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Abstract

This thesis studies arithmetic properties of certain partition functions, namely
Andrews’ singular overpartitions, mex-related partition functions, t-regular parti-
tions and 3-regular color partitions. Firstly, we study the mex-related partition
function which has been introduced by Andrews and Newman very recently. The
minimal excludant, or “mex” function, on a set S of positive integers is the least
positive integer not in S. Andrews and Newman extended the mex-function to in-
teger partitions and found numerous surprising partition identities connected with
these functions. We study two of the families of functions they introduced, namely
pee(n) and pa(n). We use various basic g-series manipulations to establish identities
connecting the ordinary partition function p(n) to p;+(n) and po;4(n) for all ¢t > 1.
Using these identities, we prove that Ramanujan’s famous congruences for p(n) are
also satisfied by p;.(n) and py,(n) for infinitely many values of t. Next, we prove
that the generating function of p;,(n) for t = 2,3 - 2% where o > 1, is a modular
form modulo 2. We then use a result of Ono and Taguchi on nilpotency of Hecke
operators to find infinite families of congruences modulo 2 satisfied by pae 20 (n) and
P390 3.00(n) for all @ > 1. We further prove that p;;(n) = Cys(n) (mod 2) for all

n >0 and ¢t > 1, where Cy;4(n) is Andrews’ singular overpartition function.

Secondly, we study certain arithmetic properties of Andrews singular overparti-

tions U,“(n) We use arithmetic properties of modular forms and eta-quotients to

TH-2637_186123002



vi ABSTRACT

study divisibility of Ugm(n), 64&4(71) and UGE,g(n) by arbitrary powers of 2 and 3.
Using a result of Ono and Taguchi on nilpotency of Hecke operators, we find infinite
families of congruences modulo arbitrary powers of 2 satisfied by Clyga 90 (n) and
64‘3.2«173.2«1(71) for all o > 0.

Thirdly, we study arithmetic properties of certain t-regular partitions. In a
recent paper, Keith and Zanello established infinite families of congruences and self-
similarity results for b;(n) modulo 2 for certain values of ¢. Further, they proposed
some conjectures on self-similarities of b;(n) modulo 2 for certain values of ¢t. For

example, they conjectured that, for a positive proportion of primes p, bs(n) satisfies
> bs(2(pn+ @) =) bs(2n)g”  (mod 2),
n=0 n=0

where @ = —247! (mod p?), 0 < a < p?. We prove their conjectures on bz(n)
and bes(n). We also prove a self-similarity result for by;(n) modulo 2. The proofs
use a result of Serre which says that if f is an integer weight cusp form on the
congruence subgroup I'o(/V) then for any positive integer M, a positive proportion
of the primes p = —1 (mod M N) have the property that f(z) | 7, = 0 (mod M).
We also establish infinite families of congruences modulo 2 for bs(n) and by (n) using
an approach developed by Radu. Using the theory of Hecke operators, we next prove
a self-similarity result for b3(n) modulo 2 for the prime p = 17. We further prove
that the series Y2 bg(2n +1)¢" is lacunary modulo arbitrary powers of 2. We also
prove that the series ), bg(4n)g™ is lacunary modulo 2.

Finally, we study the partition function pygssy(n) which counts the number of
3-regular partitions in three colours. In a very recent paper, da Silva and Sellers
studied certain arithmetic properties of pz41(n). They further conjectured four
Ramanujan-like congruences modulo 5 satisfied by p3s3(n). We confirm the con-

jectural congruences of da Silva and Sellers using the theory of modular forms.
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Introduction

A partition of a positive integer n is a finite non-increasing sequence of positive

integers ny > ng > - -+ > n,, > 0 such that

m
n = E n;,
=1

where n;’s are called parts. The number of partitions of n is denoted by p(n) and

by convention p(0) := 1. For example, partitions of 5 are
5,4+1,34+2,3+1+1,2+2+1,2+1+1+1,1+1+1+1.

Therefore, p(5) = T7.

Leibniz [33] is credited with being the first to mention about partitions. In his
letter to Bernoulli, he raised the question of finding the number of all the essentially
different representations of a given positive integer n as the sum of positive integers,
such as representing 3 as 3,241, or 1+1+1. Despite the fact that Leibniz is credited
with inventing what we now term as integer partitions, the Theory of Partitions as
we know it now can be said to have excelled with the great Euler [20]. Euler
found many basic results on the partitions of numbers. His groundbreaking work in
this area, which included the use of generating functions and formal power series,

solidified additive number theory. For example, Euler proved that, for any positive
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2 INTRODUCTION

integer n, the number of partitions of n using only odd parts equals the number of
partitions of n into distinct parts. Developing an explicit formula for p(n) was one
of the most difficult challenges. Hardy and Ramanujan [25], Rademacher [46], and
Selberg [52] answered this question quite completely.

The seemingly easy question of representing positive numbers as a sum of posi-
tive integers turns out to have a wide range of applications, including combinatorics,
representation theory, computer science, theoretical physics, statistics. The Theory
of Partitions, which lies at the intersection of Number Theory, Analysis, and Com-
binatorics, is a rich field that has piqued the curiosity of many.

Partitions reflect the fundamental additive features of integers, hence it is startling
to learn that p(n) has divisibility properties as well. Euler gave a generating function

for p(n) using the g-series

S pn)g" = ——, 1)

(43 9) oo

where (a;q)oo = [[1—o(1 —ag") for any complex numbers a and ¢ with |g| < 1. Euler

noted that the series representation of the infinite product (¢; )« is given by

oo

(@:0)00 = Y, (—1)Fg*CHDP2
=l-—q-¢+¢"+q —¢"—¢"+-. (2)

This identity is known as Euler’s pentagonal number theorem. Combining (1) and

(2) we obtain the following recurrence relation:

p(n) =pn —1)+pn—2) —pn—>5) —pn—"7)+pn—12) +p(n —15) —--- .

A British mathematician, Percy Alexander MacMahon in 1916, was the first person

who computed p(n) for n up to 200, using the Euler’s recurrence relation. In 1919,
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INTRODUCTION 3

Ramanujan announced that he had found three simple congruences satisfied by p(n),

namely,

p(bn+4) =0 (mod 5),
p(Tn+5)=0 (mod 7),

p(1ln+6) =0 (mod 11).

He gave the proofs of the first two congruences in [51] and derived the following

g-series identities:

2 . o9 (1_q5n)5 ,
S pGn+4)g" =5 e =5+ 30 + 1354 + -+,

n=0 il (1_q)

Zp(7n+5)qn:7H((1 Cln))4 +49Q7Hﬁ:7+77Q+”"
n=0 n=1 n=1

Later in a short one page note [50], he announced that he had also found a proof
of the third congruence. In 1919, Ramanujan [51] offered a more general conjecture
after studying a table of values of p(n), 0 < n < 200, made by MacMahon. Let
§ = 5°7°11¢ and let A be an integer such that 24\ =1 (mod §). Then

p(nd+A) =0 (mod ¢). (3)

Ramanujan gave the proof of (3) for arbitrary a and b = ¢ = 0. He also began a
proof of his conjecture for arbitrary b and a = ¢ = 0, but he did not complete it.
Later Gupta extended MacMahon’s table up to n = 300. Upon examining Gupta’s
table in 1934, Chowla [13] found that p(243) = 133978259344888 # 0 (mod 7°),
despite the fact that 24 x 243 =1 (mod 73). To correct Ramanujan’s conjecture, for

given § = 5°7°11°, define &' = 577"11°¢ , where b’ = b, if b=0,1,2 and V/ = | 2], if

TH-2637_186123002



4 INTRODUCTION

b > 2. Then
p(nd+A) =0 (mod ¢'). (4)

In 1938, Watson [61] gave a proof of (4) for a = ¢ = 0, with a more detailed version
of Ramanujan’s proof of (4) in the case b = ¢ = 0. It was not until 1967 that Atkin
[6] proved (4) for arbitrary ¢ and a = b = 0.

In addition to the study of Ramanujan-type congruences, it is an interesting
problem to study the distribution of the partition function modulo positive integers
M. In [41], Ono revolutionized the subject by developing aspects of the p-adic
theory of half-integral weight modular forms and using this he proved the existence
of infinite families of partition congruences modulo every prime ¢ > 5. There are
still many unanswered questions on the distribution of the partition function. Let

F(q) :=>_,~,a(n)q" be a given integral power series and 0 < r < M. We define

6,(F. M: X) im #{OSHSXZCL(;’L() =r (mod M)}

An integral power series F' is called lacunary modulo M if
lim 0o(F, M; X) =1,
X —00

that is, almost all of the coefficients of F' are divisible by M. A conjecture of Parkin
and Shanks [44] predicts that, for r € {0,1},

1
lim §,(P,2;X) = =,
X—o00 2

where P(q) is the generating function for p(n). Little is known regarding this con-
jecture.

Many mathematicians have proposed various forms of partition functions and
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INTRODUCTION D

discovered that they too satisfy a number of intriguing arithmetic properties.

In this thesis, we study arithmetic properties of certain partition functions,
namely, Andrews’ singular overpartitions, Mex-related partition functions, t-regular
partitions and 3-regular partitions in three colors. For these partition functions, we
uncover infinite families of arithmetic identities and Ramanujan-type congruences,
as well as we confirm some recent conjectures. We also find distribution of some
families of these partition functions modulo certain positive integers. We use certain
arithmetic properties of modular forms in our proofs. In particular, we use congru-
ence properties of certain modular forms, basic properties of eta-quotients, and the
theory of Hecke operators in our proofs. We also use classical g-series methods to

prove some of our results.
Organization of the Thesis
We present the entire work of this thesis in eight chapters as described below.
e Chapter 1: Preliminaries

e Chapter 2: Mex-related partition functions and relations to certain partition

functions
e Chapter 3: Congruences for mex-related partition functions
e Chapter 4: Divisibility of singular overpartitions Czp(n)
e Chapter 5: Divisibility of singular overpartitions Cyy(n) and Cee(n)
e Chapter 6: Congruences and self-similarity results on ¢-regular partitions
e Chapter 7: Divisibility of certain ¢-regular partitions by 2
e Chapter 8: Congruences for 3-regular partitions in three colors

In Chapter 1 we introduce Ramanujan’s theta functions. We also recall some

definitions and basic results on modular forms and eta-quotients.

TH-2637_186123002



6 INTRODUCTION

In Chapter 2 we study a partition function which appeared in a very recent
paper of Andrews and Newman. The minimal excludant, or “mex” function, on a
set S of positive integers is the least positive integer not in S. They extended the
mex-function to integer partitions and found numerous surprising partition iden-
tities connected with these functions. We study two of the families of functions
Andrews and Newman introduced, namely p;,(n) and ps¢(n). We establish iden-
tities connecting the ordinary partition function p(n) to p;+(n) and pa:.(n) for all
t > 1. Using these identities, we prove that the Ramanujan’s famous congruences
for p(n) are also satisfied by p;+(n) and po+(n) for infinitely many values of t. We
further prove that p;;(n) = Cy+(n) (mod 2) for all n > 0 and ¢ > 1, where Cyy4(n)
is the Andrews’ singular overpartition function. We also give elementary proofs of
certain congruences already proved by da Silva and Sellers. Our proofs use basic
properties of ¢-series.

In Chapter 3 we study relationships between the generating function of p;.(n)
and certain modular forms. We then use a result of Ono and Taguchi on nilpotency
of Hecke operators to find infinite families of congruences modulo 2 satisfied by
Pao g0 (n) and p3.ae 3.00(n) for all a > 1.

In Chapter 4 we study the Andrews’ singular overpartitions C'ss¢(n). We prove
that C3e(n) is almost always divisible by arbitrary powers of 2. We further prove
that C'3p¢(n) is almost always divisible by arbitrary powers of 3 when ¢ = 2, 3,4, 6, 12,
24. We next prove that the eta-quotient which arises naturally as generating function
for 63.3.2%3.2& (n) is not a modular form if & > 4. Proofs of our density results rely on
the modularity of certain eta-quotients which arise naturally as generating functions
for the Andrews’ singular overpartion functions. We also find infinite families of
congruences modulo arbitrary powers of 2 satisfied by 6672(71).

In Chapter 5 we study the divisibility properties of the Andrews’ singular over-
partitions Cyp¢(n) and Cee(n) by arbitrary powers of 2 and 3 for infinite families

of k. We prove that, for prime p > 3 and integers o, 8 > 0 satisfying 3 - 2% > p?,
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INTRODUCTION 7

64,2%@2%;3 (n) is almost always divisible by arbitrary powers of 2. We also prove
that 66.3a,3a (n) is almost always divisible by arbitrary powers of 3 for all a > 0.
Using a result of Ono and Taguchi on nilpotency of Hecke operators, we find infinite
families of congruences modulo arbitrary powers of 2 satisfied by 64.2a72a(n) and
Cy.3.90 3.90(n) for all a > 0.

In Chapter 6 we study certain t-regular partitions. In a recent paper, Keith
and Zanello established infinite families of congruences and self-similarity results
for b;(n) modulo 2 for certain values of ¢. Further, they proposed some conjectures
on self-similarities of b;(n) modulo 2 for certain values of ¢. For example, they

conjectured that, for a positive proportion of primes p, bs(n) satisfies

[ee] (o)
> bs(2(pn+ a))g" =) bs(2n)¢™  (mod 2),
n=0 n=0
where o = —247! (mod p?), 0 < @ < p?. In this chapter, we prove their conjectures

on bsz(n) and bys(n). We also prove a self-similarity result for bs;(n) modulo 2. The
proofs use a result of Serre which says that if f is an integer weight cusp form on the
congruence subgroup I'g(/V) then for any positive integer M, a positive proportion
of the primes p = —1 (mod M N) have the property that f(z) | 7, =0 (mod M).

In Chapter 7 we establish infinite families of congruences modulo 2 for b3(n) and
b1 (n) using an approach developed by Radu. This approach reduces the number
of coefficients that one must check as compared with the classical method which
uses Sturm’s bound alone. We next prove a particular case of self-similarity result
of b3(n) modulo 2 for the prime p = 17 using the theory of Hecke operators. We
further prove that the series >~ bg(2n+1)¢" is lacunary modulo arbitrary powers
of 2. We also prove that the series Y2 bg(4n)¢™ is lacunary modulo 2.

In Chapter 8 we study the partition function pyssy(n) which counts the number
of 3-regular partitions in three colours. In a very recent paper, da Silva and Sellers

conjectured four Ramanujan-like congruences modulo 5 satisfied by pz3)(n). We

TH-2637_186123002



8 INTRODUCTION

confirm the conjectural congruences of da Silva and Sellers using the theory of

modular forms.
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Preliminaries

1.1 ¢-series and Ramanujan’s theta functions

Ramanujan’s general theta function f(a,b) is defined as

fla,b) := Z a2 =072 1 gp| < 1.

n=—oo

The product representation of f(a,b) arises from Jacobi’s triple product identity [9,
p.35, Entry 19] as

f(a,b) = (—a;ab)(—b; ab) (ab; ab)oo,

TH-2637_186123002



10 PRELIMINARIES

where (¢;q)oo = [[heo(1 — ¢¢*) for any complex numbers ¢ and ¢ with |g| < 1. The

following are the most important special cases of f(a,b):

0(q) = flg,q) = nz_:oo 0" = (~¢: )% (¢’ P = (q;é;]go;(qq‘l);o;l)go; (1.1)
— 3y _ - n(n+1)/2 _ (q2;q2)oo _ <q2;q2)<2>o_

U(q) = f(a.¢%) ;%q G = aae (1.2)

f(=q) = f(=q,—*) = > _ (=1)"q"E" D2, (1.3)

In partition theory, these special types of theta functions have a very important role.
There are many remarkable g¢-series identities and p-dissection formulas involving
the theta functions, which are used to study various types of partition functions.

We now recall Euler’s pentagonal number theorem.

Theorem 1.1. [10, Corollary 1.3.5] For |¢| < 1,

o0 oo

Z (_1)nqn(3n—1)/2 3 Z (_l)nqn(3n+1)/2 _ ((]; Q)oo-

n=—0o0 n=—0oo

1.2 Spaces of modular forms

In this section, we review some definitions and fundamental facts about modular
forms and eta-quotients. For more details, see for example [31, 42].

Let H := {z € C : Im(2) > 0} be the upper half of the complex plane. The

group
a b
GLj (R) = a,b,c,d € R and ad — be > 0
c d
a b b 1 a b
acts on H by =L i . We identify oo with — and define -
c d cz+d 0 c dl s
b
WTdeS, where _ € QU {oo}. This gives an action of GLj (R) on the extended
cr +ds s

TH-2637_186123002



1.2 SPACES OF MODULAR FORMS 11

upper half-plane H* = HU Q U {c0}.

The group GL3 (R) also acts on functions f : H — C, more presicely,

Definition 1.1. Suppose f(z) is a meromorphic function on H and ¢ is an integer.

a b
For v = € GL; (R), the slash operator |, is defined by
d

(flev)(2) = (det 7)"*(cz + )~ f (7).

One of the most important characteristics of this operator is that it gives a
group action on the ring of meromorphic functions on H, as stated in the following

proposition.

Proposition 1.2. For all v1,v, € GL3 (R), it follows that

((Flev)lerz) (2) = (fle(n - 72)) (2)-

The slash operator’s shorthand is extremely useful for computing a function’s

a b
order of vanishing at cusps, as the matrix v = maps oo to the cusps 2.

c
Let N be a fixed positive integer. Then the following matrix sets are subgroups of

the group GL; (R).
SLo(Z) = ca,b,e,d € Zyad —be=1
N X=/

€SLe(Z) :c=0 (mod N) »,

€lg(N):a=d=1 (modN) ,,

}1
8
li
—— S —
|O HI
IH 3|

TH-2637_186123002



12 PRELIMINARIES

and
a b
['(N) := €Sly(Z):a=d=1 (mod N), andb=c=0 (mod N)

A subgroup I of SLy(Z) is called a congruence subgroup if I'(N) C I" for some
N. The smallest N such that ['(/V) C T is called the level of I". For example, I'g(V)
and I';(N) are congruence subgroups of level N. Suppose that I" is a congruence
subgroup of SLy(Z). A cusp of T is an equivalence class in P! = QU {oco} under the

action of I'.

Definition 1.2. Let I' be a congruence subgroup of level N. A holomorphic function
fH — C is called a modular form with integer weight ¢ on T if the following hold:

1. We have

F(EE) =i

b
or all z € H and all ¢ el
J
c d

2. If v € SLy(Z), then (fley)(2) has a Fourier expansion of the form

(Flev)(z Zaw n)dy,

n>0

where qy = e2 /N

In addition, if a,(0) =0 for all v € SLy(Z), then f is called a cusp form.

The set of all modular forms (resp. cusp forms) of weight ¢ on a congruence
subgroup I' naturally form C-vector spaces. The complex vector space of modular
forms (resp. cusp forms) of weight ¢ with respect to a congruence subgroup I is

denoted by M;(I') (resp. Se(I)).
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1.2 SPACES OF MODULAR FORMS 13

Definition 1.3. If x is a Dirichlet character modulo N, then we say that a modular
form f € My(I'y(N)) (resp. Se(I'1(N))) has Nebentypus character x if

P = v+ s

a b
for all z € H and all € I'o(N). The space of such modular forms (resp. cusp
c d

forms) is denoted by My(I'o(N), x) (resp. Se(Lo(N),x)). If x is the trivial character
then we denote My(To(N), x) (resp. S¢(To(N), x)) by My(To(N)) (resp. S¢(Fo(N))).

The spaces My(I';(N)) and Se(I'1(IV)) have the following decomposition (where

the sums are over all Dirichlet characters y modulo N):

My(T1(N)) = @5 Mo(To(N), x),

SiT1(N)) = P Se(To(V), X).

The Hecke operators are natural linear transformations that act on spaces of modular
forms. The Hecke operators on spaces of integer weight modular forms are defined

as follows:

Definition 1.4. Let m be a positive integer and f(z) = > a(n)q” € My(To(N), x).
Then the action of Hecke operator T,, on f(z) is defined by

[e.°]

FOT =3 3 x@d e (%) ] "

n=0 \d|gcd(n,m)

In particular, if m = p is prime, we have

FEIT, = i (atom) + xtow e (%) ) o
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14 PRELIMINARIES

We adopt the convention that a(n/p) = 0 when p 1 n.

Definition 1.5. A modular form f(z) = Y _>" a(n)g" € M(To(N),x) is called a

Hecke eigenform if for every m > 2 there exists a complex number \(m) for which

We now recall a result of Serre [56] (also see [59, Proposition 4.2]) about the
action of Hecke operator on cusp forms. For a number field K, let Ok denotes its

ring of integers.

Proposition 1.3. [56, Exercise 6.4] Suppose that

f(2) =2 a(n)g" € Sk(To(N),x)

has coefficients in Ok, and M is a positive integer. Furthermore, suppose that k > 1.

Then a positive proportion of the primes p = —1 (mod M N) have the property that

f(2)|T,=0 (mod MOk).

1.2.1 Modularity of eta-quotients

The Dedekind’s eta-function 7(z) is defined by
n(z) = ¢ (q:9)0 = ¢ [ (1 = ¢"),
n=1

where ¢ := €*™# and z € H. A function f(2) is called an eta-quotient if it is of the

form

f(z) =@,

SIN
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1.2 SPACES OF MODULAR FORMS 15

where N is a positive integer and r;s is an integer.

The following general result of Gordon, Hughes, and Newman [23, 39, 40] is very
useful when working with eta-quotients. We will use these two results to verify
modularity of certain eta-quotients appearing in the proofs of our main results. We

state the theorems as mentioned in [42, p. 18].

Theorem 1.4. [42, Theorem 1.64] If f(z) = [[;5n(62)™ is an eta-quotient such
that £ = 53 575 € Z,
Zér(g =0 (mod 24)

SIN
and

Z %m =0 (mod 24),

SIN

then f(z) satisfies

F(E5) - @+ s

a b
for every € I'o(N). Here the character x is defined by x(e) := <(_1)£8>,
c d

where s := [ 55 0™.

Suppose that f is an eta-quotient satisfying the conditions of Theorem 1.4 and
that the associated weight ¢ is a positive integer. If f(z) is holomorphic (resp. van-
ishes) at all of the cusps of I'o(N), then f(z) € My(Lo(N), x) (resp. Se(To(N), x))-
The following theorem (see, for example [11, 35, 38]) gives the necessary criterion

for determining orders of an eta-quotient at cusps.

Theorem 1.5. [42, Theorem 1.65] Let ¢,d and N be positive integers with d | N
and ged(e,d) = 1. If f is an eta-quotient satisfying the conditions of Theorem 1.4
for N, then the order of vanishing of f(z) at the cusp § is

Z ng d, 5)2
24 ~ ged(d, %)
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16 PRELIMINARIES

We now recall the following proposition which gives a complete set of represen-

tatives for the cusps of I'y(N) (see, for example [18, p. 99]).

Proposition 1.6. Let
C
Co(N) := {3 :d | N,ged(c, N) = 1},

where ¢ runs through a complete residue system modulo ged(d, %) Then Co(N) is a

complete set of representatives of the cusps on I'o(N). Moreover, Co(N) is minimal.

1.2.2 Congruences for modular forms

In Chapters 4, 5, and 7, we establish several distribution and parity results
for certain partiton functions. To prove such results, we require knowledge of the
divisibility properties of the coefficients of integral weight modular forms. One of
the most useful tools is Serre’s work on divisibility of the coefficients of modular
forms. Let A denote the subset of integer weight modular forms in M,(T'o(N), x)
whose Fourier coefficients are in Ok, the ring of algebraic integers in a number field
K. Let m be an ideal of Of. Using p-adic Galois representations attached to certain
modular forms by Deligne, Serre [53] proved the following remarkable theorem about

the divisibility of Fourier coefficients of modular forms.

Theorem 1.7. [42, Theorem 2.65] If f(z) € A has Fourier expansion

=3 aln)g" € Oxlld]],

then there is a constant o > 0 such that

#{n<X:an)#£0 (modm)}:0<®>.
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1.2 SPACES OF MODULAR FORMS 17

Theorem 1.7 yields

lim #{0<n<X:a(n)=0 (modm)}

X—o0 X =L

In a recent paper [15], Cotron et al. extended Serre’s result to integral weight eta-
quotients which are not modular forms, modulo arbitrary powers of primes under

certain strong conditions. To be specific, we consider eta-quotients of the form

0 (8:2)772(092) - (0u2)  Fa o .

G(2) = — (912) 52( ) S( ) =g Za(n)q : (1.4)
nst(nz)n=(z) - - n*t(12) -

where r;, s;, 0; and ; are positive integers with 01, 0o, . . ., 0y, 71,72, - - - , V¢ are distinct,

u,t > 0, and

U t
Eq = ;51‘7‘1‘ - ;%’Si-

As defined in [15], G(z) is called lacunary modulo M when the series Y~ , a(n)g"
has that property. The main result of Cotron et al. [15, Theorem 1.1} is as follows:
Theorem 1.8. Suppose G(z) is an eta-quotient of the form (1.4) with integer weight.

If p is a prime such that p* divides ged(dy, da, . .., d,) and

(1.5)

then G(z) is lacunary modulo p’ for any positive integer j. That is,

lim #{0<n<X:a(n)=0 (modp’)}
X—o0 X

=1,

where the a(n)’s are given by (1.4).

Further, we recall the following classical result due to Landau [32].
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18 PRELIMINARIES

Lemma 1.9. Let r(n) and s(n) be quadratic polynomials. Then
(Z qan)) (Z qsm))
nez nez

We now state a result of Sturm [57] which gives a criterion to test whether two

is lacunary modulo 2.

modular forms are congruent modulo a given prime.

Theorem 1.10. Let p be a prime number, and f(z) = > .70 a(n)q" and g(z) =

n=ng

S>> b(n)q"™ be modular forms of weight k for To(N) of characters x and 1, re-

n=ni

spectively, where ng,ny > 0. If either x =1 and

F kN 1
a(n) =b(n) (mod p) for all n < — H (1 + E) :

12
d prime; d|N

or x # ¢ and

a(n) =b(n) (mod p) for all n < % H <1 - %) :

d prime; d|N

then f(z) = g(z) (mod p) (i.e., a(n)

b(n) (mod p) for all n).

1.3 Hecke nilpotency

An ideal J in a commutative ring A is locally nilpotent at a prime ideal p if
Jp, the localization of J at p, is a nilpotent in A,. Serre observed and Tate proved
[54, 55, 58] that the action of Hecke algebras on spaces of modular forms of level
1 modulo 2 is locally nilpotent. This implies that if f(z) € My N Z[[q]], there is a

positive integer ¢ with the property that

f(Z) |Tp1’Tp2| T |Tpi =0 (HlOd 2)
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1.3 HECKE NILPOTENCY 19

for every collection of odd primes py, ps,...,p;. Ono and Taguchi [43] showed that
this phenomenon generalizes to higher levels. We recall the following result which is
implied by a much more general result of Ono and Taguchi [43, Theorem 1.3]. This

result was also used by Aricheta (see for example [5, Theorem 4.5]).

Theorem 1.11. Let n be a nonnegative integer and k be a positive integer. Let x
be a quadratic Dirichlet character of conductor 9-2". There is an integer ¢ > 0 such
that for every f(z) € My (I'g(9-2"),x) NZ[[q]] and everyt > 1

FN | Tpo| -+ + | Tpey, =0 (mod 27)

c+t

whenever the primes py,...,Per¢ are coprime to 6.

Remark 1.3.1. Theorem 1.3 of Ono and Taguchi is stated for the space of cusp
forms; however, there is a remark right after the theorem which guarantees that
we can use their result for any modular forms. Ono and Taguchi remarked that
one merely needs to verify that the conclusion holds for the subspace of Eisenstein
series. This is easily done using well-known formulas for the Fourier expansions of

Fisenstein series which are given in terms of generalized divisor functions.

TH-2637_186123002



TH-2637_186123002



Mex-Related Partition Functions and

Relations to Certain Partition Functions

2.1 Introduction

In this chapter, we study the minimal excludant or mex function in integer
partition. The minimal excludant function (mex-function) appears extensively in

combinatorial game theory (see, for example [21]). For each set S of positive integers

!The contents of this chapter have been published in J. Integer Sequences (2021).

21
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22 MEX-RELATED PARTITION FUNCTIONS OF ANDREWS AND NEWMAN

the mex-function is defined as follows:

mex(S) = min(Z- \ 5).

Andrews and Newman [4] recently generalized this function to integer partitions.
Given a partition A of n, they defined the mex-function mexy4 ,(A) to be the smallest
positive integer congruent to a modulo A that is not a part of A\. They then defined

Paa(n) to be the number of partitions A of n satisfying

mex4q(A) =a (mod 2A4).

For example, consider n = 5, A = 2, and a = 2. In the table below, we list the seven

partitions A of 5 and the corresponding values of mex,2(A) for each A:

Partition A meXz 2(\)
5 )

441

3+2

2

4
3+1+1 2
24241 4
24+1+1+1 4
1+1+1+1+1 2

We see that four of the partitions of 5 satisfy mexss(A) = 2 (mod 4). Therefore,
p2.2(5) = 4. Andrews and Newman [4, Lemma 9] proved that the generating function

for p;4(n) is given by

(¢ 9)

o0 1 o0
pr(n)qn _ Z(_l)nqtn(nJrl)/Q (2.1)
n=0 =0

n
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2.1 INTRODUCTION 23

and the generating function for py;,(n) is given by

o

(—1)"g". (2.2)

oo . 1
> para(n)g” =
part zealt) (43 9)o

n

In order to state the results of Andrews and Newman on p; 1(n) and ps3(n), we

now recall two partition statistics, the rank and the crank.

Definition 2.1 (Dyson). Suppose that A is a partition of n whose parts in nonin-
creasing order are the positive integers \g > Ay > --+ > \p_1. Then n = \g + A\ +
<o+ Mg and [(A) = k. The rank of A is defined by

rank(A) := Ao — [(A).

Definition 2.2. Suppose that A is a partition of n as in Definition 2.1. If o(A)
denotes the number of ones in A and pu(A) denotes the number of parts larger than

o(A), then the crank of A is defined by

Ao if o(A) =0;
w(A) —o(A) if o(A) > 0.

c(A) =

For more details on rank and crank, see for example [3, 19]. In [4], Andrews and
Newman proved that p; 1(n) equals the number of partitions of n with non-negative
crank and that ps 3(n) equals the number of partitions of n with rank > —1. They
also proved that p,;(n) is equal to the number of partitions of n into even parts.
They further proved that ps2(n) — po(n) equals the number of partitions of n into
parts congruent to +4, +6, £8, £10 modulo 32 and pg 3(n) —p,(n) equals the number
of partitions of n into parts congruent to +2,+4, +5, 46, +7, £8 modulo 24. Here
Po(n) denotes the number of partitions of n into odd parts. Very recently, da Silva

and Sellers [16] provide complete parity characterizations of p;1(n) and ps3(n).
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24 MEX-RELATED PARTITION FUNCTIONS OF ANDREWS AND NEWMAN

They prove that, for all n > 1,

1 (mod 2), ifn=k(3k=x1) for some k;
pra(n) =
0 (mod 2), otherwise.

Similarly, they prove that, for all n > 1,

1 (mod 2), if 3n+1 is a square;
p3s(n) =
0 (mod 2), otherwise.

2.2 Mex-related partitions and relations to ordi-
nary partition

In this section, we express p;(n) and pa¢(n) in terms of the ordinary partition
function p(n) for all ¢ > 1. Using our identities, we find that the partition functions
pee(n) and po () satisfy the Ramanujan’s famous congruences for p(n) for infinitely
many values of t. We adopt the convention that p(n) = 0 when n is a negative

integer. In the following theorem, we express p;;(n) and ps+(n) in terms of p(n).

Theorem 2.1. Lett be a positive integer. Then, for all non-negative integers n, we

have

pre(n) = +an—tr 2r 4+ 1)) an—ts 25— 1)) (2.3)

b =1

and
Pari(n ) + Zp n—4tr?) =Y " p(n —t(2s — 1)%). (2.4)
s=1

Proof. We know that the generating function for the partition function p(n) is given
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2.2 MEX-RELATED PARTITIONS AND RELATIONS TO ORDINARY PARTITION 25
by
= 1
p(n)q" = :
nz; (¢ 4)oo
From (2.1), we find that
o 1 [ee]
pee(n qn — | nqtn(n+1)/2
P (Z ) (1 + Z qtr(2r+1) Z ts(251))
0 s=1
:Z( +an—tr2r+1 an—ts2s—1))>
0
Thus, for all non-negative integers n, we have
pri(n) = —i—Zp (n—tr(2r+1)) an—ts 2s —1)). (2.5)
r=1
Again, from (2.2), we find that
> paualm)d” = >_ (=)™
n=0 q q n=0
(Z ) (1 + qu th@s—l >
0 s=1
— ( +Zp(n—4tr —Zp(n—t 25—1)2)> q".
r=1 s=1
Thus, for all non-negative integers n, we have
part(n +Zp n — 4tr?) Zp(n—t(Qs— 1)?).
s=1
This completes the proof of the theorem. [ |
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In the following theorem, we prove that p;,(n) and pa . (n) satisfy Ramanujan-
type congruences, and these congruences follow from those satisfied by the ordinary

partition function p(n).

Theorem 2.2. Let m,a > 1 and b be integers. Suppose that p(an+0b) =0 (mod m)

for all non-negative integers n. Then, for allt > 1, we have
Patat(an+b) =0 (mod m)

and
Paatat(an +0) =0  (mod m)

for all non-negative integers n.

Proof. Let n > 0. From (2.3), we obtain

pat,at<an o b)

= plan+b) + Zp(a(n —tr(2r+1))+b) — Zp(a(n —ts(2s—1))+0b). (2.6)
=1 s=1
We note that the terms remaining in the sums in (2.5) satisfy that n—¢r(2r+1) and
n—ts(2s—1) are non-negative. Hence, the same is true in (2.6). Now, if p(¢a+b) =0
(mod m) for every non-negative integer ¢, then (2.6) yields that puq:(an +b) =0
(mod m). This completes the proof of the first congruence of the theorem.
Using (2.4) and proceeding along similar lines, we prove the second congruence.

This completes the proof of the theorem. [ |

As an application of Theorem 2.2, we find that p;;(n) and pe+(n) satisfy the
Ramanujan’s famous congruences for certain infinite families of . Much to Ramanu-

jan’s credit, the “Ramanujan’s congruences” for p(n) are given below. If £ > 1, then
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2.3 MEX-RELATED PARTITIONS AND SINGULAR OVERPARTITIONS 27

for every non-negative integer n, we have

P (5kn + 557k)

P (7kn + 57’k)

0 (mod 5%);

0 (mod 7k/2+1).

p (11" n +6114) =0 (mod 11%),

where 0,1, := 1/24 (mod p*) for p = 5,7, 11. In the following, we prove that pas . (n)

and pogt.qt(n) satisfy the Ramanujan’s congruences when a = 5%, 7% 11%.

Corollary 2.2.1. For all k,t > 1 and for every non-negative integer n, we have

Pser s (5 + 855) = 0

Drke 7t (7kn + (577;@) =0
prkearee (110 + 611%) =0
Paseesee (B + d55) =0
pageezee (TR + 67) =0
Paarrerre (11 + d116) =0

mod 5%);
mod 7F/2+1);
mod 11%);
mod 5");
mod 7/2+1);

(
(
(
(
(
(

mod 11"“).

Proof. Combining Ramanujan congruences for p(n) and Theorem 2.2 we readily

obtain that pu .(n) and poe . (n) satisfy the Ramanujan-type congruences when

a = 5%, 7% 11%. This completes the proof.

2.3 Mex-related partitions and singular overpar-

titions

In Chapter 4, we shall study Andrews’ singular overpartition in details but for

the sake of completeness of this section we define the so called Andrews’ singular

overpartition. Andrews’ singular overpartition function C},;(n) counts the number
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of overpartitions of n in which no part is divisible by k£ and only parts = £ (mod k)
may be overlined. For £ >3 and 1 <1 < ng, the generating function for 5;“(n) is

given by (see, for example [2, Theorem 1])

k—i

5f:zjk‘(n)qn (0505 (=05 0" (=1

1 q") oo
i . °
— (45 4)os

(2.7)

In this section, we relate the mex-related partition functions to Andrews’ singular
overpartion functions. This helps us to find new congruences satisfied by the mex-
related partition functions. We prove that p;(n) and Cy (n) have the same parity
for all ¢ > 1. Using this, we find new congruences satisfied by p;.(n). We also give
elementary proofs of certain congruences proved by da Silva and Sellers [16]. In the

following theorem, we prove that both p;(n) and Cy (n) have the same parity.

Theorem 2.3. Let t be a positive integer. Then, for all n > 0, we have

pee(n) = Cuy(n)  (mod 2).

Proof. From (2.1), we have

n tn (n+1)/ 2. (28)

Z Dt (n) q" =
n=0

n:D

Employing the Ramanujan’s theta function (1.2)

an(n+1 q q )

T (0

into (2.8), we find that

tn(n+1)/2 (mod 2)

> 1
Z Dt (n)qn =
s (¢:q

1 <q2t. q2t)2
(¢:9)00 (a4 4
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1 (dhd)s o

(69w (¢4 5 (mod 2)

_ (dhqh) o

= g (mod2) (2.9)

From (2.7), we find that

4t)oo (_q3t; q4t)oo

00 4t. At .
S Cansln) o= )
n=0

¢ q
(¢;q

(00" (=050 (=075 0%) o0 (=% 0") o (—0"10")
(45
¢ q

4 @)oo (—q%5q%) o (—q%; q1) o

q
@D (mod 2). (2.10)

Thus, combining (2.9) and (2.10), we have

S pee(n) =Y Cua(n) (mod 2).

This completes the proof of the theorem. [ |

Chen, Hirschhorn, and Sellers [12] proved that, for all n > 1,

_ 1 (mod 2), ifn=k(3k—1) for some k;
Cyi(n) =

0 (mod 2), otherwise.

Due to Theorem 2.3, we have the same parity characterization for p; ;(n). Recently,
da Silva and Sellers [16, Theorem 4] also found the same parity characterization for

p1.1(n). To the best of our knowledge, the parity characterization for C'153(n) is not
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known till date. da Silva and Sellers [16, Theorem 7] found the parity characteriza-
tion for ps 3(n). Combining [16, Theorem 7] and Theorem 2.3, we have the following

parity characterization for Cg3(n):

Corollary 2.3.1. For all n > 1, we have

_ 1 (mod 2), if3n+1 isa square;
012,3(70 =

0 (mod 2), otherwise.

We next use known congruences for Andrews’ singular overpartition functions
Clys+(n) and combine them with Theorem 2.3 to deduce new congruences for p; +(n)
for different values of t. Our list of congruences obtained this way need not be

exhaustive.

Theorem 2.4. Let p > 5 be a prime and p % 1 (mod 12). Then, for all k,n > 0

with p t n, we have

2k+2 _ 1

2k+1 p
D1,1 (p n + 12

) =0 (mod 2).
Proof. Taking t =1 in Theorem 2.3, we have

p11(n) = Cy1(n) (mod 2). (2.11)

Thanks to Chen, Hirschhorn and Sellers ([12, Corollary 3.6]) we know that, for all

n >0,

o p2k+2 -1

Cia (kaHn + 1—2> =0 (mod 4). (2.12)
Combining (2.11) and (2.12), we deduce the required congruence. [

Theorem 2.5. If p is a prime such that p =3 (mod 4) and 1 < j < p—1, then for
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all non-negative integers v and n, we have

5 (pQ(a+1) _ 1)
24

D22 <p2a+1(17” +7)+

) =0 (mod 2).

Proof. Ahmed and Baruah [1, Theorem 1.7] proved that, if p is a prime such that

p=3 (mod 4) and 1 < j < p— 1, then for all non-negative integers a and n,

5 (p2(a+1) a 1)
24

Cs. (p%‘“(pn +7) + ) =0 (mod 2).

Now, Theorem 2.3 yields that the same congruence is also satisfied by pao(n). W
In the following theorem, we find congruences satisfied by ps3(n).
Theorem 2.6. We have:

1. For alln >0,

p3s(16n +11) = ps 3(16n+15) =0  (mod 2). (2.13)

2. If n cannot be represented as the sum of a pentagonal number and four times

a pentagonal number, then

p33(l6n+3) =0 (mod 2). (2.14)

3. If n cannot be represented as the sum of two times a pentagonal number and

three times a triangular number, then

p33(l6n+7) =0 (mod 2). (2.15)
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Proof. Taking t = 3 in Theorem 2.3, for all n > 0, we have
p33(n) = Cia3(n)  (mod 2). (2.16)

By Theorems 4.1, 4.2 and 4.3 of Li and Yao [34] we know that, for all n > 0,

Cla3(16n +11) = C1p3(16n+15) =0 (mod 8); (2.17)
Cla3(16n+3) =0 (mod 8); (2.18)

and
Ci23(16n+7) =0 (mod 8). (2.19)

Combining (2.16), (2.17), (2.18) and (2.19) we complete the proof of the theorem.

|
Corollary 2.3.2. We have:
1. Let p > 5 be a prime with p =3 (mod 4). For a,n >0, if ptn then
10 2a+2 1
D33 (16p2a+1n + pT) =0 (mod 2).
2. Let p > 5 be a prime with (f) = —1. For a,mn >0, if ptn then
29 20042 1
P33 (16p2a+1n + pT) =0 (mod 2).
Proof. By Corollary 4.2 and Corollary 4.3 of Li and Yao [34], for all n, we have
o 10 20+2 1
01273 (16p20‘+1n + pT) =0 (mod 8) (220)
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and

~ 22p2+2 — |

Ci23 (16p20‘+1n + pT) =0 (mod 8). (2.21)
Now, combining (2.16), (2.20) and (2.21) we complete the proof. [

Pore and Fathima [45] found congruences for Cayg5(n). Combining their results

and Theorem 2.3 for ¢ = 5, we obtain the following two theorems.

Theorem 2.7. For all a,n > 0, we have

D55 <2 . BPetly 31 52a — ) =0 (mod 2); (2.22)
D55 <2 -5 n 79 5201 — 7) =0 (mod 2); (2.23)
D55 <2 - 522 + ik 52a+1 7) =0 (mod 2); (2.24)
P55 (2 L5202 4 17 5?; > =0 (mod 2). (2.25)

Proof. Combining [45, Theorem 1.6] and Theorem 2.3 for ¢ = 5, we obtain the

desired congruences satisfied by ps 5(n). |

Theorem 2.8. Let p > 5 be a prime such that (le0> =—landj=12,...,p—1.
Then, for all a,n > 0,

2a+2
p

—_1> — 0 (mod 2).

D55 <2p2a+1(pn + )+ 7 x 19

Proof. Combining [45, Theorem 1.7] and Theorem 2.3 for ¢ = 5, we obtain the
desired congruences satisfied by ps 5(n). [ |

Theorem 2.9. For all a,n > 0, we have

11+ 12r) - 49% — 5
6

D17 (2 SRt 4 ( ) =0 (mod?2), re {346} (2.26)
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and

(125 +5) - 721 — 5
6

P17 (2 - 49°Tp 4 ) =0 (mod?2), se€{2,4,5} (2.27)

Proof. In the proof of Theorem 5.1, Li and Yao [34] found two congruences satisfied
by Cas7(n), for example see [34, (5.22) & (5.23)]. Combining those two congruences
and Theorem 2.3 for t = 7, we complete the proof of the theorem. [ |

Remark 2.3.1. da Silva and Sellers [16, Theorem 11| found relations between p; (n)
and the t-core partition functions. They used certain congruences for t-core partition
functions (obtained by Radu and Sellers [49] using modular forms) to find several
congruences satisfied by p;4(n) when t = 5,7,11,13,17,19,23. They also proposed
to find a fully elementary proof of their congruences listed in their Theorem 11.
Putting o« = 0 in (2.22) and (2.23), we obtain the congruences for pss(n) listed in
[16, Theorem 11]. Again, putting o = 0 in (2.26), we obtain the congruences for
pr7(n) listed in [16, Theorem 11].

Theorem 2.10. Let p > 5 be a prime with (‘TQI) = —1. We have:

1. Forn,a,B3 >0,

s (2 qatos, o (IL+120) 649%25 — 5) — 0 Amod 9
and
pra <2 oyt 4 BT 129)¢ ?mp% L] 5) =0 (mod 2),
where r € {3,4,6} and s € {2,4,5}.
2. Forn,a,B >0, if ptn then
P77 (2 -49°p*n 4 = 49&%2/3” — 5) =0 (mod 2).
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Proof. Li and Yao [34, Theorem 5.1 and 5.2 | proved that, for all n > 0,

(11 + 12r) - 49°p* — 5
6

Casr (2 LT+ ) =0 (mod 4); (2.28)

_ 5 12s) - 72a+1 268 5
Casr <2~49a+1p25n+ (5.+125) ; b ) =0 (mod 4) (2.29)
and
- 11 - 492p?+2 — 5
Cas 7 (2 -49°p*"*n + % ) =0 (mod 4). (2.30)

Combining (2.28), (2.29), (2.30), and Theorem 2.3 with ¢t = 7, we find the desired
congruences satisfied by pzz(n). [ |
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Congruences for Mex-Related Partition

Functions

3.1 Introduction

In Chapter 2, we found several congruences satisfied by p;+(n) and pa:(n) by
using their relations to ordinary partition function and Andrews’ singular overparti-
tion function. In this chapter, we use modular forms techniques to establish infinite

families of congruences satisfied by p;+(n).

!The contents of this chapter have been published in Res. number theory (2021).

37
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38 MEX-RELATED PARTITION FUNCTIONS OF ANDREWS AND NEWMAN

3.2 Hecke nilpotency and congruences for p;(n)

In this section, we use a result of Ono and Taguchi [43] to find infinite families
of congruences satisfied by paaga(n) and pg.gag.oe(n) for all o > 1. We find that
the eta-quotients associated to the generating functions of poa 9a(n) and ps.ge 3.0e (1)
are modular forms modulo 2 whose levels land in Ono and Taguchi’s list. In the

following theorems, we prove two infinite families of congruences satisfied by p:.(n).

Theorem 3.1. Let o be a positive integer. Then there is an integer ¢c; > 0 such

that for every dy > 1 and distinct primes p1,...,Pey+d4, cOprime to 6, we have

< De . 1—3.-92¢
p2a72a <p1 Peitd, QZ i ) =0 (mOd 2)

whenever n_is coprime 0 p1, ..., Pey+dy -

Theorem 3.2. Let o be a positive integer. Then there is an integer co > 0 such

that for every do > 1 and distinct primes p1, ..., Pey+d, coprime to 6, we have

<D . 1—9.92«
P3.20 3.20 (pl Peatdz QZ + ) =0 (mod 2)

whenever n is coprime to pi, ..., Peytds-

In order to prove Theorem 3.1 and Theorem 3.2, we require to prove two lemmas.

Let a be a positive integer. From (2.1), we have

oo

= 1 .
ZpQO‘,QO‘ (n)qn = ( K ) (—1)nq2 n(n+1)/2' (3]‘)
e 4 ¢)oo

n

For a prime p and positive integer j, it is easy to find that

J—1

(1—g =(1—¢)”  (modp)). (3.2)
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3.2 HECKE NILPOTENCY AND CONGRUENCES FOR py¢(n) 39
Employing the Ramanujan’s theta function (1.2)
an n+1 q q )
T (@0
into (3.1) and then using (3.2), we find that
Zpgam (n)g" = Zqz n+D/2 (mod 2)
n=0 149 n=
(q2a+1 2&+1>
(q,q) (@*":¢*)
« «@ 4
1 (¢*;¢*)
= ———°  (mod 2
(¢ D)oo (¢*"50*) ( )
«@ (e} 3
()
(45 @)oo
1 & G o«
it (3.3)
n(z)
Let
ﬁ (L= g®2™m)?2 (3. 20+3)
ni 4(3 250 ) p(3 - 20t4z) |
Then (3.2) yields
2o+l a+3
20, v 1 (3-207%2) atl1
G (z) = (300 = 1 (mod 2°7"). (3.4)
Define H,(z) by
n (3 . 2a+3z) N n3+2°‘+1 (3 . 2a+32>
Ha(z) = a2 (2)= o el
n(24z) n(24z)n** (3 - 2014z)
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Due to (3.4), we have

773(3 . 204-1—32)

Ha(Z) = W (mOd 2(X+1)
3.20+3  3.9a4343
_ 3901 (¢ 4 )2 a+l
=gq ( e ) (mod 2**1). (3.5)

Combining (3.3) and (3.5), we obtain
Ha(2) = Y ponan(n)g?" 271 (mod 2). (3.6)
n=0

Lemma 3.3. Let a be a positive integer. Then Hy(2) € Maa-1,1 (Io(N), x1), where

_o(a+2)(2%+3)32%+2
° )

N =929 gnd the quadratic character x, is given by x1(e) = (

Proof. First we calculate the level of the eta-quotient H,(z) by using Theorem 1.4.
The level of H,(z) is equal to 3 - 22T . m, where m is the smallest positive integer

such that

342t 1 2o
a+4 S
3-2 - m m—ﬂ—m =0 (mod24)

Equivalently,
m[6+2°]=0 (mod 24).

Therefore, m = 12 and the level of H,(2) is 9-2%"% By Proposition 1.6, the cusps
of T'(9-2%7%) are represented by fractions £ where d | 9-2°7% and ged(c,d) = 1. By

[

Theorem 1.5, we find that H,(z) is holomorphic at a cusp § if and only if

ged(d,3-2°%°)*  ged(d,24)* o0 ged(d, 3 - 2914)2 =0

2a+1
( +3) 3. 2043 24 3. 2at4 -
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Equivalently, if and only if

d(d,3-22+3)2 ged(d, 24)?
L= (2% 4+ 6) 250 — o : — 2> 0.
( + )gcd(d, 3. 20+4)2 ged(d, 3 - 20+4)2 -

In Table 3.1, we find all the possible values of L. Since L > 0 for all d | 9-2%"% and

192 iy e
1,2,3,4,6,8,9,12,18,24,36,72 | 1 1 6+ 2%

27 3.2 9.2 :4<r<a+3 |1 1/2%—8 6+3-20 27T~
2532792 i a+d < s < a+6 | 1/4 1/226+2 2/3 = 1/2°71

Table 3.1: Possible values of L

a > 1, therefore H,(z) is holomorphic at every cusp §. Using Theorem 1.4, we find

that the weight of H,(2) is £ = 21 4+ 1. Also, the associated character for H,(z)

_o(a+2)(2%+3)32%42 )

is given by xi(e) = ( - . This completes the proof of the lemma. M

We next prove our second lemma. Let « be a positive integer. From (2.1), we

have

(e 9]

1 a
( 1)nq3~2 ~n(n+1)/2' (37)
=0

(4 9) oo

&)
ZP3~2Q,3~2Q (n)g" =
n=0

n

Employing the Ramanujan’s theta function (1.2)

i (n+1)/2 (QQ‘QQ)Q
v(g) =) ¢ =
s (¢; @)o

into (3.7) and then using (3.2), we find that

1 «
E q3'2 n(n+1)/2 (mod 2)
7)o s

| <q3-2a+1. qs-2a+1)2
(6D (**56*2)
oo ga\ 4
1 (q32 ;q32 )

— ¢ (mod 2
(45 @)oo (325432 ( )

(¢

(o.9]
Z P32 3.20(n)q"
n=0
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_ (q3~2a : q3-2a)3

(4 @)oo = (mod2)
_ 1-9.2¢ 773(3 . 2“2) mo
=q ) (mod 2).

Let

OO (1 _ q(9~2a+3)n)2 772(9 . 2a+3z)
Ra(z) = H (1 " q(9.2a+4)n> - 77<9 . 2a+4z) )

Then (3.2) yields

n2a+2 (9 F 2a+3z)

RX(2) = (9 95) =1 (mod 2*?).
Define S,(z) by
g (Z) - 773(9 ! 2a+32> gt (Z) 3 ,,734-2‘*Jr2 (9 . 2a+32)
T n(242) *  n(242)n> (9 - 20t12)

Due to (3.9), we have

7]3 (9 . 2a+3z>

%) 1(242)

(mod 2%72)

(%% ¢*)

Combining (3.8) and (3.10), we obtain

Salz) = Zp?,-za,g.za(n)q24"+9'2a_1 (mod 2).
n=0

9.20+3 | 9.2a+3\3
q9.2a—1 ((q 4 )oo) (IHOd 2a+2)‘

(3.9)

(3.10)

(3.11)

Lemma 3.4. Let « be a positive integer. Then Sq(z) € Maa i1 (To(N), x2), where

( _o(a+2) (20T 43) g2t 42 )

N = 9:29%6 gnd the quadratic charecter xo is given by x2(e) =

Proof. The level of S,(z) is equal to 9 - 2° . m, where m is the smallest positive
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integer such that
9.2 | o — o — o =0 (mod 24).
Equivalently,
6-m=0 (mod 24).

Therefore, m = 4 and the level of S,(z) is 9-2%"5. By Proposition 1.6, the cusps of

[o(9 - 2*%%) are represented by fractions £ where d | 9 - 2*%% and ged(c,d) = 1. By

Theorem 1.5, we find that S,(2) is holomorphic at a cusp § if and only if

ged(d, 9-2°%)?  ged(d, 24)° ged(d, 9 - 2974)2

2072 4+ 3 — 201 > 0.
( +3) 9 .20+3 24 9. 20+4 -
Equivalently, if and only if
d(d,9-2913)2 ged(d, 24)?
K = (203 4 )88\ _ 3.0+ ’ g0+l >,
246 (@9 22 gcd(d, 9 - 207172 T

As shown in the proof of Lemma 3.3, we verify that K > 0 for all d | 9 - 275 and
« > 1. Hence, S,(z) is holomorphic at every cusp §. Now using Theorem 1.4, we
find that the weight of S, (2) is £ = 2%+ 1, and the associated character for S,(z) is

( _gla+2)(20HL43)320F 1o )

given by yo(e) = . . This completes the proof of the lemma. N

3.2.1 Proof of Theorem 3.1 and Theorem 3.2

Now, we prove Theorem 3.1 and Theorem 3.2.

Proof of Theorem 3.1. From (3.6), we have

H,(z) = Zan’Qa (n)@*" 321 (mod 2).
n=0

TH-2637_186123002



44 MEX-RELATED PARTITION FUNCTIONS OF ANDREWS AND NEWMAN

This yields

n+1-3-2¢
ZA n)q" = ZPQQ 90 (T) ¢"  (mod 2). (3.12)

n=0

Note that H,(z) € Maa-1,1 (To(9-2%7%),x1). Using Theorem 1.11 we find that

there is an integer ¢; > 0 such that for any d; > 1,

Ho(2) [Tpi| To| -+ [Tpey 10y =0 (mod 2)

whenever the primes py, ..., P +4, are coprime to 6. It follows from the definition

of Hecke operators that if py,...,p. +q, are distinct primes and if n is coprime to

p1-- 'pc1+d1 then
Ao (P1+*Peyray m) =0 (mod 2). (3.13)

Combining (3.12) and (3.13) we complete the proof of the theorem. |

Proof of Theorem 3.2. From (3.11), we have
2) = Zp3,2a73,2a (n)@*" %=1 (mod 2).
This yields

[T \ Y,
ZB n)q" —ZP32a32a (T)q (mod 2). (3.14)

We now proceed similarly as shown in the proof of Theorem 3.1. Applying Theorem
1.11 to S,(z) we find that there is an integer co > 0 such that for any dy > 1 and

distinct primes pq, ..., Pey+d, COprime to 6,

Bo (p1++ Peytdy - m) =0 (mod 2) (3.15)
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whenever n is coprime to pi, ..., Peytd,- Combining (3.14) and (3.15) we complete

the proof of the theorem. [ |
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Divisibility of Singular Overpartitions
C3p0(n)

4.1 Introduction

Beginning with the paper [14], Corteel and Lovejoy introduced and developed
the theory of overpartitions. An overpartition of n is a non-increasing sequence of
natural numbers whose sum is n in which the first occurrence of a number may be
overlined. Thus the eight overpartitions of 3 are 3,3,2+1,24+1,2+1,2+1,1+1+

1,1+ 1+ 1. Since the overlined parts form a partition into distinct parts and the

!The contents of this chapter have been published in J. Number Theory (2021) and Bull. Aust.
Math. Soc. (2021).

47

TH-2637_186123002



48 ANDREWS’ SINGULAR OVERPARTITION

non-overlined parts form an ordinary partition, we have the generating function for

overpartitions [14, p.1],

oy (TG

;%MMQ==(%QM,
Mahlburg [37] showed p(n) = 0 (mod 64) for a set of integers of arithmetic density
1 and he conjectured that for all positive integers k, p(n) = 0 (mod 2*) for almost
all integers n. Kim [30] proved this conjecture when k& = 7. Xiong [63] with the help
of some ternary quadratic forms, proved this conjecture when k£ = 8. Recently, Xue
and Yao [64] proved that the set of positive integers S = {n : p(n) = 0 (mod 2!)}
has a positive density.

In order to give overpartition analogues of Rogers-Ramanujan type theorems for
the ordinary partition function with restricted successive ranks, Andrews [2] de-
fined the so-called singular overpartitions. Andrews’ singular overpartition function
Ch.i(n) counts the number of overpartitions of n in which no part is divisible by &
and only parts = +i (mod k) may be overlined. For example, C'3;(4) = 10 with

the relevant partitions being
4,4,24+2,242,24+1+1,24+1+1,2+1+1,2+1+1,14+1+1+1,T+1+1+1.

For k>3 and 1 < i < [£], the generating function for C};(n) is given by (see, for

example [2, Theorem 1))

Andrews proved the following Ramanujan-type congruences satisfied by C3 1 (n): For
n >0,

C31(n+3)=C31(9n+6)=0 (mod 3).
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4.1 INTRODUCTION 49

Numerous other congruences for Andrews’ singular overpartitions are obtained by
many authors, see for example [1, 7, 12, 36].

In [12], Chen, Hirschhorn and Sellers studied the parity of Cy;(n). They estab-
lished a complete parity characterizations of C;(n) and Cgo(n). More precisely,
they proved that, for all n > 1, C3;(n) = 0 (mod 2). Similarly, they proved that,

for all n > 1,

1 (mod 2), if n is a pentagonal number;

Cea(n) =
0 (mod 2), otherwise.

Recently, Aricheta [5] studied the parity of C's;¢(n). He proved that
Csp0(n) = be(n) (mod 2), (4.2)

where by(n) denotes the number of partitions of n into parts none of which are

multiples of /. In [24], Gordon and Ono proved the following density result about
bg(n)

Theorem 4.1. [24, Theorem 1] Let k = p{*p3?---pm be the prime factorization
of a positive integer k and let by(n) denote the number of partitions of n into parts

none of which are multiples of k. If p;* > Vk, then for every positive integer j

. #{0<n<N:b(n)=0 (modpg)}
lim

=1.
N—o0 N

In other words the set of those positive integers n for which by(n) =0 (mod p!) has
arithmetic density one. In fact there exists a positive constant o depending on p;, J,
and k such that there are at most O <10g%N) many integers n < N for which bg(n)
18 not divisible by pf

Combining Theorem 4.1 and the congruence (4.2), Aricheta found a density result

about C3y¢(n) modulo 2 for an infinite family of /. More precisely, represent any
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positive integer £ as ¢ = 2%m where the integer a > 0 and m is positive odd. Assume
further that 2% > m. Then Aricheta proved that the set {n € Zsq : Cspp(n) = 0
(mod 2)} has arithmetic density 1.

It is worth noting that the generating function of Ugu(n) does not satisfy the
conditions of Theorem 1.8 of Cotron et al. Therefore, it is an interesting problem
to study the distribution of C3y,(n) modulo arbitrary powers of primes. In this

chapter, we study divisibility of Cs¢(n) modulo arbitrary powers of 2 and 3.

4.2 Distribution of C3,(n) modulo arbitrary pow-
ers of 2

In this section, we study the arithmetic densities of C3y,(n) modulo arbitrary
powers of 2 when ¢ = p- 2%, where p is a prime. Let k be a fixed positive integer. In
a recent paper, Barman and Ray [8] prove that 63.2‘1,204(71) is almost always divisible
by 2% and 3* for a = 0, that is, the sets {n € Zsq : C31(n) = 0 (mod 2¥)} and
{n € Zsp : C31(n) = 0 (mod 3%)} have arithmetic density 1. Here we prove that,
for all a > 1 satisfying 2% > p, the set {n € Zsg : C3pga paa(n) =0 (mod 2%)} has

arithmetic density 1. To be specific, we prove the following result.

Theorem 4.2. Let k be a fized positive integer. Then for all o > 1 and all prime
p satisfying 2% > p, 63p‘2a,p42a (n) is almost always divisible by 2%, namely,
#{0<n <X :Chopan(n) =0 (mod2%)}

AL X -

Note that the function Cg5(n) is not included in Theorem 4.2. In the following

theorem, we prove that Cgo(n) is divisible by arbitrary powers of 2 for almost all n.

Theorem 4.3. Let k be a fixed positive integer. Then, 6672(71) 1s almost always
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divisible by 2%, namely,

. #{0<n<X:Cs2(n)=0 (mod2")}

X—o0 X

= 1.

Remark 4.2.1. Let k be a fized positive integer. If we take p = 2 in Theorem /.2,
then for all a > 2, we have that Csga 9a(n) is almost always divisible by 2%. Also,
in Theorem 4.3, we proved that C3.55(n) is almost always divisible by 2%. In [8], the
same has been proved for Cs;(n). Hence, Csga902(n) is almost always divisible by

2F for all o > 0.

Remark 4.2.2. Let { = p-2°. To find the density of {n € Zsq : Czre(n) = 0
(mod 2)}, Aricheta used the condition 2* > p to apply Theorem 4.1. Interestingly,
we also need the condition 2* > p in Theorem 4.2. However, we need this condition

to prove the modularity of certain eta-quotients appearing in the proof of Theorem

4.2.

4.2.1 Proof of Theorem 4.2 and Theorem 4.3

Here « is a positive integer and p is a prime. By (4.1), the generating function

for Cspaa poa(n) is given by

" C ;= R i S G Gl G G i
> Cpae o -
= (4: ¢)oo

(@254 )o@ 477 )3

(4 @)oo (@725 qP 2 ) o (@525 5P 27 ) o

(4.3)

We note that 7(3p - 2°%32) = ¢?2" T[22, (1 — ¢®»2*™)") is a power series of ¢. Let

Ay (2) = ﬁ (1—g®="0m)?  P(3p- 20732
B (1—qBr2=m)  p(3p-2074z) -
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Then using binomial theorem we have

772k+l (3p . 2a+3z)

AZ (2) =
arl?) n?* (3p - 20+4z)

1 (mod 2Ft1).

Define B, k(%) by

_(_nBp-20"z)n(9p - 27%2)? 2
Bossls) = (i gy ) Ao (49

Modulo 2¢*!, we have

n(3p - 2°H2)n(9p - 2%132)?
n(242)n(3p - 20+32)n(9p - 29+42)

3p-20t4,  3p.gatd 9p-20t3 | gp.20t+3\9
- qp,2a_1 <( (q 7q )Oo(q 7q )OO ) f (45>

Ba,p,k@)

q24; q24)oo (q3p-2a+3 ; q3p.2a+3 )Oo (qu-2a+4 ; qu,2a+4 )Oo

Combining (4.3) and (4.5), we obtain
oa D, k: E Z 63]3 20 p. 2a 24n+p~20‘—1 (HlOd 2k+1). (46)
n=0

In the following lemma, we prove that B, ,(z) is a modular form for certain values

of a,p and k.

Lemma 4.4. Let p be a prime and « be a positive integer satisfying 2¢ > p. Then
Bapk(2) € Mok (To(9p - 24%°), x) for all k > 2, where the character x is given by

( gat2k . (at2) 32k+1p2k+1 )

x(e) = .

Proof. From (4.4) we have

3p - 2a+4 9p - 2a+3 )2
Bupi(2) = n(3p 2)n(9p ?) 2 ()
” n(24z)n(3p - 223 2)n(9p - 20H42) ) P
B 7](3]? . 2a+32>2k+1—1n(9p . 2a+3z>2
~ n(3p - 20t42)2" ~1n(242)n(9p - 20442)

We now calculate the level of the eta-quotient B, , x(z) by using Theorem 1.4. Thus,
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the level of B, ,x(2) is equal to 9p- 2> - m, where m is the smallest positive integer

such that
ok+l _ 1 2 ok 1 1 1
9p - 204 — - =0 d 24).
p m 3p . 2a+3 + 9p . 2a+3 3p . 2a+4 24 gp . 2a+4 (HlO )
Equivalently,

m[9-2% —3p-2°T' =0 (mod 24).

Therefore, if & > 2, then m = 2 and the level of the eta-quotient is 9p - 295,
By Proposition 1.6, the cusps of Io(9p - 27°) are represented by fractions ¢ where
d | 9p-2°t° and ged(c,d) = 1. By Theorem 1.5, we find that B, x(2) is holomorphic

at a cusp § if and only if

ged(d, 3p - 249)2 ged(d, 3p - 2+)?

ok+1 _ q 1 — 9k

3]) . Qa+3 ( ) + 3]) . Qo4 ( )
L 80d(d,9p - 27" ged(d,24)°  ged(d, 9p- 20T
9p - 20+3 24 9p - 20+4 e

Equivalently, if and only if

L:=6G% (2" —1)+3G2- (1 —2%) +4G2 —3p-2°71G2 —1 >0,

where
O — ged(d, 3p - 2973) g ged(d, 3p - 2074)
" ged(d, 9p - 2074) TP T ged(d, 9p - 204
ged(d, 9p - 2973) ged(d, 24)
Gg = s G4 = )
ged(d, 9p - 20+4) ged(d, 9p - 201)
respectively.

In Table 4.1, we find all the possible values of L. Using the given condition
2% > p, we now find that L > 0 for all d | 9p - 2°"° and for all ¥ > 2a. Hence,
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H4 ANDREWS’ SINGULAR OVERPARTITION

d | 9p . 2a+5 G1 G2 G3 G4 L

1,2,3,4,6,8,12,24 1 1 1 1 9.2~ — 3p. 20+t

P, 2p, 3p, 4p, 6p, 8p, 12p, 24p 1 [1 |1 [1/p 9.2F —3.20%1/p
9,18,36, 72 1/3[1/3]1 | 1/3 2k +8/3 — 29F1p/3
9p, 18p, 36p, 72p 1/3[1/3]1 | 1/3p 28 +8/3 — 22F1 /3p
Qo4 gats 3. gatd 3. 9atd 1/2] 1 1/2| 271~ 1.5—3p-271-2
p-294 p.20+5 3p.2atd 3p.00%5 | 1 /21 1 12 2717 /p | 1.5 -3-27172/p
232" 4<r<a+3 1 1 1 23T 9.2~ —3p.2Tta2r
p-2".3p-2":4<r<a+3 1 1 1 [257/p 9.2k —3.27a2r /p
9-2":4<r<a+3 1/311/3[ 1 [ 237/3 | 2848/3—p-27F2"2/3
-2 :4<r<a+3 1/3[1/3] 1 | 257/3p | 28 4 8/3 — 27T~ /3p
9.20%4 9. at5 1/6] 1/3| 1/2| 271=2/3 | 1/6 —p-27172/3

9p - 29t4 9p . 295 1/6{ 1/3| 1/2| 27179/3p| 1/6 —2717%/3p

Table 4.1: Possible values of L

Bapi(z) is holomorphic at every cusp 5. Now, from Theorem 1.4 we find that

the weight of Ba,x(2) is £ = 2"71. Also, the associated character for B, ,x(2) is

( 2a+2k-(a+2)32k+1p2k+1 )

given by x(e) = . . Finally, Theorem 1.4 yields that B, ,x(z) €
Mok (To(9p - 297°), x) for all k& > 2a. This completes the proof of the lemma. M

Proof of Theorem 4.2. For a fixed a > 1, it is enough to prove Theorem 4.2 for
all k& > 2a. From Lemma 4.4, we have By, x(2) € Mye—1 (To(9p - 2°70), x) for all
k > 2a under the condition that 2¢ > p. Also, the Fourier coefficients of B, x(2)
are all integers. Hence by Theorem 1.7, the Fourier coefficients of B, ,x(z) are
almost always divisible by m = 2*. Due to (4.6), C3p9a p2a(n) is also almost always

divisible by 2*. This completes the proof of the theorem. [ |

We now prove Theorem 4.3. Using (4.1), we find that the generating function of
Ce2(n) is given by

i@ RSN Uil W 9 Coct

= (@3 D)oo (0% 4%) (0" 4"

I

TH-2637_186123002



4.2 DISTRIBUTION OF Uw(n) MODULO ARBITRARY POWERS OF 2 55

Given a prime p, let

oo

H 1—q48'” _ _ 1P(48z)
q*®)  n(48pz)

Then using binomial theorem we have

P (482)
nP* (48pz)

Define B, x(z) by

By k(z) == (77(242)77(48z)77(2882)

n(962)n(1442)? )Azk(z)‘ (4.8)

Modulo p**!, we have

By k()

n(962)n(1442)? B (g%; ¢°)oo (g™%; 42
n(242)n(482)n(2882) ((q24;q24)oo(q48;q48)oo(q2887q288)00) . (49)

Combining (4.7) and (4.9), we obtain
=" Coa(n)g*" ™ (mod p**™). (4.10)
n=0

Proof of Theorem 4.3. We put p = 2 in (4.8) to obtain

Boy(z) = n(962)n(1442)* 2k( )= n(482)% " =1 p(144z)?
2R\ n(242)7(482)n(2882) T n(962)2" -1 n(242)n(288z)
Now, By is an eta-quotient with N = 576. By Proposition 1.6, the cusps of I'y(576)
are represented by fractions § where d | 576 and gecd(c, d) = 1. By Theorem 1.5, we
find that By (z) is holomorphic at a cusp § if and only if

ged(d, 48)2

e (2k+1 - 1) +
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56 ANDREWS’ SINGULAR OVERPARTITION

N ged(d, 144)*  ged(d,24)>  ged(d, 288)
72 24 288 -

Equivalently, if and only if

_ q8ed(d,48)? (251 1) 13 ged(d, 96)3
" ged(d, 288)2 ged(d, 288)2
ged(d, 144)*  ged(d,24)® 1> 0
ged(d, 288)2  “ged(d, 288)2

(1-2)

In Table 4.2, we find all the possible values of K. Since K > 0 for all d | 576, we have

4| 576 ged(d, 48)?] ged(d, 96)?| ged(d, 144)7 ged(d, 24)? K
ged(d, 288)3 ged(d, 288)% ged(d, 288)7 ged(d, 288)3

1,2,3,4,6,8,12,24] 1 1 1 1 9.2F_12
16, 48 1 1 1 0.2500 9.2F 3
32,64, 96,192 0.2500 1 0.2500 0.0625 0.7500
9,18, 36,72 0.1111 0.1111 1 0.1111 2 11.33
144 0.1111 0.1111 1 0.0278 2% +2.33
288,576 0.0278 0.1111 0.2500 0.0069 0.0833

Table 4.2: Possible values of K

that B (z) is holomorphic at every cusp §. Using Theorem 1.4, we find that the
weight of By (z) is £ = 2871, Also, the associated character for By x(2) is given by
xi(e) = (222350 Rinally, Theorem 1.4 yields that By (2) € Myer (To(576), x1)
for k > 2. Also, the Fourier coefficients of Bs (z) are all integers. Hence by Theorem
1.7, the Fourier coefficients of By x(z) are almost always divisible by m = 2*. Now,

using (4.10) we complete the proof of the theorem. [ |

4.3 Distribution of C3,¢(n) modulo arbitrary pow-
ers of 3

In this section, we study the arithmetic densities of 63&4(71) modulo arbitrary

powers of 3. In the following theorem we find the arithmetic density of the set
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4.3 DISTRIBUTION OF Uw(n) MODULO ARBITRARY POWERS OF 3 57

{n € Zsp : C339039+(n) =0 (mod 3*)} when a =0,1,2,3.

Theorem 4.5. Let k be a fized positive integer. Then for each a, 0 < o < 3,

C3.3.90 390 (n) is almost always divisible by 3%, namely,

lim # {0 <n <X :C339¢30:(n) =0 (mod 3’“)}
X—o0 X

=1

We further prove that the partition functions Cgo(n) and Cia4(n) are divisible
by 3F for almost all n.

Theorem 4.6. Let k be a fized positive integer. Then for £ = 2,4, Csy4(n) is almost

always divisible by 3%, namely,

. #{0<n <X :Csy(n)=0 (mod3¥)}

X—o00 X

.

It should be noted that only a few results analogous to Theorems 4.2, 4.3, 4.5 and
Theorem 4.6 are known for the overpartition function. The generating function of
the overpartition function is a modular form of half-integral weight. The coefficients
for such functions are poorly understood, and conjectures such as Mahlburg con-
jecture are considered to be difficult with present techniques. However, our proofs
rely on the fact that, for certain values of o and p, the generating functions of
C'3pa poa(n) are congruent to modular forms of integral weights, and this allows
us to use the Serre’s Theorem 1.7 regarding divisibility of the coefficients modulo

powers of 2 and 3 of such functions.

4.3.1 Proof of Theorem 4.5 and Theorem 4.6
By (4.1), the generating function for C3.3.90 3.0 (n) is given by

oa oa T o a4l o
i@?ﬂwza(n)qn (@) (= ") (T 7 )
n=0

(¢ 9)
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58 ANDREWS’ SINGULAR OVERPARTITION

<q3-2a+1; q3-2a+1)oo(q32-2&; q32-2&)§o
T (@D P ) (P P (4.11)

For a > 0, let

A 0 (1 o q(32.2a+3)n)3 773(32 . 2a+3Z)
a(Z) = }:[1 (1 _ q(33,2a+3)n) - 7]<33 ] 2a+3z> .

Then using binomial theorem we have

n3k+1 (32 . 2a+3z)

3k I
Ao (2) = n3k<33 - 20+32)

1 (mod 3**1).

Define D, x(z) by

Dox(z) :=

n(3* - 22t2)n(3° - 275z) 3,
(77(242)77(32 - 2043 2)7)(33 - 2a+4z)> A, (2)- (4.12)

Modulo 35!, we have

77(32 . 2a+4z),’7(33 . 2a+3z)2
Dak(z) = 2 3 3 4
n(242)n(32 - 20132)n(33 - 20+42)
2 ga+4 2 ga+4 3. 9a+3 3. 9a+3
_ e ( (@72 g ) (g7 2 g 2N ) )

(%% @)oo (25 3 2°7) o (32 ¢ 2 )

Combining (4.11) and (4.13), we obtain

Doi(2) =) Cszangae(n)g® 2 71 (mod 351). (4.14)
n=0

We now study the modularity of the eta-quotient D, x(z) in the following lemma.

Lemma 4.7. Let o > 0 be an integer. For a fired k > 1, let x, denote the character

a+3F.(2a46) q3FT1 12
(—2 3 ). We have

1. Doy € Ma (T'o(1728), x0) for all k > 1.

2. Dyy € Mai (D(1728), x1) for all k > 1.
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3. Dyj € Mar (Do(1728), x2) for all k> 2.
4. D3y € My (I'0(3456), x3) for all k > 2.
Furthermore, D (2) is not a modular form if o > 4.

Proof. As before, using Theorem 1.4 we find that the levels of the eta-quotients
Dox(z) and Dyg(z) are equal to 1728 for all £ > 1. Also, if @ > 2 then the
level of D,x(2) is equal to 3% - 2T for all k& > 1. Again, Theorem 1.4 yields

that the weight of the eta-quotient D, ;(z) is 3" and the associated character is

( ga+3F-(20-4+6) g3h 1 42 )

Xa(.) = °
We now first prove that D, x(2) is not a modular form if o« > 4. If @ > 2 then

Theorem 1.5 yields that D, (z) is holomorphic at a cusp § if and only if

B ng(d, 32 . 2a+3)2 ng(d, 33 . 2a+3)2

= gitl _jiiieio g 3
Q gcd(d, 33 . 2a+4)2( ) + gcd(d, 33. 2a+4)2( )
ged(d, 32 - 20H)% 52 . g ged(d, 24> 1. .
ged(d, 33 - 20+4)2 ged(d, 33 - 2044)2 B
If we take d = 27 then we find that
6 - . 3 2a+1 8 a+1
& _ =1 2(2 — - — —1=-—
Q 9(3 )+2(2-3%) + 5 3 g 3 <0

for all @ > 4. Hence, D, x(z) is not a modular form if o > 4.
We next consider the remaining four values of o, namely oo = 0,1, 2, 3. We prove
that for each of these values of a, D, (%) is a modular form. Putting o = 1 in

(4.12) we have

n(1442)3 " =15 (288z)
n(4322)3" 21 (242)n(8642)

B n(2882)n(4322)? 3k,
Dik(z) = <77(24z)77(1442)77(8642‘)) Ar(2) =

Now, D;y is an eta-quotient with N = 1728. As before, by Proposition 1.6, the

cusps of I'g(1728) are represented by fractions § where d | 1728 and ged(c,d) = 1.
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60 ANDREWS’ SINGULAR OVERPARTITION

By Theorem 1.5, we find that D, ;(z) is holomorphic at a cusp § if and only if

ged(d, 144)% iy ged(d, 432)° k
S\ o) —1 9 _
144 (3 )+ 432 ( 3)
ged(d, 288)*  ged(d,24)*  ged(d, 864) =0
288 24 864 -
Equivalently, if and only if
d(d, 144)* d(d, 432)?
— gc ( )2(3k‘+1 _ 1) + Qgc ( )2 (2 _ 3k)
ged(d, 864) ged(d, 864)
ged(d, 288)? ged(d, 24)? N

ged(d,864)2 7 ged(d,864)2 T

In Table 4.3, we find all the possible values of P. Since P > 0 for all d | 1728 and

d| 1728 oy | ey | el | S | P
1,2,3,4,6,8,12,24 [ 1 1 ] 1 16 -3F — 36
27,54, 108, 216 0.1111 1 0.1111 0.0123 2.2222

9, 18, 36, 72 1 1 1 0.1111 16-3F—4
32, 64, 96, 192 0.2500 0.2500 1 0.0625 4.3F—0.7500
16, 48 1 1 1 0.2500 16-3F—9
288, 576 0.2500 0.2500 1 0.0069 4.3F4+1.2500
144 1 1 1 0.0278 16-3F —1
432 0.1111 1 0.1111 0.0031 2.5556

864, 1728 0.0278 0.2500 0.1111 0.0007 0.1389

Table 4.3: Possible values of P

for all £ > 1, we have that D j(z) is holomorphic at every cusp §. Hence, Theorem
1.4 yields that Dy j(2) € Mgk (I'g(1728), x1) for all £ > 1. This completes the proof
of the lemma when o = 1.

The proof goes along similar lines when a = 0,2, 3, and so we omit the details

for reasons of brevity. This completes the proof of the lemma. [ |

Proof of Theorem 4.5. Throughout the proof we assume that a < 3. Without loss
of generality we assume that & > 2. From Lemma 4.7, we know that D, x(z) is a

modular form. Also, the Fourier coefficients of D, x(z) are all integers. Hence by
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Theorem 1.7, the Fourier coefficients of D, x(2) are almost always divisible by 3*.
Now using (4.14) we find that 63.3.2a73.2a (n) is almost always divisible by 3*. This

completes the proof of the theorem. [ |

We now proof Theorem 4.6. By (4.1), the generating function of C'j5 4(n) is given
by

0 12 12 4 12 8 12
— b (@8 (=04 )0 (6% ")
" Craa(n)g” = (4'% ") o ( . )oo )
(¢;9)oo
(0% ¢®)so(a'®; 42

= ) 4.15
(4 @)oo (g 4*) o (¢*% ) o (4.15)
Given a prime p, let
ﬁ (1 —g*nyp _ nP(322)
1L (1 —g3m) — n(32p2)
Then using binomial theorem we have
k+1
32z
Ez’,’k( iR 77—() =1 (mod pth).
" (32pz)
Define R, ;(z) by
n(642)n(962)? k
= EP (2). 4.1
R = (eenioz ) 5 (410
Modulo p**!, we have
642)1(96.2)2 6, 45)__ (% ¢%)2,
Ryi(2) = G - < 8. zgq qu.) 32(q q192). 102 ) . (417)
1(82)n(322)n(192z2) (6% 6*) o (4°%; 4%%) oo (¢'%; 4"

Combining (4.15) and (4.17), we obtain

2) = 2612,4(n)q8"+1 (mod p*™). (4.18)
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Proof of Theorem 4.6. We put p = 3 in (4.16) to obtain

B n(642)n(962)* N n(322)3"" 1 p(642)
Rote) = (pamam(iozs) B ) = ey 19

Now, Rs is an eta-quotient with N = 192. We know by Proposition 1.6, that the

cusps of I'g(192) are represented by fractions § where d | 192 and ged(c,d) = 1.

Hence, by Theorem 1.5, we find that Rs;(z) is holomorphic at a cusp § if and only
if

ged(d, 32)? ged(d,64)*  ged(d, 8)?

3§ d (Z’kﬂ — 1) ' d6;L 2 °
96 192
_ &€ (gé ) (3 - )_gc (152 ) >
Equivalently, if and only if
- ged(d, 32)? (3"~ 1) 43 ged(d, 64)*

ged(d, 192)? ged(d, 192)?
., 8cd(d,8)* ged(d,96)
ged(d, 192)2 ged(d, 192)?

(3*=2)—1>0.

In Table 4.4, we find all the possible values of S. Since S > 0 for all d | 192

d192 ged(d, 96)? | ged(d,64)?| ged(d,8)* | ged(d, 32) s

ged(d, 192)? ged(d, 192)? ged(d, 192)?] ged(d, 192)?
1,2,4,8 1, 1 1 1 16-3F—24
3,6,12,24 |1 0.1111 0.1111 0.1111 0
16 1 1 0.2500 1 16 - 3% — 6
32 1 1 0.0625 1 16-3F—1.5
48 1 0.1111 0.0278 0.1111 2
64 0.2500 1 0.0156 0.2500 4.3F +1.12
96 1 0.1111 0.0069 0.1111 2.5
192 0.2500 0.1111 0.0017 0.0278 0.1250

Table 4.4: Possible values of S

and k& > 1, we have that Rj3(z) is holomorphic at every cusp 5. Using Theorem
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1.4, we find that the weight of Rz (z) is ¢ = 3*. Also, the associated character

5103k 42437k 41
(F—"—)

for Rs(z) is given by xs(e) = . Finally, Theorem 1.4 yields that
R3(2) € Mgi (I'g(192), x3) for k > 1, and hence using Theorem 1.7, we find that
the Fourier coefficients of R (z) are almost always divisible by 3. This proves that
61274(71) is divisible by 3% for almost all n due to (4.18).

We next put p = 3 in (4.8) to obtain

7(482)3" " =1 (962)
n(1442)3° =2 1(242)n(288z2)

B n(962)n(1442)? B,
Baxlz) = (77(242)77(482)77(2882)) 43 (=) =

As before, by Proposition 1.6, the cusps of I'g(576) are represented by fractions §

where d | 576 and gcd(c,d) = 1. By Theorem 1.5, Bsj(z) is holomorphic at a cusp

< if and only if

ged(d, 48)* 1, ged(d, 144)? X
S R vy e Gk )

ged(d, 96)*  ged(d,24)®  ged(d, 288)
96 24 288 N

Equivalently, if and only if

ged(d, 48)% ok ged(d, 144)? k
= §2 0 (ghHl_q) 4 ST T (93
@ ged(d, 288)2 ( )+ ged(d, 288)2 ( )
ged(d, 96)? ged(d, 24)?

= —1>0.
ged(d, 288)2 ged(d, 288)2 =

Using the Table 4.2, we find that @ > 0 for all d | 576. As before, by Theorem
1.4, we obtain that Bsy(z) € Maw (I'g(576), x2), where the character x, is given by
(_28<3k+133k+1 )

x2(®) = (2—2—). Using the same reasoning and (4.10), we find that C¢2(n) is
divisible by 3* for almost all n > 0. This completes the proof of the theorem. W

Remark 4.3.1. Let k be a fixed positive integer. In this chapter, we have found
the arithmetic density of the set {n € Zso : Cse(n) = 0 (mod 2¥)} for an infinite
family of £. But the arithmetic density of the set {n € Zso : C304(n) =0 (mod 3*)}
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18 known only for a few wvalues of £ till date. Here, we have found the density of
{n € Zso : Care(n) = 0 (mod 35)} when ¢ = 2,3,4,6,12,24, and the same is
already known for £ = 1, see for example [8]. Since Doy is not a modular form if
a > 4, therefore, using the method used in this chapter, it won’t be possible to find
the density of the set {n € Zxo : C34(n) =0 (mod 3¥)} when £ = 3-2% and o > 4.

It would be interesting to study this problem for an infinite family of £.

4.4 Infinite family of congruences for Cg(n)

In this section, using Theorem 1.11 we prove the following congruence for Cig 5(n)

modulo arbitrary powers of 2.

Theorem 4.8. Let n be a non-negative integer. Then there is an integer s > 0 such

that for every t > 1 and distinct primes py, . .., psiy coprime to 6, we have

_ Dy — 1
oy (p1 p; n )EO (mod 2")

whenever n is coprime to py, ..., Dsit-

Proof. Taking p = 2 in (4.10), we have
Box(2) = 266,2(n)q24"+1 (mod 2F1).
n=0

This yields

Byi(z) = A(n)g"=> Ce (”2_4 1) ¢"  (mod 2F+1). (4.20)

Note that Byg(z) € M1 (To(N), x1), where the level N = 576 = 9 - 26, Using

Theorem 1.11 we find that there is an integer s > 0 such that for any ¢ > 1,

By (2) Ty, | Ty, | -+ T, =0 (mod 2t)

s+t
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whenever pi,...,psy: are coprime to 6. It follows from the definition of Hecke
operators that if py,..., psis are distinct primes and if n is coprime to py - - - psiy

then
A(pr-+psre-n) =0 (mod 2%). (4.21)

Combining (4.20) and (4.21), we complete the proof of the theorem. [
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Divisibility of Singular Overpartitions
Clygp(n) and Cgp (n)

5.1 Introduction

In this chapter, we study the divisibility properties of Andrews’ singular overpar-
titions 645,4(71) and 66&4(71) by arbitrary powers of 2 and 3 for infinitely many values
of £. We prove that, for prime p > 3 and integers o, f > 0 satisfying 3 - 2% > p®,
64,2%5,2%3 (n) is almost always divisible by arbitrary powers of 2. We also prove

that 66.3%30{ (n) is almost always divisible by arbitrary powers of 3 for all a > 0.

!The contents of this chapter have been published in J. Number Theory (2021).

67
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68 DIVISIBILITY OF CERTAIN ANDREWS’ SINGULAR OVERPARTITIONS

We further employ Theorem 1.11 to find infinite families of congruences modulo
arbitrary powers of 2 satisfied by Cyga90(n) and Cyz.03.2:(n) for all a > 0. We
also note that the generating functions of Cyp(n) and Cg(n) do not satisfy the
conditions of Theorem 1.8 of Cotron et al. Therefore, it is an interesting problem

to study the distribution of Ugu(n) modulo arbitrary powers of primes.

5.2 Distribution of 645,5(71) modulo arbitrary pow-
ers of 2

In this section, we study the distribution of Cys,(n) modulo arbitrary powers of
2 for an infinitely many values of ¢. In [12], Chen, Hirschhorn, and Sellers studied
the parity of Cy1(n). They proved that, for all n > 1,

1 (mod 2), ifn=k(3k—1) for some k;

Cyi(n) =
0 (mod 2), otherwise.

Recently, Aricheta [5] also explored the parity of Cys(n), when £ = 2, 3. He proved
that if (d,¢) = (3,3), (6,3), (12, 3), (24,2), (24, 3), then there is an integer ¢ > 0 such

that for every ¢ > 0 and distinct primes py, ..., p..; coprime to 6, one has

— 24py - pepn +d — 3kd\
. ( 51d =0 (mod 2)

whenever n is coprime to pi, ..., Peit-
In the following theorem, for positive integer ¢ = 2%m, where a > 0 and m
is positive odd satisfying 2¢ > m, we prove that 64.2am72am(n) is almost always

divisible by arbitrary powers of 2.

Theorem 5.1. Let k be a fixed positive integer. Then, for a positive integer { = 2%m,
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where o > 0 and m s positive odd satisfying 2 > m, the set
{n € N: Chsamaem(n) =0 (mod 2¥)}

has arithmetic density 1.

5.2.1 Proof of Theorem 5.1

Here ¢ = 2%m, where a > 0 and m = pi*---p?" is positive odd such that
a; > 0 and the distinct primes p; > 3. Employing (4.1), we find that the generating

function of 64.2am72am(n) is given by

io: 4 9 9 qn _ <q2a+2m; q2a+2m)oo(_q2am; q2a+2m)oo(_q3,2am; q2a+2m)oo
= (¢ @)oo

2a+1m‘ 2a+1m 2
PG, (5.1)

(69 (@ ™ ™) o

Let

10_0[ 1 B (3 22t3m)n )2 3 772(3 . 2a+3mz)
o q(3 2a+4m)n> o 7](3 ) 2a+4mz) :

Then using the binomial theorem we have

n?" (3 293myz)

n2* (3 - 20+4mz)

E*(2) = 1 (mod 2F+1).

Define F, (z) by

n2k+1—1 (3 . 2a+3m2)

n(242)n2"=2(3 - 204 mz)

o n*(3 - 2°mz) N
Fuste) = s oo ) B )=
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Modulo 2+ we have

2(3. 294z
Fop(s) = — ( 3)
n(24z)n(3 - 22+3mz)
3.20t4m 3.90F4m\2
29— q 1 q oS

(6% 4?1 oo (g2 g3 27 0m ) o

Combining (5.1) and (5.2), we obtain
E 264 204m,2%m q24n+3~2°‘m—1 (mod 2k+1). (53)
n=0

In the following lemma, we prove that F, (z) is a modular form for certain values

of a, m and k.

Lemma 5.2. Let { = 2%m be a positive integer, where o > 0 and m = pJ* - - por
such that o; > 0 and the distinct primes p; > 3, is positive odd satisfying 2¢ > m.
We have:

(1) If p; > 5, then Fy1(2) € Myk—1 (To(N), x1) for all k > 2, where N = 9-2°%5m

( o(et+2)(2F+1) 32k 2k 1) )

and x1 is given by x1(e) = 5

(2) If p1 = 3, then F,x(z) € Ma—1 (Lo(N),x2) for all k& > 2a, where N =
2063t pd2 . por = 2063 ! and x4 is given by

2(a+2)(2k+1)32k(a1+1)+a1m/2k+1

X2(®) = ( ).

Proof. We first prove (1). Here, p; > 5. Using Theorem 1.4, we find that the level
of the eta-quotient F, ;(2) is equal to 3M - 2°*m, where m is the smallest positive

integer such that

3M -2t | ———— — — — = | =0 (mod 24).
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Equivalently,
M[3-28—2*"".m] =0 (mod 24).

Therefore, M is equal to 12 and the level of F, x(z) is 9 - 2**%m. By Proposition

1.6, the cusps of T'g(9 - 2*%m) are represented by fractions < where d | 9 - 2**%m

and ged(c, d) = 1. By Theorem 1.5, we find that F), x(z) is holomorphic at a cusp §
if and only if

ged(d,3-2°m)?  ged(d, 24)*

ged(d, 3 - 2974m)? =0
3 - 20H+3m 24 '

ok+l _ 1
( ) 3. 20t -

(2" -2)

Equivalently, if and only if

L:= (2872 - 2)G; — 2°M'mG, — (28 — 2) > 0,

ged(d, 3 - 29T3m)? ged(d, 24)?
and G2 = .
ged(d, 3 - 20F4m)? ged(d, 3 - 2014m)?
We now consider the following two cases according to the divisors of 9 - 220m

and find the values of Gy and G5. Let d be a divisor of 9 - 226m.
Case (i). For d = 2"3™¢, where 0 < 7 < a+ 3,0 < 15 < 2 and t|m, we find that
Gy =1 and 1/t?2?* < G5 < 1. Hence,

where G; =

) Z 2k+2 —9_ 2a+1m _ 2k‘ +92 2 2k‘+1 il 201+1m‘

Since k > 2« and 2% > m, we have L > 0.
Case (ii). For d = 2"3™t, where a +4 <1 < a4 6,0 < ry < 2 and t|m, we find

that G; = 1/4 and 1/t?2%%2 < Gy < 22972 Hence,

™.

LZ _2a+1 -

DN W

Therefore, F, 1 (z) is holomorphic at every cusp 5. Using Theorem 1.4, we find that
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the weight of F, x(2) is equal to 2871, Also, the associated character for F, j(z) is

olat2)(2F 1) 32F 2k 1) )

given by x;(e) = ( . . This completes the proof of (1).

Again, if p; = 3, then using Theorem 1.4 we find that the level of the eta-
quotient F, x(2) is equal to 20T639F ! where m/ := p3?---p®. Note that this
level is different from what we would have obtained by putting p; = 3 in part (1).
The rest of the proof goes along similar lines as shown in the proof of part (1) of

the lemma. This completes the proof of the lemma. [ |

Proof of Theorem 5.1. For a fixed a > 0, it is enough to prove Theorem 5.1 for all
k > 2a. Now, if 2¢ > m, then F,;(z) € M- (I'g(N), x) for all & > 2«, where
N =9.2°"m and y = x; when p; > 5; and N = 276321+ and y = y, when
p1 = 3. Hence by Theorem 1.7, the Fourier coefficients of F, x(z) are almost always
divisible by m = 2¥. Due to (5.3), the same holds for Cy.gapm 20 (n). This completes
the proof of the theorem. [ |

5.3 Distribution of Cs/¢(n) modulo arbitrary pow-
ers of 3

We next study the divisibility properties of éﬁu(n) by arbitrary powers of 3
for an infinite family of ¢, namely ¢ = 3*m where a@ > 0 and m is positive integer
such that 3 ¥ m. In [12], Chen, Hirschhorn and Sellers studied the divisibility of
Ce1(n) and Cga(n) by 3. They proved that, if n cannot be represented as the
sum of a pentagonal number and twice a triangular number, or if n cannot be
represented as the sum of a triangular number and four times a pentagonal number,
then Cg1(n) =0 (mod 3). They also proved that, if n cannot be represented as the
sum of a pentagonal number and a square, or if n cannot be written as the sum of a
pentagonal number and twice a square, then Cs5(n) =0 (mod 3). In the following

theorem we prove that 66,3am73am(n) is almost always divisible by arbitrary powers

TH-2637_186123002



5.3 DISTRIBUTION OF Uw(n) MODULO ARBITRARY POWERS OF 3 73

of 3 for all o > 0.

Theorem 5.3. Let k be a fizved positive integer. Then, for all ¢ = 3“m, where a > 0

and m is positive integer such that 3 1 m, the set
{n € N: Cgsamsam(n) =0 (mod 3%)}

has arithmetic density 1.

5.3.1 Proof of Theorem 5.3

We first find the generating function of é%g(n). We use the notation f, :=
(¢% ¢ = [, (1 - ¢’*) throughout this section.

Lemma 5.4. Let { be a positive integer. Then

o n Jaifaef12e
ZC(;@,Z(n)q ~ fifefaefse

n=0

Proof. From (4.1), we have

(6% 4%) oo (—4% ¢°) oo (—0°% ¢° ) 0
(4 @)oo
(% 4%) oo (=" ¢%) oo (=0 ¢* ) o (=05 ¢ )
(4 D)oo (%3 ¢%)
(4% ¢°) oo (=15 ¢*) o0
(4 @)oo (=% %)
(6% ¢°) oo (0% ¢%)oo (% ) oo
(4 @)oo (0% 412°) 00 (0% ¢%) 0
(% )2 (6% %) 0o (0" )
(@ @)oo (4% 4900 (0% ¢*) 50 (¢°% %) o
 f3uSsefro
 fifefaefer

Z Uﬁf,f(n)qn -
n=0

This completes the proof of the lemma. |
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Proof of Theorem 5.3. Let k be a fixed positive integer. We have ¢ = 3*m, where

a > 0 and m is positive integer such that 3t m. Let

00 1 _ (25 3¢t m)n )3 B 773(25 . 3a+lmz)
U 25 3a+2m)n) - 77(25 . 3a+2mz) :

Then using the binomial theorem we have

(25 - 3oty z)

773’C (25 . 3a+2mz)

G¥(2) = 1 (mod 3F*1).

Define H, x(z) by

2 24 . a+l 23 . Qa2 25 L 2a+2
Hoi(z): = n?(2* - 39T mz)n(2° - 3* P mz)n(2° - 3**mz) G‘Z’f(z)
’ 1(242)n(23 - 39+ Imz)n(24 - 30+2mz)n(25 - 32+1mz)
772<24 . 3a+1mz)n(23 . 3a+2mz)n3k+1_1(25 ) 3a+1mz)
— n(242)n(23 - 39t imz)n(24 - 30+2mz)n3t (25 - 3a+2mz)

Modulo 3¥*!, we have

Hoo(z) = n%(24 - 3% mz)n(23 - 3% 2mz)n(2° - 3% mz2)
@ n(242)n(23 - 3otmz)n(24 - 32+2mz)n(25 - 32timz)
_ . 83%m—1 f224.3a+1mf23~3a+2mf25-3°‘+2m (5 4)
foa fos 301 far 302 f25.3001m .

Employing Lemma 5.4 with & = 3*m, and then combining with (5.4), we obtain
E Z 6301 3%M0 q24n+8~3°‘m—1 (HlOd 3k+1). (55)
n=0
We next prove that H, ;(z) is a modular form for all £ > 2a+1 and 3* > 4m. First

we calculate the level of the eta-quotient H, j(z) by using Theorem 1.4. The level

of H,x(2) is equal to 2°3*"2mM, where M is the smallest positive integer such that
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modulo 24,
2 1 3+t 1 1 1
253a+2 M -
m 243a+1m + 233a+2m + 253a+1m 24 233a+1m
1 3 -1 —0
2430%2y, 2530+ 2y | T
Equivalently,

M[8-3*—4-3*T"] =0 (mod 24).

Therefore, M = 2 and the level of H, j(z) is 263°*"2m. We know by Proposition 1.6,
that the cusps of I'g(2°3%t%m) are represented by fractions &, where d | 293***m

and ged(c,d) = 1. By Theorem 1.5, we find that H, ;(z) is holomorphic at a cusp

< if and only if

ged(d, 2°3*m)* _ged(d, 2'3° ! m)? | ged(d, 2°3°"*m)*  ged(d, 24)°

k+1
N e = 233042 24
ged(d, 2’3" 'm)? ged(d, 2'3°2m)* (35— 1) ged(d, 2°3%2m)? -
233a+1my 243a+24 253a+24 - .

Equivalently, if and only if

L:= (312 —3)G, + 12G5 + 4G5 — 4 - 3°"'mG, — 12G5 — 2Gg — (3 — 1) > 0,

where
G ged(d, 2°3%Tm)? G ged(d, 213%Tm)?
YT ged(d, 253 F2m)2’ 0 T ged(d, 2530+2m)2
O — ged(d, 233%T2m)? a— ged(d, 24)?
° 7 ged(d, 2530 +2m)2" T T ged(d, 2539+2m)?’
o — ged(d, 2339 m)? o — ged(d, 213%T2m)?
° T ged(d, 2530+2m)2” T ° T ged(d, 2530+2m)?’
respectively.
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We now consider the following three cases according to the divisors of 263%T2m
and find the values of G; for i = 1,2,...,6. Let d be a divisor of N = 263%+2m,
Case (i). For d = 2"3™¢, where 0 < r; < 6,0 <1y < a+ 1 and t|m, we find that
G1=1,1/4<Gy=Gs<1,1/16 < G3 = G5 < 1 and 1/2*-3%*#? < G4 < 1. Hence,

4 51
L23k+2—3+3—|—1—6—4-3a+1m—12—2—3’“4—1:8~3k—4~3a+1m—z.

Since k > 2a+ 1 and 3% > 4m, we have L > 0.
Case (ii). For d = 2"3™t, where 0 < r; < 3,795 = a + 2 and t|m, we find that
G1 =Gy =G5=1/9, G3 = Gg = 1 and 1/3%*"%2 < G, < 1/3**"2. Hence,

Case (iii). For d = 2"3™t, where 4 < r; < 6,75 = a + 2 and t|m, we find that
Gy =1/9, Go=1/22-32,1/16 < G3 < 1/4, 1/2* - 32 < G5 < 1/22 - 32, Gy = 1/4
and 1/2%.32t2%2 < G, < 1/2% - 3%2+2¢2 Hence,
1 12 4 4.3% 12 2 5 m
Lego g g —_—° =2 ghig——_ 0 sy

- 3 u 36 B 16 4-3%2+2¢2 36 4 * I SRR T
Hence, H,x(z) is holomorphic at every cusp § for all & > 2o + 1 and 3% > 4m.
Using Theorem 1.4, we find that the weight of H, x(z) is equal to 3*. Also, the

( _9(1+10-3%) 3(a+1)+(2a+1)3F  2-3F 41 )
~ .

associated character for H, x(2) is given by xs(e) =

This proves that H, x(2) € Max ([(253%T2m), x5) for all k > 2a+ 1 and 3% > 4m.

For a fixed a > 0, it is enough to prove Theorem 5.3 for all k£ > 2o+ 1. Hence
by Theorem 1.7, the Fourier coefficients of H, x(z) are almost always divisible by
m = 3*. Due to (5.5), the same holds for Clg.3a 3«(n). This completes the proof of
the theorem. |
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5.4 Congruences for 64.2052@(71) and 64.3.2%3.2@(71)

We find that the eta-quotients associated to the generating functions of Cy.ga g (1)
and U4.3.2a73.2a(n) are modular forms whose levels land in Ono and Taguchi’s list.

More precisely, we have following theorems.

Theorem 5.5. Let a be a non-negative integer. Then there is an integer ¢ > 0 such

that for every d > 1 and distinct primes pq, ..., Derq coprime to 6, we have

rd o Dord - 1-3.9¢
Cy90 20 <p1 Petd ;4+ )EO (mod 2%)

whenever n is coprime to pi,. .., Perd-

Theorem 5.6. Let v > 2 be a integer. Then there is an integer s > 0 such that for

every t > 1 and distinct primes py, ..., psit coprime to 6, we have
— © 00 ) n _.I_ 1 — 9 . 2a
Cy3.20 390 (pl Dot o ) =0 (mod 2"

whenever n is coprime to py, ..., Dsit-

5.4.1 Proof of Theorem 5.5 and Theorem 5.6

Proof of Theorem 5.5. Let k be a fixed positive integer. Taking m = 1 in (5.3), for

all a > 0, we have

Ro(2) = Fap(2) = Y Cugana(n)@™ 21 (mod 281).
0

This yields

= T - n+1-3-29\
R.(z) :== ZAa(n)q = Z 190 20 (T) ¢" (mod 2"1).  (5.6)
n=0 n=0
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Note that R,(2) € Myr—1 (To(9 - 297°), x3) for all & > 2«, where x3 is the associated
character (which is x; evaluated at m = 1). Using Theorem 1.11, we find that there

is an integer ¢ > 0 such that for any d > 1,

Ra(2) | Ty, | T -+ | Ty, = 0 (mod 27)

whenever pi,...,perq are coprime to 6. It follows from the definition of Hecke
operators that if py,...,p.rq are distinct primes and if n is coprime to py - - - peiqg
then

Ag (1 Pera-n) =0 (mod 2%). (5.7)
Combining (5.6) and (5.7), we complete the proof of the theorem. [

Proof of Theorem 5.6. Let k be a fixed positive integer. Taking m = 3 in (5.3), for

all « > 0, we have

64.3.204’3‘204 (n)q24"+9'2a_1 (mod 2k+1).

NE

Sa(z) = For(z) =

i
=

This yields

- — n+1-9.2¢
Salz) = Z B,(n)q" = Z C1.3.20 3.90 <T) ¢" (mod 2¥).  (5.8)
n=0

n=0

Note that S,(z) € Mar—1 (Tp(9-2°75), x4) for all k > 2a and o > 2, where yy is
the associated character. We now proceed along similar lines as shown in the proof
of Theorem 5.5. Applying Theorem 1.11 to S,(z) we find that there is an integer

s > 0 such that for any ¢ > 1 and distinct primes py, ..., psis coprime to 6

Bo(p1++ psye-n) =0 (mod 2). (5.9)
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Combining (5.8) and (5.9), we complete the proof of the theorem.
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Congruences and Self-Similarity Results

on t-Regular Partitions

6.1 Introduction

A t-regular partition of a positive integer n is a partition of n such that none of
its part is divisible by ¢. Let b;(n) denote the number of t-regular partitions of n.

The generating function of b;(n) is given by

> bi(n)g" = % (6.1)
n=0 1

IThe contents of this chapter are under review.

81
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where fi, := (¢%; ¢")oo = H?;(l — ¢’%) and k is a positive integer.

In a very recent paper [29], Keith and Zanello studied t-regular partition for

certain values of ¢. They proved various congruences for b;(n) modulo 2 for certain

values of t < 28, and posed several open questions.

6.2 Proof of a conjecture of Keith and Zanello on
b3(n)

One of the congruences Keith and Zanello proved for bs(n) is the following:

Z bs3(26n + 14)¢" = Z bs(2n)g™*"  (mod 2). (6.2)
n=0 n=0
More generally, they conjectured that:

Conjecture 6.1. [29, Conjecture 6] For any prime p > 3, let « = —24~1 (mod p?),

0 < o < p?. It holds for a positive proportion of primes p that
Z bs(2(pn + a))¢" = Z b3(2n)g™ (mod 2). (6.3)
n=0 n=0

The congruence (6.2) is a specific case of (6.3) corresponding to p = 13. In the
following theorem, we confirm that Conjecture 6.1 is true.

Theorem 6.2. Conjecture 6.1 is true.

Proof. We first recall the following even-odd dissection of the 3-regular partitions

[29, (6)]:
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Extracting the terms with even powers of ¢, we obtain

> bs(2n)q" = ‘;—1 (mod 2). (6.4)

3

Let

0 24n2 2242
U )° _ n(24z2)

11— q48” - n(48z2)

Then using the binomial theorem we have

Define B(z) by

Modulo 2, we have

n*(242) _ (@)%

B(z) = — .
&= ) ~ ) o
Combining (6.4) and (6.5), we obtain
z) = Zbg(Qn)q24”+1 (mod 2). (6.6)

Now, B(z) is an eta-quotient with N = 3456. We next prove that B(z) is a cusp
form. We know by Proposition 1.6, that the cusps of I'y(3456) are represented by
fractions ¢, where d | 3456 and ged(c,d) = 1. By Theorem 1.5, we find that B(z)

vanishes at a cusp § if and only if

ged(d, 24)*  2ged(d, 72)°

L:=12
ged(d, 48)2 3 ged(d, 48)2

—1>0.
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We now consider the following four cases according to the divisors of 3456 and find

the values of Gy := 223833;2 and Gy := % Let d be a divisor of N = 3456.

Case (i). For d =23 where 0 < r; < 3and 0 < ry <1, we find that G; = G5 = 1.

Hence, L > 0.
Case (ii). For d = 23", where 0 < 7 < 3 and 2 < ry < 3, we find that G; = 1
and G5 = 9. Hence, L > 0.
Case (iii). For d = 23, where 4 < r; < 7 and 0 < ry < 1, we find that
G1 = Go = 1/4. Hence, L > 0.
Case (iv). For d = 23", where 4 < r; < 7 and 2 < ry < 3, we find that G; = 1/4
and G = 9/4. Hence, L > 0.

Thus, B(z) vanishes at every cusp §. Using Theorem 1.4, we find that the weight
of B(z) is equal to 2. Also, the associated character for B(z) is given by y;(e) =
(253%). This proves that B(2) € S(T(3456), x1). Also, the Fourier coefficients of

B(z) are all integers. Hence by Proposition 1.3, a positive proportion of the primes

p = —1 (mod 6912) have the property that
B(2)| T, =0 (mod 2). (6.7)

Let B(z) :== )", a(n)¢". Then, (6.6) yields

Zbg( ”_1) EZ ¢" (mod 2). 6.8)

Now, from (6.7) we obtain

B(2) | T, =Y (a(pn) + pxa(p)a(n/p))¢" =0 (mod 2)

n=1
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which yields

Za(p Za n/p)q" (mod 2). (6.9)

n=1 n=1

Combining (6.8) and (6.9), we find that

Zb3( pn—1> n_zbg(Qn/p—l))qn (m0d 2)
—Zbg(m_l) " (mod 2)

2
bs (_n) ¢""*?  (mod 2).
0

24

n=

Multiplying both sides by ¢~ ? we obtain

S () e En @) e

which yields

n—l— -y . = 2n "
Zb3( 4 p )q =5 b, <ﬂ> g™  (mod 2).
n=0

Let a = . Since p = —1 (mod 6912), so « is a positive integer, and o = —247!

(mod p ), 0 < a < p?. Replacing n by 24n and then substituting ¢** by ¢ we get
> bs(2(pn+a))q" = bs(2n)¢™  (mod 2).

This completes the proof of the theorem. [ |

TH-2637_186123002



86 t-REGULAR PARTITION

6.3 Proof of a conjecture of Keith and Zanello on

b25 (n)

Keith and Zanello also studied 2-divisibility of bos(n) and proved several con-
gruences for primes p = 11,13,17,19 (mod 20) and p = 31,39 (mod 40). To be
specific, if p = 11,13,17,19 (mod 20) is prime, then they proved that

bos(8(p°n + kp—3-41)+5)=0 (mod 2)
for all 1 < k < p, where 3 - 47! is taken modulo p?. Further, they conjectured the
following:

Conjecture 6.3. [29, Conjecture 28] For a positive proportion of primes p, it holds
that

Z bos(2pm + )" = ¢° Z bas(2n + 1)¢™  (mod 2),

n=0 n=0
for some a and B depending on p.
Our second theorem confirms that Conjecture 6.3 is true.

Theorem 6.4. Conjecture 6.3 is true.

Proof. Putting t = 25 in (6.1), we have

D bys(n)g" = % (6.10)

We use identity [27, (4)], namely

fifs = L +qff  (mod 2).
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Dividing both sides by f? we obtain

6
% = fi +q;—i2 (mod 2). (6.11)
Therefore, by (6.10) and (6.11), we have
N noJw _ Juls
D T s
= pipdy o35 I5° e 135 d9
=J1Js fo1+qf1+ 172 (mod 2).

2n+1

Extracting the terms involving ¢ , and then dividing by ¢ and replacing ¢* by ¢,

we find that

2 £3
Z b25 2n + 1 f5 2@ (mod 2)

= f5
7f12f285
= fifs + a7 +C] 2fifs s+ 5~ (mod 2).
f1 s
Extracting the terms involving ¢?", we obtain
> bas(An+ )¢ = f3 10+ ¢ fafiofso  (mod 2). (6.12)
Define F(z) by
F(z) := n*(22)n*(102) + n(22)n*(102)n(502). (6.13)
Combining (6.12) and (6.13), we obtain
2) = bys(An+1)g™"  (mod 2). (6.14)

n=0

Now using Theorems 1.4 and 1.5, we find that *(22)n?(10z) € Sy (T'x(100), x3) and
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n(22)n*(102)n(50z) € S3 (Tx(100), x3) for some Nebentypus character x3 and hence
F(z) € S5 (I'x(100), x3). Also, the Fourier coefficients of F'(z) are all integers. Hence
by Proposition 1.3, a positive proportion of the primes p = —1 (mod 200) have the
property that

F(z)|T,=0 (mod 2). (6.15)
Let F(z) := )", d(n)q". Then, (6.14) yields
D b2 —1)+1)g" = d(n)g" (mod 2). (6.16)

Now, from (6.15) we obtain

F(2)| T, = > _(d(pn) + pxs(p)d(n/p))g" = 0 (mod 2)
which yields
Z d(pn)q" = Z d(n/p)q" (mod 2). (6.17)

Combining (6.16) and (6.17), we find that

Zb25(2pn - 1)q" = 2625(2(71/]9 —1)+1)¢" (mod 2)

= bys(2(n—1)+1)¢"™ (mod 2)

8

625(2n + 1)q”"+p (HlOd 2)

i
o
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Replacing n by n 4+ 1 on the left side and then dividing both sides by ¢ we obtain

Z bos(2pn + a)q" = ¢° Z bas(2n + 1)¢™  (mod 2),

where o = 2p — 1 and 8 = p — 1. This completes the proof of the theorem. [ |

6.4 A self-similarity result for by (n)

In this section, we prove a self-similarity result for by;(n) modulo 2. More pre-

cisely, we prove the following theorem:

Theorem 6.5. For any prime p > 3, let v = —67' (mod p?), 0 <~ < p?. It holds

for a positive proportion of primes p that
Z bo1(pn + 11y + 1)¢" = Z bor(n + 1)¢""  (mod 2).
n=0 n=0

Proof. We begin with the identity [29, Section 7], namely

ib21<4n +1)¢" = f—gl (mod 2). (6.18)

Let

O R
SO =1l ey = )
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Define H(z) by

H(z) = (77 (722)) G(z) = T=EMEE) (7772(1);7;)2“).

Modulo 2, we have

n'(722) (a5

H(z) = = . 1
B =em T (e (6:19)
Combining (6.18) and (6.19), we obtain
H(z) = Z bo1(4n + 1)@ ™ (mod 2). (6.20)
n=0

Now using Theorems 1.4 and 1.5, we find that H(z) € S, (I'¢(3456), x2) for some
Nebentypus character ys. Also, the Fourier coefficients of H(z) are all integers.
Hence by Proposition 1.3, a positive proportion of the primes p = —1 (mod 6912)
have the property that

H(z)|1T,=0 (mod 2). (6.21)

Let H(z) =) 2, ¢(n)¢". Then, (6.20) yields
Zbgl <% + 1) = Zc(n)q” (mod 2). (6.22)

Now, from (6.21) we obtain

[e.e]

H(z) | T, =) (c(pn) + pxa(p)e(n/p))g* =0 (mod 2)

n=1
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which yields

Zc(p Zc n/p)g" (mod 2). (6.23)

Combining (6.22) and (6.23), we find that

me(pn—_” >"—me<w+1>qn (mod 2)

N An — 11
= Zbgl <M + 1) ¢ (mod 2)
— 24

. 4
= Zbgl (2—Z + 1) " (mod 2).
n=0

Multiplying both sides by ¢~!'? we obtain

f: oy <png1 ) n— llp_Zb21( ) ™ (mod 2)

n=11p

which yields

00 D | 00

n=0

Let v = . Since p = —1 (mod 6912), so v is a positive integer, and v = —67"
(mod p ), 0 <~ < p?. Replacing n by 6n and then substituting ¢% by ¢ we get

Zbal(pn +1ly+1)q" = Z bor1(n + 1)¢™™  (mod 2).
n=0 n=0

This completes the proof of the theorem. [
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Divisibility of Certain t-Regular Partitions
by 2

7.1 Introduction

In this chapter, we establish infinite families of congruences modulo 2 for b3(n)
and bey(n). We next prove that the series Y2 bg(2n + 1)¢" is lacunary modulo
arbitrary powers of 2. We also prove that the series Y~ by(4n)q" is lacunary

modulo 2.

LContents of this chapter has been published in Ramanujan J. (2022).

93
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7.2 A specific case of self-similarity of b3(n)

In [29], Keith and Zanello proved various congruences for bsz(n) and proposed
a conjecture regarding the self-similarity of bs(n). In Chapter 6, we proved their
conjecture in our Theorem 6.2. In the same paper, they proved one specific case of
their conjecture corresponding to p = 13. In the following theorem, we prove another
specific case of Conjecture 6.1 corresponding to p = 17. We note that primes 13
and 17 do not fall in the family of primes for which we proved Theorem 6.2 because

they are not congruent to —1 modulo 6912.

Theorem 7.1. It holds that
Z b3(34n +24)¢" = Z bs(2n)q'™ (mod 2),
n=0 n=0

and therefore

b3(2-17*n +58) =0 (mod 2),

and by iteration,

12k %—2 172672 — 1\ _
by ( 2+ 17+ 172258 424 ( —0 (mod 2)

forall k> 1.

Proof. We first recall the following even-odd disection of the 3-regular partitions

[29, (6)]:

ibg@n)q” = f—14 (mod 2). (7.2)
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Let
()P (512)n(172)
Gaal2) = n(3z2)
and
' (172)n*(32)n(2)
Gsa(z) = n(51z)

By Theorems 1.4 and 1.5, we find that G3:(2) and Gs2(z) are modular forms of
—3~173).

weight 3 and level 51. Also, the Nebentypus character yg is given by xo(e) = (

By (7.2), the Fourier expansions of our forms satisfy

Gza(z) = (Z b3(2n)qn+5> f3 fir

n=0

and

Gsa(2) = (Z 53(2n)q17"+1> fih

n=0

We then calculate that

n=0

G3’1 (Z)|T17 = <§: b3(34n == 24)qn+1> f32f1 (mod 2)

Since the Hecke operator is an endomorphism on M; (I'g(51), xo), we have that
Gs1(2)|Th7 € M3 (I'g(51), x0). By Theorem 1.10, the Sturm bound for this space of

forms is 18. We wish to verify the congruence

) 4
q <Z by(34n + 24)q"> 2= q% f2f1 (mod 2).

n=0

The coefficient of ¢'® on the left side involves the value b3(636); thus, f3/f1 must be
expanded at least that far, and the product on the right side must be constructed
up to the ¢** terms. Finally, expansion with a calculation package such as Sage

confirms that all coefficients up to the desired bound are congruent modulo 2, and
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the first part of the theorem is established.
Since only powers for which 17|n can be nonzero on the right side of the statement,

we obtain:
b3(34(17Tn + 1) +24) = b3(2- 17°n +58) =0 (mod 2).
Finally, recursively applying the relation
b3(2n) = b3(34-1Tn +24) (mod 2),
we obtain

bs(2 - 17%n 4 58) = by(2 - 17%(17%*n + 29) + 24) (mod 2)
= b3(2- 17 + 17% - 58 + 24)

b3(2- 1750 4+ 17* - 58 4 17% - 24 +24)  (mod 2)

2k—2 1
bs <2 17%n + 17%72 . 58 + 24 (NW» =0 (mod 2),

where the last line is given by a finite geometric summation. This completes the

proof of the theorem. [ ]

7.3 Congruences for b3(n) modulo 2

If we assume that Theorem 6.2 is true for p = 29, then using the congruence
> o b3(2(29n+35))g" = > 7 b3(2n)¢**™ (mod 2), one can deduce infinite families

of congruences of the form

b3(2(29% - n + 29k +35)) =0 (mod 2), (7.3)

TH-2637_186123002



7.3 CONGRUENCES FOR b3(n) MODULO 2 97

where 1 < k < 28. We do not know whether Theorem 6.2 is true or not for p = 29.
However, in the following theorem, we prove the congruence (7.3) without assuming

(6.3) for p = 29.

Theorem 7.2. Let o € {6,64,93,122,151, 180, 209, 238, 267, 296, 325, 354, 383, 412,
441,470,499, 528, 557, 586, 615, 644,673,702, 731, 760, 789,818}. Then for alln > 0,
we have

b3(2(29* - n+a)) =0 (mod 2).

We prove Theorem 7.2 using the approach developed in [47, 48]. Throughout
this section, I' denotes the full modular group SLs(Z). We recall that the index of
Fo(N)inI'is

[C:To(N)] =N]Ja+p™),
p|N
where p denotes a prime.
For a positive integer M, let R(M) be the set of integer sequences r = (75)sum
indexed by the positive divisors of M. If r € R(M)and 1 =01 < ds < -+- < 0 = M

are the positive divisors of M, we write r = (rs,,...,7s,). Define ¢,.(n) by

> et =] =] ]]a-a). (7.4)
n=0 85|M 8|M n=1
The approach to proving congruences for ¢,.(n) developed by Radu [47, 48] reduces
the number of coefficients that one must check as compared with the classical method
which uses Sturm’s bound alone.

Let m be a positive integer. For any integer s, let [s],, denote the residue class of
sin Z,, = Z/mZ. Let Z}, be the set of all invertible elements in Z,,. Let S,, C Z,,
be the set of all squares in Z},. For t € {0,1,...,m — 1} and r € R(M), we define
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a subset P, ,(t) € {0,1,...,m — 1} by
s—1
Py (t) := < ' - 3[s]oam € Soam such that t' = ts+ =T (SIZM&"(; (mod m)

Definition 7.1. Suppose m, M and N are positive integers, r = (rs) € R(M) and
te{0,1,...,m—1}. Let k = k(m) := ged(m? — 1,24) and write

Hg\rél =2°.

8|M

where s and j are nonnegative integers with j odd. The set A* consists of all tuples

(m, M, N, (rs),t) satisfying these conditions and all of the following.

1. FEach prime divisor of m is also a divisor of N.
2. 8|M implies 6|mN for every § > 1 such that rs # 0.
8. kN3 50 msmN/6 =0 (mod 24).

4- kN 5075 =0 (mod 8).

24m I
0. god (— 24Tk 53075, 24m) divides N .

6. If 2|m, then either 4kN and 8|sN or 2|s and 8|(1 — j)N.

a b
Let m, M, N be positive integers. For v = el, re RIM) and 1’ €
C o]
R(N), set
. , 1 ged®(6a + dkAc, mce)
Pmr(7) 1= ,\e{o,rlr,l}.r,lm—l} 24 ; "o om
and
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Lemma 7.3. [47, Lemma 4.5] Let u be a positive integer, (m, M, N,r = (rs),t) € A*
and v’ = (r5) € R(N). Let {71,72, ..., } C ' be a complete set of representatives
of the double cosets of To(N)\I'/T's. Assume that py,,(vi) + pi(7:) = 0 for all

1 <i<n. Let tyi, = mingep,, 1t and

:2—14 Zm—i—Zr(’; [F:FO(N)]—Z&’:; ——Z(Sr(; b

s|M SIN 3IN

If the congruence ¢,(mn+t") =0 (mod w) holds for allt’ € P, ,(t) and0 <n < |v],
then it holds for all t' € P, .(t) and n > 0.

To apply Lemma 7.3, we utilize the following result, which gives us a complete

set of representatives of the double coset in I'o(N)\I'/T's

Lemma 7.4. [60, Lemma 4.3] If N or %N 18 a square-free integer, then

10

JTe(v) I =T.

5N o 1
We are now ready to prove Theorem 7.2.

Proof of Theorem 7.2. From (7.1), we have

Zbg = = f—12—|—q—4 (mod 2)

Let (m, M, N,r,t) = (841, 3,87, (4,—1),64). It is easy to verify that (m, M, N,r,t) €
A* and P,,,(t) = {6,64, 151, 180, 200, 238, 206, 412, 499, 615, 673, 702, 731, 760}. By
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Lemma 7.4, we know that : 0|87 » forms a complete set of double coset
o 1
10
representatives of T'o(N)\I'/Tw. Let 75 = . Let " = (0,0,0,0) € R(87)
0 1

and we use Sage to verify that p,,.(vs) + pi(vs) > 0 for each §|N. We com-
pute that the upper bound in Lemma 7.3 is |v] = 14. Using Sage we ver-
ify that b3(1682n + 2t') = 0 (mod 2) for all ¢ € P,,,.(tf) and for n < 14. By
Lemma 7.3 we conclude that b3(1682n 4 2t') = 0 (mod 2) for all ¢ € P, ,(¢)
and for all n > 0. To prove the remaining congruences, we take (m, M, N, r t) =
(841,3,87,(4,—1),93). It is easy to verify that (m, M, N,r.t) € A* and P, ,(t) =
{93,122, 267,325, 354, 383, 441,470, 528, 557, 586, 644, 789,818}. Following similar
steps as shown before, we find that b3(1682n + 2t') = 0 (mod 2) for all t' € P, ,(¢)

and for all n > 0. This completes the proof of the theorem. [

7.4 Congruences for by;(n) modulo 2

Keith and Zanello [29] also studied 2-divisibility of bs;(n) and proved several con-
gruences for primes p = 13,17,19,23 (mod 24). To be specific, if p = 13,17, 19,23

(mod 24) is prime, then
bor(4(p’n+kp—11-247) +1) =0 (mod 2)

for all 1 < k < p, where 247! is taken modulo p?. For example, if p = 13, then one

obtains
boi(4 - 13°n + 52k +309) =0 (mod 2)

forall k =1,2,...,12. In the following theorem we prove similar type of congruences

for the prime p = 29.
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Theorem 7.5. Let 5 € {8,37,66,95,124, 153, 182, 211, 240, 269, 298, 327, 356, 414,
443,472,501, 530, 559, 588, 617, 646, 675, 704, 733, 762, 791,820}. Then for alln > 0,
we have

b21(4(29% - n+B)+1) =0 (mod 2).
To prove Theorem 7.5, again we use the approach developed by Radu in [47, 48].

Proof of Theorem 7.5. We begin our proof by recalling the following even-odd dis-

ection formula of the 21-regular partitions [29, (9)]:

me(n) ! @E fs +a f1f21+(16f1f21 +q—
= f3 f1

12 r4 8 18
4f3 f21 +q7f3f21

+4q
fi fi

(mod 2).

Extracting the terms with odd powers of ¢, we obtain

Zb21(2n +1)¢" = qf} f3 + ;_3 + qsf?ifll

(mod 2).

Finally, extracting the terms with even powers of ¢, we obtain

% 4
me(ém +1)¢" = Js (mod 2).
= N
Let (m, M, N,r,t) = (841,3,87, (—1,4),414). We verify that (m, M,N,r ) € A*

and P,,,(t) = {8,124,182, 211,240,269, 356, 414, 501, 530, 559, 588, 646, 762}. By

Lemma 7.4, we know that : 0|87 » forms a complete set of double coset
o 1
10
representatives of T'o(N)\I'/T'w. Let 75 = . Let v = (0,0,0,0) € R(87)
0 1

and we use Sage to verify that p,,.(vs) + pi(7vs) > 0 for each §|N. We com-
pute that the upper bound in Lemma 7.3 is |v| = 14. Using Sage we verify
that b9 (4(841n + ') + 1) = 0 (mod 2) for all ' € P, ,(t) and for n < 14. By
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Lemma 7.3 we conclude that bg(4(841n +t') +1) = 0 (mod 2) for all ¢’ € P, ,(¢)
and for all n > 0. To prove the remaining congruences, we take (m, M, N,r t) =
(841,3,87,(—1,4),443). It is easy to verify that (m, M, N,r,t) € A* and P, ,.(t) =
{37,66, 95,153,298, 327,443,472,617,675, 704, 733,791, 820}. Following similar steps
as shown before, we find that by (4(841n +¢') +1) =0 (mod 2) for all ¢’ € P, ,.(¢)
and for all n > 0. This completes the proof of the theorem. [ |

7.5 Distribution of by(n)

In this section, we study distribution of bg(2n + 1) and by(4n). In order to prove

the main results of this section, we first prove the following lemma.

Lemma 7.6. We have

Zbg (2n+ 1)q fffé?j}f;” (7.5)
&9 7
> by(dn)q" = fljfg (mod 2). (7.6)
n=0

Proof. Letting £ =9 in (6.1), we have

S bo(n)g” = L2 (.7)
- fi
From Lemma 3.5 in [62], we have

o fhfs . Ffafu
h Tede i (7:8)
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Extracting the terms with odd powers of ¢ and then using (7.8), we obtain

- n_ J5f3f1s

From (7.8), extracting the terms with even powers of ¢ and then using (7.7), we

obtain

= \Arn T 5
;bg(%)q = R2hi s (mod 2). (7.9)

From [28, (2.5)], we have

B_B_, B

BT e (7.10)

Magnifying equation (7.10) by ¢ — ¢* and combining with (7.9), we obtain

N n:f_g?(f_fz 3f62f§6)
;bg(Zn) =2\ T +q ol (mod 2).

Extracting the terms with even powers of ¢, we obtain

o 7
nzzobg(éln)q" _ f{j‘& (mod 2).

This completes the proof of the lemma. |

7.5.1 Distribution of by(2n + 1) modulo arbitrary powers of
2

Keith and Zanello [29] studied lacunarity of the functions b3(2n), bey (4n), bay (4n+
1) and by5(8n + 3) modulo 2 using the technique developed by Landau [32]. We

note that the generating function of bg(2n + 1) does not satisfy the conditions of

TH-2637_186123002



104 DIVISIBILITY OF CERTAIN /-REGULAR PARTITIONS

Theorem 1.8, and hence the approach of Cotron et al. [15] can not be used to study
the lacunarity of bg(4n + 1). Also, we can not apply Theorem 1.9 of Landau as we
are studying the lacunarity modulo arbitrary powers of 2. In the following theorem,
we prove that bg(2n+ 1) is almost always divisible by arbitrary powers of 2 by using

Serre’s density result.

Theorem 7.7. The series Y - bo(2n+1)q" is lacunary modulo 2F for any positive

integer k.

Proof. Let

ﬁ 54n)2 n2<54z)
L (1= ¢1%n)  p(1082)

Then using the binomial theorem we have

" (542)

AT ()= 72 (1082)

1 (mod 2¥).

Define By(z) by

_ (1°(62n(92)n(542) \ yor y _ 1P (62)n(92)* "+ (542)
Bil2) "( P (32)(182) )A &) = B Byn(182)r (1082)

Modulo 2+, we have

_ A(62)n(92)n(542) 5 (6% 4°)5(%: 4°) (0™ ¢*)oo
Bile) = = samse) ‘q( @ ) (1% 4) ) (711

Combining (7.5) and (7.11), we obtain

Bi(z) = i bo(2n 4 1)¢*" ™ (mod 2511h). (7.12)

n=0

Now, By(z) is an eta-quotient with N = 324. We next prove that By(z) is a
modular form for all £ > 6. We know by Proposition 1.6, that the cusps of I'g(324)
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are represented by fractions <, where d | 324 and ged(c,d) = 1. By Theorem 1.5,

d?’

we find that Bj(z) is holomorphic at a cusp § if and only if

2 2 2 2 2
(2’““ 1) ged(d, 54) N 2gcd(d, 6) N ged(d, 9)* 3gcd(d, 3)*  ged(d, 18)
54 6 9 3 18
2
B 2kgcd(ah 108) >0
108 -

Equivalently, if and only if

L= (2"2 £ 2)G) 436G, + 12G5 — 108G, — 6G5 — 2F > 0,

where
 ged(d, 54)? ~ ged(d, 6)
' oged(d, 108)27 T ? T ged(d, 108)?
__ged(d, 9)? _ged(d, 3)?
> ged(d,108)27 Tt ged(d, 108)2
_ ged(d, 18)?
" ged(d, 108)2°
respectively.

We now consider the following four cases according to the divisors of 324 and
find the values of G; for : =1,2,...,5. Let d be a divisor of N = 324.
Case (i). For d|324 and d ¢ {4,12, 36,108,324}, we find that G; =1, 1/81 < G5 <
1,1/36 < G3<1,1/324 <G4 <1 and 1/9 < G5 < 1. Hence,

L>2"242436/81 +12/36 —108 — 6 — 2" =3.2% — 112 - 7/9.

Since k > 6, we have L > 0.

Case (ii). For d = 4,12, we find that G; = G2 = G5 = 1/4 and G3 = G4 = 1/16.
Hence, L = 2.

Case (iii). For d = 36, we find that G; = G5 = 1/4, Gy = 1/36, G3 = 1/16 and

TH-2637_186123002



106 DIVISIBILITY OF CERTAIN /-REGULAR PARTITIONS

G4 = 1/144. Hence, the value of L is equal to 0.

Case (iv). For d = 108,324, we find that G; = 1/4, Gy = 1/324, G5 = 1/144,
G4 = 1/1296 and G5 = 1/36. Hence, we have value of L equal to 4/9.

Hence, By(2) is holomorphic at every cusp § for all k£ > 6. Using Theorem 1.4, we
find that the weight of By(2) is equal to 281, Also, the associated character for By(z)
is given by y;(e) = (ﬁ) This proves that By(z) € Max—1 (I'0(324), x1) for all
k > 6. Also, the Fourier coefficients of By (z) are all integers. Hence by Theorem
1.7, the Fourier coefficients of By(z) are almost always divisible by m = 2F, for any
positive integer k. Due to (7.12), the same holds for bg(2n + 1). This completes the

proof of the theorem. [ ]

7.5.2 bg(4n) is almost always even

Keith and Zanello [29] derived several congruences for the partition function
bg(n) modulo 2 using the theory of Hecke operators. In the following theorem we

prove that bg(4n) is almost always divisible by 2.
Theorem 7.8. The series Y, bo(4n)q™ is lacunary modulo 2.

Proof. We first recall the following identity [29, (7)]:

fi=fs+afi (mod2).

We rewrite the above identity as

3
% = i+ q% (mod 2). (7.13)
Combining (7.6) and (7.13), we obtain
> by(dn)g" = f%f + qf?;{g (mod 2). (7.14)
n=0
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We note that the second term of (7.14) is lacunary modulo 2, by Theorem 1.8. For
the first term of (7.14), we again recall the following identity [29, p. 12]

fl—l—l—Zq?’"l (mod 2),

neE”L

which is quadratic. Hence, the same holds true for (f3/f9)?, by substituting ¢ with

q®. More precisely, we obtain

<fs) =1+ Y ¢ (mod 2). (7.15)

neL

Now, squaring the Euler’s Pentagonal Number formula (Theorem 1.1), we have

=) ¢ (mod2). (7.16)

neZ
Finally combining (7.15) and (7.16), and then applying Lemma 1.9 we conclude that
the first term of (7.14) is also lacunary modulo 2. This completes the proof of the

theorem. [ |

Remark 7.5.1. We note that the generating function of by(4n) does not satisfy
the conditions of Theorem 1.8. Hence, Theorem 7.8 can not be proved by using the
approach of Cotron et al. [15]. However, we can prove Theorem 7.8 using the Serre’s
density result as shown in the proof of Theorem 7.7. For this, we rewrite (7.6) in

terms of n-quotients and obtain

7(362)
b (dn)qi2tt = — 1 d2). 717
Z n) — n(122)n%(108z2) (mod 2) (7.17)
Let F(z) = % As shown in the proof of Theorem 7.7, one can prove that

F(z) € My(I'y(1296), (2837)). By Theorem 1.7, the Fourier coefficients of F(z) are
almost always divisible by m = 2. Due to (7.17), the same holds for by(4n).
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Congruences for 3-Regular Partitions in

Three Colors

8.1 Introduction

In 2018, Hirschhorn [26] studied the number of partitions of n in three colors,

p3(n), given by

> 1
p3<n)qn = L35
2 i

!Contents of this chapter has been published in Bull. Aust. Math. Soc. (2021).
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110 3-REGULAR PARTITIONS IN THREE COLORS

where fi = (¢%; ¢")o = H;;(l — ¢’%) and k is a positive integer. He deduced a
number of congruences for p3(n) modulo high powers of 3. He proved that for all

a>0andn >0,

b x 32t 41
_l’_—

pa(329% 1y < )=0 (mod 3%+2)
and
p3(3%+2n + w) =0 (mod 3%t
and that for all @ > 1 and n > 0,
p3(3%*n + oL 32;_1 + 1) =0 (mod 3*¥)
and
p3(3%Fn + %) =0 (mod 3%**).

Let pgs31(n) denote the number of 3-regular partitions in three colours, whose
generating function is given by
00 . f3
> peayn)gt =%, (8.1)
n=0

1

In 2019, Gireesh and Mahadeva Naika [22] studied the function pyssy(n), and de-
duced some congruences modulo powers of 3 for pgz3;(n). In a very recent paper
[17], using elementary generating function manipulations and classical techniques,
da Silva and Sellers significantly extended the list of proven arithmetic properties
satisfied by pys g1 (n). They obtained parity characterisation for pys 31(2n). They pro-

vided a complete characterisation for pss3(n) modulo 3. For example, they proved

TH-2637_186123002
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that, for all n > 0

P33y(B3n+1) =psa(3n+2) =0 (mod 3),

and

(=1 (mod 3), ifn=~k(3k—1)/2+6(30—1)/2;

p3y(3n) =
0 (mod 3), otherwise.

They also found some congruences for pgssy(n) modulo 4 and 9. They further

conjectured four Ramanujan-like congruences modulo 5 satisfied by pgs 31 (n).

Conjecture 8.1. [17, Conjecture 5.1] For all n > 0,

ps,3(15n +6) =0 (mod 5),
Pe331(25m +6) =0 (mod 5),
Pi331(26n 4+ 16) =0 (mod 5),
P3,31(25n +21) =0 (mod 5).

8.2 Proof of Conjecture 8.1

0
N

~~ o~ o~
R
-~ W

~— N N~

oo
o

In this section we confirm that Conjecture 8.1 is true using the theory of modular

forms.
Theorem 8.2. Conjecture 8.1 is true.

Proof. From (8.1), we have

(@* ¢*)3,

> pesy(n)gt = 2=
s (¢;9)%

We choose (m, M, N,r,t) = (15,3,15,(=3,3),6). We verify that (m, M, N,rt) €
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112 3-REGULAR PARTITIONS IN THREE COLORS

10
A* and P, ,(t) = {6}. By Lemma 7.4, we know that : 0|15 » forms a
51

10
complete set of double coset representatives of I'o(N)\I'/T'w. Let 5 = . Let
J

1
" = (30,0,0,0) € R(15) and we use Sage to verify that p,,,(vs) + pk(ys) > 0 for

each §|N. Using Lemma 7.3 we have

V2:2—14 ng—l—ZTg [F:FO(N)]—Z(STS _ﬁdzMém_tr:rzn

5|M SIN SIN

1
(0430)24— 30} — —— (=3 49y~ 0 3

DY 2415 15 3

Therefore |v] is equal to 28. Using Sage we verify that pgz31(15n+6) =0 (mod 5)
for all 0 < n < 28. By Lemma 7.3 we conclude that pg333(15n +6) = 0 (mod 5) for
allm > 0. This completes the proof of (8.2). To prove (8.3), we take (m, M, N,r,t) =
(25,3,15,(—3,3),6). It is easy to verify that (m, M, N,r,t) € A* and P, ,(t) = {6}.
We compute that the upper bound in Lemma 7.3 is |v| = 47. Following similar
steps as shown before, we find that p333(25n 4+ 6) =0 (mod 5) for all n > 0.
We now prove (8.4) and (8.5). We take (m, M, N,r,t) = (25,3,15,(—3,3), 16).
It is easy to verify that (m, M, N,r t) € A* and P, ,.(t) = {16,21}. Here we also
check that t,,;, = 16. By Lemma 7.4, we know that (15 (1] : 0|15 p forms a
0

1
complete set of double coset representatives of T'o(N)\I'/T'w. Let 75 = . Let
§ 1

r" = (50,0,0,0) € R(15) and we use Sage to verify that p,,,(vs) + pk(ys) > 0 for
each | N. We compute that the upper bound in Lemma 7.3 is |v] = 47. Using Sage
we verify that pgs31(25n + ') =0 (mod 5) for all t' € P, ,(t) and for 0 < n < 47.
By Lemma 7.3 we conclude that pg331(25n+t") =0 (mod 5) for all ¢’ € P, ,(t) and
for all n > 0. This completes the proof of the theorem. [ |
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