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Abstract

Rayleigh-Bénard Convection (RBC) is a buoyancy-driven flow in which the fluid is heated from

the bottom. It is an ideal system for studying many complex fluid phenomena observed in na-

ture and engineering applications. However, the actual flows do not possess the ideal boundary

conditions. In fact, they encompass complex boundaries and forces which directly impact the

flow dynamics, for instance, the presence of stabilizing/destabilizing forces like magnetic force

and rotation, and asperities of surfaces underneath the flows, to name a few. To incorporate such

flow-impacting factors, the standard RBC needs to be modified for a better understanding of the

real fluid phenomena. In this thesis, we investigate the heat transport properties in two such vari-

ants of non-standard RBC, namely, the roughness-aided RBC and tilted RBC. In the former, the

smooth isothermal surfaces are replaced by multi-scale roughness, whereas in the latter, buoy-

ancy force acts at an angle to gravity. We consider rectangular (double-aspect ratio) and cubical

(unit aspect ratio) geometries for 2D and 3D studies, respectively, over a Rayleigh number (Ra)

range varying from 106 to 1010 with air chosen as the working fluid (Pr = 0.7). In this thesis,

quantitative and qualitative analysis of the coherent structures (boundary layer, thermal plumes

and large-scale rolls), and the two response parameters: heat flux and flow strength, are used to

understand the heat transport properties. Note that Nusselt number (Nu) and Reynolds number

(Re) are a measure of heat flux and flow strength, respectively.

In the standard 2D RBC, thermal jet phenomenon occurs because of entrapment of thermal

plumes due to the absence of one lateral dimension. The boundary layer thickness is computed

using the so-called slope and 99% technique, which confirms the theoretical Nu(Ra) scaling. In

the boundary layer region, transport and dissipation terms of turbulent kinetic energy balance

each other. On the other hand, buoyancy production balances dissipation in the bulk region.
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Thermal plumes and background regions are quantified by the positive correlation between ver-

tical velocity and temperature fluctuations. A higher threshold for the correlation yields faster

convergence of plume and background share of dissipation. Exponential distribution of temper-

ature fluctuations suggest the presence of hard turbulence at a very large Rayleigh number.

Compared to the standard RBC, heat flux increases significantly in the roughness cases be-

yond a critical Rayleigh number (Rac), which is marked as the onset of enhanced heat flux

regime. This regime is observed to depend upon the roughness height, and the increment in heat

flux occurs due to greater emission of thermal plumes from the rough surfaces. The morpho-

logical changes in plumes transform the state of large-scale rolls, i.e., a double-roll state to a

multiple-roll state, at least in the taller roughness cases. The size of the rolls diminishes in the

multiple-roll state, which has a higher tendency to evacuate the cavities and results in emission

of more plumes. Also, the cascade of vortices in the taller roughness cases helps in evacuating

the entrapped fluid. Owing to a larger number of plume emitting peaks, the maximum Nu(Ra)

scaling exponent is observed in the smallest roughness case, and it decreases with increase in

roughness height. For the first time, we have quantified the boundary layer perturbation and

explored its relation with the enhanced heat flux, which was previously assumed [1, 2].

In the tilted variant of RBC, we disentangle the dependence of Nu − φ trend on Ra, where

φ represents the inclination angle. In the smooth case, inclined convection (IC) transports heat

more efficiently for Ra ≤ 108, whereas RBC does the same for Ra > 108. The Nu − φ trend

yields a unimodal behavior up to Ra = 108 and a monotonically decreasing trend above it. In the

unimodal trend, we obtain that φ = 75◦ yields maximum Nu. The combined effect of roughness

and tilt result in a large increment (25%) in heat flux. While increase in Ra delays the thermal

stratification in the smooth case, roughness heights do the same in rough configurations. In the

roughness cases, early onset of turbulence due to surface roughness limits the advantages of

tilted convection to a lower Ra.

In 3D roughness-aided RBC, heat flux increases significantly (≈ 50%) compared to its

smooth counterpart. However, it is found that roughness impacts the flow intensity weakly.

In rough cases, a significantly higher volume fraction of thermal plumes ascertains their role in

enhanced heat flux. While, in the smooth case, large-scale circulation (LSC) remains in one of

the diagonal planes, the roughness asperities tend to lock it in a Cartesian plane and increase

the longevity of thermal plumes in the bulk region. These arguments are further ascertained by

computing the Reynolds number based on the angular velocity in Cartesian planes. Temperature

fluctuations in the bulk region follow a clean −7/5 power-law in the inertial subrange for both
TH-3145_176103004
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smooth and rough cases, indicating the Bolgiano scaling. It is observed that although roughness

asperities do not influence the scaling law, they intensify the energy of eddies of all the length

scales due to emission of intense thermal plumes.
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CHAPTER 1

Introduction

1.1 Natural convection

Natural convection is a heat transport phenomenon effected by fluid flow [3]. It is ubiquitous

in nature and finds its application in various fields varying from atmospheric and geophysical

flows to astronomical context. Figure 1.1 shows the application of thermal convection in the

atmosphere, mantle of the Earth [4–6], and inside the Sun [7]. In the Earth’s atmosphere, the

north and south poles remain colder, while the equatorial region becomes warmer due to the Sun

rays falling directly on it. The temperature difference between the two hemispheres induces a

global flow circulation of air, where hot air moves towards the poles and cold air approaches the

equator. Similarly, the heated surface due to sun rays during the daytime warms the air close to

it, which starts rising upwards due to buoyancy effect and results in ocean currents. Convection

plays a significant role in heat transfer from the core to the exterior of the Earth and Sun. The

application of thermal convection is also found in industrial processes [8], engineering fields

[9], and our daily life, such as heat exchangers, cooling of electronic devices, nuclear reactors,

and in buildings [10].

Rayleigh-Bénard convection (RBC) is an ideal system to study thermal convection [14, 15].

It is a bottom-heated and top-cooled configuration, where the flow sets in due to thermoconvec-

tive instabilities [16, 17]. Figure 1.2 shows the schematic of a convection cell of height H and

length L. The bottom surface of the cell is at a higher temperature (Th), while the top surface

1
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2 Chapter 1. Introduction

Figure 1.1: Examples of natural convection: (a) flow circulation in the atmosphere of the Earth

[11], (b) convection rolls in the mantle of the Earth [12], and (c) inside the Sun [13].

is at a lower temperature (Tc). In the vicinity of the hot plate, thermal expansion of the working

fluid occurs, which creates a density difference in the fluid. Due to thermal instability, the hot

fluid rises upwards from the bottom thermal boundary layer (TBL), while the cold fluid simulta-

neously falls downwards from the top one. These hot and cold fluids are perceived as detached

thermal boundary layers and termed as thermal plumes [18]. These plumes are responsible for

heat transfer between the isothermal surfaces [19]. Note that while the buoyant force destabilizes

the flow, the viscous force acts as a stabilizing agent. The ratio of buoyant force to viscous force

is known as Rayleigh numberRa = gβ∆TH3/(να), which represents the non-dimensional ther-

mal forcing. Here, g is the acceleration due to gravity, β is the thermal expansion coefficient,
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L
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Figure 1.2: Schematic of Rayleigh Bénard convection, where red (blue) color represents the

movement of hot (cold) plumes, and magenta color represents the diffused thermal plumes.

Plumes are ejected from the thermal boundary layer, whose thickness is denoted by λθ.

∆T (= Th − Tc) is the temperature difference between the two isothermal plates, and ν and α

are viscous and thermal diffusivities, respectively.

A smaller Ra signifies the dominating viscous effect, which results in a thermally stable flow.

However, as Ra increases, the buoyant force competes with its viscous counterpart. As reported

by Krishnamurthi & Howard [20], the buoyant force becomes sufficiently large to overcome the

viscous resistance at Ra = 1708, irrespective of the fluid. With the further increase in Ra, the

flow approaches a chaotic state, where it loses its temporal coherence [20]. Further, the loss

of spatial coherence occurs at even larger Ra, where the flow becomes turbulent [21]. Other

than the Ra, there are two control parameters: aspect ratio (Γ = L/H) and Prandtl number

(Pr = ν/α). While aspect ratio is a geometric attribute of the convection cell, Pr is a property

of a fluid, which signifies the ratio of momentum and thermal diffusion. In RBC, there are two

key response parameters, namely, Nusselt number (Nu) and Reynolds number (Re). While the

former is a measure of convective heat flux and is defined as the ratio of total heat flux to the

conductive heat flux, the latter represents the flow intensity.

The study of thermal convection originates from the experimental study of Bénard [14] in

1901, who investigated the flow patterns in a system heated from the bottom, while the top one

was open to the air. He observed a hexagonal pattern on the surface of the fluid, known as

Bénard cells. Later, Rayleigh [15] investigated the Bénard’s work theoretically and connected

the onset of convection with Rayleigh number. To generalize the onset of the instability, Jeffreys

[22, 23] studied different combinations of boundary conditions. In 1954, Malkus [24] proposed

the marginal stability theory that relates the heat flux with Rayleigh number. According to the

theory, thermal boundary layer remains stable up to the critical Ra. In the following years, a
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number of theories were proposed [25–31] which are discussed in detail in Sec. 1.2.

Owing to the advancement in computational power and experimental tools, significant progress

has beenmade in understanding the heat transport mechanism in turbulent Rayleigh-Bénard con-

vection [28, 26, 27]. It has been adopted as a model to search for ways to enhance heat transfer

[32–34]. Recently, the two non-standard variants of RBC have been used to enhance heat flux.

First, the convection cell is facilitated with surface roughness, generally on the top and bottom

plates. Second, the cell is tilted at a certain angle to break the flow symmetry. In the present

work, we explore these two aspects with different types of irregular rough surfaces. A detailed

discussion and literature review of these variants are provided in the subsequent sections.

1.2 Heat transport in turbulent thermal convection

In RBC, one of the key issue is the dependence of heat flux on Rayleigh number. After the

Rayleigh’s [15] theoretical investigation on the onset of convection, Prandtl [35] proposed a

“free-fall” similarity theory which assumes free-fall velocity scale and the theory yields Nu ∼

Ra1/3. He considered an infinitely thick fluid layer heated from below. This theory failed for

the finite height of the fluid layer. Later, in 1954, Malkus [24] and Priestley [25] independently

proposed scaling theory of turbulent convection. Malkus [24] proposed the marginally stable

theory wherein boundary layer remains marginally stable up to the critical Rayleigh number.

On the other hand, Priestley [25] assumed that heat flux is independent of height of the convec-

tion cell, which implies decoupling of the top and bottom boundary layers. For Nu ∼ Raa, the

only scaling law for this theory is a = 1/3. Howard [26] further developed the marginal sta-

bility theory and proposed that temperature gradient is negligible outside the thermal boundary

layer, while fluid remains stagnant inside it. Based on the theory of Malkus [24] and Howard

[26], several researchers proposed “mean field theories” [36–39], which considered presence of

several modes on top of the stable mean temperature field.

Later, Kraichnan [28] predicted the behavior of Nusselt number in the limit of higher Rayleigh

number. He refined the similarity theory by considering a double boundary layer and proposed

that the classical scaling exponent 1/3 changes to 1/2 at Ra ≈ 1018. This transition was at-

tributed to the interaction between fluctuating horizontal wind and boundary layer. Spiegel [27]

also studied for high Ra range and hypothesized that if the diffusivities are sufficiently small,

then the rate of heat flux may be solely determined by the bulk dynamics. Such phenomenon

occurs at very high Ra range, and this regime was termed as "ultimate scaling regime." In the
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so-called ultimate regime, Chilla et al. [40] reported that thermal boundary layer and kinetic

boundary layer do not play explicit role in heat transfer.

Castaing et al. [29] proposed the mixing layer theory, which yields 2/7 scaling law (Nu ∼

Ra2/7). They characterized the Ra regime into soft (Ra ≤ 4×107) and hard (Ra > 4×107) tur-

bulence regime. The whole domain was demarcated into three layers based on different physical

properties: A, B and C. Layer A is the boundary layer region near the top and bottom plate. The

temperature difference of ∆T/2 in this layer causes instability, which further generates plumes

of size λθ which are expelled into layer B. Layer B is a mixing region of characteristic size

greater than λθ but lesser than H . Thermal plumes accelerate in this region due to buoyancy

effect and enter layer C. Central region of the cell with a characteristic size comparable to H is

layer C. In this layer, thermal plumes are advected with almost constant velocity. This theory did

not consider the large-scale roll and assumed that thermal plumes carry the heat from the hot to

the cold plate. Later, Shraiman & Siggia [41] considered the role of mean flow in heat transport

mechanism and prescribed the 2/7 power law.

After a rigorous analysis, Grossmann and Lohse [30, 31] proposed a unifying scaling theory

of Nu dependence on Ra and Pr. The key assumption of the theory lies in the observation that

large-scale convection roll ("wind of turbulence") is responsible for the velocity and temperature

fluctuations in the bulk region. Ra − Pr phase space is divided into different regions as shown

in Fig. 1.3. Four different regimes are characterized based on the domination of kinetic (εu) and

thermal energy dissipation (εθ) inside the boundary layer (BL) and the bulk region (bulk). The

scaling laws for different regimes are listed in Table 1.1. The four different regimes are:

1. both εu and εθ are dominated by their BL contributions

2. εθ is dominated by εθ,BL and εu is dominated by εu,bulk

3. εu is dominated by εu,BL and εθ is dominated by εθ,bulk

4. both εu and εθ are bulk-dominated.

Using Γ = 2, Pr = 1 and covering 6 decades of Ra up to 1014, Zhu et al. [1] reported

the transition to ultimate regime at Ra = 1013. They observed logarithmic kinetic boundary

layer profiles, which show their turbulent characteristics. Owing to these flow characteristics,

they claimed the transition to the ultimate regime, though thermal boundary layer profiles were

found locally logarithmic. They found that Nu ∼ Ra0.38 and suggested that plume ejecting
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Figure 1.3: Different regimes in a Pr − Ra phase diagram. Adopted from Stevens et al. [42].

Table 1.1: Power laws for Nu(RaPr) including the prefactors which are adopted from experi-

mental information.

Regime Dominance of regime BL Nu

Il εu,BL,εθ,BL λu < λθ 0.27Ra1/4Pr1/8

Iu λu > λθ 0.33Ra1/4Pr−1/12

IIl εu,bulk,εθ,BL λu < λθ 0.97Ra1/5Pr1/5

IIu λu > λθ (∼ Ra1/5)

IIIl εu,BL,εθ,bulk λu < λθ 6.43× 10−6Ra2/3Pr1/3

IIIu λu > λθ 3.43× 10−3Ra3/7Pr−1/7

IVl εu,bulk,εθ,bulk λu < λθ 4.43× 10−4Ra1/2Pr1/2

IVu λu > λθ 0.038Ra1/3

region (hotspot) increases with Rayleigh number, which results in a steeper increase inNu than

the classical scaling regime. Further, Doering et al. [43] investigated the work of Zhu et al. [1]

for even higher Ra and found a lack of evidence to claim the transition. In response, Zhu et al.

[44] extended their work to even higher Ra (up to 4.64× 1014) and ascertained that the scaling

exponent remains greater than 1/3 beyond 1013, which confirms the transition to the ultimate

regime.
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The dynamics and global features of the thermal convection system are highly influenced by

the flow properties inside the boundary layers. The behavior of boundary layers has a strong

connection with the scaling theories of heat transport in turbulent RBC. Ahlers et al. [18] pro-

posed different methods to calculate thermal boundary layer thickness (λθ) using the average and

variance temperature profiles. They observed the scaling behavior of thermal boundary layer as

λθ ∼ Ra−0.33±0.05. Grossmann and Lohse [45] reported the dependency of boundary layer

thickness upon the aspect ratio as λw/λp =
√

4aΓ−3/2Re−1/2
w , where Rew, λw and λp repre-

sent the wall Reynolds number, boundary layer thickness at the side walls and horizontal plates,

respectively. Zhou et al. [46] studied the structure of velocity and temperature profiles near

the horizontal plates at different positions in a 2D cell at Ra = 108 and proposed a dynamical

boundary layer rescaling method. The rescaled instantaneous velocity and temperature profiles

agree well with the classical Prandtl-Blasius boundary layer profiles. The method incorporated

the time dependency by defining the relative vertical distance from the plates.

The role of dissipation rates and fluctuations in heat transfer is significant, and their study

provides a deep insight into the heat transfer mechanism. Emran and Schumacher [47] studied

statistics of thermal dissipation rate in a cylindrical cell of unit aspect ratio for Pr = 0.7 and Ra

varying from 107 to 109. They observed a fat tail in the probability density function (PDF) of dis-

sipation rates in the boundary layer region, indicating high intermittency near the wall regions.

Moreover, the observed distributions were found to deviate from log-normal behavior. Zhang et

al. [48] carried out the simulations in a wide range of Rayleigh number (106 ≤ Ra ≤ 1010) and

ascertained the power-law dependency of dissipation rates on Ra as 〈εu〉V,t ∼Ra−0.18 and 〈εθ〉V,t
∼ Ra−0.20. In the literature, statistics of temperature fluctuations have been studied to identify

different flow regimes. Heslot et al. [49] observed that PDF of the fluctuations follows Gaus-

sian distribution in the soft-turbulence regime but deviates from Gaussian in the hard-turbulence

regime. They obtained the scaling exponent of the power-spectrum as −7/5. In another experi-

mental study, Sano et al. [50] reported the existence of Ra dependency of power spectra between

108 ≤ Ra ≤ 1010. However, it shows more than one exponent for Ra > 1011. Further, Zhang

et al. [51] studied the behavior of the power spectra in a higher Ra range and used multifractal

analysis to fit the high frequencies (Ra > 1011) in a single function.
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1.3 Role of surface roughness in RBC

Wehave reviewed several numerical, experimental, and theoretical studies for smooth convection

cells in the previous section. But nature has its own choice of facilitating roughness to every

surface. For example, it can be found in the urban atmospheric boundary layer (BL), and in the

deep oceans. In both the examples, surfaces under the flow have rough topographies. Such flows

help in understanding the phenomena of various natural processes related to thermal convection.

Also, note that the natural uneven surfaces are not simple but abstruse. While studying the

coastal length of Britain, Mandelbrot [52] reported the fractal dimension of uneven curves. He

proposed the self-similarity attribute of these curves, where all the appearing patterns remain

similar at all the scales. Since roughness is an attribute of surfaces, flow dynamics in a convection

cell facilitated with roughness becomes essential. Practically, all the surfaces underneath the

flows are rough, and some of the examples are oceanic flow, flow over the earth’s surface, cooling

of the electronic devices. These applications suggest to consider the rough surfaces in natural

convection, and thus, unveil the physical phenomena responsible for heat flux.

Enhanced heat transport is highly desirable from both the fundamental and application per-

spectives. Several studies asserted that enhanced heat flux could be attained at a lower Ra if

rough surfaces are used in the convection cell [53, 2]. Using rough top and bottom walls in

the experiment, Shen and Tong [54] reported that rough configurations enhance the heat flux if

roughness heights are comparable to the thermal boundary layer thickness. In comparison to the

smooth case, heat flux was found to enhance by 20% due to the emission of large size thermal

plumes from the interstices of the roughness elements. These plumes further travel vertically

into the bulk andmake the velocity (only vertical) fluctuations anisotropic. In a theoretical study,

Villermaux [55] obtained the dependency of increased heat transfer rate on the fractal dimension

of the rough surfaces, given that enhancement in the heat flux is only due to increase in surface

area. Later, Ciliberto and Laroche [56] suggested that random roughness can affect the scaling

exponent if thermal boundary layer thickness (λθ) lies between the maximum (hN ) and mini-

mum (h1) roughness heights (h1 < λ < hN ). The investigation over the different distribution of

roughness scales revealed that flatter distribution improves the scaling exponent. However, no

improvement in the scaling exponent was observed for the extreme roughness scales, i.e., λ < h1

and λ > hN , because these extreme uneven surfaces do not perturb the boundary layers.

Du et al. [57] investigated the mechanism of enhanced heat transfer in rough convection

cells. Two different roughness of heights 9mmand 3.4mmwere usedwith the same surface area,

which is 41% higher as compared to the smooth case. Surprisingly, the heat flux was observed
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Figure 1.4: Comparison of Nu(Ra) scaling regimes for the smooth case (square), mono-scale

roughness (circle), and multi-scale roughness (diamond) heights. Usage of multi-scale rough-

ness extended the enhanced exponent regime up to Ra = 1011. Adapted from Zhu et al. [2].

to increase by 76% and 29% in the higher and lower roughnesses, respectively. Therefore, it

suggests that enhancement in heat flux is due to the emission of extra thermal plumes and not

because of the increase in the wetted area. Whenever the mean flow finds the peaks, it diverges

like in the case of flow over a bluff body. Whereas, its interaction inside the grooves creates an

adverse pressure gradient zone, which generates the secondary vortices in the valleys. Moreover,

it was observed that taller roughness elements incite this mechanism at a lower Ra.

Later, Roche et al. [58] carried out an experiment using triangular grooved roughness and

observed the 1/2 scaling exponent. The enhanced scaling exponent was attributed to the laminar-

turbulent transition inside the boundary layer. Also, they revealed that the inclusion of surface

roughness incorporates the logarithmic correction in Nu(Ra) scaling that occurs due to the vari-

ation of viscous sublayer with increasing Ra. Moreover, a weak Nu(Pr) dependency was ob-

served in the ultimate regime. In contrast to the above mechanism, Toppaladoddi et al. [53]

attributed the observed ultimate regime to the increased interaction between the boundary layer

and the bulk region. Using the optimum wavelength (λopt = 0.1) of roughness element, for

which Nu was found maximum, they observed the scaling exponent 0.483 and claimed it to be

the highest then.

For the similar type of roughness elements (sinusoidal), Zhu et al. [59] explored the extent

of higher exponent regime over a wider Ra range, 108 ≤ Ra ≤ 1012. They reported that the high

exponent regime observed by Toppaladoddi et al. [53] stays temporarily only for a few decades

of Ra and reverts to the classical scaling, see Fig. 1.4. Using different roughness configurations

(characterized by their aspect ratio), Xie and Xia [60] suggested that enhanced heat flux strongly
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Figure 1.5: The normalized heat flux (Nu(h)/Nu(0)) as a function of roughness heights at Ra =

108. Note Nu(0) and δ0
th(= H/2Nu) refer to the heat flux and thermal boundary layer thickness

computed from the smooth case for the same Ra, and hc denotes the critical roughness height.

Adapted from Zhang et al. [61].

depends upon the roughness geometry, and the Nu(Ra) scaling exponent improved from 0.36

to 0.59 as aspect ratio increased from 0.5 to 4. However, rough surfaces influence not only the

heat flux but also the local temperature fluctuations.

In addition to the wavelength, roughness height also plays a significant role in the flow dy-

namics [57]. A detailed investigation of critical height (hc), where heights greater (smaller) than

hc yields theNu enhanced (reduced) regime, is carried out by Zhang et al. [61], see Fig. 1.5. In

the case of shorter roughness, the entrapped fluid inside the valleys yields a viscous dominated

region and creates a thick boundary layer. However, for the taller roughness, induced secondary

vortices inside these valleys enhance the mixing of the fluid. This enhanced mixing influences

the boundary layer dynamics, which results in the enhanced heat flux regime. Further, it sug-

gests that critical height decreases with increasing Ra. Based on the balance between viscous

and buoyancy forces, the decrease in hc was quantified as hc ∼ Ra−0.6. This study paved the

way for a combination of different roughness heights that can be used to explore the flow dy-

namics. Following this, Zhu et al. [2] introduced three different scales of roughness (sinusoidal)

elements in the convection cell. They suggested that multi-scale roughness extends the local

1/2 scaling regime up to 3 decades of Ra ranging from 108 to 1011, which was wider than those

in the previous cases, as shown in Fig. 1.4. This extension of the regime was attributed to the

sustained plume-bulk interaction by the shorter roughness at higher Ra.

Tummers and Steunebrink [62] proposed a different mechanism for the enhanced heat flux
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regime. Since LSC is responsible for carrying the thermal plumes from the boundary layer

to bulk in a smooth cell, diffusion of thermal plumes is inevitable while traveling along the

periphery. The square roughness used in the convection cell was found to break the LSC, which

yielded a faster and direct interaction of hot (cold) plumes with the top (bottom) boundary layer.

Consequently, the splashing of hot (cold) plumes in the top (bottom) boundary layer destabilize

the flow near the walls, and a surge in plume emission causes higher heat flux. Besides, the fluid

entrapped in the cavities creates more intense plumes with a longer life. Such a phenomenon

exist not only in roughness facilitated convection cell, but also in the smooth cells, as reported

by Lülff et al. [63]. The emission of such intense plumes was termed as thermal jet, but their

insufficient intensity and the localized phenomenon resulted in a 2/7 power law.

Wang et al. [64] also reported a similar mechanism for the enhanced heat flux. In a slender

and rectangular tilted convection cell, they reported that a stable double-roll state reduces the heat

flux, while the unstable triple roll or single roll state enhances it. These different roll structures

were the consequence of the inclination provided to the cell. Thus, it shows that breaking of flow

symmetry can lead to higher heat flux, which can be incited either using the roughness elements

or by providing inclination to the convection cell.

1.4 Effect of inclination on heat transport properties

Flow inside an inclined convection cell is another variant of non-standard Rayleigh-Bénard con-

vection. Since RBC is a buoyancy driven flow, tilting of the convection cell can influence the

direction of buoyancy force and yield different flow structures. In inclined convection (IC), the

effect of inclination angle (φ) on two aspects is of prime importance. Firstly, the global heat

transport properties that encompass heat flux and turbulent intensity, and secondly, the evolu-

tion of flow structures. Since the flow structures influence the heat flux rate, the former aspect

is discussed prior to the latter.

In RBC, three control parameters that govern the flow are Prandtl number (Pr), Rayleigh

number (Ra), and aspect ratio (Γ) [18]. It is expected that these parameters also influence the

variation of heat flux with inclination. First, we describe the effect of Pr and Ra on Nu− φ de-

pendence, and subsequently, the effect of aspect ratio on it, which impacts through transforming

the flow structures [64]. In what follows, we begin with the studies that address the effect of Pr

on Nu−φ curve as shown in Fig. 1.6. In particular, it includes the studies of Pr = 6.3, 480, and

0.0096 by Guo et al. [65], Jiang et al. [66], and Khalilov et al. [67], respectively. While Guo
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Figure 1.6: Characteristic of Nu−φ curves for three different fluids. (a) Monotonically decreas-

ing curve for Pr = 6.3, adapted from Guo et al. [65]. (b) Bi-modal curve (double peak) for

very high Pr = 480 from Jiang et al. [66]. (c) Unimodal (single peak) behavior for very low

Pr = 0.0096, adapted from Khalilov et al. [67].

et al. [65] observed a monotonically decreasing trend (see frame a), Jiang et al. [66] obtained

a bi-modal curve (see frame b), and Khalilov et al. [67] found a uni-modal behavior of Nu − φ

curve (see frame c). Here bimodal (two peaks) and unimodal (single peak) refer to the num-

ber of peaks of local maximum heat flux obtained in the curve. In a quasi-2D cubic cell filled

with water (Pr = 6.3), Guo et al. [65] reported a decreasing trend of Nu with three slopes the

maximum being in the range of 60− 90◦, see Fig. 1.6(a). The maximum drop in Nu was found

to be 18% for the vertical convection. In the same geometric configuration but with different

parameters (Ra = 6.8×1010, Pr ' 10), Guo et al. [68] observed the similar decreasing trend in

Nu(φ). Thus, inclination of the cell alters the heat transport mechanism which is reflected in Nu.

They proposed that Nu−φ dependence does not depend upon the governing parameters like Ra

and Pr. However, the small changes in the governing parameters should be noted, which may

be the reason for similar trends in the two investigations. In water-filled cylindrical cell, Chilla

et al. [69] investigated the effect of inclination on heat flux. They also observed a reduction in

heat flux for weak inclination (up to 1.72◦) and attributed it to the presence of two rolls state.

In a unit aspect ratio cylindrical cell, Shishkina et al. [70] studied the effect of tilt angle on

Nusselt number and Reynolds number using four different Pr (0.1, 1, 10, and 100) and at three
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(b)(a)

φφ

Figure 1.7: Effect of inclination angle on (a) Nu and (b) Re/Re(0) of four different Pr = 0.1

(triangle), 1 (square), 10 (circle), and 100 (diamond) at Ra = 106. Note Re(0) represents the

Reynolds number in the horizontal case. The figure is adapted from Shishkina et al. [70].

Ra = 106, 107, and 108. In contrast to the previous observations where heat flux was found to

decrease monotonically, they observed a complex Nu − φ dependency. Also, this dependency

was found to vary with Pr, as shown in Fig. 1.7(a). The obtained Nu for different fluids agreed

well with the hypothesis given by Verzicco and Camussi [19]. According to their proposition,

LSC and thermal plumes act as heat engines for Pr ≤ 0.35 and Pr ≥ 0.35, respectively. The

Nu(φ) curves were found nearly the same for both the higher Pr fluids except for φ ≈ 0◦. This

inconsistency at small inclination showed the transition of the heat carrier from thermal plumes

to LSC. Moreover, LSC was shown to be the dominant flow structure at higher inclination an-

gles, yielding the resemblance in the two curves. These curves first declined at smaller tilt and

increased only to attain peaks close to the vertical convection. The peaks signified that LSC

carries the heat more efficiently than the thermal plumes. For the two lower Pr fluids, the shape

of the Nu(φ) curve remained the same. The heat flux was observed to increase with φ and at-

tained a maximum in the intermediate inclination range, as shown in Fig. 1.7(a). In contrast to

the higher Pr fluids, inclination enhanced the strength of the LSC for φ ≈ 0◦, and thus, yielded

higher heat flux. This study suggests that large (intermediate) inclination angles result in ef-

ficient heat transport in high (small) Pr cases. In contrast to the complex Nu(φ) dependency,

Re(φ) curve followed a common trend except for φ ≈ 0◦, see Fig. 1.7(b). Since LSC prevails at

lower Pr fluids, slight inclination enhanced its velocity, which was reflected in higher Re. With

the increasing inclination angle, Re first increased to attain a plateau and then dropped mono-
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Figure 1.8: Effect of inclination angle on (a) Nu, (b) its normalized value Nu(φ)/Nu(0), (c) Re

and (d) its normalized value Re(φ)/Re(0) in a wide range of Pr varying from 0.01 to 100 and at

Ra = 107. The figure is adapted from Wang et al. [64].

tonically. The plateau signifies the transition of flow from a plume to LSC dominated in that

inclination range, whereas the monotonic decrease indicated the attainment of stratified flow.

Interestingly, this study is in complete disagreement with the previous ones, perhaps, owing

to different governing parameters. While Guo et al. [65, 68] argued that governing parameters do

not influence the Nu− φ relationship, Shishkina & Horn [70] showed that the trend of heat flux

with inclination depends upon them. It is important to note that Chilla et al. [69] and Guo et al.

[65, 68] studied at a high Ra, whereas Shishkina & Horn [70] investigated in a low to moderate

Ra range. Therefore, these arguments suggest that at higher Ra, Nu − φ drops monotonically

[69, 65, 68]. On the other hand, it rises with φ and heat is transported more efficiently at greater

inclinations when Ra is relatively lesser[70]. In the following studies, we further confirm these

inferences related to the Nu− φ relationship.

In a 2D rectangular box of aspect ratio 1/2 and Ra = 107, Wang et al. [64] studied the effect

of Pr (ranging from 0.01− 100) on Nu(φ) and Re(φ) curves as shown in Fig. 1.8. At very low

Pr, heat flux drops with rise in inclination up to φ = 80◦, beyond which Nu starts increasing

and becomes maximum at φ = 90◦. On the other hand, at very high Pr, Nu increases with φ to

attain a peak at φ = 80◦ and drops subsequently. However, for the Pr varying between 0.1− 1,
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1.4. Effect of inclination on heat transport properties 15

Nu first decreases and attains a minimum around φ = 15◦. With further increase in inclination,

it increases and follows the same trend as of high Pr cases. The Re(φ) dependence is found

opposite to what Shishkina & Horn [70] observed in a unit aspect ratio cylindrical cell. The

drop in Nu and Re corresponds to a double-roll state (DRS) or stable triple-roll state (STRS).

They attributed these contrastingNu−φ and Re−φ behavior to the transition in flow states due to

a different geometry (aspect ratio) of convection cell. Recently, Jiang et al. [66] studied the flow

at Ra = 108, and 5 × 108 for high Pr = 480 fluid in a two-dimensional confined inclined cell.

In both the Ra cases, the variation of heat flux with inclination was found to follow a bi-modal

behavior, wherein two peaks of Nu occur at φ = 25◦ and 75◦, as shown in Fig. 1.6(b). However,

the Reynolds number increases with φ and attains a peak around φ = 10 ± 2◦ before it drops.

The peaks of Nu and Re at different inclinations indicate that the turbulent intensity does not

always enhance the heat flux. However, a similar trend of Nu and LSC strength showed that the

LSC was responsible for maximum heat flux. Indeed, LSC dominated the flow and carried the

heat at intermediate and strong inclinations. Surprisingly, this coherent structure was previously

reported to carry heat for lower Pr in level case (φ = 0◦).

Several studies have extensively used liquid sodium (Pr = 0.0094) as a working fluid for its

high thermal diffusivity and industrial applications. As mentioned above, the heat transfer rate

at a low Pr is found sensitive towards inclination. In a long cylinder of 1/5 aspect ratio (D/H),

Frick et al. [71] investigated the flow dynamics at four inclined angles, which are 0◦, 2◦, 45◦, and

90◦. Deviation of power spectra from Kolmogorov’s −5/3 power-law indicated that turbulent

intensity dropped with the increasing tilt angle. This study revealed that thermal plumes were

responsible for carrying heat at small inclination angles, while LSC carried it at larger angles.

The Nu obtained at φ = 90◦ was found greater than that in level case, which suggests that LSC

carries the heat more efficiently than thermal plumes. The observed scaling law Nu ∼ Ra1/2

implied that the boundary layer did not influence the bulk flow in the long cavity cell. Using

the same working fluid in a 1/20 aspect ratio cylindrical cell, Vasilev et al. [72] obtained the

maximum Nu at φ = 65◦ which confirms the arguments regarding the efficiency of LSC.

Since the evolved flow structures depend upon the cell geometry, aspect ratio becomes an im-

portant parameter in inclined RBC. To observe the effect of inclination on heat transfer, Khalilov

et al. [67] investigated in a unit aspect ratio cylindrical cell using the same working fluid. Con-

trary to the long cylindrical cells, they observed a weak Nu(φ) dependency while the trend re-

mained the same with the maximum heat flux at φ = 70◦, as shown in Fig. 1.6(c). Moreover,

turbulent intensity and Re were found to behave similarly with the tilt angle. This variation sig-
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Figure 1.9: For Ra = 4.42 × 109 and Pr = 6.3, time-averaged velocity field showing the

transformation of an elliptic shaped cell at (a) φ = 0◦ to a squarish one at (d) φ ≈ 36◦. Frame

(b) and (c) shows the velocity field at the inclination angle of 8.59◦ and 13.17◦, respectively. The

figure is adopted from Guo et al. [65].

nifies the attainment of different flow states, which were characterized by the turbulent intensity.

Based on the variation of turbulent intensity, three flow regimes were identified. The flow in the

first regime remains highly turbulent and shows strong fluctuations, while the intensity drops in

the second regime only to vanish entirely in the final regime.

The variation in heat flux with inclination occurs due to the transition in flow states. [71]

observed similar flow states in both the horizontal and weakly inclined (φ = 2◦) convection

cells, implying that weak inclinations did not influence the flow structures. Further, Guo et al.

[65] reported the transformation of the shape of LSC from elliptic to square-like in the range of

inclination 0◦ − 36◦, see Fig. 1.9. Such transformation was previously reported as an effect of

increasing Ra [73]. Moreover, the maximum velocity of the LSC was found at φ = 8.6◦. As the

inclination angle increased, the high-band velocity shifted towards the walls, which indicated

the increasing span of LSC. Further, at φ ≈ 67◦, they observed that the fluid entering the bulk

region returned to the horizontal plates in a tortuous manner, and it was termed as backflow.

Wang et al. [64] reported that the evolved flow states depend upon the initial inclination an-

gle. For two different initial inclinations, one with the level case and the other with 20◦ inclined

cell, flow developed into two different states. The investigation in a wide range of Pr revealed
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1.5. Motivation and objectives 17

that unstable triple roll state (UTRS) and single roll state (SRS) were responsible for the en-

hanced heat flux. However, it dropped in the presence of a double roll state (DRS). In addition

to the roll structures, flow reversals also influence the flow dynamics and heat flux. Wang et al.

[74] investigated the effect of tilt on flow reversals in two rectangular convection cells of aspect

ratio 1 and 2. The study showed that tilt supported the reversals in the latter configuration and

suppressed them in the former. A single corner roll triggered the reversals in a unit aspect ratio

cell, while the simultaneous growth of the two corner rolls was responsible for their suppression

in the other cell. Interestingly, the strength of DRS was found to be weakened during the rever-

sals. On the contrary, improvement in the strength of triple and single roll was observed when

the flow changed its direction.

1.5 Motivation and objectives

Nu(Ra) scaling theories are well established for a smooth cell. However, it has been noticed that

the transport mechanism in RBC can be significantly enhanced by introducing rough surfaces in

the convection cell due to a flow transition from laminar to turbulent inside the boundary layer

[58, 62]. Practically, all the surfaces underneath the flows are rough with a variety of roughness

topology, height, and distribution. Owing to a number of factors, such as, increase in wetted

area, inherent forcing of boundary layer instability and a greater trigger of plumes in the near-

wall region, study of RBC over the rough surface has recently gained momentum. However, a

single roughness scale has been used in almost all the studies that dealt with roughness-driven

turbulent convection, except the studies carried out by Toppaladoddi et al. [75], Zhu et al. [2]

and Ciliberto and Laroche [56].

Another variant of non-standard RBC is inclined convection (IC), which has yielded greater

heat flux than RBC and vertical convection (VC) in many studies [71, 70, 66, 64]. As suggested

by Shishkina & Horn [70], the dependence of heat flux on inclination angle (φ) is a complex

function of three control parameters, Pr, Ra, and Γ. Although significant work has been carried

out for inclined convection in both 2D and 3D cells, a unified view for the inclination angle

that yields maximum heat flux remains elusive. Also, the combined effect of roughness and tilt

on global heat transport properties has not been explored so far. These issues and gaps in the

literature have motivated the present work to study the non-standard variants of RBC to obtain

higher heat flux.

To incorporate a range of roughness scales (different height and wavelength), we have fo-
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cused on irregular roughness set-ups in 2D and 3D cases. For 2D, we use triangular elements

of irregularly varying roughness heights and wavelengths, whereas for 3D, conical roughness

elements of varying heights are used, refer Sec. 2.3. Note that these irregular roughness geome-

tries in both 2D and 3D typify improved multi-scale roughness, containing several roughness

scales. For tilted convection, we use five inclination angles (φ = 0◦, 15◦, 45◦, 75◦, and 90◦),

which span the entire range of inclination from RBC (φ = 0◦) to vertical convection (φ = 90◦).

We have restricted this study only to 2D due to prohibitively high computational cost in 3D

cells.

Based on the multi-scale roughness configurations and the tilted variants of RBC, the main

objectives of the present work are as follows:

1. To investigate the heat transport properties and statistics of coherent structures in a 2D

smooth convection cell.

2. To study the effect of irregular surface roughness on heat flux and flow structures.

3. To investigate the role of near-wall dynamics in heat flux enhancement for the irregular

roughness configurations.

4. To study the effect of inclination angle on flow structures, and heat transport properties in

smooth and roughness facilitated convection cells.

5. To explore the dependency of heat flux on different roughness set-ups in 3D cells.

1.6 Outline of the thesis

The remainder of the thesis is organized as follows. In chapter 2, we provide the details of

mathematical modeling for both the level and inclined cases, grid generation and parallelization,

diffuse interface immersed boundary method to identify the objects, and validation of the code.

In chapter 3, we study the statistics of coherent structures for a smooth convection cell, where

the coherent structures refer to the large-scale rolls, boundary layer, and thermal plumes. In

addition, we study the turbulent kinetic energy budget and temporal statistics of temperature.

This is followed by chapter 4, wherein we study the effect of surface roughness on global heat

transport properties (Nu and Re), and identify the onset of enhanced heat flux regime, with

different Nu(Ra) scaling exponents.

In complement to the chapter 4, we show the significance of near-wall dynamics in heat flux

enhancement in chapter 5. The enhanced heat flux regimes are found to have a connection with
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boundary layer penetrating peaks. We investigate the role of secondary vortices near the rough

surfaces, which help in evacuating the entrapped fluid, resulting in higher heat flux. We also

study the cascade of secondary vortices in the cavity regions, yielding a thin thermal boundary

layer and its perturbation, and multilayer characteristics of temperature profile in the near-wall

region. Then we proceed to chapter 6, where we study the effect of inclination angle on Nu and

Re. In particular, we unveil the effect of Ra on Nu− φ and Re− φ trends. For the smooth case,

we identify the critical Ra below which inclined convection can be used to enhance the heat flux.

Here, we identify the inclination angle that yields a maximum heat flux in both the smooth and

rough cases. Further, the effect of roughness on Nu − φ and Re − φ trends are shown, and the

roughness is found to delay the onset of thermal stratification.

In chapter 7, we study the effect of different roughness setups on heat flux through coherent

structures in a 3D cubic cell. The heat transfer area for all the cases remains fixed for a systematic

analysis. We investigate the statistics of thermal plumes and large-scale circulation to understand

their connection with heat flux. In addition, we investigate the effect of roughness on small-

scale statistics in the bulk region. The second-order vertical velocity and temperature structure

functions are studied to understand the effect of roughness on strength of flow structures, which

is also confirmed by power-spectra analysis and yields the Bolgiano (BO59) scaling in the bulk

region. Finally, we conclude the thesis and highlight some future works in chapter 8.

TH-3145_176103004



CHAPTER 2

Numerical details

This chapter contains the mathematical modeling of Rayleigh-Bénard convection and all the

numerical details required for simulations. The discussion begins with the governing equa-

tions followed by the methodology of generating grids, and parallelization techniques. Further,

a detailed discussion on the construction of surface roughness and diffuse interface immersed

boundary method to handle them is provided. Finally, we validate the numerical setup for rough

surfaces and show that different flow realizations do not impact the global heat transport prop-

erties.

2.1 Mathematical modeling and solver details

Rayleigh-Bénard convection is an incompressible buoyancy-driven flow governed by the con-

tinuity, momentum, and energy equations. The governing equations can be written in non-

dimensionalized form, using the Boussinesq approximation, as

∂ui
∂xi

= 0 (2.1)

∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

∂xi
+

√
Pr
Ra

∂2ui
∂xj∂xj

+ θδiy (2.2)

∂θ

∂t
+
∂(ujθ)

∂xj
=

1√
PrRa

∂2θ

∂xj∂xj
(2.3)
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2.1. Mathematical modeling and solver details 21

Figure 2.1: For a 2D cell, schematic of (a) the level or RBC case and (b) a tilted case showing

the distribution of buoyant force along the isothermal plates and normal to them.

where ui = (u, v, w), xi = (x, y, z), and θ = (T − TH)/(TH − TC) are non-dimensional veloc-

ity, Cartesian direction, and temperature, respectively. Here, the following reference scales are

used to non-dimensionalize the governing equations: vertical spacingH between the isothermal

walls, free fall velocity
√
gβ∆TH and temperature difference between the hot (TH) and cold

(TC) plates ∆T = TH − TC . Figure 2.1 shows the schematic of a level (frame a) and tilted con-

vection cell, showing the distribution of thermal forcing along the isothermal walls and normal

to them. In tilted RBC, thermal forcing acts in both the Cartesian directions, i.e., normal and

along the isothermal surfaces, see Fig. 2.1b. The distribution of the thermal forcing is modeled

by incorporating the inclination angle in the momentum equation through a body force. The

resulting modified momentum equation becomes

∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

∂xi
+

√
Pr
Ra

∂2ui
∂xj∂xj

+ θêi (2.4)

where êi = (sinφ, cosφ). We consider the tilted RBC only for the two-dimensional case. Note

that inclined case approaches the level case (RBC) as φ decreases.

The 2D simulations have been carried out in a rectangular cell of aspect ratio Γ = 2, while

3D flows are studied in a cubic box. For the investigation, air (Pr = 0.7) is considered as the

working fluid. In this thesis, we use 106 ≤ Ra ≤ 1010 and Ra = 108 for 2D and 3D, respec-

tively, to reveal the characteristics of turbulent thermal convection. For 2D, the selected Ra

range encompasses the turbulent flow features, and it is also suitable for identifying the onset

of enhanced heat flux regimes in rough cases [53, 2]. For 3D, the prime objective is to study

the effect of different roughness configurations on the coherent structures (thermal plumes, and

LSC). Thus, we have selected a fixed Ra = 108, which shows prominent plume structures and
TH-3145_176103004



22 Chapter 2. Numerical details

LSC. Since vertical height between the isothermal surfaces changes due to roughness, we com-

pute the effective height (heff) by assuming the same volume of fluid in smooth and rough cases

[2]. Based upon this height, we calculate the effective Ra, which is defined as

Raeff = Ra
(
heff
H

)3

(2.5)

A non-staggered finite volume method is used to solve the above set of governing equations

2.1-2.3. While the non-linear convective terms are handled using 2nd-order Adams-Bashforth

scheme, the diffusive and buoyancy terms are treated implicitly using the 2nd-order Crank-

Nicolson technique to retain the stability and robustness of the time marching procedure. All the

resulting sparse linear systems are solved using the BiCGSTAB technique preconditioned by a

highly scalable block diagonal version of the SIP procedure. The solver is parallelized using the

standardMPI libraries to speed up the calculations. Time increment (∆t) for a stable timemarch-

ing is selected based on the analytically obtained Kolmogorov time scale, τη =
√
Pr/(Nu− 1),

to ensure adequate temporal resolution which results in a maximum Courant number of 0.3. On

the other hand, spatial resolution for all the cases reported here are chosen based on the Kol-

mogorov length scale, ∆xmax/η,∆ymax/η < 1 and at least 8 grid points (NBL) are ensured

inside the thermal boundary layer estimated as λθ ∼ H/(2Nu) [76].

2.2 Grid generation and parallelization

In the present work, we have used structured and non-uniform grid. The mesh is stretched in

the vertical direction with a strong refinement near the isothermal surfaces, see Fig. 2.2. This

setting yields the coarsest and the most refined grid spacing at the center of the domain and close

to the isothermal surfaces, respectively. If x is a coordinate in a particular direction, where the

domain spans up to the length L with Nx number of grid points, then the (i+ 1)th coordinate is

given by [77]

xi+1 = L
(β + 2α)(β+1

β−1
)
η−α
1−α − β + 2α

(1 + 2α)(1 + β+1
β−1

)
η−α
1−α

(2.6)

Here, while η((i−1)/(Nx−1)) corresponds to the uniform grid, α and β are the grid refinement

parameters. Note that β(≥ 1) signifies the level of refinement; higher (lower) β indicates weaker

(stronger) refinement. The other parameter (α) indicates the region of refinement. For α = 0,

the mesh is refined only near x = L, whereas, α = 0.5 equally refines the mesh near both x = 0

and L. While we have used relatively heavy stretching for the roughness cases, a uniform mesh

is used in most smooth cases. For Ra ≤ 108, a smaller β(= 1.1) is used for stronger refinement
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Figure 2.2: For a 2D cell, schematic showing decomposition of non-uniform mesh into 8 sub-

domains for parallelization. The mesh is coarsest in the bulk, whereas it is refined close to the

top and bottom walls.

near the walls. On the other hand, the grid refinement is relatively relaxed (β = 1.4) at higher

Ra > 108. This setting of β is due to lesser grid points used for lower Ra cases, which demands

a larger number of cells to resolve the roughness elements. The refined grid allows us to resolve

the smallest length scale (Kolmogorov length scale) [78] and boundary layers [76]. In turbulent

thermal convection, a flow is considered as well-resolved if the above-mentioned conditions are

satisfied.

2.3 Construction of rough surfaces

Recently, rough surfaces have been used to obtain augmented heat flux [75, 79, 80]. However,

in most of the previous studies, uniform roughness (mono-scale) configurations were used. To

incorporate a range of roughness scales (different height and wavelength), we have used three

irregular rough surfaces named as R1, R2, and R3 for 2D (chapters 4-6) and conical roughness

elements for 3D (chapter 7), as shown in Figs. 2.3 and 2.4, respectively. For 2D, we have used

triangular elements of irregularly varying heights and wavelengths. The roughness configura-

tions are characterized by their maximum height, i.e., 5%, 10% and 20% of the cell height (H)

for R1, R2, and R3 cases, respectively. For 3D cases, as shown in Fig. 2.4, we use four differ-

ent roughness set-ups: uniform (U), irregular (R), half-uniform (HU), and half-irregular (HR).

In the uniform cases, the roughness height remains fixed (h = H/10), whereas in the irregular

cases, the height varies from 10−50% of the maximum roughness height. In the half-variants of
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Figure 2.3: Schematic diagram of three random roughness set-ups for 2D cases, (a) R1, (b)

R2, and (c) R3, which are characterized by their maximum roughness heights. Inset shows the

wavelength (λ) and height (h) of a roughness element.

Figure 2.4: Schematic of the (a) smooth, (b) uniform, and (c) irregular, (d) half-uniform, and (e)

half-irregular cases for 3D RBC. Temperature of all the bottom and top roughness elements are

kept at θ = 1, and 0, respectively.

U and R, roughness elements are placed only on the bottom surface. These irregular roughness

geometries in both 2D and 3D typify improved multi-scale roughness, containing several rough-

ness scales. The reason for selecting the roughness height and range is to instigate the boundary

layer perturbation. Theoretically, boundary layer thickness andNu are related as λθ = H/(2Nu),

and Nu ∼ Ram [81]. These relations yield an inverse relation between λθ and Ra. The selected

range of heights are appropriate to perturb the boundary layers.

To construct these surfaces, we employ a standard random number generator with normal

distribution to generate amplitude and wavelength of the individual roughness elements. As

h and λ are allowed to vary independently, a variety of triangular or conical-shaped elements

fill the horizontal plates. It is to be noted that range of a truly random distribution is likely to
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Figure 2.5: Schematic showing the fluid, solid, and interfacial cells for a 2D sample grid. The

thick line (red) shows the linearized object boundary.

contain all possible heights and bases. However, since a finite horizontal span of the cell is

used, only a finite number of such elements can be placed on the horizontal surfaces. Thus, in

spite of choosing an element arbitrarily, finite number of them limits the possibility of the (λ, h)

combinations. The present set-up is clearly an improved multi-scale roughness which contains a

number of roughness scales. Note that since Nu is directly proportional to the heat transfer area,

we have fixed the area in R1, R2, and R3 cases. In 3D, the following control parameters govern

the heat transport properties: variation of roughness height and radius, heat transfer area (HTA),

number of roughness elements (N), and spacing between them. In such scenarios, deciding a

control parameter is very difficult due to their dependencies on each other. Since increase in

heat transfer area (∆HTA) is linked with all the other control parameters, we choose ∆HTA

to construct the rough configurations, which is mathematically defined as

∆HTAi =
HTAi −HTAS

HTAS
(2.7)

where i = (U, R, HU and HR) and S represent the rough and smooth cases. In U and R cases,

∆HTA is 40%, whereas it is 20% for their half-variants. The increment of 40% in ∆HTA

yields sufficient roughness elements to perturb the boundary layer. In HU and HR cases, the

increment reduces to half due to presence of roughness elements only at the bottom plate.

2.4 Diffuse interface immersed boundary method

To handle the rough surface, we have used the diffuse interface immersed boundary method

(DIIBM) [82, 83]. This method categorizes computational cells into fluid, solid, and interfacial
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Figure 2.6: For the smallest Ra = 106, representation of mesh overlaid by linearized smallest

roughness element (a, c, e), and the zero-level set representation (b, d, f) of a part of the linearized

rough surfaces in R1, R2, and R3 configurations. The roughness elements are shown in a zoomed

view for better visualization.

Figure 2.7: Representation of triangulated surface (a and c) and their zero-level set representation

(b and d) for uniform (a and b) and irregular (c and d) cases. For better visualization, we show

only the bottom surface and the roughness elements with different colors in the uniform case

(frame a).
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2.4. Diffuse interface immersed boundary method 27

cells as shown in Fig. 2.5. They are identified by the volume fraction (φ = Vs/Vp) criterion,

which is defined as the ratio of volume of the body (Vs) present inside a computing cell (Vp).

Note that for fluid, solid, and interfacial cells, φ = 0, φ = 1 and 0 < φ < 1, respectively. Thus,

the body volume can be reconstructed whose volume is calculated by

Vbody =
∑
cell

φiVpi

and they are represented by the zero-level set function. Through the volume fraction, equation

of conservation of momentum and motion of a rigid body are combined to construct a global

equation which is solved in the entire domain. Boundary conditions are not directly imposed but

enforced through the global equations, which can be written (after time-integration) as follows:∑
f

F n+1
f = 0 (2.8)

(1− φB)[
un+1
i,P − uni,P

∆t
VP + ℵ(

∂(uiuj)

∂xj
) + ℵ(

∂p

∂xi
)−

√
Pr
Ra
ℵ(

∂2ui
∂xj∂xj

)− ℵ(θδi,y)]

− φB
un+1
i,P − ui,B

∆t
VP = 0 (2.9)

(1− φB)[
θn+1
P − θnP

∆t
VP + ℵ(

∂(uiθ)

∂xj
)− 1√

PrRa
ℵ(

∂2θ

∂xj∂xj
)]−φB

θn+1
P − θB

∆t
VP = 0 (2.10)

where ℵ is the numerical approximation, n+1 is the intended time step index, and P is the finite

volume cell index. The global equations yield no-slip condition when φ = 1, i.e., ui,P = ui,B

and θP = θB. Note that the scope of the boundary condition is limited to a computational cell.

Thus, for reasonably well-resolved simulations, results are nearly identical to the sharp interface

method. For more details, refer to De [82, 83].

Accuracy of the rendered volume is the key in the reconstruction of body surfaces, which

depends upon the mesh size. Therefore, a sufficiently refined mesh in the wall-normal direction

is employed to resolve the roughness adequately. In Fig. 2.6, for the three roughness cases,

we show the grid resolution of the smallest roughness element (a, c, and e), and the zero-level

set representation of a part of the linearized rough surface (b, d, and f). Note that we have

shown the smallest roughness element at the smallest Ra = 106 because mesh refinement at

higher Ra further improves the body resolution. The presence of sufficient grid points inside the

roughness elements and nearly the exact representation of the rendered zero-level set function

confirm the body resolution. The rendered volume of the object yields an error of 0.08% for

Ra = 106, which is the smallest Ra case studied in this thesis. For the 3D case, we show the

triangulated uniform and irregular surfaces and their zero-level set representation in Fig. 2.7.
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Figure 2.8: Schematic of the uniform sinusoidal roughness used by Zhu et al. [59]. Here both

the wavelength (λ) and amplitude (h) are equal to 10% of the height of the convection cell.

For a grid size of 300× 300× 300 (stretched in the vertical direction near the isothermal walls),

the rendered volume of the object yields a maximum error of 0.085% and 0.4% for uniform and

irregular cases, respectively. Considering these deviations in volume rendering as insignificant,

we use the present numerical setup for further investigations. Note that this numerical setup is

previously used for solving both stationary [84–86] and moving boundary problems [87].

2.5 Validation of the numerical setup

In this section, we establish the correctness of the diffuse interface immersed boundary method

for roughness-aided convection by reproducing the previous results. Since conical roughness

configuration has never been used earlier, we have restricted the validation test to 2D cases. Us-

ing sinusoidal roughness, Zhu et al. [59] investigated for optimum roughness geometry (wave-

length to thickness ratio) in 2D RBC (Γ = 2). They found that λ/h = 1 yields highest heat flux.

Here, the correctness of the current numerical setup is established by reproducing the results

reported by Zhu et al. [59]. In Fig. 2.8, we show the reproduced sinusoidal roughness geometry

for the validation. Owing to the higher computational cost, this test is restricted up to Ra = 1010.

For a robust test, we select a global quantity (Nu) and vertical profiles of mean temperature.

Figure 2.9 shows a direct comparison of the two above-mentioned quantities. ForNu, we observe

the maximum and average difference of 7% and 3%, respectively. It is observed that deviation

in Nu is minimal (less than 3% in most cases) except for a few cases. Also, the deviation nearly

vanishes (see panel a) at higher Ra. Such small deviations are expected due to the implementa-

tion of boundary conditions, different numerical methods, complexity of the problem, and time

sampling. We show comparison of the time-averaged vertical temperature profiles at two dif-

ferent Ra (in panels b and c). As expected, overlapping of the mean profiles at two different Ra
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Figure 2.9: Comparison of (a) Nu(Ra) and (b, c) time-averaged vertical temperature profile

between the present data, Zhu et al. [59], and Toppaladoddi et al. [53] for sinusoidal roughness

geometry. The horizontal dashed lines denote height of the roughness geometry.

Figure 2.10: Instantaneous temperature field in different flow realizations for the smallest (a-c)

and the tallest (d-f) roughness setups. The roughness boundaries are different, but the range of

variation of their height and wavelength is same as that of R1 and R3 cases.

shows the accuracy of the present numerical setup.

2.6 Different flow realizations

In this thesis, we have selected three irregular (random) rough surfaces for 2D whose pattern

does not repeat. Reason for selecting such complex geometries is to include a variety of rough-

ness scale. To elucidate the dependence of heat flux and other transport properties on the arrange-

ment of roughness elements, we investigate for three different flow realizations for both R1 and

R3 in 2D. On the other hand, for 3D cases, we have selected themost complex case, i.e., irregular

(R), and use three different roughness geometries. This analysis also refers to the convergence of

Nu for different flow realizations obtained in different roughness geometries. Geometric char-
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Figure 2.11: Variation of change (with respect to the first realization) in Nu with wetted area

(∆Awet) of different flow realizations shown in Fig. 2.10. The filled triangle (red) and inverted

one (blue) represent the smallest and tallest roughness geometries, respectively.

Figure 2.12: Instantaneous temperature iso-surfaces for different flow realizations in (a) R1, (b)

R2 and (c) R3. The roughness configurations are different, but the range of variation of their

radius and height are same.

acteristics (height and wavelength) of these cases vary in the range of 0.005 ≤ h/H ≤ 0.05

(0.02 ≤ h/H ≤ 0.2) for the smallest (tallest) roughness case.

In Fig. 2.10, instantaneous temperature field for three different realizations shows global flow

structures. In R1 (a-c) case, a double-roll state is evident in all the three realizations, whereas

multiple-smaller rolls are evident in R3 (d-f) case. The heat flux remains nearly same for the

comparable wetted area, as shown in Fig. 2.11. We have calculated the change in heat flux

(∆Nu) and wetted area (∆Awet) with respect to the first realization of both the smallest and

tallest roughness cases. It is observed that the maximum variation inNu (Awet) remains less than

2% (6%), which is sufficiently small to show the independence of heat flux on the distribution of

roughness height and wavelength. For 3D cases, we have considered three different realizations,

Ri(i = 1 − 3). Figure 2.12 shows the instantaneous temperature iso-surfaces for the three

realizations. A similar large-scale circulation is evident in all the cases. Further, we have selected
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Figure 2.13: Variation of change in Nu and temperature variance with respect to the first real-

ization for 3D cases Ri(i = 1− 3).

two parameters for the comparison, change in Nu (∆Nu) and variance of temperature (∆σθ). As

shown in Fig. 2.13, with respect to the first realization, a maximum deviation of 1.6% and 2.90%

are observed in Nu and σθ. These results again ascertain the independence of heat transport

properties on arrangement of roughness elements in 3D cases.
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CHAPTER 3

Statistics of coherent structures in standard RBC

In this chapter, we have characterized the coherent structures in turbulent Rayleigh-Bénard con-

vection using statistical measures. Absence of one lateral dimension leads to entrapment of

plumes which are consequently released in the form of thermal jets. Axial non-uniformity in

thermal boundary layers is eliminated at high Rayleigh numbers. The so-called slope and 99%

method produce identical boundary layer thickness whose power law variation confirms theoret-

ical inverse-Nu scaling. Turbulent kinetic energy budget unveils a transport-dissipation balance

near the walls, whereas buoyancy production nearly sustains turbulent fluctuations in the bulk

region. Higher threshold for the correlation between vertical velocity and temperature results

in faster convergence of plume and background share of dissipation while decay in volume frac-

tion of plume region continues. Exponential distribution of temperature fluctuations suggests

presence of hard turbulence at very large Rayleigh number. Changes in plume emission and

its subsequent motion not only influence boundary layer instabilities but also causes departure

from the -5/3 law in the frequency spectra.

3.1 Introduction

In RBC, heat transfer rate is one of the main global characteristics, which can be expressed in

terms of the Nusselt number (Nu) defined as the ratio of total to conductive heat flux, Nu =

qH/k∆T where q is the total heat flux and k the thermal conductivity of the fluid. In RBC,

the heat is transferred from one plate to another through three coherent structures: boundary

32
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layer, thermal plumes, and large-scale circulation, which have been considered as the basis of

the Nu(Ra) scaling laws. Malkus [24] studied fully turbulent convection and proposed the clas-

sical scaling, Nu ∼ Ra1/3. This theory was based on the marginal stability of the boundary

layer. Later, Castaing et al. [29] experimentally proposed 2/7 scaling law in the hard turbulence

regime, Ra > 4× 107, where thermal plumes were considered as the heat carriers. In the limit

of high Ra, Kraichnan [28] and Spiegel [88] found the 1/2 scaling law, Nu ∼ (RaPr)1/2, which

later became an evidence of the ultimate regime.

Later, Grossmann and Lohse [30] proposed a unifying scaling theory of Nu as a function

of Ra and Pr based on the assumption that large-scale convection roll (“wind of turbulence")

is responsible for the velocity and temperature fluctuations in the bulk region. The Ra − Pr

phase space was divided into four different regimes based on the domination of viscous (εu)

and thermal dissipation (εθ) rates inside the boundary layer and bulk region. Zhu et al. [1]

numerically studied two-dimensional (2D) RBC for six decades of Rayleigh number up to Ra =

1014 and confirmed the transition to ultimate regime at Ra = 1013, where both the kinematic

and thermal boundary layer profiles are found to be logarithmic. The Nu(Ra) scaling exponent

(n) was observed as 0.38 which clearly shows the enhanced heat transport.

Boundary layer also plays an important role in understanding the dynamics and global fea-

tures of RBC. Also, the behavior of thermal boundary layer has a strong connection with the

scaling theories of heat transport. In a theoretical study, Grossmann and Lohse [45] showed the

dependence of boundary layer thickness on aspect ratio. Ahlers et al. [18] reported that thermal

boundary layer thickness follows a power-law dependence with Ra, viz., λθ ∼ Ra−0.33±0.05. In

a 2D square cell, Zhou et al. [46] proposed a dynamical boundary layer rescaling method. For

more details, refer Sec. 1.2. Another important coherent structure is thermal plume, which is

perceived as the detached thermal boundary layer and carries away the heat from the isothermal

surfaces [31]. Emran & Schumacher [89] proposed a method to quantify the thermal plumes,

which defines them by a positive correlation between vertical velocity and temperature fluctua-

tions.

Identification of plumes from the background and their statistics in three-dimensional (3D)

have been reported in a few previous articles [89, 90]. However in 2D, geometric constraints

that result in morphological difference in emitted plumes affect the boundary layer which can

cause a significant departure from the perceived behavior of coherent structures. In this chapter,

we present a plume identification procedure that links to the thermal boundary layer structure.

Scaling of global heat transport is viewed from the mechanisms that produce, transport or dis-
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Table 3.1: Details of simulation parameters starting from the left: Ra is the Rayleigh number;

Nuc and Nuref are the Nusselt number obtained from the present simulation and Zhang et al.

[48]; Nx and Ny are the number of grid points along the Cartesian directions; ∆xmax/η the

ratio of max. grid spacing to the Kolmogorov length scale η = HPr1/2Ra−1/4(Nu − 1)−1/4;

NBL the number of points inside the thermal boundary layer estimated using λθ ∼ H/(2Nu);

∆t/τη ratio of time step to the Kolmogorov time scale; τav non-dimensional sampling time and

the last two columns are ratios of numerical (εc) and analytical (εa) dissipation rates given by

εcu = ν|∇u|2, εcθ = α|∇θ|2, εau = ν3(Nu− 1)RaPr−2/H4 and εaθ = α∆T 2Nu/H2.

Ra Nuc Nuref Nx ×Ny ∆xmax/η NBL ∆t/τη τav 〈εcu〉/〈εau〉 〈εcθ〉/〈εaθ〉

106 8.11 6.30 256× 128 0.4678 11 0.0028 1000 0.99 1.00

3× 106 9.77 7.64 320× 160 0.5168 11 0.0031 1000 0.99 1.00

107 13.59 11.37 512× 256 0.4821 12 0.0038 1000 0.99 1.00

3× 107 17.54 16.50 640× 320 0.5571 11 0.0047 1000 0.99 1.00

108 24.97 26.10 1024× 512 0.5276 11 0.0030 1000 0.99 1.00

3× 108 34.14 37.00 1360× 680 0.5602 11 0.0014 1000 0.99 1.00

109 47.37 53.51 2048× 1024 0.5472 12 0.0008 800 0.99 0.98

3× 109 66.44 67.00 2400× 1200 0.6669 8 0.0010 800 0.99 1.00

1010 93.28 95.10 3200× 1600 0.7376 9 0.0006 500 0.99 0.93

sipate turbulent kinetic energy. Thermal and viscous dissipation rates are analyzed in detail to

establish a connection between the state of turbulence with fluctuating events that yield known

shapes of distribution functions. Planar and temporal statistics are investigated to bring out key

behavior in multiple layers where nature and effect of fluctuations are seemingly different. High

resolution simulations carried out in this work have indicated a number of scaling laws that in-

clude heat transport, growth of boundary layers, structural contribution of plumes and global

dissipation rates along four decades of Rayleigh numbers.

3.2 Numerical details

Incompressible buoyancy driven flows are governed by the continuity, momentum, and energy

equations, see Sec. 2.1. All the simulations are carried out in a 2D rectangular cell of aspect ra-

tio Γ = 2 with air (Pr = 0.7) being the working fluid, see Table 3.1. While no-slip condition is

enforced for the velocity, isothermal condition is applied on the horizontal plates with the lateral
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Figure 3.1: Schematic diagram of the physical set-up with geometric details and boundary con-

ditions. To record time traces 10 equispaced stations are selected at three different heights as

shown. Note, the flow is periodic in x-direction.
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Figure 3.2: Sampling of Nusselt number based on thermal dissipation rate showing different

flow states for the highest Ra = 1010. Note that dash line representing its mean value, listed in

Table 3.1.

walls taken as periodic boundaries. Ten equispaced signal stations are selected at three differ-

ent heights to record time histories. Location of these numerical probes along with geometric

features and boundary conditions are shown schematically in Fig. 3.1.

A small time increment (∆t) for a stable time marching is used to ensure adequate temporal

resolution (maximum Courant number of 0.3). On the other hand, spatial resolution for all the

cases reported here are chosen based on the Kolmogorov length scale, ∆xmax/η,∆ymax/η < 1

and at least 8 grid points (NBL) are ensured inside the thermal boundary layer estimated as

λθ ∼ H/(2Nu). Stevens et al. [91] suggested that for resolving small scale structures, ratio

of numerically computed dissipation rates to the analytical estimates should remain close to
TH-3145_176103004



36 Chapter 3. Statistics of coherent structures in standard RBC

Figure 3.3: Snapshot of instantaneous temperature field for (a) Ra = 3× 108, (b) Ra = 109, (c)

Ra = 3 × 109, and (d) Ra = 1010, showing evolution of small scale structures by breaking-up

of large scale globules at high Rayleigh number.

unity. Further, volume-time average Nusselt number calculated using the thermal dissipation

(Nuεθ = |∇θ|2), viscous dissipation (Nuεu = 1+Pr|∇U |2) and on the horizontal surfaces (∂yθ)

are found to be consistent with maximum deviation of 5.59% occurring at the highest Rayleigh

number. Convergence of these signals is used to identify the beginning of a statistically steady

state, as shown in Fig. 3.2. All the numerical details along with the accuracy of computed

dissipation rates are listed in Table 3.1. At the highest Rayleigh number, the most demanding

case of all, one free fall time unit consumes approximately 4 hrs of CPU time on 24 computing

cores. A simulation starts from the conduction state and once it enters a possible statistically

stationary state long time sampling (τav) is carried out for converged statistical measurement.

3.3 Heat transport

Heat transport phenomenon is a key issue in turbulent Rayleigh-Bénard convection, where heat

is carried by thermal plumes from boundary layers near the horizontal plates to the core region.

These plumes are characterized as small scale structures of high temperature gradient. Further,

large scale rolls (LSR) drive these thermal plumes into the core region. Snapshots of instan-

taneous temperature field at selected Rayleigh numbers are shown in Fig. 3.3 where two slow

moving LSRs are noted embedded in a pool of small scale structures. Emergence of bright,
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Table 3.2: Columns from left to right represent Ra, vertically integrated shear production, buoy-

ancy production and dissipation for all the cases.

Ra
∫
Psdy

∫
Pbdy

∫
εdy

106 −8.01× 10−8 8.49× 10−3 −8.51× 10−3

3× 106 −6.11× 10−8 6.04× 10−3 −6.06× 10−3

107 −3.90× 10−8 4.75× 10−3 −4.76× 10−3

3× 107 −1.07× 10−8 3.61× 10−3 −3.62× 10−3

108 −2.88× 10−8 2.87× 10−3 −2.87× 10−3

3× 108 −5.21× 10−7 2.27× 10−3 −2.28× 10−3

109 1.07× 10−6 1.77× 10−3 −1.73× 10−3

3× 109 5.87× 10−6 1.42× 10−3 −1.41× 10−3

1010 −1.98× 10−5 1.09× 10−3 −1.01× 10−3

intense, highly localized small scale structures are observed with increase in Ra which indicates

enhanced rate of heat transport. The two primary globules of hot and cold fluid seen at lower

Ra (frames a,b) transform into thin jet-like structures at higher Ra (frames c,d) which can be

attributed to the higher turbulent mixing. This formation of globules is not observed in 3D sim-

ulations as, unlike 2D, plumes are not restricted to a plane and they can have an extra lateral

direction to escape. The entrapped fluid inter-mixed with its surrounding develops a strong ver-

tical temperature gradient which subsequently shoots up in the form of a jet from the globules
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into the bulk region. Effect of this phenomenon is also observed in planar statistics discussed in

later section.

Instantaneous temperature field indicates enhancement in heat transfer owing to an increase

in number of plumes with Ra and stronger turbulent mixing. This raises the important issue

to quantify the enhancement of heat transfer rate with Ra. Since Nu is conceived as gradient

of temperature (∂yθ), heat transfer rate can be expressed in terms of it which paves the way

to establish a relation between heat transport and the imposed temperature difference (Ra). In

Rayleigh-Bénard literature power-law behavior between Nu and Ra has long been established.

The marginal stability theory proposed by Malkus [24] gave the resulting exponent n = 1/3

which is now referred to as the ‘classical regime’, and later, Kraichnan [28] predicted the be-

havior in the limit of higher Rayleigh number and proposed 1/2 scaling law, Nu ∼ (RaPr)1/2,

known as the ‘ultimate regime’. Consequently, different regimes exist with different scaling ex-

ponent along the broad Ra spectrum. Hence, it is important to explore the transition between

the classical and ultimate regime. Also, deviation in scaling exponent from the theoretical pre-

diction (Nu ∼ Ra1/3) has been reported in a number of numerical and experimental studies

with one such instance being Castaing et al. [29] where the scaling exponent was close to 2/7.

In the present work Nusselt number based on the thermal dissipation is averaged over the entire

domain for the estimate, and for convenience Nu replaces 〈Nuεθ〉V,t throughout the paper. A

least-square fit of the data results in Nu = 0.18Ra0.27 as shown in Fig. 3.4. The present expo-

nent is in good agreement with the previous results [29, 92] where periodic horizontal directions

were used, while marginal deviation is noticed with Zhang et al. [48] where lateral boundaries

were treated as no-slip walls.

In shear flow turbulence approximate balance between shear production and dissipation leads

to important scaling arguments. However, in turbulent convection, the flow is mainly sustained

by a strong correlation between the vertical velocity and temperature. Moreover, while the near

wall region is dominated by thermal instabilities that produce high gradient plumes, the bulk re-

gion is well mixed and homogeneous in nature. This indicates a different transport mechanism

of turbulent kinetic energy at different parts of the domain. Dynamical equation for turbulent

kinetic energy (TKE), 1/2u′iu
′
i, is obtained by contracting the equation for fluctuation and sub-
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Figure 3.5: Turbulent Kinetic energy budget for 106 ≤ Ra ≤ 1010: (a) Buoyancy production

(v′T ′); (b) Dissipation rate (ε); (c) balance between dissipation and buoyancy production for the

lowest and highest Ra simulations; (d) and (e) represents the kinetic energy budget in the core

region and inside the thermal boundary layer for Ra = 1010, respectively.

sequently effecting ensemble average (〈 〉A,t) which results in

∂t(
1

2
u′iu
′
i) + Uj∂j(

1

2
u′iu
′
i)︸ ︷︷ ︸

A

= −u′iu′jSij︸ ︷︷ ︸
Ps

+ gβu′iθ
′δiy︸ ︷︷ ︸

Pb

− 2νs′ijs
′
ij︸ ︷︷ ︸

ε

− ∂j(
1

ρ
u′jp
′ +

1

2
u′iu
′
iu
′
j − 2νu′is

′
ij)︸ ︷︷ ︸

T

(3.1)

where in the left-hand side temporal change and spatial transport combine to produce the advec-

tion (A). As the first term on the right-hand side can be cast into divergence form it is usually

termed as transport (T ) which being identically zero on the boundaries only redistributes the ki-

netic energy inside the physical region. The second and third terms are known as the shear (Ps)

and buoyancy production (Pb) that feed energy to sustain turbulent fluctuations. The last term

indicates dissipation (ε) of TKE which is known to occur primarily at small scales. Pb, Ps and
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ε terms in the above equation are vertically integrated and listed in Table 3.2. While the buoy-

ancy production and dissipation profiles are shown for all the Rayleigh numbers in Figs. 3.5(a)

and 3.5(b), respectively, contribution of the principal terms for two extreme cases are shown in

frame (c). In order to determine the relative importance of the transport and production of TKE

near-boundary and the bulk regions are shown separately in frame (d) and (e).

Both buoyancy production (Pb) and dissipation (ε) increases sharply in the boundary layers.

While Pb peaks outside the boundary layers, global maximum of ε can be used as a measure

for boundary layer thickness. Though peak dissipation does not change with Ra, buoyancy pro-

duction drops nearly ten manifolds across two extreme Ra. This indicates importance of shear

production at increasing Ra and Table 3.2 confirms it, though the ratio Ps/Pb remains as small

as 10−2. With increase in Ra as the thermal plumes take the form of thin sheets to jets to high

intensity spots their probability of occurrence improves at a given height that results in a lower

area-averaged correlation 〈v′θ′〉 while high velocity gradient of small scale structures favor a

better correlation of the Reynolds stress and mean velocity gradient. Budget estimate at two

extreme Ra (see frame c) indicates a slow changing bulk region with significant inhomogene-

ity transforms to a perfectly homogeneous mixture that starts right next to the boundary layers.

When the vertical direction is scaled appropriately using the boundary layer thickness (λθ) near

the wall and by the height (H) outside it, a multilayer behavior is noticed. Near the wall owing

to stronger viscous effects velocity fluctuation is small which results in a smaller buoyancy pro-

duction but viscous transport is significant which leads to an approximate balance rule T ≈ ε.

Plumes that erupt from the boundary layer region moves out of it and continue towards the bulk

region losing momentum slowly owing to greater heat exchange at the outer layers. As buoyancy

production takes off decelerating plumes enter the bulk region when they lost their momentum

leading to negligible transport and a different balance rule Pb ≈ ε prevails. This multilayer be-

havior is only conceived at higher Ra owing to thinner wall layer, perfect homogeneous region,

a greater probability of separation between them and high intensity small scale structures.

3.4 Plume statistics

Zhou and Xia [93] and Guo et al. [68] described thermal plumes as mushroom-like structures

with a narrow cap of sharp temperature gradient and diffusive tail. These sharp temperature

gradients are extreme fluctuating events of thermal dissipation rate and mostly found close to

the isothermal walls. Thus, plumes can also be considered as permanently detached fragments
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Table 3.3: Prefactor and the exponent of power-law fitARam for volume fraction and dissipation

of the plume and background regions defined by Eq. 3.2.

volume fraction dissipation

δ (%) Apl mpl Abg mbg Apl mpl Abg mbg

0 0.72 −0.01 0.31 0.02 0.19 −0.21 0.23 −0.25

0.1 0.64 −0.01 0.38 0.01 0.37 −0.26 0.13 −0.20

1 0.80 −0.04 0.41 0.02 0.36 −0.27 0.20 −0.22

5 2.03 −0.13 0.47 0.02 0.07 −0.18 0.29 −0.24

10 3.52 −0.18 0.56 0.02 0.03 −0.13 0.29 −0.25
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Figure 3.6: Ra and δ dependency of (a) volume fraction of plume (Vpl) and background (Vbg),

variation of dissipation rates (εpl and εbg) for (b) δ = 1%, (c) δ = 5%, and (d) δ = 10%. Here

Vpl and Vbg are computed using Eq. 3.2.

of thermal boundary layers that carry heat while they move into the bulk region [31]. Since heat

is carried from the hot plate by the thermal plumes, subvolume Vpl was termed as “skeleton" by

Emran and Schumacher [89]. In the present work, a positive correlation between vertical velocity

and temperature fluctuations is used to quantify the plume dominated region. Domain of the cell

(V ) is decomposed [47, 89] into two disjoint subsets or subvolumes: plume-dominated region

(Vpl) and turbulent background (Vbg) by using the following rule

Vpl = {x ∈ V : v′θ′/Γ > δ}

Vbg = {x ∈ V : v′θ′/Γ < δ}
(3.2)

where Γ is the global instantaneous maximum of v′θ′ and free parameter δ is the threshold which

is varied as 0, 1%, 5%, 10%. Also mean thermal dissipation rate on both the subsets are defined
TH-3145_176103004



42 Chapter 3. Statistics of coherent structures in standard RBC

as

εpl = 〈εθ〉Vpl,t =
〈 1

Vpl

∫
Vpl

εθ(x, t)dV
〉
t

εbg = 〈εθ〉Vbg ,t =
〈 1

Vbg

∫
Vbg

εθ(x, t)dV
〉
t

(3.3)

Power law fits for both volume fraction and dissipation rates are obtained in the least-square

sense. All the exponents and prefactors of the scaling law at three different threshold are listed

in Table 3.3. In order to bring out the scaling behavior, both volume fraction and dissipation are

plotted with Ra in a log-log scale at three threshold values in Fig. 3.6. It is observed that Eq.

3.2 is not reliable for δ < 1% as no consistent scaling rule emerges which does not support 3D

results of Emran and Schumacher [89].

A falling trend of Vpl, seen in Fig. 3.6(a), indicates that boundary layer thickness decreases

and consequently dissipation effect is subdued at higher Ra. Further, decreasing dissipation

effect also points towards ultimate regime of thermal convection as according to Spiegel hy-

pothesis [88] heat transport is independent of ν and α in the ultimate regime. On the contrary,

increase in Vbg with Ra implies homogeneity is attained in a larger domain as Ra increases. This

diverging trend in Vpl and Vbg becomes clearer at δ > 5%, while in 3D simulations a cleaner

power law emerges at a δ as small as 1%. This points out a slower growth of fluctuations in 2D

which finally settle to a state which does not reflect clear random behavior. Power law exponents

for both volume fraction (0.02) and dissipation (0.25) for the background remains nearly same

at all threshold. However, the same undergoes significant changes, −0.04 to −0.18 for Vpl and

−0.27 to−0.13 for εpl, in the plume region. Thermal dissipation rate decays with increasing Ra

for both plume and background dominated regions. It should be noted that background region,

in contrast to plume region, is less sensitive to the threshold which is evident as Vbg grows almost

linearly, and for a large Ra, Vbg ≈ V . These trends are in complete agreement with the previous

3D results [89, 92].

3.5 Boundary layer

All the scaling theories of heat transport that predicts the functionality Nu(Ra) have strong

connections with the behavior of boundary layers. First such proposition was made by Malkus

[24], widely known as the “Classical scaling theory", where decoupling of top and bottom

boundary layers is reasoned for the heat transport that results into the classical scaling law,
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Figure 3.7: Geometric construction of boundary layer thickness computed from bulk tempera-

ture difference (λ99%
θ ), slope method (λslθ ), and rms method (λσθ ) is shown on the left (a) and
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Figure 3.8: Thermal boundary layer thickness variation along horizontal direction near the bot-

tom plate for (a) Ra = 106, 3 × 106, 107 and 3 × 107 and (b) Ra = 108, 3 × 108, 109, 3 × 109,

and 1010.

Nu ∼ Ra0.3. Later, Spiegel [88] proposed that boundary layer does not play any explicit role in

heat transport in the ultimate regime, known for the scaling exponent close to 1/2. After a rigor-

ous analysis through a number of experiments and numerical simulations, Grossman and Lohse

[30] proposed a unifying theory where laminar flow is predicted inside the boundary layer region

for classical regime while existence of turbulent boundary layer is only argued in the ultimate

regime. Afterwards Zhu et al. [1] confirmed the logarithmic velocity and temperature profiles

in the transition to ultimate regime at Ra = 1013 which paves the way to study the behavior of

boundary layers at higher Ra.

In the present study boundary layer thickness is computed using three different techniques:
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vertical height from the horizontal plates to the point where linear extrapolation (tangent at the

plate) of the average temperature 〈θ〉A,t meets the bulk mean temperature termed as λslθ , and

vertical distance from the plates where 99% of the temperature difference between the plate and

bulk is recovered termed as λ99%
θ , and vertical position of peak rms in the 〈θ′2〉A,t termed as λσθ .

A schematic diagram depicting all the geometric construction is shown in Fig. 3.7(a). Variation

of thermal boundary layer at the bottom plate along the horizontal direction for two highest Ra

are shown in Fig. 3.7(b) which clearly demonstrates equivalence of the first two techniques

explained above as they predict near identical boundary layer thickness.

Horizontal variation of the thermal boundary layer for different Ra is illustrated in Fig. 3.8.

At low Ra presence of large scale rolls is strongly felt as λθ peaks near a uprising plume and

remains almost constant away from it. Stronger horizontal motion of the rolls drive the flow in

the intermediate region and boundary layer evidently has an integral effect with the core. With

increase in Ra thermal boundary layers isolate themselves from the intermediate and bulk region

as the uniform horizontal variation tends towards a nearly constant λθ. Thus, the boundary layer

profile takes the shape of horizontal surface as it envelopes them which is reported to be an

indication of the ultimate regime where heat transport is hardly affected by boundary layers and

nearly the entire heated surface acts as a hotspot region. This transformation is attributed to the

increase in number of small scale structures and decreasing effect of large scale rolls. Moreover,

only at higher Ra signs of turbulent boundary layer is observed as smooth horizontal variation

of λθ changes to locally oscillating one.

All the above arguments clearly show that characteristic of boundary layer changes with Ra

and thus global heat transport. In order to study the effect of Ra on λθ, a relation is established
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Figure 3.10: Vertical variation of area-time averaged absolute horizontal velocity (|u|A,t) in

frame (a), while a geometric representation of viscous boundary layer thickness computed using

the slope (λslu ) and maximum (λmaxu ) method in frame (b).

by computing the global thermal boundary layer thickness by effecting horizontal area-average

〈λθ〉A,t for each Ra. A power-law behavior of λθ(Ra), in the least-square sense, reveals the

scaling as λθ = 2.93 Ra−0.27 as shown in Fig. 3.9. Overall conduction phenomenon is respon-

sible for heat transport inside the thermal boundary layer, thus one can easily obtain a scaling

relation λθ ∼ (1/2)Nu−1 if λθ is used as the system height in the expression of Nu [94]. More-

over, Nu ∼ Ran scaling in Sec. 3.3 and λθ ∼ Ra−n here confirms the theoretical estimate

λθ ≈ Nu−1.

Next, viscous boundary layer causes maximum hindrance to heat transport and plays crucial

role in its mechanism. Ahlers et al. [18] have proposed different methods to calculate viscous

boundary layer thickness. For instance, time-average or area-time average of velocity and its

fluctuation is used to compute the thickness. The first investigation of viscous boundary layer

was carried out by Xin et al. [95], and Xin and Xia [96] using a light-scattering technique

in a cylindrical cell and reported a weak Ra dependency as λslu /L ∼ Ra−0.16. Later, Sun et

al. [97] computed the thickness in center of the domain above the bottom plate and obtained

the dependency as λslu ∼ Ra−0.27±0.01 in a rectangular cell of unit aspect ratio and Pr = 4.3.

The obtained scaling law is in good agreement with the Prandtl-Blasius relation. Furthermore,

Verzicco and Camussi [19] ascertained the dependency as λslu ∼ 0.95Ra−0.23 using the area-time

averaged profile in the same aspect ratio but for air (Pr = 0.7) as a working fluid.

A comparative study of viscous boundary layer profiles computed from horizontal velocity

and its variance has been carried out here. Time-averaged absolute horizontal velocity |u| and
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Figure 3.11: Viscous boundary layer thickness computed from absolute horizontal velocity for

all Ra cases using the slope method.
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Figure 3.12: Viscous boundary layer computed from the variance of horizontal velocity using

the slope method.

its variance (u′
2

)are used to compute the boundary layer thickness. To establish Ra dependency,

the time-averaged velocities are further averaged along the horizontal plane, and then used to

compute the thickness. Figure 3.10 shows vertical variation of the absolute velocity profiles with

Ra in frame (a), and a geometric representation of the boundary layer thickness in frame (b). The

thickness is computed using two well-known techniques, namely, slope and maximum method.

In slope method, vertical distance from the plate (top or bottom) where linear extrapolation

(tangent drawn at the plate) of |u| intersects local maxima/minima is termed as λslu . On the other

hand, the vertical distance measured from the plate to the point where |u| becomes maximum or

minimum is represented as λmaxu .

First, a comparison between the slope and maximummethod follows. It is observed that only

slope method gives physically consistent boundary layer, whereas the thickness computed using

the other method increases withRawhich is inconsistent. Figure 3.10(a) shows the inconsistency

where vertical height of the peak velocity increases with Ra. Therefore, the slope method is
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slope technique.

employed for further comparison and physical description. Next, the profiles obtained using

the above mentioned velocities are found similar as shown in Figs. 3.11, and 3.12. However,

variance of the velocity gives inconsistent Ra dependency, while the scaling obtained from |u|,

λslu ∼ Ra−0.24, is in good agreement with the previous studies [19] and theoretical estimate

expected from Prandtl-Blasius expression.

The obtained viscous boundary layer profiles are similar to the thermal boundary layer. It

is important to note that this similarity in the profiles is expected because value of the Prandtl

number is 0.7 which is close to 1. Presence of LSRs has already been discussed in the previous

sections, however, appearance of small scale structures increases with Ra. A clear effect of

LSRs is evident from Fig. 3.11. Since the rolls are present in the center, the observed peaks for

lower Ra near the walls are expected as shown in frame (a). On the other hand, nearly uniform

profiles in frame (b) represent the reduced effect of those rolls. Thus, the proposition that near

wall structures take the shape of the horizontal walls is supported by the viscous boundary layer

profiles as well.

3.6 Statistics of dissipation rates

Next we present statistics of viscous (εu) and thermal dissipation (εθ) rates which play a crucial

role in heat transport mechanism in turbulent RBC. Distribution of dissipation rate shows the role

of extreme fluctuating events and its evolution with Rayleigh number. In Kolmogorov’s refined
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Figure 3.15: PDF of volume averaged (a) thermal dissipation rate (εθ) and (b) viscous dissipation

rate (εu) computed from the normalized data where µ = 〈ln εθ〉V and σ are its mean and standard

deviation. The thick black line represent the standard log-normal distribution for comparison.

similarity hypothesis for turbulent flows, dissipation fields are assumed to follow log-normal

distribution [98]. Emran and Schumacher [47] investigated spatial distribution of thermal dis-

sipation rate in two different subvolumes of the domain, boundary layer and the bulk region. In

boundary layer region, they reported that the distribution deviates from the log-normal behavior

near its tail, and found bumps in the core region. Zhang et al. [48] also observed deviations of

dissipation rate from log-normal behavior. In the present study spatial distribution function of

viscous and thermal dissipation rates are calculated by taking at least 250 instantaneous snap-

shots of the volume data. In non-dimensional form, the dissipation rates are written as

εu =

√
Pr

Ra
(|∇u|2) and εθ =

1√
RaPr

(|∇θ|2). (3.4)
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Figure 3.17: Area-time averaged vertical profiles of (a) thermal dissipation rate and (b) viscous

dissipation rate where magnified view is shown in the inset in order to observe their behavior in

the vicinity of horizontal walls.

Spatial distribution of both the dissipation rates, shown in Fig. 3.14, clearly show thick and

scattered tail which signifies the intermittent local nature. Moreover, a long tail towards higher

dissipation rate indicates the presence of extreme fluctuating events. The results are consistent

with the previous studies[47, 48], although bumps near the core region are not observed here

owing to computation of PDF in the whole domain rather than in subvolumes. A clear shift of

peak towards higher dissipation rate with Ra can be attributed to sharp gradient due to a thin

boundary layer. However, a drop in magnitude of both εu and εθ indicate greater homogeneity

in the bulk at higher Ra.

Distribution functions of the normalized dissipation rates computed from time signals of

volume averaged quantities with respect to standardized sample variable, (ln ε−µ)/σ, are shown

in Fig. 3.15 where µ and σ correspond to the mean and standard deviation, respectively. It is

observed that for lower Rayleigh number (≤ 107) distribution of both the dissipation rates show
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two peak behavior which indicates a non-turbulent state. To clarify this point, phase diagram

of dissipation rates are shown in Fig. 3.16 where a quasi-periodic nature emerges at lower Ra

(≤ 107) while even atRa = 3×107, random nature of the flow is observed. Thus, two peak PDF

observed at the indicated Ra clearly confirms that the flow is yet to attain a fully turbulent state.

However, at higher Ra (≥ 108), PDF of both the dissipation rates show log-normal behavior in

the core region, while the tails deviate with thick and scattered characteristics.

Further, vertical variation of 〈εu〉A,t(y) and 〈εθ〉A,t(y) are investigated to ascertain the region

of extreme fluctuations. In Fig. 3.17, both εu and εθ remain nearly constant in the bulk which

indicates a well mixed homogeneous region. On the other hand, the dissipation rates increase

rapidly and attain maximum values near the top and bottom plates which shows presence of ex-

treme fluctuations in the boundary layer. It is observed that with increase in Ra, magnitude of

dissipation rates decreases in the bulk, while it increases in the boundary layer which suggests

thermal and viscous dissipation occur mainly in the vicinity of the horizontal plates. It is impor-

tant to note that magnitude of 〈εu〉 is greater than 〈εθ〉 near the walls which is also reflected in

larger width of the PDF seen in Fig. 3.14(b). Both the quantities exhibit a similar decay charac-

teristics, 〈ε〉 ∼ Ra−0.2, in least square sense shown in Fig. 3.18. However, exception in terms of

marginal mismatch of the exponent is noticed only in the non-turbulent decade(s). The obtained

power law behavior

〈εu〉V,t = 0.14Ra−0.21 and 〈εθ〉V,t = 0.20Ra−0.22 (3.5)

is in excellent agreement with the scaling reported by Zhang et al. [48].
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Figure 3.19: PDF of temperature fluctuations at a fixed location, x/H = 1.1, and at three different

heights for (a) Ra = 3× 108, (b) Ra = 109, (c) Ra = 3× 109, and (d) Ra = 1010.

3.7 Temporal statistics

In this section statistics of time signals are presented in three parts. First, PDF of temperature

fluctuations, followed by calculation of correlation coefficients in both the near wall and bulk

regions and finally power spectra of temperature is presented for the four higher Ra cases. Since

the bulk and near wall regions pose different flow characteristics, signal stations are selected at

three different heights of the domain in such a way that features of both the regions are captured

adequately. They are located at three different heights near the mid-horizontal span, x/H = 1,

as indicated in Fig. 3.1.

3.7.1 PDF of temperature fluctuations

Distribution of temperature fluctuations is expected to provide insight into different turbulent

states across four decades of Ra considered in the present study. PDF of normalized (by standard

deviation σ) temperature fluctuations, θ′/σ, is computed at three different heights and shown

in Fig. 3.19. Heslot et al. [49] and Sano et al. [50] reported that distribution of temperature

fluctuations transforms fromGaussian in soft turbulent regime to exponential distribution in hard

turbulent regime, and this transformation represents attainment of a different turbulent state. It

is evident from Fig. 3.19 that temperature fluctuations follow an exponential distribution near
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Figure 3.20: Auto-correlation coefficient ρ(τ) for the three higher Ra cases. Frames (a), (b), and

(c) represent the correlation coefficient in the bulk region while (d), (e), and (f) near the bottom

plate.

the peak of the PDF followed by a linear drop in the semi-log diagram which is consistent with

Heslot et al. [49] and Sano et al. [50].

The mechanism of intermixing of hot and cold plumes causes instability in the boundary

layers which results into detachment of thermal plumes [31]. Behavior of such detachments

at higher Ra is indicated by the variation of peak and tail in the distribution of temperature

fluctuations. It is observed that peak of the distribution rises with increase in Ra, and becomes

thinner around its mean. This can be linked to large fluctuations in the flow which results from

frequent emission of thermal plumes at higher Ra. Since plumes are considered as fragments of

thermal boundary layer, frequent detachment of thermal plumes can be attributed to the observed

higher peaks. On the other hand, larger width of distribution indicates rise in number of extreme

fluctuations due to the intermixing of plumes. However, the scattered tails show the intermittent

nature of these temperature fluctuations.

3.7.2 Correlation function

Autocorrelation function (ρ) is the simplest multi-time statistics which relates a random pro-

cess with itself over time and thus it indicates how long the process sustains itself in its local
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neighborhood. For any process φ, autocorrelation coefficient is defined as

ρφ(τ) =
φ′(t) φ′(t+ τ)

σ2
φ

, (3.6)

where σ denotes standard deviation, computed as σ2
φ = φ(t)2 − (φ)2, while τ and over bar rep-

resent delay time and temporal average, respectively. It is clear from the definition of ρ that φ is

perfectly correlated at τ = 0, i.e., ρ(0) = 1. A comparison of ρu, ρv and ρθ is presented for the

three higher Ra cases in Fig. 3.20 where the top and bottom rows correspond to the bulk and

region near the hot plate, respectively. Since flow behavior is similar near the top and bottom

plate, correlation is shown only for the bottom plate.

In the bulk region, ρu drops quickly and oscillates about ρ = 0 which indicates the inter-

mittent effect of two large scale rolls in the center of the domain. It is observed that the vertical

velocity stays positively correlated indicating a persistent vertical motion in the center of the

domain at lower Rayleigh number. All the autocorrelation coefficients decay faster at higher

Ra which implies the loss of self-correlation due to increase in randomness in the flow. In the

near wall region, ρu remains correlated for a longer period of time which indicates a persistent

motion in the horizontal direction. The vertical velocity and temperature show similar decay be-

havior implying a positive correlation only near the wall region which gives rise to the buoyancy

production that sustains turbulent fluctuations.

Cross-correlation (Cj) between fluctuation of vertical velocity and temperature, perceived as

a measure to evaluate behavior of hot and cold plumes at different heights of the box, is defined

as

C(τ) =
φ′1(t) φ′2(t+ τ)

σ1σ2

. (3.7)
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Figure 3.22: Power spectra of temperature fluctuation for (a) Ra = 3 × 108, (b) Ra = 109, (c)

Ra = 3 × 109, and (d) Ra = 1010 near the center of the domain, x/H = 1.1, y/H = 0.5. The

dashed lines represent the cutoff frequency fp.

Note, φ1 and φ2 represent temperature and vertical velocity, and prime, σ and τ represent their

fluctuation, standard deviation and delay time, respectively. Here j = B,M and T denotes

location of probes near the bottom plate, central part and top plate, respectively. For instance,

CM represents the cross-correlation between v′ and θ′ in the bulk region.

High positive correlation in CB and CT , shown in Fig. 3.21, at zero delay time implies

that the region near the top and bottom plates are dominated by plumes. Moreover, their faster

decay with increase in Ra indicates frequent emission of plumes as a result of thermoconvective

instabilities triggered by the splashing of cold/hot plumes on the opposite walls. On the other

hand, negative or very small value (compared to CB and CT ) of CM indicates mixing of the hot

and cold plumes which leads to a homogeneous bulk region. Intermittent appearance of cold

and hot plumes near the top and bottom plates at Ra = 1010 is indicated by their fluctuating

positive and negative correlation about C = 0.

3.7.3 Power spectra

Power spectra (Pθ) of temperature fluctuations is computed by carrying out FFT of autocorre-

lation shown above in the center of the domain. Sano et al. [50] in their experiments observed
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the power-law

Pθ(f) = (
f

f0

)−sexp(
−f
fh

), (3.8)

in the range 108 < Ra < 1011 where f is the frequency while f0 and fh are fitting parameters.

The reported exponents were found to vary between 0.8 to 1.5 for different Ra. Later, Wu et al.

[51] observed a single exponent up to Ra = 1010 while for higher Ra they reported more than

one exponent. Moreover, they also claimed that power-law doesn’t exist at lower Ra (< 108) due

to the absence of inertial cascade. Note, the region of frequencies between the flat and sharp

drop of power can be described as inertial cascade. In the present study, scaling of the spectra

in the inertial subrange is highlighted in Fig. 3.22 which has a form

Pθ(f) = (
f

fc
)−s, (3.9)

where fc and s are fitting parameter and exponent, respectively. This power-law behavior is ob-

served beyond a cutoff frequency (fp) which describes the onset of turbulent fluctuations and

shows the presence of inertial subrange which is absent in lower Ra cases. Cutoff frequency is

quantified using the circulation time of the large-scale flow, described by rms of volume aver-

aged horizontal velocity, 〈u〉V [50, 48]. It is important to note that fp increases with Ra which

indicates the increased role of inertial cascade. It is also observed that the exponent changes

with Ra showing clear departure from the −5/3 law which emphasizes the complex behavior

of turbulence in 2D thermal convection. Due to the absence of one lateral dimension, plumes

are entrapped inside the boundary layers and subsequently eject into the bulk as jet of plumes.

This morphological change can be attributed as one of the principle reason behind the observed

power-law departure. The obtained scaling exponent varies from 0.85 to 0.91 which is in the

range reported by Sano et al. [50].

3.8 Planar statistics

Planar statistics of temperature is presented here to examine the flow characteristics in differ-

ent regions of the domain. Four different measures of temperature fluctuations: the average

temperature 〈θ〉A,t, variance σθ, skewness Sθ and flatness Fθ defined as

σθ = 〈θ′2〉, Sθ =
〈θ′3〉
〈θ′2〉3/2

and Fθ =
〈θ′4〉
〈θ′2〉2

, (3.10)

are shown in Fig. 3.23. Mean and variance provide a qualitative description of thermal boundary

layer thickness while skewness being the third order moment, gives a measure of the asymmetry
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Figure 3.23: Area-time averaged vertical profiles of (a) mean temperature (〈θ〉A,t, (b) variance

σθ, (c) skewness Sθ, and (d) flatness Fθ.

in a distribution around its mean value. This aspect has been used to explain the asymmetric

transport in turbulence by Wyngaard and Weil [99]. On the other hand, flatness measures the

deviation in temperature fluctuations from Gaussian distribution.

Statistical convergence of the flow is evident from the symmetric profiles of mean and vari-

ance about the mid plane. They show sharp gradients near the plates due to high temperature

fluctuations, and thus it represents the thermal boundary layers. Verzicco and Camussi [100],

and Verzicco and Sreenivasan [101] quantified the thermal boundary layer thickness using peak

value of the variance. It is observed that this peak drops as Ra increases which indicates the

decrease in thermal boundary thickness. Nearly constant value of 〈θ〉A,t and σθ indicates homo-

geneity in the bulk region. Wider bulk homogeneous region with increase in Ra is evident from

shifting of the peaks towards the top and bottom plates.

The skewness profile starts from a negative (positive) value near the bottom (top) plate and

attains a positive (negative) maximum (minimum)which subsequently assumes smaller values in

the bulk. The peak value of Sθ represents magnitude of fluctuations near the thermal boundary

layers. Moreover, its magnitude increases with Ra which indicates a highly unstable thermal
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boundary layers leading to frequent emission of plumes. It is observed that the peak value of

flatness increases from 8 at Ra = 3 × 108 to 18 at Ra = 1010 which is significantly higher

than Fθ = 3 reported for Gaussian distribution by Kerr[102] and De et al. [92] This indicates

a highly non-Gaussian distribution of temperature emerges in 2D RBC. In Sec. 3.7.1, it was

noted that the temperature distribution showed exponential behavior and attained sharp peaks

for higher Ra cases. This deviation is quantified by the large value of Fθ (≥ 8) which justifies

the observed departure in PDF of temperature fluctuations in Fig. 3.19. The obtained skewness

and flatness profiles are not smooth due to entrapment of the fluid in the boundary layers. In

connection to this observation, Lülff et al. [63] reported that vertical variation of higher order

moments in 2D RBC are not smooth as compared to the three-dimensional cases.

3.9 Conclusions

In this chapter, we have studied turbulent Rayleigh-Bénard convection in a two dimensional rect-

angular cell of aspect ratio 2, in a wide range of Rayleigh number 106 ≤ Ra ≤ 1010, using air

(Pr = 0.7) as the working fluid, are carried out. Detailed study on local and global statisti-

cal properties of coherent structures are undertaken through scaling and ensemble measures of

boundary layer, thermal plumes and heat transport. In absence of a lateral dimension in 2D,

thermal plumes detached from boundary layers are entrapped while they take off which is re-

flected from intense hot or cold plumes near the top and bottom plates. Subsequently, they are

emitted in the form of thermal jets into the bulk which is observed as thin, small bright struc-

tures. Strong agreement in Nu(Ra) scaling with 3D data suggests the mechanism of formation

of plume does not affect the global quantities. However, the resulting convection rolls carrying

the plumes from the boundary layer to the bulk affect the structure of the boundary layers.

Boundary layer thickness, computed using the slope and 99%methods, yield similar profiles.

Horizontal non-uniformity at low Ra apparently shows dominating effect of large scale rolls. On

the other hand, a uniform profile at high Ra indicates that the entire horizontal surface behaves as

a region of intense high/low temperature. The observed power-law, λθ = 2.93Ra−0.27, provides

the dependency of boundary layer thickness on Rayleigh number which agrees well with the

theoretical estimate, λθ ∼ Nu−1. A qualitative picture of boundary layer thickness is obtained

by the presence of mean temperature gradient and variance near the wall region. Furthermore,

turbulent kinetic energy budget indicates an approximate balance between transport and dissipa-

tion in the boundary layers, T ≈ D, while buoyancy production is significant in the bulk region,
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P ≈ D, with advection (A) found insignificant along the entire height of the domain.

Thermal plumes, one of the essential coherent structures in RBC, are characterized by a

positive correlation between fluctuations of vertical velocity and temperature. At any threshold,

volume share of plumes drop with increase in Ra which is compensated by a rise in background.

Smaller threshold produces uncertain data that reflects nearly similar contribution in dissipa-

tion, and only at larger threshold background share of dissipation far exceeds that of the plume.

However, in the limit of high Ra, both these regions asymptotically produce same dissipation.

Thus, relatively larger dissipation caused by plumes of less volume occupancy supports thin and

brighter spots in global temperature map. While power exponents for plume fraction and dissi-

pation are sensitive to the threshold, background region yields nearly same exponent. Similar

nature of fluctuations of vertical velocity and temperature near the walls is further supported by

the auto-correlation coefficients with higher 〈v′θ′〉 supports the criterion adopted to identify the

plumes and background regions.

Sharp peaks in PDFs of temperature fluctuations at higher Ra indicate frequent emission

of plumes while increasingly wider tails seem to support extreme fluctuations. Exponential

distribution of the same suggests attainment of a higher turbulent state which is quantified by

the obtained flatness (≥ 8). The deviation in exponent from −5/3 in the frequency spectra

indicates the complex nature of thermal convection in 2D and the morphological change of

the entrapped plumes can be partly attributed to this observed departure. Vertical variation of

skewness represents the behavior of frequent emission of plumes which is believed to affect

the boundary layers as its peak value can be directly connected to the instability of the thermal

boundary layers.
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CHAPTER 4

Effect of rough boundaries on Nu and flow structures

This chapter reports a detailed investigation of the effect of rough boundaries on heat flux en-

hancement and flow structures in turbulent Rayleigh-Bénard convection. We consider three

levels of roughness having maximum height as 5%, 10% and 20% of the cell height. Presence of

rough surfaces induces a significant enhancement in heat flux beyond a critical Rayleigh number

(Rac) the value of which strongly depends on the roughness height. The PDF of the temperature

fluctuations exhibits the Bi-Gaussian distribution below Rac, while it shows exponential nature

in the enhanced heat flux regime. Distinct nature of large-scale flow patterns is observed in

this regime. While a stable double-roll state persists for the smallest roughness set-up, effect of

corner rolls emerges in the intermediate level. Break down of the stable double-roll structure

into multiple rolls is seen to be linked with higher heat flux owing to efficient washing out effect

in the roughness grooves. A stronger horizontal motion elevates the shear production for the

smallest roughness case. On the other hand, direct injection of plumes into the bulk improves

the buoyancy production leading to larger heat flux for the tallest roughness. Roughness heights

are seen not to have any discernible effect on the overall flow strength.

4.1 Introduction

In thermal convection, two questions are of paramount importance. First is the heat transfer

rate, computed in terms of Nusselt number Nu, and second, the active mechanism responsible

for it. Since both are interrelated, a deeper understanding of the mechanism helps in enhancing

59
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the heat transfer rate. For instance, flow inside an inclined convection cell evolves differently

than that in the horizontal cell, and thus, the induced flow states alter the heat flux [66, 64, 70].

Flow over rough surfaces is another such possibility that influences the flow dynamics and heat

flux. The standard Rayleigh-Bénard convection is an ideal system to study the flow patterns and

mechanism of heat transfer in natural convection. Thus, it is important to incorporate the surface

roughness on the isothermal walls in RBC. For a detailed description, the reader is referred to

chapter 1.

Several previous roughness aided-RBC studies reported a significant augmentation in heat

flux due to enhanced Nu(Ra) scaling exponent and prefactor [56, 58, 75], refer Sec. 1.3. For

instance, Shen et al. [54] reported that Nu increases by 20% in rough cases, Du & Tong [57]

observed a maximum of 76% increment, and Toppaladoddi et al. [53] obtained the highest scal-

ing exponent (0.483). The enhanced exponent is attributed to two different mechanisms. First,

roughness enhances the bulk-plume interaction, which disturbs the boundary layer [56, 57, 53].

Second, rough surfaces break the flow symmetry (LSC), which enhances the mixing of fluid

[62]. It is important to note that the two mechanisms are related to the boundary layer dynamics.

Invoking any of the two mechanisms using rough surfaces gives the enhanced exponent regime.

But a vital prospect of these mechanisms still needs to be explored, i.e., how the heat flux and

the scaling exponent respond if more than one mechanism in the convection cell is triggered.

We attempt to answer this question using three irregular (random) roughness configurations in

this chapter.

To the best of our knowledge, a single roughness scale has been used in almost all the studies

that dealt with roughness driven turbulent convection, except the studies carried out by Zhu et

al. [2] and Ciliberto and Laroche [56]. While Zhu et al. [2] used three roughness scales, Cilib-

erto and Laroche experimented over a wide range of glassy spherical roughness length scales.

However, conical peaks have a higher tendency of nucleating thermal plumes than spherical sur-

faces, which makes it more suitable for the heat flux enhancement. In real-life problems, rough

surfaces usually have several different length scales, and thus, it is essential to consider a num-

ber of roughness scales and investigate their combined effect on heat transfer and the scaling

exponent. Indeed, random roughness becomes a natural choice that includes a wide range of

scales and mimics the nature of complex uneven surfaces. We have focused on three levels of

random roughness in the convection cell, as shown in Fig. 4.1. The main attribute of all the three

roughness configurations lies in their randomly generated length scales, which are characterized

by their range of heights. For more details about the roughness configurations, refer Sec. 2.3.
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Figure 4.1: Schematic diagram of three random roughness configurations, R1, R2, and R3, which

are characterized by their maximum heights. Inset shows the zoomed view to indicate the peak,

valley, and throat regions of a roughness element measured by its height (h), and base (λ).

To the best of our knowledge, this is the first attempt where several roughness scales are used

to explore the mechanisms responsible for heat transport. Moreover, a comparison of Nu over

the three roughness configurations may help in determining the type of roughness to be used for

practical purposes.

4.2 Numerical details

The flow is simulated inside a two-dimensional rectangular box of aspect ratio Γ = 2 using air

(Pr = 0.7) as the working fluid, see Fig. 4.1. The top and bottom rough surfaces are kept at

a fixed temperature, while adiabatic condition is used along the lateral walls. No-slip boundary

condition is invoked for both the uneven surfaces and the lateral walls. Non-uniform mesh in the

wall-normal direction is refined close to the rough surfaces. For adequate spatial resolution, the

maximum grid spacing is kept smaller than the analytically estimated Kolmogorov length scale

(η = HPr1/2Ra−1/4(Nu− 1)−1/4). It also satisfies the criterion of the minimum number of grid

points inside the thermal boundary layer (TBL) [76]. In particular, 2560× 1620 grid points are

used in the horizontal and vertical direction, respectively, for the most demanding case, Ra =

4.64×109. The non-dimensional heat flux (Nu) is computed usingNu =
√
RaPr〈vθ〉V −〈∂zθ〉V ,

where 〈·〉V indicates the volume-averaged quantity. Statistical sampling is carried out for at least

200 free-fall time units once the flow attains dynamic stationary state. The numerical details of

all the cases are listed in Table 4.1. For more details about the governing equations and surface
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Table 4.1: Details of the simulation parameters for the three roughness configurations, R1, R2,

and R3. From left to right: Ra is the Rayleigh number; Nx andNy are the number of grid points

in x and y directions, respectively;NBL is the number of grid points inside the thermal boundary

layer calculated from the smooth case; Nuref is the reference Nusselt number taken from Zhu

et al. [2] for multi-scale roughness; and Nucomp is the computed Nusselt number in the present

work. Here, underline, parenthesis, and overline mark the onset of enhanced heat flux regime in

R1, R2, and R3 cases, respectively.

Ra Nx ×Ny NBL Nuref Nucomp

For Ri (i = 1, 2, 3) Zhu et al. [2] R1 R2 R3 Smooth

106 1000× 600 87 − 6.84 6.06 5.08 07.35

2× 106 1000× 600 85 − − 6.53 6.17 −

3× 106 1000× 600 75 − 8.49 7.07 6.89 09.01

6× 106 1000× 600 74 − − 8.48 10.11 −

107 1000× 600 59 − 10.61 9.73 12.00 12.44

3× 107 1000× 600 48 − 14.19 16.44 19.25 17.45

3.98× 107 1000× 600 43 − 15.31 18.39 22.08 −

(5.50× 107) 1000× 600 42 − 16.70 (20.97) 24.87 20.98

7.24× 107 1000× 600 29 − 18.28 23.44 28.68 −

108 1200× 600 24 20.8 20.28 26.19 32.45 25.08

2.15× 108 1200× 700 19 30.1 28.98 37.59 44.38 32.18

4.64× 108 1400× 800 16 43.6 44.34 53.69 61.81 40.93

109 2000× 1000 13 63.1 64.05 76.02 86.67 51.50

2.15× 109 2000× 1400 13 92.2 88.88 105.60 117.48 60.49

4.64× 109 2560× 1620 11 130.3 132.72 145.73 158.29 74.92

roughness, refer chapter 2.

4.3 Enhanced heat flux regime

Rough surfaces in thermal convection cells have been extensively used for efficient heat trans-

fer. Using pyramid roughness elements, Shen et al. [54] observed 20% enhancement in Nusselt

number (Nu). While Ciliberto & Laroche [56] used spherical roughness, Du & Tong [57] used
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Figure 4.2: (a) Comparison of Nu for different roughness configurations. While Zhu et al. [2]

used the periodic triple-scale roughness heights, Toppaladoddi et al. [53] used a uniform mono-

scale configuration optimized for highest heat transfer. (b) Normalized heat flux ζNu = (Nu −

Nu0)/Nu0 × 100 as a function of Ra for the three random roughness configurations, where Nu0

represents heat flux in the smooth case. The inset shows the power-law ζNu ∼ Ran where n =

0.96, 0.84, and 0.44 for R1, R2, and R3 configurations, respectively. (c) The onset of enhanced

exponent regime at the critical Rayleigh number, Rac = 2.15 × 108, 5.50 × 107, and 1 × 107

for R1, R2, and R3 setups, respectively. (d) A compensated plot (Nu/Ra1/2) showing deviation

from local 1/2 scaling regime.

pyramids to enhance heat flux and found that scaling exponent (m) in Nu ∼ Ram changes when

the roughness perturbs the thermal boundary layer. Since Nusselt number (Nu) is perceived

as the measure of heat transfer rate from the underlying surface and the Rayleigh number (Ra)

contains the applied thermal forcing, the exponent in Nu ∼ Ram scaling law acts as the key to

heat transfer enhancement. Among a few others, roughened surfaces have been observed to push

the classical Malkus [24] exponent of 1/3 towards what Kraichnan [28] foresaw as the ultimate

regime in thermal convection characterized by the "half-scaling" (m = 1/2). It is a practice to

refer to a Ra regime where the exponent improves from 1/3 as the “enhanced exponent regime."
TH-3145_176103004



64 Chapter 4. Effect of rough boundaries on Nu and flow structures

Recently, Toppaladoddi et al. [53] observedm = 0.483 in a lower Ra range varying from 108 to

4 × 109, and termed it as local 1/2 scaling regime. The increased bulk-plume interaction was

attributed to the improvement in the scaling exponent. Later, Zhu et al. [59] found the true extent

of this regime, which sustains for only one and a half decades. However, with periodic triple-

scale roughness configuration, Zhu et al. [2] observed the increased extent of the 1/2 scaling

regime due to persistent destabilized boundary layers up to a very high Ra = 1011.

In what follows, we begin with the comparison of Nu for different roughness configurations.

Figure 4.2(a) shows Nusselt number obtained for the mono-scale roughness by Toppaladoddi

et al. [53], periodic triple-scale roughness by Zhu et al. [2], and the three present random rough-

ness configurations and a smooth cell. Clearly, the random roughness shows higher Nu as com-

pared to the other configurations, except for the mono-scale roughness where Toppaladoddi et al.

[53] used optimum roughness height. Interestingly, the triple-scale and the smallest roughness

configuration (R1) used in the present work yield the same Nu beyond Ra = 108. Note that the

triple-scale roughness in Zhu et al. [2] was termed as multi-scale roughness. However, presence

of a range of roughness scales which have no preconceived order in the present work makes it

close to reality, and also yields higher heat flux as compared to the previous roughness configu-

rations.

Next, heat flux in the three roughness facilitated convection cells is compared. To exclude

the effect of wetted area in Nu, we kept it nearly the same in the three roughness cases. Figure

4.2(b) shows the variation of normalized heat flux (ζNu = Nu− Nu0/Nu0 × 100) as a function

of Ra for the three configurations, where Nu0 indicates heat flux for the smooth case. In order to

highlight the differences in Nu, the enhanced heat flux regime is further represented by ζNu > 0.

In this regime, the tallest roughness configuration (R3) produces the maximum ζNu, and it drops

with the configurations characterized by their maximum roughness height. In the enhanced heat

flux regime (ζNu > 0), it is observed that the normalized heat flux obeys a power-law behavior

as ζNu ∼ Ran, where n is the scaling exponent. As shown in the inset, least-square fit of the data

yields n = 0.96, 0.84, and 0.44 for R1, R2, and R3 configurations, respectively. Evidently, the

exponent drops as the maximum roughness height increases. Surprisingly, effect of roughness

height is not limited to an increase in heat flux. Larger the maximum height of roughness is

greater is the heat flux enhancement. However, smaller the maximum height is higher is rate of

increase of ζNu with Ra. This indicates multifaceted behavior of the surface roughness. The one

with the highest gain does not extend for the entire spectrum of Ra, as smaller roughness yields

large rate of increase of Nu over Nu0 at large Ra. On the other hand, ζNu(Ra) behaves differently
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when ζNu < 0 due to the geometric characteristics of the configurations. In R1 case, the spacing

between the roughness elements is too small to impact the flow behavior, and thus it behaves like

the smooth case. On the contrary, in the other two configurations, a wider spacing between the

roughness elements accumulate the flow, which resists the heat transport. Consequently, lower

Nu is evident for these two configurations.

For uniform roughness heights varying in the range 0.05 ≤ h/H ≤ 0.15, Zhu et al. [59]

obtained similar results in the enhanced exponent regime, where Nu increases with roughness

heights. Since nearly same wetted area is used for the three configurations, the three distinct

curves perhaps indicate different heat transport mechanisms. The flow behavior at different

roughness heights is described in greater detail in Sec. 4.4. Zhang et al. [61] observed that strong

secondary vortices present near the rough surfaces wash the cavities, which enhances the heat

flux. Though, they used mono-scale roughness elements, entrapment also persists in random

configurations due to the formation of cavities between the elements. Varying the roughness

heights may disrupt the entrapped fluid, effecting a greater mobility of the otherwise trapped

fluid.

Before exploring the heat transport mechanism, Nu(∼ Ram) scaling exponent in the en-

hanced heat flux regimes are studied. Figure 4.2(c) shows a least-square fit of the data, resulting

in three different exponents as m = 0.487, 0.439, and 0.421 for R1, R2, and R3 cases, respec-

tively. Moreover, it also shows a different onset of the enhanced heat flux regime for the configu-

rations, given by the critical Rayleigh numberRac = 2.15×108, 5.50×107, and 107, respectively.

Since taller heights have a higher tendency to penetrate the boundary layers, lower values of Rac
in R2, and R3 are expected [59]. It is evident that the transition to the enhanced heat flux regime

occurs at different Ra, which is in agreement with Zhu et al. [2].

Mathematical models proposed by Malkus [24] and Castaing et al. [29] indicate that the

scaling exponent is linked with the heat transport mechanism. For uniform-sinusoidal rough-

ness, Toppaladoddi et al. [53] reported the exponent m = 0.483, while Zhu et al. [2] obtained

m = 0.49 for multi-scale roughness elements. They attributed these higher values of m to the

increased bulk-plume interaction. Significant differences in the value of m for R1, R2, and R3

configurations are also observed in the present study, as shown in Fig. 4.2(c). The cell with R1

geometry yields the highest exponent (m = 0.487), while it is least for the R3 case (m = 0.421).

The value ofm in R1 configuration is close to that obtained by Toppaladoddi et al. [53], and Zhu

et al. [2], which signifies the improved bulk-plume interaction by increasing the intense plume-

emitting spots. On the other hand, breaking of large-scale rolls into smaller ones is responsible
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Figure 4.3: PDF of temperature fluctuations (θ′) in the bulk (center of the domain), showing the

transition from two peaks to a single peak distribution in (a) R1, (b) R2, and (c) R3 configurations.

The critical Rayleigh number (Rac) in the three configurations are represented by red color.

for the enhanced exponent in R2 and R3 cases. Such a phenomenon was previously reported in

the inclined convection cell. The random roughness used in the present work shows the same

without any inclination. A detailed discussion on heat transport mechanism is provided in the

next section.

Further, consistency of the data in the enhanced scaling regimes is investigated through a

compensated plot (Nu/Ra1/2), as shown in Fig. 4.2(d). Evidently, R2, and R3 deviate from

the local 1/2 scaling regime, whereas R1 yields a stable scaling with m ≈ 1/2. Moreover, the

same scaling parameters, both the exponent and prefactor, in R1 and triple-scale roughness used

by Zhu et al. [2] indicate the same heat transport mechanism. In this plot, a higher prefactor

for the optimum roughness geometry used by Toppaladoddi et al. [53] is evident. The higher

value clarifies why higher heat flux is obtained in this configuration as compared to the random

roughness in Fig. 4.2(a).

Finally, to identify the transition to the enhanced Nu regime (Rac), we have investigated the

PDF of temperature fluctuations (θ′) in the bulk region (center of the convection cell). The PDF

is computed for at least two hundred free-fall time units of sampling length. Figure 4.3(a-c)

shows the PDF of temperature fluctuations in R1, R2 and R3 cases, respectively. It should be

noted that transition in the distribution of temperature fluctuations has been used to demarcate

different turbulent states [50]. In a recent study, Chand et al. [103] have described the tran-

sition to a single peak distribution as the sign of attainment of a highly turbulent state which

modifies the temperature statistics. With increasing Ra, Castaing et al. [29] found that PDF of

θ′ changes from a Gaussian to an exponential distribution, showing the transition to the hard-

turbulent regime. Salort et al. [104] showed the change in histogram from Gaussian to a single-

peak shape, when the probe was moved from the boundary layer region to the bulk. In the current
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study, a clear transition from two peak behavior to a single peak is evident in all the three config-

urations at the critical Rayleigh numbers (Rac): 2.15×108, 5.50×107, and 107, respectively, for

R1, R2, and R3. This transition confirms the attainment of higher turbulent state and identifies

the onset of enhanced Nu regime. However, since such an onset occurs early (smaller Ra) for

taller roughness, distribution function having a single peak has a connection with uniform flatter

profile with significant scatter and longer tails. On the other hand at small roughness, the onset

occurs at a larger Ra when distribution has become polarized with sharp peak and virtually non-

existent tails. Thus, onset of the enhanced heat flux regime occurs at relatively different flow

states which clearly indicates role of average height of the roughness elements, though they do

not appear in any specific pattern.

4.4 Heat transport mechanism

In natural convection, thermal plumes play a crucial role in the heat transfer phenomenon [19].

These plumes are detached boundary layer structures responsible for the Nu(Ra) scaling law

[29]. However, the heat transport mechanism in the rough configuration is different from the

smooth case. In the latter, hot fluid gains sufficient energy to become unstable and rises from

the boundary layers. On the contrary, roughness elements help to detach the hot fluid attached

to them and thereby augment the heat transport properties. Note that the emission of thermal

plumes and detachment are two different phenomena. Therefore, one way to influence the heat

flux is by varying the plume emission process and their morphology. On the other hand, altering

the large-scale rolls, which drives these plumes, is another way to enhance the heat flux [64].

While the former is responsible for enhanced heat flux in the roughness case, the latter has been

observed for the tilted cells [64]. Surprisingly, in the present work, both the phenomena have

been observed to modify the scaling laws.

In an experimental study, Shen et al. [54] observed large-sized thermal plumes in the bulk re-

gion, which enhanced the heat flux. Later, Stringano et al. [105] found the edges of the roughness

elements to be the most active plume emission spots, hence emitting the plumes more frequently.

By varying the geometric properties of roughness elements, Wagner & Shishkina [106] found

that wider grooves affect the large-scale flow structures and strengthen the induced secondary

vortices. These vortices wash-out the cavities and weaken the boundary layer perturbation to

make the transport phenomenon similar to that in the smooth case. On the contrary, lack of ven-

tilation in the cavities results in intermittent interaction between large-scale rolls and the fluid
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Figure 4.4: For R3 configuration, instantaneous temperature field for Ra (a) 106, (b) 107, (c) 108,

(d) 109, (e) 2.15× 109, and (f) 4.64× 109. At Rac = 107, the double-roll state transforms into a

triple-roll state.

Figure 4.5: Time-averaged temperature field superimposed with velocity vectors showing the

stable multiple-rolls for the same cases as in Fig. 4.4. The double-roll state transforms into a

multiple-roll state beyond the Rac = 107.

Figure 4.6: Time-averaged angular velocity field showing the stable multiple-rolls for the same

cases as in Fig. 4.4. The triple-roll state further transforms into a complex four-roll state at the

highest Ra.
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resting in the cavities. This interaction sustains the perturbation of the boundary layers. Later,

Toppaladoddi et al. [53] and Zhu et al. [2] attributed the enhanced heat flux and scaling exponent

to the increased bulk-plume interaction. Since all of these investigations dealt with the uniform

roughness, it is interesting to see how the process of plume emission and its interaction with the

bulk respond to random roughness configurations.

To understand what triggers the enhanced heat flux regime, we look into the large-scale

flow structures. Beginning with the tallest roughness (R3), Fig.4.4 shows the instantaneous tem-

perature field at six different Ra, covering the entire range of simulated cases. Interestingly, the

double-roll state at a lower Ra (< 107) transforms into a triple-roll state at the critical Rac = 107,

as shown in Fig. 4.4(b). These rolls further break-down into multiple-rolls at the highest Ra,

see Figs. 4.5(d-f). Since instantaneous field is obscured by the turbulent fluctuations, to identify

the stable rolls time-averaged temperature field overlaid by velocity vectors and angular veloc-

ity field are shown in Figs. 4.5 and 4.6, respectively. Apparently, smaller rolls have a higher

tendency to wash out the cavities than the bigger ones due to their ability to enter the narrow

spaces between the roughness elements. Also, the effect of large-scale rolls is evident in the

detached large-sized thermal plumes, as shown in Fig. 4.4(c-e). The boundary layer under the

influence of these strong rolls tends to leave the surface early, resulting in an emission of arbitrar-

ily shaped thermal plumes. Therefore, breaking of large-scale rolls into smaller ones explains

how the so-called bulk-plume interaction increases in this random configuration and incites the

onset of enhanced heat flux regime. The features mentioned above are also reflected in the time-

averaged angular velocity field, where pair of counter-rotating rolls are evident (see Fig. 4.6).

As Ra increases, these rolls break down into a multiple-roll state. The figure also provides a

clear visualization of secondary vortices near the roughness elements. A similar phenomenon

of enhanced heat flux has been observed by Wang et al. [64], where a stable double-roll state

transforms into an unstable triple-roll state in an inclined convection cell.

Next, the heat transport mechanism responsible for the higher heat flux in R2 configuration

is revealed using flow structures. While Fig. 4.7 shows the instantaneous temperature contours

at six Rayleigh numbers, Figs. 4.8 and 4.9 indicate the time-averaged velocity field and angu-

lar velocity field, respectively. The time-averaged fields are shown here to confirm the stable

large-scale rolls. In contrast to R3 configuration, where a transition from double-roll state to

multiple-roll state was observed, two primary rolls persist for the entire simulated Ra regime

here. Nevertheless, the striking feature in this configuration is the contribution of corner rolls.

At lower Ra (< Rac), weak corner rolls are observed, as shown in Fig. 4.8(a). However, with
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Figure 4.7: For R2 configuration, instantaneous temperature field for Ra (a) 107, (b) 5.50× 107,

(c) 108, (d) 4.64× 108, (e) 2.15× 109, and (f) 4.64× 109. Transition from a double-roll state to

a complex multiple-roll state occurs at Rac = 5.50× 107.

Figure 4.8: Time-averaged temperature field overlaid by velocity vectors showing the stable

multiple-rolls for the same cases as in Fig. 4.7. Beyond Rac = 5.50 × 107, the corner rolls be-

come strong enough to drive the thermal plumes to the opposite boundary layer, which becomes

prominent in the most demanding case.

Figure 4.9: Time-averaged angular velocity field showing the stable multiple-rolls for the same

cases as in Fig. 4.7. The strength of the two primary rolls increases with Ra, although, their size

is controlled due to growing corner rolls.
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increasing Ra, the strength and size of the corner rolls increase and become significant to wash

out the cavities near the lateral walls. Figure 4.8(b) shows that the corner rolls near the right-

lateral wall approach towards each other. The primary rolls near the corner rolls drive thermal

plumes from one corner roll to another. In this way, the detached thermal plumes destabilize

the opposite boundary layers to enhance the plume emission process. In the most demanding

case, the emerging corner rolls are sufficiently large to drive the thermal plumes to the opposite

boundary layer on their own, seen in frame (f). Note that the growth of the corner rolls also af-

fects the size of the two primary rolls, which correspondingly approach cavities more efficiently

and wash them out to enhance the heat flux, as seen in Fig. 4.8(d-f). Therefore, it is inferred that

growing corner rolls as Ra increases triggers the enhanced Nu regime.

For the smallest roughness (R1) configuration, similar to the R2 case, a double-roll state

persists for the entire regime, although the corner rolls do not grow with Ra anymore (see Figs.

4.10-4.13). The instantaneous temperature field shows the movement of thermal plumes along

the lateral walls, while the time-averaged linear and angular velocity fields indicate the stable

double-roll state. This double-roll state resembles the smooth case, where the large-scale rolls

carry the thermal plumes to the opposite boundary layers. Therefore, a different mechanism

than the complex multiple roll state and growing corner rolls cause the enhancement in both

the heat flux and the scaling exponent in R1 case. To investigate the mechanism, we observe

the instantaneous temperature field in the vicinity of the rough surfaces. As shown in Fig. 4.13,

instantaneous temperature contours are observed at the highestRa case due to amore pronounced

appearance of the flow structures. Temperature field at R2, and R3 configurations show that

not only the peaks but also the slant edges emit thermal plumes. Zhu et al. [59] observed this

increased plume emitting hotspots at a Ra close to 1012. Interestingly, random roughness shows

such characteristics at much lesserRa, whichmakes it more preferable to its uniform counterpart.

It is important to note that the plumes emitted from the slopes diffuse in the nearby surroundings

to strengthen the secondary vortices, while the peaks emit intense plumes that enter the bulk

directly. Evidently, very few secondary vortices and a significantly higher number of active

peaks are present in R1 configuration. Such thermal plume emitting regions, both the peaks and

slopes, are termed as active spots (active peaks or active slopes).

At lower Ra (< Rac), insufficient active peaks allow the induced horizontal shear flow to

create a smooth boundary layer over the rough surfaces filled with stagnant fluid. Such occur-

rence is similar to that in the smooth case where fluid residing in the cavities resist heat transfer

resulting in a lower heat flux below Rac. However, as Ra increases, the thermal boundary layer
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Figure 4.10: For R1 configuration, instantaneous temperature field at Ra (a) 107, (b) 108, (c)

2.15× 108, (d) 4.64× 108, (e) 2.15× 109, and (f) 4.64× 109. A double-roll state persists in the

entire range of simulated Ra cases.

Figure 4.11: Time-averaged temperature field overlaid by velocity vectors showing the persistent

and stable double-roll state for the same cases as in Fig. 4.10.

Figure 4.12: Time-averaged angular velocity field indicating the evidence of a double-roll state

throughout the simulated Ra range. The angular velocity field is presented for the same cases as

in Fig. 4.10 to show the entire Ra range.
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Figure 4.13: For Ra = 4.64 × 109, snapshots of the instantaneous temperature field close to

the bottom plate in (a) R1, (b) R2, and (c) R3 configurations. A significantly higher number of

peaks become active in R1 case, which emits the thermal plumes in large quantities to enhance

the so-called bulk-plume interaction.

Figure 4.14: Time-averaged temperature field close to the bottom plate for (a) R1, (b) R2, and

(c) R3 configurations for the highest Ra = 4.64× 109. The approach of the bulk-mean temper-

ature increases with overall heights of roughness elements. A thin covering of isothermal layer

on the roughness elements disappears at R1 making it more prone to greater boundary layer

perturbations.

becomes thinner, and hence, exposes more peaks to the bulk fluid. Beyond the critical Rac,

a sufficient number of peaks become active, and the boundary layer is perturbed throughout

the surface. Thermal plumes emitted from these peaks enter the bulk directly to enhance the

so-called bulk-plume interaction. Therefore, the increased bulk-plume interaction increases the

heat flux and Nu(Ra) scaling exponent. A note on the variation of this exponent with the rough-

ness configurations is relevant here. The secondary vortices are either weak or absent in the R1

configuration due to too many roughness elements creating smaller throat regions. However, in

the other two configurations, the wider throat region causes strong secondary vortices. Since
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Figure 4.15: Instantaneous temperature field atRa = 109 for (a) R1, and (b) smooth case showing

that the two large-scale rolls carry the thermal plumes to the opposite surfaces. Contrary to the

other configurations, thermal plumes do not enter the bulk directly and move along the lateral

walls and at the confluence of the large-scale rolls in these two convection cells.

the increased turbulence in the cavities reduces the perturbation of the boundary layer, a drop in

the scaling exponent becomes obvious as it behaves similar to the smooth case in the cavities.

These arguments agree well with the previous studies [106], where the wider throat region was

found to strengthen the secondary vortices but reduce the Nu(Ra) scaling exponent. Therefore,

the present study suggests that the scaling exponent depends on the width of the throat region.

Further, with the help of a time-averaged temperature field in the vicinity of rough surfaces,

perturbation of thermal boundary layers can be detected. As shown in Fig. 4.14, the large

temperature gradient is confined to a thin layer near the roughness elements and covers the entire

surface in R3, except for the places where space between the roughness elements is minimal.

Qualitatively, this smooth covering of the surface shows the absence of the perturbed boundary

layers. Also, the presence of the bulk-mean temperature is apparent at most of the surface in

this configuration. On the other hand, the boundary layer is more perturbed in R2, while a

strongly perturbed boundary layer is evident in the R1 configuration. In the latter, the bulk-mean

temperature of the flow hardly approaches the cavity fluid. Clearly, a narrow spacing between the

roughness elements in R1 case resists the bulk-mean temperature to reach the cavities, and thus,
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supports the boundary layer perturbation. On the other hand, a wider spacing helps in a thorough

mixing of the cavity fluid that allows the bulk-mean temperature to approach the cavities, as seen

in the R3 case. These results support the above arguments related to the high turbulent intensity,

which modifies the scaling exponent in the three configurations. Furthermore, using a schematic

diagram, Zhu et al. [2] showed the boundary layer perturbation near the rough surface. The

schematic is found consistent with the present tallest roughness case (R3), where the perturbation

nearly vanishes. However, the perturbation is clearly observed in the other two cases. This study

shows that spacing between the roughness elements controls the boundary layer perturbation.

Also, the geometric characteristics of random roughness reveal a complex interaction between

the bulk-mean and near-wall temperature, which was absent in the previous studies.

In order to study the role of plume emitting peaks, we further investigate two important

components of turbulent kinetic energy (TKE) budget, buoyancy (Pb) and shear production (Ps).

Mathematically, they are computed as

Ps = −u′iu′jSij and Pb = gβu′iθ
′δiy

where prime and Sij represent the fluctuation andmean strain rate, respectively. While buoyancy

production signifies production of turbulent fluctuations by thermal plumes, shear production

indicates the energy interaction between mean flow and turbulent fluctuations. As shown in Fig.

4.16 and 4.17, we present the variation of Pb and Ps in the horizontal direction just above the

maximum roughness height (H/100 unit distance above the maximum roughness height). It is

evident that below the critical Ra, magnitude of the two components of TKE is insignificant.

However, as Ra increases, their magnitude, and variation in the horizontal direction increases.

Since Pb is a direct measure of thermal plume, a sudden rise in peaks confirms the idea of

activation of numerous peaks beyond the critical Ra. A similar observation is quite apparent

in R2 and R3 cases. However, magnitude of buoyancy production is higher in the two taller

configurations. This happens due to frequent washing-out of the cavities by the smaller rolls

present in two taller roughness cases and direct emission of thermal plumes in the bulk. The

transformation of large-scale rolls into smaller ones provides them greater access to the cavities,

which further supports why R3 results in higher heat flux than the other configurations.

In terms of magnitude, shear production shows the opposite trend to Pb. In R1 case, shear

production is significantly greater as compared to R2 and R3. Note that higher Ps indicates

transfer of energy from mean flow to turbulent fluctuations. It is observed that a double-roll

state remains intact in the R1 case, which incites a strong lateral movement of fluid. Interaction

between the mean flow and surface roughness increases with Ra, resulting in stronger velocity
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Figure 4.16: Buoyancy production in (a) R1, (b) R2, and (c) R3 before, at and above the critical
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fluctuations. However, it seems obvious that multiple large-scale rolls hinder their motion, re-

sulting in a flow that supports the vertical movement of thermal plumes more than the horizontal

one. Thus, the two components of TKE ascertain the significance of active peaks and unveils

the strongly induced horizontal movement of fluid in the R1 case.

The previous investigations have suggested that the so-called bulk-plume interaction can be

improved by increasing the number of active spots (plume emitting spots) [53, 59, 2]. However,

the current study reveals that there can be three ways to enhance this interaction. First, by a

breakdown of large-scale rolls into smaller ones, which can enter the cavities more efficiently

and sweep the boundary layer, as in R3 set-up. These smaller rolls enhance the mixing of fluid in

the cavity regions to emit intense thermal plumes more frequently. Second, the growing strength

and size of the corner rolls evacuate the cavities near the lateral walls and reduce the size of

the primary rolls. Third, by increasing the number of active peaks, which emits more thermal

plumes, as in R1. Surprisingly, R2, and R3 also possess attributes of the higher active spots.

These results suggest that not only the tilt of the cell but rough surfaces also induce complex roll

states or distorted structures, which results in increased heat flux.

Thus far, in terms of large-scale rolls, we have argued that the heat transport phenomenon

in R1 case is similar to that in the smooth case. Figure 4.15 shows flow visualization in the

two convection cells at Ra = 109. Clearly, two rolls of nearly the same size are evident in both

the cases, as shown by the dashed lines. Moreover, Fig. 4.11 also shows the persistent double-

roll state in the entire simulated Ra range. The induced shear flow near the isothermal surfaces

destabilizes the boundary layers, resulting in the emission of thermal plumes. These plumes are

further carried away by the large-scale rolls along their periphery and do not allow the thermal

plumes to enter the bulk directly. It occurs due to strong large-scale rolls. The detached thermal

plumes reach the opposite boundary layers and destabilize them. However, under the influence of

stronger rolls, some plumes are directed towards the bulk region. The presence of these plumes

is evident in the bulk region in both the cases.

Despite the similar heat transport mechanism in these two convection cells, different Nu and

scaling exponent have been observed (see Sec. 4.3). In the smooth case, the emission of thermal

plumes is localized to the confluence of two large-scale rolls and near the lateral walls. How-

ever, in the roughness case, several plumes emitting peaks cause significant differences in heat

flux. Figure 4.15(a) shows numerous hotspots which emit intense thermal plumes. A homoge-

neous bulk region is also observed in the roughness case, while a marginally high temperature

dominates the bulk region otherwise. We also note that greater emission of thermal plumes
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also increases turbulent intensity in the bulk region. Therefore, the heat transport process in the

two cases responds differently, suggesting that the enhanced emission of thermal plumes in the

roughness case influences the transport properties without impacting the large-scale flow struc-

tures. These arguments explain how enhanced heat flux and scaling exponent was observed in

the previous studies despite persistent double-roll state in roughened thermal convection cell of

Γ = 2 [2, 53, 59].

4.5 Dissipation rates

Dissipation of energy is a natural phenomenon that occurs in all turbulent flows. Since RBC

is a thermo-convective flow, both thermal (εθ) and kinetic energy (εu) dissipation rates become

relevant. εθ and εu are quantified by temperature and velocity gradients, respectively. Mathe-

matically, they are written in nondimensionalized form as

εu =

√
Pr

Ra
(|∇u|2) and εθ =

1√
RaPr

(|∇θ|2). (4.1)

In RBC, all the Nu(Ra) scaling theories assume the effect of boundary layers, which are asso-

ciated with high thermal and kinetic energy dissipation rates. It occurs due to the dissipation

of most of the thermal plumes (also known as detached boundary layer) in the near-wall region

before being carried away by large-scale circulation (LSC). Previous sections reveal that rough-

ness elements alter the nucleation of thermal plumes and heat transport mechanism. Thus, their

effect on dissipation rates is also expected.

In RBC, dissipation rates play a crucial role in determining the global heat transport proper-

ties. Based on the literature, the importance of dissipation rates in a smooth and rough convection

cell are described as follows. In a smooth convection cell, based on the dominance of dissipation

rates in boundary layer and bulk region, Grossmann & Lohse [30] proposed a unified scaling

theory, which yields the dependency ofNu on Ra and Pr. According to their proposition, both εu
and εθ dominate in the bulk region in the so-called ultimate regime. Further, they modified the

theory by assuming the contribution of thermal plumes instead of boundary layer region [31].

Later, Verzicco & Camussi [100] reported that at high Ra both εu and εθ increase in the bulk

while they drop in the boundary layer region. Similar results were also obtained by Shishkina

& Wagner [107] for thermal dissipation rate. These studies suggest that bulk contribution, in

terms of the dissipation rates, should dominate as Ra increases, indicating the attainment of the

ultimate regime.
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Figure 4.18: Vertical variation of thermal εθ (left panel) and kinetic εu (right panel) energy

dissipation rates for the smooth (first row), R1 (second row), R2 (third row), and R3 case (last

row). The insets show the variation of dissipation rates near the bottom surface, and the long-

dashed lines indicate the corresponding maximum roughness heights.
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Stringano et al. [105] compared the global dissipation rate in a rough and smooth convection

cell. With increasing Ra, the dissipation rates in the smooth case were observed to drop quickly

compared to the rough case. Using a uniform roughness configuration, Zhu et al. [59] studied

vertical profiles of thermal dissipation rate in the enhanced exponent regime and obtained sat-

uration to the classical-regime that occurs due to formation of a thin boundary layer over the

roughness elements at high Ra. In contrast to the smooth case, they observed that the dissipa-

tion rate increases in the cavity region with Ra, resulting in a boundary layer controlled regime.

Thus, it appears that in roughness assisted convection, role of boundary layer and the bulk re-

gion reverses in the high-Ra regimes when viewed from the angle of dissipation rate. However,

quantification of εθ in near-wall and bulk region unveils the true characteristics of enhanced ex-

ponent regime, which was absent in the previous study. Also, a thorough investigation of the

dissipation rates in roughness facilitated convection cell is required in order to understand the

global heat transport properties. Therefore, in the present work, firstly, vertical profiles of both

εu and εθ are studied, and then the contribution of the dissipation rates from the near-wall and

bulk regions are discussed. The dissipation rates computed from Eq. (4.1) are ensembled over

time and horizontal area, represented by 〈φ〉A,t for a quantity φ.

In what follows, we begin with the vertical profiles of the dissipation rates in the smooth

convection cell, as shown in Fig. 4.18(a-b). The inset shows a magnified view of the profiles

in the vicinity of the bottom plate. Both εu and εθ are nearly zero in the bulk region, indicating

a well-mixed homogeneous region. The dissipation rates rise abruptly near the walls (see the

insets), showing the boundary layer region. It is also evident that the extent of boundary layer

region diminishes with increasing Ra as the homogeneous bulk region stretches towards the

plate. Further, the dissipation profiles are presented for R1, R2, and R3 cases in Fig. 4.18 (c-h),

respectively. Marginal asymmetry in 〈εθ〉A,t at lower Ra can be attributed to the detachment of

intense, large-sized thermal plumes from the roughness elements that directly enter and dissipate

in the bulk region (see top panels of instantaneous temperature contours in Figs. 4.4, 4.7, and

4.10). However, the large-sized thermal plumes transform into small and fine-scale structures at

higher Ra.

In the near-wall region, thermal dissipation rate increases with vertical height to attain a local

maximum, followed by a decreasing trend to become nearly zero in the bulk region at a higher

Ra. This observation is in contrast with the smooth case where dissipation rates are maximum

close to the surface. This surge in εθ with y reflects the sudden change of flow behavior due to

secondary vortices in the throat region. After reaching the maximum, it drops sharply above the
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maximum roughness heights. On the other hand, at lower Ra, εθ increases in the throat region

and becomes maximum at the tip of the tallest roughness height. This distinct feature is a direct

effect of the confined fluid in the throat region, where fluid remains nearly stagnant at lower Ra.

Insufficient strength of secondary vortices at lower Ra does not allow them to move out of the

cavities, and hence the emitted plumes dissipate in the cavities. Furthermore, εθ in the throat

region shows a smooth decline in R3 case than the other configurations. In the tallest roughness

case (R3), the homogeneous-bulk flow has a higher tendency to enter the roughness cavities,

which is reflected in smooth decline of εθ in the cavities. Note, owing to a lesser number of

roughness elements, R3 configuration is characterized by a wider throat region. Thus, it can be

inferred from the observed smooth decline of εθ in R3 that the dissipation rate is least affected by

the roughness configurations having a wider throat region. Clearly, boundary layer dominated

thermal dissipation can only be prescribed for high Ra. At lower Ra, εθ peaks close to the tip of

the roughness.

Further, vertical profiles of kinetic energy dissipation rate are presented in the right panels

of Fig. 4.18. In contrast to the variation of thermal dissipation rate with Ra, an increasing trend

in εu(y) profile is observed for all Ra cases, and it becomes maximum at the tip of the tallest

roughness heights. Interestingly, εu rises marginally up to a certain height, which qualitatively

shows the viscous boundary layer inside the cavities. However, above the boundary layer, the

presence of secondary vortices results in a sudden increase in the dissipation rate. This feature

is more pronounced in lower Ra cases due to thick boundary layer. The above-mentioned effect

of a wider throat region is also reflected in the vertical profiles of εu. Instead of continuously

increasing up to the maximum roughness height, as seen in the previous two configurations, εu
in R3 remains nearly same inside the cavity. Thus, it is again confirmed that the wider throat

region weakly affects the dissipation rates.

Thus far, it is observed that dissipation of kinetic and thermal energy varies in the cavities

and bulk region, suggesting different flow behavior in these two regions. Therefore, it becomes

crucial to investigate the contribution of dissipation rates from these two regions separately.

However, it is important to note that the behavior of dissipation rates in the bulk region is nearly

the same in both the rough and smooth cases. In the previous studies, boundary layer thickness

computed from the well-known rms technique was used to demarcate the near-wall and bulk

regions [107, 48]. However, in the current work, the dissipation rates in the cavities or near-wall

(NW) region and the bulk region is studied. Note that instead of the boundary layer, the near-

wall contribution is investigated here. Both εu and εθ are computed from the near-wall (NW)
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Figure 4.19: Locally-averaged thermal εθ (filled symbols) and kinetic εu (open symbols) energy

dissipation rates for the near-wall (square) and bulk region (triangle) for the (a) smooth case,

(b) R1, (c) R2, and (d) R3 configurations. In the near-wall region, the dissipation rates indicate

transition to the enhanced exponent regime in the three rough configurations. Vertical dashed-

lines show the critical Rac beyond which the enhanced heat flux regime is obtained.
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dashed lines show the critical Rac beyond which the enhanced heat flux regime is obtained, the

dash-dot lines indicate ε ∼ Ra−3/14 which follows from the power-law Nu ∼ Ra2/7.
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and bulk (BK) regions as

〈εθ,NW〉V,t =
1

2

[
1

hmax,b

∫ hmax,b

0

〈εθ〉A,t(y)dy +
1

hmax,t

∫ H

H−hmax,t
〈εθ〉A,t(y)dy

]
(4.2)

〈εθ,BK〉V,t =
1

H − (hmax,b + hmax,t)

∫ H−hmax,t

hmax,b

〈εθ〉A,t(y)dy (4.3)

〈εu,NW〉V,t =
1

2

[
1

hmax,b

∫ hmax,b

0

〈εu〉A,t(y)dy +
1

hmax,t

∫ H

H−hmax,t
〈εu〉A,t(y)dy

]
(4.4)

〈εu,BK〉V,t =
1

H − (hmax,b + hmax,t)

∫ H−hmax,t

hmax,b

〈εu〉A,t(y)dy (4.5)

where hmax,b and hmax,t are the tallest roughness heights for bottom and top surfaces, respec-

tively. Here, 〈φ〉 and φ(y) refers to averaged and y dependent quantities. While hmax,b for R1, R2,

and R3 configurations are 0.0496, 0.0958, and 0.1990, respectively, hmax,t are 0.0491, 0.0958,

and 0.1925, respectively. Note that it is obvious to observe differences in their values, as they are

generated from a random number generator. The top and bottom surfaces are not simply inverted

but created as two different objects with different limits, which results in the differences. Figure

4.19 shows the contribution from the bulk and near-wall regions for the smooth case and three

roughness configurations. Note that near-wall and bulk region for the smooth case is identified

by the peak value of the temperature variance [48].

For the smooth case, contribution of εu and εθ from both the bulk and near-wall region show

monotonic drop for nearly four decades of Ra. The decreasing dissipation rates in the near-

wall region indicate the thinning of boundary layers, while that in the bulk region shows the

transformation of large-sized thermal plumes into small-scale plumes. Least-square fit suggests

both of them drop at nearly the same rate. The obtained scaling laws for them are

〈εu〉V,t = 0.15Ra−0.22 and 〈εθ〉V,t = 0.82Ra−0.2 (4.6)

which are in good agreement with the previous studies [103, 48].

In contrast to the smooth case, the decreasing trend of dissipation rate (for both the near-

wall and bulk regions) with Ra ceases at the critical Ra in the roughness cases. Surprisingly,

in the near-wall region, the dissipation rate becomes nearly independent of Ra in the enhanced

exponent regime. The saturation in dissipation rates in the near-wall region indicate the increased

active slopes, which is a slant surface of a roughness element that actively participate in thermal

plume emission. Most of the thermal plumes erupting from these slopes diffuse in the cavity

regions, as observed from the instantaneous contours in Fig. 4.13. Such enhanced eruption

and subsequent diffusion of thermal plumes inside the cavities balance the assumed drop in the

dissipation rates, resulting in nearly the same dissipation rates in the enhanced exponent regime.
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On the other hand, both the dissipation rates continue to drop in the bulk region, though at a

smaller rate. This supports our earlier observation about similar behavior of εθ in the bulk for

the smooth and roughened cases. The splitting of global dissipation rates εθ = εθ,BK + εθ,NW ,

and εu = εu,BK + εu,NW turn out to be more accurate for roughness cases. Here the dominance

of boundary layer at high Ra arrests the otherwise monotonic drop in εθ,NW while the bulk

contribution continues to fall.

We further show the dependence of global dissipation rates on Ra in Fig. 4.20. Instead

of computing the dissipation rates in the bulk and boundary layer region separately, they are

calculated by averaging over the whole domain. Both εu and εθ can be written in terms of the

global heat transport properties as

〈εu〉V,t =

√
Pr
Ra

(Nuεu − 1) and 〈εθ〉V,t =
1√
PrRa

Nuεθ (4.7)

where the respectiveNu are calculated based on the dissipation of kinetic (〈|∇u|〉V,t) and thermal

energy (〈|∇θ|〉V,t). Beyond the Rac, global dissipation rates become nearly invariant of Ra in

all the three roughness cases. With the Nu ∼ Ra1/2 scaling, ε becomes Ra-invariant which is

clearly seen for Ra > Rac. On the other hand, an interesting feature emerges before the transition

(below Rac) to the enhanced heat flux regime. Here, the dissipation rate drops with an exponent

of−3/14, which can be theoretically obtained by assuming Nu ∼ Ra2/7 in Eqs. 4.7. Clearly, the

best-fit of the data reveals that R1 nearly follows the 2/7 power-law, while it deviates as average

roughness height increases. The prevailing 2/7 law in R1 case indicates the strong dominance of

a double-roll state and ineffective roughness-flow interaction. In other words, the rough surface,

in this case, is inactive due to a weak thermal forcing and the fluid close to the asperities behave

as in the smooth case.

In conclusion, the vertical profiles of εθ and εu reveal the effect of a throat width on dissi-

pation rates, where a wider throat region is found to influence them weakly. Contribution of

the dissipation rates from the near-wall region ascertains the enhanced exponent regime through

ε−Ra dependency, where the dissipation rates remain nearly the same throughout the enhanced

exponent regime. It is proposed that the emission of thermal plumes from the slant surface and

their subsequent diffusion in the cavity region alters the monotonically decreasing trend of dis-

sipation rates with Ra. Moreover, the dominance of both the dissipation rates in the near-wall

region indicates the boundary layer controlled regime, and the enhanced scaling exponent does

not represent the so-called ultimate regime. Zhu et al. [59] also proposed that εθ in the cavities

increases with Ra, signifying the boundary layer controlled regime. We have shown that such

an argument holds only indirectly as increased plume emission from the slant faces make-up for
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Figure 4.21: (a) Variation of normalized Reynolds number (Re/Re0) with Ra for the three rough-

ness cases. Note that Re0 represents the Reynolds number for the smooth case. (b) Re ∼ Raγ

scaling law shows marginal improvement in γ for roughness cases

the drop in εθ at higher Ra.

4.6 Effect of roughness on flow strength

In the previous section, we observed transformation of a double-roll state to a multiple-roll state

in R2 and R3 configurations, whereas the former remained unaltered throughout the simulated

Ra range for R1 case. Here we study how stability of the DRS and its transformation impact the

flow strength, which plays a crucial role in heat transport. In a previous investigation, Zhang et

al.[48] quantified the strength of convection in terms of Reynolds number (Re) as

Re =
UH

ν
(4.8)

where U =
√
〈u.u〉V,t. They observed Re ∼ Ra0.59±0.02 which shows that flow strength in a

2D geometry is stronger than its 3D (Re ∼ Ra0.5) counterpart due to the absence of a lateral

dimension which restricts the movement of plumes to escape in the third direction [108–110].

Consequently, the emitted thermal plumes drive the large-scale rolls and the corner rolls. Wang

et al. [111] also used the same expression to quantify the strength of convection.

Figure 4.21(a) shows the variation of Re, normalized by the smooth case data (Re0), with

thermal forcing. Evidently, flow strength in the smooth convection cell is significantly greater

than that in the roughness cases in the lower Ra range. Also, Re/Re0 is the highest in R1 and least

in R3, showing a consistent decreasing trend with increasing roughness height in the simulated

Ra range. The lower flow strength in taller roughness cases indicates that multiple rolls hinder the

flow strength. In lower Ra range, a slight improvement in Re signifies the mobility of entrapped
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fluid. As Ra increases, roughness elements interrupt the flow which results in a drop in Re/Re0

in the Ra range 3 × 106 − 3 × 107. Subsequently, further increase in thermal forcing yields a

monotonically increasing trend in Re(Ra)/Re0. Interestingly, Re in R1 case becomes comparable

with the smooth case, Re/Re0 ≈ 1, in the enhanced heat flux regime. Eventually, it becomes

greater than its smooth counterpart at the highest Ra. On the other hand, Re/Re0 < 1 in the

other two taller configurations indicates the reduced flow strength.

By recalling the enhanced heat flux due to roughness elements, we observe a contrasting role

of roughness in impacting the flow strength. This contrasting behavior can be explained from

the viewpoint of large-scale rolls. While MRS in R2 and R3 wash out the cavities efficiently, they

impede the movement of flow. In other words, the taller roughness elements which directly emit

thermal plumes in the bulk region also act as an obstacle for the large-scale rolls. In contrast,

the smallest roughness case exhibits appreciable improvement in Re. In the enhanced heat flux

regime in R1 case, the tiny roughness elements become active and directly emit the thermal

plumes in the bulk region, while below the Rac, contribution of these peaks in thermal plume

emission is insignificant. Note that these active peaks impart a shearing effect on the large-scale

rolls, which enhances the flow strength. This effect is seen in Fig. 4.17, where shear production

in R1 was significantly higher as compared to its taller roughness counterparts.

We further show the Re ∼ Raγ dependence for the three roughness configurations and

smooth case in Fig. 4.21(b). For smooth case, it is observed that Re ∼ Ra0.59, which is same

as reported by Zhang et al. [48]. However, the exponent is slightly higher in the roughness

cases, although it is nearly equal for all of them, given by 0.64, 0.65, and 0.67 for R1, R2, and

R3, respectively. Note that only a slight improvement in γ indicates the insignificant impact of

roughness elements on Re(Ra) scaling law. This analysis clearly shows that altering the flow

structures can enhance the heat flux without improving the flow strength. Larger roughness has

greater tendency to alter the stable DRS of low Ra range as compared to the smaller elements.

4.7 Conclusions

The present work has explored the effect of rough boundaries on both heat transport and flow

dynamics in two-dimensional turbulent RBC. Though roughness elements of varying height and

base are present, onset of enhanced heat flux regime, with different Nu(Ra) scaling exponents,

is triggered at different critical thermal forcing depending on the maximum roughness height.

Such an onset is marked by a transformation from a double to a single peak in PDF of temperature
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fluctuations in the bulk, and discontinuities in near-wall contribution of thermal dissipation rate.

Unlike the smooth case, near-wall and global estimates of εθ become invariant of Ra in the

enhanced heat flux regime. However, below the critical Ra, the ε − Ra dependence shows the

evidence of the classical scaling. Thus, an increase in the Nu(Ra) scaling with a near-constant

near-wall contribution to thermal dissipation suggests a mixed view of the effect of boundary

layer at high Ra.

The bulk-plume interaction which is seen to facilitate an enhanced scaling for all roughness

heights, is achieved through different routes. For the tallest roughness heights, large-scale rolls

breakdown into smaller ones which can enter the cavities more efficiently and sweep the bound-

ary layer. These smaller rolls enhance the mixing of fluid in the cavity regions to emit intense

thermal plumes more frequently. However, the growing strength and size of the corner rolls, at

intermediate roughness heights, evacuate the cavities near the lateral walls and reduce the size

of the primary rolls. On the other hand, owing to their ability to penetrate the boundary layer

faster, smaller roughness set-up creates more plume emitting active spots. Thus, rough surfaces

induce complex roll states or distorted structures which result in increased heat flux. Variation

in buoyancy production just above the roughness peaks in the smallest roughness case confirms

the idea of activation of plume emitting peaks. Moreover, the highest buoyancy production of

turbulent kinetic energy in the tallest roughness case confirms the enhanced heat flux. How-

ever, the opposite trend in shear production indicates greater lateral movement for the smallest

roughness set-up.

It is further found that random roughness plays an intricate role in influencing the two global

transport properties, Re and Nu. In contrast to its effect on heat flux, flow strength (Re) drops

in the two taller roughness configurations and improves for the smallest roughness case at Ra =

4.64 × 109. Decrease in Re is attributed to the presence of a multiple-roll state which causes

hindrance to the motion of large-scale rolls. Also, an insignificant change is observed in the

Re(Ra) scaling exponents showing a weak effect of roughness on flow strength.
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CHAPTER 5

Significance of near-wall dynamics in enhanced Nu

This chapter complements the previous one, where enhanced heat flux was related to large-scale

rolls. Here, we study near-wall dynamics for the same geometries and flow governing param-

eters. Three regimes are identified based on the number of roughness peaks penetrating the

thermal boundary layer. In regime I heat flux drops marginally as only 50% of the peaks emerge

uncovered, followed by a nearly unaltered Nu in regime II. A sudden increase in Nu in regime III

is noted with more than 65% penetrating peaks. In contrast to the previous observation, heat flux

continues to increase even when all the peaks exceed the boundary layer. A significant improve-

ment in fluid mixing inside the cavities is found due to the cascade of secondary vortices, which

is connected to the improved heat flux in the tallest roughness set-up. A thin thermal boundary

layer that envelopes the rough surface at higher Ra supports enhanced mixing of fluid inside the

cavities. Greater perturbation of the thermal boundary layer for the smaller roughness set-up

shows a consistent connection with the enhanced Nu(Ra) scaling. Vertical distribution of mean

temperature indicates the presence of multilayer characteristics with roughness-invariant near-

wall region identified by a weakly non-linear profile. The variation of the mean temperature in

the intermediate layer plays a crucial role in heat transfer enhancement as it reflects quality of

ventilation of the entrapped fluid.

88
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5.1 Introduction

In the last chapter, we have observed that geometric features of a rough surface separate the bulk-

mean flow from the cavity fluid. However, with increasing Ra, the flow inside these cavities,

known as secondary vortices, becomes strong enough to move out and mix with the bulk-mean

flow [105]. As discussed in Sec. 4.4, these secondary vortices further influence heat transport

mechanism by altering the transport process, Nu(Ra) scaling parameters, and the flow dynamics

near the walls. Therefore, it is important to investigate the effect of near-wall dynamics on

transport properties.

A triangular roughness element has two primary features, namely, the slope and tip (see

Fig. 4.1). Although both help in emitting thermal plumes, they have significant differences in

the emission phenomenon [2]. In the previous chapter, we have seen that multiscale roughness

sustains the enhanced heat flux regimes. Zhu et al. [2] also reported that triple-scale roughness

helps in sustaining the local 1/2 scaling, which saturates for mono-scale configuration [53].

They also suggested that plumes emit only from the tips at lower Ra, whereas, at higher Ra, both

the slope and tip emit thermal plumes, resulting in more plume emission spots. They attributed

the increase in plume emission spots for the sustained 1/2 regime.

For triangular roughness geometry, Zhang et al. [61] explored the effect of roughness height

on heat flux in a unit aspect ratio cell for Ra varying from 107 to 1011. They found that, for a

fixed Ra, heat flux initially decreases with roughness height before it surges above critical height

(hc). They observed that heat flux increases for hc = 4.4 × λθ, where λθ represents thermal

boundary layer thickness. For h < hc, fluid remains stagnant inside the cavities, which hinders

the heat transport. They also revealed that the balance between viscous and inertia forces yield

hc ∼ Ra0.6. Later, Jiang et al. [112] used ratchet surfaces to explore the effect of roughness on

heat flux. They found that interaction of blunt face of the ratchet with global flow circulation

obstructs it and diminishes the heat flux.

Cavity region is another crucial geometric attribute in roughness-aided RBC. Note that width

of cavity region is decided by the spacing between the roughness elements. Dong et al. [113] in-

vestigated the effect of five different roughness model for 106 ≤ Ra ≤ 109 in a square geometry.

The roughness models typically represent the different arrangements of roughness elements and

also the cavity region. They observed that the models yield different critical Ra, beyond which

enhanced heat flux can be obtained. They also reported that roughness influences the Nu(Ra)

and Re(Ra) scaling, although the latter is impacted weakly.

Considering the importance of the near-wall dynamics (cavity spacing and roughness at-
TH-3145_176103004



90 Chapter 5. Significance of near-wall dynamics in enhanced Nu

tributes) and its role in enhanced heat flux, we investigate the significance of roughness peaks

and cavity region in augmented heat flux. Furthermore, we study the effect of roughness on tem-

poral statistics, temperature fluctuations and its probability density function (PDF) at roughness

peak and inside a throat region. In addition, flow structures and cascade of vortices, perturbation

of thermal boundary layers, and multilayer flow characteristics are also explored for a detailed

investigation of flow dynamics in the near-wall region.

5.2 Significance of roughness peaks

In the previous chapter, it was shown that heat transport mechanism varies with roughness con-

figurations, which poses difficulties for a unified view in the roughness driven thermal convec-

tion. Hence, a more generalized approach is required for random roughness configurations, as

proposed in this section. It has already been established that enhanced Nu(Ra) scaling expo-

nent is related to thermal boundary layer thickness (λθ) [53]. For random roughness, Ciliberto

& Laroche [56] reported that the exponent varies only when λθ lies between the shortest and

tallest roughness heights. Beyond these extremities, the Nu(Ra) dependency becomes similar to

that of a smooth case. However, triangular-shaped roughness, used in the current study, favors

plume emission than the spherical ones used by Ciliberto & Laroche [56]. In the present work,

instead of the range of heights that vary with the roughness configurations, we have quantified

the percentage of peaks required to penetrate the thermal boundary layer in order to influence

the global transport properties.

Figure 5.1(a) shows variation of increment in heat flux (∆Nu) with the percentage of peaks

(Np) penetrating the reference thermal boundary layer (λref ). Note that the reference thermal

boundary layer corresponds to the smooth case. The increment in heat flux and λref are com-

puted as

∆Nu =
Nu− Nu0

Nu0

(5.1)

λref ≈
H

2Nu0

(5.2)

where Nu0 is Nusselt number for the smooth case. The dashed-dot lines indicate that 69.08%,

84.51%, and 83.33% of peaks must penetrate the boundary layer for transition to the enhanced

heat flux regime in R1, R2, and R3 cases, respectively. It is worthy to note that the difference

in heat transport mechanism is also reflected in the percentage of peaks penetrating the thermal

boundary layer. Moreover, it also suggests that a transport mechanism with multiple-roll states
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Figure 5.1: (a) Variation of increment in Nusselt number ∆Nu, computed as ∆Nu = (Nu −

Nu0)/Nu0, with the percentage of peaks (Np) penetrating the reference thermal boundary layer.

Nu0 and the reference thermal boundary layer are computed from the smooth case. While the

dashed lines separate the three regimes, the dashed-dot lines represent the percentage of peaks

required for the enhanced heat flux regime. (b) Persistence of the half-scaling in enhanced heat

flux regime when all the peaks penetrate the boundary layer.

needs a higher number of these peaks, while the conventional double-roll state for Γ = 2 needs a

fewer penetrating peak. As discussed in the previous section, the smaller rolls can accommodate

themselves in the cavities, resulting in a weak perturbed boundary layer. Therefore, R3 config-

uration needs a higher percentage of such penetrating peaks. In R2 case, the emerging corner

rolls behave in the same manner as the multiple-rolls. Since the corner rolls are smaller in size

and are restricted to the vicinity of lateral walls, this configuration needs nearly same Np as in

R3. Finally, in R1 configuration, the thermal boundary layer is highly perturbed, and therefore,

it needs the least percentage of penetrating peaks to achieve the enhanced scaling exponent.

It is further observed that beyond Ra = 108 (2.15× 108), all the peaks penetrate the bound-

ary layer in R3 (R2) case. As shown in Fig. 5.1(b), enhanced Nu(Ra) scaling exponent regime

is evident in this condition (with a slight reduction in the exponent), which completely con-

tradicts Ciliberto & Laroche [56]. They asserted that the scaling exponent changes only when

thermal boundary layer lies between the tallest and smallest roughness heights. However, the

possible reason for the persistence of a higher exponent regime in the present work is the peak

shaped roughness, which is suitable for the nucleation of thermal plumes compared to the glassy

spherical roughness [56]. On the contrary, all roughness elements in R1 configuration are not

sufficiently tall to penetrate the boundary layer, and thus, this case is not shown here. Therefore,
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this analysis suggests that a true multi-scale random roughness configuration in a convection cell

results in the enhanced exponent regime even when all the peaks penetrate the boundary layer.

However, these results need to be confirmed at a higher Ra, which is beyond the scope of the

present work.

Next, the effect of these penetrating peaks is investigated on the increment in heat flux. As

shown in Fig. 5.1(a), the ∆Nu(Np) curve shows three regimes. Initially, it drops until 50% of the

peaks penetrate the boundary layer, followed by a nearly constant value from 50% to 65%, and

eventually, it monotonically increases beyond Np = 65%. The increment in heat flux reduces

(or remains unchanged) in the first (second) regime due to fluid entrapment inside the cavities.

The entrapped fluid remains nearly stagnant due to a weak thermal forcing, which tends to resist

the heat transfer [61]. Once the cavity fluid becomes sufficiently strong, which is indicated by

increasing Ra and boundary layer penetrating peaks, it moves out of the cavities to enhance the

heat flux, as in R3 case.

5.3 Temporal statistics in the near-wall region

Using V-shaped groove elements, Du & Tong [114] found that rough surface alters the temper-

ature fluctuations in the near-wall region but not in the bulk region. However, in a cylindrical

cell facilitated with groove-shaped roughness, Stringano et al. [105] observed that asperities on

isothermal horizontal surfaces alter the temperature fluctuations in both the near-wall and bulk

regions. Further, with square base pyramidal roughness, Salort et al. [104] found a destabilized

boundary layer over top of the roughness elements. They also found that fluid inside the notches

remains still, and statistics of temperature fluctuations change along the horizontal surface to

show its non-homogeneous characteristics. Certainly, the above studies show that roughness

geometry and its characteristics play an important role for the temperature fluctuations. The

present roughness layout makes the situation even more complicated as the spacing between the

roughness elements and their heights vary without any order over the horizontal surface. Thus, it

is expected that randomly varying roughness spacing and heights, unlike previous studies, yield

different flow behavior. We have selected two plume emitting spots located at two distinctly

different relative regions of a roughness element. As shown in Fig. 4.1, these spots are geo-

metric characteristics of roughness elements and are termed as the throat and peak. Owing to

tiny roughness heights and narrow spacing between the elements, R1 case is not included in this

study as relative locations of peak and throat are not too different there.
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Figure 5.2: For R2 configuration, time series of temperature recorded from the probes placed in

the throat region (left column), at the tip of a peak (middle column), and inside bottom thermal

boundary layer in smooth case (right column) for Ra = 107 (first row), 108 (second row), 109

(third row), and 4.64× 109 (last row). The blue boxes indicate spikes in the time series.
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Figure 5.3: For R3 configuration, time series of temperature recorded from the probes placed in

the throat region (left column) and at the tip of a peak (right column) for Ra = 107 (first row),

108 (second row), 109 (third row), and 4.64×109 (last row). Inset in frame (a) shows time series

of horizontal and vertical velocity obtained from the corresponding probe.TH-3145_176103004
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Figure 5.4: For the highest Ra case, an instantaneous snapshot of temperature contour near the

peak region in (a) R2, and (b) R3 case at the instant of emission of thermal plumes. A robust

thermal plume in R3 case is short lived at a higher temperature state, whereas the emitted plumes

are swept away by the large-scale rolls in R2 configuration.

Figure 5.2 shows time series of temperature recorded from the probes for R2 configuration

placed in the throat, near the peak, and inside the bottom thermal boundary layer for the smooth

case in left to right columns, respectively. Note the throat and peak region for a representative

roughness element is shown in frame (b). At low Ra (107), mean temperature in the throat

region is higher than that at the tip, indicating entrapment of fluid inside the cavities. However,

a lesser mean temperature at the peak indicates that it has a better exchange with the bulk fluid

(θ = 0.5). Furthermore, two important features have been observed with increasing Ra. First,

mean temperature of the throat region decreases and becomes nearly equal to that of the peaks.

Second, the frequency of sharp spikes appearing in the time series increases at both the locations.

These spikes are indicated in blue boxes which also reveal their frequency of occurrence. The

former indicates increasing bulk-cavity flow interaction, while the latter shows frequent emission

of intense thermal plumes. We also observe that peaks emit thermal plumes more frequently

compared to the throat. Also, note greater extension of the maximum temperature in the time

series which indicates emission of intense thermal plumes from the peaks than the throat. It

occurs due to the continuous gain of thermal energy by the cavity fluid because of its inability to

move out. Consequently, it results in a sudden burst of thermal plumes at any instant, yielding

a sharp spike in temperature inside the throat region (shown with the rectangular boxes in the

frame j), although, such events are not frequent. Time signature appears to be same for the throat
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Figure 5.5: Effect of Ra on variance of temperature fluctuations (σθ) in the throat region and at

the tip of a peak for (a) R2, and (b) R3 configurations.

and peak regions at smaller Ra. But with increase in Ra the peak region shows resemblance

with boundary layer region of the smooth case (see frames k,l). Surprisingly, at higher Ra, the

throat region shows controlled fluctuations with rare events of temperature spikes. This clearly

indicates “washing-out" effect in the throat by the breakdown of stronger secondary vortices.

Temperature signal at the throat and peak for the R3 set-up is shown in Fig. 5.3 which can

be used to directly compare with R2. At lower Ra (107), the behavior of temperature signal

near the peak is similar in both the configurations. However, the throat region in R3 is buried

inside the thermal boundary layer which is evident due to absence of any temperature fluctuation,

and hence, the absence of emission of thermal plumes. Note that the absence of temperature

fluctuations do not signify the stagnant fluid. It can be seen from the velocity time series obtained

from the same probe as shown in the inset of frame (a). Clearly, strong fluctuations in vertical

velocity are evident, which support the above argument. Such a situation where hardly any

temperature fluctuation is observed but velocity fluctuations are evident represent the boundary

layer characteristics of the working fluid (Pr = 0.7). Thermal plumes are emitted from the

thermal boundary layer, which is thicker than its viscous counterpart. Therefore, it implies that

the throat is lying underneath the corresponding thermal boundary layer. On the other hand,

at higher Ra, a common feature appears at the peak and throat region in R3 case, i.e., a short

lived sharp spike at a higher temperature state before plummeting down to a lower one (or mean

temperature state). Though a visible difference in temperature signal at the throat is obtained,

peak region appears to be in the same state which confirms elevated levels of plume emission

leading to an enhanced scaling of Nu. To understand the state of the emitted plumes, we study

temperature contours near the probe location at the time of sharp spike, as shown in Fig. 5.4.

The ephemeral dwelling at a higher temperature state shows the growing size of thermal plumes,
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Figure 5.6: Correlation of temperature and Nu in the throat (dashed line) and at tip of peaks

(solid line) for Ra = 107 (a and c), and 4.64× 109 (b and d). The top row shows the correlation

in R2 case, while the bottom one represents that in R3 case

which are reported in Sec. 4.4. Owing to their higher strength, the large-sized thermal plumes

affect the bulk flow, which is indicated by the vertical extent of the emitted plume in frame

(b). On the contrary, the emitted plumes are swept away under the influence of primary rolls

in R2 case (see frame a). Note that the temperature drops down to the bulk mean value as the

plume emission is interrupted by the bulk fluid. Therefore, these observations suggest that the

intense and large-sized thermal plumes are responsible for the transformation of the conventional

double-roll state into a multiple-roll state in R3.

A note on the frequency of plume emission in the smooth case as compared to the two spec-

ified locations is in order. A larger number of spikes, except for the highest Ra, in the rough

cases as compared to the smooth case signify frequent emission of thermal plumes. Therefore,

it suggests that roughness elements alter the emission of thermal plumes. For the highest Ra

(4.64×109) case, frequency of plume emission in the smooth case becomes nearly equal to that

at the tip for the rough cases. However, it does not imply that the number of emitting plumes

becomes equal in the two cases. In the roughness cases, a significantly higher number of peaks

and cavities emit thermal plumes in large quantities, as shown in the instantaneous contours in

Fig. 4.15, while emission of the plumes in the smooth case is restricted to the confluence of two

large-scale rolls and near the lateral walls (see Sec. 4.4).

The plume emission frequency at the two selected spots is further quantified by computing
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variance of temperature fluctuations (σθ) as

σθ = 〈θ′2〉t. (5.3)

Figure 5.5 shows that variance at the peak is higher than that in the throat region, which again

confirms the frequent emission of thermal plumes from the tips of the peaks. Also, note that

the difference in the variance between the two spots remains nearly the same in the enhanced

exponent regime. However, at Ra = 107, the difference is trivial in R2 case and maximum in

R3 case. It occurs because both the spots are buried under the viscous dominated region in R2

case. On the contrary, in R3, owing to taller roughness heights, the peaks penetrate the viscous

dominated region, but cavity fluid remains nearly stagnant due to insufficient buoyant forcing.

Therefore, it implies that stagnant fluid in the cavities accounts for high thermal resistance, and

hence, does not contribute to the emission of thermal plumes which is reflected in the distinctly

low value of temperature variance. For R3 case, the time series of the probe placed in the throat

region has already shown the absence of temperature fluctuations at Ra = 107.

Further, the correlation (C) between temperature fluctuations (θ′) and 〈Nu〉V is investigated

at the tip of the peak and throat region due to a direct relationship between thermal plumes

emission and heat flux. Mathematically, the correlation is computed as

C(τ) =
φ′1(t)φ′2(t+ τ)

ζ1ζ2

(5.4)

where φ1, and φ2 represent the 〈Nu〉V and θ, while the prime, ζ , and τ indicate their fluctuations,

standard deviation, and delay time, respectively. The correlation is shown at a lower (107) and

the highest Ra (= 4.64× 109) for R2, and R3 configurations in Fig. 5.6. It is evident that C(τ)

fluctuates around C = 0 in both the extreme Ra cases. The positive values indicate the thermal

plume emission process, whereas negative ones signify the arrival of cold plumes in the plume

shedding region. When the plumes emit and subsequently rise, causing positive temperature

fluctuations, a positive correlation is expected. However, their downward movement yields a

negative correlation. Once the cold plumes arrive at these locations, they trigger thermal insta-

bility, resulting in frequent emission of thermal plumes. At lower Ra, the correlation at both

the peak and throat overlap in R2. This overlapping confirms that the nature of the two plume

emitting spots is same due to a viscous dominated near-wall region. However, in R3 case, only

the peak shows sustained thermal events as compared to an asymptotic decay in throat. These

results confirm the differences (nearly same) in σθ at the tip and throat in R3 (R2). At higher

Ra, nearly same decay of correlation at the tip and throat in R2 indicates their equal contribu-

tion in plume emission. However, in R3 case, a higher correlation at the tip shows that the peak
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while the bottom one indicates that of R3 case.

contributes to enhanced heat flux more than the throat region.

5.4 Temporal PDF of temperature

In the last section, the time series obtained from the probes placed inside the throat region and

near the tip of a roughness element indicated different tendency of plume emission. In this

section, we further investigate the probability density function (PDF) of the temperature at these

two spots in order to quantify it. However, before comparing the temperature distribution at

the two locations, we first explain the flow behavior with the help of temperature distribution

obtained from ten probes placed at different locations in the smooth case as shown in Fig. 5.7

(a). Note, owing to the symmetry, the probes are placed only in the left half of the cell.
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In a cylindrical cell with triangular grooves, Stringano et al. [105] studied the PDF of tem-

perature in the groove and roughness tips. They found a higher probability in the groove region,

which indicates the frequent shedding of thermal plumes and also observed a smaller width of the

distribution in the grooves. Moreover, a larger tail for the tips indicated the sweeping of hot fluid

by the low-temperature bulk fluid. Investigating in a smooth convection cell, Salort et al. [104]

obtained that temperature distribution transforms from Gaussian inside the thermal boundary

layer to a skewed-inflexed distribution inside the bulk. Surprisingly, in the roughness facili-

tated convection cell, they observed that temperature distribution inside the notch transforms

like that in the smooth case. However, above the roughness stud, a skewed-inflexed distribution

was observed, which indicates flow above the studs is similar to the bulk flow. The above studies

confirm that a rough surface alters the temperature distribution near the walls. Therefore, it is

important to investigate the temperature distribution in the near-wall region to understand the

modified flow dynamics in the presence of random roughness.

In the smooth case, Fig. 5.7(b) shows that temperature follows Gaussian distribution at all

the five x locations near the horizontal wall (y = 0.013). However, the varying width and

tail of the distribution indicate non-homogeneous character of the flow. Near the lateral walls,

the distribution exhibits maximum temperature with narrow width. The presence of the lateral

walls gives rise to corner rolls, which result in flow reversals. Since the fluid in the corner rolls

remains close to the hot wall, it continuously gains thermal energy, as reflected in a higher mean

temperature value. However, LSC influences the flow away from the lateral walls, yielding

a wider distribution with a lesser mean value. Near the geometric center of the convection

cell, accumulation of hot fluid results in a continuous emission of thermal plumes, well-known

as thermal jet [103]. This feature is confirmed by the localized high mean temperature (θ ≈

1). Note that owing to a symmetry about the vertical center line, distribution in the other half

is not shown here. Further, nearly similar distribution curves at different x locations for y =

0.5 indicate a well-mixed homogeneous bulk region (see Fig. 5.7 c). However, a Gaussian

distribution of temperature near the lateral wall (x = 0.01) indicates the boundary layer region.

For the roughness cases, Fig. 5.8 shows the temperature distribution for R2 (top panel), and

R3 (bottom panel) configurations at four Ra = 107, 108, 109, and 4.64× 109, to cover the entire

range. In the former configuration, Gaussian distribution is observed at the two mentioned probe

locations, inside the throat region and near the peak. However, width of the distribution increases

with Ra at the tip of the roughness peak, showing a higher exposure of this location to colder

fluid coming from the bulk. On the other hand, in R3 configuration, Gaussian distribution is
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observed only in the throat region, while a sharp narrow peak with an extended tail is evident

for the other spot. The extended tail towards θ = 1 indicates the emission of intense thermal

plumes. However, such events are rare as reflected by a continuously decreasing probability

as temperature approaches to the maximum value θ = 1. Owing to larger roughness height,

behavior at the peak and throat tends to differ as they are located differently in comparison to

the boundary layer.

Clearly, the effect of roughness height is apparent in the temperature distribution in the two

cases. While the distribution in the throat region is similar in both R2 and R3, a dissimilar

distribution at the tip of the peak indicates the variation in the emission of thermal plume in

the two roughness cases. Therefore, this analysis reveals how bulk fluid interact with different

roughness heights to influence the emission of thermal plumes. Furthermore, in R3 case, a

narrow distribution at θ ≈ 1 is another striking feature in the throat region for the smallest Ra

case, which again confirms the entrapment of fluid inside the throat region due to insufficient

buoyant forcing.

5.5 Flow structures and cascade of vortices

Previous sections show significant differences in temperature statistics at the tip of the peak and

the throat region. It happens because of the different flow structures present in the near-wall

region, which will be discussed in the current section. A qualitative analysis to visualize the

near-wall flow structures (secondary vortices) and the associated mechanism is described. In R1

configuration, as discussed in Sec. 4.4, global flow structures remain nearly the same as in the

smooth case. Nevertheless, it is natural that asperities present on the horizontal surface modify

the local flow structures. Previous studies have also reported the modified flow structures in the

presence of rough surface [105, 61]. Stringano et al. [105] observed the secondary recirculations

inside the grooves at Ra = 2 × 1010, whereas no such structures were found at Ra = 2 × 107.

While investigating the effect of roughness heights on the heat flux, Zhang et al. [61] observed

that the strong secondary vortices are responsible for washing out of the cavities, which further

enhance the heat flux.

Flow structures in the near-wall region are shown by streamlines obtained from the time-

averaged velocity field in the three roughness configurations. Owing to the similar flow struc-

tures near the top and bottom rough surfaces, we present only the latter. As shown in Fig. 5.9,

smaller vortices between the roughness elements are apparent throughout the simulated Ra range
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Figure 5.9: Streamlines obtained from the time-averaged velocity field showing the effect of Ra

on local flow structures in R1 (top row), R2 (middle row), and R3 (bottom row) configurations

for Ra = 107 (left column), 109 (middle column), and 4.64 × 109 (right column). The orange

boxes at the lowest Ra case indicate a valley consisting of smaller roughness elements between

two significantly taller roughness heights. The blue boxes show the cascade of vortices in the

vertical direction, while the red ones highlight the lateral alignment of two secondary vortices.

in all the three roughness configurations. These secondary vortices become stronger as Ra in-

creases. The secondary circulations in the grooves were also found by Stringano et al. [105] at

Ra = 2 × 1010. However, in the present random roughness configurations, such circulations

are even evident at a very low Ra = 107. Since both the wavelength and height of roughness

vary along the horizontal span, width of the throat region also varies along the horizontal di-

rection. Consequently, the interaction of entrapped fluid in the throat region with the bulk fluid

also varies. Such an arrangement of roughness elements creates a small valley region consisting

of a few small roughness elements surrounded by two taller roughness heights as shown by the

orange boxes in Fig. 5.9(a-c). The large-scale rolls solely drive the flow inside the valleys. Inter-

estingly, even at the highest Ra, these vortices are found to remain weak such that they circulate

only inside the cavities and do not influence the large-scale rolls.

It is interesting to observe the effect of Ra on the secondary vortices. As shown by the blue

boxes in Fig. 5.9, it is observed that fluid entrapped inside the narrow cavities also responds to the

large-scale rolls in R2 and R3 configurations. Initially, flow inside these narrow cavities remains
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Figure 5.10: For R3 configuration, streamlines obtained from the time-averaged velocity field

for the highest Ra = 4.64× 109 showing the variation of local flow structures in the horizontal

direction. While the top panel shows the structures in the first half of the domain (0 ≤ x ≤ 1),

the bottom one represents that in the other half (1 ≤ x ≤ 2) of the domain. The meaning of

colored boxes are same as in Fig. 5.9.

stagnant, although, a secondary flow sets in as Ra increases (see Fig. 5.9 e,f). With increasing

Ra, this induced flow gains energy because of its inability to move out of the cavities. The

induced vortices further incite the underlying fluid and create vortices of progressively smaller

sizes. This phenomenon continues to invoke more such vortices which results in a cascade of

secondary vortices. To identify what arrangement of roughness heights trigger this phenomenon,

we observe the secondary vortices present near the bottom rough surface of R3 case at Ra =

4.64× 109, shown as a blown-up view in Fig. 5.10, where these vortices are more pronounced.

We observed that a narrow throat region is a favorable condition to obtain the cascade of vortices.

These regions are represented inside the blue boxes.

Another striking feature emerges in R3 case, where two laterally arranged vortices are evi-

dent and represented by the red boxes (see Fig. 5.10). It appears that both the roughness heights

should be nearly equal with a narrow throat to promote such a layout of secondary vortices. It is

caused by the presence of two counter-rotating rolls, which lies just above this roughness element

(see Fig. 5.11 c). This phenomenon is observed only in R3 configuration due to transformation

of a double-roll state into a multiple-roll state. One may be intrigued by the case when such two

adjacent roughness heights are unequal. The two possible cases are further discussed with the
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Figure 5.11: Schematic diagram showing the two possible cases in the situation of unequal

roughness heights [(a) and (b)] and the lateral alignment of two counter-rotating secondary rolls

(c). Flow inside the cavity is influenced by the corresponding large-scale roll of smaller rough-

ness height.

schematic diagram in Fig. 5.11. Both the cases depict the same mechanism, which is governed

by the large-scale roll corresponding to the smaller roughness height. Based on the above propo-

sition, if one height is significantly smaller than the other, the shearing effect of large-scale roll

above the smaller height influences the flow inside the cavity. Consequently, the induced flow

further incites the underlying fluid to form the second vortex. Due to the absence of laterally

induced flow, the cascade effect occurs down the valley and not laterally.

5.6 Thermal boundary layer

The previous section dealt with the local flow structures present near the rough surfaces and

showed that the strength of the observed secondary vortices inside the cavities increases with

Ra. Therefore, it is expected that the increased strength enhances the mixing of cavity fluid and

thus, results in a thinner boundary layer, which conforms to the underlying surface. To ascertain

it, we investigate thermal boundary layer (TBL) thickness near the bottom surface. Thermal

boundary layer thickness (λθ) is calculated using a variant of the well-known rms technique

[18]. In this modified technique, boundary layer thickness is defined as the vertical distance

from the rough surface (instead of smooth surface in conventional RBC) to the location of the

maximum rms of temperature fluctuation (σθ), as shown in Fig. 5.12. Recently, Chand et al.

[103] have shown the effect of Ra on λθ, where large-scale rolls were found to influence the
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Figure 5.12: Schematic showing the construction of thermal boundary layer thickness (λθ) com-

puted from the well-known rms technique in the presence of arbitrary roughness element.

boundary layer. Using a periodic triple-scale roughness, Zhu et al. [2] proposed that, at higher

Ra, when a thin boundary layer covers the taller roughness heights, the smallest heights penetrate

the boundary layer and enhance the extent of the 1/2 scaling regime. However, the proposition

was based on the expectations, and no evidence of a thinner boundary layer was reported. In the

present work, the response of thermal boundary layer with the rough surface is quantified and

presented as a horizontal variation of λθ to confirm the above proposition.

Figure 5.13 shows thermal boundary layer profiles for R1, R2, and R3 configurations in the

frames (a), (b), and (c), respectively. Firstly, the effect of Ra on thermal boundary layer is dis-

cussed, which is followed by a comparison of the boundary layer profile among the three rough-

ness configurations. The profiles are shown for three different Ra cases, i.e., one before (or at

the onset) the transition to the enhanced exponent regime and two cases after it. At lower Ra,

a thicker thermal boundary layer is evident in all the three roughness configurations. It shows

the viscous dominated flow near the rough surface, resulting in a thick λθ. However, with in-

creasing Ra, λθ decreases and conform to the underlying rough surfaces due to strong secondary

vortices. The regions where secondary vortices were seen to form a cascade of smaller vortices

are indicated by the “red" and “blue" boxes whose meaning is same as in Figs. 5.9 and 5.10. It

is clearly evident from the profile of TBL inside the highlighted cavities that strong secondary

vortices mix the cavity fluid to result in a very thin boundary layer that nearly conforms to the

cavity shape. Therefore, it suggests that cascade effect is an indication of a well mixed fluid
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Figure 5.13: Thermal boundary layer thickness computed from rms technique at Ra = 107

(black), 108 (green), 109 (pink), and 4.64 × 109 (blue) in (a) R1, (b) R2, and (c) R3 roughness

cases. The profiles are shown at a lower and two higher Ra to show the coherent structure before

and after the transition to the enhanced exponent regime. The meaning of the colored boxes are

same as in Fig. 5.9.

which further helps in enhancing heat flux.

Further, we observe closely the thermal boundary layer profile for the highest Ra case for

the three roughness configurations. Evidently, in R1 configuration, the boundary layer profile

does not follow the rough surface as it does in the other two configurations. It happens because

of weaker secondary vortices in the near-wall region. On the other hand, strong vortices inside

the cavities enhance the mixing of fluid, which yields a thin thermal boundary layer attached

to the rough surface. As shown in the last frame of Fig. 5.13, the boundary layer has nearly

reached the valleys, which can only be possible when secondary vortices wash out these cavities.

Therefore, this study again confirms the phenomenon of the cascade of vortices in the two taller

configurations. At the same time, in R1, it clearly shows that bulk flow cannot invade the cavities.

Such boundary layer profile where its thickness varies significantly in the valley, throat, and

peak due to penetration of the roughness elements is termed as boundary layer perturbation.

Normalized by its absolute maximum value, boundary layer perturbation (λP ) can be quantified
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Figure 5.14: Perturbation of thermal boundary layer thickness computed as |dλθ/dx| and further

normalized by its maximum value for the highest Ra case. The sharp emerging peaks show local

perturbation of thermal boundary layer.

as

λP =

∣∣∣∣∣dλθdx
∣∣∣∣∣
∣∣∣∣∣dλθdx

∣∣∣∣∣
−1

max

. (5.5)

where only the absolute magnitude of dλθ/dx is considered. Figure 5.14 shows the perturba-

tion of thermal boundary layer in R1, R2, and R3 configurations for the highest Ra case. Note

that nearly zero value and frequently appearing peaks indicate the locally unperturbed and per-

turbed boundary layer, respectively. A number of peaks representing the perturbation along the

horizontal span are significantly higher in R1 as compared to that in R3. Therefore, the perturba-

tion is maximum in the shortest roughness configuration (R1) and minimum in the tallest (R3).

Strong secondary vortices enhance the turbulent intensity of the flow inside the cavities in the

latter. Hence, the flow becomes nearly similar to that in the smooth case with increasing Ra

and diminishes the perturbation of thermal boundary layer. We may recall here that R3 set-up

consistently yields higher Nu, though the Nu ∼ Ram exponent was found highest for the R1

case. The process of cascade of secondary vortices, washing-out of the cavities and the resultant

boundary layer perturbation are indeed interrelated. But they do not contribute in the same way
TH-3145_176103004
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Figure 5.15: Vertical area-time averaged temperature profiles in (a) smooth, (b) R1, (c) R2, and

(d) R3 cases. Effect of Ra, ranging from 107 to 4.64×109, on flow characteristics is shown. The

inset indicates the vertical profiles inside the cavity region.

in the heat transfer enhancement, as not all roughness heights promote thin covering of boundary

layer, nor they respond uniformly to the boundary layer perturbation resulting in different levels

of heat transfer enhancement.

5.7 Multilayer flow characteristics

Mean temperature profile along the vertical direction usually identifies two regions in the flow.

First, nearly half of the total temperature drop occurs near the plate which results in Nu as the

inverse of the thermal boundary layer thickness, Nu ≈ 1/2λθ. Once the major temperature drop

has occurred near the plates, flow assumes a near homogeneous state in the central region termed

as the bulk. It is expected that mean temperature profiles also reflect the characteristics of lo-

cal flow structures. The mean temperature profile is calculated by area-time averaging of the
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Figure 5.16: Vertical profile of absolute temperature gradient calculated as |d〈θ〉A,t/dy| in (a)

smooth, (b) R1, (c) R2, and (d) R3 cases.

temperature field represented by 〈θ〉A,t, where A and t stand for area and time, respectively. In

general, these profiles identify the well-mixed homogeneous bulk region. However, in a rough-

ness facilitated thermal convection, Zhu et al. [59] observed the effect of Ra on these profiles

and proposed that the profiles become similar to that in the smooth case at higher Ra, which they

argued as one indication of saturation of enhanced exponent regime to the classical one.

Figure 5.15 shows the vertical profiles of mean temperature in the smooth, R1, R2, and R3

cases. As mentioned above, these profiles distinguish the flow characteristics as well-mixed

homogeneous (in the bulk), and inhomogeneous (near the walls) regions. Interestingly, it is not

the case at lower Ra where signs of inhomogeneity are clearly evident in the different mean

temperature profiles. However, the mean value becomes close to 〈θ〉A,t = 0.5 due to increase

in turbulent intensity with Ra. In the case of roughened convection cell, it is worth mentioning

that a complex roll-state in R3 set-up favors fluid mixing, which can be noted in the same mean

temperature over a wide range of Ra. On the contrary, in smooth and R1 cases, clearly different

values of mean temperature at lower and higher Ra confirms the above proposition. Also, the

deviation in the profiles indicates that bulk flow is more influenced by the rough surface at lower

Ra. The inset shows the vertical profiles close to the rough surface, where the temperature

profiles vary with roughness configurations to show the distinct flow characteristics. In R1 case,

the temperature drops slowly in a linear fashion, showing the viscous dominated region that

affects the convection mode of heat transport. It is also reflected in a lesser heat flux value than

the other configurations (see Fig. 4.2).

The profiles in the near-wall region indicate the temperature drop in three stages, which sig-

nifies the multilayer flow characteristics. Based on the temperature drop from the rough surface
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Figure 5.17: For the highest Ra, vertical variation of mean temperature profile with y/ymax(Ri)

where ymax(Ri) is the location where φθ becomes maximum. The inset shows a blown-up view

of the first layer where heat transfer occurs mainly by conduction.

to the bulk, the flow characteristics are distinguished into three layers. In the first layer (the

closest to the wall), the flow remains nearly stagnant, and a sharp decrease in temperature due

to thermal resistance in the valleys is observed. The second layer or intermediate layer shows

a non-linear drop in temperature with a smaller temperature gradient. It is expected that this

layer is controlled by secondary vortices present inside the cavities. The third layer represents

the bulk flow, where large-scale rolls control the flow. Since strong secondary vortices and tran-

sition from a double-roll state to a triple-roll state occur in R3 configuration, the second layer

seems more prominent in this roughness set-up (see frame d).

As shown in Fig. 5.16, the above proposition is ascertained by calculating the absolute

magnitude of temperature gradient (φθ) as

φθ =

∣∣∣∣d〈θ〉A,tdy

∣∣∣∣. (5.6)

In the smooth case, the slope is maximum at the surface while it increases with y in roughened

configuration to attain a maximum before dropping asymptotically to the bulk mean value. This

dual characteristic of the temperature gradient confirms the multilayer flow characteristics. In-

terestingly, the first layer is evident in all three configurations and appears to be independent of

the nature of rough surfaces. The profiles of mean temperature are further normalized by the

vertical distance, denoted as ymax(Ri), where i varies from 1 to 3, at which φθ attains an abso-

lute maximum in the highest Ra case. Figure 5.17 clearly identifies the above-mentioned three

regimes. The inset shows the enlarged view where the three profiles nearly collapse onto each
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other in the first regime. It confirms that despite a huge difference in the roughness scales present

in the three configurations, characteristics of the first layer (heat transport mainly occurs through

the conduction) are independent of roughness geometry. The intermediate regime is separated

from the third regime for the three configurations at their maximum roughness height by the

corresponding dash lines. The secondary vortices control the flow behavior in the intermediate

regime, which mimics the bulk flow and suddenly changes its behavior beyond the maximum

roughness height. In R3 case, the mean temperature profile in the intermediate regime contin-

ues to drop roughly in the same manner as it does in the third regime. The strong influence of

secondary vortices improves the bulk-cavity flow interaction, which results in effective thermal

convection inside the cavities. In the bulk flow controlled regime (third regime), the bulk fluid

temperature remains same irrespective of the nature of rough surface.

Based on the vertical profiles of mean temperature in three levels of random roughness,

we propose that the second regime plays a crucial role in enhancing the heat flux. Greater its

resemblance with the bulk, higher the heat flux is, as it does in R3. It also supports the prospect

of washing-out of the cavities. Strong secondary vortices sweep the cavities appropriately to

detach the thermal boundary layer, which is attached to the rough surfaces.

For better visualization of the flow near the cavities, streaks are generated by injecting mass-

less particles from a number of carefully selected stations. Upon injection, they are tracked as

they follow the local fluid motion using the Lagrangian description

dxp(t)

dt
= u(x, t) (5.7)

where xp(t) is the particle coordinate which moves owing to the local fluid velocity u(x, t).

The time integration is carried out using the second-order Crank-Nicolson scheme. It must be

pointed out that the location of the particles, more often than not, does not coincide with the

cell centers. In order to determine velocity of the particles, thus, local reconstruction using

second-order interpolation is required. The complexity of such local reconstruction for domain

decomposition based parallelization is significant where a lot of bookkeeping is involved in

addition to the “point-to-point" and “point-to-all" data communication. The overall effect is

slowing down of the simulation as the number of injected particles keeps growing.

In the current work, we have selected 60 injection stations spread along the cavities. They

are injected and subsequently tracked for almost 10 large-eddy turnover time. Figure 5.18 shows

instantaneous streaklines at a number of instances indicated in the frames for the R3 set-up. The

top panel clearly shows that the shearing effect of large-scale rolls forms the secondary vortices

which further triggers the underlying fluid to form another vortex down to the bottom of the
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Figure 5.18: Streakline visualization at indicated instances (from left to right) near the roughness

cavities in R3 case at Ra = 4.64 × 109. The top panel shows the formation of cascade of

vortices and a stack of secondary vortices, while the middle one indicates the “washing-out" of

the cavities. The last row represent the washed-out cavities which further forms the cascade of

vortices.

Figure 5.19: Streakline visualization at indicated instances (from left to right and top to bottom)

near the roughness cavities in R2 case at Ra = 4.64× 109. It shows the dynamical evolution of

a mushroom-shaped thermal plume that washes away the nearby cavities.TH-3145_176103004
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cavities. It also reveals the growing size of the topmost vortex which attains enough strength to

escape the cavity (middle row). Following the topmost vortex, the lower ones en route to the

peaks along the slant surface mix with the bulk fluid (see bottom row).

Figure 5.19 shows instantaneous streaklines for the R2 case obtained from 60 injection points

placed inside the cavity regions. Similar to the R3 case, secondary flow features like a stack of

vortices are also evident here. However, the inability of the plumes to enter the nearby cavities

is clearly seen to rise while it grows in size. Under the influence of the large-scale roll, its

motion is inhibited. It subsequently sweeps the peak region but cannot penetrate the nearby

smaller roughness throats keeping these regions nearly stagnant. Thus, the varying effect of

roughness height is clearly observed where the path towards enhanced exponent regime is not

necessarily the same. While the larger roughness favors washing out of the cavities, smaller ones

are not equally effective in cleaning out the stagnant regions. Though the two configurations

show the washing out of the cavities, it happens through different mechanisms. After attaining

sufficient energy, secondary vortices escape the cavities in the taller heights. On the other hand,

in intermediate roughness height, it occurs through the growing size of thermal plumes which

under the influence of large-scale rolls enter the cavities to wash them out.

5.8 Conclusions

In this chapter, we have explored the significance of near-wall dynamics in enhancing the heat

flux for the same roughness geometries and governing parameters used in the previous chapter.

Based on the number of peaks penetrating the thermal boundary layer, three heat flux regimes

are identified. Below 50% of penetrating peaks, heat flux marginally drops and remains unaf-

fected within the range 50 − 65%. As it exceeds 65%, a sudden increase in heat flux occurs.

It is observed that 69.08%, 84.51%, and 83.33% of penetrating peaks are required for the onset

of enhanced heat flux regime with roughness height in increasing order. The investigation of

near-wall dynamics has revealed the significance of secondary vortices present near the rough

surfaces. The different response of throat and peak of a roughness element indicates a higher ten-

dency of plume emission in the latter. The peaks emit more frequent and intense thermal plumes

than the throat. The time series shows an ephemeral high temperature state in R3, which reveals

the emission of large-sized thermal plumes. It is also observed that the large-sized plumes affect

the bulk-flow, and hence, they are responsible for transforming a double-roll state to a triple-roll

state. The turbulent intensity computed from the temperature rms in the enhanced exponent
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regime is found to be higher at the peaks, ascertaining their role in the enhancement. A sharp

and narrow peak in probability density function of temperature at the tip in R3 reveals the inter-

mittent interaction of cold and hot plumes, while the Gaussian distribution in the throat indicates

a boundary layer region. Surprisingly, both peak and throat are found to follow Gaussian distri-

bution in R2 case.

Further, weak secondary vortices present near the walls are attributed to a lesser heat flux in

R1. However, a cascade of secondary vortices representing a higher turbulent intensity in R2 and

R3 wash out the cavities to increase Nu. Therefore, the cascade phenomenon is found to be very

important to increase the heat flux. Not only the downward cascade but a lateral (lateral cascade)

arrangement of two smaller rolls in a narrow cavity is also observed. Given the importance of

cascade effect, this study reveals that a narrow throat region is a favorable site for a secondary

vortex to undergo a progressive break down process leading to a well mixed fluid. These features

are further confirmed by a thin thermal boundary layer (λθ) profile in very narrow cavities.

The quantification of thermal boundary layer and its perturbation confirms the concept of

boundary layer perturbation to enhance the Nu(Ra) scaling exponent, which was previously as-

sumed. The maximum perturbation in R1 yields the highest Nu(Ra) scaling exponent, while

the minimum perturbation in R3 gives the lowest scaling exponent. The different level of per-

turbation in the three configurations reveals that tuning of the maximum roughness height is an

important parameter to extend the enhanced exponent regime as proposed by Zhu et al. [2]. It

also suggests that the perturbation vanishes even in a random roughness configuration, as seen

in R3. Vertical mean temperature profile near the rough surface shows evidence of multi-layer

flow characteristics. A weakly non-linear profile closest to the wall exhibits collapse of data for

all the roughness set-ups. We propose that the intermediate layer plays a crucial role in heat

transfer enhancement. Greater its resemblance with the bulk, higher the heat flux is. Beyond the

maximum roughness height flow asymptotically approaches the bulk through the outer layer.
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CHAPTER 6

Effect of tilt on heat transport properties

In this chapter, two-dimensional (2D) tilted Rayleigh-Bénard convection is studied in both smooth

and roughness facilitated convection cell of double-aspect-ratio (Γ = 2). We investigate the ef-

fect of inclination angle (0◦ ≤ φ ≤ 90◦) on heat flux (Nu), Reynolds number (Re), and flow

structures. In a Rayleigh number range 106 ≤ Ra ≤ 109, we address the Ra−dependence of

Nu(φ) trend. In the smooth case, while greater tilt results in the highest heat flux belowRa = 108,

Nu drops with φ monotonically above it (RBC transports heat most efficiently), which explains

the different Nu(φ) trend observed in the previous studies due to Ra−dependence [65, 70, 67].

For the smooth case, we identify the control parameters (φ = 75◦ and Ra = 107) which yield

maximum heat flux (an increment of 18% with respect to the level case). On the other hand,

among the three roughness setups used in the present study, the tallest roughness configuration

yields the maximum increment in heat flux (25%) in vertical convection (φ = 90◦) at Ra = 106.

With increase in Ra, Re changes with φ marginally in the smooth case, whereas it shows notable

changes in its roughness counterpart. We find that the weakening of thermal stratification is

directly related to the height of roughness peaks. While Ra delays the onset of thermal stratifi-

cation (in terms of inclination angle) in the smooth case, an increase in roughness height plays

the same role in roughness facilitated convection cells.

114
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6.1 Introduction

In the previous chapters, we have focused mainly on Nu(Ra) dependence and its associated

heat transfer mechanism in roughness-aided RBC. Inclined convection is another variant of

non-standard Rayleigh-Bénard convection, which is used to enhance the heat flux [115, 116].

However, the enhancement strictly depends upon the governing parameters, described later in

detail. On account of buoyancy, inclination induces characteristics of shear flow. This setting

of heat transfer enhancement has been studied extensively over the years in both two- and three-

dimensional (3D) geometries [117, 64, 118, 119].

In an experimental study, Dropkin & Somerscales [115] observed that the Nu(Ra) scaling

exponent does not change with φ and the variation in heat flux occurs due to different prefactors.

Ahlers et al. [120] observed a drop in heat flux as the convection cell is tilted due to the attributes

of large-scale rolls and transformation of flow states from a single-roll to a double-roll state. For

very low-Prandtl-number fluid (Pr = 0.0094), Frick et al. [71] suggested that thermal plumes

carry heat at small inclination angles, while large-scale circulation (LSC) carries it at larger

angles. For the same working fluid, Vasilev et al. [72] obtained the maximum Nu at φ = 65◦

which confirms the higher efficiency of LSC. Shishkina & Horn [70] investigated the effect of

Ra and Pr on Nu(φ) and Re(φ) in a range of Pr varying from 0.1 to 100 for Ra = 106, 107, and

108. They suggested that Nu − φ relationship is a non-monotonic function of Pr and Ra, and

does not follow a simple power-law. In 2D RBC, Wang et al. [121] identified the range of aspect

ratios in which tilted RBC can be used to enhance the heat flux. A brief review of the inclined

convection is tabulated in Table 6.1, which highlights the principal findings and their reasons.

However, the detailed literature for tilted RBC is provided in Sec. 1.4.

It is clear from the literature that IC yields greater heat flux than RBC andVC [71, 70, 66, 64].

However, a unified view for the inclination angle that yields maximum heat flux remains elusive,

which was also suggested by Shishkina & Horn [70]. Therefore, this chapter aims to disentangle

the Rayleigh number dependence of Nu(φ) for a low Pr = 0.7 and Γ = 2, which has not been

studied extensively so far. In the Ra range 106 ≤ Ra ≤ 109, we identify the control parameters

(Ra and φ), which result in enhanced heat flux for IC. To the best of our knowledge, the scaling

theories forNu(Ra) and Re(Ra) power laws are available only for the two extreme inclined cases,

i.e., RBC (φ = 0◦) [24, 29] and VC (φ = 90◦) [122–124]. However, in a recent study, Zhang

et al. [119] extended the GL theory for horizontal buoyancy. Considering the unavailability of

the above-mentioned power laws, we report the Nu(Ra) and Re(Ra) scaling exponents for each

inclination angle. For the first time, we report the impact of surface roughness on Nu(φ) and
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Re(φ) using three roughness setups used in the previous chapters, see Fig. 6.1. The physical

argument for considering surface roughness is that it enhances the emission of thermal plumes

and breaks the large-scale rolls into smaller ones, which influence the heat flux [125]. So it

will be interesting to study the combined effect of roughness and tilt on global heat transport

properties.

In most of the IC studies, confined geometries (Γ ≤ 1) have been used to realize the idea

of heat flux enhancement [69, 126, 120, 71, 72, 67, 70, 127, 65, 66, 64]. Since the flow in

nature does not occur in confined geometries, studies dedicated to wider convection cells are of

greater interest [121]. Moreover, Wang et al. [121] suggests that heat flux enhancement occurs

only for Γ ≤ 8. To avoid the effect of confinement due to lateral walls for (Γ < 1) and to

achieve the enhanced heat flux, we have selected a relatively wider convection cell of Γ = 2.

The present study is conducted at five tilt angles (φ = 0◦, 15◦, 45◦, 75◦, and 90◦) that cover

the entire inclination range. We have considered φ = 15◦ and 75◦ to elucidate the competing

transport mechanism between LSC and thermal plumes and identify the most efficient state of

heat transport, respectively.

6.2 Numerical details

Under the Oberbeck–Boussinesq approximation, incompressible, tilted buoyancy-driven-flows

are governed by the continuity, energy, and momentum equations, see Eqs. 2.1-2.4 in section

2.1. Figure 6.1 shows the schematic of a double-aspect-ratio tilted convection cell with boundary

conditions and three same roughness setups, i.e., R1, R2, and R3. We consider five inclination

anglesφ = 0◦, 15◦, 45◦, 75◦, and 90◦, and awideRa range varying from 106−109. The numerical

details are tabulated in Table 6.2. With respect to the level case, the top and bottom surfaces

are kept at isothermal temperature conditions, whereas the lateral walls are adiabatic. No-slip

velocity boundary condition is enforced on all four walls (including rough surfaces). It is not

intuitive to use horizontal and vertical terminology in a tilted cell to refer to the directions along

the isothermal surface and normal to it. Thus, we indicate here onwards the direction along the

isothermal surfaces as IS and normal to them as NIS.

In the present work, we compute the two response parameters, Nu and Re, as

Nu = 1 +
√
RaPr〈vθ〉V,t andRe =

√
Ra
Pr
U (6.1)
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Figure 6.1: Schematic diagram of (a) the smooth tilted convection cell with boundary conditions

and components of unit vector (ê) in x and y directions, the (b) smallest (R1), (c) intermediate

(R2), (d) tallest (R3) rough surfaces. Inset in frame (b) shows the wavelength (λ) and height (h)

of a roughness element.

Table 6.1: A brief review of inclined thermal convection including the governing parameters

(Γ,Pr,Ra), inclination range, the principal findings, the characteristic of Nu(φ) curves, and

the inclination angle at which maximum heat flux is obtained. The studies are tabulated in the

increasing order of Pr except for the last two investigations, which include a range of Pr.
References Γ Pr Ra Inclination range Nu(φ) curve (max. at φ =)

principal findings

Frick et al.

[71]
1/5 0.0094 2× 106 − 107 0◦, 2◦, 45◦, 90◦ unimodal (45◦)

Turbulent intensity decreases with φ

Vasilev et al.

[72]
1/20 0.0094 2.4× 106 0◦ − 90◦ unimodal (65◦)

LSC is responsible for heat transfer

Khalilov et

al. [67]
1 0.0094 1.47× 107 0◦ − 90◦ unimodal (70◦)

Small increase in Nu(φ)/Nu(0◦)

Shishkina et

al. [70]
1 0.1, 1 106 − 108 0◦ − 90◦ unimodal (≈ 54◦)

Intermediate φ yields efficient heat transfer

Chilla et al.

[69]
1/2 2 1011 − 1012 0◦ − 1.72◦ monotonously decreasing

DRS reduces Nu

Sun et al.

[126]
1/2 4.3 109 − 1011 2◦ 2% decrease in Nu

due to locking of LSC

TH-3145_176103004



118 Chapter 6. Effect of tilt on heat transport properties

Ahlers et al.

[120]
1 4.38 up to 1011 ≈ 11◦ 0.5% reduction in Nu at φ = 10◦

Weiss et al.

[127]
1/2 4.38 1.8× 1010 0− 0.12rad Nu slightly increases with tilt

7.2× 1010

Guo et al.

[65]
Γx = 1 6.3 4.42× 109 0◦ − 90◦ monotonously decreasing

Γy = 1/4 Span of LSC increases with φ

Guo et al.

[68]
Γx = 1 ≈ 10 6.8× 1010 0◦ − 90◦ Characteristic of Nu(φ) depends

Γy = 1/4 upon Γ rather than Ra and Pr

Shishkina et

al. [70]
1 10, 100 106 − 108 0◦ − 90◦ complex (72◦)

Large φ yields efficient heat transfer

Jiang et al.

[66]
1 480 108, 5× 108 0◦ − 90◦ bi-modal (75◦)

LSC is responsible for peaks in Nu(φ) curve

Wang et al.

[74]
1, 2 0.05− 5 107 − 108 0◦ − 90◦ φ supports reversals in Γ = 2,

while it suppresses in Γ = 1

Wang et al.

[64]
1/2 0.1− 100 106 − 109 0◦ − 90◦ UTRS and SRS enhance Nu

while DRS reduces it

where U =
√
〈u · u〉V,t and 〈· · ·〉V,t indicates the volume-time average [48, 111]. It is important

to note that Nu can also be defined on the basis of thermal (Nuεθ = 〈|∇θ|2〉V,t) and viscous

(Nuεu = 1 +Pr〈|∇u|2〉V,t) dissipation rates. For smooth boundaries, Nuεθ and Nuεu are directly

connected because of the mean vertical convection. On the other hand, they do not have a direct

connection in the rough boundary case. While studying the bounds for convective heat transfer

between the rough boundaries, Goluskin & Doering [128] used the background decomposition

for temperature and suggested that Nuεθ , normalized by Nu(Ra = 0), quantifies the heat flux

across the layers. However, owing to the intricacies associated with roughness facilitated tilted

convection cells (where buoyancy acts in both directions) in the present work, we have defined

Nusselt number as mentioned above in Eq. 6.1. For converged statistics, sampling of at least

200 free-fall time units is carried out in the statistically stationary state. Note that the conduction

state (u = 0, and θ = 1− y) is used as the initial condition.

6.3 Effect of inclination on flow structures

It is well-known that flow structures in RBC are sensitive to the inclination angle [74] and aspect

ratio [121]. The sensitivity here refers to a change in the state of large-scale rolls. Figure 6.2
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Table 6.2: Simulation details for the level case. From left to right: type of convection cell;

Rayleigh number (Ra); number of grid cells in x and y directions (Nx×Ny); ratio of maximum

grid spacing to the Kolmogorov length scale η = H
√
PrRa−1/4(Nu − 1)−1/4 in x (∆xmax/η)

and y (∆ymax/η) directions, respectively; the number of points inside thermal boundary layer

(NBL). Note that reference Nusselt number for the smooth case is taken from Chand et al. [103],

while for the roughness case, it is taken for themulti-scale roughness geometry [2]. Here, ∗ refers

to the φ = 75◦ cases only.

Case Ra Nx ×Ny ∆xmax/η ∆ymax/η NBL

106 256× 128 0.50 0.50 9

2.15× 106(∗) 512× 256 0.31 0.31 9

4.64× 106(∗) 512× 256 0.40 0.40 9

Smooth 107 512× 256 0.50 0.50 10

2.15× 107(∗) 512× 256 0.61 0.61 10

4.64× 107(∗) 600× 300 0.67 0.67 9

108 1024× 512 0.53 0.53 11

3× 108 1200× 600 0.65 0.65 9

109 1440× 720 0.78 0.78 9

106 1000× 600 0.13 0.12 87

3× 106 1000× 600 0.18 0.17 75

107 1000× 600 0.36 0.36 59

3× 107 1000× 600 0.51 0.50 48

R1 108 1200× 600 0.42 0.53 24

2.15× 108 1200× 700 0.56 0.60 19

4.64× 108 1400× 800 0.64 0.70 16

109 2000× 1000 0.61 0.76 13

106 1000× 600 0.13 0.12 87

3× 106 1000× 600 0.18 0.17 75

107 1000× 600 0.36 0.36 59

3× 107 1000× 600 0.51 0.50 48

R2 108 1200× 600 0.42 0.53 24

2.15× 108 1200× 700 0.56 0.60 19

4.64× 108 1400× 800 0.64 0.70 16

109 2000× 1000 0.61 0.76 13

106 1000× 600 0.13 0.12 87

3× 106 1000× 600 0.18 0.17 75

107 1000× 600 0.36 0.36 59

3× 107 1000× 600 0.51 0.50 48

R3 108 1200× 600 0.42 0.53 24

2.15× 108 1200× 700 0.56 0.60 19

4.64× 108 1400× 800 0.64 0.70 16

109 2000× 1000 0.61 0.76 13
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120 Chapter 6. Effect of tilt on heat transport properties

Figure 6.2: Instantaneous temperature field overlaid by streamlines showing the variation in

large-scale rolls as inclination angle increases from φ = 0◦ to 90◦ (left to right). While rows

(1− 4) refer to Ra = 106, 107, 108, and 109, columns (1− 5) refer to φ = 0◦, 15◦, 45◦, φ = 75◦,

and 90◦. The arrows in the first row indicate the direction of gravity. For any specific tilt angle

except φ = 0◦, the flow states change with Ra.

shows the instantaneous temperature field for all the five tilt angles (left to right) and four Ra

cases (top to bottom). The effect of inclination angle is evident in all the Ra cases, where flow

structures transform from a double-roll state at φ = 0◦ to a thermally stratified state at φ = 90◦.

While the former is a consequence of a double aspect ratio, the thermal stratification occurs due

to a temperature gradient acting normal to the gravity in the latter. These states have already

been identified in the previous studies [70, 124, 67]. Similar transformation of the flow states

were observed by Wang et al. [74] for the same governing parameters. However, for Γ = 1/2,

Wang et al. [64] observed an unstable triple-roll state at smaller tilt angles (close to the level

case) and a single-roll state beyond φ ≈ 10◦.

At Ra = 106, it is observed that flow structures attain the shape of the cell at φ = 15◦ (see

frame b), where the direction of thermal plumes is aligned such that hot plumes move rightwards

along the hot isothermal wall and cold plumes opposite to it. As a consequence, a large-scale

circulation (LSC) forms instead of a double roll state (in the earlier studies, a large-scale roll is

termed as LSC in a unit aspect ratio cell [70]). Therefore, inclination incites LSC that spans the

entire cell, which is consistent with Guo et al. [68], though the flow state changes with further

increase in inclination angle. At (φ = 45◦), movement of hot and cold fluid is restricted to the

right and left part of the cell, respectively, indicating weak thermal stratification with the central
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6.3. Effect of inclination on flow structures 121

Figure 6.3: Time series of vertical velocity fluctuation (v′ = v−〈v〉t) in the vicinity of geometric

center of the convection cell (x = 1.1, y = 0.5) for Ra = 107 and 109 at all five inclination

angles. With increase in inclination angle, intensity of fluctuations drops in both the Ra cases.

region showing fluid mixing. At φ = 75◦ and 90◦, flow structures are nearly same, and the flow

becomes thermally stratified. Flow states at Ra = 107 remain same as in Ra = 106, and it is also

consistent with the previous studies [74]. However, large-scale structures undergo significant

changes beyond Ra = 108, see the last row of Fig. 6.2, where these effects are more pronounced

for Ra = 109. It is clearly evident that a double roll state persists even at φ = 15◦ and the

organization of corner rolls is similar to that in the level case. At φ = 45◦, signatures of thermal

stratification are absent, and sudden detachment of thermal plumes from the smooth walls is

observed at randomly located spots. Unlike the level case, in a tilted setup, thermal plumes

(traveling along the isothermal surface) experience both buoyancy and induced shear. Therefore,

it is quite apparent that both these forcing are competing with each other. While traveling along

the hot surface, thermal plumes continuously gain heat. Once they attain sufficient energy to

overcome the viscous resistance, they detach and move directly into the bulk, which impacts the

heat flux to be described in Sec. 6.4. The observed weak thermal stratification suggests that an

increase in Ra delays it, where the delay is in terms of inclination angle. This feature becomes

more prominent for the highest Ra case, where evidence of relatively higher fluid mixing is seen

even at φ = 75◦. In this case, a complex flow state is observed, where several circulation cells are

evident in relatively smaller regions of the cell, which restrict the movement of fluid. Notably,

we find that the transition to a single large-scale circulation shifts towards a greater inclination

angle as Ra increases. This observation is in contrast to the results reported by Wang et al. [74].

They found that the above-mentioned shift first increases with inclination from 107 to 5 × 107

and eventually drops beyond 7× 107.

To ascertain the weakening of turbulence with increasing inclination, we show time series

of vertical velocity fluctuation (v′) obtained from a probe placed near the geometric center of

the cell (x = 1.1, y = 0.5) at Ra = 107 and 109 in Fig. 6.3. The vertical velocity is chosen

because it signifies the rise of thermal plumes in the bulk region. At Ra = 109, in the level case,

large fluctuations are evident in frame a. With increase in inclination angle, the fluctuations
TH-3145_176103004
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Figure 6.4: (a) Comparison of Nu(φ) curve obtained in the present work with Shishkina & Horn

[70] (Ra = 106, Γ = 1 and Pr = 1), Wang et al. [74] (Ra = 107, Γ = 2 and Pr = 0.71), and

Wang et al. [64] (Ra = 107, Γ = 1/2 and Pr = 0.71). Note that the arrow indicates the vertical

axis (red color) for the highest Ra case. (b) Variation of normalized heat flux with inclination,

where Nu data is normalized by that of level case φ = 0◦.
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Figure 6.5: Identification of the Ra range where IC transports heat in the most efficient manner

for φ = 75◦. The shaded region represents the Ra range (2.15× 106 ≤ Ra ≤ 2.15× 107) where

significant increment in heat flux is obtained.

drop and nearly vanish at φ = 90◦. The sharp fluctuations signify movement of thermal plumes

at the geometric center. As shown in frames c-e, a weak fluctuating signal in intermediate and

higher tilt angles shows the absence of vertical movement of thermal plumes in the bulk region.

It indicates movement of the flow along the walls, and the diminishing effect of buoyancy in the

transverse direction is responsible for such movement. In comparison to Ra = 107, evidence of

fluctuations in vertical velocity at Ra = 109 are clearly seen at φ = 75◦, which confirms better

mixing of fluid relative to the lower Ra case.
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6.4 Nu− φ dependence

Nusselt number from the present study is compared with a few previously reported data in Fig.

6.4a. Our data agrees well with Wang et al. [74] for Ra = 107. Marginal difference is noted for

Ra = 106 with Shishkina & Horn [70] who used Γ = 1. At small to moderate Ra (≤ 108), the

Nu(φ) trend remains same, while it drops monotonically for Ra = 109 which is shown in a sepa-

rate scale. To directly compare the Nu− φ dependence at different Ra, we show the normalized

heat flux in Fig. 6.4b. For Ra ≤ 108, a drop inNu at φ = 15◦ is evident in all the cases. With fur-

ther increase in φ, it starts rising again to attain a maximum at 75◦. Interestingly, the Nu(φ) trend

becomes weaker with increasing Ra and drops monotonically beyond Ra > 108. In contrast to

the present work, Wang et al. [64] obtained similar and robust Nu(φ) trend up to Ra = 109 in

the convection cell of Γ = 1/2. This inconsistency can be attributed to the differences in the

aspect ratio. For VC, the distance between the hot and cold plates in Γ = 1/2 is twice of that in

Γ = 2, which favors thermal stratification and delays the onset of turbulence. Since greater tilt

is effective in transporting heat due to laminar characteristics of the flow, Wang et al. [64] did

not observe any variation in the Nu(φ) trend due to the dominating thermal stratification. They

attributed the minimum Nu at smaller inclination angles to the double roll state at Ra = 106, and

stable triple roll state at Ra = 107 and 108. On the other hand, as seen in Fig. 6.2(b,g,l,q), we

observe that flow exhibits a single roll state in the two lower Ra cases and a double roll state in

the other two higher ones. Contrary to the previous studies where the single roll state was found

responsible for enhancing the heat flux [64], we find the same state to diminish it for Ra ≤ 107.

This shows that the Nu(φ) dependence is similar for Γ = 1/2 and 2 at lower Ra (≤ 108) despite

different flow states.

Next, we identify the inclination angles which yield maximum heat flux for each Ra case. It

is evident that IC with greater tilt (φ = 75◦) transports heat most efficiently till Ra = 108, where

φ = 75◦ is seen as optimum inclination angle. However, beyond Ra = 108, RBC transports

heat more efficiently. To observe the Nu(Ra) trend for the optimum inclination angle, we further

present the variation of normalized Nu by including four extra data points in Fig. 6.5. Heat

flux initially rises with Ra to become maximum at Ra = 107 and drops monotonically beyond

it. Interestingly, the optimum inclination becomes the most effective one at Ra = 107, with an

increment of 18% in Nu. As shown by shaded region, we observe a Ra range 2.15×106 ≤ Ra ≤

2.15 × 107 where increment in heat flux is more than 15.7%. Below and above this range, a

sudden drop in augmented heat flux is noted.

We further explore why the normalized heat flux drops with increasing Ra at φ = 75◦. To
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Figure 6.6: For φ = 75◦, component of time-averaged velocity field in the direction of IS overlaid

by velocity vector at Ra = (a) 106, (b) 107, (c) 108, and (d) 109. With increase in Ra, the strength

and region of velocity in the direction of IS diminish.

answer it, we show the time-averaged velocity field in the direction of IS overlaid by velocity

vector in Fig. 6.6. It is noted that with increase in Ra, the intensity of the velocity drops near the

isothermal walls. At the highest Ra, hot and cold fluid movement towards the opposite plates is

obstructed due to the formation of several small-scale flow structures. These structures redirect

the cold (hot) fluid towards the colder (hotter) region and restrict the fluidmixing. In other words,

weakening of thermal convection in the direction of IS is responsible for the reduced heat flux

at higher Ra. In Fig. 6.7, we quantify the drop in the velocity near the hot plate. N(= 10)

equispaced probes are placed at a distance of y/H = 0.05 to obtain the mean velocity in the

direction of IS (up) and NIS (vp), which are computed as

up =
1

N

N∑
i=1

|〈ui〉t| (6.2)

vp =
1

N

N∑
i=1

|〈vi〉t| (6.3)

where i and 〈··〉t represent the probe number and time-average. Clearly, up drops monotonically

till Ra = 108 and becomes nearly constant beyond it, which shows weak convection in the

direction of IS. However, vp is insignificant compared to up, which is expected at such a greater

tilt due to thermal stratification.

One reason to consider the three decades of Ra in the present study is to establish a Nu(Ra)

dependence for each inclination angle, which is described as follows. Figure 6.8a shows the
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compensated Nu(Ra) scaling law in order to study the deviation from Nu ∼ Ra1/4. The greater

tilt cases strictly follow the 1/4 law, whereas a significant deviation is observed as φ approaches

the level case. Further, in frame (b), we show the variation of Nu(Ra) scaling exponent (m) with

φ and found that a slight tilt does not alter the scaling exponent. On the other hand, it drops

sharply as the cell is tilted beyond φ = 15◦. Evidently, the exponent becomes nearly invariant

for φ ≥ 75◦. It is evident thatm is higher (m = 0.284) in RBC than that in VC (m = 0.254) due

to which the Nu(φ) curve shifts downward with increasing Ra. Consequently, the most efficient

heat transport state turns out to be the level case for Ra > 108.

6.5 Re− φ dependence

Reynolds number (Re) is another response parameter that depends upon Ra and inclination. It

is a measure of turbulent intensity and computed as Re =
√

Ra/PrU , where U =
√
〈u · u〉, see

Eq. 6.1. In Fig. 6.9a, we show a comparison of absolute Re among the present study, Shishkina
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&Horn [70],Wang et al. [74], andWang et al. [64]. We observe that the trend ofRe in the present

work agrees well with the above-mentioned studies. It is noted that with increasing φ, Re first

remains nearly same up to φ = 15◦ and then drops monotonically. For a direct comparison of

Re(φ) at differentRa, we present the normalizedRe(φ)/Re(0) data in Fig. 6.9b, where the shaded

region shows Re < Re(0◦). It is observed that Re remains unaltered till φ = 15◦ for Ra ≤ 108,

whereas it increases nearly by 10% in the highest simulated Ra case. For Ra = 109, Nu(φ)

shows a reduction in heat flux for φ = 15◦, which is in contrast to the Re at the same inclination.

Thus, in a double aspect ratio configuration, despite unaltered or a small increase in turbulent

intensity, the drop in Nu indicates that the enhanced turbulent intensity does not necessarily

improve the heat flux. Similar observation was made by Jiang et al. [66], who reported that

instead of turbulent intensity, the strength of LSC enhances the Nu. However, the double roll

state at φ = 15◦ in Fig. 6.2(q) seems to be responsible for the enhanced turbulent intensity at

Ra = 109. With further increase in inclination angle, Re plummets sharply and decreases by

more than 90% at φ = 90◦. The observed trend is different than what Wang et al. [64] found,
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where Re first drops and then rises again before following the monotonically decreasing trend.

Again, this inconsistency may be attributed to the differences in the aspect ratio, which plays a

significant role in determining the turbulent intensity due to the gap between the two isothermal

walls. This analysis also suggests that Re drops fastest in the intermediate inclination range and

not near the vertical convection.

In Fig. 6.10, we show the least square fit of Re(Ra) data. For φ = 0◦, we observe that

Re ∼ Ra0.59 which is in good agreement with the previous studies [129, 48, 130, 125]. In

addition, we further study the Re(Ra) dependence for other inclination angles, which have not

been reported so far. The level case φ = 0◦, and 15◦ follow nearly the same power law, Re ∼

Ra0.59. In these two cases, the collapse of Re(Ra) curves indicates the insignificant effect of

smaller inclination angle on turbulent intensity, which is also supported by the obtained flow

states. With further increase in φ(= 45◦), we observe the same scaling exponent but with a

significant drop in absolute Re. The observed drop may be attributed to the single-roll state.

In comparison to a double-roll state, thermal plumes, driven by a single-roll, traverse a larger

distance to reach the opposite plate. As a result, thermal plumes diffuse early, which diminishes

the strength of the single large-scale roll. In the two highest φ cases, the Re(Ra) nearly follow

the same power-law and the least scaling exponent n = 0.39. Figure 6.10b shows the variation

of n with φ, where the exponent remains nearly same till φ = 45◦ and subsequently drops to

a significantly lower value for the two highest inclination cases. The variation in the exponent

signifies differences in the transport mechanism. While the higher exponent marks the presence

of turbulence in the flow, its lower counterpart highlights the signature of laminar characteristics,

which can also be seen from the stratified temperature field in Fig. 6.2.

6.6 Effect of inclination on flow structures in the rough cells

In Figs. 6.11(a-c), we present time-averaged temperature field overlaid by streamlines for R1,

R2, and R3 configurations, respectively, to identify the changes in flow state with Rayleigh num-

ber and tilt angle. The temperature fields are shown for increasing Ra (top to bottom) and φ

(left to right). In R1 case, flow features change from a double-roll state in the level case to the

stratified flow in the VC (φ = 90◦) for all Ra cases, where only central part of the cell shows a

homogeneous mixing of hot and cold fluid. On the other hand, flow structures in the inclined

cases φ = 15◦, 45◦, and 75◦ show transformation from the double-roll state to a single-roll state

(except at φ = 75◦ for the highest Ra), spanning the entire cell. In the lowest Ra case, the effect
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Figure 6.11: In (a) R1, (b) R2, and (c) R3, time-averaged temperature field superimposed with

streamlines for Ra = 106 (i-v), 107 (vi-x), 108 (xi-xv), and 109 (xvi-xx). Inclination angle varies

from left to right in the order: φ = 0◦, 15◦, 45◦, 75◦, and 90◦. The arrows in the first row of each

roughness case indicate the direction of gravity.
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of inclination is significant as it brings the double-single roll state transformation at φ = 15◦

and incites thermal stratification at φ = 45◦. With increasing Ra, effect of inclination becomes

weaker as the flow structures appear to be same at φ = 0◦ and 15◦ for Ra = 108. Since ther-

mal plumes shrink with increasing Ra, smaller-sized plumes, owing to their greater mobility at

higher Ra, do not align themselves in a single-roll state at φ = 15◦. Further, at φ = 75◦, with

respect to the smooth case, a weaker thermal stratification and relatively better fluid mixing is

evident in the cell. As φ approaches 90◦, thermal stratification is clearly seen where nearly still,

cold and hot fluid are present in the vicinity of the cold and hot isothermal walls of the cell,

respectively.

In the intermediate roughness configuration (R2), a large-scale roll is attained at φ = 15◦ for

the lowest Ra case. For Ra = 107, we observe that the flow state remains same for φ = 0◦ and

15◦. Such a response of flow structures towards inclination is also observed in R1 but at a higher

Ra = 108. For Ra = 108, a triple-roll state is evident at φ = 15◦, while for the highest Ra case,

a triple-roll state is found for all the inclinations between 15◦ ≤ φ ≤ 75◦. At φ = 75◦, it appears

that thermal stratification has vanished due to the presence of a multiple-roll state. On the other

hand, it is still evident in VC, although a weaker one.

Features of the flow structures that appeared in the R2 case become more pronounced in the

tallest roughness configuration (R3) as shown in Fig. 6.11c. The tendency of transformation of

the flow state in the level case to higher tilt angles is found same for the lower Ra cases (up to

Ra = 107) in R2 and R3 configurations. However, beyond Ra = 107, significant differences are

observed in R3 case. Increasing roughness height delays the emergence of a single large-scale

roll that depends upon the inclination. In particular, this transition appears at φ = 75◦ and 90◦

for Ra = 108 and 109, respectively. For the highest Ra, multiple smaller rolls persist at φ = 45◦

and 75◦, respectively. As observed for R2 case, these rolls improve mixing of fluid in the cell.

The most interesting feature appears in VC, where we observe that thermal stratification is nearly

absent. It is evident that roughness delays thermal stratification due to its ability to break the

large-scale rolls and emit thermal plumes directly into the bulk region. It can also be viewed

as early onset of turbulence in greater tilt cases. Since increase in roughness height reduces the

distance between isothermal walls, increase in turbulent intensity is obvious, which is reflected

in delayed thermal stratification. This result elucidates why Wang et al. [64] observed greater

heat flux at greater inclination even at Ra = 109.
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Figure 6.12: Dependence of heat flux on inclination angle for Ra = (a) 106, (b) 107, (c) 108,

and (d) 109 in R1, R2, and R3 configurations. The Nu(φ) curve does not change with roughness

configurations at the lowest and highest Ra.

6.7 Effect of inclination on Nu in the presence of roughness

Figure 7.3 shows a comparison of Nu(φ)/Nu(0◦) among the smooth, R1, R2, and R3 cases for

the four Ra that covers the entire simulated Ra range. For the lowest Ra, the Nu(φ)/Nu(0◦) trend

is same for all three roughness cases which is similar to the smooth case. It happens because

of a weaker thermal forcing, due to which fluid remains inside the cavities [61, 131]. Also, all

the roughness elements are buried under a thick thermal boundary layer. The stagnant fluid and

the thicker boundary layer suppress the effect of roughness at lower Ra, yielding a Nu(φ) trend

similar to that of the smooth case. We observe that the Nu(φ) drops till φ = 15◦ and rise with

further increase in inclination angle. In the smooth, R1, and R2 cases, the maximum heat is

transported at φ = 75◦. On the other hand, VC (φ = 90◦) yields maximum heat flux in R3. For

any particular tilt angle, heat flux decreases as the configuration changes from the smooth to R3

case. Since the cavity space increases from R1 to R3, volume of stagnant fluid inside them also

increases. In such a scenario, heat is transferred only through the conduction. Therefore, for

lower Ra, this study suggests that taller the roughness height is, lesser is the heat flux, which

answers why the smooth case yields the highest heat flux and R3 the least.

For Ra = 107 (see frame b), the normalized Nu(φ) curve in R1, and R2 is nearly similar

except for φ = 15◦, whereas a completely different trend is observed for R3 case. Contrary to

the smooth case, Nu increases monotonically in R1 and R2 cases to become maximum at 90◦.
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It suggests that small asperities on the isothermal walls make the vertical convection the most

efficient heat transport system. In R3,Nu is either higher or comparable to R1, and R2. It happens

because roughness elements in R3 become active at thisRa(= 107) and perturb thermal boundary

layer to modify the flow structures by directly injecting thermal plumes in the bulk [131]. On

the other hand, owing to their relatively shorter height with respect to thermal boundary layer,

roughness elements in the other two cases remain buried inside it. Here active roughness refers

to those elements which actively participate in emitting thermal plumes and are not buried inside

the thermal boundary layer. The idea of activation is clearly seen from the nearly same Nu(φ)

trend in the two smaller roughness cases.

For Ra = 108, the trend in all three configurations reverses completely due to differences

in active roughness peaks. In this case, flow states in R1 and R2 are same beyond φ = 15◦,

which is also reflected by similar Nu(φ) trend in Fig. 7.3(c). On the other hand, in R3, the trend

becomes nearly same beyond this Ra. This similarity is attributed to the early onset of transition

to a multiple-roll state in R3 through taller roughness peaks. Also, beyond this Ra, R3 yields

higher heat flux than smooth, R1 and R2 cases. The reason for the highest heat flux in R3 is

again multiple-rolls and boundary layer penetrating peaks. In Chand et al. [131], it was already

noted for the level case that onset of enhanced heat flux regime occurs at Ra = 2.15 × 108,

5.50× 107, and 107 in R1, R2, and R3 cases, respectively, which supports the above arguments.

For the highest Ra(= 109), maximum heat flux is produced by the tallest case (R3) and

minimum by the smooth case. Interestingly, the trend of increasing heat flux with roughness

heights at the lowest Ra reverses at the highest one. The reason behind this change is presence

of multiple-rolls (five large-scale rolls) in R3, whereas a maximum of three and two rolls are

present in R2 and R1 cases, respectively. Basically, a larger number of rolls improves the plume

ejection spots, which enhance Nu [111]. Another physical argument that can be made here is

widening of the cavities with increasing roughness height. Wider cavities have a higher tendency

to get washed out more efficiently to enhance the emission of thermal plumes [61, 53].

For each inclination angle, we further show the variation of normalized heat flux with Ra in

Fig. 7.5. Based on Nu/Nu(0), we define enhanced, Nu > Nu(0), and reduced, Nu < Nu(0), heat

flux regimes. Note that the Ra beyond which enhanced heat flux regime changes to the reduced

one is termed as the critical Rayleigh number (Rac). For R1, R2, and R3 cases, Rac is found as

108, 107, and 3× 106, respectively. The width of the enhanced heat flux regime diminishes with

increasing roughness height. In this regime, Nu/Nu(0) increases with inclination, as shown by

upward arrows. However, a contrasting effect of φ, represented by the downward arrows, is seen
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Figure 6.13: Variation of normalized heat flux, Nu(φ)/Nu(0), with Ra for (a) R1, (b) R2,

and (c) R3 configurations at four different inclinations. While the vertical dashed line demar-

cates the enhanced and reduced heat flux regimes, the horizontal dash-dotted line represents

Nu(φ)/Nu(0◦) = 1. The upward (downward) arrows indicate the increasing (decreasing) Nu

with φ.

in the reduced heat flux regime. The transition in theNu(φ) trend reflects the onset of turbulence,

which again supports our observation that RBC transports heat more efficiently than IC at larger

Ra. From R1 to R3, the decrease in Rac signifies early onset to turbulence due to a surge in plume

emission [125]. In particular, we observe a maximum improvement of 18%, 24%, and 25% in

heat flux for R1, R2, and R3 cases, respectively. On the other hand, following the same order,

a maximum reduction of 32%, 25%, and 17% in heat flux is observed in the reduced heat flux

regime.

Next, we study the effect of tilt on Nu(Ra) dependence by showing the least square fit of

the Nu data in Fig. 6.14(a-e), and m(φ) behavior in frame (f). In R1 case, note that deviation

from the fitting at the highest Ra is observed up to φ = 45◦, which indicates the late onset of

turbulence (higher Rac). The deviation is also evident from the rising error bar in frame (a-c).

However, as φ > 45◦, the error bar nearly vanishes, which signifies the laminar heat transport

throughout the simulated Ra range. This is apparent from the similar m(φ) trend in R1 and the

smooth case beyond φ = 45◦. For these two cases, the exponent drops to m ≈ 1/4 in VC,

which is consistent with the previous results [123, 124]. On the other hand, the early onset of

turbulence is responsible for the higher exponent in the two taller roughness configurations. A

direct connection between the turbulent intensity and scaling exponent is evident as configuration

changes from R1 to R3 in frame f. It is interesting to note that despite significant differences in

roughness heights, the m(φ) trend remains nearly same in the three cases. Here, the effect of

decreasingm(φ) corresponds to the drop in heat flux as Ra increases beyond Rac.
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Figure 6.14: (a-e) Least-square fit of Nu(Ra) at different inclination angles. (f) Nu(Ra) scaling

exponent (m) as a function of inclination angle for R1, R2, and R3 cases. The dashed line in

frame f representsm = 0.287 obtained for the smooth case at φ = 0◦. Note that Nu(Ra) data is

presented with the error bars in the R1 case to show deviation from the least-square fit.

6.8 Effect of inclination on Re in the presence of roughness

Figure 6.15 shows the variation of Reynolds number with inclination at four Ra that covers the

entire simulated Ra range. Similar to the smooth case, the Re(φ) curve shows a consistent trend

where it remains nearly identical or changes slightly at small inclination (φ = 15◦) and drops

monotonically with further increase in φ in all the four Ra cases. However, roughness impacts

the turbulent intensity, which is reflected in the deviation from the smooth case in Re(φ). At

lower Ra(≤ 107), roughness height suppresses the turbulent intensity, i.e., taller the roughness

height is, lesser is the turbulent intensity. It happens due to the stagnant fluid residing in the

cavities at lower Ra. It is also reflected from the nearly same Re in the smooth and R1 case,

where the flow structures are similar. Beyond Ra = 108, as expected, differences in Re in

the three configurations reduce due to movement of fluid in the cavities (secondary vortices),

which washes them out. The role of roughness heights is remarkable for a greater tilt at Ra =

109. Here, while the Re between φ = 75◦ and 90◦ changes marginally in the smooth case, a

significant difference is evident as roughness configuration changes from R1 to R3. It clearly

indicates weaker thermal stratification and greater mixing of fluid at these two inclinations in

taller roughness configurations, as observed in the flow structures in Sec. 6.6. Contrary to lower

Ra cases, we observe that Re(φ) trend does not show notable changes till φ = 45◦ for the highest

Ra. It can be attributed to the similar flow structures that show a greater turbulent intensity at

this inclination range for Ra = 109. On the other hand, evidence of thermally stratified flow at
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Figure 6.15: Re− φ dependence for three roughness and smooth case at four Ra = (a) 106, (b)

107, (c) 108, and (d) 109. The Re− φ curves in roughness cases are similar to the smooth case.

Note that while Re decreases from R1 to R3 at lower Ra, it becomes comparable in all three

configurations at the highest Ra.

φ = 45◦ for lower Ra cases is responsible for the sudden drop in Re.

We further study the effect of inclination on Re(Ra) dependence for different inclination

angles in Fig. 6.16. The least-square fit of Re(Ra) data clearly shows that the scaling law Re ∼

Ran for φ = 0◦ and 15◦ are nearly same, where the scaling exponents for R1, R2, and R3 are

0.61, 0.64, and 0.68, respectively. The nearly same exponent for φ = 0◦ and 15◦ cases indicates

a similar transport mechanism which is also reflected in their flow structures. Note the effect

of roughness on the scaling exponent, which is nearly same for the smooth and tiny roughness

heights. However, as roughness changes fromR1 to R3, the exponent increases with respect to the

smooth case. For φ = 45◦, although turbulent intensity decreases, the scaling exponent remains

nearly same as in the two smaller inclinations, which is reflected by the n(φ) trend in frame (d).

However, beyond φ = 45◦ the exponent as well as turbulent intensity drops remarkably due to

settling down of the cold and hot fluid near the the cold and hot walls of the cell, respectively

(see the time-averaged temperature field in Fig. 6.11). For φ = 75◦ and 90◦, we observe that

the exponent in smooth and R1 case does not change appreciably, which indicates a similar flow

state. On the other hand, flow structures in R2 and R3 change significantly at these inclinations,

which is also reflected in their n(φ) trend. In R3, greater turbulent intensity (weaker thermal
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Figure 6.16: For five inclinations, least square fit of Re data for (a) R1, (b) R2, and (c) R3. Frame

(d) shows n− φ trend for the three roughness and smooth cases. The scaling exponent remains

nearly same till φ = 45◦ and drops beyond this range.

stratification) as compared to the other smaller roughness setups at φ = 75◦ is responsible for a

higher scaling exponent.

6.9 Conclusions

In this chapter, we have investigated the effect of inclination on heat flux in a wide range of

Ra varying from 106 to 109 in two-dimensional tilted RBC. The investigation is carried out

in a double-aspect-ratio convection cell filled with air (Pr = 0.71) for five inclination angles

(φ = 0◦, 15◦, 45◦, 75◦, and 90◦) for both the rough and smooth cases. Shishkina & Horn [70]

suggests that Nu(φ) and Re(φ) trends are non-monotonic complex functions of Ra and Pr. In

the same line, the present work has addressed one of these complexities, i.e., the effect of Ra

on Nu(φ) dependence for a relatively wider cell (Γ = 2) in 2D RBC. We have listed the Nu(φ)

trend observed in the previous studies and current work in Table 6.3. Based upon the analysis,

we have made the following observations:

1. In the smooth case, inclined convection can be used to enhance the heat flux below Ra =

108, whereas, above it, RBC yields the highest heat flux. On the other hand, for the rough-

ness cases, effectiveness of IC (determined by Rac) to transport heat shifts to lower Ra as

characteristic height of the roughness increases due to early onset of turbulence.
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Table 6.3: Summary of Nu(φ) trend in inclined thermal convection. From left to right:

references; aspect-ratio (Γ); Prandtl number (Pr); Rayleigh number (Ra); the character-

istic of Nu(φ) trend; and the inclination angle at which maximum heat flux is obtained.

Here, unimodal and bimodal in Nu(φ) trend refer to a single and dual peaks, respectively.

References Γ Pr Ra Nu(φ) trend (max. at φ =)

Frick et al. [71]
1/5 0.0094 2× 106 − 107 unimodal (45◦)

Vasilev et al. [72] 1/20 0.0094 2.4× 106 unimodal (65◦)

Khalilov et al. [67] 1 0.0094 1.47× 107 unimodal (70◦)

Shishkina & Horn [70] 1 0.1, 1 106 − 108 unimodal (≈ 54◦)

Chilla et al. [69] 1/2 2 1011 − 1012 monotonically decreasing (0◦)

Guo et al. [65] Γx(Γy) = 1(1/4) 6.3 4.42× 109 monotonically decreasing (0◦)

Wang et al. [64] 1/2 0.1− 100 106 − 109 unimodal for Pr = 0.71 (80◦)

Jiang et al. [66] 1 480 108, 5× 108 bi-modal (75◦)

Present work

Smooth case 2 0.7 106 − 108 unimodal (75◦)

108 < Ra monotonically decreasing (0◦)

Rough cases 2 0.7 106 unimodal (75◦)

107 ≤ Ra ≤ 108 complex trend

109 monotonically decreasing (0◦)

2. In the smooth case, the maximum heat flux is obtained at φ = 75◦ for Ra ≤ 108, while for

the roughness cases, it depends upon the Ra and roughness setups.

3. For φ = 75◦, in the smooth case, a Ra range, 2.15× 106 ≤ Ra ≤ 2.15× 107, is identified

wherein heat flux improves significantly, at least by 15%. In the three roughness configu-

rations, we observed an increment of 18%, 24%, and 25% in Nu for R1, R2, and R3 cases,

respectively.

4. For both smooth and roughness cases, with increase in Ra, transition to a single large-scale

circulation shift towards a greater tilt angle. Moreover, an increase in roughness height

also delays this transition. Contrary to the previous observations [64], a single-roll state

is found to diminish heat flux for Ra ≤ 107 at φ = 15◦.
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5. While increase in Ra delays the onset of thermal stratification in the smooth case, increase

in the characteristic height of the roughness setups does the same in rough configurations,

which indicates early onset of turbulence in greater tilt cases.

6. Similar to the effect of Ra on Nu(φ) dependence, Re(φ) trend remains nearly same up to

Ra = 108 and changes marginally beyond it. It is also found that Re drops faster in the

intermediate inclination range than near the VC.
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CHAPTER 7

Effect of conical roughness on heat transport properties

In this chapter, we investigate the effect of roughness (conical) on heat flux through coherent

structures for a fixed Ra = 108 in 3D cubical cell. We consider two roughness configurations:

uniform (U) and irregular (R) cases. In the uniform case, roughness height remains unchanged

h = 0.1H , while in the irregular case, the height varies in the range 50−100% of the maximum

height (0.1H). In addition, we have also studied their half-variants (HU and HR), where the

rough surface is considered only on the bottom plate. It is observed that heat flux increases

significantly in the rough cases, whereas, surface roughness impacts the flow strength relatively

weakly. The heat flux increases due to emission of a large number of intense thermal plumes

in the rough cases, which is ascertained by an increase in plume volume fraction Vpl. Larger

temperature variance in the rough cases confirms the frequent emission of thermal plumes. A

shift in mean temperature in the bulk region is observed for HU and HR cases due to emission of

more hot plumes. LSC remains in the diagonal plane in the smooth case, whereas it is aligned

along the Cartesian planes (x or z) in the rough cases. The strength of the LSC is quantified by

angular velocity based on Reynolds number, which ascertains the differences in the reorientation

of LSC between smooth and rough cases. Greater local heat flux in the rough cases ascertains the

intense characteristics of emitted thermal plumes. Second-order structure function of vertical

velocity and temperature reveals energetic flow structures in the rough cases, whereas power

spectra of temperature fluctuations reveals the existence of BO59 scaling in the bulk region.

138
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7.1 Introduction

In the previous chapters, we have studied the effect of roughness on heat transport properties

in 2D convection cells, where triangular roughness elements were used. In this chapter, we

investigate the effect of 3D conical roughness elements on heat transport mechanism, transport

properties, coherent structures, and small-scale statistics in a cubic cell.

In RBC, there are three coherent structures, i.e., LSC, boundary layer and thermal plumes,

which are associated with heat transport mechanism. In what follows, a detailed literature review

shows the connection between heat flux and coherent structures in roughness-aided convection.

We first describe the role of boundary layer and thermal plumes and then report the impact

of roughness on LSC and smaller rolls. In the previous studies [55, 132, 133], it has been

well established that surface roughness can augment the heat flux, which depends on geometric

parameters of the roughness elements. In an experimental study, Shen et al. [54] used pyramidal

roughness and observed 20% increment in heat flux and proposed that the increment occurs

when the thermal boundary layer thickness (λθ) and roughness height are comparable. Later,

Ciliberto &Laroche [56] experimented with spherical roughness elements and observed a higher

Nu(Ra) scaling exponent, which was again attributed to the relationship between the thermal

boundary layer and roughness height. Roche et al. [58] also observed greater heat flux and

scaling exponents for triangular surface roughness and reported that the roughness is effective

when its height becomes 80% of λθ.

In a recent 3D RBC study, Belkadi et al. [79] investigated Nu(Ra) scaling exponent in the

presence of surface roughness and observed three heat flux regimes, which are discussed as fol-

lows. In the first regime, observed at lower Ra, surface roughness affects the heat flux due to fluid

entrapment in the cavities. Here, the roughness elements remain inactive. With further increase

in Ra, they observed the second regime, wherein roughness elements perturb the boundary layer

due to its diminishing thickness. This perturbation is responsible for frequent emission of ther-

mal plumes, which results in higher heat flux. The enhancement in heat flux occurs mainly

because turbulence sets in the boundary layer due to roughness asperities. In the third regime,

obtained by increasing Ra beyond the second regime, the turbulence in the boundary layer van-

ishes due to weakening of the perturbation [1, 2]. The weakening effect can be attributed to the

similar flow characteristics inside the cavities and bulk region, which suppresses the effect of

roughness on plume dynamics. Thus, in this regime, the flow behaves like that of the smooth

surface and heat flux increases due to increase in the heated area. The above-mentioned three

regimes were also reported by Xie & Xia [60], wherein pyramid-shaped roughness of four dif-
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ferent aspect ratios were used. Apart from the Nu(Ra) regimes, they also found that the aspect

ratio of roughness element is directly connected with the increase in scaling exponent.

In the following discussion, we describe the effect of roughness on LSC and its role in heat

flux enhancement. For a taller and smaller pyramid roughness geometry, Du & Tong [57] ob-

served that Nu increases by 76% and 29%, respectively. They attributed the enhancement to the

interaction between the shear flow induced by LSC and the surface roughness, resulting in sec-

ondary vortices in the valleys. Both these structures (LSC and secondary vortices) detach more

thermal plumes and yield greater heat flux and Nu(Ra) scaling exponent. Later, Qiu et al. [134]

investigated the effect of pyramidal grooves on the characteristics of LSC in a cylindrical cell of

unit aspect ratio. They observed that roughness elements do not impact the LSC, whereas their

effect on the velocity boundary layer remains confined to the groove region.

In addition to the global flow structures, Liot et al. [135] investigated the flow characteristics

in the notch and at the top of the obstacles in a roughness-aided convection cell. They reported

that a stratified fluid and slow circulation inside the notch yield low heat flux. On the other hand,

incursion of bulk fluid inside the notch results in emission of larger thermal plumes, which yields

greater heat flux. Further, Liot et al. [136] studied the flow characteristics in a cell facilitated

with roughness elements only on the bottom plate. They reported stronger fluctuations in both

the horizontal and vertical velocities as compared to the smooth case. Moreover, they observed

asymmetry in the vertical profiles, which were attributed to the enhanced plume emission and

the emergence of different turbulent structures.

Further, Jiang et al. [112] considered a complex roughness configuration (asymmetric ratchet

surface) to investigate its effect on LSC and heat transport properties. They observed that heat

flux increases significantly when the blunt face of the ratchet interrupts the LSC, which results

in the eruption of a larger number of thermal plumes. In another numerical study inside a cylin-

drical cell over a Ra range 106 ≤ Ra ≤ 108, Emran & Shishkina [137] carried out a detailed

investigation on the effect of roughness attributes on Nu and Re. They used concentric circular

rings of varying geometric attributes. They reported that both the roughness height and cavity

space decide the enhancement of heat flux, and both of them are related to the thermal boundary

layer thickness. Nu was found to increase linearly with heated surface area. However, the rate at

which Nu increases with roughness height (h) was found to depend on the width of the cavity.

Interestingly, this dependence was found to sustain only up to a critical value. Beyond the critical

width, Nu(h) becomes independent of the width.

For understanding the morphological changes in large-scale rolls due to roughness, Tummers
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& Steunebrink [62] considered the square-base roughness elements. They studied the effect of

roughness on heat flux through LSC. They observed that roughness elements break the LSC,

which can be attributed to the injection of thermal plumes directly into the bulk region. The

breaking of LSC yields smaller rolls, enhancing the efficiency of evacuating the cavities. The

enhanced emission of thermal plumes and efficient evacuation of cavities contribute to aug-

mented heat flux. On the contrary, Foroozani et al. [138] observed a slight drop in heat flux for

Ra = 108 in a cubical cell facilitated with pyramid roughness. They considered three roughness

cases characterized by their heights: 0.00625H , 0.0125H , and 0.025H . The drop in heat flux

was attributed to the entrapped fluid inside the cavities. Owing to the tiny roughness elements,

boundary layer perturbation was nearly absent at Ra = 108 in all three cases. Consequently, the

entrapped fluid was observed inside the cavities, which resists convective heat transfer. They

also reported that shorter roughness elements (hydrodynamically smooth case) do not alter the

orientation of LSC, and it remains in the diagonal plane. However, for hydrodynamically rough

cases, the orientation changes from the diagonal plane to the Cartesian plane.

Thus far, it has been observed that geometric attributes of roughness elements control the

heat flux. For roughness-aided RBC, the common observations are that the spacing between the

roughness elements and their heights, thermal plumes, thickness of boundary layer, and LSC

play a crucial role in determining the enhanced heat flux. Therefore, the present work is mainly

focussed in studying the effect of roughness on the coherent structures in roughness-aided con-

vection. To the best of our knowledge, in all the previous 3D studies [60, 61, 138, 79], uniform

(mono-scale) roughness geometries were used. For the first time in a 3D cubic cell, we consider

multi-scale roughness configurations to investigate their effect on heat transport properties. In

particular, the present work focuses on the statistics of coherent structures to study their relation-

ship with enhanced heat flux for bothmulti-scale andmono-scale roughness arranged in irregular

fashion. We use conical roughness elements of mono-scale (uniform case, U) and multi-scale

(irregular case, R), as shown in Fig. 7.1. In uniform cases, the roughness height is fixed (10%

of the cell height), whereas it varies in the range 5 − 10% of the cell height in the irregular

cases. Note that the roughness-aided convection is effective only when the roughness perturbs

the boundary layer. For Ra = 108, the tiny roughness elements (whose height is much smaller

than boundary layer thickness) remain buried inside the boundary layer and do not perturb it.

On the other hand, boundary layer takes the shape of rough surface for taller configurations,

which makes the flow characteristics similar to the smooth case. We have selected the range of

roughness heights which can perturb the boundary layer. Further, we also study the asymmetric
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Figure 7.1: Schematic of the (a) smooth, (b) uniform, (c) irregular, (d) half-uniform, and (e)

half-irregular cases.

variant of roughness-aided RBC, where the roughness elements are placed only on the bottom

plate. These cases are termed as Half-uniform (HU) and Half-irregular (HR). The reason for

considering these cases lies in the fact that LSC plays an important role in the interaction of the

top and bottom boundary layers, at least for the present Pr case, and helps to comprehend the

connection between the two layers. Thus, it would be interesting to investigate the properties of

LSC and thermal plumes in the two asymmetric cases.

7.2 Numerical details

The conservation of mass, momentum and energy governs the flow inside a 3D Rayleigh-Bénard

cell, as described in Sec. 2.1. The flow is simulated inside a cubic cell filled with air (Pr = 0.7)

at Ra = 108. The no-slip velocity boundary condition is used at all the surfaces. While the

lateral walls are kept insulated, isothermal condition is used for the top (θ = 0) and bottom

(θ = 1) walls. Moreover, no-slip velocity boundary and isothermal condition are implemented

for all the roughness elements. The temperature of the elements placed on the top and bottom

plates are θ = 0 and 1, respectively. Since vertical height between the isothermal surfaces does

not remain fixed in the roughness cases, we choose the idea of effective height (heff) of the cell
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and effective Ra (Raeff), which are computed as:

heff =
V
Ar

and Raeff = Ra
(
heff
H

)3

(7.1)

where V is the volume occupied by fluid in the rough cell, and Ar is base area of the smooth

isothermal plate. The effective height, actual volume of the cell, and effective Ra of all the cases

are listed in Table 7.1.

In this study, we use two types of roughness configurations (conical elements), which are

classified based on the variation of roughness heights: uniform (U) and irregular (R). In uniform

cases, the roughness height remains fixed, i.e., 10% of the cell height (H/10), whereas it varies

in the range 50 − 100% of the maximum roughness height (H/10) for the irregular cases. As

mentioned in Sec. 7.1, we further use two more cases in which the roughness elements of U and

R are considered only on the bottom surface: half-uniform (HU) and half-irregular (HR). The

incremental heat transfer area (∆HTAi = (HTAi/HTAS − 1) and the number of roughness

elements are tabulated in Table 7.1. The increment of 40% (20%) in ∆HTA for U and R (HU

and HR) cases yields sufficient roughness elements to perturb the boundary layer.

We have carried out the grid independence study for four progressively refinedmeshes (Mi, i =

1, 2, 3, and 4) as listed in Table 7.2. Note that we have used uniform mesh in the horizontal di-

rection, whereas a non-uniform mesh in the vertical direction. To check the sensitivity of mesh

resolution on the results, we have compared global Nu and variance of temperature (σθ) and

observed a maximum deviation of 1.14%, and 5.30%, respectively. With a progressive increase

in mesh size, the deviation diminishes to sufficiently small values. Thus, we select a grid size

of Nx ×Ny ×Nz = 300 × 300 × 300 for all the cases. The mesh is refined close to the walls,

which serves two purposes. First, the rough geometries are adequately resolved due to suffi-

cient grid cells inside the roughness elements. Second, it satisfies the criterion of a minimum

number of grid points required inside the thermal boundary layer [76], which is computed as

λθ = H/(2Nu).

In the present work, we have selected Ra = 108 because roughness elements of height =

0.1H are sufficiently tall to perturb the boundary layer whose thickness depends upon Ra. Figure

7.2 shows the triangulated uniform and irregular surfaces and their zero-level set representation.

The exact representation of the rendered zero-level set function confirms the body resolution.

The rendered volume of the object yields a maximum error of 0.085% and 0.4% for uniform

and irregular cases, respectively. For all the statistical analysis, we have sampled the data up

to 250 free-fall time units after the flow enters a statistical steady state. To show the statistical

convergence, we have computed Nu in two subsequent equal intervals (NuI and NuII), listed in
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Figure 7.2: Representation of triangulated surface (a and c) and their zero-level set representation

(b and d) for uniform (a and b) and irregular (c and d) cases. For better visualization, we show

only the bottom surface.

Table 7.1: Geometric attributes (heff,Volcell, and number of roughness elements N ) and control

parameters (Raeff and ∆HTA) for the five cases.

S. No. Parameters Smooth Uniform Random Half uniform Half random

1 heff 1 0.966 0.977 0.983 0.989

2 Volcell 1 0.966 0.977 0.983 0.989

3 ∆HTA(%) 0 40 40 20 20

4 N − 32 73 16 37

5 Raeff(×108) 1 1.10 1.07 1.05 1.035

6 Nu 31.27 46.45 47.71 37.93 38.27

Table 7.3. We further compute the relative difference between the two intervals as

Nur(%) = 1− NuI
NuII

. (7.2)

Nur remains less than 0.5% in the four cases, whereas it is maximum (1.73%) in the uniform

case. These trivial differences clearly indicate that the sampling is statistically converged and

does not dependent on the sampling length.
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Table 7.2: Grid independence study showing the deviation in global Nu and variance of temper-

ature (σθ) for four progressively refined meshes. The deviation is computed in the progressive

sense, i.e., ∆Nui = (Nui − Nui−1)/Nui. Note that Nu and σθ are volume and time-averaged

quantities.

Mi Nx ×Ny ×Nz Nu (∆Nu) σθ (∆σθ)

M1 240× 240× 240 47.02(0.00) 3.23× 10−3 (0.00)

M2 280× 280× 280 47.18(0.33) 3.07× 10−3 (5.30)

M3 300× 300× 300 47.71(1.10) 3.16× 10−3 (2.79)

M4 320× 320× 320 47.17(1.14) 3.09× 10−3 (2.27)

Table 7.3: Convergence of statistics for the data sampling of 250 time units computed in two

subsequent equal intervals. Here NuI , and NuII represent Nu in the first, and second interval,

respectively, while Nur shows the relative difference in NuI and NuII .

S. No. Cases NuI NuII Nur(%) = 1− NuI/NuII

1 S 31.35 31.20 0.48

2 U 46.70 45.89 1.73

3 R 47.28 47.14 0.30

4 HU 37.62 37.64 0.05

5 HR 38.07 37.95 0.32

7.3 Global heat transport properties

The two key response parameters in RBC are Nu and Re, which measure heat flux and flow

intensity, respectively [18]. Heat flux increases in the presence of rough surfaces provided the

roughness height perturbs the boundary layer [2]. However, the increase in Nu depends on the

roughness geometry. The arrangement of roughness elements in the present work does not follow

a fixed pattern. We first compare heat flux among the five cases in Fig. 7.3 (a). Compared to

the smooth case, remarkably higher Nu is evident in all the rough cases. While comparing Nu

between U and R cases, it is observed that both yield nearly the same heat flux. As expected,

a similar observation in the comparison of heat flux is noted between HR and HU cases. At

moderate Ra, thermal boundary layer remains relatively thicker (λθ ∝ 1/Ra), which buries the

smaller roughness elements in R and HR cases. The smaller roughness elements buried inside

the boundary layer do not contribute in the emission of thermal plumes. Therefore, the trivial
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Figure 7.4: Comparison of (a)Re and (b) incrementalRe represented by∆Re = (Re−ReS)/ReS)

among different configurations, where ReS is Reynolds number in the smooth case.

difference between the uniform and irregular rough cases can be attributed to the nearly same

number of active roughness peaks.

In Fig. 7.3(b), we show the increment in heat flux (∆Nu = (Nu − NuS)/NuS) with respect

to the increase in heat transfer area (∆HTA), which is defined as

∆HTA =
HTA−HTAS

HTAS
(7.3)

here S refers to the smooth case. In R and U cases, the conical roughness augments the HTA by

40%, whereas in their half-variants (HR and HU), the increment is barely 20%, see Table 7.4.

However, the increment in heat flux (∆Nu) is observed as 48.54, 52.57, 21.30, and 22.38% in

U, R, HU, and HR, respectively. The inconsistency between the increase in ∆HTA and ∆Nu

suggests that enhancement is not simply because of increase in heat transfer area but due to
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Figure 7.5: Vertical profiles of (a-b) mean (〈θ〉A,t) and (c-e) variance of temperature (σθ). While

(b) shows the blown-up view of mean temperature near the bottom wall, (d) and (e) show the

same for σθ near the top and bottom walls, respectively.

frequent emission of plumes, which is discussed in detail in the next section.

Reynolds number Re is another heat transport property that measures flow intensity in RBC.

Mathematically, it is defined as Re =
√
Ra/PrUrms, where Urms =

√
〈u2 + v2 + w2〉V,t. In the

rough cases, plumes are emitted more frequently as compared to the smooth case [2]. Since the

role of thermal plumes is to feed large-scale circulation, at least for lower Pr, it is expected that

a larger quantity of plumes augments the strength of LSC or in other words flow intensity gets

a boost in the rough cases. These observations are evident from Fig. 7.4a, wherein Re in all the

rough cases is greater than the smooth case. In particular, Re increases by 18.60, 21.05, 14.74,

and 9.47%, in U, R, HU, and HR cases, respectively, see frame b. Contrary to Nu, the effect of

roughness on Re is relatively weaker.

To study the effect of roughness on temperature statistics, we observe the vertical profiles

of mean and variance of temperature in Fig. 7.5. These vertical profiles characterize the entire

domain into near-wall and bulk regions. Nearly straight profiles of the mean temperature in the
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bulk region signify homogeneity. On the other hand, higher temperature gradients are associated

with non-homogeneity in the near-wall regions. In the HU and HR cases, a horizontal shift is

observed in the mean bulk temperature, which is due to asymmetricity of the surface roughness

(top plate is smooth). This shift shows that the bulk region is flooded with more hot thermal

plumes emitted from the localized roughness elements on the bottom plate. Nevertheless, the

asymmetricity does not impact the homogeneity of the bulk region. Further, it is evident that

the profiles in the near-wall region depend upon the roughness configuration, see frame b. De-

spite having the same bottom configuration, the profiles for the U and R cases do not match

with the HU and HR cases, respectively. This inconsistency shows that the two opposite walls

are linked with each other through the LSC which carries thermal plumes emitted from the bot-

tom wall/surface to the top wall/surface. In HU and HR cases, hot thermal plumes are emitted

immensely near the bottom rough surface compared to the top smooth surface, resulting in an

imbalance between the hot and cold thermal plumes. LSC carries the hot plumes from the bot-

tom surface to the bulk region. Since hot plumes are larger in number, they dissipate mainly in

the bulk region and contribute to larger mean bulk temperature. On the other hand, in R and U

cases, the hot and cold plumes carried by LSC are in balance and dissipate equally in the bulk

region.

Variance is a measure of the intensity of fluctuation, and it is defined as

σθ = 〈θ′2〉A,t (7.4)

where the prime denotes the fluctuation, and 〈··〉A,t shows the horizontal area-time averaging.

The homogeneous character of the bulk region is also reflected in the temperature variance,

see frame (c). The inset shows the blown-up view of the variance in the bulk region, which is

higher for the rough cases as compared to the smooth one. It is evident that roughness alters the

fluctuations in the bulk by emitting intense thermal plumes more frequently. Also, since HU and

HR have higher 〈θ〉A,t, σθ is lesser as fluctuations are less. Further, we compare σθ profiles near

the top and bottom walls in frames (d) and (e), respectively. While the S, U, and R cases show

symmetric profiles, HR and HU reflect geometric asymmetry. Note the intensity of fluctuation in

HU and HR cases near the top (bottom) wall, where it rises (drops) significantly as compared to

other cases. This change can be attributed to the interaction of bulk and near-wall regions, which

is different for the top and bottom surfaces. In the vicinity of the top (cold) surface, boundary

layer flow remains at a higher temperature with respect to the surface, resulting in large thermal

gradient which causes greater instability and an intense fluctuating region. On the other hand, in

the vicinity of the bottom surface, relatively lower temperature difference between the boundary
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Figure 7.6: For the four different threshold values, increment in (a) volume fraction (∆V ) and

(b) thermal dissipation (∆ε) of thermal plumes with respect to the smooth case.

layer flow and bottom surface is responsible for the significant drop in fluctuation intensity.

7.4 Statistics of thermal plumes

Thermal plumes are the coherent structures that carry heat from the bottom to the top plate

and vice-versa. Emran & Schumacher [89] quantified thermal plumes and background region

through a positive correlation between the fluctuation of vertical velocity and temperature. We

have followed the same methodology to identify thermal plumes. Mathematically, the plume

dominated region is identified using the following expression:

V = {x ∈ V : v′θ′/(v′θ′)max > c} (7.5)

where c and (v′θ′)max represent the threshold and global maximum values, respectively. In

the present study, we have taken four threshold values: 0.1, 1, 5, and 10%. Once the plume

dominated regions are identified, their thermal dissipation rate is quantified as

ε = 〈εθ〉t =
1

Vpl

〈 ∫
Vpl

εθ(x, t)dV
〉
t

(7.6)

In the previous section, we have observed that increase in heat transfer area (∆HTA) and heat

flux (∆Nu) do not follow a linear relationship. In roughness-aided RBC, morphological changes

of thermal plumes due to geometrical attributes of roughness elements enhance the heat flux [53,

79]. In this section, we ascertain the role of thermal plumes in enhanced heat flux by quantifying
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Figure 7.7: Temperature isosurfaces for θ = 0.7 and 1 for the five cases showing the direction

of movement of thermal plumes, which indicates the orientation of LSC.

the increment in volume fraction (∆V = (Vrough − VS)/VS) and thermal dissipation (∆ε =

(εrough − εS)/εS), where VS and εS represent quantities for the smooth case.

In Fig. 7.6a, volume fraction of the plumes increases significantly in the rough cases, which

directly connects the heat flux enhancement with emission of thermal plumes. This can be un-

derstood from the comparison of plume emission mechanism between the rough and smooth

cases. In the smooth case, thermal plumes erupt from the boundary layer due to thermal insta-

bility. On the other hand, roughness elements act as localized spots of plume emission and emit

significantly more plumes, which will be discussed later in this section. Although, irregular case

has more (nearly twice) roughness elements as compared to the uniform case, the difference in

∆V (see Fig. 7.6) between them is insignificant except for the c = 10% case. It can be attributed

to the tiny peaks submerged in the boundary layer, which do not emit thermal plumes. We also

note that the increase in ∆V remains consistent for all the threshold values.

Thermal dissipation is a measure of heat flux, and they are related as Nuεθ ∝ |∇θ|2 [128].

As expected, a significant rise in ∆ε is observed for the rough cases in Fig. 7.6b. This trend is

consistent with the variation of heat flux in Fig. 7.3. This coherence between Nu and εθ based

on thermal plumes signifies their importance in enhancement of heat flux in roughness-aided

RBC. Similar to the variation of volume fraction, difference in thermal dissipation rate is also
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Figure 7.8: Vertical profiles of absolute horizontal area-averaged velocities: (a) 〈u〉 and (b) 〈w〉.

found insignificant in the irregular and uniform cases. For both HU and HR cases, dissipation

rate drops significantly compared to U and R cases for all thresholds. This can be attributed

to the reduced plume emitting peaks. To elucidate it, consider a configuration where both the

top and bottom surfaces are rough. In such a case, the plumes emitted from their peaks not only

enhance the volume fraction of plume in the bulk, but the plumes tend to destabilize the opposite

boundary layer, which results in an even larger number of plumes. On the other hand, owing to

a smooth top surface, such coupling of thermal plumes is absent in HU and HR cases, resulting

in relatively lesser volume fraction and smaller thermal dissipation.

To further elucidate the significance of enhanced plume emission, we show the instanta-

neous temperature isosurfaces for the five cases in Fig. 7.7. In the smooth case, eruption of a

few thermal plumes due to interaction of LSC and boundary layers along the diagonal plane is

observed. On the other hand, a larger number of thermal plumes are clearly evident in the rough-

ness cases. More the number of thermal plumes, greater is their volume fraction and dissipation

rates, which enhance the heat flux. Note that the plumes emitted in the smooth case are driven by

LSC, whereas, in the rough cases, they can directly enter the bulk region, which is responsible

for enhanced heat flux.

7.5 Statistics of large-scale circulation

Large-scale circulation (LSC) is also known as mean wind, and it plays an important role in heat

transfer by carrying thermal plumes [41]. In terms of the length scale, it is the largest coherent

structure and spans the entire domain. Based on the LSC and nesting of thermal boundary

layer inside the viscous one, Shraiman & Siggia [41] reported the Nu(Ra) dependence as Nu ≈

0.3Ra2/7, which shows its importance in heat transport theories. The dynamics of LSC unveils
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Figure 7.9: Schematic of angular velocities in (a) x− y and (b) y − z planes.

some interesting phenomena such as flow reversal, where the direction of LSC reverses [139,

140]. It was found that the flow reversal influences the heat flux [74]. Orientation of LSC

depends upon the geometric configuration [140], and it also couples the top and bottom boundary

layers [141]. Growth of corner rolls diminishes the LSC which results in reorientation of LSC,

for more details, refer [142, 139]. Note that LSC is responsible for carrying thermal plumes,

which plays an important role in heat transfer. In a cubic cell filled with a fluid of Pr = 0.71,

Vishnu et al. [140] reported that LSC is locked in the diagonal plane, which has a connection

with the heat flux. Owing to its significance, we explore the connection between LSC and heat

transport properties in rough cases.

The present setup consists of rough asperities on the surfaces, which may influence the orien-

tation of LSC. To understand this effect, we first observe the mean vertical profiles of horizontal

velocities as (〈u〉 and 〈w〉) close to the bottom surface, see Fig. 7.8. The velocities are computed

as

〈u〉 = |〈u〉A,t| (7.7)

〈w〉 = |〈w〉A,t| (7.8)

where A, t represents the horizontal-area time averaging. In the smooth case, it is evident that

both u and w have nearly equal strength. However, for the other configurations, horizontal mo-

tion appears to be biased towards either Cartesian directions. The flow dominates in the z(x)
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Figure 7.10: (a) Comparison of Reynolds number based on angular velocities (Reωx and Reωz)

among the five cases. (b) The comparison of dominating Reω among the five cases.

direction for U and HU (R and HR) cases. This biasing shows the persistent abode of LSC in

the horizontal planes as compared to the diagonal plane in the smooth case. The profile signifies

that the flow strength increases as y increases from the bottom surface and attains a maximum

before plummeting again. Inside the cavities, the protruding surfaces affect the maneuverabil-

ity of the flow. The peak in the profiles represents the maximum flow intensity of LSC in that

particular direction. Note that in all the rough cases, the peak is evident nearly at the maximum

roughness height (h = 0.1), which shows the location of the maximum strength of LSC. On the

other hand, the maximum is observed at h ≈ 0.05 in the smooth case. Interestingly, the h is of

the order of thermal boundary layer thickness (λθ = 0.016). This consistency between h and

λθ shows that maximum strength of LSC is observed slightly above the boundary layer. It also

implies that LSC interacts with the boundary layer at its periphery, which is physically viable.

Vertical profiles of horizontal velocities have suggested that surface roughness alters the

orientation of LSC. To ascertain the effect of roughness on LSC, we quantify the strength of

LSC in the horizontal planes by defining Reynolds number based on angular velocity (Reω). As

shown in Fig. 7.9, angular velocities (ωx and ωz) in a plane is defined at its center as

ωx =
1

2
〈∂w
∂y
− ∂v

∂z
〉A,t and ωz =

1

2
〈∂v
∂x
− ∂u

∂y
〉A,t (7.9)

where 〈··〉A,t represents area-time averaging. The Reynolds number (Re = v∗h∗/ν) can be

expressed in terms of non-dimensional length (h = h∗/Href) and velocity (v = v∗/Vref) scales.

Note that h∗ and v∗ represent the corresponding dimensional scales, while the term "ref" is used
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for the reference scales. The expression for Re can be written as

Re =
v∗h∗

ν

=
vVref hHref

ν

= vh

√
gβ∆TH3

ref

να

√
α

ν

=

√
Ra
Pr
vh.

Now, since h = 1 in the present case, the expression for Reynolds number becomes

Re =

√
Ra
Pr
v. (7.10)

where v is a velocity scale and can be described differently depending upon the analysis. For

instance, in Sec. 7.3, Urms was used as the velocity scale to quantify the global flow strength.

We further define Reω from Re = v∗h∗/ν and by using the following expressions

v∗ = ω∗
Href

2
, ω =

ω∗

Vref/Href

and h = h∗/Href . (7.11)

By substituting v∗ and h∗ in Re = v∗h∗/ν, Reω can be written as

Reω =
ωVrefhHref

2ν
(7.12)

Using the free-fall velocity scale (Vref =
√
gβ∆THref), and h = 1, Reω can be written as

=
ω

2

√
gβ∆TH3

ref

να

√
α

ν

=
ω

2

√
Ra
Pr
.

Figure 7.10a shows comparison between Reωx and Reωz for the five cases. In the smooth

case, Reωx and Reωz have nearly the same strength, which confirms that the LSC is oriented in

the diagonal plane. For R and HR cases, Reωz is significantly higher than Reωx , showing that

the LSC is oriented in the z plane. Similarly, in U and HU cases, Reωz dominates to show the

orientation of the LSC in the x plane. Note that Fig. 7.8 have already shown the orientation

of LSC in diagonal and horizontal planes for smooth and rough cases, respectively. Thus, Reω
quantitatively ascertains the reorientation of LSC. In Fig. 7.10b, we compare the dominating

strength of the LSC among the five cases. Similar to the variation of global Re in Fig. 7.4, Reω
follows the same trend, albeit with a larger strength. It can also be viewed from the instanta-

neous temperature isosurfaces shown in Fig. 7.7 (b and c), where the plumes are oriented in
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Figure 7.11: Spatial variation of local heat flux obtained from nine probes placed at the mid-

height of the cell, shown in frame d. The points are joined with a solid line along the z direction.

the direction of dominating Reω, i.e., y − z and x − y planes for uniform and irregular cases,

respectively.

Finally, we investigate the connection between LSC and local heat flux. It is well-established

that LSC carries intense thermal plumes along its periphery. We have quantified local heat flux

(Nul = 1 +
√
RaPr〈vθ〉t) at 9 different probes placed in the mid-vertical (y = 0.5) plane

as shown in Fig. 7.11. Note that negative (positive) heat flux shows the downward (upward)

movement (v is negative) of thermal plumes. In Fig. 7.11 a, it is observed that the intensity of

the local heat flux is significantly lower in the smooth case (see frame a) than in the rough cases

(see frames b, c, e and f). It is attributed to the presence of rough surfaces, which emit intense

thermal plumes. While the local heat flux varies from positive to negative in the z direction for U

and HU cases, Nul changes its sign along the x direction in R and HR cases. Interestingly, these

trends are consistent with the direction of LSC as observed in Figs. 7.8 and 7.10. Since Nul is

directly connected with thermal plumes (refer chapter 7.4), higher Nul suggests intense thermal

plumes in the rough surfaces. Also, the greater intensity of Nul observed along the periphery

suggests that LSC carries the plumes from the rough surface to the bulk region. Finally, we

suggest that intense thermal plumes would result in stronger LSC because it carries the plumes.

7.6 Flow statistics in the bulk region

Based on the nature of fluctuations in RBC, there are primarily two regions, namely, bulk and

boundary layer [30, 31]. While meandering along the periphery of LSC, thermal plumes dis-
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Figure 7.12: PDF of viscous (a-b) and thermal (c-d) dissipation rates showing the nature of

fluctuations in the bulk region.

sipate their energy due to which their presence becomes a rare event in the bulk, resulting in

the homogeneous temperature statistics. However, the characteristics of the bulk alter in the

presence of rough elements due to enhanced emission of thermal plumes as observed in the pre-

vious sections. In this section, we investigate the effect of roughness elements on the small-scale

statistics in the bulk region, which is defined by excluding the near-wall regions of width H/4

from all sides. The resulting computational domain for the bulk region is restricted to a region

of dimension (H/2, H/2, H/2) about the geometric center. For this region, we first compare the

spatial PDF of thermal and kinetic energy dissipation followed by a second-order longitudinal

structure function of vertical velocity and temperature. Finally, by validating Taylor’s frozen

hypothesis for temperature, we show the existence of BO59 scaling and investigate the power

spectra of temperature fluctuations. The temperature time series data is obtained by placing a

probe at the geometric center of the cell.

Figure 7.12 shows PDF of viscous (εu =
√

Pr/Ra|∇u|2) and thermal (εθ = |∇θ|2/
√
RaPr)

dissipation rates. In all the cases, PDF of εu exhibits a normal (Gaussian) distribution, wherein

there are two regions of importance: the peak and tail. While the peak signifies the mean value,

the tail typifies the extreme events. In RBC, tail of PDF of the dissipation rates becomes thicker,
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θθ) structure functions. Note that structure functions are computed in the bulk region.

which shows the intermittency of the extreme and rare events. In frame a, the mean of the

distribution shifts to a greater value for U and R cases. The augmented mean ascertains the

longevity of plumes emitted from the roughness elements, which sustains in the bulk region

and yields greater dissipation. The extreme right tails become thicker in U and R cases, which

shows the growing intermittency of intense thermal plumes due to changes in plumemorphology.

Compared to the U and R cases, the PDFs in HU and HR cases nearly collapse on that of the

smooth case, suggesting that asymmetry yields a frivolous effect on the PDF of εu in the bulk

region.

Figure 7.12(c-d) shows PDF of thermal dissipation. Contrary to the viscous dissipation, the

distribution follows an exponential tail in all the cases, which is consistent with the previous

studies for smooth case [47, 90]. Interestingly, the tail plummets more rapidly in the smooth

case, whereas it drops relatively slower in U and R cases. In the HU and HR cases, unlike the U

and R cases, the distribution deviates weakly from the smooth case, which is consistent with the

PDF of εu. The deviation shows that intense thermal plumes emitted from the rough surfaces

thrive in the bulk region, which in the smooth case dissipate near the walls. Note that the tail

becomes thicker for all the rough cases. The bulk region becomes more chaotic with greater

thermal gradients in rough cases. The thinner tail in the smooth case signifies a relatively more

homogeneous bulk region than that in the rough cases, as seen in Fig. 7.5(c). This study shows

that introducing rough surfaces on both the top and bottom walls influences the bulk region by

emitting intense thermal plumes that dissipate in the bulk region. However, in the HU and HR

cases, the dissipation rates are found to exhibit the characteristics of the smooth case.

Next, we study the second order vertical velocity (S2
vv) and temperature (S2

θθ) structure func-
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Table 7.4: The ratio of mean (〈θ〉) and variance (σθ) of temperature to show the applicability of

the ergodicity theorem (σθ/〈θ〉 � 1).

Cases 〈θ〉 σθ σθ/〈θ〉

Smooth 0.4956 0.0126 0.0253

Uniform 0.4965 0.0168 0.0338

Random 0.5026 0.0174 0.0345

Half-uniform 0.5797 0.0162 0.0279

Half-random 0.5796 0.0179 0.0309

tions in the bulk region. Mathematically, they are computed as

S2
vv(r) = 〈[v(y + r)− v(y)]2〉y,t (7.13)

S2
θθ(r) = 〈[θ(y + r)− θ(y)]2〉y,t (7.14)

where r represents the separation distance in y direction [143, 144]. In flows where temperature

acts as a passive scalar, energy transfer from large to the small scales can be quantified by a

balance between the energy at the large scale and viscous dissipation. On the other hand, in

RBC, where temperature is an active scalar, the energy at the large scale is balanced by buoyancy

production. Contrary to the former, in RBC, the temperature scale becomes relevant in the

inertial subrange, which is represented by Bolgiano length scale [145]. In isothermal flows,

Kolmogorov’s scaling (K41) prevails in the inertial subrange, whereas, in RBC, both K41 and

Bolgiano scaling (BO59) exist [145]. Based on these theories, for a pth order structure function,

Spvv(r) ∼ rp/3 according to the K41 theory, whereas BO59 states Spvv(r) ∼ r3p/5 [143, 146,

147]. Note that the second-order structure function typifies the cumulative energy [148]. Since

roughness elements influence the statistics of bulk region, it would be interesting to study their

impact on small-scale statistics.

Figure 7.13 shows a comparison of S2
vv and S2

θθ among the five cases. As compared to the

smooth case, energy in all the rough cases is significantly higher. For smaller length scales (∼ η),

it is evident that the variation of structure function with r/η remains unaltered, whereas, it surges

for r/η > 20 − 30. This observation is common in all the cases, irrespective of the presence

(or absence) of roughness. However, it is interesting that S2
vv overlaps for U and R cases for the

smaller separation distance. As r increases, it appears that the two profiles start separating from

each other, which indicates the differences in their kinetic energy influenced by altered plume

morphology due to rough surfaces. Similar to S2
vv(r/η), S2

θθ(r/η) remains unaltered for smaller

length scales (∼ η). However, thermal energy in U is greater than that in R, which remains
TH-3145_176103004
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Figure 7.14: Power spectra of temperature Pθ computed at the geometric center of the cell in (a)

smooth, (b) uniform, (c) irregular, (d) half-uniform, (e) half-irregular cases. Frame f (g) shows

the comparison of U and R (HU and HR) cases with the smooth case, respectively. Note that

black line shows the Bolgiano scaling Pθ ∼ f
−7/5
θ .

consistent for their respective asymmetric cases. Compared to the R (HR) case, higher energy

in U (HU) shows that plumes emitted in the latter are more intense in the bulk region. It may

be attributed to the long-lived plumes emitted from the taller peaks h/H = 0.1 in the uniform

cases.

Finally, we study the temporal statistics of temperature by using time series data obtained

from a probe placed at the geometric center to investigate temporal statistics of temperature. We

first validate the ergodicity theorem by showing that the measure of fluctuation is negligible as

compared to its mean value [149]. Ergodicity theorem or Taylor’s frozen hypothesis states that

spatial correlation can be approximated by temporal correlations [144]. It is used to understand

the spatial characteristics of the flow without resorting to the spatial correlation, as it is not fea-

sible to compute the correlation for every separation distance. This theorem is applicable when

the ratio of variance and mean of the quantity is very small. Table 7.12 shows the mean (〈θ〉),

variance (σθ), and their ratio (σθ/〈θ〉), which is remarkably less than unity. For temperature

at the cell center, σθ/〈θ〉 � 1 shows the homogeneous character of flow in all the cases and

validates the applicability of Taylor’s frozen hypothesis or ergodicity theorem. We show the

temperature power spectra from the temporal data to study the cascade of temperature fluctua-
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160 Chapter 7. Effect of conical roughness on heat transport properties

tions in the bulk region. The main objective of studying the power spectra is to understand the

effect of roughness on temperature fluctuation in the bulk region.

Figure 7.14 shows the energy content at different scales. For the inertial subrange (η � l�

H), Bolgiano-Obukhov (BO59) scaling (Pθ ∝ f
−7/5
θ ) is evident, as shown by black lines in

frames (a-e). It appears that roughness does not impact the scaling law, at least the energy decay

in the inertial subrange. Further, in frames (f-g), we show the comparison of power spectra.

Note that greater energy is evident across all the length scales in all the rough cases compared

to the smooth case. This greater energy reflects the stronger temperature fluctuations, which can

be attributed to the frequent emission of thermal plumes due to active surface roughness. These

results show that roughness influences the temperature fluctuations and augment thermal energy

across all the length scales.

7.7 Conclusions

In this chapter, we have investigated the significance of coherent structures in augmented heat

flux due to conical surface roughness. We have considered cubical geometries, filled with air,

for the investigations at Ra = 108. In the present work, two types of roughness setups have

been used: irregular (R) and uniform (U). While roughness height remains fixed (h = H/10)

in uniform set-up, it varies from 50 − 100% of the maximum roughness height (h = H/10)

in the irregular case. In addition, we have also considered their half-variants where only the

bottom surface is kept rough while the top one remains smooth, i.e., half-irregular (HR) and

half-uniform (HU).

It has been observed that heat flux increases by 48.54, 52.57, 21.30, and 22.38% in U, R,

HU, and HR cases, respectively. The nearly same heat flux in U (HU) and R (HR) cases has

been attributed to the nearly same number of boundary layer penetrating roughness peaks. The

same number of effective roughness peaks occurs due to the relatively thicker boundary layer,

under which tiny roughness elements in irregular case remain buried. On the other hand, Re is

found to increase by 18.60, 21.05, 14.74, and 9.47%, in the same order, which shows roughness

also impacts the flow strength but only weakly. In HU and HR cases, we have reported higher

temperature of the bulk region due to the skewness in emission of hot thermal plumes from the

bottom (hot) rough surface. This skewness yields significantly higher intensity of fluctuation in

HU and HR cases near the top wall because of the strong interaction between bulk (θ > 0.5)

and top surface (θ = 0). Further, we have quantified thermal plumes from positive correlation
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between the fluctuation of vertical velocity and temperature. The higher fraction of thermal

plumes and greater thermal dissipation in the rough cases ascertain that the frequent emission

of thermal plumes, due to surface roughness, is responsible for augmented heat flux.

From the perspective of large-scale circulation, it has been observed that surface roughness

alters the orientation of LSC. Mean vertical profiles of horizontal velocities have revealed that

LSC reorients along the Cartesian plane. While the LSC remains in the diagonal plane in the

smooth case, it shows a biasing towards a particular horizontal direction in rough cases. These

results are further confirmed byReynolds number based on angular velocity, which shows greater

intensity along the plane of LSC. Also, local heat flux, in the bulk region, is found significantly

higher in the plane of LSC, which shows its role in carrying thermal plumes from rough surfaces

to the bulk. On the other hand, intensity of local heat flux is found very low in the smooth case.

Spatial PDF of thermal and viscous dissipation rates in the bulk region have revealed that

while the former follows an exponential distribution, the latter follows a normal distribution. A

shift in the peak and thicker tail of the distributions in the rough cases are found due to altered

plume morphology. Second order vertical velocity structure function reveals that flow structures

in the rough cases have more turbulent kinetic energy than the smooth case. Interestingly, it is

found that the energy of the smaller structures (Kolmogorov scale (l . η)) remains the same.

However, the energy surges in the inertial range, where l � η. Thermal energy in U (HU) is

found greater than in the R (HR) case, which indicates the higher intensity and longevity of

thermal plumes emitted in the uniform cases. The validation of the ergodicity theorem for tem-

perature further reveals the existence ofBO59 scaling (Pθ ∝ f
−7/5
θ ) in the bulk. The comparison

of power spectra has revealed that roughness influences the small-scale statistics by augmenting

the energy of flow structures and not by influencing the power-law.
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CHAPTER 8

Conclusions and future scope

In this thesis, by using numerical simulations, we have investigated the augmented heat flux in

non-standard variants of Rayleigh-Bénard convection in both 2D and 3D cells. We have used

two well-known variants, namely, roughness-aided RBC and tilted RBC. While triangular sur-

face roughness is used in 2D RBC, conical roughness elements are used in its 3D counterpart.

Here, we first summarize each chapter and then provide a brief discussion on the future scope

of non-standard variants of RBC.

8.1 Conclusions

In the present work, we have focused on unveiling the heat transport mechanism in the non-

standard variants of RBC, which are responsible for augmented heat flux. The two well-known

non-standard variants, i.e., roughness-aided RBC and tilted convection, are employed to obtain

the higher heat flux. Moreover, their combined effect on global heat transport properties is also

investigated. While triangular roughness elements are employed in 2D RBC, conical elements

(distributed irregularly) are chosen for their 3D counterpart. Rectangular (Γ = 2) and cubical

(Γ = 1) convection cells are used for 2D and 3D cases, respectively. While air (Pr = 0.7)

is considered as working fluid, a wide Ra range (varying from 106 to 1010) is explored. The

majority of the previous studies dealt only with a limited number of roughness scales (mono-

scale [53, 1, 61] and triple-scale [2]), where the scales refer to the geometric attribute of the

roughness elements [53, 1, 138]. In the present work, we have incorporated a wide range of
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roughness scales, which make the present set-up an improved version of the multi-scale rough-

ness configuration. In addition to the roughness-aided convection, we have disentangled one of

the unresolved issues, i.e., dependence of the Nu− φ trend on Ra in inclined RBC. For the first

time, we have reported the combined effect of roughness and tilt on heat flux and flow intensity.

In the following, main findings of the current work are highlighted.

We have first investigated the statistics of coherent structures in standard RBC and observed

a thermal jet phenomenon, wherein thermal plumes entrapped between the rolls spur out with

intense heat. Thermal plumes are responsible for carrying heat, quantified by Nusselt number

(Nu) across the two isothermal walls. It is observed that Nu ∼ Ra0.285, which agrees strongly

with 3D data and suggests that the mechanism of formation of plume in 2D and 3D does not

impact the global quantities. It has been found that buoyancy production balances dissipation

in the bulk region, whereas transport and dissipation balance each other in the boundary layers.

Based on the threshold criterion [89], thermal plumes are characterized by a positive correlation

between the fluctuations of vertical velocity and temperature. For any threshold, volume share

of plumes drops with increasing Ra, which is compensated by a rise in the background’s share.

While smaller threshold produces uncertain data that reflects a nearly similar contribution in

dissipation, the background share of dissipation far exceeds that of the plume only at larger

thresholds. Both these regions asymptotically produce same dissipation at higher Ra. It has

also been found that the coherent movement of thermal plumes forms convection rolls, which

carry the plumes from the boundary layer to the bulk. The interaction between boundary layer

and the convection rolls determines the structure of the boundary layers, whose thickness (λ) is

computed using the slope and 99% methods. Further, it has been observed that boundary layer

thickness and Ra follows a power-law scaling, λθ = 2.93Ra−0.27, which agrees well with the

theoretical estimate.

For three roughness setups (R1, R2 and R3) marked by their maximum roughness height in

the increasing order, we have identified the onset of enhanced heat flux regimes. The onset is

in terms of critical Rayleigh number (Rac), beyond which heat flux surges as compared to the

smooth case. Such onset is also reflected in the transformation of PDF of temperature fluctuation

from a double to a single peak in the bulk region. Interestingly, Rac decreases as the roughness

configuration becomes taller. In the enhanced heat flux regime, near-wall and global estimates

of thermal dissipation rates become invariant of thermal forcing. It is observed that in R2 and

R3 configurations, the double-roll state transforms into a multiple roll state. These rolls have a

greater tendency to evacuate the entrapped fluid in the valley regions, which is responsible for
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enhanced heat flux. These observations are ascertained by greater buoyancy production near the

taller roughness heights.

Further, we explore the significance of near-wall dynamics in enhanced heat flux. We have

quantified the thermal boundary layer penetrating peaks (Np) and observed that for Np ≤ 50%

(peaks are submerged inside the boundary layer), heat flux drops, whereas for%50 ≤ Np ≤ 65%,

heat flux remains unaffected. For Np ≥ 65%, a sudden rise in Nu is observed. In addition,

69.08%, 84.51%, and 83.33% of the peaks are required to penetrate the boundary layer to obtain

the enhanced heat flux regime for R1, R2, and R3, respectively. A detailed investigation of the

throat and peak revealed that the latter has a higher tendency to emit thermal plumes. The strong

secondary vortices in the two taller roughness cases are found responsible for enhanced heat flux.

In the two taller cases, we have observed a cascade of secondary vortices inside the throat region,

which is absent in the R1 case. Thinning of thermal boundary layer in the throat region confirms

the cascade effect and evacuation of the throat. In addition, it has been observed that the mean

vertical temperature profiles show evidence of multi-layer flow characteristics. While the weakly

non-linear profile closest to the wall represents the conduction of heat, a greater resemblance of

intermediate layer to the bulk results in heat transfer enhancement.

To understand the effect of inclination on heat transport properties, we have chosen five in-

clination angles (φ = 0◦, 15◦, 45◦, 75◦, and 90◦). In the smooth case, it is observed that inclined

convection is effective only below Ra ≤ 108, where Nu− φ follows a unimodal behavior with a

peak at φ = 75◦. On the other hand, monotonically decreasing trend is observed for Ra > 108

and RBC turns out to be the most efficient heat transport system. We identify Ra = 108 as

the critical Ra in the present study. Further, in the roughness cases, we have observed that the

critical Ra drops with increasing roughness height. It has been found that heat flux increases by

18%, 24%, and 25% in R1, R2, and R3 cases, respectively. It is unveiled that roughness elements

onset the turbulence at lower Ra because of which effectiveness of the roughness-aided tilted

convection is restricted to relatively lower Ra range.

Finally, we have investigated the effect of four different conical roughness setups on heat

flux through coherent structures at Ra = 108. Heat flux increases by 48.54, 52.57, 21.30, and

22.38% in U, R, HU, and HR cases, respectively. The nearly same heat flux in U (HU) and

R (HR) cases is attributed to the nearly same number of boundary layer penetrating roughness

peaks at moderate Ra = 108. On the other hand, in the same order, Re is found to increase by

18.60, 21.05, 14.74, and 9.47%, which shows roughness impacts the flow strength weakly. We

further quantify thermal plumes and found their higher fraction in the rough cases, which ascer-
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tains that the intense thermal plumes are responsible for higher heat flux. In HU and HR cases,

temperature of the bulk region increases owing to the non-uniformity in emission of thermal

plumes (more hot plumes) due to roughness elements placed only at the hot (bottom) surface. A

significantly higher intensity of fluctuation is observed in HU andHR cases because of the strong

interaction between the bulk (θ > 0.5) and top surface (θ = 0). Finally, we explore the effect

of roughness on the bulk statistics through second-order structure functions and power spectra.

The second-order vertical velocity structure function reveals that rough cases have more turbu-

lent kinetic energy than the smooth case. Thermal energy in U (HU) is found to be greater than

in the R (HR) case, indicating the higher intensity and longer life of thermal plumes emitted in

the uniform cases. The comparison of power spectra shows that roughness influences the small-

scale statistics by augmenting the energy contained in all the length scales and not by impacting

the energy decay law.

8.2 Future scope

Non-standard variants of RBC, particularly the roughness cases, have revealed interesting heat

transfer phenomena. However, the variants are not limited to alteration in the topology of isother-

mal walls but could go beyond it. One such example is the introduction of magnetic field in RBC,

as it plays an essential role inside the earth, which is already being explored [150]. Therefore,

we list down some of the ideas that can be explored in the future as follows:

1. Vibration-induced instability: in this case, the isothermal surfaces are provided with a

controlled vibration to disturb the boundary layers. In the classical regime, boundary layer

remains laminar, whereas it becomes turbulent in the ultimate regime. One possibility

to perturb the boundary layer is to introduce surface roughness, which has already been

explored in chapters 4-7. Another possibility is to vibrate the isothermal surfaces upon

which the boundary layer is attached. This would result in boundary layer transition from

a laminar flow state to a turbulent one, which can result in a surge in Nu. One such study

has been reported in the literature but did not get much attention [151].

2. Combined effect of roughness and vibration-induced instability: in chapter 4, we have

shown that the roughness aided RBC results in a drop in heat flux as compared to the

smooth case at lower Ra. The entrapment of fluid in the cavity region due to a weak

thermal forcing was attributed to the reduced Nu. However, suppose the same convection

cell is facilitated with vibration. In that case, the entrapped fluid could tend to come out of
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the cavities, and the roughness aided RBC can become useful in enhancing the heat flux

even at the smaller Ra. Thus, combining the roughness and vibration on the isothermal

surfaces can have a brighter prospects for obtaining higher heat flux at lower Ra.
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