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Abstract

In this thesis, we study various quantum phenomena and their applications
in a hybrid system implemented on a circuit quantum electrodynamics (cQED)
platform. cQED explores the interaction between nonlinear superconducting
circuits—functioning as artificial atoms—and quantized electromagnetic fields
in the microwave-frequency range. The artificial atom in these circuits is
realized through a Josephson tunnel junction, formed by a thin insulating
barrier at the interface between two superconductors. The non-linear properties
of this junction transform the equally spaced energy levels of a simple LC
harmonic oscillator into atomic-like energy levels that are unequally spaced.
A notable feature of this artificial atom is its ability to tune the frequency
of its energy levels by driving it with a microwave field. In this study, we
couple the artificial atom, also known as a superconducting qubit, with
various quantum systems to form hybrid quantum systems. We have explored
two such hybrid systems. First, we integrate quantum nanomechanical
resonators—available in various shapes and sizes—into the superconducting
circuit to create a hybrid electro-mechanical system. These resonators couple
with the qubit capacitively or inductively, depending on their type. Using
this hybrid system, we have generated bipartite cat states of two phononic
crystal resonators remotely and performed the CHSH Bell test on these
resonators. Next, we incorporate an optical cavity into the hybrid electro-
mechanical system, allowing it to interact with the mechanical resonator and
thus forming a hybrid electro-optomechanical system. In this configuration,
the mechanical resonator interacts with the cavity via the radiation-pressure
force from the cavity photons. Here, we investigate ground state cooling of
the resonator through the qubit and optical cavity, quantum transduction of
qubit information to optical photons, and synchronization of the optical field
with the qubit.
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Introduction

1.1 Introduction

The demonstration of quantum phenomena like superposition and entangleme-
nt in macroscopic systems has greatly advanced quantum technology and
information science. These effects, once limited to the microscopic realm, are
now manipulated in larger systems. For example, quantum computers use
superposition and entanglement for parallel computations, solving specific
problems much faster than classical computers. Precise control and measurem-
ent of quantum states are crucial for these technologies, and superconducting
qubits are well-suited for this purpose. Made by integrating Josephson
junctions into superconducting circuits, they behave like artificial atoms
due to their uneven energy levels. Superconducting qubits can be easily
controlled and measured in a microwave cavity, leading to the development
of circuit quantum electrodynamics (cQED). Since its emergence in the early
2000s [118], cQED has sparked significant interest in quantum information
science, making superconducting qubits the frontrunners for practical quantum
devices. Additionally, cQED is enabling research into hybrid quantum systems
that integrate various physical systems—Iike nitrogen-vacancy centers [9,/10],
mechanical oscillators [11], and quantum dots [12]—with superconducting
circuits, thanks to the design flexibility and significant zero-point fluctuations
within these circuits [13}14].

A notable and rapidly developing hybrid cQED system is the quantum
electromechanical system. In these systems, various mechanical resonators
can be utilized, each offering distinct coupling mechanisms with qubits. For
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Chapter 1. Introduction

instance, a suspended micromechanical or nanomechanical resonator, typically
made of Al and operating at a few MHz, can couple to a superconducting
qubit in two primary ways: First is capacitive coupling, where one end of the
qubit’s capacitor is replaced by the suspended resonator [15-19]. The other
is inductive coupling, where one arm of a superconducting loop or SQUID
(Superconducting Quantum Interference Device) loop is made movable out
of plane [20122] (see figure [1.4). The coupling in the first setup primarily
arises from the qubit’s charging energy, while the second arises from the flux
inside the loop. These coupling types exhibit different characteristics: the
former leads to transverse coupling, while the latter results in longitudinal
coupling. Additionally, qubits can couple transversely to mechanical modes
confined in a phononic crystal, which operate at higher frequencies in the
GHz range, aligning well with qubit frequencies. These modes, whether
surface acoustic or bulk acoustic, provide low-loss and high-quality phononic
resonators [23-26]. One of the common methods for coupling involves a flip-
chip architecture, where one chip hosts the qubit and another the resonator.
The electric field from the qubit excites the resonator’s bulk mode through a
piezoelectric film deposited on the resonators chip or capacitively through a
metallic electrode that connects qubit chip with the piezoelectric resonator
chip through a vacuum gap capacitor [27-30] (see figure [1.4)). The surface
mode can also be excited in a similar manner using an inductive coupler
instead of a capacitor [31]. The qubit-mechanical coupling can also be
realized using a single chip with a piezoelectric resonator coupled via an
interdigital transducer (IDT), a metallic electrode arranged in a comb like
structure, which transfers the qubit’s electric field to the resonator through
its piezoelectric response [24.32,33]. The differences in the coupling nature
of both the suspended membrane/drum and the phononic crystal with the
qubit enable unique applications. For example, transverse coupling facilitates
state swapping between the qubit and the resonator, leading to vacuum Rabi
oscillations, whereas longitudinal coupling can be employed for cooling the
resonator and exploring nonlinear effects. Additionally, by driving the qubit in
the dispersive regime of transverse coupling, the phonon number distribution
and parity measurement can be performed.

Another hybrid system, namely, electro-optomechanical system, can be
realized by introducing an optical channel in the electromechanical system.
For instance, a suspended nano- or micromechanical resonator can couple
to an optical mode by forming a Fabry-Pérot optomechanical cavity, where
the resonator acts as one end mirror [34-37]. In this configuration, the

2
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1.2. Quantum LC Oscillator.

coupling between the resonator and the cavity mode arises from the radiation
pressure force exerted by the cavity photons on the resonator. Alternatively,
optomechanical crystals [38./40-44,]109] can be used to couple a qubit with
the breathing mechanical mode of the crystal via an interdigital transducer
(IDT), which generates surface acoustic waves (SAW) on either a piezoelectric
or non-piezoelectric substrate using a piezoelectric film [45-47]. The SAW
is guided toward the optomechanical crystal through a phononic waveguide,
exciting the phononic mode. This excited phononic mode interacts with the
optical mode confined in the crystal via the photoelastic effect. To enhance
coupling between the mechanical and optical modes, optomechanical crystals
are often fabricated from non-piezoelectric materials like silicon [48-51] (see
figure . These systems are particularly useful for quantum transduction,
where the qubit’s state is transferred to long-lived optical photons—crucial
for long-distance quantum communication and building extensive quantum
networks.

In this thesis, we explore various applications of quantum phenomena
within the two hybrid systems discussed above. We begin with a brief
overview of their general dynamics, emphasizing their significance in quantum
technological applications. In the following sections, we systematically
implement and discuss the dynamics of these systems, starting with a simple
lumped LC circuit.

1.2 Quantum LC Oscillator.

Consider a lumped LC oscillator circuit represented by the Hamiltonian

Q2 CI)2

This is analogous to a simple harmonic mechanical resonator with mass C,
spring constant 1/L, coordinate ®, and momentum ). The charge @) on

the capacitor is related to the current I flowing in the circuit as I = dQ/dt
and the flux ¢ through the inductor is related to the voltage across it as
V = d®/dt. For a classical LC oscillator, the momentum and coordinate
variables are related by the Poisson bracket {®,Q} = 1. In the case of a
quantum LC oscillator, the variables are promoted to operators, and their
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Chapter 1. Introduction

relationship is given by the commutation relation [®, Q] = ih.

. Lhw
b=/ =a+ )
2

A Chw

Q =i\ = (a' — a). (1.2)
Here, a and a' are the annihilation and creation operators of the oscillator
that obey the relation [a,a!] = 1. The zero-point fluctuations of the two
conjugate operators, as given by Eq. (1.2)), are expressed as Qzpr = /Chw/2
and ®zpp = /Lhw/2. In the creation and annihilation operator notation,

the Hamiltonian of the quantum LC oscillator can be written as
H = hw(ata+1/2), (1.3)

where w = /1/LC is the frequency of the oscillator. The eigenstate of the
Hamiltonian (1.3)) is |n), where n = 0,1,2,.... @ and a' satisfy

a'ln) =v/n + 1|n + 1),
a =+/n|n — 1),
a'aln) =n|n). (1.4)

Using the above relations, the zero point fluctuations of the two conjugate
operators can be define as (0]Q%|0) = Q%pp and (0|®2(0) = D%,

The energy of the classical oscillator changes continuously when driven
by thermal noise or external forces. In contrast, the energy of a quantum
oscillator changes in discrete amounts. The smallest amount of energy that
the oscillator can change is known as the quantum, Aw, which is determined
by the frequency of the oscillator. This quantum of energy can be interpreted
as the smallest unit of energy that a particle can possess or transfer. Thus,
the quantum oscillator can be described in terms of quantized quasi-particles
called photons. In an eigenstate |n), the number of photons, denoted by
n, determines the energy of the oscillator. However, even in the absence
of photons, the oscillator still possesses vacuum fluctuation energy of fuw/2.
In other words, the quantum oscillator can never have zero energy, unlike
the classical oscillator; there will always be some vacuum fluctuations. In
the LC oscillator, this vacuum fluctuation is characterized by the voltage
V = dd/dt = (1/ih)[®, H] = Q/C. In a typical few GHz oscillator, the
vacuum fluctuation is characterized by AVy = \/hw/2C ~ 1uV.

4
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1.3. Artificial Atom.

In practice, the oscillator interacts with an uncontrolled thermal environm-
ent, making it difficult to observe its behavior in the quantum regime. The
thermal environment spreads the discrete energy levels and transitions them
into continuous classical energy levels. To observe discrete quantum behavior,
the oscillator must be sufficiently decoupled from the thermal environment so
that the separation of the energy levels is considerably larger than, first, the
broadening of the energy levels (dephasing) and, second, the thermal energy
kT (relaxation). The first condition requires that the quality factor of the
oscillator, defined as @ = *, be large, where £ is the oscillator linewidth that
describes the energy level broadening. Quality factors ranging from 10? to
10® can be achieved using superconducting circuits [1]. The second condition
can be met by cooling the oscillator so that the thermal excitation energy is
significantly reduced to kgT < hw. This condition is achievable in practice
with microwave-frequency superconducting circuits operated below 20 mK in
a dilution refrigerator [1].

1.3 Artificial Atom.

We have performed the quantization of a lumped LC oscillator circuit and
discussed how it can be realized in practice using a superconducting microwave
circuit cooled below 20 mK. Here, we will demonstrate how this oscillator
can be transformed into an artificial atom by incorporating a non-linear
element into the circuit. The energy levels of the LC oscillator are evenly
spaced. To create unevenly spaced energy levels and use the oscillator as an
artificial atom for quantum information processing, we introduce a non-linear
inductor formed by a Josephson junction, as shown in Fig. A Josephson
junction consists of a thin insulating barrier at the interface between two
superconductors. The current flowing through this junction is a dissipationless
supercurrent,

I(t) = I.sing(t). (1.5)

Here, ¢ is the phase difference between the superconducting condensates on
either side of the junction, and I. is the critical current, which depends on
the energy gap required to break a Cooper pair. The Josephson inductance is
related to the current flowing through the junction and the phase difference
across it as: L = (0I1/0®)~" or using Eq. (L5), L = (®o/27)(L.cosp)~".
Since, the inductor has now become a non-linear, the Hamiltonian of the
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Chapter 1. Introduction

£ o
|4 L C === NONlinear i
- @ ¢
H=2c"2L

Figure 1.1: Linear simple harmonic oscillator (left side) is converted to a nonlinear
oscillator (right side) by replacing the linear inductor with a nonlinear Josephson
junction inductor. Square potential ®2 is changed to a cosin one (cos(2r®/®g) ).
To observe the quantum behaviour, the oscillator circuit is kept in a below 20 mK
environment.

oscillator changes to:

92

Hy = @ + / V(t)I(t)dt, (1.6)
2Cx

where, V(t) = (do(t)/dt)(Py/2m) is the voltage across the junction. &, = h/2e

is the flux quantum. Using Eq. (1.5, the Hamiltonian of the nonlinear

Josephson junction oscillator become

o .9,
Hy=—— 1.7
A 20, o cos¢p ( )

or

~

2
Hy = @ Ejcos(2r® /D), (1.8)

2Cx,
where, & = (@0/27r)q3 and FE; = ®yl./27 is the Josephson energy. Cy =
C;+C is the sum of Josephson junction’s capacitance C; and gate capacitance
Cy. Any external capacitor addition to the Josephson junction is included in
C;. We can include external voltage bias and thermal noise effect from the
circuit by introducing an offset charge 2en, = @), in the charge operator, i.e.,

) (Q — Qg)2

Hy= e Ejcoso. (1.9)

6
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1.3. Artificial Atom.

In term of number operator for the Cooper pairs transferred across the
junction, n = @)/2e, we can write

Hy = 4AE.(7 — n,)? — E coso. (1.10)

Here, E, = €?/2Cy is the charging energy. Since the number operator 7 and
the phase operator of the junction ¢ are canonical conjugate, |n) in the phase
basis can be written as

0
7’L——18—¢

2
— dpe™n 1.11
m>A de= | g) (111

Substituting Eq. (L.11)) in Eq. (1.10) and projecting the phase basis into the

wave function W = (¢|¥) such that Hy|V) = E|V) or HyV = EV, where E

is the eigenenergy, we get the time independent Schrodinger equation

¥ 0
0P

The analytical solution of this equation can be solved in terms of Mathieu
functions |2,[52-54]. Alternatively, Eq. (1.10) can also be solved numerically
in the number basis.

Ay = 3" 4B = mgndnl = =2 S () + 1]+ I+ 1){ul). (113

n

[4E.( —n,)? — Ejcosg|¥ = EV. (1.12)

The eigenenergies spectrum of Eq. ((1.12)) and (1.13) as a function of offset
charge n, for different E;/E, ratios are shown in Fig. We observe two
distinct energy spectrum corresponding to two ratios £y < E. and E; >> E..
The energy spectrum for E. > FEj is highly anharmonic. As a result this
spectrum is suitable for implementing a two-level system or a qubit. From the
figure we see that by confining n, € [0, 1], the only relevant number operator
basis of the Cooper pair we can consider are |n = 0) and |n = 1). Truncating

the Hamiltonian (1.13]) in this two dimensional Hilbert space yields

2 Ecl EJ
Hq = —70'; - 70';,
where, ., = 4E.(1 —2n,). By transforming into the qubit basis, Hamiltonian

(1.14) can be written as

(1.14)

H,="—0., (1.15)

TH-3594_196121025



Chapter 1. Introduction

where, i) = (E% + (4E.(1 — 2n,))?)Y/2. Here, the transformation is o/, =
—0,c080 + o,sinf and o/, = —o,cos0 — o,sinf, where tanf = E;/E,. This
qubit is referred to as a charge qubit because the charging energy is significant.
Due to the large FE., the transition frequency 2 is highly susceptible to offset
charge fluctuations induced by the circuit environment, which leads to the
dephasing of the qubit. One can reduce the sensitivity to charge fluctuations

207(a) 20 | (b)

10
10

E, E,
/\_/\_/\

0

0
-1.5 -0.5 0.5 1.5 -1.5 -0.5 0.5 1.5
Ng Ng

Figure 1.2: The energy levels of superconducting qubits as a function of offset
charge are illustrated, with (a) showing the charge qubit energy levels at the
ratio Ec = 2E;. and (b) depicting the transmon qubit energy levels at the ratio
E;=40F¢.

by increasing the Josephson energy or decreasing the charging energy, i.e.,
E; >> E¢. The energy spectrum under this variation is shown in the Fig
As evident from the figure, the energy levels become independent of the
offset charge and, consequently, the fluctuations. This reduction in sensitivity
to charge noise comes with a trade-off: the anharmonicity of the transition
frequencies is reduced. However, the charge dispersion from the fluctuations
vanishes exponentially with (E;/E.)'/?, whereas the anharmonicity decreases
with the ratio (E;/E.)"? [2]. We can significantly suppress charge noise
before losing all anharmonicity. Therefore, the energy spectrum in this
approximation can be safely realized as a qubit. Such qubits are known
as transmon qubit. Since the anharhonicity is small in the transmon qubit
regime, we can retain only upto the first nonlinear contribution from the
potential energy term —F Jcosgzg in the Hamiltonian (|1.10). Hamiltonian of
the transmon qubit reads

A 1 ~ 1 ~
Hr =4En* — E; + §EJ¢2 — EEJ& (1.16)

8
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1.3. Artificial Atom.

We have excluded the offset charge since the dispersion is significantly
suppressed. However, we can reintroduce it when the qubit is coupled to an
external oscillation source, such as a cavity.. It is convinient to write the

~

Hamiltonian in the annihilation b and creation b operators, where
¢ = ( )1/4(17 +b0),
Ey
e
2F,

3>

\D YA(BT —b). (1.17)

The reduced in the anharmonicity or the phase é can be inferred from this
relation. Substituting in Eqn. [L.17, we get

. 4 1 E. . -
Hp =+/8E.E;(b'b + 5) = Br— b+ b

A N . 1 E. ~pn

Hp ~ hQp(bTh + 2) E;— E(6(b*b) +6b'b+ 3) (1.18)

where, h{2r = /8FE.F; is the Josephson plasma frequency. In the second
line of Eqn. _ 1.18] the rotating wave approximation (RWA) is applied which
is valid here since AQ); >> E./4. The operators bt and b constitute simple
harmonic approximation to the transmon qubit. In terms of this basis the
eigenenergies of the transmon yields

1) EJ—E(Gn +6n+3) (1.19)

E, = hQ)
r(n+ 3 12

Using this relation we can calculate the anharmonicity of the transmon
a = (Ey — Ey) — (E1 — Ep) and relative anharmonicity o, = o/(F1 — Ey). We
get a = —F, and o, = —8(E;/E.)~'/%. In circuit Quantum Electrodynamics
(QED) experiments, transmon qubits are designed with transition frequencies
typically in the gigahertz (GHz) range. The anharmonicity of a transmon,
given by (FE./h) is in the range of a few hundred megahertz (MHz). Although
the anharmonicity is much smaller than the transition frequency, it is sufficiently
large compared to the linewidth of the energy levels, making it possible to
resolve the anharmonicity experimentally. This ability to resolve anharmonicity
is crucial in circuit QED experiments, as it allows for precise control over the
qubit’s energy levels and interactions.

Another important feature frequently implemented in quantum circuit
architecture is the ability to tune the frequency of the qubit. This can be

9
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Chapter 1. Introduction

achieved by replacing the single Josephson junction with two parallel junctions,
forming a superconducting quantum interference device (SQUID) or a split
Cooper pair box (CPB), as shown in Fig. [I.1] The nonlinear element in
Eq. then become —Fycosp; — Eqcosdy. If we thread an external flux
¢. through the SQUID loop such that ¢; — ¢o = (27 /Dy) P, the nonlinear
term can be written as —E;(®,)cos(¢ — ¢y), where

Ey(®,) = (s + EQ)COS(%{’B),M 2. (1.20)

0

Here, d = (Fy — Ey)/(E1 + E») is the junction asymmetry, ¢y = dtan(%)
and ¢ = (¢1 + ¢2)/2. Both the charge qubit and transmon frequencies depend
on the Junction energy F;(®.). Therefore, by threading an external flux
®., we can tune their frequencies, leading to what are known as flux-tunable
qubits [2,/55-58]. So far, we have discussed two types of qubits based on
different ratios of E;/FE.: the charge qubit and the transmon qubit. There
are other qubits realized based on the number of junctions implemented and
the topology of the circuit. These include phase qubit [59], flux qubit [60-62],
fluxonium [63], 0-7 qubit [64,65], among others.

We have seen how an artificial atom can be implemented by adding a
nonlinear element to a simple quantum LC harmonic oscillator. By varying
different circuit elements, we have realized various types of qubits. Next, we
will place the artificial atom inside a microwave cavity resonator and study
the interaction between them, which is essential for measuring and controlling
the qubit.

1.4 Cavity-Qubit Interaction.

The qubit is placed in a microwave resonator and coupled capacitively to
the resonator mode as shown in Fig. [I.3] The microwave resonator can
be either a 2D planar waveguide or a 3D cavity where the electromagnetic
wave is confined. In a 2D planar waveguide, a conducting plate of finite
length is positioned at the center between two ground plates, all of which
are deposited on the surface of a low-loss dielectric substrate |1,[66-74]. The
electromagnetic wave is confined between the central plate and the ground
plates. In a 3D resonator, the electromagnetic field is confined within a
vacuum formed by a metallic cavity and a conductor. Superconductors such
as aluminum and niobium are typically used as the conducting plates [75-80].

10
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1.4. Cavity-Qubit Interaction.

™\ I h
| Cln

Lc == #Vdc

/
/
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RT ~ 295K -

/‘/f
| T <20mK 4 I

Figure 1.3: Schematic of qubit-cavity coupling. A microwave cavity represented by
the LC oscillator is coupled to the qubit through the capacitor C,. Additionally, a
DC bias is connected to the qubit through a input capacitor C;,. The qubit-cavity
system is kept in a cold environment (below 20mK) to maintain quantum behaviour
and the external DC bias is kept at room temperature RT.

In both types of resonators, the qubit is situated at the center, where the
antinode of the confined electromagnetic wave is located. While the resonators
support multiple modes, we focus only on the mode (w,) that is close to the
qubit frequency, neglecting all other modes by assuming their frequencies are
far from that of the qubit. The resonator is first prepared in the quantum
regime by carefully implementing the conditions discussed in Section [1.2] The
presence of this quantized resonator is felt by the qubit through the offset
charge, as any external bias to the qubit is transmitted through it. If we also
consider a DC bias connected through an input capacitor C;, along with the
quantum resonator, as shown in the Fig. [I.3] then the bias voltage of the
qubit will change to

V, = Vi + Ve, (1.21)

where V, = Vypp(al + a) and Vzpp = (hw,/LC)Y2. Subsequently, Ny =
Ny + ng, where n, = C,V,/2e and ny = (Cj,,)Vye/2e. Substituting this change
in Eq. (1.13) and then truncating into the qubit subspace yields the charge
qubit-resonator Hamiltonian

o Ecl N EJ N

C
Hy=—=700 — =0, + hw,a'a — ec—;VZpF(aT +a)(1—2n, —67). (1.22)

The rapidly rotating terms and the frequency shift of the resonator are
neglected. Hamiltonian of the resonator Aw,a'a is included. Transforming
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Chapter 1. Introduction

Eq. (1.22)) in the qubit basis, similar to Eq. (1.15)), leads to

. hQ
Hy= =6+ hwpata + hg(a' + a)é,, (1.23)

where 0 = E;/h and hg = e(C,/Cx)Vzpr. We have taken the charging energy
at the charge degeneracy or the sweet point n, = 1/2. It is useful to write
the coupling strength ¢ in terms of dipole moment (d) of the artificial atom
and the zero-point electric field (Ezpr),of the resonator, i.e., hg = d Ezpp,
where d = el and Ezpp = (Cy/Cx)Vzpr/l. 1 is the tunneling distance of a
Cooper pair across the junction. Since the scale of the parameters are in um,
both the dipole moment and the zero-point field can be made large [3]. In a
typical circuit QED experiment, dipole moment can reach upto the order of
10%eag and Eypp ~ 0.1V/m in a 2D resonator. The corresponding vacuum
Rabi oscillation rate gm can reach ~ 100MHz.

Assuming 2 >> g, the fast rotating terms in the Hamiltonian [I.23] can
be dropped and we get the Jaynes-Cummings (JC) interaction,

- D
Hje = =6 + hwdla + hg(a'o_ + 6.4). (1.24)

This Hamiltonian is exactly solvable. The interaction term only couples
the nearest photon excitations and hence the only relevant states/basis are
In — 1,e) and |n,g). Therefore, the JC Hamiltonian in this basis can be
written as

| wen hg\/n
Hie = \pgn hwon + A (1.25)

where, A = ) — w,. The corresponding eigenenergies are

Ey = hw.n + % + h/g*n + (A/2)2. (1.26)

The interacting term does not couple the ground state |0, g) with any other
states. The eigenstates are given by

) - =cos(0,/2)|g, ) — sin(0,/2)|e,n — 1),
V)4 = sin(0,/2)|g,n) + cos(0,/2)|e,n — 1), (1.27)

where tanf, = A/(2g+/n). From Eq. (1.26) and (1.27) we see that the

qubit and the resonator states become dressed and generate entangled states

12

TH-3594_196121025



1.4. Cavity-Qubit Interaction.

|t))_ and |¢),. The states are maximally entangle at zero detuning A = 0.
As we increase the detuning, the entanglement vanishes and for A >> g,
cos(0,/2) — 1 and sin(6,/2) — 0, the dressed state become separable. In
this case, the initial states of the qubit and the resonator remains unchanged
while their transition frequencies are altered by a factor that is dependent
on the qubit state and the number of excited resonator photons. This large
detuning interaction is called dispersive interaction. The Hamiltonian in
the dispersive regime can be obtained by diagonalizing the JC Hamiltonian
in the bare qubit-resonator basis using the unitary transformation U=
exp[d0(N)(al6_ — a6.], where 8(N) = t&n_1(2)\\/ﬁ)/(2\/ﬁ) and A\ = g/A.
The transformed Hamiltonian reads [81,82]

Y hA -
Hyg = =6 + hwdla = == (1 — 1+ 4)\2N> G.. (1.28)

Taking the limit of A >> ¢ yields the dispersive Hamiltonian,

2 2

Hj; = (? I gz)&z + h(w, + gzaiz)d%. (1.29)
The interaction term commutes with the non-interacting terms indicating
that the qubit-resonator interaction only shifts the transition frequencies
without disturbing the initial state of the system. Such dispersive coupling
is employed in quantum non-demolition measurement. Note that Eq.
is valid for mean photon number less than 1/(4\?). Higher order correction
from the Taylor expansion of Eq. are required for larger mean photon
numbers.

The transmon qubit also couples with the microwave resonators in a similar
manner to the charge qubit discussed above. This coupling comes from the
charging term, as the transmon is capacitively coupled. Although we have
removed the offset DC bias n,, which is irrelevant in the transmon regime, the
transmon sees the quantum resonator through the offset charge. Similar to the
charge qubit case, we introduce the resonator charge operator n, = C’gf/qn /2e
in the charging energy term. By substituting n — n+n, in the charging term
of Eq. , we get the Hamiltonian of the transmon-resonator coupled
system,

. e 1 E, ... fn
H, = HQu(b'b+ 5) —Ei— E(6(19%)2 + 60T+ 3)
—hg,(a' —a)(b" —b), (1.30)
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Chapter 1. Introduction

where

C B 1/4
gt = 60—; (2EJ) VZPF- (131)

Here, we have taken 7, = i(C,Vzpr/2¢)(a! — a). The coupling constant g;
can be interpreted similarly to that in the charge qubit case. In the transmon
scenario, it is important to note that the dipole moment depends on the
E;/E. ratio. We derive the JC interaction (Eq. (1.24)) by applying the
rotating wave approximation and then truncating to the qubit basis. In the
dispersive regime for the transmon qubit, virtual transitions to higher energy
levels occur due to the reduced anharmonicity. Therefore, we diagonalize the
Hamiltonian using the Schrieffer-Wolff (SW) transformation to second
order. We then truncate the Hilbert space to the qubit subspace, resulting in
the dispersive Hamiltonian of the transmon.

Hq=h &Jrg—z o, +h|w +g—29—2 a'a+ hApd.ata  (1.32)
3 2 "A)? " A—E.JhA R - '
where,
2
g°E./h
=2 ) 1.
At A(A—Ec/h) (1.33)

Unlike the charge qubit, the transmon dispersive pull is highly dependent on
the charging energy E. [2].

1.5 Coupling to the Environment.

The discussion so far has not taken into account the unavoidable coupling of
the qubit-cavity system with circuit environmental noise or uncontrollable
degrees of freedom. The qubit experiences these circuit noises through the
offset charge, which includes a quantum fluctuation component induced by
the environmental noise. This noise can be modeled as a bath consisting of
an infinite number of simple harmonic oscillators, each with different modes
coupled to the qubit-cavity system. The offset charge can then be expressed
as: i — N+ N, where n, =7y . nz(élT — ¢;) represents the contribution from
the bath. Substituting in Eq. (|1.16), we get the bath-system interaction
terms and the Hamiltonian , ie., I;TB = ]:Itc + ﬁbs, where

Hy, =) hwiele; + 0> Gi(ble; —élb) + ) hGy(ald; — dla).  (1.34)
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1.5. Coupling to the Environment.

The last two terms represent the system-bath couplings, and we have assumed
the rotating wave approximation. The interaction of the cavity with the
bath is also included in the last term. For simplicity, we assume that the
qubit and cavity baths are uncorrelated. The cavity bath couplings arise
from the resonator’s capacitive coupling to the input and output ports for
driving and measuring the qubit, as well as from internal losses associated
with the material used to fabricate the resonator [83]. By solving for the
density matrix of the qubit-cavity system and tracing out the bath degrees of
freedom under the Born-Markov approximation, we arrive at the well-known
Lindblad master equation [84-86].

&
h
+T (nghg + 1) L[b] + Trgng L]bT], (1.35)

pre = [Hye, pre] + K(nen + 1) L[] + kngpL]a"

where L[0] = (20616 — 0T 0pye— pre010) /2 with 6 € {a,al, b,b'}. k and T are the
decay rates of the resonator and the qubit, respectively. ny, and 14, are the
thermal occupation of the bosonic bath at the resonator and qubit frequency,
respectively. Notice that the qubit-resonator system couples to the bath
capacitively, as the interaction term in Eq. arises from the capacitively
charging term FE.. In addition to the excitation and relaxation processes
induced by the bath, the qubit can also experience energy level dephasing.
This dephasing is caused by fluctuations in the parameters that control the
transition frequency, as well as by dispersive coupling to other degrees of
freedom [87,88|. For example, the dispersive coupling between the qubit and
the resonator can lead to dephasing of the qubit due to fluctuations in the
resonator photon number or shot noise [89-91]. The dephasing of the qubit can
be phenomenologically introduced by adding the interaction Y., ¢ ¢;btb [86).
Following the same procedure as before, the resulting dephasing term yields

(T'y/2)L [ZSTZS], where I'y is the dephasing rate. The master equation (Eq.

(1.43) in the two-level subspace can be generated by trucating b— 6_ and
b— o,

In the dispersive regime, the qubit-cavity system is diagonalized using a
perturbative second-order Schrieffer-Wolff transformation. In the presence
of dissipation, this transformation must also be applied to the system-bath
interaction. As a result, a modified decay rates for the system is obtained:
k — Kk + Ay(w,) and v — v + A2k(Q7), where v(w,) and x(Qr) are the
resonator decay rate at qubit frequency and qubit decay rate at resonator
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frequency, respectively. A?k(Q7) is known as Purcell decay rate [92]. Tt
is the rate at which the qubit decays to the ground state induced by the
resonator. Additionally, two induced dephasing terms also pops up from the
transformation: T5£[a0] and Ts£[b'a), where Iy = 2)\°T',. These dephasing
terms arise due to the detuning A [2,3].

An alternative approach for addressing the bath involves solving the
Heisenberg equation of the system-bath Hamiltonian Hp. By applying the
Markovian approximation and assuming weak coupling between the system
and the bath, the Heisenberg equation of motion for an operator can be
expressed as the Langevin equation [93]94].

5t) = Z,lh[a, ] - gé(t) + Vkom(®). (1.36)
Here, 0 is the operators of the system and d € {v,T'}. 6;,(¢) is the sum of the
intrinsic noise operator of the system and the input noise affecting the system.
The thermal contribution represented by ny, arises from the intrinsic noise.
If there is an external drive applied to the system, the drive contribution will
come from the input noise part of the operator 0;,(t). For example, if we
drive the cavity resonator through an input port, then the input noise term
can be separated as the input drive part and the intrinsic part. The input
drive itself can further be divided into classical and quantum components. As
a result, the Langevin equation can be separated into classical and quantum
dynamics. More details on this concept will be discussed in the following
sections.

1.6 Qubit-Mechanical interaction

As discussed in the introduction, a superconducting qubit can interact
with a mechanical resonator in various ways, depending on the type of
resonators used. For instance, a suspended superconducting micromechanical
or nanomechanical resonator, typically made of aluminum and operating at
a few MHz, can couple with the qubit either longitudinally or transversely,
depending on the integration method of the resonator with the qubit. On the
other hand, when the resonator mode is realized in a phononic crystal and
interacts with the qubit via piezoelectric response, the coupling is exclusively
transverse. Different schemes for achieving qubit-mechanical coupling in
hybrid electromechanical systems, based on the types of resonators, are
illustrated in Fig. [1.4]
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Mechanical Resonator

4414
Q Q
b’ /
N SS SC

T Baw

Figure 1.4: Schematic of hybrid electromechanical system: A suspended mechanical
resonator is coupled to the qubit either by inducing a flux @, from the mechanical
displacement (top left) or by changing the capacitance C,(x) due to mechanical
motion (bottom left). In the middle, two bulk acoustic wave (BAW) phononic
crystals are coupled to the qubit (Q), either using a flip-chip architecture (top) or on
a single-chip sapphire substrate (denoted by SS) (bottom). In both arrangements,
the electric field from the qubit excites the piezoelectric film (PEF), typically AIN,
which in turn excites the BAW in the substrate. On the top right, a patterned
mechanical crystal is coupled to a qubit through a piezoelectric slab (PES). The
excitation from the qubit is first transferred to the PES via an interdigitated
transducer (IDT) and then to a breathing mechanical mode (BMM) in the
crystal through surface acoustic waves (SAW). Another realization of the flip-chip
architecture, where the supeconducting (SC) squbit is coupled to a piezoelectric
phononic mode (PPM) deposited on the defects of the electrode (E), is shown on
the bottom right |11}/13/14].

1.6.1 Transverse Coupling

The transverse coupling between a qubit and a mechanical resonator can be
realized in two main ways, depending on how the resonators are integrated
into the superconducting chip that includes the qubit. In one approach,
a mechanical resonator is fabricated by suspending it on the circuit chip,
allowing it to couple to the qubit by making the capacitance of the capacitor
that connects them dependent on the resonator’s displacement. Since the
mechanical resonator is suspended, it oscillates out of the circuit plane. The
other type of coupling involves phononic crystals, where the qubit-mechanical
coupling is achieved through the piezoelectric response of the resonator. In

17

TH-3594_196121025



Chapter 1. Introduction

both cases, the Hamiltonian can be expressed as follows [25]95]:
Hyp = Hy + hwpinin — hG (07 — b) (1t — 1), (1.37)

where Hy is the transmon Hamiltonian and s is the mechanical operator.
Notice that this interaction is similar to that obtained for the qubit-cavity
system. Therefore, all the discussions relevant to the qubit-cavity case are also
applicable here. By applying the rotating wave approximation and restricting
to the qubit basis, we obtain the Jaynes-Cummings interaction:

; 0
Hy = nTT&Z + Tt 4+ WG (i6_ + 6,.m). (1.38)

The eigenenergies are given by

hA,,
Ba = R + =™ & A/ Gym 4 (A /2)? (1.39)
and the corresponding eigenstates by

W) =cos(0,,/2)|g, m) — sin(0,,/2)|e,m — 1),
|W)+ = sin(0n/2)|g, m) + cos(0,,/2)|e, m — 1), (1.40)

where tanf, = A,,/(2gy/m) and A,, = Qr — w,,. These are the entangled
dressed states of the qubit-mechanical system. The dressed state become
maximally entangled at zero detuning A,, = 0. The energy splitting between
any two dressed states is given by h2Gy,v/m, where m = 1,2,3... is the
phonon number of the mechanical resonator. For weak excitation of the
mechanical resonator, although the dressed states are entangled, the energy
splitting is simply a feature of avoided crossing resulting from the mode
splitting between two coupled classical or quantum systems. To demonstrate
quantum behavior, the coupled system must be driven to higher excitations,
revealing a signature of y/m dependence in the energy splitting [96].

The avoided crossing between the qubit-mechanical dressed states can be
observed from the qubit spectrum generated by probing the qubit spectroscopy
[21,[26,,27]. To perform the spectroscopy we continuously drive the qubit at
the spectroscopy frequency wy and with amplitude Qg using the gate voltage.
Adding the spectroscopic drive in the qubit-mechanical Hamiltonian reads

. . Q
Hy, = Hyp + hTRcos(wst)az. (1.41)
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1.6.  Qubit-Mechanical interaction

In the drive frame, we have

. 5 Q
H,, = h%&z + Bt + BG (M 6_ 4 601m). + hTRcrz. (1.42)

Here, 07 = Qpr — w, and 6,, = w,, — ws. The spectrum of the qubit can
be generated from the steady state value of P, = (1/2)({0,)ss + I). In the
presence of the noisy environment, P, can be calculated either from the master
equation,
: (A . .
Psp = _ﬁ[Hsm Psp) + K(nn + 1) Lla] + 7nth£[aT]
+D(nung + 1) L[] + Pngng £ [¢7] (1.43)

or from the set of Langevin equations,

Gy = — (% + 86 ) {1i) — iGom () (1.44a)
G.)y = — (g + i(ST) (6-) + iGum(0.100) + MTR@Q (1.44b)
& - —g@) % Gl (4772) + 20 G (610

+iQr((6-) — (6+)) (1.44c)

obtained by substituting ﬁsp in the place H,. in Eq. and taking the
average value. For obtaining the avoided-crossing spectrum, we take the
semi-classical assumption, i.e., (ad,) = (m)(G,), (mo) = (Mm)(6,) and
(mte_) = (mf){6_), and solve for () at the steady state. The spectrum is
shown in Fig. The separation between the two peaks at the Qp = w,,,
where the avoided crossing occur is twice the coupling constant Gy,,. Thus, by
probing the spectrum, we can determine the coupling strength of the qubit-
mechanical hybrid system. The vacuum Rabi oscillation of the excitation
state probability, P,., is also shown in the figure. To probe the qubit spectrum,
we utilize qubit spectroscopy, where the qubit is dispersively coupled to a
cavity resonator, as discussed in the previous section. We drive the cavity
and measure the transmitted or the reflected signal. In the weak dispersive
coupling limit, the phase of the transmitted signal is directly related to the
qubit population, allowing us to obtain the qubit spectrum by measuring the
phase [89,90]. This probing process, which involves a two-tone signal drive
consisting of a spectroscopic tone and a probe tone, is referred to as two-tone
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spectroscopy. It is important to note that the avoided crossing is observed
only for the hybrid system when the resonator frequency and qubit frequency
are within the same range.

P, X 1072
@ 18 10
0
}]
176 a%' g
1.71 o/ VVVVVV
0 0.8 1.6

time(ns)

Figure 1.5: (a) Spectrum Of excited state probability P.. The horizontal dotted
line shows the qubit frequency and the diagonal line represents the change in
the qubit frequency. (b) Rabi oscillation of the qubit excited state. Parameters:
v/2m = T'/2r = 0.1MHz, Qr/27r = 0.1MHz, Gy, /27 = 0.2MHz and w,,/27 =
5GHz

In the dispersive regime, where the detuning between the qubit and
mechanical frequencies is much larger than the resonant coupling strength,
the phonon number distribution of the mechanical resonator can be measured
by probing the qubit excited state probability spectrum P,. This is achieved by
dispersively coupling the qubit with the mechanical resonator and populating
the resonator by driving it in resonance with a microwave pulse at frequency
wg and amplitude e. By performing qubit spectroscopy, we can determine the
phonon occupancy distribution of the mechanical resonator from the qubit
excitation spectrum [27,/30]. The Hamiltonian for this setup in the drive
frame, applying the rotating wave approximation, is given by:

- h {2
Hy = 5(Ar + 2ximl i), + BA il i+ he(rin! + 1) + h7R0x> (1.45)

where,
G2 E,/h @2
_ _ _Gimbe/N Ay = Wy — Wy + —tm__ 1.46
500 — BuJh)’ Wm Tt SR TR (1.46)

Ar =Qr+ G? /6 —w, and § = Qr — w,,. For the charge qubit: x = G, /6
and A,, = w,, — wg. The last two drive terms corresponds to the mechanical
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1.6.  Qubit-Mechanical interaction

phonon pump and the qubit spectroscopy, respectively. Using the master
equation Eq, , the qubit excitation probability P, can be generated.
The qubit spectra, revealing the phonon spectrum, is shown in the Fig. [1.6]
For a weak dispersive coupling (x < 7), the dispersive pull is from the average
phonon occupancy 2y (7!7), while in the case of a strong dispersive coupling
X > 7, the pull from each Fock state is resolved. Observe that as the average
phonon number increases, the linewidth broadening in the qubit spectrum
also increases. In fact, the distribution of the spectrum changes from the
Lorentzian to the Gaussian, and the linewidth scales from m to (m)/? [2].
The dispersive coupling can be employed to generate Bell-cat states in the

0.3{ (@) 0.02] (b)
0.15 0.01
0 0
4 3 2 1 0 1 80 -60 -40 -20 0
At /2n(MHz) At /2m(MHz)

Figure 1.6: (a)Dispersive shift of the qubit frequency for a weak coupling. (b)
Strong dispersive coupling shift resolving the phonon number distribution of the
resonator. Parameters: (a) Qr/2m = 0.1MHz, ¢/27 = 0.2MHz, /27 =T'/27 =
0.1MHz x /27 = 0.08MHz and A,, = 0. (b) Qr/27 = 0.1MHz, ¢/27 = 0.1MHz,
x/2m = 5MHz and A,, = x.

qubit-mechanical system, as well as cat states of the mechanical system. To
create the Bell-cat state, the qubit is initially prepared in the superposition
state, |¢) = (1/2)(]e) + |g)) by applying a m/2 pulse through the gate voltage
while the mechanical resonator is prepared in the vacuum state, |0). In the
absence of dissipation, the combined system, |¥), = [1)|0), evolves unitarily
under the dispersive interaction given by the first two terms in Eq. .
The state of the combined system after some time ¢t = 7/x yields the Bell-cat
state,

) = (| = B)le) + 18)]9))/ V2, (1.47)

where |() is the coherent state of the resonator. The energy of the ground
state is assumed to be zero. Utilizing the Bell-cat state preparation scheme
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discussed above, we study the generation of bipartite Bell-cat state of two
mechanical resonators in Chapter 2. By applying another 7/2 rotation to the
qubit, the state |¥) transform to

V) =%[(I—@—IBHI@HIBHI—5>)Ig>]- (1.48)

Measuring the qubit in the excited (ground) state will project the mechanical
resonator in the cat state | — 8) — |8) (| — B) + |8)). Therefore, using the
dispersive interaction the mechanical resonator can be prepared in the cat
state.

1.6.2 Longitudinal Coupling

The longitudinal coupling between the qubit and the resonator arises from
the Josephson energy term of the transmon or charge qubit. As previously
discussed, the Josephson energy E; can be varied by threading an external
flux through the SQUID loop formed by two split Josephson junctions. This
external flux is applied via a dedicated on-chip flux line. Extending this
concept, we can induce a flux in a SQUID loop by allowing one arm of the
loop to be movable. This movable arm can oscillate out of the plane when
subjected to an in-plane magnetic field, effectively acting as the resonator. By
connecting another SQUID loop, which represents the qubit, to this motional
SQUID loop, the Josephson energy is modified as E; = E;(®.) + E;(z),
where

Ej(z) = Ej.[cycos(n®, /Do) — sy sin(nP,/Py)az] (1.49)

and,
cy = (14 a5tan(n®,/®y))?, s;=(1—a%)/c;, a=mPyBl/Py. (1.50)

Here, a; = (Fy — Ey)/(E1 + E») is the junction asymmetry. B, | and
are the applied magnetic filed strength, length of the movable arm and the
displacement of the moving arm, respectively. @, is the external flux bias
applied on the movable SQUID loop. The first term in Eq. modifies the
transmon frequency and the second term results in the interaction between
the qubit and the resonator. Replacing the E; term in Eq. 1.16, with
E; = E;(®.) + E;(x), we get the transmon qubit-mechanical longitudinal
interaction Hamiltonian,

. Qp,
H,=h ;’ &, + hwpmil + RG(m! + m)o.. (1.51)
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Qpr, = \/8E,E, — E,, where E', = E; + Ej, cjcos(n®,/®), is the modified
qubit frequency. The coupling constant G, is dependent on s; as G =
Gosy sin(nd,/®Py), where Gy comprises other constant parameters. The
higher order interactions are excluded while deriving Eq. since their
contribution in the system dynamics is negligible [97].

The longitudinal interaction can be used to encode qubit information in
the mechanical resonator state. To implement this we first give a weak ac
bias such that the coupling constant changes to G, — Grcos(wmt) [98,99].
Transforming into the interaction frame and retaining the rotating wave
approximation, Hamiltonian reduces to

6.+ hGL(m' +1m)o.. (1.52)

The system evolves as |Wy,, (t)) = U(t)| W)y, where U(t) = exp[—iGro.(m' +
m)] and |¥) is the initial state of the system. If the qubit is prepared in the
ground state and the mechanical resonator in the vacuum state then after some
time ¢ the system evolve to |Wr, (1)) = |g)[iGLt). Here, |iGt) is a coherent
state of amplitude § = iG'rt . When the qubit is prepared in the ground state
and the mechanical resonator in the vacuum state then after some time ¢ the
system evolve to |Uy,(t)) = |e)| — iGt). Thus, the qubit state is encoded
or associated with the coherent excitation of the resonator. The expectation
value of coherent displacement of the resonator corresponding to the ground
or excited state of the qubit is given by (a) = £iGt. More discussion on this
topic can be found in Chapter 5. In the presence of dissipation, the evolution
of the system can be evaluated by solving the master equation.

Another important application of longitudinal coupling is to cool the
mechanical resonator to its ground state. Assuming that the qubit reaches a
steady state much faster than the resonator (G, << I'), we can adiabatically
eliminate the qubit dynamics. This results in an asymmetric addition of decay
rates to the mechanical resonator, leading to its cooling. For a more detailed
discussion, refer to Chapter 3.

1.7 Optomechanical Coupling

In this section, we will discuss the integration of an optical channel or cavity
into the electromechanical system, forming a hybrid electro-optomechanical
system (refer Fig. . Depending on the types of electromechanical systems
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Chapter 1. Introduction

Figure 1.7: Schematic of the Electro-Optomechanical System: For a suspended
mechanical beam (top left), the optical mode can be coupled to the mechanical
mode by either forming a Fabry-Pérot cavity (FPC) with the beam acting as an
end mirror or by placing an optical ring resonator (ORR) near the beam, where the
optical resonator field picks up the vibrational signal from the beam. A suspended
membrane also couples with the optical mode by forming a Fabry-Pérot cavity
(top right). In an optomechanical crystal (OMC), the mechanical mode within
the crystal couples with the confined optical mode through the photoelastic effect
(bottom). In all three cases, the qubit couples with the optical mode through

mechanical-optical coupling , , , .

discussed in the previous section, the optical part can be integrated in different
ways. For a longitudinal qubit-mechanical coupling type, the optical cavity
can be coupled to the resonator through an optical ring resonator fabricated
on the same chip hosting the qubit and the mechanical resonator, or through
a Fabry-Perot cavity. In both coupling schemes, the displacement of the
resonator alters the resonant frequency of the optical cavity (w,), resulting
in a mechanical-optical interaction term. Taking the displacement up to
the linear part, the frequency shift of the optical cavity can be expanded
to we(Z) = wq + (Ow,/02)z [100]. Writing the displacement in terms of the
creation and annihilation operators a' and a, respectively, the Hamiltonian
of the total electro-optomechanical system reads

. Or,
Hy, = 2T &+ TiwpmtinA-hG (it i) o +hataw, +hgata(m!+m), (1.53)
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1.7. Optomechanical Coupling

where g = XzppOw,/07 is the single photon optomechanical coupling strength.
The shift in the cavity frequency is due to the back action of the force
imparted by the photons in the cavity to the mechanical resonator [102-105].
This force is referred to as the radiation pressure force and is given by
F = —9H,,/0% = (hg/Xzpp)a'a. The force depends on the photon number
present in the cavity; therefore, the more photons present, the greater the
force imparted on the resonator, resulting in larger coupling. In a typical
experiment, the single-photon coupling strength ¢ is on the order of 1 Hz,
which is very small compared to the frequency scale of the system. Since the
radiation pressure force—and thus the coupling strength-—can be increased
by injecting more photons into the cavity, we enhance the optomechanical
coupling by driving the cavity. To observe the driving effect, we first write
down the Langevin equations for both the mechanical resonator and the

cavity,
X K+ K1 | R N . X A
a = — 5 +iw, | @ —iga(m' + m) + /K1Gin1 + \/Kalinz, (1.54a)
i = (G +ion) = G — igala+ /i (1.54b)

Here, k, k1 and k9 are the decay rates corresponding to the intra cavity field,
input field a;,; and intrinsic noise field a@;,2. m;, in the input noise of the
resonator. The cavity is driven through the input port a;,;. When the drive is
strong, the input field can be separated into the quantum and classical parts:
Ain1 — Gin1 + A(t), where A(t) is the amplitude of the drive. Substituting in

Eq. (1.54al), we have

X K+ K ] . R A )
a=— ( . 1 +zwa) a—iga(m’ +m)+ k1 (A(t) 4 aim1) + /Fabinz. (1.55)

This change can be implemented in the Hamiltonian by adding a drive
term Hy = hy/kiA(t)(a exp(—iwgt) + alexp(iwgt)). The optical frequency is
typically large (in THz) compared to the qubit and mechanical resonator and
the drive term is time dependent. So, it is advisable to go in the drive frame.
Therefore, we have

A 0 -
Hay = h="6: + hwyitiin + hGL (! + 1), + (1.56)

ha'aA, + hga'a(m' +m) + he(t)(a' + a),

25

TH-3594_196121025
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where A = w, — wy and €(t) = \/kA(t). Since the drive is strong, the cavity
is coherently populated with a large number of photons, and the system
dynamics lean toward the classical regime. To isolate the quantum part, we
separate the cavity field into classical () and quantum components: @ — a+a.
Similarly, the mechanical motion can be separated into quantum and classical
(B) components:m — m + 5. The classical part of the mechanical motion
is induced by the radiation pressure force exerted by the cavity photons.
This separation into classical and quantum parts can be understood as the
classical part representing a coherent displacement in phase space, while the
quantum part represents small fluctuations around the displaced amplitude.
The coherent amplitudes depends on the photon (phonon) number as a = /n,
(B = \/'m), Na () is the average photon (phonon) number. The quantum
part of the Langenvin equation after the classical-quantum separation is given

by
: K+ K1 . ) ) A o N
a = — ( 5— tila+ig(B+p )) a—iga(m' +m) (1.57a)
—iga(m + M) + /K1 @i + Rz Qin2,
o= — (% + iwm) i — iGr6, —ig(ad’ + a*a) —igata  (1.57b)

and the classical part by

& = — <'H;ﬁ + 1A, +ig(B + 6*)> a — i€, (1.58a)
B = - (% + iwm> B —igaa® (1.58b)

In Eq. [1.57al the linear term —iga(m + m') (—ig(aal + a*a)) is amplified
by the amplitude o compared to nonlinear term —iga(m' + m) (—igata).
Therefore, we can ignore the nonlinear term and retain only the linear term.
This is known as linearization. The corresponding linearized Hamiltonian can
be written as

. Qe
Hao = h ; &, 4wyt + hG(m' 4+ m)a, + (1.59)
hatal, + hGo(a + a)(m! +m),

where we have merged A — A, + g(8 + %) for simplicity. While substituting
the classical and quantum parts, an extra term, hG(8* + f)o, arises from

26

TH-3594_196121025
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the third term of Eq. (1.56)). Although this extra term is not visible in the
Langevin equation , it shows up in the qubit’s dynamics. Since this
term only shifts the qubit frequency, it is merged as, Qr, — Q. +Gr(8*+5).

The linearized dynamics of the cavity-mechanical or the optomechanical
system can be written in matrix form as

U= At + Ui, (1.60)
where
— (M A, 0 —iGy ~iGy
A 0 — (=2 —iA,) 0 iGq
N —iG*, —iGq — (% + iwm) 0 ’
—iGy, —iGq 0 — (2 = iwn)

U= [&7 dTa mtm]_la am = [\/ Hléinla V K2din27 vV "’ildj'-nla vV K“Qd:,'rn% ﬁmzna
) and

o O O

po| 0 — Rl —/RziGa

—JF1 —JR2 0 0 0
0

0 0 — /7
0 0 0 0

0
0
0 V7
We have switched off the qubit-mechanical coupling G, to study the dynamics
of the optomechanical system. This can be achieved in practice by turning
off the externally applied weak AC bias. It is more useful to analyze the
quantum linearized dynamics around the stable steady-state classical values
obtained by substituting & = B = 0. To find the stable state, we must
choose the parameters so that the real eigenvalues of the Jacobian matrix A
are all negative. Using the parameters that satisfy the stable steady states
ags and [, we solve the Eq. in the Fourier domain. By applying
Fourier transformation in Eq. (1.60]), we get (w) = —(iwly — A) " B (W) .
Using the input-output relation iy, = BT4 — 1y, [106-108], the output field,
Uout = [Gout1s Gout2s djmﬂ, dlm Mout, mj,ut]*l, can be written as

(W) owt = STUW)in, (1.61)

where S is the scattering matrix given by S = BT (—iwly — A)™*B — I5. The
intra cavity photon, a, interacts with the mechanical resonator, and any
changes in the cavity photon behavior due to this interaction are measured
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by detecting the reflected signal, given by the ratio Goui1/din1. Alternatively,
any signal transferred from the mechanical resonator can be measured by
determining the transmitted signal, represented by the ratio @y /M, These
two ratios can be found out from the a,,; relation obtained from Eq. ,

ie.,
Qout1 = S110in1 + S12Qin2 + S13d;‘rn1 =+ 514613712 + Si5Min + Slﬁm;rn- (1.62)

The reflected and the transmitted signals are given by the scattering matrix
elements Sy; and Si5. The reflected signal can be obtained for two different
cavity drives. The first is the red-detuned cavity drive, where the drive
frequency is less than the cavity frequency, specifically by an amount equal
to the resonator frequency, i.e., A, = w,,. The second one is the blue-
detuned cavity driv,e where the drive frequency exceeds the cavity frequency;,
A, = —w,,. Note that the drive referred here is not the input field, a;,, but
rather the one driven with amplitude A(¢) and frequency wy. exhibits different
behaviors for the two drives. To observe this, we transform the interaction
term given by the last term of Eq. into the interaction frame:

[A{mt — hGa<&Tm€i(Aa—wm) 4 i e 1(Ba—wm) (1.63)
_|_dme_i(Aa+wm) _|__ dTmTei(Aa‘i‘UJ'm))‘

Assuming rotating wave approximation for w,,, A, >> G,, the red-detuned
drive interaction reduces to hGy ('a+a'm) and the blue-detuned to AG,, (arm+
mfa’) showing different interaction behaviour.

In the red-detuned laser drive to the cavity, the reflected signal reads

. K—k G2

Z(w — Aa) T2 + tH(w—wm)—7/2 (1 64)
: Ktk Gao? ’ ’
ilw—A,) — 52+ <

2 (w—wm)—/2

11 —

As shown in the Fig. [I.8] the dip in the reflected signal for weak coupling
is observed at w = w,, = A,, which means that the drive red shifts (Stokes
scattering) the cavity frequency by an amount equal to the resonator frequency.
Similarly, in the blue detuning case, the dip in the reflected signal given by

2
iw+ D) = 55+ T
Soy = 2 dw-wm)oy/2 (1.65)

. KK G2,
Z(w + A‘Z) - % + t(w—wm)—7/2

is observed at w = w,, = —A,, indicating blue shift (anti-stokes scattering)
of the cavity frequency by an amount equal to the resonator frequency. The

28

TH-3594_196121025
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red-detuned interaction, also known as the beam-splitter interaction, can
be used for state transfer between the resonator and the cavity. Suppose
that the resonator receives a signal from the qubit while their interaction is
active. This signal can then be transmitted to the optical photons using the
beam-splitter interaction. The transmitted signal,

. iGE (k1) 2 (K /2 —i(w = A0) )7 (7/2 = i(w — wa) )
° 1+G2(k/2—i(w— A0))1(V/2 —i(w —wg) )1

(1.66)

for a weak coupling is shown in the Fig. The peak of the signal is
observed at w = w,,. In both the reflected and transmitted signals, we observe
two peaks or dips around the mechanical frequency when the coupling is
strong (kK << G,). These peaks or dips indicate normal mode splitting, with
the separation between them being 2G, [34,100,106]. In Chapter 5, we
will study the quantum transduction of a qubit to an optical photon using
the hybrid electro-optomechanical system. The beam-splitter interaction
discussed above, along with the longitudinal qubit-mechanical interaction, is
employed to realize this transduction.

The blue-detuned interaction, also referred to as parametric down-conversi-
on interaction, is used to produce two-mode squeezing and entanglement
between the mechanical resonator and the optical cavity [109-112]. This
entangled system can be utilized for transferring quantum states through
quantum teleportation [107113]. Recent studies have harnessed such entangled
interactions in electro-optomechanical systems to achieve quantum transduction
from microwave to optical signals [114].

A similar linearized Hamiltonian [(1.59)] can be derived for a transverse
electro-optomechanical system by replacing the third term with the transverse
interaction one.

- Q T A At oA A B
H, = h ; 6. 4 Bt + AGym (M + 1m)o, + (1.67)

elo
hatlalA, + hGo(a" + a)(m! + m),

Under the rotating wave approximation, we get a Jaynes-Cumming and
beam-splitter interaction Hamiltonian:

. Qr.,
' = h 2T G + hwpiih + hGyn(mf6_ +mé )+ (1.68)

hatal, + hGo(atm + am').

elo
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Figure 1.8: Reflection (a) and transmission (b) signals of the optical field. The
signals are observed at the mechanical frequency. Red and blue curve corresponds
to weak and strong coupling, respectively. Parameters: /27 = 0.01wy,, k1/21 =
0.05w,, v/27 = 0.0lwy, and G4 /27 = 0.01w,, for weak coupling and G, /27 =
0.1w,, for strong coupling.

This interaction is ideal for transferring the qubit state to the optical photon,
as both the qubit-mechanical and mechanical-optical couplings facilitate state
swapping. Additionally, the non-rotating interaction Hamiltonians and
depend on the displacement of the resonator. Consequently, the forces
exerted on the resonator by the cavity and the qubit can be engineered to
either amplify or reduce its amplitude. Using this principle, we demonstrate
the cooling of resonator motion in Chapter 3.

1.8 Thesis Structure

An introductory discussion on the implementation of the hybrid system is
presented in the previous sections. Below is a brief outline of the thesis,
structured by chapters, where various quantum technological applications
utilizing the hybrid system are explored.

In Chapter 2, we implement a dispersive qubit-mechanical interaction
in a hybrid electromechanical system to generate bipartite mechanical cat
states. This is achieved by piezoelectrically coupling two phononic crystals
with separate qubits, connected through a microwave cavity, followed by a
projective Bell test on the qubits. Furthermore, we conduct a Bell inequality
test using the Clauser-Horne-Shimony—Holt (CHSH) formalism, demonstrating
a violation of the inequality. The dependence of the level of violation on
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coupling strength and decay rates is also analyzed.

Next, we explore the hybrid electro-optomechanical system across three
phenomena. In Chapter 3, we demonstrate the cooling of a mechanical
resonator to its ground state. While ground state cooling has been studied
in individual qubit-mechanical and mechanical-optical cavity systems, it has
not been explored in the combined system. This chapter focuses on cooling
within this hybrid framework.

In Chapter 4, we analyze the bistability and synchronization of a qubit’s
polarization vector with an optical drive using quantum trajectory evolution.
We achieve this by inducing oscillatory motion in the mechanical resonator
through a blue-detuned laser drive applied to the cavity. Due to electromechan-
ical coupling, the resonator exhibits two stable oscillations in phase space, and
corresponding to each oscillation, the qubit stabilizes one of the polarization
vectors for a single quantum trajectory evolution. The phase of this polarization
vector on the Bloch sphere synchronizes with the drive phase

In Chapter 5, we propose a scheme for quantum transduction that maps
the qubit’s state onto the cavity’s photon occupation number. This process
occurs in two steps: the qubit-mechanical coupling is activated to map the
qubit’s states to the resonator’s excitation, and then the resonator-cavity
coupling is turned on. Through beam-splitting coupling, the resonator’s
excitation is transferred to the cavity photons.

We summarize all our works in chapter 6, highlighting its applications and
limitations, and discuss potential near-future applications as well as avenues
for further research.
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Generation of Bipartite Mechanical Cat State.

In this chapter, we use the hybrid electromechanical system to generate four
bipartite phononic cat states using an entanglement swapping scheme achieved
through projective Bell state measurements on two superconducting qubits. The
use of two superconducting qubits allows for the creation of bipartite phononic
cat states remotely, where the two phononic resonators are separated by a
far distance. Subsequently, we conduct a Bell inequality test on the bipartite
cat state using the CHSH formulation. Given that the entangled cat states
are generated through entanglement swapping, our approach holds promising
applications for the advancement of complexr quantum network processors
based on continuous variable systems.

1

The quantum properties of solid-state mechanical systems have been
routinely demonstrated in recent experiments [115-H117]. These include
interfacing mechanical objects with the strong quantum nonlinearity of
superconducting qubits, leading to the field of circuit quantum acoustodynamics
(cQAD) [25H31], which is analogous to the well-established field of circuit
quantum electrodynamics (cQED) [1-8]. The integration of superconducting
qubits acts as a quantum-acoustic state preparation and measurement element
for the mechanical system, forming basic building blocks for constructing

An article based on this chapter is published in [Phys. Rev. A 110, 023726 (2024),
titled ” Generation of a bipartite mechanical cat state by performing projective Bell-
state measurement on a pair of superconducting qubits” and authored by Roson
Nongthombam, Urmimala Dewan, and Amarendra K. Sarma.((©)2024 American
Physical Society). The contents in this chapter are used with permission.
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Chapter 2. Generation of Bipartite Mechanical Cat State.

acoustic quantum memories and processors.

A particularly significant quantum-acoustic state that can be prepared
from the superconducting qubit-mechanical integrated system is the phononic
Schrodinger cat state, defined as quantum superpositions of quasi-classical
coherent states. Such preparations have been studied in [118|119], and similar
photonic cat states have been explored in various quantum systems, including
circuit quantum electrodynamics [120,|121], vibrational states of trapped
ions [122,/123], and propagating photon modes [124,[125].

The preparation of cat states has attracted wide research attention due
to their applications in quantum metrology [126], quantum information
processing protocols based on continuous-variable cat states [127], and testing
fundamental quantum phenomena in macroscopic systems [128]. One of the
most fundamental tests of quantum phenomena is the Bell inequality test [129-
132]. These tests, performed on pairs of spatially separated entangled quantum
systems, demonstrate that quantum systems do not adhere to the principle
of local causality. In this work, we employ the Clauser-Horne-Shimon-
y—Holt (CHSH) [133] formulation of the Bell test to conduct the Bell inequality
test on a bipartite entangled phononic cat state generated through projective
Bell state measurement on a pair of superconducting qubits [134]. The creation
of bipartite photonic cat states using a single qubit has been demonstrated
in [121,|125]. In our scheme, four bipartite phononic cat states, or four

0O o®

©® o®

CAT STATE BIPARTITE CAT STATE

Figure 2.1: Schematic diagram of cat state and bipartite cat state. The cat state is
formed by superposing two coherent states of a single resonator while the bipartite
cat state is formed by entangling coherent states of two resonators.

phononic Bell states, are generated on two phononic crystal mechanical
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resonators, interacting piezoelectrically with a pair of superconducting qubits
via capacitive coupling. The two qubits are connected through a microwave
cavity resonator, and through virtual excitation of the cavity photon, they
become entangled, creating qubit Bell state. Upon projective measurement
of the Bell state of the qubits, each of the four bipartite phononic cat states
can be distinguished. This measurement effectively swaps the entanglement
from qubit-mechanical to mechanical-mechanical pairs. Such entanglement
swapping schemes are pivotal in quantum repeaters, essential for realizing long-
distance quantum communication and complex quantum networks [135H137].
Since the two qubits are connected via a microwave cavity bus, the phononic
crystal resonator can be placed at far ends. This setup allows for the creation
of bipartite phononic cat states remotely, enabling long-distance quantum
state preparation. Furthermore, we use the Clauser—-Horne-Shimony—Holt
(CHSH) formulation of the Bell test to conduct the Bell inequality test on
the bipartite phononic cat states.

2.1 System Model and Brief Analysis

! Cavity !

Figure 2.2: Schematic of the hybrid qubit-resonator system. Two qubits denoted
by @1 and Q)2 are capacitively coupled to the phononic crystal resonators by and
132, respectively. The qubits interact piezoelectrically with the resonators. The two
qubits are coupled to each other via a microwave cavity resonator. This coupling
enables the interaction between the two qubits by exchanging virtual excitations of
the cavity photons.

We consider two hybrid electromechanical systems, each comprising a
mechanical resonator dispersively coupled to a superconducting qubit as
shown in Fig. The Hamiltonian of the two hybrid systems are given by

. h Fiwy s~ s

Hyyy = §Ql\€1><€1\ + lelbl + B bl Jer) (e, (2.1a)

. h Fitwo o1~ s

Hypp = 5Qg|eg><62| T TQb;bg + g bby |e2) (es]. (2.1b)
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Here, ©; (€2) and w; (wg2) are the qubit and mechanical frequencies of
the first (second) hybrid system. b; and by are the operators of the two
mechanical resonators. A\; = g7/ and Ay = g3/d, are the dispersive shift of
the qubits. In dispersive coupling, the detuning 6; = w; — Q1 (0 = wy — Qo)
is much larger than the resonant coupling strength between the qubit and the
mechanical resonator. The two superconducting qubits are connected through
a microwave cavity. By detuning the qubits with respect to the cavity, we

can realize the vViSW AP gate.
H, = h(mo! +n62)a'a + nI(676F + 6765) (2.2)

where 1 = G3/A1, ny = G2/Ay and J = G1Go(1/A1 —1/As) ((01 = wy — Q)
and (Ay = w — )). @ and a' are the creation and annihilation operators of
the cavity resonator. 6%, 6, and ;" where i = 1,2 are the operators of the two
qubits. If we start the cavity in the vacuum state, the terms containing a'a
can be ignored. The Hamiltonian and can be realized in separate
instances by tuning the qubits at different frequencies at different times (Fig.
2.5(c). We first entangle the qubit-mechanical pair using the Hamiltonian
, and then perform a Bell state measurement on the qubits by switching
on the interaction . This measurement induces entanglement of the two
resonators, even though they were not initially interacting. A schematic of
this protocol is shown in Fig. 2.3 In the following sections, we provide a
detailed explanation of how this protocol is realized.

2.2 Qubit-Mechanical Entanglement.

We first prepare two entangled Bell-cat states by evolving the Hamiltonian
. Initiating the qubits in the superposition state and the mechanical
resonators in the coherent state, the state of the first hybrid system (f]bql) in
the interaction frame after some time t becomes

[0)1 = (1B1e™) lex) +181)191))/ V2, (2:3)

where |f51) is the coherent state of the first mechanical resonator, while
le1) and |g;) refer to the excited and the ground states of the first qubit,
respectively. We get a similar state [¢), for the second hybrid system. In the
time interval t = (2n — 1)7/\;, where n = 1,2,3..., we get the Bell-cat state
of the qubit-mechanical system.
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M, Q Q; Mi
ENTANGLE ENTANGLE

G \——V

ENTANGLE and BELL'S MEASUREMENT

X M

L )

Y
ENTANGLE mmmp BIPARTITE CAT STATE

Figure 2.3: The schematic illustrates different qubit operations used for generating
the bipartite cat state. The qubit-mechanical system pairs are first entangled
separately. Next, the interaction between the mechanical resonator and the qubit
is switched off, allowing for qubit-qubit interaction. By performing a projective
Bell state measurement on the entangled qubits, the two resonators are projected
onto different bipartite cat states.

The fidelity and entanglement of the bipartite state |¢)); in the presence of
a noisy environment is shown in Fig. [2.3] The noisy environment is included
by solving the Lindblad master equation.

S vy A b b
Pl = —ﬁ[Hmt, pr] + 7 (na + DL + yina L[b]

+Llo_]+T1 L6y + T L[0.], (2.4)

where L[6] = (20pot — 6'6p — poTo)/2 with 6 € {by,6_,6.}. v and Iy are
the decay rates of the mechanical resonator and the qubit, respectively. The
entanglement of the mechanical bipartite qubit system is computed using
the relation Ey(p1) = logs||p1#||, where pi* is the trace norm of the partial
transpose of the mixed bipartite state p; [138|139]. As shown in the figure,
the fidelity (F') reaches near one at the interval ¢ = 0.39us, 1.18us, and so on
for coupling constant \; = 8MHz. Therefore, the qubit-mechanical bipartite

system evolves into a Bell-cat state at the interval of 7.
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0.0 0.6 1.2
t(us)

Figure 2.4: Entanglement Ey (green dotted line) and fidelity F' (solid blue line)
measurement of the state [¢); in the presence of thermal noise. As expected, the
state |1))1 evolves into the Bell cat state |¢)1 = (| — B1)|e1) + |B1)]g1))/V/2 at the
interval 7/A1, 3m/\1,... etc. The parameters used are 81 = /2, v1 = 0.1MHz,
I'y = 0.1MHz, ny, = 0.03, and A\; = 8MHz.

2.3 Generation of Bipartite Cat State.

After the interaction time of ¢; = w/A\; (to = m/\y), the state of the qubit-

mechanical bipartite state (Eq.(2.3])) become [1)1 = (| —=B81)|e) +[51)]91))/V2
(|)2 = (] — B2)|ea) + 152)92))/Vv/2). The state of the combined system |¥)
is then given by the tensor product of the states of the two hybrid systems,

ie.,|W) = |Y)1]h)2

o) = 2—j§n¢+><| By~ o) — il o))
+o ) (| = 1 — B2) + 1|51 B2)) (2.5)

+[ )| = 81 B2) — i|Br — Ba))
FHL) (| = Br B2) + il Br — Ba))].

where |f) is the coherent amplitude of the second resonator. We have
written the state in terms of Bell’s basis, |¢*) = (1/v/2)(|eies) £ i|g1g2)) and
[WF) = (1/v/2)(lergs) * ilgies)). By measuring the Bell’s states |¢*) and
|4p%), the two mechanical resonators are projected into the bipartite cat states
) = NL(l = By — o) F 111 B2)) and C5) = (| — By Ba) F i1y — Bo)),
respectively. We perform the Bell state measurement by switching on the
interaction ([2.2). This interaction only produces two of the four Bell states,
|%). To generate all four Bell states, we continuously drive the two qubits,
resulting in two dressed states |+); = (1/1/(2))(|g); £ e'®e);), 7 = 1,2. The
qubit cannot go into transitions between different dressed states under the
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2.3. Generation of Bipartite Cat State.

conditions ®; = &y = ® and |A; — As| >> |J'|, where A; and ®; are the drive
amplitude and phase. When the phases of both the driving fields are reversed
right in the middle of the two-qubit interaction time, then the dressed state of
the two qubit evolves to |+ +), = (1/2)(i|¢™) + [¢T) + i[b™) + |¥T)), where
7 =m/(2J"). The above protocol for producing the dressed state | + +), is
known as dressed-state phase gate. In Fig. 2.5(a)(b), we plot the fidelity of
the dressed state generated through the dressed-state phase gate. The four
Bell state generated through the dressed-state phase gate can be mapped
onto the computational basis as [¢p7) — (0102), |¢~) — (1112), [¥T) — (1102),
and |[¢~) — (011s) [134,/140] (Appendix (A.2])). Therefore, based on the
measurement outcomes of the two qubits in the computational basis, all four
bipartite cat states of the resonators are generated.

The sequence of operations to generate the bipartite cat state is illustrated
in Fig. 2.5(c). As shown in the figure, the qubits @, and @, are initially
prepared in a superposition state by applying a 7/2 pulse. Similarly, the
mechanical resonators M; and M, are prepared in coherent states |51) and |3s)
by driving them on resonance with a microwave drive. The qubit-mechanical
dispersive interaction is then initiated by detuning the qubits to d; and d
with respect to the resonators. After a time t; =ty = 7/\ 2, the qubits are
returned to their idle frequencies, terminating the dispersive interaction. Next,
the qubit-qubit interaction is activated by detuning the qubits to A; and A,
with respect to the microwave resonator R. After a time 7 = 7/2.J', the qubits
are again returned to their idle frequencies, and Bell state measurements
commence. During this time 7, the qubits are continuously driven, generating
the Dressed-state phase gate.

The above protocol is realized in the noisy environment by first independent-
ly evolving the two qubit-mechanical hybrid systems under the Lindblad
master equation and then performing the projective measurement on the
density matrix of the combined system, p = p;ps. The reduced density
matrices of the four bipartite Bell-cat states after the projective Bell state
measurement on the two qubits read as,
= _(H13l0)
¥ tr((¢*]plo*))’

o — L IR)

Totr((WEplE)
We now reconstruct the density matrix into a two-level system subspace by
projecting into the basis state (|512), | — f1,2)). The Pauli operators for the

(2.6)
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Figure 2.5: The change in fidelity of the dressed-state | + +), with respect to
decay rate I'; 2 and coupling strength J’ are shown in (a) and (b), respectively. The
coupling strength in (a) is J' = 8MHz and decay rates in (b) are I'y 3 = 0.1MHz.
(c) Sequence of qubit detuning and Bell state preparation and measurement.

resonator can be obtained by measuring the displaced phonon number parity
observable Pgl = ﬁ/gl ]315;1, where 1551 is the displacement operator and P
the phonon number parity operator [27,(128]. The Pauli operators for the
resonator mode become

Xﬁ1 = AO) jﬁl = [pﬂl + p—ﬁﬁ]v
Yﬂl = P_in, Zﬁl - [‘P,Bl - P—51]‘ (27)

We have assumed a large orthonormal cat state, i.e., (51| — f1) << 1.
Four Wigner functions (W(a) = 2(P,)), where (o = 0,3, —f, —im/83%)
are required to reconstruct the state. The basis for the Pauli operators is
(|81), | — B1)) which is analogous to the qubit basis (Je), |g)). Similar Pauli
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2.3. Generation of Bipartite Cat State.

operators and basis (|32), | — f2)) can be generated for the second resonator
using the same approach. In Fig. [2.6] we plot the joint density matrix of
the two resonators in the joint basis states (|81 52), | — 1 52), |81 — B2), and

| = b1 — Ba2)).

[CL) [Cf>
()

R PP
N ‘O\GO
(c) (d)
0.4
0.2
0
L . ) \ Y J
|CL) [Cy)

Figure 2.6: Construction of the four bipartite phononic cat states density matrices
in the two-level subspace. The basis e, 0, —e, and —o represents the states |f1, F2),
|81, —PB2), | — B1,B2), and | — By, —B2), respectively. The density matrices resemble
those of the two-qubit Bell state [134]. We have used the resonator coherent
amplitudes 12 = V2.

We observe four bipartite cat states having fidelities Fi-v = 0.919, Fo, =
0.919, Fe. = 0.92, and Fg, = 0.92 and entanglements Ecr = 0.799, E(;/+ =
0.799, Ec_ = 0.799, and E¢, = 0.799. The dip in the density matrix element
is mainly attributed to the relaxation and decoherence effect of the two qubits
as well as the relaxation of the two resonators. As shown in Fig. the
fidelity of the bipartite cat state can be significantly improved by improving
the decay rates of both the qubit and the phononic resonator. For example,
we get For = 0.9581, FC/+ = 0.9581, Fc_ = 0.9581, and Fg, = 0.9581 and
entanglements Ex = 0.895, Eci = 0.895, Ec_ = 0.895, and Ec, = 0.895
for decay rates 712 = 0.06MHz and I'; » = 0.05MHz. In Fig. , we have
generated the fidelity variation for |C) state. We get similar plots for the
other cat states too.
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Figure 2.7: Fidelity of the bipartite cat state |C4) as a function of (a) A; and
A2, (b) 71 and T'y, (c) I'y and A1, (d) A; and 7. The decay rates in (a) are
71,2 = 0.1MHz and T'; o = 0.1MHz. The coupling strength in (b) are A\; » = S8MHz.
In (c), the decay rates of first and second resonators are ;2 = 0.1MHz. The qubits
decay rate in (d) are I'; o = 0.1MHz.

2.4 Bell’s Test of the Resonator Bipartite Cat
State

We perform Bell’s inequality test by calculating the expectation values of all
the correlations of the measurement outcomes measured locally at the two
resonators and then determine the Clauser-Horne-Shimony-Holt (CHSH)
value S = (X1 Xo) + (X1Y2) — (V1Xo) + (V1Y3), where, X; (X3) and V) (Ya)
are the observables of the first (second) resonator. As per CHSH inequality, a
system is said to be classically correlated if |S| < 2 and quantumly if 2 < |S| <
21/2. The correlation of the observables is measured by first choosing two
arbitrary values of 8] and g} corresponding to X7, Y; and Xy, Y3, respectively.
We then rotate the resonator detector basis by coherently displacing the
observables X; and Y; to X, = D_;, X1 D;o, and Y, = D_,;,Y1 D, or

Xo = Xjcos2(afy + o)) + Yisin2(afy + o« 5),
Y, = Y)cos2(afy + a*B)) — Xysin2(aB) + o*By). (2.8)
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2.4. Bell’s Test of the Resonator Bipartite Cat State

Here, « is the coherent displacement amplitude of the resonator. By changing
the amplitude «, we are able to rotate the measurement basis direction and
perform measurements at all possible orientations of the detectors. The |S|
value for the state |C) is shown in Fig. [2.8(b).

: 075 AN @
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Figure 2.8: (a) The expectation values of all the joint measurement correlations
between the two resonators. The red dotted, blue dashed, black dashed-dotted, and
solid orange lines represent the measurement correlations (Y, Xs), (X,Y2), (Yo Y2),
and (X, X5), respectively. In (b), the CHSH value S of the Bell inequality is shown.
The solid and dashed-dotted lines correspond to the coupling strengths Ay = Ay =8
MHz and \; = Ao = 7 MHgz, respectively. For both cases, the maximum |S]
values occur at a; = —0.14 and as = 0.41, denoted by the two dotted vertical
lines, with corresponding values of 2.132 and 2.049. The decay rates in (b) are
71,2 = 0.1MHz and I'1 » = 0.1MHz. For different decay rates ;2 = 0.05MHz and
I'i 2 = 0.056MHz, we get |S| = 2.454 for A\; = Ay = 8 MHz, as shown in (c) (solid
line). The dashed-dotted line in (c) is for ;2 = 0.1MHz, I'; » = 0.1MHz and
A1 = A2 = 8 MHz, which is similar to the solid line in (b). The shaded horizontal
lines represent the regions of the quantum limit.

We observe maximum |S| value when 3], = 1> and at the displacement
amplitude o; = —0.14 and as = 0.41. Furthermore, the oy, ay and (]
amplitudes corresponding to the maximum |S| value satisfy the relations
4oy = 3w /4 and 4oy 5] = —m /4. The corresponding observables (Eq.
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at these amplitudes become X,, = (X; — Y})/v2 and Y, = (X; +Y1)/V2.
Therefore, the |S| value observed in the figure exceeds the classical bound
limit and attains a value which is less than the ideal quantum bound limit
2v/2 (see Fig (b)(c))

As we decrease the decay rates of the resonators and the qubits, the
maximum attainable |S| value also increases, as shown in Fig [2.8(c). The
expectation values of all the joint measurement correlations between the two
resonators are also shown in Fig. 2.8(a). The behaviour of these correlations
as we change the displacement amplitude o resembles the one observed in
two-qubit Bell test experiments [132].

2.5 Conclusion

In this chapter, we have studied a scheme to generate four bipartite phononic
cat states by performing a projective Bell state measurement on two supercond-
ucting qubits. Initially uncoupled phononic crystal resonators, each coupled
to a different superconducting qubit, become entangled through entanglement
swapping from qubit-mechanical to mechanical-mechanical interactions. A
displaced phonon parity measurement is conducted to generate the joint
density matrix of the two resonators in the two-level subspace. These joint
density matrices resemble those of traditional qubit Bell states generated
using a Hadamard gate and a CNOT gate in a quantum circuit. Subsequently,
we investigate the Bell inequality test using the CHSH formulation. The
expectation values of the measurement correlations and the S values obtained
in this work are akin to those observed in [132] for two superconducting
qubits. The bipartite phononic cat states generated through entanglement
swapping may be useful for implementing quantum network processors based
on continuous variable resonators. Furthermore, the scheme presented here
also serves as a platform for studying Bell inequality tests in continuous
variable systems.
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Ground State Cooling of Mechanical Resonator.

In this chapter, we study the ground state cooling of a mechanical resonator
in a hybrid electro-optomechanical system. This hybrid system consist of
a mechanical resonator (few Mhz frequency) simultaneously coupled to a
superconducting qubit made up of a split Cooper pair box (CPB) and an
optical cavity. The cooling process is driven by a red-detuned ac drive on the
qubit and a laser drive on the optomechanical cavity. We analyze the cooling in
the weak and strong coupling regimes for both individual mechanisms—qubit-
assisted cooling and optomechanical cooling—as well as for the hybrid cooling,
and we compare the results.

1

The realization of a macroscopic mechanical oscillator in the quantum
regime has wide-ranging applications in studying fundamental physics and
developing quantum technologies, from high-precision measurements to quant-
um information processing. To achieve this, the mechanical oscillator must
be cooled to its quantum ground state. This process typically begins with
cryogenic pre-cooling to a few thousand initial phonons, followed by further
cooling through coupling to external dissipation sources.

Two particular sources of dissipation have been extensively studied both
theoretically and experimentally: one from the interaction with a cavity field

An article based on this chapter is published in Phys. Rev. A 104, 023509 (2021), titled
7 Ground-state cooling of a mechanical oscillator via a hybrid electro-optomechanical
system” and authored by Roson Nongthombam, Ambaresh Sahoo, and Amarendra K.
Sarma.((©)2021 American Physical Society). The contents in this chapter are used
with permission.
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Chapter 3. Ground State Cooling of Mechanical Resonator.

in an optomechanical system, and the other from coupling with a Cooper
pair box (CPB) qubit. The first experimental demonstration of radiation-
pressure cooling—or optomechanical cooling—of a mechanical oscillator using
optical feedback was conducted by Cohadon, Heidmann, and Pinard in 1999
[141,|142], with subsequent experiments achieving much lower temperatures
using the same approach [143-145]. In 2006, radiation pressure cooling of a
micromechanical resonator down to an effective temperature of 10 mK was
realized |146,|147]. Cooling in the resolved sideband regime was achieved in
2008 [148], and close-to-ground-state cooling in a cryogenically pre-cooled
environment was later demonstrated [149-151].

Conversely, cooling a mechanical resonator using a superconducting qubit
has also been studied [95,[152|153]. Ground-state cooling of mechanical
resonators using two transmon qubits relying on flux-mediated interactions
has been theoretically investigated in [156]. Furthermore, it has been shown
that cooling to the ground state is feasible with just one transmon coupled to
the mechanical oscillator in the ultrastrong coupling regime [98|. In a recent
experimental work, a superconducting qubit was used to cool a drumhead
mechanical oscillator close to its ground state [157]. Here, we combine the
two cooling approaches discussed above, studying the ground-state cooling of
a mechanical resonator by simultaneously coupling it to an optical cavity field
via radiation pressure and to a CPB qubit via a movable capacitive plate.
We also compared the individual cooling methods—qubit-mechanical and
mechanical-cavity cooling—with hybrid cooling. In the weak coupling regime,
hybrid cooling proved to be more efficient than the individual systems within
the resolved sideband resonator. Similarly, in the strong coupling regime,
hybrid cooling also demonstrated greater effectiveness.

3.1 System Model and Brief Analysis

We consider a hybrid electro-optomechanical system consisting of a mechanical
resonator that is simultaneously coupled to a superconducting qubit, formed
by a split Cooper pair box (CPB), and an optical cavity. The interaction
between the qubit and the resonator is achieved by suspending one of the
capacitor plates connected to the qubit, allowing it to move. This movable
plate serves as the mechanical resonator and acts as a movable mirror in a
Fabry-Perot optomechanical cavity. Consequently, the mechanical resonator
interacts with the optical photons in the cavity through the radiation pressure
force exerted by the photons on the resonator. A schematic of the hybrid
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system is shown in Fig. [3.1] The Hamiltonian of the system is given by

- A 1 W -
H=-— th&z + R0, + KRG (b + b)o., + QL bTb

— A ata + hG, (0" + a) (0" + b), (3.1)

Here, A, (A.), Qg and o, . are the detuning of the qubit (optical cavity),
amplitude of the drive given to the qubit and Pauli operators of the qubit,
respectively. b(a) and bf(a') are the operators of the mechanical resonator
(optical cavity). G is the coupling strength between the qubit and the
mechanical resonator, while GG is the coupling strength between the resonator
and the optical cavity. €2 is the bare frequency of the resonator. Cooling of
the resonator is achieved by applying a red-detuned drive to both the qubit
and the optical cavity. Due to this red detuning, the qubit is excited to a
higher energy level by absorbing incoming photons from the external drive as
well as phonons from the mechanical oscillator. As a result, the mechanical
resonator loses phonons to the qubit, leading to cooling. Simultaneously,
optical photons enter the cavity by absorbing a phonon from the oscillator,
further contributing to the cooling of the resonator. These two processes occur
concurrently, enabling us to achieve ground state cooling of the mechanical
resonator within the hybrid electro-optomechanical system.

Another way to understand the cooling mechanism is through the forces
exerted on the mechanical resonator. From the Hamiltonian, the force exerted
on the resonator by the qubit and the cavity is given by dH [0z = h(Go, +
Go(a + a'))/x,p. This force can either amplify or decay the amplitude
of the resonator. For weak coupling, the rates of these processes can be
computed using the Fermi golden rule. The decay rate is given by I'_ =
G?S..(Q) + G2S,,,:(Q), where S, and S, i are the spectral noise density of
qubit and the cavity at the resonator frequency. Conversely, the amplification
rate is 'y = G25,.(—Q) + G254, (—Q). Note that amplification occurs at
the negative frequency of the spectral noise density. Cooling will happen
when the decay rate exceeds the amplification rate, which can be achieved by
driving the qubit and cavity at a frequency slightly less than their resonant
frequency, equal to the mechanical frequency—this is known as red-detuned
driving.

In the next section, we systematically derive the Eq. and discuss the
cooling process in detail.
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cooL
MECHANICAL

Qubit-assisted cooling  Optomechanical cooling

Figure 3.1: Hybrid CPB qubit-and optomechanical system. A split Cooper pair
box (CPB) that is electrostatically biased by voltages V, and V,, and driven by a
voltage Vy, is capacitively coupled to a mechanical mode via a movable capacitor
Cx(z). By applying an external flux @, the energy levels of the CPB qubit can be
tuned. The mechanical mode is coupled to an optical cavity field w., which is formed
by placing a partially reflecting mirror in front of the movable capacitor plate.
The optical cavity is driven by bright coherent light. On the right, a schematic
description of the cooling process is shown.

3.2 System Hamiltonian Derivation.

The qubit-mechanical interaction arises from capacitive coupling, while the
mechanical-optical cavity interaction originates from the radiation pressure
force exerted by the cavity photons. The effective Hamiltonian can be
expressed as follows:

= 2
I = [Q - qu(:ﬁ)} (D 0 + Kb
) — Ej(Peyy) cosf +

~ hA.ala+ hgyata (b1 + ) + hn (a +a). (3.2)

Here, Q) = 2eN (in the number basis), where N is the number operator for the
Cooper pairs transferred across the Josephson junction in the superconducting
qubit (Cooper pair box). Quq(z) = 2eN,,(x), where Nyy(x) = Ny(z) + Ny,
is the offset charge or gate charge produced by external gate voltages V, =
2eN,(z)/Cy(z) and V, = 2eN,/C, which induces Cooper pairs to tunnel
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through the Josephson junction, and hence control the charge and state of
the CPB. It is apparent that this offset charge is dependent on the resonator
displacement x. Cx(z) = 2C; 4+ Cy + Cy(x) is the total capacitance of the
qubit. E;(Pey) cosb is the effective field in the two parallel junctions, each
with energy E;/2. ®gy is the external flux applied in the loop formed by
the two junctions. Here, 6 is the phase difference between the junction and
Ej(Pext) = Ejcos(mPeyi/P,). The movable capacitor in the system acts as a
mechanical oscillator with frequency €2 and is described by the third term
in the Hamiltonian. This movable capacitor and a partially reflecting mirror
placed in front of it form an optomechanical system. The last three terms
in Eq. describe the optomechanical system in the driven frame. Here,
A.(= wr — w,) is the detuning between the laser drive (w;) and the cavity
(we). The last-second term describes the coupling between an optical mode
(@) in the cavity and a mechanical mode (b) via optomechanical coupling rate
go- The last term is the laser drive with amplitude 7.

At the gate charge close to an odd number of electron charges, i.e.,
Nyo(z) = Ny(z) + N, + 1/2 — AN, where |AN| < 1/2, the first two energy
levels of the Josephson junction are very close compared to the higher ones.
Therefore, we can use a two-level approximation in this region, thereby forming
a qubit. If we coherently drive the qubit at frequency w,; and amplitude (2,
then we obtain the Hamiltonian of the hybrid system as (Appendix )

- kA 1 A
H=— Tqaz + EhQR 0, cos g + hig(b! + b)o, sin ¢
2
+ h%(%*b +1)0, cos? o + BQbTh — KA, ata
q

+ gohata(b" + b) + hn(a" + a). (3.3)

The optomechanical coupling rate g, is usually smaller than the mechanical
and optical decay rates v and k. One common approach to address this issue is
to drive the optical cavity using strong coherent light. This drive significantly
increases the radiation pressure force, and hence the optomechanical coupling
rate. It also induces a classical steady-state displacement of both the
intracavity field and, through the optomechanical coupling, the mechanical
mode. In order to remove this steady-state displacement and retain only the
quantum fluctuation part, the following transformation can be performed

a—a+a and b— B+b, (3.4)
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where a and ( are the steady-state displacements of the intracavity field
and mechanical mode. Substituting Eq. (3.4]) into Eq. (3.3) and removing the

constant terms, we get

- A 1 A
H = —thaz + 57193 04 cos @ + hg(b' + b)o sin o

+ 2hg" (ET + B)JZ cos® p + 24 bibo, cos? o — hAa'a
Wy Wy
+ higoe(at + a) + afa) (bt + b) + K bTb + H, + Hy, (3.5)
where
Ay = Ay — 458 cos® p|B]* — 2gBsin
A= A, — ggoﬂ. (3.6)

Here, a and 3 are real values (see below). The last two terms in Eq.
constitute the terms that are proportional to @, af, b and b'. The fourth and
fifth terms are the qubit and oscillator interaction terms. Two observations
can be made when we compare these two interacting terms. Firstly, the
fourth term is amplified by the steady-state displacement of the mechanical
oscillator 5. Secondly, while the fourth term involves the product of two
operators and therefore constitutes a second-order nonlinearity, the fifth term
involves the product of three operators and therefore constitutes a third-order
nonlinearity. The same observations can also be deduced for the seventh
term. However, in this case, the coupling is between the optical photon and
mechanical phonon, and the second-order nonlinear coupling is amplified by
the coherent amplitude a. Because the second-order nonlinear interaction
terms are amplified, we neglect the third-order interaction. The resultant
Hamilonian is known as the linearized Hamiltonian:

A 1 myY o
7f0,+éﬁQRax+ﬁG®ﬁ+®Jz+hQHb
— hAaTa + hGo (6t + a) (b + b) + H, + Hy, (3.7)

H=—-h

where G = gsin p + %ﬁ cos? o, G, = g,a, and Qp — Qg cosp. We observe
that in the presence of the steady-state mechanical displacement S - induced
through optical drive - the coupling rate between the qubit and the oscillator
increases by a factor (2g3/w,) cos? ¢. Similarly, the optomechanical coupling
rate is amplified to g,a.
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3.3. Cooling

3.3 Cooling

We analyze the cooling of the resonator by considering the Hamiltonian
presented in Eq. and examining two distinct regimes: the weak coupling
regime and the strong coupling regime. To understand the system dynamics
in the presence of a thermal environment, we employ the Lindblad master
equation. Therefore, the Lindblad master equation for the hybrid system in
the shifted frame (& — « +a, b — 3 + b) reads

dp 1

+ Sala—af, p + 86— B, 7, (3.8)
where

. g = - .
£, =T(n, + 1)Dlo)(3) + T, Dlo)(5) + ~(o-po — ),
L = Y(nun + 1) DB](p) + ynen DT(p), Le = wDJal(p),
~ 1 ~ N An % An %
and D[A] = E(2A,3AT — ATAp — pAtA). (3.9)
The density operator p is in the shifted frame. The decay rates I'y, ['y and
~ can be found out from the noise correlations of gate voltage fluctuations

or charge number fluctuations; 6N, and 6N ¢- Similarly, the optical cavity
decay rate x can be derived from the noise correlation of tthe optical bath.

3.3.1 Weak Coupling

The weak coupling regime assumes G, < k and G < I'. The cavity optical
field and the qubit can be adiabatical eliminated using the Nakajima-Zwanzig
formalism [153-155]. Since the qubit and the cavity field are not coupled, we
can eliminate them seperately. To eliminate the qubit, we first split the total
density operator by means of a projection operator P and ()

p=(P+Q)p, and P+Q=1, (3.10)
with P defined by
Pp = pyss @ Pom, Pom = trg[p), (3.11)
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where pgss is the steady-state density operator of the qubit, and p,,, is the
optomechanical density operator. Projecting Eq. (3.8) into P-space, the
master equation reads

Pd,p =P[—iQbb, Pp| — %P[Ha + Hy, Pj]
+ Plidcata —iGy(al + a) (b +b), Ppl
+ P[—iG (b + b)o., Qp + Pp]
+ P(Lom + Lo)Pp+ P%ﬂ[i) — bt Py
+ Pga[d —at, Pp). (3.12)

Similarly, the master equation in the ()-space can be obtained by projecting )
operator. The steady-state displacements o and 3 are determined by equating
the terms that are proportional to @, af, b and b to zero, separately

B gola|?* + G{a.)s

o= n B =
Ac+ik/2 = go(B + 5*)’ /2 —Q

Here, (0.)s = Po, is the steady-state expectation value of o,. For g, < 1,
A. > Kk and /2 < ), we obtain = —(go|al? + G(0.),)/? and a =
n/[Ac — go(8 + B*)] which are real values. The master equation for the
optomechanical system (p,,,) can be obtained by solving the coupled rate
equations for Pp and Qp [153]

(3.13)

Pon — — (g pom] + {1 + 0} D)
+4{Ig + (0 + DID(P) + £Dal (), (3.14)

where
H,p = B0 — hAGTa + hG o (at + a) (bF + D),
[, =2G°Re{S(Q)}, T} =2G"Re{S(—-Q)},
and Q' =Q+ Im{S(Q)+S(-Q)}. (3.15)

The master equation ([3.14)) is correct only upto to the O{(G/T')?, (v n,,/T)*}.
The decay rate I'j is responsible for heating, whereas I, contributes to
cooling. The half-sided spectral noise density S(w) is defined as

S(w) = /0 " gt et (Ao (t)Ac(0)), (3.16)
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3.3. Cooling

where Ao, = 0, — (0,)s. An approximate analytical expression for Re{S(w)}
near resonance condition /A2 + Q% = Q is derived in [153]. Fig.(a) shows

the plot of Re{S(w)} under red-detuning (A, < 0) and resonance condition.
Two plots are shown in the figure, one for I' > I';, and the other for I' ~ I'y.
As shown in the figure, the difference between the peaks at (2 is more when
the relaxation rate I' is much greater than the dephasing rate I'y. The master

0.5 ] T ._(b)
S04 I
=03 K[ w=100
; : 4 A= —R/2;
3 ‘ : r=0.10
EO.Z —A.— _%

. —0.8
=01 Ty
0 = Al SN e
-2 -1 0 1 2 4 6 8
w/Q w/Q

Figure 3.2: (a) The real part of the qubit spectral noise density is shown at the
optimal cooling drive strength Qp = 0.85Q2 and resonance frequency A, = Q. The
parameters used for the plot are 2 = 10 MHz and I' = 2 MHz. The red solid curve
represents the dephasing rate I'y = 0.01', while the blue dotted curve corresponds
to 'y =T MHz. When I' > I'y, the difference between the peaks at £ is larger,
and the heating peak at 2 = —10 MHz is smaller, indicating greater cooling. (b)
The spectral noise density of the radiation force is depicted in both the resolved
(solid red and dotted green curves) and unresolved sideband (dotted blue curve)
regimes. The parameters used here correspond to those at the minimum quantum
limit for cooling. The minimum quantum limit is attained at A, = —k/2 in the
unresolved sideband regime (k> Q) and at A, = — in the resolved sideband
regime (k < Q).

equation ([3.14) contains the dynamics of both the mechanical oscillator and
cavity optical field. The cavity field can be traced out and adiabatically
eliminated using the same P and () formalism

Pﬁom = ﬁoss 0y ﬁmy ﬁm = tro[ﬁ]? (317)
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Chapter 3. Ground State Cooling of Mechanical Resonator.

where p,ss is the steady-state density operator of the optical field, and p,, is
the mechanical density operator. Analogous with the qubit elimination result,
the elimination of the cavity field coherently shifts the mechanical frequency
and adds two decay rates (I', and I'}). The reduced master equation of the
mechanical resonator in the interaction picture reads [154]

dpu, .
Lo —{0F + T + 7} D)
+{Ty + Ty + v(nn + 1)} D[b)(5) (3.18)
with
_ _ Tgpr L _ Topr
I, = b2 Srr(Q2), and I') = FSFF(_Q), (3.19)

where Spr(w) is the spectral noise density of the radiative force F' [= (hG /zzpr)(a+
a')] acting on the mechanical oscillator.

Spp(w) = /_ T e (F(t)F(0)) (3.20)

(e.9]

In Fig.[3.2b), we plot Spp(w) for the resolved (k = 0.1Q, k = 0.8Q2) and
unresolved (k = 10€2) sideband in the red-detuning case. The expectation
value of the phonon occupation number can be calculated from Eq. (3.18))

() = —(7 + To + T) () + ynun +TF + T, (3.21)

where I'y = ' = I'; and I', = I'] — '} are the cooling rates contributed from
the qubit and optical cavity field, respectively.

Ty =2G*[Re{S(Q)} — Re{S(—)}],

2

T, :%[SFF(Q) — Spp(=Q)] (3.22)
For effective cooling, the cooling rates [Eq. ] must be positive. This
condition is met if the external drive of the qubit and optical cavity are
red-detuned with respect to the qubit energy level and optical resonance,
respectively (see Fig.. Therefore, in both the cases, phonons are emitted,
thereby cooling the mechanical oscillator. However, there is also a finite
probability for phonon absorption, thus heating the oscillator. The phonons

o4

TH-3594_196121025



3.3. Cooling

are absorbed at the rate F;“ +TI'}. Cooling happens when the emission rate is
faster than the absorption rate, which is generally the case in the red-detuning.
The dynamic at the red-detuning is schematically shown in Fig.[3.1(b). The
steady-state phonon number of the mechanical oscillator is given by

oy + T+ T

ﬁmss
(7m) ¥+ I';

(3.23)

It is clear from Eq. (3.23)) that cooling is prominent when the cooling rates I';
and I', are maximum, and the heating rates I'] and I'f are minimum. The
quantum limit of bare qubit cooling is given by

(fim)q = T3 /T,. (3.24)

The minimum value of this quantum limit turns out to be zero at drive
strength Q2 = 0. However, with no drive, the qubit is neither heating nor
cooling the oscillator since the spectral noise density responsible for these
processes is zero for all frequencies. In the following, we find the minimum

quantum limit in the presence of drive. Using Eq. (3.22) and Eq. (3.16]), we
derive the decay rate I'; for I' > I'y and A, = Q.

T, = 8f (Qa/A,), (3.25)
where 8 = 2G?*/T, A, = \/Q% + A2, and

(QR/Aq)2 \/1 y (QR/AQ)Z
4-(Qr/D)"

f (Qr/A,) = 4 (3.26)

The maximum cooling rate is achieved for a large value of # and the value
of Qp which maximize the function f(Qgr/A.), i,e., Qp = 0.85. At the
optimal drive strength, Q0 = 0.85¢2, the detuning is not absolute, i.e.,
A, = —0.53€2 The spectral noise density Re{S(w)} at the optimal drive is
plotted in Fig.|3.2(a). The minimum quantum limit for the optimal drive
strength is (7,)gmin = 0.106. The optomechanical cooling rate I', is given by

T, = |Gol? " - t 3.27
Gol {(Q+Ac)2+n2/4 (—Q+ A2+ k2/4 (3:27)
The quantum limit of cooling induced by the optical cavity field is given by
(n)o = Ty /T, (3.28)
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3\@ 1 (b)
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Figure 3.3: (a) Steady-state mean phonon number in the unresolved sideband
regime, with k = 10Q and A. = —k/2. The red, green, and blue curves represent
hybrid, qubit, and optomechanical cooling, respectively. Ground state cooling is
achievable, but it comes at the cost of bare qubit cooling.(b) Cooling in the resolved
sideband regime, where k = 0.1 Q2 and A, = —€). The hybrid case demonstrates
more effective cooling. Other parameters include €2 = 10 MHz, G = 0.2 MHz,
~ = 1075 MHz, and ny, = 103.

Using Eq. (3.19) and Eq. (3.22)), we have

_AQ+ AN+
16 Q A,

(i) o = (3.29)

The mininmum cooling limit (7,,,)0min is reached at a detuning A, =

—/Q2 4 k2/4.
(Yoo = % ( o (%)2 C 1) (3.30)

For slow oscillators, referred to as unresolved sideband regime, () < k, the
minimum cooling limit is (7, )omin = £/(42) for A, = —r/2. Ground-state
cooling is not possible in this regime. The minimum cooling for fast oscillators,
or resolved sideband regime, Q < £, is () omin = K2/(4Q)? for A, = —Q.
Thus, ground-state cooling is possible for the high-frequency oscillator. The
corresponding spectral noise density Sgp(w) for the minimum cooling limit
is shown in Fig.[3.2(b). The effective minimum cooling, (fin,)ss [Eq. (3.23))],
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3.3. Cooling

for different optomechanical coupling rates Gy and the qubit coupling rate
G = 0.2MHz is shown in Fig.[3.3a) and [3.3|(b).

3.3.2 Strong Coupling

0.5 0.5
(@] (b)

0.4 ’qublt ‘ 0.4 ;qublt
6 0.3 optomechanical = 0.3 )
— N optomechanical

E o S 4
« 0.2 « 0.2
~ 7 ~ 7
J
400 600 800 1000 400 600 800 1000
t(us) t(us)

Figure 3.4: (a) Time evolution of the mean phonon number (7,,)(t) for G, =
0.06 MHz, k = 0.05 MHz, and G = 0.2 MHz.(b) The mean phonon number (7, )(t)
for G, = 0.6 MHz, x = 0.056 MHz, and G = 0.2 MHz.Other parameters include
Q) = 10MHz, v = 10~° MHz, and ny, = 103.

The strong coupling here refers to the coupling between the optical cavity
field and the mechanical oscillator. We will assume that the qubit state
is hardly affected by the mechanical interaction and goes to steady-state
quickly, and hence adiabatically eliminate from the dynamics of the hybrid
system. The reduced master equation of the resultant optomechanical system
is given by Eq. . For determining the steady-state phonon occupation
number, we have to solve a linear system of differential equations involving all
the the second-order moments: d;(ata), 8, (b'b), d,(alb), ,(ab), d,(a%), and
9,(b?) [158]. Time evolution of the mean phonon number for two coupling
cases, G, = 1.2k and G, = 12k, are shown in Fig.|3.4, The thermal and
initial phonon numbers are assumed to be 103. Initial values of all the other
moments are kept at zero.

57

TH-3594_196121025
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3.4 Conclusion

In conclusion, we have studied the cooling of a mechanical oscillator in a hybrid
electro-optomechanical system. We systematically derived the dynamics of
the hybrid system and discussed the cooling effects in two specific regimes:
weak and strong coupling. In the weak coupling regime, the dynamics of
the qubit and the optical cavity field are adiabatically eliminated, leading to
an additional factor in the steady-state displacement of the resonator. We
also examined the quantum limit of cooling for both individual qubit and
optomechanical cooling under this regime. We found that in the weak coupling
and resolved sideband regime, cooling is more efficient in the hybrid case for a
specific choice of parameters. In the unresolved sideband regime, ground-state
cooling remains achievable, but it comes at the expense of qubit cooling.
Additionally, we explored cooling in the strong optomechanical coupling case
and observed that cooling remains effective in the hybrid configuration.
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Synchronization of Qubit and Optical Field

In this chapter, we study the synchronization of a superconducting qubit
to an external optical field in a hybrid electro-optomechanical system using
quantum trajectory method. In a single quantum trajectory run, bistability of
the qubit is observed, with the qubit exhibiting rotation in the bistable states.
The rotation in one of the stable states is synchronized with the external
optical drive. As the number of trajectories is significantly increased, the
qubit no longer displays bistability. However, synchronization persists with
reduced quantum fluctuations. The scheme proposed here could be used to
prepare and monitor the state of the microwave qubit using long-lived optical
photons through synchronization, which may find applications in long-distance
quantum communication. Additionally, this hybrid system can be utilized to
study quantum synchronization.

T

Information transfer between microwave systems, such as superconducting
qubits, and optical signals is essential for realizing long-distance quantum
communication. One advantage of encoding information in optical photons
is their ability to retain quantum properties even at room temperature,
facilitating long-distance quantum state transfer. Naturally, encoding the
qubit state in an optical photon paves the way for building efficient quantum

An article based on this chapter is published in [Phys. Rev. A 107, 013528 (2023),
titled ” Synchronization of a superconducting qubit to an optical field mediated by
a mechanical resonator” and authored by Roson Nongthombam, Sampreet Kalita,
and Amarendra K. Sarma.((©)2023 American Physical Society). The contents in this
chapter are used with permission.
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Chapter 4. Synchronization of Qubit and Optical Field

networks. In this work, we present a scheme in which a long-lived optical
signal can be used to prepare, control, and monitor superconducting qubit
states through synchronization—the natural tendency of oscillators to adjust
their rhythms sympathetically [159]. This approach may have significant
applications in long-distance quantum communication. Classical synchronizati-
on [160] has garnered considerable interest across various quantum systems
[161H167]. Previous studies have explored the synchronization of superconduct-
ing qubits with driven microwave cavities |168] and mechanical oscillators
with external drives in optomechanical systems [169].

Here, we investigate synchronization in a hybrid system comprising a
microwave circuit with a superconducting qubit mechanically coupled to a
driven optomechanical cavity. In a single quantum trajectory run, we observe
bistability in one of the qubit’s polarization vectors, where the qubit rotates
around this polarization vector. Through the coupling between the qubit-
mechanical system and the mechanical-optical cavity, the phase of the qubit’s
rotation in one stable state synchronizes with the phase of the reference laser.
We further analyze the dynamics of our system across a larger number of
quantum trajectories and observe a similar synchronization pattern, albeit
with reduced fluctuations. However, in this scenario, bistability in the qubit
state is no longer observed.

4.1 System Model and Brief Analysis

We consider a hybrid electro-optomechanical system as shown in the Fig [4.1]
whose Hamiltonian is given by

A

Hypp=— —ax + g, ( + (3) 0, + Wb, (4.1)

~ Al = goata (B + ) +idy, (3 - a)

Here, a (at) and b (b') are the annihilation (creation) operators of the optical
photons inside the cavity and the phonons of the mechanical oscillator,
respectively. The first term represents the qubit state with Josephson energy
E;; the second term accounts for the qubit-phonon interaction with coupling
strength g,; the third term describes the energy of the mechanical mode
oscillating at frequency w,,. The fourth and the final terms of Eq. denote
the energies of the optical cavity and the driving laser, where A = wy, — w, is
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I gO wC
p— E; -

Vg Gy 9q I *
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Figure 4.1: Schematics of a mechanically-mediated EOM system with a
superconducting qubit (left) and an optomechanical cavity (right). The qubit
is capacitively coupled to a mechanical oscillator, which acts as an end-mirror of
an optical cavity.

the detuning of the laser frequency wy, from the cavity resonance frequency w,
and Aj, is the laser amplitude. The optomechanical interaction of strength g,
between the optical cavity and mechanical resonator is given by the fifth term.
In addition to the primary laser drive (A, wy,), we add a reference drive (A4;,,
wir). The corresponding Hamiltonian (in units of £) in the rotating frame of
the primary laser drive is given by

Hy, = idA, (aTe7™ — ae™) (4.2)

where 2 = w;, — wy, is the detuning of the reference laser. By blue-detuning
the primary laser drive ( A = w,,), the mechanical resonator undergoes
self-oscillation, which induces a rotation of the qubit’s polarization vector
on the Bloch sphere. For a single quantum trajectory, we observe that the
mechanical resonator oscillates in two closely spaced circular motions in phase
space. Each of these rotations corresponds to a circular rotation of the qubit
polarization vector. As a result, we see bistability in one of the components
of the qubit polarization vector, with each bistability point corresponding to
a rotation of the mechanical resonator.

By applying a reference drive, we can synchronize or lock the phases of the
qubit rotation with the phase of the reference drive through the mechanical
resonator. Since the state of a qubit is determined by the phase of its
polarization vector, as illustrated in Fig. [£.2] we can associate each state of
the qubit with the phase of the reference drive due to this synchronization.

61

TH-3594_196121025
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Therefore, we can infer the state of the superconducting qubit from the optical
drive phase. In the following section, we will numerically derive the bistability

<0x,y,z) — Components of polarization vector

(0y) = | (0 )|cosO
(oy) = {0 )lsind sing
(0,) = | (0)|sind cosp

(o)1 = (a7 +{a,) + (o

Figure 4.2: Schematic of the Bloch sphere for the qubit. Every point on the sphere
represents a state of the qubit. Each point can be determined by knowing the
phases (0, ¢) of the qubit since |(o)| = \/(02)2 + (0y)% + (02)? =

and synchronization of the qubit in detail.

4.2 Bistability of the Qubit

The system dynamics are numerically evolved using the quantum trajectory
method [170H172]. The results are obtained at irrational moments of the
optical drive phase €t for a single quantum trajectory, with each trajectory
evolution corresponding to one experimental run.

The mechanical resonator undergoes self-sustained oscillations due to the
blue-detuned laser drive (A = w,,) of the optomechanical cavity, as shown
in Fig. (b) and (d). Two self-sustained oscillations of the mechanical
resonator are observed, corresponding to which the qubit exhibits bistable
behavior—two metastable states of its polarization vector (o,). The other
polarization vectors (o,) and (o,) oscillate about the origin. When the qubit
is in either of the metastable states, its Bloch vector precesses about the
x-axis with |(c)| ~ 1, as can be seen in Fig. (c).
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Figure 4.3: (a) Bistability of the qubit along the polarization vector (o).
(b) Fluctuating amplitude oscillation of the mechanical resonator. (c) Bloch
sphere representation of the qubit rotation in the two stable states (blue
and red states). (d) Overlapping limit cycles of the mechanical oscillator
corresponding to the two bistable states of the qubit. The parameters used are
(EJ,90: A, Gor Aips Apr, 5, 7y) = (1.2,0.04,1.0,0.38,0.6,0.08, 1.0, 1.4, 0.015) X wp,.

The occurrence of bistability resembles the process of vacuum Rabi
splitting, where a two-level system placed inside a cavity forms a dressed

state [168]. In Fig. , we also observe broad oscillations in the qubit and the
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mechanical dynamics. The occurrence of this broadness can be attributed to
two reasons. Firstly, the fluctuating radiation pressure force imparted by the
external laser via the cavity photons induces fluctuations in the self-sustained
motion of the mechanical oscillator. This results in the broadness of the
phase-space limit cycles, which in turn, invokes the spreading of the qubit’s
metastable states via the qubit-mechanical coupling.

When the mechanical oscillator is independently driven without the
presence of an optical cavity, depicted by the Hamiltonian H=H qm T+ Hm,
we find two well-separated and distinct limit cycles in the mechanical phase
space as shown in Fig. (a). The metastable states of the qubit polarization
vector (o) are also thinner. Nevertheless, some fluctuation noises still remain
due to the quantum jumps from one bistable state to another. Secondly, we
have used a single trajectory run to obtain our results in Fig.

Figure 4.4: (a) Two well-separated and distinct limit cycles of the mechanical
oscillator when it is directly driven. In the absence of the optical cavity, the
mechanical-qubit system shows less fluctuation. (b) Rotation in the qubit basis.
The parameters used are same as those in Fig. @

As we increase the number of trajectories, we get less scattered and thinner
limit cycles. The fluctuations (thickness) of the synchronization phase plot
is also reduced. This is for the fact that considering a larger number of
trajectories is equivalent to taking the ensemble average of the trajectories
which significantly cancels out the fluctuating noises. The effect of a large
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number of quantum trajectories in our hybrid system is also discussed in Sec.
(4.3l In Fig. [4.4] (b), we plot the Bloch vector in the frame of reference of the
qubit, H om = 50+ gq(bt +b)o’.. Here too, we observe bistability along (c”,)
and rotation of the qubit about the z-axis.

It is also worth mentioning that even though we are bound by the
fluctuating radiation force of the optical photons, we are able to observe
quantum synchronization of the qubit with the external optical field within
this bound quantum noise. In what follows, we discuss this synchronous
behaviour of the qubit rotation phase with the phase of the mechanical

oscillation, which in turn, is in sync with that of the reference laser field.

4.3 Synchronization with the External Drive

The synchronization of qubit-mechanical, mechanical-optical and qubit-optical
is shown in Figs. (a)-(b). We have used the phase relations of the
qubit, ¢ = tan"*((0,)/(0.)), 0 = tan"'({0,)/{(0:) sin (¢)}), and that of the
mechanical oscillator, 1 = tan='({(p)/(g)). It can be seen that the rotation of
the (0,) > 0 stable state (blue state) and the rotation of the (o,) < 0 stable
state (red state) are synced to the corresponding red and blue limit cycles
of the mechanical oscillator. Also, we plot the variation in the phase of the
qubit rotation and that of the mechanical oscillator with the phase of the
reference laser field (mod 27) in Figs. (c)-(f). Here, we observe that the
reference drive is synced only to one of the phases of the mechanical oscillator,
and subsequently to one of the phases of the qubit rotation. For the same
parameters as Fig. [4.3] we observe that the optical drive is synced to the blue
stable state of the qubit rotation (Fig. (¢)) and blue limit cycle of the
mechanical oscillator (Fig. 4.5 (d)). This synchronization is found to be more
prominent, i.e., having less quantum noise, when the qubit spends more time
in the blue state. For every single quantum trajectory run, we get different
time span of the bistable states due to the inherent stochastic behaviour of
quantum trajectories, and when the time span of blue state is more than the
red one, we get a clear synchronization. The corresponding scenario when the
drive is not synchronized (red state) is shown in Figs. (e)-(f). A similar
behaviour of synchronization is observed in the qubit basis. Here, the phase
relations change to ¢ = tan™'({o)/(07)) and 6 = tan™"({o})/{(07) sin (¢)}).

In Fig. we show our results for a large number of quantum trajectories.
The qubit polarization state (o,) averages out to a near-zero state and the
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quantum noise in the synchronization plot is also significantly reduced.

100 ol | g0
1.0 Qt/m 10 10 Qt/m 1.0

Figure 4.5: Synchronization of the hybrid system. (a) Qubit phase (¢) versus
mechanical phase (1) plot. (b) Qubit phase (#) versus mechanical phase (1) plot.
Synchronization of the qubit blue state with the external optical drive is shown in
(c). Similarly, phase plot of the mechanical oscillator in the blue limit cycle and
the external drive is plotted in (d). (d) Phase of the red limit cycle versus phase of
the external drive phase. The parameters used are same as those in Fig.

1.0 (a)' ! 1.0 (b) ) 1.0 (C) ) loy T
(o) ¢! i L
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Figure 4.6: Results for a large number of trajectories run. (a) Time evolution of
qubit vector (o,). We no longer observe bistability. The qubit vector decays to a
near zero state. (b) and (c) shows the less fluctuating synchronization of the qubit
and the mechanical oscillator with the reference field, respectively. The parameters
used are same as those in Fig. 4.3\ (d) Phase plot of the mechanical oscillator and
the drive field in a pure optomechanical system. In this case also we observe less
fluctuations due to the large number of trajectories.

The amplitude of the qubit rotation decreases and the limit cycle of the
mechanical oscillator shrinks towards the origin as the number of trajectories
increases. It is also worth mentioning here that although the actual dynamics
of the system can follow a very complicated periodic structure, yet at specific
intervals of time, simple patterns emerge. Our results also indicate that

66

TH-3594_196121025



4.4. Conclusion

at irrational moments of )¢, a limit-cycle dynamics is observed leading to
synchronization between the qubit rotation and the reference drive.

In this work, we observe that a blue-detuned optical drive induces bistability
in a qubit, and in one of the bistable states, the qubit rotates in sync with the
phase of a reference drive. In addition to this, since the qubit also remains in
the pure state, the complete state of the qubit can be monitored and controlled
by the laser, as for every phase of the driving field, there exists a corresponding
state of the qubit. This scheme can be used to send coherent optical photons
from far-off distance, drive the hybrid system, prepare the qubit state and
then monitor it. As an important application of this monitoring protocol,
the correlation between the states of two distant qubits connected through
an optical channel can be explored. A similar idea was theoretically studied
in |[173] where two qubits are synced and entangled through a driven dissipative
microwave resonator. They observe that because of the synchronization, the
qubits are maximally entangled. So, by applying the results obtained in our
work on the schemes introduced in 37,174, one can study if synchronization
gives rise to maximally entangled qubits placed at distant locations.

4.4 Conclusion

In conclusion, we have numerically demonstrated the synchronization of a
superconducting qubit to an external optical field via a mechanical resonator.
For a single quantum trajectory, bistability and rotation of the qubit were
observed when driven through the optomechanical system. The rotation in
one of the bistable states is synchronized with the external optical reference
drive, maintaining the purity of the state throughout the process. This setup
allows for monitoring and controlling the qubit state via the optical drive,
within the fluctuation limits introduced by quantum jumps and the optical
drive itself. As the number of trajectories is significantly increased, the
qubit no longer exhibits bistability, and while quantum fluctuations decrease,
synchronization remains evident.
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Quantum Transduction of Superconducting
Qubit

In this chapter, we investigate the quantum transduction of a superconducting
qubit to an optical photon within an electro-optomechanical system. This
system consists of a flux-tunable transmon qubit coupled to a suspended
mechanical beam, which in turn is coupled to an optical cavity. The transduction
process unfolds in a sequence. In the first step, the qubit states are encoded
in coherent excitations of phonon modes through a non-demolition qubit
interaction. In the second step, we measure the phonon excitations, which
reveal the qubit states by counting the average number of photons in the optical
cavities.

T

Quantum transduction is a process that transfers quantum information
from one type of quantum system to another, typically involving systems
that are very different from each other and do not interact easily. This
process often requires an interface that facilitates interaction between different
quantum systems. Here, we study quantum transduction that converts
quantum information from a superconducting qubit to an optical photon
via an intermediate mechanical resonator, allowing the qubit information

An article based on this chapter is published in [Phys. Rev. A 108, 043501 (2023),
titled ” Quantum transduction of a superconducting qubit in an electro-optomechanical
and an electro-optomagnonical systemr” and authored by Roson Nongthombam, Pooja
Kumari Gupta, and Amarendra K. Sarma.((©)2023 American Physical Society). The
contents in this chapter are used with permission.
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Chapter 5.  Quantum Transduction of Superconducting Qubit

to be transmitted through optical fibers or other communication channels.
Achieving high efficient quantum transduction in such settings are essential
for realizing long distance quantum communication and modular quantum
computers. Recently, much research has been initiated on developing a
modular quantum computer based on linking multiple superconducting chips
where each chip has a few high-quality qubits. Instead of cramping more
qubits onto a single chip, which will result in high error rates and complex
hardware, creating a network of modules containing few high-quality qubits
on a single chip is better [175-179]. The transduction of the qubit to the
optical photon cannot be achieved directly due to the vast separation of
the frequencies between the two (qubit in GHz and optical photon in THz).
One way to achieve transduction is by introducing a bosonic system as a
mediator that couples both the qubit and the optical photon, forming a hybrid
qubit-boson-optical system. In this chapter, we discuss transduction in an
electro-optomechanical system. In recent years, hybrid electro-optomechanical
system has been extensively studied experimentally [47-51, 180-183] and
theoretically [107,/184-188| for microwave-to-optical photon transduction.
Here, we consider a flux tunable transmon qubit that is coupled to a suspended
mechanical beam [97]. The mechanical beam is then integrated as an end
mirror of an optomechanical cavity forming the required hybrid system [37].

5.1 System Model and Brief Analysis
The Hamiltonian of the hybrid system considered (Fig is given by

Hy= hAata+ hwnbth + Bwé, + hgumo. (b + bY) (5.1)
+hgomata(b + ) + hEy (a+ af) .

Here, a(a') and b(b') are the annihilation (creation) operators of the optical
photon and the mechanical phonon, respectively. The optomechanical interacti-
on strength, ¢,m,, is generally quite small (approximately 1 Hz), so the
optomechanical cavity is driven to enhance this coupling strength, as represented
by the last term. The Hamiltonian H, is expressed in the optomechanical
drive frame, where A, = w. — wy (with w, as the cavity frequency and wy as
the drive frequency). Although higher-order nonlinear interaction terms are
present, as shown in [97], they are excluded here due to their negligible effect
on system dynamics. The qubit-mechanical and optomechanical interactions
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Figure 5.1: Schematic diagram of an electro-optomechanical system. Upon the
application of an in-plane magnetic field B,, the transmon qubit formed by a
SQUID loop (Ej,®) is coupled to a mechanical beam suspended at one arm of
the loop (Epr, @) [?]. The mechanical resonator is integrated as a movable plate
of an optomechanical cavity with a resonance frequency w.. The optomechanical
cavity is driven by a red-detuned laser light.

arise from the displacement of the mechanical resonator. When an in-plane
magnetic field B, is applied (see Fig. , the resonator’s displacement
induces a flux in the Josephson energy, resulting in the qubit-mechanical
interaction [97]. This mechanical motion also alters the resonator frequency
of the optomechanical cavity, leading to the optomechanical interaction. We
consider small simple harmonic motion (SHM) displacements of the resonator.
The transduction of the qubit state occurs in two stages. In the first stage,
the focus is on the qubit-mechanical interaction, where the qubit information
is coherently encoded into the mechanical resonator while neglecting the
optomechanical interaction. This assumption holds because, for an undriven
optical cavity (Ey = 0), the optomechanical coupling strength g,,, is significant-
ly smaller compared to gs,. In the second stage, the qubit-mechanical
interaction is turned off using an external flux bias, and the optical cavity
is driven (Ey # 0), greatly enhancing the optomechanical strength (where
Jom — QGom, and « is the boost factor). The mechanical resonator, now
containing the encoded qubit information, transfers its state to the optical
cavity photons. Consequently, measuring the photon number in the optical
cavity allows for decoding the qubit state. A schematic of this transduction
sequence is illustrated in Fig. [5.2]
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Transmon Resonator Optical

qubit Phonon Photon

First sequence : Qubit — phonon interaction. Goy # 0, Gy = 0

Second sequence : Phonon- optical photon. Ggy = 0, Gy # 0

Figure 5.2: Outline of the qubit transduction scheme.

5.2 Encoding the Qubit State into the Mecha-
nical Resonator

In the first stage of the transduction, the qubit state is encoded into the
mechanical resonator via the qubit-mechanical interaction. Because the qubit-
mechanical coupling rate is much larger than the single-photon optomechanical
coupling rate, the optomechanical interaction can be neglected when there
is no optomechanical cavity drive. Consequently, only the electromechanical
part of the hybrid system remains, which is given by:

. . R <l
H... = hwmb'b + S0+ hgm&2(b+ bh). (5.2)
Here, the coupling constant gy, is dependent on the external flux bias ®,, [97],

Jtm — gOSin(¢b)7 (53)
where, ¢, = 22 and ¢y = L

e 5 is the flux quantum. gy is coupling constant. It
is dependent on the transmon impedance, SQUID asymmetry and the applied
magnetic field |97]. Next, we enhance the coupling rate by modulating it
parametrically by applying a weak ac bias ¢p = @acc0s(Wact) (Pae << 1) [98].

wd

9tm = gﬂ¢accos<wact)- (54)

By substituting this modulated time dependent coupling constant in the
Hamiltonian ([5.2)), and then transforming the resultant Hamiltonian in the
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nical Resonator

z‘wactlﬁb)

reference frame of the ac drive (U = e , we get

N NN h ~ A apn
Hiyy = homb'b + Swids + hgodact=(b + 1) — wacbb. (5.5)

Here, fast rotating terms have been ignored since 2w,. >> go¢d... We evolve
the system under resonant modulation (w,, = w,.). If the qubit is initially
in the ground state |g) and the mechanical resonator is in the vacuum state
|0p), after some time ¢, the qubit remains in the ground state, while the
mechanical resonator evolves into a coherent state |3, = igopact). Conversely,
if the qubit starts in the excited state |e) and the resonator is initially in the
vacuum state, the qubit will remain in the excited state, and the mechanical
resonator will evolve into another coherent state with the same amplitude
but a different phase |5, = —igoda.t) after time ¢.

19, 06)0 — 19, By = GoPact)
’67 0b>0 — |e,ﬁb - _i90¢act>t

An overall phase term induced by the intrinsic qubit Hamiltonian is not
included, as it does not contribute to the transduction process. As the
system evolves, the mechanical resonator transitions from a vacuum state to
a coherent state, while the qubit state remains unchanged. This is due to
the fact that the interaction between the qubit and the mechanical resonator
commutes with the intrinsic Hamiltonian of the qubit, indicating that the
interaction is "non-demolition” for the qubit.

In the presence of a thermal environment, the system evolves according
to the Lindblad master equation.

A

Pem = —i[Hum, pem] + TL[G.] +TL[67]
+9 (nen + L] + wnen Lb], (5.6)

where L[0] = (20po! — 6'6p — po'6)/2. Here, T' is the decoherence and
dephasing rate of the transmon qubit , v, is the decay rate of phonon, ny,(n};,)
is the thermal phonon number, and p.,, is the density operator of the qubit-
mechanical system. We have neglected the thermal photons of the optical
cavity due to the high frequency of the optical photon. To observe the coherent
excitations of mechanical resonator in the dissipating environment, we plot
the Wigner functions in Fig[5.3] We observe that the Wigner functions of the
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Chapter 5.  Quantum Transduction of Superconducting Qubit

phonon and magnon at some time 7 = (3/27) ps and for coupling constants
90Pac = 94Ph. = 2m MHz show coherent state profile. The amplitude of the
coherent states when the qubit is in the ground state is |3, = igoda.T) = |37)
for the phonon, as shown in the figure.

w
0.28 0.24
"3 s
3 I,
£ 014 g 0.12
0.00 0.00
-4 -2 0 2 4 -4 -2 0 2 4
Re[Bp] Re[Bs]

Figure 5.3: Wigner function representation of the coherent states of phonon. (a)
The phonon excites to the coherent states |3, = 3i); when the qubit is in the
ground state |g). The coherent states of the phonon |5, = —3i); when the qubit
is in the exited state |e) is shown in (b). The coherent states are taken at time
t =71 =(3/2m) ps for coupling constants gopa. = 2r MHz. The other parameters
are v,/2m = 1 Hz, ng, = 400, T'/27 = 0.1 GHz

On the other hand, when the qubit is in the excited state, the coherent
amplitudes are |8, = —igoPa.7) = |3i). These changes in the amplitude of
the coherent states corresponding to the qubit ground and excited states
are similar to the ones that are observed in the non-dissipative case. So, in
both the dissipative and non-dissipative qubit-mechanical systems, we observe
that the ground state of the qubit is encoded or associated with a coherent
excitation of the phonon and the excited state of the qubit is encoded in
another coherent excitation of the same phonon having amplitudes exactly
opposite to that of the excitation associated with qubit ground state.

5.3 Exchange of Mechanical and Optical States.

In the first stage, the qubit state was encoded into the coherent excitations of
a phonon. Now, we will transfer this qubit-encoded state from the mechanical
resonator to an optical photon through optomechanical interaction, thereby
completing the second stage. From the previous analysis of the electro-
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mechanical interaction, it is clear that the mechanical resonator can be
coherently excited to different amplitudes depending on the initial state of the
qubit. We will first consider the qubit in the excited state, which coherently
excites the mechanical resonator to |8, = Figoda.t). After this excitation,
the interaction gg¢. is switched off by turning off the flux bias ¢,.. The
remaining interacting system is then the optomechanical system.

H = BN ata + hwnb'h + hgomala(d' + b) + REg(al + a). (5.7)

Since ¢, ~ 1Hz is very weak, we drive the cavity with an intense laser.
Because of this strong drive, we can separate the amplitudes of the mechanical
resonator and optical cavity into a semi-classical coherent part (ﬁ ,a) and a
small quantum fluctuation (6a, db) around it, i.e., @ — da +« and b — 6b+ f5.
We substitute this separation in Eq. At the steady state, the semi-
classical coherent parts are given by

Ey
= 5.8
@ K/2 —iA 4+ i(8+ 5*)Gom (5.82)
i Gom|c|?
Jom [l 5.8b
’)/b/Q R iwm ( )

By retaining only the interacting term, which is multiplied by the factor
a(]al ~ 10%), the Hamiltonian [5.7| reads

H oy = hA'aTa + heonbTb + hGopm(a! + a)(b' + b), (5.9)

where A = A.— (B84 5%)gom and Gy = gom || for a constant phase preference
of alpha. For simplicity we have rewritten da to a and db to b. Note that
while writing EqJ5.9] we have ignored all the constant terms and all the linear
terms containing a, a', b and b are equated to zero. The coherent state of
the mechanical resonator prepared from the electro-mechanical interaction
is in the mechanical frame w,, = wy.. So, we transform the Hamiltonian
in the mechanical frame. We further transform the system in the cavity
detuning frame A. Therefore, for a red-detuned laser drive A = w,,, Eq.(5.9)
becomes

Hop = hiGom (a'h + bla). (5.10)

Here, the fast rotating terms are ignored provided G,,, << 2w,,. For studying
the state transfer from mechanical phonon to optical photon, we write down
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Chapter 5.  Quantum Transduction of Superconducting Qubit

the dynamics of average number of photon and phonon in the presence of

dissipation.
/\'|‘/\ . R
d<2t“> — (@B — (B1a))Gom — r(aTa) (5.11a)
9 A A B
WV i((ia) — (15)) G — (01D
+1un (5.11b)
dbta)  —(K+W) sy iy
T 5 (b'a) — iGom((a'a)

— (b)) (5.11c)

The analytical solution of Eq. in the absence of dissipation is given by

(a'a) = %{|O<o|2 +[Bol* + (|ao]* = 5o]*) cos(2Gomt)
—i(agfo — anfy) sin(2Gomt)} (5.12)

Here, |ap|? = (ata)o and |Bo|2 = (bb)o are the initial values of photon and
phonon/magnon. The above equation can be further simplified by simply
choosing |ag|? = |Bol?.

(aa) = |ag|* — Im(agBo) 5in(2G omt) (5.13)

The initial coherent amplitudes of phonon is fixed at Sy = *igo¢a.7. To keep
the oscillatory part in Eq. (5.13)), which is necessary for the transduction, we
require that the initial coherent amplitude of the cavity photon «g should

have a non-zero real part. Therefore, we choose ag = go¢4.7. The oscillation
of Eq. then becomes

(aTa) = (godaet)* {1 — 5in(2Gsmt)}, (5.14)
when the qubit is in the excited state (89 = —igoPa.7), and
(aTa) = (godaet)*{1 + sin(2Gomt)}, (5.15)

when the qubit is in the ground state (5o = igodae.T). The evolution of the
average photon number is depicted in Fig. |5.4{a). The figure illustrates that
measuring the average photon number in the cavity at intervals of ¢t = 7/2G,,,
(starting from t = 7/4G,,,) allows us to detect the presence or absence of
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Figure 5.4: Evolution of the average number of photon (a'a) in the optical cavity.
(a) In the absence of dissipation, the oscillatory evolution of (afa) keeps on going.
When the qubit is in the ground state, the oscillation is represented by the red
colour, and when the qubit is in the ground state, the oscillation is represented
by the black colour. The evolution of average photon number in the presence of
dissipation is shown in (b) for K = 2G4, (¢) and (d) for kK = Gop,- In (a), (b),
and (c), k/2m = 0.01 GHz is used, and in (d), /27 = 1 MHz is used. The other
common parameters are v = 1 Hz and ng, = 400 .

photons, depending on the state of the qubit. If photons are detected in the
cavity at intervals of t = (2n + 1)7 /4G, where n. = 0,2,4, ..., it indicates
that the qubit is in the ground state. Conversely, if no photons are detected
at the same intervals, the qubit is in the excited state. Similarly, if photons
are detected at intervals of ¢t = (2n + 1)7/4G,,,, where n = 1,3,5,..., it
indicates that the qubit is in the excited state, while the absence of photons
at these intervals suggests the qubit is in the ground state. These specific
intervals were chosen because the average photon numbers at these times are
maximally separated, making it easier to determine the qubit states more
accurately than at other intervals.

In the presence of dissipation, the oscillatory nature of (a'a)(t) decays
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Chapter 5.  Quantum Transduction of Superconducting Qubit

over time. To accurately determine the state of the qubit by counting the
photon number, the optomechanical coupling rate G,,, should be comparable
to the cavity decay rate k. Figure [5.4|(b) illustrates the decay of the cavity
photon number for kK = 2G,,,, representing a moderate coupling strength. At
this strength, efficient qubit state measurements can be performed at just two
intervals, ¢ = 0.02 us and t = 0.075 us, before the average photon number
decays to zero. If the coupling strength is lower than this, identifying the qubit
states from the optical photons becomes unfeasible. Figure (c) depicts
the scenario where the coupling strength equals the decay rate. Here, more
oscillations are visible, allowing for additional time intervals to measure the
qubit states. Furthermore, as shown in Figure (d), reducing the decay rate
k enables an increase in the time period for the same number of oscillations.

=
o

(a) (b)

o
N

e

Probability
o
'_I
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o
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Figure 5.5: Probability distribution of coherent states of the optical photon number
in the presence of dissipation. (a) and (b) shows the distribution when the qubit is
in the ground and excited state, respectively. The coherent states are measured at
time 7 = 0.075 ps. The average photon number in (a) is 3.4, and 0 in (b).

Since we are dealing with coherent states, it is possible to quantify how
well the measured photon number indicates the qubit’s particular state. In
Fig. we plot the probability distribution of the coherent state for the
case of k = 2G,, (refer to Fig. [5.4(b)) at the measurement time 7 = 0.075 us.
It is evident that even when the qubit is in the excited state, there remains
some probability of not detecting any photons in the cavity. The difference
in the probability of not finding photons when the qubit is in the excited
state (P. = 0.035) compared to the ground state (P, = 0.999) provides the
efficiency for determining the qubit state, given by P = P, — P, = 0.964. This
efficiency tends to decrease with a lower average photon number and vice
versa. Therefore, it is necessary to repeat the counting measurement several

78

TH-3594_196121025



5.4. Conclusion

times to reliably conclude the nature of the qubit state.

5.4 Conclusion

In conclusion, a scheme has been proposed to achieve quantum transduction
of a superconducting flux-tunable transmon qubit within a hybrid electro-
optomechanical system. The transduction process occurs in two stages. First,
the qubit states are encoded into the coherent excitations of mechanical
phonons without disturbing the qubit state, ensuring a non-demolition
interaction. In the second stage, these excitations are identified by counting
the average number of photons in the optomechanical cavity. The coherent
interaction between the phonon and the optical photon results in oscillations
of the average photon number over time. These oscillation patterns are exactly
opposite when the qubit is in the ground state compared to when it is in the
excited state. Consequently, multiple measurements of the photon number
can be conducted at regular intervals, enabling the determination of the
qubit’s state at each time point. In the presence of dissipation, it is essential
for the optomechanical coupling strength to be at least moderately strong
to allow for measurements before the photon number decays to zero. The
required coupling strength in the optomechanical system has been analyzed.
Realizing quantum transduction in hybrid systems, such as the one studied
here, is crucial for developing long-distance quantum communication and
advancing quantum networks.
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Conclusion

Hybrid systems implemented in circuit QED demonstrated significant potential
for quantum technological applications, thanks to their design flexibility,
advanced fabrication techniques, and strong coupling capabilities derived
from the large zero-point field of superconducting circuits. In this thesis,
we explored various quantum applications within two hybrid systems based
on the circuit QED platform: electromechanical and electro-optomechanical
systems. The introductory chapter provided an overview of how these systems
were integrated on a superconducting chip. We outlined the fundamental
concepts behind these hybrid systems and categorized them based on the
interactions among their components. For example, in an electromechanical
hybrid system, a suspended mechanical resonator coupled with the qubit via
a movable capacitor or through flux induced in the qubit loop. Additionally,
the qubit could couple with phononic crystal modes through the piezoelectric
response. By introducing an optical mode, either via a Fabry-Pérot cavity
or an optomechanical crystal, the electromechanical system evolved into an
electro-optomechanical system. The subsequent chapters delved into various
quantum phenomena and their applications within these two hybrid systems.

In Chapter 2, we considered two phononic crystal resonators coupled to two
superconducting qubits separately through the piezoelectric response of the
crystals. We first entangled the qubit-mechanical pairs by dispersively driving
the qubits from the resonators and then performed a Bell state measurement
on the qubits. This measurement induced entanglement, resulting in bipartite
cat states of the two resonators, even though they did not initially interact.
We showed that, based on the measurement outcome of the Bell test, four
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bipartite cat states could be produced. Since the two qubits involved in the
Bell test were linked through a microwave cavity, they could be placed far
apart, enabling the remote generation of these cat states. Additionally, we
performed a Bell inequality test using the CHSH formalism, which revealed
a violation of the inequality. We also analyzed how the level of violation
depended on coupling strength and decay rates.

In Chapter 3, we demonstrated the cooling of a suspended MHz frequency
nanomechanical resonator in a hybrid electro-optomechanical system, which
was realized by introducing a Fabry-Pérot cavity into an electromechanical
system. The cooling of the resonator occurred by applying a red-detuned
drive to both the qubit and the optical cavity. Due to the red detuning, the
qubit was excited to a higher energy level by absorbing incoming photons
from the external drive, as well as phonons from the mechanical oscillator.
Consequently, the mechanical resonator lost phonons to the qubit, resulting
in its cooling. Similarly, optical photons entered the cavity by absorbing a
phonon from the oscillator, also due to the red-detuned drive, which further
cooled the resonator. These two processes happened simultaneously, allowing
us to achieve ground state cooling of the mechanical resonator within the
hybrid electro-optomechanical system. We also compared the individual
cooling methods, namely qubit-mechanical and mechanical-cavity cooling,
with the hybrid cooling. In the weak coupling regime, hybrid cooling was
shown to be more efficient than the individual systems within the resolved
sideband resonator. Likewise, in the strong coupling regime, hybrid cooling
also demonstrated greater effectiveness.

Using the same hybrid system employed for cooling, we investigated the
synchronization of a superconducting qubit with an external optical drive
in Chapter 4. The synchronization was studied under quantum trajectory
evolution. In a single trajectory run, we observed that an optical blue-detuned
drive induced two self-sustained oscillations in the resonator and two stable
states of the qubit defined by its polarization vectors. The bistable states
of the qubit appeared as two rotations about the stable vector on the Bloch
sphere, with the phase of this rotation synchronized to the phase of the
resonator’s oscillation. By applying a reference drive to the optical cavity, we
demonstrated that the phase of the qubit’s rotation could be locked to the
phase of the reference drive. We repeated these observations across a large
number of trajectories and found that while the bistabilities vanished, the
synchronization persisted.

In Chapter 5, we proposed a scheme to transduce qubit information to an
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optical mode using an electro-optomechanical system, where the resonator is
coupled to the qubit by modifying the qubit’s flux loop. The transduction
of the qubit state occurs in two stages. In the first stage, we focused
solely on the qubit-mechanical interaction, coherently encoding the qubit
information into the mechanical resonator. In the second stage, we disabled
the qubit-mechanical interaction using an external flux bias and activated
the optomechanical coupling by driving the optical cavity. The state of the
mechanical resonator, which contains the encoded qubit information, was
then swapped to the optical cavity photons. Thus, by measuring the state of
the optical cavity photons, we were able to decode the state of the qubit.

While the quantum phenomena and applications such as the cooling of a
resonator, synchronization of the qubit, and bipartite cat state generation
were studied within a specific hybrid system, these investigations can also
be extended to other hybrid systems. For instance, the generation of
bipartite cat states could be expanded to two electro-optomechanical systems
connected through the same optical channel, where the two qubits would
be linked by long-lived photons. This arrangement could enhance long-
distance quantum communication based on continuous variable phononic
resonators. Additionally, synchronization and cooling phenomena could be
explored within electromechanical systems by replacing the optical cavity
with a microwave cavity. An advantage of confining the system to the circuit
itself is the reduction of added noise, as well as the mitigation of large
frequency differences between components, which is essential for achieving
stronger coupling.Moreover, the hybrid systems studied in this thesis are
frequently utilized for various technological applications, including practical
long-distance quantum communication, the development of quantum networks
using repeaters, and the realization of modular quantum computers. The
primary challenges in all these applications involve managing the loss of
quantum information due to decoherence from environmental noise. Extensive
research is ongoing to mitigate the effects of noise and to achieve practical
quantum technological applications.
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Appendix

A.1 Derivation of Hamiltonian (3.3

The qubit part of Eq. (3.2) in the number basis can be written as

H, =AE.(x) Y [N - J\/,,cq(ar:)]2 [NV) {N]
_% (IN + 1) (N| + [N) (N + 1]) (A.1)

where E.(z) = €?/2Cx(x) is the charging energy of the CPB. Substituting
the value of N,,(x), which is close to an odd number of electron charges, in
Eq.(2.2), and restricting |N) to |0) and |1), we get the two-level approzimation
Hamiltonian,

H,=—E.(z) [1+4AN(2)’] I
+4E.(x)AN(z)o, — —0c (A.2)

Here, all the states are eigenstates of the I operator, so the first term just
add extra energy of E.(x)(1+ 4A?) to all the states. We can therefore omit
this term.

H, = —4FE.(x)AN(z)o., — —0 (A.3)
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Assuming that the displacement x of the movable capacitor is relatively small
compared to it’s initial separation d, we approximate C,(x) ~ C, — C,(z/d),
and hence AN(z) =~ AN — N,(z/d) and E.(z) = E.+ E.(C,/Cx)(z/d).
Here, C, = 2eN,/V,, E. = €*/2Cs and Cyx. = 2C; 4+ C, + C,. Substituting in
Eq. , we get

H,= —ga; - %a; — hg (ET + 5) oL, (A.4)
where g = (4ECXZPF/hd) [Nx — AN(Cx/CE)], € = SECAN and XZPF is the
zero-point field amplitude of the oscillator. For a large value of N, > 1, the
coupling rate can be approximated to g ~ 4FE.Xypp/(hdN,). Both the gate
voltage V; and V, have quantum fluctuations (5N . and 0N ) which acts as
a quantum dissipation to both the qubit and oscillator. This fluctuation is
visible in AN, i.e., AN — AN + 6N, + 5Nq. Substituting these fluctuations
in Eq.(2.5), and in the first term of Eq.(2.3), we obtain two additional terms,
i.e., 4B, (0N, +06N )0’ and 4E, Xzpp (0N, +0N ) (bT+b). The first term causes
dephasing of the qubit and the second term causes relaxation of the oscillator.
These fluctuations can be included in the Lindblad master equation of the
total hybrid system as a decay rates, and hence, can be omitted from the
Hamiltonian. If we coherently drive the qubit at frequency w; and amplitude
Qg, the qubit Hamiltonian with the driving term reads

2 € EJ
/ o

p 50: ™ 5 0o~ hg(bT + b)a’, + Ak cos(wat)o”,. (A.5)

After transforming to the eigenbasis of the qubit, the Hamiltonian H, reads

~  hw
H, 27(1@ + Qg cos(wat) (o, cos p — 0, sin )

— hg(b' + b) (0, cos p — 0. sin ), (A.6)

where tan p = €/ FE; and hw, = \/€? + E%. Within the usual RWA approxima-
tion, the transverse coupling term hg(ZA)T + B)Um cos ¢ can be dropped due to
the significant difference in qubit and oscillator energy scales, i.e., w, > €.
Near the charge symmetry point (AN ~ 0 and sin¢ ~ 0), the longitudinal
coupling is weak. So, we transform the transverse coupling term using
Schrieffer-Wolff transformation [152] and retain the second-order coupling
term h(g?/w,) cos? (bt + b)20.. Furthermore, due to wy ~ w,, we can drop
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the driving term Ay cos(wgt)o, sin under RWA. The Hamiltonian then
simplifies to

~ hw
H, :Tqaz + hQg cos(wgt) o, cos @
2

+ hg(b' + b)o. sin g + hf)_ cos? (bt + b)?0,. (A.7)

q

In the drive frame (wy) of the qubit, we have

A hA 1
H, = 2q +§hQRO}E cos
2
+ hg(b' + b)o, sinp + hi— cos® p(b' + b)%0., (A.8)

q
with A, = wqg — wy. On expanding the last term, we get terms that are
proportional to aaf, a'a, a'a’ and aa. By neglecting the two phonon
interaction terms aa and a'a’ under RWA we get the qubit part in Eq.

(3-3)

A.2 Generation of Qubit Bell state

The interaction between the two qubits that generates the Bell state is given
by

H = hJ' (6165 + 6567). (A.9)
This interaction is a by product of the dispersive transformation and the
cavity photon connects the two qubit virtually. In order to distinguish all the
Bell states of the two qubit, we resonantly drive the qubits individually.

H = h(J'6765 + Y Aje®i0]) + He. (A.10)

y=1.2
Here, A; and ®; are the Rabi frequency and phase, respectively, of the drive
applied to the qubits. We have assumed that J’ >> A, \5. The drive produces
two dressed states |£); = (1/1/(2))(lg;) + ¢®|e);). The qubit cannot go into
transitions between dlfferent dressed states under the conditions ®; = &5 = &

and |A; — As| >> |J'|. Then the Hamiltonian (A.10)) in the dressed state
basis reduces to [134}140].

N 1
H.pp = §hfgzlszg +h Y A8 (A.11)

§=1,2
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Here, S.j = |+);(+|; —|—);(—|;- If the phases of both the driving fields are
reversed right in the middle of the two-qubit interaction time, then the dressed
state |[+)1]+)2 evolves to | + +)¢ = exp(iJ't/2)|+)1|+)2. At time 7 = 7/2.J,
the dressed state become |+ +), = (1/2)(i|¢™) + |¢F) +i|tp~) + [¢1)). In the
computational basis (|0), 1)), the state | + +), can be obtained by applying
the unitary operator
i
U= i (A12)

SO O
O s = O

O = = O

1

Therefore, in the computational basis the Bell state [¢T) is mapped to |0;0s),
i.e., U|0,02) = |¢T). Similarly, |¢7), |¢p), and [¢)~) are mapped onto |1;1s),
[1102), [0115).
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