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Abstract

The power graph of a group G is the graph whose vertex set is G and two distinct
vertices are adjacent if one is a power of the other. In this thesis, a study on
connectedness and spectral properties of power graphs of finite groups is presented.
Several characterizations of minimal separating sets of power graphs of groups in
terms of their quotient power graphs are given, and some minimal separating sets of
power graphs of finite cyclic groups are obtained. Consequently, two upper bounds
of vertex connectivity of power graphs of finite cyclic groups and their actual value
for some orders are determined. Some structural properties of components of power
graphs of p-groups are found and the number of components of that of abelian
p-groups is deduced. Moving forward, it is ascertained that the minimum degree
and the edge connectivity of power graphs of finite groups are equal. Then the
minimum degree of power graphs of finite cyclic groups (for some orders), dihedral
groups, dicyclic groups and abelian p-groups are computed and its equality with
the vertex connectivity of the respective power graphs is characterized. Laplacian
spectra of power graphs of finite cyclic groups, dicyclic groups and p-groups are
investigated. Multiplicity of the Laplacian spectral radius and some bounds of the
algebraic connectivity of these power graphs are supplied. A characterization such
that the power graph of a dicyclic group is Laplacian integral is given. It is shown

that the power graph of any p-group is Laplacian integral. Some characterizations
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vi ABSTRACT

for the equality of vertex connectivity and algebraic connectivity of power graphs
of finite cyclic groups, dicyclic groups and p-groups is supplied. Then critical and
minimal connectivity of power graphs of finite groups are investigated. Certain
characterizations for power graphs that are minimally vertex (edge) connected have

been obtained.
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Introduction

This thesis investigates connectedness, structural and spectral properties of power
graphs of finite groups. The work presented in this thesis lies in the areas of groups,

graphs and matrices.

Graphs associated to groups have a long history. Cayley graphs are first such
notion introduced by Cayley [1878]. Later, various other graphs were constructed
on groups and semigroups, e.g., intersection graphs (cf. [Zelinka, 1975]), commuting

graphs (cf. [Bertram, 1983]) and prime graphs (cf. [Williams, 1981]).

Kelarev and Quinn [2000, 2002] introduced the directed power graph of a semi-
group S as the directed graph a(S) with vertex set S and there is an arc from a
vertex u to another vertex v if v = u® for some positive integer o« € N. Following
this, Chakrabarty et al. [2009] defined (undirected) power graph G(S) of a semigroup
S by ignoring the direction in 6(5 ), that is, with vertex set S and distinct vertices

u and v are adjacent in G(S) if v = u® for some a € N or u = v” for some 3 € N.

Power graph has been the topic of interest of many researchers and there are
notable contributions on it in literature. Chakrabarty et al. [2009] showed that
the power graph of a group is connected if and only if all its elements have finite
order. They further showed that the power graph of a finite group is complete
if and only if the group is trivial or a cyclic group of prime power order. For

an exhaustive collection of results and open problems on power graphs till 2013,

1
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2 INTRODUCTION

one may refer to [Abawajy et al., 2013]. Certain contributions on characterization
of finite groups using their power graphs have drawn the attention of researchers
towards studying various properties of power graphs. For instance, Cameron and
Ghosh [2011] proved that two finite abelian groups with isomorphic power graphs
are isomorphic. Moreover, Cameron [2010] proved that if two finite groups have
isomorphic power graphs, then their directed power graphs are also isomorphic. He
further ascertained that if two finite groups have isomorphic power graphs, then they
have same numbers of elements of each order. In the following result, Mirzargar et al.
[2012] showed that several classes of finite groups can be uniquely determined by
their power graphs. In particular, they proved that if (G; is among a simple group,
cyclic group, symmetric group, dihedral group or generalized quaternion group, and
G is a finite group such that G(G}) is isomorphic to G(Gs), then G is isomorphic
to Go. It was shown by Cameron et al. [2017] that if G is a group such that G(G)
isomorphic to G(Z), then G is isomorphic to Z. Curtin and Pourgholi [2016, 2014]
proved that among the power graphs of all finite groups of a given order, that of
cyclic group has the maximum number of edges and has the largest clique in its
power graph. The proper power graph G*(G) of a group G is obtained by removing
its identity element from G(G). Doostabadi et al. [2015] showed that the proper
power graph of a finite group is regular if and only if the group is cyclic group of
prime power order or its exponent is a prime number. The number of components
and diameter of some proper power graphs were determined in [Bubboloni et al.,
2017a,b] and [Curtin et al., 2015], respectively. The commuting graph of a group
G is the graph whose vertex set is G and two distinct vertices u,v are adjacent
if uv = wvu. Aalipour et al. [2017] characterized the finite groups whose power
graph is same as their commuting graph. In [Ashrafi et al., 2017; Feng et al.,
2016; Hamzeh and Ashrafi, 2017], the automorphism groups of power graphs of
various finite groups were obtained. Ma et al. [2015, 2018] computed the metric

dimension and the strong metric dimension of the power graphs of certain finite
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groups. Laplacian spectra and (adjacency) spectra of power graphs of finite groups
were investigated in [Chattopadhyay and Panigrahi, 2015] and [Mehranian et al.,
2017], respectively. In the literature, some other variants of power graphs have also
been studied, viz., strong power graph [Suresh Singh and Manilal, 2010], reduced
power graph [Rajkumar and Anitha, 2017], Normal subgroup based power graph
[Bhuniya and Bera, 2017] and enhanced power graph [Aalipour et al., 2017].

Chattopadhyay and Panigrahi [2014] investigated the vertex connectivity x(G(Z,))
of Z,. They obtained x(G(Z,)) when n is a prime power. When n is not a prime
power, they gave a lower bound of x(G(Z,,)) and showed that equality holds when n
is a product of two distinct primes. Further, Chattopadhyay and Panigrahi [2015]
supplied upper bounds of k(G(Z,)) when n has two prime factors or n is a product
of three primes. In this thesis, we establish that these upper bounds are in fact
the actual values of k(G(Z,)). Moreover, extending the above result from [Chat-
topadhyay and Panigrahi, 2015], we present two upper bounds of x(G(Z,)) for all

n.

Mirzargar et al. [2012] studied some combinatorial properties of power graphs of
p-groups. Moghaddamfar et al. [2014] presented some group theoretic characteriza-
tions for which the proper power graph of a finite p-group is connected. Doostabadi
et al. [2015] classified the p-groups whose proper power graph is regular. Contribut-
ing to the study power graphs of p-groups further, in this thesis, we present some

structural properties of power graphs of p-groups.

Along with the vertex connectivity x(I"), edge connectivity #'(I") and minimum
degree 0(I") also serve as measures of connectedness of any graph I'. For any finite
simple graph I', the inequality x(I') < #/(I') < 6(I') due to Whitney [1932] is well
known. For power graphs of finite groups, the edge connectivity and minimum
degree are always equal. We compute the minimum degree of power graphs of Z,,,
abelian p-groups, dihedral group D,, and dicyclic group @, in this thesis. We then

characterize the equality of vertex connectivity and minimum degree for these power

TH-1968 136123001



4 INTRODUCTION

graphs.

Chattopadhyay and Panigrahi [2015] studied the Laplacian spectra of power
graphs of Z, and D,. They showed that the Laplacian spectral radius of power
graph of any finite group is its order. Additionally, when the group is cyclic, they
computed its multiplicity. They supplied upper bounds of the algebraic connectivity
of power graph of Z,, for some n and a lower bound for all n. Further, they gave the
algebraic connectivity of the power graph of D,, and obtained the complete Laplacian
spectrum of power graphs of Z,, and D,, for some values of n. In [Chattopadhyay,
2015], the Laplacian spectum of power graph of dicyclic group @, when n is a
power of 2 was computed. Kirkland et al. [2002] obtained a necessary and sufficient
condition for equality of vertex connectivity and algebraic connectivity of graphs
that are non-complete and connected. In this thesis, we study Laplacian spectra
of power graphs of Z,,, @),, and p-groups. In fact, we improve and generalize some
of the above results from [Chattopadhyay, 2015; Chattopadhyay and Panigrahi,
2015]. Further, we characterize the equality of vertex connectivity and algebraic

connectivity of power graphs of certain groups.

Graphs having the property that the deletion of a vertex or an edge decreases
their vertex connectivity or edge connectivity have been objects of interest for re-
searchers. Halin [1969] proved that the minimum degree of a minimally k-vertex
connected graph is k. Lick [1969] gave a necessary condition for a graph to be
critically k-vertex connected in terms of upper bound of its minimum degree. Lick
[1972] further showed that the minimum degree of a minimally k-edge connected
graph is k. For more interesting results on these graph parameters, we can refer
to [Chartrand, 1966; Li et al., 2017; Li, 2008]. In this thesis, we investigate these

parameters for power graphs of finite groups and obtain some characterizations.

In this thesis, the necessary preliminaries and related works are presented in
Chapter 1. Starting with Chapter 2, the contributions of the thesis have been

organized into five chapters as follows:
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Chapter 2: Vertex Connectivity

Chapter 3: p-Groups

Chapter 4: Minimum Degree and Connectivity
Chapter 5: Laplacian Spectrum

Chapter 6: Critical and Minimal Connectivity

Chapter 2. 1In this chapter, we study minimal separating sets and vertex connec-
tivity of power graphs of finite groups. We first recall the notion of a quotient power
graph of a group from [Bubboloni et al., 2017b]. Then we obtain some characteri-
zations of minimal separating sets of power graph of a finite group in terms of its
quotient power graph. We show that x(G(Z,)) = ¢(n) + 1 if and only if n is a
product of two distinct primes (cf. Proposition 2.3.3). We obtain some minimal
separating sets of G(Z,), and consequently supply two upper bounds for its vertex
connectivity (cf. Theorem 2.3.6, 2.3.16). Moreover, we determine values of the ver-
tex connectivity of G(Z,) when n has two prime factors or n is a product of three
distinct primes (cf. Theorem 2.3.20, 2.3.22). Through these, we ascertain that one

of the upper bounds obtained above is sharp.

Chapter 3. 1In this chapter, we study some structural properties of power graphs
of p-groups. We first obtain some properties of components of proper power graphs
of p-groups (cf. Proposition 3.1.2, 3.1.4) . We then find the number of components
of the proper power graph of an abelian p-group (cf. Theorem 3.1.5). Moreover,
we study the structure of power graphs of p-groups (cf. Theorem 3.2.4, Remark
3.2.5) and present the complete structure of power graphs of groups that are direct

product of two cyclic p-groups.

Chapter 4. In this chapter, for power graphs of finite groups, we first ascertain that
the edge connectivity and minimum degree are always equal (cf. Theorem 4.1.2). We

then obtain the minimum degree of power graphs of various finite groups. We derive
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6 INTRODUCTION

some inequalities involving degrees of vertices of G(Z,,) (cf. Proposition 4.2.6), and
apply them to compute the minimum degree of G(Z,,) when n has two prime factors
or n is a product of at most four distinct primes (cf. Theorem 4.2.7). Followed
by this, we determine the minimum degree of power graphs of abelian p-groups,
dihedral groups and dicyclic groups (cf. Theorem 4.2.12, 4.2.14, 4.2.15). For these

groups, we also obtain minimum disconnecting sets of their power graphs.

Further, we investigate the equality of vertex connectivity and minimum degree of
power graphs in this chapter. If GG is a finite group such that the vertex connectivity
and minimum degree of G(G) are equal, then we show that G is of even order (cf.
Theorem 4.3.1). Additionally, when G is cyclic, we find the minimum degree of
G(G) (cf. Theorem 4.3.3). We then present a characterization of the equality of
vertex connectivity and minimum degree of power graph of Z,, (cf. Theorem 4.3.5)
and abelian p-groups (cf. Theorem 4.3.6). Furthermore, we address the equality for

D,, and also for @,, (cf. Theorem 4.3.7).

Chapter 5. In this chapter, we investigate Laplacian spectra of power graphs of Z,,,
@, and p-groups. We first provide alternative and shorter proofs of some existing
results and obtain some results that are useful for our study of Laplacian spectra
of power graphs (cf. Section 5.1). We study the multiplicity of Laplacian spectral
radius of power graphs of the above groups and obtain it completely for @), and
p-groups (cf. Theorem 5.2.2, 5.3.3, 5.4.2). We determine some upper and lower
bounds of algebraic connectivity of power graphs of Z,, and @,, (cf. Theorem 5.2.5,
5.2.6, 5.3.6). We further determine the value of algebraic connectivity of power
graphs of Z, and @,, for some values of n (cf. Theorem 5.2.3, 5.3.7). We show
that the power graph of @), is Laplacian integral if and only if it is generalized
quaternion (cf. Theorem 5.3.7), and that the power graph of a p-group is always
Laplacian integral (cf. Theorem 5.4.8). We supply some characterizations for the

equality of vertex connectivity and algebraic connectivity of power graphs of Z,
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and @, and p-groups (cf. Theorem 5.2.4, 5.3.7, 5.4.3). We express the Laplacian
characteristic polynomial of power graph of (),, as a determinant of sum of Laplacian
matrix of G(Zy,) and a rational matrix (cf. Theorem 5.3.4). As a result, we give
some Laplacian eigenvalues of power graph of (), and find lower bounds for their
multiplicity (cf. Corollary 5.3.5). We determine all possible Laplacian eigenvalues
of power graphs of p-groups and explore their multiplicity (cf. Theorem 5.4.8, 5.4.9,
5.4.9, 5.4.11).

Chapter 6. In this chapter, we first examine whether power graphs of Z,, (for some
values of n), D,, @, and p-groups are critically vertex connected (cf. Subsection
6.1.1) and critically edge connected (cf. Subsection 6.1.2). In fact, we obtain a
necessary condition such that the power graph of a finite group is critically edge
connected (cf. Theorem 6.1.9). Followed by this, we supply some necessary crite-
rion for minimally vertex connected graphs (cf. Theorem 6.2.6). Subsequently, we
characterize the finite groups whose power graphs are minimally vertex connected
(cf. Theorem 6.2.9). Moreover, we characterize the finite groups of odd order such
that their power graphs are minimally edge connected (cf. Theorem 6.2.15, 6.2.16).
We further address the question that whether the power graphs of aforementioned
finite groups are minimally vertex (edge) connected (cf. Section 6.2).

The results presented in Chapters 2 and 3 have been published in Journal of
Algebra and Its Applications (cf. [Panda and Krishna, 2018a]). The results presented
in Chapter 4 have been published in the journal Communications in Algebra (cf.

[Panda and Krishna, 2018b]).

Epilogue. The present thesis studies various connectivity parameters and Laplacian
spectra of power graphs of finite groups. While many general results are presented,
the focus on power graphs of following four finite groups, viz., finite cyclic group,
dihedral group, dicyclic group and p-group. This thesis shows the scope for further

research on various aspects of power graphs under consideration. Some details on
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8 INTRODUCTION

this has been presented with a concluding section at the end of each contributory

chapter.
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Preliminaries and Related Works

In this chapter, we recall various definitions and results from the literature that
are necessary for the thesis. We first present fundamentals of graphs and groups
in Section 1.2 and Section 1.3, respectively. The Laplacian spectrum of a graph
and some useful results are stated in Section 1.4. Section 1.5 is devoted to the
notion of power graph of a group. Along with the definitions, we also recall certain
fundamental results on power graphs. Moreover, this chapter also reviews various
results on connectivity and Laplacian spectra of power graphs. This chapter also
fixes various notations used in the thesis. A more detailed review of further results

from the literature that are relevant to specific chapters, is shelved for later.
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10 PRELIMINARIES AND RELATED WORKS

1.1 Numbers and sets

In this section, we state some fundamental notions on numbers and sets that are

useful for the thesis.
Notation 1.1.1. In this thesis,

(i) N is the set of positive integers;
(ii) n always denotes a positive integer;

(iii) p always denotes a prime number.

Definition 1.1.2. The number of positive integers that do not exceed n and are

relatively prime to n is denoted by ¢(n) and is known as Euler’s phi function.

The following formula of ¢(n) can be found in any standard text on number
theory, for example, see [Burton, 2006].

Theorem 1.1.3. If an integer n > 1 has the prime factorization p{'ps? ...po", then

T

o) = | [ = v = ”Hl (1 B pl)

i=1
Notation 1.1.4. For any set A (finite or infinite), its number of elements are de-

noted by |A|.

Definition 1.1.5. An irreflexive and transitive binary relation < on a set A is called
well-founded if for every non-empty subset B of A, there exists b € B such that there

iIsnoa€ B with a < b.

Remark 1.1.6. For any n € N, usual < relation on the subset {1,2,...,n} of N is

well-founded.
The following theorem is known as principle of well-founded induction.

Theorem 1.1.7 ([Jech, 2003]). Let < be a well-founded relation on a set A and let
P be a property defined on elements of A. Then P holds for all elements of A if and
only if the following holds:

given any a € A, if P hold for all be A with b < a, then P holds for a.

TH-1968 136123001



1.2 GRAPHS 11

1.2 Graphs

This section deals with basic concepts of graphs and can be found in any standard

text on graph theory, for example, see [Bondy and Murty, 2008; West, 2001].

Definition 1.2.1. A graph T is an ordered pair (V(I'), E(T")) of sets together with
a function which assigns each element of E(I") an unordered pair of elements (not
necessarily distinct) of V(I'). An element of V(I) is called a vertez and that of E(T)

is called an edge.
In this thesis, I' (with or without subscript) denotes a graph.

Definition 1.2.2. Two vertices v and v are adjacent if they are assigned to the

same edge €. Additionally, in this case, u and v are called the endpoints of ¢.

Definition 1.2.3. If a vertex v is an endpoint of an edge ¢, then v is said to be

incident to € and vice versa.

Remark 1.2.4. Graphs are depicted graphically as a dot for each vertex, a line or
a curve for an edge; and dots representing vertices v and v are joined by a line or a

curve representing an edge ¢ if u and v are assigned to € in the graph.

Definition 1.2.5. A graph I'y is called a subgraph of ' if V(I';) < V(I') and
E(T) € E(T'), and if vertices u,v are assigned to an edge ¢ in I'1, then they are

assigned to ¢ in T'.

Definition 1.2.6. A loop is an edge whose endpoints are equal. Multiple edges
are edges having the same endpoints. A simple graph is a graph with no loops or
multiple edges. In a simple graph an edge can be viewed as just an unordered pair

of vertices.

Notation 1.2.7. For a simple graph I', its complement T is the simple graph whose

vertex set is V(I') and edges are the pairs of non-adjacent vertices of T

TH-1968 136123001



12 PRELIMINARIES AND RELATED WORKS

Definition 1.2.8.

(i) A graph with no vertices (and hence no edges) is called a null graph, whereas,

a graph with at least one vertex is called a non-null graph.
(ii) A graph with one vertex and no edges is called a trivial graph.
(iii) A complete graph is a simple graph in which every pair vertices are adjacent.
(iv) A is a graph having both finite vertex set and finite edge set.

Notation 1.2.9. The subgraph of " obtained by deleting a set U of vertices (along
with the incident edges) is denoted by I'=U. For u € V(I"), I' — {u} is simply written
as [' — u. In fact, for any arbitrary set A with an element x, we write A — = instead

of A— {z}.

Definition 1.2.10. For A < V/(I'), the graph I' — A, where A = V(T') — A4, is called
the subgraph of I' induced by A. A subgraph induced by some vertex set is called

an induced subgraph.

Definition 1.2.11. A path in a graph is sequence of distinct vertices such that two
vertices are adjacent if they are consecutive in the sequence. If P is a path with
the sequence vy, vy, ..., v, of vertices, then P is called a vy, v,-path. Here, we also

simply say that vy and v,, are connected by a path or simply connected.

Definition 1.2.12. A graph is said to be connected if every pair of distinct vertices
are connected by a path; otherwise, it is disconnected. A component of T' is a

maximal connected subgraph of T'.

Definition 1.2.13. A separating set of I is a set of vertices whose deletion increases
the number of components of I'. A separating set is minimal if none of its proper
subsets is a separating set of I'. A separating set of I' with least cardinality is called

a minimum separating set of .
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1.2 GRAPHS 13

Definition 1.2.14. The vertex connectivity of a graph I', denoted by x(I), is the
minimum number of vertices whose deletion results in a disconnected or trivial

graph.

Definition 1.2.15. A disconnecting set of I' is a set of edges whose deletion increases
the number of components of I'. A disconnecting set is minimal if none of its proper
subsets is a disconnecting set of I'. A disconnecting set of I' with least cardinality

is called a minimum disconnecting set of I'.

Definition 1.2.16. The edge connectivity of I', denoted by «'(T"), is the minimum

number of edges whose deletion results in a disconnected or trivial graph.

Remark 1.2.17. The vertex connectivity and edge connectivity of a disconnected

graph or the trivial graph are always 0.

Definition 1.2.18. A cut-vertex of I is a vertex v such that {v} is a separating set

I'. Analogously, cut-edge can also be defined.

Definition 1.2.19. The degree of vertex v in I', denoted by degp(v) or simply
deg(v), is the number of edges incident with v and with each loop counted as two
edges. The minimum degree of I', that is the minimum of degrees of all vertices of

I, is denoted by d(I').

Definition 1.2.20. The length of a path is its number of edges. The distance
between pair of distinct vertices u, v is the least length of a u, v-path. The diameter

of a graph is the maximum of distance between every pair of distinct vertices.

Having defined the above graph parameters, we now state the relation between

them.

Theorem 1.2.21 ([Whitney, 1932]). For any finite simple graph T', x(I') < &/(I") <
o).
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14 PRELIMINARIES AND RELATED WORKS

Theorem 1.2.22 ([Plesnik, 1975]). IfI" is a graph with diam(I") < 2, then x/'(I") =
o(I).

Definition 1.2.23. A graph is called k-regular if all vertices have degree k. A

reqular graph is a graph which is k-regular for some k.

Definition 1.2.24. The neighbourhood Nr(v) of a vertex v in I is the set of vertices
which are adjacent to v. Extending this to a vertex set A of I', we define the
neighbourhood of A in I as Np(A) = (J,c4 N(v) — A. When the context involves

just one graph, we omit the graph subscripts.

Notation 1.2.25. For A, B < V(I'), the set of all edges having one end in A and
the other in B is denoted by E[A, B]. If A = {v}, we write E|v, B] instead of
E[A, B].

Definition 1.2.26. Given two simple graphs I'y and I's, an isomorphism v from I'y
to I'y is a bijection from V(I'y) to V(I'y) such that u and v are adjacent in I'; if and
only if ¢(u) and 1 (v) are adjacent in I's.

When there is an isomorphism from I'; to I'y, we say that I'y and I’y are isomor-

phic and write I'y =~ I's.
Remark 1.2.27. The isomorphism of graphs is an equivalence relation.

Remark 1.2.28. If two graphs are isomorphic, then they share same graph prop-
erties and only can differ by the labels of their vertices and edges. So, sometimes
we may omit labels of graphs and refer any member of an equivalence class of iso-
morphic graphs by one chosen representative of the class. Up to isomorphism, the

complete graph on n vertices is denoted as /.
Definition 1.2.29. Let I'y and I'y be two simple graphs.

(i) The union of I'; and I'y, denoted by I'y Ty, is the graph with vertex set V(I';)u
V(I2) and edge set E(I'1) u E(I's). Evidently, union of graphs is associative,

so that union of any finite number of graphs can be defined accordingly.
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(ii) If 'y and I'y are disjoint (i.e., they have no common vertices), we refer to their
union as disjoint union, and denote it by I'y + I's. For pairwise disjoint graphs

I'1, Ty, ..., T, we denote their union by >;;_T'.

(iii) If T’y and I’y are disjoint, their join I’y v I'y is the graph obtained by taking
I’y + I’y and adding all edges with one endpoint in V(I'y) and the other in
V([y).

Notation 1.2.30. For any graph I', upto isomorphism, rI" denotes the graph ob-

tained by taking disjoint union of r copies of I'.

1.3 Groups

Relevant fundamentals of groups are recalled in this section. One may refer to
[Coxeter and Moser, 1980; Dummit and Foote, 2004; Gallian, 2013] for the material

covered in this section.

Definition 1.3.1. A pair consisting of a set GG along with a binary operation, that

assigns g, h € G an element gh of G, is called a group if it satisfies the following:
(i) (gh)k = g(hk) for all g, h, k € G.
(i) there exists e € G such that eg = ge = g for all g € G.
1

(iii) for each g € G, there exists g~' € G such that gg~! = g7 g = e.

Moreover, if gh = hg for all g, h € G, then it is called an abelian group. The element
e in the definition of group is called the identity element of G.

Notation 1.3.2. In this thesis, G denotes a group and e denotes the identity element
of G.

Definition 1.3.3. A subset H of (G is said to be a subgroup of G if H is itself a

group under the binary operation of G.
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Notation 1.3.4. For any A < GG, we denote A* = A —e.

Definition 1.3.5. For g € G, the set {g) consists of powers of g, viz. ¢° = e,
g* =gg...g (k times) for k > 0, and ¢g* = (¢g7)* for k < 0. If G = {g), then G is

called the cyclic group generated by g and g is called a genarator of G.

Definition 1.3.6. For any g € G, the set {g) = {¢* : k € Z} is a subgroup of G and
is called the cyclic subgroup generated by g. A group G is cyclic if G = {g) for some
ge .

Definition 1.3.7. The order of a group G is its number of elements. The order of

an element g in G, denoted by o(g), is defined by o(g) = [{g)|.

Definition 1.3.8. A finite group is a group of finite order. A p-group is a finite

group whose order is power of p.

Definition 1.3.9. The exponent of any finite group G, denoted by exp(G), is the

least common multiple of orders of all its elements.

Definition 1.3.10. An abelian group G having exponent p is called an elementary

abelian group or more specifically elementary abelian p-group.

Notation 1.3.11. Let n € N. The additive group of integers modulo n is denoted
by Z, ={0,1,...,n —1}.

Definition 1.3.12. For @,b € Z,,, we write @|b and say that b is a multiple of @, if

there exists an integer ¢ such that b = ca.

Definition 1.3.13. For any integer n > 3, the dihedral group D, is a finite group

of order 2n having presentation

D, = <a, b|la"=b*=e,ab= ba_1>, (1.1)

where e is the identity element of D,,.
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Remark 1.3.14. The group D, satisfies the following properties.
(i) For any 0 < i < n, (a'b)? = e, so that {a'b) = {e,a’'b}.
n—1
(ii) D, =<{ayu | (a'b).
i=0
(iii) {a) n{a'by = {e} forall 0 <i < n — 1.

Definition 1.3.15. For any integer n > 2, the dicyclic group @, is a finite group

of order 4n having presentation
Qn = <a,b | a®" = e,a" = b*, ab = ba_1>, (1.2)

where e is the identity element of @),. When n is a power of 2, @), is called a

generalized quaternion group of order 4n.
Remark 1.3.16. The group @),, satisfies the following properties.
(i) (a'b)®> =a" forall 0 <i<2n—1.

(i) For any 0 < i < n — 1, (a'b)® = a"a'b = a"*'b and (a"*'b)® = a"a"*'b = a'b.

Hence (a'by = {(a""b) = {e,a'b,a™, a™"'b} for all 0 < i <n — 1.
(iii) Any element of @, — {a) can be written as a’b for some 0 < i < 2n — 1.
) n—1
(iv) @n = (@) U (@'b).
(v) {ay n<{a'by = {e,a"} for all 0 < i < 2n — 1.

Definition 1.3.17. A map ¢ from a group G; to a group Gj is called a isomorphism
from G, to G if it is a bijection and satisfies ¥(gh) = ¥(g)y(h) for all g,h € Gy.
Moreover, G; and (G5 are said to be isomorphic and written GG; =~ (o, if there is an

isomorphism from G4 to Gb.
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Definition 1.3.18. The direct product G; x Gy x ... x G, of groups Gy, G, ..., G,
is the set of n-tuples with k™ component is an element of G} (1 < k < r) and

operation defined component-wise.

Definition 1.3.19. We define an equivalence relation ~ on G by g ~ h if (g) = (h)
for g, h € G. An equivalence class under ~ is referred to as a ~-class and the ~-class

of any g € G is denoted by [g].

We now recall some standard results on group theory that are relevant for the
thesis. Though these results can be found in any standard book on group theory,

we will particularly refer to [Gallian, 2013].

Theorem 1.3.20. Any finite cyclic group of order n € N is isomorphic to Z,,.
Theorem 1.3.21. For any element g of infinite order in G, |[g]| = 2.

Theorem 1.3.22. Let a be an element of order n in a group and let k be a positive

integer. Then (a¥) = (at9®™) and o(a*) = m

The following corollary, which is consequence of Theorem 1.3.22, identifies all

the generators in a cyclic subgroup.

Corollary 1.3.23. For any g € G of finite order, {g) = {g*) if and only if gcd(k,0(g)) =

1. Consequently, |[g]| = ¢#(o(g)).

Theorem 1.3.24. If d is a positive divisor of n, the number of elements of order d

in a cyclic group of order n is ¢(d).

The next theorem shows that the order of an element in a direct product of

groups can be obtained in terms of the orders of its components.

Theorem 1.3.25. For finite groups G1,Gs, ..., G, and g€ G1 x Gy x ... x G,

o(g) = lem(o(g1),0(g2), - - -,0(gr)),

where g = (91,92, e 797")'
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The following theorem, which is known as the fundamental theorem of finite

abelian groups, describes any abelian group in terms of cyclic groups.

Theorem 1.3.26. Fvery finite abelian group is a direct product of cyclic groups of
prime power order. Moreover, the number of groups in the product and the orders

of the cyclic groups are uniquely determined by the group.

Remark 1.3.27. If a group G has exponent 2, it can be observed that G is abelian.
Hence by Theorem 1.3.26, GG is a direct product of finite copies of Z,, i.e., G is an

elementary abelian 2-group.

1.4 Laplacian spectra

The Laplacian spectrum of a graph plays important role in studying the structure
of graph. In this section, the definition of Laplacian spectrum of a graph along with
some of its properties are recalled from the literature.

For the rest of the thesis, by graph we mean a simple graph. Moreover, in this

section, we consider only finite graph.

Definition 1.4.1. For a graph I" with ordered vertex set {vy, va, ..., v,}, the Lapla-
cian matriz L(T) of T is defined as L(T") = D(I") — A(T"), where D(T") is the diagonal
matrix whose (7,7)th entry is the degree of v; and A(I") is the adjacency matrixz of

I' whose (4, j)th entry is 1 if v; is adjacent to v; and 0 otherwise.

Definition 1.4.2. For a graph I', the characteristic polynomial det(z/ — L(I")) of
L(T") is denoted by O(I", z) and called the Laplacian characteristic polynomial of T'.

If I is a null graph, for both convenience and consistency, we write O(I", z) = 1.

Lemma 1.4.3 ([Cvetkovié et al., 2010; Mohar, 1991]). For any graph T, the matriz

L(T") have the following fundamental properties.

(i) L(T) is symmetric, positive semidefinite, so that its eigenvalues are real and

non-negative.
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(ii) The sum of each row (column) of L(T') is zero, so that it is singular and

consequently, its smallest eigenvalue is 0.

Definition 1.4.4. The eigenvalues of L(I") are called the Laplacian eigenvalues of
I' and are denoted as A\;(I') = X\y(I") = ... = A\, (') = 0 arranged in non-increasing
order. The Laplacian spectrum of I" consists of the Laplacian eigenvalues of I" along
with their multiplicities. If A, ([') > A, (I') > ... > A, (I') = 0 are the distinct
Laplacian eigenvalues of I' with multiplicities mq, ms, ..., m,, respectively, then the

Laplacian spectrum of I' is presented as

)‘m(r) /\nz(r) )\nr(F)

Theorem 1.4.5 ([Fiedler, 1973]). For any graph I', A\,—1(I') > 0 if and only if I is

connected.
Due to above result, Fiedler [1973] gave the following definition.

Definition 1.4.6. The Laplacian eigenvalue A,_;(I") is called the algebraic connec-

tivity of I'.

Definition 1.4.7. The largest Laplacian eigenvalue \;(I") is called Laplacian spec-

tral radius of .

Definition 1.4.8. A graph is Laplacian integral if its Laplacian spectrum consists

of integers.

We now review some necessary results on Laplacian eigenvalues of a graph from

the literature.

Theorem 1.4.9 ([Cvetkovié et al., 2010]). For any graph T, the multiplicity of 0 as

an eigenvalue of L(T") is equal to the number of components of .

TH-1968 136123001



1.5 POWER GRAPHS 21

Theorem 1.4.10 ([Mohar, 1991]). For a graph T' on n vertices, A, (T) = 0, and
Ak (f) =n—A\_k([) for1 <k <n-—1.

Theorem 1.4.11 ([Fiedler, 1973]). For any graph I, A\;(I') = max A\ (I';), where

1<isr

I'y,..., I, are the components of T'.

Theorem 1.4.12 ([Mohar, 1991]). If T is a graph on n vertices, then A\ (T") < n.

Equality holds if and only if T is not connected.

The following inequalities due Fiedler [1973] are essential for our study of alge-

braic connectivity of power graphs in Section 5.
Theorem 1.4.13. For any non-complete graph I' on n vertices, A,—1(I') < &(T').

Theorem 1.4.14. For any graph I' on n vertices, \,—1(I') = 2 (1 — €os E) k().
n

Theorem 1.4.13 due to Fiedler raises the question that for which graphs the
vertex connectivity and algebraic connectivity are equal. In the following theorem,

Kirkland et al. [2002] provides a characterization those graphs.

Theorem 1.4.15. Let I' be a non-complete, connected graph on n vertices. Then
K(I') = \a_1(T) if and only if T can be written as 'y v I's, where 'y is a disconnected
graph on n — k(T') wvertices and T's is a graph on k(') wvertices with \,_1(I's) =

2k(T") — n.

They also found the following necessary condition, which is essentially a conse-

quence of Theorem 1.4.15.

Lemma 1.4.16. For any connected graph I' on n vertices, if T' is connected, then

H(F) # )\n—l (F) .

1.5 Power graphs

In this section, we first present the fundamentals of power graph of a group. We

then review some necessary results and previous works from the literature.

TH-1968 136123001



22 PRELIMINARIES AND RELATED WORKS

Definition 1.5.1. The power graph G(G) of a group G is a graph with vertex set
G and distinct vertices v and v are adjacent if v = u® for some o € N or v = v” for

some 3 € N.

Example 1.5.2. Consider the power graph of Zs. As 6a = 0 for all @ € Zg, 0 is
adjacent to all other vertices. Since 1 and 5 are generators, they are adjacent to all
other vertices. Neither 2 is a multiple of 3 nor 3 is a multiple of 2, so they are not
adjacent. The same goes for 3 and 4 as well. The graph G(Zg) is depicted in Figure
1.1.

Remark 1.5.3. Since an element g of a group G is also a vertex of G(G), depending

upon the context, we may refer g as an element or as a vertex.
The next remarks follows directly from the definition of power graphs.
Remark 1.5.4. For any finite group G, e is adjacent to all other vertices in G(G).

Remark 1.5.5. If two finite groups are isomorphic, their corresponding power

graphs are isomorphic.

Remark 1.5.6. In view of Remark 1.5.5 and since any cyclic group of order n is
isomorphic to Z,,, instead of studing the graph theoretic properties of power graph
of an arbitrary finite cyclic group of order n, we study it for Z,,.

Theorem 1.5.7 ([Chakrabarty et al., 2009]). Let G be a finite group.

(i) The power graph G(G) is connected.

(ii) The power graph G(G) is complete if and only if G is a cyclic group of order 1

or p®, for some prime p and o € N.
(i) If H is a subgroup of G, then G(H) is an induced subgraph of G(G).

Notation 1.5.8. For A € G, the subgraph of G(G) induced by A is denoted by

Ga(A). However, when there is only one group in question, we simply write G(A).
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[&x1]
=

0
FIGURE 1.1: G(Zg)

Remark 1.5.9. For any A € G, G(G — A) = G(G) — A.

Definition 1.5.10. The proper power graph G*(G) of a group G is obtained by

removing its identity element from G(G).

Remark 1.5.11. Let G be a finite group and I' be a connected subgraph of G(G)
having the identity element e of G as one of its vertices. Then, as e is adjacent to

all other vertices in T, k(I' — e) = w(T") — 1.

Remark 1.5.12. For any g € G, G([g]) is a complete subgraph of G(G). In partic-
ular, if o(g) = n, then G([g]) = K4

Notation 1.5.13. For n € N, let §(Z,,) consist of the identity element and gen-
erators of Z,, i.e., S(Z,) = {aeZ,:1<a<mn,ged(a,n) =1} u {0}. We write
Z, =27,—8(Z,) and G'(Z,)) = G(Z,) — S(Z,)). Note that with the above notations,
V(G'(Z4)) = Z,,.

Remark 1.5.14. For any n € N, each element of S(Z,,) is adjacent to every other
element of G(Z,).

In particular, we have the following remark.
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Remark 1.5.15. For ne N, §(Z,) = Ky)+1-

The following results gives some structural properties and connectedness of power

graphs of p-groups.

Theorem 1.5.16 ([Mirzargar et al., 2012]). For any p-group G, G(G) = K, vnK, 4
for some n if and only if exp(G) = p.

Theorem 1.5.17 ([Moghaddamfar et al., 2014]). Let G be a p-group. Then G*(G)

s connected if and only if G is cyclic or generalized quaternion.

Theorem 1.5.18 ([Doostabadi et al., 2015]). Let G be a finite group. Then G*(G)
is reqular if and only if G is cyclic p-group or exp(G) = p.

We now review the existing results on vertex connectivity of power graphs of
finite groups from [Chattopadhyay and Panigrahi, 2014, 2015]. We begin with power
graphs of finite cyclic groups.

Theorem 1.5.19. Let n be a positive integer.
(i) k(G(Z,)) =n—1 whenn =1 or p* for some prime p and positive integer c.

(i) k(G(Z,)) = ¢(n) + 1 when n is not a prime power. The equality holds for

n = pq where p,q are distinct primes.
Theorem 1.5.20. Let n be a positive integer.

(i) If n = p}'p3? for some primes p1, pa, and aq,as € N, then kK(G(Z,)) < ¢(n) +

a1—1 _as—1

b1 P2
(i) If n = p1paps for some primes py < pa < ps, then k(G(Z,)) < ¢(n)+p1+p2—1.
The next two theorems give vertex connectivity of power graphs of D,, and @),,.

Theorem 1.5.21. For any integer n = 3, e is a cut-vertex of G(D,,). Consequently,

k(G(D,)) = 1.
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Theorem 1.5.22. For any integer n = 2, k(G(Q,)) = 2. In fact, {e,a"} is mini-

mum separating set of G(Q,).

Chattopadhyay and Panigrahi [2015] obtained many interesting results the Lapla-
cian spectrum of power graphs finite groups. We next recall some of them. In fact,
in Chapter 5, we extend and generalize some of these results.

The following theorem ascertains that the Laplacian spectral radius of power

graph of any finite group is its order.
Theorem 1.5.23. For any finite group G of order n = 2, \1(G(G)) = n.

Theorem 1.5.24. For each non-prime integer n > 3, the multiplicity of n as a

Laplacian eigenvalue of G(Z,,) is at least ¢p(n) + 1.

Chattopadhyay and Panigrahi [2015] obtained the following result upper bounds
of algebraic connectivity of power graphs some finite cyclic groups as a consequence

of Theorem 1.5.20.
Corollary 1.5.25. Let G be a finite cyclic group of order n.
(i) If n = p{'ps? for some primes pi,ps, and ag,as € N, then N\, 1(G(G)) <
¢(n) +pi* e

(ii) If n = p1paps for some primes py < py < p3, then \,—1(G(G)) < ¢(n) + p1 +
p2 — 1.

Theorem 1.5.26. If n is a positive integer having more than one prime factors,

then G'(Z,,) is connected.

In the following theorem, Chattopadhyay and Panigrahi [2015] supplied a strict

lower bound of algebraic connectivity G(Z,,).

Theorem 1.5.27. For every integer n = 2, the algebraic connectivity \,—1(G(Z,))
of G(Z,,) satisfies the inequality A\,—1(G(Z,)) = ¢(n)+1. Equality holds if n is either

a prime or product of two distinct primes.
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The following result is in fact a consequence of Theorem 1.5.7(ii).

Theorem 1.5.28. If n is a prime power, then the Laplacian spectrum of G(Z,,) is
0 n

1 n—1

given by
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Vertex Connectivity

In this chapter, we study minimal separating sets and vertex connectivity of power
graphs of finite groups. In Section 2.1, we first recall some existing notions and then
obtain some results on quotient of a graph and in particular, on quotient power
graph. In Section 2.2, we characterize the minimal separating sets of power graph
of a finite group in terms of its quotient power graph. In Section 2.3, we obtain
some minimal separating sets of G(Z,,) and provide two upper bounds for its vertex
connectivity. Followed by this, we make a comparison of these bounds. Then we
determine the values of vertex connectivity of G(Z,) when n has two prime factors

or n is a product of three distinct primes.

27

TH-1968 136123001



28 VERTEX CONNECTIVITY

2.1 Quotient graphs

To study the number of components of a graph, Bubboloni [2017] considered the
notion of quotient graphs. Subsequently, Bubboloni et al. [2017b] computed the
number of components of proper power graphs of some finite groups. In this section,
we first recall some of these results and then obtain some new results that are useful
for our study of connectivity of power graphs.

In this chapter, G’ denotes a group with identity element e.

Definition 2.1.1. Let p be an equivalence relation on a set A. The equivalence
class of any = € A under p is called a g-class and denoted by x/p. For any B € A,
we write B/o = {x/o: x € B}.

The following remark follows directly from Definition 2.1.1.

Remark 2.1.2. Let A be a set and B < A. Let o be an equivalence relation on A

and p; be the restriction of o to A— B. Then the following statements are equivalent.
(i) AJo—Bfo=(A—B)/a.
(ii) B is a union of p-classes.

(i) /o =x/o; for all z € A — B.

Definition 2.1.3. Let I' be a graph with an equivalence relation ¢ on V' (I'). The
quotient graph of T' with respect to o, denoted by I'/p, is the graph with the set
of all p-classes of V(I') as the vertex set and two distinct g-classes C and Cy are

adjacent if there exist x; € C'y and x5 € C5 such that x; and x5 are adjacent in I'.

Definition 2.1.4. An equivalence relation g on V(I') is called tame if for every pair
z,y € V(I'), x oy implies they belong to same component of I'. If p is tame, then
['/o is called a tame quotient graph.

The following result due to Bubboloni [2017] shows that connectedness is pre-

served between a graph and its quotient graph under a tame equivalence relation.
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Theorem 2.1.5 ([Bubboloni, 2017]). Let I' be a graph and o be a tame equivalence
relation on V(I'). Then I is connected if and only if I'/o is connected.

Lemma 2.1.6. Let I' be a graph with an equivalence relation o on V(I'). Let A <
V(I') and o1 be the restriction of o to V(I') — A. ThenT'/Jo— AJo = (I' — A)/o1 if

and only if A is a union of o-classes.

Proof. From Remark 2.1.2, V(I') /o — A/o = V(I' — A)/o; if and only if and A is a
union of g-classes. Moreover, C, Cy are adjacent in (I' — A) /g if and only if Cy, Cy
are adjacent in I'/o— A/p. Hence the graphs I'/p— A/p and (I'— A)/0; are equal. [

Now we focus on quotient graph of a power graph. As already defined in Section

1.3, we write g ~ h if (g) = (h) for all g,h € G. Further, g/~ = [¢g] for any g € G.

Notation 2.1.7. For any A € G, we denote [A] = A/~. The restriction of ~ to
any A € G is denoted by ~ with a subscript, say ~;. Accordingly, the ~;-class of
any g € A is denoted by [g]; and for any B < A, [B]; = {[g]; : g € B}.

Definition 2.1.8. The quotient graph G(G)/~ of G(G) is called the quotient power
graph of G and is denoted by G (G). More generally, for any A < G, gG(A) or simply

~

G(A) denotes the quotient graph G(A)/~1, where ~; is the restriction of ~ to A.
Remark 2.1.9. For any g € G, G([g]) is a complete subgraph of G(G).

Bubboloni et al. [2017b] observed that G(G) is tame. In fact, more generally the

following holds.
Remark 2.1.10. The quotient graph G (A) is tame for any A < G.

As we will see in the next result, adjacency is preserved when passing from the

power graph of a group to its quotient power graph.

Lemma 2.1.11 ([Bubboloni et al., 2017b]). Let g,h € G and g # h. Then [g] and
[h] are adjacent in Q~(G) if and only if g and h are adjacent in G(G).
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Remark 2.1.12. Lemma 2.1.11 holds even when G is replaced by any A < G.

If g is adjacent to h, then by definition of quotient power graph, [g] is adjacent
to [h]. Moreover, for any ¢; € [g] and hy € [h], we have [g1] = [g] and [h{] = [R],
so it follows from Lemma 2.1.11 that g; is adjacent to h;. Therefore, Lemma 2.1.11

can be restated as the following remark.

Remark 2.1.13. Let g,h € G and g # h. Then in G(G), each element of [g] is

adjacent to every element of [h] if and only if ¢ is adjacent to h.

2.2 Minimal separating sets

In this section, we use the concept quotient power graph as a tool to characterize
some properties of minimal separating sets of power graphs of finite groups. We

then find some separating sets of power graphs.

Theorem 2.2.1. Let T'< G be a union of ~-classes. Then T is a separating set of

G(G) if and only if [T] is a separating set of G(G).

Proof. By Remark 2.1.10, G(G — T) is tame. Thus by Lemma 2.1.5, G(G) — T is
disconnected if and only if G (G —T) is disconnected. Whereas, by Lemma 2.1.6,

~ ~

G(G—T)=G(G)— [T]. Hence the proof follows. O

Theorem 2.2.2. If T is a minimal separating set of G(G), then T is a union of

~-classes.

Proof. 1f possible, let T" be not a union of ~-classes. Then there exists g € T and
h € G — T such that g ~ h. Since T is a minimal separating set of G(G) and
G(G —T) is tame, it follows from Lemma 2.1.5 that G(G — T') is disconnected and
G(G — (T — g)) is connected.

Let ~1, ~9 be the restrictions of ~ to G — T and G — (T — g), respectively. We
define the map ¢ : [G —T]; — |G — (T — g)]2 by ¥([z]1) = [z]2. Then it follows
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from Remark 2.1.12 that ¢ is an isomorphism from G(G — T) to G(G — (T — g)).

This is a contradiction. So T is a union of ~-classes. O]

The following theorem shows that the converse of Theorem 2.2.2 holds when [T]

is also a minimal separating set of G(G).

Theorem 2.2.3. For T < G, T is a minimal separating set of G(G) if and only if

[T is a minimal separating set of G(G) and T is a union of ~-classes.

Proof. Let T be a minimal separating set of G(G). Then by Theorem 2.2.1, [T] is
a separating set of G (G) and by Theorem 2.2.2, T" is a union of ~-classes.

Let g € T. Since T —[g] is a union of ~-classes, it follows from Lemma 2.1.6 that
G(G) [T~ [g]] = G(G — (T — [g])). Thus, using the fact that [T —[g]] = [T] - [g],
we get G(G) — ([T] = [g]) = G(G — (T — [g])). Since T is a minimal separating set
of G(G), by Lemma 2.1.5, G(G — (T — [g])) is connected. So G(G) — ([T] — [g]) is
also connected. As a result, [T] is a minimal separating set of G(G).

To prove the converse, let [T7] be a minimal separating set of G(G) and T be a
union of ~-classes. Then by Theorem 2.2.1, T' is a separating set of G(G).

Let h € T. Since T — [h] is also a union of ~-classes, by Lemma 2.1.6, G(G) —
[T — [h]] = G(G — (T — [h])). Moreover, as [T — [h]] = [T] — [h], we have

G(G) = (IT] = [h]) = G(G — (T — [A]). (2.1)

Let 1, &~ be the restrictions of ~ to G — (T —[h]) and G — (T'— h), respectively.
We define the map 0 : [G — (T = [h])]s — [G — (T — h)]2 by 6([x]1) = [z]2. Then
it follows from Remark 2.1.12 that 6 is a isomorphism from G(G — (T — [h])) to
G(G — (T — h)). From this and (2.1), we get

G(G) = (IT] - [A]) = G(G — (T — h)). (2:2)

Now, [T'] being minimal, G(G)— ([T]—[h]) is connected. Consequently, by (2.2),
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~

G(G—(T—h)) is also connected. Then by Lemma 2.1.5, G(G)— (T —h) is connected.

Hence T is a minimal separating set of G(G). ]

Theorem 2.2.4. Let T be a separating set of G(G). Then T is a minimal separating
set of G(G) if and only if [T is a minimal separating set of G(G).

Proof. If T is a minimal separating set of G(G), then it follows from Theorem 2.2.3
that [T is also a minimal separating set of G(G).

To prove the converse, let [T'] be a minimal separating set of G(G). Since T is a
separating set of G(G), there exists S € T such that S is a minimal separating set of
G(G). Then again by Theorem 2.2.3, [S] is a minimal separating set of G(G) and S
is a union of ~-classes. So, if S # T, then there exists g € T such that [g] n S = .
This in turn implies that [S] < [T'], contradicting the minimality of [T]. Hence
S =T and the proof follows. O

Notation 2.2.5. For the rest of the section, for g € G, Ng()(g) and Ng)([g]) (cf.
Definition 1.2.24) are denoted simply by N(g) and N([g]), respectively. Moreover,
N ([g]) is denoted by N([g]).

The following remark is a consequence of Remark 2.1.13.

Remark 2.2.6. If g € G, then for any y € [g], N([g]) = N(y) — [¢g]. Moreover,
N(g) = N(lgD) v (Ig] = 9)-

Lemma 2.2.7. For g € G, the following statements are equivalent.
(i) N(g) is a separating set of G(G).
(ii) N([g]) is a separating set of G(G).

(iii) N([g]) is a separating set of G(G).

(iv) There exists y € G such that g is not adjacent to y.
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Proof. Observe that G(G) — N(g) is disconnected if and only if there exists y € G
such that g is not adjacent to y. Hence (i) and (iv) are equivalent. Since [N([g])] =
N([g]), by Theorem 2.2.1, (i) and (iii) are equivalent.

We now prove that (iii) and (iv) are equivalent. The quotient graph G(G)—N([g])
is disconnected if and only if there exists [y] € [G] such that [g] is not adjacent to

[y]. So the proof follows from Lemma 2.1.11. O

Remark 2.2.8. Let g € G. If o(g9) = 1, then g = ¢, and N(e) = G — e is not a
separating set of G(G). Furthermore, if o(g) = 2, then N(g) = N([g]).

Lemma 2.2.9. If g € G with o(g) = 3, then N(g) is not a minimal separating set
of G(G).

Proof. If o(g) is infinite, then |[g]| = 2 (cf. Lemma 1.3.21). Whereas, if o(g) is
finite, since o(g) = 3, then |[g]| = 2 (cf. Corollary 1.3.23). So there exists y € [g],
y # g. Hence, as [g] ¢ N(g), it follows from Theorem 2.2.2 that N(g) is not a

minimal separating set of G(G). O

Remark 2.2.8 and Lemma 2.2.9 combinedly ascertain that to study vertex con-
nectivity of power graphs of finite groups, we should focus on neighbourhoods of

~-classes instead of neighbourhoods of vertices.

2.3 Vertex connectivity of G(Z,)

In this section, we obtain different minimal separating sets of power graph of Z,,.
We provide two upper bounds for the vertex connectivity of power graph of Z,,, and
present a comparison among them in terms of n. Further, we obtain the actual
values of the vertex connectivity of power graph of Z,, when n has two prime factors
or n is a product of three primes. This will ascertain that one of the aforementioned

bounds is sharp.
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We begin this section with the following lemma that provides some basic and

useful properties of Z,,.
Lemma 2.3.1. For n € N, the following statements hold for ~-classes of Z,.

(i) For each @ e Z, there exists a positive divisor d of n such that @ ~ d.

(i) ForaeZ*, |[a]l = ¢ (ﬁ)

(iii) If a,b e N is such that a|n, b|n and a # b, then @ # b.
Proof. (i) Consider d = ged(a,n). Then (@) = (d) so that @ ~ d.

(ii) Since o(a) = , the proof follows from Corollary 1.3.23.

ged(n, a)
B n

ged(n,a) ged(n, b)

and b|n, we in turn get a = b; which is a contradiction. Hence @ # b.

(iii) Suppose (@) = (b). Then o(a@) = o(b). That is, . Asaln

]

It is known that G(Z,,) is a complete graph when 7 is a prime power (cf. Theorem

1.5.7(i1)). We now focus on connectedness of G(Z,) when n is not a prime power.
Lemma 2.3.2. Ifn > 1 is not a prime number, then the following statements hold.
(i) If n is not a prime power, then every separating set of G(Z,) contains S(Z,,).
(ii) £(G(Zn)) = o(n) +1+ K(G'(Zn)).
(iii) If p1 < p2 < --- < p, are the prime factors of n, then Z,, = O<E>*
i=1

Proof. When n is not a prime power, G(Z,,) is not complete (cf. Theorem 1.5.7). So
(i) follows from Remark 1.5.14. Since n is not a prime number, G'(Z,,) is a non-null
graph. So (ii) follows from Remark 1.5.14 and the fact that |S(Z,)| = ¢(n) + 1.
Moreover, if @ € Z,, then a is divided by at least one prime factor of n. Hence (iii)

follows. O]
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If n is a product of two distinct primes, then x(G(Z,)) = ¢(n) + 1 (cf. Theorem

1.5.19(ii)). In the next result, we show that the converse holds as well.
Proposition 2.3.3. For n € N, the following statements are equivalent.

(i) n is a product of two distinct primes.

(i) S(Z,) is a separating set of G(Z,,).

Proof. 1t follows from Theorem 1.5.19(ii) that (i) implies (iii). Whereas, if (iii)
holds, since |S(Z,)| = ¢(n) + 1, (ii) follows from Lemma 2.3.2(i).

We now prove that (ii) implies (i). Let S(Z,,) be a separating set of G(Z,,). Then
G(Z,) is not a complete graph and hence by Theorem 1.5.7(ii), n has at least two
distinct prime factors. Since G'(Z,) is disconnected, there exist @, b € Z/, such that
there is no path from @ to b in G'(Z,,). In view of Lemma 2.3.2(iii), every element of
Z' is in {(p)* for some prime factor p of n. Let @,b e (p) for some prime factor p of
n. Then @,p, b is an @, b-path in G'(Z,,), which is a contradiction. Hence @ € (p) and
b € (g) for some distinct prime factors p and q of n. If possible, let pg < n, so that
pq € Z',. Consequently, @ and b are connected by the path @,p,pq,q,b in G'(Z,),

which is again a contradiction. Hence n = pq. O

Theorem 2.3.4. Suppose n is not a product of two primes and has prime factors

pL<py < -+ <pp withr = 2. Then, for any 1 < k <r, U<pz-pk>* is a minimal
H

separating set of G'(Z,,).

Proof. Let I' = G'(Z,,). Then by Proposition 2.3.3, ' is connected and by Lemma
2.3.2(iii), V(T') = | J@*.
i=1

Let T = U<]Tpk>* Fori=1,2,....r,let T, ={(p;)* =T and U = UT’ Then

i=1 1=1
i%k i%k
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VIC-T) = O T; = T, v U. We prove that I' — T is disconnected by showing that
no element olfz%ﬂ;~C is adjacent to any element of U.

If possible, let there exist x € T}, and y € U such that they are adjacent. Soy € T}
for some 1 < [ < r,l # k. Then there exist non-zero integers a and b such that
x = apg and y = bp;. Since x is adjacent to y, one of them is a multiple of the other.
Let apy = cbp; for some non-zero integer c. Then ap, = cbp; + ¢in for some non-
zero integer ¢;. This implies that p;|apg. Since p;/pi, we have p;|a. Consequently,
apr € {Ppgp1y < T. This is a contradiction, as Ty N T = . Similarly, if bp; is a
multiple of apy, then also we get a contradiction. Hence I' — T' is disconnected.
Consequently, T" is a separating set of I'.

We now show the minimality of T". First of all, G(7}) is connected because all of
its vertices are adjacent to pg. Moreover, note that G(U) is connected. For instance,
let w,v e U. Then u e T;, v e T for some 1 < 4,5 <r. If i = j, then u and v are
connected by the path w, p;, v, and if ¢ # j, then u and v are connected by the path
U, Pis Piljs P> V-

Now let z € T. So z = dpgp; for some non-zero integer d and 1 < [ < r,
| # k. Since both py € T}, and p; € U are adjacent to z, I' — (T' — z) is connected.

Consequently, T' is a minimal separating set of G'(Z,,). ]

Lemma 2.3.5. Suppose n is not a product of two primes and n = p{'p3*...por,
where r = 2, p1 < pa < -+ < p,. are primes and o; € N for all 1 < i < r. Then for

any 1 <k <,

" n —— n
<P¢]%> = — —p." ¢(T)

i_LJl Pr g P

ik

and for any 1 < j <k <,

U@mo| < || Jomy))|- (2:3)
ik i
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Proof. Observe that U<m> consists of those elements of (pg) which are divisible
iz )
by some p;, 1 <1 < r,i # k. Therefore, we get U<]Tpk> by deleting those elements
izk )
from (py) which are relatively prime to p;, 1 <1 < r,7 # k. Hence U<]Tpk> = A-B,
i=1

i#k
where A = {ap_k:aeN,O<a<£},and
Pk
B = {aﬁ:aeN,0<a<£,(a,pZ~)=1V1<i<r,i7&k}.
Pk
T n n
Take ny = [[;_, ;.,p; and na = & . For 0 <m < ny—1, let

D1 P1-..Pr
P, ={apr :aeN,mny <a < (m+ 1)ny, (a,ny) = 1}. Trivially P, n P, = & for
[ # m and

no—1

E _ | gt (2.4)

Observe that apy € P, if and only if (a — mn,)py, € Py. Thus |P,| = |F| for all

0 <m < ny — 1. Further, |Py| = [{apr : a € N,0 < a < nq, (a,n1) = 1}| = ¢(n1). So
forall0 < m <ng—1,

| Prn| = ¢(na). (2.5)

From (2.4) and (2.5), we have

no—1 r
= S5 1Py] = o) = 2 [T(1-1) =)
Pk Py

=k
i~k

S,

As |A| = " and Bc A, we finally have
Pr

n o1 n
i A — B = — — k TN .
ll<ppk> |Al — | B| i ¢(Pk"’)
z;ék’
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Now we prove (2.3).

| | e ([, (0
Z_:U1<pzpj> i_U1<p@pk> b ¢(p%> {pk P ¢<pak>}

J

- 1 . 1
:£_£n<1__)_ n_n (1__>
pj  Dji 3 bi Pr  Pr_y Di

i#] ik

1#] z;_ék

n - 1 : 1
= — | Db — P& 1——)— Pj = P (1——>
DDk E( bi ’ JH '

i=1 p’L
i#j i#k

" {1 (p; - 1)) H <1 ! )

— e —pi — o —1— (p; — >

DjPk ! ’ is1 Di

i#j,k
— M 1— H (1 _ l) > 0.
D;jDk il Di
i,k

O

In the following theorem, we shall give an upper bound for the vertex connectivity
of power graphs of Z,,. This generalizes Theorem 1.5.20 due to Chattopadhyay and
Panigrahi [2014] to all n € N.

Theorem 2.3.6. Ifn = pi"p5*...p0", where r =2, p1 < py < --- < p, are primes

) . (2.6)

Proof. 1f n is a product of two primes, the inequality follows from Proposition 2.3.3.

and a; € N for 1 < j <r, then

R(G(Z,)) < Bn) + %~ peto (

n
Qo
r r

Now suppose n is not a product of two primes. By Theorem 2.3.4 and Lemma 2.3.5,

n o n
:——prT 1¢(a)—1.
DPr "

we have

K(G'(Zn)) <

r—1
i=1

TH-1968 136123001



2.3 VERTEX CONNECTIVITY OF G(Z,) 39

Hence the proof follows from Lemma 2.3.2(ii). O

Remark 2.3.7. We prove in Theorem 2.3.20 and Theorem 2.3.22 that the equality
holds in (2.6) if n has exactly two prime factors or n is a product of three distinct

primes. This will show that the upper bound given in Theorem 2.3.6 is sharp.

We now concentrate on minimal separating sets of G(Z,,) that arise from neigh-
borhoods of ~-classes. Subsequently, we obtain an alternate upper bound for
k(G(Z,)), and ascertain the conditions on n for which this bound is an improve-
ment to that of Theorem 2.3.6.

The following remark is a consequence of Lemma 2.2.7.

Remark 2.3.8. If @ € §(Z,), then N(a) and N([a]) are not separating sets of
G(Zy)-

The next remark is immediate from Lemma 2.1.6.

Remark 2.3.9. [S(Z,)] = {[0], [1]}. Notice that for any @ € Z/,, we have S(Z,,) <
N(@) and [S(Z,)] = N([a]).

Notation 2.3.10. We denote G'(Z,) = G(Z,) — [S(Z,)], N'(@) = N(a) — S(Z,),
N'([a]) = N([a]) — S(Z,) and N'([a]) = N([a]) — [S(Z.)].

Remark 2.3.11. For any n € N, G(Z,) = G(Z, — S(Z,,)).

Lemma 2.3.12. Suppose n € N is neither a prime power nor a product of two

distinct primes. Then for any @ € Z,,
(i) N'([a]) is a separating set of G'(Z,,).
(ii) N'([a]) is a separating set of G'(Z,).

(iii) N'([@]) is a minimal separating set of G'(Z,,) if and only if N'([@]) is a minimal
separating set of QN’(Zn).
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Proof. By Theorem 1.5.7, G(Z,) is not complete and by Proposition 2.3.3, G'(Z,,)
is connected. Thus by Lemma 2.2.7, N([a]) is a separating set of G(Z,) and N ([a])

is a separating set of G(Z,,). Consequently, (i) and (i) follow from Remark 1.5.14.
Finally, (iii) follows from (i) and Theorem 2.2.4. O

Lemma 2.1.11 and Lemma 2.3.1 give the following observation, which will be

useful in proving Theorem 2.3.14.

Lemma 2.3.13. Forne N, ae Z, and b = gcd(a,n), the following holds in G(Z,,):

N((a)= |Jfd v | [ (2.7)

clb bld,d|n
l<e<b b<d<n

The following theorem further narrows down our study of minimal separating

sets of G(Z,).

Theorem 2.3.14. Suppose n € N is not a product of two primes andn = p*p5? ... p%",
where r =2, p1 < pg < -+ < p, are primes and c; € N for all 1 < i < r. Then for

any 1 < k < r, the following statements hold.
(i) N’ ([WD is a minimal separating set of G'(Z,,).

(ii)) If ap > 1 and 1 < By < ag, N’ ([@]) is not a minimal separating set of
G'(Zn).

Proof. (i) Let T = N’ ([W]) and I = §/(Z,) — T. By Lemma 2.3.12(ii), T is
disconnected. Moreover, by Lemma 2.1.11, V(T') = {[}?] } U{l@] : aln,1 < a <n,
putta, afpit}. Let Ty = {[W]} and Tp = {[a]:aln,1 <a <n,p*ta,afp*}.
Then the subgraph of I' induced by 77 is complete and hence connected. Further-
more, [p;] € Ty for all 1 < i < 7,7 # k and every other [b] € Ty is adjacent to some
[p;] for 1 < j < r,j # kin I'. Additionally, [p;], [p;] € T», ¢ # j, then both are
adjacent to [p;p;] € Ty in I'. Thus the subgraph of I' induced by 75 is also connected.

So I' consists of exactly two components - the subgraphs induced by 77 and T5.
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Therefore, to show that 7" is a minimal separating set of G (Z,), it is enough to
show that every element of T is adjacent to some element of 77 and some element
of Ty. Let C' € T. Then [@] is adjacent to C'. We next show that C'is adjacent to
some element of 75.

By Lemma 2.3.1(i), C' = [¢] for some 1 < ¢ < n, ¢|n. Since C is adjacent to
[W], it follows again from Lemma 2.1.11 that either W‘E or E‘W As both ¢
and pp* are factors of n, either pp* ‘c or c!pg’“. First let pp* \c, so that ¢ = ap}*

for some integer a. If ged (a, %) = 1, then C' = [W], which is not possible.
p

k
P

n . ;
So, as —- = [] pj, there exist 1 <1 < r,[ # k such that p;[a. Then p;|a and
Dy i=1,i%k

hence p;|¢. So C is adjacent to [p;] and [p;] € To. Now let c’pzk. Then ¢ = pf

for some 1 < f < ap. So C is adjacent to [pfpm] forall 1 <m < r,m # k and

[pipm] € Ty. Thus T is a minimal separating set of G (Z,) and hence the proof
follows from Lemma 2.3.12(iii).

(ii) Observe that [W] e N’ ([pi’“]) So that by Lemma 2.3.13, we have

¥ ([r]) = & () ol ] 28)

By Lemma 2.1.11, [ﬁ] is adjacent to [W], and by (2.8), none of [ﬁ] and
[@] is adjacent to any other vertex of G'(Z,) — (K/" ([E]) - [}?D Hence
N’ ([ED - [}E] is a separating set of 5’(Zn) and as a result, N’ <[1%D is not
a minimal separating set of G'(Z,). From this and Lemma 2.3.12(iii), the proof

follows. O]

The next result shows that minimal separating sets of G(Z,,) obtained in Theorem

2.3.4 and Theorem 2.3.14 are same when the largest prime dividing n has power one.

Proposition 2.3.15. Suppose n € N is not a product of two primes and n =
Pt e, where T =2, py < pa < -+ < p, are primes and o; € N for 1 <i < r.

Then N'([pr]) = U:;11<pipr>*'
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Proof. N'([p;]) = )" — [P7]

=@ —{ap, 11 <a<py* .. piged(a, pit .. oppryt) = 1}

r—1
= [ J@w®
=1

We now provide an upper bound for £(G(Z,)) in the following theorem.

Theorem 2.3.16. Suppose n is not a product of two primes and n = p{'p3*...por,

where r = 2, p1 < py < --- < p, are primes and co; € N for 1 <1v < r, then

K(G(Zn)) < ¢(n) + Z + (T - 2)0 ( Z) :

s T

Proof. From Theorem 2.3.14(i), k(G'(Z,)) < |N'([p27])|, and by Lemma 2.3.13, we

have
IN' (D) = @ | = 1l + )| [#F]| - 1
j=1
n n S n n
o) 2 ()2 ()
r r j=1 Dr o
n n &r i n
S —1+¢>< . )qu(p,f J)—2¢( - )
'rT p'rT j=1 pTT
= (= 2)¢( Z) - L
Hence by Lemma 2.3.2(ii), the proof follows. ]

Notation 2.3.17. We denote the upper bound of x(G(Z,)) obtained in Theorem
2.3.6 and Theorem 2.3.16 by &;(n) and &> (n), respectively.

In the following theorem, we compare the upper bounds & (n) and &(n) of

k(G(Z,)) in the following theorem.
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Theorem 2.3.18. Suppose n is not a product of two primes and n = p{'py*...por,

wherer =2, p1 < py < -+ < p, are primes and oa; € N for 1 <i <r.

(i) &(n) = & (n) if and only if o, = 1, orr =2 and p; = 2.

N | —

(il) &(n) < & (n) if and only if o, = 2 and rﬁl (1 - %) <
i=1 i

r—1 1 1
(iii) &(n) > & (n) if and only if . = 2 and || (1 — ;) >3
=1 7
Proof. Note that

£2(n) — E1(n) = ” +(pr ! - 2)¢( ”) - {3 —p?ﬂ"—leb( ”)}
_ n — )

= (' =1 Z {ﬂj <1 - ]%) = 1} . (2.9)

2ﬁ<pip_i1) o (2.10)

We show that (2 10) holds if and only if r=2and p = 2.
If p1 > 2, then H p; is odd. Since 2 ]_[( , — 1) is always even, (2.10) does not
hold. Thus p; = 2. If r > 2, then

as the numerator is even and denominator is odd. So we must have r = 2. Con-
versely, if 7 = 2 and p; = 2, then (2.10) holds. This proofs (i).

Since p2=~! — 1 > 0 if and only if . > 2, (ii) and (iii) follow from (2.9). O
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Remark 2.3.19. The lezicographic order < on N x N, defined by (a1, b1) < (ag, bs)
if

a; < g, Or a1 = Qg and b1 < bg,

is a well-founded relation.

We now give the actual values of k(G(Z,)) when n has two prime factors (cf.

Theorem 2.3.20) and n is a product of three distinct primes (cf. Theorem 2.3.22).

Theorem 2.3.20. If n = p®q®, where p,q are distinct primes and o, 3 € N, then
k(G(Zn)) = ¢(n) +p*'q" . (2.11)
In fact, for n # pq, {pq)* is a minimum separating set of G'(Z,,).

Proof. We consider the lexicographic order < on N x N, and prove by applying the
principle of well-founded induction that (2.11) holds for all («,5) € N x N. Note
that, as n is not a prime power, G(Z,,) and hence G'(Z,) are not complete graphs.

Since k(G(Z,g)) = ¢(pg) + 1 (cf. Theorem 1.5.19), the statement holds for
(a, B) = (1,1).

Now take (o, 3) € N x N such that (1,1) < (a, 3). Suppose that (2.11) holds
for all (a,b) < (a, 8). Then n # pq and hence by Proposition 2.3.3, I := G'(Z,,) is
connected. Further, by Theorem 2.3.4, (pg)* is a minimal separating set of I'. We
show that (pg)* is a minimum separating set of .

Let T be a minimal separating set of I'. We show that [(pg)*| < |T|. If (pg)* = T,
we are done. So let (pg)* ¢ T. Then there exists an element @ € (pg)* such that
a¢T. Let I'y = G((p)*) and 'y = G((g)*). Then observe that I' = I'; U Iy, and
hence ' =T = (I'1 = T) u (I'y = T). Further,ae V(I'y = T) n V(I'y — T'). Hence as
I' — T is disconnected, at least one of I'y — T or I'y — T is disconnected.

Case 1: Let 'y — T be disconnected. If a = 1, then |[(p)| = ¢° and hence T'; is a
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complete graph. So I'y — T cannot be disconnected. So o = 2. Then,

7| = [Kpg)"| = &(T'1) — [<pa)”|
= &(G(P)")) — [pD)"|
= r(G((P) —0) — Kpg)"|
= x(G(®))) —1 - (Kpp)| — 1) (by Remark 1.5.11)
= 1(G(Zpa-149)) — KPD)|
= ¢(p°1¢%) + p* 2" — (p°7¢"!) (by induction hypothesis)

=p* 2 p—D(g—1) +p* 2 —p* !

=p* ¢ Hlp-1)(g—1) + 1 - p}

— 2 (p—1)(g—2) > 0. (2.12)

Case 2: Let 'y — T be disconnected. Proceeding as in Case 1, we have 5 > 2, and

T| - Kpg)*| = K(T2) — Kpg)™|
= k(G(D")) — KpD)"|
=p* 'l -1)(g—1)+1-g}

P " (g-1)+1-q¢} =0. (2.13)

\%

So for (1,1) < («, ), (pg)* is a minimum separating set of G'(Z,) and hence
k(G(Z,)) = ¢(n) + p*~1g°~L. Therefore by the principle of well-founded induction,
(2.11) holds for all (a, 8) € N x N. O

The following is a simple consequence of Theorem 2.3.20.

Corollary 2.3.21. If n = 2°p®, where p is an odd prime and o, € N, then
n

K(G(Z.) = 5.

Proof. k(G(Z,)) = ¢(n)+20"1pf~1 = 207 1pf~1((2—-1)(p—1)+1) = 227 1pf = O

\)
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In the following result, we obtain the vertex connectivity of G(Z,) when n is a

product of three distinct primes.

Theorem 2.3.22. If n = pqr, where p < q < r are primes, then [pr]| v [qF] is a

minimum separating set of G'(Z,). Consequently,

(G(Zn)) = ¢(n) +p+q—L

Proof. 1t follows from Lemma 2.3.1 that the equivalence classes of Z/, with respect

to ~ are [p], [q, [, [pal, [pr] and [g7].

[a7]
FIGURE 2.1: G'(Zpq)

Using Remark 2.1.12, G (Z,) is depicted in Figure 2.1. It is evident from Figure
2.1 that G'(Z,) does not become disconnected by deletion of any one vertex (~-
class), whereas, deletion of any two non-adjacent vertices disconnects G’ (Z,). Hence
by Lemma 2.3.12(iii), a minimal separating set of G'(Z,) is precisely the union
of any two non-adjacent ~-classes (in Figure 2.1). By Lemma 2.3.1(ii), we have
2l = (¢ =D(r = 1), llgll = (=D =), [[F]l = (p = V(g = 1), [[pal| = r - 1,
I[PF]| = ¢ — 1 and |[gF]| = p — 1. We thus have the following inequalities:

[Pl > [[@ll > [[71l: [[pal| > [[pr]l > [lgr]l |[71] > |[prl- (2.14)
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Consequently, [pr] u [gF] is of minimum cardinality among the union of non-
adjacent pairs of ~-classes. Hence [pr] u [¢7] is a minimum separating set of G'(Z,,).

Since |[pF] U [qT]| = p+ ¢ — 2, by Lemma 2.3.2(ii), k(G(Z,)) = ¢(n)+p+q—1. O

2.4 Conclusion

In this chapter, we obtained certain minimum separating sets of G(Z,) and supplied
two upper bounds &;(n) and &;(n) of K(G(Z,,)). We further proved that x(G(Z,)) =
&1(n) when n has two prime factors or n is a product of three primes, thus by
establishing that it is a sharp bound.

Recently, we found that Chattopadhyay et al. [2018b] have further shown that
for n having prime factors p; < py < -+ < p, (r = 2), if 7nlz[l (1 — l) > %, then

i Di
k(G(Z,)) = &1 (n). Moreover, if r = 3 and 2qz5(p1p2) < p1po, t.‘tllen k(G(Z,)) = &(n).

Hence computation of k(G(Z,)) when r > 4 and H <1 — l < % is still open for
study. . "

In addition to the above, investigation of vertex connectivity of G(G) when G is
finite non-cyclic group is also an interesting problem. To this end, we refer the recent

work of Chattopadhyay et al. [2018a] on finite and non-cyclic nilpotent groups.
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p-Groups

This chapter investigates structural properties of power graphs of p-groups. In
Section 3.1, we show that in every component of proper power graph of a p-group,
elements of order p are adjacent to all other elements. Consequently, we show that
these components have exactly p — 1 elements of order p. Applying this, we find
the number of components of proper power graph of an abelian p-group. We then
describe the structure of power graph of a p-group G in Section 3.2 and show that
G(G) can be presented iteratively as join and disjoint union of some of its subgraphs.
Finally, we derive the complete structure of power graphs of groups that are direct

product of two cyclic p-groups.

49
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3.1 Components

Throughout this chapter, G denotes a p-group. In this section, we study some
properties of components of proper power graphs of p-groups. If C' is one such
component, we show that C has exactly p — 1 elements of order p and that all other
vertices in C' are adjacent to them. We then compute the number of components of

proper power graph of an abelian p-group.

Notation 3.1.1. Let G be a group and g € G. We denote U(g) = {h e G : g € (h)}
and let I'(g) be the subgraph of G(G) induced by the set of vertices U(g). Moreover,
we denote the component of G*(G) containing g by C(g).

Proposition 3.1.2. If x € G* is an element of order p, then x is adjacent to every

other vertex of C(x).

Proof. Let C be the component of G*(G) that contains z. Consider y € V(C'), y # x.
We show that x is adjacent to y. Note that there exists at least one x,y-path in

G*(Q); say « = xg, X1, ..., Ty = y. We claim that for all 1 <i < m,

As z and 2 are adjacent, either x € {(xy) or x; € (x). If € {(xy), then (3.1)
holds for i = 1. Now let ; € {(x). Since o(z) = p, we have (x) = {(x1). So, again
(3.1) holds for 7 = 1.

Suppose z € () for some 1 < k < m — 1. We show that = € (zg;1). From
adjacency of zy and xy1, we have xy € (Tpi 1) or xpi1 € {xp). If xp € {wpy1), We get
x € (Tg11), by induction hypothesis. Thus (3.1) holds for ¢ = k + 1.

Chr1p R+

Now take zy11 € (x). Then zyp1q = x} " for some ck+1 € Ny (cpg1,p) = 1

and ag41 € N U {0}. Hence

B E (3.2)

If ag1 = 0, then (xg41) = (@g). So x € {wg;1) follows from induction hypothesis.
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Now let ag1 > 0. As z € (z3), = = """ for some ¢, € N, (cx,p) = 1 and

ap € NU{0}. Hence () = (a2™). If ay, = 0, then (z) = (x;,). This along with (3.2)

ak+1>. Because o(z) = p and ag1 > 0, we get (zy,1) = {e),

imply that (xy 1) = {(xP
which is a contradiction. Thus oy > 0. Since o(z) = p and (z) = &™), we get
o(xy,) = p**+L. Moreover, if o(zyy1) = p°, from (3.2) we get o(zy) = p*+175. Hence,
using the fact that 8 > 1, we get ag > ajy1. Then (z) = (a2™*) <x£ak+1> = (T41),
so that © € (x41). Therefore, (3.1) holds for i = k + 1.

We thus conclude that = € (x;) for all 1 < i < n. In particular, z € (y), so that

x is adjacent to y. O
Proposition 3.1.3. If g is an element of order p in G, then C(g) =T'(g).

Proof. Since both I'(g) and C(g) are induced subgraphs of G(G), we only need to
show that their vertex sets are equal. Clearly U(g) < V(C(g)). To show the reverse
inclusion, let h € V(C(g)). By Proposition 3.1.2, g is adjacent to every other vertex
of C(g). So g is adjacent to h and since o(g) is prime, we have g € (h). Hence
heU(g). O

Proposition 3.1.4. In G*(G), each component has exactly p — 1 elements of

order p.

Proof. Let C be a component of G*(G). Let z € V(C') and o(z) = p” for some y € N.
Then y = " is an element of order p in V(C). Hence by Proposition 3.1.3, C' has
at least p — 1 vertices of order p and for any z € V(C), z # y of order p, y € ().
Since both y and z have prime orders, we get (y) = (z). Hence C has exactly p — 1

vertices of order p. O

Before calculating the number of components of G*(G) for any abelian p-group
G, we note that G is essentially an unique direct product of cyclic p-groups (cf.

Theorem 1.3.26).

Theorem 3.1.5. Let G be an abelian p-group. If G is isomorphic to a direct product
of r cyclic groups, then the number of components of G*(G) isp™ ' +p 2+ ...+ 1.
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Proof. Let G be isomorphic to H := Hy x Hy x ... x H,, where Hy, H,, ..., H, are
cyclic p-groups. Then it is enough to prove the above statement for G*(H).

For any 1 < ¢ < r, H; has p — 1 elements of order p (cf. Theorem 1.3.24),
and if (x1,z9,...,2,) € H, then o((x1,zs,...,2,)) = lem(o(xy),0(z2),...,0(z,))

(cf. Theorem 1.3.25). So H has p” — 1 elements of order p. Hence by Proposition

‘A

3.1.4, the number of components of G*(H) is L -l
D—

=p l4p i+ 1 O

It follows from Theorem 3.1.5 that the proper power graph of a non-cyclic abelian

p-group has more than one component. Thus we have the following corollary.

Corollary 3.1.6. If G is a non-cyclic abelian p-group, then k(G(G)) = 1.

3.2 Structure

In this section, we investigate the structure of power graphs of p-groups by intro-
ducing the notion of a primitive class. We first present a method to obtain the
structure of power graphs of abelian p-groups. We then present the complete struc-
ture of power graphs of groups that are product of two cyclic p-groups. We begin

by introducing the notion of a primitive class.

Definition 3.2.1. For g,h € G, [g] is called a primitive class of [h] if g # e and
[h] = [¢*]. Equivalently, we also say that [g] is a primitive class of h.

Notation 3.2.2. We denote the number of primitive classes of g and [g] by 7(g)
and 7([g]), respectively.

The proof of the following lemma is straightforward.
Lemma 3.2.3. If ge G and 7(g) = 0, then I'(g) = G([9]) = Ks(o(q))-

The following theorem iteratively presents the structure of power graph of a

p-group.
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Theorem 3.2.4. Let g € G and w(g) > 0. If the distinct primitive classes of g are

[91], (92 - - - [9n(g)], then
I(9) = Kyea) v {T(g1) + T(g2) + ... + T(gn(g)} - (3.3)

In particular, for g = e,

G(G) =Ky v {T(g1) + T(g2) + - + T(Gn(e)} - (3.4)

Proof. Let o(g) = p* and h be a vertex in I'(g). Then p*|o(h). If o(h) = p*, then
h e [g]. Now let o(h) = p' for some [ > k + 1. Then hy := h?" """ has order p*!
that [hy] is a primitive class of [g]. As a result, [h1] = [g;] for some 1 < i < 7(g),
and hence h € U(g;). So we have U(g) = [g] v U(g1) v U(g2) U ... U U(gr(q))-

Let m(g) = 2 and 1 < 4,5 < 7(g), @ # j. If gi,9; € (h) for some h € G, then
[9:;] = [gj]; a contradiction. Thus I'(g;) and I'(g;) have disjoint vertices. Now, if
possible, suppose u; € U(g;) is adjacent to u; € U(g;) in G(G). Then u; € (u;) or
u; € {u;y. Without loss of generality, taking u; € (u;), we get u; € U(g;). Since I'(g;)
and I'(g;) have disjoint vertices, this is not possible.

In addition to the above, each element of [g] is adjacent to every other element of
I'(g), so that T'(g) = G([g]) v {T'(g1) + T'(g2) + ... + ['(gn()) }. Hence (3.3) follows
from this and the fact that G([g]) = Ky(o(g)). Additionally, since G(G) = I'(e), (3.4)
follows. O

Remark 3.2.5. The structure of G(G) can be obtained (up to isomorphism) as
described below. Starting with (3.4), for every 1 < i < 7(e), we substitute for I'(g;)
from (3.3) and Lemma 5.4.4 when 7(g;) > 0 and 7(g;) = 0, respectively. Further, if
7(g;) > 0 for any 1 < i < 7(e), we do the similar substitution for I'(h, ;) for every
primitive class [h; ;] of g;. We continue this process till the substitution for I'(h) for

every ~-class [h], h # e is done.
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For the rest of this chapter, let o and § be positive integers. Since Z,a« x Z,s
=~ Z,s X Zy, without loss of generality, let @ > 3. For notational convenience, for
any (a,b) € Zye x Z,5, we denote I'((a, b)) simply by I'(a,b). In what follows, we
determine the complete structure of G(Zya x Z,5).

For the rest of this section, the underlying group of the results presented is

Zpa X ZPB.

Lemma 3.2.6. For integers 0 < k < «, 0 < [ < 8 and a,b satisfying ged(a,p) =
ged(b, p) = 1, [(ap*,b)] and [(a@,bpt)] have no primitive class.

Proof. 1If p¢ = b for some ¢ € Z,s, then p|(pc—>b). This implies p|b, which contradicts
the fact that ged(b,p) = 1. So [(ap¥,b)] has no primitive class. Similarly, [(@, bp)]

also has no primitive class. O

Lemma 3.2.7. For integers 1 < k < a and 1 < 1 < 3, the primitive classes (not
necessarily distinct) of [(pF, )] are given by [((ap®* + 1)pF=1, (bp®~t + 1)pi—1)],

a=0,....,p—1,b=0,...,p— 1 excluding [(0,0)].

Proof. Let (p*,p!) = p(w,Z). Then p®|(pw — p¥) = p* | (w — p*1), so that w =
ap®~' + pF~1 for some integer a. Hence the distinct solutions of pw = E (in variable
w) are W = (ap®* + 1)pF—1, a = 0,...,p — 1. Analogously, the distinct solutions
of pz = p! (in variable Z) are Z = (bp®~' + 1)p=1, b = 0,...,p — 1. Thus the proof
follows. O

Lemma 3.2.8. Consider integers 0 < k < o and 0 < [ < B satisfyinga—k = f—1.

For integers 0 < by,by < p— 1, by # by, the classes [(pF=1, (bip"~" + 1)F)] and
[(P*1, (bop?®~t + 1)pi=1)] are distinct.

Proof. 1f possible, let

(D=L, (0ip™ + 1)pi=t) = e(ph=L, (bop” ' + 1)p'1) (3.5)

TH-1968 136123001



3.2 STRUCTURE 55

for some integer ¢ satisfying ged(c, p) = 1.

Then equating first components, ¢ = ¢;p® **! + 1 for some integer ¢,. Moreover,

a—k+1>=p—1+1=p. Sothatin Z,s

c(bgpﬂ_l + 1)pl*1 _ Clpakarl + (prﬁ_l + 1)pl*1

— (bp® '+ 1)p L. (3.6)

From this and equating second components of (3.5), we get bypf—1 = bypf-1.
Without loss of generality, let by = by, so that p|(by — by). Since 0 < by, by < p —1,

we get by = by. This being a contradiction, the given classes are distinct. O

Lemma 3.2.8, is not necessarily true when o —k < f—[. For example, in Z;4 x Zg,

5(Z,1) = (4,5), so that [(Z,T)] = [(4,5)].

Lemma 3.2.9. The distinct primitive classes of [(0,0)] are given by [(0,p?~1)] and
[(p>=L0pP~1)], b=0,1,...,p— 1.

Proof. Tt follows from Lemma 3.2.7 that the primitive classes (not necessarily dis-
tinct) of [(0,0)] are given by [(ap®=1,bp#~1)], a=0,1,...,p—1,b=10,1,...,p—1,
a+b+#0. Fora=0,[0,bf1)] =[0,ps1)] forall 1 <b<p—1 Now let
1 <a <p-—1. Then there exist integers c;, co such that ac; + cop = 1. Here, since

(c1,p) =1 as well,

[(ap®=T,bp%~1)] = [e1(ap™T, bpP~1)]

= [(p*—1,dp®1)], where d = bc;(mod p).

So the primitive classes of [(0,0)] are given by [(0,p#~1)] and [(p*—1,bpf=1)],
b=0,1,...,p—1. Now by Lemma 3.2.8, the classes [(p>=1, bpf~1)], b= 0,1,...,p—1

are all distinct. Moreover, it is easy to show that for any 0 < b < p — 1, [(0,p®1)]
and [(po—1, bpP~—1)] are distinct. Hence the proof follows. O
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The proof of following theorem is analogous to that of Lemma 3.2.9.

Lemma 3.2.10. The distinct primitive classes of [(0,0)] are given by [(p*1,0)]
and [(ap*=t,pP~1)], a=0,1,...,p— 1.

Lemma 3.2.11. Suppose o > 1 and consider integers 1 < k < o and 1 < [ <
B satisfying « — k = [ — 1. Then the distinct primitive classes of [(E,ﬁ)] are
(P, (bpP + 1)p1)], b=0,1,...,p— 1.

In particular, the distinct primitive classes of [(pF,0)] are given by [(pF=1, bpf—1)],
b=01,....p—1.

Proof. We first show that for integers 0 < ay,a9 < p—1,

[((@p™* + 1)pF1, (aep® ! + )pi=0)] = [(0F1, (0" + 1)) (3.7)

for some integer 0 < b <p—1.

Since k < a, for any integer 0 < b < p— 1,

(ap® ™" + 1) (pF=L, (bp" " + 1)p1)

- (3.8)
= ((ap® % + 1)pF1, (arp® " + bp " + 1)pi1).
Thus, if « — k > 8 — [, then by setting b = axo,
(a1p® " + 1) (p* 1, (bp”~' + 1)pi1)
(3.9)
= ((a1p°™* + D)p*1, (aop”™" + 1)pi-1)

Now let a« — k = 3 — 1. If ay > a1, take b = ay — a1, otherwise b = ay — a; + p.

Then by (3.8),

(a1p® " + 1) (p*1, (bp” ' + 1)p1)
= ((alpa_k + 1)F, {(a; + b)pﬁ_l + 1}F) (3.10)

= ((alpa*k + 1)ph1, (0,2]?’87[ + 1)F)
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Since k < «, we have ged(a;p®* + 1,p) = 1. Consequently, (3.9) and (3.10)
together yield (3.7).

By applying Lemma 3.2.7 and (3.7), the primitive classes of [(p¥,p!)] are
(P, (bp® ' + 1)p=1)], b = 0,...,p — 1, and by Lemma 3.2.8, they are all dis-

tinct. Hence the proof follows. The particular case follows by taking [ = f3. m

By arguments analogous to that of Lemma 3.2.11, we have the following lemma.

Lemma 3.2.12. Suppose > 1 and consider integers 1 < k < a and 1 <1 <
B satisfying @ — k < § — 1. Then the distinct primitive classes of [(p¥,p!)] are
[((ap®* + 1)pF—1, p=1)], a = 0,1,...,p— 1.

In particular, the distinct primitive classes of [ (0, ﬁ)] are given by [(ap®~1, F)],
a=0,1,...,p—1.

Lemma 3.2.13. For integers 0 < k <a—1and 0 <1< —1, and a,b satisfying
ged(a,p) = ged(b,p) = 1,
(i) T(apF, i) = T(cF, 1) = T, dpf) for some e, d satisfying ged(c, p) = ged(d, p) =
1;
(ii) T(ap*,0) = (p*,0) and I'(0,bp) = T(0, ph).
Proof. We first notice that if [g] = [h], then I'(g) = T'(h).

(i) As ged(a, p) = 1, there exist integers a; and ay such that aja+ap®* = 1. So
ay(ap®, bp') = (pF, dpt), where d = a;b(mod p?~1). Additionally, since ged(ay, p) = 1,
we have [(apF, bp')] = [(pF, dpl)]. Similarly, [(apF, bp')] = [(cpF,p')] for some integer
¢ satisfying ged(c, p) = 1. Hence the proof follows.

(ii) The proof follows from the fact that [(ap¥,0)] = [(p¥,0)] and [(0,bp!)] =
[(0,p)]- O
Proposition 3.2.14. For integers 0 < k < a—1 and 0 < | < f—1, and a,b

satisfying ged(a, p) = ged(b, p) = 1, we have

[(ap¥, bph) = D(pF, ).
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Proof. We prove the proposition for k > [ and a« — k >  — [. By similar procedure,
other cases can also be shown. In view of Lemma 3.2.13(i), it is enough to show
that I'(pF, bpl) = T(pF, ph).

In view of Lemma 3.2.3 and Lemma 3.2.6,

C(pht1) =~ K y(pa—t+iy = F(pk—l’(_))_ (3.11)

Thus, if [ = 0, then the proof is complete.
Now suppose [ > 0. By applying well-founded induction on 0 < m < [, we show

that
[(pF—tm, o) = T(pF—Hm, bpm). (3.12)

It follows from (3.11) that (3.12) holds for m = 0. So let (3.12) hold for m = j—1

for some 1 < j <[, that is,

F(]m, F) =~ [(ph—1+i-1 bpi-1).

We now show it for m = j.
Using Theorem 3.2.4 and Lemma 3.2.11, we get
T(pF=1,bpi) = Kyparsisy v { Y TOFH1 b(ep® + 1)pi 1)}
c=0

By induction hypothesis, we have

Since this holds for any b satisfying (b, p) = 1, we have D(pk=t+7 pi) = I(pF=1+i bpi).
Hence I'(pF=t+m, bp™) = I'(pF=t+m, pm) for all 0 < m < [. Finally, for m = [, we
have T'(pF, bpl) = T'(p*, p). O
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Theorem 3.2.15. For any integer 0 < [ < § — 1, D(pe—B+k ph) =~ T(0, p') for all

integers k; satisfying | < k; < 8 — 1. In particular, T'(p>—1,pf~1) = T(0, p#~1).

Proof. Observe that I'(pe=F+k T) = T'(0,1) = K. So, if 8 = 1, then the proof is
complete. Now suppose that g > 1.

We prove the theorem by applying well-founded induction on 0 < < — 1. As
shown above, the statement holds for [ = 0.

Suppose that it holds for some [ = m, 0 < m < 8 — 1, that is, F(]m, ) =
[0, p™) for all k,,, m < k,, < 8—1. We next show it for [ = m + 1. Using Theorem
3.2.4, Lemma 3.2.11 and Proposition 3.2.14 we have

D(pr PRt ) = Koty v p L P ). (313)
Further, using Theorem 3.2.4, Lemma 3.2.12 and Proposition 3.2.14, we have
D(0.77) = Kygo-nty v {DO,57) + (p— )T, 7).
By induction hypothesis, T'(p—1, p™) = I'(0, p™), so that

L0, pm+l) = Kyge-m-1y v pT(0,p™). (3.14)

Since k,,+1 — 1 = m, it follows from induction hypothesis that

[ (po=Ftkmer=t pm) = T'(0, p).

Therefore, we conclude from (3.13) and (3.14) that

F(pa7,8+km+1 , pm+1) — F(G, perl) )

Consequently, the proof of first part of the theorem follows. Now, setting [ = k; =
B —1, we get D'(p>~1,p~1) = T'(0, p#1). O
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We now present three theorems which together give the complete structure of

g(zpa X Zpﬂ).
Theorem 3.2.16. G(Zyo x Z)5) = K; v {F(pa—l,ﬁ) +pI (poL, ph-t )} )

Proof. Using Theorem 3.2.4 and Lemma 3.2.9,

p—1
G2y * Z,0) = Ky v {Zmﬁ,bﬁmm,zﬁ)}.

b=0

Hence the proof follows from Proposition 3.2.14 and Theorem 3.2.15. O

Theorem 3.2.17. For any 1 < k < a —1,

Proof. By Theorem 3.2.4 and Lemma 3.2.11,

p—1
F(p50) = Kypu-ry v {Z I (p*=, bp! )} .

b=0

Hence (3.15) follows from Proposition 3.2.14 and Theorem 3.2.15. Moreover, by
Lemma 3.2.3 and Lemma 3.2.6, I'( 1,0 ) = Ko O

Theorem 3.2.18. [letl<k<a—1,1<I<pf-1landa—k=p—1.
D(pF,p') = Kypety vl (PF71p71), (3.16)
and

I ( pk—m7pl—m ) = K¢(po<7k+m)7 (317)

where m = min{k, [}.
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Proof. By Theorem 3.2.4 and Lemma 3.2.11,

T (pF, Pl ) = Kypeny v {Zr pFL, W+1)F)}.

Hence (3.21) follows from Proposition 3.2.14. In view of Lemma 3.2.3 and Lemma

Remark 3.2.19. We obtain the structure of T" ( p*— po—1 pﬁ 1) by recursive applica-
tion of Theorem 3.2.18. Further, we get the structure of I' (p®=1,0) by recursive
application of Theorem 3.2.17 and Theorem 3.2.18. Consequently, using Theorem
3.2.16, we obtain the structure of G(Z,a x Z,).

Theorem 3.2.20. For any integer 0 < k < 5 — 1, F(ﬁ,ﬁ) ~ F(ﬁ,ﬁ) for all
satisfying k <1< B—1. In particular, for any 0 < k < f—1, ['(pF, pp~1) = T'(p*,0).

Proof. We show that T'(pF, piv) =~ ['(pF,0) for all I satisfying k < I < f— 1. We
first observe that I'(T,plo) ~ T'(T, ) ~ Ko for all 0 < lp < f— 1. So, if § = 1, the
proof is complete. So, suppose 3 =

We prove by applying well-founded induction on 0 < k£ < § — 1. As shown
above, the statement holds for £ = 0. Suppose the assertion holds for k£ < m, where

1 <m < —1. We next show that the statement holds for k = m
Observe that,

L(p™, pim) = Kyga-my v {pT(pm~1, pm=1)}. (3.18)

and

L(p™,0) = Koy v {LE™10) + (p = DT (=1, p7 1)},
By induction hypothesis, T'(p™~1,0) =~ F(pm—l’F). Hence

F(]7_m, 6) ; K¢(pa—nz) V {p F(pm_l,())} (319)
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Moreover, since m — 1 < I,, —1, T'(pm=1, plm=1) =~ T'(p™~1,0). Hence we conclude

from (3.18) and (3.19) that I'(p™, pl_M) >~ T'(p™,0). This concludes the proof. ]
By applying Theorem 3.2.20, we have the following corollary of Theorem 3.2.16.
Corollary 3.2.21. G(Z,e x Zye) = Ky v (p+ DI (pet,po=1).
Additionally, The following is a trivial consequence of Theorem 3.2.18.

Corollary 3.2.22. For any integer 1 < k < a — 1,
L (pEpP) = Ky v pL (pP1pFT), (3.20)
and
I'(1,1) = Kype, (3.21)

where m = max{k,(}.

By procedure similar to that of Remark 3.2.19, Corollary 3.2.21 and 3.2.22 give
the complete structure of G(Zye X Z,0).

3.3 Conclusion

For any p-group G, when G is neither cyclic nor generalized quaternion, G*(G)
is disconnected (cf. Lemma 1.5.17). Hence finding the number of components of
G*(@) becomes an interesting problem. In this chapter, we addressed this problem
for all abelian p-groups. Thus one may target to obtain it for the rest of the groups.
Further, we presented the complete structure of power graphs of groups that are
product of two cyclic p-groups. So one may aim to generalize the above study to
product of three or more cyclic p-groups. In fact, considering Theorem 1.3.26, this

would mean that finding it for all abelian p-groups.
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Minimum Degree and Connectivity

In this chapter, we study the minimum degree of power graphs of finite groups and
determine its connection with connectivity. In Section 4.1, we ascertain that the edge
connectivity and the minimum degree of power graphs of finite groups are equal.
In Section 4.2, we first compute the minimum degree of power graph of Z,, when n
has two prime factors or n is a product of at most four distinct primes. Followed
by this, we determine the minimum degree of power graphs of abelian p-groups, D,
and @,. Along with minimum degree, we also obtain minimum disconnecting sets of
power graphs of these groups. In Section 4.3, we characterize the equality of vertex
connectivity and minimum degree of power graphs of Z,, and abelian p-groups. We

further address the equality for D,, and @Q,.

63
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4.1 Edge connectivity

In this section, we show that edge connectivity and minimum degree of power graphs
of finite groups are equal. As a result, we present a simple way to find the minimum
disconnecting sets of power graphs in terms of the neighbourhoods of the vertices
having minimum degree.

In view of Theorem 1.2.21, we have the following inequality for power graphs of

finite groups.
Lemma 4.1.1. If G is a finite group, then k(G(G)) < K'(G(G)) < §(G(G)).

Let G be a finite group with identity element e. If |G| < 2, then trivially
K(G(G)) = 0(G(Q)). If |G| = 3, then every pair g, h of distinct vertices is connected
by the path g, e, h of length two in G(G). Combining this fact with Theorem 1.2.22,

we obtain the following.
Theorem 4.1.2. If G is a finite group, then '(G(G)) = 0(G(G)).

Let G be a finite group, |G| > 1 and g € G be such that §(G(G)) = deg(g). Then
observe that E|g, N(g)] is a disconnecting set of G(G). Moreover, by Theorem 4.1.2,
we have |E[g, N(g)]| = deg(g) = <'(G(G)). Thus we have the following lemma.

Lemma 4.1.3. Let G be a finite group, |G| > 1 and g € G be such that 6(G(G)) =
deg(g). Then E|g,N(g)] is a minimum disconnecting set of G(G).

4.2 Minimum degree

In this section, we find the minimum degree and minimum disconnecting sets of
power graphs of Z,, abelian p-groups, D,, and @),, in respective subsections.
We begin with the following lemma which gives a sufficient condition for equality

of degrees of elements of power graphs of finite groups.
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Lemma 4.2.1. Let G be a finite group and g1, g2 € G. If {g1) = {ga), then deg(g1) =
deg(g2) in G(G).

Proof. Note that, if (g1) = (g2, then g; and go are powers of each other in G. In
particular, g; and go are adjacent in G(G). Now, any h € G, distinct from both
g1 and go, is adjacent to ¢; if and only if it is adjacent to g, in G(G). Hence

deg(g1) = deg(gz). u

The converse of Lemma 4.2.1 need not be true though. For example, in G(Z;5),
deg (2) = deg (6) =9, but (2) # (6).
We deduce the following lemma by applying Theorem 1.5.7(ii).

Lemma 4.2.2. For a finite group G, 6(G(G)) = |G| — 1 if and only if G is a cyclic

group of order 1 or p* for some prime number p and o € N.

4.2.1 Finite cyclic group

In this subsection, We observe that 0(G(Z,)) is the degree of one of the proper
divisors of n (cf. Lemma 4.2.3). We show that ¢(n) + 1 is a sharp lower bound for
5(G(Z,)). Further, we obtain some inequalities involving degrees of various elements
of Z,, (cf. Proposition 4.2.6). Subsequently, we determine §(G(Z,)) when n has two
prime factors or n is a product of at most four distinct primes (cf. Theorem 4.2.7).

We conclude this subsection by giving two sharp upper bounds of §(G(Z,)).

Lemma 4.2.3. If n € N is a composite number, then there exists a proper divisor

c¢>1 of n such that 6(G(Z,)) = deg (¢).

Proof. Since n is a composite number, Z! is non-empty. Note that deg(a) <n —1
for all @ € Z,,. Moreover, by Remark 1.5.14, deg(b) = n — 1 for all b e S(Z,). Thus
there exists @ € Z/, such that 6(G(Z,)) = deg(a). Now take ¢ = ged(a,n). Then
¢ln, 1 < ¢ < n and from Theorem 1.3.22, we have (¢) = (@). Hence by Lemma

4.2.1,6(G(Z,)) = deg (). O
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Theorem 4.2.4. For any integer n > 1,

(1) Ifn is a composite number, then §(G(Z,)) = ¢(n)+1+0(G'(Z,,)). Consequently,
0(G(Zn)) = ¢(n) + 1.

(i) 6(G(Z,)) = ¢(n) + 1 if and only if n = 2p for some prime p = 3.

Proof. (i) Let n € N be a composite number. In view of Lemma 4.2.3, it is enough
to consider only elements of Z/,. Since each @ € Z/ is adjacent to all elements of
S§(Z,) and [S(Z,)| = ¢(n) + 1, we have degg 7, (@) = degg(z,)(@) + ¢(n) + 1. Thus
the proof follows.

(ii) Let n = 2p for some prime p = 3. Then by Proposition 2.3.3, G'(Z,,) is discon-
nected, and its component induced by (p)* has p as its only vertex. Consequently,
5(G'(Z,)) = 0, and hence by (i), 6(G(Z,)) = ¢(n) + 1.

Conversely, let 6(G(Z,,)) = ¢(n) + 1. If n is a prime number, then §(G(Z,)) =
n—1# ¢(n)+ 1. So n is a composite number. Then by (i), 6(G'(Z,)) = 0, and
hence G'(Z,) is disconnected. Accordingly, by Proposition 2.3.3, n is a product of
two distinct primes; say n = pq. It is easy to see that subgraphs induced by {p)*
and {(g)* are the only components of G'(Z,). If both p and ¢ are odd primes, then
[<p)*|,[{g)*| = 2 and hence 0(G'(Z,)) = 1. As this is a contradiction, exactly one of

p or q is 2. Hence taking ¢ = 2, we get n = 2p. O]

The following lemma gives us a formula to compute degrees of vertices of Z/, in

G(Z,).

Lemma 4.2.5 ([Moghaddamfar et al., 2014]). Suppose the integer n > 1 is not a
prime power and a € Z,,. If b = ged(a, n), then in G(Z,),

deg(a) = %4— Z qb(g) — 1.

d|b,d+#b

We now establish some inequalities involving degrees of vertices of G(Z,,).
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Proposition 4.2.6. Suppose n = p{*p3*...p0" wherer =2, p1 < py < --- < p, are

primes and a; € N for 1 <i <r. Then the following inequalities hold in G(Z,).
(i) deg (pT") > deg (7).
(i) deg (p?) > deg (pf) foranyl<i<randl <vy<pf<aq.

(iii) deg (p?) > deg <p_J’B> forany 1 <i<j<randl<f < min{a;, o;}.

(iv) deg (pf1p§2 A .pr) deg ( ) for 251 ZO‘“ where 1 < 8; < o
i=1
forany 1 <i<r.

Proof. (i) Let m =

(o5}
L

o ) - o=+ S o) {7 £ )]
= { IZ P ") ¢(p?1)12:¢(p3"_k)}
+m (pr" — i)
= ¢(m) {(Y" — i D@ = 1) = 0 —p )@Y - 1)}
+miptt (pr = 1) — pr" (7" — 1)}
= (o = 1) [p* ' b(m) + i {m — g(m)}]
= (P — 1) [ppr " o(m) + p2r{m — ¢(m)}]
1) [p3* " o(m) + pi* {m — ¢(m)}]
=" [pfr T o(m) + pir{m — é(m)}]
= (T = e(m) — [pP T o(m) + pit {m — ¢(m)}]
= o2 (e — p1)(m) — [p(m) + pr{m — ¢(m)}]]
> p T (py — p1)o(m) — [p(m) + pi{m — ¢(m)}]]
= {(pr — Do(m) — prm}. (4.1)

> (pim —
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= 1. Hence from (4.1), we get

Now, if 7 = 2, then m = ——-
D1 P2

deg (p7) — deg (57) = Py (9 = 1= p1) = 0,

r—1
n , .
Ifr>2 thenm=—— = | |p§“. Again, from (4.1), we get
1 rT =2

r—1 r r—1
deg (pT") — deg (77) = [ Toi" ™" {Hm S le} >0,
i=1 i=1

=2

since pjy1 —1=p;foralll<i<r—1.
(i) deg (p7 ) — deg (/)

n 14 n n 3 n
B ()5
pi = \Pi Pi k=0 \Pi

n n n
A

b; D; k=~

= (=) =6 (= ) Do ()
- p

7

n i o — i o — o —
= 2 (o ﬁ)_¢<ai)(i ")
b; D;

— — A1
@) @)-5-5- 20 3) (3]
i i = 7 J

n n
Since p; < pj, we have }? > ]? Further o, a; = B3, so that for all 0 < k < f—1,
i J

r 1
we have ¢ <£k> —¢ ﬁk = Ek — ﬁk 11 (1 — —) > (0. Hence the proof follows.
D; p; pi  DPj)i=1 P
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(iv) deg (pf1p§2 . -p5T> — deg <p§2 . ~pr>

n

n
I ()
p/flng-.-pr ZT I gz"'pz

Yr
Do Dr r T - Pr
0< Z Vi< Z Bi,
=2 =2

n

n n
s osws&z\; l<icy \DP1'D2 D prps Pl
n n n
{p??..pf,@ o<y<hva<icr \P2 ---Dr p§2...p£’”

1sm gﬁl:
OS’yig,Bi V2<i<r

+m (pf“_ﬁl - pi”) (by setting m = p3> ™ .. .p‘r""_ﬁ’")

= { Z b (pgz—*yz u 'pgr—w)} Z o (pfln—w) +m <p<111—/31 - p?1>

0<y;<B; V 2<isr l<sm<h

> 005 p) Y, o) +m (P —p)

1<mi<pr

==} D] ¢(p?1_”1)*m<p‘flfp?“ﬂl>
1=2

1<m<p

M{li[(pi—l) 2 ¢(p?”1)—(p?1—p?1ﬁl)}-

=2 1<sm<bh

WV

Thus it is enough to show that

T

p=[[pi-1 > o) - (p‘f” —p‘fl_ﬁl> > 0.

i=2 1<vi<h

We have i < ay. First take a; = ;. Then Y, ¢ (pi" ") = pP* 1 so that
1<m<h

TH-1968 136123001



70 MINIMUM DEGREE AND CONNECTIVITY

p=]1mi—DpP " = —1)

> (po— L)p = pft +1

=>pit —pit +1>0.

Now we take a; > (1. In this case, Y, ¢ (p" ") = pi'~ L po=F=1 50 that

1<y <6
p=(p—1). ("“1 R 1)—(291 - it 51)
— (- 1) (2= 1) (o= 1) =21} > 0.

Theorem 4.2.7. Let n € N and p1 < pa < p3 < ps be prime numbers.

(1) If n = pps?, ay, a0 € N, then p5? has the minimum degree among all vertices

in G(Za), and 6(G(Za)) = (b3 — Do(p) + pit — 1.

(ii) If n = p1paops, then P3 has the minimum degree among all vertices in G(Z,,),

and 6(G(Zn)) = ¢(n) + pipa — 1.

2(ps —1
(i) Let n = p1papsps. If n is odd or py = p3 + (pg—l); then ps has the mini-

P2 —
mum degree among all vertices in G(Z,), and 6(G(Z,)) = ¢(n) + pipaps — 1.
Otherwise, psps has the minimum degree among all vertices in G(Z,), and

0(G(Zn)) = (p2 — 1)(psps + 1) + 1.

Proof. In view of Lemma 4.2.3, to determine §(G(Z,,)), it is sufficient to compare
the degrees of vertices of the form ¢, where ¢ > 1 is a proper divisor of n.
(i) Consider fy, B2 € N satisfying 1 < 3; < «; for i = 1,2. Using Proposition 4.2.6,

we have

TH-1968 136123001



4.2 MINIMUM DEGREE 71

(a) deg (p'?) > deg (]F) > deg (@)

(b) deg (]?) > deg <E>

(c) deg (pflp§2> > deg (p§2) > deg (@)

Hence p3? has the minimum degree among all vertices in G(Z,) and by Lemma
4.2.5,0(G(2,)) = (po* =)o (p") + 11" — 1.

(ii) If 7, j, k is a permutation of 1,2,3 with ¢ < j, we have

deg (pip;) — deg (pj) = pr + O(pivr) + O (PjPK) — Dilk
=i — e —1)+ (@ —Dx— 1) —pr(ps — 1)

= —1(pr—1) = (pi — 1) = 0, since p; < p;.

Further, by Proposition 4.2.6(iii), deg (p1) = deg (p2) = deg (p3). Hence p3 has
the minimum degree among all vertices in G(Z,). Consequently, by Lemma 4.2.5,

0(G(Zn)) = deg (ps) = ¢(n) + pipa — 1.

(iii) Let 4,7, k, [ be a permutation of 1,2, 3, 4.

For 7 < j < k, we have
deg (pip;pr) — deg (D;Pk)

=p+ ), ¢<g>* pip+ ) Cb(g)

d|pip;pk d|pjpr
d#pip;DPk d#p;pk

2p1+¢( - )+<z>( - )+¢(L)+¢(ﬁ)—pml
DiPj DiDPk PPk Di
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=m-D{pr =D+ - +@—-1)+@—-Dr—1)} —mpi — 1)
=@ -D{pe =)+ —1)+ @ - D@ -1} —(pi — 1)

= (pl - 1)(pj - 1) - (pi — 1) = 0, since p; < p;.

Now take ¢ < j with no condition on £ and (.

deg (pip;) — deg (p;) = pepr + O(pipep1) + G(PiPrDL) — PiDEPL
=i — e — V) — 1) + (pj = e — 1) (o0 — 1) = pipw(pi — 1)
= — D= —1) — (i — Do + 2 — 1). (4.2)
Since k and [ can be interchanged in (4.2), without loss of generality, let p. < p;.
If n is odd, then py > 2, so that
deg (pip;) — deg(p;)
= (pi — D{pe — Dm0 — 1) = (pr. + 1 — 1)} (since p; < p;)

= (pi = D{(pe —2)(pt — 1) — &}

> (pi — ){(m — 1) — pr} = 0, since py, > 2 and p < p;.

Now let n be even, that is, py = 2. If py > 2, then from (4.2), deg (pip;) = deg (7;)

as shown above. So take p, = 2. From (4.2), we have

deg (pip;) — deg (p;) = (p; = D = 1) = (p: = D(pr + 1). (4.3)

In (4.3), let p; # p3. Since ¢ < j, p; cannot be py. Moreover, pp = p; = 2, so we
have p; = ps. As a result, p; > ps. Then from (4.3),
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deg (pip;) — deg (p7) = (= D{(p; = 1) = (p2 = 1)} = 2(p2 — 1)
=>2(p— 1) —2(p2 — 1) (since p; — pa = 2)

= 2(p1 — p2) > 0, since p; > pa.

Now take p; = ps in (4.3). Then p; = ps. We already have p; = 2, and since
pr < pi, we have p; = py. Then from (4.3),

deg (pip;) — deg (p;) = deg (p3ps) —deg (pa) = (pa —1)(p2 —1) — (p3 — 1)(p2 + 1), and

hence
2(ps — 1
deg (psp1) = deg (P1) < p1 > p3 + % (4.4)
) —
2(ps — 1
Case 1: nis odd or py = p3 + M
p2—1
As shown above, for all 1 <7< j <k < 4,
deg (Pip;pr) = deg (p;pr) = deg (Dr) - (4.5)
Further, it follows from Proposition 4.2.6(iii) that
deg (p1) > deg (p2) > deg (p3) = deg (pa) - (4.6)

So we conclude that py has the minimum degree among all vertices in G(Z,,). Con-

sequently, by Lemma 4.2.5, we get 6(G(Z,)) = deg (p1) = ¢(n) + pipaps — 1.

2(]73 - 1)

Case 2: n is even and py < p3 +
p2—1

Then from (4.4), deg (p3ps) < deg (p1), whereas all other inequalities in (4.5) and
(4.6) hold. Thus p3ps has the minimum degree among all vertices in G(Z,). Thus

TH-1968 136123001



74 MINIMUM DEGREE AND CONNECTIVITY

by Lemma 4.2.5, we get

0(G(Zn)) = 2p2+ (p2 = D{(ps = D(pa = 1) + (ps = 1) + (pa — 1} — 1

= (pQ — 1)(]73])4 + 1) + 1.

]

Corollary 4.2.8. Let n = p{'ps®...p%", r = 2, p1 < ps < --- < p, be prime

numbers and c; € N for 1 <1 <r. Let

mln) = s =D () -1 (17)

T s

and

m(n) = —2 +mm+¢(g)+¢(")—1 (43)

- DPr—1Dr Pr—1
Then n1(n) and ne(n) are sharp upper bounds of §(G(Z,)).

Proof. By Lemma 4.2.5,

deg (p77) = m(n), (4.9)

and

deg(pr=1pr) = m2(n), (4.10)

so that n1(n) and 7y(n) are upper bounds of §(G(Z,)). Moreover, as shown in
Theorem 4.2.7, 6(G(Z,)) attains n;(n) for some values of n and 7y(n) for some other

values of n, and hence the bounds are sharp. O]

In view of Lemma 4.2.1 and Lemma 4.1.3, we have the following corollary of

Theorem 4.2.7.
Corollary 4.2.9. Let n € N and p1 < py < p3 < ps be prime numbers.
(i) If n = p{'ps?, a1, 0 € N, then for any a € [@],

_ az—1
E [6, <p§2> v [p’z} — 6] is a minimum disconnecting set of G(Z,,).
i=0
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(i) If n = pipops, then for any @ € [ps], E|a,{(ps) v [1] — @] is a minimum dis-
connecting set of G(Z,,).
2(ps — 1)

P2 —
E [6, (pay v [T] — G] is a minimum disconnecting set of G(Z,,). Otherwise, for

(iii) Let n = p1papsps. If n is odd or py = ps + , then for any @ € [p4],
any b € [p3pa), E [b,{Pspa) v [ps3] v [pa] U [1] — b] is a minimum disconnecting
set of G(Z,,).

4.2.2 Abelian p-group

In this subsection, we find the minimum degree and minimum disconnecting sets of

power graphs of abelian p-groups.

Notation 4.2.10. We recall that a finite abelian group G is isomorphic to an unique
direct product of cyclic groups of prime power order (cf. Theorem 1.3.26). In this
product, let o(G) be the number of cyclic groups and 7(G) be order of the smallest

cyclic group.

Lemma 4.2.11. Consider a prime number p, positive integers r and «; for all
1<i<r. Foranyl <i<r, ifue H :=2Zp xZps X ... x Zyar with i

component 1 and all other components are 0, then deg(u) = p* — 1.

Proof. Note that o(u) = p“. If possible, let there exist v adjacent to u in G(H) and
v ¢ (u). Then u € (v}, so that u = cp*v for some k € N and integer ¢, (c,p) = 1. Now
comparing the i** components, p|(cp*a— 1), where @ is the i component of v. This

implies p|1, which is not possible. Hence we have deg(u) = [(u)| —1 =p* —1. O
Theorem 4.2.12. If G is an abelian p-group, then 6(G(G)) = 7(G) — 1.

Proof. Suppose G = H := Zya1 X Zyas X ... X Zpar for some r € N and a; € N for all

1 <i<r. Take a; = 1m.in a;, so that 7(G) = p*.
<i<r

In light of Remark 1.5.5, it is enough to show that §(G(H)) = p™ — 1. If r =1,

the proof follows from Lemma 4.2.2. So for the rest of the proof, we assume r > 2.
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Let v = (a@,az,...,a,) € H. Forany 1 <i <, if @ # 0, then a; = ¢;p” for some
integers ¢;, 3; satisfying (c;,p) = 1 and 3; = 0. Take 8, = min{3; | 1 <i < r,a; # 0},
and define y = (E, Do, ... ,b_T) by

cp’=Ps ifa; #£0,
b, = (4.11)
0 if a; = 0.

&

Then b, = ¢, and hence o(b,) = p®. Since o(y) = lem(o(b1),0(bs), ..., 0(b,)) (cf.
Theorem 1.3.25), we get o(y) = p®. Since o(y) is a prime power, (y) is a clique in
G(H) (cf. Theorem 1.5.7(ii)). Thus, as z € (y), we have deg(z) = p* —1 = p™ — 1.
Therefore,

o(G(H)) = p* — L. (4.12)

Hence we conclude from Lemma 4.2.11 that 6(G(H)) = p** — 1. This completes the

proof of the theorem. O

Theorem 4.2.13. Let G be an abelian p-group and 1 : G — Zyor X Zyos X ... X Zpay
be an isomorphism and T(G) = p*. If g € G is such that all components of (g)
are 0 except t™, say @, satisfying ged(a,p) = 1, then El[g, 1 ({(g9))) — g] is a

minimum. disconnecting set of G(G).

Proof. Take 1(g) = z. Following the proof of Theorem 4.2.12, N(z) = {(z) — z.
Then, v being an isomorphism, N(g) = ¥ *((2)) — g. Thus by Lemma 4.1.3,
Elg,v7'({z)) — g] is a minimum disconnecting set of G(G). O

4.2.3 Dihedral and dicyclic group

In this subsection, we find the minimum degree and minimum disconnecting sets of

power graphs of D,, and Q.

Theorem 4.2.14. Forn > 3, 6(G(D,,)) = 1. Moreover, for any 0 < i < n, the edge
between e and a'b is a cut-edge of G(D,,).
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Proof. 1t follows from Remark 1.3.16 that for any 0 < ¢ < n, the only vertex adjacent
to a'b is e and hence deg(a’d) = 1. As G(D,,) is connected, deg(g) = 1 for all g € D,,.
Hence 6(G(D,,)) = 1 and the edge between e and a'b is a cut-edge of G(D,,) for all

0<i<n. O

Theorem 4.2.15. Forn > 2, §(G(Q,)) = 3. Moreover, for any 0 < i < n —
1, E[a'd, {e,a™, a™*'b}] and E[a""'b, {e,a™, a'b}| are minimum disconnecting sets of

G(Qn)-

Proof. We follow the presentation of @, in (1.2). Let g € {(a). Since o(a) = 2n, by
Theorem 4.2.4, deg(g) = ¢(2n)+1. For m > 2, ¢(m) is an even integer (cf. [Burton,
2006]). So, in particular, deg(g) = ¢(2n) + 1 = 3.

By Remark 1.3.16, N(a'b) = {e,a",a"*'b} and N(a"*'b) = {e,a",a'b} for all
0<i<n-1. Let heQ,—{a). Then from Remark 1.3.16(iii), h = a’b for some
0 < j < 2n — 1. Consequently, deg(h) = 3. Hence we conclude that 6(G(Q,)) = 3.
Moreover, we deduce that E[a‘b, {e,a™, a™*'b}] and E[a""b, {e,a",a’b}] are mini-

mum disconnecting sets of G(Q,,). O

4.3 Equality of vertex connectivity and minimum

degree

In this section, we investigate the equality of vertex connectivity and minimum
degree of power graphs of finite groups. We first obtain some necessary conditions
for the equality to hold for power graphs of finite groups (cf. Theorem 4.3.1). We
derive a necessary and sufficient condition for the equality of vertex connectivity
and minimum degree of power graph of Z,, (cf. Theorem 4.3.5). Followed by this,
we examine the equality for abelian p-groups, D,, and @,, (cf. Theorem 4.3.6, 4.3.7).

Let G be a cyclic group of prime power order. Then it follows from Theorem

1.5.7(ii) that x(G(G)) = §(G(G)) = n — 1. The next theorem gives some necessary
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conditions of the concerned equality for groups that are not cyclic groups of prime

power order.

Theorem 4.3.1. Let G, |G| > 1 be a finite group and x(G(G)) = §(G(G)). If G is
not a cyclic group of prime power order and §(G(G)) = deg(g) for some g € G, then
the following statements hold.

(i) N(g) is a minimum separating set of G(G).
(ii) The order of g is 2 in G. Consequently, G is of even order.

Proof. (i) Let |G| = n. In view of Theorem 1.5.7, G(G) is not a complete graph.
If possible, let N(¢g) = G — g. Then 6(G(G)) = deg(g) = n — 1, which implies
deg(h) = n — 1 for all h € G. Again, this is possible only when G(G) is a complete
graph. Thus N(g) # G — g, i.e., there exists at least one vertex g; non-adjacent to g
in G(G). Thus there does not exist any path from g; to g in G(G) — N(g), and hence
N(g) is a separating set of G(G). Further, |N(g)| = §(G(G)) = k(G(G)). Hence we
conclude that N(g) is a minimum separating set of G(G).

(i) By (i), N(g) is a minimal separating set of G(G). Then in view of Theorem 2.2.2,
either [g] = N(g) or [g] n N(g) = &. However, [g] — {g} < N(g) and g ¢ N(g).
Hence [g] — {g} = &, that is,
o(g) = 1, then g is the identity element of G, so that N(g) = G — g. As observed in

[g]‘ = 1. Consequently, o(g) = 1 or o(g) = 2. If

the proof of (i), is not possible. Thus o(g) = 2. Since order of an element divides

order of the group for a finite group, |G| is even. O

Lemma 4.3.2. Let n € N, p be a prime factor of n and « be the largest integer such

that p® divides n. Then for any integer 5 satisfying 1 < f < «,

5 ()
|5
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Proof. Taking m = i, we have
pOL

= {6 + o ) + ...+ 60"} > ¢ (%)

]

In the next theorem, when x(G(Z,)) and 6(G(Z,)) are equal, we first find their
common value. As a consequence of this, we then give a minimum separating set

and a minimum disconnecting set of G(Z,,).

Theorem 4.3.3. If the integer n > 1 is not a prime power and k(G(Z,)) =

0G(Z,)) = k (say), then k = deg (g) =n— 2%, where a s the largest inte-
ger such that 2 divides n.

Proof. We first note that since n is even, deg (g) is well defined (cf. Theorem

4.3.1). Let @ be the vertex such that deg(a) = k. Then by Theorem 4.3.1(ii),

o(a) = 2. However, o (g) = 2, and by following Theorem 1.3.24, Z,, has exactly

one element of order 2. Hence a = g Furthermore, from Lemma 4.2.5,

kzdeg(

o | 3
N——
|
—_
+
©-
/N

| 3
N—

n

5a’ by Lemma 4.3.2.
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O

In view of Lemma 4.1.3 and Theorem 4.3.1(i), we have the following corollary of

Theorem 4.3.3.

Corollary 4.3.4. Suppose the integer n > 1 be not a prime power. If K(G(Z,)) =
8(G(Z,)), then {0} U U [@], say A, is a minimum separating set and E |2, A] is

al 5,045

a minimum disconnecting set of G(Z,,).

We now present a characterization for the equality of vertex connectivity and

minimum degree of power graph of Z,, in terms n.

Theorem 4.3.5. Forn € N, k(G(Z,)) = 6(G(Z,)) if and only if n = p® for some

prime p and o € N or n = 2¢° for some prime ¢ > 2 and 3 € N.

Proof. Let k(G(Z,)) = 0(G(Z,)). By Theorem 1.5.7(ii), if G(Z,) is complete, then
n = p® for some prime p. Now suppose G(Z,) is not complete. So n is not a prime

power and hence by Theorem 4.3.1(ii), n is even. Let n = 2%p52...p, r = 2,

2 < py < -+ < p, are primes and a; € N for 1 < ¢ < r. Moreover, from Theorem
4.3.3, 6(G(Z,)) = deg (g)

—2+Y¢ (g) _lom g dZﬂ ¢ (g) (by Lemma 4.2.5)

291

2tn— o ¢(2)} - {20“1 -2 ¢(2m)} (by Lemma 4.3.2)

| 2
- (1-3) - ()

( _

<
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Since r > 2, we have % > 1, and if a; > 1, then 297! > 1. Hence deg (g) >

deg (2%) This contradicts the fact that §(G(Z,)) = deg (g) Thus oy = 1, i.e.,
n = 2p3*.. .p"‘r
# 1.

Take m = 5 If possible, let » > 3, so that

0 e
s (3) v ()
n

-2+ Z ¢( ) — < 2p3? + Z o) <E) (by Lemma 4.2.5)

5 AR dl 3oy i

n
2p5?

—2+9(2) Y, o(Z)-{m+ed Y, ¢(5)

alm,dzm d| By d
L2 2

=2+m-1)— {2}95’2 +m— 2 gzﬁ(pg‘Z)} (by Lemma 4.3.2)
D2
m (03
=1+ —— (03> +p5" )
D2

m
_1+pa2 1{ a2_(p2+1)}
2

Since r > 3, we have ﬂ > ps > po+ 1. So deg > deg r
5 2 2p5°

contradicts the fact that §(G(Z,)) = deg (g) Thus r = 2, i.e., n = 2py?. This

) This again

completes the proof of forward implication.

We now prove the converse. If n = p® for some prime p and a € N, then by
Theorem 1.5.7, G(Z,,) is complete. Thus x(G(Z,)) = §(G(Z,)) = n — 1. Now let
n = 2¢° for some prime ¢ > 2 and 3 € N. Then by Theorem 4.2.7(i) and Theorem
2320, K(G(Za))~0(G(Z0)) = 62" )+a* 1~ 2+ @~~~ 1} = ¢’ ~¢* =0 [

We now explore the relation between the vertex connectivity and minimum de-

gree of power graphs of some more groups.
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Theorem 4.3.6. Let G be an abelian p-group. Then k(G(G)) = §(G(Q)) if and only
ifo(G) =1 or 7(G) = 2.

Proof. From Theorem 1.5.7(ii), G is cyclic if and only if k(G(G)) = |G| =1 =
3(G(G)). Now let G be non-cyclic. Then by Theorem 4.2.12, §(G(G)) = 7(G)—1 and
by Corollary 3.1.6, k(G(G)) = 1. Thus k(G(G)) = 6(G(G)) if and only if 7(G) = 2.
Hence, if either o(G) = 1 or o(G) > 1 and 7(G) = 2, then k(G(G)) = 0(G(GQ)).
Whereas, when o(G) > 1 and 7(G) > 2, then x(G(G)) # 0(G(G)). O

Theorem 4.3.7. For n € N, the following statements hold.
(i) Forn =3, k(G(Dy)) = 6(G(D,)).
(il) Forn =2, k(G(Q,)) # d(G(Q,)).

Proof. From Theorem 1.5.21 and Theorem 1.5.22, x(G(D,,)) = 1 and x(G(Q,)) = 2,
respectively. On the other hand, from Theorem 4.2.14, 6(G(D,)) = 1 and from
Theorem 4.2.15, 6(G(Q,)) = 3. Hence the result follows. O

4.4 Conclusion

In this chapter, we computed the minimum degree of G(Z,) when n has two prime
factors or is a product of at most four distinct primes. This in fact shows that 1, (n)
and 72(n) are sharp upper bounds of the minimum degree of G(Z,,) (cf. Corollary
4.2.8). Thus one may be interested in determining the minimum degree of G(Z,,)
for all n e N.

Moreover, we obtained a necessary and sufficient condition for the equality of
the vertex connectivity and minimum degree of G(Z,,) and examined it for power
graphs of abelian p-groups, D, and @),. So characterizing the above equality for

power graphs of all groups is still an open problem.
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Laplacian Spectrum

Recently, various spectral properties of power graphs have been investigated, see
[Chattopadhyay and Panigrahi, 2015], [Mehranian et al., 2017], [Chattopadhyay
et al., 2017]. In particular, Laplacian spectra of power graphs of Z, and D,, was
studied by Chattopadhyay and Panigrahi [2015]. In this chapter, we study Lapla-
cian spectra of power graphs of Z,,, ),, and p-groups in Section 5.2, 5.3 and 5.4,
respectively. Kirkland et al. [2002] investigated the equality of vertex connectivity
and algebraic connectivity of graphs that are non-complete and connected. Here,
we characterize this equality for power graphs of Z,,, @),, and p-groups. Further, we
show that the power graph of (),, is Laplacian integral if and only if it is generalized

quaternion and that power graphs of p-groups are always Laplacian integral.

83
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5.1 Essential results and alternate proofs

In this section, we first recall certain results necessary for this chapter and then give
alternative and shorter proofs for some of them. We then obtain some results that
are essential for study of Laplacian spectrum of power graphs.

We begin by recalling the following two results from the survey article [Mohar,
1991] on Laplacian spectra of graphs. We note that Theorem 5.1.2 was originally
shown in [Kel’'mans, 1965, 1966].

Theorem 5.1.1. If ' is the disjoint union of graphs I'y,T's, ..., ['., then
o, z) = [e@;,x).
i=1
Theorem 5.1.2. If 'y and 'y are vertex disjoint graphs on n, and ny vertices,

respectively, then

z(z — ny — ngy)

Ol v Iy, ) = (=) (x — na)

@(FbiE 3 n2)@(F2,x - 711)-

By applying Theorem 5.1.1 and Theorem 5.1.2, we now give alternative and
shorter proofs for some results on Laplacian spectra of power graphs of Z,,, D,, and
Q. from [Chattopadhyay, 2015; Chattopadhyay and Panigrahi, 2015].

By Remark 1.5.14 and Remark 1.5.15, G(Z,) = Kym)+1 v G'(Z,). Hence by
applying Theorem 5.1.2, we get

z(z — n)¢W+1

x—a¢(n)—1

O(G(Zn), x) = O(¢'(Zn),z — ¢(n) — 1). (5.1)

For any matrix M, let ®(M, ) denote its characteristic polynomial. Then ob-
serve that ©(G'(Z,,),z—¢(n)—1) = ®(L'(G(Z,)), x), where L'(G(Z,,)) is the subma-
trix of L(G(Z,)) obtained by deleting rows and columns corresponding to elements

of §(Z,). Consequently, we have the following theorem.
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Theorem 5.1.3 ([Chattopadhyay and Panigrahi, 2015]). For any integer n = 2,

x(z —n)?r+

x—a¢(n)—1

O(G(Zn), x) = (L'(G(Zn)), ). (5.2)

As observed in [Chattopadhyay and Panigrahi, 2014], for distinct primes p and

q,
Q(qu) = K¢(pq)+1 Vv (Kp—l + Kq—l)-

Hence for n = pq, we get
O(G(Z,), ) = x(z —n)*™* (z = ¢(n) = 1)z —n+p -1z —n+q—-1)""
Consequently, we have the following theorem.

Theorem 5.1.4 ([Chattopadhyay and Panigrahi, 2015]). If n = pq for distinct
primes p and q, then the Laplacian spectrum of G(Z,) is given by

0 ¢(n)+1 n—q¢g+1 n—p+1 n
1 1 p—2 qg—2 ¢(n)+1

From [Chattopadhyay and Panigrahi, 2014], we have the structure of G(D,,) and

G(Q,) as presented below. For any integer n > 3,
G(D,) = Ky v (G*(Z,) + nKy), (5.3)
and for any integer a > 2,
G(Qa1) = Ky v (Kga_g +2°'Ky). (5.4)

As a consequence of (5.3), we have the following theorem.
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Theorem 5.1.5 ([Chattopadhyay and Panigrahi, 2015]). For n e N,

(x —1)"(x — 2n)
(x —n)

O(L(G(Dn)), x) = O(G(Zn), ).

Moreover, from (5.4) we obtain

1(x . 2a+1)2($ . 204)20‘—3‘

O(L(G(Qzo1)), ) = a{(z — 2)(x — 4)}*"

Hence we have the following theorem.

Theorem 5.1.6 ([Chattopadhyay, 2015]). For any integer o« > 2, the Laplacian
spectrum of G(Qaa-1) is given by

0 2 4 2¢ 2o+l
1 2071 2071 2a_3 2

We now present some results that are fundamental for Laplacian spectra of power
graphs and hold for all finite groups.
Since the identity element of any finite group G is adjacent to all other elements

in G(G), we have G(G) =~ K; v G*(G). So that by Theorem 5.1.2,

O(G(G), z) = M@(Q*(G},x —1).

z—1

This results in the following lemma.

Lemma 5.1.7. If G is a finite group of order n = 3, then

Ai(G(G) = Aia(G7(G)) + 1

for2 <i < n—1. Inparticular, algebraic connectivity of G(G) satisfies \,_1(G(G)) =
1.

The following remark is an immediate consequence of Lemma 5.1.7.
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Remark 5.1.8. For a finite group G, the algebraic connectivity of G(G) is 1 if and

only if 1 is a Laplacian eigenvalue of G(G).
Theorem 1.4.9 and Lemma 5.1.7 together yield the following proposition.
Proposition 5.1.9. Let G be a finite group of order n = 3.

(i) The algebraic connectivity of G(G) is 1 if and only if its vertex connectivity is
1.

(ii) If the algebraic connectivity of G(G) is 1, then its multiplicity is equal to one

less than the number of components of G*(G).
Theorem 1.4.14 and Theorem 4.1.2 together yield the following lemma.

Lemma 5.1.10. If G is a group of order n = 2, then

A1 (G(Q)) = 2 (1 _ cos f) 5(G(Q)).

5.2 Finite cyclic group

In this section, we investigate multiplicity and bounds of Laplacian eigenvalues of
G(Z,). We further characterize the equality of the vertex connectivity and algebraic
connectivity of G(Z,).

Using (5.1), we have the following lemma.

Lemma 5.2.1. If the integer n > 1 is not a prime number, then

-

n for1 <1< ¢(n)+1,
Ai(G(Zn) = { Micpm)1(G(Z,) + ¢(n) + 1 for p(n) +2<i<n—1,

0 fori=n.
\
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When n is a prime power, the multiplicity of n as a Laplacian eigenvalue of G(Z,,)
is n — 1 (cf. Theorem 1.5.28). Moreover, the multiplicity of n is at least ¢(n) + 1
for any non-prime integer n > 1 (cf. Theorem 1.5.24).

Moreover, as recalled in Theorem 1.5.27,

An-1(9(Zn)) = o(n) + 1 (5.5)

and equality holds if n is a prime or product of two distinct primes. We observe
that the last two results are consequences of Lemma 5.2.1. In the following result,
we determine the condition for which the multiplicity of n as a Laplacian eigenvalue
of G(Z,) is exactly ¢(n) + 1. We further show in Theorem 5.2.3 that for equality to

hold in (5.5), the aforementioned sufficient condition is necessary as well.

Theorem 5.2.2. For an integer n > 1, the multiplicity of the Laplacian eigenvalue

n of G(Z,) is ¢(n) + 1 if and only if n = 4 or n has at least two prime factors.

Proof. For n = 4, the multiplicity of n is n — 1 = 3 = ¢(n) + 1. Now suppose
n has at least two prime factors. Then from Lemma 1.5.26, m is connected,
and hence it follows from Theorem 1.4.12 that A\ (G'(Z,)) < n — ¢(n) — 1. This
together with Lemma 5.2.1 imply that A\;(G(Z,)) = nforall 1 <i < ¢(n) + 1 and
Ai(G(Z,)) < nfor all ¢(n)+2 < j <n, and hence the multiplicity of n is ¢(n) + 1.

Conversely, if n is a prime power and n # 4, then it folllows from Corollary

1.5.28 that the multiplicity of the Laplacian eigenvalue n of G(Z,) is n — 1, and it
is easy to see that n — 1 % ¢(n) + 1. O

Theorem 5.2.3. For an integern > 1, the algebraic connectivity of G(Z,) is ¢p(n)+1

iof and only if n is a prime or product of two distinct primes.

Proof. If n is a prime or a product of two distinct primes, then the algebraic con-
nectivity A\,—1(G(Z,)) is ¢(n) + 1 (cf. Theorem 1.5.27).
For converse, let \,,_1(G(Z,)) = ¢(n)+1. Observe that n = ¢(n)+1 if and only if

n is prime. So suppose n is not prime. Then by Lemma 5.2.1, A,_4(n)—2(G'(Z,)) = 0.
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Thus by Theorem 1.4.9, G'(Z,,) is disconnected. Finally, applying Proposition 2.3.3,

we conclude that n is a product of two distinct primes. O]

In the next theorem, we characterize the equality of the vertex connectivity and

algebraic connectivity of G(Z,,).

Theorem 5.2.4. For an integer n > 1, k(G(Z,)) = M\_1(G(Z,,)) if and only if n is

a product of two distinct primes.

Proof. If n is a product of two distinct primes, then from Theorem 1.5.19(ii) and
Theorem 5.1.4, we have k(G(Z,)) = ¢(n) +1 = X\,—1(G(Z,)).

Now suppose n is not a product of two distinct primes. If n is a prime power,
by Theorem 1.5.7(ii), k(G(Z,)) = n — 1 and \,_1(G(Z,)) = n. So n has at least
two distinct prime factors. Then from Proposition 2.3.3 and Lemma 1.5.26, G'(Z,,)
and G'(Z,) are connected. Thus it follows from Lemma 1.4.16 that x(G'(Z,)) #
An—o(n)—2(G'(Z,)). Finally, applying Lemma 2.3.2(ii), and Lemma 5.2.1, we get

F(G(Zn)) # An1(G(Zn)). 0

In the next two results, we supply upper and lower bounds of the algebraic
connectivity of G(Z,) using certain existing results on bounds and values of the
vertex connectivity and the minimum degree of G(Z,,), respectively. In fact, the

first result extends Corollary 1.5.25 to all n.

a1, a2

Theorem 5.2.5. Suppose n = p{'py*...p%", where r = 2, p1 < ps < --- < p, are
primes, a; € N for 1 < i < r, and n is not a product of two distinct primes. If either

r—1 1 1
Ozr>2and]_[<1——)> or a, = 1, then
i=1

Di - 5
Mor(GZ) < o)+ 2 g to (1) (5.6)
otherwise
A 1(G(Z2) < Bln) + - +¢( Z) (o~ 2). (5.7
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Proof. Let the right hand side of (5.6) and (5.7) be & (n) and &(n), respectively.
Then from Theorem 2.3.6 and Theorem 2.3.16, &;(n) and &(n) are upper bounds of

r—1 1
1(G(Zy)). Furthermore, & (n) < &(n) if either . = 1 or a, > 2 and [] (1 - —) >
i=1 Di
1
—, and & (n) > &(n) otherwise. Hence & (n) and &(n) are upper bounds of

27

M-1(G(Z,)). Finally, it follows from Theorem 5.2.4 that the upper bounds are

strict. [
Theorem 4.2.7 together with Lemma 5.1.10 yield the following theorem.

Theorem 5.2.6. Let p; < ps < p3 < py be prime numbers and oy, as € N.

(i) If n = p{'p5?, then
™ (31 a1—1 () (e3]
M—1(G(Z5)) 22(1—COSE> {(p?" —p (5 = 1) + pi* — 1}

(i) If n = pipaps, then Au-1(G(Zn)) > 2 (1= cos =) {6(n) + prpz — 1} .

2(ps — 1)

, then
p2— 1

(iii) Let m = pipepsps. If n is odd or py = p3 +

A-1(G(Z,)) = 2 (1 — cos %) {¢(n) + pip2 — 1},

otherwise

M-1(G(Z,)) = 2 <1 — cos %) {(p2 —1)(psps + 1) + 1}.

5.3 Dicyclic group

In this section, we first derive an expression for Laplacian characteristic polynomial
of G(Q,) involving L(G(Z,)). We further supply bounds and least value of mul-
tiplicity of some Laplacian eigenvalues of G(Q,). We then show that the vertex
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connectivity and algebraic connectivity of G(Q,,) are equal if and only if the latter
is an integer.

Using Theorem 4.2.15 and Lemma 5.1.10, we have the following theorem.

Theorem 5.3.1. For any integer n = 2, the algebraic connectivity of G(Q,,) satisfies
Ain_1(G(Qn)) = 6 (1 — cos %)

We next give a characterization of a generalized quaternion group among dicyclic
groups in terms of adjacency property of its power graph. As an application of this

result, we characterize the same in terms of Laplacian spectrum.

Proposition 5.3.2. For any integer n = 2, a" is adjacent to all other vertices of

G(Qn) if and only if Q,, is generalized quaternion.

Proof. Let @), be generalized quaternion, i.e., n is a power of 2. Additionally, since
{ay = Zy,, it follows from Theorem 1.5.7(ii) that {a) is a clique. Hence a" is adjacent
to all other elements of {(a) in G(Q@,). Furthermore, from Remark 1.3.16(ii), a" is
adjacent to a’b for all 0 < ¢ < 2n. Hence in view of Remark 1.3.16(iii), a" is adjacent
to all other vertices of G(Qy,).

Whereas, if @,, is not generalized quaternion, then there exists a prime factor
p>2ofn. So a# is an element of order p. Further, the order of a™ is 2. Hence

the orders of a” and a’s are co-prime and this implies that they are not adjacent in

G(Qn). L]

Theorem 5.3.3. For any integer n = 2, the Laplacian eigenvalue 4n of G(Q,,) has

multiplicity two if Q,, is generalized quaternion and one otherwise.

Proof. In view of Remark 1.3.16(ii), a” is adjacent to every element of @, — {a).

Moreover, G(Q,) — {e, a"} is connected since each element of G(Q,,) —{a) is adjacent
to every element of (a) — {e,a"}. Hence it follows from Proposition 5.3.2 that the

number of components of G(@Q,,) is three if n is a power of 2 and two otherwise.

Accordingly, by Theorem 1.4.9, the multiplicity of 0 as a Laplacian eigenvalue of
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G(Q,) is three if n is a power of 2 and two otherwise. By Theorem 1.4.10, the
multiplicity of 4n as a Laplacian eigenvalue of G(Q,,) is equal to one less than the

multiplicity of 0 as a Laplacian eigenvalue of G(@Q,). Thus the result follows. ]

We order the elements of @), as

(e,a",a,a™", ... a" ' a® 1 b, a"b, ab,a™ b, ... a" " b, a* D)

g ..

and accordingly index rows and columns of L(G(Q,)). Also, we index the rows and

columns of L(G(Z,,)) corresponding to the ordering

O,m,1,n+1,...,n—1,2n — 1).
Theorem 5.3.4. For any integer n = 2,
O(G(Qun),x) = (¢ — 2)"(z — 4)" det (2L — Ron(®) = L(G(Zan)),

where Rop(x) is the 2n x 2n matriz

(x—1) 1 0 --- 0
1 (x—1) 0 --- 0

2n
(@—2) 0 0 0 - 0
0 0 0 0

Proof. By adjacency relations in G(Z,,,) and G(Q,,), the Laplacian matrix of G(Q,,)

18

L(G(Zn)) + Moy | Non
NL | P

L(Q(Qn)) =

Y

where Ms,,, Ny, and P,, are 2n x 2n matrices:

(a) The (1,1) and (2,2) entries of My, are both 2n, and all other entries are 0,
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(b) Na, has all entries —1 in first two rows and the rest of the entries are 0, and

(c) Pa, is given by

|
—
w
S
S
o o o O

Po,=10 0 -1 3

It is known that A, B,C and D are square matrices of the same order and D is

A|B
invertible, then det = det(D) det(A — BD'C) (cf. [Zhang, 2005]). So,
C|D

as P, is invertible, we have

O(G(Qn), )
mIQn - L(g(ZZn)) - MQn _NQn
—Ng;; ‘ iCIQn — P2n

= det

= det(xlgn — PQn)

det (:ugn — L(G(Zon)) — Moy — Nop(lo — P%)—lN;;). (5.8)

Observe that

det(xly — Po) = et [ ° —(r—2x -4 (5.9)
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Moreover,

r—3 -1 0 0 0
-1 z-3 0 0 0
0 0 r—3 -1 0
1 1
(@lon — Pan) Goae—1| © 0 -1 z2-3 0 |
0 rz—3 -1
0 -1 zz-3
so that
2n(z —4) 2n(z—4) 0 0
2n(r —4) 2n(x—4) 0 0
B 1
Noy(21oy, — Pay) 1N27;l = m 0 0 0 0
0 0 0 0
110 --- 0
110 --- 0
2n
:($_2> 000 --- 0
0O 00 --- 0

Hence from (5.8) and (5.9), and by setting R, (z) = Ma, + Nop (21, — Po,) "I N4 |
the proof follows. |

Corollary 5.3.5. For any integer n > 2, 2 and 4 are Laplacian eigenvalues of

G(Q,) with multiplicities at least n — 1 and n, respectively.

Proof. In Theorem 5.3.4, let Ty,(xz) be the matrix obtained by subtracting first
row from second row of xly, — Ron(x) — L(G(Z2y)). Then (x — 2) det(Ty,(z)) is a
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polynomial matrix and det(7s,(x)) = det(xly, — R,(x) — L(G(Z3,))). Hence the

proof follows. L

Theorem 5.3.6. For any integer n = 2, the algebraic connectivity of G(Q,) satisfies

Proof. Since G*(Q,,) is connected, it follows from Theorem 1.4.12 that A;(G*(Q,,)) <
4n — 1. Moreover, by applying Theorem 1.4.11 we have

A(G(@n)) = max{A(G*(@n)), M (G({e}))} = A (G*(@n))-

Consequently, A\ (G(Q,)) < 4n — 1 and hence by Theorem 1.4.10, Ay, 1(G(Qr)) >
1. [

Theorem 5.3.7. For any integer n = 2, the following statements are equivalent.
(1) £(G(Qn)) = Aan-1(G(Qn))-

(ii) The algebraic connectivity of G(Q,) is 2.

(iii) The algebraic connectivity of G(Q,) is an integer.

(iv) G(Q,) is Laplacian integral.

(v) Q. is generalized quaternion.

Proof. Suppose £(G(Qn)) = Aan-1(G(Q)). We first show that {e,a"} is the only
minimum separating set of G(Q,). Let S be a minimum separating set of G(Q,)
and if possible, a™ ¢ S. Note that e € S, and in view of Lemma 1.5.22, |S| = 2.
So S contains at most one element of [a], and as n = 2, |[a]| = #(2n) = 2. So
G({a)) — S is connected. Additionally, by following Remark 1.3.16(ii), all elements
of (G(Q,) — {ay) — S are adjacent to a". Consequently, G(Q,) — S is connected; a

contradiction. Hence S = {e, a"} and by applying Lemma 1.4.15, we have G(Q,,) =
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{G(Qn) —{e,a™}} v G({e,a™}). As a result, a™ is adjacent to all other vertices of
G(Qn). Hence applying Proposition 5.3.2, @, is generalized quaternion. We thus
proved that (i) implies (v).

If @, is generalized quaternion, then it follows from Theorem 5.1.6 that G(Q,)
is Laplacian integral. So (iv) follows from (v). Whereas, it is trivial to see that
(iv) implies (iil) . Now, if Ay,—1 (G(Qn)) is an integer, then it follows from Theorem
5.3.6 that A\y,—1 (G(Qn)) = 2. We thus have (ii). Finally, using Lemma 1.5.22, we

see that (i) is a consequence of (ii). O

5.4 p-Group

In this section, we determine the algebraic connectivity and multiplicity of Laplacian
spectral radius of power graphs of all p-groups. Moreover, we show that algebraic
connectivity and vertex connectivity are always equal for power graphs of p-groups.
We show that power graphs of p-groups are Laplacian integral by finding their all
possible Laplacian eigenvalues. Followed by this, we discuss their multiplicities.

Since I'(g) is connected for any group G and g € GG, we have the following lemma.

Lemma 5.4.1. For any group G and g € G, the multiplicity of the Laplacian eigen-
value 0 of T'(g) is one.

For the rest of this section, G denotes a p-group. Accordingly, every element of
G* has prime power order, so that exp(G) is the largest order of an element in G.

When G is cyclic or generalized quaternion, the algebraic connectivity and multi-
plicity of Laplacian spectral radius of G(G) are already known (cf. Corollary 1.5.28,
Theorem 5.1.6). In what follows, we determine the above two graph theoretic quan-

tities for the rest of the p-groups and show the dependency among them.
Theorem 5.4.2. The following statements are equivalent.

(i) G is neither cyclic nor generalized quaternion.
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(ii) The algebraic connectivity of G(G) is 1.
(iii) The multiplicity of the Laplacian eigenvalue n of G(G) is one.

Proof. Lemma 1.5.17 and Proposition 5.1.9(i) together ascertain that (i) and (ii)
imply each other.

We now show that (i) and (iii) are equivalent. Let G be neither cyclic nor
generalized quaternion. Then G*(G) has at least two components (cf. Lemma
1.5.17). By Proposition 3.1.3 and the fact that [g] < U(g) for all g € G, each
component of G*(G) has at least p — 1 vertices. This implies that each component
of G*(G) has at most n — p vertices. Thus by applying Theorem 1.4.11, we conclude
that the Laplacian eigenvalues of G*(G) are bounded above by n — p. Hence using
Lemma 5.1.7, ;(G(G)) <n—p+1 <nforall 2 <i<n-—1. Consequently, the
multiplicity of the Laplacian eigenvalue n of G(G) is one. For converse, let G be
either cyclic or generalized quaternion. Then it follows from Corollary 1.5.28 and
Theorem 5.1.6 that the multiplicity of n is at least two.

This completes the proof of the theorem. n

Theorem 5.4.3. Let G is of order n. Then k(G(G)) = M\—1(G(Q)) if and only if

G 1is not cyclic.

Proof. Let G be cyclic. By Theorem 1.5.19 and Corollary 1.5.28, k(G(G)) =n — 1
and \,_1(G(G)) = n, respectively. Hence the above equality does not hold.

Now suppose G is not cyclic. If GG is generalized quaternion, Theorem 5.1.6 and
Lemma 1.5.22 together yield k(G(G)) = 2 = A\,,_1(G(G)). If G is neither cyclic nor
generalized quaternion, then it follows from Proposition 5.1.9(i) and Theorem 5.4.2

that k(G(G)) =1 = X\,_1(G(Q)). O
The following lemma is a consequence of Lemma 3.2.3.

Lemma 5.4.4. For any g € G with w(g) = 0, O(I'(g),2) = z(z — ¢(o(g)))?C@)~1,
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Using Theorem 5.1.1, Theorem 5.1.2 and Theorem 3.2.4, we have the following

proposition.

Proposition 5.4.5. Let g € G and ©(g) > 0. If the distinct primitive classes of g

are [gl]v[QQ]v [gTr ] then

. [)#(ola) T
o(r(g),a) = = ‘U II@ o). (5.10)

I— O

In particular, for g = e,

7r(e)
xT—n
i . A1
0(6(G), 2) x_lll@ (90,2~ 1) (5.11)
Analogous to Remark 3.2.5 for structure, the following remark describes how

Proposition 5.4.5 gives the Laplacian spectrum of power graph a p-group.

Remark 5.4.6. The complete Laplacian characteristic polynomial of G(G) can be
obtained as described below. Starting with (5.11), for every 1 < ¢ < 7(e), we
substitute for O(I'(g;), x — 1) by following (5.10) and Lemma 5.4.4 when m(g;) > 0
and 7(g;) = 0, respectively. Now if 7(g;) > 0 for any 1 < i < 7(e), we do the similar
substitution for ©(I'(h; ;), z — p) for every primitive class [h; ;] of g;. We continue
this process till the substitution for ©(T'(h),z — %) for every ~-class [h], h # e is

done.

Proposition 5.4.7. Suppose exp(G) = p* for some k € N. Then for any 0 < | <
k —1, if g is an element of order p*~', then every Laplacian eigenvalue of T'(g) is

. h
) _ 11 for some h e Ug) or [U(h)| + 22
p

— p* =t for some hy € U(g).
p

Proof. We note that the usual relation < is well-founded on {{e Z: 0 <1 < k —1}.
We prove the proposition by applying the principle of well-founded induction on the

above set.
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If g is an element of order p*, then clearly 7(g) = 0. From Lemma 5.4.4,
O(T(g), 2) = 2z — 3?1 Moreover, 29 _ it — 0 and [U(g)] + 22 -
pF1 = ¢(p*), which are precisely the two Laplgcian eigenvalues of I'(g). Henfe we
have proved for [ = 0. In fact, if £ = 1, then we are done. So let £k > 1. We now
assume that the assertion holds for [ = m — 1, where 1 < m < k— 1, and then show
it for [ = m.

Let g be an element of order p*~™. If m(g) = 0, then the statement holds for
| = m by an argument similar to that of order p*. So let 7w(g) > 0 and the distinct
primitive classes of g be [g1],[g2],- -, [gr(g)]- Then for each 1 < i < 7(g), it follows
from induction hypothesis that every root of © (I'(g;), z — ¢(p"™)) is @—p’“m_l

h
for some hy € U(g;) or |U(hs)| + olha) _ pF~m=1 for some hy € U(g;). Furthermore,
p

from Proposition 5.4.5, we have
—my m(g)
rlx — U g ¢(pk ) (g -

=1

O('(g),x) =

Hence we conclude that the assertion holds for [ = m. This completes the proof of

the proposition. O

o(g)

Theorem 5.4.8. Every Laplacian eigenvalue of G(G) is among 0, |G|, —= for
p

(h)

some g € G* or |U(h)| + - for some h € G*. In particular, G(G) is Laplacian
p

integral.

Proof. Since |G| = p, we have m(e) > 0. Let the distinct primitive classes of e be

[91], [92] - - -+ [9=(e)]- By Proposition 5.4.7, for each 1 < i < 7(e), every Laplacian

h h
eigenvalue of I'(g;) is of the form olf) _ 1 for some hy € U(g;) or |U(hg)|+ olha) _ 1
p p

for some hy € U(g;). Hence applying (5.11), the proof follows. O

We next explore the multiplicities of the Laplacian eigenvalues obtained in The-
orem 5.4.8. For g,h € G, if [g] = [h], then o(g) = o(h) and |U(g)| + o(g) =
|U(h)| +o(h). When [g] # [h], however, the above equalities may or may not hold.
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Hence in this case we treat o(g) and o(h) (similarly, |[U(g)|+ o(g) and |U(h)|+ o(h))

as distinct Laplacian eigenvalues.

Theorem 5.4.9. For any g € G*, o(g) is a Laplacian eigenvalue of G(G) if and
only if either w(g) = 0 and o(g) > 2 or w(g) = 2. If o(g) is a Laplacian eigenvalue
of G(G), then its multiplicity is

(i) ¢(o(g)) — 1 when w(g) = 0 and o(g) > 2;
(i) m(g) — 1 when w(g) = 2.

Proof. If w(g) = 0, from Lemma 5.4.4, we have O(I'(g), z) = z(x — ¢(o(g)))?C@)~1,
Moreover, for 7(g) > 0, it follows from Lemma 5.4.1 and (5.10) that = — ¢(o(g)) is
a factor of ©(I'(g),x) of exact power m(g) — 1. Hence, if 7(g) = 0 and o(g) > 2,
then ¢(o(g)) is a Laplacian eigenvalue of ©(I'(g), z) of multiplicity ¢(o(g)) — 1. If
7(g) = 2, then ¢(o(g)) is a Laplacian eigenvalue of ©(I'(g), ) of multiplicity 7(g)—1.
Whereas, if either 7(g) = 0 and o(g) < 2 or w(g) = 1, then ¢(o(g)) is not a Laplacian
eigenvalue of O(I'(g),z). Consequently, the proof follows by applying Proposition
5.4.5 and Remark 5.4.6. O

In the following theorem, we apply Theorem 5.4.9 to determine the lower bound

of multiplicity of p¥, k € N as a Laplacian eigenvalue of power graph of a p-group.

Theorem 5.4.10. Suppose that in G, the number of distinct ~-classes with repre-
sentatives of order p*, k € N, having no primitive classes is s and those having at

least one primitive class is t.

(i) Ift =0, s > 0 and p* > 2, then p* is a Laplacian eigenvalue of G(G) with
multiplicity at least s(¢p(p*) — 1).

(i) Suppose t > 0 and the distinct ~-classes with representatives of order p* are
(911, [92], - -, [9:]. If either s > 0 and p* > 2 or w(g;) = 2 for some 1 <

i < t, then p* is a Laplacian eigenvalue of G(G) with multiplicity at least

s(@(pF) — 1) + 2y (w(g:) — 1).
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Theorem 5.4.11. For any g € G*, |U(g)| + ol9) is a Laplacian eigenvalue of G(Q)
p

if and only if either w(g) = 0 and o(g) > 2 or w(g) > 0. If |U(g)| + % is a

Laplacian eigenvalue of G(G), then its multiplicity is

(i) ¢(o(g)) — 1 when 7(g) =0 and o(g) > 2;

(i) ¢(o(g)) when m(g) > 0.

Proof. If w(g) = 0, from Lemma 5.4.4, O(I'(g),z) = x(z — ¢(o(g)))?°C@)~1. Now
if 7(g) > 0, then from (5.10), x — |U(g)| is a factor of O(I'(g),z) of exact power
®(o(g)). Hence, if w(¢g) = 0 and o(g) > 2, then |U(g)| = #(o(g)) is a Laplacian
eigenvalue of O(I'(g), x) of multiplicity ¢(o(g)) — 1. If m(g) > 0, then |U(g)| is a
Laplacian eigenvalue of O(I'(g), ) of multiplicity ¢(o(g)). Whereas, if 7(g) = 0
and o(g) < 2, then ¢(o(g)) is not a Laplacian eigenvalue of ©(I'(g), z). These facts
together with Proposition 5.4.5 and Remark 5.4.6 yield the required proof. O

Proposition 5.4.12. For any g € G*, the following statements hold.

(i) |U(g)| + ? is a multiple of o(g).

o(g)

(i) If |U(g)| + —= is a prime power and w(g) > 0, then 7(g) = ap + 1 for some
p

integer m = 0.

Proof. Let o(g) = p* for some k € N. If w(g) = 0, then

o(g _ ,
U(g)| + (7) = ¢(p") + "' = p* (by Lemma 3.2.3(1)). (5.12)
Whereas, if m(g) > 0, then there exist positive integers aq, ...,a; with a; = 7(g)

such that

U(g)] = o(p*) + ar0(p*™) + ... + a;o(p*™") (by Proposition 3.2.4)
o(9)

:>]U(g)\ + 7 = pk + a1¢(pk+1) + ...+ al¢(pk+l). (513)
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o(9)

Consequently, (i) follows from (5.12) and (5.13). Now let |U(g)| + e p™ for
some m € N. Then it is evident from (5.13) that m > k + 1. So comparing both
sides of (5.13), we see that p|(a; — 1). This completes the proof of (ii). O

Using Theorem 5.4.8 and Proposition 5.4.12(i), we have the following theorem.

Theorem 5.4.13. Any non-zero Laplacian eigenvalue of G(G) is 1 or a multiple of

D.

The Laplacian spectra of a group of order p? is obtained in the following theorem.

This also serves as an illustration for some of the previous results of this section.

Theorem 5.4.14. If G is a group of order p*, then the Laplacian spectrum of G(G)

0 p? 0 1 P %

1 p*-1 L p (p+)(p—-2) 1

2

Proof. If G is cyclic, then by Corollary 1.5.28, the Laplacian spectrum of G(Z,2) is

0 2
2p . Since any group of order p? is abelian (cf. [Gallian, 2013]), if G is
1 p*—1

not cyclic, then G =~ Z, x Z,. In Z, x Z,,, the distinct primitive classes of (0,0)
are precisely [(1,0)], [(0,1)] and [(1,1)],...,[(1,p — 1)]. Moreover, we observe that
each of these classes induce subgraphs isomorphic to K, in G(Z, x Z,). So by

applying (5.11), we get

This completes the proof of the theorem. O]
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5.5 Conclusion

We determined various necessary and sufficient conditions for the equality of vertex
connectivity and algebraic connectivity of power graphs of Z,, and @,,. We further
showed that the equality always holds for p-groups. However, finding a group the-
oretic characterization for the above equality for all finite groups is still an open
problem.

We proved that the power graph of @), is Laplacian integral if and only if @,
is generalized quaternion. Moreover, power graph of a p-group is always Laplacian

integral. Based on our observations, we state the following for Z,,.

Conjecture 5.5.1. For any integer n > 2, the following statements are equivalent.
(i) The algebraic connectivity of G(Z,) is an integer.
(ii) G(Z,) is Laplacian integral.

(iii) n is a prime power or product of two primes.
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Critical and Minimal Connectivity

Critically and minimally connected graphs have been in focus for their applications
in communication networks. Certain necessary conditions for graphs exhibiting these
properties can be found in [Halin, 1969; Lick, 1969]. Later, some of these notions
were further generalized in [Akiyama et al., 2002; Maurer and Slater, 1977/78]. In
Section 6.1, we examine whether power graphs of Z, (for some orders), D,, @,
and p-groups are critically vertex (edge) connected. In Section 6.2, we characterize
the finite groups such that their power graphs are minimally vertex connected. For
finite groups of odd order, we then provide a characterization such that their power
graphs are minimally edge connected. Furthermore, we test whether power graphs

of the aforementioned groups are minimally vertex (edge) connected.

105
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6.1 Critical connectivity

In this chapter, all graphs considered are finite and all groups considered are non-
trivial, i.e., their order is at least two. Throughout this and the next section, we
follow (1.1) and (1.2) for presentation of dihedral and dicyclic groups, respectively.
In this section, we examine whether power graphs of some finite groups are critically
vertex (edge) connected.

A brief comparison of notion of critically and minimally connected graphs along
with some examples can be found in [Halin, 1969]. We begin with the following

definitions.

Definition 6.1.1. A graph I is said to be critically k-vertez connected if x(I') = k
and k(I' —v) = k — 1 for every vertex v of I'. A critically vertex connected graph is

a graph which is critically k-vertex connected for some k.

Definition 6.1.2. A graph I is said to be critically k-edge connected if k'(I') = k
and £'(I' —v) = k — 1 for every vertex v of I'. A critically edge connected graph is a

graph which is critically k-edge connected for some k.

6.1.1 Vertex connectivity

In this subsection, we show that G(Z,,) is not critically vertex connected when n is
a product of two or three distinet primes. We then show that G(D,) and G(Q,)
are not critically vertex connected. Finally, we provide a necessary and sufficient

condition such that the power graph of a p-group is critically vertex connected.

Lemma 6.1.3. If G is a finite group such that G(G) is critically vertex connected,
then k(G(G)) > 1.

Proof. Considering Remark 1.5.4, K(G(G)—g) = 1for all g € G*. Thus, if k(G(G)) =

1, then G(G) is not critically vertex connected. Hence the proof follows. O
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Theorem 6.1.4. If n is a product of two or three distinct primes, G(Z,) is not

critically vertex connected.

Proof. Tf n = pq, where p and ¢ are distinct primes, then x(G(Z,,)) = ¢(n) + 1 (cf.
Theorem 1.5.19). So, in view of Remark 1.5.14, we have x(G(Z,) — @) = ¢(n) + 1
for every @ € Z],. Consequently, G(Z,,) is not critically vertex connected.

Now let n = pgr for primes p < ¢ < r. Let Gy = Z], —P and ~5 be the restriction

of ~ to G. Then the equivalence classes of G under ~5 are given by

[p] = {p}. gl [7], [pal . [pr] . [ar], (6.1)

where [a] is the equivalence class of @ under ~. Following the proof of Theorem
2.3.22, a minimal separating set of G(Gp) is precisely the union of any two a4
-classes C and Cy from (6.1) such that no element of C; is adjacent to any element
of Cy in G(G5). Using the inequalities in (2.14), [pr] u [gF] is a minimum separating
set of G(Gp). Moreover, [pr] U [grF] is also a minimum separating set of G'(Z,,) (cf.
Theorem 2.3.22). Thus in light of Remark 1.5.9, x(G'(Z,)) —p) = (G'(Z,.)). Finally,
by Remark 1.5.14, we conclude that G(Z,,) is not critically vertex connected. O

Theorem 6.1.5. For any integer n = 3, G(D,,) is not critically vertex connected.
Proof. Theorem 1.5.21 together with Lemma 6.1.3 give the required proof. O
Theorem 6.1.6. For any integer n > 2, G(Q,,) is not critically vertex connected.

Proof. Consider the presentation (1.2) of @Q,. Let I'y = G(Q,) —b. Then using
Remark 1.3.16(v), I', — ¢ is connected for all g € G — b, whereas I', — {e,a™} is
disconnected. Hence k(I'y) = 2. Consequently, by Theorem 1.5.22, G(Q,,) is not

critically vertex connected. O

Theorem 6.1.7. If G is a p-group, then G(G) is critically vertex connected if and
only if G 1s cyclic.
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Proof. Let G(G) be critically vertex connected. Then by Theorem 6.1.3, G*(G) is
connected. So either G is cyclic or generalized quaternion (cf. Lemma 1.5.17). Since
it follows from Theorem 6.1.6 that GG is not generalized quaternion, we conclude that
G is cyclic. Conversely, if G is cyclic then G(G) is complete (cf. Theorem 1.5.7(ii)),

so that it is critically vertex connected. O

Corollary 6.1.8. If n € N is a prime power, then G(Z,) is critically vertex con-

nected.

6.1.2 Edge connectivity

In this subsection, we first supply a necessary condition for which the power graph of
a finite group is critically edge connected. We ascertain that G(D,,) is not critically
edge connected. We then provide characterizations such that power graphs of @,

and p-groups are critically edge connected.

Theorem 6.1.9. Let G be a finite group. Suppose that there exists g € G such that
deg(g) > 0(G(Q)) and g is not adjacent to any h € G with deg(h) = §(G(G)). Then
G(G) is not critically edge connected.

Proof. First observe that g # e and G(G) is not complete. Let Iy = G(G) —g. Since
g is not adjacent to any hy € G with deggq)(h1) = 0(G(G)), we have degp (h1) =
degg()(h1). On the other hand, degy, (he) = degg(q)(h2) — 1 for any hy € G with
degg g (h2) > 0(G(G)). Therefore, 6(T'y) = 6(G(G)). Further, as g # e, we have
diam(T'y) < 2. Hence in view Theorem 1.2.22, we have #'(I';) = 6(I'y). These facts
along with Theorem 4.1.2 imply that «'(I'y) = '(G(G)). As a result, G(G) is not

critically edge connected. [l

Theorem 6.1.10. If G is a finite group and G(G) is critically edge connected, then
K (G(@)) > 1.
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Proof. Let '(G(G)) = 1. Suppose there exists g € G such that o(g) > 2. Then
I[9]| = 2 and hence G(G)—g is connected. Thus G(G) is not critically edge connected.
Now suppose o(g) = 2 for all g € G*. Then it follows from Theorem 1.5.16 that
G(G) remains connected even after deletion of any g € G*. So that again G(G) is
not critically edge connected. This gives the proof of the theorem. O]

Theorem 6.1.11. For any integer n = 3, G(D,,) is not critically edge connected.
Proof. Theorem 4.2.14 and Theorem 6.1.10 together give the required proof. O

Theorem 6.1.12. For any integer n > 2, G(Q,,) is critically edge connected if and
only if n = 2.

Proof. By Theorem 4.1.2 and Theorem 4.2.15, ' (G(Q,)) = 3. First let n > 3. For
any g € {a), if o(g) = 3, then [[g]| = 2. Thus deg(g) > ¢(2n) + 1 > 3. Whereas, if
o(g) is 1 or 2, then g is e or a”, respectively. Hence deg(g) > 3 for all g € (a). Now let
h € @, —{a). By Remark 1.3.16, a is not adjacent to h. Moreover, by following the
proof of Theorem 4.2.15, §(G(Q,,)) = deg(h) = 3. Consequently, applying Theorem
6.1.9, we conclude that G(Q,) is not critically edge connected.

CL2

FIGURE 6.1: G(Q2)

Now let n = 2. Considering Remark 1.3.16, G(Q2) is depicted in Figure 6.1. We
can deduce that diam(G(Q3) — g) = 2 and §(G(Q2) — g) = 2 for any g € Q» — {e, a’}.
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Consequently, by Theorem 1.2.22) £'(G(Q2) —g) = 2. As a result, G(Q,,) is critically

edge connected. O

Theorem 6.1.13. If G is a p-group, then G(G) is critically edge connected if and
only if G s cyclic or G = Q)».

Proof. Let G(G) be critically edge connected. If possible, let G*(G) be disconnected.
That is, £'(G(G) —e) = 0. Thus, as G(G) is critically edge connected, we have
k' (G(G)) = 1. Since this contradicts Theorem 6.1.10, G*(G) is connected. Then
by Lemma 1.5.17, either G is cyclic or generalized quaternion. Further, if G is
generalized quaternion, then it follows from Theorem 6.1.12 that G = Q.
Conversely, if G is cyclic, then G(G) is complete (cf. Theorem 1.5.7(ii)). Hence
G(G) be critically edge connected. Whereas, is follows from Theorem 6.1.12 that

G(Q2) is critically edge connected. O
An immediate corollary of Theorem 6.1.13 is the following.

Corollary 6.1.14. If n € N is a prime power, then G(Z,) is critically edge con-

nected.

6.2 Minimal connectivity

In this section, we do some study on power graphs of finite groups that are minimally

vertex (edge) connected.

Definition 6.2.1. A graph I' is said to be minimally k-vertex connected if x(I') = k
and k(I' — ) = k — 1 for every edge ¢ of I'. A minimally vertex connected graph is

a graph which is minimally k-vertex connected for some k.

Definition 6.2.2. A graph I' is said to be minimally k-edge connected if £'(I') = k
and &'(I' — ¢) = k — 1 for every edge ¢ of I. A minimally edge connected graph is a

graph which is minimally k-edge connected for some k.
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6.2.1 Vertex connectivity

In this subsection, we first present some results on effect of deletion of an edge on the
vertex connectivity of a graph. Consequently, we give some necessary conditions for
minimally vertex connected graphs. We then apply these results on power graphs
and obtain a characterization such that power graph of a finite group is minimally

vertex connected. We finally examine this concept on some specific finite groups.

Lemma 6.2.3 ([Halin, 1969]). The minimum degree of a minimally k-vertex con-

nected graph is k.

Lemma 6.2.4. Let I' be a graph with an edge € such that I' — ¢ s connected. If
k(I' =€) = k(') — 1, then no minimum separating set of I' — e contains endpoints

of €.

Proof. Suppose S is a minimum separating set of I' — ¢ and ¢ is incident to u and
v. If possible, let S contain at least one of u or v. Then we get (I'—¢) — 5 =T - 5.
So S is a separating set of I'. Thus (I') < k(I' — ¢); a contradiction. Hence no

minimum separating set of I' — ¢ contains v and v. O
The next result follows immediately from Lemma 6.2.4.

Lemma 6.2.5. If ' is a minimally vertex connected graph, then for any edge €, no

manimum separating set of I' — e contains endpoints of €.

Theorem 6.2.6. Let I' be a non-complete graph with n vertices. If I' is minimally

vertex connected, then it has at most one vertex of degree n — 1.

Proof. We first note that n > 3. If possible, let I has two vertices of degree n — 1,
say u and v. Clearly u and v are adjacent. Let I'. = I' — ¢, where ¢ is the edge
incident to v and v and S be a minimum separating set of I'.. From the fact that
" is non-complete and is minimally vertex connected, k(I'.) < k(I') < n — 2. Thus

I'. — S has at least one vertex not equal to v and v. As both u and v have degree

TH-1968 136123001



112 CRITICAL AND MINIMAL CONNECTIVITY

n —1in I', they are adjacent to every vertex w, w # w,v, in I'. — S. This implies

that I', — S is connected; a contradiction. Consequently, the proof follows. n

Theorem 6.2.7. Let I' be a non-complete graph with adjacent vertices u and v such
that K(I'—¢) = k(I") —1, where ¢ is the edge incident to u andv. IfT'—¢ is connected
and S is a minimum separating set of I' — e, then S U {u} or S u {v} is a minimum

separating set of I'.

Proof. Let T' be a graph on n vertices. Since I' is non-complete, k(') < n — 2,
and hence xk(I' — ) < n — 3. Let S be a minimum separating set of I' — . Then
I' — S is a connected graph with at least three vertices. In view of Lemma 6.2.4,
u,v ¢ S. Hence, for every vertex w, w # u,v, in I' — S, there exists exactly one
path connecting w to u or v and not containing €. Hence S U {u} or S U {v} is a

separating set of I'. Since k(I" — €) = k(") — 1, the proof follows. O

We now apply the results obtained above to characterize power graphs of finite

groups that are minimally vertex connected.

Proposition 6.2.8. Let G be a finite group and g,h € G, g # h. If {g) = {h) and
€ is the edge incident to g and h, then k(G(G) —¢) = k(G(Q)).

Proof. Let {g) = (h). If possible, suppose x(G(G) — ¢) # k(G(G)). Since g is
connected to h by the path g,e, h, G(G) — ¢ is connected. Let S be a minimum
separating set of G(G) —e. Then it follows from Theorem 6.2.7 that S U {g} or
Su{h}, say Su{g} is a minimum separating set of G(G). In view of Theorem 2.2.2,

S U {g} is a union of ~-classes. This implies [g] = S U {g}, so that h € S. However,

by Lemma 6.2.4, h ¢ S. Hence we conclude that x(G(G) — ¢) = k(G(Q)). O

Theorem 6.2.9. For a finite group G, G(G) is minimally vertex connected if and
only if G is a cyclic group of prime power order or G is an elementary abelian

2-group.
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Proof. Let G(G) be minimally vertex connected. If G(G) is complete, then G a
cyclic group of prime power order (cf. Theorem 1.5.7(ii)). Now, suppose G(G) is
non-complete. Let g € G*. By Proposition 6.2.8, if there exists h € [g] — g, then
k(G(G) — ¢) = k(G(G)), where ¢ is the edge incident to g and h. However, this
contradicts the fact that G(G) is minimally vertex connected. Thus [¢g] = {g¢}, and
since |[g]| = #(o(g)), o(g) = 2. Hence in light of Remark 1.3.27, G is an elementary
abelian 2-group.

Conversely, if G a cyclic group of prime power order, then G(G) is complete
(cf. Theorem 1.5.7(ii)). Whereas, if G is an elementary abelian 2-group, then
k(G(G)) = 1 and G(G) — ¢ is disconnected for every edge € in G(G). Consequently,

G(G) is minimally vertex connected. O
We now state some consequences of Theorem 6.2.9.

Corollary 6.2.10. Forn = 2, G(Z,) is minimally vertex connected if and only if n

1S a prime power.
Corollary 6.2.11. For any integer n = 3, G(D,,) is not critically vertex connected.
Corollary 6.2.12. For any integer n = 2, G(Q,,) is not critically vertex connected.

Corollary 6.2.13. For any p-group G, G(G) is minimally vertex connected if and

only if G is a cyclic or an elementary abelian 2-group.

6.2.2 Edge connectivity

For power graph of a finite group that is minimally edge connected, we give a
sufficient condition involving regularity of its proper power graph. We then show
that the converse holds for finite groups of odd order. Following this, we present
some group theoretic characterizations for power graphs of finite groups of odd order
that are minimally edge connected. We then study this notion on power graphs of

some classes of groups.
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Theorem 6.2.14. Let G be a finite group. Then G(G) is minimally edge connected
and K'(G(G)) = 1 if and only if G is an elementary abelian 2-group.

Proof. Suppose G(G) is minimally edge connected and «'(G(G)) = 1. If possible,
let there exist g € G such that o(g) > 2, so that |[g]| = 2. Further, let £ be an edge
with endpoints in [¢g]. Then G(G) — € is connected, which contradicts our initial
assumption. Hence o(g) = 2 for all g € G*. Consequently, by Remark 1.3.27, G is
an elementary abelian 2-group.

For converse, let G be an elementary abelian 2-group. Then it follows from
Lemma 1.5.16 that deleting any edge of G(G) makes it disconnected. Hence k'(G(G)) =

1 and G(G) is minimally edge connected. O

Theorem 6.2.15. Let G be a finite group. If G*(G) is reqular, then G(G) is mini-

mally edge connected. The converse holds if G is of odd order.

Proof. Let G*(G) be regular. We set x'(G(G)) = k, so that in view of Theorem 4.1.2,
all non-identity elements have degree k in G(G). Let € be an edge in G(G). Then
at least one endpoint of € is a non-identity element, say g. Since deletion all edges
incident to g in G(G)—e¢ (if any) makes it disconnected, we have £'(G(G)—¢) < k—1.
Since K'(G(G) —e) = k — 1, we have r'(G(G) — €) = k — 1. Consequently, G(G) is
minimally edge connected.

For converse, suppose G is of odd order and G*(G) is not regular. Then there
exists g € G, g # e with deggg(g) > 0(G(G)). Since G is of odd order, [[g]| = 2,
so that h € [g], h # g. Note that degg ) (9) = deggg)(h) (cf. Lemma 4.2.1). Let e
be the edge incident to g and h and I'; := G(G) — €. Then degr_(g) = degr_(h) =
deggc)(9) — 1 and degp_(91) = deggg(g1) for any g1 € G — {g,h}. Hence, as

degg e (9) > 0(G(G)), we have 6(I'.) = §(G(G)). Moreover, since diam(I';) < 2, we
have k'(I'.) = 0(T:) (cf. Theorem 1.2.22). These facts along with Theorem 4.1.2
yield #'(I';) = k'(G(G)). Hence G(G) is not minimally edge connected. O

By applying Theorem 1.5.18 and Theorem 6.2.15, we have the following theorem.
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Theorem 6.2.16. Let G be a finite group of odd order. Then G(G) is minimally
edge connected if and only if G is a cyclic group of prime power order or exp(G) is

a prime.
The following are two immediate corollaries of Theorem 6.2.16.

Corollary 6.2.17. For any odd integer n > 0, G(Z,,) is minimally edge connected

if and only if n is a prime power.

Corollary 6.2.18. Let G be a p-group and p = 3. Then G(G) is minimally edge
connected if and only if G is cyclic or exp(G) = p.

Proposition 6.2.19. Let G be a finite group isomorphic to direct product of finite
copies of Zy. Then G(Q) is minimally edge connected if and only if G is isomorphic
to Z4.

Proof. Let G be isomorphic to H := Z; x ... x Z, (t times) for some integer ¢t > 2.
We show that G(H) is not minimally edge connected. We denote 0 = (0,...,0).
Considering Theorem 1.3.25, all non-identity elements in H have order either two
or four. Moreover, by Proposition 3.1.4, no two elements of order two are adjacent
in G(H).

We first claim that if w is an element of order two in H, then w is adjacent to
exactly 2t elements of order four in G(H). Clearly every component of w is either 0
or 2. We construct an element z € H as follows. If the i** component of w is 0, set
it" component of z as 0 or 2, and if the i component of w is 2, set i component
of z as 1 or 3. Then w = 2z and there are 2t such z possible for w.

By following Theorem 4.1.2 and Lemma 4.2.11, we have x'(G(H)) = 3. Let z =
(1,0,...,0) and € be the edge between 0 and 2z in G(H). We denote I'. = G(H) —«.
Suppose S is a minimum disconnecting set of I';.

If |S] =1, then S u {e} is a disconnecting set of G(H). Since x'(G(H)) = 3, this
is not possible. Thus [S| = 2. Now let |S| = 2 and S = {e1,e2}. We showed that
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if w is any element of order two in H, then it is adjacent to at least four vertices of
order four in G(H). Hence w is adjacent to at least one vertex of order four which
is adjacent to 0 in I'. — .S. Consequently, w is connected to 0 by a path in I'. — S.
We have the following cases for ' — S.
Case 1: All elements of order four are adjacent to 0 in I’ — S. Then I', — S is
connected.
Case 2: All except one element, say z;, of order four are adjacent to 0 (in I'; — 5).
Since z; has order four, there exists zo € [21], 22 # 21. As |S| = 2, z; is adjacent
to zg or 2z; in I'. — S. If z; is adjacent to zy, then z; is connected to O (by a path
in I'. — S) because 2z, is adjacent to 0. Whereas, if 2; is adjacent to 2z;, being an
element of order two, 2z; is connected to 0. Hence z; is connected to 0. Since all
other vertices are connected to 0, I'. — S is connected.
Case 3: All except two elements, say z; and zo, of order four are adjacent to 0 (in
. —S). Then as |S| = 2, both z; and z; are adjacent to 2z; and 2z, respectively,
and since 2z; and 2z, are of order two, they are connected to 0. Since all other
vertices are connected to 0, I'; — S is connected.

From the above cases, we conclude that if |S| = 2, then I'. — S is connected;
a contradiction. So |S| = 3. Since «/'(G(H)) = 3, we have |S| = 3. Consequently,
G(H) and hence G(G) is not minimally edge connected.

Conversely, if G is isomorphic to Z,, then G(G) is complete (cf. Theorem
1.5.7(i1)). Hence G(@) is not minimally edge connected. O

Theorem 6.2.20. Let G be an abelian p-group. Then G(G) is minimally edge
connected if and only if G is a cyclic or or exp(G) = p.

Proof. Let G(G) be minimally edge connected. If p > 3, then it follows from Corol-
lary 6.2.18 that G is a cyclic or exp(G) = p.
Now suppose p = 2 and G is not cyclic. In view of Theorem 1.3.26, G is

isomorphic to H := Zya1 X Zyay X ... X Zye for some positive integers ¢t > 2 and
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a; < ag < ... < ag. Then considering Remark 1.5.5, G(H) is minimally edge
connected, and it is enough to show that exp(H) = p.
For every 1 < i < t, consider z; € H with i component 1 and all other compo-

nents are 0. Then by Lemma 4.2.11, deg(2;) = p® for all 1 <i < r.

If possible, let oy > ;. Let € be an edge with endpoints in [z] and T'. :=
G(H) —¢. Then degr_(u) = degg g (u) — 1 for all u € [2;] and degr_(v) = degg s (v)
for all v € H — [2;]. Moreover, by Theorem 4.2.12, we have §(G(H)) = p®. Since
ap > aq, we get 6(G(H)) = 6(I':). Since diam(I'.) < 2, in view of Theorem 1.2.22
and Theorem 4.1.2, we have x/(G(H)) = £'(I'.). This contradicts the fact that G(H)
is minimally edge connected. So we have ay = s = ... = a; (= « say).

Now if possible, let & = 2. Since (z;) is a clique in G(H ), pz; is adjacent to all

other vertices in (z;). Consider an element

w = (a1p*r~1 + 1, app®~1 ... ayp™~1),

where 0 < a; < p— 1 for all 1 < i < t. We notice that w is adjacent to pz; =

(,0,...,0), but if a; # 0 for any 2 < i < ¢, then w ¢ (z;). Thus

degg s (g) > degg s (21) (6.2)

for all g € [pz1].
We now have the following cases.

Case 1: a = 3, or « = 2 and p > 3. First let @ > 3. By an argument similar to that

of (6.2), we have

degg(H) <p221) > degg(H) (21)- (6.3)

So if & is the edge between pz; and p?z;, then by (6.2) and (6.3), we have 6(G(H)) =
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IG(H) —e1).

Now let @ = 2 and p > 3. Then |[pz1]| = ¢(p) = 2. Let &3 be an edge with
endpoints in [pz1], then by (6.2), we have §(G(H)) = 0(G(H) —¢e2). By an argument
similar to that of €, we get v'(G(H)) = '(G(H) —¢;) for j = 1,2. This is again a
contradiction.

Case 2: a =2 and p = 2. Then it follows from Proposition 6.2.19 that G(H) is not
minimally edge connected.

Therefore, we conclude that a = 1, that is, exp(G) = p. Conversely, if G is cyclic
or exp(G) = p, then by Theorem 1.5.18 and Theorem 6.2.15, G(G) is minimally edge

connected. N
Theorem 6.2.21. For any integer n = 3, G(D,,) is not minimally edge connected.

Proof. Since exp(D,,) = n, the proof follows from Theorem 4.2.14 and Theorem
6.2.14. O

Theorem 6.2.22. For any integer n = 2, G(Q,,) is not minimally edge connected.

Proof. In view of Theorem 4.1.2 and Theorem 4.2.15, we note that &'(G(Q,)) = 3.

First let n > 3. Suppose ¢; is an edge with endpoints in [a]. We denote I'; =
G(Qyn) — e1. Then degp (g) = 2n — 2 > 4 for all g € [a]. Whereas, all other vertices
of I'y and G(Q,) have same degree. In particular, degp, (h) = deggq,(h) = 3 for all
h € @, — {a). In fact, by following the proof of Theorem 4.2.15, we have 6(I';) = 3.
Hence, as diam(I';) = 2, we have x'(I'1) = 3 (cf. Theorem 1.2.22). We thus conclude
that G(Q,,) is not minimally edge connected.

Now let n = 2. Suppose €5 is the edge incident to e and a?. We denote I'y =
G(Q2) — 2. In view of Figure 6.1, §(I'2) = 3 and diam(I'y) = 2. Hence application
Theorem 1.2.22 yields #'(I';) = 3. Consequently, G(Q) is not minimally edge

connected. O
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6.3 Conclusion

In this chapter, we supplied some necessary and sufficient conditions for power
graphs of finite groups that are minimally vertex (edge) connected. Moreover,
we tested critical connectedness on power graphs of some specific groups. So one
may consider supplying a group theoretic characterization for power graphs of finite

groups that are critically vertex (edge) connected.
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