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“We cannot solve problems with the same thinking we used to create
them.” - Albert Einstein

“If you want to have good ideas, you must have many ideas.”
- Linus Pauling

“There 1s a universe of mathematics lying between the complete
differentiations and integrations.”

- O. Heaviside
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Abstract

This thesis mainly focuses on the numerical solutions for the various types of fractional
order differential and integro-differential equations. We have discussed the ordinary,
partial, and integro-partial differential equations involving RLC-type and Caputo-type
fractional derivatives. The numerical methods we have proposed in this thesis are mainly
the shooting method, the cubic spline, and the discontinuous Galerkin finite element
method. Besides finding the numerical solutions, we have discussed the well-posedness
of some of the problems.

The thesis begins with the introduction providing the basic definitions, detailed lit-
erature survey and describing the outline of the rest of the chapters. First, we have stud-
ied the shooting technique for the steady-state linear and semi-linear fractional BVPs of
RLC-type. Then, we have considered a class of one-dimensional linear and semi-linear
time-fractional diffusion IBVPs. Here, we used the Sumudu decomposition approach
and the maximum-minimum principle to demonstrate the existence and uniqueness of
the analytical solution of the linear IBVP, respectively. Also, using L1-discretization
for the fractional temporal derivative and the cubic spline approximation for the spatial
variables, we provide a numerical scheme for both the linear and semi-linear diffusion
IBVP. The same analytic and numerical solution approach is applied to a class of linear
fractional integro-differential equation (FIDE).

Then, for the linear and semi-linear time-fractional diffusion problem, we obtained
the numerical solution by applying the non-symmetric interior penalty Galerkin (NIPG)
method for the spatial direction on a uniform mesh and the L1-discretization for the
time derivative on a graded mesh. Also, we have studied the superconvergence of er-
ror estimates in the discrete energy-norm. After that, we discuss an efficient numerical
method for solving nonlinear FIDE, where we first use the Newton’s linearization process
and then apply the NIPG method for discretizing the spatial variable and both the L1-
discretization and L2-discretization for the time-fractional derivative and the trapezoidal
rule for the integral term. Next, we suggest a fully discrete numerical solution approach
for the time-fractional Burgers’ equation, by considering the L2-discretization formula
in the temporal direction and the NIPG method for the spatial variable. Finally, we
proposed an alternating direction implicit (ADI) type operator splitting discontinuous
Galerkin finite element method to solve a class of two-dimensional time-factional dif-
fusion equations, numerically. For solving both the sub-problems obtained by splitting
technique, we use the L2-discretization in time discretization and the NIPG approach
for spatial variable.

The thesis concludes with a summary and suggestions for further research.
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Abbreviation

ADI Alternating direction implicit

BO Baumann-Oden

BVP Boundary-value problem

DDG Direct discontinuous Galerkin

DGM Discontinuous Galerkin method

FDM Finite difference method

FEM Finite element method

FVM Finite volume method

FDE Fractional differential equation

FIDE Fractional integro-differential equation
IVP Initial-value problem

IBVP Initial-boundary-value problem

PG Interior penalty Galerkin

IDE Integro-differential equation

LDG Local discontinuous Galerkin

LOD Locally one-dimensional

MSM Multiple shooting method

NIPG Non-symmetric interior penalty Galerkin
ODE Ordinary differential equation

PDE Partial differential equation

RKDG Runge-Kutta discontinuous Galerkin
RLC Riemann-Liouville-Caputo

iii
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iv

SSM
SIPG
TF-ADR
TF-PDE
TF-IPDE
VIE
VIDE
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Simple shooting method

Symmetric interior penalty Galerkin
Time-fractional advection-diffusion-reaction
Time-fractional partial differential equation
Time-fractional integro-partial differential equation
Volterra integral equation

Volterra integro-differential equation
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Order of fractional derivative

Set of natural numbers

Set of real numbers

Number of sub-intervals in spatial direction
Number of sub-intervals in temporal direction
Spatial domain

Discrete spatial domain

Continuous and discrete spatial variables
Temporal domain

Discrete temporal domain

Continuous and discrete temporal variables
QxG

Mesh-size in spatial direction

Mesh-size in temporal direction

Generic positive constant independent of the mesh
Discrete maximum-norm on the mesh Q
Maximum-norm on the domain w

L?-norm on the domain €

DG energy-norm

Discrete energy-norm

Space of all piece-wise continuous functions on [0, 7]



vi

AC|a, b| Space of functions which are absolutely continuous on
[a,b]
" (w) Space of n times continuously differentiable functions

defined on the domain w
C(w) Space of continuous functions defined on the domain w

C2() The set of functions that are twice continuously differ-
entiable with respect to x on the domain €2

LY (w) The space of integrable function on the domain w
WL((0,T)) The space of functions v € €!((0,7]) such that v’ €
LY((0,7))
IS Riemann-Liouville integral in = variable
RLCDa RLC-type fractional derivative in x variable
CDta Caputo-type fractional derivative in t variable
L, cN Spatial differential operators
iy Integral operator
I Identity operator
N Ry, R, RY, Ry Truncation error

1 2
Eny EvonsEmN, Epyy vy Exyn Error

Dy Dy, N Maximum two-mesh differences
Ry, Ry ow, R]l\/[ N R?M N Order of convergence
vi
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CHAPTER ]_

Introduction

This chapter discusses the basic information about fractional calculus and numerical
solution techniques, which is followed by a section outlining the goals and motivation
behind the solution techniques we will use throughout the thesis. Next, we provide the

preliminary information that are used in the thesis.

1.1 Background

Since the invention of calculus by Newton and Leibniz at the end of the seventeenth
century, differential equations involving integer order derivatives have been studied.
Since then, several models, including ordinary differential equations (ODEs) and partial
differential equations (PDEs), have been used to successfully describe problems in the
real world. The integer order derivative at a point is a type of local descriptor that is
solely influenced or decided by its neighborhood, as is widely known. However, due to
their local nature, these models may no longer be accurate for the majority of real-world
issues, particularly those that call for “memory”. This encourages scientists to look for
a different but better tool to replace the integer order derivative. The fractional order

derivative accomplishes this.

1.1.1 Fractional calculus

Fractional calculus (which includes fractional order integration and fractional order dif-
ferentiation) is as old as its counterpart, classical calculus (which includes integer order
integration and integer order differentiation). It took a while for it to develop slowly.
However, due to its applications in science and engineering, fractional calculus is cur-

rently receiving much more attention. As a result, fractional differential equation mod-
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Chapter 1 1.1 Background

els have been constructed in many applicable disciplines. Fractional derivatives have
provided good tools to describe numerous materials and processes with memory and
hereditary features, among other things.

Calculus is a formal tool that scientists use to think quantitatively. The conventional
rules of analysis, such as determining causation and producing verifiable predictions, be-
come difficult to apply to the study of complicated phenomena, especially those that
vary over time. Through the systematic use of fractal operators, fractional calculus, and
fractional differential equations, one can anticipate the improbable and prepare for un-
intended effects. However, we also need to include in the discussion some of the more
conventional ideas of complexity, including unpredictability. As a result, we begin our
exploration of the tools necessary to think differently about complexity with a quick
overview of random walks using fractional differential equations. These fractional ran-
dom walks have been used to represent a variety of complicated events, from climate
change to changes in the financial markets.

Since the greater scientific community just saw the need for fractional calculus re-
cently, its application in the physical, social, and life sciences has lagged. In the past, it
was believed that the classical calculus of Newton and Leibniz, and the analytic functions
used to solve the differential equations brought on by Newton’s force laws were essential
and sufficient to provide an accurate and thorough mechanical description of the physi-
cal universe. However, the analytical functions we have come to rely on in physics are
unable to explain a wide variety of physical, biological, and social events, according to
experiments. These functions cannot capture the complex dynamics of frequent natu-
ral occurrences like earthquakes and hurricanes [103], common social phenomena like
group consensus [107] and economic unpredictability like stock market crashes [104],
high-frequency finance [29], and healthcare networks [105], or psychological processes
like habituation and cognition [115]. The classic nineteenth-century analysis, which has
served as the mathematical foundation of physics and engineering ever since cannot
adequately account for the inherent complexity of these events. Complexity must be
viewed as an extended class of issues with shared structural and mathematical traits,
necessitating new ways of thinking and problem-solving.

It was believed that non-integer order integrals and/or derivatives were interesting
curiosities that belonged outside of the realm of mainstream science. The vast amount
of data made available by social media, the improved data processing methods, and the
ever-improving computational capabilities, however, have all contributed to the expan-
sion of science in such a way that those phenomena that were once thought to be outliers

are now center stage. A new mathematical approach is necessary to create a fundamen-
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Chapter 1 1.1 Background

tal understanding of these strange processes, which are now referred to as exotic scaling
phenomena. The fractional calculus, which can measure the connection of fluctuations
in phenomena over highly disparate scales in both space and time, may very well offer

such a perspective.

1.1.2 Fractional differential and integro-differential equations

A fractional differential equation (FDE) is an equation involving an unknown function of
one or more variables and certain of its derivatives with at least one fractional derivative.
If a FDE contains more than one fractional order derivative, then it’s called a multi-
term FDE. If the unknown function in a FDE is a function of only one variable, then the
FDE is an ordinary FDE. Otherwise, we often call it partial FDE. FDE can be classified
according to its linearity in a similar way as in the case of differential equations involving
only integer order derivatives. A fractional integro-differential equation (FIDE) is an

equation which involves fractional derivatives and some integral-term.

1.1.2.1 Analytic solution approach for fractional differential and integro-

differential equations

Many analytical techniques, including the Fourier transform method, the Laplace trans-
form method, the Mellin transform method, the Sumudu decomposition method, and
the Green’s function approach, can be used to resolve highly particular (usually linear)

fractional differential equations.

1.1.2.2 Numerical methodology for fractional differential and integro-

differential equations

Numerical simulation is now playing a crucial role and has become one of the three basic
tools in science and technology, in addition to experimentation and theory. Numerical
simulation offers a relatively modest and effective technique to aid in the comprehension
of the physical world and the advancement of technology. There are various numerical
approaches available in the field of study of the fractional differential equations. Here,
we will give a short description of some of the numerical methods that will be the focus
of this study.

1.1.2.2.1 Shooting method

Many scholars have given and explored a wide range of methods for handling boundary-

value problems (BVPs). Solving initial-value problems (IVPs) is a simple task compared
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Chapter 1 1.1 Background

to BVPs, as there are numerous easy ways to handle IVPs. A system of equations in
linear algebra is produced from the BVP by the finite difference method (FDM). How-
ever, if the step length is very small in FDM, there are a large number of equations to
be solved, which means it will take a lot of time and memory to solve the problem. The
shooting technique overcomes all these difficulties, and also it is good in handling non-
linear BVPs. By assuming initial values that would have been provided if the ordinary
differential equation had been an initial value problem, the shooting technique reduces
the BVP to finding the solution of an equivalent IVP. Next, the computed boundary
value and the actual boundary value are compared. One tries to approach the computed
boundary value as closely as feasible to the actual boundary value by scientific methods
or trial and error process. Morrison et al. [81] initially proposed the idea of multiple
shooting, and Keller [57] later advanced it by creating and evaluating both a multiple
shooting method (MSM) [60] and a simple shooting method (SSM) [56]. Liu proposed
the Lie-group shooting method [69, 71}, [70]. The shooting method was also applied to
solve fractional BVPs, for example, one can refer to Diethelm and Ford [32], Al-Mdallal
et al. [3], Huang et al. [48] and Cen et al. [18| 19l 20].

1.1.2.2.2 Cubic splines

Raggett and Wilson [88] have examined the use of cubic splines for the numerical so-
lution of the one-dimensional wave equation. Raggett [87] has demonstrated how this
technique could be extended to solve more general one-dimensional, constant-coefficient,

hyperbolic partial differential equations.

1.1.2.2.3 Discontinuous Galerkin method

In the early 1970s, partial differential equations were numerically solved with the use of
discontinuous piecewise polynomial approximations. This method, which was afterward
named the discontinuous Galerkin method (DGM), emerged independently for elliptic
and parabolic problems as well as for hyperbolic ones. More than ten primary approaches
were developed in less than 30 years.

In 1973, Reed and Hill [89] employed the DGM for the first time to solve the neutron
transport equation. Lasaint and Raviart [62] studied the numerical analysis of the
DGM in 1974, from which they derived estimates of sub-optimal error. Improved error
estimates were presented in [54] by Johnson and Pitkéranta in 1986, over a decade later.
Richter also established the best order of convergence for a linear first-order hyperbolic

equation in R? in 1988 [90], and he expanded the analysis to include the situation of a
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constant linear diffusion in 1992 [91].

A rapid development of the DGM occurred between 1989 and 1998, sparked by a
series of studies using the DGM for nonlinear conservation laws, written by Cockburn,
Shu, and their colleagues [23| 24, 25, 26]. Their methods combine the Runge-Kutta
time discretization with the space DG discretization. This technique is referred to as
the Runge-Kutta discontinuous Galerkin (RKDG) technique. The RKDG approach was
applied to the system of compressible Navier-Stokes equations in 1997 by Bassi and
Rebay [9]. They considered the solution itself and its gradient as independent variables.
This strategy is often referred to as the BR method. Similar to mixed techniques in
conforming finite element method (FEM), Cockburn and Shu [27] presented the local
discontinuous Galerkin (LDG) method in 1998 as a generalization of the BR method.

The DGM was developed simultaneously, though very separately, for the numerical
solution of parabolic and second-order elliptic equations. Several discontinuous approx-
imation variations were put forth and investigated by Douglas and Dupont in 1976 [35],
Baker in 1977 [8], Wheeler in 1978 [116], and Arnold in 1982 [5]. The interior penalty
Galerkin (IPG) method was the term commonly used to describe these methods. Even-
tually, they were referred to as the symmetric interior penalty Galerkin (SIPG) method
in the literature. The advancement of the DGM for hyperbolic equations did not in-
fluence the development of these techniques. The Baumann-Oden (BO) approach is a
novel form of DGM that was first presented in the publications of 1999 [12) 11]. An
expansion of the BO approach that incorporates both the interior and boundary penalty
is the non-symmetric interior penalty Galerkin (NIPG) method, which Riviere, Wheeler,
and Girault proposed in 1999 [94]. One may refer to [63) 93] for further information.

1.2 Objective and motivation

Despite being first introduced several decades ago, fractional calculus has only lately
started to become much more popular and important in a range of scientific and en-
gineering sectors because of its practical applications in problem solving. It has been
found that some complicated diffusion processes, such as those occurring in inhomoge-
neous or heterogeneous media, e.g., porous media, cannot be well described by using
standard diffusion equations. The anomalous diffusion phenomenon is described using
fractional diffusion equations. It can be found in many different areas of science and
engineering, including elasticity [I13], rheology [50], quantitative biology [78], porous or
fractured media [14], geothermal heat transport [75], biochemical applications [92], etc.

The analytical and numerical solutions of fractional differential equations have attracted
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Chapter 1 1.2 Objective and motivation

the attention of numerous researchers in the past few years. The theoretical and nu-
merical approaches for fractional differential equations can be seen in the books [31), 59]
and [65], respectively.

Shkhanukov et al. [98] were probably the first ones who introduced the finite dif-
ference method in the study of heat conduction equation with a fractional derivative
along with boundary conditions. In [97], Shkhanukov developed the finite difference
method for BVPs with a Riemann-Liouville fractional derivative. Diethelm and Walz
[33] applied an extrapolation algorithm for numerical solution of ordinary differential
equations with the so called Caputo fractional derivative. Gracia et al. [38] studied
a steady-state fractional advection-dispersion-reaction equation with the highest-order
derivative of Riemann-Liouville-Caputo (RLC) fractional type, in which they solved the
problem by using a finite difference scheme.

In recent years, time-fractional partial differential equations (TF-PDEs) have been
successfully used to simulate a variety of processes and systems. To characterize the
extremely slow diffusion process in a porous medium with the type of fractal geometry
(Koch’s tree), Nigmatullin [83] proposed a time-fractional diffusion equation. Several
researchers have studied the analytical aspects, such as existence and uniqueness, maxi-
mum principle, stability bound, etc. of autonomous time-fractional advection-diffusion-
reaction (TF-ADR) equations, and developed some numerical techniques. They have
used the separation of variables method and the Mittag-Leffler analysis to establish
the existence of the solution to the autonomous TF-ADR equation. However, these
methods are not sufficient for proving the existence of a solution for non-autonomous
TF-ADR equations, and therefore, one has to use some other suitable techniques. Zahra
and Elkholy [120] solved a class of fractional BVPs using the combination of the cubic
spline function approximation method and the shooting method. To solve numerically
a class of nonlinear variable-order fractional equations with delay, Yaghoobi et al. [11§]
proposed a robust, and effective approach based on cubic spline interpolation.

Efficient numerical methods for time-fractional problems have drawn the attention
of several scholars over the past few decades. Li et al. [66] investigated the L1-Galerkin
finite element method for solving time fractional nonlinear diffusion problems. The
existence, uniqueness, and regularity of the nonlinear time-fractional diffusion problem
were provided by Jin et al. [53]. Huang et al. [47] established the error analysis for
the direct discontinuous Galerkin (DDG) finite element method for the time-fractional
reaction-diffusion problem.

Vito Volterra introduced Volterra integral equations (VIEs) and Volterra integro-

differential equations (VIDESs) for the study of functional analysis. Numerous scientific
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and engineering domains, such as the theory of radiative transfer [I7], heat transfer in
hybrid nano-fluid [96], etc., use these equations. Numerous studies have been conducted
recently to solve FIDEs both analytically and numerically. To name a few, the numeri-
cal solution of the time-fractional integro-partial differential equation (TF-IPDE) on a
uniform mesh was obtained by Santra and Mohapatra [95]. For the nonlinear TF-IPDE,
Guo et al. [40] presented a finite difference approach. A spline collocation method was
used by Pedas et al. in [85] for solving numerically a class of linear FIDEs. Luo et al.
[77] proposed a compact finite difference scheme for a TF-IPDE.

Recently, Singh and Natesan investigated the NIPG approach for singularly per-
turbed problems in their papers [99, 100]. Xu and Hesthaven [I117] suggested a DGM
for fractional convection-diffusion equations. A hybridized DGM was proposed by Wang
et al. [108] to solve 2D fractional convection-diffusion equations. To construct a fully
discrete method for time-fractional diffusion equations, Mustapha et al. [82] used the
continuous Galerkin approach in space and the DGM in time. A fully discrete DDG
approach was suggested by Huang et al. [45] for the time-fractional diffusion equation.

Bateman [I0] introduced the Burgers’ equation, and he described it as important
to research and offered steady solutions. Later on, Burgers used it as a mathematical
model for turbulent fluid motion in his works [15[16]. After that, it is observed that it is
worthy of study and such an equation is referred to as Burgers’ equation. In recent years,
several researchers have shown interest in developing efficient methods for solving the
time-fractional Burgers’ equations. Here we cite a few of them. A linear implicit finite
difference method was presented by Li et al. [67] to solve the generalized time-fractional
Burgers’ equation. Qiu et al. [86] used the three-point centered formula to approximate
the second-order spatial derivative and the Galerkin method based on piecewise linear
test functions to approximate the nonlinear convection term, while Li et al. [64] used the
LDG method for the space derivative and the Ll-discretization for the time derivative
to approximate the generalized time-fractional Burgers’ equation.

On a higher-dimensional domain, the computations of a time-dependent convection-
diffusion-reaction problem are incredibly time-consuming and storage-intensive. Several
strategies are described in the literature for removing this complexity and straightfor-
ward analyses. The alternating direction implicit (ADI) type operator splitting approach
is one of them. The basic idea behind this operator splitting method, the ADI or lo-
cally one-dimensional (LOD), is to break the original two-dimensional problem into
two separate ones. Then each one-dimensional problem will be solved effectively using
proper techniques. The operator splitting approach initially appeared in the 1960s in

the works of Yanenko, Dyakonov, Marchuk, Samarskii, and others who devoted con-
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Chapter 1 1.3 Basic definitions and preliminaries

siderable time to this research, for more details one can see [37, 43 [109] 110, [119].
This prompts us to think about LOD techniques, which are effective at simultaneously
solving multi-dimensional PDEs. We aim to solve higher-dimensional time-fractional
convection-diffusion equations by combining the local one-dimensional technique with
the L2-NIPG method.

In recent years, researchers have shown much interest in the numerical solution
using the operator splitting approach for integer order convection-diffusion problems
[7, 211 28] [36, [41) [42], [6T), [76]. Gradually this interest is now moving towards solving
fractional differential equations. In the study of time-dependent two-dimensional two-
sided space fractional diffusion equations, Song and Xu [I02] presented a numerical
algorithm that consists of a spectral method for the spatial discretization combined
with a direction splitting scheme in time, which implies the solution of a series of one-
dimensional fractional diffusion problems. To solve the time-fractional Perona-Malik
model, Mazloum and Hadian Siahkal-Mahalle [79] devised a strong and precise local
meshless algorithm. A suitable combination of the operator splitting technique and
the compactly supported radial basis function method is proposed to overcome the
complexity of the problem and transform a complex time-fractional partial differential

equation into sparse linear algebraic systems that can be solved by standard solvers.

1.3 Basic definitions and preliminaries

This section covers certain fundamental concepts and well-known results that will appear

frequently in the theoretical justifications for this thesis.

1.3.1 Some special functions

A tour of some necessary but relatively easy mathematical definitions will emerge in the
study of fractional calculus, which will help to simplify and clarify the understanding of
definitions and the application of fractional calculus. This subsection provides a brief
discussion of several of these, including the gamma function, the Mittag-Leffler function
and contraction mapping.

The factorial notation is thought to be generalized by the gamma function I'(z).

Definition 1.1 If z is a complex number with a positive real part (i.e., Rez > 0), then

the absolutely convergent integral

[(z) = /Uoo t*~le~tat, (1.1)
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is known as the gamma function, or the second-kind Euler integral equation.

Obviously, I'(1) = 1. T'(24+1) = 2I'(z) and when z € N, I'(2) = (2 —1)! are fundamental
characteristics of the gamma function.

The Mittag-Leffler function is a generalization of the exponential function and nat-
urally arises in the closed-form solution of some fractional differential equations, espe-
cially in the case where the fractional time derivative appears as a convergent power
series of the Mittag-Lefller case. It is found in the solution of fractional differential
equations or fractional order integral equations, and in particular in the investigations
of the fractional generalization of the Lévy process, random walks, kinetic equations,
super-diffusive processes, and in the study of complex and spatiotemporal dynamical

systems.

Definition 1.2 The one-parameter Mittag-Leffler function, which was first introduced
by Mittag-Leffler [80], is defined as a power series expansion
o0 i
E }’ or d1,z€ R with 61 > 0.
5. (2 ZZ; Tl it 1 [ 1 w 1

The two-parameter Mittag-Leffler function, generalization of the one parameter Mittag-
Leffler function, which plays an important role in fractional calculus and was first in-

troduced by R. P. Agarwal [2], is defined by the series expansion
o0 i
E 01,02,z € R ith 01 > 0, d5 > 0.
51,60 (2 ;:%F 511+ 03 for 01,02,z wi 1 2

The next definition of contraction mapping is important to the study of the fixed

point theorem.

Definition 1.3 Suppose (€,d) be a non-empty metric space and 0 < C < 1. If
d(F(ul),F(uQ)) < Cd(ul,uQ), Vul,uQ Eg,

then the mapping F : € — £ s called a contraction mapping.
Next, we define a space of functions, which will be useful in the later chapter.

Definition 1.4 Let Q = (0,¢). For each positive integer r and —oo < p < 1, let us
define the space

eI (0, 4] == {y e e(@) : y™ € €0, with |[yll, < oo} ,
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where

[yl = sup y(@)|+ Y sup |21 yO(a)]].
0<z<l 7 0<a<t

1.3.2 Fractional integral and derivatives

After the initial inquisition by Leibniz and L’Hopital, fractional calculus was mostly
studied by the brightest minds in mathematics. L. Euler (1730), P. S. Laplace (1812),
J. B. J. Fourier (1822), N. H. Abel (1823-1826), J. Liouville (1832-1837), B. Rie-
mann (1847), A. K. Griinwald (1867), A. V. Letnikov (1868-1872), H. Laurent (1884),
J. Hadamard (1892), O. Heaviside (1892-1922), G. H. Hardy and J. E. Littlewood
(1917-1928), H. Weyl (1917), P. Lévy (1923), H. Riesz (1936-1949), and many more are
among the outstanding mathematicians who experimented with fractional calculus and
made significant contributions until this century. Later on, fractional differential op-
erators such as the Riemann-Liouville, Griinwald-Letnikov, Hadamard, Caputo, Riesz,
Atangana—Baleanu, and Caputo—Fabrizio were introduced, and fractional calculus began
to draw interest from engineers, mathematicians, and physicists.

Fractional integration often means the Riemann-Liouville integral, which combines

the definitions proposed by Riemann and Liouville.

Definition 1.5 The Riemann-Liouville fractional integral of order a > 0 for any func-

tion v is defined by
— /(:1; —5)* ly(s)ds, x> a. (1.2)

Definition 1.6 The Riemann-Liouville fractional derivative of order e € [m — 1,m)

for any function v is defined by

dg .. f -
RLpay(z) = dx—m(lm O‘U) () = =——— /(m —s)m o y(s)ds |, x> a.

(1.3)

Definition 1.7 For a € [m — 1,m), “D%v(x) is the Caputo fractional derivative of

order a for any function v, which is defined as

CDoy(z) = [ (dm}) (z) = 1) / N LG

* dx™ I'(m—« ds™
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The RLC fractional derivative [38] 51], also known as the Patie-Simon fractional
derivative [58 [84], was first introduced by Pierre Patie and Thomas Simon in the study
of asymmetric a-stable Lévy processes. The spectrally positive (or spectrally negative)
a-stable Lévy process is reflected at its running supremum using this derivative as the

infinitesimal generator.

Definition 1.8 For 1 < a < 2, the RLC fractional derivative is defined by

d _ d i (x —s)!=dv
RLC o - Cpoa—1 =
Div(zx) :== diL‘( DS U(:L’)) T / T2 - a) dxds , x>a. (1.5)

a

The following properties of fractional derivatives and integrals will be used in our

later analysis:

1. For any f € R and 0 < a < 1, we have

0, B <0,

rp+1) e,
'G—a+1)

CpoyP =
5> 0.

2. Fractional integrals and derivatives satisfy the linearity property :
(a) I¢(c1v1 £ cova)(x) = e1 LS v (x) £ calSva(x),
(b) CDg(clvl + covg)(z) = cchgvl (x) + CQCD%UQ(@"),

where ¢y, ¢y are positive constants and provided that the integrals and derivatives exist

for any vy, va.

1.3.3 Sumudu transformation and its properties

Differential and integral equations can be solved using a variety of integral transforms.
The Laplace transformation is the most often utilized for these purposes. Watugala
[112] proposed a novel integral transform (called the Sumudu transformation) and used
it in the solution of control engineering and ordinary differential equations because of
its numerous intriguing qualities that facilitate visualization. The Sumudu transform of
partial derivatives was then derived by Weerakoon [114], who also supplied the complex

inversion transform and used it to solve three distinct partial differential equations.
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Definition 1.9 Consider the space

t
B = {v:v € PC[0,T], VT > 0and|v(t)] < M exp <||> , M >0,v>0, tGR},
v
(1.7)
where PC[0,T] is the space of all piece-wise continuous functions on every finite interval

[0,T]. The Sumudu transformation of v € B is defined by

o0

Gln) =Slo0)] = [ o(ut)exp(-0)dt, € (~v.v). (1.8)
0

For fundamental properties and applications of the Sumudu transformation, one can
refer to [13]. Katatbeh and Belgacem [55] extended the Sumudu transform to fractional
integrals and derivatives. The Sumudu transform for fractional integral is described in

the following lemma.

Lemma 1.1 [55, Theorem 3] If G(u) is the Sumudu transform of v(t), then the Sumudu

transformation of the fractional integral of v(t) of order a, If(v(t)) is given by

Sl (v())] = n*G(p), Rea>0.

In the next lemma, we describe the Sumudu transform for the Caputo fractional

derivative.

Lemma 1.2 [55, Theorem 5] If for a positive integer n, n — 1 < a < n, and G(u) be
the Sumudu transform of the function v(t), then the Sumudu transform ©G(u) of the
Caputo fractional derivative of v(t) of order o, “Dgu(t), is given by

n—1 5
% o — T dou(t
G () = SIEDFo0] = s | Gl - 3 | “
§=0 =0
Definition 1.10 The convolution operation * between two functions f and g is defined

by

(f  9)(t) / F(t— 5) g(s)ds.
0

Lemma 1.3 [6, Theorem 2.3] Let F'(iu) and G(u) be the Sumudu transforms of f(t) and
g(t), respectively. If h(t) = (fxg)(t), then the Sumudu transform of h(t) is p F(u) G(u).

Ph.D. Thesis 12

TH-3323_196123008



Chapter 1 1.3 Basic definitions and preliminaries

1.3.4 Domain discretization

We consider the spatial domain Q (for @ C R, Q = (0,£), and for Q C R?, Q = Q, x Q,
where Q, = ({1,02), Qy = ({3,€4)). For the one-dimensional case, 2 is discretized
uniformly as Qy = {z;, = (m—1)h : 1 <m < M+ 1, h = {/M} and denote the
partition of the domain Q as Py = {Ky, = (zm, Tm+1) : m = 1,--+ , M }. For the two-
dimensional case, we solve the problem as two one-dimensional problems separately using

the operator splitting approach and similarly discretize each one-dimensional domain.

Discretize the time domain G = (0,7] as G = {t, : 1 <n < N + 1}, where N is a
positive integer. Define 7, =t 11 —t,,1 <n < N and Tpax = 11(118L<XN T
<n

1.3.5 Basic definitions related to finite element methods

The broken Sobolev space of order k > 0 associated with the family Py, is defined as
H*(Q, Pyy) = {v € L2(Q) : vk, € H (Km), VKm € PM}.

The related broken Sobolev norm and semi-norm are defined by

loll?

M
ZH ik, Ivlip, = Z Wik, (Vi<k),
m=1

where the normal Sobolev norm and semi-norm are defined over the domain /C,,, re-

spectively as, ||.]|; ICm . We also define the inner product in H*(Q,Py,) as
divl divg divl divg .
(v1,v9) k Py = ; mzl / Ui o do = ; <%, =i ) where (-, ) denotes the in-

ner product on L?(Q).
The finite element space th (Q) for a fixed k£ > 1 associated with the family Py, will

be defined as follows:
VE(©) = {v, € L3(9Q) : 0], €PX(Cm), YK € Py}, and
Vin(@) = {v, € VE(Q) 10, loa = 0},

where P¥(/C,,,) stands for the space of polynomials of degree at most k on K,,,. We also

use the following notations to denote the left and right limits, jump, and average as

vE = v(xm £0), [vm] =0 — v, {vm}—ivm.
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and

[o(e)] = v(z), {v(e)} = v(@r), iz, )] = vz, ). (o, )} =, ).

Definition 1.11 Let P : HY(Q,Py) — VF,(Q) be the L2-projection operator, which
is defined as follows: for w € H'(Q,Py), Pu(x) € VF(Q) is the unique polynomial
satisfying

/ (Pu(z) — u(z)) v(@)dz =0, Yo € VHQ), YKm € P,

with Pu(xm) = w(xm), Ym.

Let us denote the maximum-norm on  as || - ||, the discrete maximum-norm on

Qs as || - |g,, and the L?-norm on Q as || - |.

Lemma 1.4 [72, Lemma 3.1] Let u € H**Y(KC,,,) form =1,2,--- ,M and k > 0. Then

we have the following estimates:

(1) |Pu— u]“C < CRF =y i <k+1,

E+1,Km°

%

(i) |55 (Pu—u)(wm)| < CREF2i|y|

< g 1
RLK, .0 T T
U

where K, 1 = Ky UKpmt1 and the positive constant C' is independent of h.
2

1.3.6 Discretization of the time-fractional derivatives

L1-discretization: The Caputo fractional derivative “Dfv(t) at t = t,, is discretized

using the standard L1l-approximation as:

1 "l e
“Deu(t,) ~ ¢ D™= T —a) Z Y / (tn, —s) %ds
Jj=1 A tj
j=1
n—1
= dnm_w" + Z[dn’j_l — dmj]?}] — dn,l Ul, (1.9)
=2
Ph.D. Thesis 14
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Chapter 1 1.3 Basic definitions and preliminaries

where

s (=) = (ta — ) :
d, : = 1<j7<n—-1, 2<n<N+1. 1.10
n,j ’T]]__‘(2—Oé) Y —j_n 9 —n— + ( )

Lemma 1.5 [106, Lemma 5.2] For each t,,, n =2,--- ,N + 1, we have the following:
| (5D% — € D) ulty)|| < O

L2-discretization: One can discretize the Caputo fractional derivative “Dv(t) at

t = tp41 over the uniform time grid &V with step length 7 by using the standard

L2-approximation as:

i 2 U T(s)

C 2 2U 2,jU(8
Du(tns) / s+ / _2508) g
ot (tnt1 — 9) jz_; ; . 1 — 3"

5

where on each interval [tj,%j41], 2 < j < n, Iz ju(s) is the quadratic interpolation of
v(s) using three points (t;—1,v(tj-1)), (¢j,v(t;)) and (tj+1,v(tj+1)). Hence, for j > 2,
we have

(s — tj)Q(jQ— tj+1) olty) (s — tj—lzgtjﬂ —5) Fo(ts) (s — tj)z(j; tj—l)’

M jv(s) = v(tj-1)

and (I v(s)) = Au? + VAU (s — t11/9), where Aw! = (v(tj11) — v(t;))/7, Vul =
(v(t;) —v(tj—1))/7, and VAW = (Aw/ — V?) /7 = (v(tj+1) — 2v(t)) +v(tj—1)) /T2

Therefore, for n > 2, we have

n+1

CDv(tngr) & D™ =Y D, (1.11)
7j=1
where
db + d% — d?, =,
T2 =)Dy = § & —df —2dy — 243, =2,
di + d2 + d}, j=3,
Ph.D. Thesis 15
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(
d3 + d3 — d3, j=1,
dy —d? —2d2 —2d3 +dy, j=2,

7°T(2 — a) DY) =
d?+d%—dl +d3—2d, j=3,

d% + d17 j = 47
and for n > 4,

dyt +dy — dr, j=1
d? —l | 202 1 2d3F 0 dB3=2, ji=2,

41 —2 -1 —2 -~ j
7°T(2 — a)D\Y) = dy™ —dy T dy +dy —2dy +dy 0, =3,

W gt g R @i _ady T 4<j<n—1,
d? — d} + d3 — 2d3, j=n,
dj +d}, j=n+l

Ry AN W R YA«
with dy = j170 = (j =170 dy = c— [ = (G -1)* "] =5+ (=D i = L

Lemma 1.6 [J, Lemma 2.1] For any a € (0,1), n=2,3,--- , N and u(t) € €3[0,t,41],

we have the following truncation error bound:
|(°DF = D) ultnr)| < CT°72,
where C' is a positive constant.

Remark 1.1 In order to utilize L2-discretization in (1.11), we need the value of u?

3—«a
which will be obtain by using the L1-discretization on [0, 7] with step size T = O (Tﬁ>
with overall order of accuracy in time O(737%).

1.3.7 Some special Theorem and Lemmas

In the following, we present the classical Banach fixed point theorem in a complete

metric space.

Theorem 1.2 [59, Theorem 1.9] Let (£,d) be a nonempty complete metric space and
F: & — & a contraction mapping, then F' has a unique fixed point u* in &.

The maximum-minimum principle will be studied by using the following theorem.
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Theorem 1.3 [7), Theorem 1] Let t = ty € G be a mazimum point over G for the
function v € WE((0,T)) NC(G). Then the Caputo fractional derivative of the function

v is nonnegative at the point to for any o, 0 < a < 1:
D o(ty) > 0.

To establish the stability estimate for the spatially discretized scheme we recall the

following well-known Gronwall inequality.

Lemma 1.7 (Discrete Gronwall inequality, [101]) Let {w,} be a sequence of nonnega-

tive real numbers, which satisfies

n—1
Wn < by + mei, n>1, (1.12)
i=1
where {u,} denotes a non-decreasing sequence of nonnegative numbers, and n; > 0.

Then the following inequality holds for n > 1,

n—1
Wy, < fin €Xp (Z m) :

i=1

The generalized discrete Gronwall inequality is presented in the following lemma and

will be used for further investigation.

Lemma 1.8 (Generalized discrete Gronwall inequality [34), Theorem 6.1])
Suppose z; > 0(1 < j < N), and ; > 0(1 < j < N) is a monotonically increasing real
numbers satisfying

j—1

G S U MET Y 2, 1SS N, (1.13)
=1

where 0 < a < 1, M > 0 is constant independently of h. Then

2j <Y E1_an (MT(1—a)(jh)' ™), 1<j<N. (1.14)

1.4 Model problems

The model problems studied in this thesis are briefly mentioned in this section. At the
beginning of the following chapters, we comprehensively present these model problems

with relevant details for clarity of presentation.
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Chapter 1 1.4 Model problems

The following model problems are taken into consideration, and summaries of each
are provided below:
1.4.1 Linear fractional steady-state BVP with RLC derivative

Consider the following class of steady-state linear fractional advection-diffusion-reaction
BVPs with the highest order derivative of RLC fractional type:

—RLEDay () + (bu) (2) + c(z)u(x) = f(z), =€ Q=(0,4),
(1.15)

CDILu(0) =,  u(l) + /(L) =7,

where 1 < a < 2, the constants ~y, 81,71 and the functions b, ¢, f are known. We assume

that for r € N and some v € (—o0, 1),
be,f€C(0,4, c¢+b >0, Bi,7>0.

1.4.2 Semi-linear fractional steady-state BVP with RLC derivative

Here, we consider the following class of steady-state semi-linear fractional advection-

diffusion-reaction BVPs with the highest order derivative of RLC fractional type:

—RLCDay () + (bu) (2) = f(z,u(x)), z€Q=(0,0),
(1.16)

D 1u(0) =, u(f) + B’ (€) = i,

where 1 < a < 2, f € €2(Q xR) and b € €"*(0,/] (r € N,v € (—00,1)) are known. It is

also assumed that there exist two positive constants A;(i = 1,2) such that

0< X\ < g{t(:ﬁ,u(x)) <2, Vze(0,f, VueR.
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1.4.3 Linear non-autonomous time-fractional IBVP

We focus on the following class of non-autonomous time-fractional advection-diffusion-

reaction initial-boundary-value problems (IBVPs):
CDiu(x,t) + L(u(x,t)) = f(x,1), (2,) €Q:=QxG,0<a<],

u(z,0) = g(x), VreQ, (1.17)

U(O,t) = @Z)l(t)a u(ﬁ,t) = ¢2(t)v vt e é,

where Q = (0,£), G = (0,T] and L(u(a,t)) = p(t) [— (a(x)x> + b(a:)u] (x,t) with

acel(Q), beel), alz)>0, bx)>0, VzeQ,
pee(G@), pt)>0, Vted.

Further, we assume that the compatibility conditions g(0) = 1(0) and g(¢) = 2(0)
hold.

1.4.4 Semi-linear non-autonomous time-fractional IBVP

Here, we deal with the following class of semi-linear non-autonomous time-fractional

advection-diffusion-reaction equations:
(
CDiu(x,t) + L(u(z, b)) = f(z,t), (2,1)€Q:=QxG, 0<a<]l,

u(z,0) = g(z), V€ Q, (1.18)

uw(0,t) = ¥1(t), u(l,t) =1s(t), Vteq,

where = (0,¢), G = (0,T] and L(u(z,t)) = p(t) [—aax (a(m)?i(z,t)) + b(x,u)} with

a€c(Q), bec(QxR), a(x) >0, b, >0, VrecQ,

pee(@), pit) >0, Vted.
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Further, we assume that for sufficiently smooth functions b(x,u), f(x,t) and g(z), and
that the compatibility conditions ¢g(0) = 1(0) and g(¢) = 12(0) hold.
1.4.5 Linear time-fractional integro-partial differential equations

We focus on the following class of linear time-fractional integro-partial differential equa-
tions:

;

¢
CDYu(z,t) + Lu(z,t) + /\/K(a:,t —s)u(zx, s)ds = f(z,t), (z,t)€Q :=QxG,
0
u(z,0) = g(z), Ve,

u(07t) = Q;Z)l(t)7 u(ﬂ,t) = ¢2(t)v vt € G,

(1.19)
where Q = (0,¢), G = (0,7],0 < a < 1, and

= ou

Y@, t) + b, 1) 2 (2, 1) + c(x, Hu(z, t),

Lu(z,t) = —a(a:,t)@ 9

with sufficiently smooth functions a, b, ¢, f on @, A > 0 such that
a(z,t) >0, c(z,t) >0, K(z,t) >0, V(z,t)€Q.

Further, we assume that g,)1, 1 are smooth functions and the kernel K € €2(Q), and
the admissible conditions g(0) = ¢1(0), g(¢) = 12(0) hold.

1.4.6 Nonlinear time-fractional integro-partial differential equations

We will study the following class of nonlinear time-fractional integro-partial differential

equations:
CDYu(x,t) + Lu(z, t) + Tu(z, t) = gz, 1), (z,t) € Q:=Q x G,

u(z,0) = g(x), VreQ, (1.20)

| u(0,t) =u(l,t) =0, Vted,
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where Q = (0,¢), G = (0,T],0 < a < 1, and

< ) + b(u(z,t)),

0
fulnt) =5,
¢
Tyu(z,t) : )\/ (x,t — s)u(z, s)ds.
0

Further, we assume that the functions a, b, f, g are sufficiently smooth, A > 0 as well as
0<ax<a(x,t)<a*, — >0, f(x,t) >0, V(x,t)€Q,

and the initial value g(-) satisfies the compatibility conditions g(0) = g(¢) = 0, and the
IBVP (6.1)) admits a unique solution.

1.4.7 Nonlinear time-fractional Burgers’ equation

Consider the following nonlinear time-fractional Burgers’ equation:

( a9 (u? 0%u
CDiu(z, t) + Ey <2> (x,t) = uw(x,t) + f(z, ), (z,t) € Q x (0,T],

u(z,0) = g(z), VzeQ, (1.21)

w(0,t) = u(f,t) =0, Vte (0,T),

where 2 = (0,4), ,u > 0, and 0 < a < 1. Furthermore, we assume that g > vt >0,
x
and ¢(0) = g(¢) =

1.4.8 Two-dimensional linear time-fractional diffusion equations

We take into account the following two-dimensional time-fractional diffusion IBVP for

O<ax<l:
' CDeu(z,y,t) + Lu(z,y,t) = f(x,y,t), (z,y,t) € Qx (0,T],
u(@,y,0) = g(z,y), (z,y) €D, (1.22)
u(z,y,t) =0, (x,y) €9Q,te(0,T],
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where Q@ = Q, x Q, C R? with Q, = (f1,6), Q, = ({3,04), p > 0, a(z,y) =
(a1(z,y),az2(z,y)) and b = by + be, and

Lu(z,y,t) := —pAu(z,y,t) +a(z,y) - Vu(z,y,t) + bz, y)u(z, y,t),
We also assume that

a12a9{>0,a22a§>0, bl,bgzo inﬁ,

18@1 18(12
by — =——— > 0, bg—=—=> 0.
1 28x_71>’ 2 2({)y_’Y2>

1.5 Thesis organization

This thesis consists of nine chapters. Chapter [1| describes the general introduction
along with the historical background of the related work done in the field of fractional
calculus and fractional differential equations. It also provides the motivation and objec-
tive for solving fractional differential and integro-differential equations in one and two
dimensions. The rest of the thesis is structured as follows:

Chapter [2|focuses on a numerical method to solve the linear BVP and semi-
linear BVP . We first discuss the well-posedness of the linear BVP. Then, by
applying the shooting technique, we convert the linear BVP into an equivalent
IVP. Later, the IVP is converted into an integral equation of the Volterra type to avoid
a potential singularity in the exact solution. Next, to substantially approximate the
integral equation, we construct an integral discretization scheme. The process is then
repeated with the initial condition modified until the solution satisfies the right boundary
condition with the requisite accuracy. Using a modified Gronwall’s inequality and the
truncation error estimate, the discretization scheme’s convergence analysis is provided.
We extend the method to the semi-linear BVP . To demonstrate how effective
and accurate the suggested approach is, numerical assessments are conducted.

In Chapter |3|of the thesis, we establish the existence and uniqueness of the solution
of the linear non-autonomous time-fractional IBVP by using the Sumudu decom-
position method and the maximum-minimum principle. We also propose a numerical
technique for solving the IBVP based on L1-discretization for fractional temporal
derivative and cubic spline approximation for spatial variables. First, we semi-discretize
the IBVP with respect to the time variable by using the L1-discretization for the

fractional-time derivative term and discussed the stability and convergence of the semi-
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discretized scheme. Next, we use the cubic spline approximation to discretize the spatial
derivative of the semi-discrete problem and finally, we obtain the fully discrete scheme
for the IBVP (L.I7). The proposed method is of O(N~(2~%) 4 M~2), where N and M
are respectively the number of sub-intervals in temporal and spatial direction. Also,
we have applied the proposed method to solve semi-linear IBVP after linearizing
by the Newton linearization process. Numerical experiments support the theoretical
results.

In Chapter (4] of the thesis, our main aim is to solve the linear TF-IPDE ((1.19)
analytically and numerically. First, we obtain the analytical solution of the IBVP
by using the Sumudu decomposition technique. Then, we prove the uniqueness results of
the analytical solution of the IBVP by utilizing the maximum-minimum principle.
Further, we propose a numerical technique for solving the IBVP , which comprises
of the L1-discretization for the fractional-time derivative and the cubic spline approxi-
mation for the spatial derivatives. To obtain the numerical solution of the FIDE ,
first, we apply the Ll-discretization for the fractional-time derivative and trapezoidal
rule for the integral term to semi-discretize the IBVP with respect to the time
variable, and we investigate the stability and convergence of the semi-discrete problem.
Then, we apply the cubic spline method to discretize the spatial derivative appear-
ing in the resultant semi-discrete problem to obtain the fully discrete scheme for the
IBVP (1.19). The stability of the fully discrete scheme is analyzed through the discrete
maximum principle, and error estimates are obtained. Theoretical results are validated
through several numerical examples.

In Chapter [5] of the thesis, we consider a class of non-autonomous TF-ADR equa-
tions with homogeneous boundary conditions. To obtain the numerical solution
of the model problem, we apply the NIPG method in space on a uniform mesh and the
L1-discretization in time on a graded mesh. It is demonstrated that the computed solu-
tion is discretely stable. Superconvergence of error estimates for the proposed method
is obtained using the discrete energy-norm. Also, we have applied the proposed method
to solve the semi-linear problems with homogeneous boundary conditions ob-
tained after linearizing the nonlinear problem by the Newton linearization process. The
theoretical results are verified through numerical experiments.

The main objective of Chapter [6] is to obtain the numerical solution of the non-
linear time-fractional integro-partial differential IBVP by using the L1-NIPG
(L1-discretization for the time-fractional derivative and NIPG for the spatial variable)
and L2-NIPG (L2-discretization for the time-fractional derivative and NIPG for the

spatial variable) methods. As a first step, by applying Newton’s linearization process
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to the nonlinear model problem, we obtain a sequence of linear problems. Then, for
resultant linear problems, we apply the NIPG method for the spatial variable to obtain
the semi-discrete problem. Finally, to obtain the fully discrete schemes, we use both
L1-discretization and L2-discretization for the time-fractional derivative, and the trape-
zoidal rule for the integral term that appears in the semi-discrete problem. Further,
we study the L?-norm stability of the proposed method and derive the required error
estimates. In the study of convergence analysis, we will find that when we discretize the
Caputo derivative using the L1-discretization, the order of convergence for the suggested
technique is (2 — «) in the time direction, however, the order will increase by one, i.e.,
(3 — ) when we do the same using the L2-discretization. To support the proposed
approach and demonstrate the theoretical error bounds, numerical experiments will be
carried out.

The major goal of Chapter [7] of the thesis is to arrive at a numerical solution for
the nonlinear time-fractional Burgers’ equation by applying the NIPG approach
for spatial variable and the L2-discretization for time derivative discretization. We
further examine the suggested method’s stability under the L?-norm, and we calculate
the necessary error estimates with an order of convergence of (h*+1 4 737?) where h
and 7 are the step-lengths in space and time, respectively. Numerical experiments will
be carried out to validate the suggested approach and show the theoretical error bounds.

In Chapter (8] of the thesis, the alternating direction implicit type operator split-
ting discontinuous Galerkin finite element method is proposed to solve a class of two-
dimensional time-factional diffusion equations , numerically. By using the operator
splitting method, the two-dimensional diffusion problem is split into two separate one-
dimensional problems. The time-fractional derivative term is discretized over uniform
mesh using the well-known L2-discretization and for the discretization of the spatial
derivatives, the discontinuous Galerkin finite element method is used for both one-
dimensional problems over the uniform mesh. The stability and the error estimate of
the proposed scheme are addressed. Finally, we give some numerical experiments to

validate the proposed method.
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CHAPTER 2

Shooting technique for solving ordinary fractional
boundary-value problem with RLC fractional derivative

This chapter provides a numerical solution to the steady-state fractional advection-
diffusion-reaction problem. We also study the existence and uniqueness of the solution
to the BVP using the Banach fixed point theorem. The proposed numerical approach
includes the shooting method, transformation of differential equation into an equivalent
integral equation, and integral discretization over uniform mesh. Stability analysis and
error estimates are given for the suggested scheme. To support the theoretical results,

numerical results are presented.

2.1 Introduction

In this chapter, we consider the following steady-state fractional advection-diffusion-

reaction equation with the highest order derivative of RLC fractional type:

—RLEDoy(2) + (bu)'(z) + c(z)u(z) = f(z), =€ Q= (0,0),
(2.1)
Dy u(0) =, w(l) + B’ (0) = 1,

where 1 < a < 2, and the constants 7, 81,7 and the functions b, ¢, f are known.

We assume that for » € N and some v € (—o0, 1),
bc,fe€e(0,f, c+b >0, B1,y1>0. (2.2)

Here, we propose a numerical method to solve the BVP (22.1)). More precisely, first,
by applying the shooting technique, we convert the BVP into an equivalent IVP. Later,
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the IVP is changed into an integral equation of the Voltera type to avoid a potential
singularity in the exact solution. Next, in order to substantially approximate the in-
tegral equation, we construct an integral discretization scheme. The process is then
repeated with the initial condition modified until the solution satisfies the right bound-
ary condition with the requisite accuracy. Using a modified Gronwall’s inequality and
the truncation error estimate, the discretization scheme’s convergence analysis is pro-
vided. In order to demonstrate how effective and accurate the suggested approach is,
numerical assessments are conducted.

The chapter is arranged as follows: in Section we discuss the well-posedness of
the continuous solution for the given BVP and the numerical solution technique which
consists of a shooting method based on the secant method with integral discretization
of the equivalent integral equation of the IVP (IVP is transformed from BVP using the
shooting technique). Here, we also study the convergence of the secant method used
in the shooting technique. Section deals with the error estimate and convergence
analysis. In Section we extend the proposed method to the semi-linear BVPs.

Finally, numerical experiments are presented in Section

2.2 Proposed method

In this section, we will discuss some sequential approximation methods for solving the
BVP (2.1) numerically.

2.2.1 Shooting technique

First, by using the shooting technique, we convert the given BVP (2.1)) into the following
1IVP:

—RLODay(2) + (bu) (z) + c(z)u(z) = f(z), = €Q, 23
U(O) =1, Cpgflu(o) =7

where 7 is an initial guess which will be adjusted so that the solution satisfies the required
boundary condition at x = ¢ as given in . This shooting technique is based on the
secant iterative method.

Instead of solving directly, we will transform it into an equivalent integral
equation, by assuming some regularity conditions on u. The following statement yields

the equivalence of the equation (2.3) and an integral equation.
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Theorem 2.1 Let us assume the conditions given in holds true. If u € C1(Q2),
then u(x) satisfies the equation if, and only if, u(x) satisfies the Volterra integral
equation with a weakly singular kernel:

C aflu . u
u(z) = u(0) + < D (192 ) b(0) (0)> o=l 4 1

FL/ x—8)" (cu— f)(s)ds, x€Q, (2.4)
0

w(0)=n, CDEMu(0) = .
Proof. From (2.3, we have

— (CDg_lu(a:)) = g(z,u(x)), where g(z,u(z)) = ((bu) + cu — f)(z).
Since u € C(Q2) and b, ¢, f € €77(0,4], then g € €7V (0,¢]. By integrating it over [0, z],
we get

Dy u(x) — D u(0) = /g(t,U(t))dt = (bu)(z) = (bu)(0) + (Iz(cu — f))(2). (2.5)
0

Multiplying both sides of the equation (2.5)) by I$~! and using the fact that
(“Dglu(0)(2) =0, Ig7" - Lu(z) = Iu(x),

and
(I8 -“DEH)(2x) = H(x), provided H(0) =0, 8 > 0,

we have
(@) — u(0) = 157D u(0) — (bu)(0) + Ig~" (bu)(x) + Ig (cu — f)(2).

Hence, we get the integral equation (2.4), and thus the necessity is proved.
Now let u(z) € €(Q) be the solution of the integral equation (2.4)). By differentiating
on both sides of the equation ([2.4]) with respect to x, we get
CDa=1u(0) — b(0)u(0)

(1) = —= (o~ 1) 272 4 1972 (bu) () + IS (eu — f)(z), x>0. (2.6)
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Using , RLCDay(z) can be expressed as follows:

FEODRu(e) = DY (W' () = MDY (1272 (bu)(2)) + DY (12 (eu — f)(2))
= (bu)'(2) + (cu — f)(2),

where we have used the fact that BLD2~1(2*2) = 0. Thus we arrive at equation

and the sufficiency is proved. O

2.2.2 Existence and uniqueness of the solution of the BVP

Next, we will show that the one and only solution of the BVP ({2.1)) exists using the

Banach fixed point theorem.

Theorem 2.2 Suppose the conditions given in holds  true. If
Bl 2= lelle £
I'(a) IMa+1)

the BVP .

Proof. From Theorem [2.1| we observe that if u is the solution to the BVP (2.1)), then
u satisfies the following : u(x) = Hu(z), Vo € Q, where

C a—lu . U
Hu(x) = u(O)—I—( Ds (I’Oza) b0) (0>)x°‘

> < 1, then there emists a unique solution u(x) € C(Q) to

/w—so‘Qbu()ds

0

a—l

L

+F(a) (x — 5)* Ycu — f)(s)ds. (2.7)

O\a

Then, for uy,us € C(Q), we have

i s)(z — s)*2
| Hur — Huzllo < /%(ul — ug)(s)ds + / T(m — ug)(s)ds
0 0

Q
< ||b||Q ”ul | ] U2|Q/(IE m S)a 2ds - HCHQHul o u2||Q/(ZE _ S)a—lds
~ Ila—-1) ()

0 0
bl et lello €
< — . .
< (Pt o 42 o 28)

a—1 «
S (L Lam

() (o + 1)> < 11is given, then we have ||[Hui — Huz|lo < ||Ju1 — uzl/q-
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Therefore, H is a contraction mapping and (€(Q), ||.||q) is a Banach space. Hence by

Theorem one can conclude that BVP (£2.1) has a unique solution u in €. g
Here, we establish the following stability result for the exact solution u(x) to the
BVP (2.1).

Lemma 2.1 Let u(x) be the exact solution of the BVP with the assumptions given

Y A A
m and (H !‘Q(oz) + FH(CCUZ 1)> < 1. Then we have

lulle < C(nl + [+ 1 flle). (2.9)

Proof. Theorem guarantees that the BVP (2.1)) has a solution u € €(2), and then
from Theorem one can observe that u satisfies the integral equation (2.4)). Now,
from (2.4)), for x € ), we have

@) < ol + O apert e
bl lelle [ go-2ioias
+ (e + ”0‘)>0/( ) lu(s)|a
=h(z) + X [ (z — s)* 2|u(s)|ds, (2.10)
/
where h(x) = |n| + Il = Inb(0)] —;JZI))(ON lz|%t + —F(Ho{‘—l—ﬂl) |z|* and A = F(H;H_Ql) EFH(CC!)Q

Here, h(z) is a non-decreasing function on Q. Applying the generalized Gronwall
inequality given in [34, Theorem 3.1] to (2.10)), we can obtain that

lu(z)| < h(@)Ea—11(AT(a — 1)z*7H). (2.11)

The expression of Eu—11(Al'(aw — 1)z 1) with 1 < @ < 2 and z € Q is convergent
[31, Theorem 4.1] and

Ev 110 (a— 1)z ) < Eqp 1 (W@ — 1) Y, VYzeQ. (2.12)

It is obvious that
h(z) < C(Inl + v + [ flle)-
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Chapter 2 2.2 Proposed method

Hence, from (2.11]), we have
lu(@)| < C(nl+ v+ [ flle),

and then from the definition of the maximum norm we can obtain the required result

29). O

u
Lemma 2.2 Let us consider the assumptions given in . Then u(x;n) and — (z;n)

are both twice continuously differentiable with respect to m, and satisfy the following:

‘ aiJrj m

Proof. Differentiating both sides of equation ([2.4)) with respect to 2 and using the fact
that

b
I97 Y (bu) (z) = %xa + I¢(bu)'(x) (using integration by parts),

we obtain

W(z) = =0 a2 PO _ja=2 4 pal((puy + cu— f)(z)

MNa-1) MNa-—1)
_ ﬁxw + 127N (bu) + cu — f)(z). (2.13)
. du . A .
From the expressions of u and 92 respectively given in (2.4) and (2.13)), for ¢ = 1,2 we
x
have
d'u [ a2 [ 0(s) c(s)(z —s)] O'u
s =dit [lemoe | G2 I T s, (20
0
and
gitly I (& — )2 ' oty
" (2:m) = D; AL @ Z o (sim) +b —(s;m)| ds, (2.15
o =Dt [ S04 0) (0 S +00) 5t s ds. (219
0
bg%a_l
where d1 == 1*7,d2 =0 and D1 :DQ = 0.
()
From (2.14)) and (2.15)), one can observe that u(x;n) and %(,I;T]) are both con-
x
Ph.D. Thesis 30

TH-3323_196123008
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tinuously differentiable with respect to n. By taking the modulus on both sides of
— and using simultaneously the triangle inequality and general Gronwall in-
equality (in a similar way as in the proof of Lemma , one can obtain the required
results. (]

In general, it is quite difficult to find out the exact value of ), we have to look at
some approximation method for finding 7 in such a way that w(¢; n)+ 514/ (¢;n) —v1 = 0,
where u(x;n) is the solution of for each u(0) = 1. We use the secant method to
compute 7 iteratively, by finding the solution of ¢(n) = 0, where

o(n) = u(l;n) + v’ (£;1) — 7. (2.16)

Firstly, we take the values 79 and 71, namely no = v,m = 11 (if v # v1) and g =
v,m =y + 1 (if ¥ = m), and iteratively compute 7;(i > 2) using the secant method
[30, equation (6.2.3)] as

O /Bl e A .
" <Z>(m)—¢(m_1)¢(m)’ =t (217)

Let ¢; = m; —n be the error due to the secant method, where 7 is such that ¢(n) =0
and 7); defined in (2.17). Then by a simple calculation as given in [30} equation (6.2.6)],
one can show that

1 /! . ) )
€it1 = _*wgi&—ly & € int(n,ni—1,m) and & € int(n;i—1,m), (2.18)
2 ¢'(&)
where int(a,b) = the interval form by a and b and int(a, b, c) = the interval form by a,
b and c.

In the following theorem we will show the convergence of the secant method.

Theorem 2.3 Assume that the conditions given in holds true and ¢'(n) # 0.
Then the function ¢ defined by the equation satisfies the following:

‘ ¢"(&)
2¢/(&7)

and hence the secant method given in converges, i.e., n; — u(0) with the order of

convergence 1.618.

(2.19)

— )

Proof. From Lemma we can observe that ¢(£),¢'(£), and ¢”(§) are continuous
for all values of € € Z = [n — €,n + €] with some € > 0. Also, ¢/(£) # 0, £ € Z. Then by
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defining
/!
o rggglaﬁ ()]
2 /
min |¢/(€ )|
1"( ¢
one can show that 2¢ ¢'((§£/)) < C. Hence by following [30, Theorem 6.2.1], the secant
method given in (2.17)) colnverges. O

2.2.3 Discretization scheme

The problem 1} is approximated on the uniform mesh Qy; as follows:

C oz—lu — bou Tm
w(@m) = ug+ D FEZ)) bo %g@—wﬁ / (2m — $)*2(bu)(s)ds
0
mex $)* eu — f)(s)ds
+F(a)0/< = 5)* eu— f)(s)d
Y—nbo 41 1 S miw a=2p e
" Ty om +F(a—1)§IK(m ) 2bugd

Z / Yciu; — fi)ds (2.20)

Let u% be the computed solution of the problem (2.4)) at the point z,,. As a result, the
discretization approach ([2.4) is as follows:

M Y — 7750 a—1 1 % M o—1 a—1
= = Q) _biwi" [(zm — zi- — (@m — @
Um n -+ F(a) Tyt F(Oé) ; iU [(1‘ Zz 1) (.T T ) ]
()é+1 ;Cz z m_xi—l)a_(xm_xi)a}a m:2737"'7M+17
which is equivalent to
WM =y + L0 ety mZ: —2i-1)* " = (@ — )]
m o) " T(a) &
m—1 d f
M « a mJm o
S (el — )~ i) (- @)% o e (221
Ry 2 ! Al ) (] e (220
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ho—1 B cmh®
() MNa+1

—1
b
where d,, = (1 — 7712 )> and 2 < m < M + 1. For sufficiently small

h, dy > 0.

2.3 Convergence analysis

In this section, we establish the error estimate for the discrete scheme by finding
the truncation error, stability analysis, and convergence of the computed solution.

Let e%[ = uM —uy, (2 <m < M+ 1), where v} be the solution of the numerical
scheme and u,, be the analytic solution of the problem at * = z,,. Then

the error e satisfies

M_i bz‘@?f [ D )a—l — (B — ‘)a—l} _i CieiM (T — T 1)® — (T —24)*] =1 R
€m v F(a) Lm —Tij—1 Tm —Tq v F(a . 1) T —Ti—1 Ty — T4 =: R,
(2.22)
where R} is the truncation error at x = x,, defined by
Rm_z /bu—bu ( ds—l—z / (ciui — fi) — (cu— f)(s )]ﬁds.
M v _ 1 7 Wy 7 (a)
(2.23)

The following lemma provides bound for the truncation error.

Lemma 2.3 Let us assume that the conditions given in holds true. Then the
truncation error Ry defined in satisfies the following bound:

IRT| <CM™', 2<m<M+1.

Proof. From the hypothesis given in (2.2), and by applying the mean-value theorem

to (2.23]), we have

SR R

Ryl < r<a_1>§z/ [biui = (bu)(s) | (@m = )° 2
Lm / ciui — fi) — (cu— )|z — $)¥ Lds
+r<a>§/\<u 1) = (eu = £)(s)l(@m — 5)°71d

< a_IZ/ —a2d+ Z/ m— )" lds
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_ % f: { [z — 2i-1)*7! = (wm —20)* 7] (& — 221)* = (2 — 24)°] }

P ') ['(a+1)
_ C a—1 C xa
- MT(a)™™ MT(a+1)"™
< CM™,
which is the required result. O

In the next lemma, we present the stability analysis of the discrete scheme ([2.21) on
the mesh ), by using the generalized discrete Gronwall inequality.

Lemma 2.4 (Discrete stability estimate) The computed solution {ul %ill of the

scheme on the mesh Qyr satisfies
[ g, < Cllnl + Iy + 11 £1lg,,);
provided the assumptions given in holds true.
Proof. From , we have
[ud"] < |dalp2,
(2.24)

m—1
W] <|dm|pm + 3 wim|uM|, 3<m<M+1,
i=2

where for 2 <m < M + 1,

e Y I
~ I(a) F(a—i—l)] ’

= |1

I'(«)

and for3<m<M+1,2<i<m-—1,

+ [nbo| o 1 &
pm = Il + P gt o > llom = )" = o = )%,

_ |dm|]bi]

. dnllci
" Ta)

Ry 1y m = ai0)” = (o =20

[(@m = 2i-1)*7" = (2m — 22)* 7'+

Using a straightforward calculation, one may now arrive at the following result for a
positive constant C':
pm < CInl + 1+ Ifllg,,)-
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By using the assumptions on b and ¢ given in ([2.2)), for some positive constant C7, we

have .
a—1 _ a _ -

< o, ol
(@) T(a+1)

< (. (2.25)

Furthermore, for 2 < i < m — 1, using the mean-value theorem with x;, pu; € (z;-1, ),
the inequality k < 2(k — 1) for 2 < k(€ N) and the assumptions b, c € €"*(0, ¢], we have

b _
tim < O (LB = 21"~ (o =

ey e
2 (o = 2m1)° (5 — 1) 1)

MNa+1
< Ol HbuﬁM h(.’L‘ - X‘)a_2 i Cl ”Cuﬁj\/j h(.’L‘ . M')Oé_l
< C ‘Hb”ﬁM h(@m — )Y 2+ C HCHﬁM h(@m — zi—1)* "
[1bllg lellg,, 2
< M a2 M _ a1
< Cl—I‘(a my h(zm — x;) + Clif‘(a) h(zm — x;)
16l lellg,, 20~
< O M M m — T a—2
= Y T(a-1) () (@m = 2:)
< Ch(xy, — ;)2
= Ch* t(m—d)* 2 (2.26)
Now, combining ([2.24))-(2.26)), we have
’Ué\q S ¢2>
M) (2.27)

m—1
_ |u;
|U7Ar/zl|§¢m+0halg m, 3§m§M—1—1,
=2

where ¢, = C(|n|+ [v[+ | fllg,,), 2 < m < M +1, a monotonically increasing sequence
of non-negative real numbers and 0 < 2 — a < 1. Hence by applying Lemma [1.§] and
using the fact given in (2.12)), we get the required result. O

The estimated error for the numerical solution is given by the next theorem.

Theorem 2.4 Let u and {u%}%ill be the solution of and respectively.
Then, from the assumptions given in , we get

M — | <CM™Y, 1<m<M+1,
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for sufficiently large M.

Proof. From (2.22) and (2.23]), we have

|€é\/[|§p27
m—1 (2.28)
M| < pm+ Y wimleM|, 3<m < M+1,
1=2
where
bohel e he 17

Pm = |dm|[Ryf],  dm = |1

[ i 2 < <M+1
T(a) Tatn] '@ ~“=m=M+h

and for 2<i<m—1,3<m< M+1,

i = I @~ )77 ~ (=) L [~ 10)% — (o= 20°),
In a similar way to , for large M, we have
ldm| < C1, 2<m< M+ 1. (2.29)
Thus, from Lemma and , we have
0<pm <CM™', 2<m<M+1. (2.30)

Hence, combining (2.26|) with (2.28])-(2.30)), we have

|6{W| =0 < 11}1’

=1 2.31
M N (2:31)
lem | < ¢¥m + Ch E( e 2SS Mtl,
m —1
=1

where ¥, = CM 1l1<m<M+1, a monotonically increasing sequence of non-
negative real numbers and 0 < 2 — o < 1. Applying Lemma on (12.31)) and using the
fact given in (2.12), we can obtain

eM <cM™t, 1<m<M+1,

which is the required estimate. O

Remark 2.5 The bound CM ™' of Theorem is better than the convergence result of

Ph.D. Thesis 36

TH-3323_196123008
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CM~YIn M that was obtained in reference [38] for their finite difference scheme, but
also points out that [38] is for the original problem whereas Theorem 1s for the
problem where the value of n cannot be deduced a priori from .

2.4 Semi-linear BVPs

Here, in this section, we extend the results presented in Section [2.2] and Section [2.3] with
some essential modification to the semi-linear BVPs.

Consider the following semi-linear BVP:

—CDLu(x) + (bu) (2) = f(z,u(z)), =€ Q=(0,0),
(2.32)

CDa1u(0) =7, u(l)+ v/ (£) =,

where f € C2(Q2 x R) and b € ¢7¥(0,4] (r € N,v € (—o0,1)) are known. Assume that

there exist two positive constants A;(i = 1,2) such that
of
0< X\ < %(x,u(x)) <2, Vxze (0,4, VueR. (2.33)

Using the shooting technique, we convert the semi-linear BVP into an IVP
similar to with 4(0) = n, and then as in Theorem we get an integral equation
similar to (2.4]), wherein both the IVP and integral equation (cu — f)(z) is replaced by
—f(z,u(z)) and the integral equation is equivalent to (2.32)). Using the above conditions
on b and f, one can establish the existence and uniqueness of the solution of , by
finding the same for the equivalent integral equation as discussed in the proof of [59]
Theorem 3.14]. Using the condition given in and the linear affine approximation
of the Taylor series expansion f(z,u(x)) = f(z,0) + fu(z, fu(z))u(z) with 0 < g < 1,

we can obtain the following result.

Lemma 2.5 Let u(x) represent the exact solution to the problem . Then, we have
[ulle < C(nl + [7[ + 1/, 0)lle)- (2.34)

Proof. From Lemma the proof can be deduced. g
In the same way, as discussed in Lemma [2.2] and Theorem one can establish the

convergence of the secant method in the shooting method for a semi-linear problem.
To solve the semi-linear BVP ([2.32)) numerically, we discretize the equivalent integral

equation over the uniform mesh Qj; in a similar way as followed in , we obtain
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form=2,3,---, M+ 1:

M Y=nbo a1 1 M a—1 a—1
U, = n-+ Ty o+ = biu;” [(m — xi—1) — (T — )]
o) r«oZQ
a 4 1 Z x“ l - xi—l)a - (CUm - «Tz‘)a]~ (2.35)

Let eM = uM — wu,,, (2 <m < M + 1), where u be the solution of the numerical
scheme ([2.35) and w,, be the analytic solution of the problem (|2 at r = z,,. Then

we have

M =Y 2 (o= i) (a5

T
" (g uM) = f(mg,u
by et S T@ e (g - = R, (2.36)

where R} is the truncation error at x = z,, defined by

8a—2
Z /buZ (bu)( )]%ds

-3 / i) = S ulo)] S s (230
=2 .. 1

The results of the convergent analysis presented in Section can be deduced for

the semi-linear problems in a similar way, which is stated in the following Lemma.

Lemma 2.6 Let b € ¢"(0, L] and condition given in holds true. Then we have

the following results :

(a) The truncation error RY; defined in satisfies the following

IRE|<CM™, 2<m<M+1.
(b) The computed solution {ul} M'H of the scheme on the mesh Qpy satisfies

e llg,, < Cnl + 1+ 1£(,0)lg,,)-
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(¢) We have the following error bound
uM —up| <CM™Y, 1<m<M+1,

for sufficiently large M.

2.5 Numerical examples

In this section, we carry out the numerical experiments for the proposed discrete schemes

(2.21)) and (2.35]) with examples to validate the theoretical statements like accuracy and

efficiency. We applied the shooting technique based on the secant iterative method to
solve the discrete schemes (2.21)) and ([2.35]), particularly in all the examples.

For the numerical experiments, we have taken ¢ = 10~% and

M,i M,i M,i
wy g —4duy + 3uMJrl

2h

”
(i) = U]\/[il + 61 -7,

where u% " be the numerical solution of l|2.21|i and ([2.35)) at x,, for each n;, and itera-
tively compute 7; until |, — n;i—1| < ..

Remark 2.6 The order of convergence of the numerical solution to the BVPs
and will depend on the shooting method that transformed them into the IVPs
and the numerical discretization of the IVPs. As the shooting method is based on the
secant method with an order of convergence of 1.618 and approximation of u'(£) in the
definition of ¢ using a backward difference formula with three points (second order of
convergence), the order of convergence for the shooting method will be 1.618. In Theorem
and Lemma [2.6, we discussed the error estimate for the numerical solution to the
IVP and observed that the numerical solution has first-order convergence. Therefore,

the numerical solution to the BVPs has a first-order of convergence.

Example 2.7 [38] Take into account the subsequent two-point BVP:

—RLCDay(2) — 0.5u/ =1, 2 € (0,1),
(2.38)
Cpa=lu(0) =0, wu(l)=0.

The exact solution of this problem is u(z) = —2*Ey—1,041(—0.5271) + u(0).
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Table 2.1: Mazimum errors Ey; and order of convergence Ry; for Example .

Method
Ry
Shooting |1.340e-03|7.086e-04|3.712e-04|1.930e-04| 9.972e-05 | 5.126e-05

Ry 0.9187 | 0.9326 | 0.9437 | 0.9527 | 0.9600
FDM [38](9.207e-03]4.605e-03|2.303e-03|1.152e-03| 5.759¢-04 | 2.880e-04
Ry 0.9994 | 0.9997 | 0.9998 | 0.9999 | 0.9999
Shooting [1.814e-03|9.311e-04|4.748e-04|2.409e-04| 1.218e-04 | 6.141e-05
Ry 0.9619 | 0.9716 | 0.9788 | 0.9841 0.9880
FDM [38](9.681e-03]4.852e-03|2.430e-03|1.216e-03| 6.085e-04 | 3.044e-04
Ry 0.9966 | 0.9977 | 0.9985 | 0.9990 | 0.9993
Shooting [1.882e-03]9.514e-04]4.793e-04|2.408e-04| 1.208e-04 | 6.053e-05
Rar 0.9839 | 0.9893 | 0.9929 | 0.9953 | 0.9969
FDM [38](9.902e-03|4.994e-03|2.513e-03|1.263e-03| 6.338e-04 | 3.178e-04
Ry 0.9875 | 0.9906 | 0.9929 | 0.9946 | 0.9959
Shooting [1.715e-03|8.607e-04]4.313e-04(2.159e-04| 1.081e-04 | 5.405e-05
Ry 0.9948 | 0.9969 | 0.9981 | 0.9989 | 0.9993
FDM [38](9.236e-03|4.711e-03|2.396e-03|1.216e-03| 6.156e-04 | 3.111e-04
R 0.9711 | 0.9754 | 0.9789 | 0.9819 | 0.9844

M =64 |M =128\ M = 256|M = 512|M = 1024|M = 2048

The maximum error and the order of convergence are respectively determined by

Ewm
Exy i= [ — ulg,, = el Rar = g ().

The exact solution and the computed solution of Example for M = 256 and
a = 1.3,1.6 are shown in Figure In Figure we justified that our scheme has
better accuracy than the FDM used in Gracia et al. [38] for M = 256. The numerical
results for Example [2.7] by using the proposed method and FDM in Gracia et al. [38], are
shown in Table 2.1 which indicates that the shooting method is more efficient than FDM
for all values of a, and where we find out that our scheme is of first-order convergence
which also shown in Figure for a = 1.9 by using the log-log plot. In Table for

each v and M, the number of iterations required by the shooting method is 4.
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. . : 0.7 : . :
0.7 *— FDM solution (Gracia et al.]) *- FDM solution (Gracia et al.)
=4 = Shooting method solution 0.6 =4 = Shooting method solution
0.6 =4€) * Exact solution : =40 - Exact solution
0.5 - 0.5 \G\
~
® 04 \ ® 04/ S
2 S
5 03 SN 503 \G\\
<)
& 0.2 . n 0.2 \
*,
0.1 L 0.1 ‘\s ]
o N 0 N
-0.1 ‘ : ‘ ‘ 0.1 : : : :
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
(a) a =1.3. (b) o = 1.6.
Figure 2.1: FEzact and computed solutions for Example .
o5 x10° ‘ 5 x10° ‘ ‘
’ ==fe= Error in FDM (Gracia et al.) - *.- =) = Error in FDM (Gracia et al.[37])
=4 = Error in Shooting Method —* - =4 = Error in Shooting Method
2! -k 25¢ i
7 [t
R 2+ /"
1.5+ 0* -~
gy @ X
2 Il e 1.5 Vs
u"_| 1 w /'
19 /o
1 1r
i X
] 4
051 e — % o5l / e
0 ) ) ) ) 0 L.J - . . .
0 02 04 , 06 08 1 0 02 04 y 06 08 1
(a) a =1.3. (b) o = 1.6.
Figure 2.2: Comparison of errors for Example .
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10-2 L = = Shooting Error |
No ==je =FDM Error (Gracia et al.)
\~\* -©-0(1/M)
~
\~\
k~\
~ ~
S 3L Sa \*K
t 10 \* ~\
~
w ~\~ \k
~ ~
*~ \N\
\~\ <
-,
\~\
107 -,
\~\
102 M 108

Figure 2.3: Log-log plot of M vs. mazimum errors for Example with a = 1.9.

Example 2.8 Consider the following problem:

—RLEDoy () — (1 + 2®)u’ + 2u = —€*, z € (0,1), -
2.39
Opa-ly(0) =0, u(l)+u/(1)=1.

We utilize the two-mesh approach to calculate the maximum two-mesh differences
and order of convergence because the exact solution to the problem is unknown.
Let {uM M1 and {v2M}2M 1 be computed solutions of the problem with the
scheme on the uniform meshes {xm}%;rll and {ym}%‘ifl respectively. The max-
imum two-mesh differences D), and the order of convergence Rj; are respectively cal-
culated by

Dyi= max |uM — oM || and Ry :=log, (Di> .
1<m<M+1 Dom

The computed solutions of Example for M = 256 and a = 1.3, 1.6 by using the
FDM Gracia et al. [38] and the shooting method are shown in Figure Also, Figure
shows the error comparison between the above two methods for M = 256, which
again reveals the performance of the present method. Table 2.2 contains the numerical
results for Example from where we can observe the almost first-order convergence.
In Figure 2.6] we have shown the first-order convergence of the scheme for & = 1.1 by
using the log-log plot. As like in the previous example, 4 iterations are required for the

shooting technique for each o and M to obtain the values in Table 2.2]
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0.1 : . . 0.1 , — —
=== FDM solution (Gracia et al.) 5 = FDM solution (Gracia et al.) 2
ol =3 = Shooting Method solution ( | o = =Shooting Method solution */ ]
X /
c 4 < 0
2-0.1 / 2-0.1 7
E ’/' % o,
8-0.2 7 8 -0.2 g
el Ud he] Ca
Q
£.03 > 5-03 e
=] V4 '
o e g- ,¢’
£ .04 el g 04 P
© 4 o
-0.5+ ’,/* -0.5 ™
—‘
-0.6 : : : : -0.6 : : : :
0 0.2 04 x 0.6 0.8 1 0 0.2 0.4 X 0.6 0.8 1
(a) a =1.3. (b) o = 1.6.
Figure 2.4: The computed solutions for Example with M = 256.
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2.5 Numerical examples

Figure 2.6: Log-log plot of M vs. mazimum errors for Example with oo = 1.1.
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Table 2.2: Dy; and Ry for Example .

Order M;t]\};od M=64 | M=128 | M=256 | M=512 | M=1024 | M=2048
Shooting [3.517e-03|1.582e-03|7.135e-04 3.229e-04|1.467¢e-04 | 6.688e-05

- Ry 1.1526 | 1.1486 | 1.1439 | 1.1386 | 1.1328
FDM [38]|5.859e-03(2.925e-03 |1.462e-03 | 7.306e-04 | 3.653e-04 | 1.826e-04

Ry 1.0022 | 1.0009 | 1.0004 | 1.0001 | 1.0000
Shooting |1.622e-03|6.778e-04 |2.883e-04|1.249e-04[5.511e-05|2.478e-05

4 R 1.2584 | 1.2336 | 1.2071 | 1.1799 | 1.1532
FDM [38]6.146e-03|3.076e-03|1.540e-03|7.707e-04|3.856e-04 | 1.929¢-04

Ryr 0.9986 | 0.9983 | 0.9985 | 0.9988 | 0.9991
Shooting |7.053e-04|2.844¢e-04|1.198e-04|5.248e-05|2.380e-05|1.110e-05

el 6 Ry 1.3101 | 1.2480 | 1.1903 | 1.1408 | 1.1010
FDM [38]|6.381e-03|3.210e-03|1.614¢-03 8.110e-04 [4.071e-04 |2.041e-04

Ry 0.9910 | 0.9918 | 0.9932 | 0.9945 | 0.9957
Shooting |2.326e-04|8.807e-05[3.607e-05|2.082e-05|1.123e-05|5.849e-06

018 Ry 1.4012 | 1.2879 | 0.7928 | 0.8908 | 0.94086
FDM [38] |6.366e-03 |3.223e-03 |1.632e-03 [8.255e-04 [4.170e-04 | 2.104e-04

Ryr 0.9819 | 0.9820 | 0.9833 | 0.9851 | 0.9868
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Chapter 2 2.5 Numerical examples

Example 2.9 Consider the following semi-linear problem with 1 < a < 2 :

—RLCDoy(2) + o (z) — sin(u(z)) =0, z€Q=(0,1),
(2.40)
Cpa=tu(0) =0, w(l)+u'(1) = 1.

First, we solve the semi-linear problem ([2.40) by using the shooting method with
the scheme (2.35). Here, the nonlinear system of equations ([2.35)) is solved by using the
Newton’s method with uold? (m = 1,---, M 4 1) as an initial guess and the shooting

M

method, then we iteratively compute unew™ using the Newton’s method until

193131\)2“ lunew? — wold™ | < Tol,
where Tol denotes the tolerance bound. For the numerical computations, we have taken
Tol = 1.0e — 07 and wold¥ =05(m=1,--- ,M +1).

Additionally, we employ the Newton linearization method to solve using the
FDM outlined in Gracia et al. [38]. This allows us to derive the sequence {u(®},> for
the initial guess u(?) fulfilling the boundary conditions of the problem. Here, we define
w7t ¢ >0 to be the solution of the following linear BVP:

—BLCDay @+ (1) 4 (w @)Y (z) — cos(ul? (2))uldtD(z)

= sin(u? (z)) — (D (z) cos(ul?(x)), xe€Q=(0,1), (2.41)

Cpo—lylat(0) =0, wl@tD(1) + (uletD) (1) =1.

\

Hence for a fixed ¢, we solve (2.41)) using the numerical scheme given in Gracia et
al. [38] and then, the convergence criterion listed below is employed for the Newton

linearization process:

max |u(q+1)(xm) — (@ (zm)| < Tol, ¢q=>0.
Tm €QN

For the numerical computations, we have taken Tol = 1.0e — 07 and ugg) =0.5(m =
1,2,--- M +1).

Since the exact solution is unknown, we use the two-mesh principle to find the
maximum errors and order of convergence for both methods. The numerical results for
Example are given in Table The computed solutions and comparison of errors
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2.6 Conclusion

for Example with M = 512, a = 1.8 are shown in Figure which again reveal

the performance of the present method. In Figure [2.8) we have shown the first-order of

convergence of the scheme for a = 1.6 through the log-log plot.

Table 2.3: Djs and Rjs for Example

Order Mi;\l;(’d M=64 | M=128 | M =256 | M =512 | Noof

iterations
Shooting | 2.653e-03 | 1.420e-03 | 7.464e-04 | 3.872e-04 6

14 Ry 0.9014 0.9280 0.9468 (shooting)
FDM [38] | 9.261e-03 | 4.680e-03 | 2.357e-03 | 1.184e-03 5

Ry 0.9848 0.9895 0.9932 (Newton)
Shooting | 2.893e-03 | 1.496e-03 | 7.651e-04 | 3.882e-04 7

L' Ry 0.9508 0.9679 0.9789 (shooting)
FDM [38] | 1.171e-02 | 5.820e-03 | 2.917e-03 | 1.466e-03 5

Ry 1.0083 0.9964 0.9924 (Newton)
Shooting | 5.217e-03 | 2.661e-03 | 1.346e-03 | 6.769e-04 7

il Ry 0.9709 0.9840 0.9912 (shooting)
FDM [38] | 2.070e-02 | 1.021e-02 | 5.134e-03 | 2.600e-03 6

Ry 1.0192 0.9920 0.9814 (Newton)

2.6 Conclusion

In this chapter, we proposed an efficient numerical technique for solving linear and semi-
linear fractional differential equations of RLC type. First, the given BVP is converted
into an IVP by using the shooting technique based on the secant method. Then the
numerical solution of the resultant IVP is obtained by finding the numerical solution
of an equivalent Volterra integral equation. Stability of the proposed scheme is studied
and error analysis is carried out. The numerical outcomes show that the current method

is more effective and accurate than the prior result Gracia et al. [38].
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Computed Solutions

(a) Computed solutions.
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(b) Comparison of Errors.

Figure 2.7:  Computed solutions and comparison of errors for Example with M =
512, = 1.8.

Figure 2.8: Log-log plot of M vs. maximum errors for Example with o = 1.6.
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CHAPTER 3

Cubic spline approximation method for linear and
semi-linear time-fractional convection-diffusion-reaction
equation

In this chapter, we focus on the analytical and numerical solutions of a class of non-
autonomous time-fractional diffusion problems. The Sumudu decomposition method
and maximum-minimum principle are used for the study of the existence and uniqueness
of the analytical solutions, whereas the cubic spline approach with L1-discretization is

used for the numerical solution of the problem.

3.1 Introduction

In this chapter, we consider the following non-autonomous TF-ADR IBVP with time

fractional derivative of Caputo-type:

CDiu(z, t) + L(u(z, t) = f(x,t), (z,t) €Q,

u(x,0) = g(x), VreQ, (3.1)

U(Oa t) - wl(t)a u(€7 t) - ¢2(t)7 vt € é,

where Q :==Q x G, Q= (0,¢), G=(0,T],0 < a < 1, and

Clu(z, 1) = plt) [_ai <a(x)gz> + b(m)u} (2,1)
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Chapter 3 3.2 Continuous problem

with
accl(Q), bee), a(z)>0, bx)>0 Ve,
(3.2)

p € C(G), p(t) >0, Vted.

Further, we assume that the compatibility conditions ¢(0) = v1(0) and g(¢) = 12(0)
hold.

We establish the existence and uniqueness of the solution of the IBVP by using
the Sumudu decomposition method and the maximum-minimum principle. Further,
we semi-discretize the IBVP with respect to the time variable by using the L1-
discretization for the time-fractional Caputo derivative term and discuss the stability and
convergence of the semi-discretized scheme. Next, we use the cubic spline approximation
to discretize the spatial derivatives of the semi-discrete problem and finally, we obtain the
fully discrete scheme for the IBVP . The proposed method is of O(N (=) 4y *2).
By applying the Newton’s linearization technique, we obtain a sequence of linearized
IBVPs from semi-linear IBVP and then we use the proposed method for the numerical
solution of the semi-linear IBVP. Numerical experiments support the theoretical results.

We organize the rest of the chapter as follows: We establish the existence and unique-
ness of the solution of IBVP in Section Sectiondeals with the discretization
of the problem and convergence analysis of the discretized scheme. In Section we
extend the results of linear problems to semilinear problems by using the Newton’s

linearization approach. Finally, numerical experiments are presented in Section

3.2 Continuous problem

The existence and uniqueness of the analytical solution of the IBVP (3.1)) is discussed

in this section.

3.2.1 Existence of the solution

In this subsection, we investigate the solution of the IBVP (3.1)) analytically in the form
of a series, obtained by using the Sumudu decomposition method.
By taking the Sumudu transform on both sides of the IBVP ({3.1)) with respect to

the time variable, and using the initial condition and Lemma 1.2, we have

p* (Sufu(a, )] - g(@)) + L ulx, )] = Silf (@, ). (3.3)
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By simplifying and using the linearity property of S;, we get

Stfu(z, )] = g(x) + p* (Si[f (2, 8)] = Se[L(u(z,1))])

= g(x) +p* S [f (2, 1) = L(u(z,1))]. (3.4)

The Adomian decomposition method [I] consists of looking for the solution of the
IBVP (3.1)) in the series form:

b= Zuj(x,t), (3.5)
=0

provided the infinite series of functions converges uniformly.
Substituting (3.5) in , and using the linearity of £ and uniform convergence of

the infinite series, we obtain

S| D ui(@t)| = g(@)+uSe |flat) = L| Y uiat)
j=0 i j=0
= g(@) +u"S; [ flat) = Y L(uj(x,1)| . (3.6)
] §=0

Operating with the Sumudu inverse transform on both sides of (3.6) and using the

properties of S; and Lemma (1.1} we get

Youi(z,t) = Spt(g(@) + 87 | nSe [fla,t) = Y L (uy(z, 1))
j=0

= g(2) + I (f(a,0) = D IFL (ui(at)). (3.7)

In order to obtain uj, we define the following recurrence equations by Adomian

relation :
uo(z,t) = g(z) + I f(x,1), (3-8)
ujpi(z,t) = —I7L(uj(z,t))
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Chapter 3 3.2 Continuous problem

= (LY g(a) + (Ita (—I?E)ﬁl) fx,t), 52 0. (3.9)

Finally, the solution U;(z,t) can be approximated by the truncated series
J
Us(x,t) =Y uj(z,t), JEN, (3.10)
§=0

and we define the solution of the IBVP (3.1)) as

u(z,t) = hm Uj(z,t) = Zu]a:t
= g(@) + I (@ t) + > (~IPL)] )+Z(I§‘(—I§‘£)j> F(z,1). (3.11)
Jj=1 J=1

The convergence of the Adomian series obtained by the Adomian decomposition
method was investigated by several authors, for example, one can see [22] 44], and they
obtained some results about the speed of convergence of this method.

Assume that for sufficiently smooth functions f and g, the solution u(z,t) defined

in is the classical solution of the IBVP , i.e., u € C(Q)NWL((0,7))NE2(Q),
and satisfies the following bounds for all (z, t) €QxG:

az‘
a;(x,t)‘ <c, for i =0,1,2,3,4,

%(Cﬂ,t)‘ <C@+t*7%), fori=0,1,2.

(3.12)

Now, we apply the technique mentioned above to obtain the analytical solution of

the following example.

Example 3.1 Consider the following IBVP:

a 02
CDule,t) — t5- Z (@ t) = w2, (2,t) € Q= (0,7) x (0,1],
u(x,0) =sinz, =z € [0,7], (3.13)
27rt0c+2
w(0,t) =0, w(mt)= Tat3) t €[0,1].
Solution.
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By taking the Sumudu transform on both sides of the problem (3.13)), and using the
properties of the Sumudu transform along with the initial condition, we get
2

St[u(z,t)] = sinz 4 s (St[xtz] + Sy {tg;;(a:, t)]) : (3.14)

Using the Adomian decomposition technique given in (3.5))-(3.9)), we arrive at the

following recurrence relation:

9 ta+2
UO(IL‘, t) = sinz+ F(Zéi_i_g), (315)
4, 0%u; -~
Uj+1(£17,t) - It t o2 (l’,t) o J=20. (316)
By simplifying (3.16]), we obtain that
(—tt1) sinx ,
wi(x,t) = Dj—=— , >1, 3.17

J
where Dy =1, Dj =[] ((i —1)(a+1)+ [i/2]), (j > 2), with |i] denotes the function
i=2
[e.@]

which takes the greatest integer value < ¢. We can observe that Z uj(x,t) is a power
j=0
series in t-variable, for each xz € Q.

Now for all (z,t) € @ and for j > 1, we have

; t D, I'(j 1)+1
lig |4 )‘ — Jojott fi 2t LUl DFD)
j—00 uj(:v,t) j—00 Dj F(](Oz—{—l) +a+2)
o0
Therefore, the domain of convergence of the power series Zuj(x,t) contains @, and
§=0

the series converges uniformly on Q.
Hence the solution of the problem (3.13)) is given by

u(z,t) =Y uja,t), (3.18)
j=0

where u;’s are given in (3.15]) and (3.17)).
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3.2.2 Uniqueness of the solution

The uniqueness of the solution of the IBVP (3.1]) will be proved by using the maximum-
minimum principle. The maximum principle for the IBVP (| which is stated in the

following theorem, can be proved in the same way as discussed in [74, Theorem 2].

Theorem 3.2 Let u € C(Q) N WE((0,T)) N €2(Q) be a solution of the IBVP in
the domain @ and f(z,t) <0, (x,t) € Q. Then we have the following:

u(z,t) < max{0, max u(z,t)}, V(z,t)€Q, (3.19)

(z,t)eS
where S := (Q x {0}) U ({0,¢} x G).

Replacing u by —u and assuming f > 0 in Theorem [3.2] the minimum principle can
be obtained, which is stated below.

Theorem 3.3 Let u € C(Q) NWL((0,T)) NEC2(Q) be the solution of the IBVP in
the domain @ and f(x,t) >0, (z,t) € Q. Then we have the following:

u(xz,t) > min u(z,t), V(z,t)€Q, (3.20)
(z,t)eS

where S := (2 x {0}) U ({0, £} x G).

The maximum-minimum principle is used to demonstrate the well-known stability
result, which is given in the following theorem, if the IBVP ($3.1) has a solution, then
the solution continually relies on the data provided in the problem.

Theorem 3.4 Let u be a classical solution of the IBVP , e, u € C(Q)N
WL(0,T)) N€2(Q), and f € €(Q), then it satisfies the following bound:

T
[ullg < max{llglle, lv1lle Iv2lla} + G )HfHQ (3.21)

Proof. Let us consider the function v defined by

IFlle

v(x,t) = u(x,t) — T +a)

t*  (x,t) € Q.

Then the function v is the classical solution of the IBVP (3.1)) with the functions

Tl _Mller® o G by e ity — Qe
Flat) = £ 0) = Ifllg = g Bl ) =il t) = i &t
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instead of f and ; (i = 1,2), respectively. The function f satisfies the condition
f(w, t) <0, (z,t) € Q. Then applying the maximum principle given in Theorem to

the classical solution v, we obtain that

o(a,t) < max { gl 1l [9alla} (20) €.

Since P(HlfJJ_Q)tO‘ > 0, we have ||t;]|¢ < |||, i = 1,2. Hence, we obtain the following
a
bound:
v(z,t) < max {llglle, [v1lle, [¥2llc},  (z.t) € Q. (3:22)
Therefore, from (3.22), for all (x,t) € Q, we have the following estimate:
(e t) = (e t) + @ < ma(lgla, |9 . Ille) + 2021, (329
’ ’ rt+a) - ’ ’ I'(l+a)
By applying Theorem [3.3] to the function
Ifle o 5
= t — 1 t
o{at) = ulmt) + gt (50 €@
we obtain the following
(e, 1) > —~max{lglo, lrll, allo} ~ ST, (e, €Q. (329
- I'l+ o)
Combining (3.23]) and (3.24]), we get the required result. O
In the next theorem, we will establish the uniqueness of the solution to the IBVP

B-1).

Theorem 3.5 The IBVP has a unique classical solution, provided f, g are suffi-

ciently smooth.

Proof. In Subsection by using the Sumudu decomposition method, we have
shown the existence of the classical solution to the IBVP , when f, g are sufficiently
smooth.

Now, we prove the uniqueness of the solution, for that assume v; and vy are two
solutions of the IBVP (3.1). Then v; — vy is the solution of the IBVP ({3.1) with
f=0,9=0,9 =1 =0. Therefore, from Theorem (3.4, we have ||v; — v2][g = 0.

Hence, v1 = v9, which proves the uniqueness of the solution. O
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3.3 Discrete problem and convergence analysis

In this section, we discretize the IBVP ({3.1)) to find the numerical approximate solution

and investigate the convergence analysis of the corresponding discretized scheme.

3.3.1 The temporal semi-discretization

_ —1\"
Consider the temporal graded mesh GV = {th :1<n < N+1} witht, =T nN ,

forn =1,2,--- N + 1, where the constant » > 1 in the mesh grading is chosen by
the user and N is a fixed positive integer. The mesh will be uniform when r = 1. Let
Tn = tht1 — ty, for n = 1,2,--- | N. To obtain the numerical approximate solution of
the IBVP , first, we discretize the temporal derivative by using the classical L1-
scheme. Let u"(x) denotes the approximation of the exact solution u(x,t) at the time
level t,, € éN.

Now, using L1-discretization of the Caputo fractional derivative in the
temporal semi-discretization of the IBVP over O x G is given by

n—1
(dn,n—ll + ['N)an(x) = Z[dn,j - dn,j—l] aj(‘r) + dn,lg(x) + fn(x),
j=2 (3.25)

a(0) =P, a(l) =¢f, forn=2,3,- ,N+1,

where [ is the identity operator and

LN (@(z)) = pltn) [_a% G@)%) -I-b(x)ﬂ”} .

Let R%;(z) denotes the truncation error due to the temporal semi-discretization,

which is given by:

n—1
Riv(x) = ((1D% — D) ulx,tn) =Y Eny, (3.26)
j=1
(@ty) —ulety) 0
1 o | ulT,tip1) —ulx, iy U
where &, ;= T —a) (tn, — 8) [ J . L g(:v,s) ds.
s=t;

In the next lemma we will discuss the truncation error bound for the semi-discretized
scheme ([3.25]).
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Lemma 3.1 Assume that the solution of the semi-discrete problem satisfies the
derivative bounds given in . Then for each (z,ty,) € Q X GN, n=23,---,N+1,

we have the following truncation error bound:
||R7]i[||Q < Cn—min{Q—a,roc}‘

Proof. The detailed proof is available in [106, Lemma 5.2]. O
The next lemma presents the stability bound for the semi-discrete problem (3.25)).

Lemma 3.2 The solution of the semi-discrete problem satisfies the following:

[@"le < Cmiiy (lalle + lld'lle + 1f"le) + 7102 = @)dnllglla
n—1

+ 70102 =) > [dny = dng1] @ o (3.27)
j=2

Proof. Using the mean-value theorem, we can see that En,j defined in ((1.10]) satisfies
the following:

~ -~

dnj > dnj1, 2<j<n—-1, 2<n<N+1. (3.28)

Using (3.12)) and (3.28) in (3.25]), we get

~

dn,n—1 +p(tn)b($)} lale < C(lala+lla'lo+ 1f"e) + dnilgla
n—1

+ 3 (g = g 1o (329)
7=2

By using the assumption given in (3.2)), we get

n—1
A1l < € (lalle + lllle + 17" 2) + dnsllglle + D [dng = dng—1] 1#llo.
j=2
(3.30)
Hence by simplifying (3.30]), we get our desired result. O

The real numbers 9, ; forn =2,3,--- N +1and j =2,3,--- ,n— 1 can be defined

by
n—j
O =1, Onj=> T8 i 19n ij |dnmi—dnni1|- (3.31)
i=1
The next lemma provides a weighted bound for ||a™||q in terms of the given data
”9”97 HG’HQ7 Ha/HQ and ”fJHQ for j =2,3,--- ,n.
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Lemma 3.3 The solution of the semi-discrete problem satisfies the following

bound:

n
[@"lle < llglle + Cry1 Y Ony (lalle + o+ [1/l2), 2<n<N+1  (3.32)
j=2

Proof. We will complete this proof by using induction on n. For n = 2, (3.32) becomes
[@%le < T2 — a)daallglle + Cri022(llalle + d'llo + [/2]a),

which is identical to ([3.27).
Now we assume that (3.32) is valid for ¢ = 2,3,---,(n — 1) with some fixed n €
{3,--+,N 4+ 1}. Then from (3.27) and induction hypothesis, we can show that

[@"le < Crpslllalle + lla'lle + 1" le) + m-1L'(2 — a)dnallglle

i
L

i
+ 1l (2 —a) ) ldn; —dnj] {Ilgllﬂ +070 ) Ui (lalle + lld'lle + IIJ”IIQ)}
1=2

.
Il
)

~

= Crisi(llalle + llalle + 1f"lle) + 7-1D(2 = @)dnn-llgllo

3
—

n—j

~

+0my Y (lalle + lla'le + 1F70l) D maimy Pnig [dnn—i — dnn—i1]
2

2=

<
sy

n
= lglla +Crey Y Onj (lalla + lle'llo + [17]l0)
=2

where we have used (3.31) to handle 9,,_; ;. Thus by the principle of induction, ([3.32)
holds true for 2 < n < N 4+ 1 and we have reached our goal. O
To estimate the convergence of the semi-discrete problem we will use the following

bounds for a weighted sum of ¥,, ;.
Lemma 3.4 Forn=2,3,--- ,N + 1, we have the following bound for ¥, ;:
n
T8 i %n; < CTNS, (3.33)
j=2

where o is a parameter satisfying o < ra and C >T'(1 — «a).
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Proof. One can prove the lemma by following the ideas given in [106, Lemma 4.3]. O

The following lemma provides the error bound for the semi-discretized scheme (|3.25)).

Lemma 3.5 Let B} (z) = u(x,t,) —u"(x),(n=1,2,--- ,N+1) denotes the error asso-
ciated with the semi-discretized scheme (3.25), where u(z,t,) and @"(x) be the solutions
of and respectively, at the point (x,t,). Then, we have the following bound:

max fu(,tn) = @l < ON™ min{2—a,ra}, (3.34)

Proof. If we define the temporal semi-discretization in (3.25) by LYNa"(x) = f*(x),

then we get a similar equation for £} (x) as
LY B} (2) = R (2),

(observe that for all z, EX(z) = 0 and a(z) = 0 in the expression of LY E%(z)). Hence,
invoking Lemma and Lemma with ¢ = min{2 — a, ra}, we can obtain that

IN

& n
|Exllo < Cryy Z In; | RN o o, Z Oy j jmin2-ara}
Jj=2 j=2

< CN—min{Z—a,ra}.
By taking maximum over n < N + 1 we get the required result. U

3.3.2 Fully discrete scheme

To find out the numerical solution of the semi-discrete problem , at each time step
tn, we will apply the cubic spline approximation on the uniform mesh Q7 to approximate
(3.25). Finally, we obtain the fully discrete scheme.

Let S™(z) denotes the cubic spline approximation of the exact solution u™(z) of the
semi-discrete problem at the n-th time level which has the following form at each

sub-interval [xy,, Tpmi1], m=1,2,--+ , M:
S™(x) = AL, + Bl (z — xp) + Ol (2 — 2m)? + DI (z — 2)?, (3.35)

where A Bl C]' and D}, are constants to be determined.
Using the notation u}}, for approximation of u™(z) at mesh point x,, and S™(z,,) =

Uy, S™(Tmy1) = Uy, as interpolation constraints. From simple algebraic calculation,
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we can obtain that

Wy — 07, h
A, =, Bp = SIELTI  ROME M),

m m? m h
M 1

Djp = (M — M3),

(3.36)

where M7, = (5™)"(xy,). Using the continuity of the first derivative at the mesh point

ZTm, We obtain the following equation:

6

gl FAME + MD = 72 (ﬂ"mﬂ — 2up, + ﬂ"m,l) . (3.37)
From (3.25]), we get that
N dan - i I ~
p”CLmMZl A [dn,nfl + pnbm} Q’Z:Ln _pna;n%@jm) — f:l — dn,1gm + j;[dn,jkl — dw‘]ﬁﬁn. (3.38)

The first-order derivative of u™ can be approximated at the points x,,—1, Zn, and x,;,+1

by the following finite difference approximations:

( du™ Ui g — U
d_m(l'm) ~ +12h ! T O(h2),
i 3N, — dal + a7, A
du™ ~ SUm m + U, 3.39

Using (3.38) and (3.39) in (3.37) and from the boundary conditions given in ({3.25)),

we get the following fully discrete scheme:

(3.40)
uy =Yy, %H =3,
where
—~ ~ 6p o 20 30
N _ +1 1~
EMU% = {am—l [dn,nfl +pnbm71] ﬁ - r2nh h + ;;L } %_1
4 ~ 12p™ 200, 20, 1 .

+ {am[dn,nl +pnbm] + h2 + 7; 7;; U

1 - 6p" 3oy, 20% ol 1] -
d ) e A m+1 m m n 11
M+ 9] = = Pt - 2y T
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n ~
and G7 = ( m+1 +4f7m + m1> + <9m+1 +4gﬂ + gm—1> dp 1
Am+1 am Am—1 Gm+1 am am—1
o (T T
+D ldnj—dpja] | 5 4 4 ) (3.42)
— Am+1 Am Am—1
7j=2
n ./
with o7 = 2 9m
am
For each time step t,, the unknowns o™ := [uy, uj, - - - ,U’]}‘AT are the solution of the

system of linear algebraic equations:

Av" = F, (3.43)
where F:= [4§ + 68,08+ Gy 1,7 +Gy]”
are extracted from L3, and A = [Alm]i\/[m_:ll denotes the (M — 1) x (M — 1) stiffness

matrix corresponding to the discretization (3.40) and (3.41])).

The operator E% defined in l) satisfies the discrete maximum principle, as shown

with the boundary terms 7, 77 which

in the following lemma.

Lemma 3.6 (Discrete mazimum principle) Assume that the conditions given in
hold, and the mesh width h satisfies the following condition:

—H +VH? +24Ja,P.
2J ’

0<h< (3.44)

where J = duax + [blla Plle, H = 2 (72 — 0.), ax = minayn,, & = max|o™|, o, =
2 m m,n

)

min o], P, = minp", Amax = maxgnyn_l. Then the operator LY, defined in (3.41
m,n n n

satisfies the discrete mazimum principle.

Proof. Here we have to show that the stiffness matrix A (defined in (3.43))) associated
with E% is an M-matrix. From ‘i it is clear that

Qs 6a, P,

e + [blle [pll + 57 (757 = 02) < =5 (3.45)
By using the inequality (3.45)), for 3 < m < M, we have
1 7~ 6p"™ oy 200 30,4
_ _ — do np } I N (s = m m
.Am 1,m—2 a1 [ n,n—1 + P Om—1 12 oh + h + oh
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~ 6p"  Opy1 | 205, 305,
< — dmax b } 7o T o
< 0 +bllellple| =3 o7, ot o
6P, 1 N 6p"  omi1 200, 30,4
(T —o,) - —
< Tzt e T AT
6 n 1 n 2 . n 3 . n
= SR e (o) — (S ) — o (=)
< 0. (3.46)
For 2 <m < M — 1, we have
1 - 6p"  3on,,41 200, O
m—1m = 7dnn— nbm T o - o
Am-1, P St e ey = S 7 no T on
1.~ 6p" 3o, 200 op
S dmax b - g9 L ~
<l + Bl el = T = L 2o T
6P, 1 " 6p"  3on,,1 200, Op g
S g oo T T
6 P 1 6p" 30,41 20 or_1
< o x _ ame 2* N i m _ m
S Gty = 7 no T on
= ﬁ(P* b )_ﬁ(z _Um—l) +E(U*_0—m)+ﬁ(a*_o—m+l)
< 0, (3.47)

where we have used the inequality (3.45]) and the fact that (7X* — o0,) > (3* — 70,).
By using (3.46) and (3.47)), for 3 <m < M — 1, we have

Am—l,m—l - |Am—1,m—2| - ‘Am—l,m|

4 ~ 12p™ 209, 200 4
. (i "y m+1l m
Rt e h
~ 6p7’l ol 1 207 307 -1
d. np o] 2 m+ m m
to I P ] = G - SR
~ 6p" 3o, 20 o1
d _ nb e m+1l m m
+am+1[ nn—t P o] = 73 2 no T on
1 4 1 ~ b 4b bin—
- ( +—F )dn,n_1+p"(m“+ LS "”)
Am+1 am Um—1 Um+1 am Am—1
> 0, (3.48)

where we have used c/l\n,n_l > (0 and the conditions given in |D Therefore, Ay—1,m—1 >

By using the inequality (3.45) and the conditions given in (3.2)), for m = 2, M, we
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have
4 ~ 12" 207, 207,
m—1,m— = 7dnn7 nbm -
Ar—1,m—1 am[ -1+ D"bpm] + 32 + 5 5
2 1~ 20, 2%*
EN . 2 =) + 2 -
> = dna +rbuﬂupue+2h<7 o) +5 -
2
= — dmax b ] — (5%" *
= [l + o Iplle] + 5 (5 + 02)
> 0, (3.49)

4  ~
where we have used the fact that —[d,, ,—1 + p"by,] > 0 in the first inequality. Hence
a

m
the stiffness matrix A associated with EAN/[ is an M-matrix and therefore EZA\Q satisfies

the discrete maximum principle. O
The stability estimate for the spatially discretized scheme (3.40]), as stated in the
following corollary, is established by using Lemma and Lemma

Corollary 3.6 For each time step ty, the solution of the spatially discretized scheme
3.40) satisfies:

n

[l < € |6 (llglly, + 1l ) + D (g = dga) (Jod| + ]3] )| . 350)

Jj=2

1 6 C/l\max g = =
where C = — exp ; Gy = MiN Gy, Gmax = MaX dy 1 1-
m n

(o™ (4

Proof. From the spatially discretized scheme (3.40|), for each time step t,, we have

6 6d, R
o~ 1 o~ o~
lcyan| =16nl < — /"My, + - HgHQM - > (dn,j—dn,jfl)

x (‘a{n_l‘+4\a%|+‘a;+1]),m:2,.-- M. (351)

By simplifying (3.51]) and considering the boundary term corresponding tom =1, M +1,

one may derive the following for m = 2,--- , M and for each time step t,:

n—1

. 6/ .wm - 1
edanl < = (17l + duallgll,,) + o D (dn = duge) [[0d] + [v3]

]:

6 ~ ~ "
to Z (dn,j - dw,l) @]l - (3.52)

Jj=2
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By using the discrete maximum principle stated in Lemma|3.6|and then taking maximum

over Qs on the left side, we get

n—1
1@ g, < tn+ Y 1@, - (3.53)
j=2
6 - 1~ - : .
where i = = (1177l + duallglig,, ) + = D (G = dugr) [|0d] + 1] ] and n; =

o

<

6 /~ ~
*(dn,j—dn,j—1>,2§j§n—1.

Q%
It is obvious that {u,} is a non-decreasing sequence of non-negative numbers and
n—1 >
6 /~ ~ 6dmax § .
n; > 0. Also Zﬁj ~ (dn,n—l - dn,l) =—= By using Lemma for each time
- A A
j=2
step t,, we have
n—1 6(/1\
@5, < mnexp > m| < MneXp< ;nax>, (3.54)
j=2 *
which is the required bound. O
The error bound for the spatially discretized scheme (3.40) is provided in the follow-

ing result.

Lemma 3.7 Let u"(x) be the solution of the semi-discretized scheme and {ul’,}
be the solution of the spatially discretized scheme . Then for each time step t,,

we have the following error estimate :
[@"(zm) =ty llg,, < Ch*, 1<n < N+1. (3.55)

Proof. For each time step t,, the following results are obtained from the equations

E10)-(E1D) and G29) ¢

n—1
~n 1 no. o ~ b N
L @ @n) = | g 4 3 (g = g @ | (@)
m- [
j=2
4 N n—1 R R
T n R . 737
+am "+ dn,lg + Z (dn,j dn,j—l) w (xm)
j=2
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n—1
+CL ) fn + dn,lg + Z <dn,j - dn7j—1> aj (xm—l)
~ n A on
— |:dn7n_1]+£N} M 14 |:dn7n_1I+LN} M
am+1 am
. =n
+ [dn,n_lf + LN } T m-1) (3.56)
am—1
Therefore, by taking the difference of (3.56) and (3.41]), we have
e on ~ -n
|23 (@ am) — )| = ’ (Gt V) Tmt) G o] Em)
Qm+1 Qm
N -n
+ [l EE) g
m—1

~ ~ N d*un d> " d>an
< |p"| 72 (U1 — 2y, + TUpy—y) — W(l’mﬂ) - 4@(%1) B W(l’m—l)
u" 3ul ., — 4t +un
+lomt %(mmﬂ) —— th =
du™ 1= ur_q
Hlonl | g (om) = =555,
du™ —am . +4un, — 3ur
o | S () — LT
dx 2h
< (lomgal + 4o | + lom_i]) Ch?
< Ch?, (3.57)

where in the second inequality we have used (3.37) and (3.39)). Hence, using the discrete
maximum principle for EAN4 given in Lemma we can obtain the required result. U

Next theorem establishes the error estimate for the fully discretization of the IBVP

(3.1).

Theorem 3.7 Let u(xm,ty) be the exact solution of the IBVP and let uy, be the
discrete solution of the fully discrete scheme (@ at (xpm,ty,). Then the global error
satisfies

@y tn) — Wy, < C <N— min{2—a,ra} | h2) L 1<n< N+l (3.58)
Proof. The error at each time step t,, can be decomposed as

[w(@m, tn) = Umllg,, < lu(@m,tn) =" (@m)llg,, + 10" (@m) —uplg,, - (3.59)
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Chapter 3 3.4 Semi-linear non-autonomous TF-ADR equations

From Lemma [3.5] and Lemma [3.7] we can obtain
s, t) — T, < CN-min(-ara} 4 p2) (3.60)

Hence, the proof is complete. O

3.4 Semi-linear non-autonomous TF-ADR equations
In this section, we consider the following semi-linear non-autonomous TF-ADR problem:
CDfu(, t) + Lu(@,t) = f(z,8), (0,)€Q:i=Qx G,

u(z,0) = g(x), Ve, (3.61)

U(O, t) = ¢1(t)7 u(& t) = 7/}2(75)7 vt € é)

where 2 = (0,¢), G = (0,T] and L(u(z,t)) = p(t) [aax <a(m)gZ(x,t)) + b(m,u)} with

ac€CliQ), bee(QxR), a(z) >0, b, >0, VzreQ,
(3.62)
p € C(G), p(t) >0, Vted.

Further, we assume that for sufficiently smooth functions b(z,u), f(x,t), and g(x), the
problem admits a unique solution u(x,t) satisfying the conditions given in
and that the compatibility conditions g(0) = 1(0) and g(¢) = 12(0) hold.

To obtain the numerical solution of the problem , first, we convert the semi-
linear problem into a sequence of linear problems by using the Newton’s linearization
process. In other words, we arrive at a sequence of approximate solutions {u(Q)} for the
initial guess u(°) satisfying the initial and boundary conditions of the semi-linear problem
. Thus, we define the following linear non-autonomous TF-ADR problem’s solution

as ultY for each fixed ¢:
(
CDPUI (1, 1) + LI (1, 1)) = Fo(a, 1), V(oot) € Q.

W (@,0) = gla), VoD, (3.63)

wlt(0,8) = i (t), W t) = ya(t), VEeEG,
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where

L9 (2, 1)) = p(1) [—éf; <a<x>a“;j”> N bu<x,u<q>>u<q+1>] (0.0,

Fi(z,t) = f(x,t) — p(t) [bz,uD) — by(2, ul @)D (z,t)] .

Hence for each fixed ¢, we solve (3.63]) by using the numerical method discussed in the
above section and then, for the Newton linearization process, the following convergence

criterion is used :

(max) ]u(q“)(xm,tn) A u(q)(xm,tn)] < Tol, ¢>0.

Tm,tn

For computational purpose we have used Tol = 1.0e — 07. The next section provides
numerical results for the semi-linear problem (3.61)).

3.5 Numerical experiments

To validate the theoretical error estimates, we conduct numerical experiments in this
section using the proposed numerical approach for a variety of test problems. The
numerical results are presented as tables of maximum errors and convergence rates,
surface plots of the numerical solution, and log-log plots of the maximum errors.

The maximum error and the rate of convergence are determined by

Em N >
)
Eanon

Ey N = max |u(@m, tn) — Up,|, and Ry n = logy (
m,n

where u(z, t,) is the exact solution and @], is the approximate solution at the point

m

(Tm, tn). We have used r = (2 — a)/a for the numerical experiments.

Example 3.8 Consider the following IBVP:

o 0%u
D u(x, t) — Py f(z,t), (x,t) € (0,7) % (0,1],
w(x,0) =0, =z el0,x] (3.64)
u(0,t) =0, wu(mt)=0, te(0,1].

We choose f(z,t) so that the exact solution is u(z,t) = t3sinz. Figure (a)
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displays the surface plot of the numerical solution for e = 0.6, and Figure (b) shows

the errors at final time 7" = 1 for various values of « for Example 3.8 with M = N = 64,

which demonstrates that the errors increase for large values of «.

Tables [3.1] and [3.2] show the numerical results for the proposed scheme and the
method outlined in [106] for Example where one can find that the maximum error
is less in the proposed method than the method given in [106]. The log-log plots of the

maximum errors are depicted in Figure [3.2] corresponding to Tables [3.1] and [3.2]

Numerical Solution

\\\\\
\\\\\\\\\\\ I \\\\\\\\\\

U

I M\

(a) Numerical Solution for o = 0.6.

Error at final time

w

-3
9 x10 r

~

o

o

&

)

Error for a=0.2
Error for a=0.4
Error for a=0.6

—E— Error for a=0.8

0.5 1 15 X 2 25 3 3.5

(b) Errors at time T = 1.

Figure 3.1: Plots of numerical results for Example|3.8 with M = N = 64.
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Error for a=0.6
=3 Error for a=0.8
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(a) Corresponding to Table .

Figure 3.2: Log-log plots of the mazimum error for Example .
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(b) Corresponding to Table .
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Example 3.9 Consider the following problem over the domain (0,7) x (0,1] :

du

(D%, t) + (2 + 1) [‘383; ((x + 1)6.15) —i—u} (2.8) = f(,1),

u(x,0) =0, zel0,n], (3.65)

| u(0,t) =t%, wu(mt) =1t te(0,1].

In , the RHS function f(z,t) is chosen in such a way that the exact solution
of the problem is u(x,t) = t*(1 — xsinz). Figure shows the numerical solution of
Example 3.9)for & = 0.2 and o = 0.6 with M = N = 64, where we can observe that the
solution for a = 0.2 has a strong singularity around ¢t = 0 than the solution for a = 0.6.
Figure [3.4] shows the errors at final time 7' =1 for several values of a for Example [3.9]
The maximum errors and the corresponding rate of convergence for Example [3.9] are
shown in Tables [3.3] and [3.4] the same results are plotted in Figure [3.5] in the log-log

scale for better understanding.

0
"' " )

ol
""1,17/4//

Numerical Solution

Numerical Solution

(a) Numerical solution for o = 0.2. (b) Numerical solution for a = 0.6.

Figure 3.3: Numerical Solutions of Example with M = N = 64.

Example 3.10 Consider the semi-linear problem:

( 2u

D u(x,t) — % —exp(—u) = f(z,t), (z,t) € (0,7) x (0,1],

u(z,0) =0, x€l0,n], (3.66)
| w(0,t) =13, u(mt)=—t3, te(0,1].
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Figure 3.4: Error at final time T =1 for Example with M = N = 64.

Maximum Error
3

S
IS
T

10°F

—E— Error for a=0.2

Error for a=0.4
Error for a=0.6

=3 Error for a=0.8
O(NT)

—H—o(N?)
\

10°®

102

N

(a) Corresponding to Table .

Figure 3.5: Log-log plots of the maximum error for Example .
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The function f(x,t) in the problem is computed in such a way that the exact
solution of the problem is u(x,t) = t>cosz. To solve this problem numerically, we
first apply the Newton’s linearization method given in to the semi-linear problem
and obtain the following sequence of linear problems:

CDEul ) (2, 1) + LI(wl0HD (2, 1)) = FI(a,t), V(z,t) € (0,7) x (0,1],

U(Q+1) ($’ 0) =0, =xe€ [O7 71‘]’ (367)

{ u(q+1) (0’t> = t37 ’U/(q+1) (ﬂ,t) — _t37 i-& (07 1]7

where for i > 0,

62u(Q+1)

LoDz, 1) = =
xXr

(2,8) + exp(—u® (a, 1)) u@D (a2, 1),

Fi(z,t) = f(z,t) + exp(—u'D (z,1))(1 + w9 (x, 1)).

Then we use the proposed numerical technique to the sequence of linear prob-
lems and obtain the approximate solution for the problem . For computation
purpose, we take the initial guess u(9(z,t) = 1, (z,t) € (0,7) x (0, 1].

Figure (a) displays the surface plot of the numerical solution for & = 0.4, and
Figure (b) shows the errors at final time 7" = 1 for various values of a for Example
with M = N = 64, which demonstrates that the errors increase for large values of
.

Tables[3.5 and present the numerical results for the proposed scheme for Example
[3:10] The log-log plots of the maximum errors are given in Figure [3.7] corresponding to

Tables 3.5 and B.6l

3.6 Conclusion

The analytical and numerical solutions of linear non-autonomous TF-ADR IBVPs with
a fractional derivative of Caputo-type are obtained in this chapter. We have used the
Sumudu decomposition method and the maximum-minimum principle to prove the ex-
istence and uniqueness of the analytical solution to these problems. To obtain the
numerical solution of the fractional diffusion IBVP, we have developed a computational
scheme. Precisely, we have used the fully discrete scheme, which comprises the L1-

approximation for the fractional-time derivative and the cubic spline approximation
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(b) Errors at time T = 1.

Figure 3.6: Plots of numerical results for Example with M = N = 64.
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Figure 3.7:  Log-log plots of the mazimum error for Example .

technique for the spatial derivatives, to get the numerical solution of the IBVP. Further,
we have provided the convergence analysis and obtained (2 — or)—order error estimates
for the temporal variable and second-order error estimates for the spatial variable. In
addition, we applied the proposed method to solve semi-linear problems after lineariz-
ing them by the Newton linearization procedure. To validate the proposed technique,

numerical examples are carried out, and the results are compared to previous methods

available in the literature.
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2—a

Table 3.1: Ey n and Ry,n of Example with M = [NT}

Order Method N=32 | N=64 | N=128 | N =256 | N =512

Ey oy [1.1777e-02]4.3078e-03[1.4631e-03|4.7485¢e-04|1.4973e-04
Present Method| Ry N 1.4510 1.5579 1.6235 1.6651 -

CPU (s)| 0.019412 | 0.020987 | 0.087494 | 0.438177 | 2.221987

a=0.2 Eyy |1.3169e-02]4.7194e-03(1.5787e-03|5.0817e-04|1.5932¢-04
Method in [106]| Ras,n 1.4805 1.5798 1.6354 1.6734 —

CPU (s)| 0.021787 | 0.016842 | 0.048370 | 0.183913 | 0.706914

Ey,n |1.0519e-02]3.9044¢-031.3932¢-03|4.8397¢-04|1.6603e-04
Present Method| R n 1.4298 1.4867 1.5254 1.5434 —

CPU (s)| 0.005894 | 0.021298 | 0.056679 | 0.240133 | 1.195108

a=0.4 Eyvn [1.2995e-02(4.6999e-03(1.6512e-03|5.7162e-04|1.9463e-04
Method in [106}| Rar,n 1.4673 1.5091 1.5304 1.5543 -

CPU (s)| 0.002227 | 0.009050 | 0.027097 | 0.086044 | 0.403864

Eyv oy [1.1643e-02(4.7343e-03|1.8734e-03|7.2628e-04|2.7847e-04
Present Method| Ry n 1.2983 1.3375 1.3671 1.3830 -

CPU (s)| 0.002735 | 0.008479 | 0.031054 | 0.135503 | 0.605563

a=0.6 Ey,n |1.6033e-02]6.3583e-03|2.4534e-03|9.4288e-04|3.6173e-04
Method in [106]| Ras N 1.3343 1.3739 1.3796 1.3822 —

CPU (s)| 0.001411 | 0.004399 | 0.015428 | 0.057712 | 0.197916

Ey,n |1.6548e-02]7.3598e-03|3.2355¢-03|1.4340e-03|6.2436¢-04
Present Method| Ry n 1.1689 1.1857 1.1740 1.1996 —

CPU (s)| 0.001877 | 0.005182 | 0.021065 | 0.080570 | 0.328021

a=0.8 Enn [2.3550e-02(1.0387e-02(4.5641e-03|1.9800e-03|8.6642¢-04
Method in [106]| RN 1.1810 1.1864 1.2048 1.1923 —

CPU (s)| 0.001474 | 0.005401 | 0.010509 | 0.034653 | 0.122255
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Table 3.2: Ey n and Ry,n of Example with N = [Mﬁ}

Order Method M=32 | M=64 | M =128 | M = 256
Ey oy |6.8258e-03|2.0963e-03|6.1374e-04| 1.7045e-04

Present Method| Ry n 1.7031 1.7721 1.8483 —

CPU (s)| 0.028577 | 0.059233 | 0.287157 | 1.831610
a=0.2 Eyvn |7.5389e-03|2.2727e-03|6.5771e-04| 1.8143e-04

Method in [106]| Rarn 1.7299 1.7889 1.8580 —

CPU (s)| 0.031185 | 0.025488 | 0.122571 | 0.575517
Ey oy |3.0301e-03(8.2306e-04|2.1687e-04| 5.6314e-05

Present Method| Ry, N 1.8803 1.9241 1.9453 -

CPU (s)| 0.021310 | 0.115084 | 0.790927 | 6.561508
a=0.4 Ey v |3.6379¢-03]9.7418e-04|2.5460e-04| 6.5742¢-05

Method in [T06]| Rary | 1.9008 | 1.9360 | 1.9533 -

CPU (s)| 0.012593 | 0.047385 | 0.268328 | 1.494471
Ey v |1.6405e-03]4.2040e-04|1.0639¢-04| 2.6803e-05

Present Method| Ry n 1.9643 1.9824 1.9889 —

CPU (s)| 0.036924 | 0.298415 | 3.046025 | 47.366416
a=0.6 Ey oy 12.1500e-03(5.4733e-04|1.3810e-04| 3.4727e-05

Method in [106]| Rarn | 1.9738 | 1.9867 | 1.9915 -

CPU (s)| 0.019232 | 0.108610 | 0.721873 | 6.348350
En oy 1.0843e-03(2.7298e-04(6.8373e-05| 1.7106e-05

Present Method| Ry n 1.9899 1.9973 1.9989 —

CPU (s)| 0.129191 | 1.735907 |32.166463 [1212.732655
a=0.8 Ey v [1.5019¢-03]3.7711e-04]9.4391e-05| 2.3610e-05

Method in [106] | Rasn 1.9937 1.9983 1.9993 -

CPU (s)| 0.054928 | 0.556113 | 4.665823 | 107.654040
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Table 3.3: Eyry and Ry of Example with 3 = [N*5].

2

Order N=32 | N=64 | N=128 | N =256 | N =512
Eyn |2.7603e-03(8.1278e-04{2.4349¢-047.2713e-05(3.5165e-05

a=0.2 Ry N | 1.7639 1.7390 1.7436 1.0481 A
CPU (s)| 0.043553 | 0.048450 | 0.133439 | 0.436299 | 2.154235
Enyn [5.6513e-03(1.8514e-03]6.0497e-04/2.0601e-04(6.7307e-05

a=0.4 Ry n | 1.6100 1.6137 1.5541 1.6139 —
CPU (s)| 0.005764 | 0.029302 | 0.064758 | 0.373181 | 1.191567
Enyn |1.1596e-02/4.4129e-03]1.5945e-03(5.9897e-04(2.3063e-04

a=0.6 Ry n | 1.3938 1.4687 1.4125 1.3769 —
CPU (s)| 0.002662 | 0.009768 | 0.036711 | 0.210328 | 0.644767
Eyn |2.1075e-02)9.7578e-03(4.3548e-03(1.8091e-03(8.0492¢-04

a=0.8 Ry N | 1.1109 1.1639 1.2674 1.1683 —
CPU (s)| 0.002456 | 0.008295 | 0.021789 | 0.084085 | 0.363875

Ph.D. Thesis 75

TH-3323_196123008



Chapter 3 3.6 Conclusion
Table 3.4: Ey n and Ry,n of Example with N = [Mﬁ} .
Order M=32| M=64 | M =128 | M = 256
Enrnv [1.4276e-03(3.4963e-04/7.9295e-05| 3.2927e-05
a=0.2| Ry,v | 2.0296 2.1405 1.2680 —
CPU (s)| 0.108210 | 0.081524 | 0.324150 | 1.834651
Enrn [1.4181e-03(3.5491e-04/8.8764e-05| 2.2199e-05
a=0.4] Ry,n | 1.9984 1.9994 1.9995 —
CPU (s)| 0.031361 | 0.149114 | 0.785984 | 6.717388
Enrnv |1.4043e-03(3.5135e-04/8.7855e-05| 2.1966e-05
a=0.6| Ry,v | 1.9989 1.9997 1.9999 =
CPU (s)| 0.043056 | 0.337707 | 3.240722 | 48.240723
Enrn [1.3862e-03(3.4683e-04/8.6726e-05| 2.1683e-05
a=0.8 Ry,n | 1.9989 1.9997 1.9999 -
CPU (s)| 0.143179 | 1.755215 | 4.472064 (1266.924966
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Table 3.5: Ey n and Ry,n of Example|3.10 with M = [N%Ta]
Order N=32 | N=64 | N=128 | N =256 | N =512
Eyn [3.9817e-03(1.4564e-034.9505¢e-04/1.6070e-04(5.0673e-05
a=0.2 Ry n | 1.4509 1.5568 1.6232 1.6651 A
CPU (s)| 0.190928 | 0.120067 | 0.421776 | 1.900274 | 9.711752
Eyn |3.7266¢-03(1.3952e-034.9796e-04/1.7289¢e-0415.9333e-05
a=0.4 Ry n | 14174 1.4863 1.5262 1.5429 —
CPU (s)| 0.032472 | 0.094245 | 0.271906 | 1.025281 | 5.162946
Eyn [4.3054€-03(1.7462e-03]6.9230e-04(2.6869e-04(1.0291e-04
a=0.6 Ry n | 1.3019 1.3347 1.3654 1.3845 —
CPU (s)| 0.011486 | 0.041810 | 0.154947 | 0.673295 | 2.905099
Enyn 6.0446e-03(2.6739e-03]1.2032e-03(5.3534¢-04(2.3278e-04
a=0.8 Ry N | 1.1767 1.1521 1.1684 1.2015 =
CPU (s)| 0.008258 | 0.028072 | 0.099975 | 0.396093 | 1.638752
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Table 3.6: Ey n and Ryr,n of Example|3. 10| with N = {M%]

Order

M =32

M =64

M =128

M = 256

Ev N
Ry N

CPU (s)

2.3047e-03
1.7015
0.151657

7.0860e-04
1.7705
0.275728

2.0769e-04
1.8482
1.345684

5.7685e-05

7.839140

Ev N
Ry N

CPU (s)

1.0816e-03
1.8795
0.096089

2.9394e-04
1.9233
0.527870

7.7497e-05
1.9454
3.372298

2.0121e-05

27.900680

Ev N
Ry N

CPU (s)

6.0573e-04
1.9631
0.200186

1.5536e-04
1.9822
1.588399

3.9321e-05
1.9889
15.046314

9.9059¢-06

210.336490

Ey N
Ry N

CPU (s)

4.0400e-04
1.9885
0.654505

1.0181e-04
1.9970
7.996733

2.5505¢-05
1.9988
134.303628

6.3814e-06

3850.248545
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CHAPTER 4:

Efficient numerical techniques for solving time-fractional
integro-partial differential equation

This chapter studies solution techniques for a class of time-fractional integro-differential
equations. The existence and uniqueness of the analytical solution of the problem are
obtained by using the Sumudu decomposition method and the maximum-minimum prin-
ciple. Cubic spline approximation and L1-discretization are used for the numerical so-

lution for the time-fractional integro-differential equation.

4.1 Introduction

In this chapter, we consider the following TF-IPDE with Caputo-type time fractional

derivative:

t
CDiu(z, t) + Lu(z,t) +/\/K3:t—s (z,s)ds = f(z,t), (x,t) €Q:=QxG,
0

U(HT,O) :g($), V.’L'EQ,

w(0,8) = 1 (1), ull,t) =pa(t), Ve G,

(4.1)
where Q = (0,¢), G =(0,T], 0 < a < 1, and
Lu(z,t) = —a(z,1) 2u( 1) + b t)a (2,1) + (=, t)u(w, t) (4.2)
u(@,t) = —a(z,t) 55 (2 z,t) 5 (2 c(x, t)u(z,t), .
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with sufficiently smooth functions a, b, c, f on @, A > 0 such that
a(z,t) >0, c(z,t) >0, K(x,t) >0, V(x,t)e€qQ. (4.3)

Further, we assume that g,1, are smooth functions and the kernel K € €?(Q), and
the admissible conditions g(0) = 11(0), g(£) = ¥2(0) hold.

In this chapter, our main aim is to solve the FIDE given in analytically and nu-
merically. First, we obtain the analytical solution of the IBVP by using the Sumudu
decomposition technique. More precisely, we prove the existence and uniqueness results
of the analytical solution of the IBVP by utilizing the Sumudu decomposition
method and the maximum-minimum principle. Further, we propose a numerical tech-
nique for solving the IBVP , which comprises the L1-discretization for the fractional-
time derivative and the cubic spline approximation for the spatial derivatives. To obtain
the numerical solution of the FIDE , first, we apply the L1-discretization for the
fractional-time derivative and trapezoidal rule for the integral term to semi-discretize
the IBVP (4.1]) with respect to the time variable, and we investigate the stability and
convergence of the semi-discrete problem. Then, we apply the cubic spline method to
discretize the spatial derivatives appearing in the resultant semi-discrete problem to
obtain the fully discrete scheme for the IBVP (4.1). The stability of the fully discrete
scheme is analyzed through the discrete maximum principle, and error estimates are ob-
tained. Theoretical results are validated through several numerical examples. To show
the efficiency and accuracy of the proposed numerical scheme, we have compared our
results with the numerical results given in [95].

We organize the remaining part of this chapter as follows: We present the existence
and uniqueness results of the analytical solution of the IBVP in Section The
discretization of the problem and convergence analysis of the numerical solution are

discussed in section [4.3] Finally, in Section [4.4] numerical experiments are carried out.

4.2 Continuous problem

In this section, we study the existence and uniqueness of the analytical solution for
IBVP (4.1)).
4.2.1 Existence of the solution

Here, we investigate the analytical solution of the IBVP (4.1]) in the series form using

the Sumudu decomposition method.
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By applying the Sumudu transformation to the IBVP (4.1]) with respect to ¢, and
using the initial condition and Theorem we obtain the following:

po (Selu(z, )] — g(x)) + SelL(u(z, 1)) + MK (@, ) * u(@, ) ()] = Self(z,1)].  (4.4)

By simplifying (4.4)) and using the linearity and convolution property (Lemma
of S;, we get

Sulu(, £)] = g(&) + 1 Sy [f (.1) — Lluz, 1)) - MO8 K (@, ]S fule, O] (45)

The Adomian decomposition method [1] consists of seeking the solution of the IBVP

(4.1) in the series form:
o
u(z,t) = Zuj(xvt)v (4.6)
=0

provided the infinite series of functions converges uniformly.
Substituting (4.6 in (4.5), and using the linearity of £ and uniform convergence of

the infinite series, we obtain that

oo
Zuja:t =g(z)+p*St | f(x,t) Zﬁu]xt
7=0

AT K (2, )]y | D uyla, t)

j=0
=g(z) +p*S; | fz,t) ZE uj(x,t))| — Au*Se Z (K (2,) xu;(z,-)@#)] . (4.7)
7=0 Jj=0

Operating with the Sumudu inverse transform on both sides of (4.7)) and using the
properties of S; and Theorem we get

Zuj(a:,t) = g(z)+ I} ZE (uj(z,t)) | — NI Z (K (2,-) *u;(z,-))(t)
=0 §=0

J=0

= g(a)+ If(x,t) — Zlo‘ﬁu]xt /\ZI,?‘(K ) (@, ) (t).

In order to obtain u;, we define the following recurrence equations by Adomian
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relation:
up(x,t) = g(x)+ If f(x,t),
ujri(z,t) = —LI{uj(x,t) — M (K(x,-) *u;(z,-)) (t), j>0.

Finally, the truncated series solution Ujy(z,t),J € N, can be approximated by

and we define the solution of the IBVP (4.1)) as
u(z,t) = hm Uj(z,t) Zuj x,t). (4.8)

The convergence related results of the Adomian series (4.8)) can be obtained in a
similar way as discussed in [22] [44].

Assume that for sufficiently smooth f and g, the solution u(x,t) is the analytical

solution of the IBVP (4.1)), i.e., u € €(Q) NW;((0,T)) N C2(R) satisfies the IBVP (4.1)),
and further, u satisfies the following bounds for all (z,t) € Q x G:

g;j(x,t)‘ <, for i =0,1,2,3,4,
: (4.9)
%(SL‘ | <CA+t>?), fori=0,1,2
8tz ) — ) - ) ) *
Example 4.1 Consider the following problem :
t
CDgu( + /u z,s)ds = tsin(z)Eq2(—t*), (z,t) € (0,7) x (0,1],
0
u(z,0) = sin(z), =z € [0,7],
uw(0,t) =0 =wu(mt), telo,1].
(4.10)

This is a particular case of the IBVP witha=1,b=c=0,K=1,A=1,¢=m
and T = 1. One can easily verify that u(z,t) = Eo1(—t%)sin(z) is the solution of the
IBVP . Now one can compute the derivatives of u and can see that they satisfy
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the bounds given in . From , we can see that u has a singularity along t = 0.
Figure (a) illustrates the surface plot of the analytical solution u(x,t) and Figure
(b) displays its cross section along xr = % for a = 0.4. From these figures, we can

observe that there is an initial layer in u along t = 0, as stated in (@

0.75

Exact solution
Computed solution

"o 01 02 03 04 05 06 07 08 09 1
t

(a) Surface plot. (b) Cross section of the solution along x = /4.

Figure 4.1: Analytical solution for Example with a = 0.4.

In general, like Example the IBVP (4.1]) will have a solution u with singularity

along t = 0, whose presence leads to some difficulties in the numerical methods for
solving the IBVP (4.1)).

4.2.2 Uniqueness of the solution

The uniqueness of the solution for the IBVP (|4.1]) will be established here by using the
maximum-minimum concept. The maximum principle for the IBVP (4.1)) is stated in

the following Theorem.

Theorem 4.2 Let u € ¢(Q)NW/((0,T)) Ne2(Q) be a solution of the IBVP with
f(z,t) <0, (x,t) € Q. Then we have the following :

u(z,t) < maX{O, max u(x,t)}, V(z,t) € Q,
(z,t)eS

where S := (Q x {0}) U ({0, ¢} x G).
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Chapter 4
Proof. We will establish the result by using contradiction. Assume that the statement

of the theorem does not hold true, i.e., 3 (zg,tg) € Q with the property that

u(zo,to) > max {0,u(x,t)} = &g > 0. (4.11)
(z,t)eS
Let us consider € := u(xg,t9) — g > 0 and define the function v as
e (T—s —
o) =) + 5 (7)) €@ (4.12)

It is clear that for (y,s) € Q, v(y, s) < u(y,s) + %; and for (y,s) € S,
v(xo,to) > u(xo,to) =+ Pg > e+ uly,s) >e+v(y,s) — 3= v(y,s) + =

This leads to the fact that the function v attains its maximum on (Q \ S). Let (x1,t1)

be the maximum point of the function v over @, then z; € Q, t; € G and

v(x1,t1) > v(zo,t0) > e+ g > c. (4.13)

From the necessary conditions for the existence of maximum value of v over Q and
Theorem we have
CDtav(xlvtl) > 07
(4.14)

'Uac(xlytl) = 07 'Umc(xlatl) < 0.

INQ!
and the property “ Dt = Tl(%)@ t8=2 B > 0, we have
-«

From (4.12

€ tl—a -

Let w(s) = v(x1,s) — 5 T

e(T—s . o .
, s € [0,t1]. Since v(z1,s) attains its maximum at
s =11, sovs(z1,s) > 0 for s € [0,¢;]. Therefore, w is strictly an increasing function over

[0,t1], and
w(s) > w(0) = v(z1,0) — % = u(x1,0) > 0,

DN ™

4.11). Also, w(ty) >

as (r1,0) € S and here we have used

84
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By using the formulae (4.2)), (4.13))-(4.15)), the condition (4.3]) and (4.12f), we arrive

at the following conclusion, for the point (z1,%1):

t1
CDfu(xy, ty) + Lu(zy, ty) + )\/K(ajl, t1 — s)u(wxy, s)ds — f(x1,t1)
0
tllfa £

+ ﬁm + ﬁU(l’l,h) — C(l‘l, tl)f(T — tl)

= CD?U(l‘l,tl) oT

t1
+)\/K(x1,t1 — s)w(s)ds — f(x1,t1)
0
c tll—a

2T T (2 — a)
> 0,

el —t
+C(£L’1,t1) |:’l)(.r1,t1) — 5 T !

which contradicts that u is the solution of the IBVP (4.1)). Therefore our assumption
taken in (4.11]) is wrong and hence the proof is completed. O
If we replace v by —u and assuming that f > 0 in Theorem then we obtain the

minimum principle in a similar way, which is stated below.

Theorem 4.3 Let u € €(Q) N WL((0,T)) N€2(Q) be a solution of the IBVP and
f(z,t) >0, (x,t) € Q. Then we have the following :

u(z,t) > min u(z,t), V(z,t)€Q,
(z,t)ES

where S := (Q x {0}) U ({0, ¢} x G).

In the following theorem, by using the maximum and minimum principles given
in Theorems and respectively, we show that if the IBVP (4.1 has a solution,
then the solution is continuously dependent on the given data of the problem, i.e., the

solution is stable.

Theorem 4.4 Let u be the analytical solution of the IBVP , e, u € C(Q)N
WA(0,7)) N E2(Q), and f € €(Q), then we have the following estimate:

[0}

T
< — .
lulle < max{llglle [¢1lle, lv2lla} + T+ o) 1flle
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Proof. Let us consider the function W defined by

1flle

W(z,t) == u(z,t) — T +a)

t*  (x,t) € Q.

Then W is the analytical solution of the IBVP (4.1]) with

~ o flle
wz(wat) = lbz(:r,t) F(l—l—a)t )

and
2 [fllet™  Alflle

Flat) == f@.t) = | fllo — clat) )/fK@J—ﬂﬁ,

'l+a) T'(l+o
0

instead of ¢; (i = 1,2) and f, respectively. The function f satisfies the condition
f(:v, t) <0, (z,t) € Q. Then applying the maximum principle given in Theorem to

the analytical solution W, we obtain

W(z,t) < max{|gllo, [¥1lle, I¥2lch, (z,t) € Q. (4.16)

Therefore, from (4.16)), for all (z,t) € @, we have the following

e, ) = W (o0 G5t < mallgl [l Iallo} + g7, (417)

In a similar way as done above, by applying Theorem to the function

W (2, t) == ulz,t) + %tﬂ, (z,t) € Q,

we can obtain the following

1flle

u(z,t) = —max{llglle, lvilla, lv2lla} = mT“, (z,t) € Q. (4.18)
Combining (4.17) and (4.18]) we get our required result. O
We will establish the uniqueness of the solution for the IBVP (4.1)) in the following

theorem.

Theorem 4.5 For sufficiently smooth functions f and g, the IBVP given in ad-

mits a unique analytical solution.
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Proof. In Subsection for sufficiently smooth functions f, g, we have shown the
existence of the analytical solution of the IBVP by using the Sumudu decomposition
method.

In order to prove the uniqueness, let us assume that there exist two solutions to the
IBVP , namely v; and vs. Then vy — vo will be the solution of the homogeneous
IBVP of the form , i.e., with f =0,9 = 0,11 = 12 = 0. Hence, from Theorem
we have ||[v; — v2|lg = 0, i.e., vi = v2, which shows that the IBVP has a unique

solution. O

4.3 Discrete problem and convergence analysis

In this section, we study the numerical discretization of the IBVP (4.1)) and the corre-

sponding convergence analysis.

4.3.1 The temporal semi-discretization

For finding the numerical approximate solution of the IBVP ({4.1)), first, we discretize the

time fractional derivative by using the L1-discretization and the integral term by using

-1
trapezoidal rule. Set t, =T (n N

and N is a fixed positive integer. Let 7 = {tn : 1 < n < N+1} denotes the discretized
time domain. The temporal graded mesh is given by @N ={(z,tn) 2 €Q, ty € éN}.
Since the solution of the IBVP (4.1) has singularities along ¢ = 0 as seen in (4.9),

we use graded mesh to discretize the temporal domain, which increases the accuracy in

»
> forn=1,2,--- ,N+1, where r > 1 is a constant

numerical solutions than the same over uniform mesh.
In order to approximate the integral term appearing in (4.1]), we use the following

composite trapezoidal rule on the graded mesh @N:

tn n—1 tjt1

/K(:Jc,tn — s)u(z, s)ds = Z / K(z,t, — s)u(x,s)ds

0 J=1 tj
n—1 e

= g[K(% th — tj)u(x7 tj) + K(z,tn — tj+1)u($7 tj+1)]
j=1

=Y K(x,ty —tj)u(z,t)) I (4.19)
j=1
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where
.
1 .
=1
9 J )
1 .
I = 5T +7-1), 25j<n—1,
Tn—1 —
5 J

Now, using L1-discretization (|1.10]) for the Caputo fractional derivative and trapezoidal
rule for the integral term in (4.1]), we obtain the following semi-discrete scheme:

(dpn1I + LVYT (z) = F(),

(4.20)
u™(0) =97, u"() =y, for n=2,3,---,N+1,
where [ is the identity operator, and
d*un du™
N-n _ n n n ~n ~n
LY (x) = —a (CC)W +5b (w)% + " (2)u"(x) + AK (x,0) 1, u"(z),
and
N n—1 R N ' n—1 ‘
F(@) = (@) + dng g(x) + Y dng — dnj1] W (2) — XD K(2,t, — ;)13 (z),
=2 j=1

u"(x) denotes the approximation of u(xz,t) at t = t,.

Let R™(z) denotes the truncation error due to the temporal discretization, which is
defined as:

R™(z) = R} (x) + Ry (2), (4.21)
where
n—1
M) = (5iD% — “DY)ulz, tn) = D Enyl,
j=1
(5,t01) —ulzty)
1 _oyea | W@ ) —ula,ty)  Ou 4.22)
i = pi=ay | ™9 { 7 T
s=t;
n—1 _7_3 62
5(z) = )\Z T;@[K(iﬁatn —&ulx, &), & € (L, tj).
j=1
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In the next lemma we discuss about the bounds of the truncation error R (x).

Lemma 4.1 Assume that u(x,t,) is the solution of the semi-discrete problem ,
which satisfies the conditions given in for (z,t,) € @N. Then, for each (x,t,) €
@N, we have the following bound:

HR?HQ < Cn—min{?—a,rtx}_

Proof. The detailed proof can be seen in [106, Lemma 5.2]. O

The following lemma provides the bounds of the truncation error R%(x).

Lemma 4.2 Assume that the solution u(z,ty,) of satisfies the conditions given in
for (x,t,) € @N. Then, the remainder term Ry (x) for n =2,--- , N + 1 satisfies

following inequality:
Cn— min{r(a+1),4—2r(o¢+1)}’ ’I“(Oé + 1) £ 2
R3]l < (4.23)
Cn~2In(n), rla+1)=2.
Proof. From the mean-value theorem, we have
. r . 1 r
Tj:T<]> —T<‘7—> < CN—"j1 j=1,2,---,N. (4.24)

From and (4.24)) and using the fact that K € €2(Q), we have

R ()] <

D> & € (5, ti+1),

aﬂ
CZ r - — 1 ga 2

j r(a—2)
< CZN—31"]-3(T—1) <N>

jfl

— CZN r(a+1) ra+1)

IN

n—1
Cnfr(oﬂrl) Z jr(a+1)73’
j=1

IN
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here in the third inequality we have used f}-)‘_Q

From the well-known convergence outcomes of this kind, we have

< t?_z, as a < 2.

Cn~@tD  rla41) <2,

R3(z)| <4 Cn2In(n), rla+1)=2,

Cn?ret=4" r(a 4+ 1) > 2.

\

Hence we get our required result. (]
We have established the truncation error bound due to temporal semidiscretization

of the IBVP (4.1)) in the following lemma.

Lemma 4.3 For eachmn =2,---,N + 1, we have the following truncation error bound:

||R'n HQ <Cn~ min{2—a,ra,4—2r(a+1)} )

Proof. We have n=" > Cn "t In(n), if r(a +1) < 2 and n~ 3~ > n=2 if
r(a+ 1) > 2. Therefore, by combining Lemma [4.1] and Lemma we get the required

result. O
The next lemma will be used in the stability estimate of the semi-discrete problem
(14.20]).

Lemma 4.4 The solution of the semi-discrete problem satisfies

[*ll < O (la®(la + 10%la + [1/*le) + 71 T2 — @) [dn,l +AL|E( ) lle | lglle
n

+70 02— 0) Y (A = dngor + ALIK Gt = )0 @], 2<n < N +1,

|
—

<.
I
V)

Proof. From (4.20) and using (3.28)), we have

[t + (@) + XK (@,0) I | [0 < € (la"la + 18"l + 11" )

n—1
+ |du + ALKt lgllo + D |dus = dugo1 + ALK G ta =) o] 17 o
=2
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By using the assumption given in (4.3) and (4.9)), we get

~ o~

dn-t@lle < C(la"llg+ 16" llo + 11/ l0) + |dn + ALK (s ta) o] lgllo

n—1
+ 3 [ = dng1 ALKt = 1)) [ o
j=2

Thus, we get our desired result. O
Forn=2,3,--- ,N+1land j=2,3,--- ,n, werecall ¥, ; defined in (3.31)). The next

theorem presents the stability estimate for the solution of the semi-discrete problem.

Theorem 4.6 The solution of the temporal semi-discretized scheme satisfies the

following stability estimate:
n . . .
[@"llo < € | llgllo + 751> Ong ('l + ¥ o + [ F]l0) |, 2<n<N+1.
j=1

—Q

~ T,
Proof. It is clear that, d, 1 < ";1) Therefore, from Lemma we can obtain

'l -«
- Arotl . = ; . ;
[l < [(1-a)+ == Kllg| lglle + Cris Y dnj (la’ o + 1Vl + 17 ]l0)

=2

|
—

n

+ 7,12 —a) [C/Z\n,j - gn,j—l + ALK (-, tn — tj)“ﬂ} 1@ ||

7j=2
n—1
= bt S nl@ e, (4.25)
7j=2
ATa+1 n . . .
where 8, = |(1-@)+ 1Ko lalla + Cry 35 v (lo/la-+ 191+ 17]0).
j=

which is a non-decreasing sequence of non-negative numbers, and

~ ~

0 = 79402 = 0) [dy = dugoa + ALK ta — 1) 0] > 0.

Now, we have

n—1 n—1
donpo= T2 =0a) [dpn1 —dpa + XY LIK( b —15)]0
=2 j=2
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< 1+ A2 ZHK n—tj)lle
< 1+C)\7‘31:X1F(2—a) < C. (4.26)

Applying Lemma to (4.25)) and using (4.26]), we have

n—1

J@" o < buexp [ S ny
j=2

AT
< exp (C) {(1—a)+kIIKHQ] lglle + Oy 1219 ng (la?lla + ¥ o + [1/7]l2)
7j=2

<C | lglla+m 1219,J la’ e + [l + 1 /7112) | +
j=2

which is the required result. O

The error due to the temporal semi-discretization of the IBVP (4.1)) satisfies the
bound given in the following theorem.

Theorem 4.7 Let e} (z) = u(x,t,) — u"(z),(n = 1,2,--- ,N + 1) denotes the error
associated with the semi-discretized scheme , where u(x,t,) and u"(x) are the so-

lutions of and respectively, at the point (z,t,). Then, we have the following
bound:

sup |lu(:, tn) — u"[lo < CNT°,
n<N+1

where o := min{2 — a,ra,4 — 2r(a+1)}.

Proof. If we define the temporal semidiscretization in (4.20) as LNu"(z) = f"(x),

then we get a similar equation for e}, (x) as
LY el (z) = R™(x),

(observe that el (z) = 0, for all z, and a = b = 0 in the expression of LV e? (z)). Hence,
invoking Theorem and Lemma [3.4] with ¢ = min{2 — a, ra;,4 — 2r(a + 1)}, we can
obtain that

lexllo < Oy 12071JHR lo < Oy 121%]] <CN~¢
7j=1
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Thus, by taking maximum over n < N + 1, we get the required result. U

4.3.2 The fully discrete scheme

To find out the numerical solution of the semi-discrete problem , the spatial dis-
cretization is performed on a uniform mesh Qj7, and finally we reach a fully discrete
scheme. We use cubic spline approximation to the solution of the semi-discrete problem
l) on Q) at each time step t,,.

Let S™(x) be the cubic spline approximation of u"(x) of at tn. On [T, Tmy1],
S™(z) has the following form:

S"(x) = Ay + Bl (x — xm) + Ch (x — xm)2 + D] (x — a:m)3, m=12--- M,

where A7, B . C]', and D], are constants.
Assume that uj), is the approximation of u™(z) at x,, and S™(zy,) = uy,, S™(Tm+y1) =
Uy, 1- From a simple algebraic calculation, we can obtain

m

ul. o —ury h
AP =g B%:%_E(QMZNLM%H)?

m n 1 n n
C':}L: ) Dm: a(Mm—i-l_Mm)?

where M, = (5™)"(x,,). Using the continuity of the first-order derivative at the mesh

point x,,,, we obtain the following equation:

6 ~ ¥
m+1 +4Mp, + Mgy = ﬁ(%ﬂ — 20Uy + Uy, _q)- (4.27)

From (4.20]), we get

n 1 T n ~n n du™ n
MD = > [dnn-1+ cpy + MK (2, 0) |1y, + b, - - m
R n—1 R = aj
- [dn,l - AIlK(-Tma tn)] 97:;: - [dnd' - dn,jfl — )\I]K($m, tn — tj)] GTm (428)

<.
Il
)

Using (4.28) and (3.39)) in (4.27)), for each time step t,, n = 2,3,--- , N + 1, we have
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the following fully discrete scheme:

m
(4.29)
W= W =g,
where
N 1 - 6 3op.1 200 op_1) ~
‘C]\N4u?n = {m+1[dn,n1 + C?n—l—l + )\InK(-Tm+1a 0)] - ﬁ + 2”;:_ hm - ;nh UZH_I
+ {a%[dn,nl + Cm + MK (2, 0)] + T ;’Z* + ’;Z }u;;
1 -~ 6 ol 1 207 3o 1| ~
+ {C%l[dnyn_l i C:Lnfl + )\InK(LI?m_l, 0)] . ﬁ aF ;]:L‘r - hm - 2n;1 ’U/;Lnfl, (430)
and
f’n 4fn n_ g 1 |:,-\
n m~+1 m m—1 m+
e dy1 — ALK t }
I (a%ﬂ " A, " Q1 i Ut y 1 (@1, )
n—1 R % aj . 49 X
+ 3 [dng = g1 = ALK @iyt — )| = 4 200 [y — ALK (2, )|
j=2 am+1 Am
n—1 R b ﬂj g L~
4y [dm —dpj1 — ALK (2t — tj)} R [dn,l 5 AIlK(xm_l,tn)}
n—1 r N a]
=4 |:dn’j = dn,j—l = )\IjK(.’Em_l, tn — tj)] ;n—l’ (4.31)
j=2 An—1
7
with oy, = .
m
For each time step n, the unknowns v" := [ug,uj, - - - ,%]T are the solution of the
linear system
Av" =P, (4.32)

]T with the boundary terms ~g, 77,

where P" = [7{-} +G5,63, - Gy 1,9y 1
which are extracted from £}, and A = [.Ai,m]M_l denotes the (M — 1) x (M — 1)

i,m=1

stiffness matrix corresponding to the discretization (4.29) and (4.30).

Lemma 4.5 (Discrete mazimum principle) Under the conditions given in , along
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with the assumption on the mesh width h:

—H ++VH? +24Ja,

27 (4.33)

O0<h<

-~ )\ a* .
where J = dmax + ||CHQ—|—§TK*, H= 3 (T5% — 04), ax = %171116121, ¥ = max ol |, ox =
min |0} |, K* = max K(xy,,0), dmax = maxd, ,—1, one can prove that the operator Ejjy/[
m,n m n

defined in satisfies the discrete mazimum principle.

Proof. Here we have to show that the stiffness matrix A (defined in (4.32))) associated
with 5% is an M-matrix. From 1} it is clear that

~ A Qs 6a
Qs + llellg + 57K + 22 (79" = 02) < . (4.34)
For 3 < m < M, we have
1 -~ 6 ol 41 207 307 -1
Amfl,me == 7(121_1 [dn,n—l + sz—l aF )\InK(xmfl’ 0):| B ﬁ + glh - hm o 277];
1 |~ A 6 fotd 20 307
< —|d oK — — m+1l m m—1
=~ o [ max + llello + 57 ] Rz op h 2h
6 1 6 ol 20" 30
- (72 — _ m+1l m m—1
< T e Et T T
1 o 20 30
< (x> _7 m+1l mr el
S Tt s T
- _ﬁ (Z B Um—l—l) + E (U* - Um) + ﬁ (U* - Um—l)
< 0, (4.35)

where we have used the inequality (4.34)) and the fact that (7TX* — o,) > (3% — 7oy).
By using the inequality (4.34)), for 2 < m < M — 1, we have

1 [~ 6 30%. 207 ol
Amfl,m = ;ﬂ |:dn,n71 =+ Crsﬁ_l - )\InK(:IJm+1,0) — ﬁ + 272 + hm - T2nh
1 [~ A 6 3o 20 o
< = |d N N K* il m—+1 m  “m—1
= [ max + [lello + 57 ] T ho 2nh
6 1 6 3o 20 ol
= 72* _ L) — — m+1 m _ m—1
< 2ol A R TR A TA
3, 2 1
= (5 = ) — 2 (5 = o)+ 5 (o — o)
< 0. (4.36)
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By using (4.35) and (4.36)), for 3 <m < M — 1, we have

-Amfl,mfl - |~Am71,m72| - |Am71,m|

o~

12 207, 207,

4
- & (Gt + €+ ALK (2m,0)] + o 2
L a 6 Opmi1 200, 30,4
+K[dn,n—l + C;Ln_l + )‘InK(xm—l, 0)] — ﬁ + ;nh _ hm _ 27;;1
L 6 307, 20 o"
+%[dn,n_1 i MK (0, 0)] — o5 + =2 4 S T

1 4 1 ~ 1
- pr - " AWK (21,0
(CLZL_H + ar a%_l) n;n—1 T a?n_l [Cm—l + Aly (xm 1, )}

4

n
m m+1

[c’,iwl + M K (241, 0)]
> 0,
where we have used the fact that c/l\nyn_l > (0 and the conditions given in 1) Therefore,

Am—l,mfl > |Am—1,m—2| T |Am71,m’ > O, fOI“ 3 S m § M — 1.
By using the inequality (4.34)) and the conditions given in (4.3)), for m = 2, M, we

have
- 12 20y, 20, 4
At = — Ao + €+ ALK (2, 0)] + 5 — =22 4 2
7 * 2
|: max T ||C||Q = %TK* + ;%L (72* — O'*):| — ﬁ (Z* — O'*)

~ A 1
[ max 1 ||CHQ 4F §TK*:| aF E (52* =F O'*)

V
5w Bl Ala

>

4 r~
where we have used the fact that — [dn,nq + )+ MK (2, O)} > 0 and the inequal-

m

ity 1) in the first inequality. Hence the stiffness matrix A associated with [,]\N/[ is an
M-matrix and therefore Ef\v/f satisfies the discrete maximum principle. O

From the discrete maximum principle given in Lemma[4.5] one can conclude that the
fully discrete scheme (4.29)) is stable in the maximum-norm. In the following theorem
we establish the error estimate due to the spatial discretization by using the discrete

maximum principle.

Theorem 4.8 Let u™(x) be the solution of the semi-discrete problem and {up,}
be the solution of the fully discrete scheme . Then for each time step t,, we have
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the following error estimate:
[@" (zm) — tpllg,, < Ch?, 1<n<N+1.

Proof. From (4.29))-(4.30) and using equation (4.20)), we have

_ 1 [~ ~ 4 - ~
L (@ () = — [dmn,ll n EN] W (1) + = [dn,n,lf + L] @ (2m)
m—+1 m
1 -~
t— [dm_lf + LN } @ (Trm1). (4.37)
m—1

Therefore, by taking the difference of (4.37) and (4.30]), we have

L3 (@ (2m) — )|
ann d2/\n d2/\n

6 /. N A U u
£ ‘ﬁ (“nm+1 — 2Up, + unm—l) - W(xm-l-l) - 4@(9%) il W(xm_l)

da SUT L, — 4T + T,
+|O-:Ln+1‘ %(xm—i-l) - —= th =
an ., —
4|g™ _ Um+l m—1
+ |O_n ‘ du (.’ﬂ 1) - _a,r?fn-i-l + 4% — 317’7}1—1
m=1l g 2h

< (|opgi| +4lop] + op_1|) CR?

< Ch?,

where we have used the equations (4.27)) and (3.39)). Hence, using the discrete maximum

principle for £% given in Lemma we have obtained the required result. O
Next theorem established the error estimate for the fully discretization of the IBVP
().

Theorem 4.9 Let u(z,t) be the exact solution of the IBVP and uy, be the discrete

solution at (Tm,ty) of the fully discrete scheme . Then the global error of the fully
discrete scheme satisfies

Hu(xm7tn) - aﬁl”ﬁ]ﬁ S C(N_Q + h2)7 1 S n S N + 17

where p = min{2 — a,ra, 4 — 2r(a+ 1)}.
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Proof. The error at time level ¢,, can be decomposed as
[w(zm, tn) = U llg,, < lu(@m,tn) = 0" (@m)llg,, + 10" (@m) —up g, -
From Theorem [4.7] and Theorem we can obtain that
[w(@m; tn) = U, <C (N7¢+ h?).

Hence, the proof is complete. O

4.4 Numerical experiments

In this section, we conduct several numerical experiments to validate the proposed nu-
merical method and the theoretical error estimates. The numerical results are com-
pared with those produced by prior techniques available in the literature. We have used

r = (2 — a)/a for the numerical experiments.

Example 4.10 Consider the following IBVP on the domain @ := (0,1) x (0,1] :

CDtau(x>t) E % + /t :I;(t _ S)U(st)ds = f(xat)a (.’L‘,t) € Qa

0
u(z,0) =0, Vzel0,1], (4.38)
u(0,t) =t+t*, wu(l,t)=0, Vte (0,1].

Here f(z,t) is chosen in such a way that the exact solution of the problem (4.38))
is u(z,t) = (1 — 2?)(t +t%). Let Epy = max [u(zm,t,) — | denotes the computed
m,n

)

2M 2N
Figure [4.2] displays the numerical solution of Example for a =04 and o = 0.8

with M = N = 64. Table presents the maximum error and order of convergence

maximum error and Ry, n = logy ( > denotes the order of convergence.

of the present numerical method on the graded mesh for the time domain and uniform
mesh for the spatial domain and the method given in [95] on the uniform mesh. The
errors as well as the order of convergence given in Table reveal that the proposed
approximation technique performs far better than the earlier method described in [95].
Figure displays the comparison of the maximum errors (in time) of the present
method with the method in [95] for Example for various values of «, with M =
N = 64. The log-log plot of N vs. maximum errors for both the methods is depicted in
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Numerical Solution

(a) For o = 0.4. (b) For a =0.8.

Figure 4.2: Surface plots of the numerical solutions for Example with M = N = 64.

Figure [£.4] corresponding to Table [4.1] with N = M.
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0.002 |

(a) By the proposed method. (b) By the method given in [95].

Figure 4.3:  Comparison of the maximum errors (in time) for Example .

Finally, we apply the proposed method to the following most general time-fractional

integro-partial diffusion-advection-reaction IBVP, to verify the accuracy and efficiency.
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Table 4.1: Ey n and Ry,n for Example with M = N.

Order Method N=64 | N=128 | N =256 | N =512 | N =1024

Ey oy 4.9969e-04{1.8612e-04/6.6651e-05(2.3306e-05|8.0331e-06
Present method| Ry n | 1.4248 1.4815 1.5160 1.5367 -

CPU (s)| 0.147146 | 0.188501 | 0.997198 | 6.267940 [144.459022
a=0.4 Ey v 1.3022e-02/1.1640e-02(1.0214e-02/8.7980e-03| 7.4440e-03

Method in [95] | Ry v | 0.1619 0.1885 0.2153 0.2411 —

CPU (s)| 0.29660 | 0.064791 | 0.478599 | 3.697276 |31.355178
Eyn [8.6677e-043.8105e-04{1.6002e-04/6.5240e-05]2.6039e-05

)

Present method| Ras,n 1.1857 1.2517 1.2944 1.3251 —

CPU (s)| 0.110102 | 0.696580 | 3.251924 |20.557401 |147.909691
a=0.6 Eyn 8.8219e-03|6.8197e-035.0877¢-03(3.6865¢-03|2.6110e-03

Method in [95] | Ry n | 0.3714 0.4227 0.4648 0.4977 -

CPU (s)| 0.013038 | 0.094350 | 0.495960 | 3.857545 |32.105124
Ey v (1.1441e-03|5.9561e-04]2.9922¢-04(1.4623e-04{6.9895e-05

Present method| Ry n | 0.9417 0.9932 1.0330 1.0649 -

CPU (s)| 0.107447 | 0.516708 | 3.161052 |20.519396 |117.658320
a=0.8 Eyn 3.5240e-03|2.2877e-03(1.4296e-03/8.9469¢-04|5.4590e-04

Method in [95] | Ry v | 0.6233 0.6783 0.6761 0.7127 —

CPU (s)| 0.012549 | 0.063796 | 0.484713 | 3.908563 | 32.355230

Example 4.11 Consider the following IBVP for (z,t) € @ := (0,2) x (0,1]:

CDiu(z,t) + Lu(z,t) + 3/0 exp(—z(t — s))u(z, s)ds = f(x,t),

u(xz,0) =0, Vzelo0,2],

u(0,t) =0, w(2,t)=0, Vte(0,1],
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(a) By the present method. (b) By the method given in [95].

Figure 4.4: Log-log plots for comparison of the order of convergence for Example .

t3+a

1+«

where f(z,t) =T(1+ «)sin (m + E) + exp(z(1+1t)), and

2

2 ou
(

Lu(x,t) =—(2+ sin(xt))%(az, t) + (—3x2t4)% z,t) + (2 4 t? exp(z))u(z, t).

The two-mesh principle described below will be used to calculate the error and the
order of convergence, because the exact solution of Example is not known. Let
ut, (m=1,2,--- ,M+1,n=1,2---N + 1) be the approximate solution of Example
obtained by using the proposed scheme over the mesh {(z,,,t,)}. Now
consider another mesh {(Zp, &) :m =1,2,--- ,2M +1,n =1,2,--- ,2N + 1}, where
Tm = (m—1)/(2M) and t,, = ((n—1)/(2N))", r > 1, and denote the computed solution
of Example over this mesh by 2. It is easy to see that z,, = Tam_1, tn = fgn,l
form=1,--- , M+1,n=1,---, N+ 1. Then, the maximum two-mesh differences are

determined by

2n—1
Dy Ny = max |u —z
) 1Sn§N+1,‘ m 2m—11|>
1<m<M+1

and the rate of convergence is estimated by the formula:

Dyn
Ry n = log, <®2M’2N> .

Table presents the maximum two-mesh differences and the corresponding order of
convergence for Example for @« = 0.4,0.6,0.8. The numerical solutions of Example
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Chapter 4 4.4 Numerical experiments
Table 4.2: Dyrn and Ry N for Example with M = N.
Order N=64 | N=128 | N =256 | N =512 | N = 1024

Dyr,n |1.0469e-03]6.3368e-04(3.5441e-04{1.8955¢-04/9.8779¢-05

a=0.4| Ry N | 0.7243 0.8383 0.9028 0.9403 -
CPU (s)| 0.476189 | 1.844733 |12.289036 |65.663274|555.214601
Dar,n |5.3066e-04{2.3939e-04(1.1118e-04(6.6933e-053.7766e-05

a=0.6| Ry,nv | 1.1484 1.1065 0.7321 0.8256 —
CPU (s)| 0.231646 | 1.327460 | 9.077288 |67.743251|657.712070
Duy,n |8.3327e-04/4.2367e-04{2.0666e-04/9.8029e-05(4.5608e-05

a=0.8 Ry,n | 0.9758 1.0357 1.0759 1.1039 —
CPU (s)| 0.230143 | 1.394742 | 9.185984 (68.491994(665.737263

m
Tl
g
R
“\:?\\93\\8&\\\“\\\\\\\

m
\\\\\ \\\\\\\\ \

[N
Numerical Solution

o o © o

Numerical Solution

- o

(a) For a = 0.4.

(b) For o =0.8.

Figure 4.5: Surface plots of the numerical solution of Example with M = N = 64.

for « = 0.4 and @ = 0.8 with M = N = 64 are shown in Figure 4.5l Figure
(a) displays the maximum errors (in time) for various values of o for Example with
M = N = 64, and log-log plot of N vs. maximum errors corresponding to Table
with N = M is depicted in Figure [4.6] (b).

The numerical results presented in this section validate the theoretical error estimates
given in Theorem [4.9] Also, one can observe that the proposed method is more accurate
and efficient for TF-IPDEs.
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Figure 4.6: Plots of numerical results for Example .

4.5 Conclusion

In this chapter, we obtained the analytical and numerical solutions of non-autonomous
time-fractional integro-partial differential equations. The existence and uniqueness of
the analytical solution of the IBVP are proved by using the Sumudu decomposition
method and the maximum-minimum principle. To obtain the numerical solution of
the IBVP , first we semi-discretize the IBVP in the temporal direction by
discretizing the time-fractional derivative and the integral term using L1-discretization
and trapezoidal rule, respectively. And then we obtain the fully discrete scheme by
discretizing the spatial derivatives by using the cubic spline approximation. In order to
tackle the singularity in the solution along ¢t = 0, we used the graded mesh in the time
direction, which increases the accuracy of the computed solution over those obtained by
using uniform mesh. Theoretical error estimates are derived and numerical experiments
are carried out to demonstrate the efficiency and accuracy of the present numerical

method over the previous method described in [95].
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CHAPTER 5

Study of interior penalty discontinuous Galerkin method
for time-fractional diffusion problem

This chapter studies the superconvergence of error estimates for the discontinuous
Galerkin method for a class of non-autonomous time-fractional partial advection-
diffusion-reaction equations. To obtain the numerical solution to the model problem,
we apply the NIPG method in space on a uniform mesh and the Ll-discretization in
time on a graded mesh. It is demonstrated that the computed solution is discretely sta-
ble. Superconvergence of error estimates for the proposed method is obtained using the
discrete energy-norm. Also, we have applied the proposed method to solve semi-linear
problems after linearizing by Newton’s linearization process. The theoretical results are

verified through numerical experiments.

5.1 Introduction

The class of initial-boundary-value problems (IBVPs) with Caputo fractional derivative

that we will be focusing on in this chapter is as follows:
CDiu(z,t) + L(u(z,t) = f(z,t), (x,t) € Q:=Q x (0,T],

u(x,0) = g(x), VreQ, (5.1)

u(0,t) =u(l,t) =0, Vte (0,7T],

where Q = (0,4), L(u(x,t)) = p(t) [_6635 <a(:n)gz> + b(x)u] (z,t) with a € C1(Q), b €

e(Q), p € ¢([0,7)), a,p > 0,b > 0 and 0 < o < 1. The compatibility restrictions
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Chapter 5 5.2 Fully discrete formulation

g(0) = g(¢) = 0 are likewise assumed to be valid. The presence of the unique solution
to the IBVP is discussed in Section of Chapter

The outline of the chapter is as follows. Section[5.2]deals with the proposed numerical
scheme for the IBVP , whereas the L?-norm stability is studied in Section
Section discusses the superconvergence analysis of the proposed method. By utilizing
the Newton linearization approach, we extend the results of linear problem to semi-linear

problem in Section Section carries out numerical experiments.

5.2 Fully discrete formulation

This section provides the numerical scheme to solve the IBVP (j5.1)). We further demon-

strate that the associated discretized scheme has the Galerkin orthogonality property.

5.2.1 Temporal semi-discretization

Consider the graded mesh " = {tn : 1 <n < N + 1} as described in the Subsection
Let u™ be the approximation of u(-,¢,). The Caputo fractional derivative is
discretized using the standard L1-discretization as in (1.10). From [106, Lemma 5.2],
the bound for the truncation error at time ¢t = t,,, R} (z) := (%Dj'\‘, - CDtO‘) u(x, ty), is
as follows:

IR (z)| < Cn~min{2-are}, (5.2)

We generate the following semi-discrete problem by discretizing the temporal deriva-
tive in the IBVP (5.1): For n € {2,3,--- ,N + 1},

¢ _% <p(tn)a%;—n> () + ("u"™)(z) = F*(z), x€Q,

al(z) =g(x), z€Q, (5.3)

where ¢™(z) = p(tn)b(x) +dnn1, f*(x) = f(2,t,) and F*(z) = nf (A= j1] W () +
j=2

dp Tt (z) + f().
Recall the error estimate for the temporal semi-discretization of the IBVP (/5.1)
discussed in Lemma [3.5] of Chapter
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Chapter 5 5.2 Fully discrete formulation

Lemma 5.1 The error resulting from temporal semi-discretization of IBVP has
the following bound:

HU _unH <CN~ min{2— ara} n=12,---,N+1. (5.4)

5.2.2 The fully discrete NIPG method

The spatial derivatives are discretized using the NIPG approach in this subsection.
For a positive integer M, we consider spatial uniform mesh Qj;. Denote the spatial
approximation of u" in the finite element space Volfh as up.

The finite element approximation for the semi-discrete problem is given by the
following using the NIPG method for spatial variable:

Find u}} € Volfh(n =2,---,N+1) so that

Bh(u’g,vh) = <F",Uh>, Yy, € V()]fh’ (5.5)
/u,llvhdw = /gvhd:p, Yoy, € Vokjh,

Q Q

with By (u},vn) = Bi(up,vp) + Ba(uf, vs) — Ba(vn, up) + B3(uj, vy,), where

1(up, vp) Z / (tn)a(x)(up)z(vp)z + " (x)upvy) do,

m= llC
M+1

2 (g, vn) Z{p up)a(Tm) } v (2m)],

M+1

By(uf,vn) = Y, T [uh(@m)][on(zm))

m=1
M

" op) Z/ fn_|_dn1uh—|—z nj — dn j- 1uh)vhd:r

le

m

and the stated discontinuity-penalization parameters o,,, > 1 (m =1,2,--- , M + 1) are
connected to the node x,.
Using the definitions of jump and average as well as integration by parts, one can

now obtain the Galerkin orthogonality property for the bilinear form By(-,-).

Lemma 5.2 Let u™ be the solution of the semi-discrete problem and uy be the
solution of the fully discrete scheme . The Galerkin orthogonality property is then
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Chapter 5 5.2 Fully discrete formulation

satisfied by the bilinear form Bp(-,-):
Bp(u"™ —up,vp) =0, Vo€ kajh(ﬂ), 1<n<N-+1.

Proof. Since u" is the solution of the semi-discrete problem (/5.3)), we have [u™(z,,)] =
0,1 <m < M+1and [@(xy)] = 0,2 <m< M. Then for all v, € V{, (Q2), we have

Bh(ﬂn, Uh) = Bl(ﬁn, Uh) + Bg(ﬁ",vh). (56)

Using the definitions of jump and average as well as integration by parts, one can

now obtain that

M M+1
Bi@ o) = 3 [ (~0(t)a@")) o5 Yonda= 3 (plta)alam) @")a(zn) on ().
mzllCm m=1

(5.7)
Thus from the equations (5.6)), (5.7) and using the semi-discrete problem (j5.3)), we get
the following for vy, € Vg%, (Q):

M
Bu(@",on) = / (= (et)a@™))e + @ Jondz = (F" ). (5.8)

m=1 Kom

From equation (5.5 and equation ([5.8)), we obtained our required result. O

For the given bilinear form By (-, ), we define the DG energy-norm as

M M+1
lollhe =8 /(!vxl2 +uP)dz + > omlo(@n))?, v € Vi (Q),
m:lKm m=1
and the discrete energy-norm as
Bh Mk M+1
lloll* = Y 0 Y wilva(@my)” + Blol* + D omlv@a)?, v € Vi, (),
m=1 j=1 m=1
where f = min{p.a., bips}, P = lglzléle(tn), a, = min a(x) b, = gaelgb(x) and Ty

hw;
are the Gaussian points in element K,,. Here, TJ > (0 are weights for the k-point
Gaussian quadrature rule on K,y,. It is obvious that the coercivity condition satisfied by
the bilinear form provided in the fully discrete scheme (5.5)) in both the energy-norm,

i.e., By(v,v) > [|v]|* and By (v, v) > [[v[[e-
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Chapter 5 5.3 L?-stability of the fully discrete scheme

5.3 L’-stability of the fully discrete scheme
This section establishes the L2-stability for the fully discrete L1-NIPG scheme.

Lemma 5.3 The following bound is satisfied for n =2,3,--- N +1 by the solution u}}
of the fully discrete scheme (5.5):

n—1

bl 4+ Y g = dug-nlle]]). (5.9)
j=2

Jupll < 731 T(2 - a)(llf”H +dn

Proof. Fixn € {2,3,---,N 4 1}. Letting v = u}} in the fully discrete scheme (5.5)
and using the condition given for a, b, p, we have
dnnilup > < |Ba(uf, up) = |(Fyup)]

M n—1
S [ (1714 kbl + 3@~ -0l )l
=2

m=1 Kom

IN

Using the Cauchy-Schwarz inequality on the right side of the aforementioned inequality

results in

n—1
uh |+ 32 (dns — dug-1) i) g
j=2

Al 2 < (1714 oy

~ 1
Then the equation (5.9) follows as dy, -1 > o T2—a)

n—1

Forn=2,3,---,N+1and j =2,3,---,n, we recall 9, ; defined in (3.31). The
stability result for the fully discrete scheme (5.5 is given by the following lemma.

. Hence the proof is done. [

Lemma 5.4 Let up be the solution of the fully discrete scheme . Then, we have

lupll < llugll + C T ax 17, for2<n<N+1. (5.10)
Sl

Proof. By replicating the proof of [I06, Lemma 4.2] in the Lemma we have

n n
gl < Nlupll + Oy D Ongll 1 < lupll + Criy jpax. 11 Oy (5.11)

j=1 == j=1
By Lemma [3.4] with ¢ = 0, we obtain our required result. O
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Chapter 5 5.4 Superconvergence analysis of proposed DG method

Remark 5.1 The NIPG approach is well posed, as shown by the aforementioned lemma,
which states that if f = u,ll = 0, then one must have the trivial solution uy = 0 in the

fully discrete scheme . This also concludes the uniqueness of the discrete solution.

5.4 Superconvergence analysis of proposed DG method

In this section, we will study the superconvergence analysis of the fully discrete scheme
using discrete energy-norm rather than using the DG energy-norm. Let us first consider

the Lobatto points {—1 = zék), zgk), e ,z,(f_)l, z,ik) = 1} on [—1, 1], which are the (k+ 1)
k—1
P (22 — 1)*. Let ITv € P¥([~1,1]) denotes the

Lagrange interpolation of a continuous function v defined on [—1, 1] by using the Lobatto

zeros of the polynomial ®yyq(2z) =

nodes {zj(k)}?:(). Then we have

1

(k+1)( )
v z
(nv—m@)::-Tﬂm—¢ﬂﬂ@+oa)/w%ﬁkaua (5.12)
—1
/ U(k+1)(z) / (k+2)
(Tlv — ) (2) = _EH!W“”+O“[/W (2)|dz, (5.13)
dk
where Uy (z) = W(ZQ —1)* is a multiple of the kth Legendre polynomial on [—1,1] and
2
Gauss points are the zeros of Wy(z).
For m = 1,2, -, M, let x (k) _ Im +2xm+1 n xm+12— :I;mzj(k)’ j =01,k be
the nodes in [Ty, Tm1] corresponding to z](-k). For 2 < n < N + 1, let mpu™ denotes

the piecewise Lagrange interpolant of u™ using {ng : _o as node points on [y, Tm1].

Then from equations ([5.12)) and (5.13]), we have the followmg for x € [xym, Tmy1] and
n=1,2,--,N+1:

n n o (un)(k—H) (1:) =
(mpu” —u")(@) = W@m w1 (@) + O(R*) / ’ k+2)( )‘dw,(5.14)
VPN (740 M o) )%
(ma =" () = g +Ohk/w )(h2)( ’% (5.15)
R k-1 2\ k R R
where @, 141(z) = % ((90 — Tmi1/2)? — Z) and Wy, i (2) = @), 114 (7).
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Therefore, the equation (5.15)) at the Gauss points x,,; becomes

(mpu™ — u™) () = O(RF) / |(u™)*+2) (z)|dx. (5.16)

We have the following interpolation error estimate for any u™ € H**1(Q, Pys) (n =
1,2, N +1):

Hu — ThU Hdl P < Chk+17dl‘un‘k+17pM, 0 < d1 < k+1. (5.17)

Let u™ and u} respectively, denote the solutions at ¢ = t,, of the equations (5.1)) and
(5.5), then we define the error e” as

n

e i=u" —up = (u" — mpu") + (mpu” —up), n=1,2,--- N+ 1.

Let’s use the notation 0" := u" — m,u™ for the interpolation error and £" := mpu” — uj
for the spatial discretization error.
The interpolation error in the DG energy-norm will be investigated in the following

theorem.

Theorem 5.2 The interpolation error can be bounded by
"l pe < CR*, n=1,2,-- ,N+1.

Proof. Now, since n"(zy,) =0 form =1,2,--- , M +1, which implies that [n"(z,,)] =
0. Then for each n =1,2,--- , N + 1, we have

T J @+l Bydz = 5(1" 5, + 17 F) < CH, - (5.18)

m= 1/Cm

where we have used the estimate given in the equation (5.17). Hence the proof is done.
O
The interpolation error in discrete energy-norm is a topic we’ll explore in the follow-

ing theorem.

Theorem 5.3 The interpolation error can be bounded by

™l < CR*Y, n=1,2,--- N +1.
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Proof. Now, since n"(zy,) =0 form =1,2,--- , M +1, which implies that [n"(z,,)] =
0. Then for eachn=1,2,--- , N + 1, we have

M k

h
I™lI> =8 22%\ "(@mg) P+ Blln" (| (5.19)
m=1

By using equations (5.16) and (5.17) in the above equation (5.19) and then using the

Holder’s inequality, we have the following

2

M
|||17n|”2 < C Z h2k+1 / | (k+2 ( )]da: + Ch2k+2 Z / ‘(un)(k+1)($)|d$
m=1 Kom m:le
< Ch2k+2 |un|i+2,77M g Ch2k+3 |un‘%+1,73]w
< Ch2k+2.
Hence the proof is done. O

The bound on the discretization error in the discrete energy-norm will be shown in

the following.

Theorem 5.4 The following bound is satisfied by the discretization error:
lle™| < € (H+ 4 pmmini2maral) ©n — 1,2, N 41,
Proof. From the definition of "™ and 1™, and the linearity of By(-,-), we have
By(£",€") = Bp(u™ — up, ") + Bp(u" —u",&") — Bp(n",£"). (5.20)

From Lemma we have By, (0" —ull,£") = 0, as " € Vi, (Q). Now, from the IBVP
(5.1) and the semi-discrete problem (/5.3)), one can see that the following hold:

Bp(u" —u", ") = (RY,¢"). (5.21)

As [n"(xm)] = 0, we can estimate B2(£",n") = Bs(n™,£") = 0. So, Bp(n",&") =
Bi(n™, &™)+ Ba(n™,£™). Now by using the Holder’s inequality, By (n™, &™) can be written

as
M
Bl e = X [ (p)ayies + e s
m:l,cm
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< o

The remaining term Ba(n™, &™) can be bounded by

170 + HW”IIHS"H) < CR e (5.22)

M+1

2(n",¢") = Z {p(tn)a(@m)n; (@m) YE™ (2m)] < CREFL|ER]|. (5.23)

Therefore, by using the coercivity property and combining the equations (5.22)) and

(5.23]), we have

€717 < Bu(€",€") = (R, €") = Bu(n™ ") < IRXN € + |Bu(n™, €")
<C (nfmin{Qfa,ra} + thrl) H|§n|H (524)

Therefore, [|€"|| < O (n~min{2-ara} 4 pk+1)  Hence, we can obtain the required result.
O
The error bound resulting from the IBVP (5.1))’s fully discretization is shown in the

following theorem.

Theorem 5.5 Let u™ be the solution of the IBVP and vy, be the solution of the
fully discrete scheme at t = t,, then the error estimate is as follows:

|Hun - um” <C (hk—i-l +n min{2—a,ra}) 7 1<n<N4+1.
Proof. We know that for each n =1,2,--- | N + 1,

™ =[] < Y™ [+ [H1€™ I

Now by combining the results given in Theorem and Theorem and we derive

the necessary estimate by considering maximum over n. O

Remark 5.6 As like the results given in Theorem[5.]] and Theorem one can estab-
lish that [|€"| pe < C(RF +n~min{Z=arad) gnd ||um —ul|| ), < C(RF 4 n=min{Z-aral)
As a result, we have enhanced the order of convergence (spatial direction) by one, by

utilizing the discrete energy-norm rather than the DG energy-norm.
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5.5 Semi-linear time-fractional IBVPs
We consider the following class of semi-linear time-fractional IBVPs in this section:
CDYu(x,t) + L(u(x,t)) = f(x,t), (2,t) €Q:=Qx (0,T],

u(r,0) = g(z), Ve, (5.25)

uw(0,t) = u(l,t) =0, Vte (0,T],

where Q = (0,4) and L(u(z,t)) = p(t) [_ai <a(a:)g;‘(a;,t)> + bz, u)] with

a€CYQ), be ' (QxR), alz) >0, b, >0, VzeQ,
(5.26)

p € ¢([0,T)), p(t) >0, Vte (0,T].

We further assume that the problem (5.25) admits a unique solution wu(x,t) and that
the compatibility conditions g(0) = ¢g(¢) = 0 hold true for suitably smooth functions
b(xz,u), f(z,t) and g(z).

To arrive at the problem’s numerical solution, we first apply the Newton linearization
process to convert the semi-linear problem into a sequence of linear problems and
then we use the numerical approach described in the previous section. As a result,
starting with the first guess u(?), we define the solution u(?t1), ¢ > 0 of the following

linear time-fractional IBVP:
CDRu D, £) + LA (z,1)) = Fia,1), V(1) € Q,

u@(z,0) = g(x), Vzel, (5.27)

wlatD(0,8) = wlat (0, t) =0, Vte (0,T],

where
(g+1)
LA 2, 1)) = p(1) [—f (a(ac)a“a ) + bu<x,u<q>>u<q+1>] (@),
xXr X
Fo(a,0) = £(2.1) — plt) [b(,ul®) — by (a0, 1)]
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We choose the convergence condition for {u(®},> as:

(maX) |u(q+1)($matn) — () (Tm,tn)] < Tol, ¢ >0.

Tmytn

We used Tol = 1.0e — 07 for computational purposes. The semi linear problem’s numer-
ical solutions are presented in the following section ([5.25).

5.6 Numerical tests

To demonstrate the effectiveness and precision of the suggested numerical methodology,
we conduct numerical experiments in this section. We consider three test examples: one
with constant coefficients linear problem, a second one with variable coefficients linear
problem, and another semi-linear problem. Tables and figures are used to present the
numerical results.

The L>(L?) error and the order of convergence can be calculated using

En,n
Eyny= max |u"—up|, and Ry n =logy : :
: 1<n<N+1 ’ Eonion

For the numerical studies, we have taken r = (2 — a)/«.

Example 5.7 Consider the constant coefficient example:

d%u

CDiu(z, t) — W(x,t) +u(z,t) = f(z,t), (x,t) € (0,7) % (0,1]
w(z,0) =0, z e 0] (5.28)
[ u(0,t) =u(m,t) =0, te(0,1].

In the IBVP , the function f(z,t) is computed such that u(z,t) = (t*+t3)sin z.

The numerical solution’s surface plot and the error curve at ¢ = 1 of Example [5.7]
for « = 0.6 with M = N = 64 are displayed in Figure [5.1

The L*(Q), L>=(Q), |||l p; and ||-||| errors and corresponding rate of convergence at
t =1 for a =0.4,0.6 for Example are provided in Table where we observed that

superconvergence of error occurring in ||-|| over [|-|| pe-
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(a) Numerical solution. (b) Error at t = 1.

Figure 5.1: Solution surface and error curve at t =1 for Example .

Example 5.8 Consider the variable coefficient example over (0,m) x (0,1]:

Ou

CDYu(z,t) + (12 +1) {—a% ((:c - 1)83:) + u} (z,t) = f(z, 1),

u(z,0) =0, €0, (5.29)

| u(0,t) = u(m,t) =0, ¢€(0,1].

In the IBVP , the exact solution is u(z,t) = t“z sin x, which will be utilized to
determine the value of the function f(z,t).

The numerical results for Example [5.8] are given in Figure which depicts the
numerical solution’s surface plot, and the error curve at ¢t = 1 for @ = 0.6 with M =
N = 64. Also, the L*(Q2), L>=(Q), [|-|lpc and ||| errors and corresponding rate of
convergence at t = 1 for a = 0.4,0.6 for Example [5.8| are provided in Table where

we observe that superconvergence of error occurring in [||-||| over ||-||| pq-

Example 5.9 Consider the semi-linear problem:

( 24

CDiu(z, t) — 32 exp(—u(z,t)) = f(x,t), (x,t) € (0,1) x (0,1],

u(z,0) =22 -2z, x€l0,1], (5.30)
[ u(0,t) =u(l,t)=0, te€(0,1].

In the problem (/5.30)), the evaluation of f(x,t) results in the exact solution, u(x,t) =
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Table 5.1:  Errors and order of convergence att =1 for E:mmple with N = [Mﬁ} ,
om=1and k=1.

al M — 20 40 80 160 320
[ — upl| 2y | 1.3522e-02 3.5314e-03 9.1783e-04 2.3478e-04 5.9674e-05
Order 1.9370 1.9439 1.9669 1.9761 -
lu— up||p(o) | 1.0732e-02 2.8109e-03 7.3151e-04 1.8722e-04 4.7601e-05
Order 1.9328 1.9421 1.9661 1.9757 -
04 | |lu—unllpg | 1.9758e-01 9.8536e-02 4.9231e-02 2.4611e-02  1.2305e-02
Order 1.0037 1.0011 1.0003 1.0001 -
lu — ] 1.5666e-02 4.1751e-03  1.1024e-03 2.8450e-04 7.2755e-05
Order 1.9077 1.9212 1.9541 1.9673 —
lu—unllz2(q) | 1.0765¢-02 2.7140e-03 6.8132e-04 1.7079¢-04  4.2758¢-05
Order 1.9879 1.9940 1.9961 1.9980 —
lu—up||p(o) | 8.5329e-03  2.1588¢-03 5.4281e-04 1.3617e-04  3.4104e-05
Order 1.9828 1.9917 1.9950 1.9974 —~
0.6 | [Ju—unllpe | 1.9725e-01 9.8484e-02 4.9224e-02 2.4610e-02 1.2304e-02
Order 1.0020 1.0005 1.0001 1.0000 -
llw — up| 1.1500e-02  2.9193¢-03  7.3534¢-04 1.8468e-04 4.6279¢-05
Order 1.9779 1.9892 1.9934 1.9966 -

(t* + 13 +1)(2? — ). In order to numerically solve this problem, we first linearized the
semi-linear problem ((5.30]) using Newton’s approach described in equation (5.27)), which

results in the following linear problems:

(
(CDeulet) 4 L(ulatD))) (2, 1) = Fi(z,t), Y (x,t) € (0,1) x (0,1],

w9t (z,0) =0, z€][0,1], (5:31)
wtD(0,¢) = uletD(1,t) =0, te]0,1],
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Table 5.2: Errors and order of convergence att =1 for E:mmple with N = [Mﬁ} ,
om = 1000 and k = 2.

al M — 4 8 16 32 64
[ — upl|z2(y | 3-5126e-02 5.6404e-03 7.8277e-04 1.0309e-04 1.3153e-05
Order 2.6387 2.8491 2.9247 2.9704 —
lu—up||p(o) | 2.9975e-02  4.5440e-03  6.2555¢-04  8.2297e-05  1.0499e-05
Order 2.7217 2.8608 2.9262 2.9706 -
04 | |lu—unllpg | 1.6635e-01 3.7007e-02 8.6777e-03 2.0970e-03  5.1455¢-04
Order 2.1684 2.0924 2.0490 2.0269 —
lu — ] 6.8309e-02  1.1059e-02  1.6621e-03 2.5421e-04 4.1639¢-05
Order 2.6269 2.7341 2.7089 2.6100 —
lu = unllz2(q) | 2.6859¢-02 3.8755e-03 5.0604e-04 6.5118¢-05 8.3524c-06
Order 2.7929 2.9371 2.9581 2.9628 —
Ju—up||p(o) | 2.2922e-02  3.1226e-03  4.0447e-04 5.1995e-05 6.6681e-06
Order 2.8759 2.9486 2.9596 2.9630 —~
0.6 | [lu—wunllpg | 1.6195e-01 3.7485e-02 9.2240e-03 2.3588¢-03 6.1854e-04
Order 2.1111 2.0229 1.9673 1.9311 —
llw — up| 6.6898¢-02 9.2170e-03 1.2128e-03  1.5645¢-04 2.0078¢-05
Order 2.8596 2.9259 2.9546 2.9620 —~
where for ¢ > 0,
L(uletD)) = —82;:;1) + exp(—u()ula+D)

F9 = f + exp(—u(9)(1 + u().

The approximate solution to the problem is then obtained by using the sug-
gested numerical technique to . We utilize the initial supposition u(o)(w,t) =
0, (z,t) € (0,1) x (0, 1] for computation.

The numerical solution surface and error curve at ¢ = 1 are shown in Figure [5.3
with M = N = 64 and a = 0.5. The numerical results for the suggested approach for
Example [5.9] are presented in Table
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Numerical Solution

(a) Numerical solution.

x10 3

(b) Error att=1.

Figure 5.2: Solution surface and error curve att =1 for Example .

Numerical Solution

(a) Numerical solution.

4.5

x10°%

(b) Error at t = 1.

Figure 5.3: Solution surface and error curve att =1 for Example .

5.7 Conclusion

The present work examined the superconvergence of the NIPG approach for the non-

autonomous TF-ADE (5.1)).

We developed a fully discrete scheme by discretizing

the spatial variables using the NIPG technique and the time derivative using the L1-

discretization. The suggested method is convergent with respect to the discrete energy-

norm of order (k+1) in the spatial direction and of order min{2 — «, ra'} in the temporal

direction, where k represents the degree of the piecewise polynomial in the finite ele-

ment space. Further, after linearizing the semi-linear problems by using the Newton’s

linearization process, we solved them by applying the present method. We validated the
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5.7 Conclusion

Table 5.3: Errors and order of convergence att =1 for E:mmple with N = [M%} ,
om=1and k=1.

al M — 20 40 80 160 320
lu —unllz2(q) | 6.0297e-02  1.3814e-02 3.2707e-03  7.9315e-04 1.9511e-04
Order 2.1259 2.0785 2.0439 2.0233 -
lu — upllpeo(y | 1.0348e-01  2.6196e-02 6.5745e-03 1.6458e-03 4.1167e-04
Order 1.9819 1.9944 1.9981 1.9993 -
04 | |lu—unllpe | 3.2440e-01  1.5317e-01 7.4670e-02 3.6896e-02 1.8342e-02
Order 1.0827 1.0365 1.0171 1.0083 -
1 — 1.6262e-01  5.5796e-02  1.9477e-02 6.8469e-03  2.4143e-03
Order 1.5433 1.5184 1.5082 1.5038 -
lu = unll2(@) | 6.0228e-02  1.3801e-02 3.2678e-03 7.9247e-04 1.9495e-04
Order 2.1257 2.0784 2.0439 2.0233 -
lu = upll gy | 1.0342e-01  2.6192e-02 6.5742e-03 1.6458e-03  4.1167e-04
Order 1.9814 1.9942 1.9980 1.9992 -
0.6 | |lu—unllpg | 3.2440e-01 1.5317e-01 7.4671e-02 3.6896e-02 1.8342e-02
Order 1.0826 1.0365 1.0171 1.0083 -
[lw — upl| 1.6250e-01  5.5780e-02 1.9474e-02 6.8466e-03 2.4143e-03
Order 1.5426 1.5182 1.5081 1.5038 -
Table 5.4:  L°°(L?) error and the order of convergence for Example with k =2 and
om = 1.
al | M=N—= 16 32 64 128 256
0.4 Eun 1.3177e-03  5.4129e-04 2.0350e-04 7.3971e-05 2.6366e-05
Ry,n 1.2835 1.4114 1.4600 1.4883 -
0.6 Eyvn 1.9151e-03 8.8080e-04 3.7954e-04 1.5574e-04 6.2081e-05
Ruy,n 1.1206 1.2146 1.2851 1.3269 -
0.8 Envn 2.4319e-03  1.2029e-03 5.7275e-04 2.6515e-04 1.2052e-04
Ryn 1.0155 1.0706 1.1111 1.1375 -
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theoretical results through various numerical experiments.
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CHAPTER 6

Discontinuous Galerkin method for nonlinear
time-fractional integro-partial differential equations

This chapter provides the numerical solution of the nonlinear time-fractional integro-
partial differential equation. We linearize the nonlinear problem by applying the New-
ton’s linearization process. For resultant linearized problem, we apply the NIPG method
for the spatial variable and use both Ll-discretization and L2-discretization for time-
fractional derivative, and the trapezoidal rule for the integral term and obtain the fully
discrete scheme. We then prove the stability and error estimate of the proposed method,
and derive the required error estimates. To demonstrate the theoretical error bounds,

numerical experiments will be carried out.

6.1 Introduction

Model problem for this chapter is the following initial-boundary-value problem (IBVP):
CDiu(x,t) + Lu(z,t) + Tu(z, t) = f(x,t), (2,t) € Q :=Qx G,

u(r,0) = g(x), VreQ, (6.1)

w(0,t) = u(l,t) =0, VteG,

where Q = (0,¢), G = (0,7], and 0 < o < 1, and

Lu(z,t) = _8855 <a($,t)gz(:z,t)) + b(u(z,t)), (6.2)
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¢
Tiu(z,t) )\/K x,t — s)u(z, s)ds. (6.3)
0

Further, we assume that the functions a, b, K, f are suitably smooth, A > 0 as well as

0 < ax <a(zx,t) <a”, % >0, K(z,t)>0, V(z,t)eQ, (6.4)
and the initial value g(-) satisfies the compatibility conditions g(0) = g(¢) = 0, and the
IBVP admits a unique solution.

This chapter is structured as follows: The detailed numerical method for the non-
linear IBVP is given in Section That is, here, by linearizing the nonlinear
IBVP and employing the NIPG method for the spatial variable, and both the
L1-discretization and L2-discretization for the temporal derivative and the trapezoidal
rule for the integral term, we develop the fully discrete schemes. The L?-norm stability
and uniform convergence of the fully discrete method are then examined in Sections
and [6.4] respectively. Numerical results are displayed in Section to illustrate the

theoretical convergence estimates.

6.2 Numerical method

This section describes the complete numerical procedure applied to solve the nonlinear
time-fractional integro-partial differential IBVP (6.1)).
6.2.1 Linearization of the nonlinear IBVP

We use the Newton linearization process and obtain the sequence {u'?(z,t)},>0 for
the initial guess u(o)(x, t) satisfying the initial and boundary conditions of the problem.
Thus we define w9tV (z,t) for each fixed ¢, to be the solution of the following linear
IBVP:

CDRu D) (2, 1) + LI (2, 1) + Tu0HD (2, 8) = G9(x,t), Y(z,t) € Q,

w@ D (2,0) = g(z), VzeQ, (6.5)

u(q—i—l)(o’t) _ u(q+1)(5’t) =0, Vtegd,

Ph.D. Thesis 124

TH-3323_196123008



Chapter 6 6.2 Numerical method

B oulatD)
AT
Gi(z,t) = f(z,t) — b(uD) + by (u)ulD(z,1), ¢ > 0.

Hence for a fixed ¢, we will solve by using the L1-NIPG and the L2-NIPG

methods. For the convergence of the Newton linearization process, we use the following

where £9u(0H) (z,1) == (z,t) 4 by (uD)uldtD) (2, 1), and

criterion:

max |u@"V (2, 1) — u'? (2,1)| < Tol, ¢>0.
(z,t)eQ

For computational purpose we have taken Tol = 1.0e — 07.
By denoting w9tV (z,t) = w(a,t), b(uD) = d(z,t), by(u'?(z,t)) = c(z,t) and
by (uD)uD (z, t) = &(x, t), the linearized integro-differential equation (6.5)) can be writ-

ten in the following form:
( A~
CDew(x,t) + Lw(x,t) + Tw(x, t) = F(x,t), Y(x,t) €Q,

w(z,0) = g(z), Vo e, (6.6)

w(0,t) =w((,t) =0, Vted,

ow

where Lw(z,t) = 0 <a8—
x

9 ) (z,t) + c(z, )w(z,t) and F(z,t) = f(x,t) — d(z,t) +
c(z,t).

6.2.2 Spatial semi-discretization

In this subsection, we use the NIPG method to discretize the spatial variable and obtain
the semi-discretized scheme. Let us first discretize the spatial domain uniformly as Q.
Now, the weak formulation of on the spatial variable is given as: For each t € (0,77,
find w(-,t) € H(, Pys) such that one has for all v € H(Q, Pyy),

M
<(0Dta + 7 + c(.,t)) w,v> — Z a(z, hwev|zmit 4 (awz, ve) = (F,v),
m=1 (67)

(w(m, 0)7 U> = <97 v>7
with the conditions w(0,t) = w(¢,t) = 0.

The semi-discretized scheme for the IBVP using the NIPG method for the
spatial variable is given by the following: Find w, (-,t) € Vi, (Q) for each t € (0,7] and
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Yo, € VOkh(Q) such that

<Cwah(-,t)7vh> +A(w, (1),v,) + <(cwh +Ziw, ) (-, 1), vh> = <f(~,t),vh>,

<wh(-,0),vh> = <qb, vh>,

with the conditions wh(O7 t) = wh(ﬁ, t) =0,

(6.8)

A(wh(-,t),vh) :Al(wh(~,t) v )+ As(w, (-, t),v )—Ag(vh,w

M—HKW
Ao(w, (41),0.) = 3 {alem, ) (w, )o@, O} 0, (@),
Ve
and  Ag(w, (56),v,) = > T w, (@, D)][v, (2m)]:
m=1

Here 0, > 1 are the penalty parameter for each m.

6.2.3 Fully discrete scheme

In this subsection, we study two discretization schemes for the time-fractional deriva-
tive, namely L1-discretization and L2-discretization. To discretize the integral term, we

employ the composite trapezoidal rule.

6.2.3.1 Fully discrete scheme using L1-discretization

We obtain the fully discrete scheme by discretizing the temporal derivative using the

L1-discretization and integral term using the trapezoidal rule in over the graded
_ -1
ImmGNmm%:T<”

N
The Caputo fractional derivative CDtO‘wh(x,tn),n > 2 is approximated by using

N
) ,n=1,---  N+1, and the constant r > 1 is arbitrary.

the L1-discretization as Cwah(x,tn) ~ ¢ D% W} (x). By using the composite trape-
zoidal rule as in (4.19)) on the graded mesh, we obtain the following approximation of
the integral term Zyw, appearing in as Itwh(a:,tn) ~ INW;(z). Using the L1-
discretization and the trapezoidal rule in , we obtain the fully discrete scheme for
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2<n<N+1landforalv, € Volfh(Q):

<g1Dj’\‘,W,?,vh> + A(W;},Uh) + <C”W;? —I—INW[L‘,vh> = <]7”,vh>,

<Wf}’“h> - <g’”h>’

with the conditions W} (0) = W;'(¢) = 0.
The truncation error R (z) for the discretization of the temporal derivative and
integral term is
Ry (z) = (°D§ + T, — 5% — In) wi(x, ™).

In the next lemma we will discuss the bound of R’ () as in Lemma

Lemma 6.1 Forz € Q andn =2,--- ,N + 1, a constant C' exists such that we have
the following bound:

||RR/($)|| < Cn~ min{2—cx,'ra,4—2r(a+1)}.
6.2.3.2 Fully discrete scheme using L2-discretization

Here, by discretizing the Caputo derivative with the L2-discretization [4] and integral
term using trapezoidal rule in over uniform mesh éN, we arrive at the fully discrete
scheme, for 2 <n < N and for all v, € VE (Q):

o 1 — 1 e 1 — 1
<€2D%Whn+ ’vh> + A(Wthr ’vh) + <Cn+1Vth+ "i‘INVth+ ’vh> - <.Fn+1,1]h>,

<W\hl’”h> - <g’”h>’

with the conditions ﬁ/\hn(O) = ﬁ/\hn(f) — (0L

(6.11)

Lemma 6.2 [J, Lemma 2.1] For any a € (0,1), n=2,3,-+- , N and u(t) € €3[0,t,,41],

we have the following truncation error bound:
|(°Df — D) ultntr)| < CT°7,
where C is positive constant.

—~ 2
Remark 6.1 We obtain the solution W), with the order of accuracy in time O(737%),
3

by using the L1-discretization on [0, 7] with step T = O (Tﬁ)
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6.3 L?-norm stability of the fully discrete scheme

In this part, we first examine the L?-norm stability of the fully discrete scheme ((6.10))
derived from the IBVP (6.1]) using the L1-NIPG approach. For the fully discrete scheme
(6.11]) generated by the L2-NIPG technique, the same can be established in a similar
way.

Define the discrete energy-norm by

M , M+1
oo =Y. [ oo+ 3 o, om0, € V)
m=1

m:1 ’C’"l

From (6.4]) and , it is clear that there exists v > 0 such that

A(Uh,vh) 2 V|||Uh|H2DG7 vvh € ‘/Olfh(Q) (612)

We present the stability result in the following general framework. Suppose that
for each n = 2,3,--- N +1and v, € Volfh(Q), the function 4™ € VOkh(Q) satisfies the

following;:

<%D?w", vh> +A("v,) + <C”7” +INV”,vh> = <g”,vh>,

(6.13)
1 _
(1h0,) = {arv,)
with 790 =0,1<n < N + 1.
Define 1, j forn =2,3,--- ,N+1,j=2,--- ,n—1 as
n—j+1
wn,n =1, T/fn,j — Z Tﬁ—k T/Jnflﬁl,j (dn,nkarl - dn,nfk il )‘Ig—k—i-l)- (6-14)
k=2

Lemma 6.3 The solution v™ of the discrete scheme satisfies the following bound:
" .
Iyl < C (I I+ 78 D ngGll) forn =23, N +1, (6.15)
j=2

where C' is a positive constant.
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Proof. Letting v, = 7" (2 <n < N +1) in equation (6.13]), we obtain that

<§1D%7",7”> +AG A" + (@ + Tvy™ ") = (Gh9"). (6.16)
Using (6.4) and ( in , we get
(F1DFA™ + Iny" ") < <g”,v">. (6.17)

Using the L1-discretization ((1.10|), trapezoidal rule (4.19)) in (6.17)), and then applying
the Cauchy-Schwartz inequality, we obtain

n—1

A1 |7 S 1G™ N+ C (A + AWM+ C D (dh = djr + AL ) 177
j=2
which is equivalent to
n—1 \
Iyl < Gy (197 + (s + ALY A+ (dng = dng—s + AL )W) (6.18)

j=2

One can easily observe from ((6.18) that the inequality (6.15)) holds true for n = 2.
Now we assume that for j =2,3,--- ,n—1,(3 <n < N + 1), the following holds:

J
Wl < O (I + 750 D wnlGH)). (6.19)

k=2

Then from (6.18]) and ( -, we have

Il < ey (167 + (dua + ML) 12)

|
—

n

J
+C781 Y (dng = dngor + A1) (1M1 + 7520 Y- il 9*1)

k=2

<
Il
V)

< sy (167 + (dunr + Anzlfy)w)
j=1

[
—

n

+OTo, (En,j—dm 1+m) 1Z¢3,k”g [

<
I|
N

IN

Cralg"|+C e ol

(Fe—a
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n—j+1

+CT -1 Z Hg]H Z < nn—k+1 — dn,nfk + )\Igfk+1)wn7k+1,j

k=2

< o+ Iwallg 1),

where in the last inequality we have used (6.14)). Hence by using the induction principle,
we have obtained the required result. O

In our analysis, the subsequent result is quite helpful.

Lemma 6.4 Forn=2,3,---,N + 1, we have the following bound for i, ;:
n
Y J Py < CTAN Y,
j=2

where v is a parameter satisfying v < ra and C > T'(1 — «a).

Proof. The proof is similar to [106, Lemma 4.3].. O
Next lemma presents the stability result for the discrete scheme ([6.13]).

Lemma 6.5 Let 4™ be the solution of . Then forn=2,3,--- ,N + 1, we have
n|| < ( 1 j )
Il < 01+ gmasx 1167)

Proof. From Lemma [6.3] and Lemma [6.4] with v = 0, one can obtain the required
result. O
One can establish the following result using Lemma in the same way of proof as

in [46, Lemma 4.4], which will be used in the error analysis.
Lemma 6.6 Suppose that v" satisfies <(€1D]0\‘, +IN) ’y"ﬁ”> <G, A™) + (u™)2, then

for1 <n < N+ 1, we have

<+, 1Z¢n,jllgjll + max 4|

1<j<n

6.4 FError estimates

In this section, we establish the error analysis for the L1-NIPG method. The error bound
for the L2-NIPG method can be establish in a similar way. From the L?-projection
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definition and (6.10), we can have that W} (z) = P¢(z).
Let w(z,t,) and W} be the solutions of and (6.10) at ¢ = t,, respectively.
Then denote the error " (x), n =1,2,--- ;N +1 as

en(x) = U)(IL‘, tn) - W/;l('x) = T’n - £n>
where 0" = Pw(x,t,) — Wj'(z) and " = Pw(z,t,) — w(z,t,).
From || and , we have the following for all v,
C nHa n n n, n
= (DR +In) €0, ) + A", v,) + ("€"0,) = (Ri,v,). (620)

By using Lemma [1.4] we have the following estimate.

Lemma 6.7 The projection error for each value of n =1,2,--- ,N + 1 is as follows:
|Pw(z, tn) — w(x, t,)|| < ChFHL,

where C' is a positive constant.

In the next theorem we will find out the bound for the discretization error.

Theorem 6.2 The bound for the discretization error for eachn =1,2,--- N +1 is as

follows:
Il < o (h* + N7e), (6.21)

where p = min{2 — a,ra, 4 — 2r(a+ 1) }.

Proof. Taking v, = n™ in ((6.20]), we have

(T1D% +In) 0™ 0™) + A(™, ™) + ("™ n™)

= {(({iDX% +In) " n™) + AE™ ™) + (" ™) — (R, ™). (6.22)

Now from (6.4) and (6.9), we have

M M+1

A(ﬁ”ﬂ?") = Z / (7795 dﬂ:‘—l— Z Um xm)]Q
m:l,cm m=1
M+1
> 7|| n|? + Z om[n™ (2m)]?. (6.23)
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It is clear that [£"(zy,)] = 0. Then from (6.4)) and and using the Young’s inequality,

we have the following:

M M+1
A = S / Q€ s+ S @ () (@) Hi ()]
m=1 m=1
]SWL M+1
Y / enrdn +a* 3 € (@) " ()
m=1

m:le

IN

M+1

s a* a*2
< (G124 s + X (Bl + e 620

m=1
Using (6.23)) and (6.24) in , we can obtain that
(D% +Zn) ™™y < (X", n™) + Ch?*, (6.25)

where " = (§,D% + Zy) £" + "™ — RY,. It is clear that |[x"| < C(hF +n79). Now
replacing v* = ", G" = x" and " = V/Ch* in Lemma we have

n
™ < C It + 7oy Y wnglxd Il + b
j=1

< C hﬁ+14_7ﬁ;1j£:¢%J(hk+14—j_g)+'hk
=

< C(h*+N79),
here we have used Lemma [6.4] O

Theorem 6.3 Let w(x,t,) and W} be the solutions of and at t = ty,

respectively. Then we have the following error bound due to the fully discretization of

the IBVP (6.6)):

n) — n < k N—g
(x| fw(@, tn) =Wy < C(h" + N7%),

where o = min{2 — a, ra, 4 — 2r(a+ 1)}.

Proof. For each n =1,2,--- N + 1, we have ||w(z,t,) — W[ < |9 + [|£"]]. We
arrive at the necessary conclusion by combining Lemma, [6.7] and Theorem O
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Chapter 6 6.5 Numerical experiments

6.5 Numerical experiments

In this section, we carry out some numerical experiments to show the accuracy and effi-
ciency of the proposed method, which will also validate the theoretical error bounds and
order of convergence. The results are presented in tabular forms and figures, including
error plots and log-log plots.

The errors and orders of convergence are determined by

EnN
gll\/IN = max ’u(xmv tn) i Whn(xm”v R]1\4N = 10g2 1 : )
’ lsnsN41, ’ Enran

1<m<M+1 :

52
i 9 M,N
Efy = e[l to) = Wil and RSy = log, <6§M 2N> |

where v is the solution of IBVP (6.1)) and W} is the approximate solution of the fully
discrete scheme (6.10) at t = ty,.

Example 6.4 Consider the following problem:

D u(x,t) — %(ﬂc,t) 4 /,r(t — s)u(z, s)ds = f(x,t), (z,t) € (0,1) x (0,1],
0

u(z,0) =0, =z €]l0,1], (6.26)

u(0,t) = u(l,t) =0, ¢te(0,1].

The solution of the IBVP is u(z,t) = (T + £3792(1 — 2), which will be
used to calculate the source term f. Tables and [6.2] present the errors and the
corresponding order of convergence for Example using both Ll-discretization and
L2-discretization for the fractional-time derivative with M = N, where we see that
L1-discretization gives order of convergence (2 — «) and L2-discretization gives second
order convergence results. Table displays the same for Example using the L2-
discretization for the fractional-time derivative with h?> = 737%, where the order of
convergence is (3—a). One can see from these Tables that the L2-discretization provides
with higher accuracy and better order of convergence, which is further illustrated in
Figure |6.1] Figure depict log-log plots of N vs. errors for Example for various

values of o using N = M and both L1-NIPG and L2-NIPG approaches.
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x10 3

x10 4

N
Y

—— a=0.2

I
o

n I
w >

Maximum error in time
N N
o N

Maximum error in time

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X
X

(a) Using L1-NIPG. (b) Using L2-NIPG.

Figure 6.1:  Errors for various values of a for Example with M = N = 64.

10"“r~~~~
.
2 ~.wA‘.‘~
10- el
- R ¢
- h N,
S
-©=a=02
"o .
104 |--0-=a=06 S,
-*-:::'?‘) ‘\\
-V-on?) S,
. , v
N 102 N 102
(a) Using L1-NIPG. (b) Using L2-NIPG.

Figure 6.2: Log-log plots of errors N ws. 5]2\4’]\, for various values of a for Example
with M = N = 64.
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Table 6.1: gJ%/[,N and R}\/[,N for Ezample using L1-NIPG with r = (2 —a)/a and

L2-NIPG.

o || Method [N = M —|  2* 2° 26 2 28

Elrn  [1.1300e-02[3.9869¢-03|1.3458e-034.3579€-04(1.3694e-04
L1-NIPG| Rj;y | 1.5030 | 1.5669 | 1.6267 | 1.6701 —

0.2 Eyn  [3-9994e-03[1.0111e-0312.5419¢-046.3723¢-05|1.5953¢-05
L2-NIPG| Rj,y | 19838 | 1.9920 | 1.9960 | 1.9980 -

Eprn  |1.2644e-02/4.36786-03/1.4939e-03(5.0534e-04(1.6954e-04
L1-NIPG| R}y | 15335 | 1.5478 | 1.5638 | 1.5756 -

0.4 5}\4:N 3.9795e-03[1.0084e-03[2.5382¢-04/6.3673e-05|1.5946e-05
L2-NIPG| Rj,y | 1.9805 | 1.9902 | 1.9950 | 1.9975 -

Eyn  |1.5057e-02/5.5488e-0312.0685e-03(7.7517e-042.9141e-04
LI-NIPG| Rj,y | 14402 | 14236 | 1.4160 | 1.4115 -

0.6 En  [3:9697e-03(1.0067¢-0312.5354e-04/6.3631e-05|1.5940e-05
L2-NIPG| Rj,;y | 1.9794 | 1.9893 | 1.9944 | 1.9971 -

Eprn  |1.9545e-02[8.0294e-033.3852e-03|1.4470e-03(6.2323¢-04
L1-NIPG| R}, | 12834 | 1.2461 | 12262 | 1.2152 -

0.8 5}\4,71\/ 3.9996e-03(1.0103e-03(2.5393e-0416.3670e-05|1.5943-05
L2-NIPG| Rj,y | 19850 | 1.9923 | 1.9958 | 1.9976 -
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Table 6.2: gJ%/[,N and R?\/[,N for Ezample using L1-NIPG with r = (2 —a)/a and
L2-NIPG.

ol

Method

N=M—

24

25

26

27

28

0.2

L1-NIPG

9.5527e-03
1.5841

3.1861e-03
1.6152

1.0401e-03
1.6568

3.2985e-04
1.6902

1.0222e-04

L2-NIPG

3.6366¢-03
2.0008

9.0866¢-04
2.0013

2.2696e-04
2.0010

5.6698e-05
2.0007

1.4168e-05

0.4

L1-NIPG

1.0467e-02
1.6011

3.4499e-03
1.5927

1.1438e-03
1.5941

3.7887e-04
1.5967

1.2527e-04

L2-NIPG

3.5547e-03
2.0069

8.8445e-04
2.0066

2.2011e-04
2.0051

5.4833e-05
2.0036

1.3674e-05

0.6

L1-NIPG

1.2125e-02
1.5040

4.2748e-03
1.4649

1.5485e-03
1.4425

5.6975e-04
1.4285

2.1167e-04

L2-NIPG

3.5519e-03
2.0175

8.7727e-04
2.0180

2.1659e-04
2.0157

5.3563e-05
2.0128

1.3273e-05

0.8

L1-NIPG

1.5243e-02
1.3402

6.0205e-03
1.2793

2.4804e-03
1.2452

1.0463e-03
1.2260

4.4731e-04

L2-NIPG

3.8217e-03
2.0191

9.4289e-04
2.0272

2.3132e-04
2.0290

5.6679e-05
2.0279

1.3898e-05
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6.5 Numerical experiments

Table 6.3: FError and order of convergence for Example using L2-NIPG with h? =

i,

ol

N —

23

24

25

26

0.2

1
Evn

1
Ry N

3.1840e-03
2.8748

4.3409e-04
2.7662

6.3808e-05
2.8003

9.1604e-06

2
gMN

)

2
R]V[ N

b

2.9849e-03
2.8663

4.0935e-04
2.7519

6.0770e-05
2.7745

8.8811e-06

0.4

1
gMN

)

1
RMN

2

4.5787e-03
2.5892

7.6086e-04
2.5917

1.2622e-04
2.5846

2.1041e-05

2
Evn

2
Ry

4.3919e-03
2.5769

7.3606e-04
2.5770

1.2335e-04
2.5712

2.0757e-05

0.6

1
Evn

1
Ry n

7.1501e-03
2.3795

1.3741e-03
2.3536

2.6885e-04
2.3770

5.1755e-05

2
gM,N

i)

7.0884e-03
2.3957

1.3470e-03
2.3641

2.6164e-04
2.3844

5.0111e-05

0.8

1
gM,N

1
RMN

‘]

1.1489e-02
2.0840

2.7096e-03
2.1545

6.0862e-04
2.1837

1.3396e-04

2
EMN

2
Ry n

1.0977e-02
2.1012

2.5584e-03
2.1674

5.6953e-04
2.1932

1.2454e-04
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Chapter 6 6.6 Conclusion

Example 6.5 Consider the following nonlinear problem over the domain (0,1) x (0,1] :

;

2

CDiu(x,t) — %(m,t) + exp(u(x,t)) + /:L‘(t — s)u(z, s)ds = f(z,t),
0

w(z,0) =z(1 —z), ze€l0,1], (6.27)

uw(0,t) =u(l,t) =0, te(0,1].

\

The function f(z,t) in the IBVP will be selected in such a manner that
u(x,t) = 2(1 —2)(1+ 12 +1379) is the solution. The errors and the corresponding order
of convergence for Example[6.5]are shown in Table and Table[6.5|with M = N, where
L2-discretization have better accuracy than L1l-discretization. Figure displays the
maximum errors in time for both the schemes L1-NIPG and L2-NIPG with M = N = 64,
where we can observe that the for each « the errors reduces when we use L2-discretization
instead of Ll-discretization. Table demonstrates that, while b2 = 7379, the errors
decreases, as it expected and the convergence order is (3 — «). Figure show log-log
plots of N vs. errors for Example for a range of « values, with N = M and both
schemes L1-NIPG and L2-NIPG.

x10° 10 p10°

1

> N

e ¢
Maximum error in time

Maximum error in time
©o © © © © o
N ©w o

o

0 01 02 03 04 0)25 06 07 08 09 1 0 0.2 0.4 X 0.6 0.8 1

(a) Using L1-NIPG scheme. (b) Using L2-NIPG scheme.

Figure 6.3: FErrors for various values of a for Example with M = N = 64.

6.6 Conclusion

This chapter proposed and analyzed the convergence of the NIPG method for the non-

linear time-fractional integro-partial differential equations. After linearizing the IBVP
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(a) Using L1-NIPG.

(b) Using L2-NIPG.

Figure 6.4: Log-log plots of errors N ws. 512\4’]\, for various values of a for Example
with M = N = 64.

Table 6.4: 5}/[71\, and RJI\/[,N for Ezample using L1-NIPG with r = (2 —a)/a and
L2-NIPG.

ol

Method

N=M—

24

25

26

27

28

L1-NIPG

1
Evn

1
Ry n

2.4620e-03
1.3637

9.5667e-04
1.5198

3.3361e-04
1.6038

1.0976e-04
1.6543

3.4869¢-05

0.2

L2-NIPG

1
Evn

1
Ry

4.5991e-05
0.9033

2.4589¢-05
3.1873

2.6995e-06
2.0171

6.6692e-07
2.0098

1.6560e-07

0.4

L1-NIPG

1
En,N

1
Ry n

2.5427e-03
1.3737

9.8123e-04
1.4560

3.5766e-04
1.5040

1.2610e-04
1.5337

4.3555e-05

L2-NIPG

1
Evn

1
Ry n

5.7413e-05
2.1558

1.2884e-05
2.1094

2.9857e-06
2.0753

7.0847e-07
2.0517

1.7088e-07

0.6

L1-NIPG

1
Evn

1
Ry n

3.2886e-03
1.2790

1.3552e-03
1.3295

5.3921e-04
1.3575

2.1043e-04
1.3737

8.1203e-05

L2-NIPG

1
Evn

1
Ry

9.9599e-05
2.2226

2.1339¢-05
2.2020

4.6379e-06
21777

1.0251e-06
2.1528

2.3053e-07
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Chapter 6
Table 6.5: 512V[7N and R?M,N for Ezample using L1-NIPG with r = (2 — a)/a and
L2-NIPG.
a || Method |[N = M —| 24 25 26 27 28
5]2\/[7]\, 1.7609e-03/6.8257e-04|2.3788e-04|7.8239e-05|2.4851e-05
LI-NIPG| R2,, | 1.3672 | 1.5208 | 1.6042 | 1.6546 -
0.2 5]2\/[:]\, 3.8311e-05(1.7871e-05(2.2527e-06|5.5696e-07|1.3836e-07
L2-NIPG| R}, | 1.1002 | 2.9879 | 2.0160 | 2.0092 -
5]2\/[,]\, 1.8228e-03(7.0073e-04|2.5510e-04(8.9893e-05|3.1040e-05
LI-NIPG| R% y | 1.3792 | 14578 | 15048 | 1.5341 -
0.4 5]2\/[7]\, 4.6664e-05(1.0570e-05|2.4677e-06/5.8845e-07|1.4238e-07
L2-NIPG R%/[,N 2.1424 2.0987 2.0682 2.0472 -
5]2\/[7]\, 2.3574e-03|9.6749e-04|3.8446e-04(1.4996e-04/5.7854e-05
L1-NIPG R%/[,N 1.2849 1.3314 1.3582 1.3741 -
0.6 5]2\/[7]\, 7.6813e-05(1.6590e-05(3.6468e-06|8.1577e-07|1.8561e-07
L2NIPG| R}y | 22111 | 2.1856 | 21604 | 2.1359 =

by using the Newton linearization process, we have applied the NIPG method for spatial

variable, and both L1-discretization and L2-discretization for time-fractional derivative,

and the trapezoidal rule for the integral term, and finally obtained the fully discrete

scheme. We derived L?-norm stability and error analysis, and those are validated by

numerical examples.
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Table 6.6: FError and order of convergence for Example using L2-NIPG with h? =

i,

ol

N —

23

24

25

26

0.2

1
Evn

1
Ry N

1.4885e-04
3.9324

9.7500e-06
3.8698

6.6692e-07
2.8142

9.4822e-08

2
gMN

)

2
R]V[ N

b

1.0870e-04
3.9412

7.0765e-06
3.6674

5.5696e-07
2.8134

7.9234e-08

0.4

1
gMN

)

1
RMN

2

6.6091e-05
2.8043

9.4618e-06
2.7212

1.4348e-06
2.6628

2.2658e-07

2
Evn

2
Ry

5.3694e-05
2.7876

7.7762e-06
2.7091

1.1891e-06
2.6559

1.8869e-07

0.6

1
Evn

1
Ry n

1.8936e-04
2.7227

2.8686e-05
2.6288

4.6379e-06
2.6095

7.5995e-07

2
gM,N

i)

1.4587e-04
2.7123

2.2258e-05
2.6096

3.6468e-06
2.5888

6.0619e-07

0.8

1
gM,N

1
RMN

‘]

6.3237e-04
2.2725

1.3088e-04
2.3635

2.5433e-05
2.3871

4.8619¢-06

2
EMN

2
Ry n

4.7040e-04
2.2851

9.6513e-05
2.3603

1.8796e-05
2.3817

3.6066¢-06
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CHAPTER 7

Non-symmetric interior penalty Galerkin method for
nonlinear time-fractional Burgers’ equation

This chapter focuses on the study of numerical solutions for the one-dimensional time-
fractional Burgers’ equation. We proposed a stable fully discrete scheme that comprises
the L2-discretization for the time derivative and the NIPG method for the spatial vari-
able. Convergence analysis are carried out. Numerical results show the accuracy and

efficiency of the present method.

7.1 Introduction

This chapter takes into account the following nonlinear time-fractional Burgers’ equa-

tion:

2 2
CD?u(:U,t) + % (u2> (z,t) = p%(az,t) + f(z,t), (z,t) € Q x (0,7,

u(z,0) = g(x), Vo e, (7.1)

u(0,t) =u(l,t) =0, Vte (0,T],

where Q = (0,¢), p > 0, and 0 < a < 1. Furthermore, we assume that % > vt >0,
and ¢g(0) = g(¢) = 0.

The major goal of this chapter is to arrive at a numerical solution for the nonlinear
time-fractional Burgers’ equation by applying the NIPG method for spatial variable
and the L2-discretization for time derivative discretization. We further examine the

suggested method’s stability under the L?-norm, and we calculate the necessary error
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Chapter 7 7.2 Derivation of the L2-NIPG scheme

estimates with an order of convergence of (h**! + 73=?), where h and 7 are the step-
lengths in space and time, respectively. Numerical experiments will be carried out to
validate the suggested approach and show the theoretical error bounds.

The rest of the chapter is organized as follows: In Section[7.2] we derive the L2-NIPG
fully discrete scheme. Section shows the L?-stability of the fully discrete scheme.
Section |7.4]establishes the convergence analysis of the proposed method. Finally, Section

[7.5] shows the experimental studies for verifying the proposed results.

7.2 Derivation of the L2-NIPG scheme

This section outlines the numerical process of resolving the nonlinear time-fractional

Burgers’ equation (7.1]).

7.2.1 Temporal semi-discretization

By discretizing the time derivative in (7.1) with the L2-discretization [4, 111] over
the uniform temporal mesh éN with temporal step length 7 = T/N, we arrive
at the semi-discrete scheme. Let U"*1(x) be the approximate value of u(z,t,y1).

Now, L2-discretization for the discretization of “Dfu(x,t,.1),n > 2 is described as
“Dfu(,tni1) & LDRU" ().

Lemma 7.1 [, Lemma 2.1] The following is the truncation error bound for any o €
(0,1), 2<n < N and u(t) € €3[0,tp41]:

|(°Df — 5oD%) ultnsr)| < O3,
where C > 0 is a constant.

Remark 7.1 In order to wuse the L2-discretization for the discretization of
CDgu(x, tyi1),m > 2 given in (L1I), one has to know the values of U(x) and U*(x)
in advance. Here, the initial value g(x) can be taken as U(z) and to calculate U*(z),
we use LI1-discretization. As the Ll1-discretization has an accuracy of order (2 — «) in
the temporal direction, we will obtain U*(x) using Li-discretization with an order of
accuracy O(T37%) in time with step T = O (T%> on [0,7]. Over [0,7], define grid

points as ?m = (n1 — )7, 1 < ny < Ny, where Ny is chosen such that %\Nl =T.

To approximate the fractional derivative CDu(z,t,,) for t,, € [0,7], utilize the
L1-discretization as CDfu(z, t,,) ~ ngj‘\‘,luAnl(x).
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Chapter 7 7.2 Derivation of the L2-NIPG scheme

We generate the following semi-discrete problem by discretizing the temporal deriva-

tive in ((7.1):

8’\%1 2511

o u n
%DNﬁ"l(x)+ﬂ”1(x)%(x):pW(x)—i—f Lr), €, 2<n; <Ny,

c . N 6Un+1 62Un+1 L
ToDNyU M () + Ut (@T(Cﬂ) :Pw(@ + "t (z), z€Q, 2<n<N,

am(0) = M (6) = UM0) = UP() =0, 2<n <Ny, 2<n<NAN.
Here, we denote 7L(x) = f(2,7n,), F(x) = f (2, tn):

7.2.2 The fully discrete scheme

Here, we employ the NIPG approach to construct a fully discrete scheme by discretizing
the spatial variables in the semi-discrete problem ([7.2)). The weak formulation of
is now given as: Find @™, U"*! € H&(Q) for 2 < ny; < Ni, 2 < n < N such that one
has for all 1 € H} (),

IS Ut M U3t .
(5o o) + (@ o)+ Ty ) 220 T vl = (7).

=1

a au™t! Ut 9y oL gunit
C n+1 n+1 e . Titl n+1

<al’¢> = <U17¢> = <ga’(/]>'
(7.3)

The following is the fully discrete scheme for the IBVP ([7.1)) utilizing the NIPG
approach for the spatial variable in (7.2): Find u}',Upt! € Vokh(Q) for 2 < ny <
Ni,2<n<Nand VY, € Vi, (Q) such that

(G0N, ) +A@, v,) = (F0,),
(BDNUI ) + AW ) = (0, ). (7.4)

(@) = (UL, = (9:0,),
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Chapter 7 7.2 Derivation of the L2-NIPG scheme

where

M+1 M+1

—pZ{ } v(x;)] +ZU£ v(x)|[Y, ()]

Here, 0; > 1 for 1 < ¢ < M + 1 are called penalty parameter for this problem.

7.2.3 Linearization of the fully discrete scheme

We use the Newton linearization process to tackle the nonlinear term in the study of the

error analysis and compute the numerical solution for the fully discrete scheme (7.4).
n

0
The nonlinear term <v”v) () can be linearized as:

ox

o ox ox or
(7.5)

where we have introduced a new dummy variable ¢ = 0,1,2,--- and v”’(q“)(:n), r>0

(g+1) n,(q+1) n,(q) n:(Q)
(WUL )<x>=v"’<”<x>a” (@) + 2 (@ (@) = o0 () 2 o

are unknowns with an initial guess v (z).
Using the technique (7.5) in (7.4), we obtain the following scheme: Find

ni, 1 n
@“”lmﬁ“””ewﬁmﬂngnlgNh2gngNm20amv%ﬁﬂqu
such that

( ) o ()dunh(q)
o i, qJ’_l ni, q+1 A’I’L ni,\q
<L1DN1 h 1¢ > ( h 7¢h) i <f ! +uh dr ’¢h>’

n+1,
n+1,(g+1) n+1,(g+1) i miag AU
L2DNU a¢ + B(U, ﬂﬁh) =(f"+U, Tﬂﬁh ;

k <alv(q+1),¢h> = <U1,(q+1),¢h> = (Q’wh%

(7.6)
where
dom(a+1) do™(@) dom(a+1) dd)
n,(g+1) — (9) (g+1)
B(v ) < - ,h>+< . e e
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Chapter 7 7.2 Derivation of the L2-NIPG scheme

M+1

+ Z m(a+)( (@) -i—Zv v D (@) (2), (7.7)

where we have introduced the last term as a stabilizer term.

We use the iteration stopping criteria in the Newton linearization process (7.6]) as:

mag [0 () — 70 ()] < Tol, m%xw“““”() Ut (2)] < Tol, ¢ >0,
xTEe (S
ni n

and to perform the computation, we utilized Tol = 1.0e — 10.

Whenever the above criteria hold true, we denote the computed solution of the fully

) _n1,(g+1) 1.(g+1 .
discrete scheme (7.4 . as u "1 =u, and U}TLLJrl = U:+ (ot ). We also introduce the

following notations to express the linearized problem ([7.6]) in a simpler form:

77,1,( )

ni(q), . ~ du,

dUn+1,(q)
a™(z):=u (), ™ (z) = —h

dx

(@), @ (2) = U D (@), b+ () = (@),

dx
G (z) = fri(e) + @ (2) 0 (z), G (@) = fr (@) + am (@) b ().
By using the above notations, the linearized equation ([7.6|) can be written as:

(DN v, )+ B@ ) = (67.%,).

(GDNUR 9, ) + BP9, = (4, 0,), (7.8)

| (@hw,) = (Uh9,) = 0.0,

where
~n1 ~n dazl 1 N1 d’\”l = ’\”1
B, ¢,) = <a 1%%} + (b, ) +p( +p Z [0 ) s ()
M+1 dw M+1 o M
—p Y { L@ @l + Y Tl @, @) + Y am @)l @)l @),
=1 =1 =1
and
n+1 n+1 d
B(U]?Jrl’wh) _ <an+1dU o > + <bn+1UfTLL+1’QzZ)h> +p<d(ilhx ,C;ih>
M+1 dUn—‘,—l M+1
+p Z { zi) [, ()] — p Z { () U3+ (@)
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M+1 M

+ Z SO @), ()] + Y @ @)U @i, (2):

i=1

7.3 L’-stability of the fully discrete scheme

The L2-stability of the fully discrete scheme developed from the IBVP will be studied
in this section. For establish the stability, we assume that a™,a"*! > a* > 0. Now,
define the DG-norm for the bilinear form B(-,-) as

M+1

llullpe : p\UIer%IIUHZJr > (oi 4 ah)lu()]*.
=1

By using integration by parts, we have the following coercieve property:
B (@) = [|[@ [[pe and B, U 2 [0 |- (7.9)

Lemma 7.2 The solution of the scheme (7.8) is unconditionally stable, i.e.,

C/Z\n ny— ~n ~n 2 on 2 N ~ 2 = T = 2 ~] 2
thHuthQ_‘_“'uhlszG < = 1 (‘g | dm,lu,ﬁH +2 ) [dnhj—dm,j_l} H%H ) ;
ni,m1— j=2
(7.10)
and
‘DSTQH*I Un+1 2 Un+1 2 2 n+1 U] 711
= o P+ N0 e < g | 1917 +Z( £ (771 IACARY
nn+1

Proof Letting ¢ =u," and v,ZJ U;LZ'H, respectively, in the first and second equation
of (7.8)), and using (f.lOI) and (]1.11[), we have

~ o~

nyi—1
dnl,nl 1 HAnIH + B (Azl,ﬁzl) = <gn + dn1 1uh I Z { ni,j dnhjfl} a%aazl>7

j=2
(7.12)
and
nn+1 HUn+1H +B (Un—H Un+1 <gn+1 ZD OC)U] Un+1> (7.13)
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By using coercieve property ([7.9)), the Holder’s inequality and the Young’s inequality in
(7.12)) and (7.13), we obtain

~ 2 2
; 26| 4 |
Funm [+ 5 [ < o+ Fm= g L
dnl,nl—l ni,ni1—1
12
A . ol
+d’n,l,’n,l 1 An1H +2 |:n1J nl,] 1i|2A h +dn17n1 1 ’Anl (714)
ni,n1—1
and
gn+1
D(O‘)HHU”H” _|_MUn+1mDG < HD(a) “ i n4n+1 HUn+1H
n,n+1
12
SN | -
+23" () D<ah> e [/ ALY
J=1 n,n+1
By combining ([7.14)) and ([7.15]), we have the required result. O

Using Lemma and ((7.10) of Lemma one can obtain the following result.

Lemma 7.3 The solution u,' of the fully discrete scheme | . satisfies the following
stability result:

~N1i 2 < 2
a1 < ¢ (AP +

. 112
gJH ) 2 <y < Ny

For 2 <n < N, 2 <j <n, we define

n—j+3 9
=72 2 ., and —1
Hn+15 =T nyn—m+3 ) Hn—m-+3,5, an MHn+1n+1 = 1.
m=3

In the same way as in Lemma one can establish the following result, which will

be used in the proof of stability and convergence analysis.
Lemma 7.4 p,1; satisfies the following bound for n =2,--- | N and v > 0:
n+1
20 Z]’_A//«Ln+l,j <CN™.

Jj=2

Lemma 7.5 The solution U;;”H of the fully discrete scheme ([7.8)) satisfies the following
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stability result:

e [*+ max Hgﬂ\\) 2<n<N.
3<j<n+1

o < ¢ (Rl + _ma

1<ni1<N;

Proof. From Lemma and using the fact that H’U}?H}HDG > 0, we have

(DMH) (19712 S ()"

L2 (HgnH _|_Z( ) HUJ) 2<n<N. (7.16)

loi+?

IN

IN

As U ,% =™, so from Lemma we have

HUhu?<c(HUhu2+ mas ¢

<N

2) . (7.17)

Next, we will prove that for 2 < m < N, the following holds true:

1<ni1<N;

9 m—+1 |
o= <c(|Uh| — +¢2azﬂm+1,jg”)- (719
j=3

From (7.16) and using (7.17)), it is easy to see that (7.18) holds true for m = 2. Now,

we assume that ((7.18) holds for m =2,--- ,;n—1,n>3,ie,for2<m<n-1,n> 3,

we have
o <0(Uh| N g wa'i;umﬂ,jgﬂ). 719
Now, from (7.16) and (7.19), we have
Jor ) < o (Rl + a6+ 2 o)

+Cr? Z(D(“)) MZujmugmu
j=3

= o (Job + s, 67+ 7 6 )

1<ni1<Ni
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n—j+3

L . 2
Lore 3 ) (ﬂa > tnemiss (D) s )
j=3 m=3

9 n+1

= o[+ max (6| S s
j=3

1<n1 <N

n+1
2 Sy |2 12
<c ||} m 7|7 72 ] (720
<O\ lval"+ v A o II" z; pin1g | - (7:20)
‘7:
Now, by using Lemma [7.4] with v = 0, we obtain our required result. O

Remark 7.2 The fully discrete L2-NIPG method (7.8) is well-posed, as Lemma

(0)

states that if f = U}} = 0 along with our linearization assumption U,?’ = 0, then one

must have trivial solution U}?H’(qﬂ) = U;Z'H for the fully discrete scheme ([7.8)).

7.4 FError analysis

This section establishes the error analysis for the fully discrete scheme (|7.8)).

Let u(z, t,+1) and UI?H be the solutions of IBVP ([7.1) and L2-NIPG scheme (7.8)) at
t = tnt1, n > 2, respectively. The error due to L2-NIPG discretization of ([7.1)) denotes

as
n+1 n+1 n+1
€h = u(x,tn+1)—U£+1:77h —|—£h s 77,:2, ,N,
n+1 n+1 ) 18] .
where , -~ := u(z, tpy1) — Pu(z, tp+1) and N & Pu(z,t,41) — U, 7. It is clear that

n+1

By using Lemma [1.4] we can obtain the following bound for the projection error.

Lemma 7.6 Let u(x,ty41) be the solution of IBVP (7.1)). Then, the projection error
have the following bound:

|Pu(z, ty) — u(a, ty)|| < CRFL, 1<n < N+1,
where C > 0 is a constant.

Now, from ([7.3)) and (7.8)), we have the following for all Y, € Volfh (Q):

(D% e, 0, ) +BE " w) =~ (GD%n 0, )~ B, 6+ (Riw, )
(7.21)
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where R} = (gQDj’\‘,—CDtO‘) u(x,tp+1) and we assume that u(q)(x,tn+1) =
dul® dup @

n+1,
Up ™0 (@), (@ tsn) = —2-

(x) for the linearization technique (7.5)).

Theorem 7.3 Assume that the solution u of (7.1) satisfies the condition |CD§‘u‘k+1 <
C. Then, the discretization error for each n =2,--- , N has the following bound:
+1
e, < € (Wt e (7.22)
+1
Proof. By substituting ¢, = §Z in (7.21)), we have
n+1l n+1 n+1 n+1 n+1 n+1 n+1 n+l1 n+1
(D% e, &, B, & )==(%Dxu, & )-Ba, .& )I+(R.€, ).
(7.23)
d n+1
n
Now, by using integration by parts and using the fact that dh (x;) =
T
+1
0, [nz (z;)] = 0, we have
M n+1
n+1l n+l d77 du n+1
w6 = o d’; Lo +z/( (@t
=1g,
n+1
d’l’] n+1
(9) h
P o 1 » n+1
n+1d gh n+1 df
- _ | (9. h
=1 / =1 Ki
M
n+1 6
= Z /w S lng1)n, d dx, (7.24)
=1 K.

0

9 n+1

where the first term is zero by using the fact that th € kah(Q) and Definition
x

of L?-projection P. Now, since for every step of linearization u(‘J)( tn+1) is known,

whereas the unknown quantity is u(qH)( tn+1), and they satisfy stability result, so we

assume that there exists a constant C' > 0 such that [u(9(-,t,,1)| < C. Therefore, we
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have

M
n+l n+l n 1d§
Hence, B, &, ) =Y. [uCtua)i, hda < 0.
K

: nt C Do
Now, let us consider X, = - ToDY m,
Lemma we have

1

+1 +1 + +1
Y I B o B e e YR R
< |1°Dgul tus1) = P (CDFuC, ts)) || + 2[R
< CR*MDRul, taga) |y o +CT2°
< C(hFH 4 379, (7.25)

By using (|1.11]) and (7.9) in , and also using the Cauchy-Schwartz inequality and
the Young’s inequality, we obtain the following

() n+1(2 n+1()2 () n+1(2 n+1 n+1
el |+l e = Pl +BET 67
n+1 n () j n+l
< <xh - DyYe €, >
j=1
n+1 n+1 L n+1
< [ e+ Xl el ™)
j:
1 n+1|2 D7(10,é7)1+1 n+1 D H£ H nn+1 n+1]|2
= 5@ ‘Xh H 1 ‘ H Z‘ ‘gh ’ ’
n,n+1
which can be simplified as
DT(zOZ-i-l n+1(|2 n+1 - n+1 5 D 726
= 6 e M < e e+ 21 Flal’)- a0
n,n+1
Applying Lemma Lemma and (7.25)) in ((7.26)), we have
n+1 n+1
le < el < cott 475, (7.27)
Ph.D. Thesis 153

TH-3323_196123008



Chapter 7 7.5 Experimental results

where we have used the fact that {}L =0. U
+1 +1
Now, as Hez | < HT]Z |+ 1€, using Lemma and Lemma (7.3, we obtain the

bound for the error due to fully discretization.

Theorem 7.4 Assume that the solution u of (7.1) satisfies the condition |0Df‘u‘k+1 <
C'. Then, the error due to the fully discretization for eachn = 2,--- | N has the following

bound:

g+l k+1 3—a
max[u(a, ) = U ch(h tr ) (7.28)

7.5 Experimental results

In this section, we will validate the theoretical results numerically by implementing it
to some examples. The error at final time 7' = 1 in the L?-norm and L>-norm defined

respectively as
[ U,]lv+1||Loo and |lu™ Tt — U}]LVHHLz.

Further, if Ey n is either the error in L?-norm or the error in L>°-norm, then the order

E
of convergence in temporal and spatial direction, denoted by R}W N = logy < EM’N )
’ M_2N

E
and R?W’ N = logs < EMN ), respectively, are reported.

)

Example 7.5 Take into account the following problem:

ou d%u

“Diu(z, t) + (@, )= (@, 1) = 55 (@, 6) + f(@,0), (,8) € (0,1) x (0,1,
u(z,0) = sin(wz), VY €[0,1], (7.29)
uw(0,t) = u(1,t) =0, Vte (0,1].

t3+0¢

In the above problem ([7.29), the exact solution is u(z,t) = sin(wx) — Tita)
«

which will be used to calculate f(x,t).
For Example with @ = 0.4,0.6,0.8, k = 1, Table and Table presents the

error and order of convergence in the temporal and the spatial directions respectively.

sin(27x)

The results in the Tables show that the order of error estimates are second order in
space and (3 — «)-th order in time. Figure displays log-log plots of L*°-norm errors

for Example where we can observe that temporal order of convergence is (3 — «)

Ph.D. Thesis 154

TH-3323_196123008



Chapter 7 7.5 Experimental results

whereas spatial order of convergence is second order, which also validates the results in

Tables [Z.1] and [T.2l

Table 7.1:  Error and order of convergence in temporal direction at final time T =1 for
Ezxample with h2 = 37 and k = 1.

N a=04 a=0.6 a=0.28

Envn RJlW, N Eyvn R]lw, N Envn R]lw, N

4 1.3461e-02 3.0765  2.0954e-02 3.0105  2.1047e-02 2.4038

1.5957e-03 2.7799  2.6002e-03 2.6463 3.9771e-03 2.3533

L?-norm 16 2.3233e-04 2.6691 4.1533e-04 2.4733  7.7830e-04 2.3062

(Present 32 3.6527e-05 2.6159  7.4790e-05 2.4387 1.5737e-04 2.2676

method) 64 5.9585e-06 2.6117 1.3795e-05 2.4198  3.2682e-05 2.2251
128  9.7483e-07 — 2.5781e-06 — 6.9900e-06 —

4 2.1591e-02 3.0226  3.1636e-02 2.9194  3.1197e-02 2.3716

8 2.6570e-03 2.7377  4.1816e-03 2.6111  6.0283e-03 2.2870

L*>°-norm 16 3.9834e-04 2.6560  6.8442e-04 2.4562  1.2352¢-03 2.2871

(Present 32 6.3200e-05 2.6100 1.2472e-04 2.4307  2.5308e-04 2.2563

method) 64 1.0352e-05 2.6093 2.3133e-05 2.4162  5.2971e-05 2.2204
128 1.6965e-06 = 4.3338e-06 = 1.1367e-05 —

Example 7.6 Consider the following problem:

2

(x,t) = %(l‘,t) + f(z,t), (z,t) € (0,1) x (0,1],

du

(
CDiu(z,t) + u(z,t) e

u(x,0) =0, Vae(0,1), (7.30)

u(0,t) = u(l,t) =0, Vte (0,1].

In the above problem (7.30]), the exact solution is u(x,t) = ¢? sin(2wx) and

2t27a

f(x,t) = 4r*t? sin(2nz) + wt* sin(4mz) + TG_a)

sin(27z).

Table [Z.3] and Table [Z.4] show the errors at final time ¢ = 1 and the orders of con-
vergence for Example in the temporal directions with various « and k£ = 1 using the
present L2-NIPG method and method discussed in [64]. From Table [7.3| and Table

Ph.D. Thesis 155

TH-3323_196123008



Chapter 7 7.5 Experimental results

Table 7.2:  Error and order of convergence in spatial direction at final time T =1 for
Example with 73~ = h? and k = 1.

M a=04 a=0.6 a=0.8

Eyy  RYyy  Eun  RYyy  Eun  Ryy

4 3.9376e-02 25597 3.8245e-02 2.5369  3.7805¢-02 2.5066

L?norm 8  6.6788¢-03 2.2694 6.5899¢-03 22588  6.6525e-03 2.2491

16 1.3853e-03 2.1380 1.3769e-03 2.1339  1.3994e-03 2.1302

(Present 32 3.1474e-04 2.0707 3.1372e-04 2.0686 3.1966e-04 2.0671

method) 64  7.4922¢-05 2.0354  7.4790e-05 2.0349  7.6283e-05 2.0339
128  1.8276e05 —  18251e05 — 1862805 —

4 5.7380e-02 2.4351  5.2560e-02 2.3538  5.0679e-02 2.3201
L*>-norm 8 1.0610e-02 2.1877  1.0282e-02 2.2006  1.0149e-02 2.2106

16 2.3289e-03 2.1168  2.2368e-03 2.1086  2.1926e-03 2.1016
(Present 32 5.3693e-04 2.0545 5.1864e-04 2.0560  5.1089e-04 2.0519
method) 64  1.2926e-04 2.0282  1.2472e-04 2.0276  1.2321e-04 2.0266

128 3.1689¢-05 = 3.0590e-05 = 3.0239e-05 —

10" N 102 10’ M 102

(a) Corresponding to Table . (b) Corresponding to Table .

Figure 7.1: Log-log plot of L>°-norm errors for Example .
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we can observe that the presented L2-NIPG method has better accuracy in the temporal
direction with less number of spatial grid points than the L1/LDG scheme in [64]. Both
the present method and the method discussed in [64] have same order of convergence in
the spatial direction. Table [7.5| displays the errors at final time ¢ = 1 and the orders of
convergence for Example in the spatial direction. These tables show that numerical

solutions using present method agree with exact solutions for various o and the (3 — «a)-

th order of convergence in time and (k + 1)-th order of convergence in space, consistent
with the theoretical analysis derived in Theorem Figure [7.2] depicts the log-log plot
of L*°-norm errors using present method for Example

1¢I)‘ N 11;2 1;)‘ M 1l;2
(a) Corresponding to Table |7.4) (b) Corresponding to Table .

Figure 7.2: Log-log plot of L°°-norm errors using present method for Example .

7.6 Conclusion

This chapter studied the L2-NIPG method for solving the time-fractional Burgers’ equa-
tion. We used the L2-discretization to discretize the temporal fractional derivative and
the NIPG method in space to obtain the fully discrete scheme. We tackled the nonlin-
earity by applying the Newton’s linearization process. We established that the proposed
method is numerically stable, and the error estimates are derived. Numerical results are
presented to support the theoretical results and compared with previous results available

in the literature.
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Table 7.3:  Error and order of convergence in temporal direction for Example with
k=1.

N a=04 a=0.6 a=0.8

Enn R]IW7 N Enn R]IW7 N Envn R}W, N

4 4.7265e-02 3.0093  7.2773e-02 2.9370  7.2099e-02 2.3479

L*norm 8 5.8703e-03 2.7644  9.5028¢-03 2.6348  1.4163e-02 2.3469

(Present 16 8.6394e-04 2.6623  1.5300e-03 2.4678  2.7839e-03 2.3034

method 32 1.3647e-04 2.6128  2.7658¢-04 2.4357  5.6399¢-04 2.2655

with 64 2.2310e-05 2.6104 5.1122e-05 2.4182  1.1730e-04 2.2239
h? = 737%) 128 3.6533¢-06 — 9.5641e-06  — 2.5110e-05  —

4 2.44e-02 1.90 2.62e-02 1.80 3.05e-02 1.63
L?-norm 8  6.55e-03 1.92 7.49e-03 1.79 9.88e-03 1.54
(method in 16  1.73e-03 1.91 2.17e-03 1.73 3.40e-03 1.44

[64] 32 4.59e-04 1.90 6.54e-04 1.67 1.26e-03 1.35
with 64  1.23e-04 1.89 2.05e-04 1.58 4.91e-04 1.30
h =1/1000) 128 3.32e-05 — 6.69e-05 — 2.00e-04 —
Table 7.4: Error and order of convergence in temporal direction for Example with
k=1.
N «a=04 a=0.6 a=0.8
Eyn Ryny  Eun  Ryy  Eun Ry

4 6.1016e-02 2.9415  9.2426e-02 2.8547  9.1430e-02 2.2819
L®-norm 8 7.9428e-03 2.7038  1.2777e-02 2.5791  1.8800e-02 2.2895
(Present 16 1.2191e-03 2.6445 2.1381e-03 2.4416  3.8454e-03 2.2678
method 32 1.9497e-04 2.6049  3.9357e-04 2.4248  7.9851le-04 2.2511
with 64 3.2049e-05 2.6074  7.3298¢-05 2.4136 1.6774e-04 2.2174
h? = 737%) 128 5.2589%-06  — 1.3757e-05  — 3.6069¢-05  —

4 4.04e-02 1.93 4.32e-02 1.84 4.98e-02 1.67
L*>-norm 8 1.06e-02 1.93 1.21e-02 1.81 1.56e-02 1.57
(method 16 2.78e-03 1.92 3.45e-03 1.75 5.25e-03 1.46
in [64] 32 7.34e-04 1.91 1.02e-03 1.69 1.90e-03 1.37
with 64  1.96e-04 1.89 3.17e-04 1.64 7.34e-04 1.31

h =1/1000) 128 5.29e-05 — 1.02e-04 — 2.96e-04 —
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Table 7.5:  Error and order of convergence in spatial direction for Example |7.6 with
37 =h? and k = 1.

TH-3323_196123008

M a=04 a=0.6 a=0.8
Euyn Ryn  Eun  Ryny  Eun  Riy
[2norm 8 2.4049e-02 2.2372 2.38200-02 2.2378  2.3597¢-02 2.2387
(Present 16 5.1006e-03 21259  5.0502e-03 2.1263  4.9995¢-03 2.1271
method) 32 1.1686e-03 2.0635 1.1567c-03 2.0642 1.1445¢-03 2.0646
64 2.7957e-04 2.0320 2.7658¢-04 2.0322  2.7360c-04 2.0324
128 6.8359¢-05 2.0160 6.7620e-05 2.0160  6.6882¢-05 2.0162
256 1.6901e-05 —  1.6718¢-05 —  1.6534e-05 —
8§  3.0682-02 2.1311  3.0362c-:02 2.1309  3.0046e-02 2.1310
16 7.0040e-03 2.0977 6.9322¢-03 2.0979  6.8597¢-03 2.0983
L®norm 32 1.6363¢-03 2.0403 1.6193¢-03 2.0407  1.6020e-03 2.0408
(Present 64 3.9780e-04 2.0221 3.9357c-04 2.0222  3.8932e-04 2.0223
method) 128 9.7940e-05 2.0117  9.6890e-05 2.0117  9.5838¢-05 2.0117
956 2.4288¢-05 —  24027¢:05 —  2.37660-05 —
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CHAPTER 8

Direction splitting discontinuous Galerkin method for the
two-dimensional time-fractional diffusion equation

In this chapter, we extend the concept of NIPG method to two-dimensional time-
fractional linear diffusion equations. The basic idea for solving the two-dimensional
problem is to first use operator splitting approach which split the main problem into
two one-dimensional problems. Then we obtain fully discrete scheme for both the prob-
lems by applying L2-discretization in the time derivative and NIPG method for the

spatial variable. Convergence analysis and numerical experiments are carried out.

8.1 Introduction

Let us consider a rectangular domain Q = Q, x Q,, where Q, = (¢1,42), Q, = ({3,44).
We take into account the following two-dimensional time-fractional diffusion IBVP for
O<a<l:

CDf‘u((a:,y,t) + Lu(z,y,t) = f(z,y,t), (x,y,t) € Q x (0,T],

’LL(:U,y,O) :g(xvy)v (SU,y) Eﬁ, (81)

u(z,y,t) =0, (x,y)edQ,te(0,T],
where p > 0, a(z,y) = (a1(x,y), a2(z,y)) and b = by + ba, and

Lu(x,y,t) == —pAu(z,y,t) + a(x,y) - Vu(z,y,t) + b(x, y)u(z,y,t). (8.2)

Ph.D. Thesis 161

TH-3323_196123008



Chapter 8 8.2 Proposed numerical scheme

We also assume that

ai1 >af>0,a3>a5>0, by,bo>0 in(, (8.3)
16a1 18@2

b ———> 0, bg—=——=2> 0. 8.4

1 an_’71>, 2 28y_72> (8.4)

The structure of this chapter is as follows: We review the proposed splitting approach
and its fully discrete discretization utilizing the L1-discretization and L2-discretization
for time and the NIPG method for space in Section The stability and convergence
analysis is covered in Section and some numerical examples are provided in Section

B4

8.2 Proposed numerical scheme

In this section, we will describe a numerical scheme which is a proper combination of the
locally one-dimensional (LOD) approach and the NIPG method. To accomplish this, we
must provide some preliminary information before diving into the usual NIPG approach
on Cartesian meshes.

Let us consider the uniform partitions with step size h over €2, and €2, respectively,

—M;
Q, ={li=z1 <z -~ <z, <T o ={s},

=M.
Q) ={s=p<p<- <y, <y, . =}

and define K} := [;,2;41), i = 1, , My, and KJ2 = (Y, Yj+1], j = 1,- -+, M>, where
M; and My denote the number of elements in x and y directions, respectively. Con-
sequently, 2 is partitioned into Cartesian grid 7j consisting of M; X Ms rectangu-
lar elements Kj;; = KZ-1 X K]2 Boundary of the domain, 0f2, is decomposed into
00~ =00, UoQ, and N = Ot U O}, where

0 = {(t1,y) 1y € [, la]}, U = {(f2,y) : y € [¢3, 4]},

and 0€" and OQ; are defined similarly. Boundary of each arbitrary element K € T, is
defined as I' = ' UT'" in which

It ={(z,y) €eT:v-n>0} =T UL}, T =TI, Ul,,

where v is auxiliary fixed vector with positive components and n = (nz, n,) is the unit
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outward normal vector.
Let H'(K) be the standard Sobolev space on the element K € Tj,. Let’s define the

following broken Sobolev space over {2 as:
H'(Q) = {® € L*(Q): ®|x € H(K), VK € Ty},

and

Hy(Q) = {® € H(Q) : @]y =0} .

Further, consider the Sobolev spaces in the x- and y- directions, respectively, as

H&<QI) = {¢($) € L2(Q$) : ¢|K11 S Hl(Kzl)7 i = 17 TS 7M17 45‘691 = 0}7

and
Hg(Qy) = {w(y) € LASy) Y2 € HY(KS), j=1, Mo, %log, = o}.
The inner product and norm on Q are defined as (-,-)g = > (-,)x and || - ||o =
KeTy
S> |l - |k, where (-,-)x and || - ||x are the standard inner product and norm on the
KeT;
7 o
element K. Now, define the inner product and norm on Q, as (-,-)g, = >_ (-, ) k1 and
:1 K3
M,y '
|- lle, = D21l I (), and || - [|o, are defined in a similar way.
i=1 ‘

As our main aim is to solve two-dimensional problem by splitting it into two 1D sub-
problems and then use NIPG method in both the sub-problems for spatial variables. So,
we will introduce certain discontinuous finite element spaces over the domains €2, and
Q,. For a fixed k > 1, let P¥(K}) be the space of all polynomials of degree up to k in

x variable over K}. The finite element space Vﬁbh is defined over €2, as follows:
VER_ 16 € L2 (W) : ¢ | € PHKY, Vi=1,---,M d =0
z,0 — h z) - PplK} g ) =1, , M1, an ¢h‘aﬂz = .

The polynomial space Pf(Kf), the finite element space Vy]fbh is defined over 2, in a
similar way. It has been noted that the element surfaces permit discontinuity in the
DG approximation space functions. This suggests that, for each piecewise function ¢,
¢; (¢;) denotes the value of ¢ at z; (2; ), where 2; belongs to the subinterval K} or K?2.

Thus, the following average and jump of any function ¢ are defined on each subinterval
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Chapter 8 8.2 Proposed numerical scheme

K} or K2, respectively:
1 _
{o(z)} = 5(@ +¢7), and [$(z)] = ¢ — ;.
Let us consider the time domain discretization as
{t=n-)1,n=1,--- ,N+1,7=T/N, N € N}.

Time-fractional Caputo derivative CDt“u(t) is discretized at t = t,11, n=1--- , N using

L1-discretization as
n
CDf‘u(th) ~ ngj’(,u(th) = dn’nu""rl — dmlul + Z(dn,k‘—l - dnvk)uk,
k=2

(n—k+1)1"2%—(n—k)i=@
ToT(2 — @)
Weak formulation for the IBVP is as follows: Find u(-,-,t) € H(Q) such that for
all ® € HL(Q),

where d, , = ;and uF =w(ty) for k=1,---,n.

<C,D1?u('7 "t)v (I)> +p <VU(, '7t)7 V(I)> =+ <a : u('? "t)a (I)> + <bu(7 ')t)7 (I)> = <f(7 '7t)7 (I)> )

<u('a '70)>(I)> = <97<I>> :

(8.5)
Consider the following two operators
2 0
'Cx = *p@+al(I7y)%+bl(l‘ay)a vyera (8 6)

2

0 0
Ly = —p@ 4 ag(a;,y)a—y + ba(z,y), Va € Qy,

in the z- and y- directions, respectively. Now, the equation (8.1 can be written as
“Diu(e,y,t) + (Lo + Lo) u(@,y,t) = f(z,y,t), (x,y,1) € Qx (0, 7).

8.2.1 Direction splitting scheme

We propose the following direction splitting scheme. Discretization of the domain €2 into
a finite number of element can be done separately in each direction. We use two one-
dimensional finite element spaces to discretize the 2D finite element space, which reduce

the computational complexity. Here we have modified the operator splitting technique
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given in [36]. In each time subinterval (¢,,¢,+1],n = 1,---, N, we solve the following

sub-problems:

Step 1 (z-direction)

Step 2 (y-direction)

Find u*:Q X (tn,th+1] = R such that Vy € Q,

1 1 .
§CD,?‘u* + Lou* = if(a:,y,t), in Q X (tn, tn+1],

(8.7)
U*(xa%t) = 0 ($7y7t) € 69(2 X Qy X (tnatn—l-l]a
U*(%%tk) - u(xay7tk)7 (xay) S Q? 1 S k S n,
Find w:Q X (tn, tp+1] — R such that Vo € Q,
1C’ « 1 :
5 Dt u + 'Cyu = 5f($aya t)? in © x (tnatn+1]7
(8.8)

w(z,y,t) =0. (x,y,t) € Qy X 0y X (tn, tnt1],

u(z,y, ty) = u*(z,y,tr), (z,y) €Q,1<k<n.

Here, we solve the IBVP in Step 1 along x-direction while taking into account y
as a parameter. After solving u*(x,y,tx), Yy € Qy, 1 <k < n, we then use these for the

second sub-problem (8.8)). Step 2 involves changing the z-direction to the y-direction
and solving the IBVP (8.8)) Vz € Q. In other words, one may conclude that the two

sub-problems discussed above are connected by the condition at previous time step.

8.2.2 L2-NIPG fully discrete scheme

Using the L2-discretization given in ([L.11]) for discretizing the time-fractional derivative
at t = tp41,n = 2,---, N in the equations (8.7))-(8.8), we obtain the following semi-
discretized sub-problems:
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Step 1 (a-direction)

Step 2 (y-direction)

Find u*"*1:Q — R such that Vy € Q,

g2D?\t/u*,’ﬂ+1 + 2[’$U*’n+1 - f(xv yatn-i-l)u in Qa

u*,n—i—l(

z,y) =0. (z,y) € 00 x Ly,

,y),  (z,y

u F(z,y) =u )eQ, 1<k<n,

Find «"*t!':Q — R such that Vz € Q,

%Dt‘“u”+1 +2L,u" "t = f(z,y,tnt1), in Q,

(8.10)

un-i—l(

$7y) =0. (1'7:'4) € Qy ¥ aan

uF(z,y) = uF(z,y), (,y) €Q 1<k<n

In order to derive the fully discrete scheme, we use NIPG scheme for the semi-
discretized sub-problems and (8.10)), we obtain the following fully discrete scheme:

Step 1 (x-direction)

( *,n+41 =
Find u, (x,y5) € V:’bh, Vy; € Qi\/l > Vo € Vﬁbh such that
*,n+1 *,n+1
Dyt <uh (- 95): bn >Q + A, ( (5 95); ¢h> (8.11)
= f y]) n+1 Z -D’n ku d) > )
\ Q’I‘
Step 2 (y-direction)
n+1 LI
Find ) (z1,y) € VI, Vi € O, Vi, € V5P such that
n+1 n+1
Dy pt1 <uh (z4,°), ¢h>9 + A, (U (i, ), %/Jh) (8.12)
* k
= <f Ly 7tn+1 ZDn ku xza 7wh> >
\ Qy
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where

*,n+1 *n+1

*,M du d du
Ay (Uh +1('7yj)a¢h) —2p< le ('7yj)7 d(.ih> +2<a1('?yj)§x('vyj)v¢h>
Qz Qp

*n+1

Mi+1

#{mtan Cuon), Ha 308 T o)

! *1 Mit1 0’-1 *,10
—2p Z {d(bh } u, +1(£Ui;yj)} + Z ﬁ[uh +1(:ni,yj)][gbh(xi)]

=1
Ml *,n+1
23 eyl @ny)lén(a), (8.13)
=1
and
n+1 n+1

du d du
Ay (Uh (1"1) ) ¢h> 3 2p< df;/ (‘/L‘l))7diyh>ﬂ +2<a2($i7')#<xiu')7wh>ﬂ

Yy

, My+1 n+1
+<2b2(:ci,-)uh (24, ) ¢h>ﬂ + 2p Z { uyj)}[%(?/j)]

Y

Mo+1

MaA1 0'2- n
=3 {0 o + 30 o s )]
j=1
+2Za2($z’ayj)[uzﬂ(xi,yj)]%(yf)- (8.14)

We define the DG norm in z-direction as

Mi+1
2 *
llulbe., = 2plulfiq,) + 2nllulld, + D (af + o) [u(z:)]*.
i=1

The norm ||| o, in the y-direction can be defined in a similar way. It is clear that

Ao(,u) 2 flull e, and  Ay(u,u) 2 lullpe,, (8.15)
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8.3 Stability and convergence

This part will discuss the aforementioned two-step scheme’s stability findings and con-
vergence analyses. There are typically two different methods for determining these
operator-splitting techniques’ stability and error estimation. The study can either be
performed using a one-step equivalent method and an operator splitting consistency
error, or the results can be obtained separately for each sub-problem and combined to
determine the overall stability and error estimates for the two-step operator splitting

method. Here, we choose the latter strategy.

*,n+1 n+1

Lemma 8.1 Suppose u, and w, are the solutions obtained from the two-step
method (8.11) and (8.12)), respectively. Then for each n = 2,--- N, we have the fol-
lowing:
Dn,n+1 *,n+1 n+1 * n+1 +1
; \“h Co), + el )+l o, i ol
2
< ) iy s t ‘
= Dnn+1 (Hf s Yjstntl ‘Qx i Hf(xz nt1) Q,

)

n k 2
B (TXE W DA
k=1 ’

*n+1 - . ) .
Froof. gbubstitutiogiiie uhn (,y5), Vy; € ng,v[ * in (8.11) and using the notation
*,n+1 *,n+1 .
Uy, =u, (-,yj), we obtain
d *,n+1
#,n+1|2 U *n41 wntl  wndl
M1+1 1

*n+1 *,n+1 *n+1
+ Z { -rzvy] ] +22a1 xlayj [ (xl7yj)i| uh (xj_vy])

*n+1
= <f s Yjrtnt1) ZDn ku > : (8.16)
Q

Now, by using integration by parts, the second term in (8.16) can be written as

*n+1

du *,n+1 daq w,n+l  *n+tl
2(ai(-,vy; h u =—( —(,y)u, u
< R (™)
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Mi+1

9 Z [( @ *”“) )(x,;,yj)} (8.17)

It is clear that, D,, p41 > 0 for all n > 2. Therefore, by using (8.3) and (8.17)), we have
d *,n+1
U *,n+1 *n+1  xn+l
2 <a1<-,yj>gx,uh > + (21, )
o, "

My
*,m+1 *,n+1
+2Za1 i, ) { (zi,yj)} u, (2.

1day sl xntl datl #n+1y 2
=2 bl — 5 i ("yj)uh ’uh o -2 Z aq (uh ) (CCZ‘,yj)

i=1

*,n+1 *,m+1
+2Zal x?ny_] |: (xl7y.7):| Uh (Ij_’yj)

*,mn—+1 g -1 *,n+1 2
=27 H ‘Q + ) a(wy)) [Uh (xi,yj)]
x 4_1
*,n+1 MS 2
>271‘ HQ ta Z [ xz,yj)] . (8.18)

Using the Holder’s inequality and the Young’s inequality, the term on the right-hand

side of the equation now reads as follows:

<f s Yjs n+1 ZD” ku *"+1>
< (Hf(’aijtn+1 ‘Q +Z|D (x yg ) )

* n+l
u

A . ’ h e
<vawnﬂm+Dn7n+1\u*’““\2 i -

= Dy nt1 2 " 2 Dnn

2
Hf(' vj tn+1)’ D

R Q nntl || #ntl ’
. . D ‘u ‘ Doil||u; H (819

o Sl ot o <Z| o), ) -(819)

Therefore, using (8.18)-(8.19)) in (8.16) and by simplifying, we obtain the following

.
u
h DG,z

Dn,nJrl ’

*,n—i—l‘ 2
2

Un Qs + H
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n & 9
—|—22|Dn7k|2”uh(-7yj)HQz>. (8.20)
k=1

2
< 7t
o Dn n+1 (’ f Yis tnt1 Qg

n n
Using the notation u, = uh(@, y), we obtain the following in a similar way in the

y-direction:

Dn,n+1 n+l n+1
e A S
! oS Dl ’ 8.21
. ) GF) e
< By (Wt #2200l won, ) s
Hence, by combining (8.20) and (8.21), we obtain the required result. O

K +1 +1 . .
Theorem 8.1 Let uzn and uz be the solutions obtained from the two-step method

(8.11) and (8.12), respectively. Then for each n = 2,--- N, we have the following
stability result:

*,n+1 n+1 1 2 1 2
il + el = e(leealf, el
2 2
+1<m<n+1<Hf s Yjstm ‘Qz+Hf(a:i,.,tm)‘Qy>>.
Proof. From Lemma and using the fact that H‘u;n WY, H‘DG > 0 and
X
|Hu"+1 (24, H!DG > 0, we have
(’ *,n—i—l( n n+1 ) 2 )
h J g Qy
2 2
e ) it ‘ ‘ is sl ‘
< B (Hf( i tns) |, ]Gt
n 9 m 2 *,m 2
23 et (s, + i,

2

< or*® <Hf('ayj’tn+1)’ 52% I~ Hf(fUu ‘atn-I—l)‘ b

Yy

n m 2 m
+23 Dunl? ([ o)+ [
m=1

(zi,°)|

Z)) (8.22)
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n—nmi+2
: . 2 2
Using the notation vp41p41 = 1, Vpgin, = 7°¢ E (Dnn—n1+2) Vn—m+2,m,, for 2 <

=2
n1 <n,1 <n< N, we will first establish the folloir;zing: Forn=1,---, N,

2 2

*,n+1

2 n+1 #,1
u, (.’yj)HQm + Huh (xz,)’ u, (x“)‘

2
|
Qg

=C (HU;L(-,%)‘

Qy

i)) . (8.23)

It is clear that (8.23]) holds true for n = 1. Now, assume that (8.23) is true for
n=1,---,k— 1. Then, from (8.22) with n = k, we have
2
)
1

k
2 *.1 2 m *,MmM
) 2 § : D 2 2 4 2

Q

+T2azl/n+l,m (Hf('ayj’tm)‘g +Hf($i,‘,tm)}
m=2 ’

2
k+1
uh (SC,', )

2
*,k+1

2
Q + ”f(xla ‘7tk+l)‘

<C <72°‘ <Hf(‘ayj7tk+1)’

+
x Qy

2 2 1 2 3} 2
2 b
<C (7' i <Hf('aijtk+1)‘ - + Hf($i7'atk+1)’ Qy) + Huh(',yj)) 0, G ‘ u, (2, ')‘ Qy>
k
1 2 *,1 2
200 2 . ’ .
#O7** 3 Di <Huh<.,y])HQz+]uh @),

2
" e

)
")

m
+7'2a Z Vmny (Hf('ayjatm)

ny=2

*,1
u, {59, )’

2
4
192%

)
i)) . (8.24)

Therefore, from (8.24), we can see that (8.23) holds true for n = k + 1. Then by
mathematical induction, one can say that (8.23)) holds true for any n =1,--- | N.

2 1
)+l

2
<o (7 (| rtmtuny, + | o)

1073 v ([t + 60 )
m=2 ‘

*,1 2
u, (x4, )‘ o

1 2
= ([t +]

Y

+72) " Vksim (Hf(',yjatm)HQ + Hf(l‘i,‘atm)}
m=2 ’
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In the same way as in Lemma[3.4], one can establish that forn =2,--- , N and v > 0:
n+1

7Y g S CNTT (8.25)
m=2

Hence, from (8.23)) and (8.25) with v = 0, we have

w41 2 n+1 2 1 2 *,1 2
‘ u, (.,yj)‘ o, + ‘ u, (4, )‘ o, <C (Huh("yj)’ o, + ‘ u, (s, )‘ o,
9 9 n+1
2
+ 1§I£2’;{+1 <Hf(7y]atm)‘ Q, 7= Hf(xla ,tm)‘ Qy) T @ Zzyn+1,m 3
m=
and we obtain the required result. O

Next, we will study the error analysis of the above discussed numerical scheme (8.11))

and (8.12]). In order to begin our analysis, we first divide the error into two components

as follows:
% *,n+1 n+1
Er?jl = (u (%, Yjr tnt1) — u, (:v,yj)) + <u(xi,y,tn+1) —u, (azz,y)>
=: 5;’n+1+£?+1, t=1,--- My +1, j57=1,--- , Ms+1, (8.26)

where §;’"+1 and £t are the errors due to the discretization (8.11) and (8.12)), respec-

tively at time level t,,41. Further, we split up these errors into the following parts:

Em = @y b)) — Pot (@ tat) + Pot* (@5 tas1) - (2,;)
= et =1, My +1, (8.27)
§ = @iy, tar1) = Pyul@i,y b)) + Pyu(en . tugs) —u, - (21,9)
= Mt =1, My, (8.28)

where P,u*(x,y;,tnt1) signifies the L?-projection of u*(z,y;,t,+1) in the space Vxlfbh
along z-direction, and u;’nﬂ and n;f’nﬂ represent the projection and discretization
errors at time level ¢,; for the sub-problem (8.11). For the sub-problem (8.12)), an

analogous notation has been employed.

Lemma 8.2 For the corresponding solutions to the sub-problems (8.11)) and (8.12)), the
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projection error bounds are as follows:

IN

”u*('xvyjatn+1) - PxU*(xaijthrl)”Qx Chk+17 (829)

||u($i7y7tn+l) - Pyu(xhyvtn-‘rl)uﬂy < Chk+17 (830)

forn=1,--- N,andi=1,--- , My +1,7=1,--- , My+1.

Proof. The projection error bounds in both directions can be obtained similarly as in
Lemma [T.41 O

Theorem 8.2 The following discretization error bound holds true for 1 < ¢ < My +
L1<j<My+1,1<n<N:

In; ™ e, + Inf g, < € (B +732).

Proof. From (8.7) and (8.11), we obtain the following error equation for the fully

discrete scheme

<L2Da ( ;n+1+ *n+1> ¢h>9 m( *n+1+n;,n+1’¢h)
== <(CD? - gQD%) U*('vyjatn+l),¢h>ﬂz )

which can be written as

(SR on) ) +As (7" 00)

~ (Riv:ona, = (DDF ™ o) = Ao (5™ 1)

T

*n+1 .

where R}‘\}nﬂ = (CD? — EQDJO‘V) “(*,Yj, tny1). By substituting ¢y, = 1; in the above

error equation, we obtain

*n+1 *«n+l *n+1 s« n+l
<2D ¥ 777jn >Q +~A ( " 777jn )

(R, ) s

*,n—+1
M.
Now, by using integration by parts and using the fact that {Zl(xz)} =
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[,u?"“(wi)] = 0, we have

My 2 *n+1

d d"?* n+1
* 1 =, 1 * 1 * 1
—A, (uj’"Jr 1] ”+> = 22?2/“] G d:c+22/a1 L Yj) ”+ I ——dx
i:1K,}
M
+2§i @—b ( ) *,n+1 *n+1d
d.%' 1 7yj T’] /’LJ
i:1Ki1
My 2n*,n+1 M, dn*,n—l—l
n+1 n+1
< QpZ/ ;n dJ2 dg;—}—ZZ/al(’yj)M;n iix dr
z:lKil i:lKil
M
9 - daq *,n+1 *,nJrld
+ Z %('7%)% 1 T
=l
2 *n—i—l *n+1

<2pz/ *n+1

=0, (8.32)

d:c—i—ZCZ/ 14 da:—|—2CZ/ et

where we have used the definition of L2-projection, and the facts a1 € €(9),
d *,n+1 d2 *,n+1
*n+1 J "; P Vk’h
T T e s 2,0
By considering X; sl R}(\}nﬂ —|—€2Dj‘<7 ,u;’nH, and using (L.11)) and (8.15)) in (8.31),

also using the Cauchy-Schwartz inequality and the Young’s inequality, we have

*,m41 *,n+1 *n+1 *n+1 s n+1
Dt 55 o, + 5™ s S P [, e ()
< _< *n+1+Zann] n *n+1>
Qg
< (e D \ 5, ) 5|
< (‘X] Q ‘|‘Z‘ nk|
< o b 2 i s et
o Dn,n—i—l J Qg 2 J nn+1 Qy ’
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*,k 2
U o)

(8.33)

which can be simplified as

nf,n—O—lHr < 1 ’x
J DGva—Dn,n—l—l

Now, by using Lemma [I.6] and Lemma 8.2 we have

Dn,n+1 ‘
2

*,n+1
J

*,n+1
J

2
|
Qz

2 n
25" 1D 2‘
Q. * ;’ k|

*,n+1 *n+1 C o | xn+1
‘ Xj ) Q. = HRN ‘ Qu + HLQDN M ‘ Q.
*, 1 *, 1 *, 1
DL R Tl e s £ 0N i
*,n+1 * *
< 237, 19D 0ot =B (O ),
< C(r¥ 7 4 pRh), (8.34)

Applying Lemma 8.1 Theorem [8.1] and (8.34)) in (8.33), we obtain

*,n-+1 *,n+1 33—« k+1
[t <elpem, < o+ mi. (8.35)
In the similar way, one can obtain
77 g, < C(r27 + h*Y). (8.36)
By combining ({8.35)) and (8.36)), the proof is done. O

Now we proceed to the error estimate of the proposed scheme.

Theorem 8.3 If 5;’"“ and 5{‘“ denote the errors of the sub-problems (8.11) and
(8.12), respectively, then the error of the fully discrete operator splitting L2-NIPG

scheme satisfies the following bound:
;™ o, +g o, < C (B +7470), 1<i <M1, 1<) < Mat1, 1< < .

Proof. Proof of this theorem follows from Lemma [8.2] and Theorem [R.2 O

8.4 Numerical tests

In this section, we discuss the numerical results to validate the theoretical results. The

error and order of convergence can be calculated using

Em N
5M,N = ||’LL(, ',tN+1) — U;lv—i_lHQ, and RM,N = 10g2 (5 : y
2M 2N
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where M = My = M.
Example 8.4 Consider the following problem:
Doy — Au = f(a,y,t),

(z,y) € Q,
(z,y) € 09,

(x,y,t) € Q x (0,1],
u(z,y,0) =0, (8.37)

u(z,y,t) =0,

(0,1) x (0,1).

are respectively,
22—«

Ezact solution and source function for the prob-
U(.T,y,t) F and f(:nayvt) =

where 0 =

(8-37)
2 (7r2t2 +

lem t? sin(mx) sin(7y)

TG _a) sin(mx) sin(my).

Table [8.1] and Table [8.2] show the errors and order of convergences for Example [8.4
for various values of « in the spatial and the temporal direction, respectively. Figure
displays the exact and numerical solutions for Example with a = 0.4 at t = 1,
whereas Figure depict the corresponding error surface.

Table 8.1: Ey,n and Ryn for Example 8.4 with M = My = My, N = M and k = 1.

al | M- 8 16 32 64
02 | Eyn | 1.7598¢-02 4.2748¢-03 1.0549¢-03  2.6236e-04
Ryn | 20415 2.0187 2.0075 g
04 | Eyy | 1.7582e-02 4.2920e-03 1.0654¢-03  2.6697¢-04
Ryn | 20344 2.0103 1.9966 F
0.6 | Eyn | 1.7627¢-02 4.3483¢-03  1.0957¢-03  2.8086¢-04
Ryn | 20192 1.9886 1.9639 ~
08 | Eyn | 3.8217¢-03  9.4289¢-04 5.6679¢-05 1.3898¢-05
Ryn | 20191 2.0272 2.0290 -

8.5 Conclusions

To solve the two-dimensional time-factional diffusion problem, a combined LOD, L2
and NIPG approach has been presented. An investigation has been conducted into the

stability and convergence studies of the suggested approach. With k being the degree

Ph.D. Thesis 176

TH-3323_196123008



Chapter 8 8.5 Conclusions

SIS AL
Y
.';.ivl/,,g(,:n

A2
SRS
400 SR
g0 RN
5RO
W

AN é\\&\
SN

% IR\
'0‘ X “\\\QQ \

D%

;1\\\\\\2 \

Exact solution at final time
Numerical solution at final time
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Figure 8.1: Ezact and numerical solution att = 1 for Example with o = 0.4 and
My = My = N = 40.
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Figure 8.2: FError surface at t =1 for Example with « = 0.4 and M1 = Ms = N =
40.
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Table 8.2: &y n and Ryrn for E:wmple with M = My = My and k = 1.

al | M- 4 8 16 32
0.2 | Emn | 2.3111e-02 3.3573e-03  4.4681e-04  6.5202¢-05
Ry | 2.7832 2.9096 2.7767 -

04 | Envn | 3.1780e-02 4.8639e-03 7.8954e-04  1.3051e-04
Ry | 27079 2.6230 2.5969 -

0.6 | Enrn | 4.6333¢-02  7.6903¢-03 1.4031e-03  2.7199¢-04
Ryn | 25909 2.4545 2.3670 -

0.8 | Emn | 4.6118¢-02 1.1254¢-02 2.5801¢-03  5.8721c-04
Ryn | 20349 2.1250 2.1355 -

of the piecewise polynomial in the finite element space and « denoting the order of the

fractional derivative, the proposed technique is convergent of order (k+ 1) in the spatial

direction and of order (3 — «) in the temporal direction. We verified the theoretical

results with the numerical results.
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CHAPTER 9

Summary and Future Scopes

The thesis finishes in this chapter with an overview and some suggestions for further

developing the concepts from the earlier chapters.

9.1 Summary of the Results
Some important results of this thesis are highlighted below:

e In Chapter [2, we considered linear and semi-linear fractional differential BVPs
with RLC type fractional derivative. By converting the BVP into an IVP using
the shooting technique based on the secant method, we discretize the resultant
IVP to obtain a numerical solution. Stability of the proposed scheme is studied
and error analysis is carried out. The error bound CM~! for the present method
is better than the convergence result of C M ~!In M that was obtained in reference
[38] for their finite difference scheme. The numerical outcomes show that the
current method is more effective and accurate than the prior result Gracia et al.
[38].

e The separation of variables method and the Mittag-Leffler analysis are commonly
used for the existence of the solution to autonomous TF-ADR. But these meth-
ods are not sufficient for proving the existence of solution for non-autonomous
TF-ADR equation, and therefore, one has to use some other suitable techniques.
To the best of our knowledge, in literature, there is no work has been done to-
wards the existence and uniqueness of the classical solution of non-autonomous

Caputo TF-ADR IBVPs of the form (3.1)). Chapter [3|established the existence of
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unique solution of the linear non-autonomous time-fractional IBVP by using the
Sumudu decomposition method and the maximum-minimum principle. Based on
L1-discretization for fractional temporal derivative and cubic spline approximation
for spatial variables, we also proposed a numerical solution technique for solving
the IBVP. The proposed method is of O(N_(Z_“) + M‘z), where N and M are
respectively the number of sub-intervals in temporal and spatial direction. We
extended the proposed method to solve semi-linear problems after linearizing by
the Newton’s linearization process. Numerical experiments support the theoretical
results and also compared the numerical results with previous results available in

the literature.

e Chapter [] discussed the well-posedness of the TF-IPDE by utilizing the Sumudu
decomposition technique and the maximum-minimum principle. Further, we
proposed a numerical technique for solving the IBVP, which comprises the L1-
discretization for the fractional-time derivative, trapezoidal rule for the integral
term and the cubic spline approximation for the spatial derivatives. The stability
of the fully discrete scheme is analyzed through the discrete maximum principle,
and error estimates are obtained. Theoretical results are validated through sev-
eral numerical examples and we demonstrated the accuracy and efficiency of the
propose method over the previous method described in [95] by the comparison of

numerical results.

e We considered linear and semi-linear non-autonomous TF-ADR equations with
Caputo-type fractional derivative in Chapter [} We obtained a stable fully dis-
crete scheme by applying the NIPG method in space on a uniform mesh and the
L1-discretization in time on a graded mesh. Superconvergence of error estimates
for the proposed method is obtained using the discrete energy-norm. Newton’s
linearization process used to linearizing semi-linear problem and then we have ap-
plied the proposed method. The theoretical results are verified through numerical

experiments.

e Next, Chapter [0] studied the numerical solution of the nonlinear time-fractional
integro-partial differential IBVP by using the L1-NIPG and L2-NIPG methods.
By linearizing the nonlinear model problem, we apply the NIPG method for the

spatial variable and use both L1-discretization and L2-discretization for the time-
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fractional derivative, and the trapezoidal rule for the integral term and obtained
two fully discrete schemes. Further, we study the L?-norm stability of the proposed
methods and derive the required error estimates. In the study of convergence
analysis, we will find that when we discretize the Caputo derivative using the L1-
discretization, the order of convergence for the suggested technique is (2 — «) in
the time direction, however, the order will increase by one, i.e., (3 — «) when we
do the same using the L2-discretization. To support the proposed approach and
demonstrate the theoretical error bounds, numerical experiments will be carried

out.

e Then, in Chapter [} we arrived at a numerical scheme for the nonlinear time-
fractional Burgers’ equation by applying the NIPG approach for spatial variable
and the L2-discretization for time derivative discretization. We further examine
the suggested method’s stability under the L?-norm, and we calculate the necessary

3=@) where h and T are

error estimates with an order of convergence of (h**1 + 7
the step-lengths in space and time, respectively. Numerical experiments will be
carried out to validate the suggested approach and show the theoretical error

bounds.

e Finally, the alternating direction implicit type operator splitting discontinuous
Galerkin finite element method is proposed to numerically solve a class of two-
dimensional time-factional diffusion equations in Chapter [ By using the operator
splitting method, we splitted the two-dimensional diffusion problem into two sep-
arate one-dimensional problems. The time-fractional derivative term is discretized
over uniform mesh using the well-known L2-discretization and for the discretiza-
tion of the spatial derivatives, the discontinuous Galerkin finite element method is
used in both one-dimensional problems over the uniform mesh. The stability and
the error estimate of the proposed scheme are addressed. Finally, we give some

numerical experiments to validate the proposed method.

9.2 Scope for Future Work

A brief outline, describing the possible extensions of the current work to be carried out

in the future with suitable model problems, are presented below:
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e In this thesis, we have studied the numerical solution techniques for the one-
dimensional time-fractional problems with time-fractional derivative of order
a € (0,1). We wish to extends the numerical techniques to the following
one-dimensional and the two-dimensional time-fractional diffusion-wave problems

[49, [68] with the time-fractional derivative of order o € (1,2):

CDeu(x,t) — pAu(z,t) = f(x,t), (z,t) € Q x (0,T],

u(z,0) = g1(z), g—?(m, 0) = go(z), € Q, (9.1)

u(z,t) =0, (x) € 09, t € (0,T],

where Q € R?(d = 1or2) is a bounded domain with smooth boundary 9 and
p > 0.

We wish to extend the numerical solution techniques used in this thesis to the

following multi-term time-fractional diffusion problem [73]:

J
“Diu(e,y,t) + ) a; D u(x,y,t) — pAu(z, y, t)
7j=1

= f(z,y,1), (2,y,t) € 2 x (0,7, (9.2)

ou i
u(z,y,0) = g1(z,y), a(x,y,O) = go(,y), (z,y) € Q,
u(z,y,t) =0, (xz,y) € 0, t € (0,77,

where = (0,41) x (0, £2) C R? with 99 being the boundary, p > 0, and 0 < a, <

0 !
a, < <04J,+1§1<04J,< <o <a<2with J < J.

The following two-dimensional time-fractional Burgers’ equation [121] can be re-

solved using the numerical scheme discussed in Chapter

a 0 0 u? Pu 0%
“Diu(z,y,t) + (8:3 r il 6y> <2> (z,y,t) —p <axQ + ayg) (z,y,1)

= f(.’IJ,y,t), (.I,y,t) €0 x (OvTL

(9.3)
u(z,y,0) = g(v,y), (v,y) €,
u(z,y,t) =0, (x,y) €0, te (0,T],
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where Q = (0, ¢1)x (0, £2) C R? with 92 being the boundary, p > 0,and 0 < a < 1.

e One can apply the numerical solution methods employed in this thesis to the
following nonlinear time-fractional mobile/immobile transport equation [39, 52] in

multi-dimension:

g:; +C'D?'LL —pAu—i-b(u) = f(q:jt)’ (.’L‘,t) c QO x (O,T],
u(x70) = g($), T €€, (9‘4)

u(z,t) =0, (x,t) € 02 x (0,77,

where 0 < o < 1, p is a positive constant, b € €%(R) represents the nonlinear
reaction function, Q@ C R%(d = 2,3) is a bounded and convex domain with a

polygonal (polyhedral) boundary 0f2.
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