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Abstract

The central theme of our work is to investigate Iwasawa invariants associated
with elliptic curves and p-adic measures. Iwasawa p- and A-invariants of an
elliptic curve contain valuable information about the curve. On the other hand,
p-adic L-functions over QQ arise as ['-transforms of certain p-adic measures, hence
there is considerable interest in Iwasawa invariants of such measures and their
[-transforms.

Suppose that F; and F, are elliptic curves defined over Q. Let p be an odd
prime where E; and F, have good ordinary reduction. Assume that E)[p'] =
Es[p'] as Galois modules for i = u(F;)+1. Also assume that both E;(Q)[p] and
E»(Q)[p] are trivial. Under the above assumptions we prove that p(E,) = pu(Es).
Also, if Ei[p'] & E,[p'] as Galois modules for ¢ = u(FE;), then u(E;) < p(Ey).
This result is an extension of earlier works of Greenberg and Vatsal, who studied
this problem for elliptic curves with p-invariants zero. We also illustrate our
results through some numerical examples.

We find a generalization of an existing result of Satoh, Kida and Childress
that deals with p-adic measures on Z, to p-adic measures on Z; for any n. Let
O be the ring of integers of a finite extension of Q,, where p is a fixed odd prime.
If o is a O-valued measure on Z, then it gives a power series in n variables with
coefficients in O. Analogous to the case n = 1, we define Iwasawa invariants of
such a power series for any n. Given a O-valued measure o on Z7, one obtains
a new measure 8 =3 o> (o (i, )|y on U while defining
the I-transform of a. Extending by 0, 3 gives a measure on Z7. We obtain
a relation between the Iwasawa invariants of the power series associated to 3
and the I'-transform for any n > 1. We prove the relation by deriving certain
p-adic properties of Mahler coefficients of the continuous functions f,(z) = ("T)

m

and fon, . om, (1, ,T,) = (;‘;1) e (if;:), where u is a topological generator of

1+ pZ,.
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In case of n = 1, Childress showed how the coefficients of the power series
associated to a p-adic measure « on Z, are related to the coefficients of the mea-
sure 3. She proved congruences modulo p amongst these coefficients. Finally,
using these congruences she related the coefficients of a to the A-invariant of
the Iwasawa series of the ['-transform of a. Following her approach, one can
generalize the congruences modulo p amongst the coefficients of a p-adic mea-
sure o on Zj; and the coefficients of the associated measure 5. We relate the
coefficients of a p-adic measure o on Zf, to the A-invariant of the Iwasawa series
of the I'-transform of a. One can produce similar results for any « defined on
Z,, but the number of coefficients of the power series associated with « which

are involved increases with n.
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Chapter 1
Introduction

The striking feature of Iwasawa theory is that deep information about the arith-
metic of a finite extension F' of (Q can be obtained by studying the arithmetic
of certain infinite Galois tower of number fields lying above F'. The typical
example is the classical theory of cyclotomic fields. Let p,, denote the group of
m-th roots of unity. Let p be a prime number and define
P=Q(up), Po=Qup+), Po=|]Pn=Q(up).
n>0

Number theorists have studied the field P since the time of Kummer, but it
was Iwasawa who realized the importance of the infinite tower above P. This
infinite tower of fields is referred to as the cyclotomic tower. Many aspects of
Iwasawa’s theory are not special to the cyclotomic tower. They have already
been successfully applied in the arithmetic theory of elliptic curves with complex
multiplication. One significant result in this direction is the proof of a version of
the Birch and Swinnerton-Dyer by Coates and Wiles in [6]. They worked with
the tower of fields generated by the torsion points of an elliptic curve. More

generally, one can apply these ideas to certain infinite tower of fields which are
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CHAPTER 1 Introduction

known as Z,-extensions (see section 1.1.1).

Iwasawa theory occupies a unique place in the study of elliptic curves (see
[17-20]). One of the most important questions about the arithmetic of an
elliptic curve defined over a number field is the rank of the Mordell-Weil group.
Suppose E is an elliptic curve defined over the number field F'. The rational
points on E over F' form an abelian group known as the Mordell-Weil group
and is denoted by E(F'). The Mordell-Weil group is finitely generated as a
Z-module. It is possible to describe quite precisely the torsion subgroup. In
fact, if F is defined over Q, then its torsion part is completely known due to a
theorem of Mazur. However, it is far more difficult to determine its free part.
By studying the Selmer groups, valuable information about the Mordell-Weil
group can be gained. In particular, an upper bound for the Mordell-Weil rank
can be obtained. By investigating elements of the Selmer groups, one can hope
to find the generators of the free part of the Mordell-Weil group. This procedure
is known as the method of descent. The Selmer groups are defined in terms of
Galois cohomology (for details, see chapter 2). Let p be a prime number. The
underlying idea of Iwasawa theory is to study first the arithmetic of £ over a
certain infinite Galois extension F, of F', and then to exploit the natural action
of the Galois group of F,, over F' on the basic arithmetic objects to derive
information about F over the original base field F. Suppose that p is a prime
where E has good ordinary reduction. If K is an algebraic extension of QQ, then
the Selmer group for E over K is a certain subgroup of H' (G, E(Q)ors), where

G = Gal(Q/K). The Selmer group Selz(K) fits into an exact sequence
0— E(K)®Q/Z — Selg(K) — lg(K) — 0,

where Iz (K') denotes the Shafarevich-Tate group for £ over K (see [11°19]).

2
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CHAPTER 1 Introduction

Let K = Qu be the cyclotomic Z,-extension of Q. Then I' = Gal(Q/Q)
acts on Selp(Qs). Its p-primary subgroup Selg(Qs), can be regarded as a
A-module, where A = Z,[[T]] is the completed group algebra for I' over Z,.
Kato has proven that Selp(Q), is A-cotorsion, as Mazur conjectured in [5].
That is, the Pontryagin dual Xg(Q) of Selg(Qx), is a torsion A-module. It is
also known that Xg(Q.) is finitely generated A-module. The classification of
finitely generated A-modules (see section 1.1.3) asserts that one has a pseudo-

isomorphism

Xp(Qu) ~ (éA/(fi(T))‘”) P (éA/(zw)). (1)

The fi(T')’s are irreducible distinguished polynomials in A. The a;’s and pu;’s
are positive integers. One can then define the algebraic Iwasawa invariants of

E/Q at the prime p by

n

p(E) = Z pj and  A(E) =) agdeg(fi(T)):

i=1
Suppose that E; and FE, are elliptic curves defined over Q. Let p be an odd
prime where E; and Es have good ordinary reduction. In [21], Greenberg and
Vatsal studied vanishing of the p-invariants of both the curves in terms of the
Galois module structure of the p-torsion points on the curves. In this thesis,
we extend their results for curves with non-zero p-invariants. We illustrate our
results through some numerical examples.

In [24], Sinnott gave an elegant new proof of the theorem of Ferrero and
Washington that the Iwasawa p-invariant is zero for the cyclotomic Z,-extension
of any abelian number field. Sinnott showed how to compute the p-invariant of
the I'-transform of a rational function. Since the p-adic L-functions over Q arise

as such I'-transforms, he obtained a new proof of the theorem of Ferrero and

3
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CHAPTER 1 Introduction

Washington (see [4]). Following his approach, Rosenberg also found a new proof
of the same theorem. In addition, he gave an upper bound on the corresponding
A-invariant (see [23]). For a more complete discussion on p-adic measure theory,
p-adic L-function, and the relation between Iwasawa’s p-invariant and p-adic L-
functions, see [1222].

Let us fix an odd prime p. We write Z; = V X U where V' is the group
of (p — 1)st roots of unity in Z, and U = 1 + pZ,. Let u be a topological
generator of U. The projections from Z; onto V' and U are denoted by w and
<> respectively. We have an isomorphism ¢ : Z, — U given by ¢(y) = u¥. Let
O be the ring of integers of some finite extension K of Q, with a local parameter
7. Let A denote the O-valued measures on Z,,. It is well-known, (see e.g. [14:24]),
that A is a ring under convolution, and is isomorphic to the formal power series
ring O[[T — 1]]. Thus, for given a € A, we get a power series a(7") € O[[T — 1]].
For a power series f(T') € O[[T —1]], we can define the Iwasawa p-invariant of f,
denoted by u(f), as the largest non-negative integer n such that 7" divides all
the coefficients of f. If f(T) = ag+ a1T + a;T?+ - - -, then Iwasawa A-invariant
of f, denoted by A(f), is defined as the smallest non-negative integer m such
that 7#gq,, is a unit in O. The I-transform of a measure « is defined as a
function of the p-adic variable s given by

Lu(s) = / < x> da(z).
Zy

Given a O-valued measure a on Z,, one obtains a new measure =Y _.(ao

nev
n)|v on U while defining the I'-transform of a. Extending by 0, 3 gives a measure
on Z,. It was Kida who first obtained a relation between the Iwasawa invari-

ants of the power series associated to 8 and the I'-transform of o with a fixed

topological generator of U ( see [25]). Later, Nancy Childress in her paper [14]

4
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CHAPTER 1 Introduction

proved that relation for any topological generator of U, but under the conditions
that A(G(T')) < p. She remarked that it would be interesting to know whether
her methods can be extended for larger A(G(7T)). Satoh obtained the same re-
sult without any condition on A(G(T")), but his approach was based on certain
properties of Stirling numbers ( see [10]). In this thesis, we obtain a relation be-
tween the M\-invariant of a p-adic measure and its I'-transform with an arbitrary
topological generator exploiting certain combinatorial identities. Through our
approach we also derive certain p-adic properties of Mahler coefficients of the
continuous functions f,,(z) = (1:;) and foy om, (21, T,) = (1;;1) e (Qj:)
Let n > 1. It is well known that O-valued measures on Z; is isomorphic to the
formal power series ring O[[T1—1, -+, T,,—1]]. Then one can define I'-transform
of a measure on Z;. Using our method, we obtain a new relation between the
A-invariant of a measure on Z, and its I'-transform with an arbitrary topological
generator of U for any n > 1. Finally, we relate the coefficients of a measure «
on ZIQ) to the A-invariant of the Iwasawa series of the I'-transform of . One can

produce similar results for any measure a on Zj, but the number of coefficients

of a(Ty — 1,---,T,, — 1) which are involved increases with n.

1.1 Basic Background: Iwasawa Theory

1.1.1 Z,-extensions

For any finite field extension F'/Q, there exists an integer n > 0 such that
multiplicative group p,» of the p"-th roots of 1 is contained in F but piyni1 € F.
Hence Gal(F'(uy~)/F') is isomorphic to a subgroup of Z)5 = Z/(p — 1)Z x Z,

of finite index. The cyclotomic Z,-extension of F' is the unique subfield Fi, of
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CHAPTER 1 Introduction

F(ppee) with Gal(Fi / F') = Z,,.

In general, a field F, is called a Z,-extension of F'if Iy is a Galois extension
of F whose Galois group is a topological group isomorphic to the additive group
of Z,. That is, Iy is the union of a tower of number fields:

F=FRCFPRCRC - CFC-CFo=|]JF, (1.2)

n>0
such that Gal(F,1/F,) = Z/pZ and Gal(F,/F) = Z/p"Z. An important
property of any Z,-extension of a number field F'is that if v is a prime of F' not

dividing p, then v is unramified in F,,/F.

1.1.2 The Iwasawa Algebra and Its Modules

Let Fi/F be a Z,-extension of a number field F. We denote the Galois group
of F,, over F' by I' and the subgroup of I' which fixes F,, by I',,. Here, I' is
isomorphic to Z, and I'/T",, is isomorphic to Z/p"Z. Let Z,[I'/T',] be the group
ring of the cyclic group I'/T",, with coefficients in Z,. For m > n, there is a
natural surjective map from Z,[I'/I',,] to Z,[I'/T',]. The Twasawa Algebra of T
is defined as

A =1im Z,[T/T,)] (1.3)

n

where the inverse limit is with respect to these canonical maps. The Iwasawa
algebra is particularly useful as it has both an algebraic and an analytic inter-
pretation. Analytically, elements of A can be interpreted as Z,-valued measures
on I'. The algebraic interpretation is that one can naturally extend the con-
tinuous action of I' on any compact Z,-module X to an action of the whole
Iwasawa algebra A. The important arithmetic objects like the class groups of

global fields or the local units naturally form an inverse system and the inverse

6

TH-816_06612301



CHAPTER 1 Introduction

limits have the natural structure of a compact A-module. Serre pointed out
that A is topologically isomorphic as a ring to Z,[[T"]], the ring of formal power
series in an indeterminate 7" with coefficients in Z,. This isomorphism is given
by

y—=1+T,
where v is a topological generator of Gal(F/F) =T (that is, an element of T

such that +v|F} is not trivial). Note that this isomorphism depends on the choice

of v and hence non-canonical.

1.1.3 Structure of A-Modules

The rich structure theory for such Z,[[T]]-modules can be exploited to study
certain important compact A-modules. This leads us to a deeper understand-
ing of the arithmetic. Z,[[T]] is a Noetherian local ring with unique maximal
ideal m = (p,T') of index p. Under the m-adic topology, Z,[[T]] is a compact
topological ring. Even though Z,[[T]] is not a principal ideal domains, modules
over Z,[[T']] behave in a very similar way to modules over a PID. The following

theorem tells us that we have an analgoue of division algorithm in A = Z,[[T]].

Theorem 1.1.1. ( [19]) Suppose that g(T) € A, but g(T) ¢ pA. If g(T) =
oo b, let d be the smallest integer such that by € Z). Let f(T) be any
element of A. Then there exists a polynomial r(T') € Z,[T| of degree less than

d, and an element h(T) € A such that
f(T) = g(T)MT) + r(T).
Furthermore, h(T) and r(T) are uniquely determined by f(T) and g(T).

From the above theorem, we easily get the following corollary.

7
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Corollary 1.1.1. Let g(T') be as in the above theorem. Then A/(g(T)) is iso-

morphic to Zg as a Z,-module.

Definition 1.1.1. A polynomial >0 ¢;T" € Z,[T] is called a distinguished

polynomial if cg = 1 and ¢; € pZ, for every i < d.

Theorem 1.1.2. (p-adic Weierstrass Preparation Theorem, [12'19)|)
Let g(T') be a nonzero element of A. Then we can write g(T') uniquely in the

form

9(T') = p™u(T)go(T)
where m > 0,u(T) € A*, and go(T) is a distinguished polynomial. Also, g(T') is
an irreducible element of A if and only if either m = 1 and go(T) =1 or m =0

and go(T) is irreducible as an element of Z,[T.

Remark 1.1.1. From Theorem 1.1.2 it is easy to see that up to multiplication
by elements of A=, the irreducible elements of A are either p or any distinguished

polynomial in Z,|T| which is irreducible over Z,,.

Remark 1.1.2. [t follows easily from Theorem 1.1.2 that any non-zero element

in Zp[[T]] can have only finitely many zeroes.
The following definition is crucial in the study of A-modules.

Definition 1.1.2. Let R be a ring and M, N be R-modules. An R-module
homomorphism ¢ : M — N is called pseudo isomorphism if ker(¢) and coker(¢)

are finite. If M and N are pseudo isomorphic, then it is denoted by M ~ N.

The following theorem classifies finitely generated A-modules up to pseudo

isomorphism. Proof of this theorem can be found in [12'19].

TH-816_06612301
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Theorem 1.1.3. (Structure Theorem of finitely generated A-modules)
If X is a finitely generated A-module, then there exists a A-module pseudo iso-

morphism

X~ A @ <éA/(fi(T))“”A) D (%é/\/p’"“)?

where all integers r,e;,m; > 0, and all f;(T) are irreducible distinguished poly-

nomials in Z,[T).

Remark 1.1.3. If X is a finitely generated torsion A-module, then in the above

theorem we have r = 0.

Definition 1.1.3. Let X be a finitely generated torsion A-module. Then from

Theorem 1.1.3, we have

X ~ (@A/(fmm) an (@A/pmm).

The characteristic polynomial for X s defined as

fx(T) = H P H Fi(T)e. (1.4)

1.1.4 Iwasawa Invariants

Let O be the ring of integers in a finite extension of Q, with a local parameter

7. For any non-zero = 7"u with u € O*, we have ord(z) = n.
Definition 1.1.4. The Iwasawa p- and \- invariants of a power series
F(T) = ianT” € O[[T]
n=0
are defined by
w(EF(T)) = min{ord(a,) : n > 0}

MNF(T)) = min{n : ord(a,) = u(F(T))}.

TH-816_06612301
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Remark 1.1.4. Let f(T) = Y52 ¢T" be a non zero element of A. Then

f(T) € A< if and only if u(f) = A(f) = 0.

Definition 1.1.5. Let X be a finitely generated torsion A-module. Let fx(T')
be the characteristic polynomial of X. Then the Twasawa p and A-invariants of

X are defined as

p(X) = p(fx(T)) and AX) = A(fx(T)).

Remark 1.1.5. The Iwasawa invariants of the characteristic polynomial fx
given in (1.4) are:

s

plfx) = mg and  N(fx) =3 eideg(fi(T)).

i=1
By definition, there are also called the Twasawa invariants of the finitely gener-

ated torsion A-module X .

We now give an equivalent description of the Iwasawa invariants. Suppose
that X is a finitely generated, torsion A-module, where A = Z,[[T]. If I is any

ideal of A, we use the following notation
X[I]={z€ X :ax=0 for all « € I}.

Let m = (p,T) be the maximal ideal of A and let Z = (J, 5, X[m"]. Since
A is Noetherian and X is finitely generated A-module, so X is also Noetherian.
Hence, it follows that Z = X[m'] for some ¢ > 0 and that Z is finite. It is clear
that any finite A-submodule of X is contained in Z and so we refer to Z as the
maximal, finite A-submodule of X.

Let Y = [, 5o X[p"], which is just the Z,-torsion submodule of X. Just

as above, we see that Y = X[p'] for some ¢ > 0. We have Z C Y and the

10
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quotient X/Y is a finitely generated, torsion A-module and is torsion free as a

Z,-module. We summarize the above observations in the following proposition

(see [17°19]).

Proposition 1.1.1. Suppose that X is a finitely generated, torsion A-module.
Then there are uniquely determined A-submodules Z and Y of X with the fol-

lowing properties:
1. Z is finite and X/Z has no nonzero, finite A-submodules.

2. Y is annihilated by a power of p and X/Y is a free Z,-module of finite

rank.

Now we give equivalent definitions of Iwasawa invariants associated with
X (see [1719]). The Z,-rank of X/Y is equal to dimg,(V), where V' is the

Qp-vector space X ®z, Q,.

Definition 1.1.6. The A-invariant of X is defined as
MNX) = rankg, (X/Y) = dimg, (V).

We have Y = X|[p'] for some ¢t > 0. For each i such that 0 < i < ¢, the
A-module X[p’]/X[p'~'] has exponent p and can be considered as an F,[[T7]]-

module. It is finitely generated and thus has finite rank.

Definition 1.1.7. The p-invariant of X s defined as

t

(X)) = ranky, gy (X [P/ X [P1).

=1

Remark 1.1.6. Let r; = rankp, (X [p']/X[p""]). Thenry > - >r, > ---.

11
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Lemma 1.1.1. If X is finitely generated as a Z,-module, then (X) = 0. To

be precise, we have
w(X)=0<Y is finite & X|[p| is finite = X/pX is finite.

We shall now give a proof of the equivalence of the above definitions of
Iwasawa invariants in the following theorem. Note that for a module M which
is finitely generated over F,[[T]], the p-invariant as a Z,[[T|]-module is the
same as the F,[[T']]-rank. Indeed, if M is annihilated by p, then in the structure
theorem (see Theorem 1.1.3) the only factors that can appear are copies of
Zy|[T]/pZy|[T]]. The number of these copies is, by definition, the p-invariant
of M, which is also the F,[[T]]-rank. We use this important fact in the proof of

the following theorem.

Theorem 1.1.4. The Definition 1.1.5 and Definition 1.1.7 of p-invariant of X
are equivalent. Also, Definition 1.1.5 and Definition 1.1.6 of A-invariant of X

are equivalent.

Proof. Let X be a finitely generated torsion A = Z,[[T]]-module. Let Y =
Unso X[p"], which is just the Z,-torsion submodule of X. We know that Y =
X[p'] for some ¢ > 0. From the structure theorem, it is clear that p(X) = pu(Y).

We also have the following:
Xlplc X[p?] - C X[ € X[p').
Since p-invariant is additive along the exact sequence
0 — X[p'] — X[ — X[p™]/X[p] —0
for any r, we have

w(X[p /X [p']) = (X[ ) — w(X[p']).

12
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= p(X[) — (X[ D) + (X[ 1)) = (X2 + (X))

= ﬂ(X[pt]/X[ptil]) + M(X[ptil]/X[ptfz]) S H(X[p])
= Z ranke, 17y (X [p']/ X [p"1]).

This proves the equivalence of the two definitions of p-invariant.

Again, suppose that fx(T) = H;:1 p™i [[7_, fi(T)% is the characteristic
polynomial of X. For every i, f;(T)% is a distinguished polynomial. From
Corollary 1.1.1, we have that A/(f;(T)%) is isomorphic to Zo®& ) a5 a 7, -

module. This implies that

s

rankz, (X/Y) = 3 exdeg(£(T)) = A(fx (T)).

i=1
This proves that the Definition 1.1.5 and Definition 1.1.6 of A-invariant of X

are equivalent. This completes the proof of the theorem. Il

Remark 1.1.7. We shall prove an F,[[T]]-corank version of Definition 1.1.7 in

the next chapter for Selmer group (see Theorem 2.3.2).

Selmer groups are used to study the ranks of elliptic curves. In this thesis,
we use the p-primary part of the Selmer group. Let K be any algebraic ex-
tension of Q. Suppose that E is an elliptic curve defined over K. One of the
principal ways in which one studies the Mordell-Weil group E(K) is by using
Galois cohomology (see [7'9]). Fix n > 2. Then there is a natural injective ho-
momorphism of F(K)/nE(K) into H'(Gg, F[n]) which is called the Kummer
map. Here G is the absolute Galois group of K. If K is a finite extension of

Q, then H' (G, E[n]) turns out to be an infinite group. But one can show that

13
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CHAPTER 1 Introduction

the image of E(K)/nE(K) under the Kummer map is contained in a certain
finite subgroup of H'(Gg, E[n]), called the n-Selmer group. In that way, one
proves the weak Mordell-Weil theorem which asserts that F(K)/nE(K) is finite
if K is a number field.

Let L be a field of characteristic zero. Classical Kummer theory gives an
isomorphism

L /()" = HY(Gy, in)

for any n > 1, where 1, denotes the group of n-th roots of unity in L. Taking

the direct limit, one obtains an isomorphism
ki LX @z (Q/Z) — HY(GL, (T Viors)-

Imitating Kummer theory for the multiplicative group K*, one can define the

Kummer homomorphism
E(K> Rz (Q/Z) = HI(GIQ E(K)tors)

as follows: Let a = P®r € E(K) ®z (Q/Z), where P € E(K) and r = = 4 Z.
Choose @ € E(K) such that n@Q = mP. Define a 1-cocycle ¢y : G — E(K)ors
by ¢a(g9) = g(Q) — @ for all g € Gi. Then [¢,] is well defined and one defines

k(@) = [pa]. The following sequence (known as Kummer sequence) is exact:
0 — B(K) ©2 (Q/2) =~ H'(Cr, B )n) = H' (G, E(K)) — 0

We use the Kummer sequence for the completions K, where v is any prime
of K. In the following commutative diagram, the vertical maps are defined in

obvious ways and the rows are exact.

A
0 —— BIO®Q/Z) —— HY G EB)ors) ——— HIGg,EEK) —— 0
J/a'u J{bv lcv

Koy . )\’U -
0 T E(Kv)®(@/2) — HYNGg, . B(Kvltors) — HY Gk, E(Ky) — 0
14
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CHAPTER 1 Introduction

Definition 1.1.8. The Selmer group Selg(K) is defined as follows:

SelE(K) = /{;67“< (GK, tors — H GKM )tOTS)/im(’fU>>>v

where v runs over all primes of K, archimedean and nonarchimedean.

Remark 1.1.8. If K is a finite extension of Q, then K, is the completion of
K atv. If K is an infinite algebraic extension of Q, then K, denotes the union
of the completions at v of all finite extensions of Q contained in K. Thus K, is

always either R or C or an algebraic extension of Q; for some rational prime [.

Theorem 1.1.5. (Kato-Rohrlich) If E is an elliptic curve defined over Q with
good ordinary or multiplicative reduction at a prime p, and if F, is the cyclo-
tomic Zy-extension of an abelian extension F'/Q, then Selg(Fx), is a cofinitely

generated A-cotorsion module.

That is, its dual X is a finitely generated torsion A-module and hence of the

form:
X ~ [T MG < T A/

The Iwasawa invariants of X are called the Iwasawa invariants of the elliptic

curve F defined over F' at the prime p.

1.2 Basic Background: p-adic Measures
The metric space Z, has a basis of open sets consisting all sets of the form
" 1
a+p Zp:{erp:\x—a\pgﬁ}

for a € Z, and n € N. These sets are known as intervals. It is well known that

Z,, is compact.

15
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Definition 1.2.1. A p-adic distribution p on Z, is a Q,-linear vector space
homomorphism from the Q,-vector space of locally constant functions on Z, to
Qp. If f: Z, — Q, is locally constant, instead of writing u(f) for the value of

w at f, one usually writes [ fpu.

Let f : Z, — Q,. In Z,, any two open balls are either disjoint or one is
contained in the other. Since Z,, is compact, therefore f is locally constant if and
only if it is a finite linear combination with coefficients in Q, of characteristic
functions of compact open sets in Z,. Hence, we have the following equivalent

definition of p-adic distribution. For details see [15].
Definition 1.2.2. A p-adic distribution jv on Z, is an additive map from the
set of compact-opens in Z, to Q,.

Definition 1.2.3. A p-adic distribution ju on Z, is a measure if its values on
compact open sets U are bounded by some constant M € R. That is, |u(U)], <

M for all compact open set U.

Let U be open and compact subset of Z,,. Define Hy = {y € Z, : v+U = U}.
Then Hy is a compact open subgroup of Z,. Hence Z, is a union of disjoint

cosets of H. Let Z, = U, (0; + Hy).

Definition 1.2.4. Let pt and A be two measures on Z,. Let U be any compact

open subset of Z,. The convolution j1o X\ of u and X is defined as

(po N)(U Z)\ — o)pu(o; + Hy).

1.3 Organization

There are six chapters in this thesis. The Chapter 1 is introductory in nature

which contains basic background on elliptic curves and p-adic measures.

16
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Chapter 2 is devoted to the study of Iwasawa p-invariants of elliptic curves.
We obtain a result which is an extension of earlier work by Greenberg and
Vatsal [21]. We illustrate our result through some numerical examples.

Chapter 3 deals with Mahler coefficients of certain continuous functions.
More specifically, let u be a topological generator of 1 + pZ,. Then we consider
the continuous functions f,, : Z, — Z, and [y, .. m, : Z; — Z, defined by
fm(z) = (1::) and finy o m, (@1, Tp) = (qj;l) e (ifs:), respectively. We obtain
certain p-adic properties of the Mahler coeflicients of these continuous functions.

Chapter 4 is devoted to p-adic measures on Z; and their I'-transforms. We
give a generalization of an existing result of Satoh, Kida and Childress which
deals with p-adic measures on Z, to p-adic measures on Z; for any n. We prove
this result using the p-adic properties of Mahler coefficients discussed in Chapter
3.

In Chapter 5, we discuss some consequences of the results of Chapter 4.
We relate the coefficients of a p-adic measure o on ZIQJ to the A-invariant of the
Iwasawa series of the I'-transform of a. One can produce similar results for
any p-adic measure o defined on Zy, but the number of coefficients of a(7) —
1,--+ T, — 1) which are involved increases with n.

Finally in Chapter 6, we mention a few related problems which will possibly

provide scope for future research.

17
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Chapter 2

Iwasawa u-Invariants of Elliptic

Curves

In this chapter, we prove some results on p-invariants of elliptic curves defined

over Q. We illustrate our result through some numerical examples.

2.1 Introduction

Suppose that E is an elliptic curve defined over Q, and p is a prime where E has
good ordinary reduction. If K is an algebraic extension of @, then the Selmer
group Selg(K) for E over K is a certain subgroup of H'(Gx, E(Q)ors), Where

Gx = Gal(Q/K). The Selmer group fits into an exact sequence
0— E(K)®Q/Z — Selg(K) — g(K) — 0,

where I g(K) denotes the Shafarevich-Tate group for E over K (see [19]). Let
K = Q be the cyclotomic Z,-extension of Q. Then I' = Gal(Q./Q) acts on
Selg(Qo). Its p-primary subgroup Selg(Q«), can be regarded as a A-module,

where A = Z,[[T7] is the completed group algebra for I" over Z,,. The Pontryagin

18
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CHAPTER 2 Iwasawa p-Invariants of Elliptic Curves

dual of Selg(Qx ), is defined as

X5(Qx) := Homy, (Selg(Qu)p, Qp/Zy).-

—

We also denote the Pontryagin dual of Selg(Qs), by Selg(Qo)p. It is known
that Xp(Qu) is a finitely generated A-module. Kato has proven that Xg(Q)
is A-torsion, as Mazur conjectured in [5]. The classification of finitely generated

A-modules asserts that one has a pseudo-isomorphism

Xp(Q@) ~ (éA/(fi(T))“’) D (éA/W))'

The f;(T)’s are irreducible distinguished polynomials in A. The a;’s and p;’s

are positive integers. The characteristic polynomial for X is
fx (@) =TI T )™
j=1 =1

Then the algebraic Iwasawa invariants of E/Q at the prime p are given by

n

u(E) = p(fx(T) =3 py  and  A(E) = A(fx(T)) = 3 aideg(fi(T)).

i=1
2.2 Selmer Groups

In this section, we define certain Selmer groups of elliptic curves. Let us first
fix some notations. For any field extension K/F and any Gal(K/F)-module X,
HY(K/F,X) means H'(Gal(K/F),X). Also, H(K,Y) denotes H'(Gg,Y),
where G is the absolute Galois group of K and Y is any G'x-module.

Let F be an elliptic curve defined over Q. Let ¥ denote any finite set of
primes containing p, oo, and the primes of bad reduction for E. The Selmer

group Selp(Qx), is defined as the kernel of the following “global-to-local” map

HY(Qs/Qu, Ep™]) — [ [ H(Qw).

lex

19
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CHAPTER 2 Iwasawa p-Invariants of Elliptic Curves

For each finite prime [ € ¥, the group H;(Q.,) is defined by
Hi(Quo) = [ [ H'((Quo)s E™])/im(ry).
nll
Here 7 runs over the finite set of places of Qo over [, and (Qu), denotes the
union of the completions of the finite layers Q,, at n. Also, , denotes the local

Kummer map

ki : B(Quo)n) ® Qp/Zy — H' (@), Elp™]).

The following is a classical result. For a proof, see Theorem 2.4 in [19].

Theorem 2.2.1. (i) Suppose that E is an elliptic curve defined over an algebraic
extension K, of Q, where l is a prime, | # p. Then E(K,) ® Q,/Z, = 0.

(i1) Suppose that E is an elliptic curve defined over K, = C or K, = R. Then
E(K,) ® Qp/Zy = 0.

Thus, whenever v + p, we have im(k,) = 0.

Thus, if [ # p then Theorem 2.2.1 implies that 3;(Q ) is simply the product
[1, B (Qu)ys Elp™)).

Assume that E has good, ordinary reduction at p. Thus, the reduction of
E at p is an elliptic curve E defined over F, and E (F,) has elements of order p.
We know that the reduction map 7 : E[p™] — E[p™] is surjective. The Selmer
group Sgp=)(Qx) is defined as

Seipe) (Quo) 1= ker( H'(Qs/Que, EP™)) = [[5(Qwe. EP™)).  (21)

lex

where H;(Qo, E[p™]) is defined as follows. If I # p,

le(QOOa E[pOOD = H Hl((@oo)m E[poo])'

n|l

20
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CHAPTER 2 Iwasawa p-Invariants of Elliptic Curves

The product is over the finite set of primes n of Q. lying over [. There is a
unique prime 7, of Q lying over p. Let I, denote the inertia subgroup of

G (Qu),,- We define

Hp(Qee, E[p™]) = H' (Quo),, Elp™1)/ L,
where
Ly, = ker(H'(Que)aps Ep™]) — H'(L,,, Bp))).
Let Yy be any subset of ¥ which does not contain p. We define the corre-
sponding “non-primitive" Selmer group by

Sel% (Quo)yp _ker(Hl(QE/@oo, - I Qoo)

leXx—>%o

Remark 2.2.1. It is clear that Selg(Qu)p C Selz (Quo)p-

We now define a Selmer group for E[p’] where i > 1 in the following way.
Consider the exact sequence 0 — ker(w)[p’] — Elp)] = E[p'] — 0 of Gg,-

modules. For any subset ¥y of ¥ — {p, o0}, let

Sel>o

2(Qoo) = ker(Hl(Qz/Qoo, - T[] %(@«.E })).

lex—%
For [ # p, we define H;(Q., E[p’]) = IL, H'(I,, E[p']) and for | = p, we define
3,y Que, Elp)) = H'(L,,, Elpf).

Selg(Qo)p is the p-primary Selmer group of Selg(Qo). It is not diffi-
cult to see that Selg(Qu)p = Spp=](Q). The non-primitive Selmer groups
Sel>’(Qu ), and ngpoo](@oo) are also equal. We use these equalities in the proof
of the main result. For more details see [19] and [21].

The following result is proved in [21].

Theorem 2.2.2. We have u(SelE/(@o)p> = ,u(Sel%oo)p).

21
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CHAPTER 2 Iwasawa p-Invariants of Elliptic Curves

2.3 Main Results

Suppose that E; and FEs are elliptic curves defined over Q. Let p be an odd prime
where E; and E, have good ordinary reduction. Assume that Fi[p] & Ey[p| as
Galois modules. In [21], Greenberg and Vatsal proved that Selg, (Qu)[p] is finite
if and only if Selg,(Q)[p] is finite. Consequently, if Selg, (Qx), is A-cotorsion
and p(Eq) = 0, then Selg, (Qx), is A-cotorsion and p(Es) = 0.

In this chapter, we prove the following main result.

Theorem 2.3.1. Suppose that E; and Ey are elliptic curves defined over Q.

Let p be an odd prime where Ey and Ey have good ordinary reduction. Assume

that E1[p'] = Es[p'] as Galois modules for i = p(Ey) + 1. Also assume that both

E1(Q)[p] and E5(Q)[p] are trivial. Then u(Ey) = u(Es). If Ey[p'] = Es[p'] as
<

Galois modules for i = p(Ey), then w(Ey) < p(Es).

Before giving the proof of the above result, we first prove the following

results.

Theorem 2.3.2. Let S = Selg(Qx), and S = Xg(Qx) be the Pontryagin dual.

Let p be a prime where E has good ordinary reduction. Then

W XEe(Qx)) = Z COTaﬂkFP[[T]]%.
=1

Proof. From Definition 1.1.7, we have

o0

u(Xp(Qu)) = ) ranke, 17 (Xe(Quo) [p']/ X £(Qu) [ )).

=1

Since p"t1S C p"S, we have the following exact sequence

p"S S S

0— — —
p'r—i-lS pr—l-lS prS

— 0.

22
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Taking the Pontryagin dual, we have

—_—

s s S
prS pr—HS pr+15

This implies that

(S/p+1is) S p'S
rankp, 7)) ——=—— = rankg, 1 | —— 75 | = corankg, 7 ——¢- (2.2)
(5/p3) prtis prtis
Again, for any module M, we have
— M
Mp'] = . 2.
1= (1) (23)
From (2.2) and (2.3), we have
Xp(Qo)[p™] Slp+1]
rankg, 7 = ranky, 7] —=
([11] X5(Qx)[p'] (7] S[pr]
S/pis
= rank]pp[[T”%
(S/pS)
)
- corank]Fp[[T”m. (2.4)
Now consider the following exact sequence of multiplication by p.
n—1 =1 r—1 pr—IS
0= " 8)p] — ("5) = ("78) = == =0 (2.5)

Also consider the map ¢ : S[p"] — (p"'5)[p] defined by ¢(z) = p"~'x. This map

is well-defined and clearly surjective. We find that ker ¢ = S[p"~!]. Therefore

Sp'] =l
= (p"=9)[pl.
] (P 9)[p]
Using this isomorphism and taking dual of (2.5), we see that
raﬂkwpuTn( S ) = rankg, 77 (p"15)[p] = rankg, 7 < St ) (2.6)
From (2.4) and (2.6), we get
Slp'] X5(Qu)[p']
corank ———— =rank ,
Iy [[17) S[pr—1] I [[T]] X5(Quo)p ]
and this completes the proof of the theorem. n
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Since E has good reduction at p, E[p™] is unramified outside p (see Propo-
sition 4.1 in [11]). Also, E[p™] is unramified as a Gg,-module. We prove the

following result which is analogous to Proposition 2.8 of [21]. Also see [1].

Theorem 2.3.3. Let p be an odd prime. Assume that ¥q is a subset of ¥ —
{p,0}. Assume that E(Q)[p] =0 and i > 1. Then

Styee) (Qeo)[P] & St (Qec):

Proof. Since H°(Q, E[p]) = E(Q)[p] = 0 and Gal(Q,,/Q) is a pro-p group, we

have H%(Q, E[p™]) = 0. Consider the exact sequence
0 — E]p'] — E[p™] L E[p> —0

of Gal(Qx/Q)- modules. Taking Gal(Qx/Q) cohomology and using the fact

that H°(Q, E[p™]) = 0, we find the following isomorphism

H'(Qs/Qux, Ep']) = H'(Qs/Qu, E[p])[p']-

We now compare the local conditions defining Sg‘[)pw]((@oo)[pi] and ngpi]((@oo).
Suppose that o is a 1-cocycle of Gal(Qx/Q) with values in E[p']. Let nll,
where | # p and | € ¥ — Xy. Then [, acts trivially on E[p>°]. The map
H(I,, E[p']) — H'(I,, E[p™]) is injective because H°(I,, E[p>]) = E[p™] is
divisible. Thus, the local conditions at [ defining S go[poo]((@oo)[pi] and S g[opi](Qoo)

are equivalent. Also, the map

H\(I,,, Ep']) — H'(I,,, E[p™])

Mp?

is injective because H°(I,, E[p™]) = E[p™] is divisible. Hence the local condi-
tions on o defining the two Selmer groups are equivalent, and this completes

the proof. O
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We are now ready to prove the Theorem 2.3.1. Let ¥ be a finite set of primes

containing p, oo, and all primes where either F; or Ey has bad reduction. Let
Z:0 - {p7 OO}

Proof of the Theorem 2.5.1: From Theorem 2.3.2 and Theorem 2.2.2, we have

p(Er) = (Xe, (Qu))

Sel? (Quo ), [P']
_Zco ankp, (i1 S 1%1)((@00) 1]

M(E1) SEo w](@ooﬂ ]
ZCOfaﬂkanTn S5 ()]
El[P°°] 0

(El) (@Oo)

CorankFP[[T]] S —
; SE:[[])" 1](@00)
w(Ey) Qo

= Z Corankyp[[T]]M (2.7)

i=1 SEQ[pZ 1](@00)
u(Er) Selz (Qoo) [ ]

Z Corank]FP[[T]]S 12 (Qoo) [ ]

< p(E).

To get the equality (2.7), we use Theorem 2.3.3 and the isomorphisms F;[p’] =
Es[p'] as Galois modules for i = p(E;). Also, we use the fact that ng 1](Qoo)

is determined completely by the Gg-module E[p']. Again if Ey[p'] = Ey[p'] as
Sel (Qoo)

Galois modules for i = p(E;) + 1, then coranka[[T”% = 0 implies
By [pi=1] >
EQ[PZ](QOO) ; ; i) ~ i
coranklpp[[T”Sl—(Q) = 0 for i = pu(Ey) + 1. Hence if Ei[p'] & Ey[p'] as
Galois modules for z’ = u(Ey) + 1, then p(Ey) = p(Es). O
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2.4 Numerical Examples

In this section, we illustrate the Main Theorem through some examples. Let us

consider the following elliptic curves:

By =2 — 2* — 28587 — 10163, [4900a1] (2.8)
By y? =2 — o* — 1743582 — 27964663, [4900a2] (2.9)
Es:y? = 2° — x* — 24908z + 1522312, [490001] (2.10)
By y® = 2® — % + 240921 + 6422312. [490062] (2.11)

Here the labels in the square brackets denote the Cremona numbers of the curves
(see [8]). These are curves of conductor 4900. We begin with some facts about
these curves. There is a single 3-isogeny ¢ : £y — FE5 and ¢ : F3 — Ej.

These isogenies are defined over Q. The exact formulas of ¢ and v are given

below:
(. 1) 3 — 16422 + 410242 — 1612100 23y — 24622y — 14128xy — 139768y
x =
Y x2 — 1642 + 6724 T3 — 24622 + 201722 — 551368
Dz = x® — 1642 — 30762 + 901600 23y — 2462y + 299722y — 1550968y
Y = 2 — 164x + 6724 T 13 — 24622 4+ 201722 — 551368

All the four curves have good ordinary reduction at 3. A computation using
3-division polynomials shows that there is no non-trivial rational 3-torsion point
on these curves.

The Weierstrass equations of Ey, Fs, 3, and E4 are given by

WE, :y* = 2° — 3704400z — 518616000, (2.12)

WE; :y? = 2* — 2259684002 — 1307430936000, (2.13)

WEs : y? = 2® — 32281200z + 70637616000, (2.14)

WE, :y* = 2* 4 31222800 + 300014064000. (2.15)
26
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Lemma 2.4.1. Suppose that for an elliptic curve E/Q, Q(E[3]) denotes the
field of 3-torsion points. Then Q(E1[3]) = Q(Es5[3]) and Q(E1[3]) = Q(E43)).
Moreover, these fields are of degree 12 over Q. There is a 3-torsion point of
Ey and E5 defined over Q(v/5), while Ey and E,; have a 3-torsion point defined
over Q(iv/15).

Proof. Let E : 4> = 2° + ax + b be an elliptic curve over Q. Then its 3-division
polynomial is ¥ (z) = 3a* + 6ax® + 12bx — a®. Let g, z; be two different roots
of 1, so that ¢ (x) = 3(z — o) (2 + 2e2® + (2a + 23)x + 4b + 2ax¢ + ).

Let y? = o3 + ax; + b. As x; is a root of the second factor of ¥(x), we get
—y? = xex% + (20 + x3)71 + 4b+ 2am + 25 — azy — b,

ie., —dyiry = 4wizi + dapx) + 4azor; + Saxh + 4xy — 3r: — 6axl 4 a®

= (12 + a + 2zoz;)?

) B — (2% + 2wy + a)?
yl 41:0 )
giving
x2 +a
Y1 = :|:\/ —xo(iil + 0 )
21’0
Similarly,
24a
Yo = :‘:\/ —5(71(5130 + 1213 )
1

Therefore, the field of the 3-torsion points is given by

@(:E(h V —Zo, L1,V —X1,T2,\ —T2, T3,V _LU3).

In other words,

@(E[?)]) = @(\/_x07 V=1,V =12, \/—1‘3)‘
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Hence Q(F[3]) is the splitting field of
Y(—X?) =3X®%+ 6aX* — 120X7 — a”.

Let ¢;(—X?) denote the above polynomial for WE; : 4 = 1,--- ,4. We use this
to compute the splitting fields of 1;(—X?), where 1;(—X?) denotes the above
polynomial for WE; : 4 =1,--- ,4. Using MAGMA we compute and find that
the splitting fields of 1, (—X?) and 13(—X?) are same. Similarly, the splitting
fields of 1o(—X?) and ¢,(—X?) are same. Moreover, we compute that the
degree of the extensions Q(F;[3]) over Q is 12 fori =1,--- 4.

Using MAGMA, we solve the division polynomial of each of the above
four curves and in each case we find a rational root. These are the respec-
tive x-coordinates for the 3-torsion points which are found to be 2940, —8820,
2940, and —8820. The corresponding y-coordinates are the square roots of

14002632000, —518616000, 1143072000, and —661500000000. We can factorize

them to get

20305374, —20335%74 28305372 —2833577%
Thus, we get a 3-torsion point F; on the curve E; for each i = 1,--- ,4. These
points are

Py = (2940, 2°3°7%5/5),
Py = (—8820,2°3.5.7%V/154),
P; = (2940, 2'3% 5.7/5),

P, = (—8820,2".3.5*.7V/15i).

Therefore both E; and Ej have a 3-torsion point over L = Q(v/5). Also, both
E, and Ej have a 3-torsion point over K = Q(v/157). O
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Our next goal is to show that F;[9] =2 E3[9], E2[3] = E4[3], and E5[9] 2 E4[9)
as Gg-modules. Using SAGE, William Stein has checked that E;[9] and E3[9]
are the same as subvarieties of Jy(4900). Not only F;[9] and E3[9] are isomorphic
as Gg-modules, but they are “equal” if we view F; and Ej5 as subvarieties of the
abelian variety Jy(4900). However, the same technique can not be applied for
the curves Ey and Fy as F53[9] and FE4[9] are not subvarieties of Jy(4900). We
first prove that Es[3] = E4[3] as Gg-modules. We point out that the same proof

also works to give a proof of Gg-module isomorphism F;[3] = Es[3].
Theorem 2.4.1. As Gg-modules, F1[3] = E3[3] and F»[3] = E43].

Proof. Recall the Weierstrass equations of F, Es, F5, and E, above. Let L =
Q(v/5) and K = Q(i\/15). We denote the absolute Galois groups of L and K
by G, and Gk respectively. Let p; denote the Gg-representation associated to

E;[3], where ¢ = 1,--- ,4. Then

1 %
102|GK ~ )
X

where x = x3 (mod 3) is the mod 3 cyclotomic character. Similarly,

1 *
p4|GK ~
0 X
Moreover, as Gg-representations, we know that each p; is reducible, since each

of these curves admit a 3-isogeny. Suppose that

pa(g) ~ clg) 8s) and  p4u(g) ~ ¢lo) ¥lo) Vg € G,
0 n(g) 0 7'(9)

where €,€',n,n' are all characters of Gg. Note that the values of €7 lie in
{1, —1}. More precisely, if A := Go/Gxg =< T >, then €(7) = —1 as there is

no non-trivial rational 3-torsion. Therefore, n(7) = —x(7).
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Comparing the traces of ps(g) |, we get €(g) + n(g) = 1+ x(g), for g €

Gg. Therefore by Artin’s theorem on linear independence of characters, either

€(g) = x(g) or 1 for g € Gk. Suppose that €(g) = x(g). Then ps |, (9) ~
x(9) b(g)

0 n(g)
gP" = x(g)P'. There is also a point P, in Es[3] such that gP, = P,. It is easy

, which means that there is a point in F,[3|, say P’ such that

to see that P, is not in the span of P’. Hence with respect to these points as

basis, we have ps |g, (g) ~ x(9) . Therefore the kernel of py |, cuts

0 n(g)
out a field whose extension degree over K is 2 or 4. This is not possible as the

extension degree over K is computed to be 6 in the previous lemma. Hence,

e(9) =1 and n(g) = x(g) for g € Gk.

Similarly, for the Gg-representation p,, we can show that €'(7) = —1 and

0 (1) = —x(7). As above, € |, (9) = 1 and 7’ |a, (9) = x(g9). Now, for any

v = ht € Gg with h € Gk, we have
€ (ht) = =1 = €(h7) and '(h7) = x(h7) = n(hT).

This implies that as Gg representations, we have

€ b e U
P2 ~ and py ~
0 n 0 7
Now for g € G,
1.0 e(g) b(g) 1 0
P2(9) ~ L
0 n(g) 0 n(g) 0 n(g)
_ [ <9 7 "(9)b(g)
0 n(g)

Let F = Z/3Z as a vector space over itself. Let u = n~'b. For g,h € Gg, we
have ps(gh) = p2(g)p2(h). From this it can be easily seen that u is a 1-cocycle
in Z'(Gg,F(en™)). Similarly, v = 71V is a 1-cocycle in Z'(Gg, F(en™)).
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Suppose that u,v differ by a l-coboundary d in B'(Gq,F(en™')), say d(g) =

e(g)n (g)t — t for some t € F. Then

_ [ <la) ulg) = {elg)n(9)t - t}
0 n(g)
_ [ <) ulg)—dlg)
0 n(g)
_ [ <9 vlg)
0 nlg)
This proves that
e(g) ulg) | _ [ elg) vlg)
0 nlg) 0 n(g)

Therefore, to show that FEy[3] = E4[3] it is enough to show that [b] = [V/] €
H'(Gg,F(en™')). To do this, we use the inflation-restriction sequence with

respect to G C Gg. Recall that A = Go/Gx =< T >, then

0 — HY(A,F(en H)°%) — H'Y(Gg, F(en™))

— HY(Gg, F(en™) — H*(A F(en™")x).

Since A acts non-trivially on the one dimensional space F(en™!) and A is cyclic,

therefore the first term of this sequence vanishes. Hence we have an inclusion
HY(Go,F(en™)) — H'(Gr,Fen 1)) — H' (G, F(en™))

where the first injection is a restriction map. But, we have seen earlier that

€ lg,= 1 so that n |g,= x. Using this, the previous inclusions can be written
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as

H'(Go,F(en™)) — H' (G, F(x™"))* — H' (G, F(x ™). (2.16)

Let M be the extension over K cut out by x, H = Gj; and D = G(M/K).
Then M = K(us) so that D has order 2.
Using the inflation restriction sequence again, but with respect to H C Gk, we

get
0—H'(D,F(x ")) = H'(Gk,. F(x") — H'(H,F(x )" — H*(D,F(x")").

As D is cyclic and H acts trivially on F, we get the first term in the exact

sequence to be
H'(D,F(x™") =F(x )p=Fx /{1~ x""(9)Flg € D)

Since ! is not trivial on D, therefore ((1 — x~'(¢))F|g € D) = F and hence

the quotient is trivial. Therefore we get the following injection
H'(Gx, F(x™1) — H'(H,F(x )"

where the injection is given by the restriction map.

Combining this injection with the injection in (2.16), we get
H'(Go,F(en™)) = H'(Gx,F(x™") — H'(H,F(x"))".

Let b |g= a,0 |g,= d. By the first injectivity, to show that b and 0’ are
co-homologous it is enough to show that a and «’ differ by a co-boundary. We
give a proof of this below.

Since H acts trivially on F(x™!) therefore the third term in the above sequence
is nothing but Hom(H, F)”. Hence the image of a, which is a|y, is a homo-

morphism from H — F. We now use the fact that the field extensions of
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the 3-torsion points are the same as computed by Magma. Therefore the field
cut out by a|y and a'|y are the same. In other words, the kernel of a|y and
a'|p are the same. Since both a|y and d'|y are non-trivial it is also easy to
see that they are surjective and hence if J denotes the kernel then both a|g
and a'|y are isomorphisms from H/J onto F. Since |H/J| = |F| = 3, therefore
|Isom(H/J,F)| = 2 and hence either a|y = d'|y or a|g = —d'|y.

If a|g = d'|g, then by injectivity of the above exact sequence it follows that
la] = [@'] and we are done.

Let a|g = —d'|y = 2d/|g, then [a] = [2a’]. Therefore [b] = [20']. Note that

[2b] = 2[b'], so that we have the following equivalence
) e 2V
0 n 0 n

Now, since we are computing mod 3, we have the following

-1

10 e Vv 1 0 _|le 20
02)\o ) \o2/ lo 4
Therefore
e 20 e
0 7 o U
This implies that
€ b e v
0 n - 0 n

Therefore, ps ~ ps. In other words, the mod 3 representations are isomorphic.
This proves that F»[3] and Ey4[3] are isomorphic as Gg-modules.

In a similar manner, since the elliptic curves E; and E3 have a 3-torsion point
over L = Q(v/5) and Q(E1[3]) = Q(Es[3]), along with the fact that Q(F,[3])

has degree 12 over QQ, we see that p; ~ p3, thereby completing the proof. O]
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Theorem 2.4.2. As Gg-modules, E1[9] = E5[9] and E5[9] 2 E4[9].

Proof. Using Sage, William Stein has checked that E;[9] and FE3[9] are iso-
morphic as Galois modules, in fact “equal”, as subvarieties of .Jy(4900). The
9-division polynomials of E5 and E, have factors of degree 1+3+49+427. Using
Sage it can be checked that the two degree 27 polynomials (the largest fac-
tors of the two 9-division polynomials) do not define isomorphic fields. Let
f o E3]9] — E4[9] be an isomorphism of Galois modules. Then for each
P € E5[9] its field of definition Q(P) is equal to Q(f(P)). Clearly subgroup of
Gy fixing { P, — P} is the same subgroup for P as for f(P). The fixed field of this
subgroup is Q(z(P)), hence Q(z(P)) = Q(x(f(P)). Since the last fact holds
for every (nonzero) P € Es[9], it follows that the two 9-division polynomials
(whose roots are all the z(P) for nonzero P) match up, in the sense that there
is a bijection from the irreducible factors of the first to those of the second such
that for each irreducible factor hs of the first which matches the factor hy4 of the
second, the fields Q[z]/(hs) and Q[z]/(h4) are isomorphic. But F5[9] and E,4[9]
have a single irreducible factor of degree 27 in its 9-division polynomial, but
these do not define isomorphic number fields. This proves that E2[9] 2 E4[9] as

Galois modules. O

Using MAGMA, we compute the first coefficients of the p-adic L-functions
of E; and Fj3, and they are not divisible by 3. Therefore, assuming the main
conjecture, the p-invariant of £y and Ej3 are 0. Moreover, since the ratio of the
periods is 3 in each isogeny class, so the p-invariant of Fy, and F4 are 1. This

numerically verifies our Main theorem.
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Chapter 3

p-Adic Properties of Mahler

Coeflicients

In this chapter, we derive p-adic properties of certain Mahler coefficients ex-
ploiting some combinatorial identities. These p-adic properties of the Mahler
coefficients are used to determine a relation between the A-invariants of a p-adic

measure on Z, and its I'-transform in the next chapter.

3.1 Introduction

A classical theorem of Mahler (see [22, p.p. 99, Theorem 1.3|) states that any

continuous function f : Z, — Q, may be written uniquely in the form

@)= an(1),

where a,(f) € Qp, a,(f) — 0 as n+— oo. In fact

)= S0 (1) 100 3.1)

=0 J

This theorem may be generalized to continuous functions f : Z, — K, where
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K is any finite extension of Q,. Note that if O is the ring of integers of K and
f:Z,— 0, then a,(f) € O.

Furthermore, if f : Zy — O is continuous, we may write (by repeated
application of the generalization of Mahler theorem)

Fxn, - xn) = i i aml7._‘7mn(f)<;11> (:;)j

m1=0 myp=0

where

mi mn - iy m mn . .
aml’...7mn(f) — ZZ(_l)ml ]1...(_1)mn .7n< .1> ( ) >f(31’ 7.]71)
j1:0 jn:() jl ]n

— 0 in O.

The constants @, ... m, (f) are called the Mahler coefficients of the function f.
Let u be a topological generator of 1 + pZ,. Let us consider the continuous
functions f,, : Z, — Z, and fon, .. m, : Zy — Z, defined by f,,(z) = (ﬁ) and

Frngmn (T15 -+ 3 Tn) = finy (1)« =+ fim, (T0), respectively.

Using the classical theorem of Mahler, we find the following:

par) = () = et (5) 32)
Fortemn (@1, ) = i o i ajl,...,jn(fml,...,mn)(:;11) @2) (3.3)

71=0 In=0

Now, we have the following nice relation

jy i (o)

. JZ . i(_njl—n coe (=1)nin (‘Zi) (jn)fml,...,mn(il, S yin)

11=0 in=0 n
R DD DI C LR NP S (‘Zi) (‘Z") S (02) ==+ fon (i)
i1=0  in=0 "
= aj, () * - a5, (frn) (34)
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The primary goal of this chapter is to study certain p-adic properties of the
Mahler coefficients a;( f,,) and a;, ... j, (fm, - m,)- To achieve this goal, we need

certain combinatorial identities which are derived in the next section.

3.2 Certain Combinatorial Identities

The following result was a crucial ingredient in the work of Childress [14, p.p.

369, Lemma 4].

Result 3.2.1. Forn > 1, we have

2 (5)() -

Here we prove a more general result.

Lemma 3.2.1. For non-negative integers n,t, k, we have
a (n\ (tli+k
;<_1)m(i> ( ( Z )> =2 (3.5)
Proof. The result is obvious for ¢t = 0 or n = 0. So we assume n,t > 1 and
k > 0. Let N, N',T be sets such that N C N’ |N| = n,|N'| = n+ k, and
|T| = t. Let R be the set of all n-subsets of N’ x T. Clearly |R| = (t(":k)).
Also, for a € N, let R, be the set of all n-subsets A of N’ x T such that (a,b) ¢ A
for any b € T. Obviously R, is the set of all n-subsets of (N’ — {a}) x T" and
hence |R,| = (t(”tf_l)).
For I C N, let R; be the set of all n-subsets A of N’ x T such that (a,b) ¢ A
for any @ € I and for any b € T. Clearly R; is the set of all n-subsets of

(N"—1I) x T and hence
Ry = (t(” +nk - 2)), where |I] = i. (3.6)
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If I ={ay, - ,a;}, then clearly Ry = R,, N--- N R,,. Thus

|Ry, NN Ry, | = (t(n+k_l)).

n

By inclusion-exclusion principle, we get

|| Rl

aEN

:Z|Ra|_ Z |Ra1mRa2|+"'+(_1)i+1 Z |Ra1m"'mRai

aeN {al,ag}QN {a1,~~- ,ai}gN
+... 4 (—1)n+1| ﬂ R,|
aEN
4 i (n\ [((n+k—1i)t

=S (=1 (Z) ( ) ) (3.7)

i=1
Therefore,

’R_ U Ra‘

—alegl - Igv Ry
_ <t(n + k;)) B i(_l)iﬂ (n) ((n L i)t)

i=1

n s (ZL) (t(n +nk — i))
3 (—1yr= (Z‘) (W Z k)). (3.8)

A function f : N — T may be viewed as an n-subset of N xT. Conversely, an

Il
1M
o

n-subset A C N x T defines a function f : N — T if and only if the cardinality
of the set {a € N : (a,b) € Afor someb € T} is equal to n. Therefore, it is not
difficult to see that there is a one-to-one correspondence between R — J .y Ra
and the set of all functions from N to 7. Thus |[R — J,cy Ral = ", which

proves the result because of (3.8). O
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Remark 3.2.1. The result 3.2.1 of Childress is nothing but lemma 3.2.1 with
kE=0.

Lemma 3.2.2. For non-negative integers n,t with n > 1, we have

O

Proof. Since n > 1, we have (7;) < ("fl) + (7;:11) Using this and Lemma 3.2.1

7

for k =1, we get

S (65 |
o (O )
-~ {g—l)"—l—i ("7 1)} + {M(—nn—l—i ("I i))}

="+ 1" =0.

This completes the proof of the lemma. n

3.3 p-adic properties of Mahler coefficients

Let us fix a topological generator u = 1 + t1p + top* + - -+ of 1 + pZ,. Hence
t; is a unit. We now prove two important binomial expansions in the following

lemma.

Lemma 3.3.1. Forn > 1, we have

n(n

(1+T7)" = (1+T)1+TP)" (1+T7) oty | higher order terms (mod p),

(3.9)

n(n

-1 :
Tttt | higher order terms (mod p).

(1+T)"p+n = (1+T)(1+Tp)”t1(1+Tp2)t1+
(3.10)
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Proof. For any k > 1, we have
(1+T)" = (1+T") (mod p).
This implies that

(14 T)* = (1 + T) thrttr*+

= (14 T)(1+T%)"(1+T7")" + higher order terms (mod p).

Hence the statement (3.9) is true for n = 1. Suppose that it is true for a given

n. Then

n+1

(1+ 1)

=(1+ T)“"(1+t1p+t2p2+~~)

(1+T)"" (1+TP)4"" (14 T )" + higher order terms (mod p)

n(n

(1+ T)(1 + TP)"t(1 + TP )5 6+nta (1 4 Tp)a( 4 T yeta® (1 4 79t

+ higher order terms (mod p)
= (14 T)(1 4 T?)(0 (1 4 7% S5t

+ higher order terms (mod p). (3.11)

Hence the result is true for n+1. Using the principle of mathematical induction,

the statement (3.9) is true for any n > 1. Again,
uP =1+ t;p? + higher order terms. (3.12)
Using (3.9) and (3.12), we find that

(1 + T)upan = (1 + T)un(1+t1p2+.“)

= (14+T)“" (1+T")"*" + higher order terms (mod p).
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n(n—1)
2

= (L+T)(1+TP)" (1 +T7") "7 itz 4 77 yh

+ higher order terms (mod p).

= (L+T)(1+TP)"s (1 4 TP )t tnta
+ higher order terms (mod p). (3.13)
This completes the proof of the lemma. n

3.3.1 Mahler Coefficients a;(f,,)

Using the binomial expansions (3.9) and (3.10), we prove the following lemmas

about the Mahler coefficients a;(f,,) for different j and m. Recall that

)= (1) ond aj<fm>=i<—1>fi(§)fm<z‘>.

=0

Lemma 3.3.2. Suppose that 1 < k < p, then ax(f,r) = t,* (mod p). Also,

ap(fp2) =t (mod p) and a,41(f2) =0 (mod p).

Proof. From (3.1), we have

arlf) = 301 M%) (3.14)

=0
But, (Z;) is the co-efficient of TP* in the expansion of (1 +T)“j. Here j <k <p

and using (3.9), we find that

(i) = () o 519

From (3.14), (3.15) and Result 3.2.1, we find that

i =0 (5 (1)

= t¥ (mod p). (3.16)
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Again,
lf) = Zp;—l)p-f ("))
- ](;f;”) (mod ) (3.17)
and

()Gl

From (3.10) and (3.9), we find that

(;) =ty (mod p) (3.19)
e
<p2> = t; (mod p) (3.20)
uPT!
< 2 > = t; + t2 (mod p) (3.21)
Using (3.17) - (3.21), we complete the proof of the lemma. O

Lemma 3.3.3. Suppose that 1 <k < p and p*+ (k—1)p < m < p*>+kp. Then

ap 11 (fm) = 0 (mod p).

Proof. From (3.1), we have

it (fm) = g(—l)’”’“‘j (p j k) (Zfb) (3.22)

But, (Zi) is the co-efficient of 7™ in the expansion of (1 + T)“j. Clearly, if
PP+ (k—=1p <m < p*+kpandm # p* + (k—1p,p* + (k= 1)p + 1,
then from (3.10) and (3.9) we find that the co-efficient of 7 in (1 + T)* is
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zero modulo p. Also, co-efficients of 7" modulo p in (14 T)* are equal for
m = p*+ (k—1)p,p*+ (k—1)p+1. Thus, to prove that a,,(f,) is zero modulo
pwhen m = p?+(k—1)p,p*+ (k—1)p+1, we need to prove for m = p*+(k—1)p

only. If £ =1, then
U uP uPtl
il = _(pz) - <p2) e ( p? )
Therefore, we assume that & > 1. From (3.10) and (3.9), we have

J '
(u > = co-efficient of 7™ in the expansion of (14 7)*
m

= (kjtl >{j(j_1>t§+jt2} (mod p) if j<p (3.24)

—1 2
and
Cﬁ) = (kzill) {t1+@t§+it2} (mod p) if j=p+1,0<i<p.
(3.25)
Now,
apealf) = Z( e () ()
Eg( s (p;rk> <kji11) {902— )2 s jtz}
S (3()
R 1)) o)
B () e )
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Again, (p;.rk) = (];) (mod p) and hence (3.26) implies that

k :
i k jtl
_ k
apr(fm) = ;(—1) j (]) (k B 1) t1 (mod p). (3.27)
Using Lemma 3.2.2, we complete the proof of a,x(fr) = 0 (mod p) when

m = p? + (k — 1)p and this completes the proof of the lemma. n

Lemma 3.3.4. Suppose that 1 < k < p. Then

ap+k(fp2+kp) = tlfﬂ (mod p) and ap+k+1(fp2+kp) = 0 (mod p).

Proof. Proceeding as Lemma 3.3.3, we find that

k

i fprin) = X {Z(—n'f-j (") (ﬁi)} (mod )

Jj=0

and  ayepr (fypaip) = b X {%(—1)“1-]' Y } (1mod ).

J=0

Using Result 3.2.1 and Lemma 3.2.2, we complete the proof of the lemma. []

Lemma 3.3.5. Suppose that 2p* —p < m < 2p?. Then asy(fin) = 0 (mod p).
Also,

agp(fop2) = t2 (mod p), agp+1(fop2) = 0 (mod p), and agpo(fop2) = 0 (mod p).

Proof. Suppose that 2p? — p < m < 2p*. From (3.1), we have

=3 (7))
(2)(2)+ ()
o (3.28)
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We obtain (3.28) using the binomial expansion (3.10).

Again,

o+ (2))- ()

= co-efficient of 7%’ in {— (2p> X (L+T)" + (1+ T>u2p}
p
t1 2t
=-2
(3)- (%)
= t? (mod p). (3.29)
Also, modulo p
a2p+1(f2p2)
U 2]? +1 uP e u?P A
= + = = +
(2192) ( p ) { <2p2> (2192 > } <2p2> ( 2p? >

2 2 1 P p+1
co-efficient of T2 in (1 4+ T)" + ( p+ ) {(1 ) -l +-Pr }
p

2p+1

—A+T)" + (1 +T)"
o tg 2p +1 tl tl aF tg 2t1 2t1 in t2
=) (T RG) (27 () (7)o
But, (2”;1) = 2 (mod p). Using this in (3.30), we find that

azp+1(fopz) = 0(mod p). (3.31)

Finally, we prove that ag,ya(fop2) =0 (mod p).

Using (QP;FZ) = 2 (mod p) and (if’jlz) =4 (mod p), we find that

a2p+2(f2p2)
U u? uP uP Tl
= -2 -2 4
(2192) " <2p2) (2192) " <2p2>
uPt? u?P s u2pt2
-2 -2
(2292) " (2192) ( 2p? ) " ( 2p? )
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upt1

= co-efficient of 7% in —2(1+T)" + (1 +T)" —2(1+T)" +4(1+1T)

w2p+1

20+ A+ T =20+ T + 1+ T
_ 9 to n 2 + 2ty 9 i 4 i1 + 1o 5 3+t + 2ty
2 2 2 2 2
2t 2ty + to 2 + 2ty + 2ty
-2
() () (0
= 0(mod p). (3.32)

This completes the proof of the lemma. n

3.3.2 Mabhler coefficients aj, ... j, (f, - .m,)

Using the p-adic properties of the Mahler coefficients a;(f,,) and (3.4), one
can derive p-adic properties of the Mahler coefficients aj, ... j,(fim, - m,). We
now prove certain p-adic properties of these Mahler coefficients in the following

lemmas.

Lemma 3.3.6. Suppose that 1 < k < p and p* + (k — 1)p < m < p? + kp.
Let mqy + -+ + my, be a partition of m such that ki + --- + k, = p+ k, where

ki = ord,(m;!),i =1,--- ,n. Then we have

bt (Fors ) = 0 (mod ).

Proof. Clearly, k; = ord,(m;!) # p for all i, because ord,((p* —p)!) = p—1 and
ord,(p*!) = p+ 1. Hence we have the following two cases only.
Case 1: Suppose that k; > p for some i. Then k; = p+(;,0 < [; < k and hence

p?+ (I; — 1)p < m; < p? + l;p. By Lemma 3.3.3, we get

ag, (fm,) = 0 (mod p). (3.33)
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Case 2: Suppose that k; < p for some i. Then pk; < m; < p(k; +1). We know
that

i I AWAT

— ki—j [ ™
o) = (1) (j) (m) (3.3

7=0
But, (;5) is the coefficient of 7 in the expansion of (1+T)*. From (3.9), we
find that (;‘nj) is congruent to zero modulo p if m; # pk;, pk; + 1. This implies

that
ag, (fm,) = 0 (mod p) if m; # pk;, pk; + 1. (3.35)

Thus, for any partition my + - - - +m,, of m, where k; = ord,(m;!) are as given in
the lemma, (3.33) and (3.35) imply that ak, ... &, (fimy. m,) = 0 (mod p) unless
m; = pk; or m; = pk; +1. With out loss of generality, suppose that m; = pk; for
1=1,---,land m; =pk;+1fori=1(+1,--- ,n. Thenm=m;+---+m, =
p(p + k) + (n — 1), which is a contradiction to the fact that m < p? + kp. This

completes the proof of the lemma. n

Lemma 3.3.7. Suppose that 2p*> —p < m < 2p®>. Let mi + --- + m,, be a
partition of m such that ky + - - - + k, = 2p, where k; = ord,(m;!),i =1,--- ,n.
Then we have

ey e fon (frng e omn) = 0 (mod p).

Proof. Suppose that k; = 2p for some i. Then 2p? — p < m; < 2p? and hence

from the Lemma 3.3.5, we get

ag, (fm,) = 0 (mod p) (3.36)

This implies that ag, ... k, (fimy .- m,) = 0(modp). The other two cases are

p<k;<2pandk; <pask; #p. As shown in the proof of the Lemma 3.3.6,

Ay e kon (frng e mn) = 0 (mod p) unless m; = pk; or m; = pk; + 1. (3.37)
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With out loss of generality, suppose that m; = pk; for i = 1,--- |l and m; =
pki+1fori=1+1,--- ,n. Then m =my +---+m, = 2p*> + (n — 1), which
is a contradiction to the fact that m < 2p?. This completes the proof of the

lemma. O
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Chapter 4

Iwasawa Invariants of p-Adic

Measures and I'-Transforms

In this chapter we give a generalization of an existing result of Satoh, Kida and
Childress which deals with p-adic measures on Z, to p-adic measures on Z; for
any n. We determine a relation between the A-invariants of a p-adic measure
on Z, and its I'-transform. We prove this result using the p-adic properties of

Mabhler coefficients discussed in Chapter 3.

4.1 Introduction

Fix an odd prime p. Let O be the ring of integers in a finite extension of Q, with
a local parameter 7. We write Z; =V x U where V' is the group of (p— 1)st
roots of unity in Z, and U = 1 + pZ,. Let u be a topological generator of U.
The projections from Z; onto V and U are denoted by w and <> respectively.
We have an isomorphism ¢ : Z, — U given by ¢(y) = uV.

In chapter 1, we defined p-adic measures on Z, and convolution of two such

measures. One can easily extend those definitions to define p-adic measures on

49
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CHAPTER 4 Iwasawa Invariants of p-adic measures

Zg and their convolution for any n > 1. Let A(,) denote the O-valued measures
on Zy. It is well-known, (see e.g. [14]), that Ay is a ring under convolution, and
is isomorphic to the formal power series ring O[T — 1]]. Explicitly, for z € Z,,

let

T° = i C’;) (T —1)" € O[T — 1]].

n=0

The power series associated to a measure a € Ay is then defined by

&(T) = /Z Toda(z) = 3 ba(@)(T — 1)"

P

bu(cr) = /Z p (2) do(z).

The natural generalizations of the above results to larger values of n are true.

where

O-valued measures on Zj; correspond to power series in O[[Ty — 1,--- , T, — 1]].

This correspondence is given by

a(Th"' 7Tn) :/ Tfl...Tgnda(wl’... 71'”)

:go...nio </z; <:111> (:;)doé(xh... 7%))
X (T = 1)™ - (Ty — 1™, (4.1)

Similar to the case n = 1, we have the following integration formulas:

/ et da(zy, e Ty)
Z

d\™ d \" .
= (Tld_T'l) tee (Tnd_T'n) O./(Tl, cee 7Tn)|T1:~-:Tn:1 (42)

Let o be a O-valued measure on Zy. For (a,---,a,) € (Z;)", denote by

ao(ay,- - ,a,) the measure on Zy given by

ao(ay, -+ ,a,) (A X -+ X Ap) =ala1 Ay, -+ a,Ay),

20
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CHAPTER 4 Iwasawa Invariants of p-adic measures

where A; are compact open subsets of Z,. Also, if A = (Ay,---,4,) C Z,
where all A; are compact open subsets of Z,,, a|4 denotes the measure obtained
by restricting a to A and extending by 0.

The I'-transform of a measure a € A, is defined as a function of the p-adic

variables s1,--- , s, given by
Fo(siy-e,8n) = / <xp > < x> da(T, -, Ty).
Zp )™
If we put da(ayzy, -+, apxy,) for d(ao(ay, -+, a,)) (a1, -+ ,x,), splitting up

the integral, we can also write

Fa(sla e 7877,)

- Z Z / < ThZi >l T Tn > do‘(nlxh"' ,nnl’n)
UTL

mev €V

:/ aj‘il xflndﬂ(zla' ,I*n),
n

where

8= Z"'Z(O‘O(”h'” 7)) |0

mev eV

a measure on U™.

Now the measure § may be viewed as a measure on Z; via the isomorphism

B(Ar, -+ An) = B(¢(A1), - -, 6(An)).

Let us write d@(u¥, - - - ,u¥") for dﬁN(yl, -, yn). Let G(Th, -+ ,T,) be the power

series associated to B, that is,

G(Tl,--- 7Tn) :/ Tf’l---Tﬂjndﬁ(uyl,--- ,uy").
V4

Then Ty (51, ,8,) = G(u®t, -+ u).

For a more thorough treatment of p-adic measure theory, see [1222].

ol
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CHAPTER 4 Iwasawa Invariants of p-adic measures

4.2 Iwasawa A-invariants and ['-transforms
The Iwasawa p- and A- invariants of a power series

F(T) =Y a,(T—1)" € 0[[T - 1]

n=0

are defined by

p(F(T)) = min{ord(a,) : n > 0}

AMF(T)) = min{n : ord(a,) = u(F(T))}.
Analogously, we define the Iwasawa p- and A- invariants of a power series

F(Ty,--,T,) = Z Z g (T = D)™ -+ (T, = 1)™

as follows:

p(F (T, -+, T,,)) = min{ord(am, ... m,) : m; >0 Vi}

MNF(Ty, -+, 1) = min{mg + - -+ +my, : ord(am, .. .m,) = p(F(Th, - ,T,))}-

For a measure a € A, we understand (o) and () to mean p(a(Ty, -+ ,T5))
and A(a(Ty,---,1y)).

Let a € Ay). That is, @ is a O-valued measure on Zj. Let u be a
fixed topological generator of U = 1 + pZ,, and let G(T4,---,T,) satisfy
Gur, -+ u) =T4(s1, -, 8n), so that

G(T1,~~ 7Tn) :/ Tfl~"Tﬁ”dﬂ(uyl,-~~ ,uy"),

Zp

where § = Z"'Z(&O(Ula“' 1))

- (4.3)

o2
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CHAPTER 4 Iwasawa Invariants of p-adic measures

Note that 3 is a measure on U". We extend 8 to Z; by 0 and then we get a

power series

ATy, T, Z > by (Tr = 1™ (T = 1™ (4.4)
mi1= =0 mn—O

Suppose that

G- )= Y Gurana (L = D)™ (T, =)™ (4.5)

mi =0 my=0

In case of n = 1, Sinnott proved that u(G(7)) = u(a* + o* o (—1)), if a(7T)
is a rational function of T' (see |24, p.p. 276, Theorem 1|). Here a* = g
It was Kida who first obtained a relation between the A-invariant of a measure
on Z, and its I'-transform with a fixed topological generator [25]. Later, in
case of n = 1, Childress proved that u(G(T)) = u(B8) and \(B) = pAN(G(T))
if A(G(T')) < p (see [14, Lemma 1 & Theorem 1]). Satoh obtained the same
result without any condition on A(G(T)), but his approach was based on certain
properties of Stirling numbers [10]. In this chapter, we prove the following main

result which gives a relation between A\(G(71,---,T,)) and A(f3) for any n.
Theorem 4.2.1. If \(G(T1,---,T3)) < 2p, then A\(B) = pN(G(T1,--- ,T})).

We prove this theorem following the approach discussed in Chapter 3 and
Childress [14]. We really do not know whether the method of Satoh based
on certain properties of Stirling numbers can be generalized to prove Theorem
4.2.1. We now prove a lemma which is a generalization of Lemma 1 proved by

Childress in [14]. As before, suppose

B(Tl,-." Z mel T1_1> 1(Tn_1)mn

m1=0 myp=0
and
G<T1;"'7Tn>:Z"'ng1 (T = 1)™ - (T, — 1)™.
mi1=0 ma=0
53
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Recall that the functions fy, : Z, — Z, and fy, .. m, : Z; — Z, are defined by

fm(z) = (Z;j) and  foy ooom, (1,0 T0) = fg (1) -+ fon, (2), respectively.

Also, if a;(fn) and aj, ... j,(fmy . m,) are the Mahler coefficients of f,, and

fmy..m, respectively, then (3.4) implies that

jy e (P o) = @y (foma) - - @5, (i )- (4.6)
Lemma 4.2.1. Let a be a measure on Zy,. Then p(G(T,--- ,T,)) = u(83).

Proof. Let p(G(1y,--- ,1,)) = v. Then
Gmy e mn = 0 (mod 7) for every m; > 0,i=1,--- ,n. (4.7)

Now,

bl /n (Txnll) (Z;)dﬂ(:cl,--- .
:/Z (Q:nl) (i:)dﬁ(uxlf“ u™). (4.8)

If a;(fmm) and aj, ... j,(fm, .. .m, ) denote the Mahler coefficients of f,, and f,,, ... m..,

n
D

then a;(fn), ajy . (fr, o mn) € Zy. From (4.6), we have

a/jly“'ajn(fml,“',mn) = Qj, (fﬂ"u) il ajn(fmn)' (49)

Using (4.8) and (4.9), we find that

bm17.._7mn = / <U, ) ce (U ")dﬁ(uan’ e 7u1’n)
= E E a’jl,“',jn(fmlv"',mn)/ ( 1) e ( . )dﬁ(u 1’... ,U n)
: Zy J1 In

= Z T Z ajl,"':jn(fml,---,mn)gjlf-wjn (4'1())
54
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From (4.7) and (4.10), we get by, ... ;m, = 0 (mod 7*) for every m; > 0. This
implies that u(8) > v.

Similarly, let u(3) = 7. Then

bing e m, = 0 (mod 77) for every m; >0,i=1,--- ,n. (4.11)
Now,
Imy mn:/ <l’1> (xn)dﬁ<ux1, ,u:vn)
zy my my
log! log"

Un ml mn

where
log¥ = log yi'
log u

Let

logy! log¥™
hmlf";mn(yl?"' 7yn): ( ) ( )
my My,

Then (4.11) and (4.12) imply that

logy)! logyy"
gm17~-~,mn:/ < ) ( )dﬁ(yl, ayn)
n my mpy

= / hm1,~~-,mn(y17"' 7yn)dﬁ(y17"' ;yn)

oo o0
— NS . 1.8
=0 (mod 7") for every m; > 0.

Hence, u(G(1h,---,T,)) > 7. This completes the proof of the lemma. O

Let a be a O valued measure on Z,. Say 3= Yoo o bu(T—1)" and G(T) =
> o gn(T —1)™. The following result is due to Childress.

95
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Result 4.2.1. ( [14, p.p. 364, Lemma 2]) Let n be a positive integer. We have

mlb,, = m! Zgrar(fm) (mod p"0O).
r=0

The following lemma is an easy generalization of the above result. Let
@ € Agyy. That is, o is a O-valued measure on Zj. Let u be a fixed topological
generator of U = 1+ pZ,, and let G(T4,---,T,) satisty G(u’',--- ,u*) =
Co(s1,-+,Sn), so that

G(Tl’... 7Tn) :/ lel ...Tgndﬁ<uyl7... ,uy"),
Ly

where 8= > "+ Y (a0 (i, 7)) |un- (4.13)

Note that 3 is a measure on U". We extend 8 to Zj by 0 and then we get a

power series

BT, T)= 3> by (TL = )™ o (T, = )™ (4.14)

mi1 =0 my=0

Also, the I'-transform of a measure o € A, is defined as a function of the

p-adic variables s1,--- s, given by
Lolst, -0, 8n) = / <xp > < x> da(Ty, e, my).
(Zy)™
If we put da(ayzq, - - ,apx,) for d(ao(ay, - ,a,))(z1, -+, x,), splitting up the

integral, we can also write

Fa(51, Tt 7577,)

= Z e Z / < nlxl >51 e & nnxn >S” da(rnlwl’. .. ’nnxn)
Un

mev €V

=/ ayt e aprdB(w, e w), (4.15)

o6
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where

B=3" Y (aolm, - m)lom,

mev meV

a measure on U".

Now the measure § may be viewed as a measure on Z; via the isomorphism

If G(Ty,- -+ ,T,) is the power series associated with the measure B , then
Co(sy, +,8,) =G, - u'™).
Suppose that

G- T) = Y Grmyrana (L — D)™+ (T, =)™ (4.16)

m1:O my,=0
Let
T Tn
Sml,-u,mn(xla"' 7xn) :mll mn'

ma mp

m1 Mn

= g g CONT Y - T (4.17)
i1=1 Ty, =M

Note that ¢, ... ;, € Z.

Lemma 4.2.2. Modulo p"™ T+ O we have

k1 kn
il b = a1l 303 g gy (418)
Jj1=0 Jn=0

where aj, ... ;. (fmy, mn) are the Mahler coefficients of fu, .. m, (T1,+ , Tp).

Proof. By (4.1), we have

mI! T mn!bml,---,mn = / Sm1,~~-,mn<x1> e axm)dﬁ(xla T 75En)
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which, by (4.13) and (4.15), is equal to

Z chl zn Zl; 7ln>
—= Z PR Z Cil,---,inG(uila PP ’uin)

—Z Z% W3S g = 1 (119)

1= =0 rn—O
But, p**t(u® — 1)" for r > k and i > 1.

Therefore, modulo p"**1 -+ 9 we have

mal - mplby, ...

- Z chl “in Z Z Gry,- — )" (U — 1),

r1=0 rn=0

Expanding the terms (u% —1)7,5 =1,---

™my !---7”:1nlbm1 i

r1=0 rn=0

m
o J1 1
k:TL
=m mn' E g Gry,e o Qry - (fmly'”7mn).
r1=0 =0

This completes the proof of the lemma.

From the above lemma, we have the following result.

Corollary 4.2.1. If ord,(mq!---m,!) < ky +--- + k,, then

1 kn
= Z e Z Gjr o in Gy jn (fima e mn)  (mod p"O).

j1=0 In=0

o8

TH-816_06612301

Z Z P Z Z )i i1 ia (h) (uﬂ'l)

(4.20)

,n, we find that modulo p"tkit+Fn (9,
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4.3 Proof of the main result

We now give a prove of the Theorem 4.2.1. In the proof, we use certain p-adic
properties of the Mahler coeflicients a;, ... j, (fm,,.. m,) discussed in Chapter 3.
We may assume that u(G(T,---,T,)) = 0, because pu(G(Ty,---,T,)) =
w1(B) by Lemma 4.2.1, and for any power series F'(Ty,---,T,) € O[[T1—1,--- ,T,,—
1)], if 7| F(Ty, -+ ,T,) then N(zLE(T,--- ,T,)) = MF(T1, -+, Tp)).
Case 1: Suppose that A(G(T1,---,7,)) = k < p. Then there exists a

partition k; + - - - +k,, of k such that g, ... x, is a unit in O and for every m; > 0

satisfying my + -+ + my, < ky Gy m,, = 0 (mod 7). If » < pk, then for any
partition ry; + --- 4+ 7, of 7, we find that ord,(r{!---r,!) = ord,(ri!) + --- +

ord,(r,!) < k —1. If ; = ord,(r;!), then from (4.22) we get

I L
By = D D GjrsinGsom i (frave ) = 0 (mod 7). (4.23)
Jj1=0 Jjn=0
Now consider the partition k; + - - -+ k,, of k. Then pk; + - - - + pk,, is a partition
of pk such that ord,(pk;) = k;. From (4.22), (4.6) and Lemma 3.3.2, we get
k1 e
bpklv'“ 7pkn = Z il Z gj17'“ 7jnaj17"' 7jn<fpk17“' 7pk5n)
1=0  jn=0

= Gy s Wy o (Sohr e phen) = Gy et (m0d 70), (4.24)

which is a unit in O. This proves that
ANB) = pky + -+ + pk, = pk = pMG(Th, -+, T,,)).

Case 2: Suppose that A\(G(T4,---,T,)) = p. Then there exists a partition
ki+-- -4k, of p such that gy, ..., is a unit in O and for every m; > 0 satisfying
my+-+my, <P, Gy m, = 0 (mod 7). Let m < p?. Then for every partition

my + -+ +my, of m, we get Iy +--- + 1, < p—1, where [; = ord,(m;!). As
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shown in the previous case, this implies that by, ... ,, = 0 (mod 7). Let us now
consider the partition pk; + - - - + pk,, of p?. If k; = p for some ¢, then k; = 0 for

all j # i. Hence, from (4.22) and Lemma 3.3.2, we get

bo’... ,0,p2,0,-++,0 = goy... ,0,p,0,-- 70ap(fp2) —+ g()’... ,0,p+1,0,-- ,oap+1 (fp2)

= G0, 0,0, ot1 (mod 7), (4.25)
which is a unit in O. If all k; < p, then using (4.24), we obtain
Dok phn = Ghy o gty (mod ), (4.26)
which is a unit in O. This proves that
MB) = pky + - + pkn, = p> = DANG(Ty, -+ -, T3)).

Case 3: Suppose that p < N(G(Th,---,T,)) < 2p. Let N(G(Ty,---,T,)) =
p+ k, where 1 < k < p. Then there exists a partition & + - - - + k,, of p+ k such
that gy, ... x, is a unit in O and for every m; > 0 satisfying m; +---+m, < p+Kk,
Gmy o my, = 0 (mod 7). Let m < p?> + (k — 1)p. Then ord,(m!) < p + k and
hence for any partition my + - - - +m,, of m, we have [y +---+1, < p+k, where
l; = ord,(m;!). As shown in the case 1, this implies that b, ... s, = 0 (mod 7).
If p + (k — 1)p < m < p* + kp, then ord,(m!) = p + k. Therefore, for every
partition my + - - - +m,, of m, we get l; +---+1, < p+k, where [; = ord,(m;!).
Ifly +---+1, < p+k, then we have already proved that b, ... m, = 0 (mod 7).

Again if [; +---+ 1, = p+ k, then

Oy o = Gt bW o (fons, o i) (00d ). (4.27)

Using Lemma 3.3.6, we find that b,,, .. m, = 0 (mod 7). Let us now consider

the partition ky + --- + k, of p + k. Then pk; + --- 4+ pk,, is a partition of
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p? + pk. It k; < p, then ord,(pk;!) = k;. Also, k; = p implies ord,((pk;)!) =
p+1==Fk +1 Ifk > p, then k; = p+[;, where 1 < [; < k and hence
ord,(pk;) = ord,((p* + pli)!) = p+1; + 1 = k; + 1. From Lemma 3.3.2 and

Lemma 3.3.3, we have

ap+1(fp2) =0 (mod p) and  apis,+1(fp2i1,p) = 0 (mod p).

Again, if k; < p, then from Lemma 3.3.2, we get ax, (fpr,) = t1% (mod p). Also,
ap(f,2) = t1 (mod p) and if 1 < I; < p, then a,yy,(fr21q,,) = 57" (mod p). This
implies that, if h; = ord,(pk;!) for i =1,--- ,n, then

hy

hn
bpklf",Pkn = Z e Z gjh..,’jnajl’...’jn<fpkl,...,pkn)

J1=0 Jn=0

= gkl,...7knak1,...,kn(fpkl,...,pkn) (mod 7T), (428)

which is a unit in O. This proves that
NB) = pki + -+ + pkn = p* + pk = pA(G(Th, - - . Tp)).

Case 4: Suppose that \(G(T1,--- ,T,)) = 2p. Then there exists a partition

ki + -+ k, of 2p such that gy, .., is a unit in O and for every m; > 0

satisfying my + - + myu < 2, Gmy.m,, = 0 (mod 7). Let m < 2p? — p. Then
for every partition my + --- + m, of m we have l; + --- 4+ [, < 2p, where
l; = ord,(m;!). As shown in the case 1, this implies that b,,, ... s, = 0 (mod 7).
If 2p> —p < m < 2p?, then for every partition m; + --- + m,, of m we have
L+ 41, <2p Ifl;+---+1, < 2p, then we have already observed that
b o my, = 0 (mod 7). Also, if iy + -+, = 2p, then from Lemma 3.3.7 we
get by oo m, = 0 (mod 7). Let us now consider the partition ky + --- + k,, of

2p. Then pk; + --- + pk, is a partition of 2p?>. If k; = 2p for some i, then
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ord,(pk;) = 2p + 2. But from Lemma 3.3.5, we get

a2p+1(f2p2) = 0 (mod p) and agyio(fop2) = 0 (mod p).

Using this and considering the other possible values of k; as shown in the pre-

vious case, we obtain

hi hrd
bpkla"'7pkn = § : t E :gjla"'1jnaj17"'7jn(fpk17"'7pk7l)

Jj1=0 Jn=0

= gklv"' ana/kla"' kn, (fpklv"' 7pk'n) (mOd 7T), (429>
where h; = ord,(pk;!). Again, from Lemma 3.3.5 we get
a2p(f2p2) = t% (mOd p)'

Considering the other possibilities as shown in the previous case, (4.29) implies

that Dpk, ... pk, a unit in O. This proves that

ANB) = pky + - + pky = 2p* = pA(G(T1, - -+, Ty)).

This completes the proof of the main theorem. O
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Chapter 5

Coefficients of a p-Adic Measure

and 1ts ['-Transform

In this chapter we discuss some consequences of the results of Chapter 4. We
relate the coefficients of a p-adic measure a on ZIQ, to the A-invariant of the
Iwasawa series of the I'-transform of a. One can produce similar results for any
a defined on Z7, but the number of coefficients of a(7y —1,---, T, — 1) which

are involved increases with n.

5.1 Introduction

In case of n = 1, Childress in her paper [13] showed how the coefficients of the
power series associated to a p-adic measure o on Z,, are related to the coefficients
of the measure (3. She proved congruences modulo p amongst these coefficients.
Finally, using these congruences and the results of [14], [25] and [10], she related
the coefficients of a to the A-invariant of the Iwasawa series of the ['-transform
of a. Following her approach, one can generalize the congruences modulo p

amongst the coefficients of a p-adic measure o on Z; and the coefficients of the
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associated measure 3.

Recall that O denotes the ring of integers in a finite extension of Q, with a
local parameter 7, where p is a fixed odd prime. We write Z =V x U where
V' is the group of (p — 1)st roots of unity in Z, and U = 1 + pZ,. Let u be a
topological generator of U. The projections from Z; onto V' and U are denoted
by w and <> respectively. We have an isomorphism ¢ : Z, — U given by
Py) = u.

Let A¢,) denote the O-valued measures on Zj. The Iwasawa power series

associated with o € A, is given by

a(Tl,"' 7Tn) :/ 7-'11"1 ...Ts"da(xl’... ’xn)

zmii;o...m;i:o (/Zg <;11> (:li)d@(xh... ,xn))
X (Ty = 1)™ - (T — 1), (5.1)

Similar to the case n = 1, we have the following integration formulas:

/ x’in’l ...x?nda(x17... ’l‘n)
Z

n
p

d mi d Mp R
= (Tld_j—'l) cee (Tnd_T'n) O./(Tl, <. 7Tn)|T1:~~-:Tn:1 (52)

For si,---,s, € Zy, let each of ky, - - - , k,, vary through a sequence of positive
integers satisfying k; — s; p-adically and k; = 0 (mod p — 1). Then the I'-

transform of a measure o € A, is defined as a function of the p-adic variables

81, , Sy given by
3 k n
Co(sy, -+ ,8,) = lim otk da(zy, - xy,) (5.3)
k1, kn VAL
D
:/ <xp > < x> da(Ty, -, my).
(Zy)™
64
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CHAPTER 5 Coefficients of a p-adic measure

If we put da(ayzy, -+, apx,) for d(ao(ay, -+ ,a,))(z1, - ,x,), splitting up the

integral, we can also write

Fa(sla Tt 75n)

— Z v Z / < 771‘%1 >S1 el & nnmn >S” d&(nlxl’.. . ’nnl’n)
Un

:/ x‘il ...xi"d/@(xlj... ’xn>7
n

where

8= Z"'Z(O‘O(”h”' 1)) |0

mev eV

a measure on U". We extend ( to Z; by 0 and then we get a power series
B, T =3 o > bgeean (Tr = D)™ o (T, =)™ (5.4)
m1:0 my=0

Again, the measure  may be viewed as a measure on Zj via the isomorphism

ﬁ(Alf" 7An) :ﬁ(¢<A1)7 >¢(An>>

Let us write d@(u¥, - - ,u¥") for dB(yl, -, y,). Let G(T4,--- ,T,) be the power
series associated to B, that is,
G(T., NG — / TV . T¥dB(ub, - - - ub™).
Ly
Then 'y (81, ,8,) = G(u®, -+, u™).

Thus, for a given O-valued measure o on Z;, we can define the I'-transform
of . Splitting up the integral of the I'-transform, one obtains a new measure
B =2 v 2pev@o(n, - ,n,))|on, which is a measure on U", where
U = 1+ pZ, Now there are two ways of getting a measure on Z; from f.

The first one is § which is obtained through the isomorphism ¢ : Z, — U. If
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the power series associated with B is G(T1,---,T,), then it is related to the

I-transform of « as follows:
Fa(sla tt 7371) = G(u817 e 7usn)7

where u is a topological generator of U. The second one is obtained from 3 by

extending 0 to Z;. We shall denote it again by /3.

5.2 The series associated to (3

Let o be a O-valued measure on Z,. We know that Z; =V x U where V is the

group of (p — 1)st roots of unity in Z, and U = 1 + pZ,. For n € V, we have
759(T) = | Tdaon)(a)
ZP

_ /Z T do(z)
= a(T"), (5.5)

where 7 = 1.

Again, (a on)|y = (a|,r) on. Therefore, if =5 _,(aon)|y, we have

nev

B(T) = alu(@™). (5.6)
nev
Let us fix a primitive pth root of unity ¢. The characteristic function of Z; is
-1 pi ¢
Pz

Childress in her paper [13, Theorem 4, p.p. 251] gave some congruences between

the coefficients of a(T") and 04/\7,\U(T). We now state her result below.
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Result 5.2.1. Let a be a O-valued measure on Z, and let a(T) = > a;(T—1)" be

the associated power series. Given a non-negative integer k, let n be the integer

—

such that np < k < (n+1)p. Then the coefficients of (T — 1)* in alzx(T) is cx,

where modulo pO

ar, when np < k < (n+ 1)p;

Z(nfﬁ ;H( 1)""a;, when k= (n+ 1)p.

Ck

The following result is due to Childress.

Result 5.2.2. ([13, p.p. 254, Theorem 5/) Let o € Apy and let a(T) =
S>a;(T — 1)% be the associated power series. Let n be a fized (p — 1) root of
unity in Z,. Given a non-negative integer k, let m be the integer such that
mp < k < (m+1)p, and put k = mp + ko. Let ng < p be the positive integer
such that 1 = ny (mod p). Then the coefficient of (T — 1)* in 04/|,7\U(T) iS €k,

where, modulo p, we have

M) "= (4 + 10 ;
€k = (ko) Z ( j )(_1)]apm+770+j' (5.7)
=0

Let a € Ay and n,v € V. Let us fix a primitive p" root of unity ¢. The
characteristic function of nU x vU is [% = 1(’]1 “ 7’)} X [% e 1(92 w2V |

Using this and the above result, we have the following result.

Theorem 5.2.1. Let o € Ay and let a(T1,To) = > Y a;, 5, (Th — 1) (To — 1)
be the associated power series. Let n and v be fived (p — 1)™ root of unity
in Z,. Gien non-negative integers ki, ks, let mi,mo be the integers such that
mip < ki < (my + Dp and map < ky < (mo + V)p. Put ki = myp + kY and
ko = maop + k9. Let ny < p and vy < p be the positive integers such that n = ng
(mod p) and v = vy (mod p). Then the coefficient of (Ty — 1)¥(Ty — 1)*2 in
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—

alyswu(Th, Ta) is €], where, modulo pO, we have

777V
e1<31Jf2

Mo\ (Yo rat et Ji+m\ (J2+ o oy
= (/{30> (k‘0> § : § : < . ) < . )(_1)JH—”aPm1+770+j17pm2+Vo+j2'
1 2 .

=0 ja=0 yal J2
(5.8)

A =N

Now, we note that a o (n,v)(Ty,13) = a(T7,TY), where 7 = n~' and 7 =
vt Also, (o (n,v)|y2 = (alwxww) © (n,v). Therefore,
BT, T) =YY Al yreorr (T, TT). (5.9)
nev vev
In case o € A(y), Childress in her paper [13] proved certain congruences
modulo p amongst the coefficients of a(7") and 3 (T"). Using her approach, we
shall prove Theorem 5.2.2 below. Let us now state a useful lemma (see [13, p.p.

255, Lemma 6]) and one can give a proof of the lemma by induction on k.

Lemma 5.2.1. For any positive integer k,
o0 k o
n , '
[Z (y) vi| =3 o k)Y,
= =k

7=1
where p”](jv k) is deﬁned by 1077<j7 1) = (Z))pn(.]7 k) - 3;11 (rz])pn(j - i) k— 1)

For notational convenience, we set p,(j,0) = p,(0,%k) = 0 when jk # 0 and
pﬁ(oa O) =1

Childress proved the following useful result in [13, p.p. 255, Theorem 7|.

Result 5.2.3. If a(T) = > a:(T — 1) and B(T) = S b,(T — 1)¢, then

=5 () 1>Z‘—"°T§j;apr+i§;(Zj)pﬂpj,prw (mod p0).

neV i=no
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Following her approach, we shall now give a brief proof of the following

result.

Theorem 5.2.2. For j; > 0,55 > 0,

p—1 p-1 . 1 je
bj1p7j2p = Z Z Z Z (_1)z‘1+i2—770—1/0( ) ( ) Z Z Qpry+iy protis X

neV veV i1=mng i2=1p r1=07r2=0

e (M) L)

(mod pO).
(5.10)

Proof. Note that

Tl,TQ Zza|nUxuU T17TV)

nev veVv
o o

=D DD 0> e (T - (T — 1)

neV veV k1=0 ka=0

- ZZZ Z er’s, [Z (_>(T1 — 1) r [g: <?)(TQ— 1)jzr2

nEVuGVkl Okzg 0 J1 J2

_ZZZ Zekl ko Z Z pr(d1, k1) po(Ga, ko) (T — 1)7(Ty — 1)72

neV veV k1=0 ka=0 J1=k1 jo=ko

(5.11)

To obtain (5.11), we applied Lemma 5.2.1. From (5.11), we finally obtain

B(T17T2)
_ii T1—131 T2—1 iiZZekle (J1, k1) p(Ja, k2)
Jj1=072=0 k1=0 ko=0neV veV

(5.12)
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Modulo pO, we have

bOO—ZZeoo

nev veVv

p—1 p—1 p—1—nop—1-wo
+ 10 (J2 + 1o i+
=X X X X (M) () e e

no=1lwvo=1 j1=0  j2=0 ]2

p—2 p—2 p—1—j1p—1—j2 ,. '
= Jjit+j2 1+ J2 + Vg
- ( 1) Z ; : Ano+j1,v0+72
j1=0 j2=0 n=1 wvp=1 n J2
p—1 p—1 k1—1ky—1 k ks
=3 X o 2 3 (5) (5) o
k1=1 ko=1 i1=0 i2=0 1 2
p—1 p—1
= <_1)kl+k2ak1,k2' (513)
k1=1ko=1

Similarly, if j; or jo > 1, then following the proof of Result 5.2.3 (see [13, p.p.
255, Theorem 7]), we have

p—1 p—1 g J1 g2
2 11+i2—"no—vo
bpjr.pia = § § , ( > (V0> (=1) Qpry +i1,pro+iz X

neV veV i1=mno i2=1p T1=079=0
no 120 770 VO
Z Z (k ) (/{? )ﬁ(pjlap’f‘l + kl) (p]2 Pra + k’g) (mod pO)
1 2
k1:0 k2:0

(5.14)

From the definition of p, we find that > 7 _ (kl)pn (pj1, pr1+k1) is the coefficient

r1p+k1

of Y/ in Sy} ) [Ztl (tl)Y“} and hence it is the coefficient of Y77
in (14Y7)™ ((1+Y)7—1)"". Let 2y = W and clearly x; € Z,. Then we
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have

70

> <ZO)Pn(pj1,p7“1 + k1)
1

k1=0
= coefficient of Y in (1 + Y;)P+? (A+v)"—1)""

T1

= coefficient of Y7 in (14 Yy)(1+YP)™ ((1 + YT~ 1)

= coefficient of Y7* in (1+ Y;)™ (+v)"—1)"

i(—l)“m (;1) (xlfﬁtl) (mod p). (5.15)

t1=0 ']1

From (5.13)-(5.15), we complete the proof of the theorem. O

5.3 An application to A-invariants

In this section we give criteria for the value of the A-invariant of the power
series B(Tl,TQ) in terms of the coefficients of a(73,75). If @ € A(y), then the
A-invariant of B(T ) is p times the A-invariant of the Iwasawa series of G as

in [2°10° 14> 25|. In Chapter 4, we proved the following theorem. Also see [16].
Theorem 5.3.1. If N(G(Th,---,T,)) < 2p, then \(B) = pA(G(T4,--- ,T,)).

Suppose that
G(Tb e aTn) = Z 5 Z gmh...,mn(Tl i 1)m1 s (Tn — 1)mn (516)
mi1=0 mp=0
If N(G(Th,---,T,)) = k, then for a partition ky + - -+ + k, of k, gk, ... k, 18
a unit in O. In the proof of the Theorem 5.3.1, we showed that by, ... pk, 1S
also a unit in O. Using this and Theorem 5.2.2, we will give criteria for the
M-invariant of the power series B (T, Ts) in terms of the coefficients of a(T},Ts).

Let n € V. C Z;. Let ny < p be the positive integer such that n = 7y (mod p).
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It easily follows from Hensel’s lemma that n = 7} (mod p?). Given a prime p,

we use this fact to evaluate the expression of Theorem 5.2.2.

Example 5.3.1. Let p = 3 and o € Ay be such that ;(G(T1,T2)) = 0. Then

we have:
1. X(G) =0 if and only if a11 + az2 # a12+ azy (mod ).

2. If N(G) > 0, then AN(G) = 1 if and only if either azy + as1 # aso + s

(mod ) or ays+ a14 # asa + asy (mod ).
3. If \(G) > 1, then A\(G) = 2 if and only if any one of the following is true:
(a) a2 + Q4.4 7_é a2 4 aF (7)) (mod 71')

(b) a2 9 + Q51 - Q7.2 T ag,1 §é Q21 T Q5.2 T ar T ag 2 (mod 7T)

(¢c) azo+ a5+ asy+a18 Z a12 + a5 + a7 + ass (mod ).
4. If M(G) > 2, then \(G) = 3 if and only if any one of the following is true:
(a) as1 + a101 # as2 + @102 (mod )
(b) Q15 - 1,10 §é a25 - 2,10 (mod 7T)
(¢c) aso+ ass + ass # ao+ ao7 + as7 + aag (Mmod )

(d) azp+ ass+ aga # aga + azp + arg +ags (mod ).

In this way, in case p = 3, we can find criteria for the \ invariant of G(T1,T3)

in terms of the coefficients of a(T1,T») if A(G) < 6.

We may produce similar results for any prime p. The number of coefficients

of a(Ty,T,) which are involved increases with p.
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Example 5.3.2. Let p = 3 and consider the measure o € Ay given by the
power series y -, T14kT2. We now find the Iwasawa series of the I'-transform

of a. Using (5.2) and (5.3), we find that

Lo(s1,82) = l}lrllcl e k2 do(xy, xy)
1,R2 Z:%
= lim ( 7} d\" T d )" a(Ty,Ty)|
"k \ T ar,) Chinens
d k1 d ko 00 "
= lim (Th1— To— 1) To|r—mp— 5.17
ki{]l;; < ldTl) ( 2dT2> ; 1 2|T17T2717 ( )

where for s1, 2 € Z,, each of ki, ky vary through a sequence of positive integers
satisfying kj — s; p-adically and k; =0 (mod p—1). From (5.17), we find that
G(Ty,Tz) = > o2 TF, where, for s1, 89 € Zyp, G(14+p)*, (1+p)*2) = To(s1, S2).
Clearly N(G) = 1 and this can also be verified using (1) and (2) of Example
5.8.1.
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Chapter 6

Conclusions and Future Research

Throughout this dissertation, we focused on Iwasawa p-invariants of elliptic

curves defined over Q and Iwasawa A-invariants of p-adic measure on Z; and

their ['-transforms.

TH-816_06612301

e Let us first review the main result of Chapter 2. We considered two ellip-

tic curves defined over Q and having good ordinary reduction at any odd
prime p. We showed that u(E;) = u(Es) if both E1(Q)[p] and E2(Q)[p]
are trivial and F;[p'] & E[p’] as Go-modules, where i = u(F;) + 1. It
will be interesting to investigate the above question for elliptic curves
with supersingular reduction. In [3], B. D. Kim studied the Iwasawa pu
and A-invariants of the plus/minus Selmer groups of elliptic curves with
isomorphic residual representation using ideas of [21]. Let Ej, Es be ellip-
tic curves defined over Q with supersingular reduction at a prime p and
E,[p] = Esp] as Galois modules. Then Kim proved that the Iwasawa p-
invariant p=(E;) of Sel(E1/Qx) is zero if and only if p*(E,) = 0. Using
the ideas of Chapter 2, we would like to study Iwasawa p and A-invariants

of the plus/minus Selmer groups of elliptic curves.
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o Let u be a topological generator of 14 pZ,. Let us consider the continuous

m

functions f, : Z, — Z, and fin, .. m, : Z — Z, defined by f,(z) = (“I)
and f, om, (T1, 0 T0) = fog (1) -+ fin, (25), respectively. Using the

classical theorem of Mahler, we find that

1= () = ()

and

o0

Fr @1+ 1 2m) =3 S s o) (:;) (:;)

=0  jn=0
In Chapter 3, we discussed certain p-adic properties of the Mahler coef-
ficients a;, ... j, (fmy, mn) for any n > 1. But, we were able to derive the
p-adic properties only for a few of them. It will be interesting to classify
all the Mahler coefficients according to their p-adic properties. In Chap-
ter 4, using p-adic properties of the Mahler coefficients a;, ... j, (fmy, - mn),
we proved that if A(G(T4,- - ,T,)) < 2p, then \(3) = p\N(G(Ty,--- ,T))).
Hence, if we know p-adic properties of more Mahler coefficients, we can

improve the condition of the above theorem.

Let O be the ring of integers of a finite extension of Q,. Let f(T") € O[[T]].
The A-invariant of f is nothing but the Z,-rank of O[[T]]/(7*/) f). Thus
the A-invariant has an important algebraic significance. We have defined
Iwasawa invariants of a power series in n-variables with coefficients in O
for n > 1. It will be interesting to know whether there is any algebraic
significance of A-invariant of such a multivariable power series over O. It
is already known that the above algebraic significance of a formal power

series in one variable does not extend to more than one variable. However,
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when the power series of more than one variable has finite order (so that
the Weierstrass Preparation Theorem in several variables can be applied
to it), it would be interesting to see if there is a connection between
their A-invariants and invariants arising via the Weierstrass Preparation

Theorem.
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