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Abstract

The power graph of a group G is the graph whose vertex set is G and two distinct

vertices are adjacent if one is a power of the other. In this thesis, a study on

connectedness and spectral properties of power graphs of finite groups is presented.

Several characterizations of minimal separating sets of power graphs of groups in

terms of their quotient power graphs are given, and some minimal separating sets of

power graphs of finite cyclic groups are obtained. Consequently, two upper bounds

of vertex connectivity of power graphs of finite cyclic groups and their actual value

for some orders are determined. Some structural properties of components of power

graphs of p-groups are found and the number of components of that of abelian

p-groups is deduced. Moving forward, it is ascertained that the minimum degree

and the edge connectivity of power graphs of finite groups are equal. Then the

minimum degree of power graphs of finite cyclic groups (for some orders), dihedral

groups, dicyclic groups and abelian p-groups are computed and its equality with

the vertex connectivity of the respective power graphs is characterized. Laplacian

spectra of power graphs of finite cyclic groups, dicyclic groups and p-groups are

investigated. Multiplicity of the Laplacian spectral radius and some bounds of the

algebraic connectivity of these power graphs are supplied. A characterization such

that the power graph of a dicyclic group is Laplacian integral is given. It is shown

that the power graph of any p-group is Laplacian integral. Some characterizations

v
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vi Abstract

for the equality of vertex connectivity and algebraic connectivity of power graphs

of finite cyclic groups, dicyclic groups and p-groups is supplied. Then critical and

minimal connectivity of power graphs of finite groups are investigated. Certain

characterizations for power graphs that are minimally vertex (edge) connected have

been obtained.
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Introduction

This thesis investigates connectedness, structural and spectral properties of power

graphs of finite groups. The work presented in this thesis lies in the areas of groups,

graphs and matrices.

Graphs associated to groups have a long history. Cayley graphs are first such

notion introduced by Cayley [1878]. Later, various other graphs were constructed

on groups and semigroups, e.g., intersection graphs (cf. [Zelinka, 1975]), commuting

graphs (cf. [Bertram, 1983]) and prime graphs (cf. [Williams, 1981]).

Kelarev and Quinn [2000, 2002] introduced the directed power graph of a semi-

group S as the directed graph
ÝÑG pSq with vertex set S and there is an arc from a

vertex u to another vertex v if v “ uα for some positive integer α P N. Following

this, Chakrabarty et al. [2009] defined (undirected) power graph GpSq of a semigroup

S by ignoring the direction in
ÝÑG pSq, that is, with vertex set S and distinct vertices

u and v are adjacent in GpSq if v “ uα for some α P N or u “ vβ for some β P N.

Power graph has been the topic of interest of many researchers and there are

notable contributions on it in literature. Chakrabarty et al. [2009] showed that

the power graph of a group is connected if and only if all its elements have finite

order. They further showed that the power graph of a finite group is complete

if and only if the group is trivial or a cyclic group of prime power order. For

an exhaustive collection of results and open problems on power graphs till 2013,

1
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2 Introduction

one may refer to [Abawajy et al., 2013]. Certain contributions on characterization

of finite groups using their power graphs have drawn the attention of researchers

towards studying various properties of power graphs. For instance, Cameron and

Ghosh [2011] proved that two finite abelian groups with isomorphic power graphs

are isomorphic. Moreover, Cameron [2010] proved that if two finite groups have

isomorphic power graphs, then their directed power graphs are also isomorphic. He

further ascertained that if two finite groups have isomorphic power graphs, then they

have same numbers of elements of each order. In the following result, Mirzargar et al.

[2012] showed that several classes of finite groups can be uniquely determined by

their power graphs. In particular, they proved that if G1 is among a simple group,

cyclic group, symmetric group, dihedral group or generalized quaternion group, and

G2 is a finite group such that GpG1q is isomorphic to GpG2q, then G1 is isomorphic

to G2. It was shown by Cameron et al. [2017] that if G is a group such that GpGq

isomorphic to GpZq, then G is isomorphic to Z. Curtin and Pourgholi [2016, 2014]

proved that among the power graphs of all finite groups of a given order, that of

cyclic group has the maximum number of edges and has the largest clique in its

power graph. The proper power graph G˚pGq of a group G is obtained by removing

its identity element from GpGq. Doostabadi et al. [2015] showed that the proper

power graph of a finite group is regular if and only if the group is cyclic group of

prime power order or its exponent is a prime number. The number of components

and diameter of some proper power graphs were determined in [Bubboloni et al.,

2017a,b] and [Curtin et al., 2015], respectively. The commuting graph of a group

G is the graph whose vertex set is G and two distinct vertices u, v are adjacent

if uv “ vu. Aalipour et al. [2017] characterized the finite groups whose power

graph is same as their commuting graph. In [Ashrafi et al., 2017; Feng et al.,

2016; Hamzeh and Ashrafi, 2017], the automorphism groups of power graphs of

various finite groups were obtained. Ma et al. [2015, 2018] computed the metric

dimension and the strong metric dimension of the power graphs of certain finite

TH-1968_136123001



3

groups. Laplacian spectra and (adjacency) spectra of power graphs of finite groups

were investigated in [Chattopadhyay and Panigrahi, 2015] and [Mehranian et al.,

2017], respectively. In the literature, some other variants of power graphs have also

been studied, viz., strong power graph [Suresh Singh and Manilal, 2010], reduced

power graph [Rajkumar and Anitha, 2017], Normal subgroup based power graph

[Bhuniya and Bera, 2017] and enhanced power graph [Aalipour et al., 2017].

Chattopadhyay and Panigrahi [2014] investigated the vertex connectivity κpGpZnqq

of Zn. They obtained κpGpZnqq when n is a prime power. When n is not a prime

power, they gave a lower bound of κpGpZnqq and showed that equality holds when n

is a product of two distinct primes. Further, Chattopadhyay and Panigrahi [2015]

supplied upper bounds of κpGpZnqq when n has two prime factors or n is a product

of three primes. In this thesis, we establish that these upper bounds are in fact

the actual values of κpGpZnqq. Moreover, extending the above result from [Chat-

topadhyay and Panigrahi, 2015], we present two upper bounds of κpGpZnqq for all

n.

Mirzargar et al. [2012] studied some combinatorial properties of power graphs of

p-groups. Moghaddamfar et al. [2014] presented some group theoretic characteriza-

tions for which the proper power graph of a finite p-group is connected. Doostabadi

et al. [2015] classified the p-groups whose proper power graph is regular. Contribut-

ing to the study power graphs of p-groups further, in this thesis, we present some

structural properties of power graphs of p-groups.

Along with the vertex connectivity κpΓq, edge connectivity κ1pΓq and minimum

degree δpΓq also serve as measures of connectedness of any graph Γ. For any finite

simple graph Γ, the inequality κpΓq ď κ1pΓq ď δpΓq due to Whitney [1932] is well

known. For power graphs of finite groups, the edge connectivity and minimum

degree are always equal. We compute the minimum degree of power graphs of Zn,

abelian p-groups, dihedral group Dn and dicyclic group Qn in this thesis. We then

characterize the equality of vertex connectivity and minimum degree for these power

TH-1968_136123001



4 Introduction

graphs.

Chattopadhyay and Panigrahi [2015] studied the Laplacian spectra of power

graphs of Zn and Dn. They showed that the Laplacian spectral radius of power

graph of any finite group is its order. Additionally, when the group is cyclic, they

computed its multiplicity. They supplied upper bounds of the algebraic connectivity

of power graph of Zn for some n and a lower bound for all n. Further, they gave the

algebraic connectivity of the power graph of Dn and obtained the complete Laplacian

spectrum of power graphs of Zn and Dn for some values of n. In [Chattopadhyay,

2015], the Laplacian spectum of power graph of dicyclic group Qn when n is a

power of 2 was computed. Kirkland et al. [2002] obtained a necessary and sufficient

condition for equality of vertex connectivity and algebraic connectivity of graphs

that are non-complete and connected. In this thesis, we study Laplacian spectra

of power graphs of Zn, Qn and p-groups. In fact, we improve and generalize some

of the above results from [Chattopadhyay, 2015; Chattopadhyay and Panigrahi,

2015]. Further, we characterize the equality of vertex connectivity and algebraic

connectivity of power graphs of certain groups.

Graphs having the property that the deletion of a vertex or an edge decreases

their vertex connectivity or edge connectivity have been objects of interest for re-

searchers. Halin [1969] proved that the minimum degree of a minimally k-vertex

connected graph is k. Lick [1969] gave a necessary condition for a graph to be

critically k-vertex connected in terms of upper bound of its minimum degree. Lick

[1972] further showed that the minimum degree of a minimally k-edge connected

graph is k. For more interesting results on these graph parameters, we can refer

to [Chartrand, 1966; Li et al., 2017; Li, 2008]. In this thesis, we investigate these

parameters for power graphs of finite groups and obtain some characterizations.

In this thesis, the necessary preliminaries and related works are presented in

Chapter 1. Starting with Chapter 2, the contributions of the thesis have been

organized into five chapters as follows:

TH-1968_136123001



5

Chapter 2: Vertex Connectivity

Chapter 3: p-Groups

Chapter 4: Minimum Degree and Connectivity

Chapter 5: Laplacian Spectrum

Chapter 6: Critical and Minimal Connectivity

Chapter 2. In this chapter, we study minimal separating sets and vertex connec-

tivity of power graphs of finite groups. We first recall the notion of a quotient power

graph of a group from [Bubboloni et al., 2017b]. Then we obtain some characteri-

zations of minimal separating sets of power graph of a finite group in terms of its

quotient power graph. We show that κpGpZnqq “ φpnq ` 1 if and only if n is a

product of two distinct primes (cf. Proposition 2.3.3). We obtain some minimal

separating sets of GpZnq, and consequently supply two upper bounds for its vertex

connectivity (cf. Theorem 2.3.6, 2.3.16). Moreover, we determine values of the ver-

tex connectivity of GpZnq when n has two prime factors or n is a product of three

distinct primes (cf. Theorem 2.3.20, 2.3.22). Through these, we ascertain that one

of the upper bounds obtained above is sharp.

Chapter 3. In this chapter, we study some structural properties of power graphs

of p-groups. We first obtain some properties of components of proper power graphs

of p-groups (cf. Proposition 3.1.2, 3.1.4) . We then find the number of components

of the proper power graph of an abelian p-group (cf. Theorem 3.1.5). Moreover,

we study the structure of power graphs of p-groups (cf. Theorem 3.2.4, Remark

3.2.5) and present the complete structure of power graphs of groups that are direct

product of two cyclic p-groups.

Chapter 4. In this chapter, for power graphs of finite groups, we first ascertain that

the edge connectivity and minimum degree are always equal (cf. Theorem 4.1.2). We

then obtain the minimum degree of power graphs of various finite groups. We derive

TH-1968_136123001



6 Introduction

some inequalities involving degrees of vertices of GpZnq (cf. Proposition 4.2.6), and

apply them to compute the minimum degree of GpZnq when n has two prime factors

or n is a product of at most four distinct primes (cf. Theorem 4.2.7). Followed

by this, we determine the minimum degree of power graphs of abelian p-groups,

dihedral groups and dicyclic groups (cf. Theorem 4.2.12, 4.2.14, 4.2.15). For these

groups, we also obtain minimum disconnecting sets of their power graphs.

Further, we investigate the equality of vertex connectivity and minimum degree of

power graphs in this chapter. If G is a finite group such that the vertex connectivity

and minimum degree of GpGq are equal, then we show that G is of even order (cf.

Theorem 4.3.1). Additionally, when G is cyclic, we find the minimum degree of

GpGq (cf. Theorem 4.3.3). We then present a characterization of the equality of

vertex connectivity and minimum degree of power graph of Zn (cf. Theorem 4.3.5)

and abelian p-groups (cf. Theorem 4.3.6). Furthermore, we address the equality for

Dn and also for Qn (cf. Theorem 4.3.7).

Chapter 5. In this chapter, we investigate Laplacian spectra of power graphs of Zn,

Qn and p-groups. We first provide alternative and shorter proofs of some existing

results and obtain some results that are useful for our study of Laplacian spectra

of power graphs (cf. Section 5.1). We study the multiplicity of Laplacian spectral

radius of power graphs of the above groups and obtain it completely for Qn and

p-groups (cf. Theorem 5.2.2, 5.3.3, 5.4.2). We determine some upper and lower

bounds of algebraic connectivity of power graphs of Zn and Qn (cf. Theorem 5.2.5,

5.2.6, 5.3.6). We further determine the value of algebraic connectivity of power

graphs of Zn and Qn for some values of n (cf. Theorem 5.2.3, 5.3.7). We show

that the power graph of Qn is Laplacian integral if and only if it is generalized

quaternion (cf. Theorem 5.3.7), and that the power graph of a p-group is always

Laplacian integral (cf. Theorem 5.4.8). We supply some characterizations for the

equality of vertex connectivity and algebraic connectivity of power graphs of Zn

TH-1968_136123001



7

and Qn and p-groups (cf. Theorem 5.2.4, 5.3.7, 5.4.3). We express the Laplacian

characteristic polynomial of power graph of Qn as a determinant of sum of Laplacian

matrix of GpZ2nq and a rational matrix (cf. Theorem 5.3.4). As a result, we give

some Laplacian eigenvalues of power graph of Qn and find lower bounds for their

multiplicity (cf. Corollary 5.3.5). We determine all possible Laplacian eigenvalues

of power graphs of p-groups and explore their multiplicity (cf. Theorem 5.4.8, 5.4.9,

5.4.9, 5.4.11).

Chapter 6. In this chapter, we first examine whether power graphs of Zn (for some

values of n), Dn, Qn and p-groups are critically vertex connected (cf. Subsection

6.1.1) and critically edge connected (cf. Subsection 6.1.2). In fact, we obtain a

necessary condition such that the power graph of a finite group is critically edge

connected (cf. Theorem 6.1.9). Followed by this, we supply some necessary crite-

rion for minimally vertex connected graphs (cf. Theorem 6.2.6). Subsequently, we

characterize the finite groups whose power graphs are minimally vertex connected

(cf. Theorem 6.2.9). Moreover, we characterize the finite groups of odd order such

that their power graphs are minimally edge connected (cf. Theorem 6.2.15, 6.2.16).

We further address the question that whether the power graphs of aforementioned

finite groups are minimally vertex (edge) connected (cf. Section 6.2).

The results presented in Chapters 2 and 3 have been published in Journal of

Algebra and Its Applications (cf. [Panda and Krishna, 2018a]). The results presented

in Chapter 4 have been published in the journal Communications in Algebra (cf.

[Panda and Krishna, 2018b]).

Epilogue. The present thesis studies various connectivity parameters and Laplacian

spectra of power graphs of finite groups. While many general results are presented,

the focus on power graphs of following four finite groups, viz., finite cyclic group,

dihedral group, dicyclic group and p-group. This thesis shows the scope for further

research on various aspects of power graphs under consideration. Some details on

TH-1968_136123001



8 Introduction

this has been presented with a concluding section at the end of each contributory

chapter.
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1
Preliminaries and Related Works

In this chapter, we recall various definitions and results from the literature that

are necessary for the thesis. We first present fundamentals of graphs and groups

in Section 1.2 and Section 1.3, respectively. The Laplacian spectrum of a graph

and some useful results are stated in Section 1.4. Section 1.5 is devoted to the

notion of power graph of a group. Along with the definitions, we also recall certain

fundamental results on power graphs. Moreover, this chapter also reviews various

results on connectivity and Laplacian spectra of power graphs. This chapter also

fixes various notations used in the thesis. A more detailed review of further results

from the literature that are relevant to specific chapters, is shelved for later.

9
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10 Preliminaries and Related Works

1.1 Numbers and sets

In this section, we state some fundamental notions on numbers and sets that are

useful for the thesis.

Notation 1.1.1. In this thesis,

(i) N is the set of positive integers;

(ii) n always denotes a positive integer;

(iii) p always denotes a prime number.

Definition 1.1.2. The number of positive integers that do not exceed n and are

relatively prime to n is denoted by φpnq and is known as Euler’s phi function.

The following formula of φpnq can be found in any standard text on number

theory, for example, see [Burton, 2006].

Theorem 1.1.3. If an integer n ą 1 has the prime factorization pα1
1 p

α2
2 . . . pαrr , then

φpnq “
r
ź

i“1

ppαii ´ p
αi´1
i q “ n

r
ź

i“1

ˆ

1´
1

pi

˙

.

Notation 1.1.4. For any set A (finite or infinite), its number of elements are de-

noted by |A|.

Definition 1.1.5. An irreflexive and transitive binary relation ă on a set A is called

well-founded if for every non-empty subset B of A, there exists b P B such that there

is no a P B with a ă b.

Remark 1.1.6. For any n P N, usual ă relation on the subset t1, 2, . . . , nu of N is

well-founded.

The following theorem is known as principle of well-founded induction.

Theorem 1.1.7 ([Jech, 2003]). Let ă be a well-founded relation on a set A and let

P be a property defined on elements of A. Then P holds for all elements of A if and

only if the following holds:

given any a P A, if P hold for all b P A with b ă a, then P holds for a.

TH-1968_136123001



1.2 Graphs 11

1.2 Graphs

This section deals with basic concepts of graphs and can be found in any standard

text on graph theory, for example, see [Bondy and Murty, 2008; West, 2001].

Definition 1.2.1. A graph Γ is an ordered pair pV pΓq, EpΓqq of sets together with

a function which assigns each element of EpΓq an unordered pair of elements (not

necessarily distinct) of V pΓq. An element of V pΓq is called a vertex and that of EpΓq

is called an edge.

In this thesis, Γ (with or without subscript) denotes a graph.

Definition 1.2.2. Two vertices u and v are adjacent if they are assigned to the

same edge ε. Additionally, in this case, u and v are called the endpoints of ε.

Definition 1.2.3. If a vertex v is an endpoint of an edge ε, then v is said to be

incident to ε and vice versa.

Remark 1.2.4. Graphs are depicted graphically as a dot for each vertex, a line or

a curve for an edge; and dots representing vertices u and v are joined by a line or a

curve representing an edge ε if u and v are assigned to ε in the graph.

Definition 1.2.5. A graph Γ1 is called a subgraph of Γ if V pΓ1q Ď V pΓq and

EpΓ1q Ď EpΓq, and if vertices u, v are assigned to an edge ε in Γ1, then they are

assigned to ε in Γ.

Definition 1.2.6. A loop is an edge whose endpoints are equal. Multiple edges

are edges having the same endpoints. A simple graph is a graph with no loops or

multiple edges. In a simple graph an edge can be viewed as just an unordered pair

of vertices.

Notation 1.2.7. For a simple graph Γ, its complement Γ is the simple graph whose

vertex set is V pΓq and edges are the pairs of non-adjacent vertices of Γ.

TH-1968_136123001



12 Preliminaries and Related Works

Definition 1.2.8.

(i) A graph with no vertices (and hence no edges) is called a null graph, whereas,

a graph with at least one vertex is called a non-null graph.

(ii) A graph with one vertex and no edges is called a trivial graph.

(iii) A complete graph is a simple graph in which every pair vertices are adjacent.

(iv) A is a graph having both finite vertex set and finite edge set.

Notation 1.2.9. The subgraph of Γ obtained by deleting a set U of vertices (along

with the incident edges) is denoted by Γ´U . For u P V pΓq, Γ´tuu is simply written

as Γ´ u. In fact, for any arbitrary set A with an element x, we write A´ x instead

of A´ txu.

Definition 1.2.10. For A Ď V pΓq, the graph Γ´A, where A “ V pΓq´A, is called

the subgraph of Γ induced by A. A subgraph induced by some vertex set is called

an induced subgraph.

Definition 1.2.11. A path in a graph is sequence of distinct vertices such that two

vertices are adjacent if they are consecutive in the sequence. If P is a path with

the sequence v0, v1, . . . , vn of vertices, then P is called a v0, vn-path. Here, we also

simply say that v0 and vn are connected by a path or simply connected.

Definition 1.2.12. A graph is said to be connected if every pair of distinct vertices

are connected by a path; otherwise, it is disconnected. A component of Γ is a

maximal connected subgraph of Γ.

Definition 1.2.13. A separating set of Γ is a set of vertices whose deletion increases

the number of components of Γ. A separating set is minimal if none of its proper

subsets is a separating set of Γ. A separating set of Γ with least cardinality is called

a minimum separating set of Γ.

TH-1968_136123001



1.2 Graphs 13

Definition 1.2.14. The vertex connectivity of a graph Γ, denoted by κpΓq, is the

minimum number of vertices whose deletion results in a disconnected or trivial

graph.

Definition 1.2.15. A disconnecting set of Γ is a set of edges whose deletion increases

the number of components of Γ. A disconnecting set is minimal if none of its proper

subsets is a disconnecting set of Γ. A disconnecting set of Γ with least cardinality

is called a minimum disconnecting set of Γ.

Definition 1.2.16. The edge connectivity of Γ, denoted by κ1pΓq, is the minimum

number of edges whose deletion results in a disconnected or trivial graph.

Remark 1.2.17. The vertex connectivity and edge connectivity of a disconnected

graph or the trivial graph are always 0.

Definition 1.2.18. A cut-vertex of Γ is a vertex v such that tvu is a separating set

Γ. Analogously, cut-edge can also be defined.

Definition 1.2.19. The degree of vertex v in Γ, denoted by degΓpvq or simply

degpvq, is the number of edges incident with v and with each loop counted as two

edges. The minimum degree of Γ, that is the minimum of degrees of all vertices of

Γ, is denoted by δpΓq.

Definition 1.2.20. The length of a path is its number of edges. The distance

between pair of distinct vertices u, v is the least length of a u, v-path. The diameter

of a graph is the maximum of distance between every pair of distinct vertices.

Having defined the above graph parameters, we now state the relation between

them.

Theorem 1.2.21 ([Whitney, 1932]). For any finite simple graph Γ, κpΓq ď κ1pΓq ď

δpΓq.
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Theorem 1.2.22 ([Plesńık, 1975]). If Γ is a graph with diampΓq ď 2, then κ1pΓq “

δpΓq.

Definition 1.2.23. A graph is called k-regular if all vertices have degree k. A

regular graph is a graph which is k-regular for some k.

Definition 1.2.24. The neighbourhood NΓpvq of a vertex v in Γ is the set of vertices

which are adjacent to v. Extending this to a vertex set A of Γ, we define the

neighbourhood of A in Γ as NΓpAq “
Ť

vPANpvq ´ A. When the context involves

just one graph, we omit the graph subscripts.

Notation 1.2.25. For A,B Ď V pΓq, the set of all edges having one end in A and

the other in B is denoted by ErA,Bs. If A “ tvu, we write Erv,Bs instead of

ErA,Bs.

Definition 1.2.26. Given two simple graphs Γ1 and Γ2, an isomorphism ψ from Γ1

to Γ2 is a bijection from V pΓ1q to V pΓ2q such that u and v are adjacent in Γ1 if and

only if ψpuq and ψpvq are adjacent in Γ2.

When there is an isomorphism from Γ1 to Γ2, we say that Γ1 and Γ2 are isomor-

phic and write Γ1 – Γ2.

Remark 1.2.27. The isomorphism of graphs is an equivalence relation.

Remark 1.2.28. If two graphs are isomorphic, then they share same graph prop-

erties and only can differ by the labels of their vertices and edges. So, sometimes

we may omit labels of graphs and refer any member of an equivalence class of iso-

morphic graphs by one chosen representative of the class. Up to isomorphism, the

complete graph on n vertices is denoted as Kn.

Definition 1.2.29. Let Γ1 and Γ2 be two simple graphs.

(i) The union of Γ1 and Γ2, denoted by Γ1YΓ2, is the graph with vertex set V pΓ1qY

V pΓ2q and edge set EpΓ1q Y EpΓ2q. Evidently, union of graphs is associative,

so that union of any finite number of graphs can be defined accordingly.
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(ii) If Γ1 and Γ2 are disjoint (i.e., they have no common vertices), we refer to their

union as disjoint union, and denote it by Γ1`Γ2. For pairwise disjoint graphs

Γ1,Γ2, . . . ,Γr, we denote their union by
řr
i“0 Γi.

(iii) If Γ1 and Γ2 are disjoint, their join Γ1 _ Γ2 is the graph obtained by taking

Γ1 ` Γ2 and adding all edges with one endpoint in V pΓ1q and the other in

V pΓ2q.

Notation 1.2.30. For any graph Γ, upto isomorphism, rΓ denotes the graph ob-

tained by taking disjoint union of r copies of Γ.

1.3 Groups

Relevant fundamentals of groups are recalled in this section. One may refer to

[Coxeter and Moser, 1980; Dummit and Foote, 2004; Gallian, 2013] for the material

covered in this section.

Definition 1.3.1. A pair consisting of a set G along with a binary operation, that

assigns g, h P G an element gh of G, is called a group if it satisfies the following:

(i) pghqk “ gphkq for all g, h, k P G.

(ii) there exists e P G such that eg “ ge “ g for all g P G.

(iii) for each g P G, there exists g´1 P G such that gg´1 “ g´1g “ e.

Moreover, if gh “ hg for all g, h P G, then it is called an abelian group. The element

e in the definition of group is called the identity element of G.

Notation 1.3.2. In this thesis, G denotes a group and e denotes the identity element

of G.

Definition 1.3.3. A subset H of G is said to be a subgroup of G if H is itself a

group under the binary operation of G.
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Notation 1.3.4. For any A Ď G, we denote A˚ “ A´ e.

Definition 1.3.5. For g P G, the set xgy consists of powers of g, viz. g0 “ e,

gk “ gg . . . g (k times) for k ą 0, and gk “ pg´1q´k for k ă 0. If G “ xgy, then G is

called the cyclic group generated by g and g is called a genarator of G.

Definition 1.3.6. For any g P G, the set xgy “ tgk : k P Zu is a subgroup of G and

is called the cyclic subgroup generated by g. A group G is cyclic if G “ xgy for some

g P G.

Definition 1.3.7. The order of a group G is its number of elements. The order of

an element g in G, denoted by opgq, is defined by opgq “ |xgy|.

Definition 1.3.8. A finite group is a group of finite order. A p-group is a finite

group whose order is power of p.

Definition 1.3.9. The exponent of any finite group G, denoted by exppGq, is the

least common multiple of orders of all its elements.

Definition 1.3.10. An abelian group G having exponent p is called an elementary

abelian group or more specifically elementary abelian p-group.

Notation 1.3.11. Let n P N. The additive group of integers modulo n is denoted

by Zn “ t0, 1, . . . , n´ 1u.

Definition 1.3.12. For a, b P Zn, we write a�b and say that b is a multiple of a, if

there exists an integer c such that b “ ca.

Definition 1.3.13. For any integer n ě 3, the dihedral group Dn is a finite group

of order 2n having presentation

Dn “
@

a, b | an “ b2
“ e, ab “ ba´1

D

, (1.1)

where e is the identity element of Dn.
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Remark 1.3.14. The group Dn satisfies the following properties.

(i) For any 0 ď i ă n, paibq2 “ e, so that xaiby “ te, aibu.

(ii) Dn “ xay Y
n´1
Ť

i“0

xaiby.

(iii) xay X xaiby “ teu for all 0 ď i ď n´ 1.

Definition 1.3.15. For any integer n ě 2, the dicyclic group Qn is a finite group

of order 4n having presentation

Qn “
@

a, b | a2n
“ e, an “ b2, ab “ ba´1

D

, (1.2)

where e is the identity element of Qn. When n is a power of 2, Qn is called a

generalized quaternion group of order 4n.

Remark 1.3.16. The group Qn satisfies the following properties.

(i) paibq2 “ an for all 0 ď i ď 2n´ 1.

(ii) For any 0 ď i ď n ´ 1, paibq3 “ anaib “ an`ib and pan`ibq3 “ anan`ib “ aib.

Hence xaiby “ xan`iby “ te, aib, an, an`ibu for all 0 ď i ď n´ 1.

(iii) Any element of Qn ´ xay can be written as aib for some 0 ď i ď 2n´ 1.

(iv) Qn “ xay Y
n´1
Ť

i“0

xaiby.

(v) xay X xaiby “ te, anu for all 0 ď i ď 2n´ 1.

Definition 1.3.17. A map ψ from a group G1 to a group G2 is called a isomorphism

from G1 to G2 if it is a bijection and satisfies ψpghq “ ψpgqψphq for all g, h P G1.

Moreover, G1 and G2 are said to be isomorphic and written G1 – G2, if there is an

isomorphism from G1 to G2.
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Definition 1.3.18. The direct product G1ˆG2ˆ . . .ˆGr of groups G1, G2, . . . , Gr

is the set of n-tuples with kth component is an element of Gk (1 ď k ď r) and

operation defined component-wise.

Definition 1.3.19. We define an equivalence relation « on G by g « h if xgy “ xhy

for g, h P G. An equivalence class under « is referred to as a «-class and the «-class

of any g P G is denoted by rgs.

We now recall some standard results on group theory that are relevant for the

thesis. Though these results can be found in any standard book on group theory,

we will particularly refer to [Gallian, 2013].

Theorem 1.3.20. Any finite cyclic group of order n P N is isomorphic to Zn.

Theorem 1.3.21. For any element g of infinite order in G, |rgs| “ 2.

Theorem 1.3.22. Let a be an element of order n in a group and let k be a positive

integer. Then xaky “ xagcdpk,nqy and opakq “
n

gcdpk, nq
.

The following corollary, which is consequence of Theorem 1.3.22, identifies all

the generators in a cyclic subgroup.

Corollary 1.3.23. For any g P G of finite order, xgy “ xgky if and only if gcdpk, opgqq “

1. Consequently, |rgs| “ φpopgqq.

Theorem 1.3.24. If d is a positive divisor of n, the number of elements of order d

in a cyclic group of order n is φpdq.

The next theorem shows that the order of an element in a direct product of

groups can be obtained in terms of the orders of its components.

Theorem 1.3.25. For finite groups G1, G2, . . . , Gr, and g P G1 ˆG2 ˆ . . .ˆGr,

opgq “ lcmpopg1q, opg2q, . . . , opgrqq,

where g “ pg1, g2, . . . , grq.
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1.4 Laplacian spectra 19

The following theorem, which is known as the fundamental theorem of finite

abelian groups, describes any abelian group in terms of cyclic groups.

Theorem 1.3.26. Every finite abelian group is a direct product of cyclic groups of

prime power order. Moreover, the number of groups in the product and the orders

of the cyclic groups are uniquely determined by the group.

Remark 1.3.27. If a group G has exponent 2, it can be observed that G is abelian.

Hence by Theorem 1.3.26, G is a direct product of finite copies of Z2, i.e., G is an

elementary abelian 2-group.

1.4 Laplacian spectra

The Laplacian spectrum of a graph plays important role in studying the structure

of graph. In this section, the definition of Laplacian spectrum of a graph along with

some of its properties are recalled from the literature.

For the rest of the thesis, by graph we mean a simple graph. Moreover, in this

section, we consider only finite graph.

Definition 1.4.1. For a graph Γ with ordered vertex set tv1, v2, . . . , vnu, the Lapla-

cian matrix LpΓq of Γ is defined as LpΓq “ DpΓq´ApΓq, where DpΓq is the diagonal

matrix whose pi, iqth entry is the degree of vi and ApΓq is the adjacency matrix of

Γ whose pi, jqth entry is 1 if vi is adjacent to vj and 0 otherwise.

Definition 1.4.2. For a graph Γ, the characteristic polynomial detpxI ´ LpΓqq of

LpΓq is denoted by ΘpΓ, xq and called the Laplacian characteristic polynomial of Γ.

If Γ is a null graph, for both convenience and consistency, we write ΘpΓ, xq “ 1.

Lemma 1.4.3 ([Cvetković et al., 2010; Mohar, 1991]). For any graph Γ, the matrix

LpΓq have the following fundamental properties.

(i) LpΓq is symmetric, positive semidefinite, so that its eigenvalues are real and

non-negative.
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(ii) The sum of each row (column) of LpΓq is zero, so that it is singular and

consequently, its smallest eigenvalue is 0.

Definition 1.4.4. The eigenvalues of LpΓq are called the Laplacian eigenvalues of

Γ and are denoted as λ1pΓq ě λ2pΓq ě . . . ě λnpΓq “ 0 arranged in non-increasing

order. The Laplacian spectrum of Γ consists of the Laplacian eigenvalues of Γ along

with their multiplicities. If λn1pΓq ą λn2pΓq ą . . . ą λnrpΓq “ 0 are the distinct

Laplacian eigenvalues of Γ with multiplicities m1,m2, . . . ,mr, respectively, then the

Laplacian spectrum of Γ is presented as

¨

˝

λn1pΓq λn2pΓq ¨ ¨ ¨ λnrpΓq

m1 m2 ¨ ¨ ¨ mr

˛

‚.

Theorem 1.4.5 ([Fiedler, 1973]). For any graph Γ, λn´1pΓq ą 0 if and only if Γ is

connected.

Due to above result, Fiedler [1973] gave the following definition.

Definition 1.4.6. The Laplacian eigenvalue λn´1pΓq is called the algebraic connec-

tivity of Γ.

Definition 1.4.7. The largest Laplacian eigenvalue λ1pΓq is called Laplacian spec-

tral radius of Γ.

Definition 1.4.8. A graph is Laplacian integral if its Laplacian spectrum consists

of integers.

We now review some necessary results on Laplacian eigenvalues of a graph from

the literature.

Theorem 1.4.9 ([Cvetković et al., 2010]). For any graph Γ, the multiplicity of 0 as

an eigenvalue of LpΓq is equal to the number of components of Γ.
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Theorem 1.4.10 ([Mohar, 1991]). For a graph Γ on n vertices, λn
`

Γ
˘

“ 0, and

λk
`

Γ
˘

“ n´ λn´kpΓq for 1 ď k ď n´ 1.

Theorem 1.4.11 ([Fiedler, 1973]). For any graph Γ, λ1pΓq “ max
1ďiďr

λ1pΓiq, where

Γ1, . . . ,Γr are the components of Γ.

Theorem 1.4.12 ([Mohar, 1991]). If Γ is a graph on n vertices, then λ1pΓq ď n.

Equality holds if and only if Γ is not connected.

The following inequalities due Fiedler [1973] are essential for our study of alge-

braic connectivity of power graphs in Section 5.

Theorem 1.4.13. For any non-complete graph Γ on n vertices, λn´1pΓq ď κpΓq.

Theorem 1.4.14. For any graph Γ on n vertices, λn´1pΓq ě 2
´

1´ cos
π

n

¯

κ1pΓq.

Theorem 1.4.13 due to Fiedler raises the question that for which graphs the

vertex connectivity and algebraic connectivity are equal. In the following theorem,

Kirkland et al. [2002] provides a characterization those graphs.

Theorem 1.4.15. Let Γ be a non-complete, connected graph on n vertices. Then

κpΓq “ λn´1pΓq if and only if Γ can be written as Γ1_Γ2, where Γ1 is a disconnected

graph on n ´ κpΓq vertices and Γ2 is a graph on κpΓq vertices with λn´1pΓ2q ě

2κpΓq ´ n.

They also found the following necessary condition, which is essentially a conse-

quence of Theorem 1.4.15.

Lemma 1.4.16. For any connected graph Γ on n vertices, if Γ is connected, then

κpΓq ‰ λn´1pΓq.

1.5 Power graphs

In this section, we first present the fundamentals of power graph of a group. We

then review some necessary results and previous works from the literature.
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Definition 1.5.1. The power graph GpGq of a group G is a graph with vertex set

G and distinct vertices u and v are adjacent if v “ uα for some α P N or u “ vβ for

some β P N.

Example 1.5.2. Consider the power graph of Z6. As 6a “ 0 for all a P Z6, 0 is

adjacent to all other vertices. Since 1 and 5 are generators, they are adjacent to all

other vertices. Neither 2 is a multiple of 3 nor 3 is a multiple of 2, so they are not

adjacent. The same goes for 3 and 4 as well. The graph GpZ6q is depicted in Figure

1.1.

Remark 1.5.3. Since an element g of a group G is also a vertex of GpGq, depending

upon the context, we may refer g as an element or as a vertex.

The next remarks follows directly from the definition of power graphs.

Remark 1.5.4. For any finite group G, e is adjacent to all other vertices in GpGq.

Remark 1.5.5. If two finite groups are isomorphic, their corresponding power

graphs are isomorphic.

Remark 1.5.6. In view of Remark 1.5.5 and since any cyclic group of order n is

isomorphic to Zn, instead of studing the graph theoretic properties of power graph

of an arbitrary finite cyclic group of order n, we study it for Zn.

Theorem 1.5.7 ([Chakrabarty et al., 2009]). Let G be a finite group.

(i) The power graph GpGq is connected.

(ii) The power graph GpGq is complete if and only if G is a cyclic group of order 1

or pα, for some prime p and α P N.

(iii) If H is a subgroup of G, then GpHq is an induced subgraph of GpGq.

Notation 1.5.8. For A Ď G, the subgraph of GpGq induced by A is denoted by

GGpAq. However, when there is only one group in question, we simply write GpAq.
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Figure 1.1: GpZ6q

Remark 1.5.9. For any A Ď G, GpG´ Aq “ GpGq ´ A.

Definition 1.5.10. The proper power graph G˚pGq of a group G is obtained by

removing its identity element from GpGq.

Remark 1.5.11. Let G be a finite group and Γ be a connected subgraph of GpGq

having the identity element e of G as one of its vertices. Then, as e is adjacent to

all other vertices in Γ, κpΓ´ eq “ κpΓq ´ 1.

Remark 1.5.12. For any g P G, Gprgsq is a complete subgraph of GpGq. In partic-

ular, if opgq “ n, then Gprgsq “ Kφpnq.

Notation 1.5.13. For n P N, let SpZnq consist of the identity element and gen-

erators of Zn, i.e., SpZnq “ ta P Zn : 1 ď a ă n, gcdpa, nq “ 1u Y t0u. We write

Z1n “ Zn´SpZnq and G 1pZnq “ GpZnq´SpZnq. Note that with the above notations,

V pG 1pZnqq “ Z1n.

Remark 1.5.14. For any n P N, each element of SpZnq is adjacent to every other

element of GpZnq.

In particular, we have the following remark.
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Remark 1.5.15. For n P N, SpZnq – Kφpnq`1.

The following results gives some structural properties and connectedness of power

graphs of p-groups.

Theorem 1.5.16 ([Mirzargar et al., 2012]). For any p-group G, GpGq – K1_nKp´1

for some n if and only if exppGq “ p.

Theorem 1.5.17 ([Moghaddamfar et al., 2014]). Let G be a p-group. Then G˚pGq

is connected if and only if G is cyclic or generalized quaternion.

Theorem 1.5.18 ([Doostabadi et al., 2015]). Let G be a finite group. Then G˚pGq

is regular if and only if G is cyclic p-group or exppGq “ p.

We now review the existing results on vertex connectivity of power graphs of

finite groups from [Chattopadhyay and Panigrahi, 2014, 2015]. We begin with power

graphs of finite cyclic groups.

Theorem 1.5.19. Let n be a positive integer.

(i) κpGpZnqq “ n´ 1 when n “ 1 or pα for some prime p and positive integer α.

(ii) κpGpZnqq ě φpnq ` 1 when n is not a prime power. The equality holds for

n “ pq where p, q are distinct primes.

Theorem 1.5.20. Let n be a positive integer.

(i) If n “ pα1
1 p

α2
2 for some primes p1, p2, and α1, α2 P N, then κpGpZnqq ď φpnq `

pα1´1
1 pα2´1

2 .

(ii) If n “ p1p2p3 for some primes p1 ă p2 ă p3, then κpGpZnqq ď φpnq`p1`p2´1.

The next two theorems give vertex connectivity of power graphs of Dn and Qn.

Theorem 1.5.21. For any integer n ě 3, e is a cut-vertex of GpDnq. Consequently,

κpGpDnqq “ 1.
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Theorem 1.5.22. For any integer n ě 2, κpGpQnqq “ 2. In fact, te, anu is mini-

mum separating set of GpQnq.

Chattopadhyay and Panigrahi [2015] obtained many interesting results the Lapla-

cian spectrum of power graphs finite groups. We next recall some of them. In fact,

in Chapter 5, we extend and generalize some of these results.

The following theorem ascertains that the Laplacian spectral radius of power

graph of any finite group is its order.

Theorem 1.5.23. For any finite group G of order n ě 2, λ1pGpGqq “ n.

Theorem 1.5.24. For each non-prime integer n ą 3, the multiplicity of n as a

Laplacian eigenvalue of GpZnq is at least φpnq ` 1.

Chattopadhyay and Panigrahi [2015] obtained the following result upper bounds

of algebraic connectivity of power graphs some finite cyclic groups as a consequence

of Theorem 1.5.20.

Corollary 1.5.25. Let G be a finite cyclic group of order n.

(i) If n “ pα1
1 p

α2
2 for some primes p1, p2, and α1, α2 P N, then λn´1pGpGqq ď

φpnq ` pα1´1
1 pα2´1

2 .

(ii) If n “ p1p2p3 for some primes p1 ă p2 ă p3, then λn´1pGpGqq ď φpnq ` p1 `

p2 ´ 1.

Theorem 1.5.26. If n is a positive integer having more than one prime factors,

then G 1pZnq is connected.

In the following theorem, Chattopadhyay and Panigrahi [2015] supplied a strict

lower bound of algebraic connectivity GpZnq.

Theorem 1.5.27. For every integer n ě 2, the algebraic connectivity λn´1pGpZnqq

of GpZnq satisfies the inequality λn´1pGpZnqq ě φpnq`1. Equality holds if n is either

a prime or product of two distinct primes.
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The following result is in fact a consequence of Theorem 1.5.7(ii).

Theorem 1.5.28. If n is a prime power, then the Laplacian spectrum of GpZnq is

given by

¨

˝

0 n

1 n´ 1

˛

‚.
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2
Vertex Connectivity

In this chapter, we study minimal separating sets and vertex connectivity of power

graphs of finite groups. In Section 2.1, we first recall some existing notions and then

obtain some results on quotient of a graph and in particular, on quotient power

graph. In Section 2.2, we characterize the minimal separating sets of power graph

of a finite group in terms of its quotient power graph. In Section 2.3, we obtain

some minimal separating sets of GpZnq and provide two upper bounds for its vertex

connectivity. Followed by this, we make a comparison of these bounds. Then we

determine the values of vertex connectivity of GpZnq when n has two prime factors

or n is a product of three distinct primes.

27
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2.1 Quotient graphs

To study the number of components of a graph, Bubboloni [2017] considered the

notion of quotient graphs. Subsequently, Bubboloni et al. [2017b] computed the

number of components of proper power graphs of some finite groups. In this section,

we first recall some of these results and then obtain some new results that are useful

for our study of connectivity of power graphs.

In this chapter, G denotes a group with identity element e.

Definition 2.1.1. Let % be an equivalence relation on a set A. The equivalence

class of any x P A under % is called a %-class and denoted by x{%. For any B Ď A,

we write B{% “ tx{% : x P Bu.

The following remark follows directly from Definition 2.1.1.

Remark 2.1.2. Let A be a set and B Ď A. Let % be an equivalence relation on A

and %1 be the restriction of % to A´B. Then the following statements are equivalent.

(i) A{%´B{% “ pA´Bq{%1.

(ii) B is a union of %-classes.

(iii) x{% “ x{%1 for all x P A´B.

Definition 2.1.3. Let Γ be a graph with an equivalence relation % on V pΓq. The

quotient graph of Γ with respect to %, denoted by Γ{%, is the graph with the set

of all %-classes of V pΓq as the vertex set and two distinct %-classes C1 and C2 are

adjacent if there exist x1 P C1 and x2 P C2 such that x1 and x2 are adjacent in Γ.

Definition 2.1.4. An equivalence relation % on V pΓq is called tame if for every pair

x, y P V pΓq, x % y implies they belong to same component of Γ. If % is tame, then

Γ{% is called a tame quotient graph.

The following result due to Bubboloni [2017] shows that connectedness is pre-

served between a graph and its quotient graph under a tame equivalence relation.
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Theorem 2.1.5 ([Bubboloni, 2017]). Let Γ be a graph and % be a tame equivalence

relation on V pΓq. Then Γ is connected if and only if Γ{% is connected.

Lemma 2.1.6. Let Γ be a graph with an equivalence relation % on V pΓq. Let A Ĺ

V pΓq and %1 be the restriction of % to V pΓq ´ A. Then Γ{% ´ A{% “ pΓ ´ Aq{%1 if

and only if A is a union of %-classes.

Proof. From Remark 2.1.2, V pΓq{% ´ A{% “ V pΓ ´ Aq{%1 if and only if and A is a

union of %-classes. Moreover, C1, C2 are adjacent in pΓ´Aq{%1 if and only if C1, C2

are adjacent in Γ{%´A{%. Hence the graphs Γ{%´A{% and pΓ´Aq{%1 are equal.

Now we focus on quotient graph of a power graph. As already defined in Section

1.3, we write g « h if xgy “ xhy for all g, h P G. Further, g{« “ rgs for any g P G.

Notation 2.1.7. For any A Ď G, we denote rAs “ A{«. The restriction of « to

any A Ď G is denoted by « with a subscript, say «i. Accordingly, the «i-class of

any g P A is denoted by rgsi and for any B Ď A, rBsi “ trgsi : g P Bu.

Definition 2.1.8. The quotient graph GpGq{« of GpGq is called the quotient power

graph of G and is denoted by rGpGq. More generally, for any A Ď G, rGGpAq or simply

rGpAq denotes the quotient graph GpAq{«1, where «1 is the restriction of « to A.

Remark 2.1.9. For any g P G, Gprgsq is a complete subgraph of GpGq.

Bubboloni et al. [2017b] observed that rGpGq is tame. In fact, more generally the

following holds.

Remark 2.1.10. The quotient graph rGpAq is tame for any A Ď G.

As we will see in the next result, adjacency is preserved when passing from the

power graph of a group to its quotient power graph.

Lemma 2.1.11 ([Bubboloni et al., 2017b]). Let g, h P G and g ff h. Then rgs and

rhs are adjacent in rGpGq if and only if g and h are adjacent in GpGq.
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Remark 2.1.12. Lemma 2.1.11 holds even when G is replaced by any A Ď G.

If g is adjacent to h, then by definition of quotient power graph, rgs is adjacent

to rhs. Moreover, for any g1 P rgs and h1 P rhs, we have rg1s “ rgs and rh1s “ rhs,

so it follows from Lemma 2.1.11 that g1 is adjacent to h1. Therefore, Lemma 2.1.11

can be restated as the following remark.

Remark 2.1.13. Let g, h P G and g ff h. Then in GpGq, each element of rgs is

adjacent to every element of rhs if and only if g is adjacent to h.

2.2 Minimal separating sets

In this section, we use the concept quotient power graph as a tool to characterize

some properties of minimal separating sets of power graphs of finite groups. We

then find some separating sets of power graphs.

Theorem 2.2.1. Let T Ĺ G be a union of «-classes. Then T is a separating set of

GpGq if and only if rT s is a separating set of rGpGq.

Proof. By Remark 2.1.10, rGpG ´ T q is tame. Thus by Lemma 2.1.5, GpGq ´ T is

disconnected if and only if rGpG ´ T q is disconnected. Whereas, by Lemma 2.1.6,

rGpG´ T q “ rGpGq ´ rT s. Hence the proof follows.

Theorem 2.2.2. If T is a minimal separating set of GpGq, then T is a union of

«-classes.

Proof. If possible, let T be not a union of «-classes. Then there exists g P T and

h P G ´ T such that g « h. Since T is a minimal separating set of GpGq and

rGpG ´ T q is tame, it follows from Lemma 2.1.5 that rGpG ´ T q is disconnected and

rGpG´ pT ´ gqq is connected.

Let «1, «2 be the restrictions of « to G´ T and G´ pT ´ gq, respectively. We

define the map ψ : rG ´ T s1 Ñ rG ´ pT ´ gqs2 by ψprxs1q “ rxs2. Then it follows
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from Remark 2.1.12 that ψ is an isomorphism from rGpG ´ T q to rGpG ´ pT ´ gqq.

This is a contradiction. So T is a union of «-classes.

The following theorem shows that the converse of Theorem 2.2.2 holds when rT s

is also a minimal separating set of rGpGq.

Theorem 2.2.3. For T Ĺ G, T is a minimal separating set of GpGq if and only if

rT s is a minimal separating set of rGpGq and T is a union of «-classes.

Proof. Let T be a minimal separating set of GpGq. Then by Theorem 2.2.1, rT s is

a separating set of rGpGq and by Theorem 2.2.2, T is a union of «-classes.

Let g P T . Since T ´rgs is a union of «-classes, it follows from Lemma 2.1.6 that

rGpGq´ rT ´rgss “ rGpG´pT ´rgsqq. Thus, using the fact that rT ´rgss “ rT s´ rgs,

we get rGpGq ´ prT s ´ rgsq “ rGpG´ pT ´ rgsqq. Since T is a minimal separating set

of GpGq, by Lemma 2.1.5, rGpG ´ pT ´ rgsqq is connected. So rGpGq ´ prT s ´ rgsq is

also connected. As a result, rT s is a minimal separating set of rGpGq.

To prove the converse, let rT s be a minimal separating set of rGpGq and T be a

union of «-classes. Then by Theorem 2.2.1, T is a separating set of GpGq.

Let h P T . Since T ´ rhs is also a union of «-classes, by Lemma 2.1.6, rGpGq ´

rT ´ rhss “ rGpG´ pT ´ rhsqq. Moreover, as rT ´ rhss “ rT s ´ rhs, we have

rGpGq ´ prT s ´ rhsq “ rGpG´ pT ´ rhsqq. (2.1)

Let «1, «2 be the restrictions of « to G´pT ´rhsq and G´pT ´hq, respectively.

We define the map θ : rG ´ pT ´ rhsqs1 Ñ rG ´ pT ´ hqs2 by θprxs1q “ rxs2. Then

it follows from Remark 2.1.12 that θ is a isomorphism from rGpG ´ pT ´ rhsqq to

rGpG´ pT ´ hqq. From this and (2.1), we get

rGpGq ´ prT s ´ rhsq – rGpG´ pT ´ hqq. (2.2)

Now, rT s being minimal, rGpGq´prT s´rhsq is connected. Consequently, by (2.2),
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rGpG´pT´hqq is also connected. Then by Lemma 2.1.5, GpGq´pT´hq is connected.

Hence T is a minimal separating set of GpGq.

Theorem 2.2.4. Let T be a separating set of GpGq. Then T is a minimal separating

set of GpGq if and only if rT s is a minimal separating set of rGpGq.

Proof. If T is a minimal separating set of GpGq, then it follows from Theorem 2.2.3

that rT s is also a minimal separating set of rGpGq.

To prove the converse, let rT s be a minimal separating set of rGpGq. Since T is a

separating set of GpGq, there exists S Ď T such that S is a minimal separating set of

GpGq. Then again by Theorem 2.2.3, rSs is a minimal separating set of rGpGq and S

is a union of «-classes. So, if S ‰ T , then there exists g P T such that rgs XS “ H.

This in turn implies that rSs Ĺ rT s, contradicting the minimality of rT s. Hence

S “ T and the proof follows.

Notation 2.2.5. For the rest of the section, for g P G, NGpGqpgq and NGpGqprgsq (cf.

Definition 1.2.24) are denoted simply by Npgq and Nprgsq, respectively. Moreover,

N
rGpGqprgsq is denoted by rNprgsq.

The following remark is a consequence of Remark 2.1.13.

Remark 2.2.6. If g P G, then for any y P rgs, Nprgsq “ Npyq ´ rgs. Moreover,

Npgq “ Nprgsq Y prgs ´ gq.

Lemma 2.2.7. For g P G, the following statements are equivalent.

(i) Npgq is a separating set of GpGq.

(ii) Nprgsq is a separating set of GpGq.

(iii) rNprgsq is a separating set of rGpGq.

(iv) There exists y P G such that g is not adjacent to y.

TH-1968_136123001



2.3 Vertex connectivity of GpZnq 33

Proof. Observe that GpGq ´ Npgq is disconnected if and only if there exists y P G

such that g is not adjacent to y. Hence (i) and (iv) are equivalent. Since rNprgsqs “

rNprgsq, by Theorem 2.2.1, (ii) and (iii) are equivalent.

We now prove that (iii) and (iv) are equivalent. The quotient graph rGpGq´ rNprgsq

is disconnected if and only if there exists rys P rGs such that rgs is not adjacent to

rys. So the proof follows from Lemma 2.1.11.

Remark 2.2.8. Let g P G. If opgq “ 1, then g “ e, and Npeq “ G ´ e is not a

separating set of GpGq. Furthermore, if opgq “ 2, then Npgq “ Nprgsq.

Lemma 2.2.9. If g P G with opgq ě 3, then Npgq is not a minimal separating set

of GpGq.

Proof. If opgq is infinite, then |rgs| “ 2 (cf. Lemma 1.3.21). Whereas, if opgq is

finite, since opgq ě 3, then |rgs| ě 2 (cf. Corollary 1.3.23). So there exists y P rgs,

y ‰ g. Hence, as rgs Ć Npgq, it follows from Theorem 2.2.2 that Npgq is not a

minimal separating set of GpGq.

Remark 2.2.8 and Lemma 2.2.9 combinedly ascertain that to study vertex con-

nectivity of power graphs of finite groups, we should focus on neighbourhoods of

«-classes instead of neighbourhoods of vertices.

2.3 Vertex connectivity of GpZnq

In this section, we obtain different minimal separating sets of power graph of Zn.

We provide two upper bounds for the vertex connectivity of power graph of Zn, and

present a comparison among them in terms of n. Further, we obtain the actual

values of the vertex connectivity of power graph of Zn when n has two prime factors

or n is a product of three primes. This will ascertain that one of the aforementioned

bounds is sharp.
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We begin this section with the following lemma that provides some basic and

useful properties of Zn.

Lemma 2.3.1. For n P N, the following statements hold for «-classes of Zn.

(i) For each a P Z˚n, there exists a positive divisor d of n such that a « d.

(ii) For a P Z˚n, |ras| “ φ

ˆ

n

gcdpn, aq

˙

.

(iii) If a, b P N is such that a�n, b�n and a ‰ b, then a ff b.

Proof. (i) Consider d “ gcdpa, nq. Then xay “
@

d
D

so that a « d.

(ii) Since opaq “
n

gcdpn, aq
, the proof follows from Corollary 1.3.23.

(iii) Suppose xay “ xby. Then opaq “ opbq. That is,
n

gcdpn, aq
“

n

gcdpn, bq
. As a�n

and b�n, we in turn get a “ b; which is a contradiction. Hence a ff b.

It is known that GpZnq is a complete graph when n is a prime power (cf. Theorem

1.5.7(ii)). We now focus on connectedness of GpZnq when n is not a prime power.

Lemma 2.3.2. If n ą 1 is not a prime number, then the following statements hold.

(i) If n is not a prime power, then every separating set of GpZnq contains SpZnq.

(ii) κpGpZnqq “ φpnq ` 1` κpG 1pZnqq.

(iii) If p1 ă p2 ă ¨ ¨ ¨ ă pr are the prime factors of n, then Z1n “
r
ď

i“1

xpiy
˚.

Proof. When n is not a prime power, GpZnq is not complete (cf. Theorem 1.5.7). So

(i) follows from Remark 1.5.14. Since n is not a prime number, G 1pZnq is a non-null

graph. So (ii) follows from Remark 1.5.14 and the fact that |SpZnq| “ φpnq ` 1.

Moreover, if a P Z1n, then a is divided by at least one prime factor of n. Hence (iii)

follows.
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If n is a product of two distinct primes, then κpGpZnqq “ φpnq ` 1 (cf. Theorem

1.5.19(ii)). In the next result, we show that the converse holds as well.

Proposition 2.3.3. For n P N, the following statements are equivalent.

(i) n is a product of two distinct primes.

(ii) SpZnq is a separating set of GpZnq.

(iii) κpGpZnqq “ φpnq ` 1.

Proof. It follows from Theorem 1.5.19(ii) that (i) implies (iii). Whereas, if (iii)

holds, since |SpZnq| “ φpnq ` 1, (ii) follows from Lemma 2.3.2(i).

We now prove that (ii) implies (i). Let SpZnq be a separating set of GpZnq. Then

GpZnq is not a complete graph and hence by Theorem 1.5.7(ii), n has at least two

distinct prime factors. Since G 1pZnq is disconnected, there exist a, b P Z1n such that

there is no path from a to b in G 1pZnq. In view of Lemma 2.3.2(iii), every element of

Z1n is in xpy˚ for some prime factor p of n. Let a, b P xpy for some prime factor p of

n. Then a, p, b is an a, b-path in G 1pZnq, which is a contradiction. Hence a P xpy and

b P xqy for some distinct prime factors p and q of n. If possible, let pq ă n, so that

pq P Z1n. Consequently, a and b are connected by the path a, p, pq, q, b in G 1pZnq,

which is again a contradiction. Hence n “ pq.

Theorem 2.3.4. Suppose n is not a product of two primes and has prime factors

p1 ă p2 ă ¨ ¨ ¨ ă pr with r ě 2. Then, for any 1 ď k ď r,
r
ď

i“1
i‰k

xpipky
˚ is a minimal

separating set of G 1pZnq.

Proof. Let Γ “ G 1pZnq. Then by Proposition 2.3.3, Γ is connected and by Lemma

2.3.2(iii), V pΓq “
r
ď

i“1

xpiy
˚.

Let T “
r
ď

i“1
i‰k

xpipky
˚. For i “ 1, 2, . . . , r, let Ti “ xpiy

˚ ´ T and U “
r
ď

i“1
i‰k

Ti. Then
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V pΓ´ T q “
r
ď

i“1

Ti “ Tk Y U . We prove that Γ´ T is disconnected by showing that

no element of Tk is adjacent to any element of U .

If possible, let there exist x P Tk and y P U such that they are adjacent. So y P Tl

for some 1 ď l ď r, l ‰ k. Then there exist non-zero integers a and b such that

x “ apk and y “ bpl. Since x is adjacent to y, one of them is a multiple of the other.

Let apk “ cbpl for some non-zero integer c. Then apk “ cbpl ` c1n for some non-

zero integer c1. This implies that pl�apk. Since plfflpk, we have pl�a. Consequently,

apk P xpkply Ď T . This is a contradiction, as Tk X T “ H. Similarly, if bpl is a

multiple of apk, then also we get a contradiction. Hence Γ ´ T is disconnected.

Consequently, T is a separating set of Γ.

We now show the minimality of T . First of all, GpTkq is connected because all of

its vertices are adjacent to pk. Moreover, note that GpUq is connected. For instance,

let u, v P U . Then u P Ti, v P Tj for some 1 ď i, j ď r. If i “ j, then u and v are

connected by the path u, pi, v, and if i ‰ j, then u and v are connected by the path

u, pi, pipj, pj, v.

Now let z P T . So z “ dpkpl for some non-zero integer d and 1 ď l ď r,

l ‰ k. Since both pk P Tk and pl P U are adjacent to z, Γ ´ pT ´ zq is connected.

Consequently, T is a minimal separating set of G 1pZnq.

Lemma 2.3.5. Suppose n is not a product of two primes and n “ pα1
1 p

α2
2 . . . pαrr ,

where r ě 2, p1 ă p2 ă ¨ ¨ ¨ ă pr are primes and αi P N for all 1 ď i ď r. Then for

any 1 ď k ď r,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

r
ď

i“1
i‰k

xpipky

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“
n

pk
´ pαk´1

k φ

ˆ

n

pαkk

˙

and for any 1 ď j ă k ď r,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

r
ď

i“1
i‰k

xpipky

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

r
ď

i“1
i‰j

xpipjy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

. (2.3)
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Proof. Observe that
r
ď

i“1
i‰k

xpipky consists of those elements of xpky which are divisible

by some pi, 1 ď i ď r, i ‰ k. Therefore, we get
r
ď

i“1
i‰k

xpipky by deleting those elements

from xpky which are relatively prime to pi, 1 ď i ď r, i ‰ k. Hence
r
ď

i“1
i‰k

xpipky “ A´B,

where A “

"

apk : a P N, 0 ď a ă
n

pk

*

, and

B “

"

apk : a P N, 0 ď a ă
n

pk
, pa, piq “ 1 @ 1 ď i ď r, i ‰ k

*

.

Take n1 “
śr

j“1,j‰k pj and n2 “
n

pkn1

“
n

p1 . . . pr
. For 0 ď m ď n2 ´ 1, let

Pm “ tapk : a P N,mn1 ď a ă pm` 1qn1, pa, n1q “ 1u. Trivially Pl X Pm “ H for

l ‰ m and

B “
n2´1
ď

m“0

Pm. (2.4)

Observe that apk P Pm if and only if pa´mn1qpk P P0. Thus |Pm| “ |P0| for all

0 ď m ď n2 ´ 1. Further, |P0| “ |tapk : a P N, 0 ď a ă n1, pa, n1q “ 1u| “ φpn1q. So

for all 0 ď m ď n2 ´ 1,

|Pm| “ φpn1q. (2.5)

From (2.4) and (2.5), we have

|B| “
n2´1
ÿ

m“0

|Pm| “ n2φpn1q “
n

pk

r
ź

i“1
i‰k

ˆ

1´
1

pi

˙

“ pαk´1
k φ

ˆ

n

pαkk

˙

.

As |A| “
n

pk
and B Ď A, we finally have

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

r
ď

i“1
i‰k

xpipky

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ |A| ´ |B| “
n

pk
´ pαk´1

k φ

ˆ

n

pαkk

˙

.
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Now we prove (2.3).

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

r
ď

i“1
i‰j

xpipjy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

´

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

r
ď

i“1
i‰k

xpipky

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“
n

pj
´ p

αj´1
j φ

˜

n

p
αj
j

¸

´

"

n

pk
´ pαk´1

k φ

ˆ

n

pαkk

˙*

“
n

pj
´
n

pj

r
ź

i“1
i‰j

ˆ

1´
1

pi

˙

´

$

’

&

’

%

n

pk
´
n

pk

r
ź

i“1
i‰k

ˆ

1´
1

pi

˙

,

/

.

/

-

“
n

pjpk

»

—

–

pk ´ pk

r
ź

i“1
i‰j

ˆ

1´
1

pi

˙

´

$

’

&

’

%

pj ´ pj

r
ź

i“1
i‰k

ˆ

1´
1

pi

˙

,

/

.

/

-

fi

ffi

fl

“
n

pjpk

$

’

&

’

%

pk ´ pj ´ tpk ´ 1´ ppj ´ 1qu
r
ź

i“1
i‰j,k

ˆ

1´
1

pi

˙

,

/

.

/

-

“
nppk ´ pjq

pjpk

$

’

&

’

%

1´
r
ź

i“1
i‰j,k

ˆ

1´
1

pi

˙

,

/

.

/

-

ě 0.

In the following theorem, we shall give an upper bound for the vertex connectivity

of power graphs of Zn. This generalizes Theorem 1.5.20 due to Chattopadhyay and

Panigrahi [2014] to all n P N.

Theorem 2.3.6. If n “ pα1
1 p

α2
2 . . . pαrr , where r ě 2, p1 ă p2 ă ¨ ¨ ¨ ă pr are primes

and αj P N for 1 ď j ď r, then

κpGpZnqq ď φpnq `
n

pr
´ pαr´1

r φ

ˆ

n

pαrr

˙

. (2.6)

Proof. If n is a product of two primes, the inequality follows from Proposition 2.3.3.

Now suppose n is not a product of two primes. By Theorem 2.3.4 and Lemma 2.3.5,

we have

κpG 1pZnqq ď

ˇ

ˇ

ˇ

ˇ

ˇ

r´1
ď

i“1

xpipry
˚

ˇ

ˇ

ˇ

ˇ

ˇ

“
n

pr
´ pαr´1

r φ

ˆ

n

pαrr

˙

´ 1.
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Hence the proof follows from Lemma 2.3.2(ii).

Remark 2.3.7. We prove in Theorem 2.3.20 and Theorem 2.3.22 that the equality

holds in (2.6) if n has exactly two prime factors or n is a product of three distinct

primes. This will show that the upper bound given in Theorem 2.3.6 is sharp.

We now concentrate on minimal separating sets of GpZnq that arise from neigh-

borhoods of «-classes. Subsequently, we obtain an alternate upper bound for

κpGpZnqq, and ascertain the conditions on n for which this bound is an improve-

ment to that of Theorem 2.3.6.

The following remark is a consequence of Lemma 2.2.7.

Remark 2.3.8. If a P SpZnq, then Npaq and Nprasq are not separating sets of

GpZnq.

The next remark is immediate from Lemma 2.1.6.

Remark 2.3.9. rSpZnqs “ tr0s, r1su. Notice that for any a P Z1n, we have SpZnq Ď

Npaq and rSpZnqs Ď rNprasq.

Notation 2.3.10. We denote rG 1pZnq “ rGpZnq ´ rSpZnqs, N
1paq “ Npaq ´ SpZnq,

N 1prasq “ Nprasq ´ SpZnq and rN 1prasq “ rNprasq ´ rSpZnqs.

Remark 2.3.11. For any n P N, rG 1pZnq “ rGpZn ´ SpZnqq.

Lemma 2.3.12. Suppose n P N is neither a prime power nor a product of two

distinct primes. Then for any a P Z1n,

(i) N 1prasq is a separating set of G 1pZnq.

(ii) rN 1prasq is a separating set of rG 1pZnq.

(iii) N 1prasq is a minimal separating set of G 1pZnq if and only if rN 1prasq is a minimal

separating set of rG 1pZnq.
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Proof. By Theorem 1.5.7, GpZnq is not complete and by Proposition 2.3.3, G 1pZnq

is connected. Thus by Lemma 2.2.7, Nprasq is a separating set of GpZnq and rNprasq

is a separating set of rGpZnq. Consequently, (i) and (ii) follow from Remark 1.5.14.

Finally, (iii) follows from (i) and Theorem 2.2.4.

Lemma 2.1.11 and Lemma 2.3.1 give the following observation, which will be

useful in proving Theorem 2.3.14.

Lemma 2.3.13. For n P N, a P Z1n and b “ gcdpa, nq, the following holds in GpZnq:

N 1
prasq “

ď

c�b
1ăcăb

rscs Y
ď

b�d,d�n
bădăn

rsds. (2.7)

The following theorem further narrows down our study of minimal separating

sets of GpZnq.

Theorem 2.3.14. Suppose n P N is not a product of two primes and n “ pα1
1 p

α2
2 . . . pαrr ,

where r ě 2, p1 ă p2 ă ¨ ¨ ¨ ă pr are primes and αi P N for all 1 ď i ď r. Then for

any 1 ď k ď r, the following statements hold.

(i) N 1

´”

pαkk

ı¯

is a minimal separating set of G 1pZnq.

(ii) If αk ą 1 and 1 ď βk ă αk, N 1

ˆ„

pβkk

˙

is not a minimal separating set of

G 1pZnq.

Proof. (i) Let T “ rN 1

´”

pαkk

ı¯

and Γ “ rG 1pZnq ´ T . By Lemma 2.3.12(ii), Γ is

disconnected. Moreover, by Lemma 2.1.11, V pΓq “
!”

pαkk

ı)

Ť

tras : a�n, 1 ă a ă n,

pαkk ffla, afflp
αk
k u. Let T1 “

!”

pαkk

ı)

and T2 “ tras : a�n, 1 ă a ă n, pαkk ffla, afflp
αk
k u.

Then the subgraph of Γ induced by T1 is complete and hence connected. Further-

more, rpis P T2 for all 1 ď i ď r, i ‰ k and every other rbs P T2 is adjacent to some

rpjs for 1 ď j ď r, j ‰ k in Γ. Additionally, rpis, rpjs P T2, i ‰ j, then both are

adjacent to rpipjs P T2 in Γ. Thus the subgraph of Γ induced by T2 is also connected.

So Γ consists of exactly two components - the subgraphs induced by T1 and T2.
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Therefore, to show that T is a minimal separating set of rG 1pZnq, it is enough to

show that every element of T is adjacent to some element of T1 and some element

of T2. Let C P T . Then
”

pαkk

ı

is adjacent to C. We next show that C is adjacent to

some element of T2.

By Lemma 2.3.1(i), C “ rcs for some 1 ă c ă n, c�n. Since C is adjacent to
”

pαkk

ı

, it follows again from Lemma 2.1.11 that either pαkk
ˇ

ˇ c or c
ˇ

ˇ pαkk . As both c

and pαkk are factors of n, either pαkk
ˇ

ˇ c or c
ˇ

ˇ pαkk . First let pαkk
ˇ

ˇ c, so that c “ apαkk

for some integer a. If gcd

ˆ

a,
n

pαkk

˙

“ 1, then C “

”

pαkk

ı

, which is not possible.

So, as
n

pαkk
“

r
ś

i“1,i‰k

pαii , there exist 1 ď l ď r, l ‰ k such that pl�a. Then pl�a and

hence pl�c. So C is adjacent to rpls and rpls P T2. Now let c
ˇ

ˇ pαkk . Then c “ pβk

for some 1 ď β ă αk. So C is adjacent to
”

pβkpm

ı

for all 1 ď m ď r,m ‰ k and
”

pβkpm

ı

P T2. Thus T is a minimal separating set of rG 1pZnq and hence the proof

follows from Lemma 2.3.12(iii).

(ii) Observe that
”

pαkk

ı

P rN 1

´”

pβkk

ı¯

. So that by Lemma 2.3.13, we have

rN 1
´”

pαkk

ı¯

Ď rN 1
´”

pβkk

ı¯

Y

!”

pβkk

ı)

. (2.8)

By Lemma 2.1.11,
”

pβkk

ı

is adjacent to
”

pαkk

ı

, and by (2.8), none of
”

pαkk

ı

and
”

pβkk

ı

is adjacent to any other vertex of rG 1pZnq ´

´

rN 1

´”

pβkk

ı¯

´

”

pαkk

ı¯

. Hence

rN 1

´”

pβkk

ı¯

´

”

pαkk

ı

is a separating set of rG 1pZnq and as a result, rN 1

´”

pβkk

ı¯

is not

a minimal separating set of rG 1pZnq. From this and Lemma 2.3.12(iii), the proof

follows.

The next result shows that minimal separating sets of GpZnq obtained in Theorem

2.3.4 and Theorem 2.3.14 are same when the largest prime dividing n has power one.

Proposition 2.3.15. Suppose n P N is not a product of two primes and n “

pα1
1 . . . p

αr´1

r´1 pr, where r ě 2, p1 ă p2 ă ¨ ¨ ¨ ă pr are primes and αi P N for 1 ď i ď r.

Then N 1prprsq “
Ťr´1
i“1 xpipry

˚.
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Proof. N 1 prprsq “ xpry
˚
´ rprs

“ xpry
˚
´
 

apr : 1 ď a ă pα1
1 . . . p

αr´1

r´1 , gcdpa, pα1
1 . . . p

αr´1

r´1 q “ 1
(

“

r´1
ď

i“1

xpipry
˚

We now provide an upper bound for κpGpZnqq in the following theorem.

Theorem 2.3.16. Suppose n is not a product of two primes and n “ pα1
1 p

α2
2 . . . pαrr ,

where r ě 2, p1 ă p2 ă ¨ ¨ ¨ ă pr are primes and αi P N for 1 ď i ď r, then

κpGpZnqq ď φpnq `
n

pαrr
` ppαr´1

r ´ 2qφ

ˆ

n

pαrr

˙

.

Proof. From Theorem 2.3.14(i), κpG 1pZnqq ď |N
1 prpαrr sq|, and by Lemma 2.3.13, we

have

|N 1
prpαrr sq| “

ˇ

ˇxpαrr y
˚
ˇ

ˇ´ |rpαrr s| `
αr
ÿ

j“1

ˇ

ˇ

ˇ

”

pjr
ıˇ

ˇ

ˇ
´ |rpαrr s|

“
n

pαrr
´ 1´ φ

ˆ

n

pαrr

˙

`

αr
ÿ

j“1

φ

ˆ

n

pjr

˙

´ φ

ˆ

n

pαrr

˙

“
n

pαrr
´ 1` φ

ˆ

n

pαrr

˙ αr
ÿ

j“1

φ
`

pαr´jr

˘

´ 2φ

ˆ

n

pαrr

˙

“
n

pαrr
` ppαr´1

r ´ 2qφ

ˆ

n

pαrr

˙

´ 1.

Hence by Lemma 2.3.2(ii), the proof follows.

Notation 2.3.17. We denote the upper bound of κpGpZnqq obtained in Theorem

2.3.6 and Theorem 2.3.16 by ξ1pnq and ξ2pnq, respectively.

In the following theorem, we compare the upper bounds ξ1pnq and ξ2pnq of

κpGpZnqq in the following theorem.

TH-1968_136123001



2.3 Vertex connectivity of GpZnq 43

Theorem 2.3.18. Suppose n is not a product of two primes and n “ pα1
1 p

α2
2 . . . pαrr ,

where r ě 2, p1 ă p2 ă ¨ ¨ ¨ ă pr are primes and αi P N for 1 ď i ď r.

(i) ξ2pnq “ ξ1pnq if and only if αr “ 1, or r “ 2 and p1 “ 2.

(ii) ξ2pnq ă ξ1pnq if and only if αr ě 2 and
r´1
ś

i“1

ˆ

1´
1

pi

˙

ă
1

2
.

(iii) ξ2pnq ą ξ1pnq if and only if αr ě 2 and
r´1
ś

i“1

ˆ

1´
1

pi

˙

ą
1

2
.

Proof. Note that

ξ2pnq ´ ξ1pnq “
n

pαrr
` ppαr´1

r ´ 2qφ

ˆ

n

pαrr

˙

´

"

n

pr
´ pαr´1

r φ

ˆ

n

pαrr

˙*

“
`

1´ pαr´1
r

˘ n

pαrr
` 2ppαr´1

r ´ 1qφ

ˆ

n

pαrr

˙

“ ppαr´1
r ´ 1q

"

2φ

ˆ

n

pαrr

˙

´
n

pαrr

*

“ ppαr´1
r ´ 1q

n

pαrr

#

2
r´1
ź

i“1

ˆ

1´
1

pi

˙

´ 1

+

. (2.9)

The right hand side of (2.9) equals 0 if and only if αr “ 1, or

2
r´1
ź

i“1

ˆ

pi ´ 1

pi

˙

“ 1. (2.10)

We show that (2.10) holds if and only if r “ 2 and p1 “ 2.

If p1 ą 2, then
r´1
ś

i“1

pi is odd. Since 2
r´1
ś

i“1

ppi ´ 1q is always even, (2.10) does not

hold. Thus p1 “ 2. If r ą 2, then

2
r´1
ź

i“1

ˆ

pi ´ 1

pi

˙

“

r´1
ź

i“2

ˆ

pi ´ 1

pi

˙

‰ 1

as the numerator is even and denominator is odd. So we must have r “ 2. Con-

versely, if r “ 2 and p1 “ 2, then (2.10) holds. This proofs (i).

Since pαr´1
r ´ 1 ą 0 if and only if αr ě 2, (ii) and (iii) follow from (2.9).

TH-1968_136123001



44 Vertex Connectivity

Remark 2.3.19. The lexicographic order ă on NˆN, defined by pa1, b1q ă pa2, b2q

if

a1 ă a2, or a1 “ a2 and b1 ă b2,

is a well-founded relation.

We now give the actual values of κpGpZnqq when n has two prime factors (cf.

Theorem 2.3.20) and n is a product of three distinct primes (cf. Theorem 2.3.22).

Theorem 2.3.20. If n “ pαqβ, where p, q are distinct primes and α, β P N, then

κpGpZnqq “ φpnq ` pα´1qβ´1. (2.11)

In fact, for n ‰ pq, xpqy˚ is a minimum separating set of G 1pZnq.

Proof. We consider the lexicographic order ă on NˆN, and prove by applying the

principle of well-founded induction that (2.11) holds for all pα, βq P N ˆ N. Note

that, as n is not a prime power, GpZnq and hence G 1pZnq are not complete graphs.

Since κpGpZpqqq “ φppqq ` 1 (cf. Theorem 1.5.19), the statement holds for

pα, βq “ p1, 1q.

Now take pα, βq P N ˆ N such that p1, 1q ă pα, βq. Suppose that (2.11) holds

for all pa, bq ă pα, βq. Then n ‰ pq and hence by Proposition 2.3.3, Γ :“ G 1pZnq is

connected. Further, by Theorem 2.3.4, xpqy˚ is a minimal separating set of Γ. We

show that xpqy˚ is a minimum separating set of Γ.

Let T be a minimal separating set of Γ. We show that |xpqy˚| ď |T |. If xpqy˚ Ď T ,

we are done. So let xpqy˚ Ć T . Then there exists an element a P xpqy˚ such that

a R T . Let Γ1 “ Gpxpy˚q and Γ2 “ Gpxqy˚q. Then observe that Γ “ Γ1 Y Γ2, and

hence Γ´ T “ pΓ1 ´ T q Y pΓ2 ´ T q. Further, a P V pΓ1 ´ T q X V pΓ2 ´ T q. Hence as

Γ´ T is disconnected, at least one of Γ1 ´ T or Γ2 ´ T is disconnected.

Case 1: Let Γ1 ´ T be disconnected. If α “ 1, then |xpy| “ qβ and hence Γ1 is a
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complete graph. So Γ1 ´ T cannot be disconnected. So α ě 2. Then,

|T | ´ |xpqy˚| ě κpΓ1q ´ |xpqy
˚
|

“ κpGpxpy˚qq ´ |xpqy˚|

“ κpGpxpyq ´ 0q ´ |xpqy˚|

“ κpGpxpyqq ´ 1´ p|xpqy| ´ 1q pby Remark 1.5.11q

“ κpGpZpα´1qβqq ´ |xpqy|

“ φppα´1qβq ` pα´2qβ´1
´
`

pα´1qβ´1
˘

(by induction hypothesis)

“ pα´2qβ´1
pp´ 1qpq ´ 1q ` pα´2qβ´1

´ pα´1qβ´1

“ pα´2qβ´1
tpp´ 1qpq ´ 1q ` 1´ pu

“ pα´2qβ´1
pp´ 1qpq ´ 2q ě 0. (2.12)

Case 2: Let Γ2 ´ T be disconnected. Proceeding as in Case 1, we have β ě 2, and

|T | ´ |xpqy˚| ě κpΓ2q ´ |xpqy
˚
|

“ κpGpxqy˚qq ´ |xpqy˚|

“ pα´1qβ´2
tpp´ 1qpq ´ 1q ` 1´ qu

ě pα´1qβ´2
tpq ´ 1q ` 1´ qu “ 0. (2.13)

So for p1, 1q ă pα, βq, xpqy˚ is a minimum separating set of G 1pZnq and hence

κpGpZnqq “ φpnq ` pα´1qβ´1. Therefore by the principle of well-founded induction,

(2.11) holds for all pα, βq P Nˆ N.

The following is a simple consequence of Theorem 2.3.20.

Corollary 2.3.21. If n “ 2αpβ, where p is an odd prime and α, β P N, then

κpGpZnqq “
n

2
.

Proof. κpGpZnqq “ φpnq`2α´1pβ´1 “ 2α´1pβ´1pp2´1qpp´1q`1q “ 2α´1pβ “
n

2
.
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In the following result, we obtain the vertex connectivity of GpZnq when n is a

product of three distinct primes.

Theorem 2.3.22. If n “ pqr, where p ă q ă r are primes, then rprs Y rqrs is a

minimum separating set of G 1pZnq. Consequently,

κpGpZnqq “ φpnq ` p` q ´ 1.

Proof. It follows from Lemma 2.3.1 that the equivalence classes of Z1n with respect

to « are rps, rqs, rrs, rpqs, rprs and rqrs.

rps

rprsrpqs

rqrs

rrsrqs

Figure 2.1: rG1pZpqrq

Using Remark 2.1.12, rG 1pZnq is depicted in Figure 2.1. It is evident from Figure

2.1 that rG 1pZnq does not become disconnected by deletion of any one vertex («-

class), whereas, deletion of any two non-adjacent vertices disconnects rG 1pZnq. Hence

by Lemma 2.3.12(iii), a minimal separating set of G 1pZnq is precisely the union

of any two non-adjacent «-classes (in Figure 2.1). By Lemma 2.3.1(ii), we have

|rps| “ pq ´ 1qpr ´ 1q, |rqs| “ pp ´ 1qpr ´ 1q, |rrs| “ pp ´ 1qpq ´ 1q, |rpqs| “ r ´ 1,

|rprs| “ q ´ 1 and |rqrs| “ p´ 1. We thus have the following inequalities:

|rps| ą |rqs| ą |rrs|, |rpqs| ą |rprs| ą |rqrs|, |rrs| ą |rprs|. (2.14)
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Consequently, rprs Y rqrs is of minimum cardinality among the union of non-

adjacent pairs of «-classes. Hence rprsYrqrs is a minimum separating set of G 1pZnq.

Since |rprs Y rqrs| “ p` q´ 2, by Lemma 2.3.2(ii), κpGpZnqq “ φpnq` p` q´ 1.

2.4 Conclusion

In this chapter, we obtained certain minimum separating sets of GpZnq and supplied

two upper bounds ξ1pnq and ξ2pnq of κpGpZnqq. We further proved that κpGpZnqq “

ξ1pnq when n has two prime factors or n is a product of three primes, thus by

establishing that it is a sharp bound.

Recently, we found that Chattopadhyay et al. [2018b] have further shown that

for n having prime factors p1 ă p2 ă ¨ ¨ ¨ ă pr (r ě 2), if
r´1
ś

i“1

ˆ

1´
1

pi

˙

ě
1

2
, then

κpGpZnqq “ ξ1pnq. Moreover, if r “ 3 and 2φpp1p2q ă p1p2, then κpGpZnqq “ ξ2pnq.

Hence computation of κpGpZnqq when r ě 4 and
r´1
ś

i“1

ˆ

1´
1

pi

˙

ă
1

2
is still open for

study.

In addition to the above, investigation of vertex connectivity of GpGq when G is

finite non-cyclic group is also an interesting problem. To this end, we refer the recent

work of Chattopadhyay et al. [2018a] on finite and non-cyclic nilpotent groups.
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3
p-Groups

This chapter investigates structural properties of power graphs of p-groups. In

Section 3.1, we show that in every component of proper power graph of a p-group,

elements of order p are adjacent to all other elements. Consequently, we show that

these components have exactly p ´ 1 elements of order p. Applying this, we find

the number of components of proper power graph of an abelian p-group. We then

describe the structure of power graph of a p-group G in Section 3.2 and show that

GpGq can be presented iteratively as join and disjoint union of some of its subgraphs.

Finally, we derive the complete structure of power graphs of groups that are direct

product of two cyclic p-groups.

49
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50 p-Groups

3.1 Components

Throughout this chapter, G denotes a p-group. In this section, we study some

properties of components of proper power graphs of p-groups. If C is one such

component, we show that C has exactly p´ 1 elements of order p and that all other

vertices in C are adjacent to them. We then compute the number of components of

proper power graph of an abelian p-group.

Notation 3.1.1. Let G be a group and g P G. We denote Upgq “ th P G : g P xhyu

and let Γpgq be the subgraph of GpGq induced by the set of vertices Upgq. Moreover,

we denote the component of G˚pGq containing g by Cpgq.

Proposition 3.1.2. If x P G˚ is an element of order p, then x is adjacent to every

other vertex of Cpxq.

Proof. Let C be the component of G˚pGq that contains x. Consider y P V pCq, y ‰ x.

We show that x is adjacent to y. Note that there exists at least one x, y-path in

G˚pGq; say x “ x0, x1, . . . , xm “ y. We claim that for all 1 ď i ď m,

x P xxiy. (3.1)

As x and x1 are adjacent, either x P xx1y or x1 P xxy. If x P xx1y, then (3.1)

holds for i “ 1. Now let x1 P xxy. Since opxq “ p, we have xxy “ xx1y. So, again

(3.1) holds for i “ 1.

Suppose x P xxky for some 1 ď k ď m ´ 1. We show that x P xxk`1y. From

adjacency of xk and xk`1, we have xk P xxk`1y or xk`1 P xxky. If xk P xxk`1y, we get

x P xxk`1y, by induction hypothesis. Thus (3.1) holds for i “ k ` 1.

Now take xk`1 P xxky. Then xk`1 “ x
ck`1p

αk`1

k for some ck`1 P N, pck`1, pq “ 1

and αk`1 P NY t0u. Hence

xxk`1y “

A

xp
αk`1

k

E

(3.2)

If αk`1 “ 0, then xxk`1y “ xxky. So x P xxk`1y follows from induction hypothesis.
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Now let αk`1 ą 0. As x P xxky, x “ xckp
αk

k for some ck P N, pck, pq “ 1 and

αk P NYt0u. Hence xxy “ xxp
αk

k y. If αk “ 0, then xxy “ xxky. This along with (3.2)

imply that xxk`1y “ xx
pαk`1

y. Because opxq “ p and αk`1 ą 0, we get xxk`1y “ xey,

which is a contradiction. Thus αk ą 0. Since opxq “ p and xxy “ xxp
αk

k y, we get

opxkq “ pαk`1. Moreover, if opxk`1q “ pβ, from (3.2) we get opxkq “ pαk`1`β. Hence,

using the fact that β ě 1, we get αk ě αk`1. Then xxy “ xxp
αk

k y Ď xxp
αk`1

k y “ xxk`1y,

so that x P xxk`1y. Therefore, (3.1) holds for i “ k ` 1.

We thus conclude that x P xxiy for all 1 ď i ď n. In particular, x P xyy, so that

x is adjacent to y.

Proposition 3.1.3. If g is an element of order p in G, then Cpgq “ Γpgq.

Proof. Since both Γpgq and Cpgq are induced subgraphs of GpGq, we only need to

show that their vertex sets are equal. Clearly Upgq Ď V pCpgqq. To show the reverse

inclusion, let h P V pCpgqq. By Proposition 3.1.2, g is adjacent to every other vertex

of Cpgq. So g is adjacent to h and since opgq is prime, we have g P xhy. Hence

h P Upgq.

Proposition 3.1.4. In G˚pGq, each component has exactly p ´ 1 elements of

order p.

Proof. Let C be a component of G˚pGq. Let x P V pCq and opxq “ pγ for some γ P N.

Then y “ xp
γ´1

is an element of order p in V pCq. Hence by Proposition 3.1.3, C has

at least p ´ 1 vertices of order p and for any z P V pCq, z ‰ y of order p, y P xzy.

Since both y and z have prime orders, we get xyy “ xzy. Hence C has exactly p´ 1

vertices of order p.

Before calculating the number of components of G˚pGq for any abelian p-group

G, we note that G is essentially an unique direct product of cyclic p-groups (cf.

Theorem 1.3.26).

Theorem 3.1.5. Let G be an abelian p-group. If G is isomorphic to a direct product

of r cyclic groups, then the number of components of G˚pGq is pr´1` pr´2` . . .` 1.
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Proof. Let G be isomorphic to H :“ H1 ˆH2 ˆ . . .ˆHr, where H1, H2, . . . , Hr are

cyclic p-groups. Then it is enough to prove the above statement for G˚pHq.

For any 1 ď i ď r, Hi has p ´ 1 elements of order p (cf. Theorem 1.3.24),

and if px1, x2, . . . , xrq P H, then oppx1, x2, . . . , xrqq “ lcmpopx1q, opx2q, . . . , opxrqq

(cf. Theorem 1.3.25). So H has pr ´ 1 elements of order p. Hence by Proposition

3.1.4, the number of components of G˚pHq is
pr ´ 1

p´ 1
“ pr´1

` pr´2
` . . .` 1.

It follows from Theorem 3.1.5 that the proper power graph of a non-cyclic abelian

p-group has more than one component. Thus we have the following corollary.

Corollary 3.1.6. If G is a non-cyclic abelian p-group, then kpGpGqq “ 1.

3.2 Structure

In this section, we investigate the structure of power graphs of p-groups by intro-

ducing the notion of a primitive class. We first present a method to obtain the

structure of power graphs of abelian p-groups. We then present the complete struc-

ture of power graphs of groups that are product of two cyclic p-groups. We begin

by introducing the notion of a primitive class.

Definition 3.2.1. For g, h P G, rgs is called a primitive class of rhs if g ‰ e and

rhs “ rgps. Equivalently, we also say that rgs is a primitive class of h.

Notation 3.2.2. We denote the number of primitive classes of g and rgs by πpgq

and πprgsq, respectively.

The proof of the following lemma is straightforward.

Lemma 3.2.3. If g P G and πpgq “ 0, then Γpgq “ Gprgsq – Kφpopgqq.

The following theorem iteratively presents the structure of power graph of a

p-group.
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Theorem 3.2.4. Let g P G and πpgq ą 0. If the distinct primitive classes of g are

rg1s, rg2s, . . . , rgπpgqs, then

Γpgq – Kφpopgqq _
 

Γpg1q ` Γpg2q ` . . .` Γpgπpgqq
(

. (3.3)

In particular, for g “ e,

GpGq – K1 _
 

Γpg1q ` Γpg2q ` . . .` Γpgπpeqq
(

. (3.4)

Proof. Let opgq “ pk and h be a vertex in Γpgq. Then pk|ophq. If ophq “ pk, then

h P rgs. Now let ophq “ pl for some l ě k ` 1. Then h1 :“ hp
l´k´1

has order pk`1, so

that rh1s is a primitive class of rgs. As a result, rh1s “ rgis for some 1 ď i ď πpgq,

and hence h P Upgiq. So we have Upgq “ rgs Y Upg1q Y Upg2q Y . . .Y Upgπpgqq.

Let πpgq ě 2 and 1 ď i, j ď πpgq, i ‰ j. If gi, gj P xhy for some h P G, then

rgis “ rgjs; a contradiction. Thus Γpgiq and Γpgjq have disjoint vertices. Now, if

possible, suppose ui P Upgiq is adjacent to uj P Upgjq in GpGq. Then ui P xujy or

uj P xuiy. Without loss of generality, taking ui P xujy, we get uj P Upgiq. Since Γpgiq

and Γpgjq have disjoint vertices, this is not possible.

In addition to the above, each element of rgs is adjacent to every other element of

Γpgq, so that Γpgq “ Gprgsq _
 

Γpg1q ` Γpg2q ` . . .` Γpgπpgqq
(

. Hence (3.3) follows

from this and the fact that Gprgsq – Kφpopgqq. Additionally, since GpGq “ Γpeq, (3.4)

follows.

Remark 3.2.5. The structure of GpGq can be obtained (up to isomorphism) as

described below. Starting with (3.4), for every 1 ď i ď πpeq, we substitute for Γpgiq

from (3.3) and Lemma 5.4.4 when πpgiq ą 0 and πpgiq “ 0, respectively. Further, if

πpgiq ą 0 for any 1 ď i ď πpeq, we do the similar substitution for Γphi,jq for every

primitive class rhi,js of gi. We continue this process till the substitution for Γphq for

every «-class rhs, h ‰ e is done.
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For the rest of this chapter, let α and β be positive integers. Since Zpα ˆ Zpβ

– Zpβ ˆ Zpα , without loss of generality, let α ě β. For notational convenience, for

any pa, bq P Zpα ˆ Zpβ , we denote Γppa, bqq simply by Γpa, bq. In what follows, we

determine the complete structure of GpZpα ˆ Zpβq.

For the rest of this section, the underlying group of the results presented is

Zpα ˆ Zpβ .

Lemma 3.2.6. For integers 0 ď k ď α, 0 ď l ď β and a, b satisfying gcdpa, pq “

gcdpb, pq “ 1, rpapk, bqs and rpa, bplqs have no primitive class.

Proof. If pc “ b for some c P Zpβ , then p�ppc´bq. This implies p|b, which contradicts

the fact that gcdpb, pq “ 1. So rpapk, bqs has no primitive class. Similarly, rpa, bplqs

also has no primitive class.

Lemma 3.2.7. For integers 1 ď k ď α and 1 ď l ď β, the primitive classes (not

necessarily distinct) of rppk, plqs are given by rppapα´k ` 1qpk´1, pbpβ´l ` 1qpl´1qs,

a “ 0, . . . , p´ 1, b “ 0, . . . , p´ 1 excluding rp0, 0qs.

Proof. Let ppk, plq “ ppw, zq. Then pα|ppw ´ pkq ñ pα´1|pw ´ pk´1q, so that w “

apα´1`pk´1 for some integer a. Hence the distinct solutions of pw “ pk (in variable

w) are w “ papα´k ` 1qpk´1, a “ 0, . . . , p ´ 1. Analogously, the distinct solutions

of pz “ pl (in variable z) are z “ pbpβ´l ` 1qpl´1, b “ 0, . . . , p ´ 1. Thus the proof

follows.

Lemma 3.2.8. Consider integers 0 ď k ď α and 0 ď l ď β satisfying α´k ě β´ l.

For integers 0 ď b1, b2 ď p ´ 1, b1 ‰ b2, the classes rppk´1, pb1p
β´l ` 1qpl´1qs and

rppk´1, pb2p
β´l ` 1qpl´1qs are distinct.

Proof. If possible, let

ppk´1, pb1p
β´l
` 1qpl´1q “ cppk´1, pb2p

β´l
` 1qpl´1q (3.5)
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for some integer c satisfying gcdpc, pq “ 1.

Then equating first components, c “ c1p
α´k`1`1 for some integer c1. Moreover,

α ´ k ` l ě β ´ l ` l “ β. So that in Zpβ ,

cpb2p
β´l
` 1qpl´1 “ c1pα´k`l ` pb2p

β´l
` 1qpl´1

“ pb2p
β´l
` 1qpl´1. (3.6)

From this and equating second components of (3.5), we get b1pβ´1 “ b2pβ´1.

Without loss of generality, let b1 ě b2, so that p|pb1 ´ b2q. Since 0 ď b1, b2 ď p ´ 1,

we get b1 “ b2. This being a contradiction, the given classes are distinct.

Lemma 3.2.8, is not necessarily true when α´k ă β´l. For example, in Z16ˆZ8,

5p4, 1q “ p4, 5q, so that rp4, 1qs “ rp4, 5qs.

Lemma 3.2.9. The distinct primitive classes of rp0, 0qs are given by rp0, pβ´1qs and

rppα´1, bpβ´1qs, b “ 0, 1, . . . , p´ 1.

Proof. It follows from Lemma 3.2.7 that the primitive classes (not necessarily dis-

tinct) of rp0, 0qs are given by rpapα´1, bpβ´1qs, a “ 0, 1, . . . , p´ 1, b “ 0, 1, . . . , p´ 1,

a ` b ‰ 0. For a “ 0, rp0, bpβ´1qs “ rp0, pβ´1qs for all 1 ď b ď p ´ 1. Now let

1 ď a ď p´ 1. Then there exist integers c1, c2 such that ac1 ` c2p “ 1. Here, since

pc1, pq “ 1 as well,

rpapα´1, bpβ´1qs “ rc1papα´1, bpβ´1qs

“ rppα´1, dpβ´1qs, where d “ bc1pmod pq.

So the primitive classes of rp0, 0qs are given by rp0, pβ´1qs and rppα´1, bpβ´1qs,

b “ 0, 1, . . . , p´1. Now by Lemma 3.2.8, the classes rppα´1, bpβ´1qs, b “ 0, 1, . . . , p´1

are all distinct. Moreover, it is easy to show that for any 0 ď b ď p ´ 1, rp0, pβ´1qs

and rppα´1, bpβ´1qs are distinct. Hence the proof follows.
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The proof of following theorem is analogous to that of Lemma 3.2.9.

Lemma 3.2.10. The distinct primitive classes of rp0, 0qs are given by rppα´1, 0qs

and rpapα´1, pβ´1qs, a “ 0, 1, . . . , p´ 1.

Lemma 3.2.11. Suppose α ą 1 and consider integers 1 ď k ă α and 1 ď l ď

β satisfying α ´ k ě β ´ l. Then the distinct primitive classes of rppk, plqs are

rppk´1, pbpβ´l ` 1qpl´1qs, b “ 0, 1, . . . , p´ 1.

In particular, the distinct primitive classes of rppk, 0qs are given by rppk´1, bpβ´1qs,

b “ 0, 1, . . . , p´ 1.

Proof. We first show that for integers 0 ď a1, a2 ď p´ 1,

rppa1p
α´k

` 1qpk´1, pa2p
β´l
` 1qpl´1qs “ rppk´1, pbpβ´l ` 1qpl´1qs (3.7)

for some integer 0 ď b ď p´ 1.

Since k ă α, for any integer 0 ď b ď p´ 1,

pa1p
α´k

` 1q
`

pk´1, pbpβ´l ` 1qpl´1
˘

“
`

pa1p
α´k

` 1qpk´1, pa1p
α´k

` bpβ´l ` 1qpl´1
˘

.
(3.8)

Thus, if α ´ k ą β ´ l, then by setting b “ a2,

pa1p
α´k

` 1qppk´1, pbpβ´l ` 1qpl´1q

“ ppa1p
α´k

` 1qpk´1, pa2p
β´l
` 1qpl´1q.

(3.9)

Now let α ´ k “ β ´ l. If a2 ě a1, take b “ a2 ´ a1, otherwise b “ a2 ´ a1 ` p.

Then by (3.8),

pa1p
α´k

` 1qppk´1, pbpβ´l ` 1qpl´1q

“ ppa1p
α´k

` 1qpk´1, tpa1 ` bqp
β´l
` 1upl´1q

“ ppa1p
α´k

` 1qpk´1, pa2p
β´l
` 1qpl´1q.

(3.10)
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Since k ă α, we have gcdpa1p
α´k ` 1, pq “ 1. Consequently, (3.9) and (3.10)

together yield (3.7).

By applying Lemma 3.2.7 and (3.7), the primitive classes of rppk, plqs are

rppk´1, pbpβ´l ` 1qpl´1qs, b “ 0, . . . , p ´ 1, and by Lemma 3.2.8, they are all dis-

tinct. Hence the proof follows. The particular case follows by taking l “ β.

By arguments analogous to that of Lemma 3.2.11, we have the following lemma.

Lemma 3.2.12. Suppose β ą 1 and consider integers 1 ď k ď α and 1 ď l ă

β satisfying α ´ k ď β ´ l. Then the distinct primitive classes of rppk, plqs are

rppapα´k ` 1qpk´1, pl´1qs, a “ 0, 1, . . . , p´ 1.

In particular, the distinct primitive classes of rp0, plqs are given by rpapα´1, pl´1qs,

a “ 0, 1, . . . , p´ 1.

Lemma 3.2.13. For integers 0 ď k ď α ´ 1 and 0 ď l ď β ´ 1, and a, b satisfying

gcdpa, pq “ gcdpb, pq “ 1,

(i) Γpapk, bplq “ Γpcpk, plq “ Γppk, dplq for some c, d satisfying gcdpc, pq “ gcdpd, pq “

1;

(ii) Γpapk, 0q “ Γppk, 0q and Γp0, bplq “ Γp0, plq.

Proof. We first notice that if rgs “ rhs, then Γpgq “ Γphq.

(i) As gcdpa, pq “ 1, there exist integers a1 and a2 such that a1a`a2p
α´k “ 1. So

a1papk, bplq “ ppk, dplq, where d “ a1bpmod pβ´lq. Additionally, since gcdpa1, pq “ 1,

we have rpapk, bplqs “ rppk, dplqs. Similarly, rpapk, bplqs “ rpcpk, plqs for some integer

c satisfying gcdpc, pq “ 1. Hence the proof follows.

(ii) The proof follows from the fact that rpapk, 0qs “ rppk, 0qs and rp0, bplqs “

rp0, plqs.

Proposition 3.2.14. For integers 0 ď k ď α ´ 1 and 0 ď l ď β ´ 1, and a, b

satisfying gcdpa, pq “ gcdpb, pq “ 1, we have

Γpapk, bplq – Γppk, plq.
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Proof. We prove the proposition for k ě l and α´ k ě β ´ l. By similar procedure,

other cases can also be shown. In view of Lemma 3.2.13(i), it is enough to show

that Γppk, bplq – Γppk, plq.

In view of Lemma 3.2.3 and Lemma 3.2.6,

Γppk´l, 1q – Kφppα´k`lq – Γppk´l, bq. (3.11)

Thus, if l “ 0, then the proof is complete.

Now suppose l ą 0. By applying well-founded induction on 0 ď m ď l, we show

that

Γppk´l`m, pmq – Γppk´l`m, bpmq. (3.12)

It follows from (3.11) that (3.12) holds for m “ 0. So let (3.12) hold for m “ j´1

for some 1 ď j ď l, that is,

Γppk´l`j´1, pj´1q – Γppk´l`j´1, bpj´1q.

We now show it for m “ j.

Using Theorem 3.2.4 and Lemma 3.2.11, we get

Γppk´l`j, bpjq – Kφppα´k`l´jq _
 

p´1
ÿ

c“0

Γppk´l`j´1, bpcpβ´j ` 1qpj´1q
(

.

By induction hypothesis, we have

Γppk´l`j, bpjq – Kφppα´k`l´jq _ pΓppk´l`j´1, pj´1q.

Since this holds for any b satisfying pb, pq “ 1, we have Γppk´l`j, pjq – Γppk´l`j, bpjq.

Hence Γppk´l`m, bpmq – Γppk´l`m, pmq for all 0 ď m ď l. Finally, for m “ l, we

have Γppk, bplq – Γppk, plq.
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Theorem 3.2.15. For any integer 0 ď l ď β ´ 1, Γppα´β`kl , plq – Γp0, plq for all

integers kl satisfying l ď kl ď β ´ 1. In particular, Γppα´1, pβ´1q – Γp0, pβ´1q.

Proof. Observe that Γppα´β`k0 , 1q – Γp0, 1q – Kpβ . So, if β “ 1, then the proof is

complete. Now suppose that β ą 1.

We prove the theorem by applying well-founded induction on 0 ď l ď β ´ 1. As

shown above, the statement holds for l “ 0.

Suppose that it holds for some l “ m, 0 ď m ă β ´ 1, that is, Γppα´β`km , pmq –

Γp0, pmq for all km, m ď km ď β´1. We next show it for l “ m`1. Using Theorem

3.2.4, Lemma 3.2.11 and Proposition 3.2.14 we have

Γppα´β`km`1 , pm`1q – Kφppβ´m´1q _ pΓppα´β`km`1´1, pmq. (3.13)

Further, using Theorem 3.2.4, Lemma 3.2.12 and Proposition 3.2.14, we have

Γp0, pm`1q – Kφppβ´m´1q _ tΓp0, pmq ` pp´ 1qΓppα´1, pmqu.

By induction hypothesis, Γppα´1, pmq – Γp0, pmq, so that

Γp0, pm`1q – Kφppβ´m´1q _ pΓp0, pmq. (3.14)

Since km`1 ´ 1 ě m, it follows from induction hypothesis that

Γppα´β`km`1´1, pmq “ Γp0, pmq.

Therefore, we conclude from (3.13) and (3.14) that

Γppα´β`km`1 , pm`1q “ Γp0, pm`1q.

Consequently, the proof of first part of the theorem follows. Now, setting l “ kl “

β ´ 1, we get Γppα´1, pβ´1q – Γp0, pβ´1q.
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We now present three theorems which together give the complete structure of

GpZpα ˆ Zpβq.

Theorem 3.2.16. GpZpα ˆ Zpβq – K1 _

!

Γ p pα´1, 0 q ` pΓ p pα´1, pβ´1 q

)

.

Proof. Using Theorem 3.2.4 and Lemma 3.2.9,

GpZpα ˆ Zpβq – K1 _

#

p´1
ÿ

b“0

Γ p pα´1, bpβ´1 q ` Γ p 0, pβ´1 q

+

.

Hence the proof follows from Proposition 3.2.14 and Theorem 3.2.15.

Theorem 3.2.17. For any 1 ď k ď α ´ 1,

Γ p pk, 0 q – Kφppα´kq _

!

Γ p pk´1, 0 q ` pp´ 1qΓ p pk´1, pβ´1 q

)

(3.15)

and Γ p 1, 0 q – Kφppαq.

Proof. By Theorem 3.2.4 and Lemma 3.2.11,

Γ p pk, 0 q – Kφppα´kq _

#

p´1
ÿ

b“0

Γ p pk´1, bpβ´1 q

+

.

Hence (3.15) follows from Proposition 3.2.14 and Theorem 3.2.15. Moreover, by

Lemma 3.2.3 and Lemma 3.2.6, Γ p 1, 0 q – Kφppαq.

Theorem 3.2.18. Let 1 ď k ď α ´ 1, 1 ď l ď β ´ 1 and α ´ k ě β ´ l.

Γ p pk, pl q – Kφppα´kq _ pΓ p pk´1, pl´1 q , (3.16)

and

Γ p pk´m, pl´m q – Kφppα´k`mq, (3.17)

where m “ mintk, lu.
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Proof. By Theorem 3.2.4 and Lemma 3.2.11,

Γ p pk, pl q – Kφppα´kq _

#

p´1
ÿ

b“0

Γ p pk´1, pbpβ´l ` 1qpl´1 q

+

.

Hence (3.21) follows from Proposition 3.2.14. In view of Lemma 3.2.3 and Lemma

3.2.6, Γ p pk´m, pl´m q – Kφppα´k`mq.

Remark 3.2.19. We obtain the structure of Γ p pα´1, pβ´1 q by recursive applica-

tion of Theorem 3.2.18. Further, we get the structure of Γ p pα´1, 0 q by recursive

application of Theorem 3.2.17 and Theorem 3.2.18. Consequently, using Theorem

3.2.16, we obtain the structure of GpZpα ˆ Zpβq.

Theorem 3.2.20. For any integer 0 ď k ď β ´ 1, Γppk, plq – Γppk, 0q for all l

satisfying k ď l ď β´1. In particular, for any 0 ď k ď β´1, Γppk, pβ´1q – Γppk, 0q.

Proof. We show that Γppk, plkq – Γppk, 0q for all lk satisfying k ď lk ď β ´ 1. We

first observe that Γp1, pl0q – Γp1, 0q – Kpα for all 0 ď l0 ď β ´ 1. So, if β “ 1, the

proof is complete. So, suppose β ě 2.

We prove by applying well-founded induction on 0 ď k ď β ´ 1. As shown

above, the statement holds for k “ 0. Suppose the assertion holds for k ă m, where

1 ď m ď β ´ 1. We next show that the statement holds for k “ m.

Observe that,

Γppm, plmq “ Kφppα´mq _ tpΓppm´1, plm´1qu. (3.18)

and

Γppm, 0q “ Kφppα´mq _ tΓppm´1, 0q ` pp´ 1qΓppm´1, pβ´1qu.

By induction hypothesis, Γppm´1, 0q – Γppm´1, pβ´1q. Hence

Γppm, 0q – Kφppα´mq _ tpΓppm´1, 0qu (3.19)
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Moreover, since m´ 1 ď lm´1, Γppm´1, plm´1q – Γppm´1, 0q. Hence we conclude

from (3.18) and (3.19) that Γppm, plmq – Γppm, 0q. This concludes the proof.

By applying Theorem 3.2.20, we have the following corollary of Theorem 3.2.16.

Corollary 3.2.21. GpZpα ˆ Zpαq – K1 _ pp` 1qΓ p pα´1, pα´1 q .

Additionally, The following is a trivial consequence of Theorem 3.2.18.

Corollary 3.2.22. For any integer 1 ď k ď α ´ 1,

Γ p pk, pk q – Kφppα´kq _ pΓ p pk´1, pk´1 q , (3.20)

and

Γ p 1, 1 q – Kφppαq, (3.21)

where m “ maxtk, lu.

By procedure similar to that of Remark 3.2.19, Corollary 3.2.21 and 3.2.22 give

the complete structure of GpZpα ˆ Zpαq.

3.3 Conclusion

For any p-group G, when G is neither cyclic nor generalized quaternion, G˚pGq

is disconnected (cf. Lemma 1.5.17). Hence finding the number of components of

G˚pGq becomes an interesting problem. In this chapter, we addressed this problem

for all abelian p-groups. Thus one may target to obtain it for the rest of the groups.

Further, we presented the complete structure of power graphs of groups that are

product of two cyclic p-groups. So one may aim to generalize the above study to

product of three or more cyclic p-groups. In fact, considering Theorem 1.3.26, this

would mean that finding it for all abelian p-groups.
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Minimum Degree and Connectivity

In this chapter, we study the minimum degree of power graphs of finite groups and

determine its connection with connectivity. In Section 4.1, we ascertain that the edge

connectivity and the minimum degree of power graphs of finite groups are equal.

In Section 4.2, we first compute the minimum degree of power graph of Zn when n

has two prime factors or n is a product of at most four distinct primes. Followed

by this, we determine the minimum degree of power graphs of abelian p-groups, Dn

and Qn. Along with minimum degree, we also obtain minimum disconnecting sets of

power graphs of these groups. In Section 4.3, we characterize the equality of vertex

connectivity and minimum degree of power graphs of Zn and abelian p-groups. We

further address the equality for Dn and Qn.

63

TH-1968_136123001



64 Minimum Degree and Connectivity

4.1 Edge connectivity

In this section, we show that edge connectivity and minimum degree of power graphs

of finite groups are equal. As a result, we present a simple way to find the minimum

disconnecting sets of power graphs in terms of the neighbourhoods of the vertices

having minimum degree.

In view of Theorem 1.2.21, we have the following inequality for power graphs of

finite groups.

Lemma 4.1.1. If G is a finite group, then κpGpGqq ď κ1pGpGqq ď δpGpGqq.

Let G be a finite group with identity element e. If |G| ď 2, then trivially

κ1pGpGqq “ δpGpGqq. If |G| ě 3, then every pair g, h of distinct vertices is connected

by the path g, e, h of length two in GpGq. Combining this fact with Theorem 1.2.22,

we obtain the following.

Theorem 4.1.2. If G is a finite group, then κ1pGpGqq “ δpGpGqq.

Let G be a finite group, |G| ą 1 and g P G be such that δpGpGqq “ degpgq. Then

observe that Erg,Npgqs is a disconnecting set of GpGq. Moreover, by Theorem 4.1.2,

we have |Erg,Npgqs| “ degpgq “ κ1pGpGqq. Thus we have the following lemma.

Lemma 4.1.3. Let G be a finite group, |G| ą 1 and g P G be such that δpGpGqq “

degpgq. Then Erg,Npgqs is a minimum disconnecting set of GpGq.

4.2 Minimum degree

In this section, we find the minimum degree and minimum disconnecting sets of

power graphs of Zn, abelian p-groups, Dn and Qn in respective subsections.

We begin with the following lemma which gives a sufficient condition for equality

of degrees of elements of power graphs of finite groups.
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Lemma 4.2.1. Let G be a finite group and g1, g2 P G. If xg1y “ xg2y, then degpg1q “

degpg2q in GpGq.

Proof. Note that, if xg1y “ xg2y, then g1 and g2 are powers of each other in G. In

particular, g1 and g2 are adjacent in GpGq. Now, any h P G, distinct from both

g1 and g2, is adjacent to g1 if and only if it is adjacent to g2 in GpGq. Hence

degpg1q “ degpg2q.

The converse of Lemma 4.2.1 need not be true though. For example, in GpZ12q,

deg
`

2
˘

“ deg
`

6
˘

“ 9, but x2y ‰ x6y.

We deduce the following lemma by applying Theorem 1.5.7(ii).

Lemma 4.2.2. For a finite group G, δpGpGqq “ |G| ´ 1 if and only if G is a cyclic

group of order 1 or pα for some prime number p and α P N.

4.2.1 Finite cyclic group

In this subsection, We observe that δpGpZnqq is the degree of one of the proper

divisors of n (cf. Lemma 4.2.3). We show that φpnq ` 1 is a sharp lower bound for

δpGpZnqq. Further, we obtain some inequalities involving degrees of various elements

of Zn (cf. Proposition 4.2.6). Subsequently, we determine δpGpZnqq when n has two

prime factors or n is a product of at most four distinct primes (cf. Theorem 4.2.7).

We conclude this subsection by giving two sharp upper bounds of δpGpZnqq.

Lemma 4.2.3. If n P N is a composite number, then there exists a proper divisor

c ą 1 of n such that δpGpZnqq “ deg pcq.

Proof. Since n is a composite number, Z1n is non-empty. Note that degpaq ď n ´ 1

for all a P Zn. Moreover, by Remark 1.5.14, degpbq “ n´ 1 for all b P SpZnq. Thus

there exists a P Z1n such that δpGpZnqq “ deg paq. Now take c “ gcdpa, nq. Then

c�n, 1 ă c ă n and from Theorem 1.3.22, we have xcy “ xay. Hence by Lemma

4.2.1, δpGpZnqq “ deg pcq.
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Theorem 4.2.4. For any integer n ą 1,

(i) If n is a composite number, then δpGpZnqq “ φpnq`1`δpG 1pZnqq. Consequently,

δpGpZnqq ě φpnq ` 1.

(ii) δpGpZnqq “ φpnq ` 1 if and only if n “ 2p for some prime p ě 3.

Proof. (i) Let n P N be a composite number. In view of Lemma 4.2.3, it is enough

to consider only elements of Z1n. Since each a P Z1n is adjacent to all elements of

SpZnq and |SpZnq| “ φpnq ` 1, we have degGpZnqpaq “ degG1pZnqpaq ` φpnq ` 1. Thus

the proof follows.

(ii) Let n “ 2p for some prime p ě 3. Then by Proposition 2.3.3, G 1pZnq is discon-

nected, and its component induced by xpy˚ has p as its only vertex. Consequently,

δpG 1pZnqq “ 0, and hence by (i), δpGpZnqq “ φpnq ` 1.

Conversely, let δpGpZnqq “ φpnq ` 1. If n is a prime number, then δpGpZnqq “

n ´ 1 ‰ φpnq ` 1. So n is a composite number. Then by (i), δpG 1pZnqq “ 0, and

hence G 1pZnq is disconnected. Accordingly, by Proposition 2.3.3, n is a product of

two distinct primes; say n “ pq. It is easy to see that subgraphs induced by xpy˚

and xqy˚ are the only components of G 1pZnq. If both p and q are odd primes, then

|xpy˚|, |xqy˚| ě 2 and hence δpG 1pZnqq ě 1. As this is a contradiction, exactly one of

p or q is 2. Hence taking q “ 2, we get n “ 2p.

The following lemma gives us a formula to compute degrees of vertices of Z1n in

GpZnq.

Lemma 4.2.5 ([Moghaddamfar et al., 2014]). Suppose the integer n ą 1 is not a

prime power and a P Z1n. If b “ gcdpa, nq, then in GpZnq,

degpaq “
n

b
`

ÿ

d|b,d‰b

φ
´n

d

¯

´ 1.

We now establish some inequalities involving degrees of vertices of GpZnq.
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Proposition 4.2.6. Suppose n “ pα1
1 p

α2
2 . . . pαrr where r ě 2, p1 ă p2 ă ¨ ¨ ¨ ă pr are

primes and αi P N for 1 ď i ď r. Then the following inequalities hold in GpZnq.

(i) deg
´

pα1
1

¯

ě deg ppαrr q.

(ii) deg
´

pγi

¯

ě deg
´

pβi

¯

for any 1 ď i ď r and 1 ď γ ă β ď αi.

(iii) deg
´

pβi

¯

ě deg
´

pβj

¯

for any 1 ď i ă j ď r and 1 ď β ď mintαi, αju.

(iv) deg
´

pβ11 p
β2
2 . . . pβrr

¯

ě deg
´

pβ22 . . . pβrr
¯

for
r
ÿ

i“1

βi ă
r
ÿ

i“1

αi, where 1 ď βi ď αi

for any 1 ď i ď r.

Proof. (i) Let m “
n

pα1
1 p

αr
r

.

deg
´

pα1
1

¯

´ deg ppαrr q “
n

pα1
1

`

α1´1
ÿ

k“0

φ

ˆ

n

pk1

˙

´

#

n

pαrr
`

αr´1
ÿ

k“0

φ

ˆ

n

pkr

˙

+

“ φpmq

#

φppαrr q
α1´1
ÿ

k“0

φ
`

pα1´k
1

˘

´ φppα1
1 q

αr´1
ÿ

k“0

φ
`

pαr´kr

˘

+

`m ppαrr ´ p
α1
1 q

“ φpmq
 

ppαrr ´ p
αr´1
r qppα1

1 ´ 1q ´ ppα1
1 ´ pα1´1

1 qppαrr ´ 1q
(

`mtpα1
1 pp

αr
r ´ 1q ´ pαrr pp

α1
1 ´ 1qu

“ ppαrr ´ 1q
“

pα1´1
1 φpmq ` pα1

1 tm´ φpmqu
‰

´ ppα1
1 ´ 1q

“

pαr´1
r φpmq ` pαrr tm´ φpmqu

‰

ě ppαrr ´ 1q
“

pα1´1
1 φpmq ` pα1

1 tm´ φpmqu
‰

´ pα1
1

“

pαr´1
r φpmq ` pαrr tm´ φpmqu

‰

“ ppαrr p
α1´1
1 ´ pα1

1 p
αr´1
r qφpmq ´

“

pα1´1
1 φpmq ` pα1

1 tm´ φpmqu
‰

“ pα1´1
1

“

pαr´1
r ppr ´ p1qφpmq ´ rφpmq ` p1tm´ φpmqus

‰

ě pα1´1
1 rppr ´ p1qφpmq ´ rφpmq ` p1tm´ φpmquss

“ pα1´1
1 tppr ´ 1qφpmq ´ p1mu . (4.1)
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Now, if r “ 2, then m “
n

pα1
1 p

α2
2

“ 1. Hence from (4.1), we get

deg
´

pα1
1

¯

´ deg ppαrr q ě pα1´1
1 ppr ´ 1´ p1q ě 0.

If r ą 2, then m “
n

pα1
1 p

αr
r

“

r´1
ź

i“2

pαii . Again, from (4.1), we get

deg
´

pα1
1

¯

´ deg ppαrr q ě
r´1
ź

i“1

pαi´1
i

#

r
ź

i“2

ppi ´ 1q ´
r´1
ź

i“1

pi

+

ě 0,

since pi`1 ´ 1 ě pi for all 1 ď i ď r ´ 1.

(ii) deg
´

pγi

¯

´ deg
´

pβi

¯

“
n

pγi
`

γ´1
ÿ

k“0

φ

ˆ

n

pki

˙

´
n

pβi
´

β´1
ÿ

k“0

φ

ˆ

n

pki

˙

“
n

pγi
´

n

pβi
´

β´1
ÿ

k“γ

φ

ˆ

n

pki

˙

“
n

pαii

´

pαi´γi ´ pαi´βi

¯

´ φ

ˆ

n

pαii

˙ β´1
ÿ

k“γ

φ
`

pαi´ki

˘

“
n

pαii

´

pαi´γi ´ pαi´βi

¯

´ φ

ˆ

n

pαii

˙

´

pαi´γi ´ pαi´βi

¯

“

´

pαi´γi ´ pαi´βi

¯

"

n

pαii
´ φ

ˆ

n

pαii

˙*

ě 0, since γ ă β.

(iii) deg
´

pβi

¯

´ deg
´

pβj

¯

“
n

pβi
´

n

pβj
`

β´1
ř

k“0

#

φ

ˆ

n

pki

˙

´ φ

˜

n

pkj

¸+

.

Since pi ă pj, we have
n

pβi
ą

n

pβj
. Further αi, αj ě β, so that for all 0 ď k ď β´1,

we have φ

ˆ

n

pki

˙

´φ

˜

n

pkj

¸

“

˜

n

pki
´
n

pkj

¸

r
ś

l“1

ˆ

1´
1

pl

˙

ě 0. Hence the proof follows.
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(iv) deg
´

pβ11 p
β2
2 . . . pβrr

¯

´ deg
´

pβ22 . . . pβrr
¯

“
n

pβ11 p
β2
2 . . . pβrr

`
ÿ

0ď
r
ř

i“1
γiă

r
ř

i“1
βi,

0ďγiďβi @ 1ďiďr

φ

ˆ

n

pγ11 p
γ2
2 . . . pγrr

˙

´

$

’

’

’

’

’

&

’

’

’

’

’

%

n

pβ22 . . . pβrr
`

ÿ

0ď
r
ř

i“2
γiă

r
ř

i“2
βi,

0ďγiďβi @ 2ďiďr

φ

ˆ

n

pγ22 . . . pγrr

˙

,

/

/

/

/

/

.

/

/

/

/

/

-

“
n

pβ11 p
β2
2 . . . pβrr

`
ÿ

0ďγiďβi @ 1ďiďr

φ

ˆ

n

pγ11 p
γ2
2 . . . pγrr

˙

´ φ

ˆ

n

pβ11 p
β2
2 . . . pβrr

˙

´

#

n

pβ22 . . . pβrr
`

ÿ

0ďγiďβi @ 2ďiďr

φ

ˆ

n

pγ22 . . . pγrr

˙

´ φ

ˆ

n

pβ22 . . . pβrr

˙

+

“
ÿ

1ďγ1ďβ1,
0ďγiďβi @ 2ďiďr

φ

ˆ

n

pγ11 p
γ2
2 . . . pγrr

˙

` φpmq
!

φppα1
1 q ´ φpp

α1´β1
1 q

)

`m
´

pα1´β1
1 ´ pα1

1

¯´

by setting m “ pα2´β2
2 . . . pαr´βrr

¯

ě

#

ÿ

0ďγiďβi @ 2ďiďr

φ
`

pα2´γ2
2 . . . pαr´γrr

˘

+

ÿ

1ďγ1ďβ1

φ
`

pα1´γ1
1

˘

`m
´

pα1´β1
1 ´ pα1

1

¯

ě φ ppα2
2 . . . pαrr q

ÿ

1ďγ1ďβ1

φ
`

pα1´γ1
1

˘

`m
´

pα1´β1
1 ´ pα1

1

¯

“

r
ź

i“2

 

pαi´1
i ppi ´ 1q

(

ÿ

1ďγ1ďβ1

φ
`

pα1´γ1
1

˘

´m
´

pα1
1 ´ pα1´β1

1

¯

ě m

#

r
ź

i“2

ppi ´ 1q
ÿ

1ďγ1ďβ1

φ
`

pα1´γ1
1

˘

´

´

pα1
1 ´ pα1´β1

1

¯

+

.

Thus it is enough to show that

ρ :“
r
ź

i“2

ppi ´ 1q
ÿ

1ďγ1ďβ1

φ
`

pα1´γ1
1

˘

´

´

pα1
1 ´ pα1´β1

1

¯

ě 0.

We have β1 ď α1. First take α1 “ β1. Then
ř

1ďγ1ďβ1

φ
`

pα1´γ1
1

˘

“ pα1´1
1 , so that
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ρ “
r
ź

i“2

ppi ´ 1qpα1´1
1 ´ ppα1

1 ´ 1q

ě pp2 ´ 1qpα1´1
1 ´ pα1

1 ` 1

ě pα1
1 ´ pα1

1 ` 1 ą 0.

Now we take α1 ą β1. In this case,
ř

1ďγ1ďβ1

φ
`

pα1´γ1
1

˘

“ pα1´1
1 ´ pα1´β1´1

1 , so that

ρ “ pp2 ´ 1q . . . ppr ´ 1q
´

pα1´1
1 ´ pα1´β1´1

1

¯

´

´

pα1
1 ´ pα1´β1

1

¯

“

´

pα1´1
1 ´ pα1´β1´1

1

¯

tpp2 ´ 1q . . . ppr ´ 1q ´ p1u ě 0.

Theorem 4.2.7. Let n P N and p1 ă p2 ă p3 ă p4 be prime numbers.

(i) If n “ pα1
1 p

α2
2 , α1, α2 P N, then pα2

2 has the minimum degree among all vertices

in GpZnq, and δpGpZnqq “ pp
α2
2 ´ 1qφppα1

1 q ` p
α1
1 ´ 1.

(ii) If n “ p1p2p3, then p3 has the minimum degree among all vertices in GpZnq,

and δpGpZnqq “ φpnq ` p1p2 ´ 1.

(iii) Let n “ p1p2p3p4. If n is odd or p4 ě p3 `
2pp3 ´ 1q

p2 ´ 1
, then p4 has the mini-

mum degree among all vertices in GpZnq, and δpGpZnqq “ φpnq ` p1p2p3 ´ 1.

Otherwise, p3p4 has the minimum degree among all vertices in GpZnq, and

δpGpZnqq “ pp2 ´ 1qpp3p4 ` 1q ` 1.

Proof. In view of Lemma 4.2.3, to determine δpGpZnqq, it is sufficient to compare

the degrees of vertices of the form c, where c ą 1 is a proper divisor of n.

(i) Consider β1, β2 P N satisfying 1 ď βi ď αi for i “ 1, 2. Using Proposition 4.2.6,

we have
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(a) deg
´

pβ11

¯

ě deg
´

pα1
1

¯

ě deg
´

pα2
2

¯

.

(b) deg
´

pβ22

¯

ě deg
´

pα2
2

¯

.

(c) deg
´

pβ11 p
β2
2

¯

ě deg
´

pβ22

¯

ě deg
´

pα2
2

¯

.

Hence pα2
2 has the minimum degree among all vertices in GpZnq and by Lemma

4.2.5, δpGpZnqq “ pp
α2
2 ´ 1qφppα1

1 q ` p
α1
1 ´ 1.

(ii) If i, j, k is a permutation of 1, 2, 3 with i ă j, we have

deg ppipjq ´ deg ppjq “ pk ` φppipkq ` φppjpkq ´ pipk

“ ppi ´ 1qppk ´ 1q ` ppj ´ 1qppk ´ 1q ´ pkppi ´ 1q

“ ppj ´ 1qppk ´ 1q ´ ppi ´ 1q ě 0, since pi ă pj.

Further, by Proposition 4.2.6(iii), deg pp1q ě deg pp2q ě deg pp3q. Hence p3 has

the minimum degree among all vertices in GpZnq. Consequently, by Lemma 4.2.5,

δpGpZnqq “ deg pp3q “ φpnq ` p1p2 ´ 1.

(iii) Let i, j, k, l be a permutation of 1, 2, 3, 4.

For i ă j ă k, we have

deg ppipjpkq ´ deg ppjpkq

“ pl `
ÿ

d�pipjpk
d‰pipjpk

φ
´n

d

¯

´

$

’

’

&

’

’

%

pipl `
ÿ

d�pjpk
d‰pjpk

φ
´n

d

¯

,

/

/

.

/

/

-

“ pl ` φ

ˆ

n

pipj

˙

` φ

ˆ

n

pipk

˙

` φ

ˆ

n

pjpk

˙

` φ

ˆ

n

pi

˙

´ pipl
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“ ppl ´ 1q tppk ´ 1q ` ppj ´ 1q ` ppi ´ 1q ` ppj ´ 1qppk ´ 1qu ´ plppi ´ 1q

“ ppl ´ 1q tppk ´ 1q ` ppj ´ 1q ` ppj ´ 1qppk ´ 1qu ´ ppi ´ 1q

ě ppl ´ 1qppj ´ 1q ´ ppi ´ 1q ě 0, since pi ă pj.

Now take i ă j with no condition on k and l.

deg ppipjq ´ deg ppjq “ pkpl ` φppipkplq ` φppjpkplq ´ pipkpl

“ ppi ´ 1qppk ´ 1qppl ´ 1q ` ppj ´ 1qppk ´ 1qppl ´ 1q ´ plpkppi ´ 1q

“ ppj ´ 1qppk ´ 1qppl ´ 1q ´ ppi ´ 1qppk ` pl ´ 1q. (4.2)

Since k and l can be interchanged in (4.2), without loss of generality, let pk ă pl.

If n is odd, then pk ą 2, so that

deg ppipjq ´ degppjq

ě ppi ´ 1qtppk ´ 1qppl ´ 1q ´ ppk ` pl ´ 1qu psince pi ă pjq

“ ppi ´ 1qtppk ´ 2qppl ´ 1q ´ pku

ě ppi ´ 1qtppl ´ 1q ´ pku ě 0, since pk ą 2 and pk ă pl.

Now let n be even, that is, p1 “ 2. If pk ą 2, then from (4.2), deg ppipjq ě deg ppjq

as shown above. So take pk “ 2. From (4.2), we have

deg ppipjq ´ deg ppjq “ ppj ´ 1qppl ´ 1q ´ ppi ´ 1qppl ` 1q. (4.3)

In (4.3), let pi ‰ p3. Since i ă j, pi cannot be p4. Moreover, pk “ p1 “ 2, so we

have pi “ p2. As a result, pl ą p2. Then from (4.3),
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deg ppipjq ´ deg ppjq “ ppl ´ 1qtppj ´ 1q ´ pp2 ´ 1qu ´ 2pp2 ´ 1q

ě 2ppl ´ 1q ´ 2pp2 ´ 1q (since pj ´ p2 ě 2q

“ 2ppl ´ p2q ą 0, since pl ą p2.

Now take pi “ p3 in (4.3). Then pj “ p4. We already have pk “ 2, and since

pk ă pl, we have pl “ p2. Then from (4.3),

deg ppipjq´deg ppjq “ deg pp3p4q´deg pp4q “ pp4´ 1qpp2´ 1q´ pp3´ 1qpp2` 1q, and

hence

deg pp3p4q ě deg pp4q ô p4 ě p3 `
2pp3 ´ 1q

p2 ´ 1
. (4.4)

Case 1: n is odd or p4 ě p3 `
2pp3 ´ 1q

p2 ´ 1

As shown above, for all 1 ď i ă j ă k ď 4,

deg ppipjpkq ě deg ppjpkq ě deg ppkq . (4.5)

Further, it follows from Proposition 4.2.6(iii) that

deg pp1q ě deg pp2q ě deg pp3q ě deg pp4q . (4.6)

So we conclude that p4 has the minimum degree among all vertices in GpZnq. Con-

sequently, by Lemma 4.2.5, we get δpGpZnqq “ deg pp4q “ φpnq ` p1p2p3 ´ 1.

Case 2: n is even and p4 ă p3 `
2pp3 ´ 1q

p2 ´ 1

Then from (4.4), deg pp3p4q ă deg pp4q, whereas all other inequalities in (4.5) and

(4.6) hold. Thus p3p4 has the minimum degree among all vertices in GpZnq. Thus
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by Lemma 4.2.5, we get

δpGpZnqq “ 2p2 ` pp2 ´ 1qtpp3 ´ 1qpp4 ´ 1q ` pp3 ´ 1q ` pp4 ´ 1qu ´ 1

“ pp2 ´ 1qpp3p4 ` 1q ` 1.

Corollary 4.2.8. Let n “ pα1
1 p

α2
2 . . . pαrr , r ě 2, p1 ă p2 ă ¨ ¨ ¨ ă pr be prime

numbers and αi P N for 1 ď i ď r. Let

η1pnq “
n

pαrr
` ppαrr ´ 1qφ

ˆ

n

pαrr

˙

´ 1, (4.7)

and

η2pnq “
n

pr´1pr
` φpnq ` φ

ˆ

n

pr

˙

` φ

ˆ

n

pr´1

˙

´ 1. (4.8)

Then η1pnq and η2pnq are sharp upper bounds of δpGpZnqq.

Proof. By Lemma 4.2.5,

deg ppαrr q “ η1pnq, (4.9)

and

degppr´1prq “ η2pnq, (4.10)

so that η1pnq and η2pnq are upper bounds of δpGpZnqq. Moreover, as shown in

Theorem 4.2.7, δpGpZnqq attains η1pnq for some values of n and η2pnq for some other

values of n, and hence the bounds are sharp.

In view of Lemma 4.2.1 and Lemma 4.1.3, we have the following corollary of

Theorem 4.2.7.

Corollary 4.2.9. Let n P N and p1 ă p2 ă p3 ă p4 be prime numbers.

(i) If n “ pα1
1 p

α2
2 , α1, α2 P N, then for any a P

”

pα2
2

ı

,

E

„

a,
A

pα2
2

E

Y
α2´1
Ť

i“0

”

pi2

ı

´ a



is a minimum disconnecting set of GpZnq.
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(ii) If n “ p1p2p3, then for any a P rp3s, E
“

a, xp3y Y
“

1
‰

´ a
‰

is a minimum dis-

connecting set of GpZnq.

(iii) Let n “ p1p2p3p4. If n is odd or p4 ě p3 `
2pp3 ´ 1q

p2 ´ 1
, then for any a P rp4s,

E
“

a, xp4y Y
“

1
‰

´ a
‰

is a minimum disconnecting set of GpZnq. Otherwise, for

any b P rp3p4s, E
“

b, xp3p4y Y rp3s Y rp4s Y
“

1
‰

´ b
‰

is a minimum disconnecting

set of GpZnq.

4.2.2 Abelian p-group

In this subsection, we find the minimum degree and minimum disconnecting sets of

power graphs of abelian p-groups.

Notation 4.2.10. We recall that a finite abelian group G is isomorphic to an unique

direct product of cyclic groups of prime power order (cf. Theorem 1.3.26). In this

product, let σpGq be the number of cyclic groups and τpGq be order of the smallest

cyclic group.

Lemma 4.2.11. Consider a prime number p, positive integers r and αi for all

1 ď i ď r. For any 1 ď i ď r, if u P H :“ Zpα1 ˆ Zpα2 ˆ . . . ˆ Zpαr with ith

component 1 and all other components are 0, then degpuq “ pαi ´ 1.

Proof. Note that opuq “ pαi . If possible, let there exist v adjacent to u in GpHq and

v R xuy. Then u P xvy, so that u “ cpkv for some k P N and integer c, pc, pq “ 1. Now

comparing the ith components, p�pcpka´1q, where a is the ith component of v. This

implies p�1, which is not possible. Hence we have degpuq “ |xuy| ´ 1 “ pαi ´ 1.

Theorem 4.2.12. If G is an abelian p-group, then δpGpGqq “ τpGq ´ 1.

Proof. Suppose G – H :“ Zpα1 ˆZpα2 ˆ . . .ˆZpαr for some r P N and αi P N for all

1 ď i ď r. Take αt “ min
1ďiďr

αi, so that τpGq “ pαt .

In light of Remark 1.5.5, it is enough to show that δpGpHqq “ pαt ´ 1. If r “ 1,

the proof follows from Lemma 4.2.2. So for the rest of the proof, we assume r ě 2.
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Let x “ pa1, a2, . . . , arq P H. For any 1 ď i ď r, if ai ‰ 0, then ai “ cip
βi for some

integers ci, βi satisfying pci, pq “ 1 and βi ě 0. Take βs “ mintβi | 1 ď i ď r, ai ‰ 0u,

and define y “
`

b1, b2, . . . , br
˘

by

bi “

$

’

&

’

%

cip
βi´βs if ai ‰ 0,

0 if ai “ 0.

(4.11)

Then bs “ cs, and hence opbsq “ pαs . Since opyq “ lcmpopb1q, opb2q, . . . , opbrqq (cf.

Theorem 1.3.25), we get opyq ě pαs . Since opyq is a prime power, xyy is a clique in

GpHq (cf. Theorem 1.5.7(ii)). Thus, as x P xyy, we have degpxq ě pαs ´ 1 ě pαt ´ 1.

Therefore,

δpGpHqq ě pαt ´ 1. (4.12)

Hence we conclude from Lemma 4.2.11 that δpGpHqq “ pαt ´ 1. This completes the

proof of the theorem.

Theorem 4.2.13. Let G be an abelian p-group and ψ : GÑ Zpα1 ˆZpα2 ˆ . . .ˆZpαr

be an isomorphism and τpGq “ pαt. If g P G is such that all components of ψpgq

are 0 except tth, say a, satisfying gcdpa, pq “ 1, then Erg, ψ´1pxψpgqyq ´ gs is a

minimum disconnecting set of GpGq.

Proof. Take ψpgq “ z. Following the proof of Theorem 4.2.12, Npzq “ xzy ´ z.

Then, ψ being an isomorphism, Npgq “ ψ´1pxzyq ´ g. Thus by Lemma 4.1.3,

Erg, ψ´1pxzyq ´ gs is a minimum disconnecting set of GpGq.

4.2.3 Dihedral and dicyclic group

In this subsection, we find the minimum degree and minimum disconnecting sets of

power graphs of Dn and Qn.

Theorem 4.2.14. For n ě 3, δpGpDnqq “ 1. Moreover, for any 0 ď i ă n, the edge

between e and aib is a cut-edge of GpDnq.
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Proof. It follows from Remark 1.3.16 that for any 0 ď i ă n, the only vertex adjacent

to aib is e and hence degpaibq “ 1. As GpDnq is connected, degpgq ě 1 for all g P Dn.

Hence δpGpDnqq “ 1 and the edge between e and aib is a cut-edge of GpDnq for all

0 ď i ă n.

Theorem 4.2.15. For n ě 2, δpGpQnqq “ 3. Moreover, for any 0 ď i ď n ´

1, Eraib, te, an, an`ibus and Eran`ib, te, an, aibus are minimum disconnecting sets of

GpQnq.

Proof. We follow the presentation of Qn in (1.2). Let g P xay. Since opaq “ 2n, by

Theorem 4.2.4, degpgq ě φp2nq`1. For m ą 2, φpmq is an even integer (cf. [Burton,

2006]). So, in particular, degpgq ě φp2nq ` 1 ě 3.

By Remark 1.3.16, Npaibq “ te, an, an`ibu and Npan`ibq “ te, an, aibu for all

0 ď i ď n ´ 1. Let h P Qn ´ xay. Then from Remark 1.3.16(iii), h “ ajb for some

0 ď j ď 2n ´ 1. Consequently, degphq “ 3. Hence we conclude that δpGpQnqq “ 3.

Moreover, we deduce that Eraib, te, an, an`ibus and Eran`ib, te, an, aibus are mini-

mum disconnecting sets of GpQnq.

4.3 Equality of vertex connectivity and minimum

degree

In this section, we investigate the equality of vertex connectivity and minimum

degree of power graphs of finite groups. We first obtain some necessary conditions

for the equality to hold for power graphs of finite groups (cf. Theorem 4.3.1). We

derive a necessary and sufficient condition for the equality of vertex connectivity

and minimum degree of power graph of Zn (cf. Theorem 4.3.5). Followed by this,

we examine the equality for abelian p-groups, Dn and Qn (cf. Theorem 4.3.6, 4.3.7).

Let G be a cyclic group of prime power order. Then it follows from Theorem

1.5.7(ii) that κpGpGqq “ δpGpGqq “ n ´ 1. The next theorem gives some necessary
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conditions of the concerned equality for groups that are not cyclic groups of prime

power order.

Theorem 4.3.1. Let G, |G| ą 1 be a finite group and κpGpGqq “ δpGpGqq. If G is

not a cyclic group of prime power order and δpGpGqq “ degpgq for some g P G, then

the following statements hold.

(i) Npgq is a minimum separating set of GpGq.

(ii) The order of g is 2 in G. Consequently, G is of even order.

Proof. (i) Let |G| “ n. In view of Theorem 1.5.7, GpGq is not a complete graph.

If possible, let Npgq “ G ´ g. Then δpGpGqq “ degpgq “ n ´ 1, which implies

degphq “ n ´ 1 for all h P G. Again, this is possible only when GpGq is a complete

graph. Thus Npgq ‰ G´ g, i.e., there exists at least one vertex g1 non-adjacent to g

in GpGq. Thus there does not exist any path from g1 to g in GpGq´Npgq, and hence

Npgq is a separating set of GpGq. Further, |Npgq| “ δpGpGqq “ κpGpGqq. Hence we

conclude that Npgq is a minimum separating set of GpGq.

(ii) By (i), Npgq is a minimal separating set of GpGq. Then in view of Theorem 2.2.2,

either rgs Ď Npgq or rgs X Npgq “ H. However, rgs ´ tgu Ď Npgq and g R Npgq.

Hence rgs ´ tgu “ H, that is,
ˇ

ˇrgs
ˇ

ˇ “ 1. Consequently, opgq “ 1 or opgq “ 2. If

opgq “ 1, then g is the identity element of G, so that Npgq “ G´ g. As observed in

the proof of (i), is not possible. Thus opgq “ 2. Since order of an element divides

order of the group for a finite group, |G| is even.

Lemma 4.3.2. Let n P N, p be a prime factor of n and α be the largest integer such

that pα divides n. Then for any integer β satisfying 1 ď β ď α,

ÿ

d

ˇ

ˇ n

pβ

φ
´n

d

¯

“ n´
n

pα´β`1
.

TH-1968_136123001



4.3 Equality of vertex connectivity and minimum degree 79

Proof. Taking m “
n

pα
, we have

ÿ

d

ˇ

ˇ n

pβ

φ
´n

d

¯

“
ÿ

d�m

φ
´n

d

¯

`
ÿ

d�m

φ

ˆ

n

pd

˙

` . . .`
ÿ

d�m

φ

ˆ

n

pα´βd

˙

“
 

φppαq ` φppα´1
q ` . . .` φppβq

(

ÿ

d�m

φ
´m

d

¯

“ ppα ´ pβ´1
qm

“ n´
n

pα´β`1
.

In the next theorem, when κpGpZnqq and δpGpZnqq are equal, we first find their

common value. As a consequence of this, we then give a minimum separating set

and a minimum disconnecting set of GpZnq.

Theorem 4.3.3. If the integer n ą 1 is not a prime power and κpGpZnqq “

δpGpZnqq “ k (say), then k “ deg

ˆ

n

2

˙

“ n ´
n

2α
, where α is the largest inte-

ger such that 2α divides n.

Proof. We first note that since n is even, deg

ˆ

n

2

˙

is well defined (cf. Theorem

4.3.1). Let a be the vertex such that degpaq “ k. Then by Theorem 4.3.1(ii),

opaq “ 2. However, o

ˆ

n

2

˙

“ 2, and by following Theorem 1.3.24, Zn has exactly

one element of order 2. Hence a “
n

2
. Furthermore, from Lemma 4.2.5,

k “ deg

ˆ

n

2

˙

“ 1`
ÿ

d�n
2
,d‰n

2

φ
´n

d

¯

“ 1`
ÿ

d�n
2

φ
´n

d

¯

´ φp2q

“
ÿ

d�n
2

φ
´n

d

¯

“ n´
n

2α
, by Lemma 4.3.2.
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In view of Lemma 4.1.3 and Theorem 4.3.1(i), we have the following corollary of

Theorem 4.3.3.

Corollary 4.3.4. Suppose the integer n ą 1 be not a prime power. If κpGpZnqq “

δpGpZnqq, then t0uY
ď

a|n
2
,a‰n

2

ras, say A, is a minimum separating set and E
“

n
2
, A

‰

is

a minimum disconnecting set of GpZnq.

We now present a characterization for the equality of vertex connectivity and

minimum degree of power graph of Zn in terms n.

Theorem 4.3.5. For n P N, κpGpZnqq “ δpGpZnqq if and only if n “ pα for some

prime p and α P N or n “ 2qβ for some prime q ą 2 and β P N.

Proof. Let κpGpZnqq “ δpGpZnqq. By Theorem 1.5.7(ii), if GpZnq is complete, then

n “ pα for some prime p. Now suppose GpZnq is not complete. So n is not a prime

power and hence by Theorem 4.3.1(ii), n is even. Let n “ 2α1pα2
2 . . . pαrr , r ě 2,

2 ă p2 ă ¨ ¨ ¨ ă pr are primes and αi P N for 1 ď i ď r. Moreover, from Theorem

4.3.3, δpGpZnqq “ deg

ˆ

n

2

˙

.

deg

ˆ

n

2

˙

´ deg

ˆ

n

2α1

˙

“ 2`
ÿ

d�n
2

φ
´n

d

¯

´

$

&

%

2α1 `
ÿ

d� n
2α1

φ
´n

d

¯

,

.

-

pby Lemma 4.2.5q

“

!

2` n´
n

2α1
´ φp2q

)

´

!

2α1 ` n´
n

2
´ φp2α1q

)

pby Lemma 4.3.2q

“

´

1´
n

2α1

¯

´

´

2α1´1
´
n

2

¯

“

´n

2
´

n

2α1

¯

´ p2α1´1
´ 1q

“

´ n

2α1
´ 1

¯

p2α1´1
´ 1q.
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Since r ě 2, we have
n

2α1
ą 1, and if α1 ą 1, then 2α1´1 ą 1. Hence deg

ˆ

n

2

˙

ą

deg

ˆ

n

2α1

˙

. This contradicts the fact that δpGpZnqq “ deg

ˆ

n

2

˙

. Thus α1 “ 1, i.e.,

n “ 2pα2
2 . . . pαrr .

Take m “
n

2
. If possible, let r ě 3, so that

n

2pα2
2

‰ 1.

deg

ˆ

n

2

˙

´ deg

ˆ

n

2pα2
2

˙

“ 2`
ÿ

d�n
2
,d‰n

2

φ
´n

d

¯

´

$

’

&

’

%

2pα2
2 `

ÿ

d� n

2p
α2
2

,d‰ n

2p
α2
2

φ
´n

d

¯

,

/

.

/

-

pby Lemma 4.2.5q

“ 2` φp2q
ÿ

d�m,d‰m

φ
´m

d

¯

´

$

’

&

’

%

2pα2
2 ` φp2q

ÿ

d� m

p
α2
2

,d‰ m

p
α2
2

φ
´m

d

¯

,

/

.

/

-

“ p2`m´ 1q ´

"

2pα2
2 `m´

m

p2

´ φppα2
2 q

*

pby Lemma 4.3.2q

“ 1`
m

p2

´ ppα2
2 ` pα2´1

2 q

“ 1` pα2´1
2

"

m

pα2
2

´ pp2 ` 1q

*

.

Since r ě 3, we have
m

pα2
2

ě p3 ą p2` 1. So deg

ˆ

n

2

˙

ą deg

ˆ

n

2pα2
2

˙

. This again

contradicts the fact that δpGpZnqq “ deg

ˆ

n

2

˙

. Thus r “ 2, i.e., n “ 2pα2
2 . This

completes the proof of forward implication.

We now prove the converse. If n “ pα for some prime p and α P N, then by

Theorem 1.5.7, GpZnq is complete. Thus κpGpZnqq “ δpGpZnqq “ n ´ 1. Now let

n “ 2qβ for some prime q ą 2 and β P N. Then by Theorem 4.2.7(i) and Theorem

2.3.20, κpGpZnqq´δpGpZnqq “ φp2qβq`qβ´1´t2`p2´1qpqβ´1q´1u “ qβ´qβ “ 0

We now explore the relation between the vertex connectivity and minimum de-

gree of power graphs of some more groups.
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Theorem 4.3.6. Let G be an abelian p-group. Then κpGpGqq “ δpGpGqq if and only

if σpGq “ 1 or τpGq “ 2.

Proof. From Theorem 1.5.7(ii), G is cyclic if and only if κpGpGqq “ |G| ´ 1 “

δpGpGqq. Now let G be non-cyclic. Then by Theorem 4.2.12, δpGpGqq “ τpGq´1 and

by Corollary 3.1.6, κpGpGqq “ 1. Thus κpGpGqq “ δpGpGqq if and only if τpGq “ 2.

Hence, if either σpGq “ 1 or σpGq ą 1 and τpGq “ 2, then κpGpGqq “ δpGpGqq.

Whereas, when σpGq ą 1 and τpGq ą 2, then κpGpGqq ‰ δpGpGqq.

Theorem 4.3.7. For n P N, the following statements hold.

(i) For n ě 3, κpGpDnqq “ δpGpDnqq.

(ii) For n ě 2, κpGpQnqq ‰ δpGpQnqq.

Proof. From Theorem 1.5.21 and Theorem 1.5.22, κpGpDnqq “ 1 and κpGpQnqq “ 2,

respectively. On the other hand, from Theorem 4.2.14, δpGpDnqq “ 1 and from

Theorem 4.2.15, δpGpQnqq “ 3. Hence the result follows.

4.4 Conclusion

In this chapter, we computed the minimum degree of GpZnq when n has two prime

factors or is a product of at most four distinct primes. This in fact shows that η1pnq

and η2pnq are sharp upper bounds of the minimum degree of GpZnq (cf. Corollary

4.2.8). Thus one may be interested in determining the minimum degree of GpZnq

for all n P N.

Moreover, we obtained a necessary and sufficient condition for the equality of

the vertex connectivity and minimum degree of GpZnq and examined it for power

graphs of abelian p-groups, Dn and Qn. So characterizing the above equality for

power graphs of all groups is still an open problem.
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Laplacian Spectrum

Recently, various spectral properties of power graphs have been investigated, see

[Chattopadhyay and Panigrahi, 2015], [Mehranian et al., 2017], [Chattopadhyay

et al., 2017]. In particular, Laplacian spectra of power graphs of Zn and Dn was

studied by Chattopadhyay and Panigrahi [2015]. In this chapter, we study Lapla-

cian spectra of power graphs of Zn, Qn and p-groups in Section 5.2, 5.3 and 5.4,

respectively. Kirkland et al. [2002] investigated the equality of vertex connectivity

and algebraic connectivity of graphs that are non-complete and connected. Here,

we characterize this equality for power graphs of Zn, Qn and p-groups. Further, we

show that the power graph of Qn is Laplacian integral if and only if it is generalized

quaternion and that power graphs of p-groups are always Laplacian integral.

83
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5.1 Essential results and alternate proofs

In this section, we first recall certain results necessary for this chapter and then give

alternative and shorter proofs for some of them. We then obtain some results that

are essential for study of Laplacian spectrum of power graphs.

We begin by recalling the following two results from the survey article [Mohar,

1991] on Laplacian spectra of graphs. We note that Theorem 5.1.2 was originally

shown in [Kel’mans, 1965, 1966].

Theorem 5.1.1. If Γ is the disjoint union of graphs Γ1,Γ2, . . . ,Γr, then

ΘpΓ, xq “
r
ź

i“1

ΘpΓi, xq.

Theorem 5.1.2. If Γ1 and Γ2 are vertex disjoint graphs on n1 and n2 vertices,

respectively, then

ΘpΓ1 _ Γ2, xq “
xpx´ n1 ´ n2q

px´ n1qpx´ n2q
ΘpΓ1, x´ n2qΘpΓ2, x´ n1q.

By applying Theorem 5.1.1 and Theorem 5.1.2, we now give alternative and

shorter proofs for some results on Laplacian spectra of power graphs of Zn, Dn and

Qn from [Chattopadhyay, 2015; Chattopadhyay and Panigrahi, 2015].

By Remark 1.5.14 and Remark 1.5.15, GpZnq – Kφpnq`1 _ G 1pZnq. Hence by

applying Theorem 5.1.2, we get

ΘpGpZnq, xq “
xpx´ nqφpnq`1

x´ φpnq ´ 1
ΘpG 1pZnq, x´ φpnq ´ 1q. (5.1)

For any matrix M , let ΦpM,xq denote its characteristic polynomial. Then ob-

serve that ΘpG 1pZnq, x´φpnq´1q “ ΦpL1pGpZnqq, xq, where L1pGpZnqq is the subma-

trix of LpGpZnqq obtained by deleting rows and columns corresponding to elements

of SpZnq. Consequently, we have the following theorem.
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Theorem 5.1.3 ([Chattopadhyay and Panigrahi, 2015]). For any integer n ě 2,

ΘpGpZnq, xq “
xpx´ nqφpnq`1

x´ φpnq ´ 1
ΦpL1pGpZnqq, xq. (5.2)

As observed in [Chattopadhyay and Panigrahi, 2014], for distinct primes p and

q,

GpZpqq – Kφppqq`1 _ pKp´1 `Kq´1q.

Hence for n “ pq, we get

ΘpGpZnq, xq “ xpx´ nqφpnq`1
px´ φpnq ´ 1qpx´ n` p´ 1qp´2

px´ n` q ´ 1qq´2.

Consequently, we have the following theorem.

Theorem 5.1.4 ([Chattopadhyay and Panigrahi, 2015]). If n “ pq for distinct

primes p and q, then the Laplacian spectrum of GpZnq is given by

¨

˝

0 φpnq ` 1 n´ q ` 1 n´ p` 1 n

1 1 p´ 2 q ´ 2 φpnq ` 1

˛

‚.

From [Chattopadhyay and Panigrahi, 2014], we have the structure of GpDnq and

GpQnq as presented below. For any integer n ě 3,

GpDnq – K1 _ pG˚pZnq ` nK1q, (5.3)

and for any integer α ě 2,

G pQ2α´1q – K2 _ pK2α´2 ` 2α´1K2q. (5.4)

As a consequence of (5.3), we have the following theorem.
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Theorem 5.1.5 ([Chattopadhyay and Panigrahi, 2015]). For n P N,

ΘpLpGpDnqq, xq “
px´ 1qnpx´ 2nq

px´ nq
ΘpGpZnq, xq.

Moreover, from (5.4) we obtain

ΘpLpGpQ2α´1qq, xq “ xtpx´ 2qpx´ 4qu2
α´1

px´ 2α`1
q
2
px´ 2αq2

α´3.

Hence we have the following theorem.

Theorem 5.1.6 ([Chattopadhyay, 2015]). For any integer α ě 2, the Laplacian

spectrum of GpQ2α´1q is given by

¨

˝

0 2 4 2α 2α`1

1 2α´1 2α´1 2α ´ 3 2

˛

‚.

We now present some results that are fundamental for Laplacian spectra of power

graphs and hold for all finite groups.

Since the identity element of any finite group G is adjacent to all other elements

in GpGq, we have GpGq – K1 _ G˚pGq. So that by Theorem 5.1.2,

ΘpGpGq, xq “ xpx´ |G|q

x´ 1
ΘpG˚pGq, x´ 1q.

This results in the following lemma.

Lemma 5.1.7. If G is a finite group of order n ě 3, then

λipGpGqq “ λi´1pG˚pGqq ` 1

for 2 ď i ď n´1. In particular, algebraic connectivity of GpGq satisfies λn´1pGpGqq ě

1.

The following remark is an immediate consequence of Lemma 5.1.7.
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Remark 5.1.8. For a finite group G, the algebraic connectivity of GpGq is 1 if and

only if 1 is a Laplacian eigenvalue of GpGq.

Theorem 1.4.9 and Lemma 5.1.7 together yield the following proposition.

Proposition 5.1.9. Let G be a finite group of order n ě 3.

(i) The algebraic connectivity of GpGq is 1 if and only if its vertex connectivity is

1.

(ii) If the algebraic connectivity of GpGq is 1, then its multiplicity is equal to one

less than the number of components of G˚pGq.

Theorem 1.4.14 and Theorem 4.1.2 together yield the following lemma.

Lemma 5.1.10. If G is a group of order n ě 2, then

λn´1pGpGqq ě 2
´

1´ cos
π

n

¯

δpGpGqq.

5.2 Finite cyclic group

In this section, we investigate multiplicity and bounds of Laplacian eigenvalues of

GpZnq. We further characterize the equality of the vertex connectivity and algebraic

connectivity of GpZnq.

Using (5.1), we have the following lemma.

Lemma 5.2.1. If the integer n ą 1 is not a prime number, then

λipGpZnqq “

$

’

’

’

’

’

&

’

’

’

’

’

%

n for 1 ď i ď φpnq ` 1,

λi´φpnq´1pG 1pZnqq ` φpnq ` 1 for φpnq ` 2 ď i ď n´ 1,

0 for i “ n.
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When n is a prime power, the multiplicity of n as a Laplacian eigenvalue of GpZnq

is n ´ 1 (cf. Theorem 1.5.28). Moreover, the multiplicity of n is at least φpnq ` 1

for any non-prime integer n ą 1 (cf. Theorem 1.5.24).

Moreover, as recalled in Theorem 1.5.27,

λn´1pGpZnqq ě φpnq ` 1 (5.5)

and equality holds if n is a prime or product of two distinct primes. We observe

that the last two results are consequences of Lemma 5.2.1. In the following result,

we determine the condition for which the multiplicity of n as a Laplacian eigenvalue

of GpZnq is exactly φpnq ` 1. We further show in Theorem 5.2.3 that for equality to

hold in (5.5), the aforementioned sufficient condition is necessary as well.

Theorem 5.2.2. For an integer n ą 1, the multiplicity of the Laplacian eigenvalue

n of GpZnq is φpnq ` 1 if and only if n “ 4 or n has at least two prime factors.

Proof. For n “ 4, the multiplicity of n is n ´ 1 “ 3 “ φpnq ` 1. Now suppose

n has at least two prime factors. Then from Lemma 1.5.26, G 1pZnq is connected,

and hence it follows from Theorem 1.4.12 that λ1pG 1pZnqq ă n ´ φpnq ´ 1. This

together with Lemma 5.2.1 imply that λipGpZnqq “ n for all 1 ď i ď φpnq ` 1 and

λjpGpZnqq ă n for all φpnq ` 2 ď j ď n, and hence the multiplicity of n is φpnq ` 1.

Conversely, if n is a prime power and n ‰ 4, then it folllows from Corollary

1.5.28 that the multiplicity of the Laplacian eigenvalue n of GpZnq is n ´ 1, and it

is easy to see that n´ 1 ‰ φpnq ` 1.

Theorem 5.2.3. For an integer n ą 1, the algebraic connectivity of GpZnq is φpnq`1

if and only if n is a prime or product of two distinct primes.

Proof. If n is a prime or a product of two distinct primes, then the algebraic con-

nectivity λn´1pGpZnqq is φpnq ` 1 (cf. Theorem 1.5.27).

For converse, let λn´1pGpZnqq “ φpnq`1. Observe that n “ φpnq`1 if and only if

n is prime. So suppose n is not prime. Then by Lemma 5.2.1, λn´φpnq´2pG 1pZnqq “ 0.
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Thus by Theorem 1.4.9, G 1pZnq is disconnected. Finally, applying Proposition 2.3.3,

we conclude that n is a product of two distinct primes.

In the next theorem, we characterize the equality of the vertex connectivity and

algebraic connectivity of GpZnq.

Theorem 5.2.4. For an integer n ą 1, κpGpZnqq “ λn´1pGpZnqq if and only if n is

a product of two distinct primes.

Proof. If n is a product of two distinct primes, then from Theorem 1.5.19(ii) and

Theorem 5.1.4, we have κpGpZnqq “ φpnq ` 1 “ λn´1pGpZnqq.

Now suppose n is not a product of two distinct primes. If n is a prime power,

by Theorem 1.5.7(ii), κpGpZnqq “ n ´ 1 and λn´1pGpZnqq “ n. So n has at least

two distinct prime factors. Then from Proposition 2.3.3 and Lemma 1.5.26, G 1pZnq

and G 1pZnq are connected. Thus it follows from Lemma 1.4.16 that κpG 1pZnqq ‰

λn´φpnq´2pG 1pZnqq. Finally, applying Lemma 2.3.2(ii), and Lemma 5.2.1, we get

κpGpZnqq ‰ λn´1pGpZnqq.

In the next two results, we supply upper and lower bounds of the algebraic

connectivity of GpZnq using certain existing results on bounds and values of the

vertex connectivity and the minimum degree of GpZnq, respectively. In fact, the

first result extends Corollary 1.5.25 to all n.

Theorem 5.2.5. Suppose n “ pα1
1 p

α2
2 . . . pαrr , where r ě 2, p1 ă p2 ă ¨ ¨ ¨ ă pr are

primes, αi P N for 1 ď i ď r, and n is not a product of two distinct primes. If either

αr ě 2 and
r´1
ś

i“1

ˆ

1´
1

pi

˙

ě
1

2
or αr “ 1, then

λn´1pGpZnqq ă φpnq `
n

pr
´ pαr´1

r φ

ˆ

n

pαrr

˙

, (5.6)

otherwise

λn´1pGpZnqq ă φpnq `
n

pαrr
` φ

ˆ

n

pαrr

˙

ppαr´1
r ´ 2q. (5.7)
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Proof. Let the right hand side of (5.6) and (5.7) be ξ1pnq and ξ2pnq, respectively.

Then from Theorem 2.3.6 and Theorem 2.3.16, ξ1pnq and ξ2pnq are upper bounds of

κpGpZnqq. Furthermore, ξ1pnq ď ξ2pnq if either αr “ 1 or αr ě 2 and
r´1
ś

i“1

ˆ

1´
1

pi

˙

ě

1

2
, and ξ1pnq ą ξ2pnq otherwise. Hence ξ1pnq and ξ2pnq are upper bounds of

λn´1pGpZnqq. Finally, it follows from Theorem 5.2.4 that the upper bounds are

strict.

Theorem 4.2.7 together with Lemma 5.1.10 yield the following theorem.

Theorem 5.2.6. Let p1 ă p2 ă p3 ă p4 be prime numbers and α1, α2 P N.

(i) If n “ pα1
1 p

α2
2 , then

λn´1pGpZnqq ě 2
´

1´ cos
π

n

¯

 

ppα1
1 ´ pα1´1

1 qppα2
2 ´ 1q ` pα1

1 ´ 1
(

.

(ii) If n “ p1p2p3, then λn´1pGpZnqq ě 2
´

1´ cos
π

n

¯

tφpnq ` p1p2 ´ 1u .

(iii) Let n “ p1p2p3p4. If n is odd or p4 ě p3 `
2pp3 ´ 1q

p2 ´ 1
, then

λn´1pGpZnqq ě 2
´

1´ cos
π

n

¯

tφpnq ` p1p2 ´ 1u ,

otherwise

λn´1pGpZnqq ě 2
´

1´ cos
π

n

¯

tpp2 ´ 1qpp3p4 ` 1q ` 1u .

5.3 Dicyclic group

In this section, we first derive an expression for Laplacian characteristic polynomial

of GpQnq involving LpGpZnqq. We further supply bounds and least value of mul-

tiplicity of some Laplacian eigenvalues of GpQnq. We then show that the vertex
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connectivity and algebraic connectivity of GpQnq are equal if and only if the latter

is an integer.

Using Theorem 4.2.15 and Lemma 5.1.10, we have the following theorem.

Theorem 5.3.1. For any integer n ě 2, the algebraic connectivity of GpQnq satisfies

λ4n´1pGpQnqq ě 6
´

1´ cos
π

4n

¯

.

We next give a characterization of a generalized quaternion group among dicyclic

groups in terms of adjacency property of its power graph. As an application of this

result, we characterize the same in terms of Laplacian spectrum.

Proposition 5.3.2. For any integer n ě 2, an is adjacent to all other vertices of

GpQnq if and only if Qn is generalized quaternion.

Proof. Let Qn be generalized quaternion, i.e., n is a power of 2. Additionally, since

xay – Z2n, it follows from Theorem 1.5.7(ii) that xay is a clique. Hence an is adjacent

to all other elements of xay in GpQnq. Furthermore, from Remark 1.3.16(ii), an is

adjacent to aib for all 0 ď i ď 2n. Hence in view of Remark 1.3.16(iii), an is adjacent

to all other vertices of GpQnq.

Whereas, if Qn is not generalized quaternion, then there exists a prime factor

p ą 2 of n. So a
2n
p is an element of order p. Further, the order of an is 2. Hence

the orders of an and a
2n
p are co-prime and this implies that they are not adjacent in

GpQnq.

Theorem 5.3.3. For any integer n ě 2, the Laplacian eigenvalue 4n of GpQnq has

multiplicity two if Qn is generalized quaternion and one otherwise.

Proof. In view of Remark 1.3.16(ii), an is adjacent to every element of Qn ´ xay.

Moreover, GpQnq´te, a
nu is connected since each element of GpQnq´xay is adjacent

to every element of xay ´ te, anu. Hence it follows from Proposition 5.3.2 that the

number of components of GpQnq is three if n is a power of 2 and two otherwise.

Accordingly, by Theorem 1.4.9, the multiplicity of 0 as a Laplacian eigenvalue of
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GpQnq is three if n is a power of 2 and two otherwise. By Theorem 1.4.10, the

multiplicity of 4n as a Laplacian eigenvalue of GpQnq is equal to one less than the

multiplicity of 0 as a Laplacian eigenvalue of GpQnq. Thus the result follows.

We order the elements of Qn as

pe, an, a, an`1, . . . , an´1, a2n´1, b, anb, ab, an`1b, . . . , an´1b, a2n´1bq

and accordingly index rows and columns of LpGpQnqq. Also, we index the rows and

columns of LpGpZ2nqq corresponding to the ordering

p0, n, 1, n` 1, . . . , n´ 1, 2n´ 1q.

Theorem 5.3.4. For any integer n ě 2,

ΘpGpQnq, xq “ px´ 2qnpx´ 4qn det
´

xI2n ´R2npxq ´ LpGpZ2nqq

¯

,

where R2npxq is the 2nˆ 2n matrix

2n

px´ 2q

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

px´ 1q 1 0 ¨ ¨ ¨ 0

1 px´ 1q 0 ¨ ¨ ¨ 0

0 0 0 ¨ ¨ ¨ 0
...

...
...

. . .
...

0 0 0 ¨ ¨ ¨ 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

Proof. By adjacency relations in GpZ2nq and GpQnq, the Laplacian matrix of GpQnq

is

LpGpQnqq “

¨

˝

LpGpZ2nqq `M2n N2n

NT
2n P2n

˛

‚,

where M2n, N2n and P2n are 2nˆ 2n matrices:

(a) The p1, 1q and p2, 2q entries of M2n are both 2n, and all other entries are 0,
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(b) N2n has all entries ´1 in first two rows and the rest of the entries are 0, and

(c) P2n is given by

P2n “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

3 ´1 0 0 ¨ ¨ ¨ 0

´1 3 0 0 ¨ ¨ ¨ 0

0 0 3 ´1 ¨ ¨ ¨ 0

0 0 ´1 3 ¨ ¨ ¨ 0

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 ¨ ¨ ¨ ¨ ¨ ¨ 0 3 ´1

0 ¨ ¨ ¨ ¨ ¨ ¨ 0 ´1 3

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

It is known that A,B,C and D are square matrices of the same order and D is

invertible, then det

¨

˝

A B

C D

˛

‚“ detpDq detpA ´ BD´1Cq (cf. [Zhang, 2005]). So,

as P2n is invertible, we have

ΘpGpQnq, xq

“ det

¨

˝

xI2n ´ LpGpZ2nqq ´M2n ´N2n

´NT
2n xI2n ´ P2n

˛

‚

“ detpxI2n ´ P2nq

det
´

xI2n ´ LpGpZ2nqq ´M2n ´N2npxI2n ´ P2nq
´1NT

2n

¯

. (5.8)

Observe that

detpxI2n ´ P2nq “

$

&

%

det

¨

˝

x´ 3 1

1 x´ 3

˛

‚

,

.

-

n

“ px´ 2qnpx´ 4qn. (5.9)
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Moreover,

pxI2n ´ P2nq
´1
“

1

px´ 3q2 ´ 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

x´ 3 ´1 0 0 ¨ ¨ ¨ 0

´1 x´ 3 0 0 ¨ ¨ ¨ 0

0 0 x´ 3 ´1 ¨ ¨ ¨ 0

0 0 ´1 x´ 3 ¨ ¨ ¨ 0

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ x´ 3 ´1

0 ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ´1 x´ 3

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,

so that

N2npxI2n ´ P2nq
´1NT

2n “
1

px´ 3q2 ´ 1

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

2npx´ 4q 2npx´ 4q 0 ¨ ¨ ¨ 0

2npx´ 4q 2npx´ 4q 0 ¨ ¨ ¨ 0

0 0 0 ¨ ¨ ¨ 0

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

0 0 0 ¨ ¨ ¨ 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“
2n

px´ 2q

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 1 0 ¨ ¨ ¨ 0

1 1 0 ¨ ¨ ¨ 0

0 0 0 ¨ ¨ ¨ 0
...

...
...

...

0 0 0 ¨ ¨ ¨ 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

Hence from (5.8) and (5.9), and by setting R2npxq “M2n`N2npxI2n´P2nq
´1NT

2n,

the proof follows.

Corollary 5.3.5. For any integer n ě 2, 2 and 4 are Laplacian eigenvalues of

GpQnq with multiplicities at least n´ 1 and n, respectively.

Proof. In Theorem 5.3.4, let T2npxq be the matrix obtained by subtracting first

row from second row of xI2n ´ R2npxq ´ LpGpZ2nqq. Then px ´ 2q detpT2npxqq is a
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polynomial matrix and detpT2npxqq “ detpxI2n ´ Rnpxq ´ LpGpZ2nqqq. Hence the

proof follows.

Theorem 5.3.6. For any integer n ě 2, the algebraic connectivity of GpQnq satisfies

1 ă λ4n´1 pGpQnqq ď 2.

Proof. Since G˚pQnq is connected, it follows from Theorem 1.4.12 that λ1pG˚pQnqq ă

4n´ 1. Moreover, by applying Theorem 1.4.11 we have

λ1pGpQnqq “ maxtλ1pG˚pQnqq, λ1pGpteuqqu “ λ1pG˚pQnqq.

Consequently, λ1pGpQnqq ă 4n ´ 1 and hence by Theorem 1.4.10, λ4n´1pGpQnqq ą

1.

Theorem 5.3.7. For any integer n ě 2, the following statements are equivalent.

(i) κpGpQnqq “ λ4n´1pGpQnqq.

(ii) The algebraic connectivity of GpQnq is 2.

(iii) The algebraic connectivity of GpQnq is an integer.

(iv) GpQnq is Laplacian integral.

(v) Qn is generalized quaternion.

Proof. Suppose κpGpQnqq “ λ4n´1pGpQnqq. We first show that te, anu is the only

minimum separating set of GpQnq. Let S be a minimum separating set of GpQnq

and if possible, an R S. Note that e P S, and in view of Lemma 1.5.22, |S| “ 2.

So S contains at most one element of ras, and as n ě 2, |ras| “ φp2nq ě 2. So

Gpxayq ´ S is connected. Additionally, by following Remark 1.3.16(ii), all elements

of pGpQnq ´ xayq ´ S are adjacent to an. Consequently, GpQnq ´ S is connected; a

contradiction. Hence S “ te, anu and by applying Lemma 1.4.15, we have GpQnq “
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tGpQnq ´ te, a
nuu _ Gpte, anuq. As a result, an is adjacent to all other vertices of

GpQnq. Hence applying Proposition 5.3.2, Qn is generalized quaternion. We thus

proved that (i) implies (v).

If Qn is generalized quaternion, then it follows from Theorem 5.1.6 that GpQnq

is Laplacian integral. So (iv) follows from (v). Whereas, it is trivial to see that

(iv) implies (iii) . Now, if λ4n´1 pGpQnqq is an integer, then it follows from Theorem

5.3.6 that λ4n´1 pGpQnqq “ 2. We thus have (ii). Finally, using Lemma 1.5.22, we

see that (i) is a consequence of (ii).

5.4 p-Group

In this section, we determine the algebraic connectivity and multiplicity of Laplacian

spectral radius of power graphs of all p-groups. Moreover, we show that algebraic

connectivity and vertex connectivity are always equal for power graphs of p-groups.

We show that power graphs of p-groups are Laplacian integral by finding their all

possible Laplacian eigenvalues. Followed by this, we discuss their multiplicities.

Since Γpgq is connected for any group G and g P G, we have the following lemma.

Lemma 5.4.1. For any group G and g P G, the multiplicity of the Laplacian eigen-

value 0 of Γpgq is one.

For the rest of this section, G denotes a p-group. Accordingly, every element of

G˚ has prime power order, so that exppGq is the largest order of an element in G.

When G is cyclic or generalized quaternion, the algebraic connectivity and multi-

plicity of Laplacian spectral radius of GpGq are already known (cf. Corollary 1.5.28,

Theorem 5.1.6). In what follows, we determine the above two graph theoretic quan-

tities for the rest of the p-groups and show the dependency among them.

Theorem 5.4.2. The following statements are equivalent.

(i) G is neither cyclic nor generalized quaternion.
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(ii) The algebraic connectivity of GpGq is 1.

(iii) The multiplicity of the Laplacian eigenvalue n of GpGq is one.

Proof. Lemma 1.5.17 and Proposition 5.1.9(i) together ascertain that (i) and (ii)

imply each other.

We now show that (i) and (iii) are equivalent. Let G be neither cyclic nor

generalized quaternion. Then G˚pGq has at least two components (cf. Lemma

1.5.17). By Proposition 3.1.3 and the fact that rgs Ď Upgq for all g P G, each

component of G˚pGq has at least p ´ 1 vertices. This implies that each component

of G˚pGq has at most n´p vertices. Thus by applying Theorem 1.4.11, we conclude

that the Laplacian eigenvalues of G˚pGq are bounded above by n ´ p. Hence using

Lemma 5.1.7, λipGpGqq ď n ´ p ` 1 ă n for all 2 ď i ď n ´ 1. Consequently, the

multiplicity of the Laplacian eigenvalue n of GpGq is one. For converse, let G be

either cyclic or generalized quaternion. Then it follows from Corollary 1.5.28 and

Theorem 5.1.6 that the multiplicity of n is at least two.

This completes the proof of the theorem.

Theorem 5.4.3. Let G is of order n. Then κpGpGqq “ λn´1pGpGqq if and only if

G is not cyclic.

Proof. Let G be cyclic. By Theorem 1.5.19 and Corollary 1.5.28, κpGpGqq “ n ´ 1

and λn´1pGpGqq “ n, respectively. Hence the above equality does not hold.

Now suppose G is not cyclic. If G is generalized quaternion, Theorem 5.1.6 and

Lemma 1.5.22 together yield κpGpGqq “ 2 “ λn´1pGpGqq. If G is neither cyclic nor

generalized quaternion, then it follows from Proposition 5.1.9(i) and Theorem 5.4.2

that κpGpGqq “ 1 “ λn´1pGpGqq.

The following lemma is a consequence of Lemma 3.2.3.

Lemma 5.4.4. For any g P G with πpgq “ 0, ΘpΓpgq, xq “ xpx´ φpopgqqqφpopgqq´1.
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Using Theorem 5.1.1, Theorem 5.1.2 and Theorem 3.2.4, we have the following

proposition.

Proposition 5.4.5. Let g P G and πpgq ą 0. If the distinct primitive classes of g

are rg1s, rg2s, . . . , rgπpgqs, then

ΘpΓpgq, xq “
xpx´ |Upgq|qφpopgqq

x´ φpopgqq

πpgq
ź

i“1

Θ pΓpgiq, x´ φpopgqqq . (5.10)

In particular, for g “ e,

ΘpGpGq, xq “ xpx´ nq

x´ 1

πpeq
ź

i“1

ΘpΓpgiq, x´ 1q. (5.11)

Analogous to Remark 3.2.5 for structure, the following remark describes how

Proposition 5.4.5 gives the Laplacian spectrum of power graph a p-group.

Remark 5.4.6. The complete Laplacian characteristic polynomial of GpGq can be

obtained as described below. Starting with (5.11), for every 1 ď i ď πpeq, we

substitute for ΘpΓpgiq, x ´ 1q by following (5.10) and Lemma 5.4.4 when πpgiq ą 0

and πpgiq “ 0, respectively. Now if πpgiq ą 0 for any 1 ď i ď πpeq, we do the similar

substitution for ΘpΓphi,jq, x ´ pq for every primitive class rhi,js of gi. We continue

this process till the substitution for ΘpΓphq, x´ ophq
p
q for every «-class rhs, h ‰ e is

done.

Proposition 5.4.7. Suppose exppGq “ pk for some k P N. Then for any 0 ď l ď

k ´ 1, if g is an element of order pk´l, then every Laplacian eigenvalue of Γpgq is
oph1q

p
´ pk´l´1 for some h1 P Upgq or |Uph2q| `

oph2q

p
´ pk´l´1 for some h2 P Upgq.

Proof. We note that the usual relation ă is well-founded on tl P Z : 0 ď l ď k ´ 1u.

We prove the proposition by applying the principle of well-founded induction on the

above set.
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If g is an element of order pk, then clearly πpgq “ 0. From Lemma 5.4.4,

ΘpΓpgq, xq “ xpx ´ φppkqqφpp
kq´1. Moreover,

opgq

p
´ pk´1 “ 0 and |Upgq| `

opgq

p
´

pk´1 “ φppkq, which are precisely the two Laplacian eigenvalues of Γpgq. Hence we

have proved for l “ 0. In fact, if k “ 1, then we are done. So let k ą 1. We now

assume that the assertion holds for l “ m´ 1, where 1 ď m ď k´ 1, and then show

it for l “ m.

Let g be an element of order pk´m. If πpgq “ 0, then the statement holds for

l “ m by an argument similar to that of order pk. So let πpgq ą 0 and the distinct

primitive classes of g be rg1s, rg2s, . . . , rgπpgqs. Then for each 1 ď i ď πpgq, it follows

from induction hypothesis that every root of Θ
`

Γpgiq, x´ φpp
k´mq

˘

is
oph1q

p
´pk´m´1

for some h1 P Upgiq or |Uph2q| `
oph2q

p
´ pk´m´1 for some h2 P Upgiq. Furthermore,

from Proposition 5.4.5, we have

ΘpΓpgq, xq “
xpx´ |Upgq|qφpp

k´mq

x´ φppk´mq

πpgq
ź

i“1

Θ
`

Γpgiq, x´ φpp
k´m

q
˘

.

Hence we conclude that the assertion holds for l “ m. This completes the proof of

the proposition.

Theorem 5.4.8. Every Laplacian eigenvalue of GpGq is among 0, |G|,
opgq

p
for

some g P G˚ or |Uphq| `
ophq

p
for some h P G˚. In particular, GpGq is Laplacian

integral.

Proof. Since |G| ě p, we have πpeq ą 0. Let the distinct primitive classes of e be

rg1s, rg2s, . . . , rgπpeqs. By Proposition 5.4.7, for each 1 ď i ď πpeq, every Laplacian

eigenvalue of Γpgiq is of the form
oph1q

p
´1 for some h1 P Upgiq or |Uph2q|`

oph2q

p
´1

for some h2 P Upgiq. Hence applying (5.11), the proof follows.

We next explore the multiplicities of the Laplacian eigenvalues obtained in The-

orem 5.4.8. For g, h P G, if rgs “ rhs, then opgq “ ophq and |Upgq| ` opgq “

|Uphq| ` ophq. When rgs ‰ rhs, however, the above equalities may or may not hold.
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Hence in this case we treat opgq and ophq (similarly, |Upgq|`opgq and |Uphq|`ophq)

as distinct Laplacian eigenvalues.

Theorem 5.4.9. For any g P G˚, opgq is a Laplacian eigenvalue of GpGq if and

only if either πpgq “ 0 and opgq ą 2 or πpgq ě 2. If opgq is a Laplacian eigenvalue

of GpGq, then its multiplicity is

(i) φpopgqq ´ 1 when πpgq “ 0 and opgq ą 2;

(ii) πpgq ´ 1 when πpgq ě 2.

Proof. If πpgq “ 0, from Lemma 5.4.4, we have ΘpΓpgq, xq “ xpx´ φpopgqqqφpopgqq´1.

Moreover, for πpgq ą 0, it follows from Lemma 5.4.1 and (5.10) that x ´ φpopgqq is

a factor of ΘpΓpgq, xq of exact power πpgq ´ 1. Hence, if πpgq “ 0 and opgq ą 2,

then φpopgqq is a Laplacian eigenvalue of ΘpΓpgq, xq of multiplicity φpopgqq ´ 1. If

πpgq ě 2, then φpopgqq is a Laplacian eigenvalue of ΘpΓpgq, xq of multiplicity πpgq´1.

Whereas, if either πpgq “ 0 and opgq ď 2 or πpgq “ 1, then φpopgqq is not a Laplacian

eigenvalue of ΘpΓpgq, xq. Consequently, the proof follows by applying Proposition

5.4.5 and Remark 5.4.6.

In the following theorem, we apply Theorem 5.4.9 to determine the lower bound

of multiplicity of pk, k P N as a Laplacian eigenvalue of power graph of a p-group.

Theorem 5.4.10. Suppose that in G, the number of distinct «-classes with repre-

sentatives of order pk, k P N, having no primitive classes is s and those having at

least one primitive class is t.

(i) If t “ 0, s ą 0 and pk ą 2, then pk is a Laplacian eigenvalue of GpGq with

multiplicity at least spφppkq ´ 1q.

(ii) Suppose t ą 0 and the distinct «-classes with representatives of order pk are

rg1s, rg2s, . . . , rgts. If either s ą 0 and pk ą 2 or πpgiq ě 2 for some 1 ď

i ď t, then pk is a Laplacian eigenvalue of GpGq with multiplicity at least

spφppkq ´ 1q `
řt
i“1pπpgiq ´ 1q.
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Theorem 5.4.11. For any g P G˚, |Upgq|`
opgq

p
is a Laplacian eigenvalue of GpGq

if and only if either πpgq “ 0 and opgq ą 2 or πpgq ą 0. If |Upgq| `
opgq

p
is a

Laplacian eigenvalue of GpGq, then its multiplicity is

(i) φpopgqq ´ 1 when πpgq “ 0 and opgq ą 2;

(ii) φpopgqq when πpgq ą 0.

Proof. If πpgq “ 0, from Lemma 5.4.4, ΘpΓpgq, xq “ xpx ´ φpopgqqqφpopgqq´1. Now

if πpgq ą 0, then from (5.10), x ´ |Upgq| is a factor of ΘpΓpgq, xq of exact power

φpopgqq. Hence, if πpgq “ 0 and opgq ą 2, then |Upgq| “ φpopgqq is a Laplacian

eigenvalue of ΘpΓpgq, xq of multiplicity φpopgqq ´ 1. If πpgq ą 0, then |Upgq| is a

Laplacian eigenvalue of ΘpΓpgq, xq of multiplicity φpopgqq. Whereas, if πpgq “ 0

and opgq ď 2, then φpopgqq is not a Laplacian eigenvalue of ΘpΓpgq, xq. These facts

together with Proposition 5.4.5 and Remark 5.4.6 yield the required proof.

Proposition 5.4.12. For any g P G˚, the following statements hold.

(i) |Upgq| `
opgq

p
is a multiple of opgq.

(ii) If |Upgq| `
opgq

p
is a prime power and πpgq ą 0, then πpgq “ ap ` 1 for some

integer m ě 0.

Proof. Let opgq “ pk for some k P N. If πpgq “ 0, then

|Upgq| `
opgq

p
“ φppkq ` pk´1

“ pk (by Lemma 3.2.3(i)). (5.12)

Whereas, if πpgq ą 0, then there exist positive integers a1, . . . , al with a1 “ πpgq

such that

|Upgq| “ φppkq ` a1φpp
k`1
q ` . . .` alφpp

k`l
q (by Proposition 3.2.4)

ñ|Upgq| `
opgq

p
“ pk ` a1φpp

k`1
q ` . . .` alφpp

k`l
q. (5.13)
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Consequently, (i) follows from (5.12) and (5.13). Now let |Upgq| `
opgq

p
“ pm for

some m P N. Then it is evident from (5.13) that m ě k ` 1. So comparing both

sides of (5.13), we see that p|pa1 ´ 1q. This completes the proof of (ii).

Using Theorem 5.4.8 and Proposition 5.4.12(i), we have the following theorem.

Theorem 5.4.13. Any non-zero Laplacian eigenvalue of GpGq is 1 or a multiple of

p.

The Laplacian spectra of a group of order p2 is obtained in the following theorem.

This also serves as an illustration for some of the previous results of this section.

Theorem 5.4.14. If G is a group of order p2, then the Laplacian spectrum of GpGq

is
¨

˝

0 p2

1 p2 ´ 1

˛

‚ or

¨

˝

0 1 p p2

1 p pp` 1qpp´ 2q 1

˛

‚.

Proof. If G is cyclic, then by Corollary 1.5.28, the Laplacian spectrum of GpZp2q is
¨

˝

0 p2

1 p2 ´ 1

˛

‚. Since any group of order p2 is abelian (cf. [Gallian, 2013]), if G is

not cyclic, then G – Zp ˆ Zp. In Zp ˆ Zp, the distinct primitive classes of p0, 0q

are precisely rp1, 0qs, rp0, 1qs and rp1, 1qs, . . . , rp1, p´ 1qs. Moreover, we observe that

each of these classes induce subgraphs isomorphic to Kp´1 in GpZp ˆ Zpq. So by

applying (5.11), we get

ΘpGpGq, xq “ xpx´ p2q

x´ 1

p`1
ź

i“1

ΘpKp´1, x´ 1q

“ xpx´ 1qppx´ pqpp`1qpp´2q
px´ p2

q.

This completes the proof of the theorem.
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5.5 Conclusion

We determined various necessary and sufficient conditions for the equality of vertex

connectivity and algebraic connectivity of power graphs of Zn and Qn. We further

showed that the equality always holds for p-groups. However, finding a group the-

oretic characterization for the above equality for all finite groups is still an open

problem.

We proved that the power graph of Qn is Laplacian integral if and only if Qn

is generalized quaternion. Moreover, power graph of a p-group is always Laplacian

integral. Based on our observations, we state the following for Zn.

Conjecture 5.5.1. For any integer n ě 2, the following statements are equivalent.

(i) The algebraic connectivity of GpZnq is an integer.

(ii) GpZnq is Laplacian integral.

(iii) n is a prime power or product of two primes.
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6
Critical and Minimal Connectivity

Critically and minimally connected graphs have been in focus for their applications

in communication networks. Certain necessary conditions for graphs exhibiting these

properties can be found in [Halin, 1969; Lick, 1969]. Later, some of these notions

were further generalized in [Akiyama et al., 2002; Maurer and Slater, 1977/78]. In

Section 6.1, we examine whether power graphs of Zn (for some orders), Dn, Qn

and p-groups are critically vertex (edge) connected. In Section 6.2, we characterize

the finite groups such that their power graphs are minimally vertex connected. For

finite groups of odd order, we then provide a characterization such that their power

graphs are minimally edge connected. Furthermore, we test whether power graphs

of the aforementioned groups are minimally vertex (edge) connected.

105
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106 Critical and Minimal Connectivity

6.1 Critical connectivity

In this chapter, all graphs considered are finite and all groups considered are non-

trivial, i.e., their order is at least two. Throughout this and the next section, we

follow (1.1) and (1.2) for presentation of dihedral and dicyclic groups, respectively.

In this section, we examine whether power graphs of some finite groups are critically

vertex (edge) connected.

A brief comparison of notion of critically and minimally connected graphs along

with some examples can be found in [Halin, 1969]. We begin with the following

definitions.

Definition 6.1.1. A graph Γ is said to be critically k-vertex connected if κpΓq “ k

and κpΓ´ vq “ k ´ 1 for every vertex v of Γ. A critically vertex connected graph is

a graph which is critically k-vertex connected for some k.

Definition 6.1.2. A graph Γ is said to be critically k-edge connected if κ1pΓq “ k

and κ1pΓ´ vq “ k´ 1 for every vertex v of Γ. A critically edge connected graph is a

graph which is critically k-edge connected for some k.

6.1.1 Vertex connectivity

In this subsection, we show that GpZnq is not critically vertex connected when n is

a product of two or three distinct primes. We then show that GpDnq and GpQnq

are not critically vertex connected. Finally, we provide a necessary and sufficient

condition such that the power graph of a p-group is critically vertex connected.

Lemma 6.1.3. If G is a finite group such that GpGq is critically vertex connected,

then κpGpGqq ą 1.

Proof. Considering Remark 1.5.4, κpGpGq´gq ě 1 for all g P G˚. Thus, if κpGpGqq “

1, then GpGq is not critically vertex connected. Hence the proof follows.
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Theorem 6.1.4. If n is a product of two or three distinct primes, GpZnq is not

critically vertex connected.

Proof. If n “ pq, where p and q are distinct primes, then κpGpZnqq “ φpnq ` 1 (cf.

Theorem 1.5.19). So, in view of Remark 1.5.14, we have κpGpZnq ´ aq “ φpnq ` 1

for every a P Z1n. Consequently, GpZpqq is not critically vertex connected.

Now let n “ pqr for primes p ă q ă r. Let Gp “ Z1n´p and «p be the restriction

of « to Gp. Then the equivalence classes of Gp under «p are given by

rps ´ tpu, rqs , rrs , rpqs , rprs , rqrs , (6.1)

where ras is the equivalence class of a under «. Following the proof of Theorem

2.3.22, a minimal separating set of GpGpq is precisely the union of any two «p

-classes C1 and C2 from (6.1) such that no element of C1 is adjacent to any element

of C2 in GpGpq. Using the inequalities in (2.14), rprsY rqrs is a minimum separating

set of GpGpq. Moreover, rprs Y rqrs is also a minimum separating set of G 1pZnq (cf.

Theorem 2.3.22). Thus in light of Remark 1.5.9, κpG 1pZnq´pq “ κpG 1pZnqq. Finally,

by Remark 1.5.14, we conclude that GpZnq is not critically vertex connected.

Theorem 6.1.5. For any integer n ě 3, GpDnq is not critically vertex connected.

Proof. Theorem 1.5.21 together with Lemma 6.1.3 give the required proof.

Theorem 6.1.6. For any integer n ě 2, GpQnq is not critically vertex connected.

Proof. Consider the presentation (1.2) of Qn. Let Γb “ GpQnq ´ b. Then using

Remark 1.3.16(v), Γb ´ g is connected for all g P G ´ b, whereas Γb ´ te, a
nu is

disconnected. Hence κpΓbq “ 2. Consequently, by Theorem 1.5.22, GpQnq is not

critically vertex connected.

Theorem 6.1.7. If G is a p-group, then GpGq is critically vertex connected if and

only if G is cyclic.
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108 Critical and Minimal Connectivity

Proof. Let GpGq be critically vertex connected. Then by Theorem 6.1.3, G˚pGq is

connected. So either G is cyclic or generalized quaternion (cf. Lemma 1.5.17). Since

it follows from Theorem 6.1.6 that G is not generalized quaternion, we conclude that

G is cyclic. Conversely, if G is cyclic then GpGq is complete (cf. Theorem 1.5.7(ii)),

so that it is critically vertex connected.

Corollary 6.1.8. If n P N is a prime power, then GpZnq is critically vertex con-

nected.

6.1.2 Edge connectivity

In this subsection, we first supply a necessary condition for which the power graph of

a finite group is critically edge connected. We ascertain that GpDnq is not critically

edge connected. We then provide characterizations such that power graphs of Qn

and p-groups are critically edge connected.

Theorem 6.1.9. Let G be a finite group. Suppose that there exists g P G such that

degpgq ą δpGpGqq and g is not adjacent to any h P G with degphq “ δpGpGqq. Then

GpGq is not critically edge connected.

Proof. First observe that g ‰ e and GpGq is not complete. Let Γg “ GpGq´g. Since

g is not adjacent to any h1 P G with degGpGqph1q “ δpGpGqq, we have degΓgph1q “

degGpGqph1q. On the other hand, degΓgph2q ě degGpGqph2q ´ 1 for any h2 P G with

degGpGqph2q ą δpGpGqq. Therefore, δpΓgq “ δpGpGqq. Further, as g ‰ e, we have

diampΓgq ď 2. Hence in view Theorem 1.2.22, we have κ1pΓgq “ δpΓgq. These facts

along with Theorem 4.1.2 imply that κ1pΓgq “ κ1pGpGqq. As a result, GpGq is not

critically edge connected.

Theorem 6.1.10. If G is a finite group and GpGq is critically edge connected, then

κ1pGpGqq ą 1.

TH-1968_136123001



6.1 Critical connectivity 109

Proof. Let κ1pGpGqq “ 1. Suppose there exists g P G such that opgq ą 2. Then

|rgs| ě 2 and hence GpGq´g is connected. Thus GpGq is not critically edge connected.

Now suppose opgq “ 2 for all g P G˚. Then it follows from Theorem 1.5.16 that

GpGq remains connected even after deletion of any g P G˚. So that again GpGq is

not critically edge connected. This gives the proof of the theorem.

Theorem 6.1.11. For any integer n ě 3, GpDnq is not critically edge connected.

Proof. Theorem 4.2.14 and Theorem 6.1.10 together give the required proof.

Theorem 6.1.12. For any integer n ě 2, GpQnq is critically edge connected if and

only if n “ 2.

Proof. By Theorem 4.1.2 and Theorem 4.2.15, κ1pGpQnqq “ 3. First let n ě 3. For

any g P xay, if opgq ě 3, then |rgs| ě 2. Thus degpgq ą φp2nq ` 1 ě 3. Whereas, if

opgq is 1 or 2, then g is e or an, respectively. Hence degpgq ą 3 for all g P xay. Now let

h P Qn ´ xay. By Remark 1.3.16, a is not adjacent to h. Moreover, by following the

proof of Theorem 4.2.15, δpGpQnqq “ degphq “ 3. Consequently, applying Theorem

6.1.9, we conclude that GpQnq is not critically edge connected.

a2

e

b a2b ab a3ba3a

Figure 6.1: GpQ2q

Now let n “ 2. Considering Remark 1.3.16, GpQ2q is depicted in Figure 6.1. We

can deduce that diampGpQ2q´ gq “ 2 and δpGpQ2q´ gq “ 2 for any g P Q2´te, a
2u.
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Consequently, by Theorem 1.2.22, κ1pGpQ2q´gq “ 2. As a result, GpQnq is critically

edge connected.

Theorem 6.1.13. If G is a p-group, then GpGq is critically edge connected if and

only if G is cyclic or G “ Q2.

Proof. Let GpGq be critically edge connected. If possible, let G˚pGq be disconnected.

That is, κ1pGpGq ´ eq “ 0. Thus, as GpGq is critically edge connected, we have

κ1pGpGqq “ 1. Since this contradicts Theorem 6.1.10, G˚pGq is connected. Then

by Lemma 1.5.17, either G is cyclic or generalized quaternion. Further, if G is

generalized quaternion, then it follows from Theorem 6.1.12 that G “ Q2.

Conversely, if G is cyclic, then GpGq is complete (cf. Theorem 1.5.7(ii)). Hence

GpGq be critically edge connected. Whereas, is follows from Theorem 6.1.12 that

GpQ2q is critically edge connected.

An immediate corollary of Theorem 6.1.13 is the following.

Corollary 6.1.14. If n P N is a prime power, then GpZnq is critically edge con-

nected.

6.2 Minimal connectivity

In this section, we do some study on power graphs of finite groups that are minimally

vertex (edge) connected.

Definition 6.2.1. A graph Γ is said to be minimally k-vertex connected if κpΓq “ k

and κpΓ ´ εq “ k ´ 1 for every edge ε of Γ. A minimally vertex connected graph is

a graph which is minimally k-vertex connected for some k.

Definition 6.2.2. A graph Γ is said to be minimally k-edge connected if κ1pΓq “ k

and κ1pΓ´ εq “ k ´ 1 for every edge ε of Γ. A minimally edge connected graph is a

graph which is minimally k-edge connected for some k.
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6.2.1 Vertex connectivity

In this subsection, we first present some results on effect of deletion of an edge on the

vertex connectivity of a graph. Consequently, we give some necessary conditions for

minimally vertex connected graphs. We then apply these results on power graphs

and obtain a characterization such that power graph of a finite group is minimally

vertex connected. We finally examine this concept on some specific finite groups.

Lemma 6.2.3 ([Halin, 1969]). The minimum degree of a minimally k-vertex con-

nected graph is k.

Lemma 6.2.4. Let Γ be a graph with an edge ε such that Γ ´ ε is connected. If

κpΓ ´ εq “ κpΓq ´ 1, then no minimum separating set of Γ ´ ε contains endpoints

of ε.

Proof. Suppose S is a minimum separating set of Γ ´ ε and ε is incident to u and

v. If possible, let S contain at least one of u or v. Then we get pΓ´ εq´S “ Γ´S.

So S is a separating set of Γ. Thus κpΓq ď κpΓ ´ εq; a contradiction. Hence no

minimum separating set of Γ´ ε contains u and v.

The next result follows immediately from Lemma 6.2.4.

Lemma 6.2.5. If Γ is a minimally vertex connected graph, then for any edge ε, no

minimum separating set of Γ´ ε contains endpoints of ε.

Theorem 6.2.6. Let Γ be a non-complete graph with n vertices. If Γ is minimally

vertex connected, then it has at most one vertex of degree n´ 1.

Proof. We first note that n ě 3. If possible, let Γ has two vertices of degree n ´ 1,

say u and v. Clearly u and v are adjacent. Let Γε “ Γ ´ ε, where ε is the edge

incident to u and v and S be a minimum separating set of Γε. From the fact that

Γ is non-complete and is minimally vertex connected, κpΓεq ă κpΓq ď n ´ 2. Thus

Γε ´ S has at least one vertex not equal to u and v. As both u and v have degree
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n ´ 1 in Γ, they are adjacent to every vertex w, w ‰ u, v, in Γε ´ S. This implies

that Γε ´ S is connected; a contradiction. Consequently, the proof follows.

Theorem 6.2.7. Let Γ be a non-complete graph with adjacent vertices u and v such

that κpΓ´εq “ κpΓq´1, where ε is the edge incident to u and v. If Γ´ε is connected

and S is a minimum separating set of Γ´ ε, then S Ytuu or S Ytvu is a minimum

separating set of Γ.

Proof. Let Γ be a graph on n vertices. Since Γ is non-complete, κpΓq ď n ´ 2,

and hence κpΓ ´ εq ď n ´ 3. Let S be a minimum separating set of Γ ´ ε. Then

Γ ´ S is a connected graph with at least three vertices. In view of Lemma 6.2.4,

u, v R S. Hence, for every vertex w, w ‰ u, v, in Γ ´ S, there exists exactly one

path connecting w to u or v and not containing ε. Hence S Y tuu or S Y tvu is a

separating set of Γ. Since κpΓ´ εq “ κpΓq ´ 1, the proof follows.

We now apply the results obtained above to characterize power graphs of finite

groups that are minimally vertex connected.

Proposition 6.2.8. Let G be a finite group and g, h P G, g ‰ h. If xgy “ xhy and

ε is the edge incident to g and h, then κpGpGq ´ εq “ κpGpGqq.

Proof. Let xgy “ xhy. If possible, suppose κpGpGq ´ εq ‰ κpGpGqq. Since g is

connected to h by the path g, e, h, GpGq ´ ε is connected. Let S be a minimum

separating set of GpGq ´ ε. Then it follows from Theorem 6.2.7 that S Y tgu or

SYthu, say SYtgu is a minimum separating set of GpGq. In view of Theorem 2.2.2,

S Y tgu is a union of «-classes. This implies rgs Ă S Y tgu, so that h P S. However,

by Lemma 6.2.4, h R S. Hence we conclude that κpGpGq ´ εq “ κpGpGqq.

Theorem 6.2.9. For a finite group G, GpGq is minimally vertex connected if and

only if G is a cyclic group of prime power order or G is an elementary abelian

2-group.
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Proof. Let GpGq be minimally vertex connected. If GpGq is complete, then G a

cyclic group of prime power order (cf. Theorem 1.5.7(ii)). Now, suppose GpGq is

non-complete. Let g P G˚. By Proposition 6.2.8, if there exists h P rgs ´ g, then

κpGpGq ´ εq “ κpGpGqq, where ε is the edge incident to g and h. However, this

contradicts the fact that GpGq is minimally vertex connected. Thus rgs “ tgu, and

since |rgs| “ φpopgqq, opgq “ 2. Hence in light of Remark 1.3.27, G is an elementary

abelian 2-group.

Conversely, if G a cyclic group of prime power order, then GpGq is complete

(cf. Theorem 1.5.7(ii)). Whereas, if G is an elementary abelian 2-group, then

κpGpGqq “ 1 and GpGq ´ ε is disconnected for every edge ε in GpGq. Consequently,

GpGq is minimally vertex connected.

We now state some consequences of Theorem 6.2.9.

Corollary 6.2.10. For n ě 2, GpZnq is minimally vertex connected if and only if n

is a prime power.

Corollary 6.2.11. For any integer n ě 3, GpDnq is not critically vertex connected.

Corollary 6.2.12. For any integer n ě 2, GpQnq is not critically vertex connected.

Corollary 6.2.13. For any p-group G, GpGq is minimally vertex connected if and

only if G is a cyclic or an elementary abelian 2-group.

6.2.2 Edge connectivity

For power graph of a finite group that is minimally edge connected, we give a

sufficient condition involving regularity of its proper power graph. We then show

that the converse holds for finite groups of odd order. Following this, we present

some group theoretic characterizations for power graphs of finite groups of odd order

that are minimally edge connected. We then study this notion on power graphs of

some classes of groups.
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Theorem 6.2.14. Let G be a finite group. Then GpGq is minimally edge connected

and κ1pGpGqq “ 1 if and only if G is an elementary abelian 2-group.

Proof. Suppose GpGq is minimally edge connected and κ1pGpGqq “ 1. If possible,

let there exist g P G such that opgq ą 2, so that |rgs| ě 2. Further, let ε be an edge

with endpoints in rgs. Then GpGq ´ ε is connected, which contradicts our initial

assumption. Hence opgq “ 2 for all g P G˚. Consequently, by Remark 1.3.27, G is

an elementary abelian 2-group.

For converse, let G be an elementary abelian 2-group. Then it follows from

Lemma 1.5.16 that deleting any edge of GpGqmakes it disconnected. Hence κ1pGpGqq “

1 and GpGq is minimally edge connected.

Theorem 6.2.15. Let G be a finite group. If G˚pGq is regular, then GpGq is mini-

mally edge connected. The converse holds if G is of odd order.

Proof. Let G˚pGq be regular. We set κ1pGpGqq “ k, so that in view of Theorem 4.1.2,

all non-identity elements have degree k in GpGq. Let ε be an edge in GpGq. Then

at least one endpoint of ε is a non-identity element, say g. Since deletion all edges

incident to g in GpGq´ε (if any) makes it disconnected, we have κ1pGpGq´εq ď k´1.

Since κ1pGpGq ´ εq ě k ´ 1, we have κ1pGpGq ´ εq “ k ´ 1. Consequently, GpGq is

minimally edge connected.

For converse, suppose G is of odd order and G˚pGq is not regular. Then there

exists g P G, g ‰ e with degGpGqpgq ą δpGpGqq. Since G is of odd order, |rgs| ě 2,

so that h P rgs, h ‰ g. Note that degGpGqpgq “ degGpGqphq (cf. Lemma 4.2.1). Let ε

be the edge incident to g and h and Γε :“ GpGq ´ ε. Then degΓεpgq “ degΓεphq “

degGpGqpgq ´ 1 and degΓεpg1q “ degGpGqpg1q for any g1 P G ´ tg, hu. Hence, as

degGpGqpgq ą δpGpGqq, we have δpΓεq “ δpGpGqq. Moreover, since diampΓεq ď 2, we

have κ1pΓεq “ δpΓεq (cf. Theorem 1.2.22). These facts along with Theorem 4.1.2

yield κ1pΓεq “ κ1pGpGqq. Hence GpGq is not minimally edge connected.

By applying Theorem 1.5.18 and Theorem 6.2.15, we have the following theorem.
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Theorem 6.2.16. Let G be a finite group of odd order. Then GpGq is minimally

edge connected if and only if G is a cyclic group of prime power order or exppGq is

a prime.

The following are two immediate corollaries of Theorem 6.2.16.

Corollary 6.2.17. For any odd integer n ą 0, GpZnq is minimally edge connected

if and only if n is a prime power.

Corollary 6.2.18. Let G be a p-group and p ě 3. Then GpGq is minimally edge

connected if and only if G is cyclic or exppGq “ p.

Proposition 6.2.19. Let G be a finite group isomorphic to direct product of finite

copies of Z4. Then GpGq is minimally edge connected if and only if G is isomorphic

to Z4.

Proof. Let G be isomorphic to H :“ Z4 ˆ . . .ˆ Z4 (t times) for some integer t ě 2.

We show that GpHq is not minimally edge connected. We denote 0 “ p0, . . . , 0q.

Considering Theorem 1.3.25, all non-identity elements in H have order either two

or four. Moreover, by Proposition 3.1.4, no two elements of order two are adjacent

in GpHq.

We first claim that if w is an element of order two in H, then w is adjacent to

exactly 2t elements of order four in GpHq. Clearly every component of w is either 0

or 2. We construct an element z P H as follows. If the ith component of w is 0, set

ith component of z as 0 or 2, and if the ith component of w is 2, set ith component

of z as 1 or 3. Then w “ 2z and there are 2t such z possible for w.

By following Theorem 4.1.2 and Lemma 4.2.11, we have κ1pGpHqq “ 3. Let z “

p1, 0, . . . , 0q and ε be the edge between 0 and 2z in GpHq. We denote Γε “ GpHq´ε.

Suppose S is a minimum disconnecting set of Γε.

If |S| “ 1, then S Y tεu is a disconnecting set of GpHq. Since κ1pGpHqq “ 3, this

is not possible. Thus |S| ě 2. Now let |S| “ 2 and S “ tε1, ε2u. We showed that
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if w is any element of order two in H, then it is adjacent to at least four vertices of

order four in GpHq. Hence w is adjacent to at least one vertex of order four which

is adjacent to 0 in Γε ´ S. Consequently, w is connected to 0 by a path in Γε ´ S.

We have the following cases for Γε ´ S.

Case 1: All elements of order four are adjacent to 0 in Γε ´ S. Then Γε ´ S is

connected.

Case 2: All except one element, say z1, of order four are adjacent to 0 (in Γε ´ S).

Since z1 has order four, there exists z2 P rz1s, z2 ‰ z1. As |S| “ 2, z1 is adjacent

to z2 or 2z1 in Γε ´ S. If z1 is adjacent to z2, then z1 is connected to 0 (by a path

in Γε ´ S) because z2 is adjacent to 0. Whereas, if z1 is adjacent to 2z1, being an

element of order two, 2z1 is connected to 0. Hence z1 is connected to 0. Since all

other vertices are connected to 0, Γε ´ S is connected.

Case 3: All except two elements, say z1 and z2, of order four are adjacent to 0 (in

Γε ´ S). Then as |S| “ 2, both z1 and z2 are adjacent to 2z1 and 2z2, respectively,

and since 2z1 and 2z2 are of order two, they are connected to 0. Since all other

vertices are connected to 0, Γε ´ S is connected.

From the above cases, we conclude that if |S| “ 2, then Γε ´ S is connected;

a contradiction. So |S| ě 3. Since κ1pGpHqq “ 3, we have |S| “ 3. Consequently,

GpHq and hence GpGq is not minimally edge connected.

Conversely, if G is isomorphic to Z4, then GpGq is complete (cf. Theorem

1.5.7(ii)). Hence GpGq is not minimally edge connected.

Theorem 6.2.20. Let G be an abelian p-group. Then GpGq is minimally edge

connected if and only if G is a cyclic or or exppGq “ p.

Proof. Let GpGq be minimally edge connected. If p ě 3, then it follows from Corol-

lary 6.2.18 that G is a cyclic or exppGq “ p.

Now suppose p “ 2 and G is not cyclic. In view of Theorem 1.3.26, G is

isomorphic to H :“ Zpα1 ˆ Zpα2 ˆ . . . ˆ Zpαt for some positive integers t ě 2 and
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α1 ď α2 ď . . . ď αt. Then considering Remark 1.5.5, GpHq is minimally edge

connected, and it is enough to show that exppHq “ p.

For every 1 ď i ď t, consider zi P H with ith component 1 and all other compo-

nents are 0. Then by Lemma 4.2.11, degHpziq “ pαi for all 1 ď i ď r.

If possible, let αt ą α1. Let ε be an edge with endpoints in rzts and Γε :“

GpHq´ ε. Then degΓεpuq ě degGpHqpuq´1 for all u P rzts and degΓεpvq “ degGpHqpvq

for all v P H ´ rzts. Moreover, by Theorem 4.2.12, we have δpGpHqq “ pα1 . Since

αt ą α1, we get δpGpHqq “ δpΓεq. Since diampΓεq ď 2, in view of Theorem 1.2.22

and Theorem 4.1.2, we have κ1pGpHqq “ κ1pΓεq. This contradicts the fact that GpHq

is minimally edge connected. So we have α1 “ α2 “ . . . “ αt (“ α say).

Now if possible, let α ě 2. Since xz1y is a clique in GpHq, pz1 is adjacent to all

other vertices in xz1y. Consider an element

w “ pa1pα1´1 ` 1, a2pα2´1, . . . , atpαt´1q,

where 0 ď ai ď p ´ 1 for all 1 ď i ď t. We notice that w is adjacent to pz1 “

pp, 0, . . . , 0q, but if ai ‰ 0 for any 2 ď i ď t, then w R xz1y. Thus

degGpHqpgq ą degGpHqpz1q (6.2)

for all g P rpz1s.

We now have the following cases.

Case 1: α ě 3, or α “ 2 and p ě 3. First let α ě 3. By an argument similar to that

of (6.2), we have

degGpHqpp
2z1q ą degGpHqpz1q. (6.3)

So if ε1 is the edge between pz1 and p2z1, then by (6.2) and (6.3), we have δpGpHqq “
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δpGpHq ´ ε1q.

Now let α “ 2 and p ě 3. Then |rpz1s| “ φppq ě 2. Let ε2 be an edge with

endpoints in rpz1s, then by (6.2), we have δpGpHqq “ δpGpHq´ε2q. By an argument

similar to that of ε, we get κ1pGpHqq “ κ1pGpHq ´ εjq for j “ 1, 2. This is again a

contradiction.

Case 2: α “ 2 and p “ 2. Then it follows from Proposition 6.2.19 that GpHq is not

minimally edge connected.

Therefore, we conclude that α “ 1, that is, exppGq “ p. Conversely, if G is cyclic

or exppGq “ p, then by Theorem 1.5.18 and Theorem 6.2.15, GpGq is minimally edge

connected.

Theorem 6.2.21. For any integer n ě 3, GpDnq is not minimally edge connected.

Proof. Since exppDnq “ n, the proof follows from Theorem 4.2.14 and Theorem

6.2.14.

Theorem 6.2.22. For any integer n ě 2, GpQnq is not minimally edge connected.

Proof. In view of Theorem 4.1.2 and Theorem 4.2.15, we note that κ1pGpQnqq “ 3.

First let n ě 3. Suppose ε1 is an edge with endpoints in ras. We denote Γ1 “

GpQnq ´ ε1. Then degΓ1
pgq ě 2n´ 2 ě 4 for all g P ras. Whereas, all other vertices

of Γ1 and GpQnq have same degree. In particular, degΓ1
phq “ degGpQnqphq “ 3 for all

h P Qn ´ xay. In fact, by following the proof of Theorem 4.2.15, we have δpΓ1q “ 3.

Hence, as diampΓ1q “ 2, we have κ1pΓ1q “ 3 (cf. Theorem 1.2.22). We thus conclude

that GpQnq is not minimally edge connected.

Now let n “ 2. Suppose ε2 is the edge incident to e and a2. We denote Γ2 “

GpQ2q ´ ε2. In view of Figure 6.1, δpΓ2q “ 3 and diampΓ2q “ 2. Hence application

Theorem 1.2.22 yields κ1pΓ2q “ 3. Consequently, GpQ2q is not minimally edge

connected.
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6.3 Conclusion

In this chapter, we supplied some necessary and sufficient conditions for power

graphs of finite groups that are minimally vertex (edge) connected. Moreover,

we tested critical connectedness on power graphs of some specific groups. So one

may consider supplying a group theoretic characterization for power graphs of finite

groups that are critically vertex (edge) connected.
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