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Abstract

The interaction between drop-drop and drop-surface is an essential aspect of funda-
mental studies in fluid dynamics. Studies of such dynamics have been of great interest
to researchers and are important because of their applications in various industrial
processes. Due to the recent advancements in microfluidic devices and biological
processes, electrohydrodynamic flows became a critical part of these investigations.
Robust computational tools have been utilized to understand the fundamental aspects
of drop-drop and drop-surface interactions. The solvers are well-validated with past
experimental and numerical results. All the numerical simulations have been performed
by solving the Navier-Stokes equations, with other forcing terms, wherever required.
The electrohydrodynamic flows required the solution of additional electric field equa-
tions. The two-phase problems involve tracking the interface, which is captured using
either a volume of fluid (VOF) method or a coupled level set and volume of fluid
(CLSVOF) method.

The impact of a liquid drop on a liquid pool has been widely investigated. The
transition regimes between coalescence and splashing of drops include jet formation
with single or multiple secondary drops. One of the main features of this regime is the
formation of a central liquid jet followed by the breakup of the jet in the form of drops.
Earlier studies have shown that the diameter of the secondary drop lies between 0.58
and 0.94 times the diameter of the impacting drop. We perform numerical investigations
to elucidate the earlier observations. The investigations notify the creation of various
secondary drops depending on the impact conditions. As a novelty, the present study
reveals that secondary drops larger than the primary impacting drop can be obtained
at higher impact velocities. We identify the importance of the shape of the cavity on
the formation of the jet and the pertaining parameters that are responsible for drop
ejection.

The dispersion of drops in an emulsion is commonly seen in several chemical,
pharmaceutical, and petroleum industries. An electric field has been shown to affect

the stability of these dispersions. We numerically study the dynamics of a pair of
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leaky-dielectric droplets in a leaky-dielectric liquid in an externally applied electric field.
A pair of drops may coalesce or repel each other in the presence of the electric field.
Interactions between a pair of drops are governed by the ratio R/, where R and () are
the ratios of drop to ambient fluid electric conductivities and permittivities, respectively.
When inertia is neglected, the drops approach each other if R < (), whereas drops repel
when R > (). However, the inclusion of inertia permits interesting transient behavior,
where the drops may attract due to the electrostatic dipole-dipole attraction even for
R > @. The approach velocity then can be governed by the electrostatic forces and
varies as 1/h*, where h is the separation distance between the drops, in contrast to
being hydrodynamically driven as predicted in the Stokes’ flow. For compound drops,
interactions are essentially governed by the electrical properties of the outer drop and
the ambient fluid. However, transient dynamics may also result in the breakup of a
compound drop and lead to the formation of single drops.

Studies with creeping flow approximations have shown that depending on the
electrical properties, the drops can repel and move apart or get attracted toward each
other. This leads to the formation of a stable or unstable emulsion. Incorporating
inertia leads to another interaction paradigm where the drops can come closer and form
a thin film without coalescing. The formation of the stable thin film was theoretically
explained using the electrostatic to hydrodynamic forces ratio. We defined a phase map
representing regions for various drop interaction dynamics. Although this phase map is
valid for a specific electric field strength, it gives a general idea about the interaction
dynamics for a pair of leaky-dielectric drops under the influence of an external electric
field.

Understanding polymer blends is essential in foods, paints, cosmetics, and processing
industries. The properties of these emulsions are directly related to the microstructure
of the polymers resulting from drop deformation, coalescence, and breakup. We
study the effect of an electric field on the deformation of the drop suspended in a
medium. The drop/medium is considered to be viscoelastic. Accordingly, we have
two configurations: a viscoelastic drop suspended in a Newtonian fluid (VN) and
a Newtonian fluid suspended in a viscoelastic medium (NV). The viscoelasticity is
modeled using the Oldroyd-B constitutive equation. For the VN configuration, drop
deformation decreased with an increase in Deborah number. In contrast, the NV
configuration showed a non-monotonic nature in the steady-state deformation. These
dynamics are explained by examining the viscous and elastic stresses at the drop

interface.
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Chapter 1
Introduction

Drop interactions are significant in the microphysics of clouds and precipitation,
which influence global climate and environmental change (Pumphrey and Elmore,
1990). Electric field enhances drop coalescence rates and is useful in many industrial
applications ranging from liquid-liquid separation processes to microfluidic mixers
(Kavehpour, 2015). Moreover, the polymer processing industries blend and mix different
polymers to enhance their properties (Tucker and Moldenaers, 2002). The processes
involving drop interactions and different rheological effects in the presence of an electric
field show diverse phenomena.

An important application of drop-drop and drop-interface coalescence study is the
separation of the water and oil phases in an emulsion (Eow and Ghadiri, 2003). Effective
oil and water separation is crucial in a maritime oil spill cleaning operation. Dewatering
of crude oil by petroleum industries is another area where oil-water separation finds its
importance. The effectiveness of this separator is directly affected by oil viscosity and
density. It is critical to deeply understand the tiniest components that directly impact
these phenomena to create a highly efficient and resilient process. The backbone of
such systems is drop-drop and drop-interface interactions. We also require a better
understanding of the coalescence process, which directly affects various applications,
including emulsification and de-emulsification processes. This thesis elucidates the
understanding of these phenomena by studying the various attributes.

This chapter first introduces drop impact dynamics on a liquid pool (§ 1.1.1). We
then describe the electrohydrodynamics of drops and emulsions (§ 1.1.2). Viscoelastic
flow and its characteristic flow behavior are then outlined (§ 1.1.3). The literature gaps
are then highlighted, and the thesis objectives are summarized (§ 1.3). The chapter

concludes with an outline of the remainder of the dissertation (§ 1.4).
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2 Introduction

1.1 Literature review

1.1.1 Drop impact dynamics

The impact of a drop on the surface of deep liquid pool results in either coalescence with
the receiving liquid or splashing. In addition, impinging drops may also bounce off or
float on the liquid surface. Different flow characteristics are observed near the transition
from coalescence to splashing (Yarin, 2006). The study of drop impacts on solid and
liquid surfaces is significant due to its various technical and natural applications
(Castillo-Orozco et al., 2015; Yarin, 2006). Some technical applications include ink-
jet printing, oil spills, spray painting and coating, fuel injection, pyrometallurgical
operations, plasma spraying, fire suppression by sprinklers, and soil erosion. Many
large-scale and widespread natural phenomena, such as the aeration of the surface
layers of lakes, seas, and oceans, depend on air bubble entrainment due to raindrop
impacts. Such drop impacts lead to jets and secondary droplets forming, which
evaporate and form salt crystals. Accordingly, drop impact analyses find their relevance
in meteorological studies too. In the microfabrication industry, producing different
components using precision solder-drop dispense, liquid atomization, and cleaning
also involve drop impacts. Deicing aircraft and power lines using mechanical methods
requires understanding the physical phenomena involving drop impacts.

Worthington (1908) was one of the first to systematically investigate the impact
of a drop on a pool of liquid. His famous book A STUDY OF SPLASHES documented
the photographs of drop and solid-ball impacts on deep liquid pools. Figure 1.1 shows
one such experiment where a drop of water impacts a pool of water, and we observe
various phenomena, including the formation of a crater, central jet, and secondary
drop. Despite the phenomena being ubiquitous, with over a decade of research, it still
needs to be fully understood and continues to attract researchers.

Drop impact phenomena are remarkably diverse, depending on many factors. A
drop may be spherical or elliptical (prolate or oblate) at impact. Studies are conducted
for both normal and oblique impact on the free surface of a liquid in a deep pool,
on a thin liquid film on a wall, or a dry solid surface. The liquid may be Newtonian
or non-Newtonian (such as viscoelastic). The drop and pool liquid may be miscible
or immiscible and can be at different temperatures. The outcome of the impact
depends mainly on the impact velocity, size of the drop, the properties of the liquid
(density, viscosity), the interfacial tension, and air entrapment. Accordingly, we can

have coalescence or splashing. When a drop impacts a liquid pool, a crater may form
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1.1 Literature review 3

Fig. 1.1 Snapshots of splash of a drop of water 0.2 gm, 7.36 mm in diameter, falling
from a height of 40 cm into water. Figures reproduced from Worthington (1908).

in the bulk of the liquid pool. This crater can collapse and form a jet that rises
from its center, known as the Worthington jet. This central jet may be subjected to
capillary breakup leading to the formation of secondary droplets. The objectives of
studying such flows are to determine the dynamics responsible for the phenomena,
understand the interaction of different forces, and determine the transition from one
regime (coalescence) to another (splashing).

Researchers studied the transition regimes between coalescing and splashing drops
using high-speed photography techniques. The mechanism of different flows was studied
by the normal impact of water drops on the plane water surface. Although Pumphrey
and Elmore (1990) determined the boundaries of regular bubble entrainment, the
jet formation boundaries were only determined once Rein (1996) showed the various
transition regimes experimentally. Figure 1.2 shows the transition from coalescence
to splashing based on increasing Weber number (We). Rein (1996) distinguished
coalescence from splashing by the presence of a vortex ring in the case of coalescence

and a secondary droplet in the case of splashing and the bubble entrapment zone was
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Fig. 1.2 Transition from coalescence to splashing. Reproduced from Rein (1996).

considered a particular case of splashing. The vortex ring formation and propagation
owing to impacting water drops have been demonstrated experimentally by Durst
(1996). The investigation enhanced the insight into the penetration of drops and the
development of vortex rings generated by the impacting water drops. As the impact
velocity of the drop is increased, the splashing regimes start. The main features of
splashing are the formation of a crown and the rise of a liquid column in the middle
of the crater (Engel, 1967; Leng, 2001). When the impact velocity is very high, the
crown sometimes closes on itself and entraps a large bubble (Medwin et al., 1990).
Furthermore, the cavity produced in the pool is deep, and its retraction leads to a
central jet. The high-speed jet can disintegrate, yielding one or more drops upward
(Berny et al., 2020; Castillo-Orozco et al., 2015).

Charles and Mason (1960) investigated the partial coalescence for liquid drop
at a liquid-liquid interface and suggested a cascade phenomenon controlled by the
Rayleigh capillary instability. A review of different stages of coalescence of liquid on a
planar interface, with the significance of different types of stresses, was presented by
Kavehpour (2015). Pinch-off was considered the only mechanism for the early dynamics
of coalescence. Thoroddsen and Takehara (2000) suggested that the surface tension
time scale should be accounted for partial coalescence while studying the coalescence

dynamics at a liquid-air interface for water, ethanol, and mercury drops. Utilizing
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ultra-high-speed video, Blanchette and Bigioni (2006) presented a phase diagram as a
function of the Ohnesorge and Bond numbers for the coalescence of ethanol-water and
ethanol-glycerin drop at the liquid-air interface. Aryafar and Kavehpour (2006) used
water, methanol, and silicon oil and presented the coalescence condition. Honey and
Kavehpour (2006) developed a theory for the maximum height of the bouncing drop,
which matched well with the experimental results. Additional studies on jet breakup
have been conducted to understand the effects of drop size, interfacial tension, and
viscosity (Chen et al., 2006; Manzello and Yang, 2002). Chen et al. (2006) reported
three sub-regimes within the partial coalescence regime for the coalescence of water and
water-glycerol drops at the liquid-liquid interface and presented a scaling relationship
for the drop size ratio and the coalescence time. Gilet et al. (2007) reported cascading
outcomes for mercury and less viscous drops in their experiments. A transition regime
from partial to complete coalescence was observed when the neck radius oscillated twice
(Ray et al., 2010). Regime maps have been developed for vortex ring formation, bubble
entrapment, and jet formation based on the Weber, Froude, and capillary numbers
(Agbaglah et al., 2015; Ray et al., 2015). However, all regimes were not captured due to
the limited range of these parameters. In an attempt to explain the impact dynamics,
Ray et al. (2015) performed extensive numerical calculations to simulate the transition
from coalescence to splashing. Their study concluded that after the crater reaches its
maximum depth, the crater base retracts differently for different parametric ranges,
which leads to different phenomena. They identified two new zones: the small thick jet
regime with and without a secondary drop and the small bubble entrapment with a
long thick jet. They also investigated the vortex ring generated during the impact and
observed that it moved with the capillary waves.

Rocco et al. (2010) simulated drop impact on a thin layer of the same liquid
in quiescent air. They developed a volume of fluid based simulation tool to depict
deposition, spreading, and splashing for a range of Weber and Reynolds numbers.
Coppola et al. (2011) extended the analysis for the splashing regime. They identified
the appearance of an initial horizontal ejecta sheet, followed by an almost vertical
lamella sheet formation. Furthermore, they developed insights into the relevant scaling
laws. For a higher Froude number and thus a higher Weber number, the long thick jet
phenomena begins. This can be explained by the high inertia force, which produces
high amplitude capillary waves traveling towards the crater base. During this stage,
the crater base retracts differently for different parametric ranges leading to different

phenomena as shown by, for example, Leng (2001) experimentally and Ray et al. (2015)
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numerically. Michon et al. (2017) conducted experiments investigating drop impact
dynamics in a deep liquid pool. By varying different parameters, they could define two
regimes: the singular jet and the cavity jet, depending on the mechanism of cavity
retraction and subsequent jet dynamics. An extensive study of the singular jet regime
was conducted by Thoroddsen et al. (2018). In their experimental study, they observed
fast, thin jets due to the formation of a sub-crater at the base of the collapsing cavity,
which they termed dimple. By performing experiments on a water drop impacting a
horizontal free water surface, Ma et al. (2019) showed that the size of the daughter
drop could be even bigger than the primary drop. Kim et al. (2021) investigated the
impingement dynamics for a two-layer liquid and suggested using an effective Weber

number to characterize the crater and jet dynamics.

1.1.2 Electrohydrodynamics

The interaction of fluids and electric fields occurs in natural phenomena such as the
disintegration of raindrops in thunderstorms and has many practical applications such
as electrosprays, microfluidic devices, crude oil demulsification, electrocoalescence,
electrorheology, electrospray, electrospinning, and inkjet printing. These systems
typically consist of two immiscible fluids, and thus an interface exists between them.
Depending on the particular application, the interface may deform or rupture under
the applied electric field. Hence it becomes crucial to understand the interfacial effects
to accurately predict the response to an electric field. Interesting applications utilizing
the convection currents generated in droplets due to electric fields are emerging. For
example, Penkova et al. (2006) showed that the electric field driven flow in a droplet
affects the nucleation of protein clusters. Chung and Oliver (1990) showed that the
electric field induced circulation results in enhanced heat transfer in a spherical droplet
translating in a dielectric medium. Electric field also affects the wetting characteristics,
which can be harnessed for various applications in microfluidics (Romero Herreros,
2014). An electric field can also be employed to control the size of droplets and bubbles
from a nozzle, as shown in Notz and Basaran (1999) and Sunder and Tomar (2013).
Application of an electric field across an emulsion has been shown to affect the stability
of emulsions (Barnes, 1994; Kilpatrick, 2012). Effect of electric field on a liquid drop
has been studied extensively since the time of Rayleigh (1882). Garton and Krasucki
(1964) observed in their experiments that bubbles in insulating liquids deform in prolate
shapes and showed that with an increase in electric field beyond a critical value, the

bubbles can become unstable.
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1.1 Literature review 7

We consider an uncharged, neutrally buoyant spherical drop of radius a suspended
in another immiscible fluid, as shown in Figure 1.3. The viscosity, permittivity, and
electrical conductivity of the fluids are denoted by u, €, and o, respectively, with
subscript 1 denoting the drop phase and 2 denoting the medium phase. When a
uniform electric field of strength E., is applied, the interface of the drop acquires
charge, and the drop gets polarized. This is due to the difference in permittivity or
conductivity between the drop and the suspending fluid. Consequently, electric stresses
are generated at the interface, which tends to deform the interface. These electric
stresses are nonuniform along the interface, with the maximum occurring at the poles
(0 =0, ) of the drop, and vanishes at the equator (0 = 7/2,37/2).
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Fig. 1.3 Schematic representation of the deformation of a drop with radius a suspended
in another fluid in the presence of an electric field E. The initial undeformed state
of the drop is shown using a solid line. The possible steady-state deformed shapes,
prolate and oblate, are also illustrated. The relevant properties of the drop (1) and
suspending medium (2) are the viscosity pu, dielectric permittivity e, and electrical
conductivity o. The semi-major and semi-minor axis of the deformed drop are denoted
by L and B, respectively.

If the drop and medium phases are perfectly dielectric, the interface does not acquire
a charge, and the surface charge density is zero. When a perfectly conducting drop
is placed in a perfectly dielectric medium, the tangential component of electric stress

does not exist. Therefore, the tangential component of the electric traction vanishes
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8 Introduction

for a perfectly conducting or perfectly dielectric drop in a perfectly dielectric medium.
The surface tension then balances the normal component of the electric stress. The
drop deforms along the direction of the electric field into a prolate shape, and the fluids
are quiescent. This phenomenon is termed electrohydrostatics (Allan and Mason, 1962;
O’Konski and Thacher, 1953; Saville, 1997; Taylor, 1964). An example of a conducting
drop in a dielectric would be water drops suspended in oil, which is prevalent in oil
refining processes (Eow et al., 2001; Mhatre et al., 2015b). Dielectric-dielectric systems
are encountered in the electrospinning of polymer melts (Reznik and Zussman, 2010).
Allan and Mason (1962) calculated the steady-state deformation attained by the drop
under a weak electric field. For a perfectly conducting drop suspended in a perfectly
dielectric medium »> 5

=I5B " 1—60aE , (1.1)
and when both the phases are perfectly dielectric

9 @=1)y

b= 16 (Q + 2)°

Cag . (1.2)
Here () is the ratio of the electrical permittivity of the drop phase to the medium
phase, and C'ag is the electric capillary number defined as the ratio of electric stresses
to capillary stress. This theory was derived in the limit Cag < 1, and the deformation
scales linearly with the electric capillary number D ~ Cag. Allan and Mason (1962)
confirmed their theoretical predictions against experimental measurements and verified
the prolate deformation of a conducting drop. However, for dielectric drops, they
discovered that in addition to prolate deformation, there were some cases where oblate
deformation of drops was sustained. They were unable to explain their observations
using the existing theories (Allan and Mason, 1962; O’Konski and Thacher, 1953).
Investigations were carried out further, concluding that perfect dielectric systems
were difficult to encounter in practice. Even the most insulating system had a small but
measurable value of electrical conductivity due to the presence of impurities. For in-
stance, the electrical conductivity of silicone oil and castor oil ~ O (10712 — 1071) S /m
(Allan and Mason, 1962). Such systems showed oblate deformations when subjected to
an electric field. Taylor (1966) explained this observation using a leaky dielectric model.
He postulated that although the bulk of the fluids remained electroneutral, the weak
conductivities of the fluids allowed the interface to acquire charge under an electric field.
These finite charges at the interface create a jump in the tangential electric stresses,

which are balanced by the viscous shear stresses. Thus a fluid flow is generated in both
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1.1 Literature review 9

phases even after the drop reaches a steady deformed state, and this phenomenon is
known as electrohydrodynamics. Taylor (1966) derived the deformation of the drop by
balancing the electric, viscous, and capillary forces acting at the interface as

9 CCLE

3
_— 2 J— —_— _
D_16(2+R)2 R +1 2Q+5(R Q)

2+ 3u,
14 u,

: (1.3)

where R is the ratio of the electrical conductivity of the drop phase to the medium
phase, and p, is the ratio of viscosity of the drop phase to the medium phase. This
theory was again valid for weak electric fields only Car < 1. Subsequent to the
deformation predictions by Taylor (1966), several improvements on the solution have
been proposed. Second order corrections to drop deformation were given by Ajayi
(1978), followed by the effect of charge convection on drop deformation as discussed in
(Feng and Scott, 1996; Lanauze et al., 2015; Xu and Homsy, 2006). The leaky dielectric
theory is presented in detail in Melcher and Taylor (1969) and has been extensively
used since then to explain the behaviour of an isolated drop in an emulsion.

As discussed above, drops can undergo prolate or oblate deformations when sub-
jected to an electric field. The theoretical model of Taylor predicts drop deformation
very well for low electric field strength. If the electric field strength is increased, the
model no longer remains valid, and the drop is susceptible to instabilities and breakup.
The steady and transient deformation of drops at weak electric fields is vastly studied
and well understood (Saville, 1997). The transient deformation of a drop depends
on the Reynolds number (Re). If Re < 1, the drop monotonically reaches a steady
state during its transient evolution. In contrast, if Re > 1, the drop has oscillating
characteristics before it reaches a steady state (Jiang et al., 2020). Feng and Scott
(1996) showed that inertial effects might change a drop shape from oblate to prolate.
Lanauze et al. (2013) and Das and Saintillan (2017a) showed that surface charge
convection causes the formation of charge shocks near the equator of an oblate drop. It
was observed that the inclusion of charge convection effects resulted in a reduction in
interfacial velocities. The importance of the ratio of charge relaxation time scale with
the time scale of other processes such as charge convection due to fluid flow or drop
deformation due to local shear have been discussed by Collins et al. (2013). When
the strength of the electric field is high, the drops become unstable and break into
daughter drops. Many studies were conducted to distinguish the critical parameter
for the break up of a prolate drop (Collins et al., 2013; Das and Saintillan, 2017a; Lac
and Homsy, 2007; Lanauze et al., 2015). Two broad modes of breakup were reported.

TH-3225 186103031
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In one case, the drop elongates to a cylindrical shape, develops a neck, and breaks,
producing daughter drops. This is known as end pinching. The other mode, called tip
streaming, is characterized by the formation of pointed conical ends at the poles of
the drop from which smaller drops are ejected. The transition between these modes is
complex and depends on various parameters. A high-conductivity drop ejects thinner
jets, and smaller daughter drops via tip streaming.

For a low-conducting drop, the jet vanishes, and the breakup is via end-pinching due
to the rapid domination of capillary stresses. Sherwood (1988) studies drop deformation
under strong electric fields using a boundary integral method. Lac and Homsy (2007)
used an axisymmetric boundary integral method to study the stability of drops.
Bentenitis and Krause (2005) theoretically studied drop deformation by extending the

conventional leaky dielectric model in a framework of spheroidal deformation. Abbasi
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Fig. 1.4 Shape evolution of castor oil drop in silicone oil. The drop begins with as
spherical shape to transient stretching and consequent breakup from the ends. The

critical electric capillary number for the breakup is Cag ~ 0.26. Figures reproduced
from Abbasi et al. (2019a).
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1.1 Literature review 11

et al. (2019a) performed experiments and found the critical electric capillary number
for the breakup of prolate drops. Figure 1.4 shows one such study where the instability
for a castor oil drop in silicone oil occurred at Cag ~ 0.26. For oblate-shaped drops,
when the electric field strength is increased, the drops undergo electro-rotation due
to surface charge convection effects. This is known as Quincke rotation, where the
induced dipole tries to align itself with the applied electric field (Das and Saintillan,
2017a,b; Ha and Yang, 2000b; Salipante and Vlahovska, 2010). The electro-rotation
stabilizes the drop against breakup by suppressing drop deformation. Brosseau and
Vlahovska (2017) conducted experiments and found that drops can undergo dimpling
and equatorial streaming. The drop forms a torus shape in the former mode and
eventually breaks. In the latter mode, the drop flattens and forms thin edges, breaking
into tiny droplets.

Recent studies investigated the effects of an electric field on double emulsion
(compound) drops due to their vast applications (Enayati et al., 2010, 2011). An
A/B/A type of compound drop has the same fluid in the core and ambient, while the
A/B/C type has three distinct fluid components. For an A/B/A type, only two modes
of core-shell deformation are possible: prolate-oblate and oblate-prolate. In A/B/C
types of double emulsions, four possible core/shell-shell/ambient deformations are:
prolate-prolate, prolate-oblate, oblate-prolate, and oblate-oblate. These deformation
types depend entirely on the ratio R/Q. The effect of the electric field on compound
drops has been studied theoretically and experimentally (Behjatian and Esmaeeli, 2013,
2015; Reznik et al., 2006; Soni et al., 2013). Most of these studies on compound drops
have focused on the relative deformation of the inner and the outer drops and the
possibilities of breakup and release of the inner drop into the ambient fluid. Gouz and
Sadhal (1989) used a bipolar coordinate system to examine various configurations of
compound drops under which a compound drop is stable in a translational flow for a
given set of suitable electrical conductivities and permittivities of the constituting fluids.
Ha and Yang (1999b) used the domain perturbation method, similar to Taylor (1966),
to predict the equilibrium shapes of the inner and the outer drop and also computed
the rheological response of a dilute double emulsion of compound drops. Tsukada
et al. (1993) using theoretical analysis, showed that the deformation is related to the
core-shell drop volume ratio. Studies on A/B/C type emulsions were conducted by
Behjatian and Esmaeeli (2013). They used a domain perturbation method to study the
charge distributions around the interfaces. They also found the deformation types to
depend on the R/S ratio. Abbasi et al. (2017) showed that if the shell fluid was highly
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conducting, it behaved like a shield, and the core had negligible deformation. Only a
few studies are present in the literature regarding the breakup of double emulsions. Ha
and Yang (1999a) performed experiments using castor oil and water emulsions and
observed pinch-off and tip-streaming modes of breakup. Abbasi et al. (2017), using
a level set method, studied the various modes under which a double emulsion may
break up. They showed that the inner drop might undergo large oblate deformation.
In contrast, the outer drop undergoes prolate deformation and thus can lead to the
bursting of the compound drop, ejecting the inner drop fluid into the ambient. They
also showed that if the inner drop is not concentrically placed, it may migrate to the
outer surface of the compound drop and be ejected out for particular conductivity and
permittivity ratios. Abbasi et al. (2019b) also conducted experiments on A/B/C type
double emulsions and reported unidirectional and bidirectional breakups, as shown in
Figure 1.5. Due to the charge convection effects, the breakup of the core changed from
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Fig. 1.5 Breakups of the A/B/C type emulsion drop under an electric field. The
surface tension between the shell and ambient, the permittivity of the ambient fluid,
and the core and shell diameter are kept constant. The electric field and the surface

tension between the core and shell are changed to study the breakup modes. Figures
reproduced from Abbasi et al. (2019b).
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bulbous lobes to conical ends.

An emulsion is rendered unstable when the drops attract, whereas the emulsion is
stable when the drops repel. Drops attract each other if the flow due to the electric
stresses at the drop surface is from the poles towards the equator, thus resulting in a
velocity field that pulls the drops together along the axis, with the externally applied
electric field direction aligned with the axis. On the other hand, drops repel each other
when the flow is from the equator to the poles. The flow direction can be predicted by
comparing the drop to ambient electric conductivity and permittivity ratios, R and
Q, respectively. If R < @ flows from poles to the equator, and thus drops attract,
whereas when R > @) flow is from the equator to poles. Where considerable effort
has been invested in understanding the behavior of isolated drops and emulsions in
an electric field, the effect of interactions between the drops on the rheology and
stability of the emulsion must be understood better for dense emulsions. There are
considerable studies on the interaction between drops and particles suspended in a
perfect insulator in the presence of an externally applied electric field (Arp et al.,
1980; Latham and Roxburgh, 1966). Due to the relevance to the oil industry and
atmospheric science, interactions between conducting drops suspended in an insulating
fluid (such as in water-in-oil systems and water droplets in clouds) in the presence
of an electric field have been studied extensively (Atten, 1993; Brazier-Smith, 1971;
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Fig. 1.6 Coalescence of castor oil drops in silicone oil. Stable and unstable coalescence
were observed due to the applied electric field strength. At stronger electric fields, the
coalesced droplet became unstable, continuously stretched after the merger, and began
to eject droplets at the side ends. Figures reproduced from Abbasi et al. (2022).
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Pearce, 1954). A curious phenomenon of electrocoalescence, or rather the phenomenon
of non-coalescence, of charged drops in an electric field has also revived some interest
lately in the study of interactions between a pair of drops in the presence of an electric
field (Anand et al., 2019; Aryafar and Kavehpour, 2007; Ristenpart et al., 2009). For
uncharged drops in perfectly dielectric fluids, the drops always attract each other
due to dipole-dipole electrostatic interactions. Thus, the approach velocity in viscous
fluids is proportional to h~*, where h is the separation distance between the drops.
Interaction between a pair of leaky dielectric drops suspended in a leaky dielectric
fluid was first studied theoretically by Sozou (1975). He used bispherical harmonics,
considering the two drops to be the same size, to solve for the electric and velocity
fields due to the tangential electric stresses at the drop interface. The key conclusions
were the increase in the non-uniformity in the electric field in the region between the
drops when their approach distances were shorter than twice the diameters. Zhang
et al. (1995) used a population dynamics approach to study the interaction between
drop pairs, but their study was conducted using perfectly conducting drops dispersed
in a perfect dielectric liquid. Using a boundary integral method, Baygents et al. (1998)
performed axisymmetric simulations of interactions between two leaky-dielectric drops
in leaky-dielectric ambient fluid with the axis of symmetry aligned with the electric
field. They showed that the hydrodynamic forces dominate the electrostatic forces in
the limit of a small Reynolds number and dictate the stability of emulsions. They also
showed that the relative velocity between the drops of perfectly dielectric systems is
governed by h™*. They showed that, in contrast, for leaky dielectric fluids, drops attract
or repel at a rate proportional to h=2 due to the hydrodynamic forces. Tomar et al.
(2007) proposed a CLSVOF based method to simulate two-phase electrohydrodynamics
and showed good agreement with the results of Baygents et al. (1998). Lin et al. (2012)
used a phase-field method to simulate the interaction between a pair of drops in the
presence of an electric field. The effect of the viscosity ratio on the time scale of
coalescence was discussed, but the scaling for the relative velocity between the drops

was not examined.

1.1.3 Viscoelastic flows

Polymeric fluids, also called viscoelastic fluids, exhibit viscous and elastic properties.
These viscoelastic fluids contain long chains of high molecular weight polymer molecules
and can adopt various configurations and orientations. The interaction of these polymer

chains with each other and the surrounding fluid particles creates a complex internal
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microstructure in the polymeric liquid, giving rise to its characteristic flow behavior.
Silly putty is a classic example of a viscoelastic fluid with such complex behavior. When
this putty is left to relax on a wire mesh screen for an extended period, it flows through
the screen like a viscous fluid but when dropped onto the floor it bounces like an elastic
solid. When evaluated over an extended length of time, a viscoelastic substance exhibits
viscous behavior, but when viewed over a short period, it exhibits elastic behavior (Bird
et al., 1987a; Morrison, 2001). These viscoelastic fluids are used in a wide range of
manufacturing and processing industries due to their mechanical properties, including
the production of synthetic fibers, paints, shampoos, blend compatibilizers, adhesives,
emulsion stabilizers, packaging, coating, biocompatible materials, polymer processing,
and plastic manufacturing.

The viscosity of Newtonian fluids is independent of shear rate, whereas viscoelastic
fluids have shear rate dependent viscosity. The polymeric fluids whose viscosity
decreases with shear rate are termed shear thinning or pseudoplastic fluids. In contrast,
those whose viscosity increases with shear rate are termed shear thickening or dilatant
fluids. Newtonian fluids flow as long as stresses are applied and come to rest when
they are removed. The internal strains in viscoelastic fluids do not disappear instantly
and continue distorting the fluid even without external loads. The time during which
the internal molecular configuration can withstand these internal stresses is called the
relaxation time. These relaxation time constants give rise to fading memory effects
in viscoelastic fluids. When externally applied stresses are removed, a viscoelastic
fluid shows reverse deformation or a recoil similar to the retraction of a rubber band.
Accordingly, analysis of this fading memory effect is essential in study of viscoelastic
fluids.

In viscoelastic fluids, an additional tension force is developed along with the viscous
stresses along the flow direction. This force, known as normal stress, is caused by the
alignment and stretching of polymer molecules in the flow direction. Several deviations
from the Newtonian flow behavior observed during the viscoelastic fluid flow arise due
to this normal stress difference. The normal stress difference is observed even in shear
flows. Several viscoelastic phenomena, such as rod climbing, die swell, and extruded
swell effects are due to the normal stress difference (see Figure 1.7). When subjected
to elongational flows, polymer molecules experience extensive stretching resulting in
strong elastic force and large elongational viscosity. The tubeless siphon effect and
polymeric jets both exhibit this behavior. Additional features exhibited by viscoelastic

fluids include drag reduction in turbulent pipe flow, enhancement of the corner vortices
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(a) Rod Climb (b) Die Swell

Fig. 1.7 Viscoelastic flow behavior due to the normal stress difference. (a) Fixed
cylinder with rotating rod. The Newtonian liquid (glycerin) shows a vortex. The
polymer solution (polyacrylamide in glycerin) climbs the rod. (b) Flow from orifices.
The Newtonian fluid, (silicone oil) shows no diameter increase upon emergence from
capillary tube. The polymer solution (polymethylmethacrylate in dimethylphthalate)
shows an increase by a factor of 3 in diameter as it flows out of the tube. Figures have
been reproduced from Bird et al. (1987a).

through the contraction, and sharkskin instability arising during the extrusion of the
polymer melts (Bird et al., 1987a; Renardy, 1989).

The governing equations for Newtonian flows are inadequate in describing the
viscoelastic behavior, as stress is not a linear function of the velocity gradient. Strains,
strain rates, and strain history define the stress in viscoelastic fluids. A constitutive
relationship that takes into account the influence of the stress tensor, flow kinematics,
and material parameters is preferable for predicting viscoelastic flow events. This
constitutive equation should handle flows with high strain and strain rate and display
strain rate and time-dependent viscosity. It should also account for the presence of
first and second normal stress difference, stress growth at the onset of deformation
and stress relaxation after flow cessation, elastic recoil, sensitivity to deformation
type, stress overshoot, and nonlinear relaxation. Brownian forces, hydrodynamic
interaction, excluded volume, internal viscosity, self-entanglement, finite extensibility,
and solvent-polymer interaction should also take into consideration (Larson, 1988;
Oldroyd, 1950).

Developing a constitutive equation that encompasses all of the above-mentioned
viscoelastic fluid processes is mathematically demanding. Even if such models are

developed, they will be difficult to evaluate analytically, even for simple flows, and
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a numerical solution would require substantial computational resources. Researchers
have developed closed-form constitutive relations by relaxing some of the rheolog-
ical properties. Constitutive equations are modeled following either continuum or
microstructural approach. In the continuum approach, constitutive equations are
developed at the macroscopic level, following certain principles and simplifications
using mathematical approximations (Larson, 1988; Owens and Phillips, 2002). The
continuum based constitutive equations are of either differential type (comprising of
time derivatives of strain rate tensor) or integral type (comprising integrals of strain
history). In the macroscopic approach, constitutive equations are developed by exploit-
ing the kinetic theory of polymeric liquids. The microstructure of a polymeric material
is represented by considering many micromechanical elements (beads and springs in
a dumbbell model). Based on physical principles, a stochastic differential equation
characterizes these micromechanical components and the motion of polymer molecules.
These equations relate the microscopic forces with the macroscopic stress and strain
(Bird et al., 1987a,b).

A suitable constitutive equation must be selected for investigation based on the
polymeric material and flow conditions. The validity of the constitutive equation is
typically tested with the rheological behavior exhibited by the viscoelastic fluids in a
simple flow such as pure shear or elongational flows. However, most industrial processes
involve complex flows, a combination of shear and elongational flows. The suitability
of a constitutive equation in describing the behavior of viscoelastic fluids in complex
flows can be evaluated by comparing experimental rheological data with numerical
analysis. In this thesis, we will consider the constant shear viscosity behavior of Boger
fluids modeled using the Oldroyd-B constitutive equation.

Most of the studies in the literature have focused on the interfacial phenomena of
Newtonian fluids, but as summarized earlier, numerous applications involve processing
polymer emulsions. Thus it is crucial to understand the behavior of polymer fluids to
develop emulsions with improved properties. The rheological response of the polymer
blends and emulsions can be investigated by studying simple flows, such as a drop sub-
jected to either shear or extensional flow. Hence the preliminary experimental (Mighri
et al., 1997; Tretheway and Leal, 2001) and numerical (Hooper et al., 2001; Ramaswamy
and Leal, 1999a,b) studies investigated the influence of a uniaxial extensional flow field
on the drop dynamics. These studies considered either the drop or ambient phase to be
viscoelastic. They concluded that the presence of a viscoelastic drop in a Newtonian

matrix suppresses its deformation, while the viscoelastic matrix is found to enhance the
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drop deformation. These studies were extended to analyze drop dynamics subjected to
a shear flow field (Elmendorp, 1986; Mighri et al., 1998). Similar to earlier results, drop
viscoelasticity was found to restrict the drop deformation in these studies. In contrast,
for the matrix viscoelasticity, some studies displayed enhanced drop deformation while
others showed suppression of deformation (Guido et al., 2003; Sibillo et al., 2004).
This contradictory behavior was examined by Yue et al. (2005), who reported that the
deformation of a Newtonian drop in a viscoelastic matrix is nonmonotonic. Theoretical
investigations by Maffettone and Greco (2004) and Minale (2004), who derived the
phenomenological model to predict the transient drop shapes and deformation, agree
well with previous studies (Aggarwal and Sarkar, 2007, 2008). Numerical experiments
were also conducted to understand the viscoelastic flow dynamics (Boyko and Stone,
2022; Lee et al., 2021; Wang et al., 2023). Studies were also conducted to analyze
the motion of a bubble through the viscoelastic medium (Funfschilling and Li, 2001;
Herrera-Velarde et al., 2003). Different flow features such as teardrop shaped bubble,
formation of negative wake, and rise velocity jump discontinuity were reported (Lind
and Phillips, 2010; Pillapakkam et al., 2007). Effects of viscoelasticity on the drop
dynamics through the complex microchannel were also explored (Chung et al., 2009;
Harvie et al., 2008). Only a handful of studies in the literature explore the effects
of viscoelasticity in electrohydrodynamic flows. Ha and Yang (2000a) experimentally
observed the effects of viscoelasticity on the deformation and breakup of a drop in
a uniform electric field. They concluded that the critical electric field strength of
viscoelastic drops was increased. Lima and D’Avila (2014) performed numerical simu-
lations and found that the drop deformation decreased with increased relaxation time.
Electric field magnitude primarily influenced the deformation, but other parameters

also played a role.

1.2 Motivation

The motivation for studying various drop dynamics is to understand better the rich
underlying physics involved with such flows. We investigate different Newtonian and
viscoelastic fluid processes in the presence and absence of an electric field. The thesis
presents a numerical investigation of such systems. The dynamics related to the
formation of a secondary drop, especially to determine the conditions under which a
larger secondary drop forms, must be explored in detail. Experiments have shown that

a water drop impacting a pool can form a secondary drop larger than the primary
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drop. The scaling for the relative velocity between the interacting drops is studied,
which can vary depending upon the Reynolds number of the flow generated by the
tangential electric stresses. The drops can attract for particular electrical properties.
However, the coalescence phenomenon is delayed due to the slow drainage of the film
between the drops, and a drop-pair doublet is formed. These nonlinear effects due to
the finite Reynolds number have not been explored earlier. Drop dynamics due to an
electric field in the presence of a viscoelastic medium have not been investigated. The

mechanism of deformation and stability of drops are yet to be understood.

1.3 Objectives

Many studies have investigated the dynamics of drop-drop and drop-surface interactions.
Although many mechanisms are well understood from past research works, there are
still some unanswered questions due to the inherent complexity of the problem. We
require a detailed understanding of the underlying physics to get the broader picture,
which motivates these studies. The above summary, drawn from the literature gaps,

forms the objectives for the present thesis.

1. To understand the secondary drop formation mechanism and determine the

conditions under which a larger secondary drop forms.

2. To investigate the drop-drop interactions in single and double emulsions in the

presence of an external electric field.

3. To investigate the effect of inertia in drop interaction in the presence of an

external electric field.

4. To understand the various rheological effects under the influence of an electric
field.

1.4 Outline of thesis

The present chapter describes the various drop dynamics and provides a detailed
literature review. The literature gaps are highlighted, and the objectives are discussed.
This thesis solely deals with numerical investigations to understand the various drop
dynamics. Chapter 2 describes the in-house and open-source solvers utilized for the

studies. Chapter 3 explores the phenomena of impact of a water drop on a deep
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pool of water. Three scenarios emerge with the formation of a central jet and the
pinch-off of one or more secondary drops. We also identified the regime for the
formation of a secondary drop larger than the primary drop. Chapter 4 investigates the
interaction dynamics of a pair of leaky dielectric drops suspended in leaky dielectric
fluid. Both single and double emulsions are examined, and a new scaling for flow
velocity is proposed. The interaction dynamics are suggested to be driven by the
relative strength of the electrostatic and hydrodynamic forces. Chapter 5 furthers the
previous investigation for pair of single emulsions. We consider the effects of a finite
Reynolds number and study the drop dynamics. A regime map is drawn to demarcate
the different interacting phenomena. Chapter 6 examines the effect of viscoelasticity
on drop deformation in electrohydrodynamic flows. The transient and steady-state
deformation are studied for two configurations: a viscoelastic drop suspended in a
Newtonian matrix, and a Newtonian drop suspended in a viscoelastic medium. Finally,
Chapter 7 concludes the thesis with a summary of the main contributions and highlights

the scope of future research.
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Chapter 2

Formulation and numerical

modeling

In the previous chapter, we discussed the various physical phenomena that included
complex flow mechanisms. Such complex flow dynamics results from the interplay
between different forces. Generally, these dynamics are studied in three ways: (1)
Experimental investigations, wherein the phenomena are studied using a scaled model
in a laboratory environment; (2) Analytical techniques are used to solve the governing
equations by applying first principle methods (in the case of multiphysics problems, these
solutions become challenging); and (3) Computational studies, where the mathematical
equations are solved by utilizing numerical techniques to find approximate solutions,
and the accuracy depends on various parameters. Although experimental studies will
remain the intrinsic source of information, numerical techniques become advantageous
in investigating large parametric data sets. Nevertheless, experiments will be employed
subsequently to validate the numerical results.

Studies involving two fluid phases are referred to as two-phase flows, whereas
multiphase flows consist of a broader category of problems, including particle-laden
flows. This thesis deals with two-phase flows with a sharp interface separating the
phases. Typically for two-phase flows, the governing equations are defined separately
for each phase, and a jump condition is used to couple the solution at the fluid interface.
However, it is possible to adapt one set of governing equations for the whole flow
domain occupied by the various phases without resorting to jump conditions. In this
scenario, the various phases are modeled as one fluid with variable material properties
that change abruptly at the phase boundary. Adding singular terms (J-function) to

the equation is critical to account for these abrupt changes. This form of the equation
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is often called the one-fluid approach and is the basis for describing the governing
equations in this thesis.

This chapter describes the governing equations and the various numerical methods
applied to solve those equations. In this thesis, we use two different solvers to study the
problems. The numerical scheme for both solvers has been explained in detail. First,
the in-house developed coupled level-set and volume-of-fluid method (CLSVOF) based
solver is explained (§ 2.1). Then we outline details of the open-source solver BASILISK,
which is based on a volume-of-fluid method (VOF) (§ 2.2). Finally, a summary is
provided (§ 2.3).

2.1 CLSVOF method

The VOF method of Hirt and Nichols (1981) forms the building block of computations
involving two fluids separated by a sharp interface. This approach uses a fixed grid
wherein the interface is approximated within each two-fluid cell through which it passes.
A preliminary approach was to represent the interface by a piecewise constant line
(vertical or horizontal) known as Simple Line Interface Calculation. Youngs (1982)
improved this interface representation and introduced the Piecewise Linear Interface
Calculation. This method was robust and efficient but was only first-order accurate.
Subsequently, Puckett et al. (1997) improved the interface representation method by
introducing the Least-square Volume Interface Reconstruction Algorithm. The VOF
method finds its advantage in satisfying mass conservation extremely well. However,
it becomes difficult to accurately capture the geometric properties due to spatial
discontinuity near the interface. An efficient interface representation method, known
as the level-set (LS) method, was introduced by Sussman et al. (1994). This method
was first developed and used in the context of computer graphics and image processing
(Osher and Sethian, 1988). The level-set method is capable of accurately computing
the geometric properties of complicated boundaries. If not properly implemented, this
method may violate mass conservation. In the CLSVOF method of Sussman and
Puckett (2000), the LS function is used only to compute the geometric properties of the
interface, while the interface itself is advected using the VOF approach. Gerlach et al.
(2006) compared different methods and concluded that the CLSVOF method was more
efficient for surface tension dominated two-phase flows. The CLSVOF methodology

adopted for the present thesis is described in detail in the following sections.
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2.1.1 Governing equations

The mass and momentum conservation equations for the incompressible Newtonian
two-phase flow system are expressed by the one-fluid formulation as (Prosperetti and
Tryggvason, 2007)

V.-u=0, (2.1)

9,
p l@ltl +V. (uu)] =—-Vp+V.(2uD)+pg+F,. (2.2)

where u = (u,v) is the velocity field, p is the pressure, D = £ [(Vu) + (Vu)T} is the
deformation tensor, g is the acceleration due to gravity, and p and p are the density
and viscosity, respectively.

The surface tension term (F;) in the momentum conservation equation is defined
by the continuum surface force (CSF) model of Brackbill et al. (1992). Using this

model, the surface tension force per unit volume can be defined as
F, = ykd,n (2.3)

where ~ is the surface tension coefficient, x is the mean curvature of the interface, and
i is the unit normal vector to the interface. d, is the Dirac delta function which is zero
everywhere except at the interface. The interface normal vector is computed from the
Heaviside function (defined later) as i = V¢/|V¢| (with ¢ being the level-set function)
and the curvature is computed as k = —V - i. All the computations are performed
under isothermal conditions and the concentration gradient along the interface is

neglected.

2.1.2 Interface construction

In the present solver, the interface is constructed using the piecewise method as
described by Youngs (1982). This method approximates the interface by a straight
line in each cell. The alignment of the interface in each cell is calculated using the
interface unit normal fi. The initial value of fi in a two-phase cell (i, j) is calculated
based on the volume fraction C;; in that cell and the volume fraction of its neighbor

cells. The initial value of the normal n = (n”,nY) is calculated in a cell as

1
n;; = AL (Cit1j01 +2Ci15+ Ciprjo1 — Cimrjin — 201, — Cia ) 5 (24)
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1

y _

i,j_@(

n Civtji1 +2Ci 501+ Ciyjor — Ciajo1 — 20500 — Cimja) - (2.5)

The unit normal vector fi can then be calculated using i = n/|n|. The position of
the interface is then adjusted so that it divides the cell into two areas to match the
volume fraction. This is achieved by calculating the distance of the interface from the
cell center.

A physical interface with zero thickness and a sharp jump in properties can lead to
numerical convergence issues. To avoid this material discontinuity, a finite thickness of
the interface is considered while capturing it numerically. The properties are smoothed
in a thin region near the interface. In the CLSVOF approach, this smoothening is
performed using a smoothed Heaviside function which is defined based on the level-set

function as

0 if p < —e,
H(g) =41+ 2+5+ [sin (7%#)] if [¢| <e, (2.6)
1 it ¢ > +e,

where € is the numerical thickness of the interface on each side, leading to a total
numerical thickness of 2¢. The code has been tested rigorously for different conditions
to optimize this parameter (Ray et al., 2010; Tomar et al., 2007). In our simulations,
we have considered the numerical interface thickness in the range 0.5Az —1.5Ax, where
Az is the size of each grid cell. The physical properties are interpolated on this thin

region as

(2.7)

2.1.3 Interface advection

Let us define two immiscible fluids, fluid 1 and fluid 2, separated by an interface.
Figure 2.1(a) shows an illustrative representation of the volume fraction. An indicator
function C; ; is defined to identify the two fluids as

O — 0,

R 2 2.
Clv] @1 o @2 ( 8)
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where © denotes any property in a given cell. In the context of VOF', this indicator

function is known as volume fraction which is defined in each cell (, j) as

1 if it is a fluid 1 cell ,
Cij =10 if it is a fluid 2 cell , (2.9)

0<C <1 ifitisa two-phase cell .

The motion of the interface is captured by solving the advection equation for the

volume fraction given as

acC
- o = 2.1
5 +u-VC=0 (2.10)

which can be reformulated as 2 + V - (uC) = C'V - u (by invoking the continuity
equation). This equation is split into two equations in the two orthogonal directions as
oC"  Jd(uC) Ju

= =g =Cs (2.11)

a_c 4 (9(1)0) — C@ .
ot y oy
This is known as the operator split approach. Puckett et al. (1997) suggested employing

(2.12)

an implicit scheme in the first sweeping direction and an explicit scheme in the second

direction to maintain the conservation property. Thus the equations are discretized as

. . At . . At .
Civj - CZ,] - ?x (5Gi—1/2,j —3 5Gi+1/2,j) + FxOZ’J (u’i+1/2,j yr u”i*l/Q,j) ) (213)
At At
n+1 * *
Oz;r - Ci,j + Iy <5G1'J,j—1/2 - 5G?,j+1/2> + chi,j (Uz‘,j+1/2 = Ui,j—l/Z) ) (2.14)
where 0GY,; » ; = (uC),,,  ; indicates the flux across the right face of (i, j) cell and
0GY 1110 = (vC), ;41 Indicates the flux across the top edge of the (i, ;) cell. The

superscripts n and n 4+ 1 denote the time instances at the current and next iteration
levels, respectively, with At denoting the time step. The star term (C};) represents
the intermediate values after the sweep in the first direction. The volume flux G
can be obtained using a geometrical interpretation of flux as shown in Figure 2.1(a).
Considering the right face of a cell containing the interface, the portion advecting
during time At can be calculated as ;412 jAtAy (fluxed into the neighboring cell).

The fluxed volume from this face to the neighboring cell can be calculated using the
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known interface position and the velocity as

ui+1/2,jG?+1/2,j _ Gf+1/2,j
ui+1/2,j AtA’y AtAy

0GE, 1 s = (2.15)

)

This value of volume flux is substituted in Equation (2.13) and the intermediate

Yy
i,j+1/

determined, and subsequently the volume fraction at new time level C’ZLJ"' s calculated.

volume fraction C7; is calculated. In a similar manner, the vertical flux G 5 Is
The methodology is made second-order accurate by alternating the sweep direction at

each time step, known as Strang splitting (Strang, 1968).

A

=¥

N Ax »
(a) (b)

Fig. 2.1 A representative diagram showing (a) volume fraction advection into the
neighboring cell on the right, and (b) distribution of level-set function around the
interface.

The level-set function is used to calculate the geometric properties only. The
interface is represented using a smooth level-set function ¢ which is maintained as a

signed distance from the interface given as

+d in the fluid 1 region ,
¢(r,t) =<0  at the interface (2.16)
—d in the fluid 2 region ,
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where d = d(r) is the shortest distance of the interface from the point having position
vector r. Figure 2.1(b) shows an illustrative representation of the distribution of ¢
around the interface. Using the initial know position of the interface, the advection
equation for the level-set function is solved to capture the interface at next the time
step, which is given as

99

The convective term is discretized using the essentially non-oscillatory (ENO) scheme
(Chang et al., 1996). After each time step, the level set function is reinitialized to the
exact signed normal distance by coupling it with the volume fraction.

In the above discussion, we defined the two phases using a volume fraction method.
After determining the interface, we solved the advection equation to drive the interface.
The level-set function was invoked to calculate the geometric properties. The CLSVOF
method combines the advantage of both the level-set and volume-of-fluid approaches.
Now we present the interface advection algorithm adopted in the present CLSVOF
method.

1. Intermediate volume fraction C7; is calculated in one sweep direction by solving
Equation (2.13).

2. Level-set function ¢ is advected in the same direction by solving the split form
of Equation (2.17).

3. Interface normal and curvature are calculated, and the perpendicular distance
between cell center and interface is adjusted to match the given volume fraction

with that of the reconstructed interface.

4. Next sweep is performed by solving Equation (2.14) to get the final distribution

of the volume fraction C’l”;r L

5. Intemediate level-set function is advected in the above sweep direction by solving
the split form of Equation (2.17).

6. Interface is again reconstructed based on updated values of volume fraction and

level-set function as described in step 3.

7. The scheme for advancing ¢ using Equation (2.17) (steps 2 and 5) does not con-
serve its distance function attributes. Hence, the level-set function is reinitialized

after each time.
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2.1.4 Numerical scheme

The single set of governing equations is solved on a staggered grid arrangement by
using the marker-and-cell (MAC) algorithm of Harlow and Welch (1965). A uniform
grid arrangement is used where the grid size in both directions is considered the same,
i.e., Az = Ay. All the scalar variables are defined at the cell centers, while the vector
quantities are defined at the face centers. The surface tension force is modeled using
the CSF model as described in Equation (2.3). The fluid properties are calculated
based on a smoothed Heaviside function for the treatment of discontinuity across the

interface as formulated in Equation (2.7). The momentum equation is re-written as

Jdu

0) |G+ 9+ ()] =~V + V- QuoD) + o)+ m(omle) (219

The discretized momentum equation is given as

u"t =u" — (V. (u"u")At + gAt

~ VP £V - (2u(¢™)D?) + ok(¢™)n(g") (2.19)
y ( (&) ) A

The convective terms in the momentum equation are discretised using a second order
ENO scheme, and the remaining space derivatives are discretised using a central
difference scheme. The discretised momentum equations are solved explicitly for known
values of volume fraction and level-set function at time t" resulting in a provisionally
predicted velocity field u*. This predicted velocity is corrected by invoking the
continuity equation (divergence-free velocity field). This leads to the pressure Poisson
equation given by

V.-uth—Vv.u = -AtV. (%) (2.20)

where p' = p"*! — p" is the pressure correction term. This equation is solved using an
iterative method based on preconditioned biconjugate gradient (BI-CGSTAB) method.
Using the pressure correction, the provisional velocities are corrected to obtain the

velocity at the new time level "1 using

u"tt = u* — At (/)ZZ%) (2.21)
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This updated velocity field is utilized to determine the new volume fraction C™"*! and
level-set function ¢™*! followed by the interface reconstruction.

The above-detailed discretization leads to a scheme that is second-order accurate
in space and first-order accurate in time. The explicit treatment of convective terms
leads to time constraints to ensure stability of the solution. In the advection algorithm,
the sum of the volume fluxed over the cell faces must be smaller than the total cell

volume. This leads to the limiting condition

At, < ( Az | | |Ay ) (2.22)
v

max

Furthermore, the explicit treatment of surface tension term also results in a capillary

time step limit as

- 1/2
Aty < | ————— 2.23
Az(p1 + pz)] (229
Finally, the stability restriction due to gravity can be expressed as
A
At, < =2 (2.24)
Ug

where v, = gAt, is the gravity-induced velocity. Among all the time limits (A¢., At, At,),

the minimum value is used as the time step for all the computations.

2.2 BASILISK solver

In this section, we describe the open-source solver BASILISK used to study the two-
phase electrohydrodynamic (EHD) problems (Popinet, 2003, 2009, 2015). We detail
both the Newtonian and viscoelastic formulations employed in the solver. The solver
is based on the finite-volume approach and deals with the interface tracking using a
VOF methodology in solving incompressible two-phase fluid motions. One advantage
of this solver is the utilization of an adaptive quad/octree spatial discretization which
significantly reduces the computational cost. The continuum surface force method
(CSF) is applied in a balanced way to simulate surface-tension-driven flows accurately.
The solver incorporates the electric body forces into the Navier-Stokes equation and
considers the charge migration due to both conduction and convection (Lépez-Herrera
et al., 2011). The additional stress term arising from viscoelastic studies is also

integrated into the Navier-Stokes equation (Lopez-Herrera et al., 2019). The solver
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provides two approaches for viscoelastic simulation: the log conformation approach and
the square-root conformation approach. We restrict ourselves to the log conformation
approach and the Oldroyd-B constitutive model in this thesis. The log conformation
approach is combined with the time-split scheme to increase the stability of viscoelastic
flow simulations.

The simulation of two-phase flows by incorporating the electrostatic effects is quite
challenging. Most studies prefer the Boundary Element Method for simulating such
multiphysics problems (Lac and Homsy, 2007; Sherwood, 1988). However, this method
is restricted to solving problems in the limit of Stokes flows. Some previous studies
have used the Finite Element Method to study the breakup of charged jets and droplet
formation in electric fields (Collins et al., 2013; Notz and Basaran, 1999). This solver
has been used previously in investigating different EHD flow phenomena (Behera et al.,
2019; Borthakur et al., 2021; Ghasemi et al., 2018). Viscoelastic flows have been
modeled using the Finite Element Method (Hulsen et al., 2005; Kane et al., 2009;
Knechtges et al., 2014). The log conformation approach was implemented in these
studies. Other numerical methods, such as the Lattice Boltzmann Method (Ma et al.,
2020; Phillips and Roberts, 2011) and Smoothed Particle Hydrodynamics (Xu et al.,
2012; Zainali et al., 2013), can also be found in the literature on computational rheology.
Various flow dynamics and different rheological effects have been successfully studied
in the past using the present solver (Azarmanesh et al., 2015; Li and Cheng, 2023;
Romano et al., 2021). The numerical methodology used in the solver is described in

detail in the following sections.

2.2.1 Governing equations

The continuity and momentum equations governing the incompressible Newtonian and

viscoelastic two-phase flow system are expressed by the one-fluid formulation as

V-u=0, (2.25)

)
p[al;+u-Vu]:—Vp+V-T+Fs+Fe, (2.26)

where u = (u,v) is the velocity field, p is the pressure, and p and p are the fluid density

and viscosity, respectively. The surface tension term F; in the momentum equation is

TH-3225 186103031



2.2 BASILISK solver 31

defined by the CSF model of Brackbill et al. (1992) as
Fy = yrosn , (2.27)

where 7 is the surface tension coefficient, x is the interface curvature, and i is the unit
normal to the interface. d, is the Dirac delta function which is zero everywhere except
at the interface.

The stress tensor (T) in the momentum equation is split into the solvent component

(Ts) and the polymeric component (T,) as
V.T=V.T,+V-T, (2.28)

The solvent component (viscous stress tensor) is expressed as the usual Newtonian fluid
as Ts = 2usD = s (Vu + VuT) where p is the solvent viscosity. In the Newtonian
studies, there is no contribution from polymeric part (T, = 0) and the solvent viscosity
is considered as the fluid viscosity (us = p). The polymeric component of the stress
tensor considers the memory effects exhibited by the polymer. There are several
constitutive rheological models available in the literature to define the polymeric
stresses (Renardy, 1989). These are typically functions of the conformation tensor A
ppfs(A)

Tp =, (2.29)

where fg(+) is the strain function, A is the relaxation parameter of the fluid, and g,
is the polymeric viscosity (Grmela and Carreau, 1987). The conformation tensor
describes the local average of stretch and orientation of polymer molecules within
the polymer solution. This is assumed to be always symmetric and positive definite,
obeying A-— —fr(A)/X\ where fg(+) is the relaxation function, and A denotes the

operator upper-convected derivative defined as

X:%?+u-VA—A-(Vu)—(Vu)T-A (2.30)

We perform the viscoelastic studies for an Oldroyd-B model whose constitutive relation

%
reduces to AT, + T, = 2u,D that can be expressed as

oT
A an +u-VT, - (Vu)-T,—T,- (Vu)T] + T, = i, (Vu + VuT) (2.31)
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Maxwell’s electromagnetic equations are considered while computing F. (Melcher
and Taylor, 1969; Saville, 1997). Since the characteristic time scale for the magnetic
induction effects is significantly smaller than the characteristic time scale for electric
phenomena in this study, we ignore the electromagnetic coupling and assume that the
electric field, E, is curl-free (V X E = 0). Thus, we can write E = —V ¢ where ¢ is the

electric potential. In this electrostatic limit, we have the following Poisson equation
V.(E)=V-(eVp)=—gq,, (2.32)

where € is the electric permittivity and g, is the volumetric charge density. The charge

conservation equation is given by

0qy
ot

+V-J=0 (2.33)

Here, J = 0E + g,u is the current density (ohmic charge conduction + convection of
charges) with o denoting the electric conductivity. Considering homogeneous electrical

properties, Equation (2.33) reduces to

0q,
ot

+V-(gu)=V - (V) (2.34)
The electric field force can be modeled as a volumetric force given by

Lo,
F.=q¢E — §E Ve (2.35)

The first term in the above equation is the electrophoretic force arising due to the
presence of free charges and the second term is the dielectrophoretic force. The electric
force can also be written in terms of the divergence of the Maxwell stress tensor T, as
F, =V .T, where
E2
T.=¢ <EE % 71) (2.36)

The above one-fluid formulation can be shown to impose the following boundary
conditions implicitly. The electric potential is continuous through the interface such
that ||¢]| = 0 where ||-|| indicates the jump in the quantity across the interface in the
direction of the normal vector n. Since no phase change is involved, we have velocity
continuity at the interface as |ju - n|| = 0. Using Gauss Law at the interface yields the

jump condition in the normal (£, = E - n) and tangential (F; = E - t) component of
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the electric field
leEull = g5, B =0, (2.37)

where ¢, is the surface charge density of free charges. Normal stress balance condition

at the interface yields
Ipll + 0o [T - 0 +n [ Teff -1 = y5 (2.38)

where ||p|| denotes the jump in pressure, n-||T||-n is the jump in the normal component
of the viscous stress, and n - [|T.|| - n is the jump in the normal component of the
Maxwell stress tensor across the drop surface. In the absence of any variation in the

surface tension coefficient, tangential stress balance is given by
t-|T|-n+¢t- [T -n=0 (2.39)

Conservation of the surface charge is ensured by accounting for advection of the
interface, along with the change in area of the interface due to motion. Thus, surface

charge conservation equation is given by

dqs
ot

+u-Vys—gn-(mn-V)-u+|oE,|=0, (2.40)

where the term, ¢g;n - (n - V) - u, accounts for the change in charge density due to the
change in the interfacial area. Variation in surface charge density due to the difference
in the current density across the interface is given by the last term. In the one-fluid
formulation, we solve a volumetric charge conservation equation which also accounts
for the surface charge conservation in a thin diffused layer (over one to three grid cells)
at the interface. The efficacy of the one-fluid formulation has been demonstrated in
Tomar et al. (2007) and Lopez-Herrera et al. (2011). The algorithm used in this study

is from the latter study which employs a charge conservation approach.

2.2.2 Numerical scheme

The interface is tracked using the VOF method in which the volume fraction C' is
advected with the fluid using

%(Z +V-(ul)=0 (2.41)
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The two immiscible fluids, fluid 1 and fluid 2, separated by an interface, are tracked
by solving this equation. This advection equation is solved using a one-dimensional
scheme wherein the volume fraction C' is advected along each spatial direction (z and
y). The flux along the sweeping direction is computed from the local interface normal
and the face velocities. This flux is further corrected utilizing the divergence-free
condition of the velocity field. The sweeps are performed in alternate directions to
avoid a preferred direction of advection. The spatial values of the fluid and electric

properties are interpolated using the weighted arithmetic mean as

p=Cpi+(1-C)pa, p=Cu+(1-Cuy,

(2.42)
€:O€1+(1—C)€2, U:CO'1+<1—O>O'Q.

The surface tension force is included in the momentum equation following the CSF
method in a balanced manner which avoids parasitic currents (Francois et al., 2006).
The curvature of the interface is computed accurately using a height function approach

(Popinet, 2018). The curvature & is calculated as
n,
1+ h?

using the height functions as ¢ = h,(y) and y = hy(z). This method results in a

K= (2.43)

second-order accurate estimation of curvature.

The solver uses a staggered-in-time discretization combined with a time-splitting
projection method, resulting in a second-order accurate scheme. The polymeric stresses
and electric field equations are discretized accordingly (Lopez-Herrera et al., 2019,
2011). The time-stepping scheme of the Navier-Stokes equations is as follows:

Step 1: Volume fraction at the intermediate time step C, 11 are calculated using a
VOF scheme.
Chs 1= g,

~ + V- (u,C,) =0 (2.44)

Step 2: Properties are updated
@n+% - @1Cn+% +0(1 — Cn+%) (2.45)

where O is any property of the fluid: p, ps(n), pp, o, €.
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Step 3: Polymeric stresses are computed at the intermediate time step, (T,),,, 1. The

time-stepping scheme for this will be discussed later.

Step 4: Charge density at the intermediate time step (gu),, 1 is calculated. The
convective term is approximated using the Bell-Colella-Glaz (BCG) scheme

(second-order unsplit upwind scheme) (Bell et al., 1989).

(qv>n+% - (qv>n—%
At

+ V- [(@)nttn + 0, 1B, 1] =0 (2.46)

Step 5: Electric potential at the intermediate time step ¢, 1 is calculated by solving
the Poisson equation for electric potential. Electric field is computed as
E =-V¢, T

n+

N

V- [ V(en10ni1)] = —(@)nss (2.47)

Step 6: Electric body force (F.), 1 is computed from E, 1 using a conservative

approach by utilizing the cell face values (Lopez-Herrera et al., 2011).

(E2)n+
(Fe)n+% =V. (Te)n-i—% = gn-i-l En—ﬁ—%En—&-% — Tl’l (248)

N|=

Step 7: Provisional velocity field u, is calculated, where the advection term is computed
using the BCG scheme.

u, — u,

pusd (P 5 g Vg =V (10 Bt D)+ - (Ty),
+ (’7"158n)n+% + (Ffi)n—i-%

(2.49)

Step 8: Pressure at the intermediate time step is calculated by solving the pressure

Poisson equation.

At
v- Vet | =V - u (2.50)
pn—‘r% 2
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Step 9: Velocity field u,,4; is calculated, which is used to advect the volume fraction
for the next time step.
At

Upy1 = Uy — 7Vpn+% (251)
pn+%

Next, we describe the time stepping for computing the polymeric stresses using the
log conformation approach (Fattal and Kupferman, 2004), as mentioned in Step 3. A
time-split procedure is applied to decompose ¥ (Hao and Pan, 2007) (for details of log

conformation tensor see Appendix A)

ov - @
e +u-VU¥ -2B - (QU —¥Q) = _TfR(e ) (2.52)
where ¥ = log(A) as
ow
-l c = 2.
St VE=0, (2.53)
68—3’ —2B - (QU - ¥Q) =0, (2.54)
ow e ¥ o

The stress function, fs(A), and the relaxation function, fgr (A), are assumed as linear
functions fs g (A) = ns.r (vsrgA —I). For Oldroyd-B model s = ng = 1 and vg =
vg = 1, and therefore fsg(A) = (A —I). Using the values of polymeric stress at
(n — %) and the velocity field at n, time stepping of Equation (2.52) is as follows:

Step 1: Conformation tensor at (n — %) is calculated.

+1 (2.56)
Step 2: Conformation tensor is diagonalized to obtain its eigenvalues A, 1 and eigen-
vectors matrix R, _ 1.

Step 3: Log of the conformation tensor is calculated.

P, 1 =R log(A) RT (2.57)

n
n—

N

TH-3225 186103031



2.2 BASILISK solver 37

Step 4: Values of B,, and €2,, are obtained using the eigenvalues and eigenvectors at
1
(n=3).

Step 5: Log conformation tensor is advected using the BCG scheme.

v, = \I}nf% — AtV - (u,¥,) (2.58)
Step 6: Provisional values W, are calculated implicity.

V., =W, +AL(2B, +Q,, , - ¥, Q,) (2.59)

2

Step 7: Equation (2.55) is integrated to obtain A**, R** and the conformation tensor
A* =R AR"T

ok

Step 8: Conformation tensor at (n + %) is calculated.

Apr =AM 4 (1—e M1 (2.60)

Step 9: Polymer stress at (n + %) is calculated.
1
(Tp)urs = 5 (Apyr = 1) (2.61)

This completely describes the numerical scheme the solver uses to numerically solve
the Navier-Stokes equations, including the electric force and polymeric stress terms.
The electric field is computed separately, and the resultant electric force is added to
the momentum equation. Similarly, the polymeric stresses are computed separately

using the log conformation approach and added to the momentum equation.

2.2.3 Spatial dicretization

Space is discretized using a structured grid of square finite volumes that can be uniform
or non-uniform. The discretization is arranged hierarchically in a quadtree structure
(Popinet, 2003). The size of a cell h is represented by its level | (h oc 27%). All
the variables are defined at the center of each cell in a collocated manner, with some
exceptions where the variables are defined at the cell faces to avoid any spurious current.
The variables are computed as the volume-averaged values for the corresponding cell.

An approximate projection method is used for the spatial discretization to avoid
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decoupling pressure and velocity fields. The quadtree grid structure can be refined and
coarsened dynamically at a reasonable computational cost. This adaptation is based
on a restriction criteria of desired scalar fields. Interpolation and extrapolation are
performed to assign proper values for each variable in the refined and coarsened cells.
A detailed description and visualization of the mesh size used in the present solver are

shown in Appendix C.

2.3 Summary

In this chapter, the equations governing the Newtonian and viscoelastic flows and
their numerical implementations are discussed. We primarily solve the two-phase
incompressible fluid flow equations with some modifications due to the presence of
polymers or the effect of an external electric field. The two solvers used for the studies in
this thesis have been described extensively. The in-house solver based on the CLSVOF
method will be utilized to study the dynamics of drop impacting a liquid pool. The
EHD studies involving Newtonian and viscoelastic models will be performed using the

open-source solver BASILISK.
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Chapter 3

Evolution of jets during drop

impact on a deep liquid pool

The transition regime between coalescence and splashing of drops due to impact on
a liquid pool includes jet formation with single or multiple secondary drops. One of
the main features of this regime is the formation of a central liquid jet followed by the
breakup of the jet in the form of drops. This chapter investigates the formation of
various secondary drops depending on the impact conditions using a coupled level-set
and volume-of-fluid (CLSVOF) method. The chapter begins by describing the drop
impact mechanism on a liquid pool and the previous studies conducted (§ 3.1). Next,
the computational setup used for the study is outlined (§ 3.2). This is followed by
validating the present model with previous experimental studies (§ 3.3). Then the
validated model is used to study three different regimes (§ 3.4). The first is the
formation of a long thick central jet with a smaller secondary drop. The second is
the formation of a slender jet with multiple secondary drops. And the third is the
formation of a long thick central jet with a larger secondary drop. The chapter then
concludes with a summary of the results and establishes that secondary drops larger

than the initial drop can be obtained at higher impact velocities (§ 3.5).

3.1 Introduction

Drop splashing on liquid layers is encountered frequently in nature. Splashing finds
applications in many areas, such as oil spills, ink-jet printing, and spray cooling.
Experimental, numerical, and theoretical studies of the phenomena of drop impact

have been reported in Rein (1993). Depending on the impact conditions, water drops
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falling on a deep pool can coalesce to form a vortex ring or splash. When a drop
impacts a liquid surface with a sufficiently low velocity, it coalesces with the pool
forming a vortex ring (Rein, 1993; Thoraval et al., 2016). As the impact velocity of
the drop is increased, the splashing regimes start. The main features of splashing
are the formation of a crown and the rise of a liquid column in the middle of the
crater (Ray et al., 2015). Furthermore, the cavity produced in the pool is deep, and its
retraction leads to a central jet. Instabilities usually cause the separation of droplets
from the tip of this central jet. The transition between coalescence and splashing
proceeds via several intermediate steps. A review of different stages of coalescence
of liquid on a planar interface, with the significance of different types of stresses,
was presented by Kavehpour (2015). For a higher Froude number and thus a higher
Weber number, the long thick jet phenomena begins. This can be explained by the
high inertia force, which produces high amplitude capillary waves traveling towards
the crater base. During this stage, the crater base retracts differently for different
parametric ranges leading to different phenomena as shown by, for example, Leng
(2001) experimentally and Ray et al. (2015) numerically. By performing experiments
on a water drop impacting a horizontal free water surface, Ma et al. (2019) showed
that the size of the secondary drop could be even bigger than the primary drop. In the
present investigation, particular emphasis is put on determining the conditions under
which a secondary drop forms. For this purpose, the different regimes are investigated
by detailed numerical simulations. A newly identified regime characterized by a long
thick central jet with a secondary drop larger than the primary falling drop is studied.
The present study attempts to enhance the understanding of the dynamics related to

the secondary drop, especially for this specific case.

3.2 Formulation

3.2.1 Computational domain

The impact dynamics is investigated using the complete Navier-Stokes equations in an
axisymmetric cylindrical coordinate system (r, z) with z = 0 representing the bottom
of the domain, while r = 0 is the axis of symmetry. Gravity (g) acts in the negative
z direction. Figure 3.1 shows the schematic diagram for the initial configuration of
the system. The drop and the liquid pool are denoted by 1, while the surrounding

medium is denoted by 2. The fluids are assumed to be Newtonian and incompressible.
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Fig. 3.1 Schematic diagram (not to scale) showing the initial configuration and boundary
conditions in an axisymmetric cylindrical coordinate system (7, z). The drop is placed
near the free surface of the liquid pool. Gravity (g) acts along negative z axis. The
size of the domain is 8D, x 16D, with the initial height of the liquid pool as 6D,.

The computational domain spans 8D, x 16D, with the initial height of the liquid pool
as 6D,. Here, D, represents the initial undeformed drop diameter which is placed
at 0.02D, from the flat interface. The drop is assumed to be spherical and traveling
with an impact velocity U. The computational domain is large enough to neglect the

boundary effects on the flow dynamics.

3.2.2 Solution methodology

In the present study, a liquid drop impacts a liquid pool of the same fluid. The one-fluid
formulation for the Navier-Stokes equation is used as the governing equation for this
study. The modified momentum equation incorporates the surface tension force at the
interface.

V-u=0,

0
p[azb—l—v-(uu)] =—-Vp+ V. (2uD)+ pg +F; .
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The boundary conditions used are symmetry at the left boundary (r = 0,z) and

free-slip condition at the right boundary (r = 8D,, z).

ov
=0 —=0. 3.1
Outflow boundary conditions are applied on the top surface (r,z = 16D,)

ou v

= .= ( —Z =0 3.2
0z il 102 ’ (3:2)
and no-slip and impervious conditions are used at bottom surface (r,z = 0)

u=0, wv=0. (3.3)

The details of the governing equations are defined in Section 2.1.1. The numerical
simulations are carried out using the in-house CLSVOF solver described extensively in
Section 2.1.4. This solver has been used by many researchers successfully in the past
for solving various interfacial flow problems (Deka et al., 2017; Ray et al., 2010; Tomar
et al., 2007).

3.2.3 Dimensionless parameters

The governing equations and the boundary conditions are made dimensionless using
the drop diameter D, as the length scale, the impact velocity U as the velocity
scale, and p;U? as the pressure scale. The pertinent non-dimensional parameters for
the present analysis are the Froude number (Fr = U?/gD,), the Reynolds number
(Re = p1UD, /1), and the Weber number (We = p,U?D,,/v). Here, p; is the density
of the drop, u; is the viscosity of the drop, and ~ is the surface tension coefficient
between drop and ambient. The Froude number indicates the relative importance of
the inertia force over the gravity force, the Reynolds number indicates the importance
of inertial forces relative to viscous forces, and the Weber number indicates the relative
importance of the inertia force over the surface tension force. In addition, two other
relevant dimensionless parameters used for our study are density ratio p, = pa2/p1
and viscosity ratio p, = us/p1, accounting for the dynamic effect of the surrounding

medium.
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3.3 Validation

3.3.1 Comparison with literature

In order to check the efficacy of the present solver, we validated the bubble entrainment
and thick jet phenomenon with the experimental and numerical data of Morton et al.
(2000). Experiments were conducted by impacting a 2.9 mm water drop in a deep-water
pool from 170 and 400 mm heights. Figure 3.2 shows the case of impact from 170 mm
(We = 96, Fr = 85, Re = 4480), and our simulations effectively capture the entrainment
of a bubble during the crater collapse. The simulations can predict both the formation
and closing of the sub-crater. The only limitation in the numerical method of Morton
et al. (2000) was that after the pinch-off, the trapped bubble disappeared since the gas
phase dynamics were neglected in their numerical model. However, using the present
CLSVOF method, we were able to capture the bubble formation. For the case of
drop impact from a height of 400 mm (We = 248, F'r = 220, Re = 7250) depicted in
Figure 3.3, there was no bubble entrapment; instead, a Rayleigh jet was projected
upwards. Due to the instability on the surface of this jet, a secondary drop was formed
at the jet tip. Our numerical simulations for this phenomenon predict a diameter of
the secondary drop of 0.84D,, which agrees well with the diameter measured from
the digitized movie images (=~ 0.80D,) and numerical results (=~ 0.85D,) of Morton
et al. (2000). Quantitative validation was performed by plotting the cavity depth
relative to the initial pool height versus the time for both initial heights of 170 mm and
400 mm. The cavity height (H.,), measured as the depth relative to the initial pool
surface level, was made dimensionless using the initial drop diameter (D,) and (D,/U)
is used as a scale to make the time (¢) dimensionless. Figures 3.2 and 3.3 compare
the experimental (denoted by blue triangles) and numerical results (green squares) of
Morton et al. (2000) with the present numerical studies (red circles), which show a

very good agreement.

3.3.2 Grid independence studies

The computational domain is discretized using 280 x 560 = 1.6 x 10° grid cells to ensure
grid-independent solutions. During the computations, the time steps are chosen to
satisfy the Courant-Friedrichs-Lewy (CFL), capillary, and viscous time conditions (Ray
et al., 2010). The grid independence tests were performed using three different grids.

Simulations were performed for a 3.5 mm drop impact at U = 2.50 m/s using the grids
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Fig. 3.2 Qualitative comparison between the (a) experimental and (b) numerical
results of Morton et al. (2000) with the (c) present results for a 2.9 mm equivalent
diameter drop impacting from a height of 170 mm (Fr = 85, We = 96, Re = 4480). (d)
Quantitative comparison of temporal evolution of the cavity depth.
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Fig. 3.3 Qualitative comparison between the (a) experimental and (b) numerical results
of Morton et al. (2000) with the (c) present results for a 2.9 mm equivalent diameter
drop impacting from a height of 400 mm (Fr = 220, We = 248, Re = 7250). (d)
Quantitative comparison of temporal evolution of the cavity depth.
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with 140 x 280, 280 x 560, and 560 x 1120 cells. The corresponding values of Ds/D,
(Ds being the secondary drop diameter) are 0.9138, 0.8935 and 0.8909, respectively.
The percentage difference between the values of D,/ D, for the grids with 280 x 560
and 560 x 1120 cells is approximately 0.29%. Thus, a grid with 280 x 560 cells has been
used to generate the rest of the results presented in this study. This grid size ensures

optimum computational time without compromising the accuracy of the results.

3.4 Results and discussion

A drop impacting a pool of the same fluid penetrates through the interface and forms a
crater. Owing to the high impact velocity, a central jet forms. Under certain conditions,
the tip of the jet pinches off due to the Rayleigh-Plateau instability and the secondary
drop forms. Many parameters can affect this behavior, of which viscosity, surface
tension, and impact velocity are the most important. The present study investigates
the effects of high-impact velocity on the formation of secondary drops. To understand
the effect, we consider the impact of a 3.5 mm water drop on a deep-water pool at
velocities in the range 2.10 < U < 3.80 m/s (128 < F'r < 421,212 < We < 693, 7333 <
Re < 13,270). Fluid properties of both phases are taken at 20°C. As the drop diameter
and fluid properties are held constant, the impact conditions have a constant Bond
number of 0.017 (Bo = p1gD?/v). Three different phenomena are observed: (A) long
thick central jet with a secondary drop smaller than the primary drop, (B) slender jet
with multiple secondary drops, and (C) long thick central jet with a secondary drop
larger than the primary drop. For all these phenomena, three basic stages are observed:
(i) crater and wave swell (rim of the crater) expansion, (ii) wave swell retraction leading

to crater side retraction, and (iii) crater base retraction.

3.4.1 Long thick central jet with smaller secondary drop

The formation of a long thick central jet with a secondary drop that is smaller than the
initial drop is observed for low impact velocities, which range from 2.10 < U < 2.68
m/s corresponding to 128 < Fr < 209. The other dimensionless parameters are
212 < We < 345 and 7333 < Re < 9358. Due to the inertia force, the crater base is
pushed upwards to a W-shaped structure. The crater retraction continues, and a thick
jet is finally ejected upwards. The jet grows to a large height, and a large secondary
drop is pinched off.
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t=0 t=7.6 t=20.8

LD

ke

Fig. 3.4 Evolution of the fall of a liquid drop showing the phenomena of formation of
long thick jet with a smaller secondary drop (Ds/D, < 1) at different time instants.
The corresponding dimensionless parameters are F'r = 188, We = 310 and Re = 8870.

t=7.6 t=17.7

Fig. 3.5 Expansion and retraction stages during the phenomena of formation of long
thick jet with a smaller secondary drop (D;/D, < 1). The arrows denote the typical
flow directions.
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Figure 3.4 shows the effect of such an impact velocity, the crater formation, and its
subsequent retraction leading to the formation of a thick central jet. The flow patterns
during the expansion and retraction stages are shown in Figure 3.5. The ratio of
the secondary (Ds) to primary drop diameter (D,) shows that the secondary drop
diameter is almost similar to the initial drop diameter, which is evident from the linear
fit in Figure 3.6(a). The crater depth remains almost constant for the range of impact
velocities. The pinch-off time (¢,;,cs) for the secondary drop increases linearly with
the Froude number as observed in Figure 3.6(b). We obtained the following linear

regression equations

D,/D, = 0.00223 Fr +0.49 , (3.4)
toinch = 0.18 Fr + 6.47 . (3.5)
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Fig. 3.6 Different quantities vs. the Froude number: (a) secondary to primary diameter
ratio (blue circle), and (b) pinch-off time (green diamond). The dashed line represents
the linear fit for the corresponding plots, with the fitting value shown in the inset.

3.4.2 Slender jet with multiple secondary drops

The formation of a long thin jet with multiple secondary drops is observed for moderate
impact velocities (2.70 < U < 3.00 m/s; 212 < Fr < 262). The other dimensionless
parameters are 350 < We < 432 and 9428 < Re < 10,476. As the impact velocity
gradually increases, more vertical downward velocity is exerted along the entire crater
area. A U-shaped structure with vertical crater sidewalls is formed initially. After the
maximum wave swell is reached, the liquid from the wave swell pushes back the crater
sidewalls. The crater depth continues to increase, and the retraction of the crater

sidewalls begins.
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t=0 t=6.3 t=26.1
O JL_)L
t=27.9 t=29.5 t=34 °

Fig. 3.7 Evolution of the fall of a liquid drop showing the phenomena of formation of long
thin jet with multiple secondary drops at different time instants. The corresponding
dimensionless parameters are Fr = 238, We = 393 and Re = 9987.

t=6.3 t=17.1

Fig. 3.8 Expansion and retraction stages during the phenomena of formation of long
thin jet with multiple secondary drops. The arrows denote the typical flow directions.
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Due to the converging flow during retraction, the crater attains a flat and then sharp
pointed V-shaped structure, leading to a high-pressure zone at the crater base. As
soon as the crater collapses, a thin jet is ejected vertically upwards as can be seen at
t = 27.9 in Figure 3.7. Due to the reduced jet diameter, the instability leads to the
breakup of the jet into numerous drops much smaller than seen earlier. Figure 3.8

shows the flow pattern during the expansion and retraction stages.

3.4.3 Long thick central jet with larger secondary drop

As the Weber number is further increased, the jet transforms from a small thin jet to
a long thick jet, as visible in Figure 3.9. The formation of a long thick central jet with
secondary drops larger than the original drop is observed for very high impact velocities
(3.02 < U < 3.80 m/s; 266 < Fr < 421). The other dimensionless parameters are
438 < We < 693 and 10,546 < Re < 13,270. Due to the greater inertia force during
the crater retraction stage, the velocity from the wave swell is higher. High momentum
is generated, which pushes more liquid into the central jet. The capillary waves travel
slowly, and the pinch-off occurs later, leading to a larger secondary drop. We observe
in Figure 3.11(a) that the ratio of the secondary (Dy) to primary drop diameter (D,)
is greater than one, indicating that the secondary drop diameter is larger than the

initial drop.

t=0 t=72 t=30.4
t=>52 t=121 t=130

A O
Fig. 3.9 Evolution of the fall of a liquid drop showing the phenomena of formation of

long thick jet with a larger secondary drop (Ds/D, > 1) at different time instants. The
corresponding dimensionless parameters are Fr = 407, We = 671 and Re = 13, 060.
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Fig. 3.10 Expansion and retraction stages during the phenomena of formation of long
thick jet with a larger secondary drop (Ds/D, > 1). The arrows denote the typical
flow directions.

The flow patterns during the expansion and retraction stages are shown in Figure
3.10. For this phenomenon also, the pinch-off time for the secondary drop increases
linearly with the increase of F'r, as represented in Figure 3.11(b), but the maximum
height reached by the central jet reduces. We obtained the following linear regression

equations

D,/D, = 0.000765 Fr + 1.18 , (3.6)

tpinch = 0.23 Fr —5.89 . (3.7)

This phenomenon is observed owing to very high impact velocities or high Weber
numbers. Many researchers categorize the thin jet and thick jet phenomena into the
splashing zone since these are accompanied by multiple secondary drops. In the systems,
such as the rain drops, these are common phenomena since the drops impact from a
great height leading to high impact velocities. Due to the greater inertia force, during

the crater retraction stage the velocity from the local inventory of liquid in the region
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Fig. 3.11 Different quantities vs. the Froude number: (a) secondary to primary diameter
ratio (blue circle), and (b) pinch-off time (green diamond). The dashed line represents
the linear fit for the corresponding plots, with the fitting value shown in the inset. For
this range, we obtain a larger secondary drop diameter compared to the initial drop.

of the wave swell becomes one of the controlling factors. Morton et al. (2000) showed
that at impact conditions above the entrainment regime, the surface waves approach
the crater base during crater collapse. They indicated the capillary waves by arrows on
the sharp corners in the crater wall (see Figure 12 in Morton et al. (2000)) and plotted
the radial and axial displacement of the wavefront. The crater retraction continues,
and finally, a long thick jet is ejected upwards. The jet grows to a long height, and a
few large secondary drops of diameter larger than the initial drop diameter are shed. In
Figure 3.9 it is observed that the maximum wave-swell height increases compared to the
previous case (see Figure 3.7), and it occurs around t = 7.2, at nearly the same instant
in time. The maximum crater depth increases, and it occurs at later time t = 30.4
than the previous case. The amplitude of the capillary wave increases as the amplitude
of the capillary wave is inversely proportional to the surface tension (proportional to
We). In conclusion, the regime Long thick central jet with secondary drop larger than
D, should be clearly distinguished from the other regimes. The experimental results of
Ma et al. (2019) have indicated the possibility of the occurrence of such a situation.
However, the present study has identified this regime for the first time. Figure 3.12
shows the ratio of the size of secondary drops to primary drops across the entire range
of F'r values that were studied in the numerical simulations. The graph also indicates
two linear fits that correspond to the two regimes where secondary drops are formed.
The transition zone between these regimes is characterized by the formation of slender
jets with multiple secondary drops. Overall, Figure 3.12 provides a detailed insight into
the complex dynamics of drop formation and highlights the different regimes where

secondary drops are formed.
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Fig. 3.12 Secondary to primary diameter ratio vs. the Froude number. The dashed line
represents the linear fit.

3.4.4 Central jet characterization

The series of phenomena observed when a drop coalesces on a liquid pool are: the short
thick jet phenomenon, the short thick jet phenomenon with a secondary drop, the thin
jet phenomenon, the thin jet phenomenon with large bubble entrapment, the long thick
jet phenomenon with small bubble entrapment and the long thick jet phenomenon.
Three basic stages are seen for all these phenomena involving jet formation: (i) crater
and wave swell (rim of the crater) expansion, (ii) wave swell retraction leading to
crater side retraction, and (iii) crater base retraction. The complete coalescence, crater
formation, and subsequent jet formation with a secondary drop can be interpreted
as the bouncing of a primary drop. The coefficient of restitution can be defined for
such a situation. Earlier, Honey and Kavehpour (2006) developed a theory for the
height of an emanating jet based on this concept. Ma et al. (2019) have estimated
energy conversion during the impact process using a numerical integration method.
It is concluded that the ratio of the secondary drop to the initial drop diameter is
approximately within 1.2 to 2, and this diameter ratio correlates linearly with the
Froude number. These findings, especially the diameter ratio and its dependence on
the Froude number are in close agreement with the present results as obvious from
Figures 3.6 and 3.11.

As described earlier, the three phenomena produce jets having different heights

and tip velocities. Subsequently, the central jet breaks up and pinches off a secondary
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Fig. 3.13 Different quantities vs. the Froude number: (a) central jet height (blue circle),
and (b) jet velocity (green diamond). The dashed line represents the linear fit for the
corresponding plots, with the fitting value shown in the inset.

drop, whose quantification has been done earlier. To understand the jet dynamics,
in Figure 3.13, we plot the normalized jet velocity (Uj.;) and normalized jet height
(Hjet) as a function of the impacting speed quantified by the Froude number (Fr). The
jet velocity is normalized using the initial impact velocity (U) and is measured when
the jet tip passes the free surface level. The jet height is normalized using the initial
drop diameter (D,). Considering an energy balance Fedorchenko and Wang (2004)
theoretically derived a relation for the central jet height as Hje, = 1.43 Fr%% while in

our present study we found the relation as
Hje; = 0.39 Fro46 (3.8)

Fedorchenko and Wang (2004) also stated the expression for the central jet velocity as
Ujer = 0.913 Fr=%3™ cot(a/2), where 2« is the cone vertex angle. We also calculated

the central jet velocity (Uje) and found the variation with Froude number as

Ujer = 3.421 Fr~0415 (3.9)

3.5 Summary

The present chapter explores the culmination of a series of phenomena during the
impact of a water drop on a deep pool of water. The evolution of the outward jets that
form during the collapse of the crater can produce secondary drops. The dimensionless
jet velocity can be expressed as a function of the Froude number, Weber number, and

the minimum radius of the cavity. Depending on F'r and We, three different scenarios
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emerge with the formation of a central jet and the pinch-off of one or more secondary
drops. At low impact velocities, a long thick central jet is formed, finally forming a
secondary drop which is always smaller than the initial drop. For moderate impact
velocities still, a long jet emanates, which is much thinner than in the previous case
entailing the breakup of the jet into multiple secondary drops, which are all smaller
than the initial drop. In the third paradigm of very high impact velocities, which was
clearly identified here for the first time, the emanating jet is long and thick, leading to
the pinch-off of a secondary drop, which has a larger diameter than the initial drop.
Similar to the case with a long thick jet and a singular secondary drop smaller than
the initial drop, in this new regime with an evolving larger drop than the original one,
linear relations are observed for the pinch-off time and the maximum jet height as a

function of the Froude number.
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Chapter 4

Electrohydrodynamic induced

interactions between drops

Dispersion of drops in an emulsion is commonly seen in several chemical, pharmaceutical,
and petroleum industries. An electric field has been shown to affect the stability of
these dispersions. A pair of drops may coalesce or repel each other in the presence of an
electric field. However, the inclusion of inertia permits interesting transient behavior,
where the drops may attract due to the electrostatic dipole-dipole attraction. This
chapter, considering a finite Reynolds number, investigates the dynamics of a pair of
leaky dielectric drops/emulsions suspended in a leaky dielectric liquid. The chapter
starts by summarizing the previous investigations performed for such interacting pairs
(§ 4.1). Then, the computational model used to study electrohydrodynamic flows is
described (§ 4.2). Next, the model is validated with earlier studies (§ 4.3). The effects
of considering a finite Reynolds number are subsequently explored, and the transient
dynamics of drop/emulsion pairs are outlined (§ 4.4). The chapter then concludes with

a summary of the outcomes (§ 4.5).

4.1 Introduction

An emulsion is a dispersion of drops of one fluid in another. Emulsions are ubiquitous in
nature and are extensively used in chemical, coating, food, cosmetics, agriculture, and
medical industries to achieve products with desired properties (Eow and Ghadiri, 2002).
Usually, emulsions are stabilized by using compatible surfactants, also called emulsifiers.
While the stability of emulsions is desired in most applications, in some applications,

naturally occurring emulsions need to be phase separated. Application of an electric
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field across an emulsion has been shown to affect the stability of emulsions (Barnes,
1994; Goodarzi and Zendehboudi, 2019; Kilpatrick, 2012). A drop placed in an electric
field polarizes due to the difference in electrical properties with the suspending fluid.
The balance between the electrostatic and viscous fluid stresses results in either oblate
or prolate drop deformation (Taylor, 1966). Other complex dynamics are observed at
strong fields, such as break up, streaming from poles or equator, and electrorotation
(Das and Saintillan, 2017b; Sengupta et al., 2017; Wagoner et al., 2020; Wang et al.,
2019). While studies on isolated drops are abundant (Vlahovska, 2019), investigations
of the collective dynamics of many drops are scarce (Fernandez, 2008a,b). The studies
on drop dynamics and interactions at arbitrary separations have been considered
mainly in the case of drop pairs aligned with the electric field (Mhatre et al., 2015a;
Zabarankin, 2020). Baygents et al. (1998) performed axisymmetric simulations of
interactions between two leaky-dielectric drops in leaky-dielectric ambient fluid and
showed that the hydrodynamic forces dominate the electrostatic forces in the limit of
a small Reynolds number and dictate the stability of emulsions. Tomar et al. (2007)
proposed a CLSVOF-based method to simulate two-phase electrohydrodynamics and
agreed with the results of Baygents et al. (1998). Studies are also conducted on electric
field applied at an arbitrary angle to the line joining the centres of the drops (Dong
and Sau, 2018; Mhatre et al., 2015a; Sorgentone et al., 2021). The result was not a
simple attraction or repulsion, but rather depending on the configurations, drops could
move towards each other and then separate in transverse directions.

In this chapter, we use a finite Reynolds number to investigate drop-drop interactions
in single and double emulsions in an electric field. The scaling for the relative velocity
between the interacting drops is studied, which can vary depending upon the Reynolds
number of the flow generated by the tangential electric stresses. By comparing time
scales for charge relaxation in the drop and the ambient fluid with that of the viscous
time scale, we show that the transient behavior of an emulsion in an externally applied
electric field can be explained. The drops can attract for particular electrical properties.
However, the coalescence phenomenon is delayed due to the slow drainage of the film
between the drops, and a drop-pair doublet is formed. These nonlinear effects due
to the finite Reynolds number have not been explored earlier. We also study the
behavior of compound drops in an electric field and the effect of the electric field on

the drop-drop interactions between compound drops.
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4.2 Formulation

4.2.1 Computational domain

We study the interaction dynamics of a pair of leaky-dielectric single and compound
drops in a leaky-dielectric ambient fluid under the influence of an externally applied
electric field in an axisymmetric cylindrical coordinate system (r,z). The initial
configuration of the emulsion drops for the computations is shown in Figure 4.1. The
dashed line marks the axis of symmetry. The extent of the domain in both the radial
and axial directions is 16a, where «a is the radius of the outer shell of the compound
drop. The inner core of the compound drop has a radius of a/3. The initial separation
distance between the drops is h = 4a. In the studies of single emulsion, the inner core
is absent. The properties of the shell of the compound drop are denoted by subscript
1, whereas the ambient fluid and the core of the compound drop are denoted using
the subscript 2. The drops are neutrally buoyant with densities p; = po. Viscosity

of the fluids 1 and 2 are given by p; and us, respectively. Electric permittivities and

No Slip, ¢ =0
N
2a
[e) (e}
” N ”
~ ~
3 Ambient (2) 3
S E S 16a
=2 =
g Core (2) §
a V.
Shell (1)
!
! v
No Slip, ¢ = ¢,
ke 16a >

Fig. 4.1 Schematic diagram (not to scale) showing a pair of compound drops interacting
in the presence of an externally applied electric field in an axisymmetric cylindrical
coordinate system (7, z). The radius of the outer drop (shell) and the inner drop (core)
are a and a/3, respectively. Electric field (E) is applied along negative z axis. The size
of the domain is 16a x 16a.
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conductivities are €; and oy, respectively, for the shell, and €5 and o5 for the core and
ambient fluid. The fluids involved are assumed to be incompressible, and Newtonian,
and the surface tension coefficient of the interface between the two fluids is given by
Y12 = 7. The chosen computational domain is large enough to neglect the effect of

boundaries on the dynamics of the drops at the time scales considered in this study.

4.2.2 Solution methodology

The two-phase system discussed above is governed by the modified incompressible
Navier-Stokes equations using the one-fluid formulation. The modified momentum
equation incorporates the surface tension force at the interface and the electric force
for the volume.
V.-u=0,
2

E
p[({(%l—i-u-Vu] :—VP+V’<2MD)+V'€<EE_21>+7E68ﬁ.

An external electric field (E) is applied along the axial direction. It is imposed by
applying electric potential ¢ using the boundary condition on the bottom boundary
(r,z = 16a)

p=¢o, u=v=0. (4.1)

The top boundary is electrically grounded using the boundary condition (r,z = 0)
=0, wu=v=0. (4.2)

Neumann boundary condition for the electric potential is imposed on the right boundary
(r = 16a, z)
i
or

Symmetry boundary conditions are imposed on the axis of symmetry for the velocity

(01 e — (4.3)

field and the electric potential (r = 0, z)

Op v

7:07 U,ZO, —=0. 4.4
or or (44)
No-slip and impervious velocity conditions are imposed on the other boundaries.
The details of the governing equations are defined in Section 2.2.1. The numerical
simulations are carried out using the BASILISK solver described extensively in Section

2.2.2.
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4.2.3 Dimensionless parameters

The governing equations and the boundary conditions are made dimensionless using
the drop radius a as the length scale, U, as the velocity scale which is defined based on
the flow generated by the electric forces, and p,U? as the pressure scale. The scaling
for velocity generated due to the electric forces can be obtained by balancing viscous
stresses with Maxwell stresses at the interface. The scale for the velocity is thus given
by U, ~ agoE2 /19, where E, is the scaling factor for the electric field. The following
dimensionless parameters govern the dynamics of drops due to electrostatic forces and
the flow generated by them. Electric capillary number Cap = 3 E2 a/v gives the ratio
of relative magnitudes of the electric forces and interfacial tension force, which are the
two forces balanced to obtain the drop deformation. Reynolds number, based on U,,
can be defined as, Re = paeqa® E% /u3, which gives the ratio of inertial forces to the
viscous forces. An electrical equivalent of the hydrodynamic Reynolds number can also
be defined by taking the ratio of charge convection to conduction as Rep = e3U, /aos.
Feng (1999) showed that the electric Reynolds number has an effect on the extent of
deformation of the drop. The two phase system can be categorized by the following
ratios of different properties: p, = p1/pa, pr = p1 /o, R = 01/03, and Q = &1/e2. A
detailed derivation of the dimensionless equations is described in Appendix B.

We note here that in the above scaling for velocity, a factor of (1—7!/72)R/(R+2)?
would yield a more appropriate scaling following the solution for velocity given in
Taylor (1966), where, 7! = ¢,/0y and 72 = &,/ are the charge relaxation time
constants for fluid 1 and fluid 2, respectively. Indeed, in our simulations for 7! = 72,
no electrohydrodynamic flow is observed (not shown here). Thus, the above scaling for
velocity, in some cases, may be an order of magnitude different from the observed values.
However, for non-dimensionalizing velocity, we use U, defined above as also proposed
in Baygents et al. (1998), since it allows the delineation of the effects of electrical
parameters while comparing results for different values of R and (). Nevertheless, later
when we compute scaling for electrostatic and hydrodynamic forces, as well as, flow,
interface and charge relaxation time scales, we account for the effect of other electrical
properties of the fluids on velocity scaling.

Another important parameter that requires attention is the amount of free charge
per unit area that develops at the interface: g5 ~ 3g9Eno(1 — 72 /72)/(R+2) (computed
from an exact solution for a spherical drop). The ratio of the charge relaxation time
constants for the two fluids, (7} /72), in the above expression, essentially indicates the

nature of the charge distribution on the surface of the drop. If the ratio is greater than
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one, the outer fluid carries away the charge rapidly, and a negative charge develops
at the interface, whereas if the ratio is less than one, the inner fluid supplies positive
charge in response to the applied electric field, at a more rapid rate than the ambient
fluid can carry that away, and thus a positive charge accumulates at the surface. The
positive or negative charge determines the direction of the tangential stress and thus
also the sense of circulation produced by the electrohydrodynamic forces, which in
turn determines whether the nature of the interaction between the drops is attractive
or repelling. At low Reynolds number, hydrodynamic viscous forces are stronger and
drive the interaction between the drops, whereas at higher Reynolds numbers, the
relative velocity during attraction is governed by the electrostatic interaction between

the drops.

4.3 Validation

4.3.1 Comparison with literature

We validate the numerical model used in this study by comparing the deformation
of a drop with the theoretical predictions (Ajayi, 1978; Taylor, 1966), and previous
computational studies (Tomar et al., 2007). We consider a drop of radius a placed
at the center of the domain (see Figure 4.1), and an electric field is applied. We
perform all the computations up to the steady state in an axisymmetric domain of size
16a x 16a. Figure 4.2 shows the variation in degree of deformation D with R for a
fixed permittivity ratio of () = 10. The other dimensionless parameters used for this
validation study are Cap = 0.18, Re = 0.10, Regy = 0.01, p, = 1, and u, = 1. Taylor
(1966) provided an analytical expression (Equation (4.5)) for the deformation of a drop
as a function of the fluid properties and the electric field intensity, in the limit of small
deformation, as D, where D = (L — B)/(L + B) is the Taylor deformation parameter,
with L being the length of the drop along the direction of the electric field and B is
the width of the drop in the direction perpendicular to the applied electric field.
9 C(Cag 3 24 3,

D=——"S |RP+1-2Q+-(R—
16 (2 + R)? QF 35 Q)1+ur

(4.5)

In the presence of an electric field, depending on the electrical properties of the two
phases, a drop deforms either into an oblate (D < 0) or a prolate shape (D > 0). We

observe that the drop deforms into an oblate shape for low values of R, and into a
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Fig. 4.2 Comparison of deformation (D) of a single drop with theoretical and compu-
tational studies. Other dimensionless parameters for the computations are ) = 10,
Cag = 0.18, Re = 0.10, Reg = 0.01, p. =1, and u, = 1.

prolate shape for higher values of R. We also observe that for small drop deformation
there is good agreement between the computational results with the theory of Taylor
(1966) and only at larger D, there is deviation from the theory essentially due to the
breakdown of the assumption of linearity. Comparison with the second order theory of

Ajayi (1978) shows good agreement with the simulated results.

4.3.2 Grid independence studies

We exploit the Adaptive Mesh Refinement (AMR) capability of the present solver
to enhance computational efficiency while maintaining the required accuracy of the
simulations. We employ the AMR using a cost function based on the volume fraction
gradient, thus using a very fine mesh near the interface while maintaining a relatively
coarser mesh elsewhere. As mentioned in Section 2.2.3, the domain is divided into
smaller volumes where the size of the cell is represented by its level [. We use the
Taylor deformation parameter D to compare numerical convergence with the increase
in refinement. We perform the computations up to the steady state using a drop of
radius a in an axisymmetric domain of size 16a x 16a. The parameters used for the
study are R = 0.1, Q = 2, Cag = 0.2, Re = 5, Rep = 0.01, p, = 1, and pu, = 1.
Simulations using different grid sizes are performed, and the temporal evolution of D

is plotted as shown in Figure 4.3. The curves corresponding to a/Ax,;, = 256 (I = 12)
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Fig. 4.3 Temporal variation of deformation D of the drop under a steady electric
field, using six different grid refinements. The inset shows the zoomed view for better
convergence analysis. The parameters considered for the simulations are R = 0.1,
Q=2 Cag =0.2, Re=5, and Reg = 0.01.

and 512 (I = 13) are very close with a maximum difference of 0.28%. Here, Az, is
the minimum grid size used in the simulations. The entire interface is resolved using
Ax,n, and the grid is progressively coarsened away from the drop. Based on the grid
independence study, we use a/AZ,;, = 256 for the rest of the simulations presented in
this study.

4.4 Results and discussion

In this section, we study the dynamics and interactions of a one/pair of drops, single
and compound, suspended in another immiscible fluid under the action of an externally
applied electric field. For all the studies we assume Reg = 0.01, p, = 1 and p, = 1.
First, we present results for drops in a single emulsion. Subsequently, we discuss the
studies for compound drops. Based on the interaction dynamics, we comment on the

stability of an emulsion in the presence of an electric field.
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4.4.1 Interaction dynamics of single emulsion

The accuracy of Taylor’s linear theory has been discussed in several previous studies
(Ajayi, 1978; Feng, 1999), especially in the context of a not-so-good agreement with
some of the experiments of Torza et al. (1971) for low conductivity fluids. In particular,
the drop deformation is expected to be proportional to E2 from the theory. However,
the experiments of Torza et al. (1971) showed only qualitative agreement, and the
extent of deformation in some cases was over two folds of the predictions from the theory.
Feng (1999) suggested that the possible origin of this discrepancy could be due to the
neglect of charge convection in Taylor’s theory. At low but finite electric Reynolds
numbers (Reg), the deviation was significant, especially for very low conducting fluids

such as silicon and castor oils.

(a) R =181 (b) R=5.1

Fig. 4.4 Streamlines and variation in the drop shape for different conductivity ratios.
The other computation parameters are () = 10, Car = 0.18, and Re = 0.10.

Figure 4.4 shows the drop shapes and the streamlines of the flow generated by
the tangential electric forces. Due to the accumulation of the free charge at the drop
interface, a tangential electric force acts at the interface that leads to fluid flow inside
the drop as well as in the ambient fluid, as shown in Figure 4.4 for three different values
of R. Other parameters for all three cases are () = 10, Cag = 0.18, and Re = 0.10.
For R =1.81 and R = 5.1, the flow is from poles to the equator, resulting in the oblate
shape for R = 1.81, but the drop remains spherical for R = 5.1. This no-deformation
case (R =5.1,Q = 10) corresponds to the electrical and fluid properties for which the
Maxwell stresses are exactly balanced by the normal viscous stress and the surface
tension forces for a spherical-shaped drop. Nevertheless, non-zero tangential electric

stresses generate a flow from poles to the equator, as shown in Figure 4.4(b). The
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switch-over of the flow from poles-to-equator to equator-to-poles occurs when R > @)
as shown in the Figure 4.4(c) for R = 14 and @ = 10. All the computations shown
here are in good agreement with the analytical results, as well as with the previous
computational studies (Lopez-Herrera et al., 2011; Tomar et al., 2007).

We now investigate the interaction dynamics of a pair of drops in a single emulsion
in the presence of an electric field. The computational domain is the same as defined
in Section 4.2.1, with the only change of no inner core. Charge accumulation at the
interface of initially neutrally charged drops results in the formation of charge dipoles,
and the drops interact electrostatically through dipole-dipole electrostatic forces. In
the large separation limit, the electrostatic force between the drops can be proportional
to E2 /h*, where h is the center-to-center spacing between the drops. On the other
hand, flow generated by the electric stress would generate a drag proportional to the
relative velocity in the low Re limit. Thus, the hydrodynamic drag force on one drop
due to the flow generated by the other is proportional to E2 /h?. However, at higher
Re, the hydrodynamic drag is proportional to velocity square, and thus a drag force
proportional to E2 /h* should be expected. Simulations presented in this study are for
low Re values, and therefore we expect the linear drag law to be valid.

As discussed earlier, the flow direction depends upon the sign of (1 — 7}/72), which
is also expected to govern the hydrodynamic interactions between the drops in an
emulsion. Based on the convection currents, the drops are expected to move towards
each other for 71 /72 > 1, or equivalently, R < @, whereas they will move away from
each other for 7! /72 < 1, that is, R > Q. Here, we present two cases with parameters

chosen from Baygents et al. (1998) such that the drops attract in the first case with
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Fig. 4.5 Drop interaction along with the streamline patterns observed for R = 6 and
Q =8 at Cag = 1.5 and Re = 0.10.
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eis

(a) t=1

Fig. 4.6 Drop interaction along with the streamline patterns observed for R = 1.04 and
Q@ =0.2at Cag = 1.5 and Re = 0.10.

R=6and Q =8 (r!/72 = Q/R = 1.33 > 1) as shown in the Figure 4.5 and therefore
render the emulsion unstable. In contrast, the drops repel each other for R = 1.04
and Q = 0.2 (7}/72 = Q/R = 0.2 < 1) as shown in Figure 4.6, and the electric
field is expected to stabilize the emulsion. In the first case with 7} /72 > 1, charge
develops very quickly, ¢ ~ 0.02 < 1, much faster than the morphological evolution
of the drop t ~ 2. Also, the morphological evolution is much faster than the drop
migration timescale t ~ 40. Thus, the drops first deform and then, without deforming
much, migrate either towards each other or away depending upon the ratio 7! /72. The
streamlines for ¢ ~ 1 are similar (see Figures 4.5(a) and 4.6(a)) for both the cases due
to the initial prolate deformation. Subsequently, the electric stresses result in a flow
that is opposite for the two cases, as shown in Figures 4.5(b) and 4.6(b). Drops in
Figure 4.5 coalesce, whereas those shown in Figure 4.6 move apart.

Figure 4.7 shows the variation in the charge density on the drop surface for different
time instances. As discussed earlier, the sign of the charges developing on the drop
surface is opposite for the two cases. Free charge distribution on the interface for a
spherical shaped drop is given by ¢, cos(f), where the angle 6 is measured from the
horizontal direction aligned with the applied electric field (as marked in the inset of
Figure 4.7). Thus, the charge is maximum at the poles and zero at the equator. In the
first case, a negative charge develops on the northern hemisphere of the drop, with the
axis of the drop aligned with the electric field, whereas a positive charge appears in the
second case. Initially, the charge develops symmetrically on the northern and southern
hemispheres when the drops are far apart, similar to the isolated drop case. However,

when the interfaces of the drops come closer than one diameter due to non-uniformity
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Fig. 4.7 Temporal variation in surface charge density (gs) along the interface and the
charge distribution around the interface for (a) R = 6 and @ = 8 and (b) R = 1.04
and ) = 0.2 at Cag = 1.5 and Re = 0.10.

in the electric field in the region between the drops, the charge increases in the regions
where the drops face each other.

The dynamics of the drops shown in the sequence of images in Figures 4.5 and 4.6
can be understood by comparing the time scales for the different phenomena active
during the interaction between the drops. The time scale of charge accumulation at
the drop surface is given by 7./7,, which is much shorter due to the relatively high
conductivities of the fluids considered in the simulations presented in this study. Here,
T is the charge relaxation time constant, and 7, is the inertial capillary time scale.
The time scale for the development of the flow due to the tangential electric stresses
is given by the time scale for the diffusion of the momentum 7, ~ h?py /2, where h
is the distance between the drops. Thus, 7,/7, ~ (h/a)?(Re/Cag)'? ~ (h/a)?/Oh
yields the time scale for the influence of the electric stress driven flow near one drop to
reach the other drop. Here, Oh = /Cag/Re represents the Ohnesorge number. If the
drops are far apart, it will take longer for the flow to develop. Thus, electrostatic forces
may initially influence the drops before being overtaken by the hydrodynamic forces.

Similarly, for low Re values, even for drops as close as h/a ~ 5, 7, /7, will be large,
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and drops would first respond to the attractive electrostatic forces. Thus, to determine
the nature of the interaction between the drops, it is not sufficient to examine the ratio
of the relaxation time constants (or the direction of the electrically driven convective
flow) alone. Baygents et al. (1998) also suggested that, in the low Reynolds number
limit, the drops interact hydrodynamically when the separation distance is large, and
they are essentially driven by electrostatic forces when the separation distance is of
the order of two drop diameters. In what follows, we estimate the hydrodynamic and
electrohydrodynamic forces and use the ratio of the forces to determine the nature of
the dynamics of a pair of drops.

Assuming linear drag law for low Re cases discussed here, we can estimate the net
hydrodynamic force on the drop as (cf. sec 4.9 in Batchelor (2000))

2+ 3,
Fp ~ 2 U,
h a2 1+

(u—v), (4.6)

r

where v is the velocity of the center of mass of the drop, made dimensionless using U,
and the magnitude of the ambient flow velocity u ~ (a/h)*(R — Q)/(R + 2)? defines
the dimensionless velocity of the ambient fluid. The factor (R — Q)/(R + 2)? is the
correction for the velocity scale, as discussed in the previous section. The electrostatic
force between the drops can be estimated by considering the interactions between the
dipoles defined by the sum of the net free and bound charges on the drop surface. For
spherical drops in an electric field, the total charge in the northern hemisphere is given
by

Qnet = 3%50Eooa2m , (4.7)
where g is the permittivity of the free space. An estimate for the corresponding
electrostatic force between the drops (dipole-dipole interaction), placed at a center-to-

center separation distance of h, can be obtained as

2050 @°(a® — 3h%)
© dmey h2(a? — h?)2

(4.8)

The above electrostatic force in the limit of large h results in E2 /h* dependence as
discussed in Baygents et al. (1998). The relative strengths of the electrostatic to

hydrodynamic forces can be estimated from the following expression

(4.9)

Ziwz<%)2(R_1)2<l+W> 1 —3(h/a)?

8\ey) (R—Q) \2+3u,) [1— (h/a)2?
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68 Electrohydrodynamic induced interactions between drops

Thus, from the above expression, we can observe that the key parameters which govern
the relative velocity between the drops are the ratio of electric conductivities, R, the
initial separation distance between the drops, h/a, the ratio of charge relaxation time
7}/ = Q/R, and also the permittivity of the ambient fluid £,. The permittivity
of the ambient fluid has a detrimental effect on the electrostatic interactions due to
dielectric screening effects.

For the cases shown in Figures 4.5 and 4.6, tz/t, ~ 0.42 corresponding to a fast
deformation of the drops in response to the electrostatic forces and 7,,/t, ~ 39.68 which
corresponds to the time scale of migration of the drops. The order of this time scale is
in good agreement with the observations from the simulations. For these cases, F./Fj,
are 2.35 and 0.00036, thus clearly suggesting that electrostatic forces are dominant in
the first case for R = 6 and ) = 8, whereas for R = 1.04 and @ = 0.2, hydrodynamic
forces are dominant. Thus, the velocity of attraction is expected to be proportional to
1/h* for the former case and 1/h? for the latter. In Figure 4.8, we present the variation
in the relative center-of-mass velocity with the separation distance between the drops
on a log-log scale. As expected, the relative velocity between the drops varies as 1/h?
in approaching case as shown in Figure 4.8(a) and as 1/h? for repelling drops as shown
in Figure 4.8(b).
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(a) Drops attract (b) Drops repel

Fig. 4.8 Velocity variation with respect to center-to-center distance between the drops
for (a) R=6and @ =8 and (b) R =1.04 and Q = 0.2 at Cag = 1.5 and Re = 0.10.

Other possible interesting behavior is also observed for a particular set of parameters.

For instance, we show that the drops may approach each other, come close, but not
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coalesce and instead form a doublet as shown in Figure 4.9. For R = 25 and ) = 2,
when the drops are initially at a separation of h/a = 4, we obtain F,/F), ~ 4.71 where
the electrostatic forces are attractive, but the hydrodynamic forces are repulsive. Since
electrostatic forces are stronger, the drops attract. However, the drainage of the film
between the drops is delayed leading to the formation of a drop-drop doublet that is
separated by a thin film of the ambient fluid as shown in the zoomed-in view in Figure
4.9. A low Re indicates a much stronger influence of electrostatic forces compared to
hydrodynamic drag, which should have led to the coalescence of the drops. However,
due to the nature of the hydrodynamic flow around the drops, a thin film of the
ambient fluid is captured. To resolve the thin film, we used a more refined grid with
AZpin = a/512 for the current study. The gap at ¢ ~ 44 is less, whereas a dimple
forms at the center of the drops around ¢ ~ 50 and remains stable at later times, as
shown in the figure for t ~ 70. We note that once the flat film is fully formed at ¢ ~ 44,
further evolution leads to the formation of a dimple essentially due to the drop shape
relaxation during which the thin film is pulled together, thus resulting in the formation
of the dimple. The minimum thickness of the film towards the periphery is 0.0073a,
and in the dimple region, it is 0.061a. The streamlines shown in the figure indicate
that the ambient fluid is driven towards the thin film from the surface of the drops,
essentially slowing the drainage of the film. In the simulations, these doublets do not

change significantly with time, indicating a steady-state behavior in the timescales of
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Fig. 4.9 Temporal evolution of a pair of non-coalescing drops for R = 25 and () = 2 at
Cag = 0.2 and Re = 1. Also shown are the zoomed-in views (representing the same
area) and streamlines at t = 70.
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70 Electrohydrodynamic induced interactions between drops

interest. Since we are not incorporating the effect of van der Waals forces, the drainage
time is dictated by the slow viscous time scale, which in this case, is further slowed
down due to the ambient fluid flow toward the film. The dimple formation in the
center is similar to those observed during the coalescence of bubbles or the impact of a
drop on a flat surface. The above phenomenon of non-coalescence and formation of
a drop-drop doublet is different from the non-coalescence phenomenon observed for
charged droplets, where charged droplets initially approach each other, form a conical
neck, exchange charge, and then repel each other (Anand et al., 2019; Aryafar and
Kavehpour, 2007; Ristenpart et al., 2009; Sunder and Tomar, 2020). Although there
is no direct mention of the above phenomenon in experimental observations, there is
evidence in certain experiments, for example, see Figures 3 and 4(a) in Zimmermann
and Vienken (1982), showing two vesicles forming doublets during cell-cell fusion in
the presence of the electric field. Also, see Figure 5 in Holto et al. (2009) suggesting
the formation of a chain of water droplets in oil and indicating that the droplets align
with the electric field but do not coalesce despite being in the immediate neighborhood
of each other. We note that the electric stability of the ambient medium will also play
a role in determining the complete physics of interaction since electric field intensity
between the drops is high, which can lead to an electric breakdown leading to a more
complex phenomenon involving local heating as discussed in the case of particles in
Arp and Mason (1977).

4.4.2 Interaction dynamics of double emulsion

In this section, we first simulate the deformation of a single compound drop, constituting
a double emulsion in an externally applied electric field, and compare the results with
Abbasi et al. (2017). A compound drop with a shell radius of a and an inner core of
radius a/3 is suspended in a continuous medium, and an externally applied electric field
acts along the horizontal direction. An axisymmetric computational domain of size
(16a x 16a) is chosen with the compound drop at the center of the domain. An external
electric field is applied such that the bottom boundary of the domain is considered at
a higher potential and the top boundary is grounded as discussed earlier in Section
4.2.1. The deformation of the outer drop is similar to the one expected for single
drops for low aspect ratios. For the inner drop, the deformation will depend on the
reduced electric field intensity in the outer drop and the ratio of the permittivities
and conductivities. However, for higher aspect ratios, some deviation is expected (see

Abbasi et al. (2017)). The stability of a compound drop was investigated numerically
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by Abbasi et al. (2017), where it was suggested that if R < @), the compound drop is
unstable and the inner drop would exit the outer drop, whereas if R > () the inner
drop migrates to the center of the outer drop. Abbasi et al. (2017) also investigated
the drop bursting due to excessive deformation of the inner drop, especially when the

aspect ratio is large.
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Fig. 4.10 Comparison of deformation of the core and the shell of a compound drop at
Cag = 0.2 and Re = 0.10 for (a) @ =2 and (b) R = 2.5.

In Figure 4.10(a), @ is kept constant at 2, and simulations are performed over a
range of R varying from 0.1 to 20. When R < (), we can observe that both interfaces
experience large deformation. When R > @), the magnitude of deformation at both
interfaces decreases, which is depicted by the flattening of the curves. In Figure 4.10(b),
R is kept constant at 2.5, and simulations are performed over a range of () varying
from 0.01 to 50. When @ < R (for a sufficiently large R for a given () as discussed
in the case for an isolated single drop previously), the core shows oblate deformation,
whereas the shell shows prolate deformation. For > R, the shell shows oblate
deformation, and the core shows prolate deformation. We note that the inner and
outer drop deformation obtained from the simulations presented in this study are in
good agreement with the simulations of Abbasi et al. (2017). We plot the streamlines
for two cases R = 0.25,Q) = 2 and R = 15,Q = 2 as shown in Figure 4.11. In the case
of R < @, the flow in the ambient is from the poles to the equator, the same as the
single drop. The shell has a flow circulation in a direction opposite to the ambient,
while the core has the same circulation direction as the ambient. All sense of flow

circulation reverses for R > Q).
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(a) R=0.25,Q =2 (b) R=15,Q =2

Fig. 4.11 Streamlines and variation in the shape of the core and shell for different
conductivity and permittivity ratios. The other computation parameters are Cag = 0.2,
and Re = 0.10.

Interactions between compound drops in a double emulsion can lead to various
interesting configurations for different values of R and Q. To investigate this, we
consider the setup as described in Section 4.2.1. The flow parameters used for the
simulations are Cag = 0.12 and Re = 1. In Figure 4.12, for R = 10 and @) = 25
(R < @), drops attract towards each other and so do the inner drops, leading to
coalescence and the formation of a single bigger compound drop. The outer drop (shell)
deforms prolately, whereas the deformation of the inner drop (core) is small. Electric
field intensity inside the outer drop is ~ 3E. /(R + 2) and thus for higher R is expected
to reduce significantly. The effective C'ag for the inner drops is thus much smaller
due to reduced electric field intensity and increased capillary pressure because of the
smaller radius. Therefore, inner drops deform significantly less. Interestingly, during
coalescence, the inner drops approach faster than the centroid of the outer drop. Since
the ratio of the electrostatic to hydrodynamic forces is F,./F), ~ 1.02, electrostatic
forces dominate and drive the drops together and thus also drag the inner drops along.
Subsequently, hydrodynamic forces on the inner drops drag the inner drop further
toward the periphery. This suggests the possibility of the inner drop escaping the outer
drop, as shown later for R = 10 and = 30. For R =3 and Q = 0.15 (R > @), shown
in Figure 4.13, the outer drops move apart at a very slow rate, and therefore do not
show much variation in terms of drop shapes with time in the duration investigated
in this study. Further, since R > @), the inner drops also remain at the center of the
compound drop. This is in agreement with the observations from the simulations of

Abbasi et al. (2017), where for R < @, an off-centered inner drop is driven by a flow
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b)t=17  (c) ¢t =29 (€) t =29

Fig. 4.12 Drop deformation and translation at different time instances for R = 10 and
@ = 25 using the flow parameters Cag = 0.12 and Re = 1. We also plot the flow
patterns in and around the core and shell at ¢ = 29 and ¢t = 40.

(b)t=30  (c)t=100 (d)¢=200

Fig. 4.13 Drop deformation and translation at different time instances for R = 3 and
@ = 0.15 using the flow parameters Cag = 0.12 and Re = 1. We also plot the flow
patterns in and around the core and shell at ¢ = 30 and ¢ = 200.

in the outer drop from the center towards the pole, and the inner drop is ejected out
of the outer drop. On the other hand, if the flow generated in the outer drop is such
that the flow is from the poles towards the center along the center-line of the drop (as
observed for R > @), the inner drop would be pushed back to the center of the outer
drop. Figure 4.14 shows the variation in the relative velocity of the compound drops

with the separation distance. Oscillations in the relative velocity of the outer drop as
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Fig. 4.14 Velocity variation with respect to center-to-center distance between the drops
for (a) R =10 and Q = 25 and (b) R =3 and @ = 0.15 at Cag = 0.12 and Re = 1.
The motion of the inner core drop is also depicted.

well as for the inner drop are observed in the repulsion case, as shown in figure 4.14(b).
Since the velocities are relatively small, the oscillations are more prominently visible
in the repulsion case. Since F./F}, for R = 10 and Q = 25 is 1.02 a scaling of 1/h*
is observed for the approach velocity of the drops (see Figure 4.14(a)), whereas for
R =3 and @ =0.15, F./F, ~ 0.26, drops repel each other, governed essentially by the
hydrodynamic forces resulting in a relative velocity that decreases as 1/h?.

For R = 1.5 and @ = 10, as shown in Figure 4.15, the inner drops escape the
compound drops from the rear ends, as the two compound drops approach each other.
Whereas, for R = 10 and @ = 30, the inner drops are released from the approaching
ends of the two compound drops before they coalesce as depicted in Figure 4.16, thus
resulting in the breakup of the double emulsion into a single emulsion which as expected
for R < () would result in an unstable emulsion in the presence of an electric field. For
R=15and Q =10, F./F}, ~ 0.0056, whereas for R = 10 and @ = 30, F./F}, ~ 0.76.
Therefore, in the former case, electrostatic forces are much weaker compared to the
hydrodynamic forces, and the small inertial lag of the inner drop leads to a biased
ejection of the inner drop from the portion of the periphery of the drop that faces
away from the other compound drop. On the other hand, for R = 10 and @ = 30,
electrostatic forces drive the drops together initially. However, they are not sufficiently

stronger as was the case for R = 10 and ) = 25, and therefore inner drops eject from
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Fig. 4.15 Drop deformation and translation at different time instances for R = 1.5 and
@ = 10 using the flow parameters Cag = 0.12 and Re = 1. We also plot the flow
patterns in and around the core and shell at ¢ = 14 and ¢t = 20.

)

(b)t=20  ()t=34  (A)t=50  (e)t=34 ()t =50

Fig. 4.16 Drop deformation and translation at different time instances for R = 10 and
@ = 30 using the flow parameters Cagp = 0.12 and Re = 1. We also plot the flow
patterns in and around the core and shell at ¢t = 34 and ¢t = 50.

the portion of the outer drops facing each other. We note that the hydrodynamic
response of the drops can be weakened by reducing Re leading to a possible entrapment
of the inner drops even for the case with R = 10 and @ = 30.

Finally, we present three other cases showing interesting dynamics of the compound
drops. In the first one, the outer drops approach each other but do not coalesce but

form a drop-drop doublet, as shown in Figure 4.17 for R = 20 and ) = 1. As discussed
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earlier for the single drops with the same electric properties, this interesting physics is
due to the initial strong electrostatic attraction and subsequent delay in the drainage
of the thin film between the two drops due to the nature of the flow around the drops
as shown by the streamlines at ¢ = 50. Since electrostatic forces are much stronger
than the hydrodynamic forces, as suggested by F./F} ~ 3.57, the drops are initially
driven together. The flow around the drops is developed by the motion of the drops
as indicated by the streamlines at ¢ = 30. However, the flow lines reverse after the
development of the flow generated by the tangential electrical stresses as shown by the
streamlines at t = 50. However, for R = 30 and @ = 10, F./F}, ~ 7.91, indicating an
even stronger electric field that drives the drops to approach each other and eventually
coalesce as seen in Figure 4.18. These cases clearly indicate that the simple rule
depending on the sign of (R — Q) for determining the interactions between the drops is
insufficient, and the relative strengths of electrostatic and hydrodynamic forces, along
with inertial effects governed by Re, need to be accounted for. Interestingly, the inner
drops for R = 30 and ¢ = 10 do not coalesce (even when simulations are run up
to t ~ 400). For R = 7 and @ = 10 shown in Figure 4.19, the inner drops form a
configuration similar to that in Figure 4.18 but eventually the inner drops repel (since
R < @) and are ejected out.

(a)t=0  (b)t=30 ()t=32  (d)t=50  (e)t=30

Fig. 4.17 Drop deformation and translation at different time instances for R = 20
and ) = 1 using the flow parameters Cagy = 0.12 and Re = 1. We also plot the flow
patterns in and around the core and shell at ¢t = 30 and ¢t = 50.
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Fig. 4.18 Drop deformation and translation at different time instances for R = 30 and
@ = 10 using the flow parameters Cagp = 0.12 and Re = 1. We also plot the flow
patterns in and around the core and shell at ¢ = 24 and ¢ = 60.

@)t=0  (b)t=50 ()t=60 (d)t=100 (e)t=50

Fig. 4.19 Drop deformation and translation at different time instances for R = 7 and
@ = 10 using the flow parameters Cag = 0.12 and Re = 1. We also plot the flow
patterns in and around the core and shell at ¢ = 50 and ¢ = 100.
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4.5 Summary

In the present chapter, we have numerically investigated the interaction dynamics of
a pair of drops (single and compound) in a uniform electric field. A leaky dielectric
model is utilized for this study, with the core and the ambient phase being the same
and the shell of the compound drop being different. We note that the stability of a
compound drop as well the relative motion between a pair of drops, depends essentially
on the charge relaxation time constant ratio of the ambient and the outer shell of the
compound drop (7} /72).The apriori expectation of the stability of an emulsion in an
electric field would require consideration of the relative time scales of electrostatic
attraction, charge relaxation, and flow time scale. Moreover, the relative strength of
the electrostatic and hydrodynamic forces, given by the ratio F,/Fj, in Equation (4.9),
also determines the interaction dynamics of the drops. We believe this study would
motivate more experiments in regimes that show intriguing dynamics of the drops,

such as the formation of a drop-drop doublet.
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Chapter 5

Noncoalescence in leaky-dielectric

emulsions

The interaction dynamics of a pair of freely suspended drops in a uniform electric field
are investigated using a computational framework. The system consists of a pair of
leaky-dielectric drops in another leaky-dielectric medium. A finite Reynolds number
has been considered for this study. The applied electric field induces a dipole in the
drops, leading to various interaction dynamics. This chapter is a continuation of the
previous chapter investigating the non-coalescence phenomena. The chapter starts
with an overview of the previous investigations performed for drop pairs under electric
field (§ 5.1). Then, the computational model used to study interaction dynamics is
described (§ 5.2). Next, the numerical model is validated with earlier studies (§ 5.3).
The effects of considering a finite Reynolds number are subsequently explored, and a
regime map is drawn to demarcate the different interacting phenomena (§ 5.4). The

chapter then concludes with a summary of the outcomes (§ 5.5).

5.1 Introduction

Separation of emulsified mixtures into constituent components, such as that of oil and
water, is desired in petroleum and other chemical and food industries (Ganén-Calvo
et al., 2018; Priti Sinha et al., 2020). Demulsification using electrocoalescence is the
preferred method compared to other mechanical, thermal, or chemical means (Dezhi
et al., 1999; Eow et al., 2001; Klasson et al., 2005; Wu et al., 2003).

The classical study by Taylor introduced the leaky-dielectric model to investigate
fluids having small but finite electrical conductivity (Taylor, 1966). Although the study
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of an isolated drop in an external electric field is well understood, several features
of the collective dynamics of drops in an electric field, such as drop-chain formation,
remain unexplained (Brazier-Smith, 1971; Sozou, 1975). Unlike the symmetrical state
of an isolated drop, an asymmetrical electric field is produced for a pair of drops
due to the presence of the neighboring drop. This is the well-known phenomenon of
dielectrophoresis, in which the intensity of the electric field at one side of a drop is
stronger than the other side (Pohl and Crane, 1971). For small separation distance,
Atten (1993), assuming droplets to behave as point dipoles, showed that for coalescence,
there exists a critical separation distance and a critical magnitude of the applied
electrical field. Depending upon the electrical properties of the constituents of the
emulsions and the nature of the flow of current through the emulsion, various possible
scenarios can occur. If the ambient phase is a poor conductor of electricity compared to
the drop phase, such as in water-in-oil systems, electrocoalescence, partial coalescence,
and non-coalescence occur depending upon the strength of the applied electric field
(Anand et al., 2020; Bird et al., 2009; Huang et al., 2020). Bird et al. (2009) showed
that drops do not coalesce even after contact above a critical electric capillary number,
and many move apart. Non-coalescence in systems where droplets are charged has
been well understood (Bird et al., 2009). However, systems where droplets are initially
uncharged, have been shown to form chains. Droplet chain formation in emulsions is
a severe deterrent in the de-emulsification process (Mhatre et al., 2015a; Mohammed
et al., 1993; Pearce, 1954). Although several strategies have been proposed to inhibit
chain formation, the mechanism of chain formation is still not known (Bailes et al.,
2000; Chen et al., 1994; Midtgard, 2012).

However, chain formation has also been observed in leaky-dielectric systems (Melcher
and Taylor, 1969; Saville, 1997) where both phases have electric conductivity that does
not defer by more than an order (Mhatre et al., 2015a). In these systems where the
current can flow through the bulk, the above non-coalescence of uncharged droplets in
the presence of an electric field is not expected. In such systems, tangential electric
stresses generate sufficient flow in the continuous phase of the emulsion for the droplets
to hydrodynamically repel, where electric forces tend to always make the droplets
attract (Baygents et al., 1998; Sorgentone et al., 2021; Vlahovska, 2019). In this
chapter, we show that drop pair systems in certain regimes of electrical conductivity
and permittivity ratios show non-coalescence. By performing detailed numerical
electrohydrodynamics simulations for drop pairs, we show the formation of a stable

thin film that prevents coalescence.

TH-3225 186103031



5.2 Formulation 81

5.2 Formulation

5.2.1 Computational domain

An axisymmetric domain, as shown in Figure 5.1, is considered for the present study,
with the axis of symmetry lying along the z-axis. We study the interaction dynamics
of a pair of leaky-dielectric drops suspended in a leaky-dielectric ambient fluid under
the influence of an externally applied electric field. The domain spans 16a along axial
and radial directions, where a is the undeformed spherical drop radius. The drops are
initially placed with a center-to-center distance of h = 4a. Fluid properties such as
density, viscosity, electrical conductivity, and electrical permittivity are represented by
p, i, 0, and €, respectively. The subscripts 1 and 2 are used to distinguish the drop
phase and the ambient phase. The fluids are Newtonian, and the interfacial tension
Y12 = 7 between the drop and ambient is assumed to be uniform. The drops are
neutrally buoyant with densities p; = ps. The computational domain is large enough
to avoid the effect of the boundary on the dynamics of the drops.
No Slip, ¢ =0

T A

z

[e) (e}
I o Il
~ = } ~
3 £l h=4 3
Y . g % |E S 16a
P Ambient (2) U>)~! P
%) %)
(@) (@]
= . =
Drop (1)
1
! v
No Slip, ¢ = ¢,
ke 16a >

Fig. 5.1 Schematic diagram (not to scale) showing a pair of drops interacting in the
presence of an externally applied electric field in an axisymmetric cylindrical coordinate
system (r, z). The radius of the drops are a and are placed at a separation of h = 4a.
Electric field (E) is applied along negative z axis. The size of the domain is 16a x 16a.
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5.2.2 Solution methodology

We solve the full Navier-Stokes equations coupled with electric field equations using
the leaky-dielectric model proposed by Melcher and Taylor (1969). The two-phase
system is governed by the modified incompressible Navier-Stokes equations using the
one-fluid formulation.
V.-u=0,
2

E
p[%l;—i—u-Vu} :—Vp+V-(2/AD)+V-5<EE—2I>—|—’m6sﬁ.

An external electric field (E) is applied along the axial direction. It is imposed by
applying electric potential ¢ using the boundary condition on the bottom boundary
(r,z = 16a)

e=po, u=v=0. (5.1)

The top boundary is electrically grounded using the boundary condition (r, z = 0)
=0, wu=v=0. (5.2)

Neumann boundary condition for the electric potential is imposed on the right boundary
(r = 16a, z)
dp
o
Symmetry boundary conditions are imposed on the axis of symmetry for the velocity

field and the electric potential (r = 0, 2)

0, wu=v=0. (5.3)

?TS::O, u=20, Z:ZO' (5.4)
No-slip and impervious velocity conditions are imposed on the other boundaries.
The details of the governing equations are defined in Section 2.2.1. The numerical
simulations are carried out using the BASILISK solver described extensively in Section
2.2.2. This solver has been used by many researchers successfully in the past for solving
various electrohydrodynamic flow problems (Behera et al., 2019; Borthakur et al., 2021;

Ghasemi et al., 2018).
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5.2.3 Dimensionless parameters

The governing equations, along with the boundary conditions, are made dimensionless
using the following scaling parameters: undeformed spherical drop radius a is taken as
the characteristic length scale, U, is taken as the characteristic velocity scale based on
the flow generated by the electric forces, and F, is chosen as the characteristic scale
for the electric field. The scaling for the flow field generated due to the electric forces
can be obtained by balancing viscous stresses with Maxwell stresses at the interface
and is given as U, ~ agaE% /5. The pressure term is scaled using poU2. All the fluid
properties are scaled using the respective properties of the ambient phase. We obtain

the following dimensionless parameters using the above scaling:

e, 2E2 m EQ 2 E2
Re = Pt Poo g EmBTw  p o Emieo (5.5)
1 gl MmO m

Reynolds number Re represents the ratio of the inertia forces to the viscous forces,
and the electric capillary number Cagp represents the ratio of the electrostatic forces
to the surface tension forces. The term Repg is the electric Reynolds number which
denotes the ratio of the charging time scale to the flow time scale. For leaky-dielectric
drops, typically Rep < 1, which signifies that charge accumulates instantaneously at
the interface. The dimensionless parameters for the fluid properties are the electrical
conductivity ratio R = o1 /09, the electric permittivity ratio () = £1/e9, the viscosity
ratio p, = p1/u2, and the density ratio p, = p1/p2. We have considered p, = 1 and
pr = 1 in the present study. A detailed derivation of the dimensionless equations is

described in Appendix B.

5.3 Validation

5.3.1 Comparison with literature

Mhatre et al. (2015a) investigated the dynamics of suspended drop pairs using ex-
periments, analytical theory, and numerical calculations (in particular, they used the
boundary element method). We validate the present computational model with the
experimental work of Mhatre et al. (2015a). They considered two systems: (i) a pair
of perfect conductor drops in a perfect dielectric fluid and (ii) a pair of leaky-dielectric
drops in another leaky-dielectric fluid. Since our present study focuses on a pair of

leaky-dielectric drops suspended in another leaky-dielectric fluid, we compare our
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t=0.00s t=3.25s t=7.48s

0000 Q0

Fig. 5.2 Comparison of the interaction of a silicone oil drop pair in castor oil under
uniform DC electric field of E,, = 2.22 kV/cm. The radius of the drop is a = 270um.
The experimental result is obtained from Figure 14 of Mhatre et al. (2015a). The red
dotted lines are the results from the present solver.

numerical results with their respective experimental studies. Figure 5.2 compares the
interaction dynamics of a silicone oil drop pair suspended in castor oil. The initial
separation between the drops was h/a = 2.34, and the applied DC uniform electric
field strength was Eo, = 2.22 kV /cm. The corresponding electric capillary number was
Cap = 0.138. The other fluid properties considered were p, = 0.44, R = 0.02, and
@ = 0.56. The drops come close as this system has R < ). As evident from the Figure
5.2, an excellent qualitative match is obtained for this present numerical study with

their experimental work.

2.35
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Experimental Mhatre et al. (2015) % ]
L5k mrrrreee Numerical Mhatre et al. (2015) 4 |
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Fig. 5.3 Comparison of the interaction of a silicone oil drop pair in castor oil under
uniform DC electric field of Ey = 2.22 kV/cm. The radius of the drop is a = 270um.
The experimental result is obtained from Figure 14 of Mhatre et al. (2015a).

Mhatre et al. (2015a) also plotted the kinetics of the approach for the silicone-castor

oil system and compared their experimental work with their numerical work using
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the boundary element method. We also compared this kinetics of the approach of
the drops as shown in Figure 5.3. Our present numerical study agrees well with their
experimental work. We can also observe that our computational model predicts the

drop kinetics better than their numerical study.

5.3.2 Grid independence studies

In order to optimize the computational cost, an adaptive mesh refinement approach
is employed in the present study. The grid is adapted based on the volume fraction
gradient to have a very fine mesh near the interface and a relatively coarser mesh
elsewhere. A grid convergence test is performed to ensure the results are independent
of the grid resolution. The entire interface is resolved using Ax,,;,, and the grid is
progressively coarsened (I = 6) away from the drop. The operating parameters used
for the test are R = 10, @ = 20, Re = 1, Cag = 0.12, h/a = 4, u, = 1 and p, = 1.
The relative velocity of the two drops (u,) is plotted against the separation between
the drops (h/a). It can be observed from the inset in Figure 5.4 that the curves
corresponding to a/Ax,, = 256 (I = 12) and 512 (I = 13) are very close, and further
grid refinement has a negligible effect. The maximum difference was 0.36%. Hence, a

grid refinement level of 12 has been used for the rest of the study.
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Fig. 5.4 Plot of relative velocity and the separation between the drops at six different
grid refinements. The parameters considered for the computations are R = 10, Q) = 20,
Re=1,Car =012, h/a =4, u, = 1 and p, = 1.

TH-3225 186103031



86 Noncoalescence in leaky-dielectric emulsions

5.4 Results and discussion

The interaction dynamics between a leaky-dielectric drop pair suspended in another
leaky-dielectric medium, when subjected to an external electric field, is guided by two
mechanisms: (i) a far-field dipole, developed by an induced electric field which always
tends to drive the drops closer, and (ii) hydrodynamic flow which can make the drops
come closer or move apart based on the flow circulation pattern. For R < @, the
bulk flow occurs from the poles to the equator, and the drops come closer. While
for R > @, the sense of flow is reversed, i.e., the bulk of the fluid moves from the
equator to the poles, and the drops move apart. Based on creeping flow conditions and
far-field argument, Baygents et al. (1998) proposed a map of the expected dynamics
for a pair of drops as shown in Figure 5.5. A zero deformation curve represented
by u, = 1 distinguishes the condition for prolate or oblate drop shape, while the
R = @ line separates the electrically driven circulation patterns that are attractive
from those that are repulsive. Baygents et al. (1998) characterized the conditions
leading to oblate-shaped drops that came closer, prolate-shaped drops that came closer,
and prolate-shaped drops that moved apart. However, they also mentioned that only

some qualitative drop pair interaction features could be predicated on their map. In
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Fig. 5.5 Phase diagram of the expected shape response and the circulation patterns as
a function of the conductivity (R) and permittivity (¢)) ratios. The zero deformation
curve and the R = @ line delineate three combinations of deformation and circulation.
The marked points are the (R, Q) parameters presented in this study.
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the previous chapter, we gave an estimate of the ratio of electrostatic forces (F.) and
hydrodynamic forces (F}) to determine the nature of the interaction dynamics of a
pair of drops. The expression was derived based on a dipole-dipole interaction and

linear drag law as

_F 9/% 2(R=12 [ 1+p \ 1-3(h/a)?
‘= F, 8 (52> (R—Q) <2+3W> [1— (h/a)?) (56)

We perform systematic simulations using the full Navier-Stokes equations to understand
the interaction dynamics of a pair of leaky-dielectric drops. We have considered a
finite Reynolds number of Re = 1 in our simulations, and the value of the electric
Reynolds number is taken as Rer = 0.01 for neglecting charge convection. Since we
study only the effect of conductivity and permittivity ratios, other fluid properties
are kept constant throughout the study. The initial center-to-center drop distance is
kept as h/a = 4, the electric capillary number is Cag = 0.12, the viscosity ratio is
i = 1, and the density ratio is p, = 1. We carried out several simulations to produce a
regime map. We do not show the results for all the simulations individually for brevity.
Instead, we have present seven leaky-dielectric systems having (R, Q) as represented in

Figure 5.5.

5.4.1 Interaction between leaky-dielectric drops

Figure 5.6 shows the drop translation and the associated hydrodynamic flow phenomena
for the system (R, Q) = (2.5,0.4). Due to the nature of the electric stresses, the initial
spherical drops deform into a prolate shape. Here R > () and the bulk hydrodynamic
flow is from the equator to the poles. The electrostatic forces always tend to bring the
drops closer. However, the flow patterns tend to move the drops apart. The value of
(¢ for this system is around 0.2, implying that the hydrodynamic forces overcome the
electrostatic forces and make the drops move apart. The flow dynamics for both inner
and outer regions around the drop can be seen clearly in Figure 5.6(f). Inside the drop,
two asymmetric vortex pairs are formed. The relative strengths of the hydrodynamic
forces by these vortex pairs suggest that a net force makes the drops move apart.
Together with the outer flow circulations, these vortex pairs incessantly make the drops
move apart.

Figure 5.7 shows the drop translation and the associated hydrodynamic flow phe-

nomena for the system (R,Q) = (16,1). Due to the nature of the electric stresses,
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Fig. 5.6 Drop deformation and translation at different time instances for R = 2.5 and
@ = 0.4 using the flow parameters Cag = 0.12 and Re = 1. We also plot the flow
patterns at ¢ = 100.

(f) t = 50

Fig. 5.7 Drop deformation and translation at different time instances for R = 16 and
@ = 1 using the flow parameters Cag = 0.12 and Re = 1. We also plot the flow
patterns at ¢t = 50.

the initial spherical drops deform into a prolate shape. Here R > () and the bulk
hydrodynamic flow is from the equator to the poles. The value of ( for this system is
around 2.82, implying that the hydrodynamic forces are weaker than the electrostatic
forces. The drops respond to the dipole forces and come closer. As the drops translate
toward each other, they eventually come very close, creating a thin film between them.

After the thin film formation, the flow dynamics for both inner and outer regions
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around the drop can be seen clearly in Figure 5.7(f). Inside the drop, two asymmetric
vortex pairs are formed. The relative strengths of the hydrodynamic forces by these
vortex pairs suggest a net force that makes the drops move apart. Nevertheless, the
electrostatic forces keep them together. This balance between the forces makes the
thin film stable, and the system achieves a steady state.

Figure 5.8 shows the drop translation and the associated hydrodynamic flow phe-
nomena for the system (R, Q) = (64.0,6.4). Due to the nature of the electric stresses,
the initial spherical drops deform into a prolate shape. Here R > () and the bulk
hydrodynamic flow is from the equator to the poles. The value of  for this system
is around 12.95, implying a weaker hydrodynamic force than the electrostatic force.
Responding to the strong dipole interaction, the drop comes close and finally coalesces.
Just after coalescence, the charges redistribute along the interface. The high charges
at the interface create significant electric stresses, and the drop gets stretched. The
new flow field makes the drops move apart, as shown in Figure 5.8(f), and the system

eventually disintegrates into smaller drops.

TE: : : i : :

(a) t =0 byt=2  ()t=10 (d)t=18 (e)t=21  (Ht=21

Fig. 5.8 Drop deformation and translation at different time instances for R = 64 and
@ = 6.4 using the flow parameters Cap = 0.12 and Re = 1. We also plot the flow
patterns at t = 21.

Figure 5.9 shows the drop translation and the associated hydrodynamic flow phe-
nomena for the system (R, Q) = (0.1,1.0). The initial spherical drops deform into an
oblate shape. The bulk hydrodynamic flow is from the poles to the equator as R < Q).
The flow circulations around the drops make them translate towards each other. The

value of ( for this system is around 0.17, which says that the hydrodynamic forces aid
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the drops in coming closer. Here also, two asymmetric vortex pairs are formed inside
the drops and there is a net force inside the drops that make them move towards each
other. As time progresses, the drops come closer, and the interfaces touch each other,
as observed in Figure 5.9(f). Immediately after they touch, the flow scenario inside
the drop changes. The net hydrodynamic force inside the drop tries to separate them,
while the outer hydrodynamic forces push the drops together. This balance between
the forces makes the drops stay together without coalescing, and the drops reach a
steady state.

(a) t =0 () t=53 ()t=70  (Ht=70

Fig. 5.9 Drop deformation and translation at different time instances for R = 0.1 and
@ = 1 using the flow parameters Cag = 0.12 and Re = 1. We also plot the flow
patterns at t = 70.

Figure 5.10 shows the drop translation and the associated hydrodynamic flow
phenomena for the system (R, Q) = (0.025,0.16). Due to the nature of the electric
stresses, the initial spherical drops deform into a prolate shape. Here R < @) and
the bulk hydrodynamic flow is from the poles to the equator. The value of { for this
system is around 1.32, implying that the hydrodynamic and electrostatic forces are
almost equivalent. They both bring the drops closer. Inside the drop, the relative
strengths of the hydrodynamic forces by the vortex pairs make the drops come closer.
As time progresses, the drops come closer, and the interfaces touch each other, as
observed in Figure 5.10(f). Here again, the flow scenario inside the drop changes.
The net hydrodynamic force inside the drop tries to separate them, while the outer
hydrodynamic forces push the drops together. This balance between the forces makes

the drops stay together without coalescing.
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Fig. 5.10 Drop deformation and translation at different time instances for R = 0.025
and @ = 0.16 using the flow parameters Cagp = 0.12 and Re = 1. We also plot the
flow patterns at ¢t = 140.

Figure 5.11 shows the drop translation and the associated hydrodynamic flow
phenomena for the system (R, Q) = (1.5,10.0). Due to the nature of the electric
stresses, the initial spherical drops deform into an oblate shape. Here R < () and
the bulk hydrodynamic flow is from the poles to the equator. The electrostatic forces
always tend to bring the drops closer. Consequently, the flow patterns also make the
drops come closer to each other. The value of ¢ for this system is around 0.0055, which
implies that the hydrodynamic forces are very strong and assist the drops in coming
together. The flow dynamics for both inner and outer regions around the drop can be
seen clearly in Figure 5.11(f). Inside the drop, two asymmetric vortex pairs are formed.
Considering the relative strengths of the hydrodynamic forces by these vortex pairs, it
is clear that there is a net force that makes the drops come closer, and eventually, the
drops coalesce.

Figure 5.12 shows the drop translation and the associated hydrodynamic flow
phenomena for the system (R, Q) = (25,40). Due to the nature of the electric stresses,
the initial spherical drops deform into a prolate shape. Here R < ) and the bulk
hydrodynamic flow is from the poles to the equator. The flow dynamics for both inner
and outer regions around the drop can be seen clearly in Figure 5.12(f). Both inside
and outside the drop, the flow pattern is such that it brings the drops closer. The value
of ¢ for this system is around 7.22, implying a weaker hydrodynamic force than the

electrostatic force. Nevertheless, both forces tend to bring the drops closer. Due to the
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Fig. 5.11 Drop deformation and translation at different time instances for R = 1.5 and
@ = 10 using the flow parameters Cag = 0.12 and Re = 1. We also plot the flow
patterns at ¢t = 19.
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Fig. 5.12 Drop deformation and translation at different time instances for R = 25 and
@@ = 40 using the flow parameters Cag = 0.12 and Re = 1. We also plot the flow
patterns at t = 24.

high value of the permittivity ratio for this system, enormous charges are developed at

the interface leading to a high value of electrostatic forces. This results in the drops

coming closer and finally coalescing into a single drop.
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5.4.2 Regime map for interacting drop pair

Unlike the previous work, including inertial effects (in contrast to Stokes regime) reveal
interesting regimes for the drop interaction under an electric field. We still observe
the expected shape response for a pair of drops and the circulation patterns Baygents
et al. (1998). In addition, we find that the drops can also come close and not coalesce
but instead form a stable thin film between them. For R = 16 and ) = 1, Figure 5.7
shows the formation of a thin film between a drop pair. As the two drops approach
each other, asymmetry in the shape starts to appear. The electric field magnitude

is higher in the region between the drops, which also induces higher charge density
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Fig. 5.13 A regime plot showing the various interaction dynamics between a pair of
drops when subjected to an uniform electric field. The properties considered in the
numerical study are Cap = 0.12, Re = 1, u. = 1, and p, = 1. An open circle (0)
denotes drop coalescence, a cross mark (x) denotes thin film formation, and a square
(m) denotes drop separation.

at the interfaces. This leads to a high magnitude of the electrostatic stresses on the
leading poles, which are balanced by the capillary force by adjusting the curvature.
We also observe a high pressure between the drops, which retards the motion of the
approaching surfaces. The pressure reaches its maximum at the center and minimum

at the periphery of the thin film; thus, a dimple shape of the thin film is observed.
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At such small separations, the Maxwell stresses overcome the lubrication resistance.
However, the drainage of the film is prevented by the converging flow in bulk, resulting
in a stable thin film. Similar thin film formation phenomena for other combinations of
electrical properties for a given Cag.

Figure 5.13 shows the different conductivity and permittivity ratios regimes for
which the above stable thin film phenomenon is observed. We introduce several regimes
on the phase plot to characterize the interaction dynamics of the drop pairs. The
points denoted by an open circle (0) represent the coalescence of drops, the points
denoted by a cross mark (x) represent a thin film formation, while the points denoted
by a square (m) represent the drops moving apart. Electrostatic forces are always
attractive, but the hydrodynamic forces due to the circulation flow generated by the
electrical stresses at the drop interfaces can determine the nature of the interaction.
An estimate of the ratio of hydrodynamic forces (F}) and electrostatic forces (F;)
has been obtained to determine the nature of the interaction dynamics of a pair of
drops. As shown in Figure 5.13, for ( > —5, the electrostatic forces overcome the
weak hydrodynamic repelling forces and make the drops coalesce. Furthermore, for
¢ < —1.0, the hydrodynamic repelling forces make the drops move apart. Interestingly,
the drops form a thin film without coalescing for —1.0 < ( < —5. Additionally, for
¢ > 0.05, the strong hydrodynamic attractive forces aid the electrostatic forces in the
coalescence of the drops. While for ¢ < 0.05, the drops again form a thin film without
coalescence. The curves shown in Figure 5.13 help in demarcating the behavior of
the drop. We note that the theoretically obtained limiting lines match well with the
computational results. We would also like to note here that the given phase boundaries
such as ( = —5 and ¢ = 0.05, are functions of Cag. The several new regimes for
leaky-dielectric drops representing the thin film formation obtained here have been
observed in experiments (Mhatre et al., 2015a) but have not been observed in earlier

numerical studies since they were performed in the Stokes limit.

5.5 Summary

In the present study, we have investigated the interaction dynamics of a pair of leaky-
dielectric drops under the influence of an external electric field. This numerical study
utilized an axisymmetric domain to understand drop dynamics. We also validated our
computational model with previous experimental work. The previous investigation by

Baygents et al. (1998) studied the drop pair dynamics using creeping flow approxima-
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tions. Their study defined a map that showed drops could either move apart or come
close based on the electrical conductivity and permittivity ratios. This work showed
that we could obtain different drop interaction dynamics for a small finite Reynolds
number. While we obtained the previous results of drops translating together and
drops moving apart, we also found that drops can come closer and form a thin film
without coalescing. Based on this observation, we defined a phase map representing
regions for various drop interaction dynamics. It is to be noted that this map is valid
only for the electrical capillary number of Clag = 0.12. Nevertheless, this phase map
gives a general idea about the interaction dynamics for a pair of leaky-dielectric drops
under the influence of an external electric field. This work can assist in performing
experimental investigations in these regimes to understand the mechanism behind the

thin film formation.
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Chapter 6

Viscoelastic effects on drop

deformation

The effect of viscoelasticity on drop deformation is studied using a finite volume based
solver. We consider a system with a leaky-dielectric drop suspended in a leaky-dielectric
medium. To investigate the effect of viscoelasticity, we consider either the drop or the
medium as viscoelastic. Accordingly, we get two configurations. We use the Oldroyd-B
constitutive model to study the drop dynamics. The applied electric field deforms the
drop with some deviations from its Newtonian counterpart. The chapter starts by
outlining the previous investigations on viscoelastic drop deformations (§ 6.1). Then,
the computational model used to study electrohydrodynamic flows is described (§ 6.2).
Next, the model is validated with earlier studies (§ 6.3). The effects of viscoelasticity
on drop deformation are subsequently explored (§ 6.4). The chapter then concludes

with a summary of the outcomes (§ 6.5).

6.1 Introduction

Understanding polymer blends is essential in foods, paints, cosmetics, and processing
industries. The properties of these emulsions are directly related to the microstructure
of the polymers resulting from drop deformation, coalescence, and breakup. For dilute
emulsions, the dynamics of a single drop provide complete information about its
behavior. Consequently, extensive studies have been conducted to investigate drop
deformation and breakup in simple linear flows (Taylor, 1932). Most of these emulsion

studies were restricted to both phases being Newtonian (Stone, 1994). However, non-
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Newtonian fluids can significantly affect the dynamics of drop deformation and breakup
(Tucker and Moldenaers, 2002; Yue et al., 2005).

Most investigations for non-Newtonian emulsions study the effect of shear and
extensional flows. The viscosity ratio and the capillary number govern the drop
dynamics of Newtonian systems. The capillary number is the ratio of the viscous
stretching force to the interfacial resistive force. A critical capillary number exists,
below which the drops retain their elongated shapes and above which the drops break.
Introducing viscoelasticity changes the extent of drop deformation and the critical
capillary number for the breakup. The effect of viscoelasticity has been attributed to
the combined effect of non-zero normal stresses, changes in viscous and viscoelastic
stresses, and flow modification (Ramaswamy and Leal, 1999a.b; Yue et al., 2005). The
deformation of a viscoelastic drop decreases compared to a Newtonian drop due to the
presence of normal stresses in the drop phase. Gauthier et al. (1971) and Varanasi et al.
(1994) found a higher critical capillary number for viscoelastic drops in a Newtonian
matrix. Flumerfelt (1972) performed experiments for a Newtonian drop sheared in
a viscoelastic matrix and found the critical shear rate to increase with increasing
matrix elasticity. Elmendorp (1986) considered both systems where either the drop
or the matrix phase was viscoelastic. They concluded that drop elasticity inhibited
deformation, whereas matrix elasticity enhanced it in a simple shear flow. Mighri et al.
(1997, 1998) experimented with Boger fluids and came to the same conclusion regarding
the effect of viscoelasticity on drop deformation. However, Guido et al. (2003) and
Sibillo et al. (2004) found that matrix viscoelasticity impedes drop breakup in simple
shear flows.

Greco (2002) computed a perturbative solution for a second-order drop and matrix
model. He found a deviation from the Newtonian model only in the drop orientation
angle and not in deformation at small capillary numbers. Maffettone and Greco (2004)
performed calculations with an ellipsoidal drop shape assumption and predicted a
less deformed Newtonian drop suspended in a viscoelastic matrix. Toose et al. (1995)
simulated a viscoelastic drop deformation using a boundary integral method and
concluded that for small deformations, drop viscoelasticity affects only the transient
behavior. Ramaswamy and Leal (1999a,b) and Hooper et al. (2001) used a finite
element method to investigate the axisymmetric deformation of viscoelastic drops in a
uniaxial extensional flow. They used FENE-CR and Oldroyd-B constitutive equations
for their studies and reported reduced deformation for viscoelastic drop and enhanced

deformation in the opposite case. Using finite element simulations, Pillapakkam et al.
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(2007) observed a non-monotonic change in the deformation of Newtonian drops in
a viscoelastic matrix. Yue et al. (2005) explained this non-monotonic behavior using
the variation in stresses. Their study was conducted using a diffuse interface method.
Unlike shear and extensional flow studies, investigations for electrohydrodynamic flows
for viscoelastic phases are limited. Ha and Yang (2000a) experimentally observed
the effects of viscoelasticity on the deformation and breakup of a drop in a uniform
electric field. They concluded that the critical electric field strength of viscoelastic
drops was increased. Lima and D’Avila (2014) performed numerical simulations using
a finite volume method and found that the drop deformation decreased with increased
relaxation time. They performed their simulations using a Giesekus constitutive model.

In this chapter, we present a two-dimensional axisymmetric study of drop defor-
mation using the Oldroyd-B model at a finite Reynolds number. Either the drop or
matrix has been considered to be viscoelastic. Oldroyd-B has been considered in this
study as it has a shear-independent viscosity and sustains a positive first normal stress
and a zero second normal stress. It is a quasi-linear constitutive model with a single

relaxation time. We consider both phases to be leaky-dielectric in nature.

6.2 Formulation

6.2.1 Computational domain

We study the effect of an electric field on the deformation of a drop suspended in a
medium. The drop/medium is considered to be viscoelastic. Accordingly, we have
two configurations: a viscoelastic drop suspended in a Newtonian fluid (VN), and a
Newtonian fluid suspended in a viscoelastic medium (NV). We study the dynamics for
a leaky-dielectric drop in a leaky-dielectric medium using an axisymmetric cylindrical
coordinate system (r, z).The initial undeformed spherical drop is kept at the center of
the domain, as shown in Figure 6.1. The extent of the domain in both the radial and
axial directions is 16a, where a is the radius of the drop. The properties of the drop
are denoted by subscript 1, whereas the ambient fluid is denoted using the subscript
2. Electric permittivities and conductivities are €; and oy, respectively, for the drop,
and €5 and oy for the medium. The drops are neutrally buoyant with densities p; = ps.
Viscosity of the fluids 1 and 2 are given by p; and pus, respectively. The viscoelastic
phase has both solvent () and polymer (y,) viscosity. The fluids involved are assumed

to be incompressible, and the surface tension coefficient of the interface between the
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two fluids is given as ;2 = . The chosen computational domain is large enough
to neglect the effect of boundaries on the dynamics of the drop at the time scales

considered in this study.

No Slip, ¢ =0
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Fig. 6.1 Schematic diagram (not to scale) showing the initial configuration and boundary
conditions in an axisymmetric cylindrical coordinate system (r, z). The radius of the
drop is a. Electric field (E) is applied along negative z axis. The size of the domain
is 16a x 16a. Viscoelasticity of a phase will have both solvent (us) and polymer (1,)
viscosity.

6.2.2 Solution methodology

Using the one-fluid formulation, we solve the tho-phase system governed by the
modified incompressible Navier-Stokes equations. The modified momentum equation

incorporates the surface tension force, polymeric stresses, and the electric force for the

volume.
V.-u=0,
ou T N E2
plg tu-Vul = ~Vp+V:[p. (Vu+ Vu' ) [+ V-T,+y50,4+ V- e | EE - 1
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We perform the viscoelastic studies for an Oldroyd-B model whose constitutive relation

is given as

o,

/\6t

+u-VT,—(Vu)-T,—T,- (Vu)Tl +T, =, (Vu+ vu')

An external electric field (E) is applied along the axial direction. It is imposed by
applying electric potential ¢ using the boundary condition on the bottom boundary
(r,z = 16a)

¥ = %o, u=v=_0. (61)

The top boundary is electrically grounded using the boundary condition (r, z = 0)
=0, wu=v=0. (6.2)

Neumann boundary condition for the electric potential is imposed on the right boundary
(r = 16a, z)
Op
or

Symmetry boundary conditions are imposed on the axis of symmetry for the velocity

0, wu=v=0. (6.3)

field and the electric potential (r = 0, z)

Op ov

_:O’ u:O’ —:0 64
or or (64)
No-slip and impervious velocity conditions are imposed on the other boundaries.
The details of the governing equations are defined in Section 2.2.1. The numerical
simulations are carried out using the BASILISK solver described extensively in Section

2.2.2.

6.2.3 Dimensionless parameters

The governing equations, along with the boundary conditions, are made dimensionless
using the following scaling parameters: undeformed spherical drop radius a is taken as
the characteristic length scale, U, ~ ago E2 /o is taken as the characteristic velocity
scale based on the flow generated by the electric forces, and F., is chosen as the
characteristic scale for the electric field. The pressure and the polymeric stress terms
are scaled using poU?Z. All the fluid properties are scaled using the respective properties

of the ambient phase. We obtain the following dimensionless parameters using the

TH-3225 186103031



102 Viscoelastic effects on drop deformation

above scaling:

2 12 2 2 12
PmEma- B Emalls, en b5 A
e u?n ) ag " ) €E Mm0m7 € a/Ue ( )

Reynolds number Re represents the ratio of the inertia forces to the viscous forces, and
the electric capillary number C'ag represents the ratio of the electrostatic forces to the
surface tension forces. The term Rep is the electric Reynolds number which denotes
the ratio of the charging time scale to the flow time scale. Furthermore, two additional
dimensionless parameters are involved in studying viscoelastic fluids. 8 = ps/ (s + )
gives the ratio of the solvent viscosity to the total viscosity of that phase. Deborah
number De represents the ratio of the relaxation time scale to the flow time scale.
The Deborah number indicates how a particular material will behave over a given
time frame. If the observation time is long or the relaxation time of the material is
short, then a fluid-like behavior is expected. In contrast, if the relaxation time of the
material is large or the observation time is short, then the Deborah number is high,
and the material exhibits a solid-like behavior. The dimensionless parameters for other
properties are the electrical conductivity ratio R = o1/09, the electric permittivity
ratio () = £1/ey, the viscosity ratio p, = p1/pe, and the density ratio p, = p1/p2. We
have considered p, = 1 and p, = 1 in the present study. A detailed derivation of the

dimensionless equations is described in Appendix B.

6.3 Validation

6.3.1 Comparison with literature

We validate the numerical model used in this study with previous investigations. To the
best of our knowledge, very few studies exist on the electrohydrodynamics of viscoelastic
fluids. Hence, we validate the two physics separately. The electrohydrodynamics part
of the solver has been validated well in the previous chapters. Here, we compare the
viscoelastic two-phase flow results of the present solver with the work of Figueiredo
et al. (2016). Figueiredo et al. (2016) studied the dynamics of a deformable drop under
a pure Couette shear flow, in which either or both the drop and ambient fluid has
been considered viscoelastic fluid. A drop of radius a is positioned at the center of a
rectangular domain and is subjected to a shear flow, with the top and bottom walls

moving in opposite directions. The viscoelastic fluid considered was an Oldroyd-B
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fluid, with 8 = 0.5. The other parameters used in the study are capillary number
Ca = 0.6, Reynolds number Re = 0.3, and Deborah number De = 0.4. They defined
the deformation parameter as the ratio between the smaller and the larger distances
of the drop interface up to the drop center, as D = (Gmaz — @min)/(Gmaz + Gmin)-
Figure 6.2 compares this deformation obtained by the present solver with the work
of Figueiredo et al. (2016), which is in good agreement. In the case of viscoelastic
drop and Newtonian ambient fluid (VN), the drop deforms continuously with time. In
comparison, the drop settles to a stationary state for a Newtonian drop in a viscoelastic
ambient (NV).

0.7F .
0 6:— E.Dumﬂmnm.mm.ma.m_i
0.5F .
0.4F E
Q . ]
0.3F .
02F; ———— VN: Figueiredo et al. (2016) -
(4 e NV: Figueiredo et al. (2016) 1
0.1 A VN: Present solver .
m| NV: Present solver 1
0 TN N N ISR TN S NN Y NN NN SN N N N N R B 1
2 4 6 8 10

t

Fig. 6.2 Temporal evolution of the deformation parameter (D) for two different configu-
rations. Other dimensionless parameters for the computations are C'a = 0.6, Re = 0.3,
De =0.4, and g = 0.5.

6.3.2 Grid independence studies

A grid convergence study is performed to ensure the results are independent of the grid
resolution. The adaptive meshing capability of the solver allows us to use very fine
mesh near the interface and a relatively coarser mesh away from the drop. This results
in less computational time than studies using a uniform grid. The entire interface is
resolved using Ax,,;,, and the grid is progressively coarsened (I = 6) away from the
drop. We consider the deformation of a viscoelastic drop suspended in a Newtonian
fluid. The parameters used for the test are R = 0.5, Q = 2, Re = 1, Cag = 0.2,
De=1, Reg =0.01, 5 =0.1, u, = 1 and p, = 1. The temporal evolution of the drop
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deformation (D) is plotted in Figure 6.3. It can be observed from the inset that the
curves corresponding to a/Ax,;, = 256 (I = 12) and 512 (I = 13) almost overlaps, and
hence a further grid refinement would have a negligible effect. The maximum difference
was 0.09%. Hence, a grid refinement level of 12 has been used for the rest of the study

to minimize the computational cost.
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0.085F Y ——a—— 256 a/Ax,, -
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Fig. 6.3 Temporal evolution of drop deformation (D) for different levels of grid re-
finement. The inset shows the zoomed view for better convergence analysis. The
dimensionless parameters for the computations are R = 0.5, Q = 2, Re =1, Cag = 0.2,
De =1, Reg =0.01, 8 =0.1, u =1 and p, = 1.

6.4 Results and discussion

In this section, we study the deformation and stability of two configurations: a
viscoelastic drop suspended in a Newtonian fluid (VN), and a Newtonian fluid suspended
in a viscoelastic medium (NV). The application of a uniform electric field leads to
a deformation of the drop. Due to the presence of viscoelastic fluid in a medium,
we observe different dynamics compared to Newtonian fluids. For all the studies, we
fix Re =1, Regp = 0.01, 8 =0.1, p, = 1 and pu, = 1. The governing dimensionless
parameters for the studies are R, (), Cag, and De. First, we present the transient

drop deformation dynamics followed by the steady state dynamics.
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6.4.1 Transient drop deformation

Figure 6.4 shows the drop deformation as a function of time for R = 10, @ = 0.1,
Cagr = 0.2 and varying De. We also plot the deformation history for a Newtonian drop
represented by De = (. The steady-state value of deformation D for VN configuration
decreases with an increase in De owing to increased viscoelastic stresses inhibiting the
drop deformation. In contrast, for NV configuration, the viscoelastic stresses aid in
deforming the drop, and consequently, D increases with an increase in De. We observe
overshoots and oscillations in the transient deformation for both configurations. This is
attributed to the relaxation time associated with the Oldroyd-B model, which leads to
a finite time interval for the development of the viscoelastic stresses. These variations
in temporal deformations have also been reported in previous studies (Aggarwal and
Sarkar, 2007; Yue et al., 2005). The deformation is significant for the VN configuration,
while we find the deformation to change by a very small amount for the NV configuration.
The deviation in steady-state deformation with De observed here is due to the nonlinear
nature of the Oldroyd-B constitutive equation, which gives rise to a finite first normal

stress difference.
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Fig. 6.4 Effect of De on deformation of drop for Cagp = 0.2, R =10 and ) = 0.1. The
inset for NV configuration shows that at steady-state the deformation increases with
an increase in De.
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6.4.2 Steady state drop deformation

The steady-state drop deformation is calculated for the two configurations, VN and NV.
The drop deformation is represented as D = (L — B)/(L + B). The deformation values
are normalized by the Newtonian drop deformation Dy (at De = 0). Figure 6.5 shows
the plot of D/Dy as a function of De for two values of Cag. In the case of VN, D/Dy
decreases monotonically with increasing De. On the other hand, for NV, the curve
has a non-monotonic nature. The deformation reaches a minimum and then increases,
although the overall effect is still an increase in deformation. Thus, viscoelasticity
in the drop decreases deformation. While the viscoelasticity in the ambient phase
suppresses drop deformation for small De, but enhances drop deformation for large
De. This trend of viscoelasticity is also observed for drop deformation in steady shear
(Aggarwal and Sarkar, 2007, 2008). The stress fields around the drop are examined to

understand such behavior.
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Fig. 6.5 Steady-state deformation variation D/Dy (normalized with D at De = 0)
with De for two different Cag = 0.1,0.2. The electrical parameters are R = 10 and
@ = 0.1. The effect of viscoelasticity is more prominent in the study of VN system.

We evaluate the stresses on the inside edge of the drop interface as a function of
angular position 6 from the electric field direction. Figure 6.6 shows the variation of
normal electric stress (7.,) and tangential electrical stress (7.;). The normal electric
stresses at the poles cause the drop to increase L in the direction of the electric field,
while at the equator, the normal electric stress reduces B. This results in an overall

prolate deformation of the drop. Since the electric stresses are not affected by the flow
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field, they remain constant for all the De considered for the study. Hence, we do not
show their variation and consider the variation of viscous and viscoelastic stresses. For
an Oldroyd-B drop deforming in a Newtonian matrix outside the drop, the normal
force on the interface is identical to a Newtonian drop. However, inside the drop, the

viscoelastic stresses cause a reduction in drop deformation.
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Fig. 6.6 Plot of electric stresses (a) normal 7, and (b) tangential 7.; along the inside
edge of the interface at Cap = 0.2, R = 10 and ) = 0.1. These stresses do not change
with the flow field and only depend on the electric field strength.

In Figures 6.7(a) and 6.7(c), we plot the normal component of the viscous (7sy,)
and viscoelastic (7,,) stresses along the circumference of the drop. The viscous normal
stress reduces with an increase in De at the poles but does not change much at the
equator. The viscoelastic normal stress shows an increase in its peak value with
increasing De. These viscoelastic normal stresses are maximum around the drop poles,
exerting an inward pull at the poles, reducing L. We observe a minute increase in
viscoelastic normal stress at the equator with De. This stress exerts an outward push
which increases B. The magnitude of viscous normal stress is significantly less than
that of viscoelastic normal stress. The stresses tangential to the drop interface are
shown in Figures 6.7(b) and 6.7(d). The viscous tangential stresses (7s) decrease at
the poles with an increase in De. The viscoelastic tangential stress (7,;) increases at
the poles with an increase in De. Here again, we observe that the magnitude of the
viscous tangential stresses is small compared to the viscoelastic stresses. Hence, the

overall effect of viscoelasticity dominates. The drop interface has a net inward pull
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Fig. 6.7 Stresses along the inner edge of the interface for VN configuration at Cap = 0.2.
(a) The viscous normal stress 7y, and (b) the viscous tangential stress 7y, due to the
solvent in the Oldroyd-B fluid. (c) The polymer normal stress 7, and (b) the polymer
tangential stress 7,;, being the inward normal to the interface. The electrical parameters
are R =10 and (Q = 0.1.
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due to the hoop stress effect caused by the tangential stress at the poles. This induces
a high pressure at the drop equator and thus pushes the drop outwards, increasing
B. Near the equator of the drop, the viscous and viscoelastic tangential stresses do
not show much variation and hence do not contribute much to the deformation of the

drop. We observe that the viscoelastic normal stress at the poles decreases L, and
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the viscoelastic tangential stress at the equator increases B, which causes an overall
reduction in drop deformation with increasing De.

Now, we switch the phases and consider the NV configuration. For this study, we
observed a non-monotonic deformation curve. The variation of normal electric stress
(Ten) and tangential electrical stress (7.;) are still the same (not shown here). In Figures
6.8(a) and 6.8(c), we plot the normal component of the viscous (7s,) and viscoelastic
(7pn) stresses along the outer edge of the drop interface for different De at Cap = 0.20.
The viscous normal stress decreases at the poles with an increase in De. At the equator
of the drop, there is not much change in these stresses. With increasing elasticity,
the magnitude of the viscoelastic normal stress at the poles increases significantly.
The magnitude of viscous normal stress is significantly less than that of viscoelastic
normal stress. This results in an overall increase in L. The tangential component
of the viscous (7y) and viscoelastic (7,;) stresses show peculiar behavior as shown in
Figures 6.8(b) and 6.8(d). At the equator, both stresses do not change much with
De. The viscous tangential stress decreases with an increase in De at poles. In
comparison, the viscoelastic tangential stress first decreases and then increases with De.
Here, the magnitude of viscous normal stress is comparable with that of viscoelastic
normal stress. This again results in the interface having a net pull due to the hoop
stress effect, and high pressure is induced at the equator of the drop. We observe an
overall monotonic increase in L due to the viscoelastic normal stresses, and B changes
non-monotonically (decreasing viscous stress but increasing viscoelastic stress). This

results in a non-monotonic behavior of drop deformation with De.
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Fig. 6.8 Stresses along the outer egde of the interface for NV configuration at Cag = 0.2.
(a) The viscous normal stress 7y, and (b) the viscous tangential stress 7y, due to
the solvent in the Oldroyd-B fluid. (c) The polymer normal stress 7,, and (d) the
polymer tangential stress 7, being the outward normal to the interface. The electrical
parameters are R = 10 and @ = 0.1.

6.5 Summary

This chapter presented the dynamics of drop deformation in the presence of viscoelastic
fluids. We studied the dynamics using an open-source finite volume based solver in
a two-dimensional axisymmetric configuration. The two phases were considered to
be leaky-dielectric in nature. Drop dynamics of a viscoelastic drop suspended in a
Newtonian matrix (VN) and a Newtonian drop suspended in a viscoelastic medium
(NV) are investigated. The viscoelasticity was parameterized using the Deborah number
(De). The transient drop deformation for both configurations showed overshoots and
oscillations. This was due to the non-linear nature of the Oldroyd-B constitutive model.
For the VN configuration, drop deformation decreased with an increase in De. The
deformation dynamics showed a non-monotonic nature for the NV configuration. The
electric stresses showed no change with De as the flow field did not affect it. The
viscous and viscoelastic stresses for both configurations were calculated to understand

the reduced and non-monotonic nature of the deformation.
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Chapter 7

Conclusions and scope for future

work

In this thesis, the drop-drop and drop-surface dynamics during impact and electrohy-
drodynamic interactions have been investigated. We utilized an in-house coupled level
set and volume of fluid (CLSVOF) method based solver and an open-source solver
BAsILISK for the computational studies. This chapter summarizes the main results of
the investigations and the conclusions drawn (§ 7.1). Furthermore, we identified some
areas which require more investigation for a complete understanding of the interaction
dynamics. Those have been listed at the end of this chapter (§ 7.2).

7.1 Conclusions

We provided a detailed literature review of the past work on drop impact dynamics and
electrohydrodynamics. Based on the literature gap, we provided the objectives for the
present thesis. The studies in this thesis are solely based on numerical simulations. We
describe the two computational tools utilized for the studies. The details of an in-house
solver based on the CLSVOF method and an open-source solver Basilisk are presented.
The governing equations and their discretizations are shown. The numerical schemes
used and the algorithm of the solver are described in detail. The spatial discretization
and the grid used to discretize the domain are presented.

The culmination of a series of phenomena during the impact of a water drop on a
deep pool of water. The evolution of the outward jets that form during the collapse
of the crater can produce secondary drops. Stronger radial flow produces a more

elongated jet. The jet emanates as a consequence of the flow rate imposed by the

TH-3225 186103031



112 Conclusions and scope for future work

radial velocity field induced by the crater walls. As the impact velocity increases,
larger cavities result, followed by various jet dynamics and variations of drop sizes.
When the crater reaches maximum depth, inertia becomes less significant, and surface
tension governs the receding motion of the crater. Capillary effects are responsible for
the formation of the wave swell at the crater mouth (Ray et al., 2015). During the
collapse of the crater, the capillary waves from the top of the cavity propagate and
focus at the bottom (Deike et al., 2018; Woodcock et al., 1953). As a part of capillary
retraction dynamics, these waves also deform the bottom of the cavity from which the
jet is issued. The liquid jet moves up vertically and grows due to a symmetric rush of
radial velocity from liquid inventory. As the Weber number increases, the jet height
increases (Ray et al., 2012). Having reached a critical height, the jet sheds drops to
release high surface energy, and the remaining part of the ejected liquid recoils back
into the reservoir. As mentioned, the evolution of the outward jets that form during
collapse of the crater produces secondary drops. The dimensionless jet velocity can be
expressed as a function of Froude number, Weber number, and the minimum radius of
the cavity. Depending on F'r and We, three different scenarios emerge together with
the formation of a central jet and the pinch-off of one or more secondary drops. At low
impact velocities, a long thick central jet is formed, finally leading to the formation of
a secondary drop which is always smaller than the initial drop. For moderate impact
velocities still, a long jet emanates, which is, much thinner than in the previous case
entailing the breakup of the jet into multiple secondary drops, which are all smaller
than the initial drop. In the third paradigm of very high impact velocities, which was
clearly identified here for the first time, the emanating jet is long and thick, leading to
the pinch-off of a secondary drop, which has a larger diameter than the initial drop.
Similar to the case with a long thick jet and a singular secondary drop smaller than
the initial drop, in this new regime with an evolving larger drop than the original one,
linear relations are observed for the pinch-off time and the maximum jet height as a
function of the Froude number.

The interaction dynamics of a pair of drops in a uniform electric field is numerically
investigated. A leaky dielectric model is utilized for this study, with the core and the
ambient phase being the same and the shell of the compound drop being different. We
note that the stability of a compound drop as well the relative motion between a pair of
drops, depends essentially on the charge relaxation time constant ratio of the ambient
and the outer shell of the compound drop (7}/72) or equivalently the ratio of Q/R.

This parameter describes the sign of the charge that develops at the drop interface and,
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thus, the sense of the flow circulation generated due to the tangential electric stresses.
If the flow is from the poles to the equator in the ambient fluid, it implies that the flow
in the outer shell is from the center toward the pole. The flow generated in the ambient
indicates a hydrodynamic drag on the neighboring drop, thus driving the two drops
together and making the emulsion unstable. Also, due to the flow inside the outer
shell of the compound drop being from the center towards the pole, any deviation of
the inner drop from the center of the compound drop would result in a hydrodynamic
drag that will drive the inner drop toward the ambient fluid. We show that this simple
rule of thumb is not applicable when the inertial forces are accounted for. Despite the
vital role played by the hydrodynamic forces governed by the strength of the electric
field Cap and the ratio of charge relaxation time constants 7!/72, we observed that
for lower values of Reynolds number, Re, electrostatic dipole-dipole forces can modify
certain features of the interaction dynamics. The apriori expectation of the stability of
an emulsion in an electric field would require consideration of the relative time scales of
electrostatic attraction, charge relaxation, and flow time scale. Moreover, the relative
strength of the electrostatic and hydrodynamic forces, given by the ratio F./F}, in
Equation (4.9), also determines the interaction dynamics of the drops. For low F./F},
hydrodynamic forces govern the motion of the drops, and the velocity of approach
varies as 1/h?, whereas for higher F./F},, electrostatic forces are dominant and the
velocity of approach varies as 1/h*. We believe that this study would motivate some
more experiments in regimes that show interesting dynamics of the drops, such as the
formation of a drop-drop doublet.

In the earlier work, we saw a new phenomenon of non-coalescence in which the
drops were attracted toward each other but did not coalesce. Instead, a stable thin
film was formed between the drops. A pair of single emulsion leaky-dielectric drops
suspended in a leaky-dielectric medium is considered for this study. Only the effect
of conductivity and permittivity ratios are investigated for the interaction dynamics.
All other properties and dimensionless parameters are kept constant. The previous
investigation by Baygents et al. (1998) studied the drop pair dynamics using creeping
flow approximations. Their study defined a map that showed drops could either move
apart or come close. We revisited this same work, but instead, we solved the full
Navier-Stokes equations using a finite Reynolds number. Based on the simulations,
we identified a different regime for drop interaction dynamics. Electrostatic forces are
always attractive, but the hydrodynamic forces due to the circulation flow generated by

the electrical stresses at the drop interfaces can determine the nature of the interaction.
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An estimate of the ratio of hydrodynamic forces and electrostatic forces is obtained
to determine the nature of the interaction dynamics of a pair of drops. This ratio of
forces enabled us to delineate the different regimes for interaction. Finally, we provide
a phase map for the interaction dynamics based on the conductivity and permittivity
ratios. The theoretically obtained limiting lines match well with the computational
results. We found three regimes where the drops can come together and coalesce, the
drops can move apart, and the drops come together and form a thin film without
coalescing. The several new regimes for leaky-dielectric drops representing the thin
film formation obtained here have been observed in experiments but have not been
observed in earlier numerical studies since they were performed in the Stokes limit.
We study the effects of viscoelasticity in the presence of an electric field in a
two-dimensional axisymmetric configuration. Viscoelastic studies for drop deformation
were conducted only in the context of shear and extensional flows. The effect of the
electric field on viscoelasticity is studied numerically using the open-source solver.
Two configurations are selected for the study. A viscoelastic drop suspended in a
Newtonian ambient (VN) and a Newtonian drop suspended in a viscoelastic matrix
(NV). We only study the effect of Deborah number using the Oldroyd-B constitutive
model. All other properties, including the electrical properties, are kept constant. The
conductivity and permittivity ratios are taken such that the drop deforms prolately.
The transient drop dynamics show oscillations for viscoelastic fluids. This is attributed
to the nonlinear nature of the Oldroyd-B constitutive equation, which gives rise to a
finite first normal stress difference. The steady-state deformation shows a significant
effect of viscoelasticity. A normalized deformation is plotted against the De. The
electric stresses only depend on the electrical properties and the electric field strength.
Hence they do not change with the flow field and do not modify the drop deformation.
For the VN configuration, drop deformation decreased with an increase in De. We
observe that the viscoelastic normal stress at the poles decreases the axial length, and
the viscoelastic tangential stress at the equator increases the length perpendicular
to the axis. This interplay of viscoelastic stress causes an overall reduction in drop
deformation with increasing De. The deformation dynamics showed a non-monotonic
nature for the NV configuration. We observe an overall monotonic increase in axial
length due to the viscoelastic normal stresses, and the length of the transverse axis
changes non-monotonically. This is due to decreasing viscous stress but increasing

viscoelastic stress at the poles of the drop, which results in a non-monotonic behavior
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of drop deformation with De. Further investigations on drop breakup can be conducted

to understand the stability of these systems.

7.2 Scope of future work

The present dissertation explored the drop dynamics in the purview of impact and
coalescence. A significant portion of the physical dynamics still needs to be analyzed
to understand the practical applications better. The possible extensions of the current

work as future scope are mentioned below.

e Drop dynamics in electrohydrodynamic flows are affected by viscosity contrast
between the phases. Investigations into this parameter will reveal important flow

features.

A non-uniform electric field (AC) leads to drop dynamics that depend on the
frequency of the flow field. Studies can be conducted to understand the effect of
oscillating flow fields.

o With the advent of digital microfluidics, the application of electromagnetic fields
is gaining interest. The drop dynamics in such investigations may lose their
symmetrical nature. Full three-dimensional studies should be conducted to

analyze such systems.

e The drop deformation will depend on the solvent viscosity ratio and the viscoelas-
ticity in both phases. The inclusion of such parameters will demonstrate the

effect of polymeric fluids.
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Appendix A

Log conformation representation

The numerical solution of viscoelastic problems fails when the value of the relaxation
parameter is large. This is known as the High Wissenberg number problem. Fattal
and Kupferman (2004) identified that the numerical instability was caused due to the
exponential growth of the stresses. The remedy suggested by them was to use a kernel
transformation. In this method, instead of advancing the conformation tensor, they

proposed to advance its logarithm in time.
¥ =logA (A1)
Since A is symmetric and positive-definite, it is always diagonalizable as
A=RAR" and ¥ =1IogA =R logA R, (A.2)

where A is the diagonal matrix formed with the eigenvalues and R is the tensor formed
by arranging the eigenvectors. The diagonalization is also used to decompose the

velocity gradient as
Vu=Q2+B+NA, (A.3)

where 2 and N are antisymmetric and B is symmetric, traceless and commutes with

A. The equation for ¥ becomes

ef\Il

%‘f’ sV - 2B - (QF - UQ) =~ fu(c?) (A4)
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132 Log conformation representation

For a 2D study, the velocity gradient can be written as

Mma1 Mag

(m” m”) — R (Vu)R (A.5)

and the elements of the decomposition are

B:R(”gl O)RT, Q:R(O “’)RT, N:R(O ”)RT (A.6)
2

Mo —w 0 - 0

; _ Aomis+Aima __ miotma
with w = v and n Aoiopt-
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Appendix B

Dimensionless equations

The Navier—Stokes equations for the incompressible fluid motion are

V.-u=0, (B.1)

9,
p[£+u-Vu]:—Vp+V-T+FS+Fe, (B.2)

The surface tension force is given as
F, = vkésh | (B.3)
The stress tensor (T) in the momentum equation is given as
V. T=V.T,+V.T, (B.4)
The viscous stress tensor is expressed as
T, = 24D = p1, (Vu+ Vu') (B.5)

The polymeric stress tensor is expressed using the constitutive equation of Oldroyd-B

model as

o,

A@t

+u-VT,—(Vu)-T,—-T,- (Vu)T] + T, =p, (Vu + VuT) (B.6)
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134 Dimensionless equations

The electric force is written as the divergence of the Maxwell stress tensor (T.) as
E2
F.=V.T.=¢ <EE — 2I> (B.7)
The Poisson equation is given as
V. (E)=V-(eVyp) = —q, (B.8)

The charge conservation equation is given as

0qy
ot

+V . (qu) =V (cVy) (B.9)
The fluid and electrical properties in the one fluid formulation are interpolated as

p=Cp+(1=C)pz, p=Cu+(1-C)us,

(B.10)
e=Ce1+(1-Clea, oc=Co+(1—-C)os.

These properties are made dimensionless using the properties of the ambient fluid (2)

as

Picia-0, L-c®2iag-0),

P2 P2 2 H2
et ia-0), Z=-cZia-0).
Eo E9 )] 09

which reduces to

pr=Cp+(1-C), w=Cu+(1-0C),

(B.11)
e =CQ+(1-C), o =CR+(1-0C).

Here, the * quantities are the dimensionless terms. The governing equations are made

dimensionless, we use the following scales

length scale ~ a , velocity scale ~ U,
pressure scale ~ pUZ | polymeric stress scale ~ ppU?
. . 52Eoo
electric field scale ~ E | volumetric charge scale ~
a
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The electrohydrodynamic velocity scale (U,) is derived by balancing the viscous and
electric forces as
viscous force ~ electric force

2
fau EZ e

a? a

2
e a
=y~ 20
2

Next we describe the dimensionless governing equations.

Vieu =0 (B.12)
U G Vu|= —Vpt+ VT +V - | (Vu+ vu')|
PV o B b i fls
E2
+vyKosh + V - [ (EE—I)}
#p[aal;—{—u Vu]: —Vp+V-T, +<“S>V 1 (Vu+ vu”)]
RN )
E2
+ykosh + V - [ (EE—I)]
2 % 2 2
- pQUe p* ou _’_u*.v*u* 1 i p2U6 V*p*+ % VvV*.T*
a ot* a a i
(3
U

2 *2
n (‘EQEO") V. le* (EE _E I)]
a 2
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136 Dimensionless equations

* au* * * * _ Xk * * /Y k) Ok A
=p [at*—i—u Vu]— V' +V Tp—ir(apQUg)/fésn
M2 * * %% x__xT
v*. \Y% \%
+5 <p2U6a> [,u ( u" + V'u )}
€2E2 E*2
+<P2U3> [5 ( 2 )]
ou* 1
* *. * * — T k% *.T* k Ok A
=p [at*—iru Vu] Vip*+V p+(ReCaE)H55n
5 * * * %k *__xT
+<Re v [ (Ve + viuT)]

(@[ (s

For Newtonian studies, polymer stress tensor is absent. For viscoelastic studies we
consider the Oldroyd-B model.

T
A [ap +u-VT,— (Vu)-T, - T,- (Vu)Tl +T, =t (Vu+ V')

ot

oT, T _ | Mo T
= A=t +u VI, = (Vu) . T, - T, - (Vu)"| + T, = " p(Vu+ vu’)

pQUe?) oT, * Kk o * * Kk *
:>)\< . ) 8tf+u'VTp —(V*u") - T, =T, - (V*u)" —|—(p2U3)"JI‘p

= (1-p) (“2GU€> w (Viur + viu”)

aT* * K Pk * ok * * * ook
e TW VT —(V*u") - T = T - (VFu)"

()

+ T,

= (1 _ 6) (p;;’]ia> (V*u* + V*u*T)
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aT* * * * * * * * * * *
= (De) 6tf+u VT, (V)T =T - (Viu) | + T
1 _5 *_ % *_ T
:<Re><Vu + V*u ) (B.14)
Now, the electrostatic equations are made dimensionless.
V. (cE) = —q,
EOO EOO *
= (52 ) V* . (é*E*> _f_ (52 ) C]U
a a
= V. ('E") = —¢ (B.15)
04y
LV (qu) =~V (0E)
ot
62EOOU€ aq: * % r UQEOO * * Tk
:>< a? )[(‘%*—i—V (gu)| = ( a )V (" E")
aq* a/Ue
: J V* . * * e V* . *E*
825* + (qvu ) <€2/0_2> (0 )
o 9% 4 G (gt ( y )v* (o*E") (B.16)
. = — — - (O .
375* @ RSE
Finally, we have the following dimensionless parameters
Ue E2 2
Reynolds number Re = . _ 2°°a ’
12 2%
U. i
Electric Capillary number Cap = Hale _ 2800 ,
7 " (B.17)
gq/0
Electric Reynolds number Rep = g ,
a/U,
Deborah number De = AU = A .
a a/U,
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Appendix C
Grid representation

The in-house solver based on the CLSVOF method is used to study the dynamics of a
drop impacting a liquid pool. A uniform grid arrangement is used where the grid size
in both directions is considered the same, i.e., Ax = Ay. A representation of the grid

is shown below in Figure C.1.

Fig. C.1 A representation of the grid used to study drop impact dynamics. An
axisymmetric system is used for the study. The grid has been mirrored for better
visualization. We also show the initial configuration of the system.
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140 Grid representation

The open-source solver Basilisk uses a quadtree grid structure. The Adaptive Mesh
Refinement (AMR) capability of the solver allows it to refine and coarsen the mesh
dynamically. We show the adaptive grid arrangement for single drop (Figure C.2)
and compound drop (Figure C.3). The mesh is refined based on the volume fraction
gradient. Accordingly, we find a very fine mesh near the interface while a relatively

coarser mesh elsewhere.
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Fig. C.2 Different zoom levels showing grid refinement for a single emulsion drop. The
minimum grid level is [ = 6 while the maximum grid level is [ = 12.

(a) (b) (c)

Fig. C.3 Different zoom levels showing grid refinement for a double emulsion drop. The
minimum grid level is [ = 6 while the maximum grid level is [ = 12.
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