator failures in nonlinear systems characterizing linearly
parametrizable /unparametrizable uncertainties and actuator failures, are not yet addressed in

FTC literature and still remain open.

Compared to direct adaptive FTC strategies, one of the major advantages of the estimator/identifier
based fault compensation design is that it uses only as much control effort as needed [96]. Hence,
following development of a direct ARFTC to improve the transient performance without increasing
the control usage, we adopt an indirect adaptive framework for FTC is adopted all throughout to have
a judicious usage of control. Thereafter, one can come up with various ideas to improve the output
transient performance without significantly effecting the control input requirement. An example of
such an advancement are the ABSC strategies proposed in this thesis, as they restrain from increasing
the virtual control gains to render improved transients and resort to the thought for alternatives which
contribute to the input performance as well.

Motivated by the above-mentioned open research issues, the contributions of this thesis are enu-

merated and briefly discussed in the following section.

1.4 Contributions of the Thesis

The contributions made under each chapter in the thesis are highlighted below.

(i) Adaptive robust fault tolerant controller(ARFTC) design for nonlinear uncertain
systems with actuator failures
An FTC algorithm is proposed using a direct adaptive backstepping methodology augmented
with second order sliding modes for nonlinear uncertain systems. The motivation behind were
the drawbacks of ABSC and ASMC which are listed as: (1) Transient performance can be im-
proved using trajectory initialization. However, faults occur abruptly and are uncertain in time,
pattern and magnitude and hence trajectory initialization is not feasible in such problems. (2)
Alternatively, the virtual control gains/sliding surface parameters can be increased to achieve a
good start up transient performance at the cost of high control usage. Nevertheless, this will
result in a cumulative increment in the Lo and L., output transient performance bounds with
subsequent occurrences of actuator faults/failures leading to degraded post fault transients with
high overshoots, which is undesirable. The proposed control algorithm circumvents the afore-
mentioned issues (1) and (2) while instilling robustness to modeling imperfections, exogeneous
disturbances and failure induced parametric and nonparametric uncertainties. Two modified
adaptive laws are formulated, to approximate the bounds of uncertainties due to modeling and

to estimate the fault-induced parametric uncertainties. The proposed scheme ensures robustness
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towards linearly parameterized mismatched uncertainties, in addition to parametric and nonpara-
metric matched perturbations. Improved post fault transient performance is achieved without
increasing the virtual control gains and the proposed method characterizes no significant increase

in the control energy spent.

(ii) Adaptive multiple model fault tolerant control (AMMEFTC) of nonlinear uncertain
systems with actuator failures
A novel actuator failure compensation scheme is proposed for affine nonlinear uncertain systems
subject to actuator faults/failures unknown in time, magnitude and pattern. The proposed con-
trol methodology utilizes a modular backstepping control augmented with multiple estimation
models to estimate failure induced parametric uncertainties and unknown system parameters.
The output transient performance at start up and post-failure instances, is improved on account
of the two layer adaptation which enhances the convergence speed and accuracy of parameter
estimates. Further, the same methodology is extended to the design of adaptive control design
to compensate possibly infinite actuator failures. The proposed fault tolerant control (FTC)
method yields a faithful accommodation of uncertain finite as well as infinite actuator failures
while ensuring satisfactory output transient and steady state performances. Further, compared to
existing multiple model based adaptive FTC design for nonlinear systems, the proposed method-
ology circumvents the issues of stability due to switching between different models and utilizes a
minimum number of estimation models for parameter estimation without sacrificing the output
performance and thereby reduces the computational burden. Using the concepts from stabil-
ity analysis in random nonlinear impulsive systems, the L., and Lo bounds on tracking error
Vt € [0,00) are derived in the case of infinite actuator failures. The improvement of output tran-
sient performance in the proposed control scheme, is theoretically proved. Further, the proposed
methodology is extended for a challenging adaptive FTC design intended for MIMO nonlinear
systems with actuator failures, system uncertainties and strong coupling. Experimental investi-
gations on the attitude control of a 2DOF helicopter system (twin rotor MIMO system) justify
the efficacy and practical suitability of the proposed control algorithm.

(i) Finite time adaptation based compensation (FTAC) of actuator failures in nonlinear
uncertain systems
A new finite time parameter estimator is proposed to further improve the output transient and
steady state performance in adaptive control. The parameter estimation algorithm achieves a
fast and exact estimation of unknown system and actuator failure induced parameters. While the
parameter estimates are robust to external disturbances and their convergence do not require the
PE condition, such an estimation methodology is also applicable for unstable systems. The finite
time parameter estimator based backstepping controller is proposed for adaptive compensation
of infinite actuator failures in nonlinear uncertain systems. Rigorous stability analysis is provided
which proves the global stability of closed loop trajectories and boundedness of the tracking error
in the absolute sense V¢ € [0,00). An FTC scheme using the proposed FTAC methodology is also
designed for a strongly coupled MIMO nonlinear system affected by finite actuator failures. Finite

time perfromance recovery in the event of actuator failure adds to the improvement of output
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transients and asymptotic convergence of the output to the origin is guaranteed. The proposed
FTAC method achieves global stability results. Experimental investigations are conducted on
the twin rotor MIMO system (TRMS) to control its attitude using the proposed controller. The
results obtained justify the superiority of the adaptive control technique and substantiate its

potential of translation to practical engineering applications.

Parametrization-free finite time estimation based adaptive compensation of actuator
failures in nonlinear uncertain systems

A new adaptive control scheme is proposed for nonlinear systems affected by infinite failures with
inherent modeling uncertainties and matched/mismatched perturbations. The actuator failures
need not be linearly parametrized and can be function of system states as well. The proposed
controller appropriately utilizes direct adaptive backstepping approach till the (n — 1) coordinate
to guarantee an appreciable transient performance and inducts an adaptive finite time estimator
based control to counteract the lumped uncertainty at the last coordinate (comprising of system
uncertainties and perturbations induced due to finite/infinite actuator failures). The attributes
of the proposed control methodology are boundedness of all closed loop trajectories; finite time
output transient and steady state performance recovery in the event of failures; asymptotic exact
output tracking; finite time exact estimation of system and failure induced uncertainties; and
potential to compensate infinite actuator failures. A rigorous stability analysis of the closed loop
system using the proposed adaptive estimator integrated backstepping controller is conducted to

prove stability of the overall controlled system for all time ¢ € [0, c0).

The implicit details of the contributions mentioned above are provided clearly in each of the chapters.

1.5 Thesis Organization
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The thesis contains 6 chapters which are organized as follows.

e Chapter 2: In this chapter, a new direct adaptive robust controller is designed using a back-

stepping technique augmented with an adaptive second order sliding mode control strategy to
compensate actuator failures in nonlinear systems with norm bounded modeling uncertainties.
Output transient performance improvement is achieved through finite time convergence of the
error variable obtained at the last coordinate of backstepping. Different from other ARC strate-
gies, it separately estimates the fault parameters and the upper bound on modeling uncertainties.
Compared to ASMC, the most celebrated ARC method, input usage is decreased by the use of
a second order sliding mode controller; without compromising the robustness and asymptotic

stability of output tracking both in nominal and post failure scenarios.

Chapter 3: A multiple model based backstepping controller with two layer adaptation is pro-
posed in the context of FTC of nonlinear uncertain systems. The problem of adaptive compensa-
tion of infinite actuator failures is discussed followed by proofs which show the inability of direct

adaptive control strategies and the method proposed in Chapter 2, to ensure stable solutions in
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such scenarios.Thereafter, AMMFETC strategy is proposed to compensate intermittently occur-
ring actuator failures apart from system uncertainties followed by transient performance analysis.
The quantification of transient performance is provided to show the performance superiority over
single model adaptive control. Following the results, the proposed AMMEFTC is applied to non-
linear coupled MIMO systems to compensate finite actuator failures and ensure enhancement of

transient and steady state output performance.

Chapter 4: A new finite time adaptation based controller (FTAC) is designed to ensure finite
time output nominal performance recovery and promising transient behavior both at start-up
and post failure instances. The proposed FTAC is then extended for applications to compensate
infinite actuator failures followed by a rigorous stability proof to arrive at the boundedness of
tracking error in the absolute sense. The theoretical results are justified through simulation
results. Thereafter, the proposed adaptive controller with finite time adaptation is adopted in
the design of FTC for a MIMO coupled nonlinear system. An involved analysis followed by

simulation and experimental results demonstrate the proficiency of the control algorithm.

Chapter 5: This chapter proposes a novel finite time converging adaptive disturbance observer
based backstepping controller for nonlinear uncertain systems. The system uncertainties and
those induced due to actuator failures do not require any kind of parametrization for DOB based
estimation and backstepping control. Rigorous stability analysis proves the closed loop signal
boundedness and global asymptotic stability of the tracking error in the event of infinite and
finite actuator failures for all time. Fast and exact disturbance estimation at steady state are
indeed very important to the improvement of output transient and steady state performance.
The bidirectional interactions between control-DOB estimator pair is reduced to a unidirectional
interaction from the observer to the controller and hence the separation principle is satisfied

which offers more design freedom into FE design.

Chapter 6: In this section, the conclusions from all the proposed adaptive FTC methodologies
are discussed. These inferences are followed by several useful recommendations for future research

in adaptive FTC and applications.
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2. Adaptive Robust Fault Tolerant Controller (ARFTC) Design for Nonlinear Uncertain
Systems with Actuator Failures

2.1 Introduction

The objective of this chapter is to propose a fault tolerant controller ensuring enhanced post fault
transient performance in conjunction with the issue of reaching a trade-off between improved transients
and control effort respectively. Robustness towards modeling uncertainties is another design require-
ment of the proposed controller. The essence of exploring the complimentary relation between two
different control methodologies is the main driving force behind the synthesis of the proposed control
algorithm. The main contribution lies in the proposed design of an adaptive second order sliding mode
controller embedded in a backstepping framework for FTC design of uncertain nonlinear systems. The
designed FTC scheme has been specifically aimed for potential applications in aircraft control. Further,
a systematic and rigorous closed loop stability analysis of the proposed control scheme has been con-
ducted which suggests an improvement in post fault transient performance using the proposed design
methodology. The benefits of both backstepping [69] and sliding mode [97] controllers are encashed in
the proposed approach. Moreover, to the best of the authors” knowledge, there are no results available
pertaining to the defined objective of this work in accommodating actuator faults and failures in ad-
dition to system uncertainties. The proposed methodology offers numerous advantages.

The proposed control strategy is applicable to both linear and nonlinear systems affected by
matched or mismatched uncertainties which may not be necessarily linearly parameterized. In addition,
failure induced mismatched perturbations and exogenous disturbances are also tackled faithfully by
the proposed controller. Unlike the backstepping based methodologies proposed in [5,32,54,65,98,99],
the proposed control strategy neither requires trajectory initialization nor resorts to an increment in
the virtual control gains for the improvement in post fault tracking error performance. The contribu-
tion of this study relative to SMC based fault tolerant controllers [19,20,44,61] is that the proposed
design totally eradicates intruding matched and mismatched uncertainties (rather than minimizing)
due to actuator failures without any control reallocation scheme requiring an explicit detection and
isolation of such uncertain eventualities. In addition, robustness towards modeling uncertainties is also
guaranteed. The proposed scheme attains the desired control objective for uncertain nonlinear systems
yielding improved post fault transients with a considerably lower control energy requirement compared
to the schemes based on control allocation and adaptive sliding mode control [4,29,30]. Moreover,
the proposed control input is smooth with no chattering and therefore expected to satisfy physical
constraints more effectively in comparison to the existing SMC based FTC strategies for aircraft sys-
tems, making it suitable for practical applications. It is to be noted that while using an ASMC based
FTC strategy, an increase in the values of the sliding surface coefficient may improve the initial tran-
sient response of the system. However, in consequence, the post fault output transient performance
degrades resulting in high overshoots which is strictly undesirable in safety critical systems. Further,
no detailed investigations regarding ASMC based control of nonlinear systems in the face of actuator
failures have been reported in literature. Moreover, no rigorous analysis of the transient performance
is available in literature to give an insight as to how the post fault transients can be improved. In
contrast to multiple model based adaptive approaches to FTC [22,23,100, 101], the proposed control
methodology does not require any knowledge about the bounds of the failure nor does it depend on

any switching logic for controller reconfiguration in the event of unanticipated actuator failures. The

=
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=
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2.2 Adaptive Robust Fault Tolerant Controller (ARFTC)

proposed control scheme utilizes two adaptive laws to distinguish between actuator faults/failures and
uncertainties/disturbances. In practice, sliding motion is never ideal and hence the adaptive estimates
here can be unbounded. Hence, in the proposed controller, the adaptive laws are formulated suitably
to ensure boundedness of adaptation and thereby prevent overestimation. Compared to traditional
backstepping based methods and dynamic surface control (DSC) based techniques [66], the proposed
control scheme reduces the computational complexity without compromising on the asymptotic stabil-
ity of the output error dynamics. Moreover, in the proposed control technique, the discontinuous sign
function is made to act on the time derivative of the control input resulting in a continuous control
signal and hence chattering is totally eliminated.

The proposed scheme is applied to pitch control problem of a nonlinear longitudinal model of a large
transport aircraft (Boeing 747-100/200), potentially affected by parametric uncertainties, sudden ac-
tuator faults, float and lock-in-place failures. Simulation studies confirm that the proposed controller
yields satisfactory tracking performance and fast nominal performance recovery under fault and fail-
ures, thereby outperforming the basic approaches based on backstepping and sliding mode ideologies
individually.

The chapter is organized as follows. Firstly the dynamics of the considered nonlinear systems with
actuator failures are described in Section 2.2.1. Thereafter, the objective of the proposed actuator
FTC with the inherent assumptions is formulated in Section 2.2.2. The proposed design procedure
and stability analysis of the proposed controller are explained in Sections 2.2.3-2.2.4. In Section 2.2.5,
simulation studies are performed by applying the proposed controller to longitudinal control of a Boeing
747-100/200 aircraft. Finally, the solution proposed for the FTC problem and its design attributes are

summarized in Section 2.2.6.

2.2 Adaptive Robust Fault Tolerant Controller (ARFTC)

2.2.1 System Dynamics with Actuator Failures

Let us consider a class of multi-input (m) single output affine nonlinear system as follows,

&= f(x) + é bjg;(w)u;

y = h(z)

(2.1)

2.,

where x := [z1,--- ,2,]T € D C R" is the state vector representing the states of the system, y € R is
the output and u; € R for j = 1,2,--- ,m denotes the 4% input to the system which may be faulty
during operation due to malfunctioning of the actuators. The functions f(x), g;(z) : D — R" for j =
1,2,--- ,m are assumed to be smooth nonlinear functions, that is f(z), g;(x) € €>*(R"). The output
function h(z) € R is assumed to be a known smooth nonlinear function and b; for j = 1,2,---,m
denotes the unknown control coefficients of the plant given by Zp in (21).

Assuming that the actuators can encounter uncertain catastrophic events identified as partial loss of

effectiveness (PLOE) and total failures, the actuator input-output relationship can be mathematically
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modeled as,
K. 4 Ui, YVt >t
uj:{ s ) J=12,---,m (2'2)

UH js Vi<t

where, K; € [0, 1) defines the factor signifying the degree of PLOE incurred by the 4% actuator.
The actuator model considered here characterizes stuck failures and the magnitude at which the j**
actuator is stuck is denoted by ;. Furthermore, the term up; represents the controller output fed
as input to the j¥ actuator. The actuator faults and failures are ascertained to be unknown and
uncertain in time, pattern and magnitude and hence the sudden failure of an actuator at an unknown
time instant ¢; unfolds the following three failure cases, (a) K; # 0 and ap; = 0, (b) K; = 0 and
apj #0, (¢) Kj =0 and 4p; = 0. In contemplating the problem statement concerning actuator failure

scenarios in class of systems described by (2.1), the following assumptions are necessary,

Assumption 2.1. The system Zp in (21) has well defined relative degree p, 1 < o < n with respect
to the output function y = h(x) [102], corresponding to each actuation functions g; : D — R"™, such
that,

Ly, L'sh(z) =
Ly, L5 h(x) #

0 VT:{O,l,,p—Q}

0 Vj={1,2,---,m} (2.3)
where, Lyh(x) = (0h(x)/0x)T f(x) denotes the Lie derivative of h(z) along the flow of the vector field
f(z). This ensures that the output y = h(x) is associated with at least one control input uj. In order
to meet the controller design requirements, the system Zp s considered as transformable into a strict

feedback form with relative degree 1 < o < n.

Assumption 2.2. The system under consideration is assumed to achieve the desired control objective
in the event of at most (m — 1) actuator total failures. This assumption assures controllability of the
system Zp in (21]) under such eventualities and thereafter guarantees the existence of stable solutions

for (21, considering a suitably designed failure compensation scheme [32].

Therefore, in accordance with the Assumption 2.2] there exists a diffeomorphism [¢, n]T =7 (x) =
[(Ze(z), Zo(2)]T, € €RP and n € RY, p + £ = n, defined as,

h(z) &1 Tor1 () m

h
e=a@=| "N B =g | T 2|
L9 h(x) €o T(z) -

to decompose the system (21]), dividing the actuator failure model in (2.2]), into a controllable part

> . and its uncontrollable counterpart ) as follows,

5:1 =&
éizgi-i-ly 22273779_1
2. o = além) + Zl b;B; (& ) (Kjumj + Urj) (24)
i=
y==E&
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2.2 Adaptive Robust Fault Tolerant Controller (ARFTC)

ZZ o on=o0(&mn) (2.5)

In ([Z3), >, describes the internal dynamics of the overall system Zp driven by £ as its input. Suppose,
in (Z3), it is assumed that & = 0, which implies ), is affected by a zero input and suffices to describe
the zero dynamics of the system (2.I). The reference trajectory to be tracked by the system is the

output of the reference state variable model with relative degree g as given below in (2.6]).

a=A B
3 €a = Aaa + Baya (26)
4 Yr = Caa
_ 2 ! [ -
0 0 1 0 0 0
where, Ay = : : cERP*®. By=| : | eR#X!
0 o .- 0 0 1 0
| a1 —az - —Gp2 —Ap1 —Gp | i 1 ]
Cyg=1[1 0--- --. 0 0] € RI*¥
The constants ay, as,...,a, are coefficients of the Hurwitz polynomial P(s) = [sI — Ag4| € R[s] and

the rest can be concluded by stating the following assumption.

Assumption 2.3. The reference signal y, and its successive time derivatives upto the " order are

known, bounded, piecewise continuous and hence belong to a compact set.

Assumption 2.4. The zero dynamics of the system given by Y. is input-to-state stable (ISS) with

& =0 as its input. The control coefficients b; in (2-4) are unknown in magnitude and moreover, the
terms B;(&,m) #0 for j =1, 2,--- ,;m.

Now, let us define a set & = {j1, ja2,- - , jm} and two subsets of the set B as Biot,, = {Jj1, Jo, ** +Jk}s
fork=1, 2,--- ,(m—1) and Bpar,; = B\ Biot,. The subset By, contains the indices corresponding
to the partially effective or total healthy actuators. On the contrary, the other subset %, consists of
elements characterizing the totally failed actuators. Finally, the controllable part (2.4) of system (2.1))

can be re-casted as,

éizgi-i-ly Z:17277p_1
fo =ao(&n) +Aal&n)+ X biBiEmar; + Y. biB(E ) Kjup;

jkegtotF jegpar'H

(2.7)

where, ao(&,n) denotes the nominal part of a(§,n) whereas Aa(&,n) characterizes the modeling imper-
fections or imprecisions in the latter.
2.2.2 Problem Statement

By virtue of the above mentioned assumptions, the problem concerns a control design for the

nonlinear system (2.1]), in the event of unanticipated actuator faults and failures, in addition to mod-
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eling uncertainties, guaranteeing global asymptotic stability of the closed loop tracking error dynam-
ics. Furthermore, the improvement of transient and steady state performance of the tracking error
e(t) = y(t) — yr(t), at the onset of faults and failures in terms of maximum overshoot, convergence
time and steady state error has to be ascertained. The failure compensation design assumes no apriori
knowledge of the active actuators in action on the system (2]) under the total loss of atmost (m — 1)
of them.

Assumption 2.5. The uncertainties in system dynamics given by Aa(§,n) and that incurred due to
fault and failures in the actuators, along with their time derivatives are assumed to be bounded with
unknown upper bounds i.e. |Aa(§,n)| < a*, which holds similar for the faults and failures also and will

be defined later.

2.2.3 Proposed Actuator Failure Compensator Design

The control objective is attained by designing a controller based on the systematic backstepping
procedure [69] in conjunction with an adaptive second order sliding mode control (SOSMC) strategy
[97], embedded in an integral sliding mode concept (ISMC) [103]|. This yields a transformed system,
described by (p—1) differential equations augmented with an extended uncertain second order nonlinear
dynamics. This extended system is firstly stabilized in finite time with the adaptive SOSMC in action
and subsequently being acted upon by the backstepping controller, the remaining (p — 1) order
tracking error dynamics pursue an asymptotically stable behavior in the global sense. The benefits
provided by the proposed methodology will be evident in the sequel.

The control signal up; is designed following the procedure proposed in [104] with modifications, since
the authors have considered only the case of partial loss of actuators. Moreover, no insight has been
provided, pertaining to the tuning of controller parameters for transient performance enhancement
and their subsequent effects on the overall stability of the system. The crucial issue of transient
improvements have been rigourously dealt with, in this section, in addition to the problem of controller

design. The generation of ug; initiates, firstly by defining @ error variables as,

=& —Yr (2.8)
gz_al 1= (Z 2 1227 , (29)
Now, these tracking error variables 21, 22,--- , 2, are stabilized by «; serving as the smooth virtual

control inputs determined at the i*" step as,

Do az
i =21 — g%+§: a:%m4+§: - 1W“— (2.10)

where, the subscript i = 2,--- , o — 1. Finally, retaining the (p — 1) steps of backstepping, the o step

of the proposed scheme is different from the conventional backstepping procedure and is elaborated
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2.2 Adaptive Robust Fault Tolerant Controller (ARFTC)

below. For i = p, the " error variable dynamics is given by,

o =& — dp1 =y = ao(¢,n) + Aa(&, n) Z b;B;(&;n)ur;

JkEZtotF
" 2 da L da
—1 1
+ Y bBi(E ) K — <Z agk €kt +Z ; =l y£k+1)> —y®) (2.11)
jegpar-H k=1 k=0 OYr

The uncertainties introduced into the system at the onset of faults and failures of j actuators in (2.I1]),

for the sake of simplicity, can be expressed as,

Ar= > biBi(En)ur;, Ay= ) b,
IkE€EBtot JE€EBpary
Furthermore,
= 0 (& by, = -
Zp = ao(§,m) — (Z a6, <Z 35_1£k+1> Eer1 + Z <Z ( yh L) ) y,(,kﬂ)) (2.12)

k=1 °F \k=1 = o \iz ot

d d

T g(Aa(f,ﬁ)) 7 — (A1) + A2 (ﬁg (& muy)

v

. ) G ;) Oag_q - ~ (B | (1
Zp =ao(&m) — ZE Z o6, Ekt1 §k+1+z Z K() | i+
k=

k=1 k=1 k=0 Z/r Yr
d d
_ ()
Y + o (Aal€m) + = (A1) + Az v (2.13)

¢C)

where, all the terms in (2.13) except the last term, are collectively represented by the function ¢(-).
Thereafter, in order to accommodate the second order sliding mode strategy within the backstepping
procedure, the second time derivative of z, in ([2.I3)) is used to yield an uncertain extended second

order system in s = 2, and 5 = %, as,

5= () + ¢ (2.14)

where, the sliding variable and its first time derivative are designated by the terms s(&,t) and $(&,t)
respectively. Here the control objective is to ensure s(&,¢) = 0 and $(£,¢) = 0 in finite time to guarantee
the existence of a second order sliding mode. Hence, before proceeding any further, the definition of

SOSMC followed by some remarks are given below.

Definition 2.1. Let us consider the second order nonlinear dynamics in (2.17) closed by a discontinu-
ous feedback v. Assuming that s and § are continuous functions and the set S = {£ | s(&,t) = 5(€,t) =
0}, called a second order sliding set, is nonempty and is locally an integral set in the Filippov sense,

the motion on S? is called second order sliding mode with respect to the sliding variable s(&,t) [97].
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Remark 2.1. The solutions of (2.14) are understood in the Filippov sense [105] and the control law v

1s Lebesque measurable.

Remark 2.2. The uncertain functions ¢(-) and ((-) in (2.14) are known to be bounded with unknown

upper bounds.

Therefore, the second order sliding mode control of (2.14) with respect to sliding variable s reduces

to the finite time stabilization of the perturbed double integrator dynamics given by,

él = S92
5= 9() + ¢ = 9() + (C0) = Du +u (2.15)
¥()

T =1[s 5. The following lemma gives an affirmation as to how the dependent variables

with [81 82]
involved in a double integrator dynamics driven by an external input v, can be steered to the origin in

finite time.

Lemma 2.1. Let us consider an n-integrator system described as:

& =&+
énzvnom t=1,---,n—-1 (216)

Let 1, B2, ..., B > 0 be such that the polynomial ¢(N) = N\ + S BpA*~1 is Hurwitz. For the system
k=1
(Z14), 3 0 € (0,1) such that for every ¥y € (1 — o,1), k = 1,....,n, the origin is a globally stable
equilibrium in finite time under the feedback, vnom(x) = — 3. Bpsign(&x)|Ek]7F, where 91, ...9,, satisfy
k=1

_ Yk lkq1 B .
Vg1 = D1 -5 k= 2,..,1n and Q9n+1 =1.

Proof.

Please refer to the work in [106].

Attaining finite time stability of (2.I5]) requires the design of an auxiliary integral sliding manifold o
with an embedded nominal control law v,,,, and thereafter a discontinuous control law to ensure finite
time stability and invariance of (ZI3]) to perturbations [107| collectively represented by (-). Let the

integral sliding manifold be defined as,

¢
o= s9(t) — sa(to) — / Unomdt’ (2.17)

to
Now under the action of a discontinuous control law, sliding mode is established on the sliding surface
defined by the set Sp = { [s1, s9)T € R? | ¢ = 0} for t > 0 and hence the reaching phase is totally
eliminated. Therefore, an invariance towards matched uncertainties is achieved from the very beginning
and robustness is guaranteed over the entire state space. Finally, the synthesis of the overall control

law v is based on Gao’s reaching law approach [108] and subsequent analysis of the motion equations
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on the sliding surface o = 0 using the equivalent control method proposed in [103|. Hereinafter, the
constant plus proportional reaching law is considered as, ¢ = —eo — 7sign(o). Where €, 7 are design
constants which characterize the rate at which o converges to zero.

Now, since the only knowledge available about the uncertainties is their property of boundedness
and that too is unknown, the reaching law will be incompetent in establishing a sliding mode along
o = 0 in the event of unknown actuator failures. Therefore, it is quite relevant to append an adaptive
counterpart to the control law v, in order to ensure that the constraint ¢ = 0 V ¢t > 0 is fulfilled.
Moreover, the partitioning of modeling uncertainties from the impact of faults and failures will be
clearly visible in the course of design. Consequently, from (2.I3) and (2I7), the first time derivative

of o can be derived as,

p—1
0 Oa o v
n) — (; 9%, <Z 82) 1§k+1> Sky1 + Z <Z g(a )1 y£k+1)> y£k+1)>

k=1 oayr =0 Oyr

d
—yfn) d(Aaén Z bjur;fBi(€,n) + Z b;j KV — Unom

]ez%totF ]E ZparH
= > IylK; | o7 o Z biKv + = (Aa(g, ) (2.18)
jeﬂparH ]EjparH
where, 0% := [0f  03]" and 03 := [05, 63,--- 05, 1]". These unknown parameters are now defined
below as,
1 ba BF] ot
R — 6;,]' ::—{ ]ij}jeﬂt L
> [bilK; > bl
JE€EBpary JE€EBpary
Furthermore, the regressor matrix ® (&) := [®1(€) ®2(£)]” is known and whose components are defined
as follows.
= 9 (o, a "= da
®1(¢) = ao(&n) — [ D 5 Z Ot | €t + Z Z K(J,z)l g |y ) —yfe)
k=1 08 k=1 08 k=0 yr k=0 Oyr
— Unom

D2(8) = [Bu(&,m) B2(&m) --. Boa(&m)]T

Further, (2I8) clearly reveals the separation between modeling uncertainties and the fault induced
perturbations. Accordingly, this demands two adaptive laws to counteract the effect of uncertainties
due to faults and that of modeling in a decoupled fashion. Thereafter, analyzing the dynamics along

the sliding surface o = 0, the total control law v satisfying the p-reachability condition is derived as,
v = (—0T®(¢) — eo — Tsgn(o) — T'sgn(o))sgn(b;) (2.19)

The first and the third part on the right hand side of ([2.I9) characterize the adaptive part of v. In
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consequence, the actual control law for the system (2.]) is straightaway found to be,

uj =ugj = Sgn(bj)m /t (=0T ®(x) — eo — Tsgn(o) — T'sgn(o))dt’ (2.20)

for j = 1,2,...,m. Moreover, 6 and T are the estimates of #* and I'* respectively. I'* signifies the upper
bound of system uncertainties, that is ‘%‘ < I' and 6* denotes the failure induced adversities on the

plant. Moreover, the adaptive parameter update laws are given as,
0 = —Peyf + Pdo (2.21)
I = —veil + 4]0 (2.22)
The matrix P is user defined and is a solution of the Lyapunov equation, ATP + PA = —Q. Here,

A is a Hurwitz stable matrix chosen by the designer and the matrix @ is positive definite. The finite

time stabilizing nominal control law vy, is formulated from Lemma 2.1 as,
Unom = —18ign(s1) | s1 \’91 —Basign(s1) | $1 |192 (2.23)

The terms v, €1, €2, B1, B2 > Oand ¢ > Oforéi = 1, 2,---, p — 1 are positive constants
and depend on the designer’s choice. The block diagrammatic representation of the proposed control

scheme is shown in Figure 211

2.2.4 Stability Analysis

The closed loop stability of the overall system in the event of finite number of actuator failures is

investigated.

Theorem 2.1. Considering the system (2.1]) potentially affected by possible actuator faults and failures
(22) in addition to modeling uncertainties, assuming the zero dynamics to be input to state stable
(ISS) [109], the controller given by (220) with the update laws (2.21)-(2.22), under the assumptions
(21)-(23), guarantees asymptotic output tracking, meaning tli)ngo(y(t) — yr(t)) = 0 and closed loop

trajectories are bounded and finally evolve in the vicinity of the origin defined by * as,

29 . 2 1/2
srimfremn e (o) (225) 7 (2=)) )

where, Z is the (p+1)" order tracking error vector and Gpmin, v, A, B1, B2,V are user defined parameters.

Proof.
The aim is to prove the asymptotic stability of the error variables 21, 22,23, , 2, defined in (2.8]).
The proof will be established in a systematic way adopting a stepwise procedure as follows,

Regarding the stabilization of z;, the first Lyapunov function is taken as, V3 = %z% The time derivative

TH-2198 11610211

30



2.2 Adaptive Robust Fault Tolerant Controller (ARFTC)

Reference System
(2.6)

a-1)7
[yr)---‘; f-i‘ 1‘]

v

Adaptive Second Order uj

Uncertain System »

Sliding Mode Controller > mg®
(2.19) (2.7) [X)eeoerXy]
© r Actuator faults
Adaptive Law | Adaptive Law II Error Transformation
6 = —Pe,d+Pdo I'= —yel+ ylol (2.8)-(2.9)
(22,2 g I
21 h J /
- - . _
Finite Time - : | Transformed System
Control (Vpom) P : (2.27) 7
o(-) | (2.15)(2.16) |e— = +— P

Zp+1 z -1

Backstepping Control
Proposed adaptive robust fault tolerant control (ARFTC) system

Figure 2.1: Schematic representation the proposed fault tolerant control scheme

of V1 is given by,
Vl =212 = Z1(§2 - yr) 3 Z1(22 + a1 + Y — yr)

Using (2.10) yields,

Vi=2z+21(—c121) = —c122 + 2120 = —k1 Vi + 2129 (2.24)
where, k1 = 2¢1, ¢ > 0. Clearly, if 29 = 0, then Vi = —k1V; and hence 21 is guaranteed to converge
to zero asymptotically.

Now, fori = 2,--- , 9 —1, concerning the stability of each error variable 29, ..., z;, ...2,_1, the Lyapunov

function is defined as, V; = %zf Taking the time derivative of V; and using equality (2.10) results in,

i—1 i—1
. . ; 80&'_1 80&'_1 ;
Vi=zizi = z (Zz'—l-l +a; + yflz) - Z 321@ rt1 — Z a—l(k)yf«kﬂ) - Z/@)
k=1 k=0 OYr
= 2i(2i41 — Ci% — Zi—1) = ZiZit1 — CiZi — Zi—1%i (2.25)
Vi = —kiVi+ zizip1 — 2ic1zi,  for K =2¢;, ¢; >0 (2.26)
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Now,
4 ] [ 0 0o 0 [ a ] Jo]
Z"g 0 —C2 1 e 0 z92
23 = 0 -1 —C3 - 0 z3 + 0 Zp (2.27)
Zp_l 0 0 e -1 —Cp_l Zp—l 1
L _ L 4 L | L _
A B

Here (Z27) describes the (p— 1) order tracking error dynamics controlled by the " error variable. It
is obvious that, z, = 0 guarantees an asymptotically stable behavior for the solutions of the dynamics
in (Z27) since the matrix A, is Hurwitz. Alternatively, stability can also be proved through the choice
of a total Lyapunov function given by V = Zfz_ll V; and subsequently proving its first time derivative

to be negative as,

p—1 p—1 p—
V = Z Vo= Z CZ'Zi2 + Zp—12p = — Z ki Vi + Zp—1%p = — min{/{i}fz_ll Z Vi + Zp—1%2p (228)
= =1 =1 =

Considering z, = 0, the negative definiteness of (2.28)) is proved. Hence, it can be stated that finite
time stability of z, ensures asymptotic stability of the (o — 1)™" order error dynamics. Now, the finite
time stability of z, and other extended state variables explored in the accomplishment of the proposed
design are proved. This objective was achieved through the design of an integral sliding manifold (2.17),
which when proved to be attractive and converge to zero in finite time, ensured the convergence of the
state z, or conversely the pair {si,$1}, to the origin in finite time. To study the stability properties

of the auxiliary sliding surface ¢ = 0 and parameter convergence, a Lyapunov function candidate is

chosen as,
L, 1 - |bj‘Kj~2 & ’]‘KJ 0T p—1p
VU:§O' +;Z TF +Z 0 P06 (229)
j€=%pa7‘H jef%parH

~

where, I := ' — T'* and 6 := § — #*. Additionally let us define I'* := #}w* > 0714 (Aa(€,n))|- Now V,

is obtained as,

bi|K;
V, =06+ Z 051K 5 § || K ;6P 19—aa+—rr+—ep 19 (2.30)
Y el 07
JegparH jegparH
0T o 05 d 1
=7 | +]E; bKv—ire*dt(Aa(f ) + 5 rr+§ep o (2.31)
par g
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Substituting the control law v from (Z.19)) yields,

. TP - X « 07 d
Vo=0 o + Z b K ((—HTCP(S) —eo —T1sgn(o) — Fsgn(a))sgn(bj)) + 9—1£(Aa(§,n))
1 JEBpary 1
+ L fhy Lgpg (2.32)
Ory 61 '
(2 + 1 (—éT<I>(§) —eo — 7sgn(o) — [sgn( )) + ﬁi(Aa(S )|+ ! T+ iéP_lé
e T SO T TIIE) T RSO ) T g S NS ) T gt T
Utilizing the adaptive laws from (221]) and (2.22),
. 1, 14 1 1 1 1 - 1 -~
Vo = _UH_T(QT -0 — UH—TFsgn(J) - G—Teaz - Ue—Tngn(o—) + Q_TF*J + 9_TF|U| - Q_TEIIT
+ i*éTP—lpqm ~ i*éTP—lpqé
01 o1
1, 1 1 BN . 1
< g P el b = — = 070+ —
< eikz—:a QTTO'SQTL(O') 91‘61 + ‘91‘61 o €9 + GTEQH 0
17 &g 1 (o 1.\* 1 -1 N\ s 1., N\ /s 1.\
< 9?60 HTTJ 9;61 < 5 > 0T62(<91 291> + <9271 292’1> + 2,2 29272
N 1 * ? 11 *2 11 *2 * 2 * 2 * 2
+ e+ <927(m—p) - 502,(771—1))) ) aF ZG_T€1F F ZH_TEQ (01 S 9271 + 02’2 + -+ 92,(m—p) )
—, W1 1 (o 1.\° 1 .~ 1., 11 _., 11 )
< 9?60 0TT|0| 9T€1< 5 > 9T62||¢9 29 |“ + 49T€1 + 4(9{62”9 I
< HTEU HTT’U| + 107 (eI + €2]167||%)
17 4 1( 1 05:° | 055" 035 Oy
< —_% B il o ; , )
< eikz—:o HTT|0|+4 <61 5 +€2< 1+ 0" + o + 0" - 7
1 1 1
< — e = mrlol 4 o (@D k(017 + 05,7 + 0307 + 0557+ + 65,,)) (2.33)
01 01 491 ) ) )
0%

Now, negative definiteness of V,, in ([2333) can only be attained on satisfying the conditions,

0 o*
loll > /7 and o> (2.34)

Hence, it can be inferred that the trajectories of the closed loop system are upper bounded in the

region defined as a compact subset and a positively invariant set in R given as,

()%

e 6* 0
Vo= {O’ ‘R2x Ry — R, 21,22,...,2041 €R ‘ int(V, =0), <H0H2 < E) N <|0| < E) } (2.35)

Application of the control therefore first drives the pair {s1, $1} into this small set around the origin
defined in (230) and then it attains a finite time stable behavior to the origin. The analysis of the
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closed loop signals is commenced after the sliding mode is procured. As per Lemma 2.1 when real
sliding mode is attained, i.e. |0| < |omax|, finite time convergence of s; and §; is guaranteed. The
term opax designates a small boundary region around the sliding surface o = 0 defined as ¥ in ([2.35]).
This fact is also evident from (2.I5) and (2.I7) leading to the dynamics,

$1282

2 )
S9 = —[B1sgn(s1)|s1]27 — 523971(32)\32]19 + | Fmax| (2.36)

Assuming, ||®|| to be upper bounded, the term, |oyax|, is the maximum value belonging to the residing

‘ ; 1| [6%—eD*? .
6 €16l < o |{f ———l1®l + " — clowax| - 7

Guaranteeing finite time stability of the dynamics in (2.36]) requires that the associated vector field

set of &, given as,

has a negative degree of homogeneity in addition to the system dynamics being asymptotically stable.
This notion of finite time stability for n integrator dynamics has been given by Bhat and Bernstein in

their work [106]. The vector field on R? in (Z38)) is given by,

0 0
F . =F — + Z — 2.37
1(81’52)851 + 2(51’52)652 (2.37)
where, Z1(s1,82) = so and Fa(sy, s2) = —ﬂlsgn(sl)\sl\% — Basgn(sa)|s2|”. Now let us consider a

variable r > 0 and evaluate the degree of homogeneity of the vector field .#. It is observed that,

yl (7“2_1981, 7“82) = T(2_ﬂ)+(ﬂ_1)yl (51, 82) (2,38)
Fo(r* s1,m89) = 11TV By (51, 5) (2.39)

Therefore, the degree of homogeneity of .# is equal to (J — 1) being negative, since ¥ < 0 follows from
Lemma 211 The negative degree of homogeneity has now been proved. Now, it is to be shown that
the dynamics (2.36€) is asymptotically stable.

There exists a Lyapunov function Vi, ,, : R — R which is € on R?/{0} such that V;,, is continuous

and negative definite. Let the Lyapunov function Vj, s, be defined as,

(2.40)
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Subsequently,
. G (2-9 2 2 . 1
Viis, = AUV ACEY) |s1]2=7 sgn(s1)$1 + ESQSQ (2.41)
B

0 1 2 )
=3 s9|s1|2-9 sgn(s1) + %% (—51«9£m(81)|81|2*19 — Basgn(s2)|s2]” + |0'max|)

1.
= —|82|1989’I’L(82)82 + E|Jmax|32
1
B2

Vs152 < _’32‘1%_1 + ’é'max"32‘ (2.42)

For Vi, < 0, the following condition, |s3|? > |omax|/B2, must be satisfied. Now, let the minimum

value that Vi, s, can achieve be given by %,:,. This implies that,

2
oL 1 |6 max| \ ?
20 = ——— | 266 ir, — 2.43
|51| ﬁ1(2_19) ( 62 min < ﬁQ ( )
2 , 2
For |51|ﬁ to exist in the real space R, calls for, in > ﬁ <%) 7 Now if Gopin = ﬁ <‘U’6“;"‘> 7

is achieved, |s;| = 0 in finite time which in turn guarantees the asymptotic stability of the (p — 1)

order tracking error dynamics. The invariant set is hence defined as,

S

‘ X dmax
A= {(31782) € R? ‘ Znt(V8182 = 0)’ ‘81| =0, ’82| = <‘ B2 |>

From (2.28) and (2.44]), utilizing Barbalat’s Lemma [110]| and Lasalle’s theorem [69] yields,

} (2.44)

p—1 p—1
V=— Z ki V; = —min{ﬁi}fz_ll Z Vi<0 (2.45)
i=1 i=1

Therefore, from (2.44]), the signal vector [z1 22 ... zp_l]T € L9 N Ly and thereafter [2; 2. .. 73p_1]T €
L. Utilizing the signal convergence lemma, the closed loop stability is established and asymptotic
output tracking is guaranteed, which means, tli)lgo z1 = tlggo (&1—yr) =0.

Now, if @i is not achieved as t — t;, a finite time, its consequence on the stability of the closed loop
system is investigated below.

In order to circumvent the problem mentioned above, let us define a variable A > 0, denoting the
difference between the steady state and the instantaneous value of %.;,. This yields the modified

invariant set .#] defined as,

A= {(31,32) e R? | int(Vy,sy = 0), |s1] < <%>2 , |so] < (Wmax’) } (2.46)

From (2.46)), it is obvious that the notion of asymptotic stability of the (p — 1) order error dynamics
to the origin will be violated. However, stability is guaranteed in the vicinity of the origin as shown

below.
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Referring to (2.28), gives,

p—1 p—1
== kiVitzp1zp <= D mVi+ 2ol (2.47)
1=1 1=1

Application of Peter-Paul inequality (Appendix [A.2.3) to (247), for every 0 < v < 2c,_1, yields,

0.527
2 2
V|Zp 11zl v 0.525 20|
V < Z CZZ + + 21/ S — 2 |:Cl Co..... <Cp_1 - §>:| + 7
. 0.5z;_4
< —min{C = C;}¥, ZV & |Z§’| (2.48)
2-9
From the invariant set ./, it is known that |z,| = |s1| < < 512()56—219)> * | therefore (248) reduces to,
1 2255 >2—’9
V < —min{C = C; Vi + ( 2.49
{0 = oy Z . (2.49)
1 228 \?7°?
=V IV(t —Clhint 2.50
< Vito)ear(~Cont) + 55— (5055 ) (2.50)
Considering the steady state, the following evolves from inequality (2.50),
1 23 \z
2, .2 2 \1/2 2
27+ 25+ ...+ 25 < 2.51
|( ! 2 o 1) ‘ V mmV <ﬂ1(2 19)) ( )

In consequence, another positively invariant set % using (2.51)) is defined as,

2—9
_ 1 2)\[32 2
R 1 2 2 2 1/2
Sy = {(zl,@,...,zp_l) ER| (A 423+ +22 )2 < T (51(2_19)> } (2.52)

It is quite relevant that the visualization of set .75 is possible if and only if p < 4. Thereupon

2-9
considering p = 4 yields a set %5, which is a ball of radius 7 Cl- = < 512()56—219)> * centered around the

origin. Eventually, it is now possible to define the final compact and positively invariant set .* with
the help of (2.46]) and (2.52). Defining Z := [21 22 23...2p—1 2p Zp+1)7 , results in,

. 1 28 N7 (Jowad Y7 S
i zewn i (1) (52y) ™+ (B) oot s

Ultimately the set .#* is the largest possible positively invariant set, where the closed loop trajectories

of the system (2.4)) evolve finally and live there for all future time under the action of the proposed
controller. It is also clear from (2.35]) and ([2.53)) and can also be concluded that .#* C #". Considering,
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relative degree p=2, the invariant sets .77, .%%, . x % and .#* are shown in Figure 22 The points
O, A and A’ denote the origin (0,0, 0) and the maximum positive and negative bounds on the output
tracking error z;. The sets can be made smaller by proper adjustment of the controller parameters
yielding a high precision in tracking accuracy.

The proof is not yet complete. Now, it has to be proved that the results derived above hold

Figure 2.2: Visualization of the calculated invariant sets with the proposed scheme, for systems with relative degree
p=2

true even in the presence of unknown actuator failure scenarios occurring at unknown time instances
Ty, To, - ,Tp and Ty < T} < Ty < -+ < T}, subject to a finite h < (m — 1) and h € Z. In other
words, closed-loop signal boundedness and asymptotic stability of the (p — 1) order tracking error
dynamics have to be proved at each uncertain time instant when failures are encountered.

Let us define the Lyapunov function Vj(t) : 75, — R4 for each sub-domain 73, := [Ty, Th41) from the

total time interval [T, T},—1+1] in which all possible failures, which can be compensated, occur.

—1 m m
I~ o 1, 1 101K = ;1K 77 15
Vh:ié zi+§a +—- E TP +' E TQP 6 for h=0,1,...,(m—1)
=1 ]Eﬂpar'H ]E%pa'r'H

(2.54)
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From (245 and (233), it is evident that V}, < 0. This in turn proves that the positive definite function
V, is a monotonically decreasing function in 7. Now, the piecewise continuity of V}, at various sub-

domains [T}, T}+1) has to be established using the continuity criterion for monotone functions. Since

Vh(Th_-i-l) = &11_)1187 Vh(TH+1 + 5t) (2.55)
Vi(T;F) = S, Va(Th + 6t) = Vi(T;7) = Vh(T})) = Vi(Th) (2.56)

the function V},(73) suffices to be an interval and thereafter by virtue of the Intermediate Value The-
orem, the piecewise continuity of Vj(t) is proved. Furthermore, the monotonic decreasing nature
of V}, during the time interval 7, h = 0,1,...,(m — 1), points out the fact that 7, < Tp41 im-
plying Vi(T37) = Vi(Th) > Vi(T). +1)- The interval in which no fault occurs is 7y during which
Vo(Tyh) = Vo(To) > Vo(Ty) and since Vo(Tp) is finite, it is inferred that (21, 22, ...  Zp—1) € L2N Lo
and (21, 22,...,%p-1) € L. Now, considering the first time interval 7; in which the first failure is en-
countered and recovered, Vi (T;") = Vo(Z7 ) +6Vi. The term §V; is finite and arises from the torments
in the adaptive parameters at the occurrence of failures, subsequently affecting the related terms in

Vi from [@2354). Hence Vi(T}") is bounded in 73 if and only if Vo(7; ) defined on 7y is bounded. In

similar words, it can be argued that boundedness of V}, (7} ;) over the set 7, ensures the boundedness

+1
of V;H_l(T,jr Jrl) in 7,41. Subsequently, the boundedness of all the closed loop signals at each interval

between the onset and recovery of the failure, is guaranteed. Finally, this completes the proof. [

Remark 2.3. The positive gain parameters € and T in the control law (2.20) must be chosen large
enough in order to ensure a bounded motion around the sliding surface such that V, < 0 is satisfied
outside and on the set ¥ containing the equilibrium point. In addition, the adaptive rates €1 and eg
define the span of ¥ and should be chosen small enough to guarantee ideal sliding mode dynamics along
the sliding surface o0 = 0. However, contraction of the set ¥ by small enough choice of €1 and es results
in slow convergence of the adaptive parameters thereby adversely affecting the transient performance.
Hence, a trade-off must be made between the adaptive rate parameters and achievement of ideal sliding

motion.

Remark 2.4. The transient performance of the output y = & in the proposed scheme solely depends
on that of the auxiliary sliding manifold o. Improvements in the L1 sense can be achieved by increasing
the values of parameters T, €, v, P and decreasing the magnitude of €1,€s judiciously without any
significant effect on the convergence of adaptive parameters, guaranteeing close to ideal sliding motion.
Furthermore, the gains (31 and (5 must be chosen in a way, such that, B3/f1 > 1 and By being
sufficiently large in order to ensure a low value of so without any noticeable increase in the control
energy. This in turn yields low overshoots in z, and hence its impact on the output error zy = &1 — yp
is quite insignificant. Therefore, in contrast to backstepping, the transient performance of the output
can be improved without increasing the virtual control gains ci,ca,...,c, and trajectory initialization
even when unanticipated actuator failures are encountered. Furthermore, transient performance of the
output in sliding mode depends on the sliding surface coefficients, which are equivalent to the virtual
control gains ci,c2,...,c,. Increasing the values of these coefficients can initially result in a good

transient response but will result in high overshoots at the time instances of uncertain faults and failures
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(Lo bound of the output error increases), which is undesirable. Hence, the superiority of the proposed
scheme in offering better transient response is well clarified from the stability analysis leading to the

inferences as discussed above.

2.2.5 Simulation Results and Discussion

In order to investigate the performance of the proposed controller, simulation study is carried out
on the nonlinear longitudinal model of a Boeing 747-100/200 aircraft subjected to uncertain actuator
faults and failures in addition to uncertainties inherent in their modeling. The detailed modeling of
the longitudinal motion of the aircraft is not reproduced here and instead can be referred to in [4,111].
An approximately fitted nonlinear longitudinal model of Boeing 747-100/200 aircraft is used for the
purpose of controller design by fitting the aerodynamic coefficients as polynomial functions of angle
of attack and velocity for level flight [111]. The Boeing 747-100/200 aircraft longitudinal nonlinear

dynamics are considered as described in [4,111,112] and are given below,

— Fysina+ F, cosa

& =q+ — ., O=g¢q (2.57)
F,cosa + F,sin« M,

Vi = — — - = I—y (2.58)
)

where, the forces Fj,, F, and the moment M, along the x, z and y body axes are given by,

4 4
F, =gSC, + Z P,, —mgsing, F, =gSC, —0.0436 Z P,, + mgcosf (2.59)
i=1 i=1
4
My — q_SECM aF Z ZengiPni (260)

=1

where, C, = —Cpcosa+ Crsina, C, = —Cpsina — Cpcosa, § = %pV:%. Further, Cp, Cy and Cp

are functions defined as,

¢ dCr,  dCy dCn

- e e 2.61

CL=Cn+ o 1 @, e T s, o (2.61)
cq dCu dCu dCuy dCy

Cy = Cuy + Vr dg + s ¢s + ., ey + i, e, (2.62)

Cp=0Cp,, :CDm3a2+CDm204+CDm1VT+CDmO (2.63)

In ([2.61)-(2.63), the coefficient functions are given by Cy, := Cr,,a+Cr,, Vr+CrL,,, Car, := Cpppz0® +
CMb2a+CMb1 VT—I-CMbO, D(5e1 (CL) = D552 (CL) = CLQV:,%—I-CLl VT—I—CLO and D(5e1 (CM) = D562 (CM) =
Chw, ng +Ch, Vr+Chy,. These coeflicients are further approximated as polynomial functions of velocity

and angle of attack as follows,

CLb :CLbza + CLbl Vi + CLbO
CMb :CMb3a2 + Csza + CMbl Vr + CMbO
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Table 2.1: Aircraft model parameters

Terminologies for the aircraft model

o The angle of attack (AoA)
Vr The velocity or true air speed
0 The pitch angle

q The pitch rate
Oeqs Oe;  The elevator deflections of a two-piece augmented elevator

m The mass of the aircraft

I The moment of inertia along the body y
p The air density

S The wing area

c The mean chord

Py, Thrust produced by the it engine

bs The horizontal stabilizer deflection angle
q The velocity head

Table 2.2: Values of aircraft parameters in simulation

Aircraft parameters in simulation

m = 3x10%kg Cp,,, = 0.0343 Cr,, = 0.00615
I, = 4.5278%107kg Cp,, = 445x107°  Capy = 2.39
¢ = 8.324m Cp,,, = 0.00992 Chpyy = —1.46
S = 511m? Cr, = —8.25x10°6  Cyy,, = —0.00032
p = 0.59kg/m? Cr, = 2.44x1073 Chyy = 0.12
Zeng;, = Zengy = 0.94m  Cp, = 0.1839 Chy, = 2.492x107°
Zeng, = Zengg = 2.53m  Cr,, = 5.15 Cnpy = —6.64x1073
Cp,y= 3.27 Cr,, = 0.00121 Cumy = —1
P = 41631 N ¢s = 0.0128 L — 28374
dCr, dCy, >
—_— == CLQVT + CL1VT 4k CLO
dbe,  de,
dCy  dCum
= = Ca,V# + Car, Vi + C, (2.64)
dbe,  de,

The terminologies used for the model in (Z57)-(258) are illustrated in Table 2.1. The aircraft pa-
rameters used in the simulation are set based on the data sheet in [111] and are reproduced in Table
2.2. The state variables are chosen as [z1, x2, x3, z4] = [o, Vp, 0, q], respectively. Longitudi-
nal control is performed through four elevator segments and by thrust from the four engines. Pitch
angle control is achieved mainly through the four piece elevator segments. Under normal operation,
the inboard and outboard elevators move together and hence a two piece elevator can be formed
with an outer and an inner elevator segment. This is done for mere simplicity in modeling and
control design for the aircraft. The elevator deflection angles of such a two piece augmented eleva-
tor is designated as 6.7 and d.o and chosen as the two actuators w; and us. Moreover, the term
P, (Newton) collectively defines the thrust generated by the four engines of the aircraft, that is,
P, = P,, = Py, = P,, = P,. Furthermore, ¢, represents the horizontal stabilizer deflection angle.
The trim point is given as ayrim = 0.0162 rad, ¢irim = 0 rad/s, Vr,,,.. = 230 m/s, Orim = 0.0162 rad,
Oesim = 0, Osprim = 0.0128 rad, Pptrim = 41631 N. The magnitude of the unknown control coefficients
are given as by = by = 2.77 x 107°.
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The control objective is to design an actuator fault tolerant control strategy to control the elevator
deflection angles u; and us such that the pitch angle 6 given by 3 tracks a reference signal y, gen-
erated from a reference system ), even if the actuators driving the elevators lose their effectiveness
partially or experience an uncertain stuck failure. As explained in Section 2, there exists a diffeo-
. in strict feedback form and ), denoting the
internal dynamics of the system. The diffeomorphism for the aircraft model (Z57)-(2.58)) is given by

T(@)=[m m & &7 =[%(r) F(z) z3 247 yielding Y, as,

morphism, which transforms the system . to >

€3 =6

&a=al&n) + > biBi(&n) (Kjuu; + tir)) (2.65)
j=1

Accordingly, the transformations .73 (z) and J5(x) are found as solutions to the partial differential

equations given below.

oA 0A 0N oA .
a—xlgl(ﬂ?) + 8—:10292@) + 8—:10393(3:) + 6—3:494(:6) =0 (2.66)
0.7 0.7 0.7 0%
a—mgl(ﬂf) + 3—33292@) =+ 8—36393(93) ot 8—96494(33) =0 (2.67)

where, g1, g2, g3, g4 are nonlinear smooth actuation functions in xo described as,

g1(x) —0.0005024832 (0.00321 + 0.0000426z2 — 1.44 x 10~ "z3)
g2(x) | 0
g3(z) | 0

(2)

ga(x 0.000027713323(—0.0176 — 0.00011625 + 4.35 x 10~ x32)

Thereafter solving the partial differential equations (PDEs) in (2:66) and ([2.67) yields,

m = J(x) = x1x9 — 6.658626114 (2.68)
2 = J(x) = 2 (2.69)

Hence, the unforced zero dynamics can be expressed as 7 = o(n1,192,0,0) with & = &£ = 0 as the
input. It is now shown that the zero dynamics is locally input to state stable (ISS) [109]. The equi-
librium point of 9 = o(n1, 72,0, 0) is found to be 7, = [0 3806.14]7. The stability of the unforced zero
dynamics at equilibrium is investigated by checking the eigen values of do(n,0)/9n at n.. The eigen
values are found to be —9.17485 and —1.00182, and since R(A(do(n,0)/dnl, )) <0, it is proved that
the unforced zero dynamics are locally asymptotically stable.

The controller is designed following the strategy discussed in Section 2.2.3 and the control law given by
([220), with relative degree p = 2. The initial state conditions are assumed to be [ 0.794 230 0.0162 0]7.
The rate parameters in the adaptive law are chosen as v = 0.5,¢; = 0.5,e2 = 0.6 and P = 0.5]5 and
that in the virtual control law «q is considered to be ¢; = 30. The parameters in the nominal control

law wy,om are selected as B; =40.5, B3 =30.5, 91 = % and ¥9 = %. The reference signal ¥, to be tracked
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is generated from the reference system as in [4], given by G4(s) = m with g4 as the reference
input, meaning that v, = L~![G4(s)] * y4. The notations L~![-] and * denote the inverse Laplace

transform and the convolution operator respectively. The signal 34 is given as,

0 0s <t < bs
0.1 5s <t < 10s
ya(t) = 0 10s <t < 15s (2.70)
—0.1 15s <t < 20s
0 20s <t < 25s

This pattern of y4(t) in (2770) is repeated for the next 25 s. The initial value of the adaptive pa-
rameters ¢ and T' are set as £(0) = [1 0]” and I'(0) = 0. The functions 3, and (3, are given by,
B1 = B2 = 23(—0.0088 — 0.000058z2 + 2.175 x 10~ "z3).

Remark 2.5. The performance of the proposed methodology is compared with similar existing schemes.
For this purpose, an adaptive failure compensation method based on backstepping (BS) proposed in [32]
is considered. Also, an adaptive sliding mode control (ASMC) based failure control scheme has also
been designed based on a partial actuator loss compensation method proposed in [4], for the sake of

further comparison.

For the longitudinal aircraft model of Boeing 747-100/200, the basic controller proposed in [5] based

on adaptive backstepping control (ABSC) is obtained considering similar notations as follows,

1|4 2 0 ooy .. L A
Ujps = —Sgn(bj)b— [91 <Z1 + caz9 + ao(§,m) + Lao(§,m) — (%54 + %?/r) - yr> + ﬁﬂzj] (2.71)
J 53 Yr
: . 0 ooy . .
th=m (Zl +c1z1 + ao(§,m) + Lag(§,m) — (ﬂ& + ﬂyr) - yr> Z2 (2.72)
863 ayr
b2 =128572,  §=1,2 (2.73)
[ = 0.0005a0(€, )2 (2.74)

where, 21,z denote the error variables and «y defines the virtual control as, z; = & — y,, 29 =
&4 — o1 — Yp, o1 = —c121 The design parameters are chosen as ¢; = 25,c0 = 25, =1 and 721 = 0.1.
Here j = 1 is only considered since case of total loss of only one actuator is possible for this particular
illustration of aircraft control. Similarly, the adaptive sliding mode control (ASMC) methodology
proposed in [4] assuming known control coefficients and modified to deal with partial loss as well as

total actuator failure, is given as,
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1

Ujasme = W(C(yr — &) —ao(§,m) + §r + psgn(o) + Flbo|sgn (o)) (2.75)
777

Yo = c(Yr — &) — ao(§,n) + r (2.76)

0= (yr - 54) + C(yr - 53) (2'77)

p=aplol, 7= ayltollo]| (2.78)

where, ¢ = 3,a, = 0.3 and a, = 5 are chosen values of the user defined parameters.

Simulation studies have been carried out considering a severe actuator failure scenario with modeling
uncertainties. Transient performance is assessed on the basis of the integral time absolute error (ITAE)
and settling time (fs) which are desired to be of low magnitude. A small value of ITAE ensures
minimum overshoots and oscillations in the output under the action of the controller. The output
tracking performance is evaluated in terms of the integral absolute error (IAE), which is widely used as

a performance criterion in the design of efficient controllers. To evaluate the manipulated input usage,
n

the total variation (TV) [113] is calculated as, > |u; — u;41|, which should have a small value. Energy
of the control input is measured by using the ZZ—ZIiorm method.

The failure scenario is as follows: 20% uncertainties in system dynamics and the actuator failure
pattern is given as,

(3] (t) =

{ 0.3umi(t),  t€ [20, o0) (6) = { 2, t € [40, o) (2.79)

wpr (1), te[o, 20) ’ wpro(t), t € [0, 40)

The tracking performance of the proposed controller is compared with those of ASMC [4] and ABSC [5]
schemes in Figures 2.3|(a)-(f). The tracking error obtained by using the proposed method and the
control methodologies proposed in [4] and [5] are plotted in Figure 2.3|(a). It is observed from Figure
23(a) that in comparison to [4] and [5], the system output y = &3 (pitch angle 6) with the proposed
scheme is capable of tracking the desired trajectory y, with marginal error and negligible overshoots
in addition to a substantially low settling time. In contrast, the ASMC based scheme (2.75)) exhibits a
degraded transient performance with the output error swinging between —0.0125 and 0.7 x 10~% and
never reaches an acceptable steady state value. Further, the tracking error obtained using the adaptive
backstepping controller (ABSC) (2.71) never achieves a steady state and oscillates in the interval (-
0.001 , 0.002). The output tracking of the pitch angle # using the proposed control strategy is shown
in Figure 23|b) and the equivalent pitch rate ¢ is shown in Figure 23(c). Figures 23[d)-(f) show
the control signals utilizing the proposed method, ASMC and adaptive backstepping control (ABSC)
respectively. The output tracking performance of each controller is measured in terms of ITAE and
[AE. Comparison of tracking performances using the proposed scheme, ASMC [4] and backstepping [5]
can be found in Table 2.3l In Table R3] it is observed that the proposed control strategy yields an
ITAE of 0.00947 in contrast to comparatively higher ITAE values of 0.481 and 0.523 using ASMC |[4]
and ABSC [5] methods. Further, Table 23] shows that the proposed scheme yields an IAE of 0.00989
indicating small sustained oscillations in the output compared to significantly high IAE values of 0.044
and 0.025 in [4] and [5]. The total variation (TV) values for the inputs u; and wug in the proposed

control scheme are measured to be 277.01 and 258.22 in comparison to quite high values in [4].
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The time window between the onset of the fault or failure and its subsequent estimation is very
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Figure 2.3: Plant response and control inputs under the considered fault scenario (279) using the proposed control
scheme. (a) Output tracking error comparison of the proposed controller (red) with ASMC (blue) [4] and ABSC (green)
[5]; (b) Pitch angle 6 tracking using the proposed ARFTC; (c) Pitch rate ¢ under the proposed ARFTC; (d) Control
inputs u1 and u2 corresponding to proposed ARFTC; (e) Control inputs u1 and us using ASMC [4]; (f) Control inputs
w1 and uz using ABSC procedure [5].

crucial from the point of FTC design and must be as small as possible. This time window can be made
analogous to the settling time measure, signifying the time required by the overall control system to
recover its performance after the failure occurs. The settling time ¢, has been measured at t = 40 s,
when wu; experiences a partial loss of effectiveness and uo undergoes a total loss. It is clear from the
Figure and Table that using the proposed FTC scheme, the post fault overshoots and settling
time could be substantially reduced. Moreover, the proposed FTC scheme spends lesser control effort

than that in [4] with the faithful realization of its objective. The control energy spent by the proposed
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controller is found to be almost at par with that of the basic controller (2.71)) based on adaptive
backstepping control (ABSC) [5]. However, the proposed design outperforms ABSC [5] and exhibits
a superior post failure tracking performance. Besides, the scheme performs well in the presence of
unknown control coefficients b; compared to ASMC [4] and ABSC [5]. Further, the control input using
ASMC in [4] is not smooth and experiences chattering which is undesired. However, the control signals

using the proposed ARFTC strategy is continuous and smooth.

Table 2.3: Post failure tracking performance with 70% loss of effectiveness of u1 at ¢ = 20s and stuck failure of us at

t =40s
Performange ARFTC ASMC |4 ABSC [3]
Criteria
ITAE 0.00947  0.48141 0.52341
IAE 0.00989  0.04483 0.02505
Settling time ¢ 0.73 s - -

AN w, 472.99 525.38 47414

8wy, 685.23 695.53 684.01

¥y w, 27701 1.31x10° 103.61

otal variZiRiEy) us 25822  3.24x10* 94.79

2.3 Summary

An actuator failure compensation strategy is designed for affine nonlinear uncertain systems affected
by faults in the form of partial and total loss of effectiveness of actuators. The proposed strategy is based
on backstepping and second order sliding mode control methodologies. Applicability of the proposed
controller to longitudinal control of Boeing 747-100/200 aircraft has been investigated. Simulation
studies are performed to realize the different degrees of actuator failure and severity of uncertainty
affecting the aircraft system. Enhancement of transient performance is shown through a rigorous
stability analysis of the proposed scheme. Simulation results also confirm that the proposed controller
yields enhanced transient and input performance with no chattering in the control input in comparison
to a dedicated backstepping or sliding mode controller. Hence the proposed scheme promises to be a

suitable control scheme for aircraft control as well as FTC applications.
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3.1 Introduction

In Chapter 2, an adaptive robust fault tolerant controller (ARFTC) was developed by integrating
adaptive and robust control ideas, to compensate actuator failures along with system uncertainties.
The controller resorted to the online estimation of fault /failure induced unknown parameters (instead of
their bounds) and unknown system uncertainty bounds for ensuring closed loop signal boundedness and
output asymptotic stability in the event of actuator faults/failures. Although assuring improvement
of transient performance, most of the existing results on direct adaptive control for actuator failure
compensation including those mentioned above, strongly rely on the following design assumptions,
(1) the number of actuator faults/failures is finite; (2) the transit time between the occurrence of
two successive actuator failures is sufficiently large, and; (3) the time derivative of the fault/failure
induced parametric uncertainties is zero. The first presumption ensures that any actuator will undergo
a total or a partial failure once and it never recovers thereafter. Hence, there exists a finite time after
which no actuator fault/failure occurs. In other words, a system with m inputs and ¢ outputs can
be subjected to a maximum of (m — ¢) actuator failures, provided all such actuator failure patterns
satisfy the conditions for existence of control characteristic indices corresponding to ¢ outputs. This
implies that even if the actuator failure parameters experience jumps at the failure instances, the
collective magnitude of (m — ¢) jumps are still bounded. Hence, closed loop stability and asymptotic
convergence of output tracking error to the origin in the event of finite actuator failures follow [95]. The
second assumption implicitly states that the unknown parameters should be slowly time varying while
the third supposition directs towards failure induced parametric uncertainties to be constants for all
t € [0,00). However, as will be discussed in the sequel, that actuator fault/failure induced parameters
are unknown, time varying and piecewise constant functions of time. Further, as a consequence of
intermittent actuator faults and failures, the infinite sequence of total magnitude of failure induced
parameter jumps turns out to be monotonically increasing. This leads to a perpetual increase of the
Lyapunov function and jeopardizes the existence of stable L9 and L, bounds for the tracking error.
Thus, in simple words, closed loop stability of the system is lost. On an additional note, intermittent
failure induced parametric uncertainties are not necessarily slowly varying and hence their estimation
over a continuum is challenging. Hence, direct adaptive strategies proposed in literature and that
developed in the previous chapter are unable to compensate infinite actuator failures. Hence, finding
an adaptive control solution to the problem of compensating infinitely occurring actuator failures in
nonlinear uncertain systems, independent of the foregoing design presumptions and shortcomings is
indeed not trivial.

Owing to its applicability to a larger class of systems, design modularity and comparatively lower
control usage, indirect adaptive control based failure compensation design can be proclaimed as a
potential active FTC alternative to solve the foregoing control problem. Herein, an integrated fault
estimation (FE) based control, as depicted in Figure [ is resorted to, which seeks to overcome some
of the aforementioned difficulties, while retaining the fundamental ideas and advantages of active FTC
for nonlinear systems. Such an active FTC architecture consists of a fault /failure parameter estimation
module appended to a single controller. Nevertheless, the design and realization of the abovestated

active FTC paradigm is also not straightforward, and certainly puts forth several theoretical and prac-
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tical challenges. Regardless of the actuator failure eventualities being intermittent or finite, catering
to joint multiple objectives of robust closed loop stability and robust fault estimation in presence of
modeling uncertainties (Figure [[L6]) is undeniably difficult, especially for nonlinear systems. Resorting
to the above FTC design philosophy, in order to ensure a globally stable closed loop system, it is
necessary that the controller assumes the regressor functions associated with the unknown parame-
ters to be globally Lipschitz. Such an assumption, in turn, ensures modularity between the certainty
equivalence (CE) based adaptive controller and stable parameter estimator. However, the presence of
non-Lipschitz functions in the regressor matrix results in bi-directional robustness interaction between
the certainty equivalence (CE) controller and estimator (Figure (left)), breaking down the Sepa-
ration Principle. As a consequence, the region of attraction or the operating region and performance
robustness is decreased significantly which is undesirable. The occurrence of infinite actuator failures
will further degrade the performance eventually leading to instability.

As a matter of fact, even if the identifier and controller are decoupled, indirect adaptive control
strategies characterize poor transient performance at the learning phase which is detrimental for FTC
applications. Similar to direct adaptive control, the output transients herein can be improved by
increasing the control gains and adaptive rate which eventually lead to an increased control usage
and a proportional decrease in robust stability margins [114]. Of late, as an alternative procedure,
multiple model adaptive control (MMAC) using switching and tuning [115,116] has become popular in
achieving substantial improvement in output transient performance in linear and Lipschitz nonlinear
uncertain systems [117-120]. The basic functional block diagram of MMAC is presented in Figure
[B.1] which summarizes its operation. However, to achieve an enhanced transient performance, these
MMAC schemes require large number of models which grows exponentially with the dimension of the
unknown parameter vector. Hence, computational burden is heavily increased. In addition, at least
one identification model should be near to the unknown parameter to ensure stability in the face of
switching transients and an improved performance. It is worth mentioning that all existing MMAC
strategies for nonlinear uncertain systems including those cited above, are applicable only when the
system nonlinearities or the associated regressor matrix for unknown parameters are globally Lipschitz.
Further, in some works, the system is pre-assumed to be bounded input bounded state (BIBS) stable to
facilitate a decoupling design of the CE control and identifier. The nonlinear system should also exhibit
a positive dwell time. In such a case, if the system dynamics characterize exploding nonlinearities (no
linear growth), the aforesaid assumptions for the existent multiple model adaptive control design
algorithms, do not hold. In consequence, as discussed earlier, bidirectional uncertainty interactions
creep in; thereby ruling out the guarantees of global/semi-global boundedness and asymptotic stability
of controlled system dynamics. Besides, stability and performance robustness margins are also largely
compromised. In conjunction with the above limitations, the theoretical quantification of the transient
performance using MMAC in terms of L, and L9 bounds in no failure and finite failure cases is yet
to be reported and remains as an open problem.

In this chapter, an effective indirect adaptive FTC using multiple identifiers/models is proposed
which addresses the design issues and problems identified in the foregoing discussion. The proposed

approach, named as adaptive multiple model fault tolerant control (AMMFTC), is summarized as
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Figure 3.1: Schematic block diagram representation of a basic MMAC scheme with switching and tuning

follows. The controller is designed using a backstepping approach with suitable damping functions [69],
to strengthen the CE controller by enhancing its stability margins with respect to the parameter
estimation error and its derivative. The unknown parameters due to actuator faults/failures and
system uncertainties are adaptively estimated using multiple identifiers with two layers of adaptation.
The first layer of adaptation in the AMMFTC scheme developed herein involves a gradient based
parameter update law corresponding to each of the multiple identifiers. Thereafter, exploiting the
property of convex sets, the second layer of adaptation essentially produces an adaptive weighted
convex combination of parameter estimates obtained from each of the identification models at the first
adaptation layer. The improvement of transient and steady state performance is strongly accredited
to such an efficient mixing strategy. Thus, unlike in switching based MMAC schemes, the information
from each of the identifiers is aptly utilized. Following the same, the number of identification models in
the proposed MMAC architecture is reduced to(N + 1), provided the dimension of unknown parameter
vector is N. Therefore, the computational burden of the proposed MMAC scheme is drastically reduced
compared to MMAC with switching. It is proved that the states of the closed loop system are bounded
whenever, the parameter estimation error is bounded and its derivative is square integrable. These

desirable convergence properties of the estimation signals are achieved using multiple identification
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Figure 3.2: Bidirectional robustness interactions transformed to unidirectional interaction under the proposed FTC
strategy

models with two layers of adaptation independent of the boundedness of the regressor matrix. It is
therefore concluded that the proposed FE/FTC strategy transforms the bidirectional interaction to a
unidirectional one as shown in Figure[3.2 (right). Hence, the design modularity is restored and the BIBS
design presumption on the system dynamics is eliminated. Furthermore, finite and infinite actuator
failures apart from unknown parametric uncertainties are also observed to be compensated using a
single controller without switching between identifiers or controllers. Thus, a piecewise continuous and
smooth control signal is obtained and the assumption of existence of positive dwell time is relaxed.
Hence, relative to existing results in literature with relevance to the problem of compensating finite

and infinite actuator failures, the major contributions of this chapter are enumerated below.

e To the best of the authors’ knowledge, this is the first time that an MMAC strategy is proposed to
compensate possibly infinite actuator failures. The proposed control scheme ensures boundedness
of closed loop signals. The incorporation of a two layer adaptation without switching into the
control design results in substantial improvement in transient and steady state performance,
under no failure, finite and infinite actuator failure scenarios with almost no additional control
usage. The proposed MMAC strategy from its design perspective overcomes all the limitations of
earlier multiple model adaptive controllers and hence can be applied to a wider class of nonlinear
uncertain systems. Thus, the work presented in this chapter contributes to bridge the potential

research gaps in MMAC as well as active FTC literature for nonlinear dynamical systems.

e A rigorous integrated stability analysis of the closed loop system under infinite actuator failures
for all t € [0, 00) is conducted using a piecewise defined Lyapunov function. A piece of time herein
defines the time interval within which the actuator failure pattern does not change. Since occur-
rence of infinite actuator failures is not deterministic, the closed loop system is first represented
as a random nonlinear impulsive system in terms of the piecewise Lyapunov function (PLF).
Thereafter, a subsequent recursive formulation of the closed-loop system dynamics in terms of
the PLF is arrived at. Global boundedness of closed loop trajectories over all time ¢t € [0, 00),
is concluded thereafter. Unlike [6, 75|, explicit expressions for Lo, and Lo bounds on the output

tracking error are derived for t € [0, 00) considering both first and second layer of adaptation.

e The interrelation of the output transient performance bounds with the minimum transit time
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between two consecutive changes in failure patterns and controller gains is mathematically de-

duced.

e In case of finite actuator failures or no failure conditions, global asymptotic (exponential) stability
of output tracking error is established. Further, the transient performance improvement using

the proposed MMAC strategy over single model adaptive control is theoretically proved.

e Decoupling between the controller and the identifier in the proposed MMAC based FE/FTC

scheme provides greater design freedom in determining the type of parameter estimator.

e The proposed MMAC scheme with two layer adaptation is further applied to FTC design prob-
lem for uncertain nonlinear coupled MIMO systems affected by finite actuator failures. Similar
stability properties and convergence characteristics are obtained. Further, transient and steady
state performance improvements are observed at the output without any significant increment
in the control usage. Results obtained through extensive simulation studies support theoretical
propositions. Further, experimental validation on a twin rotor MIMO system demonstrates the

practical feasibility and applicability of the proposed MMAC technique.

In view of the above design attributes and advantages, the proposed AMMEFTC algorithm proves to
be an appealing choice for applications demanding reinforced robust stability and high performance.
The chapter is organized as follows: Section 3.2 discusses the proposed adaptive FTC design for
multi input single output (MISO) nonlinear systems affected by infinite actuator failures. The design
methodology spans through subsections 3.2.1-3.2.2 followed by closed-loop stability analysis in subsec-
tion 3.2.3.1 and transient performance analysis in subsection 3.2.3.2. An extensive simulation study is
provided in subsection 3.2.4. Next, the proposed MMAC approach is extended for application to the
problem of FTC design in MIMO nonlinear systems in Section 3.3. The problem formulation, control
design methodology, stability analysis and simulation study are provided in subsections 3.3.1-3.3.4.
Experimental study on a twin rotor MIMO system using the proposed AMMETC is provided under

subsection 3.3.5. followed by summary in Section 3.4.

3.2 Adaptive Multiple Model Fault Tolerant Control (AMMFTC) for

Infinite Actuator Failures

In this section, an adaptive control strategy will be developed for nonlinear systems with parametric

uncertainties and affected by possibly infinite actuator failures.
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3.2.1 Problem Statement

The same class of multi-input-single-output (MISO) nonlinear uncertain systems is considered as
in [6] and is rewritten below for completeness,
)T *

:i'i:l’i+1—|—fi(:f'i K, 1=1,p—1

o= folz,n) + folz,n)" +Zb Bi(x,n)u;

i = Ao(z,) + Z KA, m)
i=1

y=x (3.1)

where,the state vector is defined as z := [xl,wg,...,a:p]T € R® and Z; := [2x1,29,...,25]7 € R%
The term g is the relative degree of the system concerned with z; as the output. The nonlinearities
filz,n) : R® x R"® — RP for i = 0, p are assumed to be vectors of known smooth functions. The
actuation functions fB;(z,n) : R x R"® — R € €* for j = 1,m are known and may be linear or
nonlinear in its arguments. The function y(t) € R defines the system output and u; : [0,00) — R
represents the j* control input or rather the output from the j** actuator fed to the plant. Further,

*

K* = [k}, K5, ... € R? and {b; }m 1 defines the vector of unknown parameters of the plant and

’ ]
unknown actuatlonpcoefﬁ(nents, respectively.

Now, in general, the output of the j** actuator given by u; is equal to its input upy;. However, the
actuators in the system may experience malfunctioning in the form of partial loss of effectiveness
(PLOE), lock-in-place (LIP) and float failures. Further, the actuator failures can occur intermittently
and hence, the cardinality of such events are not limited to (m — 1). Nevertheless, one actuator
should always remain healthy at any failure instant to satisfy the controllability criterion. Therefore,
a unified model reflecting the input-output (i/o) characteristics of the j* actuator encompassing the

aforementioned types of faults/failures for, ¢ € [t ,, 7)), h € Z is given below [6].

, Kjnumj + tpjn, t€[t5,.t5,) (3.2)
= :
UHj» te [t] h? %3, h+1)

Herein, h = 1,2,...,00 and K} € [0,1] define the cardinality of occurrence of actuator failures and
the state of health of the j* actuator at the A" instant of the failure. The term ugj is the designed
control input to be fed to the j actuator and u; defines the 4t input of the system. The time
variables t; p, and ti ;, denote the time instances at which the ht" failure of the j* actuator commences
and ends, respectively. Further, the j* actuator remains healthy for the time interval [t¢ ntin < pgr) until
the onset of the (h + 1) failure at t = i
severity of the j*" actuator failure described by K ; and the value at which the actuator is stuck under

In addition, during the time [t¢ Sh 6 ¢,), the degree of

LIP failure are unknown.
The actuator failure model in ([B.2]) encompasses i/o characteristics of healthy actuators as well as
typical PLOE, LIP and float actuator failures.
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e Kjp=1and tpj;;, =0 for j = 1,m, means that the actuators are free from faults and failures.

o K€ (0,1) and upjp = 0 for j = 1,m in ([B.2) indicates that the actuator suffers from partial
loss of effectiveness (PLOE).

o Kj, =0and ap;p # 0 for j = 1,q with ¢ < m — 1 in the fault model ([B.2) reveals that the
actuator undergoes a total loss and such a failure typically leaves the actuator jammed at an
unknown value denoted by @p; . Further, K; = 0 and @pj, = 0 for j = 1,¢ with ¢ < m —1

describes actuator float failures.
Prior to the problem statement, the following assumptions are necessary.

Assumption 3.1. The nonlinear dynamical system in ([B1)) is so designed that the desired output
performance can only be achieved in the event of at most ¢ < m — 1 actuator failures unknown in time,

pattern and magnitude.

Assumption 3.2. The actuators are assumed to undergo a transition from their normal mode of

operation to various failure modes and vice-versa, infinitely many times. Therefore, there exists a

10)
j,h+1
failure patterns. (This assumption is justified later to be instrumental to achieve global boundedness of

non-zero finite transit time T :=t t;h > 0 between the occurrence of two consecutive actuator

all closed loop signals)

Assumption 3.3. The actuation functions in B.1)), given by B;(z,n) are assumed to be non-zero and

the sign of the actuation coefficients, that is, sign(b;) for j =1, m are known.

(@))

Assumption 3.4. The reference trajectory and its successive time derivative signals (Ypr, Ury Ury- -« Yr

are known, piecewise continuous, bounded and hence belong to a compact set.

Assumption 3.5. The upper/lower bounds on actuation coefficients 0 < b; < |b;| < bj, |up;p| < @
and 0 < Kj < K; <1 are known which means that Qj, bj, Umax and Kj for 7 = 1,m are known
finite positive constants. The unknown parameter vector k* belongs to a known convex compact set,
i.e., K € Sex C RP. Here, Si+ denotes the parameter space in RP and Vki,ke € Sk, the relation

|lk1 — k2|l < Kmax holds.

2

Assumption 3.6. The subsystem dynamics given by 1 = Ao(z,n) + > ki Ai(x,n) is inpul-to-state-
i=1

stable (ISS) with x as its input. This implies that system dynamics is assumed to exhibit a minimum

phase behavior.
Having stated the assumptions, the control objectives of this work are as follows:

e To compensate the adverse effects of infinite actuator failures unknown in time, pattern and
magnitude and ensure boundedness of all closed loop signals Vt € [0, 00) in presence of unknown

parametric uncertainties.

e To enhance the output transient performance at start-up and in the event of unknown actuator

failures considered in ([32). The aim is to quantify the output transient performance using Lo
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and L. bounds and thereafter prove the improvement in transient performance theoretically. It
is worth mentioning that usually, an improved output performance is achieved at the cost of high
input usage. However, such a practice may result in a degraded input performance. Thus, the
control design algorithm is to be aimed at guaranteeing a promising output transient performance
without any significant increment of the control energy spent. The intended objective behind is
to surpass the conventional trade-off between output and input performance at both instances of

start-up and post actuator failures.

e To ensure that the output tracking error y — y,- converges to a arbitrarily small set in the vicinity
of the origin. Further, explicit expressions to calculate the ultimate bounds on the tracking error

are to be derived.

e To achieve asymptotic stability of the tracking error dynamics in the event of finite actuator

failures, i.e., tlim (y(t) —y.(t)) =0.

3.2.2 Adaptive Fault Tolerant Control Design

Firstly, for simplicity of representation, let us define the index set of actuators as & := {j1,72,- -, jm}-
Thereafter, another two subsets of # as Biorp, = {j1,J2,- -+, Jq, } and Biot,, = B/ PBiot, are defined.
Denoting Ty, for h € Z, to be the time instant when the failure pattern changes, it has been discussed
in the previous section that the fault pattern remains fixed until the time instant Ty,;. Further, in
accordance with Assumption 3.4, stable solutions to the adaptive fault tolerant control problem can
be ensured only if there are at most gn(0 < g, < m — 1) actuator failures during the time interval
(Th, Th41)- Therefore, the set PBior, contains indices corresponding to totally failed actuators. How-
ever, the remaining healthy and partially failed actuator indices belong to the set %, . Incorporating
the actuator failure model (3.2 into the system dynamics and substituting the j** control input as
up; = sign(bj)v/p; unfolds two different dynamical equations at the o' step corresponding to faulty

and fault free conditions as shown below.

e No fault condition

m
B = fola,m) + fol@,m 7w + > |bjlv (3:3)
j=1
e Faulty condition
o = folx,n) + fole, ) w* + D Kjnlbjlo+ Y bitimnB; (3.4)
jez@totH =%totF

Therefore, a unified mathematical model with an actuator failure parametrization encompassing faulty

and fault-free system dynamics in ([3.4) and (B3] can be framed as,

i =z + fi(@z) Y, i=Tp—1

o = foz,n) + folae,n)"w" + b0 + gl a" (3.5)
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where,
m
> bjls for K, =1and up;p, =0V j € A
bt = =1 (3.6)
Z Kj,h|bj|, for K;j € [0,1) and UFjh 20V j € Biot
jepgtotH
a*:=[0,...,0]" €R™, for K;, =1 and 4p;, =0V j € B (3.7)
@ = [{by @i n i, 0,...,07 € R™ for K €[0,1) and apjp A0V j € Bioty (3.8)
Further, 5 = [{B;(z,n) ;”zl]T € R™ is the vector of actuation functions. The unknown system

parameters and those induced due to actuator failures are redefined using a lumped parameter vector
0* = [07, 05, 05)7 = [b*, x*, @]’ € R™PTL The actuator failure induced unknown parameters
07 and 03 are time varying and hence are characterized by piecewise constant time dependent signals
instead of being constants for all ¢ > 0. These parameters experience jumps at the occurrence of abrupt
actuator faults and failures. Therefore, from assumption 3.5, it is further assumed that 67 > ¢ :=

ming <j<m{XK jbj} > 0. Besides, at the time instant ¢ in the event of occurrence of an actuator failure,
m p— p—

the failure induced parameter jumps satisfy |05 (t1) — 65 (¢7)| < '21 bj—€and [03;(t) —03;(t7)| < 2b;u.
‘]:

Since, one actuator should always be alive to satisfy the controllability condition, the inequality b* > ¢

holds. Given that the parametrization of the fault affected system is complete (referred to (3.3))), it

is now possible to proceed with the design of the proposed multiple model estimator based indirect

adaptive backstepping controller to compensate possibly infinite actuator failures.

3.2.2.1 Parameter Estimation using Multiple Identifiers with Dual Layer Adaptation

In this section, firstly the design of the online parameter estimator using multiple identification
models with first layer of adaptation is explained. Thereafter, a piecewise stability analysis is conducted
to infer the boundedness and convergence properties of parameter estimation error and observer error
dynamics corresponding to each of the multiple (N) adaptive identification models.

To initiate the design of observers, the fault/failure parameterized dynamics in (3.5) are rewritten

in parametric z-model as,
i = f(z)+ 0T (z,0)0" (3.9)
Wherein the function vector f(z) and the regressor matrix ®(x,v) are defined as,

0 fil))" Oixm
= \T
F@) = o a2 o) € B & 0Ty = | P | e gereimit, (3.10)
% fp(iﬂan)T ﬁT

From assumption 3.9, it is known that the unknown parameter vector resided within a closed compact
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set Syp+ defined as
Spr 1= [_Tvgi] X [Q§17§;1] XX [_§p7§;p] X [levggl] XX [ngvggm]

Where, 07 and H_j denote the lower and upper bounds on the unknown parameters 6} fori =1,..., (p+
m+ 1)._

A. First Layer Adaptation

The N adaptive identifiers/estimators are described by differential equations with non-zero initial

values of the unknown parameter vector as follows,

‘%(M) = Au(w, t)(.f,‘(u) — x) i f(l‘) + @T(x, v)é(u) (3.11)
t

B (£) = O (t0) + T / Proj[®(, ) Py (1 — )] (3.12)

to

The subscript p = 1,..., N denotes each of the adaptive identification models, %,y and é(u) are

n
the estimates of the state vector and the unknown parameter vector 6*, respectively) from the pt*
identification model. The operator Proj{-} is a smooth projection operator to ensure that the parameter
estimate HA(“) resides in Sp+. The matrix A, (z,t) :== A,y — v®(z,v)T ®(x,v)P, is so chosen to ensure
boundedness of pt" estimator error dynamics irrespective of the boundedness of the regressor matrix
O(x,v) for p € {1,2,..., N}. The adaptation rate for each of the N models is given by a user designed
positive definite matrix ', € RPF™HIXpEm+l Fyrther, A, is a stable matrix satisfying the Lyapunov

equation, that, is,
AloPu+ PuAu = —Qpu, Py, Qu € R®® and p={1,...,N} (3.13)

In addition P, and @, are positive definite symmetric matrices chosen by the designer and may have
the same values for all the NV identification models.

Let us now define the identification error and the parameter estimation error corresponding to the
pt identification model as T, == T — 2y and 0 = 0* — é(u)v respectively for p € {1,2,...,N}.
Referring to equations (BI1I)-(B.I2), the identification error dynamics for each of the N adaptive

estimators are derived as,
f(u) = (Au — 7¢($,U)T(I)($,’U)PH)J~}(“) + <I>T(:E,v)§(“) (3.14)

where, é(u) (to) € Qto) € Sp» for p =1, 2,..., N. The stability and convergence properties of all the
N adaptive estimators are summarized in Theorem 3.1. Since the FTC design aims at compensating
infinite actuator failures, following a piecewise stability analysis at this point would be helpful in
analyzing the stability of the overall closed loop system dynamics for ¢ € [0,00). It is assumed that

the actuator fault/failure pattern does not change within the time interval [T}, Tj11) for h € Z..

Remark 3.1. The rationale behind the use of N adaptive identification models is to improve the
output transient performance. Now, considering the parameter space Sg« defined earlier, the number

of identification models required is given by N = 2PT™+L  Therefore, the nonzero initial values of the
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unknown parameter estimates HA(“) with respect to each of the N adaptive identifiers should be so chosen
such that Sg= 2 Q(to). Q(to) is a convex set formed by the initial parameter estimates {é(u) (to)}fy:l
and the actual unknown parameter vector 0* resides in the set (tg). Nevertheless, it is evident that
as the number of unknown parameters increase, the number of identification models N also escalates.
Although increment in the number of models results in a fair transient performance, it is achieved at
the cost of a high computational complexity. Increase in computational burden manifests itself in the
form of input delays, state delays and communication delays in real time systems resulting in degraded

system behavior and is therefore not desirable in safety critical applications.

Theorem 3.1. (First layer of adaptation) Let us consider that the solutions of the adaptive identifiers

giwen by BII)-BI2) and the identification error dynamics in BI4) for u = {1,..., N}, are defined
on the interval [Ty, Thy1). Then the following properties hold under the framework of first layer

adaptation for each of the N adaptive identification models for ', P,, Q, > 0.
(i) 04)®) € Loo[Th, Thi1)

(ii) & (t) € Lo[Tn, Thi1) 0 Loo[Thy Tas1), Ty (t) € Loo[Thy Thi1)

(iii) O(t) € LolTh, Thi1)

Proof.
Let us take a Lyapunov function V(#)’h(:i(ﬂ),é(ﬂ),t) : R? x RPEMHL 5 [T Thyq) as,

D, . SR T 11 3.15
(h = P + 3000 n 0w (3.15)

Given the identification error dynamics (BI4) and owing to the fact that the failure pattern remains
fixed for [T}, Thi1) results in, 0 = —0 for [Th, Thy1). The first time derivative of V{,y yields the

following,

' T ) = =T T . ;T - ;T p-1p

V(,u),h = —x(#)Q“l’(“) — ’}/l’(“)Puq) (I)Pul’(“) + 9(“)¢Pﬂl’(“) - G(H)FH 9(“) (3.16)
where the matrix Q, := —(AZOPM + P,A,0)/2 > 0 and as defined earlier, P, is a positive definite

symmetric matrix. Substituting the parameter update law ([B.I12) in (3.I6) and using the properties
of projection operator from [69] as —éa)FglProj (Lu@PT(,) < —éa)FEIFMCI)PNj’:(u), we arrive at the

following,
Vin < =MQu)llZ I = Y ®PuE ) |1* < 0 (3.17)

Thereafter, integrating the above inequality (3.I7) for the time interval ¢ € [Tj,, Thy1), rearranging

and using the notation 27 Pz = ||z||% yields,

1 ~ 1
~ ~ 2 2 1
12 ) | (3 Thi) = M(”x(u) (D)l + 106 (Th)IIF )2 (3.18)
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Since a projection operator is used for parameter estimation, it is very straightforward to conclude
that 0(,) € Loo[Th, Thy1). Further, from ([B.I8) and the inequality ia)P;@(u) < ?V(u) (t) < 2Viu)(Th),
the signal properties Z(,)(t) € L2 N Lo are inferred. From the above arguments, 7(,)(t) € Lo follows.
Thereafter using ([3.17), the Lo-integrability is proved and its Lo bound is given as,

ATR)
2y

A - 5 1
10w | 2aTh. Thyn) = (% (T I3, + 118 (Th)H?;lP (3.19)

The proof is complete. [
Now, to develop the proposed parameter estimation procedure based on multiple models, the following

lemma would be helpful.

Lemma 3.1. Let us consider the N adaptive estimators defined by [B.11]) and the adaptive laws given
in BI2) with initial conditions é(u) (to) € Qto). If the unknown parameter vector 0* is contained in
the convex hull Q(to) of the set {é(#) (to)}fyzl, then it also resides within the convex hull Q(t) of the set
{0 (£}, ¥t > to.

Proof. The proof is simple and follows from the linear algebra of convex sets. [

B. Second Layer of Adaptation

Speed and accuracy of unknown parameter estimation é, are two essential attributes which primarily
decide the output performance of an indirect adaptive control system. Essentially, since the proposed
design assumes the knowledge of unknown parameter bounds, such bounds may be located far away
from the actual parameter vector 6*. Hence, the lumped parameter space Sp« can be arbitrarily
large and therefore the estimation from each of the N observers with first layer of adaptation will
experience a slow parameter estimation with high overshoots exhibiting oscillatory behavior. This
will eventually translate in a degradation of the output transient performance, which is undesirable in
safety critical applications. Consequently, exploiting the convex set properties of the parameter space
Sp+ in Lemma B a second layer of adaptation is resorted to in order to achieve a fast and accurate
estimation of unknown parameters. From the theory of convex sets and convex hull, it is clear that
the initial parameter estimation set €2(tg) C Sp« can still enclose the actual parameter vector 6* if the
number of adaptive identification models is chosen to be N = p+m + 1+ 1. Following this procedure
can significantly decrease the number of estimation models thereby reducing computational burden.
In the second adaptation layer, a weighted convex combination of the parameter estimates é(u) for
uw = {1,..., N} with adaptive learning is resorted to. The rationale behind such a combination is
that the estimate of the parameter vector after such a weighted combination gains closer proximity to
the actual parameter vector * in the convex set Sg« compared to HA(“) from each of the (p +m + 2)
identification models (indexed by g = {1,...,p + m + 2}) with every iteration and results in fast
estimation.

The procedure is mathematically described as follows. Let the weighted convex combination of the

parameter estimates obtained from first adaptation layer be denoted as 0,. As per definition the final
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parameter estimate is mathematically represented as,

(p+m+2) (p+m+2)
05 := Z w0, wy, € [0,1] and Z wy, =1
p=1 pn=1

where, wy, for p ={1,...,p+m+ 2} are the weights assigned to the parameters estimated for the N
identification models. However, these weights would be generally unknown and time varying depending
on the uncertainties affecting the system. Therefore, a Lyapunov based adaptive weight learning law

is formulated which eliminates the requirement of the knowledge of weight parameters w}. In what

*
i
follows next, the formulation of the weight update law is presented and its stability properties are
derived.

In order to formulate the update laws for adaptive weight learning, constructing a suitable estimation

model is necessary and is formed as follows. A similar approach as presented in [121], is adopted for
p+m+2

learning the weights w, online. Assuming 0* = > wZé(H), and subtracting 6* from both sides
p=1
pt+m+2 R
yields, > w’[L(H(M) — 0*) = 0. Taking the time derivative of the resulting equality leads to,
pn=1
p+m—+2 . )
> wi(fy —6%) =0 (3.20)
pn=1
Rearranging the above equation ([3.20) gives,
p+m+1 . 4 b p+m+1
> Wi — Ypimiz) = prminy = Y WilBe) ~ Fprmi2) = ~Tpamsz)  (3:21)
p=1 pn=1
: * * +1 % — % * 1 % : ~ ~ 1
Defining w* := [{wu}ff:ln wp+m+2]T, wt = [{w#}ziTJr 1T, AX(t) := [dlag{a:(u)—x(p+m+2)}ziT+ | e
REX(P+m+1) and r(t) = ~Z(p4m+2) € R¥, equation (B.2I) can be rewritten in a vector form as,

AX(t)w* = r(t). Therefore, since the elements of the vector AX(t) and 7(t) are known with the

weight vector w* being unknown, the weight estimation model can be framed as,
AX (t)w = 7(t) (3.22)

Further, using the weight estimation model ([3:22)), the weight update law is chosen as

. p+m+1
w(t) = —AXHTAX @) (t) + AXOTr(); tprmez =1— Y 1, (3.23)
pn=1
A ptm+2 A
Finally, the unknown parameter vector 0" is estimated as 05 := > w0,
pn=1
A p+m+2 A
Theorem 3.2. Let us consider the second layer of adaptive parameter estimate 05 := Wb,
pn=1
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and the weight learning law given by (3.23)) defined within the time interval [Ty, Thi1). The following
properties hold: (i) @ € Loo[Th, Tha1); (1) @ € Loo[Th, Thi1)-

Proof.
To prove the properties of the adaptive weight estimates w,, for p = {1,...,p +m + 2}, a Lyapunov
function defined over the time interval [T},, Tj1) is called upon as Vi, j, RPHMHL 5 (T, Thpr) — Ry
given by,

Vipn = =07 (t)i(t) (3.24)

2o

where, w(t) := w*(t) — w(t). Taking the time derivative of V,, ;, and the subsequent substitution of the
weight adaptation law ([3.23) yields,

Vo = —(@* — )T (~AX®)TAX (t)i(t) + AX ()T AX (t)w* (1))
= (0" — ) AXH)TAX () (0" — ) = —d(t) T M(t)w(t) < 0 (3.25)
Here, M(t) := AX(t)TAX(t) > 0 and since V,, , is negative definite, integrating both sides of the

equality (3:20)) in the interval [T}, Thy1) and using Holder’s inequality results in,

Tht1 Tht1 _ 5
- / Voo a(t)t < M ]loo / G () (@) dt < oo (3.26)
Th Th

Therefore, the negative definiteness of vah and the above inequality (3.26) proves that w,w €
Loo[Th, Thy1) and @ € Lo[Th, Thi1). Further, w,4m+o is also bounded. The proof is complete.
O

3.2.2.2 Backstepping Control Design

The design procedure is initiated by defining the error variables as,

21 =21 — Yrs (3.27)
2 = X5 — Q1 — yﬁi_l) (3.28)

where i = 2, p. Now utilizing the plant dynamics in (8], and taking the first time derivative of the

error variables yields,

Zi = ziv1 + o + fi(%)05 — dii—1 (3.29)
2o = folz,n) + folz,m) 705 + 070 + 5765 — cp1 (3.30)
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Here i = 1,p — 1. The variables «; are the virtual control inputs stabilizing each of the tracking error
subsystem dynamics in z; ([8.29)-(B.30). These stabilizing functions «; are given by (B.31).

i—1
da_1 |2 A Oa_ O
e b 120 — ||, T E( i1 G-l (k)
(07} Zi—1 CiZg Cz”%” Zq i 8é H Zi % 92 + £ ( 8$k Tl41 + ay(k—l) Yr > (331)

2 T

-1,
with i = 1,0 — 1 and ¢; :== fi(&;) — > 83;;1]}@(:?]6) Due to actuator failure induced uncertainties,
k=1

the p'" design step is quite different from the procedure followed in the previous steps. In Step g, the
controller design is initiated by defining the z,-dynamics in an expanded form with the actual control

law v = v1 + v, as follows.

~ A A ~ gl Oa -1 Oa -1
2o = fo(z,m) + folx,n)T 0y + 8703 + O1v1 + 0101 + Ofve — ) — Y (T;kakﬂ - aTW_l)ygk))
k=1 Yr
TG, 4+ 479, - 2007 3.32
+(5 3+/l/}p pr— aéz 2) ( )

The first part of the control input v(t) is chosen as follows,

=il
_ 1 g, — 570 pz dorp1 9%1 ) (o)
v = é—l(—fo(l“,n) - fp(33>77) Oy — B 03 — zp—1 + £ ( Bz Lhk+1 — Wyr ) +4,5),  (3.33)

Such a choice of v;(t) yields the resulting z,-dynamics as given below,

- x j T 75 _ 9%-1;
Zp = —Zp—1t O1va + 0101 + 5703 + " O — Y, 02 (3.34)
2

Now being left with the design of vs to arrive at the final control law v, the signal vs is chosen as

follows,

dap-1 H2zp) (3.35)

-1 - 2 2 2
vy = €7 (= gy — 2o (01 + 18I + )20 — 9| 2
005
Thereafter, substituting the expression for vy in (8.34)) and using the sum of squares inequality leads

to,

16212
To — 2pZp—1 (3.36)

. 07 1 .~ ~ -
ZpZp < 71%22 + @(H@lll2 +[16a]* + 1163]1%) +

The inequality in ([3.36) would be useful while deriving the stability results of the proposed control.

Finally, we arrive at the actual control law v(t) as,

u(t) = v (t) + va(t) (3.37)
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First Adaptation Layer

Identifier N I I
X, X
X _ ~ T A (”) (N) ~ ~ ¢ o
—————— Sy A Py 31 e(u)(0)+J.OF(I)(XyV)Px(H)ds
: 1] p=1,2,..N
Identifier 1L
/x\ -~ _~ -~
8 _n = T/ AR Q) | 0y 05| mmmmnn 0 0
K~ Ayt OBy ———@1 0| % W=
1)
-_ 0
: L. N . S
H D= o
o X OS—£I e >
Command Input dentifier 2 a ST, o o S
Yy 2 _az s dlend R i w=-AAL® -ALTF =l
en= Xt X,V R & ~ ~ N-1 Y
L @ 7@ @ @ 5, || A% diae( =Tl || £
Identifier 1 @ e >
Reference . - -1 5
System 5}\(1): Al)?(l)J“ @T(x,v)@“) Xa) < U] es E
Yy
Fault Tolerant u,. u; .
%}_ Controller Y| Actuator |7 Usr;gteertnz:ln il

. m
A x=fl)+ 2 bigimu;
X 95 Actuator Faults j=1 e /

Figure 3.3: Block diagrammatic representation of the proposed adaptive fault tolerant control scheme (AMMFTC).

where the signals vy (¢) and va(t) have been defined in the preceding text in equations (3:33) and (B.33]).
The equations (3.29)-(330), (3:31) and (3.33)-(3.35) are the fundamental equations which would be

required in implementation of the proposed control law. The control design parameters ¢;, ¢, g, are
positive scalars.

Figure shows a schematic block diagram summarizing the proposed control design procedure.
3.2.3 Main Results

3.2.3.1 Stability Analysis of the Proposed Control System

Herein, prior to the closed loop stability analysis of the proposed adaptive control system, the fol-
lowing preliminary calculations and statements are necessary in the subsequent analysis. As mentioned

earlier, the compact set wherein the parameter 6* resides is denoted by Sy« defined as,

S o ={0" e RPN £ <07 < bj, 03 € Ser CRP, 03] < by, j =T, m} (3.38)

Lemma 3.2. The projection operator utilized in the parameter estimation law BI2) has the following
properties [69]: (i) The mapping Proj:RPT"H x Sp. — RPT™FL 45 locally Lipschitz in its arguments; (ii)
PTOj{T}TFEIPTOj{T} < TTPEIT v é(u) € Sy+; (iii) The solution é(u) remains in Sgx V¥ é(u) (to) € Sp=;
(iv) —éa)FL_LlProj{T} < —éa)FllT, v HA(H), 0" € Sp-.

Proof. The proof can be referred to [69] (Refer Lemma E.1 on page 512).
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Hence from property (iii) of the projection operator stated in Lemma [3.2] it can be easily concluded

that the parameter estimation error é(u) is bounded as,

18l < O 8 — 02+ k2 + 4D Bia2 =8, p=T, prm+1 (3.39)
j=1 =1

The stability results would be derived in a generalized form such that conclusions on the convergence
of all the closed loop signals can be drawn for cases of no actuator failure, finite number of actua-
tor failures and infinite actuator failures. Therefore, let us construct an overall Lyapunov function
V(z,a?(u),é(u),t) :RP x R® x RPF™HL ¢ [tg, 00) — Ry for =T, p +m + 2 as,

~ 7] € o2 LT ~ Lo 15
V(Z,:L'(u), Q(M),t) = §||Z|| aF §x(u)Pﬂ$(M) + 59(M)FM G(M) (3.40)

The function V(¢) is piecewise continuous and differentiable in ¢ € [T},, Tj+1) and let us define V(t) =
Vi(t) VYt € [Th, Tht1), h € W. The time T}, for h = 0 denotes the initial time t;. Owing to the
fact that V(t) experiences sudden jumps at each instants of actuator failure 7, (h = 1,...,00), it
is discontinuous over ¢t € [0,00) and is not differentiable at its points of discontinuity. Although
the function V(¢) satisfies to be a Lyapunov function for ¢ € [T}, Tp41), the same does not hold
true for ¢ € [0,00). Assuming that the actuator failure pattern does not change for t € [Ty, Thi1),
the stability /boundedness properties of the triple (z(t),i““,é(ﬂ)) for t € [Th, Th41) can be easily
derived considering Vj,(¢) as the Lyapunov function candidate. However, proving the closed loop signal
boundedness of the triple (2(t), %, HN(H)) over the entire time range ¢ € [0, 00) under the occurrence of
infinitely changing actuator failure patterns, is not straightforward. Further, it is also not trivial to
deduce an explicit expression for the £.,[0,00) and £5]0, 00) bounds of the output tracking error in this
case. In the following, the closed loop stability of the system (B.I)) under the action of the control law v
in (B37) is investigated for ¢ € [T},, Tj+1) and the results are summarized in Theorem 3.3. Thereafter,
the main results on boundedness of closed loop signals and transient performance improvement in the
case of intermittent actuator failures are derived for all t € [0, 00).

By substituting the stabilizing functions «; in (3.31]), the control input v(t) given by ([B.37) and the
parameter estimation law é(u) (t) in (BI2) into the fault parameterized system dynamics ([B.3]), the

output tracking error dynamics takes the following form,

~(ets) 1 0 0 ¢f 0 0
o]
. -1 —(02 + 32) . 0 0 1/12T 0 ~ _8’%0:;1) A
s = . L O + : R(u)
: 1 : : : :
b* T T aa —
0 1 —(cp +55)7 v Yy B L %Tml -
.A Bg* B’%
(3.41)

where z := [{2;}¥_,]7 is the tracking error vector and the matrices in (B4I) are denoted by A(z,t) €

R®*®, Bp. € RE*PTm+1) 4pq B; € R¥. For simplicity of representation, the short hand notation s;
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in the matrix A, is used for the following expressions given below.

sy =il si = eallvill* + g

00i-1 H2 (3.42)

=
5l

3= Sp(IYol? + o1 + 1181%) + g0 | =3 (3.43)

As defined earlier, the parameters ¢;, ¢ and g; for i = 1, p and j = 2, p are positive design constants

chosen by the designer. Now, we are well equipped to state the following theorem.

Theorem 3.3. (Piecewise stability properties under first layer of adaptation) Let us consider the
output tracking error dynamics in (3.41) whose solutions are defined fort € [Ty, The1) for h € W.
Under Assumptions 3.1-8.6, and the adaptive law 9(# (t) in [BI2), the solutions satisfy the following
properties: (i) z(t) € Loo[Th, Tht1), x(t), 2(t) € Loo[Thy, Thi1); (i) z(t) € Lo[T}, Thy1). Further, if
Thi1 — o0 and the actuator failure pattern remains fized within [T}, oo, asymptotic output tracking

is guaranteed, that is, tlim z(t) = 0.
—0o0

Proof of (i). The proof will be completed in two steps. In the first step, the boundedness of all the
closed loop signals shall be proved for the interval [T}, Tj11). Secondly, to prove asymptotic stability
of the tracking error z(t), it would be shown to belong to class of £2[T}), Tp+1) integrable signals. A
Lyapunov function V (¢) for ¢ € [T}, Th41) defined as Vi (¢) in (B.40) is therefore called upon. The
analysis is done as follows. Using (3.29)),(3.30), (8:36) and invoking the sum of squares inequality with
0* .= [07 05 03] =: [b* k* @]T yields,

d 1181011 Héz( )H2 2 e
= (Sl12)?) < ~MQellzl? + = - + =
i (5141%) < @i+ 3| =8 : R
(15112 112 =) 2 212
SO ) L O G
4 K3 c Cp g
(10l 1801
<A 242 L = 3.44
e e (3.44)
. o7 L - Y _ 2
where Q := diag{ci,...,co1,7¢co} > 0, € Z o> ¢ = min{¢, ¢y, cp} and g := 3 . From

= i=2
Theorem 3.1, it is already proved that the prOJeCtIOIl operation within the set Sy« ensures 6;(,) €

Loo|Th, Thi1), i = 1,3 and é(u) € Lo[Th, Thy1) implying ||| € Lo[Th, Thyi1). Therefore, the differ-
ential inequality (3.44) is solved in the interval [T}, T}41) for h € W as,

2, 1603 ] o5

(‘JII v

- 1 HH
12l (T, Thir) < ||2(Th) e A(Q)t [ :

2¢/A(Q)
From (B.45), the property of z(t) € Loo[Th, Th+1) is proved and since the reference trajectory and its
successive time derivatives are assumed to belong to a compact set so the plant state vector z(t) €
Loo[Th, Tha1) and 2 € Loo[Th, Tha1). Hence, the closed loop signal boundedness for t € [T, Tpy1) (h €
W) using the proposed controller is proved. [
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Proof of (ii).
Now it has to be shown that z(t) € Lo[Th, Thi1). Therefore, proceeding with the proof, let us first
represent the closed loop system in ([B:41]) using the definition 6] = 61 + 6 as

—(c1+ 1) 1 0 0 ¢{ 0 0
o)
. -1 —(02 -+ 32) - 0 0 wg 0 ~ _8'%0((;) I
4= . ) 0 0wt : R (1)
3 T T Ooy—
0 =1 —(cp +5p)7 v Y, B L 3'%1)1 .
A B@* B,

Thereafter, the matrix By- is factorized such that By« := M(z, 0, t)®T (z,v). Where,

1 0 e 0 0
A —gu 1 ... 0 0
M(Z, 9(#)7t) = . . . " . (3.46)
8ag,1 8ag,1 8ag,1 .
T 0 Oxa Oz,
Hereafter, we define an auxiliary variable 9 := 2z — M&(,). With this choice of ¥, we arrive at a

dynamics in ¢ driven by only Lo-integrable inputs Z,) and fi(u) described by the following differential
equation defined for ¢ € [T}, Thi1).

9 =AY+ [-M + AM — MA,] &,y + B:f (3.47)

f\}l(z,é(u),t)

Now, finally if 9 is shown to be La-integrable in the interval [Ty, T}11), the tracking error z(t) €
Lo[Ty,, Thy1) is proved. Proceeding with this objective, we compute,

d /1 . - .
= (5101°7) < 19TA19+19TM(z,9( 1, )& + 07 By

< - NI —

8Z Ja; i
e 1H 92 + Za(;wl 10 + 0T M,

=1

d /1
—t(gumﬁ)g—xgnwwﬁ LTy (3.49

Using Peter-Paul inequality (Appendix [A.2.3]) with the factor A(Q) for the third term in ([3:48) leads

to,

[Es
2 zx()

Using (848) in (3.49) results in the following differential inequality given as,

9" M) < A(Q) IMIZ 12 1 (3.49)

lrg P IMIZ 12|17

7 (GI9IR) < ~x@o)? + A (3.50)
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The boundedness of M() is ensured if M, M, A and A, are bounded. The bounded variation of
M is inferred from the choice of the virtual control laws «;, i = 1,0 — 1 and control law v. Since
& € Lo as shown in the earlier section of the proof, the regressor ®(x,v) and the matrix A, is
bounded. The matrix M is also found to be bounded in ¢ taking into account the following signal
properties, 2 € Loo[Th, Thi1), 6 e Lo[Ty, Thy1) and the partial derivatives %—AZ/‘, aa—/gl being time
bounded continuous functions. Therefore, the matrix M|z, H(M),t) is bounded. Finally, the inequality

in (350) is rearranged and then integrated for the time interval [T, T}41) leading to,

Thy1 19(T3) ||? 1 Tht1 Thy1
J)2dt < +— / i dt + 5375 M / Z(wlPdt < oo (3.51
/| Pl < St gy Sy Tl Ll Ll (3.51)

With a reasonable consideration that ¥(7}) is finite and I%(u), T() € L2[Th, Thy1), the signal property
of 9(t) € Lo[T}, Thy1) is easily concluded from (B5I). Further, z(t) € Lo[Th, Thy1) follows from
the Lo-integrability property of ¥(t). Finally, if 7;,1 — oo, invoking Barbalat’s Lemma [69], z(t) €
Lo[Th, 00)N Loo[Th, 00) with 2(t) € Loo[Th, 00) infers asymptotic stability of the tracking error vector
z(t). The proof is complete. [

As mentioned earlier prior to Theorem 3.3, that the total Lyapunov function V'(¢) is discontinuous due
to sudden jumps at the actuator failure instances T}, for h € Z,. The initial time instant when no
fault occurs is indexed by h = 0 and given by Tp. The magnitude of the jumps in V (¢) at the failure

instants T}, can be calculated as,

- 1Lar -15 -15 -1\92 _ A
V(LN - V(T ) < ge(u)(T;)rM ) (T;7) — ‘9w>( 0 00 (Ty) < §>\(Fu 0 =A  (3.52)
Further, let us consider the entire time range, i.e, t € [Ty, T), where Ty and T denote the initial and
final time instants. Within this time interval, assume that the actuator failure pattern changes N times.

Therefore, using (3.52), the following inequality can be established.

V(IT)+ A< V(T ) +2A <

V(T‘) V(TY) <
LSV 4+ (R=1)A < V(Tp) + RA (3.53)

where X denotes the total number of times the actuator failure pattern changes. From inequality ([B.53]),
it can be inferred that if the actuator failure patterns vary with finite cardinality (finite number of times)
for all t € [Ty, T), the overall Lyapunov function V(77) is bounded rendering global boundedness of
the closed loop signals. However, infinitely occurring actuator failures would mean that X — oo with
T — oo. Subsequent unboundedness of V() can be concluded from [B.53) for [Ty, oco) with infinite
actuator failures. Therefore, it is not straightforward to prove the stability of the closed loop adaptive
system affected by infinitely occurring actuator failures. In what follows, we provide a stability analysis
ensuring closed loop signal boundedness globally for all time ¢ € [Ty, oo) and X — 0o. The theoretical

results obtained are stated in Theorem 3.4.

Theorem 3.4. (first layer of adaptation) Let us consider the closed loop adaptive system consisting of
the nonlinear system ([B.1)), the adaptive parameter estimation law [B12) and the control law in ([B.3T).
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By wvirtue of the assumptions 3.1-3.6 and choosing the initial time Ty = 0, the following results hold.

(i) All the closed loop signals are globally bounded assuming that the transit time T* between actuator

failure pattern changes is finite. The tracking error z(t) finally resides within a bound is given

by,

. e+ 22T e\ (2 — e PT” 2A
<
Jim (0] < |7 ( L) = ) + (3.5

(i) The output tracking error zy = x1 — y, is energy integrable for t € [0, co) for a finite X and the
L5]0, 00) bound is given by,

2/[2(0)II2 + M [|Z ) (017, + (M = M*)([If,) (0)
20(Q)

2., +2X(0, o))

[2[l2 < (3.55)

(iii) Asymptotic convergence of the output tracking error z(t) to the origin is ensured for a finite W,

.e., lim z; —y, = 0.
t—o0

Herein M* and M are user defined parameters. The parameters ¢, v, p := min{2p, A(F;l)}, p=
min{A(Q), AMQu)}, € := YA(,?)g and T}, > 0 are design constant scalars and matrices. Further,
A is the mazimum magnitude of the jump due to occurrence of actuator failure given in ([B.52) and
R(0, T) denotes the total number of transitions the actuator failure pattern within the time interval

[0, T). The notations A(-) and X(-) denote the minimum and mazimum eigen values of the argument.

Proof of Theorem 3.4 (i)

To prove stability, the Lyapunov function candidate V' (t) for ¢ € [T}, T},+1) defined as V},(¢) in (3.40)
is called upon. The analysis is done as follows. From the inequality (8.17)) in the proof of Theorem 3.1
with the choice of P, = I, the following inequality is deduced.

| o
Ve
| =
B
E
o
+
Ny
<N
!
T
—
=
=
N
AN

<~ Qui( = MWePLE(

= 2 b A
=A@l II” ~ 5&(1“,12)”9(#)”2 (3.56)

IN

Further, from (3.44), it has been found that the following inequality holds,

d e (18,2 11602
E(gHZHQ)S—A(Q)GHZHerzl Pt (3.57)

Now as per the definition of V4 (t) in ([340), and using the above inequalities (8.57) and (3:44), the
first time derivative of V;,(t) for t € [T, Thy1) is calculated as,

- dre 1,. Lar 4
V() = =512 + 5l 12 + 300,05 8 |
2 -2 Y\ =2 ENvg 2. €15 2
< —AMQ)ellz]]* = MR Z(w IF — (§A(Fu )—4—§)|!9(u)H +4—5|!9(u)|! (3.58)
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Defining p := min{A(Q), A(Q,)} and choosing € = 73@;2){7 and substituting these relations in (3.58)
yields the following with solutions being defined Vt € [T}, Th41), h € W,

. ~ 6+2X(P_1)E -2
Vhl0) < —p(elll + g P) = 580y T 0 + | 5| B
+ 22X HE | - + 22X HeE | -
< —min{2p, AT )} Valt) + | —— N7 < vty + | 2( )C]f (3.59)

Now, stability of the overall control system affected by infinitely occurring actuator failures over the
time interval [0, oo) cannot be inferred from the boundedness of V},(¢) or rather V() over the interval
[Th, Th+1). Therefore at this point, let us call upon the total Lyapunov function V(¢) defined over
t € [0, o). Due to the random variation in the actuator failure pattern at each unknown time
instant Ty, (h € N), the Lyapunov function V(¢) would undergo random jumps at the corresponding
time instances between intervals([T}, Tp41)) of continuous stable evolution in accordance with (B.59]).
These instantaneous changes of V (¢) can be approximately expressed as impulses. The overall system
under infinitely varying actuator failure patterns can now be represented as a type of hybrid system
comprising of continuous dynamics, discrete dynamics and the impulsive sequence {T},} VYh € W
satisfying 0 <Top < Ty <To < ... <Tp < ...<Tp <T and T — oo as given below.

) ) e+ IXT7Y)E]
V(2 (), 0(ays 1) < =PV (25 Z ()5 O — |9, tell Thin) (3.60)
V(Z,(i(u),é(u),Th_,_l) < V(Z"%(M) é( )1 Th—i—l) 4 A Vh e W (3.61)

Where, A defined in (3.52)) denotes the magnitude of jumps in the Lyapunov function V' (¢) at the failure

instances Ty; V(T}, ) == lim V(t) and 6 denotes the upper bound on the parameter estimation error
=T
defined earlier. Invoking the property of continuous dependence of solutions on initial conditions and

parameters stated in (Theorem 3.4, [109]), the solution of the differential inequality (3.61) for any time
interval [T}, Tj41) is given by,

t
V(t) < V(Tp)e PE-T0) / o—p(t=3)
Th

0"ds (3.62)

€+ 2X(r;1)5]

Let us assume that actuator failure pattern changes occur between the considered time range [0, T') D
[Th, The1) with a finite cardinality RX(Ty, T) = (T — Tp)/T™* and Ty < T < oo. Now using ([B.53]) and
iterating the inequality (8.62), the following is obtained for ¢t € [Ty, T).

— _ T Ts T
_ +2X(T,HE | = _ _ _
V(T™) < V(Ty)e PT—To) 4 # i (/e‘p(T_S)ds +/e_p(T_5)ds +...+ / e_p(T_S)ds>
To Ty D1y, 1)
+ Z[e—ﬁ(T—Tl) e PT=T2) 4y o ~A(T=Trym)-1) 4 e—ﬁ(T—TN(TO,m)} (3.63)
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At this point, let us consider the initial time 7Ty = 0 and thereafter using the notation for the index of
the actuator failure pattern change h as defined earlier, the above inequality (3.63)) is represented in a

more compact form as follows,

) L oXT-1)E] 72 ROT)-1 ROT)-1 )
V() < V(0)e T + %k( Do e M) = BT e (T o) 4
h=0 h=0
R(0,T)—1
+A Z e—p(T—Th)_|_e—ﬁ(T—Tx(o,T))] (3~64)
h=1

It is known that two consecutive instances of occurrence of actuator failure are related by the transit
time T% := Tpy1 — Tj. Further, considering the final time 7" with [T}, Thpy1) C [0, T] Vh € W, the
cardinality R(0,7T") of the index set representing the number of changes in the actuator failure pattern

for t € [0,T) satisfies the inequality,

T—1Ty

N(Tp, T) =R(0, T)—h < T

, he{0,1,2,...,8(0,7)} ¢ W (3.65)

The inequality above implies (' — Tp41) > (R(0,7) — h — 1)T™* and (T — Tj) > (X(0,7") — h)T™* which
when substituted in ([3.64) yields,

=2 T ~/—1\=] [ R(0,T)—1 R(0,7)—1
07 e+ 2XI,)e _ . 3 _ .
- T | Y © —p(R(0,T7)—h—1)T —p(R(0,T)—h)T
V(T™) <V(0)e™” 3 5= [ > e’ +1[+A[ > ef +1
L J h=0 h=1
(3.66)
-2 T - -1 =" __AT*
0 |e+2XI;)e 1 —( e PT
< - = . = 1 Al ——=+1 .
G W P 2¢ (1 i > " (1 e (3.67)
=2 T N/ T—1\=] _ sk =
" e+ 2\, )| (2 — e PT A
—pT 7 [
< V(0)e Pt + > 5% ( T e (3.68)

Since, ||z||* < 2V (t), therefore using ([B.68), the ultimate bound on the tracking error z(¢) under

infinite actuator failures is derived as,

. o e+ 2T HE\ (2 — e PT” 2A
< .
Al =y ( e 1= | T 1= T (3.69)

With T > 0, the following stability properties are obtained from ([B.68]) V ¢ € [0, c0), viz. the closed

loop signals (z(t), T(,(t), Ou)) € Loo[0, 00). O

Proof of Theorem 3.4 (ii).
Although not straight forward, it is not very difficult either, to show the Ls-integrability of z(¢) for
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€ [0, 00). From the proof of Theorem 3.1 (ii), it is known that for ¢ € [Ty, Thi1),

Tht1 T

+ 1+1 _
12t < Vi (T) — AQu) /T lEl?dt + 5 (3.70)
h

Vi (Try) < Vi (T5) — A(Qm/

Ty

Utilizing inequality (B.70), the following holds for the final time T,

T T
Vi (T7) < Vi () = 2@, | ollPdt < Vip () + 5= 2@, [ NPt < ...

Ty
T
S Vi) +XOTE Q) [ g (.11)
From (B.71]), the £2 bound on the identification error Z(, is calculated as follows with 7" — oo,
* Vi, (0) 4+ R(0, 00)A
Fo|2dt < —& T <o 3.72
J S .72

Further, using the same procedure as in the proof of Theorem 3.1 (ii), the signal é(“) is proved to be

energy integrable. For clarity, the procedure is reproduced here. From (B.17]),

T T .
1 ) v 3
Vi (T™) < Vi (IF) — ’Y/ @ P& IPdt < Vi, (TY) — === / 10 l17dt <

T . T .
N ; x__7 5
Vi (T) + B — = /T 160 |2dt < Vi, (0) + RO,T)E — =L /0 16 |dt
N

AI%) A7)
(3.73)
Hence, the inequality (B.73) proves é(u) € L5]0, 00) and rearranging ([3.73)) yields,
0 AMT52) (V) (0) + R(0, 00)A
[ igytPar < 0 V@ 20200 (3.74)
0

Using the auxiliary variable ¢ := 2z — M2 defined earlier in the proof of Theorem 3.3, the following

inequality is inferred from (B.51l), (B74) and (B72) that,

19(0)[* ! 2 [T e
/0 917t < “55 s +4§A(Q)/o 8o lIPdt + 5 N )2HM|| / |z gl2dt <00 (3.75)

Since, under possibly infinite actuator failures, the global boundedness of all the closed loop signals

are proved in the earlier section of the proof, using similar arguments, M() is inferred bounded for
t € [0, o0). Hence, ¥ € L2[0, co) and by the definition of ¥, the tracking error vector z(t) € L2[0, o)
is concluded. Finally using the inequality (a+b)? < 2(a?+b?), the £3[0, oo) bound of z(t) is calculated

as,

e [9(0)[I? 1 /OO PNIL: M /OO =2
/0 Jelfar < S+ sy | 10wl + 55 [ P (3.76)
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Where M := (|M||Z + 2A(Q)%[|M||2,)/A(Q). The above expression can be further simplified as,

i XD M L
2]z < A(Q) [Hv&‘(0)|]2 + < 2;7 +A(Qu)>(v(“)(0) +R(0, 00)A) (3.77)
2 X(Pf) M o\~ 9
0 )[ 120 +< 2% A + M) (0I5, +
X2 M N s e :
-1 A :
25 +A(Qu)>(”9( (0)[I2-1 +28(0, 00)R) (3.78)
Finally, considering the notations M := 0.5X(T" L O A P Q)M + M* and M* = |M|%

yields the expression for ||z||2 for t € [0, o0) in Theorem 3.4 (ii). O

Proof of Theorem 3.4 (iii).

Now when the number of changes in the actuator failure pattern is finite then the variable N is bounded
by a finite natural number. Further, it has been shown in the proof of Theorem 3.4 (i) that the triple
(2, Z(u) é(u)) € L]0, o0) and Z € L]0, o0). Therefore, for a finite N, inequality (3.78]) leads to
z(t) € L2]0, o00). Therefore, invoking signal convergence Lemma, asymptotic stability of z(t) to the
origin is guaranteed as t — 0o. The proofs are complete. [J

Now, we state Theorem 3.5 which states that the closed loop system under the action of the proposed
controller with dual layer adaptation hold similar signal convergence properties as those obtained
from the first layer adaptation based controller. Different from first layer adaptation based controller,
the proposed FTC with the second layer of adaptation substantially improves the output transient
performance. This is a theoretical claim which would be proved after the stability proof of the closed
loop system under the action of the proposed control law.

The following lemma would be helpful in deducing stability proofs to follow later in this section.

Lemma 3.3. For a time varying system & = A(xz(t),t)¢, the state transition matriz satisfies the

condition, || exp(A(x,t)(t—to))|| < kexp(—co(t—to)), with k and co being some positive constants [109].

To analyze the convergence properties under second layer of adaptation, an additional adaptive

identification model is defined as,
iy = Az, t)(&s — x) + 7 (2, 0)0 (3.79)

The number of adaptive identification models is given by N = p+ m + 2. The initial condition for the
R p+m+2 R
parameter estimate at the second layer of adaptation is given by 0s(to) = > wu(t0)0(,)(to). The
pn=1

TH-2198 11610211

71



3. Adaptive Multiple Model Fault Tolerant Control (AMMFTC) of Nonlinear Uncertain
Systems with Actuator Failures

adaptive law governing the parameter estimate 0 at this point is calculated to be,

. p+m—+2 . p+m-+2 o p+m—+2 p+m-+2 o
0,(t) = Z Wyl ) + Z Wby = Z WLy @ BT () + Z Wb 1)
pn=1 pn=1 pn=1 pn=1
t p+m—+2 ~ p+m—+2 o
=Tu®P, | exp(Alx,7)(t —to—7))®T Y by (r)dr + > by, (3.80)
to p=1 n=1
t p+m+2 ~ p+m-+2 o
<T,®P, | kexp(—co(t—1to— et Z W0 dT + Z Wb (3.81)
to pn=1 pn=1
~ p+m+2 A p+m+2 ~ p+m+2
Now using the equality 6, = 0* — Y7 w.0,) = 0" — > w,(0" —0)) = > Wb, in B30
pn=1 pn=1 pn=1
yields,
2 ptmi2
0, = ®(x,0)Puiis + Y by, (3.82)
pn=1

In [382)), it is observed that if the weights w, were known then ﬁ’u = 0. Hence, the adaptive law
governing the evolution of 65 would be similar to those designed for the individual adaptive identifi-
cation models in (3:12). This explains that the identification model (B.79]) obtained through a convex
combination of all the (p + m + 2) adaptive identification models would have the same estimation
error convergence properties as stated in Theorem 3.1. Hence, the choice of the adaptive identification
model in (379) under the second adaptation is justified. The stability results in regards to second

layer adaptation are stated in Theorem 3.5.

Theorem 3.5. (Stability properties under the proposed dual layer adapted estimation) Let us consider

the closed loop adaptive system consisting of the nonlinear system ([B.1), the adaptive parameter esti-
A A p+m+2 A
mation 05 under the second layer of adaptation given by 0s := 3 w,0(,), the weight learning law
pn=1
w in B23) and the control law [B3T). Considering assumptions 8.1-83.6 hold and choosing the initial

time Ty = 0, the following results are stated.

(i) Considering the nonlinear system is subjected to infinite actuator failures and the transit time T*
between actuator failure pattern changes is finite, closed loop signal boundedness is ensured for
allt € [0, o0).

. o2 — P 2A
< .
lim [20)] < || 220 (1 - e_,m> - (389)

(i) The output tracking error zy = x1 — y, is energy integrable for t € [0, oo) for a finite X (finite

transitions of actuator failure patterns)

(iii) Asymptotic stability of z(t) = 0 for a finite R, which means that tlim 1 — yr = 0. Where,
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AT He+26 MY
':( ) R

allure tnhauce arameters aue 1o change 1n actualtor jawure pattern. € fintte posiitive transt
lure induced p ters due to change in actuator failure pattern. T* the finite positive transit

)52 and A is the mazimum magnitude of the sudden jump in the

time between two simultaneous changes in actuator failure patterns. Further, v, ¢, g and I' are

positive design parameters while  denotes the bound on the parameter estimation error defined
in (3.39).

Proof of Theorem 3.5 (i).
In order to proceed with the proof, firstly, equations ([379) and ([B80) are called upon to form the

estimation error dynamics at the second layer as,

Iy = (Ag — v®(z,0)T ®(x,v)P)is + (2, v)T 0, (3.84)

. _—

0s =T®(z,0)Pis + Y by, (3.85)
pn=1

For ease of analysis, we consider I', = I" and P, = P for all p = {1,2,...,p+m+ 2}. The closed loop

tracking error dynamics at the second layer of adaptation can be rewritten from (3.41]) as,

—(c1 + 51) 1 0 0 v o 0
day
4 —(ca +52) ... 0 0 I o |. — 9% .
P . ( ) PR R R A S
: 1 :
b* T T Oy,
0 — I e v Y, B - aog‘(’u)l
A BQ* B"%
(3.86)

The subscript s is used here with signals undergoing the second layer of adaptation. Further, the

equation (3.8)) is simplified as follows,

. p+m+-2
0s =Td(z,v)Pis + Y _ b
p=1
= F(I)(:L', ’L))Pi’s + l[)le(l) + ...+ wp+m+10(p+m+1) = (12)1 i S wp+m+1)0(p+m+2)
p+m+1 )
=T®(z,v)Pis— Y wu(0pimsz) — 0() = T®(x,v)Pi, — w' O (3.87)
p=1

where, I' = 1", P, = P and A,, = Ag are so considered for simplicity of calculations. Further, the

vector © := [{é(p+m+2) - é(ﬂ) }/’f:ln“]T. With P = I, as considered earlier in the proof of Theorem

3.4, 0, = —és, equations ([3.84), (B.87) and subsequently applying Peter-Paul inequality with the factor
YA 72) yields,
d

L ;
a<§”l’s”2 + §QZF 193) < _ng:ES - 7H¢$5H2 +

\\55”2 YAL™2) | ip o
AT + 5 | O (3.88)
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Now invoking the inequality, ||®(z,v)Zs||? > A(F_2)(Hés|l2 + H@T(:)H2) and applying the same to (3.88)
gives,
165> AATT?)

d /1, . 1or g5 T A A
gt (3107 + 30T718,) < ~a1Qi, + 5y = 5 16)? (3.89)

From (3.44)), it is already proved that the tracking error z(t) satisfies ISS property. Therefore,

59 A 2
d 16 +H9§||] (3.90)
g

€ 2 2 €
— (= < — s
= (511217) < =MQell=ll? + 7| =

With respect to the second layer of adaptation, a total Lyapunov function V : R® x R® x RPtm+1
[to,0) — Ry is considered with V' (t) = Vj(¢) for ¢ € [T}, Th1) similar to (3.40) as shown below.

1 1~ -
V() = 5l + 531 Pi,+ 070714, (3.91)

The function Vj(t) is continuous and differentiable. Adding (3.89) and (3.90) yields the derivative of
Vh(t) vt € [Th, Th+1) as,

o € X ¢ C\  ~
Vi) < ~MQelsIP = MQUBIE = (FA02) = YR + (Tt ) 1612

AT 2)e + 26\ | ~
P2 )20 14,2

1A (D) (3.92)

< —p(ell=l? + 170) + (

The inequality (3.92)) results from the choice of € = YA(I'"2)g. Further, this resulting inequality can

be rearranged as,

) 5 5 “2)e+26  MT7H\—
Vilt) < —pellal? + |2) - 5000, + (BEDL 2L AN oy
2)e+ 98 M\,
S—ﬁvh(tn(”i(;é(}jf +A(F2 ))92 (3.94)

Where p := min{2A(Q), 2A(Q), A(T~!)}. For simplicity of representation let us denote the second
WAT2e+2¢ M7
ZpT?) 2
Vh(t) < —pViu(t) + #8°. Since & is a function of constant design parameters and 6 is finite so

o : =2 .
term in inequality ([B.94) as & := ( >9 so that (3.94) can be written as,

2(t) € Loo[Th, The1). All other closed loop signals are proved to be piecewise bounded that is for
t € [Th, Thy1) (h € W).

To show the stability of the closed loop signals for all time ¢ € [0, co) under infinite actuator failures,
similar recursive analysis as in the proof of Theorem 3.4 (i) is done to infer the following. The total
Lyapunov function V(t) is used and following inequality relating the final value V(T') and V(0) is

derived. Herein T' denotes the final time and T — oo. The analysis is not repeated here for the sake
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of brevity.

—5T* -~
_ —pT —of2—e7F A
V(T™) <V(0)e + .20 (1 — e—ﬁT*> + p— (3.95)

(3.96)

The notations in the above expression (3.95]) have their usual meanings as discussed in the proof of

Theorem 3.4. Therefore, the £,[0,00) bound on the tracking error is derived to be,

. o2 —ePT" 2A

Proof of Theorem 3.5 (ii)

To prove that z(t) € L2[0, 00)
p+m+2

Since T = Z W, Ty and Z(,) € L2]0, o0) (=1, p+m + 2) is ensured from Theorem 3.4 (ii) for
P

a finite N, it can be concluded that Z; € £2[0, co). Herein, the property of convex hull will be exploited
p+m--2

which yields )} ¥,y < Z(,) since W, € [0, 1] by design. Therefore, the following inequality holds.
pn=1

oo . p+m+2

o 2 o
/0 |ygz5|y2dtg/0 H 3 wuiz(“)H dtg/o | |12dt < oo (3.98)
p=1

Thus from [B.98) &s; € L£2[0,00) follows. Thereafter, since z(t) € Loo[0. o0) from Theorem 3.3, the

regressor matrix ® € L]0, 0o). Further, let us define 0= [{6’ p+m+2)} ;TH]T and then derive

the expression w=AXTAXG = M(t)w from (3.23) with AX = {Zw — Tprm+2) }p m+1]T. It is
well known that £, spaces are closed under addition, so AX € L]0, oo]. The parameter adaptation

law at the second layer is given by,
0, =T®Pz, + w'O (3.99)

Squaring both sides of ([3.99), using the inequality (a 4 b)? < 2(a? + b?) and subsequent application of
the integral inequality yields,

L/ 16,2t < 2X(T2)X uﬂm¢wlé ufﬂ%u+2mm@ié |2dt (3.100)

0
sﬁ@ﬁwwwi/ummﬂﬂ@@mmmw&/|mﬁﬁmw (3.101)
0 0

Now the boundedness of the integral in the second term of inequality (3.I0T]) is inferred by applying
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Holder’s inequality and thereafter invoking the £ integrability property of AX (t) as follows,

/ IAXTAX | dt g/ IAZ || AX|dt < ¢/ HAX(t)H?dt\// IAX (B2t < 00 (3.102)
0 0 0 0

Hence, from (3I0I) and (3I02), it is proved that 64(t) € L]0, oo). At this point, let us define
an auxiliary variable ¢ := z — MZ,; which is similar to the one defined in Theorem 3.3 to prove
z(t) € Lo[Th, Thy1). Using the closed loop output tracking error dynamics ([386) and (B.84]), the

dynamics of the transformed variable ¢ is described by,
9 = AV + Mz, + B (3.103)

Where M == —M + AM — MA and A = Ay — v®T®P. The matrix M has been defined earlier
in (340). Now the system dynamics in ([B.103) is driven only by L, inputs. The analysis until the
derivation of finite Lo bound for the signal ¥(¢) is same and hence not repeated for brevity. Instead,
the derived inequality (3.51)) is utilized to infer the following,

/ " onear < WO L1 / a2t + ——— A2 / TlafPd <00 (3104)
0 —2)MQ)  4gA(Q) Jo 2)(Q)? 0

Hence, using inequalities (3.98), (BI0I) and (B:102), it can be concluded from (BI04), that ¥(t) €
L2]0,00) implying z(t) € £2]0, 00).

Proof of Theorem 3.5 (iii).

Now that it is proved that for a finite N (signifying a finite number of changes in the actuator fail-
ure pattern), the tracking error z(t) € L3[0, 00) N Loo[0, 00) and its derivative 2(t) € Loo[0, 00).
Hence, invoking Barbalat’s Lemma, asymptotic stability of the tracking error dynamics is proved and

tlim z(t) = 0. The proofs are complete. [J
—00

Remark 3.2. The essential attributes of the proposed control scheme in regards to infinitely occurring
actuator failures and their subsequent effect on the bounds of tracking error vector z(t) is illustrated
in Figure [3.4] It is a schematic representation of the stability properties and inferences drawn from
Theorem 3.4 and 3.5 to support a quick understanding of the interdependence between the transit time
T* between two successive changes in actuator failure pattern, controller gains and the Lo bound on
the tracking error z(t). From Theorem 3.4 and 3.5, the condition T* > 0 is derived to be a principal
criterion which must be satisfied to yield boundedness of closed loop system trajectories. Figure [3.4)]
demonstrates that a decrease in the transition time T results in increased magnitude of output over-
shoots which however can also be decreased by incrementing the controller gains accordingly. Moreover,
it is observed that decrementing T gradually effects the output transient performance adversely until

the transit time reaches a neighborhood close to zero which results in ||z(t)|| escaping to infinity.

Remark 3.3. It is worth mentioning that the adaptive fault tolerant controller proposed herein is

general in the sense that it can be easily applied to control design problems dealing with no failure,
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Tracking error bound ||z

Figure 3.4: Illustration explaining the interdependence between | z||oo, controller gain parameters and actuator failure
transit time 7'

finite actuator failures and infinite actuator failures. The bounds on the tracking error derived for the
case of infinite actuator failures can be wutilized to calculate similar bounds in finite actuator failure
scenarios by considering the limiting value of the inequality B70) as T* — oo. Further, unlike the
works in [5, 31, 32, 71], apart from yielding closed loop stability in the case of intermittently changing

actuator failure patterns, the proposed adaptive controller is also capable of compensating a larger class
n;

of actuator faults modeled as u;j(t) = Kjpupj + tpjn + Y kjnifini(t), where K;p, tpjp, kjni for
i=1

Jj = 1,m are unknown constants and fjpi(t) are unknown bounded basis functions. The proposed
scheme s also believed to yield promising results when applied to nonlinear uncertain systems with

frequently varying unknown parameters and external disturbances.

3.2.3.2 Transient Performance Analysis for the Proposed AMMFTC

In this section, it is shown that the proposed adaptive control methodology using multiple adaptive
identification models results in an improved transient performance compared to the results achieved
using a single identifier based backstepping controller. To proceed with the analysis, we state the

following result,

Theorem 3.6. Let us consider the nonlinear uncertain system [B1I), the control law [B3T), the identi-

fier BII) and the adaptive law BI2)) at the first layer followed by the second layer of parameter adap-
A p+m+2 A~
tation yielding 0, = 3 W0, with the weight learning law B23). With the choice of P, = P = I,
pn=1
Ay = Ao as a Hurwitz matriz, -y > 0, AgP +PAg = —Q and the adaptive rate parameter I';, > 0, the
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following inequality holds for t € [Ty, Thy1), h € W,

ek
ye

where, the parameters are defined as ¢ := min{c, c,, o} and p := min{A(Q), A(Q)}.

N 2
Zw (Tn O(M)(Th)H (3.105)

(['\33II| =

21 < (Tl +

Proof.
The derivation follows a similar procedure as given in [69]. With the choice of design parameters as
stated in the Theorem 3.6 above, using (3.84]) the identification error dynamics under second layer of

adaptation is described by,

Is = (Ag — y®(z,0) T B(x,v))Es + (x,v) 70, (3.106)
p+m+2
0, (z,0)%s + Z W, (3.107)

Therefore, it follows that, the differential inequality given below holds,

d 1 .
5<§Hxs|12) = —iTQ, — || ®(x, v)is|? + 7107 (2, )8, (3.108)

Applying Peter Paul inequality to the above equality with the factor v > 0 yields,

2, 0)a|* 16>
2 2y

d sl . T~ .
= (518I7) < =37 Qas — 0@, V)| +

= (3.109)

Thereafter, substituting the inequality ||®(z,v)Zs|> > AT~ )(Hé’ I? + HwTGH ) in the inequality

(BI09)) results in,
d 7 ’Y)\( 1612 4 A
_ s < — s — 0
9 (L.I?) < &7 Qr 16,12 + 1
- A( = 161
< — 2 _ 77 2 2 i LI .
N e (3.110

Now using the tracking error dynamics (B3.80]) obtained by substituting the parameter estimate 0, after
second layer of adaptation and the inequality (3.90) yields,

d (el + 7 s (e A )
JR— P S < _ AP .
dt( 2 > < —p(ellz]]® + [|2sI7) + 4_ ||9 < — 5 1 LA (3.111)

Where, p = min{\(Q),A(Q)}. Thereafter choosing ¢ = YA(I'"2)g and integrating both sides of the

inequality from T} ~ t results in,

2 a2 2 1~ 2\ —2pt ve+2e\ [* ou-ns 2
ellzll” + 1217 < (elle(T)II” + |12 (Th)[*)e™ " + “2eve | )y € 10s(7)||"dr (3.112)
h
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Finally, taking the supremum of f4(7) implies

Hz(tmg\\z(Tmue—f’w\/%_p(;_ j) 164l (3113)

Thereafter performing trajectory initialization procedure mentioned in [69], that is setting z(7,) = 0
the bound on z(¢) in (BII3) becomes,

120 < %z_p <2i + %) 05T (3.114)

Further, the bound on z(¢) using a single identification model can be similarly derived in a straight-
forward manner as follows. Using the adaptive identifier with the parameter estimation law in (3.1TI)
and ([3.12)), the inequality below holds with P = I,.

d . ~ ~
dt( 1) = ~35) Qu ) = WD, 0)F( I + 75,y @7 (2,0)0
i a7 I A
M@l 2 = B 0} | + 1B, 0) |7+ 3
- (29§
< ~3@uEg I - G d 2 + Pl (3.115)

In regards to the tracking error dynamics (B.41]) by the parameter estimation from a single identifier
the following is satisfied,

d 9 € Wi 12 € ;i 19
< — - _
ﬁ(EWH>_ MQMVH+4JQMH+4JWMH

(3.116)
Adding (B110) and (B.I16]), we get,

g<6H2H2 +I2 |I°
dt

2 4 |z |12 e 1 o (AT e )i e
5 > < —plellzll” + |2 [I7) + (40 + >H wll” — <T _ 4_§ 18|
(3.117)
Choice of € = YA(I'"2)g leads to,
d el + gl L 2
= < _
S(EEEL) < el + a0l + =+ 5 100 G.118)

Therefore solving the above differential inequality, the bound on z(t) after simplifications and trajectory
initializations (z(7},) = 0) is found to be,

J=0)le < —= (i + i) 16T (3.119)
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Let us define BI14) as [|z(t)||z.. (M M) being the Lo output transient bound using the proposed
method and that in (3:119) using a single identification model as ||z(¢)|| .. (SM). Dividing (3.114]) by

BI19) yields,

|75 6 (1)
le@lenrary N RO (3.120)
12|z (SM) 18, (T '

The above inequality is derived using the fact that any convex combination of elements in a convex
set even if they lie on the boundary always resides inside the convex hull formed by them. Based on
(B120)), the following is concluded.

e When h = 0, inequalities (3.114) and (8.119) gives the L]0, 77) norms for the tracking error z(t)
before the occurrence of the first actuator failure. Increasing the backstepping control gains ¢;
for 1, p would result in an increment in z(0). Although such a measure may improve the output
performance for ¢t € [0, 77), it actually increases the upper bound of z(¢). This would result
in an increased control effort and contribute to an cumulatively increasing magnitude of output
overshoots with each change in the actuator failure pattern. However, if trajectory initialization
is performed, i.e. setting z(0) = 0, the transient performance in the £, sense can be improved
by incrementing design parameters ¢; and v. With reference to (3.120), the proposed multiple
model based control method additionally enhances the output performance by further decreasing

the L5[0, 71) norm of the tracking error.

e The cases with h > 0, represents actuator failures at time instances 71, T5,...,Tp,..., Tk with
each Tj, € [0, T'). Unlike the previous case with h = 0, attributed to the unknown time, pattern
and magnitude of occurrence of actuator failures, trajectory initialization is not possible. Achiev-
ing a stable, fast and accurate output performance in indirect adaptive control directly translates
from the fact that how rapidly and accurately are the unknown parameters estimated.The pro-
posed controller exploits this distinct feature of indirect adaptive control. Instead of increasing
the values of design parameters ¢; (i =1, p), 7 and T, it reduces the £, norm of the parameter
estimation error. Thereby the L., norm, that is, [|2(¢)||(r;,, 7;,+1) is reduced. Hence, the proposed

control technique using multiple identification models offers an additional design freedom.

In conclusion, the adaptive control methodology proposed in this chapter proves to be beneficial in
reducing the transient peaks at both instances of start up and post failures without trajectory initial-

ization and increment in virtual control gains.

3.2.4 Simulation Studies

In this section, two examples of nonlinear dynamical systems are considered to illustrate the benefi-
cial attributes of the proposed control method in compensating finite and infinitely occurring actuator
failures. Further, as an addendo, the superior output transient and steady state performance obtained
using AMMFTC compared to single identification model based control and the control technique pro-
posed by [6] is demonstrated through plots and tabulations.
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3.2.4.1 Numerical Example

Let us consider a multi input single output nonlinear uncertain system with unknown parametric

uncertainties as,

2

£ =00(&) + ()" + Y big; ()

j=1
y==E& (3.121)

where the state vector is defined as ¢ := [¢1, &, &]7 € R? and x* € R3 denotes the unknown system

parameter vector. The nonlinear functions are defined as follows,

0
S5} :
po=| & |,p= 2 (3.122)
1—e®
§283
14 e %
T
2+ &2
3.123
g1 g2 1 +£§a ) ( )

The system model is the same as considered in [6]. Similar to [6], the nonlinear system in (B.12])
can be transformed to the form in (3.I)) by using the transformation [ x1 z2]7 = [Z(€), Z.()]T =
[—& + & +tan 1 &3, &, &3], The transformation .7 (€) is calculated by solving the partial differential

. 3 0.9, 3 07, ,
equations, | Y3 ——g1, >, =—g2| = [0, 0]7. Therefore, the transformed system is represented as
=1 08~ (=1 O
follows,
2+ 22 1
1= -4y +tanlx 2 gy + ———K* 3.124
n n+ T2+ 2+1+$%<12+1+6_l«2 > ( )
1 = X9 + w%/ﬁ*
2
: 1—e ™2
To = T1T2 + mlﬁ + ]Zl bju]' (3.125)
2 —x
It is seen that the internal dynamics in (B125) is ISS since the functions tan™! s, ?Izé and L‘rz,zz
are bounded Vxy, xy. Further the zero dynamics obtained by substituting [x1, zo] = [0, 0] gives
n = —n + 2k*. Now since k* is a constant, therefore the zero dynamics is stable. Hence, the design

Assumption 3.6 is satisfied.

Two scenarios are considered to demonstrate the effectiveness of AMMETC in compensating finitely
and intermittently occurring actuator failures, respectively. The unknown parameters considered in
simulations are k* = 2, b] =1, b5 = 1. The reference trajectory to be tracked by the system output

is y, = sin(¢). The reference signal is so chosen that it satisfies Assumption 3.4. The actuator failure
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model representing Scenario 1 , is defined as follows,

B 5, t € [50, 100) B
w(t) = { ug1(t), te€[0, 50)U[100, oo)  wlh) = { ura(t), T €0, 100) (3.126)

Further, the intermittently occurring actuator fault/failure considered in Scenario 2 is described in

BI27) below.
ui(t) = apjpn, te [T, (h+1)T"), h € N\2N (3.127)

The transition time between each change in the actuator failure pattern is considered to be T* =5 > 0.
The value at which the actuator gets stuck corresponding to Scenario 2 is given by upj;, , = 5. The

bounds on the unknown parameters are given below.

1< k" <3, 0.8<|bj|<1.4, 0.6 <[b}| <2 (3.128)
0.5 < Kjp <1, |apjn <6, j=1,2. (3.129)

Hence, Assumptions 3.2 and 3.5 also hold. The initial conditions of the system are given by £(0) =
[0, 0.4, 0]. The adaptive controller is designed using the AMMFTC methodology discussed in Section
3.3.2. The number of unknown parameters being 4, we choose N = 5 adaptive identifiers so that
the initial parameter vector estimates from each of the identification models form a convex hull. The
initial parameter estimates from each of the /N estimators are é(l)(O) =8 =6 07, é(g)(O) =
[1.5, 2.5, 6, 6]T, 03(0) = [2.5, 1, 0, 0]T, 014(0) = [2.5, 2.5, =6, —6]T, O3 (0) = [2, 1.5, 0, 0].
The controller design parameters for simulation are chosen to be ¢; = ¢c3 =5, ¢4 = ¢ = 3, g3 =
3, y=05 TI'1 =Ty =T33 =TIy =15 =40 x Iy and Ay = [diag(—5, —7)]. In order to provide a
fair comparison of the proposed control design with single model adaptive control and the modular
backstepping control (MBSC) approach by Wang et. al [6], the values of controller gains and other
relevant design parameters are chosen to be same. The output performance in regards to start-up and
post fault transient peaks and settling times, is calculated using root mean square (RMS) and integral
time absolute error (ITAE) metric of the output tracking error. A relatively lower value of ITAE and
RMSE from the results obtained with other relevant control schemes, signify a faithful tracking with
comparatively lower overshoots and faster settling time. Further, the input performance is quantified
using control energy (CE) and the total variation (TV) of the control signal. Total variation is a very
important measure which gives an insight on the frequency of input usage. The lower the value of TV

and CE, better is the input performance. The control energy is measured using the 2—norm of the
N
control input whereas TV for each of the control inputs is measured using the expression | |u;j;—; 1]

i=1
for j =1,2.

e Scenario 1 (3126): Under no fault conditions, the output tracking performance, the convergence
of parameter estimates along with the remaining system states and the control signals are shown
in Figures and [3.0] respectively. As proved in the theoretical analysis earlier, fastness of

parameter convergence and improvement in output transient performance using the proposed
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Norm of parameter estimation error Norm of tracking error
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Figure 3.5: Comparison of start-up output transient performance and parameter convergence obtained with Modular
Backstepping Control (MBSC) [6], single model adaptive control and proposed multiple model adaptive control

controller are clearly evident from Figure The proposed controller using multiple models
exhibits a superior output performance compared to a single model adaptive control scheme and
modular backstepping control (MBSC) [6] without significantly increasing the control energy.
Further, in the event of an abrupt actuator failure at ¢ = 50 s, the proposed control methodology
retains similar beneficial attributes in terms of rapid accommodation of actuator failure and fast
post failure output tracking with minimal overshoots. The above inference is drawn from the
simulation results provided in Figures B.7 and B8 In addition, a consolidated performance chart
summarizing the efficacy of the proposed controller relative to relevant existing adaptive control
techniques is furnished in Table 31

Table 3.1: Tabular comparison of output and input performance under Scenario 1 (3:126]).

Output Performance Input Performance
Control Schemes .
ITAE RMSE Control Energy Total Variation
U1 (%) U1 U2
Multiple Models 18.69 0.0134 3.644 x 10°  3.126 x 10° 131.72  297.48
Single Model 49.83 0.0268 3.643 x 103 3.102 x 103  147.78 305.48
MBSC 34.64 0.0195 3.639 x 103 3.106 x 10> 127.97 286.34

e Scenario 2 (B3121): This scenario demonstrates the robustness of the proposed adaptive controller
to intermittently changing actuator failure patterns unknown in time, pattern and magnitude.
The value at which w; is stuck is upj;, = 5. These eventualities are manifested in the form of

infinitely occurring parameter jumps which are uncertain and unknown in all aspects except for
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Figure 3.6: System states and control input with no actuator fault under Scenario 1 (BI26]) from ¢t = 0 ~ 50 s. (a)
Output state &2 = z1;(b) state &1;(c) state &3 = x2; (d) control inputs u; and us

the boundary set they reside in. Figure shows the boundedness of all the system states
and the control signals under this scenario with the transit time being 7" = 5 s. Further, the
theoretical result claiming the improvement of output transient performance with an increasing
T*, is verified from the simulation results obtained with 7" = 5 s and T* = 15 s in Figure
along with performance measures tabulated in Table The superior features of the pro-
posed adaptive control methodology are concluded from the tabulation of input and output
performances obtained using the proposed method, single model adaptive control and modular
adaptive backstepping control (MBSC) [6] techniques in Table
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Norm of parameter estimation error Norm of tracking error

0.07r
35} — M.ultlple Model 0.06! —_— M_ultlple Model |
— Single Model — Single Model
| o005} T MBSC
f 0.04
& 0.03f
0.02r §
0.01r
50 60 70 80 90 100 50 60 70 80 90 100
Time [s] Time [s]

Figure 3.7: Scenario 1. Comparison of post-failure output transient performance and parameter convergence obtained
with Modular Backstepping Control (MBSC) [6], single model adaptive control and proposed multiple model adaptive
control

Table 3.2: Tabular comparison of output and input performance for Scenario 2 (3.127) describing infinite actuator failures
with T* =5sand T" = 15 s

Performance metrics

Transit time Control Schemes Control Energy Total Variation

ITAE RMSE

ul u9 ul u9

Multiple Models 78.46 0.023  3.64 x 10° 3.09 x 10° 293.64 359.15

T*=5s Single Model 124.44 0.039 3.74 x 103 3.22 x 103 309.69 380.27
MBSC 111.08 0.032 3.67x 103 3.14 x 103 291.05 362.00

Multiple Models 56.10 0.018 348 x 103 2.99 x 103 180.41 299.11

T*=15s  Single Model 85.75  0.033 3.47 x 103 293 x 103 200.45 319.21
MBSC 62.93  0.026 3.47 x 103 294 x 103 181.15 327.89
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Figure 3.8: System states and control inputs with actuator fault under Scenario 1 [BI26]) at ¢ = 50 s. (a) Output state
&2 = x1;(b) state &1;(c) state €3 = x2; (d) control inputs u1 and us

3.2.4.2 Application to an Aircraft System

In this section, a problem of longitudinal control of Boeing 747-100,/200, a large transport aircraft

is considered. It is assumed that the aircraft is subjected to infinite number of PLOE and LIP elevator

failures at unknown time instants.

This example would further demonstrate the applicability and

proficiency of the proposed multiple model adaptive control scheme to practical systems. The aircraft

model parameters chosen for simulations along with their respective notations and definitions are
provided in Section 225l The longitudinal control dynamics of the aircraft can be referred to (2.57)-

([2358) and is not repeated here for brevity. The state variables are chosen as [r1, z2, 3, )7
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Figure 3.9: Comparison of post failure transient performance obtained with Modular Backstepping Control (MBSC),
single model adaptive control and proposed multiple model adaptive control in case of infinite actuator failures

[V, a, 0, ¢/ and u; = 6,,, ug = &, are the control inputs. The system dynamics required for control

design, are as follows,
.’i‘g = X4 (3.130)

&1 = a(x,n) + alz,mr* + Y b;Bi(€n)u; (3.131)
j=1

where k* € R models the unknown factor of additive uncertainty in system dynamics. It basically
denotes the deviation of the actual system model from its nominal model dynamics. The actuator

failure model considered for the elevators is as follows,
ul(t) = UFjy ks U2(t) = Kgyhqu TS [hT*, (h + 1)T*), h € N\ZN (3.132)

The above failure characteristics of the actuator assumes 7% = 10, the value at which the actuator
is stuck @pj, , = 2 and the LOE factor Ky = 0.7. Therefore, it is observed that the actuators
switch from their healthy state of operation to a faulty state at each time interval of 10 s. The
bounds on the unknown model and fault parameters are, [£*| < 1, 0.5 < [bj| <2, 02 < K, <1
and up;p < 5, j = 1,2. The initial state vector is considered to be [0.0162, 230, 0.0162, 0] and
w(tp) = [0.25, 0.25, 0.25, 0.25]7. The reference signal for tracking is given by y, = 0.1sin(0.05¢). The
controller design parameters are given as follows: ¢; = 30, co = 1, & = 0.1, & = 0.5, go = 107 and
£ = 0.01. The observer design matrix Ay = 5l2x2 and adaptive rate matrix I'y = 'y = '3 = I'y = 2l549
are considered in simulations. The number of models considered is N = 4. The minimum number

of estimators are selected so as to satisfy that the set {é(u) (to)}fyzl forms a convex hull Vt > t.
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Figure 3.10: System states and control inputs with intermittent actuator fault/failures under Scenario 2 (BI21). (a)
Output state & = x1;(b) state &1;(c) state €3 = x2; (d) control inputs u; and us

Therefore, the initial parameter set is constructed using the initial parameter estimates from each of
the N models defined as é(l)(to) =11, 0.4, 57, é(g) (to) = [-1, 3, 5], é(g) (to) = [1, 0.4, —5]T and
é(4) (to) = [~1, 3, 5]7, respectively. Similar to the simulation illustration of the numerical example
considered, the output transient and steady state performance is evaluated on the basis of ITAE and
RMSE.

The simulation results obtained are provided in Figures B.11] and In such an event of infinitely
occurring actuator failures, the boundedness of all the closed loop signals, namely, the pitch angle

6, pitch rate g, the angle of attack (AoA) « and velocity V along with the control inputs using the
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Figure 3.11: Comparison of start up and post failure transient performance obtained with Modular Backstepping Control
(MBSC), single model adaptive control and multiple model adaptive control in case of infinite actuator failures

proposed adaptive controller is shown in Figure Similar to the example considered in the previous
section, the transient at start up and post failure in addition to the steady state behavior of the output
is compared with those obtained using a single model adaptive controller and modular backstepping
control (MBSC) [6]. For the sake of a fair comparison, all the relevant design parameters for all the
three controllers are said to take identical values. The initial condition for the parameter estimate 0
in single model adaptive control and MBSC are taken to be é(to) = [~1, 3, 57 whereas the plant
initial conditions are x(tg) = [0.794, 230, 0.0162, 0]”. The results in Figure IT unveils the superior
convergence of the tracking error norm compared to adaptive control using a single model and MBSC
in terms fastness and accuracy of tracking. Quantitatively, the performance improvement is reflected
from the ITAE and RMSE of the output tracking error at start up using each of the three control
schemes. The ITAE values for the proposed method, single model adaptive control are recorded to be
0.00082 and 0.0898, respectively. Whereas, their RMSE measurements are calculated to be 0.00033
and 0.0079, respectively. Further, the enhanced performance for all time 0 < ¢t < oo is evident from

the zoomed figure in Figure B.111

Remark 3.4. From extensive simulations, it has been observed that the performance of the proposed
control scheme is directly proportional to the choice of sampling frequency. Further, a judicious low-
ering of the sampling frequency while maintaining boundedness of the closed loop signals, impacts the
performance of the proposed control design. Nevertheless, the magnitude of impact on performance due
to increment in sampling time, is relatively insignificant compared to results obtained in simulation
studies using adaptive control with single models and MBSC. For example, the MBSC based control
system with the aircraft example renders a faithful performance with a sampling interval of 0.0001

s. While, a similar or rather a better performance is achieved utilizing the proposed multiple model
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Figure 3.12: (a) aircraft pitch angle tracking error;(b) actual and desired aircraft pitch angle 8 = z3; (c) aircraft pitch
rate z4; (d) control inputs w1 and us;

adaptive control scheme with a sampling time of 0.005 s. Hence, it can be concluded, that the proposed

algorithm is efficient and suitable for real time applications with limited bandwidth.

3.3 Adaptive Multiple Model Fault Tolerant Control (AMMFTC)
for Uncertain Multi-Input-Multi-Output (MIMO) Nonlinear Sys-

tems

In what follows, the proposed multiple model adaptive control strategy is further applied to solve the
FTC design problem in nonlinear uncertain MIMO systems. Incorporating the event of occurrence of
abrupt uncertain actuator failures into the underlying system dynamics leads to several challenges in an

effective control design. Apart from unknown system uncertainties and being affected by unanticipated
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actuator faults and external perturbations, these systems inherently exhibit strong coupling effects
between each of their subsystems. Withal, adaptive fault tolerant controller synthesis for such coupled
MIMO nonlinear systems to effectively compensate actuator failures is indeed challenging. In the
following, the FTC design problem for MIMO nonlinear systems affected by actuator failures, system
uncertainties and unknown subsystem interactions is formulated and thereafter a control solution is

derived.

3.3.1 Problem Formulation

Let us consider a MIMO nonlinear system as follows,

5. % = fo(x) + ; kifi(x) + ]; g (X)u; (3.133)
o y = h(x)

The state vector of the system ([B.133) is denoted by x := [z1, Z9,...,2,]7 € R™. The vector y :=

[y1, Yo, ...,yq]T € RY represents the outputs while h(x) are defined as known smooth functions.
Further, fo, f;, g; : R™ — R" represent the vectors of known smooth nonlinear functions for i = 1,...,n
and 7 = 1,...,m. The terms u; defines the control inputs, collectively denoted by the vector u :=
[u1, ug,..., um]’ and k;, i =1,..., p are unknown constants.

Considering the system dynamics in ([B.I33]), the following assumptions are necessary.

Assumption 3.7. The system ([B133) has well defined relative degrees p = {p1, ©2,..., pq}, 1 <
i < n, fori =1, 2,..., n. Therefore the following equalities hold for j = 1,m, i = 1,q and
k= 0, i — 2.

p=1l
Lg,L{ hi(x) =0, Lg L{" 'hi(x) #0

The operator Lg(-) defines the Lie derivative of the argument in the direction of £(x). Further, the

nonlinear functions f; satisfy the conditions given below [102] for k=1,p, 1, =1,90; — 1 and i = 1,q,

Dy (Lg Ly~ hi(x)) € span{Dx(h1 (%)), ..., Dx(LE 7 by (x)), Dy (ha(x)), .. ., Dx(LE* " Thy(x)),
i—itri—1 q—pitri—1
Dx(hj(x)), .., Dx(Lg) ™" 1j(%)), Dx(hg(x)), - -, D (Lg"™ " hy(x))},

where, the operator Dx(-) denotes the partial differentiation of a function with respect to x € R"

0 0 0
resulting in a gradient vector Dx(-) := [8—951’ ErREEE 87] ().

In accordance with FTC literature, actuator fault in a system manifests itself in either of the forms
as under, (i) partial loss of effectiveness (PLOE);(ii) lock-in-place (LIP);(iii) float failure. However in
this work, LIP and float failures have been considered. Such types of actuator faults can be charac-

terized by a unified mathematical model with a piecewise defined input-output relationship as given
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below [100].

Kiupg: + up;, YVt >t
uj:{ JUH] + R =i T (3.134)

UF j, Vt<tFj

The term uy; and 4ip; denote the controller output fed to the 4% actuator and the value at which the
4t actuator is stuck under LIP failure, respectively. Float failure is the condition when the j* actuator
fails with @p;=0. Apart from the additive consequences of actuator failures, multiplicative actuator
faults are modeled using the factor K;. The actuator failure value #pj, the actuation effectiveness
index K, the failure time instant ¢r; and the actuator index j are all unknown. This means that the
actuator failures are unknown in time, pattern as well as magnitude. The actuator index set is given
by {j1, j2,---, jm}. Unlike the actuator fault modeling in multi-input single-output (MISO) systems
wherein the actuators were assumed to have same/similar physical characteristics, MIMO systems
have multiple inputs with actuators not necessarily reflecting the same physical behavior /features and
functioning. Therefore, to design fault tolerant controllers for a MIMO nonlinear system, an actuator
grouping scheme ¥ = {4, %,...,%,} is required [32]. Herein, each set ¢, C {ji, j2,..., Jm}
represents the set of actuators with similar operational characteristics and such a classification is done
on the basis of p = {pi, @2,..., pq}. Further to effectively exploit the actuator redundancy, a
proportional actuation scheme is utilized similar to [32]. Therefore, considering such a grouping and

actuation scheme ¢, the control input to be fed to each actuator included in the set ¥ is given by,

UHj = bjkvk Vuj S gk, Jj=1m & k= 1,q (3'135)

where, bj), defines a certain design function associated with each actuator group %;,. Further, the choice
of such design functions satisfy the relation b;, = b; if the 4 actuator belong to %, under the grouping
scheme ¢. Thereafter, to facilitate control design, under assumption 3.7 and (B.133)-(BI35]), there ex-

ists a diffeomorphism 9(){) = [E? n]T = [51,17 51,27 e 7517{J17 e 7§q,17 5(1,27 o . 7§q,pq7 77] = [‘%(X)7 %(X)]T
such that

Fu(x) = [ (%), Lty ha (%), oo LE " 01 (%), g (%), Leghg(X); ., L8 hy(x)] € RO o2t oa

and .7, € R transforms the system ([BI33) to the following form with a controllable part 3 . and

internal dynamics ),

E1,m = L4l + 01, K

. , .
a ) G =alEn) el gkt X P& murs + 3 Bur(€ vk
J€{g1,dat k=1

(3.136)
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. _ T
gq,rq - gqﬂ‘q-i-l + ‘pq,rqn*

2\ e el S Aylenin + X Bl (3.137)
JELnda) =1

> i =Ao&m) + AT (€, m)k" + AF (€ m)u (3.138)

y=1[61, &1, &1veees Gityenns Eqa]t (3.139)

where ¢; -, (§,m) := [Lg hi(x), . .., L;;hi(x)]T7 a;(&m) = Lg'hi(x), Bi;(&,m) = ngprOi_lhz’(X),
BZ(&)T)) = [{Lg]‘L?Oi_lhi(X)};nzl]v ﬁi,k = Z bijjﬁl,J(£7n) Vk = 17 )
J€{i1,Ja}"%,

z

0
fo(x), AT (&) = —

z

Ao(&,m) = 88% [fi(x), fa(x),..., f,(x)] and

X

0 . k.
AL(¢n) = - [g1(x), g2(x),..., gn(x)] fori=1,q, r;=1,p, — 1 and j = 1, m. At this point, we
are well equipped to state the following additional assumptions.

Assumption 3.8. The zero dynamics [B.I38) of the system BI33), given by >, := Ao(€,n) +
AT (&, n)x* + AL (&, m)u is input-to-state-stable (ISS) for each failure pattern with &€ as the input.

With a supposition that there are M possible actuator failure patterns, the equivalent actuation matric
given by the argument of det operator in ([B.I40), for the entire system corresponding to an actuator

failure pattern 2, € =, 5 = 1, M under the grouping scheme & should be non-singular Vx € R", that

18,
_ ¥ 1 -
- > A bj1K;Lg, L' hi(x) ... » > - bjqKjLg, L'~ hi(x)
J#{I1sdatN% JE{d1,--Ja}NYg
E blengj L?OQ_IIIQ (X) e Z quKngjL?Oz_th (X)
det JEIL,- s da NG IG5 T YNy £ 0.
(1_1 q_l
Y bpKjLg Lyl he(x) ... Y bjKjLg Ly he(x)
L ¢{d1,da}n 31,4}y d9E,)
(3.140)
Herein, = defines a set with cardinality M = (72;), whose elements are m x m diagonal matrices

representing all possible actuator failure topologies. Further, the diagonal elements of each of such
matrices in = are either zero or unity depending on the state of health of the corresponding actuator. It
s to be mentioned at this point in time that all of the M actuator failure patterns are not compensable
and hence it is required to classify failures as compensable and non-compensable ones. The basis of
such a classification are the actuation matrices corresponding to all possible failure topologies. The non-
singularity of the actuation matriz for an actuator failure pattern is the deciding factor which defines
an actuator failure pattern to be compensable or not. In other words, this classification criterion, if
satisfied, guarantees the existence of an adaptive fault tolerant controller which can ensure stability of

the closed-loop system in the event of actuator failures.
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Assumption 3.9. The nonlinear dynamical system in (BI33) is so designed that the desired output
performance can only be achieved in the event of atmost d < (m — q) actuator failures unknown in
time, pattern and magnitude. Further, under the grouping scheme ¥, since the actuators are grouped
on the basis of their similarity in structural characteristics, atleast one actuator in each of the groups

% should be operational corresponding to an actuator failure pattern.

Assumption 3.10. The respective reference trajectories yr(t) := [Yr1, Yr2,---, Urgll € RY to be
()

tracked by the system outputs are known, piecewise continuous and bounded. Further, Yy, V¢,...,¥r €

RY are also piecewise continuous, bounded and belong to a known compact set.

Having stated all the necessary definitions and assumptions, we are now well equipped to state the
FTC design problem. Considering the nonlinear uncertain MIMO system ([3.133)) and the assumptions
[B7H310] the control problem and its objectives can be framed as follows:

e To design the control inputs v, corresponding to each actuator group %, for k = 1,q such that
the closed loop system is stable and the output vector y(t) tracks the desired reference vector
yr(t) in the event of atmost d < (m — ¢) unknown actuator failures ¥ ¢ € [0, oo0). The design
assumes no prior knowledge of the magnitude, pattern and time ¢, of the occurrence of actuator

failures/faults.

e To ensure an improved start-up and post failure output transient performance without any sig-

nificant expense of control energy

e Asymptotic stability of output tracking error vector, i.e. tlim y(t) — yr(t) = 0 under no failure
—00

and past fault scenarios.

e Guaranteeing robustness towards parametric uncertainties, external perturbations and conse-
quences of strong unknown cross coupling arising from subsystem interactions through estimation

and subsequent compensation instead of merely alleviating their adverse effects.

3.3.2 Adaptive Multiple Model Fault Tolerant Control (AMMFTC) Design

Referring to the transformed system dynamics in (B137)-(B.I38), to simplify the control design

procedure, the unknown system and failure induced parameters are denoted as 685 = K*, 67 =
071, im]T = [{Kj};-”:l]T and 05 = [0§71,...,9§7m]T = [{ﬂFj};”:l]T. Further, the overall un-
known parameter vector is defined as 6* := [67, 63, 0§]T. The control design procedure follows

similar steps as discussed in Section 3.2.2 wherein the same control design problem was considered for
single output nonlinear systems with operationally similar multiple inputs. Firstly, we proceed with
an input-state-stable (ISS) controller design assuming the availability of parameter estimates from a
faithful parameter estimator to ensure modularity between the controller-observer pair. Thereafter,
the proposed multiple model parameter estimator is constructed to yield the parameter estimates to be

fed to the controller for subsequent compensation preserving closed loop system stability V ¢ € [0, o).

TH-2198 11610211

94



3.3 Adaptive Multiple Model Fault Tolerant Control (AMMFTC) for Uncertain
Multi-Input-Multi-Output (MIMO) Nonlinear Systems

3.3.2.1 Controller Synthesis

For simplicity and ease of understanding, the control design is explained following a stepwise
procedure as given below.
Step 1.1: Let us choose the first output error variable as 21,1 = y1 — yr1 = 1,1 — Yr,1. Further, define
212 ==E&,2—a11 — Y1 and 0 := 0* — 6. Where o, With r; = 1, p; are stabilizing input functions for

each of the subsystems incurred during control design. The error dynamics are given by,

f1 =2+ $11605 — G (3.141)
=z1i2+ a1+ Y1 (3.142)

The first virtual control law o 1 is so chosen as to stabilize the 21 ; dynamics and is defined as follows,
=4 — 2a1—o7 .6 3.143
1,1 c1,121,1 — Cuallbal["z1n ¥1,192 (3.143)

Substituting o ; from (B.143)) in (B.142)) results in,
fi0 = —ciz — etz + 210 + ¢71,1(05 — 62) (3.144)

Step 1.ry: For r; = 2,01 — 1, the steps of control design are similar wherein the r{h error variable is

ri—1
chosen as 21, = &1, — Q1 —1 — yfqll ) . Therefore,

r1—1 ri—1 ri—1

. T e 3041 m LT o (9041 -1} 8a1 n 1 0o —1 (k)
21 = &1 + 01,00 — Z 92 92 - Z §I,k+1 i1 Z Wyr,l
k=1 1
ri—1
o r -1 « Oaip 1}
= ZLT +1 + 04177» ‘Pl Z 1 02 - 77A02
! ! i agl k ’ 802
1/)1,7"1

r1 laa ry— 18
(g T o) .
k=1

To stabilize the above subsystem (3.145)), the virtual control law o ,, is formulated to be,

2
0o oy — A
_ 2 1, 1 T
Qlry = —2Lr—1 — Clr %l — CLMH'IPLHH 11 — 91, Tgl ry T '1,017”02
2
r1—1 ri—1
0o py 1 Oay Ly
+ <Z 5” E1 ki1 + Z ——n (3.146)

k=1 k=1
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Such a choice of the stabilizing functions at the rih step yields,

2
. _ day -1
Sy = =21+ 204~ 2 — | G P+ gun |2 | 2n
00,
O -1 4 A
- Fnclg, 4oyl (05— 62) (3.147)
00,
Step i.rj: Following similar steps as detailed in the immediately preceding text for the error variables,
2215 22,2+ Z2p0—15--+y Zqly 22,5 Zqpq—1, Where
2i1 =Y = Yri =&l — Yris 1=2,...,¢ (3.148)
i—1
Zi,ri = 51’77"1 (673 Jori—1 — yffl )7 T, = 2, cee s K08 — 1 (3149)

the virtual control laws ., are obtained as given below satisfying the input-to-state-stable(ISS)

criterion with respect to z; ,,+1 as the input.

g1 = —C21221 — Ca1|| 21?221 — CPC2F7192 (3.150)
5 2
_ 04'7 1 ~
Qipy = —Ziri—1 — CigriZigrs — | G| Wi lI® + G || —2— i — 1,02
00,
Oy — 1 Oy
i,ri—1 1,7 —1
<Z NI ANEDY o k’l ) (3.151)
ik k=1

In the expression for a; ,, for r; = 2, p; — 1, the regressor term ; ,,(-) is defined as

. j : 80&1 OQG,r;—1
Il'biyri - (P’L','I‘q, iv ‘

85@ k
Therefore, with the above choice of o ,,, the dynamics of z; ,, for i = 2,..., ¢ are described as,
fo1 = —conza — eonlltha P20 + 220 + 05,1(603 — 02) (3.152)
P 2
. _ Q-1
Gy = ~Zigim1 T Zigerl = CipiZigy — | Grill$in 2+ gir|[Toa ||| #ir
00,
0ty —
- a Hinclg, 4 T (05— 6,) (3.153)
2

Step 1l.g1: The formulation of the control input at pﬁh step is quite different from those derived in

the previous g1 — 1 steps. The ptlh error variable is first defined as, 21 o, = &1,o, — @1,p,—1 — yf 1 !
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which thereby yields its dynamics as,

— 15041 Lo Oay 15 L da 0, —1
Zp = a1(§m) + ‘P,{,m% Z m 95 m Z m —r SLk+1

p1—1

8a1 1 m
- p_l ) =y + Bi(€,m)O5 + B m) 291] | Bv(1) (3.154)
k=1 j=1
bll . blq
where, the matrix B := e defines the known proportional actuation matrix derived
e A

from ([BI35]) and N; is also an m x m matrix wherein the §™ element of the main diagonal is 1 while
all the other elements of the matrix are zero.
Step i.g;: (for i = 2,¢) The remaining dynamics for zs oy, 23,04, - -, Zq,p, can be formulated in a

similar manner on the lines of (3.I54)) as given below.

WL_l @z_l

. 8()4,@_1 (90@ —1 5 Gai ey
i = a;(E, i 9* @z 0 _ L — L ;
Zipi a (£ T, + ‘PZ ggl agl Pi kY2 2 Z 8£z7k g,k—‘,—l
il O
i,0,—1 (k
N Z lf—l y1(“z) - yrz +ﬁz(€ 77)93 + Bi(&,m) Ze N; Bv(t) (3.155)
k=1 5%
Let us now define v(t) = v(t) +v(t), v(t) := [v1, va,..., vy]T € R% At this point, it is to be admitted

that finding the actual control input is not at all straightforward for MIMO systems and hence the
detailed derivation is discussed herein to lend more clarity in understanding. With this thought from a
reader’s perspective, we first define a state vector zy, := [21,5,, 21,00, Z1,050---5 21,0 q]T and thereafter

calculate its time derivative as,

a1 (&,m) Lo Bi(&,m)
. a2(€777) Ilp%—: % ﬁ?(é?”) % . .
Z@: : + :WQ 02 + . 03 _F£(£7 77) _FYr(YI‘v yI'?)yl(‘p))
aq(&a n) ¢qu Bq(&a n)
m . B a _ T
Bi&m) | X 01;N; | B _ el
J=1 (p1) 005
m yr,l 80[2 )
Ba(&m) | X 07N, | B ) _ el
+ Y v | T+ 00, | 6. (3.156)
(o) :
Yr,q
m 604 -1
Buem) | S 01,8, | B Do
I fI( 77) (ygl 1,5 J> ] i 802 |
B( 5 OT]NJ>B
Jj=1
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The function vectors F¢ and Fy, are defined as,

T
p1—1 2— pq—1
Oa Ooz 0o o, —1
Z y pl 1517k+1, ; ;gﬁ YT ; ;éijlf%k-i-l
() L o1 () e D1 (k) i '
A 4,99~
Fy, (Fr, Frroeod”) = | D %yr,p Do e D %yﬁﬁf
k=1 8 k=1 a 7“2 k=1 8
Furtherv define B(é)ﬂ) = [Bl(&vﬂ% ,32(57"7), M) Bq(fa’ﬂ)]T € qum’ 'lPT = [ %:plv w%:py tee 'ﬁbq pq]
T
RP T = T = aai’@i_l(pT i=T9¢ dop-1 f = douy -1 Do, 1 o, 0,1
1,804 (NI i agl,k i,k 4 892 892 9 892 ) ) 892 5

a(€,n) = [a1(€,m), as(€,n), .., ag(€,m)]" and yt® = '), 4%, ..., 41517, These terminologies
allow us to rewrite the dynamics (3.JI56) in a more compact form as given below.

_ 00,
2 = a(€,m) + P05 + B3 — Fe — Fy, — ag 6, + 3 Zelj B(v+v) -y (3.157)
7j=1

Hereafter, let us choose the first part of the control input given by V() as,

—1

BY 01;N;B |  (—a(,n) —Py0s — 805 — 251 +Fe + Fy, +y: ) (3.158)
=1

Substituting v(¢) in (BI58) in (B.I57) leads to the following dynamics,

. 2 [ x= e I Do
bo=—2p_1+B | D 05 ;N; | BY+ 3 (> 01,N; | BY + 50, + 805 — a;; Lo,  (3.159)
j=1 j=1

In accordance with the design assumptions, one actuator in each group %, k = 1, ¢ under the grouping

scheme ¢ should be alive to satisfy the condition for existence of an adaptive solution to the FTC

m
problem. Thus, it is reasonable to assume that there exists a constant ¢ such that || > QTJN > /L.
Jj=1 F
The control signal v(¢) is then designed as
- 8 2 -
— ) alvpl_l
— 112101 — Loy ([P0, 17 + 181 + 1BL) 2100 — 91,61 96, 2101
2
5 2
2 a27p2_1
_ sl | 2002200 = @2,0 (W02, |12 + 1B2l” + 1B2117) 22,00 — 92,0 || —a—1| 22,
V(t) — (KBB) 2 02 02 02 u 2 2 802 2
5 2
_ = Qg pq—1
~Ca,0q%q,0q Cq,pq(HT/’q,pquz +1Bql1? + |’,83H2)Zq7pq ~ 94,04 aéq 24,4
L 2 i
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Ultimately, the control law v(t) is calculated to be as follows.

—1 —a1(§, m) — w{méZ - ,Blés — 2,01+ Fgy + Fy1 + yﬁ;pll)

m T A N (92)
LI —ax(&, M) — 5,00 —B203 — 20 5,1 + Fg, + Fy 0+ Yy
v(t)= (B> 6.1,N,B v : . Y "+
j=1 :
_GQ(£7 77) - ’(pgqu92 - qu?’ - Z‘lv@q_l + F&q + Fyr,q + y£ZQ)
- 2 —
— 2 8&17@1_1
—C1p1 21,01 — Clpy (|10, 124 [181]1* + HBMP)ZLm — 91,;m 06, 21,01
2
5 2
¥ =3 a27p2_1
(eBB)—l TC2,02%2,00 C2m2(”"p27p2”2 + ||:82||2 + HBZH2)'Z27W2 — 92,09 Téz 22,02
5 2
al = Qg,04—1
“Cq,pq%q,0q Cq,pq(HT/’q,quQ + Hﬁq”2 + ”:33”2)2%@1 ~ Yq,04 aéq 24,04
L 2 |
(3.160)

Where 3, is defined as
Bty Pr2tmz - Brmlam

Bu:

BgitmH1 PBg2tH2 .. BgmlHm

and 3! denotes the i-th row vector of the matrix 3,. It should be mentioned that the choice of the

control law v(t) is aimed at achieving stable solution trajectories under a closed loop operation. Thus,

the controller design is primarily driven by a Lyapunov analysis to arrive at the final control law

ensuring overall system stability under unforeseen circumstances of parametric/structural variations

and actuator failures. This fact would be evident while conducting stability analysis of the closed-loop

dynamics to follow.

3.3.2.2 Design of Parameter Estimator using Multiple Identification Models

The design the estimator, the transformed system is represented as a parametric £€— model as

follows.
[ 5171 1 [ €12 1 [ 0 ... 0 Qorﬂl 0 1
.f : : : : : : i1
g1 §q.2 0 ... 0 <P§1 0 :
R el A A R
1,01 a1(§, n) Biaum - Brmunm Y1y, B 05
i éq«aq ] | ag(§, m) | | Bgaumt - BgmUmm ‘Pgm By |
3 a(ém) P7(&,u)0*
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q .
bjrwy, for j = 1,m. The estimation model can now be simply written as, § =
k=1

a(€,m) + ®T(&,u)0*. The function vector a(§,n) € R¥1++Pa and the regressor matrix ®7 (£, u) €

R« 96X (2m+P) Tt is observed that irrespective of the system being characterized by multiple inputs

Where upy; =

and outputs, the estimation model bears the same structure as ([8.9)). Let us now define the parameter

set Sg+ as
S@* = [_T,h?il] XX [_T,rmg;m] X [@175;1] XX [_Epﬁ;p] X [Q;bgzl] XX [ngﬁ;,m]

The notation 5: and €7 is used to denote the upper and lower bounds (may be sufficiently large in
magnitude) of the elements of the unknown parameter vector 8*. Hence, in accordance to the design
assumptions stated apriori, the design of the parameter estimator at the first layer and second layer of
adaptation is stated in the following subsections.

A. First Layer of Adaptation

The N adaptive identifiers are described by the following dynamics with non-zero initial values of the

estimates of the unknown parameter vector in each of the identification models.

0(,)(t) = T,Proj[® (&, u) B, (€ — €()] (3.163)

Herein, the subscript i = 1, N is used to index each of the adaptive identification models to distinctly
figure out the signals associated with the p-th adaptive identifier. The signal vectors é( ) and é(u) define
the predicted state vector and the estimates of 8*, respectively for each of the y identification models.
The initial conditions of parameter estimates corresponding to each of the IV adaptive identifiers are
so chosen that the unknown parameter vector @* resides within the parameter space Sg« spanned
by these IV initialized estimates of the parameter vector é(u) for u = 1, N. The operator Proj{-} is
a smooth projection operator which helps in restricting the parameter estimates 6, within the set
Sg+. Further, A, (€,t) := A g — v®(&,u)T®(£,u)P,, is so chosen to guarantee boundedness of the
u-th estimator error dynamics irrespective of the boundedness of the regressor matrix ®(&,u). The
matrix I', € REmAp)x(2m+p) g g positive definite diagonal matrix defining the rate of adaptation for
the pu—th adaptive identifier and Ao denotes a Hurwitz matrix satisfying the Lyapunov equation,
AP, +P,A 0 =—Q, with P, Q, > 0.

To arrive at the prediction error dynamics of the u-th estimator, let us define the state prediction

error as é(“) =& — é(u) and the parameter estimation error as é(“) = 0% — é(“). Thereafter using
(B.I62)-(B3.163), the identification error dynamics are derived as
& = (Au — @&, 0)" @&, 0)P,)E(,) + 7 (¢ ), (3.164)

The identification error dynamics is similar to the one derived in (B:I4]). Now, unlike Section 3.2, herein
our interest lies in compensating abrupt actuator failures which are finite in their occurrence meaning
that the system is subjected to at most (m — ¢) actuator failures V¢ € [0,00). As mentioned earlier,

actuator failures unknown in time, pattern and magnitude introduce large parametric uncertainties in
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to the system. Thus, actuator failure induced uncertain parameter vector 87 and 63 are time varying
leading to 9*, 0§ # 0. These parameters experience jumps at the occurrence of abrupt faults or failures.
However, the magnitude of such jumps are bounded and an upper bound on the same can be calculated
at time instant ¢ encountering a partial loss or total loss of actuators. This statement implies that
fo ]0* )|ds < oo. The above conclusion is drawn from the following facts. Invoking assumption 3.5
and the discussion immediately following (B.I59), it is shown that ||9*H >0>0,05@T) —07(t)|| <

Z 01; — ¢ and 103, (") — 03;(t7)[l < 2a. Let us define AT = max{z 01— ¢, 2u} < oo. Now, due to

j= j=
occurrence of actuator faults/failures at a time instant ¢ = t¢, the elements of the parameter vector 0*(t)

exhibit jumps whose magnitude is bounded as ||@*(t)|| < Af§(t —tf). The function §(-) denotes the
dirac delta function. Taking integral from 0 ~ co on both sides of the resulting inequality and invoking
the properties of delta functions leads to the property of 8*(t) stated above, i.e., 9*(t) € L1[0,00).

Thus the following assumption is reasonable.

Assumption 3.11. The time derivative of the unknown parameter vector 0*(t) representing system

and actuator failure induced parametric uncertainties satisfy 6*(t) € £1[0,00), i.e.,

J16°6)ds < m - 9! < oo

where AT == max{}" 01, — ¢, 2u} < co and £ := min {261}, d = (m—q). The quantities
j=1 JE{G1da}

, ?Lj and 0, ; define the upper bound of the stuck value due to lock-in-place failure, upper and lower

bound on the actuation gain characterizing partial actuator failures, respectively.

The following theorem summarizes the properties of the signals associated with each of N adaptive

identifiers which are similar to those stated in Theorem 3.1 with minor modifications.

Theorem 3.7. Let us consider that the solutions of the adaptive identifiers given by (3162))-(3.163) and
the identification error dynamics in (3164) for up = {1,..., N}, with their mazimal interval of existence
being [0, 00). Then the following properties hold under the framework of first layer of adaptation for
each of the N adaptive identification models for ', P,, Q, > 0.

(i) O,y(t) € Loo[0,00)
(ii) €(t) € L[0,00) N Lao]0,00), &y (t) € Log[0,00)
(iii) B(,(t) € L2]0,00)

Proof.
Let us consider a Lyapunov function V, (E(u (1) RXk 98 5 RE™HP) 5 [0, 00) for k =T, q as,

V(u): E uE ) lt9(#)
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In view of the identification error dynamics ([B.164) and owing to the fact that the failure induced
unknown parameters are time varying V ¢t € [0, 00) results in, 0 = 6* — 0. The first time derivative of

V() yields the following,

s _ T O£ ;T T ; 5T ; 5T —1g -1l
Vi = ~€0)Qué) — €0 Pu®  ®P&() + 01, BP,&) — 01, 1,0 + 0], 1,67, (3.165)

where the matrix Q,, = _(AZOPM +P,A,0)/2 > 0 and P, is a positive definite symmetric matrix
owing to A,y being Hurwitz. Substituting the parameter update law (BI63) in (BI65) and using
the properties of projection operator from [69] as —Oa)I‘lijroj(Fui’Puﬁ(u)) < _Oa)rﬁlruq’PuE(u)
yields,

Vi < ~AQuIEg |7 — VISP, l1> + 67,165, (3.166)

The above inequality (3.166) is derived after using Rayleigh’s inequality A(Q)[|€]]> < £€7Q€ < X(Q)||€]|?
n ([3I65). Now integrating the above inequality (B:I60) for the time interval [0, 00), and using Holder’s

inequality, we get,

AQy) / 1€ lPdt — 16 ool T oo / 161t < / Vidt < Vi, (0) = Vi (00) < Viu(0) < oo
0 0 0
(3.167)
/ €l < 375 )%)() (m — ) A8 loelI T lo0) (3.168)

Now due to the projection operation on the adaptive laws in ([8.164), the parameter estimation error
6 € L5]0,00). Therefore from (BI68) and the inequality é( #.’E < 2V (1) < 2V(,)(0) < oo, the
signal properties € € Lo N Lo and é € L follows. Thereafter, the claims (i) and (ii) are proved.

To prove the Eg—integrability of é(u) (t), we first evaluate Hé(u) I? < X(Fi)H‘I’Pué(u) 2. Now, substitut-
ing H‘I’PHE(H)HQ > ||9(#)H2/X(Fi) in (8I66) and rearranging the inequality results in,

T T2 .
[ 160y @Par < %m (0) + (m — q)AY 8 ool T o) (3.160)

Since, Vi,y(0), AT, Hé(u)HOO and ||T';"|| are finite, the conclusion o c L2[0, oo) follows. Claim (7i)
is proved. O

B. Second Layer of Adaptation

The parameter estimate obtained from the second layer of adaptation is fed to the controller for

subsequent compensation and faithful realization of the control objective. The final parameter estimate
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at the second layer of adaptation is mathematically represented as,

(2m4p+1) (2m—+p+1)
05 = Z w0, wy, € [0,1] and Z wy, =1
p=1 pn=1

where, wj, for p ={1,...,2m + p + 1} are the weights assigned to the parameters estimated for the
N =2m+ p+ 1 identification models. The minimum number of models required to make the smallest
convex set in which the unknown parameter vector resides is N = 2m + p + 1. Similar to the weight
learning law in Section 3.2.2.1 B, a Lyapunov based adaptive weight learning law is formulated which

eliminates the requirement of the knowledge of weight parameters w?. The tuning law for weight

*
b
adaptation herein, is stated as,

w(t) = —AXOTAXW () + AX (¢)Tr(t) (3.170)
2m~+p+1
The (2m + p + 1) identification model weight is calculated as Womgpt1 = 1 — > ab,. Finally,
pn=1
. 2m+p+1 .
the unknown parameter vector 8* is estimated as 65 := w,0(,,). The stability properties of the
pn=1

estimation under the second layer of adaptation are 85 € Loo[0,00), W € L]0, 00) and W € L]0, 00).
These results directly follow from the proof of Theorem 3.2.

The next section presents the stability properties of the closed loop signals. These theoretical results
are helpful in substantiating the claims and meet the contemplated design objectives of the proposed

adaptive controller.

3.3.3 Main Results: Stability Analysis of the Proposed Control System

In this section, the input-to-state-stability (ISS) of the tracking error dynamics with 6(¢) and 9(15)
as the inputs will be proved first. Instead of repeating the ISS analysis with respect to é(u) (t) and
éu(t) from each of the u adaptive identification models, we present the closed loop stability results
by directly considering the parameter estimate 65 and 05 at the second layer of adaptation. This is
done to elude a comprehensive treatment of results at this stage which would help us to focus on the
main results. Since, the procedure of inferring stability properties are similar, the interested reader is
referred to Theorem 3.4 for a clear understanding. Continuing with the analysis, the tracking error

dynamics obtained under the action of the proposed adaptive controller given by (B.I60) is given by

2= A,(2,0,1)z + Be-(2,0,1)0; + B (2,0,1)0s. (3.171)
Where z(t) := [21,1, 2215, 2q,15 21,25 22,2, - - - 1 2q,25 - - - s ZLi15 22,095 - - - » 2o . = [z;{l, z;f':Q, el z;f':q]T

for i = 1,q and the matrices A, is defined in [BI73), respectively. The matrices Bg« and Bé are
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defined as follows.

[ 0 0 ...0 00 ...0 |
¥l
T
q,1
T
1,2
0 ... ... 0 ¢ 0 ... ... 0
Be* =
q'b%:m—l
: : " 5
0 0 N .. 0
B1,1UH1 B1,mUHm fm Bi1 Bi.m
L ﬁq,laHl ﬁq,mﬂHm TP:}F,ggq ﬁq,l ﬁq,m
T
B, = [ 0 ‘ at) Oogr | ‘ O01,p1-1 e (3.172)
2 892 802 802 892
The matrix in left most lower block of the matrix By« is denoted by
Br,1tm B, mUHm
B2,1UH1 Bo,mUHm
Bﬂ::[_}p _?u"'algg]T: : :
ﬁq—l,lﬂHl ﬁq—l,maHm
6‘17171111 Bq,maHm

Such a notation is preferred to lend simplicity in matrix calculations to follow in the sequel. The closed

loop system matrix and the relevant input matrices with reference to (BI71]), namely, .A,, Bg+ and

B, are of order >
i=1

2
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Further, the shorthand notation used to represent the elements of the matrix A, is explained as,
aij:=cij+sijfori=1,qand j =1, ¢, The terms ¢;; are constant controller gains and the damping

factors s; ; are defined as,

s11 = el (3.174)
— 2 8C)[l,7‘1—1 2 a3 - 1
S = Cl Y1 1T+ 91 ||—5—|| » T1=201—1 (3.175)
005
= 2 2 ~ 112 aal,pl—l 2
s1o1 = Con [V, 7+ 18U+ 1017 + 91,61 | —2— (3.176)
2
= 2 91 || —
Sirs = CirlVir I° + Gis ||=—5—1| , Ti=20i—1, i=1,q (3.177)
00,
C 2 2 5. 112 D, -1 ¢
sipr = G ([Pigel” + B+ 18117 + g1 )| == (3.178)
2

Referring to the closed loop tracking error dynamics in ([B.I7T]), the stability results are summarized

in the following theorem.

Theorem 3.8. Let us consider the multi-input-multi-output(MIMO) nonlinear uncertain system de-
scribed by BI36)-BI3T) with unknown parameters and affected by finite number of actuator failures
whose occurrence is unknown in time, pattern and magnitude. Under assumptions 3.8-3.10, the pro-

posed adaptive controller (3I60) along with parameter estimates from the multiple model estimators
. 2miptl
BI62)-B.I63) under the second layer of adaptation given by s = > ,0(,), the weight adapta-
p=1

tion law W in BI70), renders the following closed loop properties. The mazimal interval of existence

of all the closed loop signals is [0, 00).

(i) The triple (z, &, Os) has stable trajectories and all other associated closed loop signals are
bounded.

(i) The output tracking error is energy integrable, i.e., z(t) € L2[0,00) and asymptotically converges

to the origin implying tlim (y —yr)=0.
— 00

Proof of (i).
At the beginning, let us prove the input to state stability of the closed loop tracking error dynamics
with @5 and 65 as the input. From FI71)-(@I73), we have

Zindin = —(cin + 8i1)201 + zinzi2 + 2] 100 (3.179)

. 2 T A A ri—1 A
Ziri Ry = TR Ziri—1 T ZiriZiri+l — (ci,m' + Si,ri)zi,n - Zivri/llbi,m02s - Ziﬂ“i&TZg?S (3-180)
2s

The procedure of analysis at the p;-th step for each of the outputs is not straightforward. Therefore,
the error dynamics at this step has to be simplified to a suitable form to facilitate the Lyapunov

stability analysis. For the p;-th step for i = 1, ¢, recalling 07 = 015 + 615, the tracking error dynamics
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satisfy the following vector differential equation.

m (C1,01 + S1,01) 21,01
2ty =~z 125 — 'z B | Y 61N | BT : + 254, 005 + 258,015
i=1
! (6(17Pq + 847@(})’2[17@(1
o~ 0o, &
+ 2, 8635 — 2] —— 05 (3.181)
009

where the new term B, is defined as

Bravumr Pr2ur2 - BrmUHm
Bu: :

Bgiumt Bgounz .. BgmUHm

With the assumption that atleast ¢ actuators must be healthy (although partial failure is allowed) and

_ [ m _
1; for j = 1,m is lower bounded by 0, ;, the following inequality given by 3 '21 9]-71Nj> Bt > ap
j:
holds. Since a projection operator is used for parameter adaptation, the estimate éj,l is always positive
and does not exceed unity nor violates its lower bound. Hence equation (3.I8I)) can be transformed

into an inequality suitable for stability analysis as shown below.

(1,01 t S1,01) 21,01
zgzp < _Zg—lzp = Zg + Zg¢5025 + Zgﬁuols
(g0 T Sa,0q) 20,04
_ . oo 1%
+ 2} 863 — 2] —F— 05 (3.182)
005

Therefore, from relation (3.182), the inequality for the tracking error variable z; (,, for step i.p; (i = 1,q)
is simplified yielding

! 9 A .
Zipi B < —2pi—12p; — (Cijp; + Si,m)zi,m + Zpi/l/}i,@i02s + Zi,0,3,01s

aai,@i—l A

+ 2,0,8i035 = Zip; 625 (3.183)

2s

where 3!, denotes the i-th row vector of the matrix B3,. Substituting s;, as in BI80) in B.I33),
yields,

T A o
z ’l,b _92 — zZ .,320
. 2 - 2.2 Pi i, 48 - 2.2 P 1s
Zipi Zivps S —Zp;—1%p; — Ciyp; % 0, — Ciyps <H"wbi,m‘ Rioi : - > — Ci,p; (IIﬂZI Rioi ZE =

6747@1 val
_ 2 9 Zi,p-ﬁieiis 2
- Ci7@i <||IB74H zi,pi - (—;L ) - givpi <Zi,pi

005

1 80[1'7%._
gl7p’b 8é2s

ivp’i

1é25> (3.184)
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Using the identity —(a? — 2ab) = —(a — b)? + b? in simplifying the bracketed terms in (3.I84) results in

6 162512
. 2 _ 2 2
ZispiZiyps S T2pi—1%p; — Cipi %0, — Ciypi Vi i Ziypi — 2@; 4@;
187 187
| 01 (2 O3 [N
P c. . Z Z. . — — . . N J—
1,694 Bu 1,694 267:’@1 451'7@1 1,6 132 2,694 26i,p1 4Ei’pl
X 2 i
Ovip,—1" 0> A
—Gipi |5 e T 5o H4 4SH (3.185)
8025 gzvpi glv@i
: 9 161s]* | 116as]* | 1I18ss]* | 1162
ZispiZip; S —Zpi—1%p; — Ciyp; % o, T+ 1 ( 2 ; + 2 ; + 452'2. + gi; (3.186)
187 187 187 1871

In a similar manner the following inequality can be derived.

Cz,m- Cir; 4ci,m Gir;

, sl2  [|Bosll> (163l 162
Ziri % < —Ziri—12ir; — Cir; Hnl“‘zznzzrl—i- +4 (H 15” + ” 25” + ” 35” + ” 25” (3187)

Having derived the aforementioned inequalities, the ISS of tracking error dynamics is found as follows.

d q pi—1
%E ( o 2dt (Z Z “"z> = Z Z Z“"'LZZTL + Zzz pzzz ©i (3188)

i=1r;=1 i=1 r;=1

Substituting inequalities (B.I86) and ([B.187) in (B.I88) yields

€ d L ¢ (1Bl 18l _ 165l 18]
§d_ <ZZ Z”>__EZZCZ” ZTz+€ch@L 2,05 Z( = + — 1 —

1=1r;=1 =1 r;=1 € ¢ g
(3.189)
q 2 . 112
05 6
< - ch (” éH 1 18] > (3.190)
i=1r;=1 g
O [|as]?
< aeS SR, (n el f;” ) (3.191)
=1 r;=1

where ¢ = (

MQ
—
~—
ok
o
Il

1 Ci,p;

7

81 -1
4 pi 4 pi
<Z v Cii_) . g = (Z > gilr--> , ¢ = min{¢,¢} and ¥ =

i=1r;=2

1mm {¢ir}. Now from (BI9), ISS of z(t) depends on the boundedness of 65 and égs. Thus, we now

1<r1<p1
commence with the analysis of the stability properties of the adaptive estimator under the second layer

of adaptation. While developing this proof, stability properties of the first layer adapted estimator
stated in Theorem 3.7 will be invoked wherever their need is felt. It is to be noticed that irrespective of
the system being MISO or MIMO, the structure of the prediction error dynamics is invariably the same.

This implies that similar stability characteristics hold for the second layer adapted estimator proposed
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herein for MIMO systems as derived in the proof of Theorem 3.5 (ii) (ineq. (3.99), (3.102)). Therefore,
the estimation error dynamics at the second layer can be directly referred to from (3.84)-(3.85) and is

written as,
& = (Ag — 18 (&) B (¢, u)P)E + ®(£,u)" 6, (3.192)
~ 2m+p+1 . A
pn=1

From Section 3.3.2.2 B, it can be directly inferred that the estimated weight vector w € L]0, 00) and
: A p+m+2
so is its time derivative, that is, W € L,[0,00). It is known that 6 := > w0, is a adaptive

A~

weighted combination of parameter estimates é(ﬂ) for p ={1,...,p+m-+2}. Owing to é(u) € L]0, 00)
and w € L]0, 00), the parameter estimation error signals are bounded, which means 0s € Lo [0, 00).

Now in (3I93), the expression for 05 can be further simplified as follows.

pm+1 o
(& WPEL — > Wu(Opiman) — 0y) =T WPE —w'O (3.194)
pn=1
where the vector W := [i1, . .., Wprmr1]” and © := [{0 (p+m+2) — }p+m+1] . Considering P = IZq:
§2i
i=1
and using equations (8.192)-(3194), the following is deduced.
d ST E x T ape S
7 < I&I” + 5 0TI‘ 'o ) < € Q&5 — 1| + AD)|16s]llWT | + AT)|65 1167
< € Q& + AD)|6s[[lw" O + AT) 1651116 (3.195)

Integrating both sides of ([B.194) from ¢ = 0 ~ oo yields

1,20 1% o
<§H£S”2 + §GSTF 105)

- / E'Qéudr + AT) [ 1641157 Ol + AT) / 1621161 de (3.196)
o 0 0

t=0

Applying Holder’s inequality to the second and the third term on the RHS of (3.195) and then rear-

ranging leads to

o0 + 2 a6l [ 1
/ 61201 < s (IEs(O)I + 0T O 105(0)) + 161l €1 0/ Iwldt-+
AT) 50 [
516l O/ 16" (3.197)

From the relation AX (t)%* = r(t), w = w* — w and (BI70), the inequality in (3I97) can be further
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reframed as

A)
AMQ)

/ 61101 < e (6O + 8L OF6(0)) + 10Ol [ 14K (1) AX 1))+
0

F / 6%t (3.108)

|>* 1>~

(€I + 07 )T 104(0)) + %Hésumuéumuv:vum 18X ax )i

IN
N

N
AMQ
AL
AQ)

~—

165]1oc / 16t < oo (3.199)
0

Since € € £3[0,00) N Lo[0,00), by definition, AX (t) € L3[0,00) N L]0, 00). Finally, the finiteness of
the integral in (3.I98) is concluded by invoking Assumption 3.11 and the fact that 85 € L]0, 00) and
W € Loo][0,00). Thus, & € L]0, 00). Further, [|&|?> < ||€(0)||> + 87 (0)T=165(0) is obvious. In view
of the aforementioned arguments, the energy and absolute boundedness of és is concluded, meaning
& € L2]0,00) N L]0, 00). In addition, the Lo boundedness of 0 is proved as follows.

It is justified to state ||® (&, u)&s)|2 > A(D2) (H@st + HVAVT(:)”2) Using this mathematical inequality,
the following holds from (3I95).

G (SIEIP + 58716) < o2 2) (I8P + [5612) + A6l 196+ AT) 16116
(3.200)
< =22 (116s]2 + WD) + AT) 6]116|
FAD)GIAX () AX @16 (3.201)

Integrating the above inequality over t = 0 ~ 0o and simultaneous application of the Hélder’s inequality

to the resulting integrals yield

15 AD) o [ s
/ 16ulat < 5 s (IO + 6.0 T65(0)) + sl 0/ 16 ldt

AT)|6s]l o0 [|W | 1Ol

o
+ A2 /HAX(t) AX(t)]|dt (3.202)

The RHS of the above inequality (3:202) is finite since 6* € £4]0,00) and £ € L5]0,00) N L]0, 0)
implying X (t) € L]0, 00). Thus, the energy boundedness of 0 is proved from 3:202).
Finally, as s € L0]0,00) and 85 € £3]0, ) is proved, invoking inequality (BI9I), the tracking error
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z(t) is shown to be upper bounded from its solution

< N -

. 1
1 [ 116s]% | 11623
=) < =@l + (” o | f;”?) (3.209)

Therefore, the ISS of the tracking error dynamics in z(t) with respect to s and és as the inputs is
proved from ([B203). The proof of Claim (i) is complete. The triple (z, &5, 05) € Loo[0,00). O
Proof of (ii).

To proceed with the proof of Claim (ii), the closed loop tracking error dynamics is rewritten as,

~ A ~ ~ A

%(t) = A,(z,05,1)z(t) + Bo- (2, 0s,1)0s + B, (2, 0s,1)024 (3.204)

where the matrices are defined in (3.207)-(3.208). Thereafter, it is be noted that the matrix By can
be factorized as By = M®T(&,u). Where, the matrix M is calculated to be

1 0 0 0
1 0 0 0
Oay 1 . 0 .
85171 PN
8aq1
—— 1 0 0
agq,l
M = 8O‘l,pl—2 8@1@1_2 1 0 (3205)
01,1 o 81,0, -2
_aaqvm—2 o B dorg,p,—2 1 0
afq& 85(1%—2
aalvpl_l aa17P1—1 aal,pl—l 1
0811 01,2 ~ 081,011
_aaqvm—l _aaqm—l _aaq,@q—l 1
o aa T Oher

Secondly, to facilitate the proof procedure an auxiliary state variable is defined as, ¥ := z — M&s. Its

subsequent dynamics is derived to be
9= A0+ [-M+ AM— M(Ayg—1T®P)| & + B, (2. Os, )05 (3.206)

M
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With the auxiliary error dynamics in (3.:206]), what remains is to prove the Lo-integrability of
the auxiliary variable 1. This would essentially lead us to proving z(t) € £2[0,00). In view of this

objective, we compute the following.

D Lig12) < 97 A0 + 9ME, + 9T, o
dt \ 2 0,
2 8()% rl 8042 7«1 A TS E
< —%||9| Z Z Giyri 0 i T Z Z 02si9i,ri + 9" M
i=1r;= 2s i=1r;=
0 ~ ~
é—%ww2+ﬂ§§—+ﬂ?~ms (3.209)

Applying Peter-Paul inequality to the third term in (3.:209) with the factor € results in

2

1 — -
+ 5 IMIZ ] (3.210)
Substituting RHS of the inequality (8:2210) in (3:209) yields

a (1 G 0us]® | M%&)
% (101) < -Zyope + Lol M1 (3:211)

Since, all the closed loop signals are bounded, it is justified to infer that M, M, A, and (Ap —
7®T®P) are bounded. Thus, the matrix M is bounded. The following integral if proved to be finite
would imply the energy integrability of 9.

[ele] 19 0 9 1 o0 . ./\/Z 2 [ele] 3
/||19||2dt§ | 2(%)” + 49%/||025||2dt+ ”2%!9/”55”2(175 (3.212)
0 0 0

Owing to the following properties, that is, égs, és € L5[0,00), the above integral (3:212) is finite.
Thus, ¥ € £2[0,00) follows. With this result, the tracking error z(t) € £3[0,00) is concluded from its
definition as z = ¥ + M.

Since. z(t) € L2[0,00) N L]0, 00) and z(t) € L]0, 00), invoking Barbalat’s Lemma [122], the asymp-
totic stability of z(¢) = 0 is proved. The proof is complete. [J

3.3.4 Simulation Study

In this section, simulation results for a coupled mass-spring-damper system are considered to
demonstrate the effectiveness of the proposed adaptive FTC methodology using multiple models. The
mass-spring-damper system taken into consideration is depicted in Figure ([B.I3]) and it essentially
characterizes a nonlinear coupled MIMO dynamical system. In fact, these type of systems essentially
coexist in large scale systems, for instance, in active vehicle suspension (AVS) systems . AVS technolo-
gies embedded in a car renders high ride quality and car handling by keeping the tires perpendicular

to the road in corners, ensuring better road hold, traction and control. An automobile embedded
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with AVS eliminates body roll and pitch variation during turning at medium/high speeds, cornering,
accelerating, and braking. Assuming that the AVS has actuation redundancy , the actuators may be
partially effective under unanticipated situations and also some of the actuators may totally fail. If left
unattended with no corrective action, such failures unknown in time and magnitude would culminate
to severe accidents. To deal with these situations, the AVS must be equipped with an FTC module.
Hence, the suitability of a mass-spring-damper system as a benchmark example to illustrate the prolific
features of the proposed adaptive FTC methodology is justified.

Prior to control design, dynamical modeling of the system is necessary. The equations of motion for

the concerned mass-spring-damper system are expressed as vector differential equations as

M(y,9)9 + Fe(y,9)y + Fx(y) = u(t) +d(t). (3.213)
4.2 4+0.05y; —2.2+0.3y; — 0.15y k ky3
where Fg i— + .yl + 0.5y1 Y2 o ! 10Y1 + K11Y7 ,
2+ 0.2y1 0 kao(y2 — y1) + ko1 (y2 — y1)

represent the matrices related to friction forces and the spring forces, respectively. The control inputs
are defined by u = [u1, us]” and the unknown exogenous disturbance is given by d = [d1, da]”. The
matrix M(y,9) := diag{my, ma} € R?*? defines the inertia of the system. Further, the parameters
of the system are totally unknown to the control designer. The output vector of the system is denoted
by y = [y1, y2]T. For simulations, the values of unknown parameters are assumed to be m; = 0.25 kg,
mg = 0.2 kg, k1o = 1 N/m, k13 = 0.1 N/m, koo = 2 N/m and k93 = 0.12 N/m. As had been mentioned
earlier, the system considered exhibits strong output coupling and also captures the nonlinearities of
the spring as well as damping through the nonlinear terms. The system has two outputs driven by two
inputs, hence the case of total actuator failure has not been considered in this example, to satisfy the
design assumptions. We show the effectiveness of the proposed FTC approach in improving the start
up and post fault transient/steady state performances in the event of partial loss of effectiveness of
each of the actuators. Further, such improvements are obtained without any substantial increment in

the input usage when compared to single model adaptive control and modular backstepping control [6].

|—> Y1 FK2 |—>y2

ALLEEHEHHEHEH0H 110NN NN N AN

Figure 3.13: Schematic diagram of a coupled mass-spring-damper system
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In simulations, the actuator failure occurs as per the following piecewise definition.

wn(t) = 0.5ug1, t > 30s (3.214)
U1, otherwise .

UQ(t) _ O.5uH2, t> 60s (3 215)
U9, otherwise .

The reference trajectories to be tracked by the system outputs y; and yo are given by y, 1 = 0.2sin(0.5¢t)
and yr2 = 0.5sin(0.5¢). The relative degree of the system with respect to each of the outputs is found
to be p1 = 2 = 2. In order to translate the proposed control design procedure, let us first choose
the state variables as &1 = y1, €21 = Y2, &1,2 = 1 and 22 = P2 such that & = [51,1,5271]T and
€ = [£12,822]T. With this choice of states, the state vector € := [€1, &3] and the partial actuator

failure model, the entire dynamical system is rewritten as

§=6 (3.216)
2
£2=¢ 05+ 07 ;Njuy. (3.217)
j=1
Where ¢ := [diag{cpfz, cpgg}]T and uy = [ug1, ugz]’. The regressor matrices are defined as

P12 = [=€1, =& 1, —&i2, —€la (E22 —&12), (22— &12)°])" and o = [—(&21 — &11), — (621 —
51,1)3, —=ér-2 —{%’2]71. Further, the estimation model for the considered nonlinear dynamical system

B213) is framed as

§1,2 0 |[Oix6| O |0O1x4
: 0 |0 0 |0
é—| 224 - bl g, (3.218)
0 ugr | P12 | 0 | O1xs
0 019 | O1x6 | um2 | 3
T
Herein 6* := | 1150571, .,056,6012,027,... ,92,10]71. The adaptive controller is thereafter developed in

accordance with (B.160). Whereas the unknown parameter vector 8* is estimated using (3.162)-(3163)
followed by the second layer adaptation. The total number of unknown parameters is 12. Hence, as
per the proposed design, the number of identification models to be considered is N = 13 to satisfy the
conditions of a convex hull. In simulations, the initial conditions of the system are £(0) = [0,0,0,0]7.
The controller gains are selected as, c¢;1 = 15, ¢c12 = c21 = c22 = 5 and the damping factors as,
12 = C22 = 5. The matrices Ao = [diag{—14,—14,—16,—16}] and v = 2 are chosen to be the same
for all p identification models; however with different initial parameter estimates. Lastly, the adaptive
rate matrix for the parameter update law is considered to be I';, = 20I;5.

The strongly coupled mass-spring-damper system with unknown parametric uncertainties was simu-
lated in MATLAB. To illustrate the robustness of the proposed AMMFTC scheme to actuator failures,

the system is deliberately subjected to abrupt and unknown actuator faults consistent with equations
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Figure 3.14: (a) Tracking error comparison in displacement output yi;(b) Tracking error comparison in displacement
output y2; using the proposed adaptive FTC using multiple models and under a single model adaptive FTC strategy.

(B214)-(#I174). The simulation results obtained are depicted in Figures As claimed in our
theoretical developments, stability of the closed loop system is evident from the time evolution of the
outputs y1, y2 and their respective velocity profiles ¢; and 9o in Figure for all time even inspite
of occurrence of unknown faults at ¢ = 30s and ¢ = 60s. As can be observed from Figure B.I5(c), the
control inputs w1 and ug are also bounded. A comparison of output tracking errors and control inputs
obtained using the proposed AMM (Adaptive Multiple Model) FTC strategy and single identification
model based adaptive control are provided in Figure and Figure B.I5l(c)-(d) to further substantiate
our theoretical claims.

Strong output and input interactions between y; — subsystem and ys—subsystem allow the propaga-

Table 3.3: Tabular comparison of output and input performances under proposed AMMFTC and adaptive FTC using a
single identification model

Output Performance metrics Input Performance metrics
Control Schemes ITAE RMSE Control Energy Total Variation
hn Y2 hn Y2 U1 U2 U1 U2
Multiple Models 1.1727 3.5234 0.00036 0.0015 285.26 637.09  14.85 29.04
Single Model 13.01 116.66  0.0028 0.0231 285.26  573.73  14.20 27.04

tion of adverse effects of actuator faults occurring in any of the subsystems to the other. These are
widely known as cross coupling effects. In addition to the accommodation of uncertain and unknown
actuator faults, these cross coupling effects should also be minimized which otherwise may jeopardize
the stability of the system. In this simulation study, the system has been so considered that fault

induced perturbations and subsystem interactions are categorically placed under the same class of

TH-2198 11610211

116



3.3 Adaptive Multiple Model Fault Tolerant Control (AMMFTC) for Uncertain
Multi-Input-Multi-Output (MIMO) Nonlinear Systems

© o o o ©
BN W G
T T

Displacement y1 = x11
o

20 40 60 80 100
Time [s]

(a)

25

Control inputs

1 1 1 1

20 40 60 80 100
Time [s]

(c)

Displacement ys = 221

Control inputs (Single Model)

IS4
©

o
=)

I
~

o
N

N
o

N

=
(6]

=

I
o

o

)
3]

'
[N

=
o1

20

40 60
Time [s]

(b)

80

100

Uy
___________ Us

40 60 80

Time [s]

(d)

100

Figure 3.15: (a) Time evolution of y1(¢t) under the proposed adaptive FTC using multiple models;(b) Time evolution of
y2(t) under the proposed adaptive FTC using multiple models;(c) Control inputs w1 and wuz under the proposed FTC
scheme using multiple models; (d) Control inputs u; and us under adaptive FTC scheme using a single model.
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uncertainties affecting system performance. Therefore, improvement of transient performance in terms
of L, bounds at start up and post fault scenarios in both the outputs would definitely reflect better
mitigation of coupling effects. The tracking error comparison in Figure demonstrate superior
transient and steady state performance as claimed in theory over single model adaptive FTC; besides
achieving substantial alleviation of coupling effects. The output tracking error performance in both
the outputs, that is, displacements of masses m, and ms denoted by y; and y» is indeed promising. On
the contrary, as evident from Figures BT6H3.TH] the single model adaptive FTC suffers from a fairly
unsatisfactory output tracking while its multiple model counterpart shows remarkable performance
without any considerable increase in the control usage. Furthermore, the output tracking performance
and the extent of control usage or rather the input energy spent under the proposed control and its
single model equivalent, are quantified in terms of relevant and suitable performance metrics in Table
. Thereafter, as an added testament to our claims, a tabular comparison of such calculated input
and output performances are drawn. In fact, as anticipated, the comparison reverberates the prolific

features of the proposed adaptive FTC methodology.

3.3.5 Experimental Study on a Twin Rotor MIMO System
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Figure 3.16: (a) The experimental setup of a twin rotor MIMO system (TRMS) emulating a 2-DOF helicopter; (b)
Schematic physical description of the twin rotor MIMO system (TRMS).

To validate the real time applicability of the proposed adaptive controller, it was applied to the
problem of attitude control in a 2DOF helicopter experimental prototype in the laboratory. This
experimental setup, popularly known as the twin rotor MIMO system (TRMS) emulates a 2 DOF
helicopter and characterizes a strongly coupled nonlinear dynamical system with uncertainties. Thus,
it serves as a benchmark example to validate the claims in regards to the proposed adaptive controller.
Figures[3.I6|(a)-(b) show the laboratory setup and the schematic description of the TRMS, respectively.
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To physically describe the TRMS system, is indeed necessary to lend clear understanding of the

Uy eV
—— 1 Main Rotor » Main Pitch =K N -
7

» Cross Pitch

» Cross Yaw

up . Y 6 h
———— Tail Rotor Main Yaw 4’@—»

Figure 3.17: Schematic of cross-coupled twin rotor MIMO system or a 2-DOF helicopter for control development

Y

system and its desired objective. Referring to Figure B.I6(b), the TRMS has two propellers driven
by dc motors, place perpendicular to each other. These propellers are attached to both ends of a
beam pivoted at its base in a manner that the assembly of beam and the rotors, can rotate freely
in both vertical and horizontal planes. A counterbalance arm with a weight at its end is fixed to
the horizontal beam at its pivot to stabilize the TRMS. The main rotor produces a vertical thrust
allowing the beam to rise vertically. This vertical movement is called pitch motion. While, the tail
rotor generates a horizontal thrust and provides yaw stabilization by appropriately moving along the
horizontal plane either towards left or right. The set-up is so constructed taht the angle of attack
is fixed. It is easy to observe that TRMS comprises of two subsystems, namely, the pitch and yaw
subsystems controlled by varying the speed of the main rotor and tail rotor, respectively. Further,
the speed of the propellers are controlled by varying the armature voltage of the corresponding DC
motors. In fact, DC motors herein act as actuators producing the desired speed equivalent to the
control input voltages. In addition, the inherent dynamic input and output interactions between each
of the subsystems in the TRMS are shown in Figure B.I7, where 6, and 6, represent the pitch angle
and the yaw angle; and u,, and up, are control input voltages to the main and tail rotors, respectively.
The pitch and the yaw angle are measured using position encoders fitted at the pivot. Since, it has
been obvious from various simulations and experiments that pitch and yaw interactions play a crucial
role in determining the performance of a controlled system. Inputs to any of the rotors influence both
the position angles. Hence, apart from other design objectives including fault tolerance, alleviating
these strong coupling effects is indeed imperative for any adaptive control synthesis for TRMS.

To complete the description, the TRMS set-up is interfaced with a Windows 7 PC (4 GB RAM),
installed with Matlab/Simulink R2011a using PCL-812 card. Two position encoders are available to
communicate the pitch and yaw angle measurements to the PC. The control inputs are generated using
these measurements and the reference signals along with their derivatives, in the data acquisition and

control block in the form of digital signals. These digital signals are thereafter converted to analog
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signals through an embedded D/A converter and sent to the two d.c. motors attached to the rotors to
achieve the desired attitude control.

Deviating our attention to mathematical modeling, the differential equations describing the dynamics
of TRMS are given below [123].

1,0, = My — Mpg — Mpy, — Mg (3.219)
110y, = My — Mpy, — Mg (3.220)

Where M; and Ms denote the nonlinear static characteristics, Mp¢g represents the gravity momentum,
Mpy, and Mpp, are momenta corresponding to friction forces, Mg is the gyroscopic momentum and

Mp, defines the cross reaction momentum. Further, their mathematical definitions are as follows.

My = a1 L2, + b1 Ly My = agL? + by Ly (3.221)
Mpg = Mysinb,; Mg = kgyMléh cos 0, (3.222)
. 0.0326 . :
Mpy, = By, 0, — 5 07 sin 20,; Mgy, = Big, 0 (3.223)
k‘c(ToS aF 1):|
Mp = |22 21 A 3.224
R [ (Tps +1) ! (3.224)

The terms L,, and L; define the momentum of the main rotor and the tail rotor, respectively. These
momentum functions are related to their corresponding control input(armature) voltages w,(t) and

up(t) as

k. k
Ly = [Ts 3 T10] wy; Ly= [7%15 :L TQJ up, (3.225)
All other remaining parameters in equations (3.219)-(3.225) and their respective values are defined
and listed in Table 34l Equations (3:219) and (3:2220) are derived using Newton’s laws of rotational
motion. To obtain a state space model of the TRMS dynamics, the state variables are chosen as
X = [r1, 29,23, 24,5, Z6]T = [0, 00,0, 0h, L, Li]". Herein, z; defines the pitch angle, x5 is the
pitch angular velocity, 3 denotes the yaw angle, the variable x4 is the yaw angular velocity. Further,
x5 and xg represent the momentum of the main and tail rotor, respectively. Using the above relations
from (B.221))-(B.225)) in (B:219) and ([3.220) leads to the formulation of the following dynamics describing
the motion of a TRMS.

T = X2

T3 = x4

io = OFz5% + O5xs — 0% sinxy — Ofwo + 05242 sin(272)
—9§a:4x52 cos(x1) — O3x4x5 cos(xq) (3.226)

:ﬁ4 = 9§$62 + 953}6 - 9I0$4 - 9I1$52 — 9T2$5 -

i5 = —9%1’5 + 0’f4uv

e = —07576 + O1gun

Y1 = I, Y2 = T3
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Table 3.4: Physical parameters of the TRMS

Symb. Description, Value & Unit

I, Moment of inertia of vertical rotor 0.068 kg-mz

I Moment of inertia of horizontal rotor 0.02 kg-mz

a1 Static characteristic parameter 0.0135 -

b1 Static characteristic parameter 0.0294 -

as Static characteristic parameter 0.02 -

ba Static characteristic parameter 0.09 -

M, Gravity momentum 0.32 N-m
Bia, Friction momentum function parameter | 0.006 | N-m-s/rad
Bia, Friction momentum function parameter 0.1 N-m-s/rad

kgy Gyroscopic momentum parameter .0155 s/rad

km Main rotor gain 1.1 -

kt Tail rotor gain 0.8 -

Th1 Main rotor denominator parameter 1.1 -

Tio Main rotor denominator parameter 1 -

To1 Tail rotor denominator parameter 1 -

Too Tail rotor denominator parameter 1 e

Ty Cross reaction momentum parameter ) -

To Cross reaction momentum parameter 3.5 -

ke Cross reaction momentum gain -0.2 -

The outputs of the TRMS are pitch and yaw angles and are denoted by y; and ys. The unknown

parameter vector is defined as * = [0F,03,...,0%,,0%,05]7. The definition of all the unknown
parameters 6; for ¢ = 1,...,14 are as follows.

07 = ay/I; 05 = by /Ly 05 = M,/Ip; 05 = Bua, /1; 05 = 0.0326/21,; 65 = kyya1/L;
07 = kgyb1/1Ly; 05 = aa/Ip; 05 = ba/In; 039 = Bia, /In; 071 = —1.75kca1/1p; (3.227)
1o = =1.75keb1 /Iy; 075 = Tho/Th1; 054 = km/T11; 055 = Too/To1; 016 = ki/Toa

The parametric model for unknown parameter estimation is written as,

. _ ; AP
z1 T2 [ 01x7 | 0155 | O1x2 | 012 1
. *
T3 x4 01x7 | O1x5 | O1x2 | O1x2 2
. T
) To 0 ¥ 01x5 | O1x2 | O1x2
x=|"7|= + 1,2 i (3.228)
Ty 0 01x7 | w32 | O1x2 | O1x2 T
. T
Z5 0 01x7 | O1x5 | ¥13 | O1x2 Ts
. T
| T6 | L 0 | [ O1x7| Oix5 | O1x2 | 23 | | 67 |
——
P(x,u) o
The regressors are defined as @19 = [xg,m, —sinxq, —xg,—wﬁ sin 2x9, —x4x§ COS X1, —X4T5 COS xl]T,
P2 = 22, 76, —24, —32, —x5]T, 13 1= [~x5,u,|T and @23 := [~x6,us]T. The multiple identification

models for parameter estimation are designed using the above estimation model (3:228)) consistent
with equations (B.I62)-(BI63). The parameter estimates from each of the identification models are
thereafter utilized for second layer of adaptation to yield the final estimate of the parameter vector

6*. Following the estimation of unknown parameters, the proposed adaptive controller is developed
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following the backstepping methodology detailed in Section 3.3.2.1.

For experimental implementation of the proposed adaptive controller using multiple models, all the
states of the system should be available. However, among the six states in the state vector x(t),
only x1 (pitch angle) and z3 (yaw angle) are available for measurement. Therefore, an Extended
Kalman Filter (EKF, Kalman-Bucy filter) [124] is used to estimate the remaining states of the nonlinear
system. The detailed design of the EKF is provided in Appendix [A.3l The initial conditions of the
system are x(0) = [0,0,0,0,0,0]”. Similarly the EKF states and the states of the identification
models are also initialized at zero. Since the number of unknown parameters is 16, the number of
identification models required to satisfy the conditions of proposed design N=17. The relative degree
of the pitch and yaw subsystems are found to be p; = s = 3 and hence the controller gains are
selected as ¢; = [{c1;}3_1]=[15,2.5,2.5] and 2 = [{c2,;}7_,]=[10,2.5,2]. The damping gains are chosen
asCi2 = C22 = §1,3 = g2.3 = 0.5. The gain matrices of the adaptive identification models are considered
as A, = [diag{—14, —14, —16,—16, —14, —14}] for p = 1,17 and v = 2. The adaptive rate parameter
I'), is chosen as I', = 20I;6. The adaptive weight parameters @, for second layer of adaptation
are initialized at w(0) = %117“. The control input voltages up and u, are maintained within their

allowable range of [—2.5, 2.5] V. The reference trajectories y,.1 and y, 2 to be tracked by the outputs y; =

952 +10s + 4’ 952 + 10s + 4
with yg1 and y42 as the inputs. In the following, the system is subjected two scenarios of step signal

0.2 0.2
0, and y, = 0}, are the outputs of the reference system G,(s) = |diag { }

and sinusoidal signal tracking to illustrate the tracking capability of the proposed multiple model
adaptive controller featuring transient performance improvement without significantly increasing the

control energy.

e Scenario I: This scenario demonstrates sine command tracking performance of the proposed
adaptive controller. The inputs to the reference system are chosen as y41 = 6 + 4sin(0.057t)
and yq2 = 12cos(0.057t). Figure B.I8(b)-(c) shows satisfactory output tracking capability for
both pitch and yaw angles 6, = z; and 0, = xz3 with the proposed control scheme. From
a closer glance at the tracking performance in Figure B.I8(a), it is observed that the pitch
and yaw error signals exhibit no substantial transients and ultimately oscillates in the range
[—0.02,0.04] and [—0.02,0.15] at steady state. The maximum percentage of steady state error in
tracking with reference to the peak value of y,; and ;.2 corresponding to each of the outputs
y1 and ys is approximately found to be 6% and 14%, respectively. The control input voltages
u, and wup are bounded within their limits. To further our insights on the prolific features
of the proposed adaptive control methodology, a tabulation of output and input performances
are provided in Table A low value of root mean square error (RMSE) and integral of
absolute error (IAE) essentially hints at a good steady state performance. Whereas, the integral
of time absolute error (ITAE) metric is meant to measure the transient performance and is
desired be of a small magnitude for fast tracking and stabilization. The inferences drawn from
quantifications of the output tracking performance in Table are fairly consistent with our
claims of acceptable transient and steady state performance. The input performance is measured

using control energy(CE) defined as the second norm of the control signal and total variation
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Table 3.5: Tabulation of input and output performances quantified using suitable performance measures

Reference Output Performance Input Performance
Signal RMSE IAE ITAE M, M, CE TV
. . 0, 0.027 2.364 117.42 - - Uy  298.93  217.72
Sine tracking __ _
o, 0.062 5.389 276.63 - - up  164.11  809.38
. 0y 0.011 1.023  20.56 19%  14% Uy  288.96 59.40
Step tracking -
o 0.032 3.336 84.08 - - Up, 86.15 25.95

(TV) [113] which indicates how frequent the control is used. A small value of TV for a control
scheme is beneficial for practical applications as mentioned in Remark 3.5. The CE and TV
of the control inputs u, and wj, corresponding to the proposed controller indicate a fairly good
input performance without excessive chattering. Nevertheless, on a critical assessment of the
error performances, the reader may find the steady state error bounds on a slightly higher side.
However, it is to be mentioned that the performance of the TRMS under the action of the
proposed controller is indeed appreciable given the fact that real time experiments on the TRMS

are subjected to noise, air gust, voltage fluctuations and other unforeseen external disturbances.

e Scenario II: In this case, we study the performance of the proposed control methodology under
step command tracking. Considering the same reference system Gy (s) driven by inputs yg; =
4U(t) +4U(t — 25) —4U(t — 75) and yq2 = 6U(t), its outputs y,1 and y, o serve as the desired
trajectories for system output tracking. Here, U(t) is defined as the unit step input. From the
results in Figure B.19] it is evident that the proposed control scheme is capable of rendering
a good tracking performance for step reference inputs with minimum chattering in the control
input voltages. Further, the control inputs reside within their permissible ranges while realizing
the desired control objective. The pitch tracking error show some transient behaviour with an
overshoot of 19% and an undershoot of 14% with reference to y,; = 0.2 while the yaw tracking
error exhibits no peaks beyond y,o = 0.3. The maximum steady state error is approximately
calculated to be 5% for 6, and 9% for 6. Tabulation of calculated ITAE, IAE, and RMSE values
under step tracking in Table reveals a satisfactory and appreciable output performance.
Further, the TV and CE values in Table are reasonably low, indicating a promising input
performance. The effect of cross-coupling The yaw tracking performance can be however further
improved using an integral action in the proposed controller. Taking into consideration several
issues in real time implementation as mentioned in the preceding scenario, the performance of
the proposed adaptive control system is certainly acceptable. The authors do believe that the

obtained results are indeed appreciable and encouraging.

Remark 3.5. At this juncture, it should be remarked upon that the proposed adaptive control method-
ology contributes in two directions. Firstly, it offers a control solution to the tracking problem in

unknown nonlinear uncertain systems featuring an improved output transient performance. Secondly,
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the obtained solution can be further utilized to solve F'TC problems using adaptive control and cater to
the requirements of enhanced post failure transient performance without substantial increase in control
usage. Adhering to the aim of FTC, the performance of the proposed AMMFTC scheme was demon-
strated for control of MIMO nonlinear uncertain systems affected by abrupt actuator faults through
extensive simulations in Section 3.5.4. Further, the proposed control methodology was experimentally
implemented to control the attitude of a twin rotor MIMO system (TRMS). Given the fact, an abrupt
decrease in thrust forces generated by the rotors would emulate the occurrence of actuator faults, it is
certainly not possible to practically realize actuator faults in such an experimental set-up. It should
be clearly understood that scaling the parameters 07, and 075 associated with the control voltages u,
and up, do not model partial loss of effectiveness of actuators. Hence, the experiments were conducted
without considering the occurrence of actuator faults. Nevertheless, the parameters of the TRMS were
assumed to be unknown and estimated using the adaptation algorithm proposed in this chapter. The
results obtained are promising. Any loss of actuation effectiveness will lead to change in the values of
constant unknown parameters associated with Ly, and L;. Therefore, under this scenario, if a satisfac-
tory transient and steady state performance is achieved at start up, it is reasonable to assume that the

proposed adaptive controller would exhibit similar attributes at post fault scenarios.

3.4 Summary

In this chapter, a new actuator failure compensation strategy was presented for nonlinear uncertain
systems. The design methodology followed a multiple model adaptive backstepping procedure without
switching and tuning. The proposed method exhibits a simpler structure compared to [54], [24] and
[100] in the sense that a single controller is utilized in the design of failure compensation in the event of
unknown actuator LOE, LIP and float free failures. The proposed controller was developed in a manner
so as to be able to compensate infinite actuator failures. Unlike existing literature on adaptive FTC
in regards to intermittent actuator failures, explicit output error bounds in terms of L., and L5 signal
measures are derived by formulating the closed loop dynamics as a random impulsive hybrid system.
Besides, the improvement of output transient performance using the proposed FTC strategy is proved
theoretically through an appropriate quantification. Finally, the proposed controller fed with parameter
estimation from a minimum number of estimation models adds up to the computational simplicity of
the method presented. Thereafter, the AMMETC algorithm is extended to control of MIMO nonlinear
systems with actuator failures. Similar design attributes were observed and the controller was able
to suppress overshoots due to actuator failures as well as those due to cross coupling effects. In
addition, the control input performance was also observed to be acceptable. Thus, the proposed
control algorithm conforms with the desired FTC design requirements and qualifies to be a suitable
scheme for practical applications. It is expected to achieve promising results in large scale MIMO
systems as well. Simulation results illustrate the effectiveness of the proposed FTC method in the case

of actuator faults/failures for both single input multi output and MIMO nonlinear uncertain systems.
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4. Finite Time Adaptation based Compensation (FTAC) of Actuator Failures in Nonlinear
Uncertain Systems

4.1 Introduction

Pertinent to nonlinear systems, the adaptive multiple model based fault estimator (FE) integrated
FTC algorithm proposed in Chapter 3, is certainly a promising attempt to overcome the design limi-
tations encountered in direct adaptive FTC and existing ARFTC methods. Such an algorithm enjoys
the merits of (1) modularity between the controller-estimator pair; (2) enhanced output transient per-
formance without decreased stability margins at start up and post-failure; (3) faithful compensation
of infinite actuator failures; (4) globally asymptotically stable fault tolerant output tracking; and (5)
increased design freedom. Despite exhibiting a plethora of prolific features, the computational com-
plexity is only alleviated to an extent on account of a significant decrease in the number of identifiers.
Although the multiple model estimator with two layer of adaptation in Chapter 3, exhibits compar-
atively faster convergence, it can only guarantee boundedness of parameter estimates. Moreover, the
parameter estimates converge to their true values if and only if the restrictive persistence of excitation
(PE) condition is met by the regressor signals. Further, the parameter convergence time cannot be
exactly characterized. It is always a good practice to explore new rewarding adaptive control methods
for FTC applications which offer excellent robust performance and at the same time are computation-
ally appealing. Along similar lines, the search for algorithms to arrive at an ideal adaptive solution,
is indeed akin to the infinite quest for the “Holy Grail” in active FTC design for nonlinear uncertain
systems. Within the proposed active FTC architecture, the time available for fault estimation and
subsequent recovery plays a crucial role in deciding the existence of stable adaptive solutions. Con-
sidering practical situations such as in mission critical systems, where the time window in which the
faulty system is stabilizable is very short [8,94], this time is strictly small. As a matter of fact, if the
actuator fault/failure is not accommodated within a specific finite time, the inputs and outputs will
encroach their safety limits and eventually lead to mission failures, which is undesirable.

In view of the design objectives of fast failure recovery, transient improvement, acceptable control
usage (within predefined physical limits) and computational simplicity; the strong controller developed
in Chapter 3, when augmented with a finite time parameter estimator would be a promising choice
for FTC applications, where time is a critical parameter. Introduction of finite time stable parameter
estimators into the design allows for an upper bound on the time required for fault estimation. Thus,
such a modification will add to the design freedom of the FE/FTC architecture proposed in Chapter 3.
In consequence, the damping parameters can be tuned accordingly to maintain the design modularity
and obtain a control input within its allowable limits. It is well known that output performance in
an indirect adaptive control approach is directly related to the estimation performance. Hence, the
estimator featuring finite time convergence will ensure accurate estimation of failure induced parameters
and contribute to the improvement of output transient performance. Besides, stability margins remain
unaffected and are certainly enhanced, if not decreased. Motivated by the above insights and reasonable
arguments, a finite time adaptation based control (FTAC) is designed in this chapter for application
to the development of failure resilient nonlinear control systems. The control design herein utilizes
an ISS backstepping controller augmented with a novel finite time parameter estimator. The design
features of the proposed finite time parameter estimator will be discussed in the sequel. To the best of

authors’ knowledge, there are still no results available in FTC literature which propose an integrated
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FE/FTC design framework featuring finite time fault/failure estimation in linearly parameterizable
nonlinear uncertain systems. Further, an FTAC solution to the problem of compensating possible
infinite actuator failures followed by a rigorous analysis is also not attempted so far. Therefore,
the FTAC method developed in this chapter is also extended to adaptive compensation design for
intermittent actuator failures followed by rigorous analysis of signal convergence properties. The
results obtained are indeed encouraging. Compared to AMMFTC method, the proposed technique
obviates the usage of multiple identification models and hence the computational burden is expected
to be further reduced. In summary, the proposed control method exhibits all the desirable attributes
of an ambitious FTC strategy.

Apart from its promising contributions to F'TC literature, the proposed algorithm is also anticipated
to be a value addition to existing control schemes with finite time parameter estimation. Such a
claim certainly requires well substantiated and strong arguments to endorse the proposed controller
and to arrive at conclusions justifying its design uniqueness. In what follows, we discuss the FTAC
methodology in brief and its contributions compared to relevant existing results on adaptive control
with finite time adaptation.

With reference to the FTAC algorithm developed in this chapter, parameter convergence is justi-
fied to be a fundamental design element which decides performance improvement and also contributes
to the enhancement of robust stability of the closed loop adaptive system. Recent years have wit-
nessed an influx of generalized second order sliding mode ideas to solve the problem of finite time
parameter identification in nonlinear systems as a part of observer design [125-128|. The resulting
robust parameter adaptation algorithms claim exact estimation of unknown parameters in finite time.
However, the following drawbacks restrict their applicability to general nonlinear systems with linearly

parameterized uncertainties.

e Finite time parameter estimation is possible only for linear stable systems and Lipschitz nonlinear

systems.

e Apart from assuming that the system states are accessible for measurement, these observer based
parameter estimation approaches also require the measurement or computation of the velocity

state vector.

e The invertibility of the regressor matrix has to be continuously checked online and the matrix

inverse has to be computed for parameter estimation.
e Inapplicable for unstable systems regardless of their dynamics being linear or nonlinear.

In addition to the above-mentioned shortcomings, it is also observed that integration of these parameter
estimators driven by state predictor/observer error, with a controller fails to yield parameter conver-
gence to their true values. As a result, output performance is adversely affected. The disadvantages
of observer based adaptive parameter estimation approaches have immensely motivated the design
of parameter prediction error dependent estimators to improve estimator convergence characteristics.
Certainly, to the best of our knowledge, finite time parameter estimation in adaptive control of non-

linear systems has been pioneered by Adetola and Guay in [129]. The adaptation algorithm proposed
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in [129], ensures exact estimation of unknown parameters after a finite time whose magnitude is depen-
dent on the observed excitation of the filtered regressor signals. The estimation performance superiority
in comparison to standard parameter estimators has been well demonstrated therein. In [130], an in-
tegrated finite time adaptive estimation based controller is designed to improve output performance
and achieve asymptotic stability of the tracking error. In [130], the adaptation algorithm resorts to the
finite time parameter estimation algorithm in [129] and uses both the tracking error and parameter
prediction error for performance enhancement. In [129], the PE condition on the regressor signals
transforms to online checking for non-singularity of the time integrated function of filtered regressor
matrix for each sampling interval. This is indeed obligatory for the algorithm proposed in [129] in the
sense that the estimation method explicitly computes the inverse of the foregoing integral of interest
on the run to arrive at the parameter estimate. From a computational perspective, it is natural to
conclude that such continuous online check for existence and subsequent computation of inverses lead
to increased computational complexity with increase in the dimension of unknown parameter vector.
Thus, to make the design amenable to practical computational constraints, the authors suggested the
invertibility check from ¢ = 0 to a time t. after which the integral of the filtered regressor function
is positive definite. The parameter adaptation is stopped after time t.. However, actuator failures
are unanticipated both in time and magnitude. Therefore, in regards to FTC design, such a remedial
measure to lend computational simplicity is practically infeasible. Besides, no closed form expression
has been provided in [129] to determine the convergence time of the parameter estimation error. Adap-
tive parameter estimators utilizing ideas from sliding mode control (SMC) have also been proposed
recently [131] to guarantee finite time convergence. The parameter estimation obtained from an SMC
estimator contains high frequency components and is not smooth. As a consequence, the input perfor-
mance is compromised whenever sliding mode parameter estimation is incorporated into an integrated
estimation based control design.

A novel finite time adaptive parameter estimator driven by parameter prediction error, is proposed
in this chapter. Apart from assuring finite time parameter estimation, the proposed algorithm elim-
inates all the limitations of the above cited literature. From the view point of finite time parameter
estimation based adaptive control, the proposed method builds upon the work of Adetola and Guay
in [129]. The proposed estimator design initiates by introducing several stable filters to obtain the
filtered versions of the state vector and regressor matrix. On account of a passivity based low pass fil-
tering of the regressor matrix, stability of estimation error and inherent signals are ensured irrespective
of the boundedness of the regressor matrix. Thereafter, two additional low pass filters with their inputs
being functions of filtered regressor matrix and state vector are introduced to yield two auxiliary design
variables. The parameter estimation error is then defined using these auxiliary variables. Finally, the
proposed adaptive law is developed utilizing concepts from second order sliding mode control [132]. The
parameter update law does not require any knowledge of the time derivative of parameter prediction
error. The estimation is continuous and smooth without chattering. Unlike [129], the usage of low pass
filters in arriving at the expression for parameter error circumvents the online check for existence and
computation of inverse for the filtered regressor matrix. The integral laws proposed in [129] to relax

PE condition, may result in integrator wind up and hence unboundedness of adaptation may occur.
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This drawback is very serious, especially when practical applications are considered and is eliminated
by the proposed adaptation algorithm. Furthermore, as an added advantage, robustness of parameter
estimation to external disturbances is also guaranteed. Parameter convergence to their true values
is guaranteed, using the proposed estimator without the need of the PE condition. However, a more
relaxed initial excitation (IE) condition [133] needs to be satisfied to achieve faithful parameter estima-
tion. Exponential stability of tracking error is guaranteed provided the IE condition is fulfilled. The
parameter prediction error and its time derivative using the proposed adaptation technique converge
to zero at steady state. Under the integrated estimator based FTC scheme proposed herein, such an
attribute indeed adds to further improvement of input performance and accuracy of output tracking
at steady state.

As the third contribution in this chapter, the proposed FTAC method is also applied to solve the
adaptive FTC design problem in nonlinear coupled MIMO systems affected by large unknown paramet-
ric uncertainties and actuator failures/faults. Although not straightforward, the design methodology
is utilized to develop the proposed FE/FTC control architecture. Similar to the results obtained for
MISO systems, convergence and stability properties of the output error, estimation error and other
intermediate signals do not change when the FE/FTC scheme with finite time adaptation is applied
to control of MIMO nonlinear systems. Further, to investigate its suitability for practical applications,
the proposed FTAC algorithm is utilized to design an adaptive attitude controller for the laboratory
prototype of a 2-DOF helicopter (Twin Rotor MIMO system, TRMS) assuming that its parameters
are totally unknown. The results obtained are satisfactory which prove that performance efficacy and
robustness of the proposed FTAC strategy.

Rest of the chapter is organized as follows: Section 4.2 presents the design of finite time adaptation
based controller (FTAC) for nonlinear uncertain systems to compensate finite and infinite actuator
failures. Prior to the description of the design methodology, some preliminary definitions are stated
in subsection 4.2.1. Further, the problem formulation and design assumptions appear in subsection
4.2.2. Thereafter, the proposed controller and finite time estimator are discussed in subsection 4.2.3.
A rigorous closed loop stability analysis is provided in subsection 4.2.4. A detailed simulation study is
conducted in subsection 4.2.5. Section 4.3 deals with the extension of FTAC strategy coupled MIMO
nonlinear systems with unknown parameters and actuator failures. Subsection 4.3.1 formulates the
FTC design problem along with the necessary assumptions for MIMO nonlinear systems while sub-
section 4.3.2 describes the FTAC design procedure. Subsection 4.3.3 presents the closed-loop stability
analysis of the proposed control system. In subsection 4.3.4, simulation studies are described and the
results obtained are illustrated. Subsection 4.3.5 presents the experimental results obtained by apply-
ing the proposed FTAC methodology to attitude control of a twin rotor MIMO system. Finally, the

summary of Chapter 4 is drawn in Section 4.4.
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4.2 Finite Time Adaptation based Compensation (FTAC) of Infinite

Actuator Failures

4.2.1 Some Preliminary Definitions

Definition 4.1. Let us consider a signal x(t) € R™ and consider the set,

t+T
S1(v) = {3: : [0,00) — R" / |z(s)|ds < AovT + A1, VE, T > O}
t

for a given constant v > 0 with Ao, A1 > 0 are finite constants. The signal x(t) is said to be v—small
in the absolute sense (a.b.s) if x(t) € S1(v).
Definition 4.2. Let us consider a signal x(t) € R™ and consider the set,

t+T
S (v) = {x : [0,00) — R" / 2T (s)z(s)ds < (Nov? + )T + Xg, Vt, T > 0}
t

for a given constant v > 0 with Ao, A1, A2 > 0 are finite constants. The signal x(t) is said to be

v—small in the mean square sense (m.s.s) if x(t) € Sa(v).

Definition 4.3. A bounded signal x(t) € R™ is persistently exciting (PE) for t € [0, co) provided
3T > 0 and A > 0 such that the following condition holds ( [133], [154]),

t+T
/ z(s)xl (s)ds > AI,, Vt>0
t

where I, denotes an identity matriz of order n.

Definition 4.4. A bounded signal x(t) € R™ is exciting over the finite time interval [to, to +T) with
T >0 and ty > 0, provided 3 X\ > 0 such that the following condition holds ( [133]),

to+T
z(s)z (s)ds > M\,

to

where I, denotes an identity matriz of order n.

Theorem 4.1. Let us consider a continuously differentiable function V : D x [0,00) — Ry, finite
positive numbers T' > 0, p € (0,1), and a neighborhood N° C D of the origin such that V is positive
definite over N and V + T'V* is negative semi-definite over N where V(z) £ a‘g—g(f)f(w). Then the
origin is a finite-time-stable equilibrium of the dynamics @ = f(x). Further, if Ts defines the settling

time function, then Ts(x) < ﬁ‘/(m)l_” Vx in the open neighborhood of the origin [106].
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4.2.2 Problem Formulation

On similar lines as in [3.2] let us consider a class of nonlinear uncertain systems transformable to a

parametric strict feedback form as follows.

i =z + fi(@3) TR, i=T,p—1 (4.1)
o = fol,n) + folz,n)" v + f} bj B (x, m)u; (4.2)
y = - (4.3)

1 =Mo(z,n) + Ep; ri Ni(z,m) (4.4)

where x;(t) for i = 1, p represent the states of the dynamical system (£I)-([42)) and o defines the rel-
ative degree of the plant with reference to its output. The notation Z;(¢) is meant to denote a i—tuple
state vector and z(t) = [x1,...,7,]7 € R® defines the full state vector. The system output is given
by y defined by a state or a smooth function of the states. The functions f;(-,-) : R® x R"™¢ — RP
for i = 1, p are assumed to be vectors of known smooth linear/nonlinear functions. Further, fo(-,-) is
also a known nonlinear function which is infinitely continuously differentiable. The actuation functions
Bi(-,+) : R x R"™® — R € € for j = 1,m are known and may not be necessarily linear. The factors
b; for j = 1,m define the unknown control coefficients. Further, the uncontrollable dynamics of the
system is described by 7). The unknown vector of system parametric uncertainty is denoted by «* € RP
where its elements are unknown constants or may be time varying.

Prior to the formulation of the FTC problem, the input-output characteristics of the actuators encom-
passing their healthy, faulty and failure states of operation are to be defined. Given that up; defines the
input and K ;, describing the state of health of the j—th actuator during time ¢ € | S ho jh) C [0, o0),

the actuator failure model is described as,

wi(t) = Kj7hqu + Upjh, tE [t?,}wtih) (4 5)
7 - .
ugj, t€ [tih’t;h—i-l)

The suffix ‘o’ and ‘e’ is used to denote the onset and end of a particular actuator failure pattern for
the time interval ¢ € [ty,, tp41). The notation p;j is used to represent the magnitude at which the
j —th actuator is jammed after it fails completely. It has been discussed in Section that the above
modeling encompasses three forms of actuator faults and failures, namely; loss of effectiveness(LOE),
lock-in-place(LIP) and float failure.

Now assuming that actuators in the system may undergo abrupt and sudden faults/failures, the control

design objectives are as follows,

e Guaranteeing stability of the closed-loop system under occurrence of the considered types of

actuator failures unknown in time pattern and magnitude for all time ¢ € [0, c0).

e Fast, accurate and finite time estimation of unknown system and failure induced parameters

leading to an improved output transient and steady state performance.
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e QOutput tracking is robust to unknown system and actuator failure parameters assumed to vary
intermittently across all time ¢t € [0, co). Given that the system undergoes possible infinite
parameter jumps not necessarily known, the output tracking error y(t) — y,(t) is ensured to be
stable and v—small in the absolute sense (a. b. s.), i.e., 21(t) := (y(t) — y.(t)) € S1(v).

e In case the total number of actuator failures and system parameter jumps are finite, asymptotic

convergence of output tracking error to the origin is ensured, that means, tlim z1(t) = 0.
— 0

4.2.2.1 Design Assumptions

The same set of assumptions as in Section are invoked prior to controller design to meet the
aforementioned objectives. The assumptions are not repeated in detail here for the sake of brevity in
presentation. In summary, the fault tolerant control design assumes that the system is controllable
with respect to (m — 1) actuator failures adding to the non-singularity of the resulting actuation func-
tion, that is, 8j(x,n) # 0. This condition guarantees the existence of an adaptive control solution to
the concerned actuator FTC problem. The signs of the actuation coefficients sign(b;) for j = 1,m is
known. The internal dynamics ([£4) of order (n — ) is input-to-state-stable(ISS) with respect to the
controllable states (z(t)) as its input. The reference trajectory v, (t) and their successive time deriva-
tives until p—th order are continuous, bounded and belong to a compact set. Besides, the unknown
failure and system parameters satisfy Assumption 3.5 meaning that 0 < b; < [b;] < bi, lupjn| < @
and 0 < Kj < K; <1and Qj, bj, Umax and Kj for j = 1,m are known finite positive constants.
The unknown parameter vector k* belongs to a known convex compact set, i.e., k* € S« C RP. The
set Sy+ is the convex compact set where the parameter vector k* € RP resides and VK1, ko € Sk+, the

relation ||k — Ka|| < Kmax holds.

4.2.3 Fault Tolerant Control Design with Finite Time Adaptation

Actuator redundancy is indispensable in achieving failure tolerance in any dynamical system.
Hence, considering that the actuators of the nonlinear system (4.I])-(44) have similar physical and

operational characteristics, the j—th control input can be designed in parallel as,

uny{t) = - o(t)sign(t;) (4.6)
j

where v(t) is designed using a backstepping technique with finite time adaptation to improve the
performance. Let us define the actuator index set as Z := {j1, ..., jm} and two of its subsets comprising
of failed and healthy actuator indices as PBior, = {Jj1,.-.,7q,} and Byt = B PBiotp, respectively.
The notation g, is used to denote the number of totally failed actuators at a failure time instant ¢ = T,
and varies as 0 < g, < (m — 1) all throughout the interval [T}, Tj41) until the onset of the next
consecutive actuator failure pattern at ¢t = Tj,41.

Incorporating the actuator failure model (£.5) and the expression for v(t) (£.0]) into the system dynamics
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(£1)-(E2), the unified model with actuator failure parameters can be formulated as,

*

T; = Tiy1 + fi(j}i)T/ﬁ} R 1=1,p—1

o = folz,n) + folz,n) k" + b v+ gTa* (4.7)
where,
Z bl for K5 =1and up;p, =0V j € A

b* = j=1 B ‘ (4.8)

'E; K;ulbj|, for Kjp, €[0,1) and apjn #0V j € Bioty

] % totyy

a* :=1[0,...,0]F € R™, for K;p=1and up;,=0Yj € # (4.9)
a* = [{bj,aps, n 3,0, .., 017 € R™ for Ky €[0,1) and Gpjp A0V j € Bioty (4.10)

Finally, the vector of unknown parameters due to abrupt actuator faults/failures and unknown param-
eters in modeling is defined by 6* := [0% 05 05]7 = [b* x* u*]T € RPT™FL. The parameter 07 and 63
are actuator fault/failure induced perturbations and hence are time varying with 9*,93 # 0 implying
9*(t) # 0. Nevertheless, 9{ and 9§ can be considered to be approximately zero if the cardinality of
occurrence of actuator failure is finite and the inter-event time between two successive failure events
is substantially large. Owing to intermittent changes in the failure induced parameters resulting from
changes in the actuator failure pattern for every T% := (Tj,.1 — T},) > 0, for h € W and ¢ € [0, o),
0*(t) satisfies the following property [6] stated in Lemma 4.1.

Lemma 4.1. The time derivative of the unknown parameter vector 6*(t) representing system and

actuator failure induced parametric uncertainties satisfy 0*(t) € Si(v), i.e.,

t+T

/ 16%(s)||ds < v/m+p+1AWT +/m+p+1AT; Vtet, t+T) (4.11)

t

where v = 7 >0, AT = max{z b; — ¥, 2bju} < oo and { = 11<1[11<m {K,b;}. The time span T* is the
<j<m

minimum of all the time mtervals between two consecutive changes in the actuator fault/failure pattern

and the constants Bj, w > 0 are derived from the design assumptions in Section[4.2.2
Proof. The proof is provided in Appendix

Remark 4.1. [t is well known that unknown parameters in any dynamical system vary with time. Given
the fact that their variation with time is sufficiently slow, it is an universal assumption to consider them
as constants and that their time derivatives are zero. This assumption is widely cited in the design
and stability analysis of any adaptive or adaptive robust control methodologies in literature. Unlike the
works in literature, since the adaptive control design concerns compensation of time varying actuator

faults and failures, the proposed FTC design does not consider the time derivative of the unknown
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parameter vector 9*(15) to be zero. For the case of finite variations in actuator failure patterns and
system parameters not assumed to be sufficiently close, taking the integral in (A.43) from 0 ~ T and
T* — oo(v — 0), we get 8*(t) € £1]0,T). Where, [0, T) denotes the mazimal interval of existence of
9*(t) This result would be utilized later to prove the asymptotic stability of the tracking error dynamics
in the event of changes in actuator failure patterns with finite cardinality. At this juncture, it is worth
mentioning that in presence of unknown piecewise constant time varying parameters, the property of
9*(t) in (A43) and its subsequent usage in the stability analysis, will provide a clear insight to infer

the signal characteristics of the output tracking error z(t) for all t € [0, 0).

4.2.3.1 Design of Finite Time Parameter Estimator

In this subsection, a new parameter estimator featuring fast and finite time convergence to the
actual parameter is proposed. Some necessary filters are introduced and boundedness properties of
filtered signals and their derivatives are studied a priori. The adaptive law guaranteeing accurate and
finite time parameter estimation is presented thereafter followed by derivation of stability properties
of the estimator.

The estimator design procedure starts with representing the nonlinear dynamical system with failure

parametrization ({.7) as a parametric z—model as given below.
i = f(z)+ T (z,v)0" (4.12)
where, f(z) and ®(x,v) are defined as follows,

0 filz))T Oixm

0 f2(@2)T  Oixm
F@) = [3, D3y By Folm )T RO & 0T () = | P O | gospiman

v fp(x7 U)T ﬁT
At this point, let us introduce the following filters.

OF = Az, )Q" + &7 (z,v); Qe RUMHPHDxp (4.13)
Qo = Az, t)(Q0 +7) — f(z); Qo €R? (4.14)

where, A(x,t) = Ag — y®(z,v)" ®(2,v)P. Further, Aj is a constant Hurwitz matrix with a positive
definite matrix P = PT > 0 as the solution to the equality AgP + PAg+ @ = 0 with a chosen @ > 0.
Additionally, we define another two filters with filtered variables R(t) and S(t) as,

R(t) = —# R(t) + QQT;  R(0) =0, R(t) e ROHpH)x(mtptl) (4.15)
—AS(t)+QQ +z);  S(0) =0, S(t) e R™HPH (4.16)

.
—
o~
N—
Il

where £ > 0 is another design scalar. Now, we have the following lemmas which are essential prior

to development of stability properties of the proposed controller.
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Lemma 4.2. Let the mazimal interval of existence of solutions of filter dynamics (Z13) be [0, T).
Then filtered signal Q(t) is bounded irrespective of the boundedness of the regressor matriz ®, i.e.,
Qt) € Loo[0, T'). The Lo bound is given by,

A(P) m+p+1
Q
92 < ( s+ | S )
where || - ||# denotes the Frobenius norm of the argument matriz.

Proof.
The proof follows a similar procedure as outlined in Section 4 of Chapter 6 in [69]. The boundedness

of Q(t) is derived as follows.

%(QPQT ) = QAT P + PA)QT — 279PdTdPOT + QPST + o PQT
1 1
- T T T T
= Q0" —2v|QP3TOPOT — 2—27<1>PQ - yoe Imipi1| + —271m+p+1
T . s 1 1
= —QQQ -3 2’}/ dPO" — Z m+p+1 dPO" — % m-+p+1 + %Im—l—p-i-l (417)

Now taking trace(-) operator on both sides of the equality (4I7) yields,

d 1 1
—trace(QPQT) < - MNQ)||121% — 27|2PQT — —Iipi1l% + =—trace(Insps1) (4.18)
dt 2 2
m+p+1
<A@l + P (4.19)

Now using the fact that A\(P)||Q[|% < trace(QPQT) and the property of norm inequalities (Page
47, [122]) [|1Q]|oo < /022 along with [|Qf]2 < ||| 7, the following is obtained.

A(P) m+p+1
€2l < ( Pn 0)ll5 + w)) (4.20)

The proof is complete. [
Combining ([412]) and ([£I4), let us define an auxiliary variable % := Qg + = such that,

Y = (Ayg — P (z,0)T®(x,0))¥ + ®(z,v)T0* (4.21)

Before proceeding further, stating the following lemma is necessary.

Lemma 4.3. The filtered regressor matriz R(t) obtained as solution of (AIN) is positive definite if
and only if ®(x,v) in (A1) is persistently exciting (PE).

Proof.
From the proof of Lemma 4.2, the presence of the matrix A(x,t) = (Ag — y®(z,v)T ®(z,v)) in [@I3)

yields strongly stable and bounded trajectories of €2 even though the regressor matrix is unbounded.
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Hence A(z,t) is inferred to be a stable matrix. Now, in accordance with the statement of the proof, it

is apriori assumed that ®(z,v) is PE. Since, the filter dynamics ([4.I3)) is stable and minimum phase,
t+T t+T

the PE for Q holds straightaway and hence [ Q(s)Q7(s)ds > [ min{\/A(Q(s)QT(s)) Hmtpr1ds >
t t

@lmtpt1 [133]. Here A(-) denotes the eigen values of its argument and I,,4,41 is the identity matrix
of order (m + p+ 1). Now the solution R(t) of the additional filter in (£I3]) is given by,

t+T
R(t) = / =7 =007 (5)ds (4.22)

The above equality (4.22) is further reiterated in the form of an inequality as stated below.

¢ ¢
R(t)=e*T / e 50 (s)QT (s)ds > e ¥ T / min {\/)\(QQT)}Imﬂ,H > e M Twlhp1  (4.23)
t—T t=T

The inequality derived in ([@23]) holds for ¢t > T" and directs the readers to the conclusion that R(t) >
MR Imipr1 > e Twlypipr1 > 0. Hence, R(1) is positive definite. Therefore, it is concluded that
the PE condition on the regressor matrix ®(x,v) now translates to ensuring the positive definiteness
of R(t). O

Now, defining % := # — QT6*, the derivative of # is calculated from [@21) as,

W = (Ag — 010\ + dT0* — (49 — 2T 0)QT + @T)p* — QTh* (4.24)
< (Ag —y0"®) 7 — QLo (4.25)
(a,t)
A(x,t

Lemma 4.4. Considering the % —error dynamics in (425), the error signal % is bounded and is
both v—small in the absolute sense (a.b.s.) as well as in the mean square sense (m.s.s), i.e., Y e
S1(v) N Sa(v). Where v = 2 is a finite positive number and T* is the minimum elapse time between

two successive variation of actuator failure patterns.

Proof.
The solutions along (£.25) is described by,

t

Y (t) < e~ 4@t (0) — / e~ A=) (5)0*(s)ds (4.26)

0
Using Lemma 3.3 and Lemma 4.2, (£.26]) reduces to an inequality as follows,

t
12 (1)]] < k=" |2 (0)] Jrf?\lﬂlloo/e_CO(t_s)II@*(S)\IdS (4.27)
0

The first term in (4.27) is undoubtedly bounded above and the integral in the second term is calculated
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by following the procedure outlined on Pages 84-85 in [110]. Therefore, invoking the result in Lemma
4.1 with the inequality (#27) yields,

t y .
7 eo(t—s) || K[| AF k||| AF
co(t—s) || p* o) ¢ o) c

k:HQHOo/e o=+ (s) s < T2y 4 ST o < o (4.28)

0
Hence the ultimate bound on the signal % (t) is given by,
- k|| A o 1 KA

190 = HA | HI e 7)) (4.29)

Equality [@29) shows the boundedness of # () provided v is finite. The first part of the proof is
complete.
Next, it is to be proved that & (t) € Si(v) followed by # (t) € Sy(v). The procedure starts with the

computation of the following integral.

t+T t+T t+T s
/W(s)udsg //26—008\\@(0)\\ds+/2m|yoo//e—co@—ﬂué*(f)udms (4.30)
t t 0
o t+T s
< S(ert DY FO) + Kol [ e [ @drds  @31)
0 t 0
t+T o t+T

t
[ 18@)ds < Zet = D)) + Fioe [ e [ cmd(r)ards
0
t 0

t

t+T s

R / e_cos/ecoTHé*(T)Hdes (4.32)
t t

< Lo — ety o)) + MM et — matemy [ ooy aras

0 0 0
t+T s

+ R / e—cos/ecwué*(T)HdeS (4.33)
t t

Utilizing the inequality (e~ — e=0(t+T)) < =<0t the inequality ([@33) reduces to,
t+T 7% QO t t+T s
/ H@ ”d$< H ( )H —cot Mﬁ_mt/GCOTHH.*(T)HCZT—I-]\%HQ”OO / e—Cos/ecoTHé*(T)HdeS
co
0 t t

(4.34)

Similar to the proof of boundedness of % (t) [110], let us substitute the integral in the second term on
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the right hand side of (£.34) as

t
. Aieco AiecO
—co(t—7) |1 H*
/e co 10" (7)]|dT < pp— v+ ppp——
0

(4.35)

Substituting (£35) in (£34) yields,

ot k% (0 k|9 Al EQ o AF o /
co co o .
/||@ )|ds < I ()H+ 192100 " 192100 > C —I—k‘HQHOO/e_cos/ecoTH@*(T)Hdes
c co(1 —e=<0) co(1 —e=<0)

t t
(4.36)

Utilizing the identity for change of sequence of integration [110], i.e.,
t+T s t+T
/ f(s) /g(T)des = / / f(s)dsdr (4.37)
i t

for (£30), a further simplified inequality is obtained as given below.

t+T t+T t+T

HIZ O | kIQllcAte  E|Q]ocAte / ; / _
< coT || N* cos
/”@ s < SO 4 SRSty o+ SRS Kl [ () [ e s

t T
(4.38)
k| & k|0 A k|9 s A Qe T
co co 9
o co(1 —e=<) co(1 —e=%)
Finally invoking Lemma 4.1, it is shown that,
pe ot | v+ 1)
_|_
< S = e+l .
/ |7 (5)]ds T+ (10 + I20edf O 4]} @
B1 Bo
t+T

Hence, the resulting inequality [ [|#/(s)||ds < BivT + By with By, By > 0 derived to be finite
t

constants prove % (t) € S;(v). The second part of the proof is complete.
To prove % (t) € Sy(v), let us first recall the upper bound of # (t) from ([@29) and thereafter invoke
Holder’s inequality to compute the bound of the following integral,

t+T

+
/ ST (s ds<H@HOO/H@ Jilds
t

1
. (kunnwA kuﬂnw

1 — e—Co . e kH@( )H> (B1vT + By) (4.41)

TH-2198 11610211

140



4.2 Finite Time Adaptation based Compensation (FTAC) of Infinite Actuator Failures

Finally, % (t) is v—small in m.s.s that is % (t) € Sy(v) with

t+T o o

. . Qo AF By E|Q|looAFBie . -
/@(S)T@(s)dsg (k” | 1 >V2T+< 1 1€ +kBl||@(0)||> vT+
t

1—e 0 1—e o
By B3
k|| sc Ate B U
( ” 1”_6_2 °(u+1)+k|y@(0)”30> (4.42)

Ba

where, By, Bs, By > 0 are calculated to be finite constants. The proof is complete. [J The following
lemma is helpful in developing the adaptive law for finite time parameter estimation by utilizing the
“prediction error” of the unknown parameter rather than the states. The notion of prediction error

herein is defined with the help of the result stated in the below mentioned Lemma.

Lemma 4.5. Considering the regressor matriz ®(xz,v) to be persistently exciting (PE) and the def-
initions of R(t) and S(t) in [@IH) and ([@I6), the unknown parameter vector 6* can be found as
0* := R=Y(t)S(t). This definition of 0* will play an important role in the development of the proposed

finite time adaptation law guaranteeing a fast and accurate estimation.

Proof.

The proof is straightforward and can be left for the readers. However, for the sake of completeness, the
procedure to arrive at the final conclusion, that is, * ;== R=1(¢)S(t) follows next. From their dynamics
described in (£I50)-(410), the rudiments of linear system theory allows us to define the solutions of
R(t) and S(t) as,

R(t) = /0 t e =) ()07 (s)ds (4.43)
S(t) = /O e =)0 (5)(Qo(s) + 2(s))ds (4.44)

The solution % (t) of the differential equation (£2I)) is described as,

V(1) = / e~ AN (5(s), v(s))T0"ds = OT (£)6" (4.45)
0

Since % := Qg +  and substituting (Qo + x) = Q76 in the expression for S(t) in (4] yields,
t
S(t) = / e =)0 (5)07T (5)0* ds (4.46)
0

From the solution of R(t) in (A.43) and 6* considered to be a vector with constant elements, the equality
(E46) reduces to S(t) = R(t)0*. Pre-multiplying both sides by R~1(t) yields 6* = R=(#)S(¢). O In
what follows, it is shown that the adaptive parameter estimation strategy proposed does not rely on

explicit calculation of matrix R~!(t) online and hence all involved numerical issues are circumvented.
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Unlike the parameter update laws proposed in literature largely dependent on the identification error,
the adaptive law presented herein is formulated on the basis of the parameter estimation error. At
this stage, let us define the prediction of S(t) as S(t) = R(t)f(t) and hence the prediction error
& := S(t) — R(t)f. Thereafter, unlike the commonly used robust gradient or least squares based
adaptive laws and their normalized versions ( [122] [110]), the parameter update law proposed herein
is stated in the following proposition along with its signal stability properties guaranteeing finite time
stability.

Proposition 4.1. Let us consider the prediction error &(t) = S(t) — R(t)0(t) with R(t) > 0 and S(t)
defined as solutions of (AI5) and ([EIQ), respectively. Assuming that the regressor matriz ®(z,v) is
PE such that R(t) > A(R(t)) > w > 0, the proposed parameter estimation law given by,

t
2 8(s)
=14 4.47
H£ t ]1/2 / (s) ( )
0

bears the following attributes; (i) finite time stability of @ = 0 from any initial condition 6(0) charac-
terized by an explicit settling time function Ty(0(to = 0),to = 0) satisfying 0 < Ts(0(0),0) < oo (ii)
0(t) € S1(v) and O(t) € S1(v) (for the case of intermittently changing unknown parameters) provided
that a projection operator is utilized with the proposed adaptive law, (iii) é(t) € L1NLsx and é(t) €Ly
(for the case of variations with finite cardinality in system parameters and actuator failure patterns).
Herein, A(R(t)) and w denote the minimum eigen value of R(t) and the level of excitation of the

regressor matrix, respectively.

Proof of (i).

In this part, the claim of finite time convergence of the parameter estimation error 6 to the origin is
proved. To proceed further, in this part of the proof, the finite time convergence of é(t) to the origin
for every piecewise variation in the system and failure induced parameters defined by the vector 6*
is proved. The unknown parameters defined by 6* is therefore a piecewise constant vector and hence
6* =0 fort e [Th, The1), h € W with initial time Ty = 0. T}, is the time of occurrence of an actuator
failure while T} 1 denotes the time at which the system is subjected to the next successive actuator
failure pattern. From the foregoing arguments, it can now be assumed that * = 0 holds, in a piecewise

fashion though.
T

. o _
To prove the finite time stability, let us first define the vector © = [”5“1 Ga] . Where, 0, =
2

L &(s)
”ds is an auxiliary state variable chosen and whose usefulness would be evident in the

R ey

sequel. Let us consider the Lyapunov function candidate Vi : Sg C R2(m+p+DN\ L0} x [T}, The1) — Ry

TH-2198 11610211

142



4.2 Finite Time Adaptation based Compensation (FTAC) of Infinite Actuator Failures

as (0,t) — ©TPO. The first time derivative of © is calculated as follows,

: 1Hé|y—%< n +é>
. 1101-348 2 —t1 1 a
6 [ 1) 29] _ 151 (1.18)
&
B

€]
Since, as per the definition of prediction error &(t), it can be reexpressed as &(t) = R(t)d. Therefore
substituting the same in (£.48)) yields,

Iy RO 0% AR) 1 3
B =y ——7==T1 | glmtp+1 6
6 < |ld| > AB)6lf> <[] |2V AR) ae | )
—FZ% —%(R)FQ 0 éa
AR)O]z L AR 1
F
A(R) '
| TTE 'y | Imipt1
Clearly, the matrix F := 5 A(R) is Hurwitz in view of Lemma 4.3 which states
2A(R)
e 0
A(R)

|R(t)|| > A(R(t)) > w > 0. Here, @ denotes the level of excitation. Continuing with the stability

proof, the time derivative of the Lyapunov function Vg is calculated as,

Vy=67P6+067Pd < |0 :67(FTP + PF)® (4.50)
< —6)"267Q6 < 0 (4.51)
The inequality (A.51)) is derived using the fact that matrix F' is Hurwitz and satisfies the Lyapunov

criterion given by, FT P + FA = —Q with Q > 0. Now, from Rayleigh principle [109], Hé”é <1102 <
1 )
A2 (P)Véz. Then Vg (@.51)) can be represented as,

. ~ _l ~ l p R ¢ ~

Vo < =l0172A(Q)116113 < —A2(P)Vg *AQ) O3 (4.52)
1
AZ(P)AQ) 1 [
< —— V2 <1,/ V3 4.53
- XP) © © (4.33)
A (PAQ)

where I' = T, A(+) and A(:) denote the maximum and minimum eigen values of a square

matrix. Since the transformed error dynamics © is continuous, it follows that © decays to zero in finite
time, which in turn implies that the parameter estimation error é(t) converge to the origin in finite
time. Therefore, using Theorem 2.1 in [106], and from ([E53), the pair (A(t), 6,) are inferred to be
finite time stable. This completes the proof of finite time stability of © = 0.

To formulate the settling time function T, for simplicity, let us consider the time interval ¢ € [Ty, T7)
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for h = 0 with initial time tq = Tp = 0 and T, < T7. Thereafter, it is stated that V(o = 0) = V5(0)
holds. The expression for T} is calculated by considering Vg (Ts) = 0 due to negative definiteness of
Vé. From (£53) it follows that,

Vg +14/Vg <0 (4.54)

Vg (Ts)

/ ®< _T(T, - 0)

= 2<¢v@<Ts> —/Ve(0)) < -TT,.

As Vg (Ts) = 0, it is substituted in the above inequality, to get closed form expression for the conver-

gence (settling) time 7T in terms of initial conditions and gains I'y, T’y > 0 as defined below.

N

2V(0)

Ts(é(to = O)atO = 0) < T

(4.55)

Therefore, (455]) reflects that the relevant parameter characterizing finite time convergence, is the
bound on the convergence time given by Ts. On the contrary, such closed form definition of the
upper bound on the convergence time for any arbitrary initial condition is not possible in case of
commonly existing asymptotic (exponentially converging) parameter estimators in literature. The
proof is complete. [J
Proof of (ii).
The solution of R(t) in (4.44), can be expanded by solving the involved integral followed by invoking
Holder’s inequality and Lemma 4.2, yielding,

[

3 Q1)
t < f]m+p+1t H e,
R(t)<e —

HQ( B8

(ejg]mﬂ’ﬂt — Ingpt1) < mp+1 < OO (4.56)

Hence, |R()|o0 = ||Q#)||2, /# and R(t), R(t) € Loo. In this section of the proof, we do consider the
occurrence of infinitely varying actuator failure patterns resulting in intermittently varying unknown
parameters affecting the system. Therefore, the time derivative of 8* is considered to be nonzero, i.e.,
6 = 0 and satisfies the property stated in Lemma 4.1. Further, use of a projection operator is necessary
in order to ensure é(t) € L and other beneficial stability properties which would be clear as the proof
procedure herein develops. With subsequent application of Rayleigh’s inequality, the following can be

derived utilizing a similar procedure as in the earlier proof yielding (£54]) with an additional term in

0%,

Vg < =TVA(P) |6l + A(P)[16"] (4.57)
—
T
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By integrating (£.57) on both sides and application of Holder’s inequality from ¢ ~ t + T leads to,

t+T t+T t+T

/Védsg—f/ 16]ds + X(P) / 16* |ds (4.58)
t t

t
t+T

/ |61ds < ¢—)F (18I - 166+ TI7) + £ / 16 ds (4.59)

_;%é%; ¢__T(Mm+p+zMyT+1> (4.60)

PLANX(P)m + p+ 1) vT + NPT AN /X(P)(m + p+ 1) + TIX(P) 2 D)2,

Bs

2
1815 +

(4.61)

Therefore, from (@B1), it is proved that © € S;(v). The last inequality ([@BI) is derived using the
16|

1612

is straightforward to conclude that the signal

result from Lemma 4.1.Using the fact that < ||©]| and thereafter invoking integral inequalities, it

(( ))” € Si(v). Similarly, since the auxiliary variable
2

6, also satisfies ||, < ||©]|, the property 8,(t) € Si(v) follows.

Derivation of the signal space to which 6 belongs is shown in the following. The claim is to prove

6 c S1(v). Therefore, utilizing that fact that use of a projection operator yield a bounded parameter

estimation and the Holder’s inequality, the following is obtained.

t+T g

- - 9( ) 1
/ 16(s)llds <'1/61|3 ds < |8)1&B T + 62 B; (4.62)
J 16(s)112 — =

Hence, from ([£.62), the claim follows that the parameter estimation error 5(15) is absolute integrable,
ie., O(t) € Si(v). ‘
Now what remains, is to show that é(t) € Si(v). With this objective, the integral of the parameter

update law is considered followed by the application of Minkowski inequality as shown below,

o t+T
x I‘ Rl|so 5
[ lilas < 1” ” / ‘ ol / 18a(s)llds (4.63)
t t
. ( ()Rl 1) BovT s (% . 1) Bs< BuvT+ By (464)
A(R) VA(R)
Bio By

From (4.64]) and the foregoing discussions it is obvious now to conclude é(t) € S1(v). The proof of (i)

is complete. [
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Proof of (iii).

To prove: é(t), é(t) € L4, provided the cardinality of occurrence of changes in unknown parameters
duly induced in the event of uncertain actuator failures is finite. As a corollary to the results of Lemma
4.1, it has already been stated in Remark 4.1 that 6*(¢) is absolutely integrable, i.e. 6*(t) € £1[0,00)
(the maximal interval of existence is considered to be [0, c0) in the case of finite occurrence of actuator
failures. Following the same procedure as in the proof of Proposition 4.1(iz) and repeated citing of the
L1—integrability property of 9*(15) proves the claim. The proof is easy and hence its details are avoided

to support a concise presentation. [l

Remark 4.2. The results of Proposition 4.1 can be utilized to infer the stability property of &(t). Since
&(t) = R(t)0(t), usage of the derived result stating R(t) € Lo along with @ € Si(v) proves that &(t) is
absolutely integrable, i.e., &(t) € S1(v). Moving to the case of finite changes in actuator failure patterns
reflecting the case of finite actuator failures, it is easy to infer that &(t) € L1[0, 00) N Loo[0, 00) with
similar arguments and the property 9*(t) € L£4]0, o0). Further, the signal & is also bounded which
directs the property that é(t) € Lo. Therefore, it is concluded from signal convergence lemma [122]
that both é(t) and O characterize asymptotic convergence to the origin. This attribute of the proposed
estimation scheme is highly beneficial for real time applications since a significant improvement in the
estimation performance is achieved without any substantial increment in the control usage. Such an

advantage directly translates to the enhancement in output transient performance as well.

Remark 4.3. In addition, applying a homogeneity transformation %, : (t, 9~) — (kt, k3_i§) to the
unperturbed parameter estimation error dynamics derived from (A48), yields the degree of homogeneity
of the associated vector fields to be —1 < 0. Hence, from the definition of finite time stability based on
the concept of homogeneity [106, 132, 135] (negative homogeneity of vector fields+asymptotic stability
of the dynamics= Finite Time Stability), the estimated parameter é(t) converges to its actual value
0* in finite time. The proposed estimator offers the advantages of fast and accurate estimation in
addition to a precise calculation of the convergence rate. This result is very helpful in calculating
a lower bound on the transit time/elapse time T™ between two successive changes in the actuator
failure pattern. Therefore, when the minimum time between consecutive variations in failure induced
parameters/system parameters is greater than the calculated T™*, piecewise output asymptotic stability
to the origin as well as asymptotic and finite time convergence of the tracking error dynamics and the
parameter estimation error é(t), respectively over all time t > 0 is ensured. In a nut shell, the proposed
estimation scheme offers a fast, accurate and effective estimation of non-smooth time varying unknown
parameters. These estimated parameters when fed to the controller for subsequent compensation, yields

a robust and improved output performance of the closed loop system.

4.2.3.2 Controller Design

The controller is designed under a backstepping framework guaranteeing ISS with respect to pa-

rameter estimation error and its time derivative as disturbance inputs to the controlled closed loop
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system. The synthesis of the control law starts with the definition of the tracking error variables as,

z21 =21 — Yr, (4.65)
2 =Ty — 01 — yﬁi_l) (4.66)

where i = 2, p. Now utilizing the plant dynamics in (&7, and taking the first time derivative of the

error variables yields,

Zi = ziy1 + i + fi(Z:)05 — dia (4.67)
2o = fola,n) + fo(z,n)" 05 + 070 + 87605 — cpa (4.68)
Here i = 1, — 1. The variables «; are the virtual control inputs stabilizing each of the tracking error

subsystem dynamics in z;. These subsystem dynamics are described by the set of differential equations

(A.60)-(L.6T). The stabilizing functions «; for each of the ith step is given by (4.68]).

O = —Z2i—1 — CiZj — EZHT,Z)szzZ —3Gi

Oaj—1 |2 TA < 00y Oai—1 ()
~ i — U; _ 4.
o H 2 — T 0, +;< T ) (469)

T

i—1
with i = 1,0 — 1 and ¢; := fi(Zi) — > 83;;1 fx(Zr). In Step g, the controller design is initiated by
k=1

defining the z,-dynamics in an expanded form with the actual control law v, as follows.

N a N = p—! 8@ 1 aOé 1
o = folen) + ol B+ 6785 + B + B + 00 3 = 3 (e o e
k=1
) - Oap-q:
T I
+ (870; + vl 0, o0 f) (4.70)
The final control law to stabilize the z,—dynamics is given by,
80&9 1 aap 1

1
o(t) = 2 (= folesn) = Syl b — 570 — 25 1+Z( T = — ™) + )+
1
2
aap_l” zp)

-1 - 2 2 2
(= ez = Bo(lonl? + 181 + Io1?) 20 = 90| =2 (4.71)
00,
The control design procedure is involving and is not discussed here in details for the sake of compactness.
Instead, the reader is referred to Section 3.2.2.2 for details of derivation of the control law v(¢).
A schematic block diagrammatic implementation of the proposed finite time parameter estimation

based FTC is shown in Figure 411

4.2.4 Stability Analysis

At this juncture, a couple of statements and consequences of pre-design assumptions will be elu-

cidated in a compact form prior to the main results. From the design assumptions, it is known that
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Figure 4.1: Block diagrammatic representation of the proposed FTAC strategy

the unknown parameter vector 8* belong to a known convex and compact set Sg«. Hence, as a result,
it is natural to conclude from property (iii) in Lemma 3.2 that a projection operated adaptation law
ensures boundedness of parameter estimation error é(t) within the convex compact set Sy~ defined by
the known upper and lower bounds of the unknown parameter vector. Therefore the upper-bound on

the parameter estimation error é(t) is given by,

191 < .| O —6)2—1—/-61211&)(4—425?&? =0, p=1, pFrm+1 (4.72)

Jj=1 Jj=1

where, Ej, Kmaxs Uj for j = 1,m are constants with their respective definitions provided in the section
on design assumptions.

Now, to this end, the dynamical description of the closed loop system under the action of the proposed
adaptive control is required to set the stage for presenting the main results. In this direction, substi-
tuting the stabilizing functions «; in ([£69]), the control input v(t) given by (AT7I]) and the parameter
estimation law é(u) (t) in (£47) in Proposition 4.1, into the fault parameterized system dynamics (4.7,
thereby yielding,

—(c1 + 51) 1 0 0o ¢ o 0
~1 —(co +59) ... 0 0 I o |. —du |
i = , ( ) P R O E (4.73)
1 : : : :
* O,
0 -1 —(cp+sp)b7 1 ¢g 8T — %21
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where z := [{2;}¥_,]7 is the tracking error vector and the matrices in ([73) are denoted by A(z,t) €
R®*®, Bp. € RE*PTm+1) apq B; € R¥. For simplicity of representation, the short hand notation s;

in the matrix A, is used for the following expressions given below.

_ _ Oa—1|2
s1 = allvnl®, si = ellvil]® + gi|| — H

Ok
5l
Ok

9= ool + Ior? + 181%) +

As defined earlier, the parameters ¢;, ¢ and g; for i = 1, p and j = 2, p are positive design constants
chosen by the designer. It is now possible to state the main results of this paper in the following

theorem.

Theorem 4.2. Let us consider the output tracking error dynamics in (@:’_ZZ]) obtained under the action
of the control law ETI) and the finite time parameter adaptation law O(t) in (@ZT). By virtue of
the design assumptions in section [{.2.2.1) and further assuming that the system is affected by infinite
actuator failures, the following results are stated: (i) Closed loop signal boundedness for all t € [0, oo)
as long as the minimum transit time T* between successive changes in actuator failure patterns is
strictly nonzero and positive; (ii) The tracking error z1(t) = y(t) — y-(t) € S1(v), that is, it is small
in the absolute sense; (iii) Asymptotic convergence of tracking error to the origin in the case of finite

number of actuator failures or faults.

Proof of (i).

From ([@T2), the parameter estimation error § € L[0, oc). Further, the filtered regressor matrix
Qt) € L]0, o0) is concluded from Lemma 4.2. Lemma 4.4 and (£.29) shows the boundedness of
Y ie, ¥ € L]0, 00) as long as v is finite. Since & = R(t)f € Lo owing to the boundedness of R(t)
from (450) and 0, the signal 6 is bounded or 6 € Lo.. These properties render a closed-loop system
(#73) which is similar to the tracking error system dynamics in (B.41]). Hence using (3.29)),(3.30),
([3:36) and invoking the sum of squares inequality with 0* := [07 05 03] =: [b k* @7 yields,

d (|| L[116) . 192
- <—> < =MQ)||z|1> + - + —] (4.74)

dt 2

-1
. o T 2o ke & o B o
where Q := diag{cy,...,cp_1,Fco} >0, €= Z; <5_1) , € := min{¢, ¢y, c,} and g := (ZZ%E :

The inequality (4.74) holds for all ¢ > 0 in the event of occurrence of intermittent actuator faults/failures
within the time interval [0, oo). The foregoing conclusions on stability properties of the estimation

error 6 and its time derivative 6 allows us to infer z(t) € Loo[0, co) with,

. 1

7112 a2 |2

1813 ww] (w75)
c g

@) < Hz(O)He—A(Q)t 1 [

NG

Now since the reference trajectory y,(t) and its successive time derivatives are bounded and belong

to a compact set, x(t) € L[0, 00). Besides, as per the design assumptions, 7(¢) is bounded with
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z(t) € L]0, 00), the virtual control laws «; (£.69) and the actual control law (.71l are also bounded.
Therefore, the closed loop system is stable. [
Proof of (ii).

To proceed, let us rewrite the closed loop tracking error dynamics (L73)) as,

i = A(2,0,t)z + By (2,0,1)0 + B: (2,0, )k (4.76)
—(c1 + 51) 1 0 0o vl o0
where, A(z,0,t) = _:1 ~lezts) (1) and Bg+ = O 1/1; O
6 —1 —(cp + 8p) % ’U.1 T/JZ 5.T

Before the proof begins, the reader should bear in mind that unlike the usage of Lyapunov stability
approach to prove the energy integrability of the tracking error z(¢) in direct adaptive control, herein
the derivation of z(t) € S1(v)(2(t) € L1(v) in the case of finite number of changes in the actuator
failure pattern) is not so straightforward. So let us begin by introducing an additional state variable
xT(t) € R#*(m+P+1) \whose dynamics are described by,

xF = A(z,0,t)xT + Bg+(z,0,t) (4.77)

From the concepts of linear systems theory, the solution of the above additional subsystem is derived
to be,

il
xT(t) = e AT (0 +/e Alt=5) By (s)ds (4.78)
0

From Lemma 3.3, it is concluded that He‘A(z’é’t)tH < ke=®! where k, ¢ > 0 are finite constants.
Since all the closed loop signals exhibit a stable behavior from the immediate earlier proof, By« is also
bounded. Therefore,

7{3 BG* o)
I < (o)) + 2l (479
From (@79, x € L. Further, let us define another additional variable ¥ as,
I(t) = z(t) — xTO(t) (4.80)

Now with the above definition of 9(t), if x7(t), 9(t) € Si(v), it directs us to conclude z(t) € S;(v).
This result is derived using the closed under addition property of function spaces. First, we set out to
prove xT8(t) € S (v) followed by the proof of ¥(t) € Sy (v).

(i) To prove: xTO(t) € S1(v).
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Let us consider the following integral and thereafter apply Holder’s inequality along with (4.79) yields,

t+T t+T

/ IXT8llds < lxllo / 1Gllds (4.81)
t t

Citing ([@B2) stating 0(t) € S1(v), it is proved that xT0(t) € Si(v).
(ii) To prove: ¥(t) € S1(v).
The proof requires the dynamics of the auxiliary variable ¥(¢) and hence its dynamical description is

deduced as follows,

9 =3 xT 170 — 76
= Az + Bp«0 + B,{l% = -AXT9~ — By + XTé i XTé*
— A9+ Beit + 70 — X7 (4.82)

The solution of ([4.82) is obtained as,

I(t) = e_Atﬁ(O) + /e_A(t_s)Bé(z(s),é(s),s)/%(s)ds
0

t
n / o Alt=) | T
0

To this end, from the deduced information about the closed loop system, it is known that x(t), By« €

QD>

/e A (5)6*(s)ds (4.83)
0

L[0, 00). Since, our interest lies in deriving the signal property of ¥(t), we proceed by imposing
the norm operator on both sides of (£.83) followed by the application of Lemma 3.3 and Holder’s

inequality, ultimately results in,

t

@ < ’ée‘éotllﬁ(U)HJr/?HBgHoo/ U= (s) | ds
0
|

Il
t t

4 Fllxllso / e~ 45| ds + Fl|xlloo / e~20(=9) 6% (5) | ds (4.84)
0 0

I} \Y

Integrating both sides of inequality (4.84]) from ¢ ~ t + T and thereafter calculating the integral to be
finite (for finite ¥T") would prove the claim. Therefore, for simplicity and ease of understanding, we
will seperately take the integrals of the terms I-IV and prove each one of them to be finite (for finite

vT) to arrive at our claim. The following integrals of I-IV are calculated in the same order aiming at
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our interests discussed above as shown below,

t+T
/ Fe 9(0)lds = 2 10(0) ] < oo (4.85)
t

g‘ | I~

Integration of II in(L&4) from ¢ ~ ¢t + T leads to the following.

t+T s t+T s
[ EiBile [ e e Noldrds < BBl [ [ e ir)aras
t 0 t 0
t+T b t+T s
< FIB: e / e_cos/eCOTH/%(T)Hdes—I—Z,‘HB,%HOO / e—cos/ecow|,%(7)||dms
t 0 t t
M t t+T s
k”B ”OO [ —cot_e—éo(t+T):| /eéoTH;ﬁ:(T)HdT-l-]iHBé”oo / 6_603/6507“léa(7')|’d7'd8
CO 0 t t
M t t+T s
< Wile [ oot imar+ Bl [ o [elilirss  @s0)
0 t t
Inequality ([Z.86) is derived using the property e! — e—0(+T) < g=col  Further simplifications follow
as,
t+T s Y t
[ FBgls [ iards < P22 [ eaenigryars
4 0 0 0
t+T s
A / ¢—c0s / & |1 (7) [ drds (4.87)
t t

The first expression on the right hand side of (4.87) can be solved in a similar manner to arrive at

([#30). Therefore, using ([A35]) and (£64), the result below follows,

M t o _ v L

kB loo Go(t—r) |3 k||Bg|looB1oe® k|| Bg||ooBoe®

A 1 = = e 4.

Z /e I&Dldr < ==yt et —ea) < @ <) (4.88)
0

Now, the identity for the change of sequence of integration (437) is applied to the the remaining

TH-2198 11610211

152



4.2 Finite Time Adaptation based Compensation (FTAC) of Infinite Actuator Failures

integral on the RHS of ([A87) as shown below.

t+T s +T
WBile [ e [ e allards = KB / & ()| / 0% dsdr
t t
t+T t+T Y8 t+T
<HiBle [ b [ eeoasar < AL [ i ar
c
t T 0 t
k| Bl B k| B |loo B
< H ,.;7Hoo 10 T + H H,HOO 9 :B12VT+B11 (4.89)
c c
4_/ *
B12 Bll
Similar to (A38) and (£89), the integral of III in (&&4) is obtained to be,
Teo ] BlxllosBroe®  FlxllooBoe™ | ElixllocBro . | KlixllocB
g Lol ) ull 0 B X 10 Xlloo Bo
k co(s=7)|19 drds < Xlloo 10_6 Xlloo 9_ 00 T
[ File / o) drds < XSSy ¢ 2o s o SN P0G
t
(4.90)
Finally, the upper bound on the definite integral in (£.90) is derived to be,
ElxloeBro o FllxllooBroe®™ | FllxllooBoc™  Fllxlloe B
o ¢o(1 —e=%) ¢o(1 —e—%) o
Bia Bis
Likewise, the time integration of the IV term (484 is calculated as,
T = Blllootte®  ElxlooAle®  Flxlod! . Klxllocd?
g —col(s— 2 ¥ e? X Xlloo
k &(s=)||§* (1) || drds < —Xlee =" b 202 7 4 Hlidlee ™
[ Fixle [ ety aras < DX, o Mt esy Aoy
t 0
< I:I‘HXHOOA'T VT + IZHXHOOA%EO IEHXHOOA'TGEO Z"HXHOOA'T
B Co 50(1 = 6_50) 50(1 — 6_50) Co
Bis Bis
(4.91)
From (4.85]) and (4.88))-(.91)), it is mathematically proved that,
t+T
Hﬁ(s)”ds < BigVT + Bq7 (4.92)

~+

)

1B lloc Broe® k|| By |loo Bye™
here Bi7 = —||9(0 = . -

where Hi7 E()H ( )H+ 50(1 —6_00) v 50(1 — e_CO)

Hence, ¥(t) € S1(v). Now from the property of closed under addition of function spaces, since z(t)

D(t) + xTA(t), the signal property z(t) € S;(v) is proved. O]

I

+ B11+Bis+ Bjis and Big = Bio+ B+ Bis.
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Proof of (iii). In the case of finite actuator failures or occurrence of actuator faults, it has already
been discussed that 6* € L£1[0, o0). Through a similar analysis and taking the limiting value of the
derived bounds with v — 0, we arrive at z(t) € £1[0, oo) for finite number of changes in actuator
failure/fault patterns and even intermittent changes in system parameters. From (A73]), we have
2(t) € Loo[0, 00). Hence, by using Barbalat’s Lemma [110], the tracking error z(t) is proved to exhibit
asymptotic convergence to the origin. [

In what follows, we state an important feature of the proposed controller, i.e., nominal performance
recovery. The term “mnominal performance recovery” is actually meant to convey the recovery of the
region of attraction of the nominal system and recovering the fault-free transient and steady state
performance followed by restoring the exponential stability properties of the origin. By nominal sys-
tem, we mean an exponentially stable system void of uncertainties and external disturbances. In the
following theorem, it is shown as to how the proposed adaptive controller ensures robustness towards
uncertain unknown inputs, starts recovering its performance and eventually the tracking error vector
z(t) converges to the nominal exponentially decaying solution of the unperturbed error dynamics (the
dynamics in (@Z3) with § = 0, § = 0) in finite time 7}. Besides, the recovery of performance is in
the global sense. Herein, apart from ensuring reinforced immunity towards unknown failure induced
adversities/system parameters and pre/post fault transient performance enhancement, global expo-
nential stability rather than asymptotic stability of tracking error dynamics is achieved. The following
theorem legitimize our conclusions in the aforementioned discussion. For the sake of simplicity in the-
oretical development and clarity in understanding the philosophy of nominal performance recovery, we
abandon the assumption on the system being affected by infinite actuator failures. Instead, a general
nonlinear system unknown in parameters is resorted to with the presumption that the actual parameter
vector 6* is a vector of constant scalars. It is to be noted that the preceding assumption just serves
for mere simplicity and the extension of these results to the case of time varying parameters is quite

straightforward.

Theorem 4.3. The tracking error dynamics described in (L13) under the action of the proposed
controller (LTI and estimator (LA4T) is exponentially stable provided 3 €* > 0 satisfying 0 < € < €*.
Given any o > 0 and the filtered regressor matriz R(t) > 0, there exists € > 0 such that the solution
Z(t) of the nominal closed loop system ( [@Z3) with § = 0, § = 0) and z(t,e*) of the uncertain closed
loop dynamics @T3) satisfy ||z(t,€*) — 2(t)|| < o for all t > 0. (This result proves that the trajectory

z(t, 0, é) converges to the nominal solution z(t,0,0).)

Proof. The proof is developed in two parts. The exponential stability of z.(t) = 0 is shown mathe-
matically followed by the proof of finite time trajectory convergence of z(t, 0, é) to its nominal solution
2(t,0,0). Herein, the analysis will primarily adopt the method of singular perturbations (decomposing
the closed loop system into fast dynamics and a predominantly slower dynamics) and thereafter invoke
certain results from Filippov’s theory of differential equations (Theorem 6 on Page 105 in [105] ) to

arrive at our claim. The proof is rendered as follows. From (A.73]) and ([4.47), the closed-loop tracking
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error system along with the dynamical description of its inputs é(t) and é(t) are re-iterated as,

z= Az, 6 , 1)z 4+ By~0 ( )+ (t) (4.93)
. E(t / &(s) L
E(t) = —R(t)I' ||é"( 5 PQO/ T20s) ds + R()0(t) (4.94)

>
—~

~~
S~—

6(t) = 1|t~ (—R(t) ' 2 R(t)é(t)) (4.95)

To retrofit the intended analysis, we factorize the adaptive rate matrices I'y and 'y as 'y = e 1T, Ty =

¢ 2T’y and introduce a formal change of coordinates for (£94)) as,

" 2 R ol "
(&, 04, 0) — (—1 €l 29) 2 (&, &, &) (4.96)
€112
L &
S y. : . . : (s 5 a
where T'y, T'y are positive definite symmetric matrices, € € (0,1), 6, = —TI's f mds and & =
4 s
[61, &]T. Defining the off-manifold vector (state vector of the fast subsystem) as,
- 1
&1 [enen
& = €l , (4.97)
& €20

the closed loop system can be reframed as a composition of slow and fast dynamical subsystems in
z(t) and (&(t), O(t)), respectively as,

i = A(20,t)z + By + B:0 (4.98)

. -T I, _ RL [ ..
& = R|&||" 2 SR R [ RO (4.99)

—R71Ty 0 0
ey = 1||€|~2 (—R@% + 621‘95) (4.100)
_ ['TYR .
where, D := ngl + R. Since R is positive definite from its definition, the prediction error &
€ 2

decaying to zero implicates the convergence of @ invariably to zero. Further, the common multiplier
functions RH@@H_% and fl”g”_% in (A99)-(I00) are strictly positive. Therefore from Filippov’s
Theorem [105], the set of differential equations (£.99)-(ZI00) and

- -T I, 0 _ R 0 o
ye _11_ +p+1 c12f
el - |=] =Ry 0 0 I 0 i (4.101)
3 3 e~ Do
0 0 [-r | I

have same trajectories with identical signal properties. Thus, from this point in the proof, the analysis
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of the estimation error is conducted using the reduced dynamical description in ({LI0TI]). It is known
from Theorem 4.2 that all closed loop signals are bounded. This implies that z(t) resides inside a
compact set. Designating F(t, z,&,0,¢) £ Az + Bg-0 + B;{é and G 2 [G1, Go]T as,

_ -T I, 0 & R .
Gi(t,2,6,0,¢) | 4 S e ! cRO
it n b i | ~R7Ty, 0 0 & |+] 0 0 2pg | (4102
t? M ) ) Z) 6
2(t,2,6.6.¢) 0 o |-r]Ll& 0 | Inspsi

the simplified closed loop system for the forthcoming analysis with &L (61, &, &) is written as,

A

Z=F(tz &, 0,¢) (4.103)
& = G(t,2,&,0,¢) (4.104)

Referring to (AI03)-(£104), the following conditions are satisfied;
e The functions F and G satisty, F(¢,0,0,0,¢) = 0 and G(¢,0,0,0,¢) = 0.

Further, the equation G(¢, z, éa:, é, 0) = 0 yields 6 = 0 and é =0.

Since all the closed loop signals are bounded, on account of the same, F and G and their partial

derivatives are bounded for z(¢) residing inside a compact set.

The origin of the closed loop tracking error dynamics with § = 0 and 6 = 0, that is, 2 =

F(t,z,0,0,0) can be easily derived to be exponentially stable.

Finally, the origin of the boundary layer system operating under a time scale 7 = t/e given by,

dé _ s
S TOR 4.105
dT g( 727 ) 70) ( )

again can be easily verified to be uniformly exponentially stable.

Therefore, by virtue of the aforementioned satisfied conditions and invoking Theorem 11.4 in [109],
there exists €* > e > 0 ensuring the origin of (£I03]) is exponentially stable. (]

Starting with the proof of the second claim, we follow the approach presented in [136-138]. The time
span [0, oo] is divided into three intervals, namely, [0, T7), [T}, T5) and [T, o) and it is required to
prove that ||z(t,€*) — Z(t)|| < o for each of these time intervals with selected values of T and T5. It has
been shown in the foregoing proof that z(t) exponentially converges to the origin. Further, it is well
known that the parameter estimation error 0 and 0 converge to zero in a finite time 7. Therefore, the
time instant 75 can be chosen to be T such that Je € (0,€*), the solution z(¢) of (A73]) and that of

the nominal tracking error dynamics Z(t) satisfy the following,

Izt ol <5 zWI <5, t=Ts. (4.106)

NS
IS

Hence, ||2(t,€) — Z(t)|| < o holds true for the interval [Ty, o).

The choice of time instant 77 resorts to the property of continuous time dependence of differential
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equations on initial conditions and perturbation &. As mentioned in [109] (Chapter 3, Theorem 3.5),

there exists a number N (p) such that if the following conditions,
I2(T1) = 2(T1, )l < N(o); 6@ < N(o), Vi€l T, (4.107)

are satisfied then ||z(¢,e) — Z(t)|| < o follows. Therefore, in this direction , it is known that the

trajectories of the system under the action of the proposed controller is bounded. Hence, the function
F on the RHS of ([@I03)) is bounded in magnitude by a constant k; which means,

12(Th,€) = 2(0)| < k1 Ty;  [|2(Th) — 2(0)[| < laTh (4.108)
. N £ ) . i T N(o)
The inequalities in (£I08) implicates that the first inequality in ([AI07) is satisfied if 77 = T
_ 1
Thereafter to guarantee that ||&(¢)|| < N(o), V¥t € [Ty, T;) holds, let
B> = 1R8] (4.109)
ks = (1D (4.110)

with ko, k3 > 0 are finite constants. The above fact follows from the boundedness of all closed loop
trajectories proved in Theorem 4.2. Besides, assuming the above mentioned condition, the solution of
the differential equation (4.104) is given by,

at
€

&) < e %< ||EO)]| + ek + ks (4.111)

ry 1
R_lfg 0
set, there exists € for e € (0, €) such that the second inequality in (LI07) simply follows from
(£I10). The proof is complete. O

It is immediately conjectured from Theorem 4.3, that augmenting a finite time parameter estimator

herein @ = min{\ , A(R)}. Thus for given N(p), T1 and & (0) residing in a compact

with the proposed adaptive controller yields nominal performance recovery in the event of unforseen
failures in finite time, that is, finite time convergence of output tracking error trajectories z(t) of
the perturbed system to their nominal trajectories z(t). This attribute increases the design freedom
apart from achieving an improved output performance in the sense that the magnitude of time for
estimation T is finite and can be represented as a closed form expression in terms of initial conditions.
The expression of T is derived using a strict Lyapunov function approach. In contrary to other research
approaches in adaptive control wherein the time of convergence to the origin from any initial condition
is undefined, the settling time to reach the origin herein can be explicitly calculated. Thus, at this
point, it is assertive to claim that the proposed scheme allows the system to recover from its failure
state in finite time. Further, in the case of infinite actuator failures, finite time parameter convergence
allows a lower bound on the transit time 7™ between two successive changes in actuator failure pattern
given by T, which adds to an enhanced performance of the proposed scheme. It is reiterated that T

denotes the finite settling time of the estimation error signals, namely 6 and 6 to the origin.
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4.2.5 Simulation Studies

This section illustrates the advantages offered by the proposed control through numerical simulation
studies. The tracking control problem of a multi-input single output (MISO) nonlinear dynamical sys-
tem is considered assuming unknown parametric uncertainties and occurrence of finite and intermittent
changes in the failure induced unknown parameters (infinitely changing actuator failure patterns). The
claimed theoretical results on stability and asymptotic stability of the system in presence of infinite and
finite actuator failures are verified through extensive simulation studies. Fast finite time convergence
of parameter estimation to their actual values is also justified through necessary simulations. Finally,
robustness and significant improvement in output transient and steady state performance in all the
cases of no failure, finite actuator failures and intermittently changing actuator failure configurations
are demonstrated.

The superior performance of the proposed FTC methodology at start up and post failure scenarios
are justified through a comparison of results with those obtained using single model adaptive FTC,
MBSC [6] and multiple model adaptive control (AMMEFTC, Chapter 3). Besides, a tabular comparison
of the output performance in terms of ITAE and RMSE is drawn which suggests similar trend in
improvement of transients. In addition, to correlate the enhancement in transient performance with the
increment in control usage, corresponding input performances of single model adaptive FTC, MBSC [6]
and AMMFTC are also quantified using 2-norm and total variation (TV) of the control input and a
tabular comparison is drawn. It should be emphasized that the proposed FTC methodology ensures
transient performance improvement in the output with no substantial increase in control usage.

Let us consider a multi input single output nonlinear uncertain system with unknown parametric

uncertainties as,

2
€= po(&) + p(Or" + ) _bjg; (O

j=1
y==E& (4.112)

where the state vector is defined as & := [£1, &, &3]7 € R? and x* € R3 denotes the unknown system

parameter vector. The nonlinear functions are defined as follows,

0
i )
po=| & |,p= 2 (4.113)
1—e
§283 -
1+e 6
2t §§ 0 ' (4.114)
g1 =92 = Tég’ ) .

The system model is the same as considered in Section B:2.4] of the previous chapter and [6]. By using
the transformation [ z1 x2]7 := [Z(€), Zu(O)]T = [~& + & +tan~ 1 &3, &, &3], the system conforms
to the description in (£7). The transformation .7, (€) is calculated by solving the partial differential
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3. 0.7, s 07, "

equations, —aq1 —02
kZ::1 0" 1;::1 Ok

= [0, 0]7. Therefore, the transformed system is represented as

follows,
. _ 2+ 23 1—e®2 |
0=-—n+azs+tan ' as + 1+w§ (mwz—i—m/ﬁ ) (4.115)
2
i = 29 + TiK*
2
. 1—e™™2 |
Ty = T122 + mfi + Z bju; (4.116)
j=1

As deduced in Section [3.2.4] of Chapter 3, the internal dynamics described by (ZIT3]) is input-to-state
stable (ISS).

Two cases of finite and infinite changes in actuator failure pattern are considered to demonstrate
the performance robustness of the proposed control methodology with finite time adaptation. The
unknown parameters considered in simulations are k* = 2, b7 = 1, b5 = 1. The reference trajectory
to be tracked by the system output is y, = sin(¢). The reference signal is so chosen that it satisfies the
design assumptions in Section 4.2.2.1. The actuator failure model representing Case 1 , is defined as

follows,

B 5, t € [50, 100) B
w(?) _{ w1 (t), te 0, 50) U[100, co) 2(0) _{ = B> (4.117)

Further, the intermittently occurring actuator fault/failure considered in Case 2 is described in ({118

below.
ui(t) = Upj hy, tE€ [RT*, (h+1)T™), h € N\2N (4.118)

The transition time between each change in the actuator failure pattern is considered to be T* =5 > 0.

The bounds on the unknown parameters are given below.

1 <kK"<3,08<|bj| <14, 0.6< b3 <2 (4.119)

05 < Kjp <1, |upjnl <6, j=1,2.

The stuck actuator failure is characterized by K, , = 0 and upj;, , = 5. The initial conditions of the
system are given by £(0) = [0, 0.4, 0]. The adaptive controller is designed using proposed finite time
adaptation based control methodology discussed in Section 4.2.3. The controller design parameters for
simulation are chosentobec; =co =5, ¢t =06 =3, go =3, v=0.5, 'y =2x 1, I'o =4x I, # =1
and Ay = [diag(—5, —7)]. In order to ensure a fair comparison of the proposed control design with single
model adaptive control and the modular backstepping control (MBSC) approach by Wang et. al [6]
and AMMEFTC design, the values of controller gains and other relevant design parameters are chosen
to be same. The output performance in regards to start-up and post fault transient peaks and settling

times, is calculated using root mean square (RMS) and integral time absolute error (ITAE) metric of
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the output tracking error. A relatively lower value of ITAE and RMSE from the results obtained with
other relevant control schemes, signify a faithful tracking with comparatively lower overshoots and
faster settling time. Further, the input performance is quantified using control energy (CE) and the
total variation (TV) of the control signal. Total variation is a very important measure which gives an
insight on the effectiveness of the controller with a limited communication network in the loop. Hence,
a lower value of TV with the proposed scheme allows its application to the trending cyber-physical
systems and networked control and it is expected to yield fruitful results in such scenarios. The control

energy is measured using the 2—norm of the control input whereas TV for each of the control inputs

N
is measured using the expression Y |u;; — ;41| for j =1,2.
i=1

Norm of tracking error

Norm of parameter estimation error

9 I_ 0.4 :
'.l — Multiple Model — Multiple Model
8 2t i ==--MBSC 035p 04y ~==-MBSC
| .
6 i il
i — 025 0.061/
—5¢ = 0.04
= 0.2
4 g 0.02}
3l — 0.15 ol
21 —] 0.1j
5 10 15 5 10 15
1t 0.05r
0 ' ' 0
0 5 10 15 20 25 0 5 10 15 20 25
Time [s] Time [s]

Figure 4.2: (Left) Comparison of parameter estimation performance; (Right) Comparison of start up transient perfor-
mance; obtained with AMMFTC, Modular Backstepping Control (MBSC) and proposed FTAC method under no failure
from ¢t = 0s — 25s.

e (Case 1 (AI17): The output tracking performance and the convergence of parameter estimates at
start up and post actuator failure scenario along with the remaining system states and the control
signals are shown in Figures and [£.3] respectively. The superiority of the proposed control
strategy in terms of parameter estimation speed and accuracy along with the speed of convergence
of output tracking error in both the phases of start up and in the event of actuator failure is
justified from the comparison drawn in Figure and Figure [4.3] The proposed controller with
finite time adaptation further improves upon the output performance (transient and steady state)
and parameter convergence obtained using adaptive control with multiple models. The above
inference is drawn from the simulation results provided in Figure 4.4l In addition, a consolidated
performance chart summarizing the efficacy of the proposed controller relative to relevant existing

adaptive control techniques is furnished in Table 1]

e Case 2 (LII8): The robustness of the proposed adaptive controller to intermittently changing
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Norm of parameter estimation error

Norm of tracking error
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Figure 4.3: (Left) Comparison of parameter estimation performance; (Right) Comparison of post failure transient

and steady state performance; obtained with AMMFTC, Modular Backstepping Control (MBSC) and proposed FTAC
method under no failure from ¢t = 50s — 100s.

Table 4.1: Tabular comparison of output and input performance under Case 1 ({@II7]).

Control Schemes

Output Performance

Input Performance

Control Energy

Total Variation

ITAE RMSE
U1 U2 U1 U2
FTAC 12.64 0.015 3.663 x 10° 3.143 x 10> 147.57  307.65
Multiple Models 18.69 0.0134 3.644 x 10° 3.126 x 10> 131.72  297.48
Single Model 49.83 0.0268 3.643 x 10° 3.102 x 10 147.78  305.48
MBSC 34.64 0.0195 3.639 x 10° 3.106 x 10° 127.97  286.34

actuator failure patterns unknown in time, pattern and magnitude is illustrated in this case study.

The value at which w; is stuck is %pj;, = 5. These eventualities are manifested in the form of

infinitely occurring parameter jumps which are uncertain and unknown in all aspects except for

the boundary set they reside in. Figure[£.5shows the boundedness of all the system states and the

control signals under this scenario with the transit time being 7% = 5 s. Further, the improvement

of output transient performance with an increasing 1™, is verified from the simulation results

obtained with 7" = 5 s and 7" = 15 s in Figure[d.6lalong with performance measures tabulated in

Table[4.2l The superior features of the proposed adaptive control methodology are concluded from

the tabulation of input and output performances obtained using the proposed method, multiple

model adaptive control, single model adaptive control and modular adaptive backstepping control

(MBSC) [6] techniques in Table
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Figure 4.4: System states and control inputs with actuator fault under Case 1 [II7) at t = 50 s. (a) Output state
&2 = z1;(b) state &1;(c) state €3 = x2; (d) control inputs w1 and us
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Norm of tracking error (T"=5) Norm of tracking error (T*=15)

0.4 0.4
————— MBSC 0.1r ——-— MBSC
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01f ——FTAC 0.08f ——FTAC
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— 0.25} .
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Figure 4.5: Comparison of tracking performance under infinite actuator failures Case 2 (LII8) showing performance
improvement with increasing T™; (Left) tracking error performance for T* = 5s; (Right) tracking error performance for
T* = 15s; between Modular Backstepping Control (MBSC) [6], Multiple Model (AMMFTC) and FTAC method in case
of infinite actuator failures

Table 4.2: Case 2: Performance Comparison between three adaptive control schemes, namely, finite time adaptation
based control (FTAC), adaptive control using multiple models, single model adaptive control and modular backstepping
control (MBSC) [6]

Performance metrics

Transit time Control Schem®s Control Energy Total Variation

ITAE RMSE

Uul u9 ul u9

FTAC 95.04 0.023 3.67 x 10® 3.15x 10° 316.76 404.78

Multiple Models 78.46  0.023 3.64 x 10° 3.09 x 103 293.64 359.15

T*=5s Single Model 124.44 0.039 3.74 x 103 3.22 x 103 309.69 380.27
MBSC 111.08 0.032 3.67 x 103 3.14 x 103 291.05 362.00

FTAC 57.87 0.017 349 x 10% 298 x 103 202.63 327.89

Multiple Models 56.10 0.018 3.48 x 10> 2.99 x 10> 180.41 299.11

T*=15s  Single Model 85.75  0.033 3.47 x 10 2.93 x 10> 200.45 319.21
MBSC 62.93  0.026 3.47 x 103 294 x 103 181.15 327.89
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Figure 4.6: System states and control inputs for Case 2 [@II8) with 7" = 5s. (a) Output state &2 = z1;(b) state &1;(c)
state €3 = x2; (d) control inputs w1 and us
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4.3 Finite Time Adaptation based Compensation (FTAC) of Actuator
Failures in Multi-Input-Multi-Output (MIMO) Nonlinear Uncer-

tain Systems

In this section, the proposed finite time adaptation based control (FTAC) strategy is extended to the
tracking control problem in MIMO nonlinear systems with immanent parametric uncertainties (totally
unknown system parameters) and abrupt actuator failures unknown in time pattern and magnitude. In
general, owing to the presence of strong coupling among inherent subsystems, the FTC design problem
for MIMO nonlinear systems and obtaining promising solutions, is certainly challenging. In the follow-
ing, an uncertain nonlinear dynamical system with multiple inputs and outputs incorporating actuator
failure input-output characteristics is described first. Thereafter, the adaptive FTC design with the
proposed finite time parameter estimator is put forward. Since, the inherent design assumptions for
the proposed control algorithm are essentially the same as in Chapter 3, Section 3.3.1, we restrain from
repeating the same herein to avoid repetition and preserve brevity of presentation all throughout this
chapter. Besides, the proposed finite time bound parameter estimation, the controller developed under
an indirect adaptive backstepping framework is exactly similar to what has been presented in (3.160])
(Section 3.3.2.1). Hence, the controller design procedure is not elucidated further. Instead, only some
of the important steps would be presented. Further, the stability analysis of the closed loop control

system under the action of the proposed control will be sketched briefly.

4.3.1 Problem Formulation

Let us consider the class of MIMO nonlinear systems affected by parametric uncertainties trans-

formed to a strict-feedback form as follows.

. T
5177"1 = 5177’14-1 + ‘Pl,rﬂlqﬁ<

. L o 4.120
§1,o0 = a1(6,m) + 1, K* + '21 B1,5 (& m)u;j ( )

‘]:

éq,’“q = gq,’“q‘f'l - SDZ:qu*
: 74 by & (4.121)
gq,pq = a‘](f’ 77) ol ‘Pq,qu’ + 21 5‘17j(§7 77)“]

]:
1= Ao(&,m) + AT (&, )K" (4.122)
y =81, &1, E1ve-es Eitsnns Ega]t (4.123)
where & := [£11,612, - - o1 8q,1, 8,25 - - 7§q,pq]T € R¥11+9a denotes the state vector and Piri

for i = 1,q and 7; = 1, p; define the regressor matrices associated with unknown parameter vector

k*. The elements of the regressor matrices are linear and nonlinear smooth functions of the state
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vector €. The output of the system (EI20)-@I21) is represented by the vector y = [{y;}L_,]T € R¢
while {p1,p2,..., 04} define the relative degrees of each of the ¢ subsystems corresponding to their
outputs y;. The functions a;(&,n) for i = 1,q are known nonlinear smooth functions. The functions
Bi.j(&€,m) define the actuation functions for system dynamics corresponding to output y; with i =1,¢
and j = 1,m. The internal dynamics of the system are described by (#I22) and are assumed to be
ISS with respect to state vector &(t) as the input.

Undoubtedly, the actuators realizing the control inputs u; for j = 1,m are vulnerable to uncertain
faults and failures in their due course of operation over time. Similar to the actuator input-output

characterization presented in the previous chapters, the actuator failure model considered here is given
by,

Kiug: + Gp;, YVt >t
uj:{ JUH) +UE =i Tm (4.124)

Ugj, Vt<tFj

The term wg; denotes the derived control signal to be fed as input to the gt actuator. While Up;
defines the value at which the j%* actuator is stuck under stuck or lock-in-place (LIP) failure. The term
;=0 models float failure of the 4t actuator. The factor K ; defines the partial loss of effectiveness
(PLOE) of the j* actuator. The actuator failures considered are unknown in time, pattern as well as
magnitude. The actuator index set is given by {j1, j2,..., jm}. It is assumed that the number of inputs
m is greater than the number of outputs ¢. Inspired from [32], the actuators are thereafter classified
under a grouping scheme ¢ into g groups %, . ..,%, according to their similarity in physical structure
and operational characteristics. This means that actuators reflecting the same physical structure and
functioning are placed together in a single group % C {j1, Jj2,---, jm}, k¥ = 1,q. In other words, let us
assume that out of m actuators, m; of them exhibit similar operation and bear structural resemblance.
These m; actuators are allotted to group % and so on for i = 1,q. A proportional actuation scheme is
utilized similar to [32] to effectively exploit the actuator redundancy. Now, considering such a grouping
and actuation scheme ¢, the control input to be fed to each actuator included in the set ¥ is given
by,

U = 0jiUk Vuj €Y%, j=1, m&k=1.q (4'125)

where, b, defines a certain known design function or constant associated with each actuator group %.
Further, the choice of such design functions satisfy the relation bj; = b; if the 4% actuator belong to
%, under the grouping scheme ¥.

Incorporating the actuator failure model in ([{I24) along with the grouping ¢4 and a proportional

actuation scheme, the nonlinear uncertain system in (£I120)-(I21) is reframed as,

gl,ﬁ = 617T1+1 + ‘PF{,rl K"

. q _
S =a1(&n) +ol o6+ X B mar + X Bue(€ n)uk
je{jt,-ja}t k=1

(4.126)
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. T
6277“2 = 52,7’2-1-1 + ‘102,7*2"/“’*

: * _ o 4.127
2,00 = a2(&,m) + 5 k5 + X Bag(&mar + X0 Bor(€ v ( )
je{jlv"'vjd} k=1
équq = §Q7Tq+1 + ‘pg,rq"fk
: * _ L 5 4.128
Capy = ag(Em) + Pho "+ T Buy(& i + Y Byr(€ v (4.128)
J€{d1,da} k=1
where f3; 1, 1= > birK;Bi;(&m) Vk=1,...,qand j = 1,m. The term @r; denotes the value

JE{1,J3at NG
at which the j" actuator is stuck after it fails completely. The subscript d is delimited as d < (m — q).

To ensure that an adaptive control solution exists to compensate for the actuator faults and failures
apart from parametric uncertainties, the following condition must hold for a particular pattern of

actuator failure V€ € R¥1+%¢ under the defined grouping scheme ¥.

Bia Bz - Buig
dot ﬁ2‘,1 ﬁ.1,2 e ﬁ2.,q £ 0. (4.129)
Bq,l Bq,? cee Bq,q 4(2))

For the above condition to hold true for the grouping scheme ¢, a maximum of (m;—1) actuator failures
are allowed in each of the groups %;. This condition ensures controllability of the nonlinear MIMO
system in presence of actuator faults and total failures; guaranteeing the existence of an adaptive
control solution to the FTC problem. The control design assumptions are fundamental and are no
different than what have been previously stated in Assumptions 3.9-3.10.

By virtue of all the necessary assumptions and the system dynamics under actuator faults/failures
described in (AI20)-(@I28)), the control problem and its objectives are stated below.

e To design the control inputs v, for each of the actuator groups ¥, with k = 1,q to ensure

boundedness of all closed loop signals.

e Adaptive estimation of unknown system parameters and actuator fault/failure induced paramet-
ric uncertainties in finite time, meaning tlin% 6*(t)— O(t) = 0. Where 0* and 0 denote the actual

parameter vector and its estimated equivalent, respectively. Ty defines the settling time.

e Asymptotic exponential convergence of the output tracking error (y —y,) to origin under nominal
(fault-free) conditions and in the event of actuator faults and failures unknown in their time of

occurrence, failure patterns and magnitudes, i.e., tlim y(t) —ye(t) = 0.
—00

e Improvement in output transient performance both at start up and post fault/failure scenarios
without any substantial increase in the control usage. Unknown subsystem interactions in MIMO

nonlinear systems are known play a decisive role in determining the system output transient

TH-2198 11610211

167



4. Finite Time Adaptation based Compensation (FTAC) of Actuator Failures in Nonlinear
Uncertain Systems

behavior. Thus, reinforced robustness towards consequences of unknown strong cross coupling

effects arising from such interactions is an additional design objective to be accomplished.

4.3.2 Proposed Finite Time Adaptation based Controller (FTAC)

Prior to the proposed controller design, the faulty system in (£126)-(AI28) is first parameter-
ized to identify the unknown parameters associated with actuator faults and failures. Following the
parametrization, the unknown system parameters are represented by 65 = k*; while large paramet-
ric uncertainties introduced into the system due to occurrence of actuator failures are defined as
07 = [074,---, {m]T = [K1,Ka,...,Kn]|T and 0% = [9§71,...,9§7m]T = [Gp1,Upa, ..., 0rm)". Af-
ter the preceding definitions, the vector comprising of all the aforementioned unknown parameters is
defined as 6* := [0, 63, 0§]T. In what follows, the controller design is presented which helps in
realizing the “modularity" between control and parameter estimation thereby guaranteeing a unidirec-
tional interaction between the controller-observer pair as desired. Thereafter, the parameter estimator
featuring finite time convergence of the parameter estimation error to the origin is proposed. It is
worth mentioning that the adaptive parameter estimator to be proposed in the sequel is independent
of the boundedness of the regressor vector and hence the signals associated with the estimation module

are bounded.

4.3.2.1 Controller Synthesis

Let us first augment all the ¢ inputs denoted by v, for & = 1,q together to form the vector
v = [v1,v9,...,1,]T. Now, the design of v(t) entirely follows the same procedure in Chapter 3
(Section 3.3.2.1). Thus, only some important steps are provided for the sake of completeness. Firstly,
the following error variables are introduced.
il
211 =81 —Yr1; 2m =& — Q-1 — y,(«rll .

. (r2—1),
221 =821 — Yr2i 2200 = &2, — M2r0-1 — Ypa 3

—1
2q,1 = é‘q,l — Yrgs 2qrq = §q,7"q —Ogrg—1 — yg}z ) (4.130)

where r; = 2, 9;, 1 = 1,q, yfﬁ'_l) denotes (r; — 1)th derivative of the ' reference signal y,; and a;

are the stabilizing control laws known as virtual inputs determined at the rfh step (for r; = 1,0, — 1)

as
izt — G Pz — 0T 0 4.131
i1 = —¢12i1 — Gallvinll“zin — ¢5102 (4.131)
8 2
— QG r,—1 A
iy = —Zipi1 = CiiZiws — | Cil[Win||* + Gir, 75(; Zig, — ;.02
2
ri—1 r;—1
c 8&1'7«_1 c 8air-—l k
" <Z 8£k Sike1+ ) ay}cz—l v |- (4.132)
k=1 b k=1 0
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7‘1'—1
Where, ¥; ,, = @ir, — > aa%” @ik for i =1,q and r; = 2,p; — 1. The actual control input v(¢) is

then derived to be

—ai(&, m) — i, 0 — B183 — 21,0, 1+F51+Fr1+y(m)

-1
—as(€, M) — %mez—ﬁzeg—@m1+Fe2+Fz+y<“’

Vit = (B3 6B
j=1

aq(&, ) — ¢qu92 —Beb3 — 20,1 + Fe, + Fy, , + y?(“%)
— 2 -
_ 2 80[17@1—1
—ClLp1%1,01 — Cl,m(H’PLmHZ + ||:81H2 + HB11¢H2)'ZLW1 — 91,01 8T “1,01
2
5 2
2 a27p2_1
a1 | —C2022,00 = @20 ([2,00 12 + 182l + 1185117) 22,00 — 92,00 || =21 22,
«3B) T (o B A T e S
5 2
_ = Ag,0q—1
~Cq,0q%q.0q — Cq,pq(||¢q,gaq||2 +118411* + ||IBZ||2)Z(]7P¢1 = 94,04 Téq #q,0q
L 2 |
(4.133)
. Wherein the terms have their respective meanings with
T
1 1 —if
N 9 m 1 o Oy m 1 o 00,1
Z Sk Z L Ty D b
o %k
T
p1—1 p2—1 ©q—1
o () 01,11, (k) 002,001 (k) 90,041 (&
By (Fr: Fro o) = | DL — Gy Unts D, — gy Y D aanyﬁ,q’
k=1 YY1 k=1 YYr2 k=1 OYr

B(Eﬂ?) = [61(677’)7 BQ(&/’?); sy ;Bq(£777)]T e R7*™

Further, N; € R™*™ is a square matrix with the 4t element on the main diagonal being 1 and all

other entries as 0. While the known proportional actuation matrix B and B3, are defined as

b1 ... by Bt Prtmz .. Brmlam

bml bmq ﬂq,lﬁHl 5q,2ﬁH2 Bq,m'&Hm

and 3, denotes the ith row vector of the matrix B,. él, 05 and 05 are the estimates of the unknown
parameters 87, 65 and 63, respectively. It has been mentioned earlier that one actuator in each group

4., k = 1,q under the grouping scheme ¢ should be alive to satisfy the controllability condition in
m
> HT,ij
j=1

parameter estimates are obtained from a faithful finite time bound estimator with 8 = 6* — 6 =0

(@129). Thus, the assumption ||@*| > ¢ and hence > ¢ with ¢ > 0 is justified. The

within an explicitly calculated finite time Ts. The design of the estimator will be discussed in the
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section hereafter.

4.3.2.2 Design of Parameter Estimator with Finite Time Convergence

Firstly, the design of the parameter estimator requires the nonlinear system dynamics in (Z120)-

(L128)) to be represented as a parametric € model as given below.

11 £1,2 0 0 <pf1 0
.: : : : : : : I
fq,l gq,Z 0 e 0 (pg-:l 0 :
= : + : : ' : : 0% (4.134)
1,01 a1(&, m) Briumy o Bimumm @1, B 63
. . . o : . I 0§ |
L éq,@q ] L aq(s’ TI) | L ﬁq,lqu T ﬁq,muHm (szpq ’Bq |
é 6’(577]) @T(£7u)9*

q
Where ug; :== > bjpwy for j = 1,m. From (@I34), it can be well observed that the structure of
k=1

the above estimation model is essentially the same as (4I2]) regardless of the number of inputs and
outputs of the system. In view of an exactly similar structural description of the parametric € —model,
the parameter estimator along with the necessary prerequisite filters are stated with direct reference
from Section 4.2.3.1. Further, the convergence properties of the filtered signals, as we would observe
in the sequel, will essentially follow from the results deduced in Lemmas 4.1-4.5 and Proposition 4.1.

Let us therefore introduce the necessary filters as

QO = A, H)QT + 3T (x,v); Qe REMFPI¥Lier (4.135)
Qo =AED)(Q+ &) —all); Qo RXr* (4.136)

Where k = T,q and A(€,t) = Ag — v®7(x,v)®(x,v)P. Further, Ag is a constant Hurwitz matrix
with a positive definite matrix P = P7 > 0 as the solution to the equality Ag’ P +PAg+ Q = 0 with
a chosen Q > 0. Additionally, we define another two filters with filtered variables R(t) and S(t) as,

R(t) = —#R(t) + QQT;  R(0) =0, R(t) € RZm+p)x(2m+p) (4.137)
S(t) = —#S(t) + Qo +&);  S(0) =0, S(t) € R2+» (4.138)

where # > 0 is another design scalar. Thereafter, defining the prediction error as & := S(t) — R(t)8,

the parameter update law exhibiting finite time stable solutions is obtained as follows.

t
ézrlﬂ 1‘2/
[ J

gES) d (4.139)

+ S
&(t)||1/2 1€l
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Herein I'1, T’y > 0 define the rate of adaptation and decides the speed of convergence of the parameter
estimates to their actual values. The following proposition, the stability properties of the proposed

finite time parameter estimator and other auxiliary signals are summarized.

Proposition 4.2. Let us assume that the regressor ®(&€,u) in the estimation model (A134) is PE such
that the solution of ([AI3T) given by R(t) is positive definite. Thus, the proposed adaptive parameter es-
timation law described by [AI39) ensures the finite time convergence of the parameter estimation error
0 to the origin from any initial condition. Further, the convergence time is defined by a explicit settling
time function Ty(0(tg = 0),to = 0) dependent on initial conditions and satisfies 0 < T,(8(0),0) < 4oo0.
In addition, the following properties hold in the sense of the solutions of EI3); (i) O(t) € L1N Lo

and (ii) O(t) € L.

Proof.

Proving finite time stability of @ = 0 and the derivation of the settling time function T} follows the
same procedure as in the proof of Proposition 4.1 (i). Hence the proof is straightforward and the
results directly follow from Proposition 4.1 (i). Nevertheless, the important milestones of the proof are

provided in the succeeding text for ease of understanding.

T

Oa

L &(s)
. Where 8, = —T'5 f
0

B ——ds
e Ol
is an auxiliary state variable. The Lyapunov function candidate Vg : R22m+P)\ {0} x [0,00) — Ry as
(é, t) — OTPO with P > 0 as a symmetric matrix. Thereafter taking the first time derivative of Vo

To prove finite time stability, a new vector is defined as 6 := [

and following similar steps as in the proof of Proposition 4.1 (i), results in

Vo < —Ty/Vg <0 (4.140)
1

A2(P)AQ) . . :

where I' = T, A(+) and A(-) denote the maximum and minimum eigen values of a square
[ AR) '
- I' | Loty
. . 1 A(R) ,
matrix. The matrix Q = —(F'P 4 PF) and F = 3 Invoking Theorem
2R)
X(R) 2 | O2m+p

2.1 in [106] and from the inequality obtained in (£I40]), finite time stability of O =0is proved. The
derivation of the expression for settling time T follows from inequality (£I40). For any initial condition
Vg (to = 0) = Vg(0), the time taken by ©(t) to converge to the origin is atmost Ty = QVG(O)%/I‘
seconds. Thus, the first part of the proof is complete.

In the proof above, 8* is considered to be constant vector. However, occurrence of actuator failures
will result in @* # 0 at failure instances. Herein, we are interested in inferring the stability properties
of signals for all 0 < ¢t < oo instead of concluding about their piecewise characteristics with respect
to time. It has already been explained in Remark 4.1 that 0" is L1-integrable provided the number

of changes in the unknown parameter vector due to actuator failures is finite. From Lemma 4.2, the

TH-2198 11610211

171



4. Finite Time Adaptation based Compensation (FTAC) of Actuator Failures in Nonlinear
Uncertain Systems

boundedness of € is inferred. The solution R(¢) of the matrix differential equation (AI37) is given by

, Q)% Q)2
R(t) < R(O)e—jlgm+pt ” ( )|’oo(eflzm+pt . IZm—i—p) < H ( )Hoo I2m+p < 00 (4141>
H H
Hence, |R(t)|o0 = v2m + p||Q(t)|%,/# and R(t), R(t) € Loo. To prove @ € L, the signal © to be

L1-integrable. Thus, with 6* # 0 the expression of V(;) takes the following form.

Vo < —TLVA(P)[|O] + A(P)[|6"]| (4.142)
—
r

Therefore, integrating the immediately above inequality and subsequent application of HOlder’s in-

equality from 0 ~ oo yields,
/V@ds < —f/|yéuds+X(P)/|ye'*uds (4.143)
0 0 0

16(0)]1> + *||ds (4.144)

[ e A(P) AP) [ s
[18llas < 22 e 16
J VAPIT rVAP) /

From inequality (4.I44) and invoking 0* € Ly, the L£q-integrability of © is concluded. Therefore
0.0, € L1 N Lo follows. Further, since R(t), R(t) € Lo, it is straightforward to prove 0 € L£;. The

proof is complete. [J

4.3.3 Stability Analysis of the Proposed Control System

The stability properties of the closed loop signals under the proposed control scheme are summarized
in Theorem 4.4. Prior to the theoretical conclusions on the convergence features offered by the proposed
control scheme; let us first reiterate the tracking error dynamics of the closed loop controlled system.

The closed loop tracking error dynamics is described by

4= A,(2,0,t)z+ Bo-(2,0,1)0 + B, (z,0,1)0. (4.145)
Where z(t) 1= [21,1, 22,1, -+ 2q,1, 21,2, 22,25 - - 52,25« - 1 21,015 22,005 - - - ,zq@q]T = [zgjl, z%rg, e Z;Z:q]T

for i = 1,q and the matrices A, is defined in ([@I52]), respectively. The matrices Bg+ and Bé are
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defined as follows.

[ 0 0 0 0 0 0 |
¥l
T
q,1
T
1,2
0 ... ... 0 2 0 ... ... 0
Bg* =
- 0
17@1_1 0
0 ... ... 0 “pa=l 1 g 0
Biitmr .. BrmUHm fm Bii - Bim
ﬁq,lﬂHl ﬁq,maHm ,ltbg:pq ﬁq,l ﬁq,m i
T
B. :_[ 0 ‘ dau1 Oag,1 ‘ G, p, -1 90g,p,—1 (4.146)
02 90, 96, 90, 96

The matrix in left most lower block of the matrix Bg~ is denoted by

Biitar - BrmUHm
Boptmr oo Bomlmm
Bu:=Bi, B, BI" : :
Bg—110H1 - Bg—1,mUHM
Bgrtmr - Bgmlam

Such a notation is preferred to lend simplicity in matrix calculations to follow in the sequel. The closed

loop system matrix and the relevant input matrices With reference to (AI45), namely, A,, Bg+ and

B, are of order z i X Z i Z ©i X (2m + p) and z ©; X p with elements from R. Further, the
2 i=1 i=1 i=1 =1
shorthand notation used to represent the elements of the matrix A, is explained as, a;; = ¢;j + s; ;

for i =1,q and j = 1, p,. The terms ¢; ; are constant controller gains and the damping factors s; ; are
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defined as,

s11 = e[l (4.147)
— 2 8011,7‘1—1 2 a3 - 1

Sl = Clﬂ"lHIlplﬂ"lH +9m ||, T=2,p1—-1 (4.148)

005

= 2 2 ~ 112 aal,pl—l 2

S1o1 = CLp (P10, 17 + IBLI7 + 10117) + 91,61 ~oh (4.149)

2

_ 2 8a’iﬂ“z‘—1 2 5 7 -

Sirs = Ciil[ Vi I + gimi || —5—1 , ri=2pi—1, i=14q (4.150)

00,

C 2 2 5112 D ;-1 ?

Siypi = Ciypi (I1i 0, 17 + 1Ball* + 10:]]%) + i, OT (4.151)

2

In what follows, the theorem states the stability characteristics of the closed loop signals when the
system is affected by finite number of actuator failures. By finite number of actuator failures, we mean
that the system can be subjected to a maximum of (m— q) actuator failures satisfying (£129) to enable

the existence of an adaptive FTC strategy to recover its performance.

Theorem 4.4. Let us consider the MIMO nonlinear uncertain system dynamics in ([EI126])-(E128)
with unknown parameters, affected by finite number of actuator failures. Considering the immanent
design assumptions 3.8-3.10, the proposed adaptive controller [AI33) augmented with the finite time
parameter estimator in ([AI39) renders the following properties with the mazimal interval of existence

of signals being [0, 00).
(i) All closed loop signals have stable trajectories and z(t) € L.

(ii) The tracking error vector z(t) € L1 and the output tracking error asymptotically converges to the

origin, i.e., tlirgo(y —yr) =0.
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Proof of (i). .
From Proposition 4.2, the boundedness of 8 and 0 € Ly is proved. Thereafter following exactly similar

steps as in the proof of Theorem 3.8(i) with the substitution 0s = 0 yields the following.

Ld (s oS Iy 1621
(S5 ) < 3 S s St (12 o+ L
i=1 ri=1 i=1 ri=1
(4.153)
0 0 2
S <H 1> 16 ) (4154
i=1r;=1
16]2 . 11622
<%y Y, ( 177, 16 (4.155)
i=1 r;=1 ¢ g
q -3 - 4 pi Ly
= 1 3 c o . =
where ¢ = (Z = ) Z Z = g = — , ¢ = min{¢,¢} and ¢ =
i=1 e i=1r=1 i i=1r=2 7
lrglg {¢ir.}. Tnvoking the boundedness of @ and 8 € £, in ([EI53), directs the conclusion that
1<7"ZZ<Z7Z
z2(t) € L. O

Proof of (ii).

The closed loop tracking error dynamics is first rewritten as,

#(t) = Ay (z,05,)2(t) + Bo- (2,05, 1)05 + By (2,65, )6 (4.156)
2

where the matrices A, and Bg- are defined in (£159)-(#I60). The matrix Bég has the same definition
as given in (4.140). Needless to mention, the procedure to arrive at the £;—integrability of the tracking
error vector z(t), although not trivial is same as what has been followed in the proof of Theorem 4.2 (ii)
with slight modifications. The essential steps are mentioned herein to abstain from a too comprehensive
treatment and more importantly to avert redundant calculations.

Let us begin by introducing an auxiliary state variable x? € Rk 9:X(2m+P) whose dynamics are

described by the following matrix differential equation,

= A,(2,0,t)x" + Bo-(2,0,1) (4.157)
The solution of (4I57) is described by
t
x' = e AtxT(0) + /e_'A“(t_S)Bg*(s)ds (4.158)
0
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Using the inequality ||e™A=!|| < ke~ &, k > 0 in (ZI58) and the fact that Bg~ is bounded (since

all closed loop trajectories are bounded) results in

T

”BH ”oo

4.161
£ (4.161)

Il < lx (O[] +

Hence the auxiliary state variable x7 (t) € Lo is ascertained from (ZIGI]). At this point, let us define

another additional variable 9 as follows
I(t) = z(t) — xT (1) (4.162)

Thus from the definition of 9(t), to prove that z(t) € £ requires 9(t) and x76(t) to be £1—integrable.
Proving x70 € L; is straightforward as shown below. Integrating ||[x70)| from ¢ = 0 ~ oo and
thereafter applying Holder’s inequality to the integral results in,

/ I8l < e / 16]ds (4.163)
0 0

The above inequality uses the boundedness of x(t) derived in @I6I). Further 8(t) € £, is proved in
Proposition 4.2. Hence x76 € £; follows from (@I63).

Now what remains is to prove ¥(t) € L£;. It should be reiterated that all the signal properties are
derived considering their maximal interval of existence to be [0, 00). Adopting similar calculations as
in (£.82), the following dynamics of ¥(¢) is arrived at,

9 =A,9+B, 0>+ x70 — xT6* (4.164)
2

The solution of (£164) is derived to be

9(t) = e~ A9(0) + / e A"IB; (a(s),0(s), )8 (s)ds
0

t
+ /e_;‘“(t_s
0

Thereafter imposing the norm operator on both sides of ([@I65) and using the inequality |le=A=|| <

Q>

/e At=5)3 T (510 (s)ds (4.165)
0
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l::e_aot, Eo,/?; > 0 followed by Holder’s inequality, leads to

t

I8 < ke [9(0) | + FlIB, o / &) f(s)||ds
| 0
]
t t
4 Fllloe / &= 8(s)||ds + Fl|x]loc / &~ =5)) 6% (5) | ds (4.166)
0 0

I} \%

Now integrating both sides of inequality (£I66]) from ¢ ~ t+ T and thereafter calculating the integral
to be finite would prove the claim. The integrals of I-IV are calculated in the same order as stated

above for clarity. The integral of I is calculated to be

t+T

/ Fe20%19(0)||ds =

t

k

COIW(O)H < o0. (4.167)

Integration of IT in(4.I66) from ¢ ~ ¢t + T leads to the following.

t+T s t+T s

/l?:HBéz”OO/e—ao(s—HHéz(T)Hdesgl?:|yBé2|yoo / /e—fo(s—‘r)Héz(T)HdeS
t 0 t 0
t+T t t+T s
< FIB; [l / e—cOs/ecoT||92(T)||des+/2||Bé2||oo / e—cOs/ecm||é2(7)||des
t 0 t t
FIB o ' wrooe
< Cizfe—co(t—T)HOQ(T)”dT—i—kHBé2Hoo / e—Cos/eCOTHQZ(T)HdeS (4.168)
0
0 t t

Inequality ([ZI68) is derived using the property et — e=®0(+T) < g~ The first expression on the
right hand side of the last inequality among the set of inequalities in (4.87) can be solved using the
procedure adopted in [110] (Chapter 3, page 85) to arrive at the boundedness of A. Using the fact that
6, € L, (instead of S1(v) since finite number of actuator failures are considered), and if its £1—bound

is designated by |62z, the result below follows,

/ kIB;, lloce™

/e—co(t—r)Hé2(7_)HdT < 7927‘@2”& < 00 (4.169)

B, 1
G co(1 —e~%)

Co
0

Having determined the boundedness of the integral in (£.I69]), proving the finiteness of the remaining
integral on the RHS of (£I68]) is yet to be attempted. In this direction, the identity for the change of
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sequence of integration (£.37) is applied to the underlying integral as shown below.

t+T S t+T t+T
BBy, I [ e [ e urldrds = KB, I [ 7 lour)] [ e asar
2 2
t t t T
~ t+T
k”Be ’oo y X
<0 /||92(T)||d7 (4.170)
0

(4.171)

Let us now consider the limits of the integral on the RHS of (AI70) in accordance with ¢t = 0 and
T — oo. Thereafter invoking the £;—integrability property of 6 proved earlier, the boundedness of

([@I70) follows, that is,
t+T

- / s / e207(|6, () | drds < 50 (4.172)
t t

lee

IB,,

Hence the integral of IT is proved to have a finite bound. Eventually, since the integral of IIT and
IV looks similar to that of II, the same procedure is followed to arrive at their boundedness. The
derivation procedure involves the slicing of the interval [0, s to [0,¢] and [t, s] and solving two resultant
integrals using change of sequence of integration. The £ —integrability property of 6 and 0" is invoked
thereafter to infer the boundedness of the underlying integrals. The steps are indeed straightforward
if the reader is familiar with the boundedness calculations culminating in (£172). Hence for the sake
of conciseness the proof is not repeated. Thus, from the foregoing arguments and discussions, it is
mathematically proved that ¥(t) € £4 from its inequality definition in (LI66]). Now from the property
of closed under addition of function spaces, since z(t) = 9(t) + x70(t), the signal property z(t) € L;
is proved. O

4.3.4 Simulation Study

To demonstrate the effectiveness of the proposed adaptive FTC approach featuring finite time
adaptation, simulations are conducted on a coupled mass-spring-damper (MSD) system. The mass-
spring-damper system taken into consideration is shown in Figure (3.13). Certainly, this system serves
as a benchmark example of a nonlinear coupled MIMO dynamical system to validate the applicability
and beneficial attributes of several nonlinear control schemes. The system description and modeling
have been detailed in Section 3.3.4 in the previous chapter and hence not repeated.

Referring to the nonlinear uncertain dynamics of the coupled mass-spring-damper system in ([8.213)), the
parameters of the system are the same as considered in the previous chapter. Further, the unknown
failure induced uncertainty parameters are considered to be the same for simulations in order to

ensure similar operating conditions necessary for comparison. The following actuator failure condition
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considered reflects their partial loss of effectiveness (PLOE).

u1(t) _ O.5uH1, t> 30s (4 173)
U1, otherwise .

un(t) = 0.5ug2, t > 60s (4.174)
U9, otherwise .

In order to translate the control design procedure to the system concerned, the dynamics in (3.213)) is

represented in a more appropriate form as
§1=6 (4.175)

2
La=¢"05+> 607 Njuy. (4.176)
j=1

Where the state vector & := [£1, &3], &1 = [{171,5271]71, & = [5172,5272]T the entire dynamical system

is rewritten asep’ = [diag{cpf% cpgg}]T and uy = [ug1, upe]?. The regressor matrices are defined

as @12 = [—€1,1, =€ 1, —€1,2, Loy (G22—E&12), (S22 —&12)%]" and @o := [—(§21 —&11), — (€21 —
51,1)3, —&1.2, —5%’2]T. Further, the estimation model for the considered nonlinear dynamical system

(B:213) is formulated as

1,2 0 |Oix6| O |O1x4
: 0 |0 0 |0
é— £, N 1;6 1x4 | e (4.177)
0 UH1 90172 0 01><4
0 019 | O1x6 | um2 | 3
T
Herein 6* := | 11051, -,058,6012,029,. .. ,02712]T. The reference trajectories to be tracked by the

outputs y; = &1 and ya = &2 are given by y, 1 = 0.2sin(0.5t) and y, 2 = 0.5sin(0.5¢). The controllers
ug1 and uge are developed consistent with equation (£I33]) and the parameter estimation 0 follows
(£135) through (£139). Unlike the control algorithm proposed in the previous chapter, there is only
one single parameter estimator instead of a bank of multiple identification models identifying the same
parameter vector. The initial states and parameter estimates are considered to be £(0) = [0,0,0,0]”
and é(O) = 0.1112x1, respectively. The controller gains are chosen as c¢1;1 = 15, ¢12 = c21 = 22 = 5
and the damping factors as, ¢; 2 = €22 = 3. The parameters for the filters (AI30) and (ZI37)-(@I38)
are selected as Ay = [diag{—14,—14,—16,—16}], v = 2 and # = 1. The adaptive rate matrices of
the proposed finite time estimator is selected as I'y = 20Iy,,4p and I'y = 10Ig,,4,. It is apparent at
this point that all the operating conditions and controller gains are deliberately chosen to be the same
as in the previous chapter to ensure a fair and fruitful comparison between the performances obtained
under both the adaptive FTC strategies.

The simulation results under start-up and under conditions of actuator failures/faults consistent with
(@I73) are illustrated in Figures LHA8 From the tracking error performance for both the outputs y;
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Figure 4.7: (a) Tracking error comparison in displacement output y1;(b) Tracking error comparison in displacement
output y2; under the action of the proposed FTAC based FTC strategy and AMMFTC

and yo in Figure [£.7)(a)-(b), the superiority of the proposed FTC methodology can be well ascertained.
Compared to the tracking error profiles obtained under AMMETC, the proposed FTAC methodology
exhibits substantially low overshoots in the outputs with fast convergence to the origin. This is
indeed an achievement especially when the improvement of output transient performance is ensured
without a significant expense in the control energy. In this direction, the simulation results along
with the quantification and subsequent comparison of the output and input performances in Table
[4.3] successfully justify the theoretical claims. It is worth noticing from the calculated performance
indices in Table that the proposed FTAC strategy overrides the AMMETC and the Single model
adaptive FTC in terms of both input and output performances. Further, the strong robustness to
adverse effects of cross coupling among subsystems under the action of the proposed controller should
also be apprehended. It is well observable from Figure L7 that actuator fault in y; —subsystem at
t = 30s has negligible effect on the output yo. Similarly, the output 3 is almost unaffected in the event
of occurrence of actuator failure in yo—subsystem at ¢ = 60s. Thus, the FTAC algorithm certainly
emerges as a promising control technique for FTC applications demanding excellent output transient

performance, precise tracking and economical control usage.

4.3.5 Experimental Study on a Twin Rotor MIMO System

Similar to Chapter 3, the proposed FTAC strategy is applied to the problem of attitude tracking in
a 2-DOF helicopter. Experiments to validate and endorse the prolific features of the proposed control
strategy with finite time adaptation are conducted on the 2-DOF helicopter prototype in the laboratory.
The set-up is popularly known as a twin rotor MIMO system (TRMS). The physical description and
operation of the TRMS has already been provided in Section 3.3.5 (Chapter 3). The specifications of the

experimental set-up are also provided in the same section. The associated parameters definitions and
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Figure 4.8: (a) Time evolution of y;(¢) under the proposed adaptive FTC using FTAC;(b) Time evolution of y2(t) under
the proposed adaptive FTC using FTAC;(c) Control inputs u1 and uz under the proposed FTC scheme using FTAC; (d)
Control inputs 1 and uz under AMMFETC.

Table 4.3: Tabular comparison of output and input performances under proposed FTC under finite time adaptation
based control (FTAC), AMMFTC and adaptive FTC using a single identification model

Output Performance metrics Input Performance metrics
Control Schemes ITAE RMSE Control Energy Total Variation
Y1 Y2 W Y2 Uy U2 U1 U2
FTAC 0.1205 1.8399 0.00012 0.00094 285.58 637.35  14.67 29.22
Multiple Models 1.1727  3.5234  0.00036 0.0015  285.26  637.09  14.85 29.04
Single Model 13.01 116.66 0.0028 0.0231  285.26  573.73  14.20 27.04
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their nominal values appear in Table[3.4] Further the detailed dynamical modeling and parametrization
in terms of unknown system parameters for the TRMS is discussed in Section 3.3.5 in equations (3.219)
through (3:227). To ensure completeness, the dynamical model of the TRMS reiterated along with
the formulation of the parametric model for parameter estimation. The dynamical description of the

nonlinear coupled twin rotor MIMO system is as follows (please refer to Section 3.3.5 for details).

1"1 = X9
T3 =14
iy = 0w + O5x5 — 05 sin g — 0fxg + 02242 sin(2z2)

—05w4752 cos(w1) — O3za25 cos(w1)

Y1 = T, Y2 = X3

The outputs of the TRMS are pitch and yaw angles and are denoted by y; and gy». The unknown
parameter vector is defined as 0% := [07,03,...,05,,075,0%]7. The definition of all the unknown

parameters 6; for i = 1,...,14 are as follows.

07 = a1/Ip; 05 = by/I; 05 = My/I; 0 = Bua, /I; 05 = 0.0326/21,; 65 = kyya1/Ly;
07 = kgyb1/1y; 05 = as/In; 05 = ba/In; 039 = Bia, /In; 6051 = —1.75kca1/1p; (4.179)
1o = —L.75k:b1/11; 075 = Tho/Ti1; 054 = km/T11; 075 = Too/To1; 016 = ki/To1

Further, the parametric model for unknown parameter estimation is formulated as,

. B *
T1 T2 01x7 | O1x5 | O1x2 | O1x2 07
. *
T3 x4 01x7 | O1x5 | O1x2 | O1x2 03
. T "
) To 0 P 01x5 | O1x2 | O1x2 :
x=|""|= + 1,2 . (4.180)
T4 0 01x7 | p22 | O1x2 | O1x2 4
. T
x5 0 O1x7 | O1x5 | P13 | O1x2 Ts
: T
| T6 | | 0] | 01x7 | O1x5 | O1x2 | 23 | | 07 |
——
P (x,u) o
The regressors are defined as ¢ = [w%,wg),—sinwl, —x9, —xi sin 2z, —x4w§ COS X1, —L4T5 COS xl]T,
P2 = 22, 16, —24, —%, —x5]T, P13 := [~x5,u,]T and a3 := [z, up]T. The finite time parameter

estimator and the requisite filters are designed using the above estimation model (£I80) and translat-
ing its use to the differential equations in (£.135)-(@I39). At this juncture, prior to control design, it
is assumed that all the states of the system are available for measurement. However, the only states
available for measurement is the pitch angle ; and yaw angle x3. The remaining states, namely the
pitch rate (x2), the yaw rate (z4), the momenta of the main rotor and tail rotor (L,, and L;) are un-
available. Therefore, an Extended Kalman Filter (EKF) is designed to estimate the unavailable states
of the TRMS. The details of EKF design are provided in Appendix[A.3l The initial conditions of the
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system are x(0) = [0,0,0,0,0,0]”. The EKF states are also initialized at zero. The relative degree
of the pitch (x;) and yaw (x3) subsystems are found to be p; = p2 = 3 with respect to the motor
input voltages u, and wu;,. Hence the controller gains are selected as ¢; = [{e1,;}3_,]=[15,2.5,2.5] and
co = [{cai}3_1]=[10,2.5,2]. The damping gains are chosen as¢i s = a2 = g1.3 = go.3 = 0.3. The pa-
rameters associated with the estimation of 8 are chosen as Ay = [diag{—14, —14,—16,—16, —14, —14}],
v =2 and J = 1. The adaptive rate matrices are selected as I'1 = 2014, and I'y = 1013y, ;. The
control input voltages up, and u, are maintained within their allowable range of [—2.5,2.5]V. The ref-
erence trajectories y,1 and y, 2 to be tracked by the outputs y; = 6, = x; and yo = 0), = x3 are the
0.2 0.2
952 + 10s + 4 9s%2 + 10s + 4
the inputs. The inputs to the reference system are yq1 = 6 + 4sin(0.057t) and yq2 = 12 cos(0.057t).
Under the action of the proposed FTAC, the TRMS outputs are required to track the outputs of the ref-

erence model G(s) to analyze the superior tracking performance over that obtained using AMMFTC.

outputs of the reference system Gp(s) = [diag{ with 141 and y42 as

Further, the tracking efficiency should not be achieved at the cost of excessive control usage. In the
sequel, the experimental results obtained are illustrated and discussed to essentially arrive at certain

conclusions substantiating all theoretical propositions in this chapter.

Given that the command reference inputs are sinusoidal signals defined by v, 1 and ¥, 2; the TRMS
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Figure 4.9: (a) Time evolution of the pitch angle 6, = z (rad)) tracking the reference signal yr 1;(b) Time evolution of
the yaw angle 6, = x3 (rad) tracking the reference signal yr 2.

equipped with the proposed FTAC methodology renders faithful attitude tracking. Besides, the control
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Figure 4.10: (a) pitch and yaw tracking error (rad); (b) control input voltages u, and uy, for the main rotor and the tail

rotor.

objective is achieved without encroaching the physical limits on the motor armature voltages driving
the horizontal and vertical propellers. The experimental results are depicted in Figures The
proposed control scheme is indeed rewarding in the sense that a precise output tracking is observed in
Figure The output tracking error plotted seperately in Figure further corroborates the theoret-
ical claims of improved output transient and steady state performance. To elucidate the results further,
the pitch and the yaw angle 1 and x3 exhibit no considerable transients and at steady state, the pitch
and yaw tracking errors oscillate between [—0.015,0.015] and [—0.05, 0.01], respectively. The maximum
percentage of steady state error is determined with reference to the maximum peak magnitude of the
respective reference signals. The average steady state error in outputs y; and yo are approximately
calculated to be 3% and 5%, respectively. Further, Table [£4] tabulates the calculated performance
measures from experimental results obtained from proposed FTAC and AMMFTC schemes. While
root mean square error (RMSE) and Integral absolute error (IAE) are indices measuring steady state
performance, Integral time absolute error (ITAE) quantifies the transient performance in tracking con-
trol problems. As evident from ITAE values in Table B4l the tracking transient performance is almost
at par with AMMFTC in experiments. However, ITAE and RMSE values corresponding to the pro-
posed FTAC strategy indeed hints towards its promising and precise tracking abilities. Moreover, the
input performance tabulations appearing on the same table displays no significant increment in control

usage. Certainly, the transient and steady state performance improvement of the proposed FTAC
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strategy over AMMETC is appreciable and noteworthy. These encouraging and promising results ob-
tained through extensive experimentation on a real time system are indeed testaments validating the
theoretical assertions presented in this chapter. In other words, the conclusions drawn from an analysis
of experimental results as mentioned above, acknowledge the conjectural attributes of the proposed

control methodology.

Table 4.4: Tabulation of output and input performances using the proposed FTAC methodology when applied to attitude
tracking problem of TRMS.

Control Output Performance Input Performance
Methodology pnGE IAE  ITAE CE TV

FTAC @ 0.011 0.466 22.31 Uy 326.68  567.24

0, 0.036 1.645 83.92 up 145.19  133.37

AMMFTC @ 0.011  1.023 20.56 uy, 29893  217.72

0, 0.032 3.336 84.08 u;  164.10  809.38

4.4 Summary

A new finite time adaptive parameter estimation based backstepping controller is designed to
accommodate finite as well as infinite number of actuator failures in nonlinear systems with large
parametric uncertainties. The boundedness of the closed loop signals using the proposed control scheme
in the case of finite and infinite actuator faults/failures, has been proved through a rigorous stability
analysis. The output transient and steady state performances are improved without significantly
increasing the control usage. Finite time estimation of unknown system parameters and failure induced
parameters is guaranteed. Considering infinite actuator failures, the incorporation of a finite time
parameter estimator into the proposed FE/FTC scheme allows us to define a lower bound on the
minimum transition time 7™ between two successive actuator failure patterns; in a sense that if T* >
Ts, the system recovers its nominal performance. Where 75 is the upper bound on the parameter
convergence time. In addition, it is observed that the proposed FTAC method renders reinforced
robustness of estimation towards unknown bounded external disturbances provided its frequency is
higher than the tracking reference signal. By an accurate failure parameter estimation in finite time,
we succeed in achieving a time bound recovery of the nominal exponential tracking performance of
the plant. Different from AMMETC strategy in Chapter 3 and other FE/FTC schemes with bounded
or at best asymptotic parameter convergence, the proposed control scheme allows the existence of an
explicit upper-bound on the convergence time of the parameter vector comprising of system and failure
parameter estimates. This time is certainly equivalent to the time required by the system to transit
from its faulty state to its nominal state conditions and hence serves as a measure of performance
robustness of the FTC algorithm. Adding to the proficient attributes of the FTAC algorithm discussed
above, it is actually our belief that one of the most important ones which plays an instrumental role

in substantial performance improvement is the efficiency of the adaptation algorithm in terms of both
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transient and steady-state behavior. Comparison of simulation results obtained under the proposed
FTAC strategy with those using benchmark adaptive controllers and the one in Chapter 3 further
justifies our conclusion.

Besides, application of the proposed FTAC methodology to coupled nonlinear MIMO systems also
yields promising transient and steady state behavior. Comparison of simulation results obtained using
the benchmark MBSC [6] method , single model adaptive control and AMMFTC methods proposed
in Chapter 3 validates the theoretical claims and unveils the superiority of the proposed FTAC design.
Experimentation on a twin rotor MIMO system also reveal encouraging performance and well justifies

the suitability of the proposed adaptive control method for practical applications.
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5. Parametrization-free Finite Time Estimation based Adaptive Compensation of Actuator
Failures in Nonlinear Uncertain Systems

5.1 Introduction

At this juncture, it is evident that active FTC design for nonlinear systems has attracted the
attention of researchers in view of the inherent nature of system dynamics, which is definitely not
linear. In the context of FE based active FTC design, it is indeed apparent from the earlier chap-
ters and the references therein that adaptive control methods have gained immense popularity due
to their simplicity and effectiveness in compensating uncertain actuator faults/failures obviating the
drawbacks and implementation issues in controller reconfiguration/failure prognosis unit. Focussing
on FE based active FTC approaches, direct and indirect adaptive control strategies have been pro-
posed in Chapters 2-4 for MISO and MIMO nonlinear uncertain systems assuming that the actuator
failure induced perturbations are linearly parameterizable. Further, the matched uncertainties in the
nonlinear system due to inaccurate modeling are considered to also exhibit linear parametrization.
In this chapter, a parametrization-free finite time estimation based adaptive FTC built on the basis
of an indirect FE/FTC design architecture is proposed to compensate more general class of actuator
failures. Herein, the perturbations due to actuator failures or faults and matched uncertainties are not
assumed to be linearly parameterized. Further, the lumped uncertainty due to modeling inaccuracies
and fault /failure induced perturbations is considered to be state-dependent and may explicitly or im-
plicitly vary with time. Besides, such an uncertainty is not necessarily assumed to be vanishing. The
proposed FTC methodology is also utilized to compensate intermittent actuator failures in nonlinear
systems considered in this work. Direct adaptive control methods, in large, have been found to be
incapable of compensating infinite actuator failures in nonlinear uncertain systems. However, such
schemes inherently offer a promising output transient performance. Now, infinite actuator failures
induce changes in failure parameters at each instances of such variations while the system paramet-
ric uncertainties remain invariant to the occurrence of such faults/failures. Therefore, we intend to
exploit the strong features of direct adaptive backstepping approach to ensure a rewarding transient
performance in fault free situations while inducting an indirect approach through the use of finite time
adaptive estimator based backstepping control at the last coordinate to counteract infinite actuator
failures. Therefore, a unified adaptive control design has been proposed in this paper to primarily com-
pensate parametrization free infinite actuator failures and maintain closed-loop signal boundedness for
all time. Finite time bound exact estimation of fault induced perturbations and asymptotic output
tracking with improved transients and steady state behavior are additional design objectives to be met.
Adopting such an ideology with exact uncertainty estimation allows us to exactly (not approximately)
recover nominal fault-free transient and steady state performance in the event of faults and failures as
proved later.

Nonetheless, as pointed out in earlier chapters, such an estimator integrated control approach espe-
cially for nonlinear systems pose serious challenges in stability analysis on account of the bidirectional
robustness interaction between the estimator and the controlled system. Such an interaction may
manifest itself in the form of inaccurate estimation adversely affecting output performance. This in-
teraction would be very clear from the stability analysis wherein the salient attributes of the proposed
methodology namely, boundedness of all closed loop trajectories, output performance recovery, asymp-

totic exact output tracking, piecewise exact estimation of system and failure induced uncertainties;
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and potential to compensate infinite actuator failures; are proved. Infinite actuator failures result in
discontinuities in failure induced perturbations at time instances wherein the actuator failure pattern
changes and essentially characterizes addition of fast varying non-smooth perturbations to the nonlin-
ear system. Hence rigorous stability analysis of the closed-loop system using the proposed finite time
uncertainty estimator integrated with a backstepping control strategy under infinite actuator failures
for t € [0,00), is indeed not a trivial task.

Recently, uncertainty estimator/disturbance observer based controller design, popularly known as
ADRC, have attracted considerable interest for control of linear and nonlinear systems [80-83,92,93].
Further, second order sliding mode based disturbance observation integrated with a suitable controller
has been either proposed for linear or globally Lipschitz nonlinear uncertain systems with globally
Lipschitz lumped uncertainties [139, 140]. Although significant progress has been made, almost all
such methods in literature assume either the unknown uncertainty to be slowly varying or the uncer-
tainties to be globally Lipschitz with precise knowledge of their bounds, which are indeed restrictive
assumptions for practical systems more importantly prone to actuator failures. Although some of the
works [80-83] address FTC of general affine in control non-Lipschitz nonlinear systems, only semi-
global boundedness of trajectories is achieved. In addition, their application to the problem of FTC
in nonlinear systems with uncertainties (not necessarily Lipschitz) with infinite actuator failures, have
not yet been addressed.

Diverting our attention from FTC objectives, within the ambit of ADRC, disturbance observers
inspired from the theory of high gain observers (HGOs) have been proposed in conjunction with a
suitable controller to achieve tracking/stabilization in nonlinear uncertain systems [96,137]. In order
to circumvent the peaking effect due to high observer gains, such control schemes resort to saturating
the control input beyond a compact region of interest chosen by the designer. This control strategy
is known as globally bounded control (GBC). Nevertheless, the following shortcomings in the context
of theoretical developments in control are of immense motivation in this work. Firstly, at most semi-
global tracking/stabilization is guaranteed. On a second note, although nominal performance recovery
in terms of trajectory convergence and regaining the region of attraction of the nominal system has
been claimed, a crucial design aspect has still remained indiscernible. In fact, to enlarge the region of
attraction as well as to ensure trajectory convergence to their nominal solutions using GBC, simultane-
ous increment in both the saturation limits and observer gains is required [136]. Theoretically, in order
to attain the region of attraction of the nominal system and recover the nominal output performance,
the observer gains must tend to infinity. Now, estimation using high gain disturbance observers are
not robust to measurement noise. With the increase in observer gains, the noise is amplified and hence
the signal to be estimated is lost. It is therefore imperative to design new disturbance observer based
control approaches wherein there exists finite values of observer gains which guarantee exact nominal
output transient and steady state performance recovery along with acceptable stability margins. At
this point, it is clear that the avoidance of peaking phenomenon in such design strategies without
resorting to the concept of GBC would definitely lead to the existence of global stability properties
of closed-loop system trajectories. Hence, the proposed FTC design utilizes a backstepping procedure

augmented with a finite time disturbance estimator and a damping injection at the last coordinate.
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The incorporation of damping function allows the control design to ensure global stability of closed
loop trajectories [69]. The peaking effect is circumvented by the use of an uncertainty estimator based
on second order sliding modes [132] without the use of saturation. It is shown that there exist fi-
nite values of estimator/observer gains under which the integrated estimator based controller ensures
nominal output performance recovery and restores the region of attraction of the nominal system . In
addition, the disturbance/uncertainty estimator adopted in this work is robust to measurement noise
and does not require the unknown lumped disturbance signal to be slowly varying. The estimation
characterizes exact convergence to the actual time description of the lumped uncertainty (system un-
certainty and failure induced uncertainty) in finite time and does not require any knowledge of the
structure or upper bound of the same. Finally, a detailed and exhaustive stability proof showing the
boundedness of all closed-loop trajectories obtained using the proposed finite time FE integrated FTC
approach under infinitely occuring parametrization-free actuator failures is provided for all ¢ € [0, c0).
Further, asymptotic exact output tracking with exact fault-free transient and steady state performance
recovery is achieved using the proposed FTC scheme in the case of finite occurrence of actuator fail-
ures. Besides, the proposed FTC strategy allows the designer to define a lower bound on the transit
time between two consecutive changes in actuator failure patterns to ensure exact recovery of fault-free
system performance.

In order to investigate the practical applicability, the proposed methodology is evaluated on a non-
linear longitudinal model of large civil aircraft (Boeing 747-100/200) subject to modeling uncertainties
and infinite actuator failures. Simulation results justify theoretical claims and prove the applicability
of the proposed method to the problem of infinite actuator failures in nonlinear systems. The rest
of the chapter is organized as follows. The FTC problem to be solved is formulated and stated in
Section 5.2.2. In Section 5.2.3, the proposed unified adaptive FTC is explained. A detailed closed-loop
stability analysis and output tracking performance are described in Section 5.2.4. In Section 5.2.5, ex-
tensive simulation studies are presented to illustrate the effectiveness in an aircraft control application.

Finally, a summary of this chapter is provided in Section 5.3.

5.2 Parametrization-free Finite Time Estimation based Adaptive Com-

pensation of Actuator Failures in Nonlinear uncertain Systems

5.2.1 Mathematical Notations and Definitions

Due to brevity of presentation, the definitions of terminologies and preliminary notions have dis-
cussed briefly yet in a lucid manner for ease of understanding of the control methodology developed in

the sequel.

e Let us consider a vector £(t) € R™. Then |£||, denotes its £, norm for p € [1,00) such that
€, == (fooo |£(s)|pd8)1/p. For p = o0, the L norm is defined as ||{]|oc := sup;~{|£(t)|}.

e Defining the family of dilations Dy (-) as a linear map associated with the weight vector m =
[m1,ma,...,mp|T, by Do @ (€1,6,...,&) — (@&, @™, ..., w™E,), a vector field f :
R™ — R™ is said to be homogeneous with degree v € R if f(Dg) = w"Dyf(§) V w, m; > 0.
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e Let the vector field f(£) be homogeneous with degree v. Therefore, the differential equation
£(t) = f(&,t) is invariant with respect to the transformation 7o : (¢, &) — (w™"t, Di€), implying
homogeneity of solutions, i.e., {(t,w&y) = w&(w "t,&). Further, the trivial solution £ = 0 is
globally finite time stable if it is asymptotically stable and v < 0 [141].

o A set Q is called dilation-retractable if D, C Q for all 0 < w <1 [132].

e Di.r C R®*P and D, C R? denote the region of attraction for the tracking error dynamics and
estimation error variables, respectively. The symbols g defines the relative degree of the system

and the number of unknown parameters k; is given by p.

e Q¢ :={0€D,:0"P0<ere?, e>1} and Q5 C Dy; Ny := {0 € D, : 0T P00 < 72} C QF is
a set, arbitrarily small in the direction of . The parameter 7 > 0 is a design parameter and is
defined later.

o Mc :={(2,k) € D,z : 2 =0, FI& = 0} is the largest positively invariant set wherein the

tracking error variables finally reside under the action of control.

o Mz == {(2,R) € D) : %(zTPcz + &TT71%) < ¢,¢ > 0} and Qz) C M. ) denotes the
compact set wherein (z(tg), £(to)) are assumed to reside initially.

° (M
M.

) and A(M) are meant to denote the maximum and minimum eigen values of a square matrix

5.2.2 Problem Formulation

Let us consider a class of multi input single output nonlinear system affine in control given by,

& = folz) + éﬁ?fi(w) + g:l 952y

y = h(x)

2.,

(5.1)

where z := [z1, xg,...,acn]T € D C R™ defines the state vector, y € R is the system output and
uj : [0,00) — R for j = 1,...,m, denotes the jth control input (output of the jth actuator) whose
actuators may undergo a fault or a failure in course of simultaneous operation over time. The functions
fi(x),gj(x) : D C R®™ — R, for i = 0,...,p are smooth nonlinear functions of which the coefficients
K} are assumed to be unknown. The output function h(z) € R is assumed to be a known smooth
function not necessarily nonlinear. The system Zp can be transformed to a strict feedback form using

a suitable diffeomorphism into a controllable subsystem of order g, as given below.

&=&mn+ A&k, i=1,..,p-1
S Go=al&m) + foEm) R+ 3 Bi(E muy

y==E&
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5. Parametrization-free Finite Time Estimation based Adaptive Compensation of Actuator
Failures in Nonlinear Uncertain Systems

where, & := €1, &, ..., &7, fi(&) = [{L} h(2)}i_,]" for i = 1,9, a(&,n) := LY h(x) and §;(&,n) :=
ngL?O_lh(ac). Further, the subsystem Y, : 7 = Ao(&,n) + D0 kFAi(€,m), n € R"¥ is input-to-
state(ISS) stable with respect to £ as its input.

Hereafter, we assume that the actuators in the system may experience a malfunctioning character-
ized by partial loss of effectiveness (PLOE) fault or actuator lock-in-place (LIP) failures. The in-
put/output(i/o) characteristics of such faults and failures for ¢ € [t ,, 15,), h € Z4, can be modeled
as [6]:

wi(t) = { KanuHi T Uit [t5 1o t5.0) (5.2)
J o .
ugj, te€ [tih’t;h—i—l)

where h = 1,...,00 and K, € [0,1] represents the health factor of the jth actuator at the hth
instant of the fault incurred. The terms ur; and u; denote the controller output fed as input to the
Jjth actuator and the output of the jth actuator respectively. The function ¢;(-) denotes the basis
function depending on which the partial, stuck, and oscillatory failures are characterized by the fault
model in (5.2). In LIP /oscillatory failures, the magnitude at which the jth actuator is stuck/amplitude
of oscillations is given by tp; with ¢, , = 1 or any piecewise continuous bounded function of time while
¢jn = 0 features partial loss. The time variables t?,h and t;,h denote the time instants at which hth
failure of the jth actuator starts and ends, respectively. The jth actuator remains healthy for the time
interval ¢ € [t$,,t7, ;) until the onset of the (h + 1)th failure at ¢ = t9, ;. Further, in contrast to
the earlier works in [17,31,32], the basis function ¢; (-) is assumed to be unknown with each actuator
undergoing a transition from its normal mode of operation to various failure modes, infinitely many
times. In addition, the transit time 7™ between the occurrence of two consecutive actuator failure
patterns is nonzero and finite. It is worth mentioning that the failure model (5.2]) can be used to
characterize the i/o behavior of a healthy actuator(k;;, = 1, upj, = 0) as well. Hence, in order to
proceed with controller design, the failure model (5.2]) can be incorporated into the controllable plant

dynamics Zp irrespective of the actuators being healthy or affected by faults.

Assumption 5.1. The plant Zp under the action of a suitably designed failure compensation scheme
can at most tolerate up to (m — 1) actuator failures at any particular instant of time. This ensures
that the plant is associated with atleast one control input ¥t > 0 corresponding to any actuator failure
pattern, to guarantee the existence of stable solutions. The actuator failures are assumed to be unknown

in time, pattern and magnitude.

Assumption 5.2. The reference trajectory to be tracked by the output of the plant Zp 1s the output of
a stable linear reference model described as [yq(t)] = Gy (s)[yr(t)]. Where Gy(8) = km/(s¥ +ap_15771+
...Fais+ag) and y,(t) being bounded and piecewise continuous. Therefore, the signals (yq, Yd, - - - ,yflp))

are continuous, bounded and hence belong to a compact set.

Having stated the preliminary assumptions, the problem lies in the design of an active fault tol-
erant controller aimed at achieving closed loop signal boundedness with asymptotic output tracking
irrespective of finite and infinite actuator failures. In addition, attaining nominal transient performance

recovery while being afflicted by such faults is another prime concern. With contextual reference to

TH-2198 11610211

194



5.2 Parametrization-free Finite Time Estimation based Adaptive Compensation of Actuator
Failures in Nonlinear uncertain Systems

FTC, apart from design of controllers rendering asymptotic stability, schemes ensuring the latter fol-
lowed by proof of nominal transient performance recovery has not been addressed so far in literature.
In the section that follows, we shall look into the challenges involved in adaptive control design to
compensate possible infinite actuator failures. Accordingly, we shall come up with a unified optimal
solution which would deliver to the design objectives while adhering to the basic assumptions in control

synthesis.

5.2.3 Proposed Adaptive FTC Design for Infinite Actuator Failures

Considering Bjupj = ug for j = 1,...,m and the fault model (5.2)), the plant dynamics at the pth
step exhibit two different forms corresponding to fault free and fault affected scenarios. Let us define
the index set of actuators as & = {j1,72,...,Jm}- Thereafter, two subsets ‘@g)tp = {J1,J2, -+ Jk}n
and %;LG«TH = A\ %’fatF correspond to the index set for each of the possible/compensable failure
patterns and loss of effectiveness faults encountered at the Ath instant, respectively. Encompassing

both the forms, the unified model for control design is represented as,

G=&n+fi&)s i=1,...,0-1

Eo = fol&,n) + fol&m) K" + guo + 877, (5.3)
with the terminologies defined as, f = [{ﬁj}g’";l]T; g = ZjE@SaTH Kjp, Uy = [{ﬂjﬁ};-”:l]T with
ujp = 0 with j & %’t}f)tF for cases of actuator failures while g := m, %y := 0,,%x1 define a no fault

scenario. At this juncture, it is suitable to assume that uncertainties induced due to feasibly infinite

actuator faults are piecewise continuous and differentiable.

5.2.3.1 Controller Design

System parametric uncertainties due to modeling imperfections are invariant to changes in actuator
failure pattern. Assuming the knowledge of full state vector, the controller is designed following a tuning
function based backstepping until the (p — 1)th step finally followed by a finite time exact adaptive
estimator based feedback control at the pth step to arrive at the actual control input ug. The motivation
behind the development of such a unified adaptive scheme has been discussed in the introduction.

Proceeding with the control design, let us define the error variables as, z; = & —a; 1 — yéi_l), 1=1,p.

The stabilizing control law «; for each of the ith error subsystem are,

i—2
O
e —pme — A2 — T Tk )
(67 CiZi CzW}z’ Zi Zi—1 ¢, R kZZIZk—H 8/% sz
8ai_1 (i_l 8ai_1 = 804@'—1 k+1
———TIYi + Z §k+1+z S (5.4)
Ok = % k=0 ayc(l)
l;i = —pr_l, Wp—1 = Wp—2 + Wp—12p—1 (5.5)
i—1
Oa_ -
i = i) = Y 5 fil&r) (5.6)
= O
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Thereafter, the actual control input ug is finally derived following a backstepping technique integrated
with a finite time exact estimator module to estimate system uncertainties and the intruding pertur-

bations due to faults/failures. The expression for ug is derived as,

wp = (—2p-1 — (o + 5p)2 — fol&,m) — Ay + 43) /m (5.7)

wherein, s, = ¢, ‘\/A?p —|—§', ¢, G, I' > 0 denote the controller design parameters; < and Ap are

notations meant to represent estimates of £* and stacked static and dynamic uncertainties Af, incurred
due to modeling inaccuracies and actuator failures, respectively. Af is mathematically defined in the
upcoming sub-section. Nonlinear damping terms have been used in each of the virtual controls and the
actual control law to ensure the input-to-state property of the tracking error dynamics with respect to

k:=kKk* — Kk and Ap = Ap — Af as the inputs.

5.2.3.2 Failure Induced Uncertainty Estimation

As discussed earlier, occurrence of faults and failures in actuators lead to changes in the structure
of system dynamics immediately at the pth step. Therefore, the information of the pth error variable
2, is used to design an adaptive estimator which would render an exact estimate of any uncertainty
irrespective of its nature (static/dynamic/both) in finite time. On the lines of [142], the estimator
is designed as given below. Invoking the dynamics of z,(t) derived from (5.4]) and the fact that a

multiplicative actuator fault can be converted to an additive one [143], the estimator dynamics is as

follows.

’ép = fO(&a’r/) + gouo — ?/C(lp) = kl\/ﬁ[ép — sz1/2 + Ap

Ay = —kopsign(ky VT2, — 2] sign(2, — 2,) 58)
where p, ki, ks > 0 constitute the estimator gains, [2, — 2| i1/ 120 — Zp|%sign(2p — 2) and the

uncertainty to be estimated is defined as Aj, := f,,(¢, MK+ o1+ (9 — go)uo + ZJE@?MF Bitpjndjh
with gg = m. The variable Ap gives the exact estimate of Af, using the estimator (58). The parameters
k1,ko > 0 are chosen so that the polynomial (s? 4 kys + kg) is Hurwitz. In addition, it is important
to mention that choice of p > 0 is the deciding factor to achieve exactness and rapidity of estimation
thereby yielding exact asymptotic output tracking. Since faults/failures occur erratically with unknown
degree of severity, a heuristic tuning of p does not yield a fruitful estimation. Further, re-tuning the
parameter p at instances depending on the severity of fault incurred, is also infeasible. Hence an
adaptive learning law is formulated to instantaneously estimate an appropriate gain online at the

onset of failures to ensure a faithful estimation of uncertainties. The adaptive learning law is given by,
! 1/2
u(t) = plto) + 126(s) — zp(s)| ds (5.9)

to

However, prior to providing any insight or basis behind the adaptive law formulation, our primary

aim is to prove boundedness of all closed loop trajectories for a finite . A dead-zone function with a
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threshold |o1| < 0 has been incorporated into the adaptive law so as to avoid unboundedness of gain

estimation due to noisy measurements in practical scenarios.

5.2.4 Stability Analysis of the Proposed Control System under Infinite Actuator
Failures

In the following, it is first shown that the proposed FE/FTC design approach ensures modularity
between the estimator and the controller. Through the piecewise stability analysis to follow, it is shown
that the proposed FTC strategy satisfies the nonlinear separation principle [69]. In consequence, the
bidirectional robustness interaction between the controller-estimator pair is transformed to a unidirec-
tional interaction from the observer to the controller. In the piecewise analysis below, a piece of time
refers to the time interval between the onset and end of an actuator failure pattern. Within this time
interval, the actuator failure pattern does not change and hence the failure induced uncertainty is also

fixed. It does not exhibit any discontinuity within this time interval.

5.2.4.1 Piecewise Boundedness of Closed-Loop Signals
Considering the system dynamics (5.3)), final control input ug(t) in (5.7]) and the estimator dynamics
(E8), we arrive at the closed loop system represented in the following form.
= A2,k 1)z + Uz, &, t)T & + Byoa(-)
k=—-TU.Z
o1 = —kl\/ﬁ|01|1/2sign(01) + o9

09 = —kopusign(oy) — A;

5.10
5.11
5.12

(
(
(
(5.13

)
)
)
)

The state variables in (5.31)-(5.13) are defined as z := [21 2. .. 2917 ;2 == [Z 2,| ;01 = (Bp—20), 02 =

A, 0 = [|o1|'/?sign(oy) o). With the definitions s; ;= —¢;[¢;|? and (5, := 805-[%,1ka’ the remaining

terms are described as follows. The matrix A, is given by,

[ —(c1 + 1) 1 0 0 ]
-1 —(c2+82) -+ Ga(p—1)
0 —1—C '
. . 0
0 —CQp-1) —(Cp—1+ 5p-1) 1
i 0 _1 _(cp_i_sp)_
, Be =[0---0 17, F(€) := [fi(&1) f2(&2) - fo-1(€p-1)];
10 - 0
_% 1
vy = : o | FEOT :=W(zr)FE"
T L e I |
651 86@72
0 0 0 |
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Bidirectional Interaction Unidirectional Interaction
State and time dependent
uncertainties
A©), AE)
Nonlinefr System <:> Uncertainty |:> Nonlmiar System <:| Adaptive Uncertainty
CE Controller - Estimator Proposed Controller - Estimator
A A
Uncertainty Estimation Uncertainty Estimation
Error Error

Figure 5.1: Bidirectional robustness interactions transformed to unidirectional interaction under the proposed FTC
strategy

The bidirectional robustness interaction between the controller-estimator pair is evident from the
closed loop equations in (B.31)-(EI3). As illustrated in Figure B through the proof of piecewise
boundedness of closed-loop signals in Propositions 5.1-5.3, it is shown that the proposed FTC design
ideology transforms the bidirectional interactions to a unidirectional one which in turn ensures a wide
stability margin.

Therefore, in this spirit, let us consider a Lyapunov function V; : R® x [0,00) — R = 0.5(27 P.z +

®TT~'%). With P, = I,, and in view of no change in system parameters s due to faults resulting in

k =k — £* = &, the first time derivative of V, yields,
V, =270z + ZTUTE + 2,00 + KT T 14 (5.14)
P p-1 p .
= — Z:CZ‘ZZ-2 — Z Ei|1/}i|22i2 = Ep|Ap + §‘§Z; + 2,02
i=1 i=1
2 c c 1
2 2 ~ A < =
< =Yt — 22— [ 24 2,lAp +olF] Iz l(12] - 52)
i=1
where 75 := |02|/(0.5¢, + Ep|Ap +¢|'/2). Here, we sce that when o9 term in the numerator grows, the

nonlinear damping term in the denominator also increases correspondingly. Therefore, the effects of
oy can be curbed suitably to obtain, |2(¢)| < |z(to)|e™ " + 52|00, With co = 12113 {ciscp/2} which is
<i<p

known to be the ISS property. Thus, at this point, it is important to state the following remarks.

Remark 5.1. From assumption 2, the reference trajectories and its successive derivatives belong to a
compact set Dy, C D¢. The set D¢ is also a compact set known as the domain of interest. Defining
a compact set M, z) = {(2,k) € D) : $(zTPz+ RIT7'R) < . + ¢ = ¢,3c,c. > 0} C D iy,
all initial conditions (2(to), K(to)) reside within the compact set 0, 5y C M, ). In the spirit of semi-
global stability, the set Q. zy C M. z), for any finite ¢, can be made relatively large by suitable choice
of controller gains. Thus, with (z,k) € M, ), it follows that § € M¢ C Dg, where § € M¢ is also a

compact set.

Remark 5.2. On the other hand, incorporating nonlinear time varying damping into control design
increases the stability and robustness which is indeed rewarding in the following sense. In the event of

occurrence of actuator failures, the damping injection first drives the output trajectories to a bounded
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set whose boundaries are defined by a9 while the proposed estimator allows peaking-free estimation
results without the use of saturation function. Hence these features when unified in the proposed FTC
scheme, solely contribute to the attainment of global stability results. Provided there are no magnitude
and rate constraints on the control signal (which is theoretically sound) and the tracking error dynamics
is certainly input-to-state-stable (ISS) with respect to the uncertainty estimation error; there exists a

control law which ensures globally stable adaptive output tracking.

At this stage, the following proposition is stated which testifies the convergence of tracking error

to its nominal fault/failure-free solutions.

Proposition 5.1. (Boundedness) Under the action of the control law ([B7), 3 & > 0, such that
for u > [, all trajectories (z,Rk,o0) of the closed loop system ([B.31)-(BI3) residing initially in the set
Q7)) x Qg are bounded for Vt > 0.

Proof. Proving boundedness of closed loop trajectories require positive invariance of an appropriately
chosen set containing €2 z) X € and existence of a finite time in which all trajectories starting in
Q(z5) x Q enter the chosen set and remain thereafter. It is clear from the expression of V, in (5.14)
that o9 = 0 implies the convergence of (z, %) to the set M, rendering z = 0 asymptotically stable with
a region of attraction Dy, 7). Since V,(z,8) is positive definite in Dy, z) (whose proof is trivial), there

always exists a finite ¢ > ( ~I)n%x V. such that M z) := {(2,%) € D,z : $(zTPz+RTT71R) <
2,K)€8 (2 k)
¢,c > 0} is a compact subset in Dy, ) and contains the set of initial conditions (1, z). In order to

1

proceed with the analysis, let €2 = p~! and thereafter calculating V. to be negative definite in the set

S = M) X N, for € < €, shall prove the set S to be positively invariant. Therefore in the set,
(2,/,0) € {V,(2,R) = ¢} x N, we have, V, < =39 | ¢;22 + el with ¢, := [max ||aa‘f |K1\/T/A(Py)
)

(2,7

and ||V,(z,&,02) — Vi(2,%,0)|| < KoKi|lo| in the set S with Ko = max H%‘f”. Now, in the
zE

(2,%)

set, Mz x {Vo; = o' P,0 = 7€?}, the following conditions ||2(z, &, 02) — 2(2,%,0)|| < K; and
HAp(z,U )|| < K3, are obvious. In this direction, let us call upon the positive definite function V, :
D, C R?\ {0} x [0,00) — R such that (o,t) — o P,o. Using (5.13)), the first time derivative of o is
given by,

Lo |"V2(- &[0y ]2 + 0v)
—’;—gsign(al) + A;(-)

k o
:|O_1|—1/2 [ ( _2_2[0'”1/24-72 ]

: [ slon 726y ]
g = X —

02

B — Ap()sign(o1))[o1]'/?

o1 1/2
o —1/2 % 2 [o1] -
= lo + A* (-
|o1] i O] [ o, 1ALC)]
~—_———
Ao
= |oy|TV2 Ao + AL ()] (5.15)

Therefore, the V, can be written as, V, < —]01\_1/20TQ00+20TP0HA;(-)H. The matrix Q, is positive
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definite since A, is Hurwitz owing to ki, k2,e > 0. Using the inequality \01]% < [aljé < ||o]| in the
expression for Vj yields, V, < —A(Q,)|lo||*> + 20'TP0HAZJ(')||. Hereafter, there exists a 7 > 0 satisfying
the inequality 2X2(PJ)K3 < MP,)A(Q,) and the above conditions, such that V, < 0V (2,%,0) €
{(V.=c} xN,and V, <0V (2,k,0) € My x {Ve = 72}, Finally, from the foregoing arguments
and inequalities, it is proved that the set S is positively invariant.

To proceed next, we shall turn our interest on the o-dynamics to eventually comment on the behavior
of (z, &) and prove the second claim. From the proof of positive invariance of S, it is straightforward to
conclude the existence of a finite time with which trajectories residing in the set €, z) x 25 ultimately
converge to the set § 1= M, z) X N, . The calculation of this finite time would be shown at the end
of this proof. It is observed that the vector fields ¢(o) of the estimation error system (G.12)-(G.13)
are homogeneous with negative degree of homogeneity. With Dy, : (01,09) +— (w01, wo2), we get
T, : (t,0) — (w™t,w> ;) i = 1,2, satisfying the relation p(Dgo) = w 'Dyp(0) yielding homo-
geneity degree v = —1. The negative degree of homogeneity is the key to exact robustness of estimation
towards A; while preserving the properties of homogeneity. Homogeneity of the vector fields in the
proposed estimator contributes to the avoidance of the peaking effect in the proposed FTC [132].
Further, due to homogeneity of solutions (o1, 03), Lyapunov function V, the negative definiteness of
V, in N, C Qf is also true in the set Qf (local stability in homogeneous systems implies global
stability). This in turn induces the property of dilation retractability of the set N, and hence
Q¢ :={0 € D, : 0T P,0 < ere®, € > 1} to the origin. This is illustrated as follows.

Let us consider a ball A, C By C Q2(e = 2) wherein (o1(t), o2(tp)) reside. It is to be noted that the
initial conditions now lie outside the set NV,. Now consider a sequence of balls obtained by dilation as,
Biy1 = DgBi, 0 < w < 1. Asymptotic stability (not exponential) and homogeneity of (o1, 02) infers
that every trajectory starting in B; will enter B;, 1 before a finite time ww™*7. Let us consider that T'
is the time taken by the trajectories to travel from By to By. The process of retractability of the sets
to the origin is explained as follows. Due to negative definiteness of V,,, o € By will enter the ball By,
i.e., o(T, By) € By. Applying dilation on both sides of this immediate expression and using properties

of trajectory invariance due to homogeneity, yields,

Dy(0(T,By)) = o(w "T,DyBy) =o(w T, By) € DBy

with D,B1 = Bs, i.e., trajectories o € By enter the ball By in a finite time w™"7T. Repeating in the
same manner, it is concluded that the ball By, (n >> 0) close to the origin is reached from a ball B;,

in a finite time T}, represented as sum of a geometric series as,

& —iv
. , T
To=w "TY (w ") = (5.16)
=0

p—
Hence it is proved both through Lyapunov function and homogeneity approach that ¢ is bounded in
finite time even when it lies initially outside the compact set N.

With the above arguments and (z(to), &(t0)) € Q(z,z) C Mz, k), it is relevant that [|2(t) —z(to)|| < K1t
with K7 > O(defined at the beginning of the proof) as long as z(t) € M, ). Thus, a finite time Ty
independent of ¢ exists such that V ¢ € [0,To], (2(t), &) € M, ). Within this time interval, with a
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A
o]

Q (z,K) JM(Z,K)

—_—_——
/

\
~~-{V <‘C8} Mz X N,

Figure 5.2: Illustration of the trajectory starting from (2(0),%(0)) € Q. ) and o(0) ¢ N, converges into (z,%,0) €
./\/l(z’,;) X Ng.

sufficiently small choice of € > 0, 3 T,(¢) in which the trajectories of o initially residing in 2 also enter
the compact set N, (a set sufficiently small in the direction of o) and guarantee positive invariance of
the set S. Since, V, < —A(Qo)||a||? for o € QF as shown earlier leads to another explicit closed form

expression for Ty with tg = 0, given as,

A(Ps)
Qo)

Ts(e) = In(e) (5.17)

Therefore, the time required by the trajectories (o1,02) € QF to enter N, is calculated as, Ts(e) =

AMPs)
AMQo)
and hence Tg(e) — 0. Therefore, there exists ¢ < & < g1 such that Ts(e) < Tp/2. This infers

that V,(o(T(g))) < 7e? for every 0 < £ < £ guaranteeing that the trajectory (2(t),c(t),%) enters
S = M, i x N, within the time Ts(¢) and stay there for all future time. Hence the closed loop
trajectories are bounded V¢ > Ts(e). Further, boundedness of trajectories for t < Tg(e) is implied

In(e). A close observation of the forgoing formula of T reveals that ¢ — 0 implies A(Qy) — 00

due to the use of damping functions which restrict the tracking error trajectories inside a compact set
bounded by 7o, while the estimation algorithm operates. Finally, re-substituting p = =2, u; = 61_2
and i1 = 51_2, boundedness of trajectories follow for pn > @ > 0 with 1 := max{p1, fi7 }. This completes
the proof.[]

The summary of the proof of piecewise boundedness of closed loop trajectories is schematically

illustrated in Figure [(.2] for ease of understanding.

Proposition 5.2. (Ultimate boundedness) The closed-loop trajectories obtained using the controller

given by (B1) are ultimately bounded. In other words, for any given o >0 3 pu > i > i and Ty such
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that, [|z(t)| + llo ()] < o Yt =T

Proof. To prove the above proposition, it is to be shown that trajectories (z,&,0) confined in set S
as defined earlier for t > T(¢) move towards compact sets nearing the origin. Thereafter, depending
on g, the trajectories must enter the corresponding compact set S* C S in a finite time 77 and remain
there forever. In simple words, the set $* has to be proved positively invariant.

From Proposition 5.1, it is already proved that all trajectories starting in 2, z) x (25 remain in the set S
for all t > Ts(e). Hence, 3 11 > f such that for every p > i1, the inequality ||o(¢)|| < o/2 is satisfied for
all t > T1. Now, from the proof of Proposition 5.1, for (z,%,0) € S, the Lyapunov function derivative

is given by, V, < >, cizi2 + el with ¢ = /g(lax ||%ZZHK1\/7'/A(PU). Taking > ¥ , cizi2 > 2l
(2,R)

assures V, < — 3% | ¢;22/2. Therefore, choosing W(z, &) := {2z : ¥ | ¢;2? < 2¢f,} as a compact set,

there exists p > fio > f1; such that the new set S* := {(z2,&) : V> < ¢g, co = HlV%X{Vz(Z, R)}} € S and

{(z,7) : V. < ¢o} implies ||2(t)|| < 0/2 ¥ t > T1. The above argument proves that all z(t) starting
in S will eventually converge to the set S* : {(z,&) : Vi < ¢o} x N, in finite time 77 = max (T, 7})
considering p > max{fi1, fio} > fi. Hence the set S* is positively invariant. The claim in Proposition
5.2 follows.

Proposition 5.3. (Nominal Trajectory Convergence) Given o > 0, as defined in Proposition 5.2,
3 jiz > 0 such that ¥ p > fi3 > max{ji1, fi2}(V ¢ < & < min{&1,&};62 = 1) and (2(to), &(to)) €
M.y, the solution z(t) and z(t,€) of the dynamics 2(t, 2,0) and the perturbed dynamics z(t, z,02)
using the controller in (5.1) ensures ||z(t,e) — 2(t)|| < o, ¥Vt > 0.

Proof. Firstly, it is assumed that the conditions of Proposition 5.1 and 5.2 are satisfied. There-
after, exploiting the property of continuous dependence of solutions of differential equation (G.3T])
on initial conditions (i/c) and the estimation error o9, we invoke Theorem 2 of Chapter 2 in [105],
to infer 3 o > 0 such that for a time Ty(e) < t = T < Ty (T} has been defined in the previ-
ous proposition), [|z(Ta,e) — 2(T2)|| < o with ||o(t)|| < o0; Vt > Tb. Since the trajectories z(t)
satisfy Proposition 5.1, it can be concluded that for ¢t < T(e), ||2(Ts(¢)) — z(to)|| < K1Ts(e) and
|2(Ts(g),e) — z(to)|| < K1Ts(e). Using these foregoing immediate relations and performing elementary
operations, ||z(Ts(¢),e) — z(Ts(e))|| < 2K1Ts(e) is arrived at. Again, using the feature of continuous
dependence of solutions of differential equations on initial conditions (i/c) leads to the inequalities,
|2(Ts(e),e) — 2(Ts(€))]] < U(p) with ||o(t)]] < U(o) ¥ t > Ty and U(p) > 0. Therefore during the
interval [to, Ts(¢)] and choosing Ts = U(p)/2K, the inequality ||z(Ts(e),e) — Z2(Ts(e))|| < U(p) holds

true. Invoking the aforementioned arguments prove the claim as ||z(t,e) — Z(¢)|| < o, V¢ > 0. O

This property of trajectory convergence is the most amazing property of the proposed control
scheme which can be coined the term performance recovery. Therefore, Propositions 5.1-5.3 hold
under the proposed FTC algorithm and hence fulfills all the conditions required to satisfy nonlinear

separation principle [109]. Finally, modularity between controller and estimator is attained.
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5.2.4.2 Further Results on Stability of the Closed-loop System under Infinite Actuator

Failures

In the previous section, Proposition 5.2 states that the closed loop trajectories are ultimately
bounded for p > ji > fi. These values of gain parameter p depend on the magnitude of the ultimate
bound. A larger value of p yields a smaller ultimate bound of the closed loop signals. However, in
the sense of piecewise stability, we are interested in achieving exact asymptotic output tracking which
requires the ultimate bound of ¢ to be zero. In other words, it is now intended to find an estimator gain
inequality from the estimator dynamics which when satisfied yields an exact estimation with the error
variables converging to zero exactly. Solving the foregoing problem, let us call upon the inequality,
Vy < —|o1|~ Y267 Q0 + 2O'TPUHA;(')” from the proof of Proposition 5.1. This inequality relation can
be rearranged as V, < —|01|_1/20'TQ00. Where Q, = —(AL'P, 4+ P,A,) and

AU:Z[—(’;—%—|A;\) 0

Herein, it can be easily figured out that satisfying conditions for asymptotic stability of the origin

(ultimate bound is zero) requires the matrix A, to be Hurwitz meaning kop > Supyo §t<t§',h{’ A;]} =
K3, yielding pu > K3/ko = p*. For ko = 1 as chosen in the work, u > Supt;’h§t<t§’h{|A;|} = u*. To
promote notational simplicity, the time interval between the onset and end of a particular actuator
failure pattern defined by [?,h’ ih) is replaced by [Th,Thy1) from now onwards. Therefore, from
Proposition 5.2, the following result u > p* > i > p on the choice of u is derived. In addition, the
estimation error dynamics exhibits negative degree of homogeneity. On account of the same, with the
choice of p > p*, finite time convergence of the estimation error signals is guaranteed. Further as
proved in our works in [144], the estimation error exactly converges to zero in a predefined finite time.

The expression for the upper bound on the convergence time to the origin is 7 defined as follows

2V, (0)

Ty(Vo(0),t0) = =

[SIE

where Ky := A2 (P,)A(Q,)/A(P,). The detailed calculation is not shown for brevity and instead can
be referred to [144].

Therefore, to this point it is clear that the FTC design scheme until now requires a precise knowledge
of u* to ensure exact estimation of lumped uncertainty and exact asymptotic tracking. However,
since the control problem considers the compensation of actuator failures which are unknown in time,
pattern and magnitude, the knowledge of upper bounds of failure induced uncertainties and their
first derivatives are not available. In Section 5.2.3.2;, the motivation behind the design of uncertainty
estimator (B.8) featuring adaptive gains (0.9) has been discussed briefly. Therefore, in this work,
the gain parameters in the proposed uncertainty /disturbance estimator are estimated adaptively and
hence promising performance can be guaranteed in all cases of actuator failures. However, stability
properties of the proposed estimator are yet to be stated and proved. In the following, boundedness

of estimation obtained from the finite time adaptive estimator in the event of infinite actuator failures
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will be rigorously dealt with. Further, the stability and convergence properties of the tracking error
under the action of the proposed adaptive FTC (5.7) for the case of infinite actuator failures, will be

summarized in the in the form of theorems supported by proofs.

Theorem 5.1. (Piecewise stability properties of the proposed finite time adaptive estima-
tor) Assuming the lumped uncertainty A;(-) resulting from modeling imperfections, exogenous dis-
turbances and failure induced uncertainties, to be at least once piecewise continuously differentiable,
the finite time adaptive estimator given by (B5.8)) with the gain adaptation law in (B9), ensures finite
time convergence of observer error variables o1 and o9 to the origin and yields an exact estimation of
A;(-). Further, assuming the time interval between two consecutive changes in actuator failure pattern
as [Th,Tht1), h € W, the estimation signals exhibit the following piecewise stability properties, i.e.,
o1(t) € L1[Th, Thy1) and o3(t) € Lo[Th, Ther). Here, the index h denotes the occurrence of ht* change

in the actuator failure pattern and h = 0 represents initial time.

Proof. Establishing finite time stability of (o7 = 0,09 = 0) necessitates, (1) negative homogeneity
of the vector fields in the estimation error dynamics (0.12)-(E.13)); (2) negative definiteness of time
derivative of an appropriately chosen strict Lyapunov function. It has been shown in the proof of
Proposition 5.1 that vector fields in (5.12)-(5.13]) possess negative homogeneity of degree v = —1 < 0.
Thereafter, to prove the second requirement, let us define fi := pu — p* and k; = k1y/1t, ky = kop
for ease of calculation. Thereafter, let us consider a suitably chosen strict Lyapunov function V., :
R2\ {0} x Ry x [T}, Thy1) — R defined as,

2+4M—1M*_
. vl

Von(o,n) = ,u_gaTPga + kqp =32 2 (5.18)

2
i.j=1

where Py = [{psi,j}; i_q] is a user defined positive definite symmetric matrix with its elements chosen
as Pol1,1 = 2ky + 15%/2, Dol,2 = Po2,1 = —12:1/2 and ps22 = 1. These elements p,; ; are selected through
back calculations to ensure that V, < 0 and V, > 0 [145,146]. Hence to prove stability of the estimator
with forward calculations, let us take the first time derivative of V, . Using the estimation error
dynamics defined in (5.12)-(5.13) and the adaptive learning law (5.9]), the equality obtained is given
by (BI9)-(G2I). Using the conditions to infer negative definiteness of symmetric matrices and given
the fact that ky = ko = 1, u, 1 > 0, leads to Vg,h < —,LL_3/2UTQ0,[LU < —,u_3/20'TQUU < 0, QU >0
proving the piecewise boundedness and finite time stability of the estimation error dynamics, i.e.,
(01 = 0,09 = 0) is reached in finite time. Further, the immediate inequality of th shows that
o € Lo]Th, Tp+1) implying that oy € L£1[Th, Thy1) and o9 € Lo[Th, Thy1). O

Having proved the piecewise stability properties of the proposed adaptive uncertainty estimator, the
results are now extended to the time interval ¢ € [0,00) to prove estimation error boundedness in the

case of infinite actuator failures.

Theorem 5.2. (Extension of piecewise stability properties to t € [0,00) interval of exis-
tence) From Theorem [51], let us consider the stable solutions of the proposed adaptive uncertainty
estimation error dynamics in (B12)-(I3) with the adaptive gain learning law ([B3) for the time in-
terval [T, Thy1), h € W. The following are inferred, (i) In the case of infinitely occurring actuator
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failures, the error dynamics of the proposed uncertainty estimator with adaptive gains yields stable
solutions for the time interval [0,00) which means o € L[0,00); (i) In the case of finite actuator

failures, the estimation error signal o1 is L1 integrable, i.e., o1 € L£1]0,00).

Proof of (i).

From the proof of Theorem [5.1] the following has already been proved. With the same definition of the
piecewise Lyapunov function in Theorem B.1] to verify the stability properties of the estimator, from
B2T) we get Va,h < —O'TQUO'. A dead-zone based adaptive tuning law is used to find the estimator
gains. Therefore, invoking the properties of dead-zone based adaptation [110], the estimator gain pu
always converges to a finite limit z > p*. Given p* is a constant, this in turn implies the existence of

a finite bound on i = p — p* < . Hence the inequality for Vo,h can be rewritten as

. N 1 1 =
Vo < =207 Qoo — i + —i" (5.22)
’ 2y 2y
The above inequality can be further simplified as
. 1 =2
Voo, £ —pVon + %,u (5.23)

where p := min{A(P; HA(Qq), m} and Q, := p3/2Q,. Now let us consider the occurrence
of infinite actuator failures and attempt to utilize the stability properties of the estimator between
[Th, Th+1), (h € Z4) to extend the existence of such stable solutions for all ¢ € [0, 00). Therefore, in this

Va,h - ,u‘i%UTPo'U+M7%0.'TP0-0'+,U‘_%UTPO-O.' +

3
2

e+t | 1 d (244t o
piy Zydt 24

_3 ] ki _3 1 = - » - 20 1d (244 -\
=p 20" Peo — Sp 2 on |72 ((2ke + K = 2p0)|on| = (K — —|Ag] ) lou] ) + o= | R | A2
2 ki 2y dt 22

1 P . e o = 2 . 18 2
+ a3 = G (o - (F = 2180 o Bsien(on) ) (5.19)
1

_3 . ki _3 _1 - = N - 2 g 2 — 2 . 1. 2
S Ll e PN 2<<2k2+k%—2u ol = (ks = ) ol + (02 = (= 2 ) ol Esign(on) ) )
1

1 1 Ny —3 . 1 —2 —3 ky . ~2

—(2+4 k 2 fify — — 4
+2v( +ApT W)k 2 i 2v(” +Ap )

_M *% k -2 ]_gl 23 e _ 1 _ _
=o' = K o e = S22 (= )@+ A o)) — == (7 + AT
k1 p —3pu2 2 2y
ki _s .1 - 2, 1 R 1wy B o -
=Bl (o (B = 20 )l sien(on)) o+ o2+ 4 0 e (5.20)
1

Using Remainder Theorem, the parameters (k1, k2) are found to satisfy Qkfkg + 2[4:% —4 =0, and using
the adaptive law from (59) as 1 = v|o1]|"/? > 0 yields,

2

Vo = 3257 —% p 2 . k1 -3 -1 \ 2 .\° 1. 1, 5 A3V < 0
A I PR Ly o] o2 1=y 1) lonlZsign(on) 27(# A ) i

Qo
(5.21)
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direction, a Lyapunov function V, : R?\ {0} x R x [0, 00) — R is defined whose piecewise counterpart
defined over the time interval [T}, T}+1) is V5. In the event of intermittently occurring changes in
the actuator failure patterns affecting the system at time instances Ty, (h € Z;), discontinuities are
encountered in the Lyapunov function as well as its value cumulatively increases at every time instance

T},. The magnitude change in the Lyapunov function at the failure instances T}, is calculated as,

2+ dp~ (T, )

V(LD - V(T,) < pH T (T

< y
244 (T )y o
- ™ b N T (T (5.24)
+ — 2—’_4/7_1:“*/\—17\2 - N
V(TH <V(Ty)+ ———a 0 <V(T,)+A (5.25)

4y

Here A := Wﬁ_lﬁz is the maximum magnitude change in the Lyapunov function V(¢) at all

failure instances Ty, and V(7)) := lim V(t). Further, A is finite due to the usage of dead-zone based

gain adaptation. At this point, usinghm and (5.27]), the overall system under infinitely varying
actuator failure patterns can be represented as a hybrid system comprising of piecewise continuous
dynamics, discrete dynamics and an impulse sequence {13} Vh € W satisfying 0 < Tp < 11 < Th <
. < Ty < T and T — oo. The notation N is used to denote the total number of changes in the
actuator failure pattern within the time interval [0,T") D [Ty, Th+1) and X(Tp, T) = (T — Tp)/T™* with
Th <T < oo, T* := min{Tp11 — T} } for h € W.
Repeating the same procedure as adopted in the proof of Theorem 3.4(i) with the recursive formulations
(B23) and ([B25]) with the choice of Th = 0 yields,

=2 * —
2—egPT A
V(T™) < V(0)e T + 5.26
) svoe+ L () s (5.26)
Finally from (5.20), the boundedness of the estimation error o(t) is proved in the case of infinite
actuator failures, i.e., o(t) € L[0,00). O

Proof of (ii).

Using the inequality H0H2 > |o*1|1/2 in (B.21)) yields the following,

Vo < —lo1|207 Qo < —YA(Q0)|o1] (5.27)

Integrating the above inequality over [T}, T}11) proves that o1 € L1[Th, The1). Besides the inequality
can be expanded with respect to discrete time instants T}, and T}, 11 using (5.25) and (B.27)) as given

below.
o Th+1 o Th+1 _
Valli) < Vo5 = X@a) [ okt < Vot - x@0) [T+ B 28)
h

Th

Utilizing the above inequality (5.28]), the following holds for the final time 7" under X(0,7") changes in
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actuator failure patterns within time [0, 7).
g T . 5 T
ValT™) < Vo(T0) = 2(@a) [ ol < ValT) + B =22(@o) [ Jonla <.
T Ty

< <V (0) + R0, T)A — Y AQ,) /OT oy |dt (5.29)

Hence, from (5.29), the £1 bound on o; is calculated as follows with 7" — oo,

/OO loy|dt < V=(0) J;(g(o), DA <00 (5.30)
0 YA e

From (5.30), it is observed that if the occurrence of actuator failures is finite implying R(0, 00) to be
finite, the estimation error signal satisfies o1 € £1[0,00). O

Now, the final theorem summarizes the stability properties of the proposed adaptive estimator
based backstepping controller to compensate actuator faults and failures followed by the boundedness
of the closed loop trajectories and asymptotic stability of output tracking error dynamics, in the case

of infinite actuator failures.

Theorem 5.3. (Stability of tracking error dynamics for t € [0,00) interval of existence)
Consider the closed-loop adaptive system consisting of the plant (53) affected by actuator faults/failures
modeled in (5.2)), the controller (5.7) and the finite time adaptive estimator (B.8) with the adaptive law
(E9). Under assumptions 5.1-5.2, the following holds. (i) All signals of the closed-loop system are
globally ultimately bounded irrespective of the actuator failures being finite or infinite. (ii) Global
asymptotic stability of the output tracking error dynamics is guaranteed, i.e. tliglo z(t) = 0 provided the

occurrence of actuator failures s finite.

Proof of (i).

From Theorem 5.2, the boundedness of o9 = A, is guaranteed for all ¢ € [0,00) in the case of infinite

actuator failures with its piecewise finite time convergence to the origin. Further, the homogeneity
property of the vector fields in the estimation error dynamics (5.12)-(5.13)) also restricts the trajectories
to reside within compact sets. With the adaptive learning law for p starting from an arbitrary small
nonzero initial condition and a suitably chosen adaptive rate ~y, the conditions in Proposition 5.1 will
be satisfied. The advantage of this adaptive finite time estimator is its inherent capability to adjust its
gains online and react accordingly to the requirement of the plant so that the trajectories of (z,&) do
not escape the compact set M, z for all t > to and eventually move towards the origin. A time varying
damping injection contributes to the achievement of global stability results. The adaptive law [ ensures
w>pt = supThSKThH{]A;\} for k; = ko = 1. Such a value of p satisfies both Proposition 5.1 and
5.2 inferring the piecewise ultimate boundedness of closed-loop trajectories. Further, the inequalities
in (514) and 0 € L[0,00) prove z(t) € Loo[0,00), 2(t) € L[0,00) in the event of infinite actuator
failures.

Proof of (ii).

The p-th order tracking error dynamics after substituting the virtual control laws «; defined by (5.4]),
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is reframed in a linear state space form as follows,

2= A (2, k)2 + Uz, &, 1) TR + Byoa(-) (5.31)
fk=-TVU,z (5.32)

The state variables in (5.31) are defined as z := [21 22...2,-1]7;2 := [Z 2,]7;02 = A,. The matrices
A.(z,#,t), B, and W, (z,#,t)T are defined earlier in the beginning of Section 5.4.3. Let us introduce
an auxiliary state x(t) := z(t) — Na1(t) such that N := [0 0...0 1]{Xp and 71 (t) = [2, — 2] /2
denoting the estimation error for the state z,. With this choice of x, we arrive at a dynamics in x
driven by o only. Firstly, to deduce such a dynamics from the definition of x, a more compliant form
of estimation error dynamics is needed so that the theory of £, spaces can be applied.

In this direction, to begin with the proof, we first invoke the estimation error dynamics in (5.12)-(E13).
For convenience in analysis, the error dynamics has to be transformed to a more tractable form using
a suitable diffeomorphism. Therefore, using the diffecomorphism o = [7; G2]” = [[01]/? 09]T, the

transformed error dynamics is given by,

. o712 —ky 1 o1
5 (Lo missy o[ 2]) -

Now, let us consider the additional dynamics in (71, 2) as,

d:[ TR 1”‘:71] (5.34)
—2(k2 —sup{A}}) 0 72

Using Filippov’s Theorem 6 of Chapter 2 in [105], it is concluded that the dynamics described in (5.33)
and (5.34)) have the same trajectories with identical signal properties if the scaling function jou] /2
is positive definite. With the chosen diffeomorphism and pu > 0,k = N/ ky = pfor ky = ko = 1,
the scaling function satisfies the positive definiteness condition. Hence, the equivalence of solutions
of (533) and (B34) is inferred from Filippov’s Theorem. Thus, from now on the analysis of the the
estimation error will be conducted using the auxiliary error dynamics in (5.34]).

The dynamics of x using the estimation error dynamics (£.34)) is described by the following differential
equation.

X = A (2, )x + TR+ N (k1 — (cp + 5,))01 (5.35)

From Theorem [5.2] the estimation error signal o € L]0, 00) in the event of finite actuator failures.
Therefore, using Holder’s inequality, it is straightforward to prove that d; € L£3[0,00) in the case of
finite actuator failures. It can now be observed that (5.30) is driven by an Lo-integrable input 7.
Therefore, our objective is to prove the Lo-integrability of the auxiliary state x(t). This is due to the
fact that x(t) € L£2]0,00) implies z(t) € L2][0,00). Defining y := [{Xi}fz_ll]T, X = 2o — [o1(t) V2,

X = [X Xp|T and proceeding with this aim, we compute,
1d 1 AT + A o
s (P + T 112) <37 (22 ) T

TH-2198 11610211

208



5.2 Parametrization-free Finite Time Estimation based Adaptive Compensation of Actuator
Failures in Nonlinear uncertain Systems

1d

o (217 +T7HR?) < —xTox +x"Na, (5.36)
p—1 )
< =MQIIXI? =D alwil®x} — eplAp +s12x3 + X" Nay
i=1
< -MQ)IXI* +x"Na (5.37)

where N := N (k1 — (cp + sp)). Using the Peter-Paul inequality with the factor A(Q) for the second
term in (5.37)) leads to,

2
4 1
T (5, < [l 2 |15 |2 .
07 < MW+ LS o (5.38)
Substituting (£.38) in (5.37) renders the inequality below,
ld 2 =12 AQ) 2
el < 2= :
L8 ) < 22 (5.39)
L virne a2
+ a3 Wil

The boundedness of A is ensured by taking into account the boundedness of all closed-loop signals un-
der the action of the proposed FTC. Finally, the inequality in (5.39)) is re-arranged and then integrated
for the time interval [0, c0) using a1 € L2[0, 00) which yields,

> 2 1 2 -1y 2
/0 x|t < @(IIX(O)II + T [E(0)IF)

oo
g WIE [ Il < o (5.40)
Given the facts that x(0) and %(0) are finite and &1 € £3]0, 00), the signal property of x € £3]0, 00) is
easily concluded from (5.40). Therefore, z(t) € Ly follows from the Lo-integrability property of x(t).
Invoking Barbalat’s Lemma, with the signal properties z(t) € L2[0,00)NLx[0, 00) and £(t) € L]0, 00)
infers asymptotic stability of the tracking error vector z(¢). This completes the proof. O

The nominal performance recovery at time Ty and asymptotic convergence of the tracking error
starting from € z) to the origin under the action of the proposed FTC strategy is schematically
illustrated in Figure B3

Further, it can be said that Theorem 5.3 been proved, the proposed controller satisfies the results
in Propositions 5.1 and 5.2. Thereafter, invoking the result in Proposition 5.3, the transient perfor-
mance recovery or the convergence of perturbed system trajectories to those of the nominal system
(assuming known virtual control derivative and free of faults) under adaptive backstepping control is
ensured. Since the estimator gain is adapted online with sufficiently fast adaptive rate -, the condition
of u > p* is always satisfied. This choice of estimator gains yields the ultimate bound on (o1, 02) to
be zero within a finite time 7. Hence the proposed design allows to exactly recover the output per-

formance achieved by using a backstepping controller for the nominal system (free from faults/failures).
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Figure 5.3: Time evolution of z(t) and &(t) starting in €, z) traversing through the set M. zy and ultimately expo-
nentially asymptotically converging to origin. The radius k defines the decaying exponential envelope along which z(t)
converges to the origin with £ — 0 as ¢t — oo.

Remark 5.3. It should be mentioned that the proposed control scheme can also be used in the case of
the loss of effectiveness fault being state dependent. This is due to the fact that in the proposed adaptive
estimator integrated control scheme, boundedness of all closed loop system trajectories have been proved
by taking into consideration the interaction between the control system and estimator as a consequence

of the interaction between the fault and the system states.

5.2.5 Simulation Studies

In this section, the proposed methodology is applied to compensate infinite number of relatively
frequent PLOE actuator faults and total actuator failures in a nonlinear longitudinal model of a Boeing
747-100/200 aircraft in presence of modeling uncertainties. This study illustrates the effectiveness of
the proposed technique in guaranteeing stability, maintaining nominal fault-free performance (the most
distinctive attribute) while ensuring a faithful and exact disturbance rejection. A Boeing 747-100/200
aircraft longitudinal nonlinear dynamics are considered from [4,111,112] similar to the one considered
in (257)-(258). The detailed dynamical description along with the definitions and values of the

aerodynamic parameters are referred to Section 2.2.5 in Chapter 2 of this thesis.
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Choosing the state variables as [a V 6 ¢|T = [11 22 23 24]7 = [ €]T and using Assumption 5.2,
the system is transformed to a strict feedback form. The elevator deflection angles of the two piece
augmented elevator is d.1=0d.9 and are the two actuators u; and us. Moreover, the thrust generated by
each engine is chosen to be equal, i.e., P,; = P, = Py3 = P4y = P,. The dynamics in 7 := [11 3:2]T
describe the internal dynamics of the system with & = [x3 x4]7 as the input. Input-to-State stability
of the internal dynamics with £ as the input, was shown in [95]. The transformed system X. to be
used for controller design is given as,

&= &1, Ca=al&n) + Ap(&m) + Y Bi(Em)y (5.41)

j=1

where £ = [€3 &4]. The infinite actuator faults/failures in both the scenarios are modeled similar to
that in [6] as
{ U =UPLEOLL o e (4 1T (5.42)

ug = (1 — Ko p)ums

where h = 1,3,...,00. In simulations, the initial state is considered to be [0.0162 230 0.0162 0]7.
Further, the virtual control and actual control parameters are chosen as ¢; = 20,c0 = 5,¢; = 0.5,¢5 =
0.05,¢ = 0.1. The rate parameter in the estimator gain adaptation law is considered as v = 50. The
reference signal for tracking yg is the output of a reference system as in [66], given by G, = m
and [yq(t)] = Gi(s)[y,(t)] with y, = 0.1sin(0.5¢). The modeling uncertainty Aa(&,n) is additive in
nature and is given by Aa(§,n) = k*a(&,n), where |£*| < 1.

The performance of the proposed methodology is compared with existing FTC scheme by [6] in the
event of infinite actuator failures. The controller proposed by [6] is designed for the system in (5.41]),
based on modular backstepping control (MBSC). The notations followed for the control design based
on the methodology of [6] are the same as considered in their work except for the modeling uncertainty
¢ which is substituted by the term x* here. For the scheme by [6], it is assumed that |£*| < 1 and
0.2 < Kj;, < 1 are known at the design phase. The design parameters of the controller by Wang and
Wen [6] are as follows: ¢ = 0.05,¢; = 20,¢3 =5,k = 107, T = 0.5 x Ij,v; = (0.05+2)/2, 10 = v3 =
vy = 0,010 =1.025 — 0.05,03 = 04 = 10,5 = 0.5 and g = 20.

Fault Scenario 1: T* = 10s, Up1p = 5, Ko = 0.7 and ¢, = 1, it is observed that the proposed
control scheme and the controller by Wang and Wen [6] yield a faithful output tracking while main-
taining boundedness of all the closed loop signals. The tracking performance along with the control
inputs for both the schemes are shown in Figures 5.4(a)-5.4(f).

Fault Scenario 2: Here, the failure parameters are assumed to be T = 10s, tip1 = 0, Ko, = 0.5
and ¢15, = 1. The output tracking of the desired pitch angle 6 and pitch rate ¢ using the pro-
posed controller are illustrated in Figures 5.5(b)-5.5(c) while the tracking performance using both the
methodologies are demonstrated in Figure 5.5(a). The profile of the control inputs u; and us with the
proposed control design and that by [6] are given in Figures 5.5(e)-5.5(f), respectively.

Fault Scenario 3: This is an extended case which demonstrates the potential of the proposed
scheme in handling oscillatory failures in actuators. For the purpose of illustration of actuator oscilla-

tory failures, the failure parameters are chosen as gy p = 2, Ko = 0.5, ¢y, = sin(2t), T* = 10 and
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Figure 5.4: Scenario 1: System response with the proposed fault tolerant control scheme with 7"= 10s. (a) Comparison
of output pitch angle tracking error z1 = z3 — vy, using the proposed controller and modular backstepping control
(MBSCQ) [6], (b) Pitch angle 3 = 6 using the proposed FTC scheme, (c) Pitch rate x4 = g using the proposed FTC,
(d) The estimate of the lumped uncertainty Az incurred due to actuator faults/failures and modeling uncertainties, (e)
Proposed control inputs u1(¢) and u2(t), (f) Control inputs wi(t) and u2(t) using modular backstepping control based
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Figure 5.5: Scenario 2: System response with the proposed fault tolerant control scheme with 7%= 10s. (a) Comparison
of output pitch angle tracking error z1 = x3 — ¥y, using the proposed controller and modular backstepping control
(MBSCQC) [6], (b) Pitch angle 3 = 6 using the proposed FTC scheme, (c) Pitch rate z4 = ¢ using the proposed FTC,
(d) The estimate of the lumped uncertainty Az incurred due to actuator faults/failures and modeling uncertainties, (e)
Proposed control inputs wi(t) and usa(t), (f) Control inputs ui(t) and u2(t) using modular backstepping control based
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Figure 5.6: Scenario 3: System response with the proposed fault tolerant control scheme. (a) Pitch angle z3 = 6 using
the proposed FTC scheme, (b) Pitch rate x4 = g using the proposed FTC, (c) The estimate of the lumped uncertainty

A incurred due to actuator faults/failures and modeling uncertainties, (d) Proposed control inputs u1(t) and uz(t)

uy = 2sin(2t) for 190s < t < 250s. Results appear in Figures 5.6(a)-5.6(d).
Herein, we observe that the proposed scheme is still successful in maintaining the desired nominal
output performance with an acceptable control input. This case had not been considered in the work

in [6] and hence a performance comparison is not drawn.

5.3 Summary

In this chapter, the problem of accommodating infinite number of actuator failures in nonlinear un-
certain systems was addressed. In this context, a new adaptive control scheme was proposed for nonlin-
ear systems affected by infinite failures with inherent modeling uncertainties and matched /mismatched
perturbations. The proposed controller appropriately utilizes direct adaptive backstepping approach to
guarantee an appreciable transient performance in fault free situations and inducts a finite time adap-
tive estimator based control at the last step to counteract infinite actuator failures. The attributes
of the proposed control methodology are boundedness of all closed loop trajectories; output transient
and steady state performance recovery in the event of failures; asymptotic exact output tracking; fi-
nite time exact estimation of system and failure induced uncertainties; and potential to compensate
infinite actuator failures. A rigorous stability analysis of the closed loop system using the proposed
adaptive estimator integrated backstepping controller is conducted to prove stability of the overall
controlled system. Unlike estimators based on HGOs, the adaptive uncertainty estimator does not
induce peaking effect and exact estimation of the lumped uncertainty is achieved with finite values
of estimator gain parameters. These estimator gains are also selected through an adaptive learning

procedure. In addition, the introduction of damping function in the backstepping controller depending
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5.3 Summary

on the lumped uncertainty estimation error allows for the existence of global stability of closed-loop
trajectories irrespective of actuator failures being finite or infinite. Consequently, global exponential
asymptotic exact convergence of the output tracking error to the origin is ensured in the event of finite
occurrence of actuator failures without the use of GBC. Different from GBC, the proposed FTC design
methodology also does not require the knowledge of the estimate of the region of attraction which is
required by the former to tune the control saturation level. Besides, for real time applications, unlike
GBC, no trade-off is required to be achieved between the choice of estimator gains for output fault-free
performance recovery and sensitivity of estimation towards measurement noise. In order to study per-
formance of the proposed methodology, it was applied for pitch control in nonlinear longitudinal model
of Boeing 747-100/200 aircraft. Simulation results obtained illustrate the superiority of the proposed
FTC scheme in compensating infinite actuator failures over existing approaches [6, 75, 76| designed

under similar circumstances.
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6.1 Conclusions

The research in this thesis is centered around the design, development, analysis and implementation
of adaptive FTC strategies for nonlinear uncertain systems affected by unknown actuator failures.
With the backstepping procedure being central to all the proposed control algorithms, some new
adaptive backstepping algorithms in the context of promising applications to the problem of FTC design
have been proposed. The proposed controllers are aimed at achieving closed loop signal boundedness
asymptotic convergence of the tracking error to the origin with an acceptable transient behavior and
a decent control usage, in the event of unanticipated actuator failures. Besides, the expansion of
their applicability to a large class of dynamical systems is another important design concern. This
thesis is an attempt to address the open issues in adaptive FTC discussed in Chapter 1. An FE/FTC
architecture is adopted to design and investigate all the control algorithms proposed herein. Briefly,
the work done has been summarized below followed by future research recommendations in adaptive

FTC design for nonlinear uncertain systems.

6.1 Conclusions

In Chapter 2, an actuator failure compensation strategy based on direct adaptive control is de-
signed for affine nonlinear uncertain systems affected by faults in the form of partial and total loss of
effectiveness of actuators. The proposed strategy is based on backstepping and adaptive second order
sliding mode control methodologies. The actuator fault/failure induced unknown parameters and the
bounds on system uncertainties are estimated seperately using two adaptive update laws which utilize
the output tracking error information. Asymptotic stability of the output error in nominal scenarios
and in the event of actuator failures is ensured. Improvement of output transient behavior at the
output is shown through a rigorous stability analysis. Compared to ABSC and ASMC based FTC
strategies, the proposed controller reduces the conservatism of the tradeoff between output and input
performance enhancement by rendering an excellent output performance without any increment in
virtual control gains. Further, the cumulative increment of the £, bounds on output tracking error
with every instances of actuator failures is eluded. The incorporation of an adaptive second order
sliding mode controller results in a finite time convergence of the last tracking error variable to zero.
In view of the closed loop error analysis under ABSC, the tracking error variable corresponding to the
last coordinate behaves as a disturbance to the remaining reduced closed loop tracking error dynamics.
Further, occurrence of actuator failures directly affects the last error coordinate. Therefore, a finite
time convergence of the last error variable translates to a nominal performance recovery of the reduced
tracking error dynamics both at their transient and steady state phases. Thus , owing to fast and
accurate convergence of the last error variable to the origin, output transient and steady performance
is significantly improved. Such a design attribute also allows us an extra design freedom on defining
a time bound on the nominal performance recovery in the event of actuator faults/failures or occur-
rences of external disturbances. In contrary to the performance recovery in the asymptotic sense, the
nominal performance recovery herein is meant in the finite time sense which means that the actual
output error not only remains close to the nominal trajectory as much is desired but also exhibits a

time bound convergence to the latter, as time elapses. This property is indeed beneficial for FTC ap-
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plications. Simulation results also confirm that the proposed controller yields enhanced transient and
input performance with no chattering in the control input in comparison with a dedicated ABSC or
relevant ASMC schemes proposed till date in literature. Hence, improvement of transient performance
through the increment of virtual control gains/sliding surface parameters and trajectory initialization
is circumvented. The stability and convergence properties of closed loop signals under the proposed
control law are understood in the global sense.

Thereafter, in Chapter 3, the drawbacks of direct adaptive controllers under an FE/FTC framework,
are discussed and their inability in compensating infinitely time varying failure patterns is mathemati-
cally proved. These shortcomings are circumvented by proposing a new actuator failure compensation
strategy based on indirect adaptive control within the same FE/FTC architecture. Although direct
adaptive strategies have been extensively used for FTC; to the best of author’s knowledge, there are
very few results available in literature which utilize indirect adaptive control to compensate even finite
actuator failures in nonlinear uncertain systems. Such a lack of interest is accrued from the poor output
transient performance obtained using an indirect adaptive scheme during the learning phase. However,
indirect strategies are well known to assure faithful asymptotic tracking/stabilization with an econo-
mized usage of control effort. Therefore, Chapters 3-4 essentially focus on encashing the advantages
of indirect adaptive control while concurrently exploring ways to improve the output transient and
steady state performance without any substantial effect on system stability margins. These chapters
consider the system parametric uncertainty and failure induced perturbations to be linearly param-
eterized. The functions in the regressor matrices associated with unknown parameters are smooth,
not Lipschitz though. Thus, there exists a bidirectional robustness interaction between the certainty
equivalence (CE) controller and the parameter estimator which breaks down the design modularity
and inhibits the existence of global stability of closed loop signals. The region of attraction is de-
creased significantly and any increment in virtual control gains to improve the output performance will
eventually manifest in decremented stability margins, which is undesirable. In Chapter 3, the multiple
model adaptive FTC with two layer adaptation, proposed for the aforementioned nonlinear systems
affected by finite as well as infinite actuator failures, obviates the foregoing design challenges. Multiple
model adaptive estimation based FTC of general nonlinear systems (with linearly parametrized un-
certainties) with transient performance characterization, has not yet been addressed in open literature
even to compensate finite actuator failures. Therefore, contributions in Chapter 3 can be considered
as filling the gap that exists in adaptive backstepping based actuator failure compensation strategies
for nonlinear uncertain systems. The fastness and accuracy of estimation compared to single model
adaptive control parameter estimation are ensured using the two layers of adaptation. As a result, the
output performance of the proposed scheme is promising both at start up and post failure scenarios.
The output transient performance under the proposed adaptive multiple model FTC (AMMFTC) is
quantified and proved to be superior to that obtained using single identification model based adaptive
FTC. Explicit Lo and L5 bounds on the tracking error for all time ¢ € [0, 00) are derived in the event
of intermittently occurring actuator failures. These bounds provide the designer with an idea of choice
of gains and estimator parameters to improve both input and output transient behavior. The proposed

method exhibits a simpler structure compared to [56] in the sense that a single controller is utilized
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in the design of failure compensation in the event of unknown actuator LOE, LIP float free failures
and intermittent actuator failures. Simulation results illustrate the effectiveness of the proposed FTC
method in the case of infinite actuator faults/failures. The proposed multiple model adaptive control
method has also delivered to the expectations of achieving a fruitful output transient performance
without any substantial increase in control effort.

In Chapter 4, to further enhance output transient performance and to make it more compliant
with practical design requirements, a finite time parameter estimator is inserted within the same
FE/FTC architecture. This ensures finite time exact estimation of the unknown parameters including
those induced by actuator failures and hence a time bound convergence of the output to the nominal
solutions of the healthy system is exhibited. Apart from the above attributes, the finite time adaptation
based controller (FTAC) is also proposed to compensate possible infinite actuator failures. Closed loop
signal boundedness and absolutely integrable property for the output tracking error is established for
all t € [0,00). The finite time parameter estimation is exact at steady state and additionally robust to
external disturbances. Indeed, Chapter 4 proposes the very first results on finite time estimation based
adaptive FTC to compensate actuator failures. Asymptotic stability of tracking error dynamics, is
guaranteed for finite/infinite number of actuator failures. Nominal performance recovery in the finite
time sense is ensured provided the time between two successive changes in failure patterns is greater
than the convergence time of the estimation error to the origin. The theoretical results obtained are
undoubtedly novel and the algorithm would be a value addition to existing adaptive FTC literature.

Finally, in Chapter 5, the FTC problem is considered for a nonlinear system characterizing linearly
parameterizable and parametrization free modeling uncertainties, affected by finite/infinite actuator
failures. An integrated FE/FTC controller is developed using a backstepping methodology augmented
with an adaptive disturbance observer which estimates total /lumped uncertainty arising due to model-
ing imperfections, external disturbances and actuator failures. Further, a tuning function approach is
used to estimate the mismatched parametric uncertainties until the second last coordinate of backstep-
ping. Following such an approach will avert the dependence on the derivative of parameter estimates
and the closed loop tracking and performance recovery only depend on the total disturbance estima-
tion error at the last coordinate. The modularity of the controller-disturbance pair is established by
incorporating a new time varying damping term into the backstepping controller which decreases the
effect of the disturbance estimation error on the tracking error and ensures its boundedness until the
proposed adaptive disturbance observer estimates the total uncertainty in finite time. The standing
assumption on the lumped uncertainties to be slowly varying with time, is removed. Such an FTC al-
gorithm results in a precise control offering robust transient performance and successful recovery of the
nominal output trajectory(without actuator failures) for the entire time period in the event of abrupt
actuator faults and failures. Compared to existing approaches with similar design features, especially
the most celebrated high gain observer(HGO) based methods, high gain instability due to peaking
is avoided and hence the proposed control methodology also exhibits nominal input performance re-
covery in a finite time sense. The region of attraction corresponding to nominal conditions is also
recovered largely. The avoidance of peaking indeed paves the way for achieving globally stable closed

loop trajectories, global asymptotic stability of output tracking error dynamics and finite time nominal
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performance recovery. The proposed scheme does not require any knowledge of the bounds of the total
lumped uncertainty introduced into the system at the occurrence of eventualities of faults and fail-
ures.These design attributes have indeed been an unattained goal for a majority of DOB based control
approaches in nonlinear systems which are not globally Lipschitz. The proposed control methodology
is further extended for its application to the FTC problem of accommodating infinite actuator failures
yielding promising and encouraging results. In contrast to bounded or asymptotically stable parame-
ter /uncertainty estimation incurred due to actuator faults, a predefined exact finite time convergence of
the disturbance estimates to their actual temporal profile, allows a lower bound on the minimum time
lapse between two consecutive changes of actuator failure patterns, such that the nominal performance
recovery in the sense of finite time is ensured. Finally, given that the control design is independent
of the structural information of the total uncertainty, it enables the resulting FTC controllers to be

applicable to a wide range of control systems with more general type of actuator failures.

6.2 Recommendations for Future Research

Future possible directions which are worth exploring based on the adaptive FTC algorithms pro-

posed in this thesis are suggested as follows.

e Design and analysis of an adaptive FTC strategy which would not only exhibit finite time es-
timation but also achieve finite time compensation of actuator failures and unknown system

uncertainties.

e Extension of the proposed multiple model adaptive backstepping FTC algorithms to the problem

of compensating actuator failures and nonlinearly parameterized system and failure uncertainties.

e Application of the finite time parameter adaptation algorithm to adaptive control design in
nonlinear uncertain systems with nonlinear parameterizations to improve its performance and

robustness.

e All the adaptive FTC schemes proposed in this thesis assume that all the systems states are
available for measurement. Relaxing this assumption, output feedback design based on the

proposed FTC methodologies is also a research avenue worth exploring.

e Investigating the robustness of the proposed adaptive backstepping FTC methodologies in pres-

ence of input delays and thereafter calculate the time delay margin of such controllers.

e Extension of the proposed design methodologies to the problem of adaptive FTC in time delay

Systems.

e Design of optimal adaptive FTC algorithms for uncertain nonlinear systems using dynamic pro-

gramming integrated with the proposed uncertainty estimators.

e Synthesis of adaptive controllers to compensate unknown actuator failures in non-minimum phase

linear and nonlinear systems in presence of modeling uncertainties.
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6.2 Recommendations for Future Research

e Experimental validation of the proposed FTC schemes on real time systems such a mobile robot,
quad-copters, axial rotor helicopters and variety of other dynamical systems requiring a self

repairing module.

e Exploring promising possibilities of application of the proposed adaptive strategies to design
controllers operating over a network. The control design would aim to achieve robust stability in
presence of network uncertainties, for instance, limited channel bandwidth, loss of information

packets, communication delay, etc. and also achieve an acceptable output performance.
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A.1 Definition of Performance Indices

A.1 Definition of Performance Indices

e The performance indices like peak overshoot (1,) and peak undershoot (M,,) are used to quantify

the transient performance of the controlled system in regulation and set-point tracking problems.

e For tracking problems wherein the reference trajectory is a smooth time varying and bounded
signal, the transient performance is measured using the integral time absolute error (ITAE).
Whereas, the tracking accuracy (steady state performance) is measured using the integral of the
absolute tracking error (IAE) and root mean square of the error (RMSE). All these performance
metric together constitute the output performance measure of a controlled system. The respective

mathematical definitions of the above stated performance indices are as follows.

T

ITAE = | tle()|dt (A1)
/
T

IAE = | |e(t)|dt (A.1.2)
/

RMSE = (A.1.3)

where n, denotes the total number of samples with the time interval [0,7] with an appropriate

sampling time.

e The control energy (CE) is defined by |lul|, as the 2-norm of the control input and denotes the
input performance. Further, total variation (TV) characterizes smoothness of the control signal

and extent of usage of the control input [113] and is given as

TV = Y |uil+1) = ui(l) | (A.1.4)
="
where u;(1),u;(2), ...., u; (ns) is the discretized sequence of the input signal. A low value of TV

indicates smoothness of the control input.
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A. Appendix

A.2 Some Useful Definitions and Inequalities

A.2.1 Definition of Signal Norms and £, Spaces

e Given, an interval [a,b], the £, norm of a continuous time vector function f(t) € R" is defined

1
b P

a5, |1l oy = fW\Wt [an@r+ ...+ 1 fa@)t

e Replacing p = 1,2, 00, the L1[a,b], Lo]a,b] and L[a,b] norms are defined as,

b b 2
1 s = [ 1F@Irdt 1l = fwwwt,umwﬂ:?pmmmmu
a a te

b] 1<i<n

e Given, an interval [a,b], the £, space is a vector space of functions with a finite £, norm and

defined as,

b
Lylad) =S FER™: [17(0)lp < oc

A.2.2 Signal Convergence Lemmas
Lemma A.1. If f(t), f(t) € Loo and f(t) € L, for some p € [1,00), then f(t) — 0 ast — oo.
Proof. Please refer to [122].

Lemma A.2. [Barbalat’s Lemmal If f(t), f(t) € Loo, which means that f(t) is uniformly continuous

and hm fo s)ds exists and is finite, then f(t) — 0 ast — oc.

Proof. Please refer to [122].

A.2.3 Important Inequalities

The following inequalities are immensely useful for adaptive control design and stability analysis.

e Holder’s Inequality: For p,q € [1,00] and % + % =1, then f(t) € £, and g(t) € L, implies
f(t)g(t) € Ly and [[f(£)g() |y < I Ollpllg()lq-

e Peter-Paul Inequality: For p,q € [1,00] and % + % =1, then f(t) € £, and g(t) € L, with

1£ ()11 N ellg®)|?
2e 2

e Minkowski Inequality: For p,q € [1,00], f(t) € £, and ¢(t) € L,, we have ||f(t) + g(t)|l, <
1f()llp + lg()lp implying f(2) + g(t) € Ly.

€ > 0 implies Hf(t)g(t)Hl < where p = ¢ = 2.
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A.2 Some Useful Definitions and Inequalities

A.2.4 Convex Sets

The following definitions and properties connected to convex sets are referred from [147] and the

detailed proofs can be found therein.

Definition A.1. Let 61,05,...,0N be points on a vector space V. Let S be the set of all linear

N N
combinations > w;0; with w; >0,i=1,...,N and >, w; = 1. The set S is convex.
i=1 =1
0,
Sl
0,
Non Convex Set Convex Set

Figure A.1: Illustration of convex sets

Figure [A ] illustrates the convex sets wherein Sy is conver whereas S; is not conver. The above
conclusion is drawn from the following property of convex sets which is indeed important for the control
methodology developed in Chapter 3.

Property of Convex Sets: Let 01,0s,...,0xN be points on a vector space V. Any convex set S which

contains 61,6, ...,0N also contains its linear combinations, ZZJ\LI w;0; satisfying w; >0,i=1,...,N
N

and ) ;0 w; = 1.

Definition A.2. Considering the set S of points 01,05, ...,0N on a vector space V, the convex hull is
N N

defined as, Conv(S) = {>  wi0;|Vi : w; > 0 and Y w; = 1}. A minimum of (n+ 1) points form a
i=1 i=1

convex hull with a non-empty interior in an n-dimensional vector space.

The concept of convex hull utilized in Chapter 3 to improve the output transient performance is
schematically illustrated in Figure To obviate the drawbacks of switching, the control design in
Chapter 3 resorts to a second layer of adaptation involving convex combination of parameter estimates
from each of the identification models. In order to ensure a correct parameter estimation, the adaptive
estimates from all the NV + 1 identification models must together form a convex hull in the parameter
space containing the actual parameter vector. Thereafter the algorithm is so constructed that the
convex combination of their initial estimates dynamically converges to the actual parameter. Consid-

ering the dimension of actual parameter as N, Figure [A.2 shows the convex hull (shaded portion for
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N=2,3) formed by N + 1 parameter estimates from N + 1 identification models in an N —dimensional

parameter space and is seen to contain the actual parameter #* € RY for N=1,2.3.

9*

0a)

Figure A.2: ITllustration of construction of convex hull in the parameter space for estimating a parameter of dimension
N =1,2,3 (from left to right).

A.3 Nonlinear State Estimation: Extended Kalman Filter (EKF)

A.3.1 Design Motivation

Kalman filter is used to find the best estimate of the unknown states of a dynamical system
from the information available from the measured states in presence of noise [124]. The filter design
primarily relies on the dynamic model of the system acted upon by the control inputs and affected by
noise sources. Briefly, these filters are found useful in (a) extracting information about unmeasurable
quantity from measurable quantity (b) estimating state of a system by combining the series of noisy
measurements available from sensors.

It is obvious from (A.3.1])-(A.3.2) stated below that Kalman filtering is a two step procedure, starting
with the prediction of current state variables, which are then updated once the next measurement is
observed. Since both measurement and estimate may be subjected to some noise with finite covariance,
these estimates are updated using weighted average gain known as the Kalman Gain (K). This Kalman
Gain (K) is determined using the covariances as shown in[A.3.21 TO explain the estimation process, let

us consider a continuous-time linear system with the following dynamic and measurement equations:

&= Az + Bu+w

y=Czr+v

w~N(0,Q)

v~ N(0,R) (A.3.1)

where x € R" is the state vector, u € R™ is the control input, y € R? is the system output and w &
v are zero mean process and measurement noises, respectively. Both the noise signals are assumed to

be Gaussian with covariance () and R, respectively. The Kalman filter equations used to estimate the
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state of a system are:

#(0) = Elz(0)]
P(0) = E[(2(0) — £(0))(x(0) — 2(0))"]
K =PCTR™!
&= A+ Bu+ K(y — C#)
P=-PCTR'CP+ AP+ PAT +Q (A.3.2)

In first part of the equation, the system model is used to calculate initial state estimate Z(0) and initial
noise covariance P(0). The second part of the equation uses these prior estimates and updates them
to find posteriori estimates of the state and noise covariance. This algorithm repeats itself until the
optimal estimate of the state is calculated.

The Kalman filter defined above can be applied to linear systems only. In case of nonlinear systems,
applying Kalman filter directly may not lead to convergence to optimal states. So, the nonlinear system
is first linearized around nominal values which are based on initial guess of system trajectory. The
system whose states represent the deviation of a true state from this nominal state forms an incremental
system which is exactly the linearized system dynamics around the nominal state. Thus, Kalman filter
design methodology can be applied on the linearized system dynamics to estimate the deviation Az, and
hence an estimate of true state vector is obtained. However, it is not always straightforward to predict
the nominal state trajectory. In such a case, Extended Kalman Filter (EKF) can be implemented,
which linearizes the nonlinear function around current state estimate obtained from Kalman Filter
itself, and then the resulting Jacobian matrices are used in prediction and updation stages of Kalman

filter algorithm.

A.3.2 Design of Extended Kalman Filter (EKF)

As explained in the preceding text, the design of an EKF seems to follow a ‘bootstrapping proce-

dure’. Let us consider a general non-linear system as follows.

T = f(x,u,w,t)

y = h(z,v)

w~ N(0,Q)

v~ N(0,R) (A.3.3)

where z € R"™ is the state vector, u € R™ is the control input, y € R? is the system output and w & v are
zero mean process and measurement noises, respectively. The functions f : R” x R x R” x R, — R"

and h : R™” x R? — R? are smooth nonlinear and linear functions. Thereafter, using Taylor series, these
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equations (A.3.3]) can be linearized around the current state estimate & resulting in:

& = f(Z,up,wo,t) + AAx + BAu+ LAw
y = h(Z,vo,t) + CAx + MAv (A.3.4)

where the matrices A, B, L,C and M are evaluated at each time step as

_9f _9f _of
A_(?xfc B_Gufc L_aw@
oh oh
C—%i M—%i (A.3.5)

Assuming that nominal noise values wg and ug are zero, the final equations describing the Extended
Kalman Filter (EKF) are

#(0) = E[(0)]
P(0) = E[(2(0) — #(0))(2(0) — £(0))"]

= f(jau(]aw()at) a3 K(y - h(i‘,’[}o,t))
K = PCTR™!
P=AP¥PAT+Q - PCTR'CP (A.3.6)

where Q = LQLT and R = MRM?T. Thus using this approach, state estimate, Z, of a nonlinear system
(approximated by linearization) is obtained directly. However, for highly nonlinear systems, lineariza-
tion does not provide good approximation, and calculating Jacobians analytically may get complicated.
Moreover, the state transition and measurement model needs to be differentiable for Jacobians to exist.
Otherwise advanced filters need to employed for estimation, which are computationally more expensive
than EKF.

A.4 Proof of Lemma 4.1

Proving that 9*(t) € Si1(v) is very straightforward. In the worst case, at least one actuator should
be alive to satisfy the controllability condition and ensure the existence of a solution to the FTC
problem. Therefore there exists a lower bound on 6]. The lower bound can be derive straightaway as
07 > min{Kb,,...,K,,b,,} =: £. Further, it can be easily derived from the design assumptions that
parameters jump at time instant 7} due to change in the actuator failure pattern. The fault/failure
pattern does not change until the T}1—th instant of occurrence of the next failure/fault pattern for

h € W. Therefore, if the failure parameter jumps at time ¢, the following holds.

[

05 (E) = 1) < Y by — (A4.1)

163;(7) — 03;(t7)| < 2b;@ (A.4.2)
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A.4 Proof of Lemma 4.1

m p— p—
Defining AT = max{ 3" b; — £, 2b;u} < co. Now, due to change in actuator faults/failure pattern at
i=1
t = Ty, the parameter 6*(t) exhibits a jump whose magnitude is bounded as ||§*(t)| < ATS(t — Tp,).

Therefore, Yh € W, it is inferred that ||6*(t)|| < AT S28(t — Tj,) with Af .= \/m + p + IAT (derived
h

from norm inequalities [110,122]). The function 6(-) denotes the dirac delta function. At this point,

it is easy to assume that T > T* and t + T > Tpn where, X = T/T* = VT is a positive number.

Hence, the number of changes in the actuator failure pattern between the time ¢ ~ ¢t + T is N + 1.

Utilizing this immediate assumption along with the assertion and thereafter invoking the properties of

delta functions, the following is obtained,

t+T t+T

/ 16°(s) [ds < AF / S 6(s — Tu)ds < AFR+ 1) (A.43)

+ h

The above integral leads to the property of 6*(t) stated above, i.e., 8*(t) € Si(v). The proof is
complete. []
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