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Abstract

In this thesis, we study the relations between the Hilbert coefficients of m-primary ideals
in a Noetherian local ring (R,m) and the structural properties of the ring such as Cohen-
Macaulayness, Buchsbaumness and having finitely generated local cohomology modules. We
consider the Hilbert coefficients giK (Q) of an m-primary ideal @ with respect to an ideal
K introduced by Jayanthan and Verma. Ghezzi et al. solved the Vasconcelos’ negativity
conjecture and characterized the Cohen-Macaulayness of an unmixed local ring in terms of the
vanishing of e;(Q) for a parameter ideal (). We generalize their result and obtain a necessary
and sufficient condition for the ring to be Cohen-Macaulay in terms of the first two Hilbert
coefficients g{f(Q) (which is the usual multiplicity) and g (Q). We investigate the finiteness of
various sets of Hilbert coefficients gZ* (Q) and its relations with the structure of R. A number of
results relating the finiteness of the sets of e;(Q)) with certain properties of R due to Ghezzi et
al. and Goto and Ozeki are generalized to the case of g/ (Q). We focus much of our attention
on the first and second coefficients ¢gf (Q) and g& (Q). We prove that ¢g&(Q) < A\g(R/K) for
a parameter ideal @) provided depth R is at least dim R — 1. We further obtain necessary and
sufficient conditions for the equality. In particular, we prove that if the associated graded ring
has depth at least dim R — 2, then gX(Q) = A\g(R/K) implies almost maximal depth of the
corresponding fiber cone. We also examine the difference between the Hilbert polynomial and
the Hilbert function with respect to K. Finally, we derive uniform lower and upper bounds
for €;(Q) under certain assumptions on the depth of associated graded rings. It is proved
that e3(Q) < 0 for a parameter ideal @ provided depth R is at least d — 1. We also discuss
a necessary condition for the vanishing of e;(Q) under certain assumptions. Consequently,

vanishing of ey(Q) is characterized in rings of depth at least dim R — 1.
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Introduction

The primary goal of the thesis is to investigate the Hilbert coefficients and their relation
to the structural properties of the ring and various blow-up algebras. Certain uniform
bounds for the Hilbert coefficients are given in a number of cases. Throughout this
thesis, all rings are assumed to be commutative Noetherian with identity. We assume
that (R, m) is a Noetherian local ring of dimension d with maximal ideal m and M is a

finitely generated R-module of dimension 7.

The study of Hilbert functions originated in 1890 from seminal work of David Hilbert
in [Hil90]. Hilbert’s work was motivated by the theory of invariants which requires
applications of commutative algebra. One of the major results of [Hil90] is regarding
certain numerical invariants of a projective variety X = Z(I) C Pf. Given that X is
an intersection of hypersurfaces, it is of interest to know how many hypersurfaces of
each degree contain X, i.e., to know the dimension of the vector spaces of homogeneous

polynomials of degree n vanishing on X for various n. Since the dimension of the space

n—+t
t

determining the dimension of degree n piece, say R,, of ring k[zo,z1,...,x]/I. Hilbert

of all homogeneous polynomial of degree n is ( ), the above problem is equivalent to

showed that the function H(n) = dimg(R,) is asymptotically polynomial.

Samuel [Samb51] extended Hilbert’s results to the case of graded modules. Let Ag(M)
denote the length of an R-module M. Let S = % S, be a Noetherian graded ring such

n=0
that Sy is an Artinian local ring. Let M = 53 M,, be a finitely generated graded S-
n=0
module. Then the numerical function Ag, (M, ), also known as the Hilbert function of M,
is asymptotically polynomial. The polynomial which coincides with the Hilbert function

of M for large n is known as the Hilbert polynomial of M.

The blow-up algebras of R associated with an m-primary ideal I, namely the as-

1



2

sociated graded ring G(I) = 69 I" /1" and the fiber cone Fi,(I) = @ I"/mI™ are
graded rings. This indicates A posable extension of Hilbert function to local rings.
Samuel advanced the ideas of Hilbert to the case of local rings which led to the defini-
tion of Hilbert-Samuel function. Let ) be an ideal of definition for an R-module M,
ie., m"M C QM for some n > 0. The numerical function H(Q,n, M) = Ag(M/Q"M)
is called the Hilbert-Samuel function of ) with respect to M and it coincides with a
polynomial P(Q,x, M) of degree r for large n. The polynomial P(Q,x, M) is called the
Hilbert-Samuel polynomial of ) with respect to M . We may write

PQr a0 =@ (") ca@an(TT %) 4 ayet@un

for unique integers e;(Q, M) (see [SHO6, Lemma 11.1.1]). When M = R, we write

P(Q,x) and ¢;(Q) instead of P(Q,z, R) and e;(Q, R) respectively for brevity. The
coefficients e;(Q) are called the Hilbert coefficients of Q.

There has been a significant amount of work relating the Hilbert coefficients to the
structural properties of the corresponding ideals, blow-up algebras and the ring itself.
For example, Nagata [Nag62] proved that in an unmixed local ring R (i.e. dim R/p =
dim R for all p € Ass(R) where R is the m-adic completion of R), if ey(Q) = 1 then
() = m and R is regular. The leading coefficient ey(Q)) is called the multiplicity of
@ and has been studied well due to its geometric significance. The other coefficients
contain important informations as well. For example, Northcott [Nor60] proved that
in a Cohen-Macaulay local ring, e;(@)) = 0 if and only if @ is a complete intersection.
However the higher coefficients are not yet explored much except when the associated
graded rings have high depth and R is Cohen-Macaulay. By depth of a standard graded
ring with a unique graded maximal ideal, we mean the grade of the unique maximal
ideal. Marley [Mar] showed that if depth of G(Q) is at least d — 1, then the coefficients

ei(Q) are non-negative for a parameter ideal @) and for 0 < ¢ < d.

Sally [Sal77] observed that certain conditions on Hilbert coefficients could ensure
high depth of associated graded rings. Let u(I) denote the minimal number of genera-
tors of an ideal I. Sally proved that if R is Cohen-Macaulay with p(m) = eg(m) +d—1,
then G(m) is Cohen-Macaulay. Valla [Val79] extended Sally’s result to m-primary ide-
als. He showed that if () is an m-primary ideal of a Cohen-Macaulay local ring R with
Ar(Q/Q?) = e0(Q) — (d — 1)Ar(R/Q), then G(Q) is Cohen-Macaulay. Sally’s work
in [Sal79], [Sal80a], [Sal80b], [Sal83], [Sal92] and [Sal93] has centered around the same
theme. Huneke [Hun87] and Ooishi [O0i87] independently found that the depth of as-
sociated graded ring is also related to the first Hilbert coefficient. They showed that
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in a Cohen-Macaulay local ring the equality e1(Q) = €o(Q) — Ar(R/Q) holds if and
only if there exists zy,...,74 € Q such that Q* = (zy,...,24)Q. In particular, G(Q)
is Cohen-Macaulay. The Huneke-Ooishi result has been generalized by several authors.
The most remarkable generalization is due to Huckaba and Marley [HM97] which unified
many other results in this direction. They gave sharp upper and lower bounds for e1(Q)
in Cohen-Macaulay local rings and proved that lower (resp. upper) bound is attained if
and only if depth of G(Q) is at least d—1 (resp. G(Q) is Cohen-Macaulay). Corso, Polini
and Rossi [CPRO5] established an upper bound for the second Hilbert coefficient es(Q)
which is reminiscent of the upper bound on e;(Q) due to Huckaba-Marley. Furthermore,
they proved that the upper bound is achieved if and only if depth G(Q) > d — 1. These
results indicate that the extremal behavior of Hilbert coefficients controls the depth of
the corresponding associated graded ring. The relation between the Hilbert coefficients
and depth properties of associated graded rings has been examined extensively in litera-
ture, e.g., [CPP98], [E1i99], [ERVI6], [EVI1], [Huc96], [HMIT], [Ita95], [Pol00], [Ros99],
[RV96], [Vas94], [Pin97], [Wan00], [Ros00], [RV96], [Val79] and the references therein.

One is further interested in conditions which could ensure high depth on the fiber
cone F,(Q) which plays an important role in the resolution of singularities of algebraic
varieties. The Cohen-Macaulay property of Fi,(Q) was studied by Shah in [Sha91]. Cor-
tadellas and Zarzuela |[CZ97], generalized the results of Shah. Further, D’Cruz, Ragha-
van and Verma [CRV99] also improved Shah’s results. In [CZ97], [CRV99], [CGP+03]
and [Got00], authors gave necessary and sufficient conditions for Fi,(Q) to be Cohen-
Macaulay. In particular when @ = m, G(Q) and F,,(Q) coincide. So considering the
results of Huckaba, Huneke, Marley and others, it is natural to expect relations between
the coefficients of Hilbert function and depth of F,(Q). Jayanthan and Verma [JV05a]
found that in order to discuss the depth properties of Fy,(Q), the appropriate numeri-
cal function to consider is Ag(R/mQ™) instead of the Hilbert function A\g(Q™/mQ") of

Fu(@Q).

More generally, let K be a fixed m-primary ideal. We define the Hilbert-Samuel
function of an m-primary ideal @) with respect to K as Hx(Q,n) = Ag(R/KQ™). Since
Ar(R/KQ™) = Ag(R/Q") + Ag(Q"/KQ") for all n, it is evident that Ag(R/KQ")
coincides with a polynomial Pk (Q,x), for large n. We may write

r+d—1 r+d—2
@) = @7 @) s @
for unique integers g (Q) known as the Hilbert coefficients of ) with respect to K. The
fiber cone of @) with respect to K is the graded ring F(Q) = 2{3 Q"/KQ". Jayanthan
n=0
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and Verma subsequently provided upper and lower bounds on the first coefficient ¢ (Q)
and characterizations for F (@) to be Cohen-Macaulay and to have depth at least d —1
in terms of the extremal behavior of ¢ (Q). In [JV05a] and [JVO5h], they also obtained
the analogues for g (Q), of various results of Goto [Got00], Huckaba and Marley [HM97],
Huneke[Hun87], Rossi [Ros00] and [Ros99]. The upper bound on es(Q), calculated in
[CPRO5] has been generalized by Gu, Zhu and Tang |[GZT07] for ¢g&(Q). They also
extended the results of Huckaba [Huc96] to the coefficients g% (Q) under the assumption
that G(Q) and Fx(Q) have depths at least d — 1. A number of other results on the
properties of gX(Q) have been found as a natural generalization of properties of €;(Q)
in [Cruld)], [SalK] and [ZGT08|]. However, relatively less is known when R is not Cohen-
Macaulay.

One of the main objectives of this thesis is to extend some recent results known for
the coefficients ¢;(Q) to the case of ¢gX(Q). A motivation for studying the invariants
gk (Q) is their relation with the fiber coefficients (i.e. the coefficients of the Hilbert
polynomial of Fi(Q), see ) which provides a simple way to deduce results for the
fiber coefficients. We do not need the ring to be Cohen-Macaulay for most of our results,

instead we assume () to be a parameter ideal.

Chapter [2| introduces the basic terminology and preliminary facts. We gather the

results which are frequently used in the thesis.

In Chapter 3| we study the coefficients g (Q) for parameter ideals @ vis-a-vis the
Cohen-Macaulay property of R. Using a result of Goto et al. [GGH+15], we prove that
if R is Cohen-Macaulay and @ C K is a parameter ideal then g% (Q) = (—1)'A\g(R/K)
(Theorem [3.1.2)). An alternative proof can be found in [Crul3|.

Ghezzi, Goto, Hong, Ozeki, Phuong, Vasconcelos and others have made significant
progress of late in decoding information about R from the first Hilbert coefficient e;(Q).
If R is Cohen-Macaulay, then it is well known that e;(Q) = 0 for any parameter ideal
() and i > 1. For d = 1 case, the equality e;(Q) = 0 for some parameter ideal @
is a characterization of Cohen-Macaulay property. Vasconcelos [VasO8, Conjecture 1]
conjectured that if () is a parameter ideal of an unmixed Noetherian local ring R, then
e1(®) < 0 if and only if R is not Cohen-Macaulay. In the same paper, he settled the
conjecture for a domain that is essentially of finite type over a field. Ghezzi, Hong
and Vasconcelos [GHV09] settled it for a universally catenary Noetherian local domain
containing a field. They also established the conjecture if R is a homomorphic image
of a Gorenstein ring. Mandal, Singh and Verma [MSV11] proved that e;(Q) < 0 for a
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parameter ideal () in an arbitrary Noetherian local ring and e;(Q) < 0 if depth R = d—1.
The conjecture is settled, more generally for modules, by Ghezzi et al. [GGH+10] and
[GGH+15].

We consider the following problem: suppose (R, m) is an unmixed local ring and
g5 (Q) = —Ar(R/K) for a parameter ideal (). Then does it imply that R is Cohen-
Macaulay? The answer is easily found to be affirmative when K = m. However we
will present an example with d = 2 which indicates that the above statement may not
be true in general. Following the techniques of [GGH+10], we give a characterization

of Cohen-Macaulay local rings in terms of the coefficients gff(Q) and ¢¥(Q), provided
Q) € K (Theorem [3.2.8)).

In Chapter , we study the cases for which the first Hilbert coefficient ¢g&(Q) is
independent of the choice of parameter ideals Q, i.e., i (Q) is constant for all parameter
ideals Q. We consider the sets

AR(R) = {gf(Q) | Q is a parameter ideal of R} and
SE(R) = {gX(Q) | Q is a parameter ideal of R such that Q C K}.

and relate their finiteness properties with generalized Cohen-Macaulay and Buchsbaum

rings.

The study of Buchsbaum rings originated from a question of Buchsbaum [Buc65]
concerning the invariance of the difference I(Q; M) := Ag(M/QM) — eo(Q, M) for all
parameter ideals () for M. The modules for which I(Q; M) is independent of parameter
ideals @ for M, are known as Buchsbaum modules (see [SV78|). This notion led to the
study of modules for which (M) := sup{I(Q; M) : Q is a parameter ideal for M} is
finite (see [CSTTS]). Such modules are known as generalized Cohen-Macaulay modules.
Another useful way to characterize them is through local cohomology modules. Let
Hi(M) denote the i-th local cohomology module of M with support in ideal I. A module
M of dimension r is said to be generalized Cohen-Macaulay if the local cohomology
modules H, (M) has finite length for all 0 < i < r — 1. A ring R is called generalized
Cohen-Macaulay (resp. Buchsbaum) if it is so as an R-module. A parameter ideal @) for
M is said to be standard for M if I(Q; M) = I[(M). An ideal I with Ag(M/IM) < o is
said to be M-standard ideal if every parameter ideal for M contained in [ is standard
for M. We refer to [Tru86] for this topic. Trung [Tru86] gave a polynomial bound
for the Hilbert-Samuel function of a parameter ideal of a generalized C-M ring. As a
consequence, he showed that e;(Q) > — Z;l;é Ag(H. (R)) for a parameter ideal @ and
equality holds if @) is standard for R, provided depth R > 0. In a Buchsbaum local
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ring, every parameter ideal is standard. Therefore in this case, it is clear that e;(Q) is
constant and hence independent of ). Also in view of the non-negativity of e;(Q) proved
by Mandal, Singh and Verma, one can conclude the following. If R is generalized Cohen-
Macaulay, then e;(Q) can assume only finite number of values. Ghezzi et al. [GGH+10]

studied the converses of above properties. For 1 <17 < r, we set

AN(M) ={e;(Q, M) | Q is a parameter ideal for M }.

In [GGH+10], it is proved that for an unmixed local ring R, A;(R) is finite (resp.
singleton) if and only if R is generalized Cohen-Macaulay (resp. Buchsbaum). In a

sequel paper [GGH+15|, the authors extended these results for modules.

We intend to study the properties of coefficients ¢gif (Q) along the similar lines. Sup-

pose R is generalized Cohen-Macaulay. Using the results of [GGH+15] and [Tru86], we
d—1 )

find uniform bounds for ¢ (Q) for a parameter ideal Q C K, i.e., — > (21:12) Ar(Hi (R))—
i=1

Ar(R/K) < gK(Q) < 0 (Proposition [4.1.1)). Consequently we get that the set AK(R) is

finite in this case. Next, we prove that an unmixed local ring R is generalized Cohen-

Macaulay if and only if the set AX(R) is finite (Theorem 4.1.2)). Tt is shown that AL (R)

is singleton if and only if R is Buchsbaum (Theorem |4.1.4]). However we will discuss that

AK(R) is unlikely to be singleton for an arbitrary m-primary ideal K in a Buchsbaum

local ring R.

When R is generalized Cohen-Macaulay, Goto and Ozeki |[GO11] gave uniform
bounds on ¢;(Q). They also proved that the coefficients e;(Q)) of parameter ideals @) for
1 <i < d can have uniform bounds simultaneously if and only if R is generalized Cohen-
Macaulay. We improve upon their result and extend it to modules (Theorem .
In the improved version, we show that the existence of uniform bounds for the first few,
more precisely first r — depthy M, Hilbert coefficient e;(Q, M) forces M to be general-
ized Cohen-Macaulay. In particular, it ensures the existence of uniform bounds for all
the higher coefficients. Moreover, it turns out that e;(Q, M) for 1 <i < r — depth, M
are independent of @ if and only if AM/H? (M) is a Buchsbaum R-module (Theorem
. Furthermore, the above results are generalized to the coefficients ¢X (Q). (The-
orems 4.2.13 and [4.2.15)).

In the last section of Chapter [4] we consider the Hilbert coefficients of m-primary
ideals. For an R-module M, let

Agr(M) :={e1(Q, M) | Q is an m-primary ideal of R}.
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A ring R is said to be analytically unramified if its m-adic completion R is reduced.
In [KT15], Koura and Taniguchi proved that Ag(R) is finite if and only if d = 1 and

R/HY(R) is analytically unramified. We generalize their result to the case of modules

(Theorem [4.3.7) and the coefficients ¢¥(Q) (Theorem [4.3.8)).

In Chapter , we examine the second Hilbert coefficient ¢g& (Q) for a parameter ideal
Q. We prove that ¢g&(Q) is bounded above by Ag(R/K), provided depthR > d — 1
(Theorem [5.2.3)). As already mentioned, the Hilbert coefficients and depth of associated
graded rings have certain control over each other’s behavior. In particular, Mccune
[Mcc13] showed that if e(Q) vanishes in a local ring of depth at least d — 1, then depth
of G(Q) is at least d — 1. Along the similar lines, we investigate the information one
can get from the equality ¢&(Q) = Ag(R/K). Suppose depth R > d — 1. By imposing
high depth on G(Q), we prove that gX(Q) = A\g(R/K) implies depth F(Q) > d — 1
(Theorem [5.2.3). When G(Q) and Fx(Q) have depths at least d — 1, then it is shown
that g% (Q) are bounded above by (—=1)!Ag(R/K) for i > 2 (Corollary [5.3.3)). Further, if
the upper bound is attained for some ¢ then it is also attained for all the later coefficients,
ie., gf(Q) = (=1)Ar(R/K) for all j > i (Corollary [5.3.4).

In the same chapter, the difference function Pk (Q,n) — Hgx(Q,n) is examined for a
parameter ideal @). In a local ring of dimension one, we show that Pk (Q,n)— Hx(Q,n)
is non-negative for all n > 0 (Proposition . In case of higher dimensional rings,
we obtain an analogue for the higher difference functions. For a function f : Z — Z,
the first difference function A(f) is defined by A(f(n)) = f(n+ 1) — f(n). The i-th
difference function A’(f) is defined by A’(f) = A™1(A(f)). By convention, A%(f) = f.
We prove that (—1)!AT = (Pr(Q,n) — Hr(Q,n)) > 0for 0 <i < d+1and n >0
provided depth G(Q) > d — 1 and depth Fx(Q) > d — 1 (Theorem [5.3.1).

The method of induction plays a key role in our treatment of the coefficients g (Q).
The most fundamental tool while applying induction is the notion of superficial elements.
It provides a way to reduce the problem to lower dimensional cases. The theory of
superficial elements in the context of studying e;(Q) is due to Samuel and can be found
in [RVI0] and [SHO6]. In order to treat the coefficient ¢gX (@), an analogous theory of
superficial elements in fiber cones has been developed by Jayanthan and Verma [JV(5a].
The assumption ) C K is required in many of our results to be able to use the results
from [JVO05b] while applying induction. In particular, we need an analog of Singh’s
formula and Sally’s machine for fiber cones. In Proposition 2.2.9 we will give a general
version of Singh’s formula. The basic idea in the proofs of Chapter 4 is to treat K
as an R-module and relate the coefficients e;(Q, K) and ¢gX(Q). With this approach,
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we are able to make use of a number of existing results from literature which have
been generalized for modules in recent years. This idea provides a simple and uniform
method for the study of the coefficients ¢X(Q). However, different ideas are needed for

an exhaustive study.

In Chapter @, we restrict our focus to the coefficients e;(Q). In the classical case of
an m-primary ideal () in a Cohen-Macaulay local ring, relations among various Hilbert
coefficients and bounds for them have been explored by several authors. Northcott’s
inequality [Nor60] e;(Q) > eo(Q)—Ar(R/Q) is one of the first results in this direction. It
was improved by M. E. Rossi in [R0os99]. Several bounds on e;(Q) in terms of ey((Q)) exist
in literature, e.g., [EL05], [ELi08], [HH12], [RV10] and [RV05]. For example, Rossi and
Valla proved that e;(Q) < (eO(Q);kH) if I € m*. Such bounds are useful for examining
the finiteness of Hilbert functions of ideals with fixed multiplicity, see [ST97]. Tt is
difficult in general to find uniform bounds for e;(Q). With R and @ as above, it is
known that e;(Q) and e3((Q)) are non-negative, due to Northcott [Nor60] and Narita
[Nar63] respectively. However the higher coefficients are not necessarily non-negative.
Marley [Mar, Example 2.3] gave an example of a Cohen-Macaulay local ring and an
m-primary ideal @ with e3(Q) < 0. Itoh [It095] showed that e3(Q) > 0 if @) is a normal

ideal. A comprehensive account of these bounds can be found in [RV10].

The case when R is not Cohen-Macaulay is quite different. Let ) be a parameter
ideal of R hereafter. Then e;(Q) < 0 as already mentioned. Mccune [Mccl3] showed
that if depth R > d — 1 then e3(Q) < 0. In addition, if depthG(Q) > d — 1 then she
proved that e;(Q) < 0 for 2 < ¢ < d. We improve Mccune’s result by relaxing the
hypothesis to depth G(Q) > d — 2 (Corollary . If depth G(Q) > d — 1, we provide
uniform lower bounds for e;(Q) which is independent of @ as well as ¢ (Corollary [6.2.8).
Goto and Ozeki [GO11] gave a uniform lower bound on es((Q)) in two dimensional local
rings if depth R > 1. We extend their result to rings of arbitrary dimension d with
depth R > d — 1 (Theorem [6.3.4). We also discuss some equivalent conditions for the
vanishing of the last coefficient e4(Q). The most notable result of this chapter is Theorem
where we prove that e3(Q) < 0 provided depth R > d — 1.

The Rees algebra and the extended Rees algebra of an ideal I are defined as R([) =
%0 I"t" C Rjt] and R*(I) = @Z I"t™ C R[t,t™!] respectively with the convention that
7}; = R for n < 0. Blancafort T]%laQ?] gave a formula for the difference between Hilbert-
Samuel function and polynomial in terms of the local cohomology modules of the ex-

tended Rees algebra. We use her result for our proofs in this chapter. Our methods



Chapter 1. Introduction 9

depend heavily on the properties of local cohomology modules for which we refer to

[BS98] and [ILLF07).

The last chapter presents a summary of the results of the thesis and some problems

which can be pursued in future.



Preliminaries

In this chapter we introduce the basic terminology and recall some preliminary facts
which will be needed later. In Section the basic definitions and notations are intro-
duced. In Section [2.2] we recall the notion of superficial elements which is a fundamental
tool while applying induction on dimension of R. It is well known that superficial ele-
ments exist if the residue field of the ring (R, m) is infinite. Section briefly explains
that the existence of superficial elements may be assumed for most of our results by

changing R, if needed.

2.1 Definitions and notations

Let (R, m) be a Noetherian local ring of dimension d > 0 and K an m-primary ideal
of R. Let @ C K be an m-primary ideal. Recall that the Hilbert function of () with
respect to K is defined as Hi(Q,n) = Ag(R/KQ™) for n € Z. The Hilbert-Samuel
function of @ is defined as H(Q,n) = Ag(R/Q™). It is known that for n > 0, H(Q,n)
(resp. Hg(Q,n)) agrees with a polynomial P(Q,z) (resp. Pk (Q,x)) of degree d. We

can write these polynomials in the following manner.

d .
PQa) = S va@(" 5T 2.)

=0

Pe(@) = S (-1g(Q) ( i 1) (2.2)

, d—1
=0

for unique integers e;(Q) (resp. ¢X(Q)). The Hilbert function of the fiber cone Fg(Q)
is given by H(F,n) = Ag(Q"/KQ"). Let Px(F,n) denote the Hilbert polynomial of

10
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Fi(Q). We can write Px(F,x) in the following way.

Pi(F,z) = g(—l)iff(@) (x ;f IZ_: 1)

where the coefficients fX(Q) are integers and are referred to as the fiber coefficients of
@ with respect to K. Recall that for a finitely generated R-module M of dimension r,
we write the Hilbert-Samuel polynomial of M with respect to () as

PQ.2, M) = S (- 1)e(@, M) (‘” e 1)

: r—1
=0

It is often useful to work with a module with positive depth. For a module M, let
W = HY(M) and M’ = M/W. Then depth M’ > 0 and the Hilbert coefficients of M
and M’ are related nicely. To see this, let @ be an ideal of definition for M. We have

the following exact sequence.
0 — W/ Q"MNW)— M/Q"M — M'/Q"M' — 0. (2.3)

By Artin-Rees lemma, Q"M NW C Q" *W = 0 for some integer k and for n > 0.
Hence for all n > 0,

Ar(M/Q"M) = Ar(M'/Q"M') + Ar(WV).
This gives
P(Q,n, M) = P(Q,n, M") + Ap(W). (2.4)

Hence the coefficients have the following relation.

e:i(Q, M) if 0<i<r—1,
e(Q, M) = (2.5)
€d(Q, M/) + (—1)d/\R(W) if i=r.

Remark 2.1.1. 1. It is easy to see that K as an R-module has dimension d. For

this, consider the exact sequence
00— K—R— R/K—0.
This gives the following long exact sequence
0 — H(K) — HY(R) — H%(R/K) — R/K % HY(K) — HL(R) — 0

(2.6)
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and that H. (K) = H. (R) for 2 <i <d. (2.7)
Since HL(R) # 0, H%(K) # 0. Hence dim K = d.

2. Since A\r(R/KQ") = Ag(R/K) + Ar(K/Q"K) for all n € Z. So treating K as
an R-module, we have Pk (Q,z) = Ar(R/K) + P(Q,z,K). On comparing the
coefficients of both sides, we get

G5(Q) = eo(Q, K) and (2.8)

ei(Q, K) ifl<i<d-—1,
9 (Q) = (2.9)
ed(Q, K) + (~)AR(R/K) ifi=d.

Remark 2.1.2. 1. Since A\g(R/KQ™) = Ar(R/Q™) + A\r(Q"/KQ™) for all n € Z,
we have Pk (Q,x) = P(Q,xz) + Px(F,x). Thus comparing the coefficients of both

sides, we get
9% (Q) = e(Q) and (2.10)
fE(Q) = ein(Q) = 971 (Q) + (@) — g (Q) for0<i<d—1. (2.11)

2. By putting K = Q, we see that Px(Q,n) = Agr(R/Q") = P(Q,n + 1) for all
n > 0. On comparing the coefficients, we get for 0 < i < d,

g (Q) = ei(@) = €i1(Q) + ... + (=1)'e0(Q). (2.12)

We need the following definitions. Let () be an ideal of R. For an element 0 # = € R,
let z*(resp. x°) denote the initial form of x in G(Q) (resp. Fi(Q)) i.e. the image of
in G(Q); (resp. Fx(Q);), where 7 is the unique integer such that x € Q" \ Q"™ (resp.

r€Q\ KQY).
Definition 2.1.3. The postulation number for Q) with respect to K, denoted by 0, (Q),
18 defined as

N, (Q) := min{i | Hx(Q,n) = Px(Q,n) for alln > i}. (2.13)

In case of K = R, we drop K and write n(Q) for postulation number. By a result of

Marley [Mar, Lemma 2.8], for an element x € Q\ Q* and x* a non-zero-divisor in G(Q),

n(QR) =n(@) +1 (2.14)
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where R; = R/(z). A similar relation for n, (Q) in general, could be useful for method
of induction. For that purpose, we define the function Hj(Q,n) : Z — 7Z as follows

Ar(R/KQ™) ifn>0
Hi(Q,n) = (2.15)
0 if n <0.

Note that Hy(Q,n) = Px(Q,n) for all n > 0. We define

7 (Q) = min{i | Hx(Q,n) = Px(Q,n) for all n > i}. (2.16)

Lemma 2.1.4. Let (R,m) be Noetherian local ring and K an m-primary ideal of R.
Let @ C K be an m-primary ideal. Let x € Q\ KQ be such that x° is reqular in Fr(Q).
Then

M, (QRY) =11 (Q) + 1

where Ry = R/(x).

Proof. Consider the exact sequence

(KQ": z)

KO — R/KQ"' 5 R/IKQ" — R/(KQ",x) — 0.

0—

Since z° is regular in Fx(Q), (KQ™" : x) = KQ™ ! for all n > 1. Hence
Hip, (QR1,n) = Hx(Q,n) — Hg(Q,n —1) for all n>1 and (2.17)

Hip (QRi,n) = H(Q,n) — H(Q,n — 1) for all n € Z.

Therefore Pgp,(QR1,n) = Px(Q,n) — Px(Q,n — 1) for all integers n. Thus
Pxr, (QR1,n) = Hip (QRy,n) for all n > n* (Q)+1. Suppose Pxg, (QR1,n%(Q)+1) =
Hip (QR1,n:(Q) +1). Then Px(Q,n"(Q)) = Hi(Q,n:(Q)) which is a contradiction
to the minimality of 77 (Q). Therefore, ny  (QR:1) =7, (Q) + 1. O

Definition 2.1.5. A reduction of an ideal Q is an ideal J C Q such that Q" = JQ"
for some n > 0. A minimal reduction of Q is a reduction of QQ which is minimal with
respect to inclusion. For a minimal reduction J of Q), reduction number of QQ with respect

to J, denoted by r;(Q), is the least non-negative integer n such that Q" = JQ".

Definition 2.1.6. Let M be a finitely generated R-module. Let xq = 0. A sequence of
elements x1, ...,z is called a d-sequence for M if one (and hence both) of the following

equivalent conditions hold.
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1. ((zo,...,z)M =, xiaz;) = ((zo,...,z)M =, xj) for 0 <i < k—1 and for all
j>i+1.

2. ((xoy...,xi)M =y, 1) N (T1, .. x) M = (o, ..., 2;) M for all0 <i<k—1.
A regular sequence is trivially a d-sequence. We now recall the notion of generalized
Cohen-Macaulay and Buchsbaum modules.

Definition 2.1.7. A module M of dimension r is said to be generalized Cohen-Macaulay
if H (M) has finite length for all 0 <i <r —1.

Remark 2.1.8. From (2.6) and [2.7), we have that H. (K) has finite length if and only
if H. (R) has finite length for 1 <i < d — 1. Hence R is a generalized Cohen-Macaulay
ring if and only if K is a generalized Cohen-Macaulay R-module.

For a parameter ideal (), we set
1(Q; M) := Ap(M/QM) — eo(Q, M) and
I(M) :=sup{I(Q; M) : @ is a parameter ideal for M}

It is well known that M is generalized Cohen-Macaulay if and only if I(M) < oo, see
[Tru86, Lemma 1.5]. In this case,

100 =% ( ; 1) Ar(HE, (M) (2.13)

i=0
Moreover, there exists an integer n > 0 such that I(Q; M) = I(M) for every parameter
ideal @ € m” for M.

Definition 2.1.9. 1. A parameter ideal Q) for M s said to be standard for M if
I(Q; M) =I1(M). An ideal I with A\g(M/IM) < oo is said to be M-standard ideal

if every parameter ideal for M contained in I is standard for M.

2. An R-module M 1is said to be Buchsbaum if every parameter ideal for M 1is stan-
dard.

Generalized Cohen-Macaulay modules have many interesting properties. We quote

a few for our use.

Lemma 2.1.10. [Tru86l Lemma 1.2] Let M be a generalized Cohen-Macaulay module

of dimension r > 0. Then
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1. Every parameter ideal QQ = (x1,...,x,) for M is reducing i.e.
HQ; M) = Ap(((z1, ..., 24-1)M tar xa) [ (21, . ., Ta1) M).

2. Every parameter ideal Q = (x1,...,x,) for M is unmized up to m i.e. dim R/p =
r—i forallp € Ass(M/Q;M) \ {m} and 0 < i <r — 1 where Q; = (x1,..., ;)
and Qo = (0).

3. M, is a Cohen-Macaulay module with dim M, = r—dim R/p for allp € Supp(M)\
{m}.

The following theorem provides a polynomial bound for the Hilbert-Samuel function
Ar(M/Q™M) for a parameter ideal @ for M.

Theorem 2.1.11. [Tru86, Theorem 4.1] Let M be a generalized Cohen-Macaulay module

of dimension r > 0 and Q = (x1,...,x,) a parameter ideal for M. Then
Ar(M/QMHM) < n+r eo(Q M)+2T:§ n+r—ai\[(r—i1—1 Nn(HZ (M)
- r ’ == r—1 j—1 "

for all n > 0, where (T__zl_l) =0 1ifi#r and (j) := 1. Fquality holds for some fized n

if and only if the following conditions are satisfied.
1. Q"M n HY(M) = 0.

2. Q is standard for M /HY(M).

An important consequence of above theorem is the following result.

Corollary 2.1.12. [Tru86, Corollary 4.2] A parameter ideal Q is standard for M if and

only if
n+1 n+r L~ (ntr—i\ (r—i—1 A
we/Qn) = (" et + X ("I (U1 awtean)
i—1 j=0
for alln > 0.

It is evident that for a generalized Cohen-Macaulay module M of dimension r > 2

and a parameter ideal ) for M,

@ == (17 i) 219)
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and equality holds if @) is standard for M.

Notation. Let R = R(/) and R* = R*(I) denote the Rees algebra and the extended
Rees algebra of an ideal I respectively. We put M = mR + R, where R, = & R, is

n>0
the irrelevant ideal of the Rees algebra R.

2.2 Superficial elements

In this section, we summarize the basic properties of superficial elements in G(Q)
and F(Q). The notion of superficial elements provides an effective method in the study
of Hilbert coefficients as it allows to reduce the problem to lower dimensional cases by
applying induction on the dimension of R. The theory of superficial elements in G(Q),
defined below, can be found extensively in [RV10] and [SHO6]. We wish to discuss the
properties of the superficial elements in Fg(Q) which are also well known and can be
found in [JV05a]. We include the statements for easy reference. Let Q C R be an ideal
and M be an R-module.

Definition 2.2.1. 1. An element x € Q is said to be M-superficial in Q) if there
exists an integer ¢ > 0 such that (Q"M :pr x) NQ°M = Q" 'M for alln > c. If
x is R-superficial in Q, we say that x* is superficial in G(Q).

2. A sequence x1,...,xr € Q is said to be an M -superficial sequence in Q) if for
alli = 1,...,k, @, is M;_1-superficial in QR;_1 where R;_1 = R/(x1,...,2;_1),
M;—y = M/(xy,...,2;—1)M and z, denotes the image of x; in R;—y. If x1,...,xy
s an R-superficial sequence in (), we say that x7, ...z} is a superficial sequence

The next proposition gives some equivalent conditions for superficial elements in

G(Q). These conditions hold for modules but we only need them in case of rings.

Proposition 2.2.2. [RV10, Theorem 1.2] Let (R, m) be a local ring of dimension d > 0
and Q C R be an ideal. Let x € Q \ Q. Then the following statements are equivalent.

1. x* is superficial in G(Q);
2. (0:¢0) *)n = 0 for n>>0;

8 Q" :z)=Q"+ (0:2) and Q"N (0:2) =0 for n>> 0.
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Remark 2.2.3. Let x € Q) such that x* is superficial in G(Q). Then

1. reQ\Q?

2. [SHO6, Remark 8.5.2] (z™)* is superficial in G(Q™).

Proof. (i) Since z* is superficial in G(Q)), there exists ¢ > 0 such that (Q" : z) NQ° =
Q" forallm>c Forn=c+2, (Q°":2)NQ°= Q. Suppose z € Q% Then
Q° C (Q°"% : 2) N Q° = Q°". Hence, by Nakayama Lemma, Q¢ = 0 which is a

contradiction.

]

The following results are crucial in the theory of superficial elements and used fre-
quently in the thesis. In particular, Sally-machine is a very important tool while dealing
with the depth of associated graded rings. A version of this for the fiber cones is also
proved in [JV05b] which will be discussed in Chapter For a ring S and an ideal I C S,

depth(7,.S) denotes the length of all maximal regular sequences in S contained in I.

Proposition 2.2.4. Let xy, ...,z € Q such that 7, ..., x; is a superficial sequence in
G(Q). Then
1. RV10, Lemma 1.2] xy,...,zx is a reqular sequence in R if and only if

depth(Q, R) > k.

2. IRV10, Lemma 1.3] z7,...,x; is a regular sequence in G(Q) if and only if
depth G(Q) > k.

3. |RV10, Lemma 1.4] (Sally-machine) Let Ry denote R/(xi,...,xx). Then
depth G(QRy,) > 1 if and only if depth G(Q) > k + 1.
The next proposition shows that the Hilbert coefficients behave nicely when we

reduce by superficial sequences.

Proposition 2.2.5. [RV10, Proposition 1.2] Let M be a finitely generated R-module
of dimension r > 0 and @ an m-primary ideal of R. Let x € @ be an M -superficial

element. Then

1. dim M/xM = dim M — 1.
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2. Ag(0 :ps x) is finite and

ei(Q, M) for0<i<d-—2
€¢(QRl,M1) =

ea1(Q, M)+ (=1)¥\g(0:py ) fori=d—1

where Ry = R/(x), My = M/xM and e;(QRy, My) denote the coefficients of the
polynomial P(QRy,n, My).

Now we recall the notion of superficial elements in Fi (Q) from [JV05a]. Let @ be
an ideal of R and K an ideal with @) C K.

Definition 2.2.6. 1. For an element x € Q such that x° # 0 in Fx(Q), x° is said to
be superficial in F(Q) if there exists an integer ¢ > 0 such that (0 : 2°)NFx(Q), =
0 for all n > c.

2. For a sequence x4, ...,z € Q, x9,...,2} is said to be a superficial sequence in
Fr(Q) if for all i =1,...,k, (x})° is superficial in Fxg, ,(QR;_1) where R;_; =
R/(x1,...,x;_1) and x} denotes the image of x; in R; .

The existence and basic properties of superficial elements in Fi(Q) are discussed in
[JV05Db, Proposition 2.1] and [JV05a, Section 2]. We recall the following lemma which

provides a useful characterization of superficial elements in Fg (Q).

Lemma 2.2.7. [JV05a, Lemma 2.3] Let R be a Noetherian local ring of dimension
d> 0. Let Q be an ideal of R and K an m-primary ideal of R such that Q C K. Then
the following statements hold.

1. If there exists an integer ¢ > 0 such that (KQ" : z) N Q¢ = KQ" ! for all n > c,
then x° is superficial in Fx(Q).

2. If x° is superficial in Fx(Q) and x* is superficial in G(Q), then there exists an
integer ¢ > 0 such that (KQ™ : ) N Q¢ = KQ"! for all n > c¢. Moreover, if x is
reqular in R, then (KQ" :x) = KQ" ' for all n > 0.

Existence of superficial elements in Fi (@) is guaranteed by [JV05a, Proposition
2.2] when K is an m-primary ideal and R has infinite residue field. Indeed, with these
conditions we can choose z € @) such that x° is superficial in Fi(Q) and x* is superficial
in G(Q). Hence in this thesis, we use the characterization given by Lemma
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for superficial elements in F(Q). The following lemma allows us to choose superficial
elements in Fi(Q) avoiding a finite set of ideals not containing (). This result is well
known for superficial elements in G(Q) see [SH06, Corollary 8.5.9]. The proof is also

similar, so we will not include it here.

Lemma 2.2.8. Let (R, m) be a Noetherian local ring of dimension d > 0. Let Q) be an
tdeal of R and K an m-primary ideal of R such that Q C K. Let I, ..., 1. be ideals in
R not containing Q). Then there exists an element x € Q \ mQ) that is not contained in

any I; such that x* is superficial in G(Q) and x° is superficial in Fx(Q).

In particular, if QQ contains a non-zero-divisor then there exists an element x €
Q \ mQ such that x* is superficial in G(Q), z° is superficial in Fr(Q) and x is a non-

zero-divisor.

The Hilbert coefficients g (Q) behave nicely on reducing modulo a superficial ele-
ment in F(Q). We need a refined version of [JV05a, Lemma 3.5].

Proposition 2.2.9. Let (R, m) be a Noetherian local ring of dimension d > 0 and K
an m-primary ideal of R. Let Q C K be an m-primary ideal and x € Q) such that x* is
superficial in G(Q) and x° is superficial in Fx(Q). Then

95(Q) for0<i<d-2
9 (QRy) =

g¥ (Q)+ (=1)T\g(0:z) fori=d-—1

where Ry denote R/(z) and gF™(QR,) denote the coefficients of the polynomial
Prr, (QR1,n).

Proof. For n € 7, the exact sequence

(KQ" : )
KQn—l

gives that A\p(R/(KQ",z)) = Ag(R/KQ") — Ag(R/KQ" ') + A\g((KQ™ : z)/KQ" 1)
for all n € Z.

0— — R/KQ"' % R/IKQ" — R/(KQ",z) — 0

Claim: KQ"N(0:z)=0and (KQ":z)=KQ" '+ (0:x) for n > 0.
Proof of Claim. By Lemmal[2.2.7)[2), there exists an integer ¢ > 0 such that for alln > c,

(KQ":2)NQ° = KQ" ™.
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So for all n > ¢, KQ" N (0 : z) C mgn(KQm Cx) N = anKQ””“1 = 0. By
the Artin-Rees lemma, there exists an integer & such that KQ" N (z) C (z)Q"7F for
aln > k. Letn > k+candy € (KQ" : x). Then yr € KQ" N (z) C 2Q"*.
Suppose yr = zx for some z € Q" *. Then z € (KQ" : ) N Q¢ = KQ" . Therefore

y=z+(y—2) € KQ" '+ (0:x). O

Thus A\g(R/(KQ",z)) = A\r(R/KQ") — Ar(R/KQ™ ) + Ag(0 : z) for all n > 0.

Hence, for n € 7Z,
Prp,(QR1,n) = P (Q,n) — Px(Q,n — 1) + Ag(0: x). (2.20)

Now, the result follows by comparing the coefficients of both sides of ([2.20)). m

2.3 The extension from R to R(X)

For a local ring (R, m), let R(X) denote the ring R[X|ngpx]. As mentioned earlier,
superficial elements exist if the residue field of R is infinite. To achieve this, we may
pass from R to R(X). This section is devoted to explain briefly that the properties and
invariants treated in this thesis remains preserved under this passage. The following

lemma and proposition are basic in this regard.

Lemma 2.3.1. [Marl Lemma A.1.1] Let (R, m) be a Noetherian local ring and (S,n)
a faithfully flat extension of R such that vVmS = n. Let M be an R-module of finite
length. Then

As(M ®p S) = Ar(M) - As(S/mS).

Proposition 2.3.2. Let (R,m) be a Noetherian local ring and QQ an m-primary ideal of
R. Let S = R(X) andn=mS. Then

1. dim R =dim S.

NS

. depth R = depth S.

L

L 15/n| = .

4. H{QS,n) = H(Q,n) and P(QS,n) = P(Q,n) for alln € Z.

&)

. depth G(Q) = depth G(Q.S).
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6. Let K be an ideal containing Q. Then Hrs(QS,n) = Hi(Q,n) and Pxs(QS,n) =
Pr(Q,n) for alln € Z.

7. depth Fg(Q) = depth Fks(Q5S).

Proof. ([1))-(5) can be found in [Mar, Proposition A.1.2]. Since mS = n and Ag(S/n) = 1,
we get Ag(R/KQ™) = As(S/KQ"S) by Lemma[2.3.1] This gives (6]). We include below
a proof for (7)) which is analogous to part (f]).

Let the irrelevant ideals of Fx(Q) and Frg(QS) be denoted by T and N. Since
Fr(Q) and Frs(QS) are Noetherian, we have that

depth Fg(Q) = inf{i | Exty, )(Fx(Q)/T, Fx(Q)) # 0} and (2.21)
depth Fs(QS) = inf{i | Exth, (gs)(Fxs(QS)/N, Fxs(QS)) # 0}. (2.22)

Since S is faithfully flat R-module, Fx(Q) ®r S = Fks(QS). Thus Fks(QS) is a
faithfully flat Fi(Q)-module. As TFrs(QS) = N, we have

Frs(QS)/N = Frs(QS)/TFrs(QS) = Frs(QS) ®ry (@) Fx(Q)/T.

Hence,

Bty qs)(Fxs(QS)/N, Fxs(QS)) = Exty, o)(Fx(Q)/T, Fx(Q)) ®ry(@) Fxs(QS).

Since  Fgg(QS) is a  faithfully flat  Fg(Q)-module, we  get
Emt%KS(QS)(FKS(QS)/N, Fks(QS)) = 0 if and only if Ea:t%K(Q)(FK(Q)/T, Fr(Q)) =

0. O

We study the Hilbert coefficients of unmixed local rings in subsequent chapters. The
next proposition provides a way to assume without loss of generality that an unmixed

local ring has infinite residue field. We first recall the definition of unmixed modules.

Definition 2.3.3. For a finitely generated R-module M, we set Asshp M = {p €

Assp M|dim R/p = dim M}. Let (0p)) = () M(p) be a primary decomposition
pEAssp M
of the submodule (0pr) in M, where M(p) is a p-primary submodule of M for each

p € Assg M. The submodule Up(0) := (| M(p) is called the unmized component
pEAsshp M

of M. M 1is called unmized if Asshﬁﬂ = ASSE.]/W\ where R is the m-adic completion of
R.
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If M = R, then we write Ass(R) and Assh(R) instead of Assg(R) and Asshgr(R).

Proposition 2.3.4. [McD| Theorem 2.4.3] Let R be a local ring such that Ass(R) =
Assh(R). Suppose R is a homomorphic image of a Cohen-Macaulay ring. Then

~

Ass(R) = Assh(R).

Given an unmixed local ring (R,m) and an m-primary ideal ), we may pass to
R which is unmixed i.e. Ass(R) = Assh(R). This implies Ass(R[X]) = Assh(R[X]).
Further, passing to R(X) := R[X J@Rx)» We obtain a ring with infinite residue field with
Ass(R(X)) = Assh(R(X)). Since R is a homomorphic image of Cohen-Macaulay ring
by Cohen Structure Theorem, it follows that fi(X ) is so. Now by Proposition , we
get ﬁ(X ) is unmixed local ring with infinite residue field. Note that the properties like
depth, dimension and Hilbert coefficients are preserved while passing from R to R(X)
for any local ring R. Therefore while dealing with Hilbert coefficients in unmixed local

ring, we may assume without loss of generality that the ring has infinite residue field.



The first Hilbert coefficient and Cohen-Macaulayness

In this chapter, we relate the properties of the Hilbert coefficients ¢/*(Q) with Cohen-
Macaulayness of R. If R is C-M and Q C R is a parameter ideal, then it is well known
that €o(Q) = Ar(R/Q) and €;(Q) = 0 for 1 < i < d. Vasconcelos conjectured that for
every parameter ideal @, e1(Q) < 0 if and only if R is not Cohen-Macaulay. We recall
the following result of Ghezzi et al. which settled the above conjecture, also known as

the negativity conjecture.

Theorem 3.0.5. [GGH+10, Theorem 2.1] Let (R,m) be a Noetherian local ring of
dimension d > 0 and @ a parameter ideal of R. Then the following statements are

equivalent:

(a) R is Cohen-Macaulay;
(b) R is unmized and e1(Q) = 0;

(¢) R is unmized and e1(Q) > 0.

In Section , we calculate the values of g/ (Q) for a parameter ideal Q C K to be
equal to (—1)'Ar(R/K) for 1 < i < d in a Cohen-Macaulay local ring. Along the lines
of Vasconcelos’ conjecture, we ask the following question in Section [3.2} if R is unmixed
local ring of dimension d > 0 and g (Q) > —Ar(R/K) for some parameter ideal Q C K
then is R Cohen-Macaulay? We give partial solution to this problem. The main result
of this chapter, which is a generalization of Theorem provides a necessary and

sufficient condition for the ring to be Cohen-Macaulay in terms of g&(Q) and ¢¥(Q).

23
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3.1 Hilbert coefficients in Cohen-Macaulay rings

Suppose R is Cohen-Macaulay and Q C K is a parameter ideal. Then g&(Q) =
eo(Q) = A\g(R/Q) from (2.10). We now determine the other coefficients. Our result is
an application of the following result of Goto et al. in which they have characterized the
Buchsbaumness of a finite R-module M in terms of the first Hilbert coefficient e; (@), M).

Theorem 3.1.1. [GGH+15 Theorem 5.3] Let (R, m) be a Noetherian local ring and M
a generalized Cohen-Macaulay R-module of dimension r > 2 and depthp M > 0. Let )

be a parameter ideal for M. Then the following statements are equivalent:

(a) Q is a standard parameter ideal for M ;

(b) er(Q, M) = — 30! (I=2) Ag(HE, (M)).

Theorem 3.1.2. Let R be a Cohen-Macaulay local ring of dimension d > 0 and K an
m-primary ideal of R. Let Q C K be a parameter ideal of R. Then g{f(Q) = A\r(R/Q)
and for 1 <1 <d,
g (Q) = (=1)'Ar(R/K).
Furthermore, for all n > 0
Hyg(Q,n) = Px(Q,n).

Proof. We may assume that R has infinite residue field and @ = (z1,...,24) where
xy, ...,z (resp. xf,...,29) is a superficial sequence in G(Q) (resp. Fk(Q)). R is
Cohen-Macaulay implies x1,...,z4 is a regular sequence in R. We first show that

g (Q) = —Ar(R/K) by induction on d. Let d = 1. Since K is a Cohen-Macaulay

Rmodule, ¢,(Q, K) = 0. Thus g (Q) = ex(@, K) — An(R/K) = —Ap(R/K) by (Z9).
Let d > 1 and R4y = R/(z1,...,24-1). Then by Proposition and induction

hypothesis, gf(Q) = ngd*l(Qqu) = —Ar(R/K).

Suppose d > 2. Then Remark along with (2.6) and (2.7) imply that K is a
generalized Cohen-Macaulay R-module of dimension d with H! (K) = H’ (R) = 0 for

2<i<d-1and H) (K)= R/K. Further (2.9) gives that,

e(Q, ) = g(Q) = —An(R/K)
o (d B f) Ar(HE (K)).

=1
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Therefore () is a standard parameter ideal for K due to Theorem [3.1.1, By Corollary
2.1.12 we have

Ar(R/KQ™) = Ap(R/K) + Ar(K/EQ™)

for all n > 0. Tt follows that ¢/ (Q) = (=1)'"Ag(R/K) for all 1 <i < d. O

Corollary 3.1.3. Let R be a Noetherian local ring of dimension d > 0 and K an
m-primary ideal of R. Let Q C K be a parameter ideal of R. Suppose R/HC(R) is
Cohen-Macaulay. Then gi(Q) = A\g(R/(Q + H°.(R))) and

(=1)Ar(R/(K + H2(R))) if 1<i<d-1

(~ D)4 (Ar(R/(K + HO,(R)) + An(HO,(R))  if i =d.

Proof. Let W = H? (R) and R’ = R/ H? (R). Consider the following exact sequence.
0 — W/KQ"NW) — R/KQ" —s R'/KQ"R — 0.

Since KQ"NW C Q"NW C Q" *W = 0 for some integer k and for n > 0 by Artin-Rees

lemma, we get for n > 0,

Ar(R/KQ") = Ap(R'/KQ"R') + Ap(W).

This implies
PK(Q,TZ) = PKR/(QR/, ’I’L) + /\R(W) (31)
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On comparing the coefficients, we get that

p gEF(QR) if0<i<d—1,
9 (Q) = (3.2)
gER (QR) + (=1)Ag(W) if i =d.
Now using Theorem we get the result. ]

Since R/ H? (R) is Cohen-Macaulay for one dimensional local ring R, we immediately

get the following corollary.

Corollary 3.1.4. Let (R,m) be a Noetherian local ring of dimension one and K an
m-primary ideal. Let Q be a parameter ideal of R. Then gf(Q) = Ag(R/(Q + H%,(R))
and g1 (Q) = —Ar(R/K) — Ar(Hy(K)).

Proof. Tt is enough to see that by Corollary [3.1.3]

9t(Q) = —(Ar(R/(K + W) + Ar(W))
= —Ar(R/K) + A\p(W/(K NW)) = Ap(W)
= —Ar(R/K) + Ap(HY,(R)/ HO,(K)) — Ar(H2,(R))
= \r(R/K) — Ag(H%,(K)).

]

Note that holds without R’ being Cohen-Macaulay. We recall this relation
at later parts of the thesis again. In the following example, we see that ¢g/(Q) may
attain the value (—1)'Ar(R/K) even if @ is not a parameter ideal. In order to do
the calculation, let us recall the following useful consequence of a version of Huneke’s
fundamental lemma for the Hilbert function Ag(R/K Q") given by Jayanthan and Verma
in [JV05a].

Theorem 3.1.5. [JV05a, Corollary 3.3] Let (R,m) be a two dimensional Cohen-

Macaulay local ring and K be an wm-primary ideal. Let I C K be an m-primary ideal
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and J = (z,y) be a minimal reduction of I. Set

i

eo(1) ifn=0,

Un =9 eo(l) — Ar(R/KI) + Ar(R/K) ifn=1,

AR(KIM/KJI"Y) = Ag((KI"=Y 2 J)/KI™2)  ifn > 2.

\

Then gi(I) = > v, and gf(I) = > (n — Vv, + Ag(R/K).

n>1 n>1
Example 3.1.6. Let R = k[[z,y]] be a power series ring. Let I = (23 2%y, y*) and
K =m?% Then J = (23,9®) is a minimal reduction of I. Theorem yields that

n+1

Py (I,n) :9( )

) +3n + 3.
So, we see that A\g(R/K) =3 = (=1)'gX(I) fori=1,2.

We close this section by providing an upper bound on ¢gX(Q) in the rings of depth
at least d — 1.

Proposition 3.1.7. Let R be a Noetherian local ring of dimension d > 0. Let () and
K be as in Theorem[3.1.2. Suppose depth R > d — 1. Then ¢g¥(Q) < —\r(R/K).

Proof. We may assume that R has infinite residue field and @ = (x1,...,x4) where

xy, ..., xh (resp. x9,...,29) is a superficial sequence in G(Q) (resp. Fk(Q)). We may

also assume that zq,...,24.1 is a regular sequence in R. Therefore in view of the
Proposition m, it is enough to prove the result for d = 1 in which case, gf(Q) =
AR(HY(K)) — Ar(R/K) < —Ap(R/E) by Corollary Bid) =

Remark 3.1.8. We highlight that under the hypothesis of Theorem[3.1.5, the fiber cone
Fr(Q) is Cohen-Macaulay with the fiber coefficients fE(Q) =0 for 1 <i <d—1 by
@.11).

3.2 A characterization of Cohen-Macaulayness

In this section, we study the problem briefly mentioned at the beginning i.e. if R is
an unmixed local ring of positive dimension, then does ¢f*(Q) > —Ag(R/K) for some
parameter ideal ) imply R is Cohen-Macaulay? We have an affirmative answer for the

most natural choice of K i.e. the maximal ideal m.
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Remark 3.2.1. Suppose K = m and ¢"(Q) > —Ar(R/m) = —1 for some parameter

ideal Q. From (2.10) and (2.11)), we get that e;(Q) — gF(Q) = f&(Q) > 1. Hence
e1(Q) > 0 which implies that R is Cohen-Macaulay by Theorem [3.0.5,

However we may not expect it to be true in general as evidenced by the following

example, worked out in [Mccl3],

Example 3.2.2. [Mccl3, Example 3.8] Let R = k[[z5, zy?, 2y, v°]] = k[[t1, t2, t3, t4]]/ J,
where J = (totz — tity, ty — tat, tit3 — 313, 313 — t3ty, 3ty — t3, 13 — tits). Then
dimR=2. Let K = Q = (2°,y°). We have

P(Q,n) = 5(71 ;— 1) + 2n.

By @12, 95(Q) = e1(Q) — 0(Q) = =7 = —Aa(R/K) but depth R = 1.

For an arbitrary K, we prove in Theorem that an unmixed local ring is Cohen-
Macaulay if and only if ¢¥(Q) > —Ar(R/K) + (Ar(R/Q) — g{(Q)). Observe that the
quantity at right hand side is larger than —Az(R/K). Hence Theorem [3.2.§ provides a
partial solution to the problem mentioned earlier. The most natural approach is to devise
the proof by method of induction. We may reduce our problem to the lower dimensional
cases. To be more precise in this respect, it is desired that the hypothesis of the problem
remains valid after reduction by superficial elements. In order to achieve this in our case,
we need a superficial sequence (z1,...,z4) which is a generating set of the parameter
ideal @ of an unmixed local ring R such that the reduced ring R/(z1,...,r;) remains

unmixed. For that purpose, we recall the following results from [GNOT].

Lemma 3.2.3. [GNO1, Lemma 3.1] Let (R, m) be a complete local ring. Let Kg be the
canonical module of R and S = Homg(Kg, Kg). Let ¢ : R — S be the canonical map
i.e ¢(r)(x) =rx forr € R and x € Kg. Suppose Ass(R) C Assh(R) U{m}. Then

1. ker(¢) has finite length.
2. H.(R) is isomorphic to H® (Coker(¢)). In particular, HL(R) has finite length.

Lemma 3.2.4. [GNOI, Lemma 3.2] Let R be a homomorphic image of a Cohen-
Macaulay local ring. Suppose Ass(R) C Assh(R) U {m}. Then the set

F = {p € Spec R|ht, p > 1 = depth R,, p # m}

18 finite.
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The next proposition and its proof are same as [GNOI, Proposition 3.3] except the
fact that we choose 1, ..., x4 € @ such that x¢, ...,z is a superficial sequence in Fx(Q)

in addition to z7, ..., 2} being superficial in G(Q).

Proposition 3.2.5. [GNOI, Proposition 3.3] Let (R, m) be a homomorphic image of a
Cohen-Macaulay local ring of dimension d and assume that Ass(R) C Assh(R) U {m}.
Let K be an m-primary ideal and Q C K a parameter ideal. Then there exists a system of
generators T, ...,xq of Q such that such that z7, ..., x5 (resp. 3, ...,x9) is superficial
in G(Q) (resp. Fx(Q)) and Ass(R/Q;) C Assh(R/Q;) U {m}, where Q; = (x1,...,x;)
for1<i<d and Qo= (0).

Proof. 1If d = 0, the result obviously holds. Assume d > 0. By repeating the process,
it is enough to prove the assertion for i = 1. Let .%# be as in Lemma [3.2.4. Now by
Lemma and prime avoidance , choose x; € ) such that =7 (resp. x%) is superficial

in G(Q) (resp. Fx(Q)) and

mee\(meU( U »U(U»))

peAssh(R) peF

Let p € Ass(R/(x1)) , p # m. We show that dim R/p = dim R/(z;). Since p €
Ass(R/(z1)), depth(R,/x1R,) = 0. However depthR, > 0 as p ¢ Ass(R) by choice
of z1. Note that x; is a non-zero-divisor in R,. This implies that depth R, = 1 and
ht,p = 1 as p ¢ F#. Since R is catenary and equidimensional, we get dim R/p =
dimR—ht,p=d—1=dim R/(x;). It follows that p € Assh(R/(x1)). O

The following results are the key steps towards Theorem [3.2.8]

Proposition 3.2.6. Let (R,m) be a Noetherian local ring of dimension one and K an
m-primary ideal of R. Let Q C K be a parameter ideal. Suppose g&(Q) + g=(Q) >
—Ar(R/K)+ Ar(R/Q). Then R is Cohen-Macaulay.

Proof. Set W = HY(R) and R' = R/W. Then R’ is a Cohen-Macaulay local ring of
dimension one. Therefore using Corollary [3.1.3, we get

—Ar(R/K) +Ar(R/Q) < g5 (Q) + 91" (Q)
= Ar(R/(Q+W)) = Ar(R/(K +W)) — Ar(W)

= Ar((K+W)/(Q+W)) = Ar(W)
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= Ar(K/((Q + W) N K)) — Ar(W)
< AR(K/Q) = Ap(W)
< —Ar(R/K) + Ar(R/Q) — Ar(W).
Hence Ar(W) < 0 which implies that W = 0. Thus R is Cohen-Macaulay. O

Lemma 3.2.7. Let (R, m) be a Noetherian local ring of dimension d > 0 and K an m-
primary ideal. Let Q) be a parameter ideal of R. Suppose U = Ugr(0) # 0 and S = R/U.
Then the following assertions hold.

1. dimU < dim R.

2. We have gi(Q) = g&5(QS) and

9% (QS) if dimU <d— 2,
9t (Q) =
gK5S(QS) — sp if dimU =d — 1

where sy s the multiplicity of the module ® U/(KQ" NU).
n>0
3. gK(Q) < ¢gf9(QS) with equality if and only if dimU < d — 2.

Proof. Let (0) = Aﬂ(R)Q(p) be a primary decomposition of (0) and U = Ug(0) =
pEASS
Aﬂh(R)Q(p). For all p € Ass(R) and p’ € Assh(R) with p # p/, we have Q(p)R, =
PEASS
R,y. Hence for all p’ € Assh(R), we get that (0) = Aﬂ(R)Q(p)Rp/ = Q(p')Ry. Thus
pEASS

URy= N Q{)Ry=QQ )Ry =(0). Hence Assh(R) N Suppyp(U) = ¢. Therefore

pEAssh(R)

dimU < dim R.

Considering the short exact sequence
0— U/(KQ"NU) — R/KQ" — S/KQ"S — 0,
we get that
Ar(R/KQ") = Ar(S/KQ"S) + Ap(U/(KQ"NU)) for all n € Z. (3.3)

Hence A\g(U/(KQ™ N U)) agrees with a polynomial, say T'(n) for n > 0. We write

T(n) = s <””) _ s (””_ 1) bt (<1, (3.4)

t t—1
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for some t > 0 and s; € Z for 0 < ¢ < t. We claim that ¢ = dim U. By the Artin-Rees
lemma, there exists an integer k such that for all n > 0, KQ"NU C Q"NU = Q" *(Q*N
U) C Q" *U. Hence Ag(U/Q"*U) < Ap(U/(KQ" N U)) for all n > 0 which implies
t > dimU. On the other hand, Since A\g(U/KQ"U) = Ag(U/Q"U) + A\g(Q"U/KQ"U),
we see that Ag(U/KQ"U) coincides with a polynomial of degree equals dim U for all
n > 0. Therefore \g(U/(KQ" NU)) < Ag(U/KQ"U) for all n € Z implies that
t=dimU.

From (3.3)), we get
Pr(Q,n) = Pgs(QS,n) +T(n) for all n € Z. (3.5)

By comparing the coefficients of both sides of (3.5) and using (3.4), we get the result.
follows from (2)). O

We now prove the main result of this chapter which provides a characterization for

the Cohen-Macaulay local rings.

Theorem 3.2.8. Let (R, m) be a Noetherian local ring of dimension d > 0 and K an
m-primary ideal. Let Q@ C K be a parameter ideal of R. Then the following statements

are equivalent:

(a) R is Cohen-Macaulay;

(b) R is unmized and gt (Q) + g&(Q) = ~Ar(R/K) + An(R/Q);

(¢) R is unmized and gt (Q) + g¥(Q) > ~Ar(R/K) + An(R/Q):

(d) R is unmized and f5(Q) < A(R/K) + e1(Q) + 0(Q) — Ar(R/Q):

(¢) R is unmized and fI(Q) = An(R/K) + e1(Q) + 0(Q) = \a(R/Q).

Proof. Using (2.10) and (2.11)), we get that [(e)] < [(b)] and [([d)] < [(c)] Hence it suffices
to prove the equivalence of the first three statements.
= @ Follows from Theorem m

@ = This is Clear.
= @ We apply induction on d. The result is obvious for d = 1. Let d > 2.

We may assume that R is complete with infinite residue field. Suppose d = 2.

Then we may assume that Q = (z1,x2) such that z§ is superficial in Fg(Q). Since
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R is unmixed, we can choose x; to be a non-zero-divisor on R. Let S = R/(z1).
Then @Q/(x1) is a parameter ideal of S. By Proposition [2.2.9, ¢&%(QS) = ¢{(Q) and
91°(QS) = g1 (Q). Hence

92 (QS) + 91°(QS) = —Ar(R/K) + Ar(R/Q) = —Ar(S/KS) + Ar(S/QS).

Therefore, by Proposition [3.2.6, S is Cohen-Macaulay which implies that R is Cohen-
Macaulay.

Let d > 3. By Proposition [3.2.5] there exists a system of generators xq,...,z4 of
() such that x{ is superficial in Fx(Q) and Ass(R/(z1)) € Assh(R/(x1)) U {m}. Let
S = R/(x;) and S = S/Ug(0). Then S is an unmixed local ring of dimension d — 1 by
Proposition and S is a parameter ideal contained in KS. Since dim Ug(0) = 0,
we have gX5(QS) = g5(QS) for i = 0,1 due to Lemma [3.2.7(2). Therefore,

g 5(Q9) + g5 (QS) = g5(Q) + 91 (Q)
> —Ar(R/K) + Ar(R/Q)
= —Ar(S/KS) 4+ Ar(S/QS)
> Ar(KS/((QS + Us(0)) N K S))
= Ar((K S + Us(0))/(QS + Us(0)))
= —Ag(S/(KS + Us(0))) + Ar(S/(QS + Us(0)))
= —Ar(S/KS) + Ar(5/Q8S).

Hence by induction hypothesis, S is Cohen-Macaulay. Thus H:(S) = 0 for 0 < i < d—2.
The exact sequence
0— Us(0) — S — S —0

gives the following long exact sequence
oo — H (Ug(0)) — HL(S) — HL(S) — --- .

Since Ug(0) is Artinian, HQ(Us(0)) = Us(0) and HE (Us(0)) = 0 for all # > 1. Therefore
HY(S) =Us(0) and HL(S)=0for 1 <i<d-—2.

Now considering the exact sequence

0—RHR—S—0,
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we get the long exact sequence

oo — HYS) — HL(R) 25 HX(R) — HL(S) — -+ .

This implies that the map Hl(R) % H!(R) is surjective and H:(R) 2 H! (R) is
injective for 2 < i < d— 1. Thus HL(R) = z1HL.(R). Since H.(R) is finitely generated
by Lemma [3.2.3] using Nakayama’s Lemma we get that HL(R) = 0. Since Hi(R) is
m-torsion, the injectivity of the map H{(R) = H:(R) gives that H.(R) = 0 for
2 <i<d—1. Therefore R is Cohen-Macaulay. O

We now recover Theorem which settles the negativity conjecture on e;(Q). As
mentioned already, Theorem is more general in a sense that negativity conjecture
and Theorem [3.0.5] are restricted to the case when K = R and they can be recovered.

Corollary 3.2.9. Let R be a Noetherian local ring of dimension d > 0 and Q) a param-
eter ideal of R. Then the following statements are equivalent:

(a) R is Cohen-Macaulay;

(b) R is unmized and e;(Q) = 0;

(c) R is unmized and e;(Q) > 0.

Proof. Let K = @ in Theorem From (2.12)), ¢5(Q) + 9 (Q) = e1(Q). Hence the
result follows from Theorem [3.2.8 O

It is of natural interest to seek bounds on the Hilbert coefficients. Observe that
g¥(Q) < e1(Q, K) <0 holds in general. Indeed, when depth R > d — 1, we obtained a
better uniform upper bound on ¢&(Q) in Proposition ie. gF(Q) < - r(R/K).
The following result is useful in this context although it does not provide uniform bound.
It also allows us to recover the fact that e1(Q) < 0 in Corollary [3.2.11]

Corollary 3.2.10. Let (R,m) be a Noetherian local ring of dimension d > 0 and K an
m-primary ideal. Let ) C K be a parameter ideal of R. Then

1. (a) g5(Q) + 91 (Q) < =Ar(R/K) + A\r(R/Q).
(b) fE(Q) = Ar(R/K) + e1(Q) + e0(Q) — A\r(R/Q).

2. Suppose depth R =d — 1. Then
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(a) 95 (Q) + 91 (Q) < —Ar(R/K) + Ar(R/Q).
(b) f65(Q) > Ar(R/K) + e1(Q) + e0(Q) — Ar(R/Q).

Proof. In view of (2.10) and (2.11)), it suffices to prove [l|(a) and [(a)}
[(a)] We may assume that R is complete. Let d = 1. Since ¢(Q) = eo(Q) < \r(R/Q),

using Corollary [3.1.4) we get that ¢& (Q) + g5 (Q) < —Ar(R/K) + Ar(R/Q). Suppose
d>2.Set S = R/Ug(0). Then S is an unmixed local ring and QS is a parameter ideal
of S. Hence

9 (@) + 9 (Q) < g5°(QS) + g1 (@) [by Lemma 3.2.7]@2))]
< —Ar(S/KS) + Ar(S/QS) from Theorem [3.2.§]

< =Ar(R/K) + \r(R/Q).

F(a) Let @ = 1. Then depth(R) = 0 implies that g5(Q) = eo(Q) < A\r(R/Q).

Hence, by Corollary [3.1.4) ¢¥(Q) + ¢5(Q) < —Ar(R/K) + Agr(R/Q). Suppose
d>2. Let Q= (1,...,24) such that x¢,...,29 ; is a superficial sequence in F(Q).

Since depth(R) = d — 1, we may assume that x,...,x4_; is a regular sequence in

R. Let Ryy = R/(x1,...,24-1). Then, by Proposition 2.2.9, ¢X(Q) + ¢X(Q) =
gé(RUFl (QRd71)+g{{Rd71(QRd—l) < _)\R(R/K)—{—)\R(R/Q) by induction hypothesis. ]

We obtain below the negativity of e;(@). This can also be found in [GGH+10] and
IMSVT].

Corollary 3.2.11. Let (R, m) be a Noetherian local ring of dimension d > 0 and Q a
parameter ideal of R. Then

1. 61(@) < 0

2. Ifdepth R =d — 1, then e;(Q) < 0.

Proof. 1t follows from letting K = @ in Corollary [3.2.10] and using ([2.12]). O

In the following example, we see that the inequality of Corollary |3.2.10| is strict
although depth R # d — 1.
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Example 3.2.12. Let S = k[[X,Y,Z]] be a power series ring over a field k and
I = (YZ,X?Y,Y3). Consider the ring R = S/I = k[[z,y,2]]. Then dim R = 2 and
depthR = 0. Let Q = (x,2%) and K = (z,y,2?). Notice that H,(R) = (Y))/I, hence
R = R/H (R) = K[| X, Z]] which is Cohen-Macaulay. By and Theorem we
get i (Q)+ g (Q) = g™ (QR) + g (QR') = Ap(R JQR) —An(R'/KR) =22 = 0
whereas —Ap(R/K) + Ar(R/Q) = —2+4 = 2.

We can mod out the unmixed component Ug(0) and move into the ring R/Ug(0) to

obtain a more general sufficient condition for the ring to be Cohen-Macaulay.

Theorem 3.2.13. Let (R, m) be a Noetherian local ring of dimension d > 0 and K an
m-primary ideal. Let ) C K be a parameter ideal of R. Suppose R is a homomorphic
image of a Cohen-Macaulay ring. Let U = Ug(0). Then the following are equivalent:

(a) g5 (@) + 91" (Q) = =Ar(R/(K + U)) + Ar(R/(Q + U));

(b) R/U 1is Cohen-Macaulay and dimU < d — 2.

Proof. @ = @ Let S = R/U. Then S is an unmixed local ring by Proposition [2.3.4]
If U =0, then R is unmixed. Hence ¢/ (Q) + g5 (Q) = —Ar(R/K) + Ar(R/Q) implies
that R is Cohen-Macaulay by Theorem [3.2.8l Suppose U # 0. First we show that
dimU < d — 2. By Lemma , dimU < d — 1. Suppose dimU = d — 1. Then
9 (Q) = g5%(QS) and g{'(Q) = g1 (QS) — so for some s > 1 by Lemma (2]}

Therefore,

g5 (@) +91'(Q) < g5 °(QS) + ¢ (QS)
< =Ar(S/KS)+ Ar(S/QS) [by Corollary
= —Ar(R/(K +U)) + Ar(R/(Q + U))

which is a contradiction. Hence dim U < d—2. By Lemma[3.2.7 (), ¢5(Q) = ¢/%(Q59).
Hence g&%(QS) + gF%(QS) = —Ar(S/KS) + Ar(S/QS). Therefore S = R/U is Cohen-
Macaulay by Theorem |3.2.8]

()] = Let S = R/U. Since dimU < d — 2, by Lemma [3.2.72), ¢*(Q) =
g53(QS) = —Ar(S/KS) where the last equality holds by Theorem m Therefore

9 (@) + 91 (Q) = Ar(S/QS) — Ar(S/KS)
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= Ar(R/(Q +U)) = Ag(R/(K + U)).

Corollary 3.2.14. Let R, @), K and U be as in Theorem|3.2.15. Suppose

9 (Q) = (=1)'(90' (Q) — Ar(R/(Q + U)) + Ar(R/(K + U)))

for1 <1 <d. Then R is Cohen-Macaulay.

Proof. Since gi(Q) = —(at"(Q) — M(B/(Q + 1)) + Ax(B/(K + 1)), BJU is Cohen-
Macaulay and dim U < d — 2 by Theorem Set S = R/U. By Lemma @),
9&(Q) = g&5(QS) = Ar(S/QS) = Ar(R/(Q + U)). From Theorem [3.1.2, we have

gE5(QS) = (1) Ag(S/KS) for 1 < i < d.
Hence
g5(Q) = (1) Ar(R/(K + U)) = (—=1)'Ap(S/KS) for 1 < i < d.
Therefore, for n > 0,

n(5/5Q"8) = Mai5/Q8) (" T T ) 4 an(s/) (" 1) - (/)

(/K@) = n((08)(" T4 4 an(sis) (" 4 T7) e ans )

Thus
Ar(U/(KQ"NU)) = Ar(R/KQ™) — Ag(S/KQ"S) =0 for n> 0.

This implies that U = 0 and hence R is Cohen-Macaulay. ]



Finiteness of the set of the first Hilbert coefficients

The objective of this chapter is to study the finiteness properties of various sets of the

Hilbert coefficients ¢ (Q) relative to different properties of the ring. We set

A(M) :={ei(Q, M) | Q is a parameter ideal for M}.

For a generalized Cohen-Macaulay (resp. Buchsbaum) module M, the set A;(M)
is known to have cardinality finite (resp. one), see Corollary and . In
[GGH-+15] authors proved that finiteness (resp. cardinality one) of Aj(M) characterizes
the generalized Cohen-Macaulayness (resp. Buchsbaumness) of an unmixed module M.

We recall their results for our use.

Theorem 4.0.15. [GGH+15, Theorem 4.5] Let (R, m) be a Noetherian local ring and
M a finitely generated R-module of dimension r > 2. Let U = Ug(0) where M denote

the m-adic completion of M. Then the following conditions are equivalent:

1. Ai(M) is a finite set;

2. dimzU <7 —2 and ]\/Z/U 1s a generalized Cohen-Macaulay R-module.

When this is the case, one has

—i (;:f)AR(Hﬁ;(J\?/U)) <e(@M)<0

j=1

for every parameter ideal () for M.

Theorem 4.0.16. [GGH+15, Theorem 5.4] Let (R, m) be a Noetherian local ring and M
a finitely generated unmixed R-module of dimension r > 2. Then the following conditions

are equivalent:

37
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1. M s a Buchsbaum R-module;

2. Ai(M) is a singleton set.

When this is the case, one has

r—1

QM) =3 (] ) f) Ar(HL(M)

Jj=1

for every parameter ideal Q) for M.
We put

AF(R) == {g5(Q) | Q is a parameter ideal of R} and

6K (R) == {95 (Q) | Q is a parameter ideal of R such that Q C K}

7

Note that §%(R) C AX(R). In Section we investigate the sets A (R) for analogous
properties. We prove that an unmixed local ring R is generalized Cohen-Macaulay if
and only AX(R) ( equivalently §%(R)) is finite. Next, we prove that if R is unmixed
and |AK(R)| = 1 then R is Buchsbaum where as the converse holds true for K = m.
We also provide an explanation for why the converse may not be true in general for an

arbitrary m-primary ideal K and a parameter ideal Q).

In Section [4.2) we study the finiteness of the sets AX(R) for 1 < i < d. Intuitively,
considering the higher coefficients in our context should provide more information. In-
deed we prove that R is generalized Cohen-Macaulay if and only if AKX (R) (equivalently
6K (R)) are finite for all 1 <7 < d — 1. For the coefficients ¢;(Q, R), S. Goto and K.
Ozeki [GO11] proved that R is generalized Cohen-Macaulay if and only if A;(R) is finite
for all 1 <i < d [GO11], Theorem 1.1]. We also improve upon their result and extend it

to modules.

In Section we consider the Hilbert coefficients gf(I) where I is an m-primary
ideal. We set

Agr(M) :={e;(I, M) | I is an m-primary ideal of R} and
AR (R) := {gf(I) | I is an m-primary ideal of R}.

Recall that a local ring (R, m) is called analytically unramified if its m-adic completion is
reduced. We prove that AK(R) is finite if and only if d = 1 and R/ H2(R) is analytically
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unramified. A similar result for Ag(R) can be found in [KT15]. We also generalize the
result of [KTT15] for modules.

Since the coefficients ¢ (Q) and e;(Q, K) are related, see Remark 7 we may
treat K as an R-module and use the known results on the finiteness properties of the
sets of Hilbert coefficients e;(Q, M) of modules to study the similar properties of the
sets of the coefficients ¢/ (Q). To be able to use this method, we extend a number of

results known for rings to modules.

4.1 The set A(R)

In this section we study the set Af(R). Recall that
AT (R) = {g5(Q) | Q is a parameter ideal of R}.

We obtain necessary and sufficient conditions for the finiteness of Af(R) in an unmixed
local ring. We also consider the problem when ¢g&(Q) is independent of @ i.e. the set
AK(R) is singleton. We see that for K = m, this property characterizes Buchsbaum

local rings. We obtain partial results for arbitrary K.
Proposition 4.1.1. Let (R,m) be a Noetherian local ring of dimension d > 2 and K
an m-primary ideal of R.

1. Suppose R is generalized Cohen-Macaulay. Then the following assertions hold.

(a) For any parameter ideal Q of R,

- Z (5 ) Anitu() = anl/ ) < Q) <0

In particular, AX(R) is finite.
(b) If Q is a standard parameter ideal for K, then

(- >i<d“) AHL(K)  if1<i<d-—1
91 (Q) = §=0

(1 Ar(HY(K)) + Ar(R/K)) ifi=d

2. Suppose R is an unmized local ring. Then K 1is a generalized Cohen-Macaulay
module (resp. Buchsbaum module) if and only if |AX(R)| < oo (resp. |AK(R)| =

1).
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Proof. Since R is a generalized Cohen-Macaulay ring, by Remark [2.1.8) K is
a generalized Cohen-Macaulay R-module. Hence, by Corollary [3.2.11] and ([2.19)),

- E (?:f)AR(H;(K)) < e1(Q, K) <0. Using and (2.7), we get that —Ag(H,, (R))—
)\RZ(:IIQ/K) < —Ar(HL(K)) and Ag(H! (R)) = Ar(H. (K)) for 2 < i < d — 1. Thus,
—j;l (D) Ar(HG(R) = Ap(R/K) < ex(Q, K) < 0. Since e1(Q, K) = g{(Q) by (2.9),
follows.

If @ is a standard parameter ideal for K then, by Corollary [2.1.12

d—i .
. d—i—1 ,
(@) =0 Y (T a0
: Il
7=0
for 1 < i <d. Hence follows from (2.9) again.
Since R is unmixed, K is an unmixed R-module and |AX(R)| = |A{(K)| by (2.9).
Hence the result follows from Theorems [4.0.15 and [4.0.16] O

The following theorem provides an equivalent criterion for an unmixed local ring R

to be generalized Cohen-Macaulay in terms of the set AF(R).
Theorem 4.1.2. Let (R,m) be an unmized Noetherian local ring of dimension d > 2

and K an m-primary ideal of R. Then the following statements are equivalent:

(a) R is a generalized Cohen-Macaulay ring;
(b) AK(R) is a finite set;

(c) 6K (R) is a finite set.

Proof. [(a)] = [(b)| Follows from Proposition [4.1.1{(Lal).
[(0)] = [(c)] Since 65 (R) C AK(R), the assertion follows.

= We may assume that R is complete. Since 65 (R) is a finite set. In view of
Remark R.L.1|[2)), the set S(K) := {e1(Q, K)|Q is a parameter ideal of R and Q C K}
is finite. Let [ be an integer such that m! C K. Then the set

{e1(Q,K) | Q = (z1,...,24) C mis a parameter ideal of R and a d-sequence for K}

contained in S(K) is finite. Since R is unmixed, K is an unmixed module. Therefore,
by [GGH+15, Lemma 4.1], K is a generalized Cohen-Macaulay R-module. Hence by
Remark R is generalized Cohen-Macaulay. O
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Next, we give equivalent conditions for the finiteness of the set Af(R) in any Noethe-

rian local ring. We need the following lemma.

Lemma 4.1.3. Let (R,m) be a Noetherian local ring and M a finitely generated R-
module with dim M = r > 2. Let K be an m-primary ideal of R. Assume that there
exists an integer t > 0 such that e;(Q, M) > —t for every parameter ideal Q C K for
M. Then dim Uy (0) <71 — 2.

Proof. Let U = Up(0) and T'= M /U. Since U, = 0 for all p € Asshp(M), dimU < r—1.
Suppose dimU = r — 1. Choose a system of parameters (zi,...,x,) for M such that
x,U = 0. Since m' C K for some integer [ > 1, Q = (5,...,2%) C K for all s > [. Let

»r

s > max{l,t}. Consider the exact sequence
0— U/(Q"™MNU) — M/Q""'M — T/Q"'T — 0
which gives
A(M/Q"IM) = Ag(T/Q"'T) + A(U/(Q"' M N U)).

By Artin-Rees lemma, there exists an integer & > 0 such that Q"M NU = Q" *(Q*M N
U)foralln > k. Let U = Q*M NU and g = (25,...,25_). Since Q" *U’' = ¢"*U’ for

) Ur—1

n >k, we get
Ar(M/Q™ M) = \g(T/Q"™T) + Ag(U' /" FU") + A (U/U") for all n > k.

This implies that —t < e;(Q, M) = e1(Q,T) — eo(q, U’). Since ey(q,U’) = eo(q,U) and
e1(Q,T) < 0 by Corollary [3.2.11] we get

s < Sr_leO((xb s axr—l)a U) = GO(Qa U) = 61(Q>T) o 61(Q7 M) <t,
which is a contradiction. Thus dimU < r — 2. ]

Theorem 4.1.4. Let (R,m) be a Noetherian local ring of dimension d > 2. Let U =

Us(0). Then the following conditions are equivalent:

(a) dimU < d — 2 and ﬁ/U is a generalized Cohen-Macaulay ring;
(b) AX(R) is a finite set;

(c) 6K(R) is a finite set.
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When this is the case, we have

- Z (07 At B/v) - Mals/5) < 6@ <0
for every parameter ideal () of R.

Proof. We may assume that R is complete.

@ = @ Since R/U is a generalized Cohen-Macaulay ring, by Proposition @,
the set A{(R/U(R/U) is finite. Since g (Q) = ng/U(QR/U) by Lemma @, the set
AK(R) is finite.

[(5)] = [(c)] Since 5K ) € AK(R), the assertion follows.

[(©)] = [(&)] From (2.9) €1<Q K) = ¢&(Q). Thus 6{(R) is finite implies that there exists
an integer t > 0 such that e;(Q, K) > —t for every parameter ideal @ C K. Hence, by
Lemmal[d.1.3] dim Ux(0) < d—2. Note that UNK = Ug(0). Since dim U = max{dim(UN
K),dim(U/(UNK))} and dim(U/(UNK)) =0, dim U < dim(UNK) = dim(Ux(0)) <
d — 2. Hence, by Lemmam g5 (R) = gFY(R/U). Thus 65%Y(R/U) is finite. Now
by Theorem 2, R/U is generalized Cohen-Macaulay.

The last assertion follows from Proposition [4.1.1](La)). O

In the next theorem, we give a sufficient condition for R to be Buchsbaum. For this
purpose, we first prove the following lemma which relates the properties of R and an

m-primary ideal K as an R-module.

Lemma 4.1.5. Let (R,m) be a Noetherian local ring of dimension d > 1 and K an

m-primary ideal of R.

1. Suppose depth R > 0 and K is a Buchsbaum R-module. Then R is a Buchsbaum

Ting.

2. If R is Buchsbaum then m is a Buchsbaum R-module.

Proof. Let @Q = (z1,...,x4) be an arbitrary parameter ideal of R. We show that @
is standard for R. Since depth R > 0, (2.6]) gives an exact sequence

0 — R/K — HL(K) — HL(R) — 0. (4.1)
Thus we have

Ar(R/QK) = Ar(R/K) + Ar(K/QK)
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d—1

= Ar(R/K) + Z <d . 1) Mr(HL(K)) +e(Q,K) by Corollary 2.1.12]

i=1

r(R/K) + Z ( ))\R (H: (R)) + (d — DA(R/K) + eo(Q, K)

[by and ]
= eo(Q) + I(R) + dAr(R/K) [since eo(Q, K) = eo(Q)].

Hence, by [Tru86, Corollary 4.9], @ is a standard parameter ideal for R.

Let @ = (z1,...,x4) be a parameter ideal for m. We have

I(Q;m) = Ag(m/Qm) — eo(Q, m)

= Ar(R/Q) + Ar(Q/Qm) — Ap(R/m) — (Q) [as e0(Q, m) = eo(Q)]

— I(Q;R)+d—1

— [(R)+d—1 [since Q is standard for R]
which is independent of Q. Hence m is Buchsbaum. 0

Theorem 4.1.6. Let (R, m) be a Noetherian local ring of dimension d > 2 and K an
m-primary ideal of R. Then the following assertions hold.

1. Suppose R is unmized and |AF(R)| = 1. Then R is Buchsbaum. Further,
IAK(R)| =1 foralll1 <i<d.
2. If R is Buchsbaum then |AT(R)| = 1.
Proof. By Proposition [1.1.1][2), we get that K is a Buchsbaum R-module. Hence

by Lemma [{.1.5[I), R is a Buchsbaum ring. Further, every parameter ideal of R is
standard for K. Hence, by Proposition [4.1.1{(1h), [AX(R)| =1 for all 1 <i < d.

. By Lemma [4.1.5) “. m is a Buchsbaum R-module. Thus every parameter ideal
of R is standard for m. Again by Proposition [4.1.1|[1D]), |AT(R)| = 1. O

Theorem 4.1.7. Let (R,m) be a Noetherian local ring of dimension d > 2. Let U =

Uz(0). Then the following statements are equivalent:

(a) dimU < d — 2 and R/U is Buchsbaum;
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(b) [AT(R)| = 1.

Proof. We may assume that R is complete.

[(b)] By Lemma [3.2.7 and Theorem [4.1.6]2)), we get |[AT(R)| = |AT(R/U)| = 1.

[(a)] Since [AT(R)| = 1, by 2.9), |A1(m)] = 1. Since Uy(0) = U, dimU =
dim Uy (0) < d — 2 by [GGHEIB, Theorem 5.5]. Thus ¢5(Q) = ¢**Y(QR/U) by
Lemma [3.2.7 Hence |AT(R/U)| = |AT(R)| = 1. Therefore R/U is Buchsbaum by

Theorem . O

We discuss below that for a Buchsbaum local ring R and an arbitrary m-primary
ideal K of R, AX(R) need not be singleton.

Remark 4.1.8. Suppose (R, m) is a Buchsbaum local ring of dimension d > 2 and K is
an m-primary ideal of R. Suppose |AX(R)| = 1. Then, by [2.9), |A1(K)| = 1. Further,
assume that R is unmized. Then, by Theorem[{.0.16, K is a Buchsbaum R-module. Let

@ be an arbitrary parameter ideal of R. Since
Ar(R/Q"K) = Ag(R/K) + Ar(K/Q"™K) for all n

and Q) is standard for K, using Corollary we get

Ar(R/Q"K) = Ap(R/K) + (” ; d) e0(Q, K)

d d—i . .
e (M) (0w
i=1 j=0
for all n > 0. In particular, for n =0,
d-ldiooq o
An(R/QK) = Q. )+ An(r/8) + 2 30 (71T )t )

i=1 j=1

= ¢0(Q) + Ar(R/K) + '_ ‘_ (d_.i_1>)\R(Hﬂ;(K))

:eo(Q)+AR(R/K)+i Y (ji )AR(Hfg(K))
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Now using (2.6) and (2.7), we get

An(/QK) = Q)+ Mn(R/K) + 3 (1 VAR + (0~ DAR(R/E)

= e0(Q) + I(R) + dAr(R/K). (4.3)
On the other hand,
Ar(R/QK) = Ar(R/Q) + Ar(Q/QK)
= eo(Q) + I(R) + Ar(Q/QK). (4.4)

Comparing (4.3) and (4.4), we get A\g(Q/QK) = dA\g(R/K) for every parameter ideal
Q of R. This need not be true even in reqular local ring. For example, let R = k[[z, y]]

and K = (z,y)?. Then for Q = (z,y), \p(Q/QK) =5 # 6 = 2Az(R/K).

Remark 4.1.9. 1. Suppose R is a generalized Cohen-Macaulay local ring. Then, by

Corollary |3.2.11 and (2.19), A1(R) is finite. By Proposition [§.1.[[1), AX(R) s
finite. Hence, from (2.11)), the set { fE(Q) | Q is a parameter ideal of R} is finite.

2. Suppose R is Buchsbaum. Then, by (2.19)), e1(Q) is constant for all parameter
ideals Q i.e. Ai(R) is singleton. By Theorem[{.1.6[2)), |AT(R)| = 1. Hence, from
(2.11), the set {f(Q) | Q is a parameter ideal of R} is singleton.

4.2 The set AM(R)

The first main result of this section provides uniform lower and upper bounds for
the function Ag(M/Q" ™M) — eo(Q, M) (") in terms of I(M) for a generalized Cohen-
Macaulay module M of dimension r and a parameter ideal ) for M. The upper bound
obtained generalizes a similar bound given by Linh and Trung [LT06] in the case of
ring. In Theorem and its corollaries, we generalize few other results of [LT06] to
the case of modules in order to obtain the lower bound mentioned above. Goto and
Ozeki [GO11] gave uniform bounds for |e;(Q)| where @ is a parameter ideal of R. As
a consequence, they obtained a necessary and sufficient condition for A;(R) to be finite

for 1 <1 < d. We improve upon their result and generalize it for modules. Recall that

A(M) :={e;(Q, M) | Q is a parameter ideal for M} and
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AF(R) = {¢5(Q) | Q is a parameter ideal of R}.

The next main result of this section provides a characterization for the finiteness of
AK(R) for 1 <i < d. First we recall the following lemma from [Tru86].

Lemma 4.2.1. [Tru86, Lemma 1.7] Let M be a generalized Cohen-Macaulay module
of dimension r and Q = (x1,...,x.) a parameter ideal for M. Then M/x1M is a
generalized Cohen-Macaulay module and I(M/x M) < I(M).

The following lemma is a straight generalization of [LT06, Lemma 1.1].

Lemma 4.2.2. Let M be a generalized Cohen-Macaulay module of dimension r > 0.
Let QQ be a parameter ideal for M. Then for all n > 0,

n+r—1

AR(M/Q M) — e0(@, M) (” ’ ) < ( o

r

)1(1\4).

Proof. We apply induction on r. For r = 1, let M’ = M/HJ(M). Then M’ is a
Cohen-Macaulay module and ey(Q, M’) = eo(Q, M) by ([2.5). For all n > 0,

Ar(M/Q M) = Ag(M'/Q™' M) + Ap(HO(M)/(HY(M) N Q™M)
= co(Q, M)(n + 1) + A(HA(M)/(HY(M) N Q™M) (4.5)
< eo(Q, M)(n + 1) + Ar((HO(M)).

Let d > 1 and @ = (x1,...,,) such that x1,...,z, is an M-superficial sequence in Q.
We put My = M/x1M. Since eg(Q, M) = eo(Q, M) and I(M;) < I(M) by Lemma
4.2.1] from the exact sequence

0 — (Q™'M 3y 21)/Q'M — M/Q'M =5 M/Q™ M — M, /Q"™™ M, — 0,
we get
Ar(Q*M Q™M) = Ap(M1/Q" M) — Ap((Q"' M 3y 21)/Q"M) (4.6)

< Ar(M1/Q™ M)
Seo(Q’M)(tﬁLr—l) N (tti;Q)HM)

r—1
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where the last step follows from induction. This gives
Ar(M/Q™MM) = " Ap(Q'M/Q™' M)
t=0

SGO(Q’M)(HT) N (n—i—r—l)I(M).

T r—1

O

In |[LT06, Corollary 1.4], authors proved that if R is generalized Cohen-Macaulay
ring and @ is parameter ideal of R, then for n > 0, Ag((Q"*! : z1)/Q™) < (";ﬁ;z)I(R).
Indeed, we easily generalize it for generalized Cohen-Macaulay modules in Corollary

4.2.0l

Theorem 4.2.3. Let M be a generalized Cohen-Macaulay module of dimension r > 0.
Let 1, ..., x; be a subsystem of parameters for M and J = (xy,...,2;), 0 <i <r. Then
M/ J" M s generalized Cohen-Macaulay module with

n+it—1

7 — 1

I(M/J™ M) < ( )I(M).

Proof. Let Q = (x1,...,%;,%i11,...,T,) be a parameter ideal for M and M’ =
M/(xiiq, ...,z )M. Then M’ is a generalized Cohen-Macaulay module. Using Lemma

2.1.10 for M and M’, we get

I(Q, M) = )\R<<<I1, coogli_ 19 L510,y . - - ,.’ET)M . xi)/(xl, B 1A [ (7T [ ,.%T)M)
N )\R<((x1, T )M ) (o, ,xi,l)M’>
= I(J; M),

Hence \r(M/QM) — eo(Q, M) = Ag(M'/JM') — eo(J, M") which implies ey(Q, M) =
eo(J, M"). By similar argument, ey(Q, M) = eo((€it1,- .., x,), M). By Lemmal4.2.2] for
alln >0,

Ae(MJ(J" M, (2441, ..., 20 ) M) = Ag(M' )T M)
< (” ! Z) eo(J, M) + (” j_z | 1) (M)

1

< (”Z,”>60(Q, M) + (””_ 1)1(1\4). (@7)

1—1
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Now by the associative formula for multiplicity,

eo((ip1, - ap), M/JTIM) =" Ap, (M, /T My)eo((2isn, -, 2), R/p)  (4.8)
p
where p runs over all the minimal primes of R such that dimR/p = r — i and p €
Supp(M). By Lemma M, is a Cohen-Macaulay module of dimension 7. Note
that for any prime ideal q C p, dim R/q > r — i. Since dim M/JM = dim R/p = r — i,
q & Supp(M/JM). This implies Suppp, (My/JM,) = {pRy}. Thus JR, is a parameter
ideal for M, and

n+i
Ar(M, /" M) = ( ’ ))\RP(M /I M,). (4.9)
Therefore from (4.8) and ([4.9),
n+i
o((Tia, .- 22), M M) = ( 2 Oy ).

("
R

(@i, - -, 20)y MITFIM) = Ap(M/(J M, (241, - - -, 27) M)

)
) (Tisty . 2p), M/ TM)
)i

Hence using (4.7)), we get

—eo((Tig1, ... 2p), M/J"TIM)

< (" :r_z . 1>I(M).

Therefore,

I(M)J" M) = sup I((zis1, - -+ 2), M/J" M)

< (" :r_z . 1)I(M).

Corollary 4.2.4. Let M be a generalized Cohen-Macaulay module of dimension r > 0.

]

Let zy, ..., x; be a subsystem of parameters for M and J = (x1,...,x;), 0 <i <r. Then
foralln >0 and m > 1,

1
)\R<(J"+1M " xﬁl)/J”HM) < (” ZL_Z : )I(M).
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Proof. Let p € Ass(M/J"™ M)\ m. Since M/J""'M is generalized Cohen-Macaulay
by Theorem [4.2.3] dim R/p = dim M/J" "' M = r — i by Lemma [2.1.10|(2). So ;41 ¢ p.

It is easy to see that
(JM sy @) [T M S HO(M/ M),

To see this, let J"™'M = N; N ...N N, be an irredundant primary decomposition of
J'HM with Ass(M/N;) = {PF;}. let 2, € J""''M C N; for some a € M. Then
zft;a = 0 in M/N; and a7t ¢ P, for all P, # m. So & = 0 in M/N;. For P, = m,
P, = \/(Ann(M/N;)) implies m* C Ann(M/N;) for some k. Therefore, m*a C N; which
implies m*a C Ny N ...N N, = J*TIM.

Hence,
)\R<(J"+1M g 2) /J"+1M) < AR(H,Q(M/J"“M))
< I(M)J"T M)
< (n—,'—i_l)I(M)
1—1
where the last equality follows from Theorem [4.2.3] m

Corollary 4.2.5. Let M be a generalized Cohen-Macaulay module of dimension r > 2
and Q = (x1,...,x,) be a parameter ideal for M. Then for alln >0 and m > 1,

n+r—2

o >I(M).

AR((QH’”M 3 fUT)/Q"M) < (
Proof. Let J = (z1,...,2Zp_1). Since Q"™ C J"! 4 zmQ",

)\R<(Q"+mM ™) /Q”M) < )\R<(J”“M QM) sy 2 /Q"M)

N (M g @) 4+ Q"M)/Q"M )
- )\R((J"“M o 2™ /(M g ™) 0 Q”M))
(

< Ap( (TN 1y ™) /J”“M)

by Corollary |4.2.4] m
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In the next lemma, we give a lower bound on the function Az(M/Q"T'M) —
eo(Q, M)("") in terms of I(M) for a generalized Cohen-Macaulay module M and a
parameter ideal ) for M.

Lemma 4.2.6. Let M be a generalized Cohen-Macaulay module of dimension r > 0
and Q) a parameter ideal for M. Then for all n > 0,

(T o < wmnean - a@an( ) < (M1 oo,

r—1 r r—1

Proof. In view of Lemma [4.2.2 we only need to prove the inequality at left hand side.
We apply induction on r. For r = 1, it is evident from (4.5) that for all n > 0,

Ar(M/Q M) — eo(Q, M) (" - 7”) > 0.

r

Now let » > 2 and Q = (21,...,2,). Set My = M/x;M. Then from the exact

sequence
0 — (Q'M iy 21)/Q'M — M/Q'M =1 M/Q™'M — M;/Q"' My — 0,
we have
Ar(Q'M/QTIM) = (M /Q ' My) = Ap((Q'M :pr 21)/Q' M) (4.10)
for all ¢ > 0. By Lemma 2.L.10([T),
eo((2s ..., 20), My) = Ap(M/QM) — I((2s, . .., 2,); M)
= Ar(M/QM) — A ((z2, ..., 2p—1) My tagy, )/ (22, . ., 1) M)
— Ae(M/QM) = Ap((1, - &p )M 2ap )/ (31, - -, 1) M)
= Ar(M/QM) — 1(Q; M)
=e0(Q, M) (4.11)

Thus ,

Ar(M/Q™M) = " Ap(Q'M/Q"' M)
t=0

- (AR(M1 JQHIML) — AR((QFM - 1) /QW)) (4.12)

t=0
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> ; (Ar(d/ Q100 — (t e 2) 1)) [by Corollary [1.2.5

2
= t+r—1 t+r—2
>3 (w@an (T ) e n(" T on)
=0
t+r—2 . : .
- ( 5 )I (M )) [by induction hypothesis and (4.11])]
r—

> e0(Q, M) (" ’ T) - (“ — 1) (M)

where the last two inequalities hold since I(M;) < I(M), see Lemma [4.2.1] O

Let Go(M) = @ Q"M /Q" ' M be the associated graded module of M with respect
n>0

to Q. For v € Z, let

a,(Go(M)) = sup{n € Z: [Hy (Go(M))], # 0}.

Recall that
reg(Go(M)) = sup{a;(Go(M)) +i:i € Z}

is the Castelnuovo-Mumford regularity of the graded module Gg(M). We need the
following lemma in order to obtain uniform bounds on the coefficients e;(Q, M) in terms
of reg(Ggo(M)). We skip the proof of the following lemma as it is similar to [GO11]

Lemma 2.3].

Lemma 4.2.7. Let M be a finitely generated module of dimension r > 0 and Q a

parameter ideal for M.

1. Let M' = M/HY(M). Then reg(Go(M)) > reg(Go(M")).

2. Assume that r > 2 and x € @Q is an M-superficial element in Q. Let Ry = R/(x)
and My = M/xM. Then reg(Gg(M)) > reg(Ggr, (M)).

The following theorem provides bounds on e;(Q, M) in terms of reg(Go(M)) when M
is a generalized Cohen-Macaulay module. These bounds may not be tight but the signif-
icance lies in the fact that by a result of Cuong et al. i.e. Theorem [4.2.10] reg(Gq(M))
has a uniform bound. Thus the sets A;(M) are finite for a generalized Cohen-Macaulay
module M. We further use this fact to get the finiteness of AX(R) when R is generalized
Cohen-Macaulay.
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Theorem 4.2.8. Let M be a generalized Cohen-Macaulay module of dimension r > 0
and Q a parameter ideal for M. Put k = reg(Ggo(M)). Then

1. e (Q,M)| < I(M).

2. le(Q,M)| < (r+1)-27%(k + 1) (M) for2 <i<r.

Proof. We may assume that the residue field R/m is infinite. We use induction on . Let
r = 1. Then by [MSVTI, Proposition 3.1], ;(Q, M) = —Ag(H2 (M)) for all parameter
ideals Q for M. Hence |e;(Q, M)| = Ag(H%(M)) = I(M). Thus the assertion is true in

this case.

Let 7 > 2. We may assume that depth M > 0. In fact, let M’ = M/H% (M) and
assume that the assertion holds for M’. Set k' = reg(Go(M")). By ({2.5)),

le(Q, M)| < ler(Q, M")] + Ar(Hy (M) < T(M') + Ap(Hy(M)) = I(M)
and for 2 <7 <,
lei(Q, M)| < |es(Q, M")] + Ar(Hy (M))
< (r+1) - 273w + 1) (M) + Ar(Hg (M))

7

< (4 1) 22 4 1) ( ( - 1)AR<H:;<M/)> T AR<H&<M>>>

r—1
7

S(r+1)-2i_2(f€+1)i_1<‘_ ( )AR<H:;<M>>> by Lemma 1.2 7([D)]

=(r+1)- 273k + D) (M),

Let @ = (x1,...,2,) be such that x; is M-superficial in Q. Put Ry = R/(z1), M; =
M/z1 M and k1 = reg(Ggor,(M;). Then using induction hypothesis and Lemmas m

and, we get

e (Q, M)| = [ea(Q, My)| < I(My) < I(M) (4.13)
and for 2 <7 <r—1,

|e:(Q, M)| = ei(Q, M)

<7 272%(ky + 1) (M)
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<(r+1)-27%k+ 1D)7H(M). (4.14)

Let i = r. By [BH98, Theorem 4.4.3], for all t > &

A(QM/Q M) = (1)@, M) (t Tl )

r—1—1
1=0
and for all t > kq,
r—1 .
, t+r—1—1
t+1 i 7
Ar(My/QUHIM,) = g(—n ei(QRy, Ml)( 1 > (4.15)

Since k > k; by Lemma , we have A\g(Q'M/Q" I M) = A\g(M;/Q""* M) for all
t > k. On the other hand, from (4.6]), for all ¢ > 0, we have

Ar(Q"M/Q™ M) = Ap(My/Q" ' My) — AR((Q™ M 2y 21)/Q"M)).
Hence for t > &,
(Q'M =y 1) = Q'M. (4.16)
Since Ar(M/Q"™ M) = i(—l)iei(Q,M)(”j:i) for all n > x by [BH9S, Theorem

1=0

4.4.3], we get

r—1
= 1
- ZAR (@M/QIAD =3 (-1'eiQ. M) (” V- )
= S AR /QUIM) = 3 AR((QIM 1y 10)/QPM)
t=0 t=0
n r—1 .
D IHERTEN] (A by (D)
t=0 =0
n r—1 .
= 2 (AR(Ml/QtHMl) - ;(—1)2'61-(@}%1, M) (tj:i_l i; Z))

— Y Ar((Q"M :p 21)/Q"'M)  |by (#.16) and Proposition [2.2.5

r—1

)\R(Ml/Qt—HMl) _ Z(_l)iei(QRh Ml) (t +r—1 — Z))

, r—1—1
=0

— > Ar((Q™M 1y 21)/Q"M) by ([#.15)]
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This implies that
e (Q, M)| <
Z ( )\R(Ml/Qt—I—lMl) — 60(@R1, Ml) (t —T'i_i_l 1) ' + |€1(Q7 M)| (tj:i; 2))

t=0

k1 r—1
+) 0 e, M) (t” ,)+Z>\ (Q™'M 1)/ QM)

t=0 =2

Z (r=1) (t” 22)I(M1)+Z (tiiQQ)I(M)

t=0 t=0

k1 r—1

; T =L —1 t+r—2
+ Zr+1 ) 272(k 4+ 1) 1( r—l—i) +Z( r—2) (M)

t=0 =

[by Lemma [4.2.6| (4.13)), (4.14) and Corollary respectively]
-1 -1
=(r—1) (“l ”1 )I(Ml) + (“1:_7"1 >I(M)

r—
r—1 ;
+r—1 kK+r—1
)22k 4 1) (T (M (M
£ 2 ee2 ey ( T Eran + (M an
r—1
k+r—1 i i —
<
(r—i—l)( W >I(M)+;(r+1) 22(k + 1) ( N >I(M)
[by Lemmas and [4.2.72)

r—1
=(r+1)-2"%(k+1)"""I(M) [since » 27 =272 —1].
=2

O
In the following lemma we give a necessary condition for the finiteness of the sets
A;(M).

Lemma 4.2.9. Let (R,m) be a Noetherian local ring and K an m-primary ideal of R.
Let M be a finitely generated R-module of dimension r > 2. For a fixed 1 < k < r,
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assume that
{e;(Q, M) : Q is a parameter ideal for M and Q@ C K}

is finite for all 1 < i < k. Then Ag(H.*(M)) < oo for all 1 <i < k.

In particular, if Ay(M) is finite for all 1 < i < k, then A\g(H."(M)) < oo for all
1< <k

Proof. We may assume that R is complete and k < r. Let [ be an integer such that m! C
K. Let U =Up(0) and N = M/U. If U = 0 then M is unmixed and the set {e;(Q, M) :
Q = (21,...,7,) C m!is a parameter ideal for M with a,...,, a d-sequence for M}
is finite. Hence by [GGH+15, Lemma 4.1], M is a generalized Cohen-Macaulay module.
Thus Ag(H,, "(R)) < oo forall 1 <i <r.

Assume that U # 0. By Lemma [4.1.3] dimU < r — 2. Hence by
[GGH+15 Lemma 3.3], e (Q,M) = e(Q,N). Thus the set {e1(Q,N)
@ is a parameter ideal for M and @ C K} is finite. For a parameter ideal ¢ for N,
there exists a parameter ideal @ for M such that QM = gN, see [GGH+15, Remark
4.4]. So e1(q, N) = e1(Q, M) by |GGH+15, Lemma 3.3] which implies that the set
{e1(Q, N) : Q is a parameter ideal for N and Q C K} is also finite. Hence, by U = 0
case, N is generalized Cohen-Macaulay. We now show that ¢ := dimU < r — (k + 1).
We may assume that ¢ > 1. Let zq,...,2, be a system of parameters for M such
that (x441,...,2.)U = 0. Since N is a generalized Cohen-Macaulay module, by [Tru86),
Lemma 1.5], there exists an integer [; > 1 such that mh is a standard ideal for N. Let
lp = max{ly,l}. Then m" C K is a standard ideal. Let n > [y and Q = (z7,...,z").

Then by Corollary [2.1.12
L t—1 |
er-t@.N) = (1~ 3 (4T ] JAng().
We have

Ar(M/Q M) = Ag(N/Q" ™ N) + Ar(U/(Q™'M N U)) for all n > 0. (4.17)

Since the filtration {Q"™ M N U} is a good Q-filtration,

A(U/(@QTIMNTU)) = (~1)'s,(Q,U) <"+t,_i> (4.18)

- t—1
=0
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for some integers s;,(Q,U) with so(Q,U) = eo(Q,U) and n > 0. By (4.17)) and (4.18]),

AROI/Q AL = S (1) (Q, V) (” e i) + Xt:(—l)"si(Q, 0) (” +t- Z)

r—1 t—1
i=0 i=0

for n > 0. Therefore, for n > [,

(1) ert(Q, M) = (—1)""e,(Q, N) + e0(Q, U)
L1
:Z . )\R<H€H(N))+nt60((x17"'7xt)7U)
VAR
Sl
Thus A,_(M) is not finite which implies that r —¢ > k+ 1. Thus t < r — (k + 1).
Consequently, for all i > r — k,

H! (U) = 0. (4.19)
The exact sequence 0 — U —» M — N — 0 implies that
H! (M) ~H. (N) for all i >t +1. (4.20)

Hence, using (£.19)), we get that H’ (M) has finite length for all r —k <i<r —1. O

We recall below a result of Cuong et al. which provides a uniform bound on

reg(Go(M)).

Theorem 4.2.10. [CLT15, Corollary 4] Let M be a generalized Cohen-Macaulay mod-
ule. Then, there exists a constant C' such that reg(Go(M)) < C for all parameter ideals
Q for M.

It is now easy to see that the sets A;(M) are finite for 1 < ¢ < d for a generalized
Cohen-Macaulay module M. In the following theorem, we show that it is an if and only
if statement. Indeed, finiteness of the sets of first few coefficients implies the finiteness

for the rest of the higher coefficients.

Theorem 4.2.11. Let (R,m) be a Noetherian local ring and M a finitely generated

R-module of dimension r > 2. Then the following conditions are equivalent:

(a) M is a generalized Cohen-Macaulay module;
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(b) The set A;(M) is finite for 1 <i <r;

(c) The set N;(M) is finite for 1 < i <r —depth M or depth M = r.

Proof. [(a)] = [(b)] Follows from Theorems [4.2.8) and [4.2.10]

@ = This is clear.

= [(@)] Let depth M # r and A;(M) be finite for 1 < i < r — depth M. By Lemma
Ap(HITH(M)) < oo for 1 < i < r — depth M. Since H., (M) = 0 for i < depth M,
M is generalized Cohen-Macaulay. ]

We now discuss an example of a local ring for which the sets A;(R) are finite except
for + = dim R—depth R and the ring is not generalized Cohen-Macaulay. This highlights
the significance of the finiteness of A;(M) for i = dim M — depth M. This example is
motivated by the idea presented in |[GO11].

Example 4.2.12. Let (R,n) be a regular local ring of dimension d > 2 and X1,..., Xy
a reqular system of parameters of R. We put p; = (X1,..., Xq¢) for some 1 <t <d—1
and D = R/p;. Let A = Rx D be the idealization of D over R. Then A is a Noetherian
local ring with the mazimal ideal m = n X D and dim A = dim R = d. Consider the

exact sequence of A-modules
0—DLABR—0 (4.21)

where j(xz) = (0,z) and p(a,z) = a. Note that D is an A-module via p. By depth
lemma on the exact sequence (4.21)), depth A =t. Let QQ be a parameter ideal in A and
q=p(Q) C R. Then we have,

A(A/Q™ ) = Ar(R/q™) + Ar(D/q" ' D)

—atam("EY) (")

=0

for all n > 0. This implies
eo(q, R) if 1=0
ei(Q,A4) =10 if 1<i<d—t—1 (4.22)

(—1)d7t€i_d+t(q, D) Zfd —1 S 7 S d.

\
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In particular, let t = 1. Then e1(q, D) = 0 since D is a DVR. Therefore, e;(Q,A) =0
fori#0,d—1 and eg_1(Q, A) = (—1)%tey(q, D). Now let ¢ = (X{*,..., X}?) C R for
some integers n; > 1 and Q = gA. Then by eo(@,A) = eo(q, R) =ny -ng---ny
and eq_1(Q, A) = (=1)%ey(q, D) = (—1)%"tny. Hence

(

{n]|0<nelZ} if i=0

Ai(A) = {0} if 1<i<dandi#d—1 (4.23)

{(-D)¥n|0<neZ} if i=d-1.

\

Here, depth A = 1 and H}, (A) = H.(D) is not finitely generated A-module. Hence A is

not generalized Cohen-Macaulay.

As a consequence of Theorem [£.2.10] we obtain a characterization of generalized

Cohen-Macaulay rings in terms of the coefficients g (Q).

Theorem 4.2.13. Let (R, m) be a Noetherian local ring of dimension d > 2 and K an

m-primary ideal of R. Then the following conditions are equivalent:

(a) R is generalized Cohen-Macaulay;

(b) AK(R) is finite for all 1 < i < d;

(c) AE(R) is finite for all 1 <i<d—1;

(d) 65 (R) is finite for all1 < i < d— 1.
Proof. By Remark [2.1.8 [(a)] is equivalent to the generalized Cohen-Macaulayness of K.
By (2.9), we have |A;(K)| = |AX(R)| for 1 < i < d. Hence = [(b)] follows from
Theorem [4.2.11] [(b)] = [(c)] = [(d)] is obvious. We show [(d)] = [(a)] Since 5% (R) is finite,

by (2.9),
{e:;(Q, K) : @Q is a parameter ideal of R and Q) C K}

is finite for all 1 < ¢ < d — 1. Therefore by Lemma [4.2.9, K is a generalized Cohen-
Macaulay R-module. Thus R is generalized Cohen-Macaulay. [

In the following theorem we give a characterization for M/ HS (M) to be Buchsbaum

in terms of A;(M).
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Theorem 4.2.14. Let (R, m) be a Noetherian local ring and M a finitely generated

R-module of dimension r > 2. Then the following statements are equivalent:

(a) M/H2 (M) is a Buchsbaum R-module;
(b) |[Ni(M)| =1 foralll <i<r;

(c) |Ni(M)| =1 for all1 <i <r —depth M or depth M = r.

Proof. @i@Let M’ = M/ H®(M). Since M’ is Buchsbaum, every parameter ideal Q

for M’ is standard. Hence by Corollary [2.1.12] ¢;(Q, M') = (=1)" > (’“J‘.:l))\R(HQ(M’))

for all 1 <4 < r. Thus |A;(M’)| = 1 for all 1 < i < r. Hence, using (2.5), |A;(M)| =
A (M) =T1forall 1 <i<r.

[(b)] = This is clear.

[(c)] = [(a)] Let depth M # 7 and |A;(M)| =1 for all 1 < i < r —depth M. By (2.5),
IA;(M)] = |[Ay(M)] = 1 for all 1 < i < r — depth M. Hence M’ is a generalized
Cohen-Macaulay R-module by Theorem This implies that M is a generalized
Cohen-Macaulay R-module. Since depthp M > 0, using Lemmawe conclude that
M’ is an unmixed module. Hence M’ is a Buchsbaum R-module by Theorem [4.0.16, [

As a consequence we give a sufficient condition for R/ H2(R) to be Buchsbaum in
terms of AK(R).

Theorem 4.2.15. Let (R, m) be a Noetherian local ring of dimension d > 2 and K an
m-primary ideal of R.

1. Suppose |AK(R)| =1 for all1 <i <d—1. Then R/H(R) is Buchsbaum.

2. If R/H2(R) is Buchsbaum then |[A™(R)| = 1 for all 1 < i < d.

Proof. By (2.9), |AX(R)| = |Ai(K)|. Hence putting M = K in Theorem [4.2.14}
we get that K/H? (K) = (K 4+ H%(R))/H%(R) € R/HY(R) is Buchsbaum. Thus, by

Lemma [4.1.5[1)), ?/Hy,(R) is Buchsbaum.

By Lemma [4.1.5(2), m/Hj,(m) is a Buchsbaum R-module. Since |AT(R)| =
|A;(m)], the result follows from Theorem {4.2.14 O
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4.3 The set AX(R)

We now consider the coefficients g (I) where I is an m-primary ideal and discuss

the finiteness of the sets
AR (R) := {gF(I) | I is an m-primary ideal of R} and
Agr(M) :={ei(I, M) | I is an m-primary ideal of R}.

Our methods include a treatment to the coefficients e;(Z, M) for an m-primary ideal 1.
We obtain necessary and sufficient conditions for the finiteness of Ag(M) and AX(R).
The statements in this section can be seen as generalized versions of results of [KT15]

which are in the case of rings. We recall the following results from [KT15] for our use.

Theorem 4.3.1. [KT15, Theorem 1.1] Let (R, m) be a Noetherian local ring of dimen-

sion d > 0. Then the following conditions are equivalent:
(a) Agr(R) is a finite set;

(b) d =1 and R/HY(R) is analytically unramified.

Theorem 4.3.2. [KT15, Theorem 1.2] Let (R,m) be a Cohen-Macaulay local ring of
dimension one. Then
sup Ag(R) = Ar(R/R)

where R denotes the integral closure of R in its total ring of fractions. Hence Ar(R) is
finite if and only if R is analytically unramified.
In the following lemma we show that if Ag(M) is finite then dim M = 1.

Lemma 4.3.3. Let (R,m) be a Noetherian local ring and M a finitely generated R-
module of dimension r > 0. Suppose Ar(M) is a finite set. Then r = 1.

Proof. Let I be an m-primary ideal of R and £ > 1 an integer. We have

Ae(M/(IFY" M) = eo(I¥, M) (” : T) —ey(I*, M) (” :: 1) (=1 e (I, M),
(4.24)
Also

Ar(M/TF7E ) zeo(I,M)((k”+k_1)+r> _61(I7M)((k:n+k:—1)+r—1)

r r—1
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o (=1)e (I, M), (4.25)

kn+k+r—1 g n+r +T_1(k:7"_1—k:7") n+r—1
r r 2 r—1

+ lower degree terms

—9 -1
(kn +k+r ) — ! (n T ) + lower degree terms.

Note that

r—1 r—1

Comparing (4.24]) and (4.25]), we get

eo(I¥, M) = k"eo(I, M) and

r —4 2e,(I, M) — (r — 1)eo(I, M)

er(I¥, M) = 1 k"eo(I, M) + 5 KN\ (4.26)

Since Ag(M) is a finite set, the set {e;(I*, M) | k > 1 is an integer} is also finite.
Hence (4.26]) implies r = 1. O

In view of Lemma [4.3.3] we may assume that dim M = 1 while examining the
finiteness of the set Ag(M). We obtain bounds on this set in the following proposition.

Let pgr(M) denote the minimal number of generators of an R-module M.

Proposition 4.3.4. Let (R,m) be a Noetherian local ring of dimension one and M a
finitely generated R-module of dimension one. Then

1. inf Agr(M) = —Ag(H(M)).

2. sup Ap(M) < Mg (R /R)pupe (M), where R' = R/Hy(R) and M’ = M/ Hy(M).

Here R denotes the integral closure of R' in its total ring of fractions.

Proof. Let ¢ = inf Agr(M). By (22.5)), for every m-primary ideal I in R,

er(I, M) = ex(I, M) = Ag(HO,(M)). (4.27)

Since M’ is Cohen-Macaulay, e;(1, M’) > 0 by Northcott’s inequality for modules (see
[Fil67, p. 218]). Thus ey (I, M) > —Az(H2(M)) which implies that ¢ > —\z(H2 (M)).
Let @ = (x) be a parameter ideal for M. Then, by (£27), e1(Q, M) = —Ag(HY(M)).
Hence ¢ = —\z(H2 (M)).



62 4.8. The set AX(R)

Let C' = sup Ag(M). Note that M’ is a maximal Cohen-Macaulay R’-module. Hence,

for every m-primary ideal I of R, we have
er(I, M) < ex(I1, M) by (E27)
=e (IR, M)
< ei(IR, M) +er(IR' Syzf' (M)

[as SyzF (M) is a Cohen-Macaulay R'-module]

< e (IR, R)pp (M) [by [Put03], Proposition 17]
< Ar/(R/R)pge (M). [by Theorem [4.3.2].
Hence C < A\p/(R'/ R i (M"). O

Note that in order to obtain bounds on the set Ag(M), the ring R having dimension
one in Proposition is not a restrictive condition as we may pass to R/ Anng(M) if
needed and assume that dim R = dim M = 1.

Proposition 4.3.5. Let (R,m) be a Noetherian local ring and M a Cohen-Macaulay

R-module of dimension one. For nonzero modules N and C', consider the exact sequence
0—N—>M-—C—N0. (4.28)

For an m-primary ideal I in R, the following statements hold.
1. If dim C =0, then ey (I, M) > e1 (I, N) — Ag(C).
2. Ifdim C =1, then e;(I, M) > e (I, N) + e1(I,C) > ey (I, N) — Ar(HY(C)).

Proof. Tensoring (4.28) with R/I"™, we get an exact sequence

N M C
I+l N — I+ — JiEave,

0 — Krps1 — — 0,

where K11 (depends on I and n) is some R-module of finite length. Therefore,

N M C
AR (K],n-i-l) - )\R <m) + )\R <In+1M> - )\R (W) - O (429)

This implies that Ag(K7,+1) is a polynomial, for n > 0, of degree at most one. Let

Ar(Krp+1) = ar(n + 1) + by, for n > 0, where a; and by are some integers. Since M
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is Cohen-Macaulay, N is a Cohen-Macaulay module of dimension one. Hence, by using
[BHOS8| Corollary 4.7.7], we get a; = 0 and hence Ag(Kj,,11) = by for n > 0.

Suppose that dim C' = 0. Then I"C' = 0 for n > 0. Hence from (4.29), we get
that

61([7 M) = b1+61(l, N) - )\R(C) 2 61(],N) - )\R(O)

Suppose dim C' = 1. Again from (4.29)), we get that
€1<17M> - bI+€1(I’N) +61<I7C)

>€1(],N)+€1(I,C)

> e (I, N) — Ag(H(C)) [by Proposition [£.3.4Y()].

]

In the next theorem, we give a necessary condition for the finiteness of the set

Apr(M). We first consider the case when M is a cyclic module of dimension one.

Lemma 4.3.6. Let (R, m) be a Noetherian local ring and M = Rx a Cohen-Macaulay R-
module of dimension one. Suppose Ar(M) is finite. Then R/ Anng(M) is analytically

unramified.

Proof. Note that M = R/Anng(z). Let B = R/ Anng(z). Since A\gr(B/I"B) =
Ap(B/I"B) for any m-primary ideal I in R, e,(/,B) = e,(IB, B). Since every mB-
primary ideal in B is of the form IB for some m-primary ideal I in R, finiteness of
the set Ag(M) implies that the set Ag(B) is finite. Therefore, by Theorem [£.3.1} B is

analytically unramified. O]

Theorem 4.3.7. Let (R, m) be a Noetherian local ring and M a finitely generated R-
module of dimension v > 0. Let R = R/H(R) and M’ = M/H?(M). Then the

following conditions are equivalent:

(a) Ar(M) is a finite set;

(b) =1 and R'/ Anng/ (M) is analytically unramified.
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Proof. [(a)] = [(b)] Since Ag(M) is finite, by Lemma [£.3.3] » = 1. Thus M’ is a Cohen-
Macaulay R’-module of dimension one. From ([£.27)), |Ag(M)| = |Ag(M")| which implies
that Ar(M’) is a finite set. Since ey (I, M’) = e (IR', M'), we get that Ap/(M') is a
finite set. Let M’ = R'zy + R'xg + --- + R'x,,, where 0 # R'z; C M’ is a submodule of
M'. Set N; :== R'z;. Since M’ is Cohen-Macaulay, N; is a Cohen-Macaulay R’-module
of dimension one. Hence, by Proposition [£.3.5] and Northcott’s inequality on modules,

for every m-primary ideal [ in R
0 S €1<]R/, Nz) S 61(IR,, M/> + C;,

for some non-negative integer ¢; which is independent of I. Thus finiteness of the set
Ap(M') implies that the set A (N;) is finite for every i. Hence, by Lemma [4.3.6]
R’/ Anng (R'z;) is analytically unramified for each i. Let I; = Anng (R'z;). Since R/ /I, R!
is reduced for each 17, R / (ﬂ IZ-R\/) is reduced. Also, as R is a flat R’ -module,

i=1

m

Ann/R/(\JW’) = AnnR/(M’)}? = <ﬂ Il-> R = ﬂ[z-]/%\’.
i=1

=1

Hence R'/ Anng M/ = <L> is reduced. Thus R’/ Anng/(M') is analytically un-

Anng, M’
ramified.
[(b)] = [(a)] Note that dim R’/ Anng (M) = dim M’ = 1. Since R/ Anng (M') is analyt-
ically unramified, by Proposition 4.3.4] Agr(M) is a finite set. O

As a consequence we give an equivalent criterion for the finiteness of the set AX(R).

Theorem 4.3.8. Let (R,m) be a Noetherian local ring of dimension d > 0 and K an

m-primary ideal of R. Then the following conditions are equivalent:
(a) AK(R) is a finite set;
(b) d =1 and R/H°(R) is analytically unramified.

Proof. By [2.9), |AX(R)| = |Ar(K)|. Let R = R/H°(R). Since Anng (K R') = 0, using
Theorem we get the result. O

In what follows, we will give a description of the set AX(R) and determine its

supremum when R is Cohen-Macaulay.
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Theorem 4.3.9. Let (R,m) be a Cohen-Macaulay local ring of dimension one with
infinite residue field.

1. Let S ={x € R: x is R-regular}. For a mazimal Cohen-Macaulay R-module M,
Ar(M) C{Ar(N/M): M C N C S™*M, N is a finitely generated R-module}.
2. For an m-primary ideal K in R, A¥(R) is same as
{Ar(KB/K) - Ar(R/K): RC B C R, B is a finitely generated R-module}.
Further, sup AK(R) = \g(KR/K) — A\r(R/K).

Proof. Let I be an m-primary ideal in R. Let J = (z) C I be a minimal reduction

of I. Since R (resp. M) is Cohen-Macaulay, = is a non-zero-divisor on R and M. We

set m
—={Seerjcsir
" "
Let s = ry(I) and N = M[L] € S7'M. Then M C N = |J £ = B =~ [ for

n>0

n > s. Thus N is a finitely generated R-module. We claim that e, (I, M) = Ag(N/M).
We have

(MO, (M (M
w\ g ) = A\ Geeiar ) 2% g

= eo(I, M)(n+1) — Mg (InHM)

JTLJF—IM forn>>0.

This implies that e; (I, M) = Ag (%) for n > 0. Since ﬂ—i% >~ & for n > 0,
er(T, M) = Ap(N/M).

Let I'(R) := {\g(KB/K) : R C B C R, B is a finitely generated R-module}.
First we show that Ap(K) =T(R). By part (1)), e1(1, K) = Ag(N/K), where N = K[1]
and (z) is a minimal reduction of I. Put B = R[%]. Let s = r(;)(I). Then B = & = |»
for all n > s. Thus B is a finitely generated R-module which implies that B C R. Also,

KB = K[L] = N. Hence ¢,(I, K) = Ar(KB/K) € T(R).

Now, let R € B C R and B is finitely generated R-module. Then there exists a
non-zero-divisor z € R such B C R. Let I = xB. Then [ is an m-primary ideal
in R and I? = zI. Hence R[1] = L = B. A similar argument as above shows that
e1(I,K) = Ag(KB/K). Hence I'(R) C Agr(K). Thus I'(R) = Agr(K). Now follows
from ([2.9).
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Let C := sup AX(R). Then from the description of the set, C' < Ar(KR/K) —
Ar(R/K). Hence in order to prove the second assertion we may assume that C' is finite.
Then, by Theorem m, R is analytically unramified and hence R is a finite R-module.
Again using the set description, we get C' > Agr(KR/K) — Ag(R/K). O

Remark 4.3.10. 1. The containment in Theorem can be strict. Let R be a
Cohen-Macaulay local ring of dimension one and I an m-primary ideal. Choose
an integer t such that e1(I, R) is not divisible by t. Let M = R*. Then e,(J, M) =
te1(J,R) for every w-primary ideal J in R. By Theorem [{.5. (1)), ei(I,R) =
Ar(B/R), for a finite R-module B such that R C B C S™'R. Now, R C N := B®
R®---®R C (S7'R)" and N 1s a finite R-module. Also, A\g(N/M) = A\g(B/R) =
e1(I, R). Suppose there ezists an m-primary ideal J in R such that e;(J, M) =
ArR(N/M) = e1(I,R). Then te;(J,R) = ei1(I, R) which is a contradiction. This
implies that the containment in Theorem can be strict.

2. Let R be a Cohen-Macaulay local ring of dimension one and M = R'. In this
case, Ap(M) = {te;(I,R) : I is an m-primary ideal in R}. Since sup Agr(R) =
Ar(R/R) by Theorem . Hence, sup Ap(M) = tAr(R/R) = Ar(R/R)ur(M)
which shows that the bound in Proposition can be achieved.



Higher coefficients

In this chapter, we focus on the higher coefficients g% (Q) for i > 2. In Chapter
we proved that if R is Cohen-Macaulay and () C K is a parameter ideal, then
g¥(Q) = (=1)'Ag(R/K) for 1 < i < d. We also showed that g (Q) < —Agr(R/K)
if depth R > d — 1. It is natural to seek similar bounds for higher coefficients and to
obtain the conditions for which the equalities ¢ (Q) = (=1)'\g(R/K) hold true. In
this chapter, we characterize the equality g2 (Q) = A\g(R/K) under certain assumptions

on the form rings. We also examine the difference function A(f), defined below, with

f(n) = PK(Q?”) _HK(Q>n)‘

Definition 5.0.11. Let f : Z — Z be a function. The first difference function A(f)
is defined by A(f(n)) = f(n+1) — f(n). We define the i-th difference function A¥(f)
by A'(f) = A(AY(f)). By convention, A°(f) = f.

In Section [5.1], we discuss the Hilbert coefficients and the difference function in one
dimensional case and show that Px(Q,n) — Hx(Q,n) > 0 for all n > 0. This section

builds the base for applying induction in the next section.

In Section [5.2} we characterize the equality g&(Q) = Ag(R/K) for a parameter ideal
@ in a ring of depth at least d — 1 under the assumption that G(Q) has depth at least
d—1. With the same conditions, we show that the equality ¢&(Q) = Ar(R/K) enforces
high depth on the fiber cone Fi(Q).

The next important result of this chapter is proved in Section [5.3] It restores the
behavior, the difference function of Px(Q,n)— Hg(Q,n) has in one dimension, to higher
dimensions subject to some conditions on form rings. Several corollaries follow from this
result. Most notably, we get that g% (Q) < (=1)!\g(R/K) for 1 < i < d and equality
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for some i forces g;((Q) = (—=1)"Ap(R/K) for i < j < d.

The methods employed in this chapter are inspired by [Mccl3]. We recall below the

so-called Sally machine for fiber cones. This is an an important tool for us.

Lemma 5.0.12. [JV05b, Lemma 2.7] (Sally-machine for fiber cones) Let (R,m) be a
Noetherian local ring and ) an m-primary ideal. Let K be an ideal such that Q C K. Let
x € Q be such that x* (resp. x°) is superficial in G(Q) (resp. Fx(Q)). Let Ry = R/(x).
If depth Fxg, (QR1) > 1, then x° is regular in Fix(Q).

As an easy application of the above lemma, we state a general version to be able to

apply induction efficiently in the results concerning depth of fiber cones.

Lemma 5.0.13. Let (R, m) be a Noetherian local ring and ) an m-primary ideal. Let
K be an ideal such that Q C K. Let xy,...,x, € Q be such that x3,... x5 (resp.
x$, ..., %) is superficial sequence in G(Q) (resp. Fr(Q)). Let R = R/(x1, ..., x).

1. Suppose depth G(Q) > k — 1 and depth Fx(Q) > k. Then z3,...,x% is a reqular

sequence in Fi(Q).

2. Suppose depth G(Q) > k and depth Fgpr, (QRx) > 1 Then depth Fx(Q) > k + 1.

Proof. We apply induction on k.

Let k = 1. Since depth Fx(Q) > 1, we can choose a homogeneous regular element
y € Fg(Q). Since z9 is superficial in Fg(Q), so (0 : 2°) N Fg(Q), = 0 for n > ng
for some integer ng. If w € Fx(Q) be a homogeneous element such that z°w = 0,
then x°wy" = 0 where ¢ is chosen such that p = deg(w) + tdeg(y) > ng. Therefore
wy' € (0: Fx(Q)), = 0 which implies w = 0. So x° is a regular element. Now let & > 1
and the assertion holds true k—1. Then 2, ..., 2% ; is a regular sequence in F(Q). By
Proposition , we may assume that xf,...,z;_; is a regular sequence in G(Q). So
Frp, ((QRi—1) = Fr(Q)/(x%,...,29_1)Fx(Q). This implies depth Fxp, ,(QRk-1) > 1
where Ry = R/(21,...,25-1). By k =1 case, x{ is regular in Fipg, ,(QRy—1). Hence

xg,...,x% is a regular sequence in Fg(Q).

Set Ry = R/(z1). Since x7,...,z; is a regular sequence in G(Q) by Propo-
sition 2.2.4[2)), we have Fipg, (QR1) = Fx(Q)/2{Fx(Q). So it is enough to see that
depth Fxg, (QR1) > k and x9 is regular in Fk(Q). For k = 1, it is evident from
Lemma Let £ > 1. Then Ry, = Ry/(z,...,zx)R;. Since depthG(QR;) =



Chapter 5. Higher coefficients 69

depthG(Q)/27G(Q) > k — 1, we get depth Fkp, (QR1) > k by induction hypothesis.
Again by Lemma [5.0.12} 29 is a regular element in F(Q). O

5.1 Dimension one

In this section, we determine the Hilbert polynomial of a parameter ideal in a one
dimensional local ring R. In this case, we prove that the difference of Hilbert polynomial
and Hilbert function is positive for all non-negative integers. This is a main ingredient
for the results in the next section. For an m-primary ideal K and a parameter ideal
containing @ = (z) C K, consider the following ascending chain of ideals.

(@)K = ((2)K : 2°) € ((2°)K 1 @) C ((z")K :

‘K

Y o

We set [ :=min {i | (z"™)K : ") = (") K :, 2') for all n > i} and

K

= ("HK . 2.

K

Note that [ > 0.

Proposition 5.1.1. Let (R,m) be a Noetherian local ring of dimension one and K an

m-primary ideal. Let Q = (x) C K be a parameter ideal of R. Then

-1

1. gK(Q) = An(K/7) and g(Q) = X (An(K/7) = A(K/(@)K 0 2))) -

Ar(R/ ). =
2. Pe(Q.n) — Hi(Qn) = 3 (An(K/ () 5 1) = Ar(K /D)) for alln € 7.

Consequently, Px(Q,n) — Hi(Q,n) > 0 for alln > 0.

Proof. Note that (z*)K/(z")K =2 K/((z'™)K :, ) for i > 0 as modules. There-

fore,

n—1

Hi(Q,n) = Ar(R/KQ") = Ar(R/K) + ) Ar((z")K/(z")K)

n—1

= Ar(R/K) + Y A(K/((a)K 1, ).

=0
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for all n € Z. In particular for n > [,

Ar(R/KQ") = Ar(R/K) + Z Ar(K/ (K 2 2') + (n = DAR(E/ (@ E 1 o).

So the Hilbert polynomial is

Pre(Q.n) = (n = DAR(K/ (2K« @) + ) Ar(K/ (2K« ) + Ar(R/K)

which gives gf(Q) = A\p(K/7) and ¢X(Q) = :Z: (AR(K/j) —Ar(K/((#hK xz))> -
Ar(R/K). »

Clearly for n >,
PK(Q;”) = HK(Q7”) (51)
Foralln <[ —1,

Pr(Q,n) = Hk(Q,n) = Z_: Ar(K/((2" K 1y 7)) + (n = DAR(K/T)

=Y ArE/(EE -, 1)

= 3 (MRS (K =, o)~ An(E /)
=3 (B A K ) = Ml /2))

where the last equality holds since ((z"™)K :, ') = 7 for i > I.
For the rest, note that ((z'"™)K :. %) C 7 implies A\p(K/((z"™K :. z')) —
Ar(K/Z) > 0 for i > 0. Therefore Px(Q,n) — Hx(Q,n) > 0 for n > 0. O

The corollary below gives a formula for postulation number.

Corollary 5.1.2. Let R, K and Q) be as in Proposition|5.1.1, Then

N, (Q) = min{i | (z""HK ") = ((z ZH)K z') for allm > i} — 1.

Proof. Say | = min{i | ((z"™)K :, 2") = (("™)K : 2') for all n > i}. By (b.1)),
n,.(Q) <1—1. Suppose Px(Q,l —1) = Hr(Q,l —1). Then by Proposition [5.1.1](2)),

Pre(@1=1) = Hie(@1=1) =0 = > (Ar(K/((z™)K 1 ') = Ap(K/7)).

i=l—1
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So Ar(K/((#Y)K :,. 2'71)) = Ar(K/Z) which implies 7 = ((z)K :

;. 7). This contra-
dicts the minimality of {. Hence 1, (Q) =1 — 1. O

Corollary 5.1.3. Let R be a Noetherian local ring of dimension d > 2 and depth R >
d—1. Let K be an m-primary ideal and Q C K a parameter ideal of R. Then

1. gi'(@) — 91 (Q) = Ar(R/KQ) — (d = D)Ar(R/K).

2. [5(Q) =2 (@) — eo(@) = (d = DAR(R/K) + Ap(R/KQ).

Proof. We may assume that @Q = (x1,...,24) such that z1,..., 241 € Q \ KQ and
x$,...,x9_; is superficial sequence in Fx(Q). Since depth R > d — 1, we may choose
x1,...,Zq—1 to be a regular sequence in R. Let Ry_y = R/(x1,...,24-1) which is a one
dimensional local ring and QR,;_; is a parameter ideal of R,_;. By Proposition [5.1.1]
for all n > 0,

Pxr, (QRg-1,m) — Hgr, (QR4-1,m) > 0.
Putting n = 1 and using the fact that ¢/*(Q) = gZKRd‘l(QRd_l) for i = 0,1, from
Proposition [2.2.9] we get that
9 (Q) = 91" (@) 2 Ar(R/(EQ + (1,- ., 4-1)))- (5.2)

Claim. Ap(R/(KQ+(x1,...,7i11)) = Ae(R/KQ)—(i+1)Ag(R/K)) for 0 < i < d—2.

Proof of the Claim. Let R; = R/(x1,...,x;) for 0 <i < d—2. Note that A\g(R;/KR;) =
Ar(R/K) and Ag(R;/(KQR;)) = Ar(R/(KQ + (x1,...,2;))). Using the following exact

sequence recursively

(KQRi : $i+1)

00— — Ry/KR;, ™% Ri/(KQR;)) — Ri/(KQR;, i41) — 0,
l (5.3)
we get for 0 <1 < d — 2,
Ar(R/(KQ + (21, ., xi1))) 2 Ar(R/(KQ + (21, ., 1)) — Ar(R/K)
> Me(R/(KQ + (z1,..., 7)) — 2Ar(R/K)
(5.4)

> Ar(R/KQ) — (i + DAr(R/K).
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In particular,
AR(R/(KQ + (21, ., 2a-1)) = Ar(R/KQ) — (d = 1)Ar(R/K). (5.5)

Now follows from (5.2)) and (/5.5).

Use fi(Q) = e1(Q) — ¢*(Q) from (2.11)). O

Note that if 22, is a non-zero-divisor on Frg,(QR;) for all 0 < ¢ < d — 2 in above
proof, then (KQR; : x;11) = KR; in (5.3). Therefore, we get equality at each step of
(5.4) and consequently in . More precisely, if x¢,...,25_ is a regular sequence in
Fk(Q) then

Ar(RI(KQ + (21, 241))) = Ar(R/KQ) — (d — DAR(R/K).  (5.6)

This relation will be used in the proof of Remark Observe that the assumption
on the depth of R in Corollary is necessary as evidenced by the following example.

Example 5.1.4. Let S = K[[X,Y,Z]] be a power series ring over a field k and I =
(XZ,YZ,Z*%). Consider the ring R = S/I = k[[x,y,2]]. Thendim R = 2 and depth R =
0. Let Q = (z,y) and K = (x,y,2). Then

n+1

Pg(Q,n) = ( 5

)+n+2

So g¥(Q) — g5 (Q) = 2 whereas \g(R/KQ) — A\p(R/K) =4 —1=3.

Remark 5.1.5. We highlight the following inequalities for the coefficients of m-primary
1deals Q) C K in a Cohen-Macaulay local ring R with dim R = d. These can be seen as
a generalization of the Northcott’s inequality (e1(Q) > eo(Q) — Ar(R/Q)). We have

1 g5 (Q) — g1 (Q) < Ar(R/KQ).
2. Suppose depth G(Q) > d — 1 and depth Fx(Q) > d — 1, then gff(Q) — g5 (Q) <
Ar(R/KQ) — (d — 1)Ar(R/K).

Proof. Let z1,...,24-1 € Q \ KQ be such that z7,..., x5 ; (resp. z9,...,25 ;) is a
superficial sequence in G(Q) (resp. Fk(Q)). Let Rq—1 = R/(z1,...,24-1). Since R is
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Cohen-Macaulay, we may assume that zq,...,241 is a regular sequence in R. There-

fore, by Proposition m gk (Q) = giKRd’l(QRd_l) for i = 0,1. Applying Northcott’s

inequality on KRy 1 as an Ry ;-module and using , we get
95 (Q) = 91(Q) = g5 " (QRamr) = 91 (QRam)
= g0 """ (QRa-1) + Ar(Ra-1/K Ra1) — e1(QRa 1, KRy 1)
=e)(QRy—1, KRy—1) + Ar(Rg—1/KRq—1) — e1(QRgq—1, KRyq_1)
< Ap(Ra—1/KRag—1) + Ar(KRy—1/QKRy_1)
= r(R/KQ+ (z1,...,24-1)) (5.7)
< Ar(R/KQ)

Since depthG(Q) > d — 1 and depth Fx(Q) > d — 1, we may assume that

xy, ...,z is a regular sequence in G(Q) and xz9,...,x% , is a regular sequence in

Fr(Q). By and (5.7),
9% (@) — g1 (Q) < Ar(R/KQ) — (d — )Ar(R/K).

5.2 Higher coefficients

In this section, we obtain a condition on the coefficient g(Q) of a parameter ideal
() which ensures almost maximal depth of the fiber cone Fi (Q) provided the associated
graded rings have high depth. In order to prove our main results, we first derive a

formula for ¢X(Q) in the following lemma.

Lemma 5.2.1. Let (R,m) be a Noetherian local ring of dimension d and K an m-
primary ideal of R. Let Q C K be an m-primary ideal and z € Q \ KQ be such that x*
(resp. x°) is superficial in G(Q) (resp. Fx(Q)). Then for allt >0,

t

(1) (Q) = Z (HKR1(QR1>n) - PKR1(QR1an)> - Z)\R((KQH cx)/[KQ"™)

n=1

+tAr(0: ) + Ar(R/K)

where Ry = R/(x).
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Proof. From the exact sequence

(KQ" : )
Kanl

Ar(R/(KQ" 7)) = Ae(R/KQ") — Ag(R/KQ"™") + Ag((KQ" : x) /[ KQ"™)
for n € Z. So for all t > 0,

0—

— R/KQ" '3 R/KQ™ — R/(KQ",z) — 0,

(HKRl QRi,n) — Pxp, (QR:, n))

=1

Z (A(RIKQ — B/ K@) + 3 (K@ 0)/K Q™) — P, (QRron)

= Ar(B/KQ") — Ap(R/K) + Y Ap((KQ" : 2)/KQ" ")

e i
(s o
=S (T ) Q) — MBI + Y (@ ) Q)
d—1 .

t
= —tAr(0: 2) + (=1)"95(Q) = Aa(R/K) + ) Ar((KQ" : 2)/KQ"™")
n=1
where last equality holds since g/ (QRy) = gX(Q) for 0 < i < d—2 and g5 *(QR;) =
9a-1(Q) + (—1)¥*Xg(0 : ) by Proposition [2.2.9, By rearranging the terms, we get

t t

(198 (@) = (Hicn, (QB1.m) = Peny(@Fiym) ) = 3 (Aa((KQ" : 2)/KQ™))

n=1 n=1

]

Remark 5.2.2. If x is a non-zero-divisor in above, then (KQ" : ) = KQ" ! forn > 0.
So,

n=1

f: <HKR1 QRi,n) PKRI(QRl,n)> — f: (>\R(<KQn : IL“)/KQ”_I)>

+ AR(R/K). (5.8)
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The following theorem provides a necessary and sufficient condition for the second
Hilbert coefficient of a parameter ideal @) with depthG(Q) > d — 2 to achieve its
maximum value in a ring of depth at least d — 1. This condition also determines the

other coeflicients.

Theorem 5.2.3. Let (R,m) be a Noetherian local ring of dimension d > 2 and
depthR > d — 1. Let K be an m-primary ideal and Q C K a parameter ideal of
R. Then

1. (a) g5(Q) < Ar(R/K).
(b) Q) = ex(Q) + e1(Q) — e0(Q) — dAR(R/K) + Ar(R/KQ).
2. Suppose depth G(Q) > d—2. Then g5 (Q) = Ar(R/K) if and only if n* (Q) < 2—d
and depth F(Q) > d — 1.
3. g¥(Q) = \g(R/K) implies g% (Q) = (—=1)']Ar(R/K) for 2 <i <d.

Proof. |I{(a)| Suppose d = 2. Let z; € @ \ KQ such that z7 (resp. x9) is superficial in
G(Q) (resp. Fx(Q)) and Ry = R/(xy). Since depth R > 1, 2 is a non-zero-divisor on
R. Then by Remark [5.2.2}

Z(HKRl QRy1,n) — Pxr, (QR1,n ) i()\R (KQ™: 1)/KQH71))

P n=1

Ar(R/K) (5.9)
< Ar(R/K)

where the last inequality holds since Hgpg, (QR1,n) — Pxp,(QR1,n) < 0 for all n > 1
by Proposition [5.1.1]

For d > 2, let Q = (x1,...,24) such that xf,..., 25 , (resp. x9,...,25 , ) is a
superficial sequence in G(Q) (resp. Kx(Q)). Since depth R > d — 1, we may assume
that z1,...,24 2 is a regular sequence in R. We put Ry o = R/(z1,...,24-2). Then
dim R;_o = 2 and QR,_» is a parameter ideal. So by Proposition and induction
hypothesis, g5 (Q) = g5 (QRi—2) < Ar(Ra-2/K Ra-2) = Ar(R/K).

[M(®)] From (2.11)),
Q) = ea(Q) — 95 (Q) + e1(Q) — 97 (Q)
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> e5(Q) — Ar(R/K) + e1(Q) — g7 (Q) [by part
> e3(Q) + e1(Q) — e0(Q) — dAr(R/K) + Ag(R/KQ) [by Corollary ]

Suppose d = 2 and gX(Q) = Ag(R/K). Then from (5.9), we get Hgp, (QR1,n) =
Prr,(QRy,n) and (KQ™" : x1) = KQ" ! for n > 1. This implies n;Rl(QRl) < 1 and x9
is regular in Fx(Q). Now by Lemma [2.1.4] n* (Q)) = Mier, (QR;) —1<0.

K

Let d > 2 and g5 (Q) = Ar(R/K). Let Ry 5 be as in part[l(a)] Since depth R > d—1,
s0 g2 "2 (QRy_2) = ¢5(Q) = M\r(R/K) by Propositionm By induction hypothesis,
nj{Rdﬂ (QR4—2) < 0 and depth Fxp, ,(QR4s2) > 1. Since depthG(Q) > d — 2, we get
depth Fg(Q) > d — 1 with x¢,..., 29 ; a regular sequence in Fg (@) by Lemma
and 77.(Q) = nip, ,(QRa2) — (d—2) <2 —d.

For the backward implication of , suppose 7% (Q) < 2 —d. Then
Pg(Q,n) = Hi(Q,n)

for all n > 2 — d. This gives
Pr(Q,0) = (—1)%g5 (Q) = Ar(R/K) and

d .
Pr(Q,n) :Z(—mig{f(cg)(”*d_l_l) —0for2—d<n<-—1.

, d—1
=0

On solving the above set of equations, we get ¢~ (Q) = (—1)'"A\g(R/K) for 2 <i < d.

95 (Q) = Ar(R/K) implies n* (Q) < 2 — d by part (2). Therefore it follows from
the proof of part that g% (Q) = (—1)']\gr(R/K) for 3 <i <d. [

In the following examples, we see that the condition on depth R in Theorem
can not be relaxed. At the same time, the upper bound for ¢gf(Q) can be achieved
even if depth R < d — 1. In both examples, we use the method of Example for
computing Pk (Q,n).

Example 5.2.4. Let S = k[[X,Y,Z]] be a power series ring over a field k and
I = (YZ,X?Y,Y?). Consider the ring R = S/I = k[[x,y,z2]]. Then dim R = 2 and
depth R =0. Let Q = (v, 2?) and K = (z,y,2?). Then

Pr(Q,n) = 2<

So g¥(Q) =6 > \p(R/K) = 2.

n+1

9 )+2n+6.
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Example 5.2.5. Let S = K[[X,Y,Z,W]| be a power series ring and I =
(YZ, XY, YW,Y?). Consider the ring R = S/I = k|[[z,y,z,w]]. Then dimR = 3
and depth R = 0. Let Q = (z, 2% w?) and K = (z,y, 2%, w?). Then

2 |
Pr(Q,n) :4(”;r ) +4("; )n+4n—|—8.

We see that g5 (Q) = Ar(R/K) = 4 but g5 (Q) = —8 # —Ag(R/K).

5.3 The difference function

We now prove the other main result of this chapter concerning the difference function.
In Section ,we discussed the difference function of Px(Q,n) — Hx(Q,n) in case of

one dimensional local rings. We extend our discussion to dimension d in this section.

Theorem 5.3.1. Let (R, m) be a Noetherian local ring of dimension d > 0 and K an
m-primary ideal of R. Let Q C K be a parameter ideal with depth G(Q) > d — 1 and
depth Fx(Q) >d —1. Then, for 0 <i<d+1 andn > 0,

(L)' A" (P (Q,n) — Hi (@) > 0.

Proof. Suppose f : Z — Z satisfies f(n) = 0 for n > 0 and A(f(n)) > 0 for n > 0.
Then f(n+ 1) — f(n) > 0 for n > 0. This implies f(n) < 0 for n > 0 . Therefore if
(—=1)!A1=i(f(n)) > 0 for n > 0, then (—1)*A%1==1(f(n)) < 0 for n > 0. So, it is

enough to prove the result for ¢ = 0 i.e. for all n > 0,

A Pr(Q,n) — Hg(Q,n)) > 0.

We use induction on d. Suppose d = 1. Then by Proposition [5.1.1]

o0

A P(Qm) = Hic(Qm) = A3 (Ar(K/ (2" K =, o)) = Arl(K/2))

i=n

= A (AR(K/Z) = Ar(K/((@" K o) a™)

= =g (K/ (@)K 1y a™)) + A(K/ (2" K -, 2"))

> 0.

Let d > 1. Let z € Q@ \ K@ be a part of the generating set of ) such that z* (resp. 2°)
is superficial in G(Q) (resp. Fk(Q)). Since depthG(Q) > d — 1 and depth F(Q) >
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d — 1, we may assume that z° is is regular in Fx(Q) and z* is regular in G(@)). Hence

(KQ":z) = KQ" ! for all n > 1. Let R, = R/(x). By induction,
Ad(PKRl (QR17 n) - HKR1 (QRh n)) Z 0

for all n > 0. From the exact sequence

(KQ" : )

S — R/KQT S RIKQT — RI(KQ"x) — 0

0—

we get
Hgpr (QRi,n) = Hg(Q,n) — Hg(Q,n — 1) forn > 1.

This implies Pxg, (QR1,n) = Px(Q,n)— Pxg(Q,n—1) for all n. Therefore, for all n > 0,
AT (Pg(Q,n) = Hr(Q,n)) = AY(A(Px(Q,n) — Hr(Q,n)))
= Ad(PKRl (QRl, n -+ 1) — HKR1 (QRl, n + 1))
>0

by induction hypothesis. O

Corollary 5.3.2. Let R. K and @ be as in Theorem |5.3.1. Suppose Pr(Q,k) =
Hg(Q, k) for some k > 0. Then Px(Q,n) = Hx(Q,n) for alln > k.

Proof. Let i = d in Theorem Then (—1)¢A(Px(Q,n) — Hx(Q,n)) > 0 which

gives
(=D (Pr(Q,n+1) = Hg(Q,n + 1)) > (=1)*(Px(Q,n) — Hx(Q, 1))
for all n > 0. Since Px(Q,n) — Hi(Q,n) =0 for n > 0, we get
0> (_1)d(PK<Q7n> - HK(Q7n>> > (_1)d(PK<Q7k) - HK<Q7k)> =0 for n>Fk.

This implies Pg(Q,n) = Hg(Q,n) for all n > k. [

In the following corollaries, we obtain some inequalities for higher coefficients g (Q)
provided the form rings have high depths. With this condition, we also see that if g% (Q)
attains the boundary value (—1)’Ag(R/K) for some i, then g (Q) for j > i also attains
the value (—1)/Ag(R/K).

Corollary 5.3.3. Let R. K and Q) be as in Theorem |[5.5.1. Then
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1. (a) g5(Q) < (=1)'Ar(R/K) for1 <i<d.
() (1) (g (Q) = (@) + - + (~1)gF@Q) — (r(R/KQ) — (d -
z’))\R(R/K))> >0 for1<i<d.

2. fH(Q) 2 ein1(Q) +e(Q) for 1 <i<d—1.

Proof. If(a)|It is enough to prove the result for i = d. We can then use reduction modulo
superficial sequence and Proposition to get ¢X(Q) < (=1)'Ar(R/K). Putting
1 =d 4+ 1 in Theorem [5.3.1 we get

(=)™ Y Pg(Q,n) — Hr(Q,n)) >0 for all n > 0. (5.10)

For n = 0, this gives (—1)4"((=1)%gX(Q) — A\r(R/K)) > 0 which implies g¥(Q) <
(=D Ar(R/K).

1(b)| Putting n = 1 in (5.10), we get
(D" (95 (@) = 91" (@) + . + (=1)795(Q) = Ar(R/KQ)) 2 0

which gives the result for ¢ = d. Suppose 1 < ¢ < d — 1. We may assume that () =
(x1,...,xq) such that z9,..., 29, is a superficial sequence in Fi(Q) and z7,... 25, is
a superficial sequence in G(Q). We may choose 1, ..., z4—; such that x3, ..., z}_, (resp.
x9,...,29 ;) is a regular sequence in G(Q) (resp. Fx(Q)). Let Ry—; = R/(z1,...,%4-;).
Then dim Ry_; = i and QR,_; is a parameter ideal of R; ;. By Proposition [2.2.9]
g;(QR4—;) = g;(Q) for 0 < j <. Therefore,

(- (95(@) — g (@) + .. 4+ (1) (Q) - )\R(Rd—i/KQRd—i)> > 0.
By , we have

This completes the proof of part .

[2) From and part [I(a)]
FH(Q) = ei1(Q) — 9/41(Q) + Q) — g (Q)
> €ir1(Q) + (1) Ar(R/K) + ei(Q) + (=1) Ar(R/K)

> ei11(Q) +ei(Q).
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Corollary 5.3.4. Let R. K and @ be as in Theorem . Suppose gE(Q) =
(—1)'Ar(R/K) for some 1 <i<d—1. Then g;(Q) = (=1} A\g(R/K) fori < j <d.

Proof. Tt is enough to prove the result for ¢ = d — 1. Suppose g41(Q) =
(=) IA\R(R/K). Let z € Q\ KQ be such that 2° is superficial in Fx(Q) and z* is
superficial in G(Q). We may choose x such that x* (resp. z°) is regular in G(Q) (resp.
Fr(Q)). Let Ry = R/(z). Then depth G(QR;) > d — 2 and depth Fg, (QR;) > d — 2.
Also,

Prr,(QR1,0) = (=1)* g1 (QRy)
= (-1)""'94-1(Q) = Ar(R/K)
= Hggr,(QRy,0).

Hence by Corollary [5.3.2) Pggr,(QRi1,n) = Hgg, (QR1,n) for all n > 0. This gives
Pgr,(QRi1,n) = Hyp (QRy,n) for all n > 0, ie., e, (QR;) < —1 which implies

n.(Q) < —2 by Lemma . In particular, (—1)%¢X(Q) = Px(Q,0) = Hi(Q,0) =
Ar(R/K). O

Remark 5.3.5. In particular, by putting K = @ and using , we get that for
1<1<d

ei(Q) = ¢/ (Q) +95:(Q) <0
for a parameter ideal @ provided depth G(Q) > d — 1. Furthermore, if ¢;(Q) = 0 for
some i > 1, then (—=1)'Ap(R/K) < —g,(Q) = ¢¥(Q) < (=1)'A\r(R/K). This implies
91 (Q) = (=1)'A\r(R/K). By Corollary|(5.3.4, g5 (Q) = (=1)Ar(R/K) for j > i. Thus
¢;(Q) = g5 (Q) + g;-1(Q) = 0 for all j > i.



Uniform bounds for Hilbert coefficients

The main theme of this chapter is to find upper and lower bounds for the Hilbert
coefficients e;(Q) for a parameter ideal @). In case of an m-primary ideal ) in a Cohen-
Macaulay local ring, various relations among Hilbert coefficients have been explored by
several authors and bounds are also given. The case when R is not Cohen-Macaulay
is quite different. Throughout the chapter, we consider the rings with depth at least
d — 1 and the coefficients e;(Q)) for parameter ideals (). When the associated graded
rings have high depth, we obtain some nice uniform bounds for e;(Q). A key ingredient
of our proofs in this chapter is the following. Given a parameter ideal () of a local ring
of dimension d with [H,(G(Q))], =0 for all n < —1 and 0 < i < d — 3, we can obtain
an integer [ > 0 such that depth G(Q') > d — 2. To see an immediate advantage of this
idea, let d = 3. Then there exists an integer [ > 0 such that depth G(Q') > 1.

In Section [6.1], we discuss some lemmas concerning the local cohomology modules
H',(G(I)) for an ideal I. We also recall the statements of a number of results from
[Bla97] and [Hoa93|. These results mainly develop the setting for the proofs of our main
results in subsequent sections. The first three lemmas of this section are very basic but

we include them exclusively for clarity.

In Section we prove that e4(Q) < 0 if [H)(G(Q))], = 0 for all n < —1 and
0 <i < d—3. Note that this condition holds true if depth G(Q) > d—2. As a consequence
of this result, we show that e3(Q) < 0 for a parameter ideal @ if depth R > d — 1. For
the higher coefficients ¢;(Q) for 2 < i < d, we are able to prove that ¢;(Q) < 0 if
depth G(Q) > d — 2 and ¢;(Q) > —Ag(HEY(R)) if depth G(Q) > d — 1.

We discuss the vanishing of the last coefficient e4(Q) in Section[6.3] If depth G(Q) >
d—2and Q = (z1,...,x4) with 27, ..., 2}_, asuperficial sequence in G(Q), then e4(Q) =

81
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0 implies that 2!, ... ,xld_l,x&dfl)l is a d-sequence. In particular for the vanishing of

e2(Q), we obtain equivalent conditions. Our results generalize similar results of [GO11]
and [Mcc13] . Our proofs are inspired by the methods of |[GOT11].

6.1 Preliminary results

In this section, we discuss few lemmas which are the key steps for the results of
subsequent sections. The main motivation for framing these lemmas is to be able to
avoid the higher local cohomology modules wherever we can. For this section, let (R, m)

be a local ring and I C m an arbitrary ideal. It is well known that
depth(G,G(1)) = inf{i!H@(G(I)) # 0} and
H (G(I)) = 0 for i > dim G(I) = d.

Indeed for an m-primary ideal I, d = sup{i|H¢, (G(I)) # 0}. We frequently use the fact
that for all ¢ € Z,
Hj,(G(1)) = Hy, (G(1)) = Hg (G(1)).

It is known that there exists m; € Z such that
[H'(G(I))]ny1 = 0 for all n > m; and for all i € Z. (6.1)

Lemma 6.1.1. Let x € I\ I? such that =* is a regqular element in G(I). Then for all
n > my and for all i € 7Z,

[ (G(I)]n == [Hiy(G(IR1))]n
where Ry = R/(x). In particular, [H\(G(IRy))]ns1 = 0 for all n > my + 1.

Proof. Since z* is regular in G(I), we have G(IR;) = G(I)/2*G(I). Consider the follow-

ing exact sequence and the induced long exact sequence of local cohomology modules.
0— G(I)(-1) L GUI) — GUIR,) — 0
... — H(G()) — H\(G(IR))) — HYHG))(—-1) — HYNGI)) — ...

The conclusion follows easily. O]
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Lemma 6.1.2. Let xy,...,x; € I\ I? such that x5, ..., x} is a reqular sequence in G(I).
Then, for 1 < j <t,

(HA((G(D)m; = W (GUR) Iy 1 2 - = [HY(GUR;)) oy 1
where R; = R/(x1,...,x;). Moreover, for alln > m;+ j and for all i € Z,

[Hy((GUIR;) s = 0.

Proof. We apply induction on t. Since [H',(G(I))]ns1 = 0 for all n > m;, we get the
result for ¢ = 1 from Lemma [6.1.1, Now suppose ¢t > 1 and the assertion holds for ¢ — 1.

By Lemma [6.1.1] for all i € Z,
[H((G(D)]im; = [Hi (G(IR1))]m,+1 and (6.2)
[Hy((G(IR))]ns1 = 0 for n > m; + 1.

Since zf,...,z; is a regular sequence in G(I), we have G(IR,) = G(I)/ziG(I) and
x4, ..., x; is a regular sequence in G(IR;). By induction hypothesis, for 1 < k <t — 1,

[H3(G(IR1)) |y 41 = HY N (G(TR)) g2 = - .- = [HA(G( Ries1))my 4144 and - (6.3)
[Hi\((G(IRp41))]ni1 = 0 for all n > m; + 1+ k and for all i € Z. (6.4)

Now let 1 < j < t. If j = 1, then the results follows from Lemma [6.1.1, Assume that

j > 1. Then (6.2), (6.3) and (6.4) with £ = 5 — 1 give
[H((G(I)]my 2 B (GUIR)) g1 2 - . 22 [HY(G(IR;))]my 45 and
[H\((G(IR;))]ne1 = 0 for all n > m; + j and for all i € Z.

O

The next lemma relates the local cohomology of Rees algebra and the associated

graded ring.

Lemma 6.1.3. [Hy, (R)], = [H, (G(I))], for alln>m; —1 and for all i € Z.

Proof. Consider the following exact sequences with the canonical maps.

0—Ry —R—R—0and0 — R, (1) —R—G() —0
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and apply the functor Hy () to get
.. — Hz '(R) — Hyp, (Ry) — Hy (R) — Hgp, (R) — ... (6.5)
— Hy (G(I)) — Hp, (R4)(1) — Hy (R) — Hy (G(I)) — HFH(R4)(1) —
(6.6)
Since [Hj,, (G(I))], = 0 for all i € Z and for all n > my, we get
[Hi, (Rl = [Hy, (R)]n (6.7)

for all n > m; and for all ¢+ € Z from exact sequence . Further by exact sequence
(6.5), we have

[H7ih_ (R+)]n+1 = [H7l2+ (R)]nJrl
for all n > 1 and i € Z. This gives [Hy (R)]n = [Hi, (R)]nt for all n > m;. Since
[H%  (R)], = 0 for all n>> 0, see [Bla97, Theorem 3.7], [Hf  (R)], = 0 for all n > m;.
Therefore [Hj, (Ry)(1)], = 0 for all n > m; — 1 and for all i € Z from (6.7). Now by
exact sequence , we get that

[Hy, (R)]. = [Hy, (GI))].

for all n > m; — 1 and for all 7 € Z. O

To be able to use the method of induction, we need the existence of superficial
elements. As discussed earlier, we may pass to the extension ring R(X) if needed to
have superficial elements. We remark below that the properties of R which we are

interested in are preserved under this passage. We set
a; (G(I)) :==sup{n € Z: [H%+(G(I))]n # 0} and
b (G(I)) := inf{n € Z : [Hy (G(I))]. # 0}.
By convention, if Hy (G(I)) = 0 then we set a;(G(I)) = —oo and b(G(I)) = oo.

Remark 6.1.4. 1. Let S = R(X) and n =mS. Since S is faithfully flat R-algebra,
the Rees ring S = S(1S) = R(I)®gS is flat over the Rees ring R = R(I) and Sy =
RS is the extension of Ry in S. Therefore Hngr(G(]S)) = Hf§+ (S(1S5)/15(1)) =
HS, (S() @ney RU)/TR(I)) = S(I) @ny (Hy, (R(D/IR(D)), see [ILLE0,
Proposition 7.15 | for the isomorphism. It follows that [Hp, (G(I))], = 0 for
all n < =1 if and only if [Hy, (G(IS))], =0 for alln < —1.
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2. Note that b;(G(I) > 0 for some i is equivalent to [H%h(G(I))]n =0 foralln < —1.
In particular, if depthG(I) > t + 1 for some integer t then b;(G(I) > 0 for
0<1<t.

We recall the following results from [Hoa93| in order to prove our main results. Let
s(I) = dim F,(I) denote the analytic spread of I. It is well known that s(/) = dim R

for an m-primary ideal I.

Theorem 6.1.5. [Hoa93, Theorem 2.1] Let (R, m) be a local ring and I C m an arbitrary
ideal of R. Then r;(I™) is independent of J and stable for all n > 0. Namely, for all
n > max{|a;(G(I))| : a;(G(I)) # —o0},

s(1) if as(rn)(G(I)) =0,

s(I) =1 ifayn(G(I)) <0
where J is any minimal reduction of I™.
Lemma 6.1.6. [Hoa93, Lemma 2.4] Assume that s(I) > 1. Then for all i < s(I) and
n>1,
1. ai(G(I")) < [as(G(1))/n],
2. bi(G(I™) > [b;(G(I))/n] and

3. asn(G(I")) = lasyG(I)/n]
where [z] = max{m € Z : m < z}.

We recall the following results from [Bla97] for our use.

Theorem 6.1.7. [Bla97, Theorem 4.1] Let (R, m) be a Noetherian local ring of dimen-
sion d > 0 and I an m-primary ideal of R. Then for alln € Z,

P(I,n) = H(I,n) =) (~1)'Ar([Hp (R)])-

i=0
Theorem 6.1.8. [Bla97, Theorem 3.8] Let R be a Noetherian ring and I C R be an

tdeal. Then for all i > 2, there are isomorphisms of graded R-modules

Hye, (R) = Hy, (R7)
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and there is an exact sequence of graded R-modules
0 — H% (R) — H (R") — R*/R — Hg, (R) — Hg, (R*) — 0.
In particular,
[Hz, (R)]n = [Hr, (R*)]n and [Hy (R)]. = [Hr (R")]
for alln > 0.
The following lemma plays a crucial role in most of our results. We show that given

a parameter ideal @ with b;(G(Q)) > 0 for 0 < ¢ < d — 3, there exists an integer | such
that G(Q') has high depth.

Lemma 6.1.9. Suppose depthR > d — 1. Let Q) be parameter ideal such that
[Hy (G(Q)]n =0 foralln < =1 and 0 <i < d— 3. Then for >0,

1. We have

‘ l 0 foralln>1 and i€ Z,
Hiy (G(@)]n = (6.8)
0 foralln>0 and i=d,d—2.

Furthermore, Hy,(G(Q")) = 0 for 0 < i < d—3. In particular, depth G(Q") > d—2.

2. Suppose Hi*(G(Q)) is finitely graded and [Hy,* (G(Q"))]o = 0 for some integer L.
Then depth G(Q') > d — 1.

Proof. In view of Remark , we may assume that the residue field R/m is infinite.
Let @ = (x1,...,z4) such that «7,...,z} is a superficial sequence in G(Q). For [ > 1,
we put [ = Q'. Given that [H),(G(Q))], = 0 for alln < —1 and 0 < i < d — 3,
equivalently b;(G(Q)) > 0 for 0 < i < d — 3. Thus b;(G(I)) > [b:(G(Q))/l] > 0 for

0 < i < d-3 by Lemma [6.1.6l Choose | > maz{]a;(G(Q))| : a;(G(Q)) # —oo} and

y; = 2t for 1 <i <d. Then 5, ...,y; is a superficial sequence in G(I) and
Id = (yla'-'ayd)ld_l' (69)
Since J = (y1,...,yq) is a reduction of I, u(J) = d. Hence J is a minimal reduction of

I with r;(Q") <d— 1. So by [Tru87, Proposition 3.2], az(G(I)) < r;(I) — d. This gives
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aq(G(I)) < 0 and a;(G(1)) < [a;(G(Q))/l] <0 for i < d— 1 by choice of [ and Lemma
0. 1.0

It follows that

0 foralln>1 and i€ Z,

Hy (G =190 foralln#0 and 0<i<d— 3, (6.10)

0 foralln>0 andi=d.

\

We now show that [H),(G(I))]o = 0 for 0 < i < d — 2 by induction on d. For d =

2, [HY(G(I))]o = [HR+( (I))lo = 0 by Lemma as depthR > 1. Let d > 3
and [H\,(G(I))]o = 0 for 0 < i < s for some s < d — 3. Using (6.10), we get that
H'(G(I)) = 0 for 0 < i < s. So depth(G(I)) > s+ 1 and yj,...,y%, is a regular
sequence in G(/). By Lemma m,

[H3% (GU)o = [HR (G Rs41))]s41 and (6.11)
[H\(G(IR¢1))]n=0foralln > s+2and i€ Z

where Rsy1 = R/(y1,...,Ys41). Thus by Lemma m [HY(G(IRsy1)))s1 =
[H?er (R(IR411))]s1 = 0 since depth Ryy; > 1. Therefore [H3}'(G(I))]o = 0 by (6.11).

By part (1)), depth G(I) > d — 2. We show that H},*(G(I)) = 0 for all [ > 0
which implies depth G(I) > d — 1. By Lemma [6.1.6] by_2(G(I)) > [ba—2(G(Q))/1] > —
for all [ > 0. Thus, by part and ((6.10)),

[HY2(G(I))]n = 0 for n # —1.

Now it is enough to show that [H%*(G(I))]-1 = 0. Given that [H%,'(G(I))]o = 0.
By part and (6.10), we get that [H',(G(I))], = 0 for all n > 0 and i € Z. Also
depth G(I) > d — 2 implies that yi, ..., y}_, is a regular sequence in G(I). Therefore by

Lemma [6.1.2]
[HY(G(D)]-1 = [H}(G(IR4-2))]4-5 and
[H\((G(IR4_2))]ns1 =0 for n > d — 3.

So by Lemma [6.1.3 [HY(G(IRq—2))]a—3 = [HSY(R(IRy—2))]a—s = 0 as depth Ry 5 > 1.
Hence [HdM2(G(I))]_1 = 0. O
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6.2 Bounding the Hilbert coefficients

We now prove our main results in which we obtain bounds on the coefficients e;(Q)
with certain conditions on the local cohomology modules of G(Q). In particular, if
depth G(Q) > d — 2, then these conditions are satisfied. Our bound is uniform in the
sense that it is independent of ). The next theorem and corollary provide an upper
bound on €;(Q). In Theorem we obtain lower bound.

Theorem 6.2.1. Let (R,m) be a Noetherian local ring of dimension d > 2 and
depth R > d — 1. Let Q be a parameter ideal of R with b;(G(Q)) > 0 for 0 <i<d— 3.
Then

eq(@) < 0.

Proof. We may assume that the residue field is infinite by Remark [6.1.4J(L). Let Q =

(x1,...,x4) such that 27, ..., 2} is a superficial sequence in G(Q). For an integer [ > 0,
we put / = Q. By Lemma|6.1.9([L),

[H (G(I)])o=0for 0<i<d-—2. (6.12)
Since [H;2+ (R(1)*)]o = [H;er (R(I))]o for all i > 0 due to Theorem , Theorem

yields that

(_1>d€d(I) = P<LO) - H(I=0>>

(=1)"Ar([Hr, (R(1)")]o)

M-

0

(=1)'Ar([Hy, (R(I))]o)- (6.13)

7

Il
a |l

Il
=)

By Lemma [6.1.9([1), [H’(G(I))], = 0 for all n > 1 and i € Z. Therefore by Lemma
6.1.3] and ((6.13)), we get

d
(=D)’ea(l) = Y (=1 Ar([Hiu(G()]o) = (1) Ar([Hi, (G(I)o)

i=0
where the last equality holds due to (6.12) and the fact that [H%,(G(I))]o = 0 from
(6.8). This implies

ea(Q) = ea(I) = —Ar([Hy (G(1)o) < 0. (6.14)

]
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Indeed, we can show that the coefficients e;(Q), for 2 < i < d—1, are all non-positive

when depth G(Q) > d — 2.

2 and
d— 2.

Corollary 6.2.2. Let (R,m) be a Noetherian local ring of dimension d
depthR > d — 1. Let Q be a parameter ideal of R such that depth(G(Q))
Then, for 2 <i<d,

>
>

Proof. We may assume that the residue field R/m is infinite. Let Q = (x1,...,%4)
such that z7,...,z} is a superficial sequence in G(@)). By Theorem eq(Q) < 0.
Note that depth R > d — 1 implies that x,..., 241 is a regular sequence. Set R; =

R/(xy,...,x;) for 1 < ¢ < d— 2. Since zj,...,x5_, is a regular sequence in G(Q),
G(QR;) = G(Q)/(z7,...,27)G(Q) and depthG(QR;) > d —i — 2 for i < d — 2. Now
using Proposition we get €;(Q) = e;(QRq—;) <0 for 2 <i<d. O

We refer to Example here to emphasize that the depth condition on the ring

is necessary in the above corollary.

Example 6.2.3. In Example let R be a reqular local ring of dimension d = 4
and ¢ = (X1,...,Xq) =m. Weputt =2 sothat D = R/(X,,X5) and A= Rx D. Then
as already discussed dim A = 4, depth A = 2. Since G(gA) = G(¢R) x G(¢D)(—1) see
[Put03, Remark 2], we have depth G(Q) = 2 but ex(Q, A) > 0 by where Q) = qA.

A noteworthy consequence of Theorem is the following result.

Theorem 6.2.4. Let (R,m) be a Noetherian local ring of dimension d > 3 and
depth R > d — 1. Let QQ be a parameter ideal. Then e3(Q) < 0.

Proof. We may assume that R/m is infinite. Then using reduction modulo superficial
elements and Proposition [2.2.5] it is enough to assume that d = 3. The result now
follows from Theorem [6.2.11 O

The following example shows that the assumption on the depth of the ring can not

be relaxed from Theorem [6.2.4]

Example 6.2.5. [GO15, Example 4.7] Let (S,n) be a regular local ring of dimension
d = 4 and infinite residue field S/n. Let X,Y,Z W be a reqular system of parameters
of S and R = S/((X) N (Y3, Z,W)). Let x,y,z,w be the images of X, Y, Z, W in
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R respectively and m = (z,y,z,w)R be the mazimal ideal of R. Then dim R = 3,
depth R =1 and U = (z) is the unmized component of R. Let Q = (x—y,x—z,x —w)R
and T'= R/(x). Then T is a regular local ring with dimT = 3 and QT = mT. The

following exact sequence
0— () — R— R/(x) —0

gives that
Ar(R/Q"R) = M\g(T/m"'T) + \g(U/Q"U)

p ("‘g 3) +eo(@.0) <"“1”) —6(Q.U) (6.15)

for all n > 0. We have (z) = R/I where I = (y*,z,w)R and Q(R/I) = m(R/I), so
eo(Q,U) =eg(m, R/I) and e1(Q,U) = e;(m, R/I). To evaluate these values, we look at
the Hilbert series of the associated graded ring G(m(R/I)) which is

14+t+...+¢t2
1—t

Hence eo(Q,U) = eo(m, R/I) = 3 and €,(Q,U) = e;(m,R/I) = 3. By (6.15]), we get
es(Q, R) =3 > 0.

The following lemma is crucial for obtaining lower bound on e;(Q). We also obtain a
necessary condition for the vanishing of e4(Q) in Theorem as an application of this
lemma. We treat the associated graded ring G(I) as the quotient of the Rees algebra
R(I)/IR(I).

Lemma 6.2.6. Let (R, m) be a Noetherian local ring of dimension d > 2 and depth R >
d—1. Let I be an m-primary ideal such that depthG(I) > d — 1 and

_ 0 foralln>1andi€Z,
[Hi (G()]n = (6.16)

0 foralln>0 andi=d.

Let J = (y1,...,ya) be a reduction of I with I* = JI¥" and y;,...,y; | is a superficial
sequence in G(I). Then

aﬂU::—AR((@h-~a%Fﬂ:yﬂrij1+(%w-w%#ﬂ). (6.17)

(yh s 7yd—1)
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Proof. Since depthG(I) > d — 1, yf,...,y;_; is a regular sequence in G(I) and
Hiy(G(I)) = 0 for 0 < i < d—2. By Lemma [6.1.3] [H),(G(I)]o = [Hy, (R(I))
for all i. Therefore using (6.13]),

(—1)%ea(]) (—=1)"Ar([Hz, (R(1))]o)

I
.M&

=0

a |l

(=1)"Ar([Hp (G (I))]o)

Il
o

Using ((6.16) and Lemma respectively, we get that
ea(!) = =Ar([Hig (G(I)]o) = —Ar([H3(G(I Ra-1))]a-1)

where Ry_1 = R/(y1,...,Ya—1). Now consider the map

) (W1, a-1) 1 9a) O (I + (-

7?Jd—1)) 0
(Y1, Ya-1) — [Hu (G Ra-1))]a

defined as p(Z) = 7t4—! where 7 and Zt?! are the images of € R in R/(y1, ..., ya_1)
and 7t € R(IR4_,) in G(IR4_1) respectively. It is now enough to show that p is an
isomorphism. To show surjectivity, let o = zt4=1 € [HQ(G(IRy4-1))]a_1 with = € I 1.
Then

Jat - Tt = ggztd € [H,(G(IRy-1))]a- (6.18)
Now recall that yf,...,y5 , is a regular sequence in G(I), so (yi,...,ys-1) N7 =
(Y1, Ya) P~ for all j > 1. Since [H(G(IR4_1))]a = 0 by Lemma and
14 = Jri-t, yields that

YdT € (IdH‘i‘(yl, £y ,ydfl))ﬂfd = ((v1, .- aydfl)m[d)‘{'jd—i_l =T, ... aydfl)]d_l‘i‘ydld-

Let yqr = Zj:_ll riy;i + syq where r; € 1971 and s € I, This implies yy(x — s) €
(Y1, Ya_1). Sox—s5€ (Y1, ¥a1) : ya) NI and p(x —5) = a. Hence p is

surjective.

Now let z € ((y1,- .-, Ya_1) : ya) N 1971 such that p(z) = zt41 =0 in [G(IRg_1)]a_1.
Then

z€ (1, ya1) Y)Wy, - ya-1)) = (s ya—)+ (01, - - ya1)  ya) N I7).

Claim: Let n > d be an integer. Then

(s -y Ya—1) 2 Ya) VI C (Y1, ¥am1) + (Y1, Yae1) 2 ya) NI,
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Proof of Claim. Let z € ((y1,...,Ya—1) : ya) N 1", then ygx € (y1,...,Y4-1). S0
gdt : W = yd_llftn+1 =0in [G([Rdfl)]nJrl

which implies Zt" € [G(IR4-1)], is annihilated by some power of M. Thus Zt" €
[HY(G(IR4-1))]n = 0. Recall that [H},(G(IR41))], = 0 for all n > d by Lemma

m This gives that x € (y1,...,ya_1) + "™ Sox € (y1, .-, Ya1) + (Y1, -, Y1) :
yd) ﬂ[nJrl). [

By above Claima S (yla < 7yd71) + ((yb 000 7yd—1) : yd) N In) & (3/1, cee 7yd71) +I"
for all n > d. This implies x € (y1,...,%4—1) and p is injective. Thus

ea(Q) = =g <(<3/1, Y1) fYa) N (Id_l + (Y1, - - - ,yd-l)) .

(Y1, - -+ Ya—1)
This completes the proof. O
Theorem 6.2.7. Let (R,m) be a Noetherian local ring of dimension d > 2 and
depthR > d — 1. Let Q be a parameter ideal of R such that b;(G(Q)) > 0 for

0<i<d—2. Then
—Ar(Hy '(R)) < ea(@Q).

Proof. We may assume that R/m is infinite. Let @ = (z1,...,z4) such that z7,..., 2}
is a superficial sequence in G(Q). For an integer [ > 0, let [ = Q' and y; = ! for
1 <i<d. Then yj,...,y} is a superficial sequence in G(I) and

Id: (ylv"'ayd)ldil‘ (619>

By Lemma for 1 >0, depthG(I) > d — 2 and

4 0 foralln>1 and i€ Z,
[Hi(GU))]n = (6.20)

0 foralln>0, andi=d,d— 2.

Since by—2(G(Q)) > 0, we get by_o(G(I)) > [ba—2(G(Q))/l] > 0 by Lemma [6.1.6 Using
(6:20), we get that HE,*(G(I)) = 0 for [ > 0. Hence depthG(I) > d — 1. By Lemma

[6.2.6,

ed(Q) = ed(f) = —Ag (((yb — ’yd_l) : yd) a ([dil * (yl’ C ’yd—l)))

(yla cee 7yd—1)
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((yla oy Yd—1) © Yd)
(Y155 Ya-1)

> —Ar(Hp(R/(y1,-- - Ya-1))) (6.21)

> —Ag(

where the last inequality holds since

((yl,---,yd,l) : yd) 0
I C (R ()

Now let R; = R/(y1,...,y;) for i < d—1 and Ry = R. Note that yi,...,y41 is a
regular sequence in R and depth R; > d —1 — 1. For 0 <1 < d — 2, the exact sequence

0— R 25 R — Ryt — 0
gives the long exact sequence of local cohomology modules
0 — HI2(R;y,) — HEY(R,) 225 HEY(R) — ...
Thus for 0 <i < d — 2,
Ae(Hg 2 (Ri) < Ap(Hy (R
Putting the values of ¢ successively, we get

Ar(Hp(Ra-1)) < Ar(Hp(Ra—2)) < ... < Ap(Hi '(R)).

Hence e4(Q) > —Ag(HE ! (R)) by (6.21). O

Corollary 6.2.8. Let (R, m) be a Noetherian local ring of dimension d > 2. Let Q) be
a parameter ideal of R such that depth G(Q) > d — 1. Then for 2 <i <d,

= Ar(HyH(R) < a(@). (6.22)

Proof. As discussed earlier, we may assume that the residue field R/m is infinite. Let

Q = (z1,...,x4) such that zj,..., 2} is a superficial sequence in G(Q). By Theorem
“Ar(Hy ' (R)) < ealQ).
Let R; = R/(xy,...,x;) for 1 <i<d—1and Ry = R. Since x7},...,x)_; is aregular

sequence in G(Q), G(QRi) =G ( )/ (x5, ..., 25)G(Q) and depthG(QR;) > d —i — 1.
Hence by Theorem [6.2.7]

—Ap(HH(Ry_) < ei(Q) for 2<i<d—1. (6.23)
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Since x1,...,x4-1 is a regular sequence in R, we have the following exact sequence for
0<1<d—2,

Tit+1

0— R, — R, — Rix1 — 0
which gives the long exact sequence
0 — HZ72(Ryy ) — HETY(R) — ...
Thus for all 0 <7 < d — 2, we get
Ar(Hy 7 (Riga)) < Ar(Hy ™' (R)- (6.24)

Hence
Ar(H T (Rasi)) < Ap(Hy(Ra—io1)) < ... < Ar(HEH(R)).
Therefore by (6.23), we get

A (R)) < ei(Q).

We include an example where (6.22)) does not hold.

Example 6.2.9. We recall Example [{.2.13 again with dim R =d =5 and t = 2. Then
dim A =5 and depth A = 2. By (4.22), e3(Q, A) < 0 for any parameter ideal Q@ of A
whereas —Ap(HEH(A)) = 0.

6.3 Vanishing of coefficients

We now give a necessary condition for the vanishing of e4(Q)). We highlight that the
hypothesis of the following theorem is satisfied if depth G(Q) > d — 2.

Theorem 6.3.1. Let (R,m) be a Noetherian local ring of dimension d > 2 and
depthR > d—1. Let Q = (x1,...,x4) be a parameter ideal of R such that x3,..., x5,
is a superficial sequence in G(Q). Let b;(G(Q)) > 0 for 0 < ¢ < d — 3 and
HY2(G(Q))]n =0 for alln < 0 i.e. HY* G(Q) is finitely graded. Suppose

€d(Q) = 0

Then 2, ... 2% |, x((id_l)l 15 a d-sequence in R for all integers [ > 1.
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Proof. For [ > 0,let I = Q' and J = (2!,...,2%). Then (z})",...,(2})" is a su-
perficial sequence in G(I) and I¢ = JI%1. Suppose e4(Q) = 0, then (6.14) implies
[H4,*(G(I))]o = 0. Hence by Lemma[6.1.9, depth G(I) > d — 1.

By Lemma [6.2.6], we get that
_)\R (((mlla e 71{1—1) : mfi) N (Id_l + (mlla e 7xfi—1)) )

(2, ..., 2% )

ea(Q) =

Suppose €4(Q) = 0. Then ((z},..., 25 )2y NI+ (2, ... b ) = (2f,..., 24 )
for all I > 0. Let N > 1 be an integer such that for all [ > NV,

((zll, .. ,:L‘il_l) ; xil) NIt c (a:ll, o o8 ,a:fj_l). (6.25)
Claim: For all [ >1

((xll, o ,xil_l) c :cfi) NIt C (xll, . ,:1:2_1). (6.26)

Proof of Claim. Let 1 <l < N and y € ((z},...,24 ) : 2) N I?"!. Then

o N g Ny N NSl NN
Exg Y ey @Y. phe )
C@Y,..., ).
This implies
Aoy € (ol o) ) A QDD
= (27, 2gly) s ad) N QYUY
a (=Y, 2l ) (6.27)

where the last containment is due to (6.25). Now we show by induction on d that if
y is such that ( holds then y € (2!,..., 2} |). Note that x1,...,74_; is a regular
sequence. For d =2, oV lye (@) = ye(2)). Let d > 2 and holds. Set
y =¥y and R, = R/(xY). Let @ denote the image of an element o € R in R;. Then

N—-I N-l N N
Ty "Xy ye(‘rIW“axd*l)

—=N—=l Z=N-l _ =N-l 7 =N
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— y € (Ty,..., Ty )R [by induction hypothesis]
= 1) Y=y € (13, 7y ) + (27)
— yec (2. 2 )
where the last statement holds since ' ' is regular in R/ (2, ..., 2% _,). [
To see that z4,... 2% |, 2 s g d-sequence in R, we use (6.26)) repeatedly. For

this purpose, let [ > 1 and

d—1)1 d—1)1
re (@2l y) e n @l

d—2)l _
= rxgl Sl ((xll,...,xld,l) :xil)ﬂld ¢ (xll,...,xélfl)
d—3)l _
— 2l ¢ (@, ... 2 )2 NIt C (o), ..., 24 )
= rc ((xll, . ,xld_l) :a:il) NIt c (xl1,~-->$i171)-

This implies that for [ > 1,

l ! (=1l l l (d=D)I\ _ /.1 !
('} "B = a8 A A
. . . d—1)1 .
Since z, ...,z | isaregular sequence, it follows that 2!, ...z, | 2 Ds 8 d-sequence
forl > 1. O

For d = 2, we give the following statement separately which immediately follows
from Lemma and Theorem [6.3.1] This can also be found in [GOT11].

Theorem 6.3.2. Let (R,m) be a Noetherian local ring of dimension d = 2 and
depth R > 1. Let Q = (21, x2) be a parameter ideal of R such that x5, x% is a superficial
sequence in G(Q). Then for all 1 >0,

@) = g (ALY

(1)

Further, e5(Q) = 0 implies 2}, 2, is a d-sequence in R for all 1 > 1.

Next, we will see that the converse of the last part of above theorem holds true,
namely if z;, 25 is a d-sequence in R then e3(Q) = 0. Indeed in Theorem [6.3.4] we
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extend this characterization for vanishing of e5(@Q) in local rings with dimension d > 2.
In [GO11], Goto and Ozeki gave uniform bounds for e5(@) and equivalent conditions for
the equality e5(Q) = 0 in two dimensional local rings. Theorem [6.3.4] generalize their
result in arbitrary dimension. It also unifies the necessary and sufficient conditions given
by Mccune [MccI3| for the vanishing of e5(Q). The proof of Theorem is based on
the properties of d-sequences. To recall them, we state the following result which is a
part of [GO11l, Proposition 3.4].

Proposition 6.3.3. [GO11l, Proposition 3.4] Suppose d > 0 and let Q = (x1,...,xq) be

a parameter ideal in R such that xq,...,xq forms a d-sequence in R. Then

1. Ag(R/Q™) = i(—l)iei(Q) (”;rfll_l) for all n > 0. In particular, n(Q) < 0.
i=0

2. Hy(G(Q)) = M (G(Q))o = Hy(R).

Theorem 6.3.4. Let (R,m) be a Noetherian local ring of dimension d > 2 and
depthR >d —1. Let Q = (z1,...,2q) be a parameter ideal of R such that x7, ... ) is

a superficial sequence in G(Q). Then the following assertions hold true.

1. = Xp(HEH(R)) < e3(Q) < 0.

2. The following statements are equivalent:

((l) 62(@) - OJ'
(b) o, ... x4 is d-sequence in R for all integers | > 1;
(c) x1,...,xq is d-sequence in R;

(d) depthG(Q) > d—1 and n(Q) < 2 —d.

3. e(Q) =0 = ¢€;(Q)=0 for2<i<d.

Proof. Since depthR > d — 1, x1,...,x4-1 is a regular sequence. Set R, =
R/(xy,...,x;) for 1 <i<d—1and Ry = R. By Proposition [2.2.5] e2(Q) = ea(QR4—2).
Hence by Theorems [6.2.1]and [6.2.7, —Ag(H}(Rq_2)) < e2(Q) < 0. From (6.24), we have
that

Ar(Hy(Ra2)) < Ar(Hy(Ras)) < ... < Ap(Hi(R)).

- @ (@) =0 = e(QRy_2) = 0. Therefore for all [ > 1, the images
of :cld_l,:cﬁl in Ry 5 is a d-sequence by Theorem . Since x1,...,xq_1 is a regular

sequence in R, it follows that z!,... 2} is a d-sequence in R.
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@ — It is obvious.

— @ Since the images of x4 1,7z4 in Ry o is a d-sequence, Proposi-
tion yields that H,(G(QR4_2)) = HY(R4 ). Since depth Ry o > 1, we get
HY(G(QR4_2)) = 0 which implies depth G(QR4_5) > 1. Thus by Proposition m
depth G(Q) > d—1. Since the image of x4 in Ry_; is a d-sequence, again by Proposition
we have that 7(QR4—1) < 0. Then n(Q) = n(QR4—1) — (d—1) <1 —d.

[(d)] = [@)] n(Q) < 1 —d, then P(Q,n) = H(Q,n) =0 for n = 0,—1,...,2 — d.
By putting the values of n into P(Q,n) successively, we easily get that e;(Q) = 0 for
2<i<d.

([B) It follows from part (2)). O

The depth condition on the ring is necessary as evidenced by the following example.

Example 6.3.5. In Example [{.2.13, let dimR = d > 4 and t = d — 3 so that D =
R/(Xl, XQ, Xg) and A = Rx D. Let q = (Xl, 500 ,Xd) and Q = qA Then eg(Q, A) =0
but depth G(Q) = d — 3 and e3(Q, A) # 0 by (4.22)). In this case, depth A = d — 3.



Summary and future scope

This chapter presents a brief overview of the important results obtained in the thesis.

Some highlights are also made to indicate the scope of future investigations.

Hilbert coefficients are important invariants associated to an m-primary ideal in a
Noetherian local ring (R, m) of dimension d. We investigated the Hilbert coefficients of
an m-primary ideal () and their relation with certain properties of the ring and the ideal
(. Most of the thesis is devoted to the study of Hilbert coefficients of a parameter ideal ()
with respect to an m-primary ideal K, namely g% (Q), already introduced by Jayanthan
and Verma [JV05a]. We developed the necessary technical background needed to deal

with ¢%(Q) in a manner analogous to dealing with e;(Q).

It is known that ¢g* (Q) for a parameter ideal Q C K equals (—1)'Ag(R/K) for 1 <
1 < d for a Cohen-Macaulay local ring. We provided an alternative proof. Ghezzi et al.
solved the Vasconcelos’ negativity conjecture and characterized the Cohen-Macaulayness
of an unmixed local ring in terms of the vanishing of e;(Q) for a parameter ideal (). We
generalized their result and obtained a necessary and sufficient condition for the ring
to be Cohen-Macaulay in terms of the first two Hilbert coefficients gff(Q) (which is the
usual multiplicity) and ¢g&(Q).

The finiteness properties of the set of Hilbert coefficients, where () varies among the
parameter ideals of R, carries useful information about the ring. Ghezzi et al. proved
that an unmixed local ring is generalized Cohen-Macaulay (resp. Buchsbaum) if and
only if the set of the first Hilbert coefficient e;(Q) for parameter ideals @ is finite (resp.
singleton). We generalize their result for g&(Q) and prove that an unmixed local ring is
generalized Cohen-Macaulay if and only if the set of gi(Q) for all parameter ideals Q is
finite. If K = m, then R is Buchsbaum if and only if the above set is singleton. Bringing
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higher coefficients into consideration, Goto and Ozeki proved that R is generalized
Cohen-Macaulay if and only if the sets of the coefficients e;(Q) for parameter ideals @
are finite for all 1 < i < d. We improve upon their result and extended it to modules.
We showed that the finiteness of the set of first dim M —depth M coefficients imply that
M is a generalized Cohen-Macaulay module. In particular, if the set of the coefficients
ei(Q, M) for 1 < i < dim M — depth M are finite then so are the sets of remaining
higher coefficients. We discussed an example of a local ring for which the sets of the
coefficients e;(Q) for 1 < i < d are finite except for i = d — depth R and R is not
generalized Cohen-Macaulay. This emphasizes the significance of the finiteness of the
set of €;(Q) for i = d— depth R. We have also extended the results of Goto and Ozeki to
the coefficients g (Q). Further, we considered the set of gi*(Q) where @ varies among
the m-primary ideals of R and proved that it is finite if and only if d = 1 and R/ H2,(R)

is analytically unramified.

We further investigated the higher coefficients ¢g*(Q) for i > 2. We proved that
g5 (Q) < Ar(R/K) and equality implies ¢ (Q) = (=1)'Ag(R/K) for all 2 < i < d
provided depth R > d — 1. In addition, if the associated graded ring has depth at least
d—2, then g&(Q) = Agr(R/K) implies almost maximal depth of the corresponding fiber

cone.

We also examined the difference between the Hilbert polynomial and the Hilbert
function with respect to K, namely Pk (Q,n) — Hg(Q,n). In dimension one, we showed
that Px(Q,n) — Hi(Q,n) > 0 for all n > 0. In higher dimensions, it is proved that
(—1) A (P (Q,n) — Hi(Q,n)) > 0 for all 0 < i < d+ 1 and n > 0 provided
depth G(Q) > d — 1 and depth Fx(Q) > d — 1. Under the same conditions on the form
rings, we proved that ¢/ (Q) < (=1)'"Agr(R/K) for 1 < i < d and if equality holds for
some ¢ then it holds for all j > 1.

In the last part of the thesis, we derived some uniform lower and upper bounds for the
coefficients e;(Q) for a parameter ideal Q). Tt is proved that e3(Q) < 0 for a parameter
ideal @ if depth R > d — 1. In addition, if depth of the associated graded ring is at least
d—2 (resp. d— 1) then e;(Q) < 0 (resp. €;(Q) > —Ag(HEH(R)) for 2 < i < d. We also
discussed the vanishing of the last Hilbert coefficient e4(Q). Suppose @ = (x1, ..., xq)
with z3,..., 25 | is a superficial sequence in G(Q). Let [H, (G(Q))], =0 for alln < —1
and 0 < i < d—3 and [HS3(G(Q))], = 0 for n < 0. Then ey4(Q) = 0 implies that
2h .. ,mld_l,xéd_l)l is a d-sequence for all [ > 1. Consequently, vanishing of e5(Q) is

characterized in a ring of depth at least d — 1.
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We now propose some problems emerging from the work carried out in the thesis.

e The problem mentioned in Chapter [3| remains unsolved in general i.e., whether
g5 (Q) > —Agr(R/K) for some parameter ideal Q characterizes unixed Cohen-

Macaulay local rings.

e To examine whether gf*(Q) is constant for all parameter ideals @ in a Buchsbaum

local ring R where K is an m-primary ideal of R.

e To examine the finiteness of the sets of the coefficients ¢;(Q) and ¢/ (Q) for i > 2
when () varies among the m-primary ideals and to obtain necessary and sufficient

conditions for the finiteness.

e To obtain better bounds for e;(Q) with weaker assumptions on the depth of the

form rings.

e To obtain sufficient conditions for the vanishing of e4(Q).
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