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ABSTRACT

The aim of the thesis is to study the pricing and hedging problems for contingent claims
for various Markov-modulated models through the benchmark approach. This approach
is based on a specific benchmark portfolio known as the growth optimal portfolio (GOP).
GOP has been obtained for different market models using the stochastic control method.
When used as a numeraire, GOP ensures that all the benchmarked price processes are
supermartingales. Using this supermartingale nature of benchmarked price, a fair price
has been defined. Since the GOP is closely related to a martingale density or state-price
density, it can be used as a tool to price derivatives in complete or incomplete markets
under the real world probability measure itself. The major advantage of this method is
that it can be used in situations where the conventional methods do not work.

We consider in this thesis Markov-modulated jump-diffusion models, where the stock
price processes are modulated by irreducible continuous-time Markov processes. A Markov-
modulated market model incorporates the stochastic volatility in a simple and empirically
tractable way. Fair prices for the contingent claims are derived using the benchmark
approach. For the case of complete markets, the hedging strategies are determined using the
martingale representation theorem. We also derive the Follmer-Schweizer decomposition
for incomplete market models to get the risk-minimizing hedging strategy. For each model,
it has been shown that the pricing under the minimal-martingale measure, if it exists, is
equivalent to the benchmarked fair price.

We analyze the models under both the scenarios, one where all the information are
available to the investor and the one where the investor can only observe the stock price
processes (not the underlying uncertainties). In a market with incomplete (or partial
or imperfect) information, the investor has to filter the unobservable processes from the
available information. The markets with incomplete information is tackled in two ways. In

one, the Follmer-Schweizer decomposition assuming complete information is derived first

1X
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and its projection to the smaller filtration (with incomplete information) is constructed to
derive the hedging strategy. In another, we convert the market with incomplete information
to a complete information case by using the innovation process method in filtering theory
and derive the hedging strategy using the Follmer-Schweizer decomposition.

The derivative securities (or contingent claims) that we consider are of two types:
default-free and defaultable, mostly European-style derivatives. A Markov-modulated de-
faultable Brownian market is considered and the defaultable contingent claims are priced
with the intensity-based methodology. The recovery processes are assumed to have ran-
dom payments at the default time as well as at the maturity of the claims. We consider
two classes of models, one where the parameters are modulated by an observable finite
state Markov process and another where the parameters are modulated by an unobserv-
able Ornstein-Uhlenbeck process. The representation theorems for defaultable claims are
established and, using this representation, the locally-risk-minimizing hedging strategies

for the defaultable contingent claims are derived under the benchmark approach.
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Chapter 1

Introduction

1.1 A perspective

Without losing its application to practical aspects of trading and regulation, the theory of
finance has become increasingly mathematical, to the point that problems in finance are
now driving research in mathematics. Mathematical finance is a field of applied mathemat-
ics that works with financial situations to determine pricing models and resource values.
Generally, it derives, and extends, the mathematical or numerical models suggested by
financial economics. Furthermore, it attempts to tackle the problems in financial markets
more efficiently and accurately, by using stochastic calculus.

Financial mathematics came into limelight after 1990 Nobel Prize in economics to
Markowitz, Sharpe, and Merton and 1997 Nobel Prize in economics to Merton and Sc-
holes. But it was Bachelier (1900), who created a model of Brownian motion for stock
prices in financial markets. Wiener (1923) gave the mathematical construction of Brow-
nian motion, which makes it more powerful to use in financial mathematics. In 1951, Ito
refined and greatly improved Wiener’s idea (It6, 1951a, b) by introducing “multiple Wiener
integral” . In the second half of 20th century, after It0’s innovative works in stochastic
calculus (also known as Ito calculus), stochastic calculus became an area of interest for

many mathematicians to analyze the financial markets (for more details on It6’s work, see

It6 (1987)).
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CHAPTER 1 1.1. A PERSPECTIVE

In his efforts to model a Markov processes Y = {Y;};>0, [t0 constructed an stochastic

differential equation (SDE) of the form
Yy = p(Yy)dt + o(Y;)dWs,

where ¢ indicates time, p and o are deterministic functions and, W = {W, };> represents a
standard Brownian motion (or Wiener process). He had two objectives: one was to make
sense of the stochastic differential o(Y;)dW; which he accomplished in the article (Ito,
1944). The second problem was to connect Kolmogorov’s work on Markov processes with
his interpretation. He has shown that the distribution of Y solves Kolmogorov’s forward

equation. In It6 (1951a), he proved what is now known as It6’s formula given by
1
FO00) = ()Y, + 3 (V)Y (1)

where f is a twice continuously differentiable real valued function and “’” indicates the
differentiation with respect to Y and [-] indicates the quadratic covariation of two stochastic
processes. In 1965, Samuelson published two papers of ground breaking work. Samuelson
(1965a) showed that a good model for stock price movements is a geometric Brownian
motion. Samuelson (1965b) gave his economics arguments that prices must fluctuate ran-
domly. He explains that Bachelier’s model failed to ensure that stock prices always be
positive, and that this model leads to absurd inconsistencies with economic principles,
whereas a geometric Brownian motion model avoids these pitfalls. These developments
helped mathematicians to work in different directions of finance more accurately, e.g.,
asset pricing: derivative securities, hedging strategies for derivatives, risk management
of portfolios, portfolio optimization and model choice and calibration. One can see in
Markowitz (1952) that handling of these problems are interlinked with each other.

Risk management is particularly important for financial corporations such as banks
and insurance companies, since they face uncertain events in various lines of their business.

There exists several characterizations of risk which do not always have to describe issues.
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This could not only be market risk, credit risk or operational risk, but also model risk
or liquidity risk. Insurance companies additionally have to deal with underwriting risk,
for example. The aim of integrated risk management is to manage some or all kinds of
potential risk simultaneously. According to McNeil et al. (2005), the more general notion
of risk management describes a “discipline for living with possibility that future events may
cause adverse effects”. The methods of dealing with risks go back to the mean-variance
optimization problems. These were first considered by De Finetti (1940), whereas the issue
became famous with the work of Nobel laureate Markowitz (1952).

Asset pricing and hedging of contingent claims have been the most important problem
for the researchers over last few decades. The modern asset pricing concept is considered
to have started from Arrow’s paper in 1953, where he considered a financial security as
a series of commodities in various future states with different values. Markowitz, in his
seminal work in 1952, proposed that investors need to balance between the return and
risk and he used the mean to describe the expected return and the variance to describe
the risk. Within this framework, he developed a mean-variance efficient frontier in which
given the risk level, an optimal portfolio with the highest expected return is obtained, or
equivalently given the expected return level, an optimal portfolio with the minimum risk
is obtained. Based on this efficient frontier, the well known two-fund separation theorem
was developed to help rational investors to develop an optimal investment strategy. This
idea influenced later many classical theories. Of major influence has been the Capital
Asset Pricing Model (CAPM), which is a mean-variance equilibrium model (Sharp, 1964;
Lintner, 1965; Merton, 1973) and the Arbitrage Pricing Theory (APT), which uses the
arbitrage concept in financial markets (Ross, 1976; Harrison and Kreps, 1979; Harrison and
Pliska, 1981; Follmer and Sondermann, 1986). The Markowitz portfolio model provides
an algebraic condition on asset weights in mean-variance efficient portfolios. The CAPM

turns this algebraic statement into a testable prediction about the relation between risk
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and expected return by identifying a portfolio that must be efficient. The attraction of
CAPM is that it offers powerful and intuitively pleasing predictions about how to measure
risk and the relation between expected return and risk. Unfortunately, the empirical record
of the model is poor enough to invalidate the way it is used in applications. In 1976, Ross
proposed the Arbitrage Pricing Theory by giving a financial market spanned by a number
of factors, based on the results of the factor premiums and factor sensitivities.

The APT describes a mechanism by which investors can identify an asset which is
incorrectly priced and bring that price back into alignment with its actual value. It is
often viewed as an alternative to the CAPM since the APT has more flexible assumption
requirements. While the CAPM formula requires the market’s expected return, APT uses
the risky asset’s expected return and the risk premium of a number of macro-economic
factors. Arbitrageurs use the APT model to make profit by taking advantage of mispriced
securities. A mispriced security will have a price that differs from the theoretical price
predicted by the model. By going short on an over priced security (and vise-versa), while
concurrently going long (short) on the portfolio the APT calculations were based on, the
arbitrageur is in a position to make a theoretically riskfree profit. By arbitrage we mean
making money out of nothing without risk. The formalization of this notion and its path-
breaking application to finance were accomplished in the 1970s by Black and Scholes (1973)
using a PDE approach, Merton (1973, 1976) using a risk-neutral method, Cox and Ross
(1976), Harrison and Kreps (1979) and Harrison and Pliska (1981) using a martingale
approach. The revolutionary contribution of the theory of arbitrage was the realization
that the absence of arbitrage implies a unique price for the claims (securities) that can
be replicated in the market. Later the theory and practice of derivative pricing under
the APT was developed in an extensive literature (see, Féllmer and Sondermann, 1986;

Follmer and Schweizer, 1991; Delbaen and Schachermayer, 1994a, b).
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Under the APT, it was in a model with exponential Brownian (geometric Brownian)
assets that Black and Scholes (1973) constructed a replicating portfolio and with it pro-
posed a ‘fair’ price for a financial derivative. Their ideas were quickly advanced by Merton
(1973). The key insight was that if it was possible to replicate the payoff of the derivative
as the gains from trade from a dynamic, self-financing hedging strategy, then the initial
fortune required to finance that strategy was exactly the arbitrage-free price for the option.
Furthermore, since all the risks associated with the option were removed by hedging, the
price is independent of the risk preferences of the agent. The Black, Scholes and Merton
approaches are reviewed in sections 1.4 and 1.5.

The argument given above was developed into a martingale theory by Harrison and
Kreps (1979) and Harrison and Pliska (1981). The martingale approach for option pricing
is reviewed in section 1.6. These authors emphasized the central role of probability theory
and martingale in APT. Following similar mathematics to Samuelson (1965a), instead of
invoking the postulate that discounted option payoffs follow a martingale, they derived
this postulate as an implication of a utility maximizing investor’s optimization decision.
Herein, they showed that the option’s price could be viewed as its discounted expected
value, where instead of using the actual probabilities to compute the expectation, one uses
utility or risk-adjusted probabilities. These risk-adjusted probabilities later became known
as “risk-neutral” or “equivalent martingale” probabilities.

The risk-neutral analysis of the Black-Scholes-Merton model relied on two results from
the theory of stochastic processes and Brownian motions. Firstly, the Girsanov theorem
that guarantees the existence of an equivalent martingale measure ), through a Radon-
Nikodym derivative which is also known as a state-price density, under which the discounted
price processes are martingales. Secondly, the Brownian martingale representation theorem
says that any random variable whose value is known at some terminal time can be written

as its expected value plus a stochastic integral against Brownian motion. In the Black-
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Scholes market setting, this translates into the result that any option payoff can be written
as the price plus the gains from trade from a dynamic investment strategy in the underlying
asset.

In 1967, Kunita and Watanabe developed the ideas on orthogonality of martingales
pioneered by Meyer (1963), and Mottoo and Watanabe (1965), and they developed a
theory of stable space of martingales which has been proved fundamental to the theory of
martingale representation, known in financial mathematics as “market completeness”. The
key result in financial mathematics is due to Delbaen and Schachermayer (1994 a, b) which
states that “if the asset price processes is a locally bounded semimartingale, then there
exists an equivalent local martingale measure if and only if the model satisfies no-free-lunch
with vanishing-risk (NFLVR) condition”, which is known as the first fundamental theorem
of asset pricing for continuous-time markets. Here, a local martingale is a stochastic
process, satisfying the martingale property in a local sense and a stochastic process is
called a semimartingale if it can be decomposed as the sum of a local martingale and an
adapted finite-variation process. Using Fatou’s lemma, it can be shown that a non-negative
local martingale is a supermartingale (see, Klebaner (2005)). A strict local martingale is a
local martingale which is not martingale. Hence, the non-negative strict local martingale
is a true supermartingale. Delbaen and Schachermayer (1994) also proposed the condition
under which replication strategies can be found for all options and can be related to a
condition on the equivalent martingale measures which is known as the second fundamental
theorem of asset pricing. It states that “every bounded claim can be replicated if and only
if there is unique equivalent local martingale measure”. Jarrow et. al. (2007) extends the
mathematical finance literature on bubbles in complete markets.

In mathematical finance, there are models for which it is not necessary that the mar-
tingale measure will be unique and all the contingent claims can be perfectly hedged. Such

a market scenario is called incomplete financial markets. Incompleteness can arise from
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many sources, for example transaction costs (Hodges and Neuberger, 1989; Davis et al.,
1993), jump models (Merton, 1976; Bardhan and Chao, 1996), constraints on the trading
strategies (Cvitanic and Karatzas, 1996; Soner and Touzi, 2000) or stochastic volatility
(Hull and White, 1987; Heston, 1993; Fouque et al., 2000).

In a complete market, the fair prices of options are uniquely determined by the repli-
cation price. These prices can be calculated as the discounted expected values under the
equivalent martingale measure. In an incomplete market, there is no unique fair price and
no universal pricing algorithm. Instead, there are several alternative methodologies which
have been proposed as pricing mechanisms. The first approach is to finesse the problem by
writing down the dynamics of assets under a pricing measure. This approach bypasses the
physical market measure. A second and related idea (Heston, 1993) is to chose a market
price of risk for the non-traded assets. For example, the Follmer-Schweizer (1991) minimal-
martingale measure corresponds to a choice of a zero market price of risk for the non-traded
risk. Follmer and Sondermann (1986) have proposed the risk-minimization approach when
the risky asset is represented by a martingale. Successively, it was extended to the general
semimartingale case by Schweizer (1988, 1991) and by Follmer and Schweizer (1991) where
they called it a local-risk-minimizing approach. Local-risk-minimizing hedging strategy is
reviewed in section 1.8. Another idea which has sometimes been exploited in the stochastic
volatility literature (Scott, 1987) is to assume that there are call options which are liquidly
traded. The introduction of other traded assets completes the market model. Hence, given
the traded price of a call option, it is possible to price and hedge any other contingent
claim. Of course this approach does not explain the price of the original traded call option.
This idea has been extended by Dupire (1994) to create an elegant theory for the pricing
of exotic options. Suppose that calls with all possible maturities and strikes are traded
on the market. Then, under the assumption that the price process possess the Markov

property, it is possible to infer the dynamics of the underlying process. In this approach,
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prices for vanilla options are taken from the market and then used to compute prices for
path-dependent exotic options (Brown et al., 2001).

In incomplete markets, Follmer and Sondermann (1986) suggested pricing through
hedging criteria. Since perfect hedging is impossible, they considered the minimizing ex-
pected value of the square of the final difference between the contingent claim and the
self-financing hedging strategy. In locally-risk-minimizing hedging criteria, introduced by
Follmer and Schweizer (1991), the mean square error has been tried to minimize between
the price and the self-financing hedging strategy at each time. Another idea of hedging
in incomplete markets is super-replication (El Karoui and Quenez, 1995; Delbaen and
Schachermayer, 1994a, b). Rather than choosing a state-price density arbitrarily, Goll
and Riischendorf (2001) has given an approach to choose the state-price density which
is smallest in an appropriate sense. For incomplete financial market models, another ap-
proach which is mostly found in literature is the utility indifference pricing (see, Hodges
and Neuberger, 1989).

Apart from these problems, another classical problem in mathematical finance is the
computation of optimal portfolios, where optimal refers to maximization of expected util-
ity from terminal wealth or consumption. The portfolio problem of an investor trading in
different assets is to choose an optimal investment and consumption strategy. To be more
precise, an investor endowed with a given initial capital has to decide how many shares
of which asset he should hold at each time instant to maximize his utility of consumption
during the given time interval and of his total wealth at the given time horizon. This
is also known as the portfolio management theory. The earliest approach to solving the
portfolio problem is the so called mean-variance approach. It was pioneered by Markowitz
(1952, 1959) and Tobin (1965). Merton (1969, 1971) determined optimal strategies in a
Markovian [to process setting using the dynamic programming approach. The Hamilton-

Jacobi-Bellman equation from stochastic control theory leads to a non-linear partial differ-
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ential equation (PDE) for the optimal expected utility as a function of time and current
wealth. If one can solve this PDE, the optimal portfolio is immediately obtained. In mul-
tiperiod discrete-time models, a similar approach leads to a recursive equation instead of a
single PDE (Mossin 1968; Samuelson, 1969; Hakansson, 1971a,b). One of the by-product
of the utility maximization is the growth optimal portfolio (GOP). In the literature, it has
been applied in as diverse connections as portfolio theory and gambling, utility theory,
information theory, game theory, theoretical and applied asset pricing, insurance, capi-
tal structure theory and event studies. Kelly (1956) is the one who first introduced the
GOP motivated from information theory. Breiman (1960, 1961) expanded the analysis of
Kelly and discussed applications for long term investments and gambling in a more general
mathematical setting. For more recent developments, one may refer to Korn (1997).

In discrete time, GOP has been treated by Bellman and Kalaba (1957), Elton and
Gruber (1974) and Maier et al. (1977). In the continuous time case, the problem is
much easier and was solved in Merton (1969). This problem along with a general study
of the properties of the GOP has been studied for decades and is still being studied even
today. The use of the GOP became referred to as the growth optimum theory and it was
introduced as an alternative to the expected utility and the mean-variance approaches to
asset pricing. It was argued that a theory for portfolio selection and asset pricing based
on the GOP would have properties which are more appealing than those implied by the
mean-variance approach developed by Markowitz (1952).

GOP is a myopic strategy (Christensen, 2005) which means short sighted and implies
that the GOP strategy in a given period depends only on the distribution of returns in
the next period. Hence the strategy is independent of the time horizon. Breiman (1960)
has proved that when an asset price denominated in terms of the GOP, it becomes super-
martingales, i.e., GOP has a numeraire property. Long (1990) has given a more thorough

treatment to GOP. Though Long suggested this as a method for measuring abnormal re-
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turns in event studies and this approach has been followed by Santis et al. (2000) and
Hentschel and Long (2004), the consequences of the numeraire property stretches much
further. They suggested that a change of numeraire technique for asset pricing under
which a change of probability measure would be unnecessary. In late nineties, this was
treated explicitly in Bajeux-Besnainou and Portait (1997). Over the past one decade, this
idea became developed further in the benchmark framework of Platen and his co-authors,
who emphasize the applicability of this idea in the absence of a risk-neutral probability
measure. In the seminal paper on the benchmark approach, Platen (2002) has gone be-
yond the traditional approaches for pricing derivatives in financial markets and obtained
the key features of the CAPM and APT but without restrictive equilibrium assumption
or assumptions on the existence of an equivalent risk-neutral measure. The use of the
GOP as a tool for derivative pricing is reviewed in section 1.7. After Kelly (1956), GOP is
further developed in a stream of literature including Long (1990), Artzner (1997), Bajeux-
Besnainou and Portait (1997), Karatzas and Shreve (1998), Kramkov and Schachermayer
(1999), and Becherer (2001). A survey of the benchmark approach can be found in Platen
(2006).

The Black-Scholes model and its extensions comprise one of the major developments in
modern finance under the APT. Since then, different methodologies have been introduced
in literature using APT, like pricing via a hedging criteria, risk-neutral measure transfor-
mation method, martingale approach for option pricing in continuous-time financial market
(see, Black-Scholes, 1973; Merton, 1973, 1976; Harrison and Pliska, 1981). The risk-neutral
approach is still most applicable and powerful technique for option pricing in continuous-
time financial market. But the existence of the risk-neutral martingale measure is not
guaranteed. Heath and Platen (2002) have shown that the equivalent risk-neutral pricing
measure will not exist for a constant elasticity of variance (CEV) model and therefore the

classical risk-neutral pricing methodology fails.

10
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The classical risk-neutral approach to the pricing of derivatives under the CEV model
is described in Beckers (1980) and Schroder (1989), under some assumptions. It should be
emphasized that these classical formulations typically describe real world dynamic which
reach zero with strictly positive probability (see, Delbaen and Shirakawa, 1997, 2002).
This leads to certain subtleties in how the pricing of derivatives should be formulated.
Lewis (1998) uses some utility based equilibrium arguments to overcome difficulties in
applying the risk-neutral pricing methodology for a class of stochastic volatility models
which includes the CEV. Andersen and Andreasen (2000) take account of some of these
subtleties when they apply it in the context of certain interest rate term-structure models.

Using Girsanov transformation in risk-neutral method, Merton (1976) has transferred
the drifted stock price process to a martingale process under a risk-neutral probability
measure. In cases where an equivalent risk-neutral measure does not exist, the Girsanov
transformation cannot be applied and the standard risk-neutral pricing methodology breaks
down. However, Heath and platen (2002) demonstrated how to overcome this problem by
using the concept of fair pricing under the benchmark approach proposed in Platen (2002).
Fair prices are the minimal prices which for a complete market permit perfect hedging for
the contingent claim. Under the benchmark approach, the existence of an equivalent risk-
neutral probability measure is not required.

GOP can be applied to cases where traditional approaches may require extra condi-
tions to satisfy which may not allow to get the derivative prices for certain financial models.
Whenever the GOP exists, one can always use the real world probability measure for pric-
ing using the benchmark approach. Under the APT, conditional expectations have been
used to define the no-arbitrage concept, which require participants to have perfect knowl-
edge of the probabilistic dynamics of asset prices. To achieve this, they would need to
have a correct model that is always exactly calibrated. The advantage of the benchmark

methodology is that derivative pricing, value-at-risk analysis, portfolio optimization, cali-
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bration, estimation, filtering and other risk management tasks can be performed under one
and the same probability measure, the real world probability measure. The benchmark
approach can be extended to include asset price dynamics that are modelled as semimartin-
gales incorporating both predictable and inaccessible jumps (Platen, 2004a). Under such a
model, the benchmark approach is in a better position to analyze and manage the combi-
nations of market, credit, operational, liquidity, insurance and other risks in an integrated
framework. Even in incomplete financial markets, there will exist a unique benchmarked
fair price whereas in the risk-neutral method there will be more then one martingale mea-
sures and one has to choose an appropriate one. Indeed, in incomplete financial markets,
benchmarked option price is the same as the price under the minimal-martingale mea-
sure, if it exists (Christensen, 2005). Damir and Platen (2007), have provided a complete
characterization of market extensions which are consistent with the existence of a GOP.
In case of market model with incomplete information, where all the random factors can
not be observed directly, one has to use filtering theory for derivative pricing and hedging.
Filtering theory deals with the real world probability measure to extract information from
the observations via filter estimation for the hidden factors. So, it is therefore highly
important to explore methods that are purely based on the real world probability measure

and allow consistent filtering under partial information.

1.2 Markov-modulated models

In the famous Black-Scholes model of option pricing, it is assumed that the dynamics of
stocks are given by a linear stochastic differential equation where the drift term p and
the volatility o are constants. However, it has been observed that many financial assets
do not have a constant volatility ¢ and the basic assumptions of the Black-Scholes model
fails. There are attempts to extend the model by describing the evolution of parameters

by stochastic differential equations (Hull and White, 1987; Wiggins, 1987) and find more
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or less explicit formulae for the hedging strategies. Now the question is which model of
stochastic volatility should one choose? A good model should be tractable, realistic and
it should be straightforward to estimate the parameters. Moreover, apart from providing
a better fit to historic price data, the model should also have the ability to explain option
price smiles, both over strike and over maturity. Finally, the model should give superior
hedging performance to the Black-Scholes model.

Though the Black-Scholes-Merton model is inadequate to reflect the real market, due
to its simplicity and direct insight of the financial markets, it is most useful model in
financial market. It is based on a geometric Brownian motion and the normal distribution,
but two empirical phenomena have received much attention recently: the first one is the
asymmetric leptokurtic features of returns, i.e. the return distribution is skewed to the left,
and has higher peak and two heavier tails then those of the normal distribution, and the
second is the volatility smile. A jump-diffusion model solves the problem of asymmetric
leptokurtic feature (Kou, 2002). To capture volatility smiles, one has to consider stochastic
volatility models. Stochastic volatility models where the parameters are modulated by a
Markov process with finite state space are studied by Di Masi et al. (1994), Deshpande and
Ghosh (2008), among others. A market model modulated by a continuous-time diffusion
process is studied by Hull and White (1987).

The use of Markov models is motivated by significant empirical evidence from the lit-
erature that favours and endorses Markov-switching models in the study of many macroe-
conomic variables. This provides more flexibility to financial models and incorporates
stochastic volatility in a simple way. Earlier developments in this area during the late 80s
within the time series context was pioneered by Hamilton (1988), among others, in a work
where the unobserved regime follow a Markov process. Di Masi et al. (1994) obtained op-
tion pricing formula for stochastic volatility driven by a Markov chain in continuous time.

Elliott and Swichuk (2004) derived option pricing formula for Markov-modulated Brown-
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ian and fractional Brownian markets with jumps. Elliott et al. (2005) consider the option
pricing problems when the risky underlying assets are driven by a Markov-modulated ge-
ometric Brownian motion. They adopt a regime switching random Esscher transform to
determine an equivalent martingale pricing measure in the considered incomplete financial
market. Deshpande and Ghosh (2008) have obtained the minimal-martingale measure for
the regime switching model and express the risk-minimizing strategy. We derive the risk-
minimizing strategy in the same way, but under the real world probability measure with
numeraire change.

To price American and European options for a regime switching model, Bollen (1998)
employs lattice method and simulation, whereas Buffington and Elliott (2002) use partial
differential equations. Guo (1999) use regime switching to model the finance market with
insider information. Duan et al. (2002) establish a class of GARCH market models under
regime switching for option pricing. For the important issue of fitting the regime switching
model parameters, Hardy (2001) develops maximum likelihood estimation using real data
from the S&P 500 and TSE 300 indices. In addition to option pricing, regime switching
models have also been formulated and investigated for other problems; see Zhang (2001)
for the developments of an optimal stock selling rule, Zhang and Yin (2004) for application
in portfolio management, and Yin and Zhou (2004) for a dynamic Markowitz problem.
Rieder and Bduerle (2005) have studied portfolio optimization problems, where the drift
rate of the stock price process is Markov-modulated and the driving factors cannot be
observed by the investor. Rieder and Bduerle (2007) have considered a jump-diffusion
stock price process where the jump intensity rate is considered to be a Markov-modulated
process and studied the portfolio optimization problems with unobservable driving factors.
For a more detailed study of Markov-modulated models, we refer Brémaud (1981), Elliott
et al. (1994), and Mamon and Elliott (2007).
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In practice, not all quantities which determine the dynamics of security prices can
be fully observed. Some of the factors that characterize the evolution of the market,
like Markov process, are hidden. So, it is more realistic to assume that the investor has
only partial information since prices and interest rates are published and available to the
public, but the drift and the path of Brownian motion which are not observable are mere
mathematical tools for modelling. Féllmer and Schweizer (1991) studied hedging under
incomplete information using the minimal-martingale measure. Pham and Quenez (2001)
have addressed the maximization problem of expected utility from terminal wealth under

the incomplete information about the stochastic volatility.

1.3 Defaultable markets

Over the last thirty years, credit risk modelling and its pricing has been rapidly expanding
field of finance, which is one of the fundamental factors of financial risk. Indeed, we can
note a tremendous acceleration in research efforts aimed at a better understanding, mod-
elling and hedging this kind of risk. But what does credit risk mean exactly? A default
risk is the possibility that a counterparty in a financial contract will not fulfill a contractual
commitment to meet his obligations stated in the contract. If this happens, we say that the
party defaults, or that a default event occurs. More generally, by credit risk we mean the
risk associated with any kind of credit-linked events, such as: changes in the credit qual-
ity (including downgrades or upgrades in credit ratings), variations of credit spreads and
default events (bankruptcy, insolvency, missed payments). It is important to make a clear
distinction between the reference credit risk and the counterparty credit risk. The first
term refers to the situation where both parties involved in a contract are supposed to be
default-free, but the underlying assets are defaultable and the second refers where parties
are defaultable. Credit derivatives are recently developed financial instruments that allow

to trade and transfer the reference credit risk, either completely or partially, between the
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counterparties. The counterparty risk emerges in a clear way in such contracts as default-
able claims. These derivatives are contingent agreements that are traded over-the-counter
between default-prone parties. Each side of contract is exposed to the counterparty risk of
the other party but the underlying assets are assumed to be insensitive to credit risk (for an
extensive survey of this subject, see Bielecki and Rutkowski (2002)). A classical example
of defaultable claim is a European defaultable option, that is an option contract in which
the payoff at maturity depends on whether a default event, associated with the option’s
writer, has occurred before maturity or not. Bélanger et al. (2004) and Blanchet-Scalliet
and Jeanblanc (2004) have priced defaultable claims using the martingale representation
theorem. The mean-variance hedging method has been extensively used in the context of
defaultable markets by Bielecki et al. (2004a), Bielecki et al. (2004b), and Bielecki and
Jeanblanc (2009). For instance, Bielecki et al. (2004b) provide an explicit formula for the
optimal trading strategy which solves the mean-variance hedging problem. Moreover, they
compare the results obtained using strategies adapted to the Brownian filtration, to the
ones obtained using strategies based on the enlarged filtration, which encompasses also the
observation of the default time.

The credit risk models can be characterize into two broad classes: structural models and
reduced form models (also known as the intensity-based models). In the former approach,
the total value of the firm’s assets is directly used to determine the default event, which
occurs when the firm’s value falls through some boundary. The random time of default is
announced by an increasing sequence of stopping times. By contrast, in the latter approach,
the firm’s value process either is not modelled at all, or it plays only an auxiliary role of a
state variable. The default time is modelled as a stopping time that is not predictable; the
default event thus arrives as a total surprise. They are called reduced form since they are
abstracted from the explicit economic reasons for the default, i.e., they do not induce the

asset-liability structure of the firm to explain the default as in a structural model approach.
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Rather, reduced form models use debt prices as a main input to model the bankruptcy
process.

Structural models began with Black and Scholes (1973), Merton (1974) and Black and
Cox (1976), and continued with Longstaff and Schwartz (1995), Taurén (1999) and Collin-
Dufresne, Goldstein (2001) and Eom et al. (2004). Duffie and Singleton (2003) show that
any default-free term-structure model can be used to price bonds with default risk. One
simply models the spot interest rate to include an instantaneous default spread. Affine
term-structure models can then be tweaked to produce closed-form corporate bond prices.
Reduced form models are studied by Blanchet-Scalliet and Jeanblanc (2004), Bélanger
et al. (2004), Bielecki et al. (2004a), Bielecki et al. (2004b) and Bielecki and Rutkowski
(2002), Bielecki and Jeanblanc (2009). For pricing and hedging credit risk, the information
set observed by the market is the relevant one. This is the information set used by the
market, in equilibrium, to determine prices. Given that belief, a reduced form model
should be employed. Reduced-form models have proved to be a useful tool for analyzing
the dynamics of credit spreads (Elizalde, 2005). Jarrow and Protter (2004) argue further
that reduced form models are more appropriate in an information theoretic context given
that we are unlikely to have complete information about the default point and expected
recovery.

Bruti-Liberati et al. (2009) have considered defaultable term-structure models in a gen-
eral setting under the benchmark approach. They demonstrated how a class of tractable
defaultable term-structure models can be obtained. More specifically, by assuming inde-
pendence between the discounted GOP and the default-adjusted short rate, they obtained
closed form expressions for the prices of defaultable bonds. In case of a default market,
even if an appropriate risk-neutral martingale measure exists, the H-hypothesis may not
be stable under the measure transformation. Here, the H-hypothesis means invariance
of martingale property under the extension of the filtration. So, it is better to use the

benchmark approach for defaultable financial markets.
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Collin-Dufresne et al. (2009) were the first to point out that the successive updating
of the conditional expectation of the unobservable process in reaction to incoming default
observation has the potential to generate contagion effects. Frey and Runggaldier (2010)
concentrated on the mathematical analysis of filtering problems in reduced form credit
risk models. Credit risk models with incomplete information have been considered by
Kusuoka (1999), Duffie and Lando (2001), Giesecke and Goldberg (2004), Jarrow and
Protter (2004), Coculescu et al. (2008) and Frey and Runggaldier (2010). They are
concerned with structural models where the value of assets and liabilities is not directly
observable. None of these contributions addresses the dynamics of credit derivative prices
under the benchmark approach.

Here, we consider only the default event for our modelling of credit derivatives, i.e., the
counterparty risk. If default occurs, the creditor will only receive the amount recovered
from the debtor, called recovery payment. The recovery payment is frequently specified by
the recovery rate i.e., which is a fraction of the payoff of the contingent claim in case of
default. There are two kinds of recovery payoffs: one recovery payoff at the time of default
if default occurs prior to or at the maturity date, and the recovery payoff at maturity if
default occurs prior to or at the maturity date. Naturally, one of the recovery payoffs occur
in the real market. In a general setting, we consider simultaneously both kinds of recovery
payoffs. We derive price and hedging strategies of the default claims under the benchmark
approach. Craddock and Platen (2001) makes use of an integrated benchmark modelling
framework that allows us to model credit risk and demonstrated how to price contingent
claims by taking expectation under the real world probability measure in a benchmarked
world.

In the following sections, we give brief descriptions of various option pricing methodolo-
gies given under the APT, where we describe the Black-Scholes PDE, the Black-Scholes-

Merton risk-neutral approach, the martingale approach and the benchmark approach.
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1.4 Black-Scholes PDE

In 1973, Black and Scholes ushered in the modern era of derivative securities with a seminal
paper on the pricing and hedging of (European) call and put options. In their work, the
famous Black-Scholes formula made its debut, and the It6 calculus was unleashed upon
the world of finance.

In its simplest form, the Black-Scholes model involves a frictionless market with two
underlying assets, a riskless asset (bank account or cash bond) and a risky asset (stock).
The bank account appreciates at the short rate, or riskless rate of return r, which is
assumed to be constant. Thus, the price B; of the riskless asset at time t is assumed to

satisfy the differential equation
dBt = Btrdt. (].2)

The price S; of one unit of risky asset at time ¢ is assumed to follow a stochastic differential

equation (SDE) of the form
dSt = St(,utdt aF O'th), (13)

where W = {W, };>¢ is a standard Brownian motion, yu; is a bounded, deterministic Borel
function of ¢ called the drift, and o > 0 is a constant called the volatility of the stock. The

SDE (1.3) has a unique solution with initial value Sy > 0 (Ch-V Theorem 6 Protter, 2004)

and it is given by

" t
Sy = Spexp (aWt — 025 + / ,usds>. (1.4)
0

We write S; = (By,S;)". Here, “(-)7” indicates the transpose of a matrix or a vector.
Throughout the thesis, we consider a complete filtered probability space (2, F, F, P), where
Q) denotes an abstract set containing all possible states of the financial market under study,

F = {F}icp, 1) is an increasing sequence of o-fields over 2 (containing information about

19

TH-1039_05612301



CHAPTER 1 1.4. BLACK-SCHOLES PDE

the market at time ¢ € [0, T) with F = Fr, for a fixed time horizon 7' > 0. Throughout
the thesis, we assume that the filtration I’ satisfying the usual conditions, i.e. F' is right
continuous and any set which is a subset of a set of zero probability is Fyp-measurable. The
vector process S = {S;}icp, 77 is assumed to be adapted to the filtration F. In words, the
current price of each asset is known at each time ¢, given the information F;. Throughout
the thesis, we suppose that all securities are discounted by the riskless asset, and hence
B; = 1 almost surely for all t € [0, T]. We have chosen to work with discounted price
processes so that, although there is a bank account in the model, it does not appear in the
analysis. For this Black-Scholes model, the investor needs to choose a strategy, represented

by the two-dimensional process

0={0 = (5?752)}%[0, 175

where 4! denotes the number of units of riskfree and risky assets respectively, for i € {0,1},
that is being held at time ¢t € [0, T]. In the following definition, we give a notion of

admissible strategy for an investor.
Definition 1.4.1. An admissible trading strategy o satisfies the conditions:

a. 0 is F-predictable process and belongs to the set 1L2(S), where

/0T<5t)2.d[S]t+ (/OTdt-Stptdt)2] < oo}.

b. The resulting portfolio value V2 = &; - S; is non-negative.

L*(S) = {5 E

13 7

In the abowve, indicates the dot product of two vectors, (8;)* indicates a vector whose

elements are square of elements of 6; and [-| indicates the quadratic variation of the process.

In the above definition, predictability can be loosely interpreted as left-continuity, but
more precisely, it means that the strategy is adapted to the filtration generated by all

left-continuous F-adapted processes. In economic terms, it means that the investor cannot
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change his portfolio to guard against jumps that might occur randomly. The first condi-
tion for the admissible trading strategy is a required condition to define a wealth process
V? corresponding to & to derive a local-risk-minimizing hedging strategy. The second re-
quirement is important in order to rule out simple, but unrealistic, strategies leading to
arbitrage (for instance, doubling strategies). Throughout the thesis we make the following

assumption.
Assumption 1.4.1. All trading strategies are admissible.

Due to this assumption we shall simply omit the phrase “admissible” in the remainder

of the thesis.

Definition 1.4.2. A trading strategy is called self-financing if the corresponding portfolio

value satisfies the following equation, with Vy > 0,
t
V=V +/ 85 - dS,, forte[0,T).
0

The self-financing strategy definition states that the investor does not withdraw or add

[Tk

any funds throughout the contract period. From here onwards we will not be using the

symbol between two vectors or matrices for their dot products.

Definition 1.4.3. We say that the market model does not allow arbitrage opportunities

if for any strateqy o, the following condition is satisfied:
If VY =0, then V2 > 0 a.s. implies V2 =0 a.s. for any stopping time T € [0, T).
Before going further, we require the following definition.

Definition 1.4.4. A portfolio value process V? is called replicating or hedging a con-
tingent claim Hp, where Hr is an Fp-measurable, non-negative square-integrable random
variable, if

VP =Hr, a.s.
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If this portfolio is self-financing then we call it a perfectly replicating or perfectly

hedging strategy.

Let CY2([0,T] x R.) be the set of real valued functions on ([0, 7] x R.) such that the
function is of class C! with respect to the first argument and G? with respect to second
argument and C' = {C(t, S¢) }ep, 71 € €42([0,T] x Ry) be the price process of a European-
style derivative whose value depends on both the stock price and time. Consider a trading
strategy V? (in this thesis, interchangeably we use the term ”trading strategy” for both &
and V%) consisting of the bank account B and the stock S which perfectly replicates the
derivative, i.e.,

Now, from the no-arbitrage condition, we have
Ve =C(t,S),

for all t € [0, T']. In differential form,

dV? = dC(t, S,). (1.5)
From It6’s formula,
oC(t, Sy) oC(t, Sy) 19°C(t, Sy) 5
dC(t, S,) = dt dSy + ———2="(d
C(t,S,) o + =53, Si+ 3 957 (dS:)
_(0C(t,S) oC(t,Sy) 1 , ,0°C(t,S;) oC(t, Sy)
= (T ST g+ S g di oS =,

From the self-financing nature of the portfolio, we have
dV;? = 6,dS, = 6;dS, = 6} S (pdt + adW,).

If we compare dt and dW, terms in (1.5), we get

st 205

0S;
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which is the required hedging strategy to perfectly replicate the contingent claim, and

oC(t, Sy) IC(t,S) 1 50,0°C(t,S) o
o Mg TtV T
that is,
oC(t, Sy) OC(t,Sy) | 1 5,0°C(t,S;)  0C(t,S)
T TOR L BT R T e
OC(t,Sy) 1 5,,0°C(t,S;)
5 + 3 h 857 0.
Hence, the Black-Scholes PDE can be read as
aC(t,S) 1 9*’C(t,8) ]

+ 20 S 557

ot
for S € (0, 00) with terminal condition C(7,S) = Hr.
In literature, this equation can be seen as, for nondiscounted processes, i.e., for r # 0,

0C(t3) | 1 ,0°0(t.S) ,  (BO(LS)

ot 2 05?2 S

—rC(t,S) =0,

which is the usual Black-Scholes PDE for S € (0,00), also known as the Black-Scholes
equation. The solution of the above second order parabolic PDE with terminal condition
C(T, St) = (St — K)* will be the price for the European call option at time ¢ € [0, T,
with the strike price K. There are several ways of solving the Black-Scholes equation, like

using the principle of risk-neutral valuation or using the quantum mechanical formulation.

1.5 Black-Scholes-Merton risk-neutral approach

One of the most remarkable properties of the Black-Scholes equation is that all of the
variables that do appear in the equation are independent of risk preferences. In other
words, the equation does not involve the expected return p; on the stock. Merton has
assumed this fact, and used risk-neutral pricing to derive the Black-Scholes equation with
just a simple argument as follows: In a world where investors are risk-neutral, the expected

return on all investment assets is the riskfree rate of interest 0 (it would be r if we do not

23

TH-1039_05612301



CHAPTER 1 1.5. BLACK-SCHOLES-MERTON RISK-NEUTRAL APPROACH

consider all price processes are discounted ones). Let @ be the risk-neutral probability

measure. Then, under Q, the dynamics of the stock is
dS, = 05, dW2,

where WtQ =W, + fot f2ds is a standard Brownian motion under the measure Q and from

[to’s formula, the dynamics of the call price is

oC(t,S;) 1 9?C(t, Sy)

oC(t, St)
L 1 22
dC(t,S;) = < + 50 S, 5?

Q 1
9%, AWE. (1.6)

T )dt + oS}

On the other hand, from the no-arbitrage argument, under ), the discounted price C(t, Sy)
should also be driftless, that is, the dt term of dC (¢, S;) must coincide with zero. Therefore,

with this fact and (1.6), it follows that

8C(,S) 1 ,,0C(tS)
5 270 a3

= (),
and this is precisely the Black-Scholes equation with terminal condition C(7,S) = Hr .
The market price of risk process 6 is given by

Qt:lut_/r' M
g g

also called risk premium or relative risk. This quantity compares the rate of returns of
the risky asset and the riskfree asset, normalized by the volatility of the risky asset, i.e.,
it is defined as a measure of excess return that investors demand to bear risk. We also

recall the risk-neutral density process or the continuous-time Arrow-Debreu price process

t 1 t
Z; = exp (—/ 0, dW, — 5/ dis). (1.7)
0 0

(state-price density):

It6’s formula implies
dZt = —GtthWt, Z:O - 1 (18)
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In particular, as a stochastic integral, Z is a local martingale, with expectation equal to
one. From the Girsanov theorem, we have for a given process 6, adapted to the information

generated by the Wiener process W;, the process
t
WE =w, + / 0,ds
0
is a standard Brownian motion in a measure defined by the relationship
dQ = ZpdP,

where Z7 is the Radon-Nikodym derivative.

In the risk-neutral world, one can see easily that any discounted value process is a
martingale. It follows that the expected value of any discounted value process at a future
time is its current value and thus the value of the call option with strike K and maturity
T is given by

C(t, Sy) = BE9|(Sr — K)*|7,

where E?[|F;] indicates the conditional expectation with respect to the risk-neutral mea-
sure () for the given information up to time t. The above expression can be further

simplified to (Merton, 1973)

C(t, S;) = S;N(d) — KN(d — o/T —1), (1.9)

o2 i
where d = 5/ f\);%(T D and N is the standard normal distribution function. The equa-

tion (1.9) also indicates the solution of the Black-Scholes PDE and known as Black-Scholes

formula.

1.6 Martingale approach for option pricing

In this section, we present the option pricing through martingale representation theorem

as in Harrison and Kreps (1979), and Harrison and Pliska (1981). In order to show the
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pricing formula, we need to recall a deep result from the theory of stochastic analysis called

the martingale representation theorem (Elliott and Kopp, 2005).

Theorem 1.6.1. If a process M = {M;};>¢ is a square-integrable continuous martingale
with respect to the filtration generated by the Brownian motion W, then it has a represen-
tation of the form

t
M, = E(Mz|F,) = E(Mz) + / by d W,
0

for some square-integrable predictable process ¢. In particular,

T
My = E(Mr) +/ b dW,.
0

There are different forms of martingale representation theorems and for more details,
we refer to Elliott and Kopp, (2005). But we will be using only the mentioned above
predictable representation. Now, we state and prove a result on the possibility of replicating

a contingent claim with random payoff C' at maturity 7.

Theorem 1.6.2. An Furopean contingent claim with a discounted, square-integrable, pos-
itive, random payoff C' at maturity T' can be perfectly replicated, starting with initial wealth
Vo, if and only if
EQ(O(T, ST)) = Vo.

Proof. From the no-arbitrage condition, if we have a self-financing portfolio such that
Vi = C(T, St) then Vo = E9(C(T,Sr)) = C(0,S). Now, let us prove the converse,
i.e. existence of a self-financing strategy that replicates C' starting with initial amount
Vo = C(0,S5) = EQ(C(T, St)). Since E9(C(T, St)|F;) is a square-integrable, continuous
martingale with respect to the filtration F' which is generated by the Brownian motion

W. From the martingale representation theorem, there exists a predictable process ¢, with

EfOT $2ds < oo, such that

BO(O(T, $n)i) = BAC(T, 50) + [ . (1.10)
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and its differential form is
dE®(C(T, S7)|F,) = ¢ dWE. (1.11)

Under the transformed risk-neutral probability measure @, a self-financing portfolio V?

from definition 1.4.2 can be written as
AV = Syt adWy. (1.12)

If we compare (1.11) and (1.12), we get the required replicating portfolio

_ %

6 =
t St0_7

with initial wealth V. O
The put-call parity in financial mathematics is
P(t, St) — C(t, St) a4 K - St.

That is, a put option can be replicated by buying a bond and a call and short selling the
stock. Here, P indicates the price process of a European put option, and its value can be

derived if the price of call option is known.

1.7 The benchmark approach

The use of the growth optimal portfolio (GOP) has been recently a point of great interest in
finance. Kelly has shown the existence of the GOP as an optimal gambling strategy which
collects more wealth than any other strategy over a long period of time. This portfolio has
become known as the one that maximizes its growth rate for any time horizon. It has been
shown in Platen and Heath (2006) and in some other papers such as Breiman (1961) that
the GOP outperforms any other strategy as the time horizon increases. This characteristic
of the GOP leads to the so-called benchmark approach which consists of taking the GOP

as the benchmark or numeraire and using it in asset pricing.
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In this section, we review the main results from Platen’s theory of benchmark approach
for pricing and hedging financial instruments. We define and determine the growth optimal
portfolio in a general continuous-time financial market model for a generalized Black-
Scholes model. The aim of this section is to show the role of the GOP in option pricing,
which leads to the use of real world probability measure.

Here, we suppose that the market is composed of d + 1 assets. The d risky security
processes are denoted by S7 = {Sf}te[o, 1, J € {1,2,---,d}. Uncertainties are given by
a d-dimensional Wiener process. We assume that for the j-th security, the drift process
w = { ,u{}te[o, 71 and the volatility process corresponding to the Ath Wiener process gk =

{af ok }ieo, 7 are predictable processes and satisfy the integrability conditions

T d
B[ 3 Inilds] < o0,
[Ogu 3] o0
and

E[/OT zd: (ag’k)2ds} < 00.

J,k=1

We model the discounted security processes as follows:

Bt — 1,
dS? = Si(uldt + > ol*dWy), (1.13)
k=1

for j € {1,2,--- ,d} and t € [0, T]. For the strong unique solution for the SDE (1.13), we

assume that
d
]+ lot*| < e
k=1
forallt € [0,T], j € {1,--- ,d} and for some constant ¢, which implies that the parameters

of the above SDE are satisfying the Lipschitz and the growth conditions for all 7,j €

{1,2,--- ,d} (see P-47, Theorem 1.5.5.1, Jeanblanc et al., 2009). The solution is given by
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d

¢ d
' j j 1 k2 ik ik
S} =S} exp/0 (uids—ézwﬁ ) ds+;ag dWS). (1.14)

Let us introduce the market price of risk once again, whose importance can be seen later.
First, we introduce the vectors Wy = (W}, .-+ WIS, = (B, S, -+, 54" and the ap-
preciation rate vector p; = (yif, -+, u?)T. We assume that the matrix oy = [07"]; k(1. .0y

is invertible almost surely, for ¢ € [0, T, with inverse o, *.
Definition 1.7.1. The market price of risk is given by the vector
et = (0)517 Jef)—r7

such that

Qt = O't_IILLt.

The equation (1.13) can be written as
dSi = S " ol* (65t + dW), (1.15)
k=1

where 0F is the k-th market price of risk.

A portfolio strategy ¢ at time ¢ € [0, T is given by the R¢"'-valued predictable vector
process &; = (62,6}, -+ ,8%). The value process V;° corresponding to the strategy d is given
by

VP = 6,S;.

The portfolio corresponding to a self-financing strategy satisfies the differential form
dVy? = 6,dS,,

for t € [0, T]. This means that all the changes in the portfolio value are due to changes

in the primary security accounts. Assuming that V;? is positive, we can introduce the j-th
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fraction ﬂf of V¥ invested in the j-th security account. It is given by the j-th component

of the vector process
5t S St
T = ,
t ‘/t(;

where ‘«” indicates the pointwise multiplication of two vectors. Let U(T') be the collection

of portfolios 7 such that its corresponding strategy o is admissible through out period
[0, T) and U(t,T) for period [t, T].
The value of a self-financing portfolio ¢ is given by the SDE

AV = VT (dW, + 6,dt), (1.16)

where of = (7}, -+, 780y,

Remark 1.7.1. For the above multi-asset discounted model, the Black-Scholes PDE can

be read as
IC(S) | 1N 1w ei@Ct,S)
ot +_”Z:1" S TR T

Here C(t,S;) indicates an European option. The risk-neutral density process or the continuous-

time Arrow-Debreu price process is

t 1 t
Z; = exp (—/ OsdW — 5/ ||95||2ds), (1.17)
0 0

where ||-|| indicates the Euclidean norm. In particular Z is a local martingale. If it satisfies
the Novikov condition i.e. E(exp(3 fOT ||0s]|?ds)) < oo, with E(Zr) = 1, then the process Z
is a martingale, and Q(A) = E(I1aZr) defines a probability measure on (2, Fr) such that
Q(A) = E(142;) for A € F; (see page-348 Platen and Heath, 2006). The transformed risk
neutral measure is defined as

dQ = 2rdP.

Then the price of a European option at any time t € [0,T] is given by
C(t,S) = E? [C(T, S7)|F3].
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For any strategy =, from It6’s formula, log(V;") satisfies
dlog(V/]") = g7 dt + o7 AWy, (1.18)
with the expected logarithmic growth rate gf = 076, — 307 afT. Here, V and V;™ are
different notations but represents the same value. The GOP is defined by the following.

Definition 1.7.2. In a continuous-time financial market, a positive self-financing trading
strategy m with value process V™ is called a GOP if, for any positive self-financing trading

strategy m with value process V™, the corresponding growth rates satisfy the inequality

almost surely for all t € [0, T1.

The dynamics of the wealth process corresponding to the GOP is given by the following

theorem.
Theorem 1.7.1. The GOP fraction is
m =00,
and the corresponding wealth process satisfies the SDE
dV™ =V 0] (dW, + 0,dt), (1.19)
for all t €10, T7.

The proof of the theorem is a simple consequence of 1t0’s formula, and the first and
second order conditions of maximization. Without loss of generality, we assume VT =
1 and this holds throughout the thesis. We see that prices can be obtained under the
benchmark approach by taking the GOP as reference portfolio and without the need of
a risk-neutral measure. We will see that benchmarked portfolios (i.e with GOP as a
numeraire) are supermartingales. Further, we prove that the supermartingale property of

the benchmarked prices does not allow arbitrage opportunities in the market.
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Definition 1.7.3. Any price process U expressed in units of the GOP is called the bench-
marked price process and denoted by U. The model where GOP is used as a numeraire

1s called a benchmarked model.

Theorem 1.7.2. In a continuous-time financial market, the benchmarked portfolio \A/”,

where ‘Z’r = X s an (F, P)-supermartingale for any trading strategy .

T )
t

Proof. Applying 1t6’s formula, we get the dynamics of the benchmarked portfolio as
AV = V7 (o7 — 6,)dW,. (1.20)

Equation (1.20) means that the process V™ which is the benchmarked portfolio value is
driftless. It follows that the process V™ is an (F, P)-local martingale. Due to Fatou’s
lemma, a non-negative local martingale is a supermartingale. The portfolio V™ is non-

negative, hence V7 is an (F, P)-supermartingale. O

The benchnarked price processes is a positive local martingale. If the benchmarked price
process forms a strict local martingale not a martingale then we do not have, in general,
an equivalent risk-neutral measure (see Platen, 2004a). This is the case, for instance, if we

take a squared Bessel processes (see Heath and Platen, 2002).

Theorem 1.7.3. In a continuous-time financial market, if the GOP exists then there are

no admissible arbitrage opportunities.

Proof. This follows directly from the supermartingale property of the benchmarked port-
folio. If V" = 0, we have

0=V >E(V]) >0,
for any stopping time 7 € [0, T|. And since the benchmarked value is non-negative and

* . o .
V™ is positive, we have

P(VT > 0)=0.
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Fair pricing formula

Apart from the growth property, there is another property of the GOP, the numeraire
property, which is important in order to understand the role of the GOP in derivative
pricing. In order to be able to write a pricing formula, we state the following definition

(Platen and Heath, 2006).

Definition 1.7.4. A security price process V is called fair if its benchmarked value Vs

an (F, P)-martingale.

Intuitively, the martingale property of benchmarked prices relates to the notion of
fair price. Due to the supermartingale nature of any benchmarked process, the minimal
portfolio value whose benchmarked value replicates the benchmarked contingent claim
gives a fair price for the contingent claim. The fair pricing idea generalizes the standard
risk-neutral pricing, as we will see later. In practice, the fair pricing is appropriate for
determining the competitive price of a contingent-claim. From the definition, it is clear
that the actual benchmarked value of a fair wealth process is at any time the best forecast
of it’s future benchmarked value. The existence of fair price for a contingent claim is
equivalent to the no unbounded profit with bounded risk (NUPBR) condition introduced
in Kardaras and Karatzas (2007). And the NUPBR condition implies the no-arbitrage
(NA) condition which is necessary for the existence of a risk-neutral measure but the

converse need not be true.

Definition 1.7.5. We define a non-negative contingent claim Hp that matures at time

T to be a random payoff which is non-negative, Fpr-measurable with

5 (|H7;|
VF

?t) < 00,
almost surely for t € [0, T).

Now we state the definition of the complete market taken from Platen (2004a).
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Definition 1.7.6. A benchmarked model is called complete if there exists a fair, perfectly

replicating trading strategy for all non-negative contingent claims.

Theorem 1.7.4. The fair price of a derivative security at time t having a terminal value

Hr s given by
H, = V7" E(Hp|F)). (1.21)

The proof of the above proposition is straightforward from the fair price definition (see,
Platen and Heath (2006)).

Since there is no assumption on the completeness of the market for the existence of
the fair price, this formula works both in complete and incomplete market models. The
idea is to define the fair price in such a way that the numeraire property of the GOP is
undisturbed. In other words, the GOP remains a GOP after the payoff Hr is introduced in
the market. There are two primary motivations for this methodology. Firstly, the market
may not be complete, in which case there may not be a perfectly replicating portfolio for
the payoff Hr. Second, the market may be complete, but there need not exist an equivalent
risk-neutral measure, which is usually used for pricing. In the case of complete markets
which have an equivalent risk-neutral measure, the fair pricing concept is equivalent to
pricing using the standard risk-neutral method (Platen and Heath, 2006). The Radon-
Nikodym derivative process Z¢ = {Z:tQ}te[O’ 7] for the candidate martingale measure Q can

be obtained as inverse of the discounted GOP

dQ B 1
Q_ p(% _ 2t
&= E(dp‘(f'f) B
for t € [0, T, where Z¥ satisfies the SDE
Az = —220,dW,, (1.22)
for t € [0, T] with Z¥ = 1, by the Itd’s formula and (1.19). This demonstrates that

‘/tTr

29 is an (F, P)-martingale. Furthermore, it follows that ‘%Z? = o = Vroand VT =
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{‘A/t“}te[o, = {gz?} o1 is an (F, P)-local martingale for any portfolio 7. Due to this
t tel0, T

result, we can state the following lemma.

Lemma 1.7.1. Suppose a complete market has an equivalent martingale measure, that is,
a probability measure () equivalent to P and discounted asset prices are QQ-local martingales.

Then the risk-neutral price given by
H, = E9(H7|F,)
is identical to the fair price, i.e. H, = H, almost surely, for all t € (0, T).
In the sequel, we require the following definition.

Definition 1.7.7. A semimartingale Y is called stochastic exponential of a semi-
martingale X, and vice-versa, X is called stochastic logarithmic of Y, if they satisfy

the SDE
dY; = Y,_dX;, (1.23)

with Yy, Yi— > 0 and initial condition Yy = 1. It is denoted by Y = E(X) and X = Log(Y).

1.8 Local-risk-minimizing method

So far, we have seen different methods used in literature for option pricing and hedging
in continuous-time complete financial markets. But, it is not necessary that the financial
markets will always be complete. An incomplete financial market is a situation where all
the non-negative contingent claims can not be perfectly hedged. So the hedger has to
take some intrinsic risk by introducing a cost process during the contract period to hedge
the contingent claim. Different “quadratic” methods have been introduced in financial
mathematics to reduce the intrinsic risk in incomplete financial markets, like the mean-

variance hedging (Follmer and Sondermann, 1986) and the local-risk-minimizing hedging
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(Schweizer, 1991). In this section, we provide a review of the main results of the theory
of local-risk-minimization introduced by Schweizer and his co-authors, since it is closely
related to the GOP. For an extensive survey of the approach, we refer to Schweizer (2001).

The main feature of the local-risk-minimization approach is the fact that one has to
work with strategies which are not self-financing and the purpose becomes to minimize
the riskiness in a suitable way. If we consider a non-attainable (i.e. not perfectly hedge-
able) contingent claim Hrp, in a Markov-modulated market or in a defaultable market for
instance, then according to this method, we look for a hedging strategy with minimal cost
that replicates Hrp.

The risk-minimization criterion for measuring the riskiness of a strategy was first in-
troduced by Follmer and Sondermann in 1986 where the risky asset is represented by a
martingale. Successively, it was extended to the general semimartingale case by Schweizer
(1988, 1991) and by Follmer and Schweizer (1991). First, we discuss the simple special
case where S is a P-martingale. We then give the generalized result for the semimartingale

case. Before that we give the following definitions.

Definition 1.8.1. For any strategy 7, the cost process is defined by
t
cr=v" —/ dsdS,, t € [0, T1. (1.24)
0

The quantity CT describes the total costs incurred by m over the interval [0, t|. The risk

process of T is defined by
RT = E((C} — C)*|), t€[o, T]. (1.25)

Definition 1.8.2. A strategy 7 is called risk-minimaizing if for any other strateqy ™ such
that VF = VF P-a.s., we have

R} <R7,
P-a.s. for every t € [0, T).
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Definition 1.8.3. A strateqy 7 is called mean-self-financing if its cost process C is a

P-martingale.

Definition 1.8.4. Two square-integrable martingales M and L, such that My = Lo = 0,
are said to be P-orthogonal if E(M;N;) =0 for all t € [0,T]. And, two square-integrable

martingales are said to be strongly P-orthogonal if their product is a P-martingale.

To analyze in simple form we assume only one risky asset S here. We consider L*(S),

the space of all F-predictable processes ¢ such that

B[ [ o

and let 9MMZ(P) be the space of square-integrable P-martingale null at 0. If S is a P-

< 00,

martingale, the risk-minimization problem is always solvable by applying the Galtchouk-
Kunita-Watanabe decomposition (see, Schweizer (2001)). Since the set [%(S) = { [ 6'dS | § €
L*(S)} is a stable subspace of 9M3(P), any non-negative Hr € L*(Fr, P), i.e., an Fp-
measurable square-integrable random variable, can be uniquely written as
T

Hp = E(Hy) + /0 6 (Hp)dS, + L P —a.s. (1.26)
for some §* € L*(S) and some L¥ = {Lf = E(LY|F,) }iepo, 1) € IMZ(P) strongly orthogonal
to I?(S), which is known as Galtchouk-Kunita-Watanabe decomposition. The following
result was obtained by Follmer and Sondermann (1986) for the one-dimensional case under
the assumption that S is a square-integrable P-martingale. Schweizer (1995) has extended

this result for a general local P-martingale S.

Theorem 1.8.1. If S is a P-martingale, then every non-negative contingent claim Hr €

L*(Fr, P) admits a unique risk-minimizing strategy © such that V = Hrp. In terms of
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decomposition (1.26), the risk-minimizing strategy T is explicitly given by

0 = 0(Hr),
V[ = E(Hr|F,), telo, T,
Cr = E[Hy] + LA (1.27)
When S is in general a semimartingale, the notion of risk-minimization is not di-
rectly applicable. However, Follmer and Schweizer (1991) extended this notion to risk-
minimization in a local sense for a semimartingale case by considering small perturbations
to the strategies. Interestingly, locally-risk-minimizing strategies are shown to be also

mean-self-financing. They have proved that, to get locally-risk-minimizing strategies it is

sufficient to find the Follmer-Schweizer decomposition.

Proposition 1.8.1. A non-negative contingent claim Hy € L*(Fr, P) admits a locally-

risk-minimizing strateqy T if only if H admits the Follmer-Schweizer decomposition
T
Hr = Hy+ / 6L (H)dS; + LE P —a.s. (1.28)
0

with Hy € R, 6'(H) € L*(S), LY = {L]" = E(LE|F) e, 1) € ME(P) strongly P-

orthogonal to martingale part of S. The locally-risk-minimizing strategy is given by
gtl = 5t1<H)7 te [07 T]’

with minimal cost

Cr=Hy+LE telo, T).
If (1.28) holds, then the optimal portfolio value at time t is
N - t t
V' =C} +/ §:dS, = Hy +/ SHH)dS, + LY. (1.29)
0 0

In the martingale case, Follmer-Schweizer decomposition coincides with the Galtchouk-

Kunita-Watanabe-decomposition. From Féllmer and Schweizer (1991), one can obtain the
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local-risk-minimizing hedging strategy using the Galtchouk-Kunita-Watanabe-decomposition

by choosing a convenient martingale measure for the semimartingale S.

Definition 1.8.5. A martingale measure ) equivalent to P with a square-integrable state-
price density is called minimal martingale measure if () is equivalent to P on Fy and
if any square-integrable P-local martingale which is strongly orthogonal to the martingale

part of S under P remains a local martingale under Q).

The minimal martingale measure is the equivalent martingale measure that modifies
the martingale structure as little as possible. The existence of the minimal martingale
measure, for the case where the stock price process is a right continuous with left limit
process, is discussed in Schweizer (1995). He states that the minimal martingale measure

exist if the corresponding state price density is a martingale.
Theorem 1.8.2. Suppose S is a semimartingale and
dQ ¢
zQ:E@—g)ze(—/eﬂwg
f P! 0
is a square-integrable martingale and define the process H as follows:
H, = E°(Hp|F,), te0, T),

where E9(-|F;) denote the conditional expectation under the minimal-martingale measure

Q. Let
A — L —H
Hp = E°(Hr|97) :Ho—i-/ d,(H)dSs + Ly (1.30)
0

be the Galtchouk-Kunita- Watanabe-decomposition of H with respect to S under Q. If ei-
ther H admits a Follmer-Schweizer decomposition under measure P or Galtchouk-Kunita-
Watanabe-decomposition under the minimal-martingale measure @), both give the same

locally-risk-minimizing strategy for Hp.

The proof of the above theorem is little tricky and can be found in Foéllmer and Schweizer

(1991).
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1.9 The outline of the thesis

This thesis is devoted to use the benchmark approach farther for option pricing and hedg-
ing in complete and incomplete Markov-modulated financial markets with perfect and
imperfect information. In this introductory chapter we have given a brief description of
developments in financial mathematics and an outline of different methodologies of option
pricing in financial markets.

In each chapter, we derive the growth optimal portfolio by stochastic control method.
Using this GOP, the benchmarked fair prices have been derived and the concept of local-
risk-minimizing hedging strategy has been used for hedging.

In Chapter 2, we consider consumption process C = {C,},cpo, 77. Asset prices are consid-
ered to be driven by multidimensional Brownian motion processes and multidimensional
Poisson processes. We consider European and American contingent claims with payoff
rates g; for t € [0, T in addition to a terminal payoff.

Chapter 3 deals with an incomplete financial market where the stock price process
is modulated by an irreducible continuous-time Markov process with finite state space.
From this chapter onwards, we consider the pricing and hedging problems for European
contingent claims only without payoff rates. It has been shown the pricing through risk-
neutral method using the minimal-martingale measure for the considered model is same as
the benchmark fair price.

Chapter 4 studies a financial market model with two stock price processes, which are
modelled as a Markov-modulated jump-diffusion processes. First, We have derived the
GOP under the complete information. By the help of martingale representation theorem
the option has been hedged in complete information. Then, the hedging strategy has
been derived in incomplete information by taking the optimal projection of the strategy,

derived complete information case, towards the smaller filtration generated by the stock
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price processes.

In Chapter 5 we consider a financial market where the stock price process has a Markov-
modulated drift process and has jumps with Markov-modulated intensity rate. The stock
price process is the only process which an investor can observe in this market. Through
filtering theory we derive the non-linear filtering equation for the unobservable process,
using innovation process method. Then the incomplete information market has been con-
verted to a complete information one by the help of the filtering equation. Since it is not
possible to get the GOP in the considered scenario, we derive it in a fictitious market.

The last two chapters deal with defaultable financial markets. In Chapter 6 we consider
a Markov-modulated defaultable Brownian market and price the defaultable contingent
claims with the intensity-based methodology. We establish the representation theorems
for the defaultable claims. The recovery processes are assumed to have random payments
at default time as well as at the maturity of the claims.

Chapter 7 handles a defaultable Brownian market, where the drift process and the
default intensity are modulated by an Ornstein-Uhlenbeck (OU) process. In this chapter
we consider that the investor has incomplete information about the market. Here, the
OU process is unobservable. By the help of filtering equation we convert in incomplete
information market to complete information market. Then we derive the pricing and

hedging strategy as in the previous chapter.
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Chapter 2

A Jump-Diffusion Model with
Stochastic Parameters and
Consumption Process

Financial economists achieved unprecedented success over the last thirty-five years using
simple diffusion models to approximate the stochastic process for returns on financial assets.
The so-called “volatility smiles” computed using the volatility implied by the venerable
Black-Scholes model reveal, however, that a simple geometric Brownian motion process
misses some important features of the data. High frequency returns data display excess
kurtosis (fat-tailed distributions), skewness, and volatility clustering. To strike a balance
between reality and tractability, in this chapter, we consider a jump-diffusion model with
stochastic parameters. The objective of this chapter is to price and hedge the American
and European contingent claims with payoff rates, for which one has to consider portfolios
with consumption processes C = {C;}icp, 77. Elliott and Kopp (2005) have constructed
the hedging strategies using an increasing process in the Doob decomposition of the given
contingent claim to define a consumption process and self-financing strategy. Consumption
process is also considered during the contract period.

SDEs of jump-diffusion type received much attention in financial and economic mod-

elling (see, Merton (1976) and Cont and Tankov (2004)). Platen (2004a) has considered a
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class of models with intensity-based jumps in which he performed pricing and hedging for
complete markets with jump-diffusions and without the measure transformation. Initially
for the case of deterministic parameters, we derive GOP simply by using the first and
second order condition to the growth rate. Using the GOP as a numeraire and from the
fair price concept, we derive the price and the hedging strategy for both European and
American contingent claims under the real world probability measure. While the case of
deterministic parameters is relatively easy to deal with, the random behaviour of param-
eters turns out to be a major issue in option pricing. In Hull and White (1987), option
price is determined in a series form for the case in which the stochastic volatility is in-
dependent of the stock price. Stein and Stein (1991) used analytic techniques to derive
an explicit closed-form solution for the case where volatility is driven by an arithmetic
Ornstein-Uhlenbeck process. So, in this chapter, next we handle a general case where all
the parameters are modulated by a stochastic process adapted to the given filtration itself.
For the case of stochastic parameters, we use the Hamilton-Jacobi-Bellman (HJB) equa-
tion to derive the GOP. Then, the case where the stochastic parameters are independent
of the stock price process has been considered. In this case, the market turns out to be an
incomplete one. By the help of GOP, we derive the Follmer-Schweizer decomposition of a
European contingent claim (ECC). Finally, we prove that the fair price of the ECC is a

solution to a partial differential equation (PDE).

2.1 The market model

We consider a complete financial market subject to both diffusive uncertainty as well as
jump uncertainty with d risky assets and one riskfree asset for some finite time hori-
zon T < oo. Continuously evolving uncertainty enters the model by means of m in-
dependent standard Wiener processes W* = {Wf}icpo, 1, for k € {1,2,--- ,m}, where

m € {1,2,--- ,d}. Event driven uncertainty, for instance the unexpected default of a
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company, is modelled by d — m independent Poisson processes N! = {Ntl}te[o, ], for
Il € {m+1,---,d}. The processes W = (Wt ... Wm™)T and N = (N™! ... NOT
are defined on a probability space (Q2,F, F, P), all are mutually independent with each
other, where the filtration F' = {J;}ico, 77 is taken to be P-augmented of the filtration
generated by the vector processes W and N. Events of the [th type are counted by the Ith

counting process N! whose intensity ' = {Ai}te[o, 7] is a given, predictable process with
t
AL>0 and /)\lsds<oo
0

almost surely, for t € [0, T] and [ € {m + 1,--- ,d}. Furthermore, we introduce Ith jump
martingale M' = {M}}icpo, 1) with SDE

dM! = dN! — Nat,

forl € {m+1,--- ,d} and ¢t € [0, T]. The above jump martingales are assumed not to jump
at the same time. They represent the compensated source of event driven uncertainty.

The price B; of the riskless asset at time ¢ is assumed to satisfy the differential equation
dBt = Btrdt. (21)

Since we have assumed that all the price processes are discounted one, the riskless asset
B, =1, for all t € [0, T]. The discounted price S7, at time ¢ € [0, T, for one unit of the

jth stock is modelled by the SDE

m d
ds? = §9_ (u{dt +Y oldwi+ > ,og‘»’fde> : (2.2)
i=1 k=m+1
with initial value Sg > 0, for j € {1,---,d} and t € [0, T|. Hence, the vector process
S; = (B, St---, SHT t € [0, T], characterizes the evolution of all primary security

accounts. And i/, 7% > 0, and p* > —1, are assumed to be uniformly bounded and

square-integrable, deterministic functions of time for j € {1,2,--- ,d}, i € {1,2,--- ,m}
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and k € {m+1,--- ,d}, to get the strong solution of (2.2). The restriction on p is to keep
the stock price processes positive. The matrix o0, is assumed to be nonsingular and the

matrix [0y, p] is assumed to satisfy the following inequality
[O't7pt][0t7,0t]T Z CI7 Vi € [OuTL

for some ¢ > 0, where I is a d-dimensional unit matrix. It is clear that matrix [0y, py] is
nonsingular for every t € [0,7].

The self-financing wealth process V°? = {V;’},c0, 7 satisfies the SDE
d . .
dvy =" slds], (2.3)
=0

for all ¢ € [0, T7.

We denote the appreciation rate vector u; = (uf,- -+, ud)", and the invertible volatility

matrix b, = [Ut>pt]dxda with o, = [Uf’i]je{u--,d},z‘e{1,---,m}, Pt = [p{’k]je{u--,d},ke{m+1,--,d}7 for

t € [0, T], which allow us to introduce the market price of risk vector
975 = (91517 T 0;%1)—'— — bt_llubt' (24)

The SDE for the self-financing positive wealth process (i.e. V; > 0,Vt € [0, T]) can be

written as
dve = V2 E o =t ' 2.5
t t : t Sg, ( )

where Wf denotes the proportion of the wealth that is invested at time ¢t € [0, T] in the

Jth primary security account, i.e.,

, ST
™ =6 ﬁ (2.6)
for t € [0, T] and j € {0,--- ,d}. These proportions always sum to 1. We call the vector

processes of proportions 7 = {m, = (0,7}, -, 7) e, 7 a portlolio defined by (2.6).

46

TH-1039_05612301



CHAPTER 2 2.1. THE MARKET MODEL

The equations (2.2) and (2.5) allow us to obtain the SDE for positive wealth process
d . .
W{ Z ol Oidt + AW+ Y it okdt + de)} (2.7)
Ji=1 j=1k=m+1

which has the solution

d

v =vgen] [ {ZWWH S el s

Ji=1 j=1,k=m+1

——Z (Z m—w) B Wfawdwz}

Ji=1

Z / log ( ijg’k + 1) de} . (2.8)

k=m+1
Now we give a general definition of GOP which is equivalent to the definition 1.7.2,

since it is myopic.

Definition 2.1.1. A growth optimal portfolio (GOP) is a portfolio, say ©*, which
maximizes the expected logarithmic growth rate of wealth over a given time horizon T. That

18, ™ 1is the solution of the problem

sup Elog(V)),
weU(T)

where E denotes the expectation under the (market) probability measure P.

It has been proved in Christensen (2005) that the GOP strategy is myopic and the
invested fractions are independent of wealth. So, we can define the GOP 7* as a solution
of the problem

S E(dlog(V")[F:-), (2.9)
for all ¢ € [0, T], under the probability measure P and U(t,T) indicates the positive

admissible strategies during the planing period [¢t,T]. By using Ito calculus and from
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equation (2.7), we get

d
B(dlog(V}")|F:-) ( 3 it ——Z (szo?) S w0 - M)+
i= l] 1 i= i=1,j=m+1
Z 10g<27r§p§] +1>/\{>dt. (2.10)
j=m+1

Now, we use the first order condition to maximize the above expression with respect to
the admissible strategies, taking the derivatives with respect to 7* and setting them equal

to zero. We then get

Sotft - (atot’)] + D wfiet-rn+ =) <0
j=1

j=m+1 L+ ey T hi
for i € {1,---,d}, which is equivalent to solving the set of linear equations
d
- <Z7rfafz) =0 (2.12a)
k=1
‘ . 2\
@ — X)) + : - =0, (2.12b)

d ¥,
1+Zk:17rfptj
forie{l,--- ,m}and je{m+1,---,d}, ie,

waof’ — 0 (2.13a)

d ' Qj
> ooy = ——— (2.13D)

k=1 A= 0;
forie {1,--- ,m}and j € {m+1,--- ,d}. The solution, say 7*, of the system of equations

(2.13) satisfies the equation

T

1 o+ oy
¥ [Ut,pt] — |:9 R 79m7ﬁ’.” ’—:| (214)
t t t /\t+1_6,t+1 )\f—ef
at time t € [0, T]. If we check the second order condition for optimization, we get that

the extracted 7* maximizes the expression (2.10). The corresponding wealth process is

m d

L - A A

vy :Vt’i{E 0i(0;dt + dW}) + ) v ek(det+de)} (2.15)
=1 k=m+1
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where we assume that

A > 0y,
a.s., which ensures that 3 kek > — , for the positivity of V™, for all ¢ € [0, T] and
k€ {m+1,---,d}. This assumption is necessary to keep the wealth process V™ positive.

When the market price of risk ¥ for the kth event-driven uncertainty is zero, it follows
by (2.15) that V™ does not exhibit jumps of the kth type. On the other hand, when §F
approaches AF, the impact of jumps becomes extreme. First we show the most important

result for our analysis, that is the benchmarked wealth processes are supermartingales.

Proposition 2.1.1. The benchmarked wealth process & corresponding to a self-financing

portfolio 7 is a supermartingale.

Proof. Recall that the benchmarked value of V™ is denoted by ‘Z” = ‘Y

. d ek ok i
Zwt pedWi < > wpt - s {1_F}th :
Jri=1 j=1,k=m+1

which is a local martingale. Then, the proof follows from the fact that a non-negative local

we have

A

martingale is a supermartingale. ]

Kardaras and Karatzas (2007) state that a portfolio #° € U(0,T) is called a numeraire

portfolio, if for every wealth process V7 the relative wealth process defined as “//:, is a

supermartingale. Therefore, 7* is a numeraire portfolio. Christensen (2005) has proved
that a portfolio is numeraire portfolio if and only if it is a GOP. Hence 7* in (2.14) is a
GOP. Now we recall the definition of the complete financial market from Chapter 1. We
call a market is complete if every contingent claim can be perfectly hedged with respect
to a fair, self-financing portfolio. From Platen (2004a), the model considered above is a

complete financial market model.
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Now, we consider X7 to be the value of the amount invested in Vi, S}, - S¢ at
time t with cumulative consumption C; and portfolio 7. Note that we are investing in

GOP in place of riskfree asset. The riskfree asset is inherited inside the GOP.

Definition 2.1.2. A consumption process C = {C;}co, 1 is a square-integrable, pro-
gressively measurable process with respect to F, taking values in [0, c0), and satisfying the
conditions
(i) Co =0,
(ii) the path t — C,; is non-decreasing and right-continuous almost surely and does not

have common jump with N .

The wealth process X™ satisfies the SDE
d

dS; vy
dXT = Xtﬂ_{ Zﬂtsf + 19 V"/i* } — dC,.
i— t—

Using equation (2.2) and (2.15), it can be rewritten as

d m d
dXT =XT [Z ™ {Z oV (dW] + 0idt) + Y plt(dMF + efdt)}
j=1 i=1 k=m+1

m d
o . oF
+w${§ 0,03t + dW)) + N ek(ekdt+dM’“)}] dC;. (2.16)
=1

k=m+1

2.1.1 The benchmark model
We use the GOP V™ as a benchmark or reference unit and we call the prices when

expressed in units of V™ benchmarked prices. Furthermore, we call a model of the above

prescribed form a benchmark model. By Ito’s formula, the benchmarked wealth process

X" = {)?tﬂ—}té[o, T with

for t € [0, T, satisfies the SDE

D I d N 07 oF dC,
dXT = X7 | Y wl{ol" =0y dwi+ > wlptt— i : 7 {1 —~ V} M| =
Jri=1 j=1,k=m+1 t t
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That is,

. tgc, . tf&moooo

X7+ /0 v =7+ /0 Z d{oh — 0 AW

Jyi=1
d N, g7 g i
+ > Q]{p] _Ak—ek}{ —F}dMS , (2.17)
j=1k=m+1 s Vs s

where WZ)A(ZF_ =9l forje{l,---,d},and T = L = x.

VO
The right-hand-side of (2.17) is a P-local martingale on [0, T'], whereas the left-hand

side is, for every (w,C) € A(T,x), a non-negative process. Here, A(T,x) is the set of
all (m,C) such that the corresponding § is an admissible trading strategy with initial
endowment = > 0, in time horizon [0, T']. Therefore, the right-hand-side of the equation

(2.17) is a supermartingale on [0, 7| for which the optional sampling theorem yields

E [)?T+/ dcj} <, (2.18)
o VT

for all stopping times 7 € &[0, T], where &[0, T] is set a of all F-adapted stopping times

on the interval [0, T]. A necessary condition for (7, C) € A(T, z) is

T dC,
E < 2.1
[/0 VS’T*] <z (2.19)

Proposition 2.1.2. Let C be a consumption process satisfying (2.19) for a given x €

[0, 00). Then there exists a portfolio © such that (w,C) € A(T, x).

Proof. With D = OT ‘Cﬁgi and from (2.19), we define the non-negative process ¢ such that

T T*
t s
This implies that
£t /t dcs
=FE(D|F;)— ED 2.21
‘/;71—* + 0 ‘/Sﬂ-* ( | t) +x ( )
== Mt + Z,
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where M; = E(D|J;) — ED is a square-integrable martingale. We will now use the funda-
mental martingale representation theorem to represent M in terms of Brownian motion and
compensated jump process (see, Bardhan and Chao (1995)). For some square-integrable,
F-predictable processes, 97 and n*, for j € {1,--- ;m} and k € {m +1,--- ,d},
M, = Z/ WIdWI + Z / FaMk
k=m-+1
Substituting in (2.21), we get

ngr* / —Z/ YW + Z /ndek+x. (2.22)

k=m-+1

Now, comparing it with equation (2.17), we see that

d
=Y o{ol" -6}, fori € {1,---,m}, (2.23a)
j=1

d .
. . 24 gk
k Z K 1
The above equation is a linear system of equations for ¢’, for j € {1,--- ,d}. By solving

the linear equation for o, we can find X™ from equation (2.17) and then the required 7. O

2.2 Pricing and hedging of contingent claims

Sometimes the holder of the option may have to pay premium. So, here we consider

generalized form of contingent claims from Karatzas (1988).

Definition 2.2.1. A European contingent claim (ECC) (T, fr,g) is a financial in-
strument consisting of

i) a maturity date T € (0, o0)

i) a payoff rate of g, per unit time on (0, T'), and

i11) a terminal payoff fr at maturity.
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Here the processes { fi}icjor) and {gi}icjor) are assumed to be non-negative, progressively

measurable, and satisfy

t
E( sup fs +/ gsds)* < oo,
0

s€[0,T]
where f, indicates the intrinsic value of the payoff at time t € [0,T).
Definition 2.2.2. Let x > 0 and T > 0 be two given finite numbers. A pair (w,C) €
A(T, x), with a corresponding wealth process X7, is called a hedging strategy against the
ECC if
(i) C, = [} gods, t € [0, T}, and
(ii) X7 = fr holds almost surely.

The hedging strategy duplicates the payoff from the ECC by managing a portfolio con-
sisting of the stocks and the GOP, and by appropriate absolutely continuous consumption

as in (i) of Definition 2.2.2.

Definition 2.2.3. The smallest value & > 0 for which there exist (m,C) € A(T,x) against

the ECC is called the fair price att =0 of the ECC.

To find the fair prices of the ECC and American contingent claim (ACC), we need to

introduce a non-negative process

ft /t Js
= — d 2.24
Qt ‘/tﬂ-* + 0 Vsﬂ.* 87 ( )

where f; is the value of payoff function at time ¢.

Theorem 2.2.1. The fair price for the ECC (T, fr,g) is given by

. fT T Js
BQn) =8 |5+ [ ).

Moreover, there exists a hedging strategy (m,C) € A(T,x) whose corresponding wealth

process X™ satisfies

Vﬂ* T Vﬂ'*
XF = B | fpot g ‘3" . 2.5
F=Els [ agsas| 5] (229
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Proof. For every x > 0 for which there exists a hedging strategy (7, C) € A(T, z) against
the ECC, we have, from (2.18), E(Qr) < x. Therefore, the fair price cannot be smaller
than the number F(Q7). Now we find a hedging strategy with initial endowment E(Qr).

For this, we consider a process (,

=7 [Bl@n) + B@r 190 - B - [ g .

so that

for* + /Ot Vg;* ds = E(Qr) + M, (2.26)
where M is a right-continuous version of the square-integrable martingale E(Qr | ;) —
E(Qr) with My = 0 almost surely. From the construction it is clear that, for every fixed
t €10, T], ¢; agrees almost surely with the right-hand-side of (2.25).

From martingale representation theorem (see, Bardhan and Chao (1995)), there will

exist some square-integrable F-predictable process ¢/ and 7*, for j € {1,--- ,m} and

ke{m+1,---,d}, and

d t
3 / nFaME,
0

j=m+1

t m t
ot [ s = BQn+ Y [ v+

The quantities /7 and ¥, for j € {1,--- ,m} and k € {m +1,--- ,d}, can be obtained

from the Radon-Nikodym derivatives

dw;] d[my,]

Now the hedging strategy can be derived as in Proposition 2.1.2 and C; = fg gsds, and
we have to replace £ = (, x = E(Qr). That is, with initial endowment E(Qr), there is a

hedging strategy (m,C) € A(T, z) against the ECC. Hence, E(Q7) is the fair price. O

Now, we define American contingent claims and derive the price and hedging strategy

for them.
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Definition 2.2.4. An American contingent claim (ACC) (T, f,q) is a financial in-
strument consisting of

i) a maturity date T € (0, o0)

ii) the selection of an exercise time T € &[0, T

iii) a payoff rate of g; per unit time on (0, T) and

i) a terminal payoff f, at exercise time.

Here, f and g satisfies the conditions assumed in ECC definition.

Contrary to ECC, an ACC can be exercised at any time before the maturity. ACC gives
the extra right to the buyer than the ECC, so it’s price process must be greater then equal
to the price process of a corresponding ECC. The derivation of the ACC price process is
not that easy as the ECC price process is. The hedging strategy against ACC is defined
in Karatzas (1988) as

Definition 2.2.5. For the given finite horizon T' > 0 and initial wealth x > 0, consider
a pair (m,C) € A(T, x) and let X™ denote the corresponding wealth process. We say that
(m,C) is a hedging strategy against the ACC (T, f, g) and write (w,C) € H(T, x), if
for almost surely, the following requirements hold:
i) Ay =C; — fot gsds, t €0, T], is a non-decreasing function.
ii) X7 > f, Vte[0,T)
iti) X7 = fr.
iv) Ay = A, for every fixzed number t € [0, T, where , = inf{s € [t, T|; XT = f}.
The fair price at t = 0 for the ACC is the value Py, where
Py=inf{x >0: 3 (7,C) € H(T, z)}.
Before stating the next lemma, we give the definition of essential supremum.

Definition 2.2.6. The essential supremum f = ess supejo, 7)fr of a stochastic process f

over a time interval [0, T is defined by the properties
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(i) f is measurable;
(ii) f > f almost surely, for each t € [0, T);

(i4) for any h that satisfies (i) and (i), h > f almost surely.

Lemma 2.2.1. Consider the process

V7r* T VTr*
}/; = €SS SUPrealt, T]E [fT ‘/tﬂ_* ‘l‘/ gg#ds ‘ 9:{| . (227)
t s

T

Then, there is an admissible strategy m and a consumption process C, with the corresponding
wealth process X™, such that
X =Y,

fort e |0, T).

Proof. Define
Jy = ess SUPrealt, T}E(erft)-
It is straightforward to see that J is a supermartingale, and in fact, J is the smallest
supermartingale dominating the discounted reward ). The process is called the Snell
envelope.
Since J is a supermartingale, it has a Doob-Meyer decomposition as the difference of a

martingale M and a predictable non-decreasing process A, i.e.,

Jt = Mt_AtJ

Jt + At == Mt. (228)

Here, M is a martingale and A is a unique, predictable continuous non-decreasing process

with Ay = 0. Now we consider
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t
Ct:‘/tﬂ-* |:]\4-t—14t—/0v ‘/gj*d8:| .

S

The strategies can be derived, by proceeding exactly as in the proof of Theorem2.2.1,
with the substitution C, = fg gsds + fot V;?r*dAs. Since (; has the same value as in the

right-hand-side of (2.27), the lemma follows. O
In the next theorem, we derive a fair price of an ACC.

Theorem 2.2.2. The fair price at t = 0 for the ACC is given by

fr "9
Vb = SUPTEG[O, T]E [F + ; ‘/;7"* ds| . (229)

Moreover, there exists a strategy (m,C) € H(T, Vi) with corresponding wealth process

X" = {XT }iep, 7 satisfying

* *

v A
X{ = ess supree, 11 [ffvfw* —i—/ gsvtﬂ* ds ‘ fft} a.s. (2.30)
t s

T

for every fized t € [0, T).

Proof. Let x > 0 be any number for which there exists a hedging strategy (7, C) € H(T, z).
The optional sampling theorem applied to the non-negative supermartingale of (2.17) then

gives, in conjunction with properties (i), (i7) of the Definition 2.2.5,

fr /T s -~ / dc,
EQr=E | 2L I gs| < E|XT <y, 2.31
4 {VQ’WOW*S— A7 (2:31)

S

for every 7 € &[0, T]. Therefore, with the notation V; = sup, gy, 71 £(Q-), t € [0, T7,
we have V) < z. The second part of the theorem follows from Lemma 2.2.1. So, V is the

fair price at t = 0 for the ACC. ]

Until now, we have considered the parameters of the model as deterministic functions
of time, but many empirical studies suggest that the parameters estimated from stock price

returns exhibit time-varying and random characteristics. It is hard to analyze the ACC

o7
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pricing and hedging in stochastic parameter models. Hence, in the next two sections, we
consider the cases of stochastic parameters and derive the fair price and hedging strategy

only for ECCs.

2.3 The model with stochastic parameters

In this section, we assume that market parameters are driven by the stochastic processes
adapted to the filtration F'. The price Sf , at time ¢, for one share of the jth stock satisfies
the SDE
m d
ds? = $9_ (u{dw > oltawi+ Y p{”“th’“> : (2.32)
i=1 k=m+1
for t € [0, T], with initial value S} > 0, for j € {1,---,d}. Here, p?, o%% and p*, are
considered to be deterministic functions, satisfying the same conditions as in Section 2.1,
of a stochastic process Y adapted to F', and having a bounded derivative with respect to
Y, forall j € {1,---,d}, i € {l,---,m} and k € {m+1,---,d}. Here, il = 1/ (Y}),
07! = 67(Y;) and pI" = pP*(Y;). We assume that the process Y is given by
m d
dY, = oudt + Y _GdW] + Y ¢FdNf, (2.33)
i=1 k=m-+1
where o, £, and ¢* are considered to be uniformly bounded, square-integrable deterministic
functions of time, and have bounded derivative with respect to time, for ¢ € {1,--- ,m}
and k € {m+1,---,d}. The matrix &£, is assumed to be nonsingular and the matrix

&1, ¢ is assumed to satisfy the following inequality

&, Gll& ¢l > el, Ve [0,T)

for some € > 0, where [ is a d-dimensional unit matrix. We assume that Y has continuously
differentiable and bounded density function f. Note that (V™Y is a Markov process. Due

to the nonpredictable nature of the parameters, deriving GOP is not as straightforward

o8
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as before. We use stochastic control methods to solve the problem. The value function

depends on the state variable and wealth, and is given by

<(tov,y)= sup EllogVF |V =v,Y; =y,
weU(t,T)

where E|- | V™ = v,Y; = y] denotes the conditional expectation given complete information
up to time t. For the model we have considered in this section, the value function ¢ satisfies

the Hamilton-Jacobi-Bellman (HJB) PDE

d
G+ sup [9) { Z morl6l + ) Wipij(Qf—Ai)}

meU(T i=1,7=1 i=1,j=m-+1
i 1
+ ngvz<27r§atj) + Gy + nyZ(ft)
7=1 =1 j=1
m d g
sy Y (Domiarel) +
j=1 =1
d d .. . .
> {sttv o> mply+ ) = st v,y pX] =o. (2.34)
j=m+1 i=1

From (2.8), ¢ can be written as the sum of two different functions ¢(¢,v,y) = logv+D(t, y).

Then, the equation (2.34) boils down to

d,m d
D+ swp [{ 3 moil+ Y el 6] - M)}

me€UT) = 1 j=1 i=1j=m+1
1 m d 1 m .
— 5; <;7T§0§]> +Dyat+§DyyZ(55)2
d . .
+ Z {D(t,y + ) —D(t,y) +log(1+ Zmﬁp;] })\i] =0. (2.35)
j=m+1

Using the first order condition to get the supremum, taking the derivatives with respect

to m* and setting them equal to zero, we get
m
> it - (Zw )]+
j=1

d A ’ )\j
S o [(eg M)+ t } —0, (2.36)

d k k.
j=m+1 L+ 3w

29
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for i € {1,--- ,d}, which is the same as (2.11). Hence, GOP will have the same expression
as before, but with F-adapted stochastic parameters.

Using (2.36) the HJB equation (2.35) can be written as

SRS DI D R %Za
7=1 j=m+1
d , N .
+ 3 {@(t,y+c,f_) —Q(t,y)jtlog()\j_tej)})\j ~ 0. (2.37)

j=m+1 t t

Theorem 2.3.1. The HJB equation (2.37) has a unique classical solution of the form
D(t,y):E[/T(IZ Z 0 + Z Aﬂlog( ))ds\fﬂ]
t st — — 0}
Proof. First we show that the HIB equation (2.37) has a unique solution in €'([0, 7] x R).
The HJB equation can be written as

1 -
Dt + Dyat + §Dyy Z(gi)Q + D(t7 y)+

J=1

(30 3 )+ > Jesoln—o

j=1 Jj=m+1 j=m+1

where D(t,y) = Y7, | {D(ty + GRS @(t,y)}- Now since <(t,v,y) = logv + D(t,y)

and using the definition of ¢ and (2.8), D(t,y) can be written as

D(t,y) = [/t (%i i 6l 4+ Z )Jlog()\j/\jej))ds\?t]

j=m+1 j=m+1
o0 m d } )
= /_Oo/t (% ;(91(2))2 — j:;rl 9§ J %1 )\3 log ()\])\—6]()>>f(z‘yt = y)dsdz

(2.38)

From the assumptions we have made in the beginning of this section, D € C%2([0, T x
R). Now using the results from Fleming and Rishel (1975) (Chapter VI and Appendix-E)
and Davis and Lleo (2011), we deduce that the HJB equation (2.37) has a unique solution

in €2([0, T] x R).
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Suppose D(t,y) solves the PDE (2.37). An application of Ito’s lemma for ¢t < 7" yields

T m
D(T, Yy) = D(t,y) + / (Ds(s, Y.)ds + Dy (s, Vo) (apds + 3 €dW7)

=1

Dyy(s,Y2) D (6)%ds) + D [D(s.Y) = Dls, Vo)l (239)

t<s<T

From (2.37), replacing Dy by

{% 3 (69) + Z 93} Yi)as — D, (s, Y, zm:
=1 j=m+1 2-
_j:mZH {D<5,YS, 1) —D(s,Y, )+ log (AZA_g eg) }Ag’,

and taking conditional expectation at time t yields

E[D(T,Yr)|5)] :@(t,y)—E[/tT (%i(@z_ S0+ Z N og()\J)\j 9]>>ds|”ft]

j=1 Jj=m+1 J=m+1
(2.40)

Since D(T, Yr) = 0 the statement follows.

]

In the case of stochastic parameters model that is under consideration till now, the
pricing and hedging of the contingent claims in this market will be similar as in the previous
market. This will not be the case if we consider the stochastic parameters to be independent
of the stock price processes. Due to the extra randomness, the market will be incomplete
and there will exist some intrinsic risk while hedging a contingent claim. In the next

section, we carry out the pricing and hedging of ECCs in such an incomplete market.

2.4 Incomplete market model

In this section, we consider the filtration G = {G; }+cpo, 11, where §; = F; \/U(WS, NS, s <t)

as augmentation of the previous filtration F' with U(W, N ), where W is a standard Wiener
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process and N is a Poisson process, independent with each other and independent with
all the other random processes that generates F'. The O'(W, N ) is the o-field generated by
W, N. Here, we suppose that Y, on which market parameters are dependent as in previous

section, given by
dY; = audt + &AW, + Gd M, (2.41)

where o, € > 0, and ( are considered to be uniformly bounded, square-integrable determin-
istic functions of time and have bounded derivative with respect to time. ]\Z = Nt — fg Xsds
is a compensated counting process with intensity Xt.The matrix [§;, ¢;] is assumed to satisfy

the following inequality
&, Gl Gl T = eI, Vit e [0,T]

for some € > 0, where [ is a two-dimensional unit matrix. We assume that Y has continu-
ously differentiable and bounded density function f.

For the case considered in this section, the HJB equation reads as

d
Dy + sup [{ mio 6] 4 mip? (6] — )\i)} (2.42)
neUT) = * ;2 1232 1 i= 1,yzz;n+1
1 ¢ i1, Y 1 2
S () e )+ s
j=1 =1

{1og (1+ sz,ozf b+ { Dty +G) - D(t.y) | =o.

j=m+

Using similar arguments as in the HJB equation (2.37), it can be shown that the above
HJB equation also has a unique solution. Using the first order condition in the above
HJB equation, we will get the same expression for the GOP. But in this case market is
incomplete due to unhedgeable random variables W and N. There will be infinitely many
risk-neutral martingale measures for this case. But, in the benchmark model, there is a

unique GOP, and hence a unique fair price for the ECC. We can derive the fair price of

62

TH-1039_05612301



CHAPTER 2 2.4. INCOMPLETE MARKET MODEL

the ECC in a similar way as in Section 2.2. In this case, the fair price is the same as the
price given by a minimal-martingale measure in the risk-neutral approach.

Due to the unhedgeable randomness in the model considered in this section, every
contingent claim cannot have fair, perfectly trading strategy. Hence, there will be some
intrinsic risk which cannot be ignored but it can be reduced. In literature, two quadratic
approaches have been introduced to reduce the risk: one is mean-variance hedging and
the second is locally-risk-minimizing hedging (see, Schweizer (2001)). We use the locally-
risk-minimizing hedging strategy introduced in Schweizer (1995). It has been shown that
finding the local risk-minimizing strategy is equivalent to finding the Follmer-Schweizer

decomposition (Schweizer, 2001).

Definition 2.4.1. A ECC (T, fr, g) is said to admit a Féllmer-Schweizer decompo-

sition if it can be expressed as

T d T
Jr + / gidt = fo + Z/ &dS; + L, (2.43)
0 =10

where fo € R, & € L2(S), fori € {1,2,--- ,d}, are F-predictable processes, and L = {L; =
E(L7|3) hep, 1 95 a square-integrable martingale strongly orthogonal to the martingale

parts of S%, fori € {1,2,--- ,d}.

Since the market is incomplete, we have to consider cost process along with the trading
strategy. To derive the Follmer-Schweizer decomposition, we consider a wealth process X™
consisting of GOP in place of riskless asset, with consumption process C and cost process

C. The dynamics of X™ is given by the SDE

d *
- - dS! avyr
AdX[ = X] { > o W?ij} — dCy + dC;, (2.44)
where the cost process C is defined by
d *
- ds’ avy
Ct:Xt—/ {Zﬂ't +7TSVZ_*}+(Ct.
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Using (2.2) and (2.15), (2.44) can be rewritten as

d m d
ax; :XZT—{ > [Z oM (AW} +0idt) + Y p(AM] + bydt)
j=1 i=1 k=m+1
d,m
+p | ) 0;(05dt + dW)
J,1=1
d 9’“
+ > N oF .- F (07 dt + th’“)] } — dC, + dC;. (2.45)
Jj=1k=m+1

Z I {0} dW?

P L dC,
Xt”—i-/ —x+/
7
7yi=1
o 07 "
E k s k

Jj=1,k=m+1

LdC,
—. 2.4
+ [ 52 (2.46)

Under the filtration G, using equation (2.26) and from the martingale representation

theorem, there exist some square-integrable G-predictable processes, v, 1, 7 and n*, for

je{l,--- ,m}and k € {m+1,---,d}, such that

e [ Z/ s [ o
- dWJ dM
v + 0 Vs QT I P! S %

j=m+1

/ budiV, + / ned .. (2.47)

Comparing with (2.46), we get

d
Q/J;IZQZ{U?Z_G;} for j€{1,~--,m}
j=1

) .
. o oF

=) Qi{ﬂi’k_Ak_tek}{l_,\_ic} for ke{m+1,--,d} (2.48)
t t t

C, = fy gods and C, = E(Qr) + [y VI bsdWs + fo VI n,d M,

d

t t dSz dVﬂ'*
+ [ gd :/ Y oot + ol + Cy,
Ct /0 gsas 0 { ot 0 S;_ Y V7r } t
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more precisely,

T T (. d ; *
- dS? avr
¢r+ / gsds = / diars + o= ¢ +Cr.
0 0 ; Ss— ‘/s—
For some predictable processes v, for i € {1,--- ,d}, the above equation can be written as

T T d o
Cr + / gsds = / E vydS; + Cr
0 0 =1

which is the required decomposition (2.43) of fr with fr = (r, & = v}, and Ly = Cr.

2.5 The benchmarked PDE for ECC

To get the option pricing one has to compute the expectation that has been derived. Direct
analytical evaluation of the expectation is not possible for the models we have considered
here. Numerical computation of the expectation by simulation will be expensive to imple-
ment. Transformation of the expectation into a PDE allows us to resort to the vast field of
numerical analysis applied to parabolic PDEs. The Feynman-Kac theorem states that we
can find the (time-dependent) expectation of a function of a Markovian stochastic process
by solving a partial differential equation, subject to appropriate boundary conditions.

We show for the deterministic parameter model with payoff rate zero, like in the case

of Black-Scholes, that the benchmarked pricing function of ECC

~

V[0, T] x (0, o0) x (0, 00) — [0, c0)

obtained as V(t, S;, V") = V(t) can be expressed as a solution to a partial differential
equation (PDE).
We determine whether there exists a sufficiently often differentiable benchmarked pric-

ing function such that

V0=Vt s, v = £ (5| 5).
Vi
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where the column vector S; = (S}, -+, S&)T, for t € [0, T]. Application of It6’s formula

to the function

dV(t, S, V7Y=LV (t, S, V) dt+z (Z Vs, (1)Sio]" + Vi ()vy*&;‘) dW i+
=1 7j=1
d = * ek = *
> (v (t, Si_+pf VT 4 /\’f—t9k> —V(t, S, V[T )) dMF,
k=m+1 t t
(2.49)
where pp = (p1g, -+, pak), for k€ [m+1,---, d], and with operator
~ . 8V(t St, Fk t Sy, V™)
LV(t, S, V7)) = ZSJ Z PrENR) +
k=m+1 S]
d m m =3 *
1 ik Jk 0? V(t Sy, Vi© ") 9 LOV(t, Sy, V)
_ SlsJ 07, VT(' ;
2;1%“ osiosi (ZZI( DIV vy
1 & 2V (t, S, V, OV (t, Sy, V)
K 91 VQ* ) SzVTr l Hk 7' ) *t
2121< ) Vn oV 8Vt Z aS;oV,™
: > k T* 05 T T k
>Vt S +pf, VT +W> —VI(t, Se-, Vi) | A, (2.50)
k=m+1 t ¢

for t € [0, T). Since the process V = {V (¢, S,, VI ) he, 17, 1s an (F, P)-martingale,
LV(t, S, V) =0, (2.51)

for (t, S;, V) € (0, T) x (0, o0) x (0, 00), with benchmarked terminal condition

fr
V(T Sr, Vi ) V”*’
for (Sz, VF) € (0, o) x (0, 00).

Hence, by Feynman-Kac theorem, applying It6’s rule to the process \7(t, Sy, V) and

using the above equation, we arrive at

AV (t, S.. Vi) = ( ZVSJS o 4 Vs (VT 01) AW +
=1 j=1
d = * 9143 = *
>0 (P ok VE g - Tl s v )t 252)
k=m+1 t Tt
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A comparison with (2.17) will give the required portfolio to hedge the given ECC.

For lower dimensions, numerical techniques can be implemented to solve the PDE with
the above initial conditions, like finite difference techniques can be implemented to solve the
PDE with initial condition (Ghosh and Goswami, 2009). In the similar way, we can derive
the PDE for option pricing in the remaining chapters also, but we will not be concentrating

on deriving the PDEs.
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Chapter 3

A Markov-Modulated Brownian
Market Model

In the previous chapter, we have considered three different forms of jump-diffusion models
with stochastic parameters. But, perhaps the simplest way to introduce additional ran-
domness into the standard geometric Brownian model is to let the volatility and rate of
return be functions of a finite state Markov chain. We can imagine that such a model
might describe regime switching behavior of some kind, perhaps related to the business
cycle, or other economic indicators. The terms regime switching and Markov-modulated
dynamics are used to describe such models, and there are already many interesting con-
tributions here, such as applications to option pricing (Guo and Zhang, 2004; Buffington
and Elliott, 2002; Guo, 1999), portfolio optimization (Yin and Zhou, 2003), and optimal
trading strategies (Zhang, 2001). Di Masi et.al. (1994) considered the problem of hedging
an Furopean call option for a diffusion model where the drift and the volatility are func-
tions of a Markov jump process. To derive a hedging strategy, they followed the approach
based on the idea of hedging under a mean-variance criterion as suggested by Follmer and
Sondermann (1986) and Schweizer (1988, 1991) in an incomplete financial market. Desh-
pande and Ghosh (2008) considered option pricing in a regime switching market with a
finite state continuous-time Markov chain. They have computed the minimal-martingale
measure for the regime switching model and expressed the risk-minimizing strategy under

the minimal-martingale measure.
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The model considered in this chapter is incomplete due to the non-tradeable Markov
process X. We will follow the same strategy as in Deshpande and Ghosh (2008) for the
risk-minimizing strategy, but under the real world probability measure with numeraire
change. In the present model, we prove that the fair pricing value will be the same as the

locally-risk-minimizing price derived in Di Masi et al. (1994).

3.1 The market model

Our objective in this chapter is to study the pricing and hedging of options in a regime
switching market with the benchmark approach. We assume that the state of the market is
governed by a finite state Markov process X = {X;};>¢ taking valuesin § = {1,2,--- , N}.
We assume that a single discounted stock price process S = {S;}:>0 evolves according to
the SDE, with Sy > 0,

dS; = S(u(Xy)dt + o(Xy)dWy), (3.1)

where the drift term p(-) and the diffusion term o(-)(> 0) are real valued, uniformly
bounded, square-integrable, deterministic functions on 8. and W = {W;};>¢ is a standard
Brownian motion. Under the given probability measure, the Brownian motion W and
the continuous-time Markov chain X are assumed to be independent. The filtration F' =
{Fi}iep, ) 1s the augmentation under P of the natural filtration F"**, generated by the
two sources of uncertainties W and X completed with null sets. So, we have the complete
information about the market at any time ¢t € [0, 7.

We consider X = {X;};>¢ be an irreducible continuous-time Markov chain describing
an observable exogenous quantity (the state of the market) whose evolution is described
in the sequel. Let, for A C 8, n(t, A) counts the number of transitions of X to a state
in A during the time interval (0, ¢], including the transitions taking place within A. For
example, the quantity n(t,u) counts the number of occurrences of s € (0, ¢] such that

X =wu and X, =1 # u, for 1,u € 8. We also call n Markov jump process. Note that
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n is a random counting measure. Let v be the usual counting measure on 8. Then v has
the following two properties: for A C 8, v(A) = [ Iav(du) (ie. v(A) counts the number
of elements in A) and [, f(u)v(du) =3, c 4 f(u).

A marked point process or a random measure is uniquely characterized by its stochastic

intensity kernel. The stochastic intensity kernel of n(t,-) can be defined as
Yu(dt, du) = h(u; X;)v(du)dt, (3.2)

where h(u; X;) is the conditional regime-shift (from regime X, to w) intensity at time ¢
(we assume that h(u; X;) is bounded). Heuristically, ~,(dt, du) can be thought of as the
conditional probability of shifting from regime X; to u during (¢,t + dt) given X;. Then
Yn(t, A), the compensator of n(t, A), can be written as (Wu and Zeng, 2006)

it A) = [ [ bl Xutauyds = 3 [ s Xyt

u€eA
The process m = {m(t, 8) }seo, 11 where {m(t, A) = n(t, A) — . (t, A)}i>0, for each fixed
A C §, is a martingale under P. We are now in a position to present the integral and
differential forms for the evolution of regime X; at time ¢, using the random measure n

defined above. First, the integral form is
X, =Xo+ / (u — Xs_)n(ds,du). (3.3)
[0, t]x8

Note that n(ds,du) is zero most of the times and only assumes the value one at regime
switching times ¢;, with v = Xj,, the new regime at time ¢;. Observe that the above
expression is nothing but a telescoping sum: X; = Xo+)_, ., (X;, = X;,_,). The differential
form then is

dX; = /(u — X )n(dt, du). (3.4)
8

In the following subsections, we define a trading strategy with cost process and derive

the GOP.
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3.1.1 Growth optimal portfolio
Suppose that a cumulative cost process is defined by
t
C., =V, - / 61dS,.
0
Then the positive wealth process is characterized by
dV;™ = 6}dS; + dC,. (3.5)

Note that, for a self-financing portfolio, by definition, the cost process will be constant
and changes in the value of a discounted self-financing portfolio are exactly matched by
the corresponding gains from trade. Here, 7 = (7% 7!) indicates the fraction of wealth
invested in the riskless and risky assets.

Now we define the GOP according to the market scenario and use the corresponding

wealth process as a numeraire for pricing contingent claims.

Definition 3.1.1. A positive self-financing trading strategy 7 is called a GOP if it has

wealth process V™ such that
EioplogVE > EyuologVE as.

for all positive self-financing wealth process V™ corresponding to a admissible portfolio
and for all t € [0, T|, where E;,,[-| = E[|X: = z,V;" = v] indicates the conditional

expectation under P given complete information till time t.

We now have an optimization problem of finding an investment strategy that maximizes
the expected logarithmic utility from terminal wealth. In this regime switching model, we
solve this problem via stochastic control method. The SDE for a positive, wealth process

corresponding to a self-financing portfolio is
d5:
t St
= Vmio(X)(dW; + 6(X,)dt), (3.6)

Vi = Vinr
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where, V7 = vy > 0 and 0(X;) = % is the market price of diffusion risk, which is also
regime dependent. This linear stochastic differential equation can be solved explicitly and

the solution is given by

V7 = vexp {/Ot [W;U(XS)Q(XS) - %#(XS)(W;)?] ds + /Ota(Xs)wsldWS} .3

If we take the expectation of the logarithmic value of the above equation, it gives

o 0.0 Log(ViF) = log(wo) + EO@( /OT [W;U( X,)0(X,) — 302( Xs)(ﬂ)?] ds>. (3.8)

Finally, we have a stochastic control problem of maximizing the objective function
3(0, z,v9,m) = Ep 4.0, log(VF) which is a concave, increasing, logarithmic utility function

1

with 7" as a controller. That is, our aim is to solve

sup 3(07 x, Vo, 71—)7
weU(T)

where the supremum is taken over all admissible trading strategies.

3.1.2 Dynamic programming

In our optimization problem, the time evolution of V™ is actively influenced by another
stochastic process 7t = {th}te[o, 7] called the control process. Here, we consider the finite
time horizon s € [t, T]. Since the control is allowed to observe the states V;™ of the process
being controlled, we may as well assume that the initial state X; = x is known (z € §)
and V," = v at time t. The starting point for dynamic programming is to regard the
supremum of the quantity J being maximized as a function ¢(¢,z,v) of the initial data.
The optimization problem can then be written as
S(t,z,v) := sup J(t,z,v, 7).
reU(t,T)

Here, J(t, z,v,7) = E; ., log(VF).
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Now, from the Bellman’s principle of dynamic programming, for ¢t +1 € [t, T,

S(t,z,v) = sup  Eyp.(t+1, X, Vi) (3.9)
weU (t,t+1)

Speaking intuitively, the expression inside the expectation represents the maximum ex-
pected cost obtained by proceeding on [t + I, T with (¢ + 1, X;14, V/7,) as initial data.
The dynamic programming equation is obtained formally from (3.9) by the following

derivations. If we take any control ms € U(t,t + 1), then
C(t7 €, U) 2 Et,a:,vg(t + l) Xt—i—la ‘/t:—-l)

We subtract ¢(t, z,v) from both sides, divide by [ and let [ — 0. The right-hand-side then

becomes
. -
ll—1>1’01}|- ?[Et,x,vg(t + lu Xt+l7 ‘/t—l-l) - §(t, Z, U)]
— / - <§ + VI [rlo(Xs)0(Xs)]s, + 1(V’f)2(7r1>"’a2(x )s )ds
104 l t,x,v \ s s s s s v 2 s s s )Svv
+ > by x)ls(t,y,v) = s(t,z,0)]. (3.10)
yeS
Hence, for all m € U(T),
1
0 > g+ulmo(@)0@))s + 50%(m) 0 @ + Y by 2)s(ty,v) = s(t,7,0)]
YyES
= A"¢(t, z,v), (3.11)
where
i
AT = 6 +vlmo(@)(2)]e + S (m) 0 (2)su + > h(yia)[s(ty,v) = s(t, 2, v)]
yeS

is a partial differential operator. If 7* is an optimal Markov control policy, we should have
S(t,x,v) = Epgos(t + 1, Xiqy, Vt:[l),
where V™" is the Markov diffusion process generated by A™ . A similar argument gives
0=A"¢(t,z,v). (3.12)
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The inequality (3.11) together with (3.12) is equivalent to the dynamic programming equa-
tion

0= A™c(t . 3.13
Dmax s(t,z,v) (3.13)

The above equation is to be considered on [0, T] x 8§ x [0, co) with the terminal condition

§(T,z,v) = logv. Thus, we have

1
sup_{ i+ vlrto(@)0(@)]s, + 5v3(r) 0 (@)
~eU(,T) 2

+ 3 My )ls(t, y,v) = s(ta,0)]} =0 (3.14)

yeS

which is HJB partial differential equation subject to the terminal condition
S(T, z,v) =logw. (3.15)

From Bauerle and Rieder (2004) we state the following two results, where the first
one states that if G is a classical solution of the HJB equation, then G(t,z,v) equals the
maximum conditionally expected logarithmic growth of any portfolio belonging to U(t,T').
In the second theorem, the GOP strategy and the corresponding wealth process are derived.

Using these results in the following section, we introduce the benchmark model.

Theorem 3.1.1 (Verification Theorem). Suppose that G € €2 is a solution of the HJB
equation with G(t,z,v)| < K(1 + |[v|*) for some constant K > 0, k € N,V 2 € § and
t €10, T|. Then the following holds:

a) G(t,x,v) > J(t,z,v,m), for al0 <t <T,v>0,z€8 andm € U(t,T).

b) If ™ is a mazimizer of the HJB, i.e., ™% mazimizes
m— ATG(s, 2, V)

for all s € [t, T], where V™, ©* and X solve (3.6), then G(t,z,v) = J(t,z,v, ), for all

v>0, x €S8. In particular, ™™ is the growth optimal portfolio strategy.
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Theorem 3.1.2. The GOP strategy is given by

LX)
t O_(Xt)7

a fraction to be invested in risky asset, and the optimal value at time t € [0, T is given by
S(t,x,v) = log(v) + D(t, x),

where x, v are the values of Markov process and the wealth process at given time t and

D(t,x) is the unique solution of the following linear differential equation

Dy(t, ) + 92 (@) + ) h(z,y)[D(t,y) — D(t,z)] =0 (3.16)

IS

with boundary condition D(T,xz) =0 for x € 8.

From equation (3.8), D(¢,x) can be written as

Dt.x) = sup B /tT [w;ao(s)e(xs)—%&(Xs)m;)?}ds). (3.17)

weU|t,T]
From the above expression it is clear that D € €'[0, 7] with respect to time ¢ which implies
that the linear differential equation (3.16) has a unique classical solution. The solution is

given explicitly by

D(t,z) = Et,x( /t : %GZ(XS)ds) (3.18)

Finally, we conclude this section by writing the discounted wealth process corresponding

to the GOP which we get by substituting 7* from Theorem 3.1.2 in (3.6)

AV = V™ 0(X,) (dW, + 0(X,)dt). (3.19)
3.2 The benchmark model

Using the GOP derived in the previous section, we introduce the benchmark model and

derive the fair price. We take the V™, the wealth process corresponding to the GOP,
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as the benchmark or the reference unit. The benchmarked value of the wealth process
corresponding to the portfolio 7, is given by XA/t” = %, for t € [0, T]. By Ito’s formula,
t

the benchmarked value process satisfies the SDE
d‘A/tTr = ‘Zﬂ(WtIU<Xt) — 0(Xy))dW;. (3.20)

Note that V™ = {‘Z”}te[o, 7] is driftless and thus an (F, P)-local martingale. The SDE for
the primary security account S can be obtained by making the substitutions 7w} = 1 for

telo, T].
3.2.1 Fair pricing
First, let us recall the definitions of fair price.

Definition 3.2.1. We call a price process A = {A; }iepo, 1) fair if the corresponding bench-
marked process
< (~ A,
Asqhi=nh
¢ Vi ) ielo, 1

forms an (F, P)-martingale, i.e., it satisfies the conditions
E(|Ay|) < o0 and A, = E[A7|F)).

As stated in Chapter 1, the fair pricing idea generalizes the standard risk-neutral pricing
for the Markov-modulated model. In practice, the fair pricing is appropriate for determin-

ing the competitive price of a contingent claim (see, Platen and Heath, 2006).

Proposition 3.2.1. The fair price AP at time t for a given non-negative contingent claim

Hrt is given by the fair pricing formula

Hr
VI

A =V™E ( 33) : (3.21)

fort e |0, T).
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The proof of the above proposition is straightforward from the fair price definition. If
the minimal-martingale measure exists then the fair price defined above coincides with the
corresponding risk-neutral price. The Radon-Nikodym derivative process 2% = {ZtQ Feepo, 7
for the candidate minimal-martingale measure ) can be obtained as inverse of the dis-

counted GOP

o_p[dQg) B _ 1
% *E[dp‘(ft] B, Vi

for t € [0, T] (Di Masi et al., 1994, Deshpande and Ghosh, 2008). From the above relation

we can see that Z? will satisfy the SDE
Az = —220(X,)dW;, (3.22)

for t € [0, T] with Z¢ = 1, by the Ito’s formula and (3.19). Furthermore, by (3.20), it

- ‘7;” and V™ = {‘A/t”}te[oy 7] is an F-local martingale for any

follows that ngz? =y =

portfolio 7.

Corollary 3.2.1. If the minimal-martingale measure ) exists and V™ is an (F, P)-martingale,

the corresponding risk-neutral pricing formula

2B,
29 B,

Vi =V B(VI|F) = B ( fﬂ) (3.23)

B
fft) = EQ <§tvs7r

holds, for allt € [0, T] and s € [t, T|. Here, Eq denotes expectation under the minimal-

martingale measure Q).

The above corollary implies that pricing through standard minimal-martingale measure
is a particular case of fair pricing whenever the minimal-martingale measure exists. In
general, in a benchmark model, the candidate minimal-martingale measure () may not be
equivalent to the real world probability measure P. Also the Radon-Nikodym Z% may not
be an (F, P)-martingale. In Platen and Heath (2006), for the case of complete markets, an

example of three-dimensional Bessel process is given, where the Radon-Nikodym derivative
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process is not a martingale. Since a benchmark model does not require the existence of an
equivalent risk-neutral martingale measure it provides a more general modelling framework

than the standard risk-neutral setup.

3.2.2 Hedging

It is of great practical importance to identify a wealth process that permits the hedging
of a given non-negative contingent claim. But in the model, considered in this chapter,
additional uncertainty arising due to the regime switching leads to incompleteness of the
market. Due to which the writer of the option cannot hedge himself perfectly. In other
words, every contingent-claim in such market will have an intrinsic risk. We obtain the

optimal mean-self-financing strategy and the residual risk.

Definition 3.2.2. For a given non-negative contingent claim with payoff Hr at time T, a

strategy 7 is called replicating if the corresponding wealth process V. " s such that
v = Hy.

The strategy is sometimes called as a Hp-admissible trading strategy. From definitions
3.2.1 and 3.2.2, and the martingale property of a benchmarked, fair, replicating wealth

process, we directly obtain the following result.

Proposition 3.2.2. For a given non-negative contingent claim Hr, V™ isa faur replicat-

ing wealth process if

at time t € [0, T|, with AF satisfying the fair pricing formula (3.21).

The question now is how to reduce the intrinsic risk R defined in (1.25), which arises

due to the incompleteness of the market, from among the Hp-admissible portfolios.
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3.2.3 Locally-risk-minimizing hedging strategy

Here, P is itself a martingale measure for the benchmark model. In this section, we follow
the approach by Follmer and Sondermann (1986).

Let a non-negative contingent claim with payoftf Hy time T be such that
Hy € L*(Q,F,P).
We consider a strategy 0 which yields the terminal payoff Hy with a cost process C. Then,
the value of the portfolio is
V;ﬂ— = 5?Bt +5tlSt
which satisfies the SDE

AV = Vim (o(X)0(Xo)dt + o(X)dWy)] + dC,.

Then, the SDE for the benchmarked wealth is

. . dC
AV = Vi (rlo(X,) — 0(X,))dW, + V—Tf (3.24)
t

Theorem 3.2.1. The optimal strategy to hedge the non-negative contingent claim Hp in

the incomplete market under consideration is given by

dVy = Ve (0(X)0(X0)dt + o(X,)dW)] + dC:,

1 ! ,
where T} = (X)) (% + Q(Xt)) and Cy = /0 /SVSW nsm(ds, du), with
t

d[AH W, d[A® | m),

R AR

with [-] indicating the quadratic covariation between two processes.

Proof. Under the benchmark model, the fair price process is a martingale with respect to
(F, P). Therefore, by the help of the martingale representation theorem (see Elliott et. al.

2007b), we can write the representation

T T
Hr = A =AY +/ EsdW +/ /Snsm(ds,du), (3.25)
0 0
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where
T
B [ (€ +i)ds <o,
0

for a unique pair of predictable stochastic processes {&,ns}. The quantities & and 7 can

now be obtained from the Radon-Nikodym derivative

d[AH W, d[AH | m),

& = awl, T T diml,

Now, by comparing (3.24) and (3.25), we can find 7! and the required optimal cost

process as

L &

g— = +0(X
7rt o () ( - +0( t))
and
t *
C; = Hy +/ / VI nsm(ds, du).

0o Ju

This completes the proof. ]

We have derived the locally-risk-minimizing hedging strategy, using the GOP as a

reference portfolio, for a Markov-modulated Brownian market model .
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Chapter 4

A Markov-Modulated
Jump-Diffusion Market Model

In Platen (2004a), pricing and hedging are performed for complete markets with jump-
diffusions and without the measure transformation. Elliott et al. (2007) considered the
pricing of options when the dynamics of the risky underlying asset is driven by a Markov-
modulated jump-diffusion model. They supposed that the market interest rate, the drift
and the volatility of the underlying risky asset switch over time according to the state
of an economy, which is modelled by a continuous-time Markov chain. They employed
the generalized regime-switching Esscher transform to determine an equivalent-martingale-
measure in the incomplete market setting.

The insufficient information in financial modelling is not uncommon in practice, some of
the factors that characterize the evolution of the financial markets may be hidden. Platen
and Runggaldier (2004) have generalized the Platen (2004a) model by using the GOP for
pricing and hedging in incomplete markets when there are unobserved factors to be filtered.
Follmer and Schweizer (1991) discussed the case where the market incompleteness is due to
incomplete information. They assumed that the claim Hp admits an [t6 representation as
a stochastic integral with respect to some large filtration. But in constructing a dynamic
strategy, they use a smaller filtration. They show that the unique optimal strategy can be

constructed by projecting the Ito integrand down to the smaller filtration. In this chapter,
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we have followed the same methodology to derive the hedging strategy for the incomplete
information case under the benchmark approach.

In this chapter, we consider a Markov-modulated jump-diffusion model that can not
only incorporate both the leptokurtic feature and volatility smile but also present the
economic features of volatility clustering and empirical study (see, Elliott et al. 2005).
First, we derive a GOP for the case of complete information by using the Hamilton-Jacobi-
Bellman equation. After deriving the optimal strategy with complete information, we take
up the optimal filtration of the strategy with incomplete information where the hidden

process is not possible to retrieve from the given set of information.

4.1 The market model

We consider a mathematical model of the financial market, which has two stock price

processes S' and S?, satisfying the following SDEs

dS! = S (puq(X,)dt + o1(X)dW, + pr(X,)dN,),

dSt2 = Stzf(l,bg(Xﬁdt = UQ(Xt)th = pQ(Xt)dNt), (41)

where X = {X;};>¢ is an irreducible continuous-time Markov chain and follows the same
representation as in Chapter 3 and Sj > 0,i = 1,2. And, w(-), o:(-) > 0, pi(-) > —1,
for ¢ = 1,2, are uniformly bounded, square-integrable, deterministic functions of X. In
the above stochastic differential equations, W = {W,};>¢ indicates a standard Brown-
ian motion and N = {N,;};>o indicates a Poisson process with deterministic intensity
A = {M}i>0. We indicate by M; = N; — fot Asds the compensated Poisson process. All
the processes are adapted to the filtration F, and W, N and X are independent with
each other. The investor knows the initial distribution of X,. We consider two filtered
probability spaces. The first one is (Q,F, F, P) which has complete information about

all the randomness in the market at any time ¢ € [0, T]. In practice, such a filtration is
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possible to generate by an insider. The second one is (Q, 37, F'¥, P) which is the filtered
probability space generated by the stock price processes S = {S?, 5%} alone. This filtration
can be observed by any investor at any time ¢ € [0, T]. Intuitively, it is clear that ¥ C F,

for all t € [0, T.

The matrix 0,0, is assumed to be a 2 x 2 nonsingular matrix and the 2 x 2 matrix

oy, p¢] is assumed to satisfy the following inequalit
P y g Y
[0, pelloe, pe] = cl, YVt e [0,T]

for some ¢ > 0, where I is a d-dimensional unit matrix. It is clear that matrix [0y, py] is
nonsingular for every t € [0, T
We denote a portfolio strategy by m; = {70, w}, 72}, where 7 the fraction of the wealth
invested in risk-free (¢ = 0) and in risky (¢ = 1, 2) assets, respectively, at time ¢t € [0, 7.
The wealth process corresponding to an admissible trading strategy m € U(T') having

positive value is given by

dVi" = VE((mypa(Xe) + 77 pa(Xy))dt + (mi01(Xy) + mioa(Xy))dWy +

(mpr(X0) + 720 (X0))dN), (4.2)
with initial wealth V" = vy > 0. It can be written as

AV = V7 ((mfo(Xy) + moa(Xe)) (AW, + 01 (Xy)dt) +

(7 p1(X5) + 77 pa (X)) (AN; + 02(X,)dt)), (4.3)
where 6, (x) and 02(z) are the market price of risks characterized by the equations

o1(2)b1(z) + p1(z)b2(x) = 1 (x)

o2(2)01(x) + p2(2)0a(x) = po(2).

From the above assumptions, the system of linear equations has a unique solution. Equa-
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tion (4.3) has the solution
¢
1
V= Vjexp {/ {(Wslal(Xs) + 7209 ( X)) (AW, + 01(X,)ds) — 5(7;01()(5) + m209( X)) ds
0

H(mhpr(X,) + 72pa(X,))02(X,)ds + og(mlpr (X,) + 72pa(X,) + 1)dN, } | (4.4)
4.2 Growth optimal portfolio

In this section, we derive the GOP under the filtration F'. So the optimization problem is
now to maximize the expected log utility from the terminal wealth at any time t € [0, T

given complete information till time ¢

s(t,v,x) = sup FEi,.[log(VE)] = sup d(t,x,v,7). (4.5)
weU|t,T] weU[t,T]

We solve the above problem by the stochastic control method. Using the HJB equation,

the above optimization problem can be written as
SUP ey st + 0((m (@) + T pe(@)))sw + 503 (mio1(2) + mio2 (@) )
+(§<t7 Z, U(l + (7T151:01 (l’) + 7Tt2p2(x)))) — §(t, Z, U)))‘t =+ Zyes h‘(y? 33)[§(t, Y, U)
—§<t, Z, U)]} =0 (46)
with the boundary condition (7', v,z) = logw.
The verification theorem, i.e., if G(t, z, v) is a classical solution of the HJB equation then
G(t,z,v) equals the maximum conditionally expected logarithmic growth of any portfolio

belonging to U(t,T), follows from Theoreml in Bauerle and Rieder (2004).

We can write from (4.4)
<(t,v,x) = log(v) + D(t, x), (4.7)
for some function D of ¢ and x. Now, the HJB equation (4.6) can be written as

sUPreppr{ Do + (w1 (7) + 7 pa(2))) — 3 (mios () + mioa(x))?
+log(1+ (m; pr(x) + T p2(2)) A + 2y es iy, 2)[D(t,y) — D(t, 2)]} = 0. (4.8)

36

TH-1039_05612301



CHAPTER 4 4.2. GROWTH OPTIMAL PORTFOLIO

Using this HJB equation in the following theorem, we derive the GOP and the corre-

sponding optimal wealth process.

Theorem 4.2.1. The GOP strategy is given by

-1

X — T
= a2, A P2

02(Xy)

and the optimal value is given by <(t,v,z) = log(v) + D(t,x), where D(t, ) is the unique

solution of the following linear differential equation

Dy + 1(601(2))? + (A — Oa(x)) + log (52

+ 2 yes My, ©)[D(t, y) — D(t, x)] = 0, (4.9)

5

~

with boundary condition D(T,z) =0 for z € 8.

Proof. Applying the first order condition to the left hand side of the (4.8), we will get the

maximizer 7" of the HJB equation as

o 01(Xe) 02(Xy) |:01(Xt)

p1(Xe)  p2(Xy)

Insertion of the value of 7* in the HJB equation (4.8) leaves us with

A — 0o(Xi)1 T
0o(Xy) ]

Di+ = (91( )2+ (At—QQ(x))—l—log )\t+2h y, —D(t,x)] =0, (4.10)

and the boundary condition D(T,z) = 0 for x € 8. From equation (4.2), D can be written

as

T
1
D(t,x) = sup Etx(/ (W;ul(Xs) + qug(Xs))ds - 5(7@101()(15) + 7T,5202(Xt))2ds
¢

7T€U[t7T]

+ log(m} p1(Xy) + 77 pa( Xy) + 1))\st) (4.11)

From the above expression, it is clear that D € C'(0, T") with respect to time ¢ which implies

that the first-order linear differential equation (4.10) has a unique classical solution. O
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The wealth process corresponding to the GOP, which we get by substituting 7* from

Theorem4.2.1 in (4.3), is given by

* * )\ - 0 X
AV = VT (Ou(X) (AW + 03 (X)) + S ( j(() ) (0,(X,) + dNy), (4.12)
2 (K¢
where we assume that
A — 02(Xy)
— > (,
0o (X1)

a.s. for all t € [0,T].
The benchmarked value of the wealth process at time ¢ corresponding to the portfolio

s ‘7;” = {Y%f for t € [0, T]. By It0’s formula, the benchmarked value process satisfies the
t

SDE

aV = Vi ((rhon(X) + m2oa(X0) — 0(X)) Wy, +

7l t W? t ¢
(e 000 _ 1] gpg,).

Note that V7 is driftless and thus an (F, P)-locally martingale. Since a non-negative local
martingale is a supermartingale, we deduce that the above process is a supermartingale.

The proof of the next proposition is straightforward from the definition of fair prices.

Proposition 4.2.1. The fair price A at time t for a given European contingent claim

Hr under the complete information case is given by the fair pricing formula

i

A'=V"E <—
t t V,Izr

&"t) (4.13)
fort e |0, T).

If a minimal-martingale measure exists, then the fair price defined above coincides
with the corresponding risk-neutral price in incomplete markets. The Radon-Nikodym
derivative process 29 = {Z,g2 }eepo, 7 for the candidate minimal-martingale measure ) can

be obtained as the inverse of the discounted GOP, as derived in the Chapter 3.
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4.3 Hedging

Due the unhedgeable risk generated by the Markov process there does not exist a fair,
perfectly replicating trading strategy for all non-negative contingent claims in this market.
To replicate Hp in the incomplete market with complete information, we have to have a

cost process C = {C,}4c)o, 77 such that
V{“FH - HTa

where V™" for t € [0, T satisfies the SDE

H

AV = VI ((wlon(X0) + moa(X0)) (AW, + 61 (X)dt) +

(Tl pr(X,) + 72p2( X)) (AN, + 02(X,)dt)) + dC,. (4.14)

Minimizing the intrinsic risk arising due to the incompleteness of the market is equivalent
to finding a mean-self-financing strategy, where the cost process C is strongly orthogonal

to the martingale part of S, which is called a locally-risk-minimizing strategy.
Lemma 4.3.1. The optimal strategy to hedge the contingent claim Hrp in the incomplete

market with complete information is given by

H

AV =V (mfon(Xy) + mioa( X)) (dW; + 01(X,)dt) +
(m} p1(Xe) + 77 p2( X)) (AN, + 02(X;)dt)) + dCy,

where w is characterized by

Tio1(Xe) + mroa(Xy) = & + 01(Xy),
At

T pL(Xe) + mipa(X) = (& + 1)‘92(Xt) -1,
and C; = f(f Js VI nem(ds, du), with
&= M’ 2= M’
AWl d[N],
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and
d[AH,m]t
= ——
dlm];

Here m is the compensated Markov jump process, as considered in Chapter 3.

Using the martingale representation theorem in Bardhan and Chao (1995) we have the

representation

& i t
E[H7|F,] = E[Hy|F] + / Edw, + / E2dM, + / / nsdm(ds, du),
0 0 0 B

for some square integrable, F-predictable processes &', €2 and 1. The proof of Lemma
4.3.1 is simple consequence of the above martingale representation of the fair price and

comparing with equation (4.14). From the Lemma (4.3.1), Hr can be written as
T T
Hr = Hy +/ 6;dS} +/ 62dS? + Ly, (4.15)
0 0

for some F-predictable processes 6 € L*(S) and L = {L; = E(Ly|F;) }epo, 1] is a square-
integrable martingale strongly orthogonal to the martingale part of S which is the Féllmer-
Schweizer decomposition of Hrp.

We have derived the risk-minimizing hedging strategy in the case of complete informa-
tion. Now let us consider the incomplete information case for an investor who can see only
the stock price process. Now we have the filtration F°. But for a financial model where
the stock price process satisfies the equation (4.1), we can reduce the partial information

case to the complete one with the following standing assumption.

Assumption 4.3.1. At least one of the functions pi(-) or pa(-) and o1(-) or oa(-) are

continuous and invertible and the inverse are denoted by w(-) and i(-), respectively.
Without lost of generality, we assume that p;(-) and o4(+) are continuous and invertible.

Lemma 4.3.2. Under assumption (4.5.1), the filtration F° is augmented with filtration of

(X,W,N).
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Proof. Let FXWN be the augmented filtration of (X, W, N). Obviously, F¥ C FXW:N,

From (4.1), we have

AStl =M (Xt)I{AS};éO}

where Ifagi40y is a random variable with value 1 if AS}! # 0, and 0 otherwise for all
t € [0, T]. Here, AE; = E; — E;_. It is clear that process {AS]} and {I{ag 40y} are
F5-adapted so is p1(X;). Moreover, from the assumption (4.3.1), for the jump time 7 of

N, the process X satisfies
X, = w(p (X)), T € [0, TY,

which implies that it is also {F®}-adapted. Now for the case when there are no jumps, the

quadratic variation of the stock price process

(51, = / (S1)20%(X.)ds

can be observed and so is 0. From the assumption (4.3.1), X can be observed when there
is no jump. Hence, X is F®-adapted. Now we can write
Ny = Zpl_l(XS)AS;'
s<t
So, N and, from (4.1), W are F®-adapted as well, which proves the relation FXW:N C F9.

Therefore, we get FXWAN = p9, [

But if p; and py or 0 and oy are not invertible then it is not possible to retrieve the
complete information of the market. The strategy we have derived in (4.15) is not F*-
adapted. But to get a strategy under the incomplete information it must be F®-adapted.

Therefore, for this case, we consider optimal projection towards F*° by
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Theorem 4.3.1. Hy admits the Foéllmer-Schweizer decomposition under the incomplete

information
T, T, _
Hy = Hy + / 5145, (s) + / 5245y (s) + T (4.16)
0 0

where 5; = E(6; | F7) € L*(S;) are FS-adapted, fori € {1,2}, and L = {Li}sep0, 1) is the

square-integrable F'°-martingale strongly orthogonal to the martingale part of S given by
Ly =E(L | F7). (4.17)
Proof. From (4.15), we can write
dH, = 0,dS; + 0;dS; + dL,

where L; = E(Lp|J;). If we take conditional expectation with respect to the filtration F*,

we get

E(dH,|F) = E(6,dS}|F) + E(6;dS}|F7) + E(dLi|F})

dH, = E(6}|F7)dS} + E(6;|F,)dS; + E(dL,|F7)
since H and S are F*-adapted. We can write this in integral form as
T, T, _
Hy = Hy + / 5LaSy(s) + / 52dSy(s) + T
0 0

where gz = E(6] | 97) are clearly F-adapted for i = 1,2. Now it remains to prove that
L, = B(L | F7) is FS-martingale and strongly orthogonal to the martingale part of S

with respect to F*°. For t € [s, T]
(E(Ly | Fs) | F9)  (from tower property)
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which proves that L, = E(L, | 7) is an F®-martingale. Since L is still independent of W
and N, it’s covariance with the martingale part of S is zero, which shows that it is strongly
orthogonal to the martingale part of S. The square-integrability of ¢ and L follows from

the square-integrability of  and L. ]

The above theorem gives the optimal strategy for an investor who can only observe
the stock price process as a piece of information to minimize the intrinsic risk arising
due to the untradeable random process X. But without knowing the dynamics of the
estimated unknown value it is very difficult to get the option price. In the next chapter,
filtering theory has been used to derived the non-linear filtering equation, for an incomplete

information Markov-modulated model.
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Chapter 5

An Unobservable Markov-Modulated
Model

In practice, not all quantities which determine the dynamics of security prices can be fully
observed. Some of the factors that characterize the evolution of the market are hidden.
For instance, processes that drive the market like the Markov process in previous chapters
cannot be observed. However, these unobserved factors and their correct calibration are
essential to reflect correctly the market dynamics in a financial market model, that one
empirically observes. This leads naturally to a stochastic filtering problem. Given the
available information, corresponding filter methods determine the distribution, called filter
distribution, of the unobserved factors. This distribution allows then to compute the
expectation of quantities that are dependent on unobserved factors, including derivative
prices, optimal portfolio strategies and risk measures.

Rieder and Bdauerle (2005) have studied portfolio optimization problems, where the
drift rate of the stock price process is Markov-modulated and the driving factors cannot
be observed by the investor. Rieder and Bduerle (2007) have considered a jump-diffusion
stock price process where the jump intensity rate is considered to be a Markov-modulated
process and studied the portfolio optimization problems with unobservable driving factors.
In contrast, we have taken a model where both the drift process and the jump intensity

rate process as Markov-modulated. We do the portfolio optimization for the logarithmic
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utility, and use the corresponding portfolio for pricing and hedging of European contingent
claims.

In order to solve the pricing and hedging problems in a market with incomplete infor-
mation, the technique is to use the well-established filter theory to reduce the market model
with partial observation to one with complete observation. In filtering, one has to deal with
the real world probability measure to extract from the observations via filter estimates for
the hidden factors, which suggests us to work under the real world probability measure.
In this chapter, we assume that the investor is only able to observe the stock price process
and have to base his decision only on this observation. In particular, the investor is neither
informed about the state of the drift process and the intensity rate of the jump process nor
he can retrieve the hidden information from the given set of information. So, the problem
is to find the filter process of X (i.e. the dynamics of the conditional expectation of X
for given information) on the observed path of stock price process S. We shall call this

situation the case of partial information.

5.1 The market model

We consider a market model consisting of a discounted risky asset which are traded contin-
uously in the market for the given time period [0, T]. The discounted stock price process

follows the SDE
dSt = St, (/,L(Xt)dt + O'tth S ,Otht)7 (51)

with Sg = so > 0. p(i) is the growth rate of the stock in regime i € 8. o, > 0 and p,
are the volatility and jump amplitude of the stock respectively at time ¢ € [0, T'| which
are uniformly bounded, deterministic functions of time, with bounded derivative. We
assume that p; > —1 and p; ! exist for all t € [0, T]. Here, W = {W,};>0 is a standard

Brownian motion and N = {/N,};>0 is a non-homogeneous Poisson process with intensity
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rate A = {\(X;) }i>o driven by the Markov chain X. The drift rate of S is also driven by
the Markov chain X.

We consider the representation of Markov process as given in Bain and Crisan (2009),
with the generating matrix Q = {¢; ;(t),4,j € 8,¢t > 0}, where § indicates the state space of
the Markov process. The martingale representation of the Markov process X = { X}, 1

is
t
X = Xo +/ Q(s, Xs)ds + M;~, t>0 (5.2)
0

where M* = {MX}¢ is an F-adapted right-continuous martingale. Here, we assume
that the filtration ' = F""%% ig generated by the Brownian motion, the Markov process
and the jump diffusion process, that is, it has complete information about the market. In
the representation (5.2), @ : [0, T] x 8 — R is defined in a natural way as
Q(s,9) = > ¢ii(9)7)
€8

for (s,i) € [0, T] x 8. This representation of the Markov process is similar to the rep-
resentation considered in Chapter 3. We assume that M* and the compensated Poisson
process M = N — X are orthogonal and W is independent of N and X.

Here, we work with the filtration F® = {F7},cj0, 77 which is generated by the stock
price process S. That is, we consider that our investor is only able to observe the stock
price process and knows the initial distribution of X,. In particular, the investor is not
informed about the current state of the Markov chain. Here the investor has insufficient
information about the market, which we call an incomplete information case.

First, we derive the GOP for the incomplete information case by introducing a non-
tradable stock price process and then we use the corresponding wealth process as numeraire
for pricing and hedging European contingent claims. We now give the definition of growth

optimal portfolio (GOP) for the given market model with incomplete information.
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Definition 5.1.1. A portfolio 7* € U[t, T is called GOP if it has a positive wealth process
V™ such that

E; , log VT’T* > Ey,logVy  as.

for all portfolio m € U[t, T| with positive wealth process VI for all s € [t,T], where Ey,(-) =

E(‘V[r = v) indicates the conditional expectation under P, for given information F?.

In the following subsection, we reduce the incomplete information model to a complete

information case.

5.1.1 The reduction to complete information case

Let

d}/;g = /L(Xt)dt T O'tth + Ptht, (53)

that is, Y is the stochastic logarithm of S. Then, it is clear that F¥ = F®. By stochastic
filtering theory we estimate the unobservable stochastic process, i.e., the Markov process,
based on the observable information, i.e., the stock price process. The filtering problem
consists in determining the conditional distribution II; of the unobservable X at time ¢ given
the information accumulated from observing Y in the interval [0, 7], that is, for ¢ € B(8),

where B the space of bounded Borel functions from 8 to R, deriving the dynamics of
Ii(¢) = E[p(Xe) | I7]. (5.4)

We have to choose a suitable regularization of the process II(¢) = {II;(¢)}+>0. By
Theorem?2.24 of Bain and Crisan (2009), we can do this such that II; is an optional, FY -
adapted process. We now deduce the evolution equation for II. First, we prove lemmas

required to evaluate the dynamics of II; for ¢ € [0, T7.

Lemma 5.1.1. Let, for allt > 0, (X, Si) be an F-adapted solution of (5.1) and (5.2).
Then W, = fot(dWs + (WXL g5 s o Brownian motion and N, = N, — fot [T (N)ds is a

Os

compensated Poisson process with intensity I1,(\) on the probability space (Q, F¥, FY, P).
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Proof. The equation (5.3) can be written as
dY, = fidt + o dW, + pedN,, (5.5)

where 71, = I (11) + 1T (A) pe.
So, N can be written as

AN, = p; *AY,.

From this representation, it is clear that N is F'¥-adapted and so is N as I, (\) is FY-
adapted. From (5.5), W is FY-adapted as both N and IT;(p) are. First, we show that W
is a continuous FY-martingale. As a consequence of assumptions made, Wt is integrable.

Hence taking conditional expectation for the given information up to time s <,

EW, | FY) = EW, — Wy + W, | F¥) (as W is FY-adapted)
¢ X,) —1I —~
:E(Wt—WsnL/ (“( ) “(“)>du’9§)+ws
S UU
=W, (5.6)

Here from the definition of Brownian motion and tower property,
EW, - W, | F¥) = E(W, —W,) =0.
From tower property, we can write

E(/t (u(Xu);LHUW))du | rg) :E</StE(<u(Xu);LHu(M)> ys:f)du | 3"3) 0

So, W is a continuous F Y_martingale and its quadratic variation is given by

Hence W is a F'¥-Brownian motion, by Lévy’s characterization of a Brownian motion. [J

We call W = {Wt}te[o, 7 and N = {Nt}te[o, 7] the innovation processes for W and N,

respectively (see, Bain and Crisan, 2009). The equation (5.1) can be rewritten on the
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probability space (Q,FY, FY P) as
dSt = St_ (ﬁtdt + Utth + ptdj\vft), (57)

where fi; = I1; (1) + I (A) py.

Denoting by F' WN {fﬂw ’N}te[o, 71 the filtration generated by the innovation processes,
we have ITXT/’N = U(WS, N,,s € [0, t]). Since W and N are F¥-adapted from Lemma 5.1.1,
we have ?XNV N C FY. But the converse relationship is not true in general. Next we
reproduce the result from Fujisaki at al. (1972) useful to prove the main results of the

work.

Lemma 5.1.2. If ¢ = {Glicpn is a right continuous with left limit square-integrable

FY -martingale, then it admits a representation of the form
d¢ = f(t,w)dW, + g(t,w)dN;,
where { f(t,w)} and {g(t,w)} are F¥ -predictable processes, such that

E t 7 S 2d8 oo, a dE t 2d
/ ( ( ,U})) < , an / (g(S,U))) s < 00
fort € [O,T] and w € €.

Proof. We have dY; = (jdt + Jtth = ptd]vt), where W is an FY-Brownian motion and N
is a compensated F'Y-Poisson process under the probability measure P. Now we consider a
measure transformation under which W, = f[f g—zds + Wt will be an FY-Brownian motion.
Let P be the required measure, then

dP

@ — Zt, t € [O, T],

g7

where Z; = exp{— fot &dWS —% g—: 2ds} a continuous process. So, dY; = o, dW, +ptdﬁt

Os

t
0
is FY-martingale under the measure P. From previous arguments, it can be shown that

FY = FWN,
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Let us show that ¢ = {(, = %}te[o, 71 will be FYlocally square integrable martingale

under P. Indeed, for all A € 7, s <t

s

Aztdﬁ:/gzlAgtE(%!?f)dP:/ACsdP:/Azsdﬁ (5-8)

This shows that ¢ is a F¥-martingale under P. Let

oy =inf{t €0, T]:|Z7'| +|¢| > N}

1

Then oy T 00, as N T 0o, since (Z)~" is a continuous process, and ( is a right continuous

with left limit process. Now since ( is a square integrable (F'Y, P)—martingale, we have
SupEth/\01\7|2 S NsupE[|Ct/\0N|2(Zt/\aN)_l] = NSUPE|CtAaN|2 S NSUPE|Q|2 < o0. (59)
t<T t<T t<T t<T

This shows that ¢ is locally P-square integrable. Therefore ¢ is a locally square inte-
grable (FY, P)-martingale. Now from martingale representation theorem (see Bardhan
and Chao, 1995), there exist processes {Tt}te[o, 1) and {g, }1e(o, 7) which are F¥-predictable
and E [ (f(s,w))%ds < oo, and E [, (g(s, w))?ds < oo, such that

d¢, = F(t,w)dW, +g(t, w)dN,.
Notice that ¢ = (Z. Applying Ité’s formula, one verifies for all ¢ € [0, 7]

¢, = Zt?tﬂdt -~ Zt?f,th + Ztgtdﬁt = Ctﬂdwt T Zt?t&dt
O Ot Ot
d¢; = frdWy + gy d Ny,
where f, = Z,f, —Ctg—: and g = Z;g,. Moreover, it is evident that {f; }ico, 77 and {g¢ }iep,

are FY-predictable. And from Fujisaki at al. (1972) it can be shown that f and g are

(FY, P)-square integrable. O

Lemma 5.1.3. 1. TI,(X)—TIo(X)—f!

I1,(Q(s, X,))ds is a square-integrable F¥ -martingale.
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2. There exist square-integrable FY -predictable processes {f(t,w)} and {g(t,w)}, such

that
1,00 =100 + 0L(Q(s, X.))ds + T, (5.10)

where Ut fo s,w) dW +f0 dﬁs.
Here 11,(Q(t, X;)) = E[Q(t, Xy) | fﬂy] for allt € [0, T7.

Proof. We have
t
X; = Xo+ / Q(s, X,)ds + M;*.
0

If we take the conditional expectation with respect to the observable filtration, we have
0(X) = B(Xo | 1) + E(/Ot@@,xs)ds |57) + BQIX | 57),
Now, if we subtract IIo(X) + fo X;))ds on both sides, we get
I,0X) = 1Y) — [ 11(Qs. X.ds =B | 37) ~ o) + B( [ Qs X | 57)
- /Ot .(Q(s, X.))ds + EQMX [ F7). (5.11)

First we show that E( [, Q(s, Xs)ds | 7)) — [3 ,(Q(s, X,))ds and E(MX | F)) are FY-

martingales. For u <,
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where we have used the tower property of the conditional expectation. Hence, it is an

FY_-martingale. Again, for u < t,

E(B(MF | 5)) | 9)) = B | F))
= BOMX | ) + B(M* = MY | 5Y)
= B | F)) + B(BQEY - MY | 9,) | F))

= EB(M; | 5,),

where we have used the martingale property of M with respect to the complete infor-
mation filtration F' and the tower property of the conditional expectation. Hence it is
an F'Y-martingale. This implies that the right-hand-side of (5.11) is F¥-martingale that
starts from zero. Hence, from Lemma 5.1.2, there exist square-integrable, F¥ -predictable

processes { f(t,w)}+eo, 71 and {g(t, w) }iepo, 77, such that

t

¢ ¢ ~ _
I (X) — (X)) —/ I1,(Q(s, Xs))ds :/ f(s,w)dWs+/ g(s, w)dNj (5.12)
0 0 0
for all ¢ € [0, T]. Hence the lemma follows. O

We now have sufficient ingredients to derive the non-linear filtering equation for the

partially observed system.

Theorem 5.1.1. The conditional distribution I1; of the Markov process satisfies the fol-

lowing evolution equation

(M(Xs) - Hs(:u)) )dWs

I1,(X) =ITy(X) + /Ot IL,(Q(s, X,))ds + /Ot IT, (X,

P (X (MX) — TL,(N)) |~
n /0 ey dN.,.

(5.13)

Proof. Let Z, = f(f v dW, + fg YsdN,, where {V¢}tep, 77 is any given bounded FY-adapted

random process and {t}icpo, 1) is any given bounded F Y_predictable random process.
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Then, Z is an FY-martingale process. Using the value of U from (5.10),

BE(U,Z,) = fs%derE / ' guudN,
—F /0 Foyeds + B /0 I, (\)gsthsds. (5.14)
From tower property, E(dN;) = E(IL,(\)dt). Again, from (5.10),
E@i»:ﬂZmuw—E@mwmeXZA%uQ@xm@)
= B(ZI(X E(/ (Zy | FV(Q(s, X)) ds )
— BE(ZIL(X E(/ZHQSX) )

— B(Z,X,) — (/ ZSQ(S,XS)ds>.
( Zth(X) = E(ZXt\”J"f))

(5.15)
Now,
Z:/t%dws+ tws(st—)\(Xs)ds)+/Ot'ys<u(Xs)(;Hs(M))ds
/¢s ) = IL()ds
7= 2+ K%WMJ @+/% X,) - T,(\)ds, (5.16)

where

t t
Z - / vodWo + [ bu(dN, — A(X,)ds).
0 0
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From (5.15) and (5.16), we have

BE(U,Z,) = (tht / Z.Q(s, X,)d )
E(X(/ H< ))ds+/t¢ (A(X,) — I, (A))ds))
E(/OQ / ((X5) ds+/¢ dsdu)
([ s / Xn(A(X,) ~ T <A>>ds)
E(/O (“>)d +/ (X, — X ), (A(XS)—HS()\))ds>
E(/qu 07 X,) d+/¢ dsdu)
(5.17)
where

E(tht - /Ot ZSQ(S,XS)ds> - E(tht - /OtE(Zt|ffs)Q(s,Xs)ds>

t
. E(tht — Z,Xo — / ZtQ(s,Xs)ds>
0

(.. E(Z;Xo) =0 and from tower property)

t
- E[Zt (Xt _ X, — / Q(S,Xs)ds)}
0
= 0. (. X and Z are orthogonal)

/ (¥, - D g [ X0 L))

_ E / / Q(u, X )du+MX MX> s (“(XS)U_SHS(“» + P (A(X,) —Hs()\))]ds>

- /O/Qu,Xu Jduf, JSH( Dy (A~ L ())Jas)
(o B(M{ — M|F,) = 0)

= ([ Q) [ D g o) - s
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Hence,

E(ﬁtZt) :E</t Xs'Ys (M(XS) — HS(M))CZS + /t XS¢S(A(XS) - Hs(/\))d8> : (518)

Os

Subtracting (5.18) from (5.14), we get

B( [ utr - EELE R gy [ o) - X008 - L)) =o.

B( [ (g = B W =T gy g, (5.19)

/Ot (IR <93Hs(>\) — B(X (A Xs) — TI(N))ds | g:f))) —0.

Since the above equation is true for any FY-adapted random process ~ and FY-

predictable random process v, we have

fs _ E(Xs (M(Xs)a_ Hs(:u)) | S_rzf)
- XS()\(XS) _ HS(A))
gs_E( I,(\) ’?z)'
Hence the theorem follows. H

The model with complete observation is now characterized by

dS; = Sy(figdt + o dW, + pidNy) (5.20)
with Sy = so,
IT,(X) =ITp(X) + /Ot IL,(Q(s, X.))ds + /Ot T, (X, (“(XS)U_S G g7,
N / OGO T o)

and IIy(X) = z. The control process for 7 € U[0, T] is characterized by
AV = V[ (x} fipdt + 7o dW, + 7} prdNy). (5.22)

Notice that V = V. Now we will redefine the GOP according to the reduced complete

information model.

106

TH-1039_05612301



CHAPTER 5 5.2. GROWTH OPTIMAL PORTFOLIO

Definition 5.1.2. A self-financing portfolio m* € U[t, T] is called GOP if it has a positive

wealth process V™ such that
Ei 0108 ler* > EionlogVy  as.

for all self-financing = € U[t, T| with positive wealth process {VI} for all s € [t,T], where
Eipo(s) = E(|V;fr = v, II(X) = o) indicates the conditional expectation under P given

complete information till time t € [0, T1.

For all 7 € U[t,T] and v > 0 and from the results that have been shown till now, it is

straightforward to see that

E; . log Vi = By, log ViE

and

By oo log Vi = By log Vi

The reduced model is now with complete information, and so we will solve the optimization

problem with the help of the HJB equation.

5.2 Growth optimal portfolio

In this section, we derive the GOP for the complete information case. From (5.22), we can

write the SDE for a wealth process corresponding to a self-financing portfolio as
AV =Vr <w§o—t(dﬁ7t +0LdE) + i p (AN, + efdt)) , (5.23)
where 6} and 6? are the market prices of risk that depend on II; characterized by
oi0F + pi07 = fiy. (5.24)
To get the risk-minimizing hedging strategy we consider the 6 of the specific form
0, =T (=) i, (5.25)
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where 0, = (0}, 02)7, 3 = (04, pr), Tt = (04, pedI(N)). (5.23) can be solved explicitly and

the solution is given by

t
Vi =vesp / (o0 + 7, (02 — TL(V)))
0

1 t —~
_ 5(7r51(;8)2)ds +/ W;ades> H (mips +1).

0 AN,=1,5€[0, T

So,

t
B0 log(V7) =logut B ([ (rlo 02 = 11,0)
0
1 t
~ 5(@0))ds) + Engy [ og(rip,+ DACX)ds
0
Finally, we have a stochastic control problem of maximizing the objective function
3(07 0,0, 7T) - EQQ,'U log(vjzr) - IOg'U + 5(07 o, 7T)7
where

T
1
7(0,0.7m) =Bogu [ (rlouth+ mhou(6? = IL(Y) = 5(rlon))ds)
0
T
+ EO,g,v/ 10g<7;ps =+ 1>/\<X3)d5
0

Here the objective function J(0, o, v, 7) is a concave, increasing, logarithmic utility function
with 7 as a control process. That is, our aim is to solve the problem
sup J(0, 0,v,m), (5.26)
weU|0, T
where the supremum is taken over all admissible trading strategies.
We consider the time horizon t < s < T. Since the controller is allowed to observe
the state V;™ of the process being controlled, we may as well assume that the initial state
II,(X) = g is known and V;™ = v. The starting point for dynamic programming is then to

regard the supremum of the quantity J in (5.26) being maximized as a function (¢, o, v)
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of the initial data, i.e.,

S(t,0,v) = sup J(t,0,v,m) =logv+ sup H(t, o0,m) =logv+ D(t, ). (5.27)
reUt, T) reUlt, T)

The key equation to solve the problem is the HJB equation. For the reduced model, it can

be derived as

%UU o (Wt) +§Q<Ht(Q( T))—
%gggﬂf(x (1(z) ;th(M))

o, (PO Iy o (T ) — ¢t T, 0—))TR(V)] = 0.

Oy

_ 1
sup [gt + §UU(7Ttl,Ut - 7rtlth()\)> + 2
weU[t, T)

I (z(Alx) = I1(A)))) +

)+

From (5.27), <(t, 0,v) = logv + D(¢, o),
~ 1
Sup }[Dt + (my fie — 7 peTe(N)) — 501 L (1) + Dp(M(Q(t, 7)) — My (z(A(w)—
meUlt, T

MLOV)) + 5 Deol1 o LT 4 (4, 1) — D=, =) + log -+ D)LV = 0
(5.28)

with the boundary condition D(T’, ) = 0. But here, the GOP does not exist in a natural
way, as it did in previous chapters. Therefore, we add a non-tradable asset in the model
to solve the problem, so that it reflects the need of GOP to price assets, rather than being
the investment choice of an investor having log-utility. We consider a fictitious market,

which is an extension of the existing market with an additional stock following the SDE
dSt St (pth<)\)th — O'td]f\?) (529)

as its dynamics. S is chosen in such a way that market price of risk 6 is not affected in the

original market and
or pdli(N)

Pt —O0¢

is an invertible matrix. In this market, a portfolio strategy (m,m2) represents the ratio of

wealth invested in the stock S and S respectively, and mg; = 1 — 7y — 7o is the ratio of
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the wealth invested in the riskless asset at time ¢ € [0, T]. The positive wealth process of

a self-financing strategy satisfies the SDE

ds ds
avy;m =Vi© (Wltgt + 7T2t§—t>
R -

Vi~ (T + map () (AW, + 0}dt) + (mups — mao) (AN, + 62d1) ), (5.30)
where 0! and 0? satisfies the following system of linear equations

of; + pb; = fu
pIL; (N0} — 0,67 =0 (5.31)

which has a unique solution as per our assumptions. Now, in the extended market, the

HJB equation will be

- 1
sup [Dy + (mute — (Trepe — m204) I (N)) — §(Ut7T1t + Pth(/\)Mt)Q—i‘

weU(t,T)
D,(I(Q(t, 1)) ~ T(e(Ae) = TLO)))) + 5 Dop T2 = EI)

+ (D(t, 1) — D(t—,1—) + log(meps — moro + 1))I(AN)] = 0. (5.32)

Theorem 5.2.1. The self-financing strategy 7" = Z;'0; is the mazimizer of the HJB

o I (A
equation in the fictitious market, where ©; = (6}, #32792)1 and = = v AIl() . The
! Pt —0¢
wealth process V™ of the admissible strategy 7 satisfies the SDE
™ i 1/ 7747 1 6t2 NT 2
AV =V (et (AW, + 0} dt) + ———(dN, + 63 dt)). (5.33)
I (A) — 6;

Proof. We use the first order condition for maximizing the function in (5.32). Partially

differentiating with respect to m; and 7, and from (5.31), we get respectively

pelli(A) _0

a1y + pe(07 — TL(N)) — 0y (M0 + o1 (M) + Tpy — Touor + 1

Uth()\> . O

TP — Toe0p + 1

pdLi(N)0; + 00(07 — TI,(N)) — pedLi(N) (m1eos + TarpdIe(N)) —
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From above set of equations, we get

110 + Torpell () = ‘9751

o;
T1tPt — Tot0t = m
Solving these set of equations, we get 7} = =, '0; with ©, = (0}, H—%HQ) and
= 1 Tv¢ pelli(N)
—t —
Pt —0y

Using the second order condition, it can be seen that 7* maximizes the HJB equation.
After putting the value of 7} in (5.30), we get

92

T * 1/ 7757 1
AV = VT (et (AW, +03dt) + = =

dN, + 02dt)>
O

In the above theorem, we have derived the wealth process of the GOP which is not
tradable in the actual market. We use the non-tradable GOP only for pricing and hedging
the contingent claim in financial markets.

Using the value of optimal portfolio 77*, the HJB equation (5.32) can be written as

Xi) — ()

O

)

7 ) + %(93)2 20 (5.34)

D+ DyI(@Q(t ) = I (x(Mz) — (W) + LD, 112w

11 (A)

+ <’D(t,H)—®( ,1I—) + log (Ht()\>

It can be written as

Di + D,(IL(Q(¢, z)) — i(x(A(x) — IL(A)))) + %ﬂggﬂf(x (p() — Ht(ﬂ)))

Ot
TT,(\) 1

+ (D(t, IT) + log (m))mu) +5(6)* =67 =0, (5.35)

where D(¢,I1) = D(¢, 1) — D(t—,I1—) and from (5.33), D(¢,II) can be written as
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(0.1 = B [ [301 - 08+ oog (2 o).
From the assumptions we have made, D € C4%([0, 7] x R). Now using the results from
Fleming and Rishel (1975) (Chapter VI, Appendix -E) and Davis and Lleo (2011), the
HJB equation (5.35) has a unique solution in €?([0,7] x R), which is the optimal value

of the wealth process.

5.3 The benchmark model

For a portfolio wealth process V™, its benchmarked value ‘A/t“ = ‘Y#: at time ¢ satisfies, by
(3

the Ito formula, (5.23) and (5.33),

(5.36)

T (07 — () + 9?) g m)

v =V ((M—t — g))dW, — ( =l

for t € [0, T]. Since the SDE is driftless, any non-negative portfolio when expressed in
units of the GOP forms an (F*®, P)-supermartingale.

Definition 5.3.1. Let Hy be an F3-measurable non-negative, square-integrable, random
variable which is contingent on St at maturity T' and satisfies E|I§T‘ < o0 a.s.. Then the

fair price process of the contingent claim Hr is given by A" = {Af }1ep0, 17, where
AR = Vt”*E(ﬁT | F7).
5.3.1 Risk-neutral pricing

In this subsection, we show that fair pricing generalizes the established standard risk-
neutral pricing methodology. Here the incompleteness of the market is due to two reasons.
The first is that we have only one tradable risky asset but it is driven by two independent
random processes, i.e., all the driving random processes are not tradable and the second is

that the stock price process is modulated by an irreducible Markov process with finite state
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space. The incompleteness of the first type has been studied in Schweizer (1995) and Arai
(2004). They have derived the minimal-martingale measure for the corresponding models.
The incompleteness of the second type with the complete information of the Markov process
has been studied by Di Masi et al. (1994) and Deshpande and Ghosh (2008), wherein they
have derived the minimal-martingale measure and the risk-minimizing hedging strategy.

The fair price AX for the payoff Hy is at time ¢ is given by the expression

A =V B(Hr | 57)

Z
- E(éHT | 3"5), (5.37)
with Radon-Nikodym derivative
e
2, = VOW* (5.38)
t

for t € [0, T|. The Radon-Nikodym derivative satisfies the SDE

2

__ 02 -
dZ, = -2, (Htlth n mdN). (5.39)

The pricing formula (5.37) gives us general access to fair prices via conditional expec-
tations. If Z is an (F, P)-martingale, then an equivalent risk-neutral measure ) with
Z% = Zr exists and so is the minimal-martingale measure (see, Arai, 2004). In this case,
the well-known risk-neutral pricing formula is obtained from (5.37) by Girsanov’s theorem

and Bayes’ formula. Denoting by E? the expectation with respect to @, we can write the

fair pricing formula (5.37) in the common form
AH —H, = B9 (HT | ?f) (5.40)

for t € [0, T)]. Here, recall that H; indicates the risk neutral price of the claim at time

telo, T].
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5.4 Hedging

So far, we have calculated the value of the fair price of the claim in the reduced complete
information case. Now, we try to get the hedging strategy. We need additional cash
infusions or withdrawals in order to finance the hedge portfolio. The cost C induced
by the hedging strategy then consist of the initial cost of the hedge portfolio Cy = Hy,
and the additional cash flows during the life of the option, necessary to maintain the
hedge portfolio. We consider a non-self-financing strategy V;”, with the cost process C =

{C:}icpo, 1, satistying the SDE
AV = V7 (rl (7)) dt + wloy dW, + 7l pdN,) + dC,. (5.41)

We look for an admissible strategy which minimizes, at each time t, the remaining risk
defined by RT = E[(CT. — CF)?|F,] over all admissible strategies with the same terminal
value.

To get the risk-minimizing strategy, we suppose that the investor is investing in GOP in
place of the riskless asset in the fictitious market, i.e., we consider the portfolio consisting
the risky asset S; and GOP V™ at time ¢t € [0, T, with cost process C, satisfying the

SDE

1dSy | dVT
St_ + ﬂ-t ‘/;71*
Vi (7lou(dW, + 6}dt) + 7L p (AN, + 0d)

2

()\) 7

vy W( >+d@t

4 (1= 70N AW, + 61dt) + (AN, + 8th))> +dC,. (5.42)

Here, 7 = {7, 7'}, where 7! indicates the ratio of the wealth invested in risky asset and

7% =1 — 7! in GOP. The corresponding benchmarked value is

6?2 ) dCt .

av7 V77 (o0 = 01)dW + (pr - oy g7 () — 6an ) + 3= (5.43)
t

114

TH-1039_05612301



CHAPTER 5 5.4. HEDGING

Now, we consider
2
0;

- m)(ﬂt()\) — 67)dN (5.44)

dM} = (o0 — 01)dW + (p,

and M? in such a way that it is strongly orthogonal with the martingale part of S with

specific structure
dM? = p,IL,(\)dW — odN. (5.45)

Here, it can be seen that {M} }iepo, 1) and { M7 }epo, 17 are F W.N_martingales. It is clear
that FM' M C VN where FM M is a o-algebra generated by M} and M? at time
t €10, T]. As we can see from equation (5.44) and (5.45), W, N can be written in terms

of M*, M?, which implies that F}" N cgM SM Hence, we have the following lemma.

Lemma 5.4.1. The filtration generated by M* and M? is the same as the filtration gen-
erated by the innovation process, i.e.,

W,N
=V

thvfl,M2

for all t €10, TJ.
We know that the benchmarked fair price process AH is an FS -martingale, i.c., FM M.
martingale. From the martingale representation theorem, there exist square-integrable
FM 1’M2—predictable processes 7; and 72 such that the benchmarked fair price process /A\f{

has the representation
AN = pldM} + n2dM?. (5.46)

Now by the help of above considerations, we can derive the risk-minimizing hedging trading

strategy.

Theorem 5.4.1. The locally-risk-minimizing hedging trading strateqy 8* for Hy, the amount

invested in stock, is given by the following formula, for t € [0,T],
VA 4 (L= 7))
Sy

o)
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and the cost process is given by
aCy = (V7 (1 = #)ms, + Vi )Mz,

where V* is the amount of the wealth investing and 7} = g—’i And V™ is the wealth of
t
GOP, 7}, and 75, are given by Theorem 5.2.1.

Proof. By comparing (5.43) and (5.46), we get

dCy = V™ n2dM?.

Now, if we replace the value of d‘Yf,: in terms of the primary securities, then the equation
t

(5.43) reduces to
dS; dSt .1dS;

th7~T :Vj<(1 7?1)( ltSt_ +m 2tS

t—

)+ T tSt )+dCt

(- - - .. dS .
=V (@ + (= ")) g™ ) + W0 = fmsg + dC
t—
Q = =2 * dS T = * *
=V ((ﬂ'tl +(1- th)ﬂlt)§j> + (Vt (1—#a})ms +V, T}f)th?.

Hence, if we invest
o G+ (- i)
t St

amount of wealth in risky asset with total amount of investment V,* and cost process
dC; = <Vtﬁ(1 — Ty )Ty WW?)de,

we get the required risk-minimizing hedging strategy. We can see that the cost process C
is F"S-martingale and strongly orthogonal to the martingale part of S, so the corresponding

strategy is a risk-minimizing strategy. [
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We have derived the local risk-minimizing hedging strategy for a contingent claim Hyp
in an incomplete information financial market. Initially, we have considered a fictitious
market, where the investor can invest in GOP. Using the wealth process corresponding
to this portfolio, we have derived the local risk-minimizing hedging strategy in the actual

market.
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Chapter 6

A Defaultable Financial Market with
Complete Information

Credit risk is the distribution of financial losses due to unexpected changes in the credit
quality of a counter-party in a financial agreement. But there is no clear agreement in the
literature about the appropriate approach to the pricing of derivatives subject to credit
risk. In the risk-neutral method, there will be more then one martingale measures and there
have been different approaches introduced in literature to choose an appropriate martin-
gale measure, like the minimal entropy martingale measure or the minimal-martingale
measure. Bielecki et al. (2004b) have presented the mean-variance hedging framework
and studied the indifference price approach for pricing defaultable claims in the situation
when perfect hedging is not possible. Biagini and Cretarola (2007) has used minimal-
martingale measure approach to price the defaultable contingent claims. They applied
the local risk-minimization approach to defaultable claims and compared it with intensity-
based evaluation formulas and the mean-variance hedging. Biagini and Cretarola (2008)
studied the local risk-minimization approach for defaultable claims withe random recovery
at default time. It is not clear what the appropriate pricing measure should be, for credit
risk, or even whether such a pricing measure can actually be found. Even if an appro-
priate risk-neutral martingale measure exists, the H-hypothesis may not be stable under

the measure transformation. To overcome all these problems, we consider the defaultable
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contingent claim in a framework that is beyond the standard risk-neutral approach.

In this chapter, our goal is to price and hedge defaultable contingent claims, using
benchmark approach under the reduced form methodology of credit risk modelling. Credit
risk is the risk associated with any kind of credit-linked event, such as changes in the
credit quality, variations of credit spreads and the default event. Here, we consider only
the default event for our modelling of credit derivatives, i.e., the default risk. A default
risk is a possibility that a counterparty in a financial contract will not fulfill a contractual
commitment to meet its obligation stated in the contract. If default occurs, the creditor will
only receive the amount recovered from the debtor, called recovery payment. The recovery
payment is frequently specified by the recovery rate, i.e., the fraction of the payoff of the
contingent claim in case of default. There are two kinds of recovery payoffs: one recovery
payoff Z at the time of default if the default occurs prior to or at the maturity date T, and
a recovery payoff at time T if default occurs prior to or at the maturity date T. Naturally,
only one of the recovery payoffs occur in real markets. To use a more general model, we
consider both together. Default is modelled by a stochastic process with an exogenous

default intensity as hazard rate which we consider to be modulated by a Markov process

X.

6.1 The market model

In this chapter, we consider a financial market with only one discounted stock price process

S satisfying the SDE, with Sy > 0,

dS, = Sy(u(X,)dt + o(X,)dW,), (6.1)

with a Brownian motion W = {W;};>¢, independent of X. Here, y and o > 0 are uniformly
bounded, square-integrable in [0, T, deterministic functions of X. The Markov process

X is assumed to have the same representation as in Chapter 5.
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We consider the defaultable state of a firm as described by the process H = {H;}i>o
with H; = I{;<4}, where the F-stopping time 7 : © — RV {400} is a non-negative random
variable indicating the default time of the firm, and is defined on a complete probability
space (€2, F, P). Here, I is an indicator function taking the value 1 if the event happens,
otherwise 0. For convenience, we assume that P{7 = 0} = 0 and P{r > t} > 0 for any
t € Ry. The model is driven by a factor process X = {X;};>0. The default time 7 has
an F-adapted intensity A(X;), where A(-) is a given bounded, deterministic function. We
suppose that the investor has the filtration F' = 5% Then, M?' = 3, — OtAT A X )ds
is an F-martingale and assumed to be orthogonal to M*, the martingale part of X. In
this setup, the process (X, H) is jointly Markov. Here S is a F-semimartingale.

We analyze the market under the consideration that all the factors that drive the market
are observable. Let T stands for the (right-continuous) cumulative conditional distribution
function of 7 for given information about the stock price process S and Markov process X
up to the present time, i.e., Ty = P{1 < t\&"tS’X} for every t € R,. Recall that the filtration
F%X is generated by the stock price process and the Markov process. The survival function
G of 7 is defined by the formula: G, = 1 — T, = P{r > t|F7~} for every t € R.. We
also introduce the R V {4o00}-valued hazard process I'y = — log{G,}. We assume that the

F-hazard process I' admits the following representation
t
R / MX,)ds, teloT].
0

In the following section, we assume that the default process is independent of W. In
the subsequent section, we analyze the market under the consideration that the stock price

process and the default time are dependent with each other.
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6.2 Pricing and hedging

In this section, we suppose that W = {W;};>0 is independent of H. The market partic-
ipants can form self-financing portfolios with primary security accounts as constituents.

The unique GOP, V™, for the model under consideration satisfies the SDE

*

AV = V7 0(X,)(0(X)dt + dWr), (6.2)

for all t > 0, with V7~ =1 (see, Chapter 3).
In the following section, we use the reduced form model for pricing the derivatives in
the presence of credit risk, which are also known as hazard rate models or intensity-based

models.

6.2.1 Reduced form valuations

Elliott et al. (2000), Frey and McNeil (2001), Bielecki and Rutkowski (2002) and many
others have used the reduced form methodology for pricing the contingent claims. The
main tool in this approach is an exogenous specification of the conditional probability of
default, given that the default has not yet occurred.

We consider the processes which helps to model the defaultable market as given below.

i. The promised F;-measurable non-negative contingent claim Hrp representing the
firm’s liabilities to be redeemed at time 7', if there is no default prior to or at time

T.

ii. The Fp-adapted recovery claim P~[T, which represents the recovery payoff received at

time 7', if default occurs prior to or at the maturity date T'.

iii. The F¥-predictable recovery process Z = {Z;};>0, which specifies the recovery payoff

at the time of default, if it occurs prior to or at the maturity date T
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If default occurs after time T', the promised claim Hrp is paid in full at time T. Oth-
erwise, depending on the adopted model, either the amount Z, is paid at default time 7,
or the amount Hy is paid at the maturity date T" or both. Most practical situations deal
with only one type of recovery payof, i.e., either fNIT =0 or Z = 0. But, here we consider
the general setting, i.e., simultaneously both the kinds of recovery payoffs exist, and thus
the defaultable claims formally defined as a quadruple DCT=(Hr, Hr, Z, 7).

The financial interpretation of the components of a defaultable claim that we are going

to analyze is clear from the definition of total cash flow D; up to time t € [0, T] given by
Dy = HylppsmyIpery + Hrlppan I—ry + Zr Ii<py- (6.3)

Definition 6.2.1. The benchmarked value process D = {Bt}tzo of the total cash flow

D = {Dy}>0, which is F-measurable and at time t € [0, T is given as

~ H
D, = Z Irsmy =1y +

Y
I, 6.4
V7 (r<t}- (6.4)

Vﬂ'

Hy
(<]
Vo r=ati=T)

The benchmarked value of the cash flow in the time interval [¢, T] is given by

Z, ~ tz
v 43, = Dy — “ 4K, (6.5
2 4 / 2o a3, (65)

. ~ B B Hy T
Dy =Dy = Do = el + ,r17<t+/
where ftT %df}fu = %]{tqu} = %I{TST} — %]{Tﬁ} and t < T. From Definitions

1.7.4 and 6.2.1, we obtain the fair pricing formula as given below.

Proposition 6.2.1. For the defaultable claim DCT=(Hr, Hy, 7, T), the fair price at time

€ [0, T] is given by the fair pricing formula
A=V A, (6.6)

where the corresponding fair, benchmarked defaultable claim price process A= {/A\t}te[o, 1]
has the value

Z
. , 6.7
v st (6.7)

T

A, = E(Dy, 11|F,) = E(Dr|%,) —
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Proof. 1f we add the benchmarked fair price process A= {/A\t}te[o, 7] with the cash flow up
to the given time, i.e., Kt + %I{Tgt}, it becomes an F-martingale. This implies that the

A, is fair price for the remaining cash flow Dy, 7 at each time ¢ € [0, T7. O

The seller of claim always try to hedge the risk he is going face in future due to the

market uncertainty. In the next subsection, we try to hedge the defaultable claim.

6.2.2 Hedging

As all the market factors cannot be traded in our model under consideration, we can not
get fair, perfectly replicating trading strategy for every contingent claim in this market.
Hence, the market is incomplete. Biagini and Cretarola (2007), for the first time, used
the locally-risk-minimizing method to the pricing and hedging of defaultable derivatives
under the risk-neutral measure. They considered the particular case of a default put option
with random recovery rate and solved explicitly the problem of finding the pseudo-locally-
risk-minimizing strategy and the portfolio with minimal cost with the minimal-martingale
measure. We try to find a portfolio “with minimal cost” that perfectly replicates DCT

according to the locally-risk-minimizing criterion under the real world probability measure.

Definition 6.2.2. For the payment stream D = {D,},c(0, 11 given by (6.3), the cumulative

cost process CP = {C?}te[o, 7 of a strategy 7 is

tVT(S
CtD:Dt—H/;”—/ il

| =grs, (6.8)

7 is called self-financing if CP is constant and mean-self-financing if CP is an F-martingale.
7 is called 0-achieving if VI = 0. The risk process R™(D) = {R[ (D) }+co, 1) of 7 is defined
as

R} (D) = E((CT — CP)*|F0).

Here, O-achieving means the claim is hedgeable, since the terminal payoff goes inside

the cash flow D. From Definition 6.2.2 and (6.7) and the martingale property of the
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benchmarked, fair, replicating wealth process, we directly obtain the following result.

Proposition 6.2.2. For the given payment stream D, if V™(D) is a replicating wealth
process then it has the value

VT(D) = Ay,
at time t € [0, T), with A, satisfying the fair pricing formula (6.6).

Now the question is how to reduce the intrinsic risk which arises due to the incomplete-
ness of the market. To get such strategy we derive the locally-risk-minimizing hedging

strategy. First we define the Follmer-Schweizer decomposition of the defaultable claim.

Definition 6.2.3. An Fp-measurable random wvariable D7 admits a Follmer-Schweizer

decomposition if it can be written as
oA
Dr = Dy +/ ¢PdS, + L2, P—a.s., (6.9)
0

where Dy is Fo-measurable, ¢P = {¢pP}i>o is such that the corresponding w° = {nP =

%}90 is in U(T), and the process LP = {LP}>¢ is a right-continuous square-integrable
; > >

martingale null at 0 and strongly orthogonal to W'.
Using the above definition and the definition of the 0-achieving strategy, we get the

following result.

Proposition 6.2.3. A payment stream D admits a locally-risk-minimizing strateqy if
and only if Dy admits a Follmer-Schweizer decomposition. In that case, the locally-risk-

minimaizing strateqy m 1s given by

D

1 PS5

= telo, T

ey 0T

with
t
Vt'”(D):Dng/ ¢PdS, + LY — D, (6.10)

0
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and the mean-self-financing cost process is
CP = Do+ LY.

In the next proposition, we derive representation for an F-martingale process.

Let us consider a 0-achieving strategy 7 for D, with cost process C? satisfying the SDE

ds
AV = V;%,}Et +dCP — dD,.

It’s benchmarked value is

dCP  dD,
Ve VT

AV = V7 (mto(Xy) + 0(X,))dW, + (6.11)

Before getting the Follmer-Schweizer decomposition, we need the following result.

Proposition 6.2.4. Let K be an Fr-measurable and square-integrable random wvariable.

Then the F-martingale M* = {M}* = E(K|%})}iepo, 71 admits the following representation
¢ ¢ ¢
ME =M+ [ efaw+ [ ckard + [ ykaL.,
0 0 0

where €5, ¢X and 4% are square-integrable, F-predictable stochastic processes and W, M*X
and Ly = (1 — Hy)e't are F-martingales. Moreover, M* and L are strongly orthogonal

with W,

Proof. Since Fp = F3¢ v F2X from page-160 Bielecki and Rutkowski (2002), we consider
the Fr-measurable random variable of the form K = (1 — H;)Z for some s < T and some

?;’X—measurable random variable Z. We can write
K=(1-H)Z=(01-H)e"Z=1L,Z,

where Z = e% is an ?g’x—measurable, integrable random variable and L, = (1 — 3,)e"-.

Here L = {L;}icpo,r) is F-martingale (see, Bielecki and Rutkowski (2002), P-152). From the
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martingale representation theorem, the square-integrable F**-martingale can be written

as

t t
Ut:E(Z]fr"f’X):E(Z)Jr/ guqu+/ CudMX,
0 0

for some square-integrable ?;’X—predictable processes & and (. Now, from [td’s formula,

T s
K = LOUO+/ Lt_dUt+/ Ui—dL; + [L, U],
0

0

Ia T T
= LolUp + / Ly &dW, + / Ly GdM;* + / U_Ijp 5dLs.
0 0 0

Here [L,U]s = 0, since L and U are orthogonal. So the asserted formula holds,
t t t
ME = B(K|F,) = Mg* +/ eXdw +/ ¢KdmX +/ vEdL,,
0 0 0

with the square-integrable processes & = &1L, , (£ = (L, and £ = Ui_Ijpq. The

strong orthogonality follows from the independency of M* and L with W. [

From (6.7) and Preposition 6.2.4, there exist square-integrable, F-predictable processes

®q, Py, and P53 such that

R Z - t t t
A+ V; Ir<y = Ao + / OLdW, + / dIAMX + / ®3dL,. (6.12)
T 0 0 0
That is
N Fa t t t t Z
Ry = Ao + / LA, + / B2AMY + / SIdL, + / Zu a4, (6.13)
0 0 0 o Vil
and
0N 1 2 X 3 Zy
AR, = @AW, + QM + L, + T LddN,. (6.14)
t

If we compare (6.11) and (6.14), we get the required values of risk-minimizing hedging

strategy m and the mean-self-financing cost process CP given by

o}
LT Xy
ne
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and

dC; = VT (P7dM;* + jdLy),

where C' is strongly orthogonal to W.
Now, with some assumptions, we try to derive the predictable terms ®°, for i € {1, 2, 3},

more explicitly. From (6.4), we have
E(Dr|%,) = E(Hr(1 — 3(r) + HrHr + Z,H7|F), (6.15)

where we have assumed the recovery payoff received at time 7" of the form Hr = h(T/\T)ﬁT,
with h(T AT) € [0, 1) is the recovery rate at the maturity and is a fraction of the claim
which has to be paid at maturity if there is no default prior to or at maturity 7" and A is

a deterministic function of time. Then
E(Dr|F,) = E(Hr((1 — Hy) + h(r AT)Hp)|F:) + BE(Z.Hp|F,)
= E(Hr|F)EQ + (Wt AT) — V)H|F,) + E(Z,Hr|F)
=010 + E(Z,Hr|F,).

Here, E(H7|F,) is an FSX-adapted martingale and admits the representation for some

square integrable F**X-predictable processes & and (
t t
Of = E(H7|F,) = c+/ EdW +/ Ced M. (6.16)
0 0

We can write 14-(h(7AT)—1)Hy = f(7) for some integrable Borel function f : Ry — [0, 1].
By Proposition 4.3.1 of Bielecki and Rutkowski (2002) and, since A is considered to be

deterministic function of time and default processes is independent of W, we have

2 =E(1+ (M7 AT) = 1DH|F) = E(L+ (M7 AT) — D)H|F)) = ¢) + /Ot F(s)dM¥,
(6.17)

where ¢, = E(f(7)) and the function f : R, — R is given by the formula

F(t) = f(t) = e E(Igrsy (7))
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Since

d[@l, @2]15 — O,

applying [t0’s formula, we get

1010? =02d6} + 0}d6? + d[6}, 62 (6.18)

:<%+/j%mMﬁ>@mm+gmﬁ>
0

t t _
+Qw/kwm+/@m@yﬂwmw
0 0
=xt AW, + X7dM;* + x3dM;Y,

ﬁ:(%+/f@mﬁﬁg
0
ﬁ:(%+/f®wﬁﬁg
0
3 — t AW, t degf) F(t).
N G+A£ ng ()

It remains to find the representation for E(Z,Hr|F;). From corollary 5.1.2, Bielecki

where

and Rutkowski (2002), it can be decomposed as

E(Z,H|F,) = H,E(ZHp|F* v F) + (1 — H,)e" B((1 = H,) Z,Hp | F2Y)
T
=H, Z, + (1 — H,)e"E (/ Zue_F“dFu|?f’X)
t

- g‘CtZ\T + [{T>t}Qta (619)

where
T ~
Q, =e"'F ( / Zue_F“dFu|?f’X)
t

T t
— el (E ( / Zue_F“dFu]S'f’X) — / Zue_F“dFu) :
0 0
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Then

dQ; = Qdly + €' (dmy — Ze‘rtdft)

= (Q¢ — Zy)dT; + e"tdmy,
with F*X-martingale m; = E( fOT Zye Tudl,|F5%) and the quadratic covariation term

T t
[e“, (E ( / ZueF“dFqu’f’X) - / ZueF”dFuﬂ =0,
0 0

due to the representation of I'. Therefore, we have

t t
Qt =mgy + / ersdms + / (Qs - Zs)drs~
0 0

Furthermore, since @) is a right-continuous process with left-limit and with assumption

AQ, =0, we have
tAT
I Q = mo + / dQy — Itr<ty Q-
0
tAT tAT R t
—mat [ dmot [ (@ Zoar, - [ Q..
0t/\‘r Ot/\T % ’ t
= mg + / el dmg +/ (Qs— — Zs)dl's — / Qs dH,
0 0 0

tAT t tAT .
= mgy + / elsdmg — / Qs_dMT* — / ZdTs,
0 0 0

where M?* = 3, — gAT Aeds = H; — Ot - dl'y, and we have used the continuity of I". To
get the predictable representation we need to consider the continuity of () at default time

7. Consequently, we can rewrite (6.19) as follows:
N tAT t [ZA .
E[Z.HHr|F] = mo + / el“dmg — / Qo_dM — / Zdls +H Z, (6.20)
0 0 0
tAT t
= myo —I—/ etsdmg + / (Zy — Qs )dM.

0 0

As m is an F®*-martingale, it will have the decomposition

t t
mt:mg—l—/ ggdWS+/ CdMX, (6.21)
0 0
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for some F*-predictable processes £ and (’. Hence
N tAT tAT t
E[Z.3p|F] = mo + / el dW, + / et CldM¥ + / (Zy — Qo )dMT'.  (6.22)
0 0 0
Finally, the decomposition of E(D|F,) is
. t t
E(Drl5) =046% +mo+ [ (3 + LirsE)aWe + [ (¢ + Hrsge DY (629
0 0
t
+ [0+ o= Qupant
0
Theorem 6.2.1. The 0-achieving locally-risk-minimizing portfolio for DCT is given by
t
17 B / ®LdS, + CP — D, (6.24)
0

where the locally-risk-minimizing strateqy is

1
@1 — ‘/; 7Tt
t St )
with . -
I tel
(x¢+ {;/zﬂt}e &) 4 9<Xt)
i1 _1 t
7Tt = ’

Oy

and the mean-self-financing cost is
b | to N
CP =GP+ [ V(2 + Tpaae QM + [ VI (¢ + (2. - Q)M
0 0

Proof. 1f we compare the equations (6.11) and (6.23), we get the required result. O

6.3 The dependent case

In the previous section, we have investigated the locally-risk-minimizing strategy under
the assumption that the default time and the stock price process are independent. In
this section, we consider the dependent case where the dynamics of the risky asset price
may be influenced by the occurring of a default event and also the default time itself may

depend on the asset price behavior. To get the locally-risk-minimizing hedging strategy for
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the defaultable claim under these considerations, again, we provide the Follmer-Schweizer
decomposition of it.

If we enlarge a filtration, it is not necessary that a martingale in the smaller one remains
a martingale in the enlarged one. But the representation of the hazard rate I" implies that
an invariance of martingale property (i.e., the H-hypothesis) holds, which means that the
dynamics of the asset prices are the same in the default-free world and in the defaultable
world. In the case of risk-neutral measure transformation, the H-hypothesis may not be
stable. But, as we are using a numeraire method instead of a measure transformation, we
are dealing with only the real world probability measure. So, in a benchmark approach,
there is no need to check for the stability of the H-hypothesis. Thus, in the present case,
we have the H-hypothesis as given below.

(H) Any F¥*-square-integrable martingale is an F-square-integrable martingale.

To replicate the fair price process /AXt = ‘é\t* = E(ﬁ[u |F:) = E(ﬁﬂfﬂ) - & Itr<py, we

I
T VTTr

try again to derive E(Dr|F,) explicitly.

E(Dr|F,) = E(Hr((1 — Hy) + h(r AT)H7)|F:) + E(Z.Hp|F,)

= E(Hr|F,) + E(Hr(h(r AT) — 1)Hr|F,) + BE(Z,Hr|Fy). (6.25)
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Now, we compute E(Hr(h(t AT) — 1) Hrp|Fy).
E(Hr(h(t NT) — 1)H|F,) =3,E(Hp(h(t AT) — D)Hp|F7 v T+
(1= 3 E((1 = 30) Hy(h(r AT) = )Hq|FY)
=H,E(Hr(h(r AT) — 1)H7| T v 55+
(1= 3)e" Bl g<rery Hr(h(r AT) = 1)[57%)
—3,(h(r AT) — 1)Hr E(Hp|FE¥ v 53+
(1 = H)eP BB (Ierery Hr (h(r A T) = )|FEX)F5X)
=H,(h(r AT) — V)HrE(Hp|FPX v F30+
(1 — 36)e B(B(Igrery Hr (h(r AT) — 1)[F,)[555)
=H,(h(r AT) — V)Hp E(Hp|F2~ v F59+
(1 = Ho)e™ E(Igper<ry (B(r AT) — 1) E(Hr|F,)|F7Y)
(6.26)
Since CT'"ff( = F,_ and the F-stopping time 7 is &, _-measurable by Theorem 5.6 (on page
118) of Dellacherie and Meyer (1978) and Lemma 5.1.3 of Bielecki and Rutkowski (2002).

Here

FX —gAn{r >t} AeF X 0<t<T).
From page-148 Bielecki and Rutkowski (2002), it can be written as
(h(r AT) = 1)E(Hr|F,_) = N,

for some F**-predictable process N and on the event {7 < t}, the following equality

holds:
T 1S X\,
HN, = Ho(h(r AT) — V) E(Hp|F5¥ v 529, (6.27)
Hence (6.26) can be written as

E(Hr(h(r AT) = D)Hp|F,) =H,N; + (1 — H)e' E(Iyerery No|F2F).
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The conditional expectation E (ETiHT]S’t) can be decomposed as

E(Z,Hr|F) = HoB(Z Hp|F5 v T + (1 — H)e " B(1 — H,) Z,Hp|F55)

= H,Z, + (1 — H,)e E((1 — H,) Z,Hp | FH),
since on the set {7 < t}, B(Z.Hp|FPX v FH) = Z,. So, (6.25) can be written as

E(D|F,) =E(Hy|F,) + H, N+
(1 — He)e" BIypr<ry No|F0X) + H, 2,
+ (1= H)e " B(1 — H,) Z, Hp | F2X)
—E(Hr|F,) + HN, + H, Z,

+ (1 - 3" B(Ijyar<ry (N, + Z,)|F77%)

:E(ﬁT|§t) '|" j’CtNT -I‘ j{tZ\T + I{T>t}Qt7 (628)
where
T ~
Q, = e E ( / (N, + Zu)e_F“dFu|3"f’X)
t
T B t il
= elt (E (/ (N, + Zu)e_F"dFu]?f’X) —/ (N, + Zu)e_F"dFu> )
0 0
Then

th = Qtdrt ‘I’ ert (dmt — (Nt + Z\t)e_rtdrt) (629)

= (Q¢ — (Ve + Z&))drt + eltdmy,

where m is an F"**X-martingale with m; = E(fOT(Nu—l—Zu)e_F" dl',|F), and the quadratic
covariation term [ert, (E (fOT(Nu + Eu)e’rudl“uﬁf’)() — fOt(Nu + Zl)efrudf‘uﬂ =0, due
to the representation of I' considered initially. Therefore, we have

~

Q. =my +/0 etsdm +/0 (Qs — (Ns + Z,))dT . (6.30)
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Again with assumption AQ,; = 0, we have the following
tAT
Ioon@ =mot [ dQu = I Q:
0
tAT tAT R t
— o+t / Fodm, + / (Qu — (N, + Z,))dT, — / Qu_dt,
0t/\”r Ot/\T N ° t
— m0+/ e dm, +/ (Qs— — (N + Zy))dl's —/ Qs—dH;
0t/\‘r Ot tAT R ’
= mo + / e"rdmy — / Qs_dM?* — / (Ng + Z,)dr .
0 0 0
Consequently, we can rewrite (6.28) as follows:
R R % tAT
E@W@#MM@+%M+mz+m+/ e dm,
t tAT N °
- / Qs_dM?* — / (Ns + Z,)dr,.
0 0
. tAT t .
=FE(Hp|F:) + mo + / e"dmg + / (Ny + Z, — Q,_)dM*
0 0
t t
:E(HT|9:t> + mo + / ]{TZS}QFSdms + / (Ns + Zs - Qs—)dMsg{
0 0
Since m is an F®*-martingale, it will have the decomposition
t t
my = Mg + / £ dw, +/ CldM?X, (6.31)
0 0
for some square-integrable, F'**-predictable processes ¢’ and ¢’. As before
R t t
E(Hr|F;) = c—i—/ EdW +/ CodMX . (6.32)
0 0
Finally, we have
N t t t
E(Dr|F,) =c+ / EdW, + / CdMX +mg + / &L= dW,
0 0 0
t t
+ / Isgye s CLdMY + / (Ns+ Zy — Qs )aM
0 0
t t
=c+ mg + / (& + ETsge™)dW, + / (Cs + Irssye = ) dMY
0 0

) LR AT (6.3
0
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We state the following theorem for the locally-risk-minimizing hedging strategy from

the above derived decomposition for the defaultable claims.

Theorem 6.3.1. The 0-achieving locally-risk-minimizing portfolio for DCT is given by
t
Vi = / ®lds, +CP - D,
0

where the locally-risk-minimizing hedging strategy is

q)l — ‘/;fﬂ-ﬂ-tl
t St 7
with ) .
ClIEand) _ gy
1 Vit
T, = ’

0¢

and the mean-self-financing cost process
t & ~
Cf) = Cg)<7r) - / VZ (CS + I{TZS}GFSC;)dMSX +/ Vi (Ns + Zs — Qs—)dMg,
0 0
which is strongly orthogonal to the martingale part of S.

Proof. 1f we compare the equations (6.11) and (6.33), we get the required result. O

Thus, we have derived the local risk-minimizing hedging strategy for the case when the

default time and the stock price process are dependent.
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Chapter 7

A Defaultable Financial Market
Under Incomplete Information

In intensity-based models, one specifies the default intensities that affect the default proba-
bilities and the prices of credit derivatives. A critical point in this context is the modelling
of the information set available to the market. Some of the information about the market
are hidden, like default time which is totally inaccessible. To this effect, we propose a
model in an incomplete information framework, that is, we assume that both the default
intensities and the drift process of the stock price process are not observable.
Reduced-form models can be viewed as structural models analyzed under different
information filtrations: Structural models are based on the information set available to the
firm’s management,which includes continuous-time observations of both the firm’s asset
value and liabilities; reduced form models are based on the information set available to
the market, typically including only partial observations of both the firm’s asset value
and liabilities. As shown in examples by Duffie and Lando (2001), Collin-Dufresne et al.
(2003), it is possible to transform a structural model with a predictable default time into
a reduced form model, with a totally inaccessible default time, by introducing incomplete
information. For instance, Duffie and Lando (2001) used a noisy and discretely observed
firm asset value in a continuous-time model, while Collin-Dufresne et al. (2003) used a

simple form of delayed information in a Brownian motion model.
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This chapter is concerned with the pricing of credit derivatives in reduced form portfolio
credit risk models under incomplete information. We consider models where the default
intensity of the firms in a given portfolio is driven by an Ornstein-Uhlenbeck (OU) process
X. We assume that X is not directly observable for investors trading in the market. We
derive the non-linear filtering equation of the OU process X through innovation method.
Using this continuously updating process about the unobservable process X, we reduce the
model to one with complete information case. Finally, we define the fair pricing formula
in the reduced model and derive the martingale representation of the claim to get the

locally-risk-minimizing hedging strategy in the reduced model.

7.1 The market model

As in the previous chapter, we suppose that the defaultable state of the firm is described
by the process H = {J(; };>¢ with J; = I;<4y, where 7 : Q — RV {400} is a non-negative
random variable. For convenience, we assume that P{r = 0} = 0 and P{r > t} > 0
for any t € R,. Here, the stopping time 7 indicates the default time of the firm. Let
T stands for the (right-continuous) cumulative conditional distribution function of 7 for
given information about the stock price process S and Ornstein-Uhlenbeck (OU) process
X up to the present time, i.e., Ty = P{1 < t]fff’X} for every t € R,.. The survival function
G of 7 is defined by the formula: G, = 1 — T, = P{r > |3~} for every t € R, and the
R, V {4o00}-valued hazard process It = —log{G;}. The instantaneous rate of return of
the stock and the intensity rate of the default is driven by a factor process X = {X;}i>o,

modelled as an OU process also known as a mean-reverting process.
dX; = k(o — Xp)dt + pdW}, ¢ >0, (7.1)

where W1 = {W}};5¢ is an FS¥-standard Brownian motion, x > 0 is the rate of mean

reversion, a > 0 is the long-term mean of the process and p > 0 is the volatility. The term
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mean-reverting means that a given process will continue to return to an average value over
time, despite fluctuations. The Default time 7 has the F-adapted intensity A(X;), where
A(+) is a given deterministic function. Then, M7¢ = H, — fot A7 (X;)ds is an F-martingale,
where F = F5%7 and A\™(X;) = M Xy) 750

In this chapter, we analyze a market under the consideration that X is unobservable

and the market has a single stock price process S satisfying the SDE
dSt = St(/,L(Xt)dt Bl O'tth>, (72)

with a standard Brownian motion W = {W, };>0, correlated with W1, and with Sy > 0. We
assume that default time 7 is independent of W. We assume also that cov(W, W1), = b,
for t € [0, T]. Here, u(-) is a given square-integrable in [0, 7, deterministic bounded
function of X and o, > 0 is a square-integrable in [0, 7], deterministic, bounded function
of time. The filtration F = FS%% is generated by the stock price process, OU process
and the default process. But here, we work under the filtration F*7¢, i.e., the filtration
generated by the stock price process and the default process.

The process X is not directly observable for investor. Rather, investors’ information
consists of the default history, and of noisy price observation for traded credit products.
For pricing and hedging defaultable claims under incomplete information, we reduce the
model as if we are in complete information case. But, to do so, we need to know the
dynamics of IT,(V), where ¥ € B(R), where B(R) is the space of bounded functions from

R to R, which is defined as
IL,(W) = E(W(X,)|F57). (7.3)

The computation of IT;(V), for the present market model, leads to a non-linear filtering

problem.
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7.2 Reduction to complete information case

Let
dNt = /L(Xt)dt + O'tth. (74)

That is, N is the stochastic logarithm of S. It is clear the F'V = F®. By stochastic
filtering theory, we estimate unobservable stochastic process, i.e., OU process, based on
the observable information, i.e., from the stock price process and the default process. The
filtering problem consists in determining the conditional distribution II; of the unobservable
X at time ¢ given the information accumulated from observing N and I in the interval
[0, t].

We deduce the evolution equation for II. Before that, we prove lemmas required to

evaluate the dynamics of II; for ¢ € [0, T7.

Lemma 7.2.1. W, = fot(dWS " (%}S(“))ds), fort € [0, T, is a Brownian motion and
]\Z}C = H; — fg [Is(A7)ds, for t € [0, T}, is a compensated hazard process with intensity

I1;(\) on the probability space (2, FN-7C FN.IC P),
Proof. The equation (7.4) can be written as

Since I, () is FV¥-adapted, from the above equation, W is also FN I adapted. First
we show that Wt is continuous martingale. Taking conditional expectation for the given

information up to time s <t
EW, | Y79 = BE(W, — W, + W, | V%9
t X, —11, —~
— E(W, — W, + / (“( )J (“))du | NI T,

(as W is FN% adapted )

I
S
—~
EN|
S
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From the definition of the Brownian motion the increment is independent of the past

history and from tower property,
EW, — W, | F¥7 = B(W, — W,) = 0.
From tower property, we can write

B( / (0(X,) — L)) F9 = B / E((U(X,) — () | F | FNH) —0.

So, W is a continuous martingale and its quadratic variation is given by
(W] = [W]e = t.

Hence, W is a Brownian motion, by Lévy’s characterization of a Brownian motion.
It is now straightforward to see that ]\Z‘H =, — Ot T IT,(\7)ds is a compensated hazard

process with intensity I1;(\7) on the probability space (2, F¥I FN.I p), O

We call W = {/I/Iv/t}te[& 7] and M = {]\Zﬂf}te[o’ 7] the innovation processes for W and
H respectively (see, Bain and Crisan, 2009). The equation (7.2) can be rewritten on the

probability space (Q, FNI FNI P) as
dS, = Sy(ILy(p)dt + o, dW,). (7.7)

Denote by F' WM {ZTXV R }iep, 1) the filtration generated by the innovation process,
ie., fﬂW’Mj{ = J(WS, ]\Zﬂ,s € [0, t]). Since W and M are FN3Cadapted, from Lemma
7.2.1, we have SrtW M C fr'",fv 7 But the converse relation is not true in general. However,

the next lemma is true.

Lemma 7.2.2. If ¢ = {(i}eo, 17 5 @ square-integrable FNY martingale, then it admits a
representation of the form
dC, = hedW; + kyd MY,

FN,U'C

where h and k are some square-integrable -predictable processes.
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Proof. We have dN; = I, (p)dt + Utth, where W is a FN7 Brownian motion and M is
a compensated FV-7“hazard process under the probability measure P. Now we consider

a measure transformation under which W, = U“ )ds + Wt will be an FN7Brownian

0

motion. The Radon-Nikodym derivative of the measure transformation is given by

dP

¥ - Ot, tG [0, T],

4

where Oy = exp{— f HS (W) gy, — HS(“ 2ds}. So dN; = 0:dW, is an FN-?“martingale

under the measure P. As in Chapter 4, it can be shown that FN = FW.3_ Since ( is
FN9martingale under P, { = § = {é—tt}te[o, ) will be FN: matheall_martingale under P.
From martingale representation theorem, there exist f and g, which are square-integrable

FN,H{

and -predictable processes, such that

dZt = 7tth o ?tdﬂzﬂ-
Notice that ¢ = (O. Applying Ité’s formula, one verifies for all ¢ € [0, 7]
11 -~ —~ II —~ —1II
W gt OF T, + Ogdhif — i, — 0,7,
t

Ot Ot

d¢; =O:f,

:ftdm + gtdj\zg{,

where hy = O,f, — &= Ht ) and k; = O.g,. Moreover, it is evident that f = {f;}ico,1) and

g = {9t }tepo,m are square—integrable, FN3 predictable. O

Now by using the above derived results, we prove the following lemma.

Lemma 7.2.3. 1. TI;(X) — IIo(X) — fg I, (k(a — X,))ds is a square-integrable FN-7t-

martingale.
2. There exist square-integrable, FN"*-predictable processes f and g such that
t
I1(X) = Ip(X) + / s (k(a — Xy))ds + Uy, (7.8)
0

where ﬁt = fg fdes + f(f gsd]\Z}C.
Here, I(k(a — X)) = Elk(a — X;) | FX7 for all t € [0, T).
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Proof. We have
t
Xy = Xo+ / k(o — X,)ds + pW}
0

If we take conditional expectation with respect to the observable filtration F™7t
t
I1,(X) = B(X, | 577 + E( / sl — X)ds | TI) + B} | TN
0
Now, if we subtract IIo(X) + fo Xs))ds on both sides we get
t t
I, (X) — Iy(X) — / I (ko — X,))ds —E(Xo | 5% — Iy(X) + E(/ k(o — X.)ds | TN
0 0

- /ot L (k0 = Xy))ds + E(pW}' | 7,7°).
(7.9)

First, we show that E(fot kla —X,)ds | 3’,{\[’9{) — [ y(r(a — X,))ds and E(pW} | 37

are F'NCmartingales. For u < t,

t

E(E(/ k(o — X,)ds | FV70 — /Hs )ds‘fﬂ]f’}f>
0 0
t

:E(E(/ rlo— X)ds | FN7Y — / I, (x X,))ds | ?7]:[’}()—1—

E(E(/ k(o — X,)ds | FV70 - /Hs ))ds|3"£”“>
0 0

\ (/ 1, (k )ds|3"iv’%>+
/un( X,)ds | f#”f E(/O 1, (k )ds|3’“f’%>

—B( [ o= Xds | 32%) = [ Tin(a=X)as.

where we have used the tower property of the conditional expectation and FV-?-martingale

nature follows. Again, for u <t,
E(E(thl | T | fﬂi““) = E(pW} | F)77)
= E(pW, | 277 + E(pW}! — pW,, | F77F)
= B(oW! | 359 + B(B(W} - pW}| 5,) | 7%)

= E(pW, | F3°7),
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where we used the martingale property of W1 with respect to the complete information
filtration J and the tower property of the conditional expectation. Hence E (th1|3"iV ’9{)

is an F¥-7Cmartingale. This implies that the right-hand-side of (7.9) is FN-*“martingale

FN,J-C

that starts from zero. Hence, from Lemma 7.2.2, there exist an -adapted and an

FN-3 predictable processes f and g, respectively, such that
t t t
IL,(X) — Ho(X) — / I k(o — X))ds = / fsdW; +/ gsd Mt (7.10)
0 0 0
for all t € [0, T]. Hence the lemma follows. O

We have now sufficient ingredients to derive the non-linear filtering equation for the

partially observed system.

Theorem 7.2.1. The process I1; satisfies the following evolution equation

! (M(Xs> | Hs(/vb))

t —~
I, (X) =Ip(X) + / I (k(a — X5))ds + / (pbs + T4 (X . ))dW
0 0 s
TIL(X (VT (X) = TI(\T))) o~
S — ° u dM?< 11
+ [ R : (711)
Proof. Let - fot %d/I/IV/S + fot wsd]\Z%, where {v;} is any given bounded F™7adapted

FN,?C

random process and {¢;} is any given bounded -predictable random process. Then

Z is an FN"Cmartingale process. Using the value of U from (7.8),
E(U.Z,) = E/Ot fsysds + E/Ot s s dIHs
= E/Ot fsvsds + E/Ot [T (A7)gsthsds. (7.12)
Again, from (7.8),
E(U,7:) = E(ZI1(X)) — E(Z (X)) — E(Z /0 t 1, (s (o — Xs))ds>

s

= B(Z,I1,(X)) — E( /0 t E(Z, | FN91, (k(a — Xs))ds>

= E(ZXt) — E(/t Zsﬁ(a — Xs)ds>. (. Zth(X) = E(ZtXt|§£V’%))
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Now
Z—/t7 daw, +/t¢ T, — \7(X, )ds)+/0t%(“(X5);Hs(“))ds
/w
_Z+/07M o) ds+/¢ (7.14)
where

t t
Zp— / odWs + / Du(dH, — AT(X.)ds).
0 0

From (7.13) and (7.14), we have

E(U,Z) =E (tht y / t Zk(a — Xs)ds>

+E(Xt(/0t%(u(Xs)U—Hs(u))d +/tw "X — TL(Y) )
—E(/Ot/ﬁ(oz—Xu)(/ou’Ys #Xs) ds+/ Ys(A d3>du>

- /Otvspbsdsw( /OX 26) 11 D gs + /0 X, (N s>—Hs<AT>)ds)

Os

v 5 ([ 0~ 2 WLl )’d + / (= X3 (X,) - st»ds)

_E</Otm(a—xu)(/0u% HX,) ds+/ e ds)du>

(7.15)
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where

E(tht - /t Zok(a — Xs)ds> — E(tht —Z /t K(a — Xs)ds)

= E(Zt(Xt - /Ot K(a — Xs)ds)>
(

Zi(Xy — Xo — /Ot k(o — Xs)ds)>

t t t t
0 / sd W / dw?! + / Ds(dFH, — NT(X,)ds) / dwj)
0 0 0 0

t t
= E(p/ vdeS/ dW;) (.- M’ and W' are orthogonal)
0 0
AW, W
s —d
(p/o K ds S)

= E(/Ot %pbsds> (. EZ; Xy =0), (7.16)

I
&>

(see, Situ (2005), P-187 for the covariation part). Now,

5( [ - xR g [ - v0x) - 1 0))as)

Os

= [ ([ st it ) (o, A ZIED o0y — 10

S

_ E/Ot (/St k(o — X,)ds) (% (“(XS); L) |y (r(x,) — HS(AT))>ds

S

_F /Ot Kl — Xy) /Ou (% (“(XS); W) |y or(x,) - HS()\T))>dsdu, (7.17)

where we have used E(W}! — W}|F,) = 0. Therefore,

e t t Xs _ Hs t
BE(U,Z,) = E(/ spbsds +/ Xy, U )O W) g +/ Xobs(AT(X,) — Hs(/\T))ds).
0 0 s 0
(7.18)
Subtracting (7.18) from (7.12), we get

E(f%(fs —E<pbs+Xs(“<Xs)a_

s

() | 7))

* /Ot ¥s <98H8W) - E(XS(AT(XS) ~ LX) | 3"57“))) —0.
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FN,(H

Since the above equality is true for any given bounded -adapted random process

{~,} and any given bounded F™-%Cpredictable random process {1}, we get

fs — E(pbs +Xs (M(Xs) _ Hs(u)) | 3_~N,f}€>

(X SAT(X,

I1,(\")(X,))

_ )11
S (V)

| T,
Hence the theorem follows. ]
The stock price process with complete observation is now characterized by
dS, = S,(I,(p)dt + o, dW,), (7.19)

with SO = So,

I,(X) =ITo(X /Ons(m ~ X,)) ds-l—// (pbe + T1, (3, PAXS) SHS(“))))JMZ
f}f

S(Xs(AT(Xs) — IL(AT))
dM 2
A e (720
and ITp(X) = =.
The positive, self-financing portfolio for 7 € U[0, T is characterized by
dV;® = V7 (mi y(a)dt + W}Utd/th). (7.21)

Here 7 = {#°, 7'}, and its components indicates the ratio of wealth invested in the riskfree
asset and in the risky asset respectively. Now, we define the GOP according to the model

with complete observation.

Definition 7.2.1. A self-financing portfolio m* € U[t, T) is called GOP if it has a positive

wealth process V™ such that
EpulogVi > By, log VT aus.,

for all self-financing m € Ul[t, T| with positive wealth process V™ and for all s € [t, T,
where By ,.(-) = E(-|V/ = v, I,(X) = o) indicates the conditional expectation under P

given complete information till time t € [0, T.
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The reduced model is now with complete observation. As in Chapter 3, the unique

GOP V™ for the market with incomplete information satisfies the SDE
AV = V7 IL(0)(T(0)dt + dWy), (7.22)

for all ¢ > 0 with V7~ = 1. Here I1,() = E(0(X,)|F,"") = E(X22|F,Y7) is the market
price of risk under the incomplete information.

Elliott et al. (2000), Frey and McNeil (2001), Bielecki and Rutkowski (2004) and many
others have used the reduced form methodology for pricing the contingent claims. The
main tool in this approach is an exogenous specification of the conditional probability of
default, given that default has not yet occurred.

In this chapter, as in the previous chapter, we assume that both the kinds of recov-
ery payoffs can exist simultaneously, and the defaultable claim is formally defined as a

quadruple DCT=(H, Hyp, 7, 7). The total cash flow D; up to time ¢ € [0, T is
Dy = Hplgrsry -1y + ﬁTI{Tgt}I{t:T} + Z: 1<y (7.23)

Definition 7.2.2. The benchmarked value D = {lA)t}tZO of the total cash flow D = {D; }1>o,

which is FN-""-measurable and at time t € [0, T] is given as

~  Hp Hr
Dy = — I~y lp= s
t vz {>T}{tT}+Vr}r

Z;
ey lp=1y + v Iir<y. (7.24)

The benchmarked value of the cash flow in the time interval [¢, T is given by

Dy =Dr—D, = Wﬂlwﬂ - WZ‘I{TS” + /t Jred3, = Dr /0 Taeddt,. (7.25)

Now we obtain the fair pricing formula for the cash flow.

Corollary 7.2.1. For the defaultable claim DCT:(HT,[{IT,Z, T), the fair price at time
t € [0, T] is given by the fair pricing formula

P, =V P, (7.26)
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where the corresponding fair, benchmarked defaultable claim price process P = {138}86[0, ]

has at time t € [0, T the value

_p ~ _ 7.
P, = V—; = E(Dy, 7|9, = E(D|F}") - v ey (7.27)
t t

If we add the benchmarked fair price process P = {ﬁs}se[o, 71 with the cash flow up to
the given time, i.e., ﬁt + %I{Tﬁ}, it becomes an F-martingale. This implies that P is fair
t

price for the remaining cash flow Dy 1) at each time ¢ € [0, 7.

7.3 Hedging

In this section, we find a portfolio “with minimal cost” that perfectly replicates DCT

according to the locally-risk-minimizing criterion under the real world probability measure.

Definition 7.3.1. For the payment stream D = {Dy}iep0, 77 given by (7.23) the cumulative

cost process CP = {CP }1ep0, 1) of a strategy 7 is

t Vﬂ' ;
CP =D, + V7 — / s s 4. (7.28)

o s

7 is called self-financing if CP is constant and mean-self-financing if CP is F-martingale.
7 is called 0-achieving if VT = 0. The risk process R (1) = {RP () }repo, 7 of T is defined
as

Ry () = E((C? — CP)*F,"™).

From Definition 7.3.1 and (7.26) and the martingale property of the benchmarked, fair,

replicating wealth process, we directly obtain the following result.

Proposition 7.3.1. For the given payment stream D, if V™ (D) is the replicating wealth
process then

V(D) = h,
at time t € [0, T|, with P, satisfying the fair pricing formula (7.26).
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The question now is how to reduce the intrinsic risk which arises due to the incom-
pleteness of the market.

The quantity CP describes the cumulative cost on [0, ¢] with payment stream according
to D and trading strategy according to 7 (for more details, see Schweizer (2008)). Schweizer
(2008) has proved that, if the mean-variance tradeoff process is continuous, which is true
in this model, then the existence of locally-risk-minimizing strategy for D is equivalent to a
strategy 7 which is 0-achieving and mean-self-financing and the cost process C? is strongly
orthogonal to W. We know that finding locally-risk-minimizing strategy is equivalent to

finding the Follmer-Schweizer decomposition of the claim, which is defined as follows.

Definition 7.3.2. An F”“-measurable random variable Dy admit o Follmer-Schweizer

decomposition if it can be written as
T
Dy = Dy +/ oPdS, + L2, P —a.s., (7.29)
0

where Dy is Fo-measurable, ¢ = {¢P}1s0 is such that the corresponding m° = {xP =
‘?fr’;(%)}tzo is in U, and the process LP = {LP}~¢ is a right-continuous square-integrable

martingale null at time 0 and strongly orthogonal to w.

Proposition 7.3.2. A payment stream D admits a locally-risk-minimizing strategy if only
if Dy admits a Follmer-Schweizer decomposition. In that case, the locally-risk-minimizing

strategy m 1s given by

¢St
T = ‘t/tD , telo, T),
with
t
V™ = Dy + / ¢PdS, + LP — D, (7.30)
0
and the mean-self-financing cost process is
C; =Dy + L.
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Proof. Let us consider a 0-achieving strategy m for D, with cost process CP satisfying the

SDE
d
Qv — Vfﬂ,}% +dCP — dD,.

t
It’s benchmarked value is

dcP  dD,

AV =V (rloy + IL(0))dW, + kv

(7.31)

As the reduced form of incomplete information market is incomplete, we derive the

locally-risk-minimizing hedging strategy. From (7.26) and Lemma (7.2.2) there exist square

integrable, F¥7predictable processes ®' and ®2 such that
-z b bt
P+ Sl = / LW, + / d2aM . (7.32)
Vi B 0 0
That is,
R t t . t g
P, = / dLAW, + / ®IdMTC + / = dH, (7.33)
0 0 o Vir
and
D 1 3777 2 37 H Z
dPt = (I)t th = (I)t th + Tdﬂ‘ft (734)

Vi
If we compare (7.31) and (7.34), we will get the required values of risk-minimizing hedging

strategy m and the mean-self-financing cost process C; as given by

Ot
dCP = V7 o2dM

]

We have derived the locally-risk-minimizing hedging strategy for the defaultable con-
tingent claim in an incomplete information market where parameters are modulated by a
OU process. The strategies can be derived more explicitly as in the precious chapter, but

to avoid the repetition we do not look for that part.
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Chapter 8

Conclusion

The benchmark approach introduced by Platen (2002) is a powerful technique for option
pricing and hedging in financial mathematics. We have used this technique in various
complete and incomplete financial market models with partial as well as full information.

In this thesis, we have considered the Markov-modulated models. For each case, GOP
has been derived using the HJB equation and is used as a numeraire in the benchmark
approach. For every model, we used the fair pricing concept for pricing the contingent
claims and derived the locally-risk-minimizing hedging strategy.

We have considered both European and American contingent claims with payoff rates
along with the terminal payoffs. By introducing consumption processes, we derived the
hedging strategies for these contingent claims. We have also discussed the cases where
the parameters of the jump-diffusion model are modulated by a stochastic process. We
derived the benchmarked PDE to make the option price more tractable through numerical
methods.

Then, a Markov-modulated Brownian market is considered wherein the parameters are
modulated by a finite state Markov process. We have proved the derived benchmarked fair
price is the same as the risk-neutral price derived in the Di Masi et al. (1994). Further, a
jump-diffusion model is considered with two stock price processes, where the parameters are

modulated by an unobservable Markov process. We have obtained the Follmer-Schweizer
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decomposition of the claim for case when the hidden information can be retrieved. And,
for the case of incomplete information, the optimal projection of the Follmer-Schweizer
decomposition has been taken to get the hedging strategy.

Next, we have considered a jump-diffusion model with a single stock price process where
the drift process and the jump-intensity process are modulated by an unobservable Markov
process. Only the stock price process is assumed to be observable and it is not possible
to retrieve the hidden information. Using the filtering theory, we derived the non-linear
filtering equation for the hidden Markov process based on the given information. We can
not derive the GOP naturally in the considered model. Hence, we have assumed a fictitious
market where we have considered a non-tradable asset such that the market price of risk
is not affected. The GOP derived in the fictitious market is then used to hedge the option
in the actual market.

We have then taken a defaultable financial market model with a Markov-modulated
stock price process and the hazard rate process. Both the recovery payoffs, one at the
time of default and another at the maturity, are considered if the default occurs before
the maturity date. The benchmarked cash flow has been defined for the defaultable claim.
Martingale representation for the claim is derived and used to determine the hedging
strategy.

Finally, a defaultable financial market model with incomplete information is considered.
The drift parameter of the stock price process and the hazard rate process are modulated by
an unobservable Ornstein-Uhlenbeck (OU) process. Again, based on the given information,
the non-linear filtering equation is derived for the OU process. And, using the non-linear

filtering equation, martingale representation is given for the defaultable claims.
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Scope for future work

1. Constraints on portfolio amounts and constraints on number of shares of assets have
not been considered under the benchmark approach. Sometimes, it is very difficult to
get the growth optimal portfolio in a constraint portfolio. One may use the techniques
by Cvitanic and Karatzas (1992, 1996) for the portfolio optimization with constraints
to get the GOP.

2. In this thesis, we have not used any numerical techniques to obtain the values for the
fair price. We can use the fast fourier transformation to calculate the expectation to
get the explicit option prices. The benchmarked PDE can be derived for the each
model, like in Chapter 2, and solved by using the numerical techniques like finite

difference methods.

3. Except vanilla options, other options has not been analyzed much through the bench-

mark approach and this remains an area of further study.

4. The benchmark approach can also be extended to the financial markets with trans-

action costs.
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