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Abstract

The main objective of this thesis is to study adaptive finite element methods (AFEMs) for
parabolic interface problems in a bounded convex polygonal domain in R?. Interface problems
arise in a wide variety of applications in science and engineering such as material sciences
and fluid dynamics when two or more distinct materials or fluids with different conductivities
or densities or diffusions are interacting across the interface. Due to the discontinuity of the
coefficients along the interface, the analytic solutions are rarely available for the interface
problems. Therefore, the numerical approximation is the only way to proceed with such
problems. Even if the solution is smooth in each individual subdomain, the global regularity
of the solution of such problem is very low. As a result, it is very challenging to achieve higher
order accuracy in the finite element method (FEM). Therefore, much attention has been paid in
the recent years to the study both theory and numerics of time-dependent interface problems.
It is known that AFEMs are widely used numerical techniques to enhance the accuracy and
efficiency of the finite element method. The key to the success of AFEMs relies on the a
posteriori error analysis, which provides error indicators for the design of adaptive algorithms.
The adaptive method reduces the computational efforts and ensures higher density nodes in a

particular area of the given domain where the solution is very difficult to approximate.

This thesis investigates a posteriori error analysis and develop adaptive algorithms for
various FEMSs for solving parabolic interface problems. More precisely, AFEMs for the con-
forming FEM, non-conforming FEM, immersed FEM, non-conforming immersed FEM for
linear parabolic interface problems have been analyzed. Lastly, an extension to the semilinear
parabolic interface problem using the conforming finite element method is considered and ana-
lyzed. For all these methods, new error indicators are introduced and adaptive algorithms are
presented. Our first problem focuses on the linear parabolic interface problems with nonzero
flux jump across the interface using conforming finite elements. A residual-based a posteriori
error estimate for the fully discrete approximation is considered and analyzed. Both global
upper and local lower bounds for the error are derived. Among the crucial technical tools
used in the analysis include the Cauchy-Schwarz inequality, the approximation properties of
the Clément interpolation operator, the properties of bubble functions, and energy arguments.

An adaptive space-time algorithm is presented using the derived error indicators. Numerical

X
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results are displayed to study the performance of the error estimators. Our next attempt is to
investigate an adaptive immersed finite element method for parabolic interface problems with
nonzero flux jump. The interface is assumed to be smooth, and the finite element meshes do
not lie on the interface. We derive both upper and lower bounds for the error using energy
arguments. A space-time adaptive algorithm is provided and supportive numerical results
are presented. Our next focus is on residual-based a posteriori error estimation for noncon-
forming finite element approximation to the parabolic interface problem. The reliability of
the estimator is analyzed without using the Helmholtz decomposition. We derive both upper
and lower bounds for the error. The representation of the error equation, the approximation
properties of the modified Clément interpolation operator, the trace inequality, and energy
arguments are key ingredients used in the analysis. Numerical results are presented to demon-
strate the behavior of the derived estimators. Next, we turn our attention to the a posteriori
error analysis and adaptive mesh refinement for the parabolic interface problem using noncon-
forming immersed finite element method. The residual-based a posteriori error estimates are
derived using energy arguments. Both upper and lower bounds for the error are established.

A space-time adaptive algorithm is proposed and numerical results are provided.

Finally, we extend our analysis for the linear case to treat the semi-linear parabolic interface
problems. The residual-based a posteriori error analysis for the fully discrete backward Euler
method is presented. Our strategy is to avoid solving the nonlinear system by considering a
modified linearized fully discrete scheme. The properties of the Clément interpolation operator
and energy arguments are used to derive an upper bound for the a posteriori error. The bubble
function technique is used to derive a posteriori lower bound for the error. A space-time
adaptive algorithm is presented using the derived estimators. Numerical results are provided

to illustrate the behavior of the derived estimators.
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Introduction

The adaptive finite element method (AFEM) is a fundamental and attractive strategy
in modern computational science and engineering to approximate the solution of a par-
tial differential equation (PDE). The main purpose of this thesis is to study AFEMs
for solving parabolic interface problems (PIPs). More explicitly, a posteriori error anal-
ysis and adaptive algorithms for conforming finite element method, followed by con-
forming immersed finite element (IFE) method, non-conforming finite element method,
non-conforming IFE method for linear PIPs and conforming finite element method for
semilinear PIPs are considered and analyzed in the thesis. This chapter introduces the
model problems, some necessary notations, and preliminary materials for subsequent
use in this dissertation. It also entails a brief survey of the relevant literature and the
motivational background for the present work. The organization of the thesis is outlined

in the last section of this chapter.

1.1 The Model Equation

Interface problems are often referred as differential equations with discontinuous
coefficients. The discontinuity of the coefficients occurs when the medium consists of
two or more different materials. A typical example of an interface problem is the heat
equation in two different materials with varying heat conductivities. In this section, we

briefly discuss the model equations to be considered in this thesis.
Let € be a bounded convex polygon in R? with Lipschitz boundary 0. Further, let

Q1 C Q be an open domain with boundary I' = 90Q2; C Q. The interface I' divides the
domain ) into two subdomains € and Qy = Q\€;. We consider the following linear
PIPs of the form

(1.1) % — V- (B(x)Vu) = f(z,t) in Qr
1
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CHAPTER 1. Introduction 2

with the given initial and boundary conditions
(1.2) u(z,0) =up(x) in ; w=0 on I

and jump conditions across the interface I'

(13) =0, [35%] =gt

where Qr = Q x (0,7] and 9Qp = 0Q x [0,T], T" < co. Here the symbol [v] denotes
the jump of a quantity v across the interface I, i.e., [v](z) = v1(z) — vo(z), 2 € T’ with
vi(z) = v(z)

V denotes the spatial gradient. Further, we assume that the discontinuous coefficient [

a;, ¢ = 1,2; n denotes the unit outward normal to the boundary 0€}; and

is positive and piecewise constant on each subdomain, i.e.,
B(x)=p; for x € Qi=1,2.

The forcing term f(z,t), the initial function ug(x) and the flux jump g(z,t) are real
valued functions and the regularity requirement on these functions to be specified later.
In this thesis, for some problems, we assume the interface I' either to be of the polygonal
type (see, Figure [l.I(a)) or class C? (see, Figure [L.1[b)), and the forcing term f is a

nonlinear function.
Interface problems occur in many applications such as fluid dynamics, electrody-

namics, material sciences, solid mechanics, bio-medical and chemical engineering and
so on. The study of PIPs is motivated by the models of heat conduction in different
material conductivity [71], heat-mass transfer problem [69], viscoplasticity and plastic-
ity with hardening as well as perfect plasticity [25], transport of a dissolved species
in two-phase incompressible flow problems [92], eddy current in electromagnetic field

theory [7, 80, 81, water flow in porous media with a source at the interface [82], elec-

trokinetic flows [19] and references therein. Moreover, in [92], the case [u] = 0 and
[ g—z] = 0 models the transport of a dissolved species in two-phase incompressible flow

problems. The existence and uniqueness of the solutions for the elliptic and parabolic
interface problems are inspected by numerous authors, see Babuska [8], Chen and Zou
[32], Gilberg and Trudinger [53], Girault and Raviart [54], Hackbusch [61], Kellogg [70]
and references therein. Further, we refer to Ladyzenskaja [71] and Lumer and Weis [80]

for the existence and uniqueness results for general interface problems.
Due to the discontinuity of the coefficient 3 along the interface I', the solution w

usually has a low global regularity even if the coefficients are smooth in each subdomain.

Because of the low global regularity of the solution, it is very challenging to achieve
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al S

Q Q
(a) (b)

Figure 1.1: Domain €, its subdomains €21, {2, and interface I'.

higher-order accuracy by finite element methods. AFEMs are the best suited for these
kinds of problems for accuracy enhancement, and their theoretical and computational
studies have paid much attention to time-dependent problems. Since the AFEM is
based on the a posteriori error estimates, therefore, it has become very interesting
and challenging to study a posteriori error analysis for interface problems. Therefore,
an attempt has been made in this thesis to investigate a posteriori error analysis and
adaptive meshing procedure using various space-time discretization for the PIPs. The
adaptive meshing procedure technique initiates a high mesh generation only around the
interface where it is needed whereas generates coarse mesh where the solution is smooth

enough.

1.2 Notations and Preliminaries

In this section, we shall introduce some standard notations and recall some useful
inequalities which will be frequently used in this thesis. All functions considered here
are real valued. For this purpose, we assume that € is a polygonal domain in R?

with boundary 09Q. Let x = (21,22, ...,x4) be a d-tuple with dz := dxidz, ... dzy. Let
d

a = (ag,as,...,aq), where a; > 0,7 =1,...,d, are integers and we denote |a| := Zai.

i=1
Then, the |a|™ order partial derivatives of v defined on (2 is denoted by D®v and is given
by

dlely

D%y := :
Ox{toxs? ... 0xy?
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CHAPTER 1. Introduction 4

The support of a function v on €2 is denoted by supp v and is defined by

supp v := {z € Q : v(z) # 0}.

Thus, we say that v has a compact support in €2 if supp v is a compact set in €.

Now we introduce the following well-known function spaces for frequently use in our
analysis. For any integer m > 0, let C™(€2) denote the space of m times continuously
differentiable functions on Q. Let Ci*(Q) be the space of all C™(f2) functions with
compact support in © and let C§°(2) denote the space of all infinitely differentiable

functions with compact support in 2.
For a Lebesgue measurable set 2 C R? and 1 < p < oo, the Lebesgue space LP(Q)

denotes the linear space of equivalence classes of measurable functions v on {2 such that

||| £r () < 00, where

1
lolley = ([ W@Pds)’s 1<p<c
Q
V]| o) = ess sug\v(a:)|<oo, p = 0.
TE

In particular, when p = 2, L?(2) denotes the Hilbert space with respect to the norm
induced by the inner product (v, w) = [, v(x)w(z)dz.

We now introduce the notations of Sobolev spaces. Let m be a positive integer and
1 < p < oo. The Sobolev space W™P(Q) is defined as a linear spaces of functions
(or equivalence class of functions) in LP(2) such that all distributional derivatives upto

order m are also in LP(Q), i.e.,
Wme(Q) = {v € IP(Q) | D € LP(Q) for all 0 < |a] < m}

with norms

D=

[v]lwma ) = ( D HD“UHP> , 1<p<oo,

0<]|a|<m

and

[0][wmeoe (o) = MaxXo<iaj<m [[D]],  p = oo.
For p = 2, the space W™?(Q) is denoted by H™ () with the norm || - |[yme2@q) =
I 1m0y and the semi-norm |- |ym20) = | - |m (o). Clearly, for m =0, L*(Q) = H*(Q)

and || - [|z2) = || - | mo(@)-
The Sobolev space H™(f2) is a Hilbert space with the norm induced by the inner

product defined by

(v, W) = Z /Do‘vDaw Yo, w e H™().
Q

0<lal<m
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The space H*(2) is also defined as the closure of C§°(€2) in the H™-norm. In addition,
let H3(Q) be a subspace of H'(2) whose elements vanish on the boundary 9% of Q,

where the boundary values are to be interpreted in the sense of traceﬂ
In the subsequent chapters, we shall also use the following spaces. For a given Banach

space B and 1 < p < oo, we define the standard Bochner spaces LP(0,T;B) as
T
LP(0,7;B) = {fu :(0,7) — B |ov(t) € Bforae. .t e (0,7T) and/ lv(®)|I5dt < oo}
0

equipped with the norms
T 1
loleorm = (Jo lv@Ilhdt)",  1<p<oo,

[v]lz07:8) 7= es8 suPreqor) lv(t)[|B < 00, p = oo.

Further, the space H'(0,7; B) consists of all measurable functions v : (0,7) — B

for which

el oz = (7 {0 + 1613 Ja) < oo

For more detailed discussion on Sobolev spaces, one may refer to Adams [I], Adams and

Fourier [2], Dautray and Lions [39] and Grisvard [56].
Some useful inequalities. We recall the following well known inequalities from
Hardy et al. [63].
Young’s inequality: If a,b are non-negative integer and € > 0, then
a’>  el?

< &4
W=o T

Holder’s inequality: Let p > 1 and ¢ be such that }—17 +% = 1. Then, for any numbers
ai,bi GR,Z': 1,2,...,d,

ilaibil < (iai”);<zd:bﬂ);.

i=1 i=1 i=1
In particular, for p = ¢ = 2, the above inequality is known as Cauchy-Schwarz inequality
in R%.

In terms of integral form, the Holder’s inequality is stated as follows:
Let 1 < p,q < oo be such that ]% + % = 1. Let v,w : 2 — R be Lebesgue measurable
functions. Then

lvwl[zr ) < |vlle@llw] e

!The trace is a continuous bounded linear operator v : H*(Q) — L?(99Q) with v(u) = ul,.

TH-2911_136123010



CHAPTER 1. Introduction 6

In particular, for p = ¢ = 2, the above inequality is known as the Cauchy-Schwarz

inequality in the integral form which will be used frequently.
Weak formulation of the problem. For the purpose of finite element approx-

imation, we first write the weak formulation of the problem ({1.1)-(1.3) which may be
stated as follows : For ¢t € (0,7), find u(t) € H}(2) such that

(14 (%4.6) +atwe) = (f.0)+(9.0) Vo HYQ),
u(0) = up,

where the bilinear form a(-,-) : H} () x H}(Q) — R is defined by
a(v,w) = (BVv, Vw) VYou,w € Hy ()

and (-,-) denotes the scalar product for the space L?(T"). Further, we assume that
the bilinear form a(-,-) is continuous and coercive on H} (), i.e., there exist constants

g,y > 0 such that

(1.5) la(v, w)| < a0||v||H1(Q)||w||H1(Q) Yo, w € HS(Q),
and
(1.6) a(v,v) > 041||UH%{1(Q) Vv € Hy(S).

1.3 Background and Motivation

This section describes a brief account of the relevant literature pertaining to the the-
ory and numerics of the interface problems and explains the motivation of the present
study. Interface problems arise in a wide variety of applications in science and engineer-
ing such as material sciences and fluid dynamics when two or more distinct materials
or fluids with different conductivities or densities or diffusions are interacting across
the interface. Due to the discontinuity of the coefficients along the interface, the ana-
lytic solutions are rarely available for the interface problems. Therefore, the numerical
approximation is the only way to proceed with such problems. There are several numer-
ical methods in the literature designed for interface problems such as finite difference
methods (FDMs), finite element methods (FEMs), and adaptive finite element methods
(AFEMSs). We first give a brief survey of the literature concerning FDMs and FEMs for

elliptic and parabolic interface problems.
FDMs for interface problems. There have been several considerable efforts to

solve interface problems using FDMs, see [0, [15] [67, [72] [73], [76] [79] and the references
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CHAPTER 1. Introduction 7

quoted therein. In [73], LeVeque has introduced an immersed interface method with
second-order accuracy for the elliptic interface problem using a uniform rectangular
grid. Li et al. in [76] have considered an elliptic interface problem in polar coordinates
and transformed the interface problem with a non-smooth or discontinuous solution to
a problem with a smooth solution. Then, a second-order finite difference scheme was
introduced for the elliptic interface problem in polar coordinates. In [79], the authors
have used a first-order finite difference scheme for an elliptic interface problem to control
the boundary conditions across an interface. The resulting linear system is symmetric
and it is the same as the one obtained for the standard Poisson equation in the absence of
interface. Further, this method has been extended to achieve second-order accuracy for
the elliptic interface problem in [67]. Akrivis et al. in [6] has developed an implicit finite
difference scheme for the one-dimensional heat equation with a stationary interface to
obtain second-order accuracy in space and time. The convergence of the finite difference
scheme for two-dimensional PIPs has been studied by Bojovi¢ in [I5]. We refer to [73], [74]

and references cited therein for a detailed discussion on FDMs for interface problems.
FEMs for interface problems. FEM is a very powerful numerical technique for

finding an approximate solution of partial differential equations over a given domain.
The advantage of FEMs is that it can handle easily the complex geometry of the do-
main, non-linear material properties, and general boundary condition and it has a solid
theoretical foundation in contrast to FDMs. The error analysis of FEM is classified into

two types namely, a priori error analysis and a posteriori error analysis.
A priori error analysis: The a priori error analysis of elliptic interface problems has

been first studied by Babuska in [8]. The author of [§] has converted the problem to
an equivalent minimization problem and obtained a sub-optimal order error estimate in
the H'-norm using FEM. Later, it has been studied rigorously by many authors Barrett
and Elliot [12], Bramble and King [16], Chen and Zou [32], Nielsen [85], Cai et al. [21]
and references cited therein. The authors of [12] have derived the convergence of the
finite element solution to the true solution at an optimal rate in both H' and L?-norms
on each subdomain. Subsequently, the authors of [I6] have approximated the smooth
domain by a polygonal domain and transferred the boundary data to the polygonal
boundaries. Then, the discontinuous Galerkin FEM is applied to the perturbed problem
and optimal order accuracy is obtained for rough and smooth boundary data for the
non-homogeneous second-order elliptic interface problems. The authors of [32], [85] have
studied the convergence of FEM with reasonable regularity assumption on the true
solution. In [32], Chen and Zou have proved an almost optimal order of convergence in

both the H! and L?-norms using piecewise linear elements. Whereas the author of [85]
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has shown an optimal order of convergence in the H!-norm for elliptic interface problem
in the presence of arbitrary small ellipticity. The error analysis is carried out with the
assumption that the interface triangles follow exactly the actual interface I'. In [21], Cai
et al. have studied the discontinuous Galerkin FEM for a bounded polygonal domain
in R? and derived a quasi-optimal a priori error estimates under the assumption that
the solutions are only in H'™¢(Q) with € € (0,1). Further, we also refer to [12, [72] for a

priori error estimates of elliptic interface problems and the references quoted therein.
Till now, the literature described above is about the elliptic interface problems. We

now present some relevant literature on the a priori error analysis of parabolic interface
problem (L.I)-(1.3)). The first work in this direction was due to Chen and Zou in [32].
They have studied the fully discrete backward Euler approximation and obtained nearly
optimal order estimates in both the L? and H'-norms with low global regularity of the
solution. Some new a priori estimates of the solutions to the elliptic and parabolic
interface problems have been derived in [68] which explicitly contain the discontinuous
coefficients and the jumps of coefficients across the interface. Subsequently, Sinha and
Deka in [98] have proposed a new isoparametric type of discretizations. They have ana-
lyzed both semi-discrete and fully-discrete backward Euler approximations and obtained
the optimal order of convergence in the L*(H') and L*(L?) norms. The same authors
have extended their work to obtain optimal order of convergence in the L*(H') and

L>(L?)-norms in [101] with piecewise linear elements.
Usually, the standard finite element method for interface problems use the body-

fitted meshes to achieve an optimal or almost optimal convergence (cf. [60, 98| [TOT]).
But it is technically difficult to construct good body-fitted meshes for problems involving
geometrically complicated interfaces. To overcome this difficulty, a new finite element
method known as immersed finite element (IFE) method was introduced first in [75].
The basic idea of the IFE method is to modify the basis functions which satisfy the
natural jump conditions across the interface. The details regarding IFE method for
elliptic and parabolic interface problems, we refer to [12] [16, 55 58, 59, 62, 64 [72] [74]

77, (78, 99, 109, 111] and the references cited therein.
Next, we turn our attention to the semilinear PIPs in the a priori framework, i.e.,

when the forcing term f of (1.1)-(L.3) is a function of z, t and u. The study of the
semilinear interface problem is motivated by modeling of mass transfer of substances
through semipermeable membranes. These problems occur in many applications such
as in chemical and biomedical engineering, e.g., modeling of electrokinetic flows, cellular
signal transduction, and solute dynamics across arterial walls (see [19, 24]). Feng and

Shen in [51] have introduced the existence, uniqueness, and regularity of the solution
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of the semilinear parabolic interface problems. The authors of [I00] have derived an
optimal energy-norm error estimates for both semilinear elliptic and parabolic interface
problems. We refer to [33], 102, 03] and references therein for the finite element error
analysis of semilinear parabolic problems without interface whereas to Jovanovi¢ and
Vulkov [69], Peterseim [88], Wei et al. [107] and references quoted therein for further

works on a priori error analysis of interface problems.
In a priori error analysis we derive an error bound of the form

(1.7) |lu — Uplly < C(u,data)h’,

where u is the exact solution of the problem and Uy, be its finite element approximation.
In the above, C(u,data) is a positive constant depends on the exact solution u and
given data, h denotes the maximum mesh size, » measures the order of convergence of
approximation of the exact solution by its finite element solution and || - ||, denotes a
specified norm. In general, the estimate is not realistic because the exact solution is
unknown for most of the problems. Moreover, the estimate provides the asymptotic
rates of convergence as the mesh size h — 0. As the right-hand side can be estimated
prior to computing Uy, the error analysis is called a prior: error analysis. Further, we
observe that a priori error estimate does not provide quantitative information about the
size of the actual error which brings to a new error estimation technique to quantify the

error known as a posteriori error estimation technique.
A posteriori error analysis. An a posteriori error analysis leads to a bound for the

error in terms of the finite element solution U}, data of the given problem and the mesh
parameter h, i.e.,
lw = Usnlly < n(Up,data)h’”,

where the estimator n(Uj, data)h” is a computable quantity which reduces with optimal
order with respect to the mesh parameter h. The main concept of a posteriori error anal-
ysis is to provide techniques for the automatic choice of discretization leading to efficient
approximation algorithms. In recent years, this technique attracts many researchers be-
cause of its ability to control the error in the quantity with physical interest. Basically,
a posteriori error estimation is an essential tool for the design of adaptive algorithms to
control and minimize the error. Many researchers have proposed and analyzed a variety
of different a posteriori error estimates for parabolic problems such as residual-based,
recovery-based and hierarchic bases error estimators. In residual-based error estimates,
various residual quantities such as element and jump residuals are used to bound the
error. Whereas in recovery-based error estimates, a gradient recovery (postprocessing)

operator is applied to the finite element solution and compared with the gradient of the
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exact solution to estimate the error. Also, a posteriori error estimates have been derived
based on the use of hierarchic bases or equilibrated residuals. In this thesis, we shall

consider only residual-based a posteriori error estimates.
We now present a brief survey of literature concerning a posteriori error analysis

for elliptic and parabolic PDEs. The research on a posteriori error analysis for FEMs
for one-dimensional elliptic boundary value problems dates back to late 1970’s. The
pioneering work of Babusska and Rheinboldt [9] was devoted to a posteriori error es-
timation technique. In particular, we refer to Babuska and Rheinboldt [10], Eriksson
and Jhonson [46], Dérfler and Rumpf [45], Verfirth [I05] 106], Bernardi and Verfiirth
[13], Ainsworth and Oden [5], Rannachar [91], Berrone [14], Cai et al. [21] and refer-
ences cited therein. The first significant work towards the a posteriori error analysis
of the parabolic problem has been provided by Eriksson and Jhonson in [47], 48| 49].
The authors have used the analysis of linear dual problems of the corresponding error
equations to derive the a posteriori error estimates. These a posteriori error estimates
require H? regularity assumption on the associated elliptic operator. Without using this
regularity assumption, Picasso in [90] has derived an a posteriori error estimate using
energy method. The energy method is a more adaptable technique for the finite element
error analysis because it is directly based on the variational formulation of the problem.
More importantly, the energy method applies to less regular solutions than the duality
method whereas the latter yields a better rate in the case of regular solutions. Verfiirth
in [106] has demonstrated optimal order estimate in the L?(H"')-norm and sub-optimal
estimate in the L°°(L?)-norm for parabolic problem by using the energy argument. The
authors of [I3] have derived the a posteriori error bounds in the H'-norm for elliptic
interface problems. Berrone in [14] has investigated a residual-based a posteriori error
estimate for the PIPs. The authors of [21] have used discontinuous Galerkin method to
study both the residual and recovery-based a posteriori error estimates for elliptic inter-
face problems. Recently, Sen Gupta and Sinha in [96, 7] have studied a posteriori error
analysis for the linear PIPs. The authors have considered the problem on a polygonal
subdomain of the domain 2 and derived a posteriori upper bound in the L*(L?)-norm

using elliptic reconstruction approach.
AFEMs for interface problems. AFEMs for the numerical solution of PDEs have

been active research themes in the past decades. They are indispensable while solving a
particularly challenging class of problems having low regularity solution. An a posterior:
error estimate provides important feedback for the design of adaptive algorithms. AFEM
reduces the computational efforts and ensures higher density of nodes in a certain area

of the given domain where the solution is very difficult to approximate. If further
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refinement is implemented then a posteriori error estimator is used as a guide to show
how the refinement might accomplish most efficiently. In recent years, the AFEM has
attracted many researchers to solve interface problems because it is able to control the

error in the quantity of physical interest.
The main objective of this thesis to study AFEMs for the PIPs of the form (1.1])-(1.3)).

To start with, we now present a brief account of the literature concerning the AFEM
for elliptic and parabolic problems. The pioneering work of Babuska and Rheinboldt
[11] has provided an adaptive meshing procedure for the FEM based on the a posteriori
error estimates. There are several kinds of literature on AFEMs available for elliptic and
parabolic problems. We refer to Picasso [90], Verfiirth [I06], Chen and Feng [29] for the
a posteriori error analysis and adaptive mesh refinement technique of parabolic problem
using energy argument. In [90], Picasso has derived an optimal order residual-based
a posteriori error estimate in the L?(H')-norm. Chen and Feng [29] have studied an
AFEM for a linear parabolic problem and derived both a global upper and local lower
bounds for the error using the energy method. They have proved the convergence of the
adaptive algorithm that reduces the error indicators below any given tolerance in a finite
number of iteration steps. Nicaise and Soualem [84] have considered nonconforming
finite element approximation of the heat equation and derived a posteriori error bounds
for the error, where the spatial residual error indicator is based on the jumps of normal
and tangential derivatives of the nonconforming approximation and a time residual
indicator is based on the jump of broken gradients at each time step. Recently, Chen et
al. in [30] have derived a posteriorierror estimates based on the adaptive immersed finite
element method for parabolic problems in time-variable domains. For AFEMs based on
energy argument for nonlinear partial differential equations arising from physical and
industrial processes, one may refer to the work of Morin, Nochetto, and Seibert [83] and

their references.
We now turn our attention to present a state-of-art of the current research on AFEM

for elliptic and parabolic interface problems. The research on a psoteriori error estimates
and adaptive strategies for elliptic interface problems have been investigated by numer-
ous authors [22, 23], 28], 31, 94] and references cited therein. In [94], Schmidt and Siebert
have derived a posteriori error estimates and developed an adaptive algorithm for ellip-
tic interface problems. The authors of [28] have derived both upper and lower bounds
for linear elliptic problems with discontinuous coefficients and presented adaptive algo-
rithms. Cai and Zhang in [22] have introduced a new recovery-based a posteriori error
bounds for the conforming linear finite element approximation to the elliptic interface

problems. Eventually, the same author in [23] have derived robust residual and recovery-
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based a posteriori error estimates for interface problems with flux jump [ %] =g. In

particular, the adaptive immersed finite element method for elliptic interface problems
can be found in Chen et al. [3I]. Based on the idea of [28] an adaptive algorithm is

presented in [31].

Though several adaptive strategies have been proposed in the context of both elliptic
and parabolic non-interface problems and elliptic interface problems, the literature seems
lack concerning AFEM for PIPs. In the context of PIPs, Berrone has investigated
a residual-based a posteriori error estimates for PIPs in [I4]. Assuming the quasi-
monotonicity condition on the diffusion coefficients both upper and lower bounds are
derived in the L?(H')-norm. Further, the author has used the idea of a bubble function
technique to derive the lower bound. Our first problem in this thesis is to investigate
an AFEM for PIPs with nonhomogeneous flux jump. More explicitly, an attempt has
been made to extend the work of [29] from linear parabolic problems to PIPs with
[ g—;ﬂ = g(z,t), where g # 0 across the interface. We have used the continuous,
piecewise linear functions for the approximation of the spatial variable, whereas an
implicit backward Euler method is considered for the time discretization. Both upper
and lower bounds for the error to the problem — are derived. Some new error
indicators are introduced and the global upper bound (Theorem is derived in
terms of the estimators which contains the time error indicator 1., the space error
indicator 17 e, (S8, ) and data approximation errors. Further, a lower bound
(Theorem for the local error in terms of the space error indicator is established
using the coarsening strategy of [29]. A space-time adaptive algorithm (Algorithm [2.4.1])
is provided using these estimators based on the error equidistribution strategy which
reduces the error indicators below any given tolerance within a finite number of steps.
The refinement procedure includes both the space and time-step size modifications for
the adaptive algorithm. Numerical experiments are provided to support our theoretical

results.
The second problem of this thesis deals with an adaptive immersed finite element

method (AIFEM) for the approximation of PIP (L.1)-(L.3). The proposed method is
based on the residual-based a posteriori error estimates. The main advantage of the IFE
method is that it can use interface independent meshes and hence structured or even
cartesian meshes can be used to solve problems with nontrivial interface geometry. The
relevant literature in this direction can be found in Chen, Xiao and Zhang [31], Chen,
Wu and Xiao [30] and the references cited therein. In [31], Chen et al. have proposed an
AIFEM for elliptic and Maxwell interface problems with singularity, where the interface
is assumed to be of arbitrary shape. They have extended the idea of AFEM of [9]. The
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authors of [30] have worked on ATFEM for parabolic problems in time-variable domains.
To the best of the author’s knowledge there seems to be no literature on AIFEM for
PIPs. In the second problem, we generalize the work of [3I] to the time dependent
interface problems. More precisely, we investigate an AIFEM for PIPs with nonzero
flux jump. We assume that the interface is independent of time and the finite element
mesh whose vertices do not necessarily lie on the interface. Both a global upper bound
(Theorem and a local lower bound (Theorem for the error to the problem
- are established using energy method. An adaptive algorithm is provided
and a numerical experiment is presented to demonstrate the behavior of the adaptive

algorithm for the proposed method.
Our next objective is to study a residual-based a posterior: error estimation for

nonconforming finite element approximation to the PIP —. The research works
on a posteriori error estimation using nonconforming finite element have been extensively
analyzed by Anisworth [4], Cai et al.[20], Cai and Zhang [22], Dari et al.[37, 38] and
Schieweck [93]. The Helmholtz decomposition is a necessary tool for obtaining the
reliability bound for the nonconforming elements. Ainsworth [4] has constructed an
equilibrated estimator without Clément type interpolation and observed that the error
bounds depend on the diffusion coefficients. Due to the lack of the error equation, Dari
et al. in [38] have investigated the reliable bound for the residual-based error estimate
for the Poisson equation through Helmholtz decomposition of the true error. There
are several interesting research work [60, 93] that approached differently despite using
Helmholtz decomposition in the nonconforming finite element analysis. The authors
of [20] have derived the reliability of the estimators for the elliptic interface problems
by a new and direct approach without using Helmholtz decomposition and the quasi-
monotone assumption. A posteriori error estimates for a nonconforming finite element
discretization of the heat equation (for non-interface) has been investigated by Nicaise
and Soualem in [84] and derived the efficiency and reliable bounds for the error using
Helmholtz decomposition. We wish to emphasize the fact that the degrees of freedom
for the conforming linear element is the nodal values at vertices of triangles. However,
for the nonconforming linear element, the degrees of freedom are nodal values at the
middle points of edges of triangles and that each middle point is shared by at most two
triangles, which is a key advantage for the nonconforming linear element for AFEM. It
is also possible to construct a modified Clément-type interpolation satisfying the desired

properties without the quasi-monotonicity assumption.
In this context, though there are several works on a posteriori error estimation

for nonconforming finite element approximation for both elliptic interface problems and
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parabolic problems, but a lack of interest has been seen for the PIPs. Therefore, an effort
has been made in this thesis to extend the analysis of [20] for elliptic interface problem
to a linear PIP (L.1)-(1.3) using nonconforming finite elements. Our analysis does not
involve the Helmholtz decomposition while analyzing the reliability of the estimator.
The constant involved in the estimators are independent of the jump of the diffusion
coefficient across the interface, and the quasi-monotonicity assumption on the diffusion
coefficient is relaxed. The reliability bound of the estimator consists of the element
residual, the edge flux jump, and the edge solution jump. We derive both a global upper
bound (Theorem and a local lower bound (Theorem for the error. The key
technical tools used in deriving the upper bound include the representation of the error
equation (Lemma [£.3.2), Lemma and Lemma [4.3.4 The local efficiency bound
is established using the coarsening strategy of Chen and Feng [29] and it is uniformly
with respect to the jump of the diffusion coefficient. Numerical results illustrating the

behavior of the estimators are provided.
Our next aim is to study a posteriori error estimation and adaptive mesh refinement

for the problem — using non-conforming IFE method. The basic idea of the IFE
method is to locally modify basis functions on interface triangles to fit the interface jump
condition . The finite element mesh and local mesh refinement do not need to fit the
interface. Wu et al. in [I08] have proposed an adaptive mesh refinement technique for
elliptic interface problems using the nonconforming IFE method. Therefore, motivated
by the discussion in [13] and Wu et al.[108], we generalize the adaptive mesh refinement
technique of elliptic interface problems to the PIPs — using nonconforming IFE
methods. New error indicators — are provided to control the error due to
non-body fitted mesh. For the adaptive mesh refinement procedure, the residual-based
a posteriori error estimates are derived using the energy method. We have established
a residual-based global upper bound (Theorem which is bounded by the element
residual and the jump residual. A lower bound (Theorem for the local error in
terms of the space error indicator is also derived. A space-time adaptive algorithm is

reported for the proposed method.
Finally, we now turn our attention to the study of AFEM for the semilinear PIPs.

The forcing term f(x,t,u) is assumed to satisfy the Lipschitz condition with respect to

the third argument, i.e., there exists a constant C';, > 0 such that
(18) |f({L‘,t, wl) — f(l’,t, w2)| S CL|UJ1 — UJ2| ‘v’wl, Wy € R.

The goal of this work is to extend our AFEM for the linear PIPs to the semilinear

PIPs. To discretize the problem in time we have considered the implicit backward Euler
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approximation and the standard piecewise linear finite elements for the approximation
of the space variable. We have derived a posteriori error estimates based on the energy
argument and an adaptive algorithm for the proposed problem with nonzero flux jump
is constructed. While deriving a posteriori error estimates using the standard finite
element method, the main disadvantage is that one has to solve a nonlinear system of
algebraic equations at each time steps due to the presence of f*(U}') in . To avoid
this difficulty, we consider a linearized modification of the fully discrete approximation
replacing the term f™(U) by f*(U™'). An a posteriori global upper bound
(Theorem as well as local lower bound (Theorem for the error are obtained.
Numerical results are shown to illustrate the performance of the derived estimators. We

refer to the recent work of [95] for a posteriori error estimate for semilinear PIPs.

1.4 Organization of the Thesis

This thesis consists of seven chapters and it is structured as follows.
Chapter 1 introduces the model problem and provides some useful notation and

preliminary materials to be used in this thesis. It also contains a brief survey of the

relevant literature and the motivation for the present study.
Chapter 2 considers an AFEM for the fully discrete finite element approximation for

the linear PIP —. The continuous piecewise linear elements are employed for
the space discretization and the backward Euler scheme is used to approximate the time
derivative. We derive a residual based a posteriori error estimate in the L*(0,T; H'(Q))-
norm using the energy method. Both global upper and local lower bounds for the error
for the problem — are established. Using the derived error indicators an adaptive
algorithm is presented and a numerical example is reported to illustrate the theoretical

analysis.
Chapter 3 is devoted to the AIFEM for the fully discrete finite element approximation

for the linear PIP —. The space-time immersed finite element discretization is
introduced where the finite element mesh does not follow the actual interface. A global
upper bound and a local lower bound for the error in terms of the error indicators are
derived using energy method. Numerical experiments are performed to implement the

proposed adaptive algorithm.
In Chapter 4, we study a residual based AFEM for the problem ([1.1))-(1.3)) using

nonconforming finite elements. We first describe the nonconforming linear finite element
discretization and then derive both upper and lower bounds for the error in terms of the
error indicators. The proposed a posterior: error analysis does not involve the Helmholtz

decomposition while analyzing the reliability of the estimator. A space-time adaptive
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algorithm is prescribed using the derived estimators. Numerical results are provided to

demonstrate the effectiveness of the estimators.
In Chapter 5, we investigate a posteriori error estimation and adaptive mesh refine-

ment for the problem (L.I)-(1.3) using nonconforming IFEs. The nonconforming IFE
discretization is introduced and new error indicators are provided to control the error
due to non-body fitted mesh. The residual-based a posteriori error estimates are de-
rived using energy argument. A global upper bound for the error is estimated using the
energy technique and a lower bound for the error in terms of the local error indicators is
derived. An adaptive algorithm for the proposed method is provided and the numerical

results are presented.
Chapter 6 addresses an AFEM for a semilinear PIP with nonzero flux jump. For the

fully discrete approximation, we have considered the implicit backward Euler approxi-
mation in time and the standard piecewise linear finite elements for the space variable.
Our strategy is to avoid solving the nonlinear system by considering a linearized fully
discrete scheme. The global upper bound for the error is shown to be bounded by
the element residual and interior jump residual whereas a lower bound for the error in
terms of the local error indicator is established. An adaptive algorithm is supplied for
the proposed method. Numerical results are presented to illustrate the performance of

the derived error indicators.
Finally, in Chapter 7, we discuss the critical evaluation of the results provided in

this thesis. This chapter winds up with brief information for the scope of future inves-

tigations.
For clarity of presentation we have repeatedly mentioned the equation ([1.1])-([L.3))

and the relevant preliminary materials at the beginning of each chapter. The pictorial

representation of this thesis is displayed as follows.
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An AFEM for PIPs with Nonzero Flux Jump

In this chapter, we study an AFEM for solving the linear PIPs with nonzero flux jumps
in a two-dimensional convex polygonal domain. We use continuous, piecewise linear
functions for the approximation of the spatial variable whereas the backward Euler
method is employed for the time discretization. An upper bound of the error is derived
in terms of the error indicators. A lower bound for the local error in terms of the space
error indicator is also obtained. We use the energy method to derive these a posterior:
error estimates. An adaptive algorithm is provided using derived error indicators. A

numerical experiment is presented to support the theoretical results.

2.1 Introduction

To begin with, we first recall the following linear parabolic interface problem of the

form:

(2.1) % - V.- (f(x)Vu)=f in Qp,

with prescribed initial and boundary conditions
(2.2) u(z,0) =up(x) in Q;  w=0 on I,

and jump conditions across the interface I'

ou

(23 w=0. [85:] =0

where Qr = Q x (0,7] and 0Qr = 92 x [0,T] with T < oco. Here Q2 is a bounded
convex polygonal domain in R? with Lipschitz boundary 9€2. Further, Q; C € is an
open domain with polygonal boundary 0€2; := I'. The interface I' divides €2 into two
subdomains €, and Qy = Q\;. The symbol [v] is the jump of a quantity v across the

18
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interface I, i.e., [v](z) = vi(z) —ve(z), x € T with v;(x) = v(z)|q,, ¢ = 1,2. The symbol
n denotes the unit outward normal to the boundary 0€2; and V denotes the spatial
gradient. Here u, f and g are real valued functions of x and ¢ only. The initial data ug

is assumed to be smooth and
f € L*0,T; L*(Q)) and g € L*(0,T; L*(T)).

Further, we assume that the discontinuous coefficient 3 is positive and piecewise constant

on each subdomain, i.e.,

B(x) =0y for xe€y; B(x)=py for z €.

As a first step towards finite element approximation of (2.1)-(2.3), we recall the
bilinear form a(-,-) : H3(Q) x Hi(2) — R defined by

a(v,w) = (B(z)Vv,Vw) Yv,w e Hi(Q).

We assume that the bilinear form a(-,-) is continuous and coercive on H}(Q), i.e.,

there exist constants ag, a; > 0 such that

(2.4) la(v, w)| < aollvllm@llwllme Yo, w e Hy(),
(2.5) and  a(v,v) > aljollfn ) Vv € Hy(Q).
Then the weak formulation of (2.1)-(2.3)) is read as follows: Find u : [0,T] — H}(Q2)
such that
ou \
(2.6) (579) +a(wo) = (£.0)+ (9.0 Vo€ HI(Q),

u(0) = wup,

where (-, -)r denotes the scalar product of the space L?(T"). We shall use the notation

(-,-) instead of (-, -)r in the rest of the analysis of this chapter.
For purely parabolic problems, residual-based a posterior: error estimation for the

backward Euler approximation and adaptive refinement procedure have been studied
by Picasso [90], Verfiirth [106], and Chen and Feng [29]. The authors of [90, 106] have
obtained optimal order estimates in the L?(H')-norm and suboptimal order estimates
in the L>®(L?)-norm. In [29], the authors have proved that the adaptive iteration in
each single time step terminates within finitely many iterations and the space-time
error is always bounded by the given tolerance. The authors of [29, 90, 106] have used

the energy method to derive a posteriori error estimates. For parabolic problems with
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discontinuous coefficients, Berrone [14] has derived upper and lower bounds for the error
under some quasi-monotonicity assumption on the diffusion coefficients. Recently, Sen
Gupta and Sinha [96], O7] have established a posteriori upper bound of the error for
parabolic interface problems with homogeneous flux jump. One important ingredient
used in [96, 7] is the elliptic reconstruction technique which is quite similar to the role
played by an elliptic projection operator for recovering optimal a prior: error estimates

for finite element method to parabolic problems.
In this chapter, an attempt has been made to extend the AFEM for linear parabolic

problem to the linear PIP (2.1))-(2.3) with nonzero flux jump. The discretization is done
using adaptive finite elements in space combined with the implicit Euler scheme in time.
The conforming finite element spaces are piecewise linear functions over a simplicial
triangulation of the domain 2. We derive both upper and lower bounds for the error.
The upper bound of the error consists of an indicator for the initial error, indicators for
the temporal error and the spatial error, indicators for the data approximation error,
and the local error indicator. A lower bound for the local error in terms of the space error
indicator is established using the coarsening strategy of Chen and Feng [29]. The space
mesh and time step size adaption are carried out simultaneously to control the error
in the approximation of the problem. The technical tools used in our analysis involve
interpolation approximation properties, Cauchy-Schwarz inequality, Young’s inequality,

properties of bubble function, and energy argument.
The organization of this chapter is as follows. In Section we describe the space-

time finite element discretization for the problem —. A global upper bound and
a local lower bound for the error between the discrete solution and the solution of the
continuous problem is derived in Section [2.3] In Section we present a space-time
adaptive algorithm based on the error equidistribution strategy. Numerical results are
provided to validate the usefulness of the derived estimators in Section 2.5 Finally, we

give some concluding remarks in the last section.

2.2 Space-Time Discretization

In this section, we introduce the space-time finite element discretization of the do-
main for the fully discrete approximation of (2.1])-(2.3)) and the finite element space for

our analysis.
Let {(t,_1,t,)}Y_, be a partition of [0, 7] with N number of subintervals with time-

step size k, = t, — t,_1. At each time level n = 0,1,..., N, let 7™ be a regular
triangulation of the domain 2. We divide the triangulation 7™ into three set of triangles.
At time ¢, let 7" denote the set of interface triangles, and let 7" and 7" be the set of
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non-interface triangles corresponding to 2 and 25, respectively such that 7™\ T =
T UTY, where

Tr o= (KeT": KnT"#0),
T" = {KeT":KCQ} fori=1,2.

We make the following assumptions on the triangulation 7™ (cf. [18, 34]):
(A1) If Ky, Ky € T™ and K7 # K5 then either K1 N Ky = () or K1 N K5 share a common

edge or a common vertex.

(A2) Each triangle K is either in 7;" or in 73" or intersects the interface I' at most two

vertices.

(A3) The triangulations 7" and 7" ! are said to be compatible if one is the local
refinement by admissible refinement procedure of the other and satisfy the shape

regularity condition.

Set Or = Urerr K and hx = diam(K) VK € T™. Let " be the collection of all
interior edges e of the triangle K € 7" with length h.. We now divide £" into three sets
&, &3 and &, where &' denotes the set of all edges belonging to the interface I'* and
&' denotes the set of all edges of triangle K € 7., for i = 1,2. Let ). be the collection

of two triangles sharing the common side e € £".
For 1 <n < N, let S™ denote the finite element space corresponding to the triangu-

lation 7™ and be defined by
S" = {U = Hé(Q) : U|K S Pl(K) VK € Tn}7

where Py (K) is the space of polynomials of degree less than or equal to 1 over K. The
fully discrete approximation of the exact solution wu(t) at t = ¢, in S™ is denoted by
Up. For any continuous function ¢ defined in (¢,_1,t,], let o™ = (-, t,) and @" =
e Lo el t)dt.

To discretize the problem (2.6)), we use the continuous piecewise linear finite element
space for the approximation of spatial variable and the time discretization employs the
backward Euler method. Let Up be the suitable approximation of uy in S° over the
initial mesh 7.

The fully discrete approximation to the weak form (2.6 reads: Given Uy € S, for
1 <n <N, find U} € S" such that

UFCL—U}?_l n m —n n
(27) ]{?—’v +(I(Uh,1)>:(f 7U)+<g 7U> Vv e 5™
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2.3 A Posteriori Error Analysis

This section concerns a posteriori error analysis for the fully discrete approximation
to the problem - . We derive a global upper bound in terms of error indicators

and a local lower bound for the error in terms of the space error indicator.
In the context of the fully discrete case, we will have two residual functions associated

with (2.6), namely the interior residual and the jump residual.
The interior residual R™ is defined as

(2.8) R* = -k YU} -UMY

and the jump residual J' across e € £" is defined as

(29) Jr = [B(x)VU}TLL]e * g, ifec&™ \ 517}7

gn — [ﬂ(l‘)ngL]@ ‘N, if e € gIT‘L7

respectively, where [3(z)VU]. -n, = (B(z)VU! |k, — B(z)VU}|k,) - ne, e = OK1 N OK,
and n, denotes the unit outer normal vector to e points from K5 to /;. Using integration

by parts formula, we have

a(Ul,¢) = Z/v ) VUP qux—Z/J"ans Vo € HL(Q)

KeTn ecEn

(2.10) = —Z/J”gbds Vo € HE ().

ec&n

Following [35], we recall the local interpolation properties for the Clément interpo-

lation operator in the context of a fully discrete approximation.

Lemma 2.3.1. Let I1" : H}(Q) — S™ be the Clément interpolation operator. Then, for
¢ € HY (), we have

(2.11) |6 — "¢l 2(ry + hl| V(0 —11") [l 2(k) < CraihxlI VOl 2wy,
1
(2.12) ¢ = 1I"9||12) < CrahéIVollr2n),

where wg and w, denote the patch of triangles and edges in T, respectively. Here the

constants Cr1,Cro depend only on the minimum angle of the mesh T", n=1,..., N.
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2.3.1 An Upper Bound

To derive an a posteriori upper bound, we first introduce the following notations. For
any time t € (t,_1,t,), let Uy, : [0, T] — H}(Q) be a continuous piecewise linear approx-

imation in time of u(t) defined by
(2.13) Un(t) = LU + L, () U, 1<n<N,

where [,,(t) and [,_1(t) are the Lagrange hat functions given by

1 —=T,_ t, — 1
() = — Loand [, ((t) = L fort € (ta ).

Now, we prove the main result of this chapter in the following theorem.

Theorem 2.3.1. Let u be the exact solution of - and let Uy, be its approxima-
tion defined by . Then, there exists a constant C' > 0 such that for 1 < m < N,

we have

tn

1 m m a — n
™ = Utlia) + > e = Uplligdt < lluo — Ul 7o)+ Y kil time
n=1 n=1

tn—1

m m tn 2
+ Czknn?,space+4<2/ ||f—f”||L2(Q>dt)
n=1 n=1"tn-1
m tn 2
(2.14) - 4(2/ ||9—§"|!L2<r>dt> :

n=1Ytn-1

where the constant C' depends on the minimum angle of meshes T, n=1,2,...,m, and
the coefficient B(x); and the time error indicator 0y .. and the space error indicator

M space ATE GIVET by
n 1 n n—1]|2 n n
(215) M, time = §|||Uh - Uh |||Q? M, space — Z M.e
ecEn

with the local error indicator 17, is defined as

n 1 mn n =N
(2.16) Me = 3 Z Wl R Ty + Pell I8 720y + Pell 3" 1720 -

KeQe

Proof. For any ¢ € H}(2) and v € S™, we have from (2.7)

n _ yrn—1 B
(2.17) (% ¢>) +a(U7,6) = (7" 6) + (g",0) — (R0~ v) + a(U}, 6 — v).
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Using ([2.6)), (2.13)) and (2.17)), for all ¢ € (¢,_1,t,] and v € S™, we find that

(awa_tUh)’@b)*“(“—Uﬁ,czﬁ) = (=) +{g.0) — (3" )

+ (Rn,¢—’U)—CL(U}?,¢—’U).

Substituting ¢ = u — Uy, € H} () and v = I1"¢ € S™ in the above equation, we obtain

1d 1 . 1
5ol = UaliZagay + 5l = ULl + S lllu — Uil

= SO~ U1+ (= P — U g, (a = Un)) = (57, 10" (u — U3)

(218) 4 (R", (u=Uy) —I"(w—Up))+ Y [ Jo((u—Up) = II"(u— Uy))ds,

ecEn v €

where we have used the identity
n 1 n|||2 1 2 1 n|||2
(= Upu=U3) = il = URIE + 5l = Uil — 5110 ~ U711,

Now integrating (2.18) in time ¢ from 0 to t., for any t. € (tm_1,tm| With t, A t, =

min(t,, t.), we have

1 1 m tnAtx .
= Uy + 5 D0 [ (ko= VI + = Ui2)
n=1

tn—1

= 3llt0~ 0l +§i/ 1~ U;?|||?zdt+§/t::(f— F = Uy) dt
+§: /jn ($9, (w=Tn)) = (9", 11" (u = Un))) dt
=
+i /tt" (R", (u—Up) =" (u—Upy))dt
=
+f ) > /Jé‘((u —Up) —II"(u— Uy)) dsdt
n=1"In-1 cegn ’¢

1
(2.19) := EHUO — Uty + L+ L+ L+ I+ I

Now we need to estimate the terms I;,7 = 1,...,5 separately. For I, using (2.13) we

have
L os [ by —tN2,
no= > [ () o o
2n:l tn—1 kn
Te=Fnfon v I, .
(2.20) = §Z§|I|Uh - Uy llg =§anm,ﬁme'
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For I5, an application of the Cauchy-Schwarz inequality yields

m tn -
L < Y 1f = "2 @llu — Unll 2o dt
n=1"tn-1
1 i i
2 rm
221) < g o= Uil +2( 3 [0 = Pl at )
- n=1"tn-1

Again, we use the Cauchy-Schwarz inequality for the term I3 to have

m tn
Iy < Z/ (g — ", (u—Uy))| dt
n=1Ytn-1

B30 N fa t)= — O

tn—1
m tn
<3 / 19 — 3%l — U 2oyt
n=1"tn—-1
m tn
(2.22) 3 S 15 el Un) = TG — U)oyt
n=1Ytn-1 ecEp

Application of Young’s inequality to the first term and the Clément approximation
property (2.12) to the second term of right hand side of ([2.22) yields

2
m tn . 1
I < 2(21 [ o= Hmdt> * 502 Il = Unllzey

tn—1
m tn 1
(2.23) Tar Z/ > 27" 2 IV (w = Un)ll 2w, dt.
n=1"tn-1ecen

For I, and I5, using the Cauchy-Schwarz inequality and (2.11))-(2.12)) we obtain

in

I <y D IR 2ol (e = Un) = T (u = Up) |2y dt
n=1

-1 KeTn
m tn
(2.24) < 01,12/ > il R o)1V (u — Un) | 2o dt
n=1"tn-1 geTn
and
m tn
g Y [ S el - U) = 10" = U)o
n=1"tn-1 ccgn
(2.25) < CI,QZ/ D BT N2 1V (= Un) 2oy dt.
n=1"tn-1¢ecgn
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Together all the above estimates (2.20))-(2.25)) and (2.19), we have
1 1 m tnAts
n|||2 2
S = Un)(E) ) + 52/ (11l = U311 + Il = U1 )

1 0112 1 = n 1 2
< §HU0 — U720 + B ; Kl time + 1 oA flu = Unllz2(0)

m tn 2 m tn 2
+ 2(2/ If = fn||L2(Q)d7f> +2<Z/ lg —9n||L2(r)dt>
n=1 tn—1 n=1 tn—1

+ Z/ (CZ< > hl R e +he||J§||%2<e)+he|\§”||iz<e)>> [lJw = Unll|odt

ec&n Kee

[N

IN

lem, . 1
5”“0 - UI?H%Q(Q) + 5 Z Kn i time + 7 Max [lu — UhH%Q(Q)

4 0<t<t*

+ (Z/tnlllf ez dt) +2<Z/tn1”g . dt)

[ i, 3
+ Z/ 02 <771,space> |||U_Uh|||ﬂdt

n=1 tnfl

with C' = max{C7,,C},}. For the last term on the right hand side of the above
inequality, we apply Young’s inequality to obtain

0~ T () ey + 5 Z/t

n—1

tn/\t*

(1l = G113 + ke — Ol )

IN

5\|Uo Unlliz) + 5 anmmmﬁ max [lu — Un |72

4 o<t<t*

2
m n B m tn
+ 2(2/ Hf—anL?(Q)dt) +2<Z/ |]g—§”HLz(p)dt>
n=1 Y tn-1 n=1 Y tn-1
C m tn " 1 n tn '
+ 5 Z 771,5pacedt + 5 Z |||U - Uh|||th
n=1Ytn-1 n=1Ytn-1

Finally, taking maximum over t, € [t;,—1, ], using the fact ||(u— Uh)(tm)H%Q(Q) < |[(u—

U 0) sy where [ = Un) @)y =, _max,(u = U)(t)][3xy and the standard
kickback argument, the desired inequality - ) follows. This completes the rest of the
proof. n

Remark 2.3.1. In Theorem [2.3.1} at the n-th time-step, 77 ;,,,. (the time discretization
error), Li"_l |f = F"llr2@dt and fti_1 lg — "[|L2(rydt (the data approximation errors)

can be reduced by reducing time-step size k,.

TH-2911_136123010



CHAPTER 2. AFEMs for PIPs using confirming finite elements 27

Remark 2.3.2. Let P" : L*(Q) — V§* be the L? projection operator. The coarsening
errors involving U,’:il — P"U,’:*1 which appeared in Eriksson and Johnson [{7l], are not
present in our a posteriori error estimates. They are hidden in the space error term

||h2R"||%2(Q) and the time error indicator |||U — UP"|lq, where h := hi on each
KeTm

2.3.2 A Lower Bound

In this section, we derive a lower bound for the local error indicator which is crucial for

the refinement procedure.
To begin this section, we consider the following auxiliary problem. Let U™ € H} ()

be the solution of

Uf F Un_l n m —n 1

The purpose of introducing (2.26) is essentially to control the error between U;' and
UTL

* 7

not between U}’ and the exact solution u” = wu(z,t,) for fixed time-step size k, by
adapting the mesh 7. This facts play a crucial role in deriving lower bound for the

space error indicator.
We now need the following notations. For any K € 7" and ¢ € L?(Q2), we define

1
= — d

the average of ¢ over the triangle K. For any n = 1,2, ..., we choose the constant
. h2.
(2.27) Cn, = max T . hi = diam(K) p.

The crucial part is to handle the oscillation of the residual R™ which changes at each

refinement stage. Define the oscillation of any function ¢ € L*(2) over the mesh 7™ by

2

(2.28) osc(o, T") = (Z h%|l¢—77z<¢l|i2<x>>

KeTn

and the weighted norm || - ||, o of H*(Q2) with the parameter k, > 0 by

2

1
(2.29) Pl = (k—HéHim) + |H¢H|?z)

From [104], we now recall the properties of the bubble functions which are crucial

for the analysis of the lower bound.
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The following theorem shows that a local lower bound for the error is bounded in

terms of the space error indicator.

Theorem 2.3.2. Let U}’ and U] be the solutions of and , respectively. Then,

form=1,2,....,m, we have

n ] 1 n n n n
me < CisCo Y. {k—HU* — Ul 2200y + 1|U2 —Uh|\|§<}

Kee n
(2.30) +Ciz Y W R* = PR |72y + CrohellT" 1 72(0),

KeQe
where the constants Cy,; (i = 6,7,8) depend only on the minimum angle of meshes T",
n=1,2,...,m, and the coefficient B(x).

Proof. The proof follows the idea of Verfiirth [I04]. For any K € T", let ¥x = 27T A1 A2)3
be the element bubble function, where \; (i = 1,2,3) are the barycentric coordinate
functions. Using the properties of the bubble function, we have the following inf-sup

relation:

v
inf sup fK LTS > Yo,

vn€P1(K) o, epr (k) [@nll2aollvnll ey —

where the constant vo(> 0) depends only on the minimum angle of triangle K € T".
Let ¢ € P(K) be a function such that [|¢"||z2x) = 1. Since g = 0 on K and
Up € Py(K), we have (", ¢¥xp™) = 0 on 0K and a(UJ, Yre"™) = 0 over K. Taking
v, = Prg R™ in the inf-sup relation and using we obtain

Yol Px R"|| (k) < /(PKRHWKSOn di
K

n n n m U;zl — U;Z_l n
= (PkR"™ — R")Yie" dx + "= .y Y™ dx
K K n

Uur —pynr
<*—h> V™ de

= / (PxR" — R")Yx" dx +/
K kn,

K

(2.31) + (U = Uy, vke").

An application of the Cauchy-Schwarz inequality, inverse estimate |||t ¢"|||x < C11h

and (2.31]) to have

1
Wl PR 2y < PrR" = B[ raio) + 1 1UF = Upllzage) + Crahi U = U]

By the definition of C, in 1) it gives

Wl PR |l2y < P R" — R"||12x)
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SIS

5% 5 — 1 n n n n
(2.32) + Cl,lcﬁhKl{k—HU* = Upll2() + 11U = Uh|||§<} :

Therefore, using (2.32)), we obtain

hillR 2y < B PR — R[22k + Wik 1P R™ 122
< (T+1/75) b [IR" = P R™|| 12 sy

2

Cll 5 1 n n n n
+ TQCn{k—\!U* — Upllz2(c) + 11U _Uh’“%{}

0

< Cys hi [|R™ = P R[22k
5 1 n n n n
(2.33) +Cis Cn{k—HU* — Uil 200y + U2 = Uy, W%}?

where the constant Cy 5 = max {(1+1/93),C% /3 }-
Let ¢, = 4\1 A5 be the edge bubble function for any edge e € £", where A\, Ay are

the barycentric coordinate functions associated with the nodes of e. Set ¢¥" = J', €
1

H} (). Since J' is constant on e € £", using the property [|¢||r2e) < Ciol|t0@ 912,

(2.26)) and integration by parts, we conclude that

172 < Cia / T da

= ~Cu Y. [ A@VUp- Vs
K

KeQ,
— Cua Y [ B@V@r - Upvirds - Cia Y- [ B
et Ke. VK
- 0172/ §”¢”dx
;0K NI £D

By the Cauchy-Schwarz inequality, it follows that

12122 < Cm( > VWU = U)o V9" |2

KeQe

(2.34) + 3 IR 2o 1™ | 2y + ||§"!|L2(e)|\¢"!|L2(e)>-

KeQe

1 1
NOW, utilizing the fact ”VI/J"||L2(K) S 01,3 he 2 HJ;LHL2(6), ||¢n”L2(K) S 0174 hez HJ:HL%e)
for all K € Q., and [|[{"||r2¢) < Cra [[J2]|12(e) for all edge e in €2, in (2.34)), it gives

1
hell 232y < Cr2Cia Y hIVUD = U)o 192 Nl 22
KeQe
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3
(2.35) + C12C14 Z hé ||R”||L2(K)HJ:||L2(E) + 01,201,4he||§”||m(e)||J§||Lz(e).

KeQe

Again, applying the Young’s inequality in (2.35]), we have

[NIES

3 13
hell T2 72 < Cf,a( Yo Or = Ul + Y IR ey + hellg ||%2(6)>

KeQe KeQe

1
2

% (Rell T2 130 )

which leads to

(2:36) hell I < 01,6( > U= Ul + > IR Ik +heH9"H%2<e)>,
KeQe KeQe

where the constant C ¢ = max {01720173, 01720174}.

Finally, altogether ({2.16)), (2.33)) and ([2.36)) now leads to

n 1 n mn
Me = 5 E h%|IR ||%2(K)+hK||Je||%2(e)
KeQe

< Cig Z hic|R" = P R™ || 72050y + Crshellg" |72 (o)

KeQe

5 1 n n n n

Kee U7

where the constants Cy; = (% + C14)Cip5 and Cr 5 = max{(% + C14)C15,C16}. This
completes the rest of the proof. n

Remark 2.3.3. Taking summation over all edges e € E™, we have from

nl,space - nl,e

eEEn

Ciz Z Z hi|R" = P R™|| 72050 + Chg Z hell g™ 1720

ecE™ Kee e€lp

5 1 n n n
+ sl T X {10 = Ul + o2 - ORI

ee&n, KeQe,

IN

(237) = 20177 OSC(Rn, Tn)2 + 201,SCAnHU: — Ui?Hzn,Q + 01,6 Z heHQ"H%z(e),

eclp

where the oscillation of residual osc(R"™, T™) and the weighted norm ||[U} — U} ||k, .o are

defined in (2.28) and (2.29), respectively.
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2.4 Adaptive Algorithm

In this section, we provide a space-time adaptive algorithm for the problem —
based on the error equidistribution strategy (|29} 04]). In this strategy the time
discretization error is equally distributed to each time interval (¢,_1,t,], n =1,..., N.
Let eime be the total tolerance for the time discretization. This tolerance allowed for
the part of a posteriori error estimate in (2.14), i.e.,

(N N 2
ann?,time—i_zl:(Z/ ||f_f_n||L2(Q)dt>
n=1 n=1Ytn-1

N ¢ 2
+4<Z/t “g_gnHL?(F)dt) < €time-

\ n=1"'"n-1

Now, ([2.38) can be achieved by adjusting the time-step size k, such that the following

relations hold:

(2.38)

vV €time
23T’

n €time 1 tn m
1 time < ) k_ “f - f ||L2(Q)dt <
n tn—1

3T
1 b v/ Etime
— — g 72mmdt < ;
kn /t 1“g G llexmdt < 5 7

(2.39)

In order to control the time-step size at each time step t,, for any given dyme € (0, 1),

we have
€time 1 j i V 5time€time
nnimegéime ) _/ ||f_fn|L2th§ ’
(2.40) " T kn Ju, -, 2@ 2v/3T

i/t" lg = g™\l zemdt < V/Otime€time
kn . ) — 2 \/gT '

Let egpace be the tolerance related to the space discretization and it is allowed for
the part of the a posteriori error estimate in (2.14]). Then, for each time step n, the
stopping criterion for mesh adaptation reads

€Espace

(241) n?,space < T

This stopping criteria is appropriate for mesh refinements but not for mesh coarsening.

Remark 2.4.1. A coarsening error indicator for our problem can be used and it is based

on the result stated as follows, see [29, Theorem 3.1]:
With given UP~' € S" and k,, > 0, let T} be the coarsening of the mesh T". Let

Ug € Si and UJ! € S™ be the solutions of the discrete problem over meshes Tg

and T, respectively. Then the following error estimate

(2.42) U2 = Uglli, 0 < 102 = Ul 0+ 10U = LU, o
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holds, where 1% = C(Q) — S% is the standard linear interpolation operator and the

weighted norm || - ||, o is defined in ([2.29).

Define the coarsening error indicator

n
nl,coarse -

(2.43) 115U = U2 + IR = URILG.

-
kn
It is to be noted that 1Y .45 does not depend on Ug, the solution of the coarsened

problem. Using this indicator, one can coarsen only once, without checking whether Uy,

satisfies some stopping criterion such as .

The following algorithm incorporates this idea and presents for one single time step
(cf., [29], 94]).

Algorithm 2.4.1 (Space and time adaptive algorithm). Given tolerances €ime, €space
and €coarse, parameters v, € (0,1), 42 > 1 and Siime € (0,1). Let U " be the computed
value from the previous time-step at t,_; with the time step size k,_; and the mesh

Tn—l'

Step 1: T7 =T ky i=kny_1, tn i=ta_1 + kn
solve the fully discrete problem ({2.7) for U on T"

compute the error estimates on 7"

Step 2: while is not satisfied do
{
kn = vikn, tn = th_1 + kp
solve the fully discrete problem for U} on T
compute the error estimates on 7"

}

end while

Step 3: while (0 ace > =) do
{
refine 7™ to produce a modified mesh 7"
solve the fully discrete problem 1) for U} on modified mesh T

compute error estimates on 7"

while (2.39)) is not satisfied do
{

kn = f)/lkrm by = =th1+ kn
solve the fully discrete problem (2.7 for U;! on T
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compute error estimates on 7"

} end while
} end while
Step 4:: lf (nﬁcoarse < 6Coja—‘rse)

coarsening 7" to produce a modified mesh 7"

solve the fully discrete problem for U on T

Step 5: if (2.40) is satisfied then
{ kn = 72]"771 }
end

Remark 2.4.2. The role of the first three steps in Algorithm 1s to reduce the
time-step size and refine the mesh such that the time and space error indicators become
smaller than the respective tolerances. To achieve this we first reduce the time-step size
so that the time error estimator is below the prescribed tolerances while keeping the mesh
unchanged. In step 5, if the time error indicator is much smaller than the tolerance,

then the time-step size is coarsened by a factor vy, > 1.

2.5 Numerical Experiment

In this section, we present the results of a numerical experiment to illustrate the
performance of the estimators obtained in Theorem [2.3.1] and [2.3.2] for the problem
— with nonzero flux jump across the interface. We consider two test problems
to validate our theoretical results. For both the examples, we consider two different
choices of the discontinuous coefficients 5: (i) 51 = 1, B2 = 10, and (i) 8, = 1, 52 = 100.
The bisection algorithm is used to generate the refined meshes. We take the parameters
1 = 05,7 = 2, dyime = 0.5 in Algorithm 2.4.7] All the constants involved in the

estimators are taken as 1. The tolerances €sime, €space are chosen to be equal, say, €, and

1/2
€coarse = 0.5€. We compute the energy error Err := <ZnN:1 kn|||lu — U;}|||?2> and the
effectivity index of a posteriori error estimate which is defined as eff. index =y 1 /Err,

where the error estimator 7, ; is given by

N m tn _ 2
T = D k(0 time + M space + Mcoarse) +4 ( > / If - f”llmm)
n=1 n=1"tn-1

m tn 2
+ 4<Z/t 1 lg — flnHLQ(r)) :
n=1 n—

All computations are carried out using the software FreeFEM++ (cf. [65]).
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Figure 2.1: The uniform mesh of the numerical domain {2 with mesh size h = 0.1.

Example 2.1. In the first example, we take the computational domain Q = (0,2) x
(0,1) and the final time 7" = 0.1. The interface I' occurs at x = 1 which divides Q2 into
two subdomains such that ©Q; = (0,1) x (0,1) and Qy = (1,2) x (0,1). We select the
functions f and g such that the exact solution of (2.1)-(2.3)) is chosen as

et sin(7rz) sin(my) in Q 7,

u(z,y,t) =

—eSttsin(2mz) sin(ry)  in Qa7

where Ql,T = Ql X [O, 01], Q27T = Qg X [O, 01]

Table 2.1: The degrees of freedom (DOF), the error estimator 7,1, the energy error
(Err) and the effectivity index (eff. index) for each step of adaptive mesh generation at

the final time 7" = 0.1 with tolerance ¢ = 0.019.

B DOF T Err

pr=1 988 0.219011 | 0.069592
Pa=10 | 2064 | 0.112026 | 0.040766
4110 | 0.054817 | 0.023802

pr=1 982 0.711163 | 0.069816
B2 =100 | 2038 | 0.362030 | 0.040764
4090 | 0.176404 | 0.023882
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1.0175
0.81309
0.71087
0.60866
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0.19979
0.097568
-0.0046498
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-0.20909
-0.3113
-0.41352
-0.61796
-0.72017
-0.82239
-0.92461
-1.0268
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Figure 2.5: Optimality of the estimator for the cases: (a) 81 = 1, fo = 10 and (b)
p1 =1, P = 100. The optimal decay is observed by the line of slope —0.979 (left) and
the line of slope —0.991 (right).
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Figure 2.6: Energy error versus number of degrees of freedom: (a) f; = 1, 2 = 10 and
(b) 1 = 1, By = 100. The quasi-optimal decay is observed by the line of slope —0.756
(left) and the line of slope —0.766 (right).

For Example Figure shows the uniform mesh for the computational domain
), where the number of triangle is 492 and the degrees of freedom is 277. For two
different choices of the values of 3, Table reports the degrees of freedom (DOF),
the error estimator (711), the energy error (Err) and the effectivity index (eff. index)
for each step of adaptive mesh generation at the final time 7" = 0.1 with fixed tolerance

e = 0.019. The adaptive mesh and the corresponding surface plot of the numerical
solution (for the case f; = 1,0y = 10) are depicted in Figures 2.4, The plots

TH-2911_136123010



CHAPTER 2. AFEMs for PIPs using confirming finite elements 37

Table 2.2: The degrees of freedom (DOF'), the error estimator 7, ;, the energy error
(Err) and the effectivity index (eff. index) for different tolerances € at the final time

T =0.1.

15} € DOF M1 Err eff. index

0.038 2001 | 0.126128 | 0.042467 2.9700
fr=1 0.019 4065 | 0.054817 | 0.023802 2.3030
B2 =10 | 0.0095 | 8436 0.028416 | 0.012392 2.2931

pi=1 0.038 2015 | 0.337125 | 0.042992 7.8415
B2 =100 | 0.019 4050 | 0.176404 | 0.023882 7.3865
0.0095 | 8489 0.097261 | 0.012863 7.5613

comparing the degrees of freedom with the total error estimator for both the cases are
shown in Figure 2.5 The optimal decay of the estimator is observed by the line of slope
—0.979 for the choice 8; = 1, B = 10 (see Figure[2.5| (a)) and the line of slope —0.991 for
the choice 8 = 1, B3 = 100 (see Figure [2.5] (b)). Further, in Figure we provide plots
for the energy error versus the number of degrees of freedom. For different tolerances
¢, the degrees of freedom (DOF), the error estimator (7;,1), the energy error (Err) and
the effectivity index (eff. index) at the final time 7" = 0.1 are presented in Table [2.2
Table reveals that, for a fixed time but different tolerances, both the values of the
estimator and the error are reducing, and the effectivity index (eff. index) is almost
constant. Figures [2.242.4] show that the mesh adapts very well in the neighborhood of

interface I" and higher density of the node points are distributed along the interface I'.

Example 2.2. We consider the computational domain © = (0,1) x (0,1) \ (0.5,1) x
(0.5,1) and the final time 7" = 0.1. The interface I occurs at y = 0.5 which divides
into two subdomains such that ©; = (0,0.5) x (0.5,1) and 2, = (0,1) x (0,0.5). We
select the functions f and ¢ such that the exact solution of — is chosen as

—e~tsin(2mx) sin(2my) in Q 7,
u(z,y,t) =
e 'sin(rz) sin(27y) in Qor,

where QI,T = Ql X [0, 01], QQ7T = QQ X [07 01]
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Figure 2.8: An adaptive mesh and the corresponding discrete solution at step 2
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Table 2.3: The degrees of freedom (DOF'), the error estimator 7, ;, the energy error

(Err) and the effectivity index (eff. index) for each step of adaptive mesh generation at

the final time 7" = 0.1 with tolerance € = 0.015.

p DOF M1 Err
f1=1 836 0.377396 | 0.376961
By =10 1580 0.198781 | 0.189873

3613 0.104103 | 0.095794

fr=1 842 0.711163 | 0.069816
[y =100 | 1620 0.362030 | 0.040764
3712 0.176404 | 0.023882

Table 2.4: The degrees of freedom (DOF), the error estimator 7, the energy error

(Err) and the effectivity index (eff. index) for different tolerances € at the final time

T =0.1.

15} € DOF M Err eff. index
0.03 1989 | 0.261128 | 0.242467 1.0769
=1 | 0.015 3613 | 0.104103 | 0.095794 1.0867
Ba =10 | 0.0075 | 8344 0.051603 | 0.048346 1.0673
fr=1 0.03 2012 | 0.337125 | 0.042992 2.8415
B2 =100 | 0.015 3712 | 0.176404 | 0.023882 2.3865
0.0075 | 8462 0.097261 | 0.012863 2.5613

For Example [2.2] for two different choices of the values of 3, Table reports the
degrees of freedom (DOF), the error estimator (1), the energy error (Err) and the

effectivity index (eff. index) for each step of adaptive mesh generation at the final time

T = 0.1 with fixed tolerance ¢ = 0.015. The adaptive mesh and the corresponding sur-

face plot of the numerical solution (for the case f; = 1, 3 = 10) are depicted in Figures
2.9 The plots comparing the degrees of freedom with the total error estimator for
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Figure 2.10: Optimality of the estimator for the cases: (a) 5 = 1, B2 = 10 and (b)
p1 =1, P = 100. The optimal decay is observed by the line of slope —0.929 (left) and
the line of slope —0.931 (right).
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Figure 2.11: Energy error versus number of degrees of freedom: (a) f; = 1, S = 10 and
(b) 1 = 1, B = 100. The quasi-optimal decay is observed by the line of slope —0.988
(left) and the line of slope —0.968 (right).

both the cases are shown in Figure[2.10 The optimal decay of the estimator is observed
by the line of slope —0.929 for the choice 51 = 1,0 = 10 (see Figure (a)) and
the line of slope —0.931 for the choice 81 = 1, 5, = 100 (see Figure 2.10] (b)). Further,
in Figure [2.11] we provide plots for the energy error versus the number of degrees of
freedom. For different tolerances ¢, the degrees of freedom (DOF'), the error estimator
(m11), the energy error (Err) and the effectivity index (eff. index) at the final time
T = 0.1 are presented in Table[2.4, Table reveals that, for a fixed time but different
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tolerances, both the values of the estimator and the error are reducing, and the effec-
tivity index (eff. index) is almost constant. Figures [2.742.9 show that the mesh adapts
very well in the neighborhood of interface I' and higher density of the node points are

distributed along the interface I'.

2.6 Concluding Remarks

(7) In this chapter, we proposed an AFEM for PIPs with nonzero flux jump. We have
derived a posteriori upper and lower bounds for the error in the energy norm. Some new
error indicators are introduced to control the error due to the discontinuous coefficients
[ and the nonzero flux jump ¢ across the interface I'. An adaptive algorithm is provided
to implement the derived estimators. Our numerical experiment demonstrates that the
proposed adaptive algorithm produces satisfactory numerical results.

L% e 120, T; LX)
and g, % € L*(0,T; L*(T)), starting with given solution U;' " at t,_; one can show that
Algorithm terminates in a finite number of iteration at each time step t,, for any
given tolerances (cf. [29, Theorem 4.6]).

(77) Under suitable regularity assumptions on f, g, i.e., for f
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An AIFEM for PIPs with Nonzero Flux Jump

This chapter considers an AIFEM for solving the linear PIPs with nonhomogeneous
flux jump in a two-dimensional convex polygonal domain. An unfitted finite element
mesh is used to discretize the spatial domain where the grid points do not need to fit
the interface. New error indicators are introduced to control the error due to unfitted
meshes. We derive a global upper bound as well as a local lower bound for the error using
the energy method. An adaptive algorithm for the immersed finite element method is
provided using the error indicators. A numerical experiment is presented to demonstrate

the behavior of the adaptive algorithm for the proposed method.

3.1 Introduction

We start with the parabolic interface problem. Let €2 be a bounded convex polygonal
domain in R? with Lipschitz boundary 9. Let €; C Q be an open domain with C?%-
smooth boundary 0€); := I'. The interface I' now divides the domain §2 into two
subdomains 7 and 2y = 2\ ;. Consider the linear parabolic interface problem of the
form
(3.1) % — V- (B(x)Vu) = f(z,t) in Qp

subject to the following initial and boundary conditions
(3.2) u(z,0) =ug(x) in Q w=0 on INr

and jump conditions across the interface I'

ou

33) =0, [352] =gt

where Qp = Q x (0,7] and 0Qr = 092 x [0,T] with T < co. The symbol [v] denotes
the jump of a quantity v across the interface I', i.e., [v](z) = vi(z) — vo(x), x € T with

42
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vi(z) = v(x)|q,, i = 1,2, and n denotes the unit outward normal to the boundary 0€;.
The discontinuous coefficient 3 is assumed to be positive and piecewise constant on each
subdomain, i.e.,

B(ﬁ) = 61 for z € Qz (Z = 1,2)

The initial data ug is assumed to be sufficiently smooth for our purpose, and the forcing

term f and the interface function g be such that
feL*0,T;L*(Q) and g€ L*(0,T; H*(T)).

As a step towards finite element formulation, the weak form of the problem ({3.1))-
(3.3) may be stated as follows: Find the function u : [0, 7] — Hj(£2) such that

B (50) + G@VETE = (Lo)+ oo Yo HiE)
uw(0) = uo,

where (-, ) represents the scalar product of the space L(T).
It is known that optimal or almost optimal rates of convergence can be realized if

fitted finite element meshes are used, see [60, 98, [101]. In the previous chapter, we have
used fitted finite element mesh by allowing mesh points to lie on the interface. How-
ever, it is difficult and time-consuming exercise to construct fitted meshes for problems
involving complicated interfaces. In order to overcome this, an IFE method has been
introduced by Li et al. in [75], and subsequently investigated by many researchers. We
refer to [52, 55 62] [64) 72, [74], [75] [78, 99] for the recent development in the a priori anal-
ysis of IFE methods. Some relevant work and references concerning IFE methods have
been summarized in [55], [99] for elliptic interface problems, [64] for parabolic interface
problems with moving interface and [7§] for partially penalized finite element methods
for parabolic interface problems. We refer the reader to [31] for AIFEM for elliptic
equations with discontinuous coefficients and [30] for AIFEM with Lagrangian-Eulerian

scheme for parabolic equations in time variable domains.
The main objective of this chapter is to develop and analyze an AIFEM for the

approximation of the parabolic interface problem — with non-homogeneous flux
jump. The main advantage of the IFE method is that it can use interface independent
meshes and hence structured or even Cartesian meshes can be used to solve problems
with nontrivial interface geometry. We have derived a posteriori error estimates for IFE
method and provided an adaptive algorithm for the interface problem. The interface is
assumed to be smooth and independent of time, and the finite element meshes do not

necessarily lie on the interface. Some new error indicators are introduced to control the
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error due to IFE discretization. Both global upper and local lower a posteriori error
bounds for an IFE method are obtained using the energy method. The upper bound is
bounded by the indicator for the initial error, time error indicator, space error indicator,
and data approximation error indicator; while a lower bound for the local error in terms
of the space error indicator is obtained following the technique of [29]. A numerical
experiment is presented to illustrate the performance of the error indicators. The space
mesh and time-step size adaption are carried out simultaneously to control the error

due to non-body-fitted meshes.
The layout of this chapter is as follows: Section introduces the space-time IFE

discretization of the domain for — and recall the interface approximation prop-
erty. In Section a global upper and a local lower bounds for the error are derived. A
space-time adaptive algorithm for — is presented in Section . In Section
numerical results are provided to demonstrate the efficiency of the proposed algorithm.

Finally, a concluding remark is presented in the last section.

3.2 Space-Time IFE Discretization

This section introduces the finite element discretization where the meshes are not
required to fit the interface and formulates the space-time fully discrete finite element
approximations to —.

In order to discretize the problem (3.1)-(3.3), let {(f,_1,%.]}2_, be a partition of
[0, 7] with time-step size k, = t, —t,_1. At each time step ¢,,, n =0,1,..., N, let 7" be
a regular triangulation of the domain €. Let hx be the diameter of a triangle K € T".
A triangle K € T" is said to be an interface triangle if the interface I' passes through
the interior of triangle K; otherwise K is called a non-interface triangle. Let 7" be the

set of all interface triangles.
For each n = 0,1,..., N, let S™ be the H'-conforming finite element space corre-

sponding to the triangulation 7" and is defined by
57— {v € H'(Q) : v|x € Pi(K), VK € T"},

where P;(K) denotes the space of polynomials of degree less than or equal to 1 on K.
Let Si = S™ N H(Q).

In order to approximate the weak formulation , we define fj,(x) to be the ap-
proximation of the coefficient 5(z) such that 8 (z) = Sk (z) for K € T", where

Blx) if KeT"\ T,
Pr(x) =
min () it KeTr

zc K
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Figure 3.1: The fitted mesh (left) and unfitted mesh (right) of domain €.

Let I'} be a piecewise linear approximation of I' at time ¢, whose vertices are the
intersection of the sides of the interface elements with I'. Let g;' be the piecewise linear

interpolation of g on I'}.
We now recall the following interface approximation result, see [32].

Lemma 3.2.1. With g € L*(0,T; H*(T")) and g as defined above, we have for all
¢ € Hy(92),

’/Mds—/ 3 ds
r ry

where the constant Caq > 0 depends on the minimal angle of T".

< Con Y bl Gl @pnm ).
KeTp

Let U be a suitable approximation of ug in S over the initial mesh 7°. The space-
time finite element approximation to the problem (3.4)) read as: Given U}, find U}* € S
for 1 <n < N, such that

U}? — U}?*l n n —n n
(3.5) —% v+ (Bu(@)VUR, Vv) = (" v)+ (g v)rp Vv € S5
By Lax-Milgram theorem, the discrete problem (3.5)) has a unique solution U}* € Sg.

3.3 A Posteriori Error Analysis

This section is devoted to the a posteriori error analysis for the fully discrete ap-
proximation to the problem (3.1))-(3.3). We first derive a global upper bound for the
error. A local lower bound for the error in terms of the error indicators is obtained in

the last part of this section.
To begin with, we need some notation. Let £" be the collection of interior edges of

T". Let & be the set of all interface edges. For any e € £", let h. be the length of
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e, and let €. be the collection of two triangles sharing the common edge e. For any
triangle K, let wg be the set of all triangles in 7™ that have non-empty intersection

with K. For any e € £", where e = 0K; N 0K5, w, denotes the union of wg, and wg,.
We now define two residuals for the error analysis, namely the interior residual R"

which is defined as
(3.6) R* = fr—kNUp—=Uph

and the jump residual across e € £" is defined as

(3.7) Jo = [B(@)VUR]e - ne = (BiVU, |k, — B2VUs|k,) - 1,

where n, denotes the unit vector to e points from K, to K7. An integration by parts
implies

(35) B@VULVE) = =3 [Jeds o @)

ec&n
We recall some approximation properties for the Clément interpolation operator (cf.
[35]) which plays a crucial role in the analysis of the adaptive immersed finite element

method.

Lemma 3.3.1. Let 11" : H}(Q) — Sy be the Clément interpolation operator. Then, for
any ¢ € HY(Q), we have

(3.9) [lons Hn¢||L2(K) < Cr, hK||v¢||L2(wK), VK € T",
' 1
¢ —"@llr2e) < Crahé||Vellrzw,), Vee€él",

where the positive constants C 1, Cro depends only on the minimum angle of the trian-

gulation T".

3.3.1 An Upper Bound

In this section, our focus is to derive a global a posteriori upper bound for the error.
Let Uy, : [0,T] — H}(Q) be a continuous piecewise linear approximation in time of

u(t) defined by

(3.10) Un(t) == LU + LU

tn—t

fort € (tn_1,ts], 1 <n < N, where the Lagrangian functions are given by [,,_;(t) = -

and 1,(t) = =2=2 Vt € (ty1, tn).
In the following, we present a posteriori upper bound for the error of the fully discrete
approximation to the problem (3.1))-(3.3).
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Theorem 3.3.1. Let u be the solution of — and let Uy be its approrimation
defined by (3.10). Then there exists a constant C' > 0 such that for 1 < m < N, we
have

1 m m -
5”“ — U720y + Z/
n=1"1

tn m
la = URlldt < Clluo = Ul + 3 kntlssime

n=1

m m tn 2
+ O ke T4 (Z/ f= f”HLz(Q)dt>
n=1 n=1Y1""
m tn 2
(3.11) +4<§:/ Hg—mmpmﬁ),
=l

tn—1

n—

where the constant C' depends only on the minimum angle of meshes T", n=1,...,m,
and the coefficient 3(x). The time error indicator 13 ;... and the space error indicator

n ,
M5 space A€ given by

n 1 n n— n n
(312)  ume = FMUE=Ui ' las and e = D wi
KeTn

where the local error indicator ny y s defined as

(
Nk = h%{HRn”%Q(K) i Z heHJSH%%e)» for K € T"\'T,

eCOK
(313) Y= BRlR e + D hell T MFae) + iR g
eCOK
L n
+ |18k — 5|2VU}L||%2(K)> for K € T

\

Proof. Using (3.5)), (3.8) and integrating by parts, for any ¢ € H}(Q2) and v € S§, we
have

(%@ + (B@)VUL, V) = (f*,6) + (gh, v)rp — (R", ¢ — v)

(3.14) = Y [ vds+ Y (8- 5VUL Vo).

ce€n KeTy

With an aid of (3.4)), (3.10) and (3.14), for ¢ € (t,,—1,t,], we obtain

<mu—mg

0} BV URLYO) = (f = 6+ (0 — (aoy

s mo-0) =Y [ae-ods+ Y (- HVUL Vo)

ecgn v ¢ KeTl
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Substituting ¢ = u— Uy, and v = II"¢ in the above equation and then using the identity
n 1 n|l|2 1 2 1 n|||2
(BV(u—=Uy), V(u=Un)) = 5lllu = Ugllla + 5lllu = Uallle, = 111Ux = Ugllla,

we arrive at

1d
2dt

= —||!Uh—Uz?|H?z+(f—f" u — Up) + (g, u — Up)r — (gy,, 1" (u — Up))rp

1 . 1
=l = Ul + 511l — ORI + Sl — Ol

+ (R", (u— Up) = 1™ (u — Uy)) +Z/J" (u—Up) — I™(u — Uyp))ds

ec&n

(315)  + > ((Bx — BHVUR, V(u— Up))x.

KeTe
Now for any ¢, € (t;—1, t,], integrating (3.15)) in time from 0 to ¢, ¢, A t. = min(t,, t.)
and summing over all m, we obtain

tn At

= Ut ey + 5 Z/ (Il = UPIIB + [l — Uallf2) dt
t

n—1

= o~ Uflacoy 4 3 Z/ r|\Uh—UhH|th+Z/ (f — f"ou— Up)dt
tn 1 tn 1
—i—Z/ (g,u— Up)r — (g5, 11" (w — Up))rr) dt
tn i
+Z/ (R", (u— Up) — II"(u — Uy))dt
tn 1

+Z/ JM(u—Uy) — I (u — Uy))ds

bn—1 gggn V€

—i—Z/ Z (B — B)VU, V(u— Up))kdt

-1 ke

1
(316) = §HUO - U]?H%Q(Q) + Il + _[2 + 13 + I4 + I5 + 16-

We now estimate the term [;,i = 1,...,6, separately. For I;, using (3.10) we have

1 [t -
(3.17) I = 52 ) [[1UR = U1t

1 — k:n o 1 — .
(3.18) = 525 W0 -GE = 5D b
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By the Cauchy-Schwarz inequality, it follows that

m tn
I < Z 1f = [ lz2@)llw — Unllz2() dt
n=1Yin-1
1 m e ’
2 n
(3.19) < g o= Uil +2 (X [ 1 = Pl )
- n=1 n—1

For I3, we first split it into three terms as

m tn - in
I = Z/ (9= gru—Up)r dt + Z/ (Grs (w = Up) = II"(u — Up))r dt
n=1Ytn-1 n=1Ytn-1
m tn
(3.20) + Z/ (@2, " (u — Un))r — (gp, 1" (u — Uh>>1“g>dt.
n=1Ytn-1

Now an application of the Cauchy-Schwarz inequality in (3.20]) implies
m tn
B < Y0 [ lg=gilliawllu=Unlazydt
n=1"Ytn-1

m tn
3 [ 3 Mhllneoll(a = U~ I — U)o
T ==sly

tn—1 ec&l
m tn
(3.21) + Z/ ({Fh, II"(u = Up))r — (g, 1" (u — Up))ry ) dt.
n=1"tn—1
We apply Lemma and Lemma to the second and third terms of (3.21) to
obtain
m tn
B2 3 [ o= il e - Uillaayds
n=1"tn-1
m tn N
+Ca Y [ gkl T = U)ot
n=1"Y1tn—1ccen
m tn
(3.22) + 02,12/ > gl eaapnm I (w = Un) sy .
n=1"tn-1 KeTn

Utilization of Young’s inequality in (3.22)) leads to

n . 1 9
I < 2<§ /tn_l Hg—thLz(r)dt) + g max [lu— Unllzq)

n=1

m tn L
+ Crp Z/ > hEllgil e IV (@ = Un)ll 2w di
n=1

tn—1 ecEl
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m tn
(3.23) +Con Y / > hillgllzwpom 1t = Unll e dt-
n=1

tn—1 Kef]}n

For the remaining terms I;,7 = 4,5, 6, an application of the Cauchy-Schwarz inequality

and (3.9)) yields

t"

L <) D IR 2ol (w = Un) = ™ (w = Up) || 2yt
n=1

b1 geTn

m tn
(3.24) < CMZ/ > bkl R 20 IV (w = Un)ll 2w dt,
n=1

b1 geTn

tn

I < ) D 2 2@l (@ = Un) = 7 (u = Up )| 2oyt
n=1

tn—l 665"
m tn 1

(3.25) < Cr2)y / > T 2@V (w — Un)ll 2, dt
n=1Ytn—1 ccgn

and

Ig

IA

- tn 1 n 1
> / > 18k — BI2VUR 2y Bx — BI2 Y (w — Up))l| 2yt
n=1"1tn-1 KeTn

tn

m ! .

(326) < D[ Y MBx = BIEVUR e lllw = Un)lllxcd,
n=1Ytn-1 KeTr

respectively. Altogether these estimates and (3.16)) yields

1 1 m tn Ats .
Sl = Un) () 2y + 5 D (w = TR + 1w — Unlllg) dt
2 22+ ),

n

IN

1 0112 1 - n 1 2
5”“0 - Uh||L2(Q) + 2 Zl K3 time + 1 022{* [|u — Uh“L2(Q)

m tn 2 m t'n 2
+2 (Z / 1f = £z dt) +2 (Z / ||g—g;:||pmdt>
n=1 tn—1 n=1 th—1
+Cra Yy
n=1
tn

+ Ca21 Z Z hicl|Gn |l 2 pnm) | — Unll g dt
n=1

tn—1 K€7}”

ln

1
> &2V (u = Un)ll 2, dt

In—1 ecEp

m tn
oy / S bR 2 I (0t — U)o
n—1

ln_1 jre7n
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¥ Clzz / S RN e IV (0 = U2,

b1 cegn
3 [7 S ok = Al il
-1 ke

Using the Young’s inequality the above estimate can be rewritten as

tn Atx

—H(u—Uh) Wiz + 5 Z/ (Il = U116, + [l = Unlllc) it

IN

4 0<t<t,

m Ty 2 m P, 2
+ 2 (Z/t ||f—f"||Lz(Q)dt> +2 (Z/t ||g—gZHL2(F)dt>

Ty Z/ Z (h%(HRn”H(K + Z he HJnHLz )dt

n 1
5”“0 - U£||2L2(Q) o~ B E Kon 13 time + = max [u — Uh||%2(9)
n=1

bn— LKeT "\ TR eCOK
, € 2 / 5 (mmny Y Bl + 3 Bl s
n 1 Ke']’n eCBK eCGK

+18x — 812 VU2 )dt+ Z/ [l|u — Unlllgat,
tn—1

where the constant C' = max{C3 ,,C?,,C7,}. Using (3.12) and ( - we obtain

tn At«

—H(u—Uh)( i@+ 5 Z/t (Il = U116, + lllu = UnllIg) dt

n—1

1
S 5”'&0 UhHL2 + 3 an% tzme+ glta<}t< ||U,— (]hHL2
m 0 tn 2
+ 2 (Z/ If— f”“Lz(Q)dt) + 2 (Z/ I —ggHLz(F)dt)
n=1Ytn—-1
n 1 — n 2
+ = Z 772,spacedt + 5 Z |Hu - UhH|th
tn—1
S §||U0 Uh||L2 + 3 ann2t1m6+ glti}t( ||U'_Uh||L2

m n tn 2
+2 (Z/ Hf—fn“p(mdt) +2 (Z/t IHg—gZHLz(F)dt)
n=1 n—

L ¢ ann2s,,ace+ Z / la — U3t
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Now by throwing back the third term on the right the desired estimate (3.11)) follows
and this completes the proof. n

Remark 3.3.1. Observe that the term |||fx — 5|%VU[LL||2L2(K) appearing in the a pos-
teriori error indicator for the interface triangle K controls the error due to the

approzimation of coefficients 5(x).

3.3.2 A Lower Bound

The main focus of this section to derive a lower bound for the error in terms of the local

space error indicators. For this purpose, let us consider the following auxiliary problem.
Let U™ € H}(Q) be the solution of

n _ yrn—1
20 (P 0) + (YUY = (1,0) + oy Vo € HY(O)

For any K € T" and ¢ € L?(Q), we define the average of ¢ over the triangle K by

1
= — dx.
Pk |K|/K¢$

For n =1,2,..., we choose the constants
. h.
(3.28) Cn = max {k‘_ e lize — dlam(K)}.

n

The crucial part is to handle the oscillation of the residual R™ which changes at each

refinement stage. Define the oscillation of any function ¢ € L*(2) over the mesh 7™ by

2

(3.29) osc(, T") = (Z hicllo —PK¢H%2<K)>

KeTn

and the weighted norm || - ||, o of H*(Q2) with the parameter &, > 0 by

2

1
(3.30) lolha = (10110 + 111

Remark 3.3.2. Notice that by modifying time-step size k,, in we are controlling the
error between u" = u(x,t,) and U'. The purpose of introducing the auxiliary problem
is basically to control the error between U;' and U}

* 7

not between Uy’ and the exact
solution u. These two facts play a vital role in deriving a lower bound for the space error

indicator.

Following the ideas of [29] 31l [104], we now derive another main result of this chapter.
The technical tool uses in the following theorem is the properties of bubble functions

and the Cauchy-Schwarz inequality:.
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Theorem 3.3.2. Let U}’ and U] be the solutions of and , respectively. Then,
for K € T"\ T, we have

U;K < Cor Z h%(HR” _PKRHH%Q(K)
KeQ.

4 1
(3.31) +Caso 3 (107 = Ul + 1107 - U311 )

KeQ, n

and for K € T, we have

Mo < Cor Y hilIR" = PrR"| 2

KeQl
5 1 n n n n
+ Caaly 3 (0= Ul + 102 - ORI
KeQl "
(3.32) + Cog Y hellGillia + Cor > 1Bk — BIM*VUR 72,
eCOK KeQrl

where the constant Cy; > 0 (i = 7,8,9) depends only on the minimal angle of T" and
the coefficient 3(x).

Proof. To begin with, we first introduce the element bubble function. For any K € T",
let 1 = 27X\ X235 be the element bubble function, where \;’s, (i = 1,2,3), are the
barycentric coordinate functions. Using the properties of the bubble function, we have

the following inf-sup inequality:

v
inf sup Jic vnontc = Yo

vh€P1(K) ), ePy (K) ||90h||L2(K)HUhHL2(K)

where the constant vy(> 0) depends only on the minimum angle of the triangle K € 7".
Let " € P1(K) be such that ||¢"||12(x) = 1. Putting v, = PrR" in the inf-sup relation
and using (3.27)), for K € T\ T, we obtain

Yol Px R"|| (k) < /(PKRn)TPKSOHdI
K

- / (PxR" — Ry da + / (f" - M) U da
K

K kn
ugr —pynr
— / (PxR" — R" g™ dx + / (— h) Vi de
K K kn

(3.33) + (B VUL, V") k.
Since U}» € Py(K) and ¢ = 0 on 0K, an integration by parts implies (BVU}', V") k =
0. Thus, (3.33) can be rewritten as

Uf — Uy} n
Yl Px R |2y < /(PKRn—Rn)¢K¢nd$+/ (k—h> VYrp"dr
K K n
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+(B V(U = Uy), V") k

By the Cauchy-Schwarz inequality, the above inequality gives
n n n n 1 n n n
Wl PR 2y < PR = B 2o 1ok 2y + = 10 = Upllezao 9" [l 2200
+ U = Uyl [l
By the inverse estimate |||tk ¢"|||x < Canhy' and (3.28)), we obtain

1 — n n
Wl PR 2y < PR = B[ rao) + 11U = Uplllzace) + Coxhi U = URll|
< ||PKRn — RnHLz(K)

1/2
] - 1 n n n n
(3.34) + o2 Cy%hy! <k_”U* — Ul o) + NUF — U |||12K> :

Again, we use the Cauchy-Schwarz inequality and (3.34) to have

Wil R 32y < bk IPkR® — RMagky + Wk |Px R 122
< Coshie [IR" = PrR™ |72

(3.35) Gy {—HU" UF 22 e, + U7 — Um},

where the constant Cy 3 = max{ +1/72), 6’222 / 70}
For K € T, instead of (3.33)) we will have

YollPx R |2y < /(PKR”—R")ngo"da:+ ( * )
+ (B VU, Vg™ — <5hVUh7V¢K§0n)K
= /K(PKRn — RMygodr + ( * )
+ B V(U = U), V") ((5K — B)VU, V") k.

Again, using the Cauchy-Schwarz inequality and the inverse estimate |||¢Yx¢™|||x <

Cyohy, the above inequality implies
n n n 1 n n
Yol Px R lr20) < [[PrR" — R"|[12(x) +k:_HU* = Upllr2)
— n n — L n
+ Cophi  NUL = Uil + Coghid 1Bk — BI2VUR L2 (k).
which with an aid of (3.28) leads to

Wl PR |2y < P R" — R™|| 12k
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1/2
+ oy G20 (,{—inw — U2y + 11UZ — U;H&)
(3.36) + Con B |18k — B2V UR |26
Now using we obtain
W R 32y < Cash |B" = PrR |32, + Casll| B — BI2VUR |32k
(337) + CaaCo{ 107 = U gy + 1107 = DRI

where the constant Cs 3 is defined as above.
Let ¢, = 4A1 s be the edge bubble function for any edge e € £", where \; (i = 1,2)

is the barycentric coordinate functions associated with the node of e. Let ¢" = J), €
H}(Q). Then, ¢" satisfies the following properties: For all K € Q., we have

_1 1
(3.38) | Vo™ || 2x) < Caahe * 1T |12(e) and |9 || 22y < CoshZ |T7 ] L2(e)-

We now write

(3.39) S hl Mg = D el i+ D kel TP 3

ecgn e€En e€EM\ER

1
For e € £" \ &, using the fact J? is constant on e, ||¢]le < Cagl|vé 9|, (3-27) and

integration by parts, we get

12250 < Cag / Tt

= —Ch Y _ /K B(2)VUS - Vip"da.

KeQ,

= Cas ) / BV (U — Up) - Vip"da — Cog Y / R™"d
K K

KeQe KeQe
(340) < Cye (Z IV = U 2o IV |2y + HRnHLQ(K)W”HLQ(K))-
KeQ, KeQ,

We apply (3.38) and the Young’s inequality to obtain

SIS

1

RellJ2 22y < Ca (c > Uz - ORI+ €25 Y héuRﬂuiQm) < (ell 7 320)
KeQe KeQe

which gives

(341)  hel T2 L2y < Cl <C§,4 > lor = Uil +Ca5 Y hillﬁmllim)) :

KeQe KeQe
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For e € &, instead of (3.40]) one obtains

||J:||%2(e) < Oy Z /KﬁKVU,?-andx

KeQl
= Cas Y / BV (Ul = Up) - Vip"dz — Cog » / R dx
Kear 7K Kear VK

— Cag / grtds + Cog /K (Bx — B)VU} - Vi da

KeQl

IN

Czﬁ( > IV = U e2ao VY i) + D IR 2o 9™ | 22

KeQf KeQlb

+ 2@ 19" 2 + D 1Bk — 5!1/2VU;7HL2(K)HVWHLQ(K)>-

KeQl

Using ([3.38)) and the Young’s inequality, a simple calculation yields

hell T2 NZ2e) < Clg <O§,4 DUz = URlll + Cas D Al B 172
KeQr KeQg

(3.42) + hellgilzae +Coa D Bk — 5|1/2VU£L||22<K)>‘

KeQrl

Taking (3.35)) and (3.41)), for any K € 7™\ T, we have

Mk < Caz > hil|R" — PxR"|[72

KeQe

5 1
(3.43) #Cosla 3 (10 = Ul + 1102 < TR )

KeQ. n

where the constants Cy7 = (1 4 C34C355)Cas and Cog = max{Ch7, Ca7 + C34C3,}.
Again, for all K € T*, (3.37) and (3.42) gives

M < Car Y WillR" = PrR™72 0

KeQl
] 1 n n n n
+Cuso 3 (02 = Ul + 1107 - I
KeQlb "
(3.44) +Coo > hellGrlliae + Cor Y 18k — B>V U2
eCOK KeQl

where the constants C 7, C,g are defined as above and Cyy = (14 C3¢). Finally, (3.43)
and ((3.44]) lead to the desired estimates (3.31f) and (3.32]). This completes the proof. [
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Remark 3.3.3. Tuking summation over all elements K € T", from (m and (3.4 (-),

we have

15 space = Ca 05c(R", T") + CosCol UL = U7, o + Can Y Rl 720

ecEp

+ Caz D I8k = BIAVUR |22,

KeTp

where the oscillation of residual osc(R"™, T™) and the weighted norm ||[U} — Ul ||k, o are

defined in (m and @ respectively.

3.4 Adaptive Algorithm

In this section, we present an algorithm to describe the adaptive procedure for the
problem —. Let eyme be the total tolerance for the time discretization which
is a part of the a posteriori error estimate . Based on the error equidistribution
strategy of [29] 94], from (3.11)) we write

Z kan ,time +4 (Z/ ||f f ||L2(Q dt)
tn—1
N o, 2
+ 4 (Z/ g — gZHLQ(F)dt) < Etime-
\ tn—1

n=1 -

(3.45)

To get (3.45)) we need to adjust the time-step size k,, such that the following holds:

€time vV €time
< 7 — " dt <
712 time > 3T /n 1 ||f f ||L2 (Q) 2\/_T

1 tn _n 6tlme
-—/ lg — Gl cerydt <
kn tn—1 2 \/_T

To control the time-step size for this problem, for any given &me € (0, 1), we have

6tlITle _/ Hf f HL2 V 5time€time
To23T

(3.46)

n
n2,time = 5t1rne

3.47
( ) 1 tn —n Vv 5time€time
lg = anll2@ydt < ————.

tn

— <
kn Ji, . O =" 93T
Let €space be the tolerance related to the space discretization. Then for each time

step n, the stopping criterion for mesh adaptation is given by

n €space
(348) 712 space < T7

TH-2911_136123010



CHAPTER 3. AFEMs for PIPs using confirming IFEs o8

which is suitable for mesh refinements but not for mesh coarsening.
Following Remark of Chapter [2, we now define the coarsening error indicator

1 n n n n n n
(3.49) = k_H]HUh - Uy ||%2(Q) + U = URIIIG,

n
772,com’se

where I}, : C(Q2) — S}, is the standard linear interpolation operator, T} be the coars-
ening of the mesh 7", and U}, € S} be the solutions of the discrete problem ({3.5)) over

the meshe Tz. It is observed that 1} ..., does not depend on Ug.
Inviting the refinement strategies of Dorfler [43 [44] and Morin et al. [83], we have

the following algorithm.

Algorithm 3.4.1. (Space and time adaptive algorithm). Given tolerances €. and
€space, Parameters y; € (0,1), 72 > 1 and dyime € (0,1). Let U;~! be the computed value

at time ¢,_; with the time step size k,, and the mesh 7" .

Step 1: T7 :=T" L ky i=kn_1, tn i=tn_1 + kn
solve the fully discrete problem ({3.5) for U} on 7"

compute the error estimates on 7"

Step 2: while is not satisfied do
{
kn = Yikn, tn = tn_1 + ky
solve the fully discrete problem for Uj' on T™
compute the error estimates on 7™

} end while

Step 3: while (75 pace > “5) do
{ A~
refine 7™ to produce the modified mesh 7"
solve the fully discrete problem for U on T™
compute the error estimates on T
while is not satisfied do
{
kn = yikn, tn :=th—1 + kn
solve the fully discrete problem for U}’ on T"
compute the error on Tn
}end while
}end while
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Step 4: if (’r}g,coarse S m%)
coarsen 7" to produce a modified mesh 7™
solve the fully discrete problem 1} for U' on T

Step 5: if (3.47) is satisfied then
{kn = Y2kn }
end

end

3.5 Numerical Experiment

This section provides numerical experiment to demonstrate the performence of the

estimators derived in Theorem for the problem (3.1)-(3.3). All computations are
carried out using the software FreeFEM++ [65].
Example 3.1. We consider the interface problem (3.1))-(3.3) defined on Q7 = Q2x[0, 77,
where the computational domain ©Q = (—1,1) x (—1,1) and the time 7" = 0.1. The
interface I' is chosen to be a circle centered at (0,0) with radius ro = 555 which divides
the domain Q) into two subdomains Q; = {z* + y* < r?} and Qy = {22 + y* > ro?},
respectively.

We now choose the forcing term f and the flux jump g such that the exact solution

is given by

x2 4y .
(B%)ét, lf (I7y) € Ql,Ta

2 i i
o (B ) e (VTR e () € O,

where Q7 = Qy x[0,T], Q1.7 = Q2 %[0, T] and the positive quantity  is chosen to be 10.

u(z,y,t) =

Here, we consider two choices for the discontinuous coefficients 3: (i) 8, = 1, 82 = 10,
and (i) B = 1, B = 100.

All the constants involved in the estimators are taken as 1. We choose the parameters
v1 = 0.5,7% = 2 and e = 0.5 in Algorithm . The tolerances €time, €spaces €coarse

are chosen to be equal, say e. We compute the energy error

. 1/2
Err = (anmu - U;?H!?z) ,

n=1

the error estimator 7, ; which is given by

N m tn 2
7]3,1 = Z kn(n;time + n;l,space + n;b,com'se) +4 (Z/ ||f - fn||L2(Q))
n=1 n=1 tn—1
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+4<§

tn 2
| o~ gmmm)
— tn—1

and the effectivity index (eff. index = 71/ Err) of a posteriori error estimate.

Table 3.1: The degrees of freedom (DOF), the error estimator 7, ; and the energy error

(Err) with various discontinuous coefficients 8 when time ¢ = 0.1 and tolerance e = 0.01.

16 DOF M2.1 Err
=1 694 0.351962 | 0.133652
By =10 1305 | 0.172799 | 0.071804

2625 | 0.086004 | 0.036457

=1 716 | 3.513145 | 0.132988
By =100 | 1408 | 1.730870 | 0.065960
2812 | 0.860290 | 0.033543

Table 3.2: The different tolerances e, the degrees of freedom (DOF), the error estimator
21, the energy error (Err) and the effectivity index (eff. index) with various discontin-

uous coefficients 8 at time ¢t = 0.1.

€ I} DOF M2.1 Err eff. index
0.01 2625 0.086004 | 0.036457 2.3591
0.005 B =1 4919 0.043124 | 0.018269 2.3605
0.0025 | By =10 9898 0.023956 | 0.008924 2.6845
0.01 2812 0.860290 | 0.033543 25.6473
0.005 B =1 5027 0.429425 | 0.017812 24.1088
0.0025 | B = 100 9000 0.220412 | 0.008824 24.9787

The adaptive mesh and the corresponding surface plots of the numerical solution

at time t = 0.1 with $; = 1 and 8y = 10 are shown in Figures 3.4l In Table
for both the choices of 3, the degrees of freedom (DOF'), the error indicator (7,,), the
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Figure 3.3: An adaptive mesh and the corresponding discrete solution at step 2.
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Figure 3.4: An adaptive mesh and the corresponding discrete solution at step 3.

TH-2911_ 136123010



CHAPTER 3. AFEMs for PIPs using confirming IFEs 62

08
0.7
0.6

% 04
=03
02
01

0

08 1
log(DOF)

(a)

12

14

08
07
06
05
E
%04
[]
=03
02
01
0
0 02 04 06 08 1 11 14 15 18

log(DOF)

(b)

Figure 3.5: Optimality of the estimator for the cases: (a) 51 = 1, S = 10 and (b)

p1 =1, B3 = 100. The optimal decay is observed by the line of slope —1.006 (left) and

the line of slope —1.008 (right).
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Figure 3.6: Energy error versus number of degrees of freedom: (a) 51 = 1,0 S = 10 and

(b) B1 =1, B = 100. The quasi-optimal decay is observed by the line of slope —0.837

(left) and the line of slope —0.893 (right).

energy error (Err) and the effectivity index (eff. index) are given in each step of the

adaptive mesh generation at the final time ¢ = 0.1 with tolerance ¢ = 0.01. At the time

t = 0.1 for various discontinuous coefficients § with different tolerances ¢, the degrees

of freedom, the energy error, and the effectivity index are presented in Table |3.2 The

plots comparing the degrees of freedom with the total error estimator for both the cases
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are shown in Figure [3.5] The optimal decay of the estimator is observed by the line of
slope —1.006 for the choice 5 = 1,8, = 10 (see Figure (a)) and the line of slope
—1.008 for the choice 51 = 1,82 = 100 (see Figure (b)). Further, in Figure we
provide plots for the energy error versus the number of degrees of freedom. In Table[3.2]
we observe that for a fixed time but different tolerances both the value of the indicator
and the error are reducing. It is noticed that the finite element mesh away from the
interface I' is coarse due to different behavior in the subdomains and the initial mesh is
adaptively refined. Figures reveal that the finite element mesh adapts very well
in the neighborhood of the interface I' and higher density of the node points distributed

along the interfacing circle.

3.6 Concluding Remarks

In this chapter, we have considered an AIFEM for solving the PIP with a nonzero
flux jump. An unfitted finite element mesh is used to discretize the domain where
the mesh points need not follow the interface. New error indicators are introduced to
control the error due to unfitted discretization. We have derived both a posterior: upper
and lower bounds for the error. We observe that the finite element mesh is adaptively
refined and higher density of nodes along the interface I'. It is noticed that the mesh
away from the interface I' is relatively coarser just because of different behaviors in
the subdomains. Our numerical experiment indicates the effectiveness of the proposed
adaptive algorithm. The present analysis extends the work of [31] from elliptic interface

problems to PIPs.
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An AFEM for PIPs using Nonconforming Finite

Elements

This chapter is devoted to the a posteriori error estimates of the linear PIP using non-
conforming finite elements in a convex polygonal domain. The piecewise nonconforming
finite elements are used for the approximation of the spatial variables and the back-
ward Euler method is applied for the time discretization. We derive both upper and
lower bounds for the error in the energy norm. The present approach does not involve
the Helmholtz decomposition while analyzing the reliability of the estimator. The con-
stants involved in the estimators are independent of the jump of the diffusion coefficient
across the interface, and the quasi-monotonocity assumption on the diffusion coefficient
is relaxed. The reliability bound of the estimator consists of the element residual, the
edge flux jump and the edge solution jump. An adaptive space-time algorithm is pre-
scribed using the derived estimators. Numerical results illustrating the behavior of the

estimators are provided.

4.1 Introduction

We begin by rewriting the parabolic interface problems of the form

(4.1) % — V- (B(z)Vu) = f(z,t) in Qr

with the initial and boundary conditions
(4.2) u(z,0) =up(x) in Q  w=G(z,t) on 0,

and jump conditions across the interface I'

(43) ] =0, [ﬁ—} 0,
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where Q7 = Q x (0,7] and 9Qp = 02 x [0,T] with T < oo. Here  is a bounded
convex polygonal domain in R? with a Lipschitz continuous boundary 0%, ; is an open
and polygonal subdomain of ) with boundary 0€; := I' (interface) and Qs = Q\;.
Further, we assume that the coefficient function ( is positive and piecewise constant in

each subdomain, i.e.,
Blx)=p; for ze€Q; (i=1,2).
Here, f € L?(0,T, L*(2)), up and G(z,t) are assumed to be smooth for our purpose.
For the purpose of finite element approximation of the problem (4.1)-(4.2) using

nonconforming elements, we now introduce its weak formulation as follows: Find wu :
[0, T] — HA(2) such that

(1.4 (%4.6) +awe) = (10) Vo< H(Q),
u(0) =y,

where H;(Q) = {v € H'(Q) |v = G on Q}. Here, a(v, w) is a bilinear form on H' (1)
defined by a(v,w) = (fVv, Vw). We assume that the bilinear form a(-,-) is continuous

on H'(Q), i.e., there exist constants ag > 0 such that
(45) \a(v,w)| S a0||v||H1(Q)||wHH1(Q) VU,U) - HI(Q>,

A posteriori error analysis for nonconforming finite element methods has been in-
vestigated by [4, 20, 22, 26|, 37, B8, 66, 93] for elliptic problems and [84] for parabolic
problems. Using the Helmholtz decomposition of the true error, the authors of [3§]
have established the reliability bound of the estimator for the Poisson equation which
has been subsequently adopted by many researchers (cf. [4, 22 26, 37]). The reliable
estimator involves the element residual, the edge flux jump and the edge tangential
derivative jump. In [I3], Bernardi and Verfiirth have derived the a posteriori error
estimates under the quasi-monotone assumption on the diffusion coefficient. The idea
of Helmholtz decomposition of the error was used by Nicaise and Soualem [84] to de-
rive a posteriori error estimates for nonconforming finite element approximation of the
heat equation. Recently, for elliptic interface problems, Cai et al. [20] have derived
robust residual-based a posteriori error estimates using nonconforming elements. The
reliability bound for the a posteriori error estimator is established without using the
Helmholtz decomposition and the quasi-monotonicity assumption on the diffusion coef-
ficient in [20]. It is known that for the conforming linear element, the degrees of freedom
are the nodal values at vertices of triangles. The nodal value of the modified Clément
type interpolation is defined by the average value of the function over connected ele-

ments whose corresponding diffusion coefficients are the greatest. A key advantage for
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the nonconforming linear element is that its degrees of freedom are nodal values at the
middle points of edges of triangles and that each middle point is shared by at most two
triangles. A modified Clément type interpolation is constructed to satisfy the desired

properties without the quasi-monotonicity assumption.
The intent of this chapter is to extend the a posteriori error analysis of nonconforming

FEM for elliptic interface problems [20] to the parabolic interface problem (4.1))-(.2).
The interface is assumed to be time-independent. We derived both upper and lower
bounds for the a posteriori error using energy arguments. The upper bound for the
error is derived without using the Helmholtz decomposition and the quasi-monotone
assumption on the diffusion coefficients; and is bounded by the element residual, the
edge flux jump, and the edge solution jump. The key technical tools used in deriving
the robust reliability bound include the representation of the error equation ,
the approximation of the modified Clément-type interpolation operator and the trace
inequality. A lower bound for the local error in terms of the space error indicator is
established using the strategy of [29]. A space-time adaptive algorithm is presented
using the derived estimators. A numerical result is reported to illustrate the behavior

of the derived estimators.
The rest of this chapter is planned as follows: Section contains the space-time

nonconforming finite element discretization. This section also introduces jump and
average over edges, and error indicators. The global upper and local lower bounds for the
error are derived in Section [4.3] Section provides an adaptive space-time algorithm
using derived estimators. In Section 4.5 numerical results are provided to demonstrate
the behavior of the estimators. Finally, we present some concluding remarks in the last

section.
4.2 Space-Time Nonconforming Finite Element Dis-

cretization

In this section, we first define the space-time nonconforming finite element spaces.
For the space-time discretization, we partition the time interval (0,7] into N number
of subintervals {(t,_1,t,|})_; such that 0 =ty < t; < ... < t,_1 < t, = T. Let
k, = t, — t,—1 be the time-step size of (t,_1,t,]. At each time step t,,, n =1,2,... N,
let 7," be a regular triangulation of the domain 2, i.e., VK € 7,*, there exists a constant
ag > 0 such that hx < aspk, where hg denote the diameter of the element K and pg
denote the diameter of the largest circle inscribed in K. A triangle K € 7, is said to

be an interface triangle if any edge or vertex of K lies on the interface I'; otherwise K
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is called a non-interface triangle. Let 7 denote the set of all interface triangles in 7,".

Let
B =Ny UNY, and & =&, UE,
be the set of all vertices and edges of the triangulation 7,", where
e N}; - the set of all interior vertices in 7,
o N}, - the set of all vertices on the boundary 92
e &', - the set of all interior edges in 7"
e &}, - the set of all edges on the boundary 0f2.

For each e € &', let m, be the mid-point of the edge e. Further, we assume that the

interface I' = 0€2; N 023 do not cut through any element K € 7,".
Let S} . be the conforming finite element space on 7, defined by

SFTLL,C - {QS S Hl(Q) : ¢|K € PI(K) VK € 77171}7

where P (K) is the space of piecewise linear polynomials of degree less than or equal to
1 on K, and

Si?,g,c I {¢ € Slrzl,c : ¢|3Q = g}a

is a subset of Sy .. The nonconforming finite element space Sy, . (the Crouzeix-Raviart

element [54]) associated with the triangulation 7, is given by
Shne =10 € HY(Q): ¢|x € PL(K) VK € T", ¢ is continuous at m,, Ve € Enit
and its subset is defined by
Shgme = {0 € Sp e (me) = G(me) Ve € &y}

Let SEone = {0 € Spe @ d(me) =0 Ve € &} We now define the broken Sobolev
space of degree 1 with respect to 7, by

HYTy) ={¢ € L*(Q) : ¢|x € H'(K), VK € T;"}
and the corresponding bilinear form by

an(¢, ) = > (BVS, V)i, Vo, € H'(T)

KeTy
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equipped with the energy norm

Iolllo = Van(e, ¢) = ( > ||55V¢H%2(K)> :

KeT

The fully discrete approximation of the exact solution wu(t) at t = ¢, in Spg,. is
denoted by Uj'. For any function ¢ continuous in (t,_i,t,], let ¢™ = ¢(-,t,) and
¢"(-) = k" ;" ¢(- t)dt. Let UJ be a suitable approximation of ug in the space S} ; .
over the initial mesh T,°.

In order to discretize the problem , we consider the piecewise linear non-confirming
finite element space for the approximation of spatial variable and the backward Euler
method is used for the time variable. The space-time nonconforming finite element
approximation corresponding to (4.4) is stated as follows: Given U, € S find

Uy € Spgne for n=1,2,--- N, such that

,G,ne

Up —Up! 2
(46) <hk—h7 U) aF Clh(U}?v U) - (fnv U)a WONS S;;,O,nc'

4.2.1 Jump and Average

For e € &}, let h. be the length of edge e and let n. be a unit vector normal to e. For
e € &y, let K be the boundary element with the edge e. For any e € &7, let K and

K_ be the two elements sharing the common edge e with

5:55;(;25;{;55@_-

For e € &, let v|} and v|; be the traces of the double valued function v over the
edge e restricted on K and K, respectively. For any ¢ € H'(7,"), which may be

discontinuous across e, we define the normal flux jump by

(ﬁng ’ ne)|e+ - (ﬁVQb ' ne) e €c gn“
[6v¢'ne]e = "

0, e € Eﬁb,

the jump over each edge e € &' by

S —ol., ec&
[qb]e = "

(b‘eu ec 5}?7177
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and the average over edge e € &' by

s@0lF+9l0), ee&pr,

Ole, e € &y

{o}e =

A simple calculation shows the following identity:

(4.7) [pule = {P}elule + [Ple{ute, Vee &y,

For any v € S} .., the following orthogonality property holds:

(4.8) /[v]ds =0, Ve€&y;, and /U ds =0, Ve € &y
4.2.2 Indicators and Estimators

We now define three residuals for our present analysis namely, the element residual is
defined as
Ry =" =k Up - U™, VKeT),

the numerical flux jump is defined as
Jr. = [BVUy -n.]., Vece &,
and the numerical solution jump is defined as
Jue = [Uple, Ve €&y,

For any K € T, let N}t and £} denote the set of vertices and edges of K, respec-

tively. We denote the element residual indicator by

h3 §
U?zK,K ‘F (5_£”RTIL<H%2(K)) )

the edge flux jump indicator by

1
2

n he n
Ny, Kk = ( Z 26+||JJ,6||%2(6)> )

ecERNER

and the edge solution jump indicator by

n Be i gm Be i m
Nr,K = < Z 2h6||‘]u,e||%2(e) + Z h_H‘]u,eH%Q(e)

e€ERNEN ecErner, ¢

N|=
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Then the space error estimator associated with 7," is defined by

(49) n;,space = Z 773?,1(7

KeTyr

where the local space error indicator is given by
2 2 2
(4.10) Ny K = (U?zK,K> + <77§U,K> + (779”,1() ;
and the time error estimator is defined by
n . 1 n n—1||2
(4.11) N3 time “= 3 |||Uh - U, 1o

The present analysis will make use of the structure of the nonconforming element
which enables to bound both the element residual (1%, ;) and the numerical flux jump
(7790’ ) uniformly without the quasi-monotonicity. However, we are unable to do the
same for the numerical solution jump (1}, ). Therefore, we modify the indicator 17,

at elements where the quasi-monotonicity is not satisfied.
For each vertex z € NJ', let w” and £, respectively, be the sets of all elements

K € 7," and all edges e € & having z as a common vertex. Let
Wy ={K € w}: Bk = max fx} C w’
K'ew?
be the set of all elements in w? such that the corresponding diffusion coefficients are the
greatest.

Definition 4.2.1 ([89]). For any interface intersecting point z € Nj*, the vertex patch

wl is called quasi-monotone if for each K € w?, there exists a subset W x of Wl such

that the union of elements in W7 i is a Lipschitz domain and that the following holds:
(1) If z € NP \ Ny, then { K} UQ? C &7 g and g < Prr, VK € Q7 i
(i) If z € Njy, then K € O e, 007 NOQ # 0 and g < Prr, VK € Q7 g

Let N = {z € N : w” is not quasi-monotone} be the set of all interface intersecting
points whose vertex patches are not quasi-monotone. For each triangle K € 7", we
divide it into four sub-triangles by joining the mid-points of the edges of K. Let 7, be

2

the refined triangulation and N} be the corresponding set of all vertices,
2
NP =Np UNE, and EF =& UER,,
2 bR PR 2 24 g

where
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e N - the set of all interior vertices in T
2

2t

o N}, - the set of all vertices on the boundary 0f
2 b
Ty
2

o &' - the set of all interior edges in

2¢

o &, - the set of all edges on the boundary 2.

Let
={ve H(Q):v|, €Py(r) Vr € T# and v|sq = G}

n
h
§7g70

be the finite element space associated with the triangulation 7,

Let
mn . n n
I% : Sh,g,nc — Sg,g,c

(4.12)
be an interpolation operator such that for any v € S} .., the following holds:

*Q(Z), VZEN;:I),

0) (Z3o)(e) =
(ii) (Ziv)(me) = vime), Ve € &,
2
(ili) (Zrv)(2) =v|k.(2), VYzeN,
2
where K, is chosen to be one element in &7.
For each vertex z € N}, let w”_ be the set of all elements 7 € T, with at least one
2
vertex in V. The indicator of the numerical solution jump 7% is modified as follows:
Be
Q_he ||Ju,e||%2(e)

2 g
¢ e€E™ , NER  NEY
Z 5 9, K 5.0

En L, NEY  NET

(nf}mK>2 = Z ( Pe ||Jne||%2(e)+ Z )

ZEN\NY
BK nymn n
(4.13) + Z %HI%Uh — Uy ”%2(87-271()7
ZENEONG
where 7, = w}, N K. Then the modified space error indicator is defined as
2 2 ~ 2
) Olhere) () + (W) s i NEONG £,
(4.14) N3,k "=
M5 K5 otherwise,

and the corresponding modified space error estimator is given by

—n _ E —n
7]3,space - 773,K'
KeT?

(4.15)
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Now we define

“~n, /8 mn n
(4.16) MK = (hK) IZ5 U5 = Uil 2 or)
K
and
5 3
“~n K mn n n
(4.17) ny, = ( Z e ||IgUh - UhH%%aK)) :
rep K

1

3
Let 7} = ( Z (17, K)2> be the modified estimator associated with the solution
KeTy
jump, where

@) (1) = 2 ¥ et XY LI e,

ZENJ\NG eceZ) o ZzENJONG TeW? h/2

Then, the following estimate holds (cf. [20, Lemma 6.2]):

(4.19) g, <17,
Remark 4.2.1. When the distribution of the diffusion coefficient is quasi-monotone

i.e., Ng # 0, then 0}, o =}, x YK € T;". Therefore, for all K € T;", 0%, = 13 and

=N __ N
T]S,space - 773,space'

4.3 A Posteriori Error Analysis

This section consists of a posteriori error analysis for the fully discrete nonconforming
finite element approximation to the problem . . We derive a global upper bound
for the error and a lower bound for the error in terms of the local error indicator. Further,
a lower bound for the local error in terms of the modified space error indicator is derived

in the last part of this section.
We now recall from [20] the modified Clément interpolation operator defined for the

nonconforming elements, which plays an important role in the error analysis. For any
K € 7T, let wi be the union of triangles in 7," sharing an edge with K. For any edge

e € &, let w? be the union of triangles in 7," having the common edge e. Let

1
Pro = meas(K) /qudx

be the mean value of a given function ¢ on K and meas(K) denotes the measure of K.
Define
Pr+ro, Veecé&r,,
T (@) =
Pr.¢, Ve €&y,
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The modified Clément interpolation operator I : H*(7,*) — S&__ be defined by

h,nc
(4.20) Mo = (72 ¢)pe,
ec&y
where the nodal basis function ¢, of S}, is given by

1, at mid-point m,,
Pe =
0, at mid-point of other edges.

The following approximation properties hold (cf. [20]):
Lemma 4.3.1. Let I} : HY(T7") — Sp

h,nc

operator defined by (4.20). Then, for any ¢ € H'(7,"), we have

be the modified Clément interpolation

1

(1.21) 16~ o2 < 013—(|||¢|||WK+Z( =) lle ||L2<e>, VK € T,

eceln

and

he
B
where the constants Cy 3, Cr4 depend only on the shape regularity of 7,".

(422) Jolf ~medlliz < Cra(he)* Mol ve € &,

Remark 4.3.1. Observe that there is an extra jump term occur in which is due
to the discontinuity of the function v across the edges of K € T,

In the following, we obtain an error equation which is useful to derive a posteriori

error estimates for the fully discrete nonconforming finite element approximation to the

problem ([{£.1)-(4.2).

4.3.1 The Error Equation
Multiplying 1' by a test function v, € S}
and boundary condition (4.2)), we have

(4.23) (gt Uh>+ah(u vp) = (f,on)+ Z //BVU n.)vp|ds+ Z //BVU n.)vy, ds.

eesgl eesgb

applying integration by parts formula

,0,ne?

Let Uy, : (0,T] — S

hne D€ a piecewise linear approximation in time of u(t) defined
by

(4.24) Un(t) = L (OUF + 10U,
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for 1 <n < N, where [,,_1(t) = % and [, (t) = t_,i—’;’l, Vt € (tp—1,t,) are the Lagrange

hat functions. We now denote the error by E(t) = u(t) — Uy(t).

The following lemma provides the error equation in terms of residual and jumps.

Lemma 4.3.2. Let u and U}’ be the solutions of (4.4) and (4.6]), respectively. With
E as above, let Ej, € 57, be a suitable interpolation of £. Then, the following error

equation holds:

(mu—e}Uh),E) tan(u—UpE) = 3 (Rioo—w)+ D (f = " E)x

KeTy KeT,"

(425) =Y [ JAE-Eds— Y [{BV(u—U}) n}Jy, ds.

e e
eES,’:’i eegﬁiugﬁb

Proof. Using (4.6, (4.23)) and (4.24)), we have

(a(u —Up)

ey ,vh> +ap(u—Ulvy) = (f—f" o)+ Z (BVu - n.)vy] ds

n e
eEEh’i

(4.26) + Y [(BVu-no)uuds, Vo, € Sy,

n e
eegh,b

We now write

M,E —F&h(U—U}?,E) = MaE_Eh +ah(U_U}?’E_Eh)
ot ot
Ou—U
+ <M7Eh) + ah(u - U}?aEh)
ot
(4.27) gl

Since {SVU} - n.}. is a constant for all edges e € &, the orthogonal property (|4.8)
implies

/{BVU,’} ‘n.}[Epds =0, Vee&),,

(4.28) <
/(BVU[LL ‘n.)Ey ds =0, Ve € &y,

For the term T3, we use integration by parts to have

T = (ME—E> — 3 (V- (8V(u—U})). E - Bk

% KeTr

TH-2911_136123010



CHAPTER 4. AFEMs for PIPs using Nonconforming Finite Elements 75

+ > [ (BYV(u—Up) - n.) (E - Ey)ds

eegg,i €

+ > [(BY(u—Up) n.) (E — Ey)ds
eEé’,"L”b €

= Y (R E-E)k+ Y (f— " E-E)x

KeT; KeT!

+ Y [[(BV(w—U)-n) (E - Ey)lds
eegg,i £

(4.29) + Z /(5V(u —Up)-n.) (E — Ey)ds.

eEé’}f}b ©

Utilizing (4.7)), the equation (4.29) leads to

T = ) (R E-B)x+ Y (f=f"E—- Bk

KeT! KeTn

+ > / BV(u—Up)-nJ{E - BEy}ds+ > [{8YV(u—Up)-n.}[E)ds
ey v e€&p, v ¢

s Z /{BV(U —U) -n.} [Ep)ds + Z /(ﬁV(u —U}) - n.) (E — Ep)ds.
S H A ec€p, ¢

In the above, we use the continuity of the solution u and the normal component of the

flux (—fVu), and (4.28) to obtain

T = > (R E-E)x+ Y (- E-E)x— Y [ JrAE— Ey}ds

KeTy KeTy ecep, ’*
— Z {BV(u—=Uy) -0} J; ds — Z {6Vu-n.}[Eylds
ceep uen, ¢ ceEfli " C
(430) =) [{BVu-n.} Eyds.
eGE;LL’b €

Putting vy, = Ej, in (4.26)), the term T5 can be expressed as

(431) Ty= (f—f"E) + >, /(BVu-ne)[Eh] ds+ Y [(BVu-n,)Eyds.

n e n e
eeé'h’i eeé'h’b

Substituting (4.30) and (4.31]) in (4.27) gives the relation (4.25)) and this completes the

proof. O]
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4.3.2 An Upper Bound

This section derives a global upper bound for the error in the energy norm. We first
prove the following two lemmas which will be useful to obtain the main result of this
section. The first lemma is on the trace inequality and the proof uses the idea of [21],
Lemma 2.1]. The second lemma provides a bound for the temporal derivative of the

error in the dual norm.

Lemma 4.3.3. Let K € 7" and ¢ € K. For any ¢ € H''"(K), 0 < r < 1, with
A¢ € H ' (K), there exists a constant Cy; > 0 independent of ¢ such that

Ve -1l < 0471(”V¢||HT(K) + h}{THNﬁHHfl(K))'

1
H""2(e

Proof. For any g € H: (e , there exists a lifting v, of ¢ such that v, € H'"(K),
9 9

Vgle = g and vy|or\e = 0. Also, v, satisfies the following estimate

IV ol mr-r a0y + B lvgll e i) < Canllgll 3+

Applying Green’s formula and using the above inequality, we have

(Vo mg). = (Vé-n,v,)ox
= (V¢, Vug)k + (A¢, vy)k
< NVollar oI Voglla=r ey + | AB -1 ) Vg || 111 )
< Cua(IV8llmrae) + i 1Al 1) )93

which implies

_ sup <V¢ -1, g>e

I L T

IV -

Caa (190 lara0y + BT NAG 1010 ).

H™3 (e)

Remark 4.3.2. By the Green’s formula:

/ (Vw.n)vds = (Vw.n,v)
oK
(4.32) = (Aw,v)g + (Vw,Vv)g VK €T,

for allw € H'(K) with Aw € L*(K) and for allv € H'™"(K) with 0 <r < 1/2. By
the trace theorem [56], v|gx is in HY* " (OK). Thus, the left hand side of may
be regarded as the duality pairing between HY>* " (0K) and H'~'/?(0K). Since, for all
edge e € OK , the trivial extension of functions in H?7"(e) by zero to all of 0K belongs
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to H'/>7"(0K), and this interpretation enable us to define the duality pairing on each
edge e in 0K,
/(Vw.n)vds = (Vw.n,v),,

where (Vw.n)|, € H~Y2(e) and v|, € H/*7"(e).

Lemma 4.3.4. Let u be the solution of - and Uy, be its approrimation defined
by . Then there exists a constant Cyo > 0 depending on the shape reqularity of
T, such that

d(u—U I, .
HT}J < C4,2< Z (”f—f ”%2(K) + ”RKH%Q(K)
H(Q) KeTy
1
(4.33) + BilllUs = Ul + Bl - Um%())

Proof. For all ¢ € H}(2), we have

(am —Uy)

= ,as) = =9+ Y B o)+ Y (VU —U7), Vo)

Kenn K67’hn

=Y (BV(u—Uy), Vo).

KeTy

Applying the Cauchy-Schwarz inequality, the above equation implies

olu—U, - y

KeTy KeT,;!

+ ) IBVUn = U220 IVl 22

KeT

+ ) 1BV = U2 I VOl 22y

KeTp

IN

( > (IF = P10y + 1R -1y + Biell|Un = U I

KeT

-

+ Bl — Usm%()) 6l

Now,

<8(u—Uh) ¢>
ot ’ rn n
sup ~——L < c( > (I = PR + IR

seri@)  ollm@ P
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N

+ a1 — R + Bl U;Z|||%<)> ,

and hence

O(u— U f
|25l 3 (1= Pl Wil

KeTy

ot

H-1(Q)

1
2

+ il — ORI + Bl UZZIH%))

The upper bound for the error is presented in the following theorem.

Theorem 4.3.1. Let u and U} be the solutions of and , respectively. Then,
for any integer 1 < m < N, there exists a constant C' > O depending on the minimal

angle of T;', n=1,2,...,m, such that the following estimate hold:

txAtn
1w = Un) (™) 1720 +Z/ Il = URllladt < 2 fluo — Uy ll72@ +3an773nme
th—1 n=1
(434) + CZ/ Hf anL2 dtJFCan???, space*
tn—1
Proof. Setting Ej, = II}}(u — Uy,) in (4.27)), we obtain
5 <l — Uy an (= Uf = U)
5 dt u — Up L2(Q ap\U By U h
= D (= u—Uk+ Y (R, (u=Uy) = TIp(u—Up))x
KeTy KeTr
- Z / {(w—Up) — I} (u—Upy)}ds
ecsy

- > /{ﬁVU—Uh ‘n.} JI.ds

eGSgZUSQb

(4.35) = T} +Ty +T5 +T).
For the term T}, we have

(4.36) T < Z If = F"ll2aolle — Unllai

KeTn
Using the Cauchy-Schwarz inequality and Lemma for Ty-term, we have
Ty < > IRkl 1w —Un) = (u = Un)ll 2y

2
KeT"
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h
< Cia Y ngRKHm) (mu—UhmwK+2( )*) u—Uh]HL2<e>>

KeT ecEn
< cuanKKQHu Uil + Y (5 ) U—Uh]Hm(e))
KeT™ ecER

(4.37) < 01,3< > (nEK,Kf) v = Unlllo-

KeTr
To bound the term T3, we first notice that
[(U — Uh) - HZ(U = Uh)]e == —[U}TLL ac HZ(U — Uh>]37 ‘v’e € 5;?7@

Since Uy + I} (u = Uy) € Sy, and J7, is a constant for all e € &', (4.8)) leads to
/J;e (u—Up) — T (u—Tp)l =0, Vee&p,
By the properties of the nonconforming nodal basis functions fei Pe; = 0ij, we have, for
all e € &,

[t =0~ 10 =G} ds+ 5 [l = 0) = M = 03, s

e

(438) = / (= Uh) = I (u— Un))|Fds = / ((w = Ul — 7 — Uy))ds.

€ (55

Applying (4.38)) and the Cauchy-Schwarz inequality, it follows that

T8 = Y [ JrA(u—U) —Ti(u—Up)}eds

665{11. @
1
+ b) Z /e‘]n,e [(u—Up) — I (u — Up)]e ds
eeg;j’i
= 3 [ (= Ul — 7w~ Uy))ds
eeg}rfi e
(4:39) < 3 e = U = 72w = U)o
ec&En

h,i

Again, using Lemma to (4.39)) yields

. 3
o< Y S e (—) e = Unlll 2y

KET; €l pe

1 1
2 2
( >y ||%2<e)) ( S [l Uhu@%)
KeT," ec€l 05;’51 KeTyn

IN
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(4.40) < CI,4< > (USLU,K>2> [llu = Unlllo-

KeTy

Finally, we need to bound the term 7). Since the term T} contains the numerical
solution jump Jj},, it is not easy to bound directly over e € OK. So, we rewrite T} in

terms of integral along boundary elements. Here we note that
[Z:Up]le =0 and [fVu-n].=0, Veec&;, and Z,U; =0 on 0.
2 2

Then, we rewrite T} as

T, = — > [{BV(u-U}) n}Jp.ds

e
eeeg’iug,’;b

= Y [V -Up) -n} [TLUp - Uplds

2
n n (&
eegh,iugh,b

= Y [{BV-U) n}] LUy = Uplds

e
eegﬁi

+ 2 / (BV(u = Uy) - n.) (T3 Uy — Uy)ds.

eefﬁb

By (4.7) and [8Vu - n.]. =0, Ve € &}, the above equation becomes

1= Y [ (V=) n) (107~ Upis

KeT"

= > [1BVu=Up) 0 {ZUy — Up}ds
665;:,1- <

=D [(BV(u—U)n) (ZiUy — Up)ds
eeé’;}’b €

+ > [(BV(w—Up) ) (LU} = Up)ds

eeg,tj’b €
.S / (B9 (u—Up) ) (TpUp — Upds + S [ e Azpup — Up} ds
oK 2 e 2
KeT» 668}771.

(4.41) = TL + T,
To bound f411 term, using the definition of dual norm, Lemma , and the inverse
inequality, we find that

T < > 18V =U0) nell g IZ2UR = URl

3 (9K)
KeT
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< 3 (1Y = U)o + AV - (89w = Uil )

KeT,!
_1
X th ||IgU}:L - U}?“Lz(dK)
Now using (4.16)) and (4.17)), the above inequality implies

o< Y (lla— gl + B hiclV - (8% (= Up) -1 ) s

KeT

~1/2 n
< u=Upllle @y, + Y Bx hlV - (BY (w = Ul a-1x0) 5, 1
KeT»
(4.42) = |||u—=Ugllla 07, +Th.

For ﬁ—term, utilizing 1) ( , and the Cauchy-Schwarz inequality it follows that

~ - d(u—"U, iy
< Z ( 1/2) (Hf f ||L2 +”%HH‘1(K)> N7,k

KeT \PK
h2 U, %
< (K;n(ﬁK)(||f f”nm(wn%u%m)) .
h

With an aid of Lemma the above inequality leads to

- h2 rn 70 n
i (c S (5E)(1F = My + BRI + Bl — U

KeTy

1
2

+ Bl - UZZI||%<)> i,

h2 rm n 2 n
< 04,2< > —Billf—f oy + D )™+ D MiclllUn — URIII%
KeT

KeTn KeTp

1
(4.43) + Y hilllu— UZZH!%) i

KeT,!

By (4.42) and (4.43), we have

e n h2 rm n 2
Ty < lu=Ugllle ﬁ“Ju+C4,z< > ﬁ—KHf—f o)+ D ()

KeTyr KeTyr
2
(4.44) + Y WlllUn = Uil + Y higllu— Uiillli) 7,
KeT KeT
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1 n
For T42, since Ji,

property (4.8) now yields

is a constant and [Z}U}'] = 0 for all e € &,, use of orthogonal
2 I

/JQG[IQU,? —Uylds=0, Veeg&,.
Therefore, for all e € &', we get

1
/J;‘e {ZxU; = Ujltds = /J(’je {ZRU] = Ul Yds + = 5 /J” [I”U,? — Ujllds
e ’ 2 d 2

e

- / I, (LU — Up[H)ds.
e 2,

An application of the Cauchy-Schwarz inequality implies

T = 2 [I@ur -

eES”

N[

IN

(Z Z ||%z(@>) (Z > —HI“Uh Um:uiz(e))

I(€7jle€821 KET”eGE,’:Z

(4.45) < (Z (7730,,()2>2ﬁ3‘u.

KeT!

Combining (4.41)), (4.44) and (4.45)), we estimate T as

h2 rn n
> ﬁ—KHf—f 3200+ Y BIUL — Upll%

T, < |||U—U§|||Q77A”Ju+c4,2<
KeTy K KeTn

1 1
(146)  + 3 ()’ h%H!u—U}Z!H%) m, + ( > (7790,,{>2> .

KeTy KeTy KeT,;"

With an aid of the following identity

an(u = Up,u = Un) = Slllw = Unlllg + 5 l1lu = UFl[la = 511U = UEllla,

and (4.35)-(4.37), (4.40) and (4.46), we arrive at

1d
2dt

1 n rm n
U= Uillla + ILf = Flle@llu = Unllzze) + 01,3< > (nRK,K)Q) [ = Unllle

KeTr

1 n
il = U3y + 5 (1lle = Ul + 1l = U71112)

S

IN

1
2
+ 01,4< > (n?U,K)Q) v = Unllla + Il = Uilllle 77,

KeT
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h’2 rm n 2 n
+C4,z< > B—KHf—f o)+ D () + D WlllUn — URI[%
KeT K KeT! KeT?

1 1

2 2
£ Hllu- U::H@) n“;ﬁ(z (nz,K)> .

KeT KeTr

Again, an use of the Young’s inequality implies

1d ' n
thnu— UlBaqe + 5 (e = Ualll + Il — OFI3)
n rn h2 rn
< §||’Uh — UG+ 1 = Pollz@lle— Unllzze + B—KHf — 1720
Kern PE
h
+04,3< Y i)+ D O, 50 + (5,) )+ > hilllUn = Upllli
KET" KGT" KE'T"
1 n
( e = Unllla + > helllu— Uh|||K> + 7llle = Ugllla,
KeT»
1
where Cy3 = max{C}; + 1/2,C?, + 1/2,3C3, + 5/2}. Choose II(Ig}lggl hi < 7 and
2.
Ir{n%gi ﬁ_ < o < 1, where ¢ > 0, such that the above inequality becomes
E n
1d 2 1 n|||2 3 n|||2 rm
—llu = Unllzz@ + 7llle = Uillla < U = Ullla + IIf = f*ll2@lle = Unll2@)
2dt 4 4
o — n
(4.47) + 5“]C —f “%2(9) + C4,3< Z 773,K>~
KeT

For t. € (tm—1,tm], let t. At, = min(t,,t.). We now integrate (4.47) with respect to
time from 0 to t,, and use the Cauchy-Schwarz inequality to conclude that

TNt

—H(U—Uh)( Wiz + 7 Z/t [llu = UR[[6,dt

n—1

1
0112 n|||2 2
< 5Huo—UhHL2<m+ZZ / 1T = U e+ 5 e l(w = Un) ()l

1+0/2 Z/ ||f fn||L2(Q dt+c432/ 773space
tp—1 tp—1

n 1
< Hhto = Uy + 23 bt + 5 miss = U)o
n=1

4 0<t <tm

m tn - m
+(]‘ + 0/2) Z/ ||f - fn”%Q(Q)dt + 0473 Z knf/g,spaceu
n=17tn-1 n=1
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where 754, and 75 ¢, are defined in (4.11]) and 1) respectively. Finally, using the
constant C' = max{2(2 + 0),4C, 3} and the standard kickback argument leads to the
desired result (4.34]) and this completes the proof. O

4.3.3 A Lower Bound

Our next goal is to derive a local lower bound for the error. For this, we consider the

following auxiliary problem.
Let U € H4(2) be the solution of

Uf — Un_l n m
Forn=1,2,..., let
A _ he ., o
(4.49) cn. = Ir{ré% {ﬁKkn : hg = dlam(K)}.

Now we define the oscillation of any function ¢ € L*(Q) over T,;" as

1

h2 mn mn i
(4.50) osc(o, Tp") = ( Z B_K |Pr Ry — KH%?(K))
Kern FE
and the weighted norm || - ||, as
1 3
(4.51) 16ll.0 = (k—||¢||%2(9) + |||¢|||522> Vo € H'(Q).

Remark 4.3.3. Observe that by modifying time-step size k, in @ we are basically
controlling the error between u™ = u(z,t,) and U'. The purpose of introducing
s essentially to control the error between U;' and U, not between U;' and the exact
solution w. These two facts play a crucial role in deriving lower bound for the space

error indicator.

Theorem 4.3.2. Let U}’ and U] be the solutions of @ and , respectively. Then,

for all T;*, n=1,2,...,m, we have
hi 2
M < Cin Y. | 25 IR = PuRylli2 )
Bk
Kewy
An 1 n n n n
Kewp \'"

where the positive constant Cy 11 depends only on the minimum angle of meshes T,".
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Proof. The proof borrows the idea of Verfiirth [104]. For any K € T,", let 1 = 27TA1 A2 A3
be the element bubble function, where \;;i = 1,2,3, are the barycentric coordinate

functions. By the standard scaling argument, we have the following inf-sup relation:

(4.53) inf sup Jic vnpntb

> Y
vh€P1(K) o, Py (k) |98l L2 (5) V8| 22 k) ’

where the constant 7(> 0) depends only on the minimum angle of triangle K € 7,".
Let o™ € IP’l(K) be a function such that ||¢"||2(x) = 1. Setting vy, = Pg R} in (4.53)

and using (4.48), it gives

ol P Rl < / (PR} )i da
K

- Ur — Unfl
_ / (PiRY — R g™ da + / ( oo Zh " Zh >¢Kg0" dx
K K kn
Ur —ynr
= [ Pt = R do+ [ (Bt
K K n

(4.54) + (BVUL, V(¥ $"))k-

Since Y = 0 on 0K and U}’ € Py(K), we have (BVU], V(¢Ykp™))k = 0 over K.
Therefore, from (4.54), we have

Ur—ury
wlPuRklizag < [ (PRl = Bivwe do+ [ (St )i do
K K kn
F(BVUT ~ UF), V(™)

By the Cauchy-Schwarz inequality and the inverse estimate ||[¢r¢"|||x < Cughy, we

have
ollPrcRi s < 1P = Rillac + 102 = Ul + 04,6(@() 1102~ G2l
The definition of a’;c in 1’ implies

|PrRcllr2ey < Cuxl|/PxRg — R%HB(K)

(4.55) + Car(Cr)? (—i) U7 = U + 1107 = VIR )

where the constant Cy 7 = max{1/v, Cs6/7}-
Now, using (4.55]), we obtain

h2 h2 o h2
KHR 22 < KHPKR — RllZo ) + KHPKR 172
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h2
< Ciug KHR” PRyl 72x)

(4.56) + Cug Cﬁc<k—||Uf = Upllz2) + 11U = U;?|||§<>,

where the constant Cyg = max{(1+ C%;),C5}.
Let 1. = 4\ Ay be the edge bubble function for any edge e € &}, where A\; and Ao

are the barycentric coordinate functions associated with the nodes of the edge e. Since

Jy e 1s constant on e € &, using (D and integration by parts, we get
sl < Cia [IBV0 - nJgteda

= — Ciyg Z/ﬁ 2)VU - V(T2 te)da

Kew?
ey S / B(w UP) - V(2 )
Kew?
+C492/ weda:—ang/R" o
Kew? Kew?
Apply the Cauchy-Schwarz inequality to have
15 ellZoe < 04,9< > BEINUE = URllIx IV (T ewoe) l z2a
Kew?
1 n n n 13 n
(4.57) +) k—HU* = Upll2aoll g eell e + ||RK”L2(K)||Jg,e¢e||L2(K))-
Kewp ™ Kewn

Now using the fact, for all K € w,
1 1
V(g te)llzex) < Caohe * | T llzze and ||J7 ell2x) < Cano hé ||y ll2e)

in (4.57), it follows that

Kew?

1 _1
15l < 04,904,1o< > BRIV = Ullliche * 175l 2o

n L n L
+ ) —HU = Upllez) he [ T3ell 2y + Y HRK”L2(K)h62HJa,eHLQ(e))7

KEw” Kewy
and hence,
[ pellize < 0490410< doNur=upll+ > 5 — Uyl 72k
Kcwn Kcwn
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P :
+ Z i L 12k > x (h—ellJZeHiz(e)> :
Kew" ¢

he n An n n 1 n n
()15l < ChaChuCie 3 <|||U* — Uil + vz = U ||%2<K>>

Thus,

Kew?

(4.58) +CioCl10 Y

Kewn

i 1R N 22 xc)-

B

For any e € £ and n, = (n1,n)", let v, = (—ng, n1)" denote the unit vector tangent
to the edge e. Let J, = [VU} - 1] be the jump of the tangential derivative of the
numerical solution U] along the edge e. By the continuity of U}’ at the mid-point m.,

we have

(4.59) [Tz ellz2ce) hell T7cll2e) Ve € &'

1
V12
For a scalar valued function w, denote the operator V+ by

Tl — <8w 8w>.

oy’ oz
We apply integration by parts formula and (4.48) to have

1Tl < Cag / VUT - 7.0 e ds

= —Cyyg Z/ (VU - 7) T} e ds

Kew?

= Ciy Z/VUh e/ (Jhete)d

Kew?

= Cuo Z/VU” Up) - VE(J0 e )dx

Kew?

+C492/ Un Uh wedx—C492/Rn Jn

Ke n Ke VL
Apply the Cauchy-Schwarz inequality to have

1Ty < 04,9( Y IV = UNleao IV (et 2

Kew?

(4.60) + ) —HU” Unllzaoll Tl oo + ) I\R’%Hm(mI\JlfeweHL?(K))-

KEw" Kew?
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Now, use of the inequalities
1 1
IV (T2l 2y < Cano e 2| T llizey and || Jf el 2y < Cano hé 1)l 22y, for K € wf

in (4.60) to have

_1 _1
1T ellEoe) < 04,904,1()( > Bl U = Upllli he 215l 2o

Kew?

(4.61) + ) U = Uiz he®llTyell 2 + > IR ez heQIIJV,e\IL%e))

Kew? K- Kew?

An application of the Young’s inequality in (4.61)) implies

170 ll72) < C4,9@,10( Z oz = URlll% + Z LU — UllT2 )

k2
Kew? Kew? 61{ n

[N

1

h? n 11 —1u 1m 2
+ Z 6_§||RK||%2(K)> X (/BthBIHJV,eH%Q(e)) )

Kew?

and hence

n ~n n n 1 n n
Behell elfoe < CioCinCre D <|||U* — Ul + = IUr — UhH%Q(K))

Keuwp
2 2 h%( 2
+C3eCh10 Y B IREN 72 x0):

Kewy?
which combine with (4.59)) yields

e || n C3oC21,C, n " 1 4 by
el Teliee < =g D {02 = ORIl + =02 = URllZa
¢ Kew? "

0290210 h2
4.62 + =G0 ENRY|%0, .
(4.62) 5 2 g 1Bkl

Kew?

Putting (4.56), (4.58) and (4.62)) together, the standard error indicator (4.10]) leads to

n 13C34C% 10 L T
M < (1+T) > B_KHRKHL?(K)

Kewy

1302 904% 10677110 n n 1 n n
+ T3 D illes —Uh|!|§<+k—HU* — Ul 2
Kewn "
h%( n n |12
< Cyn Z (ﬁ_ HRK—PKRK”H(K))
Kewh K
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An n n 1 n n

Kewy

where Cy11 = max{Cys(1413C3¢C7,,/12), Cus(1+13CF4C7 11/12) 4+ 13CF4/12}. This
completes the proof. O

Remark 4.3.4. Taking summation over all K € T,", yields

ng,space < 0411 Z Z ( £ ||Rn PKR?(”%?(K))

KeT» Kewp,
+ ol 3 Z{—HU” Ui ey + 02 = U1 b
KGT"KE&)K
(4.64) = Oy osc(Ry, T)? +C4110n 102 = Upl%. 0

We now proceed to obtain a local lower bound using the modified indicator 73 4.

For this purpose, the following lemma is proved to be convenient. For a proof, see [20].

Lemma 4.3.5. Let U]} be the solution of (4.6). Let K € 7," be a triangle whose at
least one vertex z € Nj and let 7. x = K Nw?, . Let Z} be an interpolation operator
2
defined in (4.12) with K, € @, ... Then, we have
727

/BK n n mn (:‘_ n
h_”IZUh - Uh ||%2(BTZ’K) < QCZJ( Z h_H[Uh]H%Q(e)?
L : el ¢
s 2

Remark 4.3.5. If w7 is quasi-monotone, then C7 ) =1, VK € w7

=

Remark 4.3.6. Let us denote 77, = (Z (773“1()2> to be the modified estimator
KeTr
associated with the solution jump, where

ws) @r= 3 X Seldber Y X 4

2ENJ\NG e€€ ) 1y ZENJONG TEWT )

Uh U;LLH%?((?T) :

Then, the following estimate holds (cf. [20, Lemma 6.2]):
(4.66) M7, <17,

In the following, we provide a lower bound for the error in terms of the modified

indicator 73 j defined in (4.15)).
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Theorem 4.3.3. Let U}’ and U] be the solutions of (@) and , respectively. Then,
forall K €T}, n=1,2,...,m, we have

h2
7731( S 0411 maXC Z < K ”Rn PKRT[L(H%?(K))

Kewy K
1
(4.67) +C4110 mjé\l/XC (k_HUS_UZLLH%Q(K)+|||U:_UZLL|||§(>7
K Kewy n

where the constants 64711 depending only on the minimum angle of the triangulation T,",
d Cr = max C7

an z ;2%% z,K

Proof. For any K € T;*, let z € Nj* with z ¢ N* N NJ. A similar argument as (4.63))

leads to the estimate for 7}.

When z € N NN, for each 7 € Wl we argue as and ( to bound the

element residual 77;; - and the edge flux jump 77 _ by

hz n T 0 n
. ||RTH%2(T) < C48 ||R PTRTH%Q(T)
(4.68) + 04,803c<k—|\Uf — Uplli2y + 11U — U;7H\3>,

and for each e € £, , (i.e., the set of all edges in 7}, having z as a common vertex),

he
(55 )12l < ChaChag 3 R

-
TEWY

An n n 1 n n
(4.69) + CZ,QCZ,IOCnc Z <|HU* —Upl|2 + k_HU* - Uy H%?(T))

TEWY
It now remains to bound of the modified numerical solution jump 77 ;- defined in (4.65)).
To bound the first term on the right hand side of (4.65]), we use the similar argument as
1) For the second term, we use Lemma Then for each 7 € I and e € £ ),

we have

e 11 029 4,10 T n

h—!lJu,elliz(e) > IIR 1720
€ TEWY
(729(2210(72E n n 1 n n
(4.70) 4 —AaChaoCne S (o G2 4+ U7 = U s ),
TEWY "

and

5}( n n Ci9Ci10 hi n
HI Up = Uil 2r) < TlCZ,K > IRZ 2 m)

ecE™ T

2?7
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C2,02,,Cn
(A7) SO Y (H\US—U;:
ec&Em
z, 5

1 n n

Combining (4.68))-(4.71)) and using (4.14)) we obtain the following estimate

Mo < D D m+ > > 0

2gNPONG TCK zeNF TCK
< 04110 Z ( KRy - PKR?(H%%K))
KEwK
(4.72) +CiuCnCr Y (—HU” U£||%Q(K>+|||U3—Um||%<>
KewK

with Cy11 = max{Cyg + 7CusC39C310/12, Cug + 13C7oC310/12 + 1304503403 10/12},
and this completes the proof. O]

Remark 4.3.7. Taking summation over all K € T}", yields

ﬁg,space < Z 04110 Z ( = ||Rn PKR ||L2 )

KeT,? Kew}

=~ n n ]' n n n n
+ > GnCrCr (;?”U* = Upllzaae + U2 —Uh||!%<>
KeT! Kewl "
nc-—z

(4.73) = Cun 05c(RY, T2 + ConCr.Co |UR - UR|12. o

Remark 4.3.8. The efficiency bound for the local error ensures that over refinement
will not occur for the refinement strategy based on the space error indicator .

4.4 Adaptive Algorithm

This section provides a space-time adaptive algorithm for the parabolic interface
problem (4.1))-(4.2)). Let €me be the total tolerance related to the time discretization.
Based on the error equidistribution strategy [94], from (4.34)), we write

N N tn ~
(4.74) 35 bt + 3 / 1 = P2yt < €oime
n=1 n=1 Y tn-1

To obtain (4.74]) we have to adjust the time-step size k,, such that the following conditions

are satisfied:

tn
n €time n12 €time
(4.75) B < S [ = Pl < G
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The following conditions can be used to control the time-step size: For any given

5tirne S (07 1)7

t
n €time " mi2 5time €time
(476> nS,time S 5time 6T ) /tn_l Hf - f HLQ(Q)dt S 2T :

Let €gpace be the tolerance related to the space discretization. Then for each time
step n, the stopping criterion for mesh adaptation is given by

- €Espace
(477) 713 space = T )

which is suitable for mesh refinements.
We now use the similar arguments of Remark Chapter [2] to introduce the

coarsening error indicator:

(4.78) [T5U; — Upllza) + IHEUR — URlllG,

,coarse |
n3 C kj
mn

where I} : C'(2) — S}, is the standard linear interpolation operator; 77 is the coarsen-

ing of the mesh 7", and Uy, € S} is the discrete problem over meshes 7};.
The following algorithm incorporates this idea and presents for one single time step

(ct., [29,04]).

Algorithm 4.4.1. (Space and time adaptive algorithm). Given tolerances €iime; €space
and €coarse, parameters v € (0,1) and v, > 1. Let U,Tl‘_1 be the computed value at time

t,—1 with the time step size k, and the mesh 771"’1.

Step 1: T, = 77L”_1, kn = kp_1, tp := tn_1 + ky,
solve the fully discrete problem (4.6|) for U} on 7,"

compute the error estimates on the mesh 7"

Step 2: while (4.75)) is not satisfied
do

{
kn = /ylkna tp =11+ ky
solve the fully discrete problem (4.6 for U on 7,"

compute the error estimates on the mesh 7"

}

end

Step 3: while (75 e > “5) do

{
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refine mesh 7, to produce a modified mesh 7;"
solve the fully discrete problem for U7 on T;"
compute the error estimates on ’7;”

while (4.75]) is not satisfied

goto step 2

}

end

Step 4: if (ng,coarse < 660&%)
coarsening 7" to produce a modified mesh 7"

solve the fully discrete problem for U on 7"

Step 5: if (4.76)) is satisfied then
{ kn = y2kn }
end

4.5 Numerical Experiment

This section reports numerical results to illustrate the behavior of the derived error
estimators in in Theorem [4.3.1] and |4.3.2] for the problem (4.1))-(4.2). All computations
are carried out using the software FreeFEM++ (cf. [65]).

Example 4.1. We consider the problem (4.1)-(4.2) with the computational domain
2 =(0,2)x(0,1). The interface I" occurs at x = 1 which divides €2 into two subdomains
such that ©Q; = (0,1) x (0,1) and Qs = (1,2) x (0,1). We choose the exact solution of

eSin tsin () sin(my) in 7,
u(z,y,t) =
—eStsin(2mz) sin(ry)  in Qo

We choose the discontinuous coefficient 5 as f; = 1 and [y = % such that u satisfies the
jump condition (4.3)) across the interface T

1/2
We now compute the energy error Err = (25:1 kn|llu — Ug‘|||?2> , the error esti-

mator 73 is defined by

N m tn B
77?3,1 = Z kn(ng,space + ng,coarse + 3n§time) + Z/ Hf - an%Q(Q)dtv
n=1 n=1“tn—1
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and the effectivity index which is defined by eff. index =713, /Err. Here we compute our
numerical results at time 7" = 0.1. All the constants involved in the estimators are taken
as 1, and tolerances €;me, €space are chosen to be equal, say, € and €cogrse = 0.5 €5pgee. The

parameters are chosen as v; = 0.5, 72 = 2, and d4,e = 0.5.

Table 4.1: The degrees of freedm (DOF), the error indicator 73 1, the energy error (Err)

and the effectivity index (eff. index) at time ¢ = 0.1 and tolerance ¢ = 0.03

DOF 3.1 Err
845 0.150911 | 0.102192
1496 | 0.086228 | 0.059237
2776 | 0.049396 | 0.033048

Table 4.2: The tolerances ¢, the degrees of freedm (DOF), the error estimator 73 1, the

energy error (Err) and the effectivity index (eff. index) at time ¢t = 0.1.

€ DOF 73,1 Err eff. index
0.03 2776 0.049396 | 0.033048 1.4946
0.015 5571 | 0.029546 | 0.024219 1.2199
0.0075 | 8831 | 0.016528 | 0.013235 1.2473

For fixed time ¢t = 0.1, in Figures 4.1H4.3] adaptive meshes are shown at three
different steps. For a fixed time ¢t = 0.1 and tolerance ¢ = 0.03, Table reports the
degrees of freedm (DOF') , the error indicator (73 1), the total energy error (Err) and
the effectivity index (eff. index) in each step of adaptive mesh generation. We provide
the graphs for the optimality decay of the estimators in Figure (a) and the energy
error versus the number of degrees of freedom in Figure [{.4b). At a fixed time ¢ = 0.1
but different tolerances €, the degrees of freedom, the error indicator, the energy error
and the effectivity index are shown in Table [£.2] The results in Table reveal that
for a fixed time but different tolerances, the error is decreasing and the effectivity index
is almost constant. From Figures [4.1H4.3] it is observed that the meshes are refined
as expected near the interface I' and higher density of the node points are distributed

along the interface line x = 1. Our experiment for the test problem indicates that the
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Figure 4.4: (a) Optimality of the estimator and the optimal decay is observed by the

line of slope —0.938; (b) The quasi-optimal decay is observed by the line of slope —0.814.

estimators derived in this paper are providing promising numerical results.
4.6 Concluding Remarks

In this chapter, we have considered a residual-based a posteriori error estimates for
the PIP using nonconforming finite elements. Both the upper and lower bounds for the
error are derived. The reliability of the estimator is derived without using the Helmholtz
decomposition technique. In contrast to the existing estimators which consist of the
element residual, the edge flux jump, and the edge tangential derivative jump due to
Helmholtz decomposition, our estimators replace the edge tangential derivative jump by
the edge solution jump. A space-time adaptive algorithm based on our error estimator is
proposed. In our numerical experiment, the finite element meshes are adaptively refined

around the interface I' which supports the validity of our proposed algorithm.
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An AFEM for PIPs using Noncoforming Immersed

Finite Elements

In this chapter, we study a posterior: error analysis for PIPs using nonconforming IFE
method in a two-dimensional convex polygonal domain. The finite element discretization
is such that mesh points need not fit the interface. We use the piecewise linear finite
elements to approximate the spatial variable, whereas the backward Euler method is
used for the time discretization. The basic idea of the IFE method is to modify the
basis functions which satisfy the natural jump conditions across the interface. Some new
error indicators are introduced to control the error due to non-body fitted mesh. For
the adaptive mesh refinement procedure, the residual-based a posteriori error estimates
are derived using energy arguments. A global upper and a local lower bounds for the
error are established. Numerical results are reported to illustrate the performance of

the derived error indicators using the proposed adaptive algorithm.

5.1 Introduction

We now recall the PIP of the following form

(5.1) % — V- (B(x)Vu) = f(z,t) in Qp

subject to the initial and boundary conditions
(5.2) w(z,0) =ug(x) in Q; w=G(xz,t) on I,

and the homogeneous jump conditions

ou

a_n} =0 across I,

(5.3) [u] =0, {ﬁ
97
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where Qp = Q x (0,7] and 0Qr = 02 x [0, T| with T' < co. Here 2 is a bounded convex
polygonal domain in R? with Lipschitz boundary 9. The interface I' is assumed to
be C?-smooth which divides €2 into two subdomains €, and € such that I' = Q; N
with 0€2; = I'. The symbol [v] denotes the jump of a quantity v across the interface I,
ie., [v](z) = vi(x) —vo(x), x € T with v;(z) = v(z)|g,, i = 1,2, and n denotes the unit
outward normal to the boundary I'. Assume that the coefficient function § is positive

and piecewise constant on each subdomain, i.e.,
flx)=p6; for xe€Q,; (i=1,2).

Further, we assume that the source function f € L?(0,T; L*(f2)), the initial data uy €

H'(Q) and the function G(z,t) is assumed to be smooth for our purpose.
For the nonconforming IFE approximation of the problem (5.1)-(5.3)), we first intro-

duce its weak formulation as follows: Seek a function u : [0, 7] — H;(Q) such that

(5.4 (50) + B@vuve) = (o) Vo Hi@)
uw(0) = wup,

where H}(Q) = {v e H'(Q) : v=G on 0Q}.

For the interface problem, due to the low global regularity and the irregular geometry
of the interface, usually the body-fitted meshes are used to achieve the optimal or almost
optimal convergence, see [60), 98] [T0T]. It is technically difficult to construct good body-
fitted meshes for problems involving geometrically complicated interfaces. To overcome
this difficulty, Li et al. have first introduced immersed finite element (IFE) method in
[75]. The basic idea of the IFE method is to locally modify basis functions on interface
triangles to fit the interface jump condition . For the relevant literature on the IFE
method, we refer to [12], 16l 55 (7, [62] [72) [78, 99] for elliptic and parabolic interface
problems for the a priori error analysis, [58, [64, [111] for the parabolic moving interface
problems and the references cited therein. Further, we refer to [59, [77] for nonconforming

IFE method for elliptic interface problems and the reference cited therein.
The adaptive IFE method for parabolic and elliptic problems are described in [30, 31,

108]. In [31], Chen et al. have presented adaptive IFE methods for elliptic and Maxwell
interface problems using conforming finite elements. The authors of [30] have intro-
duced an adaptive IFE method for purely parabolic problems in time-variable domains
together with arbitrary Lagrangian-Eulerian time discretization scheme. An adaptive
mesh refinement technique for elliptic interface problems using the nonconforming IFE
method has been recently studied by Wu et al. in [108].
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(a) (b)

Figure 5.1: (a) The fitted mesh and (b) the unfitted mesh of domain €.

The purpose of this chapter is to study a posteriori error analysis and develop an
adaptive algorithm for the PIP — using the nonconforming IFE method. The
use of interface independent meshes is the main advantage of the proposed method and
hence structured or even Cartesian meshes can be used to solve interface problems.
Some new error indicators are introduced to control the error due to non-body fitted
mesh. We derive global a posteriori upper bound for the error using the energy method
which is bounded by the element residual and the jump residual. A lower bound for the
local error in terms of the space error indicator is also derived using the idea of [29]. A
space-time adaptive algorithm is presented which is based on the refinement strategy
of Dorfler [43], [83] and [29]. A numerical experiment is performed to implement the
derived error indicators. In our study, it is assumed that the interface is independent of

time and the finite element mesh whose vertices do not necessarily lie on the interface.
The layout of this chapter is as follows: Section introduces the space-time non-

conforming IFE discretization. The global upper and local lower bounds for the error are
derived in Section [5.3] In Section [5.4] an adaptive algorithm for the proposed method
is presented. Numerical results are provided to illustrate the behavior of the derived

estimators in Section Finally, a concluding remark is given in the last section.

5.2 Nonconforming IFE discretization

This section first introduce an IFE discretization and the corresponding nonconform-

ing finite element space for our analysis. The space-time finite element formulation for

the problem (/5.1)-(5.3)) is also described.

For the space-time nonconforming IFE space, we first divide the time interval (0,7’
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into N number of subintervals {(t,_1,%,]})_,. Let k, = t, — t,_1 be the time-step
size of the subinterval (¢, 1,t,]. At each time step ¢,, n = 1,...,N, let 7" be a
regular triangulation of the domain 2. Assume that 7" satisfies the usual admissibility,
and compatibility conditions. A triangle K € 7™ is said to be an interface triangle if
the interface I' passes through the interior of triangle K’; otherwise, K is called a non-
interface triangle. Let 7" be the set of all interface triangles and the set of non-interface
triangles be 7™\ 7. Without loss of generality, we assume that the triangulation 7"
satisfies the following conditions (cf.[I8) [34]):

A2 If K, Ky € T" and K; # K, then either K; N Ky, = () or K; N K> is a common

vertex or an edge of both triangles.

A3. If the interface I' meets one edge of a triangle at more than two points, then the

edge is part of I'.

A4. For any triangle K € T, if I' intersects K at two points, then these two points
must be on different edges of the triangle K.

A5. The segment of the interface I in a triangle K € 7" is defined by a piecewise C?
function and the function space C*(K) is dense in H*(K).

For any K € T", let hx be the diameter of a triangle K, and K denotes the set of
edges of the triangle K. Let N be the set of all vertices in 7", and N7t denotes the
set of vertices of a triangle K. For any K € T", let w}t be the set of all triangles in 7"
having nonempty intersection with K, i.e., wi = Ugrnreox K.

Associated with the triangulation 7", let K be an interface triangle in 7" with
vertices A, B and C. The interface I' passes through the interior of K and intersect two
edges of K at the points D and E (see Fig. . Let the arc DME be 'y = KNI'. Now
we approximate I'x by the line segment DE and is denoted by I'%.. The line segment DE
divides K into two parts K1 = ACDE and Ky = K — Ky such that K = Iy UK, UDE.
Let

(5.5) K=K—(QnK)—(Q:nNKs)

be such that meas(K) = O(h3;) (cf. [32]). This indicates that the interface is perturbed
in a magnitude of O(h%).

Following [75], 108], we now construct the local basis functions on each triangle
K € T™ as follows. For any non-interface triangle K € 7"\ T, let S} _(K) denote the

h.nc
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C

A B

Figure 5.2: An interface triangle K.

space of all piecewise linear functions span by the standard nodal basis function of K.
Our attention is only for an interface triangle K € 7. We consider a reference interface
triangle K € 7" whose pictorial representation is given in Fig[5.2] Let the coordinates
of A,B,C,D and E be

<070>7 (hK70)7 (O7hK)7 (O7y1) and (hK—yz,yg),

with 0 < 41, y2 < hg. The nodal basis function ¢ defined on K € T as

le = ao‘f’alx‘f‘a&(y_hf()a if (Ivy) EICl?

(5.6) 6=
®2 := by + b1z + bay, if (z,y) € Ko,
57) 61(D)=6a(D), (- Vou)(B) = (m- V)(B), 5ot = 5,52,

where the coefficients a;,b; € R (i = 0,1,2) and n; denotes the unit tangent of the

approximated interface T'.
The local finite element space on each triangle K € T" is then defined by

{¢: ¢ is linear on K}, if K €T\ TY,

ShneI) =
{¢: ¢ is defined by 1) — }, if K € T

Thus, the dimension of S}, .(K) is also three for all K in 7". Let S7'(£2) be the piecewise

h,nc

linear polynomial space on §2 at time ¢,,. The nonconforming IFE space on the domain

Q) is defined by

el = {61 0l € Spo(K), VK € T, and 6lic(2) = dlic(2)
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for z e Np NN, K' e w’}{},
and its subspace by
S o) = {6 € 57,.(Q) s 6(x) = 0, Vo € A" 100},

Remark 5.2.1. The degrees of freedom are defined as the average values over edges:

1

|€z'|

(DOF)k =A{

/ ¢ds, i =1,2,3: Vnodal basis function$},

where e;,1 = 1,2,3, are the edges of triangle K. In addition, let M; be the midpoint of
the edge e;, i = 1,2,3. The local basis functions ¢;,1 = 1,2,3, satisfies

1
lei]

/ ¢Zd$:51]7 iaj:172a37

where 6, is the Kronecker delta function.

For the space-time nonconforming IFE approximation, we consider the piecewise
linear finite element for the spatial variable and the backward Euler approximation for
the time derivative. Let Uy be a suitable approximation of ug in the space S . over
the initial mesh 7. Further, we define 8, (x) to be the approximation of the coefficient
f(x) such that g,(z) = Bk (x) for K € T", where

B(z) if KeT"\T,
B (z) =
min B(x) if K eTr

zeK

The space-time nonconforming IEF approximation to the problem (5.4)) is stated as
follows: Given Uy € S} ,.(Q), find Uy € Si,..(Q) for n =1,2,..., N, such that

Up — Uy ;
(5.8) <hk—h,v> + (BVUY, Vv) = (f"v) Yo € Sy ,.0(9),

where fm ;= L [ f(z,t)dt. The discrete problem 1’ has a unique solution by

kn Jtn_
Lax-Milgram theorem.

5.3 A Posteriori Error Analysis

This section concerns a posterior: error analysis for the space-time nonconforming
IFE approximation to the problem (5.1)-(5.3). We derive both global upper and local

lower bounds for the error in terms of error indicators.
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We now introduce some additional notation. Let £" = Uge»0K be the set of all
edges in 7", and let £ be the set of all edges intersect with the interface I'. Let h. be
the length of an edge e. For any edge e € £™, let N* be the set of vertices of an edge e,
and let €2, denote the collection of two triangles sharing the common edge e. For any
KeT"and e € &", let Wl = UN}%NJL#@K'. For each e € £", we denote K; and K, be
two triangles sharing common edge e and let 5. = ,_Dpax, K2{6 K1 DKy )

In this aspect, we will have two residual functions associated with , namely, the

interior residual and the jump residual.
The interior residual R"™ is defined as

(5.9) R" =" — k' (Up — Up™) + V- (6:VU})
and the jump residual J' across e € £" is defined as

(5.10) Je =B VU] - ne = ((B.VU) |k, — (BuVUR) k) - 1,

where n, denotes the unit vector to e points from K, to K.
Following [13], we recall the approximation properties of the quasi-interpolation op-

erator which plays a crucial role in the present analysis. We now introduce the following

notation.
For each vertex z € N, let w” denote the patch having common vertex z and let

©. be the nodal basis function. For each z € N, we consider that

e 2 is contained in the subdomain ©; ., i = 1,2, and

e (3. is maximal among all 3; such that €;, i = 1,2, contains 2.

Let )
Pro = meas(K) /K e

be the mean value of a given function ¢ on K and meas(K) denotes the measure of K.

Let 7" be the L? orthogonal projection onto the piecewise linear function space in w”

and be defined by

Pw?ﬂﬂiyz(lﬁ; if z¢€ Q?
w2 (¢) =
0, if z € 09,

and let the quasi-interpolation operator I7 : H5(2) — Sj(Q2) be defined by

(5.11) re="Y (7).

zeN™

We now have the following approximation results (cf. [13]).
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Lemma 5.3.1. Let I : H;(Q2) — S;(Q) be the quasi-interpolation operator. Then, for
any ¢ € HY(Q), we have

_1
16 = Il 2y < CrshucBi® |||

1 1
l¢ = Lxllize) < Crehé be ||l

(5.12) oo VKETT,

wh Ve € 5n7

where the constants C;; > 0,(j = 5,6), depend only on the minimum angle of the

triangulation T™.

5.3.1 An Upper Bound

The goal of this section is to derive a global a posterior: upper bound for the error. We

need the following notation for the rest of the analysis.
Let Uy : [0,T] — H§(2) be a continuous piecewise linear approximation in time of

u(t) defined by

(5.13) Un(t) i= L1 (U + LU
fort € (tp_1,t,], 1 <n < N, where [, 1(t) = % and 1,,(t) = t_li—:” are the Lagrangian
functions.

The following theorem presents an upper bound for the error in the energy norm.

Theorem 5.3.1. Let u be the solution of —, and let U} be its approzimation
defined by (@ Then, there exists a constant C' > 0 independent of the coefficient 5(x)
such that for 1 < m < N, we have

ln

llu— UpllIadt < lluo = UpllZa@y + D Fuli pime

In—-1 n=1

m m T 2
(5.14) + zozknnzspmw(z / ||f—f“||Lz<mdt),
n=1 n=1 th—1

where the time error indicator ny ;... and the space error indicator ny ¢,... are given by

1 m m -
5““ — U2 + Z
n=1

n ]' n n— n n
(5.15) Mime = UL = Ui Ry and mspeee = D i
KeTn

respectively, and the local error indicator nj - is given as follows: For K € T" \ T,

n — n 1 — n
(5.16) M i = DB |1 R 7210y + 3 Z heBg 12 1220

Hata]’d
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and for K € T with K = KC; U Ky,

n — n 1 — n
(5.17) Nk = Z Wi Brcr 1R |72 e +3 Z he B2 T8N 220y

K'e{K1,K2} e’ €{0K1,0K2}

Bi, if € € 01K,
where B = and 0;K (i = 1,2) denote the set of boundary line

627 Zf e € a2-[(7
segments of the triangle K € T, which belongs to the set OK; \ T (i = 1,2).

Proof. Let ¢ = u — Uy and I'¢ be the quasi-interpolation of ¢ in Sy ;(€2). Then, there
exists Ji'd € Sp . 6(Q), where Ji* : H5(Q) — Sit .. (), such that

(5.18) Tio(z) =I'p(z)  Vz € UgernNE.

With the help of (5.4) and (5.8)), for ¢ € (t,—1.t,), it follows that

<M’¢> + (ﬁV(u—Uﬁ),Vﬁb) = Z (f_fn7¢)K+ Z (R, ¢ — Ty o)k

KeTn KeTn
(5.19) +> / JMp — T'¢) ds.
ecEn

Using the identity
n 1 n|||2 1 2 1 n||2
(BV(u—T5), V(w=Un) = glllu = Ullla + 5lllu = Unllla = 5l11Ux = Uil

we arrive at

1d 1 . 1 1 .
2t Uiy g1l — DRI + llle= Ul = 210 — U1
+ Z (f_fnau_Uh)K+ Z (Rn7(U_Uh>_\7f?(u_Uh))K
KeTn KeTn
(5.20) +Z/J" ((u—=Un) = Jp'(u = Un))ds
ec&n

Now for any ¢, € (tm—1,tm), let t, At, = min(t,,t.). Integrating (5.20) in time from

0 to ¢, and summing over all m, we get

S = U (1) ey + Z/t

n—1

tn/\t*

(11l = TR + Nl = Tl 13, )

= 2lluo— Ul + 5 Z/ 11U, — Ul 2dt
tnl
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+Zl/n Z (f—fn,U—Uh>Kdt

bn—1 geTn

m tn

+> D> (R (u—Un) = T (u—Uy))  dt
n=1"Ytn—1 gcTn
m tn

DD Sy PACEUAERATEAILE
n=1"1n-1ccgn e

1

(5.21) = §||u0 —Uplliey +h+ L+ I+ L.

We now estimate the term [;,i = 1,...,4 separately. For I, we use ([5.13)) to have

tn—1

I~ [ n_ -
L= 52/ (nr (D) U = U7~ | Bt
n=1

1 <=k, . o 1 & .
= 5> S U =T IE = 5D kathsime:
n=1 n=1

By the Cauchy-Schwarz inequality, it follows that

tn—1

m tn _
Eo< 3 [ = Pl Ul
n=1

tn

tn—1

i 2
2 rn
< 7 omax flu—Unlfa) + (2_: If = ||L2<mdt> .

To estimate I3, we first split it as

I; = Z:l/t > (R (w—Un) — I} (u—Up)) dt

tn—1 KeTn

x ;/ LS (BRI - U) = J(u = Un) et

tn—1 geTn
(5.22) = I3+ 1.

An application of the Cauchy-Schwarz inequality and Lemma yields

tn

L o<y D IR 2ol (w = Un) = 17 (w = Un)l| 2yt
n=1"tn-1 geTn
tn

_1
> B 1R ol = Ul gt

(5.23) < Crs )y
n=1"Ytn—1 gKcn

Again, use of the Cauchy-Schwarz inequality for the term 2 implies

m tn
(524) I < > > IR 2o 117 (w = Un) = Fi (u = Un)l| 2yt
n—1

ln_1 jreTn
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Now, application of the usual homogenization arguments, (5.18)), inverse estimate, and
Lemma [5.3.1] leads to

[z (w—Un) = T (u = Up)llz2(x) < hc||[ 17 (w = Up) — T (w — Un) | m1.x
< Cohi|[VIZ(u = Up)ll 2
< Cphuc (I (12 = Up) = (= Un) a0y + 9 = Un) 200

< G, (117w = U) = (u = U2y + Bic* Pl = Uil
(5:25) < CylCrs + DB Il — Unlllug.

where the constant C, = O(max{p,1/p}) with p = f;/F2. Thus, (5.24) and (5.25)

implies

m tn L
(5.26)  I§ < Cp(01,5+1)2/ > B hic B | 2oy ||l = Unl g -
n=1

tn—1 KeTn

Combining (5.22)), (5.23)) and (5.26]), we have

ln

_1
Y Bt bl B a0 1w — Unlllug

tn—1 geTn

(5.27) Iy < Cs1)y,
n=1

where the constant C5; = C, + Cr5(1 + C,). It remains to bound the term /. First,

we rewrite [, as

m tn
L = > Z/Jg((u—Uh) — I (u— Up))dt
n=1"/tn-1 ¢cgn Je
m tn
+> > /J;(I;:(u—Uh) — T (u — Uy))dt
n=1Ytn-1¢cgn /e
(5.28) = I; +1Ij.

For the term [}, the Cauchy-Schwarz inequality and Lemma gives

ln

o< S [ S W el = Un) — Tiu — Ui et
n=1

tn—1 ecEn
T i 11
< ) [ nEa o e~ Unlepie
n=1"Ytn—-1 gcgn
Arguing as (5.25)), for I3, apply trace inequality to have
11
(5.29) 1z (w—Un) = Ty (u— U2y < Cphé Be *[l[u— Unllup,
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where the constant C,, = O(max{p, 1/p}) with p = 1 /f2. Now, using (5.29), we have

m tn L
Bo< CCt )Y [ S hA I ol Ul
n=1"Ytn-1 ccgn
Estimates of I} and I? together with (5.28)) imply
T e 11
(5.30) L < Cs2) > 0232l — Unlllupdt,
n=1"tn-1 ccgn

where the constant Cso = C, + Cy4(1 + C,). Putting the above estimates together in
(5.21]) we obtain

1 1 m tn Atx .
ol = OBy 45 D [ (ke = TR + 11w — sl e
n=17tn-1

2
1 012 1 < n 1 2 . n rm
S 5”“/0 - UhHL2(Q) + 5 ;knnzi,time + Z 01;%)5* ||U/ r UhHLQ(Q) + <nZ:; B ||f ) f ||L2(Q)dt
m tn 2
+ Cs1 Y > B IIR | p2olllw — Unlllugp. dt
n=1"7tn—1 geTn

T fin 11
+Coa Y [ 3 nd A el = Uallsd
n=1

bn—1 gegn

After separating the triangles, the above estimate can be rewritten as

1 1 m T NG .
ol = T ey 45 30 [ (Ul = DRI + e - Gl
n=1"tn-1

n

IA

1 0112 1 - n 1 p
5”“0 - Uh”L?(Q) + 3 Zl K4 time + 1 Ofggt{* Ju— Uh“Lz(Q)

2
m tn _ 1 1] tn
+ (Z/ ||f—f”||L2<Q)dt> 433 [l = Uil
n=1 tn—1 n=1 tn—1
& n — n 1 - n
+ O [ Y (BBRIR By + 5 3 R I )

n=1"tn-1 geTn\ 1m0 eCOK
- n — n 1 — n

+ O3 [ 5 (BSR4 5 3 BB e )t
n=1"1ln-1 geTn eCOK

where the constant C' = max{C% |, CZ,}.

With the help of (5.16) and (5.15)), we find that

1 1 m tn Alx .
= By + 5 3 [ (= U + e = Uil
L1 JSiln_1

7
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1
< Sl — UfliZm + 5 anmmeu% = Uil3aco

+ <Z/ I = f"IILm)dt) +5 Z/ |||u—Uh|||th+CZ 774space

tn—1 tn—1

1
< 5““0 Upll2) + 5 Zkﬂn4tzme+4 Joax [ — UnllZ20
. (Z/ I = Il dt) £33 [ = Culli + €3 bt
tn—1

Finally, taking maximum over t, € [t,,_1, t;,], using the fact ||(u— Uh)(tm)HLQ(Q) < |[(u—
Un) D)2y, where || = Un) (D220 = It = Un)(£.)][23(q and the standard

te€ [tm, tm
kickback argument, the required inequality ([5.14) follows. This completes the proof. [J

5.3.2 A Lower Bound

This section focuses on deriving a lower bound for the local error which is essential for
the refinement/coarsening strategy for the mesh adaption. For this, we first consider

the following auxiliary problem.
Let U € H4(2) be the solution of

ur =yt -
The purpose of considering (5.31)) is basically to control the error between U;' and
U, not between U}’ and the exact solution u™ = u(z,t,) for fixed time-step size k,
and by adapting the mesh 7". Further, a crucial part is to handle the oscillation of
the residual R™ which changes at each refinement stage. Define the oscillation of any

function ¢ € L*(Q) over the mesh 7" by

1
3
(5.32) osc(¢, T") = ( > hK5K1||¢_PK¢H%2(K)>
KeTn
and the weighted norm || - ||z, o of H*(Q2) with the parameter k, > 0 by
) 2
(5.33) [6llk,0 = <k_n’|¢||%2(ﬂ) + |||¢|||522> :
For any n =1,2,..., we set
A h2
(5.34) Cn = max {ﬁKkn hk = dlam(K)}.
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We borrow the idea from [29] B1] [105] to prove another main result of this chapter.
The key ingredients used to derive a local lower bound in the following theorem includes

the properties of bubble functions and the Cauchy-Schwarz inequality.
Theorem 5.3.2. Let U} and U be the solutions of (5.8) and , respectively. Then,
for K € T"\ T, we have

M < Cso > hiBe |R" — PR32k,
KeQ,

5 1 n n n n

KeQ.
and for K € T, we have

M < Cso Z h%{’ﬁ[_('lHRn_PKRn”%Q(K/)
K/e{Kl,ICQ}

5 1 n n n n
(5.36) +Cs0Cu Y (k—uU* = UnlZ2ge + 111U = Uh|||%«>,

K/E{’Cl,ICQ} C
where the constants Cs g, Cs 10(> 0) depend only on the minimal angle of T".

Proof. The proof proceeds with the introduction of element bubble function. With every
element K € T", let g = 27] ], oz @- be the element bubble function, where ¢, is the
linear nodal basis function for each vertex z € N". Using the properties of the bubble

function, we have the following inf-sup inequality:

v
inf sup fK WOMY K > o,

n€PL(K) o, ey (k) lonllzzaolvnll 2y~

where the constant vo(> 0) depending only on the minimum angle of triangle K € 7".
Let " € Py (K) be such that ||¢" | 2(x) = 1, where P, (K) is the space of polynomials of
degree less than equal to 1 on K. Putting v, = PxR" in the inf-sup relation and using

(5.31)), for any K € 7™\ 7", we obtain

Yl PR 2y < /(PKRnWK(Pndx
K

= /(PKR" — R")¢K@"dx+/ (W) Y dr
K K n
(5.37) + (B VUL V(¥re™)) k-

Since U}' € Py (K) and ¢y = 0 on 0K, an integration by parts implies (8, VU, V") k =
0. Thus, (5.37) can be rewritten as

ur —ur .
YollPx R |2y < /(PKR"—R")@DKw”dl’Jr/ (k—h)t/}mp dx
K K n
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+ BV (UL = UR), V(Yr#")) s

By the Cauchy-Schwarz inequality and the inverse estimate ||[¢x¢"|||x < Cs3hy, we
get

Yol PxR"|2x) < IIPrR" — R"||12(x0)
1 n n — 1 n n
+ k—HU* — Upllz) + Cs s BENNUE = Uplllse

Using (5.34)), the above inequality implies

YWllPx R |2y < ||R" = PR || 12k
1
2

P I |
(5.38) + Cs3 fz{k—HUf—Uﬁ||%z<m+ll|Uf—U;ZI||%(} :

Hence, from ([5.38)), it follows that

W IR T2y < B IPr R = R™|Zags0) + P B 1P R ([ 2x)
< CsahiBi IR = PR (|72

5 1 n n n n
(5.39) + 0574Cn{k—||U* — Uplli2) + IIUF = U |||§<},

where the constant C54 = max { (1 + 2 ), 713, 0753}

For K € T{* with K = Ky U KCy, 1nstead of (5.37)) we will have

Ur— Uy i

K'e{K:1,K2}

+ (BuV(UY — U;’Z)W(?ﬂx@”))w)

12, m 1 n n
< D <||7’KR = B w2y + U2 = Uiz
KIE{’CI,’CQ} n

1
(5.40) + Csahia B |I1UF — U?ZIIIKI).
Arguing as above, for K € T, we obtain

WeB IR G2y < Csa Y, hieBrr IR = PR 7200
K'e{K1,K2}

; 1
(5.41) +C5uCn Y {k—HUf—Uf’inz(er IHUf—UZZIH%},

K'e{K:1,K2} "
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where the constant Cs 4 is defined as above.
For every e € £", let ¢, = 4[], .\ @- be the edge bubble function, where ¢, is the

linear nodal basis function for each vertex z € N™. Let ¢ = J"),. Then, ¢)™ satisfies

the following properties (cf. [13]):

_1
van”L%K) < 0575]16 2 ”J:”L?(e) VK € Qe,
(5.42) 1
HQ/JHHLQ(K) < 05,6}1,52 HJenHL2(e) VK € Qe.

Next it remains to bound ||.J7'||z2(). We now write

(5.43) S hll e = D Rl TN+ D el TRz

e€ln ecép e€EN\ER
For any e € ", we know that J is constant on e. When e € £™\ &, an integration

by parts, and (5.31)) yields
HJ:H%%@ < 05,7/J§w"dx

= —C’57Z/5hVUh V¢nd$+0572/v (B VU )" da

KeQe KeQe
n n Un Uh n
= Cs7 ) BhVU — U ¢dx+057z Vrdx
KeQe, KeQe
—057 Z / R”@Z)”dx
KeQe

Applying the Cauchy-Schwarz inequality, it gives

1 1
12032y < Csz Y BENBEVUD = Up)llezao IV ll22xy

KeQ,e
1 n n n 7 n
(5.44)  + Csz > U = Uil 19" |2y + Csr D IR 2o 19 | 22
KeQ. " KeQe.

We apply (5.42) and the Young’s inequality to obtain

hel T2 N7z < 057<C§5Z U2 = Uplllk +Cag > 6 !U” Upll72x)
Ke KeQ, ¢ "

N

1

+ > WB IR ) % (heBel T2 32)

KeQe

With an aid of (5.34)), it follows that

- n ) n n 1 n n
heB T2 72y < CssCo Y (\HU* — Ul + PR Uh”%?(K))

KcQ
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(5.45) + Csz Y hicB IR )
KeQe,

where the constant Cs g = max{C57C3 5, C57C%4}.
Similarly, when e € &' and e € 9K, N IK,, we have

122 < G / T da

= — 057 / BK’VU}L Vw”dx + 057 Z / BhVUh ¢nd$
K'e{K1,Ka} K'e{K1,Ka}
= Csz Y, / B V(UP — UP) - Vo dx
K’G{Kl ]Cz}
+ Csz Y, / ( )w”dx —~Cs7 Y, / R™)™dz.
K'e{K:i,K2} K'e{K1,K2}

Arguing as above and using (5.42)), a simple calculation leads to

- n ] n n 1 n n
hEBe 1||J8 ||%2(6) < 0578(”71( Z |||U* - Uh |||§(’ + ]{I_HU* i Uh ||%2(K/))

K'e{K1,K2}

(5.46) + Cs,7 Z R B 1B | 2y
K’G{/Cl,/CQ}

Combining (5.39) and (5.45)), for any K € 7" \ T, we have

Mk < Csg Z i %8z | R* — KRHH%%K)
KeQe,

. 1
(5.47) + C510Cn > (k—HUf — Upllzze) + 11U = UZZ|H§<>,

Kee \' "

where the constants 05 9 — (1 + 05 7)054 and 05 10 = (1 + 05’7)05’4 + 05,8‘
Again, for all K € 7, (5.41) and (5.46) gives

772,[( S 0579 Z h%{/ I_(}HRn — PKR”H%2(K’)
KIG{/C1,/C2}

A 1
(5.48) + Cs5,10Cn Z (k—HUf — Up 72y + 1U = U;f|||§<'>-

K'e{K1,K2}

Finally, together (5 and (5.48) gives the required estimates and (5.36)), re-

spectively and this completes the proof. O
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Remark 5.3.1. Taking summation over all elements K € T", from and ,

we have
nZ,space - Z T]ZK + Z T]ZK
KeTh KeT\T®
< Csg0se(R", T") + C510Co|| UL — Uplli. o

where the oscillation of residual osc(R"™, T™) and the weighted norm ||[U} — U} ||k, o are

defined in and , respectively.

5.4 Adaptive Algorithm

This section provides a space-time adaptive algorithm to describe the adaptive pro-
cedure for parabolic interface problem (/5.1)-(5.3)). For various adaptive mesh refinement

techniques and their implementation, we refer the reader to [29] 43, [52] 3] 94].
Based on the error equidistribution strategy of [94], the time discretization error is

equally distributed to each time interval (¢,-1,%,], n = 1,..., N. Let €;me be the total
tolerance for the time discretization which is a part of a posteriori error estimate ([5.14]).
Thus,

N N ¢, B 2
(5.49) annzﬁm@m(Z / Hf—f”HLz(mdt> < €ime
n=1 n=1 th—1

which can be achieved by adapting the time-step size k,, such that

€time 1 tn Iz y/ €Etime
5.90 . — - " dt <
( ) N4 time > 2T kn /tn_1 ||f f ||L2(Q) = "or

hold. Now, for any given dime € (0, 1), we have

€time 1 - 7 V 5time€time
9.01 Ve < Otime ——» — - f" dt < ————
( ) M4 time = Ot 2T k, o~ ||f / ||L2(Q) ' B 2T

which can be used to control the time-step size.
Let €space be the tolerance related to the space discretization. Then, for each time

step n, the stopping criterion for mesh adaptation reads

n €space
(552) 774,space S T

which is appropriate for mesh refinements but not for mesh coarsening.
Following [29, Theorem 3.1], define the coarsening error indicator

n 1 n n n n n n
(5.53) N4, coarse — k,_HIHUh - Uy ”%2(9) +I[IEU = U3,
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where I}, @ C(2) — S} is the standard linear interpolation operator, T;} is the coars-
ening of the mesh 7™ and the corresponding solution is Uj; € S}. Here the estimator

N4 coarse d0€s not depend on Ug, the solution of the coarsened problem.

Algorithm 5.4.1. (Space and time adaptive algorithm). Given tolerances €gpme and
€space; and parameters vy, € (0,1), 72 > 1 and Giime € (0,1). Let U~' be the computed

value at time ¢,_; with the time step size k, over the mesh 771

Step 1: 7" :=T" Y ky i =kp_1, tn i=tn_1 + kn
solve the fully discrete problem (5.8) for U on 7"

compute the error estimates on 7"

Step 2: while ([5.50|) is not satisfied do
kn =Frknyity == tn—14+ Ky,
solve the fully discrete problem (j5.8)) for U} on T"

compute the error estimates on 7"

Step 3: while (7} pace > “5=) do
refine all triangle K € T"
solve the fully discrete problem for U} on refined mesh 7"
compute the error estimates on the refined mesh 7"

while ((5.50)) is not satisfied
go to step 2

Step 4: it (’r]zll,coarse S %%)
coarsening 7" to produce a modified mesh 77
solve the fully discrete problem 1} for U} on T

Step 5: if (5.51)) is satisfied then
{ kn = y2ky }

end

5.5 Numerical Experiment

In this section, a numerical experiment is presented to illustrate the performance of

the error indicators. All computations are carried out using the software FreeFEM++

[65].

Example 5.1. We consider the interface problem (5.1))-(5.3) defined on Qp = Qx [0, T7,
where 1 = (—1,1)x(—1,1) and 7" = 0.1. The interface I is chosen to be a circle centered
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at (0,0) with radius ro = %z, i.e., [ := {(x,y) € R?* : 2* + 3* = 19*} and it divides the
domain € into two subdomains Q; and 2y with Q; = {z?+y? < r¢?}. Select the forcing

term f and the boundary condition G such that the exact solution u is as follows:

x24y2 .
( ;y )etu Zf (l’,y) € Ql,T7
u(z,y,t) =
2,2 r2 r2 )
(= ;;y )et + <13_(i - [T(;)eta Zf (l’,y) € Q?,Tv

where Ql,T = Ql X [O,T] and Q2,T = QQ X [0, T]

N B
We compute the energy error Err = <an||lu — U,?H\?]) , the error estimator 7, is
n=1
given by
N m tn 2
772,1 = Z k‘n(nztime + nz,space + 772,00(17“86) + 2 ( Z / ”f - fn”Lz(Q) dt)
n=1 n=1 tn—1

and the effectivity index (eff. index = ny/Err ) of the a posteriori error estimate. All
the constants involved in the estimators are taken as 1. The tolerances € me, €space are

chosen to be equal.

Table 5.1: The degrees of freedom (DOF), the error estimator 1, ; and the energy error

(Err) at time t = 0.1 with tolerance e = 0.005.

5 DOF M4,1 Err
1220 0.196212 | 0.187321
BrEA 2443 0.092250 | 0.091261
By =10 4437 0.054525 | 0.047863
1248 2.516940 | 0.197260
Br=1 2497 1.370790 | 0.099681
By = 100 4502 0.522680 | 0.048601

We have carried out the experiment for two different choices of the discontinuous
coefficient 8 across the interface I'. We first take 5, = 1, 82 = 10, and then 5, = 1,
B2 = 100. To generate the adaptive meshes, we use the bisection algorithm and take the

parameter v; = 0.5. The three different steps of adaptive meshes are shown in Figures
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(a) Adaptive mesh at step 1. (b) Adaptive mesh at step 2.
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(c) Adaptive mesh at step 3.

Figure 5.3: An adaptive mesh at three different steps when 5, = 1,85 = 10 at t = 0.1.
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(a) Adaptive mesh at step 1. (b) Adaptive mesh at step 2.
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(c) Adaptive mesh at step 3.

Figure 5.4: An adaptive mesh at three different steps 5 = 1, 83 = 100 at t = 0.1.
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Table 5.2: For different tolerances ¢, the degrees of freedom (DOF'), the error estimator

4,1, the total energy error (Err) and the effectivity index (eff. index) at time ¢ = 0.1.

0 0.2

15} € DOF 4.1 Err eff. index
0.01 2245 0.092201 | 0.084125 1.0960
61=1 0.005 4437 0.054525 | 0.047863 1.1392
By =10 | 0.0025 8999 0.024109 | 0.023241 1.0373
0.01 2260 1.135360 | 0.089121 12.7395
61=1 0.005 4502 0.522680 | 0.048601 10.7545
51 =100 | 0.0025 9000 0.259140 | 0.024812 10.4441
0.8
0.7
0.6
0.5
%0‘4
a 0.3
0.2
01
0.4 06 08 1 1.2 14 16 1.8 ’ 0 0.2 0.4 0.6 0.8 1 12 14
log(DOF) log(DOF)
(a) (b)

Figure 5.5: Optimality of the estimator for the cases: (a) f; = 1, S = 10 and (b)

f1 =1, Po = 100. The optimal decay is observed by the line of slope —0.966 (left) and

the line of slope —0.976 (right).

and [5.4] Figure. [5.3] corresponds to the choice 51 = 1, 55 = 10 and Figure [5.4] refers
to the choice f; =1, B2 = 100.
In Table , the degrees of freedom (DOF'), the error indicator 7, and the energy

error E'rr are presented in each step of adaptive mesh generation at final time ¢ = 0.1

with tolerance € = 0.005 for two different set of values of 5. The plots comparing the

degrees of freedom with the total error estimator for both the cases are shown in Figure
The optimal decay of the estimator is observed by the line of slope —0.966 for
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Figure 5.6: Energy error versus number of degrees of freedom: (a) #; = 1,0 f = 10 and
(b) B1 =1, B = 100. The quasi-optimal decay is observed by the line of slope —0.884
(left) and the line of slope —0.877 (right).

the choice 51 = 1,5, = 10 (see Figure (a)) and the line of slope —0.976 for the
choice 81 = 1,8, = 100 (see Figure (b)). Further, in Figure we provide plots
for the energy error versus the number of degrees of freedom. For different tolerances
€, the number of nodes, the energy error and the effectivity index at t = 0.1 are given
in Table for two different values of 5. Further in Table we observe that both
the value of the indicator and the error are reducing. Figures and reveals that
the finite element mesh changes away from the interface I' due to different behavior
in subdomains and the initial mesh is adaptively refined. Also, we see that the finite
element mesh adapts very well in the neighborhood of the interface I' and higher density

of the node points are distributed along the interface circle.

5.6 Concluding Remarks

In this chapter, we have presented a posteriori error analysis for the space-time
immersed finite element approximation for the parabolic interface problem using non-
conforming finite elements. We derived both global upper and local lower bounds for the
error. New error indicators are provided to control the error due to the non-body-fitted
mesh. An adaptive algorithm is presented to generate the adaptive mesh for any geo-
metrically complicated interface. The numerical experiment is performed to illustrate
the performance of the error indicators. Further, we observe that the finite element

mesh adopts very well in the neighborhood of the interface I' and the nodes are very
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dense along the interface circle.
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An AFEM for Semilinear PIPs with Nonzero Flux

Jump

This chapter presents and analyzes the AFEM for a semilinear PIP subject to nonzero
flux jump in a two-dimensional bounded convex polygonal domain. The forcing term is
considered to be nonlinear and is assumed to satisfy the Lipschitz condition with respect
to the solution variable u. We use the continuous piecewise linear finite elements for the
approximation of spatial variable and the backward Euler difference is used for the time
variable. Our strategy is to avoid solving the nonlinear system by considering a modified
linearized fully discrete scheme. The residual-based a posterior: upper and lower bounds
for the error are derived using energy arguments. An adaptive algorithm is constructed
using the derived error estimators. The theory presented is complemented by numerical

experiments to illustrate the proposed algorithm.

6.1 Introduction

We shall proceed by introducing the semilinear parabolic interface problem. Let €2
be a bounded convex polygonal domain in R? with Lipschitz boundary 0. Further,
let 2 C €2 be an open domain with polygonal interface 92y := I" and Qs = Q\;. We

consider the following model problem:

(6.1) % - V- (B(x)Vu) = f(z,t,u) in Qr,
(6.2) u(z,0) =up(x) in Q; w=0 on IQr,

subject to the jump conditions across the interface I

(©3) =0, |552] =gt

122
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where Qr = Q x (0,7] and 9Qr = 0 x [0,T] with T" < co. The notation [v] defines
the jump of a quantity v across the interface I' and is given by [v](z) = v1(x) — ve(x)
with v;(z) = v(z)]q,, i = 1,2, and the symbol n denotes the unit outward normal to the
boundary 0€2;. The flux jump across I' is assumed to be nonzero, i.e., g # 0 and the

diffusion coefficient () across the interface I' is such that
f(x)=p0; for xeQ; (i=1,2),

where 3; € R*. Further, we assume that the initial function wg(x) € H'(Q2) and
9,2 ¢ [2(0,T; L*(I")). The source function f : Qx [0, 7] xR — R satisfies the Lipschitz

ot
condition with respect to the third argument, i.e., there exists a constant C';, > 0 such
that
(6.4) |f(z,t,wy) — fx, t,ws)| < Cplwy —wy|  Vwy,wy € R.

Hereafter, we write f(u) in place of f(z,t,u) for the subsequent analysis.
For the purpose of finite element approximation, we first recall the bilinear form

a(+,+) : H3 () x H}(2) — R defined by
a(v,w) = (B(z)Vv, Vw) VYo,w € HY ().

Further, we assume that the bilinear form a(-,-) is continuous and coercive on Hg (<),

i.e., there exist constants g, a; > 0 such that

(6.5) la(v,w)] < allvlmellwlme Yo,w e Hj(Q)
and
(6.6) a(v,v) > ailvlirg Yo e Hy(Q).

Thus the weak formulation of (6.1])-(6.3)) is stated as follows: For ¢ € (0,77, find
u(t) € Hi () such that

(6.7 (%2.6) +atw,0) = (f(w).0) +0.6), Vo€ HYQ)
u(0) =y,

where and (-, -) denotes the scalar product for the space L?(T"). Concerning the existence
and uniqueness of the solution of the semilinear parabolic interface problem, we refer

the reader to [51].
A posteriori error analysis for the semilinear PIP with homogeneous flux jump have

been studied by Sen Gupta and Sinha in [95]. The authors of [95] have derived a posteri-

ori upper bound in the L*(L?)-norm using the energy technique combined with elliptic
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reconstruction approach. The goal of this chapter is to extend our previous methodol-
ogy for linear PIP (2.1)-(2.3) to treat the semilinear PIP (6.1)-(6.3) with nonzero flux
jump. We have derived both a posteriori upper and lower bounds for the error. A global
upper bound for the error, which is bounded by the element residual and interior jump
residual, is derived whereas a lower bound for the error in terms of local error indicator
is established. The crucial technical tools used in the error analysis include the energy
argument, the Clément interpolation approximation properties and the bubble function
technique. The treatment of the oscillation of the residual which changes at each refine-
ment procedure is crucial in the refinement /coarsening strategy. A space-time adaptive
algorithm is provided which is based on the refinement strategy of Dorfler [43], Morin,
Nochetto and Siebert [83], and Chen and Feng [29]. Finally, two numerical experiments

are performed to illustrate the performance of the derived estimators.
The rest of this chapter is organized as follows: Section contains the space-time

discretization of the domain and the backward Euler approximation. In Section a
posteriori global upper and local lower bounds for the error are derived. The space-
time adaptive algorithm based on the error equidistribution strategy is presented in
Section [6.4] Numerical assessments of the proposed algorithm are presented to support
the derived theoretical results in Section . Finally, the last section contains the

concluding remarks.

6.2 Space-Time Discretization

In this section, we shall first recall the finite element discretization of the domain.
Let {(t,_1,t.]}Y_; be a partition of [0, T] with N number of sub-intervals (¢,_1,,]. Let
k, = t, — t,—1 be the time-step size of (f,_1,t,]. At each time level n =1,2,..., N, let
7™ be a regular triangulation of the domain Q which satisfies the conditions described

in Chapter [2|

Forn=1,..., N, let S" be the finite element space corresponding to the triangula-

tion 7" and be defined by
S"={ve Hy(Q):v|x € PY(K) VK € T"},

where Py (K') denotes the space of polynomials of degree less than or equal to 1 over the
triangle K. For any continuous function ¢ defined in (¢,_1,t,], set ¢" = (-, t,) and
o =& [ o( t)dt.

For the discretization of , we now use the continuous piecewise linear finite
elements for the approximation of the spatial variable while the backward Euler method

is used for the time discretization. Let Uy be a suitable approximation of the initial
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data ug in the space S° over the initial mesh 7.
The backward Euler approximation: The fully discrete backward Euler approx-

imation to (6.7) reads: Given U € S°, find U}' € S™ for 1 <n < N, such that

Ky,
Let {gpi}Nd"f where Ngp = dim(S™), be the nodal basis functions for the finite

=1 >

(6.8) (M,v) +a(Up,v) = (f"(U}),v)+ (g% v) YveSm

element space S™ and satisfy the property

gOz(l’j) = 5ij V1 S Z,j S Ndof‘

Then the solution U]} can be expressed as U} = Zf\fff cip; and can be written in

the matrix form as
ct — Cn—l

Ak— + Bc" = F(c")+D
with ¢ = T, where ¢" is the unknown vector, A = (a;;) is the mass matrix with a;; =
(i, 0j), B = (bi;) is the stiffness matrix with b;; = (8(x)Vi, V;), F(c") = (f7(c"))
is the vector with entries fI'(c") = (f"( fidgf ci i), p5), the vector D = (g') with the
entries gj = (g", ;) and T is the vector of nodal values of ug. The above equation may
be expressed as
(A+ Ek,B)c" = A" + k, F(") + k,D for t,, € (0,T],
(6.9)
S=7,

where the matrices A and B are positive definite, and F(c¢") is Lipschitz continuous
on R¥es . Thus gives a system of nonlinear equations. The disadvantage of the
above method is that at each time level one has to solve a nonlinear system of algebraic
equations due to the presence of the term F(c") in (6.8). To avoid this difficulty we
modify to a linearized fully discrete backward Euler approximation replacing the
term f"(UF) by f*(U 1) (cf. [102]).

The modified backward Euler approximation: The modified linearized fully
discrete backward Euler approximation to reads as: Given UY € S, find U € S™
for 1 <n < N, such that

(6.10) <Uh_k—Ug_v) aUr ) = (U, 0) + (57 0) Yo € ST

Like the above, (6.10)) can be expressed in matrix form as
(6.11) (A+ kB)e" = A" + b, F(e ) + kD for t, € (0,T),

where the matrices A, B, F(¢c"!) and D are defined as earlier. The equation (6.11)

yields the system of linear equations in ¢”, which has a unique solution.
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6.3 A Posteriori Error Analysis

This section begins with the a posteriori error analysis for the fully discrete approx-
imation to the problem (6.1)-(6.3). We first introduce the interior residual and jump

residual, and then derive both upper and lower bounds for the error.
Let £™ be the collection of interior edges of triangle K € 7", and let h. be the

length of edge e. We divide £" into three sets £, &' and &7, respectively, where &
denotes the set of all edges of the interface I', and £ denotes the set of all edges of the
triangulation 7;", for ¢ = 1, 2, respectively.

Now we define the following two residuals which will be used frequently for the rest

of the analysis of this chapter.
The interior residual is defined by

(6.12) R* = MUy =k (UF = U,
and the jump residual across e € £" is defined by

613 . JBYURnd, iteeem\arn

e

g"—[BVU} -n.], ifeef&l,

respectively, where [BVU} - n.| = (BiVU} |k, - ne — B2VUP |k, - 0.), Ve € 0K, N 0K,
and n, denotes the unit normal vector to e points from K5 to K;. Using integration by
parts, we have for all ¢ € H}(Q),

(6.14) aU.¢) = =) / Jhpds.

ecEn

The equation (6.10) can be written as
(6.15) a(Ul,v) — (R",v) — (§",v) =0 Yv e S
We now recall the following local approximation property for the Clément interpo-

lation operator from Chapter [2| (cf. Lemma [2.3.1]) which is crucial for our a posteriori

error analysis.

Lemma 6.3.1. Let I1" : H}(Q) — S™ be the Clément interpolation operator. Then, for
¢ € H ), we have

¢ ="l L2(x) + hi V(¢ = 1T") [ 2x) < Crihil[ VOl L2 (i)

I =T"6llizie) < Crahé|[Vélliae.),

where wi and w, denote the patch of triangles and edges in T", respectively; the constants

(6.16)

Cr1,Cra depend on the minimum angle of mesh T", n=1,..., N.
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6.3.1 An Upper Bound

In this section, we derive a global upper bound for the a posterior: error estimate. For
this, we need the following notations. Let Uy, : [0, T] — H{(2) be a continuous piecewise

linear approximation in time of u(t) defined by
(6.17) Un(t) = L (U + 1, Uf

for t € (tp_1,tn], 1 < n < N, where the Lagrange hat functions are given by [, _1(t) =

b=t and [,(t) =

o respectively.

7k“7l )
The main result of this section is stated in the following theorem.

Theorem 6.3.1. Let u be the exact solution of — and let U}} be its approzima-
tion defined by (6.10). Then for g € L*(0,T; L*(T")), there exists a positive constant C
such that for 1 < m < N, we have

- vy ||L2<Q)+Z / = Ul < o = U2 iy + 23 kot e
tnl n=1
2
+czknn5mce+4(z [ o = i)
tnl
(6.18) +4(Z/ lg = 3"l dt>,
tnl

where the constant C' depends on the minimum angle of meshes T", n = 1,2,...,m,
and the coefficient B(x). The time error indicator (13 ,,.) and the space error indicator

(113 space), TESPECtively, are given by
n 1 n n—1(|2 n n
N5,time = §H|Uh - Uh H|L2(Q)7 N5, space — Z M5.e
€€£"
with the local error indicator (ng.) is defined as
n 1 n n =N
(6.19) e = 3 D Wl B Gae) + hell T 12200y + hell g2 e)s
KeQ.

where Q. is the collection of two elements sharing the common edge e € E™.

Proof. For any ¢ € H}(Q) and v € S™, we obtain using (6.10)

n

(U—’? - 7¢> FalUR,0) = (FU)0) + (5" o) — (R 6= v)
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(6.20) + a(Ur, ¢ —v).
From (6.7), and (6.20), for all ¢ € (t"1,¢"] and v € S™, we obtain
du—U
(% ¢) Falu—UPg) = (F) = /(U5 ).0) + {9.9) — {g"0)
(6.21) + (R, ¢ —v) —a(Uy, ¢ —v).

Choose ¢ = u — U, € H}(Q) and v = TT"¢ € S™ in (6.21)). Then, using the identity
a(u—=Uy,u=Un) = Sllle = Upllla + 5 llle = Unllle = 511U = URlfa;

we find that
1d
2 dt

= EIIIUh = Uplllg + (f(w) = f1URT)u = Up) + (g, u = Up) = (7" 11" (u — Uy))

+ (R (uw=Up) =" —Up)) + Y [ T2 ((w=Un) = I"(w — Uy,))ds.

ecEn v €

1 . 1
el = Unll2aqay + 5w — T2 + 5l = Uil

Integrating the above equation with respect to ¢ from 0 to t., for any ¢, € (-1, tm]
with ¢, A t. = min(t,,t.) and summing over all m, we get

tn At

= U () Bage + 5 Z/ (11l — U113 + e — U1 ) s
t

n—1

= Mo~ OBl + 5 [ MU~ OFIIae
n=1“tn-1

+3° [ () - v

nltnl

+Z/t (9,u = Up) — (g ”,H”(u—Uh))>dt

+Z/tn1 (R, (u — Uy) — I™(u — Uy,))dt

+z/m<

J((uw—Up) — I™(u — Uh))ds> dt

ecEn v €

Now, we need to estimate the terms I;,7 = 1,...,5 separately. Using ([6.17)), we have

m

1 tn o
ho= 530 [ e 1107 - U
tr_1

P
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AN N - 1 & .
(6.23) = > 2UF =TI = 5 Ea ime-
2n:1 3 2n:1

By the Cauchy-Schwarz inequality, we get

= Z/ UCORY dt+2/ — ["(Un),u— Up)dt
+Z/tn ORCARVRC Al
Z/tn 1 1f(w) = (Ul 2@ llu = Unll 22

+Z/ 1 (Ur) = " (Un) 2@ llu — Unll L2 dt
tn 1

IN

+Z/t 1£(Un) — FUR ez 1w — Unll 2oy dt.

Now an application of |D in the above inequality implies

L, < Z ||’U,_Uh||L2(Q)||U_UhHLQ(Q)dt

tn—1

+Z / L) = F U)oz lle = Unll o dt
tnl

(6.24) +2 / 10 = U=yl = Uil o
tn—1

Again, using the Young’s inequality and (6.17) in (6.24)), we have

3CL 1
I, < Z/tn 1 lw— Uy |17 @dt + < g ohax Ju— Uh”L2(Q

2
+ 2(2/ 1/ (Un) = ”(Uh)|!L2<mdt> 5 Z/ 1UL = UM T2yt
tn—1 tn—1

1 ) I o=, .
< 1 Oglgf* [|w — UhHL2(Q) + 21 Z k5 time
2
(625 + 2(2 / 1F(O) = (U dt) |
tn—1
where the Lipschitz constant C'y = = is chosen for simplification and

m

n— 1m n n—
> [ - 1||im>dt=§zkn|wh—vh ) < D e
tn—1 n=1
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Again, for I3, an application of the Cauchy-Schwarz inequality and (6.16|) implies

m tn m tn
Iy = Z/t (9—9”,U—Uh>dt+2/ (G", (u—Up) — 1" (u — Uy))dt
n=1 n—1 n=1

tn—1

IN

m tn
Z/ lg = " |2y llw = Unllr2() dt
n=1Ytn-1

m tn
+Cray

n=1
Applying Young’s inequality to the first term of the above inequality, we obtain

2
m L 4 1

Iy < 2(2 | o—a \|L2<r>dt> * 508 = Uil

(6.26) +Crs Z/ > BElg @1V (u — Un) 2y dt:
n=1

tn—1 ecen

1
> 127" 21V (w = Un)ll 2 dt.

tn-1 cegp

Similarly, for I, and I, we again apply the Cauchy-Schwarz inequality and approxima-
tion properties (6.16]) to obtain

tn

I, < ) > B 2 ll(w = Un) = " (w = Un) | 2qac) dt
=1

tn-1 gegn
m t'n
(6.27) < CmZ/ > hill Rzl V (4 = Un) 22yt
n=1“tn-1 gen
and
m G
L < Y > 1Tz ll(w = Up) = T (u — Up) |2y dt
n=1"1tn-1 ccgn

ln

1
> T2V (1w — Un)ll 2 dt,

tn=1 gggn

(6.28) < Cr2y
n=1

respectively. Taking together all the above estimates (6.23)-(6.28) and (6.22)), and an

application the Cauchy-Schwarz inequality, we have

1 1 m tn Atx n
= OB+ 5 3 [ (Il = ORI + [l = )
n=1

tn—1
3

1 B¢,
5”’“0 - U}?H%%Q) + 21 ; K5 time + g ooax [Ju — UhH%Q(Q)

m tn 2 m tn 2
+ Q(Z/t_l 1f(Un) — f"(Uh)HLZ(Q)dt) +2(Z/t_1 g —§n||L2(r)dt>

IA
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1 = tn 1 n n =N
+ Y [ (50 BRIR W) + bl T e + hellgZ o))
n=1

-1 \ ecen Ke,

1
2

X[|lu = Unlllo dt

1 012 13 - n 3 2
< 5”“0 = Uy llz20) + 21 Z K time + g (oA [u = Unllz2(0

n=1

m tn 2 m tn 2
+ 2(2/ 1f(Un) — fn(Uh)||L2(Q)dt> + 2(2/ llg — g"||L2(F)dt>

tn—1 tn—1

1 7 tn 1
(6.29) +C= Z/ (75 space) * 11w = Unllladt,
n=1

th—1

where C' = max{C’IZJ, 01272}. Finally, we apply the Young’s inequality to the last term

of (6.29) to obtain

1 1 m tn Atx .
= OB+ 5 30 [ (e = TR+l = Uil
n=1"Ytn-1

n

IN

1 13, . 3
5”“0 - Uf?”%?(()) + 2 Zl K5 time + 8 o2 Ju— Uh||2L2(Q)

m tn 2 i tn 2
+ 2(2 / 1£(Un) = f”(Uh>||Lz<mdt> + 2(2 / lg ~ g”||L2<r)dt)
n=1 tn—1 n=1 tn—1
C m tn . 1 m tn )
+ EZ n5,spacedt+ §Z Hlu_ Uthdt7
n=1Ytn-1 n=1"tn-1

A simple calculation gives the required estimate (/6.18)) and this completes the proof. [

6.3.2 A Lower Bound

In this section, we derive a lower bound for the local error for the a posteriori error
indicator which plays an important role in the refinement/coarsening strategy. The
treatment of the oscillation of the residual which changes at each refinement stage is

crucial in deriving the lower bound.
Following [29], we consider the auxiliary problem as follows. Let U™ € H} () be the

solution of

Uf — U:_l n n(rrn—1 —n 1
The purpose of introducing (6.30) is to essentially control the error between U!" and
U, not between U}’ and the exact solution u" = u(x,t,) for fixed time-step size k,, by

adapting the mesh 7.
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For any K € T" and ¢ € L?(Q), define

1
= d
P !K!/K¢ "

the average of ¢ over the triangle K. For any n = 1,2, ..., we choose the constant
. h2.
(6.31) C, = max {k_n thi = dlam(K)}.

For a function ¢ € L*(Q), we define the weighted norm || - ||, o of H'(Q2) with the
parameter k, > 0 by

2

1
(6.32) [@llk0 = <EH¢Hi2m) + |H¢H|é)

and the oscillation of the function ¢ € L?(Q) over the mesh 7" by

2

(6.33) osc(6, T") = (Z h§<||¢—7’z<¢||%z(m> .

KeTn
Theorem 6.3.2. Let U}’ and U} be the solutions of and , respectively.

Then, forn=1,2,...,m, we have

n A 1 n n n n
. < CosCn Y {k—HU* — Up 72y + U2 = UhHMQK}
KeQ. U

(6.34) + Ce5 Z hlIR" = PR (|22 (k) + Co,7hellg" 172 )

KeQe

where the constants Cs;’s (j = 5,6,7), depend only on the minimum angle of meshes

T" and the coefficient B(x).
Proof. We borrow the idea of proof from Verfiirth [104]. For any K € T", let ¢ =

27A1A2A3 be the element bubble function, where A\;, A\ and A3 are the barycentric coor-

dinate functions. Then the following inf-sup relation satisfies

. S5 vnontbi
inf sup
vn€P1(K) ¢, Py (K) || Pnll L2 ) || Vn ]| L2 (k)

Z 70,

where the constant vy > 0 depends only on the minimum angle of K € T". Let
¢" € P1(K) be such that [[¢"||z2(x) = 1. Since ¥ = 0 on K and Uy € P(K), we
have (§", ¥¢™) = 0 on 0K and a(U}',v¥k¢") = 0 over K. Taking v, = PrR" in the
inf-sup relation and using (6.30), we find that

Yol P R"|| 22y < /(PKR"WKCbnd??
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n __ 7rn—1

= /K(PKR" — R")Yg¢"dx + /K (f”(U;j—l) — %) V" dr
n __ 7rn—1

= /K(PKR" — R")Ygo"dr + /K (f”(U;;‘_l) - %) Yr@"dx

_ / (PkR" — R")¢re¢"dx 4 a(U — Uy, bk ™)
K

65 v [ (SR v

By the Cauchy-Schwarz inequality, the inverse estimate ||[1ox¢"|||x < Ci1hy" and

(6.35), it follows that

1
Wl PR |2y < IIPkR™ — R |2y + Coabi U — Uk + k—||Uf .
With an aid of (6.31]), it now follows that

n n n n (|2
Wil R 22y < PEIPrR™ = RM |72y + i PR |12 6y
h%( 1 n n||2 612,1 n n||2
< 73{k—%||U* —Uh||L2(K)+—h%<|||U* — Uplll%

1 n n
+ (14 72)h§(\|ﬁ> — PR

0

IN

A 1 n n n n
06,3Cn{k—llU* — Ui llz20) + IIUF = U, |||§<}
(6.36) + Coohk||R" — PKRRH%%K)a
where the constants Cs, = (1 +1/75) and Cg3 = max{1/+3,C} /73 }.

Let ¢¢ = 4X1 )y be the edge bubble function for any edge e € £", where A\; and X,
are the barycentric coordinate functions associated with the node of e. Let 9" = JI'1). €
H{(2). Since J? is constant on e € £", we have ||¢]| 12y < Coal|t0@ @||12(e)- Now we use
(6.30) and integrate by parts formula to obtain

17272y < Coa / Jrptde = —Cea Y / Blz)VU! - Vep"da
e K

KeQe,

= Cou /K B@)V(U! = Up).Vy"de — Cga Y /K R™"da

KeQe Kee

—Cp 4 / g"Y"dx
e;0 KNI'#()
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< 06,4( D IV = U2 IV 8™ |2

KeQe

(6.37) + > IR 2o 1™ z2ge) + H§”||L2<e)\|¢"||L2<e)>-
KeQ,e

_1 1
Since ||[Vi™||r2x) < Cihe || I | L2(e)s 10" |2y < Cihe || I |12y for all K € €2, and
an application of Young’s inequality in (6.37)) yields

1
hell T2 L2 < 06,4C*< > R IVOE = Uilzaol e 2o
KeQe,

§ n n =N n
+ > BB 2o T2 N z2e) + Pell g™ | 2o 172 22
KeQ,e

N[

= 06,4C*< D T - Uil + Y IR Zax,y +he\|§”Hiz(e>>

Kefe Kefe
1
2
x(hellJ2 3a00)

This implies

(6.38) hell T I72(0) < 06,4O*< > NuE =Upllli + Y IR Nz +he||§n||%2(e)>'

Kee KeQe

Taking together (6.19)), (6.36]) and (6.38)) gives

n 1 n n
e = 5 Z h|IR ||%2(K)+h€”‘]e ||2L2(e)

KefQe

1 - 1 n n n n

Ke, U7

1

+ (5 + Cs.4C4)Cp 2 Z hy||R™ — PKRnH%?(K) + 06,4C*h€|’§n”%2(6)

KeQe

A 1 n n n n

< el Y {k—uv* — Uplagaey + 107 - Uhm%}
Ke, U

+ Cos Z hicIR" — P R™| 2250y + Co7hellg" |72(c);

KeQe

where the constant 06,6 = (% + C674C*)0673, C675 = (% +C6,4C*)CG,27 06,7 = C@AC*. This
completes the rest of the proof. m
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Remark 6.3.1. Summing up for all e € E™, we reach the following result

n A 1 n n n n
Moo < CocCo D O {02 = Uilfbaguey + 1102 = U115 |

eeé'n KEQE
+ Co Z Z hiclIR" — Pr R™||72(s0) + Cor Z hellgi 72
ecEn KeQe ecER
(6.39) = 2C56CullU — Upli. o+ 2Cs5 0sc(R™, T")? + Coz Y hellg"ll72(0):

ecEp

where the weighted norm ||UY — U} ||k, o and the oscillation of residual osc(R™,T") are

defined in and , respectively.

6.4 Adaptive Algorithm

This section provides an algorithm to describe the adaptive procedure of the problem
(6.1)-(6.3). The algorithm is based on the error equidistribution strategy [29) 94]. Let

€ume be the total tolerance related to the time discretization so that

QanngtimeﬂL‘l(Z/t 1f(Un) _fn(Uh>||L2(Q)dt)
n=1 n=1 n—1

N n 2
+4(Z/ Hg—g”HLz(F)dt> < Cline

n=1 7 tn-1

To obtain ((6.40)) we have to adjust the time-step size k,, such that the following relations

(6.40)

\

hold:
€time 1 /tn v/ €Etime
e < , —_— U — fr U 2 dt S )

1 fn vV €time
— — 3" pemdt < Y——.
ki /tnl lg = 9" le2ydt < 2v3T

For given any dgme € (0, 1), we have
€time tn 5 ime€time
Pame < Sime e [ 1500 — £ (O ot < 0
th—1

67T VAT A
1 /tn H _n” dt < V 5time€time
b Ji g— g |lL2mat = 5 \/§T

Let €space be the tolerance related to the space discretization which is allowed for the

(6.42)

part of the a posteriori error estimate in ((6.18]). Then for each time step n, the stopping

criterion for mesh adaptation is to satisfy
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n €space

(643) 75 space < T

This stopping criteria is suitable for mesh refinements but not for mesh coarsening. For
our analysis, we will use a coarsening error indicator 77 .,q.s. (cf. [29]) which is defined
by
(6.44)

n
n5,coarse

1 n n n n n n
= k_H]HUh — Uy ||%2(Q) + 15U = URII5,

where [}; is the standard linear finite element interpolant. The indicator 75 ..., does
not depend on the solution of the coarsened problem. Also, this property allows the mesh
to coarsen only once, without checking whether the solution of the coarsened problem
satisfies the stopping criteria (6.43)). Using the above fact, we present the following

space-time adaptive algorithm.

Algorithm 6.4.1. (Space and time adaptive algorithm). Given tolerances €iime, €space
and €qparse, parameters v; € (0,1), 72 > 1 and yime € (0,1). Let U be the computed

value at time t"~! with the time step size k, and the mesh 771

Step 1: 7" :=T" ! ky i=kn_1, tn i=th1 + kn
solve the fully discrete problem (6.10) for U;* on 7"

compute the error estimates on 7"

Step 2: while is not satisfied
do
{
kn = Yikn, tn == tn_1+ ky
solve the fully discrete problem for U} on T™
compute the error estimates on 7"

}

end

Step 3: while (180 > =) do

{

refine mesh 7" to produce a modified mesh T
solve the fully discrete problem for U7 on 7"
compute the error estimates on T

while (6.41) is not satisfied
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goto Step 2

}

end

Step 4: if (
coarsen mesh 7" to produce a modified mesh 7.
solve the fully discrete problem (6.10]) for U on 7"

n €coarse )
775,coarse — T

Step 5: if (6.42)) is satisfied then
{
ko = ’Yan

}

end

6.5 Numerical Experiment

This section is devoted to numerical experiment corresponding to the parabolic in-
terface problem —. We consider two test problems to validate our theoretical
results. The first example consists of a straight interface whereas a polygonal interface is
considered in the second example. For both the test examples, we consider two different
choices of the discontinuous coefficients 5: (i) 5; = 1, B = 10, and (ii) £; = 1, S = 100.
The bisection algorithm is used to generate refined meshes. We take the parameters
1 = 0.5 in Algorithm [6.4.1] All the constants involved in the estimators are taken as 1.
The tolerances €me and €gpqace are chosen to be equal, say €, and €qoqrse = 0.5¢. For our
numerical experiments, we have not considered the coarsening of mesh. We compute the
energy error Err := (Zﬁ:{:l knl|lu — U[L‘]Hé) v and the effectivity index of a posteriori
error estimate which is defined as eff. index = 75 ; /Err, where the error estimator 7 ;

is given by

N

m tn 2
W§,1 = Z kn(ng,time + ng,space + ng,coarse) + 4( / ”f(Uh) - fn(Uh)HLZ(Q)>
n=1 tn—1

n=1
m tn 2
ey / lg— " llzem | -
n=1" ‘n-1

All computations are carried out using the software FreeFem++ (cf. [65]).

Example 6.1. We solve the problem ([6.1)-(6.3) in the computational domain 2 =
(0,2) x (0,1). The interface I' occur at x = 1 which divides the domain € into two
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subdomains such that €; = (0,1) x (0,1) and Qy = (1,2) x (0,1). Select the forcing
function f(x,y,t,u), the initial condition ug(x,y) and the flux jump g(z,y,t) such that

the exact solution u(z,y,t) of (6.1))-(6.3)) is of the form

u(z,y,t) =

Table 6.1: The degrees of freedom (DOF), the error estimator 75 ; and the energy error

tsin(mzx) sin(7y)

—tsin(mx) sin(my)

(Err) at time t = 0.01 and tolerance € = 0.01

in Q x (0,7,

in QQ X (O,T]

B DOF 5.1 Err
B =1 869 0.021926 | 0.003161
by =10 1566 0.011494 | 0.002064
3053 0.005894 | 0.001318
B1=1 850 0.027123 | 0.004812
B2 = 100 1546 0.014505 | 0.003323
3025 0.007565 | 0.002358

Table 6.2: The different tolerances ¢, the degrees of freedom (DOF), the error estimator

ns5.1, the energy error (Err) and the effectivity index (eff. index) at time ¢ = 0.01

B € DOF 5.1 Err eff. index
0.01 3053 0.005894 | 0.001318 4.4719
fr=1 0.005 5953 0.002127 | 0.001296 1.6412
P2 =10 | 0.0025 8995 0.001054 | 0.001024 1.0248
0.01 3025 0.007565 | 0.002358 3.2082
B =1 0.005 6149 0.004525 | 0.001938 2.3348
B2 =100 | 0.0025 9000 0.002551 | 0.001598 1.5963
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Figure 6.4: Optimality of the estimator for the cases: (a) 51 = 1, S = 10 and (b)
p1 =1, B = 100. The optimal decay is observed by the line of slope —0.908 (left) and
the line of slope —0.921 (right).
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Figure 6.5: Energy error versus number of degrees of freedom: (a) f; = 1,0 5 = 10 and
(b) p1 =1, B3 = 100. The quasi-optimal decay is observed by the line of slope —0.6221
(left) and the line of slope —0.6512 (right).

For Example [6.1] the adaptive mesh and the corresponding surface plots of the
numerical solution at time ¢ = 0.01 are given in Figures to [6.3] In Table [6.1], for
both cases of /3, the degrees of freedom (DOF), the error estimator (75 1) and the energy
error (Err) are given in each step of adaptive mesh generation at final time ¢ = 0.01
with the given tolerance ¢ = 0.01. Figure [6.4] shows the plots comparing the degrees of

freedom with the total error estimator for both the cases of 5. The optimal decay of
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the estimator is observed by the line of slope —0.908 for the choice 51 = 1, 2 = 10 (see
Figure (a)) and the line of slope —0.921 for the choice ) = 1, 52 = 100 (see Figure
6.4] (b)). Further, in Figure [6.5] we provide plots for the energy error versus the number
of degrees of freedom. At fixed time t = 0.01 for different tolerances ¢, the degrees of

freedom (DOF), the energy error (Err) and the effectivity index (eff. index) are given
in Table [6.21

Example 6.2. In the second example, we solve the problem — in a compu-
tational domain = (0,1) x (0,1). We consider €; = (0.25,0.75) x (0.25,0.75) and
Qy = 2\ © so that the interface I becomes a polygonal interface. Select the functions
f(z,y,t,u), up(z,y) and g(x,y,t) such that the exact solution u(z,y,t) is as follows:

tsin(2m(x — 0.25)) sin(27(y — 0.25)) in Q; x (0,7,

u(z,y,t) =

t sin(4mx) sin(4my) in Qy x (0,7].

Table 6.3: The degrees of freedom (DOF'), the error estimator 75 ; and the energy error

(Err) at time t = 0.01 and tolerance € = 0.03

B DOF 5,1 Err
1850 0.4524639 | 0.018459
B =1 2604 0.226861 0.010273
B2 =10 2897 0.113658 0.005858
1863 1.4676500 | 0.0193382
b =1 2732 0.5963200 | 0.0108444
B2 =100 2910 0.4552980 | 0.0105663

For Example [6.2] the adaptive mesh and the corresponding surface plots of the
numerical solution at time ¢ = 0.01 are given in Figures to[6.8] The plots comparing
the degrees of freedom with the total error estimator for both the cases are shown in
Figure [6.9. The optimal decay of the estimator is observed by the line of slope —0.995
for the choice 8, = 1,8, = 10 (see Figure (a)) and the line of slope —0.986 for
the choice 8; = 1,8, = 100 (see Figure (b)). Further, Figure provide plots for
the energy error versus the number of degrees of freedom. In Table [6.3] the degrees of

freedom (DOF), the error estimator (751) and the energy error (Err) are given in each
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Figure 6.6: An adaptive mesh and the corresponding discrete solution at step 1.
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Figure 6.7: An adaptive mesh and the corresponding discrete solution at step 2.
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Figure 6.8: An adaptive mesh and the corresponding discrete solution at step 3.
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Figure 6.9: Optimality of the estimator for the cases: (a) 51 = 1, S = 10 and (b)
1 =1, B3 = 100. The optimal decay is observed by the line of slope —0.995 (left) and
the line of slope —0.986 (right).
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Figure 6.10: Energy error versus number of degrees of freedom: (a) 51 = 1,0 S = 10
and (b) p; = 1, B = 100. The quasi-optimal decay is observed by the line of slope
—0.839 (left) and the line of slope —0.816 (right).

step of adaptive mesh generation at final time ¢ = 0.01 with the tolerance ¢ = 0.03. At
fixed time ¢t = 0.01, for different tolerances €, the degrees of freedom (DOF'), the energy
error (Err) and the effectivity index (eff. index) are given in Table [6.4]

In Tables and Tables [6.346.4] we observe that for a fixed time with different
mesh sizes and different tolerances the value of the estimator and the error reduces.
Figures [6.1] to [6.3] and Figures [6.6] to [6.8 reveal that the finite element mesh are refined
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Table 6.4: The different tolerances €, the degrees of freedom (DOF), the error estimator

5.1, the energy error (Err) and the effectivity index (eff. index) at time ¢ = 0.01

15} € DOF 5.1 Err eff. index
0.03 2897 0.113658 | 0.005858 19.4021
pr=1 0.015 5636 0.089844 | 0.004909 18.3019
P =10 | 0.0075 | 8996 0.067146 | 0.004125 16.2778
0.03 2200 0.4552980 | 0.0105663 43.0896
pr=1 0.015 4665 0.3268070 | 0.0089378 36.5646
B2 =100 | 0.0075 | 8987 | 0.2412290 | 0.0077719 31.0387

very well and higher density of node points are distributed around the interface I'.

6.6 Concluding Remarks

In this chapter, we presented an adaptive algorithm for the fully discrete finite el-
ement approximation for the semilinear parabolic interface problem with nonzero flux
jump. Both global upper and local lower bounds for the error are derived. The treatment
of the oscillation of the residual plays an important role in each refinement procedure.
The present analysis extends the convergence analysis of AFEM for linear PIP to the
semilinear PIP with nonzero flux jump across the interface. The numerical experiments

reveal the behavior of the proposed algorithm with promising numerical results.
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Conclusions and Extensions

This chapter presents the critical assessment of the results highlighting the contributions
of the current thesis work and the technical tools used in the analysis. It also provides

some information for the scope of possible extensions and future investigations.

7.1 Critical Review of the Results

In this thesis, the study was set out to explore AFEMs for both linear and semilinear
PIPs in a bounded convex polygonal domain in R?. For some problems, the interface I'
is assumed either to be of the polygonal type or class C2. Due to the discontinuity of
the coefficient along the interface I', the solution of the PIP has low global regularity.
AFEMs are the best suited numerical technique to enhance the efficiency and accuracy
of these kinds of problems. This is because adaptivity allows local mesh refinement
around the interface to achieve the desired residual bound with a few degrees of freedom
as possible. However, there exists limited work on the AFEM for PIPs and this thesis
has attempted to address some of the unexplored issues. In this thesis, a posteriori
error analysis and adaptive algorithms for conforming FEM, conforming IFE method,
nonconforming FEM, and nonconforming IFE method for the PIP are analyzed. The

chapter-wise contributions of the thesis are as follows.
Our first problem in Chapter [2| considers an AFEM for the fully discrete finite ele-

ment approximation for the linear PIP — in a bounded convex polygonal domain
in R%2. The space discretization uses the standard piecewise linear elements while the
backward Euler scheme is used to approximate the time derivative. The residual-based
a posteriori error estimates are derived using the energy method. Some new error in-
dicators are introduced to control the error due to the discontinuous coefficients and

nonhomogeneous flux jump across the interface. Both upper and lower bounds (The-
orem and Theorem [2.3.2)) for the error are established. The adaptive algorithm

145
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(Algorithm is presented using the derived error indicators and a numerical exam-
ple (Example [2.1)) is reported to illustrate the theoretical analysis. Our numerical result
shows that the finite element mesh adapts very well where the solution has a discon-
tinuity and a higher density of the node points distributed around the interface. The
key technical tools used include Clément type interpolation approximation properties,

properties of the bubble functions, and the techniques of [29].
Chapter 3] deals with an AIFEM for the fully discrete finite element approximation

for the linear PIP (3.1)-(3.3)). In this chapter, the interface I' is assumed to be of class
C?. We have introduced the space-time IFE discretization where the finite element
mesh does not follow the actual interface. The standard piecewise linear finite elements
are considered for the spatial discretization and the backward Euler approximation
is used for the time derivative. Some new error indicators are introduced to control
the error due to the non-body fitted mesh. We have derived both upper and lower
bounds (Theorem and Theorem for the error in terms of the local error
indicators. The key technical ingredients used in deriving the a posteriori error estimates
are the interpolation approximation properties, energy arguments, and the properties of
bubble function. Numerical experiment is performed to demonstrate the adaptive mesh

refinement procedure.

Chapter (4] is devoted to the residual-based AFEM for the problem — using
nonconforming finite elements. The discretization is done using the adaptive finite el-
ements in spatial variable combining with the backward Euler approximation in time.
The nonconforming finite element spaces are piecewise linear functions over the trian-
gulation of 2. The proposed a posteriori error analysis does not involve the Helmholtz
decomposition while analyzing the reliability of the estimator. Both upper and lower
bounds (Theorem and Theorem for the error are derived. In addition, a lower
bound for the error in terms of the modified error indicator is also established (Theo-
rem . The technical tools used in our analysis involves the modified Clément-type
interpolation approximation properties, the error equation (Lemma [4.3.2)), the energy
argument, the properties of bubble functions and the stability properties (Lemma m
and Lemma in the energy norm. Numerical results are provided to show the

effectiveness of the estimators using Algorithm [4.4.1]
In Chapter |5, we have considered a posteriori error estimation and adaptive mesh

refinement for the problem (j5.1)-(5.3) using nonconforming IFE method in a bounded
convex polygonal domain in R?. We assumed that the interface is of class C? and time-
independent. The nonconforming IFE discretization is introduced and the finite element

meshes need not follow the interface. The key tools used to derive the residual-based a
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posteriori error estimates involve interpolation approximation properties, homogeniza-
tion arguments, energy argument, and properties of bubble functions. The global upper
bound (Theorem and a lower bound (Theorem for the error in terms of
the local error indicators are derived. New error indicators — are provided
to control the error due to non-body fitted mesh. Our numerical results show the good

effects of the requited estimators using the proposed Algorithm [5.4.1]
Chapter[6is concerned with an AFEM for the semilinear PIP ([6.1)-(6.3)) with nonzero

flux jump. The space discretization uses the continuous piecewise linear finite elements
while the backward Euler approximation is considered for the time discretization. The
modified linearized backward Euler method for the time discretization is also considered
to avoid solving the nonlinear system of algebraic equations at each time level. The
forcing term is assumed to satisfy the Lipschitz condition. We have derived a posteriori
upper and lower bounds for the error. The upper bound (Theorem of the error
involves an indicator for the initial error, temporal and spatial error indicators, and
indicators for data approximation error. A lower bound (Theorem for the error
in terms of local error indicator is established. The crucial technical tools used in
our analysis involve the interpolation approximation properties, the Cauchy-Schwarz
inequality, the Young’s inequality, the properties of the bubble functions and energy
arguments. Numerical results (Examples and are presented to illustrate the
performance of the derived error indicators using the proposed adaptive Algorithm [6.4.1]

7.2 Future Works

The results of this thesis could be extended to the following interesting problems to

be taken up in the future.
Nonlinear parabolic interface problems. Let ) be a bounded polygonal domain

in R? with smooth boundary 2. Let ©; be a subset of € with smooth interface I' = 9
and let 2y = Q\Q;. Consider the following nonlinear PIP of the form

(7.1) % +Lu = f(x,t) in Qp

with the initial and boundary conditions

(7.2) u(z,0) =up(x) in Q; w=0 on 0N,

and jump conditions across the interface I"

(73) [u =0, Bz, u) 5| = gla. )
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where the operator L is of the form
(7.4) Lu = -V - (B(x,u)Vu) + by(x,u)u

and Qp = Q x (0, 7] and 0Qr = 92 x [0,T], T < oco. The functions 3,by: @ x R — R
are such that the operator L is monotone and Lipschitz continuous. Further, we assume
that 3 is of the form

Blx,u(x)) = pBi(x,u(x)) for z€Q; ulx) eR(i=1,2),

where 3; : 2 x R — R is continuous.
Some investigations concerning a priori error analysis have been made for the el-

liptic interface problems [50}, 110]. To the best of authors’ knowledge, the AFEM for
nonlinear parabolic interface problems with the smooth interface is not available in the
literature. The nonlinear case is far more complicated and requires few additional ef-
forts. It would be an interesting investigation on AFEM for the problem - with

smooth interface based on a posteriori error analysis.
Parabolic integro-differential equations with interfaces. Consider the parabolic

integro-differential equation of the form

ou

(7.5) i V- (B(x)Vu) = f +/O B(t,s)u(s)ds in Qr

with prescribed initial and boundary conditions
(7.6) u(z,0) =up(x) in ; w=0 on I,

and jump conditions across the interface I'

& W =0, [55e] =

where Q = Q; UT'US), is a convex polygonal domain in R? with Lipschitz boundary 012,
), C Qis an open domain with C? smooth interface I' = 9Q; and Q, = Q\;. Here
Qpr =Qx(0,7] and 0Qp = 002 x [0,T], T' < co. Further, we assume that the coeflicient

[ is positive and piecewise constant, i.e.,
f(x) =0 for x€Qy; Blx)=pFy for €y,
and B(t, s) is a first order partial differential operator of the form

B(t, s)u(s) = Z bi(z;t, s)aua(i; ) + u(z, s).
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Here u, f and g are functions of x and ¢ only.
The problem ([7.5)-(7.7) arises in several applications, such as heat conduction in

rigid materials with memory, the compression of viscoelasticity media, nuclear reactor
dynamics and the epidemic phenomena in biology ([27, 86]). Such an extension is not
straightforward because of the discontinuous coefficient and the Volterra integral term.
Some investigation concerning a priori error analysis have been made for the problem
— with ¢ = 0 ([41]). Tt will be very interesting and challenging task to study
a posteriori error analysis and adaptive algorithms using both conforming and non-

conforming finite elements for the problem ([7.5))-(7.7).
Hyperbolic interface problems. Let € be a convex polygonal domain in R? with

boundary 0f). Let €2y C €2 be an open domain with smooth interface I' = 02; and let
Qy = Q\Q. Consider the hyperbolic interface problems of the form
0%u

(7.8) Er V- (a(z)Vu) + b(x)u = f(z,t) in Qp

with boundary condition
(7.9) u=0 on 0,
initial conditions

u(z,0) = up(x) in €,

0 .
(@0 =w(@) n 9

(7.10)

and jump conditions across the interface I"

ou
7.11 —0, [ _] o
(7.11) W =0, [a(x)5e] =9
where Qr = Q x (0,7] and 0Qr = 9Q x [0,T], T < oco. The coefficient matrix
is assumed to be discontinuous across the inietface I' but piecewise smooth in each
sundomain, i.e.,

a(x) = a;(z) for ze€Qy,i=1,2.

Further, we assume that the matrix a(x) is symmetric, uniformly positive definite in
and b(z) > 0. The source function f and the initial functions ug, vy are assumed to
be sufficiently smooth. The equation is often used as a simple model in seismol-
ogy or ocean acoustics, in which the ocean bottom is described as a multi-layered fluid
medium. In this case, the coefficient represents the velocity of sound which is discontin-

uous between sediment layers and w is the acoustic velocity [17]. In electromagnetism,
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the equation ([7.8]) corresponds to a problem in which the material occupying the interior
is a dielectric rather than metal ([7]). Due to the presence of a smooth interface, the
true solution to this problem has a low global regularity. It is very challenging to obtain
higher-order convergence. Although a good number of articles is available concerning a
priori and a posteriori error analysis for the problem (7.8)-(7.11) ([3, 40, 42]), it would

be further interesting work to study an AFEM for the proposed problem (7.8])-(7.11)).
Parabolic moving interface problems. Consider the model one-dimensional

moving interface problem of the form

ou 0 ou

(7.13) uw(0,t) =0=wu(l,t) t>0, and wu(z,0)=u(x), =€,
da 4 Ou” ou™

(714) E—h(t,a,u , U ,% ,% ), t >0,

u—
’ Oz

values of u(z,t) and % from the left and right hand side of a moving interface a(t).

where Q = [0,«) U (a, 1], h is a known function, u~, u™ and %+ are the limiting

The jump conditions across the interface a(t) are given by

(7.15) [u] = u(a™,t) —u(at,t) =0,

(7.16) 55| = Bl g0 - Blam g0 =a(0).

The coefficient S(x,t) > 0 and the source function f(z,t) are assumed to be discon-
tinuous across the interface a(t). Such problems (7.12)-(7.16)) occur in studying blood
flow in a beating heart [86], 87]. It would be interesting and challenging to see how the
analysis of Chapter [3| and Chapter [5| can be extended to derive the a posteriori error

estimates and develop an adaptive meshing procedure for the finite element method.
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