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Abstract 

Flat rolling process is one of the most widely used metal forming processes in 

industries. In this process, the thickness of a sheet is reduced by passing it between 

two counter-rotating rolls. The rolling process can be classified into three categories 

viz., cold, warm and hot rolling based on the working temperature of the process. 

The warm rolling has some edge over the hot and cold rolling, for example, the 

lower load and energy requirement compared to cold rolling as well as the better 

surface finish and dimensional accuracy compared to hot rolling. The modelling of 

the rolling process is important for design, proper control and optimization of the 

process. Modelling of the process requires input data about material properties and 

friction. In batch production mode of rolling with newer materials, separate 

experiments need to be conducted for each material to determine the input 

parameters. Conducting separate experiments is tedious and time consuming as the 

work material gets changed frequently in batch production.  In view of it, in the 

present thesis, an inverse methodology is proposed to estimate the material and 

process parameters in warm flat rolling by the measurement of exit temperature and 

slip. For this purpose, first steady-state thermo-mechanical modelling of warm flat 

rolling is carried out for the inverse estimation of mechanical properties and friction. 

Subsequently, a transient thermal analysis of the roll and strip together is carried out 

for the inverse estimation of thermal parameters. 

 A two-dimensional steady-state thermo-mechanical analysis of the flat rolling 

comprises two modules― deformation module and thermal module. Deformation 

module uses finite element method (FEM) based on Eulerian flow formulation. 

Thermal module uses analytical methods. The determination of temperature 

distribution in roll as well as strip through analytical methods has the advantage in 

terms of computational time. The proposed thermo-mechanical steady-state model 

for warm flat rolling is validated with the experimental results available in the 

literature. In the present work, a fast FEM analysis has also been proposed for the 

estimation of the steady-state temperature distribution in rolling process. The FEM 

results ensure the accuracy of the proposed model using analytical methods to find 
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out the temperature distribution in the roll and the strip. The results obtained by the 

analytical methods and the FEM model differ by less than about 8%.     

 For validating the transient analysis of warm flat rolling, in-house warm 

rolling experiments were conducted. The rolling experiments were carried out in a 

laboratory rolling mill. The experimental results were used to validate the proposed 

model by measuring the exit strip temperature at the surface as well as at the 

centerline.  The coefficient of friction is estimated by inverse method based on the 

exit strip temperature measurement with the known material properties.  

 An efficient inverse methodology to determine the mechanical properties by 

the measurement of exit temperature and slip is proposed and validated 

experimentally. A heuristic method is used for the minimization of the error between 

the experimentally measured and the estimated temperature of exit strip. The 

inversely estimated flow stresses are compared with the experimentally measured 

flow stresses. The experimental flow stresses are obtained by conducting tensile 

tests at different temperatures. A good agreement between the inversely estimated 

and experimental flow stresses is observed with a variation of less than about 10%.  

 A transient thermal analysis is carried out for estimating the average thermal 

properties of the roll and the strip as well as friction by inverse modelling. The 

inverse modelling requires the transient temperature distribution at the exit strip at 

two locations. The coefficient of friction is estimated based on the slip measurement. 

For a fixed value of the coefficient of friction, the slip is unaffected by the thermal 

parameters. Based on the sensitivity study, a procedure to identify the parameters by 

inverse analysis is illustrated. It is seen that there are sufficient number of signals to 

predict the thermal parameters uniquely. The uniqueness of the solution has been 

studied heuristically and numerically. It is observed that the deviation of estimated 

and actual parameters is less than± 7%.  

 The inverse methodology proposed in this thesis may be implemented in the 

shop floor for the online determination of material and process parameters in rolling 

process. The methodology can be extended to other metal forming process. Also, a 

methodology can be developed to estimate all material properties and friction 

parameter together.  
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Chapter 1 

Introduction 

 

1.1 Flat Rolling 

Rolling is one of the oldest and most important metal forming processes. It plays an 

important role in industries due to its versatility and high production rate. It is an 

economical method for the manufacturing of metal strips or sheets. The 

development of rolling process dates back to the 15th century and it accounts for 

about 90 percent of all metal working processes (Kalpakjian, 2008). Most of the 

steels produced are rolled into strips, sheets, bars and other shapes such as I-beams 

and L cross-section. In a rolling process, the raw material (i.e., ingot, billet, slab or 

sheet) is passed between a set of cylindrical rolls that are usually supported by back 

up rolls.  The cylindrical rolls are rotated in opposite directions. During rolling, the 

roll gap being less than the thickness of the entering material, the rolls grip the 

material, reduce its thickness and force it through to the exit. 

 The final shape of the product requires the different types of rolling processes. 

In industry, various shapes of the rolled product obtained by different types of 

rolling processes viz., flat rolling, ring rolling, profile rolling, thread rolling, tube 

rolling, and powder rolling. A variety of roll arrangements is found in the rolling 

mills such as two-high, four-high and planetary mills. Among all these processes, 

the most basic and widely used process is the flat rolling, where the rolled products 

are flat strips or sheets. In the process, the thickness of a sheet is reduced by passing 

it between two counter-rotating rolls. Figure 1.1 shows a three-dimensional 
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schematic diagram of a flat rolling process. The figure shows counter rotating rigid 

rolls, metal strip being rolled and the rolling direction.  

 
Fig. 1.1. Schematic diagram of flat rolling  

  Rolling process can be classified into three categories viz., cold, warm and 

hot rolling. It has been suggested (Hirschvogel, 1979; Hawkins, 1981; Hawkins, 

1985; Pietrzyk and Lenard, 1990) that for hot rolling, the lower limit of the 

temperature range should be taken as 0.6Tm, where Tm is the melting point of the 

metal in K. In hot rolling, the effect of strain hardening is removed by the relevant 

active dynamic and/or static softening mechanisms. In cold rolling, the upper limit 

of working temperature is 0.3Tm and strain hardening is not relieved. If the working 

temperature for the metal is 0.3–0.6 Tm during rolling, then it is defined as warm 

rolling process. In this range of temperature, the degree of strain hardening that 

occurs is less as compared to cold rolling. 

 Warm rolling combines the merits of hot and cold rolling, for example, lower 

load and energy requirement compared to cold rolling, better surface finish and 

dimensional precision than the hot rolling (Subramanian and Bourell, 1984). In 

addition, the mechanical properties may also be improved by warm deformation 

processing at certain intermediate temperature (Hawkins and Tsinopoulos, 1978). 

Also, the warm rolling is a cost saving process over the cold and hot rolling 

processes. This underscores its increased use as a manufacturing process in 

TH-1513_11610339



Introduction 

 3

industries. Table 1.1 summarized the merits and demerits of warm rolling over the 

hot and cold rolling. 

 
Table 1.1. Merits and demerits of warm rolling compared to cold and hot rolling 

 Warm rolling compared to cold 
rolling 

Warm rolling compared to hot  
rolling 

Merits • Lower forces are required for 
deformation. 

• Less residual stresses get 
produced in the product. 

• Ductility of the material is 
increased.  

• Complex shape can be obtained by 
applying less energy.  

• It produces less anisotropy in the 
product.   

• The product with improved 
strength properties may be 
obtained. 

• Less strain hardening occurs 
during the process. 

• Better precision of component is 
obtained. 

• Better surface finish and 
superior dimensional control of 
the product is obtained. 

• There is lesser thermal shock on 
the rolls. This causes lesser 
thermal fatigue on rolls and 
provides greater life.  

Demerits • Arrangement has to be made for 
the heating of the material.  

• Rolled product has poorer surface 
finish. 

• Arrangement for cooling of the 
rolls is needed for achieving long 
life of the rolls. 

• Higher forces are required for 
deformation. 

• Rolled product has lesser 
ductility. 

• New grains cannot be formed in 
the product after rolling. 

  

 The modelling of warm rolling process drew the attention of a number of 

researchers in view of its significant contribution to the overall cost of the product 

(Subramanian and Bourell, 1984; Hawkins, 1985; Koohbor, 2015). The modelling is 

essential for the proper control and optimization of the process. This requires the 

input data about material properties as well as process parameters. In batch 

production mode of rolling with newer materials, it may be difficult to determine the 

input parameters offline. In view of it, in this thesis, a methodology to estimate these 

parameters by the measurement of exit temperature and slip is developed. The main 

focus of this thesis is the inverse estimation of material parameters, convective heat 

TH-1513_11610339



Inverse Estimation of Material Parameters, Convective Heat Transfer Coefficients and Friction in Warm 
Flat Rolling 
 

 4

transfer coefficient and friction in warm flat rolling. The practical importance of 

inverse estimation of material and process parameters in rolling process is briefly 

described in the next section.  

1.2 Importance of Inverse Estimation in Flat Rolling Process 

The mathematical modelling of rolling process has drawn the attention of a number 

of researchers. Different analytical and finite element method (FEM) based models 

have been developed to find out the roll-force, roll-torque, slip, temperature of the 

roll and temperature of the strip. However, the difficulty in using these models is 

that many times the input data about material properties and the process parameters 

are not known. These material properties and the process parameters can be 

determined by experiments. Conducting separate experiments for the determination 

of material properties are tedious and time consuming. Moreover, in a dynamic 

environment, the work material is changed frequently. The inverse method is of 

great importance for finding out the material properties and the coefficient of 

friction in rolling (Lenard and Zhang, 1997; Byon et al., 2008). The inverse method 

utilizes the output response of the process to estimate the input parameters. This 

needs an optimization technique to minimize the error between the computed and 

the measured data. The inverse method allows reducing the experimentation for 

estimating the material properties and the coefficient of friction. The method may be 

implemented in the shop floor for the online determination of material and process 

parameters in rolling process. 
 

  Figure1.2 shows a schematic diagram of continuous casting where molten 

metal is directly coming into the mold through tundish. In continuous casting, the 

slab is made directly from the molten metal, whose material properties are not 

known. The slab is subsequently rolled into strip in a continuous manner. The 

inverse methodology can be used for estimating the material properties of the slab, 

which will be useful for the control of the subsequent rolling process. Moreover, it 

may be possible to predict the product quality with proper mathematical modelling. 
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A direct mathematical model is essential for carrying out the inverse estimation. In 

the present thesis, an inverse methodology is proposed to estimate the mechanical 

properties, thermal parameters and the coefficient of friction based on the exit 

temperature of the rolled strip measurement.  

 

  

Fig. 1.2. Schematic diagram of continuous casting with subsequent rolling  
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1.3  Scope and Objectives of the Present Thesis 

In the existing literature, most of the studies deal with the determination of roll-

force, roll-torque, slip, stresses, strain-rate, strain in the deformation zone, and 

temperature of the roll as well as strip with the given input parameters. The 

determination of the input parameters is very crucial due to certain difficulties 

involved in the experimentation. For example, the flow stress is a function of strain, 

strain-rate and temperature; however, often this can be determined only as a function 

of strain and temperature due to the unavailability of high strain-rate material testing 

facility. This may result in inaccuracy in the analysis. In actual practice, the strain 

rate significantly affects the flow stress. In the present work, an inverse 

methodology is proposed, which is capable of estimating the flow stress as a 

function of strain, strain-rate and temperature by performing a few experiments on 

the rolling mill itself. The inverse estimation of the thermal properties of materials 

and the convective heat transfer coefficient in rolling has not been studied by any 

researcher. The proposed methodology can also be used to obtain the thermal 

properties of the materials and the convective heat transfer coefficients.  

1.4 Organization of the Thesis 

The thesis consists of eight chapters, which are organized as follows: 

• The current chapter provides the introduction along with the primary 

objectives and organization of the thesis. 

• Chapter 2 presents a review of literature of the deformation as well as thermal 

modelling of rolling, inverse estimation of material parameters and the 

coefficient of friction. Inferences from the literature review and detailed 

objectives of the present thesis have been outlined. 

• Chapter 3 presents the steady-state thermo-mechanical model of warm flat 

rolling. The three different methods to obtain the temperature distribution in 

the roll are described along with the comparative study. The parametric study 

is also carried out. 

TH-1513_11610339



Introduction 

 7

• In Chapter 4, transient thermal analysis of warm flat rolling is presented along 

with the experimental validation. In-house warm rolling experiments were 

conducted at different inlet strip temperatures and thickness reductions of 

strip. The methodology for carrying out the transient analysis of the roll and 

strip together is presented.  

• Chapter 5 deals with the estimation of coefficient of friction in flat rolling by 

different methods. The coefficient of friction is estimated based on 

temperature measurement of exit strip by inverse method.  

• In Chapter 6, an inverse method to obtain the mechanical parameters and the 

coefficient of friction in flat rolling based on exit strip steady-state 

temperature distribution and slip is presented. 

• In Chapter 7, inverse estimation of thermal parameters and the coefficient of 

friction in flat rolling based on transient temperature distribution of exit strip 

and slip is carried out.      

• Conclusion and scope for future work are presented in Chapter 8 followed by 

references and appendices. 
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Chapter 2 

Literature Survey 

2.1 Introduction 

Rolling is one of the most popular metal forming processes to reduce the thickness 

of the sheet. In rolling process, the sheet is passed between two counter-rotating 

rolls to achieve the desired reduction in the thickness.  The process is classified into 

three categories based on working temperature viz., hot, warm and cold rolling. The 

proper estimation of temperature is important for all kinds of rolling processes, 

because it greatly influences the lubricant behavior, roll wear and the properties of 

the rolled product (Louaisil et al., 2009).  

 Warm rolling combines the advantages of hot and cold rolling, for example, 

lower load and energy requirement compared to cold rolling, better surface finish 

and dimensional precision than the hot rolling (Subramanian and Bourell, 1984). In 

addition, the mechanical properties may also be improved by warm deformation 

processing at certain intermediate temperature. The thermo-mechanical modelling of 

rolling is essential to analyze the roll force, roll torque, stresses, strain-rates, strains, 

forward slip, temperature of strip and temperature of roll.     

 In this chapter, a review of the available literature on the thermo-mechanical 

modelling of rolling processes is presented. Section 2.2 presents the various 

approaches of investigations for the mathematical modelling of the deformation 

analysis of the strip in rolling. The thermal analyses of the strip and the roll carried 

out by several researchers are presented in Section 2.3. Section 2.4 presents the 

review of the studies on friction at the roll-strip interface. Section 2.5 discusses the 
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various techniques for the inverse modelling in the rolling processes. The inference 

from the literature of the flat rolling process is discussed in Section 2.6. Detailed 

objectives of the present thesis are presented in Section 2.7. 

2.2 Deformation Analysis 

A number of theoretical models have been developed during the past decades by 

making several simplified assumptions to simplify the complex behaviour of the 

rolling process. The suitability of the developed models depends on the assumptions 

used. The validity of the assumptions depends on the desired outputs of the model. 

This section presents a review of the literature from the simplified models to the 

present day computational methods on the deformation analysis of the rolling. The 

methods of deformation analysis are slab method, slip-line field method, upper-

bound method and finite element method. 

2.2.1 One-dimensional Models 

The one-dimensional model is mostly based on the slab method to obtain the roll-

pressure distribution at the roll-strip interface. The slab method assumes that the 

metal deforms uniformly in the deformation zone. The metal being deformed is 

decomposed into slabs. For each slab, simplifying assumptions are made mainly 

with respect to the stress distributions. Force balance for the slab results in 

differential equations which are solved either by the closed form analytical methods 

or numerical methods. The constants of integration are evaluated using appropriate 

boundary conditions.  

 The pioneering work carried out by Karman (1925) was the beginning of the 

mathematical modelling of the rolling process. The author suggested the theory of 

homogenous deformation based on the equilibrium of forces at an infinitesimal 

small slab element in the deformation zone of the strip. The slab method is used for 

analyzing the rolling process to obtain the roll-pressure distribution at the roll-strip 

interface. Figure 2.1 shows the equilibrium forces acting on an infinitesimal small 

slab element specified by the angular coordinate φ in the roll bite of strip. In the 

figure, p is the roll pressure, µ is the coefficient of friction, xσ  is the mean 
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horizontal stress in the slab and R′  is the deformed roll radius.  Orowan (1943) used 

a graphical-numerical method of computaional in order to determine the roll 

pressure distribution, roll torque and the power consumption considering the non-

homogeneous deformation. He considered the Coulomb friction model with material 

incompressibility. Roll flattening is taken into account using Hitchcock (1935)’s 

formula.  

hσ x( )dh hσ σ+x x

dpR φ′

dpR φ′

dpRµ φ′

dpRµ φ′

 

Fig. 2.1. The force acting on the slab at the exit of the roll bite 

 As pointed out by Hartley et al. (1989), the von Karman equation is clearly 

based on the assumptions and approximations that might cause serious 

inconsistencies under certain conditions. For example, in cold rolling, at the lower 

coefficient of friction, the deformation of the material is nearly homogeneous, but 

the validity of the homogeneous deformation theories becomes weaker by increasing 

the coefficient of friction. The surface layer is likely to be deformed more than the 

central region in the deformation zone.  

 The advantages of Orowan (1943) model over the Karman (1925) model are 

as follows: (a) the assumption of plane sections remains plane after deformation 

reduces the problem to one-dimensional, (b) both slipping and sticking friction is 
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included and (c) the work-hardening of the material is taken into account. Bland and 

Ford (1948) simplified Orowan’s equations by making an assumption of the small 

contact angle involved. The authors derived equations for obtaining the roll force 

and the roll torque with and without the front and back tensions. Bland and Sims 

(1953) developed an approximate analysis for the rolling considering the effects of 

elastic deformation at the entry and exit of the deformation zone.  

 Alexander (1972) used the Orowan’s model for computing the roll-force and 

the roll-torque considering inhomogeneous deformation. Roychoudhury and Lenard 

(1984) modified the model of Orowan (1943). They obtained the elastic deformation 

of the roll by incorporating a two-dimensional theory of elasticity instead of 

Hitchcock (1935)’s formula. The Hitchcock’s formula is given as 

  ( )216 1
1 ,r r

r

FR R
E

ν

π δ

⎛ ⎞−
⎜ ⎟′ = +
⎜ ⎟
⎝ ⎠

                                                 (2.1) 

where Fr is the roll force per unit width of the strip, rν  is the Poisson’s ratio of the 

roll material, Er is the Young’s modulus of the roll material and δ is the draft. 

However, the formula is not suitable for foil rolling. The Hitchcock’s formula of roll 

deformation has been used by many researchers. The elastic loading and unloading 

regions in the rolled strip at the entry and exit are analyzed using the one-

dimensional theory of elasticity. The locations of the elastic and/or plastic interfaces 

are determined during the solution procedure by using the Huber-von Mises 

criterion of plastic flow. 

 In earlier studies, the roll force is obtained by integrating the roll pressure 

distribution along the arc of contact. For avoiding the integration and also 

convenient form for the calculation of the roll force, Eklund (1933) had proposed the 

following equation based on the study of metal flow during plastic deformation: 

1 2

1.6 1.2
21 ,

2r

DfDF
h h

δ δδσ

⎛ ⎞′
−⎜ ⎟′ ⎜ ⎟= +

+⎜ ⎟
⎜ ⎟
⎝ ⎠

                                   (2.2) 
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where Fr is the roll force, σ is the mean plane yield strength, D′  is the deformed 

roll diameter, ( )1 2h hδ = − is the draft, f is the Coulomb’s coefficient of friction, and 

h1 and h2 are the inlet and exit thickness of the strip respectively. The formula 

provided by Eklund’s was very popular in the past due to its simplicity. Later on 

Roberts (1965) proposed a simplified model assuming uniformity of pressure along 

the arc of contact. As the variation of pressure in the bite zone is not taken into 

account, this model may be called a zero-dimensional model. The relation to obtain 

the roll force can be written as  

( ) ,r c p E F c eF l l L Lσ σ= + + =                                     (2.3) 

where cσ ,lp, lE, lF and eL are the average compressive yield strength, the lengths 

associated with the actual plastic reduction of the strip, the flattening of the work 

rolls by the normal roll force and the flattening due to frictional effects, effective 

length of the arc of contact (not equal to the actual), respectively. The calculation of 

the effective length is provided in the book by Roberts (1978) in detail. The work 

roll flattening is calculated based on Hitchcock (1935)’s formula.  

 Of late, the slab method has been replaced by more sophisticated methods. 

However, a few researchers have used the slab method with modified analysis of roll 

deformation for thin strips or temper rolling analysis. Fleck and Johnson (1987) 

studied the foil rolling by assuming that the rolls remain circular. The extension of 

Fleck and Johnson (1987) model was carried out by Fleck et al. (1992) to develop a 

theory for cold rolling of foil. They considered Coulomb friction model and 

deformation of the rolls is modeled by treating them as elastic half-spaces. However, 

they did not take into account the effect of frictional traction on roll deformation and 

strain hardening. In their model, the roll–strip interface is split into 5 zones viz., 

elastic zone at entry, plastic reduction at entry, no-slip neutral zone, plastic reduction 

at exit and elastic zone at exit (Fig. 2.2). The inlet and outlet thicknesses of the strip 

are denoted by h1 and h2, respectively.   In zone II, thickness is reduced from h1 to h.  
The strip thickness is approximately constant at h in zone III.  The strip thickness 

reduces from h to h2 in zone IV. Zone I and zone V are often negligible barring the 

case rolling of very thin foil.  The equilibrium of the strip is used to find the 

variation of pressure with rolling direction in the slipping zones. For the no-slip 
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neutral zone, a matrix equation is assembled for relating the roll deformation to the 

normal pressure that is inverted to find the pressure distribution in this region. To 

satisfy the continuity conditions at the boundaries between each of the zones, the 

positions of these boundaries are obtained using Newton–Raphson scheme. 

 

Fig. 2.2. A schematic diagram of thin foil rolling showing 5 zones as per the model 

of Fleck et al. (1992) (1-D representation) 

 
 Yuen et al. (1996) extended the work of Fleck et al. (1992) to incorporate 

strain hardening and the variation of yield stress in the roll bite. They also conducted 

the experiments to validate the results obtained from the theoretical model. Le and 

Sutcliffe (2001) developed an analytical model for the analysis of cold rolling of 

thin strip and foil. They followed the model proposed by Fleck et al. (1992), but 

relaxed their assumption of flat central neutral zone. Instead they used Hook’s law 

for plane strain condition to calculate the pressure profile in the central region. Shi et 

al. (2001) observed significant difference between the roll torque computed by the 

energy balance method and by balancing the moments of forces exerted on the roll 

by the strip. As the center of the roll may not be at the point at which the moment is 

taken, the energy method is more reliable compared to the method of taking 

moments. Kumar and Dixit (2006) studied the foil rolling by incorporating the effect 

of the strain hardening and friction. In their slab method model, the roll torque is 

calculated by balancing the energy.  
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 Recently, Chen et al. (2014) improved Karman (1925) differential equation to 

adapt it for hot rolling and obtained the roll-pressure distribution in the roll bite. In 

their model, the roll bite is divided into slipping and sticking friction zones. The 

authors assumed that the slipping friction occurred if the frictional stress was less 

than the shearing yield limit of the rolled metal. If the frictional stress was equal to 

the shearing yield limit, then the sticking friction occurred. For different zones, the 

corresponding friction laws are applied to derive the differential equation. 

 The slab method is suitable for plane strain conditions and is based on several 

assumptions. The limitation of the slab method is its inability to incorporate non-

homogenous deformation. In the following subsections, the slip-line field, upper 

bound and finite element models are presented, which provide greater insight into 

the deformation in rolling. 

2.2.2 Slip-line Field Models  

A slip-line is a shear line which is tangent to the surface of the maximum or 

minimum shear stress at every point. During rolling process, the material slips 

(deforms) along the slip lines. The slip lines also satisfy the yield condition and 

represent a possible flow field everywhere in the deformation zone of the metal. The 

boundaries between the roll and the metal (strip) outside the plastic zone are treated 

as rigid zones. The slip-line method is based on several assumptions.  The slip-line 

field approach is limited to the plane-strain problems. However, the slip-line method 

has been applied to many practical problems giving good agreement with the 

experimental observations. The slip-line field method has also been used for 

analyzing the rolling process. 

 The slip-line method is a mathematically well defined method to obtain the 

stress field in a plane strain metal forming problem. However, it becomes very 

difficult to find a slip-line field which satisfies all the imposed boundary conditions 

for complicated tool geometry and the computational time increases tremendously 

with increasing geometrical complexity. 

 Hartley et al. (1989) presented a detailed review on the applicability of slip-

line field method to analyze the rolling processes. Alexander (1955) presented a slip 

line field solution for hot rolling of wide sheets. The slip-line field solutions for cold 

rolling were proposed by Firbank and Lancaster (1965, 1966 and 1967). They 
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calculated the velocity distribution, local stresses and pressure distribution. Firbank 

and Lancaster (1965) proposed a slip line field solution, which predicts a pressure 

drop in the middle of the arc, an unrealistic observation.  The solution based on the 

slip-line field considering lubricated cold rolling problem is reported by Firbank and 

Lancaster (1966 and 1967).  

 Collins (1968) presented a matrix algebraic representation of slip-line 

geometries. He developed the computational procedure by approximating the linear 

operators using finite-dimensional matrices. Further, he presented a slip line field 

solution that showed the presence of small rigid regions in the arc of contact. 

However, work hardening of the material was not considered. Dewhurst et al. 

(1973) presented a series of slip-line field solutions for hot rolling of wide strip. 

These solutions are obtained numerically by solving the governing differential 

equations. Nepershin (1999) analyzed a symmetrical steady-state plane strain hot 

rolling problem by the slip-line method considering a rigid-plastic material model.  

 Recently, Oluwole and Olaogun (2011) presented a detailed review on the 

different methods to analyze the rolling processes. The authors analyzed cold rolling 

sheet mill by slip-line field method for the first and second passes in a lubricated 4-

high reversing mill. The results obtained from their model are validated 

experimentally. The authors concluded that each rolling pass needs construction of 

separate slip-line fields.  

 The slip-line field method is suitable for plane strain conditions and is based 

on several assumptions. The main drawback of the slip-line method is its inability to 

incorporate strain hardening effect easily. Solving the complex problems associated 

with metal forming is difficult task by slip-line field method. Hence, other methods 

have been tried by many researchers. The methods like upper bound method and 

finite element analysis were used to analyze the rolling process.  

2.2.3 Upper Bound Models 

The upper bound method is a technique based on the assumed kinematically 

admissible velocity field, which satisfies the continuity equation and all the velocity 

boundary conditions. The total power obtained based on the assumed velocity 
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provides an upper bound on the actual power. This method does not impose any 

requirement of stress equilibrium and stress boundary conditions. This method is 

used for estimating the power in rolling. Johnson and Kudo (1960) used upper 

bound solution to estimate the temperature distribution using the concept of stream 

line for a material which is deformed plastically at faster rate. The work of plastic 

deformation was calculated using upper bound method. The authors neglected the 

loss due to conduction and radiations while assuming the temperature of rolled metal 

same as the surrounding temperature. The material has been assumed to be rigid-

perfectly plastic. Green and Wallace (1962) developed an upper bound approach 

assuming that the material in the roll gap is rigid-perfectly plastic and the shear 

stress along the arc of contact attains the value of the shear yield stress in plane 

strain. It was extended by Green et al. (1964) to include the cases of slipping and 

combined slipping and sticking.  

 Avitzur (1964) applied the upper bound method for the analysis of rolling 

process by assuming a continuous velocity field. It provides an expression for the 

roll torque and the neutral point location for non-hardening material. However, the 

important design parameters such as roll-force and pressure distribution were not 

determined. Zhu and Avitzur (1988) analyzed the central burst and split end defects 

in plane strain rolling by applying the upper bound method coupled with the 

principle of minimum energy. They applied the concept that the defects occur if the 

power required for defect-free rolling is more than the power required in the 

presence of defects.  

 Lahoti et al. (1980) studied the effects of the roll-force and the roll-torque at 

different reductions theoretically as well as experimentally. In their model, they used 

Hill’s (1963) kinematically-admissible velocity field to derive the expressions for 

the strain-rate components and equivalent strain-rate. They also used upper bound 

method for estimating the lateral spread, elongation, boundaries of deformation zone 

and the location of neutral point.  

 In general, the upper bound method provides the velocity, strain rate and 

strain fields but it is unable to determine the accurate stress distribution in the 

deforming material. In view of this, Marques and Martins (1990) analyzed the plane 

strain rolling process by dividing the deformation zone into several sub-domains. 
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The study is based on a general kinematically admissible velocity field using the 

method of weighted residuals to determine the stress field. Doğruoğlu (2001) 

introduced a method to construct the kinematically admissible velocity field in the 

deformation zone. The author introduced elliptical flow lines to represent the flow 

material in the deformation zone. Sezek et al. (2008) developed a three-dimensional 

model of the plate rolling process using the upper bound method. They used dual 

stream functions for deriving a kinematically admissible velocity field considering 

spread.    

 Limitations of using the upper bound method when there is Coulomb’s 

friction at the interface have been pointed by Drucker (1954). Collins (1969) 

observed that the usual definition of a kinematically admissible velocity field is 

unnecessarily restrictive when the upper bound theorem is applied.  The author also 

developed a generalized upper bound theorem which can be used to solve many 

problems of practical interest in the presence of Coulomb’s friction. The FEM 

model of Dixit and Dixit (1996) incorporated this generalized upper bound theorem 

for the accurate estimation of neutral point. Sheikh (2009) used the upper bound 

method to estimate the power in the rolling of strip. The temperature distribution in 

the strip is also determined. 

2.2.4 Models based on Finite Element Methods 

Traditional methods used to analyze the rolling processes viz., slab method, slip-line 

field method and upper bound method are based on several assumptions and provide 

limited information about the deformation. The finite element method coupled with 

analytical approaches is capable for the fast and complete information of the field 

variables. The fully analytical models are inadequate for the modelling of forming 

processes with high complexity. Conceivably the most versatile of the computer-

based analysis method is the finite element method. In this method the material to be 

processed is mathematically divided into many elements or domains each of which 

is assumed to deform in very simple manner but collectively deform in a very 

complex manner.  
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 Finite element method (FEM) originated in the field of structural analysis. It 

has been rapidly expanding to a wider range of non-structural problems for which 

exact solutions cannot be found with the traditional techniques. As the finite element 

method together with high-speed computers is capable of predicting the detailed 

distribution of field variables. The models are considered to be two-dimensional 

(plane strain) or three-dimensional. Predominantly, finite element analysis of metal 

forming problems involves large strain and inclusion of material as well as 

geometric nonlinearities. The finite element method is expected to be used for 

simulating metal forming processes, because realistic boundary conditions and 

material properties can be taken into account. In most of the rolling analyses, the roll 

is modeled as a rigid or an elastic body. For material behaviour, viscoplastic, rigid-

plastic, elasto-visco-plastic or elastic-plastic model is used. Finite element method is 

preferred to other methods, as it is able to relax many of the simplifying 

assumptions; it can easily incorporate non-homogeneity of deformation, temperature 

dependent material properties and different friction models.  

 A number of researchers have employed finite element method for analyzing 

the rolling problem. Domanti and McElwain (1998) reviewed works of many 

researchers that are based on the finite element modelling as well as other traditional 

methods in the flat rolling of the metal strip or sheet. Finite element analysis for 

rolling process has primarily followed two parallel approaches namely Eulerian flow 

formulation and updated Langragian formulation. Literature also contains another 

hybrid model, which is termed as mixed or combined Eulerian-updated Langragian 

formulation (Abo-Elkhier, 1997). 

  In the updated Lagrangian formulation, the mesh moves and deforms in 

space, in accordance with the deformation history of the material (Shangwu et al. 

2003). In an early attempt, Tamano (1973) formulated an elastic-plastic material 

model which is suitable for small reduction skin-pass rolling. Liu et al. (1985) 

incorporated an elastic-plastic finite element model to solve a plane-strain rolling 

problem. The yielding is based on von-Mises criterion and plastic flow on the 

Prandtl-Reuss relationship. The effect of unloading is also included. Shivpuri and 

Chou (1989) included dynamic effect in the elastic-plastic finite element analysis of 

strip rolling. They observed that the elastic response of the roll has a major influence 
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on roll force and roll torque results at high R/h1 ratios (roll radius to strip thickness 

ratio). Lindgren and Edberg (1990) used explicit as well as implicit finite element 

formulation in the simulation of rolling. They reported that the roll force prediction 

using both the formulations is in better agreement with the experimental results. 

Further, they discussed some of the advantages of explicit formulation over implicit 

formulation. Lee (1998) carried out a three-dimensional elastic-plastic finite element 

analysis of strip rolling. The material to be rolled is assumed to be an elastic-plastic 

solid which undergoes large elastic and plastic strains during the rolling process. 

Most of the researchers have used Eulerian flow formulation for analyzing the 

rolling process because in the updated Lagrangian formulation finite element mesh 

may be completely distorted after a number of increments in the case of large 

deformation. Remeshing becomes inevitable, which is inefficient and 

computationally expensive (Gelton and Koter, 1982). Abo-Elkhier (1997) also 

illustrated the advantages of Eulerian flow formulation over the updated Lagrangian 

formulation while modelling of strip cold rolling using Eulerian fixed mesh 

technique. 

 In the past, researchers have assumed no slipping between the strip and the 

roll surfaces to provide a simple velocity boundary condition in plane-strain rolling. 

Employing this assumption, Tamano and Yangimoto (1975) determined the stress 

and strain distributions in skin-pass rolling by the elastic-plastic finite element 

method. In their approach, the error in the stress due to the numerical integration 

accumulates significantly when a large deformation is simulated. Rao and Kumar 

(1979) analyzed a plane strain rolling problem using the finite element method. The 

incremental displacement method was used for the non linear analysis of the 

problem. They studied the convergence of the method, the flow of the material 

under the rolls and the pressure distribution on the rolls. 

 In Eulerian or flow formulation, the material to be rolled is considered as a 

rigid-plastic material behaving like non-Newtonian fluid and a spatial description is 

used, whose independent variables are the present position occupied by the particle 

and present time. As this method fixes the attention on a given region of space, it is 

suitable for the steady-state problems. The application of the rigid-plastic 
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formulation for simulating metal forming processes started about in 1970s and with 

pioneering works of Lee and Kobayashi (1973) and Zienkiewicz and Godbole 

(1974) who considered the metal forming process (like extrusion and punching) as a 

flow of plastic solid and developed a rigid-plastic finite element technique. 

Zienkiewicz et al. (1978) considered the rolled material to be rigid-visco-plastic and 

incompressible. They simulated the friction at the roll-strip interface by introducing 

a thin layer whose yield strength is assumed to be function of the friction and mean 

stress of the material. However, neutral point was not estimated in their formulation.  

 Atreya and Lenard (1979) developed a model that is a combination of a finite 

element method and slab method. The model describes the roll deformation with an 

elastic finite element model while the strip deformation is described with a slab 

model. The roll torque obtained from the model is in better agreement with the 

experimental results in comparison to Orowan (1943) model. However, the roll-

force predicted by Orowan (1943) model is more accurate. Mori et al. (1982) 

minimized a functional with respect to the position of neutral point in their 

formulation, thus making the analysis more realistic. They have used Coulomb’s 

friction model in their formulation. Velocity-dependent friction frictional stress for 

the treatment of the neutral point problem was developed by Li and Kobayashi 

(1982). Assuming the existence of rigid-plastic material and rigid roll, Li and 

Kobayashi (1982) have compared their predictions with the previously reported 

experimental results in the literature and observed that there is a good agreement 

between the FE based results and experimental results.  

 Park and Kobayashi (1984) used the rigid-visco-plastic FE method for three-

dimensional analyses. They found that the interface friction did not remain constant 

during deformation.  Kim et al. (1991) studied the three dimensional shape rolling 

by extending the two dimensional rigid-plastic FEM model with the slab method. 

Gratacos et al. (1992) considered the elastic deformation of the rolls in their finite 

element analysis for thin strip rolling. Hwang and Joun (1992) developed an 

approach based on the rigid-viscoplastic finite element method and employed a 

penalty algorithm to relax the contact boundary condition for the determination of 

the stress distributions at the roll-strip interface. Prakash et al. (1995) presented a 

FEM formulation in which the neutral point is found iteratively from the condition 
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that the interfacial shear stress changes its sign at the neutral point. Dixit and Dixit 

(1996) proposed a model for steady-state plane strain cold rolling of a strain 

hardening material using the mixed pressure velocity formulation to measure the 

deformation and torque of the material. The model is able to predict important 

design parameters without any need of a highly refined mesh in the plastic zone. The 

authors also carried out the analysis with the help of fuzzy set theory in which the 

material properties and the coefficient of friction are taken as fuzzy input 

parameters. Dixit and Dixit (1997a) extended their FEM model to present the results 

of modelling of anisotropy for cold flat rolling using an appropriate yield anisotropy 

criterion. Dixit and Dixit (1997b) further attempted the different approaches for 

determining the residual stress and discussed the difficulties associated with the 

methods. The authors reported a simplified approach to find the longitudinal residual 

stress (stress in the direction of rolling) using the flow formulation. A detailed 

parametric study was carried out to show the influence of process parameter on the 

residual stress distribution pattern. Thomson (1982) and Malinowski and Lenard 

(1992) used updated Lagrangian formulation and mixed Eulerian-updated 

Lagrangian, respectively. However, these approaches are computationally 

expensive. Chandra and Dixit (2004) studied the temper rolling process using a 

rigid-plastic FEM model. They analyzed the roll deformation by assuming the roll to 

be an elastic half-space.  

 Artificial neural network models have been used for faster prediction of the 

roll force and roll torque. Some researchers attempted to assist the FEM model by a 

neural network modelling for enhancing the computational efficiency. For example, 

Gudur and Dixit (2008a) presented a methodology for assisting a FEM model by 

neural network modelling. The authors employed a neural network model for the 

prediction of velocity field and location of neutral point. The neural network is 

trained by using the data obtained from a FEM model.  The well trained neural 

network provides a highly accurate guess of a complete velocity field and the 

location of neutral point, which is employed for finding out the refined velocity field 

and pressure field using an FEM model. The refined velocity and pressure field is 

post processed for computing the roll force, roll torque, stress, strain-rate and strain 
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fields. It is observed that the neural network assisted FEM modelling has a potential 

of providing a highly accurate results with less computational time.   

 A few researchers employed neural networks modelling for the prediction of 

roll force and roll torque (Larkiola et al., 1998; Gunasekera et al., 1998; Chun et al., 

1999; Dixit and Chandra 2003; Yang et al., 2004). In most of these works, neural 

networks are trained using the data obtained from either FEM model or experimental 

results. Theses trained networks have the capability to predict roll force and roll 

torque. However, these models did not predict stress, strain-rate and strain fields. 

Gudur and Dixit (2008b) used the finite difference method (FDM) to obtain the 

pressure field. The authors used a mixed pressure-velocity FEM formulation to 

obtain the velocity field during the rolling process. In their work, the values of Levy-

Mises coefficient and strain-rate components are predicted by neural network 

modelling. These values were required for the FDM model for solving the 

momentum equation. It was found that the proposed method provides a good 

agreement with experimental results.  

 Zhang et al. (2010) developed a fast rigid-plastic FEM model for the online 

estimation of the roll force. The authors employed five-step procedure to obtain the 

roll force in plane strain rolling. First a refined neural network was established to 

generate the initial guess. The initial guess is treated as an input for the Newton-

Raphson iteration. Secondly, the Hessian matrix is divided into sub-domains for 

performing the parallel computation. Thirdly, a method is employed to speed up the 

line search for the relaxation factor. Fourthly, the energy functional is partitioned 

according to the numbering of elements for parallel computing. Finally, an energy 

method with high numerical stability is proposed for predicting the rolling force. 

The fast rigid-plastic FEM is able to enhance the computational speed along with the 

required accuracy. 

 The finite element method (FEM) is widely used for analyzing complex 

rolling process. This method is capable of predicting quite accurate deformation 

behaviour such as stress distribution, roll force, roll torque, forward slip and 

temperature of the roll and strip. The analyses using FEM techniques can be 

computationally expensive and the time required for a fully converged solution. 
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Figure 2.3 shows some of the major contributions in the modelling of deformation in 

the rolling process. 

 

Fig. 2.3. Representative papers in the deformation modelling of rolling process 
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2.3 Thermal Analysis  

In the literature, various methods have been employed to solve the governing heat 

transfer differential equation. The analytical and numerical methods are used to 

obtain the temperature field in the roll and the strip. The analytical methods are 

usually based on the separation of variables or integral transform techniques and the 

numerical methods include the finite difference method (FDM) and finite element 

method (FEM). Several researchers carried out both the steady-state as well as the 

transient temperature distribution in the rolls and the strip, whilst many concentrated 

on the steady-state solutions (Hwang et al., 1993; Tseng, 1993; Galntuchi and 

Tricarico, 1999; Shahini, 2009; Khalili et al., 2012; Koohbor et al., 2015). In the 

following subsections, the different methods used to compute the temperature 

distribution in the rolls and the strip are summarized.    

2.3.1 Method of Separation of Variables 

In the method of separation of variables, the underlying assumption is that the 

solution function can be broken down to as a product of two or more functions, 

which contains the lesser number of the variables than the original solution function. 

Patula (1981) used a classical approach of separation of variables with complex 

functions to obtain the steady-state temperature distribution in the roll. An Eulerian 

reference frame has been used. The axial heat conduction in the roll is neglected 

considering the length of the roll to be large. The thermal properties considered are 

independent of temperature.  However, only the roll was analyzed; the analysis of 

the strip has not been carried out.  

 Tseng et al. (1990) developed an analytical model to determine the 

temperature distribution of the rolls and strip using an Eulerian approach. The strip 

temperature is obtained by solving the governing heat transfer equation using the 

method of separation of variables. The roll temperature is estimated using the 

Fourier integral technique. At the roll-strip interface, the average temperatures of the 

roll and the strip are matched. Thus, a perfect contact between the roll and the strip 

is assumed. Yuan (1985) has considered a scale layer between the roll and the strip. 

The heat generation due to the plastic deformation and friction is calculated 
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numerically by Maslen and Tseng (1981) model, which is essentially a slab method 

model.    

 Arif et al. (2004) studied the temperature distribution in the rolls and the strip 

based on the work of Patula (1981) and Tseng et al. (1990). However, the difference 

is that they considered a non-uniform heat input into the roll from the strip in the 

analysis. They carried out the deformation as well as steady-state thermal analysis of 

the strip. The flow stress model in the strip takes into account the effect of the strain, 

strain-rates and the temperature. However, the roll deformation is not considered. 

The maximum 5% deviation is observed by employing the assumption of uniform 

heat input to the roll.  

2.3.2 Integral Transform Technique 

The integral transform of a function f(t) is defined by the following definite integral: 

( ) ( )( , ) d
b

a

F K t f t tβ β= ∫ .                                           (2.4) 

This function F(β) is called the integral transform and K(β, t) is called the integral 

kernel of the transform. The integral transform method solves the partial 

differential equations along with initial and boundary conditions. Laplace transform 

is a type of integral transform. 

  Fischer et al. (2001) used a Laplace transform technique to find the 

temperature distribution in the roll. They neglected the heat conduction in the 

circumferential direction considering high rotational speed.  Fischer et al. (2004) 

proposed an approximate solution for plane strain hot rolling using Laplace 

transform technique and compared it with the FEM results of Sun et al. (1998) and 

Hwang et al. (2002). The maximum deviation is lesser than 10%. 

    A transient analysis is carried out by DesRuisseaux and Zerkle (1970) using 

the Laplace transform technique. They presented an analytical approach to compute 

transient temperature distributions and circumferential stresses in a work-roll 

surface. The analytically obtained temperature distribution of the work-roll surface 

is compared with experimental results of Stevans et al. (1971). Guo (1998) proposed 

a Laplace transform method to obtain transient solution for a particular boundary 

condition. The Duhamel’s theorem was used to obtain the complete solution for 
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various boundary conditions. However, the thermal analysis of the strip was not 

carried out. 

2.3.3 Finite Difference Method 

The finite difference method (FDM) is a numerical method for solving differential 

equations by approximating them with difference equations, in which finite 

differences approximate the derivatives. The domain is partitioned in space as well 

as in time and solution is calculated at the discrete points in the space and time. In 

essence, the differential equation gets converted into a system of simultaneous 

equations. To obtain the temperature between two adjacent points of the finite 

difference grid, the interpolation can be carried out.  

    Lahoti et al. (1978) presented a finite difference method (FDM) model to find 

the temperature distribution in the roll and the strip. The upper bound method is 

used to estimate the roll force and roll torque under hot rolling conditions. Tseng 

(1984) developed an FDM model to estimate the temperature distribution in the roll 

and the strip. The input data for the heat generation was taken by the direct 

measurement of power. Further, the 6.5% of the 90% total power was assumed to 

dissipate as friction heat. An Eulerian formulation is employed. Considering high 

speed rolling, an upwind differencing scheme is chosen to overcome the numerical 

instability. Assuming the surface temperatures of the roll and the strip becomes 

equal by neglecting the thermal resistance of the film at the interface (Tseng, 1984):  

( ) ( )r sb b
T T= ,                                                      (2.5) 

where subscript b represents boundary, respectively. The heat flux into the roll and 

the strip at the interface must equal the heat generated by friction, i.e.,  

r s f
br bs

T Tk k q
r n

∂ ∂⎛ ⎞ ⎛ ⎞+ =⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
,                                       (2.6) 

where n∂ ∂  represents differentiation along the normal to the strip boundary 

(positive outward), kr and ks are the thermal conductivity of the roll and the strip, 

respectively, fq  is the heat generated due to friction at the roll-strip interface. The 

boundary condition for the remaining region of the roll circumference is  

( ) ( ) ( ){ },
,r

T R
k h T T R

r
θ

θ θ∞

∂
= −

∂
,                                 (2.7) 
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where T∞  is the ambient or coolant temperature. However, the methods require too 

much computational time. Wilson et al. (1989) estimated temperature distributions 

at the roll-strip interface in cold rolling using an FDM model. Only advection 

parallel to the roll-strip interface and conduction along the thickness direction is 

considered.  The heat distribution between the roll and the strip is obtained by 

matching the surface temperatures of the roll and the strip. 

      Chang (1999) used an FDM model assuming a steady state rolling condition 

and a non-uniform heat flux in the deformation zone to predict the work-roll 

temperature field and the resulting stresses. Luo and Keife (1998) used an FDM 

model to investigate the temperatures distribution in the roll and the foil considering 

the affect of lubricant. Khan et al. (2004) studied the temperatures distribution in the 

roll and the strip using FDM. FDM is a well-established technique for determining 

the temperature distribution in the roll and the strip. However, it requires a lot of 

computational time.  

2.3.4 Finite Element Method 

The finite element method (FEM) has attracted a number of researchers as it helps 

to find different process parameters and develop the model in rolling process. It 

gives detailed information about the required force, stress, strain, strain-rate and the 

roll and strip temperatures distribution of the process. The models can be two 

dimensional (plane strain) or three dimensional. FEM has been widely used for the 

modelling of deformation in the rolling. However, like FDM, FEM also requires 

too much computational time. Shifting of the preference of the researchers from 

FDM to FEM can also be attributed to the availability of a number of commercial 

FEM packages. A brief literature review on the estimation of temperature in rolling 

are presented.  

  Hwang et al. (1993) carried out both deformation and thermal analyses using 

rigid-viscoplastic FEM model. An iterative scheme is adopted for metal flows and 

temperature in hot strip rolling.  It is assumed that the friction heat is equally divided 

into the roll and the strip. Sheikh (2009) presented an FEM model coupled with an 

upper bound method to predict the temperatures distribution during hot strip rolling. 
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Khalili et al. (2012) used combined FEM and slab method to predict the thermo-

mechanical behaviour of the roll and the strip during warm strip rolling.   

A number of mathematical models are developed to estimate the transient 

temperature distribution in rolling. Lee et al. (2000) presented an FEM based three-

dimensional thermal analysis of the roll. The deformation analysis was not carried 

out; instead a constant value of heat flux input into the roll was assumed. The 

computational time issue was not discussed. The predicted results match well with 

the model of Guo (1998) for two dimensional case. 

Pietrzyk and Lenard (1990) studied the effect of the temperature rise of the roll 

during flat rolling by FEM and experiments. They conducted the rolling experiments 

at different working temperatures and validated their FEM model. Galantucci and 

Tricarico (1999) carried out the thermo-mechanical simulation of rolling process. 

However, detailed description of the FEM formulation has not been provided. The 

sensitivity study of rolling parameters, viz., rolling speed, roll radius and reductions 

in strip was carried out by calculating the temperature. The temperature was 

calculated at the surface of the plate as well as the roll periphery.  

Using FEM, Serajzadeh et al. (2002) obtained the transient temperature 

distribution in the roll and the strip in a multi-stand mill. They also conducted the 

experiments to validate the FEM model. The hybrid model to analyze the hot rolling 

was proposed by Serajzadeh (2006). The thermal and deformation analyses were 

carried out by FEM. During analysis, the flow stress data as a function of strain, 

strain-rate and temperature was supplied with the help of an artificial neural network 

(ANN). The model was examined on a low carbon steel strip and a reasonable 

agreement is shown with experimental data.  

Kiuchi et al. (2000) developed a three-dimensional FEM model to investigate 

the temperature distribution in the roll and the strip. The heat generations due to 

friction and plastic deformation were estimated by FEM. Tudball and Brown (2006) 

developed a transient 3D FEM model to estimate the temperature distribution in hot 

rolling of steel. The model was validated with plant recorded data. Yu et al. (2012) 

studied the temperature distribution in the rolling of cold magnesium alloy strips 

with heated roll.  

TH-1513_11610339



Inverse Estimation of Material Parameters, Convective Heat Transfer Coefficients and Friction in Warm 

Flat Rolling 

 

 30

    FEM and FDM based models provide a reasonably accurate temperature 

distribution in the roll and the strip, but these methods require a lot of computational 

time. The analytical solutions are usually in the form of summation of some infinite 

series, in which a judicious decision is required regarding the finite number of terms 

needed for convergence. Figure 2.4 mentions the representative papers of thermal 

modelling.  

 
Fig. 2.4. Representative papers in the thermal modelling of rolling process 
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2.4 Friction at the Roll-Strip Interface 

The study of friction remains fundamental to the development of all rolling models. 

In fact, the process of rolling actually takes due to friction. At the roll-strip interface, 

both normal and shear stresses exists but moves along with the strip as it passes 

between the rolls. In addition, the frictional force changes direction within a small 

contact region. A number of experimental investigates have been carried out to 

indicate that the ratio of frictional force to normal force is not constant but varies 

along the contact length.  

2.4.1 Experimental Investigation on Friction  

In the beginning, experimental investigations of friction at the roll-strip interface and 

roll pressure distribution in the roll gap were carried out by Seibel and Lueg (1933). 

The author conducted several experiments to obtain the friction at the roll-strip 

interface for considering the strip made of copper, iron and aluminum strip. The 

material of roll was an annealed aluminum for conducting all the experiments. The 

authors used piezoelectric technique where pressure was transmitted through the 

transducers that were embedded in the roll. Rooyen and Backofen (1957) mounted 

two pressure-sensitive pins into the surface of the rolls. One pin was mounted radial 

to the roll and one at an oblique angle. This concept enabled separation of the 

normal and frictional stresses. Al-Salehi et al. (1973) estimated the friction using 

smaller pin transducers to measure stresses along the arc of contact and mill 

mounted load and torque cells to measure roll loads and torque during cold rolling. 

Lenard (1991 and 1992) estimated the average coefficient of friction in dry rolling 

and it was observed that material yield strength, hardness and strain hardening 

exponent influenced the friction. Jeswiet and Cao (1994) performed experiments to 

measure normal and friction forces at the roll-strip interface in dry cold rolling of 

aluminum. The authors discussed the effect of the degree of aspect ratio 

(width/thickness) upon friction and normal forces.  

 Stephson (1983) pointed out the reliability and practical significance of 

measurements using embedded pins. Later on, an improved pin technique was 

developed by Tuncer and Dean (1987). The authors used a conical pin fitting into a 

conical bore in the roll. The aim was to prevent the material from penetrating the roll 
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at high pressure. Lenard and Kalpakjian (1991) conducted the experiments to 

measure the coefficient of friction at the roll-strip interface as a function of speed 

and temperature of the strip. 

 Tieu and Liu (2004) measured friction variation along the roll-strip interface 

by using a sensors-roll, where four pin-transducers are embedded in the sensor roll. 

The authors observed that the coefficient of friction was not constant along the 

contact length of the roll-strip interface and there was an error in matching the peak 

pressure with the location of the neutral point. Jeswiet et al. (2006) studied the 

various methods for measuring the friction in rolling that have been used in the past. 

The authors concluded that some of the recent sensor−designs may be useful to 

measure the accurate friction. 

 Instead of assuming a constant coefficient of friction along the roll-strip 

interface, Rao and Lee (1989) used experimentally measured velocity profile (the 

ratio of the interface velocity at any location to the exit strip velocity) along the 

contact length as an input to FEM model for analyzing strip rolling. The authors 

obtained the variation of the coefficient of friction in the contact region by taking the 

ratio of shear stress to normal pressure. They found the coefficient of friction does 

not remain constant in the roll gap. Other researchers also observed the variation of 

friction at the roll-strip interface (Rooyen and Backofen, 1957; Al-Salehi et al., 

1973). 

2.4.2 Theoretical Investigation on Friction 

In a simplified mathematical modelling of rolling process, Roberts (1976) described 

a method of finding the coefficient of friction from the roll and strip material data.  

In most of the early mathematical modelling of rolling processes, either Coulomb’s 

friction model or constant friction model is employed. Wanheim and Bay (1978) 

suggested an improved model for the frictional shear stress, assuming it to be a 

certain function of the roll pressure p and friction factor m. The authors observed 

that at low normal pressure ( )1.5 ,Yp σ <  the friction stress is proportional to the 

normal stress whereas at high normal pressure ( )3 ,Yp σ >  the friction is almost 

constant. The two ranges are combined via an intermediate transition region.  
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 The appropriateness of Wanheim and Bay’s friction model was shown by 

Christensen et al. (1986) and Zhang and Bay (1997) for analyzing the plate and 

cross shear plate rolling, respectively. Cross shear rolling is a process in which each 

work roll rotates with different peripheral speed. Richelson (1991) incorporated 

Coulomb’s as well as Wanheim and Bay’s friction model in their finite element 

formulation for simulating the plane-strain rolling. Later on, Richelson (1994) 

analyzed the combined contact and friction problem using an interface element, 

using a realistic friction model with a non-linear dependence of the friction stress on 

the normal pressure. 

 Lenard (2000) presented a review of various techniques to obtain the friction 

in metal rolling. Kumar and Dixit (2006) used Wanheim and Bay’s model for the 

analysis of foil rolling process. They observed that friction model has great 

influence on qualitative and quantitative prediction of foil rolling process. Frictional 

shear stress predicted by Wanheim and Bay’s model is considerably lower than 

these predicted by Coloumb’s model at high pressure is also observed. Li et al. 

(2003) applied the digital image correlation technique to measure the velocity 

distribution in roll gap during cold rolling. The digital image correlation technique 

allowed capturing the various rolling parameters, viz., the neutral point location, 

neutral angle, forward slip, backward slip, length of arc of contact. The authors 

estimated that the coefficient of friction based on the forward slip measurement. 

Jiang et al. (2008) observed the variation of friction in both longitudinal and 

transverse directions at the roll-strip interface.  

2.5 Research on Inverse Techniques 

The mathematical modelling of rolling has drawn attention of a number of 

researchers. Various analytical and numerical models are developed to find the roll 

force, roll torque, slip and temperature of the roll and strip. However, the difficulty 

in using these models is that often some thermal and material parameters of the strip 

and the roll as well as the coefficient of friction are unknown. In batch production 

mode of rolling with newer materials, separate experiments need to be conducted for 

each material to determine the input parameters. Conducting separate experiments is 
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tedious and time consuming as the work material gets changed frequently in batch 

production. An inverse modelling that reduces the experimental efforts provides an 

alternative possible way to find out the material and process parameters. The inverse 

methodology proposed in this thesis can be implemented in the shop floor for the 

online determination of material and process parameters in rolling process. In the 

present era, use of inverse modelling is important for accurate and efficient 

modelling of rolling. In inverse modelling, a suitable optimization technique is used 

to identify the unknown parameters when the measured results are closer to those 

calculated by the direct models. The direct model relies on the analytical and/or 

numerical models. The results obtained from analytical and/or numerical model are 

compared with the experimental results. The values of unknown parameters are 

obtained by minimizing the error between the measured and the calculated 

dependent parameter.  

     Several authors have been attempted to find the coefficient of friction, heat flux 

input into the roll and the material properties of the strip by using inverse analysis. 

Lenard and Zhang (1997) estimated the friction through an inverse technique by 

matching the measured and computed roll force, roll torque and forward slip. Lenard 

and Nad (2002) estimated the coefficient of friction in rolling as a function of 

process and material parameters by an inverse analysis. The basis was matching of 

the measured and calculated roll force and roll torque.    

     Kusiak et al. (1996) proposed a methodology for the evaluation of material 

parameters in hot forming of metals by an inverse analysis. The methodology was 

tested for hot compression of medium carbon tool steel. Cho and Ngaile (2003) 

proposed an inverse method to determine the flow stresses and the coefficient of 

friction. The inverse method was based on the minimization of the difference 

between the experimental loads and the corresponding FEM predictions. In their 

work, the rigid visco-plastic finite element formulation was used to obtain the flow 

stress while optimization algorithm adjusted the parameters used in the simulation 

until the calculated response matched the experimental measurements within a 

specified tolerance. Han (2005) applied a modified two-specimen method (MTSM) 

for the online determination of flow stresses and the coefficient of friction in rolling. 
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In their method, the strip is rolled twice with two different sets of roll radii.  Instead 

of real experiments, ABAQUS FEM simulations were used for validating the 

methodology. 

     Cho and Altan (2005) proposed an inverse method to determine flow stress and 

friction factor of the bulk and sheet materials under isothermal condition. First, the 

material parameters are determined by minimizing the difference between the 

experimental and calculated loads. Afterwards, the shape of the deformed specimen 

was compared with the computed shape. If they did not match, the friction factor 

was adjusted in order to reduce the difference in the next iteration. The methodology 

was applied to the ring compression and the modified limiting dome height test. 

Byon et al. (2008) proposed inverse method for the prediction of flow stress-strain 

curve and coefficient of friction using actual mill data. The roll force and forward 

slip is taken as the basis for inverse estimation. In their work, forward slip decides 

the coefficient of friction and the material parameters are subsequently obtained 

based on roll force matching.  

      Huang et al. (1995) applied the conjugate gradient method to estimate the heat 

flux and the temperature distribution in the roll. The method requires the 

measurement of surface temperature of the roll. Yoneyama et al. (1999) conducted 

the experiments to measure the temperature of roll surface at the contact zone during 

the hot rolling of aluminum sheet. A number of temperature sensors were embedded 

on the roll surface to analyze the influence of different rolling process parameters. 

Further, a one-dimensional FDM model was used to predict the heat transfer 

coefficient (HTC) at the interface between roll and the sheet. HTC is calculated in 

an inverse way by comparing the measured and calculated temperatures. 

      Hsu et al. (2000) predicted the thermal behaviour of work-roll in rolling by 

three-dimensional inverse model. The temperature measurements are carried out at 

several locations inside the roll. Chen and Yang (2010) proposed an inverse analysis 

to estimate the heat flux at the roll-strip interface by measuring the temperature 

distribution of roll. In their analysis, the strip was not included. It was assumed that 

the heat flux entering into the roll is constant. For validation of the proposed 

method, the simulated temperatures were used instead of the real experiments.  
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         Weisz-Patrault et al. (2011) proposed an inverse method to determine the 

temperature field at the surface of the roll by measuring the temperature using 

thermocouple at only one point of the roll. Further, they extended their work 

(Weisz-Patrault et al., 2012; Weisz-Patrault et al., 2013) to predict the contact stress 

in the roll gap by measuring the stress tensor with fiber optics at only one point of 

the roll. Weisz-Patrault et al. (2012) proposed an inverse method to determine the 

temperature field at the surface of the roll by measuring the temperature using 

thermocouple at only one point of the roll. The inverse method was applied on the 

basis of the thermal analysis of the roll. In their recent paper (Weisz-Patrault et al. 

2014), they presented a fully three-dimensional inverse analytical method to 

determine the temperature field and the heat fluxes (input into the roll) by measuring 

temperatures at several locations in the rolls.      

  Yadav et al. (2011a) proposed an inverse method for estimating the 

coefficient of friction based on the exit strip temperature measurement. A 

methodology to predict the coefficient of friction and flow stress of the strip material 

by inverse method based on the measurement of the forward slip and exit strip 

temperature was presented for cold rolling in Yadav et al. (2011b). Figure 2.5 shows 

the some of the representative work in the inverse estimation of rolling process 

parameters.  

     Fig. 2.5. Representative papers in the inverse modelling of rolling process 
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      In the rolling industry, the feed forward and feed backward models have been 

implemented to stabilize the process. The purpose of feed forward and feed backward 

models is used to control the rolling process parameters viz., thickness of the rolled 

strip, temperature of the strip and the roll, etc. The applications of advanced control 

techniques and an efficient mathematical model are essential to get the better rolled 

product quality and fast production rate.  The inverse models described in the present 

thesis can be used in feed forward or feed backward models to control the temperature, 

roll force, roll-torque and slip for enhancing the product quality. For example, Rigler et 

al. (1996) proposed the strategy to control the thickness of rolled strip and temperature 

distributions in the strip during multi-stand hot rolling. They implemented Kalman 

filter algorithms in the mathematical modelling to identify the local changes in the 

rolling process parameters viz., thickness and temperature of the strip. The feed forward 

control system was used to get exact accuracy in the strip thickness at the finishing 

stage in multi-stand rolling mill. Heeg et al. (2007) developed the strategy to feed 

forward control of the plate thickness in reversing the plate mills. They suggested that 

the direct measurement of the plate thickness is the difficult task during rolling. 

Therefore, the thickness is controlled indirectly by means of calculating the quasi-static 

stretch of the mill as a function of measured roll-forces.       

2.6 Inference from the Literature   

In the field of metal forming, the flat rolling process drew the significant attention of 

the researchers. The literature survey reveals that most of the works have been reported 

on the cold and hot rolling processes. The warm flat rolling is less investigated 

compared to the cold and hot flat rolling. Commonly, industries find easier to carry out 

either cold or hot rolling. Warm rolling is an intermediate stage and it is important to 

decide proper temperature range for it. Recently, warm rolling process has been 

considered as an efficient means to produce flat steel products due to its considerable 

cost saving as well as desired product properties (Koobhor, 2015). Yanushkevich et al. 

(2016) analyzed the warm rolling process for enhancing the mechanical properties of 

the rolled strip at elevated temperatures. The influence of temperature on mechanical 

properties considering warm and hot rolling is studied by Belyakov et al. (2016). The 
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authors found that rolling under warm working conditions can be considered as the 

promising thermo-mechanical treatment for production of advanced high-Mn 

TWIP/TRIP steels with desirable mechanical properties. The warm flat rolling process 

provides the following advantages: 

• It requires lower loads and energies compared to cold rolling. 

• It achieves better surface finish and dimensional accuracy compared to hot 

rolling. 

• It is an efficient process to produce flat steel products due to its ability to 

obtain the desired rolled sheet properties at reduced cost. 

Due to the above advantages, the present thesis work focuses on the warm flat 

rolling process. The warm flat rolling process is carried out by a few researchers 

considering steady-state temperature distribution. Recently, Koohbor (2015) 

mentioned that warm rolling is becoming an efficient means to produce flat steel at 

low cost. For maintaining the proper productivity and quality of the product, 

mathematical modelling of the warm rolling process is an essential requirement. 

There are major uncertainties associated with the modelling of any sort of rolling 

process (Domanti and McElwain, 1998). The first of these concerns is the nature of 

the contact between the roll and the strip and to find out the friction. The direct 

measurement of friction by experiment is difficult. The second major uncertainty 

lies in the description of the material properties. In view of these, the present thesis 

is proposing a methodology to find out the material parameters as well as the 

coefficient of friction dependant on the process parameters.    

 A few researchers have attempted to find out the material parameters and the 

coefficient of friction of the rolled sheet in warm rolling. There are only a few 

publications that try to present in depth information. Some challenging issues are as 

follows:  

• In the literature, most of the researchers analyzed the rolling process 

considering the steady-state temperature distribution in the roll and strip. A 

few researchers have attempted to study the transient behaviour of either the 

roll or the strip (Lee et al., 2000; Guo, 2000; Serajzadeh et al. 2002). 

However, none of the researchers have carried out the coupled transient 
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thermo-mechanical analysis taking into account the roll and the strip 

together. Therefore, there is a need to develop an integrated thermo-

mechanical model for complete understanding the transient behaviour of the 

flat rolling process.  

• Most of the models are based on FEM and/or FDM to obtain the temperature 

distribution in rolling but they are computationally expensive. In the present 

era, FEM based packages are easily available to analyze the thermo-

mechanical behaviour of the rolling process. Some of the authors have 

carried out (Galantucci and Tricarico, 1999; Shahani et al., 2009; Koohbor, 

2015) thermo-mechanical analysis using FEM based packages. But their 

analysis requires too much computational time. Hence, there is a need to 

develop an efficient methodology for enhancing the computational efficiency 

to obtain the temperature distribution in rolling.  

• The warm flat rolling is performed at elevated temperatures, but below the 

recrystallization temperature. Therefore, the flow stresses of the rolled sheet 

is reduced and also some amount of strain hardening is achieved 

(Hirschvogel, 1979).  Hawkins (1985) reported that the component produced 

by warm working is usually heat treated for improving the microstructure 

developed during warm working process. A proper mathematical model for 

warm rolling with ability for inverse estimation is of paramount importance.  

• A few researchers have proposed the inverse methodology to obtain the flow 

stresses and the coefficient of friction in rolling based on roll-force and roll-

torque measurement (Lenard and Nad, 2002; Cho and Ngaile, 2003; Byon et 

al., 2008). It is not convenient to measure the roll-torque and roll-force 

during rolling in practice. However, the temperature at the exit of the roll 

bite can be easily measured using non-contact type temperature sensor in the 

shop floor. This provides a scope in determining the material parameters and 

coefficient of friction on the basis of temperature measurement using an 

inverse methodology.  
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2.7 Objectives of the Present Thesis 

Based on the literature survey and major challenges identified, it is decided to 

investigate the following aspects of the warm flat rolling process in this thesis: 

1. Modelling of warm flat rolling: A thermo-mechanical modelling of the roll 

and the strip in the warm flat rolling process will be carried out. The 

modelling will include the deformation analysis of strip using FEM and the 

thermal analysis of roll and the strip by an analytical method. The thermal 

analysis will be simulated in ABAQUS for validating the analytical model. 

The thermo-mechanical model (described in the following chapter) will be 

capable of determining the steady-state as well as the transient temperature 

distribution in the warm flat rolling. The experimental verification of the 

thermo-mechanical model will also be carried out. The coefficient of friction 

between the roll and the strip will be determined experimentally. 

2. Inverse analysis based on temperature measurement in warm flat rolling: 

Mathematical model of flat rolling process requires the knowledge of material 

parameters and the friction between the strip and the roll. Material parameters 

are obtained by carrying out compression and/or tensile tests. Conducting 

separate experiments for the determination of material parameters and friction 

is tedious and time consuming. Moreover, in a dynamic environment, the 

work material is changed frequently. In view of this, the present thesis 

proposes an inverse methodology to obtain the material parameters, 

convective heat transfer coefficients and the coefficient of friction. In inverse 

analysis following sub-objectives are covered: 

• Estimating the coefficient of friction by measuring the temperature at 

the exit assuming that the material properties are known.   

• The determination of the mechanical properties and the coefficient of 

friction based on the measurement of temperature at the exit (at one 

point) and slip. 
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• The determination of the thermal parameters and coefficient of friction 

based on the measurement of temperature at the exit (at two points) 

and slip. 

The research plan is shown in Fig. 2.6. 
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Chapter 3 

A Steady-State Thermo-Mechanical Model of Warm 
Flat Rolling Process 
 

 
 

 

3.1 Introduction 

Flat rolling is an important industrial bulk metal forming process. In this process, the 

thickness of a sheet is reduced by passing it between two counter-rotating rolls. The 

warm flat rolling is an efficient process to produce flat steel products due to its 

ability to obtain the desired rolled sheet properties at reduced cost (Hawkins, 1985). 

It is important to improve the process productivity and the quality of the rolled sheet. 

For maintaining the proper productivity and quality of the sheet, mathematical 

modelling of the warm rolling process is an essential requirement. During warm flat 

rolling, strip is rolled at an intermediate temperature such that the flow stress of the 

rolled sheet reduces without alteration in the microstructure. Here, a steady-state 

thermo-mechanical modelling of warm flat rolling process is developed. The 

particular emphasis is on predicting the temperature of the exited strip, which can be 

helpful in an inverse analysis. The measurement of the temperature is relatively 

easier in comparison to roll force and roll torque measurement and it can help in the 

inverse estimation of material parameters as well as the coefficient of friction.  

 In this chapter, a two-dimensional thermo-mechanical modelling of warm 

flat rolling is described. The deformation analysis is carried out by the finite 

element method (FEM) model based on Eulerian flow formulation of Dixit and 

Dixit (1996). Subsequently, thermal analysis of the roll and the strip is carried out 

by two analytical methods and an FEM model. The methods of thermal analyses are 

compared. The organization of the chapter is as follows. Section 3.2 presents an 
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overview of the developed thermo-mechanical model for warm flat rolling. The 

deformation analysis of strip by FEM is described in Section 3.3. Section 3.4 

presents the approximate method for computing the temperature distribution in the 

roll. Section 3.5 presents the integral transform technique to find out the 

temperature distribution in the roll. The analytical model for the estimation of 

temperature distribution in strip is presented in Section 3.6. The finite element 

analysis for finding out the temperature distribution in the roll and the strip is 

described in Section 3.7. Section 3.8 presents a comparative study of the proposed 

thermo-mechanical model of warm flat rolling using analytical methods and an 

FEM model. Section 3.9 discusses the validity of the assumption that average 

temperatures of roll and strip at the roll-strip interface are equal. The influence of 

different process parameter on the average temperature distribution of the roll and 

the strip is illustrated in Section 3.10. Section 3.11 concludes the chapter.  

3.2 An Overview of a Thermo-Mechanical Model of Warm Flat 

Rolling 

In this section, an overview of thermo-mechanical model for plane strain warm flat 

rolling is described. The analysis comprises two modules– deformation module and 

thermal module. Deformation module is based on the Eulerian flow formulation of 

finite element method (FEM). In this work, two analytical methods and one FEM 

model have been considered for thermal module. Initially, the deformation module 

takes the mechanical properties of the strip corresponding to the entry temperature. 

The deformation and friction powers provided by the deformation module are used 

as input in thermal module. From the output of the thermal module, the temperature 

in the deformation zone can be obtained. Now, deformation module is activated 

again to carry out the analysis with mechanical properties corresponding to the 

temperature of the deformation zone. Figure 3.1 shows the overall view for the 

development of an integrated model for warm flat rolling. It consists of two 

modules― (1) deformation analysis of strip considering constitutive relation and 

friction model and (2) thermal analysis of the roll and the strip. 
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Fig. 3.1. An overview of thermo-mechanical model of plane strain rolling 

 

  For the thermal analysis, two sub-modules are developed for obtaining the 

temperature distribution. One sub-module finds the temperature distribution in the 

strip. The other sub-module estimates the temperature distribution in rolls, when the 

heat transfer through the roll-strip interface is known. Actual heat transfer through 

the roll-strip interface is not known. Here, it is obtained by an inverse procedure 

such that both the modules predict the same average temperature at the interface of 

roll and strip. If QT is the total heat generated due to friction and plastic 

deformation, the quantity λQT is assumed to pass to the rolls and (1–λ)QT remains 

in strip. The value of partition factor λ is obtained to match the temperatures at the 

roll-strip interface from both the sub-modules. These sub-modules are described in 

Sections 3.3–3.7. The equality of average temperatures of the roll and strip at the 

interface implies zero contact resistance. Justification for this assumption is 

provided in Section 3.9. This assumption has been employed by Komanduri and 

Hou (2001) in analyzing the temperature distribution in the sliding systems and by 

Wilson et al. (1989) for analyzing the temperature distribution in dry rolling. It is 

not difficult to relax this assumption. The heat flow can be taken directly 
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proportional to temperature difference between the roll and the strip and inversely 

proportional to thermal resistance between the roll and the strip. However, it has 

not been considered in the present work. 

  The algorithm of the whole procedure for the determination of heat partition 

factor λ is as follows: 

Step 1: Carry out the deformation analysis using FEM module based on Eulerian 

flow formulation.  

Step 2: Assume that all the frictional heat goes into the roll and 90% of plastic 

deformation power goes as heat into the strip. A part of frictional heat may go into 

the strip as well depending on the relative temperature difference between roll and 

strip, but it is better to begin the analysis by assuming that the roll is colder than 

strip due to forced or natural cooling, causing entire frictional heat to flow into the 

roll. Assumption of 90% of energy of plastic deformation dissipating as heat and 

remaining as increase in the internal energy of metal is commonly made in metal 

forming (Jiang et al., 2004 and Khalili et al., 2012).   

Step 3: Carry out thermal analysis of roll and strip. Use modules for the estimation 

of roll and strip temperatures.  

Step 4: If average temperature of the strip and roll are equal at the interface go to 

Step 7.  

  If the average temperature of the strip at the interface is less than average 

temperature of roll then go to Step 5.  

  If the average temperature of the strip at the interface is greater than average 

temperature of roll then go to Step 6.  

Step 5: Transfer the appropriate amount of heat from roll to strip for making the 

roll and strip average temperatures at the interface equal. This can be done using 

bisection method (Gerald and Wheatley, 1997). Go to Step 7.    

Step 6: Transfer the appropriate amount of heat from strip to roll for making the 

roll and strip average temperatures at the interface equal. This can be done using 

bisection method. Go to Step 7.    

Step 7: Record the temperatures distribution of roll and strip. At the obtained 

temperature of strip, find out the material properties. If the material properties are 
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significantly different, go to Step 1 and carry out the next iteration with new 

material properties. Else stop.   

  

Fig.  3.2. A flow chart illustrating the methodology of thermo-mechanical 
modelling of flat rolling  
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 The material properties (flow stresses) are updated after the each iteration 

with the corresponding average temperature of the deformation zone. It is to be 

noted that the flow stresses are updated till the average temperature of the 

deformation zone gets converged. The convergence is considered to be achieved if 

there is less than 1% change in temperature distribution in the deformation zone as 

illustrated in the flow chart (Fig. 3.2). With this much change in temperature 

distribution, material properties will not be significantly different. Figure 3.2 shows 

the flowchart of the procedure for determining the temperature in rolling. To start 

with initially, the deformation analysis is carried out using FEM with the 

mechanical properties at the initial strip temperature and then the thermal analysis 

is carried out. After the strip temperatures are obtained by thermal analysis, the 

deformation analysis is again carried out with the mechanical properties 

corresponding to previous thermal analysis temperature. This procedure is repeated 

till the convergence is obtained. The convergence of the iteration is said to be 

obtained if there is no substantial change in temperature distribution in the 

deformation zone. It is to be noted that temperature dependent mechanical 

properties are considered for the deformation analysis.  

3.3 Deformation Analysis by Finite Element Method 

Considering plane strain condition, an FEM based Eulerian flow formulation is 

employed to analyze stresses, roll torque, roll-force, strain, strain-rate and forward 

slip. The formulation of Dixit and Dixit (1996) has been used. It should be 

mentioned that this formulation is based on the steady-state deformation of the 

strip. Due to the symmetry, only upper half domain is considered in the analysis. 

The finite element mesh of the strip along with the boundary conditions is shown in 

Fig. 3.3. A fine mesh is used in the deformation zone and coarse meshes are used in 

the inlet and exit zones. The element height is gradually reduced from the center to 

the surface of the strip. This is because the stress gradient is expected to be higher 

in the vicinity of the roll-strip interface. The elastic deformation is small as 

compared to plastic deformation. As the goal is to find out the powers, the elasticity 
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is neglected and the plastic strain can be considered as the total strain. Roll 

deformation is taken into account using well-known Hitchcock’s formula (Dixit and 

Dixit, 2008). 

s nt f t=

( )R'

Fig. 3.3. A meshed domain of strip with boundary conditions 

 The rigid-plastic material behaviour is assumed. As per the Levy-Mises flow 

rule, the deviatoric part ijS  of the component of stress tensor ijσ is related to the 

component of strain-rate ijε  as  

 12ij ijS η ε= ,                                                          (3.1) 

where 1η is the proportionality factor. It is to be noted that the plastic 

incompressibility condition is implicit in Eq. (3.1). The use of von-Mises yield 

criterion provides 

             

1 3
y

eq

,
σ

η
ε

=                                                              (3.2)

    

 

where eqε  is the equivalent strain-rate defined by  

2
3eq ij ij .ε ε ε=                                                       (3.3)        

In the above expression, the Einstein summation convention is employed. 

Considering plane strain, the indices i and j vary from 1 to 2. In unabridged form, 
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( )2 2 22 2
3eq xx yy xy .ε ε ε ε= + +                                       (3.4) 

The flow stresses of the strip may be described by Johnson-Cook (J-C) model 

(Johnson and Cook, 1983): 

( )
1

1

0

1 ln 1
m

eqn amb
y eq

m amb

T TA B C
T T

ε
σ ε

ε

⎡ ⎤⎡ ⎤ ⎛ ⎞−
⎢ ⎥= + + −⎜ ⎟⎢ ⎥ −⎢ ⎥⎣ ⎦ ⎝ ⎠⎣ ⎦

  ,                      (3.5) 

where A, B, C, m1 and n1 are the material constant, 0ε is the reference strain-rate, 

ambT  is the ambient temperature of the strip and mT is the melting temperature of the 

strip. The J-C model has a fairly wide range of applicability. 

 Two-dimensional continuity and momentum equation for the steady state 

process are solved, which are given in index notation as 

0i

i

v ,
x
∂

=
∂                                                          (3.6) 

0ij ij

j i j

Sp ,
x x x
σ∂ ∂∂

≡ − + =
∂ ∂ ∂

                                          (3.7) 

where p is the hydrostatic pressure. These constitutive relations are implemented 

using Eulerian based finite element formulation (Dixit and Dixit, 1996). Roll-force, 

roll-torque, stresses, strain and slip are obtained. Wanheim and Bay (1978) friction 

model is used instead of Coulomb’s model. At low normal pressure, the Wanheim 

and Bay (1978) model matches with the Coulomb’s model and at high normal 

pressure, it approaches constant friction factor model. In between there is a smooth 

transition zone. In the notations of this chapter, f is the ratio of the magnitudes of 

normal and tangential tractions at the roll-work interface and µ is the equivalent 

Coulomb coefficient of friction. The Galerkin formulation given by Dixit (1997) is 

briefly described in Appendix A.  

 Following the standard Galerkin formulation, the global equations after 

application of all the boundary conditions are obtained in the following form: 

                        [ ]{ } { }K F∆ = ,                                               (3.8) 
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where [ ]K  is the global coefficient matrix, { }∆  is the global vector of nodal 

values of velocity and pressure and { }F is the global right-hand side vector. The 9 

nodes per element are chosen for velocity components and 4 nodes for pressure. 

Once the solution is obtained in the form of nodal velocities vi and pressure, the 

secondary variables, viz., roll-force, roll-torque, stresses, strain, and slip are 

computed. The roll force per unit width (Fr) is given by  

( )
0

cos sin  d
dl

r n sF t t sφ φ= −∫ ,                               (3.9) 

where ld is the arc of contact, φ  is the angular position of the point on the roll-strip 

interface, ts and tn are the tangential and normal components of interfacial stress 

vector t. The roll torque per unit width (TR) is computed by following relationship 

R
PRT
V

= ,                                                              (3.10) 

where V is the surface velocity of the roll (equal to the velocity of strip at neutral 

point), R is the roll radius and P is the total power. The total power P consists of 

following two parts: 

(i) Power required for plastic deformation given by 

                                d .p ij ij
A

P S Aε= ∫                                                (3.11) 

(ii) Power required to overcome friction at the work-roll interface given by 

0

d
dl

f s sP t v= ∆ Γ∫ ,                                          (3.12) 

where ∆vs is the relative velocity with respect to the neutral point velocity. 

3.4 Approximate Temperature Distribution in Roll by Adapting the 

Method of Fischer et al. (2004)  

The temperature distribution within the roll is obtained by solving two-dimensional 

heat transfer equation considering Eulerian reference frame. The following 

assumptions are made:  
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(i) The heat transfer along the axial direction to the roll is negligible. Thus, the 

problem is essentially two-dimensional. 

(ii) Thermal properties of the roll material are independent of the temperature. 

These are taken as the properties at average temperature.  

(iii)  Heat flux input into the roll is uniform along the roll-strip interface.  

(iv) The rotational speed of the roll is constant.  

 
Fig. 3.4. A stationary heat source with rotating roll  

 Figure 3.4 shows a rotating roll with heat flux at a fixed location. Heat 

conduction is considered for a plane configuration by representing the roll as a 

circular disk (considering the case of plain-strain rolling). There are a number of 

methods for the estimation of temperature in rolling. The prominent among them 

are finite element method (FEM) and finite difference method (FDM). Some 

analytical solutions have also been proposed, which invariably are in the form of 

summation of infinite series containing Bessel functions (Patula, 1981; 

Yiannopoulos et al., 1997). These methods are useful for an accurate analysis, but 

often the designer or control engineer is interested in a fast estimation by sacrificing 

the accuracy to some extent. The present work proposes an approximate method for 

the estimation of temperature distribution in the roll. The proposed method is 

simpler and faster compared to available methods in literature such as solution 
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employing Bessel function and Fourier series expansion by Patula (1990) and 

Yiannopoulos et al. (1997).  

 Here, the temperature distribution in the roll is computed based on the 

superposition of steady-state temperature from the work of Fischer et al. (2004) and 

the average temperature of the roll at any radial location calculated from heat 

balance equation. Superposition provides the steady-state temperature distribution 

within the roll along the radial as well as circumferential directions. An Eulerian 

reference frame is applied with a horizontal x-direction on the surface of the 

halfplane and the y-direction pointing towards the inside of the roll as shown in Fig. 

3.4. The roll is considered as a half plane. The heat source q acts in the interval [0, 

2β] on the surface and is assumed to be spatially fixed, too. Hence, the roll material 

moves with respect to this coordinate system with the angular velocityω. 

Introducing the material derivative, the governing heat conduction equation in the 

steady-state is  
2 2

2 2
r

T T R T
x y x

ω
α

∂ ∂ ∂
+ =

∂ ∂ ∂
,                                                 (3.13) 

whereω  is the angular velocity of roll, R is the radius of roll and rα is the thermal 

diffusivity of roll. The Peclet number (Pe), the ratio of advective transport rate to 

diffusive transport rate, is given by  
2

eP
2 r

Rω β
α

=  .                                                 (3.14) 

For large Peclet number, the heat conduction in the direction y (or radial) only is 

relevant (Fischer et al., 2004). Thus, Eq. (3.13) becomes  
2

2
r

T R T
y x

ω
α

∂ ∂
=

∂ ∂
,                                                (3.15) 

with initial condition 

0 at 0,T T t= =                                     (3.16) 

 

and boundary condition 
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( ) for 0 2 , 0
.

0  for 2 , 0
q x x b yTk

x b yy
β

β
− ≤ ≤ =⎧∂

= ⎨ > =∂ ⎩                    
(3.17) 

Considering non-dimensional coordinates 2 , ,x b yβ ξ δζ= = where δ is heat 

penetration depth given by (Fischer et al., 2004) 

2 rb
R
βαδ
ω

= ,                                                       (3.18) 

the temperature distribution for zero initial temperature in the roll is obtained as 

(Fischer et al., 2004) 

( )
2

max, exp 1 erf for 0 1
4 2 2

T T ζ π ζξ ζ ξ ζ ξ
ξ ξ

⎧ ⎫⎛ ⎞⎛ ⎞⎛ ⎞⎪ ⎪= − − − ≤ ≤⎜ ⎟⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠⎪ ⎪⎝ ⎠⎝ ⎠⎩ ⎭
,    (3.19) 

( )

( )

2

max
2

exp 1 erf
4 2 2

, for 1

1exp 1 erf
4 1 2 2 1

T T

ζ π ζξ ζ
ξ ξ

ξ ζ ξ
ζ π ζξ ζ
ξ ξ

⎧ ⎫⎛ ⎞⎛ ⎞⎛ ⎞
− − −⎪ ⎪⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎪ ⎪⎝ ⎠ ⎝ ⎠⎝ ⎠⎪ ⎪= >⎨ ⎬

⎛ ⎞⎛ ⎞⎛ ⎞⎛ ⎞⎪ ⎪
⎜ ⎟− − − − −⎜ ⎟⎜ ⎟⎜ ⎟⎪ ⎪⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟− −⎝ ⎠ ⎝ ⎠⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭

     

(3.20) 

where Tmax is given as  

max
8 r

r

b qT
R k

βα
π ω

= ,                                                 (3.21) 

and q is the constant heat flux in the interval [0, 2β]. In Eqs. (3.19) and (3.20), erf is 

the error function. Here, the error function corresponds to the diffusion equation of 

heat transfer. The error function is defined as  

( ) ( )2

0

2erf exp  d .
x

x η η
π

= −∫                                                 (3.22) 

Equations (3.19) and (3.20) provide the temperature distribution for initial 

condition of zero temperature distribution in the roll. For the steady-state case, a 
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constant temperature  ( )oT τ is imposed at radial location corresponding to τ such 

that 

( )
( )

( )

( ) ( )

/

0

, d

/o avg

T
T T

π β

ξ τ ξ
τ τ

π β
+ =
∫

,                                          (3.23) 

where ( )avgT τ  is the average temperature of the surface at the radial location 

correspondingτ, which is obtained as follows.  

 At steady state, the heat balance provides  

( ) ( ) ( )2 2 2 2i a i e b eah T T bh T T bqπ π β β− + − − = ,                            (3.24) 

where q ,a,b,Ta,Tb,Ti,Te,hi and he are the heat flux, inner radius of roll, outer radius 

of roll, average temperature of inner radius, average temperature of outer radius, 

ambient temperature at inner roll periphery, ambient temperature at outer roll 

periphery, convective heat transfer coefficient at the inner radius and convective 

heat transfer coefficient at the outer radius of the roll, respectively. As there are two 

unknowns, viz., Ta and Tb, one additional equation is needed which is provided by 

the boundary condition at inner periphery of the roll: 

( ) 0r i a i
r a

Tk h T T
r =

∂⎧ ⎫− + − =⎨ ⎬
∂⎩ ⎭

.                                          (3.25) 

The finite difference form of the above equation is described in Appendix B. 

Substitution of T
r

∂
∂

 from Appendix B in Eq. (3.25) provides  

( ) 2 22 b a
i a i r

T Th T T bk
b a

−
− =

−
.                                      (3.26) 

Solving Eqs. (3.24) and (3.26), the average temperatures Ta and Tb along the roll 

periphery are obtained. It can be assumed that average temperatures are the linear 

function of radial distance and thus knowing the outer and inner average 

temperatures, the average temperature ( )avgT τ  at any radial distance can be 

obtained. Equation (3.23) can now provide temperature ( )oT τ  to be superimposed 

on the temperature distribution for different radial locations.  
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3.5 Computing Temperature Distribution in Roll using Integral 

Transform Technique of Yiannopoulos et al. (1997) 

In this section, the solution of two-dimensional heat conduction equation with time-

dependent, non-homogeneous boundary condition is presented using Lagrangian 

approach. Let the heat input be given at outer radius b in the zone 2β angular 

displacement as shown in Fig. 3.5. Remaining outer surface of the roll is subjected 

to convective heat loss. The inner surface at radius a is subjected to convective loss 

only. The work roll is assumed to be rigid, fixed in space and heat source rotates 

with constant angular velocity ω.  

 
Fig. 3.5. A moving heat source with stationary roll 

 

 Consider the roll as a hollow cylinder, the governing differential equation in 

r−θ coordinate system for heat conduction is given for the domain a < r < b as 

2 2

2 2 2
1 1 1

r

T T T T
r r tr r αθ

∂ ∂ ∂ ∂
+ + =

∂ ∂∂ ∂
                                     (3.27) 

where αr is the thermal diffusivity of work-roll given by  

.r
r

r pr

k
c

α
ρ

=                                                       (3.28) 
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In Eq. (3.28), kr is the thermal conductivity of roll material, ρr is the mass density 

and cpr is the specific heat. The boundary conditions are expressed as  

 
( ) ( )r e e

Tk h T T q
r

θ∂
+ − =

∂
           at r = b                           (3.29) 

( ) 0r i i
Tk h T T
r

∂
− + − =

∂
                at r = a                           (3.30) 

where ( )q θ  is the heat flux at the outer surface, he is the convective heat transfer 

coefficient  at the outer surface, hi is the convective heat transfer coefficient at the 

inner surface, Ti is the ambient temperature at the inner roll periphery  and  Te is the 

ambient temperature at the outer roll periphery. The heat flux at the outer surface at 

any time is expressed as   

( )
( ) ( )
( ) ( )

     for   

0     for   2 +

q
q

φ β θ φ β
θ

φ β θ π φ β

⎧ − ≤ ≤ +⎪= ⎨
+ ≤ ≤ −⎪⎩  

.                         (3.31) 

The initial condition is expressed as  

 ( ) 0, ,    for 0T r t T tθ = =     in region a < r < b,                                  (3.32) 

where 0T is an initial temperature of the roll.  

 Details of the derivation of solution are described in Appendices C and D. 

The heat conduction equation is solved using integral transform method. The 

temperature distribution from the solution is obtained as (Yiannopoulos et al., 

1997) 

( ) ( ) ( )
( ) ( )( )

( ) ( ) ( )( )
( )

0 2
0 0

01

0 2

01

2
0 2

0
01

1 1

,
, , , exp

,
                 1 exp

,
                 , 1 exp

2
, sin                 2

m
r m

m

m
e e r m

r m

m
i i m r m

m

n m

r nn m

R r
T r t T G t

F
R rqH T t

k F

R r
H aT R a t

F
R rq n

k F n

β
θ φ α β

β
π β α β

βπ β α β

β β

∞

=

∞

=

∞

=

∞ ∞

= =

= −

⎛ ⎞
+ + − −⎜ ⎟
⎝ ⎠

+ − −

+

∑

∑

∑

∑∑

( ) ( ) ( ) ( )2

2

cos sin sin cos exp
                 ,

1
n n r m

n

n n n n tθ φ λ θ φ λ θ θ α β

λ

− − − + − −
×

+

  

(3.33) 
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where ( ).n r mnλ ω α β=  The expressions for ( )0 ,mR rβ ,  ( )0 ,mR aβ , ( ),n mR rβ ,  F0,  

Fn, G0, Hi and He are provided in Appendices C and D. It is to be noted that Eq. 

(3.33) provides the transient as well as steady-state temperature distribution in the 

roll. The steady-state temperature distribution in the roll is obtained when t→∞. 

The time dependent terms appearing in exponential form vanish as the time variable 

becomes large enough. Thus, only the sinusoidal and constant terms remain in Eq. 

(3.33) yielding the following equation: 

( ) ( ) ( ) ( )

( ) ( ) ( )

2
0 0

0
0 01 1

2
1 1

, ,
, , ,

2

, cos sinsin                 2
1

m m
e e i i m

r m m

n m n

r n nn m

R r R rqT r H T H aT R a
k F F

R r n nq n
k F n

β βπθ φ π β β

β θ φ λ θ φβ
λ

∞ ∞

= =

∞ ∞

= =

⎛ ⎞
= + +⎜ ⎟
⎝ ⎠

− − −
+

+

∑ ∑

∑∑
. 

(3.34) 

The temperature distribution in the roll as a function of radial and circumferential 

coordinates is obtained by rotating the heat source with a constant angular velocity 

(ω). The rotating heat source position, φ  may be expressed as a linear function of ω 

such that tφ ω= , where t is the time parameter.  

Using Eq. (3.34) the steady-state temperature distribution in the roll at any r-

θ locations can be obtained for any angular velocity, ω of the rotating heat source. 

Here, θ represents the any circumferential location at which temperature is to be 

measured and φ  represents the circumferential location of the rotating heat source 

at the outer roll periphery. For any fixed θ, the temperature distribution in the roll 

can be determined as a function of φ . 

3.6 An Analytical Model for Temperature Distribution in Strip 

The temperature distribution in the strip can be obtained by solving the heat 

conduction equation in the bite zone (BCHG) and the outer zone (CDEH) as shown 

in Fig. 3.6. It is assumed that the plastic deformation occurs in the strip in the 

domain BCHG, although the actual plastic deformation zone depends on the 
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process parameters. It is observed that about 90% of the work of plastic 

deformation gets converted into heat (Jiang et al., 2004 and Khalili et al., 2012). 

Assumption of 90% of plastic deformation going as heat and remaining to increase 

the internal energy of metal is commonly taken in metal forming (Serajzadeh and 

Mohammadzadeh, 2007).  

 
Fig. 3.6. A schematic diagram of flat rolling   

  The heat generated due to frictional work is distributed in the roll and strip 

(depending upon the difference of roll and strip temperature). Assume that the total 

heat QT comprises the total heat due to plastic deformation, frictional heat and heat 

due to movement of hot strip. A portion of this heat, λQT goes into the roll and 

(1−λ)QT remains in the strip. The value of heat partition factor λ is obtained by 

matching the average surface temperature of the roll and the strip at roll-strip 

interface. The methodology for this has been already explained in Section 3.2.  

 The temperature distribution in the bite zone (BCHG) and after the roll bite 

of the strip is obtained following an approach similar to the work of Kim et al. 

(2009). The expression for rate of heat generation per unit volume Q and average 

heat flow rate at the roll-strip interface sq in the present work differs from the 

expression taken by Kim et al. (2009). Kim et al. (2009) employed mathematical 

expression developed by Lee et al. (2004) on the basis of FEM. However, in the 

present work these powers are calculated by FEM model described in Section 3.3. 
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For the sake of completeness, the analytical solutions of Kim et al. (2009) and its 

modification have been described here.  

 Considering the heat transfer in the longitudinal direction of the strip to be 

insignificant, Kim et al. (2009) employed heat conduction equation given as  

( )( , ) ( , )
s s ps

T y t T y tk Q y c
y y t

ρ
⎛ ⎞∂ ∂ ∂

+ =⎜ ⎟∂ ∂ ∂⎝ ⎠
,                          (3.35) 

with the boundary conditions 

                 ( , ) 0    at    0T y t y
y

∂
= =

∂
,                                        (3.36)                                     

        ( , )    at    s s
T y tk q y h

y
∂

= =
∂

,                                       (3.37)                     

where ρs is the density, cps is the specific heat, ks is the thermal conductivity and h 

is the average semi-thickness of the strip. The initial condition is  

                        0( ,0) ( )T y T y= .                                                   (3.38)  

The above differential equation with boundary conditions is solved using 

eigenfunctions method. Details of the derivation is given in the Appendix E. 

Temperature distribution in the bite zone as per the coordinate system of Fig. 3.6 is 

given by  

( ) 2 2
0

10 0 0

2

1 1 2( 1)( , ) d d exp (0)+ exp d

2                                           +

ps pss ps ps

n

h h tn
s s

e s n n s n
ns s s s

k kT y t T y y q Q y t t a q t t
h h hc c c c

λ λ
ρ ρ ρ ρ

λ

∞

=

⎡⎧ ⎫⎧ ⎫⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞−⎪ ⎪ ⎪⎪⎢= + + + −⎜ ⎟ ⎜ ⎟⎨ ⎨ ⎬⎬⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎢ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎪ ⎪⎝ ⎠⎝ ⎠ ⎩ ⎭⎩ ⎭⎣
∑∫ ∫ ∫

2

0

1 exp cos( )d cos( ),
ps

h
s

n n n
ss

k t Q y y y
k h c

λ λ λ
ρ

⎤⎛ ⎞⎛ ⎞
− − ⎥⎜ ⎟⎜ ⎟⎜ ⎟ ⎥⎝ ⎠⎝ ⎠ ⎦

∫
 (3.39) 

where 

=n
n
h
πλ

                                                                  
(3.40) 

and 

( ) ( )0
0

20 = ( )cos d
h

n na T y y y
h

λ∫ ,                                      (3.41) 

( )0T y is the initial strip temperature, h is the average thickness of strip at 

deformation zone, ks is the thermal conductivity of strip, ρs is the density of strip, 
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cps is the specific heat of strip, Q is the heat generated per unit of volume, sq is the 

average heat flow rate to the strip at the roll and strip interface. It can be noted that 

there is no variation of temperature along longitudinal direction in the deformation 

zone as observed by Kim et al. (2009). The same observation was found by FEM 

analysis of the roll and the strip. The approximate time ta spent by the strip in the 

roll bite can be calculated by dividing L with the average velocity of the strip. The 

time ta is substituted in Eq. (3.39) to obtain the temperature in the roll bite. The rate 

of heat generated per unit volume Q and the average heat flow rate to the strip at the 

roll-strip interface sq  are given by  

( )1 2

0.9
0.5

PPQ
h h Lw

=
+

,                            (3.42) 

f
f

d

P
q

wl
= ,                               (3.43) 

where Pp, Pf, h1, h2, L, w and dl  are the plastic deformation power, friction power, 

sheet thickness at inlet, sheet thickness at outlet, length of plastic deformation zone 

(=GH in Fig. 3.6), width of the sheet and contact length of roll and strip 

respectively. The plastic deformation power PP  and friction power fP are obtained 

from the deformation module. In the present work, PP  and fP  are estimated by an 

FEM based deformation module using Eqs. (3.11) and (3.12), respectively. It is 

assumed that there is no variation of temperature along longitudinal direction in the 

deformation zone. The approximate time ta spent by the strip in the roll bite can be 

calculated by dividing L with the average velocity of the strip. This time ta is put in 

Eq. (3.39) to obtain the temperature in the roll bite. Equation (3.39) provides 

approximate temperature in the bite zone, assuming that there is no significant 

change in the temperature in the longitudinal direction.  

 From the exit of roll bite to the temperature sensor (location where 

measurement of temperature is needed), the heat transfer is governed by 
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( , ) ( , )
s s ps

T y t T y tk c
y y t

ρ
⎛ ⎞∂ ∂ ∂

=⎜ ⎟∂ ∂ ∂⎝ ⎠
,                                (3.44) 

                                                                                  

with boundary conditions  

                          
( , ) 0 at 0,T y t y
y

∂
= =

∂
                                                      (3.45)                                    

               { } 2( , ) ( , )   at ,
2a a
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where ha is the heat transfer coefficient and h2 is the exit thickness of the strip. The 

initial condition is 

           ( ,0) ( , ).e aT y T y t=                                       (3.47) 

The solution of the one dimensional heat conduction problem is obtained by the 

method of separation of variables.  

 Details of the derivation of solution are described in Appendix F. The 

temperature distribution of strip at the exit side is given as (Kim et al., 2009): 
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∫
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(3.48) 

where ( ),0eT y  is the temperature at the exit of deformation zone that corresponds to 

time t=0, Ta is the temperature of the coolant, ha is the convective heat transfer 

coefficient at the strip surface and nλ is the positive roots of the transcendental 

equation obtained by solving the following equation: 

2 2sin cos 0
2 2s n n a n
h hk hλ λ λ⎛ ⎞ ⎛ ⎞− =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
.                              (3.49) 
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3.7 Determination of Temperature Distribution in Roll and Strip 

by Finite Element Method  

In this section, finite element method (FEM) based model is presented to estimate 

the temperature in the strip and the roll. A two-dimensional thermal problem is 

solved assuming constant heat flux input into the roll at the roll-strip interface. 

Figure 3.7(a) shows the thermal and geometric boundary conditions of the roll. The 

convective heat transfer loss in air at the outer and inner periphery of the roll is 

considered. For finding out the temperature distribution in the roll, the roll is 

assumed to be stationary and heat flux is moving around its outer periphery with 

constant angular velocity. Figure 3.7(b) shows the thermal boundary conditions of 

the strip. It is assumed that heat loss at the outer surface of strip is zero except at the 

roll-strip interface. Due to symmetry, the heat loss at the centerline of the strip is 

zero.  

 
Fig. 3.7. Boundary conditions for the FE model: (a) thermal boundary conditions for 

the roll and (b) thermal boundary conditions for the strip 
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There are many commercial FEM based packages for modelling the 

manufacturing processes, like DEFORM that can solve the coupled thermo-

mechanical rolling process. Often these packages are used as black box and the user 

does not have full control over the package. However, general purpose FEM 

packages like ANSYS and ABAQUS are easily available and affordable. The 

present work uses an FEM flow formulation (Dixit, 1997) for the deformation 

analysis. The heat flux due to plastic deformation and friction is calculated 

employing Eqs. (3.42) and (3.43). Here, a general purpose code ABAQUS 6.10 

taking heat flux into account is used for carrying out the thermal analysis.   

 The average temperature of roll and strip is obtained at the roll-strip interface 

separately. The matching of the average temperature of roll and strip is carried out 

by adjusting the heat input rate into the roll from the strip at the roll-strip interface. 

It is assumed that the quantity λQT pass to the rolls and (1−λ)QT remains in the 

strip, where QT is the rate of heat input. The value of heat partition factor λ is 

obtained to match the average temperature of the roll and strip at the interface. The 

methodology for finding out the value of λ has been presented in Section 3.2. 

3.7.1 Temperature Distribution in Roll 

The temperature distribution in the roll is obtained by providing a specified heat 

flux. Here, the problem is formulated in the ABAQUS considering the roll and strip 

separately. The steady-state temperature is obtained by carrying out a transient heat 

transfer till the steady-state is attained.  It is observed that for attaining the steady-

state, the analysis requires a screen time of about 2 hours. In the present work, an 

attempt has been made for reducing the computational time to find out the steady-

state temperature distribution in the roll by FEM. For improving the computational 

efficiency, a methodology is developed to obtain the steady-state temperature 

distribution in the roll. A 4-noded linear quadrilateral element (DCC2D4) is chosen 

for heat transfer analysis of both roll and strip. 

 The methodology for determining the steady-state temperature distribution in 

roll is as follows:    

TH-1513_11610339



A Steady-State Thermo-Mechanical Model of Warm Flat Rolling Process  
 

65 
 

Step 1: First obtain the circumferentially averaged temperature of roll by applying 

the uniform heat flux around its periphery. The average heat flux avQ applied along 

the outer periphery is calculated by the formula 2 ,
360av TQ Qβ λ= ×

°
where 2β is the 

bite angle and TQλ is the heat input rate at the roll gap. (As discussed in Section 

3.2, λ is an adjustable parameter that is determined by matching the average 

temperature of roll and strip at the interface).  

Step 2: The entire outer periphery is divided into n equal parts for applying heat 

source as shown in Fig. 3.8a. Each part is further subdivided into m user defined 

parts depending on the requirement of mesh refinement. Depending on the bite 

angle, the heat source may occupy m subdivisions at a time. A transient analysis is 

carried out in which at each time step, the heat sources moves counterclockwise by 

one subdivision. The initial temperature in the transient analysis is taken as 

circumferentially averaged temperature. The temperature at the end of each time 

increment is measured at the lowest point of the roll, i.e. at P. Thus, at each time 

increment, temperature at P indicates the temperature at different angular locations 

of heat flux. (Angular location of the heat flux is specified by the leftmost point of 

the heat flux). Once the temperature at the point P is obtained for various angular 

locations between 0° to 360°, the steady state temperature distribution can be 

plotted. One can note that the temperature due to moving heat source at a fixed 

point is same as the temperature at corresponding angular location due to rotating 

roll and fixed heat source.    

Step 3: The procedure of Step 2 is repeated several times, till convergence is 

obtained. Convergence is assessed by comparing the maximum temperature with 

expected exact maximum temperature. The expected exact maximum temperature 

is obtained by convergence acceleration method of Aitken and Steffenson described 

in Zyczkowski (1981). As per this, let x1, x2 and x3 denote the maximum 

temperature of three consecutive iterations. It is assumed that they approach their 

limit x as geometrical series i.e., 

1 2

2 3

x x x x
x x x x
− −

=
− −

,                                              (3.50) 
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From the above equation, the expected exact temperature x can be calculated as  

2
1 2 2

1 3 1 22
x x xx

x x x x
−

=
+ −

 .                                         (3.51) 

 The iterations are stopped when the error between the maximum temperature and 

expected exact maximum temperature is below a specified value. Figure 3.8a shows 

the location of the instantaneous moving heat source at the beginning over the outer 

periphery of the roll. The location of the moving heat source at any instant of time 

is shown in Fig. 3.8b. The temperature is recorded at location P as shown in Fig. 

3.8 while heat source is rotating over the interface.  

                                                                    
Fig. 3.8. Two dimensional configurations for temperature measurement in roll (a) 
position of heat source at the beginning and (b) instantaneous position of the heat 

source after rotating an angle θ   
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3.7.2 Temperature Distribution in Strip 

The strip temperature is estimated by taking the boundary conditions shown in Fig. 

3.7(b) and considering heat generation, a transient heat conduction analysis is 

carried out for a time interval of dl V , where dl is the contact length and V is the 

average speed of the strip. The temperature obtained after this time interval is 

considered as steady-state temperature of the strip in the considered domain. The 

basis of this assumption is that on an average, any portion of the moving strip 

receives heat for a period of dl V . Moreover convective term in the heat 

conduction equation is small in comparison to heat generation due to plastic 

deformation and friction. The finite element based package, ABAQUS 6.10 version 

is used for heat transfer analysis of the strip and roll. The problem is solved using 

ABAQUS-Explicit code.  

3.7.3 A Note on the Fast Estimation of Temperature Distribution by FEM 

It is mentioned in Subsection 3.7.1 that to obtain the steady-state temperature in the 

roll by carrying out a transient heat transfer analysis in FEM takes about 2 hours of 

the screen time. However, employing the proposed methodology, the time required 

for the analysis is reduced to about less than 10 minutes. The computational time 

may be reduced further to less than 1 minute by solving it using DFLUX subroutine 

in ABAQUS. The DFLUX subroutine written in FORTRAN language is provided 

in Appendix G. The faster estimation of the temperature distribution in the roll may 

be attributed to the superimposition of the averaged steady-state temperature of roll 

with transient temperature. Initially, by applying the average heat flux around the 

outer roll periphery, the circumferentially averaged temperature of roll is obtained. 

Now, the circumferentially averaged temperature of the roll is treated as an initial 

temperature for the transient analysis. While employing the transient analysis, the 

maximum temperature of roll is calculated (at point P as shown in Fig. 3.8) after 

completing each revolution of the moving heat source. The convergence of the 

steady-state temperature is assessed by comparing the maximum temperature with 

expected exact maximum temperature. As the initial circumferential averaged 

temperature is superimposed to the transient temperature during the analysis 
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procedure, it reduces the number of iterations to reach the steady-state temperature. 

Due to this, the computational time for achieving the steady-state temperature in the 

roll is significantly reduced.  

3.8 Comparison of Thermal Analysis by Analytical Methods and 

Finite Element Method 

In this section, a comparative study of analytical methods and finite element 

method is presented. First the steady-state temperature is compared while 

considering a thermal analysis of roll only. Further, a thermo mechanical analysis 

of strip is carried out. Finally, the average temperature of the roll and strip at the 

roll-strip interface is calculated. For this an appropriate heat partition factor λ is 

determined by matching the average temperature of the roll and the strip at the 

interface.    

3.8.1 Study on Mesh Sensitivity of FEM Model for Thermal Analysis   

In order to select appropriate element size for the steady-state temperature 

distribution of the roll, a mesh sensitivity study is performed. The material of the 

roll and the strip is considered to be made of steel. The thermal material property 

and geometry of the roll is given in Table 3.1. The mesh sensitivity of the roll and 

the strip is done on the basis of maximum temperature measurement. Table 3.2 

shows the maximum temperature of the roll after 20, 40 and 60 revolutions for 

different meshes, when the roll speed is 0.1 rad/s. The maximum temperature was 

recorded for different combination of mesh size for different number of revolutions. 

It is seen from Table 3.2 that although the maximum temperature keeps on 

increasing as the mesh is refined, the change is not much substantial.  However, the 

computational time keeps on increasing at order of n2, where n is the number of 

elements. A compromise is reached for 4 elements in the radial direction and 400 

elements in the circumferential direction. In the similar manner, for the strip, a 

mesh consisting of 400 elements is taken (80 elements in the length direction of the 

strip and 5 elements in the thickness direction).  
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Table 3.1.  Material constants and geometric parameters for thermal analyses for 
roll (steel) 

 
Table 3.2. Maximum temperature of roll for different mesh size 

Divisions  of roll  Maximum temperature (°C) in the roll  
Radial 

direction 
Circumferential  

direction 
after 20 

revolution 
after 40 

revolution 
after 60 

revolution 
1 400 1093 1101 1111 
2 400 1259 1260 1277 
3 400 1233 1334 1351 
4 400 1359 1360 1377 
5 400 1370 1371 1388 
 

4 
100 1321 1322 1339 
200 1345 1346 1363 
800 1361 1362 1379 

 

3.8.2 Steady-State Temperature Distribution in Roll for Specified Heat Input 

The results of the two-dimensional thermo-mechanical analysis to obtain the 

steady-state temperature distribution of the roll and the strip are described. First, the 

temperature distribution in the roll is obtained by three different methods viz., 

approximate method based on Laplace transform, series solution using integral 

transform technique (Yiannopoulos et al., 1997) and FEM using ABAQUS. A 

number of numerical experiments were conducted for different roll geometry and 

thermal properties to determine the appropriate number of terms of series 

expansions― m and n. Here, m=30 and n=15 is considered to find out the 

temperature distribution in roll within less than 1% accuracy. For the sake of 

simplicity in the analysis, the average thermal properties of the roll and strip are 

Parameter Value 
Inner roll radius (a) 0.23 m 
Outer roll radius (b) 0.25 m 
Convective heat transfer coefficient at outer periphery (he) 260 W/m2-°C 
Convective heat transfer coefficient at inner periphery (hi) 2.6 W/m2-°C 
Thermal conductivity (kr) 52 W/m-°C 
Thermal diffusivity (αr)   0.144×10−4 m2/s 
Initial temperature at the inner and outer periphery (Ti ,Te) 30 °C 
Semi-bite angle (β)  8° 
Heat flux ( q ) 5 × 106 W/m2 
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considered. However, a few runs with the temperature dependent material 

properties of a typical steel showed insignificant error in the results. The material 

properties and the dimensions of the roll are tabulated in Table 3.1.  

 Figure 3.9 shows the temperature distribution on the surface of the roll at 

different angular velocities based on the input data of Table 3.1. This data is the 

same as taken by Yiannopoulos et al. (1997) for analyzing the temperature 

distribution in roll. It is observed that the peak temperature of the roll decreases with 

increasing angular velocity in a steady-state. The result of the approximate method is 

compared with the results of the (Yiannopoulos et al., 1997) and FEM by taking 

only the thermal module. The FEM simulations were carried out by using 

ABAQUS. The results obtained by FEM based procedure have been taken as the 

basis for assuring the accuracy of the present approximate method. Transient 

temperature distribution in the form of a series solution using integral transform 

technique is obtained. Approximate method employing the closed form expression 

for temperature calculation is mathematically simpler compared to Yiannopoulos et 

al. (1997).  

 

Fig. 3.9. Steady state temperature distributions in a rotating roll at the outer surface 
for heat input rate of 5 MW/m2: (a) Approximate method based on Fischer et al. 

(2004) (b) Yiannopoulos et al. (1997) and (c) FEM    
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            Figure 3.9 compares the temperature distribution predicted from the 

approximate method with that predicted by Yiannopoulos et al. (1997) and FEM. 

The difference of predicted peak temperatures by three methods is less than 8% at 

ω = 0.1 rad/s. The difference decreases with increasing ω. The maximum 

temperature of roll decreases with increasing angular velocity. Figure 3.10 shows 

the temperature distributions on the inner and outer surface of the roll at the angular 

velocity of 0.314 rad/s. It is observed that at the outer radius of the roll, the 

temperature variation on the periphery is more as compared to the inner radius. The 

agreement between temperature distributions obtained from three methods is good.   
 

 

Fig. 3.10. Steady-state temperature distribution in a rotating roll at the inner and 
outer radii for heat input rate of 5MW/m2: (a) Approximate method based on 

Fischer et al. (2004) (b) Yiannopoulos et al. (1997) and (c) FEM 
 

  Table 3.3 shows the comparison of peak temperature for all three methods at 

different angular velocities of roll. It is observed that at high angular speed of the 

rolls, the peak temperature is nearly the same in all the three cases. In all the cases, 

deviation between predictions is less than 10%.  
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Table 3.3. Comparison of the maximum steady-state temperature at different 
angular velocities 

 
S. No 

 
Angular velocity 

(ω rad/s) 

Peak surface temperature in roll (°C) 
Approximate 

method 
Yiannopoulos 
et al. (1997)   

FEM 

1. 0.1 1420 1348 1360 
2. 1 1055 1028 975 
3. 10 940 931 896 
4. 100 903 900 878 

    

  Figure 3.11 shows the temperature distributions on the inner and outer 

surface of the roll at the angular velocity of 1 rad/s.  Here, the inner roll radius a is 

0.25 m and the outer roll radius b is 0.30 m. The other parameters are given in 

Table 3.1. It is observed that the approximate method predicts the larger error than 

the series solution using integral transform technique in comparison to the FEM 

predictions which are considered to be the reference values. However, the 

maximum error is less than 6%.  
 

 
 

Fig.3.11. Steady-state temperature distributions in a rotating roll at the inner and 
outer radii for heat input of 5 MW/m2, hi = 5.2 W/m2-°C and he = 520 W/m2-°C: (a) 
Approximate method based on Fischer et al. (2004) (b) Yiannopoulos et al. (1997) 

and (c) FEM   
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  The approximate method takes the minimum computational time compared 

with other two methods. The series solution using integral transform technique 

given by Yiannopoulos et al. (1997) involves the roots from the transcendental 

equation. These roots are function of the roll dimensions, thermal conductivity and 

convective heat transfer coefficient of the roll and need to be evaluated for different 

sets of parameters.   

Table 3.4. Comparison of three methods for carrying out the thermal analysis of  
the roll 

S.No. Method Computational 
screen time 

Remarks 

1. Approximate 
Method based 
on Fischer et 
al. (2004) 

less than 10 
second 

• Steady-state temperature is obtained.
• Constant initial temperature of roll 

(T0) is used to obtain a closed form 
solution. 

• No provision for incorporating 
temperature dependent material 
property data. 

• The roll is assumed to be made of 
homogeneous material.  

2. Yinnopoulos 
et al. (1997) 
(transient as 
well as 
steady-state) 

about 25−30 
minutes 

• Transient as well as steady-state 
temperature is obtained.  

• Initial temperature of roll can be 
considered as function of radial and 
circumferential coordinates.  

• Incremental analysis can be carried 
out (by this time varying heat input 
into the roll may be considered).  

• No provision for taking temperature 
dependent material property data. 

• Homogeneous material of the roll is 
assumed.   

3. FEM 
 

about 10 minutes 
for steady-state 
analysis by the fast 
FEM (described in 
Section 3.7) about 
2 hours for 
transient analysis. 

• Initial temperature of roll can be 
considered as function of radial and 
circumferential coordinates. 

• Temperature dependent material 
property data can be considered. 

• Composite or functionally graded 
material (FGM) can be considered.  
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  Table 3.4 shows the comparison of results with three methods. Three 

methods for determining the temperature distribution in the roll are proposed in the 

present thesis. These three methods are approximate method, series solution using 

integral transform technique and an FEM model. The strip temperature distribution 

is calculated by an analytical method and an FEM model. The FEM model results 

are considered as a benchmark for the other two methods while making 

comparisons. The determination of temperature distribution through analytical 

method for the roll as well as strip is advantageous in terms of computational time. 

The analytical solutions are incorporated along with FEM deformation module to 

alleviate the complexity of the process and faster prediction of the temperature 

distribution in the roll and the strip.  

3.8.3 A Comparison of Approximate Method and FEM Results with the 

Experimental Results of Jeswiet and Rice (1975) 

The thermo-mechanical analysis of strip and roll is carried out to calculate the rise 

in temperature at the roll-strip interface. It is required to find out the power due to 

plastic deformation and friction power by FEM and choose an appropriate partition 

factor for heat transfer between the roll and the strip. This was carried out here with 

the roll and strip properties as shown in Table 3.5. The ambient temperature is 

always taken as 30 °C. The roll-strip interface temperature is compared from the 

experiments of Jeswiet and Rice (1975). The material of the strip is Alloy 1100-

H141 of dimensions 280 23 9.8× × mm3. The material properties of Alloy 1100-

H141 and the roll are taken from Wilson et al. (1989). The strain-rate is kept 

constant for validating the results of the present model with the experiments of 

Jeswiet and Rice (1975). 

Table 3.5. Aluminum alloy strip and steel roll properties  

Parameter Alloy 1100-H141 (strip) Roll 
Conductivity (W/m-°C) 284 54 

Density (kg/m3) 2707 7833 
Specific heat (J/kg-ºC) 896 465 

Flow stress (MPa) ( )0.355100 1 0.9yσ ε= +  
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Fig. 3.12. Comparison of the present method with experiments of Jeswiet and Rice 
(1975) and FEM for Alloy 1100-H141 

 

Roll radius and exit speed of strip are 75 mm and 0.096 m/s respectively. 

With this data, simulations were carried out for different reductions in strip, and the 

temperatures of roll and strip are recorded. The value of heat partition factor was 

determined by matching the average temperature of roll and strip at the roll bite. The 

quantity of heat distributed between the roll and the strip was obtained by one 

dimensional search. Figure 3.12 compares the predictions of present model and 

experimental measurements of interface temperature rise for different percentage of 

reductions. It is seen from Fig. 3.12 that the approximate method and FEM 

predictions are in good agreement with experiments except for the case of 19% 

reduction. The same observation is also reported in Wilson et al. (1989) based on 

finite difference method. Wilson et al.  (1989) suspected that the deviation for 19% 

reduction case may be due to experimental results. Wilson et al. (1989) did not 

provide the details about the deformation modelling, for which they developed a 

FORTRAN 77 code entitled THERMAL for the estimation of temperature. The 
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exact detail of computational time has not been provided by them. The information 

could have been any way only indicative due to large difference in computer 

hardware in 1989 and at present in 2016. The present method carries out the 

deformation analysis by FEM, but due to convergence acceleration techniques 

adopted, it takes less than 10 minutes of screen time in 2.6 GHz processor and 3.25 

GB RAM AMD Phenom II PC.  

3.8.4 Further Comparison of FEM based and Approximate Methods  

In this subsection, a comparison of the results obtained by approximate method and 

by an FEM based model is presented. This comparison is essential to throw light on 

certain aspects such as the effect of roll radius and exit velocity of strip. 

Approximate and FE methods were used for carrying out thermal analysis as 

described in the previous sections. However, deformation analysis is carried out 

solely by FEM. The output from deformation analysis subsequently forms the input 

to the thermal analysis for estimating average temperature under steady-state 

condition at the roll-strip interface. This temperature is estimated by taking into 

account the heat partition factor between the roll and the strip which is also evident 

from the approximate method. It can be reasonably argued that the average 

temperature at the roll-strip interface depends on the temperature gradient between 

the roll and the strip which is the driving factor of heat flow across the interface. 

 In order to further assess the accuracy of the proposed model, the new set of 

numerical experiments was carried out under cold rolling conditions by taking into 

account the thermal properties of strip and roll as per Table 3.6. The thickness of the 

roll cylinder was kept constant at 20 mm. It was assumed that the actual flow stress 

of strip is governed by the following empirical relation (Dixit and Dixit, 2008) 

considering strain-rate kept constant:  

( ) 1
n

y Y b
εσ σ ⎧ ⎫= +⎨ ⎬

⎩ ⎭0
,                                                         (3.52)  

where ( )Yσ 0
is the yield stress of the material and b and n are material hardening 

parameters. 
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Table 3.6. Steel strip and roll properties  

Parameter  Strip Roll 
Conductivity (W/m-°C) 30 52 
Density(kg/m3) 7800 7850 
Specific heat (J/kg-ºC)  470 460 
Diffusivity (m2/sec) 50.82 10−×  40.144 10−×  

 

 Tables 3.7 and 3.8 show the comparison of the results obtained by 

approximate method and FEM for two different exit velocities of the strip. The 

mechanical properties of the strip and other required process parameters are 

provided in the captions of tables. The maximum error in the average interface 

temperature estimated by the approximate method and by FEM is 11%. In many 

cases, the error is much lesser than this. Thus, the proposed model in this work is in 

good agreement with both an approximate method and an FEM. The computational 

time with the approximate method is less than 10 seconds, whereas the FEM 

analysis takes about 10 minutes. The reduction in computational time is highly 

significant for online and offline optimization of the process. Assume that the 

process parameters are to be adjusted based on 10 function evaluations in an 

optimization routine. If the computational time is 10 second, the whole procedure 

takes less than 2 minutes. On the other hand, if the computational time is 10 

minutes, the procedure takes about 1 hour and 40 minutes! 

Table 3.7. Comparison of approximate method with FEM for exit velocity of 1 m/s 
(h1 = 1mm, rd = 24%, hi = 2.6 W/m2-°C, he = 260 W/m2-°C, µ = 0.14, ( )Yσ 0

= 400 
MPa, b = 0.052, n = 0.295, T0 = 30 °C) 

 
Roll 

radius 
R 

(mm) 

Approximate method  FEM  
Power (kW)  

Average 
temperature 

at the 
interface (°C)

Power (kW)   
Average 

temperature 
at the 

interface 
(°C) 

Plastic 
deformation 

( )pP  

Friction 
( )fP  

Plastic 
deformation

( )pP  

Friction 
( )fP  

35 81.64 19.04 72.51 81.13 20.12 75.21 
65 82.08 29.54 91.41 81.99 32.53 94.5 
130 84.12 67.98 159.3 84.21 68.32 178.72 
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Table 3.8. Comparison of approximate method with FEM for exit velocity of 2 m/s 
(h1 = 1mm, rd =24%, hi = 2.6 W/m2-°C, he = 260 W/m2-°C, µ = 0.14, ( )Yσ 0

= 400 
MPa, b = 0.052, n = 0.295, T0 = 30 °C) 

 
 

Roll 
radius  

R 
(mm) 

Approximate method FEM  
Power (kW)  

Average 
temperature 

at the 
interface 

(°C) 

Power (kW)  
Average 

temperature 
at the 

interface 
(°C) 

Plastic 
deformation 

( )pP  

Friction 
( )fP  

Plastic 
deformation 

( )pP  

Friction  
( )fP  

35 163.27 38.08 91.82 162.25 40.24 94.82 
65 164.15 59.08 102.12 163.97 65.075 111.25 
130 187.89 152.98 182.63 168.56 136.49 197.85 

 

 The results presented in Table 3.7 and Table 3.8 show that the power 

required for plastic deformation and frictional work is linearly dependent on the 

exit velocity of the strip keeping the others parameter constant. It is observed that 

the exit velocity increases by 2 times, the power required due to plastic deformation 

and friction work becomes double approximately. This can also be inferred by 

comparing the power required for the plastic deformation (Pp) and the frictional 

work (Pf). Thus, the heat generation in the strip (due to plastic deformation as well 

as the friction work) is dependent on the exit velocity of strip.  One observation is 

that the difference between approximate method and FEM is relatively higher for 

increased roll radius. With the increased roll radius, the contact area and periphery 

of the roll increases causing enhanced variation of temperature along the periphery. 

In the present work, the steady-state average temperature of the roll is 

superimposed on the analytical temperature calculated by Eqs. (3.19) and (3.20). 

Also, the interface roll temperature and strip temperature are matched based on the 

average temperature and point by point matching is not carried out. These 

approximations are valid for the small roll radius cases, where the periphery and 

contact length are smaller. Validity starts becoming weaker as the roll radius 

increases. Nevertheless for practical rolling conditions, in spite of the 

approximations employed, one can expect reasonable results with this method. A 

detailed parametric study has been carried out in Subsection 3.10.2 using 
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approximate method. Further, some results of parametric study using fast FEM 

model are presented in Appendix H. 

3.9 Assessment of the Assumption of the Equality of Temperatures 

of Roll and Strip at the Interface 

In the present work, the heat input into the roll is calculated on the basis of average 

temperature matching of roll and strip at the roll-strip interface. It is based on the 

assumption that the heat transfer coefficient at the roll-strip interface, hc, is infinite, 

i.e., there is a perfect contact. Based on experimental finding, Hlady et al. (1995) 

proposed the following empirical expression for evaluating hc: 

2m
ch C P
k σ

⎛ ⎞= ⎜ ⎟
⎝ ⎠

,                                               (3.53) 

where k is the mean of the thermal conductivities of the roll and the strip, P is the 

mean roll pressure in kg/mm2, σ is the flow stresses of the strip in MPa, m2 is the 

constant of the strip material and C is a surface roughness parameter of the roll 

material. Here, one example is presented to give an estimate of hc.  

      The material constant m2 = 1.7 and surface roughness parameter C = 35 µm 

given by Hlady et al. (1995) is used to calculate the value of hc with the input 

parameter given in Table 3.6. The flow stress of strip (steel) is governed by J-C model 

(Eq. 3.5), where the constants of J-C model are taken from Meslin and Hamann 

(2003) and are as follows: A=598 MPa, B=768 MPa, n1 = 0.2092, C = 0.0137, m1 = 

0.807. The reference strain rate ( 0ε ) is 0.001s−1 and melting temperature (Tm) is 

1768 K. The initial temperature of roll and strip are taken as 15 °C and 250 °C, 

respectively. The outer radius of the roll (R) is 65 mm and the thickness of the roll 

is considered to be 20 mm. The computations are carried out for 28% reduction of 

inlet thickness of strip (h1 = 1 mm), taking the equivalent Coulomb coefficient of 

friction as 0.20. The value of hc is obtained as 19.6×106 W/m2°C. The differences in 

the roll and the strip temperature at the interface is calculated using the following 

heat flux balance equation q = hc(Ts−Tr), where q denotes the heat input into roll 
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from the strip at the steady-state condition.  The value of q is 6.5×106 W/m2. The 

temperature differences in the roll and the strip temperature (Ts−Tr) is equal to 0.33 

°C. This is very small. Hence, the assumption of the same strip and roll temperature 

is justified. 

3.10 Typical Results Obtained from the Proposed Model  

A thermo-mechanical model for warm flat rolling is developed using FEM for 

deformation analysis and an analytical methods for thermal analysis in Sections 3.3 

and 3.4. The model is first validated by calculating the roll-force, roll-torque and 

steady-state temperature distribution in the deformation zone. A parametric study of 

the average temperature distribution at the roll-strip interface with two different roll 

radii for different reductions is carried out. The effect of yield stress of the material 

is also studied.   

3.10.1 Validation 

To test the validity of the model developed, the results obtained by model are 

compared with experimental data of Shirizly and Lenard (2000). They performed 

rolling experiments on cold rolled low carbon steel AISI 1018 with steel rolls. In 

their experimental work, the specimens were preheated in air at 850 °C for 60 min 

to ensure a homogeneous deformation temperature. The rolling speed is 157 mm/s 

and the coefficient of friction is 0.25. The strip dimension is taken as ( )305 44 4 71.× ×  

mm3. The outer diameter of the work-roll is 150 mm. The inner diameter of the roll 

is not mentioned by Shirizly and Lenard (2000). Here, it is assumed as 130 mm, 

considering typical practical value. (Later on, the inner diameter of 120 mm was 

also chosen and it was found that results differ by an amount less than 1%. Thus, 

the inner diameter has an insignificant effect on roll torque and roll force in this 

case.) The convective heat losses at the outer and inner periphery roll are assumed 

as 260 W/m2-°C and 2.6 W/m2-°C respectively. The thermal properties of strip and 

roll are taken from Khalili et al. (2012).  
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 The flow stress of the strip material is governed by modified J-C model. The 

modified J-C model material parameters are taken from Vural et al. (2003) for AISI 

1018 cold rolled. In the modified J-C model, two separate J-C models are modeled 

for low and high strain rate cases. Vural et al. (2003) have suggested the smooth 

transition between two models over a narrow strain-rate zone. However, here 

discontinuous model is taken, as it does not pose any problem in FEM code. The 

parameters of J-C model given by Eq. (3.4) are A = 560 MPa, B = 300 MPa, n1 = 

0.32, m1 = 0.55, Tm = 1773 K. For strain rate of less than tε , C is given by  

2

2
01

n

C n ε
ε
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

,                                                         (3.54) 

and for strain rate of greater than tε , C is given by  

 
3

3
02

n

C n ε
ε
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

,                                                  (3.55) 

where  02ε
 is calculated as 

( ) ( )( )2 3 3 2 3
02 01

n n n n n
t .ε ε ε −=                              (3.56) 

For AISI 1018 cold-rolled steel (Vural et al., 2003), n2 = 0.007, n3 = 0.075, 
6

01 5 10ε −= ×  s–1 and 96tε =  s–1.    

 Figures 3.13 and 3.14 compare experimental and simulated roll forces and 

roll torques, respectively with Shirizly and Lenard (2000). The input process 

parameters are given in the figures. It is seen from Fig. 3.14 that the roll torque 

gives the maximum 12.6% error with experimental results of Shirizly and Lenard 

(2000). However, the roll forces obtained from the proposed model were closed to 

experiment results obtained by Shirizly and Lenard (2000) as shown in Fig. 3.13.   
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Fig. 3.13. Comparison of proposed model with experimental results of Shirizly and 

Lenard (2000) of roll force per unit width 

 
Fig. 3.14. Comparison of proposed model with experimental results of Shirizly and 

Lenard (2000) of roll torque per unit width  
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 Further, an attempt was made to validate the roll surface temperature with 

the average temperature at the interfacing surface of the strip. The average 

temperatures at the deformation zone are compared with the experimental results of 

Serajzadeh and Mohammadzadeh (2007). Serajzadeh and Mohammadzadeh (2007) 

performed the warm rolling experiments of low carbon steel with steel rolls. They 

conducted the experiments with inlet strip temperature in the range of 500–750 °C 

for different rolling speed and percentage of reduction. The dimension of the strip 

was ( )100 5 3× ×  mm3 and the work-roll diameter was 150 mm. The flow stress of 

the strip material is governed by the following power law given by Serajzadeh 

(2004): 

                
m n

y B ,σ ε ε=                                                             (3.57) 

where B, m and n are the temperature dependent material constants expressed by 
21198 0 084 0 002B . T . T ,= − −
                             (3.58) 

6 2 9 3 12 40 788 0 0046 9 11 10 7 04 10 1 9 10m . . T . T . T . T ,− − −= − + × − × + ×
       (3.59) 

40 36 2 96 10n . . T ,−= − ×
                                                                                    (3.60) 

where T is the temperature in °C. The inner diameter of the roll and convective heat 

transfer coefficients are assumed as in the previous example.  

Table 3.9. Comparison of proposed model with experimental results of Serajzadeh 
and Mohammadzadeh (2007) 

Initial 
temperature 

of strip  
(°C) 

Inlet 
thickness 
of strip 
h1(mm)

Reduction, 
rd (%) 

Revolution 
per minute 
(r.p.m) of 
the roll, ω

Average 
temperature 

at  
deformation 

zone 
(°C) 

Expt. 
(Serajzadeh and 

Mohammadzadeh
2007) 

Temperature 
(°C) 

 
% 

error 

500 3 30 50 426.95 441 −3.19
650 3 15 50 599.62 595 0.78 
650 3 30 50 577.16 530 8.89 
750 3 15 65 692.52 700 3.28 

  

 For different values of the inlet temperature of strip, inlet thickness of strip, 

percentage of reduction and angular velocity of roll, results of the present work and 
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Serajzadeh and Mohammadzadeh (2007) are given in Table 3.9. It is observed that 

the error in the prediction of temperature is less than 9%.  
 

3.10.2 Parametric Study  

The parametric study has been carried out to obtain the average temperature at the 

roll-strip interface with different roll radius, flow stresses of the strip material, 

coefficient of friction and angular velocities of roll. Table 3.10 shows that the effect 

of roll radius becomes more predominant for higher reductions. It is observed that 

with increasing fractional reduction, the average temperature increases. It may be 

noted from Table 3.10 that friction power changes significantly on changing the roll 

radius although the power required for plastic deformation does not exhibit much 

variation. This is due to the increasing role played by the friction power. Table 3.11 

shows the plastic power, friction power and temperature at the interface for two 

different sets of yield stresses and material hardening parameters. The yield stress 

in the second set is 10% higher than that in the first set. Similarly, the hardening 

parameters in the second set are 20% higher than those in the first set. As expected, 

the increase in flow stresses increases the temperature and this effect is more 

pronounced at higher reductions.  

Table 3.10. Variation of average temperature at the interface with roll radii for 
different reductions (h1 = 1mm, µ = 0.08, hi = 2.6 W/m2-°C, he = 260 W/m2-°C,     
µ = 0.14, ( )Yσ 0

= 324 MPa, b = 0.052, n = 0.295, V2 = 0.5 m/s, T0 = 30 °C) 
 

 
Reductions,

rd 
(% ) 

R = 65 mm R = 130 mm 
Power (kW)  

Average 
temperature 

at the 
interface 

(°C) 

Power (kW)  
Average 

temperature 
at the 

interface 
(°C) 

Plastic 
deformation 

( )pP  

Friction 

( )fP  
Plastic 

deformation 

( )pP  

Friction 

( )fP   

8 9.45 0.91 34.51 9.406 1.54 35.25 
12 14.62 1.95 37.37 14.55 2.97 38.12 
16 20.15 3.14 40.53 19.93 4.92 42.35 
20 25.53 4.73 44.02 23.49 9.42 48.23 
24 31.01 6.61 47.87 30.79 10.67 52.07 
28 36.72 8.94 52.31 36.41 14.31 58.23 
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Table 3.11. Variation of average temperature at the interface with different yield 
stresses and hardening parameters for different reductions (h1 = 1mm,  µ = 0.08,    

R = 65 mm, hi =2.6 W/m2-°C, he = 260 W/m2-°C, V2 = 0.5 m/s, T0 = 30 °C) 
 
 

Reductions,
rd 

(% )  

( )Yσ 0
= 324 MPa, b = 0.052,  

n = 0.295 
( )Yσ 0

= 356.4 MPa, b = 0.0624,  
n = 0.354 

Power (kW)  
Average 

temperature 
at the 

interface 
(°C) 

Power (kW)  
Average 

temperature 
at the 

interface 
(°C) 

Plastic 
deformation 

( )pP  

Friction  
( )fP  

Plastic 
deformation

( )pP  

Friction 
( )fP  

8 9.45 0.91 34.51 10.52 1.05 35.54 
12 14.62 1.95 37.37 16.34 2.21 39.12 
16 20.15 3.14 40.53 22.62 3.68 42.68 
20 25.53 4.73 44.02 28.98 5.45 47.61 
24 31.01 6.61 47.87 35.42 7.68 52.34 
28 36.72 8.94 52.31 42.2 10.39 58.6 
 

    

Fig. 3.15. Variation of average temperature at the interface with reduction for 
different coefficients of friction 
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         The study is also extended to comprehend the effect of coefficient of friction, 

angular velocity of roll on average temperature of roll and strip at the roll-strip 

interface. It is observed from Fig. 3.15 that with increase in coefficient of friction at 

the interface, the average temperature increases. This effect is also more 

pronounced at higher reduction. 

    Figure 3.16 shows the variation of average temperature at the interface with 

angular velocity of roll for two different roll radii. It is observed that the 

temperature increases with increase in angular velocity, but the rate of increase of 

temperature with angular velocity decreases with increasing angular velocity. 

Increase in angular velocity increases the heat generation. It also tends to distribute 

the heat more evenly on the surface of the roll, making the temperature a weak 

function of the angular location on the periphery. Initially, the first effect 

dominates. As the angular speed increases, the influence of the second effect gets 

dominance. As a result, temperature versus ω plot typically follows the behaviour 

as shown in Fig. 3.16.  

 

Fig. 3.16. Variation of average temperature at the interface with angular velocity of 
roll for different roll radii 
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    In the cold rolling condition, the temperature increases because of heat 

generation due to plastic deformation and friction. A fraction of this heat goes into 

roll and the other portion goes into the strip. It is interesting to see the distribution 

of heat into roll and strip.  Table 3.12 shows the rate of heat input at different 

reductions for different angular velocities of roll ω. It is observed that the fraction 

of heat input to the roll decreases with increasing ω. However, the temperature of 

the roll still increases, because the total power increases with ω.   

Table 3.12. Heat distribution between the roll and the strip at different reductions 
for different ω 

 
 

Reductions, 
rd 

(% )  

ω = 7.5 (rad/s) ω = 15 (rad/s) ω = 30 (rad/s) 
Average 

temperature 
at the 

interface 
  (°C) 

Heat flux 
(W/m2)  

Average 
temperature 

at the 
interface 

(°C) 

Heat flux 
(W/m2 ) 

Average 
temperature 

at the 
interface 

(°C)  

Heat flux 
(W/m2)  

 
Roll 

 
Strip 

 
Roll

 
Strip

 
Roll

 
Strip

8 34.6 1.22 6.76 34.7 1.82 14.2 35 2.68 29.2 
12 37.3 1.8 8.7 37.9 2.90 18.2 38.2 4.02 37.8 
16 40.5 2.4 10.4 41 3.5 22 41.6 5.18 45.8 
20 43.8 3 12 44.8 4.4 25.6 45.3 6.4 53.4 
24 47.7 3.6 13.5 48.7 5.4 29 49.6 7.9 60.5 
28 51.7 4.2 15 53.2 6.48 32 54.8 9.66 67.3 

3.11 Conclusion 

In this chapter, a steady-state thermo-mechanical model for warm flat rolling for 

obtaining the temperature of the exit strip using the FEM deformation module and 

separate thermal module is developed. The deformation analysis of the strip is 

carried out by an FEM model based on Eulerian flow formulation. The thermal 

analysis of the roll and the strip is carried out by an analytical method and FEM 

using ABAQUS. Three methods for determining the temperature distribution in the 

roll are presented. These three methods are approximate method, series solution 

using integral transform technique and an FEM model. The strip temperature 

distribution is calculated by an analytical method and an FEM model. The FEM 

model results are considered as a benchmark for the other two methods while 
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making comparisons. The determination of temperature distribution through 

analytical method for the roll as well as strip is advantageous in terms of 

computational time.  

  In the present work, the analytical solutions are incorporated along with 

FEM deformation module to alleviate the complexity of the process and faster 

prediction of the temperature distribution in the roll and the strip. The proposed 

steady-state thermo-mechanical warm flat rolling model is validated with the 

experimental results of Shirizly and Lenard (2000) and Serajzadeh and 

Mahammadzadeh (2007). Further, the parametric study is also carried out to see the 

consequence of the parameters such as rolling speed, roll radius, coefficient of 

friction and yield stress of the strip material considering cold rolling examples. It is 

found that the proposed model is suitable for cold rolling case by incorporating the 

constitutive relation in the FEM based deformation module. 

Following are the salient contributions:- 

• To predict the steady-state temperature distribution in the roll and the strip, a 

simplified and computationally faster, approximate method is proposed by 

adapting the model of Fischer et al. (2004).  

• For calculating a steady-state temperature distribution in the roll and the strip 

by FEM, a methodology is proposed to calculate the temperature distribution 

in rolling for reducing the computational screen time. In the present work, 

FEM based software package ABAQUS is used, but the methodology can be 

employed with any package. The steady-state temperature distribution can 

also be obtained by carrying out a transient heat transfer analysis till the 

attainment of steady-state. However, this procedure takes about 2 hours of 

the screen time, whilst the FEM model requires about less than 10 minutes of 

the screen time by employing ABAQUS in the present case. If the problem is 

solved in a non-iterative way by writing a subroutine, the FEM model 

requires less than 1 minute. The FEM model uses a deformation module 

FOTRAN code based on Eulerian flow formulation and a thermal module 

implemented on an FEM based package ABAQUS for the fast estimation of 

the steady-state temperature distribution.  
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• Temperature distribution in the roll is determined by three different methods. 

These methods are approximate method (by adapting the model Fischer et 

al., 2004), series solution using integral transform technique (Yiannopoulos 

et al., 1997) and an FEM model. The comparative study of these three 

methods has been carried out to obtain the steady-state temperature 

distribution in roll for specified heat flux. It is observed that an approximate 

method takes the minimum computational time compared with other two 

methods. The series solution using integral transform technique involves the 

roots from the transcendental equation. The roots are the function of the roll 

dimensions, thermal conductivity and convective heat transfer coefficients of 

the roll and to be evaluated for change of these parameters. The FEM 

analysis is also computationally faster compared to the series solution using 

integral transform technique by employing the proposed methodology. It is 

found that an approximate method is most efficient as compared to the other 

two methods for obtaining the steady-state temperature distribution in the 

roll. Hence, the present model can be used for a quick estimation of steady-

state temperature distribution in rolling. 

• The comparison of approximate method and an FEM for thermal analysis is 

also carried out by calculating the temperature rise at the interface and 

compared with the experimental results. Further, the present model is 

validated with the experimental results by calculating the roll-force, roll-

torque and average temperature at the roll-strip interface in warm rolling 

conditions. It is found that the present model predictions are well agreement 

with the experimental observations.   

• Several authors proposed that the heat generated due to friction at the roll-

strip interface is shared in a fixed proportion between the roll and the strip 

(Hwang et al., 1993; Hatta et al., 1980). In the present work, a heat partition 

factor λ is calculated by matching the average temperature of the roll and the 

strip at the roll-strip interface. The validity of the assumption of equal roll 

and strip temperature in the contact zone is assessed.  
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Chapter 4 

Transient Thermal Analysis of Warm Flat Rolling  
 

 
 

 

4.1 Introduction 

The transient study of thermo-mechanical analysis of the flat rolling is essential in 

order to envisage the better understanding of the temperature distribution in the roll 

and the strip. This chapter deals with the transient analysis of warm flat rolling 

process. The transient analysis requires a time varying heat flux input into the roll 

from the warm strip. This brings the present analysis closer to the real time 

environment providing a better insight into the problem as the temperature during 

rolling is not steady at the beginning.  

The transient behaviour of a rolling process requires a continuous change of 

the mechanical and thermal boundary conditions of the strip that enters and exits the 

bite zone. It is essential to study the transient behaviour of both the strip and roll 

including the constitutive modelling and friction behaviour (Lee et al., 2000). Due to 

transient nature of the problem, the analysis of the roll and strip together becomes 

complex. In order to avoid the complexities, many researchers have carried out the 

steady-state analysis of the rolling (Tseng et al., 1984; Hwang et al., 1990; 

Serajzadeh, 2004; Koohbor, 2015). A few researchers such as Guo (1998) and Lee et 

al. (2000) carried out the transient analysis of only the roll. Shahani et al. (2009) 

carried out two-dimensional thermo-mechanical analysis of hot rolling using FEM 

based package ANSYS. However, they did not consider the roll deformation. In the 

present work, a transient thermal analysis considering both the roll and the strip 
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together is carried out analytically. The roll deformation is taken into account by 

employing Hitchcock (1935) formula.  

In this work, a mathematical model of warm flat rolling to find out the 

temperature distribution in the roll and the strip is presented. In-house warm rolling 

experiments were also conducted to validate the model for different process 

parameters. The deformation module of the strip uses Eulerian approach based on 

finite element method (FEM). The temperature distribution of the strip in the 

deformation zone and just after the deformation zone is obtained analytically as 

discussed in Section 3.6. The transient distribution in the roll is obtained analytically 

by integral transform technique. The present work employs a time varying heat flux 

input into the roll from the strip which extends the work of Yiannopoulos et al. 

(1997) who has considered a constant heat flux input into the roll with constant 

initial temperature T0. An iterative procedure is carried out to obtain the temperature 

distribution assuming initial temperature as a function of radial and circumferential 

coordinates. The transient thermal analysis provides an inverse way of estimating 

the thermal parameters based on the temperature measurement of the exit strip.  

The chapter is organized as follows. Section 4.2 presents the solution of 

transient heat conduction equation of the roll using integral transform technique. 

Section 4.3 provides a scheme of the transient thermal analysis of warm flat rolling 

process. The time varying heat input into the roll from the strip is studied in Section 

4.4. Section 4.5 presents details of validation experiments on a laboratory mill. 

Results and discussion is presented in Section 4.6 including in-house experimental 

validation of the transient thermal analysis of warm flat rolling. Section 4.7 

concludes the chapter.    

4.2 Transient Temperature Distribution in Roll using Integral 

Transform Technique  

In this section, the governing equation of the transient heat conduction with non-

homogeneous boundary condition is solved. The heat input at the outer radius b in 

2β angular zone is assumed to be q  as shown in Fig. 4.1. Remaining outer surface of 
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the roll is subjected to convective heat loss. The inner surface at radius, a is 

subjected to convective heat loss only. The work roll is assumed to be rigid and 

fixed in space whereas the heat source is rotating with constant angular velocity ω. 

 
Fig. 4.1. A moving heat source with stationary roll 

  

The two-dimensional governing differential equation for heat conduction is given by  

 

2 2

2 2 2
1 1 1 ,

r

T T T T
r r tr r αθ

∂ ∂ ∂ ∂
+ + =

∂ ∂∂ ∂                                               
(4.1) 

for the domain, a ≤ r ≤ b with boundary conditions: 

  
( ) 0r i i

Tk h T T
r

∂
− + − =

∂
                      at r = a,                      (4.2) 

( ) ( )r e e
Tk h T T q
r

θ∂
+ − =

∂
                  at r = b,                      (4.3) 

where rα  is the thermal diffusivity of the roll material, kr is the thermal conductivity 

of roll material, hi is the convective heat transfer coefficient at the inner surface of 

the roll, he is the convective heat transfer coefficient at the outer surface of the roll, 

Ti is the ambient temperature at the inner periphery, Te is the ambient temperature at 

the outer periphery and ( )q θ  is the heat flux at the outer surface. The heat source 
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position is expressed as a linear function of the angular velocity (ω) i.e., tφ ω= . The 

rotating heat flux at the outer surface at any time is expressed as   

( )
( ) ( )
( ) ( )

     for   

0     for   2 +

q
q

φ β θ φ β
θ

φ β θ π φ β

⎧ − ≤ ≤ +⎪= ⎨
+ ≤ ≤ −⎪⎩  

,                            (4.4) 

where t is time parameter. The initial condition is imposed as 

( ) ( ), , ,   for 0T r t F r tθ θ= =     in region a < r < b,                        (4.5) 

where ( ),F r θ is a specified function of r and θ. 

 The solution of the problem defined in Eqs. (4.1)−(4.5) is solved using 

Integral transform method. The procedure for obtaining the solution considering 

initial temperature as T0 is described in Appendices C and D. For the general case of 

the initial temperature distribution ( ),F r θ  is considered in this section. The 

following expression of transient temperature distribution is obtained after 

employing the boundary as well as initial conditions from Eq. (C.83) (Appendix C) 

as 

( ) ( )
( ) ( ) ( )
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( )

( ) ( )( )
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∞ ∞
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              (4.6) 

where 

    
( ) ( ) ( ) ( )

2

0

, , cos , d d ,
b

m n m
a

F n rR r n F r r
π

β β θ φ θ θ= −∫ ∫                                  (4.7) 

( ) ( ) ( ) ( ), , , , ,n m r e e n m r i i n m
r

qbA n t H T b R b H T a R a
k

β α β α β
⎛ ⎞

= + +⎜ ⎟
⎝ ⎠                     

(4.8) 

( ) ( )
2

0

cos d ,q q n
π

θ θ φ θ= −∫
                                                             

(4.9) 

( ) ( )
2

0

cos de eT T n
π

θ θ φ θ= −∫ ,                                                         (4.10) 
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( ) ( )
2

0

cos d .i iT T n
π

θ θ φ θ= −∫
                                   

(4.11) 

i
i

r

hH
k

= ,                                                                    (4.12) 

,e
e

r

hH
k

=
   

                                                                (4.13) 

and 
1    for 0

.2
1     for 1 2 3

n

n , , ,...
ε

⎧ =⎪= ⎨
⎪ =⎩                                        

(4.14) 

The functions ( )n mR ,rβ and ( )n mN β  are obtained from Eqs. (D.38) and (D.73), 

respectively (Appendix D): 

( ) ( ) ( )n m n n m n n mR ,r L J r V Y r ,β β β= −                                     (4.15) 

and 

( )
2 22

2 2 2
2 2 2 2 2
2 21 1n

n m e m i
m mm m n

Vn nN H H ,
b aK

β β
β βπ β π β

⎡ ⎤ ⎡ ⎤⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞⎪ ⎪ ⎪ ⎪⎢ ⎥ ⎢ ⎥= + − − + −⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭⎣ ⎦ ⎣ ⎦
  (4.16) 

where mβ are the positive roots of the transcendental characteristic equation given by  

0n n n nK L V W− = .                                                      (4.17) 

The expressions for the above terms Ln, Kn, Vn and Wn are derived in Appendix D: 

( ) ( )1n e n m m n m
nL H Y b Y b ,
b

β β β+
⎛ ⎞= + −⎜ ⎟
⎝ ⎠                               

(4.18) 

( ) ( )1n i n m m n m
nK H J a J a ,
a

β β β+
⎛ ⎞= − −⎜ ⎟
⎝ ⎠

                               (4.19)      

( ) ( )1n e n m m n m
nV H J b J b ,
b

β β β+
⎛ ⎞= + −⎜ ⎟
⎝ ⎠                               

(4.20) 

and 

    ( ) ( )1n i n m m n m
nW H Y a Y a .
a

β β β+
⎛ ⎞= − −⎜ ⎟
⎝ ⎠                               

(4.21) 
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Expanding the summation with index n in Eq. (4.6) as follows 

( ) ( )
( ) ( ) ( ) ( ) ( )( )

( )
( ) ( ) ( ) ( ) ( )( )

0 02 2
2

0

2 2
2

1 1

, ,0,1, , exp ,0 1 exp
2

, , ,1                 exp , 1 exp ,

m m
r m m r m

m r m

n m n m
r m m r m

n m r mn m

R r A t
T r t t F t

N

R r A n t
t F n t

N

α
β β

θ α β β α β
π β α β

β β
α β β α β

π β α β

∞ ∞

= =

⎧ ⎫⎛ ⎞⎪ ⎪= − + − −⎨ ⎜ ⎟ ⎬
⎪ ⎪⎝ ⎠⎩ ⎭

⎧ ⎫⎛ ⎞⎪ ⎪+ − + − −⎨ ⎜ ⎟ ⎬
⎪ ⎪⎝ ⎠⎩ ⎭

∑∑

(4.22) 

Substituting Eqs. (4.7) and (4.8) in Eq. (4.22): 

( ) ( )
( ) ( ) ( )

( )
( ) ( ) ( ) ( ) ( ){ }

( )
( ) ( ) ( ) ( )

0 2

0

0 2
0 02
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2
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1 1
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2
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2
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m
r m m

m

m
e e m i i m r m

m rm

n m n m
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R r
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N

α
β

θ α β β
π β

β
β β α β

π β β

β β
α β β

π β α β

∞ ∞

= =

= −

⎧ ⎫⎛ ⎞
+ + + − −⎨ ⎬⎜ ⎟

⎝ ⎠⎩ ⎭

⎛ ⎞
+ − +⎜ ⎟

⎝ ⎠
∑∑ ( ){ }2exp .r mtα β

⎧ ⎫⎪ ⎪− −⎨ ⎬
⎪ ⎪⎩ ⎭

(4.23) 

Using Eqs. (4.9), (4.10) and (4.11) in Eq. (4.23):
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 (4.24) 
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Substituting Eqs. (4.7)−(4.11) in Eq. (4.24), the solution for the transient 

temperature distribution in the roll for stationary heat source is obtained as 
 

( ) ( )
( ) ( ) ( )

( ) ( ){ }
( ) ( ) ( ){ }

( )

0 2

01

0 2

01

2
0 2

0
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                 , 1 exp
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β β
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=
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=

∞
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∑

∑

∑

( ) ( ){ }2

1
cos 1 exp .r m

n
n tθ φ α β

∞

=

− − −∑∑

 

(4.25)  

Equation (4.25) provides the transient temperature distribution in the hollow 

cylinder for the stationary heat source.  

 The solution of the heat conduction problem with time dependent boundary 

conditions can be related to the solution of the same problem with time independent 

boundary conditions by means of Duhamel’s theorem (Özisik, 1993). Using 

Duhamel’s Theorem the transient state temperature distribution for a rotating heat 

source is obtained. Then, Duhamel’s theorem relates the solution ( ), ,T r tθ  (Özisik, 

1993): 

( ) ( )
0

, , , , d .
t

T r t T r t
t α
τ

θ θ τ τ
=

∂
= −
∂ ∫                                       (4.26) 

The rotating heat source position may expressed as 

( )
( ) ( )
( ) ( )

     for   
,

0     for   2 +

q
q

ωτ β θ ωτ β
θ

ωτ β θ π ωτ β

⎧ − ≤ ≤ +⎪= ⎨
+ < < −⎪⎩

                     (4.27)   

where τ is a parameter. 
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Substituting Eq. (4.25) in Eq. (4.26), one obtain 

( ) ( )
( ) ( ) ( )
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                     ,  
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×

+
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(4.28) 

where 

2 ,n
r m

nωλ
α β

=
                                                          

(4.29) 

( )2 2

2
m n m

n
N

F
π β β

=                                                (4.30) 

and ω is the angular velocity of rotating heat source around the outer periphery of 

roll. In Eq. (4.28), the ( ),0mF β  in the first term is evaluated as follows:  

( ) ( ) ( )
2

0
0

,0 , , d d .
b

m m
a

F rR r F r r
π

β β θ θ= ∫ ∫
                         

(4.31)  

Remarks:  

Note that Eq. (4.28) is exactly the same as Eq. (6) in the paper by Yiannopoulos et 

al. (1997) except for the first term. The initial temperature ( ),F r θ  is considered as 

a function of r−θ coordinates. The numerical integration is performed to evaluate the 

integration along with the function ( ),F r θ in Eq. (4.31) using Gauss quadrature 

formula. After evaluating the term ( ),0 ,mF β  Eq. (4.28) provides the incremental 

transient temperature distribution in the roll. In the present study, two-Gauss-point 

formula is used in the radial location between r = a to r = b. In the circumferential 
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location, the range −π to π is divided into three zones viz., −π to −π/3, −π/3 to π/3 

and π/3 to π assuming that the heat source is present at the location θ = 0°. The four-

Gauss-point formula is used for −π/3 to π/3 zone and two-Gauss-point formula is 

used for −π to −π/3and π/3 to π. This differentiates the present approach from 

Yiannopoulos et al. (1997). Yiannopoulos et al. (1997) used a non-varying heat flux. 

In this study, a time varying heat flux is considered. Different values of heat flux are 

taken at the different incremental time. The solution of Yiannopoulos et al. (1997) 

considers the initial temperature as T0.  

 The solution of the present problem involves an iterative procedure, in which 

the temperature is updated after each increment till the steady-state is achieved. The 

term ( ),F r θ is updated after each time increment, t∆ , taking initial temperature 

distribution of the roll. The temperature distribution ( ), ,T r tθ ′ in the previous 

iteration is taken as initial temperature ( ),F r θ in the current iteration. The 

temperature distribution ( ),F r θ is used to evaluate the ( ),0mF β term for obtaining 

the temperature distribution ( ), ,T r tθ ′  at t′= ∆t using Eq. (4.28). In this work, the 

transient temperature distribution of roll is updated after small interval of time (after 

5 revolution of the roll at a constant speed). During a small time interval, the heat 

flux input into the roll q  is considered to be constant. In the present work, a time 

varying heat flux with different values of q  at different increments is considered. 

Initial condition pertains to the condition at the beginning of the time interval. 

4.3 Scheme of the Transient Thermal Analysis  

The transient thermal analysis of warm flat rolling to obtain the temperature 

distribution in both the roll and the strip is carried out. In-house warm rolling 

experiments were also carried out to validate the model for different process 

parameters. Figure 4.2 shows the overview of the warm flat rolling model. The 

deformation analysis of the strip uses Eulerian approach based on finite element 

method (FEM). The FEM deformation module of the strip is described in Section 
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3.3. The temperature distribution of the strip is obtained analytically and provided in 

Section 3.6. The analytical solution of the transient temperature distribution in the 

roll is briefly described in Section 4.2.  

 

Fig. 4.2. Overview of transient thermal analysis of warm flat rolling 

  For the transient thermal analysis, the steady-state deformation analysis of the 

strip and the transient analysis of the roll and the strip together are carried out. To 

obtain the transient temperature distribution in both the roll and the strip, two sub-

modules are described separately. One sub-module finds the temperature distribution 

in the strip. The other sub-module estimates the temperature distribution in rolls, 

when the heat transfer through the roll-strip interface is known. Exact value of the 

heat transfer along the roll-strip interface is not known.  

 In this work, the heat partition factor λ is inversely determined by matching 

the average temperature at the roll-strip interface in the following manner. If QT is 

the total heat (during incremental time ∆t) due to friction work, plastic deformation 

work and the difference of temperature gradient between the roll and the strip, the 

quantity λQT is assumed to pass to the rolls and (1–λ)QT remains in strip. The value 

of partition factor λ is obtained by matching the temperatures at the roll-strip 

interface from both the sub-modules. The sub-module for obtaining the transient 
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temperature of strip is described in Section 3.7 and that for transient temperature of 

roll is described in Section 4.2. 

  The algorithm of the whole procedure for obtaining the transient temperature 

distribution of the strip is as follows: 

Step 1: Carry out the deformation analysis using FEM module based on Eulerian 

flow formulation taking temperature dependent mechanical properties and friction. 

Choose the incremental time step size for heat flux input into the roll from the strip.  

Step 2: Carry out the transient thermal analysis of roll and strip together for fixed 

incremental time. Use modules for the estimation of roll and strip temperatures using 

temperature dependent thermal properties. Assuming that all the frictional heat goes 

into the roll and 90% of plastic deformation power goes as heat into the strip. A part 

of frictional heat may go into the strip as well depending on the relative temperature 

difference between the roll and the strip. However, it is better to begin the analysis 

by assuming that the roll is colder than strip due to forced or natural cooling, causing 

entire frictional heat to flow into the roll. 

Step 3: If average temperature of the strip and roll are equal (with a tolerance of 0.1 

°C) at the interface, go to Step 6.  

  If the average temperature of the strip at the interface is less than average 

temperature of roll, then go to Step 4.  

  If the average temperature of the strip at the interface is greater than average 

temperature of roll, then go to Step 5.  

Step 4: Transfer the appropriate amount of heat from roll to strip for making the roll 

and strip average temperatures at the interface equal. This can be done using 

bisection method (Gerald and Wheatley, 1997). Go to Step 6.    

Step 5: Transfer the appropriate amount of heat from strip to roll for making the roll 

and strip average temperatures at the interface equal. This can be done using 

bisection method. Go to Step 6.    

Step 6: Record the exit strip temperature. Go to Step 2 after updating the 

temperature distribution of the roll. Updated temperature distribution of the roll is 

taken as the initial temperature of the roll for the next iteration.  
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Step 7: If the exit strip temperature is achieved steady-state, then stop. Else go to 

Step 2.  

4.4 Typical Results of Transient Analysis with Varying Heat Flux  

The transient temperature distribution of exit strip is obtained for the time varying 

heat input, q  from the strip to the roll. In this work, q  is taken as piecewise 

constant. The temperature of roll as well as q are updated after every increment 

using Eqs. (4.28) and (4.31). A typical example with ω = 7 rad/s and R = 65 mm is 

presented to examine the variation of exit strip temperature at 50 mm away from the 

roll bite for different increment of time. In this example, the strip and roll are 

considered to be made of steel. The flow stress of strip (steel) is governed by J-C 

model (Eq. 3.4), where the constants of J-C model are taken from Meslin and 

Hamann (2003) and these are as follows: A=598 MPa, B=768 MPa, n1 = 0.2092, C = 

0.0137, m1 = 0.807. The reference strain rate ( 0ε ) is 0.001 and melting temperature 

(Tm) is 1768 K. The initial temperature of roll and strip are taken as 15 °C and 250 

°C, respectively. The outer radius of the roll (R) is 65 mm and the thickness of the 

roll is considered to be 20 mm. The thermal properties of the strip and the roll are 

given in Table 4.1 on the basis of property data provided by Steiner (1990). The 

computations are carried out for 28% reduction of 1 mm of strip (h1 = 1 mm) taking 

the equivalent Coulomb coefficient of friction as 0.20. 

Table 4.1. Thermal properties of roll and strip made of steel  

Parameters Roll  Strip  

Thermal conductivity (W/m-°C) 50 40 
Specific heat (J/kg-°C)  460 470 
Density (kg/m3) 7850 7800 
Thermal diffusivity (m2/s) 0.144×10–4 0.11×10–4 

 

 Figure 4.3 shows the transient temperature distribution as a function of time in 

the strip at a location of 50 mm from the exit of roll bite. The transient temperature 

of exit strip is obtained by updating the roll temperature after 5, 10 and 15 
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revolutions. The average temperature of the roll and the strip at the roll-strip 

interface is matched after each increment. One can observe that the time increment 

has an insignificant effect on the steady-state temperature of exit strip, whereas 

transient temperature distributions deviate by the maximum of 20°C with time. For 

the present analysis, the temperature of the roll is updated after completing 5 

revolution of the roll. 

 
Fig. 4.3. Exit strip temperature with time at the distance 50 mm away from the roll 

bite for different increment time 
 

  Figure 4.4 shows the variation of heat flux input into the roll with the average 

temperature at roll-strip interface. The heat input into the roll is higher at the 

beginning due to high temperature difference between the roll and the strip at the 

interface. As the rolling time increases, the heat flux input into the roll keeps on 

reducing with increasing average temperature at the roll-strip interface.  
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Fig. 4.4. Variation of heat input into the roll with temperature  

4.5 Details of Validation Experiments 

In this section, details of rolling mill and the method for the measurement of the exit 

strip temperature and slip is described. The rolling experiments were carried out in a 

laboratory rolling mill. 

4.5.1 Equipment and Method  

The experimental setup for the rolling conducted in the laboratory is shown in Fig. 

4.5. The mill is driven by a 15 kW induction motor with no load speed of 1460 

RPM. The commercially pure aluminum alloy strips were rolled in a two-high 

laboratory rolling mill with rolls of 200 mm diameter and 300 mm barrel length to 

various reductions. The roll gap was adjusted by a mechanical screw down system. 
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The feeler gauges were used to measure the roll gap. The details of the rolling mill 

are described in Dixit et al. (2002). The rolls were made of high carbon high 

chromium steel (D2 steel) and commercially pure aluminum alloy was used as strip 

material. The compositions of the strip and the roll materials are provided in Table 

4.2. The Scanning Electron Microscope (SEM) equipped with an Energy Dispersive 

Spectrometer (EDS) was used to find out the chemical composition of the strip 

material. The chemical composition of the roll material is provided in the paper of 

Oliveira et al. (2006).  

 
Fig. 4.5. A laboratory rolling mill (a) front view and (b) arrangement for measuring 

the temperature and velocity of exit strip at the rear side 
 

Table 4.2. Chemical composition of the strip and the roll material  

Material Chemical composition 

Mn Si Al Fe Cu Cr C Mo V 

Strip (Aluminum 
alloy) 

0.05 0.13 99.1 0.51 0.21 − − − − 

Roll (D2 steel) 
Oliveira et al. (2006) 

0.4 0.96 − 83.51 − 11.91 1.48 0.98 0.76 
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 The exit strip temperature is measured by a non contact sensor–IR Camera 

(Infra Tec hr Head Vario CAM 480SL) that captures the thermo-graphic image. 

IRBIS®3plus analysis software is used for processing the thermo-graphic image. The 

frequency of the thermo-graphic image is 8 frames per second (FPS). The strips 

were heated in a laboratory furnace and placed in the roll gap within 5s of taking it 

out from the furnace. The temperature was measured just after rolling at the exit 

from the roll bite and the data were stored for further processing. 

 The roll peripheral speed was measured by a tachometer. For measuring the 

exit velocity of strip, a Nikon D7000 Camera is used. This camera offers high-

image-quality full HD movie recording of 1920×1080 for 7 FPS. In the present 

study, the video at the exit of the roll was captured. This video was further converted 

into images. The time required to capture a single frame was calculated by dividing 

the total time of video with FPS of camera. The number of frames in which the strip 

could be seen at the exit was counted. The product of numbers of frames and time 

required to capture a single frame yields the time taken by the strip to come out of 

the roll gap. Hence, the length of the rolled strip divided by this time results in exit 

velocity. 

4.5.2 Method for Measuring the Centreline Temperature of the Strip  

For measuring the centerline temperature of the strip, a small groove of the elliptical 

shape was drilled at the middle on the upper surface of the strip before rolling. The 

surface and centerline temperature of exit strip is measured by using IR Camera. For 

measuring the temperature at the center of the strip, a blind groove of the elliptical 

shape (major diameter of 10 mm along rolling direction and minor diameter of 6 mm 

along transverse direction) was drilled at the middle on the upper surface of the strip. 

The depth of the groove was equal to semi-thickness of the strip. After rolling, the 

depth gets changed but remains almost equal to the semi-thickness of rolled sheet. 

The reason for choosing the elliptical shape is that deformed shape of the elliptical 

groove was able to expose the surface at the center of the strip. This was not the case 

with a blind circular blind-hole which tends to get filled up after deformation.  
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Fig. 4.6. A schematic diagram of strip for showing the elliptical groove 

 After the deformation of 5 mm thick sheet, the deformed elliptical groove had 

on an average (based on 3 replicates) major diameter of about 10.7 mm and minor 

diameter of 6.8 mm. The maximum depth was equal to semi-thickness of rolled 

sheet with less than 0.01 mm error. Thus, the bottom surface of the groove was at 

the level of strip center in thickness direction. The schematic diagram and initial 

dimension of the strip and the groove are shown in Fig. 4.6. As the volume of the 

groove is much smaller than overall size of the strip, it does not influence the 

temperature distribution of the strip significantly. The temperature of the strip on the 

surface and at the center (i.e., bottom surface of groove) was measured just after the 

rolling by IR camera as described earlier. The IR camera provided the three-

dimensional temperature distribution in the volume of 300 mm3, which included the 

top surface of the strip as well as bottom surface of the blind groove.    

4.5.3 Determination of Friction from Slip Measurement 

During rolling, the exit speed of strip is higher than the roll speed (peripheral speed 

of work roll) due to deformation of the strip at bite zone. The relative difference of 

these speeds is defined as forward slip ( sf ): 

2 100R
s

R

V Vf
V
−

= × ,                                      (4.32) 

where 2V  is the exit velocity of strip and RV  is the roll velocity. The forward slip is 

calculated by FEM. Velocity sensor may be used to measure the exit speed of strip 

and the roll speed may be measured by a tachometer. The slip measurement gives 
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the proper estimation of the coefficient of friction. The slip measurement requires 

the exit speed of strip and roll peripheral speed. The accuracy of the estimation is 

dependent on the accuracy of the measured parameters and the mathematical model 

considered. For better accuracy, the instruments should have better precision and 

accuracy. The coefficient of friction is also estimated by other two methods viz., the 

minimum roll gap measurement method and the inverse method based on the exit 

strip temperature measurement are presented in Chapter 5. It was found that the 

magnitude of slip is not very sensitive to material parameters among the other two 

methods. Hence, in the absence of material data, it can be used as an effective 

method to find out the coefficient of friction.  

4.6 Results and Discussion for Transient Thermal Analysis of Roll-

Strip System 

To validate the present model, the temperature rise at the roll-strip interface is 

compared with the experimental results of cold and warm rolling described in the 

above Section. The cold rolling experimental results are taken from the available 

literature for comparison and are presented in Subsection 4.6.1. The warm rolling 

experimental validation of the present model is carried out by conducting in-house 

warm rolling experiment and discussed in Subsection 4.6.2. The details of rolling 

mill and the method for the measurement of the exit strip temperature and slip is 

described. The coefficient of friction is estimated based on slip measurement under 

warm rolling conditions.  

4.6.1 Validation of the Proposed Model under Cold Rolling Condition 

In this subsection, the proposed transient thermo-mechanical model for flat rolling is 

validated with the experimental results available in the literature. Jeswiet and Zhou 

(1992) and Liu (2002) conducted the experiments of aluminum alloy strip to 

measure the transient temperature of roll at different angular velocities. The effect of 

strain-rate was neglected by Jeswiet and Zhou (1992) and Liu (2002). Jeswiet and 

Zhou (1992) measured the roll temperature distribution at different angular 

velocities of roll considering the aluminum alloy strip with length, l = 305 mm, 
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width, w = 25 mm and thickness, t = 4 mm. The equivalent Coulomb coefficient of 

friction is taken as 0.08. The governing equation of the flow stress of the strip was 

taken as (Jeswiet and Zhou, 1992) 

( )0.355100 1 0.9yσ ε= +  .                                          (4.33) 
The thermal properties of roll and strip material are given in Table 4.3.  

Table 4.3. Thermal properties of roll and strip material for validation of proposed 
model with the experimental results of Jeswiet and Zhou (1992)  

Parameters Roll (Steel) Strip (Aluminum alloy) 

Thermal conductivity (W/m°C) 48.9 177 
Specific heat (J/kg°C) 443 875 

Density (kg/m3) 7836 2770 
Thermal diffusivity (m2/s) 0.141×10–4 0.73×10–6 

  

 Figures 4.7 and 4.8 show the temperature distribution of roll surface as a 

function of time at angular velocities ω = 0.59 and 1.46 rad/s respectively. It is 

observed that the results of the proposed model are in well agreement with the 

experimental results of Jeswiet and Zhou (2000). An error of less than 1°C is 

observed between the present and the experimental results. 
  

 
Fig. 4.7. Comparison of proposed model with the experimental results of Jeswiet 

and Zhou (1992) for ω = 0.59 rad/s 
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Fig. 4.8. Comparison of proposed model with the experimental results of Jeswiet 

and Zhou (1992) for ω = 1.46 rad/s 
 

 Another example is also considered to validate the proposed model with the 

experimental results of Liu (2002) in which temperature was recorded continuously 

with time for more than one revolution of roll. Liu (2002) performed the 

experiments on cold rolling without any lubricant at the roll-strip interface. (It is to 

be mentioned that the present model specifically developed for warm rolling may 

also be used for cold rolling. It can also be used for hot rolling by employing the 

appropriate friction model.) A strip of aluminum alloy was used with length, l = 100 

mm, width, w = 1000 mm and thickness, t = 3 mm. The conductivity, density and 

specific heat were taken as 284 W/m-°C, 2707 kg/m3 and 896 J/kg-°C, respectively 

for the strip and 54 W/m-°C, 7833 kg/m3 and 465 J/kg-°C, respectively for the roll. 

 Figures 4.9–4.11 compare the temperature distribution of proposed model 

with the experimental results of Liu (2002) for different reductions of strip. The 

input data is shown in the figures. It is observed that temperatures increase with 

increasing reduction of the strip. This is due to the increase of heat generation at the 

roll-strip interface. However, the peak temperature at the interface almost coincides 
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with the experimental results. Hence, the present model provides a good 

approximation of the temperature distribution in the roll and the strip in rolling. 

  
Fig. 4.9. Comparison of proposed model with the experimental results of Liu (2002) 

for rd = 13.82 % 

  
Fig. 4.10. Comparison of proposed model with the experimental results of Liu 

(2002) for rd = 19.16 % 

TH-1513_11610339



Inverse Estimation of  Material Parameters, Convective Heat Transfer Coefficients and Friction in Warm 
Flat Rolling 
 

 112 

 
Fig. 4.11. Comparison of proposed model with the experimental results of Liu  

(2002) for rd = 31.98 % 

4.6.2 Validation of the Proposed Model under Warm Rolling Condition 

In-house warm rolling experiments were conducted to measure the temperature of 

exit strip and slip at different reductions for different inlet temperature of the strip. 

Temperature was recorded at the surface of the strip at 50 and 150 mm away from 

the bite zone for different reductions for different inlet temperatures. The slip was 

also recorded for each case. The strip length was 300 mm, width 50 mm and 

thickness 5 mm before rolling. Three replicates were performed at each rolling 

condition and the averaged temperature is taken for validating the proposed model. 

The equivalent Coulomb’s coefficient of friction in rolling is obtained 

experimentally by the slip measurement. The thermal properties of roll and strip 

material are provided in Table 4.4.  

 During rolling the heat is lost from the surface of the strip to air by 

convection. The convective heat transfer loss takes place on the surface of the strip. 
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The convective heat transfer coefficient of air, ha can be calculated from the Nusselt 

number, Nux defined as   

N a
ux

a

h L
k

=  ,                                                       (4.34) 

where ka is the thermal conductivity of air and L is the distance between two sensor 

location of strip.  The Nusselt number can be calculated as (Incropera et al., 2003) 

1 2 1 3N 0.664Re Pr          Pr 0.6,ux x= ≥               (4.35) 

where Nux is the Nusselt number, Rex is the Reynold number and Pr is the Prandtl 

number. Equation (4.35) is valid for 3×103 < Rex <5×108 and 0.6< Pr <50. The 

Reynold number of air, Rex  and Prandtl number, Pr  are evaluated using the 

following relations  

Re ,x
uL
ν

=
                                                       

(4.36) 

 Pr pa

a

c
k
µ

=                                                     
 (4.37) 

where u is the velocity of air, ν  is the kinematic viscosity of air, cpa is the specific 

heat of air, µ is the dynamic viscosity of air at temperature Ta. The approximate 

value of convective heat transfer coefficient of air is calculated as ha = 10 W/m2°C 

based on the relation given in Eqs. (4.34), (4.35), (4.36) and (4.37). The flow stress 

of the strip is governed by (Lenard and Malinowski, 1993): 

1 4    for  0.1,y nσ σ ε ε= + ≥                                      (4.38) 

5

2    for  0.1,
0.1

n

y
εσ σ ε⎛ ⎞= <⎜ ⎟

⎝ ⎠
                                    (4.39) 

where 1σ , 2σ , 4n  and 5n  are temperature-dependent parameters as per Table 4.5. 

The warm rolling experiments of aluminum alloy sheets were carried out at a 

constant speed of the rolling mill. Thus, the strain-rate dependency is not taken into 

account for validating the experimental results with the proposed model.   
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Table 4.4. Thermal properties for the roll and strip in the proposed model 

Material Thermal 
conductivity 
k (W/m-°C) 

Specific 
heat 

cp (J/kg-°C)

Density 
ρ (kg/m3)

Thermal 
diffusivity, 
α  (m2/s) 

Reference 

Strip(Aluminum) 218 904 2710 0.890×10–6 Davies (1992) 
Roll  (Steel) 52 460 9850 0.144×10–4 Steiner (1990)

 

Table 4.5. Temperature dependent parameters for calculating flow stress of the strip 
(Lenard and Malinowski, 1993)  

Temperature (°C) 1σ  (MPa) 2σ  (MPa) 4n  5n  

22 153.78 150.38 34.065 0.256 
100 149.64 146.23 34.090 0.195 
200 138.56 135.90 26.637 0.175 
300 113.85 111.29 25.623 0.363 

  

The experiments were conducted for three different inlet strip temperatures 

at different percentage reductions. The coefficient of friction is obtained 

experimentally for each case based on forward slip measurement as shown in Table 

4.5. Although the results of the coefficient of friction are not getting validated 

quantitatively in the present study, the slip (and consequently friction) increases with 

temperature as observed by Lenard and Malinowski (1993). This also agrees with 

the correlation provided by Roberts (1978). The coefficient of frictions obtained in 

Table 4.6 are used in the proposed model to calculate the exit strip temperature at 

two location viz., 50 and 150 mm away from the roll bite. The exit strip temperatures 

at these two locations are also measured experimentally. Table 4.7 shows the 

comparison of the exit strip temperature obtained experimentally and 

computationally. The experimental results are in good agreement with the proposed 

model. The maximum error between the experimental results and the proposed 

model is less than 7%.  

Table 4.6. Measured forward slip and averaged coefficient of friction for the 
rolling experiments for h1 = 5 mm, R = 100 mm 

Inlet temperature of 
strip (°C) 

Reduction, 
rd (%)  

Forward slip,  
fs (%) 

Friction,  
µ 

150 39.6 30.36 0.21 
200 37.7 35.68 0.24 
250 35.5 39.13 0.27 

TH-1513_11610339



Transient Thermal Analysis of Warm Flat Rolling 

 115

Table 4.7. Comparison of exit strip surface temperature of proposed model with 
experimental results for h1 = 5 mm, R = 100 mm (Values in bracket are standard 

deviations) 
 

Inlet 
temperature 
of strip (°C) 

 
Reduction, 

rd 
(%) 

Exit strip temperature (°C) away from the roll bite 
50 mm 150 mm 

Experiment Proposed 
model 

% 
error 

Experiment Proposed 
model  

% 
error 

150 39.6 129 (1.5) 133.85 –3.76 83 (1.1) 84.39 –1.67
200 37.7 170 (3.2) 177.56 –4.45 105 (1.9) 101.82 3.03 
250 35.5 228 (2.6) 239.11 –4.87 178 (2.1) 165.95 6.77 

   
  

 
Fig. 4.12. Thermogram of the steel roll and the aluminum strip surface temperature 
(a) Before rolling, (b) exit strip after 0.2 sec, (c) exit strip after 0.4 sec and (d) exit 

strip after 0.8 sec 
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 Figure 4.12 shows the IR camera recorded temperature profile across the 

surface of the roll and the strip at the inlet strip temperature of 150 °C. It is seen 

from Fig. 4.12a that the roll surfaces are at room temperature before rolling. Figures 

4.12b, 4.12c and 4.12d show the surface temperature distribution of the roll and the 

strip at different time periods during rolling.  

 The temperature of exit strip at the surface as well as centerline at the same 

location is also compared with experimentally measured temperature. The surface 

and centerline temperature of exit strip was measured 50 mm from the exit of the 

roll bite at different reductions in strip for different inlet temperatures. It was found 

that the temperature variation is about 8–13 °C from the center to the surface of the 

strip. Table 4.8 provides the comparison between the experimentally measured 

temperatures and the proposed model results. There is a variation less than 5%. 

Another example is also considered, in which the temperature was measured for 

different reductions in the strip at same inlet temperature. The experimentally 

measured temperature was at 50 and 150 mm away from the roll bite for different 

reductions in strip. Table 4.9 shows the comparison of proposed model results with 

the experimentally measured temperature at two places, 50 and 150 mm from the 

exit of the roll bite on the surface of the exit strip. It is seen from Table 4.8 that the 

exit strip temperatures predicted by the model differ by less than 6% from 

experimental results. 

Table 4.8. Comparison of proposed model with experimental results at 
centerline and surface of strip for h1 = 5 mm, R = 100 mm (Values in bracket are 

standard deviations)  
Inlet 

temperature 
of strip (°C) 

 
Reduction, 

rd (%)  

Exit strip temperature (°C) at 50 mm away from the roll bite 
At centerline At surface 

Experiment Proposed 
model 

% 
error 

Experiment Proposed 
model 

% 
error

150 20 145 (1.8) 151.52 –4.49 132 (2.5) 128.91 2.34 
150 35 147 (3.9) 153.83 –4.65 136 (3.6) 132.68 2.44 
200 13 182 (2.1) 188.38 –3.51 163 (1.6) 168.18 –3.18
200 37 195 (1.7) 196.58 –0.81 187 (1.9) 184.29 1.49 
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Table 4.9. Comparison of exit strip surface temperature of proposed model with 
experimental results for h1 = 5 mm, R = 100 mm, T0 = 200 °C (Values in bracket are 

standard deviations) 
Reduction, 

rd (%) 
At 50 mm away from the roll 

bite 
At 150 mm away from the roll 

bite 
Experiment Proposed 

model 
%  

error 
Experiment Proposed 

model 
%  

error 
12.4 172 (1.6) 175.2 −1.86 110 (1.6) 104.3 5.23
19.2 183 (2.9) 188.4 −2.95 139 (3.1) 132.2 4.86 
25.4 198 (3.8) 199.8 −0.91 158 (2.5) 162.4 −2.78
32.4 228 (3.4) 219.3   3.82 175 (3.8)  178.3 −1.88

  
 

4.7 Conclusion 
In the present work, a transient thermal model for warm flat rolling is validated with 

the experiments. In-house warm rolling experiments were conducted at different 

reductions for different inlet strip temperatures. The exit strip temperature was 

measured experimentally at two different locations, 50 and 150 mm from the exit of 

the roll bite at the surface as well as at the centerline. It is found that the temperature 

predicted by the proposed model deviates by less than 7% from the experimentally 

measured temperature. The coefficient of friction is estimated based on slip 

measurement. Thus, the present model can be used to predict reasonable result with 

good accuracy.  
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Chapter 5 

Estimation of the Friction in Cold and Warm Flat 
Rolling 

 

5.1 Introduction 

Friction is one of the most influential parameters in the rolling process. In fact, the 

rolling of sheets is accomplished by means of friction. For reducing the thickness of 

the sheet, the rolls feed the sheet as they rotate in the opposite directions. It is 

essential to estimate the frictional behaviour between the roll and the strip at the roll-

strip interface. The rolling industry needs reliable and accurate mathematical models 

for the improved predictions of friction as well as surface finish (Le and Sutcliffe, 

2002). This enhances the productivity and the quality of the rolled sheet. The 

estimation of friction requires the measurement of roll pressure and interfacial shear 

stress along the roll-strip contact length. For this, a number of load sensors needs to 

be inserted into the rolls (Roberts, 1978). Many researchers estimated the friction at 

the roll-strip interface both theoretically and experimentally (Siebel and Lueg, 1933; 

Al-Salehi et al., 1973; Roberts, 1978). A simplified model to estimate the friction at 

the roll-strip interface by measuring the roll-force and strip material data is 

described in the book by Roberts (1978). In most of the early mathematical 

modelling of cold rolling processes, Coulomb’s friction model or Wanhiem and 

Bay’s friction model (Zhang and Bay, 1977; Christensen et al., 1986) is used. In the 

hot rolling, the use of constant friction factor model is preferred. For low pressure in 

rolling, Wanhiem and Bay model coincides with the Coulomb’s friction model 

(Kobayashi et al., 1989; Richelsen, 1994).  

 The effects of the friction and surface roughness on the edge crack initiation 

and growth is studied by Xie et al. (2011). They stated that the coefficient of friction 
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is an important parameter, which controls the initiation of microcracks and their 

propagation during rolling process. 

 In this chapter, the possibility of online determination of the coefficient of 

friction in rolling is proposed. The measurement of friction can give the idea about 

the quality as well as surface finish of the strip. However, the measurement of 

friction by no means is an easy task. In the literature, various methods have been 

employed for measuring the friction in rolling. Some of these methods require 

damaging of the surface of the rolls (Al-Salehi et al., 1973). The methods based on 

the measurement of roll force, roll torque and the shear stress can be easily used, but 

their reliability is dependent on reliability of measuring devices and the 

mathematical model. A possible way of measuring the average coefficient of friction 

in rolling is to measure the exit temperature of the strip. It can be easily done by 

means of temperature sensors. In this work, an inverse method of estimating the 

average value of coefficient of friction is proposed based on the exit temperature 

measurement. For a given exit temperature, the inverse model searches the 

appropriate value of using a one-dimensional search technique i.e., bisection 

method. The estimated coefficient of friction is also compared with other two 

methods. In total, three different methods for the estimation of friction are 

compared. Firstly, a simple online procedure is used to estimate the friction based on 

the slip measurement. In the second method, the friction is estimated based on the 

maximum inlet strip thickness that can enter the roll-gap unaided. In the third 

method, an inverse estimation is carried out for determining the coefficient of 

friction based on the exit strip surface temperatures at one specified location. The 

exit strip surface temperatures can be easily measured experimentally in warm 

rolling.  

 The rest of the chapter is organized as follows. Section 5.2 deals with 

estimation of friction based on slip measurement. The estimation of the coefficient 

of friction on the basis of minimum roll gap measurement is presented in Section 

5.3. Section 5.4 presents the comparison of the coefficients of friction estimated 

from slip and minimum roll gap measurement. Section 5.5 deals with inverse 
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estimation of the coefficient of friction by measuring the exit strip temperature. 

Section 5.6 concludes the chapter.   

5.2 Determination of Friction from Slip Measurement  

The friction plays a significant role in the relative speed between the strip and the 

rolls during rolling. During rolling, the exit speed of strip is higher than the roll 

speed (peripheral speed of work roll) due to the deformation of the strip in the bite 

zone. The velocity sensor is used to measure the exit speed of strip, and the roll 

speed is measured by a tachometer. The procedure for obtaining the friction is 

already explained in Subsection 4.5.3.  

5.3 Determination of Friction from Minimum Roll Gap 

Measurement  

At the beginning, the rolling requires minimum coefficient of friction to drag the 

strip into the roll gap. The following relation estimates the required minimum 

coefficient of friction (Dixit and Dixit, 2008): 

1
min

h h
R

µ −
= ,                                            (5.1) 

where h1 is the inlet thickness of the strip, h is the gap between the rolls and R is the 

roll radius of the roll. Figure 5.1 shows the schematic diagram of the strip entering 

into the roll gap. 

 
Fig. 5.1. Schematic diagram of the strip entry into the roll gap 
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Fig. 5.2. A photograph of (a) strip getting inserted into the roll gap and (b) strip 

coming out of the roll 

 The commercially pure aluminum alloy strips were rolled in a two-high 

laboratory rolling mill. Before carrying out the experiments, the rolls and the strips 

are cleaned thoroughly with acetone in order to remove grease and lubricants. It is 

necessary to have the same surface roughness both at the upper and lower surfaces 

of the strip. For measuring the CLA surface roughness values (Ra), Pocket Surf 

(Mahr, GMBH) was used. Its measuring range is 0.03−6.35 µm and accuracy is 

±0.01 micron. The rolls have the average surface roughness, Ra = 0.45 µm and the 

strip has the surface roughness, Ra = 0.48 µm. The experiments were carried out for 

different inlet thickness of the strip. A one dimensional technique viz., bisection 

method (Gerald and Wheatley, 1997) was employed to get the minimum roll gap for 

different inlet strip thickness. The bisection method provides the minimum interval 

of the roll gap at which the strip is self-drawn into the roll gap. This value of roll gap 

(h) is then used in Eq. (5.1) to find out the minimum coefficient of friction. The 

initial range in bisection method is from 0.05 mm to the inlet thickness of the strip. 

The strip is inserted between the rolls by aligning it longitudinally along the roll gap 

as shown in Fig. 5.2a. The rolled strip coming out from the roll gap is shown in Fig. 

5.2b. 
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5.4 Comparison of the Coefficients of Friction Obtained from Slip 

and Minimum Roll Gap Measurement 

The coefficient of friction is calculated by slip measurement and minimum roll gap 

measurement under cold rolling condition. The total seven experiments were 

conducted with different thicknesses of the strip at various reductions. Three 

replicates were done for each case. The minimum roll gap and slip were measured 

experimentally in all the cases. Table 5.1 shows the comparison of the estimated 

coefficient of friction based on slip measurement and minimum roll gap 

measurement. It is observed that the coefficient of friction predicted by slip is lower 

than the minimum roll gap measurement. This is due to the fact that starting friction 

is more and once the rolling process is sustained, the coefficient of friction reduces. 

The comparative study is useful for getting confidence of the coefficient of friction 

by the temperature measurement. In cold rolling case, the coefficient of friction was 

estimated by Yadav et al. (2011b) and it was reported that the coefficient of friction 

increases with increasing reduction. The similar trend is also observed from Table 

5.1 in estimated friction values by both the methods. Figure 5.3 compares the 

coefficient of friction with reductions estimated by slip and minimum roll gap 

measurement methods. It is to be noted that the inlet thickness of the strip is 

different for all reductions. It is seen from Fig. 5.3 that the variation of the 

coefficient of frictions are similar by both the methods. 

Table 5.1. Comparison of coefficient of friction in cold rolling condition 

 
Strip dimension l× w× t (mm3) 

 
Minimum 
roll gap 
(mm) 

 
Reduction,

rd (%) 

Estimated 
coefficient of 

friction, µ 
Before rolling After rolling By  

Eq. (4.32) 
By 

Eq. (5.1)
300×50×3.0 475.8×50.3×1.88 1.09 37.3 0.129 0.140 
300×50×3.5 497.1×50.3×2.10 1.19 40.0 0.148 0.152 
300×50×4.0 499.2×50.5×2.38 1.38 40.5 0.158 0.162 
300×50×4.5 552.3×50.5×2.42 1.91 46.2 0.155 0.161 
300×50×5.0 559.2×50.6×2.65 2.09 47.1 0.159 0.170 
300×50×5.5 552.4×50.8×2.94 2.35 46.6 0.165 0.173 
300×50×6.0 562.4×50.8×3.15 2.78 47.5 0.165 0.179 
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Fig. 5.3 Comparison of coefficient of friction with reductions in cold rolling 

condition for different thickness of the strip 

5.5 Inverse Estimation of the Friction Based on the Exit Strip 

Temperature Measurement 

In this section, the procedure of inverse estimation of the friction by the 

measurement temperature of exit strip at one specified location. For this a 

methodology described by Yadav et al. (2011a) based on exit strip temperature 

measurement, is employed to estimate the coefficient of friction. However, Yadav et 

al. (2011a) presented the results for cold rolling case and assuming the rolls as 

insulated (thermal analysis of the roll was not carried out). In the present work, the 

coefficient of friction is obtained based on the exit strip temperature in warm flat 

rolling considering the coupled thermo-mechanical analysis of the roll and the strip. 

If the material and thermal properties of the strip and the roll are known, then the 
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coefficient of friction is determined based on exit strip surface temperature at one 

point. This methodology can be implemented for the online determination of 

coefficient of friction, where rolling of the known material is carried out. The exit 

strip surface temperature is measured experimentally at different reductions 

conducting in-house warm rolling experiments.  

 The flow stress of strip as a function of strain and temperature of strip are 

obtained by performing tensile test at different temperatures. The tests were 

performed according to ASTM E8/E8M−15. Two replicates were carried out at each 

testing condition. A 100 kN capacity universal testing machine (Make: Instron, 

Model: 8801) was used for carrying out the tensile test. The ram velocity was kept 

constant at 1 mm/min for all the experiments. It is assumed that the material behaves 

as per the power law neglecting the effect of strain-rate. The flow stresses of the 

strip is the function of strain and temperature as given by 

0
m

.n
y eq

T
T

γ

σ σ ε
−

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
                                   (5.2) 

The multiple regression analysis is carried out to find out the unknown parameters of 

power law given by Eq. (5.2) for the temperature dependent flow stress. The 

following material parameters are obtained as 0σ = 85.75 MPa, n = 0.0387, γ = 

0.2351 using multiple regression analysis. Figure 5.4 compares the flow stresses 

predicted by Eq. (5.2) with the experimentally obtained flow stresses at different 

temperatures.  

 The temperature of exit strip at 50 mm away from the roll bite was measured 

experimentally at different reductions in strip for two different inlet temperatures. 

The roll radius was 100 mm and the rolling mill speed was 0.5 m/s. Figure 5.5 

shows the experimentally measured temperature of exit strip with the variation of 

upper and lower limits. It was observed that the temperature differs by 3−8 °C at the 

same rolling conditions during experiments. At each condition three replicates were 

done. There were more variations in temperature at higher inlet temperatures of 

strip. For employing an inverse method, the averaged temperature of the exit strip 

based on the replicates is considered. 
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Fig. 5.4 Comparison of flow stresses with strain at different temperatures with 

experiments and multiple regression analysis 
 

  Employing a reverse procedure, the coefficient of friction is estimated using 

one-dimensional search technique e.g., bisection method between the upper and 

lower bounds. The temperature T(µ) being the function of coefficient of friction  is 

calculated by using the theoretical model described in Section 4.3. The following 

optimization problem is solved: 

Find µ that minimizes 

( ){ }2
smF T Tµ= − ,                                         (5.3) 

,l uµ µ µ< <  
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where Tsm is the experimentally measured temperature at the surface of the exit strip. 

The corresponding computed exit strip temperatures at the surface Ts(µ) from the 

theoretical model. As the theoretical model has been already validated in Subsection 

4.6.2, this procedure is enough for establishing the confidence in the methodology. 

The lower and upper limits of the coefficient of friction are and l uµ µ , respectively. 

The coefficient of friction is estimated by measuring the temperature of exit strip 

surface at one specified location. The thermal properties of the roll and the strip 

material are given in Table 4.2. 

 
Fig. 5.5. Experimentally measured temperature as a function of reductions at 50 mm 

away from the roll bite 
 

 The inverse analysis is carried out with different inlet temperatures of the strip 

and the percentage reductions under warm rolling condition. The convergence is 

obtained in 12−13 functions evaluation taking the lower and upper limit of 

coefficient of friction as 0.08 to 0.30, respectively. The algorithm is terminated after 

getting the value of coefficient of friction upto 0.001 accuracy. The coefficient of 

friction is also calculated based on the slip measurement taking the same rolling 

conditions and presented in Table 5.2. It is found that the inlet strip temperature 
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affects the coefficient of friction. Table 5.2 shows the comparison of friction at two 

different inlet strip temperature by slip measurement and inverse estimation. The 

coefficient of friction estimated by the inverse analysis is well within 4% error with 

the slip measurement. The deviation is lesser for higher inlet strip temperature as 

shown in Table 5.2. Figure 5.6 shows the coefficients of friction estimated based on 

the slip and exit strip temperature measurement at two different inlet strip 

temperatures. The comparative study is useful for getting confidence in estimating 

the coefficient of friction by the exit strip temperature measurement.   

Table 5.2. Comparison of the coefficient of friction estimated by slip and 
temperature measurement in warm rolling 

 
Reduction, 

rd (%) 

Friction (µ) at T = 150 °C Friction(µ) at T = 200 °C 
By 
slip  

(Eq. 4.32)

By 
temperature

% 
error 

By 
slip  

(Eq. 4.32)

By 
temperature

%  
error 

8.2 0.135 0.138 −2.22 0.143 0.144 −0.70 
12.4 0.172 0.169 1.74 0.167 0.172 −2.99 
22.2 0.191 0.198 −3.67 0.198 0.197 −1.01 
32.6 0.199 0.203 −2.01 0.223 0.218 2.15 

 
Fig. 5.6. Comparison of the coefficients of friction with reduction based on slip and 

temperature measurement (a) T = 150 °C and (b) T = 200 °C 
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5.6 Conclusion 

In the present work, the coefficient of friction is determined by three methods. These 

three methods employed to determine the coefficients of friction are the slip 

measurement, the minimum roll gap measurement and the exit strip temperature 

measurement. The slip measurement requires the exit speed of strip and roll 

peripheral speed. There is a good agreement in all the methods. If the thermal and 

material properties of strip and roll are known, then the exit temperature of the strip 

measurement method can be used as a quick estimate of the coefficient of friction in 

rolling. Hence, in the absence of material data, it can be used as an effective method 

to find out the coefficient of friction.  
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Chapter 6 

Inverse Estimation of the Mechanical Properties and 
the Coefficient of Friction 
 

6.1 Introduction 

For proper control and optimization of the process, modelling of the process is 

essential. Modelling of the process requires input data about material properties and 

friction. In batch production mode of rolling with newer materials, it may be 

difficult to determine the input parameters offline. In view of it, the present work 

proposes a methodology to determine these parameters online by the measurement 

of exit temperature and slip. The proposed methodology is validated with 

experimentally measured temperature of exit strip temperature of warm flat rolling. 

The warm flat rolling provides economical and processing advantages over the cold 

as well as the hot rolling process. For example, warm rolling requires less energy 

compared to the cold rolling and provides improved surface roughness, quality of 

the rolled sheet and close tolerance as compared to the hot rolling (Xie et al., 2011).  

 Li and Ghosh (2003) conducted experimental study to measure the flow stress 

with strain at different strain-rates range of 0.015−1.5 s−1 and temperature range of 

200−350 °C. By conducting the uniaxial tensile test, the authors found that the 

elongation increases with increasing temperature and decreases with increasing 

strain-rate. The sensitivity study of strain hardening rate and strain-rate sensitivity 

constants are also presented and it is found that strain hardening rate decreases and 

strain-rate sensitivity increases with increasing the temperature. Further, they 

assessed the warm formability of three different materials viz., Al 5754, Al 

5182+Mn and Al 6111-T4 interms of elongation, fracture strain and strain-rate 
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sensitivity parameter. It is found that Al 5754 and Al 5182+Mn (strain hardenable 

alloys) are superior to the Al 6111-T4 (precipitation hardened alloy). Smerd et al. 

(2005) measured the tensile strength of aluminum alloy sheets (AA 5754 and AA 

5182) at high strain rates by tensile split Hopkinson bar test. The authors published 

number of experimental data on high strain-rate tensile test, which can be used to 

assess the accuracy of the mathematical models.   

 The formability of Al-alloys can be increased by warm forming (Cho and 

Altan, 2005). It is essential to optimize the process parameters with the better insight 

of the flow behaviour of the material and formability. However, the measurement of 

the flow stresses of the strip and the coefficient of friction at the interface requires a 

series of separate uniaxial tests and friction tests (Byon et al., 2008). In the present 

work, an inverse analysis is carried out to predict the mechanical parameters and 

coefficient of friction during warm flat rolling. The methodology requires the 

measurement of the slip and temperature distribution of strip at the exit at one 

location. The heuristic algorithm is used to identify the unknown mechanical 

properties and the friction. The main contributions of this chapter are as follows. 

Firstly, a simple computationally and experimentally efficient algorithm has been 

adopted for minimization of the objective function. Secondly, a method is proposed 

for estimating process parameters-dependent coefficient of friction as well as 

mechanical properties based on the measurement of slip and temperature of strip at 

exit. The experimental validation of the proposed methodology to estimate the 

friction as well as mechanical properties is provided in the separate section based on 

the slip and the temperature measurement.  

 The rest of the chapter is organized as follows. Section 6.2 describes the direct 

model concisely to estimate the exit strip temperature. Section 6.3 deals with the 

inverse estimation of parameters methodology. Section 6.4 presents the results 

obtained from inverse modelling. Section 6.5 presents the sensitivity study on the 

parameters of power law and friction based on the exit strip temperature 

measurement. The experimental validation of strategy for the inverse estimation of 

mechanical properties and coefficient of friction in warm flat rolling is presented in 

Section 6.6. Section 6.7 concludes the chapter. 
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6.2 Direct Model  

The direct model of warm flat rolling uses two separate modules viz., deformation 

module and thermal module. The deformation module uses finite element method 

(FEM) based on Eulerian flow formulation for the strip. Subsequently, thermal 

analysis of roll and strip is carried out analytically. The procedure is repeated in an 

iterative manner till the convergence is obtained. The direct model has been 

described in Sections 3.2−3.6 to obtain the temperature distribution of the strip using 

an approximate method for the estimation of roll temperature. The inverse model 

needs the exit strip surface temperature at one specified location and slip 

measurement. The schematic arrangement for the measurement of temperature of 

exit strip and exit velocity of strip is shown in Fig. 6.1.  

 
 

Fig. 6.1. Schematic arrangements of forward slip and temperature measurement 
during rolling process 

6.3 Inverse Model 

In this section, inverse methodology for estimating the mechanical properties and 

the coefficient of friction is described. The unknown mechanical properties as well 

as the coefficient of friction are estimated by the measurement of the surface 

temperature of exit strip at one specified location and slip measurement. Two 
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models of flow stress are used in this work. One is the Johnson-Cook (J-C) model 

(Johnson and Cook, 1983) given by  

( )
1
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m
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σ ε

ε
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  ,                  (6.1) 

where 0ε , ambT  and Tm are the reference strain rate, the ambient temperature and the 

melting temperature, respectively. A, B, C, n1 and m1 are the material parameters. 

The other is a power law given by 
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,                                       (6.2) 

where 0σ , n, β1 and γ  are the material parameters. The J-C model has a fairly wide 

range of applicability. Hence, it is used for carrying out the master simulations of 

warm rolling and these simulations are taken in lieu of real shop floor experiments. 

It is to be noted that J-C model is used for testing the methodology by numerical 

experiments. Later, the experimental validation of the methodology with the actual 

shop floor data of warm flat rolling is presented in Section 6.5. The power law 

model is used for the inverse estimation of material parameters in somewhat 

restricted range of parameters. It is assumed that the material behaves as per the 

power law material model given in Eq. (6.2). This model may not be valid over wide 

ranges of strain, strain-rate and temperature. However, it is always possible to select 

smaller domains for fitting this model. A number of such models in various smaller 

domains collectively can model the behaviour in a wider zone. 

 The root mean squared (RMS) fractional error, E of the estimated and the 

measured quantity (exit temperature, roll force or  roll torque) is taken as the 

objective function, which is minimized with respect to the decision variables 0σ , n, 

β1, γ  and µ. Mathematically, 

2

1

1 measured parameter estimated parameter
measured parameter

n

i
E ,

n =
∑
⎛ ⎞−

= × ⎜ ⎟
⎝ ⎠

                    (6.3) 
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where n is the number of experimental observations. It was found that any one 

parameter among exit temperature, roll force and roll torque can be the basis for 

calculating E, although the exit temperature measurement is the most convenient 

from a practical point of view. Figure 6.1 shows the schematic representation of 

arrangement for temperature measurement. Alternatively, one can measure as many 

parameters as convenient for better reliability. Minimization of the objective 

function is carried out by a heuristic method inspired by the similar method used by 

Chandrasekeran et al. (2012) and Eideh and Dixit (2013).   

6.3.1 Details of the Algorithm   
 

 The methodology for finding out the material parameter and friction during 

rolling is as follows:  

Step 1: Decide the ranges of strain, strain-rate and temperature in which the power 

law model has to be fitted. The total domain can be represented as a rectangular 

parallelepiped in a three-dimensional space with strain, strain-rate and temperature 

as axes. Carry out 8 experiments approximately corresponding to eight corners of 

rectangular parallelepiped. The number of experiments is decided on the basis of 2-

level two full factorial of design of experiments (DOE). It is not possible to carry out 

the experiments at exact desired values of strain, strain-rate and temperature. Actual 

controllable parameters are percentage reduction, rolling speed and initial 

temperature. The computational model of the rolling guides in the proper selection 

of controllable parameters.  

Step 2: Choose suitable ranges for material parameters, σ0, n, β1, and γ  of power 

law and the coefficient of friction µ.  

Step 3: For each parameter the range is divided into three linguistic zones viz., low 

(L), medium (M) and high (H) as shown in Fig. 6.2 for two parameters. Thus, the 

entire domain gets divided into 35 = 243 cells.  

Step 4: Select the middle (M) values of all the parameters as initial guess 

parameters. Calculate E using (Eq. 6.3). The E is first calculated only on the basis of 

two measurements— one corresponding to high reduction, low temperature and high 

strain rate and other corresponding to low reduction, high temperature and low strain 

rate. If E ≥ 0.1, the error is considered very high and there is no need to calculate 
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errors for other experimental points. If E< 0.1, then gradually other experimental 

points are included in the error calculation for finding out E subject to maximum of 

8 experimental points. This strategy helps in reducing the computational time 

involved in function evaluation. 

 

 
Fig. 6.2. Two-dimensional graphical representation of search procedure 

Step 5: Keeping 4 other parameters (n, β1, γ and µ) constant, carry out one 

dimensional search for optimum 0σ  in the following manner:  

• If the estimated temperature at the current point is greater than the measured 

temperature, then decrease the value of σ0 by jumping to the center of 

adjacent cell. If reduction in E is significant based on test of significance, then 

the center of adjacent cell becomes the current point. If the reduction in E is 

insignificant, both points are taken as current point and further exploration is 
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carried out in a parallel manner from both points. If E increases, then σ0 is not 

changed.  

• If the estimated temperature at the current point is lesser than the measured 

temperature, then increase the value of 0σ   by jumping to the center of 

adjacent cell. If reduction in E is significant based on test of significance, then 

the center of adjacent cell becomes the current point. If the reduction in E is 

insignificant, both points are taken as current point and further exploration is 

carried out in a parallel manner from both points.  If E increases, then σ0 is 

not changed. 

• Else do not change the value of 0σ . 

Step 6: The similar methodology as discussed in Step 5 is repeated for optimizing 

other parameters i.e., one parameter at a time is changed keeping other four 

parameters constant. After completing an iteration consisting of five one-

dimensional searches, the search domain gets reduced to one cell.  

 Step 7: For the further refinement, the optimum cell is further divided as in Step 3. 

Repeat the procedure of Step 4 to Step 6. A graphical representation for reducing 

sizes of the search domain towards optimum is shown in Fig. 6.2.   

 After carrying out this procedure, if the E could not be reduced significantly, 

then the ranges of strain rate, temperature and strain need to be reduced. 
 

6.3.2 Modification of the Algorithm for Variable Friction Case 

In many cases, the friction is a function of process parameters and it cannot be 

considered constant. Most predominantly, it depends on the temperature. The 

friction can be measured by measuring the slip at each experimental point. For each 

experimental point, the coefficient of friction may be different. The algorithm 

developed in Subsection 6.3.1 can be used for this case also. Now, the number of 

decision variables reduces from 5 to 4. However, in each cell, while estimating the 

observable parameter (temperature, roll force and roll torque), the proper value of 

coefficient of friction as estimated based on slip measurement needs to be 

considered.  
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6.4 Results and Discussion 

In the following subsections, inverse estimation of material parameters and 

coefficient of friction and inverse estimation of material parameters with considering 

the coefficient of friction is variable. The inverse estimation have been carried out 

for different strip materials namely, AISI 4142 steel, copper and Aluminum alloy 

considering roll material to be steel.  

6.4.1 Inverse Estimation of Mechanical Properties and Friction  

In this subsection, actual shop floor experiments have not been carried out. For 

validating the proposed procedure, numerical experiments have been carried out. It 

is assumed that the actual flow stress is governed by the well known J-C relation. 

The constants of different material of J-C model are given in Table 6.1.  

 Table 6.1. Constants of J-C model for different materials 
Material A 

(MPa) 
B 

(MPa) 
n1 C m1 0ε  Tm (K) References 

Steel (AISI 
4142)  

 
598 

 
768 

 
0.2092

 
0.0137

 
0.807 

 
0.001

 
1768 

Meslin and 
Hamann 
(2003)  

Copper 90 292 0.31 0.025 1.09 1 1338 Raczy et al. 
(2004) 

Aluminum Alloy 
AI6061-T6) 

293 121.3 0.23 0.002 1.34 1 925 Shang et al. 
(2012) 

 

Table 6.2. Thermal properties of strip material 

Material Thermal 
Conductivity 

(W/m-°C) 

Heat 
Capacity 
(J/kg-°C) 

Density 
(kg/m3) 

References 

Steel (AISI 4142)  43 470 7800 Steiner (1990) 

Copper  400 385 8960  Zhang et al. 
(2011) 

Aluminum  Alloy 
(AI6061-T6) 

237 900 2700 Davies (1992)  

   

 The actual coefficient of friction is assumed to be 0.20. The roll radius (R) is 

65 mm and inlet thickness of the strip (h1) is 1 mm. With these data, virtual 

simulations are carried out using the FEM analysis for different initial temperature 

of strip, percentage of reduction and exit velocity of strip. Forward slip is recorded. 
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The mechanical properties are obtained by the inverse analysis using the thermal 

properties of material as given in Table 6.2. The work-roll material is considered as 

steel only for the entire analysis. The thermal properties of roll are given in Khalili 

et al. (2012).   

 Inverse analysis provides the material parameters 0σ , n, β1, γ  and the 

coefficient of friction µ of different materials viz., AISI steel, Copper and Aluminum 

Alloy AI6061-T6 as given in Table 6.3. The convergence is obtained in 32–42 

function evaluation i.e., in 3–4 iterations for all three different materials of strip. The 

convergence depends on the initial hypercube size of the unknown parameters. 

Starting with a large range of domain is better, but the number of iterations required 

for convergence will be large.  

Table 6.3. Values of material parameters and friction by inverse analysis 
Obtained material and 

process parameters 
Steel (AISI 4142) Copper Aluminum Alloy 

(AI6061-T6) 
Temperature range (°C) 175−375 375−575 175−375 375−575 150−275 

              0σ  (MPa) 461.1 408 117 124 202 

n 0.085 0.0966 0.155 0.174 0.0567 
β1 0.013 0.0122 0.0468 0.0065 0.0032 
γ  0.565 0.83 0.8 0.967 0.75 
µ 0.2005 0.1995 0.2005 0.2005 0.1875 

Range: strain-rate: 10–100 s–1 and strain: 0.02−0.4 
  

 Figures 6.3 and 6.4 show the variation of flow stresses with strain at the 

estimated and the actual mechanical properties for work material (steel) of strip. It is 

assumed that the power law gives the better results for smaller range of process 

parameter. Hence, temperature is defined in the two ranges i.e. 175–375 °C and 

375−575 °C. Later on the larger range is also considered. Figures 6.3a and 6.3b 

show the variation of flow stresses with strain for temperatures of 250 and 325 °C, 

respectively, at different strain rates. The parameters of power law were fitted in the 

range of 175–375 °C and are tabulated in Table 6.3. Similar graphs have been 

plotted for the temperature range (375−575 °C) in Figs. 6.4a and 6.4b. For display 

purpose 450 °C and 525 °C temperatures are chosen. It is observed that the 

estimated flow stresses are in good agreement with actual material flow stresses; the 

maximum error is less than 1%.   
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Fig. 6.3. Variation of flow stresses with strain for steel (strip) at actual and estimated 

material properties (a) 250 °C (b) 325 °C  
 

 
Fig. 6.4. Variation of flow stresses with strain for steel (strip) at actual and estimated 

material properties for temperature (a) 450 °C (b) 525 °C 
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Fig. 6.5. Variation of flow stresses with strain for steel (strip) at actual and estimated 

material properties for temperature (a) 250 °C (b) 525 °C  
 

  Figure 6.5 show the variation of flow stress with strain at different strain rates 

for the temperature range of 175–580 °C. Figure 6.5a corresponds to 250 °C and 

Fig. 6.5b corresponds to 525 °C. Here, the inverse estimation of mechanical 

properties have been carried out for larger range of temperature. The same inverse 

methodology is used to obtain the following material parameters: 0σ = 443 MPa, n = 

0.0835, β1 = 0.0105, γ = 0.701 and coefficient of friction µ = 0.1995. It is observed 

that in this case, there is somewhat larger deviation with J-C model.  

 For the work material copper, the same inverse methodology is implemented 

to obtain the optimum material and process parameters. Figure 6.6 and 6.7 show the 

variation of flow stresses with strain for different temperatures at different strain 

rates. It is seen from Figs. 6.6a, 6.6b, 6.7a and 6.7b that the flow stresses are in good 

agreement with actual material parameters. The maximum error between actual flow 

stresses and estimated flow stresses is lesser than 1%. 
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Fig. 6.6. Variation of flow stresses with strain for copper (strip) at actual and 

estimated material properties for temperature (a) 250 °C (b) 325 °C   

 
Fig. 6.7. Variation of flow stresses with strain for copper (strip) at actual and 

estimated material properties for temperature (a) 450 °C (b) 525 °C  
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Fig. 6.8. Variation of flow stresses with strain for copper (strip) at actual and 

estimated material properties for temperature (a) 250 °C (b) 325 °C  
 

 Figure 6.8 shows the variation of flow stress with strain of copper at different 

strain rates for the temperature range of 175–575 °C. The inverse methodology is 

used to obtain the unknown material parameters as 0σ = 128.14 MPa, n = 0.172, β1 = 

0.0233, γ = 0.837 and coefficient of friction µ = 0.1895. Although larger error 

compared to smaller temperature ranges is obtained, the error is lesser than 5%. 

 A similar methodology of inverse analysis has been used for aluminum 

AI6061-T6. Figure 6.9 shows the variation of flow stress with strain for actual and 

estimated material parameters for aluminum strip. Here, the temperature range 

considered is 125–275 °C. For the case of aluminum strip material, the inverse 

estimated coefficient of friction and parameters of power law shows the good 

agreement with J-C model at high strain compared to the low strain as shown in Fig. 

6.9.  
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Fig. 6.9. Variation of flow stresses with strain for aluminum (strip) at actual and 

estimated material properties for temperature (a) 150 °C (b) 250 °C 
 
 

6.4.2 Inverse Estimation of Mechanical Properties and Friction for Variable 

Friction Case  

In this subsection, the coefficient of friction is assumed to vary with temperature. 

The coefficient of friction is determined on the basis of forward slip measurement. 

The exit speed of strip is higher than the speed roll (peripheral speed of work-roll) 

during rolling due to reduction in strip at deformation zone. The forward slip is 

calculated by deformation FEM module. The roll speed may be measured by a 

tachometer and velocity of exit speed may be measured by velocity sensor as shown 

in Fig. 6.1. Yadav et al. (2011b) also used the velocity sensor and the temperature 

sensor for estimating the coefficient of friction and flow stress of the strip material 

by measuring the forward slip and the exit strip temperature for cold flat rolling. 
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 The coefficient of friction is assumed for dry rolling cases to follow the 

following relation (Lenard and Kalpakjian, 1991): 

0 41 0 00025 0 028 R. . T . Vµ = − −                                     (6.4) 

where T is the average temperature at the deformation zone in °C and VR is the roll 

speed in m/s. Table 6.4 shows the estimated coefficient of frictions for different 

cases.  

Table 6.4. Optimum coefficient of friction 

Case Inlet temperature, 
T (°C) 

Exit velocity, 
V2 (m/s) 

Reduction,  
rd (%) 

Optimum 
coefficient of 

friction, µ 
1. 325 0.5 4 0.243 

2. 325 0.5 28 0.232 

3. 325 3 4 0.235 

4. 325  3 28 0.227 

5. 245 0.5 4 0.252 

6. 245 0.5 28 0.263 

7. 245 3 4 0.241 

8. 245 3 28 0.234 

 

 The coefficient of frictions is determined at different rolling process 

parameters using an empirical formula (Lenard, 2000) expressed in Eq. (6.4) for 

steel as a material of the roll and strip. It is found that the coefficient of friction 

decreases with increasing inlet temperature of strip. It may be due to insignificant 

effect of temperature softening and oxide layer. The behaviour of the coefficient of 

friction depends upon the combination of the materials of the roll and the strip 

during rolling process. The optimum material parameters for power law are obtained 

as 0σ = 456 MPa, n = 0.077, β1 = 0.0035, γ = 0.735. Figure 6.10 shows the variation 

of flow stresses with strain for actual and estimated material parameters. The 

difference between the actual and estimated flow stresses is less than 3%± . 
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Fig. 6.10. Variation of flow stresses with strain at actual and estimated material 

properties of steel for strain-rate 100 s–1   
 

6.5 Sensitivity Analysis 

A sensitivity study is carried out for the material parameters and the coefficient of 

friction obtained by an inverse analysis for steel (strip) at 250 °C and 375 °C inlet 

temperature of strip. Table 6.5 shows the temperature difference in the exit strip 

temperature computed at the coefficient of friction and estimated material 

parameters of power law obtained by inverse estimation. Here, the actual 

temperature was obtained using J-C model. Computational results have been 

obtained by taking inverse estimated parameters as well as perturbing them one-by-

one. The error in temperature at 150 mm from the exit of roll bite has been 

calculated for the two cases i.e., EI for high inlet temperature, low reduction and low 

roll speed and EII for low inlet temperature, high reduction, high roll speed. Instead 

of roll speed, the exit velocities are specified for providing a better feel. 
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Table 6.5. Error in the temperature estimation at optimum values and at 
5%± variation in the material parameters and coefficient of friction for steel work-

material  
 

Material Parameters and 
coefficient of friction used to 

estimate the temperature 

  Error  in exit strip temperature  
Case I 

EI (T = 375 °C, V2 = 
0.5 m/s,  rd = 4% ) °C 

Case II 
EII (T = 250 °C, V2 = 3 

m/s,  rd = 28% ) °C  
( )0 ,n, , ,σ β γ µ =  

(461.11 MPa, 0.085, 0.013, 
0.565, 0.2005) 

 
+0.98 

 
–1.51 

( )0 11 05. ,n, , ,σ β γ µ  +1.27 +30.3  

( )0 10 95. ,n, , ,σ β γ µ  –0.68 –4.48 

( )0 11 05, . n, , ,σ β γ µ  –0.84 –32.65 

( )0 10 95, . n, , ,σ β γ µ  +1.1 +19.35 

( )0 11 05,n, . , ,σ β γ µ  +0.96 +16.19 

( )0 10 95,n, . , ,σ β γ µ  –0.90 –40.68 

( )0 1 1 05,n, , . ,σ β γ µ  +1.07 +58.61 

( )0 1 0 95,n, , . ,σ β γ µ  –0.77 –62.08 

( )0 1 1 05,n, , , .σ β γ µ  
+0.89 +35.26 

( )0 1 0 95,n, , , .σ β γ µ  
–1.25 –6.05   

The exit temperature of strip at 150 mm from the exit of the roll bite is obtained by 
J-C model: Texit = 248.85 °C for case I and Texit =  294.93 °C for case II. 

 

 The sensitivity of error in temperature with respect to error in the estimation 

of material parameter viz., 0 1,n, ,σ β γ  and µ is estimated. This information helps in 

determining the permissible errors in 0 1,n,σ β ,γ and µ. The convergence criteria can 

be chosen accordingly. EI and EII for the inversely determined parameters along with 

5%±  material and process parameters variation are listed. The exit strip temperature 

measurement is more sensitive for low inlet temperature, high reduction, and high 

exit velocity as shown in Table 6.5. It is observed that temperature estimates are 

very sensitive toγ . 

 Sensitivity derivatives are calculated using the central difference method. 

Table 6.5 can be used to estimate partial derivatives of EI and EII with respect to 

parameters. For example, 0IIE σ∂ ∂  comes out to be 0.754 °C/MPa by central 
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difference method. Similarly, 5 20 CIIE n . ,∂ ∂ = − °  1 5 68 CIIE . ,β∂ ∂ = °  
12 06 CIIE . ,γ∂ ∂ = °   and 4 13 CIIE . .µ∂ ∂ = ° It is noted that the derivatives of error 

in temperatures at actual and estimated parameters with respect to γ  are high. 

Hence, the most sensitive parameter isγ . This type of analysis helps in determining 

the convergence criteria. 

6.6 Experimental Validation of Strategy for the Inverse Estimation 

of Mechanical Properties and the Coefficient of Friction    

To validate the strategy for finding out the mechanical properties and coefficient of 

friction, an experimental study is conducted to measure the flow stresses. The 

mechanical properties of the strip material calculated through tensile tests are 

presented in Subsection 6.6.1. The experimental verification of the inverse 

modelling is presented in Subsection 6.6.2. Subsection 6.6.3 deals with correlation 

coefficient developed between flow stresses with different inlet strip 

temperatures/reduction.  

6.6.1 Direct Measurement of Mechanical Properties through Tensile Test 

The mechanical properties were evaluated by means of tensile tests at different 

temperature (Due to isotropic nature of the material, compression test is also likely 

to give the same results, albeit the compression test can be carried out upto much 

larger strain.). The tests were performed according to ASTM E8/E8M−15. Two 

replicates were carried out at each testing condition. A 100 kN capacity universal 

testing machine (Make: Instron, Model: 8801) was used for carrying out the tensile 

test. The specimen was made of commercially pure aluminium alloy as per standard 

ASTM design. The tensile test of the specimen at different temperatures was carried 

out in a universal testing machine to find out the stress-strain relationship. Figures 

6.11a and 6.11b show the engineering stress-strain curve and true stress-strain curve 

at different temperatures with approximately constant strain-rate, respectively. The 

ram velocity was kept constant at 1 mm/min for all the experiments. This 

corresponds to a strain-rate less than 3×10−3 s−1. It is to be noted that the yield point 
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of the tested material is obtained from the true stress-strain relation rather than the 

engineering stress-strain curve for different temperatures.  

 
Fig. 6.11. Measured stress-strain curve at different temperatures experimentally:  

(a) Engineering stress−strain curve and (b) True stress−strain curve 
 

 The following relation is fitted from the stress-strain data obtained at different 

temperatures considering constant strain-rate, 
n

y eqKσ ε=  ,                                  (6.5) 

where σy  is the flow stress in MPa and εeq is the equivalent strain. The material 

constants K and n are considered to be temperature dependent. Table 6.1 shows the 

optimum values of K and n obtained from the least squared curve fitting technique 

and a quasi-Newton method for error minimization at different temperatures. The 

MATLAB® inbuilt function FMINUNC is employed to obtain the value of K and n 

by minimizing the error with the experimental data. The coefficient of determination 

R2 is close to 1 indicating good fitting.  
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Table 6.6. Proper values of K and n at different temperatures 

Temperature 
(°C) 

By the least square method By optimization method  
K 

(MPa)  
n R2 

value 
K 

(MPa)  
n R2 

value 
Room 

temperature 
115.35 0.0497 0.991 113.58 0.0498 0.993 

150 108.71 0.0437 0.992 108.6 0.0438 0.993 
200 98.36 0.0281 0.998 98.69 0.2871 0.995 
250 94.35 0.0329 0.998 95.04 0.338 0.986 

  

 The multiple regression analysis is also carried out to find out the unknown 

parameters of power law for the temperature dependent flow stress. It is assumed 

that the material behaves as per the power law material model neglecting the effect 

of strain-rate. The flow stresses of the strip is the function of strain and temperature 

as given by 

0 .n
y eq

m

T
T

γ

σ σ ε
−

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
                                  (6.6) 

 The following fitted material parameters are obtained as 0σ = 85.75 MPa, n = 

0.0387, γ = 0.2351. Further, the material paramters of power law are also calculated 

using optimization  method. For this, an optimization problem may be approximated 

by a quadratic program. An upper bound and lower bound estimating formula are 

also obtained using a sequential quadratic programming (SQP) method. A Quadratic 

program (QP) is a nonlinear programming problem having quadratic objective 

function and linear constraints. SQP solves a QP at each iteration till the 

convergence is obtained. There are several variants of SQP method. The principle of 

SQP method is briefly described in Appendix I. The MATLAB® inbuilt functions 

FMINCON is used in this work which uses SQP for constrained optimization of 

nonlinear function. The three problems are solved to estimate the unknown 

variables 0σ , n and γ  from the experimental true stress−strain data. The objective 

functions with constaints and obtained optimum values are tabulated in Table 6.7. 

The lower bound and upper bound fits of the flow stresses with strain are obtained 

by solving the problem II and problem III, respectively. 
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Table 6.7. Different optimization problems for estimating optimum values of 0σ , n 
and γ 

Optimization 
Problem 

Objective function to be 
minimized Constraint 

Optimum value 
0σ  

(MPa) 
n γ R2 

value 
Problem-I 
(most likely 
estimate) 

( )
2

0expt
1 m

,
n

n
f

i

TF
T

γ

σ σ ε
−

=

⎧ ⎫⎛ ⎞⎪ ⎪= −⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

∑  Nil 
 
89.25 

 
0.0417 

 
0.2051 

 
0.923 

Problem-II 
(lower bound 
estimate) 

( )
2

0expt
1 m

,
n

n
f

i

TF
T

γ

σ σ ε
−

=

⎧ ⎫⎛ ⎞⎪ ⎪= −⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

∑  ( ) 0expt
m

n
f

T
T

γ

σ σ ε
−

⎛ ⎞
≥ ⎜ ⎟

⎝ ⎠
 

 
78.63 

 
0.0298 

 
0.0298 

 
0.829 

Problem-III 
(upper bound 
estimate) 

( )
2

0expt
1 m

,
n

n
f

i

TF
T

γ

σ σ ε
−

=

⎧ ⎫⎛ ⎞⎪ ⎪= −⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

∑  ( ) 0expt
m

n
f

T
T

γ

σ σ ε
−

⎛ ⎞
≤ ⎜ ⎟

⎝ ⎠
 

 
102.35 

 
0.0548 

 
0.2151 

 
0.843 

 

6.6.2 Determination of Mechanical Properties and the Coefficient of Friction 

Based on Temperature and Slip Measurements  

In-house warm rolling experiments were conducted to measure the temperature of 

exit strip and slip at different reductions for different inlet temperatures of the strip. 

Temperature was recorded at the surface of the strip at 50 mm away from the bite 

zone for different reductions. The details of the experimental procedure were 

described in Section 4.5. The inverse estimation requires surface temperature of exit 

strip at the specified location. The forward slip was also recorded for different 

reductions at different inlet temperature of the strip are shown. 

 The experimentally measured temperatures of the strip at surface for different 

reductions are shown in Table 6.8. The number of experiments is decided on the 

basis of 2-level full factorial of design of experiments considering two parameters 

viz., inlet strip temperatures and reductions at constant rolling speed. The total four 

different reductions at two different inlet temperatures have been decided to carry 

out the experiments. Three replicates were performed at each rolling condition and 

the averaged temperature is taken for the inverse analysis. There was a variation of 

3−8 °C within replicates. The coefficient of friction is estimated by an FEM model 

based on slip measurement as given in Table 6.9. The estimated friction values at 

different reductions with different inlet temperatures of strip.  
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Table 6.8. Measured average temperature of exit strip at different reductions for 
different inlet strip temperatures for h1 = 5 mm, R = 100 mm (Values in bracket are 

standard deviations) 
 

Reduction, 
rd (%) 

Averaged exit strip surface temperature (°C) at 50 
mm from the bite zone 

Inlet strip temperature,   
T = 100 °C 

Inlet strip temperature,  
 T = 200 °C 

8.2 97.7 (1.5) 172.1 (3.5) 
12.4 98.7 (2.5) 175.7 (2.1) 
22.2 104.6 (3.1) 189.6 (2.1) 
32.6 107.7 (3.8) 227.9 (4.4) 

 
Table 6.9. Experimentally measured forward slip and estimated averaged coefficient 
of friction for different rolling temperature with different reductions at h1 = 5 mm, R 

= 100 mm 
Reduction, 

rd (%) 
Inlet strip temperature,  

 T = 100 °C 
Inlet strip temperature,  

 T = 200 °C 
Forward slip,  

fs (%) 
Friction, 

(µ) 
Forward slip, 

 fs (%) 
Friction, 

(µ) 
8.2 12.4 0.125 13.4 0.143 
12.4 15.3 0.165 16.9 0.167 
22.2 24.3 0.180 28.7 0.198 
32.6 35.1 0.188 36.8 0.223 

  

 The results presented in Table 6.9 are considered for the strip made of 

commercially pure aluminum alloy and the roll material is made of high carbon and 

high chromium steel. The coefficient of friction increases with increasing the inlet 

strip temperature. It may be due to temperature softening in the strip before rolling 

which results in sticking phenomenon. Due to softening of the asperities, the real 

area of contact increases, thus increasing the friction. The inverse methodology is 

employed by taking the shop floor experimental data. The methodology proposed in 

Section 6.3 is validated by measuring the exit strip temperature and slip. The thermal 

properties for the roll and the strip used in the direct model to find out the 

temperature of exit strip are provided in Table 4.3. The convective heat transfer 

coefficients of the roll at the inner and outer periphery are 2.6 and 260 W/m2-°C, 

respectively in the direct model. The convective heat transfer coefficient of strip 

surface just after the bite zone is taken as 10 W/m2-°C. 
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 The basic concept of an inverse method for parameters identification is to 

compute a set of unknown material parameters based on initial guess. The 

methodology described in Section 6.3 is adopted to find out the mechanical 

properties and coefficient of friction. The mechanical properties of strip and 

coefficient of friction at the interface are obtained by the measurement of 

temperature and slip. The material behaves as per the power law material model 

neglecting the effect of strain-rate as expressed in Eq. (6.6). Figure 6.12 shows the 

inverse methodology for estimating mechanical properties and coefficient of 

friction.  

 

 

Fig. 6.12. Flow chart of the inverse model for mechanical properties and the 
coefficient of friction determination  
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 The following objective function is to be minimized with respect to the 

decision variables σ0, n, γ  and µ such as 

2

1
1

1 n
ism isc

i ism

T TE
n T=

⎛ ⎞−
= × ⎜ ⎟

⎝ ⎠
∑ ,                                         (6.7) 

where n is the number of experimental observations, Tism is the measured 

temperature at the strip surface experimentally and Tisc is the computed temperature 

from the direct model at the strip surface.  

  The constant of power law obtained from the inverse estimation are as 

follows:  0σ  = 84.56 MPa, n = 0.0372, γ = 0.2358. The convergence is obtained in 

10–13 function evaluation i.e., in 4–5 iterations. However, the convergence of the 

optimization alogrithm depends on the initial hypercube size of the unknown 

parameters. Starting with a large range of domain is better, but the number of 

iterations required for convergence will be large.   

 Figure 6.13 shows the comparison of the flow stress−strain curve. The upper 

bound fit, lower bound fit and inversely estimated flow stresses−strain curve with 

experimental stress-strain curve is shown at different temperatures. It is found that 

the deviation of the inversely estimated flow stresses is 5−10% from the 

experimental flow stress. Fig. 6.13a shows the comparison of flow stresses with 

strain at room temperatures. Figures 6.13b, 6.13c and 6.13d show the comparison of 

flow stress-strain curve at three diffeternt temperatures viz., 150, 200 and 250 °C, 

respectively. It is observed that barring low strain data, the experimental values 

match with estimated values. In all the cases, the experimental data lies between the 

upper and lower bound estimates. It is to be noted that the power law fits well only 

in the pastic deformation region, which is dominant in the metal forming. Hence, the 

poor matching of low strain data is not a major concern. The experimental data is 

based on tensile test. For most of the metals including aluminium, tensile and 

compressive behaviour is resonably the same.  The proper matching of the model 

with experimental data further confirms it.  
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Fig. 6.13. Comparison of the experimental stress-strain curves and inversely 

estimated stress-strain curves at different temperatures with upper and lower bound 
fit data (a) Room temperature, (b) 100 °C, (c) 150 °C and (d) 250 °C 

   

 Once the mechanical properties of the strip and the coefficient of friction are 

obtained from an inverse analysis, their ability to predict the temperature is validated 

experimentally by measuring the temperature at different locations of the exit strip. 

The exit strip temperature at any location is evaluated theoretically from the direct 

model by using the friction and mechanical properties obtained from the inverse 

model. The theoretical predictions of the exit strip temperature are compared with 

the experimentally measured temperatures at the surface as well as at the centerline 

of the exit strip. Figure 6.14 compares the inversely obtained exit strip temperatures 

with experimentally measured temperatures at the surface as well as at the 
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centerline. For comparison, two different inlet strip temperatures−100 and 200 °C 

were considered. The strip exit temperature shows a sudden upward trend at higher 

reductions and higher temperature of 200 °C. This is due to the interaction between 

high temperature and high reductions compared to the other cases. The experiments 

were carried out for different reductions in the strip. The temperature was measured 

at the surface and centerline of the strip at 150 mm away from the bite zone. Further, 

the exit strip temperatures were measured at 50 and 150 mm away from the bite 

zone both at the surface and centerline and compared with the theoretical results. 

The comparison is shown in Fig. 6.15. In this case, the inlet strip temperature was 

taken as 150 °C. It is observed that the theoretical predictions are in close agreement 

with the experimental results with a variation of ±5%.  

 

 
Fig. 6.14. Comparison of exit strip temperature predictions of inverse model with 
experiments at 150 mm from the bite zone for different inlet temperatures: (a) T = 

100 °C and (b) T = 200 °C 
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Fig. 6.15. Comparison of exit strip temperature predictions of inverse model with 

experiments at 50 and 150 mm from the bite zone for inlet temperature of strip 150 
°C (a) at surface and (b) at centerline 

6.6.3 Correlation of Surface Roughness and Hardness on Flow Stresses and the 

Coefficient of Friction 

In this section, as a part of the study on mechanical properties, the micro hardness 

tests and surface roughness measurement of the strip after rolling were carried out. 

Three replicates were carried out at different conditions. For analyzing the quality of 

rolled sheet, the surface roughness and the coefficient of friction are the most 

important controllable parameters. In the present work, the surface roughness and 

hardness of the strip material variation is studied at different rolling temperatures for 

different reductions. Surface roughness of the rolled strip was measured using the 

surface roughness measuring instrument (Pocket Surf). The centre line average value 

(CLA) surface roughness value (Ra) is measured for three replicates. The surface 

roughness was measured along the rolling and transverse directions of strip. The 

averaged surface roughness was 0.48 µm of all the samples before rolling. In each 

replicate, the measurement was taken at 10 points. The combined data of all 

measurements was used to make inference about average quality attribute along with 
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the standard error in the estimate. Table 6.10 shows the surface roughness values of 

the strip after cold rolling of commercially pure aluminum alloy. Tables 6.11 and 

6.12 show the estimated coefficient of friction and the average measured surface 

roughness of the rolled strip at different inlet strip temperatures in warm rolling. In 

the case of cold rolling, the surface roughness decreases with reduction. This may be 

due to burnishing action in the presence of friction. It was found that the surface 

quality of strip deteriorates with increasing the inlet temperature of strip and it 

increases with reduction. This may be due to change in the nature of the friction 

(sliding to sticking) and extra softness of the material due to increased temperature.    

Table 6.10. Estimated coefficient of friction and averaged measured surface 
roughness in cold rolling at different reductions for h1 = 5 mm, R = 100 mm (Values 

in bracket are standard deviations) 
Reduction, 

 rd (%) 
Friction based on slip 

measurement, (µ) 
Measured surface roughness after cold 

rolling, Ra (µm) 
8.2 0.06 0.411 (0.026) 0.379 (0.014) 
12.4 0.09 0.368 (0.024) 0.349 (0.025) 
22.2 0.11 0.336 (0.033) 0.299 (0.018) 
32.6 0.12 0.288 (0.012) 0.281 (0.021) 

 
Table 6.11. Estimated coefficient of friction and averaged measured surface 

roughness in warm rolling for T = 150 °C at different reductions for h1 = 5 mm, R = 
100 mm (Values in bracket are standard deviations) 

Reduction, 
 rd (%) 

Friction based on slip 
measurement, (µ)  

Measured surface roughness after warm 
rolling Ra (µm) at T = 150 °C 

8.2 0.124 0.521 (0.022) 0.512 (0.012) 
12.4 0.169 0.541 (0.037) 0.510 (0.021) 
22.2 0.184 0.557 (0.054) 0.531 (0.027) 
32.6 0.192 0.571 (0.039) 0.541 (0.044) 

 

Table 6.12. Estimated coefficient of friction and averaged measured surface 
roughness in warm rolling for T = 200 °C at different reductions for h1 = 5 mm, R = 

100 mm (Values in bracket are standard deviations) 
Reduction, 

 rd (%)  
Friction based on slip 

measurement, (µ)  
Measured surface roughness after 

warm rolling Ra (µm) at T = 200 °C 
8.2 0.143 0.532 (0.021) 0.545 (0.015) 
12.4 0.167 0.556 (0.032) 0.534 (0.029) 
22.2 0.198 0.598 (0.045) 0.551 (0.035) 
32.6 0.223 0.561 (0.039) 0.495 (0.016)  

TH-1513_11610339



 Inverse Estimation of the Mechanical Properties and the Coefficient of Friction 

 159

 Figure 6.16 shows the three-dimensional surface plots of the strip before and 

after rolling for different reductions. The three-dimensional topography of aluminum 

strip is taken by using non-contact profilometer/3D/surface roughness (M/S Taylor 

Hobson®) machine. It is seen from Fig. 6.16 that surface asperities deform with 

increasing the reductions. Thus, the surface roughness decreases with reductions. 

The average surface roughness of the rolled strip values are reported in Table 6.10 

for different reductions. 

 
 

Fig. 6.16. Three-dimensional topography of aluminum strip in cold rolling (a) 
before rolling, (b) after rolling at 8.2 % reduction and (c) after rolling at 12.4 % 

reduction 
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 The correlation coefficients between the coefficient of friction and the surface 

roughness are determined for the cold and warm rolling cases at four different 

reductions. The surface roughness was measured in the longitudinal and transverse 

directions and the coefficient of friction was estimated based on the slip 

measurement. The correlation coefficients are determined between the coefficient of 

friction and the surface roughness at different reductions in strip are −0.967and 

−0.981 along the longitudinal and transverse directions, respectively for cold rolling 

case. In warm rolling cases, the correlation coefficients are determined for inlet 

temperature of strip is 150 °C between the coefficient of friction and the averaged 

surface roughness at different reductions in strip is 0.957 and 0.754 along the 

longitudinal and transverse directions, respectively. Further, the correlation 

coefficients are determined for inlet temperature of strip is 200 °C between the 

coefficient of friction and the averaged surface roughness at different reductions in 

strip is 0.624 and −0.661 along the longitudinal and transverse directions, 

respectively. 

 At each replicate, micro hardness measurements were carried out at 8−10 

places along rolling and transverse directions. The combined data of all 

measurements were used to make inference about the average quality attribute along 

with standard deviation. The average hardness values of strip at the surface are 

measured and provided in Table 6.13. The experiments were conducted under dry 

rolling condition keeping the speed of the rolling mill constant. The hardness of strip 

material increases from 39.98 to 52.2 VHN after rolling. More deviations in 

hardness values are observed for the reduction in strip of 32.6 as compared to 8.2, 

12.4 and 22.2 at 100 °C inlet temperature, which is expected as high reduction in 

strip causes more strain hardening and proportionately more non-uniformity.  

 The correlation coefficients between the hardness and flow stress are 

determined for different inlet temperatures of strip at four different reductions. The 

flow stresses are calculated using inversely estimated material properties 

corresponding to the average equivalent strain evaluated from the FEM model. The 

correlation coefficients between the hardness and flow stress at different reductions 
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in strip are 0.949, 0.897 and 0.833 at 100, 150 and 200 °C inlet temperatures, 

respectively.  

Table 6.13. Average hardness value of strip after rolling for h1 = 5 mm, R = 100 
mm (Values in bracket are standard deviations). The average hardness value of strip 

before rolling is 39.98 (2.21) 
Reduction, 

 rd (%) 
Inlet temperature of strip (°C) 

T = 100 °C T = 150 °C T = 200 °C 
8.2 40.6 (1.61) 41.2 (1.64) 39.8 (1.77) 
12.4 43.8 (1.39) 42.9 (0.96) 41.2 (1.31) 
22.2 46.7 (0.71) 44.9 (1.66) 42.7 (1.38) 
32.6 52.2 (1.50) 49.6 (1.95) 47.9 (0.92) 

6.7 Conclusion 

In the present work, a methodology for the inverse estimation is developed and 

validated with the experiments is carried out. The methodology requires the 

estimation of the exit strip surface temperature and slip. A heuristic method is used 

for the minimization of the error between the experimentally measured and the 

estimated temperature of exit strip. The inversely estimated flow stresses are 

compared with the experimentally measured flow stresses. The experimental flow 

stresses are obtained by conducting tensile tests at different temperatures. A good 

agreement between the inversely estimated and experimental flow stresses is 

observed. It is observed that the parameters obtained by inverse analysis based on 

temperature measurement at the low and high inlet strip temperatures can be used 

for the intermediate temperatures. The slip measurement gives the proper estimation 

of coefficient of friction. If the coefficient of friction is assumed constant for 

different process conditions, then only the measurement of temperature can be 

carried out. It has been observed that in place of the exit temperature, the roll torque 

or roll force can also be measured. A sensitivity analysis is also carried out and it is 

found that γ is the most sensitive parameter among σ0, n and β1 of the power law. It 

is observed that the drop in exit strip temperature is more in case of higher inlet strip 

temperatures. The forward slip increases with increasing percentage reduction in the 

strip.  As a result, coefficient of friction increases with the reduction. The surface 

roughness and hardness measurement is also carried out to assess the quality of the 

rolled strip. It is observed that the average measured surface roughness of the rolled 
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strip increases with reduction in warm rolling. However, in cold rolling cases the 

surface roughness decreases with increasing reductions. This may be due to 

burnishing action in the presence of friction. On the other hand, the surface quality 

of strip deteriorates with increasing inlet temperature of strip and it increases with 

reduction.  It is observed that the micro-hardness of the surface of the rolled strip 

increases with increasing reductions. However, with increases the inlet strip 

temperature, the hardness is decreased. 
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Chapter 7 

Inverse Estimation of the Thermal Parameters and 
the Coefficient of Friction 

7.1 Introduction 

For finding out the temperature distribution in the roll and the strip, one needs to 

know their mechanical and thermal properties as well as the friction at the roll-sheet 

interface. One difficulty is unavailability of property data, especially when they are 

temperature-dependent e.g., thermal conductivity and thermal diffusivity of the roll 

and strip. The thermal analysis of warm flat rolling can be useful for the estimation 

of the thermal properties of the roll and the strip based on the transient temperatures 

distribution. In view of it, the present work proposes to estimate the (1) thermal 

properties of materials of the sheet and the roll, (2) the convective heat transfer 

coefficients and (3) the coefficient of friction by measuring the temperature of 

outgoing sheet at two specified places and slip.  

 Özisik (1993) stated that inverse analysis can be employed to estimate the 

thermal properties of the material by the measurement of time-temperature data. 

However, the inverse solutions are very sensitive to changes in input data resulting 

from the measurement and modelling errors. It is essential to study the uniqueness of 

the parameters which are inversely estimated. The present chapter deals with the 

inverse estimation of thermal parameters of the roll as well as strip and the 

coefficient of friction based on the transient temperature distribution in strip at two 

locations and the slip measurements. The inverse analysis provides the following 

unknown thermal parameters such as the thermal conductivity of the roll (kr), 

thermal diffusivity of the roll (αr), thermal conductivity of the strip (ks), thermal 

diffusivity of the strip (αs), convective heat transfer losses of the roll outer periphery 
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(he), convective heat transfer loss at the inner periphery (hi), convective heat transfer 

losses of the strip surface (ha). The coefficient of friction (µ) is determined based on 

slip measurement.  

  As reported by earlier researchers (Tseng, 1999; Jiang et al., 2011; Yu et al., 

2012; Min et al., 2012), the influence of oxide layer or scale takes place in hot strip 

rolling when temperature is in the range of 850−1100 °C. In the present work, an 

inverse methodology is proposed to estimate the thermal parameters of the roll and 

the strip by the measurement of exit strip temperature in warm flat rolling. In warm 

flat rolling, the oxidation of the roll and the strip may occur. The influence of oxide 

layer on the thermal parameters is taken into account by inverse estimation. The 

proper estimation of the thermal parameters can be estimated even after oxidation as 

the inverse procedure updates the material properties of the roll and the strip 

continuously (at the corresponding average temperature of the deformation zone) till 

the steady-state is achieved.  

 The rest of the chapter is organized as follows: The direct model to find out 

the transient temperature distribution in the strip and the roll is briefly presented in 

Section 7.2. Section 7.3 presents the detailed parametric study and inference of 

inverse modelling. Section 7.4 deals with the inverse estimation of the thermal 

parameters and the coefficient of friction in warm flat rolling. Results obtained from 

inverse modelling are presented in Section 7.5. Section 7.6 concludes the chapter.  

7.2 Direct Model for Transient Temperature Distribution 

In this section, a direct model of transient thermal analysis of the roll and the strip is 

briefly discussed for obtaining the transient temperature distribution in warm flat 

rolling. The steady-state deformation analysis of the strip is based Eulerian flow 

formation using finite element method (FEM). The transient thermal analysis of the 

roll and strip is carried out analytically. For estimating the temperature distribution 

in the roll uses series solution using integral transform method is presented in 

Section 4.3. The transient temperature distributions of the strip is obtained using 

eigenfunctions and separation of variables methods in the bite zone and just after the 
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bite zone are presented in Section 3.6. The experimental validation of the direct 

model considering warm flat rolling is provided in Subsection 4.6.2. It is to be 

mentioned that in actual shop floor, the temperature and slip data need to be 

collected online for the estimation of thermal parameters and the coefficient of 

friction. However, in this chapter, the actual experiments have been replaced by 

virtual simulations-experiments based on direct model with temperature dependent 

thermal and mechanical properties. As the direct model has been already validated, 

the inverse procedure is enough for establishing the confidence in the methodology. 

Figure 7.1 shows the schematic arrangement of the temperature sensors and velocity 

sensor in warm flat rolling process. The purpose of temperature sensors is to record 

the temperature of exit strip at any specified locations and the velocity sensor 

provides the exit velocity of the moving strip.      

 

 
Fig. 7.1. Schematic arrangement of temperature and velocity of exit strip 

measurement 
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7.3 Parametric Study and Inference of Inverse Modelling 

In this section, an extensive parametric study is carried out for studying the 

sensitivity of thermal parameters. The surface temperatures of the exit strip are 

measured at two locations: 50 mm and 500 mm away from the roll exit point (The 

locations of temperatures sensor 1 and sensor 2 are determined on the basis of 

numerical experiments. The distance between two temperatures sensors is sufficient 

for getting the unique solution in the inverse estimation of the thermal parameters.). 

Figure 7.2 shows that the distribution of temperature with time is slightly dependent 

on the thermal conductivity of the roll. However, the steady-state temperature is not 

affected by thermal conductivity.  

 
Fig. 7.2. Effect of thermal conductivity of roll material (kr) on surface temperature 

of strip (a) Sensor 1 (b) Sensor 2   
 

 Figure 7.3 shows the effect of thermal diffusivity of roll material (αr) on the 

surface temperature at the two locations (50 mm and 500 mm away from roll exit). 
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Here, also the steady-state temperatures are unaffected by thermal diffusivity of the 

roll, but distribution of transient temperature with time is strongly dependent on the 

thermal diffusivity. Fortunately, the patterns of time-temperature distribution do not 

vary in similar style for kr and αr. Hence, it is possible to extract the kr and αr from 

the time-temperature distribution. Some parametric study was carried out to 

ascertain that a particular time-temperature can be obtained only by a unique kr and 

αr combination. 

 
Fig. 7.3. Effect of thermal diffusivity of roll material (αr) on surface temperature of 

strip (a) Sensor 1 (b) Sensor 2 
 

 Figure 7.4 shows the dependency of strip surface temperature on the thermal 

conductivity of the strip (ks). It is observed that transient as well as steady-state 

temperatures at the two locations are strongly dependent on ks. Moreover, the 

temperature difference between two locations increases as ks decreases. Figure 7.5 

shows that thermal diffusivity of strip influences the temperature distribution at the 

first location, but does not affect the temperature at the second location due to 

sufficient amount of diffusion already taken place.   
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Fig. 7.4. Effect of thermal conductivity of strip material (ks) on surface temperature 

of strip (a) Sensor 1 (b) Sensor 2  
   

 
Fig. 7.5. Effect of thermal diffusivity of strip material (αs) on surface temperature of 

strip (a) Sensor 1 (b) Sensor 2  
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Figure 7.6 shows that convective heat transfer coefficient at the roll outer 

surface (he) influences the temperature distribution at both locations. However, the 

variation of temperature differences between two locations for he follows a different 

pattern than that for ks. This can be ascertained by comparing Fig. 7.4 with Fig. 7.5. 

Figure 7.7 shows the influence of convective heat transfer coefficient (ha) at the strip 

surface. Here, the temperatures at two locations are prominently affected by ha. This 

dependency follows a different pattern than other parameters. Here, the steady state 

as well as transient components are significantly affected by the variation of ha. 

Figure 7.8 shows the influence of convective heat transfer coefficient at the inner 

surface of the roll periphery. Here, the effect of hi on temperatures at two locations 

is insignificant. It is observed that the temperature distribution at 50 mm from the 

roll bite deviates slightly as the convective heat transfer coefficient of roll at the 

inner periphery is increased. Moreover, the exit strip temperature is almost invariant 

to the inner convective heat transfer coefficient at 500 mm from the roll bite. Hence, 

it can be assumed that the convective heat transfer coefficient at the inner periphery 

of the roll does not have significant effect on the exit strip temperature.    

 
Fig. 7.6. Effect of convective heat transfer losses of roll at outer periphery (he) on 

surface temperature of strip (a) Sensor 1 (b) Sensor 2  
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Fig. 7.7. Effect of convective heat transfer losses of strip surface (ha) at interstand 

zone (a) Sensor 1 (b) Sensor 2 

 
Fig.7.8. Effect of convective heat transfer losses of inner periphery of the roll (hi) on 

surface temperature of strip (a) Sensor 1 (b) Sensor 2 
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 Keeping this fact into consideration, the determination of hi by inverse 

analysis is not carried out. In any case, the hi  is low due to the mounting of the roll 

on a rigid shaft without any forced cooling. It was observed that for a fixed value of 

coefficient of friction µ, the slip is unaffected by thermal parameters due to their 

insignificant effect on the kinematics of rolling. Hence, the coefficient of friction 

can be obtained by the measurement of the slip. Based on the parametric study, 

Table 7.1 lists the identifying signals for various parameters. From Table 7.1, it is 

seen that there are sufficient numbers of signals to predict the seven parameters 

uniquely. However, apart from the slip, it is essential to measure transient as well as 

steady-state temperatures at two locations. 

Table 7.1. Procedure to identify the parameters by inverse analysis 
S. No Parameters Identifying signal Remarks 

1.  µ Slip It does not depend 
significantly on 
thermal parameters

2.  kr (W/m-°C) Temperature-time distributions at 
two sensor locations 

 

3.  αr (m2/s) Temperature-time distributions at 
two sensor locations 

It is possible to 
extract kr and αr 

from this signal. 
4.  ks (W/m-°C) Steady-state temperatures at two 

sensors location and their difference  
  

5.  αs (m2/s) Temperature distribution at first 
sensor location 

 

6.  he (W/m2-°C) Steady-state temperature at two 
sensors location 

 

7.  ha (W/m2-°C) Steady-state and transient 
temperatures at two sensors location 

  

7.4 Methodology for Inverse Estimation 

The exit strip temperatures at two locations are measured at a number of discrete 

times and are compared with the calculated temperature obtained from the direct 

model. The direct model uses temperature dependent material properties. The mean 

squared fractional errors (MSFE) at two locations are taken as E1 and E2. The 
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objective function is to minimize max(E1, E2) with respect to the decision (design) 

variables kr, αr, ks, αs, he, ha and µ. Mathematically, 
2

1 1
1

1 1 1

1 n i m i c

i i m

T TE ,
n T=

∑
⎛ ⎞−

= × ⎜ ⎟
⎝ ⎠                                             

(7.1) 

2
2 2

2
2 1 2

1 n i m i c

i i m

T TE .
n T=

∑
⎛ ⎞−

= × ⎜ ⎟
⎝ ⎠                                        

(7.2) 

In the above expressions, 1i mT and 2i mT denote measured temperatures at two sensor 

locations i.e., at S1 and S2. The corresponding computed temperatures are denoted by 

1i cT and 2i cT and n denotes the number of observations. The minimization is carried 

out by a heuristic method similar to that illustrated in Section 6.3 for estimating the 

mechanical properties and friction at constant thermal parameters of flat rolling. A 

general outline of the method is illustrated in Fig. 7.9.  

 

Start

Guess values of average thermal
parameters and friction

Direct model

Is exit strip temperature
and slip match with
experimental data?

Record the averaged thermal
parameters and friction

Stop

YesNo

Update thermal
parameters and

friction

Experiments (replaced by virtual
simulations in this chapter)

Temperature and slip Temperature and slip

 
Fig. 7.9.  Flow chart illustrating the methodology of inverse model 
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7.4.1 Methodology 

 The methodology for finding out the average thermal properties of roll and 

strip and the coefficient of friction during rolling is as follows: 

Step 1: Choose suitable ranges for the thermal parameters kr, αr, ks, αs, he, ha of the 

roll and the strip and the coefficient of friction µ.  

Step 2: For each thermal parameter the range is divided into three linguistic zones 

viz., low (L), medium (M) and high (H) as shown in Fig. 7.10 for two parameters. 

Thus, the entire domain gets divided into 36 = 729 cells.  

 
Fig. 7.10. Two-dimensional graphical representation of search procedure 

Step 3: Select the middle (M) values of all the thermal parameters as initial guess 

values.  

Step 4: Find out the coefficient of friction based on the slip measurement in the 

selected cell. For this, carry out a one-dimensional search technique eg., bisection 

TH-1513_11610339



Inverse Estimation of Material Parameters, Convective Heat Transfer Coefficients and Friction in Warm 
Flat Rolling 
 
 

 174 

section method (Gerald and Wheatley, 1997) to get the true friction value. The 

obtained values of coefficient of friction are used in direct model. Estimate E1 and 

E2 using the true value of µ. The E1 corresponds to the Sensor 1 (S1) and E2 

corresponds to the Sensor 2 (S2).   

Step 5: Keeping 5 other parameters (αr, ks, αs, he and ha) constant, carry out one-

dimensional search for optimum kr in the following manner:  

• If at the current point, the computed temperatures at two locations S1 and S2 

are smaller than the measured temperatures, then decrease the value of kr by 

jumping to the center of adjacent cell.  

• If at the current point, the computed temperatures at two locations S1 and S2 

are greater than the measured temperatures, then increase the value of kr by 

jumping to the center of adjacent cell.  

• Else do not change the value of kr.  

Step 6: The similar methodology as discussed in Step 4 and Step 5 is repeated for 

optimizing other parameters i.e., change the one parameter at a time keeping other 

five parameters to be constant. After completing an iteration consisting of six one-

dimensional searches, the search domain gets reduced to one cell. Figure 7.10 shows 

how the one optimum cell is further reduced to three linguistic zones viz., low (L), 

medium (M) and high (H) in one iteration. Go to Step 2.The procedure continues till 

E1 and E2 are less than 0.001. 

7.5 Results from Inverse Modelling  

For validating the proposed procedure, a number of numerical experiments have 

been conducted. The actual thermal parameters of the roll and strip material are 

temperature dependent. Table 7.2 provides the temperature dependent material 

properties of the roll and the strip. The actual equivalent Coulomb coefficient of 

friction is assumed to be 0.20.The inner and outer roll radii are 45 and 65 mm, 

respectively and the inlet thickness of strip (h1) is 1 mm. The schematic arrangement 

of sensors in the rolling mill is shown in Fig. 7.1. The distance between the 
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temperature sensors S1 and S2 from the exit of roll bite are 50 mm and 500 mm, 

respectively. With this data, virtual simulations are carried out using the direct 

model for different inlet temperatures, percentage reductions and exit velocities of 

strip. The results of virtual simulations are taken as actual experimental results as the 

direct model has already been validated. For inverse analysis, the steel roll and the 

steel strip with the flow stress governed by J-C model (given by Eq. 3.5) are 

considered. 

Table 7.2. Parameters and value used in the direct model 

Parameters References 
kr steel 

(W/m-°C) 

2 5 2 8 342 284 3 01 10 1 35 10 4 43 10. . T . T . T− − −− × − × − ×   
Khalili et al. 
(2012) ρr steel 

(kg/m3) 
7850  

cpr steel 
(J/kg-°C) 

5 2429 47 0 2575 5 10. . T T−+ − ×  

ks steel 
(W/m-°C) 

5 244 0 0067 2 10. T T−− − ×  Tszeng and Saraf  
(2003) 

ρscps steel 
(J/m3-°C) 

6 3 2 3 5 44 10 1 8 10 6 3 0 018 2 7 10. T . T . T . T− −× − × + + − ×

  

 The inverse analysis provides the average thermal parameters of roll and strip 

and the coefficient of friction. The analysis is carried out with different inlet 

temperatures of the strip, percentage reductions and exit velocities of strip. The 

convergence is obtained in 25–31 function evaluation i.e., in 4–5 iterations. The 

convergence depends on the initial hypercube size of the unknown parameters. 

Starting with a large range of domain is better, but the number of iterations required 

for convergence will be large. Table 7.3 shows the percentage error between the 

actual (virtual simulations) and estimated average thermal parameters and the 

coefficient of friction for two different initial temperatures of 250°C and 450 °C, 

keeping R, %r and V2 constant. It is observed that the deviation of estimated and 

actual parameters is less than± 7%.The accuracy of the estimated parameters is 

improved at higher inlet temperature as observed from Table 7.3. 
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Table 7.3. Comparison of the actual and the estimated values of thermal parameters 
for h1 = 1 mm, R = 65 mm, r = 28% and V2 = 0.5 m/s 

 
Parameter 

T0 = 250 °C T0 = 450 °C 
Estimated 
parameter 

Actual 
parameter

% 
error 

Estimated 
parameter 

Actual 
parameter 

% 
error 

kr (W/m-°C) 33.07 33.23 0.48 26.11 26.14 0.12 
αr (m2/s) 0.088×10–4 0.086×10–4 –2.33 0.062×10–4 0.061×10–4 –1.64 
ks (W/m-°C) 39.44 41.08 3.99 36.01 35.12 –2.53 
αs (m2/s) 0.092×10–4 0.09×10–4 –2.22 0.08×10–4 0.081×10–4 1.23 
he   

(W/m2-°C) 
255 260 1.92 277 260 –6.54 

ha 

 (W/m2-°C) 
20.84 20 –4.2 18.98 20 5.10 

µ 0.212 0.20 –5.66 0.198 0.20 1.01 
 

 
Fig. 7.11. Comparison of actual (virtual simulation) and inverse estimated 

temperature profiles of exit strip at locations Sensor 1 and Sensor 2 

TH-1513_11610339



Inverse Estimation of the Thermal Parameters and the Coefficient of Friction 

 177

 The actual temperature distribution from the direct model is compared with 

the inverse estimation for inlet strip temperature of 250 °C (Fig. 7.11). This 

comparison corresponds to calculated mean squared fractional error E1 = 0.00014 

and E2 = 0.00011. It is observed that the exit strip temperature distribution from the 

direct model is in excellent agreement with the inverse estimation. The similar 

results are obtained for inlet strip temperature of 450 °C but are not shown for the 

sake of brevity. Figure 7.12 compares the maximum temperature distribution at the 

interface for different cases computed from the direct and inverse model and a good 

agreement is observed.  

 
Fig. 7.12. Comparison of the maximum temperature obtained from the actual 

(virtual simulation) and the inverse estimated parameters for (a) rd = 28%, V2 = 0.5 
m/s, T0 = 250 °C (b) rd = 12%, V2 = 0.5 m/s, T0 = 250 °C (c) rd = 28%, V2 = 1 m/s, 

T0 = 250 °C and (d) rd = 28%, V2 = 0.5 m/s, T0 = 450 °C 

 Figures 7.12a and 7.12b show the maximum temperature computed at the 

deformation zone using the actual and the estimated parameters. This comparison is 
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carried out for two percentage reductions in strip viz., rd = 12 and 28%. A similar 

comparison has been done for V2 = 1 m/s and T0 = 450 °C as shown in Fig. 7.12c 

and 7.12d. The estimated thermal parameters and coefficient of frictions are 

obtained on the basis of exit strip temperature and slip. In Fig. 7.13, the variation of 

maximum temperatures at the interface between the actual and inverse estimation is 

presented for four sets of rolling parameters viz., (%rd, V2, T0) = (12, 0.5, 250), (%rd, 

V2, T0) = (28, 0.5, 250), (%rd, V2, T0) = (12, 1, 250) and (%rd, V2, T0) = (12, 0.5, 

450). The average thermal parameters and coefficient of friction obtained at (%rd, 

V2, T0) = (12, 0.5, 250) are used to compare the maximum temperature at the 

interface for other three cases.  

 
Fig. 7.13.  Comparison of the maximum temperature obtained from the actual 

(virtual simulation) and the inverse estimated parameters  at this condition (rd = 
12%, V2 = 0.5 m/s, T0 = 250 °C) for (a) rd = 12%, V2 = 0.5 m/s, T0 = 250 °C (b) rd = 
28%, V2 = 0.5 m/s, T0 = 250 °C (c) rd = 12%, V2 = 1 m/s, T0 = 250 °C and (d) rd = 

12%, V2 = 0.5 m/s, T0 = 450 °C 
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 From Figs. 7.13a and 7.13b, it is observed that if the percentage reduction is 

increased from 12 to 28%, then the maximum temperature at the interface deviates 

by only 5 °C. It is observed from Fig. 7.13c that when V2 is increased from 0.5 to 1 

m/s the temperature at the interface deviates by less than 10 °C. It is seen from Fig. 

7.13d that if the thermal parameters and the coefficient of friction obtained at (%rd, 

V2, T0) = (12, 0.5, 250) are used for (%rd, V2, T0) = (12, 0.5, 450), the maximum 

temperature changes by 5 °C only. Hence, the thermal parameters obtained at 

condition: (%rd, V2, T0) = (12, 0.5, 250), may be used for higher reduction in strip, 

rolling speed and inlet strip temperature. The maximum temperature can be 

predicted within 1% accuracy.  

 In order to study the effect of the temperature distribution in roll at different 

radial distances, a comparison of the temperature distribution in roll at the actual and 

the estimated parameters is carried out. The comparison corresponds to the E1 = 

0.00014 & E2 = 0.00011 and is shown in Fig. 7.14.  

 
Fig. 7.14. Comparison of temperature distribution in roll at different radial distances 

(R) after 50 revolutions completed with actual (virtual simulation) and the inverse 
estimated parameters  
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Fig. 7.15. Comparison of temperature distribution in strip at deformation zone with 

actual (virtual simulation) and the inverse estimated parameters 
 

 It is observed that the peak temperature occurs at the exit of contact region 

and the maximum difference in the temperature is found to be 5 °C with the actual 

and estimated material parameters. A good agreement is observed between the 

temperatures of roll at actual parameters and inverse estimated parameters. Further 

the effect of temperature distribution for strip at the deformation zone is also studied 

for the same rolling conditions. It can be seen from Fig. 7.15 that the temperature at 

the surface estimated by inverse method almost matched with direct model. 

However, the temperature at the centre deviates by upto 8 °C from the actual (virtual 

simulations) temperature. 

 For studying the error of estimation in steady-state temperature distribution, 

three different rolling process parameters, viz., %rd, V2 and T0, are considered. Table 
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7.4 shows the percentage error in the maximum and average temperatures (roll-strip 

interface) for the actual parameters and the parameters estimated by inverse method. 

Note that the inverse estimation was carried out for 12% reduction in the strip to 

obtain the thermal parameters and the coefficient of friction. These thermal 

parameters and the coefficient of friction are used for comparing the steady-state 

maximum and average temperatures at the interface at two other percentage 

reductions (20% and 28%). It is observed that the percentage error between the 

temperatures obtained at the actual parameters and the temperature obtained at the 

estimated parameters is within ± 2% when percentage reduction varies from 12 to 

28.  

Table 7.4. Percentage error in steady-state temperature with actual (virtual 
simulation) and inverse estimated parameters for different reductions in strip at R/h1 

= 65, V2 = 0.5 m/s, T0 =250 °C 
 

Reduction, 
rd (%) 

Maximum Temperature at 
the interface (°C) 

 
%  

error 

Average temperature at 
the interface (°C) 

 
%  

error By actual 
parameters 

By 
estimated 

parameters 

By actual 
parameter

s 

By 
estimated 

parameters 
12 325.37 328.76 1.04 269.98 272.14 0.80 
20 330.25 332.56 0.78 276.34 279.52 1.15 
28 338.54 336.97 –0.46 282.46 285.14 0.95 

 

 Similarly, the analysis is also carried out by varying the exit velocity and inlet 

temperature of strip and the results are shown in Tables 7.5 and 7.6. Here, the 

inverse estimation is carried out for 0.5 m/s exit velocity of strip with T0 = 250 °C 

and rd = 28% to obtain the thermal parameters and the coefficient of friction. These 

thermal parameters and the coefficient of friction are used for comparing the steady-

state maximum and average temperatures at the interface at exit velocities of strip 

(V2), 1 m/s and 1.5 m/s. It is observed from Table 7.5 that the percentage error in the 

maximum and average temperatures at the interface increases with the increase in 

exit velocity of strip at estimated and actual values of parameters. Table 7.6 shows 

the percentage error in the maximum and average temperatures at the interface with 

varying inlet strip temperature at estimated and actual values of parameters. Here, 

the inverse estimated parameters are obtained at T0 = 250 °C, V2 = 0.5 m/s and rd = 
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28% and are used to compare the steady-state maximum and the average 

temperatures at the interface for the inlet strip temperatures of 350 °C and 450 °C. It 

is observed that the percentage error increases upto the maximum 2.05 % when T0 

varies from 250 to 450 °C.    

Table 7.5. Percentage error in steady-state temperature with actual (virtual 
simulation) and inverse estimated parameters for different exit velocity of strip at 

R/h1 = 65, rd = 28 %, T0 =250 °C 
 

Exit 
velocity 
V2 (m/s) 

Maximum Temperature at 
the interface (°C) 

 
% 

error 

Average temperature at 
the interface (°C) 

 
% 

error By actual 
parameters 

By 
estimated 

parameters 

By actual 
parameters 

By 
estimated 

parameters 
0.5 338.54 336.97 –0.46 282.46 285.14 0.95 
1 362.31 363.33 0.28 332.14 335.34 0.96 

1.5 405.52 410.23 1.16 381.56 372.52 –2.36  
 

Table 7.6. Percentage error in steady-state temperature with actual (virtual 
simulation) and inverse estimated parameters for different inlet temperature of strip 

at R/h1 = 65, rd = 28 %, V2 = 0.5 m/s 
Inlet 

temperature 
of strip T0 

(°C) 

Maximum Temperature at 
the interface (°C) 

 
%  

error 

Average temperature at 
the interface (°C)  

 
% 

error By actual 
parameters 

By estimated 
parameters 

By actual 
parameters

By estimated 
parameters 

250 338.54 336.97 –0.46 282.46 285.14 0.95 
350 395.85 396.52 0.17 371.74 364.11 –2.05 
450 504.15 506.63 0.50 474.15 468.81 –1.13 

  

7.6 Conclusion 
In the present work, an inverse method is proposed for the estimation of the thermal 

parameters and the coefficient of friction in a warm flat rolling process. The 

methodology requires the estimation of the exit temperature of strip at two locations 

and the forward slip. The slip measurement gives the proper estimation of the 

coefficient of friction. The inverse method employs a heuristic method for the 

minimization of the error between measured and computed temperatures at two 

locations of exit strip. The thermal parameters viz., thermal conductivity of the roll 

(kr), thermal diffusivity of the roll (αr), thermal conductivity of the strip (ks), thermal 
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diffusivity of the strip (αs), convective heat transfer losses of the roll outer periphery 

(he), convective heat transfer losses of the strip surface (ha) and the coefficient of 

friction (µ) are simultaneously estimated and they are compared with their exact 

values used in virtual simulation. It is to be noted that thermal and mechanical 

parameters used in the simulation-experiments have been taken as temperature 

dependent, but the inverse method predicts their average values. A comparison of 

the maximum temperatures computed using the inverse estimated parameters with 

the temperatures computed using the actual parameters is also carried out. The 

accuracy of the estimated parameters is also assessed by comparing the temperature 

distributions obtained using the actual parameters used in direct method. The 

proposed inverse method can be used as a quick estimate of the thermal parameters 

and the coefficient of friction. The method requires only the exit strip temperature at 

two locations and velocity measurement by a velocity sensor. The uniqueness of the 

solution has been studied heuristically and numerically.  
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Chapter 8 

Conclusions and Scope for Future Work 

8.1 Conclusions 

The inverse estimation of material properties and the process parameters in rolling is 

important for controlling the process and assessing the quality of the product. In this 

thesis, the inverse estimation of material properties, convective heat transfer 

coefficients and friction in warm flat rolling has been carried out. The following 

parameters are determined by inverse method: four constants of power law model, 

thermal conductivity of the roll (kr), thermal diffusivity of the roll (αr), thermal 

conductivity of the strip (ks), thermal diffusivity of the strip (αs), convective heat 

transfer losses of the roll at the outer periphery (he), convective heat transfer losses 

of the strip surface (ha) and the coefficient of friction (µ). The inverse analysis 

requires the measurements of the exit strip temperature and the slip. For finding out 

the temperature distribution of the exit strip and the slip, a thermo-mechanical model 

for warm flat rolling is proposed. The deformation analysis uses finite element 

method (FEM) based on the Eulerian flow formulation and the thermal analysis is 

based on the analytical methods. The determination of temperature distribution 

through the analytical methods for the roll as well as the strip has the advantage in 

terms of computational time. 

The salient findings of the thesis can be summarized as follows: 

• An approximate method has been proposed for the estimation of temperature 

distributions in the roll and strip in a rolling process. To predict the steady-

state temperature distribution in the roll, a simplified and computationally 
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efficient approximate method is proposed by adapting the model of Fischer et 

al. (2004). The temperature distribution in the strip is obtained analytically. 

The method uses simplified mathematical models for heat transfer analysis, 

which are used in conjunction with a computationally efficient FEM code for 

deformation analysis. The method is validated with the experimental results 

available in the literature and a good agreement is found. Thus, this 

methodology can facilitate control and design engineers for the quick 

estimation of the steady-state temperature distribution in rolling processes. 

The proposed model can be used for the inverse estimation of the mechanical 

properties and the coefficient of friction by the measurement of exit strip 

temperature and slip.  

• A fast FEM analysis has been carried out for the estimation of steady-state 

temperature distribution in rolling process. The input into the thermal analysis 

is taken from the deformation module based on Eulerian flow formulation. A 

computationally efficient methodology is developed for finding out the 

steady-state temperature distribution in rolling. The finite element based 

software package ABAQUS is used for implementing the proposed 

methodology. The steady-state temperature can also be obtained by carrying 

out a transient heat transfer analysis till the steady-state is achieved. However, 

the FEM procedure takes about 2 hours of the screen time, whilst the fast 

FEM model proposed in the present work requires less than 10 minutes of the 

screen time in ABAQUS. It has been observed that if the problem is solved in 

a non-interactive way by writing a subroutine code, viz. DFLUX, the method 

requires less than 1 minute. Thus, the proposed methodology provides the 

quick estimation of the steady-state temperature distribution in the rolling by 

FEM. The FEM results ensure the accuracy of the proposed model using an 

approximate method to find out the temperature distribution in the roll and the 

strip. 

• The transient thermal analysis of the roll and strip together for warm flat 

rolling has been carried out. The analysis employs a time varying heat flux 
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input into the roll from the strip. An iterative procedure is carried out to 

obtain the temperature distribution assuming initial temperature as a function 

of radial and circumferential coordinates. In-house warm rolling experiments 

were also carried out to validate the proposed model by measuring the exit 

strip temperature at the surface as well as at the centerline. The exit strip 

temperature was measured experimentally by using an IR Camera and the exit 

velocity of the strip by normal video recording camera. The experimentally 

measured slip matching with the computed slip by FEM provides the 

coefficient of friction at the corresponding process parameters. It is observed 

that for different inlet strip temperatures and percentage reductions in strip, 

the proposed model is in well agreement with the experimental results with an 

error of about less than 8%. The transient thermal analysis provides an inverse 

way of estimating the thermal parameters based on the temperature 

measurement of the exit strip.   

• The possibility of online determination of the coefficient of friction in the 

rolling is explored. Three different approaches are employed viz., minimum 

roll gap measurement method, slip measurement method and inverse method 

based on the temperature measurement. The first two methods are the 

classical methods and they are considered for the comparison purpose. The 

third approach deals with the inverse estimation of the coefficient of friction 

based on the exit strip surface temperatures with the known material 

properties. It has been observed that slip is not very sensitive to material 

parameters. Hence, in the absence of material data, it can be used as an 

effective method to find out the coefficient of friction.  
 

• An efficient inverse methodology has been developed to estimate the 

mechanical properties and the coefficient of friction based on the exit strip 

temperature and the slip measurements. Instead of the exit strip temperature, 

the roll-torque or roll-force can also be measured for carrying out the inverse 

analysis. However, the measurement of the exit strip temperature is the most 

convenient. A heuristic method is used for the minimization of the error 
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between the actual and the estimated temperature of exit strip. The inverse 

model requires only 4-5 iterations to estimate the material parameters. A 

sensitivity analysis of the material parameters and the coefficient of friction 

based on the exit strip temperature measurement has also been carried out. It 

is observed that the temperature softening parameters is the most sensitive 

material parameters for estimating the temperature.  
 

• The proposed inverse methodology is validated by conducting in-house 

experiments to estimate the mechanical properties of strip material and the 

coefficient of friction at the roll-strip interface. The coefficient of friction is 

estimated based on the slip measurement. The flow stress of the strip is 

estimated based on the temperature measurement and is compared with the 

experimentally measured flow stresses at different temperature. The surface 

roughness and micro-hardness measurements are carried out to assess the 

quality of the rolled strip. It is observed that the average measured surface 

roughness of the rolled strip at different inlet strip temperatures increases in 

warm rolling. However, in cold rolling, the surface roughness decreases with 

increasing reductions. This may be due to burnishing action in the presence of 

friction. The micro-hardness of the surface of the rolled strip increases with 

increasing the reductions. However, with increase in the inlet strip 

temperature, the micro-hardness decreases. 
 

• An inverse method is proposed for finding out the average thermal properties 

of the roll and the strip. The methodology requires the transient temperature 

distribution at the exit strip at two locations. The coefficient of friction is 

estimated based on slip measurement. For a fixed value of the coefficient of 

friction, the slip is unaffected by thermal parameters. Based on the sensitivity 

study, a procedure to identify the parameters by inverse analysis is illustrated. 

It is seen that there are sufficient number of signals to predict the seven 

parameters uniquely. However, apart from the slip, it is essential to measure 

the transient as well as the steady-state temperatures at two locations. The 

uniqueness of the solution has been studied heuristically and numerically.       
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8.2 Scope for Future Work 

• In the present work, an inverse methodology for the estimation of the 

mechanical and the thermal parameters has been developed separately. This 

work can be extended for the inverse estimation of the mechanical properties, 

thermal parameters and the coefficient of friction together.   

• The study of the strain-rate dependency on the coefficient of friction in rolling 

is not carried out in the present thesis. The proposed thermo-mechanical 

model of warm flat rolling can be used to explore the effect of strain-rate on 

the friction.  
 

• The plane strain thermo-mechanical model for warm flat rolling is developed 

to analyze the rolling process in this thesis. The deformation analysis is 

carried out by FEM and analytical solutions are used for thermal analysis. 

Further, this work can be extended to three-dimensional FEM modelling to 

analyze the rolling behaviour of different materials, for example, composite 

and functionally graded material. 
 

• The three-dimensional analytical modelling for the temperature distribution in 

a rolling process does not exist in the literature. The development of such a 

model will benefit the rolling industry greatly. 
 

• In the present work, an experimental study is carried out to see the effect of 

inlet temperatures of strip and percentage reductions in strip on the exit strip 

temperature. Further, experiments can be carried out to study the effect of 

different thickness of the sheet at different rolling speeds, which will provide 

a better insight of the metallurgical behaviour of the rolled sheet. Further, heat 

partition factor can be determined by carrying out the combined analysis of 

the roll and the strip.  

• The effect of lubrication on the exit strip temperature and roll pressure 

distribution can be studied theoretically as well as experimentally. The 

proposed method can be extended to incorporate the effect of lubrication for 

analyzing the warm flat rolling. The experimental study can also be 

conducted to measure the pressure distribution in the roll and the friction hill 

TH-1513_11610339



Inverse Estimation of Material Parameters, Convective Heat Transfer Coefficients and Friction in Warm 
Flat Rolling 
 

 190

in the bite zone by embedding sensors in the roll at different lubricants. 

Further, the effect of lubricants on friction and surface oxidation in the roll 

and the strip in rolling can be explored.   

• In the present thesis, the experimental study has been carried out to measure 

the exit strip upper surface temperature distribution for validating the inverse 

methodology to find out the material and process parameters. However, 

inverse methodology can also be employed by measuring the bottom surface 

temperature of the strip.  

• In the present work, a 100 kN capacity universal testing machine was used for 

carrying out the tensile test. The tensile test of aluminum alloy is carried out 

at different temperatures for the constant strain-rate to validate the inverse 

estimation of mechanical properties in warm flat rolling. In future, the servo 

hydraulic testing machine, Dynamic System Inc. (DSI) can be used to 

determine the mechanical properties of the metal at different temperatures for 

different strain-rates. This is mainly used to determine experimental data for 

the simulation of high temperature material properties in manufacturing. This 

provides the validation of the inverse method for different combinations of 

the strains, strain-rates and temperature in flat rolling.  

• The present work can be extended to estimate the residual stresses in the 

deformation zone based on the obtained material and thermal parameters from 

the inverse modelling. 

• The proposed thermo-mechanical model of warm flat rolling presented in this 

thesis can be extended to estimate the various defects by using micro-

mechanics and continuum damage mechanics. Further, the proposed model 

can be extended to analyze the behaviour of the microstructure evolution 

during hot flat rolling as well as other metal forming processes. 
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Appendix A 

FEM Formulation of Deformation Analysis of Flat Rolling (Dixit, 
1997) 
In this work, the deformation analysis of warm flat rolling is carried out by finite 

element method (FEM) based on Eulerian flow formulation. The continuity equation 

and equation of motion along with mesh and boundary condition of strip is provided 

in Section 3.3. The procedure of FEM Galerkin formulation is briefly described 

here. Before that boundary conditions are discussed in detail.  

A.1 Boundary Condition  

The boundary conditions are shown in Fig. 3.3. Here, they are described in the text.  

Along AF and DE, the essential boundary conditions are given as  

1 1 2, 0    on AFv V v= = ,                                            (A.1) 

1 2 2, 0    on DEv V v= = ,                                            (A.2) 

where v1 and v2 are the components of velocity in x1 and x2 directions, respectively. 

The inlet and exit velocities, V1 and V2, respectively, are related as   

( )1 2 1 dV V r= − ,                                                  (A.3) 

where rd is the fractional reduction given by  

1 2

1

.d
h hr

h
−

=                                                      (A.4) 

The roll velocity corresponding to V2 is obtained as the velocity at the neutral point 

(a point at which shear stress changes its sign). The neutral point, in this formulation 
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is found by minimizing the total power with respect to the position of neutral point 

which is based on generalized upper bound theorem (Collins, 1969). 

 On the plane of symmetry EF and on the surface AB and CD (as shown in 

Fig. 3.3), the following boundary conditions are used, 

1 0t = , 2 0,v =                                                    (A.5) 

where t1 is the traction component in longitudinal direction. However, in the nodes 

adjacent to B and C, the boundary condition v2=0 is replaced by t2=0.  On the roll-

strip interface (boundary BC), the normal component of velocity, vn = 0. This leads 

to  

2 1 tan 0   on BCv v φ+ = ,                                          (A.6) 

where φ is the angular position of the point on the interface, the angular position of 

point C being zero. The frictional traction ts on BC is related to normal traction tn by 

Coulomb’s friction model subjected to a limit on its maximum value as  

,s nt f t=                                                   (A.7) 

where f is obtained from the model of Wanheim and Bay. At low pressures, f 

corresponds to equivalent Coulomb coefficient of friction and ts and tn are tangential 

and normal components of stress vector t, whose components in the Cartesian 

system are obtained as  

 .i i j jt nσ=                                                 (A.8) 

Here, nj is the unit normal to the surface. The radius of curvature of BC is .R′  

According to the Hitchcock’s formula, the radius of the deformed arc of contact 

R′ to the roll radius R is given by 

1 ,
FR

R C
γ

δ
′ ⎛ ⎞
= +⎜ ⎟
⎝ ⎠

                                                (A.9) 

where Fr is the roll force and δ= (h1−h2) is the draft (difference in initial and final 

thickness). The constant C depends on the materials of rolls, its value for steel rolls 

being 4.62×104 MN m−2. 
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A.2 Galerkin Formulation 

In this work, Galerkin weak formulation has been used. Let v1, v2 and p be the 

functions that satisfy the essential boundary condition exactly. Thus, the continuity 

and momentum equation will becomes 

( ) 11 12 21 22
11 22 1 2 1 2

1 2 1 2

d d 0,p
A

w w w x x
x x x x
σ σ σ σε ε

⎡ ⎤⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂
+ + + + + =⎢ ⎥⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎣ ⎦

∫ � �   (A.10) 

where A denotes the domain of a typical area element, and wp, w1 and w2 are the 

weight functions that satisfies the boundary conditions, respectively. In index 

notations, Eq. (A.10) can be written as 

 , 1 2d d 0.ii p ij j i
A

w w x xε σ⎡ ⎤+ =⎣ ⎦∫ �                                   (A.11) 

Using the divergence theorem, second integral can be simplified as  

( ) ( ), 1 2 1 2 , 1 2,
d d d d d d ,ij j i ij i ij i jj

A A A

w x x w x x w x xσ σ σ= −∫ ∫ ∫     (A.12) 

Using Gauss divergence theorem for two-dimensions, Eq. (A.12) yields  

            ( ), 1 2 , 1 2d d d d d ,ij j i ij i j ij i j
A A

w x x w n w x xσ σ σ
Γ

= Γ −∫ ∫ ∫v  

            ( ), 1 2d  d d .i i ij i j
A

t w w x xσ
Γ

= Γ −∫ ∫v                  (A.13) 

The last term of the right hand side of Eq. (A.13) can be written as 

( ) ( ) ( ), 1 2 , , , , 1 2
1 d d d d .
2ij i j ij i j j i i j j i

A A

w x x w w w w x xσ σ ⎡ ⎤= + + −⎣ ⎦∫ ∫    (A.14) 

Interchanging the dummy index and making use of symmetry yields 

( ), , 1 2
1 d d 0.
2ij i j j i

A

w w x xσ ⎡ ⎤− =⎣ ⎦∫                                            (A.15) 

Therefore Eq. (A.14) becomes 

( ) ( ), 1 2 , , 1 2
1 d d d d .
2ij i j ij i j j i

A A

w x x w w x xσ σ ⎡ ⎤= +⎣ ⎦∫ ∫                  (A.16) 
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 The symmetric part can be denoted as ( )ij wε� .  Thus,  

( ) ( ), 1 2 1 2 d d  d d .ij i j ij ij
A A

w x x w x xσ σ ε=∫ ∫ �
                                

(A.17) 

Using Eq. (A.13) in Eq. (A.11) provides  

( )d d d 0.ii p ij ij i i
A A i

w A w A t wε σ ε
Γ

+ − Γ =∫ ∫ ∫� �                          (A.18) 

For incompressible material deforming by Levy-Mises flow rule, the following 

equation is obtained: 

( ) ( ) ( )12 ,ij ij ii ij ijw p w wσ ε ε η ε ε= − +� � � �                                 (A.19) 

where η1 is the Levy-Mises coefficient.  

 Incorporating Eq. (A.19) into Eq. (A.18), the weak weighted residual form is 

obtained as 

1 2

0 ,a b c d
A A

I d A I d A I d I d
Γ Γ

+ − Γ − Γ =∫ ∫ ∫ ∫                                    (A.20) 

where       

[ ]11 22a ii p pI w wε ε ε= = +� � � , 

( ) ( ) ( ) ( ) ( )11 22 1 11 11 12 12 22 222 2bI p w w w w wε ε η ε ε ε ε ε ε= − + + + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦� � � � � � � � , 

1 1cI t w= ,  

2 2dI t w= .                                                                                                        (A.21) 

Γ1 and Γ2 are the respectively those part of the boundaries where tractions t1 and t2 

are specified. 

A.3 Finite Element Approximation 

Seeing the form Eq. (A.20), C0 continuity is sufficient since pressure is of zero order 

derivative and the first order derivatives of velocity are present. Bilinear 

approximation and bi-quadric approximation have been adopted for pressure and 

velocity, respectively. Figure A.1 shows a typical quadrilateral element in natural 

coordinates that are selected to descretize the domain.  
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The approximation for v1 and v2 will be  

[ ]{ }1

2

e
v

v
N v

v
⎧ ⎫

=⎨ ⎬
⎩ ⎭

,                                                      (A.22) 

Here, weight functions for velocity and pressure are approximated using the same 

shape function as that of velocity and pressure, respectively:  

{ } [ ]{ }e
v v vw N w= .                                                      (A.23) 

The approximation for pressure will be 

{ } { }T
.e

pp N p=                                                     (A.24)  

The weight function for pressure is given as 

{ } { } { }T e
p p pw N w= .                                                     (A.25) 

For geometry approximation, a nine noded element is used having the same shape 

function as the velocity. Thus, 

{ } { }T
1 1 ,ex N x=                                                       (A.26)                           

  { } { }T
2 2 ,ex N x=                                                     (A.27) 

where { }1
ex  and { }2

ex  are the vectors containing the nodal x1 and x2 coordinates 

respectively. 

Since the nine noded elements were taken for velocity approximation, 

therefore the boundary element should be a three noded element. Figure A.1 shows a 

typical elements and nodes. The weight functions at the boundary will be given as  

          { } { }
1

T

1
b bw w N= ,                                                   (A.28) 

{ } { }T

2 2
b bw w N= ,                                                   (A.29) 

For the traction, the approximation is given as 

             { } { }T

1 1
b bt N t= ,                                                     (A.30) 

{ } { }T

2 2
b bt N t= ,                                                     (A.31) 
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where t1 and t2 are the nodal traction values of the traction. The expressions for 
b
iN are given as 

( )2
1

1
2

bN ς ς= − , ( )2
2

1
2

bN ς ς= + ,   ( )2
3

1 1
2

bN ς= − ,                                 (A.32) 

where ς is the natural coordinate on the boundary. 

η η

 
Fig. A.1. A typical diagram of the nodal structure of pressure, velocity and boundary 

element considered in the approximation 
 

A.4 Finite Element Equations  

The expressions of Eq. (A.21) can be expressed in matrix form to obtain the 

solution. Let us assume that { }ε�  is a vector given as 

 { }
{ }
{ }
{ }

1

1
11

2
22

2
12

1 2

2 1

2
1
2

v
x
v
x

v v
x x

ε
ε ε

ε

⎧ ⎫∂⎪ ⎪
∂⎪ ⎪⎧ ⎫

⎪ ⎪⎪ ⎪ ∂⎪ ⎪= =⎨ ⎬ ⎨ ⎬∂⎪ ⎪ ⎪ ⎪
⎩ ⎭ ⎪ ⎪⎛ ⎞∂ ∂⎪ ⎪+⎜ ⎟∂ ∂⎪ ⎪⎝ ⎠⎩ ⎭

�
� �

�
.                                (A.33) 
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Similarly ( ){ }wε�  will be 

( ){ }
( ){ }
( ){ }
( ){ }

1

1
11

2
22

2

12
1 2

2 1

2 1
2

w
xw
ww w
x

w w w
x x

ε

ε ε

ε

⎧ ⎫∂⎪ ⎪
∂⎪ ⎪⎧ ⎫

⎪ ⎪⎪ ⎪ ∂⎪ ⎪ ⎪ ⎪= =⎨ ⎬ ⎨ ⎬∂⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎛ ⎞∂ ∂⎪ ⎪+⎜ ⎟∂ ∂⎪ ⎪⎝ ⎠⎩ ⎭

�

� �

�
.                 (A.34) 

Using the approximation for velocities and weights, the strain rate vectors { }ε�  and 

( ){ }wε�  can be approximated as 

                                      { } [ ]{ }eB vε =� ,                                                    (A.35) 

( ){ } [ ]{ }e
vw B wε =� ,                                                    (A.36) 

where 

[ ]

91 2

1 1 1

91 2

2 2 2

9 91 1 2 2

2 1 2 1 2 1 3 18

0 0 0

0 0 0

1 1 1 1 1 1
2 2 2 2 2 2

NN N
x x x

NN NB
x x x

N NN N N N
x x x x x x

×

⎡ ⎤∂∂ ∂
− − − −⎢ ⎥∂ ∂ ∂⎢ ⎥

⎢ ⎥∂∂ ∂
= − − − −⎢ ⎥∂ ∂ ∂⎢ ⎥
⎢ ⎥∂ ∂∂ ∂ ∂ ∂

− − − −⎢ ⎥
∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦

 (A.37) 

From Eq. (A.33), the following form can be written: 

{ }
{ }
{ }
{ }

{ }{ }
11

11 22 22

12

1 1 0 1 1 0 ,

2

ε
ε ε ε ε

ε

⎧ ⎫
⎪ ⎪

+ = =⎨ ⎬
⎪ ⎪
⎩ ⎭

�
� � � �

�
                  (A.38) 

Substituting Eq. (A.35) in Eq. (A.38) yields 

{ }[ ]{ } { } [ ]{ } [ ]{ }1 1 2 2 1 1 0 ,Te e eB v m B v m B vε ε+ = = = ⎢ ⎥⎣ ⎦� �    (A.39)             

where  

 { }
1
1 .
0

m
⎧ ⎫
⎪ ⎪= ⎨ ⎬
⎪ ⎪
⎩ ⎭

                                          (A.40) 
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Similarly, 

( ) ( ) [ ]{ } { } [ ] { }T T
11 22 ,e e

v vw w m B w w B mε ε+ = =⎢ ⎥⎣ ⎦� �            (A.41) 

Using Eqs. (A.25), (A.28), (A.29), (A.30), (A.31), (A.35), (A.36), (A.39) and 

(A.40), Eq. (A.20) becomes 

{ } { } [ ]{ }

{ } [ ] { }{ } { }

{ } [ ] [ ]{ }

{ } { }{ } { } { } { }{ } { }
1 2

T

1 2

T TT

T T
1 1 2

T TT T
1 1 2 2

d d

2 d d

d  d .

e e
p p

A

e e
v p

A

e e
v

A

b b b b
b b b b

w N m B v x x

w B m N p

w B B v x x

w N N t w N N t

η

Γ Γ

⎢ ⎥⎣ ⎦

+ −

+

= Γ + Γ

∫

∫

∫

∫ ∫

  (A.42) 

On incorporating the following notation, we have 

           { } [ ] 1 2d d ,e
p pv

A

N m B x x K⎡ ⎤− =⎢ ⎥⎣ ⎦ ⎣ ⎦∫  

       [ ] { }{ } TT

1 2d d ,T e e
p vp pv

A

B m N x x K K⎡ ⎤ ⎡ ⎤− = =⎣ ⎦ ⎣ ⎦∫                                   

                 [ ] [ ]T
12 ,e

vv
A

B B dxdy Kη ⎡ ⎤= ⎣ ⎦∫  

              { }{ } { } { }
1

T
1 1 ,b b

b bN N t d f
Γ

Γ =∫                      

  { }{ } { } { }
2

T
2 2 ,b b

b bN N t d f
Γ

Γ =∫                                         (A.43) 

The above integrals can be solved by transforming to the natural coordinates. On 

substituting Eq. (A.22) into Eq. (A.33) and assembling all the expressions with 

notations, the final finite element equation becomes 

{ } { } { } { } { } { }
1 1T T T

1 1 2 2
1 1 1

nb nbne
e e e b b b b

e e e

w K w f w fδ
= = =

⎡ ⎤ = +⎣ ⎦∑ ∑ ∑ ,          (A.44) 

where ne is the number of area elements and nb1 and nb2 are the number of boundary 

elements on Γ1 and Γ2, respectively. Further 
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{ }
{ }
{ }

e
pe

e
v

w
w

w

⎧ ⎫⎪ ⎪= ⎨ ⎬
⎪ ⎪⎩ ⎭

, { }
{ }
{ }

e

e

e

p

v
δ

⎧ ⎫⎪ ⎪= ⎨ ⎬
⎪ ⎪⎩ ⎭

 and  
[ ]0 e

pve

e e
vp vv

K
K

K K

⎡ ⎤⎡ ⎤⎣ ⎦⎢ ⎥⎡ ⎤ =⎣ ⎦ ⎢ ⎥⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦⎣ ⎦
,   (A.45) 

For numerical evaluation, the variables of the area integral are transformed to 

natural coordinates ( ),ξ η using following transformation  

( ) ( )
1 1

1 2
1 1

d d d d
A

x x J ξ η
+ +

− −

− −−− = −−−−∫ ∫ ∫ ,                                 (A.46) 

1 2

1 2

d d      
d d

=  
d d       
d d

x x

J
x x
ξ ξ

η η

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

,                                               (A.47) 

where J  is the elemental Jacobian matrix. Similarly, the boundary integrals are 

transformed by the relation  

( ) ( )
1

1

d  dJ ξ
+

Γ −

− −− Γ = −−−−∫ ∫ ,                                    (A.48) 

where bJ  is the Jacobian for boundary element and is given by  

2 2
1 2d d = 

d db
x xJ
ξ ξ

⎛ ⎞ ⎛ ⎞
+⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
,                                       (A.49) 

Along the boundary the coordinates (x1,x2) are approximated using 1-D quadrature 

shape function. All element matrices are evaluated using 3×3 Gauss quadrature. On 

considering a typical element, the finite element residual form becomes 

{ } { } { } { } { } { }1 1 2 2

T T Te e e b b b bw K w f w fδ⎡ ⎤ = +⎣ ⎦ ,                                (A.50) 

 The assembled finite element weighted residual form is  

 { } { } { } { }T TeW K W F⎡ ⎤ ∆ =⎣ ⎦ ,                                 (A.51) 

where { }W  is the global vector of nodal values of weight functions of pressure and 

velocity, [ ]K  is the global coefficient elemental matrix, { }∆  is the global vector of 

nodal values of  pressure and velocity and { }F  is the global right hand side vector. 

After removing the arbitrary weight function, the FEM expression will be 
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[ ]{ } { }K F∆ = ,                                           (A.52) 

A.5 Application of Boundary Conditions 

The velocity condition at the roll-strip interface can be given as 

2 1 tan 0v v φ+ = ,                                               (A.53) 

From Fig. (A.2), ts and tn can be written as  

   1 2cos sinst t tφ φ= − ,                                              (A.54) 

1 2sin cosnt t tφ φ= − − ,                                            (A.55) 

The friction at a typical node on the work-roll interface is shown in Fig. A.2. 

 
Fig. A.2. Shear and normal component of traction at work-roll interface 

 Substituting Eqs. (A.54) and (A.55) in Eq. (A.7) provides 

( ) ( )1 21 tan tan 0t f t fφ φ+ − − = .                                       (A.56) 

Replacing sf ck=  in Eq. (A.56) where sk is −1 before neutral point and +1 after 

neutral point. Eq. (A.56) for a boundary element of FEM can be written as 

( )
( )
( )

( )
( )
( )
( )

( )
1 2

1 2

1 2

1 1

2 2

3 3

1 tan tan 0.

b b

b s b s

b b

t t

t ck t ck

t t

φ φ

⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪+ − − =⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭

                   (A.57) 
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In terms of the global right hand side vector, Eq. (A.57) can be written as 

{ }( ) ( ) { }( ) ( ) { }2 1 2
1 tan tan 0 ,

p p
s sd k d k

F ck F ckφ φ
+ − +

+ − − =         (A.58) 

where dp is the total number of pressure nodes.  

 Procedure adopted for the application of the boundary condition at the node 

‘k’ is as follows: 

• Change the (dp+2k–1)th row of  global coefficient matrix [K] by the following 

linear combination: (1+ sck tanφ) time (dp+2k–1)th row of [K] – (tanα− sck ) time 

(dp+2k)th row of [K]. 

• Make the (dp+2k–1)th  row of global right hand vector {F} zero. 

• Change (np+2k)th of [K] as zero. 

• The velocity boundary condition at the node is applied (Eq. A.6), set (dp+2k, 

dp+2k–1)th element of [K] to tanφ and (dp+2k, dp+2k)th element of [K] to 1. 

 Procedures for applying essential boundary conditions at the other 

boundaries are as follows 

• All the elements of stiffness matrix corresponding to specified degree of   

freedom are made zero except the diagonal terms. 

• Replace the diagonal elements by 1. 

• For specified degree of freedom, the right hand side vector elements are 

replaced and other elements are changed by subtracting the products of the 

corresponding coefficient element and the specified value. 

 After imposing the boundary condition, the final matrix equation is solved 

iteratively by the House holder method, because the resulting matrix of the mixed 

formulation is ill-conditioned. Once the solution is obtained in the form of primary 

variables for nodal pressure and velocity for any assumed position of neutral point, 

the secondary variables such as roll-force, roll-torque and slip can be calculated. 

This calculation is termed as post processing of the FEM.   
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Appendix B 

 

Finite Difference Representation of Temperature Gradients 
Assuming the heat flow from outer radius b to inner radius a as one-dimensional 

axi-symmetric, heat balance provides 

2 2r r
r a r b

T Tak bk
r r

π π
= =

∂ ∂⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
,                                         (B.1) 

or 

r a r b

T Ta b
r r= =

∂ ∂⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
.                                                 (B.2) 

Average temperature gradient is approximately along the radial location of the roll 

given by  

2
r a r b b a

avg

T T
T TT r r

r b a
= =

∂ ∂⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟ −∂ ∂ ∂⎛ ⎞ ⎝ ⎠ ⎝ ⎠=⎜ ⎟∂ −⎝ ⎠
� ,                                  (B.3) 

Equations (B.2) and (B.3) provide 

2 22 b a

r a

T TT b
r b a=

−∂⎛ ⎞ =⎜ ⎟∂ −⎝ ⎠  
 ,                                                           (B.4) 

 2 22 b a

r b

T TT a
r b a=

−∂⎛ ⎞ =⎜ ⎟∂ −⎝ ⎠
.                                                            (B.5) 
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Appendix C 

 

Derivation of Eq. (3.33) for Moving Heat Source by Integral 
Transform Technique 

 
C.1 Temperature Distribution in Roll for Stationary Heat Source 

Temperature distribution in the roll is obtained by solving governing heat 

conduction equation with the given boundary and initial conditions. An integral 

transform technique is employed for finding out the temperature distribution of the 

roll in the radial as well as circumferential direction. Figure C.1 shows the schematic 

location of heat input into roll. Let the heat input be given at outer radius b in the 

zone 2β angular displacement as shown in Fig. C.1. Remaining outer surface of the 

roll is subjected to convective heat loss. The inner surface at radius a is subjected to 

convective loss only. The work roll is assumed to be rigid and fixed in space.  

 
Fig. C.1. A stationary uniform heat source with stationary roll  

 

 The heat conduction equation is solved using the integral transform method 

consisting of the following steps (Özişik,1993): 

(i) Appropriate formula for the integral transform and corresponding inversion 

formula are developed. 
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(ii) By the application of integral transformation, the partial derivatives with respect 

to the space variables are removed from the heat conduction equation, thus reducing 

it to an ordinary differential equation for the transform of temperature. 

(iii) The resulting ordinary differential equation is solved subject to the transformed 

initial condition. The desired solution is obtained by inverting the solution, available 

as the transform of the temperature. 

Step 1:  Development of Integral-Transform Pair 

To solve the heat conduction problems assuming polar coordinate system with the 

integral transform technique, appropriate integral-transform pairs are needed in the r 

and θ variables. The following two-dimensional heat conduction equation in polar 

coordinates involving T(r,θ,t) variables  is given as 
2 2

2 2 2
1 1 1 ,

r

T T T T
r r tr r αθ

∂ ∂ ∂ ∂
+ + =

∂ ∂∂ ∂                                           
(C.1) 

( ) 0r i i
Tk h T T
r

∂
− + − =

∂
                      at r = a ,                   (C.2)

   
 

             ( ) ( )r e e
Tk h T T q
r

θ∂
+ − =

∂
                at r = b ,                   (C.3) 

where ( )q θ  is the heat flux at the outer surface, he is the convective heat transfer 

coefficient at the outer surface, hi is the convective heat transfer coefficient at the 

inner surface, αr is the thermal diffusivity of the roll, Ti is the ambient temperature at 

inner periphery of the roll and Te is the ambient temperature at the outer periphery of 

the roll. The heat flux at the outer surface at any location, φ  is expressed as   

( )
( ) ( )
( ) ( )

     for   

0     for   2 +

q
q

φ β θ φ β
θ

φ β θ π φ β

⎧ − ≤ ≤ +⎪= ⎨
+ ≤ ≤ −⎪⎩

�

 
.                       (C.4) 

The initial condition is considered as  

( ) ( ), , ,    for 0T r t F r tθ θ= =     in region, a < r < b,                     (C.5) 

where ( ),  F r θ is the initial temperature distribution of the roll.  

 Employing the method of separation of variables, the temperature distribution 

can be expressed as  

( ) ( ) ( ), , , .T r t r tθ θ= Ψ Γ                                           (C.6) 
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Using Eq. (C.6) and Eq. (C.1), the following differential equation is obtained: 

( )
( )2 2

2
2 2 2

1 1 1 1
m

r

t
r r r r t t

β
θ α

∂Γ⎛ ⎞∂ Ψ ∂Ψ ∂ Ψ
+ + = = −⎜ ⎟Ψ ∂ ∂ ∂ Γ ∂⎝ ⎠

                                 (C.7) 

or, 
2 2

2
2 2 2

1 1 1 = 0mr r r r
β

θ
⎛ ⎞∂ Ψ ∂Ψ ∂ Ψ

+ + +⎜ ⎟Ψ ∂ ∂ ∂⎝ ⎠
                                     (C.8) 

( ) ( )2d
0.

d r m
t

t
t

α β
Γ

+ Γ =
                                   

(C.9) 

Equation (C.9) is called the Helmholtz equation. Using separation of variables in r 

and θ, ( ),r θΨ is decomposed as  

( ) ( ) ( ), .r R rθ θΨ = Φ                                            (C.10) 

Substitution of Eq. (C.10) into Eq. (C.8) provides 
2 2

2
2 2 2

1 d 1 d 1 1 d 0.
dd d m

R R
R r rr r

β
θ

⎛ ⎞ ⎛ ⎞Φ
+ + + =⎜ ⎟ ⎜ ⎟Φ⎝ ⎠ ⎝ ⎠                                 

(C.11) 

The above equality is satisfied if each group of functions is equal to an arbitrary 

separation constant such that 
2

2
2

1 d ,
d

n
θ
Φ

= −
Φ                                                

(C.12) 

or, 
2

2
2

d 0.
d

n
θ
Φ
+ Φ =                                                    (C.13) 

Substituting Eq. (C.12) into Eq. (C.11), the following differential equation is 

obtained: 
2 2

2
2 2

d 1 d 0
d d m

R R n R
r r r r

β
⎛ ⎞

+ + − =⎜ ⎟
⎝ ⎠                                           

(C.14) 

Let ( ),n mR R rβ≡ i.e., R is a function of r, but contains the constant mβ .  

( ) ( ) ( )
2 2

2
2 2

d , d ,1 , 0.
dd

n m n m
m n m

R r R r n R r
r rr r

β β
β β
⎛ ⎞

+ + − =⎜ ⎟
⎝ ⎠

                      (C.15) 

Equation (C.15) is the Bessel differential equation of the order n (Özisik, 1993).  
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Representation of ( ),T r t  over a r b≤ ≤  

The representation of an arbitrary function ( ),T r t defined in a finite interval 

a r b≤ ≤ in terms of the eigenfunctions is of the following eigenvalue problem:  

( ) ( ) ( )
2 2

2
2 2

d , d ,1 , 0
d

n m n m
m n m

R r R r n R r
r drr r

β β
β β
⎛ ⎞

+ + − =⎜ ⎟
⎝ ⎠

 ,                  (C.16) 

with boundary conditions: 

( ) ( )d ,
, 0

d
n m

i n m
R r

H R r
r
β

β− + =          at r = a,                         (C.17) 

( ) ( )d ,
, 0

d
n m

e n m
R r

H R r
r
β

β+ =            at r = b,                        (C.18) 

where  

i
i

r

hH
k

= ,  .e
e

r

hH
k

=
   

                                           (C.19) 

 Equation (C.16) is a special case of Sturm−Liouville problem (Özisik, 1993). 

Hence, the functions, ( ),n mR rβ have the following orthogonality property: 

( ) ( )1

1

1

0                  for 
, , d

( )       for 

b

n m n n
n ma

m n
rR r R r r

N m n
β β

β
≠⎧

= ⎨ =⎩
∫ ,                   (C.20) 

where the norm Nn(βm) is defined by 

 
( ){ }2

( ) , d
b

n m n m
a

N r R r rβ β= ∫ .                            (C.21) 

The representation of an arbitrary function, ( ),T r t defined in the interval a r b≤ ≤ in 

terms of eigenfunctions, ( ),n mR rβ  of the eigenvalue problem defined by Eq. (C.16) 

in the form  

( ) ( )
1

, ,m n m
m

T r t c R rβ
∞

=

=∑
      

in  a r b≤ ≤
      

  (C.22) 

where cm is an arbitrary constant. The unknown coefficient cm is obtained by 

multiplying ( ),n mrR rβ  on both sides of Eq. (C.22) and integrating from r = a  to r = 

b. This provides,  
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( ) ( ) ( ) ( )
1

, , d , , d .
b b

n m n m m n m
ma a

T r t rR r r rR r c R r rβ β β
∞

=

= ∑∫ ∫
                

(C.23) 

Using the orthogonality relation (Özisik, 1993), the constant cm can be expressed as 

   ( ) ( ) ( )1 d
b

m n m
n m a

c rR ,r T r,t r.
N

β
β

= ∫
                           

(C.24)
 

Use of Eq. (C.24) into Eq. (C.22) provides 

( ) ( )
( ) ( ) ( )

1
d

b
n m

n m
m n m a

R ,r
T r,t rR ,r T r,t r.

N
β

β
β

∞

=

= ∑ ∫                     (C.25) 

The integral transform pair of Eq. (C.25) can be expressed as follows:  

Inverse relation:        ( ) ( )
( ) ( )

1

n m
m

m n m

R ,r
T r,t T ,t

N
β

β
β

∞

=

= ∑ �                                          (C.26) 

Direct relation:      ( ) ( ) ( ) d
b

m n m
a

T ,t rR ,r T r ,t rβ β= ∫�                                          (C.27) 

where ( )mT ,tβ� is the integral transform of the function ( )T r,t with respect to the r 

variable, ( )n mN β  is the norm and ( )n mR ,rβ  is the eigenfunctions of the Bessel 

differential equation of order n given by Eq. (C.16). The detailed derivation of 

( )n mN β and  ( )n mR ,rβ are given in Appendix D.     

Representation of ( )T θ  over 0 2θ π≤ ≤  

The representation of an arbitrary function ( )T θ defined in the interval 0≤θ≤2π in 

terms of the eigenfunctions of the eigenvalue problem associated with Eq. (C.13), 

the following eigenvalue problem 
2

2
2

d 0
d

n
θ
Φ
+ Φ = .                                                    (C.28) 

The solution of Eq. (C.28) provides  

( ) ( )
0

sin cos n n
n

n, A n B nθ θ θ
∞

=

Φ = +∑ .                    (C.29) 

The function ( )T θ  is periodic in θ with a period of 2π in terms of functions in the 

form 
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( ) ( )
0

sin cos n n
n

T A n B nθ θ θ
∞

=

= +∑        in  0≤θ≤ 2π              (C.30) 

This requires the separation constants n to be taken as integers i.e., n = 0, 1, 2, 3… . 

Multiplying sinnθ on both sides of Eq. (C.29) and integrating between θ =0 to θ = 

2π,  

( )
2 2 2

2

0 0 0

sin  d sin  d sin cos  d 0n n nT n A n B n n A .
π π π

θ θ θ θ θ θ θ θ π= + = +∫ ∫ ∫         (C.31) 

Hence, An is obtained as 

( )
2

0

1 sin d         for 0 1 2 3nA T n n , , , ,...
π

θ θ θ
π

= =∫               (C.32) 

Similarly, for obtaining the coefficient Bn, both sides of Eq. (C.30) is multiplied 

by cosnθ  and integrating between θ =0 to θ = 2π. Hence, the expression for Bn is 

obtained as  

  
( )

( )

2

0
2

0

1 cos d    for 1 2 3

1  d            for 0
2

n

T n n , , ,...

B .

T n

π

π

θ θ θ
π

θ θ
π

⎧
=⎪

⎪= ⎨
⎪ =⎪
⎩

∫

∫
                   (C.33) 

Note that θ in Eqs. (C.32) and (C.33) can be replaced by φ , as it is a dummy 

variable. Inserting Eqs. (C.32) and (C.33) into Eq. (C.30), the arbitrary function of 

temperature ( )T θ can be written as 

( ) ( ) ( )
2

0 0

cos d
n

T T n ,
πεθ φ θ φ φ

π

∞

=

= −∑ ∫                              (C.34) 

where   

         
1    for 0

.2
1     for 1 2 3

n

n , , ,...
ε

⎧ =⎪= ⎨
⎪ =⎩                                           

(C.35) 

The complete solution for ( )T r, ,tθ is constructed by the product of theses 

elementary solutions is given as   

( ) ( ) ( )T r, ,t T r ,t T .θ θ= ×                                     (C.36) 

Inserting Eqs. (C.25) and (C.34) into Eq. (C.35), the auxiliary temperature 

distribution can be expressed as  
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( ) ( )
( ) ( ) ( ) ( ) ( )

2

1 0 0

d  d
b

n m
n m

m nn m a

R ,r
T r, ,t rR ,r T r,t r T cos n ,

N

πβ εθ β φ θ φ φ
β π

∞ ∞

= =

⎛ ⎞ ⎛ ⎞
= × −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
∑ ∑∫ ∫

     
(C.37) 

or, 

( ) ( )
( ) ( ) ( ) ( )

2

0 1 0

 d d
b

n m
n m

n m n m a

R ,r
T r, ,t rR ,r cos n T r, ,t r.

N

πβεθ β θ φ φ φ
π β

∞ ∞

= =

= −∑∑ ∫ ∫       (C.38) 

The integral transform pair of Eq. (C.38) can be written into following forms:   

Inverse relation:      ( ) ( )
( ) ( )

0 1

n m
m

n m n m

R ,r
T r, ,t T ,n,t .

N
βεθ β

π β

∞ ∞

= =

= ∑∑ �                           (C.39) 

Direct relation:    ( ) ( ) ( ) ( )
2

0

 d d
b

m n m
a

T ,n,t rR ,r cos n T r, ,t r
π

β β θ φ φ φ= −∫ ∫�

    
   (C.40) 

n is positive integer  0, 1, 2, 3,…  and mβ is the positive roots of the transcendental 

characteristics equations. The transcendental characteristics equation is given in 

Appendix D.  

 

Step 2:  Integral Transform of Heat Conduction Problem 

Once the integral transform pair is obtained the partial derivatives with respect to the 

space variables r and θ is to be removed from the governing heat conduction 

equation. The removal of the partial derivative with respect to the variable,θ from 

Eq. (C.1) is accomplished using integral-transform pair equation. 

 The integral-transform pair of the variable θ for the function T(r,θ,t) is given 

by Eq. (C.34) as 

Inverse relation:          ( ) ( )
0n

T r, ,t T r,n,t ,εθ
π

∞

=

= ∑                                               (C.41) 

Direct relation:          ( ) ( ) ( )
2

0

dT r,n,t cos n T r, ,t .
π

θ φ φ φ= −∫
                          

   (C.42)  

The following time-dependent heat conduction problem for a hollow cylinder of 

inner radius, a and outer radius, b is considered with varying temperature with 

respect to the variables r and θ.  
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The integral transform of Eq. (C.1) with respect to θ is given by the 

application of Eq. (C.42) as 

( )
22 2

2 2 2
0

1 1 1cos d
r

T T T Tn
r r tr r

π

θ φ θ
αθ

∂ ∂ ∂ ∂
+ + − =

∂ ∂∂ ∂∫                     (C.43) 

where bar over T denotes the integral transform with respect to θ. Note that in Eq. 

(C.43) integration of cosine function is performed with respect to θ, instead of φ . In 

the integral term of Eq. (C.43), the partial differential is transformed into ordinary 

differential by integrating by parts in the following manner with 

notation ( ) ( )cos nθ θ φΦ ≡ − :  

  
( ) ( ) ( )22 22

2
00 0

d
d d

d
T T Tππ π θ

θ θ θ θ
θ θ θθ

Φ∂ ∂ ∂
Φ = Φ −

∂ ∂∂∫ ∫  

                             ( ) ( ) ( )22 2 2

2
0 00

d d
d

d d
T T T

ππ πθ θ
θ θ

θ θ θ
Φ Φ∂

= Φ − +
∂ ∫    

          ( ) ( ) ( )2 2 2

2
00

d d
d

d d
T T T

π πθ θ
θ θ

θ θ θ
⎡ ⎤Φ Φ∂

= Φ − +⎢ ⎥∂⎣ ⎦
∫     (C.44)

  
 

The first term of Eq. (C.44) vanishes as the functions are cyclic with a period of 2π. 

This yields  

( ) ( )2 2 22

2 2
0 0

d
d d .

d
T T

π π θ
θ θ θ

θ θ
Φ∂

Φ =
∂∫ ∫

                       
 (C.45) 

Use of Eq. (C.12) into Eq. (C.45), the following equation is obtained 

( ) ( )
2 22

2 2
2

0 0

d
 d d

d
T n T n T

π πθ
θ θ θ

θ
Φ

= − Φ = −∫ ∫ .             (C.46) 

Using Eqs. (C.45) and (C.46) into Eq. (C.43) provides 
2 2

2 2
1 1

r

T T n TT
r r tr r α

∂ ∂ ∂
+ − =

∂ ∂∂
        in   0a r b t≤ ≤ > ,     (C.47) 

Similarly, the boundary conditions as well as the initial condition can be written 

using integral transform with respect to θ  as  

Boundary conditions: 
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( ) 0i i
T H T T
r

∂
− + − =
∂

       at r = a,                      (C.48)                       

( )e e
T H T T q
r

∂
+ − =

∂
�        at r = b,                             (C.49) 

Initial condition: 

    ( ) ( ), , ,            for  0T r n t F r n t= = .                             (C.50) 

Now, the integral transform with respect to variable r for the function, 
( ), ,T r n t  is obtained from the transform pair given in Eqs. (C.26) and (C.27), as 

follows:  

Inverse formula:             ( ) ( )
( ) ( )

1

,
, , , , ,n m

m
n mm

R r
T r n t T n t

N
β

β
β

∞

=

= ∑ �                          (C.51) 

Direct formula:          ( ) ( ) ( ), , , , , d ,
b

m n m
a

T n t rR r T r n t rβ β= ∫�                           (C.52) 

where tilde over T� denotes the integral transform with respect to the r variable. The 

integral transform with respect to r is obtained by using Eqs. (C.51) and (C.52) into 

Eq. (C.47). The following expression is obtained:  

( )
2 2

2 2
1 1, d .

b

n m
ra

T T n TrR r T r
r r tr r

β
α

⎛ ⎞∂ ∂ ∂
+ − =⎜ ⎟∂ ∂∂⎝ ⎠

∫
�

                           (C.53) 

The integral term in Eq. (C.53) is evaluated by integrating by parts twice and 

utilizing the properties of the eigenvalue problem for the function ( ),n mR rβ  along 

with the boundary conditions as (Özisik, 1993) 

( )
2 2

2 2
1, d

b

n m
a

T T nI rR r T r
r rr r

β
⎛ ⎞∂ ∂

≡ + −⎜ ⎟∂∂⎝ ⎠
∫

            

 
( ) ( ) ( )

2 2

2 2, d , d , d
b b b

n m n m n m
a a a

T T nrR r r R r r rR r T r
rr r

β β β∂ ∂
= + −

∂∂∫ ∫ ∫
     

 

( ) ( ) ( )

( ) ( )
2

2

d ,
, , d

d

  , d , d

b b
n m

n m n m
a a

b b

n m n m
a a

R rT TrR r r R r r
r r r

T nR r r rR r T r
r r

β
β β

β β

⎛ ⎞∂ ∂
= − +⎜ ⎟∂ ∂⎝ ⎠

∂
+ −

∂

∫

∫ ∫  
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( ) ( ) ( )

( ) ( )
2

2

d ,
, d , d

d

   , d , d

b b b
n m

n m n m
a a a

b b

n m n m
a a

R rT T TrR r r r R r r
r r r r

T nR r r rR r T r
r r

β
β β

β β

∂ ∂ ∂
= − −

∂ ∂ ∂

∂
+ −

∂

∫ ∫

∫ ∫

( ) ( ) ( )
2

2

d ,
, d , d

d

b b b
n m

n m n m
a a a

R rT T nrR r r r rR r T r
r r r r

β
β β∂ ∂

= − −
∂ ∂∫ ∫

 

( ) ( )

( ) ( ) ( )
2 2

2 2

d ,
,

d

d , d ,
    d , d

dd

bb
n m

n m
a a

b b
n m n m

n m
a a

R rTrR r rT
r r

R r R r nr T r rR r T r
rr r

β
β

β β
β

∂
= −

∂

⎛ ⎞
+ + −⎜ ⎟⎜ ⎟

⎝ ⎠
∫ ∫  

( ) ( )

( ) ( ) ( )( )
2 2

2 2

d ,
,

d

d , d ,
    , d

dd

bb
n m

n m
a a

b
n m n m

n m
a

R rTrR r rT
r r

R r R r nr rR r T r
rr r

β
β

β β
β

∂
= −

∂

⎛ ⎞
+ + −⎜ ⎟⎜ ⎟

⎝ ⎠
∫

 

( ) ( )

( ) ( ) ( )
2 2

2 2

d ,
,

d

d , d ,1    , d
dd

b
n m

n m

a

b
n m n m

n m
a

R rTr R r T
r r

R r R r nr R r T r
r rr r

β
β

β β
β

⎡ ⎤⎛ ⎞∂
= −⎢ ⎥⎜ ⎟∂⎢ ⎥⎝ ⎠⎣ ⎦

⎛ ⎞
+ + −⎜ ⎟⎜ ⎟

⎝ ⎠
∫

           

( ) ( )

( ) ( )

( ) ( ) ( )
2 2

2 2

d ,
,

d

d ,
     ,

d

d , d ,1      + , d .
dd

n m
n m

r b

n m
n m

r a

b
n m n m

n m
a

R rTI b R r T
r r

R rTa R r T
r r

R r R r nr R r T r
r rr r

β
β

β
β

β β
β

=

=

⎛ ⎞∂
= −⎜ ⎟∂⎝ ⎠

⎛ ⎞∂
− −⎜ ⎟

∂⎝ ⎠

⎛ ⎞
+ −⎜ ⎟⎜ ⎟

⎝ ⎠
∫                      (C.54)

 

Now, multiplying by rT  on both sides of Eq. (C.15) and integrating between r = a 

to r = b, provides 

( ) ( ) ( ) ( )
2 2

2
2 2

d , d ,1 , d , d ,
dd

b b
n m n m

n m m n m
a a

R r R r nr R r T r rR r T r
r rr r

β β
β β β

⎛ ⎞
+ − = −⎜ ⎟⎜ ⎟

⎝ ⎠
∫ ∫

   
(C.55) 

TH-1513_11610339



 Appendices  

 235

Use of Eq. (C.27) into Eq. (C.55) provides 
( ) ( ) ( ) ( )

2 2
2

2 2

d , d ,1 , d , , .
dd

b
n m n m

n m m m
a

R r R r nr R r T r T n t
r rr r

β β
β β β

⎛ ⎞
+ − = −⎜ ⎟⎜ ⎟

⎝ ⎠
∫ �

        

(C.56) 

 

Using Eqs. (C.56) and (C.54) into Eq. (C.53), the following equation is obtained: 

( ) ( ) ( ) ( )

( ) ( )

2d , , d
, , ,

d d

d
                                                   , .

d

m n m
r m m r n m

r b

n m
r n m

r a

T n t R rTT n t b R r T
t r r

R rTa R r T
r r

β β
α β β α β

β
α β

=

=

⎛ ⎞∂
+ = −⎜ ⎟∂⎝ ⎠

⎛ ⎞∂
− −⎜ ⎟∂⎝ ⎠

�
�

       

(C.57)

 
From the boundary conditions at r = b, given in Eqs. (C.49) and (C.18) the following 

equation is obtained: 

                             ( )e e
r

T qH T T
r k

∂
+ − =

∂
�            at r = b                 (C.58) 

( ) ( )d ,
, 0

d
n m

e n m
R r

H R r
r
β

β+ =            at r = b                   (C.59) 

Multiplying Eq. (C.58) by ( ),n mR rβ  and  Eq. (C.59) by T , one can obtain 

( ) ( ),n m e e
r

T qR r H T T
r k

β
⎛ ⎞∂

+ − =⎜ ⎟∂⎝ ⎠

�
 ,                                    (C.60) 

( ) ( ),
, 0n m

e n m
dR r

T H R r
dr
β

β
⎛ ⎞

+ =⎜ ⎟
⎝ ⎠

 ,                                      (C.61) 

Subtracting Eq. (C.60) from Eq. (C.61): 

( ) ( )

( )( ) ( ) ( )

d ,
,

d

, , , ,

n m
n m

r b

e n m e e n m n m
r

R rTR r T
r r

qH R b T T H TR b R b
k

β
β

β β β

=

⎛ ⎞∂
−⎜ ⎟∂⎝ ⎠

+ − − =
�             

(C.62)
 

Simplifying Eq. (C.62), the following equation is obtained: 

( ) ( ) ( ) ( )d ,
, , , .

d
n m

n m e e n m n m
rr b

R rT qR r T H T R b R b
r r k

β
β β β

=

⎛ ⎞∂
− = +⎜ ⎟∂⎝ ⎠

�

         
(C.63) 

Similarly, from the boundary conditions at r = a given in Eqs. (C.48) and (C.17), the 

following equation is obtained: 

TH-1513_11610339



Inverse Estimation of Material Paramters, Convective Heat Transfer Coefficients and Friction in Warm 
Flat Rolling 
 
 

 236

       ( ) 0i i
T H T T
r

∂
− + − =
∂

           at r = a,                       (C.64) 

 ( ) ( )d ,
, 0

d
n m

i n m
R r

H R r
r
β

β− + =          at r = a.                       (C.65) 

Multiplication of Eq. (C.64) by ( ),n mR rβ and Eq. (C.65) by T  results  

 ( ) ( ), 0 ,n m i i
TR r H T T
r

β
⎛ ⎞∂
− + − =⎜ ⎟∂⎝ ⎠

                               (C.66) 

( ) ( )d ,
, 0 .

d
n m

i n m
R r

T H R r
r
β

β
⎛ ⎞
− + =⎜ ⎟
⎝ ⎠

                               (C.67) 

Subtracting Eq. (C.66) from Eq. (C.67): 

( ) ( )

( )( ) ( )

d ,
,

d

   , , 0,

n m
n m

r a

i n m i i n m

R rTR r T
r r

H R a T T H R a T

β
β

β β
=

⎛ ⎞∂
− +⎜ ⎟∂⎝ ⎠

+ − − =                   
(C.68)

 

or, 
 

 
( ) ( ) ( )d ,

, , .
d

n m
n m i n m

r a

R rTR r T H TR a
r r

β
β β

=

⎛ ⎞∂
− − =⎜ ⎟∂⎝ ⎠

               (C.69) 

 

Substituting Eqs. (C.63) and (C.69) into Eq. (C.57) provides 

( ) ( ) ( ) ( )

( ) ( )

2d , ,
, , ,

d

                                                   , ,

m
m m r e e n m

r

r i i n m

T n t qbT n t H Tb R b
t k

HTa R a

β
αβ β α β

α β

⎧ ⎫
+ = +⎨ ⎬

⎩ ⎭
+

� ��
            (C.70) 

which is an ordinary differential equation with respect to t. 
 

 

Step 3: Solution for transform and inversion  

The differential equation given in Eq. (C.70) along with the initial condition can be 

expressed in double transform, using inverse integral relations defined in Eqs. (C.39) 

and (C.40) as 

( ) ( ) ( )2d , ,
, , , , ,

d
m

r m m n m
T n t

T n t A n t
t

β
α β β β+ =

�
�                      (C.71) 
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where 

( ) ( ) ( ) ( ), , , , .n m r e e n m r i i n m
qbA n t H T b R b H T a R a
k

β α β α β⎛ ⎞
= + +⎜ ⎟

⎝ ⎠

�

           
(C.72) 

In Eq. (C.72), the terms q� , eT and iT are expressed as 

           
( ) ( )

2

0

cos d ,q q n
π

θ θ φ θ= −∫�
                                   

(C.73) 

( ) ( )
2

0

cos de eT T n
π

θ θ φ θ= −∫ ,                                  (C.74) 

and 

( ) ( )
2

0

cos d .i iT T n
π

θ θ φ θ= −∫
                                  

(C.75) 

Initial condition: 

         ( ) ( ), , ,     for   0.m mT n t F n tβ β= =� �
                                    (C.76) 

Let 1
2

r mp α β= ,   ( )2 mp A ,n,tβ=  and ( )1 d3p p t t= ∫ . This enables the Eq. (C.71) to 

be written in the following form: 
 
( ) ( )1 2

d , ,
, , .

d
m

m
T n t

p T n t p
t

β
β+ =

�
�

                            
(C.77) 

The solution of the Eq. (C.77) provides 

( ) ( ) ( ){ }3 3 2, , exp exp d ,mT n t p p p t Cβ = − +∫�
             

(C.78) 

where C is an arbitrary constant, which can be evaluated using the initial condition. 

Substituting the value of 1p , 2p  and 3p  into Eq. (C.78): 

( ) ( ) ( ) ( ){ }2 2, , exp exp , , d ,m r m r m n mT n t t t A n t t Cβ α β α β β= − +∫�
     

(C.79) 

Evaluating the integral term in Eq. (C.79), the following expression is obtained: 

( ) ( ) ( )2
2

, ,
, , exp .n m

m r m
r m

A n t
T n t t C

β
β α β

α β
= + −�                                   (C.80) 

Using the initial condition given in Eq. (C.76) at t = 0, C can be obtained as follows:  

         
( ) ( )

2

,
, n m

m
r m

A n
C F n

β
β

α β
= −� .                                            (C.81)  

Substitution of Eq. (C.81) into Eq. (C.80), provides 
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( ) ( ) ( ) ( )
( ) ( )

2
2

2
2

, ,
, , , exp

, ,
                    exp .

n m
m m r m

r m

n m
r m

r m

A n t
T n t F n t

A n t
t

β
β β α β

α β

β
α β

α β

= + −

⎛ ⎞
− −⎜ ⎟
⎝ ⎠

� �

                    (C.82) 

Substituting Eq. (C.82) into Eq. (C.39), the temperature distribution is obtained as  

( ) ( )
( )

( ) ( )
( ) ( )( )

2

20 1 2

exp ,
,

, , , ,
1 exp

r m m
n m

n m
n mn m r m

r m

t F n
R r

T r t A n tN t

α β β
βεθ βπ β α β

α β

∞ ∞

= =

⎧ ⎫−
⎪ ⎪⎪ ⎪= ⎨ ⎬⎛ ⎞
+ − −⎪ ⎪⎜ ⎟
⎪ ⎪⎝ ⎠⎩ ⎭

∑∑

�

    (C.83) 

where 

    
( ) ( ) ( ) ( )

2

0

, , cos , d d .
b

m n m
a

F n rR r n F r r
π

β β θ φ θ θ= −∫ ∫�                     (C.84) 

The series solution of Eq. (C.83) can be expressed as 

( ) ( )
( ) ( ) ( ) ( ) ( )( )
( )
( ) ( ) ( ) ( ) ( )( )

0 02 2
2

01

2 2
2

1 1

, ,0,1, , exp ,0 1 exp
2

, , ,1                 exp , 1 exp ,

m m
r m m r m

m r mm

n m n m
r m m r m

n m r mn m

R r A t
T r t t F t

N

R r A n t
t F n t

N

β β
θ α β β α β

π β α β

β β
α β β α β

π β α β

∞

=

∞ ∞

= =

⎧ ⎫⎛ ⎞⎪ ⎪= − + − −⎨ ⎜ ⎟ ⎬
⎪ ⎪⎝ ⎠⎩ ⎭

⎧ ⎫⎛ ⎞⎪ ⎪+ − + − −⎨ ⎜ ⎟ ⎬
⎪ ⎪⎝ ⎠⎩ ⎭

∑

∑∑

�

�

     

(C.85) 

where 

( ) ( ) ( ) ( )0 0 0,0, , , ,m r e e m r i i m
r

qbA t H T b R b H T a R a
k

β α β α β
⎛ ⎞

= + +⎜ ⎟
⎝ ⎠

�

       
(C.86) 

The expression of ( )0 ,mR bβ and ( )0 ,mR aβ  is obtained from Eqs. (D.51) and (D.59) 

taking n = 0, respectively. Eq. (C.85) can be written as 

( ) ( )
( ) ( ) ( )

( )
( )

( ) ( ){ }
( )
( ) ( ) ( ) ( ) ( )( )

0 2

01

0 0 2
2

01

2 2
2

1 1

,1, , exp ,0
2

, ,0,1                 1 exp
2

, , ,1                  + exp , 1 exp ,

m
r m m

mm

m m
r m

m r mm

n m n m
r m m r m

n m r mn m

R r
T r t t F

N

R r A t
t

N

R r A n t
t F n t

N

β
θ α β β

π β

β β
α β

π β α β

β β
α β β α β

π β α β

∞

=

∞

=

∞

= =

= −

+ − −

⎧ ⎫⎛ ⎞⎪ ⎪− + − −⎨ ⎜ ⎟ ⎬
⎪ ⎪⎝ ⎠⎩ ⎭

∑

∑

∑

�

�∞

∑  

 

(C.87) 

Substituting Eq. (C.86) into Eq. (C.87) one obtains
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( ) ( )
( ) ( ) ( )

( )
( )

( )
( ){ }

( )
( )

( ) ( )

0 2

01

0
0 2

2
01

00
2

01

,1, , exp ,0
2

,
,1                 + 1 exp

2

,,1                + 1 ex
2

m
r m m

mm

r e e m
m r

r m
m r mm

r i i mm

m r mm

R r
T r t t F

N

qbH T b R b
R r k

t
N

H T a R aR r
N

β
θ α β β

π β

α β
β

α β
π β α β

α ββ
π β α β

∞

=

∞

=

∞

=

= −

⎧ ⎫⎛ ⎞
+⎪ ⎪⎜ ⎟⎪ ⎪⎝ ⎠ − −⎨ ⎬

⎪ ⎪
⎪ ⎪⎩ ⎭
⎧ ⎫⎪ ⎪ −⎨ ⎬
⎪ ⎪⎩ ⎭

∑

∑

∑

�

�

( ){ }
( )
( ) ( ) ( ) ( ) ( )( )

2

2 2
2

1 1

p

, , ,1                + exp , 1 exp ,

r m

n m n m
r m m r m

n m r mn m

t

R r A n t
t F n t

N

α β

β β
α β β α β

π β α β

∞ ∞

= =

−

⎧ ⎫⎛ ⎞⎪ ⎪− + − −⎨ ⎜ ⎟ ⎬
⎪ ⎪⎝ ⎠⎩ ⎭

∑∑ �  

(C.88) 

 
Simplification of Eq. (C.88) yields

 

( ) ( )
( ) ( ) ( )

( )
( )

( )
( ){ }

( )
( )

( ) ( ) ( ){ }

0 2

01

0
0 2

2
01

00 2
2

01

,1, , exp ,0
2

,
,1                 1 exp

2

,,1                 1 exp
2

                 

m
r m m

mm

e e m
rm

r m
m mm

i i mm
r m

m mm

R r
T r t t F

N

qbH T b R b
kR r

t
N

H T a R aR r
t

N

β
θ α β β

π β

β
β

α β
π β β

ββ
α β

π β β

∞

=

∞

=

∞

=

= −

⎧ ⎫⎛ ⎞
+⎨ ⎬⎜ ⎟

⎝ ⎠⎩ ⎭+ − −

+ − −

∑

∑

∑

�

�

( )
( ) ( ) ( ) ( ) ( )( )2 2

2
1 1

, , ,1 exp , 1 exp .n m n m
r m m r m

n m r mn m

R r A n t
t F n t

N
β β

α β β α β
π β α β

∞ ∞

= =

⎧ ⎫⎛ ⎞⎪ ⎪+ − + − −⎨ ⎜ ⎟ ⎬
⎪ ⎪⎝ ⎠⎩ ⎭

∑∑ �

 (C.89) 

Taking,

 

( )
( ) ( ) ( )0 2

01

,1 exp ,0 ,
2

m
A r m m

mm

R r
T t F

N
β

α β β
π β

∞

=

= −∑ �                                           (C.90) 

    

( )
( )

( )
( ){ }0 2

2
01

,
,1 1 exp ,

2

e e n m
rm

B r m
m mm

qbH T b R b
kR r

T t
N

β
β

α β
π β β

∞

=

⎧ ⎫⎛ ⎞
+⎨ ⎬⎜ ⎟

⎝ ⎠⎩ ⎭= − −∑

�

      (C.91) 

( )
( )

( ) ( ) ( ){ }00 2
2

01

,,1 1 exp ,
2

i i mm
C r m

m mm

H Ta R aR r
T t

N
ββ

α β
π β β

∞

=

= − −∑                      (C.92) 
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( )
( ) ( ) ( ) ( ) ( ){ }2 2

2
1 1

, ,1 exp , 1 exp .n m n m
D r m m r m

n m r mn m

R r A n t
T t F n t

N
β β

α β β α β
π β α β

∞ ∞

= =

⎡ ⎤⎛ ⎞
= − + − −⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
∑∑ �    

(C.93) 

Equation (C.89) can be expressed in the following form: 

( ), , A B C DT r t T T T Tθ = + + +                                        (C.94) 

Now, the terms TA, TB, TC, and TD are evaluated separately as in the following.  

Evaluation of TA:  

Using the relation of ( ),n mR rβ from Eq. (D.22) into Eq. (C.84), it can be written as 
 

   
  

( ) ( ) ( ){ } ( ) ( )
2

0

, cos ,  d d ,
b

m n n m n n m
a

F n r L J r V Y r n F r r
π

β β β θ φ θ θ= − −∫ ∫�

    
(C.95)

 
The expression of Ln and Vn are defined by Eqs. (D.23) and (D.24) in Appendix D. 

In Eq. (C.95), Yiannopoulos et al. (1997) employed the initial condition: 

( ) 0,F r Tθ = . One obtains the following expressions by using assumption of 

Yiannopoulos et al. (1997):  

 
( ) ( ) ( )

2

0
0

, , cos d d .
b

m n m
a

F n T rR r n r
π

β β θ φ θ= −∫ ∫�

                         
(C.96)

 

Taking n=0, Eq. (C.96) can be written as  

( ) ( ) ( )
2

0 0 0 0
0

,0 , d d 2 ,  d .
b b

m m m
a a

F T rR r r T rR r r
π

β β θ π β= =∫ ∫ ∫�
         

(C.97) 

Substituting the expression of ( )0 ,mR rβ from Eq. (D.37) into Eq. (C.97) provides 

( ) ( ) ( )( ){ }0 0 0 0 0,0 2 d
b

m m m
a

F T r L J r K Y r rβ π β β
⎡ ⎤

= −⎢ ⎥
⎢ ⎥⎣ ⎦
∫� .               (C.98) 

The general form of integration of Bessel functions is given by (Özisik, 1993) 

  
( ) ( )1

1d        for  , ,n n
n m n m

m
r W r r r W r W J Y Iβ β

β− = ≡∫              (C.99) 
   

where J is the first kind Bessel function of order n, Y is the second kind Bessel 

function of order n and I is the modified Bessel function of the first kind of order n.   

Integrating Eq. (C.98) between r = a to r = b using Eq. (C.99) for n = 0: 
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( ) ( ) ( ){ } ( ) ( ){ }0
0 1 1 0 1 1

2,0m m m m m
m

TF L bJ b aJ a V bY b aY aπβ β β β β
β

⎡ ⎤= − − −⎣ ⎦ .    (C.100) 

Substituting Eq. (C.100) in Eq. (C.90) yields 
( )
( ) ( )

( ) ( ){ } ( ) ( ){ }

0 2

01

0
0 1 1 0 1 1

,1 exp
2

2        ,

m
A r m

mm

m m m m
m

R r
T t

N
T L bJ b aJ a V bY b aY a

β
α β

π β
π β β β β
β

∞

=

= −

⎡ ⎤× − − −⎣ ⎦

∑

         
(C.101)

 

Substituting the expression of ( )0 mN β taking n = 0 from Eq. (D.72) into Eq. 

(C.101):

 ( ) ( )

( ) ( ){ } ( ) ( ){ }

0 2
2 2

1 0 0
2 2 2

0

0
0 1 1 0 1 1

,1 exp
2 2

2        .

m
A r m

m e i

m

m m m m
m

R r
T t

K B V B
K

T L bJ b aJ a V bY b aY a

β
α β

π
π β

π β β β β
β

∞

=

= −
⎛ ⎞−

×⎜ ⎟
⎝ ⎠

⎡ ⎤× − − −⎣ ⎦

∑

     

(C.102)
 

The expression of TA is obtained as 
 ( ) ( )0 2

0 0
01

,
exp ,m

A r m
m

R r
T T G t

F
β

α β
∞

=

= −∑                                                       (C.103) 

where 
2 2
0 0

0 2
0

e iB K BVF
K
−

=
                                                                                     

(C.104) 

and 

( ) ( )( ) ( ) ( )( )2
0 0 1 1 0 1 1

1 .
2 m m m m mG L bJ b aJ a V bY b aY aπ β β β β β⎡ ⎤= − − −⎣ ⎦      

(C.105) 

 

Evaluation of TB:  

Substituting the expressions of ( )0 mN β  and eT  from Eqs. (D.72) and (C.74) taking 

n = 0 into Eq. (C.91):

 ( ) ( )
( ){ }

0
0 2

2
01

2 2

2 ,
,1 1 exp .22

e e m
m r

B r m
mm

m

bqH T b R b
R r k

T tF

π β
β

α β
π β

π β

∞

=

⎛ ⎞
+⎜ ⎟

⎝ ⎠= − −∑

�

        

(C.106) 

The expression of q� taking n=0:  

( )
2

0

d ,q q
π

θ θ= ∫�
                                                   

(C.107) 
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Equation (C.4) provides the heat flux input into the roll ( )q θ , at the outer surface  

( ) ( ) ( )
2 +

 d  d  d 0 2 .q q q q q
φ β π φ β φ β

φ β φ β φ β

θ θ θ θ θ θ β
+ − +

− + −

= + = + =∫ ∫ ∫� �
            

(C.108)
 

Use of Eq. (C.108) into Eq. (C.106 ), provides
 

( ) ( )
( ){ }

0
0 2

2
01

2 2

22 ,
,1 1 exp ,22

e e m
m r

B r m
mm

m

q bH b T R b
R r k

T tF

βπ β
β

α β
π β

π β

∞

=

⎛ ⎞
+⎜ ⎟

⎝ ⎠= − −∑

�

   

(C.109)
 

The expression, ( )0 ,mR bβ  from Eq. (D.51) is substituted into Eq. (109) and the 
expression for TB is obtained as

     
( ) ( ){ }0 2

01

,
1 expm

B e e r m
r m

R rqT H T t
k F

β
π β α β

∞

=

⎛ ⎞
= + − −⎜ ⎟
⎝ ⎠

∑�
.                (C.110) 

 
Evaluation of TC:  
Substituting the expression ( )0 mN β  and iT  from Eqs. (D.72) and (C.75), 
respectively and taking n = 0 into Eq. (C.92):

 
    

 
( ) ( ){ } ( ){ }0 2

0
1

02

,1 2 , 1 exp .22
m

C i i m r m
m

R r
T T H a R a t

F

β
π β α β

π
π

∞

=

= − −∑
            

(C.111) 

Rearranging Eq. (C.111) the expression for TC is obtained as 
( ) ( ) ( ){ }

2
0 2

0
01

,
, 1 exp .

2
m

C i i m r m
m

R r
T H aT R a t

F
βπ β α β

∞

=

= − −∑                     (C.112) 

 
 
Evaluation of TD:  
Expanding the series of Eq. (C.93), one obtains 

( )
( ) ( ) ( )

( )
( )

( ) ( )( )

2

1 1

2
2

1 1

,1 exp ,

, , ,1        1 exp ,

n m
D r m m

n mn m

n m n m
r m

n m r mn m

R r
T t F n

N

R r A n t
t

N

β
α β β

π β

β β
α β

π β α β

∞ ∞

= =

∞ ∞

= =

= −

⎛ ⎞
+ − −⎜ ⎟

⎝ ⎠

∑∑

∑∑

�

                    
(C.113)

 

Taking, 

       

( )
( ) ( ) ( )2

1
1 1

,1 , exp ,n m
D m r m

n mn m

R r
T F n t

N
β

β α β
π β

∞ ∞

= =

= −∑∑ �

                                      
(C.114)
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( )
( )

( ) ( ) ( ){ }2
2 2

1 1

, , ,1 cos 1 exp .n m n m
D r m

n m r mn m

R r A n t
T n t

N
β β

θ φ α β
π β α β

∞ ∞

= =

= − − −∑∑
      

(C.115)
 

The expression of Eq. (C.113) can be expressed as 

1 2.D D DT T T= +                                                             (C.116) 

Substituting Eq. (C.84) into Eq. (C.114): 

( )
( ) ( ) ( ) ( ) ( )

2
2

1
1 1 0

,1 , cos , d d exp ,
b

n m
D n m r m

n mn m a

R r
T rR r n F r r t

N

πβ
β θ φ θ θ α β

π β

∞ ∞

= =

⎛ ⎞
= − −⎜ ⎟⎜ ⎟

⎝ ⎠
∑∑ ∫ ∫  

(C.117) 

or, 

( )
( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( )

2
1

0 1

2
2

0 1 0

,1 , , d exp

,1         cos d exp .

b
n m

D n m r m
n mn m a

n m
r m

n mn m

R r
T rR r F r t r t

N

R r
n F t

N

π

β
β α β

π β

β
θ φ θ θ α β

π β

∞ ∞

= =

∞ ∞

= =

⎧ ⎫⎛ ⎞⎪ ⎪= −⎜ ⎟⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭
⎛ ⎞

× − −⎜ ⎟⎜ ⎟
⎝ ⎠

∑∑ ∫

∑∑ ∫
       (C.118) 

The integral expression in Eq. (C.118): 

( ) ( )
2

0

cos d 0.F n
π

θ θ φ θ− =∫                                            (C.119) 

Thus,  

1 0.DT =                                                            (C.120) 

Now, substituting the expression ( )n mN β  from Eq. (D.72) into Eq. (C.115):

       ( ) ( ) ( ) ( ){ }2
2 2

1 1
2 2

, , ,1 cos 1 exp ,2
n m n m

D r m
n r mn m

m

R r A n t
T n tF

β β
θ φ α β

π α β
π β

∞ ∞

= =

= − − −∑∑
        

(C.121)

 
Rearranging Eq. (C.121): 

   

( ) ( ) ( ) ( ){ }2
2

1 1

, , ,
cos 1 exp .

2
n m n m

D r m
n rn m

R r A n t
T n t

F
β βπ θ φ α β

α

∞ ∞

= =

= − − −∑∑
         

(C.122)
 

Substitution of Eq. (C.72) into Eq. (C.122) provides 

( ) ( ) ( ) ( )

( ) ( ){ }
2

1 1

2

,
, ,

2

         cos 1 exp .

n m
D e e n m i i n m

nn m

r m

R r bq n
T H T b R b H T aR a

F k

n t

βπ β β

θ φ α β

∞ ∞

= =

⎧ ⎫⎛ ⎞⎪ ⎪= + +⎜ ⎟⎨ ⎬
⎪ ⎪⎝ ⎠⎩ ⎭

× − − −

∑∑
�

    
        (C.123) 
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The terms eT  and iT  are equal to zero in Eq. (C.123) due to cyclic definite integral 

of cosine function from 0 to 2π. Thus, Eq. (C.123) becomes 

( ) ( ) ( ) ( ) ( ){ }2
2

1 1

,
, cos 1 exp

2
n m

D n m r m
nn m

R r bq n
T R b n t

F k
βπ β θ φ α β

∞ ∞

= =

⎛ ⎞
= − − −⎜ ⎟

⎝ ⎠
∑∑

    
(C.124) 

From the boundary condition of  Eq. (C.4), ( )q n is evaluated as  

( ) ( ) ( )
2

0

cos d ,q n q n
π

θ θ φ θ= −∫�
                                                 

(C.125)
 

where 

           
( )

( ) ( )
( ) ( )

      for 
.

0      for 2

q
q

φ β θ φ β
θ

φ β θ π φ β

⎧ − ≤ ≤ +⎪= ⎨
+ < < + −⎪⎩

�

                           
(C.126)

 

Equation (C.126) provides 

( ) ( ) ( ) ( ) ( )
2

cos d cos d ,q n q n q n
φ β π φ β

φ β φ β

θ θ φ θ θ θ φ θ
+ + −

− +

= − + −∫ ∫�
                

(C.127)
 

Use of Eq. (C.126), Eq. (C.125) can be written as 

  
( ) ( )cos d ,q n q n

φ β

φ β

θ φ θ
+

−

= −∫� �
                                                  

(C.128)
 

Integrating Eq. (C.128) between ( )θ φ β= − to ( )θ φ β= + : 

   ( ) ( )sin sin sin2 .
n n nq n q q

n n
β β β⎧ ⎫− −

= =⎨ ⎬
⎩ ⎭

� � �

                         

(C.129)

 
Substituting the expression of ( ),n mR bβ  from Eq. (D.51) in Eq. (C.129):  

 ( ) ( ) ( ){ }2
2

1 1

, sin2 cos 1 expn m
D r m

nn m

R rq nT n t
k F n

β β θ φ α β
∞ ∞

= =

= − − −∑∑�
.         (C.130)  

Inserting Eqs. (C.120) and (C.130) into Eq. (C.116), the expression for TD is 

obtained as 

               
( ) ( ) ( ){ }2

1 1

, sin2 cos 1 exp .n m
D r m

nn m

R rq nT n t
k F n

β β θ φ α β
∞ ∞

= =

= − − −∑∑�
      (C.131)  
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Substituting the expression of TA, TB, TC and TD from Eqs. (C.103), (C.110), (C.112) 

and (C.131), respectively in Eq. (C.94); the final expression to find out the transient 

temperature distribution for stationary heat source is obtained as 

( ) ( ) ( )
( ) ( ){ }

( ) ( ) ( ){ }
( ) ( )
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∞

=

∞
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=
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⎝ ⎠
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+ −

∑

∑

∑

∑
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� ( ){ }2
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1 exp ,r m

n
tα β

∞

=

− −∑

      (C.132) 

0,  ,  0 2 .t a r b θ π> ≤ ≤ ≤ ≤   

Equation (C.136) provides the transient temperature distribution in the hollow 

cylinder for the stationary heat source. For steady-state temperature distribution for 

stationary heat source the following form can be obtained by setting t to infinity: 

( ) ( ) ( ) ( )

( ) ( )

2
0 0

0
0 01 1

1 1

, ,
, ,

2

, sin                  2 cos .

m m
e e i i m

r m m

n m

r nn m

R r R rqT r H T H aT R a
k F F

R rq n n
k F n

β βπθ π β β

β β θ φ

∞ ∞

= =

∞ ∞

= =

⎛ ⎞
= + +⎜ ⎟
⎝ ⎠

+ −

∑ ∑

∑∑

�

�
    (C.133) 

 

C.2 Solution of Heat Conduction Equation with Moving Heat Source       

In this section, the solution of the heat conduction problem with time dependent 

boundary conditions can be related to the solution of the same problem with time 

independent boundary conditions by means of Duhamel’s theorem (Özisik,1993). 

Duhamel’s theorem provides a convenient approach for obtaining solution to heat 

conduction problems with time dependent boundary conditions by utilizing the 

solution of time independent boundary conditions. Figure C.2 shows the schematic 

diagram of moving heat source with stationary roll.  

 Consider a two-dimensional heat conduction problem with time boundary 

condition in the form  
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2 2

2 2 2
1 1 1 ,

r

T T T T
r r tr r αθ

∂ ∂ ∂ ∂
+ + =

∂ ∂∂ ∂                                       
(C.134) 

   
( ) 0r i i

Tk h T T
r

∂
− + − =

∂
                     at r = a,                    (C.135) 

( ) ( )r e e
Tk h T T q
r

θ∂
+ − =

∂
                 at r = b,                    (C.136) 

where ( )q θ  is the heat flux at the outer surface, he is the convective heat transfer 

coefficient  at the outer surface, hi is the convective heat transfer coefficient at the 

inner surface  and  Te is the ambient temperature. The heat flux at the outer surface 

at any time is expressed as  

( )
( ) ( )
( ) ( )

     for   
,

0     for   2 +

q t t
q

t t

ω β θ ω β
θ

ω β θ π ω β

⎧ − ≤ ≤ +⎪= ⎨
+ ≤ ≤ −⎪⎩

�

 
                 (C.137) 

The initial condition is expressed as  

( ) 0, ,    for 0T r t T tθ = =     in region a < r < b,                      (C.138) 

where 0T  is the initial temperature of the roll.  

  

 
Fig. C.2. A moving heat source with stationary roll  
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 The problem defined by Eqs. (C.134)−(C.138) cannot be solved by 

conventional methods because q�  is the function of time. Therefore, instead of 

solving the problem directly, the solution is expressed interms of the solution of the 

simpler auxiliary problem called fundamental solution (Özisik,1993). Let 

( ), , ,r tθ τΩ be the solution of Eq. (C.134) on the assumption that q� is independent of 

time. Then ( ), , ,r tθ τΩ is the fundamental solution of the auxiliary problem defined 

as 
2 2

2 2 2
1 1 1 ,

rr r tr r αθ
∂ Ω ∂Ω ∂Ω ∂Ω

+ + =
∂ ∂∂ ∂   

                                  (C.139) 

boundary conditions: 

    
( ) ( )r e ek h T T q

r
θ∂Ω

+ − =
∂

       at  r = b,                                 (C.140) 

( ) 0r i ik h T T
r

∂Ω
− + − =

∂
            at r = a,                                 (C.141) 

initial condition: 
( ) 0, , ,     for 0r t T tθ τΩ = = .                                     (C.142) 

The heat source position is expressed as 

( )
( ) ( )
( ) ( )

     for   
,

0     for   2 +

q
q

ωτ β θ ωτ β
θ

ωτ β θ π ωτ β

⎧ − ≤ ≤ +⎪= ⎨
+ < < −⎪⎩

�
                     (C.143)   

where τ is a parameter. 

 The problem defined in Eqs. (C.139)−(C.143) can be solved with the 

techniques expressed in Section C.1 because ( )q θ  does not depend on time. Then, 

Duhamel’s theorem relates the solution ( ), ,T r tθ of the problem given in Eqs. 

(C.134)−(C.138) to the solution ( ), , ,r tθ τΩ  of the auxiliary problem given in Eqs. 

(C.139)−(C.143) by the following integral expression (Özisik,1993):   

( ) ( )
0

, , , , d .
t

T r t r t
t τ

θ θ τ τ
=

∂
= Ω −
∂ ∫                          (C.144) 

 Assuming that the solution of problem given in Eqs. (C.139)−(C.143) is 

similar to the problem given in Eqs. (C.1) −(C.5) (expressed in Eq. (C.132)). Thus,  
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( ) ( ) ( )
( ) ( ){ }

( ) ( ) ( ){ }
( )

0 2
0 0

01

0 2

01

2
0 2

0
01

1

,
, , exp

,
                 1 exp

,
                 , 1 exp

2
, sin                 2 cos

m
r m

m

m
e e r m

r m

m
i i m r m

m

n m

r nm

R r
r t T G t

F
R rqH T t

k F

R r
H aT R a t

F
R rq n n

k F n

β
θ α β

β
π β α β

βπ β α β

β β θ ω

∞

=

∞

=

∞

=

∞

=

Ω = −

⎛ ⎞
+ + − −⎜ ⎟
⎝ ⎠

+ − −

+ −

∑

∑

∑

∑

�

� ( ) ( ){ }2

1
1 exp ,r m

n
t tα β

∞

=

− −∑

      (C.145) 

Substituting Eq. (C.145) into Eq. (C.144), one obtain 

( ) ( ) ( )
( ) ( ){ }

( ) ( ) ( ){ }
( )

0 2
0 0

1 0

0 2

1 0

2
0 2

0
1 0

1 1

,
, , exp

,
                 1 exp

,
                 , 1 exp

2
, sin                 2

 

m
r m

m

m
e e r m

mr

m
i i m r m

m

n m

n mr n

R r
T r t T G t

F
R rq H T t

k F

R r
aH T R a t

F
R rq n

k F n

β
θ α β

β
β π α β

βπ β α β

β β

∞

=

∞

=

∞

=

∞ ∞

= =

= −

⎛ ⎞
+ + − −⎜ ⎟
⎝ ⎠

+ − −

+ ×

∑

∑

∑

∑∑

�

�

( ) ( ) ( ) ( )2

2

cos sin sin cos exp
                    ,  

1
n n r m

n

n t n t n n tθ ω λ θ ω λ θ θ α β
λ

− − − + − −
×

+
(C.146) 

where nλ is defined as 

2 .n
r m

nωλ
α β

=                                                     (C.147) 

Hence, Eq. (C.146) provides the transient temperature distribution in the hollow 

cylinder for a moving heat source with time dependent boundary conditions. The 

location of rotating heat source can be expressed as φ=ωt and θ denotes the point of 

temperature measurement. For steady-state temperature distribution for moving heat 

source the following form can be obtained by setting t to infinity   

( ) ( ) ( ) ( )

( ) ( ) ( )

2
0 0

0
1 10 0

2
1 1

, ,
, ,

2

, cos sinsin                 2 .
1

m m
e e i i m

m mr

n m n

n mr n n

R r R rqT r H T H aT R a
k F F

R r n nq n
k F n

β βπθ π β β

β θ φ λ θ φβ
λ

∞ ∞

= =

∞ ∞

= =

⎛ ⎞
= + +⎜ ⎟
⎝ ⎠

− − −
+

+

∑ ∑

∑∑

�

�
     (C.148) 
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Appendix D 
 
 

Derivation of the Eigenfunctions ( )n mR ,rβ and Norm ( )n mN β  
 

D.1 Derivation of the Eigenfunctions ( )n mR ,rβ  in Eq. (C.16) 

The representation of an arbitrary function ( ),T r t defined in a finite interval 

a r b≤ ≤ in terms of the eigenfunctions of the eigenvalue problem is given in Eq. 

(C.16). For the sake of completeness the differential equation along with the 

boundary condition is rewritten as 

( ) ( ) ( )
2 2

2
2 2

d , d ,1 , 0
d

n m n m
m n m

R r R r n R r
r drr r

β β
β β
⎛ ⎞

+ + − =⎜ ⎟
⎝ ⎠

         in  a r b≤ ≤ ,                      

(D.1) 

boundary conditions: 

( ) ( )d ,
, 0

d
n m

i n m
R r

H R r
r
β

β− + =          at r = a,                            (D.2) 

( ) ( )d ,
, 0

d
n m

e n m
R r

H R r
r
β

β+ =            at r = b.                            (D.3) 

Assuming eigenfunctions ( )n mR ,rβ in the form: 

( ) ( ) ( )1 2n m n m n mR ,r c J r c Y rβ β β= + .                             (D.4) 

Differentiating Eq. (D.4) with respect to r :  

( ) ( ) ( )
1 2

d d d
d d d

n m n m n mR ,r J r Y r
c c

r r r
β β β

= +  ,                           (D.5) 

or, 

( ) ( ) ( )1 2
d

d
n m

m n m m n m
R ,r

c J r c Y r
r
β

β β β β′ ′= + ,                            (D.6) 

Two properties of the Bessel function of the first and second kind are (Kreyszig, 
1999) 

( ) ( ) ( )1 1

2
n n

n
J x J x

J x − +−
′ = ,                                          (D.7) 

and 
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  ( ) ( ) ( )1 1

2
n n

n
Y x Y x

Y x − +−
′ = .                                       (D.8) 

Use of Eqs. (D.7) and (D.8) into Eq. (D.6), taking mx rβ= : 

( ) ( ) ( ) ( ) ( )1 1 1 1
1 2

d
d 2 2

n m m n m m n m m n m m n mR ,r J r J r Y r Y r
c c

r
β β β β β β β β β− + − +⎛ ⎞ ⎛ ⎞− −

= +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

      

(D.9) 

The following are the other two relations of the Bessel function of the first and 

second kinds (Kreyszig, 1999): 

( ) ( ) ( )1 1
2

n n n
nJ x J x J x
x− += − ,                                     (D.10) 

and 

  ( ) ( ) ( )1 1
2

n n n
nY x Y x Y x
x− += −  .                                      (D.11) 

Use of Eqs. (D.10) and (D.11) into Eq. (D.9), taking mx rβ= : 

( ) ( ) ( ) ( )

( ) ( ) ( )

1 1 1

2 1 1

d 2
d 2

2                    
2

n m m
n m n m m n m

m

m
n m n m m n m

m

R ,r nc J r J r J r
r r

nc Y r Y r Y r
r

β β β β β β
β

β β β β β
β

+ +

+ +

⎛ ⎞⎧ ⎫
= − −⎜ ⎟⎨ ⎬⎜ ⎟⎩ ⎭⎝ ⎠

⎛ ⎞⎧ ⎫
+ − −⎜ ⎟⎨ ⎬⎜ ⎟⎩ ⎭⎝ ⎠

,          (D.12) 

Simplification of Eq. (D.12) provides  

( ) ( ) ( ) ( ) ( )1 1 2 1
d

d
n m

n m m n m n m m n m
R ,r n nc J r J r c Y r Y r

r r r
β

β β β β β β+ +
⎛ ⎞ ⎛ ⎞= − + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

.   

(D.13) 

Putting r = b in Eq. (D.13), one obtains 

( ) ( ) ( ) ( ) ( )1 1 2 1
d

d
n m

n m m n m n m m n m
r b

R ,r n nc J b J b c Y b Y b .
r b b
β

β β β β β β+ +
=

⎛ ⎞ ⎛ ⎞= − + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

     

(D.14) 

Equation (D.4) gives at r = b:  

( ) ( ) ( )1 2n m n m n mr b
R ,r c J b c Y b .β β β

=
= +                      (D.15) 

Substituting Eq. (D.14) and (D.15) into Eq. (D.3) results  
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( ) ( ) ( ) ( )

( ) ( ){ }
1 1 2 1

1 2   0

n m m n m n m m n m

e n m n m

n nc J b J b c Y b Y b
b b
H c J b c Y b .

β β β β β β

β β

+ +
⎛ ⎞ ⎛ ⎞− + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
+ + =                  

(D.16) 

Separating the coefficient of c1 and c2 in Eq. (D.16) one obtains 

( ) ( ) ( )

( ) ( ) ( )

1 1

2 1  0

n m e n m m n m

n m e n m m n m

nc J b H J b J b
b

nc J b H Y b Y b ,
b

β β β β

β β β β

+

+

⎛ ⎞+ −⎜ ⎟
⎝ ⎠

⎛ ⎞+ + − =⎜ ⎟
⎝ ⎠

                   
(D.17) 

or, 

( ) ( )

( ) ( )

1 1

2 1 0

e n m m n m

e n m m n m

nc H J b J b
b

nc H Y b Y b .
b

β β β

β β β

+

+

⎧ ⎫⎛ ⎞+ −⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭
⎧ ⎫⎛ ⎞+ + − =⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭

                         (D.18) 

Equation (D.18) provides  

( ) ( )

( ) ( )
( ) ( )

1 1

2 1

1

e n m m n m

e n m m n m

e n m m n m

nc H J b J b
b nc K H J b J b ,

bn H Y b Y b
b

β β β
β β β

β β β

+

+

+

⎧ ⎫⎛ ⎞− + −⎨ ⎬⎜ ⎟ ⎧ ⎫⎛ ⎞⎝ ⎠⎩ ⎭= = − + −⎨ ⎬⎜ ⎟⎧ ⎫⎛ ⎞ ⎝ ⎠⎩ ⎭+ −⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭

   (D.19) 

and 

( ) ( )

( ) ( )
( ) ( )

2 1

1 1

1

e n m m n m

e n m m n m

e n m m n m

nc H Y b Y b
b nc K H Y b Y b .

bn H J b J b
b

β β β
β β β

β β β

+

+

+

⎧ ⎫⎛ ⎞− + −⎨ ⎬⎜ ⎟ ⎧ ⎫⎛ ⎞⎝ ⎠⎩ ⎭= = + −⎨ ⎬⎜ ⎟⎧ ⎫⎛ ⎞ ⎝ ⎠⎩ ⎭+ −⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭

       (D.20) 

where K is the constant.  

Substituting c1 and c2 into Eq. (D.4), yields  

( ) ( ) ( ) ( )

( ) ( ) ( )

1

1                  

n m e n m m n m n m

e n m m n m n m

nR ,r K H Y b Y b J r
b

nK H J b J b Y r ,
b

β β β β β

β β β β

+

+

⎧ ⎫⎛ ⎞= + −⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭
⎧ ⎫⎛ ⎞− + −⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭

             
(D.21) 

or, 
( ) ( ) ( ){ }n m n n m n n mR ,r K L J r V Y r .β β β= −

                                            
(D.22) 
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Taking the expression of Ln and Kn as follows: 

( ) ( )1n e n m m n m
nL H Y b Y b ,
b

β β β+
⎛ ⎞= + −⎜ ⎟
⎝ ⎠                         

(D.23) 

and 

( ) ( )1n e n m m n m
nV H J b J b .
b

β β β+
⎛ ⎞= + −⎜ ⎟
⎝ ⎠                        

(D.24) 

Differentiating Eq. (D.22) with respect to r: 

( ) ( ) ( )d d d
d d d

n m
n n m n n m

R ,r
K L J r V Y r

r r r
β

β β⎧ ⎫= −⎨ ⎬
⎩ ⎭                       

(D.25) 

or, 

( ) ( ) ( ){ }d
d

n m
n m n m n m n m

R ,r
K L J r V Y r .

r
β

β β β β′ ′= −
                       

(D.26) 

Use of Eqs. (D.7) and (D.8) into Eq. (D.26), taking mx rβ= , provides 

( ) ( ) ( ) ( ) ( )1 1 1 1d
d 2 2

n m n m n m n m n m
n m n m

R ,r J r J r Y r Y r
K L V .

r
β β β β β

β β− + − +⎧ ⎫⎛ ⎞ ⎛ ⎞− −⎪ ⎪= −⎨ ⎬⎜ ⎟ ⎜ ⎟
⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭      

(D.27) 

Use of Eqs. (D.10) and (D.11) into Eq. (D.9) taking mx rβ= provides 

( ) ( ) ( ) ( )

( ) ( ) ( )

1 1

1 1

d
d 2 2

                    
2 2

n m n m n m
n m n m

m

n m n m
n m n m

m

R ,r J r J rnKL J r
r r

Y r Y rnKV Y r .
r

β β β
β β

β

β β
β β

β

+ +

+ +

= − −

⎛ ⎞
− − −⎜ ⎟

⎝ ⎠
 
          (D.28) 

Simplifying, 

( ) ( ) ( ) ( ) ( )1 1
d

d
n m

n n m m n m n n m m n m
R ,r n nK L J r J r V Y r Y r .

r r r
β

β β β β β β+ +
⎧ ⎫⎛ ⎞ ⎛ ⎞= − − −⎨ ⎬⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎩ ⎭    
(D.29) 

Substituting r = a into Eq. (D.29) provides 

( ) ( ) ( ) ( ) ( )1 1
d

d
n m

n n m m n m n n m m n m
r a

R ,r n nK L J a J a V Y a Y a .
r a a
β

β β β β β β+ +
=

⎧ ⎫⎛ ⎞ ⎛ ⎞= − − −⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎩ ⎭

   (D.30) 

Equation (D.22) provides at r = a:  

( ) ( ) ( ){ }n m n n m n n mr a
R ,r K L J a V Y aβ β β

=
= −

                                     
(D.31) 
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Using Eq. (D.30) and (D.31) in Eq. (D.2), yields 

( ) ( ) ( ) ( )

( ) ( ){ }

1 1

   0

n n m m n m n n m m n m

i n n m n n m

n nK L J a J a V Y a Y a
a a

H K L J a V Y a .

β β β β β β

β β

+ +
⎡ ⎤⎧ ⎫⎛ ⎞ ⎛ ⎞− − − −⎨ ⎬⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎩ ⎭⎣ ⎦
+ − =       

(D.32) 

or, 

( ) ( ) ( ) ( )

( ) ( )

1 1

 

n n m m n m n n m m n m

i n n m i n n m

n nL J a J a V Y a Y a
a a

H L J a H V Y a .

β β β β β β

β β

+ +
⎧ ⎫⎛ ⎞ ⎛ ⎞− − −⎨ ⎬⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎩ ⎭
= −             

(D.33) 

Simplifying Eq. (D.33): 

( ) ( ) ( ) ( )1 1n i n m m n m n i n m m n m
n nL H J a J a V H Y a Y a ,
a a

β β β β β β+ +
⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞− − = − −⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎩ ⎭ ⎩ ⎭

               

(D.34) 

or, 

0n n n nK L V W ,− =                                                                (D.35) 

where 

( ) ( )1n i n m m n m
nK H J a J a ,
a

β β β+
⎛ ⎞= − −⎜ ⎟
⎝ ⎠

                                     (D.36)                           

( ) ( )1n i n m m n m
nW H Y a Y a .
a

β β β+
⎛ ⎞= − −⎜ ⎟
⎝ ⎠                                      

(D.37) 

 

Equation (C.35) is the transcendental characteristic equation for finding out the 

positive roots m .β The eigenfunctions of Eq. (D.1) is given as  

( ) ( ) ( )n m n n m n n mR ,r L J r V Y r .β β β= −                                     (D.38)  
 

D.2 Derivation of the Norm ( )n mN β in Eq. (C.21)  

The norm is defined as  
         ( ) ( )2 d

b

n m n m
a

N rR ,r r.β β= ∫                                     (D.39) 
 

Integration of the Bessel function is given as (Özisik, 1993) 

( ) ( ) ( )
2

2
2 2 21 d 1

2
'

n m n m n m
m

nrG ,r r r G ,r G ,r
r

β β β
β

⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎜ ⎟= + − ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦
∫ ,             (D.40) 
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where ( )n mG ,rβ  is the Bessel function of the first or second kind of order n.  

Use of Eq. (D.40) into Eq. (D.39) provides 

( ) ( ) ( )
22

2 21
2

r b

n m m n m
m

r a

r nN R' ,r R ,r ,
r

β β β
β

=

=

⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎜ ⎟= + −⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦                  

(D.41) 

or, 

( ) ( ) ( )

( ) ( )

2

2

22
2

22
2

1
2

               1
2

'
n m n m n m

m

'
n m n m

m

b nN R ,b R ,b
b

a nR ,a R ,a .
a

β β β
β

β β
β

⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎜ ⎟= + − ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎜ ⎟− + − ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦

                     (D.42)

 

Equation (D.41) needs the terms ( )
2'

n mR ,bβ ( )
2'

n mR ,aβ ( )2
n mR ,bβ ( )2

n mR ,aβ .  

 

Equations (D.10) and (D.11) can be written as 

( ) ( ) ( )1n n n
nJ x J x J x ,
x+ ′= −                                         (D.43) 

and 

( ) ( ) ( )1n n n
nY x Y x Y x .
x+ ′= −                                        (D.44) 

Use of Eqs. (D.43) and (D.44) into Eqs. (D.23) and (D.24), taking mx b,β=  yields 

( ) ( )n e n m m n mL H Y b Y b ,β β β′= +                                    (D.45) 

and 

( ) ( )n e n m m n mV H J b J b .β β β′= +                                   (D.46) 

Use of Eqs. (D.43) and (D.44) into Eqs. (D.36) and (D.37), taking mx a,β=  yields 

( ) ( )n i n m m n mK H J a J a ,β β β′= − +                                     (D.47) 

and 

( ) ( )n i n m m n mW H Y a Y a .β β β′= − +                                     (D.48) 

Substituting Eqs. (D.45) and (D.46) into Eq. (D.38), 
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( ) ( ) ( ){ } ( )
( ) ( ){ } ( )                   

n m e n m m n m n m

e n m m n m n m

R ,r H Y b Y b J r

H J b J b Y r .

β β β β β

β β β β

′= +

′− +                      
(D.49) 

Putting r = b in Eq. (D.49) results 

( ) ( ) ( ){ } ( )
( ) ( ){ } ( )                  

n m e n m m n m n m

e n m m n m n m

R ,b H Y b Y b J b

H J b J b Y b .

β β β β β

β β β β

′= +

′− +                        
(D.50) 

Simplification of Eq. (D.50) provides 

( ) ( ) ( ) ( ) ( ){ }n m m n m n m n m n mR ,b J b Y b Y b J b .β β β β β β′ ′= −
               

(D.51) 

Using Wronskian relation for the Bessel function (Özisik, 1993),  

       ( ) 2
n m m

m
R ,b .

b
β β

πβ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠                                                       

(D.52)
 

Thus, 
 

( ) 2
n mR ,b ,

b
β

π
=

                                                                   
(D.53) 

or, 

( )2
2 2
4

n mR ,b .
b

β
π

=
                                                               

(D.54) 

Substituting the expression of Ln from Eq. (D.35) into Eq. (D.38),  

( ) ( ) ( )n n
n m n m n n m

n

V WR ,r J r V Y r ,
K

β β β= −
                                    

(D.55) 

or, 

( ) ( ) ( ){ }n
n m n n m n n m

n

VR ,r W J r K Y r .
K

β β β= −
                               

(D.56) 

Substituting the expression for Kn and Wn from Eqs. (D.47) and (D.48) into Eq. 

(D.56)  

( ) ( ) ( ){ } ( )

( ) ( ){ } ( )                  

n
n m i n m m n m n m

n

n
i n m m n m n m

n

VR ,r H Y a Y a J r
K

V H J a J a Y r .
K

β β β β β

β β β β

′= × − +

′− × − +               
(D.57) 

Equation (D.57) provides at x = a:  

( ) ( ) ( ){ } ( )

( ) ( ){ } ( )                    

n
n m i n m m n m n m

n

n
i n m m n m n m

n

VR ,a H Y a Y a J a
K

V H J a J a Y a .
K

β β β β β

β β β β

′= × − +

′− × − +
             (D.58) 
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Simplifying,  

( ) ( ) ( ) ( ) ( ){ }n
n m m n m n m n m n m

n

VR ,a J a Y a J a Y a .
K

β β β β β β′ ′= −
              

(D.59) 

Using Wronskian relation for the Bessel function (Özisik, 1993): 

          ( ) 2n
n m m

n m

VR ,a .
K a

β β
πβ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠                                        

(D.60)
 

Thus, 
 

( ) 2 n
n m

n

VR ,a ,
a K

β
π

=
                                                  

(D.61) 

or, 

( )
2

2
2 2 2
4 n

n m
n

VR ,a .
a K

β
π

=
                                               

(D.62) 

Now, the expression of ( ),n mR bβ′  can be evaluated using boundary conditions given 

in Eq. (D.3) for r = b: 
( ) ( )d ,

, ,
d

n m
e n m

R b
H R b

r
β

β= −                                (D.63) 

or, 
( ) ( ), , .m n m e n mR b H R bβ β β′ = −                                (D.64) 

Thus, 

( ) ( ), , ,e
n m n m

m

HR b R bβ β
β

′ = −                              (D.65) 

 
or, 

( ) ( )
2

2 2
2, , .e

n m n m
m

HR b R bβ β
β

′ =                                (D.66) 

Similarly, the expression of ( ),n mR aβ′  can be evaluated using boundary conditions 

given in Eq. (D.2) for r = a (Özisik, 1968): 
( ) ( )d ,

, ,
d

n m
i n m

R a
H R a

r
β

β=                              (D.67) 

or, 
( ) ( ), , .m n m i n mR a H R aβ β β′ =                             (D.68) 

Thus, 

( ) ( ), ,i
n m n m

m

HR a R aβ β
β

′ =                                 (D.69) 

or, 
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( ) ( )
2

2 2
2, , .i

n m n m
m

HR a R aβ β
β

′ =                                 (D.70) 

Substituting Eqs. (D.66) and (D.70) into Eq. (D.44) yields 

( ) ( ) ( )

( ) ( )

222
2 2

2

222
2 2

2

1
2

               1
2

e
n m n m n m

mm

i
n m n m

mm

Hb nN R ,b R ,b
b

Ha nR ,a R ,a
a

β β β
ββ

β β
ββ

⎡ ⎤⎧ ⎫⎛ ⎞⎪ ⎪⎢ ⎥= + −⎨ ⎬⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎩ ⎭⎣ ⎦
⎡ ⎤⎧ ⎫⎛ ⎞⎪ ⎪⎢ ⎥− + −⎨ ⎬⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎩ ⎭⎣ ⎦

 .                    (D.71)

 

Substituting Eqs. (D.54) and (D.62) into Eq. (D.71) provides 

( )
222

2 2 2 2 2

22 2 22

2 2 2 2 2 2 2

4 41
2

4 4               1
2

e
n m

mm

i n n

mm n n

Hb nN
bb b

H V Va n
aa K a K

β
ββ π π

ββ π π

⎡ ⎤⎧ ⎫⎛ ⎞⎪ ⎪⎢ ⎥= × + − ×⎨ ⎬⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎩ ⎭⎣ ⎦
⎡ ⎤⎧ ⎫⎛ ⎞⎪ ⎪⎢ ⎥− × + − ×⎨ ⎬⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎩ ⎭⎣ ⎦

 ,                 (D.72) 

or, 

( )
2 22

2 2 2
2 2 2 2 2
2 21 1n

n m e m i
m mm m n

Vn nN H H .
b aK

β β
β βπ β π β

⎡ ⎤ ⎡ ⎤⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞⎪ ⎪ ⎪ ⎪⎢ ⎥ ⎢ ⎥= + − − + −⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭⎣ ⎦ ⎣ ⎦
   (D.73) 

or, 
 

( )
2

2 2 2 2 2
2 2 n

n m e i
m m n

VN B B
K

β
π β π β

= −                             (D.74) 

where 
2

2 2 1e e m
m

nB H ,
b

β
β

⎧ ⎫⎛ ⎞⎪ ⎪= + −⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

                                      (D.75) 

and 
2

2 2 1i i m
m

nB H .
a

β
β

⎧ ⎫⎛ ⎞⎪ ⎪= + −⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

                                     (D.76) 

Equation (D.74) provides 

( )
2

2 2 2
2 n

n m e i
m n

VN B B ,
K

β
π β

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
                                          (D.77) 

or, 

( )
2 2

2 2 2
2 e n i n

n m
m n

B K BVN ,
K

β
π β

⎛ ⎞−
= ⎜ ⎟

⎝ ⎠
                                         (D.78) 

2 2

2
e n i n

n
n

B K BVF .
K
−

=                                                          (D.79) 

Hence, n is zero or positive integer. 
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Appendix E 

 

Derivation of Eq. (3.39) by Method of Eigenfunctions (Kim et al. 
2009) 

 
The derivation of Eq. (3.39) is given in concise form in Appendix A of Kim et al. 

(2009). For sake of ready reference, an elaborate derivation of the expression is 

described as follows:  

Let us consider homogeneous boundary value problem 

           
( ) ( )

2
2

2

d
0

d
n

nn

y
y

y
φ

λ φ+ = ,                                               (E.1)                        

with boundary condition  

          
( )d

0
d
n y
y

φ
=    at 0,y =                                                  (E.2) 

and 

    
( )d

0
d
n y
y

φ
=   at  .y h=                                                 (E.3) 

The general solution of Eq. (E.1) can be written as  

                     ( ) ( ) ( )cos y sin y .n n ny A Bφ λ λ= +                              (E.4)              

Differentiating Eq. (E.4) with respect to y: 

                   
( ) ( ) ( )d

sin  + cos  .
d
n

n n n n

y
A y B y

y
φ

λ λ λ λ= −                     (E.5) 

Using Eqs. (E.2) and (E.3) into Eq. (E.4) such that  

at y = 0:  
= 0,B                                                            (E.6) 

at y = h: 
( ) 0.n yφ ≠                                                         (E.7) 

Hence, A = 1. Therefore, the eigenfunctions are given by 

( ) ( )cos ,n ny yφ λ=                                                    (E.8) 
where 

TH-1513_11610339



 Appendices  

 259

.n
n
h
πλ =

                                                                     
(E.9) 

Any piecewise smooth function can be expanded in terms of these eigenfunctions 

              
0 0

( , ) ( ) ( ) ( ) cos( y)n n n n
n n

T y t a t y a tφ λ
∞ ∞

= =

= =∑ ∑ ,             (E.10) 

Differentiating Eq. (E.10) with respect to t: 

              ( ) ( )
0

, ( )  cosn
n

n

T y t a t y
t t

λ
∞

=

∂ ∂
=

∂ ∂∑ ,                                      (E.11) 

Multiplying Eq. (E.11) by cos( y)nλ  and integrating 0 to h: 

           
( ) ( ) ( ) ( )2

0 0

,
cos  d cos  d

h h
n

n n

a t T y t
y y y y

t t
λ λ

⎛ ⎞∂ ∂
=⎜ ⎟

∂ ∂⎝ ⎠
∫ ∫ ,                    (E.12) 

From Eq. (3.34), the one-dimensional heat conduction equation can be written as  

( ) ( ) ( )2

2

, ,
,

ps ps

s

s s

T y t T y t Q yk
t yc cρ ρ

∂ ∂
= +

∂ ∂

�

                                         
(E.13) 

Inserting Eq. (E.13) into Eq. (E.12), the following equations is obtained as  

                  
( )

( ) ( ) ( )

( )2

2

2
0

0

,
cos  d

.
cos  d

ps ps

h
s

n
s sn

h

n

T y t Q yk y y
ya t

t
y y

c c
λ

ρ ρ

λ

⎛ ⎞∂
+⎜ ⎟⎜ ⎟∂∂ ⎝ ⎠=

∂

∫

∫

�

               (E.14) 

In order to derive the expression for ( )na t , let us consider Green’s formula 

                  2

2 2

2
0 0

d
hh v u v uu v y u v

y y y y
⎡ ⎤ ⎛ ⎞∂ ∂ ∂ ∂

− = −⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦
∫ ,                       (E.15) 

where  

( ), ,u T y t=                                                              (E.16) 

and  

( )cos .nv yλ=                                                           (E.17) 

Substituting Eqs. (E.16) and (E.17) into Eq. (E.15) such that  
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( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )

2 2

2 2
0

0

cos ,
, cos y  d

y

,
    , sin cos ,

h
n

n

h

n n n

y T y t
T y t y

y

T y t
T y t y y

y

λ
λ

λ λ λ

⎧ ⎫∂ ∂⎪ ⎪−⎨ ⎬
∂ ∂⎪ ⎪⎩ ⎭

⎛ ⎞∂
= − −⎜ ⎟∂⎝ ⎠

∫
                        (E.18) 

Using the given boundary conditions in Eqs. (3.35) and (3.36) into Eq. (E.18) such 

that 

                 
( )( ) ( ) ( ) ( )

( )( ) ( ) ( )

2
2

2
0

,
, cos cos  d

   , sin cos 0 .

h

n n n

s
n n n

s

T y t
T y t y y y

y

qT h t h h h
k

λ λ λ

λ λ λ

⎧ ⎫∂⎪ ⎪− −⎨ ⎬∂⎪ ⎪⎩ ⎭
⎛ ⎞

= − − −⎜ ⎟
⎝ ⎠

∫
�                     

(E.19) 

Equation (E.19) can be written as                            

    
( ) ( ) ( ) ( ) ( ) ( )

2
2

2
0 0

,
cos  d , cos  d  + 1 .

h h
n s

n n n
s

T y t qy y T y t y y
y k

λ λ λ
⎧ ⎫∂⎪ ⎪ = − −⎨ ⎬∂⎪ ⎪⎩ ⎭
∫ ∫

�
    (E.20)                

Substituting Eq.(E.20) in  Eq.(E.14): 

( ) ( ) ( ) ( )( ) ( ) ( )( )

( )

2

0 0

2

0

1 1, cos  d 1 cos d
.

cos y d

ps ps ps

h h
ns

n n s n
n s s s

h

n

k T y t y y q Q y y
a t

t
y

c c c
λ λ λ

ρ ρ ρ

λ

− + − +
∂

=
∂

∫ ∫

∫

��

(E.21) 

Using Eqs. (E.14) and (E.21) the following equations is obtained as 

( ) ( ) ( )
( ) ( )

2

0

2 1 cos d
ps ps

h
ns n nn

s n
s s

k a ta t
q Q y y

t hc c
λ

λ
ρ ρ

− ⎧ ⎫∂ ⎪ ⎪= + − +⎨ ⎬
∂ ⎪ ⎪⎩ ⎭

∫ �� .              (E.22)                           

Case 1: If   0n = : 

 
( ) ( )0

0

d 2 cos d
d ps

h

s n
s

a t
q Q y y

t h c
λ

ρ
⎧ ⎫⎪ ⎪= +⎨ ⎬
⎪ ⎪⎩ ⎭

∫ �� ,                             (E.23)     

Case: 2: If   0n ≠ : 

               
( ) ( )

( ) ( )
2

0

d ( ) 2 1 cos d
d ps ps

h
nn s nn

s n
s s

k a ta t q Q y y
t hc c

λ
λ

ρ ρ

− ⎧ ⎫⎪ ⎪= + − +⎨ ⎬
⎪ ⎪⎩ ⎭

∫ �� ,   (E.24) 

Integrating Eq. (E.24) with respect to t: 
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               ( ) ( )0 0
0

2 d 0
ps

h

s
s

a t q Q y t a
h cρ

⎛ ⎞
= + +⎜ ⎟

⎝ ⎠
∫ �� ,                             (E.25)                           

Using the given initial condition in Eq. (3.37), the following relation is obtained as  

            ( )0 0
0

1(0) d
h

a T y y
h

= ∫ ,                                             (E.26)                           

If 0t =  and  0n ≠ , then  

             ( ) ( ) ( )0
0

20 ( cos d .
h

n na T y y y
h

λ= ∫                                    (E.27)                           

Rearranging Eq. (E.24)  

( ) ( ) ( ) ( )
2

0

d 2 1 cos d .
d ps ps

h
nn n

n s n
s s

a t
a t q Q y y

t hc c
λ λ
ρ ρ

⎧ ⎫⎪ ⎪+ = − +⎨ ⎬
⎪ ⎪⎩ ⎭

∫ ��                     (E.28)                           

The general solution of   Eq. (E.18) can be obtained by introducing integrating factor 

(I.F) such that 

( ) ( ) ( ) ( )
0 0

2( ) I.F. = I.F. 1 cos d d +
ps

t h
n

n s n
s

a t q Q y y t C
h c

λ
ρ

⎧ ⎫⎡ ⎤⎪ ⎪− +⎨ ⎬⎢ ⎥
⎪ ⎪⎣ ⎦⎩ ⎭
∫ ∫ �� ,            (E.29)  

where 

2I.F. exp ,
ps

s
n

s

k t
c

λ
ρ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
                                                                  (E.30)                           

and C is a constant, which is  equal to (0)na . 

Using Eq. (E.30) into Eq. (E.29): 

( ) ( ) ( )2 2

0 0

2exp = exp 1 cos d d

                                    + (0),

ps ps ps

t h
ns s

n n n s n
s s s

n

k ka t t t q Q y y t
h

a

c c c
λ λ λ

ρ ρ ρ
⎧ ⎫⎛ ⎞⎛ ⎞ ⎛ ⎞⎪ ⎪− +⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟
⎪ ⎪⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎩ ⎭
∫ ∫ ��

 

(E.31) 

or, 

( ) ( )

( )

2 2

0

2
2

0

2exp 0 + exp d

2            + 1 exp cos d .

ps ps ps

ps

t
s s

n n n s n
s s s

h
s

n n
n s s

k ka t t a q t t
h

k t Q y y
k h

c c c

c

λ λ
ρ ρ ρ

λ λ
λ ρ

⎧ ⎫⎛ ⎞⎛ ⎞ ⎛ ⎞⎪ ⎪= − ⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭
⎛ ⎞⎛ ⎞

− −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

∫

∫

�

�
  

(E.32) 
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Eq. (E.10) can be written as  

( ) ( ) ( ) ( ) ( ) ( )0
0 1

,  cos y = +  cos .n n n n
n n

T y t a t a t a t yλ λ
∞ ∞

= =

= ∑ ∑              (E.33)                                     

Using Eq. (E.32) into Eq. (E.33):  

( ) ( ) ( )0
10

2, (0) d  cos .
p

h

s n n
ns

T y t a q Q y t a t y
h c

λ
ρ

∞

=

⎛ ⎞
= + + +⎜ ⎟

⎝ ⎠
∑∫ ��             (E.34) 

Inserting Eq. (E.32) into Eq. (34) and after manipulating the following equation for 

transient temperature distribution in the bite zone is obtained as  

( ) ( ) ( )2 2

10 0 0

2
2

1 1 2( 1), d d exp 0 + exp d

2               + 1 exp cos

a
ps ps p p

psn

h h tn
s

s n n s n
ns s s s

s
n

s s

k kT y t T y y q Q y t t a q t t
h h h

k t Q
k h

c c c c

c

λ λ
ρ ρ ρ ρ

λ
λ ρ

∞

=

⎡⎧ ⎫⎧ ⎫⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞−⎪ ⎪ ⎪⎪⎢= + + + − ⎜ ⎟⎜ ⎟ ⎨ ⎨ ⎬⎬⎜ ⎟ ⎜ ⎟⎜ ⎟⎢ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎝ ⎠ ⎪ ⎪⎝ ⎠⎩ ⎭⎩ ⎭⎣

⎛ ⎞⎛ ⎞
− −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

∑∫ ∫ ∫�� �

� ( ) ( )
0

d cos ,
h

n ny y yλ λ
⎤
⎥
⎥⎦

∫
 (E.35) 

where  

,n
n
h
πλ =                                                                      (E.36) 

and 

 ( ) ( ) ( )
0

20 = cos da

h

n na T y y y
h

λ∫ .                                        (E.37) 
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Appendix F 

Derivation of Eq. (3.48) using Method of Separation of Variables 

 

The solution of one-dimensional heat conduction equation given by Eq. (3.48) can 

be obtained by employing a method of separation of variables (Kreyszig, 1999).    

Let ( ) ( ), , ,e ay t T y t Tθ = −                                                    (F.1) 

where ( ),eT y t  is the temperature of strip at the exit of the roll bite and Ta is the 

ambient temperature. The following solution is derived into three steps as follows: 

 

Step 1: Two ordinary differential equations 

              ( , ) ( , ) ( ) ( )e ay t T y t T F y G tθ = − = ,                                (F.2)                           

which are product of functions, each depending only on one variable y and t. 

Differentiating Eq. (F.2) with respect to t:  

                                    
( ) ( ) ( ),y t

F y G t
t

θ∂
=

∂
� .                                              (F.3)                           

Differentiating Eq. (F.3) twice with respect to y:  

                                     
( ) ( ) ( )

2

2

,
.

y t
F y G t

y
θ∂

′′=
∂

                                               (F.4)                           

Substituting Eqs. (F.3) and (F.4) into Eq. (3.35) taking ( ) ( ), ,T y t y tθ= as 

( ) ( ) ( ) ( )1 ,
s

F y G t F y G t
α

′′ = �                                               (F.5) 

or,  

( ) ( ) ( ) ( ).s F y G t F y G tα ′′ = �                                                  (F.6) 

where sα is the thermal diffusivity of the strip material. Dividing Eq. (F.6) by 

( ) ( )s F y G tα ′′ : 

( ) ( )
( ) ( )

1 ,
1 s

F y G t
F y G tα

=
′′

�
                                              (F.7) 
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After rearranging Eq. (F.7), the following expression is obtained: 

( )
( )

( )
( )

2
n

s

G t F y
G t F y

λ
α

′′
= = −

�
,                                        (F.8) 

where n = 1, 2, 3, … 

Note that in Eq. (F.8) dot denote the derivative of function ( )G t  with respect to t 

and primes denote the derivative of function ( )F y with respect to y. The equality in 

Eq. (F.8) is satisfied if each group of functions is equated to an arbitrary separation 

constant such that 

                               ( ) ( )2 0s nG t G tα λ+ =� ,                                           (F.9) 

and                                                       

                                  ( ) ( )2 0.nF y F yλ′′ + =                                          (F.10)                                     

The general solution of Eq. (F.9) provides 

       ( )2( ) expn s nG t B tα λ= −  ,                                 (F.11)                                     

where nB  is an arbitrary constant.  

 The solution of Eq. (F.10) can be written as  

    ( ) ( ) ( )cos sin .n nF y A y B yλ λ= +                                                (F.12) 

where A and B are the constant. The complete solution for ( )y,tθ is constructed by 

the product of theses elementary solutions is given as   

( ) ( ) ( )y,t F y G t .θ =                                                  (F.13) 

Inserting Eqs. (F.11) and (F.12) into Eq. (F.13) provides 

( ) ( ) ( ){ } ( ){ }2, cos sin exp ,n n n s ny t A y B y B tθ λ λ α λ= + −                              (F.14)    

or,    

          ( ) ( ) ( ){ } ( )2, cos sin exp .n n s ny t A y B y tθ λ λ α λ= + −                           (F.15)    

Differentiating Eq. (F.15) with respect to y: 

( ) ( ) ( )2 2,
sin cos expn n n n n

y t
A y B y t

y
θ

λ λ λ λ α λ
∂

= − + −
∂

,         (F.16) 
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Step 2: Satisfying the boundary conditions 

At y = 0 the following boundary conditions is given as  

( ),
0

y t
y

θ∂
=

∂
      at    0.y =                                (F.17) 

Inserting Eq. (F.16) into Eq. (F.17) provides 

0.B =                                                        (F.18) 

At y = h the following boundary conditions is given as  

( ) ( ) ( ),
( , ) ,a a

a
s s

y t h hT h t T h t
y k k

θ
θ

∂
= − − = −

∂       
at    ,y h=                (F.19) 

where ha is the convective heat transfer losses of strip surface, ks is the thermal 

conductivity of the strip material. Substituting Eqs. (F.16) and (F.18) in Eq. (F.19): 

( ) ( ) ( )2, sin exp .a
n n s n

s

h h t A h t
k
θ λ λ α λ− = − × −

                     
(F.20) 

After rearranging Eq. (F.20), the following form is obtained:   

    ( ) ( ) ( )2sin
, exp .s n n

s n
a

Ak h
h t t

h
λ λ

θ α λ= −                             (F.21) 

Substituting Eq. (F.18) into Eq. (F.15) yields  

 ( ) ( ){ } ( )2, cos 0 exp .n s nh t A h tθ λ α λ= + × −
        

             (F.22)      

Equations (F.21) and (F.22) yields 

( ) ( )sin
cos ,s n n

n
a

Ak h
A h

h
λ λ

λ=                                       (F.23) 

or, 

                   ( ) ( )sin cos 0.s n n a nk h h hλ λ λ− =                               (F.24)                           

Equation (F.24) is the transcendental characteristic equation for finding out the 

positive roots n .λ   
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Step 3: Solution of the entire problem using Fourier series along with the given 
initial condition 

 The general solution of Eq. (3.41) can be written as assuming 

( ) ( ), , ay t T y t Tθ = − (Kreyszig, 1999)  

( ) ( ) ( )2

1

, cos expn n s n
n

y t C y tθ λ α λ
∞

=

= −∑ .                              (F.25)                                     

The given initial condition can be written as  

  ( ,0) ( )eT y T y= ,    at t = 0,                                            (F.26) 

or,   

                      ( , ) ( , 0)y t yθ θ= ,    at t = 0.                                            (F.27)   

Using Eq. (F.27) into Eq. (F.25) provides  

                              ( )
1

( , 0) cosn n
n

y C yθ λ
∞

=

= ∑ .                                             (F.28)                

Equation (F.28) is expanding with the index n: 

( ) ( ) ( )
( ) ( )

1 1 2 2 3 3

( 1) ( 1)

( ,0) cos cos cos ....

               cos cos .n n nn

y C y C y C y

C y C y

θ λ λ λ

λ λ+ +

= + + +

+ +                  
(F.29) 

Multiplying ( )cosn nC yλ on both sides of Eq. (F.29) and integrate from 0 to h. This 

provides 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

1 1 2 2

0 0 0

( +1) ( 1)
0 0

+...d + d

                                           + d

, 0 cos dy cos cos cos cos

cos cos + C cos( )cos( )d .

                                         

n n n

n n n

h h h

h h

n n n

C y C y

C y

y y y y y y

y y y y y

λ λ λ λ

λ λ

θ λ

λ λ+

=∫ ∫ ∫

∫ ∫

               

(F.30)

 
If two functions ( )f y and ( )g y  are orthogonal over the interval 0 y h≤ ≤  with 

weighting function nC (Kreyszig, 1999) such that 

( ) ( ) ( ) ( )
0

d 0.n

h

f y g y C f y g y y= =∫
                                    

(F.31) 

Using the cosine Fourier series to obtain the constant nC such that 
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( ) ( ) ( )2

0 0

, 0 cos d cos  dnn n

h h

y y y C y yθ λ λ=∫ ∫ ,                             (F.32) 

or, 

                                
( ) ( )

( )
0

2

0

, 0 cos d
.

cos d

n

n

n

h

h

y y y
C

y y

θ λ

λ
=
∫

∫
                                      (F.33) 

Substituting Eq. (F.1) into Eq. (F.33) provides 

                                 
( ){ } ( )

( ){ }
0

0

, 0 cos d

1 cos 2 d

n

n

n

h

e a

h

T y T y y
C

y y

λ

λ

⎡ ⎤−⎣ ⎦
=

+

∫

∫
 .                            (F.34) 

Integrating Eq. (F.34) between 0 to h:  

     
( ) ( ) ( )

( )
0

sin
,0 cos d

sin 2
2 4

n

n

n
n

n

n

h
a

e

T h
T y y y

C
hh

λ
λ

λ
λ
λ

−
=

+

∫
,                              (F.35) 

or, 

                           
( ) ( ) ( )

( )
0

4 cos d 4 sin

2 sin

n n n

n

n n

h

e aT y y y T h
C

h h

λ λ λ

λ λ

−
=

+

∫
.                     (F.36)               

Inserting Eq. (F.36) into Eq. (F.25) yields 

( )
( ) ( ) ( )

( ) ( ) ( )20

4 cos d 4 sin
, cos exp .

2 sin 2

n n n

n n

h

e a

n s n

T y y y T h
y t y t

h h

λ λ λ
θ λ α λ

λ λ

−
= −

+

∫
    (F.37)  

Using Eq. (F.1) into Eq. (F.37) putting h=h2/2: 

( )
( ) ( )

( ) ( ) ( )

2

2
2

20

1 2 2

4 cos d 4 sin
2

, cos exp .
sin

h

n e n a n

a n s n
n n n

hT y y y T
T y t T y t

h h

λ λ λ
λ α λ

λ λ

∞

=

⎛ ⎞
⎜ ⎟⎛ ⎞− ⎜ ⎟⎜ ⎟⎝ ⎠⎜ ⎟= + −
⎜ ⎟+
⎜ ⎟
⎜ ⎟
⎝ ⎠

∫
∑

   

(F.38) 

Equation (F.38) provides the temperature distribution of exit strip at any location 

just after the roll bite.  
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Appendix G 

 
A User Defined DFLUX Subroutine in FORTRAN Language 

******************************************************************** 
** DFLUX FOR ABAQUS/STANDARD INCORPORATING HEAT FLUX AT OUTER    
** PERIPHERY OF THE ROLL.                                      
******************************************************************** 
      SUBROUTINE DFLUX(FLUX,SOL,KSTEP,KINC,TIME,NOEL,NPT,COORDS, 
     1   JLTYP,TEMP,PRESS,SNAME) 
C 
      INCLUDE 'ABA_PARAM.INC' 
C 
      DIMENSION FLUX(1), TIME(1), COORDS(3) 
      CHARACTER*80 SNAME 
 

      real w, x, y, z, t, r, xr, yr, q, THETA, ARC 
       
      parameter (PI = 3.141592654) 
       
      parameter (RO = 0.250)   ! Outer radius of the roll 
       
      w = 0.1                                !  Omega in rad/sec 
      q = 5E6                               !  Heat flux in W/m2 
      x = COORDS(1)                 !  x axis coordinate 
      y = COORDS(2)                 !  y axis coordinate 
      z = COORDS(3)                 !  z axis coordinate 
      t=Time(1)                            !  time  in sec 
       
      THETA=(8.0*PI)/180.0      ! THETA in radian (Here 8 degree is the angle) 
 
      ARC = THETA*RO            ! Contact length of heat source 
        
      xr=RO*cos(w*t)       
       
      yr=RO*sin(w*t)       
       
      r= sqrt((x-xr)**2+(y-yr)**2)   ! Instanteneous location of  the heat source  
        
      if (r.LE.ARC) then    
        
         FLUX(1)= q 
       
      else 
          
         FLUX(1)=0 
       
      end if 
      
      JLTYP = 0 
       
      RETURN   
END 
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Appendix H 

 
Some Results of Parametric Study Using Fast Finite Element 

Analysis of Flat Rolling Process 
 

The thermal analysis of the roll and the strip is carried out by using FEM based 

software package while the input is taken from the FEM deformation module 

(Appendix A). The main purpose is to develop a methodology to improve the 

computational efficiency for carrying out the thermo-mechanical analysis by FEM. 

In the present work, FEM deformation module developed in FORTRAN and FEM 

package software ABAQUS is used to find out the temperature in the roll and strip. 

It is assumed that the heat flux input into the roll over the roll-strip interface is 

constant. The steady-state temperature distribution of the roll and the strip is 

obtained by ABAQUS. For this heat generation due to plastic deformation and 

friction is calculated employed by FEM deformation module based on Eulerian flow 

formulation (Appendix A). The heat generated due to plastic deformation and 

frictional work at the roll bite is used as input in the thermal analysis of the roll and 

the strip. The heat partition factor between the roll and the strip is obtained by 

matching the average temperature of the roll and the strip at the roll-strip interface. 

The mesh sensitivity analysis is carried out to choose the optimum number of 

elements and is presented in Section 3.5.  

 The parametric study is carried out to see the influence of roll radius, effect of 

yield stresses of the material and convective heat transfer coefficients at the outer 

roll periphery. The thickness of hollow rolls is kept constant at 20 mm in the present 

study. The thermal properties of roll and strip are given in Table 3.15 and the 

constitutive relation of the strip material is given by Eq. (3.26). An iterative 

procedure involving thermal and mechanical analysis in sequence is employed.  

 Table H.1 shows the computed average temperature at the roll-strip interface 

for different rolling speeds. It is observed from Table H.1 that the minimum 

temperature at the roll-strip interface occurs for the smallest roll radius and the 

maximum temperature occurs at the highest roll radius. The heat generation due to 
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plastic deformation and friction energy is more at larger roll radius. On the other 

hand, at constant production rate, the angular velocity of roll decreases with 

increasing roll radius. Hence, the contact time of strip and roll at the interface 

increases. Table H.1 shows that increasing the exit speed of the strip from 1 to 2 

m/s, the average temperature at roll-strip interface increases. The higher exit speed 

of the strip also implies higher angular velocity of the roll. Although, the power per 

unit volume may not change significantly, the time available for the cooling of roll 

reduces. Hence, temperature obtained at higher speed is more than that at lower 

speed. 

Table H.1. Typical results for the effect of roll diameter on the interface 
temperature (h1 = 1mm, rd = 24%, hi = 2.6 W/m2K, µ = 0.14, ( )Y 0

400 MPaσ = b = 
0.052, n = 0.295, T0 = 30 °C) 

Roll 
radius 

R (mm) 

Average temperature at the roll-strip interface (°C) 
V2 = 1 m/s V2 = 2 m/s 

he = 10 W/m2-°C he = 260 W/m2-°C he = 10 W/m2-°C he = 260W/m2-°C
35 77.25 75.21 95.56 94.82 
65 123.42 94.5 145.1 111.25 
130 214.21 178.72 231.62 197.85 

 

 The effect of convective heat transfer losses is one of the important process 

parameter controlling the thermal damage of work roll and thus increasing the roll 

life in rolling mill. The change in the convective heat transfer coefficient is studied 

for various values of the roll radius. The analysis is performed with two initial 

temperatures of strip, 30 and 200 °C, for he = 10 and 260 W/m2°C. The thickness of 

the hollow roll is kept constant at 20 mm during the study. The material of strip is 

steel. The yield stress of strip ( )0Yσ , material hardening parameter (b, n), exit speed 

of rolling (V2), inlet thickness of the strip (h1) and coefficient of friction (µ) is given 

in Figs. H.1 and H.2. Figures H.1 and H.2 show the average temperature at the roll-

strip interface with respect to different roll radii.  It is observed from Figs. H.1 and 

H.2 that the average temperature at the roll-strip interface decreases with increase in 

the convective heat transfer coefficient. The difference between average 

temperatures at roll-strip interface at two convective heat losses is more pronounced 

TH-1513_11610339



 Appendices  

 271

at higher roll radius. Similarly, the rise in average temperature at the roll-strip 

interface is more for the case of lower initial temperature of strip. 

 
Fig. H.1. Effect of convective heat transfer coefficient on the average temperature at 

the roll-strip interface with initial temperature of strip 30 °C 

 
Fig. H.2. Effect of convective heat transfer coefficient on the average temperature at 

the roll-strip interface with initial temperature of strip 200 °C 
  

  Another investigation is made by comparing the average temperature at the 

roll-strip interface for different flow stresses of the material. It is observed from Fig. 
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H.3 that with the increase of yield stress by 10% and material hardening parameters 

by 20%, the average temperature at the interface increases more than 50 °C at roll 

radius R = 130 mm. However, with the decrease of roll radius the variation of 

temperature also decreases. For similar reduction and rolling speed, the strip with 

higher flow stress has a higher average temperature at the roll-strip interface. As 

material becomes harder, more rolling power is required which causes the 

temperature of the strip to increase.  

 
Fig. H.3. Effect of different yield stress of different material parameters on the 

average temperature at the roll-strip interface with initial temperature of strip 30 °C 
 

 In the present work, fast finite element analysis is carried out to develop a 

computationally efficient methodology for estimating the steady-state temperature 

distribution in rolling. The methodology is implemented on FEM based package 

ABAQUS. It has been observed that ABAQUS takes a lot of time for steady-state 

thermal analysis of roll. The fast FEM analysis takes less than 10 minutes screen 

time to find out the steady-state temperature distribution. Hence, the proposed 

methodology can be useful for analyzing the steady-state temperature distribution in 

rolling for composite and functionally graded materials.   
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Appendix I 

 
Sequential Quadratic Programming (SQP) Methods 

 

Sequential quadratic programming (SQP) method uses a quadratic model for the 

objective function and a linear model of the constraint in sequence. A nonlinear 

program in which the objective function is quadratic and the constraints are linear is 

called a quadratic program (QP). SQP actually solves a sequence of quadratic 

programming (QP) problems till the convergence is obtained (Rao, 2013).  

 Consider the following optimization problem with l equality and m inequality 

constraints:  

Minimize f(x),  

subject to                                 ( ) 0,    = 1 to ,ih i l=x                                                

and                                          ( ) 0,    = 1 to jg j m≤x                                            (I.1) 

where ( )1 2, ,..., T
nx x x=x is a column vector of n real-valued design variables.  

  At a particular guess point, Eq. (H.1) is converted to the following quadratic 

form: 

( ){ } 1
2

T TQ f= ∇ x d + d dH , 

subject to 
( ) ( ) 0,      1, 2, ,T

i ih h i l+ ∇ = =x d … ,                            (I.2) 

( ) ( ) 0,      1,2, , ,
T

j jg g j m+ ∇ ≤ =x d …  

where T
1 2, , , nd d d⎢ ⎥⎣ ⎦"d = is the vector of decision variables of the problem and H 

is the Hessian matrix of the Lagrange function of Eq. (I.1) considering equality and 

active non-equality constraints.  

 The Lagrange function, ( ),L λx , corresponding to the problem of Eq. (I.1) 

can be defined as  

 ( ) ( ) ( ) ( )
1

, ,
m l

j j m i i
j i

L f g hλ λ λ +
=

= + +∑ ∑x x x x
                           

(I.3) 
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where jλ and m iλ + are the Lagrange multipliers for jth inequality constraints and ith 

equality constraints respectively. The Karush-Kuhn-Tucker (KKT) necessary 

condition can be stated as 

  ( ) ( ) ( )
1

.
m l

j j m i i
j i

g h fλ λ +
=

∇ + ∇ = −∇∑ ∑x x x
                           

(I.4) 

 For a particular guess points, the gradient of the objective function can be 

written as 

( )T

1 2 n

f f ff
x x x

⎢ ⎥∂ ∂ ∂
∇ = ⎢ ⎥∂ ∂ ∂⎣ ⎦

…x
                                      

(I.5) 

and the Hessian matrix of the Lagrange function can be written as 
2 2 2

2
1 1 2 1

2 2 2

2
2 1 2 2

2 2 2

2
1 2

.

n

n

n n n

L L L
x x x x x
L L L

x x x x x
H

L L L
x x x x x

⎡ ⎤∂ ∂ ∂
⎢ ⎥∂ ∂ ∂ ∂ ∂⎢ ⎥
⎢ ⎥∂ ∂ ∂
⎢ ⎥
∂ ∂ ∂ ∂ ∂⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥∂ ∂ ∂
⎢ ⎥∂ ∂ ∂ ∂ ∂⎣ ⎦

"

"

" " " "
" " " "
" " " "

"

                                   (I.6) 

  

 For the solution, an appropriate starting value of non-zero Lagrange 

multiplier 0λ  can be obtained by employing least square method. This provides  

( ) ( ){ }10 T T ,
T

f
−

= ∇G G G xλ
                                         

(I.7) 

where G indicates the set of active constraints at the point x.   

 The variable d in Eq. (I.2) is the search direction for getting the optimum 

solution. Assume that the minimum point xp is obtained by the expression:  

p δ= +x x d ,                                                     (I.8) 

where δ is a step length chosen to reduce the value of a suitable merit function along 

the direction d. Once the value of xp is substituted in the merit function, the merit 
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function becomes the function of scalar δ . The optimum value of δ  can be found 

by a one-dimensional search technique e.g., golden section search algorithm (Rao, 

2013). The merit function can be the function of the following form:  

( ) ( )( ){ } ( )
1 1

max 0,
m l

j i
j i

M R f g h
= =

⎧ ⎫
= + +⎨ ⎬

⎩ ⎭
∑ ∑x x x ,                     (I.9) 

where R is a very large value called the penalty parameter.  

 At the obtained optimum point px , the objective function is again converted 

to the form of Eq. (I.2), i.e., a quadratic approximation for the function and a linear 

approximation for the constraints is used. After this, the procedure is repeated 

starting from solving a QP problem by a method similar to Simplex method (Taha, 

2000). Thus, the optimization process is iterative and the iterations are continued till 

the convergence is obtained. In this thesis, inbuilt function FMINCON of 

MATLAB® is used to implement SQP algorithm.  
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Appendix J 

 
Typical empirical models showing the dependency of flow stress  

 

S.No. Material models Comments 

1. ( )0.355100 1 0.9yσ ε= +    Ludwik law used to validate the 
cold rolling results with the 
experimental data Jeswiet and Zhou 
(1975). The material of strip is 
made of aluminum alloy. 

2. 
( ) 1

n

y Y b
εσ σ ⎧ ⎫= +⎨ ⎬

⎩ ⎭0
 

Swift’s generalized power law, 
suitable for a wider range of strains. 
It is used for simulating the cold 
rolling in the present thesis.  

3. m n
y Bσ ε ε= �  The flow stress relation considering 

strain and strain-rate with 
temperature dependency. For 
validating the steady-state 
temperature distribution in warm 
rolling with the experimental 
results of Serajzadeh and 
Mohammadzadeh (2007). 
Serajzadeh and Mohammadzadeh 
(2007) found the constants m, n and 
B by experimentally (employed in 
Chapter 3). 

4. 1 4     for  0.1,y nσ σ ε ε= + ≥  
5

2     for  0.1,
0.1

n

y
εσ σ ε⎛ ⎞= <⎜ ⎟

⎝ ⎠  
 

This relation is used to validate the 
transient temperature distribution in 
warm rolling. Lenard and 
Malinowski (1993) conducted a 
series of compression test using 
appropriate values of strain-rates at 
temperatures of 22, 100 200 and 
300 °C for commercially pure 
aluminum alloy sample. The 
parameters of the flow stress are 
provided in Table 4.5. 
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5. 
( )

1

1

0

1 ln 1
m

eqn amb
y eq

m amb

T TA B C
T T

ε
σ ε

ε

⎡ ⎤⎡ ⎤ ⎛ ⎞−
⎢ ⎥= + + −⎜ ⎟⎢ ⎥ −⎢ ⎥⎣ ⎦ ⎝ ⎠⎣ ⎦

�
�

 

Johnson and Cook material model 
is widely used in metal forming 
processes. It is used for carrying out 
the master simulations of warm 
rolling and these simulations are 
taken in lieu of real shop floor 
experiments in Chapter 6. 

6. 1

0
m

n
y eq

r

T
T

β γ
εσ σ ε
ε

−
⎛ ⎞ ⎛ ⎞

= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

�
�  

Inverse modelling is employed to 
estimate the flow stresses in 
Chapter 6. This model may not be 
valid over wide ranges of strain, 
strain-rate and temperature. 
However, it is always possible to 
select smaller domains for fitting 
this model.  

7. 
0

m

n
y eq

T
T

γ

σ σ ε
−

⎛ ⎞
= ⎜ ⎟

⎝ ⎠  

This power law neglecting the 

strain-rate dependency. In this 

thesis, it is used to validate the 

results of inverse modelling in 

Chapter 6. 

8. n
y eqKσ ε=

 
Holloman law deviates at low 
strain, for high strain-rate may be 
treated total as well as plastic 
strain-rate. The constants K and n 
are temperature dependent.  

 

TH-1513_11610339



Publications from this Research Work 

International Journals 
1. V. Yadav, A.K. Singh and U.S. Dixit, (2016), Experimental validation of strategy 

for the inverse estimation of mechanical properties and coefficient of friction in 

flat rolling, Journal of Institutions of Engineers, India Series C, doi 

10.1007/s40032-016-0293-2. 

2. V. Yadav, A.K. Singh and U.S. Dixit, (2015), Inverse estimation of thermal 

parameters and friction coefficient during warm flat rolling process, International 

Journal of Mechanical Sciences, 96-97, pp. 182–198. 

3. V. Yadav, A.K. Singh and U.S. Dixit, (2014), An Approximate Method for 

Computing the Temperature Distributions in Roll and Strip during Rolling 

Process, Proceeding of Institution of Mechanical Engineers, Part B, Journal of 

Engineering Manufacture, 228, pp. 1118–1130. 

4. V. Yadav, J. Thakuria, A.K. Singh and U.S. Dixit, (2013), An Approximate Fast 

Finite Element Analysis of Temperature Distribution in Rolling, International 

Journal of Mechatronics and Manufacturing Systems, 6, pp. 381−396.   

Book Chapters 

1. U.S. Dixit, V. Yadav and A.K. Singh (2016), Estimation of temperature 

distribution in flat rolling, in Rolling of Advanced High Strength Steels: Theory, 

Simulation and Practice, edited by Jingwei Zhao and Zhengyi Jiang, CRC Press, 

in press.  

2. V. Yadav, A.K. Singh and U.S. Dixit, (2015), An efficient inverse method for 

determining the material parameters and coefficient of friction in warm rolling 

process, in Advances in Material Forming and Joining, edited by R. Ganesh 

Narayanan and U.S. Dixit, Springer (New Delhi). 

International/ National Conferences 
1. V. Yadav, A.K. Singh and U.S. Dixit, (2015), Determination of friction in cold 

and warm rolling processes, Proceedings of the Thirtieth National Convention of 

Production Engineers and National Seminar on Sustainable Manufacturing, July 

18-19, 2015, The Institution of Engineers (India), Tripura State Center, Agartala 

[Enhanced version of this paper is submitted as Journal #1].  

TH-1513_11610339



280 

 

2. V. Yadav, A.K. Singh and U.S. Dixit, (2014), An efficient inverse method for 

determining the material parameters and coefficient of friction in warm rolling 

process, 5th International & 26th All India Manufacturing Technology, Design and 

Research Conference (AIMTDR 2014), December 12th-14th, 2014, IIT Guwahati, 

India, pp. 66-1−66-7 [Enhanced version of this paper is published as Book chapter 

# 2]. 

3. V. Yadav, A.K. Singh and U.S. Dixit, (2012), An Approximate method for 

computing the temperature distributions in roll and strip during rolling process, 4th 

International & 25th All India Manufacturing Technology, Design and Research 

Conference (AIMTDR 2012), December 14th-16th, 2012, Jadavpur University, 

Kolkata, India, pp. 80−85 [Enhanced version of this paper is published as Journal 

#3].    

TH-1513_11610339




