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this opportunity to thank my fiancé Mohan who always encouraged and supported me to

complete this most challenging journey.

Besides all my well-wishers who have helped me knowingly and unknowingly in the

successful completion of this work, my heartfelt gratitude goes to them.

Tanushree Ray

viii

TH-2911_136123010



Abstract

The main objective of this thesis is to study adaptive finite element methods (AFEMs) for

parabolic interface problems in a bounded convex polygonal domain in R2. Interface problems

arise in a wide variety of applications in science and engineering such as material sciences

and fluid dynamics when two or more distinct materials or fluids with different conductivities

or densities or diffusions are interacting across the interface. Due to the discontinuity of the

coefficients along the interface, the analytic solutions are rarely available for the interface

problems. Therefore, the numerical approximation is the only way to proceed with such

problems. Even if the solution is smooth in each individual subdomain, the global regularity

of the solution of such problem is very low. As a result, it is very challenging to achieve higher

order accuracy in the finite element method (FEM). Therefore, much attention has been paid in

the recent years to the study both theory and numerics of time-dependent interface problems.

It is known that AFEMs are widely used numerical techniques to enhance the accuracy and

efficiency of the finite element method. The key to the success of AFEMs relies on the a

posteriori error analysis, which provides error indicators for the design of adaptive algorithms.

The adaptive method reduces the computational efforts and ensures higher density nodes in a

particular area of the given domain where the solution is very difficult to approximate.

This thesis investigates a posteriori error analysis and develop adaptive algorithms for

various FEMs for solving parabolic interface problems. More precisely, AFEMs for the con-

forming FEM, non-conforming FEM, immersed FEM, non-conforming immersed FEM for

linear parabolic interface problems have been analyzed. Lastly, an extension to the semilinear

parabolic interface problem using the conforming finite element method is considered and ana-

lyzed. For all these methods, new error indicators are introduced and adaptive algorithms are

presented. Our first problem focuses on the linear parabolic interface problems with nonzero

flux jump across the interface using conforming finite elements. A residual-based a posteriori

error estimate for the fully discrete approximation is considered and analyzed. Both global

upper and local lower bounds for the error are derived. Among the crucial technical tools

used in the analysis include the Cauchy-Schwarz inequality, the approximation properties of

the Clément interpolation operator, the properties of bubble functions, and energy arguments.

An adaptive space-time algorithm is presented using the derived error indicators. Numerical
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results are displayed to study the performance of the error estimators. Our next attempt is to

investigate an adaptive immersed finite element method for parabolic interface problems with

nonzero flux jump. The interface is assumed to be smooth, and the finite element meshes do

not lie on the interface. We derive both upper and lower bounds for the error using energy

arguments. A space-time adaptive algorithm is provided and supportive numerical results

are presented. Our next focus is on residual-based a posteriori error estimation for noncon-

forming finite element approximation to the parabolic interface problem. The reliability of

the estimator is analyzed without using the Helmholtz decomposition. We derive both upper

and lower bounds for the error. The representation of the error equation, the approximation

properties of the modified Clément interpolation operator, the trace inequality, and energy

arguments are key ingredients used in the analysis. Numerical results are presented to demon-

strate the behavior of the derived estimators. Next, we turn our attention to the a posteriori

error analysis and adaptive mesh refinement for the parabolic interface problem using noncon-

forming immersed finite element method. The residual-based a posteriori error estimates are

derived using energy arguments. Both upper and lower bounds for the error are established.

A space-time adaptive algorithm is proposed and numerical results are provided.

Finally, we extend our analysis for the linear case to treat the semi-linear parabolic interface

problems. The residual-based a posteriori error analysis for the fully discrete backward Euler

method is presented. Our strategy is to avoid solving the nonlinear system by considering a

modified linearized fully discrete scheme. The properties of the Clément interpolation operator

and energy arguments are used to derive an upper bound for the a posteriori error. The bubble

function technique is used to derive a posteriori lower bound for the error. A space-time

adaptive algorithm is presented using the derived estimators. Numerical results are provided

to illustrate the behavior of the derived estimators.
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NOMENCLATURE

AFEM Adaptive finite element method

AIFEM Adaptive immersed finite element method

PDE Partial differential equation

FDM Finite difference method

FEM Finite element method

IFE Immersed finite element

PIP Parabolic interface problem

N The set of natural numbers

R The set of real numbers

R+ The set of positive real numbers

Rd The d-th dimensional Euclidean space

Ā The closure of a set A ⊂ R2

Ω Bounded convex polygonal domain in R2

∂Ω Lipschitz boundary of Ω

Ω1,Ω2 Subdomains of Ω

∂Ω1 := Γ Boundary of Ω1, i.e., interface

u The exact solution of the PIP

β Diffusion coefficient

f Forcing term

u0 Initial function

g Interface function

[v] Jump of a quantity v across the interface Γ

n Unit outward normal to the interface Γ

Dαφ One of the partial derivative of order |α| of φ : Rd → R

Cm(Ω) Space of functions with m times continuously differentiable in Ω
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Cm
0 (Ω) Space of all Cm(Ω) functions with compact support in Ω

C∞0 (Ω) Space of all infinitely differentiable functions with compact support in Ω

supp(v) Support of a function v

Lp(Ω), 1 ≤ p ≤ ∞ The standard Lebesgue space of order p over the measurable set Ω

‖ · ‖Lp(Ω) Norm on Lp(Ω)

(·, ·) Standard L2(Ω) inner product on Ω

〈·, ·〉 The scalar product of the space L2(Γ)

Wm,p(Ω) Standard Sobolev space of order (m, p) over a measurable set Ω

‖ · ‖Wm,p(Ω) Norm on Wm,p(Ω)

Hm(Ω),m ∈ N Hilbert space Wm,2(Ω)

‖ · ‖Hm(Ω) Norm on Hm(Ω)

H1
0 (Ω) Space of functions in H1(Ω) that vanish on the boundary of Ω

Lp(0, T ; B) The standard Bochner space with B is a Banach space (1 ≤ p ≤ ∞)

‖ · ‖Lp(0,T ;B) Norm on Lp(0, T ; B)

α0 Continuity constant for a(·, ·)

α1 Coercivity constant for a(·, ·)

T n Shape regular discretization of Ω for the fully discrete finite element

approximation

T nΓ Set of all interface triangles

T n \ T nΓ Set of non-interface triangles

Sn The conforming finite element space associated with the triangulation T n

En Set of all interior edges of the triangles in T n

EnΓ Set of all interface edges of the triangles in T nΓ
En \ EnΓ Set of all interior edges of non-interface triangles in T n \ T nΓ
Eni , (i = 1, 2) Set of all edges of a triangle in T ni
Ωe The collection of two triangles sharing the common edge e in En
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K Triangle (closed)

diam(K) Longest side of K

hK diam(K)

he Length of an edge e

kn Time-step size

ΩT Ω× (0, T ] with T <∞

∂ΩT ∂Ω× [0, T ]

P1(K) The space of polynomials of degree at most 1 over K

||| · |||Ω The energy norm on the domain Ω

a(·, ·) Bilinear form corresponding to the elliptic operator

Rn The interior (element) residual for the fully discrete approximation

Jne The interior jump residual for the fully discrete approximation

ωK Patch of a triangle K in T n

ωe Patch of an edge in T n

Uh(t) Continuous, piecewise linear approximation in time of u(t)

PK(φ) Mean value of a given function φ on a given measurable set K

meas(K) The measure of K

Πn The Clément-type interpolation operator corresponding to

the finite element space Sn

ΩΓ,e The collection of two triangles sharing the common edge e

intersecting the interface Γ

‖ · ‖kn,Ω The weighted norm of H1(Ω) with parameter kn

osc(φ, T n) The oscillation of any function φ ∈ L2(Ω) over T n

ηn1,time Time error indicator for the conforming FEM

ηn1,space Space error indicator for the conforming FEM

ηn1,e Local space error indicator for the conforming FEM
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ηn2,time Time error indicator for the conforming IFE method

ηn2,space Space error indicator for the conforming IFE method

ηn2,K Local space error indicator for the conforming IFE method

T nh Space-time shape regular discretization of Ω for nonconforming FEM

N n
h The set of all vertices of the triangulation T nh
Enh The set of all edges of the triangulation T nh
N n
h,i The set of all interior vertices in the triangulation T nh
N n
h,b The set of all vertices on the boundary ∂Ω in T nh
Enh,i The set of all interior edges in the triangulation T nh
Enh,b The set of all edges on the boundary ∂Ω

me The mid-point of the edge e

Snh,nc The nonconforming finite element space associated with T nh
H1(T n) The broken Sobolev space with respect to T nh
ah(·, ·) The broken bilinear form corresponding to the bilinear form a(·, ·)

{φ}e The average of a function φ over an edge e

Jnσ,e The numerical flux jump for the nonconforming FEM

Jnu,e The numerical solution jump for the nonconforming FEM

Πn
h The modified Clément-type interpolation operator corresponding to the

finite element space Snh,nc

ϕe The nodal basis function of Snh,nc which takes value 1 at me and 0 at

mid-points of other edges

N n
K The set of three vertices of a triangle K

EnK The set of three edges of a triangle K

ηnRK ,K The element residual indicator for the nonconforming FEM

ηnJσ ,K The edge flux jump indicator for the nonconforming FEM

ηnJu,K The edge solution jump indicator for the nonconforming FEM
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ηn3,space Space error indicator for the nonconforming FEM

ηn3,K Local space error indicator for the nonconforming FEM

ηn3,time Time error estimator for the nonconforming FEM

ωnz Patch of a triangle K in T nh
Enz Patch of an edge in T nh
N n
ϑ The set of all interface intersecting points whose vertex

patches are not quasi-monotone in T nh
τ Sub-triangles formed by joining the mid-points of the edges of a triangle K

T nh
2

The refined triangulation of T nh

N n
h
2

The set of all vertices of T nh
2

N n
h
2
,i

The set of all interior vertices of T nh
2

N n
h
2
,b

The set of all vertices on the boundary ∂Ω

Enh
2
,i

The set of all interior edges of T nh
2

Enh
2
,b

The set of all edges on the boundary ∂Ω

Snh
2
,G The finite element space associated with the triangulation T nh

2

Inh
2

The interpolation operator on Snh,G,nc

ωnz,τ The set of all elements τ ∈ T nh
2

with atleast one vertex in N n
ϑ

η̄nJu,K The modified numerical solution jump indicator of ηnJu,K

η̄n3,K The modified local space error indicator for the nonconforming FEM

η̄n3,space The modified space error estimator for the nonconforming FEM

Jnν,e Jump of the tangential derivative of the numerical solution along the edge e

∇⊥ The formal adjoint operator of the curl operator in two dimension

Inh The quasi-interpolation operator on Snh (Ω)

ηn4,time Time error estimator for the nonconforming IFE method

ηn4,space Space error estimator for the nonconforming IFE method
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ηn4,K Local space error indicator for the nonconforming IFE method

ηn5,time Time error indicator for the conforming FEM correspnding to the

semilinear PIP

ηn5,space Space error indicator for the conforming FEM correspnding to the

semilinear PIP

ηn5,e Local space error indicator for the conforming FEM correspnding

to the semilinear PIP
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CL Lipschitz constant
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1
Introduction

The adaptive finite element method (AFEM) is a fundamental and attractive strategy

in modern computational science and engineering to approximate the solution of a par-

tial differential equation (PDE). The main purpose of this thesis is to study AFEMs

for solving parabolic interface problems (PIPs). More explicitly, a posteriori error anal-

ysis and adaptive algorithms for conforming finite element method, followed by con-

forming immersed finite element (IFE) method, non-conforming finite element method,

non-conforming IFE method for linear PIPs and conforming finite element method for

semilinear PIPs are considered and analyzed in the thesis. This chapter introduces the

model problems, some necessary notations, and preliminary materials for subsequent

use in this dissertation. It also entails a brief survey of the relevant literature and the

motivational background for the present work. The organization of the thesis is outlined

in the last section of this chapter.

1.1 The Model Equation

Interface problems are often referred as differential equations with discontinuous

coefficients. The discontinuity of the coefficients occurs when the medium consists of

two or more different materials. A typical example of an interface problem is the heat

equation in two different materials with varying heat conductivities. In this section, we

briefly discuss the model equations to be considered in this thesis.

Let Ω be a bounded convex polygon in R2 with Lipschitz boundary ∂Ω. Further, let

Ω1 ⊂ Ω be an open domain with boundary Γ = ∂Ω1 ⊂ Ω. The interface Γ divides the

domain Ω into two subdomains Ω1 and Ω2 = Ω\Ω1. We consider the following linear

PIPs of the form

(1.1)
∂u

∂t
−∇ · (β(x)∇u) = f(x, t) in ΩT

1
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CHAPTER 1. Introduction 2

with the given initial and boundary conditions

(1.2) u(x, 0) = u0(x) in Ω; u = 0 on ∂ΩT

and jump conditions across the interface Γ

(1.3) [u] = 0,

[
β
∂u

∂n

]
= g(x, t),

where ΩT = Ω × (0, T ] and ∂ΩT = ∂Ω × [0, T ], T < ∞. Here the symbol [v] denotes

the jump of a quantity v across the interface Γ, i.e., [v](x) = v1(x)− v2(x), x ∈ Γ with

vi(x) = v(x)|Ωi , i = 1, 2; n denotes the unit outward normal to the boundary ∂Ω1 and

∇ denotes the spatial gradient. Further, we assume that the discontinuous coefficient β

is positive and piecewise constant on each subdomain, i.e.,

β(x) = βi for x ∈ Ωi, i = 1, 2.

The forcing term f(x, t), the initial function u0(x) and the flux jump g(x, t) are real

valued functions and the regularity requirement on these functions to be specified later.

In this thesis, for some problems, we assume the interface Γ either to be of the polygonal

type (see, Figure 1.1(a)) or class C2 (see, Figure 1.1(b)), and the forcing term f is a

nonlinear function.

Interface problems occur in many applications such as fluid dynamics, electrody-

namics, material sciences, solid mechanics, bio-medical and chemical engineering and

so on. The study of PIPs is motivated by the models of heat conduction in different

material conductivity [71], heat-mass transfer problem [69], viscoplasticity and plastic-

ity with hardening as well as perfect plasticity [25], transport of a dissolved species

in two-phase incompressible flow problems [92], eddy current in electromagnetic field

theory [7, 80, 81], water flow in porous media with a source at the interface [82], elec-

trokinetic flows [19] and references therein. Moreover, in [92], the case [u] = 0 and

[β ∂u
∂n

] = 0 models the transport of a dissolved species in two-phase incompressible flow

problems. The existence and uniqueness of the solutions for the elliptic and parabolic

interface problems are inspected by numerous authors, see Babuška [8], Chen and Zou

[32], Gilberg and Trudinger [53], Girault and Raviart [54], Hackbusch [61], Kellogg [70]

and references therein. Further, we refer to Ladyženskaja [71] and Lumer and Weis [80]

for the existence and uniqueness results for general interface problems.

Due to the discontinuity of the coefficient β along the interface Γ, the solution u

usually has a low global regularity even if the coefficients are smooth in each subdomain.

Because of the low global regularity of the solution, it is very challenging to achieve

TH-2911_136123010
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(a) (b)

Figure 1.1: Domain Ω, its subdomains Ω1,Ω2 and interface Γ.

higher-order accuracy by finite element methods. AFEMs are the best suited for these

kinds of problems for accuracy enhancement, and their theoretical and computational

studies have paid much attention to time-dependent problems. Since the AFEM is

based on the a posteriori error estimates, therefore, it has become very interesting

and challenging to study a posteriori error analysis for interface problems. Therefore,

an attempt has been made in this thesis to investigate a posteriori error analysis and

adaptive meshing procedure using various space-time discretization for the PIPs. The

adaptive meshing procedure technique initiates a high mesh generation only around the

interface where it is needed whereas generates coarse mesh where the solution is smooth

enough.

1.2 Notations and Preliminaries

In this section, we shall introduce some standard notations and recall some useful

inequalities which will be frequently used in this thesis. All functions considered here

are real valued. For this purpose, we assume that Ω is a polygonal domain in Rd

with boundary ∂Ω. Let x = (x1, x2, . . . , xd) be a d-tuple with dx := dx1dx2 . . . dxd. Let

α = (α1, α2, . . . , αd), where αi ≥ 0, i = 1, . . . , d, are integers and we denote |α| :=
d∑
i=1

αi.

Then, the |α|th order partial derivatives of v defined on Ω is denoted by Dαv and is given

by

Dαv :=
∂|α|v

∂xα1
1 ∂x

α2
2 . . . ∂xαdd

.
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The support of a function v on Ω is denoted by supp v and is defined by

supp v := {x ∈ Ω : v(x) 6= 0}.

Thus, we say that v has a compact support in Ω if supp v is a compact set in Ω.

Now we introduce the following well-known function spaces for frequently use in our

analysis. For any integer m > 0, let Cm(Ω) denote the space of m times continuously

differentiable functions on Ω. Let Cm
0 (Ω) be the space of all Cm(Ω) functions with

compact support in Ω and let C∞0 (Ω) denote the space of all infinitely differentiable

functions with compact support in Ω.

For a Lebesgue measurable set Ω ⊂ Rd and 1 ≤ p ≤ ∞, the Lebesgue space Lp(Ω)

denotes the linear space of equivalence classes of measurable functions v on Ω such that

‖v‖Lp(Ω) <∞, where

‖v‖Lp(Ω) :=
(∫

Ω

|v(x)|pdx
) 1
p
, 1 ≤ p <∞,

‖v‖L∞(Ω) := ess sup
x∈Ω
|v(x)| <∞, p =∞.

In particular, when p = 2, L2(Ω) denotes the Hilbert space with respect to the norm

induced by the inner product (v, w) =
∫

Ω
v(x)w(x)dx.

We now introduce the notations of Sobolev spaces. Let m be a positive integer and

1 ≤ p ≤ ∞. The Sobolev space Wm,p(Ω) is defined as a linear spaces of functions

(or equivalence class of functions) in Lp(Ω) such that all distributional derivatives upto

order m are also in Lp(Ω), i.e.,

Wm,p(Ω) :=
{
v ∈ Lp(Ω) | Dαv ∈ Lp(Ω) for all 0 ≤ |α| ≤ m

}
with norms

‖v‖Wm,p(Ω) :=

( ∑
0≤|α|≤m

‖Dαv‖p
) 1

p

, 1 ≤ p <∞,

and

‖v‖Wm,∞(Ω) := max0≤|α|≤m ‖Dαv‖, p =∞.

For p = 2, the space Wm,2(Ω) is denoted by Hm(Ω) with the norm ‖ · ‖Wm,2(Ω) =

‖ · ‖Hm(Ω) and the semi-norm | · |Wm,2(Ω) = | · |Hm(Ω). Clearly, for m = 0, L2(Ω) = H0(Ω)

and ‖ · ‖L2(Ω) = ‖ · ‖H0(Ω).

The Sobolev space Hm(Ω) is a Hilbert space with the norm induced by the inner

product defined by

(v, w)m :=
∑

0≤|α|≤m

∫
Ω

DαvDαw ∀v, w ∈ Hm(Ω).
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The space Hm
0 (Ω) is also defined as the closure of C∞0 (Ω) in the Hm-norm. In addition,

let H1
0 (Ω) be a subspace of H1(Ω) whose elements vanish on the boundary ∂Ω of Ω,

where the boundary values are to be interpreted in the sense of trace1.

In the subsequent chapters, we shall also use the following spaces. For a given Banach

space B and 1 ≤ p ≤ ∞, we define the standard Bochner spaces Lp(0, T ; B) as

Lp(0, T ; B) =

{
v : (0, T )→ B | v(t) ∈ B for a.e. t ∈ (0, T ) and

∫ T

0

‖v(t)‖pBdt <∞
}

equipped with the norms

‖v‖Lp(0,T ;B) :=
( ∫ T

0
‖v(t)‖pBdt

) 1
p
, 1 ≤ p <∞,

‖v‖L∞(0,T ;B) := ess supt∈(0,T ) ‖v(t)‖B <∞, p =∞.

Further, the space H1(0, T ; B) consists of all measurable functions v : (0, T ) → B

for which

‖v‖H1(0,T ;B) :=
( ∫ T

0

{
‖v(t)‖2

B + ‖∂v
∂t
‖2
B

}
dt
) 1

2
<∞.

For more detailed discussion on Sobolev spaces, one may refer to Adams [1], Adams and

Fourier [2], Dautray and Lions [39] and Grisvard [56].

Some useful inequalities. We recall the following well known inequalities from

Hardy et al. [63].

Young’s inequality: If a, b are non-negative integer and ε > 0, then

ab ≤ a2

2ε
+
εb2

2
.

Hölder’s inequality: Let p > 1 and q be such that 1
p

+ 1
q

= 1. Then, for any numbers

ai, bi ∈ R, i = 1, 2, . . . , d,

d∑
i=1

|aibi| ≤

(
d∑
i=1

|ai|p
) 1

p
(

d∑
i=1

|bi|q
) 1

q

.

In particular, for p = q = 2, the above inequality is known as Cauchy-Schwarz inequality

in Rd.

In terms of integral form, the Hölder’s inequality is stated as follows:

Let 1 ≤ p, q ≤ ∞ be such that 1
p

+ 1
q

= 1. Let v, w : Ω → R be Lebesgue measurable

functions. Then

‖v w‖L1(Ω) ≤ ‖v‖Lp(Ω)‖w‖Lq(Ω).

1The trace is a continuous bounded linear operator γ : H1(Ω)→ L2(∂Ω) with γ(u) = u|γ .
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In particular, for p = q = 2, the above inequality is known as the Cauchy-Schwarz

inequality in the integral form which will be used frequently.

Weak formulation of the problem. For the purpose of finite element approx-

imation, we first write the weak formulation of the problem (1.1)-(1.3) which may be

stated as follows : For t ∈ (0, T ), find u(t) ∈ H1
0 (Ω) such that(∂u

∂t
, φ
)

+ a(u, φ) = (f, φ) + 〈g, φ〉 ∀φ ∈ H1
0 (Ω),(1.4)

u(0) = u0,

where the bilinear form a(·, ·) : H1
0 (Ω)×H1

0 (Ω)→ R is defined by

a(v, w) = (β∇v,∇w) ∀v, w ∈ H1
0 (Ω)

and 〈·, ·〉 denotes the scalar product for the space L2(Γ). Further, we assume that

the bilinear form a(·, ·) is continuous and coercive on H1
0 (Ω), i.e., there exist constants

α0, α1 > 0 such that

(1.5) |a(v, w)| ≤ α0‖v‖H1(Ω)‖w‖H1(Ω) ∀v, w ∈ H1
0 (Ω),

and

(1.6) a(v, v) ≥ α1‖v‖2
H1(Ω) ∀v ∈ H1

0 (Ω).

1.3 Background and Motivation

This section describes a brief account of the relevant literature pertaining to the the-

ory and numerics of the interface problems and explains the motivation of the present

study. Interface problems arise in a wide variety of applications in science and engineer-

ing such as material sciences and fluid dynamics when two or more distinct materials

or fluids with different conductivities or densities or diffusions are interacting across

the interface. Due to the discontinuity of the coefficients along the interface, the ana-

lytic solutions are rarely available for the interface problems. Therefore, the numerical

approximation is the only way to proceed with such problems. There are several numer-

ical methods in the literature designed for interface problems such as finite difference

methods (FDMs), finite element methods (FEMs), and adaptive finite element methods

(AFEMs). We first give a brief survey of the literature concerning FDMs and FEMs for

elliptic and parabolic interface problems.

FDMs for interface problems. There have been several considerable efforts to

solve interface problems using FDMs, see [6, 15, 67, 72, 73, 76, 79] and the references
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quoted therein. In [73], LeVeque has introduced an immersed interface method with

second-order accuracy for the elliptic interface problem using a uniform rectangular

grid. Li et al. in [76] have considered an elliptic interface problem in polar coordinates

and transformed the interface problem with a non-smooth or discontinuous solution to

a problem with a smooth solution. Then, a second-order finite difference scheme was

introduced for the elliptic interface problem in polar coordinates. In [79], the authors

have used a first-order finite difference scheme for an elliptic interface problem to control

the boundary conditions across an interface. The resulting linear system is symmetric

and it is the same as the one obtained for the standard Poisson equation in the absence of

interface. Further, this method has been extended to achieve second-order accuracy for

the elliptic interface problem in [67]. Akrivis et al. in [6] has developed an implicit finite

difference scheme for the one-dimensional heat equation with a stationary interface to

obtain second-order accuracy in space and time. The convergence of the finite difference

scheme for two-dimensional PIPs has been studied by Bojović in [15]. We refer to [73, 74]

and references cited therein for a detailed discussion on FDMs for interface problems.

FEMs for interface problems. FEM is a very powerful numerical technique for

finding an approximate solution of partial differential equations over a given domain.

The advantage of FEMs is that it can handle easily the complex geometry of the do-

main, non-linear material properties, and general boundary condition and it has a solid

theoretical foundation in contrast to FDMs. The error analysis of FEM is classified into

two types namely, a priori error analysis and a posteriori error analysis.

A priori error analysis: The a priori error analysis of elliptic interface problems has

been first studied by Babuška in [8]. The author of [8] has converted the problem to

an equivalent minimization problem and obtained a sub-optimal order error estimate in

the H1-norm using FEM. Later, it has been studied rigorously by many authors Barrett

and Elliot [12], Bramble and King [16], Chen and Zou [32], Nielsen [85], Cai et al. [21]

and references cited therein. The authors of [12] have derived the convergence of the

finite element solution to the true solution at an optimal rate in both H1 and L2-norms

on each subdomain. Subsequently, the authors of [16] have approximated the smooth

domain by a polygonal domain and transferred the boundary data to the polygonal

boundaries. Then, the discontinuous Galerkin FEM is applied to the perturbed problem

and optimal order accuracy is obtained for rough and smooth boundary data for the

non-homogeneous second-order elliptic interface problems. The authors of [32, 85] have

studied the convergence of FEM with reasonable regularity assumption on the true

solution. In [32], Chen and Zou have proved an almost optimal order of convergence in

both the H1 and L2-norms using piecewise linear elements. Whereas the author of [85]
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has shown an optimal order of convergence in the H1-norm for elliptic interface problem

in the presence of arbitrary small ellipticity. The error analysis is carried out with the

assumption that the interface triangles follow exactly the actual interface Γ. In [21], Cai

et al. have studied the discontinuous Galerkin FEM for a bounded polygonal domain

in R2 and derived a quasi-optimal a priori error estimates under the assumption that

the solutions are only in H1+ε(Ω) with ε ∈ (0, 1). Further, we also refer to [12, 72] for a

priori error estimates of elliptic interface problems and the references quoted therein.

Till now, the literature described above is about the elliptic interface problems. We

now present some relevant literature on the a priori error analysis of parabolic interface

problem (1.1)-(1.3). The first work in this direction was due to Chen and Zou in [32].

They have studied the fully discrete backward Euler approximation and obtained nearly

optimal order estimates in both the L2 and H1-norms with low global regularity of the

solution. Some new a priori estimates of the solutions to the elliptic and parabolic

interface problems have been derived in [68] which explicitly contain the discontinuous

coefficients and the jumps of coefficients across the interface. Subsequently, Sinha and

Deka in [98] have proposed a new isoparametric type of discretizations. They have ana-

lyzed both semi-discrete and fully-discrete backward Euler approximations and obtained

the optimal order of convergence in the L2(H1) and L2(L2) norms. The same authors

have extended their work to obtain optimal order of convergence in the L∞(H1) and

L∞(L2)-norms in [101] with piecewise linear elements.

Usually, the standard finite element method for interface problems use the body-

fitted meshes to achieve an optimal or almost optimal convergence (cf. [60, 98, 101]).

But it is technically difficult to construct good body-fitted meshes for problems involving

geometrically complicated interfaces. To overcome this difficulty, a new finite element

method known as immersed finite element (IFE) method was introduced first in [75].

The basic idea of the IFE method is to modify the basis functions which satisfy the

natural jump conditions across the interface. The details regarding IFE method for

elliptic and parabolic interface problems, we refer to [12, 16, 55, 58, 59, 62, 64, 72, 74,

77, 78, 99, 109, 111] and the references cited therein.

Next, we turn our attention to the semilinear PIPs in the a priori framework, i.e.,

when the forcing term f of (1.1)-(1.3) is a function of x, t and u. The study of the

semilinear interface problem is motivated by modeling of mass transfer of substances

through semipermeable membranes. These problems occur in many applications such

as in chemical and biomedical engineering, e.g., modeling of electrokinetic flows, cellular

signal transduction, and solute dynamics across arterial walls (see [19, 24]). Feng and

Shen in [51] have introduced the existence, uniqueness, and regularity of the solution
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of the semilinear parabolic interface problems. The authors of [100] have derived an

optimal energy-norm error estimates for both semilinear elliptic and parabolic interface

problems. We refer to [33, 102, 103] and references therein for the finite element error

analysis of semilinear parabolic problems without interface whereas to Jovanović and

Vulkov [69], Peterseim [88], Wei et al. [107] and references quoted therein for further

works on a priori error analysis of interface problems.

In a priori error analysis we derive an error bound of the form

(1.7) ‖u− Uh‖χ ≤ C(u, data)hr,

where u is the exact solution of the problem and Uh be its finite element approximation.

In the above, C(u, data) is a positive constant depends on the exact solution u and

given data, h denotes the maximum mesh size, r measures the order of convergence of

approximation of the exact solution by its finite element solution and ‖ · ‖χ denotes a

specified norm. In general, the estimate (1.7) is not realistic because the exact solution is

unknown for most of the problems. Moreover, the estimate (1.7) provides the asymptotic

rates of convergence as the mesh size h → 0. As the right-hand side can be estimated

prior to computing Uh, the error analysis is called a priori error analysis. Further, we

observe that a priori error estimate does not provide quantitative information about the

size of the actual error which brings to a new error estimation technique to quantify the

error known as a posteriori error estimation technique.

A posteriori error analysis. An a posteriori error analysis leads to a bound for the

error in terms of the finite element solution Uh, data of the given problem and the mesh

parameter h, i.e.,

‖u− Uh‖χ ≤ η(Uh, data)hr,

where the estimator η(Uh, data)hr is a computable quantity which reduces with optimal

order with respect to the mesh parameter h. The main concept of a posteriori error anal-

ysis is to provide techniques for the automatic choice of discretization leading to efficient

approximation algorithms. In recent years, this technique attracts many researchers be-

cause of its ability to control the error in the quantity with physical interest. Basically,

a posteriori error estimation is an essential tool for the design of adaptive algorithms to

control and minimize the error. Many researchers have proposed and analyzed a variety

of different a posteriori error estimates for parabolic problems such as residual-based,

recovery-based and hierarchic bases error estimators. In residual-based error estimates,

various residual quantities such as element and jump residuals are used to bound the

error. Whereas in recovery-based error estimates, a gradient recovery (postprocessing)

operator is applied to the finite element solution and compared with the gradient of the
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exact solution to estimate the error. Also, a posteriori error estimates have been derived

based on the use of hierarchic bases or equilibrated residuals. In this thesis, we shall

consider only residual-based a posteriori error estimates.

We now present a brief survey of literature concerning a posteriori error analysis

for elliptic and parabolic PDEs. The research on a posteriori error analysis for FEMs

for one-dimensional elliptic boundary value problems dates back to late 1970’s. The

pioneering work of Babušska and Rheinboldt [9] was devoted to a posteriori error es-

timation technique. In particular, we refer to Babuška and Rheinboldt [10], Eriksson

and Jhonson [46], Dörfler and Rumpf [45], Verfürth [105, 106], Bernardi and Verfürth

[13], Ainsworth and Oden [5], Rannachar [91], Berrone [14], Cai et al. [21] and refer-

ences cited therein. The first significant work towards the a posteriori error analysis

of the parabolic problem has been provided by Eriksson and Jhonson in [47, 48, 49].

The authors have used the analysis of linear dual problems of the corresponding error

equations to derive the a posteriori error estimates. These a posteriori error estimates

require H2 regularity assumption on the associated elliptic operator. Without using this

regularity assumption, Picasso in [90] has derived an a posteriori error estimate using

energy method. The energy method is a more adaptable technique for the finite element

error analysis because it is directly based on the variational formulation of the problem.

More importantly, the energy method applies to less regular solutions than the duality

method whereas the latter yields a better rate in the case of regular solutions. Verfürth

in [106] has demonstrated optimal order estimate in the L2(H1)-norm and sub-optimal

estimate in the L∞(L2)-norm for parabolic problem by using the energy argument. The

authors of [13] have derived the a posteriori error bounds in the H1-norm for elliptic

interface problems. Berrone in [14] has investigated a residual-based a posteriori error

estimate for the PIPs. The authors of [21] have used discontinuous Galerkin method to

study both the residual and recovery-based a posteriori error estimates for elliptic inter-

face problems. Recently, Sen Gupta and Sinha in [96, 97] have studied a posteriori error

analysis for the linear PIPs. The authors have considered the problem on a polygonal

subdomain of the domain Ω and derived a posteriori upper bound in the L∞(L2)-norm

using elliptic reconstruction approach.

AFEMs for interface problems. AFEMs for the numerical solution of PDEs have

been active research themes in the past decades. They are indispensable while solving a

particularly challenging class of problems having low regularity solution. An a posteriori

error estimate provides important feedback for the design of adaptive algorithms. AFEM

reduces the computational efforts and ensures higher density of nodes in a certain area

of the given domain where the solution is very difficult to approximate. If further
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refinement is implemented then a posteriori error estimator is used as a guide to show

how the refinement might accomplish most efficiently. In recent years, the AFEM has

attracted many researchers to solve interface problems because it is able to control the

error in the quantity of physical interest.

The main objective of this thesis to study AFEMs for the PIPs of the form (1.1)-(1.3).

To start with, we now present a brief account of the literature concerning the AFEM

for elliptic and parabolic problems. The pioneering work of Babuška and Rheinboldt

[11] has provided an adaptive meshing procedure for the FEM based on the a posteriori

error estimates. There are several kinds of literature on AFEMs available for elliptic and

parabolic problems. We refer to Picasso [90], Verfürth [106], Chen and Feng [29] for the

a posteriori error analysis and adaptive mesh refinement technique of parabolic problem

using energy argument. In [90], Picasso has derived an optimal order residual-based

a posteriori error estimate in the L2(H1)-norm. Chen and Feng [29] have studied an

AFEM for a linear parabolic problem and derived both a global upper and local lower

bounds for the error using the energy method. They have proved the convergence of the

adaptive algorithm that reduces the error indicators below any given tolerance in a finite

number of iteration steps. Nicaise and Soualem [84] have considered nonconforming

finite element approximation of the heat equation and derived a posteriori error bounds

for the error, where the spatial residual error indicator is based on the jumps of normal

and tangential derivatives of the nonconforming approximation and a time residual

indicator is based on the jump of broken gradients at each time step. Recently, Chen et

al. in [30] have derived a posteriori error estimates based on the adaptive immersed finite

element method for parabolic problems in time-variable domains. For AFEMs based on

energy argument for nonlinear partial differential equations arising from physical and

industrial processes, one may refer to the work of Morin, Nochetto, and Seibert [83] and

their references.

We now turn our attention to present a state-of-art of the current research on AFEM

for elliptic and parabolic interface problems. The research on a psoteriori error estimates

and adaptive strategies for elliptic interface problems have been investigated by numer-

ous authors [22, 23, 28, 31, 94] and references cited therein. In [94], Schmidt and Siebert

have derived a posteriori error estimates and developed an adaptive algorithm for ellip-

tic interface problems. The authors of [28] have derived both upper and lower bounds

for linear elliptic problems with discontinuous coefficients and presented adaptive algo-

rithms. Cai and Zhang in [22] have introduced a new recovery-based a posteriori error

bounds for the conforming linear finite element approximation to the elliptic interface

problems. Eventually, the same author in [23] have derived robust residual and recovery-
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based a posteriori error estimates for interface problems with flux jump
[
β ∂u
∂n

]
= g. In

particular, the adaptive immersed finite element method for elliptic interface problems

can be found in Chen et al. [31]. Based on the idea of [28] an adaptive algorithm is

presented in [31].

Though several adaptive strategies have been proposed in the context of both elliptic

and parabolic non-interface problems and elliptic interface problems, the literature seems

lack concerning AFEM for PIPs. In the context of PIPs, Berrone has investigated

a residual-based a posteriori error estimates for PIPs in [14]. Assuming the quasi-

monotonicity condition on the diffusion coefficients both upper and lower bounds are

derived in the L2(H1)-norm. Further, the author has used the idea of a bubble function

technique to derive the lower bound. Our first problem in this thesis is to investigate

an AFEM for PIPs with nonhomogeneous flux jump. More explicitly, an attempt has

been made to extend the work of [29] from linear parabolic problems to PIPs with[
β ∂u
∂n

]
= g(x, t), where g 6= 0 across the interface. We have used the continuous,

piecewise linear functions for the approximation of the spatial variable, whereas an

implicit backward Euler method is considered for the time discretization. Both upper

and lower bounds for the error to the problem (1.1)-(1.3) are derived. Some new error

indicators are introduced and the global upper bound (Theorem 2.3.1) is derived in

terms of the estimators which contains the time error indicator ηn1,time, the space error

indicator ηn1,space, (see, (2.15)) and data approximation errors. Further, a lower bound

(Theorem 2.3.2) for the local error in terms of the space error indicator is established

using the coarsening strategy of [29]. A space-time adaptive algorithm (Algorithm 2.4.1)

is provided using these estimators based on the error equidistribution strategy which

reduces the error indicators below any given tolerance within a finite number of steps.

The refinement procedure includes both the space and time-step size modifications for

the adaptive algorithm. Numerical experiments are provided to support our theoretical

results.

The second problem of this thesis deals with an adaptive immersed finite element

method (AIFEM) for the approximation of PIP (1.1)-(1.3). The proposed method is

based on the residual-based a posteriori error estimates. The main advantage of the IFE

method is that it can use interface independent meshes and hence structured or even

cartesian meshes can be used to solve problems with nontrivial interface geometry. The

relevant literature in this direction can be found in Chen, Xiao and Zhang [31], Chen,

Wu and Xiao [30] and the references cited therein. In [31], Chen et al. have proposed an

AIFEM for elliptic and Maxwell interface problems with singularity, where the interface

is assumed to be of arbitrary shape. They have extended the idea of AFEM of [9]. The
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authors of [30] have worked on AIFEM for parabolic problems in time-variable domains.

To the best of the author’s knowledge there seems to be no literature on AIFEM for

PIPs. In the second problem, we generalize the work of [31] to the time dependent

interface problems. More precisely, we investigate an AIFEM for PIPs with nonzero

flux jump. We assume that the interface is independent of time and the finite element

mesh whose vertices do not necessarily lie on the interface. Both a global upper bound

(Theorem 3.3.1) and a local lower bound (Theorem 3.3.2) for the error to the problem

(1.1)-(1.3) are established using energy method. An adaptive algorithm is provided

and a numerical experiment is presented to demonstrate the behavior of the adaptive

algorithm for the proposed method.

Our next objective is to study a residual-based a posteriori error estimation for

nonconforming finite element approximation to the PIP (1.1)-(1.3). The research works

on a posteriori error estimation using nonconforming finite element have been extensively

analyzed by Anisworth [4], Cai et al.[20], Cai and Zhang [22], Dari et al.[37, 38] and

Schieweck [93]. The Helmholtz decomposition is a necessary tool for obtaining the

reliability bound for the nonconforming elements. Ainsworth [4] has constructed an

equilibrated estimator without Clément type interpolation and observed that the error

bounds depend on the diffusion coefficients. Due to the lack of the error equation, Dari

et al. in [38] have investigated the reliable bound for the residual-based error estimate

for the Poisson equation through Helmholtz decomposition of the true error. There

are several interesting research work [66, 93] that approached differently despite using

Helmholtz decomposition in the nonconforming finite element analysis. The authors

of [20] have derived the reliability of the estimators for the elliptic interface problems

by a new and direct approach without using Helmholtz decomposition and the quasi-

monotone assumption. A posteriori error estimates for a nonconforming finite element

discretization of the heat equation (for non-interface) has been investigated by Nicaise

and Soualem in [84] and derived the efficiency and reliable bounds for the error using

Helmholtz decomposition. We wish to emphasize the fact that the degrees of freedom

for the conforming linear element is the nodal values at vertices of triangles. However,

for the nonconforming linear element, the degrees of freedom are nodal values at the

middle points of edges of triangles and that each middle point is shared by at most two

triangles, which is a key advantage for the nonconforming linear element for AFEM. It

is also possible to construct a modified Clément-type interpolation satisfying the desired

properties without the quasi-monotonicity assumption.

In this context, though there are several works on a posteriori error estimation

for nonconforming finite element approximation for both elliptic interface problems and
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parabolic problems, but a lack of interest has been seen for the PIPs. Therefore, an effort

has been made in this thesis to extend the analysis of [20] for elliptic interface problem

to a linear PIP (1.1)-(1.3) using nonconforming finite elements. Our analysis does not

involve the Helmholtz decomposition while analyzing the reliability of the estimator.

The constant involved in the estimators are independent of the jump of the diffusion

coefficient across the interface, and the quasi-monotonicity assumption on the diffusion

coefficient is relaxed. The reliability bound of the estimator consists of the element

residual, the edge flux jump, and the edge solution jump. We derive both a global upper

bound (Theorem 4.3.1) and a local lower bound (Theorem 4.3.2) for the error. The key

technical tools used in deriving the upper bound include the representation of the error

equation (Lemma 4.3.2), Lemma 4.3.3 and Lemma 4.3.4. The local efficiency bound

is established using the coarsening strategy of Chen and Feng [29] and it is uniformly

with respect to the jump of the diffusion coefficient. Numerical results illustrating the

behavior of the estimators are provided.

Our next aim is to study a posteriori error estimation and adaptive mesh refinement

for the problem (1.1)-(1.3) using non-conforming IFE method. The basic idea of the IFE

method is to locally modify basis functions on interface triangles to fit the interface jump

condition (1.3). The finite element mesh and local mesh refinement do not need to fit the

interface. Wu et al. in [108] have proposed an adaptive mesh refinement technique for

elliptic interface problems using the nonconforming IFE method. Therefore, motivated

by the discussion in [13] and Wu et al.[108], we generalize the adaptive mesh refinement

technique of elliptic interface problems to the PIPs (1.1)-(1.3) using nonconforming IFE

methods. New error indicators (5.16)-(5.17) are provided to control the error due to

non-body fitted mesh. For the adaptive mesh refinement procedure, the residual-based

a posteriori error estimates are derived using the energy method. We have established

a residual-based global upper bound (Theorem 5.3.1) which is bounded by the element

residual and the jump residual. A lower bound (Theorem 5.3.2) for the local error in

terms of the space error indicator is also derived. A space-time adaptive algorithm is

reported for the proposed method.

Finally, we now turn our attention to the study of AFEM for the semilinear PIPs.

The forcing term f(x, t, u) is assumed to satisfy the Lipschitz condition with respect to

the third argument, i.e., there exists a constant CL > 0 such that

(1.8) |f(x, t, w1)− f(x, t, w2)| ≤ CL|w1 − w2| ∀w1, w2 ∈ R.

The goal of this work is to extend our AFEM for the linear PIPs to the semilinear

PIPs. To discretize the problem in time we have considered the implicit backward Euler
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approximation and the standard piecewise linear finite elements for the approximation

of the space variable. We have derived a posteriori error estimates based on the energy

argument and an adaptive algorithm for the proposed problem with nonzero flux jump

is constructed. While deriving a posteriori error estimates using the standard finite

element method, the main disadvantage is that one has to solve a nonlinear system of

algebraic equations at each time steps due to the presence of fn(Un
h ) in (6.8). To avoid

this difficulty, we consider a linearized modification of the fully discrete approximation

(6.10) replacing the term fn(Un
h ) by fn(Un−1

h ). An a posteriori global upper bound

(Theorem 6.3.1) as well as local lower bound (Theorem 6.3.2) for the error are obtained.

Numerical results are shown to illustrate the performance of the derived estimators. We

refer to the recent work of [95] for a posteriori error estimate for semilinear PIPs.

1.4 Organization of the Thesis

This thesis consists of seven chapters and it is structured as follows.

Chapter 1 introduces the model problem and provides some useful notation and

preliminary materials to be used in this thesis. It also contains a brief survey of the

relevant literature and the motivation for the present study.

Chapter 2 considers an AFEM for the fully discrete finite element approximation for

the linear PIP (1.1)-(1.3). The continuous piecewise linear elements are employed for

the space discretization and the backward Euler scheme is used to approximate the time

derivative. We derive a residual based a posteriori error estimate in the L2(0, T ;H1(Ω))-

norm using the energy method. Both global upper and local lower bounds for the error

for the problem (1.1)-(1.3 are established. Using the derived error indicators an adaptive

algorithm is presented and a numerical example is reported to illustrate the theoretical

analysis.

Chapter 3 is devoted to the AIFEM for the fully discrete finite element approximation

for the linear PIP (1.1)-(1.3). The space-time immersed finite element discretization is

introduced where the finite element mesh does not follow the actual interface. A global

upper bound and a local lower bound for the error in terms of the error indicators are

derived using energy method. Numerical experiments are performed to implement the

proposed adaptive algorithm.

In Chapter 4, we study a residual based AFEM for the problem (1.1)-(1.3) using

nonconforming finite elements. We first describe the nonconforming linear finite element

discretization and then derive both upper and lower bounds for the error in terms of the

error indicators. The proposed a posteriori error analysis does not involve the Helmholtz

decomposition while analyzing the reliability of the estimator. A space-time adaptive
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algorithm is prescribed using the derived estimators. Numerical results are provided to

demonstrate the effectiveness of the estimators.

In Chapter 5, we investigate a posteriori error estimation and adaptive mesh refine-

ment for the problem (1.1)-(1.3) using nonconforming IFEs. The nonconforming IFE

discretization is introduced and new error indicators are provided to control the error

due to non-body fitted mesh. The residual-based a posteriori error estimates are de-

rived using energy argument. A global upper bound for the error is estimated using the

energy technique and a lower bound for the error in terms of the local error indicators is

derived. An adaptive algorithm for the proposed method is provided and the numerical

results are presented.

Chapter 6 addresses an AFEM for a semilinear PIP with nonzero flux jump. For the

fully discrete approximation, we have considered the implicit backward Euler approxi-

mation in time and the standard piecewise linear finite elements for the space variable.

Our strategy is to avoid solving the nonlinear system by considering a linearized fully

discrete scheme. The global upper bound for the error is shown to be bounded by

the element residual and interior jump residual whereas a lower bound for the error in

terms of the local error indicator is established. An adaptive algorithm is supplied for

the proposed method. Numerical results are presented to illustrate the performance of

the derived error indicators.

Finally, in Chapter 7, we discuss the critical evaluation of the results provided in

this thesis. This chapter winds up with brief information for the scope of future inves-

tigations.

For clarity of presentation we have repeatedly mentioned the equation (1.1)-(1.3)

and the relevant preliminary materials at the beginning of each chapter. The pictorial

representation of this thesis is displayed as follows.
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AFEM for PIPs

AFEM for Linear PIPs

AFEM for PIPs

using conforming

finite elements

(Chapter 2)

AFEM for PIPs

using conforming

immersed finite elements

(Chapter 3)

AFEM for PIPs

using nonconforming

finite elements

(Chapter 4)

AFEM for PIPs

using nonconforming

immersed finite elements

(Chapter 5)

AFEM for Semilinear PIPs

(Chapter 6)
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2
An AFEM for PIPs with Nonzero Flux Jump

In this chapter, we study an AFEM for solving the linear PIPs with nonzero flux jumps

in a two-dimensional convex polygonal domain. We use continuous, piecewise linear

functions for the approximation of the spatial variable whereas the backward Euler

method is employed for the time discretization. An upper bound of the error is derived

in terms of the error indicators. A lower bound for the local error in terms of the space

error indicator is also obtained. We use the energy method to derive these a posteriori

error estimates. An adaptive algorithm is provided using derived error indicators. A

numerical experiment is presented to support the theoretical results.

2.1 Introduction

To begin with, we first recall the following linear parabolic interface problem of the

form:

(2.1)
∂u

∂t
−∇ · (β(x)∇u) = f in ΩT ,

with prescribed initial and boundary conditions

(2.2) u(x, 0) = u0(x) in Ω; u = 0 on ∂ΩT ,

and jump conditions across the interface Γ

(2.3) [u] = 0,
[
β
∂u

∂n

]
= g,

where ΩT = Ω × (0, T ] and ∂ΩT = ∂Ω × [0, T ] with T < ∞. Here Ω is a bounded

convex polygonal domain in R2 with Lipschitz boundary ∂Ω. Further, Ω1 ⊂ Ω is an

open domain with polygonal boundary ∂Ω1 := Γ. The interface Γ divides Ω into two

subdomains Ω1 and Ω2 = Ω\Ω1. The symbol [v] is the jump of a quantity v across the

18

TH-2911_136123010



CHAPTER 2. AFEMs for PIPs using confirming finite elements 19

interface Γ, i.e., [v](x) = v1(x)− v2(x), x ∈ Γ with vi(x) = v(x)|Ωi , i = 1, 2. The symbol

n denotes the unit outward normal to the boundary ∂Ω1 and ∇ denotes the spatial

gradient. Here u, f and g are real valued functions of x and t only. The initial data u0

is assumed to be smooth and

f ∈ L2(0, T ;L2(Ω)) and g ∈ L2(0, T ;L2(Γ)).

Further, we assume that the discontinuous coefficient β is positive and piecewise constant

on each subdomain, i.e.,

β(x) = β1 for x ∈ Ω1; β(x) = β2 for x ∈ Ω2.

As a first step towards finite element approximation of (2.1)-(2.3), we recall the

bilinear form a(·, ·) : H1
0 (Ω)×H1

0 (Ω)→ R defined by

a(v, w) = (β(x)∇v,∇w) ∀v, w ∈ H1
0 (Ω).

We assume that the bilinear form a(·, ·) is continuous and coercive on H1
0 (Ω), i.e.,

there exist constants α0, α1 > 0 such that

(2.4) |a(v, w)| ≤ α0‖v‖H1(Ω)‖w‖H1(Ω) ∀v, w ∈ H1
0 (Ω),

(2.5) and a(v, v) ≥ α1‖v‖2
H1(Ω) ∀v ∈ H1

0 (Ω).

Then the weak formulation of (2.1)-(2.3) is read as follows: Find u : [0, T ]→ H1
0 (Ω)

such that (∂u
∂t
, φ
)

+ a(u, φ) = (f, φ) + 〈g, φ〉Γ ∀φ ∈ H1
0 (Ω),(2.6)

u(0) = u0,

where 〈·, ·〉Γ denotes the scalar product of the space L2(Γ). We shall use the notation

〈·, ·〉 instead of 〈·, ·〉Γ in the rest of the analysis of this chapter.

For purely parabolic problems, residual-based a posteriori error estimation for the

backward Euler approximation and adaptive refinement procedure have been studied

by Picasso [90], Verfürth [106], and Chen and Feng [29]. The authors of [90, 106] have

obtained optimal order estimates in the L2(H1)-norm and suboptimal order estimates

in the L∞(L2)-norm. In [29], the authors have proved that the adaptive iteration in

each single time step terminates within finitely many iterations and the space-time

error is always bounded by the given tolerance. The authors of [29, 90, 106] have used

the energy method to derive a posteriori error estimates. For parabolic problems with
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discontinuous coefficients, Berrone [14] has derived upper and lower bounds for the error

under some quasi-monotonicity assumption on the diffusion coefficients. Recently, Sen

Gupta and Sinha [96, 97] have established a posteriori upper bound of the error for

parabolic interface problems with homogeneous flux jump. One important ingredient

used in [96, 97] is the elliptic reconstruction technique which is quite similar to the role

played by an elliptic projection operator for recovering optimal a priori error estimates

for finite element method to parabolic problems.

In this chapter, an attempt has been made to extend the AFEM for linear parabolic

problem to the linear PIP (2.1)-(2.3) with nonzero flux jump. The discretization is done

using adaptive finite elements in space combined with the implicit Euler scheme in time.

The conforming finite element spaces are piecewise linear functions over a simplicial

triangulation of the domain Ω. We derive both upper and lower bounds for the error.

The upper bound of the error consists of an indicator for the initial error, indicators for

the temporal error and the spatial error, indicators for the data approximation error,

and the local error indicator. A lower bound for the local error in terms of the space error

indicator is established using the coarsening strategy of Chen and Feng [29]. The space

mesh and time step size adaption are carried out simultaneously to control the error

in the approximation of the problem. The technical tools used in our analysis involve

interpolation approximation properties, Cauchy-Schwarz inequality, Young’s inequality,

properties of bubble function, and energy argument.

The organization of this chapter is as follows. In Section 2.2, we describe the space-

time finite element discretization for the problem (2.1)-(2.3). A global upper bound and

a local lower bound for the error between the discrete solution and the solution of the

continuous problem is derived in Section 2.3. In Section 2.4, we present a space-time

adaptive algorithm based on the error equidistribution strategy. Numerical results are

provided to validate the usefulness of the derived estimators in Section 2.5. Finally, we

give some concluding remarks in the last section.

2.2 Space-Time Discretization

In this section, we introduce the space-time finite element discretization of the do-

main for the fully discrete approximation of (2.1)-(2.3) and the finite element space for

our analysis.

Let {(tn−1, tn]}Nn=1 be a partition of [0, T ] with N number of subintervals with time-

step size kn = tn − tn−1. At each time level n = 0, 1, . . . , N , let T n be a regular

triangulation of the domain Ω. We divide the triangulation T n into three set of triangles.

At time tn, let T nΓ denote the set of interface triangles, and let T n1 and T n2 be the set of
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non-interface triangles corresponding to Ω1 and Ω2, respectively such that T n \ T nΓ =

T n1 ∪ T n2 , where

T nΓ = {K ∈ T n : K ∩ Γn 6= ∅},

T ni = {K ∈ T n : K ⊂ Ωi} for i = 1, 2.

We make the following assumptions on the triangulation T n (cf. [18, 34]):

(A1) If K1, K2 ∈ T n and K1 6= K2 then either K1∩K2 = ∅ or K1∩K2 share a common

edge or a common vertex.

(A2) Each triangle K is either in T n1 or in T n2 or intersects the interface Γn at most two

vertices.

(A3) The triangulations T n and T n−1 are said to be compatible if one is the local

refinement by admissible refinement procedure of the other and satisfy the shape

regularity condition.

Set ΩΓ = ∪K∈T nΓ K and hK = diam(K) ∀K ∈ T n. Let En be the collection of all

interior edges e of the triangle K ∈ T n with length he. We now divide En into three sets

En1 , En2 and EnΓ , where EnΓ denotes the set of all edges belonging to the interface Γn and

Eni denotes the set of all edges of triangle K ∈ T ni , for i = 1, 2. Let Ωe be the collection

of two triangles sharing the common side e ∈ En.

For 1 ≤ n ≤ N , let Sn denote the finite element space corresponding to the triangu-

lation T n and be defined by

Sn = {v ∈ H1
0 (Ω) : v|K ∈ P1(K) ∀K ∈ T n},

where P1(K) is the space of polynomials of degree less than or equal to 1 over K. The

fully discrete approximation of the exact solution u(t) at t = tn in Sn is denoted by

Un
h . For any continuous function ϕ defined in (tn−1, tn], let ϕn = ϕ(·, tn) and ϕ̄n =

1
kn

∫ tn
tn−1

ϕ(·, t)dt.
To discretize the problem (2.6), we use the continuous piecewise linear finite element

space for the approximation of spatial variable and the time discretization employs the

backward Euler method. Let U0
h be the suitable approximation of u0 in S0 over the

initial mesh T 0.

The fully discrete approximation to the weak form (2.6) reads: Given U0
h ∈ S0, for

1 ≤ n ≤ N , find Un
h ∈ Sn such that(

Un
h − Un−1

h

kn
, v

)
+ a(Un

h , v) = (f̄n, v) + 〈ḡn, v〉 ∀v ∈ Sn.(2.7)
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2.3 A Posteriori Error Analysis

This section concerns a posteriori error analysis for the fully discrete approximation

to the problem (2.1)-(2.3). We derive a global upper bound in terms of error indicators

and a local lower bound for the error in terms of the space error indicator.

In the context of the fully discrete case, we will have two residual functions associated

with (2.6), namely the interior residual and the jump residual.

The interior residual Rn is defined as

Rn := f̄n − k−1
n (Un

h − Un−1
h )(2.8)

and the jump residual Jne across e ∈ En is defined as

Jne :=


[β(x)∇Un

h ]e · ne, if e ∈ En \ EnΓ ,

ḡn − [β(x)∇Un
h ]e · ne, if e ∈ EnΓ ,

(2.9)

respectively, where [β(x)∇Un
h ]e ·ne =

(
β(x)∇Un

h |K1 −β(x)∇Un
h |K2

)
·ne, e = ∂K1 ∩ ∂K2

and ne denotes the unit outer normal vector to e points from K2 to K1. Using integration

by parts formula, we have

a(Un
h , φ) =

∑
K∈T n

∫
K

∇ · (β(x)∇Un
h )φ dx−

∑
e∈En

∫
e

Jne φ ds ∀φ ∈ H1
0 (Ω)

= −
∑
e∈En

∫
e

Jne φ ds ∀φ ∈ H1
0 (Ω).(2.10)

Following [35], we recall the local interpolation properties for the Clément interpo-

lation operator in the context of a fully discrete approximation.

Lemma 2.3.1. Let Πn : H1
0 (Ω)→ Sn be the Clément interpolation operator. Then, for

φ ∈ H1
0 (Ω), we have

‖φ− Πnφ‖L2(K) + hK‖∇(φ− Πnφ)‖L2(K) ≤ CI,1hK‖∇φ‖L2(ωK),(2.11)

‖φ− Πnφ‖L2(e) ≤ CI,2h
1
2
e ‖∇φ‖L2(ωe),(2.12)

where ωK and ωe denote the patch of triangles and edges in T n, respectively. Here the

constants CI,1, CI,2 depend only on the minimum angle of the mesh T n, n = 1, . . . , N .
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2.3.1 An Upper Bound

To derive an a posteriori upper bound, we first introduce the following notations. For

any time t ∈ (tn−1, tn], let Uh : [0, T ]→ H1
0 (Ω) be a continuous piecewise linear approx-

imation in time of u(t) defined by

Uh(t) = ln(t)Un
h + ln−1(t)Un−1

h , 1 ≤ n ≤ N,(2.13)

where ln(t) and ln−1(t) are the Lagrange hat functions given by

ln(t) =
t− tn−1

kn
and ln−1(t) =

tn − t
kn

, for t ∈ (tn−1, tn].

Now, we prove the main result of this chapter in the following theorem.

Theorem 2.3.1. Let u be the exact solution of (2.1)-(2.3) and let Uh be its approxima-

tion defined by (2.13). Then, there exists a constant C > 0 such that for 1 ≤ m ≤ N ,

we have

1

2
‖um − Um

h ‖2
L2(Ω) +

m∑
n=1

∫ tn

tn−1

|||u− Un
h |||2Ωdt ≤ ‖u0 − U0

h‖2
L2(Ω) +

m∑
n=1

knη
n
1,time

+ C
m∑
n=1

knη
n
1,space + 4

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

+ 4

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2

,(2.14)

where the constant C depends on the minimum angle of meshes T n, n = 1, 2, . . . ,m, and

the coefficient β(x); and the time error indicator ηn1,time and the space error indicator

ηn1,space are given by

ηn1,time =
1

3
|||Un

h − Un−1
h |||2Ω, ηn1,space =

∑
e∈En

ηn1,e(2.15)

with the local error indicator ηn1,e is defined as

ηn1,e =
1

2

∑
K∈Ωe

h2
K‖Rn‖2

L2(K) + he‖Jne ‖2
L2(e) + he‖ḡn‖2

L2(e).(2.16)

Proof. For any φ ∈ H1
0 (Ω) and v ∈ Sn, we have from (2.7)

(2.17)

(
Un
h − Un−1

h

kn
, φ

)
+ a(Un

h , φ) = (f̄n, φ) + 〈ḡn, v〉 − (Rn, φ− v) + a(Un
h , φ− v).

TH-2911_136123010



CHAPTER 2. AFEMs for PIPs using confirming finite elements 24

Using (2.6), (2.13) and (2.17), for all t ∈ (tn−1, tn] and v ∈ Sn, we find that(
∂(u− Uh)

∂t
, φ

)
+ a(u− Un

h , φ) = (f − f̄n, φ) + 〈g, φ〉 − 〈ḡn, v〉

+ (Rn, φ− v)− a(Un
h , φ− v).

Substituting φ = u− Uh ∈ H1
0 (Ω) and v = Πnφ ∈ Sn in the above equation, we obtain

1

2

d

dt
‖u− Uh‖2

L2(Ω) +
1

2
|||u− Un

h |||2Ω +
1

2
|||u− Uh|||2Ω

=
1

2
|||Uh − Un

h |||2Ω + (f − f̄n, u− Uh) + 〈g, (u− Uh)〉 − 〈ḡn,Πn(u− Uh)〉

+ (Rn, (u− Uh)− Πn(u− Uh)) +
∑
e∈En

∫
e

Jne
(
(u− Uh)− Πn(u− Uh)

)
ds,(2.18)

where we have used the identity

a(u− Un
h , u− Uh) =

1

2
|||u− Un

h |||2Ω +
1

2
|||u− Uh|||2Ω −

1

2
|||Uh − Un

h |||2Ω.

Now integrating (2.18) in time t from 0 to t∗, for any t∗ ∈ (tm−1, tm] with tn ∧ t∗ =

min(tn, t∗), we have

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

=
1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

∫ tn

tn−1

|||Uh − Un
h |||2Ω dt+

m∑
n=1

∫ tn

tn−1

(f − f̄n, u− Uh) dt

+
m∑
n=1

∫ tn

tn−1

(
〈g, (u− Uh)〉 − 〈ḡn,Πn(u− Uh)〉

)
dt

+
m∑
n=1

∫ tn

tn−1

〈Rn, (u− Uh)− Πn(u− Uh)) dt

+
m∑
n=1

∫ tn

tn−1

∑
e∈En

∫
e

Jne
(
(u− Uh)− Πn(u− Uh)

)
ds dt

:=
1

2
‖u0 − U0

h‖2
L2(Ω) + I1 + I2 + I3 + I4 + I5.(2.19)

Now we need to estimate the terms Ii, i = 1, . . . , 5 separately. For I1, using (2.13) we

have

I1 =
1

2

m∑
n=1

∫ tn

tn−1

(tn − t
kn

)2

|||Un
h − Un−1

h |||2Ω dt

=
1

2

m∑
n=1

kn
3
|||Un

h − Un−1
h |||2Ω =

1

2

m∑
n=1

knη
n
1,time.(2.20)
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For I2, an application of the Cauchy-Schwarz inequality yields

I2 ≤
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)‖u− Uh‖L2(Ω) dt

≤ 1

8
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω) + 2

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω) dt

)2

.(2.21)

Again, we use the Cauchy-Schwarz inequality for the term I3 to have

I3 ≤
m∑
n=1

∫ tn

tn−1

|〈g − ḡn, (u− Uh)〉| dt

+
m∑
n=1

∫ tn

tn−1

|〈ḡn, (u− Uh)− Πn(u− Uh)〉| dt

≤
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)‖u− Uh‖L2(Γ)dt

+
m∑
n=1

∫ tn

tn−1

∑
e∈EnΓ

‖ḡn‖L2(e)‖(u− Uh)− Πn(u− Uh)‖L2(e)dt.(2.22)

Application of Young’s inequality to the first term and the Clément approximation

property (2.12) to the second term of right hand side of (2.22) yields

I3 ≤ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2

+
1

8
max

0≤t≤t∗
‖u− Uh‖L2(Ω)

+ CI,2

m∑
n=1

∫ tn

tn−1

∑
e∈EnΓ

h
1
2
e ‖ḡn‖L2(e)‖∇(u− Uh)‖L2(ωe)dt.(2.23)

For I4 and I5, using the Cauchy-Schwarz inequality and (2.11)-(2.12) we obtain

I4 ≤
m∑
n=1

∫ tn

tn−1

∑
K∈T n

‖Rn‖L2(K)‖(u− Uh)− Πn(u− Uh)‖L2(K)dt

≤ CI,1

m∑
n=1

∫ tn

tn−1

∑
K∈T n

hK‖Rn‖L2(K)‖∇(u− Uh)‖L2(ωK)dt,(2.24)

and

I5 ≤
m∑
n=1

∫ tn

tn−1

∑
e∈En
‖Jne ‖L2(e)‖(u− Uh)− Πn(u− Uh)‖L2(e)dt

≤ CI,2

m∑
n=1

∫ tn

tn−1

∑
e∈En

h
1
2
e ‖Jne ‖L2(e)‖∇(u− Uh)‖L2(ωe)dt.(2.25)
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Together all the above estimates (2.20)-(2.25) and (2.19), we have

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

knη
n
1,time +

1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

+ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2

+
m∑
n=1

∫ tn

tn−1

(
C
∑
e∈En

(
1

2

∑
K∈Ωe

h2
K‖Rn‖2

L2(K) + he‖Jne ‖2
L2(e) + he‖ḡn‖2

L2(e)

)) 1
2

|||u− Uh|||Ωdt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

knη
n
1,time +

1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

+ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2

+
m∑
n=1

∫ tn

tn−1

C
1
2

(
ηn1,space

) 1
2 |||u− Uh|||Ωdt

with C = max{C2
I,1, C

2
I,2}. For the last term on the right hand side of the above

inequality, we apply Young’s inequality to obtain

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

knη
n
1,time +

1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

+ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2

+
C

2

m∑
n=1

∫ tn

tn−1

ηn1,spacedt+
1

2

m∑
n=1

∫ tn

tn−1

|||u− Uh|||2Ωdt.

Finally, taking maximum over t∗ ∈ [tm−1, tm], using the fact ‖(u−Uh)(tm)‖2
L2(Ω) ≤ ‖(u−

Uh)(t̄)‖2
L2(Ω), where ‖(u− Uh)(t̄)‖2

L2(Ω) = max
t∗∈[tm−1,tm]

‖(u− Uh)(t∗)‖2
L2(Ω) and the standard

kickback argument, the desired inequality (2.14) follows. This completes the rest of the

proof.

Remark 2.3.1. In Theorem 2.3.1, at the n-th time-step, ηn1,time (the time discretization

error),
∫ tn
tn−1
‖f − f̄n‖L2(Ω)dt and

∫ tn
tn−1
‖g − ḡn‖L2(Γ)dt (the data approximation errors)

can be reduced by reducing time-step size kn.
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Remark 2.3.2. Let P n : L2(Ω) → V n
0 be the L2 projection operator. The coarsening

errors involving Un−1
h − P nUn−1

h which appeared in Eriksson and Johnson [47], are not

present in our a posteriori error estimates. They are hidden in the space error term

‖h2Rn‖2
L2(Ω) and the time error indicator |||Un

h − Un−1
h |||Ω, where h := hK on each

K ∈ T n.

2.3.2 A Lower Bound

In this section, we derive a lower bound for the local error indicator which is crucial for

the refinement procedure.

To begin this section, we consider the following auxiliary problem. Let Un
∗ ∈ H1

0 (Ω)

be the solution of(
Un
∗ − Un−1

kn
, φ

)
+ a(Un

∗ , φ) = (f̄n, φ) + 〈ḡn, φ〉 ∀φ ∈ H1
0 (Ω).(2.26)

The purpose of introducing (2.26) is essentially to control the error between Un
h and

Un
∗ , not between Un

h and the exact solution un = u(x, tn) for fixed time-step size kn by

adapting the mesh T n. This facts play a crucial role in deriving lower bound for the

space error indicator.

We now need the following notations. For any K ∈ T n and φ ∈ L2(Ω), we define

PKφ =
1

|K|

∫
K

φ dx,

the average of φ over the triangle K. For any n = 1, 2, . . ., we choose the constant

Ĉn = max
K∈T n

{
h2
K

kn
: hK = diam(K)

}
.(2.27)

The crucial part is to handle the oscillation of the residual Rn which changes at each

refinement stage. Define the oscillation of any function φ ∈ L2(Ω) over the mesh T n by

osc(φ, T n) =

( ∑
K∈T n

h2
K‖φ− PKφ‖2

L2(K)

) 1
2

(2.28)

and the weighted norm ‖ · ‖kn,Ω of H1(Ω) with the parameter kn > 0 by

‖φ‖kn,Ω =

(
1

kn
‖φ‖2

L2(Ω) + |||φ|||2Ω

) 1
2

.(2.29)

From [104], we now recall the properties of the bubble functions which are crucial

for the analysis of the lower bound.

TH-2911_136123010



CHAPTER 2. AFEMs for PIPs using confirming finite elements 28

The following theorem shows that a local lower bound for the error is bounded in

terms of the space error indicator.

Theorem 2.3.2. Let Un
h and Un

∗ be the solutions of (2.7) and (2.26), respectively. Then,

for n = 1, 2, . . . ,m, we have

ηn1,e ≤ C1,8Ĉn
∑
K∈Ωe

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
+ C1,7

∑
K∈Ωe

h2
n‖Rn − PKRn‖2

L2(K) + C1,6he‖ḡn‖2
L2(e),(2.30)

where the constants C1,i (i = 6, 7, 8) depend only on the minimum angle of meshes T n,

n = 1, 2, . . . ,m, and the coefficient β(x).

Proof. The proof follows the idea of Verfürth [104]. For any K ∈ T n, let ψK = 27λ1λ2λ3

be the element bubble function, where λi (i = 1, 2, 3) are the barycentric coordinate

functions. Using the properties of the bubble function, we have the following inf-sup

relation:

inf
vh∈P1(K)

sup
ϕh∈P1(K)

∫
K
vhϕhψK

‖ϕh‖L2(K)‖vh‖L2(K)

≥ γ0,

where the constant γ0(> 0) depends only on the minimum angle of triangle K ∈ T n.

Let ϕn ∈ P1(K) be a function such that ‖ϕn‖L2(K) = 1. Since ψK = 0 on ∂K and

Un
h ∈ P1(K), we have 〈ḡn, ψKϕn〉 = 0 on ∂K and a(Un

h , ψKϕ
n) = 0 over K. Taking

vh = PKRn in the inf-sup relation and using (2.26) we obtain

γ0‖PKRn‖L2(K) ≤
∫
K

(PKRn)ψKϕ
n dx

=

∫
K

(PKRn −Rn)ψKϕ
n dx+

∫
K

(
f̄n − Un

h − Un−1
h

kn

)
ψKϕ

n dx

=

∫
K

(PKRn −Rn)ψKϕ
n dx+

∫
K

(
Un
∗ − Un

h

kn

)
ψKϕ

n dx

+ a(Un
∗ − Un

h , ψKϕ
n).(2.31)

An application of the Cauchy-Schwarz inequality, inverse estimate |||ψKϕn|||K ≤ C1,1h
−1
K ,

and (2.31) to have

γ0‖PKRn‖L2(K) ≤ ‖PKRn −Rn‖L2(K) +
1

kn
‖Un
∗ − Un

h ‖L2(K) + C1,1h
−1
K |||U

n
∗ − Un

h |||K .

By the definition of Ĉn in (2.27), it gives

γ0‖PKRn‖L2(K) ≤ ‖PKRn −Rn‖L2(K)
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+ C1,1Ĉ
1
2
n h
−1
K

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

} 1
2

.(2.32)

Therefore, using (2.32), we obtain

h2
K‖Rn‖2

L2(K) ≤ h2
K ‖PKRn −Rn‖2

L2(K) + h2
K ‖PKRn‖2

L2(K)

≤
(
1 + 1/γ2

0

)
h2
K ‖Rn − PKRn‖2

L2(K)

+
C2

1,1

γ2
0

Ĉn

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
≤ C1,5 h

2
K ‖Rn − PKRn‖2

L2(K)

+ C1,5 Ĉn

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
,(2.33)

where the constant C1,5 = max
{(

1 + 1/γ2
0

)
, C2

1,1/γ
2
0

}
.

Let ψe = 4λ1λ2 be the edge bubble function for any edge e ∈ En, where λ1, λ2 are

the barycentric coordinate functions associated with the nodes of e. Set ψn = Jne ψe ∈
H1

0 (Ω). Since Jne is constant on e ∈ En, using the property ‖φ‖L2(e) ≤ C1,2‖ψ
1
2
e φ‖L2(e),

(2.26) and integration by parts, we conclude that

‖Jne ‖2
L2(e) ≤ C1,2

∫
e

Jne ψ
ndx

= − C1,2

∑
K∈Ωe

∫
K

β(x)∇Un
h · ∇ψndx

= C1,2

∑
K∈Ωe

∫
K

β(x)∇(Un
∗ − Un

h )∇ψndx− C1,2

∑
K∈Ωe

∫
K

Rnψndx

− C1,2

∫
e;∂K∩Γn 6=∅

ḡnψndx.

By the Cauchy-Schwarz inequality, it follows that

‖Jne ‖2
L2(e) ≤ C1,2

( ∑
K∈Ωe

‖∇(Un
∗ − Un

h )‖L2(K)‖∇ψn‖L2(K)

+
∑
K∈Ωe

‖Rn‖L2(K)‖ψn‖L2(K) + ‖ḡn‖L2(e)‖ψn‖L2(e)

)
.(2.34)

Now, utilizing the fact ‖∇ψn‖L2(K) ≤ C1,3 h
− 1

2
e ‖Jne ‖L2(e), ‖ψn‖L2(K) ≤ C1,4 h

1
2
e ‖Jne ‖L2(e)

for all K ∈ Ωe, and ‖ψn‖L2(e) ≤ C1,4 ‖Jne ‖L2(e) for all edge e in Ωe in (2.34), it gives

he‖Jne ‖2
L2(e) ≤ C1,2C1,3

∑
K∈Ωe

h
1
2
e ‖∇(Un

∗ − Un
h )‖L2(K)‖Jne ‖L2(e)
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+ C1,2C1,4

∑
K∈Ωe

h
3
2
e ‖Rn‖L2(K)‖Jne ‖L2(e) + C1,2C1,4he‖ḡn‖L2(e)‖Jne ‖L2(e).(2.35)

Again, applying the Young’s inequality in (2.35), we have

he‖Jne ‖2
L2(e) ≤ C

1
2
1,6

( ∑
K∈Ωe

|||Un
∗ − Un

h |||2K +
∑
K∈Ωe

h2
e‖Rn‖2

L2(K) + he‖ḡn‖2
L2(e)

) 1
2

×
(
he‖Jne ‖2

L2(e)

) 1
2
,

which leads to

he‖Jne ‖2
L2(e) ≤ C1,6

( ∑
K∈Ωe

|||Un
∗ − Un

h |||2K +
∑
K∈Ωe

h2
e‖Rn‖2

L2(K) + he‖ḡn‖2
L2(e)

)
,(2.36)

where the constant C1,6 = max
{
C1,2C1,3, C1,2C1,4

}
.

Finally, altogether (2.16), (2.33) and (2.36) now leads to

ηn1,e =
1

2

∑
K∈Ωe

h2
K‖Rn‖2

L2(K) + hK‖Jne ‖2
L2(e)

≤ C1,7

∑
K∈Ωe

h2
K‖Rn − PKRn‖2

L2(K) + C1,6he‖ḡn‖2
L2(e)

+ C1,8Ĉn
∑
K∈Ωe

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
,

where the constants C1,7 = (1
2

+ C1,6)C1,5 and C1,8 = max{(1
2

+ C1,6)C1,5, C1,6}. This

completes the rest of the proof.

Remark 2.3.3. Taking summation over all edges e ∈ En, we have from (2.30)

ηn1,space =
∑
e∈En

ηn1,e

≤ C1,7

∑
e∈En

∑
K∈Ωe

h2
K‖Rn − PKRn‖2

L2(K) + C1,6

∑
e∈EnΓ

he‖ḡn‖2
L2(e)

+ C1,8Ĉn
∑
e∈En

∑
K∈Ωe

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
= 2C1,7 osc(Rn, T n)2 + 2C1,8Ĉn‖Un

∗ − Un
h ‖2

kn,Ω + C1,6

∑
e∈EnΓ

he‖ḡn‖2
L2(e),(2.37)

where the oscillation of residual osc(Rn, T n) and the weighted norm ‖Un
∗ − Un

h ‖kn,Ω are

defined in (2.28) and (2.29), respectively.
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2.4 Adaptive Algorithm

In this section, we provide a space-time adaptive algorithm for the problem (2.1)-

(2.3) based on the error equidistribution strategy ([29, 94]). In this strategy the time

discretization error is equally distributed to each time interval (tn−1, tn], n = 1, . . . , N .

Let εtime be the total tolerance for the time discretization. This tolerance allowed for

the part of a posteriori error estimate in (2.14), i.e.,

(2.38)



N∑
n=1

knη
n
1,time + 4

(
N∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

+ 4

(
N∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2

≤ εtime.

Now, (2.38) can be achieved by adjusting the time-step size kn such that the following

relations hold:

(2.39)


ηn1,time ≤

εtime

3T
,

1

kn

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt ≤
√
εtime

2
√

3T
,

1

kn

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt ≤
√
εtime

2
√

3T
.

In order to control the time-step size at each time step tn, for any given δtime ∈ (0, 1),

we have

(2.40)


ηn1,time ≤ δtime

εtime

3T
,

1

kn

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt ≤
√
δtimeεtime

2
√

3T
,

1

kn

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt ≤
√
δtimeεtime

2
√

3T
.

Let εspace be the tolerance related to the space discretization and it is allowed for

the part of the a posteriori error estimate in (2.14). Then, for each time step n, the

stopping criterion for mesh adaptation reads

ηn1,space ≤
εspace

T
.(2.41)

This stopping criteria is appropriate for mesh refinements but not for mesh coarsening.

Remark 2.4.1. A coarsening error indicator for our problem can be used and it is based

on the result stated as follows, see [29, Theorem 3.1]:

With given Un−1
h ∈ Sn−1 and kn > 0, let T nH be the coarsening of the mesh T n. Let

Un
H ∈ SnH and Un

h ∈ Sn be the solutions of the discrete problem (2.7) over meshes T nH
and T n, respectively. Then the following error estimate

‖Un
∗ − Un

H‖2
kn,Ω ≤ ‖Un

∗ − Un
h ‖2

kn,Ω + ‖Un
h − InHUn

h ‖2
kn,Ω(2.42)
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holds, where InH : C(Ω̄) → SnH is the standard linear interpolation operator and the

weighted norm ‖ · ‖kn,Ω is defined in (2.29).

Define the coarsening error indicator

(2.43) ηn1,coarse =
1

kn
‖InHUn

h − Un
h ‖2

L2(Ω) + |||InHUn
h − Un

h |||2Ω.

It is to be noted that ηn1,coarse does not depend on Un
H , the solution of the coarsened

problem. Using this indicator, one can coarsen only once, without checking whether Un
H

satisfies some stopping criterion such as (2.41).

The following algorithm incorporates this idea and presents for one single time step

(cf., [29, 94]).

Algorithm 2.4.1 (Space and time adaptive algorithm). Given tolerances εtime, εspace

and εcoarse, parameters γ1 ∈ (0, 1), γ2 > 1 and δtime ∈ (0, 1). Let Un−1
h be the computed

value from the previous time-step at tn−1 with the time step size kn−1 and the mesh

T n−1.

Step 1: T n := T n−1, kn := kn−1, tn := tn−1 + kn

solve the fully discrete problem (2.7) for Un
h on T n

compute the error estimates on T n

Step 2: while (2.39) is not satisfied do

{
kn := γ1kn, tn := tn−1 + kn

solve the fully discrete problem (2.7) for Un
h on T n

compute the error estimates on T n

}
end while

Step 3: while (ηn1,space >
εspace

T
) do

{
refine T n to produce a modified mesh T̂ n

solve the fully discrete problem (2.7) for Un
h on modified mesh T̂ n

compute error estimates on T̂ n

while (2.39) is not satisfied do

{
kn := γ1kn, tn := tn−1 + kn

solve the fully discrete problem (2.7) for Un
h on T̂ n
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compute error estimates on T̂ n

} end while

} end while

Step 4: if (ηn1,coarse ≤ εcoarse

T
)

coarsening T n to produce a modified mesh Ť n

solve the fully discrete problem for Un
h on Ť n

Step 5: if (2.40) is satisfied then

{ kn := γ2kn }
end

Remark 2.4.2. The role of the first three steps in Algorithm 2.4.1 is to reduce the

time-step size and refine the mesh such that the time and space error indicators become

smaller than the respective tolerances. To achieve this we first reduce the time-step size

so that the time error estimator is below the prescribed tolerances while keeping the mesh

unchanged. In step 5, if the time error indicator is much smaller than the tolerance,

then the time-step size is coarsened by a factor γ2 > 1.

2.5 Numerical Experiment

In this section, we present the results of a numerical experiment to illustrate the

performance of the estimators obtained in Theorem 2.3.1 and 2.3.2 for the problem

(2.1)-(2.3) with nonzero flux jump across the interface. We consider two test problems

to validate our theoretical results. For both the examples, we consider two different

choices of the discontinuous coefficients β: (i) β1 = 1, β2 = 10, and (ii) β1 = 1, β2 = 100.

The bisection algorithm is used to generate the refined meshes. We take the parameters

γ1 = 0.5, γ2 = 2, δtime = 0.5 in Algorithm 2.4.1. All the constants involved in the

estimators are taken as 1. The tolerances εtime, εspace are chosen to be equal, say, ε, and

εcoarse = 0.5ε. We compute the energy error Err :=
(∑N

n=1 kn|||u− Un
h |||2Ω

)1/2

and the

effectivity index of a posteriori error estimate which is defined as eff. index = η1,1/Err,

where the error estimator η1,1 is given by

η2
1,1 =

N∑
n=1

kn(ηn1,time + ηn1,space + ηn1,coarse) + 4

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)

)2

+ 4

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)

)2

.

All computations are carried out using the software FreeFEM++ (cf. [65]).
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Figure 2.1: The uniform mesh of the numerical domain Ω with mesh size h = 0.1.

Example 2.1. In the first example, we take the computational domain Ω = (0, 2) ×
(0, 1) and the final time T = 0.1. The interface Γ occurs at x = 1 which divides Ω into

two subdomains such that Ω1 = (0, 1) × (0, 1) and Ω2 = (1, 2) × (0, 1). We select the

functions f and g such that the exact solution of (2.1)-(2.3) is chosen as

u(x, y, t) =


esin t sin(πx) sin(πy) in Ω1,T ,

−esin t sin(2πx) sin(πy) in Ω2,T ,

where Ω1,T = Ω1 × [0, 0.1], Ω2,T = Ω2 × [0, 0.1].

Table 2.1: The degrees of freedom (DOF ), the error estimator η1,1, the energy error

(Err) and the effectivity index (eff. index) for each step of adaptive mesh generation at

the final time T = 0.1 with tolerance ε = 0.019.

β DOF η1,1 Err

β1 = 1 988 0.219011 0.069592

β2 = 10 2064 0.112026 0.040766

4110 0.054817 0.023802

β1 = 1 982 0.711163 0.069816

β2 = 100 2038 0.362030 0.040764

4090 0.176404 0.023882
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Figure 2.2: An adaptive mesh and the corresponding discrete solution at step 1.

Figure 2.3: An adaptive mesh and the corresponding discrete solution at step 2.

Figure 2.4: An adaptive mesh and the corresponding discrete solution at step 3.
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(a) (b)

Figure 2.5: Optimality of the estimator for the cases: (a) β1 = 1, β2 = 10 and (b)

β1 = 1, β2 = 100. The optimal decay is observed by the line of slope −0.979 (left) and

the line of slope −0.991 (right).

(a) (b)

Figure 2.6: Energy error versus number of degrees of freedom: (a) β1 = 1, β2 = 10 and

(b) β1 = 1, β2 = 100. The quasi-optimal decay is observed by the line of slope −0.756

(left) and the line of slope −0.766 (right).

For Example 2.1, Figure 2.1 shows the uniform mesh for the computational domain

Ω, where the number of triangle is 492 and the degrees of freedom is 277. For two

different choices of the values of β, Table 2.1 reports the degrees of freedom (DOF ),

the error estimator (η1,1), the energy error (Err) and the effectivity index (eff. index)

for each step of adaptive mesh generation at the final time T = 0.1 with fixed tolerance

ε = 0.019. The adaptive mesh and the corresponding surface plot of the numerical

solution (for the case β1 = 1, β2 = 10) are depicted in Figures 2.2-2.4. The plots
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Table 2.2: The degrees of freedom (DOF ), the error estimator η1,1, the energy error

(Err) and the effectivity index (eff. index) for different tolerances ε at the final time

T = 0.1.

β ε DOF η1,1 Err eff. index

0.038 2001 0.126128 0.042467 2.9700

β1 = 1 0.019 4065 0.054817 0.023802 2.3030

β2 = 10 0.0095 8436 0.028416 0.012392 2.2931

β1 = 1 0.038 2015 0.337125 0.042992 7.8415

β2 = 100 0.019 4050 0.176404 0.023882 7.3865

0.0095 8489 0.097261 0.012863 7.5613

comparing the degrees of freedom with the total error estimator for both the cases are

shown in Figure 2.5. The optimal decay of the estimator is observed by the line of slope

−0.979 for the choice β1 = 1, β2 = 10 (see Figure 2.5 (a)) and the line of slope −0.991 for

the choice β1 = 1, β2 = 100 (see Figure 2.5 (b)). Further, in Figure 2.6, we provide plots

for the energy error versus the number of degrees of freedom. For different tolerances

ε, the degrees of freedom (DOF ), the error estimator (η1,1), the energy error (Err) and

the effectivity index (eff. index) at the final time T = 0.1 are presented in Table 2.2.

Table 2.2 reveals that, for a fixed time but different tolerances, both the values of the

estimator and the error are reducing, and the effectivity index (eff. index) is almost

constant. Figures 2.2-2.4 show that the mesh adapts very well in the neighborhood of

interface Γ and higher density of the node points are distributed along the interface Γ.

Example 2.2. We consider the computational domain Ω = (0, 1) × (0, 1) \ (0.5, 1) ×
(0.5, 1) and the final time T = 0.1. The interface Γ occurs at y = 0.5 which divides Ω

into two subdomains such that Ω1 = (0, 0.5) × (0.5, 1) and Ω2 = (0, 1) × (0, 0.5). We

select the functions f and g such that the exact solution of (2.1)-(2.3) is chosen as

u(x, y, t) =


−e−t sin(2πx) sin(2πy) in Ω1,T ,

e−t sin(πx) sin(2πy) in Ω2,T ,

where Ω1,T = Ω1 × [0, 0.1], Ω2,T = Ω2 × [0, 0.1].
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Figure 2.7: An adaptive mesh and the corresponding discrete solution at step 1.

Figure 2.8: An adaptive mesh and the corresponding discrete solution at step 2.

Figure 2.9: An adaptive mesh and the corresponding discrete solution at step 3.
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Table 2.3: The degrees of freedom (DOF ), the error estimator η1,1, the energy error

(Err) and the effectivity index (eff. index) for each step of adaptive mesh generation at

the final time T = 0.1 with tolerance ε = 0.015.

β DOF η1,1 Err

β1 = 1 836 0.377396 0.376961

β2 = 10 1580 0.198781 0.189873

3613 0.104103 0.095794

β1 = 1 842 0.711163 0.069816

β2 = 100 1620 0.362030 0.040764

3712 0.176404 0.023882

Table 2.4: The degrees of freedom (DOF ), the error estimator η1,1, the energy error

(Err) and the effectivity index (eff. index) for different tolerances ε at the final time

T = 0.1.

β ε DOF η1,1 Err eff. index

0.03 1989 0.261128 0.242467 1.0769

β1 = 1 0.015 3613 0.104103 0.095794 1.0867

β2 = 10 0.0075 8344 0.051603 0.048346 1.0673

β1 = 1 0.03 2012 0.337125 0.042992 2.8415

β2 = 100 0.015 3712 0.176404 0.023882 2.3865

0.0075 8462 0.097261 0.012863 2.5613

For Example 2.2, for two different choices of the values of β, Table 2.3 reports the

degrees of freedom (DOF ), the error estimator (η1,1), the energy error (Err) and the

effectivity index (eff. index) for each step of adaptive mesh generation at the final time

T = 0.1 with fixed tolerance ε = 0.015. The adaptive mesh and the corresponding sur-

face plot of the numerical solution (for the case β1 = 1, β2 = 10) are depicted in Figures

2.7-2.9. The plots comparing the degrees of freedom with the total error estimator for
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(a) (b)

Figure 2.10: Optimality of the estimator for the cases: (a) β1 = 1, β2 = 10 and (b)

β1 = 1, β2 = 100. The optimal decay is observed by the line of slope −0.929 (left) and

the line of slope −0.931 (right).

(a) (b)

Figure 2.11: Energy error versus number of degrees of freedom: (a) β1 = 1, β2 = 10 and

(b) β1 = 1, β2 = 100. The quasi-optimal decay is observed by the line of slope −0.988

(left) and the line of slope −0.968 (right).

both the cases are shown in Figure 2.10. The optimal decay of the estimator is observed

by the line of slope −0.929 for the choice β1 = 1, β2 = 10 (see Figure 2.10 (a)) and

the line of slope −0.931 for the choice β1 = 1, β2 = 100 (see Figure 2.10 (b)). Further,

in Figure 2.11, we provide plots for the energy error versus the number of degrees of

freedom. For different tolerances ε, the degrees of freedom (DOF ), the error estimator

(η1,1), the energy error (Err) and the effectivity index (eff. index) at the final time

T = 0.1 are presented in Table 2.4. Table 2.4 reveals that, for a fixed time but different
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tolerances, both the values of the estimator and the error are reducing, and the effec-

tivity index (eff. index) is almost constant. Figures 2.7-2.9 show that the mesh adapts

very well in the neighborhood of interface Γ and higher density of the node points are

distributed along the interface Γ.

2.6 Concluding Remarks

(i) In this chapter, we proposed an AFEM for PIPs with nonzero flux jump. We have

derived a posteriori upper and lower bounds for the error in the energy norm. Some new

error indicators are introduced to control the error due to the discontinuous coefficients

β and the nonzero flux jump g across the interface Γ. An adaptive algorithm is provided

to implement the derived estimators. Our numerical experiment demonstrates that the

proposed adaptive algorithm produces satisfactory numerical results.

(ii) Under suitable regularity assumptions on f , g, i.e., for f, ∂f
∂t
∈ L2(0, T ;L2(Ω))

and g, ∂g
∂t
∈ L2(0, T ;L2(Γ)), starting with given solution Un−1

h at tn−1 one can show that

Algorithm 2.4.1 terminates in a finite number of iteration at each time step tn for any

given tolerances (cf. [29, Theorem 4.6]).
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3
An AIFEM for PIPs with Nonzero Flux Jump

This chapter considers an AIFEM for solving the linear PIPs with nonhomogeneous

flux jump in a two-dimensional convex polygonal domain. An unfitted finite element

mesh is used to discretize the spatial domain where the grid points do not need to fit

the interface. New error indicators are introduced to control the error due to unfitted

meshes. We derive a global upper bound as well as a local lower bound for the error using

the energy method. An adaptive algorithm for the immersed finite element method is

provided using the error indicators. A numerical experiment is presented to demonstrate

the behavior of the adaptive algorithm for the proposed method.

3.1 Introduction

We start with the parabolic interface problem. Let Ω be a bounded convex polygonal

domain in R2 with Lipschitz boundary ∂Ω. Let Ω1 ⊂ Ω be an open domain with C2-

smooth boundary ∂Ω1 := Γ. The interface Γ now divides the domain Ω into two

subdomains Ω1 and Ω2 = Ω \Ω1. Consider the linear parabolic interface problem of the

form

(3.1)
∂u

∂t
−∇ · (β(x)∇u) = f(x, t) in ΩT

subject to the following initial and boundary conditions

(3.2) u(x, 0) = u0(x) in Ω; u = 0 on ∂ΩT

and jump conditions across the interface Γ

(3.3) [u] = 0,

[
β
∂u

∂n

]
= g(x, t),

where ΩT = Ω × (0, T ] and ∂ΩT = ∂Ω × [0, T ] with T < ∞. The symbol [v] denotes

the jump of a quantity v across the interface Γ, i.e., [v](x) = v1(x)− v2(x), x ∈ Γ with

42
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vi(x) = v(x)|Ωi , i = 1, 2, and n denotes the unit outward normal to the boundary ∂Ω1.

The discontinuous coefficient β is assumed to be positive and piecewise constant on each

subdomain, i.e.,

β(x) = βi for x ∈ Ωi (i = 1, 2).

The initial data u0 is assumed to be sufficiently smooth for our purpose, and the forcing

term f and the interface function g be such that

f ∈ L2(0, T ;L2(Ω) and g ∈ L2(0, T ;H2(Γ)).

As a step towards finite element formulation, the weak form of the problem (3.1)-

(3.3) may be stated as follows: Find the function u : [0, T ]→ H1
0 (Ω) such that(

∂u

∂t
, φ

)
+ (β(x)∇u,∇φ) = (f, φ) + 〈g, φ〉Γ ∀φ ∈ H1

0 (Ω),(3.4)

u(0) = u0,

where 〈·, ·〉Γ represents the scalar product of the space L2(Γ).

It is known that optimal or almost optimal rates of convergence can be realized if

fitted finite element meshes are used, see [60, 98, 101]. In the previous chapter, we have

used fitted finite element mesh by allowing mesh points to lie on the interface. How-

ever, it is difficult and time-consuming exercise to construct fitted meshes for problems

involving complicated interfaces. In order to overcome this, an IFE method has been

introduced by Li et al. in [75], and subsequently investigated by many researchers. We

refer to [52, 55, 62, 64, 72, 74, 75, 78, 99] for the recent development in the a priori anal-

ysis of IFE methods. Some relevant work and references concerning IFE methods have

been summarized in [55, 99] for elliptic interface problems, [64] for parabolic interface

problems with moving interface and [78] for partially penalized finite element methods

for parabolic interface problems. We refer the reader to [31] for AIFEM for elliptic

equations with discontinuous coefficients and [30] for AIFEM with Lagrangian-Eulerian

scheme for parabolic equations in time variable domains.

The main objective of this chapter is to develop and analyze an AIFEM for the

approximation of the parabolic interface problem (3.1)-(3.3) with non-homogeneous flux

jump. The main advantage of the IFE method is that it can use interface independent

meshes and hence structured or even Cartesian meshes can be used to solve problems

with nontrivial interface geometry. We have derived a posteriori error estimates for IFE

method and provided an adaptive algorithm for the interface problem. The interface is

assumed to be smooth and independent of time, and the finite element meshes do not

necessarily lie on the interface. Some new error indicators are introduced to control the
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error due to IFE discretization. Both global upper and local lower a posteriori error

bounds for an IFE method are obtained using the energy method. The upper bound is

bounded by the indicator for the initial error, time error indicator, space error indicator,

and data approximation error indicator; while a lower bound for the local error in terms

of the space error indicator is obtained following the technique of [29]. A numerical

experiment is presented to illustrate the performance of the error indicators. The space

mesh and time-step size adaption are carried out simultaneously to control the error

due to non-body-fitted meshes.

The layout of this chapter is as follows: Section 3.2 introduces the space-time IFE

discretization of the domain for (3.1)-(3.3) and recall the interface approximation prop-

erty. In Section 3.3, a global upper and a local lower bounds for the error are derived. A

space-time adaptive algorithm for (3.1)-(3.3) is presented in Section 3.4. In Section 3.5,

numerical results are provided to demonstrate the efficiency of the proposed algorithm.

Finally, a concluding remark is presented in the last section.

3.2 Space-Time IFE Discretization

This section introduces the finite element discretization where the meshes are not

required to fit the interface and formulates the space-time fully discrete finite element

approximations to (3.1)-(3.3).

In order to discretize the problem (3.1)-(3.3), let {(tn−1, tn]}Nn=1 be a partition of

[0, T ] with time-step size kn = tn− tn−1. At each time step tn, n = 0, 1, . . . , N , let T n be

a regular triangulation of the domain Ω. Let hK be the diameter of a triangle K ∈ T n.

A triangle K ∈ T n is said to be an interface triangle if the interface Γ passes through

the interior of triangle K; otherwise K is called a non-interface triangle. Let T nΓ be the

set of all interface triangles.

For each n = 0, 1, . . . , N , let Sn be the H1-conforming finite element space corre-

sponding to the triangulation T n and is defined by

Sn =
{
v ∈ H1(Ω) : v|K ∈ P1(K), ∀K ∈ T n

}
,

where P1(K) denotes the space of polynomials of degree less than or equal to 1 on K.

Let Sn0 = Sn ∩H1
0 (Ω).

In order to approximate the weak formulation (3.4), we define βh(x) to be the ap-

proximation of the coefficient β(x) such that βh(x) = βK(x) for K ∈ T n, where

βK(x) =


β(x) if K ∈ T n \ T nΓ ,

min
x∈K

β(x) if K ∈ T nΓ .
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Figure 3.1: The fitted mesh (left) and unfitted mesh (right) of domain Ω.

Let Γnh be a piecewise linear approximation of Γ at time tn whose vertices are the

intersection of the sides of the interface elements with Γ. Let ḡnh be the piecewise linear

interpolation of g on Γnh.

We now recall the following interface approximation result, see [32].

Lemma 3.2.1. With g ∈ L2(0, T ;H2(Γ)) and ḡnh as defined above, we have for all

φ ∈ H1
0 (Ω),∣∣∣∣ ∫

Γ

ḡnhφ ds−
∫

Γnh

ḡnhφ ds

∣∣∣∣ ≤ C2,1

∑
K∈T nΓ

hK‖ḡnh‖L2(Γnh∩K)‖φ‖H1(K),

where the constant C2,1 > 0 depends on the minimal angle of T n.

Let U0
h be a suitable approximation of u0 in S0

0 over the initial mesh T 0. The space-

time finite element approximation to the problem (3.4) read as: Given U0
h , find Un

h ∈ Sn0
for 1 ≤ n ≤ N , such that(

Un
h − Un−1

h

kn
, v

)
+ (βh(x)∇Un

h ,∇v) = (fn, v) + 〈ḡnh , v〉Γnh ∀v ∈ Sn0 .(3.5)

By Lax-Milgram theorem, the discrete problem (3.5) has a unique solution Un
h ∈ Sn0 .

3.3 A Posteriori Error Analysis

This section is devoted to the a posteriori error analysis for the fully discrete ap-

proximation to the problem (3.1)-(3.3). We first derive a global upper bound for the

error. A local lower bound for the error in terms of the error indicators is obtained in

the last part of this section.

To begin with, we need some notation. Let En be the collection of interior edges of

T n. Let EnΓ be the set of all interface edges. For any e ∈ En, let he be the length of
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e, and let Ωe be the collection of two triangles sharing the common edge e. For any

triangle K, let ωK be the set of all triangles in T n that have non-empty intersection

with K. For any e ∈ En, where e = ∂K1 ∩ ∂K2, ωe denotes the union of ωK1 and ωK2 .

We now define two residuals for the error analysis, namely the interior residual Rn

which is defined as

Rn := fn − k−1
n (Un

h − Un−1
h )(3.6)

and the jump residual across e ∈ En is defined as

Jne := [βh(x)∇Un
h ]e · ne = (β1∇Un

1h|K1 − β2∇Un
2h|K2) · ne,(3.7)

where ne denotes the unit vector to e points from K2 to K1. An integration by parts

implies

(βh(x)∇Un
h ,∇φ) = −

∑
e∈En

∫
e

Jne φds ∀φ ∈ H1
0 (Ω).(3.8)

We recall some approximation properties for the Clément interpolation operator (cf.

[35]) which plays a crucial role in the analysis of the adaptive immersed finite element

method.

Lemma 3.3.1. Let Πn : H1
0 (Ω)→ Sn0 be the Clément interpolation operator. Then, for

any φ ∈ H1
0 (Ω), we have

(3.9)
‖φ− Πnφ‖L2(K) ≤ CI,1 hK‖∇φ‖L2(ωK), ∀K ∈ T n,

‖φ− Πnφ‖L2(e) ≤ CI,2 h
1
2
e ‖∇φ‖L2(ωe), ∀e ∈ En,

where the positive constants CI,1, CI,2 depends only on the minimum angle of the trian-

gulation T n.

3.3.1 An Upper Bound

In this section, our focus is to derive a global a posteriori upper bound for the error.

Let Uh : [0, T ] → H1
0 (Ω) be a continuous piecewise linear approximation in time of

u(t) defined by

Uh(t) := ln−1(t)Un−1
h + ln(t)Un

h(3.10)

for t ∈ (tn−1, tn], 1 ≤ n ≤ N , where the Lagrangian functions are given by ln−1(t) = tn−t
kn

and ln(t) = t−tn−1

kn
∀t ∈ (tn−1, tn].

In the following, we present a posteriori upper bound for the error of the fully discrete

approximation to the problem (3.1)-(3.3).
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Theorem 3.3.1. Let u be the solution of (3.1)-(3.3) and let Uh be its approximation

defined by (3.10). Then there exists a constant C > 0 such that for 1 ≤ m ≤ N , we

have

1

2
‖um − Um

h ‖2
L2(Ω) +

m∑
n=1

∫ tn

tn−1

|||u− Un
h |||2Ωdt ≤ C‖u0 − U0

h‖2
L2(Ω) +

m∑
n=1

knη
n
2,time

+ C
m∑
n=1

knη
n
2,space + 4

(
m∑
n=1

∫ tn

tn−1

‖f − fn‖L2(Ω)dt

)2

+ 4

(
m∑
n=1

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)dt

)2

,(3.11)

where the constant C depends only on the minimum angle of meshes T n, n = 1, . . . ,m,

and the coefficient β(x). The time error indicator ηn2,time and the space error indicator

ηn2,space are given by

ηn2,time =
1

3
|||Un

h − Un−1
h |||2Ω, and ηn2,space =

∑
K∈T n

ηn2,K ,(3.12)

where the local error indicator ηn2,K is defined as

ηn2,K = h2
K‖Rn‖2

L2(K) +
∑
e⊂∂K

he‖Jne ‖2
L2(e), for K ∈ T n \ T nΓ ,

ηn2,K = h2
K‖Rn‖2

L2(K) +
∑
e⊂∂K

he‖Jne ‖2
L2(e) + h2

K‖ḡnh‖2
L2(Γnh∩K)

+ ‖|βK − β|
1
2∇Un

h ‖2
L2(K), for K ∈ T nΓ .

(3.13)

Proof. Using (3.5), (3.8) and integrating by parts, for any φ ∈ H1
0 (Ω) and v ∈ Sn0 , we

have (
Un
h − Un−1

h

kn
, φ

)
+ (β(x)∇Un

h ,∇φ) = (fn, φ) + 〈ḡnh , v〉Γnh − (Rn, φ− v)

−
∑
e∈En

∫
e

Jne (φ− v)ds+
∑
K∈T nΓ

((β − βK)∇Un
h ,∇φ)K .(3.14)

With an aid of (3.4), (3.10) and (3.14), for t ∈ (tn−1, tn], we obtain(
∂(u− Uh)

∂t
, φ

)
+ (β∇(u− Un

h ),∇φ) = (f − fn, φ) + 〈g, φ〉Γ − 〈ḡnh , v〉Γnh

+ (Rn, φ− v) +
∑
e∈En

∫
e

Jne (φ− v)ds+
∑
K∈T nΓ

((βK − β)∇Un
h ,∇φ)K .
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Substituting φ = u−Uh and v = Πnφ in the above equation and then using the identity

(β∇(u− Un
h ),∇(u− Uh)) =

1

2
|||u− Un

h |||2Ω +
1

2
|||u− Uh|||2Ω −

1

2
|||Uh − Un

h |||2Ω,

we arrive at

1

2

d

dt
‖u− Uh‖2

L2(Ω) +
1

2
|||u− Un

h |||2Ω +
1

2
|||u− Uh|||2Ω

=
1

2
|||Uh − Un

h |||2Ω + (f − fn, u− Uh) + 〈g, u− Uh〉Γ − 〈ḡnh ,Πn(u− Uh)〉Γnh

+ (Rn, (u− Uh)− Πn(u− Uh)) +
∑
e∈En

∫
e

Jne ((u− Uh)− Πn(u− Uh))ds

+
∑
K∈T nΓ

((βK − β)∇Un
h ,∇(u− Uh))K .(3.15)

Now for any t∗ ∈ (tm−1, tm], integrating (3.15) in time from 0 to t∗, tn ∧ t∗ = min(tn, t∗)

and summing over all m, we obtain

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

=
1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

∫ tn

tn−1

|||Uh − Un
h |||2Ωdt+

m∑
n=1

∫ tn

tn−1

(f − fn, u− Uh)dt

+
m∑
n=1

∫ tn

tn−1

(
〈g, u− Uh〉Γ − 〈ḡnh ,Πn(u− Uh)〉Γnh

)
dt

+
m∑
n=1

∫ tn

tn−1

(Rn, (u− Uh)− Πn(u− Uh))dt

+
m∑
n=1

∫ tn

tn−1

∑
e∈En

∫
e

Jne ((u− Uh)− Πn(u− Uh))ds

+
m∑
n=1

∫ tn

tn−1

∑
K∈T nΓ

((βK − β)∇Un
h ,∇(u− Uh))Kdt

=
1

2
‖u0 − U0

h‖2
L2(Ω) + I1 + I2 + I3 + I4 + I5 + I6.(3.16)

We now estimate the term Ii, i = 1, . . . , 6, separately. For I1, using (3.10) we have

I1 =
1

2

m∑
n=1

∫ tn

tn−1

(ln−1(t))2 |||Un
h − Un−1

h |||2Ωdt(3.17)

=
1

2

m∑
n=1

kn
3
|||Un

h − Un−1
h |||2Ω =

1

2

m∑
n=1

knη
n
2,time.(3.18)
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By the Cauchy-Schwarz inequality, it follows that

I2 ≤
m∑
n=1

∫ tn

tn−1

‖f − fn‖L2(Ω)‖u− Uh‖L2(Ω) dt

≤ 1

8
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω) + 2

(
m∑
n=1

∫ tn

tn−1

‖f − fn‖L2(Ω) dt

)2

.(3.19)

For I3, we first split it into three terms as

I3 =
m∑
n=1

∫ tn

tn−1

〈g − ḡnh , u− Uh〉Γ dt+
m∑
n=1

∫ tn

tn−1

〈ḡnh , (u− Uh)− Πn(u− Uh)〉Γ dt

+
m∑
n=1

∫ tn

tn−1

(
〈ḡnh ,Πn(u− Uh)〉Γ − 〈ḡnh ,Πn(u− Uh)〉Γnh

)
dt.(3.20)

Now an application of the Cauchy-Schwarz inequality in (3.20) implies

I3 ≤
m∑
n=1

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)‖u− Uh‖L2(Γ)dt

+
m∑
n=1

∫ tn

tn−1

∑
e∈EnΓ

‖ḡnh‖L2(e)‖(u− Uh)− Πn(u− Uh)‖L2(e)dt

+
m∑
n=1

∫ tn

tn−1

(
〈ḡnh ,Πn(u− Uh)〉Γ − 〈ḡnh ,Πn(u− Uh)〉Γnh

)
dt.(3.21)

We apply Lemma 3.3.1 and Lemma 3.2.1 to the second and third terms of (3.21) to

obtain

I3 ≤
m∑
n=1

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)‖u− Uh‖L2(Γ)dt

+ CI,2

m∑
n=1

∫ tn

tn−1

∑
e∈EnΓ

h
1
2
e ‖ḡnh‖L2(e)‖∇(u− Uh)‖L2(ωe)dt

+ C2,1

m∑
n=1

∫ tn

tn−1

∑
K∈T nΓ

hK‖ḡnh‖L2(Γnh∩K)‖Πn(u− Uh)‖H1(K)dt.(3.22)

Utilization of Young’s inequality in (3.22) leads to

I3 ≤ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)dt

)2

+
1

8
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ CI,2

m∑
n=1

∫ tn

tn−1

∑
e∈EnΓ

h
1
2
e ‖ḡnh‖L2(e)‖∇(u− Uh)‖L2(ωe)dt
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+ C2,1

m∑
n=1

∫ tn

tn−1

∑
K∈T nΓ

hK‖ḡnh‖L2(Γnh∩K)‖u− Uh‖H1(ωK)dt.(3.23)

For the remaining terms Ii, i = 4, 5, 6, an application of the Cauchy-Schwarz inequality

and (3.9) yields

I4 ≤
m∑
n=1

∫ tn

tn−1

∑
K∈T n

‖Rn‖L2(K)‖(u− Uh)− Πn(u− Uh)‖L2(K)dt

≤ CI,1

m∑
n=1

∫ tn

tn−1

∑
K∈T n

hK‖Rn‖L2(K)‖∇(u− Uh)‖L2(ωK)dt,(3.24)

I5 ≤
m∑
n=1

∫ tn

tn−1

∑
e∈En
‖Jne ‖L2(e)‖(u− Uh)− Πn(u− Uh)‖L2(e)dt

≤ CI,2

m∑
n=1

∫ tn

tn−1

∑
e∈En

h
1
2
e ‖Jne ‖L2(e)‖∇(u− Uh)‖L2(ωe)dt(3.25)

and

I6 ≤
m∑
n=1

∫ tn

tn−1

∑
K∈T nΓ

‖|βK − β|
1
2∇Un

h ‖L2(K) ‖|βK − β|
1
2∇(u− Uh))‖L2(K)dt

≤
m∑
n=1

∫ tn

tn−1

∑
K∈T nΓ

‖|βK − β|
1
2∇Un

h ‖L2(K) |||u− Uh)|||Kdt,(3.26)

respectively. Altogether these estimates and (3.16) yields

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

knη
n
2,time +

1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f − fn‖L2(Ω) dt

)2

+ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)dt

)2

+ CI,2

m∑
n=1

∫ tn

tn−1

∑
e∈EnΓ

h
1
2
e ‖ḡnh‖L2(e)‖∇(u− Uh)‖L2(ωe)dt

+ C2,1

m∑
n=1

∫ tn

tn−1

∑
K∈T nΓ

hK‖ḡnh‖L2(Γnh∩K)‖u− Uh‖H1(ωK)dt

+ CI,1

m∑
n=1

∫ tn

tn−1

∑
K∈T n

hK‖Rn‖L2(K)‖∇(u− Uh)‖L2(ωK)dt
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+ CI,2

m∑
n=1

∫ tn

tn−1

∑
e∈En

h
1
2
e ‖Jne ‖L2(e)‖∇(u− Uh)‖L2(ωe)dt

+
m∑
n=1

∫ tn

tn−1

∑
K∈T nΓ

‖|βK − β|
1
2∇Un

h ‖L2(K)|||u− Uh|||Kdt.

Using the Young’s inequality the above estimate can be rewritten as

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

kn η
n
2,time +

1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f − fn‖L2(Ω)dt

)2

+ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)dt

)2

+
C

2

m∑
n=1

∫ tn

tn−1

∑
K∈T n\T nΓ

(
h2
K‖Rn‖2

L2(K) +
∑
e⊂∂K

he‖Jne ‖2
L2(e)

)
dt

+
C

2

m∑
n=1

∫ tn

tn−1

∑
K∈T nΓ

(
h2
K‖Rn‖2

L2(K) +
∑
e⊂∂K

he‖Jne ‖2
L2(e) +

∑
e⊂∂K

h2
K‖ḡnh‖2

L2(Γnh∩K)

+‖|βK − β|
1
2∇Un

h ‖2
L2(K)

)
dt+

1

2

m∑
n=1

∫ tn

tn−1

|||u− Uh|||2Ωdt,

where the constant C = max{C2
2,1, C

2
I,1, C

2
I,2}. Using (3.12) and (3.13), we obtain

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

knη
n
2,time +

1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f − fn‖L2(Ω)dt

)2

+ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)dt

)2

+
C

2

m∑
n=1

∫ tn

tn−1

ηn2,spacedt+
1

2

m∑
n=1

∫ tn

tn−1

|||u− Uh|||2Ωdt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

knη
n
2,time +

1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f − fn‖L2(Ω)dt

)2

+ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)dt

)2

+
C

2

m∑
n=1

knη
n
2,space +

1

2

m∑
n=1

∫ tn

tn−1

|||u− Uh|||2Ωdt.
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Now by throwing back the third term on the right the desired estimate (3.11) follows

and this completes the proof.

Remark 3.3.1. Observe that the term ‖|βK − β| 12∇Un
h ‖2

L2(K) appearing in the a pos-

teriori error indicator (3.13) for the interface triangle K controls the error due to the

approximation of coefficients β(x).

3.3.2 A Lower Bound

The main focus of this section to derive a lower bound for the error in terms of the local

space error indicators. For this purpose, let us consider the following auxiliary problem.

Let Un
∗ ∈ H1

0 (Ω) be the solution of(
Un
∗ − Un−1

h

kn
, φ

)
+ (βh∇Un

∗ ,∇φ) = (fn, φ) + 〈ḡnh , φ〉Γnh ∀φ ∈ H1
0 (Ω).(3.27)

For any K ∈ T n and φ ∈ L2(Ω), we define the average of φ over the triangle K by

PKφ =
1

|K|

∫
K

φ dx.

For n = 1, 2, . . ., we choose the constants

Ĉn = max
K∈T n

{h2
K

kn
: hK = diam(K)

}
.(3.28)

The crucial part is to handle the oscillation of the residual Rn which changes at each

refinement stage. Define the oscillation of any function φ ∈ L2(Ω) over the mesh T n by

osc(φ, T n) =

(∑
K∈T n

h2
K‖φ− PKφ‖2

L2(K)

) 1
2

(3.29)

and the weighted norm ‖ · ‖kn,Ω of H1(Ω) with the parameter kn > 0 by

‖φ‖kn,Ω =

(
1

kn
‖φ‖2

L2(Ω) + |||φ|||2Ω
) 1

2

.(3.30)

Remark 3.3.2. Notice that by modifying time-step size kn in (3.5) we are controlling the

error between un = u(x, tn) and Un
h . The purpose of introducing the auxiliary problem

(3.27) is basically to control the error between Un
h and Un

∗ , not between Un
h and the exact

solution u. These two facts play a vital role in deriving a lower bound for the space error

indicator.

Following the ideas of [29, 31, 104], we now derive another main result of this chapter.

The technical tool uses in the following theorem is the properties of bubble functions

and the Cauchy-Schwarz inequality.
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Theorem 3.3.2. Let Un
h and Un

∗ be the solutions of (3.5) and (3.27), respectively. Then,

for K ∈ T n \ T nΓ , we have

ηn2,K ≤ C2,7

∑
K∈Ωe

h2
K‖Rn − PKRn‖2

L2(K)

+ C2,8Ĉn
∑
K∈Ωe

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)
(3.31)

and for K ∈ T nΓ , we have

ηn2,K ≤ C2,7

∑
K∈ΩΓ

e

h2
K‖Rn − PKRn‖2

L2(K)

+ C2,8 Ĉn
∑
K∈ΩΓ

e

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)
+ C2,9

∑
e⊂∂K

he‖ḡnh‖2
L2(e) + C2,7

∑
K∈ΩΓ

e

‖|βK − β|1/2∇Un
h ‖2

L2(K),(3.32)

where the constant C2,i > 0 (i = 7, 8, 9) depends only on the minimal angle of T n and

the coefficient β(x).

Proof. To begin with, we first introduce the element bubble function. For any K ∈ T n,

let ψK = 27λ1λ2λ3 be the element bubble function, where λi’s, (i = 1, 2, 3), are the

barycentric coordinate functions. Using the properties of the bubble function, we have

the following inf-sup inequality:

inf
vh∈P1(K)

sup
ϕh∈P1(K)

∫
K
vhϕhψK

‖ϕh‖L2(K)‖vh‖L2(K)

≥ γ0,

where the constant γ0(> 0) depends only on the minimum angle of the triangle K ∈ T n.

Let ϕn ∈ P1(K) be such that ‖ϕn‖L2(K) = 1. Putting vh = PKRn in the inf-sup relation

and using (3.27), for K ∈ T n \ T nΓ , we obtain

γ0‖PKRn‖L2(K) ≤
∫
K

(PKRn)ψKϕ
ndx

=

∫
K

(PKRn −Rn)ψKϕ
ndx+

∫
K

(
f̄n − Un

h − Un−1
h

kn

)
ψKϕ

ndx

=

∫
K

(PKRn −Rn)ψKϕ
ndx+

∫
K

(
Un
∗ − Un

h

kn

)
ψKϕ

ndx

+ (βh∇Un
∗ ,∇ψKϕn)K .(3.33)

Since Un
h ∈ P1(K) and ψK = 0 on ∂K, an integration by parts implies (β∇Un

h ,∇ψKϕn)K =

0. Thus, (3.33) can be rewritten as

γ0‖PKRn‖L2(K) ≤
∫
K

(PKRn −Rn)ψKϕ
ndx+

∫
K

(
Un
∗ − Un

h

kn

)
ψKϕ

ndx
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+(βh∇(Un
∗ − Un

h ),∇ψKϕn)K .

By the Cauchy-Schwarz inequality, the above inequality gives

γ0‖PKRn‖L2(K) ≤ ‖PKRn −Rn‖L2(K)‖ψKϕn‖L2(K) +
1

kn
‖Un
∗ − Un

h ‖L2(K)‖ψKϕn‖L2(K)

+ |||Un
∗ − Un

h |||K |||ψKϕn|||K .

By the inverse estimate |||ψKϕn|||K ≤ C2,2h
−1
K and (3.28), we obtain

γ0‖PKRn‖L2(K) ≤ ‖PKRn −Rn‖L2(K) +
1

kn
‖Un
∗ − Un

h ‖L2(K) + C2,2h
−1
K |||U

n
∗ − Un

h |||K

≤ ‖PKRn −Rn‖L2(K)

+ C2,2 Ĉ1/2
n h−1

K

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)1/2

.(3.34)

Again, we use the Cauchy-Schwarz inequality and (3.34) to have

h2
K‖Rn‖2

L2(K) ≤ h2
K ‖PKRn −Rn‖2

L2(K) + h2
K ‖PKRn‖2

L2(K)

≤ C2,3h
2
K ‖Rn − PKRn‖2

L2(K)

+ C2,3 Ĉn
{

1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
,(3.35)

where the constant C2,3 = max
{

(1 + 1/γ2
0), C2

2,2/γ
2
0

}
.

For K ∈ T nΓ , instead of (3.33) we will have

γ0‖PKRn‖L2(K) ≤
∫
K

(PKRn −Rn)ψKϕ
ndx+

∫
K

(
Un
∗ − Un

h

kn

)
ψKϕ

ndx

+ (βK∇Un
∗ ,∇ψKϕn)K − (βh∇Un

h ,∇ψKϕn)K

=

∫
K

(PKRn −Rn)ψKϕ
ndx+

∫
K

(
Un
∗ − Un

h

kn

)
ψKϕ

ndx

+ (βK∇(Un
∗ − Un

h ),∇ψKϕn)K + ((βK − β)∇Un
h ,∇ψKϕn)K .

Again, using the Cauchy-Schwarz inequality and the inverse estimate |||ψKϕn|||K ≤
C2,2h

−1
K , the above inequality implies

γ0‖PKRn‖L2(K) ≤ ‖PKRn −Rn‖L2(K) +
1

kn
‖Un
∗ − Un

h ‖L2(K)

+ C2,2h
−1
K |||U

n
∗ − Un

h |||K + C2,2h
−1
K ‖|βK − β|

1
2∇Un

h ‖L2(K),

which with an aid of (3.28) leads to

γ0‖PKRn‖L2(K) ≤ ‖PKRn −Rn‖L2(K)
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+ C2,2 Ĉ1/2
n h−1

K

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)1/2

+ C2,2 h
−1
K ‖|βK − β|

1
2∇Un

h ‖L2(K).(3.36)

Now using (3.36) we obtain

h2
K‖Rn‖2

L2(K) ≤ C2,3h
2
K ‖Rn − PKRn‖2

L2(K) + C2,3‖|βK − β|
1
2∇Un

h ‖2
L2(K)

+ C2,3 Ĉn
{ 1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
,(3.37)

where the constant C2,3 is defined as above.

Let ψe = 4λ1λ2 be the edge bubble function for any edge e ∈ En, where λi (i = 1, 2)

is the barycentric coordinate functions associated with the node of e. Let ψn = Jne ψe ∈
H1

0 (Ω). Then, ψn satisfies the following properties: For all K ∈ Ωe, we have

‖∇ψn‖L2(K) ≤ C2,4h
− 1

2
e ‖Jne ‖L2(e) and ‖ψn‖L2(K) ≤ C2,5h

1
2
e ‖Jne ‖L2(e).(3.38)

We now write∑
e∈En

he‖Jne ‖2
L2(e) =

∑
e∈EnΓ

he‖Jne ‖2
L2(e) +

∑
e∈En\EnΓ

he‖Jne ‖2
L2(e).(3.39)

For e ∈ En \ EnΓ , using the fact Jne is constant on e, ‖φ‖e ≤ C2,6‖ψ
1
2
e φ‖e, (3.27) and

integration by parts, we get

‖Jne ‖2
L2(e) ≤ C2,6

∫
e

Jne ψ
ndx

= − C2,6

∑
K∈Ωe

∫
K

βh(x)∇Un
h · ∇ψndx.

= C2,6

∑
K∈Ωe

∫
K

βh∇(Un
∗ − Un

h ) · ∇ψndx− C2,6

∑
K∈Ωe

∫
K

Rnψndx

≤ C2,6

(∑
K∈Ωe

‖∇(Un
∗ − Un

h )‖L2(K)‖∇ψn‖L2(K) +
∑
K∈Ωe

‖Rn‖L2(K)‖ψn‖L2(K)

)
.(3.40)

We apply (3.38) and the Young’s inequality to obtain

he‖Jne ‖2
L2(e) ≤ C2,6

(
C2

2,4

∑
K∈Ωe

|||Un
∗ − Un

h |||2K + C2
2,5

∑
K∈Ωe

h2
K‖Rn‖2

L2(K)

) 1
2

×
(
he‖Jne ‖2

L2(e)

) 1
2
,

which gives

he‖Jne ‖2
L2(e) ≤ C2

2,6

(
C2

2,4

∑
K∈Ωe

|||Un
∗ − Un

h |||2K + C2
2,5

∑
K∈Ωe

h2
K‖Rn‖2

L2(K)

)
.(3.41)
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For e ∈ EnΓ , instead of (3.40) one obtains

‖Jne ‖2
L2(e) ≤ −C2,6

∑
K∈ΩΓ

e

∫
K

βK∇Un
h · ∇ψndx

= C2,6

∑
K∈ΩΓ

e

∫
K

βK∇(Un
∗ − Un

h ) · ∇ψndx− C2,6

∑
K∈ΩΓ

e

∫
K

Rnψndx

− C2,6

∫
e

ḡnhψ
nds + C2,6

∑
K∈ΩΓ

e

∫
K

(βK − β)∇Un
h · ∇ψndx

≤ C2,6

( ∑
K∈ΩΓ

e

‖∇(Un
∗ − Un

h )‖L2(K)‖∇ψn‖L2(K) +
∑
K∈ΩΓ

e

‖Rn‖L2(K)‖ψn‖L2(K)

+ ‖ḡnh‖L2(e)‖ψn‖L2(e) +
∑
K∈ΩΓ

e

‖|βK − β|1/2∇Un
h ‖L2(K)‖∇ψn‖L2(K)

)
.

Using (3.38) and the Young’s inequality, a simple calculation yields

he‖Jne ‖2
L2(e) ≤ C2

2,6

(
C2

2,4

∑
K∈ΩΓ

e

|||Un
∗ − Un

h |||2K + C2
2,5

∑
K∈ΩΓ

e

h2
K‖Rn‖2

L2(K)

+ he‖ḡnh‖2
L2(e) + C2

2,4

∑
K∈ΩΓ

e

‖|βK − β|1/2∇Un
h ‖2

L2(K)

)
.(3.42)

Taking (3.35) and (3.41), for any K ∈ T n \ T nΓ , we have

ηn2,K ≤ C2,7

∑
K∈Ωe

h2
K‖Rn − PKRn‖2

L2(K)

+ C2,8Ĉn
∑
K∈Ωe

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)
,(3.43)

where the constants C2,7 = (1 + C2
2,6C

2
2,5)C2,3 and C2,8 = max{C2,7, C2,7 + C2

2,6C
2
2,4}.

Again, for all K ∈ T nΓ , (3.37) and (3.42) gives

ηn2,K ≤ C2,7

∑
K∈ΩΓ

e

h2
K‖Rn − PKRn‖2

L2(K)

+ C2,8Ĉn
∑
K∈ΩΓ

e

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)
+ C2,9

∑
e⊂∂K

he‖ḡnh‖2
L2(e) + C2,7

∑
K∈ΩΓ

e

‖|βK − β|1/2∇Un
h ‖2

L2(K),(3.44)

where the constants C2,7, C2,8 are defined as above and C2,9 = (1 +C2
2,6). Finally, (3.43)

and (3.44) lead to the desired estimates (3.31) and (3.32). This completes the proof.
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Remark 3.3.3. Taking summation over all elements K ∈ T n, from (3.43) and (3.44),

we have

ηn2,space = C2,7 osc(Rn, T n) + C2,8Ĉn‖Un
∗ − Un

h ‖2
kn,Ω + C2,9

∑
e∈EnΓ

he‖ḡnh‖2
L2(e)

+ C2,7

∑
K∈T nΓ

‖|βK − β|1/2∇Un
h ‖2

L2(K),

where the oscillation of residual osc(Rn, T n) and the weighted norm ‖Un
∗ − Un

h ‖kn,Ω are

defined in (3.29) and (3.30), respectively.

3.4 Adaptive Algorithm

In this section, we present an algorithm to describe the adaptive procedure for the

problem (3.1)-(3.3). Let εtime be the total tolerance for the time discretization which

is a part of the a posteriori error estimate (3.11). Based on the error equidistribution

strategy of [29, 94], from (3.11) we write

(3.45)



N∑
n=1

knη
n
2,time + 4

(
N∑
n=1

∫ tn

tn−1

‖f − fn‖L2(Ω)dt

)2

+ 4

(
N∑
n=1

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)dt

)2

≤ εtime.

To get (3.45) we need to adjust the time-step size kn such that the following holds:

(3.46)


ηn2,time ≤

εtime

3T
,

1

kn

∫ tn

tn−1

‖f − fn‖L2(Ω)dt ≤
√
εtime

2
√

3T
,

1

kn

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)dt ≤
√
εtime

2
√

3T
.

To control the time-step size for this problem, for any given δtime ∈ (0, 1), we have

(3.47)


ηn2,time ≤ δtime

εtime

3T
,

1

kn

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt ≤
√
δtimeεtime

2
√

3T
,

1

kn

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)dt ≤
√
δtimeεtime

2
√

3T
.

Let εspace be the tolerance related to the space discretization. Then for each time

step n, the stopping criterion for mesh adaptation is given by

ηn2,space ≤
εspace

T
,(3.48)

TH-2911_136123010



CHAPTER 3. AFEMs for PIPs using confirming IFEs 58

which is suitable for mesh refinements but not for mesh coarsening.

Following Remark 2.4.1 of Chapter 2, we now define the coarsening error indicator

(3.49) ηn2,coarse =
1

kn
‖InHUn

h − Un
h ‖2

L2(Ω) + |||InHUn
h − Un

h |||2Ω,

where InH : C(Ω̄) → SnH is the standard linear interpolation operator, T nH be the coars-

ening of the mesh T n, and Un
H ∈ SnH be the solutions of the discrete problem (3.5) over

the meshe T nH . It is observed that ηn2,coarse does not depend on Un
H .

Inviting the refinement strategies of Dörfler [43, 44] and Morin et al. [83], we have

the following algorithm.

Algorithm 3.4.1. (Space and time adaptive algorithm). Given tolerances εtime and

εspace, parameters γ1 ∈ (0, 1), γ2 > 1 and δtime ∈ (0, 1). Let Un−1
h be the computed value

at time tn−1 with the time step size kn and the mesh T n−1.

Step 1: T n := T n−1, kn := kn−1, tn := tn−1 + kn

solve the fully discrete problem (3.5) for Un
h on T n

compute the error estimates on T n

Step 2: while (3.46) is not satisfied do

{
kn := γ1kn, tn := tn−1 + kn

solve the fully discrete problem (3.5) for Un
h on T n

compute the error estimates on T n

} end while

Step 3: while (ηn2,space >
εspace

T
) do

{
refine T n to produce the modified mesh T̂ n

solve the fully discrete problem (3.5) for Un
h on T̂ n

compute the error estimates on T̂ n

while (3.46) is not satisfied do

{
kn := γ1kn, tn := tn−1 + kn

solve the fully discrete problem (3.5) for Un
h on T̂ n

compute the error on T̂ n

}end while

}end while
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Step 4: if (ηn2,coarse ≤ εcoarse

T
)

coarsen T n to produce a modified mesh T̂ n

solve the fully discrete problem (3.5) for Un
h on T̂ n

Step 5: if (3.47) is satisfied then

{kn = γ2kn }
end

end

3.5 Numerical Experiment

This section provides numerical experiment to demonstrate the performence of the

estimators derived in Theorem 3.3.1 for the problem (3.1)-(3.3). All computations are

carried out using the software FreeFEM++ [65].

Example 3.1. We consider the interface problem (3.1)-(3.3) defined on ΩT = Ω×[0, T ],

where the computational domain Ω = (−1, 1) × (−1, 1) and the time T = 0.1. The

interface Γ is chosen to be a circle centered at (0, 0) with radius r0 = π
6.28

which divides

the domain Ω into two subdomains Ω1 = {x2 + y2 < r0
2} and Ω2 = {x2 + y2 > r0

2},
respectively.

We now choose the forcing term f and the flux jump g such that the exact solution

is given by

u(x, y, t) =


(x2+y2)
β1

et, if (x, y) ∈ Ω1,T ,

(x2+y2)
β2

et +
(
r2
0

β1
− r2

0

β2

)
et + κ(

√
x2 + y2 − r0)et, if (x, y) ∈ Ω2,T ,

where Ω1,T = Ω1×[0, T ], Ω1,T = Ω2×[0, T ] and the positive quantity κ is chosen to be 10.

Here, we consider two choices for the discontinuous coefficients β: (i) β1 = 1, β2 = 10,

and (ii) β1 = 1, β2 = 100.

All the constants involved in the estimators are taken as 1. We choose the parameters

γ1 = 0.5, γ2 = 2 and δtime = 0.5 in Algorithm 3.4.1. The tolerances εtime, εspace, εcoarse

are chosen to be equal, say ε. We compute the energy error

Err =

(
N∑
n=1

kn|||u− Un
h |||2Ω

)1/2

,

the error estimator η2,1 which is given by

η2
2,1 =

N∑
n=1

kn(ηn2,time + ηn2,space + ηn2,coarse) + 4

(
m∑
n=1

∫ tn

tn−1

‖f − fn‖L2(Ω)

)2
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+ 4

(
m∑
n=1

∫ tn

tn−1

‖g − ḡnh‖L2(Γ)

)2

and the effectivity index (eff. index = η2,1/Err) of a posteriori error estimate.

Table 3.1: The degrees of freedom (DOF ), the error estimator η2,1 and the energy error

(Err) with various discontinuous coefficients β when time t = 0.1 and tolerance ε = 0.01.

β DOF η2,1 Err

β1 = 1 694 0.351962 0.133652

β2 = 10 1305 0.172799 0.071804

2625 0.086004 0.036457

β1 = 1 716 3.513145 0.132988

β2 = 100 1408 1.730870 0.065960

2812 0.860290 0.033543

Table 3.2: The different tolerances ε, the degrees of freedom (DOF ), the error estimator

η2,1, the energy error (Err) and the effectivity index (eff. index) with various discontin-

uous coefficients β at time t = 0.1.

ε β DOF η2,1 Err eff. index

0.01 2625 0.086004 0.036457 2.3591

0.005 β1 = 1 4919 0.043124 0.018269 2.3605

0.0025 β2 = 10 9898 0.023956 0.008924 2.6845

0.01 2812 0.860290 0.033543 25.6473

0.005 β1 = 1 5027 0.429425 0.017812 24.1088

0.0025 β2 = 100 9000 0.220412 0.008824 24.9787

The adaptive mesh and the corresponding surface plots of the numerical solution

at time t = 0.1 with β1 = 1 and β2 = 10 are shown in Figures 3.2-3.4. In Table 3.1,

for both the choices of β, the degrees of freedom (DOF ), the error indicator (η2,1), the
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Figure 3.2: An adaptive mesh and the corresponding discrete solution at step 1.

Figure 3.3: An adaptive mesh and the corresponding discrete solution at step 2.

Figure 3.4: An adaptive mesh and the corresponding discrete solution at step 3.
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(a) (b)

Figure 3.5: Optimality of the estimator for the cases: (a) β1 = 1, β2 = 10 and (b)

β1 = 1, β2 = 100. The optimal decay is observed by the line of slope −1.006 (left) and

the line of slope −1.008 (right).

(a) (b)

Figure 3.6: Energy error versus number of degrees of freedom: (a) β1 = 1,0 β2 = 10 and

(b) β1 = 1, β2 = 100. The quasi-optimal decay is observed by the line of slope −0.837

(left) and the line of slope −0.893 (right).

energy error (Err) and the effectivity index (eff. index) are given in each step of the

adaptive mesh generation at the final time t = 0.1 with tolerance ε = 0.01. At the time

t = 0.1 for various discontinuous coefficients β with different tolerances ε, the degrees

of freedom, the energy error, and the effectivity index are presented in Table 3.2. The

plots comparing the degrees of freedom with the total error estimator for both the cases
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are shown in Figure 3.5. The optimal decay of the estimator is observed by the line of

slope −1.006 for the choice β1 = 1, β2 = 10 (see Figure 3.5 (a)) and the line of slope

−1.008 for the choice β1 = 1, β2 = 100 (see Figure 3.5 (b)). Further, in Figure 3.6, we

provide plots for the energy error versus the number of degrees of freedom. In Table 3.2,

we observe that for a fixed time but different tolerances both the value of the indicator

and the error are reducing. It is noticed that the finite element mesh away from the

interface Γ is coarse due to different behavior in the subdomains and the initial mesh is

adaptively refined. Figures 3.2-3.4 reveal that the finite element mesh adapts very well

in the neighborhood of the interface Γ and higher density of the node points distributed

along the interfacing circle.

3.6 Concluding Remarks

In this chapter, we have considered an AIFEM for solving the PIP with a nonzero

flux jump. An unfitted finite element mesh is used to discretize the domain where

the mesh points need not follow the interface. New error indicators are introduced to

control the error due to unfitted discretization. We have derived both a posteriori upper

and lower bounds for the error. We observe that the finite element mesh is adaptively

refined and higher density of nodes along the interface Γ. It is noticed that the mesh

away from the interface Γ is relatively coarser just because of different behaviors in

the subdomains. Our numerical experiment indicates the effectiveness of the proposed

adaptive algorithm. The present analysis extends the work of [31] from elliptic interface

problems to PIPs.
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4
An AFEM for PIPs using Nonconforming Finite

Elements

This chapter is devoted to the a posteriori error estimates of the linear PIP using non-

conforming finite elements in a convex polygonal domain. The piecewise nonconforming

finite elements are used for the approximation of the spatial variables and the back-

ward Euler method is applied for the time discretization. We derive both upper and

lower bounds for the error in the energy norm. The present approach does not involve

the Helmholtz decomposition while analyzing the reliability of the estimator. The con-

stants involved in the estimators are independent of the jump of the diffusion coefficient

across the interface, and the quasi-monotonocity assumption on the diffusion coefficient

is relaxed. The reliability bound of the estimator consists of the element residual, the

edge flux jump and the edge solution jump. An adaptive space-time algorithm is pre-

scribed using the derived estimators. Numerical results illustrating the behavior of the

estimators are provided.

4.1 Introduction

We begin by rewriting the parabolic interface problems of the form

(4.1)
∂u

∂t
−∇ · (β(x)∇u) = f(x, t) in ΩT

with the initial and boundary conditions

(4.2) u(x, 0) = u0(x) in Ω; u = G(x, t) on ∂ΩT ,

and jump conditions across the interface Γ

(4.3) [u] = 0,

[
β
∂u

∂n

]
= 0,

64
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where ΩT = Ω × (0, T ] and ∂ΩT = ∂Ω × [0, T ] with T < ∞. Here Ω is a bounded

convex polygonal domain in R2 with a Lipschitz continuous boundary ∂Ω, Ω1 is an open

and polygonal subdomain of Ω with boundary ∂Ω1 := Γ (interface) and Ω2 = Ω\Ω1.

Further, we assume that the coefficient function β is positive and piecewise constant in

each subdomain, i.e.,

β(x) = βi for x ∈ Ωi (i = 1, 2).

Here, f ∈ L2(0, T, L2(Ω)), u0 and G(x, t) are assumed to be smooth for our purpose.

For the purpose of finite element approximation of the problem (4.1)-(4.2) using

nonconforming elements, we now introduce its weak formulation as follows: Find u :

[0, T ]→ H1
G(Ω) such that(∂u

∂t
, φ
)

+ a(u, φ) = (f, φ) ∀φ ∈ H1
0 (Ω),(4.4)

u(0) = u0,

where H1
G(Ω) = {v ∈ H1(Ω) | v = G on ∂Ω}. Here, a(v, w) is a bilinear form on H1(Ω)

defined by a(v, w) = (β∇v,∇w). We assume that the bilinear form a(·, ·) is continuous

on H1(Ω), i.e., there exist constants α0 > 0 such that

(4.5) |a(v, w)| ≤ α0‖v‖H1(Ω)‖w‖H1(Ω) ∀v, w ∈ H1(Ω),

A posteriori error analysis for nonconforming finite element methods has been in-

vestigated by [4, 20, 22, 26, 37, 38, 66, 93] for elliptic problems and [84] for parabolic

problems. Using the Helmholtz decomposition of the true error, the authors of [38]

have established the reliability bound of the estimator for the Poisson equation which

has been subsequently adopted by many researchers (cf. [4, 22, 26, 37]). The reliable

estimator involves the element residual, the edge flux jump and the edge tangential

derivative jump. In [13], Bernardi and Verfürth have derived the a posteriori error

estimates under the quasi-monotone assumption on the diffusion coefficient. The idea

of Helmholtz decomposition of the error was used by Nicaise and Soualem [84] to de-

rive a posteriori error estimates for nonconforming finite element approximation of the

heat equation. Recently, for elliptic interface problems, Cai et al. [20] have derived

robust residual-based a posteriori error estimates using nonconforming elements. The

reliability bound for the a posteriori error estimator is established without using the

Helmholtz decomposition and the quasi-monotonicity assumption on the diffusion coef-

ficient in [20]. It is known that for the conforming linear element, the degrees of freedom

are the nodal values at vertices of triangles. The nodal value of the modified Clément

type interpolation is defined by the average value of the function over connected ele-

ments whose corresponding diffusion coefficients are the greatest. A key advantage for
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the nonconforming linear element is that its degrees of freedom are nodal values at the

middle points of edges of triangles and that each middle point is shared by at most two

triangles. A modified Clément type interpolation is constructed to satisfy the desired

properties without the quasi-monotonicity assumption.

The intent of this chapter is to extend the a posteriori error analysis of nonconforming

FEM for elliptic interface problems [20] to the parabolic interface problem (4.1)-(4.2).

The interface is assumed to be time-independent. We derived both upper and lower

bounds for the a posteriori error using energy arguments. The upper bound for the

error is derived without using the Helmholtz decomposition and the quasi-monotone

assumption on the diffusion coefficients; and is bounded by the element residual, the

edge flux jump, and the edge solution jump. The key technical tools used in deriving

the robust reliability bound include the representation of the error equation (4.25),

the approximation of the modified Clément-type interpolation operator and the trace

inequality. A lower bound for the local error in terms of the space error indicator is

established using the strategy of [29]. A space-time adaptive algorithm is presented

using the derived estimators. A numerical result is reported to illustrate the behavior

of the derived estimators.

The rest of this chapter is planned as follows: Section 4.2 contains the space-time

nonconforming finite element discretization. This section also introduces jump and

average over edges, and error indicators. The global upper and local lower bounds for the

error are derived in Section 4.3. Section 4.4 provides an adaptive space-time algorithm

using derived estimators. In Section 4.5, numerical results are provided to demonstrate

the behavior of the estimators. Finally, we present some concluding remarks in the last

section.

4.2 Space-Time Nonconforming Finite Element Dis-

cretization

In this section, we first define the space-time nonconforming finite element spaces.

For the space-time discretization, we partition the time interval (0, T ] into N number

of subintervals {(tn−1, tn]}Nn=1 such that 0 = t0 < t1 < . . . < tn−1 < tn = T . Let

kn = tn − tn−1 be the time-step size of (tn−1, tn]. At each time step tn, n = 1, 2, . . . , N ,

let T nh be a regular triangulation of the domain Ω̄, i.e., ∀K ∈ T nh , there exists a constant

α2 > 0 such that hK ≤ α2ρK , where hK denote the diameter of the element K and ρK

denote the diameter of the largest circle inscribed in K. A triangle K ∈ T nh is said to

be an interface triangle if any edge or vertex of K lies on the interface Γ; otherwise K
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is called a non-interface triangle. Let T nΓ denote the set of all interface triangles in T nh .

Let

N n
h = N n

h,i ∪N n
h,b and Enh = Enh,i ∪ Enh,b,

be the set of all vertices and edges of the triangulation T nh , where

� N n
h,i - the set of all interior vertices in T nh

� N n
h,b - the set of all vertices on the boundary ∂Ω

� Enh,i - the set of all interior edges in T nh

� Enh,b - the set of all edges on the boundary ∂Ω.

For each e ∈ Enh , let me be the mid-point of the edge e. Further, we assume that the

interface Γ = ∂Ω1 ∩ ∂Ω2 do not cut through any element K ∈ T nh .

Let Snh,c be the conforming finite element space on T nh defined by

Snh,c = {φ ∈ H1(Ω) : φ|K ∈ P1(K) ∀K ∈ T nh },

where P1(K) is the space of piecewise linear polynomials of degree less than or equal to

1 on K, and

Snh,G,c = {φ ∈ Snh,c : φ|∂Ω = G},

is a subset of Snh,c. The nonconforming finite element space Snh,nc (the Crouzeix-Raviart

element [54]) associated with the triangulation T nh is given by

Snh,nc = {φ ∈ H1(Ω) : φ|K ∈ P1(K) ∀K ∈ T nh , φ is continuous at me, ∀e ∈ Enh,i}

and its subset is defined by

Snh,G,nc = {φ ∈ Snh,nc : φ(me) = G(me) ∀e ∈ Enh,b}.

Let Snh,0,nc = {φ ∈ Snh,nc : φ(me) = 0 ∀e ∈ Enh,b}. We now define the broken Sobolev

space of degree 1 with respect to T nh by

H1(T nh ) = {φ ∈ L2(Ω) : φ|K ∈ H1(K), ∀K ∈ T nh }

and the corresponding bilinear form by

ah(φ, ψ) =
∑
K∈T nh

(β∇φ,∇ψ)K , ∀φ, ψ ∈ H1(T nh )
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equipped with the energy norm

|||φ|||Ω =
√
ah(φ, φ) =

( ∑
K∈T nh

‖β
1
2∇φ‖2

L2(K)

) 1
2

.

The fully discrete approximation of the exact solution u(t) at t = tn in Snh,G,nc is

denoted by Un
h . For any function φ continuous in (tn−1, tn], let φn = φ(·, tn) and

φ̄n(·) = k−1
n

∫ tn
tn−1

φ(·, t)dt. Let U0
h be a suitable approximation of u0 in the space S0

h,G,nc

over the initial mesh T 0
h .

In order to discretize the problem (4.4), we consider the piecewise linear non-confirming

finite element space for the approximation of spatial variable and the backward Euler

method is used for the time variable. The space-time nonconforming finite element

approximation corresponding to (4.4) is stated as follows: Given U0
h ∈ S0

h,G,nc, find

Un
h ∈ Snh,G,nc for n = 1, 2, · · · , N , such that(

Un
h − Un−1

h

kn
, v

)
+ ah(U

n
h , v) = (f̄n, v), ∀v ∈ Snh,0,nc.(4.6)

4.2.1 Jump and Average

For e ∈ Enh , let he be the length of edge e and let ne be a unit vector normal to e. For

e ∈ Enh,b, let K+
e be the boundary element with the edge e. For any e ∈ Enh,i, let K+

e and

K−e be the two elements sharing the common edge e with

β+
e ≡ βK+

e
≥ βK−e ≡ β−e .

For e ∈ Enh , let v|+e and v|−e be the traces of the double valued function v over the

edge e restricted on K+
e and K−e , respectively. For any φ ∈ H1(T nh ), which may be

discontinuous across e, we define the normal flux jump by

[β∇φ · ne]e :=


(β∇φ · ne)|+e − (β∇φ · ne)|−e , e ∈ Enh,i,

0, e ∈ Enh,b,

the jump over each edge e ∈ Enh by

[φ]e :=


φ|+e − φ|−e , e ∈ Enh,i,

φ|e, e ∈ Enh,b,
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and the average over edge e ∈ Enh by

{φ}e :=


1
2
(φ|+e + φ|−e ), e ∈ Enh,i,

φ|e, e ∈ Enh,b.

A simple calculation shows the following identity:

[φu]e = {φ}e[u]e + [φ]e{u}e, ∀e ∈ Enh,i.(4.7)

For any v ∈ Snh,0,nc, the following orthogonality property holds:∫
e

[v]ds = 0, ∀e ∈ Enh,i, and

∫
e

v ds = 0, ∀e ∈ Enh,b.(4.8)

4.2.2 Indicators and Estimators

We now define three residuals for our present analysis namely, the element residual is

defined as

Rn
K := f̄n − k−1

n (Un
h − Un−1

h ), ∀K ∈ T nh ,

the numerical flux jump is defined as

Jnσ,e := [β∇Un
h · ne]e, ∀e ∈ Enh ,

and the numerical solution jump is defined as

Jnu,e := [Un
h ]e, ∀e ∈ Enh .

For any K ∈ T nh , let N n
K and EnK denote the set of vertices and edges of K, respec-

tively. We denote the element residual indicator by

ηnRK ,K :=

(
h2
K

βK
‖Rn

K‖2
L2(K)

) 1
2

,

the edge flux jump indicator by

ηnJσ ,K :=

( ∑
e∈EnK∩E

n
h,i

he
2β+

e

‖Jnσ,e‖2
L2(e)

) 1
2

,

and the edge solution jump indicator by

ηnJu,K :=

( ∑
e∈EnK∩E

n
h,i

β−e
2he
‖Jnu,e‖2

L2(e) +
∑

e∈EnK∩E
n
h,b

βe
he
‖Jnu,e‖2

L2(e)

) 1
2

.
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Then the space error estimator associated with T nh is defined by

ηn3,space :=
∑
K∈T nh

ηn3,K ,(4.9)

where the local space error indicator is given by

ηn3,K :=
(
ηnRK ,K

)2

+
(
ηnJσ ,K

)2

+
(
ηnJu,K

)2

,(4.10)

and the time error estimator is defined by

ηn3,time :=
1

3
|||Un

h − Un−1
h |||2Ω.(4.11)

The present analysis will make use of the structure of the nonconforming element

which enables to bound both the element residual (ηnRK ,K) and the numerical flux jump

(ηnJσ ,K) uniformly without the quasi-monotonicity. However, we are unable to do the

same for the numerical solution jump (ηnJu,K). Therefore, we modify the indicator ηnJu,K
at elements where the quasi-monotonicity is not satisfied.

For each vertex z ∈ N n
h , let ωnz and Enz , respectively, be the sets of all elements

K ∈ T nh and all edges e ∈ Enh having z as a common vertex. Let

ω̂nz = {K ∈ ωnz : βK = max
K′∈ωnz

βK′} ⊂ ωnz

be the set of all elements in ωnz such that the corresponding diffusion coefficients are the

greatest.

Definition 4.2.1 ([89]). For any interface intersecting point z ∈ N n
h , the vertex patch

ωnz is called quasi-monotone if for each K ∈ ωnz , there exists a subset ω̂nz,K of ωnz such

that the union of elements in ω̂nz,K is a Lipschitz domain and that the following holds:

(i) If z ∈ N n
h \ N n

h,b, then {K} ∪ ω̂nz ⊂ ω̂nz,K and βK ≤ βK′, ∀K ′ ∈ ω̂nz,K;

(ii) If z ∈ N n
h,b, then K ∈ ω̂nz,K, ∂ω̂nz,K ∩ ∂Ω 6= ∅ and βK ≤ βK′, ∀K ′ ∈ ω̂nz,K.

LetN n
ϑ = {z ∈ N n

h : ωnz is not quasi-monotone} be the set of all interface intersecting

points whose vertex patches are not quasi-monotone. For each triangle K ∈ T nh , we

divide it into four sub-triangles by joining the mid-points of the edges of K. Let T nh
2

be

the refined triangulation and N n
h
2

be the corresponding set of all vertices,

N n
h
2

= N n
h
2
,i
∪N n

h
2
,b

and Enh
2

= Enh
2
,i
∪ Enh

2
,b
,

where
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� N n
h
2
,i

- the set of all interior vertices in T nh
2

� N n
h
2
,b

- the set of all vertices on the boundary ∂Ω

� Enh
2
,i

- the set of all interior edges in T nh
2

� Enh
2
,b

- the set of all edges on the boundary ∂Ω.

Let

Snh
2
,G,c = {v ∈ H1(Ω) : v|τ ∈ P1(τ) ∀τ ∈ T nh

2

and v|∂Ω = G}

be the finite element space associated with the triangulation T nh
2

.

Let

(4.12) Inh
2

: Snh,G,nc → Snh
2
,G,c

be an interpolation operator such that for any v ∈ Snh,G,nc, the following holds:

(i) (Inh
2

v)(z) = G(z), ∀z ∈ N n
h,b,

(ii) (Inh
2

v)(me) = v(me), ∀e ∈ Enh ,

(iii) (Inh
2

v)(z) = v|Kz(z), ∀z ∈ N n
h,i,

where Kz is chosen to be one element in ω̂nz .

For each vertex z ∈ N n
h , let ωnz,τ be the set of all elements τ ∈ T nh

2

with at least one

vertex in N n
ϑ . The indicator of the numerical solution jump ηnJu,K is modified as follows:

(
η̄nJu,K

)2

:=
∑

z∈NnK\N
n
ϑ

( ∑
e∈En

z, h2

∩Enh
2 ,K
∩Enh

2 ,i

β−e
4he
‖Jnu,e‖2

L2(e) +
∑

e∈En
z, h2

∩Enh
2 ,K
∩Enh

2 ,b

βe
2he
‖Jnu,e‖2

L2(e)

)

+
∑

z∈NnK∩N
n
ϑ

βK
2hK
‖Inh

2

Un
h − Un

h ‖2
L2(∂τz,K),(4.13)

where τK,z = ωnz,τ ∩K. Then the modified space error indicator is defined as

(4.14) η̄n3,K :=


(
ηnRK ,K

)2

+
(
ηnJσ ,K

)2

+
(
η̄nJu,K

)2

, if N n
K ∩N n

ϑ 6= ∅,

ηn3,K , otherwise,

and the corresponding modified space error estimator is given by

(4.15) η̄n3,space =
∑
K∈T nh

η̄n3,K .
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Now we define

η̂nJu,K :=
(βK
hK

) 1
2‖Inh

2

Un
h − Un

h ‖L2(∂K)(4.16)

and

η̂nJu :=

(∑
K∈T nh

βK
hK
‖Inh

2

Un
h − Un

h ‖2
L2(∂K)

) 1
2

.(4.17)

Let η̄nJu =

(∑
K∈T nh

(η̄nJu,K)2

) 1
2

be the modified estimator associated with the solution

jump, where

(4.18)
(
η̄nJu

)2

=
∑

z∈Nnh \N
n
ϑ

∑
e∈En

z,h/2

β−e
2he
‖Jnu,e‖2

L2(e)+
∑

z∈Nnh ∩N
n
ϑ

∑
τ∈ωn

z,h/2

βτ
4hτ
‖Inh

2

Un
h−Un

h ‖2
L2(∂τ).

Then, the following estimate holds (cf. [20, Lemma 6.2]):

(4.19) η̂nJu ≤ η̄nJu .

Remark 4.2.1. When the distribution of the diffusion coefficient is quasi-monotone

i.e., N n
ϑ 6= ∅, then η̄nJu,K = ηnJu,K ∀K ∈ T

n
h . Therefore, for all K ∈ T nh , η̄n3,K = ηn3,K and

η̄n3,space = ηn3,space.

4.3 A Posteriori Error Analysis

This section consists of a posteriori error analysis for the fully discrete nonconforming

finite element approximation to the problem (4.1)-(4.2). We derive a global upper bound

for the error and a lower bound for the error in terms of the local error indicator. Further,

a lower bound for the local error in terms of the modified space error indicator is derived

in the last part of this section.

We now recall from [20] the modified Clément interpolation operator defined for the

nonconforming elements, which plays an important role in the error analysis. For any

K ∈ T nh , let ωnK be the union of triangles in T nh sharing an edge with K. For any edge

e ∈ Enh , let ωne be the union of triangles in T nh having the common edge e. Let

PKφ =
1

meas(K)

∫
K

φ dx

be the mean value of a given function φ on K and meas(K) denotes the measure of K.

Define

πne (φ) =


PK+

e
φ, ∀e ∈ Enh,i,

PKeφ, ∀e ∈ Enh,b.
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The modified Clément interpolation operator Πn
h : H1(T nh )→ Snh,nc be defined by

(4.20) Πn
hφ =

∑
e∈Enh

(πne φ)ϕe,

where the nodal basis function ϕe of Snh,nc is given by

ϕe =


1, at mid-point me,

0, at mid-point of other edges.

The following approximation properties hold (cf. [20]):

Lemma 4.3.1. Let Πn
h : H1(T nh ) → Snh,nc be the modified Clément interpolation

operator defined by (4.20). Then, for any φ ∈ H1(T nh ), we have

‖φ− Πn
hφ‖L2(K) ≤ CI,3

hK

β
1
2
K

(
|||φ|||ωnK +

∑
e∈EnK

(β−e
he

) 1
2‖[φ]‖L2(e)

)
, ∀K ∈ T nh ,(4.21)

and

‖φ|+e − πeφ‖L2(e) ≤ CI,4

( he
β+
e

) 1
2 |||φ|||L2(K+

e ), ∀e ∈ E
n
h ,(4.22)

where the constants CI,3, CI,4 depend only on the shape regularity of T nh .

Remark 4.3.1. Observe that there is an extra jump term occur in (4.21) which is due

to the discontinuity of the function v across the edges of K ∈ T nh .

In the following, we obtain an error equation which is useful to derive a posteriori

error estimates for the fully discrete nonconforming finite element approximation to the

problem (4.1)-(4.2).

4.3.1 The Error Equation

Multiplying (4.1) by a test function vh ∈ Snh,0,nc, applying integration by parts formula

and boundary condition (4.2), we have

(4.23)
(∂u
∂t
, vh

)
+ah(u, vh) = (f, vh)+

∑
e∈Enh,i

∫
e

(β∇u ·ne)[vh]ds+
∑
e∈Enh,b

∫
e

(β∇u ·ne)vh ds.

Let Uh : (0, T ] → Snh,nc be a piecewise linear approximation in time of u(t) defined

by

(4.24) Uh(t) = ln−1(t)Un−1
h + ln(t)Un

h ,
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for 1 ≤ n ≤ N , where ln−1(t) = tn−t
kn

and ln(t) = t−tn−1

kn
, ∀t ∈ (tn−1, tn] are the Lagrange

hat functions. We now denote the error by E(t) = u(t)− Uh(t).

The following lemma provides the error equation in terms of residual and jumps.

Lemma 4.3.2. Let u and Un
h be the solutions of (4.4) and (4.6), respectively. With

E as above, let Eh ∈ Snh,0,nc be a suitable interpolation of E. Then, the following error

equation holds:(
∂(u− Uh)

∂t
, E

)
+ ah(u− Un

h , E) =
∑
K∈T nh

(Rn
K , v − vh)K +

∑
K∈T nh

(f − f̄n, E)K

−
∑
e∈Enh,i

∫
e

Jnσ,e {E − Eh} ds−
∑

e∈Enh,i∪E
n
h,b

∫
e

{β∇(u− Un
h ) · ne}Jnu,e ds.(4.25)

Proof. Using (4.6), (4.23) and (4.24), we have(
∂(u− Uh)

∂t
, vh

)
+ ah(u− Un

h , vh) = (f − f̄n, vh) +
∑
e∈Enh,i

∫
e

(β∇u · ne)[vh] ds

+
∑
e∈Enh,b

∫
e

(β∇u · ne)vh ds, ∀vh ∈ Snh,0,nc.(4.26)

We now write(
∂(u− Uh)

∂t
, E

)
+ ah(u− Un

h , E) =

(
∂(u− Uh)

∂t
, E − Eh

)
+ ah(u− Un

h , E − Eh)

+

(
∂(u− Uh)

∂t
, Eh

)
+ ah(u− Un

h , Eh)

:= T1 + T2.(4.27)

Since {β∇Un
h · ne}e is a constant for all edges e ∈ Enh , the orthogonal property (4.8)

implies

(4.28)


∫
e

{β∇Un
h · ne}[Eh] ds = 0, ∀e ∈ Enh,i,∫

e

(β∇Un
h · ne)Eh ds = 0, ∀e ∈ Enh,b.

For the term T1, we use integration by parts to have

T1 =

(
∂(u− Uh)

∂t
, E − Eh

)
−
∑
K∈T nh

(∇ · (β∇(u− Un
h )), E − Eh)K
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+
∑
e∈Enh,i

∫
e

[(β∇(u− Un
h ) · ne) (E − Eh)]ds

+
∑
e∈Enh,b

∫
e

(β∇(u− Un
h ) · ne) (E − Eh)ds

=
∑
K∈T nh

(Rn
K , E − Eh)K +

∑
K∈T nh

(f − f̄n, E − Eh)K

+
∑
e∈Enh,i

∫
e

[(β∇(u− Un
h ) · ne) (E − Eh)]ds

+
∑
e∈Enh,b

∫
e

(β∇(u− Un
h ) · ne) (E − Eh) ds.(4.29)

Utilizing (4.7), the equation (4.29) leads to

T1 =
∑
K∈T nh

(Rn
K , E − Eh)K +

∑
K∈T nh

(f − f̄n, E − Eh)K

+
∑
e∈Enh,i

∫
e

[β∇(u− Un
h ) · ne] {E − Eh}ds+

∑
e∈Enh,i

∫
e

{β∇(u− Un
h ) · ne} [E]ds

−
∑
e∈Enh,i

∫
e

{β∇(u− Un
h ) · ne} [Eh]ds+

∑
e∈Enh,b

∫
e

(β∇(u− Un
h ) · ne) (E − Eh)ds.

In the above, we use the continuity of the solution u and the normal component of the

flux (−β∇u), and (4.28) to obtain

T1 =
∑
K∈T nh

(Rn
K , E − Eh)K +

∑
K∈T nh

(f − f̄n, E − Eh)K −
∑
e∈Enh,i

∫
e

Jnσ,e {E − Eh}ds

−
∑

e∈Enh,i∪E
n
h,b

∫
e

{β∇(u− Un
h ) · ne} Jnu,eds−

∑
e∈Enh,i

∫
e

{β∇u · ne} [Eh]ds

−
∑
e∈Enh,b

∫
e

{β∇u · ne}Ehds.(4.30)

Putting vh = Eh in (4.26), the term T2 can be expressed as

T2 = (f − f̄n, Eh) +
∑
e∈Enh,i

∫
e

(β∇u · ne)[Eh] ds+
∑
e∈Enh,b

∫
e

(β∇u · ne)Eh ds.(4.31)

Substituting (4.30) and (4.31) in (4.27) gives the relation (4.25) and this completes the

proof.
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4.3.2 An Upper Bound

This section derives a global upper bound for the error in the energy norm. We first

prove the following two lemmas which will be useful to obtain the main result of this

section. The first lemma is on the trace inequality and the proof uses the idea of [21,

Lemma 2.1]. The second lemma provides a bound for the temporal derivative of the

error in the dual norm.

Lemma 4.3.3. Let K ∈ T nh and e ∈ ∂K. For any φ ∈ H1+r(K), 0 < r < 1
2
, with

∆φ ∈ H−1(K), there exists a constant C4,1 > 0 independent of φ such that

‖∇φ · n‖
Hr− 1

2 (e)
≤ C4,1

(
‖∇φ‖Hr(K) + h1−r

K ‖∆φ‖H−1(K)

)
.

Proof. For any g ∈ H
1
2
−r(e), there exists a lifting vg of g such that vg ∈ H1−r(K),

vg|e = g and vg|∂K\e = 0. Also, vg satisfies the following estimate

‖∇vg‖H−r(K) + hr−1
K ‖vg‖H1(K) ≤ C4,1‖g‖H 1

2−r(e)
.

Applying Green’s formula and using the above inequality, we have

〈∇φ · n, g〉e = 〈∇φ · n, vg〉∂K
= (∇φ,∇vg)K + (∆φ, vg)K

≤ ‖∇φ‖Hr(K)‖∇vg‖H−r(K) + ‖∆φ‖H−1(K)‖vg‖H1(K)

≤ C4,1

(
‖∇φ‖Hr(K) + h1−r

K ‖∆φ‖H−1(K)

)
‖g‖

H
1
2−r(e)

,

which implies

‖∇φ · n‖
Hr− 1

2 (e)
= sup

g∈H
1
2−r(e)

〈∇φ · n, g〉e
‖g‖

H
1
2−r(e)

≤ C4,1

(
‖∇φ‖Hr(K) + h1−r

K ‖∆φ‖H−1(K)

)
.

Remark 4.3.2. By the Green’s formula:∫
∂K

(∇w.n)vds := 〈∇w.n, v〉

= (∆w, v)K + (∇w,∇v)K ∀K ∈ T nh ,(4.32)

for all w ∈ H1+r(K) with ∆w ∈ L2(K) and for all v ∈ H1−r(K) with 0 < r < 1/2. By

the trace theorem [56], v|∂K is in H1/2−r(∂K). Thus, the left hand side of (4.32) may

be regarded as the duality pairing between H1/2−r(∂K) and Hr−1/2(∂K). Since, for all

edge e ∈ ∂K, the trivial extension of functions in H1/2−r(e) by zero to all of ∂K belongs

TH-2911_136123010



CHAPTER 4. AFEMs for PIPs using Nonconforming Finite Elements 77

to H1/2−r(∂K), and this interpretation enable us to define the duality pairing on each

edge e in ∂K, ∫
e

(∇w.n)vds := 〈∇w.n, v〉e,

where (∇w.n)|e ∈ Hr−1/2(e) and v|e ∈ H1/2−r(e).

Lemma 4.3.4. Let u be the solution of (4.1)-(4.2) and Uh be its approximation defined

by (4.24). Then there exists a constant C4,2 > 0 depending on the shape regularity of

T nh such that∥∥∥∥∥∂(u− Uh)
∂t

∥∥∥∥∥
H−1(Ω)

≤ C4,2

( ∑
K∈T nh

(
‖f − f̄n‖2

L2(K) + ‖Rn
K‖2

L2(K)

+ βK |||Uh − Un
h |||2K + βK |||u− Un

h |||2K
)) 1

2

.(4.33)

Proof. For all φ ∈ H1
0 (Ω), we have(

∂(u− Uh)
∂t

, φ

)
= (f − f̄n, φ) +

∑
K∈T nh

(Rn
K , φ)K +

∑
K∈T nh

(β∇(Uh − Un
h ),∇φ)K

−
∑
K∈T nh

(β∇(u− Uh),∇φ)K .

Applying the Cauchy-Schwarz inequality, the above equation implies(
∂(u− Uh)

∂t
, φ

)
≤

∑
K∈T nh

‖f − f̄n‖H−1(K)‖φ‖H1(K) +
∑
K∈T nh

‖Rn
K‖H−1(K)‖φ‖H1(K)

+
∑
K∈T nh

‖β∇(Uh − Un
h )‖L2(K)‖∇φ‖L2(K)

+
∑
K∈T nh

‖β∇(u− Uh)‖L2(K)‖∇φ‖L2(K)

≤

( ∑
K∈T nh

(
‖f − f̄n‖2

H−1(K) + ‖Rn
K‖2

H−1(K) + βK |||Uh − Un
h |||2K

+ βK |||u− Un
h |||2K

)) 1
2

‖φ‖H1(Ω).

Now,

sup
φ∈H1

0 (Ω)

(
∂(u−Uh)

∂t
, φ
)

‖φ‖H1(Ω)

≤ C4,2

( ∑
K∈T nh

(
‖f − f̄n‖2

L2(K) + ‖Rn
K‖2

L2(K)
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+ βK |||Uh − Un
h |||2K + βK |||u− Un

h |||2K
)) 1

2

,

and hence∥∥∥∥∥∂(u− Uh)
∂t

∥∥∥∥∥
H−1(Ω)

≤ C4,2

( ∑
K∈T nh

(
‖f − f̄n‖2

L2(K) + ‖Rn
K‖2

L2(K)

+ βK |||Uh − Un
h |||2K + βK |||u− Un

h |||2K
)) 1

2

.

The upper bound for the error is presented in the following theorem.

Theorem 4.3.1. Let u and Un
h be the solutions of (4.4) and (4.6), respectively. Then,

for any integer 1 ≤ m ≤ N , there exists a constant C > 0 depending on the minimal

angle of T nh , n = 1, 2, ...,m, such that the following estimate hold:

‖(u− Uh)(tm)‖2
L2(Ω) +

m∑
n=1

∫ t∗∧tn

tn−1

|||u− Un
h |||2Ωdt ≤ 2 ‖u0 − U0

h‖2
L2(Ω) + 3

m∑
n=1

knη
n
3,time

+ C
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖2
L2(Ω)dt+ C

m∑
n=1

knη̄
n
3,space.(4.34)

Proof. Setting Eh = Πn
h(u− Uh) in (4.25), we obtain

1

2

d

dt
‖u− Uh‖2

L2(Ω) + ah(u− Un
h , u− Uh)

=
∑
K∈T nh

(f − f̄n, u− Uh)K +
∑
K∈T nh

(Rn
K , (u− Uh)− Πn

h(u− Uh))K

−
∑
e∈Enh,i

∫
e

Jnσ,e {(u− Uh)− Πn
h(u− Uh)}ds

−
∑

e∈Enh,i∪E
n
h,b

∫
e

{β∇(u− Un
h ) · ne} Jnu,eds

:= T 1
1 + T 1

2 + T 1
3 + T 1

4 .(4.35)

For the term T 1
1 , we have

T 1
1 ≤

∑
K∈T n

‖f − f̄n‖L2(K)‖u− Uh‖L2(K).(4.36)

Using the Cauchy-Schwarz inequality and Lemma 4.3.1 for T 1
2 -term, we have

T 1
2 ≤

∑
K∈T nh

‖Rn
K‖L2(K) ‖(u− Uh)− Πn

h(u− Uh)‖L2(K)
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≤ CI,3
∑
K∈T nh

hK

β
1
2
K

‖Rn
K‖L2(K)

(
|||u− Uh|||ωnK +

∑
e∈EnK

(β−e
he

) 1
2 ‖[u− Uh]‖L2(e)

)

≤ CI,3
∑
K∈T nh

ηnRK ,K

(
|||u− Uh|||ωnK +

∑
e∈EnK

(β−e
he

) 1
2 ‖[u− Uh]‖L2(e)

)

≤ CI,3

( ∑
K∈T nh

(ηnRK ,K)2

) 1
2

|||u− Uh|||Ω.(4.37)

To bound the term T 1
3 , we first notice that

[(u− Uh)− Πn
h(u− Uh)]e = −[Un

h + Πn
h(u− Uh)]e, ∀e ∈ Enh,i.

Since Un
h + Πn

h(u− Uh) ∈ Snh,nc and Jnσ,e is a constant for all e ∈ Enh , (4.8) leads to∫
e

Jnσ,e [(u− Uh)− Πn
h(u− Uh)]e = 0, ∀e ∈ Enh,i.

By the properties of the nonconforming nodal basis functions
∫
ei
φej = δij, we have, for

all e ∈ Enh,i,∫
e

{(u− Uh)− Πn
h(u− Uh)}e ds+

1

2

∫
e

[(u− Uh)− Πn
h(u− Uh)]e ds

=

∫
e

((u− Uh)− Πn
h(u− Uh))|+e ds =

∫
e

((u− Uh)|+e − πne (u− Uh))ds.(4.38)

Applying (4.38) and the Cauchy-Schwarz inequality, it follows that

T 1
3 =

∑
e∈Enh,i

∫
e

Jnσ,e {(u− Uh)− Πn
h(u− Uh)}eds

+
1

2

∑
e∈Enh,i

∫
e

Jnσ,e [(u− Uh)− Πn
h(u− Uh)]e ds

=
∑
e∈Enh,i

∫
e

Jnσ,e ((u− Uh)|+e − πne (u− Uh))ds

≤
∑
e∈Enh,i

‖Jnσ,e‖L2(e) ‖(u− Uh)|+e − πne (u− Uh)‖L2(e).(4.39)

Again, using Lemma 4.3.1 to (4.39) yields

T 1
3 ≤

∑
K∈T nh

∑
e∈Enh,i

‖Jnσ,e‖L2(e)

( he
β+
e

) 1
2 |||u− Uh|||L2(K+

e )

≤ CI,4

( ∑
K∈T nh

∑
e∈EnK∩E

n
h,i

he
2β+

e

‖Jnσ,e‖2
L2(e)

) 1
2
( ∑

K∈T nh

|||u− Uh|||2L2(K+
e )

) 1
2
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≤ CI,4

( ∑
K∈T nh

(ηnJσ ,K)2

) 1
2

|||u− Uh|||Ω.(4.40)

Finally, we need to bound the term T 1
4 . Since the term T 1

4 contains the numerical

solution jump Jnu,e, it is not easy to bound directly over e ∈ ∂K. So, we rewrite T 1
4 in

terms of integral along boundary elements. Here we note that

[Inh
2

Un
h ]e = 0 and [β∇u · ne]e = 0, ∀e ∈ Enh,i, and Inh

2

Un
h = 0 on ∂Ω.

Then, we rewrite T 1
4 as

T 1
4 = −

∑
e∈Enh,i∪E

n
h,b

∫
e

{β∇(u− Un
h ) · ne} Jnu,eds

=
∑

e∈Enh,i∪E
n
h,b

∫
e

{β∇(u− Un
h ) · ne} [Inh

2

Un
h − Un

h ]ds

=
∑
e∈Enh,i

∫
e

{β∇(u− Un
h ) · ne} [Inh

2

Un
h − Un

h ]ds

+
∑
e∈Enh,b

∫
e

(β∇(u− Un
h ) · ne) (Inh

2

Un
h − Un

h )ds.

By (4.7) and [β∇u · ne]e = 0, ∀e ∈ Enh,i, the above equation becomes

T 1
4 =

∑
K∈T nh

∫
∂K

(β∇(u− Un
h ) · ne) (Inh

2

Un
h − Un

h )ds

−
∑
e∈Enh,i

∫
e

[β∇(u− Un
h ) · ne] {Inh

2

Un
h − Un

h }ds

−
∑
e∈Enh,b

∫
e

(β∇(u− Un
h ) · ne) (Inh

2

Un
h − Un

h )ds

+
∑
e∈Enh,b

∫
e

(β∇(u− Un
h ) · ne) (Inh

2

Un
h − Un

h )ds

=
∑
K∈T nh

∫
∂K

(β∇(u− Un
h ) · ne) (Inh

2

Un
h − Un

h )ds+
∑
e∈Enh,i

∫
e

Jnσ,e{Inh
2

Un
h − Un

h } ds

:= T̃ 1
41 + T̃ 1

42.(4.41)

To bound T̃ 1
41 term, using the definition of dual norm, Lemma 4.3.3, and the inverse

inequality, we find that

T̃ 1
41 ≤

∑
K∈T nh

‖β∇(u− Un
h ) · ne‖H− 1

2 (∂K)
‖Inh

2

Un
h − Un

h ‖H 1
2 (∂K)
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≤
∑
K∈T nh

(
‖β∇(u− Un

h )‖L2(K) + hK‖∇ · (β∇(u− Un
h ))‖H−1(K)

)
× h

− 1
2

K ‖I
n
h
2

Un
h − Un

h ‖L2(∂K).

Now using (4.16) and (4.17), the above inequality implies

T̃ 1
41 ≤

∑
K∈T nh

(
|||u− Un

h |||K + β
−1/2
K hK‖∇ · (β∇(u− Un

h ))‖H−1(K)

)
η̂nJu,K

≤ |||u− Un
h |||Ω η̂nJu +

∑
K∈T nh

β
−1/2
K hK‖∇ · (β∇(u− Un

h ))‖H−1(K) η̂
n
Ju,K

:= |||u− Un
h |||Ω η̂nJu + T̂1.(4.42)

For T̂1-term, utilizing (4.4), (4.6), and the Cauchy-Schwarz inequality it follows that

T̂1 ≤
∑
K∈T nh

(
hK

β
1/2
K

)(
‖f − f̄n‖L2(K) + ‖∂(u− Uh)

∂t
‖H−1(K)

)
η̂nJu,K .

≤

( ∑
K∈T nh

(h2
K

βK

)(
‖f − f̄n‖2

L2(K) + ‖∂(u− Uh)
∂t

‖2
H−1(K)

)) 1
2

η̂nJu .

With an aid of Lemma 4.3.4, the above inequality leads to

T̂1 ≤

(
C4,2

∑
K∈T nh

(h2
K

βK

)(
‖f − f̄n‖2

L2(K) + ‖Rn
K‖2

L2(K) + βK |||Uh − Un
h |||2K

+ βK |||u− Un
h |||2K

)) 1
2

η̂nJu

≤ C4,2

( ∑
K∈T nh

h2
K

βK
‖f − f̄n‖2

L2(K) +
∑
K∈T nh

(
ηnRK ,K

)2
+
∑
K∈T nh

h2
K |||Uh − Un

h |||2K

+
∑
K∈T nh

h2
K |||u− Un

h |||2K

) 1
2

η̂nJu .(4.43)

By (4.42) and (4.43), we have

T̃ 1
41 ≤ |||u− Un

h |||Ω η̂nJu + C4,2

( ∑
K∈T nh

h2
K

βK
‖f − f̄n‖2

L2(K) +
∑
K∈T nh

(
ηnRK ,K

)2

+
∑
K∈T nh

h2
K |||Uh − Un

h |||2K +
∑
K∈T nh

h2
K |||u− Un

h |||2K

) 1
2

η̂nJu .(4.44)
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For T̃ 1
42, since Jnσ,e is a constant and [Inh

2

Un
h ] = 0 for all e ∈ Enh,i, use of orthogonal

property (4.8) now yields∫
e

Jnσ,e[Inh
2

Un
h − Un

h ] ds = 0, ∀e ∈ Enh,i.

Therefore, for all e ∈ Enh,i we get∫
e

Jnσ,e {Inh
2

Un
h − Un

h }ds =

∫
e

Jnσ,e {Inh
2

Un
h − Un

h }ds+
1

2

∫
e

Jnσ,e[Inh
2

Un
h − Un

h ]ds

=

∫
e

Jnσ,e (Inh
2

Un
h − Un

h |+e )ds.

An application of the Cauchy-Schwarz inequality implies

T̃ 1
42 =

∑
e∈Enh,i

∫
e

Jnσ,e (Inh
2

Un
h − Un

h |+e )ds

≤

( ∑
K∈T nh

∑
e∈Enh,i

he
β+
e

‖Jnσ,e‖2
L2(e)

) 1
2
( ∑

K∈T nh

∑
e∈Enh,i

β+
e

he
‖Inh

2

Un
h − Un

h |+e ‖2
L2(e)

) 1
2

≤

( ∑
K∈T nh

(
ηnJσ,K

)2
) 1

2

η̂nJu .(4.45)

Combining (4.41), (4.44) and (4.45), we estimate T 1
4 as

T 1
4 ≤ |||u− Un

h |||Ω η̂nJu + C4,2

( ∑
K∈T nh

h2
K

βK
‖f − f̄n‖2

L2(K) +
∑
K∈T nh

h2
K |||Uh − Un

h |||2K

+
∑
K∈T nh

(
ηnRK ,K

)2
+
∑
K∈T nh

h2
K |||u− Un

h |||2K

) 1
2

η̂nJu +

( ∑
K∈T nh

(
ηnJσ,K

)2
) 1

2

η̂nJu .(4.46)

With an aid of the following identity

ah(u− Un
h , u− Uh) =

1

2
|||u− Uh|||2Ω +

1

2
|||u− Un

h |||2Ω −
1

2
|||Uh − Un

h |||2Ω,

and (4.35)-(4.37), (4.40) and (4.46), we arrive at

1

2

d

dt
‖u− Uh‖2

L2(Ω) +
1

2

(
|||u− Uh|||2Ω + |||u− Un

h |||2Ω
)

≤ 1

2
|||Uh − Un

h |||2Ω + ‖f − f̄n‖L2(Ω)‖u− Uh‖L2(Ω) + CI,3

( ∑
K∈T nh

(ηnRK ,K)2

) 1
2

|||u− Uh|||Ω

+ CI,4

( ∑
K∈T nh

(ηnJσ ,K)2

) 1
2

|||u− Uh|||Ω + |||u− Un
h |||Ω η̂nJu

TH-2911_136123010



CHAPTER 4. AFEMs for PIPs using Nonconforming Finite Elements 83

+ C4,2

( ∑
K∈T nh

h2
K

βK
‖f − f̄n‖2

L2(K) +
∑
K∈T nh

(
ηnRK ,K

)2
+
∑
K∈T nh

h2
K |||Uh − Un

h |||2K

+
∑
K∈T nh

h2
K |||u− Un

h |||2K

) 1
2

η̂nJu +

( ∑
K∈T nh

(
ηnJσ,K

)2
) 1

2

η̂nJu .

Again, an use of the Young’s inequality implies

1

2

d

dt
‖u− Uh‖2

L2(Ω) +
1

2

(
|||u− Uh|||2Ω + |||u− Un

h |||2Ω
)

≤ 1

2
|||Uh − Un

h |||2Ω + ‖f − f̄n‖L2(Ω)‖u− Uh‖L2(Ω) +
∑
K∈T nh

h2
K

βK
‖f − f̄n‖2

L2(K)

+ C4,3

( ∑
K∈T nh

(ηnRK ,K)2 +
∑
K∈T nh

(ηnJσ ,K)2 + (η̂nJu)2

)
+
∑
K∈T nh

h2
K |||Uh − Un

h |||2K

+

(
1

4
|||u− Uh|||2Ω +

∑
K∈T nh

h2
K |||u− Uh|||2K

)
+

1

4
|||u− Un

h |||2Ω,

where C4,3 = max{C2
I,3 + 1/2, C2

I,4 + 1/2, 1
2
C2

4,2 + 5/2}. Choose max
K∈T nh

hK ≤
1√
2

and

max
K∈T nh

h2
K

βK
≤ σ < 1, where σ > 0, such that the above inequality becomes

1

2

d

dt
‖u− Uh‖2

L2(Ω) +
1

4
|||u− Un

h |||2Ω ≤ 3

4
|||Uh − Un

h |||2Ω + ‖f − f̄n‖L2(Ω)‖u− Uh‖L2(Ω)

+
σ

2
‖f − f̄n‖2

L2(Ω) + C4,3

( ∑
K∈T nh

η̄n3,K

)
.(4.47)

For t∗ ∈ (tm−1, tm], let t∗ ∧ tn = min(tn, t∗). We now integrate (4.47) with respect to

time from 0 to t∗, and use the Cauchy-Schwarz inequality to conclude that

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

4

m∑
n=1

∫ t∗∧tn

tn−1

|||u− Un
h |||2Ωdt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

3

4

m∑
n=1

∫ tn

tn−1

|||Uh − Un
h |||2Ω dt+

1

4
max

0≤t∗≤tm
‖(u− Uh)(t∗)‖2

L2(Ω)

+ (1 + σ/2)
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖2
L2(Ω)dt+ C4,3

m∑
n=1

∫ tn

tn−1

η̄n3,spacedt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

3

4

m∑
n=1

knη
n
3,time +

1

4
max

0≤t∗≤tm
‖(u− Uh)(t∗)‖2

L2(Ω)

+(1 + σ/2)
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖2
L2(Ω)dt+ C4,3

m∑
n=1

knη̄
n
3,space,
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where ηn3,time and η̄n3,space are defined in (4.11) and (4.15), respectively. Finally, using the

constant C = max{2(2 + σ), 4C4,3} and the standard kickback argument leads to the

desired result (4.34) and this completes the proof.

4.3.3 A Lower Bound

Our next goal is to derive a local lower bound for the error. For this, we consider the

following auxiliary problem.

Let Un
∗ ∈ H1

G(Ω) be the solution of(
Un
∗ − Un−1

h

kn
, φ

)
+ ah(U

n
∗ , φ) = (f̄n, φ), ∀φ ∈ H1

0 (Ω).(4.48)

For n = 1, 2, . . ., let

(4.49) Ĉn
nc = max

K∈T nh

{ h2
K

βKkn
: hK = diam(K)

}
.

Now we define the oscillation of any function φ ∈ L2(Ω) over T nh as

(4.50) osc(φ, T nh ) =

( ∑
K∈T nh

h2
K

βK
‖PKRn

K −Rn
K‖2

L2(K)

) 1
2

and the weighted norm ‖ · ‖kn,Ω as

(4.51) ‖φ‖kn,Ω =

(
1

kn
‖φ‖2

L2(Ω) + |||φ|||2Ω

) 1
2

∀φ ∈ H1(Ω).

Remark 4.3.3. Observe that by modifying time-step size kn in (4.6) we are basically

controlling the error between un = u(x, tn) and Un
h . The purpose of introducing (4.48)

is essentially to control the error between Un
h and Un

∗ , not between Un
h and the exact

solution u. These two facts play a crucial role in deriving lower bound for the space

error indicator.

Theorem 4.3.2. Let Un
h and Un

∗ be the solutions of (4.6) and (4.48), respectively. Then,

for all T nh , n = 1, 2, . . . ,m, we have

ηn3,K ≤ C4,11

∑
K∈ωnK

(
h2
K

βK
‖Rn

K − PKRn
K‖2

L2(K)

)

+ C4,11Ĉ
n
nc

∑
K∈ωnK

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)
,(4.52)

where the positive constant C4,11 depends only on the minimum angle of meshes T nh .
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Proof. The proof borrows the idea of Verfürth [104]. For anyK ∈ T nh , let ψK = 27λ1λ2λ3

be the element bubble function, where λi, i = 1, 2, 3, are the barycentric coordinate

functions. By the standard scaling argument, we have the following inf-sup relation:

inf
vh∈P1(K)

sup
ϕh∈P1(K)

∫
K
vhϕhψK

‖ϕh‖L2(K)‖vh‖L2(K)

≥ γ0,(4.53)

where the constant γ0(> 0) depends only on the minimum angle of triangle K ∈ T nh .

Let ϕn ∈ P1(K) be a function such that ‖ϕn‖L2(K) = 1. Setting vh = PKRn
K in (4.53)

and using (4.48), it gives

γ0‖PKRn
K‖L2(K) ≤

∫
K

(PKRn
K)ψKϕ

n dx

=

∫
K

(PKRn
K −Rn

K)ψKϕ
n dx+

∫
K

(
f̄n − Un

h − Un−1
h

kn

)
ψKϕ

n dx

=

∫
K

(PKRn
K −Rn

K)ψKϕ
n dx+

∫
K

(Un
∗ − Un

h

kn

)
ψKϕ

n dx

+ (β∇Un
∗ ,∇(ψKϕ

n))K .(4.54)

Since ψK = 0 on ∂K and Un
h ∈ P1(K), we have (β∇Un

h ,∇(ψKϕ
n))K = 0 over K.

Therefore, from (4.54), we have

γ0‖PKRn
K‖L2(K) ≤

∫
K

(PKRn
K −Rn

K)ψKϕ
n dx+

∫
K

(Un
∗ − Un

h

kn

)
ψKϕ

n dx

+ (β∇(Un
∗ − Un

h ),∇(ψKϕ
n))K .

By the Cauchy-Schwarz inequality and the inverse estimate |||ψKϕn|||K ≤ C4,6h
−1
K , we

have

γ0‖PKRn
K‖L2(K) ≤ ‖PKRn

K −Rn
K‖L2(K) +

1

kn
‖Un
∗ − Un

h ‖L2(K) + C4,6

(β 1
2
K

hK

)
|||Un

∗ − Un
h |||K .

The definition of Ĉn
nc in (4.49) implies

‖PKRn
K‖L2(K) ≤ C4,7‖PKRn

K −Rn
K‖L2(K)

+ C4,7(Ĉn
nc)

1
2

(β 1
2
K

hK

)( 1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

) 1
2

,(4.55)

where the constant C4,7 = max{1/γ0, C4,6/γ0}.
Now, using (4.55), we obtain

h2
K

βK
‖Rn

K‖2
L2(K) ≤

h2
K

βK
‖PKRn

K −Rn
K‖2

L2(K) +
h2
K

βK
‖PKRn

K‖2
L2(K)
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≤ C4,8
h2
K

βK
‖Rn

K − PKRn
K‖2

L2(K)

+ C4,8 Ĉ
n
nc

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)
,(4.56)

where the constant C4,8 = max{(1 + C2
4,7), C2

4,7}.
Let ψe = 4λ1λ2 be the edge bubble function for any edge e ∈ Enh , where λ1 and λ2

are the barycentric coordinate functions associated with the nodes of the edge e. Since

Jnσ,e is constant on e ∈ Enh , using (4.48) and integration by parts, we get

‖Jnσ,e‖2
L2(e) ≤ C4,9

∫
e

[β∇Un
h · ne]Jnσ,eψedx

= − C4,9

∑
K∈ωne

∫
K

β(x)∇Un
h · ∇(Jnσ,eψe)dx

= C4,9

∑
K∈ωne

∫
K

β(x)∇(Un
∗ − Un

h ) · ∇(Jnσ,eψe)dx

+ C4,9

∑
K∈ωne

∫
K

(Un
∗ − Un

h

kn

)
(Jnσ,eψe)dx− C4,9

∑
K∈ωne

∫
K

Rn
K(Jnσ,eψe) dx.

Apply the Cauchy-Schwarz inequality to have

‖Jnσ,e‖2
L2(e) ≤ C4,9

( ∑
K∈ωne

β
1
2
K |||U

n
∗ − Un

h |||K‖∇(Jnσ,eψe)‖L2(K)

+
∑
K∈ωne

1

kn
‖Un
∗ − Un

h ‖L2(K)‖Jnσ,eψe‖L2(K) +
∑
K∈ωne

‖Rn
K‖L2(K)‖Jnσ,eψe‖L2(K)

)
.(4.57)

Now using the fact, for all K ∈ ωne ,

‖∇(Jnσ,eψe)‖L2(K) ≤ C4,10 h
− 1

2
e ‖Jnσ,e‖L2(e) and ‖Jnσ,eψe‖L2(K) ≤ C4,10 h

1
2
e ‖Jnσ,e‖L2(e)

in (4.57), it follows that

‖Jnσ,e‖2
L2(e) ≤ C4,9C4,10

( ∑
K∈ωne

β
1
2
K |||U

n
∗ − Un

h |||Kh
− 1

2
e ‖Jnσ,e‖L2(e)

+
∑
K∈ωne

1

kn
‖Un
∗ − Un

h ‖L2(K) he
1
2‖Jnσ,e‖L2(e) +

∑
K∈ωne

‖Rn
K‖L2(K)he

1
2‖Jnσ,e‖L2(e)

)
,

and hence,

‖Jnσ,e‖2
L2(e) ≤ C4,9C4,10

( ∑
K∈ωne

|||Un
∗ − Un

h |||2K +
∑
K∈ωne

h2
K

βKk2
n

‖Un
∗ − Un

h ‖2
L2(K)
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+
∑
K∈ωne

h2
K

βK
‖Rn

K‖2
L2(K)

) 1
2

×

(
β+
e

he
‖Jnσ,e‖2

L2(e)

) 1
2

.

Thus,( he
β+
e

)
‖Jnσ,e‖2

L2(e) ≤ C2
4,9C

2
4,10Ĉ

n
nc

∑
K∈ωne

(
|||Un

∗ − Un
h |||2K +

1

kn
‖Un
∗ − Un

h ‖2
L2(K)

)

+ C2
4,9C

2
4,10

∑
K∈ωne

h2
K

βK
‖Rn

K‖2
L2(K).(4.58)

For any e ∈ Enh and ne = (n1, n2)t, let νe = (−n2, n1)t denote the unit vector tangent

to the edge e. Let Jnν,e = [∇Un
h · νe] be the jump of the tangential derivative of the

numerical solution Un
h along the edge e. By the continuity of Un

h at the mid-point me,

we have

(4.59) ‖Jnu,e‖L2(e) =
1√
12
he‖Jnν,e‖L2(e) ∀e ∈ EnI .

For a scalar valued function w, denote the operator ∇⊥ by

∇⊥w =
(∂w
∂y

,−∂w
∂x

)
.

We apply integration by parts formula and (4.48) to have

‖Jnν,e‖2
L2(e) ≤ C4,9

∫
e

[∇Un
h · τe]Jnν,eψe ds

= − C4,9

∑
K∈ωne

∫
∂K

(∇Un
h · τe)Jnν,eψe ds

= C4,9

∑
K∈ωne

∫
K

∇Un
h · ∇⊥(Jnν,eψe)dx

= C4,9

∑
K∈ωne

∫
K

∇(Un
∗ − Un

h ) · ∇⊥(Jnν,eψe)dx

+ C4,9

∑
K∈ωne

∫
K

(Un
∗ − Un

h

kn

)
(Jnν,eψe)dx− C4,9

∑
K∈ωne

∫
K

Rn
K(Jnν,eψe) dx.

Apply the Cauchy-Schwarz inequality to have

‖Jnν,e‖2
L2(e) ≤ C4,9

( ∑
K∈ωne

‖∇(Un
∗ − Un

h )‖L2(K)‖∇⊥(Jnν,eψe)‖L2(K)

+
∑
K∈ωne

1

kn
‖Un
∗ − Un

h ‖L2(K)‖Jnν,eψe‖L2(K) +
∑
K∈ωne

‖Rn
K‖L2(K)‖Jnν,eψe‖L2(K)

)
.(4.60)
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Now, use of the inequalities

‖∇⊥(Jnν,eψe)‖L2(K) ≤ C4,10 h
− 1

2
e ‖Jnν,e‖L2(e) and ‖Jnν,eψe‖L2(K) ≤ C4,10 h

1
2
e ‖Jnν,e‖L2(e), for K ∈ ωne

in (4.60) to have

‖Jnν,e‖2
L2(e) ≤ C4,9C4,10

( ∑
K∈ωne

β
− 1

2
K |||U

n
∗ − Un

h |||K h
− 1

2
e ‖Jnν,e‖L2(e)

+
∑
K∈ωne

1

kn
‖Un
∗ − Un

h ‖L2(K) he
1
2‖Jnν,e‖L2(e) +

∑
K∈ωne

‖Rn
K‖L2(K) h

1
2
e ‖Jnν,e‖L2(e)

)
.(4.61)

An application of the Young’s inequality in (4.61) implies

‖Jnν,e‖2
L2(e) ≤ C4,9C4,10

( ∑
K∈ωne

|||Un
∗ − Un

h |||2K +
∑
K∈ωne

h2
K

βKk2
n

‖Un
∗ − Un

h ‖2
L2(K)

+
∑
K∈ωne

h2
K

βK
‖Rn

K‖2
L2(K)

) 1
2

×
(
β−1
K h−1

e ‖Jnν,e‖2
L2(e)

) 1
2
,

and hence

βehe‖Jnν,e‖2
L2(e) ≤ C2

4,9C
2
4,10Ĉ

n
nc

∑
K∈ωne

(
|||Un

∗ − Un
h |||2K +

1

kn
‖Un
∗ − Un

h ‖2
L2(K)

)

+ C2
4,9C

2
4,10

∑
K∈ωne

h2
K

βK
‖Rn

K‖2
L2(K),

which combine with (4.59) yields

β−e
he
‖Jnu,e‖2

L2(e) ≤
C2

4,9C
2
4,10Ĉ

n
nc

12

∑
K∈ωne

(
|||Un

∗ − Un
h |||2K +

1

kn
‖Un
∗ − Un

h ‖2
L2(K)

)

+
C2

4,9C
2
4,10

12

∑
K∈ωne

h2
K

βK
‖Rn

K‖2
L2(K).(4.62)

Putting (4.56), (4.58) and (4.62) together, the standard error indicator (4.10) leads to

ηn3,K ≤
(

1 +
13C2

4,9C
2
4,10

12

) ∑
K∈ωnK

(
h2
K

βK
‖Rn

K‖2
L2(K)

)

+
13C2

4,9C
2
4,10Ĉ

n
nc

12

∑
K∈ωnK

(
|||Un

∗ − Un
h |||2K +

1

kn
‖Un
∗ − Un

h ‖2
L2(K)

)

≤ C4,11

∑
K∈ωnK

(
h2
K

βK
‖Rn

K − PKRn
K‖2

L2(K)

)

TH-2911_136123010



CHAPTER 4. AFEMs for PIPs using Nonconforming Finite Elements 89

+ C4,11Ĉ
n
nc

∑
K∈ωnK

(
|||Un

∗ − Un
h |||2K +

1

kn
‖Un
∗ − Un

h ‖2
L2(K)

)
,(4.63)

where C4,11 = max{C4,8(1 + 13C2
4,9C

2
4,10/12), C4,8(1 + 13C2

4,9C
2
4,10/12) + 13C2

4,9/12}. This

completes the proof.

Remark 4.3.4. Taking summation over all K ∈ T nh , (4.9) yields

ηn3,space ≤ C4,11

∑
K∈T nh

∑
K∈ωnK

(
h2
K

βK
‖Rn

K − PKRn
K‖2

L2(K)

)

+ C4,11Ĉ
n
nc

∑
K∈T nh

∑
K∈ωK

{ 1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
= C4,11 osc(Rn

K , T nh )2 + C4,11Ĉ
n
nc ‖Un

∗ − Un
h ‖2

kn,Ω.(4.64)

We now proceed to obtain a local lower bound using the modified indicator η̄n3,K .

For this purpose, the following lemma is proved to be convenient. For a proof, see [20].

Lemma 4.3.5. Let Un
h be the solution of (4.6). Let K ∈ T nh be a triangle whose at

least one vertex z ∈ N n
ϑ and let τz,K = K ∩ ωnz,τ . Let Inh

2

be an interpolation operator

defined in (4.12) with Kz ∈ ω̂nz,h
2
,K

. Then, we have

βK
hK
‖Inh

2

Un
h − Un

h ‖2
L2(∂τz,K) ≤ 2Cn

z,K

∑
e∈En

z, h2

β−e
he
‖[Un

h ]‖2
L2(e),

where Cn
z,K = max

τ∈ω̂n
z, h2 ,K

βK
βτ

.

Remark 4.3.5. If ωnz is quasi-monotone, then Cn
z,K = 1, ∀K ∈ ωnz .

Remark 4.3.6. Let us denote η̄nJu =

(∑
K∈T nh

(η̄nJu,K)2

) 1
2

to be the modified estimator

associated with the solution jump, where

(4.65) (η̄nJu)2 =
∑

z∈Nnh \N
n
ϑ

∑
e∈En

z,h/2

β−e
2he
‖Ju,e‖2

L2(e) +
∑

z∈Nnh ∩N
n
ϑ

∑
τ∈ωn

z,h/2

βτ
4hτ
‖Inh

2

Un
h −Un

h ‖2
L2(∂τ).

Then, the following estimate holds (cf. [20, Lemma 6.2]):

(4.66) η̂nJu ≤ η̄nJu .

In the following, we provide a lower bound for the error in terms of the modified

indicator η̄n3,K defined in (4.15).
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Theorem 4.3.3. Let Un
h and Un

∗ be the solutions of (4.6) and (4.48), respectively. Then,

for all K ∈ T nh , n = 1, 2, . . . ,m, we have

η̄n3,K ≤ Ĉ4,11 max
z∈NnK

Ĉn
z

∑
K∈ωnK

(
h2
K

βK
‖Rn

K − PKRn
K‖2

L2(K)

)

+ Ĉ4,11Ĉ
n
nc max

z∈NnK
Ĉn
z

∑
K∈ωnK

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)
,(4.67)

where the constants Ĉ4,11 depending only on the minimum angle of the triangulation T nh ,

and Ĉn
z = max

z∈NnK
Cn
z,K.

Proof. For any K ∈ T nh , let z ∈ N n
h with z /∈ N n

h ∩ N n
ϑ . A similar argument as (4.63)

leads to the estimate for η̄nK .

When z ∈ N n
h ∩ N n

ϑ , for each τ ∈ ωnz,τ we argue as (4.56) and (4.58) to bound the

element residual ηnRτ ,τ and the edge flux jump ηnJσ ,τ by

h2
τ

βτ
‖Rn

τ ‖2
L2(τ) ≤ C4,8

h2
τ

βτ
‖Rn

τ − PτRn
τ ‖2

L2(τ)

+ C4,8Ĉ
n
nc

(
1

kn
‖Un
∗ − Un

h ‖2
L2(τ) + |||Un

∗ − Un
h |||2τ

)
,(4.68)

and for each e ∈ Enz,h/2 (i.e., the set of all edges in T nh/2 having z as a common vertex),( he
β+
e

)
‖Jnσ,e‖2

L2(e) ≤ C2
4,9C

2
4,10

∑
τ∈ωne

h2
τ

βτ
‖Rn

τ ‖2
L2(τ)

+ C2
4,9C

2
4,10Ĉ

n
nc

∑
τ∈ωne

(
|||Un

∗ − Un
h |||2τ +

1

kn
‖Un
∗ − Un

h ‖2
L2(τ)

)
.(4.69)

It now remains to bound of the modified numerical solution jump η̄nJu,K defined in (4.65).

To bound the first term on the right hand side of (4.65), we use the similar argument as

(4.62). For the second term, we use Lemma 4.3.5. Then for each τ ∈ ωnz,τ and e ∈ Enz,h/2,

we have

β−e
he
‖Jnu,e‖2

L2(e) ≤
C2

4,9C
2
4,10

12

∑
τ∈ωne

h2
τ

βτ
‖Rn

τ ‖2
L2(τ)

+
C2

4,9C
2
4,10Ĉ

n
nc

12

∑
τ∈ωne

(
|||Un

∗ − Un
h |||2τ +

1

kn
‖Un
∗ − Un

h ‖2
L2(τ)

)
,(4.70)

and

βK
hK
‖Inh

2

Un
h − Un

h ‖2
L2(∂τ) ≤

C2
4,9C

2
4,10

6
Cn
z,K

∑
e∈En

z, h2

(
h2
τ

βτ
‖Rn

τ ‖2
L2(ωne )

)
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+
C2

4,9C
2
4,10Ĉ

n
nc

6
Cn
z,K

∑
e∈En

z, h2

(
|||Un

∗ − Un
h |||2ωne +

1

kn
‖Un
∗ − Un

h ‖2
L2(ωne )

)
.(4.71)

Combining (4.68)-(4.71) and using (4.14) we obtain the following estimate

η̄n3,K ≤
∑

z /∈Nnh ∩N
n
ϑ

∑
τ⊂K

η̄nτ +
∑
z∈Nnϑ

∑
τ⊂K

η̄nτ

≤ Ĉ4,11Ĉ
n
z

∑
K∈ωnK

(
h2
K

βK
‖Rn

K − PKRn
K‖2

L2(K)

)

+ Ĉ4,11Ĉ
n
ncĈ

n
z

∑
K∈ωnK

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)
(4.72)

with Ĉ4,11 = max{C4,8 + 7C4,8C
2
4,9C

2
4,10/12, C4,8 + 13C2

4,9C
2
4,10/12 + 13C4,8C

2
4,9C

2
4,10/12},

and this completes the proof.

Remark 4.3.7. Taking summation over all K ∈ T nh , (4.72) yields

η̄n3,space ≤
∑
K∈T nh

Ĉ4,11Ĉ
n
z

∑
K∈ωnK

(
h2
K

βK
‖Rn

K − PKRn
K‖2

L2(K)

)

+
∑
K∈T nh

Ĉ4,11Ĉ
n
ncĈ

n
z

∑
K∈ωnK

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)
= Ĉ4,11 osc(Rn

K , T nh )2 + Ĉ4,11Ĉ
n
ncĈ

n
z ‖Un

∗ − Un
h ‖2

kn,Ω.(4.73)

Remark 4.3.8. The efficiency bound for the local error ensures that over refinement

will not occur for the refinement strategy based on the space error indicator (4.14).

4.4 Adaptive Algorithm

This section provides a space-time adaptive algorithm for the parabolic interface

problem (4.1)-(4.2). Let εtime be the total tolerance related to the time discretization.

Based on the error equidistribution strategy [94], from (4.34), we write

(4.74) 3
N∑
n=1

knη
n
3,time +

N∑
n=1

∫ tn

tn−1

‖f − f̄n‖2
L2(Ω)dt ≤ εtime.

To obtain (4.74) we have to adjust the time-step size kn such that the following conditions

are satisfied:

(4.75) ηn3,time ≤
εtime

6T
,

∫ tn

tn−1

‖f − f̄n‖2
L2(Ω)dt ≤

εtime

2T
.
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The following conditions can be used to control the time-step size: For any given

δtime ∈ (0, 1),

(4.76) ηn3,time ≤ δtime
εtime

6T
,

∫ tn

tn−1

‖f − f̄n‖2
L2(Ω)dt ≤

δtimeεtime

2T
.

Let εspace be the tolerance related to the space discretization. Then for each time

step n, the stopping criterion for mesh adaptation is given by

ηn3,space ≤
εspace

T
,(4.77)

which is suitable for mesh refinements.

We now use the similar arguments of Remark 2.4.1, Chapter 2 to introduce the

coarsening error indicator:

(4.78) ηn3,coarse =
1

kn
‖InHUn

h − Un
h ‖2

L2(Ω) + |||InHUn
h − Un

h |||2Ω,

where InH : C(Ω̄)→ SnH is the standard linear interpolation operator; T nH is the coarsen-

ing of the mesh T n, and Un
H ∈ SnH is the discrete problem (4.6) over meshes T nH .

The following algorithm incorporates this idea and presents for one single time step

(cf., [29, 94]).

Algorithm 4.4.1. (Space and time adaptive algorithm). Given tolerances εtime, εspace

and εcoarse, parameters γ1 ∈ (0, 1) and γ2 > 1. Let Un−1
h be the computed value at time

tn−1 with the time step size kn and the mesh T n−1
h .

Step 1: T nh := T n−1
h , kn := kn−1, tn := tn−1 + kn

solve the fully discrete problem (4.6) for Un
h on T nh

compute the error estimates on the mesh T nh

Step 2: while (4.75) is not satisfied

do

{
kn := γ1kn, tn := tn−1 + kn

solve the fully discrete problem (4.6) for Un
h on T nh

compute the error estimates on the mesh T nh
}
end

Step 3: while
(
ηn3,space >

εspace
T

)
do

{
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refine mesh T nh to produce a modified mesh T̂ nh
solve the fully discrete problem (4.6) for Un

h on T̂ nh
compute the error estimates on T̂ nh
while (4.75) is not satisfied

goto step 2

}
end

Step 4: if (ηn3,coarse ≤ εcoarse
T

)

coarsening T n to produce a modified mesh Ť n

solve the fully discrete problem for Un
h on Ť n

Step 5: if (4.76) is satisfied then

{ kn := γ2kn }
end

4.5 Numerical Experiment

This section reports numerical results to illustrate the behavior of the derived error

estimators in in Theorem 4.3.1 and 4.3.2 for the problem (4.1)-(4.2). All computations

are carried out using the software FreeFEM++ (cf. [65]).

Example 4.1. We consider the problem (4.1)-(4.2) with the computational domain

Ω = (0, 2)×(0, 1). The interface Γ occurs at x = 1 which divides Ω into two subdomains

such that Ω1 = (0, 1) × (0, 1) and Ω2 = (1, 2) × (0, 1). We choose the exact solution of

(4.1)-(4.2) as

u(x, y, t) =


esin t sin(πx) sin(πy) in Ω1,T ,

−esin t sin(2πx) sin(πy) in Ω2,T .

We choose the discontinuous coefficient β as β1 = 1 and β2 = 1
2

such that u satisfies the

jump condition (4.3) across the interface Γ.

We now compute the energy error Err :=
(∑N

n=1 kn|||u− Un
h |||2Ω

)1/2

, the error esti-

mator η3,1 is defined by

η2
3,1 =

N∑
n=1

kn(ηn3,space + ηn3,coarse + 3ηn3,time) +
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖2
L2(Ω)dt,
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and the effectivity index which is defined by eff. index = η3,1/Err. Here we compute our

numerical results at time T = 0.1. All the constants involved in the estimators are taken

as 1, and tolerances εtime, εspace are chosen to be equal, say, ε and εcoarse = 0.5 εspace. The

parameters are chosen as γ1 = 0.5, γ2 = 2, and δtime = 0.5.

Table 4.1: The degrees of freedm (DOF ), the error indicator η3,1, the energy error (Err)

and the effectivity index (eff. index) at time t = 0.1 and tolerance ε = 0.03

DOF η3,1 Err

845 0.150911 0.102192

1496 0.086228 0.059237

2776 0.049396 0.033048

Table 4.2: The tolerances ε, the degrees of freedm (DOF ), the error estimator η3,1, the

energy error (Err) and the effectivity index (eff. index) at time t = 0.1.

ε DOF η3,1 Err eff. index

0.03 2776 0.049396 0.033048 1.4946

0.015 5571 0.029546 0.024219 1.2199

0.0075 8831 0.016528 0.013235 1.2473

For fixed time t = 0.1, in Figures 4.1-4.3, adaptive meshes are shown at three

different steps. For a fixed time t = 0.1 and tolerance ε = 0.03, Table 4.1 reports the

degrees of freedm (DOF ) , the error indicator (η3,1), the total energy error (Err) and

the effectivity index (eff. index) in each step of adaptive mesh generation. We provide

the graphs for the optimality decay of the estimators in Figure 4.4(a) and the energy

error versus the number of degrees of freedom in Figure 4.4(b). At a fixed time t = 0.1

but different tolerances ε, the degrees of freedom, the error indicator, the energy error

and the effectivity index are shown in Table 4.2. The results in Table 4.2 reveal that

for a fixed time but different tolerances, the error is decreasing and the effectivity index

is almost constant. From Figures 4.1-4.3, it is observed that the meshes are refined

as expected near the interface Γ and higher density of the node points are distributed

along the interface line x = 1. Our experiment for the test problem indicates that the
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Figure 4.1: Adaptive mesh at step 1 when t = 0.1.

Figure 4.2: Adaptive mesh at step 2 when t = 0.1.

Figure 4.3: Adaptive mesh at step 3 when t = 0.1.
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(a) (b)

Figure 4.4: (a) Optimality of the estimator and the optimal decay is observed by the

line of slope −0.938; (b) The quasi-optimal decay is observed by the line of slope −0.814.

estimators derived in this paper are providing promising numerical results.

4.6 Concluding Remarks

In this chapter, we have considered a residual-based a posteriori error estimates for

the PIP using nonconforming finite elements. Both the upper and lower bounds for the

error are derived. The reliability of the estimator is derived without using the Helmholtz

decomposition technique. In contrast to the existing estimators which consist of the

element residual, the edge flux jump, and the edge tangential derivative jump due to

Helmholtz decomposition, our estimators replace the edge tangential derivative jump by

the edge solution jump. A space-time adaptive algorithm based on our error estimator is

proposed. In our numerical experiment, the finite element meshes are adaptively refined

around the interface Γ which supports the validity of our proposed algorithm.
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5
An AFEM for PIPs using Noncoforming Immersed

Finite Elements

In this chapter, we study a posteriori error analysis for PIPs using nonconforming IFE

method in a two-dimensional convex polygonal domain. The finite element discretization

is such that mesh points need not fit the interface. We use the piecewise linear finite

elements to approximate the spatial variable, whereas the backward Euler method is

used for the time discretization. The basic idea of the IFE method is to modify the

basis functions which satisfy the natural jump conditions across the interface. Some new

error indicators are introduced to control the error due to non-body fitted mesh. For

the adaptive mesh refinement procedure, the residual-based a posteriori error estimates

are derived using energy arguments. A global upper and a local lower bounds for the

error are established. Numerical results are reported to illustrate the performance of

the derived error indicators using the proposed adaptive algorithm.

5.1 Introduction

We now recall the PIP of the following form

(5.1)
∂u

∂t
−∇ · (β(x)∇u) = f(x, t) in ΩT

subject to the initial and boundary conditions

(5.2) u(x, 0) = u0(x) in Ω; u = G(x, t) on ∂ΩT ,

and the homogeneous jump conditions

(5.3) [u] = 0,

[
β
∂u

∂n

]
= 0 across Γ,

97
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where ΩT = Ω× (0, T ] and ∂ΩT = ∂Ω× [0, T ] with T <∞. Here Ω is a bounded convex

polygonal domain in R2 with Lipschitz boundary ∂Ω. The interface Γ is assumed to

be C2-smooth which divides Ω into two subdomains Ω1 and Ω2 such that Γ = Ω̄1 ∩ Ω̄2

with ∂Ω1 = Γ. The symbol [v] denotes the jump of a quantity v across the interface Γ,

i.e., [v](x) = v1(x)− v2(x), x ∈ Γ with vi(x) = v(x)|Ωi , i = 1, 2, and n denotes the unit

outward normal to the boundary Γ. Assume that the coefficient function β is positive

and piecewise constant on each subdomain, i.e.,

β(x) = βi for x ∈ Ωi (i = 1, 2).

Further, we assume that the source function f ∈ L2(0, T ;L2(Ω)), the initial data u0 ∈
H1(Ω) and the function G(x, t) is assumed to be smooth for our purpose.

For the nonconforming IFE approximation of the problem (5.1)-(5.3), we first intro-

duce its weak formulation as follows: Seek a function u : [0, T ]→ H1
G(Ω) such that(

∂u

∂t
, φ

)
+ (β(x)∇u,∇φ) = (f, φ) ∀φ ∈ H1

0 (Ω),(5.4)

u(0) = u0,

where H1
G(Ω) = {v ∈ H1(Ω) : v = G on ∂Ω}.

For the interface problem, due to the low global regularity and the irregular geometry

of the interface, usually the body-fitted meshes are used to achieve the optimal or almost

optimal convergence, see [60, 98, 101]. It is technically difficult to construct good body-

fitted meshes for problems involving geometrically complicated interfaces. To overcome

this difficulty, Li et al. have first introduced immersed finite element (IFE) method in

[75]. The basic idea of the IFE method is to locally modify basis functions on interface

triangles to fit the interface jump condition (5.3). For the relevant literature on the IFE

method, we refer to [12, 16, 55, 57, 62, 72, 78, 99] for elliptic and parabolic interface

problems for the a priori error analysis, [58, 64, 111] for the parabolic moving interface

problems and the references cited therein. Further, we refer to [59, 77] for nonconforming

IFE method for elliptic interface problems and the reference cited therein.

The adaptive IFE method for parabolic and elliptic problems are described in [30, 31,

108]. In [31], Chen et al. have presented adaptive IFE methods for elliptic and Maxwell

interface problems using conforming finite elements. The authors of [30] have intro-

duced an adaptive IFE method for purely parabolic problems in time-variable domains

together with arbitrary Lagrangian-Eulerian time discretization scheme. An adaptive

mesh refinement technique for elliptic interface problems using the nonconforming IFE

method has been recently studied by Wu et al. in [108].
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(a) (b)

Figure 5.1: (a) The fitted mesh and (b) the unfitted mesh of domain Ω.

The purpose of this chapter is to study a posteriori error analysis and develop an

adaptive algorithm for the PIP (5.1)-(5.3) using the nonconforming IFE method. The

use of interface independent meshes is the main advantage of the proposed method and

hence structured or even Cartesian meshes can be used to solve interface problems.

Some new error indicators are introduced to control the error due to non-body fitted

mesh. We derive global a posteriori upper bound for the error using the energy method

which is bounded by the element residual and the jump residual. A lower bound for the

local error in terms of the space error indicator is also derived using the idea of [29]. A

space-time adaptive algorithm is presented which is based on the refinement strategy

of Dörfler [43], [83] and [29]. A numerical experiment is performed to implement the

derived error indicators. In our study, it is assumed that the interface is independent of

time and the finite element mesh whose vertices do not necessarily lie on the interface.

The layout of this chapter is as follows: Section 5.2 introduces the space-time non-

conforming IFE discretization. The global upper and local lower bounds for the error are

derived in Section 5.3. In Section 5.4, an adaptive algorithm for the proposed method

is presented. Numerical results are provided to illustrate the behavior of the derived

estimators in Section 5.6. Finally, a concluding remark is given in the last section.

5.2 Nonconforming IFE discretization

This section first introduce an IFE discretization and the corresponding nonconform-

ing finite element space for our analysis. The space-time finite element formulation for

the problem (5.1)-(5.3) is also described.

For the space-time nonconforming IFE space, we first divide the time interval (0, T ]
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into N number of subintervals {(tn−1, tn]}Nn=1. Let kn = tn − tn−1 be the time-step

size of the subinterval (tn−1, tn]. At each time step tn, n = 1, . . . , N , let T n be a

regular triangulation of the domain Ω. Assume that T n satisfies the usual admissibility,

and compatibility conditions. A triangle K ∈ T n is said to be an interface triangle if

the interface Γ passes through the interior of triangle K; otherwise, K is called a non-

interface triangle. Let T nΓ be the set of all interface triangles and the set of non-interface

triangles be T n \ T nΓ . Without loss of generality, we assume that the triangulation T n

satisfies the following conditions (cf.[18, 34]):

A1. Ω̄ = ∪K∈T nK.

A2. If K1, K2 ∈ T n and K1 6= K2, then either K̄1 ∩ K̄2 = ∅ or K̄1 ∩ K̄2 is a common

vertex or an edge of both triangles.

A3. If the interface Γ meets one edge of a triangle at more than two points, then the

edge is part of Γ.

A4. For any triangle K ∈ T nΓ , if Γ intersects K at two points, then these two points

must be on different edges of the triangle K.

A5. The segment of the interface Γ in a triangle K ∈ T n is defined by a piecewise C2

function and the function space C2(K) is dense in H2(K).

For any K ∈ T n, let hK be the diameter of a triangle K, and ∂K denotes the set of

edges of the triangle K. Let N n be the set of all vertices in T n, and N n
K denotes the

set of vertices of a triangle K. For any K ∈ T n, let ωnK be the set of all triangles in T n

having nonempty intersection with K, i.e., ωnK = ∪K′∩K∈∂KK ′.
Associated with the triangulation T n, let K be an interface triangle in T n with

vertices A, B and C. The interface Γ passes through the interior of K and intersect two

edges of K at the points D and E (see Fig. 5.2). Let the arc DME be ΓK = K∩Γ. Now

we approximate ΓK by the line segment DE and is denoted by ΓhK . The line segment DE

divides K into two parts K1 = 4CDE and K2 = K−K1 such that K = K1∪K2∪DE.

Let

(5.5) K̃ = K − (Ω1 ∩ K1)− (Ω2 ∩ K2)

be such that meas(K̃) = O(h3
K) (cf. [32]). This indicates that the interface is perturbed

in a magnitude of O(h2
K).

Following [75, 108], we now construct the local basis functions on each triangle

K ∈ T n as follows. For any non-interface triangle K ∈ T n \T nΓ , let Snh,nc(K) denote the
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Figure 5.2: An interface triangle K.

space of all piecewise linear functions span by the standard nodal basis function of K.

Our attention is only for an interface triangle K ∈ T nΓ . We consider a reference interface

triangle K ∈ T nΓ whose pictorial representation is given in Fig.5.2. Let the coordinates

of A,B,C,D and E be

(0, 0), (hK , 0), (0, hK), (0, y1) and (hK − y2, y2),

with 0 ≤ y1, y2 ≤ hK . The nodal basis function φ defined on K ∈ T nΓ as

(5.6) φ =


φ1 := a0 + a1x+ a2(y − hK), if (x, y) ∈ K1,

φ2 := b0 + b1x+ b2y, if (x, y) ∈ K2,

φ1(D) = φ2(D), (nt · ∇φ1)(E) = (nt · ∇φ2)(E), β1
∂φ1

∂n
= β2

∂φ2

∂n
,(5.7)

where the coefficients ai, bi ∈ R (i = 0, 1, 2) and nt denotes the unit tangent of the

approximated interface ΓhK .

The local finite element space on each triangle K ∈ T n is then defined by

Snh,nc(K) =


{φ : φ is linear on K}, if K ∈ T n \ T nΓ ,

{φ : φ is defined by (5.6)− (5.7)}, if K ∈ T nΓ .

Thus, the dimension of Snh,nc(K) is also three for all K in T n. Let Snh (Ω) be the piecewise

linear polynomial space on Ω at time tn. The nonconforming IFE space on the domain

Ω is defined by

Snh,nc(Ω) =
{
φ : φ|K ∈ Snh,nc(K), ∀K ∈ T n, and φ|K(z) = φ|K′(z)
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for z ∈ N n
K ∩N n

K′ , K
′ ∈ ωnK

}
,

and its subspace by

Snh,nc,0(Ω) =
{
φ ∈ Snh,nc(Ω) : φ(x) = 0, ∀x ∈ N n ∩ ∂Ω

}
.

Remark 5.2.1. The degrees of freedom are defined as the average values over edges:

(DOF )K = { 1

|ei|

∫
ei

φ ds, i = 1, 2, 3 : ∀ nodal basis functionφ},

where ei, i = 1, 2, 3, are the edges of triangle K. In addition, let Mi be the midpoint of

the edge ei, i = 1, 2, 3. The local basis functions φi, i = 1, 2, 3, satisfies

1

|ei|

∫
ei

φids = δij, i, j = 1, 2, 3,

where δij is the Kronecker delta function.

For the space-time nonconforming IFE approximation, we consider the piecewise

linear finite element for the spatial variable and the backward Euler approximation for

the time derivative. Let U0
h be a suitable approximation of u0 in the space S0

h,nc over

the initial mesh T 0. Further, we define βh(x) to be the approximation of the coefficient

β(x) such that βh(x) = βK(x) for K ∈ T n, where

βK(x) =


β(x) if K ∈ T n \ T nΓ ,

min
x∈K

β(x) if K ∈ T nΓ .

The space-time nonconforming IEF approximation to the problem (5.4) is stated as

follows: Given U0
h ∈ S0

h,nc(Ω), find Un
h ∈ Snh,nc(Ω) for n = 1, 2, . . . , N , such that(

Un
h − Un−1

h

kn
, v

)
+ (βh∇Un

h ,∇v) = (f̄n, v) ∀v ∈ Snh,nc,0(Ω),(5.8)

where f̄n := 1
kn

∫ tn
tn−1

f(x, t) dt. The discrete problem (5.8) has a unique solution by

Lax-Milgram theorem.

5.3 A Posteriori Error Analysis

This section concerns a posteriori error analysis for the space-time nonconforming

IFE approximation to the problem (5.1)-(5.3). We derive both global upper and local

lower bounds for the error in terms of error indicators.
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We now introduce some additional notation. Let En = ∪K∈T n∂K be the set of all

edges in T n, and let EnΓ be the set of all edges intersect with the interface Γ. Let he be

the length of an edge e. For any edge e ∈ En, let N n
e be the set of vertices of an edge e,

and let Ωe denote the collection of two triangles sharing the common edge e. For any

K ∈ T n and e ∈ En, let ωne = ∪NnK∩Nne 6=θK
′
. For each e ∈ En, we denote K1 and K2 be

two triangles sharing common edge e and let βe = max
e=∂K1∩∂K2

{βK1 , βK2}.
In this aspect, we will have two residual functions associated with (5.8), namely, the

interior residual and the jump residual.

The interior residual Rn is defined as

Rn := f̄n − k−1
n (Un

h − Un−1
h ) +∇ · (βh∇Un

h )(5.9)

and the jump residual Jne across e ∈ En is defined as

Jne := [βh∇Un
h ]e · ne =

(
(βh∇Un

h )|K1 − (βh∇Un
h )|K2

)
· ne,(5.10)

where ne denotes the unit vector to e points from K2 to K1.

Following [13], we recall the approximation properties of the quasi-interpolation op-

erator which plays a crucial role in the present analysis. We now introduce the following

notation.

For each vertex z ∈ N n, let ωnz denote the patch having common vertex z and let

ϕz be the nodal basis function. For each z ∈ N n, we consider that

� z is contained in the subdomain Ω̄i,z, i = 1, 2, and

� βi,z is maximal among all βi such that Ω̄i, i = 1, 2, contains z.

Let

PKφ =
1

meas(K)

∫
K

φ dx

be the mean value of a given function φ on K and meas(K) denotes the measure of K.

Let πnz be the L2 orthogonal projection onto the piecewise linear function space in ωnz

and be defined by

πnz (φ) =


Pωnz ∩Ωi,zφ, if z ∈ Ω,

0, if z ∈ ∂Ω,

and let the quasi-interpolation operator Inπ : H1
G(Ω)→ Snh (Ω) be defined by

(5.11) Inπφ =
∑
z∈Nn

(πnz φ)ϕz.

We now have the following approximation results (cf. [13]).
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Lemma 5.3.1. Let Inπ : H1
G(Ω)→ Snh (Ω) be the quasi-interpolation operator. Then, for

any φ ∈ H1
0 (Ω), we have

(5.12)
‖φ− Inπφ‖L2(K) ≤ CI,5hKβ

− 1
2

K ‖|φ|‖ωnK , ∀K ∈ T n,

‖φ− Inπφ‖L2(e) ≤ CI,6h
1
2
e β
− 1

2
e ‖|φ|‖ωne , ∀e ∈ En,

where the constants CI,j > 0, (j = 5, 6), depend only on the minimum angle of the

triangulation T n.

5.3.1 An Upper Bound

The goal of this section is to derive a global a posteriori upper bound for the error. We

need the following notation for the rest of the analysis.

Let Uh : [0, T ] → H1
G(Ω) be a continuous piecewise linear approximation in time of

u(t) defined by

Uh(t) := ln−1(t)Un−1
h + ln(t)Un

h(5.13)

for t ∈ (tn−1, tn], 1 ≤ n ≤ N , where ln−1(t) = tn−t
kn

and ln(t) = t−tn−1

kn
are the Lagrangian

functions.

The following theorem presents an upper bound for the error in the energy norm.

Theorem 5.3.1. Let u be the solution of (5.1)-(5.3), and let Un
h be its approximation

defined by (5.8). Then, there exists a constant C > 0 independent of the coefficient β(x)

such that for 1 ≤ m ≤ N , we have

1

2
‖um − Um

h ‖2
L2(Ω) +

m∑
n=1

∫ tn

tn−1

|||u− Un
h |||2Ωdt ≤ ‖u0 − U0

h‖2
L2(Ω) +

m∑
n=1

knη
n
4,time

+ 2C
m∑
n=1

knη
n
4,space + 2

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

,(5.14)

where the time error indicator ηn4,time and the space error indicator ηn4,space are given by

ηn4,time =
1

3
|||Un

h − Un−1
h |||2Ω, and ηn4,space =

∑
K∈T n

ηn4,K ,(5.15)

respectively, and the local error indicator ηn4,K is given as follows: For K ∈ T n \ T nΓ ,

(5.16) ηn4,K = h2
Kβ
−1
K ‖R

n‖2
L2(K) +

1

2

∑
e⊂∂K

heβ
−1
K ‖J

n
e ‖2

L2(e),
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and for K ∈ T nΓ with K = K1 ∪ K2,

(5.17) ηn4,K =
∑

K′∈{K1,K2}

h2
K′β

−1
K′ ‖R

n‖2
L2(K′) +

1

2

∑
e′∈{∂K1,∂K2}

he′β
−1
e′ ‖J

n
e ‖2

L2(e′),

where βe′ =


β1, if e′ ∈ ∂1K,

β2, if e′ ∈ ∂2K,

and ∂iK (i = 1, 2) denote the set of boundary line

segments of the triangle K ∈ T nΓ , which belongs to the set ∂Ki \ Γ (i = 1, 2).

Proof. Let φ = u− Uh and Inπφ be the quasi-interpolation of φ in Snh,G(Ω). Then, there

exists J n
h φ ∈ Snh,nc,G(Ω), where J n

h : H1
G(Ω)→ Snh,nc,G(Ω), such that

(5.18) J n
h φ(z) = Inπφ(z) ∀z ∈ ∪K∈T n∗ N

n
K .

With the help of (5.4) and (5.8), for t ∈ (tn−1, tn], it follows that(∂(u− Uh)
∂t

, φ
)

+
(
β∇(u− Un

h ),∇φ
)

=
∑
K∈T n

(f − f̄n, φ)K +
∑
K∈T n

(Rn, φ− J n
h φ)K

+
∑
e∈En

∫
e

Jne (φ− J n
h φ) ds.(5.19)

Using the identity(
β∇(u− Un

h ),∇(u− Uh)
)

=
1

2
|||u− Un

h |||2Ω +
1

2
|||u− Uh|||2Ω −

1

2
|||Uh − Un

h |||2Ω,

we arrive at

1

2

d

dt
‖u− Uh‖2

L2(Ω) +
1

2
|||u− Un

h |||2Ω +
1

2
|||u− Uh|||2Ω =

1

2
|||Uh − Un

h |||2Ω

+
∑
K∈T n

(f − f̄n, u− Uh)K +
∑
K∈T n

(
Rn, (u− Uh)− J n

h (u− Uh)
)
K

+
∑
e∈En

∫
e

Jne ((u− Uh)− J n
h (u− Uh))ds.(5.20)

Now for any t∗ ∈ (tm−1, tm], let tn ∧ t∗ = min(tn, t∗). Integrating (5.20) in time from

0 to t∗ and summing over all m, we get

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

=
1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

∫ tn

tn−1

|||Uh − Un
h |||2Ωdt
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+
m∑
n=1

∫ tn

tn−1

∑
K∈T n

(f − f̄n, u− Uh)Kdt

+
m∑
n=1

∫ tn

tn−1

∑
K∈T n

(
Rn, (u− Uh)− J n

h (u− Uh)
)
K
dt

+
m∑
n=1

∫ tn

tn−1

∑
e∈En

∫
e

Jne ((u− Uh)− J n
h (u− Uh))ds

=
1

2
‖u0 − U0

h‖2
L2(Ω) + I1 + I2 + I3 + I4.(5.21)

We now estimate the term Ii, i = 1, . . . , 4 separately. For I1, we use (5.13) to have

I1 =
1

2

m∑
n=1

∫ tn

tn−1

(ln−1(t))2 |||Un
h − Un−1

h |||2Ωdt

=
1

2

m∑
n=1

kn
3
|||Un

h − Un−1
h |||2Ω =

1

2

m∑
n=1

knη
n
4,time.

By the Cauchy-Schwarz inequality, it follows that

I2 ≤
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)‖u− Uh‖L2(Ω)dt

≤ 1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω) +

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

.

To estimate I3, we first split it as

I3 =
m∑
n=1

∫ tn

tn−1

∑
K∈T n

(
Rn, (u− Uh)− Inπ (u− Uh)

)
K
dt

+
m∑
n=1

∫ tn

tn−1

∑
K∈T n

(
Rn, Inπ (u− Uh)− J n

h (u− Uh)
)
K
dt

=: I1
3 + I2

3 .(5.22)

An application of the Cauchy-Schwarz inequality and Lemma 5.3.1 yields

I1
3 ≤

m∑
n=1

∫ tn

tn−1

∑
K∈T n

‖Rn‖L2(K)‖(u− Uh)− Inπ (u− Uh)‖L2(K)dt

≤ CI,5

m∑
n=1

∫ tn

tn−1

∑
K∈T n

hKβ
− 1

2
K ‖R

n‖L2(K)‖|u− Uh|‖ωnKdt.(5.23)

Again, use of the Cauchy-Schwarz inequality for the term I2
3 implies

I2
3 ≤

m∑
n=1

∫ tn

tn−1

∑
K∈T n

‖Rn‖L2(K)‖Inπ (u− Uh)− J n
h (u− Uh)‖L2(K)dt.(5.24)
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Now, application of the usual homogenization arguments, (5.18), inverse estimate, and

Lemma 5.3.1 leads to

‖Inπ (u− Uh)− J n
h (u− Uh)‖L2(K) ≤ hK‖Inπ (u− Uh)− J n

h (u− Uh)‖H1(K)

≤ CρhK‖∇Inπ (u− Uh)‖L2(K)

≤ CρhK

(
‖∇
(
Inπ (u− Uh)− (u− Uh)

)
‖L2(K) + ‖∇(u− Uh)‖L2(K)

)
≤ Cρ

(
‖Inπ (u− Uh)− (u− Uh)‖L2(K) + β

− 1
2

K hK |||u− Uh|||ωnK
)

≤ Cρ(CI,5 + 1)hKβ
− 1

2
K |||u− Uh|||ωnK ,(5.25)

where the constant Cρ = O(max{ρ, 1/ρ}) with ρ = β1/β2. Thus, (5.24) and (5.25)

implies

I2
3 ≤ Cρ(CI,5 + 1)

m∑
n=1

∫ tn

tn−1

∑
K∈T n

β
− 1

2
K hK‖Rn‖L2(K)|||u− Uh|||ωnK .(5.26)

Combining (5.22), (5.23) and (5.26), we have

I3 ≤ C5,1

m∑
n=1

∫ tn

tn−1

∑
K∈T n

β
− 1

2
K hK‖Rn‖L2(K)|||u− Uh|||ωnK ,(5.27)

where the constant C5,1 = Cρ + CI,5(1 + Cρ). It remains to bound the term I4. First,

we rewrite I4 as

I4 =
m∑
n=1

∫ tn

tn−1

∑
e∈En

∫
e

Jne
(
(u− Uh)− Inπ (u− Uh)

)
dt

+
m∑
n=1

∫ tn

tn−1

∑
e∈En

∫
e

Jne
(
Inπ (u− Uh)− J n

h (u− Uh)
)
dt

=: I1
4 + I2

4 .(5.28)

For the term I1
4 , the Cauchy-Schwarz inequality and Lemma 5.3.1 gives

I1
4 ≤

m∑
n=1

∫ tn

tn−1

∑
e∈En
‖Jne ‖L2(e)‖(u− Uh)− Inπ (u− Uh)‖L2(e)dt

≤ CI,6

m∑
n=1

∫ tn

tn−1

∑
e∈En

h
1
2
e β
− 1

2
e ‖Jne ‖L2(e)|||u− Uh|||ωne dt.

Arguing as (5.25), for I2
4 , apply trace inequality to have

‖Inπ (u− Uh)− J n
h (u− Uh)‖L2(e) ≤ Cρh

1
2
e β
− 1

2
e |||u− Uh|||ωne ,(5.29)

TH-2911_136123010



CHAPTER 5. AFEM for PIP using Nonconformin IFEs 108

where the constant Cρ = O(max{ρ, 1/ρ}) with ρ = β1/β2. Now, using (5.29), we have

I2
4 ≤ Cρ(CI,6 + 1)

m∑
n=1

∫ tn

tn−1

∑
e∈En

h
1
2
e β
− 1

2
e ‖Jne ‖L2(e)|||u− Uh|||ωne dt.

Estimates of I1
4 and I2

4 together with (5.28) imply

I4 ≤ C5,2

m∑
n=1

∫ tn

tn−1

∑
e∈En

h
1
2
e β
− 1

2
e ‖Jne ‖L2(e)|||u− Uh|||ωne dt,(5.30)

where the constant C5,2 = Cρ + CI,6(1 + Cρ). Putting the above estimates together in

(5.21) we obtain

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

knη
n
4,time +

1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω) +

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

+ C5,1

m∑
n=1

∫ tn

tn−1

∑
K∈T n

hKβ
− 1

2
K ‖R

n‖L2(K)‖|u− Uh|‖ωnKdt

+ C5,2

m∑
n=1

∫ tn

tn−1

∑
e∈En

h
1
2
e β
− 1

2
e ‖Jne ‖L2(e)‖|u− Uh|‖ωne dt.

After separating the triangles, the above estimate can be rewritten as

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

knη
n
4,time +

1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

+
1

2

m∑
n=1

∫ tn

tn−1

|||u− Uh|||2Ωdt

+ C

m∑
n=1

∫ tn

tn−1

∑
K∈T n\T nΓ

(
h2
Kβ
−1
K ‖R

n‖2
L2(K) +

1

2

∑
e⊂∂K

heβ
−1
e ‖Jne ‖2

L2(e)

)
dt

+ C

m∑
n=1

∫ tn

tn−1

∑
K∈T nΓ

(
h2
Kβ
−1
K ‖R

n‖2
L2(K) +

1

2

∑
e⊂∂K

heβ
−1
e ‖Jne ‖2

L2(e)

)
dt,

where the constant C = max{C2
5,1, C

2
5,2}.

With the help of (5.16) and (5.15), we find that

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt
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≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

knη
n
4,time +

1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

+
1

2

m∑
n=1

∫ tn

tn−1

|||u− Uh|||2Ωdt+ C
m∑
n=1

∫ tn

tn−1

ηn4,spacedt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

knη
n
4,time +

1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

+
1

2

m∑
n=1

∫ tn

tn−1

|||u− Uh|||2Ωdt+ C
m∑
n=1

knη
n
4,space.

Finally, taking maximum over t∗ ∈ [tm−1, tm], using the fact ‖(u−Uh)(tm)‖2
L2(Ω) ≤ ‖(u−

Uh)(t̄)‖2
L2(Ω), where ‖(u− Uh)(t̄)‖2

L2(Ω) = max
t∗∈[tm−1,tm]

‖(u− Uh)(t∗)‖2
L2(Ω) and the standard

kickback argument, the required inequality (5.14) follows. This completes the proof.

5.3.2 A Lower Bound

This section focuses on deriving a lower bound for the local error which is essential for

the refinement/coarsening strategy for the mesh adaption. For this, we first consider

the following auxiliary problem.

Let Un
∗ ∈ H1

G(Ω) be the solution of(
Un
∗ − Un−1

h

kn
, φ

)
+ (βh∇Un

∗ ,∇φ) = (f̄n, φ) ∀φ ∈ H1
0 (Ω).(5.31)

The purpose of considering (5.31) is basically to control the error between Un
h and

Un
∗ , not between Un

h and the exact solution un = u(x, tn) for fixed time-step size kn

and by adapting the mesh T n. Further, a crucial part is to handle the oscillation of

the residual Rn which changes at each refinement stage. Define the oscillation of any

function φ ∈ L2(Ω) over the mesh T n by

osc(φ, T n) =

( ∑
K∈T n

h2
Kβ
−1
K ‖φ− PKφ‖

2
L2(K)

) 1
2

(5.32)

and the weighted norm ‖ · ‖kn,Ω of H1(Ω) with the parameter kn > 0 by

‖φ‖kn,Ω =

(
1

kn
‖φ‖2

L2(Ω) + |||φ|||2Ω

) 1
2

.(5.33)

For any n = 1, 2, . . ., we set

Ĉn = max
K∈T n

{
h2
K

βKkn
: hK = diam(K)

}
.(5.34)
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We borrow the idea from [29, 31, 105] to prove another main result of this chapter.

The key ingredients used to derive a local lower bound in the following theorem includes

the properties of bubble functions and the Cauchy-Schwarz inequality.

Theorem 5.3.2. Let Un
h and Un

∗ be the solutions of (5.8) and (5.31), respectively. Then,

for K ∈ T n \ T nΓ , we have

ηn4,K ≤ C5,9

∑
K∈Ωe

h2
Kβ
−1
K ‖R

n − PKRn‖2
L2(K)

+ C5,10Ĉn
∑
K∈Ωe

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)
,(5.35)

and for K ∈ T nΓ , we have

ηn4,K ≤ C5,9

∑
K′∈{K1,K2}

h2
K′β

−1
K′ ‖R

n − PKRn‖2
L2(K′)

+ C5,10 Ĉn
∑

K′∈{K1,K2}

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K′) + |||Un

∗ − Un
h |||2K′

)
,(5.36)

where the constants C5,9, C5,10(> 0) depend only on the minimal angle of T n.

Proof. The proof proceeds with the introduction of element bubble function. With every

element K ∈ T n, let ψK = 27
∏

z∈Nn ϕz be the element bubble function, where ϕz is the

linear nodal basis function for each vertex z ∈ N n. Using the properties of the bubble

function, we have the following inf-sup inequality:

inf
vh∈P1(K)

sup
ϕh∈P1(K)

∫
K
vhϕhψK

‖ϕh‖L2(K)‖vh‖L2(K)

≥ γ0,

where the constant γ0(> 0) depending only on the minimum angle of triangle K ∈ T n.

Let ϕn ∈ P1(K) be such that ‖ϕn‖L2(K) = 1, where P1(K) is the space of polynomials of

degree less than equal to 1 on K. Putting vh = PKRn in the inf-sup relation and using

(5.31), for any K ∈ T n \ T nΓ , we obtain

γ0‖PKRn‖L2(K) ≤
∫
K

(PKRn)ψKϕ
ndx

=

∫
K

(PKRn −Rn)ψKϕ
ndx+

∫
K

(
Un
∗ − Un

h

kn

)
ψKϕ

ndx

+ (βh∇Un
∗ ,∇(ψKϕ

n))K .(5.37)

Since Un
h ∈ P1(K) and ψK = 0 on ∂K, an integration by parts implies (βh∇Un

h ,∇ψKϕn)K =

0. Thus, (5.37) can be rewritten as

γ0‖PKRn‖L2(K) ≤
∫
K

(PKRn −Rn)ψKϕ
ndx+

∫
K

(
Un
∗ − Un

h

kn

)
ψKϕ

ndx
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+ (βh∇(Un
∗ − Un

h ),∇(ψKϕ
n))K .

By the Cauchy-Schwarz inequality and the inverse estimate |||ψKϕn|||K ≤ C5,3h
−1
K , we

get

γ0‖PKRn‖L2(K) ≤ ‖PKRn −Rn‖L2(K)

+
1

kn
‖Un
∗ − Un

h ‖L2(K) + C5,3h
−1
K β

1
2
K |||U

n
∗ − Un

h |||K .

Using (5.34), the above inequality implies

γ0‖PKRn‖L2(K) ≤ ‖Rn − PKRn‖L2(K)

+ C5,3Ĉ
1
2
n

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

} 1
2

.(5.38)

Hence, from (5.38), it follows that

h2
Kβ
−1
K ‖R

n‖2
L2(K) ≤ h2

Kβ
−1
K ‖PKR

n −Rn‖2
L2(K) + h2

Kβ
−1
K ‖PKR

n‖2
L2(K)

≤ C5,4h
2
Kβ
−1
K ‖R

n − PKRn‖2
L2(K)

+ C5,4Ĉn

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
,(5.39)

where the constant C5,4 = max
{(

1 + 1
γ2

0

)
, 1
γ2

0
,
C2

5,3

γ2
0

}
.

For K ∈ T nΓ with K = K1 ∪ K2, instead of (5.37) we will have

γ0‖PKRn‖L2(K) ≤
∑

K′∈{K1,K2}

(∫
K′

(PKRn −Rn)ψK′ϕ
ndx+

∫
K′

(
Un
∗ − Un

h

kn

)
ψK′ϕ

ndx

+ (βh∇(Un
∗ − Un

h ),∇(ψK′ϕ
n))K′

)

≤
∑

K′∈{K1,K2}

(
‖PKRn −Rn‖L2(K′) +

1

kn
‖Un
∗ − Un

h ‖L2(K′)

+ C5,3h
−1
K′β

1
2

K′|||U
n
∗ − Un

h |||K′
)
.(5.40)

Arguing as above, for K ∈ T nΓ , we obtain

h2
Kβ
−1
K ‖R

n‖2
L2(K) ≤ C5,4

∑
K′∈{K1,K2}

h2
K′β

−1
K′ ‖R

n − PKRn‖2
L2(K′)

+ C5,4Ĉn
∑

K′∈{K1,K2}

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K′) + |||Un

∗ − Un
h |||2K′

}
,(5.41)
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where the constant C5,4 is defined as above.

For every e ∈ En, let ψe = 4
∏

z∈Nne
ϕz be the edge bubble function, where ϕz is the

linear nodal basis function for each vertex z ∈ N n. Let ψn = Jne ψe. Then, ψn satisfies

the following properties (cf. [13]):

‖∇ψn‖L2(K) ≤ C5,5h
− 1

2
e ‖Jne ‖L2(e) ∀K ∈ Ωe,

‖ψn‖L2(K) ≤ C5,6h
1
2
e ‖Jne ‖L2(e) ∀K ∈ Ωe.

(5.42)

Next it remains to bound ‖Jne ‖L2(e). We now write∑
e∈En

he‖Jne ‖2
L2(e) =

∑
e∈EnΓ

he‖Jne ‖2
L2(e) +

∑
e∈En\EnΓ

he‖Jne ‖2
L2(e).(5.43)

For any e ∈ En, we know that Jne is constant on e. When e ∈ En \ EnΓ , an integration

by parts, (5.9) and (5.31) yields

‖Jne ‖2
L2(e) ≤ C5,7

∫
e

Jne ψ
ndx

= − C5,7

∑
K∈Ωe

∫
K

βh∇Un
h · ∇ψndx+ C5,7

∑
K∈Ωe

∫
K

∇ · (βh∇Un
h )ψndx

= C5,7

∑
K∈Ωe

∫
K

βh∇(Un
∗ − Un

h ) · ∇ψndx+ C5,7

∑
K∈Ωe

∫
K

(
Un
∗ − Un

h

kn

)
ψndx

− C5,7

∑
K∈Ωe

∫
K

Rnψndx.

Applying the Cauchy-Schwarz inequality, it gives

‖Jne ‖2
L2(e) ≤ C5,7

∑
K∈Ωe

β
1
2
e ‖β

1
2
e ∇(Un

∗ − Un
h )‖L2(K)‖∇ψn‖L2(K)

+ C5,7

∑
K∈Ωe

1

kn
‖Un
∗ − Un

h ‖L2(K)‖ψn‖L2(K) + C5,7

∑
K∈Ωe

‖Rn‖L2(K)‖ψn‖L2(K).(5.44)

We apply (5.42) and the Young’s inequality to obtain

he‖Jne ‖2
L2(e) ≤ C5,7

(
C2

5,5

∑
K∈Ωe

|||Un
∗ − Un

h |||2K + C2
5,6

∑
K∈Ωe

h2
e

βek2
n

‖Un
∗ − Un

h ‖2
L2(K)

+
∑
K∈Ωe

h2
Kβ
−1
e ‖Rn‖2

L2(K)

) 1
2

×
(
heβe‖Jne ‖2

L2(e)

) 1
2
.

With an aid of (5.34), it follows that

heβ
−1
e ‖Jne ‖2

L2(e) ≤ C5,8Ĉn
∑
K∈Ωe

(
|||Un

∗ − Un
h |||2K +

1

kn
‖Un
∗ − Un

h ‖2
L2(K)

)
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+ C5,7

∑
K∈Ωe

h2
Kβ
−1
e ‖Rn‖2

L2(K),(5.45)

where the constant C5,8 = max{C5,7C
2
5,5, C5,7C

2
5,6}.

Similarly, when e ∈ EnΓ and e ∈ ∂K1 ∩ ∂K2, we have

‖Jne ‖2
L2(e) ≤ C5,7

∫
e

Jne ψ
ndx

= − C5,7

∑
K′∈{K1,K2}

∫
K′
βK′∇Un

h · ∇ψndx+ C5,7

∑
K′∈{K1,K2}

∫
K′
∇ · (βh∇Un

h )ψndx

= C5,7

∑
K′∈{K1,K2}

∫
K′
βK′∇(Un

∗ − Un
h ) · ∇ψndx

+ C5,7

∑
K′∈{K1,K2}

∫
K′

(
Un
∗ − Un

h

kn

)
ψndx− C5,7

∑
K′∈{K1,K2}

∫
K′
Rnψndx.

Arguing as above and using (5.42), a simple calculation leads to

heβ
−1
e ‖Jne ‖2

L2(e) ≤ C5,8Ĉn

( ∑
K′∈{K1,K2}

|||Un
∗ − Un

h |||2K′ +
1

kn
‖Un
∗ − Un

h ‖2
L2(K′)

)
+ C5,7

∑
K′∈{K1,K2}

h2
K′β

−1
e′ ‖R

n‖2
L2(K′).(5.46)

Combining (5.39) and (5.45), for any K ∈ T n \ T nΓ , we have

ηn4,K ≤ C5,9

∑
K∈Ωe

h2
Kβ
−1
K ‖R

n − PKRn‖2
L2(K)

+ C5,10Ĉn
∑
K∈Ωe

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

)
,(5.47)

where the constants C5,9 = (1 + C5,7)C5,4 and C5,10 = (1 + C5,7)C5,4 + C5,8.

Again, for all K ∈ T nΓ , (5.41) and (5.46) gives

ηn4,K ≤ C5,9

∑
K′∈{K1,K2}

h2
K′β

−1
K′ ‖R

n − PKRn‖2
L2(K′)

+ C5,10Ĉn
∑

K′∈{K1,K2}

(
1

kn
‖Un
∗ − Un

h ‖2
L2(K′) + |||Un

∗ − Un
h |||2K′

)
.(5.48)

Finally, together (5.47) and (5.48) gives the required estimates (5.37) and (5.36), re-

spectively and this completes the proof.
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Remark 5.3.1. Taking summation over all elements K ∈ T n, from (5.47) and (5.48),

we have

ηn4,space =
∑
K∈T nΓ

ηn4,K +
∑

K∈T n\T nΓ

ηn4,K

≤ C5,9 osc(Rn, T n) + C5,10 Ĉn‖Un
∗ − Un

h ‖2
kn,Ω,

where the oscillation of residual osc(Rn, T n) and the weighted norm ‖Un
∗ − Un

h ‖kn,Ω are

defined in (5.32) and (5.33), respectively.

5.4 Adaptive Algorithm

This section provides a space-time adaptive algorithm to describe the adaptive pro-

cedure for parabolic interface problem (5.1)-(5.3). For various adaptive mesh refinement

techniques and their implementation, we refer the reader to [29, 43, 52, 83, 94].

Based on the error equidistribution strategy of [94], the time discretization error is

equally distributed to each time interval (tn−1, tn], n = 1, . . . , N . Let εtime be the total

tolerance for the time discretization which is a part of a posteriori error estimate (5.14).

Thus,

(5.49)
N∑
n=1

knη
n
4,time + 2

(
N∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

≤ εtime,

which can be achieved by adapting the time-step size kn such that

(5.50) ηn4,time ≤
εtime

2T
,

1

kn

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt ≤
√
εtime

2T

hold. Now, for any given δtime ∈ (0, 1), we have

(5.51) ηn4,time ≤ δtime
εtime

2T
,

1

kn

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt ≤
√
δtimeεtime

2T

which can be used to control the time-step size.

Let εspace be the tolerance related to the space discretization. Then, for each time

step n, the stopping criterion for mesh adaptation reads

ηn4,space ≤
εspace

T
(5.52)

which is appropriate for mesh refinements but not for mesh coarsening.

Following [29, Theorem 3.1], define the coarsening error indicator

(5.53) ηn4,coarse =
1

kn
‖InHUn

h − Un
h ‖2

L2(Ω) + |||InHUn
h − Un

h |||2Ω,
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where InH : C(Ω̄) → SnH is the standard linear interpolation operator, T nH is the coars-

ening of the mesh T n and the corresponding solution is Un
H ∈ SnH . Here the estimator

ηn4,coarse does not depend on Un
H , the solution of the coarsened problem.

Algorithm 5.4.1. (Space and time adaptive algorithm). Given tolerances εtime and

εspace, and parameters γ1 ∈ (0, 1), γ2 > 1 and δtime ∈ (0, 1). Let Un−1
h be the computed

value at time tn−1 with the time step size kn over the mesh T n−1.

Step 1: T n := T n−1, kn := kn−1, tn := tn−1 + kn

solve the fully discrete problem (5.8) for Un
h on T n

compute the error estimates on T n

Step 2: while (5.50) is not satisfied do

kn := γ1kn, tn := tn−1 + kn

solve the fully discrete problem (5.8) for Un
h on T n

compute the error estimates on T n

Step 3: while (ηn4,space >
εspace

T
) do

refine all triangle K ∈ T n

solve the fully discrete problem (5.8) for Un
h on refined mesh T n

compute the error estimates on the refined mesh T n

while (5.50) is not satisfied

go to step 2

Step 4: if (ηn4,coarse ≤ εcoarse

T
)

coarsening T n to produce a modified mesh Ť n

solve the fully discrete problem (5.8) for Un
h on Ť n

Step 5: if (5.51) is satisfied then

{ kn := γ2kn }
end

5.5 Numerical Experiment

In this section, a numerical experiment is presented to illustrate the performance of

the error indicators. All computations are carried out using the software FreeFEM++

[65].

Example 5.1. We consider the interface problem (5.1)-(5.3) defined on ΩT = Ω×[0, T ],

where Ω = (−1, 1)×(−1, 1) and T = 0.1. The interface Γ is chosen to be a circle centered
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at (0, 0) with radius r0 = π
6.28

, i.e., Γ := {(x, y) ∈ R2 : x2 + y2 = r0
2} and it divides the

domain Ω into two subdomains Ω1 and Ω2 with Ω1 = {x2 +y2 ≤ r0
2}. Select the forcing

term f and the boundary condition G such that the exact solution u is as follows:

u(x, y, t) =


(x2+y2)
β1

et, if (x, y) ∈ Ω1,T ,

(x2+y2)
β2

et +
(
r2
0

β1
− r2

0

β2

)
et, if (x, y) ∈ Ω2,T ,

where Ω1,T = Ω1 × [0, T ] and Ω2,T = Ω2 × [0, T ].

We compute the energy error Err =

(
N∑
n=1

kn|||u− Un
h |||2Ω

) 1
2

, the error estimator η4,1 is

given by

η2
4,1 =

N∑
n=1

kn(ηn4,time + ηn4,space + ηn4,coarse) + 2

(
m∑
n=1

∫ tn

tn−1

‖f − f̄n‖L2(Ω)dt

)2

and the effectivity index (eff. index = η4,1/Err ) of the a posteriori error estimate. All

the constants involved in the estimators are taken as 1. The tolerances εtime, εspace are

chosen to be equal.

Table 5.1: The degrees of freedom (DOF ), the error estimator η4,1 and the energy error

(Err) at time t = 0.1 with tolerance ε = 0.005.

β DOF η4,1 Err

1220 0.196212 0.187321

β1 = 1 2443 0.092250 0.091261

β2 = 10 4437 0.054525 0.047863

1248 2.516940 0.197260

β1 = 1 2497 1.370790 0.099681

β2 = 100 4502 0.522680 0.048601

We have carried out the experiment for two different choices of the discontinuous

coefficient β across the interface Γ. We first take β1 = 1, β2 = 10, and then β1 = 1,

β2 = 100. To generate the adaptive meshes, we use the bisection algorithm and take the

parameter γ1 = 0.5. The three different steps of adaptive meshes are shown in Figures
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(a) Adaptive mesh at step 1. (b) Adaptive mesh at step 2.

(c) Adaptive mesh at step 3.

Figure 5.3: An adaptive mesh at three different steps when β1 = 1, β2 = 10 at t = 0.1.
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(a) Adaptive mesh at step 1. (b) Adaptive mesh at step 2.

(c) Adaptive mesh at step 3.

Figure 5.4: An adaptive mesh at three different steps β1 = 1, β2 = 100 at t = 0.1.
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Table 5.2: For different tolerances ε, the degrees of freedom (DOF ), the error estimator

η4,1, the total energy error (Err) and the effectivity index (eff. index) at time t = 0.1.

β ε DOF η4,1 Err eff. index

0.01 2245 0.092201 0.084125 1.0960

β1 = 1 0.005 4437 0.054525 0.047863 1.1392

β2 = 10 0.0025 8999 0.024109 0.023241 1.0373

0.01 2260 1.135360 0.089121 12.7395

β1 = 1 0.005 4502 0.522680 0.048601 10.7545

β1 = 100 0.0025 9000 0.259140 0.024812 10.4441

(a) (b)

Figure 5.5: Optimality of the estimator for the cases: (a) β1 = 1, β2 = 10 and (b)

β1 = 1, β2 = 100. The optimal decay is observed by the line of slope −0.966 (left) and

the line of slope −0.976 (right).

5.3 and 5.4. Figure. 5.3 corresponds to the choice β1 = 1, β2 = 10 and Figure 5.4 refers

to the choice β1 = 1, β2 = 100.

In Table 5.1, the degrees of freedom (DOF ), the error indicator η4,1 and the energy

error Err are presented in each step of adaptive mesh generation at final time t = 0.1

with tolerance ε = 0.005 for two different set of values of β. The plots comparing the

degrees of freedom with the total error estimator for both the cases are shown in Figure

5.5. The optimal decay of the estimator is observed by the line of slope −0.966 for
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(a) (b)

Figure 5.6: Energy error versus number of degrees of freedom: (a) β1 = 1,0 β2 = 10 and

(b) β1 = 1, β2 = 100. The quasi-optimal decay is observed by the line of slope −0.884

(left) and the line of slope −0.877 (right).

the choice β1 = 1, β2 = 10 (see Figure 5.5 (a)) and the line of slope −0.976 for the

choice β1 = 1, β2 = 100 (see Figure 5.5 (b)). Further, in Figure 5.6, we provide plots

for the energy error versus the number of degrees of freedom. For different tolerances

ε, the number of nodes, the energy error and the effectivity index at t = 0.1 are given

in Table 5.2 for two different values of β. Further in Table 5.2, we observe that both

the value of the indicator and the error are reducing. Figures 5.3 and 5.4 reveals that

the finite element mesh changes away from the interface Γ due to different behavior

in subdomains and the initial mesh is adaptively refined. Also, we see that the finite

element mesh adapts very well in the neighborhood of the interface Γ and higher density

of the node points are distributed along the interface circle.

5.6 Concluding Remarks

In this chapter, we have presented a posteriori error analysis for the space-time

immersed finite element approximation for the parabolic interface problem using non-

conforming finite elements. We derived both global upper and local lower bounds for the

error. New error indicators are provided to control the error due to the non-body-fitted

mesh. An adaptive algorithm is presented to generate the adaptive mesh for any geo-

metrically complicated interface. The numerical experiment is performed to illustrate

the performance of the error indicators. Further, we observe that the finite element

mesh adopts very well in the neighborhood of the interface Γ and the nodes are very

TH-2911_136123010



CHAPTER 5. AFEM for PIP using Nonconformin IFEs 121

dense along the interface circle.
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6
An AFEM for Semilinear PIPs with Nonzero Flux

Jump

This chapter presents and analyzes the AFEM for a semilinear PIP subject to nonzero

flux jump in a two-dimensional bounded convex polygonal domain. The forcing term is

considered to be nonlinear and is assumed to satisfy the Lipschitz condition with respect

to the solution variable u. We use the continuous piecewise linear finite elements for the

approximation of spatial variable and the backward Euler difference is used for the time

variable. Our strategy is to avoid solving the nonlinear system by considering a modified

linearized fully discrete scheme. The residual-based a posteriori upper and lower bounds

for the error are derived using energy arguments. An adaptive algorithm is constructed

using the derived error estimators. The theory presented is complemented by numerical

experiments to illustrate the proposed algorithm.

6.1 Introduction

We shall proceed by introducing the semilinear parabolic interface problem. Let Ω

be a bounded convex polygonal domain in R2 with Lipschitz boundary ∂Ω. Further,

let Ω1 ⊂ Ω be an open domain with polygonal interface ∂Ω1 := Γ and Ω2 = Ω\Ω1. We

consider the following model problem:

∂u

∂t
−∇ · (β(x)∇u) = f(x, t, u) in ΩT ,(6.1)

u(x, 0) = u0(x) in Ω; u = 0 on ∂ΩT ,(6.2)

subject to the jump conditions across the interface Γ

(6.3) [u] = 0,

[
β
∂u

∂n

]
= g(x, t),

122
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where ΩT = Ω × (0, T ] and ∂ΩT = ∂Ω × [0, T ] with T < ∞. The notation [v] defines

the jump of a quantity v across the interface Γ and is given by [v](x) = v1(x) − v2(x)

with vi(x) = v(x)|Ωi , i = 1, 2, and the symbol n denotes the unit outward normal to the

boundary ∂Ω1. The flux jump across Γ is assumed to be nonzero, i.e., g 6= 0 and the

diffusion coefficient β(x) across the interface Γ is such that

β(x) = βi for x ∈ Ωi (i = 1, 2),

where βi ∈ R+. Further, we assume that the initial function u0(x) ∈ H1(Ω) and

g, ∂g
∂t
∈ L2(0, T ;L2(Γ)). The source function f : Ω̄×[0, T ]×R→ R satisfies the Lipschitz

condition with respect to the third argument, i.e., there exists a constant CL > 0 such

that

|f(x, t, w1)− f(x, t, w2)| ≤ CL|w1 − w2| ∀w1, w2 ∈ R.(6.4)

Hereafter, we write f(u) in place of f(x, t, u) for the subsequent analysis.

For the purpose of finite element approximation, we first recall the bilinear form

a(·, ·) : H1
0 (Ω)×H1

0 (Ω)→ R defined by

a(v, w) = (β(x)∇v,∇w) ∀v, w ∈ H1
0 (Ω).

Further, we assume that the bilinear form a(·, ·) is continuous and coercive on H1
0 (Ω),

i.e., there exist constants α0, α1 > 0 such that

|a(v, w)| ≤ α0‖v‖H1(Ω)‖w‖H1(Ω) ∀v, w ∈ H1
0 (Ω)(6.5)

and

a(v, v) ≥ α1‖v‖2
H1(Ω) ∀v ∈ H1

0 (Ω).(6.6)

Thus the weak formulation of (6.1)-(6.3) is stated as follows: For t ∈ (0, T ], find

u(t) ∈ H1
0 (Ω) such that(∂u

∂t
, φ
)

+ a(u, φ) = (f(u), φ) + 〈g, φ〉, ∀φ ∈ H1
0 (Ω),(6.7)

u(0) = u0,

where and 〈·, ·〉 denotes the scalar product for the space L2(Γ). Concerning the existence

and uniqueness of the solution of the semilinear parabolic interface problem, we refer

the reader to [51].

A posteriori error analysis for the semilinear PIP with homogeneous flux jump have

been studied by Sen Gupta and Sinha in [95]. The authors of [95] have derived a posteri-

ori upper bound in the L∞(L2)-norm using the energy technique combined with elliptic
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reconstruction approach. The goal of this chapter is to extend our previous methodol-

ogy for linear PIP (2.1)-(2.3) to treat the semilinear PIP (6.1)-(6.3) with nonzero flux

jump. We have derived both a posteriori upper and lower bounds for the error. A global

upper bound for the error, which is bounded by the element residual and interior jump

residual, is derived whereas a lower bound for the error in terms of local error indicator

is established. The crucial technical tools used in the error analysis include the energy

argument, the Clément interpolation approximation properties and the bubble function

technique. The treatment of the oscillation of the residual which changes at each refine-

ment procedure is crucial in the refinement/coarsening strategy. A space-time adaptive

algorithm is provided which is based on the refinement strategy of Dörfler [43], Morin,

Nochetto and Siebert [83], and Chen and Feng [29]. Finally, two numerical experiments

are performed to illustrate the performance of the derived estimators.

The rest of this chapter is organized as follows: Section 6.2 contains the space-time

discretization of the domain and the backward Euler approximation. In Section 6.3, a

posteriori global upper and local lower bounds for the error are derived. The space-

time adaptive algorithm based on the error equidistribution strategy is presented in

Section 6.4. Numerical assessments of the proposed algorithm are presented to support

the derived theoretical results in Section 6.6 . Finally, the last section contains the

concluding remarks.

6.2 Space-Time Discretization

In this section, we shall first recall the finite element discretization of the domain.

Let {(tn−1, tn]}Nn=1 be a partition of [0, T ] with N number of sub-intervals (tn−1, tn]. Let

kn = tn − tn−1 be the time-step size of (tn−1, tn]. At each time level n = 1, 2, . . . , N , let

T n be a regular triangulation of the domain Ω̄ which satisfies the conditions described

in Chapter 2.

For n = 1, . . . , N , let Sn be the finite element space corresponding to the triangula-

tion T n and be defined by

Sn =
{
v ∈ H1

0 (Ω) : v|K ∈ P1(K) ∀K ∈ T n
}
,

where P1(K) denotes the space of polynomials of degree less than or equal to 1 over the

triangle K. For any continuous function φ defined in (tn−1, tn], set φn = φ(·, tn) and

φ̄n = 1
kn

∫ tn
tn−1

φ(·, t)dt.
For the discretization of (6.7), we now use the continuous piecewise linear finite

elements for the approximation of the spatial variable while the backward Euler method

is used for the time discretization. Let U0
h be a suitable approximation of the initial
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data u0 in the space S0 over the initial mesh T 0.

The backward Euler approximation: The fully discrete backward Euler approx-

imation to (6.7) reads: Given U0
h ∈ S0, find Un

h ∈ Sn for 1 ≤ n ≤ N , such that(
Un
h − Un−1

h

kn
, v

)
+ a(Un

h , v) = (fn(Un
h ), v) + 〈ḡn, v〉 ∀v ∈ Sn.(6.8)

Let {ϕi}
Ndof
i=1 , where Ndof = dim(Sn), be the nodal basis functions for the finite

element space Sn and satisfy the property

ϕi(xj) := δij ∀ 1 ≤ i, j ≤ Ndof .

Then the solution Un
h can be expressed as Un

h =
∑Ndof

i=1 cni ϕi and (6.8) can be written in

the matrix form as

Ac
n − cn−1

kn
+ Bcn = F(cn) +D

with c0 = Υ, where cn is the unknown vector, A = (aij) is the mass matrix with aij =

(ϕi, ϕj), B = (bij) is the stiffness matrix with bij = (β(x)∇ϕi,∇ϕj), F(cn) = (fnj (cn))

is the vector with entries fnj (cn) = (fn(
∑Ndof

i=n cni ϕi), ϕj), the vector D = (ḡnj ) with the

entries ḡnj = (ḡn, ϕj) and Υ is the vector of nodal values of u0. The above equation may

be expressed as

(A+ knB)cn = Acn−1 + knF(cn) + knD for tn ∈ (0, T ],

c0 = Υ,

(6.9)

where the matrices A and B are positive definite, and F(cn) is Lipschitz continuous

on RNdof . Thus (6.9) gives a system of nonlinear equations. The disadvantage of the

above method is that at each time level one has to solve a nonlinear system of algebraic

equations due to the presence of the term F(cn) in (6.8). To avoid this difficulty we

modify (6.8) to a linearized fully discrete backward Euler approximation replacing the

term fn(Un
h ) by fn(Un−1

h ) (cf. [102]).

The modified backward Euler approximation: The modified linearized fully

discrete backward Euler approximation to (6.7) reads as: Given U0
h ∈ S0, find Un

h ∈ Sn

for 1 ≤ n ≤ N , such that(
Un
h − Un−1

h

kn
, v

)
+ a(Un

h , v) = (fn(Un−1
h ), v) + 〈ḡn, v〉 ∀v ∈ Sn.(6.10)

Like the above, (6.10) can be expressed in matrix form as

(A+ knB)cn = Acn−1 + knF(cn−1) + knD for tn ∈ (0, T ],(6.11)

where the matrices A, B, F(cn−1) and D are defined as earlier. The equation (6.11)

yields the system of linear equations in cn, which has a unique solution.
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6.3 A Posteriori Error Analysis

This section begins with the a posteriori error analysis for the fully discrete approx-

imation to the problem (6.1)-(6.3). We first introduce the interior residual and jump

residual, and then derive both upper and lower bounds for the error.

Let En be the collection of interior edges of triangle K ∈ T n, and let he be the

length of edge e. We divide En into three sets EnΓ , En1 and En2 , respectively, where EnΓ
denotes the set of all edges of the interface Γ, and Eni denotes the set of all edges of the

triangulation T ni , for i = 1, 2, respectively.

Now we define the following two residuals which will be used frequently for the rest

of the analysis of this chapter.

The interior residual is defined by

Rn := fn(Un−1
h )− k−1

n (Un
h − Un−1

h ),(6.12)

and the jump residual across e ∈ En is defined by

Jne :=


[β∇Un

h · ne], if e ∈ En \ EnΓ ,

ḡn − [β∇Un
h · ne], if e ∈ EnΓ ,

(6.13)

respectively, where [β∇Un
h · ne] = (β1∇Un

h |K1 · ne − β2∇Un
h |K2 · ne), ∀e ∈ ∂K1 ∩ ∂K2

and ne denotes the unit normal vector to e points from K2 to K1. Using integration by

parts, we have for all φ ∈ H1
0 (Ω),

a(Un
h , φ) = −

∑
e∈En

∫
e

Jne φds.(6.14)

The equation (6.10) can be written as

(6.15) a(Un
h , v)− (Rn, v)− 〈ḡn, v〉 = 0 ∀v ∈ Sn.

We now recall the following local approximation property for the Clément interpo-

lation operator from Chapter 2 (cf. Lemma 2.3.1) which is crucial for our a posteriori

error analysis.

Lemma 6.3.1. Let Πn : H1
0 (Ω)→ Sn be the Clément interpolation operator. Then, for

φ ∈ H1
0 (Ω), we have

‖φ− Πnφ‖L2(K) + hK‖∇(φ− Πnφ)‖L2(K) ≤ CI,1 hK‖∇φ‖L2(ωK),

‖φ− Πnφ‖L2(e) ≤ CI,2 h
1
2
e ‖∇φ‖L2(ωe),

(6.16)

where ωK and ωe denote the patch of triangles and edges in T n, respectively; the constants

CI,1, CI,2 depend on the minimum angle of mesh T n, n = 1, . . . , N .
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6.3.1 An Upper Bound

In this section, we derive a global upper bound for the a posteriori error estimate. For

this, we need the following notations. Let Uh : [0, T ]→ H1
0 (Ω) be a continuous piecewise

linear approximation in time of u(t) defined by

Uh(t) = ln−1(t)Un−1
h + ln(t)Un

h(6.17)

for t ∈ (tn−1, tn], 1 ≤ n ≤ N , where the Lagrange hat functions are given by ln−1(t) =
tn−t
kn

and ln(t) = t−tn−1

kn
, respectively.

The main result of this section is stated in the following theorem.

Theorem 6.3.1. Let u be the exact solution of (6.1)-(6.3) and let Un
h be its approxima-

tion defined by (6.10). Then for g ∈ L2(0, T ;L2(Γ)), there exists a positive constant C

such that for 1 ≤ m ≤ N , we have

1

4
‖um − Um

h ‖2
L2(Ω) +

m∑
n=1

∫ tn

tn−1

|||u− Un
h |||2Ωdt ≤ ‖u0 − U0

h‖2
L2(Ω) + 2

m∑
n=1

knη
n
5,time

+ C
m∑
n=1

knη
n
5,space + 4

(
m∑
n=1

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)dt

)2

+ 4

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2

,(6.18)

where the constant C depends on the minimum angle of meshes T n, n = 1, 2, . . . ,m,

and the coefficient β(x). The time error indicator (ηn5,time) and the space error indicator

(ηn5,space), respectively, are given by

ηn5,time =
1

3
|||Un

h − Un−1
h |||2L2(Ω), ηn5,space =

∑
e∈En

ηn5,e

with the local error indicator (ηn5,e) is defined as

ηn5,e =
1

2

∑
K∈Ωe

h2
K‖Rn‖2

L2(K) + he‖Jne ‖2
L2(e) + he‖ḡne ‖2

L2(e),(6.19)

where Ωe is the collection of two elements sharing the common edge e ∈ En.

Proof. For any φ ∈ H1
0 (Ω) and v ∈ Sn, we obtain using (6.10)(

Un
h − Un−1

h

kn
, φ

)
+ a(Un

h , φ) =
(
fn(Un−1

h ), φ
)

+ 〈ḡn, v〉 − (Rn, φ− v)
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+ a(Un
h , φ− v).(6.20)

From (6.7), (6.17) and (6.20), for all t ∈ (tn−1, tn] and v ∈ Sn, we obtain(
∂(u− Uh)

∂t
, φ

)
+ a(u− Un

h , φ) =
(
f(u)− fn(Un−1

h ), φ
)

+ 〈g, φ〉 − 〈ḡn, v〉

+ (Rn, φ− v)− a(Un
h , φ− v).(6.21)

Choose φ = u− Uh ∈ H1
0 (Ω) and v = Πnφ ∈ Sn in (6.21). Then, using the identity

a(u− Un
h , u− Uh) =

1

2
|||u− Un

h |||2Ω +
1

2
|||u− Uh|||2Ω −

1

2
|||Uh − Un

h |||2Ω,

we find that

1

2

d

dt
‖u− Uh‖2

L2(Ω) +
1

2
|||u− Un

h |||2Ω +
1

2
|||u− Uh|||2Ω

=
1

2
|||Uh − Un

h |||2Ω +
(
f(u)− fn(Un−1

h ), u− Uh
)

+ 〈g, u− Uh〉 − 〈ḡn,Πn(u− Uh)〉

+
(
Rn, (u− Uh)− Πn(u− Uh)

)
+
∑
e∈En

∫
e

Jne
(
(u− Uh)− Πn(u− Uh)

)
ds.

Integrating the above equation with respect to t from 0 to t∗, for any t∗ ∈ (tm−1, tm]

with tn ∧ t∗ = min(tn, t∗) and summing over all m, we get

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

=
1

2
‖u0 − U0

h‖2
L2(Ω) +

1

2

m∑
n=1

∫ tn

tn−1

|||Uh − Un
h |||2Ωdt

+
m∑
n=1

∫ tn

tn−1

(
f(u)− fn(Un−1

h ), u− Uh
)
dt

+
m∑
n=1

∫ tn

tn−1

(
〈g, u− Uh〉 − 〈ḡn,Πn(u− Uh)〉

)
dt

+
m∑
n=1

∫ tn

tn−1

(
Rn, (u− Uh)− Πn(u− Uh)

)
dt

+
m∑
n=1

∫ tn

tn−1

(∑
e∈En

∫
e

Jne
(
(u− Uh)− Πn(u− Uh)

)
ds

)
dt

=
1

2
‖u0 − U0

h‖2
L2(Ω) + I1 + I2 + I3 + I4 + I5.(6.22)

Now, we need to estimate the terms Ii, i = 1, . . . , 5 separately. Using (6.17), we have

I1 =
1

2

m∑
n=1

∫ tn

tn−1

(ln−1(t))2 |||Un
h − Un−1

h |||2Ωdt

TH-2911_136123010



CHAPTER 6. AFEM for semilinear PIPs 129

=
1

2

m∑
n=1

kn
3
‖|Un

h − Un−1
h |‖2

Ω =
1

2

m∑
n=1

knη
n
5,time.(6.23)

By the Cauchy-Schwarz inequality, we get

I2 =
m∑
n=1

∫ tn

tn−1

(
f(u)− f(Uh), u− Uh

)
dt+

m∑
n=1

∫ tn

tn−1

(
f(Uh)− fn(Uh), u− Uh

)
dt

+
m∑
n=1

∫ tn

tn−1

(
fn(Uh)− fn(Un−1

h ), u− Uh
)
dt

≤
m∑
n=1

∫ tn

tn−1

‖f(u)− f(Uh)‖L2(Ω)‖u− Uh‖L2(Ω)dt

+
m∑
n=1

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)‖u− Uh‖L2(Ω)dt

+
m∑
n=1

∫ tn

tn−1

‖fn(Uh)− fn(Un−1
h )‖L2(Ω)‖u− Uh‖L2(Ω)dt.

Now an application of (6.4) in the above inequality implies

I2 ≤
m∑
n=1

∫ tn

tn−1

‖u− Uh‖L2(Ω)‖u− Uh‖L2(Ω)dt

+
m∑
n=1

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)‖u− Uh‖L2(Ω)dt

+
m∑
n=1

∫ tn

tn−1

‖Uh − Un−1
h ‖L2(Ω)‖u− Uh‖L2(Ω)dt.(6.24)

Again, using the Young’s inequality and (6.17) in (6.24), we have

I2 ≤
3CL

2

m∑
n=1

∫ tn

tn−1

‖u− Uh‖2
L2(Ω)dt+

1

8
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)dt

)2

+
CL
2

m∑
n=1

∫ tn

tn−1

‖Uh − Un−1
h ‖2

L2(Ω)dt

≤ 1

4
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω) +
1

24

m∑
n=1

knη
n
5,time

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)dt

)2

,(6.25)

where the Lipschitz constant CL = 1
12

is chosen for simplification and

m∑
n=1

∫ tn

tn−1

‖Uh − Un−1
h ‖2

L2(Ω)dt =
1

3

m∑
n=1

kn‖Un
h − Un−1

h ‖2
L2(Ω) ≤

m∑
n=1

ηn5,time.
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Again, for I3, an application of the Cauchy-Schwarz inequality and (6.16) implies

I3 =
m∑
n=1

∫ tn

tn−1

〈g − ḡn, u− Uh〉dt+
m∑
n=1

∫ tn

tn−1

〈ḡn, (u− Uh)− Πn(u− Uh)〉dt

≤
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)‖u− Uh‖L2(Ω) dt

+ CI,2

m∑
n=1

∫ tn

tn−1

∑
e∈EnΓ

h
1
2
e ‖ḡn‖L2(e)‖∇(u− Uh)‖L2(ωe)dt.

Applying Young’s inequality to the first term of the above inequality, we obtain

I3 ≤ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2

+
1

8
max

0≤t≤t∗
‖u− Uh‖L2(Ω)

+ CI,2

m∑
n=1

∫ tn

tn−1

∑
e∈EnΓ

h
1
2
e ‖ḡn‖L2(e)‖∇(u− Uh)‖L2(ωe)dt.(6.26)

Similarly, for I4 and I5, we again apply the Cauchy-Schwarz inequality and approxima-

tion properties (6.16) to obtain

I4 ≤
m∑
n=1

∫ tn

tn−1

∑
K∈T n

‖Rn‖L2(K)‖(u− Uh)− Πn(u− Uh)‖L2(K)dt

≤ CI,1

m∑
n=1

∫ tn

tn−1

∑
K∈T n

hK‖Rn‖L2(K)‖∇(u− Uh)‖L2(ωK)dt,(6.27)

and

I5 ≤
m∑
n=1

∫ tn

tn−1

∑
e∈En
‖Jne ‖L2(e)‖(u− Uh)− Πn(u− Uh)‖L2(e)dt

≤ CI,2

m∑
n=1

∫ tn

tn−1

∑
e∈En

h
1
2
e ‖Jne ‖L2(e)‖∇(u− Uh)‖L2(ωe)dt,(6.28)

respectively. Taking together all the above estimates (6.23)-(6.28) and (6.22), and an

application the Cauchy-Schwarz inequality, we have

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

13

24

m∑
n=1

knη
n
5,time +

3

8
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)dt

)2

+ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2
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+ C
1
2

m∑
n=1

∫ tn

tn−1

(∑
e∈En

(1

2

∑
K∈Ωe

h2
K‖Rn‖2

L2(K) + he‖Jne ‖2
L2(e) + he‖ḡne ‖2

L2(e)

)) 1
2

×|||u− Uh|||Ω dt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

13

24

m∑
n=1

knη
n
5,time +

3

8
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)dt

)2

+ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2

+ C
1
2

m∑
n=1

∫ tn

tn−1

(
ηn5,space

) 1
2 |||u− Uh|||Ωdt,(6.29)

where C = max{C2
I,1, C

2
I,2}. Finally, we apply the Young’s inequality to the last term

of (6.29) to obtain

1

2
‖(u− Uh)(t∗)‖2

L2(Ω) +
1

2

m∑
n=1

∫ tn∧t∗

tn−1

(
|||u− Un

h |||2Ω + |||u− Uh|||2Ω
)
dt

≤ 1

2
‖u0 − U0

h‖2
L2(Ω) +

13

24

m∑
n=1

knη
n
5,time +

3

8
max

0≤t≤t∗
‖u− Uh‖2

L2(Ω)

+ 2

(
m∑
n=1

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)dt

)2

+ 2

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2

+
C

2

m∑
n=1

∫ tn

tn−1

ηn5,spacedt+
1

2

m∑
n=1

∫ tn

tn−1

|||u− Uh|||2Ωdt,

A simple calculation gives the required estimate (6.18) and this completes the proof.

6.3.2 A Lower Bound

In this section, we derive a lower bound for the local error for the a posteriori error

indicator which plays an important role in the refinement/coarsening strategy. The

treatment of the oscillation of the residual which changes at each refinement stage is

crucial in deriving the lower bound.

Following [29], we consider the auxiliary problem as follows. Let Un
∗ ∈ H1

0 (Ω) be the

solution of(
Un
∗ − Un−1

h

kn
, φ

)
+ a(Un

∗ , φ) = (fn(Un−1
h ), φ) + 〈ḡn, φ〉 ∀φ ∈ H1

0 (Ω).(6.30)

The purpose of introducing (6.30) is to essentially control the error between Un
∗ and

Un
h , not between Un

h and the exact solution un = u(x, tn) for fixed time-step size kn by

adapting the mesh T n.
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For any K ∈ T n and φ ∈ L2(Ω), define

PKφ =
1

|K|

∫
K

φ dx,

the average of φ over the triangle K. For any n = 1, 2, . . ., we choose the constant

Ĉn = max
K∈T n

{h2
K

kn
: hK = diam(K)

}
.(6.31)

For a function φ ∈ L2(Ω), we define the weighted norm ‖ · ‖kn,Ω of H1(Ω) with the

parameter kn > 0 by

‖φ‖kn,Ω :=

(
1

kn
‖φ‖2

L2(Ω) + |||φ|||2Ω

) 1
2

(6.32)

and the oscillation of the function φ ∈ L2(Ω) over the mesh T n by

osc(φ, T n) :=

( ∑
K∈T n

h2
K‖φ− PKφ‖2

L2(K)

) 1
2

.(6.33)

Theorem 6.3.2. Let Un
h and Un

∗ be the solutions of (6.10) and (6.30), respectively.

Then, for n = 1, 2, . . . ,m, we have

ηn5,e ≤ C6,6Ĉn
∑
K∈Ωe

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
+ C6,5

∑
K∈Ωe

h2
K‖Rn − PKRn‖2

L2(K) + C6,7he‖ḡn‖2
L2(e),(6.34)

where the constants C6,j’s (j = 5, 6, 7), depend only on the minimum angle of meshes

T n and the coefficient β(x).

Proof. We borrow the idea of proof from Verfürth [104]. For any K ∈ T n, let ψK =

27λ1λ2λ3 be the element bubble function, where λ1, λ2 and λ3 are the barycentric coor-

dinate functions. Then the following inf-sup relation satisfies

inf
vh∈P1(K)

sup
φh∈P1(K)

∫
K
vhφhψK

‖φh‖L2(K)‖vh‖L2(K)

≥ γ0,

where the constant γ0 > 0 depends only on the minimum angle of K ∈ T n. Let

φn ∈ P1(K) be such that ‖φn‖L2(K) = 1. Since ψK = 0 on ∂K and Un
h ∈ P1(K), we

have 〈ḡn, ψKφn〉 = 0 on ∂K and a(Un
h , ψKφ

n) = 0 over K. Taking vh = PKRn in the

inf-sup relation and using (6.30), we find that

γ0‖PKRn‖L2(K) ≤
∫
K

(PKRn)ψKφ
ndx
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=

∫
K

(PKRn −Rn)ψKφ
ndx+

∫
K

(
fn(Un−1

h )− Un
h − Un−1

h

kn

)
ψKφ

ndx

=

∫
K

(PKRn −Rn)ψKφ
ndx+

∫
K

(
fn(Un−1

h )− Un
∗ − Un−1

h

kn

)
ψKφ

ndx

+

∫
K

(
Un
∗ − Un

h

kn

)
ψKφ

ndx

=

∫
K

(PKRn −Rn)ψKφ
ndx+ a(Un

∗ − Un
h , ψKφ

n)

+

∫
K

(
Un
∗ − Un

h

kn

)
ψKφ

ndx.(6.35)

By the Cauchy-Schwarz inequality, the inverse estimate |||ψKφn|||K ≤ C1,1h
−1
K and

(6.35), it follows that

γ0‖PKRn‖L2(K) ≤ ‖PKRn −Rn‖L2(K) + C1,1h
−1
K |||U

n
∗ − Un

h |||K +
1

kn
‖Un
∗ − Un

h ‖L2(K).

With an aid of (6.31), it now follows that

h2
K‖Rn‖2

L2(K) ≤ h2
K‖PKRn −Rn‖2

L2(K) + h2
K‖PKRn‖2

L2(K)

≤ h2
K

γ2
0

{
1

k2
n

‖Un
∗ − Un

h ‖2
L2(K) +

C2
1,1

h2
K

|||Un
∗ − Un

h |||2K

}
+
(

1 +
1

γ2
0

)
h2
K‖Rn − PKRn‖2

L2(K)

≤ C6,3Ĉn

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
+ C6,2h

2
K‖Rn − PKRn‖2

L2(K),(6.36)

where the constants C6,2 = (1 + 1/γ2
0) and C6,3 = max{1/γ2

0 , C
2
1,1/γ

2
0}.

Let ψe = 4λ1λ2 be the edge bubble function for any edge e ∈ En, where λ1 and λ2

are the barycentric coordinate functions associated with the node of e. Let ψn = Jne ψe ∈
H1

0 (Ω). Since Jne is constant on e ∈ En, we have ‖φ‖L2(e) ≤ C6,4‖ψ
1
2
e φ‖L2(e). Now we use

(6.30) and integrate by parts formula to obtain

‖Jne ‖2
L2(e) ≤ C6,4

∫
e

Jne ψ
ndx = −C6,4

∑
K∈Ωe

∫
K

β(x)∇Un
h · ∇ψndx

= C6,4

∑
K∈Ωe

∫
K

β(x)∇(Un
∗ − Un

h ).∇ψndx− C6,4

∑
K∈Ωe

∫
K

Rnψndx

−C6,4

∫
e;∂K∩Γ 6=∅

ḡnψndx
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≤ C6,4

( ∑
K∈Ωe

‖∇(Un
∗ − Un

h )‖L2(K)‖∇ψn‖L2(K)

+
∑
K∈Ωe

‖Rn‖L2(K)‖ψn‖L2(K) + ‖ḡn‖L2(e)‖ψn‖L2(e)

)
.(6.37)

Since ‖∇ψn‖L2(K) ≤ C∗h
− 1

2
e ‖Jne ‖L2(e), ‖ψn‖L2(K) ≤ C∗h

1
2
e ‖Jne ‖L2(e) for all K ∈ Ωe, and

an application of Young’s inequality in (6.37) yields

he‖Jne ‖2
L2(e) ≤ C6,4C∗

( ∑
K∈Ωe

h
1
2
e ‖∇(Un

∗ − Un
h )‖L2(K)‖Jne ‖L2(e)

+
∑
K∈Ωe

h
3
2
e ‖Rn‖L2(K)‖Jne ‖L2(e) + he‖ḡn‖L2(e)‖Jne ‖L2(e)

)

≤ C6,4C∗

( ∑
K∈Ωe

|||Un
∗ − Un

h |||2K +
∑
K∈Ωe

h2
e‖Rn‖2

L2(K) + he‖ḡn‖2
L2(e)

) 1
2

×
(
he‖Jne ‖2

L2(e)

) 1
2
.

This implies

he‖Jne ‖2
L2(e) ≤ C6,4C∗

( ∑
K∈Ωe

|||Un
∗ − Un

h |||2K +
∑
K∈Ωe

h2
e‖Rn‖2

L2(K) + he‖ḡn‖2
L2(e)

)
.(6.38)

Taking together (6.19), (6.36) and (6.38) gives

ηn5,e =
1

2

∑
K∈Ωe

h2
K‖Rn‖2

L2(K) + he‖Jne ‖2
L2(e)

≤ (
1

2
+ C6,4C∗)C6,3Ĉn

∑
K∈Ωe

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}

+ (
1

2
+ C6,4C∗)C6,2

∑
K∈Ωe

h2
K‖Rn − PKRn‖2

L2(K) + C6,4C∗he‖ḡn‖2
L2(e)

≤ C6,6Ĉn
∑
K∈Ωe

{
1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
+ C6,5

∑
K∈Ωe

h2
K‖Rn − PKRn‖2

L2(K) + C6,7he‖ḡn‖2
L2(e),

where the constant C6,6 = (1
2

+C6,4C∗)C6,3, C6,5 = (1
2

+C6,4C∗)C6,2, C6,7 = C6,4C∗. This

completes the rest of the proof.
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Remark 6.3.1. Summing up (6.34) for all e ∈ En, we reach the following result

ηn5,space ≤ C6,6Ĉn
∑
e∈En

∑
K∈Ωe

{ 1

kn
‖Un
∗ − Un

h ‖2
L2(K) + |||Un

∗ − Un
h |||2K

}
+ C6,5

∑
e∈En

∑
K∈Ωe

h2
K‖Rn − PKRn‖2

L2(K) + C6,7

∑
e∈EnΓ

he‖ḡnh‖2
L2(e)

= 2C6,6Ĉn‖Un
∗ − Un

h ‖2
kn,Ω + 2C6,5 osc(Rn, T n)2 + C6,7

∑
e∈EnΓ

he‖ḡn‖2
L2(e),(6.39)

where the weighted norm ‖Un
∗ − Un

h ‖kn,Ω and the oscillation of residual osc(Rn, T n) are

defined in (6.33) and (6.32), respectively.

6.4 Adaptive Algorithm

This section provides an algorithm to describe the adaptive procedure of the problem

(6.1)-(6.3). The algorithm is based on the error equidistribution strategy [29, 94]. Let

εtime be the total tolerance related to the time discretization so that

(6.40)


2

N∑
n=1

knη
n
5,time + 4

(
N∑
n=1

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)dt

)2

+ 4

(
N∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt

)2

≤ εtime.

To obtain (6.40) we have to adjust the time-step size kn such that the following relations

hold:

(6.41)


ηn5,time ≤

εtime

6T
,

1

kn

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)dt ≤
√
εtime

2
√

3T
,

1

kn

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt ≤
√
εtime

2
√

3T
.

For given any δtime ∈ (0, 1), we have

(6.42)


ηn5,time ≤ δtime

εtime

6T
,

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)dt ≤
√
δtimeεtime

2
√

3T
,

1

kn

∫ tn

tn−1

‖g − ḡn‖L2(Γ)dt ≤
√
δtimeεtime

2
√

3T

Let εspace be the tolerance related to the space discretization which is allowed for the

part of the a posteriori error estimate in (6.18). Then for each time step n, the stopping

criterion for mesh adaptation is to satisfy
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ηn5,space ≤
εspace

2
.(6.43)

This stopping criteria is suitable for mesh refinements but not for mesh coarsening. For

our analysis, we will use a coarsening error indicator ηn5,coarse (cf. [29]) which is defined

by

(6.44) ηn5,coarse =
1

kn
‖InHUn

h − Un
h ‖2

L2(Ω) + |||InHUn
h − Un

h |||2Ω,

where InH is the standard linear finite element interpolant. The indicator ηn5,coarse does

not depend on the solution of the coarsened problem. Also, this property allows the mesh

to coarsen only once, without checking whether the solution of the coarsened problem

satisfies the stopping criteria (6.43). Using the above fact, we present the following

space-time adaptive algorithm.

Algorithm 6.4.1. (Space and time adaptive algorithm). Given tolerances εtime, εspace

and εcoarse, parameters γ1 ∈ (0, 1), γ2 > 1 and δtime ∈ (0, 1). Let Un−1
h be the computed

value at time tn−1 with the time step size kn and the mesh T n−1.

Step 1: T n := T n−1, kn := kn−1, tn := tn−1 + kn

solve the fully discrete problem (6.10) for Un
h on T n

compute the error estimates on T n

Step 2: while (6.41) is not satisfied

do

{
kn := γ1kn, tn := tn−1 + kn

solve the fully discrete problem (6.10) for Un
h on T n

compute the error estimates on T n

}
end

Step 3: while
(
ηn5,space >

εspace
T

)
do

{
refine mesh T n to produce a modified mesh T̂ n

solve the fully discrete problem (6.10) for Un
h on T̂ n

compute the error estimates on T̂ n

while (6.41) is not satisfied
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goto Step 2

}
end

Step 4: if (ηn5,coarse ≤ εcoarse
T

)

coarsen mesh T n to produce a modified mesh T n.

solve the fully discrete problem (6.10) for Un
h on T n

Step 5: if (6.42) is satisfied then

{
kn := γ2kn

}
end

6.5 Numerical Experiment

This section is devoted to numerical experiment corresponding to the parabolic in-

terface problem (6.1)-(6.3). We consider two test problems to validate our theoretical

results. The first example consists of a straight interface whereas a polygonal interface is

considered in the second example. For both the test examples, we consider two different

choices of the discontinuous coefficients β: (i) β1 = 1, β2 = 10, and (ii) β1 = 1, β2 = 100.

The bisection algorithm is used to generate refined meshes. We take the parameters

γ1 = 0.5 in Algorithm 6.4.1. All the constants involved in the estimators are taken as 1.

The tolerances εtime and εspace are chosen to be equal, say ε, and εcoarse = 0.5ε. For our

numerical experiments, we have not considered the coarsening of mesh. We compute the

energy error Err :=
(∑N

n=1 kn|||u− Un
h |||2Ω

)1/2

and the effectivity index of a posteriori

error estimate which is defined as eff. index = η5,1/Err, where the error estimator η5,1

is given by

η2
5,1 =

N∑
n=1

kn(ηn5,time + ηn5,space + ηn5,coarse) + 4

(
m∑
n=1

∫ tn

tn−1

‖f(Uh)− fn(Uh)‖L2(Ω)

)2

+ 4

(
m∑
n=1

∫ tn

tn−1

‖g − ḡn‖L2(Γ)

)2

.

All computations are carried out using the software FreeFem++ (cf. [65]).

Example 6.1. We solve the problem (6.1)-(6.3) in the computational domain Ω =

(0, 2) × (0, 1). The interface Γ occur at x = 1 which divides the domain Ω into two
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subdomains such that Ω1 = (0, 1) × (0, 1) and Ω2 = (1, 2) × (0, 1). Select the forcing

function f(x, y, t, u), the initial condition u0(x, y) and the flux jump g(x, y, t) such that

the exact solution u(x, y, t) of (6.1)-(6.3) is of the form

u(x, y, t) =


t sin(πx) sin(πy) in Ω1 × (0, T ],

−t sin(πx) sin(πy) in Ω2 × (0, T ].

Table 6.1: The degrees of freedom (DOF ), the error estimator η5,1 and the energy error

(Err) at time t = 0.01 and tolerance ε = 0.01

β DOF η5,1 Err

β1 = 1 869 0.021926 0.003161

β2 = 10 1566 0.011494 0.002064

3053 0.005894 0.001318

β1 = 1 850 0.027123 0.004812

β2 = 100 1546 0.014505 0.003323

3025 0.007565 0.002358

Table 6.2: The different tolerances ε, the degrees of freedom (DOF ), the error estimator

η5,1, the energy error (Err) and the effectivity index (eff. index) at time t = 0.01

β ε DOF η5,1 Err eff. index

0.01 3053 0.005894 0.001318 4.4719

β1 = 1 0.005 5953 0.002127 0.001296 1.6412

β2 = 10 0.0025 8995 0.001054 0.001024 1.0248

0.01 3025 0.007565 0.002358 3.2082

β1 = 1 0.005 6149 0.004525 0.001938 2.3348

β2 = 100 0.0025 9000 0.002551 0.001598 1.5963
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Figure 6.1: An adaptive mesh and the corresponding discrete solution at step 1.

Figure 6.2: An adaptive mesh and the corresponding discrete solution at step 2

Figure 6.3: An adaptive mesh and the corresponding discrete solution at step 3.
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(a) (b)

Figure 6.4: Optimality of the estimator for the cases: (a) β1 = 1, β2 = 10 and (b)

β1 = 1, β2 = 100. The optimal decay is observed by the line of slope −0.908 (left) and

the line of slope −0.921 (right).

(a) (b)

Figure 6.5: Energy error versus number of degrees of freedom: (a) β1 = 1,0 β2 = 10 and

(b) β1 = 1, β2 = 100. The quasi-optimal decay is observed by the line of slope −0.6221

(left) and the line of slope −0.6512 (right).

For Example 6.1, the adaptive mesh and the corresponding surface plots of the

numerical solution at time t = 0.01 are given in Figures 6.1 to 6.3. In Table 6.1, for

both cases of β, the degrees of freedom (DOF ), the error estimator (η5,1) and the energy

error (Err) are given in each step of adaptive mesh generation at final time t = 0.01

with the given tolerance ε = 0.01. Figure 6.4 shows the plots comparing the degrees of

freedom with the total error estimator for both the cases of β. The optimal decay of
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the estimator is observed by the line of slope −0.908 for the choice β1 = 1, β2 = 10 (see

Figure 6.4 (a)) and the line of slope −0.921 for the choice β1 = 1, β2 = 100 (see Figure

6.4 (b)). Further, in Figure 6.5, we provide plots for the energy error versus the number

of degrees of freedom. At fixed time t = 0.01 for different tolerances ε, the degrees of

freedom (DOF ), the energy error (Err) and the effectivity index (eff. index) are given

in Table 6.2.

Example 6.2. In the second example, we solve the problem (6.1)-(6.3) in a compu-

tational domain Ω = (0, 1) × (0, 1). We consider Ω1 = (0.25, 0.75) × (0.25, 0.75) and

Ω2 = Ω \Ω1 so that the interface Γ becomes a polygonal interface. Select the functions

f(x, y, t, u), u0(x, y) and g(x, y, t) such that the exact solution u(x, y, t) is as follows:

u(x, y, t) =


t sin(2π(x− 0.25)) sin(2π(y − 0.25)) in Ω1 × (0, T ],

t sin(4πx) sin(4πy) in Ω2 × (0, T ].

Table 6.3: The degrees of freedom (DOF ), the error estimator η5,1 and the energy error

(Err) at time t = 0.01 and tolerance ε = 0.03

β DOF η5,1 Err

1850 0.4524639 0.018459

β1 = 1 2604 0.226861 0.010273

β2 = 10 2897 0.113658 0.005858

1863 1.4676500 0.0193382

β1 = 1 2732 0.5963200 0.0108444

β2 = 100 2910 0.4552980 0.0105663

For Example 6.2, the adaptive mesh and the corresponding surface plots of the

numerical solution at time t = 0.01 are given in Figures 6.6 to 6.8. The plots comparing

the degrees of freedom with the total error estimator for both the cases are shown in

Figure 6.9. The optimal decay of the estimator is observed by the line of slope −0.995

for the choice β1 = 1, β2 = 10 (see Figure 6.9 (a)) and the line of slope −0.986 for

the choice β1 = 1, β2 = 100 (see Figure 6.9 (b)). Further, Figure 6.10 provide plots for

the energy error versus the number of degrees of freedom. In Table 6.3, the degrees of

freedom (DOF ), the error estimator (η5,1) and the energy error (Err) are given in each
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Figure 6.6: An adaptive mesh and the corresponding discrete solution at step 1.

Figure 6.7: An adaptive mesh and the corresponding discrete solution at step 2.

Figure 6.8: An adaptive mesh and the corresponding discrete solution at step 3.

TH-2911_136123010



CHAPTER 6. AFEM for semilinear PIPs 143

(a) (b)

Figure 6.9: Optimality of the estimator for the cases: (a) β1 = 1, β2 = 10 and (b)

β1 = 1, β2 = 100. The optimal decay is observed by the line of slope −0.995 (left) and

the line of slope −0.986 (right).

(a) (b)

Figure 6.10: Energy error versus number of degrees of freedom: (a) β1 = 1,0 β2 = 10

and (b) β1 = 1, β2 = 100. The quasi-optimal decay is observed by the line of slope

−0.839 (left) and the line of slope −0.816 (right).

step of adaptive mesh generation at final time t = 0.01 with the tolerance ε = 0.03. At

fixed time t = 0.01, for different tolerances ε, the degrees of freedom (DOF ), the energy

error (Err) and the effectivity index (eff. index) are given in Table 6.4.

In Tables 6.1-6.2 and Tables 6.3-6.4, we observe that for a fixed time with different

mesh sizes and different tolerances the value of the estimator and the error reduces.

Figures 6.1 to 6.3 and Figures 6.6 to 6.8 reveal that the finite element mesh are refined
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Table 6.4: The different tolerances ε, the degrees of freedom (DOF ), the error estimator

η5,1, the energy error (Err) and the effectivity index (eff. index) at time t = 0.01

β ε DOF η5,1 Err eff. index

0.03 2897 0.113658 0.005858 19.4021

β1 = 1 0.015 5636 0.089844 0.004909 18.3019

β2 = 10 0.0075 8996 0.067146 0.004125 16.2778

0.03 2200 0.4552980 0.0105663 43.0896

β1 = 1 0.015 4665 0.3268070 0.0089378 36.5646

β2 = 100 0.0075 8987 0.2412290 0.0077719 31.0387

very well and higher density of node points are distributed around the interface Γ.

6.6 Concluding Remarks

In this chapter, we presented an adaptive algorithm for the fully discrete finite el-

ement approximation for the semilinear parabolic interface problem with nonzero flux

jump. Both global upper and local lower bounds for the error are derived. The treatment

of the oscillation of the residual plays an important role in each refinement procedure.

The present analysis extends the convergence analysis of AFEM for linear PIP to the

semilinear PIP with nonzero flux jump across the interface. The numerical experiments

reveal the behavior of the proposed algorithm with promising numerical results.
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7
Conclusions and Extensions

This chapter presents the critical assessment of the results highlighting the contributions

of the current thesis work and the technical tools used in the analysis. It also provides

some information for the scope of possible extensions and future investigations.

7.1 Critical Review of the Results

In this thesis, the study was set out to explore AFEMs for both linear and semilinear

PIPs in a bounded convex polygonal domain in R2. For some problems, the interface Γ

is assumed either to be of the polygonal type or class C2. Due to the discontinuity of

the coefficient along the interface Γ, the solution of the PIP has low global regularity.

AFEMs are the best suited numerical technique to enhance the efficiency and accuracy

of these kinds of problems. This is because adaptivity allows local mesh refinement

around the interface to achieve the desired residual bound with a few degrees of freedom

as possible. However, there exists limited work on the AFEM for PIPs and this thesis

has attempted to address some of the unexplored issues. In this thesis, a posteriori

error analysis and adaptive algorithms for conforming FEM, conforming IFE method,

nonconforming FEM, and nonconforming IFE method for the PIP are analyzed. The

chapter-wise contributions of the thesis are as follows.

Our first problem in Chapter 2 considers an AFEM for the fully discrete finite ele-

ment approximation for the linear PIP (2.1)-(2.3) in a bounded convex polygonal domain

in R2. The space discretization uses the standard piecewise linear elements while the

backward Euler scheme is used to approximate the time derivative. The residual-based

a posteriori error estimates are derived using the energy method. Some new error in-

dicators are introduced to control the error due to the discontinuous coefficients and

nonhomogeneous flux jump across the interface. Both upper and lower bounds (The-

orem 2.3.1 and Theorem 2.3.2) for the error are established. The adaptive algorithm

145
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(Algorithm 2.4.1) is presented using the derived error indicators and a numerical exam-

ple (Example 2.1) is reported to illustrate the theoretical analysis. Our numerical result

shows that the finite element mesh adapts very well where the solution has a discon-

tinuity and a higher density of the node points distributed around the interface. The

key technical tools used include Clément type interpolation approximation properties,

properties of the bubble functions, and the techniques of [29].

Chapter 3 deals with an AIFEM for the fully discrete finite element approximation

for the linear PIP (3.1)-(3.3). In this chapter, the interface Γ is assumed to be of class

C2. We have introduced the space-time IFE discretization where the finite element

mesh does not follow the actual interface. The standard piecewise linear finite elements

are considered for the spatial discretization and the backward Euler approximation

is used for the time derivative. Some new error indicators are introduced to control

the error due to the non-body fitted mesh. We have derived both upper and lower

bounds (Theorem 3.3.1 and Theorem 3.3.2) for the error in terms of the local error

indicators. The key technical ingredients used in deriving the a posteriori error estimates

are the interpolation approximation properties, energy arguments, and the properties of

bubble function. Numerical experiment is performed to demonstrate the adaptive mesh

refinement procedure.

Chapter 4 is devoted to the residual-based AFEM for the problem (4.1)-(4.2) using

nonconforming finite elements. The discretization is done using the adaptive finite el-

ements in spatial variable combining with the backward Euler approximation in time.

The nonconforming finite element spaces are piecewise linear functions over the trian-

gulation of Ω. The proposed a posteriori error analysis does not involve the Helmholtz

decomposition while analyzing the reliability of the estimator. Both upper and lower

bounds (Theorem 4.3.1 and Theorem 4.3.2) for the error are derived. In addition, a lower

bound for the error in terms of the modified error indicator is also established (Theo-

rem 4.3.3). The technical tools used in our analysis involves the modified Clément-type

interpolation approximation properties, the error equation (Lemma 4.3.2), the energy

argument, the properties of bubble functions and the stability properties (Lemma 4.3.3

and Lemma 4.3.4) in the energy norm. Numerical results are provided to show the

effectiveness of the estimators using Algorithm 4.4.1.

In Chapter 5, we have considered a posteriori error estimation and adaptive mesh

refinement for the problem (5.1)-(5.3) using nonconforming IFE method in a bounded

convex polygonal domain in R2. We assumed that the interface is of class C2 and time-

independent. The nonconforming IFE discretization is introduced and the finite element

meshes need not follow the interface. The key tools used to derive the residual-based a
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posteriori error estimates involve interpolation approximation properties, homogeniza-

tion arguments, energy argument, and properties of bubble functions. The global upper

bound (Theorem 5.3.1) and a lower bound (Theorem 5.3.2) for the error in terms of

the local error indicators are derived. New error indicators (5.15)-(5.17) are provided

to control the error due to non-body fitted mesh. Our numerical results show the good

effects of the requited estimators using the proposed Algorithm 5.4.1.

Chapter 6 is concerned with an AFEM for the semilinear PIP (6.1)-(6.3) with nonzero

flux jump. The space discretization uses the continuous piecewise linear finite elements

while the backward Euler approximation is considered for the time discretization. The

modified linearized backward Euler method for the time discretization is also considered

to avoid solving the nonlinear system of algebraic equations at each time level. The

forcing term is assumed to satisfy the Lipschitz condition. We have derived a posteriori

upper and lower bounds for the error. The upper bound (Theorem 6.3.1) of the error

involves an indicator for the initial error, temporal and spatial error indicators, and

indicators for data approximation error. A lower bound (Theorem 6.3.2) for the error

in terms of local error indicator is established. The crucial technical tools used in

our analysis involve the interpolation approximation properties, the Cauchy-Schwarz

inequality, the Young’s inequality, the properties of the bubble functions and energy

arguments. Numerical results (Examples 6.1 and 6.2) are presented to illustrate the

performance of the derived error indicators using the proposed adaptive Algorithm 6.4.1.

7.2 Future Works

The results of this thesis could be extended to the following interesting problems to

be taken up in the future.

Nonlinear parabolic interface problems. Let Ω be a bounded polygonal domain

in R2 with smooth boundary ∂Ω. Let Ω1 be a subset of Ω with smooth interface Γ = ∂Ω1

and let Ω2 = Ω\Ω1. Consider the following nonlinear PIP of the form

(7.1)
∂u

∂t
+ Lu = f(x, t) in ΩT

with the initial and boundary conditions

(7.2) u(x, 0) = u0(x) in Ω; u = 0 on ∂ΩT ,

and jump conditions across the interface Γ

(7.3) [u] = 0,
[
β(x, u)

∂u

∂n

]
= g(x, t),

TH-2911_136123010



CHAPTER 7. Conclusions and Extensions 148

where the operator L is of the form

Lu = −∇ · (β(x, u)∇u) + b0(x, u)u(7.4)

and ΩT = Ω× (0, T ] and ∂ΩT = ∂Ω× [0, T ], T <∞. The functions β, b0 : Ω× R→ R
are such that the operator L is monotone and Lipschitz continuous. Further, we assume

that β is of the form

β(x, u(x)) = βi(x, u(x)) for x ∈ Ωi, u(x) ∈ R (i = 1, 2),

where βi : Ω× R→ R is continuous.

Some investigations concerning a priori error analysis have been made for the el-

liptic interface problems [50, 110]. To the best of authors’ knowledge, the AFEM for

nonlinear parabolic interface problems with the smooth interface is not available in the

literature. The nonlinear case is far more complicated and requires few additional ef-

forts. It would be an interesting investigation on AFEM for the problem (7.1)-(7.3) with

smooth interface based on a posteriori error analysis.

Parabolic integro-differential equations with interfaces. Consider the parabolic

integro-differential equation of the form

(7.5)
∂u

∂t
−∇ · (β(x)∇u) = f +

∫ t

0

B(t, s)u(s)ds in ΩT

with prescribed initial and boundary conditions

(7.6) u(x, 0) = u0(x) in Ω; u = 0 on ∂ΩT ,

and jump conditions across the interface Γ

(7.7) [u] = 0,
[
β
∂u

∂n

]
= g,

where Ω = Ω1∪Γ∪Ω2 is a convex polygonal domain in R2 with Lipschitz boundary ∂Ω,

Ω1 ⊂ Ω is an open domain with C2 smooth interface Γ = ∂Ω1 and Ω2 = Ω\Ω1. Here

ΩT = Ω× (0, T ] and ∂ΩT = ∂Ω× [0, T ], T <∞. Further, we assume that the coefficient

β is positive and piecewise constant, i.e.,

β(x) = β1 for x ∈ Ω1; β(x) = β2 for x ∈ Ω2,

and B(t, s) is a first order partial differential operator of the form

B(t, s)u(s) =
2∑
j=1

bj(x; t, s)
∂u(x, s)

∂xj
+ u(x, s).
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Here u, f and g are functions of x and t only.

The problem (7.5)-(7.7) arises in several applications, such as heat conduction in

rigid materials with memory, the compression of viscoelasticity media, nuclear reactor

dynamics and the epidemic phenomena in biology ([27, 36]). Such an extension is not

straightforward because of the discontinuous coefficient and the Volterra integral term.

Some investigation concerning a priori error analysis have been made for the problem

(7.5)-(7.7) with g = 0 ([41]). It will be very interesting and challenging task to study

a posteriori error analysis and adaptive algorithms using both conforming and non-

conforming finite elements for the problem (7.5)-(7.7).

Hyperbolic interface problems. Let Ω be a convex polygonal domain in R2 with

boundary ∂Ω. Let Ω1 ⊂ Ω be an open domain with smooth interface Γ = ∂Ω1 and let

Ω2 = Ω\Ω1. Consider the hyperbolic interface problems of the form

(7.8)
∂2u

∂t2
−∇ · (a(x)∇u) + b(x)u = f(x, t) in ΩT

with boundary condition

(7.9) u = 0 on ∂ΩT ,

initial conditions

(7.10)
u(x, 0) = u0(x) in Ω,

∂u

∂t
(x, 0) = v0(x) in Ω,

and jump conditions across the interface Γ

(7.11) [u] = 0,
[
a(x)

∂u

∂n

]
= g,

where ΩT = Ω × (0, T ] and ∂ΩT = ∂Ω × [0, T ], T < ∞. The coefficient matrix β

is assumed to be discontinuous across the inietface Γ but piecewise smooth in each

sundomain, i.e.,

a(x) = ai(x) for x ∈ Ωi, i = 1, 2.

Further, we assume that the matrix a(x) is symmetric, uniformly positive definite in Ω

and b(x) > 0. The source function f and the initial functions u0, v0 are assumed to

be sufficiently smooth. The equation (7.8) is often used as a simple model in seismol-

ogy or ocean acoustics, in which the ocean bottom is described as a multi-layered fluid

medium. In this case, the coefficient represents the velocity of sound which is discontin-

uous between sediment layers and u is the acoustic velocity [17]. In electromagnetism,
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the equation (7.8) corresponds to a problem in which the material occupying the interior

is a dielectric rather than metal ([7]). Due to the presence of a smooth interface, the

true solution to this problem has a low global regularity. It is very challenging to obtain

higher-order convergence. Although a good number of articles is available concerning a

priori and a posteriori error analysis for the problem (7.8)-(7.11) ([3, 40, 42]), it would

be further interesting work to study an AFEM for the proposed problem (7.8)-(7.11).

Parabolic moving interface problems. Consider the model one-dimensional

moving interface problem of the form

∂u

∂t
− ∂

∂x

(
β(x, t)

∂u

∂x

)
= f(x, t), x ∈ Ω× (0,∞),(7.12)

u(0, t) = 0 = u(1, t) t > 0, and u(x, 0) = u0(x), x ∈ Ω,(7.13)

dα

dt
= h(t, α;u−, u+,

∂u

∂x

−
,
∂u

∂x

+

), t > 0,(7.14)

where Ω = [0, α) ∪ (α, 1], h is a known function, u−, u+, ∂u
∂x

−
and ∂u

∂x

+
are the limiting

values of u(x, t) and ∂u
∂x

from the left and right hand side of a moving interface α(t).

The jump conditions across the interface α(t) are given by

[u] = u(α−, t)− u(α+, t) = 0,(7.15) [
β
∂u

∂x

]
= β(α+, t)

∂u

∂x
(α+, t)− β(α−, t)

∂u

∂x
(α−, t) = q(t).(7.16)

The coefficient β(x, t) > 0 and the source function f(x, t) are assumed to be discon-

tinuous across the interface α(t). Such problems (7.12)-(7.16) occur in studying blood

flow in a beating heart [86, 87]. It would be interesting and challenging to see how the

analysis of Chapter 3 and Chapter 5 can be extended to derive the a posteriori error

estimates and develop an adaptive meshing procedure for the finite element method.
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[50] M. Feistauer and A. Žeńı̌sek, Finite element solution of nonlinear elliptic

problems, Numer. Math., 50 (1987), pp. 451–475.

[51] H. Feng and L. J. Shen, The finite element method for semilinear parabolic

equations with discontinuous coefficients, J. Comput. Math., (1999), pp. 191–198.

[52] W. Feng, X. He, Y. Lin, and X. Zhang, Immersed finite element method

for interface problems with algebraic multigrid solver, Communications Comput.

Phys., 15 (2014), pp. 1045–1067.

[53] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of

Second Order, Springer-Verlag, Berlin-New York, 1977.

[54] V. Girault and P.-A. Raviart, Finite Element Methods for Navier-Stokes

Equations, vol. 5, Springer Series in Computational Mathematics, Springer-Verlag,

Berlin, 1986.

[55] Y. Gong, B. Li, and Z. Li, Immersed-interface finite-element methods for

elliptic interface problems with nonhomogeneous jump conditions, SIAM J. Numer.

Anal., 46 (2008), pp. 472–495.

[56] P. Grisvard, Elliptic Problems in Nonsmooth Domains, vol. 24, Monographs

and Studies in Mathematics, Pitman, Boston, MA, 1985.

[57] R. Guo, A linear immersed finite element space defined by actual interface curve

on triangular meshes, thesis Virginia Tech, (2017).

[58] , Solving parabolic moving interface problems with dynamical immersed spaces

on unfitted meshes: Fully discrete analysis, SIAM J. Numer. Anal., 59 (2021),

pp. 797–828.

[59] R. Guo, T. Lin, and X. Zhang, Nonconforming immersed finite element spaces

for elliptic interface problems, Comput. Math. Appl., 75 (2018), pp. 2002–2016.

[60] J. Guzmán, M. Sánchez, and M. Sakis, On the accuracy of finite element ap-

proximation to a class of interface problems, Math. Comput., 85 (2016), pp. 2071–

2098.

[61] W. Hackbusch, Elliptic Differential Equations, vol. 18, Springer Series in Com-

putational Mathematics, Springer-Verlag, Berlin, 1992.

[62] A. Hansbo and P. Hansbo, An unfitted finite element method, based on

nitsche’s method, for elliptic interface problems, Comput. Methods Appl. Mech.

Egnrg., 191 (2002), pp. 5537–5552.

[63] G. H. Hardy, J. E. Littlewood, and G. Pólya, Inequalities, Cambridge
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