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Abstract

The main objective of this thesis is to study the convergence of finite element solutions
to the exact solutions of elliptic and parabolic interface problems by means of classical
finite element method. Due to low global regularity of the true solution it is difficult
to apply the classical finite element analysis to obtain optimal order of convergence for
interface problems (cf. [3, 14]). The emphasis is on the theoretical aspects of such
methods.

In order to maintain the best possible convergence rate, a finite element dis-
cretization is proposed and analyzed for both elliptic and parabolic interface problems.
More precisely, we have shown that the finite element solution converges to the exact
solution at an optimal rate in L? and H* norms if the grid lines coincide with the actual
interface by allowing interface triangles to be curved triangles. Further, if the grid lines
form an approximation to the actual interface, optimal order of convergence in H' norm
and sub-optimal order in L? norm are derived for elliptic problems.

Since the error analysis in finite element method for parabolic equation depends
on the error analysis of the corresponding elliptic equation, an attempt has been made
to extend the convergence analysis of elliptic interface problems to the parabolic inter-
face problems. Both continuous time Galerkin method and discrete time discontinuous
Galerkin methods are discussed. Optimal order error estimates in L?(L?) and L*(H")
norms are established for both semidiscrete and fully discrete schemes if the grid lines
coincide with the interface. Further, we have shown that semidiscrete and fully discrete
solutions converge at optimal rate in L?(H') norm if we used straight triangles instead
of curved interface triangles.

As it may be computationally inconvenient to fit the mesh to the interface, a
finite element discretization based on a mesh which is independent of the location of the
interface is considered and analyzed for both elliptic and parabolic interface problems.
For the elliptic case, we establish error estimates of optimal order in H' norm and almost
optimal order in L? norm using an unfitted finite element method. Moreover, we show
that the proposed method can be used to derive optimal rate of convergence in L?*(H?)
norm and almost optimal in L?(L?) norm in the spatially discrete scheme for parabolic
problems. A fully discrete scheme based on backward Euler method is also discussed
and related error estimate is derived.

Finally, numerical results for one dimensional test problems are presented to

illustrate our theoretical findings.
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Chapter 1
Introduction

The purpose of this thesis is to present some results on finite element Galerkin methods

for linear elliptic and parabolic interface problems.

1.1 Problem Description

Interface problems are often referred as differential equations with discontinuous coef-
ficients. The discontinuity of the coefficients corresponds to the fact that the medium
consists of two or more physically different materials. To begin with, we first introduce

both elliptic and parabolic interface problems.

Elliptic interface problems: Let Q be a bounded domain in R? with smooth boundary
0. Further, let Q; C Q be an open domain with C? smooth boundary I'" and Q, =

O\Q;. We now consider the following linear elliptic interface problems of the form
Lu= f(z) inQ (1.1.1)
subject to the homogeneous Dirichlet boundary condition
u(z) =0 on 0N (1.1.2)

and interface conditions

0

[u] =0, [Aa—z] =g(x) alongT. (1.1.3)

The symbol [v] is a jump of a quantity v across the interface T, i.e., [v](x) = vi(x) —
va(z), x € I', where v;(z) = v(z)|g, , i = 1,2 and n denotes the unit outward normal
to the boundary 0€2;. Here, the operator L is a second order elliptic partial differential

operator of the form

TH-261_BDEKA Lo ==V (AVv) + a(z)v.
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We assume that the coefficient matrix A = (a;(2))7,—, is symmetric and uniformly
positive definite in Q, and a(z) > 0 is bounded. Moreover, the matrix 4 is assumed to

be discontinuous along I' but piecewise smooth in each subdomain €2; and €, i.e.,

A=A = (a(x)); forz e Y, 1=1,2.

ij=1
Here for each [, A; is a uniformly positive definite matrix.

Parabolic interface problems: We shall also consider the following linear parabolic

interface problems of the form
w + Lu= f(z,t) inQ x (0,T] (1.1.4)
with initial and boundary conditions
u(x,0) =ug(x) inQ; wu(x,t) =0 on I x (0,T] (1.1.5)
and interface conditions

[u] =0,

ou
Aa_n] =g(x,t) alongT, (1.1.6)

where ) is a bounded domain in R? with smooth boundary 99, €; C Q is an open
domain with C? boundary T’ and Qy = Q\Q;. The operator £, symbols [v] and n are
defined as before, and T < oo.

The equations of the form (1.1.1)-(1.1.3) are often encountered in stationary
heat conduction problems, material sciences and fluid dynamics. It is the case when
two distinct materials or fluids with different conductivities or densities or diffusions are
involved. For the literature relating to applications of elliptic differential equations with
discontinuous coefficients, one may refer to Ewing [20], Nielsen [42] or Peacemen [45]
for the model of the pressure equation arising in reservoir simulation, Reddy [49] for
reactor dynamics, Z. Li et al. [37] for the model of the potential in the computation
of micromagnetics for the ferromagnetic materials or electrostatics for macromolecules.
The model equations of the form (1.1.4)-(1.1.6) involving discontinuous coefficients are
sometimes called diffraction problems of parabolic types. Such problems arise in non-
stationary heat conduction problems in two dimensions with a conduction coefficient
which is discontinuous across a smooth interface. For a detailed discussion on models
for heat conduction in materials with discontinuous coefficients, see Dautray and Lions
[17], Gilberg and Trudinzer [21], Hackbush [24], Ladyzhenskaya et al. [30] and Marti
[39].
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1.2 Notation and Preliminaries

In this section, we shall introduce some standard notation and preliminaries to be used
throughout of this work.

All functions considered here are real valued. Let ) be a bounded domain
in R?, d-dimensional Euclidean space and 99 denote the boundary of Q. Let z =
(21,22, ...,2q) € Q, and let dx = dz1, ... dzy. Further, let o = (a, ..., a4) be a d-tuple
with nonnegative integer components and denote order of o as |a| = a3 +as + ...+ ag.
Then, by D“¢, we shall mean the ath derivative of ¢ defined by
olelg

D¢ = .
¢ 0r1™, ..., 0xg%

We shall make frequent reference to the following well-known function spaces.
For 1 < p < oo, LP(Q2) denotes the linear space of equivalence classes of measurable
functions ¢ in Q such that [, [¢(z)|Pdz exists and is finite. The norm on LP(Q2) is given

by
el zogey = ( / |¢<x>|ﬂdw> i <pioo
Q

For p = oo, L*™(2) denotes the space of functions ¢ on ) such that
9]l (@) = esssup[o(z)] < co.
e
When p = 2, L*(Q) is a Hilbert space with respect to the inner product

(6,9) = /Q o) ().

By support of a function ¢, supp ¢, we mean the closure of all points x with ¢(x) # 0,

ie.,

supp ¢ = {z : ¢(z) # 0}.

For any nonnegative integer m, C™(€)) denotes the space of functions with continuous
derivatives upto and including order m in Q. CI*(Q) is the space all C™(f2) functions
with compact support in Q. Also, C§°(Q2) is the space of all infinitely differentiable
functions with compact support in 2.

We now introduce the notion of Sobolev spaces. Let m be the nonnegative integer
and let p be such that 1 < p < co. The Sobolev space of order (m, p) on 2, denoted by
Wm™P(Q), is defined as a linear space of functions (or equivalence class of functions) in
LP(€2) whose distributional derivatives upto order m are also in L?(), i.e.,

TH-261_BDEKA wme(Q) ={¢: D% € LP(Q) for 0 < |a] < m}.
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The space W™?(Q) is endowed with the norm

¢llmp = (/ S |peg mw)

0<|a|<m

= ( EjnD%w), 1<p<os,

0<|ar|<m

RS

When p = oo, the norm on the space W™>(Q) is defined by

[9llmoe = max || DG(z)||po(0)-

0<|al<m

For p = 2, these spaces will be denoted by H™(£2). The space H™({2) is a Hilbert space

with natural inner product defined by

($,) = / DP6Ddr, 6,0 € H™(Q).

0<|a|<m

The Sobolev space H™(£2) (respectively, H{*(2)) is also defined as the closure of C™((2)
(respectively, C§°(§2)) with respect to the norm ||@||m = ||@|lm2- This result is true
under some smoothness assumption on the boundary 99Q. Clearly, L?(Q2) = H°(Q) and
H™(Q) = W™2(Q). We also need the fractional space H2(2) equipped with the norm

1903 oy = , if Ll o0 =6}

where vy is a trace operator. For a more complete discussion on Sobolev spaces, see
Adams [1].

We shall also use the following spaces in our error analysis. For a given Banach

o<}

space B, we define, for m =0, 1,

W™P(0,T;B) = fi t T) and
(0,7 B) {()EB or a.e. t € (0,T) an Z/ 8253
equipped with the norm

T —— (Ej/’ 4 )5

We write H™(0,T;B) = W™2(0,T;B) and L*(0,T;B) = H°(0,T;B). When no risk of
confusion exists we shall write L?*(B) for L*(0,T; B).

Below, we shall discuss some preliminary materials which will be of frequent use

atﬂ

in error analysis in the subsequent chapters.
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The bilinear form A(-,-) associated with the operator £, given by
Alw,v) = /{AVU) - Vv + a(z)wvlde, (1.2.1)
Q

satisfies the following boundedness and coercive properties: For ¢, € H'(Q), there

exists positive constants C' and ¢ such that

Ao, ) < Cllolla@l¢l @)

and
A(p, ¢) = clldlln gy

From time to time we shall also use the following inequalities (see, Hardy et al.

[25]):

(1) Young’s inequality: For a,b > 0 and € > 0, the following inequality

holds.
(77) Cauchy-Schwarz inequality: For all a,b > 0,1 < p < oo and ]% + % s 1,

a? b
ab < — + —.
b q

In integral form, if ¢ and ¢ are both real valued and ¢ € LP and ¢ € L9, then

/ o0 < 1611101l
Q

For p = ¢ = 2, the above inequality is known as Schwarz’s inequality. The discrete
version of Schwarz’s inequality may be stated as:

(13) Let ¢;,1;,7 = 1,2,...,n be positive real numbers. Then

> bty < <Z¢?) <Z¢?> :
j=1 j=1 j=1

Below, we state without proof, the following continuous version of Grownwall’s lemma.

For a proof, see [47].

Lemma 1.2.1 (Grownwall’s Lemma) Let G(t) be a continuous function and H(t) a
nonnegative continuous function on its interval to <t < to+a. If a continuous function

F(t) has the property

t
F(t) < G(t) +/ F(s)H(s)ds for t € [to,to + al,
TH-261_BDEKA to
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then

to

F(t) <G(t) + /tG(s)H(s)exp[/tH(T)dT] ds fort € [to,to + al.

In particular, when G(t) = C' a nonnegative constant, we have

F(t) < Cexp

/t H(s)ds] fort € [to, to + al.
to
In addition, we shall also work on the following spaces

X = HY Q)N H?(Q) N H?()
and

Y = L*(Q)n H' () N HY(Qy)
equipped with the norms

[ollx = [lvll @) + [0l + ([0l 2202

and
[vlly = vl + vlla@n) + vl a ),

respectively.

We now turn to the literature concerning the regularity of elliptic and parabolic
problems with discontinuous coefficients. A good number of articles are available in
literature describing existence, uniqueness and regularity results for the problems (1.1.1)-
(1.1.3) and (1.1.4)-(1.1.6) (see, [14], [17], [21], [24], [30] and [39]). Due to the presence
of discontinuous coefficients, the solution u, in general, does not belong to H*(2) even
if the coefficients are very smooth in each individual subdomain. But one can expect
higher local regularity of the solution when the coefficients are locally smoother (cf.
[30]). Concerning the elliptic interface problems, we have the following regularity result.

For a proof, see Chen and Zou [14], and Ladyzhenskaya et al. [30].

Theorem 1.2.1 Let f € L2(Q) and g € H2 (). Then the problem (1.1.1)-(1.1.3) has

a unique solution uw € X N H} () and u satisfies a priori estimate

Jullx < € (Il + gl ) -

Regarding the parabolic interface problems (1.1.4)-(1.1.6), we have the following regu-
larity result (cf. [14, 30]).

Theorem 1.2.2 Let f € H'(0,T; L*(Q)), g € H'(0,T; H2(T")) and uy € HL(Q). Then

the problem (1.1.4)-(1.1.6) has a unique solution u € L*(0,T; X)NH(0,T;Y)NH(Q).
61 Bk (1-14)-(1.1.0) Tas @ iy (0.7 )N H 0.7, Y) N H} (@)



1.3 A Brief Survey on Numerical Methods

In this section, we shall discuss a brief survey of the relevant literature concerning elliptic
and parabolic interface problems. Solving interface problems efficiently and accurately
is still a challenge because of many irregularities associated with them. Many numerical
methods designed for interface problems do not work or work poorly. Thus, the numerical

solution to the interface problem is challenging as well as interesting also.

Finite Difference Method: LeVeque and Li [32] proposed an immersed interface method
for elliptic interface problems defined on a regular domain for which a uniform rect-
angular grid can be used. Then finite difference methods were constructed based on
the uniform grid and the jump conditions on the interface. The authors applied their
methods also for other interface problems, e.g. Stokes flow [33] and the one dimensional
moving interface problems [34]. One major disadvantage of these methods is that the
resultant linear systems from these methods are non-symmetric and indefinite even if
the original problems are self-adjoint and uniformly elliptic. The convergence proofs of

these methods are still open.

Finite Element Methods: The analysis of finite element methods for interface problem
has become an active research area over the years. The finite element methods for
interface problems may be grouped into two categories: Fitted finite element method
and Unfitted finite element method depending on the choice of the discretization. In
fitted finite element method, the discretization is made in such a way that the grid line
is either isoparametrically fitted to the interface or an approximation of the smooth
interface. In unfitted finite element methods, the discretization is independent of the
location of the interface.

In order to put the results of this thesis into proper prospective, we first give a
brief account of the development of the finite element methods for such problems. The
numerical solutions of interface problems by means of finite element Galerkin procedures
have been investigated by several authors. One of the first finite element methods
treating interface problem (1.1.1)-(1.1.3) has been studied by Babuska in [3]. In [3],
the author has formulated the problem as an equivalent minimization problem and
then finite element methods are used to solve the minimization problem. Under some
approximation assumptions on finite element spaces, Babuska has obtained sub-optimal
order error estimate in H' norm. The algorithm in [3] requires the exact evaluation of
line integrals on the boundary of the domain and on the interface, and exact integrals
on the interface finite elements are also needed. The author of [23] has proposed an

infinite element method which may be considered as a certain scheme of mesh refinement
TH-261 BDEKA



for elliptic interface problems with interfaces consisting of straight lines. The optimal
energy norm error estimate has been achieved in [23]. The algorithm discussed in [23]
is not suitable for curved interfaces. In the absence of variational crimes, finite element
approximation of (1.1.1)-(1.1.3) has been studied by Barrett and Elliott in [8]. They
have shown that the finite element solution converges to the true solution at optimal
rate in L? and H' norms over any interior subdomain. In [8], it is assumed that the
solution and the normal derivatives of the solution are continuous along the interface,
and fourth order differentiable on each subdomain.

For the problems (1.1.1)-(1.1.3), Bramble and King [9] have considered a finite
element method in which the domains §2; and €2y are replaced by polygonal domains
Q5 and g, respectively. Then, the Dirichlet data and the interface function are
transferred to the polygonal boundaries. Finally, discontinuous Galerkin finite element
method is applied to the perturbed problem defined on the polygonal domains. Optimal
order error estimates are derived for rough as well as smooth boundary data.

Recently, under practical regularity assumptions on the true solution, the con-
vergence of finite element method is studied in [14] and [42]. In [14], Chen and Zou have
considered a practical piecewise linear finite element approximation for solving second
order elliptic interface problem with Lu = —V - (6Vu) in a polygonal domain, where
the coefficient ( is assumed to be positive and piecewise constant in each subdomains.
They have proved almost optimal order of convergence in L? and energy norms. More
precisely, the error bounds obtained by Chen and Zou [14] are optimal up to the factor
log h. Under the assumptions on the source term f|o, = 0 and the interface function
g = 0, Neilsen [42] has proved optimal order of convergence in H' norm in the presence
of arbitrarily small ellipticity. The algorithm in [42] requires that the interface triangles
follow exactly the actual interface I'.

More recently, for non-matching grids, the authors of [27] have studied elliptic
interface problems by mortar element method and obtained the optimal order estimates
in L? and H' norms. Explicitly realizable mortar conditions are introduced to couple
the individual discretizations. In addition, the effect of numerical quadrature on finite
element solution has also been discussed in [27] and the related optimal order estimates
are derived. In [27], it is assumed that the grid lines coincide with the smooth interface.
The authors of [46] have used the spectral theory in a crucial way to derive optimal error
estimates in weighted norms. The error bounds in this method are independent of the
coefficients in the appropriate weighted norms.

Since it is computationally inconvenience to construct a mesh fitted to the inter-
face I', an unfitted finite element method for the elliptic interface problem (1.1.1)-(1.1.3)

TH-261_BDEKA



is proposed by several authors in [5]-[8], [26] and [37]. The first unfitted finite element
method for elliptic interface problem is due to Barrett and Elliott [8]. Instead of studying
the convergence of the interface problem (1.1.1)-(1.1.3), the authors of [8] have studied
the finite element approximation to a penalized problem. They have shown that the
finite element solution converges to true solution at optimal rate in the L? and energy
norms over any interior subdomain for a mesh which is independent of the location of
the interface. Recently, while the elliptic interface problem is treated by discontinuous
Galerkin methods in [26], based on the cartesian triangulations the authors of [37] have
obtained the optimal rate of convergence for energy norm via conforming finite element
method. The basis functions in [37] are constructed to satisfy the interface jump con-
ditions either exactly or approximately. For non conforming case, the convergence of
finite element solution to the exact solution is still open.

We now turn to the finite element Galerkin approximation to parabolic interface
problems (1.1.4)-(1.1.6). Although a good number of articles is devoted to the finite
element approximation of elliptic interface problems, the literature seems to lack con-
cerning the convergence of finite element solutions to the true solutions of parabolic
interface problems. For the backward Euler time discretization, Chen and Zou [14] have
studied the convergence of fully discrete solution to the exact solution using fitted finite
element methods. They have proved almost optimal error estimates in L? and energy
norms when global regularity of the solution is low. Semidiscrete and fully discrete fi-
nite element approximations of linear parabolic equations without interface have been
studied extensively, [58] offers an excellent review of the main results and mathematical

techniques of this subject and contains a comprehensive list of references.

1.4 Motivation and Objectives

This section elucidates our contributions and motivation for the present study. The
physical world is replete with examples of free surfaces, material interface and moving
boundaries that interact with a surrounding fluid. There are interfaces that separate
air and water (in the case of bubbles or free surface flows) and boundaries between two
materials of different physical properties (in porous media flow or mixing layers). While
the mathematical modelling of the interaction is a difficult problem in itself, another
formidable task is developing a numerical method that solves these problems effectively
and efficiently.

Solving the elliptic or parabolic equations with discontinuous coefficients by
means of classical finite element methods usually leads to the loss in accuracy (cf. [3, 14]).

TH-261_BDEKA



One major difficulty is that the solution has low global regularity and the elements do
not fit with the interface of general shape. For non-interface problems, one can assume
full regularities of the solutions (at least H*(€2)) on whole physical domain. But, for the
interface problems, the global regularity of the solutions is low. So the classical analysis
is difficult to apply for the convergence analysis of the interface problems.

In the present work, we have used three types of different meshes to study the
convergence of finite element solutions to the exact solutions of elliptic and parabolic
interface problems. Optimal order error estimates in L? and H' norms are shown to hold
for a finite element discretization where grid lines coincide with the actual interface. The
results presented in this thesis not only generalize the work of [42] but also establish the
optimal rate of convergence in L? norm for elliptic interface problems (cf. [52]). Further,
for the purpose of numerical computations we discuss the effect of numerical quadrature
on finite element solution and the related optimal order estimates are also established.

It is costly to generate the mesh whose grid lines coincide with the actual interface
of general shape. Therefore, a modification of the method is proposed and analyzed in
this thesis by assuming interface triangles to be straight triangles instead of curved
triangles. The proposed method yields optimal order convergence in H' norm and sub-
optimal in L? norm for the elliptic interface problems.

Since the finite element analysis of parabolic problem depends on the analysis of
elliptic problem, therefore, an attempt has been made to extend the convergence analysis
of elliptic interface problems to the parabolic problems with discontinuous coefficients.
The goal of this work is to study the convergence of parabolic interface problems for both
types of triangulation in the case of fitted finite element methods. While the continuous
time Galerkin method is discussed for the spatially discrete scheme, the discontinuous
Galerkin method is analyzed for the fully discrete scheme. If the grid lines coincide with
the interface, optimal order of convergence in L*(L?) and L?*(H"') norms are established
(cf. [53]). When the finite element discretization is based on a triangulation consisting
of straight triangles, the semidiscrete and fully discrete solutions converge at optimal
rate in L2(H') norm.

If the triangulation is aligned with the interface (body fitting grid), a second
order accurate approximation to the solution of interface problem can be generated by
the Galerkin finite element method with standard linear basis functions (cf. [8], [14],
[52]-[53]). However, it is difficult and time consuming to generate body fitting grid for
an interface problem in which the interface changes its topology during the iteration.
Such a difficulty becomes even more severe for moving interface problems because a new

grid has to be generated at each time step. In that case, it may be advantageous to use

TH-261_BDEKA
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the same mesh on the domain for the moving problems. This gives the motivation to
work on unfitted mesh for interface problems.

In this thesis, we have analyzed an unfitted finite element method for both elliptic
and time dependent parabolic interface problems. Optimal error estimate is derived in
H' norm and almost optimal in L? norm for elliptic interface problems. Moreover, for
the time dependent parabolic problems, we have shown that the proposed method can
be used to obtain optimal rate of convergence in L*(H') norm for both semidiscrete and
fully discrete solutions. Further, the error estimate for the spatially discrete scheme is
shown to be almost optimal in L?(L?) norm. To the best of our knowledge, the analysis
of an unfitted finite element method for the time dependent problems has not been

studied before.

1.5 Organization of the Thesis

The organization of the thesis is as follows: Chapter 2 deals with the error analysis for
elliptic interface problems using curved interface triangles. In addition, for the purpose
of practical implementation the effect of numerical quadrature on finite element solution
is also analyzed.

Chapter 3 is devoted to the convergence of finite element Galerkin method for
elliptic interface problems with straight triangles. Optimal H! norm and sub-optimal
L? norm error estimates are derived for arbitrary shape but smooth interfaces.

In Chapter 4, we analyze the continuous time Galerkin method for the spatially
discrete scheme for parabolic interface problems. Optimal error estimates in L?(L?)
and L?(H') norms are established for a finite element discretization where the interface
triangles are assumed to be curved triangles instead of straight triangles like classical
finite element methods. When the triangulation is based on straight triangles, we have
shown that the semidiscrete solution converges to the exact solution at optimal rate in
L*(H") norm for the fitted finite element method.

In Chapter 5, we discuss the fully discrete schemes based on backward Euler type
time discretization for the fitted finite element methods. Optimal error estimates in
L?(L?) and L*(H") norms are derived if the grid lines coincide with the actual interface.
Further, optimal error estimate in L2(H') norm is also achieved when the triangulation
is based on straight triangles.

Chapter 6 is concerned with the a prior: error estimates of an unfitted finite
element method for both linear elliptic and time dependent parabolic interface problems.
The proposed method yields optimal order error estimates in H' norm and almost

TH-261_BDEKA
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optimal in L? norm for elliptic interface problems. Moreover, the proposed method can
be used to obtain optimal rates of convergence in L?*(H') norm for both semidiscrete
and fully discrete schemes. Further, L?(L?) norm error estimate is shown to be optimal
upto a factor log h for the semidiscrete problem.

Chapter 7 provides the information about the performance of our numerical al-
gorithms for one dimensional test problems.

Finally, Chapter 8 concerns with the critical evaluation of results highlighting the
contributions made by this thesis. It also provides information for the scope of future
investigations.

For clarity of presentation we have repeatedly given equations (1.1.1)-(1.1.3) or
(1.1.4)-(1.1.6) at the beginning of subsequent chapters.

TH-261_BDEKA
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Chapter 2

Finite Element Method for Elliptic

Interface Problems: Part-1

In this chapter, we analyze the finite element method for elliptic interface problems.
An isoparametric type of discretization is used to prove optimal order error estimates
in L? and H! norms when the global regularity of the solution is low. In addition, for
the purpose of practical implementation, the effect of numerical quadrature on finite

element solution is also analyzed and related optimal error estimates are obtained. *

2.1 Introduction

Let Q be a bounded domain in R? with smooth boundary 952 and €; C € is an open
domain with C? boundary I'. Let Qy = Q\Q;. We recall the following linear elliptic

interface problems of the form
Lu= f(x) inQ (2.1.1)

subject to the boundary condition
u(z) =0 on 0N (2.1.2)

and jump conditions on the interface

[u] =0, [Ag—z] =g(z) alongT. (2.1.3)
Here, f = f(x) and g = g(x) are real valued functions in Q and T, respectively. The

operator £, symbols [v] and n are defined as in Chapter 1.

L Numer. Funct. Anal. Optim., 27 (2006), pp. 99-115
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As a first step towards finite element approximation for the elliptic interface problem

(2.1.1)-(2.1.3), let us define H}(Q) = {¢ € H'(Q) : ¢ = 0 on 9Q}. Further, we recall the
bilinear form A(.,.) : H(Q) x H*(€2) — R corresponding to the operator L, i.e.,

A(w,v) = /Q{.AVw - Vv + a(x)wv}dz.

Then the weak formulation of the problem (2.1.1)-(2.1.3) may be stated as: Find u €
H}(Q) such that u satisfies

Alu,v) = (f,v) + {g,v)r Vv e HHQ). (2.1.4)

Here, (-,-) and (-,-)r are used to denote the inner products of the L?(Q2) and L*(T)
spaces, respectively.

The purpose of the present chapter is to establish optimal a priori error estimates
for elliptic interface problems. An attempt has been made to study the convergence of
elliptic interface problem (2.1.1)-(2.1.3) by using a finite element discretization where
interface triangles are assumed to be curved triangles instead of straight triangles as in
classical finite element methods. Optimal order error estimates in L? and H' norms
are derived when the global regularity of the solution is low. In practice, it may cause
some technical difficulties for the evaluation of the integrals over those curved elements
near the interface I'. It would make the numerical implementation much easier if we can
replace these integrals over the curved elements by some well-known quadrature rule.
Therefore, for the purpose of numerical computations, we discuss the effect of numerical
quadrature on finite element solution and the related optimal order error estimates are
also established. Based on the fact that the curved triangles follow exactly the actual
interface I', the convergence of finite element solution is studied by several authors, see
3], [8] and [42]. The main crucial technical tools used in our analysis are some Sobolev
embedding inequality, extension theorem and Nitsche’s trick.

The organization of this chapter is as follows. In Section 2.2, we describe the finite
element discretization and the related approximation properties of the finite element
spaces. Section 2.3 is concerned with the error analysis and finally, the effect of numerical

quadrature is discussed in Section 2.4.

2.2 Finite Element Discretization

In this section, we shall describe an isoparametric type finite element discretization for

the problems (2.1.1)-(2.1.3) and recall some basic approximation properties associated

TH-261_BD%the finite element spaces.
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For the purpose of finite element approximation we now describe the triangulation of €2
as follows: Let 7}, be a triangulation of €2 with mesh parameter h, 0 < h < 1. We first
approximate the domain €; by a domain Q% with the polygonal boundary I';, whose
vertices all lie on the interface I'. Let QF be the approximation for the domain €, with
polygonal exterior Q% and interior boundary I',. Further, let {P;}7™ be the set of all
nodes of the triangulation 7, lying on the interface I', and let {e;}(j = 1,...,my) be
the edge connecting the two neighboring points P; and P, such that P, 1 = P;. Let
7.’ be a triangulation obtained with a modification of 7,. 7, is obtained by changing
those triangles of 7;, having one edge e; (for some 1 < j < my, ) into curved triangles
having two original edges unchanged but having their third edge e; replaced with the
curved segment. The element K € 7, with one curved edge along interface I' is called
interface curved triangle. The set of all curved triangles in €2 is denoted by 7.

Triangulation 7,* of the domain €2 be such that it satisfies the following conditions:

(A2) If Ky, Ky € 7;F and K; # Ky, then either K3 N Ky = () or K7 N K3 is a common

vertex or edge or one curved edge of both triangles.

(A3) Each interface triangle K intersects I'(interface) in at most two vertices and has

at most one curved edge.

(A4) For each triangle K € 7%, let 7k, T be the radii of its inscribed and circumscribed
circles, respectively. Let h = max{rx : K € 7,)}. We assume that, for some fixed

ho > 0, there exists two positive constants Cy and C independent of h such that

Coh < diam(K) < C1h VK € Ty, Vh € (0, ho).

Assumption (A4) allows us to relate L? and H! norms of the polynomials in each element
of 7, by

[l ey < CB7Holli2) VK € Ty (2.2.1)
for any polynomial v € P;(K) (cf. Lemma 4.5.3, [12]), where P;(K) denotes the set of
all polynomials defined over K of degree less than or equal to one.

Let V4, be a family of finite element subspaces of H}(2) defined on 7;* consisting
of piecewise linear polynomials vanishing on the boundary 0€2. For the existence of such
type of finite element space based on a triangulation where the grid lines coincide with
the actual interface, we refer to [42] (see, pages 372, 373, 384, and 385).

The finite element approximation is then defined to be the function u; € V}, such
that

TH-261_BDEKA A(up,vn) = (f,vn) + (g, on)r ¥ oy € Vi (2.2.2)
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From (2.1.4) and (2.2.2), we notice that
A(u — up,vp) =0 Yo, € V. (2.2.3)
Since wy, is the best approximation of u with respect to the H' norm, we have
lu = unllm) < € infflu— w1,
Define the inner product [-,-]z on HY(Q) x H'(Q) by
[0, V] = [0, Y], + [0 V)10,

where [¢, V)10, @ HY(Qx) x H' () — R is defined by

[0, ¢, = | {ANVO- VY +a(z)pytdr, k=1,2, (2.2.4)

Qp

and the associated energy norms are

19z = (6. 0l8)%, ollie. = (¢ Sha)? k=1,2.

Then

9 1/2
lellz < C (Z ||¢||?,Qk) ,
Bl

for some C' > 0. By the poincare’s inequality and the assumptions on the coefficients,

there exists positive constants C, Cy, C3 and Cy such that

Cilldllme) < 8lle < Collgllm@) Vo € Hy(R) (2.2.5)

and
Csllpllig, < lellary) < Calldllig, Vo€ H' () (2.2.6)

hold true for k = 1,2. For optimal error estimates it is not convenient to work on gen-

eral finite element space V},. We, therefore, need the following specific assumptions on Vj,.

(i) For all ¢ € H*(Qy) and for all y € H*(Q2) N {¢ : ¢» = 0 on IO}

b 16— w Nl < Chlldlneay (2:2.7)
wy, EV}th
and
Jnf I = w0l ey < OhlIxliz ), (2:2.8)
TH-261_BDEKA Wh €V
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where Vi, o, = {vnla, : vn € Vi}. Note that the assumptions (2.2.7)-(2.2.8) are satisfied
as the triangulation 7," is constructed such that the interface I' coincides with grid lines
of 7,7 (cf. Brenner and Scott [12] or Hackbusch [24]). In addition, we shall need the
following assumptions on V}, which are now stated in terms of sets. These assumptions

can be verified for various types of finite element spaces (cf. [10] and [11]).

(ii) Let Tq, : HY (%) — Hz=(I), for k=1,2, be the trace operators. Set Gh.q, to be the

restriction of all ¢ € V}, o, on the interface I, i.e.,

Ghra, = {Ta,(¥) 1 € Vi }-

We now introduce an important operator Fj i : Gra, — Vig, with s = 1(2)

whenever k = 2(1). For any o), € G, q,, define Fj, o |r = . Then the discrete system
[Fhgan, ¥ho, =0 ¥ € Vi, NHy(Q)

with the boundary condition Fj, yan|r = ap has a unique solution.
For oy, € G, q,, it now follows from Nielsen ([42], p. 372) that

ClliEnrenll gy ) = Cllanll g3 oy < IErranllae,) < Cllam] (2.2.9)

HZ (T HE (D)’

2.3 Convergence Results

This section is devoted to estimate the error between the finite element solution wu; and
the exact solution u. We shall prove optimal order error bounds in H' and L? norms.

Let vék), k = 1,2, be the best approximation of u on Vj, o, with respect to the

inner product [, -]1.q,, i-e.,
[u — U}(Lk),’l,/)]LQk =0 V ’QD € thgk. (2.3.1)
This implies
[w—v g, =0 YV ¢ € Vig, NH (). (2.3.2)

Now, consider the following subspaces of V},
Sh,a, = {@D(k) €V : supp (W) C Q) and ¢(k)|gk € H&(Q@})
Sta,={al € Vi + [l ule =0 Yy € Sia,}.

Let

. k) 0
OED B L (2.3.3)

TH-261_BDEKA
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be an extension of p* € Vo, N Hl(Qk) Clearly, »® € V,. Thus, the space Sha,

defined above is equivalent to: For every qh € Sh Q0

[0F 1o, =0 Vb € Vig, N HL () (2.3.4)

and hence, subtracting from (2.3.2), we have

o = a4 g, = w0, VP € Vig, N HY (), Vg, € Siq,. (235)
Below, we shall prove a lemma which plays a crucial role in the subsequent analysis.

Lemma 2.3.1 Assume that either f|o, =0 or fla, = 0. Then, for k = 1,2, there ezists

a positive constant C' independent of h such that the following estimates

(k)

k K k k
[0 — ¢ o < Cllo = g VIR < St

% oy
hold true, where flq, is the restriction of f over .

Proof. Take k = 1. For ay, € Viq,, let ¢ € X N H}(Q) be the solution of the following

interface problem:

Lo = 0 inQ,
¢ = 0 on 01,

[¢] =0, [Ag—ﬁ] = ay along T.

By Theorem 1.2.1, ¢ satisfies the regularity estimate
I16lx < Cllanl 4 - (2.3.6)

Note that, for the extension ¥ € Vj, defined by (2.3.3) of () € Vj.q, N H (), we

have
(6, 9D]E = [¢, Y], = 0. (2.3.7)
Since f|g, = 0, using (2.1.4), we obtain
[, W10, =0 Vol € Vg, NH (),
and hence, with an aid of (2.3.5), yields
) — g v W)ig, =0 Yo € Vig, NHY (D), Ya) € Sitg,. (2.3.8)

From (2.3.7) and (2.3.8), we obtain

(1)

Tho61 BDEKA S — (0 =), ¢Whia, =0 Vo € Vo, NHi(), Vg, € Silg,.  (2.3.9)
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Note that, for every ay, € Vi q,, we find aj, € V,q, such that ap|r = ap|r. Clearly,
ap — thdh € Vh,Ql N H&(Ql) and
|mmmmml<amm% = Cllonll 3.0, (2:3.10)

By setting oy, = q,(l ) vh € Vihq, and applying (2.3.9), we have

6 — (a5 — vi)
< {16 — (g — os)an — [Fraldn),é — (g — vi)en )}
< C{lellaanlld — (@ — o5l

| Fra (@)l 16 = (a5 = v e }-

Using Young’s inequality and estimate (2.3.10), we obtain
1) " -
6 = (@” = o)y < C (19l any + IFra(cn) o)
< O (Il + lonll g )

This, together with (2.3.6) and ay, = q(l) — U,(ll), yields
1 1

laf” = o g < c@¢—<“ ol + 16llmn)

(1) (1)

< Ol ol 3 0,

The case k = 2 can be covered in a similar fashion and hence, we omit the details. This

completes the rest of the proof. O

Let qh € Si- i.o, be arbitrary. Then the triangle inequality and the approximation
properties (2.2.7)-(2.2.8) implies

[ k
lu — g2 o, < flu—=0Pl0, + [0 — a1l

' k
< inf  |lu—wpllpe) th - U}(L )HHl(Qk)
wr€Vh 0,
k k
< o(wmmmm+w¢>—ﬁwmwm)- (2:311)

Here, we have used the fact that U , k = 1,2, is the best approximation of u on Vj, o,
with respect to the inner product [-, ]1Qk

Now, using Lemma 2.3.1 and trace result, we obtain

k k k
le =g lhe, < € (Alullien + 108 = g e

< C (Rllulleqony + e = o lmsaqey + e = @ L)

< C (Bl + e =Pl o, + llu = gl

< C(h||u||H2 () whé%f,gk ||u—wh||H1(Qk)+||u_q,§k>||H1(Qs))
TH-261 BDEKA < C (Rllullueon + i =P lme,)
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where s = 2(1) when k = 1(2).

The above estimates lead to

lo—wllme < inf Ju—alma

qgk)GVh
< C inf u — 7|
q,(I )esiﬂk
. k k
< C (k)mf {Hu — qé )”1,% 4w — q}(L )Hl,ﬂs}
qp, eSiﬂk
< C inf {hHuHHz(Qk) il — qf(f)!h,szs} |
(k) cgL
a4, €Siq,

We now construct an extension operator Ej, s : Gq, — Viq,. For any aﬁf) € Gha,, we

define Eh’saﬁf) € Vi, by ozﬁf) = Eh75a25)|p and solve the discrete system
[Bnsol? Ylig, =0 Vib € Vi, NHE Q). (2.3.12)

Thus, Ej, s enable us to extend every w,(f) € V0, to a function q,(zk) € Siq, via (2.3.12).

Now, using the approximation properties (2.2.7)-(2.2.8), we conclude that

li—wnllme < € inf {hlullmg, + =0 lia.}

q;, " €Vh,04

< C{hllullmy + hllull iz, } -
Thus, we have proved the following theorem.

Theorem 2.3.1 Let u and u;, be the solutions of (2.1.1)-(2.1.3) and (2.2.2), respec-
tively. Then, for flo, =0 or fla, = 0 and g € H=(T"), there ewists a positive constant
C' independent of h such that

lu — unll @) < Ch (lull gz + lullr2@y)) -
We are now in a position to prove the following optimal H! norm estimate.

Theorem 2.3.2 Let u and uy, be the solutions of (2.1.1)-(2.1.3) and (2.2.2), respec-
tively. Then, for f € L*(Q) and g € H%(Q), there exists a positive constant C' indepen-
dent of h such that

lu = up|lar) < Ch <||f||L2(Q) + ||g||H%(r)> '

Proof. We write fi, = f|q, be the restriction of f over €. Define fie: Q> Rby

fk:{ fk ian?

TH-261_BDEKA 0 otherwise.

20



Clearly, f, € L3(Q) and f = f1 + f» a.e. in Q. We now consider the following interface

problems: Let w;, be the solution of

Ewk = fk in Q,
wr, = 0 on 09,

[wi] = 0, [Aawk]

on J along I

2

Now, applying Theorem 1.2.1 for the above interface problem, we have

ol < {1l + ol 30 2513

Let w! € V}, be the finite element approximation to wy, defined by (2.2.2) with f = T
and replacing interface function g by §. Then it is easy to verify that u = w; + w, and

up, = wj, + w}. Therefore, it follows from regularity estimate (2.3.13) and Theorem 2.3.1

that
lu—unllm@ < llw — wyllae) + llws — willme)
< C(hfjwrllx + hfjwal x)
< on (Il + ol )
and this completes the proof. -

For the L? norm estimate, let us consider the following problem: Find w € H} ()

such that

Alw,v) = (u—up,v) Vv € Hy(5), (2.3.14)
with finite element approximation: Find wj, € V}, such that

A(wp,vp) = (u — up,vp) Yo, € V. (2.3.15)

Note that, here g = 0 and f = u— uy. Now, we choose v = u—uy, € H}(€). Then, from
(2.3.14) and orthogonality property (2.2.3), we have

||U—uh||%2(sz) = A(w,u—up)
= A(w — wp,u — up) + A(wp, u — up)
= A(w — wp,u —up)

S CHU) — whHHl(Q)HU — uhHHl(Q).
It now follows from Theorem 2.3.2 that
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Again, applying Theorem 2.3.2 for the problems (2.3.14)-(2.3.15), we get

e = willZey < CR2 (I lazey + 9l 3 ) e = unllzzce), (2.3.16)
and this proves the following optimal L? norm estimate.

Theorem 2.3.3 Let u and uy, be the solutions of (2.1.1)-(2.1.3) and (2.2.2), respec-
tively. Then, for f € L*(Q) and g € H%(I’), there exists a positive constant C' indepen-
dent of h such that

e = 2y < OB (7 lezcoy + 3 )

Remark 2.3.1 Note that Theorem 2.3.2 and Theorem 2.53.3 yield optimal error bounds

even if the global reqularity of the solution u is low on the whole domain €.

2.4 Effect of Numerical Quadrature

In this section, we shall study the effect of numerical quadrature on finite element solu-
tions of the interface problems (2.1.1)-(2.1.3). Optimal order error estimates are derived
in H' and L? norms.

Define an approximation of the original bilinear form A(uy,v;) in V}, and induced

norm by

2

Zh(uh,vh) = Z [meas(K) {Z zg (bK)gZ”:% a(bK)uh(bK)vh(bK)} ] s

KeT, ,j=1

and
|Dll1n = An(d, ¢)2.

Here, 7}, is the set of straight triangles and bx is the barycentre of a triangle K € 7. a ”
denote the approximation of a;; which is defined as follows: For each triangle K € 7,
af]{ =aj; if K C QF s =1,2. To treat the interface integral (g, v;)r, for g € H?(T'), we

define g, € V}, by
mp,
gn=>_ g(P;)®"
j=1

where {@h}mh is the set of standard nodal basis functions corresponding to the nodes
{P;};2 on the interface.
Now, the finite element Galerkin method with quadrature may be stated as fol-

lows: Find uj, € V}, such that

TH-ZGl_BDEKA Zh(u;‘l,vh) = (f, Uh) + <gh,?}h>rh \V/Uh € Vh. (2.4.1)
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The following lemmas will be useful for our future analysis. For a proof, we refer to
Chen et al. [14] and Ciarlet [16].

Lemma 2.4.1 On V), the norms |||z ) and ||.|[1,n are equivalent. Further, for w,v €
Vi
[An(w,v) = A(w, v)| < Chl|lwlm@l|v]la@)-

Lemma 2.4.2 Let Q)f C Q be the union of all interface curved triangles. Then, for

wy, € Vi, we have

3
[<(g; wn) — {gn, wn)r,| < Ch2||g|lm2m)llwnllmqz)-

In view of Lemma 2.4.1, we obtain

lun = uj 3y < CAp(un — wp, up — up)
= C{Ap(up,up, — up) — Ap(uj,wp —up) }
= C{Ap(up,up — up) — Alun, up, —up)}
+C {A(up, up, — uy) — Ap(uy,, up, — ujy) }
= C{Ap(up,up — up) — Aun,up —up)}
+C {A(u, up — ) — An(uf, un — )},

in the last equality, we used the Galerkin orthogonality (2.2.3).
Further, using (2.1.4) and (2.4.1), we obtain

lun = upllFngy < C{An(un, un — uj) — A(un, un — uj) }
+C{(f,un — up) + (g, un — up)r}
=C{(f,un — uy) + {(gn, un — up)r,}
= JT {Xh(uh, up —uy,) — Alup, up, — uZ)}
+C{(g, un — up)r — (g, un — up)r, }
= (I)1+ (). (2.4.2)

To estimate (1)1, apply Lemma 2.4.1, Theorem 2.3.2 and Theorem 1.2.1 to have

C’|Zh(uh, up — uy) — A(up, up — up)|

(1)1

< Chllupllm @) llun — upll (@)
< COh{llun — ullgr @) + [Jullar @) Hlun — w51 @
< Ch {1 ez + gl 3 o b llen = il (2.4.3)

TH-261_BDEKA
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For (I),, use Lemma 2.4.2 to obtain
3 «
[(I)2] < Ch2||gllmz(ryllun — up || 1z
< Ch2||gllmamllun — upllm e (2.4.4)
which, together with (2.4.2)-(2.4.3), yields
lun — il < Ch AN Fllzz@) + lgll a2 } - (2.4.5)
Now, (2.4.5) combine with Theorem 2.3.2 leads to the following theorem.

Theorem 2.4.1 Let u and uj, be the solutions of (2.1.1)-(2.1.3) and (2.4.1), respec-
tively. Then, for f € L*(Q) and g € H*(Q), there exists a positive constant C indepen-
dent of h such that

lu — ujllm @) < Ch ([ fll2) + 19l m2y) -

Next, for the L? norm error estimate, we proceed by the duality argument. To
do so, we consider the following problem. Let ¢ € X N H}(Q) be the solution of the

following auxiliary problem

Lo = up—wu, inQ (2.4.6)
¢ = 0 ondQ (2.4.7)
[¢] =0, [ g—ﬁ] = 0 along T. (2.4.8)

Let ¢y, be its Galerkin approximation as defined through (2.4.1) with f = u; — uj and
gn = 0. We then have

lun — w72y = An(¢n, un — up)
= An(bn,un) = An(on, up)
= Ap(on, un) = (f, én) = {gns dn)r,
= Ap(¢n,un) — Aldn, un) + A(dn, un)

—(f, én) — (gn, dn)r,
= Ap(on, un) — A(dn, un) + A(dn, u)
—(f, on) = (gn, Pn)r,
= Au(dn,un) — Aldn, un) + (f, dn) + (g, dn)r
—(f, ¢h) - (gh,¢h>rh
= {An(bn, un) — A(Sn, un)} + {{g, dn)r — (gn, Pn)r, }

TH-261_BDEKA = (D)1 + (IT)2. (2.4.9)
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If Qf C ©Q is the union of all curved triangles in €2, it follows from Ciarlet [16] that

(I < CRPllunlla@lldnllme) +C Y hllunllm o llonllm )

KeTy

< CR*{lun — ull gy + llullmr @ Hllén — @llm@) + 6]l o)}
+Ch{{[un — ullmioz) + llullm@p)}
x{lon — ollmr oz + 1Al o) }- (2.4.10)

Recall 77 is the set of all curved triangles in €. For the union of all curved triangles
Qf, we have (cf. Huang and Zou [27], p.570)

1 1
[ull ez < Ch2[lullx,  [|@llmez) < Ch2¢]|x.
The above estimates, together with (2.4.10) and Theorems 1.2.1, 2.3.2, yield
(D1 < Cn2 (I fllgzon + lgll g g ) {10 = Sllren + N6llmen}
3 1
+Ch2 <||f||L2(Q) + ||9||H%(F)> {lén — bl @z + h2 6l x}

Finally, applying Theorem 1.2.1 and Theorem 2.4.1 for the problem (2.4.6)-(2.4.8), we

obtain
Dl < O (I llzc + ol ) 0+l — vl
< O (Ifll @) + Nl g3, ) lan = willege- (24.11)
For the term (/])s, use Lemma 2.4.2 and Theorem 2.4.1 for the problem (2.4.6)-(2.4.8)
to obtain
3
(LD < Ch2||gllmzm)llPnll o)
3
< Ch2{|on — llarz) + |l a @ gl 2
3 . &
< Ch2{hljun — vy 2@) + h2 |0llx Higll

In the last inequality, we have used Theorem 1.2.1 for the problem (2.4.6)-(2.4.8). Com-
bining (2.4.9), (2.4.11) and (2.4.12), we obtain

lun = upllz@) < CR* {1 fllz2) + gl }
and this, together with Theorem 2.3.3, leads to the following theorem.

Theorem 2.4.2 Let u and u}, be the solutions of (2.1.1)-(2.1.3) and (2.4.1), respec-
tively. Then, for f € L*(Q) and g € H?*(Q), there exists a positive constant C indepen-
dent of h such that

uw—urlr2 < Ch2 5 + ) )
TH-261_BDEKA lu = wuillzo (1 12@) + gl =)
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Remark 2.4.1 Here, for simplicity, we do not consider the numerical integration of
the term involving f in (2.4.1). This can be treated in a similar manner as in the case
of bilinear form A(un,v,) and the interface integral (g,vs)r. Note that optimal error
estimates in Theorems 2.4.1 and 2.4.2 require g € H*(T') whereas in the case of exact
integration (Theorems 2.3.2 and 2.3.3) g € Hz(T).

TH-261_BDEKA
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Chapter 3

Finite Element Method for Elliptic

Interface Problems: Part-11

In this chapter, we have derived some new a prior: error estimates in fitted finite element
method for elliptic interface problems in a two dimensional convex polygonal domain.
In this method, the grid lines need not fit to the interface exactly. More precisely, when
the discretization is based on straight triangulation, optimal order convergence in H*

norm and sub-optimal in L? norm are derived for the elliptic interface problems.

3.1 Introduction

Let © be a convex polygonal domain in R? and Q; C € is an open domain with C?
boundary I' = 9. Let Q5 = Q\;. We shall again recall the following linear elliptic
interface problems of the form

Lu= f(z) inQ (3.1.1)

subject to the boundary condition
u(z) =0 on 0N (3.1.2)

and interface conditions

[u] =0, [Ag—z] =g(x) alongT, (3.1.3)

where the symbols [v] and n are defined as in Chapter 1. Further, f = f(z) and g = g(z)
are real valued functions in 2 and IT', respectively. For the simplicity of exposition, we

assume Lu = —V - (fVu), where the function [ is positive and piecewise constant, i.e.,

TH-261_BDEKA Blx)=0 for x ey i=12.
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Let H}(Q) = {p € H' () : ¢ = 0 on 9Q}. To present the finite element methods for the
interface problems (3.1.1)-(3.1.3), we define a bilinear form A(-,-) : H*(Q) x H'(Q2) — R
by

Alw,v) = /Qﬁ(:B)Vw.Vv Yw,v € H'(Q).
The weak formulation is then defined as a function u € H{(§2) such that
A(u,v) = (f,v) + {g,v)r Vv € Hy(Q). (3.1.4)
We shall recall the solution space
X = HY(Q)N H?*() N H?(Qy)
equipped with the norm

lvllx = [Jvllavg) + Ivlla2@,) + 0]l a2@)-

In order to derive optimal error estimate, we recall the following statement from Chen
and Zou [14].

Remark 3.1.1 [t is proved in Ladyzhenskaya et al. [30] that u € X N W>*(Q N
Q) NIWE=(Qe N Q) N HY(Q), where Qg is some neighborhood of the interface T. Thus,
the solution for the interface problem (3.1.1)-(3.1.8) belongs to X N W1>(Qy N Q) N
Whoe(Qo N Q) N HF(). This assumption is reasonable if the interface is sufficiently

smooth.

The purpose of the present chapter is to study the convergence of fitted finite
element solution to the exact solution for elliptic interface problem. In the previous
chapter, we have assumed that the grid lines coincide with the actual interface by al-
lowing interface triangles to be curved triangles. But, it is very costly to generate such
a mesh whose grid lines follow the actual interface of general shape. Therefore, a modi-
fication of the mesh is proposed and analyzed in this chapter. In the proposed method,
we approximate the interface curved triangles by straight triangles. The error estimates
are shown to be of optimal in H! norm and sub-optimal in L? norm. The main crucial
technical tools used in our analysis are some Sobolev embedding inequality, duality ar-
guments, some newly established interpolation and interface approximation results, and
some known results on elliptic problems on non-convex polygonal domain.

The plan of this chapter is as follows. In section 3.2, some new optimal interpo-
lation approximation properties for linear interpolant are obtained. Subsequently, some
approximation properties related to the auxiliary projection is also obtained. Section

3.3 is devoted to error estimates for the elliptic interface problem by fitted finite element

TH-261 BIjE%ROd with straight triangles.
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3.2 Finite Element Discretization and Some Auxil-

iary Estimates

For the purpose of finite element approximation of the problems (3.1.1)-(3.1.3), we now
describe the triangulation 7, of ) as follows. We first approximate the domain €2; by
a domain QF with the polygonal boundary I';, whose vertices all lie on the interface T
Let O be the approximation for the domain Qy with polygonal exterior and interior
boundaries as 02 and Iy, respectively.

Triangulation 7j, of the domain €2 satisfy the following conditions:

(A2) If Ky, Ky € T;, and K; # K, then either K1 N Ky =) or K; N K is a common

vertex or edge of both triangles.

(A3) Each triangle K € 7}, is either in Q% or Q% and intersects I' (interface) in at most

two points.

(A4) For each triangle K € 7y, let rx, T be the radii of its inscribed and circumscribed
circles, respectively. Let h = max{7x : K € 7,}. We assume that, for some fixed

ho > 0, there exists two positive constants Cy and C; independent of h such that

C()’T‘K S h S ClFK VK S 771, \V/h € (O,hg)

The triangles with one or two vertices on I' are called the interface triangles, the set of
all interface triangles is denoted by 7" and we write Qp = Ugezs K.

Let Vj, be a family of finite dimensional subspaces of H}(f2) defined on 7, con-
sisting of piecewise linear functions vanishing on the boundary 0f2. Examples of such
finite element spaces can be found in [12] and [16].

For the coefficients (), we define its approximation 5, (x) as follows: For each
triangle K € Ty, let Bk (z) = 3; if K € QF, i=1 or 2. Then 3, is defined as

Bn(z) = B (z) VK € T,.

For g € H?(T') and f € L*(Q), we define the finite element approximation as
follows: Find uj, € Vj, such that

Ap(un,vn) = (f,0n) + (g, vn)r,,  You € Vp, (3.2.1)
where Ay (-, ) : HY(Q) x H'(2) — R is given by

Ap(w,v) = Z/ﬂK(x)VwVvdx Yw,v € HY(Q),
TH-261_BDEKA KeT, * K
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and g, € V}, is the linear interpolant of g given by
mp,
gn = Z g(PJ)q)?a
j=1

where {CD;‘};”:”I is the set of standard nodal basis functions corresponding to the nodes
{P;}j2 on the interface I'.

By Sobolev embedding theorem, for v € X, we have v € WP(Q) Vp > 2.
Therefore, the linear interpolant operator II;, : X — V}, is well defined (cf. [19, 51]).
As the solutions concerned are only on H'(Q) globally, one can not apply the standard
interpolation theory directly. However, following the arguments of [14] it is possible to

obtain optimal error bounds for the interpolant II, (see, Remark 2.4 of [14]).

Lemma 3.2.1 Let Il : X — V), be the linear interpolation operator and u be the solu-

tion for the interface problem (8.1.1)-(3.1.3), then the following approzimation properties
lu = pull gmey < CRZZ™{Jlullx + [[ullwice(qoney + [ullwie@onazy}, m = 0,1,
hold true.

Proof. For any v € X, let v; be the restriction of v on €); for i = 1,2. As the interface is
of class C?, we can extend the function v; € H?(£2;) on to the whole Q and obtain the

function 9; € H*(Q) such that 9; = v; on §2; and
||7~}iHH2(Q) S CH’Ui“HQ(QZ,),Z' = 17 2. (3.2.2)

For the existence of such extensions, we refer to Stein [56].
Now, for any triangle K € 7;,\ 7, the standard finite element interpolation theory
(cf. [12, 16]) implies that

||U = HhuHHm(K) S Ch2_m||UHH2(K), m = O, 1. (323)

For any element K € 77, we write K; = K N;,7 = 1,2, for our convenient. Again
it follows from the analysis of [59] that dist(I',T';) < O(h?). Thus, without loss of
generality, we can assume that meas(K,) < Ch?. Further, using the Hélder’s inequality
and the fact meas(Ky) < C'h? we derive that for any p > 2, and m = 0,1,

3(p—2

)
le = Tullmoey < Ch™ 5 o= Thullwms iy
3(p—2)
< Ch % |ju—Hyullwmser)
(»—2)
< OB ), (3.24)

TH-261_BDEKA
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in the last inequality, we used the standard interpolation theory (cf. [16]). On the other
hand

lu —Thhul| gmy = |t — Tpti || e (i)

IN

OHle — HhalnH’"(K)
CR* ™|t || r2(re)

Ch*™||ul|x, (3.2.5)

IN

IN

in the last inequality, we used (3.2.2).
In view of (3.2.4)-(3.2.5), it now follows that

Ju — HhuH?{m(Q;)

3(p—2)

SCR Mk +C D hT 7 Pl
KeTrx
_9m_6
< O™l +C ) R ulfn ey
KeTx
—2m 5—2m—8
<CR7Mullk+C ) b P{llellfrmy + Nl
KeTy
—2m —2m—8
< Ch*7*Mullk + C Z h’ p{”U”%/VLP(Knﬂl) i ||u||%/Vl’P(KﬂQQ)}
KeT

= 5—9m—28
< CR M ullx + CR o {{lullivs ozney + lullivisogno,) }

—om e ]
< CR* 2 M[ullk + Ch* T2 {lullfysmonan + 1ullfngonos

for sufficiently small A > 0 such that Qf C €, 2y is some neighborhood of I'.

By a simple calculation, for ¢ = 1,2, we obtain
1 1
[ulwreonn:) < meas(Qo N )7 [|uflwriec@ona,) < CPllullwre@one),
and this leads to

lu = Tullfm oy < CR**"[lullk

—9m—8 2
+Ch? pcp{||u||€vl,oo(szoml) + ||“||%Vlvoo(szom92)}-
Which, together with (3.2.3), implies

lu = Thulfm@) < CR7*"[lullk

_om—8 2
O By + N iy} (326)
Taking p — oo both sides of (3.2.6), we deduce
lu = hull ey < CH* ™ {lullx + [[ullws.@onan) + lullwse@ones }-

This completes the proof of Lemma 3.2.1. O

TH-261_BDEKA
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The following lemma is proved for our future use.

Lemma 3.2.2 Let Qf be the union of all interface triangles and u is a solution of
(3.1.1)-(3.1.8), then we have

1
[ull ez < Ch{lullx.

Proof. For any K € 7, we have

lullzrey < Nullar ) + llull gk,
< Nl w4 2l o o)
< ||y + el k), (3.2.7)

where ; € H?(2) is a previously defined extension of u|o, = u; € H*(€;), i = 1,2, onto
whole domain €2 such that @; = u; on ;.

We now recall Sobolev embedding inequality for two dimensions (cf. [50])
[l oy < CP2lullan o) Yo € HY(Q), p>2. (3.2.8)
Consider an interface triangle K. Then
il ey = Nl + 11V 2y (3.2.9)

An application of (3.2.8) and Hélder’s inequality yields
@l = [ s
K

()" (o)

(meas(K)) "1 2 s

< (meas(K))"*4C @l 31 .

IN

Since meas(K) < Ch?, we have
1l 250y < ChllTsllin iy

Similarly,
HV’&iH%Q(K) < ChHai”?T{?(KV

for an interface triangle K. Thus, we now obtain from (3.2.9) that
Vil 1 iy < Ch (|| 2 xc)- (3.2.10)
TH-261 BDEKA
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In view of (3.2.10), (3.2.7) and (3.2.2), it now follows that

lullmep < Z [l (1)

KeTy
1 ~ ~
< Cha{llt|n2@) + a2l m2e)
< Chilulx.
This completes the rest of the proof. 0

The following lemma is on the approximation property of g, to the interface

function g. For a proof, see [14].

Lemma 3.2.3 Assume that g € H*(T'). Then we have

/gvhds—/ grupds
r Ty

For any v € X, we define

3
< Ch? ||9||H2(F)||Uh||H1(Q;) Vo, € Vy.

f* . —61A'I}1 in le
- _/BQAUQ in QQ.

With this f*, define an operator @y, : X N Hg(2) — Vj, by
Ap(Quu, 9) = (f*,¢) = Av,¢) Vo € Vi, v € X N H(Q). (3.2.11)
The error estimates obtained for @), in [14] are not optimal. Below, we present a proof

which shows that the loss in accuracy for H' norm can be recovered via interpolation

postprocessing technique. This lemma is very crucial for our later analysis.

Lemma 3.2.4 Let Q) be defined by (3.2.11). Then there exists a positive constant C
independent of h such that

|lu — Qnullmoy < Clu)h;  |lu — Qrullr2@) < C’(u)hHmin{%’s}, 0<s<1,
where C(u) = C([lullx + |lullwroconoy) + [[ullwie@ona))-
Proof. We first split © — Qpu as
u— Qpu = (u—Ilu) + (yu — Qpu).
From Lemma 3.2.1 and (3.2.11), we note that
C[Mpu — Qhu”%{l(ﬂ)
< Ap(Mpu — u, Hpu — Qpu) + Ap(u — Qpu, Ilu — Quu)
< Ch(|[ullx + [[ullwree@onan) + ullwres@ones)) Iy — Qnull i)
H An(u, yu — Qpu) — A(u, Iy — Qpu)}
TH-261_BDEKA =: C(u)h|| v — Quullai) + (I). (3.2.12)
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To estimate (I), we need the following information
supp (ﬁ—ﬁh)ﬁK:f(, K = K or K.

Recall that K; = K N, for i = 1,2, and K € 7;*. Then we have

< 3 /K (B — B)VaY (T — Q)|

KeTy

IN

C 2

KeTx

¢ Z IV (u— Hhu)HL?(k)HV(HhU ] QhU)HLZ(f()

KeTy
+C > VIl g2 IV ([n = Qi) | 2y
KeTy:
— (D1 + (Ds. (3.2.14)

[Vl 2 9 (Tt = Qu) e (3:213)

IN

In view of Lemma 3.2.1, for (I);, we have
|(1)1] < C(uw)h||Hpu — Qrull a1 (3.2.15)
Since meas(K) < Ch?, |VIL,u| and |V(II,u — Pyu)| are constant in K € 7T, we have

(D] < Ch D> I VITyull 20 | V[ Tnw — Quu)l|z2 0y
KeT:
< C(uh|[pu — Quull (), (3.2.16)

in the last inequality, we have used Lemma 3.2.1. Combining (3.2.15)-(3.2.16) together
with (3.2.14), we obtain

(D] < Ch| T — Quullse.
This, in combination with (3.2.12), leads to
[TThu — Qnrull @) < C(u)h,
and hence, by Lemma 3.2.1 and triangle inequality, we obtain
|u — Qnull g1y < C(u)h. (3.2.17)

Next, we shall use duality trick to obtain O(h'**),0 < s < 1, accuracy in L? norm for
the projection @j. For this purpose, we shall consider the following interface problem
in QPUQLUT,: Find w € H}(Q) such that

TH-261_BDEKA Ap(w,v) = (u = Qnu,v) Yo € Hy(Q) (3.2.18)
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and its finite element approximation wy € V), be such that
Ah(wh,vh) = (U — Qhu,vh) Yoy, € V3. (3.2.19)

Note that w € H}(Q) is the solution for the elliptic interface problem (3.2.18) with the

jump condition

[w] =0, lﬁh(x)gZ] =0 along 'y,

where 11 is the outward pointing unit normal to 9. Since the interface I is of arbitrary

shape, Q becomes non-convex polygonal domain with boundary I';, and hence, w €
HFS(Qh) U HIF$(Q8) (0 < s < 1) (cf. [40]). Further, the solution w satisfies the

following a priori estimate (cf. [22])
ey + vy + sy < Clhu — Qoo (3:2.20)
From (3.2.18) and (3.2.19), we have
Ap(w — wp,vp) =0 Yo, € V. (3.2.21)
For the linear interpolant operator I, we have (cf. [19, 40])

|w—Thwllme < C{llw—Iawl|mqsy + lw— hw|| gon}

< Ch{|lwllgresony + lwll gresan) }-
This, together with the Galerkin orthogonality (3.2.21) and (3.2.20), we have

Hw—whHHl(Q) S C’||w—th||H1(Q)

~ CthU — Qhu“Lz(Q). (3222)

N

Now, setting v = u — Qpu in (3.2.18) and using (3.2.17) and (3.2.22), we have

|lu — QhuH%Z(Q) = Ap(w — wp,u — Qpu) + Ap(wp, u) — A(wp, u)
< COllw = wpllmy e llv — @nullm @) + (1)
< C(u)h'™*|lu — Qnul|2(q) + (I1). (3.2.23)
Arguing as in deriving (3.2.13), we can deduce
(D] < C Y IV = Ty iy I Veon g2y

KeTy

+C Y IVl o iy | Veonll 2y

KeTy

TH-261_BDEKA = (D)1 + (1) (3.2.24)
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We shall estimate each term (] I);,i = 1,2, separately. Using the fact that Vuwy, is

constant in K € 7;, and meas(K) < Ch?, we have
IVnllZs iz, < CRIVwRIE2 )

This, together with Lemma 3.2.1, we have

i < of ¥ v HwHMK}{Ejmmme}

KG'TF* KGT*
1
< Chrllu=Tullm@ Y IVwsllze@x)
KeTy
o 3
< Clwh2 > IV(w —wy)ll2) + Cu)h?[[w]| oz
KeTy

< C)h?[lu — Quull e,
in the last inequality, we have used (3.2.20) and

||wh||H1(Q) < Cllu— Qhu||L2(Q)-
Similarly, we have

|(L1)s]

< Ch Y IV 2o | Vw22
KeTy

< C(u)h? Z Vg || 22y + Chllull o)
KeTx
+Chllul[ 1 (og)

’wHHl Q)

< C(u)h?|lu — Quullr2) + Ch2||ul|xllu — Quull 2@
+Ch? ||l x|lu — Quull 2o
Cu)h? u — Quull 2oy,

w — wp|mi(0p)

(3.2.25)

(3.2.26)

(3.2.27)

where we have used (3.2.20), Lemmas 3.2.1-3.2.2 and (3.2.26). Thus, it follows from

(3.2.24), (3.2.25) and (3.2.27) that

((I1)] < Cluhh? |[u— Quull 2
and which, combine with (3.2.23), yields

lu — Qnullr20) < C’(u)hHmin{%vS}.

This completes the proof.
TH-261 BDEKA
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3.3 Convergence Analysis

In this section, we shall prove optimal order error estimate in H' norm and sub-optimal
in L? norm for the elliptic interface problems (3.1.1)-(3.1.3). We state our main results

of this section in the following theorem.

Theorem 3.3.1 Let u and wuy, be the solutions of (3.1.1)-(3.1.3) and (3.2.1), respec-
tively. Then, for f € L*(Q) and g € H*(T'), there exists a positive constant C indepen-
dent of h such that

lu—wnllm@) < Clu, 9h,  |lu—upllr2 o) < Clu, g)h e} 0 <5 <1,

where C(u, g) = C([|gllm2r) + lullx + [[ullwre@onan + lullwie@onas))-

Proof. As usual we split the error u—uy, as (u—Qpu)+(Qru—up). In view of Lemma 3.2.4
it is enough to have bounds for u; — Quu. We first proceed to estimate ||u, — Qpul| g1 (q)-
From (3.1.4) and (3.2.1), we note that

Ap(up,v) — A(w,vp) = (gn, vn)r, — (9, n)r Yoi € V. (3.3.1)
By the coercivity of the bilinear form A and (3.3.1), we have

Cllun = Quulling < Alu— Quu,up — Qu) + Alup — u, up — Quu)

= A(u — Qnu,up — Qpu) + {A(up, up — Qnu)
—Ap(un, up, — Quu)} + {An(un, un — Qnu) — A(u, up — Quu) }
A(u — Qnu, up, — Qpu) + { Alun, up — Qnu) — Ap(up, un — Qnu) }
+{{gn, un — Qnu)r, — (g, un — Qnu)r}
— (LI + (ITT)s + (IID)s. (33.2)

IN

It follows from (3.2.17) that
({11),] < C(u)h||up — Qnul| a0 (3.3.3)
Arguing as in deriving (3.2.16), we have
(1] < Chllunllms o lun — Qullir o (33.)
It is easy to see from (3.3.1) that
Junllz@) < CUlgllwy + llulla @)
This, together with (3.3.4) yields
TH-261 BDEKA ((111)2] < Ch(l[gll 2y + [lull v @)llun — Qnull ar0)- (3.3.5)
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Then, Lemma 3.2.3 immediately implies
(11| < Ch2lgllzzqryllun — Qutll - (3.3.6)
Thus, it follows from (3.3.2)-(3.3.3) and (3.3.5)-(3.3.6) that
lun = Qnulla @) < C(u, g)h. (3.3.7)

Next, we shall estimate the term ||u, —Qnu| 12(q). For this purpose, we use duality trick.

Consider the following interface problem : Find w € H}(Q2) such that
Ap(,v) = (up, — Quu,v) Yo € Hy(Q), (3.3.8)

with the jump conditions

[w] =0, lﬁh(x)g—g] =0 along I'.

The solution w satisfies the following regularity estimate (cf. [22, 40])
@) + ([0 gresany + 10 gres @y < Cllun — Qnullrae)- (3.3.9)
Before proceeding further, we define the projection Ry, : H}(Q) — Vj, by
An(Ryw, vp) = Ap(w,vy) Yo, € Vi, w € Hy (). (3.3.10)
Now, setting v = u;, — Qpu in (3.3.8) and using (3.3.10), we have

lun = Quulliz@) = An(@,un — Quu)
= Ap(Rp,up — Qpu)
— Ah(Rhﬁ),uh) Ta A(R]ﬂj),U), (3311)

in the last equality, we used (3.2.11). Further, using (3.3.1), we have
Ap(up, Rpw) — A(u, Rp) = (gn, Rp@)r, — (9, RpW)r,
which, together with (3.3.11), we have
lun — QuullZ2(q) = (gn, Rad)r, — (g, Rpw)r =: (IV). (3.3.12)
Using the fact ||Ry@| g10) < ||@0] g1 (o) and Lemma 3.2.3, we obtain
(IV)] < Ch%HgHHQ(F)HRthHl(Q)

3 ~
TH-261_BDEKA < Ch2||gllmzmyl| @] g ()
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Further, applying the regularity estimate (3.3.9), we have
(V)] < Ch2 gy lun — Qntl| 2. (3.3.13)

Thus, it follows from (3.3.12)-(3.3.13) that

3
|un — Qnullz2() < Ch2||gl| m2myl|un — QnullL2(q), (3.3.14)

which, together with (3.3.7) and Lemma 3.2.4, yields the desired result. This completes
the proof. 0

Remark 3.3.1 In this chapter, we have proved a new interface approrimation result
(Lemma 3.2.2) which plays a crucial role in studying the error analysis. For the L*-
norm error estimate, we have considered the dual problem over Q" UQE UT,,. Since the
interface I is of arbitrary shape, QF (i = 1,2) is no more convez, and hence one can not
have full regularity in each individual subdomains QF (see, 22]). The existing reqularity
result for non-convex domain is then used to derive sub-optimal L?-norm error estimate.
Therefore, the proposed technique will be useful to deal with the interface problems on
nonsmooth domain. Further, the proposed technique can easily be extended to treat more

general interface problem of non-selfadjoint type (cf. [55]).

TH-261_BDEKA
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Chapter 4

Error Estimates for Spatially
Discrete Schemes for Parabolic

Interface Problems

In this chapter, we extend the finite element analysis of elliptic interface problems dis-
cussed in Chapters 2 and 3 to parabolic interface problems. For the spatially discrete
scheme, we first establish optimal order error estimates in L?(L?) and L?*(H') norms

2

when the grid lines follow the actual interface.” Secondly, when the grid lines form

an approximation to the interface, the semidiscrte solution is shown to converge to the

exact solution at an optimal rate in L?(H') norm.

4.1 Introduction

Let Q be a bounded domain in R? with smooth boundary 9 and ©; C € is an open
domain with C? boundary I'. Let Qy = Q\Q;. We shall recall the following parabolic

interface problems of the form
w + Lu= f(z,t) inQx(0,7] (4.1.1)
with initial and boundary conditions
u(z,0) = ug(x) in Q; u(x,t) =0 on N x (0,7 (4.1.2)
and interface conditions

[u] =0, [Ag—z] = g(z,t) alongT (4.1.3)

TH-261_BDE|2§{AM J. Numer. Anal., 43 (2005), pp. 733-749
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. . au
where f = f(z,t) and g = g(z,t) are real valued functions in Q x (0,77, and v, = ;.

Further, ug = ug(x) is real valued function in 2. For the ease of exposition, we assume
Lv = -V - (AVwv). The symbols [v] and n are defined as in Chapter 1, and 7" < oco.
In the theorem below, we prove the a priori estimate for the solution u of the

interface problem (4.1.1)-(4.1.3) under appropriate regularity conditions on f and g.

Theorem 4.1.1 Let f € H'(0,T; L*(Q)), g € H'(0,T; Hz(T")) and uy € HL(Q). Then
the problem (4.1.1)-(4.1.3) has a unique solution v € L*(0,T; X)NH"(0,T;Y )N H ().

Further, u satisfies the following a priori estimate
lullz20rx) < C {HfHL2(0,T;L2(Q)) + |luo |l a1 () + Hg(O)HH%(F)
19T a0y + 19 ooy - (4.1.4)

Proof. The proof of the existence of a unique solution is in [30]. Next, to obtain the a
priori estimate (4.1.4), we first transform the problem (4.1.1)-(4.1.3) into the following

equivalent problem.
For a.e. t € (0,7T], find u = u(x,t) € Hy(Q) N X satisfying

Ly = f(z,t)—u inQ, (4.1.5)
u = 0 on o,

[u] =0, [Ag—z] = g(z,t) alongT.

From the elliptic regularity estimate for the elliptic interface problem (cf. Theorem

1.2.1), it follows that

ullx <C (Hf — w200 + Hg|IH%(F)> . (4.1.6)

Multiply both sides of (4.1.5) by u; and then integrate over €2 to obtain
HUtH%%Q) + (Lu, ug) = (f, u). (4.1.7)
Note that v € H'(0,T; X) and [u] = 0 on T" imply [u;] = 0 on T'. Hence, an integration

by parts leads to

(Lu,uy) = A1Vu - Vude + | AVu - Vude + /
951 Qo r

= Al'(u,uy) + A% (u,up) + (g, u)r, (4.1.8)

0
Aa—z] uyds

where A'(.,.) : HY($) x H*(€;) — R is given by

A(w,v) = | AVw- Vudz, 1=1,2.
TH-261 BDEKA @
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Equation (4.1.7), together with (4.1.8), yields

i d
||Ut||L2 () + o dt (ZA u,u ) = (fiw)— £<97U>F + (g1, u)r-

Integrate the above equation from 0 to 7. Then apply the Cauchy-Schwarz inequality

and the trace theorem (cf. [1]) to obtain

T
/O el 220y ds + [[u(T) [z @) + (D) 150

T
C (/O 1 £l z2 @ llue]| L2y ds

+g(D)l| 2 @yllw(T) || L2y + g2, 0)|| 2y lwol| z2(r)

T
+/o lgell 2yl 2y s + ol @y + HuOH?{l(m))
T
§C<Aﬂﬂmmwwm@@+mwmmmm(mm®

T
+||9(5L“a0)||H%(F)||Uo||H1(Q) +/ ||9t||H?};(F)||U||H1(Q)dS G HUOH%P(Q)) :
0

Use a standard kickback argument to obtain

Hut”%2(0,T;L2(Q)) i HU(T)H%P(Q)

T
<0 ([ 111Baards + laCDlEy

T ar,
2 2 2 2
HIg O gy + [ ol g + Nl ) + € [ 1060 s

Finally, an application of Gronwall’s lemma completes the proof. 0

The purpose of the present chapter is to extend the convergence analysis of fitted
finite element method for elliptic interface problems to parabolic interface problems.
Due to low global regularity of the true solution, pointwise-in-time error estimates in
L? and H' norms are difficult and hence, we study the convergence analysis in terms of
L?(H') and L?(L?) norms. The previous work on finite element analysis for parabolic
problems without interface can be found in [29], [38], [58], and references therein. The
key to the present analysis is the introduction of some auxiliary projections and duality
arguments.

The outline of this chapter is as follows: Section 4.2 is devoted to the error esti-
mates for the spatially discrete scheme for a finite element discretization where interface
triangles follow exactly the actual interface. Optimal order error estimates in L?(L?) and

L?(H') norms are shown to hold even if the global regularity of the solution is low. In

TH-261 BDS&%’RD 4.3, a finite element discretization based on straight triangles is discussed for the
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problem (4.1.1)-(4.1.3) and optimal order of convergence for the semidiscrete solution in
L?(H") norm is obtained.

4.2 The Continuous time Galerkin Approximation

with Curved Triangles

This section deals with the error analysis for the spatially discrete scheme for parabolic
interface problems (4.1.1)-(4.1.3). We have seen that optimal order of convergence in L?
and H' norms are possible for elliptic interface problems if we allow interface triangles to
be curved triangles (cf. Chapter 2). In this section, we extend the analysis of Chapter
2 to obtain optimal order error estimates in L?*(L?) and L*(H') norms for parabolic
problems.

For the purpose of spatially discrete Galerkin procedure, we define H}(Q2) =
{p € H(Q) : ¢ = 0 on 9N}. Further, let A(.,.) be the symmetric bilinear form on
H'(Q) x H'(Q) corresponding to the operator £. Then the weak formulation of the
interface problem (4.1.1)-(4.1.3) is stated as follows: Find u(t) € H}(2) such that

(ug,v) + A(u,v) = (f,v) + (g, v)r Vv € Hy(Q), t e (0,T), (4.2.1)

with %(0) = ugy. Here, (-,-) and (-, -) are used to denote the inner products of the L?(Q)
and L*(T') spaces, respectively.

Now, we shall recall the finite element space V;, C H () consisting of piecewise
linear polynomials vanishing on the boundary 02 for the triangulation which allows
interface triangles to be curved triangles instead of straight triangles (cf. Chapter 2).

Further, we assume that V}, satisfy the inverse estimate

1]l 1) < Ch7Y@ll 2y V ¢ € Vi, (4.2.2)

and this follows immediately from the estimate (2.2.1).
For v € X let

ff=-V-(AVv) inQ, =12
Clearly, f* € L*(2). With this f*, define an projection P, : X N H}(Q) — V}, by
A(Pyw, ) = (f*,¢) Vo € Vi, veE XN Hy(Q). (4.2.3)
It follows from the definition of f* that
ool BDEKA  (0) = (CV(AV0).6) = Av,6) V6 € Vi, ve X N HY(O),
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which, combine with (4.2.3), leads to
APy, ¢) = (f*,¢) = A(v,¢) Yo € Vi, v e X N HLQ). (4.2.4)

Below, we present a proof that shows optimal error bounds for the projection operator

P,,. This lemma is very crucial for our later analysis.

Lemma 4.2.1 Let P, be defined by (4.2.4). Then there ezists a positive constant C
independent of h such that

|lv — Pyl + hllv — Pylls < CR*|jv|lx Yo € X N Hy(Q).
Proof. By the definition of f*, we obtain

A(v,¢) = (f*,¢) V¢ € Hy(Q). (4.2.5)

For k =1, 2, define f; : 2 — R by

fo— { fHla, in Qy,

0 otherwise.

Clearly, fr € L*(R2) and f* = f1 + f a.e. in . We now consider the following interface
problems: Let wy, € H} () be the solution of the interface problem

A(wy, ¢) = (fr, 9) Yo € Hy(Q). (4.2.6)

Then by the coercivity of the operator A it follows immediately that v = w; + ws.

Let wf € V;, be the finite element approximation to wy defined by

A(wy, ¢) = (fr, @) Vo € Vi (4.2.7)

Again by the coercivity of the operator A and definition (4.2.4) of the P, operator, it
follows that P,v = w} + ws.

Since frla, = 0, s = 1(2) if k£ = 2(1), we have for the elliptic interface problem
(4.2.6)-(4.2.7) (cf. Theorem 2.3.1)

lwe — willm) < Ch(lwellm2) + lwellm2 @)

< Chljwllx. (4.2.8)

Then by the elliptic regularity (cf. Theorem 1.2.1) we have

IN

Cll fellz2

TH-261_BDEKA < Clif Nz < Clvllazay-

l|we || x

A
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This, together with (4.2.8), yields

lwi — willmi) < Chllv]|rzcay). (4.2.9)
Then
lv = Povllaey < flwr —wyllmie) + llwe — willm
< C(hllurllx + hllws]lx)
< Ch(llvllaz) + 1]l r20))
< Chljo|x YoeXnH\Q. (4.2.10)

For the L? norm estimate, let us consider the following problem: Find w € H}(€2) such
that

Alw,d) = (v — Py, d) Vo € Hy(Q). (4.2.11)
By setting ¢ = v — Pyv € Hj(2) in (4.2.11) and using definition (4.2.4) of the P,

operator, we have

lv— PolZeq = A(w,v— Py)
A(w — Pyw,v — Pyw) + A(Pyw,v — Ppo)
A(w — Pyw,v — Pyo)

IN

CH’LU — Ph’wHHl(Q)”U — PhU”Hl(Q)

Ch?[[vllx lwllx

IA

in the last inequality, we used (4.2.10). Then applying the elliptic regularity estimate
(cf. Theorem 1.2.1) for the interface problem (4.2.11), we get

lv=Puvlliag < Ch*vlxllwlx

< Ch3|lv— Prol| 2o llv]l x-

This completes the proof of Lemma 4.2.1. O
Let Ly, : L*(Q) — V}, be the standard L? projection defined by

(Lpv, @) = (v,¢) Yo € L*(Q), ¢ € V. (4.2.12)

It is well known that Lyv € Vj, is the best approximation in the L? norm to v € L*(Q).
The following lemma shows that Ljv is a quasi-best approximation to v € X N HJ(£2)

in the H' norm.

Lemma 4.2.2 Let P, and Ly, be defined by (4.2.4) and (4.2.12), respectively. Then we
have

Liw — 0|y < Cl[Poo — vl i) Yo € X N HHQ).
TH-261_BDEKA 1Zhv = vl < CllPw = vl @) Q)
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Proof. For any v € X N H}(Q), we know that there exists a unique solution w € HJ ()

for the elliptic interface problem
A(w,¢) = (Pyv —v,¢) Yo € Hy(Q). (4.2.13)
Equation (4.2.13), together with (4.2.4) and Lemma 4.2.1, leads to

| Pyv — U||%2(Q) = A(w — Pyw, Pyv —v) + A(Pyw, Pyv — v)

S CHU)—PthHl(Q)HU—PhUHHl(Q)
< Chlwlxllv = Paolla g
< ChHU 5 PhUHLQ(Q)HU — PhUHHl(Q). (4214)

Here, we used the fact that [|w||x < C|lv — Pyvl/12(). Use of the triangle inequality and
(4.2.2) yields

IN

||LhU - UHHl(Q) HPhU = UHHl(Q) + ||th - PhUHHl(Q)

A\

||Ph1) — UHHl(Q) + Ch_lHLhU — PhUHLQ(Q)

< [Py = vllaiq) + CRHllv = Puvll 2@
+Lrv — vl 2 }- (4.2.15)

We know Lyv is the best approximation of v € L*(2) with respect to the L? norm. Since
ve XNHQ), Py € Vi Thus, |[v— Lyv||r2g) < Cllv — Pool|r2). Therefore, (4.2.15)

implies
HLh'U T UHHl(Q) < “th — U”Hl(Q) + ChilHU — PhU”LQ(Q)' (4216)

The desired estimate now follows from (4.2.14) and (4.2.16). O

The following Lemma is crucial for our subsequent error analysis.

Lemma 4.2.3 Let Ly, be defined by (4.2.12). Then we have
[Lnv[la) < Cllvllm@) Yo € Hy(Q).
Proof. We define a projection Ry, : H}(Q) — V}, by
A(Rpv,vp) = A(v,v) Yo, € Vi, v € Hy(S2). (4.2.17)

For any v € H}(2), we know that there exists a unique solution w € X N H}(2) for the

elliptic interface problem

TH-261_BDEKA A(w, @) = (Ryv = v,6) Vo € Hg(Q). (4.2.18)
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Setting ¢ = Rjv — v in (4.2.18) and using Lemma 4.2.1, we obtain

| Rpv — UH%Q(Q) = A(w— Pyw, Ry —v) + A(Pyaw, Ryv — v)

IN

Cllw = Pyw|| g ey llv — Ethm(Q)

IN

Chllwllx v = Rnollm @)
ChHU — EhUHLQ(Q)HU — EhUHHl(Q)- (4219)

IN

Here, we used the fact that ||w|x < C|lv — Ryvl|z2(q). This, together with (4.2.12), we
have
||Ehv - L}ﬂ)“%z(ﬂ) = (R}{U ] th,ﬁhv — th)
= (Rpv—v, Ryv — Lpv) + (v — Ly, Ryv — Lyv)
S CHU —= EhUHLQ(Q)HEhU — Lh’U”Lz(Q)
< Chllv — Rpvll g )| Liv — Rpv|l2(a)- (4.2.20)

Then, inverse inequality and (4.2.20), leads to

Lol < 1Lnv = Ruvllae) + [|Ravllm o
C{h | L = Rpollr2o) + vl ooy}
< Ollv = Ruvllav) + Cllvllm@ < Cllvllae) Yo € Hy(Q)

IN

where, we used the fact that ||[Ryv||mi@) < Cl|v|lm@) Yo € H(Q), and this completes
the rest of the proof. O
Now, we are in a position to discuss the continuous time Galerkin finite element

approximation to (4.2.1) which may be stated as follows: Find u(t) € V}, such that
(unt, vn) + A(up, o) = (fyon) + (g, vn)r Yop, € Vi, t € (0,71, (4.2.21)
with up(0) = Lpuo.
Subtracting (4.2.21) from (4.2.1) we have
(ug — upg,vp) + Alu — up,vp) =0 Yoy, € V. (4.2.22)

Define the error e(t) as e(t) = u(t) — up(t). Setting vy, = Lpu in (4.2.22) and using
(4.2.12), we obtain
1d

§%He||%2(9) + Ale,e) = A(u — up,u — Lpu) + (ug — upg, w — Lpu)
= A(u—up,u— Lyu) + (uy — Lpug, u — Lyu)
+(Lpuy — upg, uw — Lpu)
= A(u—up,u— Lpu) + (u — (Lpw)e, u — Lyu)
+(Lpuy — upg, u — Lpu)
TH.261 BDEKA = A(u— up,u — Lyu) + %%(u — Lyu,u — Lyu). (4.2.23)



In the last equality we used the fact that Lju;—up; € Vj, and the definition (4.2.12) of the
L;, operator. Integrate the above equation from 0 to ¢. Then apply the Cauchy-Schwarz

inequality and Young’s inequality to obtain

t
el + [ Nelnads
0
t
< C(/O lu = Lyl ds + lu — LyullZ2) + lluo — Lhu()”;(m)

An application of Lemma 4.2.2 leads to

t
Hﬂﬁm+—AH%%@%
t
< C(/ Ju — Ph““%ﬂ(g)ds + flu — Lh“”%?(sz) + [luo — LhuUH%?(Q))?
0

which, together with Lemma 4.2.1 and the fact ||Ly,v — v|[12@) < Ch||v||m@) Vv €
Hi (), yields

t
AH%%@%SCW{MN%@+WW§+Mﬁmmm}
Thus, we have proved the following optimal H'! norm estimate.

Theorem 4.2.1 Let u and uy be the solutions of (4.1.1)-(4.1.3) and (4.2.21), respec-
tively. Then, for ug € HL(Q), f € HY(0,T; L*(Q)), and g € H'(0,T; H=(T)), we have

v = up || 20y < Ch {||U0|'H1(Q) + [Jul| x + HUHL?(O,T;X)} :

Next, for the L? norm error estimate, we shall use the duality argument. For this

purpose, we now consider the following auxiliary problem: Find 2z € H}(Q) such that
A(z,v) = (u—up,v) Yo € H(Q), t€(0,T), (4.2.24)

with [.Ag—i} = 0 across the interface I'. Then its finite element approximation is defined

to be a function z;, € V}, satisfying
A(zp,vp) = (u—up,vp) Yo, € Vi, t€(0,T]. (4.2.25)
Setting v = u — uy, in (4.2.24) and using (4.2.22), we obtain

lu = wnllzo) = Az u—up)
= A(z — zp,u —up) + A(zn, u — up)

= Alz - —up) — (ug — . 4.2.26
TH-261_BDEKA (2 = zn,w = up) = (we — une, 2n) (4.2.26)
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Differentiating (4.2.25) with respect to ¢, we obtain

A(Zhhvh) = (ut - Uht,Uh)-

Thus, we have

1d

5%14(27” Zh) = A(th, Zh) = (Ut — Upt, Zh)a

and hence, integrating (4.2.26) from 0 to 7" we obtain

1
Ju— UhH%?(o,T;LZ(Q)) + §A<2h> Zh)

7
1
< C/ 2 — znllm @ llu — un ||l g1 ds + §A(2h(0)a z1,(0)).
0

Further, using Theorem 1.2.1 for the elliptic interface problem (4.2.24) and Lemma 4.2.1,

we obtain
HZ — ZhHHl(Q) S C”Z — PhZ||H1(Q)
< Ch|z|x
S Ch“u — uh”L2(Q)>
and hence

|u — uh”%?(O,T;L?(Q))
r 1
< C’/ hllu — unl 2@ |l — unl| g @) ds + §A(zh(0), 2,(0)).  (4.2.27)
0
Taking t — 0, it now follows from (4.2.25) that
A(Zh(()), Zh(O)) = (UO — Lhuo, Zh(O)) =0.

This, together with (4.2.27) and Theorem 4.2.1, leads to

[|u — uhH%Q(O,T;L?(Q))
T 3, T 3
2
<on( [ h-wlte) ([ 1wl
< CRlu = unll 202200 {luoll o) + llullx + [lull 20} -
Thus, we have proved the following optimal L? norm estimate.
Theorem 4.2.2 Let u and uy be the solutions of (4.1.1)-(4.1.3) and (4.2.21), respec-

tively. Then, for ug € HL(Q), f € HY(0,T; L*(Q)), and g € H'(0,T; H2(T")), we have

THoe1 BDEKA |0 UlEomee) < CR* {Ilwoll gy + llullx + llull 200 }
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4.3 The Continuous time Galerkin Approximation

with Straight Triangles

This section is concerned with a priori error estimate for the semidiscrete solution of the
parabolic interface problems (4.1.1)-(4.1.3) in a convex polygonal domain 2. We have
shown error estimate of optimal order in L?(H') norm for fitted finite element method.
In this method, grid lines need not fit to the interface exactly.

Let A(, ) be the symmetric bilinear form on H*(2) x H*(€2) as defined in Chapter
3. Then the weak formulation of the interface problem (4.1.1)-(4.1.3) is stated as follows:
Find u(t) € H}(Q) such that

(ug, v) + A(u,v) = (f,v) + {g,v)r Vv € Hy(Q), t e (0,7], (4.3.1)

with u(0) = .

Let V}, be a family of finite element subspaces of Hj(f2) defined on straight tri-
angulation 7, consisting of piecewise linear polynomials vanishing on the boundary 0f).
We recall that the triangulation 7;, consists of straight triangles (cf. Chapter 3).

We now turn to the semidiscrete finite element approximation to the problem
(4.3.1). Before, we need the standard L? projection Ly, : L*(Q) — V}, defined by

(th7¢) L (U7¢) Vv € L2<Q)’ ¢ € Vha (432)
satisfying the stability estimate (cf. [14])

It is well known that Lyv € V}, is the best approximation of v € L?(Q2) with respect to

the L? norm. Thus, Lemma 3.2.1 immediately implies
I Lnu = ullp2@) < Cw)h?, Clu) = C([lullx + lullwie@onan) + lullws=(@ongs)),
where () is some neighborhood of the interface I'. Further, using the inverse inequality
6]l 1) < Ch7Y| @l 12() Vo € Vi,

we have

IN

||Lhu — UHHI(Q) HHhU - u”Hl(Q) + ||Lhu - HhuHHl(Q)

IN

HHhu — uHHl(Q) + ChiluLhu — HhuHLz(Q)
< O(U)h + Ch_lHU - HhuHLz(Q) + C’h_lﬂLhu - ’LLHLQ(Q)
C(u)h.

IN

TH-261_BDEKA
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Here, we used the fact ||u—Iyul| 1) < C(u)h for the linear interpolant IIj, (cf. Lemma
3.2.1). Thus, we have

| Lhu — ull gme) < C(w)h®>™™, m =0, 1. (4.3.4)

Now, the standard continuous in time Galerkin finite element approximation to (4.3.1)
is stated as follows: Find uy, : [0,7] — V} such that u,(0) = Lyue and

(uht, Uh) -+ Ah(uh, Uh) = (f, Uh) + (gh, Uh>1‘h \V/Uh € Vh, t e (O,T], (435)

where Ay(-,-) is the suitable approximation of A as defined in Chapter 3.
We shall need the following stability result for the semidiscrete solution wy satis-

fying (4.3.5) for our future use.

Lemma 4.3.1 Let f € L*(Q), up € Hy(Q) and g € H*(T'). Then we have

t t
[ s < 0( 05y + Ny s + ||uOn%p<m).
0 0

Proof. The lemma can be proved easily by setting v, = u;, in (4.3.5). We omit the
details. 0
Subtracting (4.3.5) from (4.3.1) we have

(ur — unt,vn) + A(w —up,vn) = (g, Vn)r — {(gn, Vn)r,,

—{—Ah(uh, ’Uh) = A(uh,vh) Yo, € V. (436)

Define the error e(t) as e(t) = u(t) —uy(t). Setting v, = Lypu in (4.3.6) and using (4.3.2),
we obtain

1d
5@“40”%2(9) + Ale,e)

1d
= D1+ D2+ (s + 5w = Lnullzza), (4.3.7)

where the terms (I);-(I)3 are given by

(I)1 = (g, Lpu—up)r — {gn, Lyu — up)r,,
(I)Q = Ah(uh, Lhu — uh) — A(Uh, Lhu — uh),
(s = A(up —u, Lyu — u).

Now, we estimate the terms (1)1, (/)2 and (I); one by one. By Lemma 3.2.3, we have

(D)

IN

3
Ch2|gll a2y [ Law — unl| g0

IA

Ch%HgHHQ(F){”uHX + HUHWLOO(Q()FWQl) + Hu|’W1*°°(Qoﬁﬂg)}
3
TH-261_BDEKA +Ch2 |||l 2oy le() | 11 ()

o1



in the second inequality we used (4.3.4). Now, applying the Cauchy-Schwarz inequality,

we have
5 1
(D] < Cwh? gl + CR gl e w + ZHe(t)”%{l(Q)' (4.3.8)

Arguing as in deriving (3.2.16) and using (4.3.4), we can deduce that

|(1)2]

IN

Chllun| g @l Law — un (o)
C(w)h?||unl ) + Chllunllmo)lle®)] ro)

1
C(W)h* lunl| () + CR?|lunlzp ) + lee(t)H?p(m

1
{CWPH +Ch[unlli@y + 7@l o). (4.3.9)

VAN

IN

IN

Then, the last term ([); can be bounded by using (4.3.4) as
((Ds] < Clwhlle®)lla @
1
< {C@FP° + 2lle® Il o) (4.3.10)

Integrating the identity (4.3.7) from 0 to ¢ and using the estimates (4.3.8)-(4.3.10), we

obtain
y 2 2 2 y 2 3 | 2
[ lelinyds < Cwan+0 [ unlfnads+ 5 [ Nelli
+llu = Lyull7zq). (4.3.11)

It is known that
||U — LhU“L2(Q) S ChHUHHl(Q) You S H&(Q)

This, together with Lemma 4.3.1, leads to the following optimal H! norm error estimate.

Theorem 4.3.1 Let u and uy, be the solutions of (4.1.1)-(4.1.8) and (4.3.5), respec-
tively. Then, for ug € H}(Q),f € HY0,T;L*)), and g € H'(0,T; H*(T")), there

exists a positive constant C' independent of h such that

HU—UhHLQ(o,T;Hl(Q)) < C(anua fag)h'

TH-261_BDEKA
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Chapter 5

Fully Discrete Schemes for

Parabolic Interface Problems

In this chapter, a discrete time discontinuous Galerkin (DG) method is used to analyze
the fully discrete scheme for parabolic interface problems. The error estimates are shown
to be of optimal order in L?(L?) and L?*(H"') norms when the grid lines coincide with
the interface. Further, the fully discrete solution converges to the exact solution at
an optimal rate in L?(H"') norm if we use straight triangles instead of curved interface

triangles.

5.1 Introduction

Let Q be a bounded domain in R? with smooth boundary 9 and ©; C € is an open
domain with C? boundary I'. Let s = Q\Q;. We shall again recall the following linear

parabolic interface problems of the form
w + Lu = f(z,t) inQx(0,7] (5.1.1)
with initial and boundary conditions
u(z,0) =ug(x) in Q,  u(x,t)=0 on I x (0,T] (5.1.2)
and interface conditions

[u] =0, [Ag—z] =g(z,t) along T, (5.1.3)

_ _ S _ du
where f = f(z,t) and g = g(z,t) are real valued functions in Q x (0,77, and u, = ;.

Further, ug = ug(z) is real valued function in Q. Here, the operator L(v) = =V - (AVw).
TH-261 BDEESymbols [v] and n are defined as in Chapter 1, and T' < oc.
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In the present chapter, we shall discuss the time discretization of the semidiscrete equa-
tions (4.2.21) and (4.3.5) for fitted finite element method. The discontinuous Galerkin
method is used in the direction of the time variable. In this method an approximation
to the solution is sought as a piecewise constant polynomial function in ¢, which is not
necessarily continuous at the nodes of the defining partition. Optimal order error esti-
mates is obtained in both L?*(L?) and L?(H") norms if the grid lines coincide the actual
interface. Further, we proved optimal order of convergence for the fully discrete solution
in L?(H"') norm when the grid lines approximate the interface. The key to the present
analysis is the introduction of parabolic dual problems and newly established conver-
gence results for elliptic projection. For the literature on the discontinuous Galerkin
methods, we refer to [4], [31], [43], [44], and [58].

In order to discretize (4.2.21) and (4.3.5) in time, we first divide the interval [0, T']
into M equally spaced subintervals by the points

0="<tl<...<tM=T

with t" = nk, k = T/M be the time step. Let I, = (t"~!,¢"] be the nth subinterval.
To present the DG method for the equations (4.2.21) and (4.3.5), we shall use the finite

dimensional space
Vie ={¢:[0,T] = Vi, : ¢|1, € V} is constant in time}.

For ¢ € Vi, we denote ¢" and ¢ to be the value of ¢ and its limit from the above at

t", respectively. Further, we write V;} for the restriction to I,, of the functions in Vj.

Remark 5.1.1 The functions belonging to Vi, need not be continuous at the nodes, but

are taken to be continuous to the left there.

Now we introduce the backward difference quotient

1N AT

for a given sequence {¢"}  C L*(Q). For a given Banach space B and some function

€€ L*0,T;B), we write
E' =kt | g(a,t)dt. (5.1.4)

I,
A brief outline of this chapter is as follows. In section 5.2, some new optimal

a priori error estimates are derived for the fully discrete solution when the interface
triangles are assumed to be curved triangles. Section 5.3 is devoted to the convergence

of fully discrete solution to the exact solution when the finite element discretization

TH-261 BEﬁ?RSAst of straight triangles.
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5.2 The Discrete time DG Method with Curved Tri-

angles

This section is concerned with the error estimates for the backward Euler scheme for a
mesh where the grid lines coincide with the interface. We have derived error estimates
of optimal orders in L?*(L?) and L?*(H"') norms.

Let H(Q2) = {¢ € H'(Q) : ¢ = 0 on N}. Further, let A(-,-) be the symmetric
bilinear form on H'(Q2)x H'(Q) corresponding to operator £. Then the weak formulation
of the interface problem (5.1.1)-(5.1.3) is stated as follows: Find u(t) € H}(€) such that

(ug,v) + A(u,v) = (f,v) + (g,v)r Vv € Hy(Q), t e (0,T), (5.2.1)

with u(0) = ug. Here, (-,+) and (-, -) are used to denote the inner products of the L?(Q)
and L*(T") spaces, respectively.

Now, we shall again recall the finite element space V}, C H}(Q) defined on 7;*
consisting of piecewise linear polynomials vanishing on the boundary 0€2. The triangu-
lation 7,* is such that interface triangles follow exactly the actual interface (cf. Chapter
2).

We now turn to the fully discrete finite element approximation to the problem

(4.2.21). In this case, the fully discrete finite element approximation is defined as follows:
Find U™ € Vj, for n = 1,2, ..., M, such that

(AU, v) + AU, vp) = (F ", o) + @G, on)r Yo, € V1 (5.2.2)

with U = Pyug, B, is given by (4.2.4). The symbols 7" and g™ are defined as in
(5.1.4).
Below we prove the stability result for the solution U™ satisfying (5.2.2) for later

analysis.

Lemma 5.2.1 Let U™ be satisfy (5.2.2). Then we have
M

102y + D kIU ey < € (1 a0 maon + ol + 1912, 0 1 o))
n=1 o

Proof. Setting v, = U™ in (5.2.2) and then using the Cauchy-Schwarz inequality we

obtain
||Un”%2(sz) + k||U”||§{1(Q)
S k<?n’ Un) + k‘<§n, Un>F + ([]nfl7 Un)
< EIF N2 U™ N2y + kI ™ |2y U™ || 2y
TH-261 BDEKA U M 2@y 10" | 22 (-
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Applying Young’s inequality, summing over n from n = 1 to n = M, and noting that

| Priol| 1) < Clluol| (), we obtain
M
UM B2y + D KIU o
n=1

M M
< C (HUOH%H(Q) + Zk‘anH%%Q) + ZM@””%’Z(F)) :
n=1 n=1

It follows from simple calculation that

M M
Zka 172y < Clf 20112y and ZkH?nH%?(r) < CHQH;(O rab @)
n=1 n=1 o

Altogether these estimates lead to the desired result and complete the proof. 0
Now we introduce the interpolant P € Vj,; of u defined by

/A(Pk_ua¢)d8 = 0 Vo€ Vi,

In

i.e. Pk’In = /{3_1/ Phuds
In

- n

= Py (5.2.3)
It is easy to notice from Lemma 4.2.1 that
M 2
(Z k“ﬂn - Pan%{m(Q)> S Ch2_mHu”L2(O,T;X)7 m = O7 1 (524)
n=1

Now we state the main results of this section in the following theorems.

Theorem 5.2.1 Letu and U be the solutions of (5.1.1)-(5.1.3) and (5.2.2), respectively.
Then, for ug € X N Hy (), f € H(0,T;L*(Q)), and g € H'(0,T; H=(T)), there exists
a constant C independent of h and k such that

lu — Ull 20,7120 < C(k + 1) {luollx + lullz2.r:x) + lluell r20.m50200)) } -

Theorem 5.2.2 Letu and U be the solutions of (5.1.1)-(5.1.83) and (5.2.2), respectively.
Then, for ug € X N HE(Q), f € HY0,T;L2()), and g € H(0,T; Hz(T")), there exists

a positive constant C independent of h and k such that

lw = Ul 2z @y < C(k+ ) {lluollx + lullz2ozix) + el 2o,y } -

The proofs of the above theorems require some preparation. We now appeal to the
parabolic duality arguments. Consider the following auxiliary problem: Find 2" € Vi
such that

TH-261 BDEKA (—Viz"vn) + A o) = (@" = U" vp) Vo € Vi, 1<n < M, (5.2.5)
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. 20—z
with zf\f =0, Vp2" = =——.

The following stability result of the solution 2™ of (5.2.5) is very crucial for the

convergence analysis.

Lemma 5.2.2 Let 2" be the solution of (5.2.5). Then we have

M M
anvkznnian) + ||Zi||%11(9) < CZ’@HH” - Un”%?(gy
n=1 n=1

Proof. Taking vy, = —kV,.2" in (5.2.5) and applying the Cauchy-Schwarz inequality, we
obtain

kHVanH%Q(Q) + A(Z:L__l, Zi_l — Zi) S C/{HETL — UnHiz(Q) (526)

It is easy to notice that
2

k
ATt -2t = ?A(sz", Viz")
1 n n 1 n— n—
—§A(z+,z+) + §A(z+ Y
This, combined with (5.2.6), yields

k2 1 1 .
kHVanH%?(Q) 0 ?A(szn, vkzn) - §A<Z—T|l—7 Z—T—) + §A(Zi 17 2y 1)
< Ckl[a™ = U720
Summing over n form n = 1 to n = M, we obtain

M M
Z kIVez"F2) + A5, 23) < Z kl[a™ — U122 0-

n=1 n=1
This completes the proof. O
Proof of Theorem 5.2.1. Choose v, = k(P;, — U") € V% in (5.2.5). Observing that
A(zm7Y P = AP @), we have
kllu™ — Un“%%sz)

=k@" - U"T" — Py )+ k(=Vi2", Py —U") + kAR, P, —U™)
=k@" —U"a" — Py )+ k(=V2", Py —U™") + kAT L a™ - U™)

(

Y
n

a” —ﬁk ,ﬂn - Un) +/<:(—sz”,?;€” —u")

+h(=Vi2" u" = U™) + kAR a™ —U"). (5.2.7)
Now summing over n from n =1 to n = M, we obtain
M M B M B
S k[T - UG = > {k@"—P a"—U"}+ ) {k(-Vi", P —u")}
n=1 n=1 n=1

M
+Y E{(=Vi"u" = UM + Al T - U
n=1
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Before estimating the three terms in (5.2.8), we first rewrite the term I5. Note that for
all v € H}(Q), we have

(Apu™,v) + A@"v) = (F",0) +(@G"v)r, 1<n<M. (5.2.9)

Now, taking v, = v = 2" in both (5.2.2) and (5.2.9), subtracting one from the other,

and summing the resulting equation over n, we obtain
M
S E{(Apu —U™), 2 + A@" - U, 21} =0 (5.2.10)
n=1

which, together with (5.2.8), yields
M
> kla" = Uljam)
n=1

M
= L&, + Z k((—sz”,u” —U"™) + (—Ag(u™ —U™), zil)>
n=1

Using the fact that zf‘f = 0, and applying the identity

M M
Z(an - an—l)bn = aMbM - aObO - Z an—l(bn [ bn—l)
n=1 n=1

to Iy with a, = 2} and b, = u" — U", we obtain

M
I = > k{(=Vi"u" = U") + (-Ap(u" = U"), 2}
n=1
= (2%, u0 — Pyuo). (5.2.12)

Using (5.2.4) and the Cauchy-Schwarz inequality, it now follows that

M I /M
L] < (Z k”En_Pan%?(Q)) <Zk||ﬂn—Un|li2(Q))
n=1 n=1

2

M 2
< CRlfullorix) (Zkuw—wn%z(m) . (5.2.13)

n=1

Similarly, for I, use of (5.2.4) leads to

M
L] < C Zk‘llvkznlliz(m)
n=1

Y 3 M
(Z k|Pe — ﬂn”%%@)) + (Z kllu™ — Un“%?(ﬂ))
n=1 n=1

2

2

2

1 M
2 n
< Ok + 1) (Jullorn + lullo iz ) (} RIS H%m)>
n=1
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Further, using Lemma 5.2.2 we obtain

1
2

Ll < Cl+ ) (Il + lulisoris)

M 2
x <Z k@™ — U”H%Q(Q)> . (5.2.14)
n=1

Finally, using Lemmas 4.2.1 and 5.2.2, the term [, is estimated as

M 2
L] < 122 @ lluo — Pruollza) < Ch2|luollx (Z klla™ — Un”%%@)) - (5:2.15)

n=1

By simple calculation, it follows that

M 2
lu = Ull20mi22(0)) < Cklluell 2012 + C (Z kllu™— U"II%z(m) , (5.2.16)

n=1
and hence, the desired result now follows from (5.2.11) and the estimates (5.2.13)-
(5.2.16). This completes the proof. O

For the H! norm estimate, as for the L? norm, we analyze the following auxiliary
discrete problem: For 1 <n < M, find w™ € Vj; such that

(=View™,vp) + A} o) = (V@™ —U"), V) Yo, € Vi3, (5.2.17)

with w}’ = 0. Applying the standard arguments (cf. [14]) and Lemma 4.2.3, we have
the following stability result of the solution w satisfying (5.2.17).

Lemma 5.2.3 Let w™ satisfy (5.2.17). Then the following stability results hold:

M M
12}52};\4 HWTIH%?(Q) + z_; k||w"_1||12ql(9) < ; kV(@" — Un)”%?(sz)a
M M
D kIViut i) < D KIVE" = UM)20)-
n=1 =11

Proof of Theorem 5.2.2. Now choose v, = k(P; — U™) in (5.2.17) and repeat the same

analysis as for deriving I in (5.2.12), to obtain

M
Z kIV(@™ — Un)”%?(m
n=1

=N k(V@"-Py"),V@" - U") + 3 k(-Viw", P —u")

n=1 n=1

M
+3° (M(=Vu", u" = U") + kA @™ — U™))

n=1
M M
=> k(V@"—Py"),V@"—U")+ > k(-Vw", Py" = u") + (0, uo — Pyuo)
n=1 n=1

29



For the term /1y, use the Cauchy-Schwarz inequality and (5.2.4) to obtain

M
(1L < Y EIV@" =Pl VE" = U™
n=1

1
M 2
< {Zkllv(ﬂ — Py HL2(Q} {ZkHV ”)Hia(m}
n=1
M %
< Chllullz2o,r:x) {ZMIV(H"—U")H%z(m} : (5.2.19)
n=1

The term 115 is estimated in a manner similar to 5 as in (5.2.14). Thus, using (5.2.4)
and Lemma 5.2.3, we obtain

M M 2
L] < (Zkuvkw%lm)) [{zmw—ﬂ”rm}
n=1 n=1

M 3
+ {Z kllu™ — Un||%{l(9)} ]
n=1

< O+ h) (el + ludlizory))

D=

N

2

X (Z k|V@" - U”)||i2(m> . (5.2.20)

An application of Lemmas 4.2.1 and 5.2.3 yields

n=1

M 2
[115] < Chlluo| x (Z kIIV(@™ - U")Iliz(m> : (5.2.21)

Again, by an easy calculation (cf. [14]), it follows that

2

M
lu = Ull 2o @) < Klluellc20mvy + (Z klV(E" — U”)H%z(g)) , (5.2.22)
n=1
and hence, the desired estimate now follows from (5.2.18)-(5.2.22). This completes the

proof. O

5.3 The Discrete time DG Method with Straight
Triangles

In this section, we have derived optimal order error estimate in L?*(H') norm for the

backward Euler scheme in a convex polygonal domain §2. The finite element discretiza-

TH-261 BD‘cﬁ%&s based on a triangulation consisting of straight triangles.
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Let A(-,) be the symmetric bilinear form on H'(Q) x H*(Q2) as defined in Chapter 3.
Then the weak formulation of the interface problem (5.1.1)-(5.1.3) is stated as follows:
Find u(t) € H}(Q) such that

(ug,v) + A(u,v) = (f,v) + (g, v)r Vv € Hy (), t e (0,T], (5.3.1)

Now, we shall recall the finite element space Vj, C Hj () defined on 7}, consisting
of piecewise linear functions vanishing on the boundary 0f). The triangulation 7}, is as
described in Chapter 3.

Then the fully discrete finite element approximation to the problem (4.3.5) in
this case may be stated as follows: Find U™ € V}}, for n = 1,2,..., M, such that

(AkUn,Uh) -+ Ah(Un, Uh) = (?n, Uh) -+ <§;:l, Uh>1“h Yy, € V;ﬁg (532)

with U° = Lyug, Ly is the L? projection defined by (4.3.2). The symbols f = and an
are defined as in (5.1.4). The bilinear form Ap(-,-) is as defined in Chapter 3.

Arguing as in deriving Lemma 5.2.1, we have the stability result of the solution
U™ satisfying (5.3.2). We omit the details.

Lemma 5.3.1 Let U™ be the solution for the problem (5.3.2). Then we have

M
10Ny + DRI sy < € (I Bscoirszacany + ol oy + NlgllEoiamary) -
n=1
Now we introduce the interpolant @ € V. of u defined by

A(Qk = u,gb) ds = 0 qu € th,

In

ie. Qulr, = k' [ Quuds=0Q, . (5.3.3)
In

We recall the operator @), given by (3.2.11). It is easy to notice from Lemma 3.2.4 that

2

M
(E:MW”—l%”@um> < C(u)h, (5.3.4)
n=1

where C(u) = C(||u| r2cx)+ull 2w (on0n)) 1wl L2 w00 (20n0,)) ) s Q0 18 @ neighborhood
of the interface I'.

Now, we are in a position to discuss the main result of this section which is stated

in the following theorem.

Theorem 5.3.1 Letu and U be the solutions of (5.1.1)-(5.1.8) and (5.3.2), respectively.
Then, for f € HY(0,T;L*)), g € H'(0,T; H*T")), and ug € H}(Q), there exists a
positive constant C' independent of h and k such that

u—U ; < (k4 h)C(u,uy, g).
TH-261_BDEKA lu = Ul 20,2y < (k + h)C(u, uy, g)
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The proof of the above theorem require some preparation. We shall again appeal to
parabolic duality arguments. Consider the following auxiliary problem: For 1 < n < M,

find v" € V)], such that

(=Vv", vp) + Ah(vfﬁ_l,vh) =(V(@" -U"),Vu,) Yo, € Vj}, (5.3.5)

. vt —pn !
with 'U_J‘([ =0, Vo' = =

Applying the standard arguments (cf. [14]), we have the following stability result
of the solution v satisfying (5.3.5). We omit the details.

Lemma 5.3.2 Let v" satisfy (5.3.5). Then the following stability results

M M
103 120y + D kI gy < D KIVE™ = U™
n=1 n=1

and

M M
D EIV @ £ D KIVE™ = UMz
n=1 n=1
hold true.

Proof of the Theorem 5.3.1 Now choose v, = k(Q," — U™) in (5.3.5). Observing that
An(zm71 Q") = A(Z%1, @™, we obtain
KIV@" — Ul
=k(V(@" —U"),V(@" - Q")) + k(=Vi", Q" = U") + kA (v}, Q" - U")
=k(V@"=U",V@"—Q, ")) + k(=Vio",Q, " —u") + k(—Vu", u™ — U™)
+EA@ ™) — kAL (0L U™,

Now summing over n from n = 1 to n = M, we obtain

S HIV@E" - Uy = 3 {{W(a" LU, @ -3)))
+ {k(—vkvn,@kn —u")}
+E{(=V"u" = U") + AW ™)
—Ah(vi_l, Un)}:|
= (IID), + (II1); + (II1)3. (5.3.6)

Before estimating the three terms in (5.3.6), we first rewrite term (/11)3 as I3 appearing
in (5.2.8). Note that for all w € H}(2), we have

TH-261_BDEKA (Agu™,w) + A@",w) = (f ", w) + (§",wyr, 1<n< M. (5.3.7)
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Now, taking v, = w = v"! in both (5.3.7) and (5.3.2), subtracting one from the other,

we obtain
(A" 0™ = AU 0D} = (G o) = G e ) + (A = U, 047,

which leads to

(111)3 = Zk{<§nvvi <ghvv7—&1— 1>Fh}

+ 3 R{(=Ag(u = U™, 087 + (- Vi ut = U}
— V)t (V) (5.3.8)

Using the fact that v}/ = 0, and applying the identity

M M
Z(an o an—l)bn = aMbM - aObO — Z anfl(bn i bn71>
n=1 n=1

o (IV)y with a, = v} and b, = u" — U", we obtain

M n n—1

_ U+ B U+ n n n 1

i = Lk{(-EE e ) e - o))
= (v, ug — Lyug) = 0. (5.3.9)
This leads to

M 2
S EIV@E" = UFeq = > IID); + (IV)1. (5.3.10)
n=1 =1

For the term (/11);, use the Cauchy-Schwarz inequality and (5.3.4) to obtain

(IIT),] < {anvw — Q" Hm} {ZkHV ”)H%m)}
< C(u)h{ZkHV(ﬂ”—U")H%Q(Q)} : (5.3.11)

Applying Lemma 5.3.2 and (5.3.4), it is easy to notice (cf. [54])

M 3 M
(({11)s] < <Zkl|ka"||§z—1(m> szﬂﬂ"—@k"ll?p(m}
n=1 =1

M 3
+ {Z kllu™ — unH?“{l(Q)} ]

(S

1
2

]

TH-261_BDEKA
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An Application of Lemmas 3.2.3 and 5.3.2 yields
LM .M 1
IVl < CRE( DRI ey )" (D ks ey )
n=1 n=1

M 2
3 § : —n n
< Ch2||gHL2(O,T;H2(F)) < /CHV(U -U )H%z(g)) . (5313)

n=1

Again by a simple calculation (cf. [54]), it follows that

2

M
lu = Ullezranon < Chlludlzaoryy + (Z KIV@" - U”)|I%2<m> . (53.14)
n=1

and hence, the desired estimate now follows from (5.3.10)-(5.3.14). This completes the
proof. O
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Chapter 6

Unfitted Finite Element Method for
Elliptic and Parabolic Interface

Problems

In this chapter, a finite element discretization independent of the location of the inter-
face is proposed and analyzed for linear elliptic and time dependent parabolic interface
problems. For an unfitted finite element method, we establish error estimates of optimal
order in H' norm and almost optimal order in L? norm for elliptic problems. Moreover,
we have shown that the proposed method can be used to derive optimal rate of con-
vergence in L?(H') norm and almost optimal in L?(L?) norm in the spatially discrete
scheme for parabolic problems. A fully discrete scheme based on backward Euler method

is also discussed and related error estimate is obtained.?

6.1 Introduction

Let © be a convex polygonal domain in R? and Q; C  is an open domain with C?
smooth boundary I' = 9. Let Qy = Q\Q;. To begin with, we first recall the following

elliptic interface problems

Lu= f(z) inQ (6.1.1)
with boundary condition
u(z) =0 on 0N (6.1.2)
and interface conditions
0
[u] =0, [Aa—:i] = g(z) alongT, (6.1.3)

TH-261 BDEI% evised version submitted to IMA J. Numer. Anal..
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where the symbols [v] and n are defined as in Chapter 1. For the simplicity of the
exposition, we assume Lu = —V - (8Vu), where the function [ is positive and piecewise

constant, i.e.,

Blx)=0; for €y, i=1,2.

Further, an attempt has also been made to study the finite element approximation to

the following parabolic interface problems
ur — L(H)u = f(z,t) inQ x (0,7] (6.1.4)
subject to the initial and boundary conditions
u(z,0) =up(x) inQ ; wu=0 ondQx (0,7 (6.1.5)

and interface conditions

[u] =0, [Ag—z] = g(z,t) alongT. (6.1.6)

Here, T' < oo and the operator L(t) is a second order time dependent elliptic partial

differential operator of the form
L(t)u =—=V.(B(x,t)Vu).

The coefficient function [(z,t) is assumed to be positive and piecewise constant across
[, ie., B(x,t) = B for (x,t) € Q x [0,T], k = 1,2. The symbols [v] and n are specified
as in Chapter 1.

For the purpose of finite element approximation, we shall recall the space H} () =
{¢p € H(Q) : ¢ = 0 on 9Q}. Then the weak formulation of the problem (6.1.1)-(6.1.3)
may be stated as: Find u € Hj(Q) such that u satisfies

A(u,v) = (f,v) + {g,v)r Y v e Hy(Q). (6.1.7)

Here, (-,-) and (-, )t are used to denote the inner products of L?(2) and L*(T") spaces,
respectively.

Further, let A(t,-,-) be the bilinear form corresponding to the operator L(t).
Then the weak formulation of the problem (6.1.4)-(6.1.6) is defined as: Find u(t) €
H;(2) such that u(0) = ug and satisfies

(ug,v) + A(t;u,v) = (f,v) + {g,v)r Yo € Hy(Q). (6.1.8)

The purpose of the present chapter is to study the convergence of finite element

TH-261 BDS@RIROHS to the exact solutions of elliptic and parabolic interface problems by means of
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unfitted finite element method. The main tools used in our analysis are Sobolev embed-
ding inequality, duality arguments, interpolation and interface approximation results.
Earlier works on the unfitted finite element method for elliptic interface problems can
be found in [5, 6, 7, 8, 26, 37]. Present work not only generalize the previous works
on unfitted finite element method for elliptic interface problems but also analyze time
dependent parabolic interface problems for unfitted finite element method.

The layout of this Chapter is as follows: Section 6.2 is devoted to the unfitted
finite element discretization and state some interpolation, and interface approximation
properties needed for the error analysis. In Section 6.3, optimal H' and almost optimal
L? error estimates for the elliptic interface problems are derived. Finally, the time
dependent parabolic interface problems are discussed in Section 6.4 and related error

estimates are obtained.

6.2 Unfitted Finite Element Discretization

In this section, we introduce the notion of unfitted mesh and state some necessary
interpolation approximation properties.

In order to study the unfitted finite element approximations of (6.1.7) and (6.1.8),
we now describe the triangulation 75, of Q. The triangulations are assumed to be indepen-
dent of the location of the interface I'. We shall use the following notation for the mesh
related quantities. Let hx be the diameter of an element K € T, and h = maxXeq, Nk
For any element K € Ty, let K; = K N, for i = 1,2. By 7+ we denote the set of all
elements that are intersected by the interface I, i.e., 7 = {K € T, - KNI # 0}. Any
element K € 77 is called an interface triangle and we write (0 = Uger: K.

Triangulation 7, of the domain Q be such that it satisfies the following conditions:
(.Al) Q= UKe'j’hK'

(A2) If Ky, K5 € T, and K # K, then either K; N Ky = 0 or K1 N K, is a common

vertex, or edge of both triangles.

(A3) For any triangle K € 7, we assume that I" intersects K at most twice, and each

(open) edge at most once.

(A4) For each triangle K € ’f}“ let rx, T be the radii of its inscribed and circumscribed
circles, respectively. We assume that, for some fixed hy > 0, there exists two

positive constants Cy and C independent of h such that

Corx < h < CiFx YK €T, Vhe (0,h).
TH-261 BDEKA oK == e g (0, ho)
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Figure 6.1: A typical element K € T .

Here, the smooth interface I' is approximated by the line segment AB, A and B be the
points of intersection of the interface I' with two edges DE and DF in the interface
triangles as shown in the Figure 6.1. The union of such line segments form an approxi-
mate interface I'y. Thus, I'; divides Q into two polygonal subdomains Q7 and Q% which
are approximations of 2; and €, respectively. Let V}, be a family of finite element
subspaces of H(€) defined on 7, consisting of piecewise linear polynomials vanishing
on the boundary 0f).

We shall again recall the following solution space
X = HY(Q) N H?(Q) N H?()
equipped with the norm

[vllx = vl @) + [l 2@ + [[0ll2202)-

By Sobolev embedding theorem, for v € X, we have v € W'?(Q) Vp > 2.
Therefore, the linear interpolant operator II, : X — V} is well defined (cf. [14, 19]).
Following the lines of proof for Lemma 3.2.1, it is possible to obtain the following optimal

error bounds for linear interpolant 11j.

Lemma 6.2.1 Let 11, : X — Vj, be the linear interpolation operator and u be the solu-

tion for the interface problem (6.1.1)-(6.1.3), then the following approzimation properties
i = Tty < O {allx + Nullwsosqunan + lellwr=(@uon b, m = 0,1,
hold true.

Proof. For any triangle K € ’jﬁ\’]}*, the standard finite element interpolation theory (cf.
[12] and [16]), implies that

Ju — Iyl gy < CR*™||ul| g2(rey, for m =0, 1. (6.2.1)

TH-261_BDEKA
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Next, we consider any element K € 7, as shown in Figure 6.1. Further, using the

Holder’s inequality and the fact meas(K;) < Ch?, i = 1,2, we derive that for any p > 2

and m =0,1,
= ey < CRF fu = i
< Ch" 7 |u = Tyl
< ch (p;m“_mHuHleP(K)’ (6.2.2)

in the last inequality we have used the standard interpolation theory (cf. Ciarlet [16]).
Now, by (6.2.1)-(6.2.2) we obtain

lu = TMpullfm@ < CRZlullk

e 1
+ C E - ”{”UH%/VIJJ(Kl)—'—“uH%/VLP(Kz)}
KeT

Ch* =™ lull%

om_4
+ C Z ht? ”{HUH%/VLP(KOQQ‘F HUHIQ/VLP(KHQQ)}
-

CR*=*" ull%

IA

IN

4-—2m—2
Ch™—™" p{||u||%/vl,p(sz;ml)+HUH%/VLP(Q;mQQ)}

CR=2" |ullk

om_%
Ch* = {[[ullfy100nay) T 1ullirro@on0s) (6.2.3)

IN +

+

for sufficiently small A > 0 such that €2} C €y, €2 is some neighborhood of I

A simple calculation yields, for i =1, 2,
1
[ullwirony) < meas(Qo N Q)7 [Jullwre@onen
1
< Cr ||u||W1’°°(QoﬂQi)‘
Which together with (6.2.3) implies
lu = Thul i) < CR72"|ull%
4-2m—2 2
+Ch PO { |l @onau) T Ul @onas) - (6.2.4)

The desired estimate follows by taking p — oo both sides of (6.2.4). W

Remark 6.2.1 In Lemma 6.2.1, it is assumed that the solution u € X NW1°°(QNQ2)N
W (Qo N Qy). However, if u € X then it is easy to derive the following approzimation

results (cf. [14])

u — Hpul| gmqy < Ch*™loghl|ux, m =0,1. 6.2.5
TH-261_BDEKA e g hlullx (6.2.5)
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Arguing as in deriving Lemma 3.2.2, we have the following result which will be useful

for our later analysis.

Lemma 6.2.2 Let €2} be the union of all interface triangles, then we have

1
[vllz1@z) < ChEv]|x Vv € X.

6.3 Convergence Analysis for Elliptic Interface Prob-

lems

This section is concerned with the convergence of unfitted finite element solution to the
exact solution of elliptic interface problem. While the H' norm error estimate is shown
to be sharp, the L? norm error estimate is optimal upto a factor log h.

We now turn to the unfitted finite element approximation to elliptic interface
problems (6.1.1)-(6.1.3). For ¢ € H2(T') and f € L*(), we now define the finite

element approximation as follows: Find u;, € V}, such that

Ah(uh,vh) = (f, Uh) a4 <g,1}h>p Vvh S Vh, (631)
where A,(.,.) : H'(Q) x H'(Q) — R is given by

Ap(w,v) = Z / Bu(z)VwVudr Yw,v € H(Q), B, =3 in QL. (6.3.2)
KeTy, K

Note that the integrals involve in the bilinear form A, are evaluated by some quadrature
rule over a triangle K € 7;,. For the interface triangle, shown in the Figure 6.1, it may
cause some technical difficulties to evaluate the integrals over the region AEF' B using
Lagrange finite element space. The reason is that the points of intersection A and B
between the element edges and the interface are not used to represent the basis functions
in Lagrange finite element space. But, one can overcome this difficulty by using immersed
finite element space for unfitted mesh (cf. [37]), where two more freedoms are added at A
and B. More precisely, if V;,(K') be a local finite element space on each element K € T,
then the dimension of V,(K) is three for a non-interface triangle and the dimension of
Vi(K) is five if K € 7. This enable us to use the well known quadrature rule over
those sub-triangles.

We shall need the following Lemma which will be useful for our later analysis.

Lemma 6.3.1 For all v,,wy, € V},, we have

’A(Uh,wh) - flh(vh,whﬂ S Ch Z vah||L2(K)vahHLQ(K)‘
KeTr

TH-261_BDEKA
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Proof. Let I'x be the arc common to the interface I' and the interface triangle K, and
'K be restriction of ', in K € 7. Let K C K be the region enclosed by T'x and T'¥ for
an interface triangle K. Without loss of generality, we can assume that meas(f( ) < Ch3.

Before proceeding to prove Lemma 6.3.1, we need the following information
supp (3 — ) NK = K VK € T

Then we have

[A(vn, wp) = Ap(on,wy)l < > [ (B — B)Von V|

KT 5
< ¢y | [ Vv
KeT? Ty
< CZ ||Vvh||L2(f()||vwh||L2(f()]
KeTz |

< Ch Y |IVonllzuo I Vwnll 2o

KeTy

where we used the fact that Vv, and Vwy, are constant in K € 77“ and meas(f( ) < Ch3.
This completes the proof. 0

Now, we are in a position to discuss the following H! norm convergence result.

Theorem 6.3.1 Let u and uy be the solutions of (6.1.1)-(6.1.3) and (6.5.1), respec-
tively. Then, for f € L*(Q) and g € H:z (T"), there exists a positive constant C' indepen-
dent of h such that

ot — wn sy < Cu)h,

where C(u) = C(|lullx + [[ullwro@onn) + llullwre@onom)-

Proof. In view of Lemma 6.2.1, it is enough to have bounds for the term II,u —u;,. From
(6.1.7) and (6.3.1) we note that

A(u, ’Uh) — flh(uh,vh) =0 Yo, €V, (633)

Using Lemma 6.2.1 and (6.3.3), we obtain

IN

Clhu — up [ @) A (M — u, Tu — up) 4 Ap(u — up, TThu — up)

IA

Ch([Jullx + [Jullwieon) + ltllwie@onas))

X [ pw — up | g1 (o)

A (u — Ty, Thu — up) — A(u — Ty, Thu — up)}
+{ A, (T, Mpu — up) — AT, Myu — up)}

TH-261_BDEKA = C(U)hHHhu - UhHHl(Q) + (1)1 + ()2 (6.3.4)
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Arguing as in deriving Lemma 6.3.1 and using Lemma 6.2.1, we have

()] < Z/wh— V(i — )V ([ — uy)|

KeTx

< C Z / 'V (u — pu)V(pu — up)|
KeTy
S C||u—Hhu||H1(Q)||Hhu—uh||H1(Q)
< Oh(lullx + [[ullwiee@onan) + ltllwre@one)) Tt — uall g1

For (I);, Lemma 6.3.1 immediately implies

where, in the last inequality, we have used Lemma 6.2.1.
Combine (6.3.6) and (6.3.5) with (6.3.4), to obtain

||Hhu == UhHHl < O( )h (637)
Now, the desired result follows from (6.3.7), Lemma 6.2.1 and the triangle inequality. [J

Remark 6.3.1 Theorem 6.3.1 yields optimal order error estimate in H* norm. Ifu € X

then one can derive the following almost optimal H' norm error estimate
|l — up| 1) < Chloghllul|x < Chlog h{HfHLz @ + Hg||m(F } (6.3.8)

This follows from the argument of Theorem 6.3.1 and (6.2.5). A similar result is estab-
lished in [14] for the fitted finite element method.

For the L? norm error estimate, we shall use the duality trick. For this purpose,

we consider the following interface problem: Find w € HJ () such that
Alw,v) = (u —up,v) Yo € HY(Q) (6.3.9)

and its finite element approximation is defined to be the function wy, € V}, such that

flh(wh,vh) = (u — Uh,’Uh) Yu, € V. (6310)
Note that w € X N Hy () is the solution of the elliptic interface problem (6.3.9) with
the jump conditions [w] = 0, [ﬁ(m)g—w}— 0 along I'. Further, w satisfies the a priori
estimate
TH-261_BDEKA [wllx < Cllu—upllr2(9)- (6.3.11)
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Further, applying (6.3.8) for the interface problem (6.3.9)-(6.3.10), we obtain
|w — wh || 1) < Chlogh||wl|x. (6.3.12)
Setting v = u — w;, € H}(Q) in (6.3.9) and using (6.3.3), we obtain

Ju—unlZa = Alw,u—up)

A(w — wp,uw — up) + A(wp, w — up,)

A(w — wp,u — up) + flh(wh, up) — A(wp, up)

IN

Cllw — wp || g1y |w — un || g1

+Ch Y IVwnll 2o | Va2

KeTy

where, in the last inequality, we used Lemma 6.3.1. Now, apply Theorem 6.3.1, Lemma
6.2.2 and (6.3.12), to obtain

e~ unlaey < Chloghllu|lxCu)h+ Chllw —wn| et — unllzn o

+Chllull g llw — willar @) + Chllu — unl| 1) [|lw| 5@

+Chull oz lwll @)

C(u)h?log h||w||x + Ch?log h||w||xC'(u)h
+C1? log h||w|x |[ull 0y + C(w)h?||w] a1 (q)
+Chh2|w]|xch |ull x

< C(u)h*loghllw|x.

IN

Finally, using (6.3.11) we obtain
o~ wnll3 0 < Cle)h? o hllu — wllzeqe
Thus, we have proved the following almost optimal order error estimate in L? norm.

Theorem 6.3.2 Let u and wuy, be the solutions of (6.1.1)-(6.1.3) and (6.5.1), respec-
tively. Then, for f € L2(Q) and g € H2(T), there exists a positive constant C' indepen-
dent of h such that

lu — up| 220y < C(u)h?log h.

6.4 Time Dependent Parabolic Interface Problems

This section is devoted to the error analysis of the time dependent parabolic interface

TH-261 Bdg&l%\ems. Both spatially discrete and fully discrete schemes are analyzed. In the absence
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of interface the analysis of both semidiscrete and fully discrete schemes are described
in Douglas and Dupont [18], Luskin and Rannacher [38], Thomée [58], and references
therein.

For the subsequent analysis, we need the following space
Y = LA(Q) N HY () N HY(Qy),
equipped with the norm
lvlly = [vllz2@) + lvllar ) + vl gy Yo €Y.

We recall the following regularity result for the parabolic interface problem (6.1.4)-(6.1.6)
(cf. [30]).

Theorem 6.4.1 Let f € HY(0,T: L*(Q)), g € HY(0,T: H2(T)) and uo € HL(Q). Then
the problem (6.1.4)-(6.1.6) has a unique solution v € L*(0,T; X)NH(0,T;Y)NH}(Q).

Let Ly, : L*(Q) — Vj, be the standard L? projection defined by
(Lav, @) = (v, 8) Yo € L2(Q), ¢ € V. (6.4.1)
It now follows from [14] that
Lol < lollme Vo € HO). (6.42)

It is well known that Lyv € Vj, is the best approximation in the L? norm to v € L*().

Thus, Lemma 6.2.1 and further using the inverse inequality, we have
| Lpv — 0] grm(ey < C(0)h*™™, m =0, 1. (6.4.3)

For v € X it is easy to notice from (6.2.5) that

| Lpv — ]| grm() < Ch*™log hl|v||x, m =0, 1. (6.4.4)

6.4.1 The continuous time Galerkin approximation

This subsection is devoted to the continuous time Galerkin approximation to time de-
pendent parabolic interface problems (6.1.4)-(6.1.6). We establish error estimates of
optimal order in L?(H') norm and almost optimal order in L?*(L?) norm.

The continuous time Galerkin finite element approximation to (6.1.8) is stated
as follows: Find wy, : [0,7] — V}, such that u,(0) = Lyug and satisfies

(uht, Uh) + Ah(t; Up, Uh) = (f, Uh) + <g, Uh>F Vvh < Vh. (645)

The bilinear form A, is defined in section 6.3.

We shall need the following stability estimate for the semidiscrete solution wuy,

TH-261_BDRRAYIS (6-4.5).
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Lemma 6.4.1 Assume that u,(0) = Lyug. Then, for ug € H}(2), we have

t t
[ lonaayds + lunlFys o) < O NunlBiwy + [ (1500 + gl )
0 0 Hz(T)

Proof. Set vy, = up in (6.4.5). Using the standard argument of [38] and (6.4.2), the
desired result is easily obtained. We omit the details. O
Subtracting (6.4.5) from (6.1.8) we obtain

(ut — Upt, ’Uh) + A(t, U — Up, Uh) = Ah<t; Up, Uh) — A(t, Up, Uh) Yo, € V. (646)

Define the error e(t) as e(t) = u(t) —up(t). Setting v, = Lyu in (6.4.6) and using (6.4.1)

we obtain the following error equation

1d

1d
2 1. 2

where (I11); = flh(t; up, Lpu—up)—A(t; up, Lyu—uyp) and (111)y = A(t; up—u, Lyu—1u).
Now we estimate the terms (/I1); and (/1) one by one. Applying Lemma 6.3.1 and
further, using the estimate (6.4.3), it follows that

[(L11)4]

IN

Chllunllmr @)l Lo — unl mr (o)
< C(uw)h®|lunlla @) + Chllunlla @ lle)l aye
1
< {CW)}?h? + Ch? |lun 3 ) + ZH@(t)H?Hl(Q)' (6.4.8)

For the term (/1]),, again use of (6.4.3) leads to
1
((I1D)o] < C(whlle(®)lane) < {C)}F*R* + 2@l q)- (6.4.9)

Now integrating the identity (6.4.7) from 0 to t. Then using (6.4.8)-(6.4.9), we obtain
t t t
/0 lel2nds < € h?/o (Clu)Yds + h2/0 lan 21y ds +

1 t
+lu — Lhu”%Q(Q)} + 5/ ||€||%11(Q)d3-
0

Then, (6.4.3) and Lemma 6.4.1 yield the following optimal H'! norm error estimate.

Theorem 6.4.2 Let u and uy, be the solutions of (6.1.4)-(6.1.6) and (6.4.5), respec-
tively. Then, for uy € HYQ),f € HY0,T;L*)), and g € HY(0,T; Hz(T)), there

exists a positive constant C independent of h such that

| — up | 20,011 () < C(uo,u, f,g)h.
TH-261 BDEKA
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Next, to derive the L? norm error estimate we shall use the parabolic duality trick. For
any time t > 0 and e = u — uy, let w(s) € HY(Q) and wy(s) € V4, respectively, be the

solutions of the backward problems

(b, ws) — A(s;0,w) = (d,e) Vo € Hy(Q), s<t, (6.4.10)
w(t) = 0

(61, whs) — An(s;0n,wn) = (dnoe) You € Vi, s <t, (6.4.11)
wp(t) = 0.

We note that [w] = 0 and g(z,t) = 0 across the interface I'. From (6.4.10) and (6.4.11),

we obtain
(¢h> Wg — whs) = A(S; ¢h> w — wh) = A(S; ¢h, wh) == flh(s; ¢h, wh) VUh c Vh. (6.4.12)

Following the standard argument of [38], it is easy to show that

t t
/ e — whal 22y < C / lel22 g ds. (6.4.13)
0 0
Further, we assume the following identity
t t
/ (h=(t0g b~ — wi 310 ) ds < o/ lel22 0y ds (6.4.14)
0 0

holds true. The estimate (6.4.14) is obtained by reversing time and applying (6.4.4)
instead (6.4.3) in the proof of Theorem 6.4.2.
Set ¢ = e in (6.4.10). Then, using the identity (6.4.6), we obtain

”eH%?(Q) 3 (6,11)3)—14(8;6,’(1})

F (67 whs) + (6, Ws — whs) - A(Sa €, w — wh) - A<57 €, wh)
d

= £(e,wh) + (e, ws — wps) — A(s;e,w — wyp) — (es, wp) — A(s; e, wy)

= %(e,wh) + (e, ws — wps) — A(s; e, w — wy) + A(s; up, wy) — flh(s; Up, W)

With an aid of (6.4.12), the above equation may be rewritten as

||€||%2(9) = E(e’wh) + (u — Ipu, ws — whs) — A(s;u — Hpu, w — wy)
+(TTpu — up, ws — wps) — A(s; Hpu — up, w — wy,)
+{A(s; up, wp) — Ah(3§uhawh)}

= £(67 wp) + (v — Myu, ws — wps) — A(s;u — Hpu, w — wy)

+H{A(s; Tpu — up, wp) — flh(s; yu — up, wp) }

+{A(s; up, wn) — Ap(s; up, wp)}

= %(67 wh) + (U, - Hhua Ws — whs)
TH-261_BDEKA —A(s;u = yu, w —wy) + (IV), (6.4.15)
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where (IV)) = A(s; Hpu, wp,) — Ap(s; Dy, wy).
We integrate (6.4.15) from 0 to ¢ to have

t t
/o ||e||%2(9)ds = /0 {(u = Tpu, ws — wps) — A(s; u — Hpu, w — wy) pds
¢
+/ (IV)ds
0

t
6/{M%—demrHVM%hrww—wN%mﬁ@
0

IN

C t
"‘?/O {Hu—HhuH%Q(Q)+h2(logh)2||u—Hhu||§{1(9)}ds
t
; / (IV)]ds. (6.4.16)
0

To estimate fot |(IV)|ds, use Lemmas 6.2.1- 6.2.2 and 6.3.1 to have

|(IV)| < Ch||Hpull g o) llwnl m1or)
< Ch|Mpu — ul| gy o) llwnll g @z) + Chllullar@r) lwnll 2@
3
S Ch”Hhu—u”Hl(Qz) wh||H1(QZ)-|-C’h2||u||X||w—wh||H1(Q;)

3
+Ch2 |lullx [w][ ;)

ChHu — HhuHHl(Q;L)Hw — wh”}p(gz)

w| o)

3
+Ch2 [lullx[lw — wallm ey + Ch|lullx |wllx.

Integrating from 0 to ¢, we obtain

t t
0 0

wl| xds

t
3
0

; t
+Ch%/ [l x l|w = wi | oy ds + ChZ/ lullx[lwllxds
0 0

IN

C t
?h4(10gh)2/ H’LL — HhU||§{1(Q)d$
0
t
€. _ _
—|—§h *(log h) 2/ ||w—wh||§{1(ﬂ)ds
0
C t e [*
200 [ = B ads + 5 [ ulids
€ 0 2 0
s o [T 2 €p—2 = [ 2
+?h (log h) ||uHde+§h (log h) |w — w7 q)ds
0 0

C o, t
+—M/Ww&@+f/uw&w. (6.4.17)
TH-261 BDEKA € 0 2 Jo
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Combine (6.4.16)-(6.4.17) together with the regularity result for the parabolic problem
(6.4.10) (cf. Theorem 4.1.1), estimates (6.4.13)-(6.4.14) and Lemma 6.2.1 to obtain

t t O t
[ Vellayts < Ce [ leliaapts + Cattogn? [ ulfids

Chose € > 0 appropriately so that (1 — Ce) > 0. This leads to the following almost

optimal L? norm error estimate.
Theorem 6.4.3 Let u and uy, be the solutions of (6.1.4)-(6.1.6) and (6.4.5), respec-
tively. Then, for uy € HYQ),f € HY0,T:L*)), and g € HY(0,T; Hz(T)), there

exists a positive constant C' independent of h such that

lu — unllz2, 220 < Clu, f, g)h*log h.

6.4.2 Discrete time Galerkin method

A discrete-in-time scheme based on backward Euler method is considered and analyzed
in this subsection. Optimal error estimate in L?( H') norm is established.

We first divide the interval [0, T'] into M equally spaced subintervals by the points
0=t"<tl<...<tM=T,

with ¢" = nk, k = T/M be the time step. Let I,, = (¢"~!,¢"] be the nth subinterval and
¢" denote the value of a function ¢ = ¢(z,t) at t*. For a given sequence {¢"}* | C

L?(2), we introduce the backward difference quotient

s
Apg" = qb%

The fully discrete finite element approximation to the problem (6.4.5) is defined
as follows: Find U™ € V},, 1 <n < M, such that

(AkUn,’Uh) + Ah(tn; U”,vh) = (fn, Uh) + <g", Uh>F Yo, € Vi, (6418)
U =~Lugin O
For convenience, let us define the piecewise constant function Uy, in time by Upy(x,t) =
U)Wt € I, n=1,2,3,..., M.
The main result on the convergence of fully discrete solution to the exact solution
in L*(H') norm is stated below.
Theorem 6.4.4 Let u and Uy, be the solutions of (6.1.4)-(6.1.6) and (6.4.18), respec-
tively. Assume that ug € HE(Q), g € HY(0,T; H2(T")) and f € HY(0,T; L*(Q)). Then

there exists a positive constant C independent of h and k such that

TH-261 BDEKA |l = Unk|| L2011 () < C(uo, u, uy, ug ) {k + h}.
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The proof of the above theorem is required some preparation. Now, we shall introduce

an auxiliary projection which is crucial to our convergence analysis. For any v € X, we

define

f* . —ﬁlAvl in Ql;
—ﬂgA'UQ n QQ,

where v; = v|g,. With this f*, define an operator P, : X N H}(Q) — V;, by
Au(t; Pov, @) = (f*,¢) Yo € Vi, ve X NHLQ). (6.4.19)
It follows from the definition of f* that
(f*,9) = (=V.(BV0), ) = A(t;v,¢) Yo € Vi, vE X N HG(Q),
which combine with (6.4.19) leads to
Ay(t; Py, d) = (f*,0) = A(t;v,0) VYo € Vi, v e XN HLQ). (6.4.20)
From the error analysis of elliptic interface problems for unfitted mesh, we obtain
lu — Pyul gy < C(u)h. (6.4.21)
Proof of the Theorem 6.4.4 At t = t™, (6.1.8) is of the form
(ulr,v) + A" u™, v) = (f*,v) + (g",v)r Yv € H} (). (6.4.22)

For simplicity, we write w” = u” — Pyu™ and e" = u” — U™. Using (6.4.18) and (6.4.22),
and the fact A, (t"; Pyu”, Bou™ — U™) = A(t";u, Pyu™ — U™) it follows that

(Age™,e™) + Ap(t% e, e®) = (Are™,w") + A(t"; e, w") + (Agu” — u?, Pou™ — U™)
_|_Ah<t”; w”7 I5hu" — Un)

Summing this identity over n from n =1 to n = M, we obtain

M M M
Z le™ 172 + ”eM”%Q(Q) + Z le" — " |72 () + Z kAR(t"; ", e")
n=1 n=1

n=1

4
< C (HQOH%Q(Q) + Z(V)]> ; (6.4.23)
=1

M M

(V) = kY _(Age™w"), (V)a=k Y _ Aut"e" uw),

n=1 n=1
M ~ M ~ ~
(Vs = kY (A" —up, P = U"), (V)a=k Y Ay(t™w", Bu —U").
TH-261_BDEKA n=1 n=1
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We now proceed to estimate each term separately. For (V);, in view of (6.4.21), we have

M
(Vhl < D lle” = e @ llwllee
n=1

M M 9
1 n n— n n
< 2Dl My + OB S e + X e ey}
n=1 n=1 i=1
1 & .
= 3 Z le" — " Za) + C(u)h?, (6.4.24)

where é( )= Czn 1{||un||X + Zz 1 ||u"||W1 %0 (QN€Y;) 3
Similarly, for the term (V),, we obtain

M
(V)el < CD Kl llw" |

n=1
M M
< ISR R 4 S K2
- H(Q) H(Q)
n=1 n=1
M
< IS ke g + G2, (6.4.25)
= 7 HL(Q)
n=1

For (V')3, use Theorem 6.4.1 and (6.4.21) to obtain

M M
> kA" = up | 2oy lw™ iz + Y kIl A" — uf |z elle” |2

n=1
M M 1 M
< c(ﬁ > A" - u?H%m) > ||w"r|%m>) S ey
n=1 n=1

. ’ .
where C(uy) = C' 32, -, || Apu™ — ||L2(Q < CHUtt“%z(o,T;Lz(my
Finally, for the term (V')4, apply (6.4.21) to obtain

M M
CY klw i)+ C Y klw lawllelm@

(V)4 <
n=1 n=1
< Czkl\w"\!m + 5 ZkHe [
. 1
< c(u)thZkHennzl(m. (6.4.27)
n=1

Altogether these estimates (6.4.23)-(6.4.27) now yield

Z Elle" |1y < {C(u,u) + C(u) HE® + h*} + |Juo — Lnuo|72(q)- (6.4.28)
TH-261_BDEKA n=1
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By a simple calculation (cf. [14]) it follows that

[N

M
1t = Unill ez ooy < Chllullzzory + C <Z kue"n%ﬂ(m) . (6429

n=1

and the desired estimate now follows from (6.4.28)-(6.4.29) and using the fact ||ug —
LhUOHLQ(Q) g C’hHuOHHl(Q) . D
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Chapter 7
Numerical Results

In this chapter, we shall present some numerical experiment of one dimensional test
problems to illustrate our theoretical findings. All computations have been carried out
using the software MATLAB-6.

For each example, we compute the error between the exact solution and the finite
element solution in L? and H' norms. Numerical results for both fitted and unfitted

finite element methods are presented in this chapter.

7.1 Example 1

We consider the following two-point boundary value problem.

—%(53—3) =1 in (0,1), (7.1.1)
u(0) = u(1) =0, (7.1.2)
u] =0, [BZ—Z] =0 at x= % (7.1.3)

Here, the domain is the interval (0,1) with the interface at z = 3. The problem (7.1.1)-
(7.1.3) has a closed form solution (cf. [26]) given by

(3681 + Bo)x B $_2
A6+ 46152 204
(B2 = B1) + (301 + )z $_2

4033 + 45135 20y
Clearly, (7.1.1)-(7.1.3) is a one dimensional version of the problem (1.1.1)-(1.1.3) with
g(x) = 0. With g, = % and [, = 3, we perform a numerical convergence test for the
proposed finite element methods. Tables 7.1 and 7.2 present the convergence of the

u(z) =

us ()

fitted and unfitted finite element solutions to the exact solutions, respectively.
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h | llu = unlla @) | [lu = unllz2@
11 0.206939 0.032730
1| 0.103469 0.008191
& | 0.068980 0.003624
£ | 0.051735 0.002062
1 0.041389 0.001303

Table 7.1: Numerical results for the problems (7.1.1)-(7.1.3) using fitted finite element

method.
ho| llu—ullme | llv—unlrze
3 0.134142 0.018618
- 0.101111 0.010899
: 0.084059 0.007702
: 0.073406 0.005967
L 0.065801 0.004855

Table 7.2: Numerical results for the problems (7.1.1)-(7.1.3) using unfitted finite element
method.

7.2 Example 2

We consider the following two-point initial boundary value problem

s — a%(ﬁg_z) — fin(0,1) x (0,1], (7.2.4)
u(z,0) = up(x), u(0) = u(l) =0, (7.2.5)
[u] =0, {Bg—ﬂ = 0 at z= % (7.2.6)

Clearly, (7.2.4)-(7.2.6) is a one dimensional version of a problem of the form (1.1.4)-
(1.1.6) with g(x,t) = 0. Let v(x) be the following function

(381+82)z : X
R St ()]
v(r) =
(B2—B1)+(381+62)x 2 )
4B3+40152 - ;E =:vy(x) for =z€ (5’ 1}

costeyy (x) 4 €St for (z,t) € | 0,
flant) = | |
cos ety () + et for (z,t) € (5,1 x (0,1]

TH-261_BOERA0(®) = v(@).
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We choose (3, = %, B2 = 3 and perform a numerical convergence test for the proposed
fitted and unfitted finite element methods. The convergence of the fully discrete solution
to the exact solution for five different mesh parameters at time ¢t = ﬁ with k = h? are
presented. Tables 7.3 and 7.4 show the convergence of fitted and unfitted finite element

solutions to the exact solutions, respectively.

h | llu=Ullm | llu—Ullg
T | 0.215678 0.025799
1] 0.108580 0.004936
& | 0.071227 0.002110
£ | 0.052883 0.001125
7 | + 0.042102 0.000673
Table 7.3: Numerical results for the fully discrete solution at t = ﬁ for fitted finite element
method.
h | llv = Ullaye | [lu = Ullxo
$ | 0129511 0.014135
1 0.100278 0.006339
2| 0.083586 0.003941
$ | 0.072915 0.002804
L | 0.063640 0.002102

Table 7.4: Numerical results for the fully discrete solution at t = ﬁ for unfitted finite

element method.
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Chapter 8
Conclusion and Extensions

This chapter is devoted to a critical assessment of the results highlighting the con-
tributions made by this thesis and technique used in deriving these. It also provides

information for the scope of possible extensions and future investigations.

8.1 Critical Review of the Results

In this thesis, we have studied linear elliptic and parabolic interface problems by means
of classical finite element methods. Both fitted and unfitted finite element methods are
considered and analyzed.

In Chapter 2, the finite element solution is shown to converge at optimal rate in
L? and H'! norms when the global regularity of the solution is low (cf. Theorems 2.3.2-
2.3.3). The finite element discretization in this case is such that the grid lines coincide
with the actual interface. Further, for the purpose of numerical computations we have
also discussed the effect of numerical quadrature on the finite element solution and
related optimal order estimates are established (cf. Theorems 2.4.1-2.4.2). Compared
to [8], the present method not only assumes low global regularity on the solution but
also improves upon the earlier results of Chen and Zou [14]. The main idea of our error
analysis is to construct a suitable subspace Sftﬂk such that the estimate (2.3.11) holds
true. Then, we use Lemma 2.3.1 to prove that the error ||u — up| g1 (o) is bounded by
the best approximation error ||u — v}(ls)H H1(q,) in €. Since the grid line coincide with
the actual interface, it turns out that the error ||u — v,(f)HHl(Qk) can be used to obtain
the optimal H! norm estimate. The main crucial technical tools used in our analysis are
some Sobolev embedding inequality, extension theorem and Nitsche’s trick.

Since it is costly to generate the mesh whose grid lines coincide with the ac-
tual interface of general shape, a modification of the mesh is introduced in Chapter 3.
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We consider a finite element method in which the domains 2; and €2y are replaced by
polygonal domains Q7 and QF, respectively. Then, the interface function g is transferred
to the polygonal boundary I', of the domain Q? via its interpolant g,. The proposed
method yields optimal order convergence in H' norm and sub-optimal in L? norm for
the elliptic interface problems (cf. Theorem 3.3.1). First, we have established some new
optimal interpolation approximation property for the linear interpolant under minimal
regularity assumption of the true solution (cf. Lemma 3.2.1). An interpolation post-
processing technique in conjunction with the duality argument is introduced to obtain
sub-optimal error estimates in L? norm. The main crucial technical tools used in our
analysis are some Sobolev embedding inequality, duality arguments and some previously
proved results for interface problems in non-convex domain (cf. [22, 40]).

Chapter 4 is devoted to the continuous time Galerkin approximation for the
spatially discrete scheme for parabolic interface problems. We have used fitted finite
element discretization to study the convergence of semidiscrete solution to the exact
solution. Optimal error estimates in L*(L?) and L?*(H"') norms are established if the
grid lines coincide with the interface (cf. Theorems 4.2.1-4.2.2). Further, the error in
L?*(H') norm is shown to be optimal when the finite element discretization is based
on straight triangulation (cf. Theorem 4.3.1). The standard L? projection played an
important role in the treatment of the term u; —uy; appearing in the error equations (cf.
(4.2.23) and (4.3.7)) for the continuous-in-time scheme. Then, we used the convergence
results of elliptic interface problem and some newly established optimal approximation
results for the elliptic projection (cf. Lemma 4.2.1) to study the convergence in L?(H?)
norm for the spatially discrete scheme. Finally, the duality trick is used to obtain optimal
error estimate in L?(L?) norm.

In Chapter 5, we have discussed time discretization scheme based on backward
Euler type discontinuous Galerkin method of semidiscrete equations (4.2.21) and (4.3.5).
In this chapter, we recalled the optimal approximation properties for the elliptic projec-
tion derived in Chapter 4. These estimates and parabolic duality technique are used to
prove optimal error estimates in L?(L?) and L?(H') norms when the curved triangles fol-
low exactly the actual interface (cf. Theorems 5.2.1-5.2.2). Further, we have shown that
the fully discrete solution converges to the true solution at an optimal rate in L*(H?')
norm if we used straight triangles instead curved interface triangles (cf. Theorem 5.3.1).
The results presented in this chapter improves upon the earlier results of Chen and Zou
[14].

Chapter 6 is concerned with the a priori error analysis of an unfitted finite element

method for both linear elliptic and time dependent parabolic interface problems. Here,
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the finite element discretization is independent of the location of the interface. The
proposed method yields optimal order error estimate in H! norm and almost optimal
in L? norm for elliptic interface problems (cf. Theorems 6.3.1-6.3.2). For the time
dependent parabolic interface problems, we derive optimal order error estimate in L?(H")
norm and almost optimal order error estimate in L?*(L?) norm for the spatially discrete
scheme (cf. Theorems 6.4.2-6.4.3). While the standard L? projection and some newly
established approximation properties for the linear interpolant plays a crucial role to
derive error estimate in L?(H') norm, the parabolic duality technique is used to obtain
the almost optimal error estimate in L?(L?) norm. Finally, the discrete in time scheme
based on backward Euler method is analyzed. The standard energy technique is used to
derive optimal error estimate in L?(H') norm for the fully discrete case (cf. Theorem
6.4.4).

In Chapter 7, we have carried out numerical experiment for one dimensional test
problems. We have applied both fitted and unfitted finite element methods to check the
performance of our algorithms. As our main objective is to study the theoretical aspects
of finite element Galerkin methods for elliptic and parabolic problems with discontinuous
coefficients, we have performed numerical experiments only for one dimensional test

problems for the completeness of this work.

8.2 Extensions and Remarks

In this section, we make some informal observations pertaining to the possible extensions
of our results to different problems. We shall briefly outline some interesting problems

to be taken up in future.

Numerical Quadrature for Linear Parabolic Equations with Discontinuous Coefficients:
The algorithm discussed in Chapter 4 and Chapter 5 require exact calculation of integrals
involved in the finite element methods. This may causes some technical difficulties in
practice for the evaluation of the integrals over those curved elements near the interface.
It would make the numerical implementation much easier if we can replace these inte-
grals over the straight elements by some quadrature schemes. Numerical quadrature for
parabolic problems without interface have been studied by several authors, see [13, 48]
and references therein. It will be useful to explore the effect of quadrature for both

spatially discrete and fully discrete schemes. We wish to take up this issue in future.

Crank-Nicolson Scheme. A fully discrete scheme based on backward Euler method with

uniform step sizes for the parabolic interface problems have been studied in this work.
TH-261 BDEKA
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We have seen that optimal order error estimates for the fully discrete solution of parabolic
interface problem can be generated by the backward Euler time stepping. More precisely,
error estimate of order O(k + h?~™), m = 0,1 are derived in L*(H™) norms for the fully
discrete scheme based on backward Euler time discretization. Note that because of
the non-symmetric choice of the discretization in time, the backward Euler method is
only first order in k. However, second order accurate approximation in k£ can be de-
rived if the semidiscrete equation is discretized in a symmetric fashion around the point
b1 = (n — 3)k in the absence of interface condition (cf. [29, 58]). In literature, such
scheme is known as Crank-Nicolson scheme.

For the parabolic interface problem Crank-Nicolson scheme may be read as: Find
Ur eV, forn=1,2, .. M, such that

Un o Un—l

,vh) = (f(ta-1)son) + (g(t,_1)son)r Vop € Vi, (8:2.1)

. . . . . n__ymn—1
with U® = wugj, where ugy, is an suitable approximation of uy and AU™ = %

In future, we shall make an effort to see whether the standard analysis of Thomée [58]
with some modification can be applied to study the convergence of fully discrete solution
given by (8.2.1) to the exact solution of parabolic interface problem. The convergence
analysis for Crank-Nicolson scheme under minimal regularity assumption of the true

solution would be a very interesting extension of this work.

Nonlinear Elliptic Interface Problems: Let Q be a bounded domain in R? with smooth

boundary 0€2. We consider the following elliptic interface problems of the form
Lu= f(x) inQ (8.2.2)

with the boundary condition
u=0 on 09, (8.2.3)

where the operator £ is a second order elliptic partial differential operator of the form
Lu = V(a(xz,u(x), Vu(z))) + ap(z,u(z), Vu(x)).

The functions a,ag : € x R?> — R are such that the operator £ is strongly monotone

and Lipschitz continuous. We assume that a is of the form
a(z,€) = a"(z,6) ze€Q, E€R?: k=1,2

where a* : Q, x R? — R are continuous, §); is a subset of { with sufficiently smooth
boundary and 2, = Q\(Q; UT).
TH-261 BDEKA
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In this case, equation (8.2.2) is satisfied only for x € Qx, k = 1,2, and on the interface

I' the following transition conditions are prescribed

Ur = U9, (824)
a'(z,u1(z), Vui (z))ny (7) — a®(x, ug(v), Vug(z))ng(z) = g(x), (8.2.5)

where ui(z) = u(z)|g, , k¥ =1,2 and (ny,ny) is the outer normal to interface I'.
Although a good number of article is devoted to the finite element approximation

of linear elliptic interface problems, the literature seems to lack on the convergence for

nonlinear elliptic interface problems. It will be interesting and challenging to extend the

results for linear elliptic interface problems to the nonlinear problems.

Parabolic-Hyperbolic Interface Problems: Let Q be a bounded domain in R? with smooth
boundary 09. Further, let ; C Q be an open domain with C? smooth boundary I and
Qo = Q\Qy. We now consider the following problem

ouy = Au in Qy;  Puy = Au in €y,
with initial conditions
u(z,0) = up(x) in Q; w(x,0) =vo(z) in

and interface conditions

[u] =0, [%] = g(z,t) alongT.

The symbol [v] is a jump of a quantity v across the interface T, i.e., [v](x) = vy(x) —
vy(x), * € I', where vi(z) = v(x)|q, , i = 1,2 and n denotes the unit outward normal to
the boundary 0€2;. The quantities ¢ and [ are positive constants.

Such problem arises in electromagnetism when we study the production of eddy
currents in a metallic cylinder due to a particular type of external electromagnetic field.
This problem leads to a parabolic equation inside the body and a hyperbolic equation
outside. The two equations interact through jump relations across the interface I'. The
physical problem and the derivation of the equations are given in [41]. The existence,
uniqueness and regularity results for the above problem is contained in [2]. In future, we
would like to study the convergence analysis of this problem by means of finite element

methods.

Moving Interface Problems: In this work, we have assumed that the interface does not
change its topology during the computation. Currently, the most difficult problems in

TH-261 BDCI?RlRutational science involve moving interfaces between flowing or deforming media.
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Biological fluid dynamics is a rich source of problems with complex geometry and fre-
quently the interaction of fluids with moving elastic structures, e.g. the study of blood
flow in flexible tubes, cell dynamics, phase change problems etc. Different approaches
are being studied in the context of many different applications areas. Most methods
involve some transformations either for the differential equations or the coordinate sys-
tem, which complicates the problem in some way. Various approaches have been used
to solve moving interface problems numerically using the level set approach. For level
set methods, one represent an interface as a level set of some function for which an evo-
lution equation must then be derived and solved. Complex geometries and topological
changes can often be easily handled with this approach. Interface fitting is an another
approach in which the computational grid deforms in order to follow the motion of an
interface. No significant development has been made in the direction of finite element
methods. We believe that unfitted mesh would be a natural candidate to tackle this
type of problems. At present we do not know how to generalize this work for the moving

interface problem. But, we would like to take up this issue in future.
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