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FEAR

“It is said that before entering the sea

a river trembles with fear.

She looks back at the path she has traveled,
from the peaks of the mountains,

the long winding road crossing forests and villages.

And in front of her,
she sees an ocean so vast,
that to enter

there seems nothing more than to disappear forever.

But there is no other way.

The river can not go back.

Nobody can go back.

To go back is impossible in existance.

The river needs to take the risk

of entering the ocean

because only then will fear disappear,
because that’s where the river will know
it’s not about disappearing into the ocean,

but of becoming the ocean.”

— Khalil Gibran
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ABSTRACT

rical characteristics of black hole horizons as well as their intimate relationship

with the dynamics of particle motion surrounding them. Because of this, research
into near-horizon physics has received a lot of interest recently. Over time, systems have
begun to exhibit some intriguing behaviours whenever they come under the dominance
of this mysterious one-way membrane, according to scientists. One of these traits is the
appearance of chaotic dynamics in a system in the vicinity of the horizon. It has been
found that the influence of horizon on a system can introduce chaos within the system.
Research on chaos in the presence of horizons has been ongoing for a long time, but
the reason for this special feature of the horizon is still not apparent. Similarly, it is
crucial to take into account in this context why all horizons (whether static or stationary)
express the same phenomenological quality.

I n recent years, researchers’ attention has been sparked by the thermal and geomet-

Contrarily, the idea of black hole thermodynamics has been around for a while and
is based on an analogy between the laws governing black holes and those governing
typical thermodynamical systems. However, no one has ever really addressed why these
thermodynamical quantities are connected to the horizon. In actuality, we still don’t fully
understand the underlying physical process that generates temperature in the horizon
system. For instance, the kinetic theory of gases explains that the temperature of a gas
contained in a cylinder is caused by the kinetic energy of the gas particles. However, it
is unknown at this time whether a similar mechanism will operate in the scenario of a
horizon. As a result, it is also unknown which microscopic degrees of freedom (MDOF) are
in charge of such a property. Despite numerous tries, there are currently no conclusive
explanations.

Therefore, in the present thesis, for the first time, we have tried to provide a unified
reason for both the characteristics of horizon, i.e. the reason for chaotic influence on
a system and the underlying possible reason for the thermal behaviour of it and have
tried to find out if there is any connection between them. We begin the thesis with a
thorough explanation of the characteristics of classical black holes. After the introductory
part we introduce the first part where we present some classical results for a system
that is located in the vicinity region of an event horizon. Interestingly, we find that
the system begins to exhibit chaotic behaviour as soon as it is exposed to the horizon’s
influence. In the second part we try to figure out why a system in the near horizon area
behaves in such a chaotic manner. In the third part we study the quantum consequences
of the results we obtained in the classical scale in the near horizon region. We find

X1X
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that the near-horizon instability may be a reason for the chaotic situation and also the
thermal behaviour of the horizon. In the fourth part we apply the same formalism to
more generalised backgrounds in order to better grasp the core reason for thermality
in those circumstances. Finally, the thesis is concluded with a brief discussion of our
conclusions and potential future applications.

XX
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CHAPTER

INTRODUCTION

t was the year 1905, and it was Einstein’s enchanted year. He authored three

seminal publications in that year on light quanta [1], Brownian motion [2], and the

foundations of the Special Theory of Relativity [3]. Each one alters one’s perspective
on how to describe a physical phenomena. Einstein’s masterwork, on the other hand,
was yet to be discovered. Following his work on the Special Theory of Relativity, Einstein
continued to work on gravity, pondering how to formulate it in a relativistically invariant
manner. It took Einstein around ten years to achieve the peak, and after many tries and
errors, he presented the world with the General Theory of Relativity (GR) in 1915 [4]. It
is widely regarded as one of the greatest intellectual achievements of all time, a stunning
theory derived entirely from pure thinking and capable of describing every element of
gravitational physics ever seen. This theory turned one hundred years old in 2015, and it
is currently regarded as one of the most amazing physics ideas ever developed in human
history. Einstein’s inherent idea was the (local) equivalence of gravitation and inertia
which is widely known as the Einstein Equivalence Principle. It led him to the conclusion
that, unlike the other natural forces, gravity is best characterised and understood as
the manifestation of geometry and curvature of space-time. This profound realisation
tilted the world of theoretical physics and has had an earnest impact on the physics

community still today.
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CHAPTER 1. INTRODUCTION

1.1 It Starts With One Thing: Gravity

“Why do we fall? — Because of Gravity!”

Gravity is one of the four fundamental forces in nature. It is the gravity that shapes
the large scale structure of the universe, but strangely, it is the weakest among the
four categories of forces. People have recognised Newton’s theory of gravitation as a
viable theory to describe the gravitational force for more than two centuries since it
successfully describes the motion of celestial objects. However, Newton’s theory had
significant limitations, such as failing to explain Mercury’s perihelion precession and
failing to explain why gravity enters the picture between two objects that are far apart in
the absence of any form of medium. However, until Einstein’s theory of general relativity
(GR) in 1915, it was widely considered as the most acceptable theory for explaining the
motion of objects under the effect of gravity. This theory, based on Riemannian geometry,
was not only staggering with respect to that time’s perspective but also remained to be
equally fascinating in recent times. It describes gravity from the perspective of geometry
itself. Time also has a coordinate status, in this theory, and thus the notion of the space-
time was coined. According to this theory, the curvature of the space-time is dependent
on the matter content of the space-time. This connection is evident from the Einstein’s

famous field equations, in natural units ¢ = 1 = A which is
1
GHV ER“’V_ERguVZSTI:GTIJV’ (1.1)

where, T, denotes the energy-momentum tensor for matter, g,, denotes the metric
tensor and R, is the Ricci tensor obtained from the Riemann curvature tensor, both of
which can be obtained from the metric tensor. Apart from repeating Newtonian gravity’s
results, general relativity’s aesthetic appeal resides in its bold predictions - gravitational
red-shift, the bending of light, gravitational lensing, modification of the precession angle
of orbits and so on [56—-13]. General relativity gave an explanation for the perihilion
change of planet Mercury’s orbit in the same year, 1915, which was beyond the realm
of Newtonian gravity and is considered as general relativity’s first success. Soon after,
Arthur Eddington and Frank Dyson carried out a renowned experiment during a solar
eclipse in 1919 [9]. Their observations of the deflection of sunlight during the solar eclipse
were consistent with the general theory of relativity, which made this theory famous
overnight. This incident paved the path to the realisation of the enormous prospect of

this newfound understandings. The recent discovery of gravitational waves from black
2
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hole mergers [14, 15] is another noteworthy accomplishment of this theory which came

after a century of the advent of the theory.

On the other hand, there is quantum field theory (QFT) [16—18] which is the other
pillar of modern physics besides GR. Quantum field theory is a topic which combines the
concepts of classical field theory, special theory of relativity and quantum mechanics to
explain the physical dynamics of subatomic particles. In quantum field theory, particles
are described by the underlying field excitations. While this theory is very successful in
describing a lot of phenomena, it is plagued with divergences coming from the perturba-
tive calculations when an interaction is included in the system. In order to tackle these
divergences, different renormalisation techniques were developed later on. One of the
breakthroughs in quantum field theory appeared in 1970 [19], through the development
of gauge theory, when it was shown that all the standard model particles and forces
could be incorporated into a single field theory. However, the most perplexing quest of
amalgamation of the general theory of relativity with quantum field theory remains

unsettled, which leads to emerging a new topic, known as quantum gravity.

One of the most enthralling problems of modern physics is the venture to get a
complete theory of quantum gravity [20]. The exact stumbling block lies in providing a
quantum mechanical description of gravity, which is itself a classical theory, to begin
with as described by Einstein’s general theory of relativity [21-23]. The hunt for a
proper quantum theory of gravity also emanates from the urge to understand the high
energy characteristics of quantum fields, which is again connected to the short distance
constitution of the spacetime. It is already known that the other three fundamental
forces of nature, namely electromagnetism, weak and strong force have their successful
explanations in quantum field theory but the inclusion of gravity in the single field theory
has remained a challenge till now. In this regard, string theory [24—26] has emerged as
one of the most popular candidates to include gravity in this league. For the past few
years string theory has provided a significant development in this direction. On the other
hand, loop quantum gravity (LQG) [27—34] which is basically a background independent
quantum theory has joined in this context. The prime focus of loop quantum gravity is to
provide a quantisation procedure based on Einstein’s geometric formulation rather than
considering gravity as a force. It is noteworthy that in both these theories, the concept of
minimum length scale has been introduced [35, 36]. It should be mentioned that other
than these non-perturbative approaches there are also very successful perturbative
approaches in the form of effective field theories [37, 38]. These perturbative approaches

comprise of the quantum field theory in curved space-times [39—43], also known as
3
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the semi-classical quantum gravity. In these semi-classical approaches, the quantum
fields are considered to propagate in a classical background geometry. This manifests
an extension of the flat space-time theory to the curved space-time, that can be treated
locally as flat space-time. Some of the celebrated predictions of quantum field theory in
curved space-time are particle creation from black hole space-times [43—-67] and in time-
dependent space-times. The remarkable outcome that using a semi-classical approach,
back holes can radiate particles with a thermal spectrum is known as Hawking effect
[68]. We will discuss more about Hawking effect in the later part of this thesis but before

that let us take a tour to see how gravity behaves in some special space-time regions.

1.2 Black Hole: The Invisible Monster

“Black holes are where God is divided by zero.”— Steven Wright

Since the arrival of the general theory of relativity and even with its complicated
non-linear field equation, several attempts have been made to understand the closed-
form solution of Einstein’s field equation. In the year 1916, after a few months after
Einstein’s discovery, Karl Schwarzschild [69] presented the world with a non-trivial
exact solution of Einstein’s vacuum field equations for a point mass, known as the
Schwarzschild solution. Around the same time as Schwarzschild, Johannes Droste
[70] arrived at the same solution independently. In the same year, Hans Reissner [71]
generalized the Schwarzschild solution and found that these are the solutions of Einstein-
Maxwell equations having electrically charged objects. Later, Gunnar Nordatrém [72]
independently arrived at the same solution, which is now known as the famous Reissner-
Nordstrom metric. After that, many scientists contributed to the solution of this problem
(Eddington 1924 [73]; Lemaitre 1933 [74]; Einstein and Rosen 1935 [75]) before the
final solution was acquired (Synge 1950 [76]; Finkelstein 1958 [77]; Fronsdal 1959 [78];
Kruskal 1960 [79]; Szekeres 1960 [80]; Novikov 1963 [81], 1964 [82]). The major lesson
learned during this study is that the space-time manifold with the metric representing
the gravitational field may have global features that differ from the Minkowski space-
time. Those global features lead to the peculiar singularities of Einstein equation which
are known as “black holes” (BH). A fascinating space-time region where gravity is so
strong that nothing-not even the light-can escape. We shall talk more about black holes
and its features in the later part but before that let us wrap off the history first. In the

scenario of a black hole, such global features are connected with its topology and the
4

TH-2995_176121013



1.2. BLACK HOLE: THE INVISIBLE MONSTER

causal structure. Though a solution for a non-rotating black hole has been known for
quite a long time, in 1963, Roy Kerr [83] discovered a solution of the Einstein equation,
describing the gravitational field of a stationary rotating black hole. A principle feature
of the Kerr solution is the dragging into rotation effect, induced by the rotation of
the black hole. Since its theoretical prediction to the present day detection [84-87] of
over a hundred years of profuse journey, those solutions fascinate physicists because of
their unparalleled curiousness, which are yet to be unveiled. The existence of essential
singularities is one such exotic property which are still difficult to apprehend completely.
However, gradually physicists acknowledge the fact that GR is still a bit away for being
the complete descriptive theory of gravity. In 1958, David Finkelstein identified that the
very existence of such singularity comes with another exotic character; constitute with
a hypothetical surface called horizon, from which nothing can come out, even the light.
John Archibald Wheeler named these peculiar object as ‘black hole’ and the research
on black holes became one of the most active fields of research till now. The recent
discoveries of gravitational waves [88—91] from the binary black holes merger in 2015
and the first-ever image of black hole produced by Event Horizon Telescope collaboration
[84] in 2019, have ended the long-standing debate over the existence of black holes in

reality.

Now, keeping aside the history, let us talk about these singularities, i.e. black holes,
for a moment. A crucial distinction of GR from Newtonian gravity is that the “action at
a distance” is replaced by a built-in causality structure in Einstein’s theory. The initial
value formulation of GR splits the ten Einstein equations into six evolution equations
and four constraint equations [21]. The first four equations are made up of a set of
hyperbolic quasilinear equations that evolve the initial conditions over time. On a
Cauchy space-like surface, the latter equations constraint the appropriate initial data.
As a result, the causality structure resembles the light-cone structure of special relativity
locally. However, because space-time is dynamical, the Cauchy development of smooth
geometry and matter trapped on a space-like surface may lead to a singularity as a
result of some catastrophic event, such as the gravitational collapse of a massive body
or a high-energy collision. For timelike or null geodesics, and diverging scenarios for
geometric invariants generated with the metric curvature, this singularity means that
space-time is geodesically incomplete. As shown by the theorems of Penrose and Hawking
[92] that singularities indeed make an appearance in Einstein’s theory. Their principle
statement is that the theory of GR collapses for curvatures of the order of the Planck scale,

which disclose the requirement of the quantum description of space-time. The physical
5
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significance of GR is dependent on the Cosmic Censorship [93] protective mechanism
against singularities, which asserts that no naked singularities can exists. Singularities
resulting from realistic matter may only occur behind a surface, known as a event horizon,
from which no information can reach an observer on the outside of it. A black hole is a
type of object that exists within the event horizon. To put it another way, a black hole is
the region of space-time with an asymptotic conformal structure that does not reside in
the causal past of future null infinity for space-times . Its boundary in the full space-time

manifold is called the future event horizon.

The formation of black holes as a result of the gravitational collapse of enormous
objects has long been investigated. It has been investigated analytically as well as
numerically (we recommend seeing the reviews [94] and [95]). Numerical analysis has
recently been used to the generation of black holes by high-energy collisions [96]. An event
horizon is created using semi-realistic materials in accordance with cosmic censorship.
It has also been demonstrated that no matter is required for the formation of a BH,
since the focusing of incoming gravitational waves may suffice [94]. According to the
hoop conjecture [97], a BH will arise whenever a given enough quantity of energy is
confined in a sufficiently small region of space. The astonishing truth is that, regardless
of the characteristics of the initial matter distribution, space-time settles down to a
unique stationary black hole solution. Stationary BH solution can be static, axially
symmetric or both [92]. The metric in static space-time case is regarded as stationary and
invariant under time reversal symmetry. Therefore, it is to be noted that all static space-
times are stationary. In addition to the Schwarzschild black hole, there also exist other
stationary black hole solutions which are Reissner-Nordstrom [71, 72], Kerr [83] and
Kerr-Newman solutions [98]. The static, spherically symmetric and electrically charged
solution represents the Reissner-Nordstrom BH. Whereas, the rotating ones represent

Kerr and Kerr-Newman solutions, but the latter one is the electrically charged.

Among all the BH solutions Kerr-Newman case is considered to be the most general
one. Besides this, other solutions are assessed as the special cases. Here one theorem is
worth to mention known as the reputed uniqueness theorems, which undertake the fact
that the properties of a stationary BH can be notably explained by just three parameters
of the Kerr-Newman BH which are the mass M, the electric charge @ and the angular
momentum J [99]. It was Wheeler who humorously introduced the statement that “black
holes have no hair” [100]. Later on, many authors proposed the proof of the uniqueness
theorem in a long chain of theorems. Hawking stepped first among them when he

manifested the fact that the topology of any stationary BH is spherical in nature [92]. It
6
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is also applicable for both electrically neutral and charged BH solutions. Later Israel,
analyzed the static solutions where he found that any topologically spherical vacuum
solution is requisite to represent the Schwarzschild BH solution [101]. In accordance
with Carter-Robinson theorem, all stationary, axisymmetric spherical vacuum solutions
can be recognized by just two parameters M and </ [102, 103]. Thus, those solutions
belong to the Kerr family, whereas an analogous result holds for Kerr-Newman BHs
[104]. Now, the noteworthy point is all the properties of a stationary BH are explained
by its mass, charge and angular momentum as no other classical field can form around a
BH [105, 106].

However, the fascinating part is that in the process of gravitational collapse, BHs
overlook all other properties of its matter except the mass, the electric charge and the
angular momentum. On a similar note, a somehow similar phenomenon is observed
in case of a thermodynamic system of ordinary matter - when a thermodynamical
system reaches an equilibrium situation with its surroundings, and the properties of the
system can be described by some macroscopic quantities only. Since the thermodynamical
properties of a system can be explained by the four laws of thermodynamics, in the same
way one might expect similar laws for stationary BHs as well, and there are theorems
that explain the thermodynamic properties of a BH. These theorems are known as the
four laws of black hole mechanics which were formulated by Hawking, Bardeen and
Carter in the early *70s [107, 108]. Now, let us dig into that topic.

1.3 Black Holes Are Not So Black After All

“If you feel you are in a black hole, don’t give up: there is a way out!”

— Stephen Hawking

1.3.1 The Quartet Laws of Black Hole Thermodynamics

The laws of BH mechanics involve an important quantity known as the surface gravity
(x)L. It is that quantity which basically represents the limiting value of the force exerted
from the asymptotic infinity with the aim to hold a unit test mass on the horizon.
Grasping these concepts and with the proper implication one can express the laws of BH

mechanics which are as follows:

IFor general definition of the surface gravity, please see [109]
7
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* The Zeroth law: This law suggests that the surface gravity x is constant on the
horizon of a stationary BH.
With the closer look one can see that this theorem bears a resemblance with the
zeroth law of thermodynamics and it provides us an logical objective to expect that
the temperature of a stationary BH is proportional to x. Therefore, in a certain
sense, the surface gravity seems to play the part of the temperature of the BH.
However, an important consequence of the zeroth law is that the stationary black
holes can be of two types: extremal black holes for which the surface gravity

vanishes (x = 0) and a non-extremal black holes with bifurcate horizons.

¢ The First law: Black holes satisfy the following equation

1
oM = 8—1( 0A +QBH 6JBH +CDBH 5Q, 1.2)
T

where M is the mass, A is the area of the horizon, J/ is the angular momentum, @
is the charge and Qpy and ®@gy are the angular velocity and the electrostatic poten-
tial respectively. Thus, in essence, the first law simply asserts that the mass energy
is conserved. On a comparison of this theorem with the first law of thermodynamics,
one can see that the area of the horizon (A) has a similar role as entropy in thermo-
dynamics and the surface gravity x is analogous to the temperature of the system.
Although the original derivation [108] was done for stationary perturbations, later,

it was generalized for non-stationary perturbations also [110, 111].

* The Second law: This theorem suggests that if the Cosmic Censorship Conjecture
holds and R,k kY =0 for all null k¥, then

0A=0 (1.3)

in any classical process.
This theorem is often termed as Hawking’s area law of black holes. Now, the area
of the horizon (A) can be expressed in terms of the so-called irreducible mass M;,

which is:
A =161 M;,. (1.4)

The irreducible mass, in turns, has the form

2
Mir:%\/(M+\/M2—a2—Q2) +a2, (1.5)

8
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where a = J/M is the angular momentum per unit mass. Therefore, the present

theorem can be presented alternatively as
OM;. = 0. (1.6)

Therefore the above equation sets an upper limit for energy extraction from a ro-
tating BH. Using the so-called Penrose process, it is possible to extract energy from
a rotating BH (For further details, we recommend Ref. [112]). Furthermore, this
theorem has at least two significant consequences. Firstly, it imposes a restriction
on the amount of energy that can radiate away in BH collisions. Secondly, this
theorem forbids the bifurcation of a BH because bifurcation would give rise to a
contradiction between the area law and the conservation of energy. We will talk
more about this law in the later parts of this chapter, but before that, let us see
what the third law has to say.

e The Third law: Now, this theorem suggests that by any physical process it is
impossible to reach at x = 0.
Once again, one can visualise that this theorem has an obvious association to
thermodynamics. It is strikingly analogous to the third law of thermodynamics
that suggests that by any means of physical process it is impossible to reach at
T = 0. Since only the extremal BHs can have zero surface gravity, this theorem

implies that a non-extremal BH cannot transform into an extremal BH.

Initially, people thought that the four laws of BH mechanics were just analogous to
the four laws of thermodynamics without any inherent physical meaning of it. But,
at the time when Hawking showed the world that when quantum mechanics comes
into the picture, BH indeed has a temperature and has an intimate connection with
the thermodynamics and he transformed this analogy into identity. Hawking [68, 113]
revealed that when the quantum effects are taken into consideration, black holes can
radiate. Later, this radiation was famously known as Hawking radiation which we shall

discuss in the next part.

1.3.2 Hawking Radiation: Where There is Quantum Mechanics,

There Is a Way to Cross the Horizon

The story begins with Hawking’s publication on area theorem and Bekenstein proposed

the idea that the area of the event horizon of a BH basically quantifies its entropy. More
9
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specifically, Bekenstein [114, 115] put forward that the entropy of a BH is, in SI units,

3
k;fé A, (1.7)

S=y

where y is a constant. However, from the concept of information theory and using
In2
81

turned out to be incorrect. However, Bekenstein’s idea inspired Hawking. Incorporating

Shanon’s entropy, he was able to predict a certain value of y, namely 3=, which later
the quantum field theoretical treatment in curved space-time, he was able to re-express
the correct value of this constant to be one-quarter [68]. Hence, in SI units, the BH

entropy turns out to be

B 1]@303

S‘4 hG

(1.8)

This outcome is famously known as the Bekenstein-Hawking entropy law for BHs.

The entropy of a BH is manifested by the process of radiation, which occurs at the
event horizon of the BH. The original idea of Hawking was based on the properties of
quantum field theory in curved space-time, and it was one of the pioneering results of this
theory. In essence, he considered the behaviour of the vacuum states of a massless Klein-
Gordon field where the field was transported from the past null infinity to the future null
infinity near the event horizon of a collapsing Schwarzschild BH. By explicit computation
of the Bogoliubov coefficients it turned out that the vacuum states at asymptotic past are
different from the ones at asymptotic future (see [116] and [43] for detailed calculation of
Bogoliubov coefficients) which was quite a surprise. As a consequence of that, an observer
at the future null infinity observes a flux of particles emitting out from the immediate
vicinity region of the event horizon of the BH. The expectation value for the number
of particles emitting out of the BH with angular frequency w agrees with the Planck

distribution for the blackbody radiation at the Hawking temperature in SI units

hc?
Tgp=—"———, 1.9
"= 8nGrgM (19
and in terms of the surface gravity, x the above equation turns out to be
hx
= . 1.10
H 2nck B ( )

This above temperature directly leads to the Bekenstein-Hawking entropy presented in
Eq. (1.8). These results also developed the fact that this temperature is independent on
the details if the gravitational collapse and therefore, one might expect that this result

holds for eternal black holes as well.
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1.3. BLACK HOLES ARE NOT SO BLACK AFTER ALL

The phenomenon of BH radiation is somewhat baffling topic since BHs are defined
by “regions of no escape”. Due to this some heuristic explanations have been put forward
by many authors for the origin of the radiation. The most renowned one is obviously
by Hawking himself. His core idea was that the spontaneous pair production process
in the vicinity region of the event horizon furnishes a mechanism for the radiation. In
case of a normal situations, a virtual particle-anti-particle pair annihilates itself very
rapidly after their emergence. However, it is possible that in the near horizon region,
the members of the virtual pair become separated by the existence of the horizon such
that the annihilation process is prevented. In that case, one member of that pair escapes
away from the BH with positive energy which contributes in the Hawking radiation,
while the other one having the negative energy is swallowed by the BH itself. Hence, the
observer situated outside the horizon notices a flux of quanta with positive energy which

seems to come out of the BH.

After Hawking’s original work, there have been various semi-classical approaches of
the Hawking effect with different physical assumptions. In the year 1977, Hawking and
his student G. Gibbons [117, 118] developed an approach based on the method of ana-
lytical continuation to a Euclidean section which is basically the Wick rotation method.
Particularly, they computed the action for the gravitational field on the complexified
space-time. The analytic continuation ¢ — it of the BH metric was performed and the
periodicity of 7 is chosen for the removal of the conical singularity. Interestingly, the
purely imaginary values of the action gives a contribution to the partition function for a
grand canonical ensemble at Hawking temperature (Eq. (1.10)) and the periodicity of
the complexified time (7) around the horizon is identified as the inverse of the Hawking
temperature. Using this idea, they were able to show that the entropy associated with
the black hole metric is exactly equal to the expression of Eq. (1.8). At the same time,
Christensen and Fulling [119] were able to obtain the expectation value of each term of
the stress-energy tensor by exploiting the structure of trace anomaly, which eventually
led to Hawking flux. They particularly constructed different regularisation methods to
obtain the anomaly coefficient values of the conformally coupled scalar field. Using this
information regarding the trace of the renormalised stress tensor they showed that the
Hawking radiation for BHs is consistent with the covariantly conserved stress-tensor
whose expectation value is well behaved on the horizon. Later S. Robinson and F. Wilczek
[120-122] put forward a novel technique to compute the Hawking flux from a BH. Their
technique was basically established on the basis of gauge and gravitational anomalies.

Their key point was that the physics near the horizon of a (3+1) dimensional static
11
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black hole can be represented using an infinite collection of (1+1) dimensional fields
where each of them is propagating in the space-time metric given by “¢ —r” section of the
entire space-time metric. Considering this interpretation they imposed the constraint
that outgoing modes vanish in the near the horizon region as a boundary condition.
Also, in the vicinity region of the horizon the ingoing modes does not affect any physical
phenomenon outside the horizon as the region inside the horizon is causally disconnected
from the exterior. Hence, this theory acquires a definite chirality which possesses both
gauge and gravitational anomaly [123]. But, it becomes anomaly free when one considers
the contribution from the ingoing modes which are though classically irrelevant. As a
result of that a restriction is being imposed on the structure of the stress-energy tensor
which is eventually responsible for the Hawking radiation [120]. Later Banerjee and
Kulkarni [124-126] introduced a more conceptually concise method (covariant expression
for anomaly including the covariant boundary conditions) to obtain the Hawking flux.

Further approaches on this topic may be found in the following papers [127-129].

However, there are numerous probable explanations for Hawking radiation, the most
notable of which being the tunneling effect through the event horizon. A semi-classical
technique of modelling Hawking radiation as a tunneling phenomenon was proposed in
the 1990s [130] and received a lot of interest in the physics community [54, 130-189].
The method of producing the electron-positron pair under a constant electric field is quite
similar to this concept. The main idea is that the phenomena of pair creation occurs
within a BH’s event horizon. The ingoing mode is one of the pair’s production members,
while the outgoing mode is the other. Now, the theory proposes that by starting just inside
the event horizon and going all the way to infinity, the outgoing can adopt trajectories
that are classically forbidden. The question now is: how does this outgoing mode pass
the horizon barrier? The picture suggests that, this mode effectively moves out due to
a tunneling process caused by the shrinking of the horizon. As a result, the departing
particle’s action becomes complex, and the tunnelling amplitude is determined by the
imaginary component of that action. Incoming particles, on the other hand, present a
different picture. The ingoing particle’s action is real, just as any particle is allowed to
fall inside the horizon classically. It is also worth noting that the (¢ — r) component of the
total metric dominates near-horizon physics, with tunnelling occurring exclusively in
the radial direction. As a result, in the near horizon area, all of the angular portion may
be ignored, and the solution of the field equation corresponds to the angular quantum

number [ =0, i.e. solely for the s-wave [130-132].

As a result, the basic essence of tunneling is based on the computation of the imag-
12
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1.3. BLACK HOLES ARE NOT SO BLACK AFTER ALL

inary component of the action for the process of s-wave emission beyond the horizon,
which on the other hand is connected to the Boltzmann factor for emission at Hawk-
ing temperature. The tunnelling probability for the classically prohibited route of the
s-wave coming from inside to outside the horizon may be calculated using the WKB

approximation which lands us to the following form
I' cexp(2 ImS) . (1.11)

Here S is the classical action of the trajectory to leading order in i (where 2 =1 here).
The Hawking temperature may now be recovered at linear order by extending the action

in terms of particle energy. In particular, with 2S = BE + O(E?), one gets
I ~ exp(—2S) = exp(—BE) (1.12)

where the higher order energy terms have been neglected. The higher order terms repre-
sent a self-interaction effect deriving from energy conservation [54, 131]; nonetheless, the
extension to linear order is all that is necessary to determine the temperature expression.
The the above expression is basically the regular Boltzmann factor for a particle of
having energy E. Here f§ is the inverse temperature of the horizon. Now, as the concept of
tunneling appears into the picture therefore, it reveals that Hawking effect is a quantum
mechanical phenomenon and the presence of horizon is obligatory for this purpose.

Now, coming back to the calculation of the imaginary part of the action, there are two
different methods in literature. The first one is by radial null geodesic method which
was first introduced by Parikh and Wilczeck [54] followed from the work of Kraus and
Wilczek [130-132] and the other method is the Hamilton-Jacobi (HJ) method introduced
by Srinivasan et al [140-143]. After that, a lot of researchers [151, 181, 186, 188—197]
used the radial null geodesic method as well as HJ technique extensively in order to find
out the Hawking temperature for different space-time scenarios. However, several issues
and facets have been discussed extensively in these papers [147, 148, 160-162, 198—
207]. Here, we shall give a very short review on both of these methods whereas one
can find the detailing of these methods in these extensive literature [54, 140-142, 146—
149, 151, 158, 160-162, 165, 181, 186, 188—207] which will give the readers some new
insights and explications.

The elimination of the apparent singularity at the event horizon, which is settled
by going to the Painleve coordinates [208], is the first stage in the radial null geodesic
approach. The next part consists of the consideration of a null s-wave which is emitted
from the black hole. When the entire action is examined in depth [130-132], it can be

13
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shown that the imaginary term is the only portion of the action that contributes to
tunnelling. The imaginary portion of the action may then be calculated using Hamilton’s
equations of motion and knowledge of null geodesics. The tunneling probability of the
null s-wave coming from inside to outside of the horizon is then computed using the
WKB approximation, which illustrates the relationship with the Boltzmann factor for
the emission at Hawking temperature.

The HdJ technique, on the other hand, considers an emitted scalar particle while dis-
carding its self-gravitation and assuming that its action fulfils the relativistic Hamilton-
Jacobi equation. As a result, based on the knowledge of the metric’s symmetries, one
examines an acceptable ansatz for the action’s form. This method is persuaded by ap-
plying the WKB approximation to the Klein-Gordon equation. The modes involved in
this situation are also related to the angular quantum number / = 0, which is the s-wave.
The benefit of this technique is that it may be applied to any coordinate system because
the ansatz is based solely on the symmetry of space-time. By applying the WKB approxi-
mation to other wave equations, such as the Dirac equation for spin-1/2 fermions, this
technique may be used to other types of particles than scalar particles. In chapter 5, we
will explicitly apply this approach in our context to get the temperature of our system.

In an effort to comprehend the underlying physics of the Hawking effect, Unruh [209]
uncovered another phenomena, known as the Unruh effect. The fundamental concept
of Unruh effect relies on the equivalence principle: by selecting a uniformly accelerated
frame, one can ignore the locally gravitational effect and the observers who have different
conceptions of positive and negative frequency modes will differ to each other on the
particle content of their respective vacuum states. More specifically, in this case, there
are two observers: the Rindler observer, which is uniformly accelerated, and the inertial
observer, which is located in Minkowski space-time. The Minkowski space-time seems to
have a horizon in the eyes of the Rindler observer. Interestingly, the Minkowski vacuum
would appear to an inertial observer to be absolutely empty, while a Rindler observer
would find particles in that vacuum. Furthermore, a thorough calculation reveals that

the emission spectra are equal to the spectra of a black body with the temperature

ha

Ty = —
U2n

(1.13)

where a denotes the acceleration of a Rindler observer. With a — «, the temperature is
clearly similar to that of Hawking. Therefore, the similarity between these two effects
are vividly discernible. Both these effects are associated with horizon. The Unruh effect

is related with the Rindler horizon while the Hawking effect is tied to the event horizon
14
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of a black hole.

1.4 The Unfinished Story of Black Hole Radiation

There are various repercussions of Hawking radiation. The temperature of a black hole
increases as its mass decreases, as shown by Eq. (1.9), implying that smaller black holes
are hotter than larger ones. Furthermore, as a black hole radiates, it loses mass and
grows hotter and hotter, implying that the black hole’s specific heat is negative. Because
the black hole loses mass throughout the radiation process, it finally evaporates. The last
phases of black hole evaporation are unknown, as existing theories are likely to fail when
the black hole’s mass reaches on the order of Planck mass mp; = Vhe/G ~ 1078 kg. The
phenomenon of black hole evaporation has always been a source of consternation among
physicists. When one tries to generalise the conclusions found at the semi-classical level,
the most basic aspect of quantum physics, namely unitary evolution, appears to be
violated [68]. As previously stated, Hawking demonstrated that the evaporation of the
black hole is essentially the radiation of positive energy, flux of the particle obeying the
distribution of the thermal spectrum with respect to an asymptotic observer, and a flux
of particles of negative energy inserting into the black hole and decreasing its mass
when the quantum effect is included in the derivation. Therefore, the mass lost by the
black hole appears in the form of energy of thermal radiation. This process may describe
the thermodynamic picture of the black hole but it contradicts the standard unitary
quantum mechanics [210]. The flux of the outgoing particles received by the asymptotic
observer, remain entangled with the ingoing flux. As a result of that, the subsequent
Hawking radiation is thermal which is due to the fact that the modes that penetrated
the horizon are traced over. The BH shrinks and loses its mass as a result of this process,
which is manifested in the form of Hawking radiation. The conceptual unease develops,
however, when the black hole totally disappears as a result of this action, resulting in an
apparent paradox. In the end, the departing particle has nothing with which to maintain
their entanglement; nonetheless, they stay in a mixed state since the entanglement
with the inner modes was not explicitly severed during the evaporation process. This is
essentially the polar opposite of unitary quantum evolution.

There is also the issue of the information content of the stuff that collapsed to
produce the black hole, as well as the matter that falls into the black hole. The no-
hair theorem [112] states that aside from mass, charge, and angular momentum, no

further information can be collected by an observer on the horizon’s edge. As a result,
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all knowledge about that stuff that crossed the horizon barrier would wind up in the
singularity and be obliterated. As a result, it appears that information about the original
state of matter (other than mass, charge, and angular momentum) that falls behind
the horizon is not encoded in the Hawking radiation and is therefore unavailable to
the asymptotic observer. This circumstance appears to need a non-unitary development
[211].

There are several ideas in the literature to address the Information paradox. An
initial resolution originates that this semi-classical Hawking process can not be trusted
all the way to the complete evaporation of BH. This works only when the black hole is
large enough; as it becomes smaller, the quantum aspect of gravity begins to dominate
the entire idea, and the semi-classical concept must collapse. As a result, one can expect
corrections to the semi-classical description that makes it non-thermal. Those non-
thermal corrections can keep some information. The authors of [210] have shown that all
of these adjustments are sub-dominant in character and that none of them can render the
unitary theory. There have been some recommendations that a complete adjustment to
the unitary quantum theory itself be made in order for it to be included into non-unitary
processes [212]. However, using some conceptual considerations, such changes to the
quantum unitary theory have been proposed [213, 214]. These non-unitary theories, on
the other hand, may be relevant to particular physical circumstances [215] in which the

predictions differ from the usual unitary theory, restricting the models.

1.5 Black Hole Entropy: So Where Do We Stand Now?

In addition to Hawking’s original concept, there exist other procedures to the Hawking
radiation. Gibbons and Hawking [117, 118, 216] established the path integral technique,
which is the most well-known. Feynman pioneered path-integral quantization as an
alternative to canonical quantization in non-relativistic quantum physics [217]. The
extension of this approach might potentially be used to quantify the gravitational field.
The path integrals for gravity, on the other hand, are exceedingly difficult to analyse. If
one restricts himself to the semi-classical approximation, in which space-time is treated
as a rigid background, the first order approximation reproduces the Bekenstein-Hawking
entropy law (Eq. (1.8)). The clear advantage of the path-integral method is that the black
hole’s thermal characteristics are solely geometrical in origin, not attributable to the
behaviour of quantized matter in the neighbourhood of the event horizon. This implies

that entropy and temperature can be regarded as intrinsic features of gravity. There are
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various more derivations of the Hawking effect that are based on significantly different
physical assumptions than the path-integral method (we recommend this Ref. [55] for a
review). The fact that multiple opinions on the Hawking radiation exist shows that our
existing methodologies cannot fully comprehend the genesis of black hole radiation.
The Bekenstein-Hawking entropy law has a number of significant implications. First

and foremost, since in natural units

1
58S = Z(SA’ (1.14)

the first law of back hole mechanics, i.e. Eq. (1.2) can be written as
oM = Ty 5SBH + Qpu 5JBH + ®py 5Q. (1.15)

Due to this substitution the equation emerges with a dramatic change as this equation
describes now thermodynamics rather than the mechanics of a black hole. Hence this
equation is usually termed as the first law of black hole thermodynamics.

Second, when the black hole emits radiation, its mass and the region of its event
horizon shrink. This, incidentally, violates the second law of BH mechanics, as well as
the second law of thermodynamics. Bekenstein, on the other hand, proposed a solution
to this perplexing dilemma. He argued that, while the black hole’s entropy decreases,
the overall entropy Stot = Sext + SBH, Where Sext is the entropy of the exterior space-time
region, is a non-decreasing function of time in any space-time in any process [114, 218].

To put it another way,
0Stot =0 in any process. (1.16)

The above statement is known as the generalized second law of thermodynamics.
However, the most essential consequence of black hole entropy is its statistical
interpretation, at least from the perspective of quantum gravity: Because a black hole’s

. 3 . . 3 . .
entropy is S = %kf% A, we anticipate it to have exp %g—GA microstates corresponding to

its macrostate. In comparison to the three classical degrees of freedom anticipated by
the no-hair theorems, a macroscopic hole possesses an immense number of quantum-
mechanical degrees of freedom. The presence of these microstates poses a plethora of
fascinating questions. Are these degrees of freedom linked to the quantized matter fields
on a background geometry, or do they correlate to the quantum states of the collapsing
matter inside the black hole? Is it feasible that the concept of black hole entropy comes
from this? Could the concept of black hole entropy be derived from the microscopic

structure of space-time itself?
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1.6 The Need to Explain the Thermality of Black
Hole: But how?

1.6.1 Instability and thermality: The Inescapable Connection

The inquiries listed above illustrate that, despite the fact that back hole thermodynamics
has been studied for a long time, there are still some compelling reasons to pursue it
further, as we have done in our thesis. One method is to dig out the inherent characteris-
tics of space-time in the vicinity region of an event horizon. Analysing the near horizon
physics has gained significant attention in recent time because over the time physicists
have seen systems start showing some fascinating behaviours whenever it reaches under
the ascendancy of this mystifying one-way membrane. One such characteristics is the
manifestation of chaotic dynamics in a system in the near horizon region. When a system
is influenced by horizon, it has been discovered that it can create chaos into the system
[219-224]. A similar situation was explored in a recent paper [225] in the case of string
surrounding charged black brane. Chaos in the presence of a horizon has been researched
extensively throughout history, but the explanation for this unique aspect of the horizon
has yet to be fully understood. Similarly, why all horizons (static or stationary) convey the
same phenomenological characteristic is an important point to consider in this context.
People have attempted to explain the chaotic dynamics of the horizon in the quantum
domain as well, since the inquiry has not been restricted to the classical scale. The
behaviour of some quantum operator’s out-of-time-order correlator (OTOC) is used to
investigate quantum chaos events [226, 227]. The hallmark of quantum measure of chaos

[226, 227] is the distinctive exponential growth of OTOC in certain instances.

However, one important element to remember is that anytime we talk about chaos,
there must be certain instability characteristics in the system that characterise its chaotic
nature. This is referred to as the Lyapunov exponent [228]. Things have become highly
fascinating as a result of a new discovery on the upper bound of the Lyapunov exponent
anticipated in the Sachdev-Ye-Kitaev (SYK) model [226]. In the classical model, it was
discovered in [220] that the radial velocity of the particle rises exponentially in the near-
horizon region for any static or stationary black hole. In this scenario, the upper bound
of the instability factor is theoretically compatible with that of the SYK model. This has
also been proven statistically. The upper bound on the Lyapunov exponent is defined in
all of these scenarios by the black hole’s surface gravity. This upper bound is dependent

on the temperature [226, 229], as it is well known that surface gravity is connected
18
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to Hawking temperature [68, 113]. The upper bound of the Lyapunov exponent may
be proven in an experimentally realisable configuration using a trapped-ion approach,

according to a recent research [230].

In fact, there is some evidence that there is a link between the system’s instability
and its associated quantum thermality. M. Srednicki’s initial study [231] proposed that
a chaotic system inherently integrates thermal behaviour. At a similar vein, Morita
[232] recently proposed that an unstable classical mode with a fixed Lyapunov exponent
cannot have zero temperature in the quantum scale. An inverse harmonic oscillator
(IHO) is one of the most well-studied unstable systems in this field. The IHO produces
instability at the classical level, and researchers discovered that quantum temperature
can result from it, which is dictated by the instability factor. This analysis is remarkable
which shows that the derived temperature is a pure quantum consequence, and hence
vanishes in the classical limit. All of these studies point to a tight relationship between
instability and pure quantum temperature. More exactly, this classical instability can be

a cause of a system’s pure quantum temperature.

The findings of Bekenstein [114] and Hawking [68, 113] demonstrate that the black
hole horizon shows thermodynamic phenomenon and the temperature associated with
the horizon, interestingly, is an observer-dependent variable that is also a pure quantum
entity. However, black hole thermodynamics is a long-standing concept which originates
through an analogy between the laws of black holes and those of usual thermodynamical
systems, but the reason why these thermodynamical quantities are associated with hori-
zon has never been discussed properly anywhere. The horizon temperature, interestingly,
is an observer-dependent variable that is also a pure quantum entity. Therefore, one of
the primary thrusts since the start of this thermal idea of horizon has been to find an
appropriate microscopic cause of the aforementioned black hole thermodynamics. There
are various efforts, each with its own set of strengths and flaws, and none of them is
complete. We would like to talk about one of the major difficulties in this sector. Despite
the fact that a thermodynamical parameter such as temperature fits neatly with the
horizon, the issue remains: what is the source of this temperature? For example, it is
known from the kinetic theory of gases that the kinetic energy of the gas particles is the
source of the temperature of a gas contained in a cylinder. However, whether a similar
mechanism will be applied in case of a horizon or not is yet to be known. Consequently,
which microscopic degrees of freedom (MDOF) is responsible for such a feature is not
known either. Though people have tried several attempts, there have been no concrete

explanations until now.
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In the present thesis we aim to investigate this option for the first time to explain
the presence of horizon temperature in light of previous and new data in the context
of a relationship between classical instability and quantum thermality. We believe it
can be a useful tool in explaining this. In this regard, we would like to point out that in
some works, IHO has appeared in the black hole system [220, 232, 233]. For example,
Hashimoto et al [220] shown that if one analyses the maxima of a field potential in
black hole space-time, the effective motion of a particle is equivalent to that in an ITHO
potential. Later, Morita [232] and Hegde et al [233] separately shown that such an
THO causes temperature to rise under quantization that is proportional to the system’s
instability factor. In a completely different context [234, 235], it was discovered that when
a particle scattering phenomena is studied in a black hole space-time in the presence
of a localised shock wave, the effective scattering Hamiltonian is that of IHO, which
also occurs in the quantum domain. The prospect of instability in the form of ITHO for a
black hole background, which imparts thermality to the system, is evident in all of the
papers described above. Furthermore, this characteristic is local since it appears in a
very narrow region surrounding a certain point — either the potential maximum [220]
or the site of the shock wave [235]. As a result, none of these assessments are directly
related to the horizon. To put it another way, no observations have been made near the
location of the horizon. Given that temperature is a horizon attribute, this should emerge
entirely from the survey around this one-way membrane. That is why the primary goal
of this thesis is to determine whether there is any instability near the horizon and, if
so, whether that instability is linked to the chaotic dynamics of a system or has any

relationship with the horizon temperature at the quantum scale.

In a nutshell, the goal of the current thesis is to first investigate how systems
behave in the region near the horizon, and by researching these features, we attempt
to provide some answers to open concerns about horizons. The entire thesis consists
of four parts, excluding introduction and conclusion. The first chapter introduces some
well-known results of black hole physics. Many of the issues discussed there are not
directly connected with the main subjects of this thesis, but their purpose is to offer
an extensive introduction to the properties of classical black holes - especially for the
readers who are not experts of general relativity. In the latter half of the introductory
chapter we raise some open questions regarding black hole thermodynamics and wrap off
the chapter with some motivations behind the thesis. Now, comes Part I which includes
chapter two and three in which we present some classical results for a system that is

located in the vicinity region of an event horizon. Interestingly, we find that the system
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begins to exhibit chaotic behaviour as soon as it is exposed to the horizon’s influence. Part
IT contains only one chapter (chapter four), in which we try to figure out why a system in
the near horizon area behaves in such a chaotic manner. All computations are done in
the classical scale until Part II. Part III, which consists of one chapter (chapter five), is
devoted to studying the quantum consequences of the near-horizon local instability, and
the chapter concludes with our proposed conjecture regarding the relationship between
instability and thermality of a system in the near horizon region. Part IV is divided into
two chapters (chapters six and seven) in which we apply the same formalism to more
generalised backgrounds (Kerr and GNC space-time) in order to better grasp the core
reason for thermality in those circumstances. We present a brief conclusion and future

directions for our findings in chapter eight.
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1.7 Chapter-wise overview: Outline of the thesis

The results discussed in this thesis are based on the works in [236-241]. In this section,

we have summarized the research guidelines of the thesis as follows,

Chapter 2 :

What happens to a system when it approaches very near to an event horizon? One of
the remarkable properties of the horizon, according to many experts, is its impact on
integrable systems, which causes the system to become chaotic. For distinct black hole
systems where the particle is deemed massive or charged or spinning, a lot of work has
been done in this direction. The dilemma with the massless particle, on the other hand,
has yet to be addressed. The study of massless particles that follow null geodesics has
long been interesting because they cause the Hawking radiation. As a result, in this
chapter, we begin our calculations by looking at the motion of a massless and chargeless
particle extremely close to the event horizon. It demonstrates that the radial motion
is exponentially increasing, implying that when an integrable system is subjected to
the impact of the horizon, chaos can be induced in the particle motion. This is being
confirmed by investigating the Poincaré sections of the trajectories with the insertion of a
harmonic trap to confine the particle’s motion in the near-horizon region. Two scenarios
have been investigated: (a) any static, spherically symmetric black hole (SSS BH) and,
(b) spacetime represents a stationary, axisymmetric black hole (e.g., Kerr metric). In both
circumstances, we discovered that our system does not exceed the upper limit of a black
hole system’s largest Lyapunov exponent value, i.e. the horizon’s surface gravity. We have
also demonstrated the appearance of chaos by analysing the Power Spectral Density

(PSD) of the system which basically gives us the information of the route to chaos.

Chapter 3:

We learned in the previous chapter that when an event horizon exists, a system begins
to exhibit chaotic behaviour in the near-horizon region. As a result, the continuing
hypothesis that the presence of a horizon may produce chaos in an integrable system is
studied further in this chapter from the perspective of a uniformly accelerated frame. We
create a model that consists of a massless and chargeless particle trapped in a harmonic
oscillator in a uniformly accelerated frame (namely Rindler observer). Here the Rindler

frame provides a Killing horizon without any intrinsic curvature to the system. This
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distinguishes the current findings from the earlier research. We discover that the motion
of a particle caught in harmonic potential systematically shifts from periodic to chaotic
for certain values of system characteristics (such as acceleration and particle energy).
This means that the mere presence of a horizon, rather than the inherent curvature (i.e.
gravitational influence) in the background, is enough to cause chaos in the particle’s

motion. This current investigation further illuminate and balustrade our conjecture.

Chapter 4:

After finding out the chaotic behaviour in a system near the horizon, our next aim was
to explore the underlying explanation behind this intriguing feature of the horizon.
Therefore, for the first time in this chapter, we have attempted to provide a cohesive
explanation for such a remarkable characteristics of the horizon. The near horizon
Hamiltonian in Painleve coordinates of a chargeless and massless particle, at the leading
order, is H ~ xp type in the presence of any horizon, whether static or stationary, where p
is the canonical momentum and x is its conjugate position of particle. For the appearance
of this Hamiltonian the equations of motion suggest that the radial coordinate or the
radial momentum diverges when the particle resides very near to the horizon and
introducing instability into the system. Not only that, we also find out another set of
coordinates, the Eddington-Finkelstein (EF) coordinates, in which the particle’s motion
along the null trajectory is equally unstable in the near horizon domain. When the
particle is following the outgoing null route in those precise EF coordinates, we find
that the observer associated with the EF frame measures the radial momentum of the

X! where t is the EF time coordinate and the corresponding Hamiltonian

particleas p ~e”
of the system comes out to be of xp structure again. Therefore, as in the near horizon
limit, i.e. ¢ — —oo the radial momentum diverges and indicates the presence of instability
just like the case of Painleve coordinate system. Hence, it suggests that although the
instability is observer independent for our particle motion, the particular form of the
Hamiltonian is observer dependent. The observer associated with this specific frame of
the particle, either in Painleve or in EF coordinates will see this form of the near horizon

Hamiltonian.

Chapter 5:

In the last chapter we found that the particular structure of the Hamiltonian (xp kind)

is responsible for the unavoidable instability provided by the horizon on the particle’s
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motion at classical level. Following this classical picture we next proceed for the quantum
calculation in the present chapter. We find out that our observer either in Painleve
coordinates or in EF coordinates, predict the automatic appearance of thermality as
result of this aforesaid instability. We investigate this fact using different quantum
approaches (tunneling mechanism, detector response method and by calculating the
Density of States of the xp Hamiltonian) in order to establish our previous conjecture,
in a more robust way. In every case, the temperature found out to be that given by the
Hawking. Therefore now, under the present investigation, we reframe this conjecture as
— the presence of instability in the near horizon region is the mechanism for providing the

temperature to the horizon as seen by a particular class of observers.

Chapter 6:

In this chapter, the validity of our already proposed conjecture — horizon creates a local
instability which acts as the source of the quantum temperature of black hole — is being
tested here for Kerr black hole. In the earlier chapters this has been explicitly shown for
spherically symmetric static black hole. The more realistic situation like Kerr spacetime,
being stationary and axisymmetric, is a non-trivial example to analyze. We show that for
a chargeless massless particle, the near horizon radial motion in Kerr spacetime, like SSS
BH, can be locally unstable. The radial contribution in the corresponding Hamiltonian is
~ xp kind once more. Finally we show that the horizon thermalization can be explained
through this Hamiltonian when one does a semi-classical analysis. It again confirms that
near horizon instability is liable for its own temperature and moreover generalizes the

validity of our conjectured mechanism for the black hole horizon thermalization.

Chapter 7:

Dynamical properties of a generic null surface are known to have a thermodynamic
interpretation. Such an interpretation is completely based on an analogy between the
usual law of thermodynamics and structure of gravitational field equation on the surface.
In this chapter we materialise this analogy and show that assigning a temperature on
the null surface for a local observer is indeed physically relevant. We find that for a
local frame, chosen as outgoing massless chargeless particle (or field mode), perceives a
“local unstable Hamiltonian” very near to the surface. Due to this it has finite quantum
probability to escape through acausal null path which is given by Maxwell-Boltzmann

like distribution, thereby providing a temperature on the surface. In the previous chap-
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ters, the connection between instability and thermality was established only in specific
cases containing horizons. Here we generalise the same for a generic null hypersurface.
Therefore, we feel that the present discussion may unfold the deeper reason for having
the thermodynamical quantities of not only horizon but also for any generic null surface

at the quantum level.

Chapter 8:

We dedicate this final chapter of our thesis for the possible extensions of the results
discussed in the thesis as well as a list of new problems that can be done in the future.

Also we have highlighted several important conclusions related to our work.

From the next chapter onwards, we have the detail analysis of the thesis. Each chapter
of the thesis contains several appendices that are added at the end of the respective
chapters. Here we shall use geometrized unit where, c = G = kg = 1. Here c is the velocity
of light, G is Newtonian constant of gravitation, kg is Boltzmann constant etc. Here we

will consider the signature of the Lorentzian metric to be (—, +, +, +).
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Part I

Horizon: The nest of chaos
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CHAPTER

CHAOS NEAR EVENT HORIZON

2.1 Introduction and Motivation

n event horizon; such a mysterious boundary in our universe beyond which

events cannot influence classically an outside observer. The event horizon is

like a one-way membrane; objects can go in from outside to inside but not the
other way round; even light cannot escape from it. In 1958, David Finkelstein employed
General Relativity to introduce a definition of a black hole event horizon as a boundary
beyond which events of any kind cannot influence an outside observer. Therefore, it
is that utterly mystifying region around the black holes whose characteristics are yet
to be fully understood by physicists. The coupling of general relativity and quantum
field theory is one of the main tools which has shown that it can lead us to yield an
explanation of several phenomena of a black hole. Theoretically, black holes are the
solutions of Einstein’s equations of motion defined by the region from which nothing can
escape classically. The recent discovery of LIGO [88] confirms that black holes are no
longer a theoretical concept; rather, they indeed have the existence in the universe. Till
today, researchers are devoting a lot of attention not only to understand the physics of
black holes but also the kind of phenomena that they induce around themselves both at
the astrophysical and the quantum level. In that sense, the study of near horizon physics
conveys its importance in various ways as it can resolve many mysteries regarding the

properties of black holes.

The close connection between the geometrical properties of the space-time horizon
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and the dynamics of particle motion near it has always been one of the prime topics
for researchers. People have understood that this relation may lead to demystify many
properties of the horizon at the classical as well as at the quantum level. Recently,
a quantum mechanical treatment explores the fact that the presence of the Killing
horizon makes the particle motion Brownian when seen from an accelerated frame [242].
However, in this chapter, we try to understand how the motion of a particle behaves
when it approaches very near to the black hole horizon (which is an event horizon). This
investigation will be performed completely in a classical way. In the classical picture,
a considerable amount of studies has been done in this direction. Many researchers
have observed that one of the fascinating characteristics of the horizon is its influence
on the integrable systems, and it turns the system into a chaotic one. In the classical
picture this has been established successfully in [220, 243—-252]. These calculations
are performed mainly based on either Newtonian approximation [244, 245] or effective
potential technique [243, 246—248, 251]. Moreover, black hole system is either spinning
[251] or magnetized [252] with the massive, charged or spinning test particles [249, 250].
There is a recent analysis [220] that considers the effect of Schwarzschild black hole on a
massive test particle in the presence of harmonic potentials as a perturbation. To make
sure that the particle does not enter into the horizon, an extra potential has been added
to the system. It has been observed in all cases that the motion of the particle is chaotic
in nature. Therefore, an ample amount of work has been done in this direction, but the
situation with the massless particle has not been addressed so far. The study of massless
particles which follow the null geodesics has always been an important and interesting
topic for discussion. It is observed that the null geodesic is responsible for the Hawking
radiation [68, 113] of the particles from the horizon (see [54, 170, 171] for understanding
the Hawking radiation as tunneling). Therefore, it may be worth mentioning that the
radiated particles, after escaping from the horizon barrier, exhibit chaotic behaviour in
their motion due to the influence of the horizon as well as other external perturbations
due to the presence of various objects in the universe. This implies that the horizon not
only radiates (Hawking radiation), it also infuses chaos. Of course, this is not a conclusive
statement, rather a suggestive one. In order to get more insight into this, one needs to

investigate more, maybe in the quantum mechanical way.

Now, whenever we talk about chaos, that one particular quantity comes into the pic-
ture which is known as Lyapunov exponent. This is a quantity which basically quantifies
the rate of separation of infinitely close trajectories for a dynamical system. There has

been a sporadic attempt to understand the behaviour of Lyapunov exponent for the case
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of null trajectories of a particle [219], but this does not give a complete understanding
of the situation. However, in the context of horizon the value of the Lyapunov exponent
also has an upper bound. Interestingly, the bound can be shown to be given by A7, <x,
where « is the surface gravity of the black hole [226] (it is the acceleration of a particle,
measured by an asymptotic distance observer, which is very near to the horizon). The
bound has been by analysing the out-of-order correlator of some observables in the
Sachdev-Ye-Kitaev (SYK) model. Recently in [220] this bound has been predicted for a
massive particle in a completely different analysis. This shows that the bound is very
much universal in nature. However, this does not give a complete understanding of the
situation in the near horizon region. Till now, this has been a thriving area of research
since the last few years as we know that the interaction of light with gravity is quite
non-trivial in nature. After having these discussions, we now turn our focus to the main
analysis.

In the following sections we shall start with analysing the trajectories of a massless
and chargeless particle in a very near-horizon region of a SSS BH. We shall study the
Poincare sections of the particle trajectories, the maximal Lyapunov exponent value and
PSD diagrams and shall try to understand the effect of the horizon on this integrable
system. Next, we shall study the same analyses in the near horizon region for a stationary
axisymmetric (Kerr) BH and shall try to investigate the in-depth implications of rotation

parameters into the system.

2.2 Static spherically symmetric black hole

Consider a static, spherically symmetric black hole background, given by

dr®

) +r2dQ?, (2.1)

ds?=—f(r)dé® +

where the horizon r = rg is determined by f(r=rg) =0 and dQ? = (d6? + sin? 0d(b2). It
has a coordinate singularity at this position. To remove this let us adopt the Painleve

coordinate transformation [54, 208]:

—1 AR dr

dt —dt— (2.2)
fr)
Under this transformation, the above metric takes the following form:
ds®=—f(r)dt* +2\/1- f(r)dtdr +dr® + r*dQ*. (2.3)
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It has a timelike Killing vector y* =(1,0,0,0) and the energy of a particle, moving
under this background, is given by E = —y°p, = —ps, where p, = (ps,pr,pg,0¢) is the
four momentum vector. Our aim in the following is to find this energy in terms of
other components of momentum. To find it, we take help of the covariant form of the

2

dispersion relation g%°p,pp = —m2, with m, mass of the particle. Expanding this under

the background (2.3), we obtain
2
E2+2\1-f() p,E - (f(r)p%+%) =m?, (2.4)
where, only the radial and 6 directions motion have been considered, i.e., the particle is
moving only along the radial and the 0 directions. For a massless particle, solution of the
above equation (2.4) with m = 0 gives the energy. It is found that it has two values:
2
E=-v1-f(r) pr+ p?+%. (2.5)
The positive sign denotes the energy for the outgoing particle, while the other sign is
for the ingoing particle. In this paper, we will be mainly interested in investigating
the dynamics of the outgoing particles; therefore, throughout the discussions, only the
positive sign will be considered.

Next aim is to find the trajectory of the particle. It will be computed from the
Hamilton’s equations of motion. Before that concentrate for the moment only on the
very near horizon radial motion. The equation of it (taking py = 0) for the energy (2.5) is
F=0E/0p, = - \/m + 1. Make an expansion of f(r) near the horizon as

f(r)=2x(r-rg), (2.6)

where we have retained only the first-order term. Here x = f/(rg)/2 is the surface gravity

of the black hole. Substitution of this in 7 equation leads to
r=x(r-rg). 2.7)

The solution is r = rg + Crge}, where C is the integration constant and A is the

parameter with respect to which the derivative is taken, i.e., . = j_x' The equation of the

radial momentum in the near-horizon region becomes (considering only the leading order

terms)
pr = _Kpr (28)

which then leads to the solution p, ~ e **. Therefore, either r or p, shows the exponential

growth with the increase of the affine parameter |A| depending on the sign of A. Here, we
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consider A to be positive. This implies the exponential growth of radial motion, which can
be attributed to the appearance of chaos in an integrable system when it comes to the
influence of the horizon. This can be expected as in GR, even a photon can have unstable
circular motion, which is not expected in Newtonian approximation [253]. Note that the
actual trajectories which will be evaluated and investigated later part of the paper are
highly non-linear in four-dimensional phase space. We shall show explicitly that this is
indeed the case by keeping this particle in a harmonic potential and allowing it to move
along the 0 direction as well. In this situation, it may be worth pointing out that the

Lyapunov coefficient (17,) is bounded as [226]:
AL <K (2.9)

where the maximum Lyapunov exponent value if defined as

1
AL max = lim —In
’ A—00

or(1)

5r0) (2.10)

and 6r(A) represents the separation between two infinitesimal close trajectories at
time parameter 1. As we are considering the null paths, notion of “time” parameter
is not so obvious like the case of timelike geodesics. Proper time can not be used as a
valid parameter since it vanishes along the null path. In this case the four momentum
p?® =dx®/d] is chosen in such a way that the parameter A turns out to be affine one (see
analysis around Eq. (3.62) of [253]). The momentum components, appeared in Eq. (2.4),
are defined in this way. Since p“ is a tensor, the parameter A needs to be a scalar and
hence it does not change under coordinate transformation. So the Lyapunov exponent
defined here does not has any coordinate dependence. Now, if one considers the quantum
nature of the black hole, then it has a temperature, given by the Hawking expression
T = hx/2n. In that case, the above bound reduces to a very well known form Az, <2x7T/h.
This was first mentioned in [226] for the SYK model.

There is a very interesting connection with the above radial null geodesic (2.7) with
the Hawking effect in the context of tunneling mechanism [54, 170, 171]. It must be noted
that precisely this path has been used to find the tunneling probability from the horizon
for the outgoing particles. One finds that this is non-zero and leads to Hawking radiation
with the temperature mentioned above. Therefore, after escaping from the horizon, the
radiated particles may exhibit chaotic motion due to the influence of the horizon as well
as the perturbation induced by the presence of other objects in the universe. Hence the
current analysis implies that the horizon not only radiates it also makes the radiation

chaotic.
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With this, let us now confirm if the presence of the horizon really creates chaos in the
system. For that we consider two harmonic potentials (1/2)K,(r —r.)? and (1/2)Kg(y — v.)?
along r and 6 directions, respectively. Now, one thing is worth to mention here that in our
discussion, we are not considering the massless particle to be a harmonic oscillator itself.
Rather we assume that particle is trapped under a hramonic potential. This situation
is not new. Such a theory has been studied earlier in various cases; e.g. propagation of
optical beam with harmonoic potential [254], relativistic massless harmonic oscillator
[255]. Here y =ry0, K, and Ky are spring constants while . and y. are the equilibrium
positions of these two harmonic potentials. The massless particle is initially under these
potentials. Now, this system is kept under the influence of the black hole horizon as well.
Our aim is to investigate the collective impact of the horizon on this integrable system,
particularly the nature of the particle trajectories. This type of model was initially
suggested in [220] for massive particle. Here we choose the form of black hole metric
f(r) as (2.6). Now, if the particle moves under the influence of these potentials under the

background (2.3) then the total energy of this particle is

2
/ 1 1
E=-\/1-f() pr+\| p2+ p—g + 5K —re)* + SKy(y - yo)* (2.11)
r

and correspondingly, the equations of motion will have the form as

e 2 - /l—f(r)-f-L; (2.12)
2

opr

pi+74

OE f'(r) palr®

p == prt+ -K (r—r); (213)
WS T /pg+p3/rz o I
. OFE polr?
o= _ ; (2.14)
0po \/ P2 +p3/r2

oE

Do = 3 —Koru(y—y¢) . (2.15)

In the above, the interaction between the harmonic potentials and the black hole space-
time has been taken as very weak so that this can be ignored compared to the other
terms in (2.11). These are the main equations which we will use to study the motion of

the particle numerically.
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2.3 Kerr black hole

After having the discussion on the effect of the SSS black hole on the particle in this
section, we investigate the effect of rotation of the black hole on the overall dynamics of
the system. For this, we can proceed in a similar way as we did for SSS. The Kerr metric
in dragging Painleve coordinate is given in [151]. Due to the large size of the equations,
the metric and the trajectories for this case have been provided in Appendix 2.A. It may
be noted that here also if one concentrates only on the radial trajectories, it is given by
(setting 8 =0 and py =0in eq. (2.A.11) of Appendix 2.A)

|
a2r+2r§1—rr%{
r=1-

ru(a®+r2)

=1-+v1-2x(r—rg) =x(r—rg), (2.16)

where,
K = (r2 — a®)(2rp(ry +a®)). (2.17)

Note that in this case also we are getting the same radial equation in the near horizon
limit. So again, the same solution. As a result of this, the Lyapunov coefficient bound
would be given by (2.9). Therefore we can see that the rotating black hole also appears
to infuse chaotic fluctuations in the motion of particles. In the next section, we will
ascertain this observation by numerically solving the full set of dynamical equations and
will also investigate the detailed influence of the rotation on the chaotic dynamics of the
particles.

Before going to the numerical analysis, it is very useful to check if any other external
potential (like due to the backreaction of the different fields on the space-time) can affect
the bound (2.9) on the Lyapunov exponent. For that, suppose we consider an arbitrary
potential which is a function of radial coordinate only, i.e. V(). This assumption is very
much convenient for more realistic potentials, made by some other fields condensation
with a back reaction to the gravity metric one usually encounters. As for example, in
the case of scalar fields, the potential near to the horizon is of the form In(x/Cy), while,
for electrostatic case, it is proportional to x [220], where x = r —rg and Cy is a positive
constant. Under these circumstances, the equations of motions for SSS case will be given
by (2.12) — (2.15) with harmonic term in (2.13) will be replaced by (—dV/dr). With this,
we find that there will be no contribution of the potential term in the Eq. (2.15). Now to
understand the behaviour of radial motion, as earlier, we need to concentrate only on the

radial equation by setting py = 0. Since we are using the massless condition, it can be
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noted that although the equation corresponding to p, will be affected by the term like
dV(r)/dr, the equation of 7 (Eq. (2.12)) will not get affected as it is independent of p,.
Hence the motion along the radial direction will remain unaffected by introducing any
arbitrary potential of the form V(). Therefore the solution of 7 will always be given by
that of Eq. (2.7), and correspondingly the Lyapunov exponent is bounded by the surface
gravity x. However, for the massive particle mass factor will appear in the equation
of 7 and the form of V(r) will affect the motion in the radial direction as it will not be
independent of p,. As a result, the solution of 7 will get changed and then this change
will certainly appear in the bound of A. These particular features have been explicitly
discussed in [220]. Therefore overall, we find that the addition of any radial potential will
not affect the upper bound of the Lyapunov coefficient for massless particles. Arguing
on the similar line, one can check that addition of the above mentioned potential V(r)
will also not affect the bound of Lyapunov exponent in the case of Kerr Black Hole (See
equations (2.A.11) — (2.A.14)).
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2.4 Numerical Analysis

The last section was mainly dedicated to show that there is some instability in the radial
trajectory of the particles whenever the system comes under the influence of the horizon.
However, this claim will be more firm if we can show the presence of chaos numerically.
Therefore, the present section will be more focused on the numerical sides of our analysis.
The first pivot of our analysis will be the study of the Poincaré sections of the system. In
the later part, our main focus will be on studying the Lyapunov exponents and Power

spectral density (PSD) of the system.

2.4.1 Poincaré sections

In the present numerical analysis, we shall particularly concentrate on the study of
Poincaré maps or Poincaré sections. Poincaré map is defined as the intersection of
a periodic orbit in the state space of a continuous dynamical system with a lower-
dimensional subspace. The essential idea of these maps, or rather these sections, is to
boil down the way we represent a dynamical system. However, the system has to have
some certain properties for this, namely to return to some region in its state space from
time to time. This is fulfilled if the system is periodic, but it also works with chaotic
dynamics. Here, in this case, to draw the Poincaré map, we adopt the polar plane (6 = 0)
as a Poincaré section and plot the points on (7, p,-) plane when the particle crosses the
Poincaré section with pg > 0. If the motion is not chaotic, the plotted points will form a
closed curve in the two-dimensional (r — p,) plane. The reason for that is that a regular
orbit will move on a torus in the phase space, and the curve is the cross-section of the
torus. Now, if the orbit is chaotic, some of these tori will be broken, and the Poincaré map
does not consist of a set of closed curves, but the points will be distributed randomly in
the allowed region. Hence, from the distribution of the points, we can judge whether the
motion is chaotic or not.

Now, in the last section, we analytically showed that the presence of black hole
horizon induces the exponential growth of the radial trajectory of the particles, which
indicated the chaotic behaviour for both SSS and Kerr black holes. In this section we
ascertain the claim by analyzing the Poincaré section of the system obtained by solving
the dynamical equations of motion for SSS (Eqs. 2.12-2.15) and Kerr (see Egs. (2.A.11)—
(2.A.14) of Appendix 2.A) black holes. First, we present Poincaré sections for the SSS
black hole and then those for the Kerr black hole in which we systematically analyse the

effects of the rotation parameter on the chaotic fluctuations.
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Figure 2.1: (Color online) The Poincaré sections in the (r, p,) plane with 8 =0 and pg >0
at different energies for the SSS black hole. The energies are E =75, E =76.8, E =77,
and E =79. The other parameters are rg =2.0, x =0.25, r. =3.2, . =0, K, =100 and
Ky =25. For large energy the KAM Tori break and the entire region gets filled with the
scattered points indicating the presence of chaos.

For SSS black hole model, the dynamical equations (Eqgs. 2.12-2.15) are numerically
solved using the fourth order Runge-Kutta scheme with fixed dA = 1073, For present
study we have considered K, =100, Ky =25, rgy =2, x =0.25, r. = 3.2 and 6. = 0. The
variables r, 6, and p, are initialized with the random numbers and py is obtained from
Eq.(2.11) for a fixed energy E.

In Fig. 2.1 we show the Poincaré section of the particle trajectory (for SSS type
black hole) projected over the (r,p,) plane for different energies. The section is defined
by the condition pg > 0 and 6 = 0. We have considered the energies E = 75,76.8,77,
and 79 as indicated in the plots. For low energy E = 75 the Poincaré section exhibits
the regular KAM (Kolmogorov-Arnold-Moser) tori [256] and the corresponding orbit is

mainly confined near the center of the harmonic potential (r. = 3.2). Different colors
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Figure 2.2: (Color online) The Poincaré sections in the (r, p,) plane with 8 =0 and pg >0
for different energy for the Kerr black hole model at fixed rotation parameter a = 0.9.
The energies are E =30, E =40, E =50, and E = 70. The other parameters are same as
in Fig. 2.1. For large energy the KAM Tori break and the entire region is filled with the
scattered points indicating the chaotic trajectory of the particles.

in the figures indicate the trajectory of the particles for different initial conditions. As
the total energy of the system is increased, the trajectory approaches near the black
hole horizon (rg = 2); as a consequence of this, KAM tori starts getting distorted and
appeared to be pinched, as shown in the figure for E=76.8 and E=77. Further increase in
the energy (E = 79) results in the complete breaking of regular Tori and the appearance
of scattered points in the plane. This feature of the Poincaré section supports the chaotic
nature of the particle trajectory near the horizon, as shown in the last section. Due to the
presence of the horizon, we have some upper bound on the energy. At present, increasing
the energy further above E =79, we find that during time evolution, r becomes less than
the position of the horizon (rz = 2) that brings numerical instability in our calculation.

In order to see the effect of the rotation of the black hole on the particle dynamics
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Figure 2.3: (Color online) The Poincaré sections in the (r, p,) plane with 8 = 0 and
po > 0 for fixed energy E=50 with different rotation parameter a. The rotation parameter
a=0.6,a=0.8,a=0.9, and a = 1.3, respectively from the top to the bottom. The other
parameters are rg = 2.0, and K, = 100 and Ky = 25. Increase in the rotation induces the
chaos in the dynamics of the particles.

next we consider the Kerr black hole model. The corresponding dynamical equations (see
Egs. (2.A.11)—(2.A.14) of Appendix 2.A) are solved using the Runge-Kutta fourth-order.
The initial conditions are chosen in a similar line as discussed for the SSS model. In
Fig. 2.2 we show the Poincaré sections for different energies with fixed rotation parameter
a =0.9. All the other parameters are considered the same as the SSS model. We observe
a similar feature of the KAM tori upon the increase of energy for the Kerr black hole as
we observed for the SSS model. The regular KAM tori appeared at low energy E = 30
gets squeezed along with the appearance of some region filled with the scattered points
as the energy is increased to E = 40. At high energy (E = 50,70), as the surface of the
trajectory approaches near the horizon, there is a complete breaking of these tori which

is quite evident with the filling of the region with the random points.
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Interestingly here, we obtain that the chaotic nature appears at relatively lower
energy than those obtained with the SSS black hole. This particular feature suggests that
the rotation of the black hole may introduce more chaotic fluctuations in the trajectories
of the particles approaching towards the horizon. We confirm this by analysing the nature
of the particle trajectory by changing the rotation parameter a for fixed energy E = 50. In
Fig. 2.3 we plot the Poincaré section in the plane (r, p,) for different rotation parameters
a =0.6,0.8,0.9, and 1.3 at fixed energy E = 50. We clearly find that the increase in a
introduces chaotic fluctuations in the trajectories, and at very high rotation a =0.9,1.3,
the trajectory becomes fully chaotic. The nature of the appearance of chaos in the system
upon an increase in the a for fixed energy appears to be the same as those obtained while
increasing the energy for fixed a = 0.9 (see Fig. 2.2).

So far, our numerical calculation is based on the near horizon approximated metric.
This has been done as we are interested in investigating the influence of the horizon
on particle dynamics when it is very near to the horizon. In this region, we must have
r—rg <rpg. It may be noted that the condition is well incorporated in the simulations as
all the data points in the figures are confined within such a range. In a similar context,
the same type of approximation has also been taken recently in [220]. Here we emphasise
that the use of near horizon approximation has nothing to do with the appearance of
chaotic behaviour in the system. To confirm this fact, we also perform the same numerical
analysis without any approximation in the metric coefficients (please see Appendix 2.B).
The Poincare sections (see Figures 2.9 and 2.10) again show similar behaviour. Hence
the appearance of the chaotic nature of the particle motion in the presence of the horizon

is an inevitable fact.

2.4.2 Lyapunov exponents

In literature the Lyapunov exponent of a dynamical system is defined as the quantity that
characterizes the rate of separation of infinitesimally close trajectories [257]. In phase
space if we consider two trajectories with initial separation dx(, the rate of divergence

within the linearized approximation is given by
162(A)| = 4|50 (2.18)

where A7, is the Lyapunov exponent and the maximum Lyapunov exponent is defined in
Eq. (2.10). In this situation, it may be worth to point out that the value of the Lyapunov

exponent has an upper bound which was first mentioned in [226] for the SYK model. For
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our system the Lyapunov exponent (A7) is bounded by
AL<x, (2.19)

where x is the surface gravity of the black hole as we mentioned earlier. We shall
explicitly show in chapter 4 about this bound using Monodromy matrix. Now, in order to
justify this upper bound for our system, we present the numerically computed Lyapunov
exponents for different cases. We have adopted the standard algorithm to compute the
largest Lyapunov exponent, which is related to the rate of separation of the trajectories
for two nearby points [257]. We consider the energy E = 78 for the SSS type black hole for
which we obtain the full chaotic behaviour of the motion of the particle. Figure 2.4 shows
the time variation of the largest Lyapunov coefficient at energy E = 78. The Lyapunov
exponent settles to a positive value (~ 0.04) which supports the chaotic nature of the

particle motion. In addition, the value is well below the upper bound x(= 0.25).
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Figure 2.4: (Color online) Largest Lyapunov exponent for the SSS black hole at the
energy value E = 78. The exponent settles at positive value ~ 0.04.

In the case of the Kerr black hole, the upper bound on the Lyapunov exponent de-
pends on the rotation parameter (see Eq. (2.17)). In Fig. 2.5 we show the time evolution
of the largest Lyapunov exponent corresponding to the particle trajectory for Kerr black
hole for different rotation parameter (a = 0.6,0.8,0.9,1.3). Interestingly we observe that
the steady-state Lyapunov exponent increases on an increase of the rotation parameter
that supports our observation that the rotation of the black hole induces more chaotic
fluctuations in the motion of the particles. In addition, we find that the obtained value of
the Lyapunov exponents for different values of the a is much lower than the correspond-

ing upper bound (see Eq. (2.17)) where the upper bounds for different values of a are
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Figure 2.5: (Color online) Largest Lyapunov exponents for the Kerr black hole for
different values of the rotation parameter a = 0.6, 0.8, 0.9 and 1.3 at constant energy
E =50. The exponents increases on increase of a.

given below (here ry = 2):

for a = 0.6 we have x =0.299 ,

for a = 0.8 we have x =0.345 ,

for a = 0.9 we have x =0.377 ,

and for a = 1.3 we have x =0.615 .
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2.4.3 Power Spectral Density (PSD)

To get a deeper understanding about the dynamical behavior of our composite system
whenever it comes under the influence of the horizon, we systematically investigate the
evolution of the radial coordinate, r(1) with respect to the affine parameter (1). To get an
extensive idea of the trajectory of the system and the deeper understanding of the onset
chaotic behavior of the system, the power spectral density (PSD) is analyzed which is
defined as [258],

PSD = Ir( AN, f,AN)I?, (2.20)

2n N

where r(A, f,AM) is the discrete Fourier transform of (1) evaluated at A = 2AA (k =
0,1,....,./ and ./ is the length of the discrete affine parameter series).

One crucial fact is worth mentioning here that PSD associated with regular dynamics
is recognizable as simple sharp line spectra at some fundamental frequencies of the
system and simple sharp lines of their lower order combinations and overtones. These
persist with increasing time parameter (A in this case). However, PSD associated with
chaotic dynamics are notoriously grassy and erratic, having many incompletely separated
peaks with no obvious pattern of central frequencies and amplitudes. Specific peaks do
not persist for arbitrary large time parameter, and increasing time parameter sufficiently
causes peak to split into two or more subpeaks. Moreover, the PSD of chaotic dynamical
systems is found to exhibit an exponential decay which is one of the most distinguishable
characteristics of identifying any chaotic system.

Now, in this section our particular interest is to investigate how the radial coordinate
(r(1)) of the particle motion changes with the change of the total energy of the composite
system (E) by studying PSD. First, we shall study the case of SSS horizon where our
aim is to look for the dynamical changes into our composite system when it comes very
near to the SSS horizon. We have already obtained that as we increase the value of the
total energy of the composite system, it starts to come under the influence of horizon.
Therefore, in order to see how the dynamics of our composite system changes when it
comes under the influence of the horizon, we start increasing the value of the total energy
of the system (E). Next, we shall study PSD in the Kerr spacetime in order to see how
the dynamics of the system changes with the change of the total energy and with the
change of the rotation parameter.

Now, we have the expression of the total energy of our composite system (Eq. (2.11)).
Next, in the background of static spherically symmetric space-times we plot the figures
of PSD (Fig. 2.6) for different values of energy (E).
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Figure 2.6: (Color online) PSD for the SSS black hole at different values of energies
with 6 =0, pp >0,K, =100,Kg=25,r.,=3.2,0. =0, x =0.25, rg = 2.0. The enrgies are
(@)E=175,(b)E =77,(c)E =78.5. Upto E =75, only f1, fo and f3 and their harmonics are
present but for higher values of energy i.e from E = 77 onwards more frequencies start
populating the spectrum. At E = 78.5, the highly population of frequency spectrum and

the exponential decay indicate (d) the onset of chaos.
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Now, let us discuss in a more detailed manner in order to see what happens when the
total energy of the system (E) is changed. We have the equations of motion of the particle
(2.12-2.15), and after solving these equations numerically, we plot the PSD diagrams
using (2.11) for different values of the total energy of the system (E =75, 76.8, 77 and 79).
The values of the other parameters are set as before (mentioned in Section 2.4.1). Now in
Fig. 2.6 we see for low energy value of the total energy of the system (£ = 75) the system
contains only three frequencies and their harmonics (see Fig. 2.6(a)). As we found in the
earlier section that for the lower value of the energy E = 75, the Poincaré sections are
periodic in nature, which means the effect of the horizon is yet to appear into the system.
The appearance of PSD peak at fo = 2.243 is the fundamental frequency, and the other
frequencies at 4.694, 6.937 and 9.18 are the harmonics of that fundamental frequency.
The appearance of other frequencies of oscillations, i.e. f1, f9 etc., in the evolution of
r(A), indicates our system is quasi-periodic in nature. As we further increase the value
of E, we see that more frequencies near f1, fs and f3 start getting populated (see Fig.
2.6(b) and 2.6(c)). At the higher value of the energy, i.e. at E = 78.5 PSD shows a fully
populated pattern over the frequency range and interestingly, there is an exponential
decaying nature of it which is the distinguishing character of the onset of chaos. Thus for
E =78.5, the evolution of (1) displays the chaotic behaviour of the particle dynamics in
the near-horizon region. Hence, we obtain a series of transitions in the dynamics of our
system, namely from periodic to quasi-periodic and finally to chaotic dynamics, as the
total energy of the system (E) is increased. Therefore, it results in a quasi-periodic route

to chaos.
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Similarly, we have also studied the PSD for the Kerr case (see Fig. 2.7 and Fig. 2.8).
We have already found the equations of motion of the particle (Eq. (2.A.11) - Eq. (2.A.14))
in the Kerr background. Now, in Fig. 2.7 we see that for the lower energy value of the
total energy of the system (E = 30), the system has some quasi-periodic nature. However,
as we go for the higher values of the system energy (for E = 60, 70), PSD diagrams show
a fully populated pattern over the frequency range and the exponential decaying nature,
which is the distinguished character of the onset of chaos as we mentioned earlier. We
have already learned that the increment in the system energy represents that our probed
particle is approaching the horizon. Therefore, the increment in the population of the
frequencies in the PSD diagram with the increment in the energy value suggests that as
our system approaches the horizon, it results from a quasi-periodic nature to a chaotic

nature.

Next, we have studied the effect of the rotation parameter (a) in the particle motion
near the horizon region in Fig. 2.8 through analysing PSD. We can see from the Fig.
2.8 that for the lower value of the rotation parameter (for a = 0.6) the system retains
its quasi-periodic nature. However, as we increase the values of a, more frequencies
start appearing into the PSD (for a = 0.8) and for large values of the rotation parameter
(@ = 0.9 and 1.3) the PSD diagrams become highly populated in the frequency range
and the exponential decaying nature is also visible. Therefore, it infers that as the
rotation parameter increases in the Kerr spacetime, the system turns its nature from a

quasi-periodic to chaotic nature.
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Figure 2.7: PSD for Kerr black hole at different values of energy at fixed rotation
parameter ¢ = 0.9. The energies are (a)E = 30, (b)E =40, (¢c)E = 50 and (d)70. One
can clearly see as the value of energy increases more frequencies start populating the
spectrum. The highly population of frequency spectrum and the exponential decay ((c)
and (d)) indicate the onset of chaos.
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Figure 2.8: PSD for Kerr black hole at different values of rotation parameters for a fixed
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and (d) 1.3. One can clearly see as the value of the rotation parameter increases more
frequencies start populating the spectrum. The highly population of frequency spectrum
and the exponential decay ((c) and (d)) indicate the onset of chaos.
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2.5 Summary and Discussions

In this chapter, we have studied the implications of the influence of an event horizon
on an integrable system when the system comes under the influence of the horizon.
The whole study has been done in the classical picture. Now, let us briefly discuss and

summarise our findings in this section.

The trajectories of a massless and chargeless particle in a very near horizon region
have been studied. The theoretical analysis showed that the radial motion is an expo-
nentially increasing function of the time parameter. This indicates that the horizon may
influence chaotic behaviour in the motion of a particle in an integrable system when it
interacts with the horizon of a black hole. Carefully investigating the situation in the
presence of harmonic potential, it has been observed that this is indeed the case. We
found that the trajectories of the particle trapped in a Harmonic potential which is an
integrable system, becomes chaotic in nature after a certain value of the energy of the
system. Here both SSS and Kerr black holes cases have been investigated. For the SSS
case, the chaos occurs at a particular energy range. Note that our SSS metric is not
necessarily restricted to Schwarzschild space-time; rather it incorporates all candidates
of this type. Therefore even the SSS analysis is much more general than the earlier ones.
Interestingly, we observed that the rotation parameter induces more chaos in the particle

motion.

Overall we find that although the dynamics of a particle is integrable in the presence
of SSS and Kerr black hole, the addition of harmonic perturbation leads generation
of chaos in the system. This is consistent with the KAM theory, which states that the
non-linear perturbation in the integrable dynamical system results in the generation
of the chaos [256]. There are several examples reported earlier in support of this claim;
like the addition of non-linear perturbation in Henon-Heiles potential leads to chaotic
behaviour of the system at high energy [259], the appearance of chaos in double pendulum
(Hamiltonian) for large oscillation [260] (also see [261] for a discussion in this direction).
In our case, for small perturbation, i.e., when the harmonic term is small, we observe
a regular tori. These tori break and convert into the scattered points as the energy of
the system increases, which indicate an increase in the harmonic perturbation that
makes the system chaotic. The same characteristics we also obtained by studying PSD
for different values of the energy of the system, which results in a quasi-periodic route to

chaos.

In a similar way, one can treat the presence of the black hole like a perturbation for
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the particle trapped in the harmonic potential. Again the integrability of the harmonic
particle is lost due to the presence of the black hole. The feature of the non-integrability
in the dynamics of the particle that arises due to the addition of the harmonic potential
(as the perturbation) to the particle energy in the presence of the black hole has been
reported in [220] recently. This was done for a massive particle. Here we investigated for

the massless one.

In this calculation, the outgoing path is taken to be the geodesics for a zero mass
particle for which the radial direction is the null geodesic. This particular path plays
an important role in investigating the Hawking radiation as tunnelling phenomenon
[54, 171]. It reveals that the horizon not only radiates quantum mechanically but also
can influence the trajectories of the particles when they are very near to the horizon
where the perturbation can come from the other objects in the universe. If this is the
case, then it may be possible that the radiated particles may follow chaotic motion after
being escaped from the horizon barrier. Note that due to the complexity of the problem
here, we have not been able to provide any rigorous analytical calculations to support
the claim. To be more sure about the detailed nature of the effect of the horizon on the
chaotic fluctuation, we need to investigate more on this. Also, it must be mentioned that
our analysis is completely classical in nature. Probably a systematic calculation based
on quantum mechanics may unravel more information about the chaotic behavior of the

particles in black hole space-time.

Before concluding, we also mention that in this chapter, the influence of horizon on
an integrable system has been investigated. Here for simplicity, the integrable system
has been chosen as a massless and chargeless particle trapped in harmonic potentials.
Then we allowed it to interact with the horizon of a black hole. The underlying idea
is exactly in the spirit of the foundations of equilibrium statistical mechanics. In this
subject, we always allow our system, which is under investigation, to interact with other
systems (a finite system for microcanonical ensemble and a heat reservoir for canonical
ensemble), either thermally or mechanically. In general, it has been assumed that the
interaction Hamiltonian is very small (i.e. a weak interaction between the two systems),
and hence the total energy of the composite system is the sum of the energies of the
individual systems. At the equilibrium, the question is asked as: What is the probability
of finding the system, under investigation, having an energy between E to E + 0E for
Microcanonical ensemble while for a canonical ensemble, what is the probability of
finding the system in a particular microstate We all know that this information actually

encodes the full macroscopic description of the system in terms of a number of accessible
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microstates in Microcanonical ensemble or partition function in Canonical ensemble. In
this chapter, we are also investigating in the same fashion. We allowed one integrable
system to interact with the black hole horizon and investigated the trajectories of a
particle in the system. The energy of the composite system is taken as the sum of the
energies of the individual system, ignoring the interaction; i.e. any influence of the
harmonic potentials on the space-time has not been taken into account. Within this
scenario, we found that the composite influence can make particle motion chaotic in
nature. Of course, if the interaction is not negligible, then this also has to be taken into

account. We leave this for the future.
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Appendices

2.A Trajectories in Kerr spacetime

In the Painleve coordinate transformation the Kerr metric can be written in this form

[151]:
$2 = —fdt® + gdr® + 2hdtdr + kd6? 2.A.1)
where,
) (r2 + az)ZA_ZACL2 sin%0 ’ @42
& rzf_az : (2.A.3)

Y 2Mr(r?2 +a?)X .
(r2 +a2)2 - Aa2sin20 ’
E=%=r?+a’cos®0, (2.A.5)

(2.A4)

and A =r2 +a?2—2Mr. M is the mass and a = J/M is the angular momentum per unit
mass. We call it as rotation parameter. The event horizon is given by A = 0. It leads to

the location of horizon as
rg=M+VM2-a? . (2.A.6)

Using p,p® =0 and identifying the energy of the massless particle as £ = —p;, we
find the energy of the particle which is moving through the two harmonic potentials in

the above background can be calculated as:

+h2 , 1 1
:__p, \/_2p,+_ (_fgg )pg+§K,.(r—rc)2+§K9(y—yc)2. (2.A.7)

Now since we are interested near to the horizon, expanding f(r) upto the first order one

obtains
2.2
a®sin“0
f(’”)zf(f'H)+(7‘—7”H)f,(’”H) = T . 9. _9n
ry +a®cos 0
rt —a*cos?0 +rZa?sin?0
I H (r-rm). (2.A.8)
rH(rH+a cos20)2

Using this and replacing all the variables in Eq. (2.A.7) the energy turns out to be,

er((Zz +7r2)
23

1 1
E=X- +§(y—yc>2Ke+§(r—rc>2Kr, (2.A.9)
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where
|
z b
(a?+ r%[)(ot2 +2r2 +a2co0s20)ar — 2(r — ZrH)r%I +a?rcos20) | 2.A.10)
- rig(a? +r2)(r%[+a2 cos20)>2 T
Now the equation of motions are
(@®+r?)XY -2p,)
= — 2.A.11
r X ) ( )
. r2X2-p,Y(@®+r?) 1 2rp2—2rx?
pr = K, (r-ro)—|- zrz +4Yz{4rX+r——2rYpr
y? 4ry?
—pra?+r2)X d d - 2rY2)}] , (2.A.12)

+
ré+4rd  a®+2r?+a?cos20

2% o 2 2 .2y
a“Xsin20 a“Y p,(a®+r®)sin20 Z
9 =— - - —(y—y)raK 2.A.13
pe o3 932 ZrHZch] (y—y)raKe ( )
and
s Peo
0=——= 2.A.14
Xz’ ( )
where

2 = a®p2(r —ra)(a® + 1) (a2 + 2r)(1 + c0s20) — 2r5y(3r + 2rm) | sin 26 ;
(= r%1+a2cos20 ]

¢=a®-2r% +a*cos20 . (2.A.15)

These equations have been used to study the motion of the particle numerically.
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2.B Presence of chaos without near horizon

approximation of metric coefficients

Here, for clarity, we present the appearance of chaos without the near horizon approxi-
mation of the metric coefficients. For simplicity, a specific SSS has been chosen, which
is the Schwarzschild black hole. The Kerr case is also being discussed. This analysis
confirms the fact that the horizon in the space-time indeed induces chaotic behaviour in
particle dynamics which is not an artefact of the use of truncated form (i.e. near horizon

form of metric coefficient), as we did in our main analysis.

2.B.1 Schwarzschild black hole

For the case of Schwarschild spacetime the energy of the particle is given by (2.20) and
the equations of motions are (2.12) — (2.15) with f(r)=1—-2M/r. Here M is the mass of

the black hole. Similar to earlier, we again show the Poincare section in (p,,r) plane.
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METRIC COEFFICIENTS

E=50

2 2.5 3 3.5 4
r

Figure 2.9: (Color online) The Poincaré sections in the (r, p,) plane with 0 =0 and py >0
at different energies for the Schwarzschild black hole. The energies are E =50, E =55,
E =60, E =70, and E =75. The other parameters are ry=2.0, M =1.0,r.=3.2,0.=0,
K, =100, and Ky = 25. For large energy the KAM Tori break and the entire region gets
filled with the scattered points indicating the presence of chaos.
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Figure 2.9 clearly shows the presence of chaos in the system after a particular value of

energy.

2.B.2 Kerr black hole

Below in Fig 2.10 we show the appearance of chaos in the system in the case of Kerr

black hole without the near horizon approximation.
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Figure 2.10: (Color online) The Poincaré sections in the (r, p,) plane with 6 = 0 and
po > 0 for different energy for the Kerr black hole model at fixed rotation parameter
a =0.7. The energies are E =20, E =24 and E = 24.3. The other parameters are same as
in Fig. 2.9. For large energy the KAM Tori break and the entire region is filled with the
scattered points indicating the chaotic trajectory of the particles.
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CHAPTER

CHAOS NEAR RINDLER HORIZON

3.1 Introduction and Motivation

ill now, we have been mesmerised by the fact that an event horizon can induce

chaos in a system whenever it reaches under the influence of it. We are also

aware of the fact that this mysterious one-way membrane arises as the solution
of gravitational equations of motion [262]. The typical examples are Schwarzschild black
hole which has event horizon, the de-Sitter horizon which emerges when the spacetime
has a finite boundary at the asymptotic region, etc.. These arise in the purely curved
background. Interestingly, even in Minkowski spacetime, we have the Rindler horizon
which is an observer (uniformly accelerated) dependent non-compact horizon. There is a
particular reason we shall instigate the Rindler horizon and its fascinating near-horizon
characteristics, but before that, let us set up some background about the importance of
the present chapter in the context of near-horizon physics.

As we mentioned earlier that in the last few decades, near horizon physics, at classical
as well as at quantum level, has been the active area of research [220, 221, 243-252]. In
recent time there have been many attempts to study the particle dynamics in presence
of event horizon for different kinds of black hole systems where the black hole is either
static spherically symmetric [244, 246] or rotating [249] or magnetized [252]. The test
particles considered in those cases are either massive, charged, and spinning [250, 251] or
the massless ones (discussed in [236] and in the previous chapter). All the analysis done
in those cases are performed at the classical level [243, 246-248, 251] and the observed
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results show that the motion of the test particles become chaotic in nature. There has
also been an attempt to understand the behaviour of Lyapunov exponent for the case
of null trajectories of a particle [219]. Another interesting observation has been made
in [263], where the authors studied the motion of a test particle in the field of two fixed
centres described by Einstein-Maxwell-Dilaton theory. They showed that the transition
between regular to chaotic motion is possible as the dilation coupling is varied. In the
quantum regime also the influence of horizon on the particle dynamics has been studied.
It has been observed that the particle’s motion, detected in the Minkowski vacuum by
Rindler detector, is Brownian type [242]. A recent analysis in de-Sitter spacetime, from
the perspective of quantum field theory, also demonstrated that the produced particle

seen from the co-moving observer in conformal vacuum exhibits Brownian type of motion
[264].

Moreover, at the classical level it was explored the fact that the regular motion of a
system can be chaotic when it experiences the presence of horizon which we have already
learned in the previous chapter. This has been tested so far for a massive as well as
massless particle in the backgrounds of static spherically symmetric (SSS) as well as
Kerr spacetime [220, 236]. In particular, our previous analysis (in chapter 2) has been
done for the system in which a particle is trapped in two-dimensional harmonic potential
under the background of SSS and Kerr spacetimes. We observed that the harmonic
motion can get affected and that may lead to chaos in certain range of parameters of
the composite system. In this regard, it must be noted that all the previous analyses are
done for an intrinsically curved background, except in [220] where the Rindler case has
been investigated for a massive particle. So in these cases, the motion of the particle got
affected not only by horizon, but also by the curvature of the space-time as well as its

own mass.

On the basis of these works mentioned above, a further spontaneous and interesting
question in this context that arises is: what would be the role of only horizon on the
overall behavior of the particle motion which lacks the presence of any intrinsic curvature
in the spacetime? So far we observed in different analysis that presence of only horizon
captures important features in the system. One of the well known facts is at the quantum
level the Rindler horizon is associated with temperature and entropy [209], which is
similar to the Hawking effect [113] in black hole case. Although, the later one contains
intrinsic curvature, the former does not. Therefore by taking one step further in this
chapter we are interested to address the unique role of horizon into the particle motion

at the classical level. Other than going into the complexities of curved spacetime, one can
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think much more simplified geometry, where a horizon appears naturally and analyze
the particle trajectories in order to get the role of horizon. So here we exploit that
liberty and consider the well known Rindler spacetime which is merely a flat spacetime
(as it is an uniformly accelerated frame in the Minkowski spacetime and the metric is
constructed by using the suitable coordinate transformations). Our objective is to focus on
the unique implications of the horizon and to see how its presence leaves an imprint into
the particle motion. In this regard, we would like to mention that the Rindler spacetime
is an interesting choice as these scenarios can be built up experimentally. Moreover, if
chaos emerges into the particle dynamics again then the claim addressed in the previous
chapter that — the presence of horizon is enough to make the particle motion chaotic — will
be further balustraded.

Motivated by such interesting possibilities, here we consider a chargeless and mass-
less particle trapped under the influence of two-dimensional harmonic potential in the
Rindler frame. Here the harmonic trap direction is one along the Rindler x-direction
(when the accelerated frame is moving parallel to the Minkowski X axis), and the other
one is moving along one of the transverse directions. The particle confined into the har-
monic potential in the uniform accelerated frame will also feel the effect of the Rindler
horizon. This type of model clearly fulfils our purpose of the present investigation, as the

Rindler frame does not have a real curvature effect.

In this regard, it must be mentioned that the analytical calculations only for the mo-
tion of an outgoing particle along the x-direction show that position along this particular
direction grows exponentially with time when it is situated very near to the horizon.
This is certainly the signature that the system can experience chaos. Performing the
numerical analysis for the above mentioned model and analyzing the Poincaré sections of
the particle trajectories we confirm that chaos is inevitable for certain range of parame-
ters. Another interesting result which is found is that the upper bound of the Lyapunov
exponent is the acceleration of the particle which is consistent with the conjectured
bound predicted by the SYK model [226].

The present chapter will be dedicated to investigate the further validity of the ongoing
conjecture that the presence of the horizon may induce chaos in an integrable system,
from the perspective of a uniformly accelerated frame. Particularly, we build up a model
which consists of a particle (massless and chargeless) trapped in harmonic oscillator in a
uniformly accelerated frame (namely Rindler observer). Here the Rindler frame provides
a Killing horizon without any intrinsic curvature to the system. This makes the present

observation different from the previous studies done in our earlier chapter. Now, let us
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start our discussion by defining the path of the massless particle in the near horizon

region of a Rindler frame.

3.2 Rindler frame and equations of motion

The frame of a uniformly accelerated observer is given by the Rindler metric. In (1 + 3)

dimensions it is of the form:

2 5 dx? 2 2
ds® =—-2ax dt +2—+dy +dz“. 3.1)
ax

The location of the Rindler horizon is x = 0 and « is the value of the acceleration. To re-
move the coordinate singularity at x = 0, we apply the Painleve coordinate transformation

[54, 208]

di —dp— Y1=29% (3.2)

2ax
which transforms the metric as

ds? = —2ax dt®* +2v1—-2ax dtdx+dx®>+dy*>+dz? . (3.3)

The energy of a particle with respect to this frame can be determined by the inherent
timelike Killing vector y* =(1,0,0,0) of this spacetime. It is identified as E = —y%p, =
—p¢, where p, = (p¢, px, Py, P2) is the four momentum of the particle.

Below, we want to mention the reasons for applying Painleve coordinate transforma-

tion.

¢ In this chapter, the motive is to study the dynamics of a massless and chargeless
particle in a uniformly accelerated frame and the effect of the Killing horizon on
its motion. In order to do so, we confined the particle very near to the horizon
so that the effect of horizon is maximum. Accordingly all the calculation will be
done in the near horizon approximation. In this scenario, the form of the metric
(3.1) which has a coordinate singularity at x = 0 is not a good choice. So one needs
to choose a different coordinate system where such coordinate singularity does
not appear. Also one must be careful that the non-singular coordinates should be
such that the corresponding observer can see the horizon as one way membrane.
This is because in our case the motion of the test particle should be affected by
it. Therefore, although Kruskal coordinates system does not have the singularity
problem, the corresponding observer can not feel the horizon. So such system is

ruled out. On the other hand Painleve coordinate system has no such problem. It is
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free of coordinate singularity as well as the observer can see the horizon as one way
membrane. This is also the reason for using the Painleve coordinates in discussing
Hawking effect by tunneling mechanism in the null geodesic approach (see Ref.
[54]).

* Another important feature of Painleve coordinate transformation is that the compo-
nent form of the timelike Killing vector which defines the horizon as well as energy
of the particle, remains identical to that in original Schwarzschild like coordinates.
Initially, the metric (3.1) has the timelike Killing vector K¢ = (1,0,0,0) and the
component form of this remains same in Painleve also: y* =(1,0,0,0). This can be
checked by using the tensorial transformation of a vector under coordinate trans-
formations. This helps us to define energy in terms of only time component of four-
momentum in both the coordinate systems. For instance in Schwarzschild like coor-
dinates it is given by E = -K%p, = —p; where ¢ is Schwarzschild time coordinate;
while this is again given by only time component of momentum: E = —y%*p, = —p;

where ¢ is the Painleve time. Therefore calculations do not get complecated.

To find the expression for energy E in terms of the space components of momentum, we
shall use the standard dispersion relation g%°p,pp = —m? where m is the mass of the

particle. Under the background metric (3.3), it is expanded as
E%+2V1-2ax pr—(Zax p3+p§) =m? , (3.4)

where, we have considered only the motion of the particle along x and y directions. This
particular choice is taken for simplicity by keeping in mind the minimum dimensions
required to demonstrate our particular goal. The solution of the above equation will lead

to the expression for energy, which turns out to be

E=-V1-2ax py+\/p%+p5+m? . (3.5)

In the above, positive sign refers to the outgoing trajectories, while negative sign signifies
ingoing trajectories. Since ingoing particles are trapped inside the horizon and on the
other hand we are interested to investigate the system when it is very near, but outside
the horizon, we shall concentrate only on the outgoing ones (positive sign of the above
equation).

Before proceeding to the main goal, we want to investigate the behaviour of particle
trajectories qualitatively when it is under influence of only the Rindler horizon. For

simplicity, we consider the particle to be massless; i.e. m = 0. If one concentrates only
65

TH-2995_176121013



CHAPTER 3. CHAOS NEAR RINDLER HORIZON

on the motion along x direction (i.e. for constant values of ¥ and z), then the rate of x

variation is given by

OE
X = =—V1-2ax +1. (3.6)
Opx
Now if the particle is very near to the horizon such that 2ax < 1, then the above Eq.(3.6)

reduces to

x=ax . 3.7)

In the above Eqs. (3.6-3.7), the parameter with respect to which the derivative has been
defined is some affine parameter, say A. It should be such that the four momentum of the
massless particle is defined by p® = dx%/d A which satisfies p®V,p® = 0. This is the usual
prescription to define the parameter in the case of a null-like path x* = x%(1). Remember
that A is similar to proper time for a timelike geodesic. The solution of the above equation

1s
x= le"”l . (3.8)

This solution implies the exponential growth of position coordinate along the x direction
which signifies possible induction of chaos in an integrable system when it comes under
the influence of Rindler horizon. We shall show explicitly in the later part of the chapter
that if this massless particle is kept in a harmonic potential in the accelerated frame,
the motion of the particle in the composite system becomes chaotic for certain values of

the parameters, like total energy of the system (E) and the acceleration (a) of the frame.

In order to fulfil our claim now let us concentrate on the equations of motion and see
what happens when the influence of horizon comes into play. For that we consider two
dimensional harmonic potential in accelerated frame which have the nature (1/2)K . (x -
x.)? and (1/2)K,,(y - v.)? along Rindler x and y directions, respectively. Here K, and
K, are the spring constants while x. and y. are the equilibrium positions of these
two harmonic potentials. Our goal is to discover the fact about the collective impact of
horizon on this integrable system. In particular we want to inspect thoroughly in order
to determine how the nature of the particle trajectory gets changed or influenced by the

presence of Rindler horizon.

We begin our calculation by obtaining the total energy of the composite system when
our massless test particle moves in the background Eq. (3.3) under the influence of these

two harmonic potentials. So the total energy of the system turns out to be (considering
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only the outgoing paths)

1
E = —V1-2ax px+\/pg2c+p§,+§Kx(x—xc)2
1
+5 Ky =50, (3.9)

and correspondingly, the equations of motion will be

OF
i=g=- 1_2ax+p;;j-p§,; (3.10)
px:_%:_ﬁpx_lgx(x_xc); (8.11)
._OE Dy )

AFS —— (3.12)
Py= —% =-Ky(y—yc) . (3.13)

In the next section of the chapter we will examine these equations with the help of
numerical analysis in order to study the motion of the particle. Here we would like to
mention that the interaction between the horizon and the harmonic potentials are taken
to be so small that one can ignore that term compared to the other terms. Hence, as
pointed out in the previous chapter the total energy of the composite system, in the

above, has been taken as the sum of the gravitational and harmonic potentials parts.

3.3 Numerical analysis

To illustrate that the presence of horizon is the origin of chaos, this section will be dedi-
cated to analyze the particle motion numerically. In the previous section we analytically
showed that the particle’s position along the x direction grows exponentially when the
particle is confined very near to the horizon. This particular feature, we invoked, as the
possible induction of chaos in an integrable system. In order to confirm our claim we
will analyze the Poincaré sections and the power spectral densities of our model (har-
monic oscillator in an uniformly accelerated frame), obtained by solving the dynamical
equations of motion (Eqs. (3.10)-(3.13)). This will give us the glimpse about the change in
the dynamics of the particle trajectory. First we will present the Poincaré sections of our
composite system. In the upcoming subsections we will present power spectral density
and Lyapunov exponent and show how our dynamical system becomes chaotic for some

particular values of parameters, like acceleration (a) and energy (E).
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3.3.1 Poincare sections

The results for the Poincaré sections of the particle trajectory are shown in Fig. 3.1 and
Fig. 3.2. In Fig. 3.1 the Poincaré sections are projected over the (x, p,) plane for different
values of accelerations but for a particular value of energy (E). Whereas, in Fig. 3.2 the
Poincaré sections are plotted for different values of energies (E) while the acceleration
(a) of the system remains constant.

The dynamical equations are solved (Egs. (3.10)-(3.13)) numerically using the fourth
order Runge-Kutta method with fixed dA = 5 x 1073. The other parameters we have
chosen are K, =26.75, K, =26.75, x. = 1.1 and y., = 1.0. The variables x, y and p, are
initialized with the random numbers and p,, is obtained from Eq. (3.9) for a fixed values
of E and a. The sections are the slice defined by y = 1.0 and p, > 0. In Fig. 3.1, the
Poincare sections are plotted for different values of ¢ =0.20,0.27,0.295 and 0.35 while
the energy is fixed at E = 24.0 as indicated in the plots. In Fig. 3.2, we have considered
the energies E = 20,22,24 and 24.2 while the value of a is fixed at 0.35. For different
initial conditions the different trajectories of the particle are indicated by different colors

in the figures.

a=0.20 a=0.27
140 T T T T T T 100
120
100 -

S50
60 40+
40 30r
20
20+ 10
0 0
0 1.4 0 14
X
a=0.295
90 T 70
80 60
70 50

&30

14 0 02 04 06 0.8 1 1.2 1.4
X

Figure 3.1: (Color online) The Poincaré sections in the (x, p,) plane with y = 1.0 and
py >0 at different values of acceleration of the system for fixed energy (E = 24.0). The
values of accelerations are a = 0.20,0.27,0.295 and 0.362. The other parameters are
K, =26.75,K, =26.75,x. = 1.1 and y. = 1.0. For large value of acceleration the KAM
Tori break and the scattered points emerge which indicates the onset of chaotic dynamics.
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Figure 3.2: (Color online) The Poincaré sections in the (x, p,) plane with y = 1.0 and
py >0 at different values of energy of the system but for fixed acceleration (a = 0.35).
The energies are E = 20,22,24 and 24.2. The other parameters are K, = 26.75,K,, =
26.75,x. = 1.1 and y. = 1.0. For large value of energy the KAM Tori break and the
regions filled with scattered points which indicates the presence of chaotic motion in the
particle dynamics.

Now let us investigate these two sets of figures in more careful way. First we explore
the effect of acceleration on the particle dynamics. For low value of acceleration a =
0.20 the display of regular KAM (Kolmogorov-Arnold-Moser) tori [256] (see Fig. 3.1)
reveals the fact that the particle trajectory is regular. As we increase the value of a the
trajectories start getting deformed and breaking into small tori. Note that the effect is
more pronounced for the orbits which are closer to the horizon. There always have been
some regions of regular tori in the figures instead of the fully chaotic region where all
the points should be scattered. However, in the present study we could not get the fully
developed chaos as we find that the orbits are quite sensitive to the parameters i.e a and

E. On further change in those parameters lead to the unbounded situations.

It is noted here that as we increase a, more and more regular tori are broken and
correspondingly the chaotic nature of the system appears. This can be attributed to the
effects of horizon on the orbit of the particle. The reason can be described in a qualitative

way. The relation between the Minkowski coordinates (7, X) and Rindler coordinates
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(¢,x), for the uniformly accelerated observer on the right wedge, are
aT = v2ax sinh(at); aX = v2ax cosh(at) . (3.14)

So the trajectory of the accelerated observer is
2x

x2_72=2% (3.15)
a

which is hyperbolic in nature for a constant x. Now since a is the proper acceleration
(as measured by the Rindler frame), the path of the Rindler observer in terms of its own
coordinate is (2x)/a = 1/a?; i.e. x = 1/(2a) = constant. So different value of a corresponds
to different accelerated observer. It shows that if we increase the value of a, the frame
will be more close to the horizon x = 0 and the particle will get more effect of the horizon.
Hence the instability in the motion of the particle along x will increase according to (3.8).
This causes breaking of the orbit when it approaches towards the horizon. That’s why we
here obtained more breaking of tori as we increase the acceleration.

We obtain from Fig. 3.2 that for low energy E = 20 the Poincaré section exhibits the
regular KAM tori [256]. As the total energy of the system gets increased the volume of
the phase space increases and the trajectory of the particle approaches nearer to the
Rindler horizon. As soon as the particle moves nearer to the horizon the trajectories
start getting distorted into their structure which can be clearly seen from the Fig. 3.2.
The appearance of the scattered points in the outer most regions as we increase the total
energy of the system indicates the presence of chaos into the system. The value of energy
is chosen in such a way that the particle come close enough to the horizon but not fall
into it. Finally we mention that if the particle is massive, the situation does not change.

This has been confirmed numerically in Appendix 3.A.

3.3.2 Power Spectral Density

In order to have an instinctual idea about the dynamical behavior of our composite
system in an accelerated frame and to understand the collective impact of horizon in
the particle trajectories, we systematically investigate the evolution of the position
coordinate, x(1) with respect to the affine parameter (which plays the role of time for
the massless particle). To get an extensive idea of the trajectory of the system and the
deeper understanding of the onset chaotic behavior of the system, the power spectral
density (PSD) is analyzed which we have discussed in the previous chapter for the case
of static spherically symmetric (SSS) black hole. Now, PSD is defined as [258],

PSD =

2
-y (A, f,ADI" (3.16)
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where x(A,f,AA) is the discrete Fourier transform of x(1) evaluated at A =k AA (k =
0,1,....,./ and ./ is the length of the discrete affine parameter series).

71

TH-2995_176121013



CHAPTER 3. CHAOS NEAR RINDLER HORIZON

10|oglOPSD

10\ogloPSD

lOIoglOPSD

10IoglOPSD

10\ongSD

-100 ! ‘ !

Figure 3.3: (Color online) PSD for a =0.35,y=1.0, p, > 0,K, =26.75,K, = 26.75, x, =
1.0 and for different values of the total energy of the system E, namely (a)E =
20, (b)E =22,(c)E =24, (d)E =24.2. Upto E =22, only f1,f2 and f3 and their harmonics
are present but for higher values of energy i.e from E = 24 onwards more frequencies
start populating the spectrum. At E = 24.2, the highly population of frequency spectrum
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which indicates the onset of chaos (see Fig. 3.3(e)).
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Let us see what happens when the total energy of the system (E) is changed. In Fig.
3.3 we show PSD for the case when the acceleration is fixed (a = 0.35) and E is varied
(E =20,22,24and24.2). As we found from the previous section that for lower value of
energy E = 20 the Poincaré sections are periodic in nature, that means the effect of
horizon has not appeared into system yet. This feature is seen from Fig. 3.3(a) where
the PSD diagram is plotted for energy E = 20 but only a few number of peaks appear
into the plot. The appearance of PSD peak at fo =~ 0.6315 is the fundamental frequency
and other frequencies at 1.263,1.894 and 2.493 are the harmonics of that fundamental
frequency. The appearance of other frequencies i.e f1, f3 etc, indicates the involvement
of other frequencies of oscillations in the time evolution of x(1), which is a signature of
the quasi-periodic nature of the system. With further increase in the value of E, we find
that more frequencies near f1, fo and f3 start getting populated (see Fig. 3.3(b) and Fig.
3.3(¢)). Finally for high value of energy, i.e., E = 24.2, PSD shows fully populated pattern
over the frequency range (see Fig. 3.3(d)). That is the distinguishing character of the
onset of chaos. Interestingly this has an exponential decaying character. The similar
trend of PSD was also obtained in the case of the chaotic region of fluid motion [265]. In
this case also, like ours, the chaos is temporal one. It may possible that such exponential
decay of PSD (which is completely a phenomenological feature) is a very general nature
for a system when it is in chaotic regime. But it needs further investigation which is
beyond the scope this present chapter. Thus for E = 24.2, the observed a periodic time
evolution of x(1) displays chaotic behaviour for the particle dynamics in presence of

horizon.
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Figure 3.4: (Color online) PSD for E =24,y =1.0,p, >0,K, =26.75,K, = 26.75, x. =
1.1, y. = 1.0 and for different values of accelerations a, namely (a)a = 0.20, (b)a =
0.27,(c)a = 0.295, (d)a = 0.35. Upto a = 0.27, only f1,f2 and f3 and their harmonics
are present. From a = 0.295 onwards more frequencies start populating the spectrum. At
a =0.362, the frequencies are highly popul;ﬁed (see Fig.3.4(e) which indicates the onset

of chaos.
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Next we plot the PSD diagrams for different values of the acceleration (a = 0.20,
0.27, 0.295 and 0.362) of the system for a fixed value of energy E = 24.0 (see Fig. 3.4).
For lower value of the particle acceleration i.e at a = 0.20 the PSD (Fig. 3.4(a)) shows
the presence of only three frequencies, which are f; = 0.1979, fo = 0.2256, f3 = 0.2538
and their harmonics. While for larger values of a that is at a = 0.27 (Fig. 3.4(b)) and
at a = 0.295 (Fig. 3.4(c)) the frequencies f1,foandfs start getting shifted and other
frequencies near f1, foandf3 start getting populated like the previous case. Finally, for
very large value of a = 0.362 (Fig. 3.4(d)) where the interaction between the harmonic
potential and the horizon is very large, we found that the PSD diagrams are fully
populated with again an exponential decay over the entire frequency region which
basically shows the distinguishing feature of the onset of chaos. Hence we obtain a
series of transitions in the dynamics of our composite system, namely, from periodic to
quasi-periodic and finally to chaotic dynamics as the total energy of the system (E) or the
acceleration of the particle (a) is increased. Thus both the cases result in quasi-periodic

route to chaos.

3.3.3 Lyapunov exponent

In literature Lyapunov exponent is a quantity that quantifies the instability into the
system by measuring the rate of separation of infinitesimally close trajectories of a
dynamical system [257] (for definition please see the section 2.4.2 and Eq. (2.10) in the
previous chapter). Now, the value of the Lyapunov exponent has an upper bound which
was first mentioned in [226] for the SYK model. For our system the Lyapunov exponent
(AL) is bounded by

AL=a, (3.17)

where a is the acceleration of the Rindler frame. This is apparent from the near horizon
solution (3.8) for x. Now at the quantum level, the accelerated frame will feel the Unruh
temperature T = ha/27 (see [209]) and hence the above inequality can be expressed as
Ar, < (2nT)/h, which is exactly identical to what was obtained for SYK model [226]. In
this regard we here mention some recent studies on the bound on Lyapunov exponents
in the context of black holes. In [222] authors have studied the minimal length effects
on the chaotic motion of a massive particle near the black hole horizon where they
have shown that the corresponding Lyapunov exponent is greater than that in the
usual case with the absence of the minimal length using the Hamilton-Jacobi method.

People have also shown that the bound on the Lyapunov exponent can be violated by a
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large number of black holes including the RN-dS black holes or black holes in Einstein-
Maxwell-Dilaton, Einstein-Born-Infeld and Einstein-Gauss-Bonnet-Maxwell gravities
[266]. Another interesting work [223] where the author performed a systematic study
of the maximum Lyapunov exponent values for the motion of classical closed strings in
Anti-de Sitter black hole geometries with spherical, planar and hyperbolic horizons. The
analytical estimation from the linearized variational equations predict the Lyapunov

exponent value modified as A7, = 27T n, where n is the winding number of the string.
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Figure 3.5: (Color online) Largest Lyapunov exponent for the particle in accelerated
frame at the energy value E = 24.2 and the acceleration a = 0.35. The exponent settles at
positive value ~ 0.01 which is lower than the upper bound (0.35).

We present our numerical analysis on Lyapunov exponents for different cases in order
to show our proposition is reasonable. We have plotted the largest Lyapunov exponent for

two cases. First, we consider the energy E = 24.2 and a = 0.35 (see Fig. 3.5) and secondly,
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we have plotted for E =24.0 and a = 0.362 (see Fig. 3.6). For both the cases we obtained
the chaotic behaviour in the particle dynamics. In both the figures (Fig. 3.5 and Fig. 3.6)
it is observed that the Lyapunov exponent settle to positive values (~ 0.01 and ~ 0.02
respectively) which suggests the chaotic motion of the particle. Since we observed that
the obtained values of the Lyapunov exponents for both the cases are lower than the

bounds (0.35 and 0.362 respectively), it is consistent with our claim.
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Figure 3.6: (Color online) Largest Lyapunov exponent for the particle in accelerated
frame at the energy value E = 24 and the acceleration a = 0.362. The exponent settles at

positive value ~ 0.02 which is lower than the upper bound (0.362).
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3.4 Summary and Discussions

In this chapter we have studied the motion of a massless and chargeless particle in
an accelerated frame in the flat spacetime background. First we derived the equations
of motion of the outgoing particle trajectories and found that the position coordinate
along a particular direction increases exponentially with the time parameter which gives
us the indication that may be the horizon is influencing the chaotic fluctuation in the
particle’s motion. Next our aim was to trap the particle near the horizon and study its
dynamical behaviour. For this purpose we introduced an external harmonic potential
in the accelerated frame and derived the equations of motion from the Hamiltonian of
the whole composite system. The whole phenomena are seen by a comoving observer.
After solving these equations numerically and analyzing the Poincaré sections and the
PSD diagrams we ascertain our claim that chaos can be indeed induced in the particle

dynamics by just influence of a horizon.

So it appears that a harmonic oscillator in the Rindler frame lost its periodicity with
respect to the comoving observer as it approaches nearer to the horizon. This is consistent
with the well known KAM theory. According of which, if an integrable system having
the number of degrees of freedom (say n) greater than three, it loses its stability with
the application of a small perturbation into the system [267]. Now our system has n =4
degrees of freedom (namely, x,p.,y,p,) and that means a general small perturbation
can lead our system to instability which is happening for our case. Here if we think the
interaction with the horizon as a perturbation then as the perturbation gets increased
(due to increase in E and a) the periodic motion of the harmonic oscillator initially
decomposes into a number of tori. Further increase in the parameters (E and a) leads
to the instability in some of the regular tori that results them breaking into several
small tori. It signifies that our harmonic oscillator initially started with a fundamental
frequency but later due to the increment in the perturbation the fundamental frequency
decomposes and a number of other frequencies show up into the system which is the
characteristics of the onset of chaos. Now from the expression of the Hamiltonian of
the system we can say that the first term of Eq. (3.9) will act as the perturbation in
the system and the other two terms in Eq. (3.9) will form the integrable system of
harmonic oscillator in two dimensions. The only source of this perturbation term is the
acceleration of the system itself. That means if an harmonic oscillator is moving in two
dimensions in a constant accelerated frame, for a comoving observer it would appear

that the acceleration itself perturbed the system rigorously and as a result the harmonic
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oscillator loses its fundamental frequency and for large perturbation it shows chaotic

behavior.

Chaos in the coupled harmonic oscillators (as for an example, double pendulum)
system in the flat space time for inertial observer is generally observed due to the
presence of the nonlinear coupling [256]. The coupling is independent of the state of
the inertial observer. So chaos appears in the system even the velocity of the inertial
observer is set to zero. Here, as a precautionary note for the readers, we would like to
mention that in our system the coupling between the oscillators appears owing to the
presence of the accelerated observer only, which in turn provides a Killing horizon. The
coupling among the oscillators are happening through their interaction with this horizon.
In absence of the acceleration, the coupling between the oscillator vanishes and that will
lead to the disappearance of the chaos from the system. So one needs to be careful while
comparing the chaos that appears in our model to those appear in the system of coupled

harmonic oscillators for inertial observer.

We also found that the chaos of the particle probing the Rindler horizon has a
universal upper bound on the Lyapunov exponent. In this regard, it may be mentioned
that the upper bound is given by the acceleration of the particle and it is independent of
the external potentials which prevents the particles falling into the horizon (for details
on the potential independent nature, see [220]). This upper bound conjecture of the
Lyapunov exponent coincides with the prediction of the SYK model, argumented by
Maldacena, Shenkar and Stanford [226].

From this analysis it is apparent that an integrable system when comes under the
influence of horizon, it’s dynamics can be chaotic. Since in the present case, the horizon
is part of the flat background (vanishing Riemann curvature), the conjecture — horizon
makes system chaotic — is further balustrade as the curvature does not play much role.
This has been further elaborated by studying the route to chaos for our present model
and the model with harmonic oscillator in static spherically symmetric (SSS) black hole.
We observed that they are similar in nature (see the Fig. 2.6 in section 2.4.3 for the PSD
of SSS case).

The present analysis is well consistent with the equivalence principle as only horizon
is responsible for similar chaotic dynamics in both the setups: accelerated frame and
black hole spacetime. In this regard we further want to point out a possible parallel
description between the thermality in an accelerated frame (known as Unruh effect
[209]) and that for a static observer in black hole spacetime (familiar as Hawking effect

[113]). It is well known that both the temperature expressions are identical with the
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identification of the acceleration parameter as the surface gravity for black hole. Similar
situation again arises here also. It is noticeable that the maximum value of Lyapunov
exponent is given by proper acceleration of the frame (see Eq. (3.17)). Whereas, it was
already mentioned in the previous chapter that the same for black hole case is given by
the surface gravity. So the existing map between acceleration and surface gravity at the
quantum level also appears here, but at the classical level.

Furthermore, we hope that as our model composed of simple accelerated frame and
harmonic oscillator, an experimental setup may be designed to test this possibility. In
addition we point out that in the present context the Rindler spacetime was investigated
in [220] for a massive particle in original Rindler coordinates. The bound was obtained
same as ours (3.17). Here we worked out for a chargeless and massless particle and
the Rindler background has been taken in Painleave coordinates. Interestingly, in both
analysis the bound on Ay, is identical and independent of the mass of the particle. This
certainly provides an universal feature of horizon as mass of the particle does not play
any role on this bound. In this sense, the current analysis is different from the earlier
discussions [220, 243-252] (as they either used curved background or massive particle
or both simultaneously in their analysis). In this chapter we used massless particle and
also investigated the nature of power spectrum density which gives the information on
the nature of route to chaos when one changes the system parameters. This has not been
attempted in earlier analysis. In appendix 3.A we also give the PSD for the massive
particle in Rindler frame. We found that route to chaos for both massless and massive
is similar in nature — frequency spectrum gets populated as one increases energy or
acceleration. This again shows that the horizon actually can make system chaotic while
the mass of the particle is not so important.

Let us now summarize what are the information we can have from the study of PSD

of our system.

¢ Study of PSD helps to understand the actual appearance of chaos in a system by an-
alyzing the population of the spectrum with the change of macroscopic parameters

of the system.

* Here we studied the motion of massless as well as massive particle in a Rindler
frame. In both cases, after analyzing PSDs, we observed that the nature of onset
of chaos into the system is similar. Interestingly, the system with massive and
massless particle exhibit same route to chaos which in the present case we identified

as quasi-periodic route to chaos. Increase of same parameters (e.g. energy and
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acceleration) for both the situations, frequency spectra get populated. So we infer
that the horizon actually induces chaos to the system, while mass of the particle is

not so important.

¢ At the stage of maximum chaos, the PSDs show an exponential decay in all cases.
Although as of now this is completely a phenomenological feature, but it may be
possible that such nature is a very general one for any temporal chaos in a system.

This statement is just a prediction rather than a concrete one.

The scenario in this context is quite clear that in presence of horizon a system starts
showing chaotic fluctuations. Numerical studies also indicate in that direction. However,
the major question one can ask in this picture that what might be the particular reason
for these chaotic fluctuations in the near horizon, whether it is an event horizon or
a Rindler one. We end this chapter by putting forward this question, and in the next

chapter, our prime motive will be to hunt down its answer.
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Appendices

3.A Presence of chaos in an accelerated frame for a

massive particle

The expression of the total energy of the composite system for a massive test particle

moving in the background (2.3) under the influence of the two harmonic oscillators is

1 1
E= —V1-2ax p,+ \/p326+p§+m2 + éKx(x—xc)2+ EKy(y—yc)2 , (3.A.1)

and the corresponding equations of motion are

oE i DPx

X = =-V1-2ax + : (8.A.2)
Op: \/p§+p§+m2
oE a
iy = —7— = ———=px —Kyx(x—x); (3.A.3)
P o T T ga
oFE
y=—= £ ; (3.A.4)
25 \/P2+p2+m?
oFE
p‘y:_az_ y(y_yc)- (3.A.5)

3.A.1 Poincar¢ sections for constant total energy of the system

Here we present the Poincaré sections for a massive particle moving with an acceleration
in flat spcaetime for a fixed energy value of the system (E = 24.0). The dynamical
equations (Eqgs. (3.A.2)-(3.A.5)) are solved numerically using the fourth order Runge-
Kutta method with fixed dA =5 x 1073. The mass of the particle is chosen m = 1. The
other parameters are kept same as mentioned in the section 3.3. The analysis confirms
that in presence of horizon with the increase in the particle acceleration the motion of
the massive particle becomes chaotic (see Fig. 3.7) just like the earlier case i.e for the

massless particle.

3.A.2 Poincar¢ sections for constant acceleration of the system

In this part we present the Poincaré sections for the massive particle confined in a
two dimensional harmonic potential moving with a fixed acceleration (a = 0.35) in flat
spcaetime but for different values of energy of the system. The numerical simulations

are done in the similar process as earlier keeping all the values of the parameters same.
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Figure 3.7: (Color online) The Poincaré sections in the (x, p,) plane with y = 1.0 and
py > 0 at different values of acceleration of the system with mass m = 1 for fixed
energy (E = 24.0). The values of accelerations are a = 0.246,0.26,0.28 and 0.362. The
other parameters are K, = 26.75, K, = 26.75,x. = 1.1 and y. = 1.0. For large value of
acceleration the KAM Tori break and the scattered points emerge which indicates the
onset of chaotic dynamics.

The analysis shows us that in presence of horizon with the increase in the total energy of
the composite system the motion of the massive particle becomes chaotic which is quite

evident from the following figures (see Fig. 3.8).
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Figure 3.8: (Color online) The Poincaré sections in the (x, p,) plane with y = 1.0 and p, >0
at different values of energy of the system with mass m = 1 but for fixed acceleration
(a = 0.35). The energies are E = 20,22,24 and 24.259. The other parameters are K, =
26.75,K, =26.75,x. = 1.1 and y. = 1.0. For large value of energy the KAM Tori starts
breaking and the scattered points begin to appear which indicates the presence of chaotic
motion in the particle dynamics.

3.A.3 PSD for a massive particle for constant total energy of

the system

In this part we present the PSD diagrams for the massive particle confined in a two
dimensional harmonic potential moving with a constant total energy of the system (£ =
24) in flat spcaetime but for different values of accelerations. The numerical simulations
are done in the similar process as described earlier (see 3.3.2) keeping all the values
of the parameters same. The analysis shows us that in presence of horizon with the
increase in the acceleration of the system, the motion of the massive particle becomes
chaotic which is clearly observed as the frequencies start populating the spectrum. From
the following figures (see Fig. 3.9) it can be seen for high values of accelerations the
frequencies are highly populated which indicates the beginning of the chaotic fluctuations

into the system.
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Figure 3.9: (Color online) PSD for a massive particle with mass m = 1,E =24,y =
1.0,p,>0,K,=26.75,K, =26.75,x. = 1.1, y. = 1.0 and for different values of accelera-
tions a, namely (a)a = 0.246, (b)a = 0.26, (c)a = 0.28, (d)a = 0.362. From the figure it can
be seen that from a = 0.28 onwards more frequencies start populating the spectrum. At
a = 0.362, the frequencies are highly populaélged (see Fig.3.9(e) which indicates the onset

of chaos.
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3.A.4 PSD for a massive particle for constant acceleration of

the system

Here we present the PSD diagrams for the massive particle confined in a two dimensional
harmonic potential which is moving with a constant acceleration (a = 0.35) in flat
spacetime but for different values of the total energy of the system. The numerical
simulations are done in the similar process as earlier keeping all the values of the other
parameters same. This analysis shows us that in presence of horizon with the increase
in the total energy of the system, the motion of the massive particle becomes chaotic
and it is observed as the frequencies start populating the spectrum as the value of the
total energy goes higher. From the following figures (see Fig. 3.10) it can be seen for high
value of the energy (Fiig. 3.10(e)) the frequencies are highly populated which indicates

the beginning of the chaotic fluctuations into the system.
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Figure 3.10: (Color online) PSD for a massive particle with mass m =1,a =0.35,y =
1.0,p,>0,K,=26.75,K, =26.75,x. = 1.1, y. = 1.0 and for different values of energies
E, namely (a)E =20, (b)E =22,(c)E =24, (d)E = 24.259. From the figure it can be seen
that from E' = 24 onwards more frequencies start populating the spectrum. At E = 24.259,
the frequencies are highly populated (see Fig.3.10(e) which indicates the onset of chaos.
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3.A.5 Lyapunov exponent for massive particle

In this section we present our numerical analysis on Lyapunov exponents just like the

earlier one (see 3.3.3) but for the massive particle with mass m = 1. We have plotted the

largest Lyapunov exponent for two cases. First, we consider the energy E = 24.259 and
a =0.35 (see Fig. 3.11) and secondly, we have plotted for £ =24.0 and a = 0.362 (see Fig.

3.12). For both the cases we obtained the chaotic behaviour in the particle dynamics. In

both the figures (Fig. 3.11 and Fig. 3.12) it is observed that the Lyapunov exponent settle

to positive values (~ 0.007 and ~ 0.033 respectively) which suggests the chaotic motion

of the particle. Since we observed that the obtained values of the Lyapunov exponents

for both the cases are lower than the upper bounds (0.35 and 0.362 respectively), it is

consistent with our claim for the massive case also.
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Figure 3.11: (Color online) Largest Lyapunov exponent for the particle in accelerated
frame at the energy value E = 24.259 and the acceleration a = 0.35. The exponent settles
at positive value ~ 0.007 which is lower than the upper bound (0.35).
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Figure 3.12: (Color online) Largest Lyapunov exponent for the particle in accelerated
frame at the energy value E = 24 and the acceleration a = 0.362. The exponent settles at
positive value ~ 0.033 which is lower than the upper bound (0.362).
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CHAPTER

IS NEAR HORIZON LOCAL INSTABILITY THE MAIN
REASON FOR CHAOS?

4.1 Introduction and Motivation

athematicians usually say it is very tough to define chaos, but it is easy to

“recognize it when you see it.” However, the most challenging part is to find

out the reason behind it. In the past two chapters (chapter 2 and chapter 3),
we have been fascinated with the fact that a one-way membrane, i.e. the horizon, may
create chaotic fluctuations in a system whenever the system comes under the influence
of it. An ample amount of studies has been done regarding this [219-224, 236, 237].
Depending upon the values of the available parameters (like the energy of the particle,
the mass of the black hole, etc.) the horizon induces chaos into the integrable systems.
In a recent work [225], a similar thing has been discussed in the case of string around
charged black brane. In the previous two chapters (chapter 2 and chapter 3), we have
seen that in the case of static, stationary or in case of a Rindler horizon, an integrable
system like a massless particle trapped in a harmonic potential shows chaotic dynamics
for particular values of the parameters and when it is under the influence of the horizon.
Therefore, an essential spontaneous question one may ask on this note is why the
horizons classically give this phenomenological feature in its local territory region. In
history, chaotic dynamics in the presence of the horizon have been extensively studied,

but the reason behind this fascinating feature of the horizon is yet to be completely
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understood. Hence, here comes the most challenging part of finding out the answer to
that.

The investigation has not been limited in the classical scale only, and people have
tried to expound the chaotic dynamics of the horizon in the quantum regime as well.
The phenomena of quantum chaos are mainly examined by the behaviour of the out-of-
time-order correlator (OTOC) of some quantum operator [226, 227]. The characteristic
exponential growth of OTOC in those cases is the signature of quantum measure of chaos
[226, 227].

However, one crucial noticeable point is that, whenever we mention about chaos,
there must be some instability factors associated with the system which characterises
its chaotic feature. This is known as Lyapunov exponent (LE) (see [228] for a detailed
discussion). One recent discovery on the upper bound of the Lyapunov exponent predicted
in Sachdev-Ye-Kitaev (SYK) model [226], has made things very interesting. In the
previous chapters (chapter 2 and chapter 3) we have already seen for the static (e.g.
Schwarzschild spacetime) as well as for the stationary (e.g. Kerr spacetime) BHs, the
radial motion of the particle grows exponentially in the near horizon region and the
upper bound on the LE is determined by the surface gravity of them whereas for the
Rindler case it is determined by the value of the acceleration of the system. Therefore, the
upper bound of the instability factor, in this case, theoretically comes out to be consistent
with that of the SYK model. This has been verified numerically as well . However, the
universality of having the surface gravity as the upper bound of the LE for all the cases
is not so obvious and, as far as we know the reason behind it has not been discussed
anywhere. Therefore, finding out a concrete explanation for such feature will be the main

theme of this chapter.

In the following calculations, we try to study the system from the Hamiltonian per-
spective in the near horizon region and try to explore some of the features of that system
Hamiltonian which may help us describe the appearance of the chaotic fluctuations in

the near-horizon region. Now, let us dig into it.

IThere are few cases [266, 268], which indeed shows the violation of the bound in Lyapunov exponent.
This is either due to considering the unstable equilibrium position of the particle motion far from the
horizon [266] or due to the inclusion of the quantum correction in the particle motion, provided by the
generalised uncertainty principle [268]. Here we shall consider the analysis very near to the horizon.
Moreover, in a practical situation, later corrections are very small compared to the original value.
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4.2 Near horizon Hamiltonian in the Painleve

coordinates

Consider a static spherically symmetric (SSS) BH. Since we are interested in physics
near the horizon, in order to remove the coordinate singularity at the horizon, we
shall work with the SSS metric in Painleve coordinates expressed in chapter 2 (see
Eq. (2.3) in chapter 2). In principle, near horizon physics can be studied in any well
behaved coordinates around the horizon, like those found in [269]. But here we adopted
Painleve coordinates as it is being extensively used from very early days to study horizon
properties. Note that we are interested in the near horizon physics. Here we consider only
the radial motion of the particle. The same has already been used in several occasions to
study the near horizon physics, like in investigation of Hawking effect using gravitational
anomalies [120, 121, 124, 128, 173, 175] as well as tunneling formalism [54, 172-174]
(see also [270, 271] for some recent works). In this case considering only the radial motion

of the particle, we can obtain the form of the Hamiltonian as:

H:pr[l—\/1—21<(r—rH)] , 4.1)

where « is the surface gravity of the black hole, p, is radial momentum corresponding to
radial coordinate r and rg is the location of horizon. Details can be seen in the earlier
chapter (chapter 2) where we considered a composite system where the massless and
the chargeless particle was trapped in a harmonic potential. However, in the present
scenario we have constructed the Hamiltonian simply considering the massless particle
residing near a SSS BH with the exclusion of the harmonic potential. Just to mention,
the same expression of the Hamiltonian can also be obtained for Kerr case by considering

only 68 =0 and ¢ fixed trajectories, with

s sl @)

2rp(r? +a?)

where a is the angular momentum per unit mass. For Kerr case, at this point the outer
region of ergosphere and event horizon coincides and hence no ambiguity will arise.
Details are given in chapter 2. However, a more general situation will be addressed later
in chapter 7. So for stationary black hole here the above argument is very restrictive.
Since we are interested near to the horizon, expanding (4.1) upto the first order one

obtains
H=xxp, (4.3)
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where x =(r—rg) and p,=p. The same Hamiltonian can also be obtained for the
particle motion in the near to Killing horizon regime in a Rindler frame (chapter 3). It
shows a possible inherent property of the horizon, as long as near horizon dynamics of
the massless particle is concerned 2. Note that, this one is of the Berry-Keating type
H ~ xp [273], which provides instability into the motion of the particle dynamics. We

shall focus on this in the next section.

4.2.1 Local Instability in the classical regime

We immediately see that the system, represented by (4.3), has a hyperbolic point at
x =0 and at p = 0 which induces the instability into the particle’s motion in the radial
direction. This is of course there only in the vicinity of horizon. Therefore, we call this as

“local instability”. The Hamilton’s equations of motion are
xX=kx, p=-Kp, (4.4)

where the dot refers to the derivative with respect to the affine parameter, say A, which

parametrises the path. The solutions are are
2(A) = x(0)e**; p(A) = p(0)e ™. (4.5)

The above Eq. (4.5) shows that the radial motion is unstable for the choice of a positive
affine parameter in the near horizon region 3. In chapter 2 we obtained the similar radial
equation of motion for the massless particle in the near horizon region of a SSS and a
Kerr BH. Not only that in chapter 3 we have also seen that the particle motion becomes
unstable in a similar way near the Killing horizon in the Rindler case. Therefore, this
result implies the fact that the growth of the radial coordinate may be the possible reason
for instability and inducing chaos in an integrable system and this peculiar xp Hamilton
is responsible for that.

Now, let us study what is happening to the trajectories in the near horizon region.
In order to see the time (A1 here) evolution of the neighbouring trajectories, consider
a trajectory (say [**) which starts at phase space position (x4,p4) at A4 and ends at

(xg, pp) after one period T; = Ag — 14. We are interested to examine the effect when one

2The Hamiltonian, corresponding to the surface part of Einstein-Hilbert action, has similar structure
with respect to particular choice of canonical conjugate variables [272]

3However, it can be shown that the instability can be present in the radial momentum coordinate also
on the choice of affine parameter. In the next section 4.3 we shall show the that this is indeed the case.
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changes the initial position and momentum slightly, say (6xa,0p ). Use of (4.5) leads to

the relation between the separations for 77 > 0 as

Ox exTi 0 Ox
Bl ’ A (4.6)
ops 0 e ™| |6pa
————
Mpa

The above matrix Mpy is known as the Monodromy matrix [274]. We mention that only
the classical periodic trajectories are important here and they contribute to the density of
states at the quantum level [274]. Consequently, (4.6) yields the homogeneous instability,
represented by calculating the largest instability factor (IF) [228]:

. 1
AL max = Tllllnoo Fl In

0xp

=x>0. 4.7
5ia K (4.7)

Usually the positive instability factor is associated with chaos in the system.

We saw that the near horizon trajectories are the one which diverge exponentially.
It explains why any integrable system must be affected when it reaches very near to
the horizon. In particular, this local instability may influence chaotic dynamics to a
system when it comes very near to the horizon for some particular values of available
parameters. Such an event is consistent with the Kolmogorov—Arnold—Moser (KAM)
theory [256]. This can be a probable explanation for getting chaotic behaviour in the
earlier numerical analysis which we have done in the previous chapter 2 where a particle
is trapped in potential like harmonic one, kept under the BH background. Moreover,
such a thing is happening irrespective of the consideration of spacetime. The universal
property of the spacetimes is - all of them should contain a horizon. In addition, the
presence of any intrinsic curvature of the spacetime is not crucial; only the existence
of horizon alone is enough to make the motion of the particle chaotic. As for example,
particle dynamics on Rindler metric in harmonic trap also exhibits chaotic behaviour as
we have seen in chapter 3. This feature of horizons is due to the fact that the leading
order particle Hamiltonian, near horizon, is inherently H ~ xp, which provides the local
unstable trajectories in the particle motion.

However, based on these facts mentioned above, there are certain remaining issues

which are needed to be addressed. They are as follows.

* Is there any other set of observers other than Painleve, which also predicts a

similar instability?
* Are all these features in general observer-dependent, or some are not so?
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¢ Can the instability be addressed without going to Hamiltonian (or equivalently

Lagrangian) analysis?

¢ Is it possible to construct Hamiltonian of the system just by the knowledge of the
nature of instability in the near horizon regime? This will elaborate on the active

role of xp type Hamiltonian in this system.

In the remaining sections of this Chapter, we shall try to elaborate on these issues.
However, we shall explicitly try to address these features for those observers who can
feel the existence of the horizon. Notably, there exists another set of such coordinates
known as Eddington-Finkelstein (EF) coordinates. Hence, we shall try to analyse the
issues mentioned earlier in EF coordinates for a probed massless particle residing in the
near-horizon region of a SSS BH. First, let us define that coordinate system and the path
of the outgoing massless particle in the near-horizon region. We start in the following

way.

4.3 Outgoing path of massless particle in

Eddington-Finkelstein (EF) coordinates

Massless particle follows null-like trajectories and therefore the tangent to the path must
be null-like. To identify those, for simplicity, we consider a static spherically symmetric
black hole (SSSBH) metric in Schwarzschild coordinates (¢s,7,6,¢) as

ds® = —f(r)dt? + %d# +h(r)(d6® +sin?0d ¢?). (4.8)

Usually in (1 + 3) dimensions A(r) = r2, but we kept this as a general function of radial
coordinate for our future purpose. The above coordinate system is singular at the event
horizon #, which corresponds to f(rz) = 0. Since we shall confine our investigation in
the near horizon regime, the above singularity is not desired to exist in the choice of
coordinates. Moreover, we want the particle to follow the outgoing null trajectory. For
this purpose, Kruskal-Szekeres (KS) coordinates (U,V,0,¢) in the null-null form will be
relevant ones. Since the paths will be outgoing ones, we consider the particle propagates

along the normal to U = constant surface, where
U=zxexp(—xu)+1. 4.9)

(Following the discussion in Section 2.5 of [275], we here choose the above convention).

Since the normal to null surface is tangent to it as well, the particle will propagate
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along this U = constant surface if the tangent to it’s path be this null normal. For the
above choice, the event horizon r = rp is located at U = 1. Here « is the surface gravity
defined by x = f/(rg)/2. The +(-) sign stands for the coordinate is defined outside (inside)
the event horizon. For the present purpose, only the + sign will be considered as our
test particle resides outside the horizon. In the above, u is known as the Eddington-
Finkelstein (EF) outgoing null coordinate. There is also EF ingoing null coordinate v.
Both of them are related to Schwarzschild coordinates by the relations u =¢; —r, and

v =tg+r4, respectively with the tortoise coordinate r, is defined as
dr.=——. (4.10)

The KS coordinates cover the whole spacetime and, therefore, very much adopted
to freely falling observer. In order to realize the presence of the horizon by the particle
and to confine it outside black hole, the null trajectories will be viewed from a different
coordinate system, defined only outside the horizon. For that purpose, we adopt a new

set of EF coordinates (¢,r,60,¢) where ¢ is related to old coordinates as
t=v—r=tg+r,—r, (4.11)

where . is taken to be valid outside the horizon. Since ¢; and r are timelike and spacelike
in the r > ry region, these new coordinates are properly suited for this region only. The

metric (4.8), in these, takes the following form:
ds® = —f(r)dt?+ 2(1 - f(r))dtdr + (2 r f(r))drz + h(r)(d@z + sin? 9d¢>2) . (4.12)

Considering that the observer is in this frame, we shall calculate all our physical quantity
in these coordinates. So now, our next task is to calculate the normal to U = constant
surface, which describes the path of the massless particle. Since the observer is in the
new EF frame, we need to transform the normal vector in these coordinates. This will
give the form of the trajectory of the massless particle with respect to our desire observer.

The normal vector to U = constant (say, K) surface is determined by [, = e’V U,
where p is some scalar field on this. For the moment value of K can be any constant.
But since we are interested in near horizon region, at the end, whenever necessary, the
limit U = K — 1 will be taken to achieve our final goal. With this we find the following

components of [* on any U = constant surface in (¢,r,0,¢) coordinates as

19 = _gelp—xt=2r.+n]|{ _ %’ -1,0,0] . (4.13)
r
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Let us now choose p in such a way that [’ = 1. Then we obtain the contravariant

components of the tangent to particle trajectory as

f(r) )
%= (1,—,0,0 . (4.14)
2-1(r)
Consequently the covariant components are
f(r) )
=|—:1 . 4.1
la (f(r)_2’ ’O’O ( 5)

One can check that on the horizon .# the components reduces to [* Z (1,0,0,0), which
has the same normalization as that of the timelike Killing vector for this spacetime. This
motivated the purpose of above choice for p.

Now the integral curves x%(u) = (¢,r,0,¢) of [%, characterized by

dx(u)
du

= 1%(x(w)) (4.16)

where p is the parameter which fixes the particle position at a particular moment, lead
to the outgoing null trajectory of our massless particle along any U = constant surface.
Note that the angular components of [* vanishes and so the particle will have motion
only along the radial direction. In the upcoming section we shall study these trajectories

in the near horizon regime, i.e. in the limit U — 1 (or equivalently f(r) — 0).

4.3.1 Radial behaviour in the near horizon region

So far, we found the path of our test particle, given by the integral curve (4.16) of the
tangent vector (4.14). We are now in a position to investigate the behaviour of this curve
in the vicinity of the horizon. Since it has been observed that (4.14) does not have any
angular component, the particle will perform only the radial motion. Therefore, our local
analysis will give the nature of the radial coordinate of the particle.
Since the components of tangent vector /¢ is given by (4.14) and x® = (¢,7,0,¢), the
time component of (4.16) yields
Z—;:I:p:t. (4.17)

Then the radial component of (4.16) leads to

dr  f(r)

5—2_]0(1‘) . (4.18)

The solution of this will give us the behaviour of the particle trajectory in the radial

direction. Since we are interested in the neighbourhood region of the horizon, the metric
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coefficient f(r) can be taken as the leading term of the Taylor series expansion of it

around r =rpg:

f(r)y=2x(r—-rg). (4.19)

Substituting this in (4.18) and then keeping upto the relevant leading order (O(r —rg)),

we obtain
dr _ 2x(r—rp)
dt  2-2«k(r—rg)
=~ x(r—-rg). (4.20)
The solution of it is
1
r—rg=—e. (4.21)
K

Later we shall show that the effective Hamiltonian corresponding to (4.21) is given by
(4.3) and hence the corresponding momentum will have the form of p ~ e . Now, as our
probed particle resides very near ot the horizon, so, in the limit of ¢ — —o0, the radial
momentum diverges, i.e. p, — oo. Therefore, it suggests the fact that our test particle
experiences instability in the presence of the horizon. We shall elaborate this towards
the end of the present subsection.

As this instability in the radial motion is experienced by the particle as long as it
is situated very near to the horizon, we call this local instability. The similar feature
we also obtained in the painleve coordinates also which we mentioned in the previous
section (see Eq. (4.5)). Not only that we have also seen this feature in the previous two
chapters (chapter 2 and chapter 3) for the case of SSS and Kerr BH and for the Rindler
case also. However, this instability lies only in the vicinity region of the horizon and
therefore, for the rest of the chapter, we shall call this as just instability without the
explicit mention that it is locally applicable. But keep in mind that whenever such is
stated, this is always in a local sense.

Before going into the discussion of the consequences of this local instability, we will
show that the above can also be realised in an alternative way. We know the expansion

parameter of the congruence of geodesics ®, which is defined as
O =q%V,l , (4.22)
where g, is the transverse part of the metric g,3, defined as

Qab =8ab +lany +lpng . (4.23)
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Here n, is an auxiliary null vector field which satisfies [“n, = —1. Therefore, using the
non-affinely parametrised geodesic equation defined in Appendix 4.A (see Eq. (4.A.1.1))

and using (4.23) and (4.22), the parameter O can be expressed in terms of /% and ¥ as

© = V,I"-k
1
= —0.(/=g 1)k, (4.24)
V&

where g is the determinant of the metric.

Now, the expansion parameter of the null geodesic congruence (0) encodes the infor-
mation about the behaviour of geodesics — how the distance between two neighbouring
paths changes. Therefore, it is instructive to investigate this parameter in the present
context. Below we shall use the value of ©, calculated in Appendix 4.A, to obtain the
behaviour of radial direction in the vicinity of the horizon. We shall come back to this
quantity again in the next section.

Now, for the metric (4.12) we can write from Eq. (4.24)

h'(r)

r_ @ _ ro, o~
0,l"=0 —h(r)l +i, (4.25)

where prime indicates the derivative with respective to the r coordinate. Notice that,
in the near horizon regime the expression (4.A.2.2) for ® implies that the expansion
parameter is of the order (r — rg). Similarly, (4.14) shows [” is also O(r — rg) in this
approximation. On the other hand Eq. (4.A.1.18) shows that € = x + G(r — rg7). Therefore,

in the limit r — rz, keeping only the leading order terms in Eq. (4.25) we obtain
0/l =x. (4.26)

Now using the fact that {” = dr/d¢, the solution of the above comes out to be r = (1/x)e*! +C
where C is an integration constant. Since, for r — ryg (i.e. r, — —o0) implies t — —o0, one
obtains C = rg. Therefore we have the same solution (4.21). Also note that very near to
the horizon (¢ — —oc0), the radial momentum p, diverges as we have mentioned earlier.
This is the indication of instability near the horizon.

We now make a comment for the same in (1+ 1) dimension static black hole case. This
is needed as later in some situations we shall consider this lower-dimensional case for
the simplicity of the calculation. For (1+1) dimensional case i.e. considering the (¢ —r)
sector of metric (4.12), one can readily show that time and radial components of [* are
given by those given in (4.14). Therefore, one again finds the same radial behaviour as

obtained in (4.21). Also, as here © vanishes and the determinant of the metric is g = -1,
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the definition for expansion parameter (4.24) reduces to Eq. (4.26). Hence one finds
(4.21) again, and so the existence of the instability in the particle motion in the near
horizon region persists in this case as well. This indicates that the present instability is
completely due to the influence of the horizon in spacetime, not specific to the number of

spacetime dimensions.

4.3.2 A covariant realisation of local instability

We found that the radial motion is unstable in nature in the very near to the horizon. In
this regard, it is natural to ask — what happens to the family of these null geodesics in
this region? Whether this congruence of geodesics also faces a similar instability due to
the horizon. Moreover, in the last section we mentioned that the expansion parameter
O can be an important quantity to illuminate our main investigation. Particularly as
it measures the separation between the two nearby geodesics, it will be interesting to
see how this separation changes with time. Thus we shall have a more concrete idea of
instability, provided by the horizon. Therefore, the present section will be dedicated to
examining the evaluation of © for null geodesics in the nearby region of the horizon. The
most promising way is to start with the Raychaudhuri’s equation for null congruence
[276]. Since it is in the covariant form, we expect that the evaluation character of O,
obtained from this, in contrary to the earlier section, may provide a covariant description
of our aforesaid instability.
Raychaudhuri equation for null geodesics is [276]
do® 1

— - =KO- 20" 040"

bt wapw®® =R p1%1° . (4.27)
du

Here we shall study this equation in the near horizon of our SSSBH spacetime (4.12).
All the quantities are defined with respect to the null vector (4.14). Let us now examine
each of the terms on the right hand side of the above equation. These are all calculated
in Appendix 4.A. We found that the shear parameter o,; = 0 (see Eq. (4.A.3.4)) and since
l4 is hypersurface orthonormal, we must have the rotation parameter w,; =0 as well.
Next note that in the near horizon region ® ~ O(r —rg) (see Eq. (4.A.2.2)), whereas as
mentioned in the last section, & = x + @(r — rg7). The evaluation of the term R,;%1° for
metric (4.12) yields

F2(r) (h%(r) - 2R(PR" (1))

a1b _
Rl = = = 22h2(r)

(4.28)
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Now, for the value of A(r) = r2 the above term vanishes. Therefore, keeping the leading

order terms, i.e. O(r —rg) terms in the right hand side of Eq. (4.27) one obtains
do®
— =x0. (4.29)
du

Performing the integration of the above equation we obtain the form of the expansion

parameter as
O = ke H. (4.30)

Therefore we can see that in the near horizon region the expansion parameter of the
geodesic congruences is exponentially increasing as u increases. We will demonstrate how
this expansion parameter feature suggests that the particle’s radial motion is unstable in
the vicinity of the horizon. Additionally, when one obtains the ® value in this structure, it
automatically denotes that the particle’s geodesic motion is unstable in the near-horizon
region.

This analysis not only indicates the presence of local instability for the particle motion
but also provides a covariant description and realisation of this phenomenon. Since ©
is a scalar quantity, we now understand that for this particular particle motion, the
aforesaid instability is an observer independent feature of horizon.

We now show that from Eq. (4.30) the explicit form of unstable nature in radial
motion can be evaluated. In our EF coordinates we identified u = ¢ (see Eq. (4.17)). One
can check that at the horizon (i.e. t — —00), © vanishes, which implies that the above
solution correctly satisfies the required boundary condition. The value of © for our metric
(4.12) is given by (4.A.2.2). In the near horizon regime, at the leading order, it comes out
to be

O = z—K(r—rH) ’ (4.31)

TH
where we have used A(r) = rZ2 — r%{ and A/'(r) = 2r — 2ry. Substitution of this in the
solution (4.30) yields r — rg = (rg/2)e¥!. Thus again, we found the similar unstable
nature in the radial direction. It must be mentioned that for the trajectory given by the
tangent vector (4.14) although the instability is an observer-independent feature, this
particular radial character with time is related to EF observer. This is a very crucial

observation in this analysis.

4.3.3 Near horizon instability: Hamiltonian analysis

So far, without using any formal prescription, like Lagrangian or Hamiltonian analysis,

we have been able to show the appearance of local instability on the radial motion of
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a massless particle in the vicinity of the horizon. This feature has been shown earlier
in the earlier section (4.2.1) of the present chapter using the Hamiltonian analysis in
Painleve coordinates for the metric. It was shown that the near horizon Hamiltonian
takes the form ~ xp, where x = r —rgy and p is the radial momentum. In the present
section, we are using a new EF coordinates and found that here also, a similar feature
is appearing in radial motion even in this new coordinates. Therefore, it would be
interesting to see whether a Hamiltonian prescription can be built out in our present
analysis. More importantly, we are interested in investigating the possibility of finding
out the Hamiltonian of our system using the obtained radial feature in the earlier
sections. If so, then whether it is again similar to xp. In this section, we shall first
find the Hamiltonian from our earlier findings on the radial trajectory and then verify
this by deriving the same using dispersion relation for the massless particle on the
background (4.12). This obtained structure of Hamiltonian will be very important for the

later purpose of our analysis.

4.3.3.1 Hamiltonian from trajectories

The near horizon radial motion is driven by Eq. (4.21). Therefore use of Hamilton’s

equation of motion x = 0H/0p implies
0H
— =KX, (4.32)
op

where x = r —rg. Solution of this is given by H = xxp + f1(x), where fi(x) is an arbitrary
function of radial coordinate. This can be fixed by using the information that the corre-
sponding Lagrangian must vanish as we are dealing with massless free particle. The

Lagrangian for this solution comes out to be
L=px—-H=-f1(x). (4.33)

So to make it vanish, we must choose f1(x) = 0. Thus we find that the Hamiltonian in the

near horizon regime is given by
H=xxp . (4.34)

We now verify this below by direct evaluation of Hamiltonian from the dispersion relation.
This method has been adopted in the earlier chapter 2, but for the Painleve coordinates.
Therefore, the momentum is given by p ~ e *’. Now, from here also one can see as for

a given energy the radial momentum p diverges as x — 0. The limit x — 0 is basically
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equivalent to t — —oo, i.e. our test particle is approaching towards the horizon. We have
already witnessed this momentum divergence in our earlier discussion and here also we
confirm it again in the limit of x — 0. This indicates again the fact our massless particle

feels the presence of “local instability” in the vicinity region of the horizon.

4.3.3.2 Hamiltonian from dispersion relation

We again start with the static spherically symmetric metric written in EF coordinates
(4.12) which has a timelike Killing vector y'* = (1,0,0,0) and the energy of a particle
moving under this background is given by E = —y*p, = —p;, where p, is the four
momentum whose components are p, = (ps, pr,0,0). The angular components are chosen
to be zero as for our choice of path there is only radial motion (see Eq. (4.14)). Using the
covariant form of the dispersion relation g%°p,pp = 0 for massless particle, we obtain

the equation of the energy in terms of the radial component of the momentum as
(F(r)=2)E*-2(1— f(r)Ep, + f(r)p; =0 (4.35)

It is found that the energy has two solutions:

_(fr)-Dp,Fp,
b 2-f(r)

E , (4.36)

where the positive sign for the outgoing particle and the negative sign for the ingoing
one. With the near horizon approximation i.e. for f(r) given in Eq. (4.19), we obtain the

expression for the energy of the outgoing particle (i.e. taking the +ve sign solution) as

(f(r)=Vp,+pr
2-1(r)
x(r—rg)p,
1-x(r—rg)
K(r—rH)pr+@’(r—rH)2 . (4.37)

E

1

Since we are interested near to the horizon, taking up to the first-order one obtains the
expression of the Hamiltonian for the outgoing particle as (4.34) 4, with p, = p.
So we observed that the nature of Hamiltonian, like in Painleve coordinates (4.3), is

~xp even in EF coordinates. As we have already mentioned in the Painleve coordinate

41t may be mentioned that this type of Hamiltonian is somehow very common feature of the gravita-
tional system. It appears in different situations in the presence of gravity. At the thermodynamic level, the
surface part of the Einstein-Hilbert action yields xp type Hamiltonian [272]. Also similar observation has
been noticed for the dynamics of super-translational parameter in the context of asymptotic symmetry of a
null surface [277].
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(section 4.2) that this Hamiltonian is inherently unstable in nature, having the hyper-
bolic points at x = 0 and p = 0, which induces the instability into the particle’s motion.
Similarly, the equations of motion corresponding the Hamiltonian are same as we have
obtained earlier (see Eq. (4.5)). It immediately shows us again that at the classical level,
the radial motion of the massless particle is unstable in the vicinity of the horizon, which

we have already shown in different approaches in the previous sections.

4.4 Summary and Discussions

We shall end this classical discussion with the following comment. In the previous
chapters (chapter 2 and chapter 3) we have already seen that horizon induces chaos in a
system whenever the system comes under the influence of it. Not only that, for a very long
time through various approaches, people have seen this phenomena [219-224, 236, 237]
and notably this is common to any black hole spacetime. To follow up the real cause
of this universal feature was the main theme of this chapter. To find out the concrete
reason we argued that the instability may be the main cause of it. In section 4.2 the
static spherically symmetric black hole, Rindler case and very restrictive trajectories for
Kerr black hole have been explored in Painleve coordinates. It is observed that such is
due to the appearance of xp type Hamiltonian for a near horizon motion of a particle. On
the basis of this investigation a further spontaneous question one may ask if there is any
other set of observers other than Painleve where the same phenomena can be observed.
More precisely whether this feature is observer dependent or not.

Therefore, in the later section 4.3 we investigated the whole phenomena in a more
extensive way. We find that there is another set of coordinates, namely the Eddington-
Finkelstein (EF) coordinates, in which the motion of the particle along the null trajectory
also faces the instability in the near horizon region. Moreover, such instability is very
much there for any observer when the particle is following the outgoing null path in
that particular EF coordinates. It implies that the observed near horizon instability of
the particle motion is an observer-independent phenomenon for this particular motion of
the particle. Notably, again the instability factor is given by the surface gravity of the
black hole. Next, we find that the observer associated with the EF frame measures the
radial motion as r ~ eX! where r and ¢ are the EF radial and time coordinates, and radial

K

momentum as p ~ e *! respectively. The corresponding Hamiltonian comes out to be in

xp structure again similar to the Painleve case. It suggests that although the instability

is observer independent for our particle motion, the particular form of the Hamiltonian is
107

TH-2995_176121013



CHAPTER 4. IS NEAR HORIZON LOCAL INSTABILITY THE MAIN REASON FOR
CHAOS?

observer dependent. The observer associated with this specific frame, either in Painleve
or in EF coordinates will see this form of the near horizon Hamiltonian.

Following this classical picture, our next aim is to know whether such local instability
in the near horizon region have any observable outcomes or not. In order to realise that
quantum aspects of this instability will be addressed in the next chapter. Our main
objective will be to study the aforesaid instability at the quantum scale using various
possible ways to extract more knowledge about its consequences in the near horizon

region.
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Appendix

4.A Evaluation of K, © and o0,; for the null vector
(4.14) in the background (4.12)

4.A.1 Non-affinity coefficient

Consider the null normal vector field /, of any null hypersurface generates a null geodesic

congruence. The non-affinely parametrised geodesic equation is given by

1°v,l, =%l, , (4.A.1.1)

where « is called the non-affinity coefficient. In order to find « for the geodesic curves,
given by (4.14), first we need to compute the gradient of the null normal (V3l,). We have
already computed the components of [, in Section (4.3) (see Eq. (4.15)). Therefore, the

components of V[, in EF coordinates are obtained for the metric (4.12) as

1LfOf') 1 (FO)-DF @) (r) 0 0
2 f(r-2 2 (f(n-2)0?
f(r) 1(f()-f'(r) 0 0
Vple = 2 z2 fn-2 . (4.A.1.2)
f(rh'(r)
0 0 27 f(-2 /0
0 0 0 -1 ! ;2’;_(; ) sin20
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where Vyl, =0pl,—T IC)al ¢ and the non-zero components of Christoffel symbols (an) are

given below

[y = —%0&+f0»ﬂ0) (4.A.1.3)
ré, = —%oa+fv»ﬂv) (4.A.1.4)
re, = —%os+fv»fu) (4.A.1.5)
Ik, 1= %p&+f@»gu) (4.A.1.6)
I = %(—1+f(r))g'(r)sin29 (4.A.1.7)
7, & %f@ﬁ%ﬁ (4.A.1.8)
T, = %0&+f&»ﬂ@) (4.A.1.9)
Im. = %oz+f@»fv) (4.A.1.10)
Iy, = —%ﬂﬂgv) (4.A.1.11)
I —%fvgkmgn%a (4.A.1.12)
rf = —%iﬁ? (4.A.1.13)
T}, = —cosfsinf (4.A.1.14)
B - %ig? (4.A.1.15)
I = cotd (4.A.1.16)

Now, using the values of the V/, components we obtain

2f'(Nf(r)  2f'(r)
(f(r)-2)3" (f(r)-2)*

Using the geodesic equation (4.A.1.1) and comparing Eq. (4.A.1.17) with the expression

1°V,l, = 0,0] . (4.A.1.17)

of Eq. (4.15), we deduce the value of ¥ as

2f'(r)
K= ———— 4 A.1.18
T Fm—22 ( )

4.A.2 Expansion parameter O

The expansion parameter of the congruence of geodesics © has already been defined in

the subsection 4.3.1 (please see Eq. (4.22)). Since, in this case the determinant of the
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metric (4.12) is g = —h2(r)sin?0 and [? is given by (4.14), Eq.(4.24) yields

h(r)f(r) sin
2-f(r)

1
h(r)sin@ =

0 = o0|-«. (4.A2.1)

Next using (4.A.1.18) in the above we obtain the expression of the expansion parameter

h'(r)f(r)

= - 4. A22
h(r)2—f(r)) ( )

4.A.3 Shear parameter o,
The shear parameter g, of the congruence of geodesics is defined as
1
Oab = E(bab +bpa —0Oqap) , (4.A.3.1)
where b, is the orthogonal component of V,1; projected by q,5:
bab =q5q9Vcly . (4.A.3.2)
Now, the induced metric g, for the space-time metric (4.12) is given by

0 0
0 0
g(r) 0
0 g(r)sin®0

dab = (4.A.3.3)

S © o ©
S © o o

Therefore, using the induced metric components (q,3) and applying (4.A.1.2) and (4.A.3.2)
in (4.A.3.1) one can easily calculate each component of 7,;. This can be readily shown

that each term of o, vanishes i.e.

Oab=0. (4.A.3.4)
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Quantum scale: Thermality
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CHAPTER

LOCAL INSTABILITY LEADS TO THERMALITY

5.1 Introduction and Motivation

ne might have thought that black holes truly are black, but they aren’t and there

is a reason behind this statement. The intimate connection between gravitational

dynamics of the black hole horizon and classical thermodynamics uncovered
the fact that black holes possess thermodynamic attributes like entropy [114, 218] and
temperature [68, 113, 278]. In the seventies, several remarkable works unveiled the
tantalising connection between gravity and thermodynamics. The story starts with the
pioneering works by Hawking [68, 113] and Bekenstein [114, 218], which show that
black holes have entropy and that is proportional to its horizon surface area. Following
the works of others [278-280] thereafter, it led to the fact that for every law of black
hole mechanics, a corresponding law of classical thermodynamics also exists, which
infers that black holes are to be considered as thermodynamical objects. However, it is
claimed that every law of black hole mechanics is an analogy with the conventional law
of thermodynamics. Still, the robustness of the analogy comes into the limelight when
Hawking [68] revealed the fact that black holes can radiate when quantum effects are
taken into consideration. It unveiled a new period where people learned that black holes
are not so black, they radiate. 1t led to the fact that the concept of temperature is purely
quantum mechanical in the context of black hole horizon. Since then, understanding the
thermalisation of the black hole horizon has been one of the central interests among

physicists. As we said the concept of black hole thermodynamics [108, 113, 114] is an
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idea which originates through an analogy between the laws of black holes and those of
the usual thermodynamical systems, and it remains same till date. However, the more
profound question in this context would be to ask how this thermal nature comes into
the picture whenever we talk about horizon. In fact, the underlying physical mechanism
which provides temperature to the horizon is still unclear to us. For instance, we can
work out the thermodynamics of a system from the underlying theory of statistical
mechanics as we know the nature of the microstructure of a solid or gas from its atomic
and molecular level. However, in case of spacetime, which microscopic degrees of freedom
is responsible for the emergence of temperature into the system in presence of the
horizon is not known properly. There are several attempts, and all of them have their
own merits and demerits, and also none of them are complete. Here we want to address
one of these important issues in this area. Although the thermodynamical parameter
like temperature nicely fits with the horizon, the question remains — what is the source
of this temperature? The underlying mechanism in which sources such temperature still
is one of the grey areas. Therefore, the hunt for finding out a concrete explanation for
such feature is still under progress.

Hawking [68, 113] had shown that back holes radiate and the radiating photons are
thermal in nature, and the temperature for the corresponding radiating particles was

predicted as

Ik

T="2
27

(5.1)

where « is the surface gravity of the black hole. On the other side, the upper bound
of the instability factor or rather the Lyapunov exponent (LE) in the context of black
hole chaos is given by the surface gravity (x) of the black hole [226] which we have
already seen in the previous three chapters as well (chapter 2, chapter 3 and chapter
4). Since, the maximum value of the instability factor is given by x and the horizon
temperature is also determined by this one, therefore, this upper bound is dependent on
the temperature [226, 229]. Interestingly, it leads to a striking fact that there might be
some connection between these two phenomena, i.e. instability and thermality. These
two characteristics may seem to be different to each other, but their unification may
become a strong candidate to answer the long-standing question about the origination of
the horizon thermodynamics.

In fact, there are shreds of evidence about the connection between the instability of
the system and its corresponding quantum thermality. The original work of M. Srednicki

[231] suggested that a chaotic system naturally incorporates thermal behaviour. Recently
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Morita [232], in a similar note, suggested that an unstable classical mode, characterised
by a fixed value of Lyapunov exponent, cannot have zero temperature in the quantum
scale. One of the extensively investigated unstable systems in this direction is an inverse
harmonic oscillator (IHO). At the classical level, the THO provides instability, and
people found that quantum temperature can arise from it, which is determined by the
instability factor. A notable feature of this analysis is that the obtained temperature
is a pure quantum consequence, and so in the classical limit, it does vanish. All these
findings indicate that there is a close bond between the instability and the pure quantum
temperature. More precisely, this instability at the classical level can be a source of a

pure quantum temperature of a system.

Motivated by the earlier and recent observations in the context of connection between
the classical instability and quantum thermality, we want to explore in this chapter
such a possibility to explain the existence of horizon temperature. We feel that it can
be an important tool to explain this. In this connection, we want to mention that there
are some works where IHO (which, as we mentioned earlier, provides instability) has
appeared in the black hole system [220, 232, 233]. For example, Hashimoto et al [220]
have shown that if one considers the analysis around the maxima of a field potential in
the black hole spacetime, the effective motion of a particle is that in an THO potential.
Later on, Morita [232] and Hegde et al [233] independently showed that such THO gives
rise to temperature under quantization which is proportional to instability factor of
the system. In a completely different context [234, 235] it has been observed that if a
particle scattering phenomenon is considered in a black hole spacetime in the presence
of localised shock wave, the effective scattering Hamiltonian comes out to be that of IHO,

which also gives rise the same in the quantum regime.

The noticeable fact in all these works, mentioned above, is the possibility of the
existence of instability in the form of IHO for a black hole background, which provides
thermality to the system. In addition, this feature is local as it exists in a very small
region around a particular point — either around the maxima of the potential [220] or
around the location of the shock wave [235]. Hence none of these analyses is directly
connected with the horizon. In other words, the existing observations have not been done
around the location of the horizon. Since we know that the temperature is the property
of the horizon, this should arise totally from the investigations around this one-way

membrane.

In chapter 2 and in chapter 3 we have seen whenever an integrable system comes

under the influence of the horizon it starts showing chaotic dynamics depending upon
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the available parameters (like energy of the particle, mass of the black hole etc). In
the previous chapter, i.e. in chapter 4, our aim was to find out the reason behind this
fascinating feature of the horizon. We learnt from that study that the local instability in
the near horizon region may be the reason for that. In particular, we investigated the
behaviour of a massless and chargeless particle in the vicinity of the black hole horizon
which is moving only radially outward direction very near to the horizon. We found out
that the near horizon Hamiltonian of the particle, at the leading order in radial distance
from the horizon, is H ~ xp, where p is the conjugate momentum of position variable x.
We showed this explicitly for any static spherically symmetric black hole in both Painlevé
and Eddington-Finkelstein coordinates.

Based on these facts, the very first question one may ask is whether this near horizon
instability may lead us to the thermal behaviour of the horizon or not. If it does, then the
next question is what is the information we gain about our observer because thermality
of the horizon itself is an observer-dependent phenomenon. Therefore, investigations of
these questions and finding a concrete answer will be the central theme of this present

chapter.

5.2 Thermality of horizon

In order to find out whether the local instability in the near horizon region leads us to
explain the thermal behaviour of the horizon or not, we start our analyses with two well
known techniques which are the tunneling formalism and the detector response approach.
The first one will lead us to obtain the probability of a particle escaping through the
horizon and the later approach will give us the information about the possibility of

quantum fluctuations in other observer’s vacuum with respect to our observer.

5.2.1 Thermality through tunneling formalism

Classical general relativity has given us the concept that nothing can escape from black
hole. However, the quantum probability of escaping from the barrier of the horizon can
be different. The previously obtained Hamiltonian in Painlevé (4.3) or in EF coordinates
(4.34) are same and it can be used here to find this. The quantum probability of escaping
horizon is the main quantity which is found in tunneling formalism to study the Hawking
effect (For the underlying concept and details of this method see [54, 140, 173, 174]. Also

see [175] for an extensive list of works on tunneling formalism).
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The actual idea of the tunneling method consists of one ingoing particle and one out-
going particle. The outgoing particle is allowed to follow classically forbidden trajectories,
by starting just behind the horizon. Thus the classical particle action becomes complex
and so the principal contribution in the tunneling amplitude comes from the imaginary
part of this action for this outgoing particle. However, the action of the ingoing particle
must be real, since classically a particle can fall beyond the horizon. It is one of the key
points of this mechanism as will be seen later. Since, tunneling is a near horizon theory
and it occurs radially, this phenomena is effectively dominated by the two dimensional
(t —r) metric. Now, there are two different methods in the literature to calculate the
imaginary part of the action: the first one was introduced by Parikh-Wilczek [54] which
is the radial null geodesic method and the other one is the Hamilton-Jacobi method (HdJ)

which was first used by Srinivasan et. al. [140] L.

The radial null geodesic method considers a null s-wave emitted from the black hole.

out

The only part of the action that contributes an imaginary term is frrl prdr, where p, is

the momentum of the emitted null s-wave. Then by applying the Han:ilton’s equation and
the knowledge of the null geodesics, the imaginary part of the action is being calculated.
Then by using the WKB approximation the tunneling probability for the null s-wave
coming from inside to outside the horizon is being calculated, which in turn is related to

the Boltzmann factor for the emission of Hawking temperature.

On the other hand the HJ method involves consideration of an emitted scalar particle,
ignoring its self-gravitation, and assumes that the action of the particle satisfies the
relativistic Hamilton-Jacobi equation. From the symmetries of the metric one chooses an
appropriate ansatz for the form of the action. In our following calculations we shall adopt
the HJ method within a semi-classical approximation to find the Hawking temperature
in the near horizon region.

Now, in order to implement the inherent idea of HJ method to calculate the tunneling
probability, first, we need to identify the outgoing and the ingoing particle near the
horizon. Then we shall calculate the HJ action for the outgoing and the ingoing particle,
respectively, in order to find out the corresponding wave functions of the particles. These
wave functions will lead us to obtain the emission and the absorption probability of
the outgoing and the ingoing particle, respectively, and finally, their ratio will give us
the tunneling probability of the particle. The analysis is semi-classical in nature, and

calculation at the vicinity of the horizon is sufficient.

1Based on the tunneling idea, using the connections between the coordinates on both sides of the
horizon, the same has been done in [173, 174]
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We start with the standard ansatz for wave function for a particle as

—%S(x)

Y(x) =exp , (5.2)

where S(x) is the Hamilton-Jacobi action for the particle, defined as an integration of the

momentum p of the particle with respect to the position coordinate x variable:
S(x) = fpdx . (5.3)

(Here we have considered the above expression for two-dimensional phase space). Now,
applying p = —iho/0x on (5.2) we shall have the momentum eigenvalue as -0S/0x. For
the outgoing case we consider the positive momentum eigenvalue, i.e. which leads to
have 0S/0x < 0. In a similar fashion, for the ingoing one, one must have the negative
eigenvalue, i.e. S/0x > 0. After this identification, we are interested in calculating the
emission probability of the outgoing particle while the absorption probability for ingoing
one. The ratio of them will give us the required tunneling probability.

The energy of the outgoing particle is given by (4.34). Since H = E is the conserved
quantity here, we substitute p in terms of x in (5.3) to find the outgoing action. Also since
the emission probability will be our main interest, the limits of the integration must be
chosen x = —¢ to x = ¢ where € > 0 (i.e. from just inside the horizon to just outside of it).

Thus the “emission” action is given by

E r¢d
S[Emission] = — ax
KJoe x
nkE
= 2 (real part) . (5.4)
K

In performing the above integration, we noticed that x = 0 is the pole of the integrand.
Therefore, we need to choose the complex path of the particle in such a way so that the
probability of crossing the horizon remains a physically relevant quantity. Physically
relevant quantity means with the choice of a wave function ansatz the probability of
the particle to cross the horizon must becomes zero at the limit 7 — 0. Here, in this
case we choose the path in the upper complex plane. If we had chosen the path in the
lower complex plane then the probability diverges at the limit 7 — 0 which implies that
probability is not a physically relevant quantity in that case. Since the outgoing particle
starts from inside the black hole where x < 0, we have 0S/0x < 0, which is consistent with
the definition of the outgoing nature of the trajectory. On the other hand, the “Absorption”

action for the ingoing particle will be real as the limits of integration never include the
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horizon singularity. This can be checked trivially with the identification of energy for the

ingoing particle as E = —p (see Eq. (4.36)). So, the probability of emission turns out to be

i . 9
P[Emission] ~ ‘e_ﬁS[Emlssmn]
2nE
o exp|T : (5.5)
hx

whereas the probability of absorption is P[Absorption] = 1. Hence the tunneling proba-

bility is evaluated as

= ~ 5.6
P[Absorption] X (5.6)

P[Emission] ( 2nFE )
pl————|.
hx

Note that the above one is thermal in nature as it has the form of Boltzmann factor.
Therefore, the temperature is identified as

_hK

T=—.
27

(5.7

Now, our probed particle feels this temperature. Since we have considered that the
particle and the horizon construct a composite system and if these two subsystems are in
thermal equilibrium with each other, then this above expression is also the temperature
of the black hole horizon, which exactly matches with the standard Hawking expression
[113].

We just observed that the near horizon Hamiltonian (4.34) predicts a finite probability
of escaping a particle from the horizon and thereby providing a temperature to the
horizon. Since this Hamiltonian shows a local instability, we argue that such instability
is responsible for the thermal behaviour of the black hole. From this analysis, we can
note that the observer is associated with either Painlevé or EF coordinates. But at this
point, it is not vivid whose vacuum state is filled with a particle with respect to this
frame. It is the well-known limitation of the tunneling approach. This will be illuminated

in the next subsection by adopting a different approach.

5.2.2 Identifying our observer: Detector’s response approach in

EF coordinates

Thermality is an observer dependent phenomenon [116, 209] and vacuum plays an
important role in this case. The precise choice of observer and the corresponding choice
of vacuum is very important in that sense. Therefore, the aim of our next approach is to

identify the observer and the corresponding vacuum state connected to this thermality.
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One such popular approach is investigating through the detector’s response of a two-
level atomic detector, which can give us the clear idea to identify our observer and the
vacuum [281-283]. In this section we shall perform the calculations particularly in
EF coordinates. The choice of the observer here is the one which is following the path
(4.21) in the near horizon regime. The vacuum is chosen to be Boulware vacua, which
is defined with respect to the static observer in Schwarzschild coordinates. We will find
the transition rate of the atomic detector, which moves along the trajectory (4.21) with
respect to this Boulware vacuum. The calculation must be performed very near to the
horizon. The particular preference of this vacuum among others like Unruh or Kruskal
vacua is due to the fact that Unruh and Kruskal ones are not vacuum with respect
to static frame, whereas Boulware is a trivial one. Therefore it is apparent that the
present moving frame again finds Unruh and Kruskal vacua as non-trivial one. Hence
whether Boulware appears to be non-trivial with respect to our present observer will
be an interesting observation (a discussion of defining different vacuum states can be
followed from [116]).

Let us consider a two-level atomic detector (say a is the excited level and b is the
ground state) is moving along the geodesic (4.21). We consider the massless scalar field ®
under this background and its modes are denoted by u«, with frequency v. The modes for
the atomic detector (massless) we denote as vy, where w is the characteristic frequency.

The interaction Hamiltonian between the atomic detector and the field is taken as
Hin(1) =QI(Gyuy +h.c)boWy +h.c)], (5.8)

where the operator d, is the photon annihilator operator and &, is the atomic detector
lowering operator. A.c. signifies the hermitian conjugate. @ is the coupling constant
which determines the strength of the interaction and 7 is the detector’s clock time. This
type of model was originally considered for this purpose in [284] and later has been
subsequently used in [270].

Initially, when there is no photon is detected, the detector stays in the ground state
|b) i.e the field is in the Boulware vacuum |0). So the initial state of the whole system is
|0,b) =|0)®|b). Now after interaction the detector will go to state |a). Then the transition
amplitude of the detector, using the first order perturbation theory, is given by

Tf A
T gotect = —i f dr(Ly,alHin(1)]0,b) , (5.9)
7;

where [1,) is the one particle state of ® and 7; and 7/ are the initial and the final clock

times of the detector respectively. In this subsection, we have chosen / = 1. Therefore,
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the probability of excitation of the atomic detector, at the first order, for the interaction

Hamiltonian (5.8) turns out to be

Py

o1 [ A 2
Q| [ dr(1,.alfim®i0,b)
T

Q7| f derut(r)w;",(r)f. (5.10)

This is the working formula and it can be re-expressed in different forms according to
the necessities.

Here, for the case where we are dealing with the black hole, we are interested only on
the radial trajectories of the atomic detector. Therefore, the variable 7 in Eq. (5.10) has
to be expressed in terms of the radial coordinate » and the integration limit of  has to
be from initial value of 7 (say r;) to the final position (say 7). Under this circumstances,

we re-express (5.10) as (for details please see [270]):
rf dT % *
P = Q2|f dr (—) wE (i) . (5.11)
r; dr
Here re-expressing the detector’s path (4.21) as ¢ in terms of radial coordinate we obtain

1
t=—In (L - 1) + constant , (5.12)
K rg

where the constant, irrelevant for the present analysis, is given by (1/x)In(xrz). Next

taking? 7 = ¢, the positive frequency mode corresponding to the detector is
V=€, (5.13)

The positive frequency Boulware mode for massless scalar field can be obtained by
solving the Klein-Gordon (KG) equation [1® = 0 under the background of (4.8). Near the
horizon KG equation reduces to

02 02

———|®=0, (5.14)
02 or?

where in the near horizon limit r, is given by
1
r. =—1n(i—1). (5.15)
2K rg

—iv(tgtry)

The solutions are e , where the positive sign corresponds to ingoing and the

negative sign refers to outgoing modes. Here, our detector is moving in the outward

2Since, the path is null-like, we choose ¢ as the affine parameter and therefore it can serve as detector’s
clock time.
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direction and so we will consider the ingoing Boulware mode to investigate the response

of the detector. Therefore we choose
u, =e Wlstre) (5.16)

Hence expressing the integrand of Eq. (5.11) in terms of the radial coordinate and using

(5.12), we obtain the probability of transition as

re %(v+w)—1 ) 9
f d(i)(L—1) eivr|”, (5.17)

H rg rg

QZ

p.=2
1 5

where the upper limit is taken as position s which is situated very near to the horizon.
It has to be chosen in such a way that it’s value satisfies our near horizon approximation
. r
i.e. (G — 1) << 1.

In order to get some convenient look of Eq. (5.17) let us first make change of variable:
(r/rg)—1=y. Then (5.17) reduces to

2 y ; .
_Q ‘ L(w+v)—1ew(y+1)‘2 ) (5.18)

f
P =— dy yx
1=z}, Y

This can be expressed in terms of lower incomplete Gamma function (See page no. 527 of
ref. [285]):

2

QZ

] .
_ L(w+v),—ivy, (5.19)
K

P _
T (—iv)@tV) Y(K )

But to get a better understanding, here we shall examine it numerically for different
values of w. In order to do that, first we need to make all the variables dimensionless.

We choose the following substitutions in Eq. (5.18):
rgw=0'; rgv=v and rgx=x (5.20)

Then Eq. (5.18) reduces to the following form:

P! = ‘ ot dy yw @+ Ie1 iV ey + D) 2 (5.21)
0

where P% = Q’;% and in the above we have introduced a very small parameter € to make
H
the integration convergent.
Now, we numerically integrate the above expression for different values of o’ and
then plot v" 2P% as a function of v’ and the value of y; is taken as y¢ = 0.1 in this case. The

plot is represented in Fig. (5.1). This shows that the nature of the transition probability
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Figure 5.1: Plot of v'2P; Vs v/ for different values of w’. The choice of the small parameter
is €=0.00095 and yr =0.1.

of the detector is similar to Planck distribution. So the detector will register particles in
the Boulware vacuum when it moves along our local unstable path. Hence with respect
to this observer, the vacuum appears to be thermal. As we increase the value of ', the
peak of the curve decreases. It means that for higher values of w’, the probability of

detecting particle gets lessened.

In the similar approach one can also derive the expression for probability of detecting
an outgoing scalar field mode by an ingoing detector in the near horizon region. It means
that the detector is moving very near to the horizon but this time its direction of motion

is towards the horizon, just opposite to the previous case. In this case the EF time
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coordinate is represented in terms of the outgoing EF coordinates (u,r,0,¢) as
t=u+r=ts—ry+r. (5.22)

In the similar approach we can re-express the path of the ingoing detector in a form
which leads to ¢t as a function of the radial coordinate (Discussion about the path is
given in Eq. (5.A.2.6) in Appendix 5.A.2). For the near horizon approximation using Eq.
(5.A.2.3) of the Appendix 5.A.2 we obtain

1
t=——1In (L — 1) + constant . (5.23)
K ryg

Now, proceeding with exactly similar approach like the case of the outgoing detector one
can land up to the expression of probability which turns out to be

_Qz‘ .

f i . 2
— _2 dy y—;(w+v)—1e—w(y+1) , (524)
K 0

P

and it basically gives the same result as in the case of the outgoing detector (FIG.(5.1)).
Therefore, the outgoing and the ingoing atomic detector, following the null path,
detects ingoing and outgoing scalar particle, respectively, in the Boulware vacuum. The
Planckian nature of the plots suggests that at the quantum level, the vacuum appears
to be thermal. We showed this for near horizon trajectory. For completeness, we also
show that our present observer, when moves throughout the whole spacetime, then
also it will perceive thermality. This we present in Appendix 5.A for the Schwarzschild
black hole where the near horizon approximation is being avoided. To have a complete
analytic analysis, the calculation is performed in (1+ 1) dimensions, and the temperature

is identified to be the Hawking expression (5.7).

5.3 xp Hamiltonian and its connection with

thermality

In the presence of the horizon, our probed massless particle experiences a xp kind
Hamiltonian in the near-horizon region. Also, due to the presence of this xp Hamiltonian,
our particle experiences thermality in the vicinity of the horizon. Therefore, it is apparent
that this particular Hamiltonian has the inherent characteristics of thermality. So, it
is quite evident that thermality will emerge automatically wherever this Hamiltonian
appears. This Hamiltonian is related not only to the black hole spacetime but also to the

other systems. H ~ xp Hamiltonian has a very tight relationship with the quantum chaos
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[286]. Mathematicians also find this Hamiltonian very interesting as this Hamiltonian
might be the desired operator that provides a solution to the Hilbert-Pélya conjecture,
and this conjecture has an intriguing connection with one of the prominent problems
of modern mathematics, i.e. Riemann hypothesis. Thus the particular structure of the
Hamiltonian has a wide range of applications from the perspective of mathematics and
quantum mechanics as well [286-289]. However, in the following sections, we particularly
would like to study the thermal characteristics of xp Hamiltonian. We like to show that
this xp Hamiltonian has some inherent thermal nature at the quantum scale through
various calculations. The development of the thermal characteristics of this Hamiltonian
may explain the thermality of the horizon. In this spirit, we shall construct a few physical
models driven by xxp Hamiltonian and show that the thermality naturally emerges
in those models. In addition to the models discussed in the main calculations, we also
provided another toy model of xxp in which we illustrated its thermal nature using a

perturbative method (please see Appendix 5.D).

5.3.1 Thermality through Gutzwiller’s formula

In the previous chapter 4 we have already seen that in the near horizon region the
our probed massless and chargeless particle experiences a local instability and it turns
out that the corresponding Hamiltonian of that particle motion is xp kind (please see
Eq. (4.3) of chapter 4) both in Painlevé and in EF coordinates. Apart from the classical
perspective, the unique structure of the Hamiltonian xp kind has a great consequence if
we turn our attention to the quantum mechanics level. Particularly, we are interested
in finding the response of the “local instability” at the quantum level. As this can
manufacture instability, the usual quantization rule normally not applicable. In this
regard, Gutzwiller’s trace formula [274, 290] will be important one.

The density of states p(E) for a particular energy E is expressed in terms of Green
function G(q,q’,t) as [274, 290] (a derivation of this formula is also being presented
briefly in Appendix 5.B.1)

1
p(E) = ——Im(Tr(@))

—%Im ( f G(q,q,E>dq) , (5.25)

where q is the coordinate. The trace of the Green function can be evaluated by the
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Gutzwiller’s trace formula [274](for detailed calculations please see Appendix 5.B.2) :

i T i Ny
gB)= [daGg.a.B) = -~y ————emp[zsim -], G260
T |Mpay-1N2 th 2
where the summation is over all the classically allowed trajectories. In the above, y; is

Maslov index for the Ith trajectory and S;(E) is the Jacobi action

aB
Sl(CIA,CIB,E)=f pdq , (5.27)

qa
calculated between two points g4 and gpg. T} is the period for the primitive orbit, which

means the time needed for one passage and in terms of S;(E), it can be expressed as

T, = 0S(E) .
oE

(5.28)

Mpy in the denominator of (5.26) is our monodromy matrix (4.6) and I is the identity
matrix. ||...|| stands for modulus of the determinant. The formula (5.26) is derived in
path integral approach with the assumption that Hamiltonian can be expressed as
H = p?/(2m)+ V(x) where m is the mass of the particle with momentum p, moving under
the potential V(x).

In our present analysis, H is given by (4.3). However, for H ~ xp, the trajectories are
unbounded in nature. As we have seen from the previous chapter 4 the solutions of the
equations of motion for radial trajectory corresponding to are r ~ e*’ and p, ~ e *’. The
near horizon limit for both Painlevé and EF cases can be achieved by considering ¢ — —co.
The interesting part is that at this limit p, diverges which suggests that the particle
feels instability when it resides very near to the horizon. Therefore, the existence of this
xp Hamiltonian suggests that there lies a “local instability” region in the vicinity of the
horizon.

In addition, here, x is always positive (as the particle is moving outside the horizon),
while p can be both positive and negative. To satisfy periodicity condition, Berry-Keating
used a particular type of boundary condition on x and p [273], which was later generalized
by considering a phase space having fixed boundaries [291]. But till now the most
convincing existing prescription is to use a complexified version of H in a new set of
canonical variables which leads to a harmonic oscillator (HO) [292] which will be shown
in the following calculations.

H ~ xp can be cast in the required form by changing the variables from one canonical

set to another [273]: 1

P+X), 5.29
\/5( +X) ( )

1
=—(P-X); p=
* \/5( 5P
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so that one can use (5.26) in our case as well. In these new variables (4.3) becomes
K 2 2
H= §(P -X9). (5.30)

This implies that (4.3) is simply a canonically rotated inverted harmonic oscillator (IHO).
Comparing this with the usual form of Hamiltonian for a IHO: H;go = % - %msz 2
we found that for our system m = % and w =«.

In order to calculate S;(E) in (5.26) from (5.27) we will use the following procedure.
A direct evaluation shows that the energy eigenvalues are that of HO with a naive
substitution of the frequency w — iwg [289, 293, 294]. There after this substitution has
been appeared to be very fruitful in the quantum description of the IHO. Since we are
also interested to the quantum regime, the same prescription will be followed here.
Under w — iwg, we have Hrgo — Hygo = % + %mw%X 2 which gives periodic motion in
phase space. Now with this for a full periodic motion along the I** orbit, (5.27) yields
the area in phase space under the curve with energy E;. This is given by S; = 27E;)/wy.

Therefore the analytic continued action for our system turns out to be

OnE
e (5.31)
1K

S(E;)=-

where we have used wy — —iw = —ik. Consequently, (5.28) yields 7'; = 2in/x. This particu-
lar action (5.31) can also be obtained in a different approach also other than complexifying
the frequency part by considering an enclosed path encircling the horizon (for detailed
calculations please see Appendix 5.C).

It is well known that the path integration can be interpreted as the partition function
when the time coordinate is complexified. The periodicity of complex time is identified as
the inverse temperature. Using this idea Hawking showed that by Euclideanising the
black hole metric the calculation of the partition function gives us correct expression
for the entropy of the horizon. Here the periodicity of complexified time around horizon
is identified as the inverse of the Hawking temperature [295]. In our calculation by
complexifying the frequency we obtained 7T = 2in/x. Interestingly, this value exactly
matches with time period what Hawking found by Euclideanising the spacetime. There-
fore, we feel that there may be a close connection between Hawking’s argument with our
complexification of the frequency.

Hence, substitution of this and (5.31) in (5.26) with T; — iT; we find the expression

for the density of states as

1 1 _2nE; W
E)y=— Fix —_ 5.32
p(E) hK;sinhne €08 2 ( )
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Here in the denominator, we substituted ||[Mpa ;-1 II% = 2sinh(xT}/2) — 2sinh(ixT;/2)
(see Eq. (4.6)). The above one is thermal in nature up-to some factor 3 and the temperature
is identified as (5.7) which exactly matches with the standard Hawking expression [113]
for black hole. Note that the particular form (5.32) is the characteristic feature of IHO
which is an unstable system. It may be pointed that IHO leads to thermal nature at the
quantum level has also been reported recently in [232, 233, 277].

The Gutzwiller trace formula, for finding the total density of states (DOS) for an unsta-
ble system have two parts. One is the mean part, calculated for the action (S;(X4,X3g,E))
of vanishing path length;i.e. | Xp—X4| — 0 and another part corresponds to [ Xg—X 4| #0
(see section 7.3 and 8.1 of [274] for details), known as the oscillatory part. Berry and
Keating [273] showed that in case of xp kind Hamiltonian, the mean part of the counting
function < A4 > can be calculated for a truncated case and from which the mean part of
the DOS can be obtained using < p(E) >=d < A& >/dE. The asymptotic expression for
this comes out to be positive. Our expression (5.32) is oscillatory in nature as it has been
obtained for [ Xp—X 4| # 0. This can be both positive and negative, depending on the value
of cos(u;/2). We would like to mention here that negative DOS is not at all surprising
for near equilibrium systems. For instance, in literature [296] the negative value of DOS
has been reported for quantum system. In [297] it has been explained that DOS can have
negative values when one has quasi-probability distribution, like Wigner distribution
function, at the quantum level. This is mainly related to the situation when the system
is little away from the equilibrium. DOS has a close relation with the Wigner function
(see section 8.1.3 of [274]) and it has negative values for states which are not classically
allowed. However, these negative values must vanish at the classical limit 7 — 0. One can
check that this is exactly happening for (5.32) as well. It is a pure quantum contribution
and vanishes for 7 — 0, whereas the mean value is always positive. This fact is related to
the unstable behaviour of the Hamiltonian. The significance of this, till date, is not well
understood.

Now, earlier in the classical analysis we found that the IF has an upper bound:
Ar, < x. Therefore (5.7) yields A7, < %, which was conjectured earlier in SYK model
[226]. Consequently, one finds that the temperature of the system is bounded from lower

as

h
T=—2A; . (5.33)
27

3The expression of DOS in Eq. (5.32) is not pure thermal as it consists of some factors. Therefore, we
call this expression thermal up-to some factors. However, we can identify the temperature of the system
from this equation which is basically the Hawking’s expression (5.7).
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In [221] and in the previous chapters (chapter 2, chapter 3 and chapter 4), the above
inequality is obtained by using the classical prediction of the upper bound on LE with the
assumption that the horizon has Hawking temperature. This temperature concept was
taken as external information. But in the present analysis, we systematically derived
this temperature, and so the above relation is now certain rather than prediction. This
can also be predicted from the OTOC calculation which for large time ¢ yields C(¢) ~ e2<t.
The OTOC calculation has been done for HO in [227]. This is given by C(¢) ~ cos® wot
(see Eq. (3.4) of [227]). Now a naive substitution of wg = —ix will lead to that for our case:
C(t) ~ cosh? xt, which for large ¢ yields C(¢) ~ e2**. Similar result has also been obtained
for THO recently in [298] through Loschmidt echo, which is closely connected to OTOC,
by a direct calculation. This is the signature of quantum property of chaos which also
identifies Af, ,qx = k and provides another way of defining largest IF.

This analysis implies that the “local instability”, created by the horizon, may not only
induce chaos in a system at the classical level; but also makes the system thermal at the
quantum level by a minimum temperature. The unavoidable unstable environment in
the near horizon region puts its automatic signature by making a system quantum me-
chanically thermal. Here one must be careful that, the aforesaid near horizon instability
does not mean the particle plus horizon system is chaotic one (see chapter 4). Rather we
are saying that this instability may lead to chaos in a system (e.g. particle trapped in
a harmonic potential) under some certain circumstances (as we have seen in chapter 2
and chapter 3). Interestingly, the quantum implication of this hyperbolic point is always

emergence of temperature at the quantum level.

5.3.2 Thermality through Scattering

Till now, we observed that the horizon provides an unstable potential to the massless
particle in its neighbourhood region. Moreover, it causes the particle to feel the black
hole as a thermal object. This quantum phenomenon can also be elaborated through a
“scattering” model of a particle. The idea is the following. When a particle is moving very
near to the horizon, it will feel the influence of the horizon through the local Hamiltonian
(4.34). Then the state of the particle will be influenced. The change of wave function
can be evaluated by visualising (4.34) as the governing potential for the scattering
phenomenon. In order to proceed towards the main purpose first, we need to identify the
initial (before scattering) and final (after scattering) energy eigenstates of the system.
As we have mentioned earlier our xp Hamiltonian can be visualised as that for

an inverted harmonic oscillator (IHO) in a new set of canonical variables (X,P). The
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relation between the old and these new ones are given by Eq. (5.29). Then in the (X,P)
diagram, the old (x, p) variables are considered to be as ingoing and outgoing directions,

respectively. This is shown in Fig. 5.2.

Figure 5.2: X — P diagram: red line represents the trajectory of the particle.

Here the value of x is always positive, therefore the trajectory for E >0 in the X — P
plane always remains in that quadrant where both p and x are positive definite (see
Fig. (5.2)). Since, along x is identified as the ingoing direction, the energy eigenstate in x
representation is the initial state of the system. Likewise, p representation energy state
is our final state for the system. Therefore our next task is to find the eigenstates for

Hamiltonian (4.34) in both representations.
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In order to make Hamiltonian (4.34) hermitian, we express this as
A K
H-= 3 [xp +px], (5.34)

where the basic commutator is given by [%, ] = ih. Then the inner product between x

and p states is

Lap ) . (5.35)

1
(x|p) = Nors eXp( 3

To find the initial state, we represent Hamiltonian operator in position representation:

. 0o 1
H=-iy|lx—+-|, 5.36
g/ xax 2 ( )
where 7 = hx. With this the initial state with energy E comes out to be
1 1 )
(x|E); = with x>0. (5.37)

\/m x%_%
This is the initial eigenstate with energy E in x-representation.

The final state is determined by expressing the Hamiltonian in momentum represen-

tation:
A 0o 1
H=iy|p—+-| . 5.38
iy |p p 2] (5.38)
Eigenstate with energy E of this operator yields the final state of the system as
1 1 )
(PIE)r = —5 with p>0. (5.39)
2y p2t T

This is the final state in p-representation.
Now we shall find the relation between the final state and initial state. The similar
approach has been adopted earlier in [234, 235]. Let us start with the final state in

x-representation

(x|E)f

f_ dp{x|p){p|E)f

1 foodp e(%)p p(_%%)_l. (5.40)
0

2m\/7h

To perform the integration, we use the formula (see page no. 604 of [262] for details)

oo
f dxe 0%x571 = o7sInby(g) (5.41)
0
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with the condition Re(b) > 0 and Re(s) > 0. To satisfy these conditions for integration
(5.40), we take b = —i(x/h) + € and identify s = —i(E/y) + (1/2) with ¢ > 0. At end of the

integration we consider the limit € — 0. This leads to

W owom (1 iE\x i+ L
<x|E>f = 6%92_7]—‘(——117)—7
V27 2 7 2y
iE
FL—T in nE ]. E
- eTeWF(——LT) «IE); . (5.42)
Von 2 7y

In the last step (5.37) has been used. So we find the relation between the final energy
eigenket |E)s and the initial one |E); as

iE
h_7 in 1E 1 E
\E)f = eTeWF(——lT) E); . (5.43)
V2n 2 v)
C;

The modulus square of the coefficient (C;) in the above equation gives the probability of
finding the particle in the initial state itself. Therefore, the transition probability for the
particle to jump from initial (|E);) to the final state (|[E) /) is

P=1-|C;|?= (5.44)

21E ?
e +1

which yields again the thermal nature with temperature is given by (5.7).

Now, it is well known that the scattering phenomenon in black holes can provide the
information about the frequency of the QNM (see page no. 397 of [262]). The imaginary
part of the frequency is determined by the poles of the Gamma function appearing in
Eq. (5.43). It is clear that the poles are at E,, = —iy(n + 1/2) with n =0,1,2.... So the
imaginary part of frequency is given by w, = —ix(n + 1/2) which matches with the earlier
finding [262, 299-301].

In this context, it is worth to mention that the probability expression (Eq. (5.44)),
obtained using the scattering process, has an intimate relationship with the probability
(Eq. (5.6)) which we got using the tunneling approach in Section 5.2.1. The transition

amplitude ~ (xg|e”“MHE|x )

(known as propagator), in scattering process, is related
to the Feynman’s path integral } ay paths €Xp [(i/h)S ], where S is the classical action.
Modulus square of this quantity yields the transition probability, which is (5.44) in the
present case. In the semi-classical limit, under saddle point approximation, path integral
comes out to be proportional to S Interestingly in tunneling formalism, based on

WKB approximation, the ansatz for wave function is given by (5.2) which is similar to
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this semi-classical transition amplitude in the scattering process. Therefore it is expected
that in the semi-classical regime both the tunneling probability and transition probability
must coincide (For details, see chapter 7 of [302]). It is known that this regime is best
achieved by taking 7 — 0 and in this limit one can check that the probability distribution
(Eq. (5.44)), keeping only the dominating term, turns out to be

oK
P ~exp (—%) . (5.45)

This is exactly identical to Eq. (5.6) and thereby validating the standard relationship

between scattering amplitude and the tunneling probability in the semi-classical limit.

5.4 Summary and Discussions

The reason why horizon is associated with temperature has always been a fascinating
question towards the physics community. On the other hand, we have seen in the previous
chapters (chapter 2 and chapter 3) that within the theoretical framework we predict the
possibility of induction of chaotic behaviour in a system when it is under the influence
of the horizon. There is a surge of discussion in this direction. Interestingly, both of
these phenomena are characterised by a common horizon quantity, namely the surface
gravity. Therefore, it appears that this “apparent interlink” between them may help us
to uncover such properties of the horizon. In chapter 4, we predicted that the existence of
local instability, created by the horizon in its vicinity region, maybe a possible reason for
the chaotic motion. However, in the previous chapters (chapter 2, chapter 3 and chapter
4) the chaos and the instability part we obtained are in the classical picture. Things turn
out to be interesting when we enter into the quantum regime and following are the brief

discussions about our results in the present chapter.

* In the previous chapter 4 we found that the radial motion of an outgoing mass-
less particle in the Painlevé as well as in the EF coordinates is unstable in the
near-horizon region. It is observed that such is due to the appearance of xp type
Hamiltonian in the vicinity region of the horizon. After obtaining a clear picture
of instability in the classical scale, in the present chapter we targeted quantum
calculations in order to see whether this unstable xp kind structure of the near
horizon Hamiltonian leads us to visualise the thermal nature of the horizon or
not. Therefore, we start our analysis using tunneling approach, where we found

that this near horizon Hamiltonian predicts a finite probability of escaping the
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particle from the horizon and thereby providing a temperature to the horizon. The
expression came out to be as that of Hawking. It confirms our previous claim that
the instability created by the horizon in its vicinity region is the possible reason

for the thermal behaviour of the horizon at the quantum scale.

¢ The next approach was the detector response approach in order to get a distinct
idea about the relevant vacuum state. In this case, we particularly investigated in
EF coordinates. The observer or rather the detector, in this case, is following the
same null trajectory in EF coordinate in the near horizon regime, as we mentioned
earlier. The vacuum was chosen to be that Boulware vacuum in this case. After
evaluating the response function numerically, we have obtained that the transition
probability of the detector of detecting a photon in the Boulware vacuum is similar
to Planck distribution. It showed that the detector will see the Boulware vacuum

as a thermal bath.

¢ Next, our aim was to show particularly the inherent thermal characteristics of the
xp which may appear not only in black hole space time but also in other areas
of physics also. We started with by calculating the density of states (DOS) of the
system. In this process we particularly used the Gutzwiller’s trace formula because
usual quantization rule normally not applicable in this case. First, we write down
the xp Hamiltonian in another canonically rotated coordinates and it turns out to
be the Hamiltonian of an inverse harmonic oscillator. However, the complexified
version of the IHO Hamiltonian leads to a harmonic oscillator which helped us to
calculate the DOS using Gutzwiller’s trace formula. Interestingly, the expression
of the DOS turns out to be thermal in nature and the temperature is identified as

the Hawking temperature [113].

* The other feature of the unstable potential is, it shows scattering phenomena.
Therefore, our next approach was to study the scattering phenomena in the pres-
ence of this unstable xp kind near horizon Hamiltonian. Identifying the “in” and
“out” states we obtained the transition probability for the particle to jump from
the initial to final energy state, which yielded the thermal nature again with the
desired Hawking temperature. Moreover, we gained the information about the
frequency of the quasinormal modes from this scattering which matches with the
earlier findings [262, 299-301].

Now, let us summarise the whole concept starting from the instability and how it leads us
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to explain the thermal behaviour of the horizon. In the previous chapter 4, we constructed
a model consisting of a probed massless and chargeless particle that was residing in
the near-horizon region of a SSS BH. The specific Hamiltonian we obtained in that
scenario of xp kind. The noticeable fact of that Hamiltonian is that it turns out to be a
Hamiltonian of an ITHO in a new set of canonical coordinates, which suggests the fact
that the particle experiences a “local instability” in the near-horizon region. This can be
realised in other way rounds also. As the particle approaches towards the horizon, i.e. in
the limit of ¢t — —o0, the radial momentum of the particle, i.e. p,, diverges at the horizon.
Due to the presence of this instability at the horizon (r = rg), at the quantum level,
we see that the particle escapes the barrier of the horizon through tunneling, forming
a complex path. Hence, the singularity at r = r not only provides instability in the
particle motion but also plays a crucial role in the tunneling formalism. As a consequence
of that, we obtain a finite amount tunneling probability of the particle for escaping
through the horizon. Furthermore, the expression of the tunneling probability comes out
to be of the Boltzmann factor, which is solely due to the xp structure of the Hamiltonian.
Ultimately, it leads us to the thermal distribution, which infers the fact that instability
is the main reason behind that. Not only that, in Gutzwiller’s trace formula, after the
quantisation of the DOS, we obtained that the distribution of the energy eigenstates of
xp Hamiltonian have thermal behaviour, and we found out that the temperature exactly
matches with Hawking’s expression. Therefore, it leads us to conjecture that the local
instability created by the horizon in its vicinity region may be the main reason for having
the horizon as a thermal object.

Therefore, a clear recipe has been presented in this chapter about the relationship
between instability and thermality in the context of horizon. However, the specific
unstable spacetime region is very small, confined only within the neighbourhood of the
horizon. Moreover, the way we have studied here is very interesting. Within the various
known techniques, the black hole system has been investigated. On this note, we feel that
the results, as well as the techniques, introduced here, will not only have a significant
impact in the area of black hole physics, but also may uncover several unknown sides
of the horizon. Furthermore, the present discussion has been confined within a static,
spherically symmetric black hole. The interesting part is to extend it to Kerr and other

non-trivial backgrounds which we shall see in the upcoming chapters.
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Appendix

5.A Detector’s response in (1+ 1) dimensional

Schwarzschild background

In section 5.2.2 we studied the transition probability for an atomic detector, which is
interacting with a massless scalar field, moving very close to the horizon. It is found
that it will register a particle in the Boulware vacuum. This was done numerically. Here
we shall present an analytical approach when the detector is moving throughout the
spacetime along our chosen null path, which near to the horizon leads to an unstable
trajectory (4.21). The metric will be chosen to be Schwarzschild black hole in (1 + 1)
spacetime dimensions. The two-dimensional case is analytically solvable, and since
we will be interested in finding the detected temperature, it is sufficient to consider a
two-dimensional situation. Here both ingoing and outgoing detectors will be studied. We
shall adopt the previous atomic detector model, and so the working formula for transition
probability is given by (5.11).
The Schwarzschild metric in (1 + 1) dimensional spacetime in Schwarzschild coordi-
nates (ts,r) is given by
2
ds® = —f(r)dt® + % : (5.A.1)
where f(r) = (1— ™). The horizon located at rg = 2M where M is the mass of the black

hole. In the Eddington-Finkelstein coordinates (z,r) the metric transforms into

2
ds?=-(1-2)ae*+ “Lardr+(1+2)dr? . (5.A.2)
r r r
In this case the tortoise coordinate is given by
I :r+rHln(L—1) . (5.A.3)
ra

In the following calculation we shall choose the unit such that /= 1.

5.A.1 Outgoing detector

The outgoing null path can be determined as earlier. The detector is moving from horizon
to radial infinity. In this case the tangent of the path is is determined by the ¢ and r
components of (4.14). Therefore the path is found to be the solution of

r
dr 75~

— = . 5.A.1.1
dt $+1 ( )
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Performing the above integration we obtain

-
— -1
rg

t=r+2rgln . (5.A.1.2)

We have already found the positive frequency mode corresponding to the detector (see
Eq. (5.13)). Next, we need to find the positive frequency Boulware mode for the massless
scalar field i.e., u,, and for that, we need to solve the Klein-Gordon (KG) equation [l¢p =0
under the background (5.A.2). Since the detector is outgoing, the scalar mode under
investigation will be ingoing one. This is given by (5.16). Now, substituting everything
in the general form (5.11) (i.e. use (5.A.1.2) and (5.16) along with (5.A.3)) with 7 =¢ and

re-expressing it in terms of the radial coordinate we obtain

I 2irg( )
foodr ('H_H) ei(2v+w)r (L — 1) i ‘2 z (5.A.1.3)
rH

P =Q*
! é—l rg

Changing the variable as (é —1)=y, we find

PT — Q2 )erwdy (y+2) ei(2v+w)rH(y+1) y2irH(v+w)‘2
0 Yy

= QI +Ip2?, (5.A.1.4)

where
ITl — rHei(2v+w)rH /'oo dy y2irH(v+w)ei(2v+w)rHy (5.A.1.5)

0
and
IT2 £ 2rHei(2v+a))rH foody y2irH(v+w)—1ei(2v+w)rHy . (5.A.1.6)
0

These integrations can be performed using the general formula (5.41) and following the

prescription, as performed in section 5.3.2. This leads to

I = rge'® 9 Hexp —(1+2irH(v+w))(1n|(2v+w)rH|—%sign[(2v+w)rH])]
xI'(1+2irg(v+w)) (5.A.1.7)
and
Iy = orge’@VTOTH oxp —2irH(v+w)(ln|(2v+w)rH|—gsign[(2v+w)r1{])]

xI'Qirg(v+w)) . (5.A.1.8)
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Substituting them in Eq. (5.A.1.4) and performing the modulus square, we finally obtain

the expression for the transition probability as

Anrgv? 1
—_ N2
PT =Q 2v+w)2(v+w) % ednra(vtw) _ 1 (5.A.1.9)

This is thermal in nature up-to some factors and the temperature is identified as

1

T= ,
Adnryg

(5.A.1.10)

which is the Hawking expression for Schwarzschild black hole.

5.A.2 Ingoing detector

The detector is now approaching towards the horizon from radial infinity. In this case,
the null trajectory is chosen to be along the tangent, which is normal to ingoing null

Krushkal-Szekeres coordinate V = constant surface. This is defined by
V =+exp(xv)+1, (5.A.2.1)

where V =1 is the horizon. The observer’s coordinates are chosen to be outgoing
Eddington-Finkelstein coordinates (u,r). Then the EF timelike coordinate (¢) is given by
Eq. (5.22). In these coordinates (¢,r) the metric (5.A.1) takes the following form:

ds?® = —f(r)dt® + 2(f(r) - 1)dtdr + (2 - f(r)dr? . (5.A.2.2)

Now as earlier, the tangent to the path is given by

f(r) )
=11, . 5.A.2.3
( -2 (6423
Correspondingly the covariant components are
f(r) )
lo=|—7—=;-1|. 5.A.2.4
~|rrs eA28

Therefore again the detector is moving along the radial direction only and the trajectory

is determined by

dr 1- é
— = . 5.A.2.5
dt 1+-= ( )
H
Performing the integration in Eq. (5.A.2.5) we obtain the solution of ¢ as
r
t=—-r—2rgln ——1] . (5.A.2.6)
rH
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Since the detector is ingoing, we shall investigate the outgoing Boulware scalar mode,

given by
uy, =e VT (5.A.2.7)

Substituting all these in (5.11) and proceeding in the previous way one finds that the
transition probability is same as (5.A.1.3). Therefore the final expression is given by
(5.A.1.9). Hence the ingoing detector will register particle in the Boulware vacuum with

Hawking temperature (5.A.1.10).

5.B A note on Gutzwiller’s trace formula
Density of states (DOS) of a system is defines as

p(E)=) 6(E-E,) (5.B.1)

where 6 is the Dirac delta function and the summation runs over all energy eigenvalues
of the physical system. We see that the density of states is the derivative of the counting
function, p(E) = d A'/dE. we will link the density of states to the trace of the quantum
mechanical Green function, which will be introduced later, and then derive a trace
formula, known as the Gutzwiller trace formula 4, to find an expression for the density

of states.

5.B.1 The Green’s function

We first note that we can write the Dirac delta function as follows

e 1
E)=lim-——— .B.1.1
o= i e (6B.LD
Using this expression in (5.B.1), we obtain
1

€
E) = Ylme— —_
p(E) ;el—r»%n (E-E,)?+¢€?

. E-E,—ic
5 lim Im(;(E—En)2+e2)

1._. 1

4For detailed calculations, we refer to [274]
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If we include the infinitesimal imaginary part ie into £, and consider the taken limit to

be understood in further use of this expression, the statement reduces to

1 1
E)=-=Im}) :
pB)=—TIm) g

Therefore, in terms of trace of an observable (i.e. Hermitian) operator H of a quantum

(5.B.1.3)

system, we can write the above form of the DOS as

1 1
E)=—Im|T . 5.B.1.4
pE) nm( r(E—H)) (5.B.1.4)
Now, the quantum mechanical Green’s function is given by
G(qa,98,E)=}_ TR (5.B.1.5)
n E _En

Here, the summation runs over all eigenvectors v, (q) of the Hamiltonian of the system.

Now we introduce the notation |q4) for the eigenfunction of the position operator

qlga)=qalqa) . (5.B.1.6)

In this notation, we have v,(¢p) = (qBlYs(q)). Therefore, we can rewrite the Green

function

G(q4,98,E)=)_(Wn(@)lga) (qBlyn(q)) . (5.B.1.7)

E-E,
The position operator is an observable, which implies that the set of eigenfunctions of

the operator q is complete. Therefore, we have

flq)(qldq =1 (5.B.1.8)
where I denotes the identity operator. In the same way, we have

Yyl =1 (5.B.1.9)

n

Hence, we can write the Green’s function as follows

G(qa,qB,E)

]‘ / / /
f;<QA|Q><Q|Wn>E E. (wnlq'){q'lgpdqdq

1 ! ! !
<QA|Q><Q|;|Wn><Wn|ﬁ|q Y(q'lgrYdqdq

= (qal lgB) (5.B.1.10)

E-H
The Green function can thus be seen as the matrix element of the operator E%H in the
basis of the position eigenvectors. We can now change the expression in (5.B.1.4) into the

following expression for the density of states which leads us to Eq. (5.25):

p(E) = —%Im(Tr(G(E») - —%Im ( f G(q,q,E)dq) . (5.B.1.11)
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5.B.2 Semi-Classical Green’s function and calculation of DOS

In quantum mechanics, the propagator K(q 4,az, t) gives the probability density, |K(qa,qB,t)|?
, for a particle to reach position gp at time ¢ when starting in position g4 at ¢ = 0. For

t<0,K(qa,qB,t)=0. For t >0 it is given by the following expression
K(qa,qB,t) ={qBlU@)IgAa), (5.B.2.1)
where U(%) is the time-evolution operator
Ut)=e HIM (5.B.2.2)

The time Fourier transform of the propagator is, up to a complex constant, equal to the

Green’s function
. oo .
G(qa,q9B,E) = —% f K(qa,qp,t)e’T"dt . (5.B.2.3)
0

Now, using Feynman’s path integral approach one can obtain the expression of the

propagator as

o t
K(qa,qB,t)= f @(q)eXp(% fo L(q,q,dt)dt) (5.B.2.4)

where 2(q) stands for the path integral. To simplify this expression, using the Saddle

point approximation one obtains

K( ) ( )d/2Z|D ¥2¢ (iW (t) '”’“") (5.B.2.5)
=|— xp | — —-i— .B.2.

qA,4B, oL ; BA,l P A BA,l 9

where the summation runs over all the classically allowed trajectories from g4 to ¢p in

time ¢. We have |Dgy| = ‘ - 06:331311: and Wga(t) = f(fL(q,q,t’)dt’. Here, d is the number

of dimensions of the system, i.e. the number of generelised coordinates and p; is called

the Maslov index which is given by
1
W = 5 [(V-1)d - a;] (5.B.2.6)

where N is the number of divisions of the time interval while going from 0 — ¢ and
02Wga,
0940qp
of the semi-classical propagator (Eq. (5.B.2.5)) and putting it into the Eq. (5.B.2.3) one

ay = Z(N -1 sgn(ﬂty )), where /1{ are the eigenvalues of . Now, using the expression

J=1

can compute the Green’s function

G(qa,qB,E) = ! (

Y IDpa;I"?exp (%[WBA,l(t) +Et]

) l

1 d/2
2nhi)
T
—17)dt . (5.B.2.7)
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Now, if the Hamiltonian is time independent then H = E and we get

t t
WBA,Z"'Et:f (L+H)dt,=f plqldtIZSl (5.B.2.8)
0 0

where S; is the Hamilton-Jacobi action. Hence,

o'} 1 d/2 .
( )Z|DBAJ|1/2exp(isl—iw)dt. (5.B.2.9)

l
G E)=——
(qa,qB,E) . l . 5

hJo

After using the saddle point approximation, one gets

G(q4,q5.E) i( : )(d_MZm jv2 (is< E) '”“Z) (5.8.2.10)
> ’ = 7 g exp| — s , —l— .D.4.
9A,9B w2 z BA,l P|75194,9B 9
where
%S, 8%,
Apai=| “Qg® U@ (5.B.2.11)
~ 0Edqp T oE2

Finally, the density of states (DOS) is calculated using the expression of the Green
function (5.B.2.10) and put it into the formula (5.B.1.11) and using the saddle point

approximation, one gets

%Sz(E)—iM

cos
2

p(E) = (5.B.2.12)

1 Z T
nh |\ M; —1)|1V2
where T is the period of the primitive orbit and M; is the Monodromy matrix and I is

the identity matrix. This Eq. (5.B.2.12) is the famous Gutzwiller’s trace formula for the

density of states of a quantum chaotic system.

5.C Finding the action in the near-horizon region

In the present appendix section, we shall show that the action (5.31) can also be obtained
in a different way. Since our Hamiltonian (4.34) is valid very near to the horizon, we
consider a closed path which encircles the horizon x =0 in a circular trajectory with a
very small radius (say € — 0) as shown in Fig. 5.3.

Actually the path is one which starts just outside the horizon, enters through it and
comes back again. So it crosses the singular point x = 0 twice. To avoid this a complex
path has been chosen and since the relevant contribution comes from the singularity,

we have chosen a circular path as shown in Fig. 5.3. The choice of these types of paths
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Im 2 axis
A

>

- .
qA H 4B Re z axis

Figure 5.3: The contour diagram across the horizon where the horizon is at xz

motivated from the semi-classical treatment of Hawking effect in tunneling formalism,
similar to what we already discussed in Section 5.2.1. Since the formula (5.26) is semi-
classical in nature, we hope that such paths are relevant here as well. With this the
action of the particle following the closed path is

E, (d
Sy(E) =fp dx ==L § & (5.C.1)
K X

The above closed integration can be divided into two parts:

E, [ (98 d qa g
SiE) = —lf —x+f ax (5.C.2)
K [Jgg X qp X
—_— ——
I I
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Now, the integration I, i.e. when the particle is going from g 4 to gp is evaluated as

d o1 ;.00
Ilzf —x:f € _do=in, (5.C.3)
qA—49B /.

X eel?

where in the above ¢ is chosen to be the radius of the circular path and we substituted

x =ee'?. Similarly, I, is evaluated to be
Io=inm. (5.C.4)

Finally, putting the values of I; and I in (5.C.2), we obtain the same expression of the

action as in (5.31).

5.D Thermality through a toy model: a perturbative

approach

In this appendix section, we visualise the whole system as a following effective quantum
mechanical model. We first consider a free massless particle in Minkowski spacetime
whose Hamiltonian is given by Ho = —p (with the choice of unit ¢ = 1) which is along
the radial ingoing direction. The near horizon Hamiltonian H = kxp is treated as a
small interaction of the particle with a potential of this form. So we model the actual
system effectively as an interaction picture where a massless particle is interacting with
the potential xxp when it is following the trajectory (4.21). So we take the interaction
Hamiltonian as

H; = %K(fcﬁ + PR (x — %e”) . (5.D.1)

Dirac-delta function has been introduced in order to make sure that the interaction is
occurring only when the particle is moving along the path, given by (4.21). Now, if the
particle is a two-level quantum atom, then there is a possibility of transition from one
state to another state. Here we want to calculate the probability of transition if the atom

is initially in the ground state. So the total Hamiltonian for this quantum system is
H=H,+Hp, (5.D.2)

where H is treated as small compared to Hy. So the transition amplitude can be
evaluated in perturbative way. The unperturbed energy eigen basis are evaluated from
Hy = —p. This will provide the initial and final basis states. These are given by wi(x) ~

e 9% and £(x) ~ e 1r* respectively (considering . = 1 and the velocity of light in free
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space ¢ = 1). Introducing the transition frequency w = ws — w; we write the transition

amplitude at the first order perturbation as
[e,0] R . 1
Cimaf = —if dt(f|H(t)|i) e “'6(x — =e*?) (5.D.3)
—oo K
L oA S IR 104 1 Kt
=—— dt{f|1(xp + px)iYe ™ 6(x——e""). (5.D.4)
2 J-xo K
Now, let us concentrate on

7 = 5 [(F1aplidt - e+ (Flpslirote - | (5.D.5)

~ J [ S

P P
The first term can be evaluated as follows:

541

00 1
f (f 1) (x| &P )6 (x — ;e”)dx

o 1
f (flayaca| pliys(x — —e*“)dx
oo K
o * . 4 . 1 Kt
= f Ye(x)x | —i— | (x|i)o(x — —e"")dx
—00 0x K
. o * a 1 Kt
= —lf wf(x)x—l//i(x)5(x ——e ")dx . (5.D.6)
— 0x K
In the similar approach the other term of Eq. (5.D.5) yields

B2

1 1
(F1px1)6(x — ;e”) = ((@1zpIf)*6(x - ;e"t)

if I/Ji(x)xiu/;(x)é(x— 1e’“")dx ’ (5.D.7)
—00 Ox K

Then, using these and substituting the values of y; and v along with their conjugates
in (5.D.5) we obtain

K [ —lwix(: lwrx lwrx(  » —-lwix 1 Kt
g :E dxle " (iwp)e T —e T (—iw;)e " |xb(x — —e™’)
oo K
K [ . 1 .,
= ——f dxe' ™ (wf +w;)xd(x — —e*")
2J-c K
W K 1
= —Z(wp +wp)et ¥ St (5.D.8)
2 K

Now, changing the variable e*! = y we have

l(a) +w ) ., iw
ci_,le—f e'Yyxdy. (5.D.9)
2x 0
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Next, using the formula (5.41) we can perform the integration (see page no. 604 of [262]

for details) one finds

(w; +w f)
2x

Ci-f = exp +

—(1+£)ln @
K

Iw\im . w
1+—)—s1gn(—)
K )2 K

In the above “sign” denotes the sign function. Therefore the probability of transition

r (1 + E) . (6.D.10)
K

from |i) to |f) turns out to be

n(wi+wf)2 1

; w>0
. 92 2Kkw eznTw—l’
|CL—>f| w ”(wi+wf)2 eZHTa) W< 0 (5.D.11)

2K 2n0 )
e
In a more compact form we obtain

m(w; +wf)2 1

leimpl? = (5.D.12)

2clw|  HEY 4 .

This transition probability is thermal is nature up-to some factors and one identifies the
temperature as (5.7).

Now let us give some physical aspects of this perturbation method. The main motive
of this approach is to build a quantum mechanical model which mimics the near horizon
characteristics. In this case, we have taken the potential to be xp kind, which is basically
the near horizon Hamiltonian. Another important point is that we have considered a
definite path for the massless particle, which is basically similar to the radial trajectory
of a massless particle, which we have shown already in the previous chapter (Sections
4.3.1,4.3.2, 4.3.3 of chapter 4). Therefore, in a physical sense, this model basically mimics
the quantum behavior of the massless particle whenever it comes into the vicinity of the
horizon. The non-zero value of the probability whose nature is similar to the Planckian
distribution tells us about the thermal behavior in the near-horizon region. Therefore, it
can be regarded as an effective approach to show the thermal nature in the near-horizon

region.
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CHAPTER

HORIZON THERMALIZATION OF KERR BLACK HOLE
THROUGH LOCAL INSTABILITY

6.1 Introduction and Motivation

lassical black hole physics reveals a set laws of black hole mechanics and that
are similar to the laws of thermodynamics. It has already been an established
fact that a black hole is a thermodynamical object [68, 108, 113, 114], and it has
temperature [68, 113], which is purely a quantum mechanical and observer-dependent
quantity. It is also known that the concept of horizon thermalisation originates from
the analogy between the laws of black holes and those of the usual thermodynamical
systems [108]. However, this analogy is still far away to provide a unified perspective
about the core reason for such characteristics of the horizon. In our previous chapter 5,
the main goal was to find out the underlying mechanism that furnishes temperature to

the horizon, and we shall hunt for the same answer here also but in a different scenario.

In chapter 4 we have shown that through considering a model in the presence of
a static spherically symmetric black hole (SSS BH), an outgoing massless and charge-
less particle experiences instability in the near horizon region and the Hamiltonian
of the system is found to be of H ~ xp kind which is an unstable one. Following that
classical picture next in chapter 5 we enter into the quantum regime where we find out
some striking insights on the connection between that local instability and the horizon

thermalisation in the near horizon region. In this context, we would like to mention
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some recent developments which also indicate that instability has a close connection
with thermality in the context of horizon [232-235, 277, 303—-305] L Instability and
thermality, these two features may seem different from each other but there lies an
important unification between them. In many works [232, 233, 277, 303—-305], it has
been noted that their intimate relationship has the potential to become one of the leading
candidates, which can shed some light on the exact mechanism of horizon thermalisation.
As we mentioned earlier, our previous chapters (chapter 4 and chapter 5) have revealed
that in the presence of SSS BH, an outgoing massless and chargeless particle experiences
instability in the near-horizon region and in the quantum scale. This instability provides
temperature into the system, which divulges a noticeable conjecture that horizon creates
a local instability in its vicinity region which acts as the source of the quantum temper-
ature of a black hole. Within this analysis very recently it has been argued that this
conjecture may be supported in a more rigorous picture [304].

However, in those earlier chapters (chapter 4 and chapter 5), the analysis has been
restricted only to SSS BH case. Therefore, this conjecture needs to be tested in some
realistic situation in order to be more robust. Kerr black hole is one of the prime examples
of this kind. Kerr black holes are stationary rotating black holes. Rotating black holes
are formed in the gravitational collapse of a massive spinning star, or the collision of
a collection of compact objects or stars, and realistic collisions have non-zero angular
momentum. Therefore, it is expected that all black holes in nature are rotating ones. So,
the Kerr solution has astrophysical relevance, and this study in the near-horizon region
of Kerr spacetime will provide us with a much more realistic picture of the explanation

of horizon thermalisation.

6.2 Defining the outgoing path of the particle

Like in the earlier chapters (chapter 4 and chapter 5), we start our analysis with a
massless and chargeless particle moving under the Kerr spacetime, where the coordinate
system adopted here is a generalised version of Eddington-Finkelstein (EF) coordinates
to the rotating case. The particle moves along the null normal to the ¢ = constant and r =
constant surface.

We start our analysis with the aim of identifying the outgoing trajectory of a massless,

chargeless particle in Kerr black hole. This will be the backbone for the main purpose of

INear horizon calculation is sufficient to see particle emission from horizon has also been reported in
[306, 307].
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the present chapter. The analysis is being followed from Appendix D of [275]. Massless
particle follows null-like trajectories and therefore the tangent to the path must be
null-like. In Boyer-Lindquist (BL) coordinates (¢g1,7,0,¢pr), the metric for Kerr black

hole is of the form:

2mr 4dmarsin®0 p2
2 _ 2 2 2 2
ds® = _(1_7)dtBL_TdtBLd¢BL+Kd’" +p do
2mra?sin®6
+ (r2 +a2+ %) sin20 d¢2, 6.1)
[

where m and a are mass and angular momentum per unit mass of the black hole,

respectively. p2 and A are given by
p2=r?+a%cos?0 and A=r’-2mr+a®. (6.2)

For a = 0 the metric reduces to the Schwarzschild metric. However, being a generalization
of Schwarzschild coordinates to the rotating case, these coordinates are singular on the

event horizon /# which corresponds to A = 0. The location of the horizon is then given by
ru=m+vVm2—a? . (6.3)

The metric coefficients are independent of ¢p;, and ¢p;, and thereby respecting time
translation invariance and axial symmetry.

Since BL coordinates are not regular at rg, like our earlier analysis in chapter 4, we
adopt here a generalization of Eddington-Finkelstein (EF) coordinates to the rotating
case which are regular at the horizon. The spheroidal version of EF coordinates, denoted

by (t,r,0,¢), are related to the Boyer Lindquist coordinates (¢pr,,7,0,¢pr) by the following

relations:
d
dt = dip+——a—, (6.4)
L taseiy
2mr
adr
do = d . 6.5
¢ PBL r?2—2mr+a? (6:5)
The metric in these coordinates turns out to be
2 4 4 2
ds?= - (1— ”;r)dtQ + Zat dr- = sin0 ded + (1+ %)d;ﬁ
p p p p
2 2a2mrsin®6
~2asin20 (1 " %) drde+p?d6®+|r® +a®+ %) sin26d¢” (6.6)
p P

Note that all the metric coefficients of the above one are regular at r = r. Now in order
to find the null vector which will be the tangent to our particle path we first find the unit

normals to ¢ = constant and r = constant surfaces for the metric (6.6).
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Let us consider the foliation of Kerr spacetime by the hypersurfaces Z; of the constant
Kerr time ¢. Now, with the application of ADM decomposition (for details please see
Appendix 6.A) and comparing the line element (6.6) with Eq. (6.A.10), we obtain the

corresponding lapse function

P

N=——— (6.7)
VvV p%2+2mr
and the shift vector [275]
2

B = 0,5 0,0|, (6.8)
p2+2mr
4m?r? 2mr 2amr . ,

IBUL = ( 2( 2 9 )a 9 2 92 S 6) (69)

pe{p=+2mr) p p

where a represents the space-time index. The unit timelike normal to 2; can be calculated
from the values of the lapse function and the shift vector (see Appendix 6.A), which

results in

1 2mr
n=|=v/p2remr,—— 00 (6.10)
(P 0\ p2+2mr )

and the corresponding covariant vector

g = (—4,0,0,0) . (6.11)

vV p2+2mr

Our aim is to calculate the null normal to 4. In order to do so our next aim is to calculate
the outward (spacelike) unit normal to the 2-surface .%; < Z; which is defined at r = const

=rg. Its outward (spacelike) unit normal s lying in X, is obtained as

2+2
Sa = o,m/u 00) (6.12)
[p2+2
s = ,/ 0,2/~ mr) (6.13)
p p2 +2mr o

where A = (2 +a2)? — (r2 - 2mr + a?)a? sin2 6.

We then obtain the null normal to .# associated with Kerr slicing 1, by inserting the
expressions of (6.7), (6.10) and (6.13) into 1 = N(n +s)

a VA -2mr a
I“=11,— ,0, .
p“+2mr VA
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It can be checked that on the horizon # the components reduces to

1°% (1,0,0,a/2mrp)) . (6.15)
Also, one can check that at the limit of a — 0 (6.14) reduces to the expression of the null
normal of a Schwarzschild black hole
1-2m
%= (1 — 0 O) . (6.16)
2 2 2 b
1+=%
Now, this null normal vector (6.14) an important one as the motion of our massless
particle is along [?. Therefore, the integral curves x%(u) = (¢,7,0,¢) of [%, characterized
by

dx®(u)
du

= 1%(x(w)) 6.17)

where u is the parameter which fixes the particle position at a particular moment, leads

to the outgoing trajectory of our massless particle along the normal to .

6.3 Behaviour of trajectory near Kerr horizon

The path of our test particle is given by the integral curves which are expressed in Eq.
(6.17). We would like to investigate those trajectories and try to understand how they
behave in the near horizon region of the Kerr black hole. Since the components of the

normal vector [? is given by (6.14) and x* = (¢,7,0, ), the time component of (6.17) yields

dt
—=1=>u=t. (6.18)
du

Therefore in this analysis the coordinate time ¢ plays the role of the parameter which

fixes the moment of particle position.

6.3.1 Behaviour in the radial direction
Since u = ¢, the radial motion from (6.17) is determined by

dr VA -2mr

— = =F(r,0). 6.19
dt 02 +2mr (r.6) (6.19)

Here we denoted the right hand side expression as F(r,0) for future convenience. The
solution of the above equation will give us the information about the behaviour of the
particle trajectory in the radial direction. However, our main interest is to scrutinize

the nature of the trajectory in the vicinity of the Kerr horizon. Therefore, we have to
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check the behaviour of the solution of Eq. (6.19) taking into account the near horizon
approximation. It has already been checked that F(rg,0) = 0 (see Eq. (6.15)). Therefore,
using the Taylor series expansion of F(r,0) around r = rg and considering only the

leading order terms we obtain:
F(r,0)=«x(r-rg), (6.20)

where x = F'(r = ry,0) (please see Appendix 6.B and the prime denotes the partial
derivative with respect to the radial coordinate r) is identified as the surface gravity of
Kerr black hole (see Appendix D.4 of [275]). The value of « is given by

rg—m vVm?2 —a?
K= = )
2mryg 2m(m+vVm?2—a?)

Note that x is a constant (independent of spacetime coordinates) and therefore the

(6.21)

leading order term in the expansion of F(r,0) (see Eq. (6.20)) is function of radial
coordinate only. Since we are interested to this order, denote Eq. (6.20) as f(r) = x(r —rg).
It may be mentioned that « is the value of non-affinity parameter %, calculated at the
horizon, which is determined by the non-affinely parameterized null geodesic equation
1%Vl =&l for our given (6.14). Therefore keeping upto the relevant leading order ( i.e.

O(r —rp)), in the near horizon region Eq. (6.19) reduces to

d
d_; =~ Kk(r— 1) . (6.22)
The solution of it is given by
1
r—rg==e, (6.23)
K

which is same as SSS BH case (see Eq. 4.21). In later discussion we will find that the

¥t and as we have limit ¢ — —oco

corresponding radial momentum behaves as p, ~ e~
for near horizon, p, diverges when the particle resides very near to the horizon. This
above natures of the radial motion indicates that as long as the particle stays in the
vicinity of the horizon, it feels an instability. However, this equation also tells us that
this mentioned instability is a “local" feature, not a global one. It is only applicable in
the near horizon region. Incidentally, this exact feature has been experimentally verified
in a recent investigation [308] on an analog black hole made by photon chip. Moreover it
must be noted that the horizon corresponds to # — —oo which is consistent to our result
r—rg = (1/x)eX!. So within the range —oo <t < 0 we have x(r —rg) < 1 and hence there is

no breakdown of our approximation.
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6.3.2 Behaviour in the angular direction

Next, let us investigate the particle motion along the angular coordinates. From the
obtained path of the test particle, given by the integral curve (6.17) of the null normal

vector (6.14) we obtain from the 6 component of /¢

do
at =0 = 0 =constant . (6.24)

Therefore, the above equation suggests that the 6 coordinate remains constant with
respect to time along the trajectory of the particle; i.e. the particle does not have any
motion along 6-direction.

The azimuthal component of (6.14) leads us to

d a
£ =—. (6.25)
dt VA

Now, as our interest is in the near horizon region, therefore considering only the leading

order term in the above equation we obtain

do a
— ~ =Qz . 6.26
dt 2mrg H ( )

The solution of the above equation is
¢ =Qgt; (6.27)

i.e. ¢ changes linearly with ¢ along the trajectory as long as the near horizon particle
motion is concerned.

The analysis in this section indicates that the motion of the particle in the near
horizon regime in the radial direction incorporates a “local” instability, whereas such is
absent in the angular directions. In the next section, for this particular motion, we will

show the presence of such instability in a coordinate independent way.

6.4 Local instability in geodesic congruence

We have already obtained that there is a local instability in the radial direction of the
particle motion in the near horizon region of a Kerr BH. However, in the azimuthal
direction this instability is not present. It is always important to give a description of
this local instability in a covariant way. The main emphasis is to check whether this

instability in the particle motion is an artefact of our chosen coordinate system or this
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near horizon instability has any coordinate independent explanation. Moreover, the
instability is mainly measured by the exponential nature of separation between the two
nearby geodesics. Therefore it is natural to analysis the geodesics deviation equation for
our chosen null vector, given by null Raychaudhuri equation, in the near horizon regime.
Our main focus hence will be on the expansion parameter ®, which measures the nature
of distance between the geodesics in congruence [276]. Also we will see whether this has
any connection to our earlier prediction on radial instability.

The Raychaudhuri equation for null geodesics is [262, 276]

Z—i) LCE %@2 ~ 050" +wap*® —Rapl“1° (6.28)
where % is the non-affinity coefficient, o, is the shear parameter, w,p is the rotation
parameter and R, is the Ricci tensor. Since our aim is to study this equation in the near
horizon region of Kerr spacetime, we will now investigate nature of each terms in the
above equation. Note that the quantities are defined with respect to the null vector (6.14)
as the motion of our particle is along this vector. Therefore, it is time to examine each of
the terms on the right hand side of this equation and try to analyze them. We obtain that
although the value of the shear parameter g,; does not vanish for any arbitrary value of
r but on the horizon r = rg it vanishes, i.e. 045(rg) = 0 (see [275] for detailed discussion).

Therefore, in the near horizon region the leading order term of the shear parameter is
oawp(r) =0, (ra)r-rm), (6.29)

where the higher order terms (G(r —rg)?) have been neglected and the prime denotes the
derivative with respect to r. We have also found that on the horizon © Zo (please see
Appendix 6.C). Therefore, in the near horizon region the leading order term of ® which

contributes in the Raychaudhuri equation is
O(r)=0'(rg)r-rg), (6.30)

where, as earlier, the higher order terms have been neglected. Whereas for the non-
affinity parameter we have ¥ =« + O(r —rg). We must also have the rotation parameter
wqp =0, as [, is hypersurface orthonormal. On the other hand, since Kerr BH is the
solution of vacuum Einstein’s field equations, we have R,; = 0. Therefore, keeping only
the leading order terms, i.e. O(r — rg) terms in the right hand side of Eq. (6.28) one
obtains

% =x0 . (6.31)
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Hence the expansion parameter, in the near horizon regime, at the leading order behaves

as
O = ke M. (6.32)

So, the above expression suggests that in the near horizon the the geodesic congruence
expand exponentially with increase of u. This is the signature of the presence of instabil-
ity in the geodesic motion of the particle in the vicinity of the Kerr horizon. As © is a
scalar quantity and its nature has been extracted from a covariant equation, this above
analysis provides a covariant description of our aforesaid local instability as long as
particle trajectory is defined by (6.14).

We will now check whether this observation has any direct connection with our radial
instability, given by (6.23). The expansion parameter © can be expressed in terms of [¢

and &(r,0) as
O=V,I%—«. (6.33)

Now, let us take V,.* = M(r,0) and in the near horizon region we can expand M(r,0) as
M(r,0)~x+M'(rg,0)(r —rg), where the prime denotes the derivative with respect to the
radial coordinate (a detailed derivation is sketched in Appendix 6.D). Similarly, we can
expand &(r) in the near horizon as &(r,0) =~ x + X' (r,0)(r — rg). Therefore, putting these
values into Eq. (6.33) we obtain the value of expansion parameter in the near horizon

region as
O=Sy,0)(r—-rg) (6.34)

where S(ry,0) = [M'(rg,0)—%'(rg,0)] and S(rg,0) # 0. Now, substituting this value of
O (6.34) in the solution (6.32) yields r — rg = (x/S(rg,0))e*'. Therefore, the structure of
O implies that there is instability in the radial motion of the particle which is similar to
(6.23) and in this case it is reflected in the radial coordinate solution with the increment
of ¢. With this analysis we conclude that although the local instability is not a coordinate
dependent feature for these particular paths, but this specific nature of radial behaviour

(6.23) is related to our chosen coordinate system.

6.5 The near horizon Hamiltonian

Let us now proceed to construct the Hamiltonian of the particle which leads to the above

observed features in near horizon particle motion. This will be explicitly used later for
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the semi-classical analysis of our system.

6.5.1 From the knowledge of trajectory

We have the near horizon radial motion which is given by (6.23). Use of the Hamilton’s
equation of motion 7 = 0H/dp, implies

oH
op;

=x(r—rg) . (6.35)
Solution of this is given by
H=x(r—rg)p,+h1(r,0,pe,¢,p4) . (6.36)

where h1(r,0,pg,$,pyp) is some arbitrary function.
The polar equation of motion of the particle is given by Eq. (6.24). Therefore, use of

Hamilton’s equation of motion 6 = 6H/dpg implies

OH
—=0, (6.37)
0po
and the solution of this is given by
H-= h2(r,pr,9,¢,p</>) (638)

where hy(r,p,,0,¢,pp) is again an arbitrary function.
The equation of motion along the azimuthal direction is given by Eq. (6.25). Therefore,

using again the Hamilton’s equation of motion ¢ = 0H/0p 4 we obtain

0H
— =Qy, (6.39)
apd)
and its solution is given by
H=Qgpgy+hs(r,pr,0,pe,P), (6.40)

where h3(r,p,,0,po,¢) is again some arbitrary function. Therefore, the Hamiltonian of

the system becomes
H=x(r—rg)p,+Qgpy +h(r,0,0). (6.41)

Now, the value of the arbitrary function A(r) can be fixed by using the information that
the corresponding Lagrangian must vanish as we are dealing with a massless particle.

The Lagrangian for the above Hamiltonian comes out to be

L=Y pi¢g"—H=~h(r,0,¢). (6.42)
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Therefore, in order to make it vanish for the massless particle, we must choose h(r,0,¢) =
0. Thus we obtain our desired Hamiltonian in the near horizon of the Kerr BH and it is

given by
H=x(r-rg)p, +Qgpy . (6.43)

Interestingly in this case H — Qg py = x(r —rg)p, has the form of xp, like the SSS black
hole as we have seen in our earlier chapter 4, and this is valid only in the near horizon
at the leading order in x = r — rg7. As the above Hamiltonian is related to the null vector
(6.14), which has been constructed from the outward timelike and spacelike unit normals,
it is related to the outgoing trajectory of our particle. Interesting observation is that xp
type term is always related to the conserved quantity corresponding to global timelike
Killing vector &% = ?t) +Q H5?¢) whose vanishing norm defines the location of the horizon.
For instance here the conserved quantity is given by K = —{’p, =E - Qpgp¢ as p; = —E.
It may be noted that the solutions of the equations of motion (for radial trajectory only)
corresponding to (6.43) are r ~ eX! and p, ~ e *!. The near horizon limit is achieved
by considering ¢ — —oo and interestingly in this limit p, diverges. Therefore when the
particle resides very near to the horizon its motion feels a local instability which reaffirms
our earlier demand.

At the end, we aim to the possibility of thermalization of horizon through tunneling
of particles through the horizon. In this case Hamiltonians for both outgoing and ingoing
are essential. The approach, adopted so far, yields only the outgoing Hamiltonian. In
the next section that for ingoing trajectory will be deduced using the dispersion relation

among the four-momentum of the particle.

6.5.2 Using dispersion relation

Another way to find out our desired Hamiltonian is from the dispersion relation which
relates the four-momentum of our particle. It not only gives the Hamiltonian structure
of the outgoing particle but also provides the information about the ingoing one. We
start with the Kerr metric written in (¢,r,0,¢) coordinates, i.e. Eq. (6.6). The metric (6.6)
is clearly stationary and axisymmetric and hence there are two associated Killing vec-
?t) =(1,0,0,0) and E?@

quantities for a particle motion: energy E = —Ef‘t) Pa = —p: and the angular momentum

tors: ¢ =(0,0,0,1). Therefore we have two corresponding conserved

L,= cff‘(p) DPa = Py along the rotational axis of the black hole, where p, is the four momen-
tum whose components are p, = (p¢, pr,Ps,P¢). Now, using the covariant form of the

dispersion relation g%°p,ps = 0 for the massless particle, we obtain the equation of the
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energy in terms of the radial and azimuthal components of momenta as
8"E®>-2g"Ep,+28 'p,py+8" pt+8""p; =0, (6.44)

where we have substituted p; = —E and since our particle has no motion along 0 (see e.g.

Eq. (6.14)) we have used pg = 0. The above one yields two solutions of energy:

tr try2 rr 20 )
E_Epri [((E) _E)pr_zyprlhp—?p(p 5 (6.45)

D[

where the values of each g?® components are given in Appendix 6.E. Among these two
solutions one corresponds to the energy of the outgoing particle and the other solution
corresponds to the ingoing one.

Let us now proceed to identify them. First investigate with the negative sign solution
of Eq. (6.45). Note that the coefficient of p, in the first term of Eq. (6.45) is always a
negative quantity for the particle outside the horizon (see the values of g% components
in the Appendix 6.E (check Eq. (6.E.2)) whereas the second term ( the quantity with the
square root) is a positive. On the other hand, since the energy E is positive, the radial
momentum p, is negative in this case. So, it suggests that the energy solution of Eq.
(6.45) with the negative sign corresponds to the ingoing particle. Now, putting all the
values of g° components in this solution of energy and considering only the leading

order terms in the near horizon region we obtain the energy for the ingoing particle as
E:—RHpr—QHp¢+CH , (6.46)

where Ry = 4mrH/(p12LI +2mrpg) and pg = p(rg) and the value of Cg, which is unimpor-
tant for our present analysis, is given in the Appendix 6.E ( see Eq. (6.E.4)). From the
above expression it is again evident that p, is negative and thereby confirming again
that this energy is for ingoing particle.

Next, we shall investigate the other solution of Eq. (6.45), i.e. the energy value with
the positive sign. As we have already obtained the energy solution with the negative sign
corresponds to the ingoing particle, therefore consequently we can tell that the energy
solution with the positive sign corresponds to the outgoing particle. However, in this case
we want to affirm that this energy solution of the outgoing particle exactly matches with
the energy solution which we obtained earlier (6.43) with the knowledge of the outgoing
particle trajectory (6.19). From the positive energy solution of (6.45), using Hamilton’s

equation of motion we obtain the radial equation of motion of the outgoing particle which
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1s

tr\2 rr r¢
(&) - ) o -4
tr °

== (6.47)
g E - %pr

Now for our already obtained outgoing radial path, given by (6.19), we want check
whether the above yields the energy of the particle as (6.43). Expressing Eq. (6.19) in
terms of the g%® one finds (applying the fact /%I, = 0 and using the expression of /%, i.e.

Eq. (6.14))
Substituting the above expression in Eq. (6.47) and solving for £ we obtain
(5) -5

Now, using the expressions of every g° component in Eq. (6.49) and taking only the
leading order term in the near horizon region we obtain the energy as (6.43). Therefore,
we confirm here that the energy solution with positive sign of Eq. (6.49) corresponds to

the energy of the outgoing particle.
6.6 Thermalization: Using semi-classical approach
(Tunneling method)

We introduced the tunneling mechanism in our previous chapter 5 (see subsection
5.2.1). Through the tunneling approach we will now show that these Hamiltonians are
responsible to feel the black hole horizon by the particle as thermal object. As we have
already learnt that in this approach the main quantity to be calculated is the tunneling
probability which is a ratio between the outgoing and ingoing probability of particle
through the horizon (also see [54, 140, 172-175] for the details). We shall follow the same
procedure of tunneling mechanism which we have done in our previous chapter 5. We

start with the standard ansatz for the wave function for a particle as

Y(gH)=exp —%S(q”) , (6.50)

where S(g") is the Hamilton-Jacobi action for the particle which is defined as an inte-

gration of the momentum components p* of the particle with respect to the position
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coordinates g*:
S(g") = fpudq“ : (6.51)

Now, applying p, = —1hd/0g" on the wave function we have the outgoing and ingoing
trajectories which correspond to dS/dg* < 0 and 0S/0g" > 0, respectively. Here we are
interested to calculate the emission probability of the outgoing particle while the absorp-
tion probability of the ingoing one. The ratio of them will give our required tunneling
probability.

Following the same procedure as we have done in chapter 5 (see 5.2.1), first we

calculate the emission action of the outgoing particle which comes out to be

(—im)+ Real part . (6.52)

E-Q
S[Emission] = (—Hpq))

Note that for the above one 0S/0x = (E — Qg py)/(xx) and as inside the horizon x <0, we
have 0S/0x < 0. Therefore satisfies the outgoing trajectory condition as stated below Eq.
(6.51). The “absorption" action for the ingoing particle can be calculated from radial
momentum given by (6.46). Since it does not contain any singularity at x = 0, one obtains
S[Absorption] = Real quantity . Since for the tunneling probability, the explicit form of
the above one is not necessary as long as the final value is real, we do not bother about

its actual expression. Therefore, the probability of emission turns out to be

971(E - Qrr )
T o —w] , (6.53)

hx

whereas the probability of absorption is P[Absorption] ~ 1. Hence the tunneling proba-

bility is evaluated as

P[Emissi 2n(E —Q )
AP Emussto A ———_ - Ry ] . (6.54)
P[Absorption] hx
Hence use of the usual argument yields the expression for temperature as
h
7=2X (6.55)
27

which is the well known Hawking expression [68, 113] for black hole horizon temperature.

Here we saw that the emission probability, calculated from the Hamiltonian (6.43), is
the main for showing the thermality of the horizon. We know that this Hamiltonian, in
the locality of the horizon, yields an instability in the radial motion of the particle. This

is in favour of our earlier conjecture as we have seen in our previous chapters (chapter
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4 and chapter 5), even for more general like an axisymmetric black hole, that horizon
creates a local instability in its vicinity which is responsible for its own thermalization

as felt by our massless particle.

In the present context, we have shown the appearance of the horizon thermality
in the tunneling approach only. There are other approaches where a direct quantum
analysis of xp Hamiltonian has been done, and that too led to the thermalization of the
horizon, which we already have discussed in our previous chapter 5. Also, in literature,
it has been mentioned that xp Hamiltonian (or its inverse harmonic oscillator form)
inherently captures thermal character at the quantum level (e.g. see [232-235]). Since
this Hamiltonian captures instability as well as thermal property and appeared here
due to the presence of the horizon (which are being rigorously shown here), it is then

clear that this near horizon instability may be liable for horizon thermalization.

Let us now discuss the reason for proposing such a statement in this context elab-
orately. In the present scenario, we constructed a model where a probed massless and
chargeless particle resides in the near-horizon region of a Kerr BH. The specific Hamil-
tonian for the outgoing particle we obtain in this case is of xp kind in addition with
some rotation part (see Eq. (6.43)). We observed that such a Hamiltonian provides a
particle non-zero quantum probability of crossing the horizon. This is the main finding
in this analysis to infer that the horizon has a temperature. Now, the noticeable fact
about this Hamiltonian is that it can be cast to that of an inverted harmonic oscillator
(IHO) in a new set of canonical variables (please see the previous chapter 5 and also
see [273]). Furthermore, the IHO potential is unstable in nature. Therefore the test
particle here experiences a “local instability” due to the presence of a horizon. This can
be realised through the near horizon equations of motion as well. As discussed below
Eq. (6.23), the radial momentum diverges as the particle resides in the near-horizon
region; i.e. p, — oo as t — —oo. Also note that p, diverges at the horizon for a given value
of the conserved quantity H — Qp (see Eq. (6.43)). Due to this particular instability at
r = rg, we found that the outgoing particle, at the quantum level, tunnels through a
complex path. Therefore such singularity, on the one hand, provides instability in the
particle motion and, on the other hand, plays a pivotal role in the calculation of the
tunneling probability (6.54). We obtain a finite amount of tunneling probability of the
particle for crossing the horizon with the correct classical limit (outgoing probability
vanishes at 7 — 0). Moreover, such exponential behaviour of the expression is solely due
to xp structure of the Hamiltonian. In general, the time-reversal invariance dictates

that the emission probability at a certain time is equal to the absorption probability for
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the same time and vice versa. Whereas our result in the present context is not consistent
with this. It appears that the probability of emitting out of the particle through the
horizon at a certain time is not equal to the probability of absorption into the horizon,
resulting in an imbalance in the particle number between the outside and inside the
region of the horizon. Furthermore, the exponential nature of the tunneling probability
exhibits that the system is thermal in nature. The sole reason for thermality to show
up in this calculation is due to the presence of this peculiar singularity at the horizon
(r =rpg), which originates due to the xp structure of the conserved quantity in the near
horizon region. Therefore, it leads us to propose the conjecture that the near horizon local
instability shows its presence at the quantum level through the horizon temperature,

thereby perceiving the black hole as a thermal object.
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6.7 Summary and Discussions

For the past few decades, physicists have been looking for a unified explanation to
understand the underlying reason why the horizon is associated with temperature. In
this scenario, our present analysis have shown that the possible answer may be hiding
behind the classical instability in the near horizon region and its intimate bond with its
quantum consequences.

However, in our earlier chapters (chapter 4 and chapter 5), this conjecture has been
proposed by investigating only SSS BH scenario. Therefore, in order to attest to the
validity of our conjecture, we needed to test it for a more generic class of black holes.
Kerr black hole is one of the prime examples of that which is much more realistic than
the SSS BH, and have astrophysical relevance. All known stars rotate, and realistic
collisions have non-zero angular momentum, therefore, the black holes formed due to the
collapse or collision of stars or compact objects are expected to be the rotating ones in
nature. Hence, the foremost aim of this work was to test the robustness of the conjecture
in a much more realistic picture in order to explain the horizon thermalization.

Like our earlier chapters (chapter 4 and chapter 5), the main focus, in this chapter,
was to inspect whether the presence of local instability in the near horizon region
is responsible for providing the temperature for a particular set of observer but this
time in Kerr spacetime. We finally found that this is indeed the case. Although near
horizon instability is an observer independent phenomenon for our chosen null path, the
specific feature of the radial motion of the outgoing particle is a coordinate dependent
event. The radial contribution in corresponding Hamiltonian of the system comes out
to be of xp kind, which is indeed an unstable Hamiltonian. This is where the classical
part of the calculation ends. In the quantum regime, using the tunneling approach we
obtain that thermality emerges due to that instability and the temperature exactly
matches with the Hawking temperature. Therefore, it turns out that the extension of
our proposed conjecture is applicable to much more generic black holes also. Hence,
the generality of this conjecture is evident here, and thereby providing a prospective
to become one of the leading candidates to understand the underlying mystery of the
horizon thermalization in the context of black holes. However, whether the generalisation
of this proposed conjecture may extend to any generic arbitrary background or not, is
one of the interesting questions in this context. We shall aim to find out that particular

answer in our next chapter.
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Appendix

6.A ADM Decomposition of the Metric

Parametrisation of the space-time adapted to a given choice of the space-time by (constant
time) hypersurfaces is done by ADM decomposition 2. We first assume that the spatial
hypersurfaces of this foliation of the space-time are hypersurfaces of constant time (say

t =tg) and they are sets of some time function #(x%),
g = {x 1 t(x?) = to}, (6.A.1)

with timelike normal vector n?, n, ~ d,¢. We can now introduce coordinates (¢, y*) (where i

stands for only space coordinates) on the space-time through a coordinate transformation
x® = x%(t,y") (6.A.2)
in the following way:
* Here we specify that for any fixed value of ¢ = ¢y,
2 (y") =20, ") (6.A.3)

gives us the embedding of a hypersurface X (with coordinates y’) as the hypersur-

face 2;, in space-time manifold (M),

Xgy i 2= M. (6.A.4)

* The curves
x% (1) = x%(¢, y0) (6.A.5)

then connect points on different hypersurfaces with the same values of the spatial
coordinates y’ = y(i) and thus provide us with the notion of time evolution from one

hypersurface to the next one.

Now, for given x% = x%(¢, y*) for some choice of foliation and time-evolution,

a
E= (0x ) (6.A.6)
oy' ),

2For detailed analysis please see [309]
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gives us the tangent vectors to the surface X; whereas

a_ (9%
Gh) —( ~ )y (6.A.7)

gives us the components of the time-evolution vector field d;. The curves (6.A.5) may not
be normal to the hypersurface. Therefore, in general, 0; can be decomposed into a normal

and tangential part as
(0,)* =Nn®+E$B" . (6.A.8)

The function N and the spatial vector field ,Bi appeared in the expression are known
as the lapse function and the shift vector field respectively. These functions and the
vector fields basically parametrise the freedom in the choice of the time-evolution vector.

Therefore, we have
dx® = (Nn®+E%B")dt+E%dy'
= Nn®dt+E%dy'+p'dt). (6.A.9)

Plugging this into the line element for the space-time metric and using g,pn%n® = -1,

one obtains
ds® = gopdx®dx® = —-N2dt? + h;j(dy’ + B de)Ndy’ + fdt) (6.A.10)
where
hij=gaELES (6.A.11)

is the induced metric. This is called the ADM decomposition of the metric.

6.B The value of F'(r =rg,0)

In Eq. (6.19) we have
VA -2mr

F(r,0) = . 6.B.1
(r.6) 02 +2mr ( )
Now, taking the partial derivative of F(r,0) at r = rz we have
S (VAY-2m (VA -2mr)2(p®+2mr)
F/( _ 9) _ or or
r= rH’ - 2 - 2
p?+2mr (p+2mr) -
[2(vA) -2m]
r=ryg

- 2 (6.B.2)

Py +2mry
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where plzq = r%l +2mry and at r = rg we have VA = 2mry (see 6.15). Now, from the
above equation (Eq. (6.B.2)) we have

1
dmryg

P 0 [2r(r2 + a?) + 2rp? + 2a%m sin? 0)r=ry —2m
r=rug,0) =

p%{ +2mryg

1
4dmryg

[27”H(7”%{ +a?)+ 2er%{ +2a?msin?0]1-2m

p%{+2mrH

1
dmryg

2rg@mrg)+ 2er12LI +2a2msin?0]1-2m

p%{ +2mry

1
dmryg

[2rH(p%{ +2mry)+2a2msin?0]-2m

p%l+2mrH

2 .
1 2?—Hsm26—2m

2m p%l +2mry

1 a?sin?6 —4dmryg

— +
2m  2rp(p% +2mry)

1 a2sin20—r§{—a2—2mrH

= —+
2m 2rH(p%{ +2mrg)
1 r%{ +a?cos?20+2mry
T 2m 2rH(p%17 +2mrg)
1 p%l +2mryg
~ 2m ZT‘H(P?_I +2mrg)
[ 1
 2m 2ry
171 1
- == (6.B.3)
2|m rg

Now, putting the value of ry (Eq. (6.3)) in the above equation we obtain F'(rg,0) = x
(6.21).
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6.C Calculation of the expansion parameter (0) on

the horizon

We have already defined the expansion parameter (0) of the congruence of geodesics in

chapter 4 (see 4.24) which is expressed in terms of /% and k as

0 = V,0*-«
1
= ——a.(ygI -7
YT i e vl
1
= 0.y El)-%
="

_ \/%_gF(r,H)(ar\/——g)+F’(r,6)—1~< . 6.C.1)

Now, at r = rg we obtain
1
Olr=ry = EF(TH,Q)(ar\/—g)+F/(7”H,9)—K . (6.C.2)

As we already have F(rg,0) =0 and F'(rg,0) = k. Therefore, on the horizon (r = rg) the

expansion parameter (®) turns out to be

Olpzry =0 (6.C.3)

6.D Calculation of V,[? = M(r,0) in the near horizon
region

The null vector is given by (6.14) along which our test particle is moving. Now, expanding
M(r,0) we find

a __ 1 r
M(r,0) = V1% = fgar(\/——g ! ) . (6.D.1)

Putting the value of /" and g in the above equation and performing the partial derivative

with respect to r we obtain

M(r,0)=0,F(r,0)+ %F(rﬁ) , (6.D.2)

where F(r,0) is already defined earlier, i.e. F(r,0) = (\/K—Zmr)/(p2 +2mr) and F(rg,0) =
0. Now, using the Taylor series expansion of the function M(r,68) in the near horizon

region and considering only the leading order terms we obtain
M(r,0)=M@rg,0)+M (rg,0)r—rg), (6.D.3)
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2rg

where M(ry,0) =x and M'(rg,0) = (3;F(r,0)),_,. + 2k with

1 1
PFr,0)._ . = 1272, + 4a% — 242 sin%0) -
( r )r—rH 2(p%1+2mrH) 2mrH ( H )

. Ax(rg+m)

— (4rg(r? +a®) - 2(rg - m)asin?0) - —————-

16m3r%( o " ) p% +2mry
(6.D.4)

6.E Inverse of metric (6.6) and the value of Cy in Eq.

(6.46)

Our massless and chargeless test particle is moving under the background of the metric
given by (6.6). Now the determinant of the metric components (6.6) takes a very simple

form

g =det(gqs) = —p*sin®0 , (6.E.1)

and the inverse metric takes the form

- (1 + 2,,3,) 2mr g
p P
2mr r’+a’—2mr 0 a
ab 02 02 o2
g% = . (6.E.2)
0 0 e 0
a 1
0 02 0 p2sin? 6

r\2 rr r
Now, let us denote X2(r,0) = (£7) - £z, Y(r,0) = &7 and Z(,0) = &7 Therefore, in
terms of these, the energy solution with the negative sign of Eq. (6.45) can be written as

tr 1
E = & p,—[X2,00p2-2Y (r,00p,py — Z(r,0)p2|?
gtt ¢

gtr

= ?pr - (X(r,@)pr - (6.E.3)

Y2(r,0) 2
Y(r,9)p ) 1 (X2(r,9) i Z(r’g))p"’
ol |1- 2

X(r,0) (X(r,e)pr - §E:Zg;p¢)

172

TH-2995_176121013



6.E. INVERSE OF METRIC (6.6) AND THE VALUE OF Cg IN EQ. (6.46)

Now, performing the Binomial series expansion of the term under the square root of the

above equation we obtain

tr

E = (g—tt—X(r,G))pr+Y(r’0)
g

Xr.0)F?

Y2(r,0) 2 4
(=t + 20)) j

Y2(r,0) 2
Y(r0) )[1 (—XZ(r,6)+Z(r’0))p¢ 1 . ]
Y. ol o 27 Q 4 I
R L D M L

C(r0)

+(X(r,9)pr—

(6.E.4)

Therefore, considering only the leading order terms in the near horizon region and putting

all the values of g% components we land up to Eq. (6.46) where Cg = C(r =rg,0).
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CHAPTER

THERMAL NATURE OF A GENERIC NULL SURFACE

7.1 Introduction and motivation

he present chapter will be the eventual part before the conclusion of this thesis,

where we shall discuss all of our formalism set up so far in our earlier chapters for

a generic background. But, before that, let us set up the backbone of motivation
for the present chapter. We have already learned that the close relationship between
gravitational dynamics of the black hole horizon and classical thermodynamics uncovered
the fact that black holes possess thermodynamic attributes like entropy [114, 218] and
temperature [68, 113, 278]. Hawking had shown [68, 113] that the radiating photons
are thermal in nature, and the temperature for the corresponding radiating particles
was predicted as T = hx/2m, where « is the surface gravity of the black hole. Another
phenomenon, parallel to Hawking effect, has been predicted theoretically, known as
Unruh effect [209]. Such effect can be observed in any local arbitrary gravitational
background. To make this perception clearer, we start with the principle of equivalence
which allows one to construct a local inertial frame around any event in an arbitrary
curved spacetime. Given the local inertial frame, one can construct a local Rindler frame,
and the observer at rest in the local Rindler frame will perceive a patch of null surface
as horizon with a temperature. This result allows us to associate thermodynamical
attributions with the null surfaces, which the local Rindler observers perceive as horizons.
Such a notable fact leads one to introduce observer-dependent thermodynamic variables

[310-313] around any event in spacetime and reinterpret the gravitational field equations
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near any null surface in the language of thermodynamics [314] or vis versa [315]. The
equality between the field equations on the horizon and the thermodynamic identity
has been exhibited for a wide class of models like the cases of stationary axisymmetric
horizons and evolving spherically symmetric horizons in Einstein gravity [316], static
spherically symmetric horizons [317]. In the Lanczos-Lovelock gravity sector, it has
been studied for dynamical apparent horizons [318] and for generic static horizon [319].
Also, in [320], the thermodynamic identity, particularly the Clausius relation, has been

established on the Local Causal Horizons using Einstein equation.

Incidentally, one can provide a thermodynamical interpretation of a gravitational field
equation either by suitably projecting it on a generic null surface [321-324] or using the
diffeomorphism invariance in the near null hypersurface region [325-327]. For instance,
Einstein’s equation, contracted with null generator and corresponding auxiliary vector,
yields a thermodynamical identity of the form [, S, d?xTé6 AR)S =0+ FoAp) [321-324],
where symbols have their usual meanings and the variation can be interpreted as the
change due to virtual displacement of the null surface along an auxiliary null vector
(k), parametrized by the parameter A (generalization to Lanczos-Lovelock gravity [328]
and scalar-tensor theory [329] has been done as well). Therefore, it has been realized
that null surfaces which act as one-way membranes to a certain class of observers also
possess thermodynamical attributions. This indispensable relation between gravity and
thermodynamics led to the idea that the dynamics of gravity is not fundamental in
nature; rather it has emerged from the dynamics of a more fundamental theory, just like
the laws of thermodynamics of a system emerges out from the statistical dynamics of its
molecules (see [49] for more details on the concept and aspects of emergent nature of

gravity).

However, all these thermodynamical attributions associated with the generic null
hypersurface are standing on the platform of complete analogy between the laws of
thermodynamics and the structure of the gravitational field equation on the surface.
Therefore it is mandatory to provide a clear physical justification in order to call a
geometrical quantity on the null surface as a particular thermodynamical entity. To
make the concern clear, we point out that Hawking’s calculation [68, 113] on the emission
spectrum from the black hole horizon clearly indicates the concept of the temperature
of the horizon. Similarly, Unruh effect [209] points out the appearance of temperature
on the local Rindler horizon. The lack of such robust justification in the case of generic
null surface does not give us complete confidence in assigning temperature or entropy on

the surface. In the present chapter, our particular aim is to find out the appearance of
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temperature without stating any analogical point of view.

It is known that the thermodynamics of a system arises from the underlying statistical
theory of microstates. However, in the case of spacetime, which microscopic degrees of
freedom is responsible for the emergence of temperature into the system in the presence
of the horizon is not known properly. Therefore, the hunt for finding out a concrete
explanation for such a feature is still under progress. The general consciousness is - to
illuminate the underlying microstructure, it is mandatory to understand the physical
mechanism for thermalization of the horizon. In pursuit of achieving to find a unified
reason for the origin of horizon thermodynamics, we have already found in the previous
chapters (chapter 5 and chapter 6) that the thermal nature of the horizon has some
connection with instability in the near-horizon region. In this connection some other
works are worth mentioning [231, 232, 304]. At first glance, these two characteristics may
seem to be different to each other, but their unification may become a strong candidate
to answer the long-standing question about the origination of horizon thermodynamics.
It has been shown through considering a model that in the presence of static spherically
symmetric (SSS) black hole (chapter 4 and chapter 5) or in case of a Kerr black hole
(chapter 6), an outgoing massless and chargeless particle experiences instability in the
near-horizon region. In those calculations, it was found that a class of observers see a
particle following an outgoing null path, is driven by a Hamiltonian of xp kind for its near
horizon motion (chapter 4 and chapter 6). It may be noted that such a Hamiltonian is
unstable in nature. Moreover, in the quantum scale, this unstable Hamiltonian provides
the temperature into the system, which exactly matches with Hawking’s expression.
This noticeable fact leads to a conjecture — “the local instability in the vicinity region of
the horizon acts as the source of the temperature of the system”. The noticeable feature of
the model is it requires mainly the information of a suitable near horizon null path of
the particle, which does not crucially consider the underlying symmetry of the spacetime,
like the presence of a timelike Killing vector. Therefore, keeping the above feature in
mind, we want to extend the spirit of the aforesaid model in the case of any generic null

surface.
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7.2 A small introduction to Null Hypersurfaces in

GNC coordinates

This chapter intends to investigate the possible thermodynamics properties of an arbi-
trary null surface. Therefore, our first objective is to describe the neighbourhood region of
that null-hypersurface. A preferable choice of coordinate system exists to narrate in this
context, known as Gaussian null coordinates (GNC), in analogy with Gaussian normal
coordinates. Usually, the Gaussian normal coordinates are constructed by extending the
coordinates on a non-null hypersurface to a spacetime neighbourhood using geodesics
normal to the surface. However, this construction does not apply to a null surface be-
cause the normal geodesics lie itself on it. Therefore, an uniquely defined auxiliary null
geodesics are introduced with some certain conditions in order to construct the Gaussian
null coordinates, which we shall discuss in the latter part of this section. An elaborate
description and detailed discussion on the construction of this coordinate system and how
metric is constructed in this coordinate system can be found in [330-333]. Here, in order
to keep the clarity of our work, we shall briefly describe some precursory construction of

this coordinate system in a more intuitive way.

The primary objective is to construct a coordinate system around any null surface
in any spacetime. Consider a smooth null surface N in a four-dimensional spacetime
manifold M, where g, represents the metric on M. We start with a spacelike 2-surface
{, on N and the coordinates on ¢ are introduced as (x4) for A = 1,2, i.e. (x,x2). Now, in
order to construct the null surface N using null geodesics, one cannot have these null
geodesics lying on the spacelike surface as any vector lies on the spacelike surface has to
be spacelike in nature. Therefore, the next coordinate parameter should be introduced
in such a way that one must move away from this spacelike surface along any of these
null geodesics. Here, we introduce that particular parameter v, not necessarily affine,
along the null geodesics increasing in the future direction with the condition v =0 on (.
Therefore, any point on N in the neighbourhood of { can be labelled by the coordinates
(v,x1,x2), where (x!,x2) corresponds to the label given to the null geodesic passing
through that point and v is the chosen parameter at that point. The “neighbourhood”
corresponds to that sufficiently small region where the geodesics do not cross each other
or do not form any caustics. Let us call the future directed vector field tangent to the
null geodesics, 0/0v, as 1. Now, our spacetime is four-dimensional, so it is time for us to
introduce the fourth coordinate. With the help of a new set of null geodesics, we can

construct the coordinate chart in the surroundings of the null-hypersurface. Introducing
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a unique null vector £ which is situated at each point on the null surface and satisfying
these conditions (i) k%%, = 0, as it is a null vector; (ii) [®k, = —1 which suggests that
k?® sticks out from each point of the null surface instead of lying on the surface; and
(ii1) X%k, = 0 where X4 = 8/0x4 are the basis vectors correspond to the coordinates
(x1,x2). The choice of the third condition shows that our auxiliary null vector is uniquely
defined. As this vector £¢ points out off the null surface, it can be used to go off the null
surface. The null geodesics emitted from each point on the null surface in the direction
of £ are labelled by the coordinates (v,x!,x2), of that point. We choose a parameter r
along this null geodesic and r = 0 (we choose again) represents the null surface and
k = —0/0r. Therefore, the chosen affine parameter r can be assigned in the coordinate
chart (v,r,x',x2) in the neighbourhood of the null hypersurface means up to the regions
where geodesics do not reach a caustic.

After introducing this coordinate system, we shall introduce the metric adapted to
this coordinate system in the neighbourhood region of any arbitrary null hypersurface.
The construction of this metric has been detailed in [331, 332]. However, we shall recall
here some of the essential properties of this metric. The line element adapted in this

context takes the following form
ds? = —2radv®+ 2dvdr — ZrﬁAdvdxA + ,uAdeAde : (7.1)

Now, one can see from (7.1) that there are two null surfaces which are at r =0 and at v =
constant. Additionally, = constant where the constant is non-zero represents the time-
like surfaces. Besides, the metric components a, f4 and pap are the smooth functions of
all the coordinates and uap is the transverse (D — 2)-dimensional Riemannian metric
on the spacelike surface {. We have here a set of null vectors as we mentioned earlier
%= (l”,lr,le) =(1,0,0) and the unique auxiliary one, i.e. k* = (0,—1,0). Among these
two we can think of /% as the future-outgoing null vector and k¢ as the future-ingoing
null vector. The covariant components of these two vectors are [, =(—2ra,1,-rf4) and
ko =(—1,0,0). Therefore, the normal [/, = 0,r to the r = 0 surface will be a null vector.
Moreover this generates the r = 0 null surface around which we will do our all analysis.

In order to strengthen the motivation for choosing our desired null hypersurface at
r =0, let us first write the static spherically symmetric (SSS) metric in analogous to the
GNC form [322]

ds? = —f(r)dv? +2dvdr + papdx“dx? . (7.2)

One can see 84 =0 in this case comparing it with Eq. (7.1). Now, in the near horizon re-

gion we have f(r) = 2x(r —rg) where « = f'(rg)/2 where the prime denotes the derivative
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with respective to r. Therefore, comparing (7.2) with Eq. (7.1) we obtain a = x and the
position of the horizon r = rg is equivalent to the position of the null surface at r =0 in
case of GNC metric (7.1). Therefore, in this context the null surface at r = 0 is reminiscent
to the black hole horizon. In our earlier chapters (chapter 4 and chapter 6) we studied
the particle dynamics near the horizon and obtained that particle trajectory becomes
unstable near it. Following that essence our objective in this work is to extend this idea in
case of any generic null hypersurface and thereby we particularly choose the null surface
which is at » = 0. The null normal /, which is at » = 0 is given by /[, =(0,1,0) is the
generator of the null surface providing [?/, = 0 at r = 0. Therefore, for our examination in
the near null hypersurface region we shall consider the limit » — 0 whenever necessary.

In the present context, our prime aim is to explain how temperature is physically
associated with any generic null hypersurface. In order to do so, the first objective is
to find out the emission probability of a particle through the null hypersurface. So,
we adopt the familiar technique tunneling method [54, 140, 173—175] which we have
already introduced in the previous chapters (chapter 5 and chapter 6) (see the section
5.2.1 of chapter 5). We have already known that this formalism predicts the probability of
escaping the particle through the null hypersurface. Therefore, to evaluate the tunneling
probability first, we need to find out the paths of the particle for both ingoing and outgoing
cases. Hence, we acquire the Hamiltonian-Jacobi (HJ) formalism in this case, just like
our earlier chapters (chapter 5 and chapter 6), in order to find out the Hamiltonian in

the near null hypersurface region for both ingoing and the outgoing cases.

7.3 Hamiltonian: field description

Considering the massless real scalar field ¢, from the Klein-Gordon (KG) equation [¢ =0
under the background of metric (7.1) yields

0y (VIO §) + 0 (VEOuP) +0, [VIT (2ra+r?%) 0rp] + 0, (VT rBA0a) + 0 (VI rp*0r0)
+04 (\/;TuABan)) -0, (7.3)

where p is the determinant of the induced metric psp. Now, we start with the standard

ansatz for the scalar field of a particle as (see also [140])
$= oA (v,r,xt)e FSCr (7.4)

where S(v,r,x?) is the HJ action and with respect to the HJ action we define the four-
momentum as
oS

pwe =pPqg . (7.5)
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Now, expanding S(v,r,x4) in the powers of / we find,

S(v,r,xA) = So(v,r,xA) + hSl(v,r,xA) + hZSz(v,r,xA) +....
= So(w,r,x®)+Y K'S(v,r,x?), (7.6)
where i =1,2,3,.... The terms from &(h) onward are treated as the quantum corrections

over the semi-classical value Sy. However, our analysis is restricted only upto the semi-
classical limit, i.e. i — 0. Therefore, the higher order terms of /& can be neglected in
the semi-classical limit. At this point, we define —0Sy/0v = —p, = H, where H is the
(semi-classical) Hamiltonian of the system.

Now, the main interest lies in the near r — 0 region because that is where the
dynamics of our massless scalar modes will be studied. The probability of crossing the
mode across the null surface will be our main quantity to find out. As we have stated
earlier that to study such quantity in this region one of the well-known techniques is
tunneling formalism. The principal way of implementing the tunneling formalism is
the HJ method [140]. In order to apply this idea, we need to identify the ingoing and
the outgoing modes near the null hypersurface region. The outgoing mode is moving
from r < 0 region (call as “inside”) to r > 0 region (call as “outside”) and vice versa
for the ingoing one. Now, applying p = —ihd/0r on (7.4) we shall have the momentum
eigenvalue as —0So/0r in the semi-classical limit. For the outgoing case we have the
positive momentum eigenvalue, which means one must have 0S(/0r < 0. Similarly, for
the ingoing case, we have the negative momentum eigenvalue, i.e. 3So/0r > 0. After this
identification, we need to calculate the HJ actions for both outgoing and the ingoing
modes and implement these expressions to calculate the tunneling probability to cross
the null hypersurface.

In the semi-classical limit (i.e. 7 — 0), keeping only the leading order terms, we obtain
the following form of the Eq. (7.3):

2(0,80)(0,S0) + 2ra +r2B2)(0,S0)% + 2rf2(0480)(8,S0) + 2B (38S)(04S0) =0 . (7.7)

Here we see from Eq. (7.7) that 0S¢ has two solutions which are

0,So=-

s [(avso+r’5 40480\ _ u4B(04S0)08S0) | (7.8)

2ra +r2p2 2ra +r2[p2 2ra +r2p2

Among these two solutions, one corresponds to the outgoing mode, and the other one

corresponds to the ingoing one. Let us get going to identify them.
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First, we need to find out the leading order solutions of 3,S¢ in the near null hyper-
surface region. Considering the negative sign of Eq. (7.8), we obtain the leading order

term in r — 0 limit as (for details please see Appendix 7.A)

0,80

a0, kA (7.9)

0,So| =

According to our definition of the Hamiltonian of the system (which we have defined

earlier below Eq. (7.6)) we can write Eq. (7.9) as

H

6rSO|_ = a(o)(v’—xA)r .

(7.10)

For the initial position of the mode is at inside’, we have 0,,Sy < 0 when H > 0. Therefore,
as we mentioned earlier, the momentum direction is in the outward direction. Hence, the
negative sign corresponds to the outgoing mode. So, we can write the Hamiltonian for

the outgoing mode in the near null hypersurface region as
H=a,xrp,,, (7.11)

where p, . is the outgoing momentum in r direction.
Similarly, considering the positive sign of Eq. (7.8) we obtain the leading order term

that survives at r — 0 limit is

1§ 945(0480)(05S0)
0,So| =-= : 7.12
of, 2 3,50 ( )
where u(©48 ig the first term of the expansion of 42 about r = 0. Therefore, in terms of

the Hamiltonian, we can write the above equation as

1 p @485, 80)(08S
5.5, _1p (04S0)(0BS0) . (7.13)
+=n D H

This implies for H > 0 we have 0,So > 0. Therefore the momentum direction, in this case,
is in the inward direction. So, it corresponds to the ingoing mode, and the expression of
Hamiltonian in this case is

1% pspp

=K _PAPE
2 prin

(7.14)

where p,, is the ingoing momentum in r direction.
From the expression of the outgoing Hamiltonian (7.11) one can see that the outgoing

mode suffers a singularity at » = 0. In contrast, the ingoing mode does not experience such
182

TH-2995_176121013



7.4. TRANSVERSE COORDINATE AVERAGE OF THE HAMILTONIAN

a thing (see Eq. (7.14)). This interesting observation has significant implications in the
calculation of the tunneling probability, as we shall see in the later parts. Furthermore,
in Appendix 7.B we also varified the form of the outgoing Hamiltonian (Eq. (7.11)) in the

particle description through the Lagrangian formalism.
7.4 Transverse coordinate average of the

Hamiltonian

Next, we want to explore the consequences of this classical Hamiltonian in the quantum
tunnelling picture. It may be worth to point out here that in earlier calculations (chapter

5 and chapter 6) the spacetime metric was static or stationary and hence a®

was
constant. However, this is not the case here.

However before proceeding for executing the tunneling formalism, let us prepare
the stage for implementing it on our Hamiltonian. The structure of the Hamiltonian
for the outgoing particle in the near null hypersurface region is multidimensional in
this case due to the presence of a©(v,x4). Therefore, we have a situation where the
case of a multidimensional tunneling has appeared. Multidimensional tunnelling event
has been discussed in [334] for the usual physical systems. One of the proposals to
calculate tunnelling probability is to do calculation on an average potential by considering
averaging over directions except one. Hence following this idea and since tunnelling
occurs radially just across the null surface, we read the transverse coordinates average

of the Hamiltonian: A = [ H /i d%x4/ [ \/wd?x". This yields
H=awrp,,,=E, (7.15)
where a(v) is defined as
[aOw,xt)/pd?xat
J VA

Here one thing is to be mentioned that during the consideration of the average of the

a(v) = (7.16)

Hamiltonian H, the integrating average applied only on a@(v,x4) because both r and
Dr,,, are independent of x4, We shall use this average Hamiltonian (7.15) in the next
section in order to investigate the thermalization of our null surface through tunneling

formalism.

7.5 Tunneling and Thermality

We start by calculating the HJ action for the outgoing object. Choosing the integration

limit from r = —€ to r = € for the outgoing object where € > 0 and is a very small number
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suggests that the outgoing object crosses the null hypersurface from just inside’ to just
‘outside’ in the vicinity of the null hypersurface. Therefore, we obtain the HJ action for
the outgoing species (field mode or the particle) as

Sout = — [ £+fpvoutdv+proutdxA. (7.17)

aw)J-e r
From the above integration it can be seen that the first integration term will contain
the imaginary part as there exists a singularity at r = 0 and other two integrations will
contribute in the real part of the total integration. Also in the first integration we have
pulled out the term E/a@(v) as it is constant of motion (please see Appendix 7.C). Hence,
after performing the integration in Eq. (7.17) we obtain
Sout = —l_n—E + Real part . (7.18)
a(v)

In a similar way, we can calculate the HJ action for the ingoing species also. However,
in this case, the action does not contain any singularity at r = 0 (see Eq. (7.14) and Eq.
(7.B.5)); thus, it turns out to be

Si» = Real quantity . (7.19)

Accordingly, the probability for the outgoing object crossing the null hypersurface turns

out to be

Py exp(—gg(’j)), (7.20)

whereas the probability of crossing the null hypersurface for the ingoing one is P;, ~ 1.
Therefore, the tunneling probability comes out to be

Pout ( 277,'E )

I'v)= Pi exp _hd(v)

(7.21)

This particular expression of the tunneling probability is similar to Boltzmann factor.

Therefore can be considered as thermal in nature with the temperature of the system is

identified as

ha(v)
2

However, this very expression of the temperature is not a constant; instead, it is a

T()=

(7.22)

function of v. It means at every other v = constant null hypersurface near r = 0 region,
the observer will feel different values of temperature of the system for every different
value of v. This is a reflection of the evolving nature of our null surface which corresponds

to a non-equilibrium situation. We will come back to this point again in the next section.
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7.6 Summary and Discussions

Let us summarise the results obtained in the present chapter. We started by addressing
the fact that gravitational field equations near any null surface in an arbitrary space-time
reduce to a thermodynamic identity, and it generalises the results previously available
in the context of the horizon. Our prime motive was to find out the underlying reason
for this noticeable fact in order to convey the cause why thermodynamical attributions
are associated with any arbitrary null hypersurface. We start our calculations using
the KG equation in the field-theoretic approach, and in the semi-classical limit, we
obtain that the system Hamiltonian for the outgoing mode in the near null hypersurface
region comes out to be of xp kind. In the appendix, the same has been explored in
the Lagrangian formalism for a massless outgoing particle as well. In the context of
thermality, we proceed with the conventional idea of tunneling mechanism, and after
implementing the tunneling formalism in the near null hypersurface region, we obtain
that our system is thermal in nature. However, the system temperature we found, in
this case, is not constant; rather, it is a function of the timelike coordinate, unlike the
previous results of the black hole horizons (SSS BH and the Kerr one) (chapter 5 and
chapter 6).

Now, let us discuss the key features of the present result in a more detailed manner.
Our results justify the fact how temperature can be associated with any generic null
hypersurface. In our earlier chapters we predicted that the emergence of thermality
into the system has a tight connection with the local instability of the system in the
context of horizon (chapter 5 and chapter 6). This connection previously showed that if
the Hamiltonian of the system turns out to be an unstable one in the classical scale, this
instability may lead to the thermality of the system in the quantum scale. Here, we came
across such Hamiltonian, which consists of a probed massless and chargeless species
near any generic null hypersurface and the structure of the outgoing Hamiltonian, in

this case, turns out to be of xp kind (see Eq. (7.11)).

We have already learnt that such specific Hamiltonian turns out to be that of an
inverted harmonic oscillator (IHO) in a new set of canonical variables (see Eq. (5.29) of
chapter 5) [273] and IHO potential is inherently unstable. This implies that our present
outgoing species locally feel an instability due to the presence of null surface at r = 0.
This fact can also be realised through the divergence of radial momentum p,,, at r=0
for a given value of E (see Eq. (7.15)). Such peculiar instability provides a noticeable

feature in the quantum regime. To escape through the potential (~ xp) the outgoing
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object needs to tunnel through a complex path as it experiences a singularity exactly
at r = 0. Moreover, as we noticed in the calculation, r = 0 singularity (which is also the
key for aforesaid instability) led to our main expression of tunneling probability (7.21).
Usually, the time-reversal invariance demands that the emission probability is equal to
that for the absorption process proceeding backwards in time and vice versa. Whereas
our present result is not consistent with this. Therefore the present observation shows
that the probability of emission of particles through the null surface at a certain time
is different from the probability of absorption of particles by the surface at that time.
Hence it is more likely for a particular region to gain particles than lose them. Moreover,
the exponential behaviour of our result portrays the thermal nature of the system. This
thermality comes into the picture only because of this peculiar singularity at » = 0, which
originates due to the specific structure of the outgoing Hamiltonian in the null surface
regime. Therefore, we feel that the local instability in the near null hypersurface region

may be the reason for making the system thermal at the quantum scale.

Previously, this connection between instability and thermality was established only
in specific cases containing horizons (chapter 5 and chapter 6). Here we generalise the
same for a generic null hypersurface. Therefore, we feel that the present discussion may
unfold the deeper reason for having the thermodynamical quantities of not only horizon
but also for any generic null surface at the quantum level. Moreover, in this chapter
we have also represented one of the important applications of tunneling mechanism for

more general background.

Finally, we make a comment on the conceptual aspect of defining thermodynamics
on a generic null surface which is an evolving one. Thermodynamics for an equilibrium
system is well established. In contrast, our null surface can not be considered as an
equilibrium one. Therefore the concept of temperature and corresponding zeroth law
etc., are not consistent with equilibrium thermodynamics. Instead, we need to invoke
“non-equilibrium” definitions of these thermodynamic quantities. This subject is not fully
established, but there are a few suggestions and advancements. A point to be noted is
that if the system is in non-equilibrium steady states, different thermometers, sensitive
to different degrees of freedom (DOF), will show different temperature readings, which
lead to the difficulty of defining only one temperature for these systems [335]. Hence, the
equilibrium version of the zeroth law does not work in its full glory. However, a restricted
validation of zeroth law can be considered here, and in that case, the temperature must
be defined with respect to some specified DOF. For instance, if a system is composed of

two subsystems and they have different DOF, then corresponding to each DOF one can
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define a temperature. Consequently, the zeroth law is valid within that particular DOF.
This, in turn, gives rise to different “local” temperatures in the system as it consists of
different degrees of freedom. In this local sense, the law of thermodynamics and the
thermodynamics parameters can be defined, but that will be accompanied by heat flux,
temperature gradient etc., among different DOF (see discussion in Section 4.1 of [335]
for details). Of course, for the “global” equilibrium, this wipeout. Now, comparing with
that situation, we see our system also obeys the characteristics of the non-equilibrium
steady-state situation where our null hypersurface is evolving with the changing value of
v. Therefore, we expect that the temperature of our system will be defined following the
same concept as it is defined in non-equilibrium situations. A proposal for defining the
effective temperature was suggessted by S. Weinberg in the case of a non-equilibrium
system of photons by relating absorption rate coefficient A and the stimulated emission

coefficient Q (see discussion in Section 6.2 of [335] for details):
—=e Tofr . (723)

In the present discussion, we have adopted the same spirit in order to identify the
temperature of the null surface. However, the status of the zeroth law for our system is
still an open question as the complete knowledge of the degrees of freedom for our system
is yet to be explored and therefore needs further investigation. However, we feel that the
lack of a complete theory of non-equilibrium thermodynamics at present will keep us at
bay to get full justification of thermodynamics of a null surface. On the other hand, if we
consider that the evolution of the null hypersurface is quasi-static in nature, then our
temperature can be justified through equilibrium thermodynamics by considering that

the surface is at equilibrium at each instant.
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Appendices

7.A Derivation of Eq. (7.9) and Eq. (7.12)

In the near null hypersurface region, i.e. r — 0 limit, a(v,r,x4) can be expanded (using

Taylor series expansion)
a(v, r,xA) = a(O)(v,xA) + a(l)(v,xA)r +0@?). (7.A.1)

Now, looking back to Eq. (7.8) we can rewrite it as

#45(048)(95S)

B 2 2
1 (aUS+rﬁA(6AS))2 (27‘05+7‘ ,6 )]

A A
5,5 QS +rpY0aS) | (avs +rp (aAS))

2ra +r2 2 2ra +r2 2

(7.A.2)

Now, at r — 0 the above equation turns into
A A AB

_0,S+rp 2(GAS) N (avs +rp (aAS)) [1 _ 1 p7(045)(@BS) (2ra +r2,62) ]

2ra +r2 2 2ra +r2 2 2 (avS+r,BA(0AS))2
0,8 +rp*(04S) (avs + r,BA(OAS)) 1 pAB048)0BS) ]

2ra +r2p2 2ra +r2 2 2 (0,8 +rpA@49)) ]
Considering the negative sign solution of 0,S we obtain from Eq. (7.A.3)
0,8 +7p*(048) 1 pF(945)98S)

2ra +r2 B2 2 (0,8 +1rpA04S))

0,S

+

(7.A.3)

0S| =-2

(7.A.4)

The first term of Eq. (7.A.4), using the expansion of a(v,r,x4), in the near null hypersur-

face region reduces to

0,8 +rpA(04S) 0,8 +rpA(048)
232 - @ - rp?
2ra+rep Zra(o)(1+%+%)
0,8 +7p(04S A 2
wS +rp (0 )(1—m _Th ) (1.A.5)
2ra0® a® 9240

Similarly, from the second term of Eq. (7.A.4), in the near null hypersurface region we

obtain

pAP©0a8)08S)  _ piP(048)05S) (l_rﬁA(aAS>)
(0,8 +rpA(0aS)) 0,S 0,S '

Hence, putting the approximated values of these two terms in Eq. (7.A.4) we obtain the

(7.A.6)

only leading order term in the near null hypersurface region

0,S
0S| =—————, 7.A.7
" 2ra®(v,x4) ( )
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i.e. Eq. (7.9) in our main text. In the similar manner we can also obtain the expression of
0,S|+. Taking the positive sign solution in Eq. (7.A.3) and considering the leading order
term at r — 0 limit we end up getting Eq. (7.12).

7.B Hamiltonian: Particle description in

Lagrangian formalism

In Section 7.3, using HJ formalism we land up to a particular Hamiltonian structure (Eq.
(7.11)) of the outgoing scalar mode in the near null hypersurface region. Here we like to
find out whether the same Hamiltonian structure can be obtained using the Lagrangian
of a particle.

Consider the Lagrangian L = \/W where x% = dx%/dv. Since we are consider-
ing a massless particle, for convenience v has been chosen here as the affine parameter
for the geodesics of the particle. Therefore, under the background of metric (7.1) we

obtain the form of the Lagrangian of the system as

DOl

L= [2ra—2f+2rﬁAxA—yABo'cAo‘cB] (7.B.1)

where the expressions of the corresponding momentum components are

1
G = ; (7.B.2)

10
[2ra—27 +2rfpaid — uapxdiB|2
-B
rfa— x
pa = L hap 4 (7.B.3)
[2ra—2r +2rfaid — uapxiaB|2

Therefore, we obtain the Hamiltonian of the system as

1
2pr

H = [(2ra+r2,62)p%+2rﬁApApr+(1 +pi)] . (7.B.4)

The above expression of the Hamiltonian (7.B.4) reveals that there are two solutions
of p, in trems of H and p4. It is evident that one solution of p, corresponds to the
outgoing particle while the other one corresponds to the ingoing one. Now, in the near
null hypersurface region (r — 0) considering only the leading order terms in these two

solutions of p,, we obtain

3 H
- a0, xA)r

pr and p,

1(1+p%
=— 7.B.5
+ 2 ( H ( )
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where (—) and (+) sign represents the -ve and the +ve sign solutions of p, of the quadratic
equation (7.B.4) respectively. Therefore, we can see that the expression of the -ve sign
solution of p, exactly matches with Eq. (7.10) which we identified as the momentum in
r direction for the outgoing mode, i.e. p, . So, it is evident that the -ve sign solution
of p, corresponds to the momentum of the outgoing particle and we obtain the similar
structure of the outgoing Hamiltonian in the near null hypersurface region (see Eq.
(7.11)).

Therefore, using the particle description in Lagrangian formalism we obtain the
similar expression of the outgoing Hamiltonian in the near null hypersurface region as
we obtained in the field mode description in Section 7.3. Whereas for the ingoing particle
the Hamiltonian structure in the near null hypersurface region may differ in those two
descriptions (see (7.14) and Eq. (7.B.5)) but their natures are same as the ingoing particle

does not suffer any singularity at r = 0.

7.C Conserved quantity H/a(v)

Now, we have the near null hypersurface Hamiltonian for the outgoing particle, i.e.
H=a"0,x*rp,,., (7.C.1)
and after averaging out the transverse coordinates we have

H=a()rp,,,, . (7.C.2)

Now, let us check the variation of H/a(v) with respect to some affine parameter A, i.e.

d ( 21 ) d : )
di\aw)) = da\Prom
= f'prout + rprout (703)

where . = %. Now, from the Hamilton’s equations of motion we obtain

0H

r= = a(v)r (7.C.4)
a})rout
and the other one is
. 0H
Prow= 3= = —a)pr,,, - (7.C.5)
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Now, putting the values of 7 and p, ,, in Eq. (7.C.3) we obtain
d ( H _ _
ﬁ (%) = a(v)rprout + (_a(v)rprout)

= 0. (7.C.6)

It tells that the quantity H/a(v) = E/a is conserved during the motion of the particle

under the average Hamiltonian H.
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CHAPTER

CONCLUSIONS AND OUTLOOK

8.1 Conclusions

ver the last few years there has been a growing interest to study the thermal and

geometrical properties of black hole horizon and its intimate connection with

the dynamics of particle motion near it. It has been observed that the presence
of a horizon introduces chaos in a system. The reason behind this fascinating feature
of the horizon is not explained elaborately anywhere. Particle motion near the horizon
has always been an interesting topic to the physicists. However, in the presence of any
horizon, either static or stationary, why an integrable system starts to show chaotic
dynamics has always been a mystery. In fact, why all the horizons (static or stationary)
give the same feature is yet to be known completely.

On the other hand, black hole thermodynamics is a long-standing concept which
originates through an analogy between the laws of Black holes and those of usual
thermodynamical systems, but the reason why these thermodynamical quantities are
associated with horizon has not been discussed properly anywhere. In fact, the underlying
physical mechanism which provides temperature in the horizon system is still unclear
to us. Consequently, which microscopic degrees of freedoms are responsible for such
a feature is not known either. Though people have tried many attempts, there are no
concrete explanations until now.

Therefore, in this thesis, for the first time, we have tried to give a unified reason for

both the characteristics of horizon, i.e. the reason for chaotic influence on a system and
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the thermal behaviour of it and have tried to find out if there is any connection between

them. The chapter wise findings of the thesis are the followings;

Starting with the second chapter, in the present chapter we have studied the implications
of the influence of an event horizon on an integrable system when the system comes
under the influence of the horizon. The whole study has been done in the classical picture.

The results that we found in this chapter can be summarized as follows;

e The trajectories of a massless and chargeless particle in a very near horizon
region have been studied. The theoretical analysis showed that the radial motion
is exponentially increasing function of time parameter which indicates that the
horizon may influence chaotic behaviour in the motion of a particle in an integrable

system when it interacts with the horizon of a black hole.

¢ With the application of the numerical simulations the situation in presence of
harmonic potential, it has been observed that this is indeed the case. We found
that the trajectories of the particle trapped in a Harmonic potential which is an
integrable system, becomes chaotic in nature after a certain value of energy of the

system. Here both SSS and Kerr black holes cases have been investigated.

* In the numerical simulations we particularly studied the Poincaré sections, largest
Lyapunov exponents and Power spectral Density (PSD) of the composite system
for confirming that the system undergoes chaotic dynamics whenever it reaches
under the influence of the horizon. Interestingly, the breaking of Poincaré sections
into different tori, the positive value of the largest Lyapunov exponent and the
population of different frequencies in the PSD diagram under some particular
values of the system parameters confirm our prediction that the system undergoes

through chaos whenever it comes under the influence of the horizon.

* Moreover, we found out that the largest Lyaunov exponent values settle down to a
positive value below the upper bound the of the system, i.e. the surface gravity of
the BHs for both the cases (SSS and Kerr). Therefore, from that perspective we
conclude that our system satisfies the MSS bound according to the SYK model.
Furthermore, we obtained that in case of Kerr black hole the steady state Lyapunov
exponent increases on increase of the rotation parameter which suggests that the
rotation of the black hole may induce more chaotic fluctuations in the motion of

the particles.
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We learned in the second chapter that when an event horizon exists, a system begins
to exhibit chaotic behaviour in the near-horizon region. As a result, the continuing
hypothesis that the presence of a horizon may produce chaos in an integrable system is
studied further in this chapter from the perspective of a uniformly accelerated frame. We
create a model that consists of a massless and chargeless particle trapped in a harmonic
oscillator in a uniformly accelerated frame (namely Rindler observer). Here the Rindler
frame provides a Killing horizon without any intrinsic curvature to the system. This
distinguishes the current findings from the earlier calculations. Now, let us summarise

the results of this chapter.

¢ In this chapter also we obtained that with the increment of some system para-
meters, i.e. energy of the system () and the acceleration of the Rindler frame
the system shows chaotic dynamics in the vicinity region of the horizon which is

confirmed by performing the numerical analyses.

* In the numerical analyses we studied the Poincaré sections of the system, the
largest Lyapunov exponent of the system and PSD just like the earlier analyses (in
the previous chapter). In this case also we found out that as we increase some of the
parameters of the system (£ and a) the Poincaré sections break into different tori
and the PSD diagrams get populated. Moreover, the largest Lyapunov exponent
values settles down to a positive value which confirms the chaotic behaviour of the

system in the near horizon region.

* We also found that the chaos of the particle probing the Rindler horizon has
a universal upper bound on the Lyapunov exponent. In this regard, it may be
mentioned that the upper bound is given by the acceleration of the particle and
it is independent of the external potentials which prevents the particles falling
into the horizon. This upper bound conjecture of the Lyapunov exponent coincides
with the prediction of the SYK model, argumented by Maldacena, Shenkar and

Stanford [226] and it is confirmed with the application of numerical simulations.

¢ Therefore, from this analysis, it is apparent that an integrable system, when
it comes under the influence of horizon, its dynamics can be chaotic. Since, in
the present case, the horizon is part of the flat background (vanishing Riemann
curvature), the conjecture — horizon makes system chaotic — is further balustrade

as the curvature does not play much role.
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Our next goal was to investigate the fundamental cause of this fascinating horizon
characteristic after identifying the chaotic behaviour in a system close to the horizon. We
therefore tried to offer a cogent explanation for such exceptional horizon properties in

the fourth chapter. The findings from the fourth chapter are listed below;

* To find out the concrete reason for chaotic dynamics in the near horizon region
we argued that the near horizon instability is the main cause of it. In section
(4.2) the static spherically symmetric black hole, Rindler case and very restrictive
trajectories for Kerr black hole have been explored in Painleve coordinates. It is
observed that such is due to the appearance of xp type Hamiltonian for a near

horizon motion of a particle.

¢ In the later section (4.3) we investigated the whole phenomena in a more extensive
way. We find that there is another set of coordinates, namely the Eddington-
Finkelstein (EF) coordinates, in which the motion of the particle along the null
trajectory also faces the instability in the near horizon region. Moreover, such
instability is very much there for any observer when the particle is following the

outgoing null path in that particular EF coordinates.

* Notably, again the instability factor is given by the surface gravity of the black
hole. When the particle is following the outgoing null route in those precise EF
coordinates, we find that the observer associated with the EF frame measures the

Xt where ¢ is the EF time coordinate and

radial momentum of the particle as p ~e™
the corresponding Hamiltonian of the system comes out to be of xp structure again.
Therefore, as in the near horizon limit, i.e. # — —oo the radial momentum diverges
and indicates the presence of instability just like the case of Painleve coordinate
system. It suggests that although the instability is observer independent for our
particle motion, the particular form of the Hamiltonian is observer dependent. The
observer associated with this specific frame, either in Painleve or in EF coordinates

will see this form of the near horizon Hamiltonian.

* Moreover, in our next investigation, using the Raychaudhuri equation, we have
calculated the expansion parameter of the null geodesics, which are followed
by our test particle in that particular EF coordinate. Here, we have found that
the expansion parameter shows instability in the near-horizon region. It means
that in the near-horizon region, instability in the particle motion is an observer

independent phenomena for this particular motion of the particle.
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In the previous chapter we found that the particular structure of the Hamiltonian
(xp kind) is responsible for the unavoidable instability provided by the horizon on the
particle’s motion at classical level. Following this classical picture we next proceed for
the quantum calculation in the fifth chapter. This analysis has been concluded with the

following results;

¢ After obtaining a clear picture of instability in the classical scale in the previous
chapter, we next targeted quantum calculations in order to see quantum conse-
quences due to this unstable xp kind structure of the near horizon Hamiltonian.
We started with the tunnelling approach, where we found that this near horizon
Hamiltonian predicts a finite probability of escaping the particle from the horizon
and thereby providing a temperature to the horizon. The expression came out to be
as that of Hawking [113].

* The next approach was the detector response approach in order to get a distinct
idea about the relevant vacuum state. The observer or rather the detector, in this
case, is following the same null trajectory in EF coordinate in the near horizon
regime, as we mentioned earlier. The vacuum was chosen to be that Boulware
vacuum in this case. After evaluating the response function numerically, we have
obtained that the transition probability of the detector of detecting a photon in the
Boulware vacuum is similar to Planck distribution. It showed that the detector

will see the Boulware vacuum as a thermal bath.

* Next, our aim was to show particularly the inherent thermal characteristics of the
xp which may appear not only in black hole space time but also in other areas of
physics. We started with by calculating the density of states (DOS) of the system.
In this process we particularly used the Gutzwiller’s trace formula because usual
quantization rule normally not applicable in this case. First, we write down the xp
Hamiltonian in another canonically rotated coordinates and it turns out to be the
Hamiltonian of an inverse harmonic oscillator. However, the complexified version
of the IHO Hamiltonian leads to a harmonic oscillator which helped us to calculate
the DOS using Gutzwiller’s trace formula. Interestingly, the expression of the DOS
turns out to be thermal in nature and the temperature is identified as the Hawking

temperature [113].

* The other feature of the unstable potential is, it shows scattering phenomena.

Therefore, our next approach was to study the scattering phenomena in the pres-
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ence of this unstable xp kind near horizon Hamiltonian. Identifying the “in” and
“out” states we obtained the transition probability for the particle to jump from
the initial to final energy state, which yielded the thermal nature again with the
desired Hawking temperature. Moreover, we gained the information about the
frequency of the quasinormal modes from this scattering which matches with the
earlier findings [262, 299-301].

In the sixth chapter, the validity of our already proposed conjecture — horizon creates a
local instability which acts as the source of the quantum temperature of black hole — is

being tested here for Kerr black hole. Here briefly we have the following results;

¢ Like our earlier chapters, the main focus, in this chapter, was to inspect whether the
presence of local instability in the near horizon region is responsible for providing
the temperature for a particular set of observer but this time in Kerr spacetime.
We finally found that this is indeed the case. Although near horizon instability is
an observer independent phenomenon for our chosen null path, the specific feature
of the radial motion of the outgoing particle is a coordinate dependent event. The
radial contribution in corresponding Hamiltonian of the system comes out to be of

xp kind, which is indeed an unstable Hamiltonian.

* In the quantum regime, using the tunneling approach we obtain that thermality
emerges due to that instability and the temperature exactly matches with the
Hawking temperature. Therefore, it turns out that the extension of our proposed
conjecture is applicable to much more generic black holes also. Hence, the generality
of this conjecture is evident here, and thereby providing a prospective to become
one of the leading candidates to understand the underlying mystery of the horizon

thermalization in the context of black holes.

Dynamical properties of a generic null surface are known to have a thermodynamic
interpretation. Such an interpretation is completely based on an analogy between the
usual law of thermodynamics and structure of gravitational field equation on the surface.
In the seventh chapter we materialise this analogy and show that assigning a tempera-
ture on the null surface for a local observer is indeed physically relevant. Here are the

following results of the present chapter;
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* Our prime motive was to find out the underlying reason for this noticeable fact in
order to convey the cause why thermodynamical attributions are associated with
any arbitrary null hypersurface. We start our calculations using the KG equation
in the field-theoretic approach, and in the semi-classical limit, we obtain that the
system Hamiltonian for the outgoing mode in the near null hypersurface region

comes out to be of xp kind.

* In the context of thermality, we proceed with the conventional idea of tunneling
mechanism, and after implementing the tunneling formalism in the near null
hypersurface region, we obtain that our system is thermal in nature. However, the
system temperature we found, in this case, is not constant; rather, it is a function
of the timelike coordinate, unlike the previous results of the black hole horizons
(SSS BH and the Kerr one).

* Previously, this connection between instability and thermality was established
only in specific cases containing horizons (chapter 5 and chapter 6). Here we
generalise the same for a generic null hypersurface. Therefore, we feel that the
present discussion may unfold the deeper reason for having the thermodynamical
quantities of not only horizon but also for any generic null surface at the quantum
level. Moreover, in this chapter we have also represented one of the important

applications of tunneling mechanism for more general background.

In this scenario where researchers are seeking to resolve many riddles of the black hole
horizons, we hope our work can shed some light in that direction. A significant amount of
efforts have been put to uncover the universal behaviour of the Lyapunov exponent and
relate it with the temperature of the chaotic system. Thus, the analysis presented in the
thesis illuminates some of the gray areas of the horizon characteristics. In addition, it also
resolves some of the major debates in this topic (horizon thermodynamics). Additionally,
it also generalizes some of the features of horizon thermodynamics which is studied case
by case in different spacetimes. The way we have studied here, this is a completely new
idea and could be a new technique to uncover the several mysteries of not only event
horizons, but also any general system which has direct connection with THO. Therefore
we feel that the results as well as the techniques, introduced here, will have significant
impact in the area of black holes as well as systems which have connection to IHO. With

the progress of these present investigations, we think that the enigma of near horizon
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physics may be revealed, and further exploration of the behaviour of the universal chaos
and thermality of the horizon will be beneficial. In the following, we provide the areas

where people can explore further for the better understanding of the subject.
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8.2 Scope for future works

8.2.1 Studying Chaos in Modified Theories of Gravity

“What happens when one studies the possible chaotic features of near horizon spacetime
in a better-motivated modified theory gravity?” Recently, there have been some works
in this direction where people investigated whether chaos is present in geodesics of a
slowly-rotating BH of dynamical Chern-Simons (dCS) gravity [336]. People have also
attempted to ascertain the same nature in the geodesics of spinning BHs in quadratic
gravity also [337]. Therefore, there are several motivations for studying the chaotic
motion in the near horizon region of BHs in various alternative theories of gravity such
as f(R) gravity, Lanczos-Lovelock gravity etc. These studies may reveal several aspects of
alternative theories of gravity which are yet to be fully understood. Furthermore, these
features are crucial for a clear comprehension of the chaotic feature in the vicinity of the

horizon in those theories.

8.2.2 Understanding The Underlying reason Why
Complexification of The Frequency Leads to Thermality

in The Context of Horizon

It is generally known that when the time coordinate is complexified, the path integration
can be understood as the partition function and the periodicity of the complex time is
known as the inverse temperature. Using this concept, Hawking demonstrated how the
partition function calculation gives us the right expression for the horizon’s entropy
by Euclideanising the black hole metric. In this instance, the Hawking temperature is
defined as the inverse of the periodicity of complexified time around the horizon [295].
In chapter 5 we found the time period of the primitive orbit T; as T; = 2in/x in our
computation by complexifying the frequency. It’s interesting to note that this figure
fits the time period exactly that Hawking discovered by Euclideanising spacetime. We
therefore believe that Hawking’s claim and our complexification of the frequency may
be closely related and further investigation may reveal the underlying physical reason

behind that which may unveil some interesting facts about horizon thermalisation.
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8.2.3 Understanding The Significances of DOS in The Context
of xp And Near-Horizon Systems

We utilised the Gutzwiller trace formula in chapter 5 to determine the system’s total
density of states (DOS). The DOS contains two parts for an unstable system like xp (in
our scenario); one is the mean part and the other is the oscillatory part. Depending on
the value of the oscillatory term in it, the oscillatory component might be either positive
or negative. Here, we would like to point out that negative DOS is not at all unexpected
for near equilibrium systems. For instance, the negative value of DOS for quantum
systems has been documented in the literature [296]. According to [297], DOS can have
negative values if there is a quasi-probability distribution at the quantum level, such as
the Wigner distribution function. This primarily relates to instances where the system is
just slightly out of equilibrium. The Wigner function and DOS have a close relationship;
the latter has negative values for states that are not typically permitted (see section 8.1.3
of [274])). These negative values must, however, disappear at the classical limit 2 — 0. It
is possible to verify that this is precisely occurring for (5.32) as well. The mean value
is always positive, whereas it is a pure quantum contribution and disappears for 7 — 0.
This fact relates to the Hamiltonian’s unstable behaviour. However, the significance of it
has not yet been fully appreciated. So, further investigation may lead to some intriguing
findings where we can learn more not only about the unstable systems but also about

the near-horizon systems.

8.2.4 Understanding Thermality of The Horizon from The
Perspective of Many-Body Systems

In the present thesis we have studied the horizon thermalisation from the perspective
of a single particle system. However, the deeper comprehension of thermality in case of
the horizon will be much more robust if we visualize it from the perspective of a many
particle system, because thermalisation is always connected to the many particle system.
Therefore, the natural issue that arises is “what happens to a many particle system when
it approaches towards an event horizon? Does this instability still persist in such cases?
Will that instability still lead to the thermality in the similar way?” As we have seen
that the instability arises in case of a single particle system, so, we may anticipate that
this would hold true for a non-interacting many particle system as well and it would be
interesting if the similar way it leads to thermality in the near horizon region. However,

that is an open question which needs to be explored to obtain the complete explanation
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of thermalisation in the context of horizon.

8.2.5 Can ETH Explain The Thermal Nature of The Horizon?

In literature, there are different approaches to checking thermality in a many-particle
system. One such procedure is the eigenstate thermalisation hypothesis (ETH) [231, 338—
349] which is a generic mechanism of thermalisation under unitary dynamics of isolated
quantum systems. The ETH has been numerically validated for a considerable number of
many-body Hamiltonians [339-349]. Moreover, ETH works in the cases of Hamiltonians
that are chaotic and devoid of time reversal symmetry [231, 338, 350]. Incidentally, our
single particle xp kind Hamiltonian satisfies both these conditions [288]. Additionally,
this xp Hamiltonian falls within the category of a random matrix and its eigenvalues
adhere to the characteristics of Gaussian Unitary Ensemble (GUE). In this instance,
the average value of an observable of the system is always close to the equilibrium
microcanonical ensemble average value in the later time, leading to thermalization,
which is basically the feature of ETH. Therefore, if we can demonstrate similar kinds of
characteristics in the many-body Hamiltonian near horizon region, we may expect that
the proper explanation of thermalisation can be delivered using ETH in the context of

the horizon.

8.2.6 Explanation of Thermality From the Perspective of A
Collection of Many-IHOs System

In the present thesis, using the single particle system, we have obtained that the near
horizon Hamiltonian consisting of a massless and chargeless particle behaves like a
particle present in the inverse harmonic potential. We have also shown that the system
corresponding to the Hamiltonian of an THO has an intimate connection with thermality.
Now, if we can check whether there is any option that a many-body system can be thought
of as a collection of IHOs, then that can be useful to explain the thermalisation of the
horizon in a much more robust way from the perspective of a many-particle system. The
single particle analysis revealed the direction for elucidating the fundamental cause of
horizon thermalisation. However, the whole motivation of the thesis will be completed if
one can demonstrate that thermality can be explained in the same way for a many-body

system made up of a collection of non-interacting IHOs in the next stage.
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