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Abstract

Conventional Rabi oscillations are studied using the rotating wave approxima-
tion (RWA). It is an approximation used for the approximate analytic solution of
time-dependent Schrödinger eqn. of a two-level system coupled to a weak electric
field in resonant with the transition. In this approximation, we remove rapidly
oscillating terms of the effective Hamiltonian, but its validity is limited to only
when the internal frequency of the two-level system is close to the external fre-
quency of field, i.e. in case of resonance. Far from conventional resonance, only
relativistic fermionic systems exhibit a new type of Rabi oscillation, which is ab-
sent in conventional semiconductors and two-level systems. Our aim is to study
nonlinear optics of these systems at the Weyl (Dirac) node, since all interesting
physics at low energy occurs in the vicinity of the Weyl(Dirac) node - particularly
the phenomenon of anomalous Rabi oscillation (ARO), which has been predicted
theoretically in single layer graphene by our group (and also by others where these
ideas go under the name of "Floquet theory"). In order to study this, we employ
an approximation known as asymptotic rotating wave approximation (ARWA). We
have studied this phenomenon as well as its conventional counterpart that occurs
close to resonance (ordinary Rabi oscillations) and verified the claims numerically.

Graphene is a prototype of a two-dimensional massless Dirac-fermion system.
The three-dimensional (3D) analog of graphene is called a Weyl semimetal. 3D
topological insulators (TI) have surface states that consist of massless 2D Dirac
fermions. These three systems have some features in common - in addition to being
composed of massless fermions, they possess spin-like internal degrees of freedom.
Such relativistic fermion systems are best characterized using the phenomenon of
anomalous Rabi oscillation (ARO) that occurs far from conventional resonance
and is unique to these systems. These oscillations are absent in two-level atoms
and conventional semiconductors. The main difference in the non-linear optical
response between graphene-like materials and Weyl semimetal (or surface state
states of TI) is the latter’s pronounced anisotropy in the wave vector dependence of
both the conventional and anomalous Rabi frequencies. A detailed analysis of this
anisotropy shows that in Weyl metals (or on TI surface), the Rabi frequency has
a form that resembles massless Dirac particles at certain points in the reciprocal
space. Hence, in these systems, both the quasiparticles and the collective modes
that exist in them in response to time-varying fields are ultra-relativistic in nature
whereas in graphene only the original quasiparticles are massless, but the Rabi
modes are massive. On surface states of TI, this anisotropy may be attributed to
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the Zeeman term. It is shown that the Zeeman term has no qualitative effect on
the conventional Rabi frequency, but its absence makes the anomalous Rabi modes
massless. A fully numerical solution of the Floquet-Bloch equations unequivocally
establishes the presence of not only anomalous Rabi oscillations in these systems
but also their massless character.

In two-level systems, it is recognized that conventional Rabi oscillations un-
dergo a shift in the resonant frequency which is the Bloch-Siegert shift. This shift
is quite small in such systems and hence largely of academic interest. The present
work shows that in graphene, such shifts can be substantial - especially upon the
inclusion of band curvature effects and Rashbha coupling. Both conventional and
anomalous Rabi oscillations are resonance phenomena, in other words, the ampli-
tude of these oscillations peak when the condition for resonance is obeyed. The
purpose of study the shift in the conditions for resonance brought about by (a)
the presence of strong fields upon the inclusion of frequency doubling effects or
(b) band anisotropy due to next nearest neighbor hopping or Rashba effect. We
refer to both these shifts as Bloch-Siegert shifts, although only (a) was envisaged
by Bloch and Siegert.

In science, verification of a theory is usually accomplished by performing a
suitable experiment. We have described pump-probe spectroscopy, which is used
to experimentally probe the phenomenon of anomalous Rabi oscillations - a central
idea in this thesis. In this experiment, two successive laser pulses are used, one
for exciting the system in a certain way, called pump pulse and other to test it
after a variable time delay, called probe pulse. This simply involves looking for
periodic oscillations in the differential transmission coefficient versus pump pulse
duration (alternatively, the area of the pump pulse). When all else remains fixed
(including pump-probe delay), these plots exhibits oscillations with a frequency
corresponding to the anomalous Rabi frequency. Furthermore, the amplitude of
these oscillations decay as a power law in the pump duration with a characteristic
exponent that is indicative of the particular system under consideration.

Furthermore, it is shown that ARO exists even if the EM field is treated quan-
tum mechanically. This establishes that the AROs are not due to approximations
or assumptions we have made. By using probability amplitude equation, we have
studied anomalous Rabi oscillations in the presence of a quantum field. Finally,
we described limiting case, how these quantum result will convert in the classical
result. New phenomena such as zero-point or vacuum anomalous Rabi oscilla-
tions are seen. Therefore, it is no exaggeration to say that the anomalous Rabi
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oscillation is a phenomenon that is uniquely suited to study condensed matter
realizations of relativistic systems.

TH-1787_10612109



TH-1787_10612109



Contents

Abstract v

List of Figures xiii

List of Tables xvii

1 Introduction 1
1.1 Graphene . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 Geometry of Graphene . . . . . . . . . . . . . . . . . . . . . 4
1.1.2 Honeycomb Lattice (Graphene) i.e. Nearest-Neighbor (NN)

Hopping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.1.3 Pseudospin in Graphene . . . . . . . . . . . . . . . . . . . . 9
1.1.4 Graphene Electronic and Transport Properties . . . . . . . . 11
1.1.5 Graphene Optical Properties . . . . . . . . . . . . . . . . . 11

1.2 Topological Insulator . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.2.1 Honeycomb Lattice (Graphene) i.e. Next Nearest Neighbors

(NNN) Hopping . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.2.1.1 Potential Energy (Breaking Inversion Symmetry) . 24
1.2.1.2 Joint Presence of HPotential and HNNN . . . . . . 25

1.2.2 Kane-Mele Model . . . . . . . . . . . . . . . . . . . . . . . . 26
1.2.3 Terahertz and Infrared Study of Topological Insulators . . . 27

1.3 Weyl Semimetal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
1.3.1 Dirac Fermions . . . . . . . . . . . . . . . . . . . . . . . . . 29
1.3.2 Weyl Fermions . . . . . . . . . . . . . . . . . . . . . . . . . 31
1.3.3 Possible Realization of Weyl semimetals . . . . . . . . . . . 33
1.3.4 Chiral Anomaly in Weyl semimetal . . . . . . . . . . . . . . 36
1.3.5 Electronic Properties of Weyl Semimetal . . . . . . . . . . . 36
1.3.6 Optical Properties of Weyl Semimetal . . . . . . . . . . . . . 37

1.4 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
1.4.1 Graphene . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
1.4.2 Topological Insulator . . . . . . . . . . . . . . . . . . . . . . 39
1.4.3 Weyl Semimetal . . . . . . . . . . . . . . . . . . . . . . . . . 40

1.5 Rabi Oscillations in Two-Levels . . . . . . . . . . . . . . . . . . . . 41

2 Rabi Oscillations in Dirac-Weyl Fermionic Systems 45

ixTH-1787_10612109



x Contents

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 46
2.3 Weyl Semimetal Hamiltonian in Second Quantized Form . . . . . . 47
2.4 Rabi Oscillations in Weyl . . . . . . . . . . . . . . . . . . . . . . . . 48

2.4.1 Off-Resonance Case (ARWA) . . . . . . . . . . . . . . . . . 51
2.4.2 Resonance Case(RWA) . . . . . . . . . . . . . . . . . . . . . 54

2.5 Fully Numerical Solution . . . . . . . . . . . . . . . . . . . . . . . 56
2.6 Surface States in a 3D Topological Insulator . . . . . . . . . . . . . 59
2.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
2.8 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

2.8.1 Methods for Obtaining Anomalous Rabi Frequency . . . . . 65
2.8.1.1 Current Density Method . . . . . . . . . . . . . . . 65
2.8.1.2 Wave Function Method . . . . . . . . . . . . . . . 66
2.8.1.3 Fourier Transform method . . . . . . . . . . . . . . 68
2.8.1.4 Numerical Simulation Method . . . . . . . . . . . . 68

3 Band-Anisotropy Induced Bloch-Siegert Shift in Graphene 69
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.3 Bloch-Siegert Shift in a Two-level System . . . . . . . . . . . . . . . 72
3.4 Bloch-Siegert Shift in Graphene - Linear Dispersion . . . . . . . . 76
3.5 Bloch-Siegert Shift in Graphene - Band Curvature Effects . . . . . 78
3.6 Bloch-Siegert Shift in Graphene - Rashba Interaction . . . . . . . . 80
3.7 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . 81
3.8 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
3.9 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

3.9.1 Derviation of Bloch Equation in Graphene . . . . . . . . . . 89
3.9.2 Derviation of Band Curvature Effects in Graphene . . . . . 91
3.9.3 Conventional Way (Old Approach) of Bloch-Siegert Shift in

Graphene - Linear Dispersion . . . . . . . . . . . . . . . . . 94

4 A Theoretical Analysis of the Pump-Probe Experiment in Dirac-
Weyl Systems 99
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
4.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.2.1 Pump-Probe Spectra in Graphene . . . . . . . . . . . . . . . 101
4.2.2 Pump-Probe Spectra in Topological Insulator . . . . . . . . 102
4.2.3 Pump-Probe Spectra in Weyl Semimetals . . . . . . . . . . . 102

4.3 Dephasing in Open Quantum Systems: The Lindblad Superoperator 103
4.4 The Pump-Probe Experiment . . . . . . . . . . . . . . . . . . . . 104

4.4.1 Pump Equation . . . . . . . . . . . . . . . . . . . . . . . . . 105
4.4.1.1 Case I: For Time t < 0: . . . . . . . . . . . . . . . 105
4.4.1.2 Case II: For Time 0 < t < tpu: . . . . . . . . . . . . 105
4.4.1.3 Case III: For Time t > tpu: . . . . . . . . . . . . . . 105

4.4.2 Probe Equations: t > tpu + τd . . . . . . . . . . . . . . . . 107
4.4.2.1 Probe Without Pump . . . . . . . . . . . . . . . 108

TH-1787_10612109



Contents xi

4.4.2.2 Probe With Pump: t > tpu + τd . . . . . . . . . . 108
4.5 Differential Transmission Coefficient of Dirac-Weyl Fermionic System111

4.5.1 Graphene and Weyl Semimetal . . . . . . . . . . . . . . . . 111
4.5.2 Topological Insulator (TI) . . . . . . . . . . . . . . . . . . . 118

4.6 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 125
4.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5 Quantum Rabi Oscillations in Weyl Semimetal 128
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
5.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 129
5.3 Quantum Rabi Oscillations . . . . . . . . . . . . . . . . . . . . . . 129
5.4 Jaynes Cummings Model (JCM) . . . . . . . . . . . . . . . . . . . 130
5.5 Jaynes Cummings Type Model Hamiltonian for Weyl Semimetal . . 133
5.6 Quantum Rabi Oscillations . . . . . . . . . . . . . . . . . . . . . . 134

5.6.1 Conventional Oscillations: RWA . . . . . . . . . . . . . . . 135
5.6.2 Anomalous Oscillations: ARWA . . . . . . . . . . . . . . . . 138

5.7 Numerical Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
5.8 Result and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 143
5.9 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
5.10 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5.10.1 Derivation of Jaynes Cummings Type Model Hamiltonian
for Weyl Semimetal . . . . . . . . . . . . . . . . . . . . . . . 144

5.10.2 Unitary Transformation . . . . . . . . . . . . . . . . . . . . 146
5.10.3 Bloch Equation . . . . . . . . . . . . . . . . . . . . . . . . . 146

6 Summary and Conclusions 149

Bibliography 157

TH-1787_10612109



TH-1787_10612109



List of Figures

1.1 Band structure of graphene is shown where the conduction band
and valence band touch at certain locations in the reciprocal space
known as Dirac points. The linear energy momentum relation de-
scribed in inset. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 In this figure, we can see the ideal 2D graphene honeycomb lattice
which is the interpenetration of two triangular sublattices labeled
‘A’ and ‘B’ type of atoms. There are two atoms per unit cell of
graphene lattice (shown in the figure). The right figure shows the
unit cell since it effectively contains two atoms. . . . . . . . . . . . 4

1.3 The first figure shows the Wigner-Seitz primitive cell obtained from
the direct lattice of graphene. Second figure depicts the reciprocal
lattice of graphene, making an angle 900 with the direct lattice. The
reciprocal lattice vectors G1 and G2 form the basis. . . . . . . . . . 6

1.4 The figure depicts the interface between a quantum Hall state and
an insulator with a chiral edge mode. (a) The incomplete (skipping)
cyclotron orbits in quantum Hall state are seen. (b) The band
diagram of a semi-infinite edge in a topological insulator with a
Chern number of C = +1 is shown. A single edge state connects
the valence band to the conduction band 1. . . . . . . . . . . . . . . 16

1.5 The plot between energy dispersion ε± and kx and ky for both bands
in the first Brillouin zone. . . . . . . . . . . . . . . . . . . . . . . . 23

1.6 Band structure comparison between 2D graphene and 3D Weyl
Semi-Metal system. Detailed degeneracy properties in both cases
are indicated explicitly. In order to highlight the key point, we only
plot dispersion near one node in each case, however, in the Weyl
systems, Weyl nodes always appear in pairs with opposite chiralities. 33

1.7 Figure shows predicted phase diagram for Pyrochlore Iridates: hor-
izontal axis represents the increasing interaction among Ir 5d elec-
trons; the vertical axis represents the external magnetic field, which
could cause a transition out of the noncollinear all-in/all-out ground
state possessing several electronic phases2. . . . . . . . . . . . . . . 34

xiiiTH-1787_10612109



xiv List of Figures

1.8 Schematic diagram of the 3D multilayer heterostructures, which is
found by alternating Topological Insulator(TI) layers and Normal
Insulator(NI) layers. In all TI layers, their surface states time-
reversal symmetry is broken caused by doping magnetic impurities
inside TI layers. Unhashed layers represent the TI layers, while
hashed layers represent the NI spacers. The arrow of each TI layer
represents the magnetization direction. Only three periods of the
superlattice are shown in the schematic3. . . . . . . . . . . . . . . . 35

1.9 A schematic diagram of atomic oscillations (Rabi oscillations) be-
tween two level systems in presence of applied A.C. electric field. . 41

2.1 The plot belongs from eq.(2.22), depicts the anomalous Rabi fre-
quency versus the component of the wave vector pz upon setting
px = 0 and py = 0 where A1 = vF pzω

ω
′2
R

and B1 = ΩARWA ω

ω
′2
R

. For

plotting we consider ω
′
R

ω
= 0.1, vF = 1 and ~ = 1. . . . . . . . . . . . 53

2.2 The plot shows the anomalous Rabi frequency versus wave vector
(qualitatively) in 3D with

√
p2
x + p2

y = |p‖|, plot is for circularly
polarized light. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

2.3 Plot of conventional Rabi frequency from eq.(2.25) is shown for
circularly polarized light. Parameters are plotted in units of ω and
for plotting we consider ω

′
R

ω
= 0.1, vF = 1 and ~ = 1. As before, in

the first plot the values of px and py are zero. . . . . . . . . . . . . 55
2.4 3D plot of conventional Rabi frequency (qualitatively) from eq.(2.25)

is shown for circularly polarized light. . . . . . . . . . . . . . . . . . 56
2.5 Slow oscillations plot correspond to an anomalous Rabi frequency

with theoretical periods of 1.67
(
time is in unit of 2πω

ω2
R

)
. . . . . . . 57

2.6 Slow oscillations plot correspond to an anomalous Rabi frequency
with theoretical periods of 2.5

(
time is in unit of 2πω

ω2
R

)
. . . . . . . 58

2.7 Slow oscillations plot correspond to an anomalous Rabi frequency
with theoretical periods of 5.0

(
time is in unit of 2πω

ω2
R

)
. . . . . . . 58

2.8 This plot depicts fast oscillations in earlier plots that makes the
latter appear to have a thick green line. The fast oscillations have
a frequency equal to the frequency of external radiation, time is in
unit of 2πω

ω2
R
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.9 Top figure demonstrates (eq.(2.31)) the anomalous Rabi frequency
versus the x-component of the wavevector when the y-component
is made zero. Even though the plot amplifies the massive character
of this Rabi mode, it is nearly massless and the small non-zero
minimum value is due to the Zeeman energy. The labels in this
plot are Y = ΩARWA

5.45×10−12ω
, vF px

ω
= 5.45× 10−12 (X − 1652.0). The 3D

plot on the bottom (eq.(2.32)) depicts the massless Dirac-like cone
of the anomalous Rabi frequency at a shifted point in the wavevector
space determined by the Zeeman energy scale. . . . . . . . . . . . . 62

TH-1787_10612109



List of Figures xv

3.1 The first figure demonstrates the cross-over phenomenon spanning
both the conventional and anomalous resonance regions (Ω = ΩRWA

Or ΩARWA). The second figure shows the conventional Rabi fre-
quency with and without frequency doubling. The lateral shift in
this plot is the conventional Bloch-Siegert shift. The BS shift in this
plot is exaggerated for clarity by choosing ωR

ω
= 0.1, parameters are

plotted in unit of ω and zk = vF (px − ipy). . . . . . . . . . . . . . . 85
3.2 In the first figure the conventional Rabi frequency including non-

linearity with and without frequency doubling is plotted, depicting
the conventional Bloch-Siegert shift as in fig.(3.1). The second fig-
ure shows a much smaller Bloch-Siegert like shift even without fre-
quency doubling, due to nonlinearity(on considering sin(3θk) = −1,
zk = vF (px − ipy)). . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.3 The first figure is the plot of the anomalous Rabi frequency ver-
sus the two cartesian components of the wave vector including the
Rashba effect. The second figure is a plot of the anomalous Rabi
frequency including frequency doubling and nnn hopping but no
Rashba effect. In both cases we see strong anisotropy. In particu-
lar, there are new minima in appropriate directions away from the
trivial minimum corresponding to Bloch-Siegert shifted anomalous
Rabi oscillations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

3.4 The first plot shows the anomalous Rabi frequency versus wave
number in the Rashba case, indicating a new Bloch-Siegert shifted
minimum. The parameters are plotted in unit of 10−3ω (here cos 3θ =
1). The second plot shows the nnn hopping and frequency dou-
bling case (parameters are plotted in unit of ω, here we have chosen
sin(3θk) = −1, zk = vF (px − ipy)). . . . . . . . . . . . . . . . . . . . 88

4.1 Phase diagram of topological states. . . . . . . . . . . . . . . . . . . 119
4.2 Anomalous Rabi frequency vs p in TI with B > 0. . . . . . . . . . 122
4.3 A plot of the ratio χ versus pump duration tpu in case of TI. It

shows how a non-zero Chern number causes a qualitative change in
differential transmission coefficient. Time is in units of C−1. . . . . 126

4.4 A plot of the ratio χ versus pump duration tpu in Weyl and graphene.
Time is in units of ω

ω2
R
. . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.1 The plot shows (eq.(5.38)) the Rabi frequency versus energy εz on
considering εx = 0 and εy = 0, parameters are plotted in unit of ω
and λ = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.2 The plot shows the Rabi frequency versus wave number (eq. (5.37))
on considering

√
ε2x + ε2y + ε2z = |ε| , parameters are plotted in unit

of ω and λ = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
5.3 The plot shows the anomalous Rabi frequency versus energy εz upon

considering εx = 0, εy = 0 and n = 0 (eq. (5.50)), it depicts the
existence of anomalous Rabi oscillation at zero photon limit, the
parameters are plotted in the units of ω and λ = 1. . . . . . . . . . 139

TH-1787_10612109



xvi List of Figures

5.4 The plot shows the anomalous Rabi frequency versus energy on
considering

√
ε2x + ε2y = ε

′ (eq. (5.50)), the parameters are plotted
in the units of ω and λ = 1. . . . . . . . . . . . . . . . . . . . . . . 140

5.5 Slow oscillations in plot correspond to an anomalous Rabi frequency
with theoretical periods of 20.94 (time is in unit of λ−1). . . . . . . 141

5.6 Slow oscillations in plot correspond to an anomalous Rabi frequency
with theoretical periods of 20.94 (time is in unit of λ−1). . . . . . . 141

5.7 Slow oscillations in first and second plots correspond to an anoma-
lous Rabi frequency with theoretical periods of 31.42 and 62.82 re-
spectively. Third plot depicts fast oscillations in the above plot that
makes the latter appear to have a thick blue line. The fast oscilla-
tions have a frequency equal to the frequency of external radiation
(time is in unit of λ−1). . . . . . . . . . . . . . . . . . . . . . . . . 142

TH-1787_10612109



List of Tables

2.1 Time periods are in units of 2πω

ω
′2
R

and vFp‖ = (0.002)
ω
′2
R

ω
. . . . . . . . 57

2.2 Table of realistic numerical values of parameters used. . . . . . . . . 61

3.1 ∗The asterisk is for the Rashba case . . . . . . . . . . . . . . . . . 82
3.2 This table shows the RWA case of Bloch-Siegert shift. The abbrevi-

ations are, NL - nonlinearity, FD - frequency doubling, Ras - Rashba
spin orbit interaction and BSS stands for Bloch-Siegert shift in the
resonant frequency relative to the case with “No" for all the entries.
aIn the Rashba case, we see a strong anisotropy and large shifts in
the direction |cos(3θk)| = 1. The percentage shift in Sr. No. 4 is
for the case when cos(3θk) = 0 which is when the formula for the
shift is consistent with the other assumptions. . . . . . . . . . . . . 82

3.3 This table shows the ARWA case of Bloch-Siegert shift. Here ρ(θk) =
mv23

4
(6cos(3θk) +

√
2
√

(−7 + 9cos(6θk))). The Bloch-Siegert shift
(BSS) is a shift in resonance condition for anomalous Rabi oscilla-
tions from the trivial value v3k = 0 to the nontrivial value shown in
this column. The bands are isotropic in cases 1 and 2 and show no
BSS. In cases 3 and 4 the bands are anisotropic and the minimum
is shifted to a nontrivial location and the shift in percentage terms
is infinite. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.4 This table shows the shifted Rabi frequencies (SRF) in both RWA
and ARWA case. The ARWA Rabi frequency with both nonlin-
earity and frequency doubling included effectively becomes zero at
a Bloch-Siegert shifted value of the wave number for appropriate
directions. The meaning of cases 1-4 is as in the other tables. . . . . 83

5.1 Time periods are in units of λ−1 and ε′ = (0.001)λ, where
√
ε2x + ε2y =

ε
′ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

xviiTH-1787_10612109



TH-1787_10612109



Chapter 1

Introduction

Topological states of matter has become one of the most important research ar-
eas in the field of condensed matter physics and materials science [1–4]. A new
class of semimetals, known as topological semimetals, has generated interest due
to experimental observation of Weyl and Dirac semimetals [5–7]. Dirac and Weyl
semimetals are two specific types of topological semimetals, where low energy bulk
excitations are described by Dirac and Weyl equations, respectively. In case of the
Weyl semimetal, either time-reversal (TR) or inversion symmetry is broken [8].
The low energy physics is described near the Weyl point by three-dimensional
(3D) two-component Weyl fermions, H = ±vσ · p, where σ is the Pauli matrix
and p is the momentum as measured from band touching (Weyl) points [9, 10]. In
presence of both the TR and inversion symmetries, a 3D Dirac semimetal state is a
four-component Dirac fermion composed of twoWeyl fermions of opposite chirality.
There is an additional symmetry viz. crystal rotational symmetry, which protects
this Dirac semimetal [11–13]. The Weyl points can be separated in momentum
and energy by breaking TR and inversion symmetry, respectively [14]. In both sit-
uations, the Fermi surface of surface states also splits into open segments, which
are Fermi arcs discussed in Weyl semimetals [11–13]. So there should be qualita-
tive and quantitative differences in the properties of Dirac and Weyl semimetals.
Topological semimetal is a gapless metal characterized by topological invariants.
This development leads to a broadening of the classification of topological phases
of matter beyond insulators. In case of topological insulators, only surface states
are interesting [2]. On the other hand, a topological semimetal has an unusual
band structure in their bulk and on the surface. In the bulk, conduction and va-
lence bands of a topological semimetal touch linearly at the Weyl points, through
which the bands disperse linearly along all the three momentum directions. There
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2 Chapter 1. Introduction

are many interesting phenomena in topological semimetals such as topological sur-
face states, chiral anomalies, quantum anomalous Hall effects and unusual optical
conductivity [15, 16]. The article of Mehrdad Dadsetani and Ali Ebarhimian [17]
has been the resource for much of the above description.

The era of Dirac-Weyl fermionic systems has started in the condensed matter
physics. These systems work as a bridge between condensed matter and relativistic
electrodynamics [18]. In presence of a strong oscillatory driving field, the typical
dynamics for the coherent interaction of two-level atoms with light is dominated
by a phenomenon known as Rabi oscillation [19]. This is an important effect
in various branches of physics such as quantum optics, magnetic resonance and
quantum computing. In this thesis, we study the phenomenon of Rabi oscillation
in systems such as graphene, topological insulator and Weyl semimetal and try to
make a connection between them.

1.1 Graphene

Graphene is a type of Dirac semimetal related to the family of carbon allotropes.
Carbon is one of the most important and abundant element found on the earth
after hydrogen, helium and oxygen. Diamond and graphite are two completely
different allotropes of carbon. Both possess different physical properties, due to
the different arrangement of carbon atoms in their structure. Diamond is insu-
lating and very hard, while graphite is conducting and lubricative. Fullerene was
the first artificial pure carbon material discovered in 1985 [20]. After that, an
intense research effort began for finding other allotropic forms of carbon. The
one-dimensional carbon nanotube was discovered in 1991 [21]. Graphene is a new
addition in the family of carbon allotropes. Due to its extraordinary 2D nature,
it became a Nobel prize winning discovery [22, 23]. Graphene is a 2D structure of
carbon atoms arranged in a honeycomb pattern. It was first synthesized in 2004,
by the group of physicists Andre Geim and Konstantin Novoselov at Manchester.
However, ultrathin graphite (not one atom thick) was described in the early 1960’s
[24–27]. By wrapping graphene, it can be made effectively zero dimensional (0D),
known as a fullerene, one dimensional (1D) known as carbon nanotube, it can
be stacked into three dimensions known as graphite. Graphene [22, 23] becomes
a bridge between condensed matter and relativistic electrodynamics [18]. It has
linear low-energy dispersion (energy vs momentum relation) near some specific
points called Dirac points [23]. Near these points, charge carriers behaves like
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massless Dirac fermions due to linear low-energy dispersion [28–33]. The conduc-

Figure 1.1: Band structure of graphene is shown where the conduction band and
valence band touch at certain locations in the reciprocal space known as Dirac points.
The linear energy momentum relation described in inset.

tion band and the valence band touch each other at the Dirac points, so it is also
called zero band gap semiconductor. The crucial difference between conventional
semiconductor and graphene is that graphene possesses charge carriers that obey
the relativistic Dirac equation near the Dirac point and have a pseudo spin degree
of freedom [23], while conventional semiconductors have charge carriers that obey
a parabolic dispersion relation and do not possess pseudo spin. Graphene is a one
atom thick, single layer of graphite material fully comprises carbon atoms arranged
in a honeycomb crystal lattice [22, 23]. There are two triangular sub-lattices which
are labeled by ‘A’ and ‘B’ by splitting of honeycomb crystal lattice of graphene
in fig.(1.2). In graphene, there is no energy gap between the conduction band
and valence band, also no overlap between these bands as shown in fig.(1.1), so it
is also called ‘gapless’ semiconductor or semimetal. The two inequivalent points
where conduction and valence bands intersect each other, called Dirac points K

and K
′ in first Brillouin zone. The charge carriers in graphene near these Dirac

points obeys Dirac equation, having speed 1
300

th of the speed of light in vacuum.
So these quasi-particles are generally known as massless Dirac fermions [34–36].
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4 Chapter 1. Introduction

Figure 1.2: In this figure, we can see the ideal 2D graphene honeycomb lattice which
is the interpenetration of two triangular sublattices labeled ‘A’ and ‘B’ type of atoms.
There are two atoms per unit cell of graphene lattice (shown in the figure). The right
figure shows the unit cell since it effectively contains two atoms.

1.1.1 Geometry of Graphene

As we have described earlier, graphene is a allotrope of carbon with a honeycomb
crystal lattice. Each carbon atom contains four electrons in its outer shell called
valence electrons. Each carbon atom shares three electrons with its neighboring
carbon atoms. There are two types of carbon-carbon bonds known as sigma (σ)

and pi (π) bonds. The valance orbital configuration of carbon atom is 2s2, 2p2.
There is a much smaller energy difference between valance orbital and the binding
energy of neighboring carbon atoms, which enables the wavefunction of electrons to
combine by the process known as hybridization [37]. Due to hybridization, carbon
atom has sp2 hybridized orbital (orbital formed from one s and two p orbitals).The
σ bonds are formed when 2s, 2px and 2py orbitals are mixed together. They lie
in the x-y plane with 1200 angle between two neighboring chemical bonds. An
electron which resides in 2pz orbital forms a π bond aligned in the z direction. The
electrons of the p orbitals are free and responsible for the conduction and transport
processes in graphene. The trigonal planar structure in graphene is formed by sp2
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hybridized orbitals. By interpenetration of two trigonal planar structures, referred
to as A and B sublattices, graphene can be formed. The graphene lattice contains
two atoms per unit cell. The atoms at A sublattices connected with B type of
atoms with time reversal symmetry. The distance between carbon atom is 1.42 Å.
The ideal monolayer graphene is depicted in fig.(1.2). Graphene has two direct
lattice vectors R1 and R2 and the nearest neighbor vector δi (i= 1,2 and 3) in real
space. The direct lattice vectors can be expressed as

R1 =
3

2
dc−c x̂+

√
3

2
dc−c ŷ, R2 =

3

2
dc−c x̂−

√
3

2
dc−c ŷ. (1.1)

dc−c represents the carbon-carbon distance (≈ 1.42Å), |R1| = |R2| =
√

3 dc−c is
the lattice constant and x̂ and ŷ are the unit vectors. The vector form of nearest
neighbor distances are given by

δ1 =
1

2
dc−c x̂+

√
3

2
dc−c ŷ, δ2 =

1

2
dc−c x̂−

√
3

2
dc−c ŷ, δ3 = −dc−c x̂. (1.2)

By using this basis we denote the reciprocal lattice as points G. The volume of
reciprocal lattice space is called first Brillouin zone (fig.(1.3)) which is the interior
formed by planes that bisect the nearest neighbors in reciprocal space. The angle
between reciprocal lattice and direct lattice is always 900 shown in the fig.(1.3). Γ

denotes the center of the first Brillouin zone, corner points denoted by K and K
′

are known as Dirac points. The conduction and valence band touch each other at
these points, so they become important for defining the nature of graphene. The
reciprocal lattice vectors G1 and G2 can be expressed by following relation

Ri ·Gj = 2πδij, (1.3)

The reciprocal lattice vectors are

G1 =
2π

3dc−c
x̂+

2π√
3dc−c

ŷ, G2 =
2π

3dc−c
x̂− 2π√

3dc−c
ŷ. (1.4)

There are two sets of inequivalent Dirac points K and K
′ in the first Brillouin

zone. Each set contains three equivalent Dirac points. In momentum space, these
points can be expressed

K =
2π

3dc−c
x̂+

2π√
3dc−c

ŷ, K
′
=

2π

3dc−c
x̂− 2π√

3dc−c
ŷ. (1.5)

0https://asbury.com/technical-presentations-papers/introduction-to-graphite/
structural-description/
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6 Chapter 1. Introduction

Figure 1.3: The first figure shows the Wigner-Seitz primitive cell obtained from the
direct lattice of graphene. Second figure depicts the reciprocal lattice of graphene,
making an angle 900 with the direct lattice. The reciprocal lattice vectors G1 and G2

form the basis.
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1.1.2 Honeycomb Lattice (Graphene) i.e. Nearest-Neighbor (NN) Hop-
ping

For calculating the electronic band structure of solid materials, the tight binding
(TB) method is one of the standard methods. In this method, linear combination
of atomic orbitals is employed, explained in various text books [38, 39]. Localized
orbitals are associated with each atomic site in this approximation. So the wave-
function of the system becomes a linear combination of these basis eigenfunctions.
By solving these eigenvalue equations, the energy dispersion relation may be found
which determines the band structure of the given condensed matter system. By
using the tight binding approximation, P. R. Wallace had obtained the electronic
band structure of graphite in 1947 [40]. This enables a simple explanation of the
electronic band structure of graphene [41, 42]. In the first instance, we restrict our
attention to only the nearest neighbour hopping terms [43]. The nearest neighbor
tight binding Hamiltonian of graphene can be written as (we use units such that
~ = 1)

H = −t
∑
i,j,σ

(
â†iσ b̂jσ + h.c.

)
. (1.6)

If we denote the orbital on atom i with spin σ by (i, σ) then

â†iσ =
1√
N

∑
k,i

e−ik·R
0
i â†k,σ, (1.7)

b̂jσ =
1√
N

∑
k′ ,i,j

eik
′ ·(R0

i+δj)b̂k′ ,σ. (1.8)

Here N is the number of atomic sites and R0
i is the reference point within the unit

cell. We have chosen atom A as reference point R0
i then B type of atoms will be

the nearest neighbors of A and separated by nearest neighbor vectors δ1, δ2 and
δ3 at an angle 1200 with each other.

H = − t

N

∑
k,k′ ,i,j,σ

(
e−ik·R

0
i â†k,σe

ik
′ ·(R0

i+δj)b̂k′ ,σ + h.c.
)
, (1.9)

H = − t

N

∑
k,k′ ,i,j,σ

(
e−i(k−k

′
)·R0

i â†k,σe
ik
′ ·δj b̂k′ ,σ + h.c.

)
. (1.10)

If k 6= k
′ ∑

i

e−i(k−k
′
)·R0

i = 0. (1.11)
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If k = k
′ ∑

i

e−i(k−k
′
)·R0

i = N, (1.12)

H = −t
∑
k,j,σ

(
eik·δj â†k,σ b̂k,σ + h.c.

)
, (1.13)

H = −t
∑
k,j,σ

(
eik·δj â†k,σ b̂k,σ + e−ik·δj b̂†k,σâk,σ

)
. (1.14)

In matrix form it can be written as

H = −t
∑
k,j

[
â†k,σ b̂†k,σ

] [ 0 eik·δj

e−ik·δj 0

][
âk,σ

b̂k,σ

]
. (1.15)

Nearest-neighbor distance δ1 = 1
2
dc−cx̂ +

√
3

2
dc−cŷ, δ2 = 1

2
dc−cx̂ −

√
3

2
dc−cŷ and

δ3 = −dc−cx̂. Here dc−c is carbon-carbon atom distance. This means∑
j

−teik·δj = −t
(
eik·δ1 + eik·δ2 + eik·δ3

)
. (1.16)

Then the Hamiltonian becomes

H =

 0 −te−idc−ckx
(
ei

3
2dc−ckx2 cos

(√
3

2 dc−cky

)
+ 1
)

−teidc−ckx
(
e−i

3
2dc−ckx2 cos

(√
3

2 dc−cky

)
+ 1
)

0

 .
(1.17)

Eigenvalues of this matrix will be

= ±t

√√√√4 cos

(
3

2
dc−ckx

)
cos

(√
3

2
dc−cky

)
+ 2 cos

(√
3dc−cky

)
+ 3. (1.18)

In order to obtain the low-energy dispersion relation, we may expand the Hamil-
tonian of eq.(1.17) near the Dirac point. We write the wave vector k as

k = K + p, |K| >> |p|. (1.19)

By using Taylor series expansion, the expression near one of the Dirac point K

will be∑
δ

eik·δ =
∑
δ

ei(K+p)·δ ≈
∑
δ

eiK·δ (1 + ip · δ) ≈ 3t

2
dc−c(px − ipy). (1.20)
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Extracting an overall factor−ieiK·δ that does not affect the physical results, Hamil-
tonian eq.(1.17) have the form

HK =
3t

2
dc−c

[
0 (px − ipy)

(px + ipy) 0

]
= vF (σ · p) . (1.21)

Here, we define Fermi velocity as vF = 3t
2
dc−c. This is called low-energy Hamilto-

nian of graphene, where, σ = (σx, σy) is the set pseudo-spin pauli matrices. The
eigenvalue of above Hamiltonian is

E (k = K + p) =
3t

2
dc−c

√
p2
x + p2

y = vF |p|. (1.22)

Similarly, the low energy Hamiltonian near another Dirac point K
′

HK′ = vF

[
0 (px + ipy)

(px − ipy) 0

]
= vF (σ∗ · p) . (1.23)

Here σ∗ = (σx,−σy). Hamiltonians in eq.(1.21) and eq.(1.23) are linearly depen-
dent on momentum and related to each other by time-reversal symmetry [23].

1.1.3 Pseudospin in Graphene

The Hamiltonian of graphene Hλ,ν(k) may be written as a 2× 2 matrix, where λ
and ν refer to sublattices A and B and k is the crystal momentum. Using this,
valence and conduction bands of graphene are described. We consider the sublat-
tice degree of freedom as a pseudospin, with the A sublattice represents the |↑〉
pseudospin state and the B sublattice represents the |↓〉 pseudospin state. There
is hopping of electrons from sublattices A to B and vice versa [44]. This creates
an effective magnetic field, which is proportional to magnitude and direction of
momentum measured from the Brillouin-zone corners. The Hamiltonian can be
defined as Hλ,ν(k) = −h(k).σλ,ν , here σ represents Pauli spin matrix vector. This
Hamiltonian contains momentum-dependent magnetic field h(k), which works on
the pseudospin degree of freedom. The gap between conduction and valence bands
vanishes at points where the pseudospin field h(k) is zero. The momentum can
be written as a sum of wave vectors p = K + k near the K valley; we consider
that k is small and can be expanded in powers of the components of this vector.
The Hamiltonian of the p orbital band for each spin and valley can be written as
H = −vk · σ, which is the effective magnetic field, works on the pseudospin, in
the direction of the momentum k, i.e. helicity is conserved in graphene [45].
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Due to this interpenetration, there is an additional degree of freedom known
as pseudospin [46], which is absent in conventional 2D systems, which is the cause
of its exceptional electronic properties [46]. At Dirac point K, the eigenvalue
equation have wave function ψ(k) contains the two component spinor function
and the Hamiltonian (1.21) may be written as

ĤK ψ(k) = E ψ(k), ĤK = vF (σ · p).

Here, E is the the eigenvalue of Hamiltonian, vF denotes Fermi velocity near the
Dirac point K and σ represents 2D pseudospin matrix corresponding to the two
sublattices of honeycomb lattice. The eigenvector ψ(k) can be written as

ψ(k) =

(
ψA(k)

ψB(k)

)
.

So the above equation becomes

~vF

(
0 px − ipy

px + ipy 0

) (
ψA(k)

ψB(k)

)
= E

(
ψA(k)

ψB(k)

)
.

By solving above equation, the two component spinor wave function and energy
eigenvalue will be

ψ±,K(k) =
1√
2

(
1

±eiθk

)
, E = ±~vF

√
p2
x + p2

y, (1.24)

where θk is the angle between between the wave vector k and to the x-axis and
the ± sign signifies the conduction band (or π∗ bond) and valence band (i.e. π
bond) respectively. The wave function around the other Dirac point (K′) can be
found by similar way

ψ±,K′(k) =
1√
2

(
1

±e−iθk

)
. (1.25)

The projection of pseudospin along the direction of momentum called helicity of
electron may be defined as

Ôhel =
1√

p2
x + p2

y

(σ · p) . (1.26)

We can see from above equation that the two component spinor wave function
ψK(k) is the eigenfunction of the helicity operator, it is possible to conclude that
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electron and holes in graphene have definite helicity. Near Dirac points, the elec-
tronic state are configuration of states, which relates to different sublattices giving
two component wave functions (spinors). These spinors needs an index to indi-
cate sublattice ‘A’ and sublattice ‘B’ and very much similar to the spin index in
quantum electrodynamics denoted as ‘pseudospin’.

1.1.4 Graphene Electronic and Transport Properties

As we have described earlier, the energy spectrum of graphene near Dirac points
leads to the energy-momentum relation: E = vF |k|, where k is the wave number.
This energy dispersion relation is similar to a relativistic charged particle. By
setting mass equal to zero and Fermi velocity equal to the velocity of light, Dirac
relativistic equation leads to the graphene energy dispersion relation. There is
very high electron mobility more than 15000cm2V −1s−1 under ambient conditions
in graphene which is verified experimentally [22]. Graphene nanoribbons show
the electronic resistance changes like step function, following quantum mechanical
rules [47]. In conventional conductors like copper or nickel, the electrical resistance
is proportional to the linear dimensions of the material (with cross-sectional area
fixed) as the electrons encounter more impurities while moving through it, but in
graphene nanoribbons that act like wave guide allow the electrons to flow unim-
peded along the edges of the material. So resistance of the graphene nanoribbons
becomes temperature independent. Also it does not depend upon the amount
current flowing through it. These properties are the matter of interest for experi-
mental and theoretical studies on graphene.

1.1.5 Graphene Optical Properties

Optical properties studied in the context of graphene are, optical conductivity,
optical Stark effect and Rabi oscillations [48–50]. In graphene, minimum quantum
conductivity was experimentally observed with a finite value of e2

h
, where h is the

Planck constant [51]. We are not able to see single layer graphene with our bare
eyes, however it can be realized experimentally. The interference based experiment
has been used to detect the single layer graphene on silicon dioxide substrate [22].
Graphene layer thickness can also be detected with contrast spectroscopy [52]. For
experimental detection of single layer graphene, plenty of experimental techniques
have been developed [53]. Raman spectroscopy is one among them, and is accurate
in detecting not only the single layer but also differentiate among the single layer,
bilayer and multilayer samples [54, 55]. Many experiments have been performed
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to study optical properties, such as optical Stark effect [49], optical conductiv-
ity, Rabi oscillations [49, 50, 52, 56, 57], universal optical conductance [58–60],
measurement of fine structure constant [61], four wave mixing [49] and incoherent
optical properties like optical dephasing [57], relaxation of charge carriers, both
inter-band and intra-band in graphene and graphene based systems on various
substrate has been reported experimentally by pump-probe technique [62–67].

1.2 Topological Insulator

Topological insulators are peculiar quantum systems [2], which have an insulating
gap in the bulk due to the presence of spin-orbit coupling, and possess intrinsic
Dirac metallic states at the surface. Physical properties of real systems are typi-
cally tied to a branch of mathematics known as (real or complex) analysis where
properties depend on the precise details of the underlying Hamiltonian. These
properties change significantly even due to trivial changes to the description of
the system. After the discovery of the Integer Quantum Hall Effect, it was noted
that there exist some physical properties that are more robust and do not change
when trivial changes are made to the underlying Hamiltonian. These properties
are more closely related to the branch of mathematics known as topology [68].
In topology, two geometrical objects can or cannot be smoothly deformed into
one another and are consequently considered topologically equivalent or inequiv-
alent, respectively. The eigenstates of two Hamiltonians that may be smoothly
deformed into each other are regarded as being topologically equivalent to each
other. A topologically trivial situation is one where the underlying space has
properties that may be characterized as trivial, and hence are uninteresting from
a topological point of view. The first nontrivial topological state observed in the
phenomenon of Quantum Hall Effect, where a 2D electron system subject to a
perpendicular magnetic field was seen to possess a quantized Hall conductivity
[69].

In 2005, C. L. Kane and E. J. Mele discovered a new model to obtain a non-
trivial topological states without breaking time-reversal symmetry in absence of an
external magnetic field, based on the spin-orbit coupling applied to the graphene
model Hamiltonian [70]. Firstly, this model shows the phenomenon of Quantum
Spin Hall effect, also known as a 2D topological insulator and opens the way for
the investigation of a new topological class, called Z2 topological insulators. This
concept is expanded further in the 3D topological insulator. The 3D TIs are the
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systems having 2D exotic metallic states at all interfaces with vacuum or another
dielectric. These topological edge states are protected by time-reversal symmetry
and due to spin-orbit coupling, they are spin-momentum locked, which means that
the direction of their motion uniquely determines their spin polarization and vice
versa. On the edge states, the back-scattering from non-magnetic impurities is
prohibited as long as time-reversal symmetry is maintained. Hence, 2D energy-
momentum relation of carriers on these conducting states is linear. One or more
Dirac cones of massless particles, such as the ones characterizing graphene are
seen on the conducting edges. These peculiar properties are useful in applications,
especially in the fields of plasmonics and spintronics [71, 72].

In following section, the history and development of Hall Effect is described in
chronological order and a relation is made with topological insulators.

Hall Effect

When a conductor carrying a current subjected to a perpendicular magnetic field
B, due to the presence of the Lorentz force, the charged particles inside the sample
are deflected and accumulate near the boundary. Due to charge accumulation at
the boundary, an electric field is generated. This field creates a voltage difference
between the two boundaries and the value of it is VH = E W (W is the width of
the sample), and the value of the electric current inside the sample is I = q ρeν W

(ρe is the density of the charge carriers). The ratio between the voltage to the
electric current is known as the Hall resistance

RH =
VH
I

=
B

qρe
. (1.27)

RH is linearly proportional to the magnetic field B. On measuring Hall resistance
in ferromagnetic or even in paramagnetic metal, an additional contribution other
than the linear term in the magnetic field is seen [73].

Anomalous Hall Effect

In a ferromagnetic material, Hall resistance is directly proportional to the magne-
tization M and the Hall effect remains even without a magnetic field and the new
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Hall resistance is of the form

RH = R0B +RAM. (1.28)

The second part of resistance cannot be explained by the Lorentz force on a charged
particle; this arises due to the coupling of the electron’s orbital motion to its spin
and as such, this phenomenon is a relativistic quantum mechanical effect. In the
presence of an external electric field, there is a transverse force experienced by the
electron. This force is directly proportional to spin current of the electron, instead
of charge current as in the Lorentz force. So in one direction of the sample, there
are spin up electrons while the other direction contains spin down electrons. There
is an imbalance in the number of the electrons with spin-up and spin-down. This
becomes a cause for producing the anomalous Hall effect. In absence of magnetic
field and magnetization in a paramagnetic metal, Hall resistance disappears. Due
to spin-dependent deflected motion of electrons in solids, a new observable effect
emerges that is known as the spin Hall effect [74].

Integer Quantum Hall Effect (IQHE)

A new quantum state was discovered in 1980 that was characterized by a property
that was new to condensed matter physics known as the quantum Hall (QH) state.
In this state, the bulk of the 2D sample is insulating, and the electric current
flows only along the edge of the sample. The unidirectional flow of current averts
dissipation and gives rise to a quantized Hall effect. This state is a first example
of a unique quantum state, which is topologically different from all states of the
matter known before. The precise quantized value of the Hall conductance is n e2

h
,

which is a topological invariant and does not depends on material details [69, 75].
Here e is the elementary charge and h is Planck’s constant and n is an integer.

In mathematics, different geometrical objects can be explained by broad classes
of topology. According to the mathematical concept of topology, 2D surfaces can
be classified by the number of holes or genus present inside them. Surface of an
ellipsoid and surface of a perfect sphere are topologically equivalent because we
can smoothly deform one into the other without creating any holes. Similarly,
due to the presence of a single hole, the coffee cup is topologically equivalent to a
donut. In mathematics, topological classification concentrates on the fundamental
distinction of shapes and cast aside small details. In physics, a phenomenon like
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1.2. Topological Insulator 15

Hall conductance is of topological origin, remains unaffected by small changes in
the sample [68].

The specific phenomenon like QH effect works like a bridge between physics and
topology. The smooth deformation works as a key concept for relating physics and
topology. Smooth deformations are those that do not involve the tearing or gluing
of spaces. Many topological equivalent classes are generated by the operation of
smooth deformation groups [2, 3].

There was a concept of the genus, in terms of an integral over the local cur-
vature surface introduced in Mathematics, which is a topological invariant [68].
Typically, integrals depend on details of the surface geometry, but due to the
concept of genus the value of the integral over local curvature is independent of
such details and depends only on the global topology. We can use this concept in
physics; a topologically quantized physical quantity can be expressed as invariant
integrals over the frequency-momentum space [76, 77]. The nature of the quantum
state can be determined by such quantities, which works as a topological order
parameter.

There is not sufficient space for electrons near the edge, so their motion can not
complete a circle and hit the boundary before the circle can be completed. The
electron will be reflected by the boundary and start making another circle and
hit the boundary again. So electron moves in one direction near the edge state
and the direction is determined by the B field. These edge states are responsible
for quantized Hall conductivity, are known as the chiral edge states, depicted in
fig.(1.4). The electrons of the bulk do not participate in the motion of electrons
which move along edge states. Unlike in an ordinary 1D wire, here electrons
move in one direction only while in a conventional 1D wire, electrons move both
directions. The importance of this one-way current is highlighted upon including
impurities. The impurity causes reflection of the electron in ordinary 1D wire and
this reflection is the main reason why we have a resistivity at low temperature.
However, due to one-way chiral edge state, impurity will not be able to reflect
electrons, since it cannot move in the opposite direction. If impurity comes in the
way of electrons, it goes around the impurity and keeps moving forward. So this
is a reason behind the accuracy of quantized Hall conductivity, which becomes
independent of the number of impurities.

1M. Z. Hasan and C. L. Kane, Reviews of Modern Physics 82, 3045 (2010).
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16 Chapter 1. Introduction

Figure 1.4: The figure depicts the interface between a quantum Hall state and an
insulator with a chiral edge mode. (a) The incomplete (skipping) cyclotron orbits
in quantum Hall state are seen. (b) The band diagram of a semi-infinite edge in a
topological insulator with a Chern number of C = +1 is shown. A single edge state
connects the valence band to the conduction band 1.

For the quantum Hall effect, it is necessary to suppress spin-flip scattering 2 of
the conduction electrons. For this, first we require a magnetic field which is large
enough to make the Zeeman energy big enough so that the up-spin and down-spin
Landau levels do not overlap and very low temperature so that only one of these
spin-split Landau levels has a significant thermal occupation. If we put a neutral
particle in 2D then the Schrödinger equation will be in the form

i∂tψ(x, y) =

[
1

2m
(−i~∂x)2 +

1

2m
(−i~∂y)2

]
ψ(x, y). (1.29)

On considering the particle with charge e then momentum operator p will be(
p − e

c
A
)
, where A is the vector potential, and change i∂t will be

(
i∂t − eφ

c

)
,

where φ is the electric potential (minimal coupling). So(
i∂t − e

φ

c

)
ψ(x, y) =

[
1

2m

(
−i~∂x −

e

c
Ax

)2

+
1

2m

(
−i~∂y −

e

c
Ay

)2
]
ψ(x, y),

(1.30)

2Spin-flip scattering is a process that leads to the non-conservation of the difference between the
number of upspins and downspins.
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1.2. Topological Insulator 17

i∂tψ(x, y) =

[
1

2m

(
−i~∂x −

e

c
Ax

)2

+
1

2m

(
−i~∂y −

e

c
Ay

)2

+ e
φ

c

]
ψ(x, y).

(1.31)

So

H =

[
1

2m

(
−i~∂x −

e

c
Ax

)2

+
1

2m

(
−i~∂y −

e

c
Ay

)2

+ e
φ

c

]
. (1.32)

Here E = 0, so φ = 0. The vector potential satisfies

∇×A = ∂xAy − ∂yAx = B. (1.33)

The vector potential A is not a physically observable quantity. For a particular
value of B field, A is not unique. The relation between B and A is

(
∇×A = B

)
,

so if we choose A
′

= A + ∇χ then value of B does not change i.e. ∇×A
′

= B.
So there are lots of choices for A arbitrarily and they all give the same physical
results. This is known as a gauge choice. In our case B is a constant, so we can
select Ax = 0 and Ay = Bx (Landau gauge) and Ax = −By

2
, Ay = Bx

2
(symmetric

gauge) or any other gauge. On considering Landau gauge

H =

[
1

2m
(−i~∂x)2 +

1

2m

(
−i~∂y −

e

c
Bx
)2
]
. (1.34)

By solving Schrödinger equation we get the energy eigenvalues

εn,ky =

(
n+

1

2

)
eB~
cm

. (1.35)

In chiral edge states, electrons move in one direction and the quantized conduc-
tivity is determined by these edge states. The number of edge states in the top of
2D sample is

N =

∫
dp dr

2π~
= L

∫
dp

2π~
. (1.36)

So the number of edge states per unit length will be

n =
N

L
=

∫
dp

2π~
. (1.37)

δntop =

∫ kF top

kF

dp

2π~
=
kF top − kF

2π~
=

µtop − µ
2π~ vFtop

. (1.38)

TH-1787_10612109



18 Chapter 1. Introduction

Here µ is chemical potential i.e. energy required to add an electron. So net current
on the top edge:

Itop = evFtopδntop = evFtop
µtop − µ
2π~ vFtop

= e
µtop − µ

2π~
= e

eV/2

2π~
=

e2

2π~
V

2
. (1.39)

Similarly,

Ibottom =
e2

2π~
V

2
. (1.40)

It may be noticed that the currents in both edges are flowing in the same directions.
The top edge has more particles moving towards right, it makes direction of total
current I is right and bottom edge has less particles moving to the left, so the net
current is also towards the right,

I = Itop + Ibottom =
e2

2π~
V =

e2

h
V. (1.41)

So the Hall conductance will be

1

RH

=
I

V
=
e2

h
= σ. (1.42)

There are n edge states, so conductivity will be

σ =
I

V
= n

e2

h
. (1.43)

There is only one sense of the current, so no reflection and no backward scattering
are permissible. This is the reason behind quantization of σxy so precisely, hence
impurities does not effect the sense of the current.

The integer quantum Hall state (QH) [69, 75] is a simplest example of a topo-
logical state. The integer C represents an integer topological invariant (also called
a first Chern invariant). Later it was explained [77] that the topological invariant
C (known as the TKNN invariant) can be calculated by a surface integral of the
Berry flux over the Brillouin zone (BZ),

C =
1

2π

∑
i

∫
BZ

∇×Ai d2k, (1.44)

where Ai = i〈ui|∇k|ui〉 denotes the Berry curvature, |ui〉 are the Bloch wave
functions, and the sum runs over the contributions from all occupied bands. Due
to the honeycomb lattice, graphene was initially regarded as a good candidate for
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1.2. Topological Insulator 19

the first realization of a 2D TI, but due to weak spin orbit coupling, it is impossible
for it to support topological order [78, 79]. The material which possesses stronger
spin orbit coupling can be considered a TI [80, 81].

Spin Hall Effect and Quantum Spin Hall Effect

In 1971 Russian physicists Dyakonov and Perel proposed the spin version of the
Hall effect, known as spin Hall effect. There is spin accumulation of electrons on
the lateral surfaces of a current-carrying sample, the signs of the spin orientations
being opposite on two opposite boundaries. On reversing the direction of the
current, the direction of spin orientation is also reversed. This effect has been
verified experimentally in GaAs and InGaAs thin film and spin light-emitted diode
of p-n junction [82].

The presence of external magnetic field is necessary for Quantum Hall Effect.
A new phenomenon has been discovered which is quite similar to Quantum Hall
(QH) Effect, but it is time reversal invariant and does not require an applied
field is called quantum spin Hall effect (QSHE). This peculiar phenomenon is
found in some specific materials and only depends on its topology and not on
microscopic details. Due to topological distinction from all previously known states
of matter, these materials are known as a topological insulator. QSHE is a state
of matter that exists in special 2D semiconductors, possess a quantized spin-Hall
conductance and a vanishing charge-Hall conductance. The integer quantum Hall
state and quantum spin Hall state are closely related to each other. Both states can
be realized on a lattice without the application of a large magnetic field [70, 83].

The time reversal (TR) symmetry breaks explicitly in QH states due to the
presence of magnetic field and each QH state belongs to a particular topological
class. A new topological class of material has been developed recently, which is
invariant under TR, and where spin-orbit coupling (SOC) plays an important role
[80, 81, 84], known as Topological Insulator (TI). These are peculiar materials
of condensed matter physics which are insulators in the bulk but have exotic
metallic states present at their surfaces. In such materials, there is quantum-Hall-
like behavior in the absence of a magnetic field. There are two distinct classes for
all TR invariant insulators in nature (without ground state degeneracy), classified
by a Z2 topological order parameter. There are gapless edge or surface states
with an odd number of Dirac fermions and a full insulating gap in the bulk in
the topologically nontrivial state. If time reversal symmetry preserved in bulk
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but broken on the surface, the topological property is seen more dramatically
in which case the material is fully insulating both inside the bulk and on the
surface. The 2D version of the topological insulator, addressed as the quantum
spin Hall (QSH) insulator, was first theoretically predicted in 2006 [80, 81] and
experimentally observed [85] in HgTe/CdTe quantum wells (QW). The salient
predictions of experimentally measurable topological effects can be done by using
Topological Field Theory (TFT), which works in the long-wavelength and low-
energy limits [86]. Thus we can say QSH state in 2D can be assumed as two
copies of the QH state, where states with opposite spin counter-propagate at the
edge. A big question is regarding the stability of edge states in the QSH state. In
2005, Kane and Mele has shown, the stability depends on the number of pairs of
edge states. If there are the odd number of pairs, then it is stable, whereas in the
presence of the even number of pairs is unstable [70, 83]. A Z2 classification was
proposed by them for TR invariant 2D insulators. The above information is taken
from article of Xiao-Liang Qi [3]. The development of quantum Hall effect in the
following section is important to understand the theory of TI.

1.2.1 Honeycomb Lattice (Graphene) i.e. Next Nearest Neighbors
(NNN) Hopping

Topological insulator was first described in Haldane model beyond quantum Hall
effect [36]. Haldane had taken next nearest neighbors (NNN) hoppings in hon-
eycomb model of graphite and assumed their hopping amplitudes are complex.
For making simple model, we have chosen all NNN bonds have same amplitude
and same complex phase. Hopping strength phase is φ in forward direction and
−φ in an backward direction. By applying staggered magnetic field B, complex
phases can be raised. B is positive in the vicinity of the center of the hexagons
and negative near the edges. If we move a particle around a closed contour, the
phase difference between the final and initial states is proportional to the magnetic
flux enclosed by the contour φ = e

~

∫∫
B · dS = e

~

∮
A · dl, this effect is known as

Aharonov-Bohm effect. Consider three lattice sites a, b and c possessing hopping
strengths tab, tbc and tca respectively. When the particle goes from a to b, from b
to c, and back from c to a. The total hopping strength around the loop will be

tabtbctca = |tab|eiφab ∗ |tbc|eiφbc ∗ |tca|eiφca = |tab tbc tca|ei(φab+φbc+φca). (1.45)
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Then electron has phase:

φab + φbc + φca =
e

~

∫∫
B · dS. (1.46)

For making above phase nonzero, B should be non-zero inside the triangle made
by these three sites. There is no physical meaning of individual phases for tab,
tbc and tca, they are actually gauge dependent. Only the total phase on a loop
possesses physical meaning. The phase along one segment is

φab =
e

~

∫ b

a

A · dl. (1.47)

Using gauge transformation: A→ A + ∇χ

φab → φ
′

ab =
e

~

∫ b

a

(A + ∇χ) · dl = φab + (χb − χa)
e

~
. (1.48)

Due to dependence on gauge choice, physical observation of φab is not possible.
The total phase around a loop is different, which is a loop integral of A and gauge
independent because e

~

∮
∇χ · dl = 0 and the physical meaning of this integral is

the magnetic flux. The complex hopping strength is due to B fields and breaks
the time-reversal symmetry because of B → −B under time reversal (so we can
say, under time-reversal, there should be flip in the sign of all these phases).

When there are hoppings from an A-site to an A-site (and from a B-site to a
B-site), we called it NNN hoppings. In case of A-to-A hoppings, the three different
types of NNN bonds are formed, along θ = 0, 2π

3
, 4π

3
. Similarly it is true for B-to-B

hoppings. So the Hamiltonian becomes

HNNN = −t′eiφ
∑
i

a†riari+ν1 − t
′
eiφ
∑
i

a†ri+ν1ari−ν3 − t
′
eiφ
∑
i

a†ri−ν3ari

+h.c.+
(
a→ b and φ→ −φ

)
.

(1.49)

Here, ν1 =
(√

3a, 0
)
→ (2a cos(30o), 0) and ν2 =

(
−
√

3
2
a, 3

2
a
)
and ν3 =

(
−
√

3
2
a,−3

2
a
)
.

So in momentum space

HNNN = −t′eiφ
∑
k

a†kak
(
e−ik·ν1 + e−ik·ν2 + e−ik·ν3

)
+ h.c.

+
(
a→ b and φ→ −φ

)
(1.50)
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After writing Hermitian conjugate properly, we got

HNNN = −2t
′∑

k

a†kak [cos(k · ν1 − φ) + cos(k · ν2 − φ) + cos(k · ν3 − φ)]

−2t
′∑

k

b†kbk [cos(k · ν1 + φ) + cos(k · ν2 + φ) + cos(k · ν3 + φ)] .

(1.51)

H = HNN +HNNN =
∑
k

(
a†k b†k

)( H11(k) H12(k)

H21(k) H22(k)

)(
ak

bk

)
. (1.52)

Here

H12(k) = −t
(
e−ik.δ1 + e−ik.δ2 + e−ik.δ3

)
, (1.53)

H21(k) = H12(k)∗ = −t
(
eik.δ1 + eik.δ2 + eik.δ3

)
, (1.54)

H11(k) = −2t
′∑

k

a†kak[cos(k · ν1 − φ) + cos(k · ν2 − φ) + cos(k · ν3 − φ)],

(1.55)

H22(k) = −2t
′∑

k

b†kbk[cos(k · ν1 + φ) + cos(k · ν2 + φ) + cos(k · ν3 + φ)].

(1.56)

On computing the eigenvalues ofH(k), it is found that the two bands never overlap
each other for any k (when t′ becomes non-zero and φ is not an integer times π).
Using Pauli matrices:

H = H0(k)I +Hx(k)σx +Hy(k)σy +Hz(k)σz, (1.57)

H0 =
H11(k) +H22(k)

2
= −2t

′
cosφ[cos(k · ν1) + cos(k · ν2) + cos(k · ν3)],

(1.58)

Hz =
H11(k)−H22(k)

2
= −2t

′
sinφ[sin(k · ν1) + sin(k · ν2) + sin(k · ν3)], (1.59)
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Hx = Re[H21(k)] = −t[cos(k · δ1) + cos(k · δ2) + cos(k · δ3)], (1.60)

Hy = Im[H21(k)] = −t[sin(k · δ1) + sin(k · δ2) + sin(k · δ3)]. (1.61)

The energy dispersion is

ε±(k) = H0(k)±
√
Hx(k)2 +Hy(k)2 +Hz(k)2. (1.62)

In absence of the complex NNN hoppings H0 = Hz = 0, so the dispersion

ε±(k) = ±
√
Hx(k)2 +Hy(k)2. (1.63)

Hx = Hy = 0 at K and K
′ , therefore the two bands become degenerate (in

-2
-1

012

kx

-2-1012

k y

-2

0

2

Ε

Figure 1.5: The plot between energy dispersion ε± and kx and ky for both bands in
the first Brillouin zone.

absence of the complex NNN hoppings), so

ε±(k) = 0 which denotes the Dirac points. (1.64)
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So in the presence of complex NNN hoppings, at K and K
′ , Hx = Hy = 0 but

Hz 6= 0. The two bands have gap

ε+(k)− ε−(k) = 2
√
Hx(k)2 +Hy(k)2 +Hz(k)2 = 2 | Hz(k = K) |

= 6
√

3t
′
sinφ. (1.65)

The above eq.(1.65) calculates the gap is shown pictorially in fig.(1.5). In fact, at
the K point

Hz = −3
√

3t
′
sinφ. (1.66)

At the K
′ point

Hz = 3
√

3t
′
sinφ They possess opposite signs (as long as φ is not nπ). (1.67)

1.2.1.1 Potential Energy (Breaking Inversion Symmetry)

Consider the following choice where the NNN hopping terms are set to zero

HPotential = (V +M)
∑
i

a†iai + (V −M)
∑
i

b†ibi,

HPotential = V

(∑
i

a†iai +
∑
i

b†ibi

)
+M

(∑
i

a†iai −
∑
i

b†ibi

)
,

= V N +M
∑
i

a†iai −M
∑
i

b†ibi. (1.68)

We add just a constant term M in potential energy V (average potential between
A and B sites), due to conservation of total particle number N . Therefore the V
term can be left out and the difference between the potential energies at A and B
sites (M) is considered. In k-space

HPotential = M
∑
i

a†iai −M
∑
i

b†ibi = M
∑
k

a†kak −M
∑
k

b†kbk, (1.69)

=
∑
k

(
a†k b†k

)
Mσz

(
ak

bk

)
. (1.70)
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So the σz component of the Hamiltonian becomes a cause of gap opening at the
Dirac point as in NNN complex hopping. In absence of the complex NNN hoppings,
the gap is 2M at K and K

′ , and the system becomes a trivial insulator at half-
filling.

1.2.1.2 Joint Presence of HPotential and HNNN

If Hz has the same sign at K and K
′ points, only one wave function is sufficient

to cover the whole BZ, so the Chern number C = 0 (trivial insulator). When Hz

has opposite signs at K and K
′ , the system becomes a topological insulator with

C = ±1. So value of Hz at the Dirac point K is

Hz = M − 3
√

3t
′
sinφ. (1.71)

At the K
′ point

Hz = M + 3
√

3t
′
sinφ. (1.72)

If |M | < 3
√

3t
′
sinφ, the system becomes a topological insulator (Hz changes it’s

sign). When |M | > 3
√

3t
′
sinφ, Hz is always positive (or negative) and thus the

system becomes topologically trivial. When value of |M | becomes 3
√

3t
′
sinφ,

there is a topological transition. So Hz becomes zero at either the K point or the
K
′ point. The value of Hx = Hy = 0 at these two points, so the gap must vanish

at one of the two points. There is a band crossing in the system (either at K

or K
′ , depending on the sign of M and t′ sinφ ) at the transition point and the

system is not an insulator. At the topological transition point, the insulating gap
closes. This derivation is taken from reference given in footnote3.

So the two basic differences between the model of Haldane and the quantum
Hall effect are: (1)In the Haldane model, the Magnetic field B is on average zero
but in the QHE, it is a uniform B field (2) In the Haldane model, the lattice
background potential is very strong but in the QHE, there is a weak lattice po-
tential. By using Haldane’s model, time-reversal invariant topological insulators
was proposed. These materials have been theoretically predicted and experimen-
tally realized in Cr-doped (Bi1−xSbx)2Te3 thin films [87] and in ultracold fermion
systems [88].

3http://www-personal.umich.edu/~sunkai/teaching/Fall_2012/chapter3_part7.pdf
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1.2.2 Kane-Mele Model

Haldane has proposed his model for spinless fermions. This model can be gen-
eralized for an electron system with spin, which becomes doubly degenerate if
fermion-fermion interactions are ignored. At the edge channel, electrons become
chiral, start to flow around the boundary in the counterclockwise direction for
Chern number C = 1 and in the clockwise direction for C = −1, which is charac-
teristic of Quantum Hall Effect. In 2005, Kane and Mele [70] proposed a general-
ized Haldane model for the graphene lattice model of electrons with spin 1

2
. A new

quantum phenomenon has been predicted viz. the Quantum Spin Hall effect, to
replace the periodic magnetic flux by the spin-orbit coupling between electron spin
and momentum. When system possesses time reversal symmetry, electrons with
spin-up in the edge channel flow in one direction, while electrons with spin-down
in the edge channel flow in opposite direction, I↑ = −I↓. So net charge current in
two edge channels becomes zero, Ic ≡ I↑ + I↓ = 0 as a net charge current breaks
time reversal symmetry. Only a pure spin current circulates around the boundary
of system, Is = ~

2e
(I↑ − I↓). In the Quantum Hall Effect, time reversal symmetry

is broken due to the magnetic field, but due to the spin-orbit coupling, this sym-
metry is preserved in Quantum Spin Hall effect since the momentum p→ −p and
spin σ → −σ under the time reversal (the description in this section is taken from
the book [4]).

Quantum Hall insulators are formed using a B field (uniform or staggered).
Spin-orbit effect and external B field are really similar to each other, B for spin
up electron and −B for spin down electron. We may consider Kane-Mele’s model
as two copies of the Haldane model, one for spin up and one for spin down con-
figurations. There are opposite phases in complex hoppings for spin up and down
electrons. Chern number C = 1 for spin-up quantum Hall state and C = −1 for
spin down quantum Hall state and whole system posses C = 0 (no Hall effect),
but this is an insulator with metallic edge states. Haldane model uses staggered
magnetic field for complex hopping terms. But in Kane-Mele model, the the
complex hopping terms was induced by spin-orbit coupling terms (spin-dependent
hopping). So time-reversal symmetry is preserved. So

H =
∑
k

(
a†k↑ b†k↑ a†k↓ b†k↓

)


H11(k) H12(k) 0 0

H21(k) H22(k) 0 0

0 0 H11(k) H21(k)

0 0 H12(k) H22(k)




ak↑

bk↑

ak↓

bk↓

 . (1.73)

In an ideal model, hybridization between spin up and down electrons is taken to
be zero (the lower-left and upper-right corners of Hamiltonian are assumed to be
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zero). In a realistic system, there are additional terms that hybridize the spin up
and down electrons (additional terms in the Hamiltonian)4. By including these
extra terms in the model, Kane and Mele found:

• Time reversal symmetry is the cause of edge states protection. When time-
reversal symmetry is broken, edge states disappear and the system reverts to
a trivial insulator.

• This means there are two types of insulators: no edge states (trivial) or 1
pair of edge states (topological). This is to be distinguished from integer
quantum Hall effect (IQHE), which possess any number of edge states. Due
to presence of 0 or 1 pair of edge states, we called these insulators as Z2

topological insulators.

If we include Rashba term, the system becomes complicated since σz is no longer
conserved and the electrons with spin-up and spin-down are coupled together.
There is a mixing of electrons with spin-up and spin-down in Kane-Mele model;
it is not possible to separate the whole system into two independent parts as in
the case of Haldane Model. It is not possible to introduce a spin-dependent Chern
number to describe this new phase. So Kane and Mele introduced Z2 invariant to
describe it.

The first proposal of QSHE state was in graphene, due to it’s huge theoreti-
cal contribution to the discovery of this new topological phase. However, it was
soon found to be unrealistic due to the weakness of spin orbit coupling (SOC) in
graphene (the gap opened by SOC in graphene is on the order of 10−3 eV [78]).
This type of material is experimentally realized in heavy elements, which would
show stronger SOC. Firstly, it was proposed by B. Bernevig et al. in 2006, which
predicted QSH effect in HgTe-CdTe semiconductor quantum wells [80]. There was
a proposal of Z2 topological invariant of the QSHE in 3D systems in 2007 [89].
After one year in 2008, D. Hsieh et al. reported the first experimental observation
of a 3D topological insulator in Bi1−xSbx [90].

1.2.3 Terahertz and Infrared Study of Topological Insulators

The dynamics of charge carriers can be well measured by infrared spectroscopy - a
powerful tool for this measurement. By this measurement, it is possible to study

4http://www-personal.umich.edu/~sunkai/teaching/Fall_2013/chapter7.pdf
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low-energy electronic excitations and their interaction with other excitations of the
system (eg. phonons). Due to residual conductivity associated with the bottom of
the bulk conduction band, reflectivity measurements on TI single crystals creates
the same problems as transport measurements to detect the surface states signal.
This problem is solved for instance by Di Pietro et al. [91], A. D. LaForge et al.
[92] and A. B. Sushkov et al. [93].

However, when we deal with thin films, the situation is different. In 2012, N.
P. Armitage’s group [94], have done an optical characterization of Bi2Se3 molec-
ular beam epitaxy grown thin films. They reported [95] time-domain terahertz
spectroscopy measurements on films with thickness ranging from 2 to 128 QL, the
spectra at 5K. This data shows a distinctive Drude-Lorentz behavior, indicating a
contribution from both free carriers and crystal vibrations. Using Drude Lorentz
analysis, these authors found the free carrier and phonon 2D spectral weight sep-
arately, defined as (ωp/2π)2d and (Sph/2π)2d, where ωp is the plasma frequency,
Sph is the phonon intensity and d is the film thickness. The values found are
plotted in fig.(2c) as a function of the film thickness in that article [95]. From
the plots, it can be seen that the Drude term is almost thickness-independent
and the integrated spectral weight, describes it is related to surface free carri-
ers. However, the phonon spectral function is proportional to thickness which is
characteristic of bulk response. The big advantage of THz spectroscopy is that it
can detect topological surface states and distinguish the surface states from bulk
states in topological insulators. The important properties of topological insula-
tors lie on the surface which is protected by time-reversal symmetry. So a study
of surface states of topological insulators has been a major goal for researchers.
Most signatures of topological nontrivial surface states have been detected by sur-
face techniques, such as angle-resolved photoemission spectroscopy (ARPES) and
scanning tunneling spectroscopy (STS) [84, 90, 96–98].

1.3 Weyl Semimetal

There is a new class of unconventional and topological (somewhat different from
topological insulators) phase semimetal has been studied in the last couple of years
known as Weyl semimetal (WSM). Closely related to graphene, its band structure
contains a pair of bands crossing at certain points in momentum space; in other
words it is a 3D system analogous to graphene. The properties of WSM are
strongly influenced by spin orbit coupling. Actually, WSM is a novel topological
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phase of 3D materials. It is represented by the existence of a set of linear-dispersive
band-touching points, called Weyl nodes. They are protected against small pertur-
bations and disorder. All this information has been taken from the review article
of P. Hosur [99].

In following section, we describe the journey of topological phenomena in con-
densed matter from Dirac fermions to Weyl fermions and finally to Weyl semimet-
als step by step.

1.3.1 Dirac Fermions

Graphene and topological insulators are often termed Dirac materials due to emer-
gence of Dirac fermions [100] in their low energy description. In the vicinity of
Fermi energy, the Dirac equation is used for their description

(−iα ·∇ + βm)ψ = i
∂ψ

∂t
, (1.74)

where ψ is the four-component Dirac spinor, and α, β are the 4× 4 Dirac gamma
matrices:

α =

[
0 σ

σ 0

]
, β =

[
I 0

0 −I

]
. (1.75)

In order to obtain plane wave solutions, we write the four component Dirac spinor
ψ as

ψ(r, t) = u(p)e−i(Et−p·r) =

[
χ

φ

]
e−i(Et−p·r). (1.76)

Here, u(p) is a four-component spinor and both χ and φ are two-component
spinors. So the Dirac equation becomes[

m σ · p
σ · p −m

][
χ

φ

]
= E

[
χ

φ

]
. (1.77)

After dropping the exponential factors, the general solution of above equation is

χ =
σ · p
E −m

φ, (1.78)
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φ =
σ · p
E +m

χ. (1.79)

The energy eigenvalues from above equation

E2 = |p|2 +m2. (1.80)

When fermions become massless, above energy dispersion is a linear function of
momentum. This dispersion relation is true for graphene and topological insulators
in case of low energy physics.

For massless system above eq.(1.77) becomes[
0 σ · p

σ · p 0

][
χ

φ

]
= E

[
χ

φ

]
. (1.81)

Therefore

(σ · p)χ = Eφ, (1.82a)

(σ · p)φ = Eχ. (1.82b)

From above equation, we can say that χ and φ are not independent of each other.
But a linear combination of χ and φ has the following form

ψR =
1

2
(χ+ φ) , (1.83a)

ψL =
1

2
(χ− φ) , (1.83b)

yields

+ (σ · p)ψR = EψR, (1.84a)

− (σ · p)ψL = EψL. (1.84b)

These two new redefined two-component spinors, ψR and ψL are called Weyl
spinors. These spinors decoupled from each other and are considered indepen-
dent particles. They are represented by a conserved quantum number, known
as chirality [101]. Eigenstates of the operator σ·p

|p| , chirality is the projection of
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angular momentum σ on the momentum p̂. If angular momentum parallel to lin-
ear momentum, the chirality becomes +, for antiparallel alignment becomes −.
Chirality is conserved, in case of massless particles.

1.3.2 Weyl Fermions

The ‘Weyl equation’ belongs to high energy physics [102]. German physicist Her-
mann Weyl had introduced this equation, as a relativistic wave equation for de-
scribing massless spin-1/2 particles [9]. From last decade, Dirac equation has been
introduced in condensed matter physics, Weyl fermions have also gained promi-
nence over the past couple of years. Due to coming of Weyl fermions in condensed
matter physics, growing list of topologically nontrivial phenomena have become
possible. If particle has massless nature then the relativistic fermions can be de-
scribed by only two component spinor rather than four component Dirac spinor,
was first noticed by Hermann Weyl. These types of fermions are called Weyl
fermions and they obey the Weyl equation Hψ = Eψ generated by the Weyl
Hamiltonian

HWeyl = vF (pxσx + pyσy + pzσz), (1.85)

EWeyl = ±vF
√
p2
x + p2

y + p2
z. (1.86)

All Pauli matrices σ are already coupled to all three momenta, so no other an-
ticommuting 2 × 2 matrices are available. This implies that one cannot open a
gap and the fact that the bands touch in some points is stable. So these 3D
Weyl fermions may be expected to be more protected against small perturbations
than the Dirac fermions in graphene and this 3D phase of matter is called Weyl
semimetal. Due to the two-component description by two-component wave func-
tions rather than four-component Dirac spinors, Weyl fermions occur in systems
where two nondegenerate bands meet with each other at a limited number of iso-
lated points in the Brillouin zone. In case of a Weyl semimetal, systems are robust
to most translationally-invariant interactions. The reason behind this property
is chirality, which is conserved in three dimensions, while in two dimensions it is
not a conserved quantum number. Due to chirality conservation, there is linear
dispersing massless fermions in three dimensions, so only those interactions which
could couple different fermions with opposite chirality can open a uniform gap at
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the Weyl nodes in Weyl semimetals. Another property which leads to a differ-
ence between graphene and Weyl semimetal is spin degeneracy. There is inversion
symmetry and time-reversal symmetry in graphene, which ensures two-fold spin
degeneracy in graphene’s 2D energy spectrum, while in case of Weyl semimetal, ei-
ther inversion symmetry or time-reversal symmetry is broken, so that their energy
spectra are non-degenerate.

There are significant differences between graphene and WSMs due to their
different dimensionality. Since all three Pauli matrices are present in the Hamil-
tonian H = vFσ · p of WSM and absence of such a matrix that anticommutes
with Hamiltonian of Weyl, gaps out the spectrum. There are only two ways of
a destroying Weyl point, (i) By neutralizing it with another Weyl point of oppo-
site chirality either by purposely shifting the Weyl points around in momentum
space and merging them or by allowing for scattering to take place between differ-
ent Weyl nodes - the latter requires the violation of translational symmetry (ii)
By spoiling charge conservation using superconductivity. In presence of charge
conservation and translational invariance, the Weyl nodes are stable to arbitrary
perturbations. In case of graphene, Dirac nodes can be demolished individually
by breaking lattice point group symmetries.

A crucial quantity characterizing massless Weyl fermions is, helicity. The projec-
tion of spin s on the direction of momentum p of the particle known as helicity

χ =
p · s
|p||s|

. (1.87)

For a spin 1
2
fermion, the spin operator ŝ = ~σ

2
, the helicity operator for a Weyl

fermion is χ̂ = p·σ
|p| . Due to commutation of the helicity operator with the Weyl

Hamiltonian H = vFp ·σ helicity becomes a conserved quantity and hence a good
quantum number. Helicity operators has eigenvalues ±1, +1 depicts a fermion
with the spin vector aligned along the momentum, −1 in the opposite direction.
The energy of a Weyl fermion is E = ±vF |p|, can be written as helicity operator
times the energy

H = vFp · σ = sgn(vF )|E|χ̂. (1.88)

From above expression, a picture may be drawn, where a Weyl node looks like a
hedgehog or a magnetic monopole in momentum space, have spin vectors in the
direction of the Weyl node or in the opposite direction.
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Figure 1.6: Band structure comparison between 2D graphene and 3D Weyl Semi-
Metal system. Detailed degeneracy properties in both cases are indicated explicitly.
In order to highlight the key point, we only plot dispersion near one node in each
case, however, in the Weyl systems, Weyl nodes always appear in pairs with opposite
chiralities.

1.3.3 Possible Realization of Weyl semimetals

Firstly, Weyl fermion has been studied in case of liquid He3, where these fermions
are generated in a certain phase of this system [103, 104]. Weyl fermions are
an active area of research [1, 105–110]. These works proved the existence of

5X. Wan, A. M. Turner, A. Vishwanath, and S. Y. Savrasov, Physical Review B 83, 205101 (2011).
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Figure 1.7: Figure shows predicted phase diagram for Pyrochlore Iridates: horizontal
axis represents the increasing interaction among Ir 5d electrons; the vertical axis repre-
sents the external magnetic field, which could cause a transition out of the noncollinear
all-in/all-out ground state possessing several electronic phases5.

Weyl semimetal in nature. It is conjectured that Weyl fermions are the low energy
excitations of two types of possible Weyl semimetal structures: Pyrochlore Iridates
[105] and Topological-Normal Insulator heterostructures [1]. The semimetallic
nature of these materials is preserved by the touching of two non-degenerate bands
at even numbers of Weyl nodes. Due to the conservation of chirality at each
node, only interactions that couple nodes can open gaps. So this system gives
an interesting podium for studying, the interplay of interaction and spin orbit
in establishing new states of matter. Pyrochlore Iridates is considered as the
first possible realization of Weyl semimetal. There are three Weyl points at each
hexagonal zone boundary, so total becomes 24 [105]. The fig.(1.7) depicts phase
diagram of Y2Ir2O7. For each pair of Weyl nodes with opposite chiralities, there
is perfect nesting. Refs.[105] focused on the pyrochlore iridates, which have the
general formula A2Ir2O7, where A=yttrium or a lanthanide element.

In this structure, inversion symmetry is preserved as the electronic properties
evolve with correlation strength. In case of weak correlations, or in the absence
of magnetic order, a metal is obtained. With strong correlations, a Mott insu-
lator with all-in/all-out magnetic order is obtained. Between these two limits,
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with intermediate correlations, the electronic ground state is found to be a Weyl
semimetal. This state has linearly dispersing nodes at the chemical potential,
phase time-reversal symmetry is broken and inversion symmetry is preserved. In

Figure 1.8: Schematic diagram of the 3D multilayer heterostructures, which is found
by alternating Topological Insulator(TI) layers and Normal Insulator(NI) layers. In all
TI layers, their surface states time-reversal symmetry is broken caused by doping mag-
netic impurities inside TI layers. Unhashed layers represent the TI layers, while hashed
layers represent the NI spacers. The arrow of each TI layer represents the magnetization
direction. Only three periods of the superlattice are shown in the schematic6.

the superlattice heterostructures, there is a second possible realization of a Weyl
semimetal system [1]. This is constructed by alternating layers of topological insu-
lator and normal insulator. The simplest realization of the three dimensional Weyl
semimetal phase is proposed in the topological-normal insulator heterostructures.
They have only twoWeyl nodes carrying opposite chirality separated in momentum
space. The simplest realization of a three dimensional Weyl semimetal is achieved
by composing identical thin films of a magnetically doped 3D topological insula-
tor layers separated by ordinary insulator spacer layers, depicted in fig.(1.8). The
spin splitting of the surface states is achieved due to doped magnetic impurities
in layers of topological insulator. This becomes a cause for time-reversal breaking
in the Weyl System because magnetic impurities ferromagnetically ordered with
magnetization along the growth direction of the heterostructures.

6A. Burkov and L. Balents, Physical Review Letters 107, 127205 (2011).
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1.3.4 Chiral Anomaly in Weyl semimetal

A peculiar nonconservation of chiral charge is known as a chiral anomaly and has
been well described in high-energy physics. Due to the emergence of new materials
like TI, graphene and Weyl semimetals, many high energy phenomena have been
described in condensed matter physics. The chiral anomaly has been realized in
Weyl semimetal. This property can be used for detection of Weyl semimetal. Many
research articles have been published regarding chiral anomaly recently [106, 111–
115]. The continuity equation for a Weyl point in presence chirality χ and external
electric E and magnetic field B:

∂ρ

∂t
+∇ · j =

χ

4π2
E ·B. (1.89)

Here ρ is charge density and j is current density.

This equation shows charge is not conserved at a single Weyl point with parallel
E and B fields. To compensate for this excess/deficit charge, there is another
Weyl point of the opposite chirality to ensure the overall conservation of charge
in the system. So by using parallel E and B fields, we can drive charge between
Weyl points of opposite chirality. The experiment proposed for detection of Weyl
semimetal is focused around chiral anomaly in some form. The large longitudinal
magnetoconductivity is one of the transport properties which arise due to chiral
anomaly [116]. The phenomenon like chiral magnetic effect is generated by the
chiral anomaly, where current flows parallel to an applied magnetic field [117, 118].

1.3.5 Electronic Properties of Weyl Semimetal

While the conductivity of Weyl semimetal (WSMs) is similar to graphene and 3D
Dirac semimetals [119], it demonstrates behavior that neither metals nor insula-
tors do. Such systems have a particle-hole symmetry about the charge neutrality
locations, so there are states with of electrons and holes moving with equal and
opposite momenta that carry current. Due to this, the total momentum becomes
vanishes and Coulomb interactions can in fact cause dephasing (relaxation) of
these states.

These non-interacting WSMs with chemical potential disorder show bad metals
behavior in some of their transport properties [1, 119, 120]. The optical conduc-
tivity of disordered WSMs is calculated within a Born approximation by Hosur
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et al.[119] that shows temperature and frequency dependence. It contains Drude
peak whose height is set by the disorder strength. In case of metal, peak width
has a weaker dependence

√
T on temperature but here the width of the peak

goes as T 2. So on lowering the temperature, the conductivity at small non-zero
frequency falls rapidly in WSMs as compared to ordinary metals. On going be-
yond Born approximation, there are rare regions of disorder found in a WSM near
the Weyl points that induce a small density of states, and hopping between rare
regions results in a finite DC conductivity even at zero temperature [121]. At
high frequencies ~ω >> kBT , the conductivity varies linearly with the frequency:
σxx(ω) = e2

12h
ω
vF

per Weyl node. Importantly, these features are not present in
either metals or insulators. So we can say, WSMs are in between metals and in-
sulators in their electric transport properties. But they are closer to being (bad)
metals than (bad) insulators [99, 119].

1.3.6 Optical Properties of Weyl Semimetal

The Weyl fermion exhibits novel linear and nonlinear optical properties due to
linear dispersion of low energy excitations and poor screening. The Weyl fermion
in two dimensions possesses giant nonlinear responses to electromagnetic fields in
the terahertz (THz) regime [96]. Due to the promotion of the intensive THz exci-
tations and good coupling between THz fields and free carriers in semiconductors,
we study nonlinear electromagnetic responses in the THz region [96, 122–125].
The bound excitons exist in one-dimensional (1D) metallic carbon nanotubes and
graphene (possess Weyl Fermions) [23, 45], predicted by ab initio calculations [126–
129] and subsequent experiments [130]. In terms of electronic dispersions, carbon
nanotubes and graphene may be thought of as two dimensional (2D) analogs to
Weyl semimetals . The density of states disappear at the Fermi energy in Weyl
fermions, so electrostatic screening becomes weak[96] (for more details see [17]).

1.4 Applications

1.4.1 Graphene

There are a number of applications of graphene in mechanical engineering, elec-
trical engineering and micro-electronics. It has become an important material
due to its wide range of applications in electronics engineering as a component
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material. Graphene is a good candidate for replacing indium-based electrodes in
organic light emitting diodes (OLED). These OLED can be used in mobile dis-
play screens due to diminished power consumption. Graphene is cheap, thin and
see-through and critically is electrically conductive [131]. So it becomes a good
candidate for the flat-screen displays used on smart phones that need electricity to
power the optical elements, and to respond to the user touch. By using graphene
in the place of indium not only cuts the cost but eliminates the use of metals
in the OLED, which may make devices better for recycling. If we use graphene
on the surface of the anode in Lithium-ion batteries, lithium ions start to attach
with the anode substrate due to defects in the graphene sheet (introduced using
a heat treatment). This battery recharges very quickly compared to conventional
lithium-ion batteries. There are 2,600 square meters area in a gram of graphene
- an equivalent of about ten tennis courts, which provides more opportunities for
a reaction to occur in the battery7. The ease with which large surface areas of
graphene sheets can be produced means that they can be used in the fabrication
of capacitors. This will provide avenues for recharging batteries in minutes instead
of hours. It is possible to produce a thin membrane by using graphene oxide. It
can be used in water desalination because this membrane can block harmful par-
ticles and gases. The process of desalinating sea water from this will be cheapest
compared to others [132]. To produce a working transistor with graphene is a big
achievement because graphene is not a natural semiconductor. It was a significant
technical challenge, but this transistor is twice as fast as a silicon transistor with
commensurate features. A broadband radio frequency mixer has been designed,
which is used in radio applications to process signals at a range of frequencies.
This is effectively a solo IC component which shows that graphene transistors can
be used reliably in more complicated systems [133]. High-frequency transistors
made from graphene are a promising application because of the higher mobility
of electrons in graphene move as compared to electrons in silicon. The processes
for developing of lithography techniques, which is used to fabricate integrated cir-
cuits is based on graphene are growing rapidly [134, 135]. Graphene can be used
as corrosion-resistive coatings to protect important buildings and machine parts
from corrosion [136].

7http://www.bbc.com/future/story/20130306-bend-and-flex-for-mobile-phones
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1.4.2 Topological Insulator

A fermion which is it’s own antiparticle is known as a Majorana fermion. Ma-
jorana fermion is true for spin-1 photon and spin-0 neutral pions and has not
been yet detected in any known half-spin integral particle. This type of state
is present on treating the Dirac equation for real field solutions in the place of
complex field for electrons/positrons [137]. Firstly, the existence of a Majorana
particle was imagined in neutral neutrino or anti-neutrino and the double-beta
decay for a long time. This particle could be a supersymmetry partner of neutral
bosonic fields, e.g. the superpartner photino for photons has been confirmed in
recent large hadron collider (LHC) experiment going on in CERN, Geneva. In
the presence of a topological defect, a bound, isolated, zero-energy mode can ex-
ist obeying a Dirac-type equation, apart from the positive and negative energy
eigenvalues [138, 139]. When there is conventional Dirac representation this zero
mode gives rise to charge fractionalization (±1/2), but when we consider Majorana
representation [137] the field operator becomes real, zero modes with chargeless
(neutral) Majorana fermions are seen. Read and Green [140], proposed such Ma-
jorana bound states (MBS) for the px + ipy wave superconductor, e.g. in Sr2RuO4

[141] and in cold-atoms [142] while conventional s-wave superconductors do not
give a signature of zero modes. Topological superconductors show presence of
MBS. MBS developes only in a strong TI because of the proximity effect when
the TI’s surface is close to that of a superconductor. There are some techniques
to produce them in real experiments suggested by Fu and Kane [143].

Axion Electrodynamics

Lagrangian density has following form in electromagnetic field theory

L0 =
1

8π

(
εE2 − 1

µ
B2

)
.

When we have electromagnetic coupling, there will be an additional term with
invariance under θ → θ + 2π. So

Lθ =
θe2

2πh
E ·B. (1.90)

This term is called axion field term. It has been introduced for solving strong CP
violation problem in particle physics [144, 145]. Electric field E is TR invariant
and magnetic field B is odd to TR symmetry. So the Lagrangian in eq.(1.90) loses
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the TR symmetry unless θ is odd to TR as well. But the distinction between
trivial topological insulator and nontrivial (strong) topological insulator depends
on the choice of θ = 0 and θ = π respectively [146, 147]. So they are related to the
Z2 invariant class and θ/π is identical to the invariant ν0. From topological field
theory, the coefficient of the axion term (eq.(1.90) denotes the value of the Hall
conductance [86]. On taking θ = π, eq.(1.90) gives a coefficient 1/2(e2/h) which
can only be shifted by an integer due to disorders. By measuring surface Hall
conductivity in the strong topological insulator, it confirms topological robustness
and the axion electrodynamics as well.

Due to protected surface/edge states in TI, there is absence of decoherence
in the spin current. Spin current is very important for quantum computation. If
there are bound Majorana fermions in TI, their non-Abelian statistics will form the
qubits, which is essential for quantum computation [148]. It is found that topolog-
ical surface states can facilitate surface reaction by promoting different directions
of static electron transfer. In theory, this surface reaction suggests that topological
insulators can be used as high-performance catalyst [149]. Zhang et al. suggested
application of Bi2Se3 in wide band-width, high performance photodetector, which
works between terahertz to infrared frequency range [150]. Peng et al. designed
near infrared transparent flexible electrode, which show low resistance and high
transparency with Bi2Se3 grown on mica [151]. The advantage of the unique sur-
face electrons of topological insulators can be used in the future electronic device
for energy utilization. The above information is taken from the source given in
footnote8.

1.4.3 Weyl Semimetal

AWeyl semimetal comprises Weyl fermions, which could be very useful in electrical
conduction due to it’s massless nature. Weyl electrons have higher mobility than
normal electrons-which could be used to create faster electronic circuits. The
electron in graphene is also massless but Weyl fermions are topologically protected
from scattering, which means that they could be useful in quantum computers.
Weyl semimetal has high mobility with topological protection, so it can become
motherboard for future electronic devices 9.

8http://www.jncasr.ac.in/hbar/PDF/ti.pdf
9http://physicsworld.com/cws/article/news/2015/jul/23/weyl-fermions-are-spotted-at-long-last
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1.5 Rabi Oscillations in Two-Levels

In order to understand the phenomenon of Rabi oscillations in a two-level system,
take an example of the hydrogen atom interacting with an electromagnetic field.
the time evolution has the form [49]

i~
∂

∂t
ψ(r, t) = [H0 +Hi(t)]ψ(r, t). (1.91)

Here H0 is the unperturbed Hamiltonian of the hydrogen atom, Ĥi = eD ·
E0 cos(ωt) is the interacting Hamiltonian with D dipole moment operator, E(t) =

E0 cos(ωt) is monochromatic incident electric field and ψ(r, t) is the time depen-
dent wave function, which can be further written in form of stationary eigenfunc-
tions for two level system as follows

ψ(r, t) = c1(t)ψ1(r, t) + c2(t)ψ2(r, t). (1.92)

Level 1

Level 2

A.C . Electic Field

Figure 1.9: A schematic diagram of atomic oscillations (Rabi oscillations) between
two level systems in presence of applied A.C. electric field.

We defined

ψn(r, t) = e−
iEnt

~ ψn(r), (1.93)
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ψ(r, t) = c1(t)e−
iE1t
~ ψ1(r) + c2(t)e−

iE2t
~ ψ2(r). (1.94)

Inserting eq.(1.94) in eq.(1.91), from eq.(1.91) the equation of motion for the
probability amplitude we obtain

i~
∂

∂t

(
c1(t)e−

iE1t
~ ψ1(r) + c2(t)e−

iE2t
~ ψ2(r)

)

= [H0 +HI(t)]
(
c1(t)e−

iE1t
~ ψ1(r) + c2(t)e−

iE2t
~ ψ2(r)

)
, (1.95)

i~
[(

∂c1(t)

∂t
e−

iE1t
~ − iE1

~
e−

iE1t
~ c1(t)

)
ψ1(r) +

(
∂c2(t)

∂t
e−

iE2t
~ − iE2

~
e−

iE2t
~ c2(t)

)
ψ2(r)

]

= [H0 +HI(t)]
(
c1(t)e−

iE1t
~ ψ1(r) + c2(t)e−

iE2t
~ ψ2(r)

)
, (1.96)

i~
[(

∂c1(t)

∂t
e−

iE1t
~

)
ψ1(r) +

(
∂c2(t)

∂t
e−

iE2t
~

)
ψ2(r)

]

= HI(t)
(
c1(t)e−

iE1t
~ ψ1(r) + c2(t)e−

iE2t
~ ψ2(r)

)
. (1.97)

Multiply by e
iE1t
~ ψ∗1(r)

i~
[(

∂c1(t)

∂t
e−

iE1t
~

)
e
iE1t
~ ψ∗1(r)ψ1(r) +

(
∂c2(t)

∂t
e−

iE2t
~

)
e
iE1t
~ ψ∗1(r)ψ2(r)

]

= e
iE1t
~ ψ∗1(r)HI(t)

(
c1(t)e−

iE1t
~ ψ1(r) + c2(t)e−

iE2t
~ ψ2(r)

)
. (1.98)

Integrating w.r.t. r

i~
(
∂c1(t)

∂t

)
= c1(t)

∫
ψ∗1(r)HI(t)ψ1(r)dr

+e
i(E1−E2)t

~ c2(t)

∫
ψ∗1(r)HI(t)ψ2(r)dr. (1.99)

We define ω0 = i(E2−E1)t
~

i~
∂c1(t)

∂t
= c1(t)M11 + e−iω0tc2(t)M12. (1.100)
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The transition matrix elements Mmj are given by

~Mmj =

∫
ψ∗mĤiψjdV = 〈ψm|Ĥi|ψj〉. (1.101)

Similarly

i~
∂c2(t)

∂t
= eiω0tc1(t)M21 + c2(t)M22. (1.102)

We defined Ĥi = eD · E0 cos(ωt). From symmetry

M11 = M22 = 0, (1.103)

M12 = M∗
21 =

1

~
eE0X12 cos(ωt). (1.104)

Here,

X12 =

∫
ψ∗1Xψ2dV = 〈ψ1|X|ψ2〉, (1.105)

is the dipole matrix element. We defined the Rabi frequency ΩRabi as

ΩRabi =
1

~
eE0X12, (1.106)

M12 = M∗
21 = ΩRabi cos(ωt), (1.107)

i~
∂c1(t)

∂t
= e−iω0tc2(t)ΩRabi cos(ωt) = e−iω0tc2(t)ΩRabi

1

2

(
eiωt + e−iωt

)
, (1.108)

i~
∂c2(t)

∂t
= eiω0tc1(t)Ω∗Rabi cos(ωt) = eiω0tc1(t)Ω∗Rabi

1

2

(
eiωt + e−iωt

)
, (1.109)

i~
∂c1(t)

∂t
= c2(t)ΩRabi

1

2

(
ei(ω−ω0)t + e−i(ω+ω0)t

)
, (1.110a)

i~
∂c2(t)

∂t
= c1(t)Ω∗Rabi

1

2

(
ei(ω+ω0)t + e−i(ω−ω0)t

)
. (1.110b)

The eq.(1.110a) and eq.(1.110b) are known as optical Bloch equations. When
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light interacts with the hydrogen atom near resonance i.e. |ω − ω0| << ω0, the
exponential factor ei(ω−ω0)t is almost time independent and complementary term
viz. ei(ω+ω0)t oscillates very fast with almost double the incident frequency. After
few time periods, the average contribution of the fast oscillating term will nearly
vanishes. In quantum optics this approximation has a specific name called ‘ro-
tating wave approximation’ (RWA). On applying this approximation to the above
equation

i~
∂c1(t)

∂t
= c2(t)ΩRabi

1

2
ei(ω−ω0)t, (1.111a)

i~
∂c2(t)

∂t
= c1(t)Ω∗Rabi

1

2
e−i(ω−ω0)t. (1.111b)

We consider zero detuning: ω = ω0 where the well-known Rabi oscillations between
the ground and excited state of the driven two-level system are seen. On choosing
initial conditions |c1|2 = 1 and |c2|2 = 0 we found

|c1|2 = cos2

(
ΩRabit

2

)
and |c2|2 = sin2

(
ΩRabit

2

)
. (1.112)

The frequency ΩRabi depends only upon the intensity of the applied optical field
and is independent of the applied frequency. In most cases, the Rabi frequency
ΩRabi is always less than the frequency of incident applied optical field. This
phenomenon was predicted theoretically a long time ago, but was observed ex-
perimentally in conventional semiconductors (bands instead of levels) only in the
1980’s. In case of graphene and TI, coherent optical properties have been stud-
ied in presence of classical [152–154] and quantum fields [155] in various regimes
with various approximations. The observed Rabi oscillations in the presence of
a quantum EM field [155] are quite different from those observed in presence of
a classical field [152]. Incoherent effects like optical dephasing and relaxation of
band electrons (intra-band as well as inter-band) have also been studied by various
authors [62, 63].
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Chapter 2

Rabi Oscillations in Dirac-Weyl

Fermionic Systems

2.1 Introduction

The light matter interaction is an important part of physics. Newton saw that visi-
ble light separates into its constituent colors upon passing through a prism. There
are two reasons behind this phenomenon (i) white light has many frequencies,
in other words it is non-monochromatic, and (ii) interaction of light with mat-
ter causes dispersion of white light into different frequency components. There
are many new phenomena resulting from light-matter interactions like the change
in refractive index, scattering, diffraction, dispersion, etc [156]. One such phe-
nomenon is Rabi oscillation, a familiar theme in nonlinear optics, which comes
due to light matter interaction. It is the slow periodic oscillation of the ampli-
tudes of the population and polarization of a system with two levels or bands
when these quantities themselves oscillate rapidly with the frequency of the ex-
ternally applied optical field. It is also the periodic exchange of energy between
the electromagnetic field and the system. This slow frequency ωR, known as the
Rabi frequency, which is typically much smaller than the optical frequency ω itself.
Generally, we study this phenomenon in a two-level system of atomic physics. Rabi
oscillations are also seen in semiconductors, which have bands instead of energy
levels, and where there is a mixing of these energies due to long-range Coulomb
interactions [19, 49, 157–162]. This enables understanding of other effects, such
as the phenomenon of excitonic quantum beats and excitonic optical Stark effect
[49]. So it is natural to investigate the same effects in TI and Weyl semimetal,
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where a Dirac cone exists, i.e. the bands are linear instead of parabolic. With the
emergence of new Dirac-Weyl fermionic systems in condensed matter, many works
have emerged that compare and contrast conventional semiconductors/metals and
Dirac-Weyl fermionic systems. This type of study has been performed in several
research articles [153, 154, 160, 163–168].

Conventional Rabi oscillations are studied using the rotating wave approxima-
tion (RWA). It is an approximation used for the approximate analytic solution of
time dependent evolution eqn. of a two level system coupled to a weak electric
field in resonance with the transition. In this approximation, we remove rapidly
oscillating terms of the effective Hamiltonian, but its validity is limited to only
when the internal frequency of the two-level system is close to the external fre-
quency of field, i.e. in case of resonance [49, 157]. We wish to see if something
new can be learned by studying Rabi oscillations in these Dirac-Weyl systems.
Nonlinear optics in these systems is poorly studied and few interesting articles
have been published till now [165, 166, 169–174].

In this chapter, we have reported a new approach, which is basically an ad-
vancement of RWA, we called it ‘asymptotic rotating wave approximation (ARWA)’
[152, 155, 175–178] (otherwise known as Floquet approximation [179–181]). The
numerically exact solution of coherent Bloch equations also reconfirm these find-
ings.

2.2 Problem Formulation

In this chapter, we have described one of the most significant optical property
in relativistic fermionic systems- Rabi oscillations. As we described earlier, Rabi
oscillations have been analyzed in graphene by Mishchenko using the well known
rotating wave approximation (RWA) [153] and this is applicable only near the
conventional resonance condition, when the frequency of the incident optical field
is comparable to the frequency corresponding to particle hole energy. Far from
conventional resonance, only relativistic fermionic systems exhibit a new type of
Rabi oscillation, which is absent in conventional semiconductors and two-level
systems [152, 155, 175–178]. Our aim is to study nonlinear optics of these systems
at the Weyl (Dirac) node, since all interesting physics at low energy occurs in the
vicinity of the Weyl(Dirac) node - particularly the phenomenon of anomalous Rabi
oscillation (ARO), which has been predicted theoretically in single layer graphene

TH-1787_10612109
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by our group [152]. In order to study this, we employ an approximation known
as asymptotic rotating wave approximation (ARWA) [152, 155, 175–178]. In this
chapter a new kind of slow oscillation in population and polarization densities
that is present only in relativistic fermionic systems, is seen far from conventional
resonance. We have studied this phenomenon as well as the conventional close to
resonance Rabi oscillations and verified the claims numerically.

We use the velocity gauge (only vector potential is present but no scalar po-
tential) in the calculations. We will, of course, obtain the same results upon using
the other extreme choice namely - the length gauge, i.e. including only a scalar po-
tential. The relative benefits of these choices are well described in these references
[168, 182].

2.3 Weyl Semimetal Hamiltonian in Second Quantized Form

If the particles are massless, then relativistic fermions are described by a two-
component spinor explained by Hermann Weyl in 1929 [183] in contrast to the
four-component Dirac spinor. This analysis leads to the Weyl equation Hψ = Eψ

generated by the Weyl Hamiltonian

H = vF (pxσx + pyσy + pzσz), (2.1)

E = ±vF
√
|p‖|2 + p2

z. (2.2)

Here |p‖| =
√
p2
x + p2

y, vF is hopping velocity between nearest neighbors. Due
to the massless nature, it is the Pauli matrices that enter into the formalism
rather than Dirac matrices. The minimal matrix representation of these matrices
is two dimensional. This aspect may be further clarified by noting that all three
σ matrices are already coupled to all three components of the momentum p, and
there is no other anticommuting 2× 2 matrix available for the mass to couple to
momentum. Since an energy gap cannot be opened in such systems, the fact that
the bands touch is a stable notion. Hence in such materials, 3D Weyl fermions
are expected to be more protected against small perturbations than the Dirac
fermions in graphene. Due to commutation of helicity operator with the Weyl
Hamiltonian H = vFp · σ, helicity is a conserved quantity and becomes a good
quantum number.
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Using the tight binding approximation, the low-energy Hamiltonian of Weyl
metals in momentum space with hopping and interaction with electromagnetic
radiation (in the radiation gauge with vector potential A(t)) in second quantized
form

H =
∑
α,β

vFσα,β ·
(
p− e

c
A(t)

)
c†p,αcp,β, (2.3)

where the Greek indices stand for either spin up or spin down and c†(c) is the
creation (annihilation) operator. We have taken A(t) = Re(A0e

−iωt) i.e. A(t) =
1
2
A0e

−iωt + 1
2
A∗0e

iωt.

2.4 Rabi Oscillations in Weyl

Consider the evolution equation

i
∂

∂t
ψ(p, t) = Hψ(p, t) on setting ~ = 1. (2.4)

Insistence on analytical solutions to the above Weyl equation necessitate the use
of approximations. When the driving frequency is close to one of the excitation
or resonant frequencies of the system we use RWA where the time dependence of
the dynamical quantities are factored into fast and slow variables: fast means the
external frequency, and slow being the difference between the external frequency
and the resonant frequency [19]. In the off-resonant case, we use ARWA [152, 155,
175–178], where we consider the limit in which the external driving frequency ω is
always much greater than the Rabi frequency ωR and the resonant frequency for
the creation of particle hole pairs namely 2vF

√
|p‖|2 + p2

z, (ω >> ωR and ω >>

2vF
√
|p‖|2 + p2

z). This is quite different from the usual condition used in rotating
wave approximation (RWA) namely | ω − 2vF

√
|p‖|2 + p2

z | << ω. We rewrite H
and ψ(p, t) in terms of slow and fast parts

H = H0 + e−iωt V+ + eiωt V− , (2.5)

ψ = ψ0 + e−iωt ψ+ + eiωt ψ− + .... (2.6)

Here, H0 and ψ0 are slow parts, while V+, V− and ψ+, ψ− are the (coefficients of)
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fast parts of the full Hamiltonian and wavefunction respectively. Upon decompos-
ing the Hamiltonian in eq.(2.3) in the above form we obtain

H0 = vF

[
pz (px − ipy)

(px + ipy) −pz

]
, (2.7)

V+ = vF

[
− e

2c
Az0 − e

2c
(Ax0 − iAy0)

− e
2c

(Ax0 + iAy0) e
2c
Az0

]
, (2.8)

V− = vF

[
− e

2c
A∗z0 − e

2c
(A∗x0 − iA∗y0)

− e
2c

(A∗x0 + iA∗y0) e
2c
A∗z0

]
. (2.9)

The “Rabi landscape”, which is a plot of the generalized Rabi frequency versus
wave vector has two local minima - one corresponding to conventional Rabi os-
cillations and the other, even lower minimum corresponding to anomalous Rabi
oscillations. We also showed that the anomalous Rabi frequency is absent in con-
ventional systems. But there is a limit in which the Weyl-graphene-like system can
be made to resemble more conventional two-level systems. This is the limit where
the Hamiltonian become diagonal which leads to emergence of a new symmetry
which may be used to generate a Noether constant, making the model soluble [152].
In this limit, the term involving the anomalous Rabi frequency drops out making
the solutions resemble that of two-level systems. But when the free theory includes
terms with two or more non-commuting Pauli matrices, this symmetry is gone and
the anomalous Rabi oscillations reappear. Conventional Rabi oscillations however
are always present in all these systems. This is the reason, why we insist that,
anomalous Rabi oscillations are due to “pseudo-spin” meaning that the presence
of two or more non-commuting Pauli matrices (even in the absence of an external
field) is a must for anomalous Rabi oscillations to be seen (upon inclusion of the
external time dependent fields). Furthermore, unlike conventional Rabi oscilla-
tions, anomalous Rabi oscillations are sensitive to the polarization of radiation.
For a real vector potential and linear polarization, anomalous Rabi oscillations
are absent and are most prominent for circular polarization [155]. We now exploit
this observation to recast the above model using a solvable basis namely one that
ignores the off-diagonal parts of the time independent Hamiltonian- an approach
that complements all the other approaches. This effort is best able to motivate the
need for the new technique of ARWA. For a plane electromagnetic wave we may
choose the direction of propagation to be the z direction so that Az = 0 without
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loss of generality. We notice that there is a limit in which the above equations
become soluble. This is the limit in which px = py = 0 and Az = 0 and circular
polarization Ax0 = −iAy0 = A. In this case

i
∂

∂t
ψ↑ = vFpzψ↑ − vF e−iωt

e

c
A ψ↓, (2.10a)

i
∂

∂t
ψ↓ = −vFpzψ↓ − vF eiωt

e

c
A ψ↑. (2.10b)

Make the substitutions ψ↑ = ψ↑,1 e
−ivF pzt and ψ↓ = ψ↓,1 e

ivF pzt where δ′ = ω −
2vFpz is the detuning and ω′R = 2evFA

c
is the Rabi frequency.

i
∂

∂t
ψ↑,1 = −ω

′
R

2
e−iδ

′
t ψ↓,1 ; i

∂

∂t
ψ↓,1 = −ω

′
R

2
eiδ
′
t ψ↑,1. (2.11)

ψ↓,1(t) = e
− 1

2
it
(√

δ′2+ω
′2
R−δ

′) (
c1 + c2 e

it
√
δ′2+ω

′2
R

)
, (2.12)

ψ↑,1(t) =
e
− 1

2 it
(√

δ′2+ω
′2
R+δ

′)
ω
′
R

[√
δ′2 + ω

′2
R

(
−c1 + c2 e

it
√
δ′2+ω

′2
R

)
+δ
′
(
c1 + c2 e

it
√
δ′2+ω

′2
R

)]
.

(2.13)

We may see from these solutions that only conventional Rabi oscillations are seen.
This is because this system resembles a two-level atom with the time independent
part of the Hamiltonian involving just the σz Pauli matrix. The coefficient of the
rapidly varying portion of the current (Fermi bilinear) is slowly oscillating with
a frequency

√
δ′2 + ω

′2
R which goes through a minimum when δ

′
= ω − 2vFpz =

0 indicating that this corresponds to conventional Rabi oscillation rather than
anomalous Rabi oscillation. In what follows, we wish to convince the reader that
even a small non-zero contribution from px, py yields, in addition, a new slow
oscillation known as anomalous Rabi oscillation. Upon restoring px, py, we get

i
∂

∂t
ψ± = pzψ± + vF (px ∓ ipy)ψ∓ − vF e∓iωt

evF
c
A ψ∓. (2.14)

Here “+” for up spin and “−” for down spin. We use the solutions in eq.(2.12) and
eq.(2.13) by imagining the integration constants to be now time dependent and
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substitution into the above equations which gives

−i
[(√

δ′2 + ω
′2
R − δ

′
)
c′1(t)−

(√
δ′2 + ω

′2
R + δ

′
)
c′2(t)eit

√
δ′2+ω

′2
R

]
=

vFω
′

R(px − ipy)eitω
(
c1(t) + c2(t)eit

√
δ′2+ω

′2
R

)
, (2.15a)

iω
′

Re
itω
(
c′1(t) + c′2(t)eit

√
δ′2+ω

′2
R

)
= vF (px + ipy)

[
−c1(t)

(√
δ′2 + ω

′2
R − δ

′
)

+c2(t)

(√
δ′2 + ω

′2
R + δ

′
)
eit
√
δ′2+ω

′2
R

]
. (2.15b)

It may be shown that the eq.(2.15a) and eq.(2.15b) show a new kind of Rabi
oscillation far from resonance ω >> 2vF |pz|. This is also seen through a fully
numerical solution of the Floquet-Bloch equations which are the equations for
the Fermi bilinears deduced from eq.(2.14). First, we establish the presence of
anomalous Rabi oscillations using the analytical method of ARWA.

2.4.1 Off-Resonance Case (ARWA)

The fundamental idea behind this off-resonance technique is that the unknown
wave function is taken to be a series involving harmonics of the largest of the
frequencies - in the present case, the external driving frequency ω. The coefficients
ψ0, ψ+ and ψ− are assumed to be slowly varying on the scale of external driving
frequency ω. We ignore higher harmonics of ω in the field eq.(2.6) as including
them amounts to studying higher order effects known as the Bloch Siegert shift
[175]. Hence, eq.(2.4) is solved by retaining only the leading harmonics, i.e. in
terms of ψ0 and H0 where we neglect terms of order of 1

ω2 . This method is in fact
quite well-known and not particularly new. It goes under the name of Floquet
theory (derived in appendix (section 2.8.1.2)). The evolution equation simplifies
as follows

i
∂

∂t
ψ0 = Heff ψ0, (2.16)

where,

Heff ≡
(
H0 +

1

ω
[V−, V+]

)
, (2.17)

and ω ψ+ = V+ ψ0; − ω ψ− = V− ψ0. In ARWA, we consider the limit ω →∞,
in such a way that ωvF |p| = δ < ∞. The eigenvalues of Heff are the anomalous
Rabi frequency of the wave function. We denote them as ±1

2
ΩARWA, since Heff is
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traceless. In fact we may write Heff = 1
2
ΩARWA(p) ê(p) · σ for some unit vector

ê(p). Therefore, we are entitled to assert

ψ0(p, t) = − 2i

ΩARWA(p)
sin

(
1

2
ΩARWA(p)t

)
Heffψ0(p, 0) + cos

(
1

2
ΩARWA(p)t

)
ψ0(p, 0).

(2.18)

We choose an initial state corresponding to the lowest energy of H0 viz.
−vFp = −vF

√
p2
x + p2

y + p2
z in which case

ψ0(p, 0) =

 − (px−ipy)√
2p(p+pz)√
(p+pz)

2p

 . (2.19)

This state ensures that the net current J =
∑

p ψ
†
0(p, 0)σψ0(p, 0) = 0. Here

ΩARWA(p) is the frequency of oscillation of the amplitudes of observables such as
polarization, densities, current, etc. A general formula for this may be obtained
as follows

ΩARWA(p) = 2vF

[
− e4v2

F

4c4ω2
A∗20 A2

0 +
e4v2

F

4c4ω2
(A∗0 ·A0)2 +

ie2vF
c2ω

(A∗0 ×A0) · p + p2

] 1
2

.

(2.20)

It is not possible to measure the wave function directly in laboratory, but we can
measure observables such as current density which is a bilinear in the fields. The
frequency of the observables such as the current is twice the frequency of the wave
function. We are interested in that result which is analogous to what we obtained
in graphene, so we impose the condition Ax0 = A∗x0 = A, Ay0 = Aeiγ, A∗y0 = Ae−iγ

and Az0 = 0, A∗z0 = 0 - the z-component of the vector potential is chosen to be zero
thereby eventually enabling a comparison with two dimensional graphene (when
the z-component of the momentum is also set to zero). We obtain the off resonance
frequency of the slow part of the current density as

ΩARWA = 2

√(
vFp‖

)2
+

(
vFpz −

A2e2v2
F

c2ω
sin γ

)2

. (2.21)

Here γ is the polarization of the incident radiation and A is amplitude of electro-
magnetic vector potential and p‖ =

√
p2
x + p2

y. Now we go on to examine various
limiting cases of these expressions with respect to polarization. Linear polariza-
tion: in this case, we choose γ = 0,±π,±2π, .... The anomalous Rabi frequency in
this case vanishes at the Weyl node. It shows that there are no anomalous Rabi
oscillations at the Weyl node if light is linearly polarized which is also the case in
graphene [155].
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Figure 2.1: The plot belongs from eq.(2.22), depicts the anomalous Rabi frequency
versus the component of the wave vector pz upon setting px = 0 and py = 0 where

A1 = vF pzω

ω
′2
R

and B1 = ΩARWA ω

ω
′2
R

. For plotting we consider ω
′
R

ω = 0.1, vF = 1 and ~ = 1.

Figure 2.2: The plot shows the anomalous Rabi frequency versus wave vector (quali-
tatively) in 3D with

√
p2
x + p2

y = |p‖|, plot is for circularly polarized light.

Circular polarization: in this case γ = mπ
2
, where m = ±1,±3, ... Suppose we

choose γ = π
2
, the anomalous Rabi frequency will be

ΩARWA = 2

√(
vFp‖

)2
+

(
vFpz −

ω
′2
R

ω

)2

, (2.22)

where ω′R = evF
c
A is a parameter which is of the order of the conventional Rabi
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frequency. In Weyl metals, the anomalous Rabi frequency is peculiar and shows
considerable departure from the form of this quantity seen in graphene. In single
layer graphene we have seen [152] that the anomalous Rabi frequency is ΩARWA =

2

√(
vFp‖

)2
+
(
ω2
R

ω

)2

. This result is reproduced if we “flatten” the spherically
symmetric Weyl metal by setting pz = 0. However, in general, the two formulas
differ. While the modes of anomalous Rabi oscillation in graphene always manifest
themselves in a form that resembles massive Dirac particles (with mass ∼ 2ω2

R

ω
),

in Weyl metals, we see a form that resembles massless Dirac particles at certain
points in the reciprocal space. This conclusion follows from the observation of
eq.(2.22).

For instance, in the vicinity of the point px = 0, py = 0 and vFpz ∼
ω
′2
R

ω
in

reciprocal space, we see that the anomalous Rabi frequency is a linear function of
pz, indicating the presence of massless modes (shown in fig.(2.1) and fig.(2.2)). On
the other hand, if px, py 6= 0, then these modes acquire a “mass” equal to vF |p‖|.
This is unlike in graphene where anomalous Rabi oscillations are always “massive”.

2.4.2 Resonance Case(RWA)

Close to conventional resonance, we may solve the Weyl equation by the usual
method described in many books on quantum optics [49, 157]. In the general case,
we obtain a value for the conventional Rabi frequency as ΩRWA =

√
δ′2 + ω2

R,
where the conventional Rabi frequency ωR comes out as

ωR =
evF
c

(
A∗0 ·A0 +

i

|p|
p · (A∗0 ×A0)− |(A0 · p)|2

p2

) 1
2

, (2.23)

where δ′ =
(
ω − 2vF

√
p2
‖ + p2

z

)
is the detuning. We now want to study the

effects of polarization as done in the earlier ARWA subsection. For this we use
the same field configurations used earlier in case of ARWA : i.e. Ax0 = A∗x0 = A,
Ay0 = Aeiγ, A∗y0 = Ae−iγ and Az0 = 0, A∗z0 = 0. In this case,

ωR =
evF
c

(
A2 − 2pz

p
A2 sin γ +

p2
zA

2 − 2pxpyA
2 cos γ

p2

) 1
2

. (2.24)

A choice of γ = 0 leads to an expression which is not particularly illuminating
since it does not enable a straightforward comparison with the graphene result.
The above peculiar result (eq.(2.24)) is because a choice of γ = 0 leads to a vector
potential that points midway between the x and y axes which explains the origin
of a term involving pxpy. To get rid of this we could choose γ = ∞ which is also
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linear polarization but this choice makes Ay0 = 0 (since eiγ averages out to zero due

to rapid oscillations) and Ax0 = A and therefore ωR = evF
c

(
A2 + p2zA

2

p2

) 1
2 . Lastly,

setting pz = 0 makes the system truly two dimensional and we expect the result to

be identical to that of graphene and indeed it is ΩRWA =

√
δ′2 +

(
evFA
c

)2 [152]. A

choice of γ = π
2
corresponding to circular polarization leads to ωR = evFA

c

(
1− pz

p

)
.
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0.0
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Figure 2.3: Plot of conventional Rabi frequency from eq.(2.25) is shown for circularly
polarized light. Parameters are plotted in units of ω and for plotting we consider
ω
′
R

ω = 0.1, vF = 1 and ~ = 1. As before, in the first plot the values of px and py are
zero.

Unlike in graphene, where the conventional Rabi frequency has a form identical
to that seen in two-level systems and semiconductors close to resonance - in Weyl
metals, as we may see from the formulas above, this quantity shows a pronounced
anisotropy in the reciprocal lattice space near the Weyl nodes. As pointed out
earlier, this may be attributed to a combination of the three dimensional nature
of the reciprocal space and the transverse nature of the electromagnetic field -
a feature not shared by graphene since both the graphene sheet and the plane
electromagnetic wave being two dimensional, lead to an isotropic conventional Rabi
frequency. As usual, setting pz = 0 renders the system effectively two dimensional
and we recover the familiar result viz. ΩRWA =

√(
δ′2 + ω

′2
R

)
. More interestingly,

setting px = py = 0 causes the conventional Rabi frequency of the Weyl metal to
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Figure 2.4: 3D plot of conventional Rabi frequency (qualitatively) from eq.(2.25) is
shown for circularly polarized light.

take on a massless character (shown in fig.(2.3) and fig.(2.4)).

ΩRWA(px = 0, py = 0) =
∣∣∣ω − 2vF |pz|

∣∣∣;
ΩRWA =

√
δ′2 + ω

′2
R

(
1− pz

p

)2

. (2.25)

Which indicates that the Rabi frequency at conventional resonance is zero and
close to it, the dispersion relation of the quanta of conventional Rabi oscillations
are linear instead of being parabolic, indicating the presence of massless modes.

2.5 Fully Numerical Solution

In this section, we wish to ascertain unequivocally that the phenomenon of anoma-
lous Rabi oscillation is not an artifact of the approximations used. The only way to
do this is to solve e.g. the Floquet-Bloch equations fully numerically and examine
the plots for slowly oscillating amplitudes and verify that their frequency matches
the one shown in eq.(2.21). This has been done in this section and an inspection
of the table (2.1) shows that the approximation scheme we are using viz. ARWA
is indeed reliable. The Floquet-Bloch equations are,

i
d

dt
ndiff (p, t) = 2vFσAB ·

(
p− e

c
A∗(t)

)
P (p, t)− c.c. , (2.26)
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i
d

dt
P (p, t) = vFσBA ·

(
p− e

c
A(t)

)
ndiff (p, t) + vFσBBP (p, t), (2.27)

where vFσAB ·p = vF (px− ipy), vFσBB ·p = vFpz, ndiff (p, t) = ψ†↑(p, t)ψ↑(p, t)−
ψ†↓(p, t)ψ↓(p, t) , P (p, t) = ψ†↓(p, t)ψ↑(p, t). The time period of slow oscillations of

vF pz
ω Time Period Time Period

(fully analytical) (fully numerical)
0.350 1.67 1.74
0.400 2.5 2.45
0.450 5.0 5.14
0.550 5.0 5.15
0.600 2.5 2.54

0.650 1.67 1.69

Table 2.1: Time periods are in units of 2πω
ω
′2
R

and vF p‖ = (0.002)
ω
′2
R

ω .
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Figure 2.5: Slow oscillations plot correspond to an anomalous Rabi frequency with
theoretical periods of 1.67

(
time is in unit of 2πω

ω2
R

)
.

these observables are tabulated in table(2.1), both by solving the above Floquet-
Bloch equations fully numerically using the NDSolve routine of Mathematica [184]
and also by the analytical approach described earlier. The analytical calculation
for the time period is the reciprocal of eq.(2.21).
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Figure 2.6: Slow oscillations plot correspond to an anomalous Rabi frequency with
theoretical periods of 2.5

(
time is in unit of 2πω
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)
.
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Figure 2.7: Slow oscillations plot correspond to an anomalous Rabi frequency with
theoretical periods of 5.0

(
time is in unit of 2πω
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.
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Figure 2.8: This plot depicts fast oscillations in earlier plots that makes the latter
appear to have a thick green line. The fast oscillations have a frequency equal to the
frequency of external radiation, time is in unit of 2πω

ω2
R
.

2.6 Surface States in a 3D Topological Insulator

In this section, we study anomalous Rabi oscillations on the surface of 3D TI.
In this case, the wavevector dependence of the Rabi frequencies is going to be
anisotropic, due to the coupling of the electron spin to the applied a.c. magnetic
field (EM field). It is interesting that this anisotropy also leads to a vanishing Rabi
frequency at certain points in the reciprocal space. Furthermore, the qualitative
behavior of the Rabi frequency in the vicinity of these points is unique as well. In
case of graphene, spin orbit coupling is very weak [78, 185, 186] so we do not need
to consider the Zeeman term, but in case of TI it is quite strong [80, 146, 187], so
we cannot neglect it.

The two-dimensional Hamiltonian for these Dirac fermions with hybridization
due to quantum tunneling between the top and bottom surfaces of the bulk TI is
given by [188, 189]

H =

∫
d2r ψ†(r)

[
vF τz(ẑ × σ).

(
p +

e

c
A
)

+ ∆ · σ + ∆tτx

]
ψ(r). (2.28)

Here ∆t is the hybridization matrix element between the states of the top and
bottom surfaces of the TI [190]. Its value depends on the thickness of the 3D
TI, a typical value of ∆t varies from 0 to 102 meV depending on the thickness
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of the 3D TI [191]. The Pauli matrices σ and τ describe the real spin and the
surface pseudospin degrees of freedom. The Zeeman energy is the projection of
∆ = 1

2
gµBB(t) = 1

2
∆0 e

iωt + 1
2
∆∗0 e

−iωt on the spin, where g is the effective
Lande-g factor and µB is the Bohr magneton. We also write the vector potential
as A(t) = 1

2
A0 e

iωt + 1
2
A∗0 e

−iωt so that ∆0 = 1
2
gµB(−ik ×A0). Without loss of

generality we may assume that the surfaces of the TI are in the x− y plane.

We wish to study anomalous Rabi oscillations in this system. The technique
of ARWA we use may be described mathematically as the limit ω → ∞, |p| → 0

and ∆t → 0 in such a way that ω∆t = κ < ∞ and ωvF |p| = δ < ∞. Physically,
ARWA is the regime where vF |p| << ω. This in contrast to the conventional RWA
which mathematically may be described as the limit ω, vF |p| → ∞ in such a way
that the detuning δ′ ≡ |ω − 2vF |p|| < ∞. Physically, RWA is the regime where
2vF |p| ∼ ω. In the results that follow, the ARWA frequency may be written as
ΩARWA =

ω2
red

ω
where, mathematically, ωred remains fixed as ω is made large.

We first focus on the case of linear polarization. We have seen in earlier works
that anomalous Rabi oscillations are absent in two-dimensional graphene when
radiation is linearly polarized. Here too the situation is similar except that the
hybridization induces an intrinsic frequency scale which cannot be thought of Rabi
oscillation. In presence of hybridization it may be seen that,

(i) EM Wave propagation k in z direction, A0 in x direction, ∆0 in y direction
then, ΩARWA =

√
∆2
t + v2

F (p2
x + p2

y).

(ii) EM wave propagation k in x direction, A0 in y direction, ∆0 in z direction.
Here ω′R = evF

c
A is the scale of the conventional Rabi frequency and A is the

magnitude of the vector potential then

ΩARWA =

√(
vFpx −

gµBω
′2
R

2evF

)2

+ ∆2
t + v2

Fp
2
y. (2.29)

The anisotropic dependence of the frequency on the wave vector due to the coupling
of the spin with the magnetic field is clearly seen. We may also note that in a
system with vanishing hybridization (thick samples) and in the region vFpy =

0, this frequency has a massless character i.e., the dispersion relation with the
remaining component px is linear and the frequency vanishes at vFpx =

gµBω
′2
R

2evF
≡ ε0

which is the Zeeman energy scale, rather than at vFpx = 0. To be consistent, we
have to ensure that this point is in the ARWA regime. This is possible only if
gµBω

′2
R

2evF
<< ω. The table 2.2 assures us that this is the case. Next, we focus on
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Quantity Numerical value
ν = ω

2π 500× 1012Hz

ω = 2πν 3.14× 1015Hz

Emax 750× 105statvolt/cm
ωR 1.21× 1013rad/sec
ωR
ω 3.85× 10−3

vF 1× 108cm/sec

e 4.80× 10−10 statcoulombs
ε0
ω 9.0× 10−9

Table 2.2: Table of realistic numerical values of parameters used.

the case of circular polarization and grazing incidence (direction of propagation
radiation is taken to be x-direction and the surfaces are in the xy plane). In
graphene, in this case, no anomalous Rabi oscillations are seen. However, in
the present example, we do see anomalous Rabi oscillations with an anisotropic
dependence on the wavevector due to the coupling of spin with the magnetic field
(EM field).

(iii) EM wave propagation in x-direction (grazing incidence) with beam circularly
polarized in the y − z plane. In this case, we see two branches in the anomalous
Rabi frequency

ΩARWA =
1

ω

±2(ε0ω)2

ω
′2
R

√
κ2 + δ2

p2
y

p2
+ (ε0ω)2

[
1 +

(
ε0ω

ω
′2
R

)2 ]
+ 2δ(ε0ω)

px
p

+ κ2 + δ2

 1
2

,

(2.30)

where
(
ε0 =

gµBω
′2
R

2evF

)
. The form of eq.(2.30) is quite illuminating. From case

(ii) we know that ε0 ∼ vFpx → 0 in the limit ω → ∞ such that 0 < ε0ω < ∞.
Of course in ARWA: 0 < κ, δ < ∞ as ω → ∞. Hence the form of eq.(2.30) is
consistent with ARWA which demands ΩARWA ∼ const.

ω
as ω →∞. In addition, the

anisotropic dependence of this Rabi frequency on the wavevector is also apparent.
It is interesting to consider the special case of vanishing hybridization κ = 0 and
vFpy = 0. In this case

ΩARWA =

√(
z2

0

ω

)2

+ (vFpx + ε0)2, (2.31)

where z0 = ε0ω

ω
′
R

. In this case we see that there is a nonvanishing minimum anoma-

lous Rabi frequency viz. z20
ω
. This minimum is not at the Dirac point px = py = 0

but shifted relative to this point vFpx = −ε0. This is a feature we also saw in
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Figure 2.9: Top figure demonstrates (eq.(2.31)) the anomalous Rabi frequency versus
the x-component of the wavevector when the y-component is made zero. Even though
the plot amplifies the massive character of this Rabi mode, it is nearly massless and
the small non-zero minimum value is due to the Zeeman energy. The labels in this plot
are Y = ΩARWA

5.45×10−12ω ,
vF px
ω = 5.45 × 10−12 (X − 1652.0). The 3D plot on the bottom

(eq.(2.32)) depicts the massless Dirac-like cone of the anomalous Rabi frequency at a
shifted point in the wavevector space determined by the Zeeman energy scale.

Weyl materials but not in graphene. We may think of this feature as a kind of
intrinsic Bloch-Siegert shift [175] not brought about by frequency doubling or the
inclusion of counter rotating terms, but by the Zeeman term. In general however,
whenever hybridization may be ignored. So

ΩARWA =

√(
ωvFpy + (ε0ω)2

ω
′2
R

)2

+ ω2(vFpx + ε0)2

ω
. (2.32)

A plot of eq.(2.32) shows the massless character of the Rabi modes on the surface
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of topological insulators in the special case of grazing incidence and circularly
polarized light in the vicinity of the point (vFpx, vFpy) =

(
−ε0,− (ε0ω)2

ωω
′2
R

)
. Lastly,

we focus on the case of circular polarization but normal incidence.

(iv) In the case of circular polarization and normal incidence, the anomalous

Rabi frequency
√(

ω2
R,∗
ω

)2

+ (vF p)2 is isotropic and closely resembles the form seen

in graphene, where ωR,∗ =

√
ω
′2
R ±∆tω +

(
ε0ω

ω
′
R

)2

.

As a comparison, we now wish to study conventional Rabi oscillations in this
system as well. As usual, the interesting phenomena take place when the hybridiza-
tion is vanishingly small (∆t = 0). It so happens that this limit is mathematically
simpler as well. In the case studied earlier viz. grazing incidence and circular po-
larization, and when in addition we set vFpy = 0, the anomalous Rabi frequency
is given by eq.(2.31) which shows that the small mass in these modes is purely due
to the Zeeman term and it is massless when the Zeeman term is absent. On the
other hand, in this case, the conventional Rabi frequency is found to be

ΩRWA =

√(
ω
′
R ±

ε0ω

ω
′
R

)2

+ δ′2, (2.33)

where δ′ = ω − 2vFp is the detuning. This eq.(2.33) shows that the modes are
massive even in the absence of the Zeeman term. This observation reinforces the
point we have made in our earlier works as well, viz. it is the anomalous Rabi
oscillation that is sensitive to qualitative changes in the low-energy band structure
rather than the conventional Rabi oscillation.

2.7 Conclusions

The main idea we have been trying to promote is - the presence of two distinct
resonances in the “Rabi Landscape” which is the plot of the generalized Rabi fre-
quency versus the wave vector. The resonances are local minima in this plot.
Unlike in graphene, where the conventional Rabi frequency has a form identical to
those seen in two-level systems and semiconductors close to resonance - in Weyl
metals, this quantity shows a pronounced anisotropy in reciprocal space near the
Weyl nodes. This may be attributed to a combination of the three-dimensional
nature of the Brillouin zone and the transverse nature of the electromagnetic field-
a feature not shared by graphene since both the graphene sheet and the plane elec-
tromagnetic wave being two dimensional, lead to an isotropic conventional Rabi
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frequency. In Dirac fermion systems, in addition to the conventional resonance
located at the usual spot namely when the energy of the external photon matches
the particle-hole energy, there is an anomalous resonance close to the Dirac points
and far from conventional resonance. In Weyl metals and surface states of topo-
logical insulators, the location in wave vector space of this anomalous resonance is
sometimes seen to be shifted relative to its location in graphene. Moreover, unlike
in graphene, where the anomalous Rabi frequency has a non-zero minimum value,
in these systems, this minimum value vanishes making the modes of anomalous
Rabi oscillations themselves ultra-relativistic.

In the surface states of topological insulators, the presence or absence of the
Zeeman term has no qualitative impact on conventional Rabi oscillations. How-
ever, it has a qualitative effect on anomalous Rabi oscillations despite the smallness
of the Zeeman energy scale relative to the conventional Rabi energy. The quali-
tative effect includes making the anomalous Rabi modes massless if the Zeeman
term is absent.

The presence of anomalous Rabi oscillations in Dirac-Weyl systems have been
unequivocally demonstrated in this work and earlier works by a fully numerical
solution of the Floquet-Bloch equations. The detailed quantitative and quali-
tative agreement with these numerical simulations with the analytical method
introduced to study this new phenomenon viz. asymptotic rotating wave approxi-
mation (ARWA) validates these analytical schemes and conclusions that are drawn
using them.

Therefore, it is no exaggeration to say that the anomalous Rabi oscillation is
a phenomenon that is uniquely suited to study condensed matter realizations of
relativistic systems.

We have proposed a pump-probe experiment to detect anomalous Rabi oscil-
lation (chapter 4). This simply involves looking for periodic oscillations in the
differential transmission coefficient versus pump pulse duration. When all else
remains fixed (including pump-probe delay), this plot exhibits oscillations with a
frequency corresponding to the anomalous Rabi frequency.
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2.8 Appendix

2.8.1 Methods for Obtaining Anomalous Rabi Frequency

2.8.1.1 Current Density Method

1. With the help of Heisenberg’s equation (Bloch equation in optics) (i~ ∂
∂t
〈Ô〉 =

〈[Ĥ, Ô]〉) followed by anti-commutation relations ({x̂, ŷ} = x̂ŷ+ ŷx̂), we have
derived the equation of motion for the following physical quantities,

ndiff (k, t) = nA(k, t)− nB(k, t) = 〈c†k,A(t)ck,A(t)〉 − 〈c†k,B(t)ck,B(t)〉, (2.34)

and

p(k, t) = 〈c†k,A(t)ck,B(t)〉. (2.35)

where, ndiff (k, t) is the population excess between sublattice ‘A’ and sublat-
tice ‘B’ in graphene or spin up ↑ or spin down ↓ for TI of Weyl semimetal
and p(k, t) is defined as polarization density in similar way.

2. First we try to solve the unknowns in the problem namely the population
excess ndiff (k, t) and polarization density p(k, t), by expressing them as a
harmonic series involving the largest of the frequencies, viz. the frequency
of the applied field ω. We consider the coefficients as slowly varying, com-
pared to ω. We assert that the external driving frequency ω is always much
greater Rabi frequency ωR which we assume is, in turn, much greater than
the ‘resonant’ frequency for the creation of particle hole pairs namely 2vF |k|
(ω >> ωR >> 2vF |k|). Now we assume number density ndiff (k, t) and

polarization density p(k, t) in term of slow and fast part

ndiff (k, t) = ns(k, t) + n+(k, t)e−iωt + n−(k, t)eiωt, (2.36)

p(k, t) = ps(k, t) + p+(k, t)e−iωt + p−(k, t)eiωt. (2.37)

Here ns(k, t) and ps(k, t) are slow part. n+, n−, p+, p− are fast part.

3. Now we compare slow and fast parts of equation from both sides, making
equation of idns(k,t)

dt
, idps(k,t)

dt
, idn±(k,t)

dt
and idp±(k,t)

dt
. We neglect dX(k,t)

dt
in

comparison with ω X(k, t) and term of O( 1
ω2 ), due large value of external
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frequency ω in comparison with all other frequency scales. This enables us
to recast these equations in terms of the slow parts only.

4. After solving these equations, the (anomalous) Rabi frequency is obtained in
the off-resonance situation.

2.8.1.2 Wave Function Method

When we apply potential in form of A0e
±iωt in Hamiltonian, it will change in

following form

H = H0 + e−iωt V+ + eiωt V−, (2.38)

We can write wave function in harmonic series form

ψ = ψ0 + e−iωt ψ+ + eiωt ψ− + ....... (2.39)

Here H0 and ψ0 are slow parts, while V+, V− and ψ+, ψ− are the (coefficients of)
fast parts of the full Hamiltonian and wavefunction respectively. By evolution
equation

i
∂

∂t
ψ = Hψ, (2.40)

i
∂

∂t
(ψ0 + e−iωt ψ+ + eiωt ψ−) =

(
H0 + e−iωt V+ + eiωt V−

)
(
ψ0 + e−iωt ψ+ + eiωt ψ−

)
, (2.41)

i
∂

∂t

(
ψ0 + e−iωt ψ+ + eiωt ψ−

)
= H0

(
ψ0 + e−iωt ψ+ + eiωt ψ−

)
+ e−iωt V+(

ψ0 + e−iωt ψ+ + eiωt ψ−
)

+ eiωt V−
(
ψ0 + e−iωt ψ+ + eiωt ψ−

)
,

(2.42)

i
∂

∂t

(
ψ0 + e−iωt ψ+ + eiωt ψ−

)
= H0

(
ψ0 + e−iωt ψ+ + eiωt ψ−

)
+ V+(

ψ0e
−iωt + e−2iωt ψ+ + ψ−

)
+ V−

(
ψ0e

iωt + ψ+ + e2iωt ψ−
)
. (2.43)
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Coefficient of constant

i
∂

∂t
ψ0 = H0 ψ0 + V+ ψ− + V− ψ+. (2.44)

Coefficient of eiωt and taking ω is large

−ω ψ− = H0 ψ− + V−ψ0 ⇒ ψ− = −
(
V−ψ0

ω

)
. (2.45)

Coefficient of e−iωt and taking ω is large

ω ψ+ = H0 ψ+ + V+ ψ0 ⇒ ψ+ =

(
V+ ψ0

ω

)
. (2.46)

On substituting eq.(2.45) and eq.(2.46) in equation of constant eq.(2.44), we get

i
∂

∂t
ψ0 = H0 ψ0 + V+ ψ− + V− ψ+, (2.47)

i
∂

∂t
ψ0 = H0 ψ0 − V+

(
V−ψ0

ω

)
+ V−

(
V+ ψ0

ω

)
, (2.48)

i
∂

∂t
ψ0 = H0 ψ0 +

ψ0

ω
(− V+ V− + V− V+) , (2.49)

i
∂

∂t
ψ0 = H0 ψ0 +

ψ0

ω

[
V−, V+

]
, (2.50)

i
∂

∂t
ψ0 =

(
H0 +

1

ω

[
V−, V+

])
ψ0, (2.51)

i
∂

∂t
ψ0 = Heff ψ0. (2.52)

So we define

Heff =

(
H0 +

1

ω

[
V−, V+

])
. (2.53)

The eigenvalue of Heff will be anomalous Rabi frequency.
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2.8.1.3 Fourier Transform method

1. First we take Bloch eqution and solve this using the Fourier transform method,

X(t) =

∫ ∞
−∞

dω
′

2π
e−iω

′
t X̃(ω

′
), (2.54)

where X = p, ndiff .

2. We neglect a term such as X̃(ω ± 2ω
′
) i.e. leaving higher order harmonics

X̃(ω ± 3ω
′
) and others. The equation for ω′ we obtain will be of the form,

W (ω
′
, ω, ωR, |zk|) = 0,zk = vFσAB · k = vF (kx − iky) for graphene . In

this case we find lim|zk|→∞W (ω
′
,∆ + 2|zk|, ωR, |zk|), holding ∆ ≡ ω − 2|zk|

fixed, and then set this function to zero. This leads to an expression for the
conventional Rabi frequency ω′ .

3. For studying off resonance case i.e. ARWA limit, we hold c2 = |zk|2ω2 and ωR
fixed, ω′ = ω

′′

ω
and find limω→∞W (ω

′′

ω
+ω, ω, ωR,

c
ω

) and setting this function
to zero, we get value of ω′ will be anomalous Rabi frequency.

2.8.1.4 Numerical Simulation Method

We can also solve above Bloch equations fully numerically using the NDSolve
routine of Mathematica [184], we obtain results for both types of Rabi frequency
which exactly matches with the result obtained earlier using analytical method.
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Chapter 3

Band-Anisotropy Induced

Bloch-Siegert Shift in Graphene

3.1 Introduction

The periodic exchange of energy between a radiation field and a two-level system is
known as (conventional) Rabi oscillation [19]. The population and polarization of
carriers oscillate with the frequency ω of the radiation field. The amplitude of these
oscillations themselves oscillates much more slowly with a frequency ωR << ω

known as the Rabi frequency [157]. Conventional Rabi oscillations are studied
using the rotating wave approximation (RWA), which involves asserting that the
detuning ∆ ≡ ~ω − ε is much smaller than the transition energy, i.e. |∆| <<
ε, where ε is the energy separation of the two levels (or in case of bands, it is
the energy of the particle-hole pair) [49]. Semiconductors have bands instead of
energy levels and there is a mixing of these energies due to long-range Coulomb
interactions. This leads to, among other effects, the phenomenon of excitonic
quantum beats and excitonic optical Stark effect [158–162, 192–196].

Graphene was first studied theoretically by P. R. Wallace [40] in 1946. Graphene
is the first 2D material to be synthesized. Graphite can be built by stacking
2D graphene sheets one on top of another separated by a distance of 0.335nm.
Graphene is a honeycomb lattice formed by two interpenetrating triangular sub-
lattices. It was made by micromechanical cleavage of graphite in 2004. The energy
versus momentum relation for graphene shows a linear dispersion near the six cor-
ners of the two-dimensional hexagonal Brillouin zone. The most peculiar property
of graphene is that at low energies, electrons and holes near these six points, two
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of which are inequivalent, behave like massless relativistic particles described by
the Dirac equation for spin 1/2 particles. The six corners of the Brillouin zone
are called the Dirac points [22, 23]. As we move further away from the Dirac
points, the energy dispersion becomes both nonlinear in the momentum as well as
anisotropic.

Band anisotropy in single layer graphene has another possible origin known as
the Rashba effect [70, 197–199]. Single layer graphene on a substrate, lacks in-
version symmetry in a direction perpendicular to the plane of the graphene sheet.
The lack of inversion symmetry may be taken into account by postulating an effec-
tive electric field perpendicular to the graphene sheet. What is an electric field to
a static electron, is also partly a magnetic field to a moving one and this magnetic
field in turn couples to the intrinsic magnetic moment of the electron leading to
the Rashba effect. This account is somewhat oversimplified [200] but will suffice
for the present purposes. In the presence of Rashba spin orbit interaction, the
low energy electronic bands of monolayer graphene deform and undergo trigonal-
warping deformation for energies smaller than the Lifshitz energy [197]. At low
energy, bilayer graphene also shows a very similar effect although for different
reasons [201].

Graphene has an intrinsic pseudo-spin. Like ordinary spin that has two pos-
sible projections on any given axis, pseudo-spin also has two different eigenvalues
that label the two triangular sublattices. Due to pseudo-spin, in the off-resonance
case, a new kind of Rabi oscillation is seen which we refer to as anomalous Rabi
oscillation (ARO). To study this, we employ an approximation known as asymp-
totic rotating wave approximation (ARWA) [152]. It appears that the ARO has
already been seen in the experimental data of Breusing et al [63]. The pump probe
spectra presented in this work has been theoretically derived [202].

Earlier works on Rabi oscillations in graphene by other authors such as Mishchenko
[153], Mikhailov [164, 167, 203] and Ishikawa [154] have focussed on resonant ex-
citations which are studied using the conventional rotating wave approximation.
As we alluded to in the above paragraph, earlier works [152, 178, 202] have shown
that in addition to these conventional Rabi oscillations, graphene also exhibits
anomalous Rabi oscillations far from resonance. The present work is an attempt
to extend the domain of validity of these works by exploring the consequences of
a strong electromagnetic field on these Rabi oscillations.
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3.2 Problem Formulation

In two-level systems, it is recognized that conventional Rabi oscillations undergo
a shift in the resonant frequency which is the Bloch-Siegert shift. This shift is
quite small in such systems and hence largely of academic interest. The present
work shows that in graphene, such shifts can be substantial - especially upon the
inclusion of band curvature effects and Rashbha coupling.

Both conventional and anomalous Rabi oscillations are resonance phenomena,
in other words, the amplitude of these oscillations peak when the condition for
resonance is obeyed. The purpose of this chapter is to study the shift in the
conditions for resonance brought about by (a) the presence of strong fields upon
the inclusion of frequency doubling effects or (b) band anisotropy due to next
nearest neighbor hopping or Rashba effect. We refer to both these shifts as Bloch-
Siegert shifts, although only (a) was envisaged by Bloch and Siegert.

Bloch and Siegert studied the behavior of a spin 1
2
particle, in a constant field

H0 at magnetic resonance, by choosing an arbitrary alternating field with circular
frequency ω perpendicular to H0. They had shown that to lowest order, the cor-
rection to the shape of the resonance curve is constant but shifted by a percentage
amount H2

1

16H2
0
where H1 is the effective amplitude of the oscillating field. Due to

that, there is a correction to the magnetic moment towards smaller values. This
correction for all practical purposes, is too small [204]. The Bloch-Siegert shift is
used to characterize the amplitude and homogeneity of the proton-decoupling field,
and to monitor probe performance [205]. In the presence of a strong pump, on
calculating the probe response of a homogeneously broadened two-level transition,
using a generalized interaction Hamiltonian, one finds a common description of
both the Bloch-Siegert shift and dynamic Stark splitting. The Bloch-Siegert shift
can be viewed as an extreme situation of the dynamic Stark splitting, commonly
known as a light shift in that literature [206]. In the limit of vanishing natural
line width, Stenholm [207] derived exact semiclassical expressions for the general-
ized Bloch-Siegert shift of the main RF resonances. Their power series expansion
has good agreement with quantum electrodynamic calculations, but a truncated
continued fraction expression is shown to represent the exact values much bet-
ter. The Bloch-Siegert shifts for multiphoton resonances at the inhomogeneous
broadening of spectral lines reduce only the nutation amplitude but do not change
their frequencies [208]. Beijersbergen et al. [209] observe multiphoton resonances
and Bloch-Siegert shifts in a strongly driven classical two-level system which is an
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optical ring resonator where the levels are two orthogonal linear polarizations. On
measuring the Rabi frequency and the Bloch-Siegert shift for both the one- and
three-photon cases it is shown that these coherent phenomena can be observed in
a purely classical system. For measuring Bloch-Siegert shifts and widths of mul-
tiphoton resonances in a two-state system for the in-plane configuration of fields,
Ostrovsky et al. [210] derive a convenient working formula. The final results have
a simple form in case of a weak driving field. There is a drastic change in width
compared to the conventional perpendicular field configuration, while the shift is
only weakly affected.

Given this literature, it is fair to say that the Bloch-Siegert shift is an inter-
esting problem to study. We study this problem in graphene especially with an
anisotropic band structure and find several interesting features, the most promi-
nent being a large Bloch-Siegert shift associated with anomalous Rabi oscillations
in anisotropic graphene.

3.3 Bloch-Siegert Shift in a Two-level System

In this section, we revisit the well-known analysis of the Bloch-Siegert shift in
two-level systems. This is described well in many books such as Allen and Eberly
[157]. In order to maintain a close similarity with the discussion for graphene, we
rephrase the problem in a two-level system as follows. Given a Hamiltonian

H =
~ω0

2
σz − ~κEσxcos(ωt), (3.1)

that describes say a spin 1/2 particle in a constant magnetic field in the z-direction
and a time varying electromagnetic field polarized in the x direction, the problem
is to find the average magnetization.

~M(t) = 〈Φ(t)|σ|Φ(t)〉. (3.2)

It is usual to use the spherical vector form of the magnetization

M0(t) = 〈Φ(t)|σz|Φ(t)〉; M±(t) = 〈Φ(t)|σ±|Φ(t)〉, (3.3)
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where σ± = σx ± iσy. Here the state vector obeys

i~∂t|Φ(t)〉 =

(
~ω0

2
σz − ~κEσxcos(ωt)

)
|Φ(t)〉. (3.4)

Therefore,

i~∂tM0(t) = −~κE cos(ωt)(M+(t)−M−(t)), (3.5)

i~∂tM±(t) = ∓~ω0 M±(t)∓ 2~κEcos(ωt)M0(t). (3.6)

Instead of following the customary route of solving with rotating wave approxi-
mation, we use the Fourier transform method.

Ma(t) =

∫ ∞
−∞

dω
′

2π
e−iω

′
tM̃a(ω

′
). (3.7)

~ω′ M̃0(ω
′
) = −1

2
~κE

(
M̃+(ω

′
+ ω)− M̃−(ω

′
+ ω)

)
−1

2
~κE

(
M̃+(ω

′ − ω)− M̃−(ω
′ − ω)

)
, (3.8)

M̃±(ω
′
) = ∓ ~κE

~(ω′ ± ω0)
M̃0(ω

′
+ ω)∓ ~κE

~(ω′ ± ω0)
M̃0(ω

′ − ω). (3.9)

These are coupled recursion relations with non-constant coefficients. They imply
that ω′ takes a restricted number of values determined by the condition that non-
trivial solutions to these homogeneous equations exist. However no exact solution
is possible since the coefficients are not constants. Approximate solutions may
be given by asserting that only a finite number of harmonics in ω are important.
Practically, this means asserting that M̃0(ω

′ ± nω) ≡ 0 and n ≥ N for some N .
The present exercise (see below) also shows that there is nothing like an anomalous
Rabi oscillation in case of the two-level system. We define

ε(ω
′
) =

[
ω
′ − (κE)2(ω

′
+ ω)

[(ω′ + ω)2 − ω2
0]
− (κE)2(ω

′ − ω)

[(ω′ − ω)2 − ω2
0]

]
. (3.10)
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Combining the equations (3.8), (3.9) and (3.10) into one means we have to deal
with the following recursion relation for M̃0.

ε(ω
′
) M̃0(ω

′
) =

(κE)2(ω
′
+ ω)

[(ω′ + ω)2 − ω2
0 ]
M̃0(ω

′
+ 2ω) +

(κE)2(ω
′ − ω)

[(ω′ − ω)2 − ω2
0 ]
M̃0(ω

′
− 2ω). (3.11)

The simplest case is to ignore second harmonics viz. set M̃0(ω
′ ± 2ω) = 0. In this

case nontrivial solutions exist for ω′ such that

ε(ω
′
) = 0. (3.12)

Of the five solutions, the one that is positive and reduces to the rotating wave
approximation (RWA) result in the limit |∆| = |ω − ω0| << ω0 is

ω
′
=

√
(κE)2 + ω2 + ω2

0 −
√

(κE)4 + 4ω2ω2
0. (3.13)

In the RWA limit, this reduces to

ω
′
=

√
(∆2 + (κE)2)− (κE)4

(2ω0)2
+ ... (3.14)

Now we are entitled to ask what happens in the other extreme case - the limit we
have referred to as asymptotic rotating wave approximation (ARWA) [152]. In this
limit, ω >> ω0, κE . As we have pointed out there, this limit is most illuminating
when in eq.(3.13) we examine the limit, ω0 → 0. In this case

ω
′
= ω +O(ω2

0) + ... (3.15)

indicating that ω′ and ω differ by a term of order ω2
0. Thus the Rabi frequency

that was small compared to ω in the resonant case ‘crosses over’ to a frequency
which is of the same order as the external frequency. This is in stark contrast
to the graphene case as we have seen in the earlier work [152] as shall do so
again below where the Rabi frequency crosses over from the conventional RWA
to the anomalous result which continues to be small compared to ω. To see why
this is important, we note that the present model is meant as a caricature to
the simple two band model of a semiconductor where there is no such thing as
pseudo-spin - to begin with, the unperturbed Hamiltonian is diagonal. In this
case, the time dependent part may be identified with the external time dependent
field coupling to the current operator. Thus the optical response is measured by
the time dependence of M±(t). Given that M0(t) is oscillating with frequency ±ω
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in the ARWA limit, an examination of eq.(3.6) in the limit ω0 → 0, forces us to
conclude that there is no component of M±(t) that oscillates with frequency ω (it
is either small compared to ω or it is of order 2ω). Thus the amplitude of the
induced current that oscillates with the external frequency is nearly independent
of time - a sign that there is no such thing as an anomalous Rabi oscillation in
this case. This is a contrast to graphene where there is such an anomalous Rabi
frequency.

Getting back to the topic of the present chapter which is Bloch-Siegert shift,
one may derive a formula for this. As pointed out in the introduction, Shirley
[211], Swain [212, 213] and others have provided a rather complete description of
the phenomenon in case of the two-level system. Indeed, iteration of the recursion
eq.(3.11) leads to precisely the sort of continued fraction expressions for the Rabi
frequency found in the work by Swain. We shall however be content at deriving
the leading corrections to the Bloch-Siegert shift as we are merely interested in
calibrating the Fourier transform method against well-understood problems so
that we may then apply the technique to graphene. Bloch-Siegert shift is obtained
by retaining the second harmonic terms (and beyond, for more accuracy see e.g.
Shirley [211] or Swain [212, 213]). We will iterate eq.(3.11) once and ignore the
term M0(ω

′ ± 4ω)

M̃0(ω
′ ± 2ω) =

(κE)2(ω
′ ± ω)

ε(ω′ ± 2ω) [(ω′ ± ω)2 − ω2
0]
M̃0(ω

′
). (3.16)

We now substitute these into eq.(3.11) to obtain an equation for the eigenfre-
quency.

ε(ω
′
) =

(κE)4(ω
′
+ ω)2

ε(ω′ + 2ω) [(ω′ + ω)2 − ω2
0]

2 +
(κE)4(ω

′ − ω)2

ε(ω′ − 2ω) [(ω′ − ω)2 − ω2
0]

2 . (3.17)

Set ω = ω0 + ∆ and expand the left hand side of the above equation in powers of
ω−1

0 keeping ∆ fixed (this is the RWA regime). This leads to

ω
′
(∆2 + (κE)2 − ω′2)

∆2 − ω′2
+

∆(κE)4ω
′

2ω0(∆2 − ω′2)2
≈ 0. (3.18)

This means

ω
′2 = ∆2 + (κE)2 − ∆(κE)2

2ω0

. (3.19)
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Completing the square we get, ω′2 =
(

∆− (κE)2

4ω0

)2

+ (κE)2 − (κE)4

16ω2
0
. Therefore the

new resonance frequency is

ω = ω∗ ≡ ω0 +
(κE)2

4ω0

. (3.20)

This expression is identical to what may be found in the text-books (see e.g.
Allen and Eberly [157]). The series obtained by Shirley [211] (which may also be
obtained by iterating eq.(3.11)) is

ω = ω∗ ≡ ω0 +
(κE)2

4ω0

+
(κE)4

(4ω0)3
− 35

32

(κE)6

26ω5
0

− ... (3.21)

The main motivation for this section is of course not to reproduce well-known
results such as the one above but rather to use them to calibrate the technique we
are going to employ throughout this chapter namely writing the Bloch equation
in the frequency domain where it has the appearance of a recursion relation, then
suitably truncating the recursion to convert it into an eigenvalue equation for the
frequencies involved, which in turn yields the Rabi frequencies along with the
Bloch-Siegert shift in the different domains of interest.

Now we proceed to describe Bloch-Siegert shift in graphene. In graphene, we
have a situation where close to the Dirac point the quasiparticles are chiral massless
Dirac fermions with linear dispersion, but the dispersion acquires curvature as one
moves away from the Dirac point. We study the nature of the Bloch-Siegert shift by
assuming a strictly linear dispersion first followed by a more realistic and logically
consistent calculation that includes non-linearities in the dispersion. These two
studies are aimed at pinpointing the role played by band structure effects on the
Bloch-Siegert shift in graphene.

3.4 Bloch-Siegert Shift in Graphene - Linear Dispersion

As usual, we start with the Bloch equations for graphene (derived in the appendix
(section 3.9.1)). The massless Dirac Hamiltonian is

H =
∑
p

[
vF (px − ipy)c†A(p)cB(p) + c.c.

]
. (3.22)

P (p, t) = c†A(p)cB(p) and ndiff (p, t) = c†A(p)cA(p)− c†B(p)cB(p) are the popula-
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tion excess and polarization respectively, so that

i
d

dt
ndiff (t) = 2vFσAB ·

(
p− e

c
A∗(t)

)
P (t)− c.c. , (3.23)

i
d

dt
P (t) = vFσBA ·

(
p− e

c
A(t)

)
ndiff (t). (3.24)

zk = vFσAB · p = vF (px − ipy), zR = e
c
vFσBA · A(0), px = p cos(θk) and py =

p sin(θk). As we did in case of the two-level system, we solve this using the Fourier
transform method, X(t) =

∫∞
−∞

dω
2π
e−iωt X̃(ω) where X = P, ndiff .

ndiff (t) =

∫ ∞
−∞

dω
′

2π
e−iω

′
t Ndiff (ω

′
); (3.25)

P (t) =

∫ ∞
−∞

dω
′

2π
e−iω

′
t P (ω

′
) (3.26)

This yields

ω
′
Ndiff (ω

′
) = 2zk P (ω

′
)− 2z∗R P (ω

′
+ ω)− 2z∗k P

∗(−ω′) + 2zR P
∗(ω − ω′),

(3.27)

ω
′
P (ω

′
) = z∗k Ndiff (ω

′
)− zRNdiff (ω

′ − ω). (3.28)

Inserting the second of the above equations into the first we get a recursion relation
exclusively for Ndiff (ω

′
).(

ω
′ − 4ω

′
ω2
R

ω′2 − ω2

)
Ndiff (ω

′
) =

2zkzR(2ω
′ − ω)Ndiff (ω

′ − ω)

ω′(ω − ω′)

−2z∗Rz
∗
k

(2ω
′
+ ω)

(ω′ + ω)ω′
Ndiff (ω

′
+ ω). (3.29)

Iterating this equation leads to expressions for the eigen-frequencies. We are par-
ticularly interested in the one that approaches

√
∆2 + ω2

R as |zk| → ∞ keeping
∆ ≡ ω − 2|zk| fixed. Having obtained a general expression for this frequency, we
will then examine the other limit viz. when ω →∞, |zk| → 0, keeping ω|zk| fixed
(we have called this ARWA). Iterating the above eq.(3.29) and throwing away
Ndiff (ω

′ ± 3ω) and beyond allows us to capture the lowest order Bloch-Siegert
shift since we are including the first counter rotating term Ndiff (ω

′ ± 2ω). The
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equation for ω′ we obtain will be of the form, W (ω
′
, ω, ωR, |zk|) = 0. Thus we

obtain the following two kinds of Bloch-Siegert shifts. The first one is deduced
from the conventional Rabi frequency near resonance |∆| << ω. In this case we
find lim|zk|→∞W (ω

′
,∆ + 2|zk|, ωR, |zk|), holding ∆ fixed, and then set this func-

tion to zero. This leads to an expression for the conventional Rabi frequency with
Bloch-Siegert shift

ω
′ ≡ ΩRWA =

√
ω2
R −

ω4
R

64|zk|2
+

(
∆− ω2

R

8|zk|

)2

, (3.30)

as ωshift =
ω2
R

4|2zk|
. This expression is identical to what may be found in the text-

books on two-level systems (e.g. Allen and Eberly). The second one employs the
ARWA limit where we hold c2 = |zk|2ω2 and ωR fixed and find limω→∞W (ω

′′

ω
+

ω, ω, ωR,
c
ω

) before setting this function to zero. Then the Rabi frequency is going
to be ω′ = ω

′′

ω
. We have to shift by ω in order to extract the Rabi frequency

associated with the single harmonic in the external field (the series below required
six iterations of eq.(3.29) to obtain).

ΩARWA =
1

ω

(
4ω2|zk|2 + 4ω4

R −
8ω2

R(ω2|zk|2 + ω4
R)

ω2
+

4ω4
R(7ω2|zk|2 + 5ω4

R)

ω4
+ ...

) 1
2

. (3.31)

One may see here that this result is not too different from the simple result
obtained by ignoring frequency doubling [152]. In particular, unlike in case of
the rotating wave approximation, where resonance occurs at a shifted value of
|zk| = ω

2
+ (shift) (at which value of the Rabi frequency is a minimum), here the

anomalous Rabi frequency is minimum when |zk| = 0 both in the simple case and
when Bloch-Siegert like corrections are included. Therefore in the ARWA case
for isotropic graphene, we do not have a Bloch-Siegert shift but merely a change
in the effective Rabi frequency. This uninteresting result motivates us to include
band curvature effects. It is also worthwhile to note that it is logically inconsistent
to explore the high field effects which involve higher and higher powers of the field
while ignoring such higher order effects in the band dispersion. We now wish to
set this right by including the band curvature effects.

3.5 Bloch-Siegert Shift in Graphene - Band Curvature Ef-

fects

Using the Hamiltonian for graphene that includes nearest and next nearest neigh-
bor (nnn) hopping (derived in appendix (section 3.9.2)), we may evaluate cor-
rections to the Bloch equation brought about by band curvature effects

(
zk =
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vFσAB · p, zR = e
c
vFσBA ·A(0)

)
i
dP (p, t)

dt
= −acci

4vF

(
z2
k + z∗2R e

2iωt − 2zkz
∗
Re

iωt
)
ndiff (p, t)

+
(
z∗k − zR e−iωt

)
ndiff (p, t), (3.32)

i
dndiff (p, t)

dt
=
acci

2vF

(
z∗2k + z2

Re
−2iωt − 2z∗kzRe

−iωt) P (p, t)

+2
(
zk − z∗R eiωt

)
P (p, t)− c.c. (3.33)

This is also solved using the Fourier transform method where we first write X(t) =∫∞
−∞

dω
2π
e−iωt X̃(ω) where X = p, ndiff . Then the formula for the variable p̃ in

terms of ñdiff is substituted into the equation for ñdiff and a recursion relation
is formed. This recursion is iterated twice so that equations for ñdiff (p, ω

′
+ nω),

n = 0,±1,±2 are obtained. These will involve higher harmonics such as n =

±3,±4 and so on. We drop these terms to obtain a closed set of five homogeneous
linear equations which defines an eigenvalue problem. The reason why we include
terms only up to the second harmonic is because the corrections to the Bloch
equations only involve terms to that order. The eigenfrequencies are precisely the
Rabi frequencies. We now list the final results for the Rabi frequencies in various
cases. These outcomes are a result of rather involved analytical calculations made
possible largely due to the availability of symbolic computation packages such as
Mathematica [184]. We have made extensive use of Mathematica [184] in this
work.

(i) No nonlinearities (q = acc
vF
→ 0) in the dispersion, frequency doubling effects

ignored (ω →∞). This is the simplest case and leads to the following results for
the conventional and anomalous Rabi frequencies (δ2 = |zk|ω).

ΩRWA =
√
ω2
R + ∆2; ΩARWA =

2
√
ω4
R + δ4

ω
. (3.34)

where ∆ = ω − 2|zk| is the detuning.

(ii) No nonlinearities in the dispersion (q = 0) but frequency doubling effects
included (ω <∞, see earlier section).

ΩRWA =

√
ω2
R +O

(
1

|zk|2

)
+

(
∆− ω2

R

8|zk|

)2

, (3.35)
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ΩARWA =
2
√
ω4
R + δ4

ω

(
1− ω2

R

ω2

)
. (3.36)

(iii) Leading nonlinearities in the dispersion included (q 6= 0) but frequency

doubling effects ignored (ω →∞).

ΩRWA =
√

(ω2
R + ∆2) + sin(3θk) |zk| ω2

R q; (3.37)

ΩARWA =
2
√
ω4
R + δ4

ω

(
1 +

ω8
Rδ

8q4

211(ω4
R + δ4)3

+O(q8)

)
. (3.38)

(iv)General case
[
q 6= 0, ω <∞, τ = 1

(Ek+∆) , Ek = 2vF |p|
√

1 + qvF
16 (p2qvF + 8|p|sin(3θk))

]

ΩRWA =

[(
ω2
R −

23ω4
Rτ

2

8
+

(
∆− τω2

R

4

)2
)(

1− (τ 2ω2
R)

4

)
+ sin(3θk) |zk| ω2

R q

] 1
2

,

(3.39)

ΩARWA =

√
2

ω2

[
2(ω4

R + δ4)(−2ω2
R + ω2) + qωδ6 sin(3θk)

] 1
2 (3.40)

≈
2
√
ω4
R + δ4

ω

(
1 +

qδ6sin(3θk)

4(ω4
R + δ4)ω

− ω2
R

ω2
+ ..

)
. (3.41)

These illuminating results clearly show the effect of anisotropic band structure on
both the conventional and anomalous Rabi oscillations. Now we reinforce these
observations by studying another case where anisotropy is important, namely with
Rashba interaction.

3.6 Bloch-Siegert Shift in Graphene - Rashba Interaction

In case of Rashba spin-orbit (SO) interaction, Hamiltonian of the single layer
graphene has form [197]

H =


0 vFπ

† 0 −vλπ
vFπ 0 3iλR 0

0 −3iλR 0 vFπ
†

−vλπ† 0 vFπ 0

 , (3.42)

TH-1787_10612109



3.7. Results and Discussion 81

where vλ = 3λRd
2~ , vF = 3γ0d

2~ with vλ << vF as expressed in Ref.[197], π = px + ipy

and π† = px − ipy with d being the nearest neighbor distance. The strength of
spin-orbit coupling is represented by λR, which may be due to a perpendicularly
applied electric field or due to a graphene-substrate interaction. At low energy,
there is a change in the topology of the bands close to the Dirac points due
to trigonal warping. The band dispersion - single layer graphene with Rashba
spin-orbit interaction and bilayer graphene with trigonal warping effect - are quite
similar (we refer to fig.1(a) and 1(c) in Ref.[197] and fig.7(b) and 7(c) in Ref.[201]).

Using the above Hamiltonian, we derive the Bloch equations, which are then
solved in both the resonance and far from resonance regions [178] and expressions
for the corresponding Rabi frequencies are obtained. With Rashba interaction,
the SO coupling leads to harmonic resonances in the RWA regime

(
here δn =

nω − 2Ek and Ek = ±
∣∣∣ p2+2m
− v3p−

∣∣∣ ), ± corresponds to conduction and valance
band respectively, where p± = px ± ipy

ΩRWA,ω =

√
δ2

1 +
2|p|2
m

ωR2 + ω2
R1; ΩRWA,2ω =

√
δ2

2 + ω2
R2. (3.43)

Here n = 1, 2 is the index that labels the harmonic resonance. In first harmonic
resonance |δ1| << ω and in the second harmonic resonance |δ2| << ω. The
anomalous Rabi frequency is given by

ΩARWA = 2

√
E2
k +

ω2
R12

4
, (3.44)

where ωR12 =
ω2
R2

ω
+ 4|p|2ωR2

mω
− 2ω2

R1

ω
, ωR1 = v3|A(0)|, ωR2 = |A(0)|2

2m
, δ1 = ω − 2Ek,

m ≈ 3λR
2v2F

, A(0) = e
c
(Ax(0) + i Ay(0)) and Ax(0) and Ay(0) are complex. We note

that the origin of anisotropy is in the expression for the energy eigenvalue Ek.
Now we proceed to a graphical discussion of the consequences of these effects.

3.7 Results and Discussion

In the earlier sections, we saw how the successive inclusion of frequency doubling,
next-nearest neighbor hopping and Rashba interaction affect both conventional
and anomalous Rabi frequencies. In this section, we wish to study these effects
pictorially. Specifically, we focus on anomalous Rabi oscillations where we see
large shifts in the resonance condition brought about by a combination of frequency
doubling (counter rotating terms), next nearest neighbor hopping or Rashba effect.
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Compared to these shifts, some of which in percentage terms are infinite, the shifts
in conventional Rabi oscillations are rather tiny. This section, therefore, reconfirms
our suspicion that anomalous Rabi oscillations are a useful indicator of the nature
of low energy band structure of graphene. To obtain these plots, we have to choose
numerical values for the various constants that enter into the formalism. We have
made the following choices that are consistent with the requirements of the various
limits under consideration.

Quantity Numerical value
ν = ω

2π 500 THz
vF 1× 106 m/s

q = acc
vF

1.42× 10−16 sec
Emax 250× 105 V/m
ωR 1.21× 1013rad/sec

v∗3 9.7× 104m/s

m = 0.054m∗e 0.49× 10−31 kg
ωR
ω 3.85× 10−3

qω 0.477
mv23
~ω
∗

1.40× 10−3

ωR1
ω
∗ 3.75× 10−4

ωR2
ω
∗ 5.031× 10−5

Table 3.1: ∗The asterisk is for the Rashba case

Sr. No. NL FD Ras BSS % Shift

1. No Yes No ω2
R

8|zk| 0.00037%

2. Yes No No 1
4qω

2
R sin(3θk) 0.00052%

3. Yes Yes No 1
4ω

2
R(τ + (4qsin(3θk))

(4−τ2ω2
R)

) 0.00089%

4. No No Yes ω
2

(2ωR2−ωcos(3θk))
2(2mv23+ωR2−2ωcos(3θk))

0.9%a

Table 3.2: This table shows the RWA case of Bloch-Siegert shift. The abbreviations
are, NL - nonlinearity, FD - frequency doubling, Ras - Rashba spin orbit interaction
and BSS stands for Bloch-Siegert shift in the resonant frequency relative to the case
with “No" for all the entries. aIn the Rashba case, we see a strong anisotropy and large
shifts in the direction |cos(3θk)| = 1. The percentage shift in Sr. No. 4 is for the case
when cos(3θk) = 0 which is when the formula for the shift is consistent with the other

assumptions.

In table 3.4, the expression for RWA Rabi frequency in Case 4 is strictly speak-
ing valid only when ω2

R1 >> ω2 ωR2

2mv23
, u(θk) = −1 + 36cos(6θk) − 27cos(12θk)

and bχ(θk) =
√
u(θk) +

√
2
√
−7 + 9cos(6θk)(5cos(3θk)− 9cos(9θk)). Due to the presence

of the factor sin(3θk) in many formulas, we see a pronounced anisotropy in these
plots. The most interesting directions are when |sin(3θk)| = 0, 1. The fig.(3.1) de-
picts conventional Bloch-Siegert shift due to frequency doubling that is common to
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Sr. No. NL FD Ras BSS % Shift
1. No Yes No 0 0%

2. Yes No No 0 0%

3. Yes Yes No 4|cosec(3θk)|
q ; sin(3θk) < 0 ∞

4. No No Yes ρ(θk) ∞

Table 3.3: This table shows the ARWA case of Bloch-Siegert shift. Here ρ(θk) =
mv23

4 (6cos(3θk) +
√

2
√

(−7 + 9cos(6θk))). The Bloch-Siegert shift (BSS) is a shift in
resonance condition for anomalous Rabi oscillations from the trivial value v3k = 0 to
the nontrivial value shown in this column. The bands are isotropic in cases 1 and 2 and
show no BSS. In cases 3 and 4 the bands are anisotropic and the minimum is shifted

to a nontrivial location and the shift in percentage terms is infinite.

both two-level systems as well as graphene. The fig.(3.2) shows that both the next
nearest neighbor interaction (nonlinearity in the dispersion) and frequency dou-
bling can lead to Bloch-Sigert shifts in the conventional Rabi frequency. However,
both these shifts are quite tiny, the former being even smaller. The figures (3.3)
and (3.4) are central to the present work. fig.(3.3) shows the landscape of anoma-
lous Rabi frequencies as a function of the wave vector. In one case the anisotropy
seen is attributable to nnn hopping and the other to Rashba interaction.

Sr. No. SRF (RWA) SRF (ARWA)

1. ∼ ωR
2ω2
R
ω (1− ω2

R
ω2 )

2. 1
2ω

2
R(2 + qω sin(3θk))

2ω2
R
ω

3. ∼ 1
2ω

2
R(2 + qω sin(3θk)) 0

4.
√
ω2
R1 + ω2 ωR2

2mv23

a 2mv2
3χ(θk)

b

Table 3.4: This table shows the shifted Rabi frequencies (SRF) in both RWA and
ARWA case. The ARWA Rabi frequency with both nonlinearity and frequency doubling
included effectively becomes zero at a Bloch-Siegert shifted value of the wave number

for appropriate directions. The meaning of cases 1-4 is as in the other tables.

In both cases, we see a Bloch-Siegert shift from the trivial zero momentum
anomalous Rabi frequency to a different anomalous Rabi frequency at a shifted
wavenumber in some specific directions. Since the shift is from a zero momentum
value to a nonzero value, the percentage Bloch-Siegert shift is actually infinite in
these two cases. This shows that the anomalous Rabi frequency is sensitive to
qualitative changes in the low-energy band structure of graphene and as such may
serve as an indirect alternative to determining the low energy electronic structure
of chiral massless Dirac fermion systems. In fig.(3.4) we see more clearly the
Bloch-Siegert shifts in anomalous Rabi frequency. It must be stressed that it is
the anomalous Rabi frequency that undergoes such significant shifts whereas the
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conventional Rabi frequency follows the trends of the two-level systems where the
shifts are known to be negligible.

We have looked for experimental work that may have already seen these anoma-
lous Rabi oscillations. One possible experimental tool for detecting Rabi oscilla-
tions is the pump-probe experiment. Typically, incoherent optical properties such
as optical dephasing and relaxation of band electrons in semiconductors are stud-
ied using the pump-probe experiment [49, 157] in which two successive laser pulses
are used, one to prepare the system in certain way, called pump pulse and one to
test it after a variable time delay, called probe pulse. Coherent optical effects such
excitonic optical Stark effect of a semiconductor [193–195] may also be studied
by the pump-probe technique in which the pump pulse excites the material ener-
getically below the exciton resonance and probe pulse monitors the transmission
change at exciton resonance.

In a recently published paper [202], we have conducted theoretical analysis of
the pump-probe experiment and computed the differential transmission coefficient
(DTC) versus the time delay between pump and probe, taking into account inco-
herent effects such as dephasing. There we showed that the DTC is a decaying
function of the time delay, due to dephasing. However, more interestingly, we
find, superimposed on the overall decay, oscillations whose frequency is precisely
the anomalous Rabi frequency we have been discussing. An examination of the
experimental work of Breusing et al [63], specifically fig.1(c) of this work appears
to confirm our predictions, including the numerical values of the anomalous Rabi
frequency. To verify the predictions of the present work, these experiments will
have to be repeated for a range of intensities and the dependence of the anoma-
lous Rabi frequency on the field strength has to be ascertained. A quantitative
comparison of the present work with already published experimental works such
as Breusing et al [63] is not possible since such data are presently unavailable in
the public domain.
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Figure 3.1: The first figure demonstrates the cross-over phenomenon spanning both
the conventional and anomalous resonance regions (Ω = ΩRWA Or ΩARWA). The sec-
ond figure shows the conventional Rabi frequency with and without frequency doubling.
The lateral shift in this plot is the conventional Bloch-Siegert shift. The BS shift in
this plot is exaggerated for clarity by choosing ωR

ω = 0.1, parameters are plotted in unit
of ω and zk = vF (px − ipy).
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Figure 3.2: In the first figure the conventional Rabi frequency including nonlin-
earity with and without frequency doubling is plotted, depicting the conventional
Bloch-Siegert shift as in fig.(3.1). The second figure shows a much smaller Bloch-
Siegert like shift even without frequency doubling, due to nonlinearity(on considering
sin(3θk) = −1, zk = vF (px − ipy)).
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kxky

W
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Figure 3.3: The first figure is the plot of the anomalous Rabi frequency versus the two
cartesian components of the wave vector including the Rashba effect. The second figure
is a plot of the anomalous Rabi frequency including frequency doubling and nnn hopping
but no Rashba effect. In both cases we see strong anisotropy. In particular, there are
new minima in appropriate directions away from the trivial minimum corresponding to
Bloch-Siegert shifted anomalous Rabi oscillations.
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Figure 3.4: The first plot shows the anomalous Rabi frequency versus wave number
in the Rashba case, indicating a new Bloch-Siegert shifted minimum. The parameters
are plotted in unit of 10−3ω (here cos 3θ = 1). The second plot shows the nnn hopping
and frequency doubling case (parameters are plotted in unit of ω, here we have chosen
sin(3θk) = −1, zk = vF (px − ipy)).
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3.8 Conclusions

In this work, we have highlighted the nature of changes in the resonance con-
dition of Rabi oscillations (known as a Bloch-Siegert shift) in graphene due to
band anisotropy. This is in contrast to the conventional Bloch-Siegert shift that
is due to strong fields alone and is associated with Rabi oscillations near con-
ventional resonance. However, graphene exhibits anomalous Rabi oscillations far
from conventional resonance. The anomalous resonance condition itself undergoes
a Bloch-Siegert shift in the presence of band anisotropy, which in percentage terms
is infinite, unlike the tiny shifts are seen in conventional Rabi oscillations. This
observation reinforces the assertion we have been making namely that anomalous
Rabi oscillations are a useful probe of the low-energy band structure of graphene,
in particular and chiral massless Dirac fermion systems, in general.

3.9 Appendix

3.9.1 Derviation of Bloch Equation in Graphene

Hamiltonian of graphene has the form

H = vF (pxσx + pyσy). (3.45)

Writing equation (1) in matrix form

H = vF

[
0 px + ipy

px − ipy 0

]
.

The state vector of above equation

ψ =

[
cA

cB

]
.

So the Hamiltonian in second quantized form

H =
[
c†A c†B

]
vF

[
0 px − ipy

px + ipy 0

][
cA

cB

]
,

H = vF [(px − ipy)c†AcB + (px + ipy)c
†
BcA].
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The commutation relation for fermionic operator

[AB,CD] = A[B,CD] + [A,CD]B,

= A[{B,C}D − C{B,D}] + [{A,C}D − C{A,D}]B,

= A{B,C}D − AC{B,D}+ {A,C}DB − C{A,D}B.

So Bloch equation 〈c†AcA〉, < c†BcB >,< c†AcB >,< c†BcA >

i
d < c†AcA >

dt
= vF [(px − ipy)c†AcB − (px + ipy)c

†
BcA],

i
d < c†BcB >

dt
= vF [−(px − ipy)c†AcB + (px + ipy)c

†
BcA].

We define ndiff (p, t) =< c†AcA > − < c†BcB > and P (p, t) =< c†AcB >. So

i
dndiff (p, t)

dt
= 2vF [(px − ipy)c†AcB − (px + ipy)c

†
BcA],

i
dndiff (p, t)

dt
= 2vF [(px + ipy)P (p, t)− (px − ipy)P ∗(p, t)] . (3.46)

Now first equation for polarization

i
d < c†AcB >

dt
= vF (px + ipy)[c

†
AcA − c

†
BcB].

So finally equation will be

i
dP (p, t)

dt
= vF (px + ipy)ndiff (p, t). (3.47)

Now Second equation for polarization

i
d < c†BcA >

dt
= vF (px − ipy)[c†BcB − c

†
AcA]

So finally equation will be

i
dP ∗(p, t)

dt
= −vF (px − ipy)ndiff (p, t). (3.48)

On including vector potential i.e. p→ p− eA(0)
c
e−iωt. Here A(0) = Ax(0) + iAy(0)

.
px + ipy =

(
px + ipy −

eA(0)

c
e−iωt

)
,
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px − ipy =

(
px − ipy −

eA∗(0)

c
eiωt
)
.

If we consider
z∗k = px + ipy,

zk = px − ipy,

zR =
e

c
[Ax(0) + iAy(0)],

z∗R =
e

c
[A∗x(0)− iA∗y(0)].

So Bloch equation will be

i
dndiff (p, t)

dt
= 2vF

[(
px − ipy −

eA∗(0)

c
eiωt
)
P (p, t)

−
(
px + ipy −

eA(0)

c
e−iωt

)
P ∗(p, t)

]
, (3.49)

i
dP (p, t)

dt
= vF

(
px + ipy −

eA(0)

c
e−iωt

)
ndiff (p, t), (3.50)

i
dP ∗(p, t)

dt
= −vF

(
px − ipy −

eA∗(0)

c
eiωt
)
ndiff (p, t). (3.51)

Above equation in terms of z∗k, zk, zR, z∗R and we define zA = zRe
−iωt

i
dndiff (p, t)

dt
= 2vF

[(
zk − z∗Reiωt

)
P (p, t)−

(
z∗k − zRe−iωt

)
P ∗(p, t)

]
, (3.52)

i
dP (p, t)

dt
= vF

(
z∗k − zRe−iωt

)
ndiff (p, t), (3.53)

i
dP ∗(p, t)

dt
= −vF

(
zk − z∗Reiωt

)
ndiff (p, t). (3.54)

3.9.2 Derviation of Band Curvature Effects in Graphene

H = −t
∑
<ij>σ

(
a†iσbjσ + h.c.

)
− t′

∑
<<ij>>σ

(
a†iσajσ + b†iσbjσ + h.c.

)
, (3.55)

bjσ =
1√
N

∑
k

eik·rB,jbkσ, (3.56)
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aiσ =
1√
N

∑
k

eik·rA,iakσ. (3.57)

Lattice A contains carbon atoms at locations

~r A(n1, n2) = n1A1 + n2A2. (3.58)

A1 =
√

3acc (
√

3
2
î + 1

2
ĵ) and A2 =

√
3acc ĵ and lattice B also contains carbon

atoms at locations

~r B(n1, n2) = accî+ n1A1 + n2A2, (3.59)

where acc is the nearest carbon-carbon distance.

~r A(n1, n2)− ~r B(n
′

1, n
′

2) = (n1 − n
′

1)
√

3acc

(√
3

2
î+

1

2
ĵ

)
+(n2 − n

′

2)
√

3acc ĵ − accî. (3.60)

A1 =
√

3acc

(√
3

2
î+ 1

2
ĵ
)

and A2 =
√

3acc ĵ and lattice B also contains carbon
atoms at locations

~r B(n1, n2) = accî+ n1A1 + n2A2, (3.61)

(~rA,j − ~rA,i) = (n
′

1 − n1)~a1 + (n
′

2 − n2)~a2, (3.62)

(~rA,j − ~rA,i) = (n
′

1 − n1)acc
3

2
î+

[
(n
′

1 − n1)
1

2
+ (n

′

2 − n2)

]√
3acc ĵ. (3.63)

From above equation, nearest neighbors choice will be
(

0,±
√

3
)
acc and

(
±3

2
,±
√

3
2

)
acc.

~r A,i − ~r B,j =

(
(n1 − n

′

1)
3

2
− 1

)
accî+

(
(n1 − n

′

1)
1

2
+ (n2 − n

′

2)

)√
3accĵ.

(3.64)
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From above equation, nearest neighbors choice will be (−1, 0)acc,
(

1
2
,
√

3
2

)
acc and(

1
2
,−
√

3
2

)
acc.

H = −t′
∑
σ

∑
<<i,j>>

1

N

∑
k

(
eik·(rA,j−rA,i)(a†kσakσ + b†kσbkσ) + h.c.

)
−t

∑
<ij>σ

1

N

∑
k

(
e−ik·(rA,i−rB,j) a†kσbkσ + h.c.

)
. (3.65)

The Hamiltonian becomes

H = −t′
∑
σ

∑
k

(
g(k)(a†kσakσ + b†kσbkσ) + h.c.

)
−t
∑
σ

∑
k

(
f(k) a†kσbkσ + h.c.

)
. (3.66)

Here

g(k) = eik·(0,
√

3)acc + eik·(0,−
√

3)acc + eik·(
3
2
,
√
3

2
)acc + e

ik·
(
− 3

2
,
√
3

2

)
acc

+e
ik·
(

3
2
,−
√
3
2

)
acc + e

ik·
(
− 3

2
,−
√

3
2

)
acc , (3.67)

f(k) = e−ik·(−1,0)acc + e
−ik·

(
1
2
,
√
3

2

)
acc + e

−ik·
(

1
2
,−
√
3

2

)
acc . (3.68)

We can write above equation in form

g(k) = eipy
√

3acc + e−ipy
√

3acc + ei(px
3
2

+py
√

3
2

)acc + ei(−
3
2
px+

√
3

2
py)acc

+ei(
3
2
px−

√
3

2
py)acc + ei(−

3
2
px−

√
3
2
py)acc , (3.69)

f(k) = eipxacc + e−i(
1
2
px+

√
3
2
py)acc + e−i(

1
2
px−

√
3
2
py)acc . (3.70)

We expand around K = ( 2π
3acc

, 2π
3
√

3acc
), k = K + p.

g(k) = −3 +
9

4
(p2
x + p2

y) + ..., (3.71)

f(k) =
3

4
(−i−

√
3)(px − ipy) +

3

8
(i+
√

3)pxpy +
3

16
(1− i

√
3)p2

x

+
3

16
i(i+

√
3)p2

y + ..., (3.72)
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f(k) =
3

4
(−i−

√
3) [(px − ipy) +

i

4
(px + ipy)

2] + ..., (3.73)

f(k) = −3

2
ei
π
6 [(px − ipy) +

i

4
(px + ipy)

2] + ... (3.74)

The Hamiltonian is (the phase factor ei
π
6 may be absorbed into the definitions of

a and b)

H =

(
−2t

′ (−3 + 9
4 (pacc)

2
)

3tacc
2

[
(px − ipy) + iacc

4 (px + ipy)2
]

3tacc
2

[
(px + ipy)− iacc

4 (px − ipy)2
]

−2t
′ [−3 + 9

4 (pacc)
2
] )

.

(3.75)

Here, vF = 3tacc
2

is the Fermi velocity.

3.9.3 Conventional Way (Old Approach) of Bloch-Siegert Shift in Graphene
- Linear Dispersion

The graphene Hamiltonian has from

H = vF

[
0 px − ipy

px + ipy 0

]
. (3.76)

On applying vector potential

H = vF

[
0 (px − ipy)− e

c
A∗0e

iωt

(px + ipy)− e
c
A0e

−iωt 0

]
, (3.77)

H = vF

[
0 (px − ipy)

(px + ipy) 0

]
+ e−iωtvF

[
0 0

− e
c
A0 0

]
+ eiωtvF

[
0 − e

c
A∗0

0 0

]
.

(3.78)

We know A0 = A∗0 = cωR
evF

and ωR is Rabi frequency.

H = vF

[
0 (px − ipy)

(px + ipy) 0

]
− e−iωt

[
0 0

ωR 0

]
− eiωt

[
0 ωR

0 0

]
. (3.79)

From evolution equation

i
∂

∂t
ψ(t) = Hψ(t). (3.80)
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Let we write eigenvector

ψ(t) =

[
u(t)

v(t)

]
. (3.81)

For solving above evolution equation in case of graphene, first we do diagonaliza-
tion by matrix [

u(t)

v(t)

]
=

 ipy−px√
p2x+p2y

px−ipy√
p2x+p2y

1 1

[u1(t)

v1(t)

]
. (3.82)

Applying transformation u1(t) = eit
√
p2x+p2yu2(t) and v1(t) = e−it

√
p2x+p2yv2(t) (con-

sider ~ = 1, vF = 1 ), we will get equations

i
∂

∂t
u2(t) =

e−itω
√
p2
x + p2

yωR

2px + 2ipy
u2(t)− e−it(ω+2

√
p2x+p2y) (px − ipy)ωR
2
√
p2
x + p2

y

v2(t)

+
eitω (px + ipy)ωR

2
√
p2
x + p2

y

u2(t) +
eit(ω−2

√
p2x+p2y) (px + ipy)ωR

2
√
p2
x + p2

y

v2(t), (3.83)

i
∂

∂t
v2(t) =

e−it(ω−2
√
p2x+p2y)√p2

x + p2
yωR

2px + 2ipy
u2(t)− e−itω (px − ipy)ωR

2
√
p2
x + p2

y

v2(t)

−e
it(ω+2

√
p2x+p2y ) (px + ipy)ωR

2
√
p2
x + p2

y

u2(t)− eitω (px + ipy)ωR

2
√
p2
x + p2

y

v2(t). (3.84)

For seeing effect of off resonance term, we are only considering them and leaving
other term from above equation

i
∂

∂t
u2(t) = −e

−it(ω+2
√
p2x+p2y) (px − ipy)ωR
2
√
p2
x + p2

y

v2(t), (3.85)

i
∂

∂t
v2(t) = −e

it(ω+2
√
p2x+p2y ) (px + ipy)ωR

2
√
p2
x + p2

y

u2(t). (3.86)
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After substitution in eq. (3.86) in eq. (3.85), we get the equation[
∂2

∂t2
u2(t) + i

(
ω + 2

√
p2
x + p2

y

) ∂

∂t
u2(t) +

ω2
R

4
u2(t)

]
= 0. (3.87)

The solution of above equation has form like u2(t) ∝ e−iαt, so we can write

−α2 +
(
ω + 2

√
p2
x + p2

y

)
α +

ω2
R

4
= 0, (3.88)

α =

(
ω + 2

√
p2
x + p2

y

)
2

±

√(
ω + 2

√
p2
x + p2

y

)2
+ ω2

R

2
= α±. (3.89)

By Taylor’s expansion, if ω, ω0 >> κε

α+ '
(
ω + 2

√
p2
x + p2

y

)
+

ω2
R

4
(
ω + 2

√
p2
x + p2

y

) , (3.90)

α− ' −
ω2
R

4
(
ω + 2

√
p2
x + p2

y

) . (3.91)

The solution of equations (3.85,3.86) have form

u2(t) = Ae−iα+t − (px − ipy)ωR
2
√
p2
x + p2

y

1

α−
Be−iα−t, (3.92)

v2(t) = −2

√
p2
x + p2

y

(px − ipy)ωR
Aei(ω+ω0−α+)t +Bei(ω+ω0−α−)t (3.93)

u1(t) = eit
√
p2x+p2yu2(t), (3.94)

v1(t) = e−it
√
p2x+p2yv2(t). (3.95)

So [
u1(t)

v1(t)

]
=

[
eit
√
p2x+p2yu2(t)

e−it
√
p2x+p2yv2(t)

]
, (3.96)
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[
u1(t)

v1(t)

]
=

 eit
√
p2x+p2y

(
Ae−iα+t − (px−ipy)ωR

2
√
p2x+p2y

1
α−
Be−iα−t

)
e−it
√
p2x+p2y

(
−2

√
p2x+p2y

(px−ipy)ωR
Aei(ω+ω0−α+)t +Bei(ω+ω0−α−)t

)
 , (3.97)

[
u1(t)

v1(t)

]
=

Ae−i(α+−
√
p2x+p2y )t − (px−ipy)ωR

2
√
p2x+p2y

1
α−
Be−i(α−−

√
p2x+p2y)t

−2

√
p2x+p2y

(px−ipy)ωR
Aei(ω+

ω0
2
−α+)t +Bei(ω+

ω0
2
−α−)t

 , (3.98)

[
u(t)

v(t)

]
=

 ipy−px√
p2x+p2y

px−ipy√
p2x+p2y

1 1

[u1(t)

v1(t)

]
, (3.99)

[
u1(t)

v1(t)

]
=

[
Ae−i(α+−ω02 )t

Bei(ω+
ω0
2
−α−)t

]
, (3.100)

α+ '
(
ω + 2

√
p2
x + p2

y

)
+

ω2
R

4
(
ω + 2

√
p2
x + p2

y

) , (3.101)

α− ' −
ω2
R

4
(
ω + 2

√
p2
x + p2

y

) , (3.102)

[
u1(t)

v1(t)

]
=

Ae
−i

(ω+2
√
p2x+p2y )+

ω2R

4

(
ω+2
√

p2x+p
2
y

)−ω0
2

t

Be
i

ω+
ω0
2

+
ω2R

4

(
ω+2
√

p2x+p
2
y

)
t

 , (3.103)

[
u1(t)

v1(t)

]
=

[
Ae−i(ω+

ω0
2

+α−)t

Bei(ω+
ω0
2

+α−)t

]
. (3.104)

This implies that energy of upper level is shifted upward by ~α− and lower level
is shifted downward by ~α−.

2~α− '
~ω2

R

2
(
ω + 2

√
p2
x + p2

y

) . (3.105)
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If we want BS shift at resonance condition i.e.(
ω − 2

√
p2
x + p2

y

)
= 0⇒ ω = 2

√
p2
x + p2

y. (3.106)

So

2~α− '
~ω2

R

2
(
2
√
p2
x + p2

y + 2
√
p2
x + p2

y

) =
~ω2

R

8
√
p2
x + p2

y

. (3.107)

This is Bloch-Siegert shift, which is exactly matching with eq.(3.30).
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Chapter 4

A Theoretical Analysis of the

Pump-Probe Experiment in

Dirac-Weyl Systems

4.1 Introduction

In science, verification of a theory is usually accomplished by performing a suitable
experiment. As theorists, our resources are limited and we are unable to perform
the experiments ourselves. The next best alternative is to suggest an experiment
and provide a detailed analysis of the outcome of this experiment. So that in-
terested experimental groups with the requisite resources and expertise may then
carry out the suggested experiments.

In this chapter, we have described pump-probe spectroscopy [62–64, 202, 214],
which is used to justify the phenomenon of anomalous Rabi oscillations [155] -
a central idea in this thesis. By using the pump-probe experiment, incoherent
optical properties such as optical dephasing and relaxation of band electrons in
semiconductors have been studied [48, 49]. In this experiment two successive laser
pulses are used, one for exciting the system in a certain way, called pump pulse
and other to test it after a variable time delay, called probe pulse. Femtosecond
laser pulses are required for studying these incoherent optical properties because
time scales for these phenomena are short (sub picosecond). The pump-probe
technique can also be used for studying the coherent optical responses e.g. the
excitonic optical Stark effect (EOSE) in a semiconductor [193–195]. In the thesis,

99TH-1787_10612109



100
Chapter 4. A Theoretical Analysis of the Pump-Probe Experiment in Dirac-Weyl

Systems

we have described an interesting, coherent optical phenomenon viz. anomalous
Rabi oscillations using pump probe spectroscopy.

4.2 Problem Formulation

The pump-probe method is a well-known technique used to investigate nonlinear
optical phenomena experimentally [63, 215, 216]. It involves exciting the sample
with a high-intensity ultra-short duration laser light and then after a delay probing
the sample with a much weaker version of the same pulse. This method has been
used successfully to establish the presence of Rabi oscillations in semiconductors
[215, 216]. Ultrafast carrier relaxation phenomenon has been studied experimen-
tally by Breusing et al. [63] using the pump probe method in graphene. Conven-
tionally, the differential transmission coefficient (DTC) is plotted as a function of
time delay and the dephasing times are extracted from it. We wish to use this
approach to establish the presence of anomalous Rabi oscillations. We do this by
plotting the DTC not versus time delay but versus the duration of the pump pulse
(alternatively, versus “area of the pump pulse”) [215, 216]. When everything else
remains fixed, this plot shows periodic oscillations with the characteristic anoma-
lous Rabi frequency. Dephasing is introduced in a phenomenological manner to
make the analysis more realistic, but is not the central theme of this analysis.

In this chapter, we describe the expected outcomes of an experiment for de-
tection of anomalous Rabi oscillations (ARO) in Dirac-Weyl fermionic systems by
performing a theoretical analysis of the proposed experiment. The experimen-
tal method, which we suggest for detecting anomalous Rabi frequency is known
as the ultrafast pump probe technique. First, we derive rate equations for the
amplitude of matter waves in a Dirac-Weyl fermionic system in the presence of
a pump field considered as a pulse. Then we linearize evolution equation for a
weak probe pulse and compute the differential transmission coefficient (the probe
transmission with and without the pump) and see how this differential transmis-
sion coefficient behaves in various Dirac-Weyl fermionic systems. The differential
transmission coefficient is seen to be an oscillatory function of the pump-probe
delay. The slowest frequency that may be discerned from these oscillations is
precisely the anomalous Rabi frequency. Hence this is an explicit experimental
method to study these anomalous oscillations. Dephasing merely diminishes the
amplitude of these oscillations but not the frequency.
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In this chapter, we describe the pump-probe experiment. Typically this method
is used to investigate incoherent phenomena such as dephasing. However, the aim
of the present work is just the opposite viz. to study coherent phenomena using
pump probe spectra. It is certainly true that by measuring the dependence of the
differential transmission coefficient on the time delay between pump and probe
pulses, it is possible to extract dephasing and other relaxation rates. However, it
is interesting to note that from this plot (differential transmission coefficient vs.
time delay) it is possible to infer the existence of anomalous Rabi oscillation which
is a coherent phenomenon.

4.2.1 Pump-Probe Spectra in Graphene

Many studies have been conducted on dephasing of transient excitations in graphene
placed on different substrates [62–67, 217, 218]. When graphene layers are epitax-
ially grown on SiC substrate [64], ultrafast relaxation of photogenerated carriers
depend upon carrier-phonon and carrier-carrier scatterings. An examination of
the plot between the differential transmission coefficient T−T0

T0
where, T (T0) is the

probe transmission coefficient with (without) pump field, vs time delay between
pump and probe pulse shows two types of relaxations τ1 and τ2 with a concomitant
dependence on the pump pulse energy and temperature. The short relaxation time
τ1 has a range of 70−120fs and the long relaxation time τ2 has a range 0.4−1.2ps

[62]. Short relaxation τ1 is due to the intraband carrier-carrier scattering, which
produces quasiequilibrium states with a Fermi-Dirac distribution. The slower time
delays τ2 is typically due to intraband carrier-phonon scattering and is responsible
for energy relaxation.

Considering the case of graphene on the mica substrate, the experimental plot
between the differential transmission coefficient T−T0

T0
vs. delay time between pump

and probe pulses of carrier relaxation by using femtosecond laser [63], is almost the
same as earlier experiments [64] possess, some intermittent discrepancies in sign.
First, there is some increase (almost linear) in differential transmission coefficient
comes in the plot due to the presence of Pauli blocking 1 or due to the repulsion by
the initially generated electron-hole density on further generated photoelectrons.
Then there is a decrease in transmission coefficient; it comes in the plot due to
intra-band carrier-carrier and intra-band carrier-phonon scattering. From this, we
can conclude that carrier relaxation in graphene is almost same as that of graphite.

1Pauli blocking occurs when the final transition states are filled, so an incoming electron can no
longer do that transition.
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This shows that coupling between different graphite layers plays a minor role in
ultrafast carrier relaxation. Time resolved terahertz spectroscopy is one of the
powerful tool for investigation of carrier dynamics in semiconductors [218]. The
study of multi-layer graphene nanostructures is very important for applications to
optoelectronics [219, 220].

4.2.2 Pump-Probe Spectra in Topological Insulator

Many pump-probe studies have been carried out in TI, as described below. Optical
pump-THz probe spectroscopy at low temperatures and the behavior of hot carrier
response in thin Bi2Se3 films of several thicknesses are able to distinguish the
bulk from surface transient response and can be utilized in future optoelectronic
applications [221]. TI exhibits spin-dependent signals only during laser excitation.
They reveal themselves while studying real and imaginary parts of the complex
Kerr angle upon disentangling spin and lattice contributions. This signal is seen
only when the pump-pulse is present and may be expressed in terms of Raman
coherence time. So there is a coherent femtosecond control of spin-polarization
for electronic states at near the Dirac cone [222]. Pump-probe spectroscopy can
also be used to study carrier and phonon dynamics in Bi2Se3 crystals. There are
oscillations in differential reflection, which have two distinct frequencies and are
attributed to coherent optical and acoustic phonons, respectively [223]. Pump-
probe photoemission spectroscopy has been used to study optically excited Dirac
surface states in the bulk-insulating topological insulator Bi2Te2Se. The observed
optical properties are in sharp contrast to those found in bulk-metallic topological
insulators. There is a gigantic lifetime for excited surface states in the bulk of a TI,
giving strong evidence for a power-law charge relaxation. This is evidence for two-
dimensional electrodynamics and provides a direct optical signature of low bulk
conductivity in a TI. From this observation, there is opportunity of development
of optical devices, like optical p-n junction and a solar cell using optically excited
Dirac surface states [224].

4.2.3 Pump-Probe Spectra in Weyl Semimetals

In future study, pump-probe ARPES (angle-resolved photoelectron spectroscopy)
is able to see the Fermi arc in MoxW1−xTe2, which is a Weyl semimetal [225, 226].
By using first principles calculations it can be shown that femtosecond laser pulses
with circularly polarized light can be used to switch between Weyl semimetal,
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Dirac semimetal and topological insulator states in a generic three-dimensional
(3D) Dirac material [227].

In the present work, theoretical modeling of the pump-probe experiment is done
in order to observe the anomalous Rabi oscillations in these Dirac-Weyl fermionic
systems. This is similar to experiments performed by the above authors especially
Kumar et.al. [62], Breusing et.al. [63] and Dawalty et.al. [64]. While these authors
focus on the incoherent aspects, the main focus of the present work is anomalous
Rabi oscillations - a coherent phenomenon. If a quantum system interacts with
a (classical) environment it is known as an open quantum system. This causes
dissipation in the quantum system which manifests itself as a non-unitary time
evolution of the wavefunction of the quantum system. It is imperative however, to
ensure that probability is conserved even though the time evolution is non-unitary.
This is typically done by the Lindblad super-operator method [228] which modifies
the evolution equation of the density matrix of the quantum system. For the
present purposes, a simpler alternative has been found which involves modifying
the evolution equation for the wave function directly to include dissipation which
leads to a nonunitary time evolution but is nevertheless probability conserving.

4.3 Dephasing in Open Quantum Systems: The Lindblad

Superoperator

If a quantum system interacts with a (classical) environment, it is known as an
open quantum system. This causes dissipation in the quantum system which
manifests itself as a nonunitary time evolution of the wavefunction of the quan-
tum system. It is imperative however, to ensure that probability is conserved even
though the time evolution is non-unitary. This is typically done by the Lindblad
super-operator method [228] which modifies the evolution equation of the density
matrix of the quantum system. For our purposes, we have found a simpler alterna-
tive which involves modifying evolution equation for the wave function directly to
include dissipation which leads to a nonunitary time evolution but is nevertheless
probability conserving.

We know Liouville’s equation in term of density matrix in a closed system is

iρ̇ = [H, ρ]. (4.1)
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So its solution ρ(t) = eiHtρ(0)e−iHt will take form according to the (strongly
continuous) unitary group related with Hamiltonian and density matrix is just
a unitary conjugation of the density matrix from which we started. There is no
change in the spectrum and the initial pure state (rank-one projection) always
stays in a pure state.

However, if the external environment (bath) affects the system under study, the
spectrum of ρ changes continuously. We can also choose a model (bath + system)
with Hamiltonians and then solve the whole system. However, there is a way for
trace out the bath directly and getting evolution equation for the remaining system
for which we are interested. So we design a master equation for open quantum
system known as Lindblad equation [228] has following form

ρ̇ = −i[H, ρ] +
∑

γ

(
AρA† − 1

2
A†Aρ− 1

2
ρA†A

)
, (4.2)

where second part of RHS of above equation known as the Lindblad superoperator
and equation can be rewritten as:

ρ̇ = −i[H, ρ] + L(ρ). (4.3)

The Lindblad superoperator L(ρ) is used for environmental conditions that make
up the open quantum system such as dephasing and relaxation. The operator A
inside Lindblad superoperator is collapse operator and crucial for defining what the
Lindblad superoperator describes. For different environments, different collapse
operators are used. γ is an important constant which belongs from dephasing rate,
rephasing rate, relaxation rate, etc. Actually, it is a corresponding rate for the
coupling of the environment to the system.

4.4 The Pump-Probe Experiment

A quantum system typically interacts with the environment whose characteristics
are known imprecisely. Such a system is known as an open quantum system. We
have proposed an alternative to the Lindblad technique which involves introducing
dephasing directly into the evolution equation of the amplitude of matter waves
without compromising probability conservation. We now go on to discuss the
various time scales and the phenomena that occur in those time scales. This
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broadly consists of two parts - the times where the pump fields are present and
the times when the system is being probed by a weak probe field.

4.4.1 Pump Equation

4.4.1.1 Case I: For Time t < 0:

In this case, the system is in equilibrium i.e. in the ground state, and no external
field is applied. Evolution equation has the form

i∂tψ(p, t) = H0(p)ψ(p, t). (4.4)

This means, ψ(p, t) = e−iH0(p)t ψ(p, 0) ≡ ψeq(p, t), where ψeq(p, t) is the reference
equilibrium wavefunction of the bulk.

4.4.1.2 Case II: For Time 0 < t < tpu:

During this time the pump field is on and the wavefunction evolves in the following
manner

i∂tψ(p, t) = H0

(
p− e

c
A(t)

)
ψ(p, t). (4.5)

Thus equation has a formal solution as follows

ψ(p, tpu) = T
(
e−i

∫ tpu
0 H0(p− e

c
A(t′))dt′

)
ψ(p, 0), (4.6)

where T is the time ordering symbol. We assume that for the duration of the
pump pulse dephasing effects have not set in - largely due to the short time scales
involved.

4.4.1.3 Case III: For Time t > tpu:

Once the pump fields are turned off, dephasing sets in. Evolution equation is
modified in the following manner to capture the phenomenon of dephasing

i∂tψ(p, t) = H0(p)ψ(p, t)− i

T2

(
ψ(p, t)− Λ(t)ψeq(p, t)

)
. (4.7)
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Here T2 is a quantity which fixes the dephasing time scale and Λ(t) is a real function
of time which is called the dephasing scaling function which has to be chosen to
ensure norm conservation. Furthermore it is such that Λ(t → ∞) = 1 which
ensures that long after the pump pulse is turned off, the wavefunction returns to
the equilibrium form. This means

ψ(p, t) = e−i(t−tpu)H0(p)

(
e
− (t−tpu)

T2 ψ(p, tpu) +

∫ t

tpu

dt′

T2

e
(t′−t)
T2 ψeq(p, tpu) Λ(t′)

)
.

(4.8)

On taking complex conjugate of eq.(4.8)

ψ†(p, t) =

(
e
− (t−tpu)

T2 ψ†(p, tpu) +

∫ t

tpu

dt′

T2

e
(t′−t)
T2 ψ†eq(p, tpu) Λ∗(t′)

)
ei(t−tpu)H0(p).

(4.9)

Now we are verifying probability conservation. So first we calculate ψ†(p, t)ψ(p, t).
However, as it stands there is no guarantee that this time evolution is norm-
preserving. Probability (norm) conservation means, 1 =

∑
p ψ
†(p, t)ψ(p, t). De-

fine W =
∑

p ψ
†
eq(p, tpu)ψ(p, tpu) and

z(t) =

(∫ t

tpu

dt′

T2

e
(t′−t)
T2 Λ(t′)

)
. (4.10)

Hence imposing norm conservation implies

1 = e
− (t−tpu)

T2

(
e
− (t−tpu)

T2 +W z∗(t)

)
+

(
e
− (t−tpu)

T2 W ∗ + z∗(t)

)
z(t), (4.11)

1 =

[
e
− 2(t−tpu)

T2 +
(
W z∗(t) +W ∗z(t)

)
e
− (t−tpu)

T2 + z∗(t)z(t)

]
. (4.12)

This in turn means the Λ(t) - the dephasing scaling function, has to be chosen in
such a way that eq.(4.12)

z(t) =
1

2

(√
(W +W ∗ − 2)(W +W ∗ + 2)e

− 2(t−tpu)
T2 + 4− (W +W ∗)e

tpu−t
T2

)
.

(4.13)

These choices ensure that not only is the evolution non-unitary and hence is able
to capture dissipation effects but is also norm preserving which is mandatory in
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quantum mechanics. The present approach is more direct than the usual approach
based on the Lindblad superoperator method applied to the density matrix [228].

4.4.2 Probe Equations: t > tpu + τd

The effect produced by the pump pulse can be studied by a probe field which
by virtue of being weak, obeys a equation that is linear in the probe strength.
For linearizing evolution equation, we make the substitution ψ(p, t) → ψ(p, t) +

δψ(p, t). δψ(p, t) is the linear response function due to the probe pulse δA(t). It is
assumed that the probe pulse is switched on after a time delay τd after the pump
pulse is tuned off. So

i∂t

(
ψ(p, t) + δψ(p, t)

)
=
[
H0

(
p− e

c

(
A(t) + δA(t)

))] (
ψ(p, t) + δψ(p, t)

)
.

(4.14)

Assume that derivatives of H0(p) higher than second in p vanish identically. We
expand Taylor series expansion in following expression:

i∂t

(
ψ(p, t) + δψ(p, t)

)
=

[
H0(p)− e

c

(
A(t) + δA(t)

)
∇pH0(p)

]
(
ψ(p, t) + δψ(p, t)

)
, (4.15)

i∂t

(
ψ(p, t) + δψ(p, t)

)
= H0(p)

(
ψ(p, t) + δψ(p, t)

)
− e

c

(
A(t) + δA(t)

)
∇pH0(p)

(
ψ(p, t) + δψ(p, t)

)
,

(4.16)

i∂t

(
ψ(p, t) + δψ(p, t)

)
= H0(p)

(
ψ(p, t) + δψ(p, t)

)
− e

c
A(t)

(
ψ(p, t)

+δψ(p, t)
)
− e

c
δA(t)∇pH0(p)

(
ψ(p, t) + δψ(p, t)

)
. (4.17)

Since we are discussing the case of non-overlapping pump and probe pulses. So
the above equation becomes

i∂tδψ(p, t) = H0(p)δψ(p, t)− e

c

(
δA(t) · ∇pH0(p)

)
ψ(p, t). (4.18)
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Define

V(p, t′) = eit
′H0(p)

(
∇pH0(p)

)
e−it

′H0(p). (4.19)

Such that

δψ(p, t) =
ie

c

∫ t

tpu+τd

dt′ ei(t
′−t)H0(p)

(
δA(t′) ·V(p, t′)

)
ψ(p, t′), (4.20)

where τd is the time delay between pump and probe. Hence the solution of above
equation has the form

δψ(p, t) =
ie

c

∫ t

tpu+τd

dt′ ei(t
′−t)H0(p)

(
δA(t′) · ∇pH0(p)

)
ψ(p, t′). (4.21)

Here τd is time delay between probe and pump pulse.

4.4.2.1 Probe Without Pump

The probe response without pump is first studied and forms the reference against
which deviations caused in the probe response had a pump pulse preceded it, could
then be computed. The probe wavefunction in absence the the pump is denoted
by δψ. When the pump pulse preceded it the probe wavefunction is denoted by
δψ∗. In absence of the pump pulse

δψ(p, t) = e−itH0(p) ie

c

∫ t

tpu+τd

dt′
(
δA(t′) ·V(p, t′)

)
ψeq(p, 0). (4.22)

4.4.2.2 Probe With Pump: t > tpu + τd

From the earlier section, we know

ψ(p, t) = e−i(t−tpu)H0(p)

(
e
− (t−tpu)

T2 ψ(p, tpu) + z(t) ψeq(p, tpu)

)
, (4.23)

z(t) =
1

2

(√
(W +W ∗ − 2)(W +W ∗ + 2)e

− 2(t−tpu)
T2 + 4− (W +W ∗)e

tpu−t
T2

)
.

(4.24)
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In case of probe with pump t− tpu >> T2. So

z(t) ≈ 1

2

(
2− (W +W ∗)e

tpu−t
T2

)
≈
(

1− (W +W ∗)

2
e
tpu−t
T2

)
. (4.25)

Inserting the value of z(t) in eq.(4.23)

ψ(p, t) ≈ e−i(t−tpu)H0(p)

[
e
− (t−tpu)

T2 ψ(p, tpu) +

(
1− (W +W ∗)

2
e
tpu−t
T2

)
ψeq(p, tpu)

]
, (4.26)

ψ(p, t) ≈ e−i(t−tpu)H0(p)

[
e
− (t−tpu)

T2 ψ(p, tpu)−
(W +W ∗)

2
e
− (t−tpu)

T2 ψeq(p, tpu)

]
+e−i(t−tpu)H0(p)ψeq(p, tpu),

(4.27)

ψ(p, t) ≈ e−i(t−tpu)H0(p)e
− (t−tpu)

T2

[
ψ(p, tpu)−

(W +W ∗)

2
ψeq(p, tpu)

]
+e−i(t−tpu)H0(p)ψeq(p, tpu). (4.28)

Hence for t− tpu >> T2

ψ(p, t) ≈ ψeq(p, t) + e
− (t−tpu)

T2 e−i(t−tpu)H0(p)

(
ψ(p, tpu)−

(W +W ∗)

2

ψeq(p, tpu)
)
, (4.29)

where e−i(t−tpu)H0(p)ψeq(p, tpu) = ψeq(p, t). If we define

φ(p, tpu) = eitpuH0(p)

(
ψ(p, tpu)−

(W +W ∗)

2
ψeq(p, tpu)

)
. (4.30)

So

ψ(p, t) ≈ ψeq(p, t) + e
− (t−tpu)

T2 e−itH0(p) φ(p, tpu), (4.31)

It is defined t− tpu = τd, then

ψ(p, t) ≈ ψeq(p, t) + e
− τd
T2 e−itH0(p) φ(p, tpu). (4.32)
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So probe with pump have form

δψ∗(p, t) =
ie

c

∫ t

tpu+τd

dt′ ei(t
′−t)H0(p)

(
δA(t′) · ∇pH0(p)

)
(
ψeq(p, t

′) + e
− τd
T2 e−it

′H0(p) φ(p, tpu)
)
, (4.33)

δψ∗(p, t) =

[
ie

c

∫ t

tpu+τd

dt′ ei(t
′−t)H0(p)

(
δA(t′) · ∇pH0(p)

)
ψeq(p, t

′)

+e−itH0(p)e
− τd
T2
ie

c

∫ t

tpu+τd

dt′ (δA(t′) · eit′H0(p)∇pH0(p)e−it
′H0(p)) φ(p, tpu)

]
.

(4.34)

Define

δψNoPump =
ie

c

∫ t

tpu+τd

dt′ ei(t
′−t)H0(p)(δA(t′) · ∇pH0(p))ψeq(p, t

′). (4.35)

So the above equation will be

δψ∗(p, t) =
[
δψNoPump + e−itH0(p)e

− τd
T2
ie

c

∫ t

tpu+τd

dt′ (δA(t′) ·V(p, t′))

φ(p, tpu)
]
, (4.36)

where,

V(p, t′) = eit
′H0(p)(∇pH0(p)) e−it

′H0(p). (4.37)

The differential transmission coefficient is defined as

∆T

T
=

Integrated probe strength with pump − Integrated probe strength without pump
Integrated probe strength without pump

.

(4.38)

Hence

∆T

T
=

∑
p < (δψ∗(p, t))

∗δψ∗(p, t) > −
∑

p < (δψ(p, t))∗δψ(p, t) >∑
p < (δψ(p, t))∗δψ(p, t) >

. (4.39)

Assuming τd >> T2. So
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∆T

T
=

e−
τd
T2

∑
p

〈∫ t
tpu+τd

dt′ ψ†eq(p, 0)(δA∗(t′) ·V(p, t′))
∫ t
tpu+τd

dt′ δA(t′) ·V(p, t′) φ(p, tpu)
〉

+ c.c.∑
p

〈∫ t
tpu+τd

dt′ (δA(t′) ·V(p, t′))ψeq(p, 0)
2
〉 .

(4.40)

4.5 Differential Transmission Coefficient of Dirac-Weyl Fermionic

System

The computation of the differential transmission coefficient (DTC) involves sum-
ming over momenta in the Brillouin zone. In this work, we consider only low
energy physics close to the Dirac/Weyl nodes. Therefore, it is imperative to look
for physical quantities that are insensitive to short distance physics and are in-
dependent of large momentum cutoffs that are always needed to render integrals
over momenta, finite. The DTC itself depends strongly of these cutoffs. Hence, we
recommend studying the following ratio χ(tpu) (versus tpu), which may be shown
to be independent of large momentum cutoffs.

χ(tpu) =

∂
∂tpu

∆T
T

∂
∂tpu tpu=t0

∆T
T

, (4.41)

where tpu is the pump duration and t0 is some fixed pump duration which is in
some fixed ratio relative to the intrinsic time scales in the problem.

4.5.1 Graphene and Weyl Semimetal

For graphene, the low energy Hamiltonian has formH0 = vpxσx+vpyσy so∇pH0 =

vσxî+ vσy ĵ. In case of Weyl semimetal, the low energy Hamiltonian has the form,
H0 = vpxσx + vpyσy + +vpzσz so ∇pH0 = vσxî+ vσy ĵ + vσzk̂. We have defined

V(p, t′) = eit
′H0(p)

(
∇pH0(p)

)
e−it

′H0(p). (4.42)

Vector potential A(t) has form

A(t) = Ax(t)̂i+ Ay(t)ĵ + Az(t)k̂, (4.43)
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A(t) =
Ax0e

iωt + A∗x0e
−iωt

2
î+

Ay0e
iωt + A∗y0e

−iωt

2
ĵ +

Az0e
iωt + A∗z0e

−iωt

2
k̂. (4.44)

Applying condition Ax0 = A, Ay0 = Aei
π
2 = iA and Az0 = 0

A(t) = A cos(ωt)̂i+ A sin(ωt)ĵ. (4.45)

So vector potential in probe has form

δA(t) = δA
(

cos(ωt)̂i+ sin(ωt)ĵ
)
. (4.46)

So (
δA(t′) ·V(p, t′)

)
= δA

[
cos(ωt

′
)eit

′H0(p)vσxe
−it′H0(p)

+ sin(ωt
′
)eit

′H0(p)vσye
−it′H0(p)

]
. (4.47)

Let’s take first part of numerator of eq. (4.40)

=

∫ t

tpu+τd

dt′ ψ†eq(p, 0)(δA∗(t′) ·V(p, t′)), (4.48)

=

∫ t

tpu+τd

dt′ ψ†eq(p, 0)δA
[
cos(ωt

′
)eit

′H0(p)vσxe
−it′H0(p)

+ sin(ωt
′
)eit

′H0(p)vσye
−it′H0(p)

]
, (4.49)

=

∫ t

tpu+τd

dt′ ψ†eq(p, 0)δA cos(ωt
′
)eit

′H0(p)vσxe
−it′H0(p)

+

∫ t

tpu+τd

dt′ ψ†eq(p, 0)δA sin(ωt
′
)eit

′H0(p)vσye
−it′H0(p). (4.50)

If ω is very large

= ψ†eq(p, 0)eitH0(p)vσxe
−itH0(p)δA

∫ t

tpu+τd

dt′ cos(ωt
′
)

+ψ†eq(p, 0)eitH0(p)vσye
−itH0(p)δA

∫ t

tpu+τd

dt′ sin(ωt
′
), (4.51)
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= ψ†eq(p, 0)eitH0(p)vσxe
−itH0(p) δA

ω
[sin(ωt)− sin(ω(tpu + τd))]

−ψ†eq(p, 0)eitH0(p)vσye
−itH0(p) δA

ω
[cos(ωt)− cos(ω(tpu + τd))] , (4.52)

=
δA

ω
ψ†eq(p, 0)

[
eitH0(p)vσxe

−itH0(p) [sin(ωt)− sin(ω(tpu + τd))]

−eitH0(p)vσye
−itH0(p) [cos(ωt)− cos(ω(tpu + τd))]

]
, (4.53)

Other term of of numerator of eq. (4.40)

=

∫ t

tpu+τd

dt′ δA(t′) ·V(p, t′) φ(p, tpu). (4.54)

If ω is very large

=
δA

ω

[
eitH0(p)vσxe

−itH0(p) [sin(ωt)− sin(ω(tpu + τd))]

−eitH0(p)vσye
−itH0(p) [cos(ωt)− cos(ω(tpu + τd))]

]
φ(p, tpu). (4.55)

So ∫ t

tpu+τd

dt′ ψ†eq(p, 0)(δA∗(t′) ·V(p, t′))

∫ t

tpu+τd

dt′ δA(t′) ·V(p, t′) φ(p, tpu)

=
δA

ω
ψ†eq(p, 0)

[
eitH0(p)vσxe

−itH0(p) [sin(ωt)− sin(ω(tpu + τd))]

−eitH0(p)vσye
−itH0(p) [cos(ωt)− cos(ω(tpu + τd))]

]
×δA
ω
ψ†eq(p, 0)

[
eitH0(p)vσxe

−itH0(p) [sin(ωt)− sin(ω(tpu + τd))]

−eitH0(p)vσye
−itH0(p) [cos(ωt)− cos(ω(tpu + τd))]

]
φ(p, tpu), (4.56)

=

(
δA

ω

)2

ψ†eq(p, 0)
( [

sin2(ωt) + sin2(ω(tpu + τd))− 2 sin(ωt) sin(ω(tpu + τd))
]

eitH0(p)v2σ2
xe
−itH0(p) − [cos(ωt)− cos(ω(tpu + τd))] [sin(ωt)− sin(ω(tpu + τd))]

eitH0(p)v2σyσxe
−itH0(p) − [sin(ωt)− sin(ω(tpu + τd))] [cos(ωt)− cos(ω(tpu + τd))]

eitH0(p)v2σxσye
−itH0(p) +

[
cos2(ωt) + cos2(ω(tpu + τd))− 2 cos(ωt) cos(ω(tpu + τd))

]
eitH0(p)v2σ2

ye
−itH0(p)

)
φ(p, tpu), (4.57)
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After taking time average, cos(ωt) sin(ωt) type terms will cancel, cos2(ωt) and
sin2(ωt) become 1

2

=

(
δA

ω

)2

ψ†eq(p, 0)

([
1

2
+

1

2

]
eitH0(p)v2σ2

xe
−itH0(p) +

[
1

2
+

1

2

]
eitH0(p)v2σ2

ye
−itH0(p)

)
φ(p, tpu),

(4.58)

=

(
δA

ω

)2

ψ†eq(p, 0)
(
eitH0(p)v2σ2

xe
−itH0(p) + eitH0(p)v2σ2

ye
−itH0(p)

)
φ(p, tpu). (4.59)

For graphene, term in numerator〈∫ t

tpu+τd

dt′ ψ†eq(p, 0)(δA∗(t′) ·V(p, t′))

∫ t

tpu+τd

dt′ δA(t′) ·V(p, t′) φ(p, tpu)

〉

=

(
δA

ω

)2

v2ψ†eq(p, 0)

[(
1 0

0 1

)
+

(
1 0

0 1

)]
φ(p, tpu), (4.60)

= 2

(
δA

ω

)2

v2ψ†eq(p, 0)φ(p, tpu). (4.61)

Applying same procedure in the denominator of eq. (4.40) for graphene, given that
ω is very large 〈∣∣∣∣∣

∫ t

tpu+τd

dt′ (δA(t′) ·V(p, t′))ψeq(p, 0)

∣∣∣∣∣
2〉

=

(
δA

ω

)2

ψ†eq(p, 0)
(
eitH0(p)v2σ2

xe
−itH0(p) + eitH0(p)v2σ2

ye
−itH0(p)

)
ψeq(p, 0), (4.62)

= 2

(
δA

ω

)2

v2ψ†eq(p, 0)

(
1 0

0 1

)
ψeq(p, 0) = 2

(
δA

ω

)2

v2. (4.63)
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Hence the DTC for graphene and Weyl semimetal from eq. (4.40)

∆T

T
=

e−
τd
T2

∑
p

(
δA
ω

)2
ψ†eq(p, 0)

(
eitH0(p)v2σ2

xe
−itH0(p) + eitH0(p)v2σ2

ye
−itH0(p)

)
φ(p, tpu) + c.c.∑

p

(
δA
ω

)2
ψ†eq(p, 0)

(
eitH0(p)v2σ2

xe
−itH0(p) + eitH0(p)v2σ2

ye
−itH0(p)

)
ψeq(p, 0)

,

(4.64)

∆T

T
= e

− τd
T2

∑
p 2
(
δA
ω

)2
v2ψ†eq(p, 0)φ(p, tpu) + c.c.∑

p 2
(
δA
ω

)2
v2ψ†eq(p, 0)ψeq(p, 0)

, (4.65)

∆T

T
= e

− τd
T2

∑
p ψ
†
eq(p, 0)φ(p, tpu) + c.c.∑
p ψ
†
eq(p, 0)ψeq(p, 0)

. (4.66)

We know

ψeq(p, t) = e−iH0(p)t ψ(p, 0)⇒ ψeq(p, 0) = ψ(p, 0), (4.67)

φ(p, tpu) = eitpuH0(p)

(
ψ(p, tpu)−

(W +W ∗)

2
ψeq(p, tpu)

)
, (4.68)

W =
∑
p

ψ†eq(p, tpu)ψ(p, tpu). (4.69)

We defined

ψ(p, t) =
ψ
′
(p, 0) sin

(
tΩARWA(p)

)
ΩARWA(p)

+ ψ(p, 0) cos
(
tΩARWA(p)

)
, (4.70)

ψ
′
(p, 0) = −iHeff (p)ψ(p, 0) (From evolution equation). (4.71)

So

ψ(p, t) = −iHeff (p) sin(t ΩARWA(p))

ΩARWA(p)
ψ(p, 0) + ψ(p, 0) cos(t ΩARWA(p)). (4.72)

If we take

ψeq(p, t) =
Neq
ψ (p, t)√
αeqψ

, (4.73)
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ψ(p, t) =
Nψ(p, t)
√
αψ

. (4.74)

We know ∫
ψ†(p, t)ψ(p, t)d3p = 1. (4.75)

So

αψ =

∫ ∞
0

|Nψ(p, t)|2dp→∞. (4.76)

Similarly

αeqψ =

∫ ∞
0

|Neq
ψ (p, t)|2dp→∞, (4.77)

W =
∑
p

ψ†eq(p, tpu)ψ(p, tpu) =

∫
d3p ψ†eq(p, tpu)ψ(p, tpu), (4.78)

W =

∫
d3p ψ†eq(p, tpu)

(
ψ(p, tpu)− ψeq(p, tpu)

)
+

∫
d3p ψ†eq(p, tpu)ψeq(p, tpu), (4.79)

W =

∫
d3p ψ†eq(p, tpu)

(
ψ(p, tpu)− ψeq(p, tpu)

)
+ 1, (4.80)

W =

∫
d3p Neq†

ψ (p, t)
(
ψ(p, tpu)− ψeq(p, tpu)

)
√
αeqψ

+ 1. (4.81)

We have observed earlier that αeqψ →∞. However, the term
∫
d3pNeq†

ψ (p, t)
(
ψ(p, tpu)−

ψeq(p, tpu)
)
is finite. Hence

∫
d3p Neq†

ψ (p, t)
(
ψ(p, tpu)− ψeq(p, tpu)

)
√
αeqψ

→ 0. (4.82)
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So we can take value of W = 1. Hence

φ(p, tpu) = eitpuH0(p)
(
ψ(p, tpu)− ψeq(p, tpu)

)
. (4.83)

And

∆T

T
= e

− τd
T2

∑
p ψ
†
eq(p, 0)φ(p, tpu) + c.c.∑
p ψ
†
eq(p, 0)ψeq(p, 0)

, (4.84)

∆T

T
= e

− τd
T2

∑
p ψ
†
eq(p, 0)eitpuH0(p)

(
ψ(p, tpu)− ψeq(p, tpu)

)
+ c.c.∑

p ψ
†
eq(p, 0)ψeq(p, 0)

. (4.85)

Here ψeq(p, t) = e−iH0(p)t ψ(p, 0) is stationary state, so we can replace opera-
tor H0 by ground state energy and ψ(p, 0) by ground state eigenvalue of above
Hamiltonian

ψeq(p, t) = e−iEt ψ(p, 0)⇒ ψeq(p, tpu) = e−iEtpu ψ(p, 0). (4.86)

ψ(p, tpu) is defined as

ψ(p, tpu) = −iHeff (p) sin(tpuΩARWA(p))

ΩARWA(p)
ψ(p, 0) + ψ(p, 0) cos

(
tpuΩARWA(p)

)
.

(4.87)

For graphene

H0(p) = v

[
0 px − ipy

px + ipy 0

]
. (4.88)

Consider the polar form of momentum px = p cos θ and py = p sin θ, then the
ground state eigenvector and eigenvalues of H0 becomes

ψ(p, 0) =
1√
2

(
−e−iθ

1

)
and E = −v|p|. (4.89)

So

ψeq(p, tpu) =
eiv|p| tpu√

2

(
−e−iθ

1

)
. (4.90)
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Heff for graphene from eq. (2.53)

Heff =

(
−ωR2

ω
e−iθpv

eiθpv ωR2

ω

)
. (4.91)

The value of the anomalous Rabi frequency ΩARWA for graphene [152]

ΩARWA = 2

√
v2
(
p2
x + p2

y

)
+

(
ω2
R

ω

)2

. (4.92)

Similarly, for Weyl semimetal

H0(p) = v

[
pz px − ipy

px + ipy −pz

]
. (4.93)

Consider the spherical form of momentum px = p cos θ sinφ, py = p sin θ sinφ and
pz = p cosφ, then the ground state eigenvector and eigenvalues of H0 becomes

ψ(p, 0) =

 −
e−iθ tan(φ2 )√

sec2(φ2 )
1√

sec2(φ2 )

 and E = −v|p|. (4.94)

Heff =

(
pv cos(φ)− ωR2

ω
e−iθpv sin(φ)

eiθpv sin(φ) ωR2

ω
− pv cos(φ)

)
(4.95)

The anomalous Rabi frequency for a Weyl semimetal (from chapter (2))

ΩARWA = 2

√
v2
(
p2
x + p2

y

)
+

(
vpz −

ω
′2
R

ω

)2

, (4.96)

where ω′R = evF
c
A is a parameter which is of the order of the conventional Rabi

frequency. Collecting everything together in eq. (4.85), we obtain the transmission
coefficient of graphene and Weyl semimetals.

4.5.2 Topological Insulator (TI)

In this section, we study anomalous Rabi oscillations in a two dimensional topo-
logical insulator in the bulk. In case this material is finite in one of the directions
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(ribbon), it possesses one dimensional boundaries (edges). The low energy Hamil-
tonian of this system in the bulk has form [2]

H0 = vpxσx + vpyσy +
(
C −B(p2

x + p2
y)
)
σz, (4.97)

where C = mv2 is the band gap and v has dimensions of speed. Also m and
B−1 have dimensions of mass. It is well-known that if BC > 0, the system
is topologically nontrivial and possesses gapless edge states and if BC < 0 it
becomes topologically trivial and there are no such edge states. Thus when B

and C have the same sign, the Chern number is not zero (nontrivial) and have
opposite signs when the Chern number is zero (trivial). When the Chern number
is not zero, there are surface states with zero energy. Here we wish to establish this
fact by examining the behaviour of the pump-probe spectra of the bulk without
referring to the edge states. We have found that by choosing a special value for the
conventional Rabi frequency ωR (i.e. by tuning the intensity of the pump pulse)
viz. ωR =

√
ω|C|, the anomalous Rabi frequency versus the wave vector is gapless

when the Chern number is nonzero and gapped when the Chern number is zero.
A conventional or anomalous exponent in the power-law decay of the amplitude of
the oscillatory dependence of the DTC on the pump-pulse duration (with all else
held fixed) is seen, as a result.

Figure 4.1: Phase diagram of topological states.
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Expanding eq. (4.97)

H0 = v

[
0 (px − ipy)

(px + ipy) 0

]
First Part

+

[(
C −B(p2

x + p2
y)
)

0

0 −
(
C −B(p2

x + p2
y)
)]

Second Part
. (4.98)

On applying potential

p2 =
(
px −

e

c
Ax

)2

+
(
py −

e

c
Ay

)2

, (4.99)

p2 =
[
px −

e

2c

(
Ax0e

iωt + A∗x0e
−iωt)]2

+
[
py −

e

2c

(
Ay0e

iωt + A∗y0e
−iωt)]2

. (4.100)

Let’s take Ax0 = A and Ay0 = Aei
π
2 = iA (circular polarized condition)

p2 =

[
px −

eA

2c

(
eiωt + e−iωt

)]2

+

[
py − i

eA

2c

(
eiωt − e−iωt

)]2

, (4.101)

p2 = p2
x + p2

y + 4

(
eA

2c

)2

− 2
eA

2c
eiωt(px − ipy)− 2

eA

2c
e−iωt(px + ipy). (4.102)

First part of Hamiltonian after applying vector potential have form

HFirst Part = v

[
0 (px − ipy)

(px + ipy) 0

]
+ e−iωtωR

[
0 −1

0 0

]

+eiωtωR

[
0 0

−1 0

]
, (4.103)

where ωR = eA
c
. Similarly applying vector potential on second part

HSecond Part =

[C −B (p2
x + p2

y +
ω2
R

v2

)]
0

0 −
[
C −B

(
p2
x + p2

y +
ω2
R

v2

)]

+B
ωR
v
eiωt(px − ipy)

[
1 0

0 −1

]
+B

ωR
v
e−iωt(px + ipy)

[
1 0

0 −1

]
. (4.104)
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So the total Hamiltonian has form

H =

[[
C −B

(
p2
x + p2

y

)]
v(px − ipy)

v(px + ipy) −
[
C −B

(
p2
x + p2

y

)]]+

[
−B ω2

R

v2
0

0 B
ω2
R

v2

]

+e−iωtωR

([
0 −1

0 0

]
+
B

v
(px + ipy)

[
1 0

0 −1

])

+eiωtωR

([
0 0

−1 0

]
+
B

v
(px − ipy)

[
1 0

0 −1

])
. (4.105)

On comparing above equation with the Hamiltonian

H = H0 + e−iωt V+ + eiωt V−. (4.106)

We will get value of H0, V+ and V−. We have defined

Heff =

(
H0 +

1

ω
[V−, V+]

)
from eq. (2.53). (4.107)

The eigenvalue of Heff is known as anomalous Rabi frequency ΩARWA of TI

ΩARWA =

√
ω4
R (4B2p2 + 1) + ω2

(
(C −Bp2)2 + p2

)
− 2ω ω2

R (Bp2 + C)

ω
.

(4.108)

If we choose a specific value of ωR =
√
ω
√
C2,

ΩARWA =

√
ω2
(
C2 (4B2p2 + 1)− 2

√
C2 (Bp2 + C) + (C −Bp2)2 + p2

)
ω

.

(4.109)

Case-1

When B is positive and C < 0 i.e. BC < 0, topologically trivial state with zero
Chern number

ΩARWA =
√

(B2p2 + 1) (4C2 + p2). (4.110)
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Case-2

When B is positive and C > 0 i.e. BC > 0, topologically nontrivial state and the
Chern number has non-zero possibility

ΩARWA = p
√
B2p2 + (1− 2BC)2. (4.111)

C > 0

C < 0

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
0

1

2

3

4

ÈpÈ

W
A

R
W

A

Figure 4.2: Anomalous Rabi frequency vs p in TI with B > 0.

From fig.(4.2), we see that the minimum value of anomalous Rabi frequency is zero
when B > 0 and C > 0 i.e. for topologically nontrivial state of TI, indicating the
presence of gapless modes. While in case B > 0 and C < 0 i.e. for the trivial state
of TI, the Rabi frequency versus wave vector is gapped. Differentiating eq. (4.97)

∇pH0 =
∂

∂px

[
vpxσx + vpyσy +

(
C −B(p2

x + p2
y)
)
σz
]
î

+
∂

∂py

[
vpxσx + vpyσy +

(
C −B(p2

x + p2
y)
)
σz
]
ĵ, (4.112)

∇pH0 = [vσx − 2Bpxσz] î+ [vσy − 2Bpyσz] ĵ, (4.113)

So (
δA(t′) ·V(p, t′)

)
= δA

[
cos(ωt

′
)eit

′H0(p) [vσx − 2Bpxσz] e
−it′H0(p)

+ sin(ωt
′
)eit

′H0(p) [vσy − 2Bpyσz] e
−it′H0(p)

]
. (4.114)
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For TI, term in numerator of eq. (4.40)〈∫ t

tpu+τd

dt′ ψ†eq(p, 0)(δA∗(t′) ·V(p, t′))

∫ t

tpu+τd

dt′ δA(t′) ·V(p, t′) φ(p, tpu)

〉

=

(
δA

ω

)2

ψ†eq(p, 0)
[
eitH0(p)(vσx − 2Bpxσz)

2e−itH0(p)

+eitH0(p)(vσy − 2Bpyσz)
2e−itH0(p)

]
φ(p, tpu), (4.115)

=

(
δA

ω

)2

ψ†eq(p, 0)

[(
v2 + 4B2p2 cos2(θ) 0

0 v2 + 4B2p2 cos2(θ)

)

+

(
v2 + 4B2p2 sin2(θ) 0

0 v2 + 4B2p2 sin2(θ)

)]
φ(p, tpu), (4.116)

=

(
δA

ω

)2

ψ†eq(p, 0)

(
2v2 + 4B2p2 0

0 2v2 + 4B2p2

)
φ(p, tpu), (4.117)

= (2v2 + 4B2p2)

(
δA

ω

)2

ψ†eq(p, 0)φ(p, tpu). (4.118)

Similarly denominator for TI of eq. (4.40)

= (2v2 + 4B2p2)

(
δA

ω

)2

. (4.119)

For TI

∆T

T
= e
− τd
T2

∑
p

(
δA
ω

)2
ψ†eq(p, 0)

(
eitH0(p)(vσx − 2Bpxσz)2e−itH0(p) + eitH0(p)(vσy − 2Bpyσz)2e−itH0(p)

)
φ(p, tpu) + c.c.∑

p

(
δA
ω

)2
ψ†eq(p, 0)

(
eitH0(p)(vσx − 2Bpxσz)2e−itH0(p) + eitH0(p)(vσy − 2Bpyσz)2e−itH0(p)

)
ψeq(p, 0)

,

(4.120)

∆T

T
= e

− τd
T2

∑
p(2v2 + 4B2p2)

(
δA
ω

)2
ψ†eq(p, 0)φ(p, tpu) + c.c.∑

p(2v2 + 4B2p2)
(
δA
ω

)2
ψ†eq(p, 0)ψeq(p, 0)

, (4.121)

∆T

T
= e

− τd
T2

∑
p ψ
†
eq(p, 0)φ(p, tpu) + c.c.∑
p ψ
†
eq(p, 0)ψeq(p, 0)

. (4.122)
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From eq.(4.81), W → 1. So

φ(p, tpu) = eitpuH0(p)
(
ψ(p, tpu)− ψeq(p, tpu)

)
, (4.123)

∆T

T
= e

− τd
T2

∑
p ψ
†
eq(p, 0)eitpuH0(p)

(
ψ(p, tpu)− ψeq(p, tpu)

)
+ c.c.∑

p ψ
†
eq(p, 0)ψeq(p, 0)

. (4.124)

We consider a polar form of momentum px = p cos θ and py = p sin θ. We know
ψeq(p, t) = e−iH0(p)t ψ(p, 0), this is stationary state, so we can replace operator H0

by ground state energy E and ψ(p, 0) by ground state eigenvalue of Hamiltonian
of eq. (4.97),

ψ(p, 0) =


−

e−iθ

(
Bp2+

(v2−2BC)p2

2
√
C2

−C+
√
C2

)

pv

√√√√(
Bp2+

(v2−2BC)p2

2
√
C2

−C+
√
C2

)2

p2v2
+1

1√√√√(
Bp2+

(v2−2BC)p2

2
√
C2

−C+
√
C2

)2

p2v2
+1


and E =

p2
(
2BC − v2

)
2
√
C2

−
√
C2.

(4.125)

These values has taken in lower order of p expansion, because our Hamiltonian
(eq. (4.97)) posses low energy limit.

Case-1

In this case we assume B is positive and C < 0 i.e. BC < 0, which is the
topologically trivial situation where the Chern number is zero. This means

ψ(p, 0) =

 −
e−iθ(p2v2+4C(C−Bp2))√

p4v4+4Cp2(3C−2Bp2)v2+16C2(C−Bp2)2

1√
(p2v2+4C(C−Bp2))2

4C2p2v2
+1

 and E = −
(
Bp2 − p2v2

2C
− C

)
.

(4.126)

Case-2

When B is positive and C > 0 i.e. BC > 0, this corresponds to a topologically
nontrivial state where and the Chern number has non-zero possibility. This means

ψ(p, 0) =

 − e−iθpv√
4C2+p2v2

2√
p2v2

C2 +4

 and E =

(
Bp2 − p2v2

2C
− C

)
. (4.127)
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Now we calculate ψeq(p, tpu) = e−iEtpu ψ(p, 0) and ψ(p, tpu) for both above cases,

ψ(p, tpu) = −iHeff (p) sin(tpuΩARWA(p))

ΩARWA(p)
ψ(p, 0) + ψ(p, 0) cos(tpuΩARWA(p)).

(4.128)

Inserting everything into eq. (4.124), we obtain a formula for the differential trans-
mission coefficient for TI.

4.6 Results and Discussion

The short-distance cutoff independent ratio χ from eq.(4.41) alluded to earlier has
the following (asymptotic tpu →∞) forms for graphene, TI and Weyl semimetal.

Graphene:

χ(tpu) =
sin
(
tpuω2

R

2ω

)
√

tpuω2
R

2ω

(4.129)

The amplitude of the oscillations has a power law decay with characteristic expo-
nent equal to −1

2
.

Topological Insulator: Here there are two situations:

(a) Topologically trivial (B > 0 and C < 0 and Chern number is zero):

χ(tpu) =
cos(Ctpu)

C tpu
. (4.130)

The amplitude of the oscillations has a power law decay with characteristic expo-
nent equal to −1.
(b) Topologically nontrivial (B > 0 and C > 0 and Chern number has non-zero
possibility):

χ(tpu) =
sin(Ctpu)

(Ctpu)2
. (4.131)

The amplitude of the oscillations has a power law decay with characteristic expo-
nent equal to −2. Both these cases are shown in fig.(4.3).
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C > 0
C < 0
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Χ

Figure 4.3: A plot of the ratio χ versus pump duration tpu in case of TI. It shows
how a non-zero Chern number causes a qualitative change in differential transmission
coefficient. Time is in units of C−1.

Weyl semimetal:

χ(tpu) =
sin
(
tpuω2

R

ω

)
(
tpuω2

R

ω

)5/2
, (4.132)

The amplitude of the oscillations has a power law decay with characteristic expo-
nent equal to −5

2
. The nature of χ(tpu) for graphene and Weyl semimetal can be

seen in fig.(4.4).

We have proposed, theoretical modeling of the pump-probe experiment to detect
anomalous Rabi oscillation. This simply involves looking for periodic oscillations
in the differential transmission coefficient versus pump pulse duration (alterna-
tively, the area of the pump pulse). When everything else remains fixed (including
pump-probe delay) these plots (fig.(4.3) and fig.(4.4)) exhibit oscillations with a
frequency corresponding to the anomalous Rabi frequency. Furthermore, the am-
plitude of these oscillations decay as a power law in the pump duration with a
characteristic exponent that is indicative of the particular system under consider-
ation.
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Figure 4.4: A plot of the ratio χ versus pump duration tpu in Weyl and graphene.
Time is in units of ω

ω2
R
.

4.7 Conclusions

Floquet theory has been invoked to show that Dirac-Weyl systems (graphene, Weyl
semi metals and TIs) exhibit a peculiar form of Rabi oscillation that occurs far from
conventional resonance. The associated Rabi frequency and its dispersion relation
is sensitive to the low-energy physics of these systems. While the presence of these
oscillations is a unifying feature of this family of materials, it is also possible to
tell them apart by performing a pump probe experiment and extracting a certain
ratio derivable from the differential transmission coefficient. This ratio exhibits
sinusoidal oscillations in the pump pulse duration (when all else is held fixed)
with a frequency equal to the anomalous Rabi frequency. The amplitudes of these
oscillations decay as a power law for large pump durations with an exponent that
is characteristic of the specific member of this family of materials. In case of bulk
topological insulators, this exponent has a certain value when the Chern number
is zero and a different value when the Chern number is non-zero.
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Chapter 5

Quantum Rabi Oscillations in Weyl

Semimetal

5.1 Introduction

In earlier chapters, the electromagnetic field was treated classically. However, in-
teresting new phenomena are seen in quantum optics when the electromagnetic
field is treated quantum mechanically. Traditional examples of such phenomena
include the photoelectric effect, Raman effect, stimulated emission and absorp-
tion, spontaneous emission, etc. These phenomena can be only explained by the
quantum nature of the radiation field. When we treat radiation field quantum me-
chanically, some new phenomena are found in Rabi oscillations, such as quantum
‘collapse’ and ‘revival’ described in various text books [56, 57, 229]. In semiclas-
sical theory, the atom in an excited state cannot make a transition to a lower
level without an external field. However, in the quantum case, this transition is
possible even in a vacuum because of spontaneous emission (zero point quantum
fluctuations of radiation). A solvable model of quantum radiation interacting with
a two-level system has been given by Jaynes and Cummings [230, 231]. Rabi oscil-
lations have been well described in semiconductors [49], where energy bands rather
than discrete energy levels are involved. The literature of Rabi oscillations and
anomalous Rabi oscillations (AROs) in Dirac-Weyl fermionic systems have been
well described earlier (chapter 2). In this chapter, it is shown that anomalous
Rabi oscillations exist even if the EM field is treated quantum mechanically. This
means the AROs are not due to approximations or assumptions we have made.

128
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5.2 Problem Formulation

In earlier chapters, we studied Rabi oscillations using optical Bloch equations in
the presence of not only a continuous optical field but also with a pump pulse.
In this chapter, we describe the phenomenon of Rabi oscillations in the presence
of a purely quantum field. By using probability amplitude equation, we have
studied anomalous Rabi oscillations in the presence of a quantum field. Finally,
we describe how the classical result of chapter 2 emerge as a limiting case of the
quantum results of the present chapter.

5.3 Quantum Rabi Oscillations

For atoms in a cavity, a number of quantum-electrodynamic effects are seen. Vac-
uum Rabi oscillation is one such phenomenon, induced by vacuum fluctuations of
the radiation field. This vacuum-field Rabi oscillations lead to the splitting in the
spontaneous-emission spectra of atoms in cavity [232]. On considering the inter-
action between states |e〉 and |g〉 in a two-level system via a plane monochromatic
field of frequency ω, having frequency difference between them is ω. The probabil-
ity Pe→g or Pg→e for making a transition between excited state and ground state
and vice versa is given by

Pe→g(t) = Pg→e(t) = sin2 Ωt

2
and Ω =

2

~
|p · E|. (5.1)

Here p is dipole moment and E is electric field applied to the system. There are
oscillations of the atomic population between the ground and the excited states,
with frequency Ω. We have found transition probabilities in eq.(5.1) by regarding
the external field as being classical. If the external field is extremely weak i.e.,
there are only a few photons (eg. in a cavity devoid of matter) we would have to
treat the electric field E quantum mechanically. G. S. Agarwal has studied this
phenomenon [233] where he obtains the result

Pe,n→g,n+1(t) =
4g2(n+ 1)

Ω2
n∆

sin2 Ωn∆t

2
. (5.2)

Here g is coupling coefficient, states |e〉 and |g〉 are separated by the frequency ω0,
∆ = ω0 − ω and the value of oscillation frequency Ωn∆ is

Ω2
n∆ = ∆2 + 4g2(n+ 1). (5.3)
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Eq.(5.2) becomes similar to eq.(5.1) if ∆ = 0. This also holds if the field is initially
in the vacuum state. For a field initially in the vacuum, the atomic population
oscillates between excited and ground states, called vacuum-field Rabi oscillations
or self-induced Rabi oscillations. The exchange of energy between the radiation
field and the atom is manifested as these oscillations.

The Jaynes-Cummings model (JCM) [231, 234, 235] is a central model of quan-
tum optics. The interaction between an isolated two-level atom and a single mode
quantized electromagnetic field in a lossless cavity is captured in this model. We
study this model extensively because it captures the essence of the actual dipole
coupling of an atom to an electromagnetic field. This is exactly soluble in the
rotating wave approximation. By using this, we can study many non-classical
effects of the atom-field interactions, such as collapse-revival phenomena (CRP)
[229, 236–238], vacuum Rabi oscillation [233, 239], sub-Poissonian statistics [240]
and squeezing of the radiation field [241]. We study Rabi oscillations by using
this JCM. We study both cases as in the earlier chapters, i.e. conventional and
anomalous Rabi oscillations in quantized form by using this model. Weyl material
is a relativistic fermionic system. Our aim is to study nonlinear optics of this
system at the Weyl node as all interesting physics at low energy occurs near the
Weyl node, particularly the phenomenon of anomalous Rabi oscillation (ARO).
The JCM has been used for quantum Rabi oscillation in single layer graphene by
our group [155]. Here we study same Rabi oscillation phenomenon, trying to find
out the difference between Weyl semimetal and graphene.

5.4 Jaynes Cummings Model (JCM)

JCM is used for a theoretical description of the two-level system (atom) interacting
with a quantal mode of an optical cavity in presence or absence of radiation. Many
phenomena of atomic physics, quantum optics, and solid-state quantum informa-
tion circuits are well described by this model. In 1963, Edwin Jaynes and Fred
Cummings proposed a model for studying the interrelation between the quantum
theory of radiation and the semi-classical theory, for describing the phenomenon
of spontaneous emission [231]. In the semi-classical theory of field-atom interac-
tion, the atom is quantized and the field is not an operator but a time-dependent
c-number. This theory has been used for describing many phenomena that are
seen in modern optics, for example, the existence of Rabi oscillations in atomic
excitation probabilities for light fields with a narrow bandwidth. However, JCM
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explains, how the quantized radiation field affects the predictions for the evolution
of the state of a two-level system in comparison with the semi-classical theory
of light-atom interaction. Later, it was discovered that collapse and revival phe-
nomenon [235, 236] is a direct consequence of discreteness of field states (photons).
It is a pure quantum effect, which can be explained only by the JCM but not with
the semi-classical theory.

Starting from the Rabi Hamiltonian

Ĥ = Ĥ0 − d̂ · E(t). (5.4)

Where Ĥ0 is Hamiltonian of two level system, d̂ is dipole moment operator and
E(t) is the electric field. We simply replace E(t) → Ê(t). The Hamiltonian in
second quantized form is,

Ĥ = Ĥ0 − E0(â+ â†) sin(kz)d̂. (5.5)

The Hamiltonian that describes the full system can be written as

Ĥ = Ĥfree field + Ĥatom + Ĥint. (5.6)

Free Field Hamiltonian

Ĥfree field = ~ω
(
â†â+

1

2

)
≈ ~ωâ†â. (5.7)

The Atomic Hamiltonian

If we consider state of two level system

|+〉 =

[
1

0

]
, |−〉 =

[
0

1

]
. (5.8)

We may write this Hamiltonian as a sum over all accessible energies

Ĥatom = E+|+〉〈+|+ E−|−〉〈−|, (5.9)
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= E+

[
1

0

] [
1 0

]
+ E−

[
0

1

] [
0 1

]
= E+

[
1 0

0 0

]
+ E−

[
0 0

0 1

]
=

[
E+ 0

0 E−

]
.

(5.10)

The above Hamiltonian may be recast in form

Ĥatom =
1

2

[
E+ + E− 0

0 E+ + E−

]
+

1

2

[
E+ − E− 0

0 E− − E+

]
. (5.11)

So atomic excitation Hamiltonian will be

Ĥatom =
1

2
(E+ + E−) Î +

1

2
(∆E)σ̂z. (5.12)

Writing Hamiltonian in terms of a Pauli matrix

∆E = E+ − E− ≡ ~ω0, (5.13)

Ĥatom ≈
1

2
~ω0σ̂z. (5.14)

The Interaction Hamiltonian

We know

σ̂x =

[
0 1

1 0

]
. (5.15)

Raising and lowering operators

σ̂+ =

[
0 1

0 0

]
, σ̂− =

[
0 0

1 0

]
. (5.16)

So

σ̂x = (σ̂+ + σ̂−). (5.17)

The electric field in second quantized form can be written as

Êx(z, t) = E0(â+ â†) sin(kz). (5.18)
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So interaction Hamiltonian will be

Hint = −E0(â+ â†) sin(kz)d̂. (5.19)

Due to parity 〈e|d̂|e〉 = 〈g|d̂|g〉 = 0 (dipole moment is zero when electron or hole
is on the same state), and defining d = 〈e|d̂|g〉 and we get d∗ = 〈g|d̂|e〉, we find
that d̂ possess only off-diagonal elements. Without loss off generality we assume
a real d and get d̂ = dσx. Defining g = −E0 sin(kz)d̂, we arrive at

Hint = gσx(â+ â†), (5.20)

Hint = g(σ̂+ + σ̂−)(â+ â†) = g(σ̂+â+ σ̂−â+ σ̂+â
† + σ̂−â

†). (5.21)

In the interaction picture operators are time dependent

â†(t) = â†eiωt, â(t) = âe−iωt, σ̂+(t) = σ̂+e
iω0t, σ̂−(t) = σ̂−e

−iω0t. (5.22)

So Hint in the interaction picture becomes

Hint = g
(
σ̂+âe

i(ω0−ω)t + σ̂−âe
−i(ω0+ω)t + σ̂+â

†ei(ω0+ω)t + σ̂−â
†e−i(ω0−ω)t

)
. (5.23)

At zero detuning ∆ = ω − ω0 = 0. Neglecting the two terms σ−â and σ+â
† in

above equation, also known as the RWA. Finally, Hint has form

Hint = g
(
σ̂+â+ σ̂−â

†) . (5.24)

So the full Jaynes-Cummings Hamiltonian from eq.(5.6) is

HJC = ~ωâ†â+
1

2
~ω0σ̂z + g

(
σ̂+â+ σ̂−â

†) . (5.25)

5.5 Jaynes Cummings Type Model Hamiltonian for Weyl

Semimetal

When the constituent particles are massless, the relativistic fermions are described
by a two-component spinor explained by Hermann Weyl in 1929 [183] instead
of four-component Dirac spinor. This means the Weyl equation Hψ = Eψ is
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governed by the Weyl Hamiltonian

H = vF (pxσx + pyσy + pzσz); E = ±vF
√
p2
x + p2

y + p2
z, (5.26)

where vF is hopping velocity between nearest neighbors and px, py, pz are mo-
mentums in respective x, y, z directions. Using the tight binding approximation,
the low-energy Hamiltonian of Weyl metals in momentum space with hopping and
interaction with electromagnetic radiation A(t) is given as

H =
∑
α,β

vFσA,B

(
p− e

c
A(t)

)
c†p,Acp,B, (5.27)

where the A and B indices stand for either spin up or spin down and c†(c) is the
creation (annihilation) operator. We have taken vector potential A(t) in form
A(t) = Re(A0e

−iωt) i.e. A(t) = 1
2
A0e

−iωt + 1
2
A∗0e

iωt. As there are no anomalous
Rabi oscillations in case of linear polarization [155], we study the case of circular
polarization i.e. no vector potential in z direction Az = 0 and x and y direction
potential has nature like Ax0 + iAy0 = 0.

We suppress the momentum label in order to bring out the role played by other
degrees of freedom, consider vFp = ε. The Hamiltonian for a Weyl semimetal-like
system we suggest is (derived in in appendix (5.10.1))

H = c†A σAB · ε cB + c†B σBA · ε cA + c†A σAA · ε cA + c†B σBB · ε cB
+λ c†BcA b e

iωt + λ∗ c†AcB b† e−iωt. (5.28)

Here σAB ·ε = εx−iεy, σBA·ε = εx+iεy, σAA·ε = εz, σBB ·ε = −εz, λ is the coupling
constant and [b, b†] = 1 are the photon operators. This model may be mapped
to the well-known Jaynes-Cummings model through the following identifications,
σ+ = σx + iσy = c†BcA; σ− = σx − iσy = c†AcB and σz = (c†AcA − c

†
BcB) together

with a unitary transformation on the photons which means we replace b with beiωt

(derived in in appendix (5.10.2)).

5.6 Quantum Rabi Oscillations

In this section, we study the phenomenon of Rabi oscillations of a Weyl semimetal,
near conventional resonance i.e. when the external frequency matches the particle-
hole frequency (conventional Rabi oscillation) and also when it is much larger than
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the particle-hole frequency (anomalous Rabi oscillations). Both these oscillations
are seen in the ultra quantum limit of the radiation field. Indeed there are even
zero-point anomalous Rabi oscillations in a vacuum. This shows that anomalous
Rabi oscillation is a robust phenomenon, not an artifact of any approximations.

To find differences which emerge due to treatment of radiation field classically
or quantum mechanically, it is best to keep the matter sector as simple as possible.
For this reason, we imagine all processes in the case of Weyl semimetal involve
just one electron either on up spin or down spin site of electron, so we choose
each state has either (i) no electron or hole or (ii) one electron and one hole. So
only nonzero amplitudes are 〈0, 1, n|φ(t)〉 and 〈1, 0, n|φ(t)〉. By applying evolution
equation i~ ∂

∂t
|φ(t)〉 = Ĥ|φ(t)〉, amplitude general can be written down (setting

~ = 1, derived in appendix(5.10.3))

i∂t〈0, 1, n|φ(t)〉 = σBA · ε〈1, 0, n|φ(t)〉+ σBB · ε〈0, 1, n|φ(t)〉

+λeiωt
√
n+ 1〈1, 0, n+ 1|φ(t)〉, (5.29a)

i∂t〈1, 0, n+ 1|φ(t)〉 = σAB · ε〈0, 1, n+ 1|φ(t)〉+ σAA · ε〈1, 0, n+ 1|φ(t)〉

+λ∗ e−iωt
√
n+ 1 〈0, 1, n|φ(t)〉.

(5.29b)

5.6.1 Conventional Oscillations: RWA

Using the technique mentioned in many text books such as Haug [49], we solve
the above rate equation eq.(5.29a) and eq.(5.29b). The condition for this regime
is ∆ ≡ ω − 2ε, where ε =

√
ε2x + ε2y + ε2z. In the semiclassical limit, we set n + 1 ≈ n

and writing eq.(5.29a) and eq.(5.29b) in matrix form

i
∂

∂t

[
〈1, 0, n |φ(t)〉
〈0, 1, n |φ(t)〉

]
=

[
σAA · ε σAB · ε
σAB · ε σBB · ε

][
〈0, 1, n |φ(t)〉
〈1, 0, n |φ(t)〉

]

+

[
0 λ eiωt

√
n

λ∗ e−iωt
√
n 0

][
〈0, 1, n |φ(t)〉
〈1, 0, n |φ(t)〉

]
. (5.30)

Setting σAA · ε = εz, σBB · ε = −εz, σAB · ε = εx − iεy and σBA · ε = εx + iεy,
to obtain generalized Rabi frequency, we diagonalize above equation via using
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following matrix[
〈0, 1, n |φ(t)〉
〈1, 0, n |φ(t)〉

]
=

[
− ε−εz
εx+iεy

ε+εz
εx+iεy

1 1

][
〈0, 1, ñ |φ(t)〉
〈1, 0, ñ |φ(t)〉

]
. (5.31)

The matrix equation obtained after diagonalization, upon substitution

〈1, 0, ñ |φ(t)〉 = e−i |ε| t〈1, 0, ˜̃n |φ(t)〉, (5.32)

〈0, 1, ñ |φ(t)〉 = ei |ε| t〈0, 1, ˜̃n |φ(t)〉. (5.33)

Using RWA approximation we obtain the following equation

i
∂

∂t
〈0, 1, ˜̃n |φ(t)〉 = −

√
n
[
eit∆ (εx + iεy)λ

∗]
2|ε|

〈1, 0, ˜̃n |φ(t)〉, (5.34)

i
∂

∂t
〈1, 0, ˜̃n |φ(t)〉 = −

√
n
[
λe−it∆ (εz − |ε|) 2

]
2 (εx + iεy) |ε|

〈0, 1, ˜̃n |φ(t)〉, (5.35)

Here ∆ = ω − 2|ε|. After solving these coupled equations we will get value of
amplitude Rabi frequency

(
ψ± ∼ eiΩR,±t

)
ΩR,± =

1

2

√
∆2 + |λ|2n

(
1− εz
|ε|

)2

. (5.36)

Since current density J has form ψ†+ψ−, which is a parameter which can be
measured in laboratory. So the Rabi frequency associated with the current density
will be

ΩRWA =

√
∆2 + |λ|2n

(
1− εz
|ε|

)2

. (5.37)

If we consider εx, εy = 0 and εz = ε

ΩRWA =
∣∣∣ω − 2|εz|

∣∣∣. (5.38)
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Figure 5.1: The plot shows (eq.(5.38)) the Rabi frequency versus energy εz on con-
sidering εx = 0 and εy = 0, parameters are plotted in unit of ω and λ = 1.

Figure 5.2: The plot shows the Rabi frequency versus wave number (eq. (5.37)) on
considering

√
ε2x + ε2y + ε2z = |ε| , parameters are plotted in unit of ω and λ = 1.

The above equation eq.(5.38) showing nature of massless quanta of Rabi frequency
(shown in fig.(5.1) and fig.(5.2)). Rabi frequency at zero detuning i.e. ∆ = 0 is

ωR =

√
|λ|2n

(
1− εz
|ε|

)2

. (5.39)
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On taking semi-classical limit, when n = n0 >> 1, we obtain the formula viz.

ΩRWA =

√
∆2 + ω

′2
R

(
1− εz
|ε|

)2

. (5.40)

Here ω′R =
√
n0|λ| and similar to classical field case eq.(2.25).

5.6.2 Anomalous Oscillations: ARWA

In the off-resonance case we consider ω >> ε,
√
n|λ|2. This is the asymptotic

rotating wave approximation (ARWA) regime. In this situation we set

<>=<>s + <>+ e−iωt+ <>− eiωt. (5.41)

Inserting this into the full amplitude equations eq.(5.29a) and eq.(5.29b) and mak-
ing use of the observation |i∂tgs,±| << |ωgs,±| we obtain

〈0, 1, n|φ(t)〉+ = 0, (5.42)

〈0, 1, n|φ(t)〉− = −λ
√
n+ 1 〈1, 0, n+ 1|φ(t)〉s

ω
, (5.43)

〈1, 0, n+ 1|φ(t)〉+ =
λ∗
√
n+ 1 〈0, 1, n|φ(t)〉s

ω
, (5.44)

〈1, 0, n+ 1|φ(t)〉− = 0. (5.45)

Inserting these into the equations for the slow part of the amplitude we get(
i∂t −

(n+ 1)|λ|2

ω

)
〈0, 1, n|φ(t)〉s = σBA · ε 〈1, 0, n|φ(t)〉s

+σBB · ε 〈0, 1, n|φ(t)〉s, (5.46)

(
i ∂t +

|λ|2 n
ω

)
〈1, 0, n|φ(t)〉s = σAB · ε 〈0, 1, n|φ(t)〉s

+σAA · ε 〈1, 0, n|φ(t)〉s. (5.47)
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To find the Rabi frequency we set i∂t ≡ Ω and obtain the secular equation for Ω(
Ω− |λ|

2 n

ω
− εz

)(
Ω +

(n+ 1)|λ|2

ω
+ εz

)
〈1, 0, n|φ(t)〉s

= (ε2x + ε2y) 〈1, 0, n|φ(t)〉s. (5.48)

Therefore the Rabi frequency is

ΩARWA =
−|λ|2 ± 2

√[
|λ|2(n+ 1

2
)− εz ω

]2
+ ω2(ε2x + ε2y)

2ω
. (5.49)

So for the current density J ∼ ψ†+ψ− value of Rabi frequency in the ARWA regime
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Figure 5.3: The plot shows the anomalous Rabi frequency versus energy εz upon
considering εx = 0, εy = 0 and n = 0 (eq. (5.50)), it depicts the existence of anomalous
Rabi oscillation at zero photon limit, the parameters are plotted in the units of ω and
λ = 1.

will be

ΩARWA = 2

√[
|λ|2(n+ 1

2
)− εz ω

]2
+ ω2(ε2x + ε2y)

ω
. (5.50)

The above equation eq.(5.50) showing nature of massless quanta of anomalous
Rabi frequency (shown in fig.(5.3) and fig.(5.4)). Upon taking the semi-classical
limit, when n = n0 >> 1, we obtain the formula viz.

ΩARWA(n0) = 2

√
(ω
′2
R − εzω)2 + ω2(ε2x + ε2y)

ω
. (5.51)
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Here ω′R =
√
n0|λ| and becomes similar to classical field case eq.(2.22). Even in the

single (or even zero) photon limit this effect survives. When n = 0, the smallest
anomalous Rabi frequency will be found and zero-point fluctuations of the photon
field leads to anomalous Rabi oscillations in a vacuum.

Figure 5.4: The plot shows the anomalous Rabi frequency versus energy on con-
sidering

√
ε2x + ε2y = ε

′
(eq. (5.50)), the parameters are plotted in the units of ω and

λ = 1.

5.7 Numerical Solution

In this section, we have shown numerically that the phenomenon of anomalous
Rabi oscillation is robust in the sense that is present regardless of whether the
EM field is treated classically or quantum mechanically. By examining the plots
for slowly oscillating amplitudes and found that their frequency matches the one
shown in eq.(5.50). The table 5.1 shows that the approximation scheme we are
using viz. ARWA is indeed reliable. For plotting we have taken n + 1 ≈ n and
λ = 1. By using the NDSolve routine of Mathematica [184], we solved the Bloch
equations (eq.(5.29a) and eq.(5.29b)) fully numerically and found the time period
of slow oscillations of these observable have good agreement with the analytical
result calculation (table (5.1)). The analytical calculation for the time period is
the reciprocal of eq.(5.50). We have defined 〈1, 0, n|φ(t)〉 = f10(t).
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n
ω Time Period Time Period

(fully analytical) (fully numerical)
0.350 20.94 21.15
0.400 31.42 32.05
0.450 62.82 63.46
0.550 62.82 63.46
0.600 31.42 32.05

0.650 20.94 21.15

Table 5.1: Time periods are in units of λ−1 and ε
′

= (0.001)λ, where
√
ε2x + ε2y = ε

′
.
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Figure 5.5: Slow oscillations in plot correspond to an anomalous Rabi frequency with
theoretical periods of 20.94

(
time is in unit of λ−1

)
.
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Figure 5.6: Slow oscillations in plot correspond to an anomalous Rabi frequency with
theoretical periods of 20.94

(
time is in unit of λ−1

)
.
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Figure 5.7: Slow oscillations in first and second plots correspond to an anomalous
Rabi frequency with theoretical periods of 31.42 and 62.82 respectively. Third plot
depicts fast oscillations in the above plot that makes the latter appear to have a thick
blue line. The fast oscillations have a frequency equal to the frequency of external
radiation

(
time is in unit of λ−1

)
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5.8 Result and Discussion

In case of graphene, the anomalous Rabi frequency has been found by our group
to be [155]

ΩARWA = 2

√[
|λ|2(n+ 1

2
)
]2

+ ω2(ε2x + ε2y)

ω
. (5.52)

The act of setting εz = 0 is meant to reduce the dimensionality of the recipro-
cal space of the Weyl metal to two dimensions which enables an easy compari-
son with graphene. Having done this we see that eq.(5.50) becomes identical to
eq.(5.52). There is a peculiar difference between anomalous Rabi frequency of
Weyl semimetal and graphene that, the quanta of anomalous Rabi excitations in
graphene always manifest themselves in a form that resembles massive Dirac par-
ticles (with mass ∼ 2|λ|2n

ω
), in Weyl metals, there is a form that resembles massless

Dirac particles in certain regions of the momentum space. This result follows from
an observation of eq.(5.50). At the point εx = 0, εy = 0 and εz ∼

ω
′2
R

ω
in reciprocal

space, the anomalous Rabi frequency becomes a linear function of εz, indicating
the presence of massless quanta. In case εx, εy 6= 0 these quanta acquire a “mass”
equal to ε. This is a contrast to graphene where the quanta of anomalous Rabi
oscillations are always “massive”. Now we turn to a comparison of conventional
Rabi frequencies. Setting εz = 0 in eq.(5.39), the value of conventional Rabi fre-
quency becomes identical to graphene which was found by our group [155] also
given below

ΩRWA =
√

∆2 + n|λ|2. (5.53)

The eq.(5.38) at the point ω = 2|εz| becomes zero which shows that the dispersion
relation of the quanta of conventional Rabi oscillations is linear instead of being
parabolic, indicating the presence of massless quanta.

5.9 Conclusions

In this chapter, we have investigated the phenomena of anomalous Rabi oscillations
in presence of a quantized electromagnetic field in Weyl metals. In Weyl metals,
the anomalous Rabi frequency too is peculiar and shows a considerable departure
from the form of this quantity seen in graphene. While the quanta of Rabi exci-
tations in graphene always manifest themselves in a form that resembles massive
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Dirac particles, in Weyl semimetals, in certain regions of the reciprocal space, we
see a form that resembles massless Dirac particles. Thus both the original quasi-
particles and the quanta of the collective modes that exist in them in response to
time varying fields are relativistic in nature. New phenomena such as zero-point
or vacuum anomalous Rabi oscillations are seen. We have found anomalous Rabi
oscillation both by treating radiation field quantum mechanically as well as classi-
cally. Therefore, it is no hyperbole to say that the anomalous Rabi oscillation is a
phenomenon that is unambiguously suited to study relativistic fermionic systems.

5.10 Appendix

5.10.1 Derivation of Jaynes Cummings Type Model Hamiltonian for
Weyl Semimetal

We are interested in that result which is analogous to what we obtained in graphene,
so we impose the conditions Ax0 = A∗x0 = A, Ay0 = Aeiγ, A∗y0 = Ae−iγ and
Az0 = 0, A∗z0 = 0 - the z-component of the vector potential is chosen to be zero
thereby eventually enabling a comparison with two dimensional graphene (when
the z-component of the momentum is also set to zero) i.e. Ax = A and Ay = iA

Ay = iAx → iAy = −Ax → Ax + iAy = 0. (5.54)

Consider the Weyl metal described by the Hamiltonian,

H = vF (σx.px + σy.py + σz.pz) = vF

[
pz px − ipy

px + ipy −pz

]
. (5.55)

Coupling to a vector potential A(t) = Re(A0 e
−iωt), the above Hamiltonian be-

comes

H = vF

[
pz (px − ipy)

(px + ipy) −pz

]
+ e−iωtvF

[
− e

2c
Az0 − e

2c
(Ax0 − iAy0)

− e
2c

(Ax0 + iAy0) e
2c
Az0

]

+eiωtvF

[
− e

2c
A∗z0 − e

2c
(A∗x0 − iA∗y0)

− e
2c

(A∗x0 + iA∗y0) e
2c
A∗z0

]
.

(5.56)
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The state vector of above equation is,

ψ =

[
cA

cB

]
. (5.57)

Then Hamiltonian eq.(5.56) in second quantized form

H = vF

[
c†A c†B

] [ pz (px − ipy)
(px + ipy) −pz

][
cA

cB

]

+e−iωtvF

[
c†A c†B

] [ − e
2c
Az0 − e

2c
(Ax0 − iAy0)

− e
2c

(Ax0 + iAy0) e
2c
Az0

][
cA

cB

]

+eiωtvF

[
c†A c†B

] [ − e
2c
A∗z0 − e

2c
(A∗x0 − iA∗y0)

− e
2c

(A∗x0 + iA∗y0) e
2c
A∗z0

][
cA

cB

]
, (5.58)

H =
[
vF pzc

†
AcA + vF (px − ipy)c†AcB + vF (px + ipy)c†BcA − vF pzc

†
BcB

]
+e−iωt

[
− e

2cvFAz0c
†
AcA −

e
2cvF (Ax0 − iAy0)c†AcB −

e
2cvF (Ax0 + iAy0)c†BcA + e

2cvFAz0c
†
BcB

]
+eiωt

[
− e

2cvFA
∗
z0c
†
AcA −

e
2cvF (A∗x0 − iA∗y0)c†AcB −

e
2cvF (A∗x0 + iA∗y0)c†BcA + e

2cvFA
∗
z0c
†
BcB

]
.

(5.59)

On applying vector potential conditions Az = 0 and Ax0 + iAy0 = 0 the above
equation becomes,

H =
[
vFpz(c

†
AcA − c

†
BcB) + vF (px − ipy)c†AcB + vF (px + ipy)c

†
BcA

]
+e−iωt

(
− e

2c
vF (2Ax0)c†AcB

)
+ eiωt

(
− e

2c
vF (2A∗x0)c†BcA

)
. (5.60)

The Hamiltonian for a Weyl semimetal-like system, we suggest is

H = c†A σAB · ε cB + c†B σBA · ε cA + c†A σAA · ε cA + c†B σBB · ε cB
+λ c†BcA b e

iωt + λ∗ c†AcB b† e−iωt. (5.61)

We have defined vFpβ = εβ where β = x, y, z , σAB ·ε = εx− iεy, σBA ·ε = εx+ iεy,
σAA · ε = εz, σBB · ε = −εz, − e

2c
vF (2A∗x0) = λb, λ is the coupling constant and

[b, b†] = 1 are the photon operators. Here cA, cB are the A and B sublattice
electrons, σ is the pseudo-spin matrices.
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5.10.2 Unitary Transformation

Our actual filed interaction Hamiltonian in eq.(5.61) has the form

H1 = λ∗c†AcBb
†
1e
iωt + λc†BcAb1e

−iωt. (5.62)

From eq. (5.25), it can be seen, James Cumming model interaction Hamiltonian
has form

H2 = λ∗c†AcBb
†
2 + λc†BcAb2 + ωb†2b2. (5.63)

H1 and H2 can be related by a unitary transformation as shown below

i
d

dt
b1 = [b1, H1] = λ∗c†AcBe

iωt, (5.64)

i
d

dt
b2 = [b2, H2] = λ∗c†AcB + ωb2. (5.65)

If we consider b2 = b1e
−iωt then

i
d

dt
(b1e

−iωt) = λ∗c†AcB + ωb1e
−iωt, (5.66)

ie−iωt
d

dt
b1 + ωb1e

−iωt = λ∗c†AcB + ωb1e
−iωt ⇒ i

d

dt
b1 = λ∗c†AcBe

iωt. (5.67)

So we can relate both eq.(5.62) and eq.(5.63) via unitary transformation.

5.10.3 Bloch Equation

The time evolution equation is

i~
∂

∂t
|φ〉 =

∑
H |nA, nB, nν〉〈nA, nB, nν |φ〉. (5.68)

Where nA, nB are number of electron or hole and nν is number of photon. On
applying both side by 〈nA′ , nB′ , nν′ |

i~
∂

∂t
〈nA′ , nB′ , nν′ |φ〉 =

∑
〈nA′ , nB′ , nν′ |H|nA, nB, nν〉〈nA, nB, nν |φ〉. (5.69)
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On taking Hamiltonian of Weyl Semimetal from eq.(5.28)

H = c†A σAB · ε cB + c†B σBA · ε cA + c†A σAA · ε cA + c†B σBB · ε cB
+λ c†BcA b e

iωt + λ∗ c†AcB b† e−iωt, (5.70)

H|nA, nB, nν〉 =
[
σAB · ε c†AcB|nA, nB, nν〉+ σBA · ε c†BcA|nA, nB, nν〉

+ σAA · ε c†AcA|nA, nB, nν〉+ σBB · ε c†BcB|nA, nB, nν〉

+λ c†BcA|nA, nB, nν〉 b e
iωt + λ∗ c†AcB|nA, nB, nν〉 b

† e−iωt
]
. (5.71)

We know property of rasing and lowering operator a†|n〉 =
√
n+ 1 |n〉 and a|n〉 =√

n |n− 1〉

H|nA, nB , nν〉 =
∑

nA,nB ,nν

[
σAB · ε

√
nA + 1

√
nB |nA + 1, nB − 1, nν〉+ σBA · ε

√
nB + 1

√
nA |nA − 1, nB + 1, nν〉

+ σAA · ε nA|nA, nB , nν〉+ σBB · ε nB |nA, nB , nν〉+ λ
√
nB + 1

√
nA
√
nν |nA − 1, nB + 1, nν − 1〉 eiωt

+λ∗
√
nA + 1

√
nB
√
nν + 1 |nA + 1, nB − 1, nν + 1〉 e−iωt

]
.

(5.72)

On applying both sides by 〈n
A
′ , n

B
′ , n

ν
′ |

〈n
A
′ , n

B
′ , n

ν
′ |H|nA, nB , nν〉 =

∑
nA,nB ,nν

[
σAB · ε

√
nA + 1

√
nB 〈n

A
′ , n

B
′ , n

ν
′ |nA + 1, nB − 1, nν〉

+σBA · ε
√
nB + 1

√
nA 〈nA′ , nB′ , nν′ |nA − 1, nB + 1, nν〉

+ σAA · ε nA〈nA′ , nB′ , nν′ |nA, nB , nν〉+ σBB · ε nB〈nA′ , nB′ , nν′ |nA, nB , nν〉

+λ
√
nB + 1

√
nA
√
nν 〈nA′ , nB′ , nν′ |nA − 1, nB + 1, nν − 1〉 eiωt

+λ∗
√
nA + 1

√
nB
√
nν + 1 〈n

A
′ , n

B
′ , n

ν
′ |nA + 1, nB − 1, nν + 1〉 e−iωt

]
.

(5.73)

Using the Dirac delta property, eq.(5.69) becomes

i~
∂

∂t
〈nA′ , nB′ , nν′ |φ〉 = σAB · ε

√
n
′
A

√
n
′
B + 1 〈nA′ − 1, nB′ + 1, nν′ |φ〉

+σBA · ε
√
n
′
A + 1

√
n
′
B 〈nA′ + 1, nB′ − 1, nν′ |φ〉

+σAA · ε n
′

A 〈nA′ , nB′ , nν′ |φ〉 + σBB · ε n
′

B 〈nA′ , nB′ , nν′ |φ〉

+λ
√
n
′
B

√
n
′
A + 1

√
n′ν + 1 〈nA′ + 1, nB′ − 1, nν′ + 1|φ〉 eiωt

+λ∗
√
n
′
A

√
n
′
B + 1

√
n′ν 〈nA′ − 1, nB′ + 1, nν′ − 1|φ〉 e−iωt. (5.74)
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On putting nA′ = 0, nB′ = 1 and nν′ = n

i~
∂

∂t
〈0, 1, n|φ〉 =

[
σBA · ε 〈1, 0, n|φ〉 + σBB · ε 〈0, 1, n|φ〉

+λ
√
n+ 1 eiωt 〈1, 0, n+ 1|φ〉

]
. (5.75)

On putting nA′ = 1, nB′ = 0 and nν′ = n+ 1

i~
∂

∂t
〈1, 0, n+ 1|φ〉 =

[
σAB · ε 〈0, 1, n+ 1|φ〉+ σAA · ε 〈1, 0, n+ 1|φ〉

+ λ∗ e−iωt
√
n+ 1 〈0, 1, n|φ〉

]
. (5.76)
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Chapter 6

Summary and Conclusions

In this thesis, we have studied various coherent nonlinear phenomena that arise
due to interaction of Dirac-Weyl fermionic system with an electromagnetic field.
The motivation behind this thesis work is to study one of the well-known co-
herent optical effect viz. Rabi oscillations in Dirac-Weyl fermionic system with
the matter-field interaction treated both semiclassically as well as quantum me-
chanically. The phenomenon of Rabi oscillations exists when the frequency of the
incident optical field is nearly equal to the transition frequency of the two-level
systems, called the resonance condition. Such phenomenon are also seen in two-
band systems such as semiconductors (with levels being replaced by bands) though
this was observed a long time after its theoretical prediction in the 1980’s. Far
from resonance, when the frequency of external radiation is large compared to the
frequency corresponding to the energy of a particle-hole pair, the Rabi oscillations
vanish in two-level systems and also in conventional semiconductors. In case of
Dirac-Weyl fermionic system, however, a new type of Rabi oscillation occurs far-
from resonance, called anomalous Rabi oscillation, predicated by our group (and
also by others where these ideas go under the name of “Floquet theory"). The
study anomalous Rabi oscillation is the central theme of this thesis. Finally, we
would like to present a brief summary of each of the chapters.

Chapter 1: Introduction

In this chapter, an introduction to the basic theory of Dirac-Weyl fermionic system
is presented. These systems work as a bridge between condensed matter and
relativistic electrodynamics physics. A survey of the relevant literature of the
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importance of Dirac-Weyl fermionic system is presented. It is also explained how
these systems may be utilized in applications.

Chapter 2: Rabi Oscillations in Dirac-Weyl Fermionic Systems

In this chapter, we have described one of the important optical properties in rela-
tivistic fermionic systems- Rabi oscillations. Rabi oscillations are analyzed using
the well-known rotating wave approximation (RWA) and this is applicable only
near the conventional resonance condition when the frequency of incident optical
field is comparable to the frequency corresponding to particle-hole energy. Far
from conventional resonance, only relativistic fermionic systems exhibit a new
type of Rabi oscillation, which is absent in conventional semiconductors and two-
level systems, known as anomalous Rabi oscillation (ARO). In order to study this,
we employ an approximation known as asymptotic rotating wave approximation
(ARWA). In this chapter, a new kind of slow oscillation in population and polar-
ization densities that is present only in relativistic fermionic systems is seen far
from conventional resonance. We have studied this phenomenon as well as its con-
ventional counterpart close to resonance (ordinary Rabi oscillations) and verified
the claims numerically.

Chapter 3: Band-Anisotropy Induced Bloch-Siegert Shift in Graphene

The Bloch-Siegert shift is a phenomenon in quantum optics, typically seen in
two-level systems, when the driving field is sufficiently strong (e.g. atoms driven
by a strong laser drive or nuclear spins in NMR, driven by a strong oscillating
magnetic field). In the conventional RWA, we consider only the slowly varying
part of the driving field by neglecting the rapidly part of the oscillating field.
Bloch and Siegert studied the effect of the rapidly oscillating term on the resonance
frequency and noticed that in the presence of counter-rotating terms, the resonance
frequency shows a shift, which is known as the Bloch-Siegert shift (BSS). In case
of anomalous Rabi oscillations, however, band anisotropy caused by the inclusion
of next-nearest-neighbor hopping together with frequency doubling or the Rashba
effect leads to a Bloch-Siegert shift which is quite substantial (in percentage terms,
actually infinite), lending credence to the claim that the anomalous Rabi oscillation
is sensitive to qualitative changes in the low energy band structure of graphene
and as such is a useful indicator of the chiral massless Dirac fermion nature of
quasiparticles in graphene.
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Chapter 4: A Theoretical Analysis of the Pump-Probe Experiment in Dirac-

Weyl Systems

In this chapter, we have theoretically modeled a pump-probe experiment, which
is used to justify the phenomenon of anomalous Rabi oscillations - a central idea
in this thesis. By using the pump-probe experiment, incoherent optical proper-
ties such as optical dephasing and relaxation of band electrons in semiconductors
have been studied. In this experiment, two successive laser pulses are used, one
for exciting the system in a certain way, called pump pulse and other to test it
after a variable time delay, called probe pulse. Femtosecond laser pulses are re-
quired for studying these incoherent optical properties because timescales for these
phenomena are short (subpicosecond).

Chapter 5: Quantum Rabi Oscillations in Weyl Semimetal

In this chapter, we study anomalous Rabi oscillations in presence of a quantized
EM field. New phenomena such as zero-point or vacuum anomalous Rabi oscil-
lations are seen. Anomalous Rabi oscillations are seen even while treating the
radiation field quantum mechanically.
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