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Abstract
.

Over the past decades, the advancement in precision observational cosmology has widened
the window to a great extent to look into the early universe. The early reheating phase is
an integral part of the inflationary cosmology, which bridges the enormous gap in energy
and time scales between the end of inflation and the beginning of the hot Big Bang
nucleosynthesis (BBN). This phase not only generates initial conditions for the hot, thermal
universe, but also produces various cosmological relics, namely, gravitational waves (GWs),
Dark Matter (DM), Dark Radiation etc. The absence of direct observational evidence has
left this important phase of the early universe poorly constrained, both at present and in
the foreseeable future. However, the distinct imprints of this phase on cosmic relics offer us
a promising avenue for its indirect probe through various cosmological observables. In this
thesis, we have taken a little step towards this pursuit of deciphering the non-perturbative
imprints of the reheating phase on various cosmological relics.

We come across several non-equilibrium and highly non-linear phenomena at the early
reheating phase, known as preheating, that occur at an incredibly high energy. For the
proper investigation of this early reheating era, governed by various complex non-linear
processes, an involved non-perturbative framework is indispensable. Another notable area
where the non-perturbative dynamics inherently appear is the domain of Cosmological
Gravitational Particle Production(CGPP). Of late, this gravitational particle production in
the early era has gained significant attention. However, due to its pure gravitational nature,
it becomes an unavoidable natural mechanism for producing dark matter, dark radiation,
gravitational waves, and all sorts of fundamental particles. Throughout the present thesis,
we have meticulously focused on these various non-perturbative aspects of reheating and
their distinct signatures on cosmic relics.

We first concentrate on the non-equilibrium preheating phase. We studied in detail the
phenomena of quantum particle production via resonance, and explored the underlying
connection with squeezing, chaos in a cosmological setting. We have particularly focused
on bosonic particle production. In the post-inflationary reheating phase, the inflaton
oscillates coherently around its minimum and acts as a periodic driving force, which excites
chaotic fluctuation owing to the inherent parametric resonance instability. To quantify this
chaotic nature, we work in the framework of quantum squeezing, and compute one of the
important diagnostics of quantum chaos, namely OTOC or out-of-time-order correlator
of the phase space variables. The dynamics of the squeezing parameters depend on the
type of interacting field theory we consider. We take trilinear and quartic, two well-studied
interactions between the bosonic fluctuations and the inflaton background. Interestingly,
our analysis reveals an intrinsic interconnection among the growth of OTOC, the squeezing
parameter, and the parametric resonance instability. Due to background expansion, the
periodic driving source gradually loses its strength, resulting in the eventual relaxation of
the fluctuation system from the chaotic instability to a thermalized state. Thermalization
is believed to be deeply connected to the chaotic behavior of a system, which is conjectured
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by proposing an inequality relating the Lyapunov exponent (a measure of chaos) and the
system temperature under consideration (well-known Maldacena-Shenker-Stanford or MSS
bound). We calculate the approximate lower limit of temperature by using this bound.
We further conjecture a relation between the system temperature and quantum squeezing
averaged over phase space, consistent with MSS bound and the well-known Rayleigh-Jeans
formula for the temperature. Finally, we come up with the findings that the thermalized
temperature of the squeezed system at the end of chaotic instability nicely follows the
bosonic distribution function in this early reheating era. This indeed establishes a plausible
connection between the non-equilibrium squeezed quantum system with the non-equilibrium
preheating phase in the early universe.

We next turn our attention towards the non-perturbative aspect of gravitational particle
production during inflation and post-inflationary reheating. In this work, we have extensively
studied the long-wavelength(IR) and short-wavelength(UV) number density spectrum of
minimally coupled scalar field, considering general reheating equation of state (EoS). This
study also explains the small-scale (UV) oscillation in the momentum space of the number
density spectrum through the appearance of an interference term in the analytically
obtained spectrum. Further, we do a comparative study of the small-scale UV spectra
obtained through perturbative or Boltzmann and non-perturbative or Bogoliubov treatment,
indicating the equivalence and non-equivalence of their predictions for a general reheating
background. We finally study the possibility of gravitational reheating in a completely
non-perturbative framework.

In the last two works, we have extended the minimally coupled scalar field dynamics to
a non-minimal one coupled with the Ricci scalar. The inclusion of non-minimal coupling
results in the appearance of post-inflationary tachyonic instability for higher reheating EoS
and coupling strength, signalling a striking departure from the dynamics of a minimally
coupled system, particularly for the large-scale (IR) modes. We have further studied the
generation of secondary gravitational waves(SGWs) induced by those non-minimally coupled
IR scalar fluctuations. Owing to the distinctive non-perturbative large-scale instability
effect of the source field, the induced GWs in the low and intermediate-frequency ranges
are found to be strong enough to be detected by Planck and future gravitational wave
detectors like LISA, BBO, DECIGO and ET. Finally, utilizing the Cosmic Microwave
Background(CMB) constraints on tensor-to-scalar ratio, isocurvature, and the total number
of relativistic degrees of freedom, we have deduced tight constraints on the non-minimal
coupling strength between gravity and the spectator scalar fluctuation, depending upon the
reheating equation of state.

We further propose a novel reheating scenario facilitated by the aforementioned non-
minimal coupling-induced large-scale (infrared) fluctuations generated during inflation. We
call this infrared gravitational reheating . We also do a comparative study with the prediction
of reheating parameters made by perturbative and non-perturbative analyses in the presence
of non-minimal curvature coupling. Finally, embedding this infrared reheating scenario into
the well-known α−attractor inflationary model, we examine possible constraints on the
model parameters in light of the latest Atacama Cosmology Telescope (ACT), Dark Energy
Spectroscopic Instrument (DESI) results. The strong, detectable GW signal in the present
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reheating background indeed opens up a possibility of probing such a reheating scenario
through future GW observatories.

These last two studies are devoted to the exploration of non-perturbative effects in the
gravitational portal for a nonminimally coupled system during early inflation and reheating,
and decode their signature on the gravitational wave spectrum today.
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Notations and Conventions
.

Throughout this thesis, we use natural units ℏ=c=kB=1. In this unit, Reduced Planck
mass is given by Mpl =

1√
8πG

= 2.435× 1018 GeV.

Greek indices µ,ν and so on go over the four space-time co-ordinates xµ = [x0, x1, x2, x3]T

with x0 for the time coordinate.

Minkowski metric is given by ηµν = diag[−1, 1, 1, 1].

Latin labels i, j, k and so on go over the three spatial co-ordinates.

The Ricci tensor, defined in terms of the Christoffel symbols, is

Rµν = ∂λΓ
λ
µν − ∂νΓ

λ
µλ + ΓλλρΓ

ρ
µν − ΓρµλΓ

λ
νρ, (1)

and the Ricci scalar is R = gµνRµν .
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CHAPTER 1
Introduction and Motivation

" The Cosmos is all that is or was or ever will be. Our feeblest
contemplations of the Cosmos stir us – there is a tingling in the
spine, a catch in the voice, a faint sensation, as if a distant
memory, of falling from a height. We know we are approaching the
greatest of mysteries. "

— Carl Sagan, Cosmos

Human inquisitiveness has been the impetus behind the civilization’s journey from
the darkest phase of ignorance to the brightest phase of knowledge in the modern era.
From the deep, dark den, the ancient human beings would gaze at the night sky with
utter wonder, and the radiance of millions of effulgent stars would enthral them with their
majestic beauty. It is curiosity that first posed the question: what is our origin, and how
did we come into existence in this vast expanse? To attempt to answer this question, since
time immemorial, numerous scientific ideas and theories have been proposed by many great
minds across places and eras. Notable among them are Nicolaus Copernicus (1473–1543),
Tycho Brahe (1546–1601), Johannes Kepler (1571–1630), Galileo Galilei (1564–1642), and
Isaac Newton (1643–1727) in the era of the Renaissance Revolution. Important to mention
that long before the era of Renaissance Revolution, Indian astronomers such as Āryabhat.a
(476–550 CE) had already introduced profound ideas —most notably the rotation of the
Earth and precise mathematical descriptions of planetary motion—that stand as important
conceptual precursors in the global history of cosmology. With the progress of time and the
advancement of observation by the revolutionary invention of the improved version of the
telescope for astronomical observations by Galileo Galilei in 1609 paved the way to observe
distant planets and countless stars in the Milky Way with significant clarity. It is Galileo
Galilei, the father of observational astronomy, who first provided the observational evidence
that turned heliocentrism, proposed by Copernicus in 1543, into scientific reality. However,
in 1687, Issac Newton, one of the greatest scientific minds of all time, first formulated
the universal law of gravitation governing the dynamics of the tiniest terrestrial object to

1
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1. Introduction and Motivation

a gigantic celestial body in the infinite universe, and hence established the cosmological
studies on a strong foundation of a unified, coherent physical framework. Although Newton
envisioned an infinite, static, eternal universe filled with evenly distributed stars through
mutual gravitational pulls, his own laws of gravitation clearly contradict the concept of the
immutability of the universe. In such a universe governed by the attractive gravitational
force, all matter would inevitably be pulled toward a central point of matter distribution,
leading to an unstable state of the matter distribution that would eventually collapse.
Despite several cosmological challenges, like the Olbers’ paradox or dark night paradox,
Newtonian cosmology reigned for more than two centuries with its full glory until Einstein’s
theory of relativity refuted its infallibility, indicating the strong limitations of this theory
and giving much deeper insight into the large-scale structure of the universe. In the tra-
jectory from the pre-Newtonian to the Newtonian era, the universe came to be conceived
as a perfectly deterministic and mechanical system, governed by universal laws of motion
and gravitation, with space and time considered absolute and independent of the observer.
Newton’s classical picture, together with Maxwell’s electrodynamics(1865), created an
impression of a complete description of nature, built upon continuity, determinism, and the
predictability of all phenomena on all scales.

By the stroke of the 20th century, the advent of two conceptual revolutions—Einstein’s
theories of Special (1905) and General Relativity (1915), together with quantum the-
ory—first exposed the fundamental cracks in the edifice of Newtonian philosophy, and made
this age-old theory stand before a serious question of its strong limitations in explaining both
microscopic dynamics and the dynamics of the cosmos. The theory of Special Relativity
abolished absolute space and time, unifying them into spacetime and establishing the
constancy of the speed of light. This theory also introduced the mass-energy equivalence.
A decade later, General Relativity (1915) replaced Newton’s gravitational force with the
geometric curvature of spacetime, opening up a new horizon to understand the underlying
design of this vast cosmos and the interactions between matter and the dynamical fabric of
spacetime. At the same time, the failures of classical physics at microscopic scales led to the
birth of quantum theory. The transition from classical to quantum ideas was spearheaded
by several distinguished figures. Planck, in 1900, introduced energy quantization to resolve
the nature of the blackbody spectrum. Later on, building on the concept of quantized
light (photons), Einstein explained the photoelectric effect in 1905. Bohr’s atomic model
(1913) stabilized the hydrogen atom using quantized orbits. This was followed by the
complete formulation of modern quantum mechanics by Heisenberg, Schrödinger, and
Dirac (1925–1926), introducing the probabilistic nature of physical laws and fundamen-
tally challenging Newtonian determinism, and establishing a clear demarcation between
the classical and quantum worlds. In this world, the description of a localized particle
is given in terms of its associated wave function and different classical observables, like
position, linear and angular momentum, total energy, are replaced by noncommutative
operators. Initially, relativity and quantum theory addressed different domains, yet the
unification of the quantum description of matter with the relativistic structure of spacetime
became a central challenge. The first remarkable step was the Klein–Gordon equation,
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derived in the 1920s as a relativistic generalization of Schrödinger’s wave equation. This
equation correctly incorporated Lorentz invariance and described spin-0 particles, but it
also faced interpretational difficulties, such as negative probability densities, which limited
its physical application. Nonetheless, it established the idea that relativistic particles
must be described by underlying quantum fields, rather than just wave functions. The
next significant advancement of this effort came with Dirac’s relativistic wave equation
(1928), which not only merged quantum principles with special relativity by successfully
resolving the previous issue of probability interpretation but also predicted the existence
of antimatter. This marked the dawn of relativistic quantum theory. Building on these
insights, Heisenberg, Pauli, Fermi, and later Schwinger, Feynman, and Dyson developed the
framework of Quantum Field Theory (QFT), where fields are the fundamental entities of
nature. Particles are nothing but the excitations of the underlying fields, and interactions
are mediated by the exchange of quanta. These major breakthroughs of the 20th century
changed our perception of the microscopic to large cosmological scale dynamics forever. The
Relativity and Quantum Field Theory, a synthesis of Relativity with Quantum Mechanics,
are two cornerstones upon which the modern cosmology is firmly established. The discus-
sion so far has depicted a historical roadmap of how ideas evolve to attain their present form.

Shortly after the development of these paradigms, people were inclined towards the
study of early universe evolution within the newly established theoretical and mathematical
frameworks. At the dawn of this revolution, cosmology remained primarily a subject of
theoretical curiosity for physicists, largely due to the absence of precise observations capable
of validating the models. The period was dominated by debates and doubts between the
Big Bang framework and the Steady-State model proposed by Bondi, Gold, and Hoyle in
1948. During the 1950s and 1960s, the lack of precise astronomical surveys caused the key
parameters, such as the Hubble constant, the average density of matter, and the age of
the Universe, to be highly uncertain, leading to persistent conceptual tensions such as the
age problem. A decisive shift occurred in 1965 with the accidental discovery of the Cosmic
Microwave Background(CMB) by Penzias and Wilson [1, 2], a persistent, uniform radio
signal coming from all directions in the sky, which turned out to be the afterglow of the Big
Bang; hence, it strongly supported the Big Bang picture. A few decades later, in the 1990s,
another dramatic shift occurred through the COBE(Cosmic Background Explorer) satellite’s
detection of anisotropies in the CMB in 1992 [3, 4] provided the first quantitative evidence
in favor of inflationary cosmology. This discovery marked the transition of cosmology from
a primarily theoretical playground to a precision observational science.

After COBE, the subsequent missions(WMAP, Planck) refined the measurements of
the CMB anisotropies with unprecedented precision, and hence, significantly enhanced our
understanding of the cosmic history of the universe. These precise measurements of the
temperature anisotropies in the CMB [5–8] have not only revealed the homogeneity and
isotropy of the universe on large scales, but also tiny fluctuations of the matter and energy
density on small scales. These primordial density perturbations are the seed of the large-
scale structure formation of the universe that we see today. Further, CMB observation data
fit well with the negligible spatial curvature and the near scale invariance of the primordial
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curvature perturbation power spectrum. The standard cosmological ΛCDM model fails to
naturally explain the observed near isotropy of the CMB (the Horizon problem), since widely
separated regions of the sky should never have been in causal contact. Similarly, it struggles
to account for the flatness of spatial geometry (the Flatness problem), which requires
extreme fine-tuning of initial conditions. The model also lacks a mechanism to explain the
origin of the nearly scale-invariant primordial density perturbations. Inflationary cosmology,
introduced in the early 1980s, provides a natural resolution to these aforementioned issues.
According to inflationary cosmology, the very early universe underwent a brief epoch of
accelerated phase of expansion known as cosmic inflation [9–23]. This brief accelerated
expansion epoch not only resolves the horizon and flatness issues but also explains the origin
of primordial density perturbations through the fluctuations of the inflaton field, predicting
a nearly scale-invariant spectrum that matches CMB observations with remarkable precision.
Inflation is believed to happen at an enormous energy scale as high as ∼ 1016 GeV, with the
substantially small duration ≳ 10−36 seconds. The fast dilution of all the pre-existed matter
components because of extremely rapid expansion within a very short period, the universe
was left in a supercool state of vanishing number and entropy density at the end of inflation.
Moreover, according to the predictions of Big Bang nucleosynthesis (BBN), the first light
elements started forming at cosmic time ∼ 1 s at the equilibrium temperature ∼ 1 MeV
in the hot, thermal, dense universe. Therefore, connecting these two contrasting phases,
inflation and BBN, has become a major challenge in the recent study of early universe
cosmology. The intermediate phase, connecting the early inflation and BBN, filling up the
huge gap in energy and time scales, is least understood to date and very poorly constrained
by current observations. Although collider experiments can probe intermediate phenomena
like electroweak symmetry breaking, EEW ∼ 100 GeV, and QCD phase transitions, EQCD ∼
100 MeV, the vast energy range between the end of inflation and the beginning of hot BBN
shall remain unreachable in the near future. Most of the information about the complex
dynamics following inflation gets washed out by the subsequent non-linear evolutionary
phases of the universe. Therefore, this intermediate phase is far beyond the scope of direct
probe by current cosmological experiments.

Importance of reheating phase

To bridge the gap in energy and time scales between the end of inflation and the beginning
of the BBN phase, the theoretically proposed intermediate phase is the post-inflationary
reheating. At the beginning of the post-inflationary reheating phase, the total energy
budget of the universe is dominated by the classical, homogeneous inflaton field. To transit
from a cold, dark, inflaton-dominated state to a hot, thermal, radiation-dominated phase,
one natural expectation is the eventual decay of the high-energetic classical inflaton field
into Standard Model radiation degrees of freedom (DOFs), which subsequently thermalize
and give rise to a post-reheating radiation-dominated universe. Therefore, it is imperative
to study how the energy transfer occurred between the inflaton and all kinds of Standard
Model(SM) elementary particles populating the present universe. Getting a clearer picture
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of reheating dynamics requires an understanding of various complex non-equilibrium field
dynamics, as well as interactions among different degrees of freedom in the early universe.
This reheating phase not only generates initial conditions for the hot, thermal universe
but also produces other cosmological relics, for instance, gravitational waves(GWs), dark
matter, dark radiation, baryonic matter, etc. Although the reheating phase is highly
unconstrained due to the lack of direct observational evidence, it leaves distinct signatures
on these cosmological relics and also subtle imprints on CMB anisotropies, by which this
important phase of the early universe can be indirectly constrained. This very important
transition phase influences the early universe dynamics mainly in two significant ways:

• Modified expansion history: The post-inflationary dynamics of the universe
during the reheating era is mainly governed by the nature of the inflaton potential by
modifying the effective equation of state. While constraining any inflation model, the
reheating phase plays a crucial role because of its connection to the CMB observables.

• Modified thermal history: During reheating, the background inflaton transfers its
energy to all kinds of standard model and beyond standard model particles, which
eventually produce the hot, thermal bath for Big Bang nucleosynthesis. Unlike the
standard radiation-dominated era, this gradual energy transfer from the inflaton to
thermal bath particles through various mechanisms noticeably alters the thermal evolu-
tion of the universe during this phase, which has a significant impact on the production
of dark matter, gravitational waves, matter-antimatter asymmetry(Baryogenesis),
etc., during reheating.

Thus, this intermediate reheating phase, connecting the early inflation and BBN, has a
great phenomenological impact on the late universe. Therefore, it is crucial to gain a proper
theoretical understanding of the rich dynamics of this phase. The theoretical study of
reheating is broadly classified into two aspects: perturbative and non-perturbative aspects
of reheating.

Importance of perturbative framework of reheating

To study the transfer of energy from inflaton to radiation during reheating, the widely known
and useful framework is the perturbative or Boltzmann approach. Using the quantum field
theoretic technique of the scattering matrix elements, we compute the interaction rate of a
particular interaction process. In the area of High-Energy Physics, Astroparticle Physics,
and Cosmology, this framework is rigorously employed while dealing with the evolution of the
number and energy density of a system in the presence of interactions. In this description,
the decay and scattering of inflaton quanta into lighter particles are tracked through
Boltzmann equations, which encode the time evolution of the number and energy densities
of different species. This approach allows one to capture the interplay between particle
production, dilution due to cosmic expansion, and backreaction effects. Furthermore, it
provides a quantitative framework to compute the reheating temperature, the thermalization
history, and possible relic abundances of dark matter or other beyond–Standard Model
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1. Introduction and Motivation

species. For these reasons, the perturbative Boltzmann approach remains a robust and
versatile tool in the study of early universe cosmology.

Limitations of perturbative framework and importance of
non-perturbative framework of reheating

• Existence of non-linear preheating phase: Preheating is known to be a highly
energetic non-perturbative phenomenon when inflaton and radiation are assumed to
be strongly coupled. In this early reheating phase, naturally, the previous perturbation
series in the weak coupling regime fails to study the production of radiation quanta
from the decay of the inflaton. Just after the end of inflation, the inflaton field
amplitude is expected to be very high, that is, of the order of the Planck mass.
Consequently, the energy stored in this field is also incredibly high. In this stage,
instead of behaving like an individual inflaton particle(quanta), the entire field behaves
like a coherently oscillating inflaton field. Therefore, any other fields directly/indirectly
coupled with this coherently oscillating inflaton will experience a periodic driving
force, and if the coupling strength is sufficiently strong, the field amplitude will be
resonantly enhanced. The violent draining of energy from the background inflaton to
the fluctuations through the parametric resonance instability is a prominent feature
of this early reheating phase. Due to rapid energy transfer, the energy density of
the produced fluctuations becomes comparable to the background energy very soon,
thereby causing significant backreaction and backscattering effects during this phase.
The dynamics of this phase lead to many interesting phenomena, for example, the
production of solitons that can delay the thermalization of the decay products in
the thermal bath, required as an initial condition for BBN [24], field configurations
evolving self-similarly in a turbulent manner [25, 26], non-thermal phase transitions
and the production of cosmic defects [27–29]. The proper investigation of this non-
linear phase requires an involved non-perturbative framework studying the coupled
field dynamics of the inflaton and a daughter field system.

• Importance of large-scale Infrared (IR) fluctuations: The perturbative ap-
proach always deals with the interactions happening in the causal scales. At a given
instant, all sorts of interactions are taking place inside the Hubble horizon, and
we study only the evolution of the interacting system for the causal scales in the
perturbative treatment. However, the expansion history of the universe suggests that
the early inflationary phase produced the large-scale or super-horizon fluctuations
of all fields due to the shrinking inverse Hubble scale during inflation. Different
wavelengths of those fluctuations left the horizon at different instants during inflation,
and re-enter the horizon at some later phase as the Hubble horizon started growing
over time after inflation. In perturbative reheating analyses, such super-horizon
modes are ignored due to their very acausal nature. Production of super-horizon
perturbations, therefore, is a unique feature of inflation which is indeed observed in
Cosmic Microwave Background(CMB) temperature anisotropy. Those are identified
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with the massless inflaton fluctuation. However, at the inflation scale of order 1016
GeV, all the Standard Model (SM) fields are massless and can be generated amply
at super-horizon scales during inflation. Such inflationary super-horizon production,
therefore, becomes sub-horizon in the post-inflationary period and can contribute
to subsequent dynamics of the universe. To track the evolution of these large-scale
fluctuations, we should start studying their dynamics when they were deep inside the
horizon during inflation. This study of the dynamics of large-scale or Infrared(IR)
fluctuations is a pure non-perturbative study, as the perturbative treatment completely
fails to capture this acausal picture. A major part of this thesis work focuses on the
rich dynamics of the non-perturbative large-scale fluctuations of the light fields during
early inflation and reheating, and their indelible signatures on various cosmological
relics.
However, to get an exhaustive picture of the reheating dynamics, both the perturba-
tive and non-perturbative studies are indispensable. Another very important aspect
addressed in this thesis is the comparative analysis of the two approaches(perturbative
and non-perturbative), and exploring the equivalence and non-equivalence of their
predictions in the arena of early universe physics.

Key focus of the thesis

This thesis mainly focuses on the non-perturbative aspects of particle production dur-
ing inflation and the post-inflationary reheating phase. Parametric resonance, tachyonic
instability are some distinctive features of the non-perturbative phenomena in the early
era. For instance, in the early reheating era(preheating), plenty of elementary particles
were produced within a very short period through the mechanism of parametric resonance
instability as described earlier. Another notable aspect where non-perturbative effects
become instrumental is the Cosmological Gravitational Particle Production(CGPP). This
CGPP is the quantum mechanical particle production in a time-dependent dynamical
background. These particles can play an important role in cosmic history, being possible
candidates for dark matter, gravitational wave radiation, dark radiation, etc. Our study
also sheds light on various non-perturbative signatures of gravitational particle production,
both in minimalistic (no coupling to gravity) and non-minimalistic (non-zero coupling to
gravity) scenarios.
We have made unprecedented progress in observational cosmology after the detection of
gravitational waves. In this thesis, one of the prime objectives is to decipher various
non-perturbative signatures of different early universe phenomena through their imprint on
gravitational waves. These ideas construct the main foundation of this thesis work.

The thesis is organized into seven chapters. It begins with an introduction and motivation
of the thesis work, which is then followed by the overview of the Standard and Non-standard
cosmology, its successes and limitations, a short description of the importance of squeezed-
state formalism and the description of a diagnostic of quantum chaos(out-of-time-order
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correlator(OTOC)), and a chapterwise description of each work carried out in the thesis.
Finally, in chapter seven, we conclude the thesis with a potential future outlook.
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CHAPTER 2
Standard and Non-standard cosmology

..everything can be created from nothing, And
"everything might include a lot more than what we can
see. In the context of inflationary cosmology, it is
fair to say that the universe is the ultimate free
lunch.”

Alan Guth in ’THE INFLATIONARY COSMOLOGY’

In this chapter, we present an overview of the Standard Big Bang cosmology. After
describing the successes and important drawbacks of this model, we then introduce the
inflationary Non-standard cosmology.

2.1 Standard FLRW Cosmology
Our current understanding of the universe’s evolution is strongly based upon the Friedmann-
Lemaître-Robertsom-Walker (FLRW) cosmological model. The basic principles of this
model construct the Standard cosmology. Our universe is observed to be homogeneous and
isotropic on the large scales, which supports the assumption of the Cosmological Principle.
The uniformity of the CMB radiation indicates a remarkably high degree of homogeneity
and isotropy of the universe on large scales at the epoch of last scattering of the CMB
radiation. To study the homogeneous, isotropic, and expanding universe satisfying the
Cosmological Principle, the widely known metric is the FLRW metric, which is expressed
in the following form.

ds2 = −dt2 + a2(t)

[
dr2

1− K r2
+ r2dθ2 + r2sin2θdϕ2

]
(2.1)

where (t, r, θ, ϕ) are the cosmic time coordinate and three spatial coordinates in spherical
polar coordinate system respectively, the dimensionless quantity a(t) is the scale factor,
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2. Standard and Non-standard cosmology

giving the measure of the spatial expansion of the universe, K , the spatial curvature, can
be chosen to be +1, −1, and 0, represents the closed, open and flat universe, respectively.
In the metric (2.1), the time-dependent scale factor only implicitly carries the information
of the expanding universe. To study the dynamics of the expanding universe, we solve the
evolution of the scale factor using the Einstein equations,

Gµν =

(
Rµν −

1

2
Rgµν

)
= 8π GTµν − Λ gµν , ∇µ T

µν = 0 , (2.2)

where Gµν is the Einstein tensor, G is the Newton’s gravitation constant, gµν represent the
spacetime metric components, Rµν is the Ricci tensor, R = gµνRµν is the Ricci curvature
scalar, and Tµν is the stress-energy tensor of all fields(matter, radiation etc.). We have also
included the Cosmological Constant, Λ, in the Einstein equations. The Ricci tensor Rµν

can be written in terms of Christoffel symbols as follows:

Rµν = ∂αΓ
α
µν − ∂νΓ

α
µα + ΓααβΓ

β
µν − ΓβµαΓ

α
νβ , (2.3)

where Γαµν are the Christoffel symbols.
The symmetry of the FLRW metric(all the vanishing off-diagonal elements) demands the
stress-energy tensor to be also diagonal, and by isotropy, the spatial components must be
equal. Such a stress-energy tensor can be realized by an ideal fluid characterized by a
time-dependent energy density, ρ(t), and pressure P (t) as

T µν = (ρ+ P )Uµ
ν + Pδµν = diag (−ρ, P, P, P ) , (2.4)

where Uµ is the relative four-velocity between the fluid and the observer. For a comoving
observer, this will be Uµ = (1, 0, 0, 0). In the cosmological context, any kind of matter
component is generally associated with an equation of state parameter, “w”. There exists a
linear relationship between the energy density and pressure of a barotropic cosmological
fluid

P = wρ , (2.5)

where w is the equation of state(EoS) parameter of the fluid. For example, w = 0 corresponds
to a non-relativistic dust-like component having vanishing pressure. From (2.4), we find
the trace of this tensor, T µµ = (3P − ρ). For relativistic radiation-like components, the
requirement of the tracelessness of the stress tensor, T µµ = 0, gives the radiation EoS to
be wr = 1/3. This suggests that a universe dominated by the radiation-like components
has the property of conformal invariance. For all physical gravitating objects, the strong
energy condition(SEC), (ρ+ 3P ) > 0 or, (1 + 3w) > 0, must be satisfied. In our subsequent
discussion, all the fluids we shall work with satisfy this strong energy condition. On the
contrary, the cosmological constant “Λ” with wΛ = −1 violates the strong energy condition.
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Friedmann equations

In the isotropic, homogeneous FLRW background, the Einstein equations (2.2) give the
following set of equations (

H2 +
K

a2

)
=

ρ

3M2
pl

+
Λ

3(
Ḣ +H2

)
= −(ρ+ 3P )

6M2
pl

+
Λ

3
. (2.6)

where Mpl = 1/
√
8πG = 2.435 × 1018 GeV, is the reduced Planck mass. This set of

equations is the well-known Friedmann equations, which are used to study the dynamics
of the expanding universe. The dot represents the derivative with respect to cosmic time.
The above equation (2.6) shows that the evolution of the Hubble scale, H = (ȧ(t)/a(t)) is
directly related to the energy density of the dominating fluid component. Therefore, in the
presence of several energy components, the time evolution of the dominating component
decides the background dynamics.

From the conservation of the stress-energy tensor, we get the evolution equation of the
energy density of different matter components. The conservation equation, ∇µT

µν = 0
leads to the following continuity equation

ρ̇+ 3H(ρ+ P ) = 0 ⇒ ρ̇+ 3H(1 + w)ρ = 0 . (2.7)

The solution of the continuity equation gives the time evolution of the energy density as

ρ a3(1+w) = constant . (2.8)

This relation suggests that the universe, dominated by different fluid components, evolves
differently depending upon the corresponding EoS parameters. For instance,

ρm a
3 = constant (Matter)

ρr a
4 = constant (Radiation) (2.9)

ρΛ = constant (Vacuum energy) ,

where ρm, ρr, ρΛ represent the matter, radiation and vacuum energy densities, respectively.
The Cosmological Constant is also identified with the vacuum energy.

Let’s now define the dimensionless density parameters at the present time, t = t0.

ΩI, 0 ≡
ρI,0
ρcrit,0

, (2.10)

where “I” indicates different fluid components, and ρI,0 is the present-day energy density of
any fluid component “I”. The present-day critical density is defined as [7]

ρcrit,0 =
3H2

0

8πG
= 3M2

plH
2
0 = 1.87h2 × 10−29g.cm−3 = 8.1h2 × 10−47GeV4 , (2.11)
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Figure 2.1: Figure represents the evolution of the energy densities of matter(blue), radia-
tion(magenta) and dark energy(red) in the universe with the normalized scale factor (a/a0).

where “h” is the dimensionless scaling factor, with a value typically around 0.7.
In terms of the critical density parameter, the Friedmann equation (2.6) can now be

recast as
H2(a) = H2

0

[
Ωr,0

(a0
a

)4
+ Ωm,0

(a0
a

)3
+ ΩK ,0

(a0
a

)2
+ ΩΛ,0

]
, (2.12)

where the curvature density parameter is defined as ΩK ,0 ≡ − (K /(a0H0)
2) with present-

day scale factor and Hubble scale a0, H0 respectively. Following the conventional normal-
ization, the present-day scale factor is set to be unity, a0 ≡ 1. The equation (2.12) now
boils down to

H2

H2
0

= Ωr,0a
−4 + Ωm,0a

−3 + ΩK ,0a
−2 + ΩΛ,0 . (2.13)

ΛCDM:

According to the current observations, the present universe is filled with radiation(r),
matter(m), and dark energy(Λ) or vacuum energy with the following critical density
parameters [7]:

ΩK ,0 ≃ −0.007± 0.0019, Ωr,0 ≃ 9.2× 10−5, Ωm,0 ≃ 0.32, ΩΛ,0 ≃ 0.685 . (2.14)

The matter content consists of 5% ordinary matter (baryons) and 27% cold dark mat-
ter(CDM). It is seen that even today, the curvature contribution is less than 1% to the total
cosmic energy budget. From Eq.(2.9), the matter and radiation energy scale as a−3 and a−4
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respectively, whereas the curvature contribution increases as a−2 in the past. Therefore,
from a very early epoch, the curvature contribution can always be neglected in comparison
with the radiation and matter contents. This fact also confirms the spatial flatness of the
universe on large scales. The very early universe was radiation-dominated(RD phase), the
adolescent phase was dominated by matter(MD phase), and the adult or present universe
is dominated by the Cosmological Constant or Dark Energy(ΛD phase)(see Fig.(2.1)). To
study the evolution of the early radiation or matter-dominated universe, the Friedmann
equation (2.6) can be further simplified by dropping the curvature(K ) and Dark energy(Λ)
contributions as

H2 =
ρ

3M2
pl

,
(
Ḣ +H2

)
= −(ρ+ 3P )

6M2
pl

. (2.15)

Solving the Friedmann equation (2.15) together with the evolution of energy density (2.8),
we study the time evolution of the scale factor as well as the Hubble scale in different
epochs can be expressed as

a(t) ∝


t

2
3(1+wI) wI ̸= −1


t2/3 Matter (wm = 0)

t1/2 Radiation (wr = 1/3)

eHt wΛ = −1 Cosmological Constant .

(2.16)

The associated Hubble scale evolves as

H(t) ∝


1
t

wI ̸= −1

constant wI = −1 .

(2.17)

Another important quantity, which also depends upon the Hubble scale, is the Ricci scalar
R. Subject to the FLRW metric, using Eq.(2.3), we calculate the expression of the Ricci
scalar [21, 30]

R = gµνRµν = 6

(
ä

a
+
ȧ2

a2

)
= 6

(
Ḣ + 2H2

)
. (2.18)

Following the evolution of the Hubble scale in (2.17), we get the evolution of the Ricci
scalar.

R(t) ∝


6
t2

wI ̸= −1

constant wI = −1 .

(2.19)

The Standard FLRW cosmology, built on the assumptions of large-scale homogeneity and
isotropy, gives a plausible description of the overall dynamics of the Universe from the early
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hot Big Bang epoch to the present Dark Energy-dominated epoch. Within the framework
of General Relativity, the FLRW metric leads to the Friedmann equations, which govern the
evolution of the cosmic scale factor. This standard cosmological model provides a natural
explanation for the Hubble expansion, the thermal history of the Universe, and the synthesis
of light elements during Big Bang nucleosynthesis(BBN). It also accurately accounts for
the CMB radiation as a remnant of the hot early Universe. The nice concordance of
the theoretical predictions with a wide range of observations—from the CMB to Baryon
Acoustic Oscillations(BAO) and the accelerated expansion—proclaims a remarkable success
of the Standard FLRW cosmology. Despite these notable successes, the FLRW cosmology
encounters several conceptual and observational limitations when extrapolated to the
earliest stages of the Universe. It neither explains the observed near-isotropy of the CMB
background across causally disconnected regions (the Horizon problem), nor accounts for
the extreme fine-tuning required for the present-day spatial flatness (the Flatness problem).
Moreover, it suffers from the lack of a natural mechanism to suppress unwanted relics
predicted by high-energy theories, such as magnetic monopoles (the Monopole problem).
Perhaps, most importantly, FLRW cosmology does not provide an origin for the nearly
scale-invariant spectrum of primordial density perturbations that seeded the large-scale
structures we observe today. These shortcomings motivated us to invoke the non-standard
cosmological models, in particular the Inflationary Cosmology, which extends the FLRW
framework to resolve these fundamental puzzles. In the Non-standard Cosmology, we
introduce an accelerated phase of expansion, preceding the hot Big Bang phase, which
offers us a promising way to resolve the aforesaid issues of Standard Cosmology.

2.2 Shortcomings of Standard Cosmology and
Introduction to Inflationary Non-standard
Cosmology

This section begins with a brief description of the aforementioned problems faced by the
Standard Cosmology.

2.2.1 The Horizon Problem

The Horizon problem appears to be a serious challenge faced by the Standard Cosmology
in explaining the amazing uniformity of the CMB radiation over widely separated spatial
regions. The CMB radiation, the afterglow of the Big Bang singularity, originating from the
last scattering surface at t ∼ 3.8× 105 years after the hot Big Bang phase, is observed to
be highly isotropic up to one part in 105 today. This incredible uniformity of the observed
radiation signals the causal connections of those widely separated regions at the time of
the CMB formation, that is, the time of last scattering. However, Standard Cosmology
predicts that the universe consisted of nearly 104 causally disconnected patches at that
epoch. Further, from the epoch of Big Bang singularity to the CMB decoupling phase, this
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time span is too small to have an overlapping past light cones for those widely separated
regions. This fact suggests that they could have communicated neither at the time of CMB
formation nor at any earlier epoch. Therefore, the natural question arises: why do we
observe such a uniform CMB temperature(T0 = 2.725± 0.01 K) over a wide range across
the sky (see Fig.2.2)? This conflict between the prediction of Standard Cosmology and
observation is well-known as the Horizon problem [9, 11].

To give a quantitative description of this problem, we first introduce the concept of
particle horizon(Rph). It is the maximum distance traveled by the photon from the beginning
of the universe to a later time at which the Rph is being defined.

Rph = a

∫ a(t)

aint

(aH)−1d(ln a) (2.20)

where aint, a(t) are considered to be the scale factors at the beginning of the universe,
and later epoch, respectively. The quantity (aH)−1 is the comoving Hubble radius. For
the universe, dominated by a fluid having EoS w, this comoving Hubble radius evolves as
(aH)−1 ∼ a

1+3w
2 (see the equations (2.16) and (2.17)). The particle horizon, therefore, scales

as
Rph ∼ H−1 . (2.21)

The ratio of any physical length scale, λphy = aλ, to the particle horizon becomes

λphy
Rph

= aλH = ȧλ . (2.22)

where λ is the comoving length scale. As the FLRW cosmology always predicts the
decelerated expansion, ä < 0, of the universe at any phase, the above ratio (2.22) decreases
in the entire cosmic history due to the ever-growing comoving Hubble radius (aH)−1. This
confirms that many causal regions were outside the particle horizon at the time of last
scattering. To have an estimate of the causally disconnected patches at that time, we
connect the present-day particle horizon Rph,0 with that at the time of last scattering Rph,ls.

Rph,0 = Rph, ls
Hls

H0

(2.23)

where Hls, H0 are the Hubble scales at the time of last scattering and present day, respec-
tively. As CMB decoupling happens inside the MD phase, the Hubble scale evolves as
H ∝ a−3/2 ∼ T 3/2, with the temperature of the universe T . The expression (2.23) can be
written in terms of temperature as follows:

Rph,0

Rph, ls
=
Hls

H0

=

(
Tls
T0

)3/2

∼ 104 (2.24)

where Tls = 0.23 eV is the universe temperature at the time of last scattering, and
T0 = 2.35× 10−13 GeV is the present-day CMB temperature. Therefore, as already stated,
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Figure 2.2: The full sky CMB temperature map. Image courtesy [NASA Universe Web
Team]

these large number of spatial regions were causally disconnected at the time of decoupling
or last scattering, whereas the uniformity in the CMB radiation is observed over these
widely separated regions, essentially indicating a causal contact between them in the past.
In order to reconcile this contradiction between observation and theoretical prediction, we
invoke the Non-standard cosmology, introducing the early inflationary era, which precedes
the hot Big Bang phase.

2.2.2 The Flatness problem

This is another very puzzling phenomenon faced by the Standard Cosmology, which demands
a tremendously fine-tuned energy density parameter of the spatial curvature to satisfy the
current observational near flatness of the universe on large scales.

We define the dimensionless density parameter of curvature at any time during evolution
as

ΩK = − K

a2H2
. (2.25)

During the early hot Big bang phase, H ∝ a−2, and the subsequent matter phase, H ∝ a−3/2.
This leads to the evolution of the density parameter as |ΩK | ∝ a2 during the Big Bang
era(radiation-dominated phase), and |ΩK | ∝ a during the matter era. However, the
current observation tightly constrains the spatial curvature to an extremely small value,
|ΩK ,0| < 0.001 [7]. As in the entire expansion history, this quantity always grows over time;
to satisfy the present-day observationally favored near flatness, the curvature parameter
must have been extremely fine-tuned to an incredibly small value in the early epoch.

The degree of fine-tuning required at an early epoch(aint) to satisfy the present observa-
tion is estimated as follows [24, 31]:
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∣∣∣∣ ΩK

|ΩK , 0

∣∣∣∣ = ( a0
aint

)2(
H0

Hint

)2

=

(
a0
aeq

)2(
aeq
aint

)2(
H0

Heq

)2(
Heq

Hint

)2

=

(
aint
a0

)(
aint
aeq

)
≃ TeqT0

T 2
int

. (2.26)

where aeq, Heq are the scale factor and Hubble scale near the radiation-matter equality.
As we have assumed that the universe evolved from the early RD to the MD era, and
therefrom to the present ΛD era, hence implying aint < a < aeq in RD era, aeq < a < a0 in
the MD era until today. Tint is the universe temperature at an early epoch, Teq ∼ 1 eV is
the temperature around the radiation-matter equality.

If we take the initial epoch to be the epoch of nucleosynthesis, when light elements were
formed at Tint ≡ TBBN ∼ 1 MeV, from (2.26), we get the degree of fine-tuning∣∣∣∣ ΩK

|ΩK , 0

∣∣∣∣ ≃ 10−16 . (2.27)

If we now take a daring step and go back to the Planck era, with the temperature
Tint ≡ Tpl ∼ 1019 GeV, the required degree of fine-tuning comes out to be even more
horrible! ∣∣∣∣ ΩK

|ΩK , 0

∣∣∣∣ ≃ 10−60 (2.28)

Such extreme sensitivity to the initial conditions implies that, without an extraordinarily
flat early universe, it would have either recollapsed too quickly or expanded too rapidly
for structures to form. This requirement of the unexplained fine-tuning gives rise to the
Flatness problem.

2.2.3 The Monopole problem

A widely known difficulty in Standard Cosmology, particularly in the context of grand
unified theories (GUTs), is the so–called Monopole problem. GUTs, at the temperature
around TGUT ∼ 1016 GeV, generically predict the formation of heavy, stable magnetic
monopoles(hypothetical particles with non-vanishing magnetic charge) as topological defects
during the symmetry–breaking phase transitions in the early universe. Since these monopoles
are non-relativistic and extremely massive, their number density dilutes as a−3 with
the expansion of the universe. Simple estimates show that their expected abundance is
exceedingly larger than the observed critical density of the universe, leading to a severe
overclosure problem. The absence of any experimental evidence for monopoles in the present
universe is in sharp contradiction with such predictions, thus generating the Monopole
problem. A successful resolution to this issue is provided by cosmic inflation, which causes
the dilution of any pre–existing monopole population exponentially, rendering their present
abundance negligible and consistent with present observations.
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2.2.4 Possible resolution to the problems and introduction to
Inflation

The central issue of all three problems is the growing comoving Hubble radius (aH)−1 in the
entire cosmic history, as proposed by the Standard FLRW Cosmology. This ever-growing
nature of the Hubble radius also implies the decelerating phase of expansion throughout
the journey of the universe. It is Alan Guth(1980) who first introduced the concept of
an early accelerated exponential phase of expansion, called cosmic inflation[9], which first
gave a plausible resolution to all the long-standing problems. This accelerating phase of
expansion is associated with the shrinking Hubble sphere, implying d

dt
(aH)−1 < 0, as ä > 0.

This early accelerated expansion, being tied to the shrinking Hubble radius, can solve all
the puzzles of the Standard Cosmology. All the causally disconnected regions in the space
at the time of CMB formation were in causal contact in the remote past during the early
inflation. Two causally connected points are stretched out of the Hubble horizon due to
rapid accelerated expansion during inflation. In the post-inflationary era, those regions
again reenter the horizon due to the growing Hubble sphere; hence, they come into causal
contact. This dynamic horizon exit, entry of a comoving scale is shown in Fig.(2.3). We
now estimate the approximate duration of inflation to solve the Horizon problem.

• Solution of Horizon problem:

In the modified expansion history from the early inflation to the present day, we can
consider that the observable universe today perfectly fits the comoving Hubble radius
at the beginning of inflation, implying

(a0H0)
−1 < (aIHI)

−1 , (2.29)

where aI , HI are the scale factor and Hubble scale at the beginning of inflation. From
the expansion history of the universe, the early inflation is followed by the radiation
and matter-dominated phase to reach the present ΛD phase. We then compute

a0H0

aendHend

=

(
aend
aeq

)1/2(
aend
a0

)1/2

≃
√
TeqT0

Tend
≃ 10−26 . (2.30)

Here, we take the temperature of the universe at the end of inflation Tend ∼ 1015 GeV.
Using the above ratio in Eq.(2.29), we get

(aIHI)
−1 > 1026(aendHend)

−1 . (2.31)

The above relation tells us that for inflation to solve the Horizon problem, the Hubble
radius (aH)−1 should shrink by a factor of the order 1026. Assuming a constant
Hubble scale during inflation HI ≈ Hend, we write(

aend
aI

)
> 1026 ⇒ Nk = ln

(
aend
aI

)
> 60 . (2.32)
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ln(a)

ln(1/aH)

λ

inflation Hot Big Bang

aend

horizon exit horizon re-entry

Figure 2.3: The evolution of the comoving Hubble horizon (aH)−1 during inflation and the
post-inflationary epoch. A comoving length scale λ exits the horizon at some point during
inflation, and again reenters the horizon in the hot Big Bang phase, following the early
inflation. The shrinking Hubble radius during inflation solves the Horizon problem.

Therefore, to solve the Horizon problem, the early inflation should last for at least
Nk = 60 inflationary e-folding number [21, 31].

There is a very subtle issue regarding the resolution of the Horizon problem. Inflation
settles this problem by justifying the causal contact between two largely separated
acausal points at CMB decoupling during the inflationary era. However, to explain
the present-day observed uniformity of the CMB radiation over a large distance, the
CMB photons must have communicated with each other in the past, much before
the last scattering occurred. Interestingly, as the CMB photos were produced in the
post-inflationary era, no photons existed inside the inflationary Hubble sphere to
interact with themselves to generate an amazingly uniform radiation background that
we observe today. One can readily ask the question, how does the causal connection
between two mere spatial points without any radiation component explain the observed
uniformity of the CMB spectrum? The answer to this question lies in the state of
the quantum fields, rather than the photon interaction. Inflation ensures that these
fields were smoothed out across the entire region that later became our observable
Universe. After inflation, the inflaton’s energy gets transferred into the hot thermal
bath of particles, including photons. As the pre-inflationary patch had already been
homogenized, this newly created plasma inherited that uniformity. Much later, when
photons decoupled at the era of last scattering, they naturally carried the imprint of
that homogenized early state, which gives rise to today’s observed uniformity.

• Solution of Flatness problem

To solve the Flatness problem, we need an extremely fine-tuned small value of spatial
curvature as an initial condition at the end of inflation. If there is some initial spatial
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2. Standard and Non-standard cosmology

curvature at the beginning of inflation, at the end of the exponentially accelerated
phase of expansion with H ≈ constant, it turns out to be from the eq.(2.25)∣∣∣∣ΩK ,end

ΩK ,I

∣∣∣∣ ∼ e−2Nk . (2.33)

If we consider the curvature parameter to be of order unity at the beginning of
inflation |ΩK ,I | ∼ O(1), then ΩK ,end ∼ 10−52 at the end of inflation. Therefore, the
very dynamics of inflation suffice for the need for extreme fine-tuning of curvature in
the Standard Cosmology.

• Solution of Monopole problem

The Standard FLRW Cosmology predicts that the stable magentic monopoles were
abundantly produced during symmetry-breaking phase transitions in the very early
Universe at the GUT scale, with a relic density far exceeding observational limits.
This creates a severe conflict between theoretical expectations and experimental
non-detection today. The dynamics of cosmic inflation also resolves this issue. If the
GUT phase transition occurred before or during the inflationary era, any monopoles
produced must have been diluted away exponentially fast with the expansion. If nM
is the number density of the monopoles around the beginning of inflation, it then
decreases to

nM,end ∝ a−3 ∼ e−3Nk ≈ 10−78 , (2.34)

almost a vanishingly small value at the end of inflation for Nk ≳ 60. Thus, the rapid
inflationary expansion makes the monopoles unobservable today, while still allowing
their possible formation in the early Universe.

Thus, addressing these long-standing cosmological puzzles proclaims a grand success of the
Non-standard cosmological model.

2.3 Dynamics of Inflation

2.3.1 Condition for inflation

• Accelerated expansion and shrinking Hubble sphere

The primary condition for inflation is the shrinking Hubble radius owing to an accel-
erated expansion. These are two, although not independent, fundamental conditions
for inflation, which result in the successful resolution of the cosmological puzzles as
already discussed. It can be easily shown that the accelerated expansion and the
contraction of the Hubble volume are intimately tied to each other

d

dt
(aH)−1 =

d

dt
(ȧ)−1 = − ä

ȧ2
. (2.35)
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The above relation shows that for the comoving Hubble radius to shrink, the universe
must accelerate ä > 0.

• Slowly-varying Hubble scale

This is also another consequence of the shrinking Hubble sphere.

d

dt
(aH)−1 = −1

a
(1− ϵH) , ϵH = − Ḣ

H2
. (2.36)

This gives ϵH < 1, implying a slow time variation of the Hubble scale during inflation.
Therefore, the accelerated expansion as well as the slow variation of H are the
byproducts of the shrinking Hubble radius and vice versa during inflation.

• Non-constancy of Hubble scale

For perfect de Sitter inflation ϵH = 0, the spacetime becomes

ds2 = −dt2 + e2Htdx2 . (2.37)

Although in a perfect de Sitter-type inflation, the Hubble scale H during inflation
is considered to be constant, in a real scenario, inflation has to end, implying a
departure from the perfect de Sitter space. However, for small and non-zero ϵH ̸= 0,
the line element (2.37) is still a good approximation for the inflationary background.
Hence, we often call inflation quasi de Sitter inflation. Furthermore, the non-vanishing
ϵH plays a crucial role in connecting the tiny CMB fluctuations to the primordial
perturbation during inflation, which we shall study in the subsequent section.

• Negative pressure

Now, we shall study the nature of the fluid causing this accelerated expansion. From
the Friedmann equation (2.15), we write

Ḣ +H2 = −H
2

2

(
1 +

3P

ρ

)
⇒ ϵH = − Ḣ

H2
=

3

2

(
1 +

P

ρ

)
. (2.38)

From the above relation (2.38), to satisfy ϵH < 1, we require w ≡ P
ρ
< −1

3
. Therefore,

inflation requires an exotic fluid that violates the strong energy condition(SEC) and
generates a negative pressure acting as repulsive gravity.

• Constant energy density

Combining the Eq.(2.38) with the continuity equation (2.7) we obtain the relation∣∣∣∣d lnρd lna

∣∣∣∣ = 2ϵH < 1 . (2.39)

For small ϵH < 1, the energy density of the fluid is nearly constant during inflation.
Although the energy density of all usual fluids dilutes due to the background expansion,
we encounter something unusual here for the exotic fluid, which we shall explore soon
while studying the dynamics of inflation, driven by the classical inflaton field(ϕ).
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These conditions for inflation suggest that for inflation to occur, the parameter ϵH must
be small, ϵH < 1. Additionally, to solve the Horizon, Flatness-like problems, the inflationary
phase must last for a sufficient number of Hubble times, or e-folds(N). It requires another
parameter, defining the variation of ϵH, which is parametrized by

ηH ≡ d(lnϵH)

dN
=
d ln(ϵH)

d ln(a)
=

˙ϵH
HϵH

. (2.40)

For inflation to persist for a sufficient time, |ηH| < 1 must be satisfied.
So far, we have presented a brief discussion on the necessary conditions required for

inflation to occur. Now, we shall proceed to study the dynamics of this phase, driven by a
classical, homogeneous field, called inflaton(ϕ(t)), which carries the whole energy budget
of the universe during the inflationary era in a single field inflationary model. The very
dynamics of the inflaton field will naturally produce all the necessary conditions for inflation,
as already discussed.

2.3.2 Dynamics of the inflaton field

In a single-field inflationary model, the dominant classical scalar inflaton field ϕ sourced
the early accelerated expansion of the universe, with the action of the form

S =

∫ √−g d4xL =

∫ √−g d4x

−M2
pl

2
R−1

2
∂µϕ∂

µϕ− V (ϕ)︸ ︷︷ ︸
Lϕ

+ Smatter . (2.41)

where
√−g = a3(t) for the FLRW metric in cosmic time(t) coordinate, V (ϕ) is the potential

energy of the inflaton. We shall introduce the observationally favored specific form of the
inflaton potential as we proceed along. In this action, we have considered the inflaton field
minimally coupled to gravity. Smatter is the matter action, representing the action of all
other matter components, including the Standard Model Lagrangian as well as the beyond
Standard Model fields to which the inflaton is coupled. By varying the above action for the
inflaton field ∗, we get

∂µ

(
δ(
√−gLϕ)
δ(∂µϕ)

)
−
(
δ(
√−gLϕ)
δϕ

)
= 0 ⇒

(
ϕ̈+ 3Hϕ̇− ∇2ϕ

a2
+
∂V (ϕ)

∂ϕ

)
= 0 . (2.42)

In this dynamical equation, 3Hϕ̇ is the Hubble friction term experienced by the inflaton field
due to background expansion while rolling down the inflaton potential. The homogeneity
and isotropy of the FLRW metric demand that the inflaton field, governing the background
dynamics, will be homogeneous; hence, it will only depend on time, ϕ(t). By homogeneity,
the dynamical Eq.(2.42) becomes(

ϕ̈+ 3Hϕ̇+
∂V (ϕ)

∂ϕ

)
= 0 . (2.43)

∗Here we have ignored all other interactions of the inflaton field, which are contained in Smatter.
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This is the Klein-Gordon equation for the dynamics of the inflaton field.
The stress-energy tensor of the scalar inflaton is written as

T ϕµν =
−2√−g

δ(
√−gLϕ)
δgµν

= ∂µϕ∂νϕ− gµν

(
1

2
∂αϕ∂

αϕ+ V (ϕ)

)
. (2.44)

The non-zero T ϕ00 and T ϕii components correspond to the energy ρϕ and pressure density Pϕ
of the inflaton field.

ρϕ = −T ϕ 0
0 =

(
1

2
ϕ̇2 + V (ϕ)

)
,

Pϕ = T ϕ ii =

(
1

2
ϕ̇2 − V (ϕ)

)
. (2.45)

Substituting the expression of ρϕ from (2.45) to the Friedmann equation (2.15), we get

H2 =
1

3M2
pl

(
1

2
ϕ̇2 + V (ϕ)

)
. (2.46)

The time-derivative of Eq.(2.46) leads to

2HḢ =
1

3M2
pl

(
1

2
ϕ̇ϕ̈+ V ′(ϕ)ϕ̇

)
⇒ Ḣ = − ϕ̇2

2M2
pl

, (2.47)

where V ′(ϕ) ≡
(
∂V (ϕ)
∂ϕ

)
. To reach the final step of the above Eq.(2.47), we use the field

dynamical equation (2.43). One of the conditions for inflation, ϵH = − Ḣ
H2 < 1 gives

ϕ̇2/M2
pl < 1, implying that the inflaton field slowly rolls over the flat surface of the

inflationary potential, as depicted in Figure (2.4). Therefore, the potential energy V (ϕ)
dominates over the kinetic energy 1

2
ϕ̇2 of the inflaton field during the inflationary era. This

fact results in an interesting outcome, Pϕ ≈ −ρϕ ⇒ wϕ = −1 from Eq.(2.45), where wϕ is
the inflaton EoS. The negative pressure of the inflaton field complies with the existence of
the shrinking Hubble sphere as well as the accelerated expansion during inflation. This fact
also confirms the exotic nature of the inflaton field during inflation, and inflation is driven
by the vacuum energy of the inflaton field.

• Slow-roll conditions:

Plugging the expression (2.47) into the Eq.(2.38) we find

ϵH =
ϕ̇2

2M2
plH

2
. (2.48)

This expression tells us that inflation occurs only if the kinetic energy makes an
ignorable contribution to the total energy, ρϕ = 3M2

plH
2. This situation is well
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Figure 2.4: Figure represents the slow-roll inflationary and the post-inflationary oscillatory
phase of the inflaton field. The shaded region shows the inflationary era. In the shaded
region, the red ball stands for the inflaton field which rolls over the flat surface of the
potential during inflation, and the leftward dashed arrow indicates the direction of its rolling
over the potential. At the end of inflation, it comes down to the bottom of the potential,
and reheating begins(solid arrow).

known as slow-roll inflation. For inflation to persist for a sufficient number of e-folds,
the acceleration of the scalar field has to be small. Here, it is useful to define the
dimensionless acceleration per Hubble time as follows:

δH ≡ − ϕ̈

Hϕ̇
< 1 . (2.49)

Using the time derivative of ϵH(Eq.(2.48)) and the parameter δH, we define the other
slow-roll parameter ηH as follows:

ηH =
˙ϵH

HϵH
= 2

ϕ̈

Hϕ̇
− 2

Ḣ

H2
= 2(ϵH − δH) . (2.50)

Hence, {ϵH, |δH|} << 1 implies {ϵH, |ηH|} << 1.

The smallness of ϵH implies 1
2
ϕ̇2 << V (ϕ), which further simplifies the Friedmann

equation(2.15) during inflation as

H2 ≈ V (ϕ)

3M2
pl

. (2.51)
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The smallness of |δH| << 1 also simplifies the dynamical equation of the inflaton
(2.43) during inflation

3Hϕ̇ ≈ −
(
∂V

∂ϕ

)
. (2.52)

Now, utilizing these two expressions (2.51) and (2.52), we write the slow-roll parameter
ϵ as a function of inflation potential V (ϕ) as

ϵV ≈
M2

pl

2

(
V ′

V

)2

. (2.53)

The time-derivative of (2.52)
(
3Ḣϕ̇+ 3Hϕ̈

)
= −V ′′ϕ̇ leads to the relation

δH + ϵH ≈M2
pl

V ′′

V
. (2.54)

Hence, for a given inflationary potential V (ϕ), the possibility of slow-roll inflation is
decided by the following slow-roll parameters,

ϵV = ϵH ≈
M2

pl

2

(
V ′

V

)2

, ηV =
(
2ϵH − ηH

2

)
≈M2

pl

V ′′

V
. (2.55)

Likewise, for successful slow-roll inflation, {ϵV, |ηV|} << 1.

The duration of the accelerated expansion is measured by the e-folding number Nk

Nk =

∫ aend

aI

d ln a =

∫ tend

tI

H dt , (2.56)

where tI(aI), tend(aend) are cosmic times defined at the onset and the end of inflation.
The end of inflation is given by the condition ϵH(tend) ≡ ϵend = 1. In the slow-roll
inflationary phase, we can approximately write

H dt =
H

ϕ̇
dϕ =

1

2
√
ϵH

dϕ

Mpl

=
1

2
√
ϵV

dϕ

Mpl

. (2.57)

In the field space, the inflationary e-folding number Nk is expressed as

Nk =

∫ ϕend

ϕI

1

2
√
ϵV

dϕ

Mpl

≳ 60 , (2.58)

where ϕI and ϕend are the amplitudes of the inflaton at the onset and the end of
inflation. For the successful resolution of the cosmological puzzles(Horizon problem,
Flatness problem, etc.), Nk has been shown to be around or greater than 60.
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2.4 End of slow-roll inflation and beginning of the
post-inflationary reheating

Inflation is really a wonderful phenomenon. But every good thing must end at some time.
In the New or slow-roll inflationary model proposed by Albrecht–Steinhardt, Linde in
1982 [11, 12], the inflaton field smoothly transits from the accelerated inflationary era to
the decelerated post-inflationary phase, when the kinetic energy of the inflaton becomes
comparable with the potential energy stored in it. In the slow-roll model, the flat region
of the potential(see Fig.(2.4)) sets the inflationary era. At the end of this flat surface,
inflaton slowly rolls down to the bottom of the potential, thereby causing the universe to
smoothly and continuously exit from the inflationary phase by making (ϵV, ηV) = 1 at the
end of inflation. In the right panel of Fig.(2.5), the evolution of ϵV shows the continuous
transition of the universe from early inflation to the post-inflationary reheating phase. The
post-inflationary oscillation of ϵH around unity is essentially caused by the oscillatory nature
of the inflaton field after inflation. The left panel of Fig.(2.5) shows the time evolution of
the inflaton field during inflation and the post-inflationary reheating phase. The oscillation
feature during reheating will be investigated in the subsequent discussion of the present
section.
However, in contrast, in the Old inflation model by Alan Guth in 1981[9], inflation happened
because the inflaton field was trapped in a metastable false vacuum state of high energy
density. The inflaton transits from the false to the true vacuum by quantum tunneling effect,
forming the bubbles of true vacuum inside the false vacuum. Crucially, this tunneling is an
inherently local process, leading to inhomogeneous nucleation of bubbles of true vacuum
within an exponentially expanding false vacuum background. For the inflationary expansion
to end globally in the entire space, these bubbles must grow and collide to convert all
space into a true vacuum. But the accelerated exponential expansion of space during
inflation, happening in the false vacuum, drags the bubbles far away; hence, they never
percolate efficiently. This failure to achieve a successful phase transition from inflation to
the post-inflationary phase is called the graceful exit problem. The inhomogeneous nature of
the tunneling probability underlies the graceful exit problem of the Old inflation. However,
the slow-roll inflation model successfully resolves this issue of the exit problem and saves the
universe from the state of eternal inflation by introducing a flat portion in the inflationary
potential for the inflaton to roll slowly over it during inflation without resorting to any
trapping mechanism in the high-energy false vacuum state, and at the end of the flat
portion, inflation ends with the violation of the slow-roll conditions. The Chaotic inflation
models [32, 33] are a class of models which naturally avoid the graceful exit problem. In
these models, at the end of the slow rolling phase, the inflaton starts oscillating around
the minima of the potentials, which sets the scene for the post-inflationary reheating(see
Fig.(2.4)), where the inflaton’s energy is transferred to all kinds of particles(Standard Model
and beyond Standard Model(BSM)) through many different non-trivial processes. The
underlying mechanism of the energy transfer during reheating is broadly classified into two
parts: Perturbative and Non-perturbative reheating. Before discussing these two aspects
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Figure 2.5: Left Panel: Figure represents the time evolution of the inflaton field
during inflation and the post-inflationary reheating era. It is clearly seen that during
slow-roll inflation, the field amplitude is nearly constant, making ϵV << 1. After inflation,
the oscillation of the inflaton at the potential minima is nicely imprinted on the field
evolution(see also Fig.(2.6) to get the field oscillation during reheating.). Right Panel:
It represents the time evolution of the slow-roll parameter during inflation and reheating.
The dynamics of ϵV shows the continuous transition of the universe from early inflation to
the reheating phase. In this figure, we have taken α-attractor E-type potential model with
α = 1, n = 1.

of reheating, we now study the evolution of all the background quantities(dynamics of
inflaton, scale factor, Hubble scale, etc.) during the post-inflationary reheating phase. In
the Chaotic inflation models, the potentials assume a power-law form, V (ϕ) ∼ |ϕ|2n with n
being the exponent of the potential, and the inflaton field oscillates around the minima of
this potential during reheating. During the reheating era, the oscillatory inflaton field can
be written as

ϕ(t) = ϕ0(t)P(t) , (2.59)

where ϕ0(t) is the time-dependent amplitude of the inflaton field, which decays over a large
time-scale due to expansion, P(t) is the time-dependent oscillation profile, encoding the
(an)harmonicity of the short time-scale oscillations in the potential. As the oscillation
time-scale is much shorter than the inflaton amplitude(ϕ0) redshift time-scales, the time-
averaging over one complete oscillation of the dynamical equation of motion(EoM) (2.43)
by multiplying with ϕ leads to

⟨ϕ̇2⟩ ≃ ⟨ϕV ′(ϕ)⟩ ⇒ 1

2
⟨ϕ̇2⟩ ≃ n⟨V (ϕ)⟩ . (2.60)

This is the well-known Virial theorem, establishing the relation between the average kinetic
and potential energy density.
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From the Eq.(2.45), the time-averaged energy and pressure density are given by

⟨ρϕ⟩ =
(
1

2
⟨ϕ̇2⟩+ ⟨V (ϕ)⟩

)
≃ (n+ 1)⟨V (ϕ)⟩ ,

⟨Pϕ⟩ =
(
1

2
⟨ϕ̇2⟩ − ⟨V (ϕ)⟩

)
≃ (n− 1)⟨V (ϕ)⟩ . (2.61)

The ratio of the time-averaged pressure and energy density leads to the EoS parameter,
wϕ = ⟨Pϕ⟩/⟨ρϕ⟩ = (n− 1) / (n+ 1) for a power-law type potential. Interestingly, for this
kind of potential, variation of the exponent n defines different kinds of fluid components.
For instance, n = 1 gives matter-like behavior of the inflaton background with vanishing
pressure, wϕ = 0, n = 2 gives a radiation-like background with wϕ = 1/3, for all higher n
values, the background behaves like a stiff fluid.

In order to study the redshift behavior of the inflaton amplitude ϕ0 for general reheating
EoS, we exploit the continuity equation (2.7) with the time-averaged energy density.

⟨ρ̇ϕ⟩+ 3H(1 + wϕ)⟨ρϕ⟩ ≃ 0

⇒ d

dt
(V (ϕ0)) + 3H

2n

n+ 1
V (ϕ0) ≃ 0

⇒ ϕ̇0 = − 3H

n+ 1
ϕ0 ⇒ ϕ0(a) = ϕend

(
a

aend

)− 3
n+1

, (2.62)

where ϕend and aend are the inflaton amplitude and scale factor at the end of inflation.
Here, we have used ⟨P2n⟩ = 1/(n+ 1)(this can be justified by numerical time-averaging of
the oscillatory part of the background oscillation), this results in ⟨ρϕ⟩ = V (ϕ0). Likewise
Eq.(2.8), solving the continuity equation (2.7), we find the evolution of the inflaton energy
density

ρϕ(a) = ρend

(
a

aend

)−3(1+wϕ)

= ρend

(
a

aend

)− 6n
n+1

. (2.63)

At the end of inflation a = aend, the condition ϵH = 1 gives V (ϕend) ≡ Vend = 2M2
plH

2
end,

and the total energy density ρ(aend) ≡ ρend = 3M2
plH

2
end, implying ρend = 3

2
Vend. From the

Friedmann equation (2.15), we get the post-inflationary evolution of the amplitude of the
Hubble scale for general EoS as follows:

H̄(a) = Hend

(
a

aend

)− 3
2
(1+wϕ)

= Hend

(
a

aend

)− 3n
n+1

. (2.64)

Integrating the above Eq.(2.64), we get the behavior of the scale factor in the post-
inflationary era as a function of cosmic time t

a(t) = aend

(
t

tend

) 2
3(1+wϕ)

= aend

(
t

tend

)n+1
3n

. (2.65)
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where the cosmic time at the end of inflation “tend” is calculated to be, tend = 2
3(1+wϕ)Hend

.
So far, we have studied the amplitude redshift of the different background quantities for
general reheating EoS. We now introduce the nature of the oscillation profile of the inflaton
field P(t) and study how the inflaton oscillation will source the oscillation feature in all the
background quantities. In the study of the non-perturbative aspect of reheating dynamics
later, we shall see that these minute oscillations of the background quantities will have
a great impact on the particle production for small-scale fluctuations. The oscillatory
behavior of the inflaton field is strongly influenced by the nature of the potential near its
minimum. At this stage, from Eq.(2.59), the inflaton ϕ with the quasi-periodic oscillatory
function P(t) can be expressed as

ϕ(t) = ϕ0(t)P(t) = ϕ0(t)
∑
ν ̸=0

Pνeiνωt = ϕ0(t)
∑
ν ̸=0

Pν cos(νωt) . (2.66)

where the quasi-periodic oscillatory function P(t) has the fundamental frequency ω [34],
and Pν are the different Fourier coefficients. This function P being real gives P∗

ν = P−ν
and P∗

−ν = Pν . To find the oscillation frequency ω, using Eq.(2.45), we write the following
dynamical equation for the quasi-periodic function,

Ṗ ≃ ±
√

2(ρϕ − V (ϕ))

ϕ0

≃ ± mϕ√
n(2n− 1)

√
1− P2n , (2.67)

where mϕ is the effective mass of the inflaton field during the post-inflationary oscillation
phase. Here, we take the amplitude ϕ0(t) to be almost constant over one oscillation time
period. This assumption is valid as long as the oscillation time-scale is much shorter than
the background expansion time-scale. The effective inflaton mass mϕ =

√
∂2V (ϕ)/∂ϕ2 is

defined with respect to the envelope of the inflaton field ϕ0(t) as given below.

mϕ =

√
2n(2n− 1)V (ϕ0)

ϕ0

(2.68)

This oscillation profile can be thought of as a pendulum, oscillating around its equilibrium
position at the origin. If it starts its motion from the origin, then, at t = T/4, P(t) = 1,
where T = (2π/ω) is the time-period of oscillation. Using this fact as an initial condition,
straightforward integration of (2.67) gives the frequency of oscillation ω.∫ 1

0

dP√
1− P2n

=
mϕ√

n(2n− 1)

∫ T/4

0

dt⇒ 2π

T
= ω = mϕ

√
πn

(2n− 1)

Γ
(
1
2
+ 1

2n

)
Γ
(

1
2n

)︸ ︷︷ ︸
γ

(2.69)

From now on, we write the time-dependent frequency of background oscillation as ω(t) =
γ mϕ(t) for general reheating EoS. Once the time-variation of inflaton amplitude is computed
for general n, using (2.62) together with its oscillatory part P(t), we can express the leading
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order behavior of the Hubble scale in Eq. (2.15) in terms of the decaying amplitude and
quasi-periodic oscillatory function [35, 36] as follows:

H(a) ≃ H̄

1 +
P
√
6(1− P2n)

2(n+ 1)

(
ϕend

Mpl

)(
a

aend

)− 3
n+1

︸ ︷︷ ︸
Hfast

 , (2.70)

where the first term H̄(a) is the slowly varying decaying term as shown in Eq.(2.64), and
the second term inside the bracket can be identified with the fast varying oscillatory part
in Hubble scale Hfast. The detailed derivation of this expression is found in Appendix 7.2.
As an example, using equations (2.66) and (2.70), we now write the approximate solutions for
n = 1, 2, 3. We define a dimensionless time variable zn ≡ mend

ϕ (n) t

2π
to produce the numerical

results for the time evolution of the inflaton field and Hubble scale in the post-inflationary
phase in Fig.(2.6) for three reheating EoS, where “mend

ϕ (n)” is the mass of inflaton at the
inflation end, mend

ϕ = mϕ|ϕ0=ϕend . At the inflation end, the dimensionless time variable is

defined as zendn =
mend

ϕ (n) tend

2π
. †

• For n = 1: The model corresponds to an average EoS wϕ ≃ 0; hence, the background
inflaton field behaves like a non-relativistic matter. An approximate analytic solution
can be recovered from Eq. (2.66) and (2.70).

ϕ(z1) ≈ ϕend

(zend1

z1

)
cos(2πz1), H(z1) ≈ Hend

(zend1

z1

)(
1 +

sin(4πz1)

4πz1

)
. (2.71)

For n = 1, non-negligible contribution comes from only the first Fourier component
P1, which is |P1| = 1/2.
With the knowledge of the oscillatory function P(t) for any general wϕ, we obtain the
values of the Fourier components Pν by solving the following integral numerically.

Pν =
1

T

∫ T

tend

P(t) e−iνωt dt (2.72)

• For n = 2: Approximate analytic solutions for n = 2 are obtained as

ϕ(z2) ≈ ϕend

(zend2

z2

) 1
2P(z2)

H(z2) ≈ Hend

(zend2

z2

)(
1 +

P(z2)
√
6(1− P4(z2))

6

(ϕend

Mpl

)(zend2

z2

) 1
2

)
. (2.73)

†For convenience, we shall also use an alternative symbol “mend (n)
ϕ ” to denote the quantity mend

ϕ (n) for
varying n.
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We numerically obtain |P1| = 0.47 and |P3| = 0.02. In terms of these Fourier
components, P(z2) takes the form P(z2) ≈

(
P1 cos

(
2πω

m
end (2)
ϕ

z2
)
+ P3 cos

(
6πω

m
end (2)
ϕ

z2
))

.

We indeed recover the leading order solution for the scale factor a(t) ∝ t1/2, which
corresponds to average EoS wϕ ≃ 1/3, implying radiation-like behavior of the inflaton
background.

• For n = 3:

For this case, we have a sextic-type potential V ∼ ϕ6, and approximate analytic
solutions are derived as

ϕ(z3) ≈ ϕend

(zend3

z3

) 1
3P(z3)

H(z3) ≈ Hend

(zend3

z3

)(
1 +

P(z3)
√
6(1− P6(z3))

8

(ϕend

Mpl

)(zend3

z3

) 1
3

)
. (2.74)

We numerically obtain |P1| = 0.46 and |P3| = 0.03. In terms of these Fourier
components, P(z3) takes the form P(z3) ≈

(
P1 cos

(
2πω

m
end (3)
ϕ

z3
)
+ P3 cos

(
6πω

m
end (3)
ϕ

z3
))

.

We again recover the leading order scale factor a(t) ∝ t4/9, implying a stiff background
with wϕ ≃ 1/2.

2.5 Introduction to inflationary potential: α-attractor
E-type potential model

So far, we have not specified any inflationary potential model, which explains the early
inflationary and post-inflationary phase of the universe’s evolution. Although the works
carried out in this thesis are not model dependent, to estimate different background
quantities, model specification is important. More recently, a broad and unifying class of
models, known as α-attractor models, has attracted significant attention for their strong
theoretical motivation and remarkable agreement with cosmological observations. Inspired
by Supergravity and Conformal field theory, these models feature potentials that flatten
exponentially at large field values, ensuring a stable slow-roll regime. In this thesis, we
consider a class of observationally favored single-field α-attractor E-model. The universality
and consistency with the latest CMB constraints make the α-attractor E-model one of the
most compelling frameworks for realistic inflationary cosmology. We write the form of the
α-attractor E-type potential model[37–42]

V (ϕ) = Λ4
(
1− e

−
√

2
3α
. ϕ
Mpl

)2n
. (2.75)

The amplitude of the potential “Λ”, defining the energy scale of inflation, is constrained by
the CMB measurement, and is related to the scalar spectral index ns, the amplitude of the
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Figure 2.6: All three plots in the left column represent the decaying oscillatory behavior of
the inflaton field during the reheating era for three EoS wϕ = 0, 1/3, 1/2. The plots in the
right column represent the behavior of the Hubble scale during reheating. Oscillations in the
inflaton field induce the oscillatory feature in the Hubble scale. In this figure, we have set
α = 1 for the α-attractor E-type model.

inflaton fluctuation measured as CMB normalization As = 2.12× 10−9, and the tensor to
scalar ratio r. During inflation, the constancy of Λ gives the behavior of a Cosmological
Constant dominated accelerated universe. The parameters (n, α) in V (ϕ) determine the
shape of the potential. Expanding the potential (2.75) around its minima, we get the
approximated power-law chaotic potential for general “n”, as

V (ϕ) ∼ Λ4
( 2

3α

)n( ϕ

Mpl

)2n
. (2.76)
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Figure 2.7: Figure represents the α-attractor E-type potential model for varying parameters
α and n.

In an expanding cosmological background, as the amplitude of the inflaton(ϕ0(t)) falls with
time(see Eq.(2.62)) and naturally assumes ϕ/Mpl << 1 for a significant duration of the
reheating phase. Hence, we can safely neglect the higher-order terms in the expansion
of the potential. By varying the exponent “n” we can achieve different power law forms
of the potential, namely, quadratic model(for n = 1), quartic model (for n = 2), and so
on. The model is favored by the latest Planck, ACT, DESI, and BICEP/Keck combined
(P+ACT+LB+BK18) observational data sets (see the references [43–48]), where ns =
0.9743 ± 0.0034 at 68% C.L. and 95% C.L. upper limit on tensor-to-scalar ratio r0.05 is
obtained as r0.05 < 0.038(see Fig.(2.13)). We will be using these observations throughout.
We shall discuss these important observable quantities like ns, r, in detail in Section (2.8)
on cosmological perturbation theory later. This α-attractor E model belongs to the class
of large-field inflationary models because the super-Planckian field excursion(∆ϕ > Mpl)
results in a plateau region in the potential (2.75), which gives the slow-roll inflationary
phase with sufficient e-folds. In Fig.(2.4), the field excursion or the difference in field
amplitude(∆ϕ) displaced from the potential minimum to the flat region is greater than
the Planck scale ∆ϕ > Mpl. For α = 1, n = 1, this potential (2.75) is very similar to the
Starobinsky potential model, which is also a large-field inflation model. In Fig.(2.7), we
show the structure of the potential during the inflationary and the post-inflationary era for
varying parameters (α, n).

In the context of α-attractor E-type potential model, we can derive an expression of the
field value for general n at which inflation ends(ϵV = 1).

ϕend =

√
3α

2
Mpl ln

( 2n√
3α

+ 1
)
, (2.77)

where “end” stands for the value at the end of inflation or at the beginning of reheating, and
this has been used as an initial condition in our full numerical post-inflationary solution of
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the inflaton in Fig.(2.6). Using this field amplitude in (2.75), we have the potential and the
total inflaton energy density at the inflation end as

Vend = Λ4

(
2n

2n+
√
3α

)2n

, ρend =
3Λ4

2

(
2n

2n+
√
3α

)2n

. (2.78)

Subject to this α-attractor E model, the inflationary slow-roll parameters(see Eq.(2.55))
can be written as

ϵV(ϕ) =
M2

pl

2

(
V ′

V

)2

=
4n2

3α

1(
e

√
2
3α
. ϕ
Mpl − 1

)2 ,

ηV(ϕ) =M2
pl

(
V ′′

V

)
=

4n

3α

(
2n− e

√
2
3α
. ϕ
Mpl

)
(
e

√
2
3α
. ϕ
Mpl − 1

)2 . (2.79)

We shall next study the two important aspects of the reheating phase. The qualitative
discussion is already given in the previous Chapter 1. In this Chapter, the next two sections
will be devoted to the quantitative discussion and the development of the perturbative and
non-perturbative frameworks of reheating.

2.6 Perturbative framework of reheating dynamics

This framework is based on the simultaneous solution of the coupled Boltzmann equations,
where the inflaton field interacts with all kinds of SM and BSM particles, and also its
interaction with gravity, without having any non-gravitational coupling. At the end of the
slow-roll inflationary era, the inflaton field starts oscillating around the potential minima.
During oscillation, the field amplitude also falls due to expansion(see Fig.(2.6)), which
causes the inflaton energy density(ρϕ) to gradually decrease, and the consequent growth of
the energy density of other field components over time. One of the most important features
of reheating dynamics is to produce relativistic degrees of freedom from the decaying
inflaton, which eventually give rise to a hot, thermalized radiation bath at the end of the
reheating phase. To describe the general framework of perturbative reheating, here, we
concentrate on the inflaton(ρϕ)-radiation system(ρr). In the presence of a direct decay
channel between the inflaton and radiation, the inflaton oscillation amplitude decays due
to both background expansion and direct decay. The effect of this inflaton decay can be
taken into account by introducing an additional decay term with the Hubble damping term
in the dynamical Eq.(2.42) as

ϕ̈+ (3H + Γϕ)ϕ̇+ V ′(ϕ) = 0 , (2.80)

34

TH-4015_206121007



2.6. Perturbative framework of reheating dynamics

where Γϕ is the perturbative decay rate of the inflaton. Multiplying both sides of (2.80)
with ϕ̇, we get the evolution equation of the inflaton energy density

d

dt

(
1

2
ϕ̇2 + V (ϕ)

)
+ (3H + Γϕ) ϕ̇

2 = 0

⇒ ρ̇ϕ + 3H (ρϕ + Pϕ) = −Γϕ (ρϕ + Pϕ)

⇒ ρ̇ϕ + 3H (1 + wϕ)ρϕ = −Γϕ(1 + wϕ) ρϕ . (2.81)

Inflaton energy density will be transferred to the radiation sector through the decay term
Γϕ. The evolution equation of radiation energy density can be derived from the Boltzmann
transport equation. Let’s consider fr(t, p⃗) is the phase space distribution function of the
relativistic radiation particle with the physical momentum vector p⃗. With this distribution
function, in the presence of interactions, the Boltzmann transport equation is written as[49]

∂fr(t, p⃗)

∂t
−H|p⃗|∂fr(t, p⃗)

∂|p⃗| = C[fr] . (2.82)

where C[fr] is the collision function, accounting for different interactions. In the case of
radiation, it carries the information of the production of radiation through the decay of
the inflaton. To account for the total energy density of produced radiation, we take the
momentum space integration of fr

ρr =

∫
d3|p⃗|
(2π)3

Ep fr(t, p⃗) , (2.83)

where Ep is the energy per momentum mode, for massless radiation, Ep = p.
We take the momentum integration by multiplying Ep on both sides of the Boltzmann
equation (2.82), leading to the radiation energy density evolution equation[19, 50]

⇒ ρ̇r + 4Hρr = Γϕ(1 + wϕ) ρϕ . (2.84)

For a given decay process from inflaton to radiation, the right-hand side of (2.84) gives
the energy transfer per spacetime volume from the background to the produced radiation
[50]. Now the Hubble parameter H is determined by the total energy density of the
inflaton-radiation system

H2 =
(ρϕ + ρr)

3M2
pl

. (2.85)

Therefore, the perturbative reheating dynamics can be studied by solving the following set
of coupled Boltzmann equations

ρ̇ϕ + 3H (1 + wϕ)ρϕ = −Γϕ(1 + wϕ) ρϕ ,

ρ̇r + 4Hρr = Γϕ(1 + wϕ) ρϕ ,

H2 =
(ρϕ + ρr)

3M2
pl

. (2.86)
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At the end of inflation, the inflaton energy density is largely dominating over the radiation
energy, ρϕ >> ρr and ρr(aend) = 0. In the perturbative regime, as the energy transfer from
the background inflaton to the radiation sector happens slowly, H >> Γϕ condition remains
valid till the end of reheating. Hence, the inflaton energy density decays mostly due to the
background expansion. In general, the inflaton decay rate Γϕ is a time-varying function.
Depending upon the reheating EoS, different kinds of interactions with the decay products
and also the spin-statistics of the decay products, it modifies the reheating dynamics of the
universe in many ways, which has been thoroughly studied in many literature [34, 51–58].
However, to describe the basic dynamics, here we shall consider Γϕ a constant. With these
considerations, the set of coupled equations (2.86) leads to the following solutions:

ρϕ ≃ ρend

(
a

aend

)−3(1+wϕ)

,

H ≃ Hend

(
a

aend

)− 3
2
(1+wϕ)

,

ρr ≃
2(1 + wϕ)Γϕ ρend
(5− 3wϕ)Hend

((
a

aend

)− 3
2
(1+wϕ)

−
(

a

aend

)−4
)

⇒ ρr ≈
2(1 + wϕ)Γϕ ρend
(5− 3wϕ)Hend

(
a

aend

)− 3
2
(1+wϕ)

for 0 ≤ wϕ ≤ 1 . (2.87)

Therefore, the radiation energy density depends on the decay width Γϕ as well as the
inflaton EoS wϕ. Using the Stefan-Boltzmann law, the temperature of the thermal bath
associated with the radiation energy density is given by

ρr =
π2

30
gre(Trad)T

4
rad , (2.88)

where gre(Trad) is the effective number of relativistic degrees of freedom in the thermal
bath, depending upon the temperature of the bath Trad. Throughout this thesis, we take
gre = 106.75 at the time of reheating for the reheating temperature Tre ≳ 1 GeV. Using
equations (2.87) and (2.88), the evolution of the bath temperature is computed as

Trad(a) ≃
(

60(1 + wϕ)Γϕ ρend
(5− 3wϕ)π2greHend

)1/4(
a

aend

)− 3
8
(1+wϕ)

. (2.89)

In Fig.(2.8), we present the evolution of the inflaton and radiation energy densities and
the temperature of the radiation bath during reheating by numerically solving the set of
coupled Boltzmann equations (2.86). We see that there is a sharp increment in radiation
energy density as well as the bath temperature at the beginning of reheating due to the
draining of inflaton energy through Γϕ, and they quickly reach their maximum values. After
that, they start decaying due to expansion following the Eq.(2.87). Assuming instantaneous
thermalization, the reheating temperature(Tre) of the universe is defined at the point say,
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Figure 2.8: Left Panel: Figure represents the evolution of the inflaton, ρϕ(blue) and
radiation, ρr(magenta) energy densities with the normalized scale factor (a/aend) during
reheating. Right Panel: It represents the evolution of thermal bath temperature, Trad, with
the normalized scale factor during reheating. In both plots, the vertical red lines indicate
the end of reheating where ρϕ ∼ ρr condition is satisfied. In this figure, for the parameters,
wϕ = 0, Γϕ = 0.4 GeV, we get Tre ∼ 108 GeV.

are where the condition ρϕ(are) = ρr(are) is satisfied, giving the onset of hot, thermal
radiation-dominated universe. From (2.87), are is calculated as(

are
aend

)
≈
(
(5− 3wϕ)Hend

2(1 + wϕ)Γϕ

) 2
3(1+wϕ)

. (2.90)

Therefore, in the instantaneous scenario, the reheating temperature will be computed as

Tre =

(
30

π2gre

) 1
4

ρr(are)
1
4 . (2.91)

The Eq.(2.91) is the standard relation to determine the reheating temperature for any
specific reheating dynamics. In the absence of direct observational evidence of the reheating
phase, the reheating temperature is highly unconstrained by observation. As the reheating
phase must end before the BBN phase, therefore, the formation of light elements during
the BBN phase requires a lowest possible reheating temperature TBBN, and the inflation
energy scale decides the maximum limit of reheating temperature Tmax. The conservative
estimates of the minimum and maximum values of Tre, as generally referred to in the
literature[7, 59–64], are

TBBN ≃ 4MeV ≲ Tre ≲ Tmax ≃ 1015GeV . (2.92)

Having presented a brief overview of the perturbative reheating dynamics, we now proceed
to study the fundamentals of the non-perturbative aspect of reheating dynamics, which is
one of the prime focuses of this thesis.
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2.7 Non-perturbative framework of reheating dynamics

In Chapter 1, we have already given an introduction to the importance of the non-
perturbative framework of reheating dynamics, highlighting the strong limitation of the
perturbative framework, based on the system of Boltzmann equations, for the complete
understanding of this early universe phase. In this section, we present a quantitative
description of the non-perturbative reheating dynamics, discussing about different mathe-
matical tools and techniques to deal with the non-perturbative particle production during
the reheating phase. Employing these tools and techniques, we explore the scenarios of
Cosmological Gravitational Particle Production(CGPP) and the explosive production of
particles through the parametric resonance instability during the preheating phase.

2.7.1 Non-perturbative production of scalar fluctuations: General
Formalism

In this thesis, we have mainly dealt with the production of spin-0 scalar particles during
reheating. To discuss the general non-perturbative formalism of scalar particle production,
from the action (2.41), we write the following Lagrangian for the inflaton (ϕ) and a massive
scalar daughter field (χ) non-minimally coupled to gravity in the Jordan frame, and also
directly coupled to the inflaton with some interaction

L[ϕ,χ] = −√−g
(
M2

pl

2
R +

1

2
∂µϕ∂

µϕ+ V (ϕ) +
1

2
∂µχ∂

µχ+
1

2
(m2

χ + F (ϕ) + ξR)χ2

)
,(2.93)

where the background FLRW metric is expressed as ds2 = −dt2 + a2(t)dx⃗2 = a2(η)
(
−

dη2 + dx⃗2
)

with a being the scale factor, η being the conformal time, defined as dη =
∫

dt
a
,

and
√−g = a4(η). Interestingly, in conformal coordinate, the FLRW metric becomes

conformally flat with 45
◦ light cone. This is the main benefit of working with conformal

time. V (ϕ) is the inflaton potential. In this thesis, we shall only work with the α-attractor
E-type potential model (2.75). mχ is the bare mass of the produced daughter particles, ξ is
the dimensionless non-minimal coupling of χ with gravity, and F (ϕ) is a generic coupling
function of the classical background inflaton(ϕ), and the specific form of this function will
be discussed later. In the matter Lagrangian, the Ricci scalar R and the coupling function
F (ϕ) generate a time-dependent effective mass for the χ field as

m2
eff(η) =

(
m2
χ + F (ϕ(η)) + ξR(η)

)
. (2.94)

From the Eq.(2.18), we can express R as a function of conformal time η, R(η) = 6 (a′′/a3).
The post-inflationary oscillation of the inflaton field(see Fig.(2.6)) and the Ricci scalar
induce the oscillatory feature in the effective mass of the daughter field, which gives rise
to various non-perturbative effects like parametric resonance, tachyonic instability in the
dynamics of the daughter field χ. We shall meticulously investigate these interesting
phenomena in the latter part of this thesis.
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Expressing the scalar field χ in terms of Fourier modes,

χ̂(η, x⃗) =

∫
d3k⃗

(2π)3
eik⃗.x⃗

[
χk⃗(η) âk + χ∗

k⃗
(η)a†−k)

]
, (2.95)

and using the Lagrangian (2.93), we obtain the following equation for the mode function
χk⃗,

χ′′
k⃗
+ 2Hχ′

k⃗
+
[
k2 + a2(η)

(
m2
χ + F (ϕ) + ξR

)]
χk⃗ = 0 , (2.96)

where H = a′/a, and all the derivatives are defined with respect to conformal time η. In
Eq. (2.96), we notice the presence of the damping term 2Hχ′

k⃗
which is non-zero for an

expanding cosmological background. For convenience, it is conventional to rescale the field
properly to absorb the damping term 2Hχ′

k⃗
, by defining the rescaled field

Xk⃗ = aχk⃗ , (2.97)

and obtain the following mode equation,

X ′′
k⃗
+

[
k2 + a2

(
m2
χ + F (ϕ)

)
+
a2R

6
(6ξ − 1)

]
Xk⃗ = 0 . (2.98)

The bracketed term in the equation above can be identified as a time-dependent frequency
ωk where

ω2
k(η) = k2 + a2

(
m2
χ + F (ϕ)

)
+
a2R

6
(6ξ − 1) . (2.99)

This ω2
k can be negative, giving rise to phenomena like tachyonic instability dynamics in

many situations in the early universe. In this thesis, we have a significant deal with this
distinctive non-perturbative feature in the context of early universe particle production.
Likewise, Eq.(2.95), we can decompose the rescaled field operator X̂(η, x⃗) in terms of the
rescaled Fourier modes Xk⃗ as

X̂(η, x⃗) =

∫
d3k⃗

(2π)3
eik⃗.x⃗

[
Xk⃗(η) âk +X∗

k⃗
(η)â†−k)

]
. (2.100)

The rescaled operator must satisfy the standard quantization condition[
X̂(η, x⃗), ΠX(η, y⃗)

]
=
[
X̂(η, x⃗), X̂ ′(η, y⃗)

]
= iδ3(x⃗− y⃗) . (2.101)

Subject to the standard commutation relation between the creation and annihilation opera-
tor,

[
âp⃗, â

†
k⃗

]
= (2π)3δ3(p⃗− k⃗), plugging (2.100) into the field(X̂)-conjugate momentum(Π̂X)

commutation relation (2.101) gives the following condition:(
XkX

∗′
k −X∗

k X
′
k

)
= i (2.102)
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This is known as the Wronskian condition, giving the normalization factor, 1√
2ωk

, for the
scalar field quantization. The time dependence in ωk(η) renders impossible to decompose
the scalar field χ(η, x) in Eq. (2.95)into a classical positive/negative frequency basis, with

X(η) =
e−iωkη

√
2ωk

. (2.103)

In other words, the presence of a time-dependent background breaks the time translation
symmetry, and the Killing vector field i (∂/∂η) is no longer associated with a positive
frequency eigenfunction due to the mixing of positive- and negative-frequency modes in the
time-dependent background. However, taking into account the evolution of the frequencies
with time, one can reexpress (2.100) as

X̂(η, x⃗) =

∫
d3k⃗

(2π)3
eik⃗.x⃗√
2ωk(η)

[(
αk⃗e

−iΩk(η) + βk⃗e
iΩk(η)

)
âk⃗

+(α∗
k⃗
eiΩk(η) + β∗

k⃗
e−iΩk(η))â†

−k⃗

]
, (2.104)

with
Ωk(η) =

∫ η

ωk(η
′)dη′ , (2.105)

and where αk⃗, βk⃗ are the time-dependent Bogoliubov coefficients satisfying the normalization
condition |αk⃗|2−|βk⃗|2 = 1, extracted from the Wronskian condition (2.102). We can interpret
this evolution in the mode Xk⃗(η)

Xk⃗(η) =
1√
2ωk

[
αk⃗e

−i
∫ η ωk(η

′)dη′ + βk⃗e
i
∫ η ωk(η

′)dη′
]
, (2.106)

in terms of an evolution in the creation/annihilation operator space. Indeed, rewriting
Eq. (2.104) as

X̂(η, x⃗) =

∫
d3k⃗

(2π)3
eik⃗.x⃗ × (2.107)

e−iΩk

√
2ωk

[
αk⃗âk⃗ + β∗

k⃗
â†
−k⃗

]
+

eiΩk

√
2ωk

[
βk⃗âk⃗ + αk⃗â

†
−k⃗

]
,

we can define a new set of operators ãk⃗ and ã†
−k⃗

by

ãk⃗ = αk⃗âk⃗ + β∗
k⃗
â†
−k⃗
, ã†

−k⃗
= α∗

k⃗
â†
−k⃗

+ βk⃗âk⃗ . (2.108)

Within this new set of operators, we deduce from the number operator defined by

N̂ =

∫
d3k

(2π)3
ã†
−k⃗
ãk⃗ , (2.109)
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that gives

BD⟨0|N̂ |0⟩BD = a3nχ =

∫
d3k

(2π)3
BD⟨0|ã†−k⃗ãk⃗|0⟩BD =

∫
d3k

(2π)3
|βk|2 , (2.110)

where we defined the initial vacuum |0⟩BD, called the Bunch-Davies(BD) vacuum [65]
with respect to the set of ladder operators âk⃗ at time η → −∞ by âk⃗|0⟩BD = 0, or
βk⃗|η→−∞ → 0. This Bunch-Davies vacuum state is normalized as BD⟨0|0⟩BD = 1. In the
Heisenberg picture, as operator evolution is studied rather than state evolution, a vacuum
state corresponding to one set of ladder operators(âk⃗, â

†
k⃗
) will no longer be a vacuum

corresponding to some other set of operators say (ãk⃗, ã
†
−k⃗

), connected to each other through
Bogoliubov transformation (2.108). This very fact makes the concept of vacuum ambiguous
in a time-dependent background. However, in studies of inflationary perturbations, the
evolution of field fluctuations, it is customarily assumed that the modes of perturbations
and fluctuations are prepared in the initial Bunch-Davies vacuum state. As η → −∞, the
time-dependent scale factor a(η) and Ricci scalar R(η) in ω2

k(η)(Eq.(2.99)) tend to vanish,
making ωk ≈ k. Therefore, at the initial Bunch-Davies vacuum state |0⟩BD, the field mode
in Eq.(2.106) takes the following form

Xk⃗(η → −∞) =
1√
2k
e−i k η . (2.111)

In the limit η → −∞, the BD vacuum state (2.111) represents a no-particle, positive-
frequency outgoing state. As βk⃗|η→−∞ → 0, hence, no negative-frequency mode is asso-
ciated with the BD vacuum solution of the field. Further, the evolution of Bogoliubov
coefficients(αk , βk) can be studied by using the WKB expansion of Xk (2.106) in the field
dynamical equation (2.98). This leads to the following equation(

ω′
k

2
√
2ωk

βke
i
∫
ωk dη −

√
ωk
2
α′
ke

−i
∫
ωk dη

)
+

(√
ωk
2
β′
ke
i
∫
ωk dη − ω′

k

2
√
2ωk

αke
−i

∫
ωk dη

)
= 0 .

(2.112)
In the first derivative X ′

k, we have suppressed the terms α′
k, β

′
k, and have also used the

adiabatic condition,
(

ω′
k

ω
3/2
k

)
< 1. These slowly varying functions will, anyway, contribute

to the second derivative of Xk in (2.98), giving the equation (2.112). There is a functional
degree of freedom to impose an arbitrary condition between αk and βk. We take it as
[66–68]

α′
k =

ω′
k

2ωk
e2i

∫
ωk dη βk, β

′
k =

ω′
k

2ωk
e−2i

∫
ωk dη αk . (2.113)

Indeed, this choice satisfies the dynamical equation (2.98). The eq.(2.113) gives us the
time-evolution of αk, βk, with the initial conditions, αk(η → −∞) → 1, βk(η → −∞) → 0.
Notice that, in the integral (2.110), we have dropped the vector sign of the integration
variable k. The isotropy of space enables us to write this. Note also that the occupation
number, |βk|2, is equivalent to a distribution function fχ(|⃗k|, t) in the Boltzmann approach
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as given in Eq.(2.82). The number density of particles nk with momentum k can also be
obtained with the solution (2.106) noting that [50, 66, 69]

nk = |βk|2 =
1

2ωk
|ωkXk − iX ′

k|2 =
1

2ωk

(
|X ′

k|2 + ω2
k |Xk|2

)
− 1

2
. (2.114)

The final expression of nk is obtained by using the Wronskian condition (2.102).
The whole subject of cosmological particle production is then summarized into computing

the value of βk, or in other words, the number density spectrum, in varying circumstances.
For the purpose of Baryogenesis, explaining the origin of matter-antimatter asymmetry,
the number density is an observable quantity of interest. Rather, if we are interested in
cosmic relics like dark matter, dark radiation, then the energy density of the produced
particles is the quantity of interest to compute the present-day relic abundance. Subject to
the Lagrangian (2.93), using Eq.(2.44), we calculate the stress-energy tensor of the χ field
as [68, 69]

T χµν = (1− 2ξ)∂µχ∂νχ+

(
2ξ − 1

2

)
gµν(∂αχ∂

αχ) + 2ξ (gµνχ□χ− χ∇µ∂νχ) + ξGµνχ
2

− 1

2
gµν
(
m2
χ + F (ϕ)

)
χ2. (2.115)

where “□” is the D’Alembertian operator expressed as □ ≡ ∇µ∇µ in the curved spacetime,
with ∇µ is the covariant derivative. Expressing the above stress-energy tensor (2.115) in
terms of the rescaled field operator(X̂(η, x⃗)), and using the mode expansion (2.100), we
can compute the energy density of the field as

ρχ(η) = BD ⟨0|T χ 0
0 |0⟩BD

= a−4(η)

∫
d3k

(2π)3

[
1

2
|X ′

k|2 +
1

2
ω2
k|Xk|2 +

1

2
(1− 6ξ)

(
H2 − 1

6
a2R

)
|Xk|2

]
− a−4(η)

∫
d3k

(2π)3
(1− 6ξ)H (XkX

′ ∗
k +X∗

kX
′
k) , (2.116)

where H = (a′/a) is the Hubble parameter, defined in conformal coordinate, and a′ =
(da/dη).
Evidently, in (3+1) dimensional spacetime, there exists a certain non-minimal coupling
strength, ξ = 1/6 ‡, at which several terms in the above energy density expression (2.116)
will vanish. This is known as conformal limit, meaning the scalar field is conformally coupled
to the gravity sector. A conformally coupled massless spectator scalar field without any
non-gravitational coupling doesn’t sense the background dynamics due to the conformality
of the system. As a result of that, the spectator field continues to remain in the vacuum
state until the conformal invariance is broken either by adding mass or non-gravitational

‡The conformal coupling for a general spacetime dimension, “D” is given by ξ(D) = (D−2)
4(D−1) [70]. For

D = 4, ξ = 1/6. Interestingly, in two dimension, minimal and conformal coupling occur at the same point,
ξ = 0.
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coupling to the system. A conformally coupled scalar field is actually decoupled from the
gravity sector. In this conformal limit, many interesting dynamical features of a scalar field
system will be discussed in due course.
The energy density integral (2.116) has a UV divergence in the large k limit of the integration
domain. To identify this divergent behavior, we consider the field mode (2.111) in the
limit η → −∞. Using the vacuum solution (2.111) in (2.116) with vanishing H, R in the
η → −∞ limit, we find that the first two non-vanishing terms grow like k3, leading to
a quartic divergence of the energy density, ρχk

∝ k4 as k → ∞. This is similar to the
well-known divergence of a free field’s energy density in Minkowski spacetime. To regularize
this divergence in flat-space QFT, the standard method is to introduce a counterterm that
renormalizes the divergent vacuum energy term. However, in a curved spacetime where ωk is
a time-dependent function, the regularization process becomes more subtle as the divergent
part of the integral varies with time. One standard method is the Adiabatic regularization
prescription to remove the UV divergence in the study of QFT in curved spacetime[71–74].
However, in the present context, to regularize the UV divergence in FLRW spacetime,
adopting the technique of renormalization via normal ordering, as illustrated in[69, 75], we
compute the UV convergent renormalized energy density. Finally, integrating Eq. (2.114)
and (2.116) over all momentum modes, we get the total number and renormalized energy
density as [50, 66, 69, 71, 73, 75]

nχ =
1

a3

∫
d3k

(2π)3
nk ,

ρχ =
1

(2π)3a4

∫
d3kωknk . (2.117)

The general formalism that we have constructed in this section is the main foundation of the
non-perturbative study of particle production. In order to get the particle number density
spectrum, first we need to solve Eq. (2.98) with Bunch-Davies initial state, and then, by
implementing the solution in (2.114), we obtain the number density spectrum of produced
particles. Utilizing the spectrum (2.114) in (2.117), we compute the total number and
energy density of produced daughter particles in the non-perturbative framework. Based
on this general formalism, we now discuss two important aspects of cosmological particle
production where the non-perturbative effects are prominent. We shall first discuss the basic
features of the Cosmological Gravitational Particle Production(CGPP), where we are solely
interested in the gravitational interaction between the inflaton and other SM or BSM sectors
with no direct coupling, which is indeed a fundamental portal in nature for the production of
particles in the early universe. We next discuss the non-linear early reheating or preheating
phase, where the direct coupling, with a sufficiently strong coupling strength, between the
background inflaton and daughter particle is necessary for the explosive production through
the non-perturbative instability effect.
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2.7.2 CGPP: Quantum mechanical particle production in a
time-dependent background

Over the course of nearly a century, various studies have explored this intriguing phenomenon
of cosmological gravitational particle production. The calculability and practical testability
of quantum field theory in curved spacetime are provided by the predictions of CGPP. The
main principle of CGPP is the quantum mechanical particle production in the expanding
background of the early universe, solely facilitated by the gravitational interactions. The
changing geometry of the background excites the quantum fluctuations on top of the classical
expanding background, resulting in particle production from the quantum vacuum of the
spectator field. This CGPP is a semiclassical process in the sense that the background or
the external gravitational field is classical, whereas the spectator field is quantized, and the
particle production happens by the quantum effect.

Historical backdrop :

The way back to 1939, the creation of particle pairs in the expanding universe was first
discussed in Schrödinger’s seminal work on The proper Vibrations of the Expanding Uni-
verse[76]. In this work, Schrödinger was the first who envisioned the mixing of positive- and
negative-frequency mode solutions of the wave equation in the presence of an expanding
background(for instance, see (2.106)). This mixing of positive- and negative-frequency
modes was described as “mutual adulteration”, which was regarded as an “alarming phe-
nomenon”. Interestingly, he identified this adulteration phenomenon as the production(or
annihilation) of matter by the expansion of the universe. Although the quantum field-
theoretic treatment was not done in this work [76], this idea was marked as a phenomenon of
outstanding importance. Contextually, it is relevant to mention the most familiar example
of particle production in a strong external field, well-known as Schwinger Effect, in which a
sufficiently strong electric field leads to the generation of electron-positron pairs from the
vacuum[77]. Although this effect was first predicted by Heisenberg and Euler[78] based
upon the work[79], the core concept was completely understood in 1951 with a complete
description using Quantum Electrodynamics(QED). The basic idea is, in the quantum
vacuum, virtual particle–antiparticle pairs are constantly created and annihilated within
times allowed by the uncertainty principle. However, if a strong, uniform electric field
is present, it can accelerate particles to energies greater than their mass over a distance
smaller than or equal to the Compton wavelength of the particle, and then virtual particles
can be pulled out of the vacuum and propagate as real particles. The Schwinger mechanism
is conceptually related to gravitational particle creation in an expanding universe. In
both cases, the vacuum becomes unstable because of the background electromagnetic or
gravitational fields. In curved spacetime, the time-dependence of the metric plays the
same role as the constant electric field does in flat spacetime in Schwinger Effect. Further
progress in research on the particle production in a background gravitational field resumed
with the thesis of Leonard Parker in 1965 [80]. It is Parker who first presented the complete
field-theoretic treatment of this phenomenon. In the conclusion of a 1968 paper [81], Parker
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wrote “...for the early stages of a Friedmann expansion, it [particle creation] may well be of
great cosmological significance, especially since it seems inescapable if one accepts quantum
field theory and general relativity.” Later on, he continued to develop this framework in a
series of works, first alone [82–84], and then the works in collaboration [71, 85–87]. The
Birrell and Davies textbook [70] also beautifully described this phenomenon. In this text-
book, the authors have studied the cosmological particle creation for different cosmological
spacetimes with varying nature of the scale factor a(η). Shortly after the Parker’s work in
1968, Zel’dovich in 1970 [88], considered particle production in a homogeneous, anisotropic
background metric, called, Kasner metric, a homogeneous, anisotropic metric of the form
ds2 = (dt)2 −∑3

i=1 t
2pi(dxi)2. It is the vacuum solution of the Einstein equation if the

Kasner exponents pi satisfy
∑3

i=1 pi =
∑3

i=1 p
2
i = 1. Zel’dovich was an admirer of the

concept of cosmological particle creation, and he used the Kasner model to explore whether
particle creation could isotropize an initially anisotropic universe. And extending this
idea, he explained how physical processes could turn an initial anisotropic/inhomogeneous
universe into the observed homogeneous/isotropic universe. Zel’dovich carried on this line
of research in a series of papers in collaboration with Alexei Starobinsky [89, 90]. Other
researchers, including A.A. Starobinsky, A.A. Grib, V.M. Frolov, S.G. Mamayev, and V.M.
Mostepanenko, focused on studying particle creation processes in homogeneous and isotropic
cosmological backgrounds [91–93]. In the 1980s, with the development of non-standard
inflationary cosmology, the CGPP was greatly nurtured in connecting cosmology and
elementary particle physics. Inflation and CGPP are deeply interconnected phenomena
arising from the dynamics of quantum fields in an evolving spacetime. During inflation,
the rapid exponential expansion results in the adiabatic to non-adiabatic transition of the
field modes, thereby causing the spontaneous particle creation through purely gravitational
effects by breaking quantum vacuum states of the fields. In particular, the amplification of
quantum vacuum fluctuations during inflation forms the primordial perturbations for the
observed cosmic microwave background anisotropies and large-scale structure, while the
same mechanism can produce a stochastic background of relic gravitational waves. Thus,
gravitational particle production serves as a natural bridge between the microphysics of
quantum field theory and the macroscopic evolution of the universe, linking inflationary
dynamics with post-inflationary reheating and subsequent cosmic history.

Importance of CGPP :

The schematic representation in Fig.(2.9) nicely shows the fundamental building blocks(Inflation,
QFT, General Relativity, and the properties of the spectator particle) upon which this CGPP
mechanism is established, and the potential outputs or observables it can generate. Its wide
range of output includes the generation of primordial temperature fluctuation, primordial
gravitational waves, a possible arena for baryogenesis, a probe of BSM physics, the origin
of dark matter and particles in a hidden sector, and CMB isocurvature fluctuations. Apart
from this, it also provides the origin of primordial plasma itself through gravitational reheat-
ing. This idea was first proposed by Ford[94] and Turner and Widrow[95], who attempted to
explain the origin of light scalar (axion) dark matter via CGPP. Subsequent attempts in a se-
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Figure 2.9: Diagram represents the inputs and potential outputs of the CGPP mechanism.
The CGPP framework combines inputs from cosmic inflation, quantum field theory, general
relativity, and particle properties to produce observable or potentially observable predictions.
This diagram is taken from [69].

ries of works[68, 69, 75, 96–98] emphasized the novel role of CGPP in producing superheavy
dark matter particles having mass(mχ) comparable to the Hubble scale mχ ≈ Hend. In this
thesis, we have explored an unavoidable production channel of gravitational waves, sourced
by the gravitationally produced massless or very low-mass(mχ << Hend) particles. Analyz-
ing the produced GW spectrum, we decode the finer details of various non-perturbative
signatures of CGPP. This wide range of output proclaims the utmost importance of CGPP
in providing a testable link between early-universe dynamics and present-day cosmological
observations.

Theoretical framework :

We start with the inflaton-spectator scalar field Lagrangian by taking into account only
the gravitational interaction terms. From the Lagrangian (2.93), dropping the interaction
function F (ϕ) with the inflaton background, we write the Lagrangian for the gravitational
production as follows:

L[ϕ,χ] = −√−g
(
M2

pl

2
R +

1

2
∂µϕ∂

µϕ+ V (ϕ) +
1

2
∂µχ∂

µχ+
1

2
(m2

χ + ξR)χ2

)
. (2.118)

If we take ξ = 0, the system will be purely gravitational, minimally coupled to gravity. This
thesis extensively deals with both minimal(ξ = 0) and non-minimal(ξ ̸= 0) aspects. From
the equation of motion(EoM) of the rescaled field mode(Xk) in Eq.(2.98), we compute the
dynamical equation of the field mode in the gravitational production scenario as follows:

X ′′
k⃗
+

[
k2 + a2m2

χ +
a2R

6
(6ξ − 1)

]
Xk⃗ = 0 . (2.119)
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For a massless, minimally coupled system, the above dynamical equation takes the well-
known form of the Mukhanov-Sasaki equation. From Eq.(2.99), neglecting the non-
gravitational interaction term F (ϕ), we identify the following time-dependent frequency in
the gravitational scenario.

ω2
k(η) = k2 + a2m2

χ +
a2R

6
(6ξ − 1) . (2.120)

Our main focus is on the study of CGPP in cosmologically relevant spacetimes, which
describe the early inflation, post-inflationary reheating, and a subsequent hot Big Bang
radiation-dominated era. To study the CGPP mechanism in these evolutionary phases of
the early universe, it is always convenient to work in the conformal time(η) coordinate.
To solve the dynamical equation (2.119), we compute the evolution of the scale factor in

conformal time. Following Eq.(2.64), we integrate H(η) = a′

a
= aendHend

(
a(η)
aend

)− (1+3wϕ)

2 , to
obtain the evolution of the scale factor for any general wϕ as a function of conformal time
as

a(η) = aend

(
1 + 3wϕ
2|ηend|

) 2
1+3wϕ

(
η − ηend +

2|ηend|
1 + 3wϕ

) 2
1+3wϕ

, (2.121)

with aend = − 1
Hendηend

, this also gives the evolution of scale factor during inflation (wϕ = −1),

a(η) = − 1

Hend η
for ηI < η ≤ ηend. (2.122)

where ηI is the conformal time at the beginning of inflation, ηI → −∞. Considering pure
de Sitter inflation, we take the inflationary Hubble scale and the Hubble scale at the end of
inflation same. It is trivial to check that during the transition from inflation to reheating,
the scale factor and its first derivative change continuously at the junction point, that is, at
the end of inflation, η = ηend. Using the expression (2.121), we compute the evolution of
the non-minimal coupling(ξ) associated function in (2.120) during reheating as

1

6
a2(η)R(η) =

2(1− 3wϕ)

(1 + 3wϕ)2
1(

η − 3
(1+wϕ)

(1+3wϕ)
ηend

)2 . (2.123)

For a massless, minimally coupled system, this term 1
6
a2(η)R(η) acts as a source term for

the gravitational production of the massless scalar system.

Asymptotic adiabatic spacetime : Inflationary spacetime has an appealing property to
behave almost adiabatically in the asymptotic past and future. In these asymptotic limits,
spacetime evolves very slowly, thereby causing the fluctuations on top of this background to
be adiabatic in the asymptotic past and future. This asymptotic flatness is an interesting
property of the cosmological spacetime. In particular, one defines a dimensionless parameter
|ω′
k/ω

2
k| to study the departure from the adiabatic limit. It can be shown explicitly as

47

TH-4015_206121007



2. Standard and Non-standard cosmology

η → ±∞, the ratio approaches |ω′
k/ω

2
k| → 0 sufficiently fast, satisfying the adiabatic limit.

In the process of transition of the universe from early de Sitter to some post-inflationary
phase, this adiabaticity condition gets violated (|ω′

k/ω
2
k| >> 1) at some intermediate

point, resulting in the mixing of positive- and negative-frequency modes, which signals
particle production. The violation of the adiabaticity condition depends upon how fast the
background expansion is occurring, irrespective of the size of the universe. In the asymptotic
future limit, although the universe size is large, the spacetime behaves adiabatically due to
the slow expansion rate.
In inflationary spacetime, we define the mode function Xk(η) in terms of the adiabatic
vacuum solutions during inflation and post-inflationary reheating as follows:

Xk(η) =


X

(inf)
k (η) −∞ < η ≤ ηend

αkX
(reh)
k + βkX

(reh) ∗
k η ≥ ηend ,

(2.124)

where X(inf)
k and X(reh)

k are the adiabatic vacuum solutions during inflation and reheating,
respectively. In the asymptotic past and future limits, they behave as

X
(inf)
k ∼ 1√

2ω
(inf)
k

e−iω
(inf)
k η as η → −∞ ,

X
(reh)
k ∼ 1√

2ω
(reh)
k

e−iω
(reh)
k η as η → ∞ . (2.125)

These behaviors in (2.125) justify the asymptotic flatness of the inflationary spacetime in
the remote past and distant future. The smooth transition of the universe from early de
Sitter to the reheating phase demands that the field solution Xk and its first derivative X ′

k

must be continuous at the junction η = ηend. Using Eq.(2.124), we compute the Bogoliubov
coefficients αk, βk as follows: [69, 99]

αk = i
(
X

(inf)
k

′
(ηend)X

(reh)
k

∗
(ηend)−X

(inf)
k (ηend)X

(reh)
k

∗′
(ηend)

)
,

βk = −i
(
X

(inf)
k

′
(ηend)X

(reh)
k (ηend)−X

(reh)
k

′
(ηend)X

(inf)
k (ηend)

)
. (2.126)

where (′) denotes the derivative with respect to conformal time, and both the vacuum
solutions in the above Eq.(2.126) satisfy the Wronskian condition

(
X

(inf(reh))
k X

(inf(reh))
k

∗′ −
X

(inf(reh))
k

′
X

(inf(reh))
k

∗)
= i at any time η.

2.7.3 Non-gravitational particle production during preheating:
Parametric Resonance Instability

In the treatment of CGPP in the last subsection, we have concentrated on the particle
production solely by the gravitational interaction, i.e. the particle production happens only
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due to the background expansion. In the present subsection, we are interested in the particle
production with non-gravitational coupling between the inflaton and daughter particle fields.
Just after the end of inflation, the inflaton field amplitude remains very high(ϕ ∼ Mpl ),
and consequently, the energy stored in this field is also very high. In this stage, instead of
behaving like an individual inflaton particle(quanta), the entire field behaves like a coherently
oscillating inflaton field. This behavior can also be thought of as a condensate formed by
the superposition of all zero-momentum inflaton particles and coherently oscillating in the
expanding background. Therefore, any other daughter fields directly/indirectly coupled
with this coherently oscillating inflaton will experience a periodic driving force, and if the
coupling strength is appropriate, the field amplitude will be resonantly enhanced, thereby
causing an explosive particle production. As the inflaton amplitude falls rapidly due to
expansion(see Eq.(2.62)), the span of this era is generically very short, proportional to
inverse decay width, and happens within a few e-folds. In this short span, explosive particle
production takes place through the mechanism known as parametric resonance instability.
To investigate the parametric resonance phenomenon during preheating, we exploit the
dynamical Eq.(2.96) in the presence of the generic interaction F (ϕ). Unlike the previous
CGPP scenario, while studying the resonant particle production during preheating, it is
convenient to work in cosmic time(t) coordinate. Therefore, switching from η to t, we write
the field dynamical equation (2.96) for a minimally coupled system in terms of the cosmic
coordinate as follows:

χ̈k⃗ + 3Hχ̇k⃗ +

(
k2

a2
+ (m2

χ + F (ϕ))

)
χk⃗ = 0. (2.127)

Here, all the derivatives are defined in terms of the cosmic coordinate. In the following
dynamical Eq.(2.127) there is a damping term, 3Hχ̇k⃗, which is non-zero in an expanding
background. After rescaling the field χk⃗ and defining Xk⃗(t) = a

3
2 (t)χk⃗(t), and we obtain

the following EoM for the rescaled field Xk in cosmic coordinate

Ẍk⃗ +

(
k2

a2
+
(
m2
χ + F (ϕ)

)
− 9

4
H2 − 3

2
Ḣ

)
Xk⃗ = 0 . (2.128)

Introducing interaction :

In this thesis, we shall consider two types of non-gravitational interactions between inflaton
and spectator scalar field: i) Three-leg interaction and ii) Four-leg interaction with the
massless daughter field, say χ,

Lint =
1

2
σϕχ2 ; Lint =

1

2
g2ϕ2χ2 , (2.129)

where (σ, g) are the coupling constant. In the present study, the generic coupling function of
inflaton, F (ϕ), will have the forms F (ϕ) = σϕ, g2ϕ2 corresponding to three-leg and four-leg
type interactions, respectively. In the usual framework of perturbative field theory, such
interactions lead to the decay of inflaton ϕ→ χχ, ϕϕ→ χχ. We consider coupling parameter
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regime where the χ-particle production will be non-perturbative [24, 42, 66, 100]. However,
such non-perturbative production stops as time advances. We now discuss different features
of the resonant dynamics of the field in the Minkowski and the expanding background.

Characteristics of narrow and broad resonance in Minkowski space :

In a static background, a(t) = 1, neglecting the red shifting of momentum mode, for a
massless field(mχ = 0), the EoM for the field mode (2.128) takes the form

Ẍk⃗ +

(
k2 + F (ϕ)

)
Xk⃗ = 0

⇒ d2Xk⃗

dz2n
+

4π2(
m

end(n)
ϕ

)2 (k2 + F (ϕ)
)
Xk⃗ = 0 . (2.130)

As stated earlier, the dimensionless time variable, zn =
m

end (n)
ϕ t

2π
, and the oscillating inflaton

field is expressed as ϕ(zn) = ϕ0P(zn) with amplitude ϕ0(t), for a static background,
ϕ0 = ϕend. This is the well-known generalized Hill equation [101]. The solution of such
an equation is strongly dependent upon two parameters (k, q). Where the emergent q-
parameter, identified with the term associated with the purely oscillatory part of the
equation, is called the resonance strength parameter, and in a static background, those are,

qg =
gϕend

m
end (n)
ϕ

for ϕ2χ2 ; qσ =

√√√√ σϕend(
m

end (n)
ϕ

)2 for ϕχ2 . (2.131)

In terms of q parameter, the EoM (2.130) can be expressed as

d2Xk⃗

dz2n
+ 4π2

(
k2(

m
end (n)
ϕ

)2 + q2g P2(zn)

)
Xk⃗ = 0 for F (ϕ) = g2ϕ2

d2Xk⃗

dz2n
+ 4π2

(
k2(

m
end (n)
ϕ

)2 + q2σ P(zn)

)
Xk⃗ = 0 for F (ϕ) = σϕ. (2.132)

Employing Floquet theorem[24, 101, 102], solutions of such equations show exponential
instability Xk ∝ exp(µ̃kzn) over time for a specific range of parameter values (k, g) forming
a band(see Fig.(2.12)) for which Re

(
µ̃k
)
> 0, where µ̃k is the rescaled Floquet exponent,

µ̃k = 2πµk/m
end (n)
ϕ with µk, the Floquet exponent.

However, to explain the phenomena of narrow and broad resonance in a static background,
we now consider the quartic interaction, F (ϕ) = g2ϕ2, only. For n = 1 or wϕ = 0, the EoM
(2.132) for F (ϕ) = g2ϕ2 can be cast in the following interesting form:

d2Xk⃗

dz21
+ 4π2

(
Ak +

q2g
2

cos(4πz1)
)
Xk⃗ = 0 , (2.133)
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where Agk =
(

k2

(m
end (1)
ϕ )2

+
q2g
2

)
. It represents the dynamical equation of an oscillator with

a periodically changing frequency. It can also be compared with the famous Mathieu
equation[66, 102, 103]. The visible difference between the narrow and broad resonance
phenomena in a static background is obvious in Fig.(2.10) in the evolution of ln(nk). We
numerically solve the dynamical equation (2.132) for F (ϕ) = g2ϕ2 with the Bunch-Davies
initial condition. Using this solution in the number density spectrum (2.114), we obtain
the behaviors presented in Fig.(2.10) for the narrow and broad resonance cases in different
coupling regimes. In a static Minkowski background, the condition of narrow resonance is
gϕend < m

end (n)
ϕ , implying qg < 1. In this coupling range, in the narrow resonance regime,

the field mode evolves as Xk ∝ eµ̃kzn , and the number of χ particles grows as nk ∝ e2µ̃kzn

from Eq.(2.114). In the top right panel of Fig.(2.10), we see that ln(nk) grows as a straight
line with a constant slope in the narrow resonance regime. The slope of this line gives us
information about the growth index, called Floquet exponent. As opposed to the narrow
resonance case, when the coupling strength satisfies gϕend > m

end (n)
ϕ with q > 1, the resonant

production happens in the broad resonance regime for a broad range of k values. Unlike the
straight line growth of ln(nk) in a narrow resonance, the number density grows in a step-like
manner in a broad resonance case. Interestingly, we see that between two successive sharp
jumps of the amplitude of ln(nk) in the domain of broad resonance, there is a constant flat
line, which is essentially connected to the time-period of the background inflaton oscillation.
From (2.132), we get the typical frequency of the χ field, ω2

k ∝ (k2 + g2ϕ2). In the broad
resonance regime, as qg > 1, the frequency of oscillation of χ field is much larger than the
inflaton frequency ω ∝ m

end (n)
ϕ in the static background. Within one period of inflaton

oscillation, the field χ makes O(qg) oscillations. Therefore, in the broad resonance regime,
the amplitude of χk is minimal at the points where its frequency is maximal, |χk| ∝ 1√

2ωk(t)
,

i.e. at ϕ(t) = ϕend, and it grows sufficiently fast, as the inflaton amplitude approaches its
minima, ϕ(t) = 0. As previously explained in the context of CGPP, particle production is
intimately tied to the violation of the adiabatic condition, |ω̇k/ω2

k| >> 1. In the present
broad resonance case, the adiabaticity condition gets violated as the inflaton field tends
to cross its zero minima, violating the above condition. Hence, between two successive
zero crossings, we get a constant particle number density, as obvious in the bottom right
panel of Fig.(2.10) for the broad resonance case. Therefore, the particle number density
is considered to be an adiabatic invariant quantity. The maximum momentum mode for
which we get the broad resonance phenomena for a particular coupling strength, can be
quantified from the adiabaticity violation condition, dωk

dt
≳ ω2

k. This implies that

0 ≲ k2 ≲
(
g2ϕωϕ0

)2/3 − g2ϕ2. (2.134)

where we approximate ϕ̇ ≈ ωϕ0 in the small ϕ regime.
The maximum momentum will be obtained at

ϕ ≡ ϕ∗ ≃
1

2

√
ωϕ0

g
. (2.135)
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At this field value, the maximum momentum of the produced particles during the preheating
stage will be kmax ≈

√
gωϕ0
2

. In the oscillatory domain of the background inflaton, during
the interval |ϕ| ≈ 2ϕ∗, the particle’s momentum will be smaller than kmax, but it will
be of the same order of

√
gωϕ0. This makes an important estimation of the coupling-

dependent typical momentum range of the produced particles in the broad resonance
regime[66, 104, 105]

0 ≤ k ≤
√
gωϕ0

2
. (2.136)

In Fig.(2.10), we have chosen the particular momentum from the above relation (2.136).
For example, with g = 2× 10−4, the maximum mode being excited in the broad resonance
regime is k ≈ 2.4× 10−5Mpl.

Dynamics of Stochastic resonance in an expanding background:

In the previous discussion, we briefly described the fundamental properties of the narrow
and broad resonance phenomena in the static Minkowski background. We have seen that
there exists a specific limit of coupling strength, below which the resonance phenomenon
happens in the narrow band and above which it happens in the broad resonance regime.
Furthermore, we have computed the typical momentum range of the particles in the broad
resonance regime.

In reality, though, the background is dynamic, and hence parameters, particularly the k
mode, instead of staying in a specific stability/instability band, it transits from one band to
another with the expansion. Thus, in the case of an expanding background, the distinction
between stability and instability regions disappears, which is a familiar characteristic of
Stochastic resonance in a dynamical background. Because of the redshifting of each k mode
as well as small coupling strength g or σ, if we choose any mode from a narrow resonance
regime in parameter space, we will not be able to see the resonance phenomenon, as it
turns out to be almost instantaneous. Therefore, to observe the exponentially growing
solution in time, we need to choose a parameter set from a broad resonance regime with
sufficiently high coupling strength g. In Fig.(2.11), we have shown the behavior of the field
Xk and logarithmic number density ln(nk) in an expanding background. Unlike the static
background broad resonance profile with an uninterrupted step-like growth of ln(nk), in the
expanding background, the particle number density saturates at some later time due to the
gradual loss of the strength of the resonance parameter qg(σ). This late-time saturation of
the number density is an important feature of Stochastic resonance. Another noticeable
difference between Minkowskian broad resonance and stochastic resonance is related to
the oscillation phase of the daughter field Xk. In an expanding background, the oscillation
frequency ωk of Xk, being time-dependent, causes the phase alteration of Xk between two
successive zero crossings of the inflaton field. Therefore, unlike the Minkowski resonance,
instead of showing a continuous step-like growth, the logarithmic number density function
shows a fluctuating growth over a large time domain in an expanding background; this
feature is obvious in the right panel of Fig.(2.11). This interesting phenomenon is nicely
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Figure 2.10: Upper panel: Left plot shows the time evolution of the field mode, and the
right plot shows the evolution of the logarithmic occupation number of produced particles
ln(nk) in the narrow resonance regime in the Minkowski space. For narrow resonance, we
have chosen the coupling g = 9 × 10−6, or the resonance strength parameter, qg ≈ 0.7.
Lower panel: Left and right plots show the time evolution of the field mode, and the
logarithmic occupation number ln(nk), respectively, in the broad resonance regime in the
Minkowski space. For broad resonance, we have chosen the coupling g = 2× 10−4, or the
resonance strength parameter, qg ≈ 15.4, and k = 6×10−6Mpl. In both panels, the amplitude
of Xk is expressed as a dimensionless number. In this figure, we have set (α, n) = 1, and
the generic interaction F (ϕ) = g2ϕ2.

explained in [66]. In Chapter(4), we shall re-explore all these interesting features of resonant
particle production in an expanding background in the language of quantum squeezing.

Dynamical resonance condition: stability-instability chart

To get an idea of the narrow and broad resonance bands in the momentum space, we
construct the coupling vs momentum parameter space during the early reheating phase
in a static background (a(t) = 1), neglecting the red shifting of momentum mode because
of background expansion. Depending upon a specific background, we are to construct
this parameter space. Consideration of a static Minkowskian background shows a clear

53

TH-4015_206121007



2. Standard and Non-standard cosmology

Stochastic resonance

1 5 10 50

-1000

-500

0

500

1000

1

X
k

Stochastic resonance

0 10 20 30 40 50

0

5

10

15

20

1

ln
(n
k
)

Figure 2.11: Figure represents the time evolution of the field mode, and the evolution of
the logarithmic occupation number ln(nk) in the expanding background stochastic resonance.
We have chosen the coupling g = 5× 10−4, or the resonance strength parameter, qg ≈ 38.46.
In this figure also, we set (α, n) = 1 with F (ϕ) = g2ϕ2.

distinction between stability and instability regions in the parameter space (see Fig.(2.12)).
Any parameter set chosen from the instability region(Re(µ̃k) > 0) will lead to an unstable
solution interpreted as resonant particle production, and vice versa. Employing the usual
Floquet analysis, as described in [24] for the periodically oscillating flat background, we
have constructed these qg(σ) vs k̃ parameter spaces as shown in Fig.(2.12) for three different
models corresponding to background n = 1, 2, 3 for two different interactions, where the
rescaled momentum mode is defined as k̃ ≡ (k/m

end (n)
ϕ ) for any general n. The structural

difference in parameter space for two different interactions is very evident from the given
figure. The tachyonic instability(ω2

k < 0)[106–109], due to switching sign of P(z) for tri-
linear coupling in Eq.(2.132) together with the parametric resonance, cause a very efficient
and strong resonance, and because of that, in the lower panel of Fig.(2.12), we notice a very
broad instability region in the parameter space for the three given model in comparison
with quartic or four-leg interaction.

In the discussion so far, we have talked about the distinctive properties of flat-space
resonance and resonance in the non-static background. But the precise condition of
resonance for any general n is not specified yet. In the literature, resonance conditions
are usually specified by [66, 104, 110], considering q > 1, which leads to broad resonance.
Otherwise, q < 1 gives production in a very narrow resonance regime. Strictly speaking,
such a condition defined in flat space is not exactly appropriate, particularly when the
driving force namely the inflaton dilutes very fast, ϕ0 ∝ ϕend(a/aend)

−3/n+1 depending on n
values. In the background of such a fast-falling driving force, the resonance parameter q
also falls very rapidly as

qg(zn) =
gϕend

m
end (n)
ϕ

(
zn
zendn

)− 1
n

; qσ(zn) =

√√√√ σϕend(
m

end (n)
ϕ

)2 ( zn
zendn

)− 1
2n

. (2.137)
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For those cases, the naive Minkowski resonance condition indeed overestimates the lower
limit of the inflaton coupling parameters above which broad-resonance could occur. For
the present case with a rapidly decaying q-parameter, therefore, we propose a dynamical
condition of resonance as follows:

As already stated that the resonant particle production is intimately tied to the violation
of the adiabaticity condition, and that is expected to occur while the inflaton crosses zero
during its course of oscillation. To achieve significant resonant production within a certain
period, one needs to satisfy two important conditions. The first one would be to have
the driving force, the oscillating inflaton, executing a few oscillations within the period of
interest. The second condition is that within that period the resonance q-parameter should
remain greater than unity. Combining the preceding two conditions, we state that for broad
resonance to happen while the resonance parameter q time-evolving from its higher initial
value to unity, it must execute at least one oscillation. Bearing this dynamical condition of
broad resonance in mind, we derive the lower bound of the inflaton couplings for a general
background EoS.

To compute the number of oscillations required for q-parameter to change from its large
initial value at the end of inflation to unity, we measure the dimensionless time-period
of the oscillating inflaton as z(ω)n = m

end (n)
ϕ /ω, where ω is calculated at ϕ0 = Mpl. With

respect to this, the number of oscillations say Nosc becomes,

Nosc =
zn − zendn

z
(ω)
n

=


zendn

z
(ω)
n

((
gϕend

m
end (n)
ϕ

)n
− 1

)
zendn

z
(ω)
n

((
√
σϕend

m
end (n)
ϕ

)2n

− 1

) . (2.138)

This dimensionless time-period z(ω)n matches very well with the numerically calculated one.
Hence, to achieve efficient resonant production in a broad resonance regime, the minimum
criterion that must be fulfilled is Nosc > 1. Having this criterion, from (2.138) we get the
lower bound of the coupling parameter for two interactions as [35, 111]

g >
m

end (n)
ϕ

ϕend

[
1 +

z
(ω)
n

zendn

] 1
n

σ >

(
m

end (n)
ϕ

)2
ϕend

[
1 +

z
(ω)
n

zendn

] 1
n

. (2.139)

It is very interesting to note that the lower limit of the coupling strength g to achieve
efficient resonance in an expanding background also depends upon the time period of
background oscillation, besides its dependence on ϕend and mend (n)

ϕ . Therefore, this limiting
value varies from one EoS to another depending upon ϕend,m

end (n)
ϕ and time-period z(ω)n .

The above condition sets the minimum possible coupling parameter that one requires at
the beginning of the reheating to have efficient broad parametric resonance in an expanding
background. However, due to the expanding background, any particular resonant mode k
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Figure 2.12: Upper Panel: Figure represents the flat space parameter space for the
model n = 1, n = 2 and n = 3 respectively from the left corresponding to g2ϕ2χ2 interaction.
Lower Panel : Figure represents the flat space parameter space for the model n = 1, n = 2
and n = 3 respectively from the left corresponding to σϕχ2 interaction.

also becomes non-resonant around its characteristic time scale. For example, in the present
context, minimum dimensionless coupling strengths which are necessary to initiate an
efficient resonance process are found to be g = σ/m

end (n)
ϕ = 6× 10−5, 4× 10−5, 3.77× 10−5

for n = 1, 2, 3 respectively. It is important to mention that these lower bounds of coupling
parameters are obtained for parametric resonance cases. But for three-leg type interaction,
efficient production happens for coupling strength even lower than the given bound due to
the presence of the additional tachyonic growth in the system.

Having investigated the non-perturbative aspects of reheating dynamics with a certain
degree of rigor, we shall now proceed to study the theory of inflationary cosmological
perturbations, which plays a crucial role in connecting the inflationary parameters to the
late-time CMB observables. The study of cosmological perturbation theory is also important
to understand the dynamics of the real universe, which has tiny perturbations, rather than
being perfectly homogeneous and isotropic.

2.8 Theory of Inflationary Cosmological Perturbations

Besides generating an isotropic, homogeneous universe at large scales, the superluminal
expansion during inflation also plays an instrumental role in stretching out the tiny, sub-
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horizon fluctuations to a large cosmological scale, which are believed to seed the large-scale
structure of the universe that we observe today. In the last section, we have already talked
about the dynamics of a spectator scalar fluctuation(χ), generated during inflation, and
evolved through post-inflationary phases. The existence of spectator fluctuations leads us to
consider the inflaton fluctuations(δϕ(x⃗, t)) on top of the classical, homogeneous inflaton(ϕ(t))
background. However, inflaton fluctuations are somewhat special in comparison with the
other spectator fluctuations. During inflation, as the inflaton is the dominant energy
component of the universe, its fluctuations naturally generate perturbations in the stress-
energy tensor T ϕµν , δϕ ⇒ δT ϕµν . Again, the perturbation in the stress tensor perturbs the
spacetime metric through Einstein’s equations, δT ϕµν ⇒ δGµν ⇒ δgµν . On the other hand,
the dynamics of the inflaton fluctuation is influenced by the perturbed metric through the
Klein-Gordon equation of δϕ, δgµν ⇒ δ

(
−∂µ∂µϕ+ ∂V

∂ϕ

)
= 0 ⇒ δϕ. This logic chain makes

us infer that the perturbations in the inflaton field and metric are strongly intertwined with
each other, δϕ⇐⇒ δgµν , and hence, they have to be studied together. If there is a slight
disturbance in the background field, it will spread over the whole spacetime by perturbing
the metric. The perturbed stress-energy tensor, anyway, generates perturbations in the
background energy density, and these primordial density perturbations are responsible for
the CMB temperature fluctuations:

δϕ(x⃗, t) ⇒ δρϕ(x⃗, t) ⇒ ∆T (x⃗) . (2.140)

As long as these fluctuations are tiny, δϕ(x⃗, t) << ϕ(t), the standard linear perturbation
theory suffices to study the evolution of the perturbed quantities.

2.8.1 The metric perturbations

The tiny inflaton fluctuations cause small metric perturbations δgµν around the unperturbed
background ḡµν , δgµν << ḡµν . We write the most general perturbed FLRW metric in
conformal coordinateas[21]

ds2 = a2(η)
[
−(1 + 2Φ)dη2 + 2Bidx

idx0 + (δij + hij) dx
idxj

]
. (2.141)

where Φ, Bi and hij are scalar, vector and tensor metric perturbations, respectively, and
these are functions of space and time. Here, the Latin indices i, j stand for the spatial
components, taking (i, j) = 1, 2, 3, and the Latin indices are on spatial vectors and tensors
are raised and lowered by the flat metric δij, for example, hii = δijhij.

Scalar-Vector-Tensor(SVT) decomposition of metric perturbations:

It is a standard practice to perform a scalar-vector-tensor(SVT) decomposition of the metric
perturbations. For the vector perturbations Bi, we can express any 3-vector as a linear
combination of the gradient of a scalar and a divergenceless vector

Bi = ∂iB︸︷︷︸
scalar

+ B̂i︸︷︷︸
vector

, (2.142)
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with ∂iB̂i = 0. Similarly, any rank two symmetric tensor can be expressed as

hij = 2Ψδij + 2DijE︸ ︷︷ ︸
scalar

+2
1

2

(
∂iÊj + ∂jÊi

)
︸ ︷︷ ︸

vector

+ ĥij︸︷︷︸
tensor

, (2.143)

where the operator Dij =
(
∂i∂j − 1

3
δij∇2

)
. Likewise the divergenceless vector B̂i, the hatted

quantities satisfy, i.e. ∂iÊi = 0, and ∂iĥij = 0. Additionally, the tensor components are
traceless, ĥii = 0. In a D-dimensional spacetime, a symmetric tensor has D(D+1)

2
degrees of

freedom. For D = 4, gµν has 10 degrees of freedom. These 10 degrees of freedom can be
decomposed into SVT degrees of freedom as follows:

• 4 scalars: Φ, Ψ, B, E

• 4 vectors: B̂i, Êi

• 2 tensors: ĥij

This SVT decomposition is a powerful technique because Einstein equations for scalars,
vectors and tensors don’t mix at the linear order, and we, therefore, can study their evolution
separately. In this thesis, we shall focus on the scalar and tensor perturbations, which are
the two most important predictions of inflation. Vector perturbations are not produced by
inflation; even if they were, they would decay quickly with the expansion of the universe[112].
Finally, we re-express the perturbed metric (2.141) in terms of scalar and tensor degrees of
freedom as follows:

ds2 = a2(η)
[
−(1 + 2Φ)dη2 + 2∂iBdx

idx0 +
(
(1 + 2Ψ)δij + 2DijE ++ĥij

)
dxidxj

]
.

(2.144)
Using the property gµαgαν = δµν we find the inverse metric

gµν = a−2(η)

(−1 + 2Φ) ∂iB

∂iB (1− 2Ψ)δij − 2DijE

 . (2.145)

Perturbed Ricci tensor and Ricci scalar:

In the perturbed FLRW universe with the metric (2.144), we compute the different compo-
nents of the perturbed Ricci tensor(δRµν) by varying the expression (2.3)

δRµν = ∂αδΓ
α
µν − ∂νδΓ

α
µα + δΓααβΓ

β
µν + ΓααβδΓ

β
µν − δΓβµαΓ

α
νβ − ΓβµαδΓ

α
νβ . (2.146)

With the following unperturbed background components of Rµν

R00 = −3
a′′

a
+ 3

(
a′

a

)2

, R0i = 0, Rij =

(
a′′

a
+

(
a′

a

)2
)
δij, (2.147)
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we find the perturbed components up to the linear order as follows[31]:

δR00 =
a′

a
∂i∂

iB + ∂i∂
iB′ + ∂i∂

iΦ− 3Ψ′′ + 3
a′

a
Φ′,

δR0i =
a′′

a
∂iB +

(
a′

a

)2

∂iB − 2∂iΨ
′ + 2

a′

a
∂iΦ + ∂kD

k
iE

′,

δRij =

(
−a

′

a
Φ′ + 5

a′

a
Ψ′ − 2

a′′

a
Φ− 2

(
a′

a

)2

Φ + 2
a′′

a
Ψ−+2

(
a′

a

)2

Ψ+Ψ′′ − ∂k∂
kΨ− a′

a
∂k∂

kB

)
δij

− ∂i∂jB
′ + 2

a′

a
DijE

′ + 2
a′′

a
DijE + 2

(
a′

a

)2

DijE +DijE
′′ − ∂i∂jΨ− ∂i∂jΦ− 2

a′

a
∂i∂jB

+ ∂k∂iD
k
jE + ∂k∂jD

k
iE − ∂k∂

kDijE . (2.148)

With the perturbed components of δRµν , we compute the first order perturbed Ricci
scalar(δR) as[31]

a2δR = δgµαRαµ + gµαδRαµ

=

(
−6

a′

a
∂i∂

iB − ∂i∂
iB′ − 2∂i∂

iΦ + 6Ψ′′ − 6
a′

a
Φ′ + 18

a′

a
Ψ′ − 12

a′′

a
Φ− 4∂i∂

iΨ+ 2∂k∂
iDk

iE

)
.

(2.149)

From the above expression of the perturbed Ricci scalar (2.149), we can identify the intrinsic
curvature of the constant time hypersurfaces as

a2R(3) = −4∂i∂
iΨ+ 2∂k∂

iDk
iE = −4∇2

(
Ψ− 1

3
∇2E

)
. (2.150)

This is the three-dimensional Ricci scalar associated with the spatial part gij of the perturbed
metric (2.144) for scalar perturbations, where we define the curvature perturbation as(
Ψ− 1

3
∇2E

)
[113, 114].

The Gauge problem and Gauge transformation:

While defining these metric perturbations, we encounter an important subtlety associated
with the choice of coordinates, or gauge choice. These perturbations in (2.141) are not
uniquely defined; rather, they depend upon the choice of coordinates. This coordinate
dependence makes it ambiguous to distinguish clearly between the genuine, real perturbation
and the fake perturbation arising from a poor choice of coordinates, even if the background
is perfectly homogeneous. This is known as Gauge problem. Let’s illustrate this particular
point in a quantitative approach.

• Gauge transformations: We consider the coordinate transformation

Xµ → X̃µ ≡ Xµ + ξµ(η, x⃗), where ξi ≡ ∂iL(xµ) + L̂i with ∂iL̂
i = 0 . (2.151)
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where ξµ is an infinitesimal shift in the spacetime coordinate. Utilizing the invariance
of the spacetime interval under general coordinate transformation, we write

ds2 = gµνdX
µdXν = g̃αβ(X̃

µ)dX̃αdX̃β . (2.152)

From (2.152), we write the transformation rules of the metric in the new set of
coordinates(g̃µν) in terms of the old coordinates(gµν) as

gµν(X) =
∂X̃α

∂Xµ

∂X̃β

∂Xν
g̃αβ(X̃) . (2.153)

This leads to the following transformation laws of the scalar and tensor perturbation
variables

Φ̃ → Φ− ξ0′ −Hξ0,
B̃ → B + ξ0 − L′,

Ψ̃ → Ψ− 1

3
∇2L−Hξ0,

Ẽ → E − L,

ĥij → hij . (2.154)

Interestingly, all the perturbation variables, transforming under a gauge transfor-
mation, do not represent any physical observable; the only exception is the tensor
perturbations(ĥij), which are gauge-independent and propagate as primordial gravita-
tional waves in space.

• Gauge-invariant perturbations: To eliminate the ambiguous issue of the Gauge
problem, one of the ways is to define Gauge-invariant variables that will remain
invariant under general coordinate transformations. These are the Bardeen vari-
ables [112, 115]

ΦGI ≡ Φ +H (B − E ′) + (B − E ′)
′
, ΨGI ≡ −Ψ−H (B − E ′) +

1

3
∇2E . (2.155)

These Gauge-invariant Bardeen variables are considered to be real spacetime perturbations,
which can’t be removed by a gauge transformation.

2.8.2 Matter perturbations

The energy-momentum tensor of matter in an isotropic, homogeneous universe takes the
form of an ideal fluid

T̄ µν = (ρ̄+ P̄ )ŪµŪν + P̄ δµν , (2.156)

where ρ̄, P̄ are background unperturbed energy and pressure density and Ūµ are relative
velocity between fluid and observer, for comoving observer, four-velocity becomes Ūµ =
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−a−1δµ0 and Ūµ = a1δ0µ, which satisfy ŪµŪµ = −1. Perturbing this stress tensor of the
perfect fluid we have T µν = T̄ µν + δT µν , where δT µν is the perturbed part of the stress tensor.

δT µν = (δρ+ δP )︸ ︷︷ ︸
perturbed energy and pressure

ŪµŪν + (ρ̄+ P̄ )
(
δUµŪν + ŪµδUν

)︸ ︷︷ ︸
perturbed velocity part

+δPδµν +Πµ
ν (2.157)

where Πµ
ν is the anisotropic stress tensor. The spatial part of this tensor can be chosen to

be traceless, Πi
i=0, since the effect can be taken care of by redefining the isotropic pressure,

P . This anisotropic stress tensor can also be taken to be orthogonal to the velocity vector
Uµ, UµΠµν = 0. Using the property UµUµ = −1 we calculate δgµνŪµŪν + 2ŪµδU

µ = 0.
Subject to this condition, we find δU0 = a−1Φ. Writing δU i = −vi

a
we get

Uµ = a−1
[
(−1 + Φ),−vi

]
, (2.158)

where vi = dxi/dη is the coordinate velocity. Using the condition UµUµ = −1 we find up
to the linear order of perturbation

Uµ = a [(1 + Φ)− (∂iB + vi)] . (2.159)

Utilizing the equations (2.158) and (2.159) in (2.157) we find up to the linear order of
perturbation

δT 0
0 = −δρ,

δT i0 = −
(
ρ̄+ P̄

)
vi ≡ −qi,

δT 0
i = (ρ̄+ P̄ ) (∂iB + vi) ,

δT ij = δPδij +Πi
j , (2.160)

where qi is the momentum density. In the multicomponent universe, the total stress-energy
tensor is the sum of the stress tensors of all the components; Tµν =

∑
I T

I
µν , where “I” varies

over all the fluid components. This implies

δρ =
∑
I

δρI, δP =
∑
I

δPI, q
i =

∑
I

qiI, Π
ij =

∑
I

Πij
I . (2.161)

Likewise Eq.(2.153), the stress-energy tensor transforms under general coordinate transfor-
mation as

T µν (X) =
∂X̃µ

∂Xα

∂X̃β

∂Xν
T̃αβ (X̃) . (2.162)

This leads to the transformation laws of the different components as follows:

δ̃ρ→ δρ− ξ0ρ̄′ ,

˜δP → δP − ξ0P̄ ′ ,

q̃i → qi +
(
ρ̄+ P̄

)
L′
i ,
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ṽi → vi + L′
i ,

Π̃ij → Πij . (2.163)

Likewise the Gauge-invariant Bardeen variables in (2.155), we write one popular Gauge-
invariant quantity[21, 30, 31]

∆ ≡ δρ

ρ̄
+
ρ̄′

ρ̄
(v +B) , (2.164)

where vi = ∂iv. This “∆” is called the comoving gauge density contrast. Combining
equations (2.150), (2.154), and (2.163), we construct the gauge-invariant comoving curvature
perturbation as[31, 113, 114]

R =

(
Ψ− 1

3
∇2E

)
+H(B + v). (2.165)

In the latter part of the discussion, we shall show that this gauge-invariant definition of
curvature perturbation is connected to the inflaton fluctuation(δϕ) for a particular gauge
choice(see Eq.(2.176)).

Adiabatic perturbations:

In the universe, filled with multiple fluid components, the adiabatic perturbations correspond
to the perturbations due to a common, local shift of all background quantities for all the
fluids. The adiabatic perturbations have the property that the local state of matter,
charaterized by the energy or pressure density, at some spacetime point, (η, x⃗) in the
perturbed universe, is the same as in the background universe at some slightly different
time η + δη(x⃗). The adiabatic density perturbations are defined as

δρI(η, x⃗) ≡ ρ̄I(η + δη(x⃗))− ρ̄I(η) = ρ̄′Iδη(x⃗) . (2.166)

The adiabatic perturbations define the common local shift of time for all the components.
Hence, we have

δη =
δρI
ρ̄′I

=
δρJ
ρ̄′J
, where I, J are two different fluids. (2.167)

In the absence of any energy transfer between the fluid components at the background
level, each component individually follows the energy continuity equation (2.7). From the
continuity equation, ρ̄′I = −3H (1 + wI) ρ̄I for a particular component, we, therefore, write

δI
(1 + wI)

=
δJ

(1 + wJ)
for all species I and J. (2.168)

where the fractional density contrast is defined as δI ≡ δρI
ρ̄I

. In the case of adiabatic
perturbations, the total density perturbation can be written as

δρtot = ρ̄totδtot =
∑
I

ρ̄IδI . (2.169)
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This expression shows that for adiabatic fluctuations, the total density perturbation is
governed by the dominant background component since all the δI are comparable, as obvious
in (2.167).

Isocurvature perturbations:

Unlike the adiabatic perturbations, isocurvature perturbations only correspond to the
perturbations between the different components. From Eq.(2.168), for isocurvature fluctua-
tions, the given ratio will change from one species to another. It defines the isocurvature
fluctuations as

SIJ ≡
δI

(1 + wI)
− δJ

(1 + wJ)
. (2.170)

The following definitions, therefore, imply that for a single-field inflationary scenario, the
perturbations produced during inflation are of the adiabatic type. However, for multifield
inflationary models, isocurvature perturbations are expected to be generated, and they
might even be cross-correlated to the adiabatic ones[116–118]. In Chapter(6), we shall
thoroughly investigate the generation of isocurvature perturbations by the spectator scalar
field during inflation and post-inflationary reheating. The current observational constraint
on the isocurvature perturbation amplitude in turn constrains the instability growth of
the spectator field. The CMB scale isocurvature bound is indeed an important large-scale
observational bound that must be respected while studying the dynamics of multiple fields
in the early universe.

Perturbed Stress energy tensor of the inflaton:

As already explained that the metric perturbations are induced by the energy-momentum
tensor of the dominating fluid in the background. In the case of a single-field inflationary
model, the perturbation of the inflaton stress tensor leads to the metric perturbations.
Perturbing the energy-momentum tensor of the inflaton (2.44), we write

δT ϕµν = ∂µδϕ∂νϕ+ ∂µϕ∂νδϕ− δgµν

(
1

2
gαβ∂αϕ∂βϕ+ V (ϕ)

)
− gµν

(
1

2
δgαβ∂αϕ∂βϕ+ gαβ∂αδϕ∂βϕ+

∂V

∂ϕ
δϕ

)
. (2.171)

We write the mixed components as

δT µ(ϕ)ν = δgµαT (ϕ)
αν + gµαδT (ϕ)

αν . (2.172)

Equation (2.172) leads to the following perturbed components of the inflaton energy-
momentum tensor up to the linear order.

δT
0(ϕ)
0 = Φϕ′ 2 − δϕ′ϕ′ − a2δϕ

∂V

∂ϕ
,
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δT
i(ϕ)
0 = ∂iBϕ′ 2 + ∂iδϕ′,

δT
0(ϕ)
i = −ϕ′

a2
∂i(δϕ),

δT
i(ϕ)
j =

(
−Φϕ′ 2 + δϕ′ϕ′ − a2δϕ

∂V

∂ϕ

)
δij . (2.173)

2.8.3 Scalar curvature perturbations: Connection with inflaton
fluctuations

At this point, we can show an interesting connection between the inflaton fluctuation δϕ
and the gauge-invariant curvature perturbation R. If we choose to work in the spatially
flat gauge, the definition (2.165) becomes

R =

(
Ψ− 1

3
∇2E

)
+H(B + v)

spatially flat gauge−−−−−−−−−−→ H(B + v) . (2.174)

In spatially flat gauge, we set Ψ = E = 0. From the equation (2.160), it is clear that the
combination (B+ v) appears in the off-diagonal elements δT 0

i of the perturbed stress tensor
of the fluid. Comparing with the linear perturbation δT

0(ϕ)
i of background inflaton field

(2.173), we find

(B + v) = −δϕ
ϕ′ . (2.175)

We write vi = ∂iv, and ϕ(η) is the homogeneous background field, only depending upon time.
In the inflaton-dominated background, recalling Eq.(2.45), we find the sum of unperturbed

pressure and energy density
(
ρ̄+ P̄

)
=
(
ϕ′

a

)2
. Therefore, in the spatially flat gauge, we

can conveniently express the curvature perturbation in terms of the inflaton fluctuation

R = −H
ϕ′ δϕ . (2.176)

This is an extremely important relation, connecting the primordial density perturbation
with the scalar curvature perturbation. This expression will be utilized to derive the
relationship between CMB observables and the inflationary slow-roll parameters. In the
next part of the discussion, we shall study the dynamics of the inflaton fluctuation within
the framework of a massless scalar field evolution in an expanding background, as described
in Section(2.7).

It is justified to write the inflaton field as ϕ(η, x⃗) = ϕ(η)+δϕ(η, x⃗), where the fluctuation
δϕ on top of the homogeneous background ϕ(η) behaves like a massless fluctuation which
follows the dynamical EoM (2.98) for vanishing mχ, ξ, F (ϕ). By expanding the inflaton
Lagrangian (2.41) to the quadratic order in the perturbation δϕ, we write

S(2) =
1

2

∫
dη d3x

(
(f ′)2 − (∇f)2 +

(
a′′

a
− a2

∂2V (ϕ)

∂ϕ2

)
f 2

)
. (2.177)
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where the rescaled field is defined as f(η, x⃗) = a(η)δϕ(η, x⃗). During slow-roll inflation, we
have ηV = M2

pl

(
V ′′

V

)
<< 1.(see Eq.(2.55)). Hence, a′′

a
= 2a2H2 >> a2V ′′, as the constant

de Sitter Hubble scale is very high during inflation. Dropping the V ′′ term we write the
action

S(2) =
1

2

∫
dη d3x

(
(f ′)2 − (∇f)2 + a′′

a
f 2

)
. (2.178)

From the Euler-Lagrange equation, we find the evolution equation of each Fourier mode of
δϕ

f ′′
k +

(
k2 − a′′

a

)
fk = 0 . (2.179)

This is the well-known Mukhanov-Sasaki equation, which is also followed by any massless,
minimally coupled spectator fluctuation(see Eq.(2.98)). With the Bunch-Davies initial
vacuum state of each Fourier mode fk = 1√

2k
e−ikη as η → −∞ and k|η| >> 1(all the modes

were deep inside the horizon), we find the general solution of Eq.(2.179) during de Sitter
inflation using the scale factor (2.122)[21, 113, 119]

fk(η) =
e−ikη√
2k

[
1− i

kη

]
. (2.180)

Likewise, the spectator field operator, expressed in terms of the ladder operators in (2.100),
we can also promote the rescaled inflaton fluctuation to the operator expansion as

f̂(η, x⃗) =

∫
d3k⃗

(2π)3
eik⃗.x⃗

[
fk⃗(η) âk + f ∗

k⃗
(η)â†−k)

]
. (2.181)

As f(η, x⃗) is not giving any background, its vacuum expectation value(VEV) is vanishing,
⟨0| f̂ |0⟩ = 0. Only the non-vanishing contribution comes from the variance of the inflaton
fluctuations.

⟨|f̂ 2|⟩ = ⟨0| f̂ †(η, 0)f̂(η, 0) |0⟩

=

∫
d3k

(2π)3
|fk(η)|2

=

∫
d(lnk)

k3

2π2
|fk(η)|2 (2.182)

We define the power spectrum as

Pf (k, η) ≡
k3

2π2
|fk(η)|2 . (2.183)

Using the field rescaling, fk = a δϕk, and the solution (2.180), we can write the δϕ power
spectrum as

Pδϕ(k, η) = a−2Pf (k, η) =
(
H

2π

)2
(
1 +

(
k

aH

)2
)

super-horizon modes k<<aH−−−−−−−−−−−−−−−−→
(
H

2π

)2

.

(2.184)
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We approximate the above power spectrum at the inflation end as

Pδϕ(k, η) ≈
(
H

2π

)2

. (2.185)

Now, exploiting the relation (2.176), we define the curvature perturbation power spectrum
as

PR(k, η) =

(H
ϕ′

)2

Pδϕ(k, η) . (2.186)

Similarly, the conserved curvature perturbation power spectrum turns out to be

PR(k, η) =
Pδϕ(k, η)
2 ϵHM2

pl

=
H2

8π2 ϵHM2
pl

, (2.187)

where the slow-roll parameter ϵH is given in Eq.(2.48). Exploiting the equality ϵH = ϵV =
M2

pl

2

(
V ′

V

)2
, and the relation 3M2

plH
2 ≃ V (ϕ) during inflation, we can reexpress the curvature

power spectrum (2.187) as a function of the inflaton potential as

PR(k, η) =
V 3

12π2M6
pl (V

′)2
. (2.188)

So, the power spectrum in this form depends upon the shape of the inflaton potential.
As different modes exit the horizon at different times, hence, PR spectrum is expected

to have a slight scale dependence, which is basically related to the slow time-variation of H
and ϵH. Near a reference scale k∗, the k-dependence of the spectrum assumes a power-law
form

PR = As

(
k

k∗

)ns−1

, (2.189)

where the amplitude of the scalar curvature power spectrum or the CMB normalization
constant is As = 2.12× 10−9 at the CMB pivot scale (k∗/a0) ≡ (kCMB/a0) = 0.05Mpc−1

where a0 is the present-day scale factor, normalized to unity, and ns is the scalar spectral
index. The current observational values of these quantities are discussed in Section (2.5).
Comparing two equations (2.188) and (2.189), we get the expression of the spectral amplitude
As at the horizon crossing point of the pivot scale

As =
V 3

12π2M6
pl (V

′)2
. (2.190)

To define the deviation from the perfect scale-invariance, we introduce the spectral index ns

(ns − 1) =
d lnPR

d lnk
. (2.191)

From the relation (2.187), we write

d lnPR

d lnk
= 2

(
d lnH

d ln k

)
−
(
d ln ϵH
d ln k

)
. (2.192)
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For a particular mode k, at the point of horizon crossing, we write

ln k = N + lnH . (2.193)

This leads to(
d lnH

d ln k

)
=

ϵH
(ϵH − 1)

≃ −ϵH (1 + ϵH) ≈ −ϵH taking only first order term . (2.194)

The ratio
(
d ln ϵH
d ln k

)
can be computed as(

d ln ϵH
d ln k

)
=

(
d ln ϵH
dN

)(
dN

d lnH

)(
d lnH

d ln k

)
≈ ηH

(
− 1

ϵH

)
(−ϵH) = ηH . (2.195)

Substituting (2.194) and (2.195) to the relation (2.192), we finally obtain the relation
between the spectral index ns and the inflationary slow-roll parameters

ns = (1− 2ϵH − ηH) . (2.196)

Using the relation (2.55), we express ns in terms of the inflationary potential model

ns = (1− 6ϵV + 2ηV) . (2.197)

This relation (2.197) has a great implication as it directly connects the CMB parameter
ns with the inflationary slow-roll parameters. The observationally predicted range of ns
values(see Fig.(2.13)) indicates the departure from the perfect de Sitter inflationary phase
with small but non-vanishing slow-roll parameters.

We shall now proceed to study the dynamics of the gauge-invariant tensor perturbations
ĥij, which propagate as primordial gravitational waves through space.

2.8.4 Tensor perturbations: Generation of Primordial
gravitational waves

As we have already discussed in the last subsection, unlike the scalar perturbations,
tensor perturbations remain invariant under the general coordinate transformation or
gauge transformation. These tensor perturbation components propagate as Gravitational
Waves(GWs) through the vast expanse of space without being distorted due to their feeble
interaction with matter. This feeble interaction has made GWs a unique messenger to
probe the very early universe(the early inflationary era), even much before the generation
of CMB radiation. In the Perturbed FLRW metric (2.144), we now only concentrate on the
tensor perturbations. The SVT decomposition has made it possible to study the dynamics
of each component separately.

ds2 = a2(η)
[
−dη2 + (δij + hij) dx

idxj
]

(2.198)
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As already discussed, for the transverse(∂ihi = 0), traceless(hii = 0) property, the tensor
perturbations hij have only two degrees of freedom; these two independent modes correspond
to “+” and “×”, two polarization states of GWs. The tensor perturbations in the presence
of anisotropic stress are governed by the following action up to quadratic order [120–122]

SGW =

∫
dx4

√−g
[
−
M2

pl g
µν

8
∂µhij∂νh

ij +
1

2
Πijh

ij

]
, (2.199)

where ‘Πij’ is the anisotropic stress, defined as [121] Πi
j = T ij − P̄ δij. Here ‘Πij’ also

satisfies the transverse (∂iΠij = 0) and traceless (Πi
i = 0)) conditions with the unperturbed

background pressure P̄ . Here Πij, coupled with the tensor perturbations hij, is acting
like an external source. By varying the action (2.199) with hij, we obtain the equation of
motion of hij in the presence of an anisotropic source as follows:

h′′ij(η, x⃗) + 2Hh′ij(η, x⃗)−∇2hij(η, x⃗) =
2

M2
pl

a2Πij(η, x⃗) (2.200)

Likewise, scalar fluctuations, the tensor perturbations hij(η,x) and the anisotropic stress
tensor Πij(η, x⃗) can be decomposed in terms of the Fourier modes, say, hλk(η) and Πλ

k(η) as
follows [17, 120, 121, 123, 124]:

ĥij(η,x) =
∑
λ=+,×

∫
d3k⃗

(2π)3

[
âλke

λ
ij(k⃗)h

λ
k(η)e

ik⃗.x⃗ + âλ†k e
λ∗
ij (k⃗)h

λ ∗
k (η)e−k⃗.x⃗

]
,

Π̂ij(η, x⃗) =
∑
λ=+,×

∫
d3k⃗

(2π)3

[
âλke

λ
ij(k⃗)Π

λ
k(η)e

ik⃗.x⃗ + âλ†k e
λ∗
ij (k⃗)Π

λ ∗
k (η)e−k⃗.x⃗

]
, (2.201)

where eλij(k) is the polarization tensor corresponding to the mode with wave vector k⃗ and the
index λ represents two polarization states + or × of the GWs. Polarization tensor obeys the
relations δijeλij(k⃗) = kieλij(k⃗) = 0, and we shall use the normalization eij λ(k⃗)eλ′∗ij (k⃗) = 2δλλ

′ .
In the above Fourier decompostion, the operators (âλk , â

λ†
k ) are the annihilation and creation

operators corresponding to the tensor modes with the wave vector k⃗ and they satisfy the
usual commutation relation

[
âλk , â

λ′†
k′

]
= (2π)3δ3(k⃗ − k⃗′)δλλ

′ and all other combinations are

vanishing. The vacuum state |0⟩ is defined as âλk |0⟩ = 0 for all k⃗ and λ. Note that eλij(k⃗) is
assumed to be real in the linear polarization basis and implying hλ−k(η) = hλ∗k (η), and the
mode functions hλk(η) satisfy the following inhomogeneous equation [17, 120, 123–127]:

hλ
′′

k⃗
+ 2

a′

a
hλ
k⃗
′ + k2hλ

k⃗
=

2a2

M2
pl

eijλ (k⃗)P
lm
ij (k̂)Tlm(k⃗, η). (2.202)

As the left-hand side of the above equation has the transverse-traceless property, to make the
right-hand side also transverse and traceless, we operate the transverse-traceless projector
P lm
ij (k⃗) on the energy-momentum tensor Tij(k⃗, η). For this type of source, we chose the
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linear polarisation basis, in which both polarisation modes contribute equally to the total
energy density of the produced gravitational waves (GWs). Henceforth, we drop the
polarization index to simplify the notation and incorporate its information into the tensor
power spectrum. Following the definition (2.182) for scalar perturbation, we find the
variance of the tensor perturbations ⟨0| ĥλij(η) (ĥij λ(η))∗ |0⟩. Computing this expectation
value, we define the tensor power spectrum as

PT(k, η) = 2
k3

2π2
|hk⃗(η)|2

∑
λ=+,×

δλλ = 4
k3

2π2
|hk⃗(η)|2. (2.203)

Utilizing the Green’s function method, the solution of (2.202) for tensor perturbation can
be expressed as[128, 129]

hk⃗(η) = hpri
k⃗

+
2eij(k⃗)

M2
pl

∫
dη1Gk(η, η1)ΠTT

ij (k⃗, η1). (2.204)

Here hpri
k⃗

is the homogeneous contributions of the tensor fluctuations, which is the primary
tensor perturbation in the absence of any source, and Gk(η, η1) is the retarded propagator
by solving Eq.(2.200) with delta function source. In the above Eq.(2.204) we define
ΠTT
ij (k⃗, η1) = P lm

ij (k⃗)Tlm(η, k⃗) with P lm
ij (k⃗) and Tlm(η, k⃗) being the Fourier transformation

of the transverse-traceless projector and the energy-momentum tensor respectively. This
projector is defined as

Plm, ij =

(
Pli(k̂)Pmj(k̂)−

1

2
Plm(k̂)Pij(k̂)

)
, (2.205)

where Pij(k̂) =
(
δij − k̂ik̂j

)
, k̂i = (ki/|ki|). By substituting Eq. (2.204) into Eq. (2.203,

we derive the total tensor power spectrum as

PT(k, η) = 4
k3

2π2

|hprik |2 + 4

M4
pl

∫ ηf

ηi

dη1Gk(η, η1)
∫ ηf

ηi

dη2Gk(η, η2)Π2(k, η1, η2)︸ ︷︷ ︸
secondary/induced tensor power spectrumPsec

T

 . (2.206)

Here, ηi and ηf represent the initial and final times when the source was active to produce
the tensor fluctuations. The term Π2 on the right-hand side is defined as the correlator of
the source ΠTT

ij , given by [129]:

⟨0|ΠTT
ij (k⃗, η1)Π

TT∗
ij (k⃗1, η2)|0⟩ = (2π)3δ3(k⃗ − k⃗1)Π

2(k, η1, η2). (2.207)

In Chapter(6), we shall extensively study the generation of induced gravitational waves
through the gravitationally produced scalar fluctuations within the framework of CGPP.
There, we shall compute the whole bracketed quantity in (2.206) for the gravitationally
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produced source field. For the time being, we shall concentrate on the dynamics of the
inflationary tensor perturbations in the absence of any source term on the right-hand side
of (2.202). We write the equation of motion of the primary tensor fluctuation

h′′k + 2
a′

a
h′k + k2hλk = 0 . (2.208)

Respecting isotropy, we drop the vector sign of each k mode for the primary tensor
perturbations. We rescale the Fourier mode hk in terms of the Mukhanov-Sasaki variable
uk as hk =

(√
2/Mpl

)(
uk/a

)
. The Mukhanov-Sasaki variable satisfies the equation[15–

17, 23, 130, 131]

u′′k +
(
k2 − a′′

a

)
uk = 0 . (2.209)

Using the Bunch-Davies initial vacuum condition, we find exactly the same solution of
(2.209) as given in (2.180) during inflation.

uk(η) =
1√
2k

[
1 +

iH a(η)

k

]
e−ikη . (2.210)

Using the solution (2.210), we obtain the solution of the original field mode hk.

hk(η) =

√
2

Mpl

iH√
2k3

[
1− ik

H a(η)

]
eik/(H a(η)) (2.211)

Substituting the solution of hk (2.211) to the tensor power spectrum (2.203), we obtain the
primary Ppri

T (k) at the inflation end as

Ppri
T (k) =

2H2

π2M2
pl

(
1 +

( k

aH

)2) super-horizon modes k<<aH−−−−−−−−−−−−−−−−→
(

2H2

π2M2
pl

)
. (2.212)

Thus, the primary tensor power spectrum at the end of inflation turns out to be

Ppri
T (k) ≃ 2H2

π2M2
pl

. (2.213)

This is the well-known scale-invariant power spectrum often discussed in the context of de
Sitter inflation[113, 131–133]. This scale-invariant power spectrum is a robust prediction of
inflation, where the tensor perturbation amplitude is directly related to the inflationary
Hubble scale. In analogy to the scalar curvature power spectrum (2.189), the scale-
dependence of the tensor power spectrum is defined as

PT(k) ≡ At

(
k

k∗

)nt

. (2.214)

where nt is the spectral index of the tensor power spectrum. Comparing Eq.(2.214) with
(2.213), we write the tensor spectral index as

nt =

(
d lnPT

d lnk

)
= 2

(
d lnH

d lnk

)
= −2 ϵH . (2.215)
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Figure 2.13: The ns − r parameter space represents the constraints on the scalar and
tensor primordial power spectra at the pivot scale k∗ = 0.05Mpc−1. The constraints on r
are driven by the BK18 data[64], while the constraints on ns are driven by Planck (orange),
ACT (blue), or P-ACT (purple). The combined dataset also includes CMB lensing and
BAO in all cases. This figure is taken from [43].

Another quantity, having a great observational significance, is defined as the ratio of the
amplitude of the tensor and the scalar curvature power spectrum. This ratio is well-known
as tensor-to-scalar ratio. Using equations (2.187) and (2.213), we find

r ≡ At
As

= 16 ϵH . (2.216)

Combining equations (2.213) and (2.216), we establish an interesting relation between the
inflationary Hubble scale and the CMB observables

Hk = πMpl

√
r As
2

, (2.217)

where Hk is the inflationary Hubble scale. Using the current observational upper bound on
r, as described in Section (2.5), we obtain the highest possible inflationary energy scale.

Hk ≲ (2× 10−5)Mpl = (4.8× 1013)GeV with r = 0.038 at k∗ = 0.05Mpc−1. (2.218)

2.8.5 Connecting α-attractor model parameters with the CMB
observables

In this subsection, in light of the α-attractor E-type potential model, we express various
model parameters in terms of the CMB observables (ns, r). Plugging the expressions of
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slow-roll parameters (2.79) in Eq.(2.197) and (2.216), we compute

ns = 1− 8n

3α

(
n+ e

√
2
3α
.
ϕk
Mpl

)
(
e

√
2
3α
.
ϕk
Mpl − 1

)2 ,

r =
64n2

3α

1(
e

√
2
3α
.
ϕk
Mpl − 1

)2 . (2.219)

Here, the tensor-to-scalar ratio is computed at the CMB pivot scale k∗.
After simplifying Eq.(2.219), we find the inflaton amplitude ϕk at the horizon crossing

of the pivot scale, and r in terms of ns, α, n [42].

ϕk =

√
3α

2
Mplln

[
1 +

4n+
√

16n2 + 24αn(1− ns)(1 + n)

3α(1− ns)

]
,

r =
192αn2(1− ns)

2(
4n+

√
16n2 + 24αn(1− ns)(1 + n)

)2 . (2.220)

Using Eq.(2.58), the inflationary e-folding number Nk between the horizon exit of the pivot
scale k∗ at ϕk and the end of inflation at ϕend, is calculated to be

Nk =
3α

4n

[
exp

(√
2

3α

( ϕk
Mpl

))
− exp

(√
2

3α

(ϕend

Mpl

))
−
√

2

3α

(
ϕk
Mpl

− ϕend

Mpl

)]
. (2.221)

We consider the horizon exit of the pivot scale as the beginning of inflation.
Using equations (2.51) and (2.217), finally, the energy scale of inflation related to

the parameter Λ in the potential (2.75) can be analytically expressed in terms of CMB
parameters as follows [42]:

V (ϕk) =
3π2AsM

4
pl

2
r = Λ4

(
1− e

−
√

2
3α
. ϕ
Mpl

)2n
⇒ Λ =Mpl

(3π2rAs
2

) 1
4

[
2n(1 + 2n) +

√
4n2 + 6α(1 + n)(1− ns)

4n(1 + n)

]n
2

. (2.222)

All these expressions of the potential model parameters, the inflaton amplitude at the
beginning and end of inflation, inflationary e-folding number(see Eqs.(2.77), (2.78), and
(2.220)-(2.222)), will be extensively used to study the background dynamics during inflation
and the post-inflationary reheating phase throughout this thesis.

In summary, this chapter has presented an overview of the essential theoretical frame-
work that underpins both the standard and extended paradigms of modern cosmology.
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Starting from the triumphs and inherent limitations of the standard FLRW cosmology, we
motivated the need for an inflationary phase, preceding the hot Big Bang era, whose very
dynamics naturally resolve the long-standing horizon, flatness, and monopole problems
while simultaneously providing a natural mechanism for the origin of primordial pertur-
bations. We then reviewed the subsequent reheating phase, a crucial bridge between the
inflationary and the hot Big Bang epoch, with a significant emphasis on its perturbative
and non-perturbative aspects. This intermediate phase not only repopulates the universe
with relativistic degrees of freedom but also leaves indelible imprints, from massless and
massive(dark matter) particle-production dynamics to stochastic backgrounds of gravita-
tional waves. The treatment of inflationary perturbations further clarifies how tiny quantum
vacuum fluctuations of the inflaton evolved into the seed of cosmic structure observed in the
CMB temperature anisotropies and the large-scale distribution of matter, and also explains
the origin of the nearly scale-invariant tensor perturbations. As an overall impression, these
elements illustrate how non-standard extensions of the standard cosmological model enrich
our understanding of the early universe and open new observational windows. This founda-
tional framework prepares the ground for an intensive investigation of the non-perturbative
signature of reheating through cosmic relics carried out in the subsequent chapters.
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CHAPTER 3
Introduction to Quantum Squeezing and

diagnostic of quantum chaos

" Chaos has become not just theory but also method, not just a
canon of beliefs but also a way of doing science."

—James Gleick, Chaos: Making a New Science

3.1 Squeezed State Formalism
In cosmology, squeezed states provide a powerful language for describing how small-scale
quantum vacuum fluctuations evolve into large-scale classical density perturbations. They
capture the memory of how fluctuation modes were stretched, correlated, and amplified by
the early inflationary phase of the universe, making squeezing a robust framework linking
microscopic quantum behavior with the macroscopic cosmic structure. In this section,
we construct the squeezed state formalism, which will be employed later to revisit the
phenomenon of explosive particle during the preheating era in the language of quantum
squeezing. The interaction between the produced quantum fluctuations and the classical
expanding background makes the quantum state of those fluctuations squeezed. The
investigation of the early universe particle production within the framework of quantum
squeezing, indeed, provided us with some insightful ideas regarding the inherent chaotic
instability and the eventual thermalization of the system. Thus, treating the interacting
system within the squeezing framework opens up a unique possibility to decode various
microscopic features of large-scale systems in a cosmological setting. These intriguing
aspects will be explored in the next Chapter(4).

It is well known that, upon quantization, the states of a harmonic oscillator are coherent,
whereas those of a parametric oscillator (an oscillator with time-dependent frequency) are
squeezed. If one measures the uncertainty of two-phase space variables in a squeezed state
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corresponding to a particular system, then one will encounter the terms whereupon one
grows exponentially, and another one will die out exponentially [134, 135] respecting the
Heisenberg Uncertainty Principle. The squeezing refers to the unequal distribution of this
minimum uncertainty between the two conjugate variables, allowing for enhanced precision
in either direction, say, position, with the expense of the reduced precision in the other
conjugate direction, i.e. momentum. This fact is nicely depicted in Fig.(3.1). The coherent
state is realized in the form of a circle with equal uncertainties of the two variables, whereas
for a squeezed state , the circle squeezed along one direction, reducing the uncertainty of
one variable, becomes an ellipse.
We introduce the concept of a squeezed state by giving the example of an inverted harmonic
oscillator(IHO), which serves as a key toy model for studying squeezed states. The
Hamiltonian of IHO, having a potential unbounded from below, is given as

ĤIHO =
p̂2

2
− 1

2
kx̂2 . (3.1)

where x̂, p̂ are the position and momentum operators of the quantum system, and k is the
frequency of the oscillator. By defining x̂ and p̂ in terms of raising and lowering operators
of the non-inverted oscillator,

x̂ =
1√
2k

(
â+ â†

)
, p̂ = −i

√
k

2

(
â− â†

)
, (3.2)

the inverted oscillator Hamiltonian becomes

ĤIHO = −k
2

(
â2 + (â†)2

)
. (3.3)

The presence of the (a†)2 term in the above Hamiltonian (3.3) is responsible for the squeezing
of the quantum state for the inverted harmonic oscillator, and we shall make this fact clear
while writing the Hamiltonian of the produced fluctuations, interacting with the classical
background.

3.1.1 Quantum field-theoretic description of squeezed state
formalism

As we are interested in applying the squeezed state formalism to the dynamics of quantum
fluctuations during early reheating, we need to develop the field-theoretic version of the
formalism.

We write the momentum-preserving unitary two-mode squeezing operator Ŝk(rk, φk)
as[134, 136–138], Ŝk(rk, φk) = eB̂k with

B̂k ≡
rk(t)

2

(
e−2iφk(t)âk⃗(t0)â−⃗k(t0)− e2iφk(t)â†

−⃗k
(t0)â

†
k⃗
(t0)
)
. (3.4)

The anti-hermitian nature B̂†
k = −B̂k confirms the unitarity of the squeezing operator in

Eq.(3.4). Two parameters rk and φk in Eq. (3.4) quantify the amount of squeezing of the
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X

P

Coherent State

X

P

∆X

∆P

Squeezed State

Figure 3.1: Schematic phase-space representation of a coherent state (left) with equal
uncertainties along both directions, and a squeezed state (right) exhibiting reduced uncertainty
along one direction at the expense of the conjugate variable.

quantun system in a particular quantum state and its squeezing angle, respectively. To have
a complete evolution of a dynamical system, the second operator is the rotation operator,
R̂k(θk), defined as, R̂k(θk) = eD̂k with

D̂k ≡ −iθk(t)
(
â†
k⃗
(t0)âk⃗(t0) + â†

−⃗k
(t0)â−⃗k(t0)

)
, (3.5)

where D̂†
k = −D̂k as it was in Eq. (3.4). Here rotation operator is characterized by a

parameter θk, called the rotation angle. In both equations (3.4) and (3.5), the ladder
operators are defined at some initial time t0. Combining these two operators Ŝk(rk, φk)
and R̂k(θk), one can construct a unitary, momentum-preserving time-evolution operator for
every individual scalar mode as,

Ûk = Ŝk(rk, φk)R̂k(θk). (3.6)

Using the operator expansion Baker-Campbell-Hausdorff formula[139] eÔ Â e−Ô = Â +
[Ô, Â] + [Ô, [Ô, Â]]/2! + ..., one can easily check that the application of this unitary
evolution operator on the creation and annihilation operators generates their time evolution
as

âk⃗(t) = Û †
k(t, t0)âk⃗(t0)Ûk(t, t0) ⇒ âk⃗(t) =

(
cosh rke

−iθk âk⃗(t0)− sinh rke
i(θk+2φk)â†

−⃗k
(t0)
)
,

â†
k⃗
(t) = Û †

k(t, t0)â
†
k⃗
(t0)Ûk(t, t0) ⇒ â†

k⃗
(t) =

(
cosh rke

iθk â†
k⃗
(t0)− sinh rke

−i(θk+2φk)â−⃗k(t0)
)
.

(3.7)

Following Eq.(2.108), we can express

âk⃗(t) = αk(t)âk⃗(t0) + βk(t)â
†
−k⃗
(t0). (3.8)
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A comparison between Eq.(3.7) and (3.8) provides one of the forms of two coefficients αk(t)
and βk(t) in terms of rk, φk and θk in this two-mode squeezed state formalism. These forms
are as follows:

αk(t) = e−iθk cosh rk(t),

βk(t) = −e(iθk+2iφk) sinh rk(t). (3.9)

Such choice naturally satisfies the normalization condition, |αk(t)|2 − |βk(t)|2 = 1 for a
scalar field system. Within this squeezed state framework, we can define an alternative
expression of occupation number density nk which is equivalent to the expression (2.114).
It is worth mentioning that the purpose of defining such coefficients, namely Bogoliubov
coefficients, is to connect the late-time raising and lowering operators with the operators of
initial time. In the Heisenberg picture, as operator evolution is studied rather than state
evolution, a vacuum state corresponding to the operators at the initial time will no longer be
a vacuum corresponding to the creation and annihilation operators at a late time. Thus, in a
dynamical background, the vacuum with respect to the initial operators becomes an excited
state with respect to the late-time operators. This argument is already given in Section (2.7).
Here we restate the same in the language of the squeezed state formalism. One can construct
the late-time number operator(N̂k⃗(t)) using (3.7) and conjugate, N̂k⃗(t) = â†

k⃗
(t)âk⃗(t) and the

vacuum expectation value of this late-time number operator in the so-called Bunch-Davis
vacuum defined at the initial time(t0) can be expressed as

⟨N̂k⃗(t)⟩ =
〈
0k⃗
∣∣ â†

k⃗
(t)âk⃗(t)

∣∣0k⃗〉 = |βk(t)|2 = sinh2 rk . (3.10)

The same expression can also be obtained for −k⃗ mode, ⟨N̂−k⃗(t)⟩ = sinh2 rk. Interesting
to note that the evolution of the squeezing parameter rk influences the time evolution of
occupation number density for various modes k⃗.

3.1.2 Two-mode squeezed states for bosonic system

The squeezed state of the produced particles can be determined by the application of
the unitary evolution operator (3.6) on a two-mode unsqueezed vacuum state. Borrowing
the idea as outlined in [136], we can factorize the full Hilbert space of the system ε into
independent inner products of Hilbert spaces for two opposite momenta modes k⃗ and −k⃗,
ε =

∏
k∈R3+ εk⃗⊗ ε−k⃗. Using this idea, we can write the two-mode unsqueezed vacuum state

as,
∣∣0k⃗, 0−k⃗〉 ≡ ∣∣0k⃗〉⊗ ∣∣0−k⃗〉. Finally the application of two-mode unitary evolution operator

(3.6) on the unsqueezed vacuum leads us to the momentum-preserving two-mode squeezed
state |ψsq⟩k⃗,−k⃗[136, 138, 140]∗:

|ψsq⟩k⃗,−k⃗ = Ŝk(rk, φk)R̂k(θk)
∣∣0k⃗, 0−k⃗〉 = 1

cosh rk

∞∑
n=0

e2inφk(−1)n tanhn rk
∣∣nk⃗, n−k⃗

〉
, (3.11)

∗Explicitly, the application of Rotation operator on the initial vacuum state keeps it invariant,
R̂k⃗(θk)

∣∣∣0k⃗, 0−k⃗

〉
=
∣∣∣0k⃗, 0−k⃗

〉
, so vacuum state is rotationally invariant.
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where a two-mode excited state is given by∣∣nk⃗, n−k⃗
〉
=

∞∑
n=0

1

n!

(
â†
k⃗

)n(
â†
−k⃗

)n ∣∣0k⃗, 0−k⃗〉 . (3.12)

This |ψsq⟩k⃗,−k⃗ is a two-mode squeezed state, well known in the context of quantum optics
as an entangled state[141–143].

These fundamental tools of the squeezed state formalism for a quantum scalar field
system will be applied to the study of bosonic preheating in the next chapter.

3.2 Diagnostic of quantum chaos: out-of-time-order
correlator(OTOC)

OTOC, a nice acronym for out-of-time-order correlator, is one of the diagnostics for
detecting the presence of quantum chaos in a system. Unlike a classical system, studying
and characterizing the chaos in quantum many-body systems is pretty challenging. For a
classical system, if a small perturbation to the initial state of a system causes exponentially
diverging phase-space trajectories, then such hypersensitivity to the initial state or initial
condition of that system is a clear indication of the presence of chaos. The system’s extreme
sensitivity to a tiny initial perturbation gives rise to the popular concept of the Butterfly
effect [144, 145]. In Fig.(3.2), two initially neighbouring trajectories are diverging very fast
with time, and this phenomenon resembles, as if a butterfly is flapping its wings. For a
classical system, this hypersensitivity can be quantitatively characterized by the Poisson
bracket between position (q) and momentum (p) at unequal times:

{q(t), p(0)}2 =
( ∂q(t)
∂q(0)

)2
∼
∑
n

cne
2λnt , (3.13)

Where λn, the Lyapunov exponents are well-known to give the measure of chaos. In a
quantum mechanical system, an analogous quantity can be defined between two operators,
replacing the classical Poisson bracket by a Commutation bracket. The quantum mechanical
analogue of (3.13) is generically called OTOC

[
q̂(t), p̂(0)

]
, which behaves as a Poisson bracket

in the semiclassical limit. Likewise, the exponential diverging trajectories in the classical
case, the exponential amplification of this commutator is a potential signature of quantum
chaos. It defines the growing overlap of the time-evolved operator with the operator
defined at the initial time. To quantify OTOC, the common practice is the use of a double
unequal-time commutator

C(t) ≡ −⟨[q̂(t), p̂(0)]2⟩β . (3.14)

Where angle brackets ⟨...⟩β stands for thermal average and β being the inverse temperature,
β = 1/(kBT ), where kB is the Boltzmann constant. Though we are taking commutation
between q̂(t) and p̂(0), generically one can consider commutation between any pair of
hermitian operators Ŵ , V̂ ,

C(t) ≡ −⟨[Ŵ (t), V̂ (0)]2⟩β. (3.15)
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Figure 3.2: A schematic representation of a chaotic system, having hypersensitivity to
the initial conditions. Image courtesy [Wikipedia].

Therefore, based on the above discussion, a quantum chaotic system is also expected to
exhibit exponential growth in OTOC, C(t) ∼ e2λt, in a similar fashion to the classical one
and we can define the analogous quantum Lyapunov exponent(λ) measuring chaos in the
quantum system under consideration. In this section, we shall show the OTOC calculation
in the two-mode squeezed state formalism. In this formalism, the canonically conjugate
phase space operators(field and its conjugate momentum) (X̂k⃗(t), Π̂X

k⃗
(t)) are expressed in

terms of time-dependent creation and annihilation operators as

X̂k⃗ =
1√
2ω̃k

[
âk⃗(t) + â†

−k⃗
(t)
]

Π̂X
k⃗
= −i

√
ω̃k
2

[
âk⃗(t)− â†

−k⃗
(t)
]
. (3.16)

Where time-independent frequency is denoted by ω̃k. The above definition is consistent
with the standard quantization condition (2.101). In this definition, we keep the time
dependence of the dynamical system in the ladder operators, and in the Heisenberg picture,
studying the operator evolution equation, we capture the time evolution of the dynamical
system. Using Eq.(3.7), we express the field and conjugate momentum (see Eqs. (4.3)) in
terms of three squeezing parameters (rk, φk, θk) as

X̂k⃗(t) =
1√
2ω̃k

(
cosh rke

−iθk − sinh rke
−i(θk+2φk)

)
âk⃗(t0)

+
1√
2ω̃k

(
cosh rke

iθk − sinh rke
i(θk+2φk)

)
â†
−k⃗
(t0)

Π̂X
k⃗
(t) = −i

√
ω̃k
2

(
cosh rk.e

−iθk + sinh rk.e
−i(θk+2φk)

)
âk⃗(t0) ,
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+ i

√
ω̃k
2

(
coshrkeiθk + sinh rke

i(θk+2φk)
)
â†
−k⃗
.(t0). (3.17)

Using the above conjugate variables, the commutation relation takes the following simple
form, [

X̂k⃗(t), Π̂X
k⃗′
(t0)
]
= i.(2π)3δ3(k⃗ + k⃗′).fk(t, t0), (3.18)

where fk(t, t0) is defined as[137]

fk(t, t0) =
1

2

[(
cosh rk.e

−iθk − sinh rk.e
−i(θk+2φk)

)(
cosh r0.e

iθ0 + sinh r0.e
i(θ0+2φ0)

)
+ c.c

]
,

(3.19)
with (r0, θ0, φ0) being the values of the squeezing parameters at initial time t0. The advantage
of using such a complex conjugate pair is its being a c-number operator (Eq.(3.18)). Using
this property, for every canonically conjugate pair of field variables in momentum space, we
can straightforwardly compute the OTOC as

Ck⃗k⃗′(t) = −⟨
[
X̂k⃗(t), Π̂X

k⃗′
(t0)
]2⟩β = (2π)6Ck⃗(t)(δ3(k⃗ + k⃗′))2 . (3.20)

Clearly, the appearance of the delta function advocates the momentum conservation
in the system, which is reminiscent of a homogeneous FLRW background. Ignoring those
delta function terms, we concentrate only on the amplitude part

Ck⃗(t) ∼ f 2
k (t, t0) . (3.21)

In our subsequent studies, we will mainly focus on this amplitude part for various models.
We have already mentioned that not only the commutation between position and momentum
operator, but OTOC, in general, can be taken as a double-commutator between any two
hermitian operators. Hence, all possible combinations between the field and conjugate
momentum can capture the behavior of OTOC. We, therefore, construct a 2×2 matrix, Mkk′ ,
which is the quantum counterpart of classical symplectic matrix having unit determinant
consisting of all such combinations of field momenta [137, 146], as

Mkk′ = −

[X̂k⃗(t), X̂k⃗′ (t0)
]2 [

X̂k⃗(t), Π̂k⃗′ (t0)
]2

[
Π̂k⃗(t), X̂k⃗′ (t0)

]2 [
Π̂k⃗(t), Π̂k⃗′ (t0)

]2
 = (2π)6(δ3(k⃗+k⃗′))2

h2k(t, t0) f 2
k (t, t0)

g2k(t, t0) j2k(t, t0)

 .

(3.22)
Where assuming the initial squeezing r0 → 0, all the components of the c-number matrix
are calculated to be

fk(t, t0) ≈ cosh rk cos(θk − θ0)− sinh rk cos(θk − θ0 + 2φk) ,

gk(t, t0) ≈ cosh rk cos(θk − θ0) + sinh rk cos(θk − θ0 + 2φk) ,

hk(t, t0) ≈ cosh rk sin(θk − θ0)− sinh rk sin(θk − θ0 + 2φk) ,

jk(t, t0) ≈ cosh rk sin(θk − θ0) + sinh rk sin(θk − θ0 + 2φk) . (3.23)
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From the symplectic matrix, we shall then extract the behavior of OTOC from the dominant
eigenvalue of this matrix, and extract the information of “Lyapunov exponent”(λk) as
discussed before. To this end, let us point out that above expression, we have taken
the initial state as an unsqueezed one. But this is not the whole picture, there is also a
possibility r0 >> 1. The justification of such consideration is not given here. In the next
Chapter(4), the study during the explosive particle production era, where we shall apply
all these tools and techniques, will clearly display that such a choice is consistent with the
initial condition of the system under study.
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CHAPTER 4
Squeezing, Chaos, Thermalization in a
periodically driven Quantum System:

Case of Bosonic Preheating

”The most important thing accomplished by the ultimate
discovery of the 3◦K radiation background (Penzias and
Wilson, 1965) was to force all of us to take seriously
the idea that there was an early universe”

Steven Weinberg, in The First Three Minutes: A Modern View of
the Origin of the universe

Post-inflationary reheating, an important event in the early universe is responsible for
the thermalized universe we see today. Therefore, a theoretical understanding of this phase
would be of paramount importance. Inflationary quantum fluctuations are responsible for
producing curvature fluctuations, and their subsequent generation of structures is inevitably
related to transferring energy from inflaton to matters. Despite having significant efforts
[9–12, 14, 24, 66, 100, 103, 104, 110, 147–153], a proper theoretical understanding of this
phase is still lacking, particularly due to its complex non-linear evolution, and subsequent
thermalization of the produced radiation bath during reheating.

After a quasi-exponential accelerated phase of expansion, known as inflation, as already
discussed in Chapter(1) in great detail, the universe is left with a super cold state of vanishing
matter, entropy density, and a homogeneous background inflaton field oscillating around its
potential minima. Any fundamental field, coupled with such an oscillatory background,
will experience a periodic driving force, and its associated particles will be produced
by the quantum mechanical particle production mechanism. Such production, therefore,
leads to the transfer of energy from the inflaton to standard model fields successfully
populating the universe. Typically, such a transferring process involves multiple stages

83

TH-4015_206121007



4. Squeezing, Chaos, Thermalization in a periodically driven Quantum System:
Case of Bosonic Preheating

of evaluation. Depending upon the coupling parameter, the initial stage may be non-
perturbative [24, 66, 100, 103, 104, 110, 147–151] followed by perturbative production, or
the process could be entirely perturbative [34, 52, 54, 55, 111, 152–154]. However, apart from
non-linear nature of production, it is the thermalization of those produced particles in the
expanding background which makes the whole process extremely complex and theoretically
challenging. Studies of perturbative production and its thermalization have been discussed
in the literature [155–158], taking a phenomenological approach with very little foundational
progress. Several studies have also been performed for non-perturbative production and their
subsequent thermalization by performing lattice simulation [25, 26, 159–162]. However, to
the best of our knowledge, a concrete mathematical framework to understand the underlying
mechanism of this thermalization process in the context of reheating is far from complete. It
is in this realm that we initiate formulating a theoretical framework that we believe to play
an instrumental role in understanding such a phase. Apart from its theoretical motivation,
it is important to stress that the production and thermalization during reheating may
leave an indelible imprint on different cosmological observable related to Cosmic Microwave
Background (CMB), baryogenesis, dark matter, and even small-scale structures in the
universe.

In this Chapter, we particularly focus on the stage called preheating, when particle
production occurs with parametric resonance as a primary mechanism, and hence would
naturally last for a very brief initial period of the entire reheating process. The formalism we
adopt is based on the recent development [136–138, 163–168] on the application of various
intriguing concepts of quantum information theory in the realm of cosmology particularly
centered around one of the fundamental questions in theoretical cosmology as to how the
quantum correlation of fluctuations generated during inflation is dynamically decohered
into post-inflationary classicalized correlation, and what would be the appropriate quantifier
of their quantumness [136, 169]. During inflation, the primordial perturbation generically
evolves into a squeezed state [134, 140]. Utilizing this squeezed state language and to decode
the quantumness of the inflationary correlations, several proposals have been put forth
based on quantum information tools in the recent past, namely, observing the Bell violation
[163, 170, 171], quantum discord [136, 172–174], quantum stokes parameter [175]. In the
quantum field theory framework, on the other hand, the connection between squeezing and
chaos has been known for quite some time [176, 177]. The growing interest in quantum
information theory further unveiled the idea of OTOC, complexity as an important diag-
nostic tool to characterize the chaos, first observed in the context of information scrambling
by Black holes [178–180]. Utilizing those tools of quantum chaotic growth [137, 138] of
the primordial perturbation has also been quantified through diagnostics such as OTOC
[181–183], complexity [184–189], and are shown to have signatures in the correlations [190].

This chapter is based on the work [35]. In this chapter, as described above, we shall make
use of those different tools and explore the interconnection among resonance, squeezing,
and chaos during the preheating phase. We particularly show that the production under
the background of a periodic inflaton field during preheating is an ideal quantum chaotic
system, where the OTOC of phase space operators exhibits an exponential growth ∼ e2λt
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in time, potentially signalling the chaotic nature of the system under consideration, where
λ, the Lyapunov exponent gives the measure of chaos in the system. A few earlier isolated
attempts in this direction can be found in [191, 192], where the chaotic nature of the
preheating phase has been indicated without a detailed characterization. We performed a
detailed study on this by calculating OTOC as a diagnostic tool for a class of α−attractor
E-type inflationary potential model and different couplings with daughter fields. We extend
our exploration further and shed light on how to quantify the possible thermalization
temperature of the system in the parlance of squeezing formalism. From the perspective of a
particular observer, the squeezed state is found to be thermal. Utilizing this observation, we
arrive at an interesting relation between the squeezing and temperature of the system under
consideration. At this juncture, we must remind the reader of a deep connection between
chaos and thermalization as conjectured by Maldacena-Shenker-Stanford (MSS)[180] and
this states that for any thermal quantum chaotic system, the characteristic Lyapunov
exponent (λ) is constrained by its thermalization temperature λ ≤ 2πkBT/ℏ, where kB is
the Boltzmann constant and h is the Planck constant. Therefore, for any thermal quantum
chaotic system, the temperature is set to have a lower bound fixed by the characteristic
exponent λ of the maximally chaotic system. The temperature defined in the squeezing
language is indeed found to satisfy such an upper bound.
The order of construction of this chapter is as follows. In Section 4.1, we construct our
model in a two-mode squeezed state language. We derive three dynamical equations for the
squeezing parameter (rk), squeezing angle (φ), and rotation angle (θk). The dynamics of
these parameters signify the evolution of the quantum state of the produced fluctuation. We
also obtain an equivalent expression of occupation number density in terms of the squeezing
parameter. In Section 4.2, we calculate OTOC in two-mode squeezed state formalism for
four-leg type interaction, and emphasize distinct features of its dynamics for three different
background driving sources. In Section 4.3, we repeat the same analysis of Section 4.2 for
three-leg type interaction. In Section 4.4, we derive a relation between resonant growth
index(Floquet exponent) and chaotic growth index(Lyapunov exponent) and also study
the behavior of the OTOC spectrum. In Section 4.5, we wish to have a semi-classical
visualization of the quantum chaotic system by generating Poincaré section. Furthermore,
we give an approximate estimate of the thermalized temperature of the system, which is
calculated from the squeezed state and the Rayleigh-Jeans spectrum. We also check the
consistency of these outcomes with the MSS conjecture. Finally, in Section 4.6, we conclude
this chapter by stating the main outcomes of this work.

4.1 Produced Fluctuations in Light of the Squeezed
State Formalism

In this section, we study the dynamics of the scalar daughter fluctuations produced during
the preheating era in light of the squeezed state language(see earlier attempt [193]). To
implement the two-mode squeezed state formalism, considering only the non-gravitational
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interaction term F (ϕ), we express the Lagrangian (2.93) in terms of the rescaled field(see
Eq.(2.97)) with two independent modes (Xk⃗, X−k⃗),

LX =
1

2

∫
d3k⃗

(2π)3

[
Ẋk⃗Ẋ−k⃗ −

(k2
a2

− 9

4
H2 − 3

2
Ḣ + (m2

χ + F (ϕ))
)
Xk⃗X−k⃗

]
, (4.1)

and in terms of their canonically conjugate momenta, ΠX−k⃗
= Ẋk⃗ and ΠX

k⃗
= Ẋ−k⃗, the

Hamiltonian will be

HX =
1

2

∫
d3k⃗

(2π)3

[
ΠX

k⃗
ΠX−k⃗

+
(k2
a2

− 9

4
H2 − 3

2
Ḣ + (m2

χ + F (ϕ))
)
Xk⃗X−k⃗

]
. (4.2)

In the squeezed state formalism, the canonically conjugate phase space operators (X̂k⃗(t), Π̂X
k⃗
(t))

are expressed in terms of time-dependent creation and annihilation operators as

X̂k⃗ =
1√
2ω̃k

[
âk⃗(t) + â†

−k⃗
(t)
]

Π̂X
k⃗
= −i

√
ω̃k
2

[
âk⃗(t)− â†

−k⃗
(t)
]
. (4.3)

Where time-independent frequency is defined as ω̃k =
√
k2/a2 +m2

χ. The time dependent

creation and annihilation operators, âk⃗(t) and â†
−k⃗
(t) satisfy the standard commutation

relation,
[
âp⃗, â

†
−q⃗

]
= (2π)3δ3(p⃗+ q⃗). Finally, using Eq.(4.3) in (4.2), we are left with the

desired form of the Hamiltonian of this system

ĤX =
1

2

∫
d3k⃗

(2π)3

[(
ω2
k(t)

2ω̃k
+
ω̃k
2

)(
âk⃗â

†
k⃗
+ â†

−k⃗
â−k⃗

)
+

(
ω2
k(t)

2ω̃k
− ω̃k

2

)(
âk⃗â−k⃗ + â†

−k⃗
â†
k⃗

)]
(4.4)

where, the time-dependent frequency of the system having the generic interaction F (ϕ) is

ω2
k(t) =

(
k2

a2
+m2

χ + F (ϕ)− 9
4
H2 − 3

2
Ḣ

)
.

In the above Hamiltonian, the time-dependent frequency ωk encodes the interaction between
the daughter field and oscillatory inflaton. The first part of the Hamiltonian (4.4) signifies
the collection of free oscillators with equal and opposite momenta, and the second part is
their interaction which creates or destroys them leading to well-known two-mode squeezing
phenomena between them. Significantly, the classical time-dependent background is respon-
sible for such phenomena. Once we obtained the required Hamiltonian, the Heisenberg
operator evolution equation, d

dt
(âk⃗) = i

[
ĤX , âk⃗

]
is derived as,

d

dt
(âk⃗) = i

[
Aâk⃗(t) + Bâ†

−k⃗
(t)
]
, (4.5)

where the new symbols are

A =
(
− ω2

k(t)

2ω̃k
− ω̃k

2

)
and B =

(
− ω2

k(t)

2ω̃k
+
ω̃k
2

)
. (4.6)
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Substituting Eq.(3.8) to (4.5), we obtain the time evolution of the Bogoliubov coefficients.

dαk(t)

dt
= iAαk(t) + iBβ∗

k(t)

dβk(t)

dt
= iAβk(t) + iBα∗

k(t). (4.7)

4.1.1 Dynamical equations of rk, φk, θk :

In the previous Chapter(3), we derived the expressions of the Bogoliubov coefficients in
terms of rk, θk, φk in Eq.(3.9). Plugging the expression (3.9) into Eq.(4.7), we derive the
dynamical equations of the squeezing parameters. The utility of the solution of these
dynamical equations lies in the study of not only the time evolution of the system but also
the squeezed quantum state (3.11). Those equations are as follows:

ṙk = −B sin 2φk

φ̇k =
(
A− B coth 2rk cos 2φk

)
θ̇k = −

(
A− B tanh rk cos 2φk

)
. (4.8)

Having analyzed the above three equations, we come to know that none of the dynamical
equations of rk, φk, and θk depend upon the rotation angle θk. So while studying the
dynamics, the system will not exhibit any such sensitive dependence on the rotation angle
θk.

We have prepared the ground to study the chaotic dynamics of the interacting system
during preheating. The next two sections will be devoted to a thorough investigation of
the pattern of chaos and the interconnection among the resonance instability, squeezing,
and chaos of the bosonic system for quartic and trilinear interactions with the forms of the
generic interaction F (ϕ) given in (2.129).

4.2 Squeezing and OTOC: For quartic interaction
(g2ϕ2χ2)

In this section, we will concentrate on the study of chaos by explicitly calculating OTOC
for n = 1, 2, 3 for four-leg or quartic interaction (g2ϕ2χ2). The daughter quantum field χ
which experiences periodic driving force due to a coherently oscillating inflaton field, will be
observed to undergo resonant amplification. Such resonant amplification will be shown to
be chaotic in nature. As discussed before, we compute OTOC on the time-evolving squeezed
quantum state and show that such a quantity will exponentially grow with time. The
inverse time scale of such exponential growth will be identified as the Lyapunov exponent.
We shall discuss the chaotic scenario and its multifarious characteristics with minute details
for three different background dynamics. To this end, we would like to point out that in
our present analysis, we will confine ourselves strictly to the regime where back-reaction is
negligible.
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4.2.1 Initial condition specification:

To perform a detailed numerical analysis the key dynamical equations are given in (4.8).
For the appropriate initial conditions, we first write down the field mode in terms of three
squeezing parameters. Replacing Eq. (4.3) in the mode expansion form of rescaled field
X̂(t, x⃗) like (2.100) and also using (3.7), we get the following form

X̂(t, x⃗) =

∫
d3k⃗

(2π)3
.
[
Xk(t)âk⃗(t0).e

ik⃗.x⃗ +X∗
k(t)â

†
k⃗
(t0).e

−ik⃗.x⃗]. (4.9)

The general field mode function can further be expressed in terms of squeezing parameters
rk, φk, θk as

Xk(t) =
e−iθk√
2ωk

[
cosh rk − e−2iφk sinh rk

]
. (4.10)

The proper specification of the initial condition can be associated with the well-known
Bunch-Davies for each mode fluctuation. Now, comparing the BD vacuum condition
αk(t0 = 0) = 1, βk(t0 = 0) = 0 with (3.9) at the initial time t = t0 = 0, we get the initial
conditions for rk(t = 0) = 0, and θk(t = 0) = 2lπ, where l is any positive integer including
zero. We have the freedom to take any value of φk(t = 0) since all the physical quantities are
independent of the squeezing angle φk. Such choices essentially make the initial condition
for the initial quantum state to be an unsqueezed one, and that is equivalent to the choice
of the Bunch-Davies vacuum. Once initial conditions are properly specified, we are now in
a position to proceed with our numerical studies.

4.2.2 Computing OTOC for n = 1:

We shall now present our numerical results for rk, φk, θk solving three coupled differential
equations (4.8). We will be interested in those parameters (k, g) that reside in the instability
region of the stability-instability chart (see Fig.(2.12)), and hence the resonant solution
exists. It is a well-known fact that long-wavelength modes (IR modes) are efficiently
amplified during the preheating era. For pictorial representation and comparison, we have
chosen three different long-wavelength modes and the inflaton daughter field coupling
constant g = 5× 10−4. With those parameter choices, we solve for the squeezing parameters
shown in Fig.(4.1). During the initial phase of the evolution, the squeezing parameter,
rk grows linearly in time z1 and subsequently saturates. As expected, the slope of the
growth increases with decreasing momentum. Long wavelength mode takes a longer time
to saturate, which depends on the decreasing amplitude of the background driving force
due to Hubble expansion. All these features can indeed be seen in Fig.(4.1). Subject to the
variation of rk as shown in Fig.(4.1) and using Eq. (3.10), we obtain occupation number
density, nk (See Fig.(4.2)), which grows exponentially in time for all three modes under
consideration. However, generic dynamical features of squeezing (rk) and number density
ln(nk) are that they initially grow and reach a peak value, and finally the system relaxes to
saturation with small periodic fluctuations. Furthermore, as expected, the long wavelength
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Figure 4.1: Figure represents the time evolution of squeezing parameter(rk), squeezing
angle(φk) and rotation angle(θk) for three different momentum modes(k) and the coupling
strength is chosen to be g = 5× 10−4. Here squeezing angle(φk) and rotation angle (θk) are
given in units of radian. Here, we have taken three different modes for which the squeezing
parameters grow efficiently, giving a considerable production of particles.

modes are easily excited than those of the higher momentum mode. These features nicely
resemble the thermalization process of any thermodynamic system under perturbation. For
every individual mode, the thermalization associated with the saturated region can be said
to be achieved at their respective time scale. Long-wavelength modes thermalize faster in
time than short-wavelength ones. From Fig.(4.1) we obtain different values of saturation
time scale for three different modes having different wavelengths. For k = m

end(1)
ϕ , we have

z1 ∼ 9.9, for k = 3.5m
end(1)
ϕ , we have z1 ∼ 10.7 and for k = 5.5m

end(1)
ϕ , we have z1 ∼ 12.

For the present system, the reason behind such variation of saturation time scale is hidden
in the dynamics of the background periodic driving force due to the coherently oscillating
inflaton field. The dimensionless resonance parameter which controls the dynamics is
q2g = (g/m

end(1)
ϕ )2ϕ2

0(t). Where, ϕ0(t) is decaying as ∼ a−3/2 (see Eq.(2.62)). The condition
of stochastic resonance in expanding background must satisfy [66], q4gm

end(1)
ϕ ≳ H, we have

gϕ0(t) ≳ m
end (1)
ϕ

(
Hend

m
end (1)
ϕ

) 1
4
(
z1
zend1

)− 1
4

. (4.11)

Considering CMB observed value of scalar spectral index ns = 0.9743± 0.0034, we have
Hend ∼ 10−6Mpl. Post-inflationary dynamics leads H/mend (1)

ϕ = (Hend/m
end (1)
ϕ )(zend1 /z1)

very small throughout the entire phase with m
end (1)
ϕ ∼ 10−5Mpl. On the other hand, the

amplitude of ϕ0 also decreases, ϕ0 ∝ z−1
1 with the background expansion. Therefore,

we have competition between the aforesaid two effects. As the dependence of the above
condition (4.11) on H is weak (H1/4), it has been observed that after a certain number of
inflaton oscillations, the above resonance condition (4.11) fails to satisfy, and eventually the
resonance process ceases. This causes the saturation in all the physical quantities, namely
occupation density (nk), squeezing amplitude (rk), etc, as shown in Fig.(4.1) and Fig.(4.2).

So far, we discussed in detail the dynamics of quantum states of the produced particles
in terms of their squeezing parameters and phenomena of chaotic resonance in terms of
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Figure 4.2: Left Panel:Figure represents the growth of occupation number density nk
for three efficient k modes with g = 5× 10−4. Right Panel: Figure represents the time
variation of logarithm of OTOC amplitude for two different k modes corresponding to
significant production with g = 5× 10−4. Two black dashed lines for two modes indicate the
average straight line-like growth of ln(OTOC) and from the slope of those lines we estimate
the average growth indices of chaos of the system.

the field modes. In the following, we will study in detail how such non-trivial behavior of
resonance is encoded into OTOC, considered as an interesting diagnostic tool of chaos. We
first numerically construct the symplectic matrix in terms of commutators of the field mode
and its conjugate momentum. From the dominant eigenvalue of the calculated symplectic
matrix (3.22), we identify the OTOC dynamics, which is parametrized by the Lyapunov
exponent(λk).

For a quantum chaotic system the OTOC measured in terms of the function C(t) is
expected to behave as C(t) ∼ e2λt with λ being the quantum Lyapunov exponent. Therefore,
the slope of (1/2)ln(OTOC) in time will give us the information of Lyapunov exponent
λ. In our context we have been using dimensionless time-variable z1 = m

end (1)
ϕ t/2π, and

the associated dimensionless Lyapunov exponent will be λ̃ ≡ 2πλ/m
end (1)
ϕ which implies

C(z1) ∼ e2λ̃z1 . In Fig.(4.2), we plotted (1/2)ln(OTOC) vs z1, and linear growth in time
can be clearly observed for a finite period of time. Therefore, the initial chaotic nature
is manifested through the linear logarithmic growth of OTOC of a quantum field mode
which is under the periodic driving force. Our chronological discussions so far seem to
suggest that for a quantum chaotic system, squeezing of quantum state parameter rk,
logarithmic growth of occupation number density ln(nk) and logarithm of the highest
OTOC amplitude have some intriguing relation, which we will discuss later. Furthermore,
as expected, chaos remains present in the system until the resonance ends or saturation
begins, which essentially hints probably the obvious fact that chaos and instability are
intimately tied with each other [191]. Now our task is to determine the LE corresponding
to different long-wavelength modes. As one observes from Fig.(4.2), growth of 1

2
ln(OTOC)
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Figure 4.3: Behaviour of Modified Lyapunov exponent(LE) λ̃k for k = m
end (1)
ϕ

can be fitted by a straight line. We have the expression C(z1) = Ae2λ̃z1 such that

ln C(z1) = lnA+ 2λ̃z1 ⇒
1

2

d

dz1
lnC(z1) = λ̃, (4.12)

where A is any proportionality constant. For a particular k mode the λ̃k = 2πλk

m
end (1)
ϕ

in

above expression (4.12) has many different zeros (red colored points) as in FIG. 4.3. For
a particular k mode growth of OTOC depends upon a particular value of the Lyapunov
exponent. However, Fig.(4.3) shows a time-varying nature of LE, and we need to determine
an effective value of this LE. To do so, we prescribe the following procedure: We numerically
compute the oscillation average of the function between two alternative zeros as marked
by point P1 at z1 = 5.5 and P2 at z1 = 6 in Fig.(4.3). Repeating this process from the
initial time when the growth of a mode starts to the time when it saturates, we define the
averaged effective LE (λ̃effk ) as,

λ̃effk =

∑
oscillation⟨12 d

dz1
lnC(z1)⟩|oscillations

Number of oscillation

Using this procedure, we compute effective LE for various k modes, fixing the coupling
strength g and also for different coupling parameters g with fixed k mode (see Table 4.1).
Finally in Fig.(4.7) we have given pictorial representation of Lyapunov spectra, that is λ̃effk
vs k̃ ≡

(
k/m

end (1)
ϕ

)
and λ̃effk vs g. From the figure, it is evident that the variation of LE with

k/m
end (n)
ϕ is not monotonic but rather chaotic. Despite this chaotic behaviour, effectively

with increasing k̃ resonance effect decreases as expected. On the other hand, in coupling
space, there seems to exist an effective critical coupling around which the system becomes
maximally chaotic.

4.2.3 For n = 2 :

We have explicitly shown all the necessary steps of our study in the previous case for the
n = 1 model. We present the numerical solution of rk, φk, θk using the equations (4.8) in
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Table 4.1: Variation of effective LE(λ̃eff
k ) with k̃ and coupling strength “g” for n = 1(g2ϕ2χ2)

g = 5× 10−4
k̃ 1 1.5 2 2.5 3 3.5 4 4.5 5 6

λ̃eff
k 0.919 0.994 0.895 0.586 1.037 1.043 0.845 0.713 0.592 0.497

g = 3× 10−4
k̃ 1 1.5 2 2.5 3 3.5 4 4.5 5 6

λ̃eff
k 0.475 0.712 0.704 0.930 0.575 0.690 0.601 0.411 0.406 0.201

k̃ = 1
g × 10−4 1 2 3 4 5 6 7 8 9 10

λ̃eff
k 0.457 0.468 0.475 0.894 0.919 1.190 1.186 1.214 1.153 1.133

k̃ = 3
g × 10−4 1 2 3 4 5 6 7 8 9 10

λ̃eff
k 0.389 0.454 0.575 0.827 1.037 0.887 0.916 1.055 1.086 1.090
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Figure 4.4: Figure represents the time evolution of squeezing parameter(rk), squeezing
angle(φk) and rotation angle(θk) for three efficient k modes, and the coupling strength is
chosen to be g = 4× 10−5. Here Squeezing angle(φk) and rotation angle (θk) are given in
unit of radian.

the Fig.(4.4). Unlike the model n = 1, here the squeezing parameter shows continuous
growth over time without any late-time saturation. As the particle number density is tied
to the behavior of the squeezing parameter rk, the very nature of rk will have an impact
on nk, and this essentially causes an uninterrupted growth of nk over time. This feature
is special for n = 2, when the inflaton field behaves like a relativistic fluid wϕ = 1/3,
rendering a vanishing Ricci scalar. Due to this simple fact, the background inflaton field
can be made to satisfy Ψ̃

′′
+ λ̄Ψ̃3 = 0 [104] in conformal coordinate, which is independent

of expansion. The solution of this equation is an oscillatory elliptic cosine function with
constant amplitude. Such a feature is responsible for the uninterrupted growth of particle
number over time for the n = 2 model as opposed to other n values. In reality, such an
uninterrupted growth process can be terminated by taking into account the backreaction
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4.2. Squeezing and OTOC: For quartic interaction (g2ϕ2χ2)

Table 4.2: Variation of effective LE(λ̃eff
k ) with k̃ and coupling strength “g” for n = 2(g2ϕ2χ2)

g = 5.5× 10−5
k̃ 0.1 0.11 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

λ̃eff
k 0.421 0.490 0.432 0.420 0.394 0.369 0.319 0.258 0.195 0.152

g = 3.9× 10−5
k̃ 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.5 0.55 0.6

λ̃eff
k 0.319 0.381 0.534 0.600 0.626 0.493 0.549 0.609 0.932 0.258

k̃ = 0.1
g × 10−5 1.6 1.9 2.4 3.2 3.9 4.7 5.5 6.3 7.1 7.9

λ̃eff
k 0.358 1.228 1.007 0.507 0.319 0.324 0.421 0.355 0.258 0.374

k̃ = 0.3
g × 10−5 1.6 1.9 2.4 3.2 3.9 4.7 5.5 6.3 7.1 7.9

λ̃eff
k 0.841 0.974 0.295 0.416 0.626 0.316 0.369 0.349 0.290 0.286

of the produced particle into the background (for details see [104, 162]. In our present
study, we are not incorporating those additional effects. For this case, therefore, in a similar
manner, we evaluate Eq.(3.23) and, substituting the obtained results in (3.22), we present
the behavior of OTOC amplitude in Fig.4.6. We further computed λ̃effk with k̃ and coupling
strength g. Taking various k modes and coupling strength g given in the Table 4.2, in
Fig.(4.7), we show the variation of approximate effective LE with dimensionless momentum
mode k̃ ≡

(
k/m

end (2)
ϕ

)
and coupling strength g. Effective LE takes a prominent peak at

some value of k̃ for a given coupling strength, then it gradually decreases with the increase
of k̃. This sharp peak indicates the presence of a particular mode, for which the system is
maximally chaotic. For the n = 1 model, this peak is less sharp compared to the n = 2.
Variation of effective LE with g follows the more or less same behavior as it does with k̃.
For a given k̃, the system peaks at a particular coupling, then it falls with the increase of g
with some fluctuations.

4.2.4 For n = 3 :

This particular value of n induces a stiff fluid of inflaton with an equation of state wϕ = 1/2.
In this background, the fluctuations evolve in a somewhat different manner compared
to the models n = 1, 2. The behavior of squeezing parameters is depicted in Fig.(4.5).
Here we observe that the growth time scale of the squeezing parameter rk is very large
and occurs over a very large number of background oscillations as opposed to the pre-
vious cases. In Fig.(2.6), it is clearly seen that with the increase of background EoS,
the decay rate of inflaton amplitude or in other words, the decay rate of the strength of
the driving source gradually falls, causing a slow energy transfer from background to the
produced fluctuation. As long as the decay of the inflaton amplitude takes place only
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Figure 4.5: Figure represents the time evolution of squeezing parameter (rk), squeezing
angle (φk) and rotation angle(θk) for three k modes corresponding to significant production,
and the coupling strength is chosen to be g = 4× 10−5. Here, the squeezing angle(φk) and
the rotation angle (θk) are given in units of radian.
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Figure 4.6: Figure represents the time variation of logarithm of OTOC amplitude for
n = 2, 3 corresponding to two different k modes with coupling strength g = 4× 10−5 for both
cases.

because of background expansion, this slow energy transfer will essentially cause the rk
amplitude as well as the OTOC amplitude(see Fig.(4.6) to grow very slowly over a long time.

Likewise, n = 2 case, the absence of any saturation of OTOC amplitude within a finite
time makes the determination of exact λ̃effk for various k̃ and coupling g a bit difficult.
In order to have a rough estimate of the growth index of chaos, λ̃effk , for different k̃ and
g, we take the first prominent peak just before a plateau-type region. For example, in
Fig.(4.6), we take first peak around z3 ∼ 820 for k̃ = 0.1( See vertical dashed line in the
right figure) and around z3 ∼ 380 for k̃ = 0.4. Sticking to this idea of local saturation, we
have given approximate numerical values of λ̃effk corresponding to a few resonant modes
for two different couplings in Table 4.3. We expect that the nature of the variation of λ̃effk
with two parameters(k̃, g) will remain unaffected by the choice of the aforesaid time scale.
Stochastic nature, being an inherent property of the system, results in a non-monotonic
variation of λ̃effk with k̃ and g as seen in Fig.(4.7).
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4.3. Squeezing and OTOC: For trilinear interaction (σϕχ2) :

Table 4.3: Variation of effective LE(λ̃eff
k ) with k̃ and coupling strength “g” for n = 3(g2ϕ2χ2)

g = 5.3× 10−5
k̃ 0.1 0.15 0.2 0.25 0.3

λ̃eff
k 9.639× 10−3 12.798× 10−3 12.854× 10−3 17.701× 10−3 8.574× 10−3

g = 3.5× 10−5
k̃ 0.1 0.15 0.2 0.25 0.3

λ̃eff
k 9.324× 10−3 8.380× 10−3 10.059× 10−3 7.609× 10−3 3.324× 10−3

k̃ = 0.1
g × 10−5 1.8 3.5 5.3 7.1 8.9

λ̃eff
k 5.530× 10−3 9.324× 10−3 9.639× 10−3 26.524× 10−3 9.899× 10−3

k̃ = 0.3
g × 10−5 1.8 3.5 5.3 7.1 8.9

λ̃eff
k 2.786× 10−3 3.324× 10−3 8.574× 10−3 14.517× 10−3 9.127× 10−2

4.3 Squeezing and OTOC: For trilinear interaction
(σϕχ2) :

In this section, we shall repeat the same discussion as given in Section (4.2) for three different
n = 1, 2, 3, taking three-leg interaction σϕχ2. Before presenting our numerical results for
different models subject to this interaction, we need to give a short discussion on the
parametric resonance process for this particular interaction. The structure of the resonance
greatly relies on the nature of the interaction. To study the effect of tri-linear interaction
on the resonance process, the relevant part in the time-dependent frequency of the massless
case ω2

k(t) =
(
k2

a2
+ σϕ− 9

4
H2 − 3

2
Ḣ
)

would be the first two terms. From the evolution of
background inflaton in Fig.(2.6), it is evident that when ϕ < 0 during one half of each
oscillation, modes satisfying k2 < σ|ϕ(t)|a2 lead to negative ω2

k(t). In that case, the well-
known tachyonic instability sets in, and the modes experience exponential amplification.
Therefore, for a linear periodic driving force, the system encounters parametric as well as
tachyonic instability, which is a distinctive feature of tri-linear interaction. This process
is known as tachyonic resonance[106, 107, 109]. Both instability leads to a very efficient
production of fluctuation, which causes the preheating phase to end within a few background
oscillations. In the later discussion of this section, we will come across this distinctive
feature of this particular interaction very closely. Nevertheless, we will follow the same
analysis, and the behavior of the three squeezing parameters is depicted in Fig.(4.8) for
different values of n. Both qualitative and quantitative differences can be observed in the
smooth nature of the growth of squeezing and OTOC, along with its amplitude. For n = 1,
saturation time scale turns out to be for k̃ = 1, z1 ∼ 5.2, for k̃ = 2, z1 ∼ 6.9 and for k̃ = 3,
z1 ∼ 9.2. For n = 2, due to effective flatness perceived by both background and fluctuations,
every mode is expected to have eternal growth in rk. For all the cases, the growth seems to
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Figure 4.7: Variation of λ̃effk with k̃ ≡ (k/m
end (n)
ϕ ) and coupling strength g for three

models.

be less stochastic compared to the four-leg interaction. This property will make an impact
on the chaotic nature of the system. Using Eq.(3.22), we also plotted the nature of OTOC
to capture the chaotic dynamics of the system for three models(See Fig.(4.9). In Fig.(4.9),
for n = 1 model, we notice that for k̃ = 1, OTOC amplitude peaks around z1 ∼ 5.2 and
z1 ∼ 9.2 for k̃ = 3 and then it fluctuates without further growth. Finally employing the
same methodology that was described in the last Section (4.2), we estimate the effective LE
λ̃effk for different values of k with fixed g, and for different g with fixed k (see Fig.(4.10)).
In the Table 4.4, Table 4.5 and Table 4.6, we have given some numerical values of λ̃effk for
different momentum modes k̃ and coupling constant g̃ ≡

(
σ/m

end (n)
ϕ

)
for three different

models.

4.4 Relation between Floquet exponent and Lyapunov
exponent, and OTOC Spectrum

So far, we have mainly focused on the nature of OTOC and calculated the associated
Lyapunov exponents. However, it is understood that such growth is intimately connected
to the resonant production of modes. We, therefore, expect to have a direct relationship
between the Lyapunov and Floquet exponents, which are the measures of chaos and
resonance, respectively, under the influence of a periodic driving force. To establish an
approximate analytic relation between those two quantities, we shall resort to the method of
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Figure 4.8: Figure represents the time evolution of squeezing parameter(rk), squeezing
angle(φk) and rotation angle(θk) for k̃ = 1, 2, 3 modes with dimensionless coupling strength
g̃ = 8× 10−5 (first row), g̃ = 9.8× 10−5 (second row), and g̃ = 1.1× 10−4 (third row). This
parameter choice leads to parametric resonance in the system.

successive scattering on parabolic potential discussed in detail [66, 103]. Here we quote the
main results. If we investigate the resonance process more closely, we notice that whenever
the background inflaton crosses zero at the minimum, the particle number density shows
a sharp growth. Otherwise, particle number density behaves as an adiabatic invariant
quantity between two successive zero crossings. Such behavior allows one to obtain an
approximate analytical expression of the field mode in terms of Floquet exponent around
each zero crossing time, say the j-th crossing time is defined to be tj. If one consider ϕ2χ2

interaction, near tj , massless field mode Eq.(2.128) for n = 1 assumes following form in the
parabolic potential around t = tj,

d2Xk

dt2
+

(
k2

a2
+ g2(ϕ0)

2
j(m

end (1)
ϕ )2(t− tj)

2

)
Xk = 0 (4.13)
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Figure 4.9: Figure represents the time variation of logarithm of OTOC amplitude for
two efficient k̃ = 1, 3 modes with dimensionless coupling strength g̃ = 8× 10−5 (left panel),
g̃ = 9.8× 10−5 (middle panel), and g̃ = 1.1× 10−4 (right panel).

Table 4.4: Variation of effective LE(λ̃effk ) with k̃ and dimensionless coupling strength “ g̃”
for n = 1(σϕχ2)

g̃ = 1.6× 10−4
k̃ 1 1.5 2 2.5 3 3.5 4 4.5 5 6

λ̃eff
k 2.896 1.928 1.421 1.312 1.507 1.117 0.943 0.837 0.583 0.466

g̃ = 8× 10−5
k̃ 1 1.5 2 2.5 3 3.5 4 4.5 5 6

λ̃eff
k 1.685 1.635 1.697 0.813 0.617 0.594 0.435 0.251 0.302 0.115

k̃ = 1
g̃ × 10−5 2.9 3.9 5.2 8 9.8 11.7 16 18.2 20.8 32.5

λ̃eff
k 1.208 1.104 1.044 1.685 2.203 2.435 2.896 2.214 2.385 2.571

k̃ = 3
g̃ × 10−5 2.9 3.9 5.2 8 9.8 11.7 16 18.2 20.8 32.5

λ̃eff
k 0.165 0.227 0.488 0.617 0.952 1.109 1.507 2.072 1.789 1.598

where (ϕ0 j) is the time-dependent amplitude of the inflaton calculated at the instant of
the j-th crossing tj. For |t − tj| > 0, the adiabaticity condition is satisfied. Using the
Bogoliubov method [66, 103],one can compute the rescaled Floquet exponent as

µ̃jk = ln
(
1 + 2e−πκ

2
j − 2 sin θtot

j e−
π
2
κ2j

√
1 + e−πκ

2
j

)
. (4.14)

Where, κ2j = k2/(a(tj)
2gm

end (1)
ϕ (ϕ0)j), and θtot

j is the total random phase accumulated by
the field wave from the initial time to the instant tj . In order to obtain the nature of OTOC
spectra as well as the possible relation between Floquet and Lyapunov exponent, we need
to evaluate first the commutation relation between field(Xk) and conjugate momenta(Πk)
as outlined in Chapter(3). We closely follow the reference [66] in deriving the amplitude of
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Table 4.5: Variation of effective LE(λ̃effk ) with k̃ and dimensionless coupling strength “ g̃”
for n = 2(σϕχ2)

g̃ = 1.9× 10−4
k̃ 1 1.5 2 2.5 3 4

λ̃eff
k 38.066 36.861 35.799 33.094 29.545 21.114

g̃ = 9.8× 10−5
k̃ 1 1.5 2 2.5 3 4

λ̃eff
k 27.649 25.468 24.339 20.486 12.602 6.946

k̃ = 1
g̃ × 10−5 3.6 6.3 9.8 14.1 19.3 25.2

λ̃eff
k 13.385 19.452 27.649 30.519 38.066 46.235

k̃ = 3
g̃ × 10−5 3.6 6.3 9.8 14.1 19.3 25.2

λ̃eff
k 4.052 6.270 12.602 23.364 29.545 41.041

Table 4.6: Variation of effective LE(λ̃effk ) with k̃ and dimensionless coupling strength “ g̃”
for n = 3(σϕχ2)

g̃ = 2.1× 10−4
k̃ 1 1.5 2 2.5 3 3.5 4

λ̃eff
k 6.567 6.424 6.195 5.746 5.374 5.050 4.764

g̃ = 1.1× 10−4
k̃ 1 1.5 2 2.5 3 3.5 4

λ̃eff
k 4.360 4.419 4.280 3.926 3.134 2.184 1.996

k̃ = 1
g̃ × 10−5 1.8 4 7.1 11.1 16 28.5 44.5

λ̃eff
k 1.460 2.407 3.347 4.360 5.542 7.585 9.518

k̃ = 3
g̃ × 10−5 1.8 4 7.1 11.1 16 28.5 44.5

λ̃eff
k 0.057 0.732 1.737 3.134 4.433 6.848 9.123

the commutation relations using the asymptotic form of the field mode Xk as in Eq.(2.106).
We write the expression of OTOC amplitude as follows:

|Xk(tj)Ẋ
∗
k(t0)−X∗

k(tj)Ẋk(t0)|2 =
eµ̃

j
k.jωk(t0)(1 + cosV)2

2ωk(tj)
(4.15)
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Figure 4.10: Figure represents the Variation of λ̃eff
k with dimensionless modes k̃ and

dimensionless coupling g̃ for three models in three-leg type interaction.

Where V is a constant phase, tj = πj

m
end (1)
ϕ

and t0 is the initial time. Using this amplitude,

the expression of OTOC spectra for ϕ2χ2 type interaction at any later time t becomes

ln(OTOC) ≡ ln
(
1+2e−πκ

2−2sinθtote−
π
2
κ2
√

1 + e−πκ2
)
.
m

end (1)
ϕ t

π
+ln
(ωk(t0)
2ωk(t)

)
+2 ln(1 + cosV)

(4.16)
We have used Eq.(4.14) to reach the final form of the spectra in Eq.(4.16). Now associated
with the Lyapunov exponent as outlined in Chapter(3) and using Eq.(2.106) we write,
Lyapunov exponent at the instant of j-th crossing as,

e2λktj = eµ̃
j
k.j
( ωk(t0)
2ωk(tj)

)
(1 + cosV)2

⇒ λ̃jk = µ̃jk +
1

j
ln
( ωk(t0)
2ωk(tj)

)
+

2

j
ln(1 + cosV) (4.17)

Here the out-of-time order commutation of one combination field and conjugate momenta
has been defined between t0 and the j-th crossing instant tj.
The above expression is true at the point of a particular zero crossing tj. We, therefore,
can have an effective relation

λ̃effk = µ̃eff
k +

1

j
ln
( ωk(t0)
2ωk(tj)

)
+ 2

1

j
ln(1 + cosV), (4.18)
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where the average is taken over time from the initial to the saturation time scale. So
practically, we take the average over the number of oscillations executed by the background
within the time required for saturation of a particular mode. In the above expression, the
phase V is random around π/2. So, after taking the average over the entire saturation
time scale for a particular mode, the third term will have a vanishing contribution. For the
second term, we have numerically found a smaller contribution compared to µ̃eff

k . Finally,
we find λ̃effk and µ̃eff

k are more or less the same, which is consistent with the numerical result.
From Eq.(4.16), it is clearly seen that the nature of the Floquet exponent governs

the spectral nature of OTOC. The growth index of particle number in Eq.(4.14), being a
function of random phase in an expanding background, causes somewhat random growth
of number density after every zero crossing or every half of a period. This non-monotonic
behavior is also reflected in the spectral behavior of OTOC amplitude as shown in Fig.(4.11).
The random oscillatory behavior of OTOC amplitude in momentum space is also caused by
the randomness of the Floquet exponent in the context of stochastic resonance, as discussed
in detail in [66]. Out of three different background driving sources, only for n = 1 the
system reaches a saturation state ∗ after going through chaotic dynamics within a finite
time. While evaluating OTOC spectra numerically for the n = 1 model, we have chosen
the saturation time corresponding to the maximum mode that will be produced in a broad
resonance regime. Unlike the n = 1 model, no such saturation is observed for the n = 2
model as shown in Fig.(4.6) and Fig.(4.9)(Reason is discussed in Section (4.2). For this
case, we computed OTOC spectra by truncating the evolution at any arbitrary instant of
time for each momentum mode. With the increase of potential exponent n, slow decay
of the amplitude of inflaton causes slow growth of OTOC amplitude (See Fig.(4.6) for
n = 3), and for this, we have considered a local saturation time corresponding to the
maximum mode chosen in the spectra in Fig.(4.11), where the coupling parameters are
chosen from the broad resonance regime (See the lower bound in Eq.(2.139)). Despite
several fluctuations, one common feature observed in the spectra for all the models is that
the higher the momentum, the lower the OTOC amplitude, which actually mimics the
nature of resonant particle production. The existence of different momentum bands for
different values of the resonance strength parameter (qg, qσ) can be observed to be nicely
imprinted in the broad oscillatory feature in the OTOC spectrum, particularly for quadratic
coupling. However, for tri-linear coupling due to tachyonic and broad resonance, such an
oscillatory nature smoothens out.

4.5 Squeezing, Chaos and thermalization

4.5.1 Poincaré section: Semi-classical visualization

At the outset of this section, we gain some insight into how the chaotic nature of the
system is connected to the squeezing of states. It is known that positive LE signifies

∗Late time saturation of different modes can be assumed to be reminiscent of thermalization of a typical
thermodynamic system.
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Figure 4.11: Figure represents the spectral behaviour of ln(OTOC) with two different
coupling strengths for two interactions.

the chaotic nature of a system. It actually measures the sensitivity of the system to its
initial condition. The well-known method to explore chaotic behavior is to generate and
analyze the Poincaré sections, particularly for non-integrable systems. Each field mode of
our present system is a periodically driven one-dimensional parametric oscillator, which
does not have any conserved quantity. For this system, we identified the semi-classical
phase space variables by calculating their expectation values in the squeezed quantum state.
We obtain the Poincaré section or a surface of section, by mapping those semi-classical
phase space variables projecting onto two dimensions. We generate this Poincaré section by
sampling the data points in a 2D plane at a regular interval set by the periodicity of the
driving force namely the oscillatory inflaton field. We present Poincaré section for n = 1
model for both types of interactions(three-leg and four-leg), besides this, we also give the
parametric plot of Xk and X ′

k, which carries the information of squeezing of the system for
both models(See Fig.(4.12). So, for a non-chaotic system, we expect that all the data points
will lie in an orbit and will form closed orbits, but here we see that the phase space points
are scattered in the plane and are forming a cloud of points, which signifies the presence of
chaos in the system. This typical behavior also tells us about the squeezing of the system.
Looking at Fig.(4.1), we readily understand that the squeezing parameter of this system
corresponding to particular parameter values (k, g) grows over a certain duration and then
gets saturated, meaning that after the point of saturation, there is no further squeezing in
the system. Furthermore, the growth of OTOC in Fig.(4.2) also exhibits the same behavior.
Connecting these two outcomes together, we can state that as long as squeezing is there,
the system will remain chaotic, which vindicates the statement that highly squeezed states
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Figure 4.12: Upper Panel: Figure on the left represents the parametric plot of Xk and
X

′

k where k̃ = 1 and figure on the right represents the Poincaré section for n = 1 model for
ϕ2χ2 interaction. Different colors correspond to different initial conditions. In the Poincaré
section, Blue colored points are phase space points for k̃ = 1 and Red colored points are phase
space points for k̃ = 3. Here dimensionless coupling strength g = 5× 10−4. Lower Panel:
Figure on the left represents the parametric plot of Xk and X ′

k where k̃ = 1 and figure on the
right represents the Poincaré section for n = 1 model for σϕχ2 interaction. In the Poincaré
section, Blue colored points are phase space points for k̃ = 1 and Magenta colored points
are phase space points for k̃ = 2. Here dimensionless coupling strength g̃ = 8× 10−5 .

are prime for quantum chaos. In the following section, we would like to shed light on the
possible thermalization temperature of such a chaotic system.

4.5.2 Defining thermalization temperature and
Maldacena-Shenker-Stanford (MSS) bound

MSS bound: Chaos and thermalization have been the subject of investigation over a long
period in non-equilibrium field theory. In this regard an intriguing bound on chaos has
been proposed in [180] which we call MSS bound in brief, and the Lyapunov exponent is
universally conjectured to be bounded as λ ≤ 2π(kB/ℏ)T , where T is assumed to be the
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temperature of the chaotic system when it becomes thermalized after the relaxation from
chaotic instability. What it suggests the growth of chaos of a thermal quantum system
is bounded by the system temperature T . If we reverse this argument, one may arrive
at the following universal lower bound on the temperature of a quantum chaotic system
T ≥ (ℏ/(2πkB))λ. In other words, if a quantum system thermalizes under the influence of
chaotic dynamics, there exists a lower bound on temperature set by the Lyapunov exponent.
In our present system, we apply the proposed bound and estimate the minimum possible
temperature that the system can achieve. So far, we have discussed the chaotic nature and
calculated the value of the associated Lyapunov exponents of a quantum scalar field when
coupled with the oscillating inflaton. Further, we have performed our analysis for individual
momentum modes and computed the Lyapunov exponent for each mode. Therefore, instead
of getting the information about the temperature of the entire system, we will have the
information of each mode. Using the bound we may write,

Tk ≥
ℏ

2πkB
λk. (4.19)

Where λk and Tk are LE and the corresponding minimum possible temperature perceived
by the mode. A more rigorous estimation would be to do the analysis in real space by using
the lattice simulation technique and identifying the MSS bound. We will defer the lattice
studies for our future work. Using the approximate values of effective LE given in Table
4.1 and Table 4.4 for ϕ2χ2 and σϕχ2 interaction respectively, we can identify the lower
bound of the temperature of the system by averaging over the resonant momentum band
as follows,

T̄MSS ≥ ℏ
2πkB

∫
band

λkk
2dk∫

band
k2dk

(4.20)

When the chaotic system reaches thermal equilibrium, the minimum temperature achieved
by the system will be given by the following bound in Eq.(4.20). By exploiting this we
obtain the lower bound of temperature for different coupling strengths for two different
interactions. Using Eq.(4.20), for example, we found T̄MSS = 2.62× 1011(4.76× 1011) GeV
for g = 3× 10−4(5× 10−4) in case of g2ϕ2χ2 interaction and T̄MSS = 2.33× 1011(4.59× 1011)
GeV for g̃ = 8× 10−5(1.6× 10−4) in case of σϕχ2 interaction. We find that the lower bound
of temperature is indeed approximately the same for different couplings and interactions
as represented in Fig.(4.13). However, given the intimate relation between chaos and
squeezing, can the squeezing of the daughter particle states also encode the information
about the temperature of the system under consideration? In the following we conjecture
that squeezed state indeed can encode the temperature of the system under consideration
as follows:

Temperature from Squeezed State: We have already obtained the squeezed state
by the application of the unitary evolution operator Ûk on an unsqueezed two-mode vacuum
in Eq. (3.11). For that squeezed state, we can define the density matrix for two modes as

ρ̂(k⃗,−k⃗) = 1

cosh2 rk

∞∑
n,n′=0

e2i(n−n
′)φk(−1)n+n

′
tanhn+n

′
rk
∣∣nk⃗, n−k⃗

〉〈
n′
k⃗
, n′

−k⃗

∣∣ (4.21)
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Since one of the two modes is always inaccessible to the observer, we can calculate the
reduced density matrix ρ̂(k⃗) from the full one by tracing out the mode −k⃗ and get

ρ̂(k⃗) =
∞∑
n=0

⟨n−k⃗|ρ̂(k⃗,−k⃗)|n−k⃗⟩ =
1

cosh2rk

∞∑
n=0

tanh2n rk|nk⃗⟩⟨nk⃗| (4.22)

We assume the produced particles are instantaneously thermalized. The above expression
of a quantum state can be identified as a thermal squeezed state with inverse temperature
defined as [136]

βk = − ln tanh2 rk. (4.23)

We can therefore identify this as a system temperature under consideration. As the squeezing
parameter rk is a function of time, β̄k will also vary with time. The very nature of rk
shows a prominent peak near the saturation time scale as seen for n = 1 model observed in
Fig.(4.1) and Fig.(4.8). The temperature of the system tied with rk will be maximum at
an instant, and for different k, this temperature peak position will be different. Collecting
only those maximum values, and following the definition of effective MSS bound stated in
Eq.(4.20), we define the average system temperature defined for the thermal squeezed state
(SS) over the resonance band as

β̄SS =
1

T̄SS
= −2

∫
band

ln(tanh rk)k
2dk∫

band
k2dk

. (4.24)

We assumed Boltzmann constant kB = 1 in natural unit. Our motive is to check the
consistency of the variation of this average temperature for different coupling with the MSS
bound and we anticipate that this temperature variation will abide by the MSS bound for
any coupling strength. In the absence of any kind of self-interaction or back-reaction, as
late time saturation of rk is obvious in n = 1 model for both the interaction, we concentrate
only on n = 1 case in order to define an effective temperature of the system. Using
the relation (4.24) for two different interactions, we determine an approximate effective
temperature that the system can achieve after saturation for different inflaton coupling.
For example T̄SS = 6.75 × 1014 GeV for g = 2 × 10−4 in case of ϕ2χ2 interaction and
T̄SS = 4 × 1013 GeV for g̃ = 3 × 10−5 in case of ϕχ2 interaction, which are greater than
the MSS bound we calculated before. We indeed found the MSS bound to be satisfied for
different inflaton coupling and parameters as depicted in Fig.(4.13). It has already been
shown how non-trivial interaction with a classical background makes the quantum states of
the daughter field squeezed. Here, we attempt to estimate the temperature of that thermal
squeezed state. As our Present interest is strictly confined to the early preheating phase,
so, the temperature defined above should not be thought of as the reheating temperature,
which is defined at the end of reheating. Rather, it should be understood as an approximate
estimate of system temperature extracted through the squeezing parameter rk at the end
of the chaotic instability phase during preheating. Rayleigh-Jeans Temperature: We would
like to stress another consideration in the context of thermalization of a system having a
very large occupation number. In this limit, when the system is in thermal equilibrium,

105

TH-4015_206121007



4. Squeezing, Chaos, Thermalization in a periodically driven Quantum System:
Case of Bosonic Preheating

MSS bound (Lyapunov exponent)

Squeezed state

Rayleigh-Jeans

n=1, g2 ϕ2 χ2

0 1 2 3 4 5 6
1010

1012

1014

1016

1018

g⨯10-4

T
em

pe
ra

tu
re

[G
eV

]

MSS bound (Lyapunov exponent)

Squeezed state

Rayleigh-Jeans

n=1, σϕχ2

0 2 4 6 8 10

1011

1013

1015

1017

g̃⨯10-5

T
em

pe
ra

tu
re

[G
eV

]

Figure 4.13: Left Panel: Figure represents the variation of effective temperature with
coupling strength for four-leg type interaction. Right Panel:Figure represents the variation
of effective temperature with coupling strength for three-leg type interaction. It is seen
that effective temperatures for different couplings consistently follow the lower bound of
temperature for both interactions. Here red dots indicate the temperature obtained through
the relation (4.24) and green dots indicate the temperature obtained through the Rayleigh-
Jeans formula given in (4.25) for both the interactions.

the Rayleigh-Jeans spectrum can be defined as nkEk ≃ Tk, for occupation number nk and
associated energy Ek corresponding to a mode k [159, 162]. In this equation, T is again the
temperature of the system under consideration. In our present context energy per mode
can be calculated to be Ek = ⟨1k| Ĥk |1k⟩ =

(
Ω2

k

2ωk
+ ωk

2

)
using the Hamiltonian HX of the

produced massless fluctuation in Eq.(4.4). As the occupation number is usually very high
during the preheating phase, to have a better understanding of the thermalization across all
the resonant modes for a particular coupling, we can use the combination nkEk. Following
the Eq.(4.24) here also we can define an average temperature using the Rayleigh-Jeans(RJ)
formula as

T̄RJ =

∫
band

nkEkk
2dk∫

band
k2dk

. (4.25)

Most interestingly, we find that the equilibrium temperature predicted by the thermal
squeezed state in Eq.(4.24) matches with the thermalized temperature of the system
predicted by the Rayleigh-Jeans formula given in Eq.(4.25) pretty well, as shown in
Fig.(4.13) by red and green dots accordingly. This indeed establishes a beautiful connection
between the non-equilibrium squeezed quantum system with the non-equilibrium preheating
phase in the early universe.

Considering an idealised scenario, although we ignore the backscattering effect of the
daughter field onto the classical background, in reality, this effect is unavoidable. In fact,
this important effect causes system temperatures to drop by many orders compared to the
ideal scenario as pointed out in [25, 26] for n = 2 model. In these literature, authors have
presented the process of thermalization of the system after inflation employing wave kinetic
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theory. During the early stage of preheating, energy density of the daughter field grows
exponentially in the parametric resonance regime, and the associated occupation number
density of the field gets concentrated in the IR regime. The larger the coupling strength,
the faster the parametric resonance terminates because of the increasing possibility of
back-reaction owing to the gradual increase of energy density in the daughter field sector.
The presence of an active background energy source(inflaton energy) causes turbulence
to arise in the system in the post-inflationary state. As soon as the resonance ceases, the
system shows a greater tendency to transfer its energy from IR to UV regime, and this
post-resonance phase is accompanied by the stationary turbulence and free turbulence stage
depending upon the energy stored in the background inflaton field. Eventually, the system
thermalizes through the long stage of thermalization classified as free turbulence, where
the occupation number density of the daughter field approaches the thermal distribution
function in a self-similar way with a constant energy density stored in that field. Finally, for
the n = 2 model with inflaton self-coupling as well as daughter particle self-coupling terms,
the thermalization temperature was found to be unacceptably low, that is, T ∼ 100 eV
when the inflaton self-coupling is of the order of 10−13. Therefore, to achieve a reasonably
high reheating temperature in a realistic model, some couplings in the sector of the daughter
field (self-coupling, or coupling to the inflaton) have to exceed significantly the scale of the
inflaton self-coupling. In the present discussion, one point that also finds relevance is the
incomplete decay of the inflaton at the end of preheating. Although the universe transits
to a radiation-dominated state with a characteristic EoS 1/3, the rest of the energy in the
inflaton sector must be transferred to the daughter sector to achieve a true thermalized
state. One possible way that has been elucidated in [162] is the perturbative decay of the
inflaton into radiation. Introducing the three-leg type coupling σϕχ2, we can complete
the decay process to achieve the correct initial condition for the Big Bang. The main
purpose of the following discussion is to give some hints at the realistic picture of early
preheating and subsequent thermalization phase in the presence of all sorts of backreaction
and backscattering effects.
However, in this chapter, we have investigated the thermal behavior of the daughter field
system having chaotic instability in the squeezed state language in an idealized preheating
scenario, and interestingly, we came up with the findings that the thermal behavior of the
scalar daughter field system follows the Bosonic distribution. Since our present analysis
is far from complete, and hence the estimation of different temperatures may not strictly
be taken as the actual system temperature. At this juncture, therefore, it would be worth
pointing out the standard expectation, and we would like to close this section by indicating
a naive estimation of the maximum possible temperature the system may attain right
after the end of inflation, and that can be calculated by utilizing the following relation
H2

end = 1/(3M2
pl)ρ = π2gre/(90M

2
pl)T

4 with gre = 106.75 being the effective number of
degrees of freedom. In the expression, we considered Stefan-Boltzmann law temperature
of radiation energy density ρ = (greπ

2/30)T 4. Assuming Hend ∼ 4 × 10−6Mpl, one gets
T ∼ 2.6× 1015 GeV which anyway falls within the estimation displayed in Fig.(4.13). The
over- and underestimation of the temperature concerning the perturbative temperature
mentioned above can be avoided by the full lattice simulation, which we consider for our
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future study. In addition to that, the extension of the present work to a realistic preheating,
thermalization scenario has been intended to be studied separately in future.

4.6 Summary

Understanding the non-perturbative dynamics of particle production is of utmost importance,
particularly in the quantum field theory framework. In the realm of cosmology, the early
universe reheating phase is an interesting laboratory to understand such phenomena.
During the reheating phase, inflaton plays the role of periodic driving force which may
lead to resonant particle production if the appropriate conditions are satisfied. Extensive
exploration has been performed to understand such non-perturbative phenomena with
the motivation to successfully reheat our universe. In this chapter, we re-explored such
non-perturbative production in the preheating stage and analyzed its underlying physics in
relation to quantum squeezing, chaos, and their intriguing connection with thermalization.
To the best of our knowledge along that direction, very little attention has been paid
(see early references [155–158]) mainly because of a lack of understanding of the possible
connection between the reheating and its subsequent evolution to standard cosmology.
However, preheating can be assumed as an ideal phase of non-equilibrium processes which
demand very special attention from the point of view of theoretical understanding of early
universe cosmology. The mechanism of thermalization is of great theoretical importance
on its own which is not very well understood. Particularly during reheating, it is believed
to have played a significant role in some well-studied cosmological phenomena such as
producing matter-anti-matter asymmetry (baryogenesis), and dark matter abundance that
we observe today. In the context of perturbative reheating and Lattice studies, the issue of
thermalization has been discussed [26, 159, 160, 162]. However, a theoretical understanding
of this is still far from complete. In this work, we try to initiate a theoretical exploration
of the phenomena of squeezing, chaos, and their deep connection with thermalization
during preheating, and we advocate that we have some promising results that are worth
exploring with greater detail in the future. For our present study, we have considered two
well-studied inflaton interactions with the daughter field, namely ϕχ2 and ϕ2χ2. After
the inflation, the inflaton field oscillates near the minimum of its potential ϕn and acts
as a quasi-periodic driving force leading to chaotic growth of quantum fluctuation, which
is observed to be imprinted in the OTOC of phase space variables. We have computed
the associated effective Lyapunov exponent (λ̃effk ) characterizing the chaos in the system.
During this chaotic growth, the quantum state of the produced particles evolved into a
squeezed state. We have further explored the underlying connection between the chaotic
growth and the squeezing of the quantum states and showed the connection between
the Lyapunov exponent and the squeezing parameters. Thermalization is believed to be
deeply connected to the chaotic behavior of a system, which is beautifully conjectured
[180] by proposing an inequality relating Lyapunov exponent and system temperature
under consideration λ ≳ T . By using this, we calculated the approximate lower bound
of temperature T̄MSS. We further conjectured a relation between the system temperature
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and quantum squeezing averaged over phase space and calculated the temperature T̄SS
(see Eq.(4.24)) which indeed satisfies the MSS bound T̄SS > T̄MSS. Finally, to validate
our aforesaid conjecture, we resort to Rayleigh-Jeans definition of the temperature of a
system being in thermal equilibrium. In the classical limit, when the occupation number is
very large, a thermalized system satisfies the well-known Rayleigh-Jeans formula nE ∼ T
with (n,E) being the occupation number and particle energy accordingly. Surprisingly,
the temperature T̄RJ derived from the Rayleigh-Jeans formula turned out to be T̄RJ ≈ T̄SS,
which is quite consistent with our definition. To this end, we find that among three different
background models, n = 1, 2, 3, only n = 1 appears to have a close resemblance to the
thermalization process of a typical thermodynamic system under perturbation. The process
of thermalization itself is a complex phenomenon. In particular, how a quantum system
initially prepared in far-from-equilibrium states can evolve into a thermal equilibrium state
is still not a completely understood subject. Eigenstate Thermalization Hypothesis(ETH)
[194–197] is a well-known proposal towards this direction. In this context, it would be
interesting to investigate this ETH in the reheating era, which we have left for our future
studies.
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CHAPTER 5
Gravitational production of minimally

coupled scalar fluctuation:
Generalization of the Bogoliubov vs

Boltzmann framework

” The career of a young theoretical physicist consists
of treating the harmonic oscillator in ever-increasing
levels of abstraction.”

—Sidney Coleman

Having investigated the phenomena of parametric resonance instability during the
preheating era in the language of quantum squeezing, and establishing a beautiful connection
between the non-equilibrium squeezed quantum system with the non-equilibrium preheating
phase in the last chapter, we, in this chapter, pay attention to the non-perturbative
aspect of gravitational particle(matter and radiation) production during inflation and
post-inflationary reheating. This chapter is based on the work [36].

To produce the thermal bath populated by the relativistic degrees of freedom in the
post-inflationary reheating, several different production mechanisms have been proposed and
studied quite extensively over the years. Gravitational production is one of them, and it has
recently re-attracted attention with the development of a novel framework of perturbative
gravitational portals during reheating [57, 198, 199] and through several studies on the
gravitational production of perturbations of different spins [200–202]. Indeed, the main
interest of such a mechanism is that it does not require any new coupling parameter except
gravity. It can then be considered as a minimal production, and should be added to any
extension of the Standard Model. Here, we restrict ourselves to gravitational-type couplings,
and we will thus neglect the effects due to the preheating phase [203], or fragmentation
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[204–206]. Particularly, the gravitational background dynamics can be sufficient to reheat
the universe [54, 58, 154, 207]. The intriguing possibility of quantum mechanical particle
production by the dynamical space-time was first put forward by Parker (1969) [82, 83],
and then thoroughly studied by many authors, among them is L.H. Ford who applied it
in the framework of inflation. In [208, 209] he studied the particle creation due to the
abrupt change of space-time metric during its transition from an inflationary era to a
subsequent matter or radiation-dominated phase. Subsequently, extensive studies on this
gravitational particle production have been performed and possibilities of reheating have
also been analyzed∗ [67, 68, 210–217].

While analyzing gravitational production, two commonly used approaches, namely
Bogoliubov and Boltzmann, are employed to do a quantitative study of particle production,
especially in the process of reheating†. ‡ However, the Boltzmann approach is widely used,
particularly concerning the production of dark matter after the period of inflation, and is
based on solving the system of dynamical equations for different energy density components
of the system under consideration. The crucial point is that the Boltzmann collision terms
are calculated employing the perturbative QFT technique, considering a specific inflaton
decay/annihilation channel through the exchange of a graviton [34, 57, 154, 220, 221].
Therefore, such an approach typically deals with sub-horizon modes, or short-wavelength
modes, which means modes whose lower frequency corresponds (roughly) to the fundamental
frequency of the inflaton at the end of inflation. By simple energy conservation principle,
the Boltzmann technique does not include the production of super-horizon modes, also
called long-wavelength modes, like, for instance, quantum fluctuations of stable for particles
produced during inflation, which re-enter the horizon during reheating, like spectator
dark matter [222–226]. Further, it does not take into account the exact dynamics of the
background inflaton and treat interaction perturbatively. This approach can be considered
as the one giving the minimal amount of matter (or radiation) produced, being ignorant of
the inflationary process, even of its existence.

On the other hand, the Bogoliubov approach is non-perturbative. The same system is
solved explicitly in a given dynamical background, keeping all the relevant interactions.
Quantum particle production is studied through the evolution of quantum fields in a classical
background. The capability of capturing the minute details of background dynamics makes
this non-perturbative treatment more complete compared to the perturbative one, short-
wavelength components as well as long-wavelength ones being naturally included in the

∗Note that already in 1939 [76], Schrodinger proposed to look at the particle-antiparticle transition
in the Universe by solving his equation in a de Sitter space-time, as already discussed while studying the
historical backdrop of CGPP mechanism in Chapter(2).

†In [218], authors have compared two approaches for the computation of gravitational particle production
from inflation. However, their work considers only an inflaton with an EoS wϕ = 0 and addresses solely the
computation of the long-wavelength part of the spectrum (IR). The authors consider the Bogoliubov as
well as the Starobinsky stochastic approaches, including a possible non-minimal coupling to gravity of the
produced scalar field.

‡In [219], authors have studied the Bogoliubov transformation of parity-violating gravitational waves
and spectral behavior across different equations of states. In their work, they have considered the transition
from de Sitter inflation to the matter and radiation-dominated phase.
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calculation. Indeed, this approach naturally captures both super and sub-horizon modes,
and that is found to be important, as we will discuss in detail in this chapter. In a
recent very interesting work [227], the authors have shown an equivalence between the
Bogoliubov and Boltzmann approaches. However, they limited themselves to the case when
the background dynamics is governed by the matter-like equation of state (EoS) wϕ ≃ 0. In
this chapter, we extend the analysis further and show that, in general, the two approaches
yield quantitatively very different results for the spectrum particularly for higher values of
wϕ. We then explore the dynamics of reheating through this non-perturbative approach
which has not been discussed in the literature in this general setup. In this chapter, we focus
exclusively on the pure gravitational interaction, and the generalization to non-minimal
coupling will be considered in Chapter(6).
Pure gravitational reheating, on the other hand, has already been studied in the Boltzmann
framework with significant details [56–58, 199, 201, 228–231]. The unique feature of the
mechanism lies in the fact that once we fixed a particular model of inflation, the only
parameter that regulates the reheating dynamics is the inflaton EoS, wϕ. The constraints
are then very strong. With the variation of wϕ from 0.65 → 0.99 for α−attractor model of
inflation, the reheating temperature (Tre) lies within BBN energy scale (i.e., 4 MeV) to 106

GeV [57, 154]. Within the same framework, the gravitationally produced scalar DM was
further restricted to be very light (between 0.1 eV and ∼ 1 keV [57, 154, 221]), and thus
excluded by Lyman-α constraints.
In this chapter, we propose to reanalyze the gravitational reheating scenario, considering
the perturbative (Boltzmann) and non-perturbative (Bogoliubov) approach, taking into
account for the first time, the precise background dynamics. In particular, we investigate
the qualitative and quantitative differences arising between the two approaches in terms of
the distribution function and its predictions. We show that for super-horizon modes, the
non-perturbative Bogoliubov approach yields distinct spectral behavior of the daughter field
for which the Boltzmann analysis is not applicable. Moreover, our results indicate that the
Bogoliubov method predicts slightly higher reheating temperature for a given equation of
state than the Boltzmann one. Nonetheless, through this analysis, we want to advocate that
to have a correct prediction, if the inflaton coupling parameters are within the perturbative
regime, the Bogoliubov approach can capture the finer aspects of the physics of reheating,
which has not been much explored in the literature.
This chapter is organised as follows: In Section 5.1, we present an extensive non-perturbative
analytic approach for the sub and super-horizon spectrum of the scalar fluctuation for
general reheating EoS. Furthermore, we study the mass-breaking effect of the IR spectrum
by including the finite mass, mχ, of the daughter scalar field. In Section 5.2, we first compute
the Boltzmann distribution function of the fluctuation and then compare it qualitatively
and quantitatively with the sub-horizon spectrum of the Bogoliubov approach. In section
5.3, using the sub- and super-horizon spectra of the produced fluctuation, we study the
pure gravitational reheating dynamics in a non-perturbative approach. Finally, Section 5.4
summarizes this work by briefly stating the important findings of this study.
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5.1 Fluctuation spectrum for general reheating EoS
(wϕ): Analytical approach

The total energy density of produced scalar field fluctuations χ is computed by integrating
the product of |βk|2 by the energy per momentum mode over all scales. Therefore, the
nature of the |βk|2 spectrum should be thoroughly studied before proceeding toward the
determination of the total energy of gravitationally produced fluctuations. This section
will be devoted to the analytic determination of the spectrum in two different regimes.
Indeed, the nature of the spectrum differs for sub-horizon modes (k ≫ aendHend ≡ kend) and
super-horizon modes (k ≪ kend). For sub-horizon modes, for the minimal system(ξ = 0),
the frequency term ω2

k(η) in Eq.(2.120) is always positive. Indeed, if at the end of inflation,
k > aH, it will always be the case until present time if wϕ > −1

3
, because H decreases

as H ∝ a−
3(1+wϕ)

2 . Therefore, those modes will not experience any tachyonic instability.
However, as we will discuss later, naively the oscillatory behavior of the Hubble scale
during reheating can still have a noticeable effect on those sub-horizon modes. The density
spectrum should depend on wϕ, which sets the re-entry time of the mode k. But, as we will
see in our analysis, it will not be the case for wϕ > 1

9
. On the other hand, modes satisfying

k2 <
(
a′′

a
− a2m2

χ

)
|aend = a2end(2H

2
end −m2

χ) causes frequency ω2
k(η) to become negative at

a given time during inflation and this results tachyonic growth of those mode functions.
Upon their horizon exit during inflation, the amplitude of those modes freezes until their
re-entry during the post-inflationary evolution. Thus, these super-horizon modes are not
in the corresponding Bunch-Davies vacuum in post-inflationary evolution(see Fig.(5.1)).
The dependence on wϕ should then be important to determine the time (scale factor) at
re-entry. To accurately track their evolution, one has to follow them from early times, when
they were deep inside the horizon [50], until their exit. Besides this, these super-horizon
modes, having very long wavelengths, are not affected by the background oscillation of the
inflaton during reheating.

In order to compute the full spectrum |βk|2, we compute it separately, first for the
super-horizon and then for the sub-horizon modes, as they experience different dynamics
in two different regimes. We will then compare the total spectrum with the one obtained
using a Boltzmann approach, where we compute the spectrum from Feynman amplitudes
through the exchange of a graviton [57, 199].

5.1.1 Super-horizon modes spectrum (k < aendHend):

The long-wavelength spectrum gets enhanced through tachyonic instability after horizon
crossing during inflation. Depending upon different post- inflationary EoS, this large-scale
spectrum follows different power-law behavior during reheating. To take into account the
spectrum’s growth after the horizon crossing, we need to start studying its dynamics from
the inflationary era itself. Violation of the adiabaticity condition due to abrupt transition
in the mode equation from the de Sitter phase to the oscillatory regime causes particle
production observed upon modes re-entry associated with long-wavelength modes. To
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Figure 5.1: The figure represents the evolution of the comoving Hubble horizon through
the modified expansion history. The intermediate reheating era modifies the evolution of the
fluctuation spectra.

compute the long-wavelength or IR spectrum, we shall follow the theoretical framework
developed in Chapter(2)(see subsection(2.7.2)). We compute the adiabatic vacuum solutions
during inflation and the post-inflationary era, from the dynamical equation (2.119) for
ξ = 0, taking the general form of the scale factor (2.121). Plugging these vacuum solutions
into Eq.(2.126), we find the super-horizon modes spectrum.

5.1.1.1 Solution during the inflationary phase (η < ηend)

During the de Sitter phase (η ≤ ηend), the mode equation of a masslesss χ-field for long-
wavelength approximation, Eq. (2.119) with a(η) given by Eq. (2.122), becomes

X ′′
k +

[
k2 − 2

η2

]
Xk = 0 , (5.1)

which has for solution the Bunch-Davies mode function [21, 119]

X
(inf)
k (η) =

e−ikη√
2k

[
1− i

kη

]
≃ − i√

2k
3
2η
e−ikη , (5.2)

and

X
(inf)
k

′
(η) =

dX
(inf)
k (η)

dη
≃ i

e−ikη√
2k

3
2η2

, (5.3)

where we approximate k
a
≪ Hend = − 1

a η
, or equivalently |kη| ≪ 1. The divergent term

proportional to 1
kη

is clearly the signature of the dominant (tachyonic) negative term −a′′

a

in Eq. (2.120) with ξ = 0. In case of pure de Sitter inflation, one can also understand that,
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at ηend, the longer is the wavelength (the smaller is k), the sooner the mode enters the
divergent regime. We expect then a power spectrum ∝ |X(inf)

k (η)|2 tilted toward the IR
part of the spectrum.

5.1.1.2 Solution during the reheating phase (η > ηend)

The same k-mode of massless minimally coupled scalar when passing through the reheating
phase, dominated by an equation of state wϕ (for η ≥ ηe), after implementing Eq. (2.121)
in Eq. (2.119), satisfies

X ′′
k +

[
k2 − 2(1− 3wϕ)

(1 + 3wϕ)2
1(

η − 3µηe

)2
]
Xk = 0 , (5.4)

with

µ =
(1 + wϕ)

(1 + 3wϕ)
, (5.5)

and whose solution is

Xk(η) = C12
2ν̄Γ(ν̄ + 1)

√
2ikη̄Iν̄(ikη̄) + C2

√
2ikη̄

π
Kν̄(ikη̄) , (5.6)

where η̄ = η − 3µηend, and Iν̄ , Kν̄ are modified Bessel functions of order ν̄ with

ν̄ =
3

2

(1− wϕ)

(1 + 3wϕ)
(5.7)

with C1 and C2 integration constants. We show in Table (5.1) the values of ν̄ for a set of wϕ.
Note that the generic solution obtained in Eq. (5.6) could also have been applied to find

Table 5.1: Variation of the long-wavelength spectral indices “ ν̄” with different EoS “wϕ”

n wϕ ν̄

1 0 3/2
2 1/3 1/2
3 1/2 3/10
4 3/5 3/14
5 2/3 1/6
6 5/7 3/22
7 3/4 3/26
9 4/5 3/34
19 9/10 3/74
199 99/100 3/794
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the solution X(inf)
k in the de Sitter phase. Indeed, setting wϕ = −1 in (5.6), µ = 0 → η̄ = η

and ν̄ = −3/2, limits of ν̄ for wϕ → −1. We would have obtained

X
(ing)
k (η) =

√
π

2k

√
2ik|η|I−3/2(ik|η|) , (5.8)

which gives X(inf)
k (η) ∼ −1/k3/2η in the long-wavelength approximation, as obtained in

Eq. (5.2). We can also obtain the same expression (5.2) from the general solution in terms of
the Hankel function, X(inf)

k (η) = −i
√

πη
2
H

(1)
3/2(k|η|). Therefore, these two forms of X(inf)

k (η)

in terms of I−3/2(ik|η|) and H(1)
3/2(k|η|) are equivalent to our solution (5.2). Note also that

the equation (5.4) is the same for wϕ = 0 and wϕ = −1, replacing η by η̄. However, the
solution for wϕ = 0 is non-divergent as 1

kη̄
∝ 1√

a
→ 0 for increasing values of a. Even if these

remarks may seem too technical, we believe they are important in the context, because
several solutions, functions and methods are given in the literature, without underlining
their equivalence.

In order to compute the integration constants C1 and C2 for any value of wϕ, we chose
the adiabatic vacuum for each mode. If spacetime changes very slowly, or equivalently,
particle momentum is so large that it hardly feels the background dynamics, the mode
function can be safely assumed to behave (and stay) as a positive frequency mode in
Minkowski space in its asymptotic limit. This corresponds to the limit kη ≫ 1, and the
mode solution (5.6) becomes

Xk(η) ∼
[
C1

22ν̄Γ(ν̄ + 1)√
π

eikη̄ + C2e
−ikη̄

]
. (5.9)

On the other hand, in the adiabatic vacuum limit, the mode function becomes

Xk(η)
η→∞−−−→ e−ikη√

2k
, (5.10)

where we used η → ∞ ⇒ η̄ → ∞. Comparing (5.9) with (5.10) we then deduce

C1 = 0, C2 =
1√
2k
e−3ikµηend =

1√
2k
e
3iµ k

kend , (5.11)

where kend = − 1
ηend

= aendHend is the scale that left the horizon at the end of inflation.
Therefore, the adiabatic vacuum solution of massless particles for general EoS wϕ becomes

X
(reh)
k (η) =

√
η̄

π
e
i
(
3µ k

kend
+π

4

)
×Kν̄(ikη̄) . (5.12)

Note that we recover the plane wave solution of the Minkowski space (Universe with an
infinite pressure, or wϕ → ∞), corresponding to ν̄ = −1

2
and µ = 1

3
, using K− 1

2
(x) =√

π
2x
e−x, as well as for wϕ = 1

3
(ν̄ = 1

2
) which are the two conformal situations.
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We are interested in the generation of long-wavelength modes satisfying k
kend

≪ 1. In
the limit

k ≪ a H =
a′

a
∼ 1

η
⇒ kη ≪ 1 , (5.13)

and using

Kν̄(x)
x→0−−→ 1

2
Γ(|ν̄|)

(
2

x

)|ν̄|

, (5.14)

we obtain for ν̄ > 0

X
(reh)
k (η) ∼ k−ν̄ η̄(

1
2
−ν̄) C√

π
e
i
(
3µ k

kend
+π

4
−πν̄

2

)
(5.15)

X
(reh)′

k (η) ∼ k−ν̄ η̄−( 1
2
+ν̄) B√

π
e
i
(
3µ k

kend
+π

4
−πν̄

2

)
,

with

B = 2(ν̄−1)ν̄Γ(ν̄) + 2(ν̄−2)Γ(ν̄)− 2ν̄Γ(ν̄ + 1)

C = 2(ν̄−1)Γ(ν̄) .

Implementing Eqs. (5.2) and (5.15) into (2.126), we can (at last) compute the long-
wavelength spectrum of massless particles during the transition from the de Sitter phase to
the Universe with a generic EoS wϕ

|βk|2IR =
D
2π

(
kend
k

)(2ν̄+3)

, (5.16)

or

a3
dnχ
d ln k

∣∣∣∣
IR

= 2D k3end
(2π)3

(
kend
k

)2ν̄

(5.17)

with
D =

(
B
(
3µ− 1

)− 1
2
−ν̄ − C

(
3µ− 1

) 1
2
−ν̄
)2

(5.18)

and ν̄ and µ given by Eqs.(5.5) and (5.7) respectively. The solution βk has been computed by
evaluating Eq. (2.126) at the junction point η = ηend = − 1

aendHend
= − 1

kend
, or |kηend| = k

kend
.

In this IR spectrum for massless fluctuations, the spectral index (−2ν̄−3), goes from -6 to -3
for 0 ≤ wϕ ≲ 1. We show in Fig. (5.2) the spectrum obtained by solving numerically the set
of equations, in comparison with our analytical expression (5.16), for three values of wϕ (0,
1
2

and 2
3
). In Fig.(5.2), to numerically track the evolution of the IR modes k ≲ kend from the

beginning of early inflation to the horizon reentry during reheating, we solve the dynamical
equation (2.119) along with (2.114) taking the Bunch-Davies vacuum state as an initial state
of the field at the beginning of inflation. The non-adiabatic evolution of these large scales
after horizon exit during inflation is numerically captured by solving this set of equations,
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5.1. Fluctuation spectrum for general reheating EoS (wϕ): Analytical approach

setting the initial time when the largest scale (or the smallest mode) under study was deep
inside the horizon during inflation, and the final time is set when this largest scale is well
inside the horizon during reheating. We observe a good agreement in the low-frequency
regime, with a slope in the spectrum |βk|2 ∝ k−6 for wϕ = 0, ∝ k−

18
5 for wϕ = 1

2
and ∝ k−

10
3

for wϕ = 2
3
. Note that the density spectrum becomes flat

(
dnχ

d ln k
∼ |βk|2k3 ∼ constant

)
for

kination (wϕ → 1, n→ ∞, ν̄ → 0).

5.1.1.3 Effects of a finite mass term mχ

Remark that the spectrum is also flat in the case of finite mass, for k ≪ mχ, when the
equation of motion becomes almost independent of k. This behavior was already highlighted
in recent works [50, 69, 227, 232] for EoS wϕ = 0, and we extend it here for higher EoS. To
obtain the scale at which the spectrum of long wavelength becomes flat due to the mass
term of the mode, we can look at Eq. (2.119) in the massive minimally coupled case. We
then have the dependence of the frequency ω2

k(η) as a function of the mass of the mode in
Eq. (2.120). For convenience in the following discussion, let us rewrite

ω2
k(η) =

(
k2 + a2m2

χ +

(
3wϕ − 1

2

)
a2H2

)
. (5.19)

We first determine for which scale factor am the mass term a2m2
χ becomes comparable

to the expansion term ∝ a2H2 and find the value of the Hubble scale at this scale factor
Hm ≡ H(am),

am
aend

=

(√
2

|3wϕ − 1|
mχ

Hend

)− 2
3(1+wϕ)

, (5.20)

or

Hm =

√
2

|3wϕ − 1|mχ . (5.21)

Then, it is easy to determine for which scales k ≲ km, at horizon reentry after inflation,
the mass term dominates over the expansion term, leading to a flat spectrum. We have
km ≡ amHm and we find the following expression as a function of wϕ and mχ

km
kend

=

(√
2

|3wϕ − 1|
mχ

Hend

) 1+3wϕ
3(1+wϕ)

(5.22)

which matches perfectly the turning point on the different spectra obtained numerically in
Figure 5.2. Note that for wϕ = 1/3, as the expansion term ∝ a2H2 vanishes in Eq. (5.19),
the instant am/aend becomes

am
aend

=

√
Hend

mχ

, (5.23)
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which gives
km
kend

=

√
mχ

Hend

, (5.24)

which is also what we observe in Fig. (5.2). So, any k ≲ km suffers from the finite
mass-breaking effect of the IR spectrum.

To get further insight, it is interesting to remark that for wϕ = 1/3, there exists an
exact solution for the mode equation of the massive field, which we propose to compute. In
terms of the Hankel function, the inflationary solution of the massive field is given by

X
(inf)
k (η) =

√−πη
2

ei(π/4+πν̄1/2)H
(1)
ν̄1 (k|η|) , (5.25)

where the (mass-dependent) index is now

ν̄1 =

√
9

4
− m2

χ

H2
end

. (5.26)

The adiabatic out-vacuum solution of (2.119) for ξ = 0 during reheating for finite mass,
( mχ

Hend
) < 3/2 and wϕ = 1/3 is

X
(reh)
k (η) =

e
− πk2

8mχa2
end

Hend

(2mχaendkend)1/4
Dν̄2

(
ei

π
4

√
2mχ

Hend

(ηkend + 2)
)
× eiδ , (5.27)

where Dν̄2 is Parabolic Cylinder function with ν̄2 = −1
2

(
1 + ik2

mχa2endHend

)
, and the phase

δ =
π

8
− k2

4mχa2endHend

ln(2)− 3k2

4mχa2endHend

ln

(
mχ

Hend

)
. (5.28)

Using (5.25) and (5.27) in (2.126) we obtain the spectral nature in the long-wavelength
regime as

|βk|2IR,mχ ̸=0 ∼
e
−πHend

4mχ

(
k

kend

)2√
mχ/Hend

(
kend
k

)2ν̄1

. (5.29)

In the regime (k/kend) ≪
√

(mχ/Hend) and (mχ/Hend) ≪ 3/2, the spectral nature turns
out to be |βk|2 ∝

(
kend/k

)3, which justifies the behavior of the spectra for finite mass in
the top right panel of Fig.(5.2). This result also agrees with the condition (5.24).

As the general mode solution doesn’t exist for any higher Eos wϕ > 1/3, we resort
to the approximated method as outlined in [227] to determine at least the behavior of
the number density spectrum for the finite mass case. We write the WKB approximated
post-inflationary solution as

X
(reh)
k (η) ≃ e−iΩk(η)√

2ωk(η)
(5.30)
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Using the equations (5.25) and (5.30) in (2.126) we find

βk ≃
√

π

32ω̄k(ηend)

[(
k

kend

)(
H

(1)
ν̄1+1(k/kend)−H

(1)
ν̄1−1(k/kend)

)
+


(
dω̄k(ηend)
d(ηkend)

)
ω̄k(ηend)

− 1 + 2iω̄k(ηend)

H
(1)
ν̄1 (k/kend)

]
× eiδ (5.31)

Here the phase δ = i
(
3π
4
+ πν̄1

2
− Ωk(η)

)
. At the end of inflation (η = ηend), the dimen-

sionless terms are given by

ω̄k(ηend) =
√

(k/kend)2 + (mχ/Hend)2 + (3wϕ − 1)/2 ,(
dω̄k(ηend)
d(ηkend)

)
ω̄k(ηend)

=

(
Hend

mχ

)5/2
(
1 +

(
Hend

mχ

)2
(3wϕ − 1)

2

)−9/4

(5.32)

Likewise wϕ = 1/3, in the long-wavelength limit k/kend ≪ 1, Eq. (5.31) gives the spectral
nature |βk|2 ∝ (kend/k)

3 for the masses (mχ/Hend) ≪ 3/2, which is indeed independent of
EoS. For the mass (mχ/Hend) > 3/2, the mass-dependent index ν̄1 becomes imaginary, this
in turn generates an exponential mass-suppressed amplitude of the IR spectrum from the
phase part eiδ in the Eq.(5.31).
Before closing this section, we notice that for light scalar modes with finite mass term
(mχ/Hend) ≪ 3/2, in the long-wavelength limit k/kend ≪ 1, the analytic calculations provide
flat spectra, whatever the EoS and the specific shape of the inflaton potential. However, it
has been shown that the numerical spectra in this limit can be slightly red-tilted depending
on the specific inflationary model and evolution of the Hubble scale during inflation [232].
Our analytic approximation assumes an initially constant Hubble rate during the de Sitter
phase, which produces a flat long-wavelength spectrum. This is a reasonable assumption
for a wide range of inflationary models, corresponding to an inflaton that begins in a very
flat potential region, which is valid for α-attractor models that we consider as benchmarks
in this work. We recover in our numerical results flat spectra in the long-wavelength limit,
as can be seen in Figure (5.2) for such inflationary potentials. To this end, we would like to
mention that to avoid the infrared logarithmic divergence while studying the gravitational
production of massive scalars, we should take the exponent of |βk|2 slightly below 3 (slight
deviation from the exact flatness of the spectra). The important physical applications of
this thing are nicely explained in [218], which is necessary for the result to be consistent
with the Starobinsky stochastic approach to particle production. This important fact has
been taken into account while studying the thermal and non-thermal DM phenomenology
during the universe’s transition from inflation to the radiation-dominated phase, as shown
in [233].
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Figure 5.2: Spectral density dnχ

d log k
in long- and short-wavelength regimes, each panel for

a different EoS. Top-Left: wϕ = 0. Top-Right: wϕ = 1/3. Bottom-Left: wϕ = 1/2.
Bottom-Right: wϕ = 2/3. The long-wavelength approximations k ≪ kend from Eq.(5.16)
are represented in dash-dotted black for the massless case mχ = 0. The short-wavelength
approximations k ≫ kend from Eqs. (5.58) and (5.60) are represented in dashed black.
Numerical results are represented in colored solid lines for different values of mχ. The
short-wavelength spectral density obtained through the Boltzmann treatment in Eqs. (5.72)
and (5.75) are depicted in solid purple. For all the EoS, the shape of the short-wavelength
(k ≫ ke) perturbative spectral density obtained through a Boltzmann approach is in accord
with the non-perturbative Bogoliubov spectra, although a difference in amplitude is observed.
As well, the long-wavelength approximation Eq.(5.16) is consistent with the numerical result
for the massless case, while the short-wavelength approximation Eqs. (5.58) and (5.60) are
fully consistent with the numerical result deep in the UV. Interestingly, the interference
term in (5.58) nicely explains the high-frequency oscillation in the spectrum for wϕ = 0.
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5.1.2 Sub-horizon modes spectrum (k > aendHend) :

5.1.2.1 Generalities

For modes staying inside the horizon during the whole inflationary phase(never experiencing
an adiabatic to non-adiabatic transition), particle production essentially takes place almost
immediately after the end of inflation within a very few e-folding numbers, and the
coherently oscillating inflaton background becomes the source of the production. Typically,
the produced particle number density |βk|2 is bound to be very small, because the divergent
term ∝ 1

kη
is not present in the solution X

(inf)
k in Eq. (5.2), ω2

k being always positive.
However, the equation of state varying from −1 to wϕ, one still has the gravitational
production of a certain amount of modes.

In this case, the solution stays adiabatic during all the production process, and one
does not need to compute the exact solutions X(inf)

k (η) and X(reh)
k (η) to find the late-time

converging quantity βk. Instead, one can compute it directly from the evolution equation
of the time-dependent coefficient. Indeed, implementing Eq. (2.106) into

X ′′
k + ω2

kXk = 0 , (5.33)

gives in the adiabatic approximation (neglecting second-order derivatives, and considering
αk ≫ βk) [66–68, 211, 212, 234],

β′
k(η) =

ω′
k

2ωk
e−2iΩk(η) , (5.34)

or
βk(η) ≃

∫ η

ηend

dη
′ ω′

k

2ωk
e−2iΩk(η

′
) , (5.35)

where

Ωk(η
′
) =

∫ η
′

ηend

ωk(η)dη =

∫ t
′

tend

ωk(t)

a(t)
dt (5.36)

and tend stands for the time at the end of inflation. This approach of computing the
Bogoliubov coefficient has the advantage of finding the time-independent βk as the limit
βk(η → ∞), without the need to find the explicit solution X(reh)

k (η).
For the minimal system, using the time-dependent frequency expressed in Eq. (2.120),

and working in cosmic time coordinate, we can express

a′ = a2H ⇒ a′′

a
= 2a′H + aH ′ = a2(2H2 + Ḣ) , (5.37)

which implies that Eq.(2.120) can be written

ω2
k(t) = k2 + a2(m2

χ − 2H2 − Ḣ) , (5.38)

or
ω̇k(t)

ωk(t)
=
a2

ω2
k

[
Hm2

χ − 2H3 − 3HḢ − 1

2
Ḧ

]
. (5.39)
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Using the development (2.70) for H, and with the help of Eq. (2.67), we get at the
leading order in ϕ0(t)/Mpl, the behavior of Ḣ(t) and Ḧ(t) for general n

Ḣ(t) ≃ 3H̄2

[ (
P2n − 1

)
−

√
6P

√
1− P2n

(n+ 1)

(
ϕ0(t)

Mpl

)]
, (5.40)

and

Ḧ(t) ≃ 9H̄3

(n+ 1)

[(
4− (4 + 2n)P2n

)
+

(
ϕ0(t)

Mpl

)√
6P

√
1− P2n

(n+ 4

n+ 1
− P2n

)]
−6

√
6nH̄3

(
Mpl

ϕ0(t)

)
P2n−1

√
1− P2n . (5.41)

From Eq. (2.70), the leading terms of H3 can be written as

H3(t) ≃ H̄3

(
1 +

3
√
6P

√
1− P2n

2(n+ 1)

(
ϕ0(t)

Mpl

))
. (5.42)

Finally, using the expressions of H(t) and Ḣ(t) in Eqs. (2.70) and (5.40) and keeping only
the terms up to the first order of (ϕ0(t)/Mpl) we can write

H(t)Ḣ(t) ≃ 3H̄3

[(
P2n − 1

)
+

√
6P

√
1− P2n(P2n − 3)

2(n+ 1)

(
ϕ0(t)

Mpl

)]
. (5.43)

Implementing these developments in Eq. (5.39), we then obtain for k ≫ aH,

ω̇k
ωk

≃ 1(
k2

a2
+m2

χ

)[Hm2
χ +

(
7n− 11

n+ 1
+

9

n+ 1
P2n

)
H̄3 +

3
√
6H̄3P

√
1− P2n

2(n+ 1)2
(4n− 5)

(
ϕ0(t)

Mpl

)
+3

√
6nH̄3

(
Mpl

ϕ0(t)

)
P2n−1

√
1− P2n

]
. (5.44)

Writing H̄ = Hend

(
tend
t

)
and ϕ(t) = ϕend

(
tend
t

) 1
n , we can substitute (5.44) back to Eq.(5.35),

with dη′ ω
′
k

ωk
= dt′ ω̇k

ωk
. βk then becomes

βk ≃
1

2

∑
ν,l ̸=0

∫ t

tend

dt
′
(
tend
t′

)3
[
N0e

i(ν+l)ωt
′
(

t′

tend

) 1
n

+N1e
iνωt

′

+N2+ N3e
i(ν+l)ωt

′
(
tend
t′

) 1
n

+N4

(
t′

tend

)2

+N5e
i(ν+l)ωt

′
(

t′

tend

) 2n−1
n

]
× e−2iΩk(t

′
)(

k2

a2
+m2

χ

) , (5.45)

where we have introduced

N0 = 3
√
6nH3

end

(
P2n−1

)
ν

(√
1− P2n

)
l

(
Mpl

ϕend

)
; N1 =

9

n+ 1
H3

end P2n
ν ;
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N2 =
7n− 11

n+ 1
H3

end ; N3 =
3
√
6H3

endPν
(√

1− P2n
)
l

2(n+ 1)2
(
4n− 5

)(ϕend

Mpl

)
;

N4 = m2
χHend ; N5 = N4

√
6Pν

(√
1− P2n

)
l

2(n+ 1)

(
ϕend

Mpl

)
. (5.46)

Although it is justified to keep only up to the first order terms of
(
ϕ0(t)
Mpl

)
for the sake

of comparison between the nature of the spectra in the UV regime for two approaches
(Boltzmann and Bogoliubov), to achieve an amplitude-wise uniformity between the analytical
and the numerically obtained spectrum, it becomes imperative to consider the higher order
terms of

(
ϕ0(t)
Mpl

)
. Although these higher-order terms, decaying rapidly with time, hardly

contribute at any late time, from the perspective of initial time te, they have a non- negligible
contribution to the total amplitude. This amplitude will also be important for a correct
estimate of reheating temperature using this spectrum later. Hence, it is important to
keep them while computing the integral (5.35). A complete form of the βk spectrum in the
UV regime, including the higher order terms, is given in the Addenda A. Here we shall
proceed with the integral (5.45) with the first-order term to compute the nature of the UV
spectrum.

In Eq. (5.46), we have introduced separate Fourier series having Fourier components
Pν ,
(√

1− P2n
)
ν

and
(
P2n−1

)
ν
. In Eq. (5.45), there are terms involving the product

of oscillatory phase part and non-oscillatory decaying part, as well as non-oscillatory
decaying part only. Due to their specific nature, each part requires separate analytical
treatment. To evaluate the integral associated with a term involving the product of
oscillatory part and non-oscillatory part (like the first term N0), we shall use stationary
phase approximation [69, 235, 236] and find out the stationary point of the total phase part,
φ±(t) ≡ (ν + l)ωt − 2Ωk(t) (ν, l may be both positive and negative). Defining the time
instant of the stationary phase to be tk at which φ̇±(tk) = 0, it is trivial to check that φ−
does not have any solution to satisfy the condition φ̇−(tk) = 0, Ωk(t) being always positive.
Therefore, from now on, we shall only work with φ+(t) to determine the stationary phase
solution. The mass term mϕ appearing in the fundamental frequency ω of the background
inflaton, Eq. (2.69), is a function of time for n ̸= 1. Considering this time-dependent mass
term, we get the following constraint relation of the stationary point

φ̇+(tk) = 0 ⇒ (ν + l)
(
ω|t=tk + ω̇|t=tktk

)
=

2(ωk|t=tk)
ak

⇒
(
(ν + l)γmend

ϕ

2n

)2(
ak
aend

) 8−4n
n+1

≃
(
k2

a2end
+

(
ak
aend

)2

m2
χ

)
(5.47)

where

γ =

√
πn

(2n− 1)

Γ
(
1
2
+ 1

2n

)
Γ
(

1
2n

) , (5.48)

ak ≡ a(t = tk), and we supposed aend ≪ ak in the right–hand side of the equation. The
time instant tk should be within the range tend < tk < t; otherwise, the integrand is highly
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oscillating and that gives a vanishing contribution. For reheating, the produced particles
can be assumed to be massless or mχ

mend
ϕ

≪ 1 such that N3,N4 ≈ 0. However, for dark matter,
those terms may have a significant contribution. Nonetheless, in the following discussions,
we consider this approximation, and in such a case, one gets the exact solution for the
above stationary phase equation as

ak
aend

∝ k
n+1
4−2n = k

1
1−3wϕ (5.49)

In the high-frequency limit, for wϕ < 1/3, it is indeed clear that aend < ak < a(t), and
we can clearly have a stationary point within the integration range. On the other hand,
for wϕ > 1/3, one obtains ak < aend < a(t) which remains always outside the range of
integration, and does not have any stationary point. Therefore, in the following, we compute
the number spectrum for two different regimes of the equation of states separately.

5.1.2.2 Spectrum for EoS 0 ≤ wϕ < 1/3

In the large k limit, considering the dominant term from (5.45), we, therefore, write the
spectrum for this EoS range as

βk ≃ 1

2

∑
ν,l ̸=0

∫ t

te

dt
′

[
N0e

i(ν+l)ωt
′
(
a(t

′
)

aend

)−3(1+2wϕ)

+ N2

(
a(t

′
)

aend

)−
9(1+wϕ)

2

]
× e−2iΩk(t

′
)(

k2/a2
)

(5.50)

One clearly sees that the first term in the above integral has stationary points for
0 ≤ wϕ < 1/3, whereas the second term does not have such points. Therefore, for the
first integral, one can readily use the stationary phase approximation whereas the leading
contribution for large k from the second term can be obtained by utilizing the simple
integration by parts method.

Employing the stationary phase approximation method, we write the approximate form
of the integral (5.50) associated with N0 term as

β
(0)
k ≃

∑
ν,l>0

N0a
2
end

2k2

(
ak
aend

)−(1+6wϕ)
√

2π

|φ̈+(tk)|
e±i

π
4
+iφ+(tk) (5.51)

Where double derivative of total phase part φ̈+(tk) is calculated to be

φ̈+(tk) = 2(1− 3wϕ)Hendβ̄

(
β̄aend
k

) 3(1+3wϕ)

2(1−3wϕ)

, (5.52)

with β̄ =
(

(ν+l)(1−wϕ)γm
end
ϕ

2(1+wϕ)

)
. Implementing (5.52) in (5.51), we obtain

β
(0)
k ≃

∑
ν,l>0

N0β̄
p1

2Hp2
end

√
π

|(1− 3wϕ)|

(
aendHend

k

) 9(1−wϕ)

4(1−3wϕ)

e±i
π
4
+iφ+(tk)
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= N̄0k
9(wϕ−1)

4(1−3wϕ) e±i
π
4
+iφ+(tk) , (5.53)

where N̄0 =
∑

ν,l>0
N0β̄p1

2H
p2
end

√
π

|(1−3wϕ)|

(
aendHend

) 9(1−wϕ)

4(1−3wϕ) , p1 =
21wϕ−1

4(1−3wϕ)
and p2 =

11−15wϕ

4(1−3wϕ)
.

In the integral (5.45), the oscillatory terms associated with the coefficients N1 and
N3 also have stationary points. Following exactly the same approach as is followed to
reach the expression (5.53) by evaluating the integral (5.50) for N0, we find the spectra

∝ k
15(wϕ−1)

4(1−3wϕ) and ∝ k
21(wϕ−1)

4(1−3wϕ) for the coefficients N1 and N3 respectively. Evidently, the
presence of a faster time-decaying term in the amplitude of the coefficient N3 in Eq.(5.45)
essentially causes a sub-dominant spectral index in the associated number density spectrum
as compared to N1 for any 0 ≤ wϕ < 1/3. Additionally, both the indices for N1 and N3 are

found to be subdominant as compared to the index k
9(wϕ−1)

4(1−3wϕ) associated with the coefficient
N0 for any wϕ < 1/3 in the large frequency limit. Hence, the oscillatory terms with the
coefficients N1 and N3 have been neglected in the integral (5.50).

As mentioned earlier, the second part of the integral (5.50) ∝ N2, which does not
contain an oscillatory part, can be solved by an integration by parts. For that, one needs
to consider the generic form of integral

I(x) =

∫ b

a

g(t)eixψ(t)dt

=
1

ix

∫ b

a

g(t)

ψ̇(t)
d(eixψ(t))

=
1

ix

g(t)

ψ̇(t)
eixψ(t)

∣∣∣b
a
− 1

ix

∫ b

a

d

dt

(
g(t)

ψ̇(t)

)
eixψ(t)dt . (5.54)

Because ψ(t) has no stationary point in the given range [a, b], i.e ψ̇(t) ̸= 0, a simple
integration by parts gives a leading asymptotic behavior (Riemann–Lebesgue lemma)
[235, 236]

I(x) ∼ 1

ix

g(t)

ψ̇(t)
eixψ(t)

∣∣∣b
a

as x→ ∞ . (5.55)

Comparing the integral (5.50) with (5.55) we have for k ≫ aendHend,

x ≡ k/aendHend, ψ(t) ≈ − 2Het

(a/aend)
, ψ̇(t) ≈ 2Hend

(a/aend)
×
(
−(1 + 3wϕ)

3(1 + wϕ)

)
︸ ︷︷ ︸

f(wϕ)

,

g(t) =
N2

(k2/a2(t))

(
a(t)

aend

)−
9(1+wϕ)

2

. (5.56)

Finally, the second part ∝ N2 of the integral (5.50) becomes

β
(2)
k ≃ ia3end

4k3f(wϕ)
N2e

− 2iktend
aend = N̄2k

−3e
i
(

π
2
− 2ktend

aend

)
(5.57)
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where N̄2 =
a3end

4f(wϕ)
N2. In the presence of fast decaying terms in the amplitude of Eq. (5.57),

the dominant contribution comes from the initial time. Note also that, contrary to the
oscillatory term ∝ N0, the spectrum for |β(2)

k | does not depend on the EoS, leading to
|βk|2 ∝ k−6.

Combining Eq. (5.53) and (5.57), we can then obtain the number density spectrum
as nk = |βk|2 = |β(0)

k + β
(2)
k |2. Upon close inspection, one can notice that for the EoS in

the range 0 ≤ wϕ < 1/9, |β(0)
k |2 having a stationary phase contribution dominates over

|β(2)
k |2 having a non-oscillatory contribution in the high-frequency limit. On the other

hand for 1/9 < wϕ < 1/3, it is |β(2)
k |2 which dominates, |β(0)

k |2 having a steeper spectrum.
We emphasize that although in our analytical computation we encounter a critical value
wϕ = 1/9, our analysis is performed in the inflaton potential V (ϕ) ∝ ϕ2n with n a positive
integer, and EoS is defined as wϕ = (n − 1)/(n + 1). Hence, the value wϕ = 1/9 is not
achieved in the class of models of inflation and reheating considered in this work. Still,
this is not a limitation of the theoretical framework constructed in this work. We expect
such analytical results to hold in any potential allowing for inflaton oscillations near the
minimum, as long as we can expand the oscillating background in terms of its Fourier
modes. As a conclusion, the spectral nature of the number density spectrum in the range
0 ≤ wϕ < 1/3 can be written as follows

|βk|2UV,wϕ<
1
3
=


(
N̄0

)2
k

9(wϕ−1)

2−6wϕ + N̄0N̄2k
45wϕ−21

4(1−3wϕ) cosψ︸ ︷︷ ︸
interference term

wϕ ≤ 1/9

(
N̄2

)2
k−6 + N̄0N̄2k

45wϕ−21

4(1−3wϕ) cosψ︸ ︷︷ ︸
interference term

wϕ > 1/9
(5.58)

where the quantum interference term (product of an oscillatory and a non-oscillatory func-
tion) appears as a fast varying oscillatory term in the number spectrum with momentum-
dependent phase factor, ψ =

(
π
4
+ φ+(tk)− 2ktend/aend

)
. Though the k index of the second

term in Eq. (5.58) is sub-leading compared to the first one in both cases, it is this term
that results in oscillation in the spectrum, as can indeed be observed in the Top left panel
of Fig. (5.2). For wϕ = 0, we indeed recover the leading order spectral behavior |βk|2 ∝ k−

9
2

discussed in [227, 237], up to the oscillatory term. With the increase of EoS, this oscillation
effect in the number density spectrum starts getting washed away because of the gradual
decay of the amplitude of the interference term in the large k limit, which is evident from
the interference term in Eq. (5.58).

5.1.2.3 Spectrum for EoS wϕ ≥ 1/3

In this section, we further generalize the spectrum for EoS wϕ ≥ 1/3. The situation becomes
drastically different in this case. Indeed, we have shown that Eq. (5.47) has no stationary
point within the integration range for wϕ ≥ 1/3. As there is no stationary phase in this
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range wϕ ≥ 1/3, unlike the spectrum (5.50), we need to take into account the contribution
of all the terms in Eq. (5.45). Therefore, to estimate the approximate spectral behavior in
this EoS range, we should follow the integration by parts method described in the previous
subsection.

Comparing the integral (5.45) with (5.55), for k ≫ aeHe, in a similar manner we obtain
the functions as given in Eq.(5.56).

We finally end up having the following asymptotic form of the integral (5.45) in large k
and massless (mχ ≈ 0) limit for wϕ ≥ 1/3.

βk ≃
1

4if(wϕ)(k/aend)3

∑
ν,l ̸=0

[
N0

(
a(t)

aend

)−6wϕ

+
(
N1 +N2

)(a(t)
aend

)−
3(1+3wϕ)

2

+N3

(
a(t)

aend

)−3(1+wϕ)
]

× e
− 2i(k/aend)t

(a/aend)

∣∣∣t
tend

. (5.59)

As all the terms in the amplitude part decay fast with time, the dominant contribution will
come from the initial time. The final form of the spectrum then becomes

|βk|2UV,wϕ≥ 1
3
≃ 1

16f 2(wϕ)

(aend
k

)6
×
∑∑[

N0 +N1 +N2 +N3

]2
(5.60)

where f(wϕ) is given by Eq. (5.56). This equation represents an approximate spectral
behavior in the UV regime for wϕ ≥ 1/3, taking the background inflaton oscillation effect
into account. From Eqs. (5.58) and (5.60), we remark that the spectral index is independent
of wϕ for wϕ ≥ 1/9 and in the entire range, the spectral index varies from −9/2 to −6 for
0 ≤ wϕ ≤ 1. So, unlike the IR divergence in large-scale spectrum (5.16), there is no UV
divergence in the number density spectrum. The spectra given in Eqs. (5.16), (5.58), and
(5.60) are three important analytic results of this paper. In Figure (5.2), we find a nice
agreement between the numerically obtained small-scale spectra and the approximated
analytical spectra given by Eqs. (5.58) and (5.60) for different EoS. As already stated earlier,
the small-scale modes never experience non-adiabatic evolution, resulting in a low spectral
amplitude, |βk|2 ≪ 1 for k ≫ kend. Therefore, to numerically study the spectral behavior
in this regime, we rely upon computing the integral (5.35) along with the background
dynamical equations (2.43) and (2.46), which are utilized in studying the behavior of the
time-dependent frequency term (5.39). In the numerical analysis, we set the potential model
parameter α = 1. However, the spectral behavior, anyway, is independent of the choice
of this parameter. Because of background expansion, the gravitational source term a′′

a
in

Eq.(5.37) rapidly loses its efficiency for further production, thereby causing the stabilization
of the amplitude of the integral (5.35) within a few post-inflationary e-folding number. Now,
it becomes interesting to compare our result with another approach, the Boltzmann one.
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5.2 Number density spectrum: Boltzmann versus
Bogoliubov

We start this discussion by exploring the perturbative production of massive scalar from
the oscillating inflaton condensate which is treated as a classical field. We assume this
condensate is homogeneous, decays perturbatively, and it follows the phase space distribution

fϕ(k
′, t) = (2π)3nϕ(t)δ

(3)(k⃗′) , (5.61)

where nϕ(t) is the instantaneous inflaton number density. In the perturbative approach,
the phase space distribution of the produced massive scalar field, fχ, is obtained by solving
the Boltzmann transport equation

∂fχ
∂t

−H|p⃗|∂fχ
∂|p⃗| = C

[
fχ
(
|p⃗|, t

)]
, (5.62)

where C
[
fχ
]

is the collision term given by

C
[
fχ(|p⃗|, t)

]
=

1

2p0

∞∑
ν=1

∫
d3k⃗′ν

(2π)3nϕ

d3p⃗′

(2π)3p0′
(2π)4δ(4)

(
k′ν − p− p′

)
|Mν |2ϕ→χχ

×
[
fϕ(k

′) (1 + fχ(p)) (1 + fχ(p
′))

]
, (5.63)

with k′ν = (Eν , 0), the four-momentum of the inflaton condensate and Eν = νω denotes
the energy of the inflaton condensate corresponding to the ν-th mode of oscillation and
ω is defined in Eq. (2.69). Vanishing three momenta implies that the inflaton decays to
massive particles at its rest frame and Mν is the transition amplitude in one oscillation for
each oscillating field mode of ϕ from coherent condensate state |ϕ⟩ to two final particles
state |χχ⟩. In the above expression of the collision term, the inverse decay term has been
neglected, satisfying the energy-momentum conservation.
From energy-momentum conservation, we have

p = p′ =
νω

2

√
1− 4m2

χ

(νω)2
(5.64)

and considering very low-mass particles, mχ ≪ mϕ or massless case, mχ ≈ 0, we can write
p = p′ ≈ νω/2.

Now implementing (5.61) and (5.63) in (5.62), we get

∂fχ
∂t

−H|p⃗|∂fχ
∂|p⃗| =

∞∑
ν=1

π|Mν |2
2(p0)2

δ
(νω

2
− p0

)
(1 + 2fχ(p))

⇒ d

dt
fχ(|p⃗|, t) =

∞∑
ν=1

2π|Mν |2
ν2ω2

δ
(
|p⃗| − νω

2

)
130

TH-4015_206121007



5.2. Number density spectrum: Boltzmann versus Bogoliubov

⇒ fχ(|p⃗|, t) =
∞∑
ν=1

2π

ν2

∫ t

tend

|Mν(t′)|2
ω2(t′)

δ

(
|p⃗(t′)| − νω(t′)

2

)
dt′

⇒ fχ(|p⃗|, t) =
∞∑
ν=1

2π

ν2

∫ t

tend

|Mν(t′)|2
ω2(t′)

δ

( |p⃗(t)|a(t)
a(t′)

− νω(t′)

2

)
dt′ . (5.65)

In the above expression, for massless particles we have p0 = |p⃗| =
(
νω(t)

)
/2. As here we

are talking about gravitational spectra, the condition fχ(p) ≪ 1 is essentially valid. In
the second line of Eq. (5.65) we have assumed

(
1 + 2fχ(p)

)
≈ 1 and in the final line, the

product |p⃗(t)|a(t) is the comoving momentum.
To evaluate the delta function in the integral (5.65), we introduce a time t̂ between the

two limits te and t which satisfies the relation

a(t)

a(t̂)
=

νω(t̂)

2|p⃗(t)| . (5.66)

Here we are considering gravitons (hµν) mediated production of a minimally coupled
scalar field (χ) from the inflaton background (see [57] for a detailed analysis), and do not
consider any other interaction between inflaton and scalar field. For the minimal case, the
gravitational interaction gives the following form of the interaction Lagrangian.

Lint = − hµν

Mpl

(
T ϕµν + T χµν

)
(5.67)

where T ϕµν , and T χµν are the energy-momentum tensors of the inflaton and scalar field,
respectively. Based on the above interaction Lagrangian, we calculate the expression of the
transition amplitude Mν as follows: [46, 50, 57]

Mν = − 1

M2
pl

V (ϕ0)P2n
ν

(
1 +

2m2
χ

(νω)2

)
= − 1

M2
pl

ρϕP2n
ν

(
1 +

2m2
χ

(νω)2

)
. (5.68)

Now, if we take into account the symmetry factor associated with two identical final states,
then the average transition probability amplitude for massless(or, very low mass) final state
particles becomes

∞∑
ν=1

|Mν |2 =
1

2
×

∞∑
ν=1

ρ2ϕ
M4

pl

|P2n
ν |2 , (5.69)

Using Eqs.(5.66) and (5.69) in (5.65) we can then evaluate the phase space distribution
function for general EoS in the low mass limit (mχ ≈ 0)

fχ(p, t) =
∞∑
ν=1

2π|P2n
ν |2

ν3
ρ2ϕ(t̂)

M4
plω

2(t̂)

θ(t− t̂)θ(t̂− tend)∣∣−ω(t̂)H(t̂)− ω̇(t̂)
∣∣ = ∞∑

ν=1

2π|P2n
ν |2

ν3
ρ2ϕ(t̂)

M4
plω

3(t̂)H(t̂)

θ(t− t̂)θ(t̂− tend)

|3wϕ − 1|
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=
∞∑
ν=1

2π|P2n
ν |2

ν3|3wϕ − 1|
ρ2ϕ(t)

M4
plω

3(t)H(t)

(
2p(t)

νω(t)

) 9(wϕ−1)

2(1−3wϕ)

θ(t− t̂)θ(t̂− tend)

=
π

4M4
pl|3wϕ − 1|

ρ2end

Hend(mend
ϕ γ)3

(
mend
ϕ γ

p(t)(a/aend)

) 9(1−wϕ)

2(1−3wϕ) ∞∑
ν=1

|P2n
ν |2

(ν
2

) 3(1+3wϕ
2(1−3wϕ)

× θ(t− t̂)θ(t̂− tend)

fχ(k, a) =
9π

4
(γ)

3(1+3wϕ)

2(1−3wϕ)

(
Hend

mend
ϕ

)3(
aendm

end
ϕ

k

) 9(1−wϕ)

2(1−3wϕ)
1

|(3wϕ − 1)| ×
∞∑
ν=1

|P2n
ν |2

(ν
2

) 3(1+3wϕ)

2(1−3wϕ)

× θ

( 2k

νaendmend
ϕ γ

) 1
1−3wϕ

− 1

 θ

( a

aend

)(
2k

νaendmend
ϕ γ

) 1
3wϕ−1

− 1

 . (5.70)

and γ is defined in Eq. (5.48). Using the relations

ρϕ(t̂) = ρϕ(t)

(
a(t̂)

a(t)

)−3(1+wϕ)

;H(t̂) = H(t)

(
a(t̂)

a(t)

)−
3(1+wϕ)

2

ω(t̂) = ω(t)

(
a(t̂)

a(t)

)−3wϕ

; ρ2end = 9M4
plH

4
end (5.71)

together with (a(t̂)/a(t)) =
(
2p(t)/νω(t)

) 1
1−3wϕ which is deduced from Eq. (5.66), we finally

obtain the distribution function as follows

f
wϕ ̸=1/3
χ (k, a) =

9π

4|3wϕ − 1|

(
γ

mend
ϕ

Hend

) 3(1+3wϕ)

2(1−3wϕ) (
kend
k

) 9(1−wϕ)

2(1−3wϕ)
∞∑
ν=1

|P2n
ν |2

(ν
2

) 3(1+3wϕ)

2(1−3wϕ)

× θ

( 2k

νaendmend
ϕ γ

) 1
1−3wϕ

− 1

 θ

( a

aend

)(
2k

νaendmend
ϕ γ

) 1
3wϕ−1

− 1


(5.72)

In the above equation (5.72), (p(t)a(t) = k) is the comoving momentum of the produced
particles. To the leading order, this is our main result obtained from the Boltzmann
equation, which describes the spectral behavior of the produced particles for the sub-horizon
modes if wϕ ̸= 1/3. From the distribution function (5.72), we indeed recover the well
known spectral nature fχ ∝ k−9/2 for wϕ = 0. If we further compare this with the resulting
distribution function Eqs. (5.58) and (5.60) obtained by the Bogoliubov approach, one
clearly sees that both match for a matter like reheating equation of state and also the higher
equation of state (see Fig.(5.2)). It has already been shown in the Bogoliubov method that
the spectral index for UV modes varies from −9/2 to −6 for 0 ≤ wϕ ≤ 1, therefore, in the
computation of energy density, no UV divergence occurs. But, the spectrum (5.72) having
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spectral index
(
9(wϕ − 1)/2(1− 3wϕ)

)
appears to be UV divergent both in energy density

and particle number density for EoS wϕ > 1/3, which is seemingly in sharp contradiction
with the spectrum obtained in the non-perturbative method earlier. Surprisingly, the
computation of the full sum containing the Fourier components and two Heaviside functions
in the Eq. (5.72) finally generates a convergent spectral nature which agrees well with the
Bogoliubov spectrum in the UV regime, as we can see in Fig. (5.2) for wϕ = 0, 1/2, 2/3.
In this regard, a few important points are mentioned by analyzing the massless distribution
function in Eq. (5.72).

• For 0 < wϕ < 1/3: In this EoS range, (1− 3wϕ) > 0 and this makes the index in the
first Heaviside function (theta function) of (5.72) always positive. This makes us
inclined towards a high-frequency regime, k/aendmend

ϕ > 1, satisfying the condition
(k/aendm

end
ϕ ) ≥ νγ/2 to have a non-vanishing value from the first Heaviside function.

On the other hand, in the second Heaviside function, the index alters its sign and gets
negative in this EoS range. Therefore, in the high-frequency regime, we need to go
to a larger time scale, a(t)/aend ≫ 1, to satisfy the second Heaviside function. From
(5.66), such instants say t̂ are calculated as (a(t̂)/aend) =

(
2k/νaendm

end
ϕ γ

)1/(1−3wϕ)

and these instants are nothing but the stationary points as interpreted in the Bo-
goliubov approach and they indeed satisfy this second Heaviside function in high-
frequency regime. For the stationary points, we get another condition (k/aendm

end
ϕ ) ≤

(νγ/2)(a(t)/aend)
(1−3wϕ).

• For wϕ > 1/3: In this EoS range, spectrum index
(
9(wϕ − 1)/2(1 − 3wϕ)

)
starts

diverging in UV regime. However, to satisfy two Heaviside functions simultaneously,
we get more constrained. Now the index of the first theta function gets negative,
which eventually gives the condition νγ/2 ≥ (k/aendm

end
ϕ ) to satisfy the first theta

function. To satisfy the second Heaviside function, we need to choose the time
instants satisfying the condition, (a(t)/aend) ≥

(
νaendm

end
ϕ γ/2k

) 1
(3wϕ−1) . The condition

νγ/2 ≥ (k/aendm
end
ϕ ) actually discretizes the computation of the sum in Eq.(5.72)

and, for an arbitrary high-frequency mode, we cannot take the sum from any order
of Fourier components. If we go on increasing the ratio

(
k/aendm

end
ϕ

)
, we must take

higher and higher order of Fourier components P2n
ν . Again with the increase of order

ν, P2n
ν drops rapidly, and after the first few terms of the series, it becomes vanishingly

small which in turn restricts the maximum range of high-frequency mode up to which
one can reach. Beyond that momentum range, the Fourier sum in (5.72) will have a
vanishing contribution. Although there is a diverging spectral index in this EoS range,

k
9(wϕ−1)

2(1−3wϕ) , the associated Heaviside functions interestingly maintain the convergence in
this EoS range, as predicted by the non-perturbative analysis in the previous section.

For the specific case of wϕ = 1/3, we have that

fχ(|p⃗|, t) =
∞∑
ν=1

2π

ν2

∫ t

tend

|Mν(t′)|2
ω2(t′)

a(t′)

a(t)
δ
(
|p⃗(t)| − νω(t)

2

)
dt′ (5.73)
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where now the Dirac delta is independent of the variable of integration t′ due to the same
redshift of momenta and inflaton frequency, ω(t′) = ω(t) (a(t)/a(t′)). Thus, it can be
brought out of the integral and we are left with the integral from te → t of the quantity∫ t

tend

a(t′)

a(t)

|Mν(t′)|2
ω2(t′)

dt′ = |P2n
ν |2

∫ t

tend

a(t′)

a(t)

ρ2ϕ(t
′)

2M4
plω

2(t′)
dt′ . (5.74)

Considering the background evolution of the inflaton energy density for wϕ = 1/3 we then
obtain the following Boltzmann distribution function

f
wϕ=1/3
χ (k, a) = 3π

(
Hend

mend
ϕ γ

)2 [
1−

(aend
a

)3] +∞∑
ν=1

|P2n
ν |2
ν2

δ

(
k

kend
−
νγmend

ϕ

2Hend

)
. (5.75)

It corresponds to a series of peaks located at different momenta (1/2)νmend
ϕ γ as previously

described in [206] for the distribution function of inflaton quanta produced by inflaton
self-interactions in a quartic potential, for which wϕ = 1/3. The appearance of these discrete
delta peaks in the momentum space causes the initial rapid fluctuations in the Boltzmann
spectrum for wϕ = 1/3 in Fig.(5.2). One should note, however, that in the context of
self-interactions, the occupation number was found to rapidly grow after inflation, scaling as
∝ a(t)/aend for each peak, signalling the breakdown of the perturbative Boltzmann picture
rapidly after inflation. In the case of the gravitational production of quanta, we obtain
here that the spectrum is fully determined by what happens at the end of inflation, and
the occupation number for each mode is not growing as a function of time, allowing us to
consider the Boltzmann computation even at late times for wϕ = 1/3.
To compare the nature of the phase-space distribution function or number density spectrum
obtained in two different approaches, we present their behavior in Figure (5.2) for four
different EoS wϕ = 0, 1/3, 1/2, 2/3, where we considered a maximum Fourier scale
νmax = 2000 for the Boltzmann numerical computation. We observe that the Bogoliubov
approach and the Boltzmann approach agree quite well on the shape of the spectrum, as
well as with our analytical approximation for all four EoS, and this accordance is true for
any higher EoS wϕ ≥ 1/3.

5.3 Reheating dynamics through minimal gravitational
production

In this section, we shall investigate the reheating process through pure gravitational
production, considering the full number density spectrum |βk|2 associated with long and
short-wavelength modes. In this estimation, we make use of the analytic expressions of the
spectrum computed in section 5.1. To determine the reheating temperature through the
gravitational excitation of scalar modes, we assume the thermalization of the produced modes
once they become subhorizon (particle states). This approximation of fast equilibration
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may not be valid depending on the additional interactions to consider among the relativistic
particles produced after inflation. Several studies have been focusing on the problem of
reaching chemical and kinetic equilibrium for a simple relativistic sector produced during
preheating via classical simulations [26, 160, 238, 239] or through perturbative quantum
processes during reheating [157, 240–242]. Here, we consider the possibility of producing
the light Standard Model (SM) quanta from the inflaton through minimal gravitational
interaction, especially in the form of relativistic Higgs bosons. In this case, the large number
of degrees of freedom in the SM and the sizable gauge interactions within this sector are
expected to efficiently bring the produced relativistic particles into a hot thermal bath.
We do not investigate further the complexity of non-instantaneous thermalization during
and after reheating, which requires dedicated numerical analysis. Still, we assume we can
associate a temperature with the produced relativistic particles at the end of the reheating
era.

Our present analysis clearly shows the requirement of a high post-inflationary EoS
(or, some stiff matter-dominated phase) to achieve successful reheating through pure
gravitational production. It also shows the sensitive dependence of reheating temperature
on the inflationary energy scale through the variation of the parameter α in the potential
(2.75).

We have obtained the power-law-type behavior of particle number density spectrum
in both IR and UV regimes for different EoS and the detailed investigation reveals that
the minimum reheating temperature that is BBN (Big Bang nucleosynthesis) bound,
Tre ∼ 1 MeV, is achieved around wϕ = 0.6 for α = 1. If we keep on increasing the parameter
value α, we keep on getting lower and lower reheating temperatures at higher EoS. The
more the value of EoS wϕ that is closer to the kination regime (wϕ → 1), the higher the
reheating temperature. Indeed, in the gravitational reheating scenario, in the absence of
any such specific decay channel for the inlfaton, background inflaton energy density scales
as ρϕ ∝ a−3(1+wϕ) whereas produced massless fluctuation being radiation scales as ρR ∝ a−4.
In order to successfully reheat the universe, ρϕ and ρR must reach their equality and this
essentially requires EoS wϕ > 1/3 in the pure gravitational scenario. Therefore, simple
energy scaling confirms the requirement of a higher EoS for gravitational reheating to
happen. Now, combining UV and IR modes and using the spectrum given in Eq.(5.16) and
(5.85), the total comoving energy density of produced particles can be computed as follows

ρRa
4 =

∫ kend

kre

k3

2π2
|βk|2IRdk +

∫ kPlanck

kend

k3

2π2
|βk|2UVdk

⇒ ρRa
4 =

Dk4end
4π3(1− 2ν̄)

(
1−

(
kre
kend

)(1−2ν̄))
+
a6end

∑[
N0 +N1 +N2 +N3 +N8 +N9

]2
64π2(f(wϕ))2k2end

×
(
1−

(
kend
kPlanck

)2)

⇒ ρcomR (α, wϕ) ≈
D(wϕ)H

4
end(α, wϕ)

4π3(1− 2ν̄(wϕ))
+

∑[
N0 +N1 +N2 +N3 +N8 +N9

]2
64π2(f(wϕ))2H2

end(α, wϕ)
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⇒ ρcomR (α, wϕ) ≈
D(wϕ)(3wϕ + 1)H4

end(α, wϕ)

8π3(3wϕ − 1)
+

9(1 + wϕ)
2
∑[

N0 +N1 +N2 +N3 +N8 +N9

]2
64π2(1 + 3wϕ)2H2

end(α, wϕ)
(5.76)

In the expression above, the first part is associated with the large-scale (IR) contribution and
the second part is associated with the small-scale (UV) contribution, where the coefficients
Ni are functions of the model parameter α and the EoS wϕ as defined earlier and in the
Addenda A. Another EoS dependent function D is defined in (5.18). Here kre = areHre

is the scale that entered the horizon at the end of reheating, and are, Hre are the scale
factor and Hubble scale at the end of reheating. Furthermore, in the comoving energy
density expression, we take the IR cut-off at the scale kre and we take the UV cut-off at
the Planck energy scale, kPlanck. It is important to note that while defining any physical
quantity like energy density or temperature associated with fluctuations, we shall consider
solely the contribution of the causal modes, which are well inside the horizon at the time of
computing the quantity of interest. The highest accessible scale in the finite time scale of
reheating is kre, and the modes in the range kre ≤ k ≤ kend are well inside the horizon at the
end of reheating, hence contributing to the total energy density of produced particles [46].
Therefore, kre is considered to be the IR limit in the computation of ρcomR at the time of
reheating in Eq.(5.76). The very nature of the UV spectrum shows no small-scale divergence
at all in the computation of the energy density for the entire range of EoS 0 ≤ wϕ ≤ 1,
whereas the very nature of the IR spectrum (see (5.16)) suggests a large-scale divergence in
the total energy density for wϕ < 1/3, and a logarithmic divergence for wϕ = 1/3. However,
in the entire range wϕ > 1/3, there is no IR divergence in the energy density spectrum.
Therefore, in the gravitational reheating scenario with wϕ ≥ 3/5, we are free from both IR
and UV divergence of the comoving energy spectra. As kPlanck ≫ kend and kRH ≪ kend, in
both the cases for wϕ > 1/3, the significant contribution in energy comes around the scale,
which leaves the Hubble horizon at the inflation end, which is k = kend.
As we are dealing with pure gravitational production here, the evolution of background
inflaton energy density will mostly be affected by background expansion rather than the
backreaction of produced fluctuations, as mentioned before. Therefore, background energy
density evolves as

ρϕ(a) ≃ (3M2
plH

2
end)

(
a

aend

)−3(1+wϕ)

(5.77)

Different spectral behavior causes different reheating e-folding number Nre ≡ ln
(
are
aend

)
for

different EoS. In order to obtain Nre for different wϕ, the condition ρϕ(a) = ρR(a) has to be
met at some point, say, at are during the reheating phase. We have,

(
are
aend

)
=

(
3M2

plH
2
end

ρcomR

) 1
(3wϕ−1)

(5.78)

Finally, combining both IR and UV scale contributions, we end up having the expression
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of reheating temperature achieved in the pure gravitational reheating scenario as

Tre =

(
30

greπ2

) 1
4 (

3M2
plH

2
end

) 1
1−3wϕ

(
ρcomR

)− 3(1+wϕ)

4(1−3wϕ) (5.79)

where gre is the total relativistic degrees of freedom at the time of reheating, which is given
by gre = 106.75 in the SM for Tre ≳ 1 GeV. Eq. (5.79) along with (5.76) are two important
results of this work, giving us a particular reheating temperature corresponding to a specific
reheating EoS within the Bogoliubov approach. Our detailed numerical results of reheating
dynamics based on this non-perturbative formalism compared with the Boltzmann approach
are given in Table 5.2 for different values of wϕ. We note that both approaches agree quite
well numerically. The slight discrepancy in the temperature prediction is caused by the
addition of the IR contribution to the total energy density as well as the slightly higher
spectral amplitude obtained in the non-perturbative Bogoliubov treatment, compared to
the Boltzmann one, around the scale k ∼ kend, for any wϕ > 1/3. Now, to understand the
individual contributions of the IR and UV components of radiation energy density ρcomR

from Eq.(5.76), we also calculated the reheating temperatures for these two components
separately for varying EoS as shown in Fig.(5.3). Evidently, in this non-perturbative minimal
reheating scenario, the small-scale(UV) contribution in the energy density is slightly larger
than the large-scale(IR) contribution, causing the difference in the reheating temperatures
as computed through UV and IR modes separately in Fig.(5.3).

Table 5.2: Variation of reheating temperature with various EoS for α = 1. Here, we have
given both Boltzmann and Bogoliubov predictions for comparison.

Bogoliubov Boltzmann

wϕ Tre (GeV) wϕ Tre (GeV)

3/5 1.12× 10−3 3/5 9.40× 10−4

2/3 2.17 2/3 0.97

5/7 58.26 5/7 11.76

3/4 3.54× 102 3/4 2.42× 102

4/5 5.84× 103 4/5 2.54× 103

5.4 Summary
In this chapter, we have computed the long and short-wavelength spectra of a massless scalar
fluctuation during inflation and post-inflationary reheating employing the non-perturbative
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Figure 5.3: The figure represents the individual contribution of IR and UV components of
ρcomR in Eq.(5.76) to the reheating temperature for varying EoS. The BBN temperature here
is taken to be 4 MeV.

Bogoliubov treatment in the pure gravitational reheating scenario. In the long-wavelength
regime, we found that in the case of a transition from de Sitter inflation to general reheating
EoS wϕ, the spectral index varies from -6 to -3 for 0 ≤ wϕ ≤ 1. The lower the reheating
EoS wϕ, the heavier the red tilt of the spectrum in the IR regime. This IR behavior of
the spectra is obtained within a purely non-perturbative treatment as the perturbative (or
Boltzmann) approach fails to track the super-horizon evolution of the fluctuation.

We have also studied the mass-breaking effect or the departure of the large-scale spectra
from the massless limit. We have analytically computed the relationship between field mass
(mχ) and the IR scale (km) below which all the modes suffer from the finite mass effect
for any general reheating EoS. For any mχ/Hend ≳ 3/2, the large-scale spectrum is found
to experience an exponential mass-suppression effect. Interestingly, we find that for the
masses mχ/Hend ≪ 3/2, the k3

∣∣βk∣∣2 spectral shape always remains flat irrespective of the
post-inflationary EoS. Our numerical result also supports this analytical finding.
However, for the short-wavelength modes, we find that the post-inflationary inflaton
oscillation plays a very important role in computing the sub-horizon spectrum in the
non-perturbative treatment. Our study reveals that the product of an oscillatory term
and a non-oscillatory term in the expression of |βk|2UV results in the appearance of an
interference term which nicely explains the origin of the momentum-space oscillations in
the high-frequency regime of the spectrum as we can see in Fig. (5.2). For wϕ = 0, we
recover the known UV spectral index to be -9/2 with small oscillations over it. Interestingly,
we find the EoS wϕ = 1/9, at which the dominant spectral index turns out to be -6, and
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for any 1/9 ≤ wϕ ≲ 1, the spectral index remains -6 independent of the choice of wϕ.
Therefore, in the entire range 0 ≤ wϕ ≲ 1, the UV spectral index varies from −9/2 to
-6. Unlike the long-wavelength regime, there is no UV divergence in the short-wavelength
regime of the number density spectrum. We have also found an agreement in the spectral
behavior between two approaches, using the Bogoliubov formalism or solving the associated
Boltzmann equation, in the UV regime for any EoS 0 ≤ wϕ ≲ 1.

In the present study, we have also looked at how to achieve a successful reheating scenario
from the non-perturbative approach. Such a gravitational reheating scenario is drawing much
attention because of its simpler mechanism where a dynamical background itself suffices the
conditions for successful reheating without the requirement of any complicated non-minimal
coupling between produced fluctuation and inflaton or with gravity. In our work, we have
studied this reheating scenario employing a non-perturbative Bogoliubov approach. We
presented our result in Section 5.3, summarizing the variation of the reheating temperature
with wϕ in Table 5.2. Our analysis shows that maintaining a reheating temperature above
the BBN energy scale requires wϕ ≳ 0.6. Evidently, to achieve radiation domination through
purely gravitational production, the Universe has to transit to a higher post-inflationary
EoS. It is interesting to note that there is a one-to-one correspondence between reheating
temperature and reheating EoS, so a particular EoS can uniquely specify a particular Tre

as given in Table 5.2. However, such a gravitational reheating scenario generally faces the
challenge of overproducing primary gravitational waves (PGWs) [58, 111, 228, 243]. As
well, the generation of light scalar perturbations from inflation and reheating may suffer
from the problem of a too large isocurvature power spectrum PS(k) for these modes. These
isocurvature perturbations are tightly constrained by Planck data at CMB horizon crossing
scale, k∗/a0 = 0.05 Mpc−1, with a0 be the present-day scale factor. In this work, we are
focusing on the gravitational production of a scalar fluctuation minimally coupled to gravity,
ξ = 0. In several recent studies [69, 223, 224, 244–246], it has been clearly pointed out that
for wϕ = 0, a massless scalar fluctuation must have a lower limit of non-minimal coupling
strength, ξ ≳ 0.027 to prevent the overproduction of isocurvature fluctuation at the CMB
scale respecting the current isocurvature bound PS(k∗) < 8.3× 10−11 [7, 8]. This rules out
the possibility of a minimally coupled scalar field for wϕ = 0 due to the heavily red-tilted
large-scale spectrum, |βk|2IR ∝ k−6. On the contrary, for wϕ > 1/3, the appearance of strong
post-inflationary tachyonic instability beyond a certain coupling strength (ξ > 1/6) for the
large scales imposes upper bounds on ξ respecting the isocurvature constraint at the CMB
scale. These possibilities are explored in the recent studies [46, 246] quite extensively. It
has also been found that, as one approaches wϕ = 1/3, the value of ξ remains unconstrained
subject to this large-scale isocurvature bound.
This chapter demonstrates the gravitational particle production phenomenon of a minimally
coupled system, based on the semi-classical gravity treatment, where the dynamical back-
ground is classical, and the produced fluctuations are quantum. This treatment of particle
production within a classical gravitational background is an effective description, and at
sufficiently high energies, when the inflaton field value is not far from the Planck scale,
the quantum gravity effects are expected to become relevant. As pointed out in [247], the
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effective field theory operators can significantly enhance the particle production immediately
after inflation. Additionally, in the higher EoS regime (for n > 1), self-interactions of the
inflaton can generate loop-induced corrections such as the Coleman–Weinberg potential,
which may modify the effective potential, particularly at small field values. In this chapter,
we have focused on the leading-order (tree-level) dynamics and have not included these
radiative corrections explicitly to the background inflaton potential, which is expected to
further alter the early-universe reheating and dark matter studies. However, the detailed
investigation of these effects lies beyond the scope of this thesis and is left for our future
endeavour.
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Addenda

A Higher order sub-horizon spectrum

A.1 UV(k > aendHend) modes spectrum including higher-order
terms of

(
ϕ0(t)
Mpl

)
:

In the expressions of H(t), H3(t), Ḣ(t) and Ḧ(t), we truncate the expansions at the order

three
(
ϕ0(t)
Mpl

)3
through an amplitude comparison with the other higher-order terms(O(4), O(5)

etc.).
The expression of the Hubble scale up to O(4) higher-order terms is given as,
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(5.80)

Subject to this Hubble scale (5.80), the expressions of H3, Ḣ, HḢ and Ḧ with the
higher-order terms can be written as follows
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Substituting the Equations (5.80) and (5.81) to (5.39) we obtain
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Similarly, we can define the integral (5.45) with the modified expression (5.82) as

βk ≃
1

2

∑
ν,l ̸=0

∫ t

tend

dt
′
(
tend
t′

)3
[
N0e

i(ν+l)ωt
′
(

t′

tend

) 1
n

+N1e
iνωt

′

+N2+ N3e
i(ν+l)ωt

′
(
tend
t

) 1
n

+N4

(
t′

tend

)2

+N5e
i(ν+l)ωt

′
(

t′

tend

) 2n−1
n

+N6e
iνωt

′
(

t
′

tend

) 2(n−1)
n

+N7e
i(ν+l)ωt

′
(

t
′

tend

) 2n−3
n

+N8e
iνωt

′
(
tend
t

) 2
n

+N9e
i(ν+l)ωt

′
(
tend
t

) 3
n

︸ ︷︷ ︸
Additional coefficients

]

× e−2iΩk(t
′
)(

k2

a2
+m2

χ

) , (5.83)

where newly defined indices are
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Here, we introduce a few other separate Fourier series having Fourier components P2
ν ,P3

ν ,P2(n+1)
ν

and P3+2n
ν .

In the range 0 ≤ wϕ < 1/3, as we have argued in (5.50), the integrals associated with
the coefficients N1, N3 will not contribute to the stationary points considerably because of
the subdominant spectral indices. Likewise, for massless or very low-mass case(mχ ≈ 0),
additional higher-order terms with the coefficients N8 and N9 have even smaller contribu-
tions compared to N1,N3. Therefore, in the range 0 ≤ wϕ < 1/3, the spectral behavior in
Eq.(5.58) will remain unchanged by adding higher-order terms.
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In the range wϕ > 1/3, these additional higher-order terms have a significant contribution
to the total amplitude of the spectrum. Evaluating the integral (5.83) for wϕ > 1/3 and
proceeding along the same way as described in Section 5.1 (see Eqs.(5.54)-(5.60)) we finally
obtain the modified UV spectrum as follows

|βk|2UV ≃ 1

16(f(wϕ))2

(ae
k

)6
×
∑∑[

N0 +N1 +N2 +N3 +N8 +N9

]2
(5.85)

Although the terms associated with N3,N8,N9 are faster decaying, while evaluating the
integral (5.83), they have a non-negligible contribution to the total amplitude from the
perspective of initial time.
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CHAPTER 6
Gravitational production of

nonminimally coupled scalar fluctuation:
Gravitational wave and Reheating

phenomenology

” When gravitational waves reach the earth, the waves
stretch and squeeze space. This is a tiny stretch and
squeeze. Far too small to detect with ordinary human
senses.”

— Kip Thorne

Primordial Gravitational wave (GW) is one of the unique observable predictions of the
inflationary paradigm [9–12, 14, 17–19, 21–23, 123, 124, 248, 249]. Given the advent of a
large number of existing [250–261] and upcoming [262–268] GWs detection experiments,
inflationary framework proves to be an interesting playground to look for new physics at
very high energy scales [269, 270]. Exponential expansion leading to tachyonic growth
of the super-horizon modes, and their subsequent evolution are known to be imprinted
in the distribution of various cosmological relics such as Cosmic Microwave Background
(CMB), Dark Matter (DM), GWs in the form of various correlations of scalar, vector
and tensor fluctuations. Over the years enormous efforts have been put into estimating
those correlations through the CMB anisotropy ([7] and references therein), dark and
baryonic matter distribution [271, 272], and placed tight constraints on the possible physics
of inflation. Out of those different relics, GW is said to be unique due to its extremely
weak (Planck-suppressed) but universal coupling. Whereas weak coupling renders it an
ideal probe of the very early universe, universal coupling, on the other hand, enables it to
probe into the nature of all fundamental interactions in both the visible and dark sectors.
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Utilizing inflation as a mechanism and the subsequent reheating phase, in the first part
of this chapter, we intend to probe the non-minimal gravitational coupling ξRχ2 with a
real scalar field χ through its imprints on the primordial GW spectrum. Such coupling
is assumed to be inevitable in the low-energy effective theory for the scalar field when
coupled with gravity. Nonminimal couplings are generated by quantum corrections even if
they are not present in the classical action [273]. The coupling is actually required if the
scalar field theory is to be renormalizable in a classical gravitational background [274, 275].
Non-minimal gravitational coupling has been extensively explored in the context of inflation
[276–288], reheating [289–299], DM [68, 69, 300–309], and dark energy [310–313]. In the
present chapter, however, we focus on the dynamics of super-Hubble modes during inflation
and reheating, the associated induced GW spectrum, and the reheating phenomenology,
solely assisted by the large-scale fluctuations. These particular aspects of the present study
have been less explored in the literature. The Chapter(6) is based on two works [246] and
[46].

This chapter is divided into two parts. In the first part based on [246], we have studied
that depending on the strength of the non-minimal coupling, a certain range of super-Hubble
modes of the scalar field realises tachyonic growth and may lead to potentially detectable
secondary gravitational waves (SGW). Our analysis further reveals that the post-inflationary
reheating phase plays an instrumental role. In the perturbative framework, the reheating
phase is described by the equation of state wϕ of inflaton and reheating temperature Tre. The
instability that we pointed out for the super-Hubble modes turned out to be significant dur-
ing the reheating phase, particularly for two distinct regions in the (wϕ, ξ) parameter space.
Whereas for the equation of state wϕ < 1/3, instability arises for ξ < 1/6, for wϕ > 1/3, on
the other hand, ξ should be greater than the conformal limit 1/6. Such instability helps to
enhance the overall growth of the amplitude of the scalar field modes after they enter into
the reheating phase and depends upon the reheating parameters, namely wϕ and reheating
temperature Tre. Further, the cosmological background driven by matter fields with a stiff
equation of state is known to amplify GW amplitude when propagating through such a
background [133]. In the first part of this chapter, we explore that a combination of the
above two non-trivial effects indeed leads to strong GW production for the stiff equation
of state. For the wϕ < 1/3, on the other hand, the growth is weaker, but GW acquires a
non-trivial spectral behavior near the CMB scales that can have an appreciable impact
on the tensor-to-scalar ratio. Taking into account CMB constraints on the inflationary
tensor power spectrum, and BBN constraints on an effective number of degrees of freedom
we demonstrate that SGW induced by non-minimal coupling put a tighter constraint on
non-minimal coupling parameters ξ as compared to the values generically assumed in the
earlier studies [58, 230, 314] and also constraint recently reported considering primary
gravitational waves [315]. Respecting all the existing observational constraints, we finally
estimate the range of non-minimal coupling against different reheating models that can
be probed by the various upcoming GW experiments such as BBO, DECIGO, LISA, and ET.

In the second part of this chapter, based on [46], we have mainly focused on the possibility
of the universe’s reheating in the presence of nonminimally coupled gravitationally produced
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scalar fluctuation. For the minimally coupled theory, after their horizon exit during inflation,
the super-horizon modes of massless fields remain constant until their reentry during the
standard Big Bang evolution. Therefore, such a scenario generally predicts low reheating
temperature [36, 57, 154]. However, it has been observed that for a non-minimally coupled
scalar field namely ξχ2R, the super-horizon modes can grow due to tachyonic instability
[246, 293–302]. In this work, we shall demonstrate that such modes reentering the horizon
after the conclusion of inflation can successfully reheat the universe without any further
coupling parameter in the inflaton sector and predict a high reheating temperature. Since the
reheating is solely aided by the infrared modes and produced by non-minimal gravitational
interaction, we shall call it “Non-minimal Infrared Gravitational Reheating”. Reheating
governed by purely gravitational interaction has recently been discussed in the literature
[154, 230, 293, 316]. In all these studies, the focus has been on sub-Hubble modes during
the reheating phase. The dynamics of these modes are well described by the standard
Boltzmann equation, which assumes inflaton decay into massless radiation. This decay
process is mediated by gravitons through minimal gravitational interactions of the form
(1/Mpl)hµνT

µν
χ . Such scenarios have gained significant interest due to their universal nature

and model-independent predictions, particularly in determining the reheating temperature
and dark matter mass. The predictions of gravitational reheating scenarios depend entirely
on inflationary parameters, particularly the inflaton equation of state (EoS) wϕ. For instance,
if the inflaton potential follows a standard power-law form near its minimum, V (ϕ) ∼ ϕ2n,
the effective inflaton EoS, given by wϕ = (n − 1)/(n + 1), governs the entire reheating
dynamics. However, this compelling scenario is ruled out for any value of 0 ≤ wϕ ≤ 1 due
to constraints from Big Bang nucleosynthesis (BBN)∗. Specifically, it is inconsistent with
the observed effective number of relativistic degrees of freedom, ∆Neff ∼ 0.284 [7, 8] latest
observation, and the lower bound on the reheating temperature, Tmin

re ∼ TBBN ≃ 4 MeV.
[59, 61, 317]. Subsequently, the model with non-minimal coupling where the radiation
field is gravitationally coupled is studied [58, 230] to evade such a problem. It is indeed
demonstrated that for a sufficiently large value of ξ the universe can be reheated with
wϕ > 1/3 in consistent with Big Bang nucleosynthesis(BBN) observation. One should
remember that in all the aforesaid studies, the standard Boltzmann framework has been
adopted, which deals with only the sub-Hubble modes of the fluctuation.

In this study, we shall compare two different production mechanisms stated above. We
analyze the contribution of both super- and sub-Hubble modes, which are produced during
and after inflation in the process of reheating. Our analysis reveals that since reheating is a
gradual process, a large number of super-horizon modes will enter the horizon during this
process, resulting in a non-negligible contribution compared to the modes causally produced
via Boltzmann dynamics from the inflaton decay. Indeed, in some regions of parameter
space, we show that the energy density associated with the inflationary super-horizon modes
of radiation field non-minimally coupled with gravity ξχ2R can supersede the contribution
from their causal counterpart produced solely from the inflaton decay.

∗Recently proposed gravitational neutrino reheating [56, 231] scenarios alleviate such constraints,
making the framework viable for any inflaton EoS wϕ > 1/3.
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6. Gravitational production of nonminimally coupled scalar fluctuation:
Gravitational wave and Reheating phenomenology

The latest precision observation by ACT, DESI [43, 44], combined with Planck, however,
seemingly make a large number of well-motivated inflationary models disfavored. However,
inference on any inflationary model based on observation must include its post-inflationary
dynamics. It is important to note that the predictions of any inflationary model, and their
relation to the CMB anisotropies, are intimately tied to the post-inflationary reheating
phase. This intriguing connection was first explored by Kamionkowski et al. in [318].
Consequently, CMB observations, together with the underlying reheating mechanism, play
a crucial role in constraining any given inflationary model. In this light, any new reheating
scenario—such as the one we present in this work—should be examined through the lens of
CMB observations to obtain the correct constraints on inflationary models. In this paper,
we propose a new gravitational reheating mechanism, discuss its indirect impact, and revisit
the possible constraint on the parameter space of the α−attractor model in light of the
latest ACT, DESI observations.
The order of construction of Part I of this chapter is as follows: In Section 6.1, we elaborately
discuss the super-horizon instability dynamics(tachyonic instability) of the scalar field in the
presence of the non-minimal coupling with gravity ξχ2R and we also compute the associated
long-wavelength field solutions during reheating corresponding to three different ranges of
non-minimal coupling strength, 0 ≤ ξ < 3/16, ξ = 3/16, ξ > 3/16 in the entire range of
post-inflationary EoS 0 ≤ wϕ ≤ 1. Further, we thoroughly investigate the behavior of the
scalar power spectrum and explicitly point out the salient features of this spectrum for
varying parameters (wϕ, ξ). We close this section by giving a short discussion on the model-
independent definition of the reheating parameters (Nre, Tre). In Section 6.2, we discuss the
dynamics of the tensor fluctuations with (secondary gravitational waves, SGW) and without
(primary gravitational waves, PGW) the anisotropy sourced by the gravitationally produced
scalar field. In this section, our prime focus is on the effect of the parametric instability
being caused by the non-minimal coupling of the scalar field on the gravitational wave
spectrum(PGW+SGW) for both wϕ < 1/3 and wϕ > 1/3. Here we compute the primary as
well as the secondary gravitational wave spectrum and show the nature of the full spectrum
for varying parameters (wϕ, Tre, ξ, r0.05). Furthermore, we constrain the coupling strength
ξ in light of the present-day tensor-to-scalar ratio at the CMB scale r0.05 ≤ 0.036, the
∆Neff ≤ 0.284, and the present-day isocurvature bound as reported by the recent Planck
2018 observation. We also constrain the negative ξ values based on the observational bounds
in the present scenario. We also provide a feasible parameter space of the parameter set
(Tre, ξ) that future GW detectors like LISA, DECIGO, BBO, ET, etc can detect. Section
6.3 summarizes the main findings of part I by shedding light on some possible directions of
this work that are left for future endeavors. In Addenda 6.4, we have studied the behavior of

the suppression factor
(
1− a2ξ⟨χ2⟩

M2
pl

)−2

that we encounter in the dynamics of the secondary
gravitational waves for different reheating parameters(wϕ, Tre, Hend, ξ). In Addenda 6.5,
we illustrate the computation of the secondary GW spectrum for wϕ < 1/3 and wϕ > 1/3.

Part II of this chapter is constructed as follows: In Section 6.6, we study the non-
perturbative dynamics of the infrared gravitational reheating. In Section 6.7, we do a
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comparative study between the non-minimal coupling-induced perturbative gravitational
reheating and the non-perturbative infrared reheating. In Section 6.8.2, we show that based
on observational bounds on the tensor-to-scalar ratio and the isocurvature perturbation
amplitude, there exists an upper limit on the coupling strength (ξmax). In Section 6.9,
considering the induced gravitational wave, we further obtain a lower limit on the coupling
strength(ξmin) based on the ∆Neff bound for the primary gravitational wave(PGW). Finally,
we identify the region of ξ vs α and ξ vs Tre parameter spaces, which are fully consistent
with all the observational bounds and latest ACT results. Finally, Section 6.10 summarizes
the main outcomes of this study. In Addenda 6.11, we compute the expression of the
isocurvature perturbation amplitude for massless fluctuations. In Appendix 6.12, we do
a comparative analysis between the Jordan and Einstein frame Tre vs ξ predictions for
different reheating EoS.
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Part I

Probing a nonminimal coupling through
super-horizon instability and secondary

gravitational waves
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6.1. IR Spectrum of Nonminimally Coupled Gravitationally Produced Massless Particles

6.1 IR Spectrum of Nonminimally Coupled
Gravitationally Produced Massless Particles

We shall begin with the computation of the adiabatic vacuum solutions during inflation
and the post-inflationary phase for the nonminimally coupled massless scalar fluctuation.
Using the scale factor (2.121) in the dynamical Eq.(2.119), we write the equation of motion
during de Sitter inflation (η ≤ ηend) as,

X ′′
k +

[
k2 − 2(1− 6ξ)

η2

]
︸ ︷︷ ︸

ω2
k

Xk = 0. (6.1)

From the above equation, it can be noted that long wavelength modes after their horizon
crossing become tachyonic (ω2

k < 0) for 0 ≤ ξ < 1/6. As ξ exceeds the conformal limit
ξ = 1/6, this instability ceases to exist.

The general solution of this equation is

Xk = C1

√
|η|Jν1(k|η|) + C2

√
|η|Yν1(k|η|). (6.2)

With the order of the Bessel functions ν1 =
√
9− 48ξ/2 and C1, C2 are integration constants.

To evaluate αk and βk, we need to define first the vacuum solution X(inf)
k during inflation.

To compute the de Sitter vacuum solution, we use the Bunch-Davies vacuum condition at
the beginning of inflation. In this limit k|η| >> 1, the mode solution (6.2) becomes,

Xk(η) ∼
1√
2πk

[
(C1 − iC2)e

−i(kη+π/4+πν1/2) + (C1 + iC2)e
i(kη+π/4+πν1/2)

]
. (6.3)

In the asymptotic in-vacuum limit, the positive-frequency outgoing mode function behaves
as

Xk(η)
η→−∞−−−−→ e−ikη√

2k
. (6.4)

Comparing (6.3) with (6.4) we have

C1 =

√
π

2
ei(π/4+πν1/2), C2 =

i
√
π

2
ei(π/4+πν1/2). (6.5)

Therefore, the adiabatic vacuum solution during de Sitter inflation is

X
(inf)
k =

√−πη
2

ei(π/4+πν1/2)H(1)
ν1

(−kη). (6.6)

Similarly the dynamical equation for general post-inflationary(η > ηend) EoS “wϕ” is

X ′′
k +

[
k2 − 2(1− 3wϕ)(1− 6ξ)

(1 + 3wϕ)2
(
η +

3(1+wϕ)

aendHend(1+3wϕ)

)2
]

︸ ︷︷ ︸
ω2
k

Xk = 0, (6.7)
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From the above equation, it can be again noted that the modes which were stable during
inflation for ξ > 1/6 become tachyonic (ω2

k < 0) during reheating for wϕ > 1/3 [302]. We
will see that this will play a significant role in our subsequent studies. The general solution
of this equation is

Xk(η) = C34
ν2Γ(ν2 + 1)

√
2ikη̄Iν2(ikη̄) + C4

√
2ikη̄

π
Kν2(ikη̄). (6.8)

Where we use the symbol η̄ = (η+3µ/aendHend). Iν2 and Kν2 are modified Bessel functions
of order ν2 with

µ =
(1 + wϕ)

(1 + 3wϕ)
, ν2 =

√
3(1 + wϕ)

(
3(1− wϕ)2 + 16ξ(3wϕ − 1)

)
2
√

1 + 3wϕ
√

1 + 4wϕ + 3w2
ϕ

. (6.9)

and C3, C4 are the integration constants.
We now seek the solution of (6.7) compatible with the requirements of an adiabatic

vacuum. If spacetime changes very slowly or equivalently particle momentum is so large
that it hardly feels the background dynamics, the mode function can be safely assumed to
behave as a positive frequency mode in Minkowski space in its asymptotic limit. For this
we assume the (kη >> 1) limit, and the mode solution (6.8) transforms into,

Xk(η) ∼
[
C3

22ν2Γ(ν2 + 1)√
π

eikη̄ + C4e
−ikη̄

]
. (6.10)

In the adiabatic out-vacuum limit that is for η >> 1 or equivalently a(η) → ∞ mode
function behaves as a positive frequency state

Xk(η)
η→∞−−−→ e−ikη√

2k
, (6.11)

Comparing (6.10) with (6.11) we have

C3 = 0, C4 =
1√
2k

exp
[

3ikµ

aendHend

]
. (6.12)

Therefore, the adiabatic vacuum solution of massless particles for general reheating EoS
“wϕ” becomes

X
(reh)
k (η) =

√
η̄

π
exp
[

3ikµ

aendHend
+
iπ

4

]
Kν2(ikη̄). (6.13)

It is important to note that depending upon the value of the non-minimal coupling constant
ξ, the order of the inflationary vacuum solution ν1 becomes positive for 0 ≤ ξ < 3/16, zero
for ξ = 3/16, and imaginary for ξ > 3/16. In addition to this, the index of post-inflationary
vacuum solution ν2 also becomes imaginary in the range ξ > 3/16 for EoS 0 ≤ wϕ < 1/3
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6.1. IR Spectrum of Nonminimally Coupled Gravitationally Produced Massless Particles

and it becomes real positive for 1/3 ≤ wϕ ≤ 1. This varying nature of the indices ν1, ν2
depending upon different ranges of non-minimal coupling strength and post-inflationary
EoS greatly influences the nature of the post-inflationary field solution. Now we shall
compute the field solution during reheating for general EoS in three specified ranges of the
non-minimal coupling strength ξ.

6.1.1 Field solution at large scale for 0 ≤ wϕ < 1/3

6.1.1.1 For 0 ≤ ξ < 3/16 :

As mentioned earlier in Chapter(2), the general field solution in a particular phase can
be expressed as a linear combination of the respective vacuum solution with the help of
Bogoliubov coefficients αk and βk (See Eq.(2.124) and (2.126)). So, our main task is to
compute αk and βk using the relations in (2.126). In this specified range of ξ, we get both
ν1 and ν2 to be positive definite. Substituting these vacuum solutions (6.6) and (6.13) into
(2.126), in long-wavelength limit k/kend << 1, we compute the Bogoliubov coefficients as

αk ≈
Γ(ν1)Γ(ν2)2

ν1

8π

(
2

3µ− 1

)ν2 (3µ(1− 2ν1) + 2(ν1 − ν2)√
(3µ− 1)

)(
1

k̄

)ν1+ν2
ei(

πν1
2

+
πν2
2

+π
2
−3µk̄),

βk ≈ αke
i(−πν2−π

2
+6µk̄) (6.14)

For a simplified expression, we define a new symbol k̄ = k/kend. We define the energy
density of the produced particles at a time during reheating when the associated longest
wavelength is well inside the horizon. In this sense, we always have kη > 1 for any mode
that contributes to the energy density. Using the long-wavelength approximated form of
the coefficients αk and βk(See Eq.(6.14)) in (2.124), we obtain the general long-wavelength
solution of the scalar field for general EoS in the specified ξ range for kη >> 1 as

X long
k (η) ≈ Γ(ν1)Γ(ν2)2

ν1

4π
√
kend

(
2

3µ− 1

)ν2 (3µ(1− 2ν1) + 2(ν1 − ν2)√
2(3µ− 1)

)
cos(kη)

k̄(ν1+ν2+1/2)
(6.15)

where kend = aendHend is the scale that leaves the horizon at the end of inflation.

6.1.1.2 For ξ = 3/16 :

For this particular value of the coupling strength ξ, ν1 vanishes. Following the same
procedure, in the long-wavelength limit, αk and βk can now be evaluated as

αk ≈ −Γ(ν2)

2

(
2

3µ− 1

)ν2 ( 3µ− 2ν2

4
√

(3µ− 1)
+
i
√
3µ− 1

π

)
exp

(
i(πν2/2− π/2− 3µk̄)

)
k̄ν2

(6.16a)

βk ≈
Γ(ν2)

2

(
2

3µ− 1

)ν2 ( 3µ− 2ν2

4
√

(3µ− 1)
+
i
√
3µ− 1

π

)
exp

(
i(−πν2/2 + 3µk̄)

)
k̄ν2

(6.16b)
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Associated general field solution for ξ = 3/16 in kη >> 1 limit becomes

X long
k (η) ≈ Γ(ν2)√

2kend

(
2

3µ− 1

)ν2 ( 3µ− 2ν2

4
√

(3µ− 1)
+
i
√
3µ− 1

π

)
isin(kη)
k̄ν2+1/2

(6.17)

6.1.1.3 For ξ > 3/16 :

In this range of ξ values, ν1 and ν2 become imaginary. Long-wavelength approximated
Bogoliubov coefficients are

αk ≈
(
Kν2

(
ik̄(3µ− 1)

)
H(1)
ν1

(k̄)

(
3µ√
3µ− 1

)
+ k̄
√

3µ− 1
(
H

(1)
ν1−1(k̄)−H

(1)
ν1+1(k̄)

))
× exp(i(π/2)− 3µk̄)

exp(−πν̃1/2)
4

(6.18a)

βk ≈
(
Kν2

(
ik̄(3µ− 1)

)
H(1)
ν1

(k̄)

(
3µ√
3µ− 1

)
+ k̄
√

3µ− 1
(
H

(1)
ν1−1(k̄)−H

(1)
ν1+1(k̄)

))
× exp(3µk̄)

exp(−πν̃1/2)
4

(6.18b)

General field solution for ξ > 3/16 becomes

X long
k (η) ≈exp(−πν̃1/2)

4
√
2kend

(
Kν2

(
ik̄(3µ− 1)

)
H(1)
ν1

(k̄)

(
3µ√
3µ− 1

)
+ k̄
√
3µ− 1

×
(
H

(1)
ν1−1(k̄)−H

(1)
ν1+1(k̄)

))cos(kη)
k̄1/2

(6.19)

where ν̃1 = (
√
48ξ − 9)/2.

6.1.2 Field solution at large scale for 1/3 ≤ wϕ ≤ 1

6.1.2.1 For 0 ≤ ξ < 3/16 :

Likewise in the previous case, the indices ν1, ν2 are also real positive in this EoS range.
In the limit k/kend << 1, using equations (6.6),(6.13), and (2.126), we obtain Bogoliubov
coefficients as

αk ≈ −Γ(ν1)Γ(ν2)2
ν1

8π

(
2

3µ− 1

)ν2 (3µ(1− 2ν1) + 2(ν1 − ν2)√
(3µ− 1)

)
exp

(
i(πν1/2 + πν2/2− π/2− 3µk̄)

)
k̄(ν1+ν2)

(6.20a)

βk ≈
Γ(ν1)Γ(ν2)2

ν1

8π

(
2

3µ− 1

)ν2 (3µ(1− 2ν1) + 2(ν1 − ν2)√
(3µ− 1)

)
exp

(
i(πν1/2− πν2/2 + 3µk̄)

)
k̄(ν1+ν2)

(6.20b)

Subject to the following coefficients, the general field solution in kη >> 1 limit becomes
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6.1. IR Spectrum of Nonminimally Coupled Gravitationally Produced Massless Particles

X long
k (η) ≈ Γ(ν1)Γ(ν2)2

ν1

4π
√
kend

(
2

3µ− 1

)ν2 (3µ(1− 2ν1) + 2(ν1 − ν2)√
2(3µ− 1)

)
isin(kη)

k̄(ν1+ν2+1/2)
(6.21)

6.1.2.2 For ξ = 3/16 :

For this particular value of ξ, the expression of Bogoliubov coefficients as well as general
field solution will remain the same for this EoS range 1/3 ≤ wϕ ≤ 1 also. Here also we
obtain αk and βk as

αk ≈ −Γ(ν2)

2

(
2

3µ− 1

)ν2 ( 3µ− 2ν2

4
√

(3µ− 1)
+
i
√
3µ− 1

π

)
exp

(
i(πν2/2− π/2− 3µk̄)

)
k̄ν2

(6.22a)

βk ≈
Γ(ν2)

2

(
2

3µ− 1

)ν2 ( 3µ− 2ν2

4
√

(3µ− 1)
+
i
√
3µ− 1

π

)
exp

(
i(−πν2/2 + 3µk̄)

)
k̄ν2

(6.22b)

Associated general field solution for ξ = 3/16 in kη >> 1 limit will be

X long
k (η) ≈ Γ(ν2)√

2kend

(
2

3µ− 1

)ν2 ( 3µ− 2ν2

4
√

(3µ− 1)
+
i
√
3µ− 1

π

)
isin(kη)
k̄ν2+1/2

(6.23)

6.1.2.3 For ξ > 3/16 :

A significant difference in terms of spectral behavior will appear between two given EoS
ranges in this particular case ξ > 3/16. In this case, we get one index ν1 to be imaginary
as expected but another index ν2 to be real positive which differs from the previous case
for 0 ≤ wϕ < 1/3. This causes a noticeable change in the spectral behavior as we see soon.
Long-wavelength approximated coefficients are evaluated to be

αk ≈
Γ(ν2)exp(−πν̃1/2)

8

(
3µ− 2ν2√
(3µ− 1)

H(1)
ν1

(k̄) + k̄
√

3µ− 1
(
H

(1)
ν1−1(k̄)−H

(1)
ν1+1(k̄)

))

× exp
(
i(πν2/2 + π/2− 3µk̄)

)
k̄ν2

(
2

3µ− 1

)ν2
(6.24a)

βk ≈
Γ(ν2)exp(−πν̃1/2)

8

(
3µ− 2ν2√
(3µ− 1)

H(1)
ν1

(k̄) + k̄
√

3µ− 1
(
H

(1)
ν1−1(k̄)−H

(1)
ν1+1(k̄)

))

× exp
(
i(3µk̄ − πν2/2)

)
k̄ν2

(
2

3µ− 1

)ν2
(6.24b)
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Therefore, the associated general field solution takes the following form.

X long
k (η) ≈Γ(ν2)exp(−πν̃1/2)

4
√
2kend

(
3µ− 2ν2√
(3µ− 1)

H(1)
ν1

(k̄) + k̄
√

3µ− 1
(
H

(1)
ν1−1(k̄)−H

(1)
ν1+1(k̄)

))

× cos(kη)
k̄ν2+1/2

(
2

3µ− 1

)ν2
(6.25)

From our analysis so far it is revealed that the long-wavelength scalar field modes gets
amplified through tachyonic instability during and after inflation depending upon the value
of (ξ, wϕ). To this end let us reiterate again that for 0 ≤ ξ < 1/6 long wavelength modes
after their horizon crossing during inflation, get amplified due to the tachyonic instability
effect (see Eq.(6.1)). As ξ exceeds the conformal limit ξ = 1/6, the inflationary instability
diminishes, whereas new tachyonic instability develops during reheating, particularly for
stiff equation of state wϕ > 1/3 (see Eq.(6.7). To identify this instability effect, in particular,
one defines a dimensionless parameter |ω′

k/ω
2
k| to study the departure from the adiabatic

limit(see the discussion in subsection(2.7.2) of Chapter(2)). It can be shown explicitly as
η → ±∞, the ratio approaches |ω′

k/ω
2
k| → 0 sufficiently fast. In the process of transition of

the universe from early de Sitter to the post-inflationary reheating phase, this adiabaticity
condition gets violated (|ω′

k/ω
2
k| >> 1) at some intermediate point (See Fig.6.1), and

causes particle production associated with long-wavelength modes. However, small scales
k > aendHend residing inside the horizon generally remain adiabatic without any parametric
growth. Enhancement of the scalar field modes due to those instabilities can indeed be
observed in Fig.6.2. In this figure, we have plotted the time evolution of different field
modes assuming ξ = 3 for three different equations of state wϕ = (0, 1/3, 1/2). It can indeed
be seen that for ξ > 1/6, wϕ > 1/3, the amplitude of the original field modes χk increases
appreciably. The excitation of these large-scale modes due to the instability effect during
and after inflation for different parameter regions of ξ and wϕ motivates us to investigate
the induced GWs. In the subsequent study of the generation of secondary GWs sourced by
the anisotropy, we pay attention to the long-wavelength modes of the source, that lie in the
range k∗ < k < kend where (k∗/a0) = 0.05Mpc−1 is the present-day CMB pivot scale.

6.1.3 Behavior of scalar field energy density spectrum “ρχk
(η)”

While defining the anisotropic stress tensor to calculate the induced GW spectrum later,
we require the nature of the power spectrum of the source field(χ). However, we shall soon
see in the subsequent section that the gravitational wave energy density spectrum follows
the spectral behavior of the field energy density spectrum(ρχk

) in the long-wavelength
regime k << kre. According to the standard definition given in [21], we define the field
power spectrum of the produced fluctuations corresponding to the original field mode
χk as Pχ(k, η) = k3

2π2a2
|Xk|2. Excluding the non-minimal coupling term, the standard

expression of energy density in terms of rescaled field mode(Xk) and its derivative(X ′
k) is

ρχ = 1
4π2a4

∫
d(lnk)k3(|X ′

k|2 + k2|Xk|2
)
[68, 69]. Hence associated energy density spectrum

can be expressed as ρχk
(η) = k3

4π2a4
(|X ′

k|2 + k2|Xk|2
)
= (k2/a2)Pχ(k, η). Now we shall

158

TH-4015_206121007



6.1. IR Spectrum of Nonminimally Coupled Gravitationally Produced Massless Particles

ξ=0

ξ=3/16

ξ=1 ξ=5 ξ=10

End of Inflationk / kend = 0.01

-400 -200 0 200 400

10-7

10-4

0.1

100

105

108

η kend

|
(d
ω
k
/d

(η
k

en
d
))

ω
k

2
|

End of Inflation
ξ=1

k / kend =
0.01

k / kend = 0.05k / kend = 0.1

k / kend = 0.5

k / kend = 1

-100 -50 0 50 100

10-7

10-4

0.1

100

105

108

η kend

|
(d
ω
k
/d

(η
k

en
d
))

ω
k

2
|

Figure 6.1: Figure represents the measure of adiabaticity violation in terms of parameter
|(dωk/d(ηkend)/ω2

k| with ηkend for different coupling strengths ξ (left panel) and different
scales k/kend (right panel) for a specific EoS wϕ = 1/2. In both panels, the black dashed line
indicates adiabaticity parameter, |(dωk/d(ηkend)/ω2

k| = 1. Any value of |(dωk/d(ηkend)/ω2
k| >

1 depicted by the gray shaded region indicates the violation of adiabaticity. In the left panel
of this figure, for the given scale k/kend = 0.01, with the increase of ξ values, the peak of
the adiabaticity parameter gradually shifts from the inflationary to the post-inflationary
phase. This indicates that the super-horizon modes can still grow during reheating for higher
coupling ξ. For ξ = 0, the instability effect is only present in the inflationary phase. In the
right panel, it shows that for a given non-minimal coupling ξ with the increase of k/kend
(small scale), the modes tend to remain adiabatic through the evolution.

discuss the spectral features of ρχk
in the entire post-inflationary EoS range 0 ≤ wϕ ≤ 1 for

three different ξ ranges.

6.1.3.1 For 0 ≤ wϕ < 1/3 :

ρχk
(η > ηend) =

k2

a2
Pχ(k, η > ηend) ∝


(cos2(kη)/a(η)4)(k/kend)2(2−ν1−ν2) for 0 ≤ ξ < 3/16

(sin2(kη)/a(η)4)(k/kend)
2(2−ν2) for ξ = 3/16

(1/a(η)4)(k/kend)
4 for ξ > 3/16

(6.26)
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Figure 6.2: Figure represents the time-evolution of dimensionless field amplitude square
(|χk|2 × kend) associated with some large scale(k < kend) and small scale(k > kend) modes
for three different EoS. In all three plots, we choose the non-minimal coupling strength to be
ξ = 3. It is clearly seen that for ξ > 1/6, the post-inflationary instability effect associated
with long-wavelength modes is effective for wϕ > 1/3 as discussed earlier.

6.1.3.2 For 1/3 ≤ wϕ ≤ 1 :

ρχk
(η > ηend) ∝


(sin2(kη)/a(η)4)(k/kend)

2(2−ν1−ν2) for 0 ≤ ξ < 3/16

(sin2(kη)/a(η)4)(k/kend)
2(2−ν2) for ξ = 3/16

(cos2(kη)/a(η)4)(k/kend)2(2−ν2) for ξ > 3/16

(6.27)

Depending upon EoS in three ranges 0 ≤ wϕ < 1/3, wϕ = 1/3, and 1/3 ≤ wϕ ≤ 1, the scalar
field energy density spectrum ρχk

(η) has interesting spectral behavior with the variation of
coupling strength ξ. We first illustrate those important features of the ρχk

(η) spectrum
at a fixed time(and this is true for any time) for varying EoS wϕ in different ranges of ξ
values. We shall next discuss the behavior of the spectrum at varying instants of time for a
fixed coupling strength.

6.1.3.3 Spectral behavior of “ρχk
(η)” at a fixed time :

We first study the nature of the energy density spectrum for varying coupling strength at a
fixed time during reheating.

• For 0 ≤ wϕ < 1/3 : Examining the spectrum as given in (6.26) for 0 ≤ wϕ < 1/3,
we find that for 0 ≤ ξ < 1/6, the spectrum is always red-tilted or IR divergent
ρχk

(η) ∝ k2(2−ν1−ν2) with (2− ν1 − ν2) < 0. However, the amount of red tilt depends
upon the choice of EoS wϕ through the following relations,

ν1 =

√
9− 48ξ

2
; ν2 =

√
3(1 + wϕ)

(
3(1− wϕ)2 + 16ξ(3wϕ − 1)

)
2
√
1 + 3wϕ

√
1 + 4wϕ + 3w2

ϕ

. (6.28)
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With the above mentioned parameter ranges ν2 should lie within
√
9− 48ξ/2 > ν2 >

1/2. For example, as wϕ approaches zero the spectrum becomes maximally red-tilted
ρχk

(η) ∝ k2(2−2ν1) for given ξ < 1/6 up to the sinusoidal function of k. Such red tilt
can indeed be observed in the blue curve in the left panel of Fig.(6.3). Furthermore,
there exists a critical coupling strength ξcri lying in this range 0 < ξcri < 1/6, at
which energy spectrum becomes scale-invariant giving (4− 2(ν1 + ν2)) = 0 (see the
magenta line in the left panel of Fig.(6.3). Therefore, for 0 < ξcri < 1/6, energy
spectrum remains IR divergent in the range 0 ≤ ξ < ξcri and it turns blue-tilted
(4− 2(ν1 + ν2)) > 0 for ξ > ξcri. Due to this red-tilted behavior of the energy density
spectrum, the gravitational wave amplitude would be very large at the CMB scale.
The Planck constraint on tensor to scalar ratio r0.05 < 0.036 will, therefore be shown
to set a lower limit on the value of ξ. Once ξ exceeds conformal limit ξ > 1/6,
the spectrum remains blue-tilted till one reaches the ξ = 3/16. As ξ exceeds 3/16,
both the indices ν1, ν2 being imaginary results in the energy density spectrum to be
insensitive to the non-minimal coupling strength with ρχk

(η) ∝ k4. In the left panel
of Fig.6.3 we can indeed see the blue titled spectrum for ξ = (3/16, 1, 4) in brown,
green and red respectively. In summary, in the entire range of ξ > ξcri, the spectrum
being blue-tilted draws the maximum contribution to the amplitude of the scalar
power spectrum amplitude for those modes which left the horizon at the inflation end,
that is kend.

• For wϕ = 1/3 : For this particular value of the equation of state, ν2 = 1/2, irrespective
of the choice of ξ, and in the range 0 ≤ ξ < 1/6, ν1 lies within [3/2, 1/2). Consequently,
we obtain a scale-invariant energy density spectrum(see the blue line in the middle
panel of Fig.(6.3) for ξ = 0, and a blue-tilted spectrum in the range 0 < ξ < 1/6. As ξ
exceeds the conformal limit, the index ν1 gradually decreases with the increase of ξ up
to ξ = 3/16, and in this range, ν1 lies within (0.5, 0]. According to the spectral index
given in Eq.(6.27), the spectrum in the range 1/6 < ξ ≤ 3/16 becomes blue-tilted as
shown in magenta and brown colors for ξ = (0.18, 3/16) respectively in the middle
panel of Fig. 6.3. For ξ > 3/16, ν1 becomes imaginary as is obvious from (6.28). With
the further increase of ξ, the independence of ν2 makes the slope of the spectrum
completely insensitive to the coupling strength in the entire range ξ > 3/16 although
our numerical analysis shows very slow growth of the amplitude with increasing ξ
(see the green and red lines in the middle panel of Fig.6.3 for ξ = (1, 4) respectively).
From the spectral index given in Eq.(6.27), in the range ξ ≥ 3/16, the power spectrum
behaves as ρχk

(η) ∝ k3.

• For 1/3 < wϕ ≤ 1 :

Contrary to the previous case, the energy density spectrum for 1/3 < wϕ ≤ 1, is
blue-tilted in the range 0 ≤ ξ < 3/16 as obvious in the right panel of Fig.(6.3) for
ξ = 0 (blue line, also see the magenta and brown lines in the right panel of Fig.(6.3).
However, for ξ > 3/16, the energy spectrum has some noticeable features. For this case
ν2 should lie within the range (1/2,

√
3ξ/2). Given an EoS wϕ > 1/3, there exists a
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Figure 6.3: Figure represents the variation of dimensionless scalar field energy density
spectrum ρχk

(η)/k4end with non-minimal coupling strength ξ for three reheating EoS, wϕ =
0, 1/3, 1/2. For wϕ = 0, the critical coupling ξcri = 5/48, and for wϕ = 1/2, critical
coupling ξcri ≈ 4.073.

particular coupling strength say, ξcri =
(9wϕ+7)(15wϕ+1)

48(3wϕ−1)
, at which the spectrum becomes

perfectly scale-invariant giving (2 − ν2) = 0 (see Eq.(6.27)). For 3/16 < ξ < ξcri,
spectrum ρχk

remains blue-tilted, (2−ν2) > 0 and turns into red-tilted or IR divergent,
(2− ν2) < 0 for ξ > ξcri. In the right panel of Fig.6.3, we notice the scale-invariant
and red-tilted spectrum for ξ = (ξcri, 6) in green and red lines respectively.

All these important characteristics of the energy density spectrum are shown in Fig.6.3
for three EoS wϕ = 0, wϕ = 1/3, and wϕ = 1/2 for different ξ values at some point of
time during reheating. Variations of spectral tilt with the variation of ξ are believed
to leave a discernible imprint on the induced GWs spectrum, which we intend to
investigate in the subsequent section.

6.1.3.4 Spectral behavior of “ρχk
(η)” for varying time :

Here we show for a certain coupling strength how the spectral shape will change over
time during the reheating phase. We notice that as we go deep into the reheating phase
η >> ηend, the amplitude of the spectrum gets diminished for a given k-mode as obvious
in Fig.6.4, and this is because of the decaying nature of every mode after horizon reentry
during reheating. For the chosen value of coupling strength ξ = 3, the blue-tilted nature of
the energy density spectra for wϕ = 0, 1/3, 1/2 are also consistent with the expressions
given in Eqs. (6.26) and (6.27).

6.1.4 Model-independent description of Reheating Parameters
(Nre, Tre) :

In this subsection, we introduce pivotal inflationary parameters namely the inflationary
energy scale (Hend), the duration of the inflationary period denoted by e-folding number N∗,
and define a crucial reheating parameter, namely the Reheating Temperature (Tre). From
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Figure 6.4: Figure represents the behavior of dimensionless scalar field energy density
spectrum ρχk

(η)/k4end for three EoS and a specific coupling strength ξ = 3 with the variation
of dimensionless time-variable ηkend indicated by the color bar where the color gradient is
indicating this time-evolution in the post-inflationary phase.

the CMB pivot scale, we have (k∗/a0) = 0.05Mpc−1 where a0 is the present-day scale factor,
and kend denotes the wave number that crosses the Hubble radius at the end of inflation,
and connecting these two scales, we express kend = k∗e

Nk .
Assuming the reheating dynamics are characterized by an average inflaton equation of

state wϕ, the evolution of the inflaton energy density during this period is described by
the simple expression ρϕ = ρend(aend/a)

3(1+wϕ), where ρend = 3H2
endM

2
pl is the total inflaton

energy density at the end of inflation.
The reheating temperature is conventionally defined at the end of the reheating period,

where the radiation energy density equals the inflaton energy density, i.e., ρR(ηre) = ρϕ(ηre),
with ηre being the conformal time defined at the end of the reheating period. Employing
this condition, the Reheating Temperature (Tre) can be expressed as [133, 318]

Tre =

(
90H2

endM
2
pl

π2gre

)1/4

exp

[
−3Nre

4
(1 + wϕ)

]
. (6.29)

Alternatively, the duration of the reheating period can be expressed as [318]

Nre =
1

3(1 + wϕ)
ln

(
90H2

endM
2
pl

π2greT 4
re

)
. (6.30)

Here, gre = 106.75 represents the number of relativistic degrees of freedom at the beginning
of the radiation epoch.

Assuming negligible entropy production after reheating, leading to the conservation of
comoving entropy density (a3(η ≥ ηre)s = const), we can establish a connection between
the lowest possible mode re-entering the horizon at the end of reheating and the reheating
temperature as

(kre/a0) =

(
43

11gre

)1/3(
π2gre
90

)1/2(
TreT0
Mpl

)
≃ 1.82× 105

(
Tre

10−2 GeV

)
Mpc−1. (6.31)
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By utilizing Eq. (6.30), we can define the largest mode that left the horizon at the end
of inflation as

(kend/a0) =

(
43

11gre

)1/3(
π2gre
90

)α1 H1−2α1
end T 4α1−1

re T0

M2α1
pl

, (6.32)

where α1 = 1/3(1 + wϕ) and T0 = 2.725 K is the present-day CMB temperature.

6.2 Production of Gravitational Waves

In this section, our primary interest is to investigate the effect of the produced scalar
fluctuations in the presence of non-minimal coupling as a possible source of anisotropy on
gravitational waves. The perturbed FLRW metric, considering only the tensor perturbations,
can be written as

ds2 = a2(η)
[
−dη2 + (δij + hij)dx

idxj
]
, (6.33)

where “η” is the conformal time and hij is the traceless tensor, i.e. ∂ihij = hii = 0. The
tensor perturbations in the presence of anisotropic stress are governed by the following
action up to quadratic order [? ]

SGW =

∫
dx4

√−g
[
− gµν

64πG
∂µhij∂νhij +

1

2
Πijhij

]
, (6.34)

where ‘Πij’ is the anisotropic stress, defined as Πi
j = T ij − Pδij. Here Πij’ also satisfies

the transverse (∂iΠij = 0) and traceless (Πi
i = 0)) conditions. Here Πij is coupled with

the tensor perturbations hij acting like an external source. From the expression of the
stress-energy tensor of a massless scalar field having non-minimal gravity coupling(see
Eq.(2.115)), we write the expression of anisotropic stress tensor as

Πij ∼ (1− 2ξ)∂iχ∂jχ− 2ξχ∂i∂jχ+ ξχ2Gij (6.35)

By varying hij in action (6.34), we obtain the equation of motions of hij [319]

h′′ij(η, x⃗) + 2Hh′ij(η, x⃗)−∇2hij(η, x⃗) = 16πGa2

(
1− a2ξ⟨χ2⟩

M2
pl

)−1 (
(1− 2ξ)∂iχ∂jχ− 2ξχ∂i∂jχ

)
,

(6.36)

where the vacuum expectation value of fluctuations square can be expressed in terms of
Fourier modes as

⟨χ2⟩ = 1

a2

∫ kend

kre

k3

2π2
|Xk|2 d(ln(k)). (6.37)
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For our specific choices of ξ, a2ξ⟨χ2⟩ < M2
pl should always be satisfied. Therefore,(

1− a2ξ⟨χ2⟩/M2
pl

)
≈ 1 is well justified(See the details in the Addenda 6.4).

Utilizing Eqs. (2.100) and (6.35), we can write the Fourier expression of the source term as

ΠTT
ij (k⃗, η) =

(2ξ − 1)P lm
ij (k̂)

(2π)3a2(η)

∫
d3qql(k − q)m

(
âq⃗Xq⃗(η) + â†−q⃗X

∗
q⃗ (η)

)(
âk⃗−q⃗Xk⃗−q⃗(η) + â†

−(k⃗−q⃗)
X∗
k⃗−q⃗(η)

)
+

2ξP lm
ij (k̂)

(2π)3a2(η)

∫
d3qqlqm

(
âq⃗Xq⃗(η) + â†−q⃗X

∗
q⃗ (η)

)(
âk⃗−q⃗Xk⃗−q⃗(η) + â†

−(k⃗−q⃗)
X∗
k⃗−q⃗(η)

)
.

(6.38)

The creation (âq⃗) and annihilation â†−q⃗ operators which contribute to the expectation value
of Eq.(6.38) are

⟨0|âq⃗âk⃗−q⃗â
†
q⃗1
â†
k⃗1−q⃗1

|0⟩ = (2π)6
[
δ(3)(k⃗ − q⃗ − q⃗1) + δ(3)(q⃗ − q⃗1)

]
δ(3)(k⃗ − k⃗1), (6.39a)

⟨0|âq⃗â†−(k⃗−q⃗)
âq⃗1 â

†
−(k⃗1−q⃗1)

|0⟩ = (2π)6δ(3)(k⃗)δ(3)(k⃗1 − k⃗), (6.39b)

where we used the following commutation relation [âk⃗, â
†
k⃗1
] = (2π)3δ(3)(k⃗ − k⃗1). Since the

second term Eq.(6.39b) does not contribute to Π2(k, η, η1) due to the finite momenta i.e.
k = k1 ̸= 0. The only term Eq.(6.39a) contributes to the final expression of the correlator
as

Π2(k, η1, η2) =
1

4π2a2(η1)a2(η2)

∫
dqq6

∫
dγ(1− γ2)2⟨Xq⃗(η1)Xk⃗−q⃗(η1)X

∗
q⃗ (η2)X

∗
k⃗−q⃗(η2)⟩

(6.40)

where γ = k̂ · q̂ = cos(θ), where θ is the angle between k⃗ and q⃗.
Now utilizing Eq.(6.40) in Eq.(2.206) we have found the tensor power spectrum to be

Psec
T (k, η) =

k3

2π2

4

π2M4
pl

×
∫ ∞

0

dqq6
∫ 1

−1

dγ(1− γ2)2

×
∫ η

ηend

dη1
Gre
k (η, η1)

a2(η1)

∫ η

ηend

dη2
Gre
k (η, η2)

a2(η2)
⟨Xq⃗(η1)Xk⃗−q⃗(η1)X

∗
q⃗ (η2)X

∗
k⃗−q⃗(η2)⟩

(6.41)

Here Psec
T (k, η) defines the secondary tensor power spectrum during reheating at conformal

time η induced due to massless scalar field χ.

6.2.1 Evolution of Primordial Tensor Power spectrum during
Reheating:

This subsection provides a concise overview of the primary tensor power spectrum and its
evolution resulting from quantum fluctuations during inflation. Within the context of a

165

TH-4015_206121007



simple slow-roll inflationary background, the primary tensor power spectrum resulting from
quantum production can be approximated as [131–133]:

Ppri
T (k, ηend) ≈

2

π2

(
Hend

Mpl

)2(
1 +

k2

k2end

)
(6.42)

Here, kend represents the highest momentum leaving the horizon at the end of inflation.
Following inflation, the reheating phase converts inflaton energy into radiation, leading

to a radiation-dominated universe characterized by the equation of state (wϕ) and reheating
temperature (Tre). The Hubble parameter evolves as H2 = H2

end(a/aend)
−3(1+wϕ), influencing

the scale factor’s evolution a(η) ≈ aend(η/ηend)
2/(1+3wϕ). This results in the evolution of

tensor fluctuations hk⃗ during reheating without any source term:

h′′
k⃗
(x) +

4

1 + 3wϕ

1

x
h′
k⃗
(x) + hk⃗(x) = 0. (6.43)

Here, we introduce the dimensionless variable x = kη. The well-known solution to this
equation is given by:

hk⃗(x) = C1xl(wϕ)Jl(wϕ)(x) + C2xl(wϕ)J−l(wϕ)(x), (6.44)

where Jl(x) is the Bessel function of order l(wϕ) = 3(wϕ − 1)/2(1 + 3wϕ) and the two
integration constants C1 and C2 contain critical information regarding the origin of tensor
fluctuations during inflation. Determining these constants involves satisfying continuity
conditions for both tensor fluctuations and their first derivatives at η = ηend. Focusing on
modes beyond the Hubble radius at the end of inflation, we can calculate C1 and C2 in the
super-horizon limit (xe = kηend ≪ 1). The expressions are as follows:

C1 =
π

2 sin(lπ)

(
k

kend

)2(1−l)(
1

Γ(2− l)
+

1

Γ(1− l)

)
hk⃗(k, ηend), (6.45)

C2 =
π

2 sin(lπ)

(
1

Γ(l)
− 1

Γ(1 + l)

(
k

kend

)2
)
hk⃗(k, ηend) (6.46)

where hk⃗(k, ηend) is the amplitude of tensor fluctuation at the inflation end [131, 133]. In the
general scenario, the parameter wϕ lies within 0 ≤ wϕ ≤ 1, causing l(wϕ) to take negative
values consistently. Given our interest in scales beyond the horizon at the end of inflation
(i.e., k < kend, implying k/kend < 1), we assert that C2 greatly dominates over C1.

Finally, utilizing Eqs.(6.44) and (6.46) in Eq.(2.206), we obtain the primary GW
spectrum at the end of reheating as [131]:

Ppri
T (k, ηre) =

π2

4 sin2(lπ)Γ2(l)

(
1− 1

l

(
k

kend

)2
)2

Ppri
T (k, ηend). (6.47)
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6.2. Production of Gravitational Waves

6.2.2 Productions of Secondary Tensor Power spectrum during
Reheating:

As previously discussed in Section 6.1, due to non-minimal coupling results in the growth
of the scalar fluctuation due to instability. For a high value of ξ > 1, it is evident from the
right panel of Fig.(6.2) that for any EoS 0 ≤ wϕ ≤ 1, the effect of this instability is much
stronger for large scales(k < kend), leading to growth of amplitude as depicted in Fig.(6.2).
Such growth is prominent exclusively in reheating scenarios where wϕ > 1/3 in larger ξ
regimes. On the contrary, for wϕ < 1/3, the growth of the large-scale modes becomes
significant in the lower ξ regimes, particularly below the conformal limit 0 ≤ ξ < 1/6, which
causes an enhanced energy density spectrum ρχk

as shown in the left panel of Fig.(6.3).
The secondary tensor power spectrum Psec

T (k, η) corresponding to this period is detailed
in Eq. (6.41), where Gre

k (η, η1) represents the Green’s function associated with Eq. (2.200),
satisfying the following differential equation [133]

G ′′
k (η, η1) + 2HG ′

k(η, η1) + k2Gk(η, η1) = δ(η − η1). (6.48)

The Green’s function during the reheating epoch is expressed as [133]

Gre
k (η, η1) = Θ(η − η1)

πηlη1−l1

2sin(lπ)
[Jl(kη)J−l(kη1)− J−l(kη)Jl(kη1).] (6.49)

Utilizing Eq. (6.25) and (6.49) in Eq. (6.41), we have obtained the general expressio of
the secondary tensor power spectrum due to the massless scalar field χ at the end of the
reheating era η = ηre as follows,

Psec
T (k, ηre) =

2A2H4
end

π4M4
pl

(
k

kend

)4+2δ−4ν2 (∫ xre

xe

dx1x
−δ
1 Gre

k (xre, x1)I(x1)
)2

F(k), (6.50)

where δ(wϕ) = 4/(1 + 3wϕ). This equation introduces one dimensionless variable: x ≡ kη
or x1 = kη1. The time integral limits range from xe = kηend to xre = kηre. The momentum
integral part F(k) is detailed in the Addenda 6.5.

Upon evaluating all the integrals, the resulting secondary tensor power spectrum at the
end of reheating for wϕ > 1/3 and ξ > 3/16 turns out to be

Psec
T (k, ηre) =

2A2
3H

4
end

π4M4
pl

(
k

kend

)4+2δ−4ν2

I2
t (xre, xe)F(k). (6.51)

Here, A3 is defined as

A3 ≈
(
Γ(ν2)exp(−πν̃1/2)

4

(
2

3µ− 1

)ν2√
3µ− 1

∣∣∣∣(π + icosh(πν̃1)Γ(1− iν̃1)Γ(iν̃1))

πΓ(iν̃1)

∣∣∣∣)2

,

(6.52)
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whereas the time integral part It is defined as (see the details in Addenda 6.5)

It(xre, xe) =
∫ xre

xe

dx1x
−δ
1 I(x1)Gre

k (xre, x1), (6.53)

and

F(k) ≃ 16

15

{
1

6− 2ν2

(
1−

(
kmin

k

)6−2ν2
)

+
1

5− 4ν2

((
kend
k

)5−4ν2

− 1

)}
. (6.54)

Proceeding in the same way, utilizing the Eq.(6.26) we obtain the secondary tensor
power spectrum for wϕ < 1/3 and ξ < 3/16 as

Psec
T (k, ηre) =

2A2
1H

4
end

π4M4
pl

(
k

kend

)4+2δ−4(ν1+ν2)

I2
t (xre, xe)E(k). (6.55)

where A1 is defined as

A1 ≈
(
Γ(ν1)Γ(ν2)2

ν1

8π

(
2

3µ− 1

)ν2 (3µ(1− 2ν1) + 2(ν1 − ν2)√
(3µ− 1)

))2

. (6.56)

Here, the expression of the time integral It(xre, xe) will remain unchanged and momentum-
integral will be modified as

E(k) ≃ 16

15

{
1

6− 2(ν1 + ν2)

(
1−

(
kmin

k

)6−2(ν1+ν2)
)

+
1

5− 4(ν1 + ν2)

((
kend
k

)5−4(ν1+ν2)

− 1

)}
.

(6.57)

Now we shall define the dimensionless energy density of the gravitational waves Ωgw(k)h
2

for today in the following subsection.

6.2.3 GW spectrum for today :

During the reheating and radiation-dominated epochs, perturbation modes progressively
re-enter the Hubble radius, producing a stochastic gravitational wave (GW) signal. When
produced in the early universe, this GW signal is assumed to possess statistical homogeneity,
isotropy, and Gaussianity, inheriting properties from the FLRW universe, whether during
inflation or the thermal era.

Due to the weak interaction of gravity with matter, GWs are decoupled from the rest
of the universe at the Planck scale. Neglecting interactions with ordinary matter and
self-interactions, we assume that sub-Hubble GWs propagate freely in space after their
production or re-entry into the Hubble radius. The GW energy density decays with the
expansion of the universe, mimicking the behavior of radiation, i.e., ρgw ∝ a−4. Meanwhile,
the physical wave number of GWs evolves as k/a. Deep inside the radiation-dominated
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Figure 6.5: In this figure, we have shown the present-day dimensionless gravitational waves
energy density (Ωgwh

2)sec (induced by the scalar field only) as a function of frequency f (Hz).
The left panel illustrates the dependency of the EoS wϕ = 0, 1/3, & 1/2 for two specific
values of the coupling constant ξ = 3.5 (indicated by solid lines) and ξ = 3.0 (indicated by
dashed lines). In the right panel, we have shown how the spectral energy density evolves for
the coupling constants ξ = 1, 10, & 50, with fixed EoS values wϕ = 0 (indicated by solid
lines) and wϕ = 1/3 (indicated by dashed lines). In both panels, we have considered the
reheating temperature of our universe to be Tre = 1 GeV.

universe, given the spectrum, the normalized GW energy density parameter at any time η
is defined as

Ωgw(k, η) =
ρgw(k, η)

ρc(η)
=

k2Prad
T (k, η)

12a2(η)H2(η)
. (6.58)

Here, the critical energy density ρc(η) = 3H2(η)M2
pl, and Mpl ≃ 2.43× 1018 GeV represents

the reduced Planck mass. The tensor power spectrum Prad
T (k, η) during radiation-dominated

era can further be expressed in terms of the spectrum at the end of reheating as [133].

Prad
T (k, η) =

(
1 +

k2

k2re

) PT(k, ηre)

2k2η2
. (6.59)

As is well-established, the energy density of gravitational waves (GWs) exhibits a behavior
akin to radiation, scaling as ρgw ∝ a−4. Our focus lies on modes that are well within the
Hubble radius at a later time, particularly in proximity to the radiation-matter equality
epoch during radiation domination. We express the dimensionless energy density parameter
Ωgw(k) today in terms of Ωgw(k, η) as follows, as described in [131, 133]:

Ωgw(k)h
2 =

(
gr,eq
gr,0

)(
gs,0
gs,eq

)4/3

ΩRh
2Ωgw(k, η) ≈

(
gr,0
gr,eq

)1/3

ΩRh
2Ωgw(k, η). (6.60)

Here, ΩRh
2 = 4.3 × 10−5, representing the dimensionless energy density of radiation at

the present epoch. gr,eq and gr,0 represent the number of relativistic degrees of freedom at
radiation-matter equality and in the present era, respectively, whereas gs,eq and gs,0 signify
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the number of such degrees of freedom contributing to entropy at these respective epochs.
In our calculation we adopt the value gr,0 ≃ gs,0 = 3.35.

Primary GWs spectrum today(PGWs): After the reheating epoch, the subsequent
era is predominantly characterized by radiation. Now utilizing Eqs (6.47) and (6.58) in
Eq.(6.60) we have found that the PGWs today can be estimated as [133]

Ωpri
gw(k)h

2 ≃ 1.12 · 10−17

(
ΩRh

2

4.3× 10−5

)(
Hend

10−5Mpl

)2

×

 D1 for k < kre

D2(k/kre)
nw for kre < k < kend

.

(6.61)

Here, we introduce the parameter nw = 2(3wϕ−1)/(1+3wϕ), and define D1 = π222l/4 sin2(lπ)Γ2(l)
× Γ2(1− l) ≃ O(1) and D2 ≃

(
π2/2 sin2(lπ)Γ2(l)

)
cos2 (−k/kre + (1− 2l)π/4) ≃ O(1).

Secondary GWs spectrum today(SGWs): Similarly, using Eqs. (6.51), (6.55), and
(6.58) in Eq.(6.60) we have found that the secondary GWs spectrum for the modes k∗ ≤
k ≤ kend can be estimated as

Ωsec
gw(k)h

2 ≃ 2.22× 10−26

(
ΩRh

2

4.3× 10−5

)(
Hend

10−5Mpl

)4(
1 +

k2

k2re

)
I2
t (k, ηre)

×

A2
1

(
k

kend

)4+2δ−4(ν1+ν2)

E(k) for wϕ < 1/3, ξ < 3/16

A2
3

(
k

kend

)4+2δ−4ν2
F(k) for wϕ > 1/3, ξ > 3/16

(6.62)

In this context, It(k, ηre) represents the time integral as defined in Eq. (6.53), while
A3 and A1 denote the constant coefficients consisting of the EoS parameter and coupling
strength (wϕ, ξ), as outlined in Eq.(6.52), and (6.56).

• For wϕ > 1/3, ξ > 3/16 : This the region of parameter space, for which the scalar
field growth is prominent for the range of scales which has wider detection prospects
of a large pool of ongoing and future GW experiments. We consider two distinct
regimes to analyze the spectral behavior of secondary gravitational waves: k ≪ kre and
kre ≪ k < kend. In the super-horizon limit, the SGW spectrum follows the relation
Ωsec

gw(k ≪ kre)h
2 ∝ f 4(2−ν2). In contrast, in the sub-horizon limit, the spectrum

exhibits a behavior of Ωsec
gw(k ≫ kre)h

2 ∝ f 6+δ−4ν2 (for further details, refer to the
Addenda 6.5).

For an EoS with wϕ > 1/3 and a coupling parameter ξ > 1/6, a post-inflationary
parametric instability raises the overall production of the scalar field during the
reheating era. On the contrary, for wϕ ≤ 1/3, no such post-inflationary instability
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6.2. Production of Gravitational Waves

occurs. In Fig.(6.5), we showed how such growths are imprinted in SGWs depending
upon wϕ and the coupling parameter ξ. In the left panel, we examine three EoS
values: wϕ = 0, 1/3, and 1/2, with a fixed reheating temperature of Tre = 1 GeV.
The secondary GW spectrum generically acquires a common factor Ωsec

gw(k)h
2 ∝

(kend/kre)
6wϕ−2

1+3wϕ (see the detailed calculation in Addenda 6.5). The factor immediately
suggests that for wϕ < 1/3 (wϕ > 1/3), the amplitude of the spectrum is suppressed
(enhanced) as kend/kre >> 1. This suppression or enhancement can indeed be seen
from the left panel of Fig.(6.5). Detailed calculation further indicates that when
wϕ ≤ 1/3, the secondary GW production is always overshadowed by the primary
production for all scales as far as larger coupling values, ξ > 3/16, are concerned.
However, for wϕ = 1/2 (i.e., wϕ > 1/3) in the larger coupling regime, the production
of SGWs due to the scalar field is enhanced in super-horizon modes, potentially
surpassing the primary gravitational wave production.

In the top left panel of Fig.(6.6), we explore the dependency of the coupling parameter
ξ for two different EoS values: wϕ = 0 and 1/3. As neither of these EoS values induces
instability in the system, no growth in the scalar field occurs during the reheating
era (see Fig.(6.2)). Consequently, the secondary production of gravitational waves is
negligible, and the strength of the gravitational wave spectrum remains considerably
lower than that of the primary gravitational waves, even when a very high coupling
constant ξ is considered.

To this end, we would like to discuss the generic characteristics of the total GW spec-
trum (PGWs + SGWs) in terms of the reheating parameters, non-minimal coupling,
and the inflationary energy scale. In the top left panel, we show the dependency
of the reheating temperature on the GW spectrum, with a fixed equation of state
wϕ = 3/5 and a coupling constant ξ = 2.90. Evidently, in the intermediate frequency
range, the secondary production of GWs can surpass the primary gravitational waves
(PGWs). The decreasing temperature turns out to increase the overall amplitude of

the spectrum through the factor Ωgw(k)h
2 ∝ T

8(1−3wϕ)

3(1+wϕ)

re ∝ T
−4/3

re for k < kre, wϕ = 3/5,

and Ωgw(k)h
2 ∝ T

4(1−3wϕ)

3(1+wϕ)

re ∝ T
−2/3

re for k > kre, wϕ = 3/5. Beyond a certain reheating
temperature, however, the large-scale spectrum can exceed the present bound on the
tensor-to-scalar ratio r0.05 ≤ 0.036 from the recent Planck -2018 results [8], which
we discuss in the subsequent section. The spectrum can intersect with future GW
sensitivity curves for specific parameter sets, such as LISA, DECIGO, and BBO.

This enhancement of the SGWs with decreasing reheating temperature is effective
only for wϕ > 1/3 reheating scenarios due to post-inflationary instability to the scalar
field mode. Further lowering the reheating temperature implies an increase in the
duration of the reheating period. A longer reheating period implies that the scalar
field experiences instability for a longer period, resulting in greater growth.

Similarly, in the top right panel of Fig.(6.6), we show the evolution of the final GW
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Figure 6.6: The figure presents the combined GW spectrum today for different theory
parameters. In the top-left panel, we illustrate the dependence of the GW spectrum on the
reheating temperature Tre for a fixed EoS wϕ = 3/5 with a coupling parameter ξ = 3.0. The
top-right panel shows the GW spectra for four different EoS values: wϕ = 0, 1/3, 1/2, and
3/5, assuming a fixed reheating temperature of Tre = 106 GeV and a coupling constant
ξ = 2.90. The bottom-left panel demonstrates the influence of the coupling constant ξ on
the GW spectrum, where we assume a fixed reheating scenario with Tre = 106 GeV and
wϕ = 3/5. In all three of these plots, we have adopted the maximal allowed value of the
tensor-to-scalar ratio, r0.05 ≃ 0.036, as constrained by the Planck observations. Finally, in
the bottom-right panel, we explore the impact of varying the tensor-to-scalar ratio on the
GW spectrum for a fixed reheating scenario with Tre = 106 GeV, wϕ = 3/5, and ξ = 2.90.
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Figure 6.7: The figure presents the combined GW spectrum today for different theory
parameters. In the left panel of this figure, we show the variation of the GW spectrum for
different reheating temperatures with a fixed coupling strength ξ = 0.07 and reheating EoS
wϕ = 0. In the right panel, we show the dependence of the spectrum on the coupling strength
ξ for a fixed reheating temperature Tre = 106 GeV and EoS wϕ = 0. In these two plots, we
have taken the maximal value of the Hubble scale Hend = 10−5Mpl.

spectrum for different EoS values, indicated by four different colors. We assume
ξ = 2.90 and Tre = 106 GeV. For wϕ = 0, 1/3, 1/2 the PGW dominates the entire
spectrum. Although for wϕ > 1/3 and ξ > 1, there is instability (as seen in Fig.6.2),
this growth is insufficient to produce GWs of strength which can surpass the PGWs
generated during inflation. SGW turns out to dominate only when wϕ ≥ 3/5. For
example assuming wϕ = 3/5 the spectrum transforms from scale-invariant to blue
tilted in the small frequency(large scale) range f 8−4ν2 = f 0.41, and from blue tilted
to red-tiled f 6+δ−4ν2 = f−0.16 for the modes k > kre(small scale) as indeed observed
in green curve. Therefore, for a fixed reheating temperature and coupling constant
(ξ > 1), there exists a threshold EoS value above which the scalar field growth is
sufficient to produce enough SGWs to overtake the PGWs.

In the bottom left panel of Fig. 6.6, we examine the effect of the coupling constant ξ,
with a fixed equation of state wϕ = 3/5 and reheating temperature Tre = 106 GeV.
The results show that increasing the coupling parameter enhances the scalar field’s
growth, thereby enhancing the GW spectrum. The spectral behavior is the same as
the previous one with blue tilt in the small frequency(large scale) range f 8−4ν2 , and
red-tilt f 6+δ−4ν2 for the modes k > kre(small scale) as indeed observed in the green
curve. For fixed reheating scenarios, a critical value of the coupling constant ξmax

exists above which the tensor fluctuations can be overproduced violating bound on
tensor-to-scalar ratio r0.05 ≤ 0.036 set by the Planck.

In the bottom right panel of Fig. 6.6, we demonstrate how the gravitational wave
(GW) spectrum energy density varies with the inflationary energy scale Hend for a fixed
reheating temperature of Tre = 106 GeV and a fixed EoS wϕ = 3/5, with the coupling
parameter ξ = 2.90. Since the GW spectral energy density follows Ωgwh

2 ∝ H4
end, a
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decrease in Hend naturally leads to a reduction of the total GWs strength.

For a fixed reheating temperature, lowering the inflationary energy scale by reducing
Hend leads to a shorter reheating period (see Eq.(6.30)). The duration of this period
is intimately tied to the growth of the scalar field. When the inflationary energy scale
Hend is reduced, it not only limits the growth of the scalar field during reheating but
also affects its initial production during inflation since the scalar field’s amplitude
depends on the inflationary energy scale. As a result, the overall amplitude of the
gravitational wave (GW) spectrum decreases as Hend is lowered.

Considering these factors, we find that with Hend = 10−5Mpl, wϕ = 3/5, Tre = 106

GeV, and ξ = 2.9, the tensor fluctuations are strong enough to be detected by future
sensitivity curves like LISA, DECIGO, and BBO. However, with a lower value like
Hend = 5× 10−6Mpl, the amplitude is suppressed, allowing detection by DECIGO and
BBO but not by LISA. For Hend ≤ 10−6Mpl, the signal is too weak to be detected by
upcoming experiments. Therefore, the inflationary energy scale significantly impacts
the production of secondary GWs via the scalar field dynamics.

In all figures, at very high-frequency ranges near fend = (kend/2π), the spectrum
follows the Ωgwh

2(f) ∝ fnw [131, 133] behavior, which is due to PGWs contributions
at these frequencies. At very high frequencies, PGWs dominate over SGWs. As seen
in Fig.(6.4), when the modes become sub-horizon, the scalar field growth subsides
because of adiabatic evolution, leading to insufficient to produce significant anisotropy.

• For 0 ≤ wϕ < 1/3, ξ < 3/16: In this region of parameter space the infrared scalar
field growth turned out to be relevant around the CMB scales. Planck is the only
experiment that can place constraints. Likewise, the previous case for wϕ > 1/3,
we consider here also two distinct regimes of the SGW spectrum, k ≪ kre and
kre ≪ k < kend. For the super-horizon modes, the SGW spectrum follows the relation
Ωsec

gw(k ≪ kre)h
2 ∝ f 4(2−ν1−ν2). In contrast, for sub-horizon modes, the spectrum

exhibits a behavior of Ωsec
gw(k ≫ kre)h

2 ∝ f 6+δ−4(ν1+ν2) (for detailed calculation see
Appendix 6.5). Unlike wϕ > 1/3, for this case the GW spectrum exhibits a sharp
enhancement

(
(2− ν1 − ν2) < 0

)
in the long- wavelength modes k << kre particularly

for ξ < 1/6. We have presented the dependence of GW spectrum (PGW+SGW) on
reheating temperature Tre, and the coupling strength ξ for EoS wϕ = 0 in the above
Fig. 6.7. As stated earlier, for lower EoS for the modes around the CMB pivot scale
k∗, the GW spectrum receives a significant correction due to tachyonic instability.
This makes the spectrum IR divergent with enhanced amplitude, and its value freezes
at the end of inflation. Therefore, as the duration of reheating decreases or reheating
temperature increases, the GW amplitude enhances as Ωgw(k)h

2 ∝ (kend/kre)
4−2δ ∝

T

8(1−3wϕ)

3(1+wϕ)

re ∝ T
8/3
re due to less dilution. For example if wϕ = 0, Ωgw(k)h

2 ∝ T
8/3
re

for wϕ = 0 (see left panel of Fig. 6.7). The right panel depicts the GW spectral
behavior for different non-minimal coupling strength ξ with wϕ = 0, Tre = 106 GeV.
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In the regime k << kre, it grows as Ωgw(k)h
2 ∝ (k/kend)

8−4(ν1+ν2). The spectral index(
4(ν1+ν2)−8

)
gradually increases with the decrease of ξ. This is a distinctive feature

of the gravitational wave spectrum for wϕ < 1/3, which essentially puts a lower bound
on ξ set by CMB observation.

Constraining the coupling strength ξ from the tensor-to-scalar ratio bound:

• Constraining positive ξ values for wϕ > 1/3 : We have discovered that for wϕ >

1/3 reheating scenarios, the scalar field undergoes a tachyonic instability beyond a
threshold of the coupling constant ξ, particularly for the super-horizon modes, and
generates large tensor fluctuations even at CMB scales. The current observational
bound on the tensor-to-scalar ratio at CMB scales r0.05 ≤ 0.036, [8] can impose a
stringent constraint on the coupling parameter ξ through the following equation
(assuming all contributions originate from secondary sources),

r0.05 ≃
2A2

3H
4
end

π4M4
plAs

{
1

2l(δ − 2)
+

1

4l(1− l)− 2lδ

}2
8(1 + 2ν2)

15(3− ν2)(4ν2 − 5)

×
(
90H2

endM
2
pl

π2greT 4
re

) 2(3wϕ−1)

3(1+wϕ)
(
k∗
kend

)4(2−ν2)

≤ 0.036 (6.63)

From Eq.(6.63), it is evident that the reheating temperature Tre and the average equa-
tion of state wϕ, has a very sensitive dependence on the maximum coupling strength
ξmax to prevent the overproduction of tensor fluctuations at the CMB scale. In Fig.6.6,
coupling parameter has been chosen in a narrow range 2.85 ≤ ξ < 3 preventing
the overproduction of large-scale(CMB scale) tensor fluctuations. For wϕ = 3/5
and Tre = 106 GeV, we have found the highest possible value of coupling strength
ξmax ≈ 2.9867(See Table 6.1). The SGW strength will be significant to overcome the
PGW one for any ξ close to this ξmax, ξ ≲ ξmax. In the bottom left panel of Fig.6.6,
for any ξ ≥ 3, total GW strength exceeds the maximum limit Ωgwh

2 ≳ 1.42× 10−16

at the CMB scale, hence it is disfavored by the current observation. All the solid
curves in the left panel of Figure (6.8) depict maximum allowed values of ξmax as
a function of wϕ for different values of Tre. And ξmax represents the value of the
coupling constant for a specific set of parameters exceeding which would violate the
current bound on r0.05 [8]. For instance, when wϕ = 0.5 and Tre = 10−2 GeV, the
maximum value of the coupling constant is ξmax ≃ 3.73. On the other hand, if the
reheating temperature is Tre = 106 GeV with the same EoS, the bound turns out to
be ξmax ≃ 3.99. The plot shows that ξmax decreases with a reduction in the reheating
temperature due to the prolonged duration of the reheating era implying longer period
of super-horizon growth. We have listed the maximum allowed values of ξ for different
reheating temperatures and equation of state in Table 6.1. It varies within ∼ (2, 4).
Maximum limit on ξ is not sensitive to r value. For example, future experiments such
as LiteBIRD ([320–323]) will be able to detect r < 0.002 at 95% C.L (accounting
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for both statistical and systematic uncertainties)[321]. Subject to this new bound
we obtain ξmax = (4.045, 3.089, 2.785, 2.640, 2.465, 2.277) corresponding to EoS
wϕ = (1/2, 3/5, 2/3, 5/7, 4/5, 99/100) respectively for the reheating temperature
Tre = 106GeV, which is not significantly different from that of the Planck bound. We
have already discussed the bound on ξ for r0.05 = 10−4( see Table 6.1) which anyway
falls within the LiteBIRD limit. Henceforth, we shall stick to the current Planck
bound r0.05 ≲ 0.036 while constraining the coupling for other EoS.

• Constraining negative ξ values for wϕ ≥ 1/3: In this EoS range, the dynamical equa-
tions (6.1) and (6.7) clearly show the presence of a strong inflationary IR instability but
the absence of post-inflationary instability for any negative ξ value. Subject to CMB
bound, and considering the reheating parameters (Tre, Hend) = (106GeV, 10−5Mpl),
we find ξmin = (−0.15333, −0.14079, −0.13346, −0.12866, −0.12085, −0.10659)
for the reheating EoS wϕ = (1/2, 3/5, 2/3, 5/7, 4/5, 99/100) respectively. There-
fore, any |ξ| > |ξmin| is strictly prohibited for any wϕ > 1/3 based on the present
study. We also further check that for a given EoS, the lower bound does not
vary much with the reheating temperature. For instance, for wϕ = 3/5, we get
ξmin = (−0.11, −0.12483, −0.14079, −0.158) for Tre = (10−2, 102, 106, 1010)GeV
respectively.

• Constraining positive ξ values for wϕ < 1/3 : In a similar fashion, for wϕ < 1/3, we
calculate the tensor-to-scalar ratio at the CMB scale r0.05 as

r0.05 ≃
2A2

1H
4
end

π4M4
plAs

{
1

2l(δ − 2)
+

1

4l(1− l)− 2lδ

}2
8(1 + 2(ν1 + ν2))

15(3− (ν1 + ν2))(4(ν1 + ν2)− 5)

×
(
90H2

endM
2
pl

π2greT 4
re

) 2(3wϕ−1)

3(1+wϕ)
(
k∗
kend

)4(2−ν1−ν2)

≤ 0.036 (6.64)

The negative value of the index (2 − ν1 − ν2) in the lower the value of ξ < 1/6
gives significant GW strength for wϕ < 1/3. This fact sets the lower limit of ξmin

that satisfies the observational bound on r0.05. For instance, for wϕ = 0, we ob-
tain ξmin ≃ (0.02036, 0.04179, 0.05935, 0.07394), and for wϕ = 0.1, we obtain
ξmin ≃ (5.4 × 10−4, 0.01569, 0.02916, 0.04119) for Tre = (10−2, 102, 106, 1010)
GeV respectively and for wϕ = 0.2, we obtain ξmin ≃ (3.35 × 10−3, 0.01104) for
Tre = ( 106, 1010) GeV respectively. For wϕ = 0.2, no lower limit exists for
the temperatures Tre = (10−2, 102) GeV. In the right panel of Fig.6.7, we have
considered a narrow range of 0.06 < ξ ≤ 0.065 for wϕ = 0 and Tre = 106 GeV,
and shown how the GW spectrum changes near the CMB scale within the Planck
limit. The larger value of ξ is unconstrained due to less GW production at the
CMB scale (k << kend). Interestingly, we also find that as one gradually ap-
proaches wϕ = 1/3, the coupling remains unconstrained, for secondary GW is
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6.2. Production of Gravitational Waves

r0.05 = 0.036

Tre (GeV) wϕ = 0 wϕ = 1/2 wϕ = 3/5 wϕ = 4/5 wϕ = 99/100

10−2 0.02036 3.7312 2.7649 2.1056 1.8818

102 0.04179 3.8599 2.9034 2.2611 2.0529

106 0.05935 3.9955 2.9867 2.4342 2.2482

r0.05 = 10−4

10−2 0.01668 3.7950 2.8136 2.1443 1.9168

102 0.03903 3.9289 2.9569 2.3059 2.095

106 0.05728 4.0691 3.1111 2.4859 2.299

Table 6.1: In the above table, we have listed the minimum possible values ξmin for wϕ = 0
and maximum possible values ξmax for higher reheating EoS wϕ = 1/2, 3/5, 4/5, 0.99
for different reheating temperatures Tre. The lower bound ξmin for wϕ = 0 is derived from
Eq. (6.64) and the upper bound ξmax for higher EoS wϕ > 1/3 is derived from Eq. (6.63)
to avoid the overproduction of tensor perturbations at the CMB scale. Based on recent
observations from Planck, We consider the upper bound on the tensor-to-scalar ratio to be
r0.05 = 0.036. We also show the slight variation of both ξmin and ξmax with tensor-to-scalar
ratio by considering another value at the CMB scale r0.05 = 10−4.

subdominant compared to the primary one. As an example, for wϕ = 0.33 and
ξ = 0, we find r0.05 = (2.88 × 10−11, 3.46 × 10−11, 4.17 × 10−11, 5 × 10−11) for
Tre = (10−2, 102, 106, 1010) GeV respectively.

• Constraining negative ξ values for wϕ < 1/3 : In this range, according to the dy-
namical equations (6.1) and (6.7), both inflationary and post-inflationary insta-
bility causes large GW production. For instance, for wϕ = 0 and Tre = 106

GeV, we find r0.05 ≈ (1026, 1024, 3.73 × 1023, 7 × 1023) for the coupling strength
ξ = (−0.01,−0.1,−1,−10) respectively. Therefore, the entire negative ξ regime is
found to be completely incompatible with CMB at least for wϕ = 0.

Constraining ξ from the isocurvature bound: A similar bound on the non-minimal
coupling can also be obtained from the isocurvature constraint. The current constraints on
the isocurvature power spectrum by Planck are defined to be βiso ≡ PS(k∗)/ (PR(k∗) + PS(k∗))
≲ 0.038 at the 95% C.L for the Planck pivot scale k∗. The large-scale instability of the
scalar field inevitably generates strong isocurvature perturbation at the CMB scale. In
the recent literature [244] and [245], authors have investigated such perturbation from
the non-minimally coupled scalar field and background inflaton field. The pivot scale
amplitude of curvature power spectrum PR(k∗) = 2.1× 10−9 gives the upper bound of the
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amplitude of isocurvature power spectrum at CMB scale PS(k∗) ≲ 8.3 × 10−11[8]. The
second-order isocurvature power spectrum is evaluated by using the following expression as
[69, 75, 244, 245, 324–326]

PS(k) =
1

ρ2χ

k3

2π2

∫
d3x⃗⟨δρχ(x⃗)δρχ(0)⟩e−ik⃗.x⃗ =

k3

(2π)5ρ2χa
8

∫
d3p⃗ PX

(
p, |p⃗− k⃗|

)
(6.65)

where ρχ and δρχ are energy-density, and

PX(p, q) = |X ′
p|2|X ′

q|2 + a4m4
χ|Xp|2|Xq|2 (6.66)

• Isocurvature constraint for wϕ > 1/3: With the help of the equations (6.25), (6.122),
and (6.123) we compute the isocurvature amplitude at the CMB scale, and we
obtained the maximum bound on ξ for wϕ > 1/3. The maximum values tunes out
to be ξmax = (3.750, 2.981, 2.545, 2.477) for EoS wϕ = (1/2, 3/5, 4/5, 99/100)
respectively for the reheating temperature Tre = 106GeV and Hend = 10−5Mpl. For a
given EoS, this maximum limit of ξ does not vary much for a wide range of reheating
temperatures. For example, for wϕ = 1/2, we get ξmax = (3.761, 3.755, 3.750, 3.744)
for Tre = (10−2, 102, 106, 1010) GeV respectively. Interestingly, these ξmax values are
close to the values we obtained from the tensor-to-scalar ratio discussed earlier (See
Table 6.1).

• Isocurvature constraint for wϕ < 1/3: In [245], for wϕ = 0, authors have found a lower
limit of ξ ≳ 0.027 for the massless non-minimally coupled scalar fluctuations from
the current isocurvature bound PS(k∗) < 8.3× 10−11. Interestingly, for wϕ = 0, this
lower boundary of ξ from the isocurvature constraint is close to the prediction of
CMB scale tensor-to-scalar ratio bound r0.05 ≤ 0.036 as discussed above.

Constraining the coupling strength ξ and reheating dynamics through ∆Neff :
The total radiation energy density around the time of decoupling influences the cosmic
microwave background (CMB). At that epoch, neutrinos comprised a significant fraction
of the radiative energy, but additional radiation (such as dark radiation or primordial
gravitational waves) may also impact the CMB spectrum. In this context, treating the χ
field as dark radiation significantly affects the CMB spectra through the extra radiation
component. The effective number of neutrino species, Neff , which represents the energy
density stored in relativistic components (radiation), is defined as

ρra = ργ + ρν + ρx =

[
1 +

7

8

(
4

11

)4/3

Neff

]
ργ (6.67)

where ργ, ρν , and ρx are the energy densities of photons, neutrinos, and extra radiation
components (massless scalar field (ρχ) or primordial gravitational waves (ρgw)), respectively.
From Eq. (6.67), the excess radiation component can be defined as:

ρχ =
7

8

(
4

11

)4/3

ργ∆Neff (6.68)
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6.2. Production of Gravitational Waves

where ∆Neff = Neff − Nν represents the extra relativistic degrees of freedom. Here, ρx
includes both dark radiation ρχ and primordial gravitational waves ρgw, with Neff being the
observed total relativistic degrees of freedom and Nν = 3.044 representing the standard
model neutrino degrees of freedom [54, 111, 327–329].

To determine the contribution of the dark radiation, specifically the massless scalar field
χ, we can express Eq. (6.68) as:

ρχ =
1

2π2a4

∫ kend

kre

dk

k
k4|βk|2 =

7

8

(
4

11

)4/3

ργ∆Nχ (6.69)

where ∆Nχ is the extra relativistic degree of freedom due to the dark radiation field χ.
This computation of ρχ in different ξ ranges is detailed in the Eqs.(6.106)-(6.112). For the
sake of convenience, we introduce a new dimensionless variable Ωχ(ηre) = ρχ(ηre)/ρc(ηre),
where ρc(ηre) = 3H2

reM
2
pl is the background energy density at the end of reheating. As

both the background energy density (ρc) and the massless scalar field (considered as dark
radiation ρχ) goes as a−4 due the background expansion, the fractional energy density
Ωχ(η > ηre < ηeq) remain conserved during radiation dominated era. The present-day
fractional energy density of the χ field can be expressed as

Ωχh
2 ≃

(
gr,0
gr,eq

)1/3

ΩRh
2Ωχ(ηre) (6.70)

where ΩRh
2 ≃ 4.3× 10−5 [8] denotes the dimensionless energy density of radiation at the

current epoch. Here, gr,eq and gr,0 represent the number of relativistic degrees of freedom
at the epochs of radiation-matter equality and the present day, respectively. By expressing
Eq. (6.69) in terms of this dimensionless variable, we obtain

Ωχh
2 =

7

8

(
4

11

)4/3

Ωγh
2∆Nχ ≃ 1.6× 10−6

(
∆Nχ

0.284

)
(6.71)

where Ωγh
2 = 2.47× 10−5 is the present-day photon energy density [8]. The latest Planck

data with Baryon Acoustic Oscillation (BAO) predicts ∆Neff ≤ 0.284 (within 2σ range)
[8]. Using this bound as an upper limit, we can further constrain the coupling parameter ξ
through Eq.(6.71).

We find that coupling strength ξ is further constrained through ∆Neff for wϕ > 1/3. In
Fig.(6.8), we have plotted the upper limit of the coupling parameter ξmax as a function of
the average equation of state wϕ > 1/3 for five different reheating temperatures. Lowering
the reheating temperature for a fixed EoS tightens the constraint on ξ. For example, if the
EoS is wϕ = 0.5 and the reheating temperature of our universe is Tre = 10−2 GeV, then to
satisfy the current ∆Neff bound, the maximum allowed value of the coupling parameter
is ξmax ≃ 4.02. Note this is greater than the bound we obtained from the tensor-to-ratio
(ξmax ≃ 3.73) discussed before. On the other hand, if the reheating temperature is Tre = 106
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GeV with the same EoS, the bound is ξmax ≃ 4.99, which is again higher than the bound
from the tensor to ratio (ξmax ≃ 3.99) discussed before.

It is to be noted that combining constraints from the tensor-to-scalar ratio and from
∆Neff yields significant insights. In the lower reheating temperature case as one reduces the
equation state the tensor to scalar ratio tends (solid lines) to provide stronger constraints on
ξmax than the ∆Neff , and ∆Neff leads to the maximum possible value of equation state wϕ
(set by dashed lines). For instance, with wϕ = 0.6 and a reheating temperature of Tre = 10−2

GeV, the ∆Neff constraint predicts a maximum allowable value of the coupling constant
ξmax ≃ 0.205. In contrast, under the same reheating parameters, the tensor-to-scalar ratio
constraint allows a higher upper bound for the coupling constant, ξmax ≃ 2.765. Therefore,
we get an allowed region of ξ bounded by solid and dashed lines which satisfy both the
constraints. This is indeed the case for red, blue, and magenta curves as depicted in the
left panel of Fig.6.8 for Tre = (10−2, 102, 106) GeV accordingly. However, with the higher
temperature, the constraint from Planck on tensor to scalar ratio becomes increasingly
important and tends to prove the entire bound on ξ. This indeed can be observed for cyan
and brown curves with Tre = (1014, 1010) GeV, respectively.

Unlike wϕ > 1/3, for wϕ < 1/3, we don’t get any new constrain on ξ through ∆Neff

bound. As discussed earlier, for wϕ < 1/3, as enhancement effect is important in the range
ξ < 1/6, we find the lower limit of coupling ξmin < ξcri < 1/6 satisfying the tensor-to-scalar
ratio bound r0.05 ≤ 0.036. The energy spectrum remains blue-tilted in the entire range
ξ > ξcri. For example, for ξ = 0, exploiting the Equations (6.69)-(6.71) we obtain for
wϕ = (0, 0.1, 0.2), ∆Neff = (2.88× 10−13, 7× 10−13, 1.77× 10−12) for a wide range of
reheating temperatures Tre = (10−2 − 1010) GeV(Detail computations of ρχ for wϕ < 1/3
are given in the part II of this chapter.(see Eqs.(6.106)-(6.112))). These values are far
below the maximum limit ∆Neff ≤ 0.284 for the lowest possible value of ξ = 0, meaning
no lower limit can be imposed on ξ through ∆Neff for wϕ < 1/3. If we choose ξ > ξcri,
although the energy spectrum is blue-tilted, the secondary GW energy strength is too weak
to overtake the primary strength around kend(see Fig.6.5). Therefore, in this regime, the
PGW contribution always dominates the total GW energy density Ωgwh

2.

Similarly, primordial gravitational waves (PGWs) with frequencies ≥ 10−15 Hz may
contribute significantly to the radiation density of the Universe during the decoupling of
the cosmic microwave background (CMB). It can also be treated as an extra relativistic
degree of freedom symbolized as ∆Ngw. Hence, we can similarly express it as [133, 330]

Ωgwh
2 =

7

8

(
4

11

)4/3

Ωγh
2∆Ngw ≃ 1.6× 10−6

(
∆Ngw

0.284

)
(6.72)

where Ωgwh
2 is the present-day dimensionless energy density of the gravitational waves

produced in the early universe and it is defined as

Ωgwh
2 =

∫ kend

kmin

dk

k
Ωgw(k)h

2
0 (6.73)
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Figure 6.8: In the left panel, we present the maximum allowed values of the coupling
constant, ξmax, as a function of wϕ. The colored dashed lines represent ξmax values calculated
from the ∆Neff bound (see Eq. (6.71)). In contrast, the solid colored lines indicate the
limit derived from the tensor-to-scalar ratio (see Eq. (6.63)). Different colors represent
different Tre values. By combining both limits, we identify a common region allowed under
both bounds, represented by the shaded areas corresponding to each color. In the right
panel, we plot ξmax as a function of Tre for three discrete values of the equation of state:
wϕ = 3/5 (cyan), wϕ = 2/3 (blue), and wϕ = 5/7 (magenta). Combining both constraints,
this plot shows the common allowed region, free from the ∆Neff and the tensor-to-scalar
ratio bounds. The three vertical lines labeled by specific Tre values divided the shaded regions
into two. Above this temperature, the tensor-to-scalar ratio imposes a stricter constraint on
the coupling parameter ξ compared to the ∆Neff bound. Three red-shaded regions indicate
that these reheating temperatures are not allowed for the specified set of wϕ values as it
violates ∆Neff bound at high frequency near kend primarily sourced by PGWs.

here Ωgw(k)h
2 is the total contributions from both primary and secondary gravitational

waves. To this end, we should point out that the GW is a secondary contribution
Assuming the present-day photon density parameter is Ωγh2 ≃ 2.47×10−5, a combination

of the latest Planck-2018 and Baryon Acoustic Oscillation (BAO) data predicts ∆Neff ≃ 0.284
(within a 2σ range) [8]. Consequently, this prediction sets an upper limit on primordial
gravitational waves, such that Ωgwh

2 < 1.6× 10−6 [331]. Using this result, we derive the
following inequality [133, 331, 332]

Ωgwh
2 ≤ 1.6× 10−6

(
∆Ngw

0.284

)
(6.74)

The constraint presented in Eq. (6.74) imposes a constraints on the reheating temperature;

Tmin ≥
(
90H2

endM
2
pl

π2gre

)1/4

β
3(1+wϕ)

4(3wϕ−1)

(
0.284

∆Ngw

) 3(1+wϕ)

4(3wϕ−1)

(6.75)

Here Tmin is the lowest possible reheating temperature to ensure the overproduction of
the extra relativistic degree of freedom due to the PGWs. In the above we defined
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Figure 6.9: The figure above shows the minimum allowed reheating temperature Tmin (in
GeV) as a function of wϕ. The blue lines correspond to r0.05 = 0.36, while the magenta
lines represent r0.05 = 10−4. The solid lines indicate ∆Neff = 0.284, and the dashed
lines indicate ∆Neff = 0.50. The shaded regions in color mark areas that were excluded
due to the overproduction of primary gravitational waves at the high-frequency end f =
fend = (kend/2π). The gray region at the bottom is excluded due to the minimum reheating
temperature required by Big Bang nucleosynthesis (BBN), which is about Tre ≃ 10−2 GeV.

β = 1.43× 10−11D2(Hend/10
−5Mpl)

2/(nw). It is crucial to emphasize that this lower bound
on the reheating temperature applies exclusively to the equation of state wϕ > 1/3.

Using Eq. (6.75), we have generated a parameter space plot of Tmin as a function of the
average equation of state (wϕ) in Fig. (6.9), showing the minimum permissible reheating
temperature as a function of wϕ. In this figure, the blue lines correspond to r0.05 = 0.036,
and the magenta lines to r0.05 = 10−4. Solid lines represent ∆Neff = 0.284, while dashed
lines correspond to ∆Neff = 0.50. The shaded regions indicate areas excluded due to the
overproduction of gravitational waves at high frequencies. The gray shaded region at the
bottom excludes reheating temperatures lower than the BBN bound, i.e., TBBN

re ≃ 10−2

GeV. While considering a stiff equation of state (wϕ > 1/3), this bound must be taken
into account. In all our plots, we have ensured that this bound is respected to avoid the
overproduction of gravitational waves from primary quantum fluctuations during inflation.

Constraining Reheating Dynamics and Coupling Parameters ξ via Future
Gravitational Wave Experiments: As depicted in Fig. (6.6), for an appropriate set
of reheating parameters and coupling constant ξ, the production of secondary gravitational
waves (SGWs) by the scalar field is significant enough to pass through the sensitivity
curves of several forthcoming gravitational wave (GW) detectors, including LISA, DECIGO,
BBO, ET, and others. This observation suggests that future GW detectors could probe
non-minimal coupling and associated dynamics in the early universe, potentially placing
stringent constraints on the coupling parameter ξ and the reheating dynamics. In this
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6.2. Production of Gravitational Waves

Figure 6.10: In the figure above, we present the estimated parameter space of the coupling
constant ξ versus the reheating temperature Tre for two different equations of state (EoS):
wϕ = 1/2, and wϕ = 3/5. These estimates can be tested by future gravitational wave (GW)
detectors, including LISA (magenta), DECIGO (blue), BBO (cyan), and ET (gray). Within
this parameter space, the signal generated by the scalar field χ can be detected by these
GW experiments. In both plots, the upper bound comes from the tensor to scalar ratio at
the CMB scale where in the right panel at a lower temperature the ∆Neff puts a stronger
constraint on the coupling parameter ξ.

section, we point out the parameter space in which these detectors are expected to explore
these dynamics.

Focusing on future GW experiments such as LISA, DECIGO, BBO, and ET, we utilize
the proposed sensitivity curves to estimate the parameter ranges for ξ and the reheating
temperature Tre for two different equations of state, wϕ = 1/2 and wϕ = 3/5, as shown in
Fig. (6.10). The shaded regions indicate the parameter space where the signal produced by
the scalar field is expected to be detectable by these experiments, provided ξ falls within the
specified range for a given reheating temperature and equation of state. Notably, the upper
bound on ξ remains the same for all experiments, despite differing sensitivity thresholds.
This is because the upper limit on ξ is determined by the tensor-to-scalar ratio constraint
by Planck and the ∆Neff bound (as illustrated in Fig. (6.8)). Consequently, for values of ξ
exceeding a certain threshold, the signal, although potentially detectable, is excluded due
to the overproduction of tensor fluctuations and additional relativistic degrees of freedom.

In the right panel of Fig. (6.10), we observe that when the reheating temperature is
relatively low, and the scalar field is considered as dark radiation, ∆Neff imposes stricter
constraints on ξ, as discussed earlier. Conversely, in the case of wϕ = 0.5 (see in the
left panel of Fig.(6.10)), the tensor-to-scalar ratio constraint is more restrictive than the
∆Neff constraint. For all the plots the lower boundary is fixed by the lowest values of the
gravitational wave strength (sensitivity line) that a particular experiment could measure.

To this end, we would like to point out that in the present study, we solely focus on
the long-wavelength modes(k < kend) of the scalar fluctuations that suffer from tachyonic
instability. The longer the wavelength, the stronger the instability and the larger the source
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field amplitude. Our study revealed that the presence of such instability causes large GW
and isocurvature production, and gives tight constraints on ξ which one should keep in
mind in future studies. At this point let us mention the recent works [245, 294, 298], where
authors have explored the effect of ξ on the dynamics of the scalar fluctuations, particularly
for sub-horizon modes (k ≳ kend). In order to obtain parametric resonance, the authors
assumed a value of ξ that is much larger than the bound we obtained. In our entire study, we
have established that for higher EoS, the large-scale modes get enhanced even at a relatively
lower ξ value compared to the small-scale parametric resonance studied in [245, 294, 298]. It
has also been found that beyond a certain ξ, the appearance of long-wavelength instability
results in the development of a larger two-point correlation function ⟨χ2⟩(see the Addenda
6.4) which eventually generates a back-reaction effect on the inflaton background. However,
to address all these subtle issues, we may resort to the lattice study, which is beyond the
scope of the present work, and we leave it for our future endeavor.

6.3 Summary

In this section, we summarize the key findings of this study.

• Production of scalar fluctuations and infrared instability:

In this study, we investigate the production of a massless scalar field in the presence
of a ξRχ2 coupling during both inflation and reheating. We found that for ξ < 1/6
and wϕ < 1/3, the infrared(IR) instability helps scalar field fluctuation to grow both
during and after inflation. Such growth turns out to be maximal for ξ = 0. It poten-
tially violates the Planck bound on r through its secondary GW production, thereby
setting a tight constraint on the minimum value of ξ. On the contrary, for ξ > 1/6,
and wϕ > 1/3 the infrared modes of the scalar field grow due to post-inflationary
instability, and such instability grows with increasing ξ. Therefore, in this case, the
associated induced gravitational waves put a tight constraint on the maximum value
of ξ. Thus, in both cases, the infrared instability plays a pivotal role in constraining
the non-minimal coupling strength.

• Constraining ξ through ∆Neff , r0.05, and isocurvature bound:

To obtain the constraint on ξ, we mainly consider the observational bounds on the
effective number of degrees of freedom ∆Neff at the time of BBN and Planck ’s upper
limit on tensor to scalar ratio r0.05 at the pivot scale (k∗/a0) = 0.05 Mpc−1. The scalar
field generated due to infrared instability can be treated as a possible candidate for
dark radiation which contributes to ∆Neff . On the other hand, associated secondary
GW can affect both ∆Neff and in estimating the energy scale of inflation through
r. Except for a few reheating parameters(wϕ > 1/3, Nre, Tre), we have obtained
bounds on maximum possible values of the coupling strength ξmax as illustrated in
Fig.(6.8). In the higher reheating temperature regime, we find stronger constraints
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6.3. Summary

from the tensor-to-scalar ratio bound that shrinks the maximum allowed region of
ξ for given reheating parameters. Combining the latest Planck -2018 data of both
r0.05 < 0.036 and ∆Neff ≃ 0.284 for wϕ ≥ 1/2, we find that there exists an upper
limit on ξ < ξmax(≃ 4), and hence arbitrarily large values of ξ are hardly acceptable.
Likewise, for wϕ = 0, we find that there exists a lower limit on ξ > ξmin(≃ 0.02), and
hence vanishing non-minimal coupling or in other words, the minimal scenario may
not be tenable. We have also briefly discussed the constraints on ξ based on current
isocurvature bound at the CMB pivot scale, PS(k∗) ≲ 8.3× 10−11. Interestingly, we
have found an almost similar prediction of both minimum(for wϕ = 0) and maximum
bounds(for wϕ > 1/3) on ξ as obtained through the tensor-to-scalar ratio and the
isocurvature bound.

• Constraining negative ξ values:

we have also estimated the possible constraint on negative ξ values. Our study reveals
that for wϕ = 0, the presence of strong inflationary and post-inflationary IR instability
of the source field results in a heavily red-tilted energy-density spectrum, and this also
results high value of r0.05 which may violate the CMB bound. Hence, negative ξ values
are found to be completely forbidden for wϕ = 0. On the contrary, for wϕ > 1/3, we
find lower limits of negative ξ for different reheating parameters(wϕ, Tre, Hend), and
for a given wϕ, the typical values of negative ξ don’t vary much for a wide range of
reheating temperatures as discussed in Section 6.2. This is opposite to the case of
putting upper limits on positive ξ for any wϕ > 1/3.

• Detection prospect:

Furthermore, we have found a distinctive gravitational wave spectrum for different pa-
rameters, which could be detectable by future GW detectors, allowing for more robust
constraints on the coupling parameters and reheating dynamics in the near future
GW experiments Towards the end, given the constraints from all the observations
from Planck, we derived the region of parameter space in (Tre, ξ) plane which can be
probed by future experiments such as BBO, DECIGO, LISA, and ET, particularly
for a stiff inflaton equation of state.
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Addenda

6.4 Analyzing the behavior of the suppression factor(
1− a2ξ⟨χ2⟩/M 2

pl

)−2

This factor might play a very crucial role in estimating the strength of the secondary GW
spectrum for larger values of the two-point correlation function ⟨χ2⟩. Therefore, the typical
values of this suppression factor in the different ranges of ξ must be analyzed very carefully.
With the help of the equations (6.15),(6.25) and (6.37) we can compute the typical values
of the two-point correlation function ⟨χ2⟩ with varying theory parameters.

The behavior of
(
1− a2ξ⟨χ2⟩/M2

pl

)2 is depicted in Fig.(6.11) for different reheating
EoS in two regimes wϕ < 1/3 and wϕ > 1/3. In the higher EoS wϕ > 1/3, and ξ > 3/16
regime, we observed that it can become larger than unity, as evident in Fig.(6.11). For
instance, for Tre = 106 GeV and Hend = 10−5Mpl, we get ξ = (14.94, 10.75, 9.27, 7.77)
for wϕ = (1/2, 3/5, 2/3, 4/5) respectively, and beyond these typical values, the suppression
factor starts diverging(a2ξ⟨χ2⟩ >> M2

pl) with further increase of the coupling strength
as shown in Fig.(6.11)(middle row, right panel). The last two bottom plots of Fig.(6.11)
represent the variation of the said quantity in terms of Tre and Hend for different EoS with a
fixed ξ. We see that for ξ = 6, Hend = 10−5Mpl, the factor grows rapidly with the decrease
of Tre(bottom row, left panel), and for ξ = 10, Tre = 106 GeV, the suppression term grows
with Hend for higher reheating EoS wϕ = 2/3, 4/5(bottom row, right panel). However, our
analysis has already shown well below the above values of ξ, we have found either large
GW or isocurvature modes which already violate the Planck bound.

6.5 Computing the Secondary Tensor power spectrum
As we are mainly interested in the higher post-inflationary EoS regime, wϕ > 1/3, so, we
shall first share a detailed calculation of the tensor power spectrum during reheating for
a generalized power law type matter power spectrum in stiff EoS regime wϕ > 1/3. The
computation of the tensor power spectrum for wϕ < 1/3 will follow the same procedure.

6.5.1 For wϕ > 1/3 :

For wϕ > 1/3 and ξ > 3/16, combining Eqs. (6.25) and (6.27) we can write the matter
power spectrum in terms of the rescaled field Xk for long-wavelength modes as follows.

PX(k, η) =
k3

2π2

∣∣∣X long
k (k, η)

∣∣∣2 = A3

π2
k2end I(k, η)

(
k

kend

)2(1−ν2)

(6.76)

In the above equation, A3 is a constant part depending on the initial parameters as given
in (6.106) and I = cos2(kη) is the time-dependent part of the matter power spectrum.
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6.5. Computing the Secondary Tensor power spectrum

wϕ=0

wϕ=1/10

wϕ=1/5

wϕ=3/10

Tre = 106 GeV; Hend = 10-5
Mpl

10-4 0.001 0.010 0.100
0.001

0.010

0.100

1

10

100

1000

ξ

(1
-
a

2
ξ
<
χ

2
>

M
pl

2
)2

wϕ=0

wϕ=1/10

wϕ=1/5

wϕ=3/10

ξ=0.01; Hend = 10-5
Mpl

0.1 1000.0 107 1011 1015
0.001

0.010

0.100

1

10

100

1000

Tre (in GeV)

(1
-
a

2
ξ
<
χ

2
>

M
pl

2
)2

wϕ=0

wϕ=1/10

wϕ=1/5

wϕ=3/10

Tre = 106 GeV; ξ = 0.01

10-10 10-9 10-8 10-7 10-6 10-5
0.001

0.010

0.100

1

10

100

1000

Hend (in Mpl)

(1
-
a

2
ξ
<
χ

2
>

M
pl

2
)2

wϕ=1/2

wϕ=3/5

wϕ=2/3

wϕ=4/5

Tre = 106 GeV; Hend = 10-5
Mpl

1 2 5 10 20
10-10

1

1010

1020

ξ

(1
-
a

2
ξ
<
χ

2
>

M
pl

2
)2

wϕ=1/2

wϕ=3/5

wϕ=2/3

wϕ=4/5

ξ=6; Hend = 10-5
Mpl

0.1 1000.0 107 1011 1015

10-10

1010

1030

1050

1070

Tre (in GeV)

(1
-
a

2
ξ
<
χ

2
>

M
pl

2
)2 wϕ=1/2

wϕ=3/5

wϕ=2/3

wϕ=4/5

Tre = 106 GeV; ξ = 10

10-10 10-9 10-8 10-7 10-6 10-5
10-9

10

1011

1021

Hend (in Mpl)

(1
-
a

2
ξ
<
χ

2
>

M
pl

2
)2

Figure 6.11: The figure presents the behavior of the suppression factor with the variation
of three parameters ξ, Tre, Hend for different reheating EoS in the regimes wϕ < 1/3 and

wϕ > 1/3. In all the plots, the black dotted line depicts
(
1− a2ξ⟨χ2⟩

M2
pl

)2
= 1

Now we can write the tensor power spectrum in terms of the matter power spectrum as

Psec
T (k, ηre) =

8

M4
pl

(∫ xre

xe

dx1
Gre
k (xre, x1)

a2(x1)

)2

×
∫ kend

kmin

dq

k

∫ 1

−1

dγ(1− γ2)2
(q/k)3PX(q, η1)PX(|⃗k − q⃗|η1)

|1− q/k|3
(6.77)

Now using Eq.(6.76) in the above Eq.(6.77) we get the following form.

Psec
T (k, ηre) =

8A2
3k

4
end

π4M4
pl

(∫ xre

xe

dx1
Gre
k (xre, x1)

a2(x1)
I(x1)

)2

×
∫ kend

kmin

dq

k

∫ 1

−1

dγ(1− γ2)2
(q/k)3(q/kend)

2(1−ν2)(|⃗k − q⃗|/kend)2(1−ν2)
|1− q/k|3 (6.78)
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During the reheating era, the scale factor can be approximately written as a2(η) ≈
a2end(x/xe)

δ, we recall that δ(wϕ) = 4/(1 + 3wϕ). We obtain the following expression
by substituting this approximate form of the scale factor to the above Eq.(6.78).

Psec
T (k, ηre) =

8A2
3H

4
end

π4M4
pl

(
k

kend

)4+2δ−4ν2 (∫ xre

xe

dx1x
−δ
1 Gre

k (xre, x1)I(x1)
)2

×
∫ kend

kmin

dq

k

∫ 1

−1

dγ(1− γ2)2(q/k)5−2ν2(|1− q/k|)−(1+2ν2)

=
8A2

3H
4
end

π4M4
pl

(
k

kend

)4+2δ−4ν2


∫ xre

xe

dx1x
−δ
1 Gre

k (xre, x1)I(x1)︸ ︷︷ ︸
Time Integral


2

F(k) (6.79)

where we define F(k) as

F(k) =

∫ umax

umin

du

∫ 1

−1

dγ(1− γ2)2u5−2ν2(1 + u2 − 2uγ)−(ν2+1/2) (6.80)

6.5.1.1 Computation of F(k) :

Here we define another variable u = q/k. In order to perform the momentum integral,
we have to break it into two separate limits, i.e. umin ≤ u < 1 and 1 < u ≤ umax, where
umin = kmin/k and umax = kf/k where kmin represents the largest observable scale as of
today( CMB scale, k∗) and kend represent the largest mode that leaves the horizon at the
end of inflation.

Now in the following range umin ≤ u < 1 the above integral (6.80) boils down to

F1 ≃
∫ 1

umin

duu5−2ν2

∫ 1

−1

dγ(1− γ2)2 =
16

15(6− 2ν2)

{
1−

(
kmin

k

)6−2ν2
}

(6.81)

where we have used (1 + u2 − 2γu) ≃ 1. On the other hand for 1 < u ≤ umax range the
above integral Eq.(6.80) boils down to the following one.

F2 ≃
∫ umax

1

du

∫ 1

−1

dγ(1− γ2)2u5−2ν2u−(2ν2+1) =
16

15(5− 4ν2)

{(
kend
k

)5−4ν2

− 1

}

=
16

15(5− 4ν2)

(
kend
k

)5−4ν2
{
1−

(
k

kend

)5−4ν2
}

(6.82)

where we have used (1 + u2 − 2γu) ≃ u2.
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6.5. Computing the Secondary Tensor power spectrum

Now combining Eq.(6.81) and Eq.(6.82) we get

F(k) = (F1 + F2) ≃
16

15

{
1

6− 2ν2

(
1−

(
kmin

k

)6−2ν2
)

+
1

5− 4ν2

((
kend
k

)5−4ν2

− 1

)}
(6.83)

6.5.1.2 Simplification of the Time Integral :

During reheating, the Green’s function of Eq.(2.200) is

Gre
k (x, x1) =

πxlx1−l1

2 sin(lπ)
(Jl(x)J−l(x1)− J−l(x)Jl(x1)) (6.84)

We recall again l(wϕ) = 3(wϕ− 1)/2(1+3wϕ). Now using Eq.(6.84) we are going to perform
the time integral part of Eq.(6.79)

It(xre, xe) =
∫ xre

xe

dx1x
−δ
1 I(x1)Gre

k (xre, x1) =
π

2 sin(lπ)

xlrex
2−2l−δ
1

21+l

×
(
−x2l1 J−l(xre)Γ

[
1− δ

2

]
HypergeometricPFQRegularized

[{
1− δ

2

}
,

{
1 + l, 2− δ

2

}
,−x

2
1

4

]) ∣∣∣∣∣
xre

xe

+ 4lJl(xre)Γ

[
1− l − δ

2

]
π

2 sin(lπ)

xlrex
2−2l−δ
1

21+l

× HypergeometricPFQRegularized
[{

1− l − δ

2

}
,

{
1− l, 2− l − δ

2

}
,−x

2
1

4

] ∣∣∣∣∣
xre

xe

(6.85)

It(xre, xe) = (It(xre, xre)− It(xre, xe)) ≃ It(xre, xre) (6.86)

For the sub-horizon limit i.e.

It(xre, xe) ≃ − π

2 sin(lπ)

21−l−δπ

Γ(l + δ/2)Γ(δ/2)
xlre [csc(πδ/2)J−l(xre)− csc [π(2l + δ)/2] Jl(xre)]

≃ −21−l−δπΓ(1− l)Γ(l)

2Γ(l + δ/2)Γ(δ/2)
xlre

√
2

πxre
(6.87)

Plugging the above Eq.(6.87) into the Eq.(6.79)we have the following expression.

lim
k>>kre

Psec
T (k, ηre) ≃

2A2
3H

4
end

π4M4
pl

21−2l−2δπΓ2(1− l)Γ2(l)

Γ2(l + δ
2
)Γ2
(
δ
2

) 8(1 + 2ν2)

15(3− ν2)(4ν2 − 5)

(
kre
kend

)δ (
k

kend

)4+δ−4ν2

(6.88)

Similarly for the super-horizon limit i.e. xre << 1 limit, the above integral boils down
to the simplified form below.

lim
k<<kre

It(xre, xe) ≃ x2−δre

{
1

2l(δ − 2)
+

1

4l(1− l)− 2lδ

}
(6.89)
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Now utilizing this expression in Eq.(6.79) we obtain the tensor power spectrum at the
super-horizon scale behaving as

lim
k<<kre

Psec
T (k, ηre) ≃

2A2
3H

4
end

π4M4
pl

{
1

2l(δ − 2)
+

1

4l(1− l)− 2lδ

}2

F(k)

(
kend
kre

)4−2δ (
k

kend

)4(2−ν2)

≃ 2A2
3H

4
end

π4M4
pl

{
1

2l(δ − 2)
+

1

4l(1− l)− 2lδ

}2
8(1 + 2ν2)

15(3− ν2)(4ν2 − 5)

(
kend
kre

)4−2δ (
k

kend

)4(2−ν2)

(6.90)

GWs spectral behavior for extreme limit k << kre and k >> kre: During the
radiation-dominated era, the spectral energy density can be written as

Ωgw(k, η) =
ρgw(k, η)

ρc(η)
=

1

12

k2Prad
T (k, η)

a2(η)H2(η)
(6.91)

where Prad
T (k, η) is the tensor power spectrum during radiation dominated era and it can

be written in terms of PT(k, ηre) as

Prad
T (k, η) =

(
1 +

k2

k2re

) PT(k, ηre)

2k2η2
(6.92)

Now utilizing Eq.(6.92) and (6.90) in Eq.(6.91) we obtain the GW spectrum behaving in
super-horizon limit as

lim
k<<kre

Ωgw(k, η) ≃
2A2

3H
4
end

24π4M4
pl

{
1

2l(δ − 2)
+

1

4l(1− l)− 2lδ

}2
8(1 + 2ν2)

15(3− ν2)(4ν2 − 5)

(
kend
kre

)4−2δ

×
(

k

kend

)2(4−2ν2)

(6.93)

Similarly, for sub-horizon modes, using Eq.(6.88) and (6.92) in Eq.(6.91), the GW spectral
energy density can be written as

lim
k>>kre

Ωgw(k, η) ≃
2A2

3H
4
end

24π4M4
pl

21−2l−2δπΓ2(1− l)Γ2(l)

Γ2(l + δ
2
)Γ2
(
δ
2

) 8(1 + 2ν2)

15(3− ν2)(4ν2 − 5)

(
kend
kre

)2−δ (
k

kend

)6+δ−4ν2

(6.94)

6.5.2 For wϕ < 1/3 :

It is already discussed in Section 6.1, for wϕ < 1/3, the system experiences greater
enhancement in the long-wavelength regime in the range ξ < 1/6. Combining Eqs. (6.15)
and (6.26) we obtain the expression of the field power spectrum as

PX(k, η) =
k3

2π2

∣∣∣X long
k (k, η)

∣∣∣2 = A1

π2
k2end I(k, η)

(
k

kend

)2(1−ν1−ν2)

(6.95)
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6.5. Computing the Secondary Tensor power spectrum

In the above equation, A1 is a constant part depending on the initial parameters as given
in (6.100) and I = cos2(kη) is the time-dependent part of the matter power spectrum as
it was for wϕ > 1/3. Subject to this field power spectrum, following the same steps as
followed in the previous case, we obtain the secondary tensor power spectrum as

Psec
T (k, ηre) =

8A2
1k

4
end

π4M4
pl

(∫ xre

xe

dx1
Gre
k (xre, x1)

a2(x1)
I(x1)

)2

×
∫ kend

kmin

dq

k

∫ 1

−1

dγ(1− γ2)2
(q/k)3(q/kend)

2(1−ν1−ν2)(|⃗k − q⃗|/kend)2(1−ν1−ν2)
|1− q/k|3

(6.96)

Comparing Eqs. (6.78) and (6.96), apart from the time-independent amplitude part(A1 and
A3), we notice the only difference in the index of (q/kend) and

(
|⃗k − q⃗|/kend

)
ratios. This

fact confirms that the substitution of (ν1 + ν2) in place of ν2 will essentially reproduce all
the results up to Eq.(6.94) for wϕ < 1/3 in a similar fashion. Simplification of the following
time-integral in (6.96) gives the same expression as in (6.85). Following the same procedure,
the above momentum integral is simplified as

E(k) ≃ 16

15

{
1

6− 2(ν1 + ν2)

(
1−

(
kmin

k

)6−2(ν1+ν2)
)

+
1

5− 4(ν1 + ν2)

((
kend
k

)5−4(ν1+ν2)

− 1

)}
(6.97)

Having followed the same methodology as outlined in the previous case for wϕ > 1/3, we
finally reach the GW spectrums in both super-horizon and sub-horizon limits as follows:

GW spectrum in super-horizon(k << kre) limit: Likewise (6.93), we compute the
GW energy density spectrum for super-horizon modes, k << kre as

lim
k<<kre

Ωgw(k, η) ≃
2A2

1H
4
end

24π4M4
pl

{
1

2l(δ − 2)
+

1

4l(1− l)− 2lδ

}2

× 8(1 + 2(ν1 + ν2))

15(3− (ν1 + ν2))(4(ν1 + ν2)− 5)

(
kend
kre

)4−2δ (
k

kend

)2(4−2(ν1+ν2))

(6.98)

GW spectrum in sub-horizon(k >> kre) limit: Likewise (6.94), we compute the GW
energy density spectrum for sub-horizon modes, k >> kre as

lim
k>>kre

Ωgw(k, η) ≃
2A2

1H
4
end

24π4M4
pl

21−2l−2δπΓ2(1− l)Γ2(l)

Γ2(l + δ
2
)Γ2
(
δ
2

)
× 8(1 + 2(ν1 + ν2))

15(3− (ν1 + ν2))(4(ν1 + ν2)− 5)

(
kend
kre

)2−δ (
k

kend

)6+δ−4(ν1+ν2)

(6.99)
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Part II

Nonminimal infrared gravitational
reheating in light of ACT observation
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6.6. Infrared Gravitational Reheating: Defining Reheating parameters (Nre, Tre)

6.6 Infrared Gravitational Reheating: Defining
Reheating parameters (Nre, Tre)

The super-horizon growth beyond a certain threshold of ξ essentially directs us to investigate
the possibility of successful reheating without invoking any further new physics in the
inflaton sector. The non-minimal coupling between gravity and radiation provides us with an
extra gravitational parameter ξ, which can be tuned to obtain radiation energy density that
can surpass the contribution from the sub-Hubble modes, and lead to successful reheating.
Therefore, controlling ξ can give rise to a large reheating temperature as compared to the
pure gravitational reheating scenario [54, 111, 154]. In the present section, exploiting all
the energy density spectra derived in Section 6.1 for wϕ > 1/3 (see Eq.(6.27)), we shall
thoroughly investigate the reheating dynamics by these infrared scalar fluctuations, and
also derive the important expressions of reheating parameters (Nre, Tre) in different ranges
of coupling parameter ξ.

For a minimally coupled inflaton without any additional interaction, inflaton energy
density scales as ρϕ ∝ a−3(1+wϕ) whereas produced massless fluctuations, being radiation,
scale as ρχ ∝ a−4. To successfully reheat the universe, ρϕ and ρχ must be equal at a
point where reheating is assumed to end, and standard radiation domination starts. Note
from the Fig.6.1 that adiabaticity violation occurs for a brief period of time, and hence,
like conventional perturbative reheating, production of infrared radiation is not a gradual
process. This essentially suggests that such infrared radiation can dominate over the
background inflaton only for wϕ > 1/3. Therefore, in the subsequent part of the discussion
on energy density, we shall only focus on the spectrum for wϕ > 1/3.

6.6.1 Reheating parameters Nre, Tre for 0 ≤ ξ < 3/16

In this parameter range of interest, we have the number spectrum, behaving as |βk|2 ∝
(k/kend)

−2(ν1+ν2). Utilizing the spectrum, the total comoving energy density is computed to
be

ρcomχ = ρχ

(
a

aend

)4

=
1

2π2

∫ kend

kre

k4|βk|2d(ln(k)) ≈
A1H

4
end

4π2 (2− (ν1 + ν2))
(6.100)

Where, A1 =

(
Γ(ν1)Γ(ν2)2

ν1

8π

(
2

3µ− 1

)ν2 (3µ(1− 2ν1) + 2(ν1 − ν2)√
(3µ− 1)

))2

(6.101)

For wϕ > 1/3, in this specified range of ξ, we always have (4− 2(ν1 + ν2)) > 0. Therefore,
the maximum contribution to energy is coming from largest mode kend corresponding to
the end of inflation. This property of the blue-tilted spectrum is used to reach the final
expression of ρcomχ in Eq.(6.100). The highest accessible scale in the finite time scale of
reheating is kre and the modes in the range kre ≤ k ≤ kend are well inside the horizon at
the end of reheating, and hence contribute to the total energy density of produced particles.
This is why kre is considered to be the IR limit in the computation of the above integration.
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Reheating will be concluded when background energy density will be equal to total
radiation energy density ρχ, the reheating parameters, namely the reheating e-folding
number Nre = ln (are/aend), is calculated as

ρend

(
are
aend

)−3(1+wϕ)

= ρcomχ

(
are
aend

)−4

=⇒ Nre =
1

(1− 3wϕ)
ln
(
ρcomχ

ρend

)
, (6.102)

and the reheating temperature Tre is calculated as

ρcomχ e−4Nre =
π2gre
30

T 4
re =⇒ Tre =

(
30

greπ2

) 1
4 (
ρend

) 1
1−3wϕ

(
ρcomχ

)− 3(1+wϕ)

4(1−3wϕ) . (6.103)

Where the background energy density at inflation end is ρend = 3M2
plH

2
end, gre = 106.75 is

the total number of relativistic degrees of freedom at the time of reheating in the standard
model(SM) for Tre ≳ 1 GeV. Important to note that as long as the energy spectrum
remains blue-tilted, the expressions of both Nre and Tre in Eq.(6.102) and (6.103) hold
true. For any value of coupling strength lying in the range 0 ≤ ξ < 3/16, we can utilize
above two equations for a given comoving energy density ρcomχ to identify the respective
reheating parameters. For example, for wϕ = 3/5, we get the reheating temperatures
Tre = (6.16×10−4, 7.95×10−6) GeV for the coupling ξ = (0, 0.1) respectively. Similarly, for
wϕ = 9/11, we get Tre = (3.83×103, 2.43×102) GeV for the coupling ξ = (0, 0.1) respectively.
In this particular range of coupling strength, increasing ξ lowers the temperature as can
be recovered from Fig.(6.12). As one gradually approaches the conformal limit ξ = 1/6,
large-scale production diminishes substantially, which causes this particular behavior.

6.6.2 Reheating parameters Nre, Tre for ξ = 3/16

This is a special case for which the number spectrum behaves as |βk|2 ∝ (k/kend)
−2ν2 .

Likewise the previous case, total comoving energy density for ξ = 3/16 is evaluated to be

ρcomχ ≈ A2H
4
end

4π2 (2− ν2)
, where, A2 =

(
Γ(ν2)

2

(
2

3µ− 1

)ν2 ∣∣∣∣∣ 3µ− 2ν2

4
√
(3µ− 1)

+
i
√
3µ− 1

π

∣∣∣∣∣
)2

.

(6.104)
As discussed in the previous case, the energy spectrum being blue-tilted for ξ = 3/16, here
we have the similar expressions of reheating parameters Nre, Tre with ρcomχ in Eq.(6.104).

Nre =
1

(1− 3wϕ)
ln
(
ρcomχ

ρend

)
Tre =

(
30

greπ2

) 1
4 (
ρend

) 1
1−3wϕ

(
ρcomχ

)− 3(1+wϕ)

4(1−3wϕ) (6.105)

For ξ = 3/16, we get Tre = (3.8× 10−5, 8.96× 102)GeV for wϕ = (3/5, 9/11) respectively.
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6.6.3 Reheating parameters Nre, Tre for ξ > 3/16

For this case, there exists a critical coupling strength ξcri(wϕ) =
(9wϕ+7)(15wϕ+1)

48(3wϕ−1)
, which

demarcates two regions with a junction at ξ = ξcri. For wϕ > 1/3, the energy-density
spectra, k4|βk|2 becomes perfectly scale-invariant at this critical value. For any ξ < ξcri, the
energy spectra remain blue-tilted and turn into red-tilted (or IR divergent) in the regime
ξ > ξcri (see Fig.(6.3)). In this range, we shall compute the reheating parameters in three
different regimes.

6.6.3.1 For 3/16 < ξ < ξcri :

For 3/16 < ξ < ξcri, the energy spectrum behaves as k4|βk|2 ∝ (k/kend)
4−2ν2 , and the

comoving energy density is calculated to be

ρcomχ ≈ A3H
4
end

4π2 (2− ν2)
(6.106)

where

A3 ≈
(
Γ(ν2)exp(−πν̃1/2)

4(3µ− 1)−1/2

(
2

3µ− 1

)ν2 ∣∣∣∣(π + icosh(πν̃1)Γ(1− iν̃1)Γ(iν̃1))

πΓ(iν̃1)

∣∣∣∣)2

. (6.107)

The corresponding reheating parameters become,

Nre =
1

(1− 3wϕ)
ln
(
ρcomχ

ρend

)
,

Tre =

(
30

greπ2

) 1
4 (
ρend

) 1
1−3wϕ

(
ρcomχ

)− 3(1+wϕ)

4(1−3wϕ) . (6.108)

For example, for wϕ = 3/5, we find Tre = (9.94×10−3, 5.48×10−2) GeV, and for wϕ = 9/11,
we find Tre = (9.13× 104, 5.66× 105) GeV for ξ = (2, 2.5) respectively. Likewise, growing
instability with growing ξ causes the increase in temperature in this range of coupling
strength also.

6.6.3.2 For ξ = ξcri :

At this junction point, total energy density is computed as

ρcomχ =
A3H

4
end

2π2
ln
(
kend
kre

)
≃ A3H

4
end(1 + 3wϕ)

4π2
Nre. (6.109)

Subject to this total energy density, we get the following equation of Nre,(
exp (Nre(1− 3wϕ))−

A3H
4
end(1 + 3wϕ)

4π2ρend
Nre

)
= 0. (6.110)
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We numerically solve the above equation to find the root Nre for a given wϕ. Using Eq.(6.109)
and the solution of the Eq.(6.110), reheating temperature is calculated to be

Tre =

(
30

greπ2

) 1
4 (
ρcomχ

) 1
4 exp(−Nre). (6.111)

We calculate this critical coupling ξcri ≃ (3.23, 2.73) for wϕ = (3/5, 9/11) respectively. At
this critical point, we find the temperatures Tre = (13.83, 3.14× 106) GeV for the two given
EoS.

6.6.3.3 For ξ > ξcri :

After crossing the critical coupling or the junction ξcri, the energy spectrum turns out to be
red-tilted. The larger the ξ, the heavier the red-tilting of the energy spectrum. Therefore,
large scales are now dominantly contributing to the total energy density of the system.
Total energy density is now computed as

ρcomχ =
A3H

4
end

4π2(ν2 − 2)

(
kend
kre

)2ν2−4

≃ A3H
4
end

4π2(ν2 − 2)
exp
(
(1 + 3wϕ)(ν2 − 2)Nre

)
(6.112)

For this energy density, the reheating e-folding number is calculated to be

Nre =
ln ((4π2(ν2 − 2)ρend)/A3H

4
end)

ν2(1 + 3wϕ)− 3(1 + wϕ)
(6.113)

The reheating temperature associated with the energy density (6.112) and e-folding number
(6.113) now becomes

Tre =

(
30

greπ2

) 1
4
( A3H

4
end

4π2(ν2 − 2)

) 1
4
(
4π2ρend(ν2 − 2)

A3H4
end

) (1+3wϕ)(ν2−2)−4

4

(
ν2(1+3wϕ)−3(1+wϕ)

)
(6.114)

In this red-tilted regime of the energy spectrum(IR divergent energy spectrum), we get a
high reheating temperature. With the increase of the coupling ξ, the reheating temperature
rises rapidly and reaches the maximum limit(Tre ∼ 1015GeV) for a coupling strength ξ ≲ 50
as obvious in Fig.(6.12). For example, for wϕ = 3/5, we find Tre = (3.24× 103, 4.5× 106)
GeV, and for wϕ = 9/11, we get Tre = (3.36× 109, 4.5× 1010) for ξ = (3.5, 4) respectively.
Thus, using all these expressions of Tre, we study the variation of reheating temperature
with respect to the non-minimal coupling strength in this infrared gravitational reheating
scenario.
To this end, we would like to point out a subtle aspect regarding the consideration of the
time-averaged EoS wϕ = (n−1)/(n+1), specifically the omission of post-inflationary inflaton
oscillations when computing the fluctuation spectra. In this work, we propose a special kind
of reheating scenario, solely facilitated by the large-scale fluctuations, k << kend. These
long-wavelength modes are subject to strong post-inflationary super-horizon instability

198

TH-4015_206121007
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beyond a certain coupling strength. Upon horizon reentry at some later time during
reheating, they contribute to the total radiation energy density. These scales, having very
long wavelengths, cannot sense the small-scale background oscillations after horizon reentry,
as the oscillatory feature gradually becomes insignificant at the late stage of reheating.
Furthermore, with the increase of the potential exponent n, the oscillation time-period
of the background also increases, T ∝ ω−1 ∝ m−1

ϕ (see Eq.(2.69)). So, the background
oscillation feature becomes less prominent for higher EoS. Our study reveals that even
for a small nonminimal coupling, much smaller than that required for the small-scale
resonance instability(ξ > 50) as shown in [245], the substantial growth of these large
scales due to super-horizon tachyonic instability can successfully reheat the universe. In
the subsequent discussion, we shall constrain this reheating dynamics by the CMB scale
GW and isocurvature bounds within a very narrow range of ξ values. The large CMB
scale will also remain unaffected by the background oscillation. Therefore, for these very
long-wavelength classical modes, the consideration of the time-averaged EoS is justified.

6.7 Comparing perturbative and infrared reheating
In the previous section, we have calculated the reheating parameters Tre and Nre taking
into account the contribution from the infrared modes which are produced during inflation.
However, the usual approach to reheating is to simultaneously solve the Boltzmann equations
for decaying inflaton and radiation. Such an approach naturally deals with the excitation of
sub-Hubble modes [36] and their subsequent thermalization at the end of reheating. In this
section, we shall discuss the growth of sub-horizon modes using the standard perturbative
technique, i.e., the Boltzmann approach, and compare its contribution with that of the
super-horizon components discussed in the previous section. In order to do this, we need
to track the evolution of the inflaton (ρϕ) and the radiation (ρχ) energy densities during
reheating, we solve the following set of coupled Boltzmann equations

ρ̇ϕ + 3H(1 + wϕ)ρϕ = −Q, ; ρ̇χ + 4Hρχ = Q, ; H2 =
ρϕ + ρχ
3M2

pl

, (6.115)

where Q is the production rate, the amount of energy transferred per unit time, and the unit
volume. Since the inflaton primarily governs the total energy density during the reheating
period, the expansion rate associated with the term 3H (1 + wϕ) ρϕ significantly surpasses
the reaction rate Q. As a result, the inflaton part of Eq.(6.115) can be solved analytically
by disregarding the right-hand side, leading to the solution,

ρϕ(a) ≃ ρend

(
a

aend

)−3(1+wϕ)

,

with the corresponding Hubble rate

H̄(a) ≃ Hend

(
a

aend

)− 3
2
(1+wϕ)

.
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In the present context, we consider a non-minimally coupled scalar field (χ) as radiation
discussed earlier. The total production rate must be the sum of the minimal and the
non-minimal gravitational interactions. To this end, it is important to note that for a
non-minimally coupled theory, frame ambiguity exists in the computation of the perturbative
production rate, and this is what we analyze now in the following discussion.

By utilizing the conformal transformation, the production rate of massless non-minimally
coupled scalar field χ has already been computed [58, 333] in the Einstein frame and studied
their implication in the reheating dynamics. However, note that in the super-horizon
analysis as discussed in the previous section, one usually solves for the χ field in the Jordan
frame. Hence, in order to compare with the results we obtained for the infrared modes,
we shall compute the scalar field production rate in the Jordan frame. For completeness,
we also analyze the difference in predictions for both frames. Any dissimilarity in the
outcomes will indicate the fundamental difference in these frame transformations. The total
production rate expressions in two frames (see the detailed derivation in the Appendix 7.2)
are given by,

Q ≃
ρ2ϕmϕ

8 πM4
pl

Sξn , (6.116)

where given the inflaton potential Eq.(2.75), Sξn are time independent constant, and the
expressions are,

Sξn =



(
(1− 6ξ)2

∑∞
ν=1 γ ν |P2n

ν |2
)

Jordon frame

( ∞∑
ν=1

γ ν |P2n
ν |2︸ ︷︷ ︸

for minimal case

)
+

(
ξ2

∞∑
ν=1

γ ν

∣∣∣∣2P2n
ν +

2n (2n− 1) γ2 ν2

2
|Pν |2

∣∣∣∣2︸ ︷︷ ︸
additional term for non-minimal case

)
Einstein frame

(6.117)

It is interesting to note the important difference in decay rates of the inflaton, or in other
words, the production rate of the conformally coupled χ field in both frames. The noticeable
difference can be observed at ξ = 1/6. The Jordan frame production rate vanishes at this
special point, as expected due to the conformal property of the massless scalar field. On
the other hand, in Einstein’s frame, such a property ceases to exist, which is also reflected
in the above formula, yielding non-vanishing production.

Utilizing Eq.(6.7) along with the interaction rate Eqs.(6.116) and (6.117) in Eq.(6.115),
one can obtain the radiation energy density as follows

ρχ(a) ≃ Sξn
9H3

endm
end
ϕ

4 π (1 + 15wϕ)

(aend
a

)4 1− ( a

aend

)−
1+15wϕ

2

 , (6.118)

where mend
ϕ is the inflaton mass at the end of inflation. In the presence of the non-minimal

coupling, therefore, the reheating temperature Tre and reheating e-folding number Nre can
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be expressed for any arbitrary value of the ξ as,

Tre ≃ 0.5Mpl

(
3Sξn

4π(1 + 15wϕ)

mend
ϕ

Mpl

) 3(1+wϕ)

4(3wϕ−1) (
Hend

Mpl

) 9wϕ+1

4(3wϕ−1)

(6.119)

Nre =
1

(3wϕ − 1)
ln

[(
4 π (1 + 15wϕ)

3Sξn

)(
Mpl

Hend

)(
Mpl

mend
ϕ

)]
(6.120)

For the varying non-minimal coupling associated function Sξn in two frames, we obtain
different predictions of reheating parameters, specifically around the conformality, ξ ∼ 1/6.
As pointed out earlier, since Sξn ∝ (1− 6ξ) in the Jordan frame, the radiation temperature
clearly vanishes, as there is no radiation production as opposed to the Einstein frame
temperature. This can also be observed from our full numerical computation depicted in
Fig.(6.17) in Addenda 6.12. In Fig.(6.17), it is seen that in the higher non-minimal coupling
regime, ξ > 1, pertinent to the present analysis, frame ambiguity is gone. Therefore, in the
subsequent discussion, we shall stick to the Jordan frame while comparing the perturbative
and non-perturbative reheating parameter predictions.

6.7.1 Comparing perturbative and non-perturbative approaches
in infrared gravitational production

Non-minimal coupling produces large infrared fluctuations via tachyonic instability. After
the end of inflation, on the other hand, the perturbative effect (effect of small scales)
on reheating cannot be ignored. To compare the contribution of these two production
processes, we further realized that it is appropriate to consider the Jordan frame. Hence,
in this frame, assuming both the contributions as independent in Fig.(6.12), we have
shown how non-perturbative infrared predictions of reheating temperature surpass that of
the perturbative prediction beyond a certain coupling strength. These takeover happen
around ξ ≈ (4, 2.9, 2.4, 2.2) for wϕ = (1/2, 3/5, 5/7, 9/11), respectively(see also Table
6.2 showing the reheating temperature predictions for three EoS). Therefore, the usual
perturbative approach as discussed in [58, 333] can be observed to greatly underestimate
the value of reheating temperature as depicted in dotted lines as compared to the infrared
contribution depicted in solid lines in Fig.(6.12). For example, it requires as large as
ξ ≃ 105 to reach the maximum reheating temperature Tmax ≃ 1015 GeV in the perturbative
approach as indicated by the point where all the dashed-colored lines meet in Fig.(6.12).
On the contrary, a value as small as ξ ≲ 50 turned out to be sufficient to obtain maximum
reheating temperature from the super-horizon modes, as can be seen from the converging
solid color lines.

To this end, let us briefly state the peculiar feature (dominance of perturbative prediction
over the non-perturbative) observed in Fig.(6.12), particularly in the coupling range 1/6 <
ξ < ξcri. As stated earlier, infrared instability is expected to be suppressed around the
conformal value ξ ≳ 1/6, and becomes stronger only for larger values of ξ ≳ ξcri, beyond
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Figure 6.12: Figure represents a comparison of Tre vs ξ variation for different EoS between
perturbative(Jordan frame) and non-perturbative analysis. Solid lines correspond to the
non-perturbative or Bogoliubov predictions, and dashed lines correspond to the perturbative
Boltzmann predictions in the Jordan frame. Red dots on each color line indicate the
maximum value of the coupling strength, ξmax, corresponding to each EoS consistent with
large-scale observational bounds ( gravitational wave and isocurvature), and the overlapping
shaded region is ruled out by the latest CMB scale tensor-to-scalar ratio and isocurvature
bounds for all four EoS. For a given EoS, any ξ, exceeding the red dot is disallowed by
observation, and its associated Tre lies inside the shaded region. There are four demarcating
lines inside the shaded region. From the top, the first one corresponds to wϕ = 9/11, the
second one to wϕ = 5/7, the third one to wϕ = 3/5, and the fourth one to wϕ = 1/2.

which the energy spectrum becomes red-tilted. The moment the spectrum becomes red
tilted, one naturally expects the total energy budget to be dominated by the super-horizon
mode. This is when all the solid curves corresponding to the contribution from the infrared
modes start to show an upward trend with increasing ξ > ξcri becoming stiff, surpassing
the contribution from that of the perturbative sub-horizon contribution.

Our analysis so far, therefore, indicates that by increasing the ξ value, we can increase
the radiation temperature as high as 1015 GeV, and the infrared modes solely contribute
to that high reheating temperature. Note that the origin of such a high temperature is
due to the infrared divergent energy spectrum, particularly for wϕ > 1/3. However, in the
subsequent sections, we shall see that from the observational perspective, this IR divergent
energy spectrum, particularly at the large (CMB) scales, often becomes problematic and
is tightly constrained by observational bounds, like the tensor-to-scalar ratio and the
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Table 6.2: Variation of reheating temperature with EoS and non-minimal coupling strength
for α = 1. Here we have given the perturbative and non-perturbative predictions for
comparison. The Jordan(Einstein) frame predictions are given without and with braces in
the perturbative analysis.

EoS (wϕ) Non-perturbative Perturbative

3/5

ξ Tre (GeV) ξ Tre (GeV)

0 6.16× 10−4 0 6× 10−4 (6× 10−4)
3/16 3.8× 10−5 3/16 9.38× 10−6 (2.0× 10−3)

1 5.3× 10−4 1 7.5× 10−2 (1.3× 10−1)
ξmax = 2.95 3.3 ξmax = 2.95 2.8 (2.7)
ξcri(3/5) 13.84 ξcri(3/5) 3.73 (3.0)

5/7

0 20.35 0 6.5 (6.5)
3/16 3.14 3/16 2.87× 10−1 (17)

1 32.4 1 2.43× 102 (4.0× 102)
ξmax = 2.63 5.63× 103 ξmax = 2.63 2.78× 103 (2.6× 103)
ξcri(5/7) 4.93× 104 ξcri(5/7) 3.43× 103 (3.0× 103)

9/11

0 3.83× 103 0 2.0× 103 (2.0× 103)
3/16 8.96× 102 3/16 1.48× 102 (3.0× 103)

1 7.68× 103 1 4.09× 104 (4.0× 104)
ξmax = 2.51 6× 105 ξmax = 2.51 2.84× 105 (105)
ξcri(9/11) 3.14× 106 ξcri(9/11) 3.37× 105 (2.0× 105)

isocurvature constraint. We now derive the constraints on ξ in light of the latest Planck,
ACT, DESI, and BICEP/Keck combined (P+ACT+LB+BK18) bound on tensor-to-scalar
ratio and isocurvature at the CMB scale provided in [43, 44]. The constraints on ξ will,
anyway, further constrain the present infrared reheating dynamics. This is the subject of
our subsequent discussion.

6.8 Constraints from Gravitational Wave and
Isocurvature Perturbation

Gravitational waves (GWs) probe very deep in the early universe due to their extremely
weak coupling with matter fields. Therefore, any early universe model that can generate
GW can, in principle, be constrained through direct or indirect observation.
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6.8.1 Constraining the infrared reheating dynamics through
tensor-to-scalar ratio r0.05:

For stiff EoS wϕ > 1/3, a stronger IR instability (tachyonic instability) of the scalar fluctua-
tions generates larger tensor fluctuations even at the Cosmic Microwave Background(CMB)
scale beyond a certain threshold of ξ. In this discussion, we shall closely follow the GW
analysis from the first part of this chapter(see Section(6.2)) to write down the expression of
the secondary tensor power spectrum being sourced by these scalar fluctuations. Following
the expression of the tensor power spectrum (6.63), and assuming that maximum contribu-
tions originate from secondary sources (i.e., the scalar fields), we obtain the tensor-to-scalar
ratio at the CMB pivot scale as

r0.05 ≃
2A2

3H
4
end

π4M4
plAs

{
1

2l(δ − 2)
+

1

4l(1− l)− 2lδ

}2
8(1 + 2ν2)

15(3− ν2)(4ν2 − 5)

× e(Nre(6wϕ−2))
(
k∗
kend

)4(2−ν2)

≤ 0.038 (6.121)

where the above parameters are expressed in terms of wϕ and ξ as l = 3(wϕ − 1)/2(1 +
3wϕ), δ = 4/(1+3wϕ). The ratio (kend/kre) is written as (kend/kre) = exp (Nre(1 + 3wϕ)/2).
Here “k∗” is the pivot scale or CMB scale, (k∗/a0) = 0.05Mpc−1 and a0 is the present scale
factor. According to the combined(P+ACT+LB+BK18) data set, there is no significant
improvement in the tensor-to-scalar ratio bound, r0.05 < 0.038 at the 95% C.L [43]. This
slight modification of the maximum r0.05 bound will not relax the upper limit on ξ much.
In the background of the present reheating scenario, from the above inequality (6.121),
for a given reheating EoS wϕ > 1/3, we obtain a maximum value of coupling strength
ξmax to prevent the overproduction of tensor fluctuations at the CMB scale. Any coupling
strength ξ > ξmax, represented by the red dots in the Fig.(6.12), is discarded by the current
tensor-to-scalar ratio bound at the CMB scale, which is depicted by the blue shaded region.
This upper boundary of ξ in turn sets the maximum allowed reheating temperature for a
given EoS in the present reheating scenario.

6.8.2 Constraints from isocurvature power spectrum PS(k∗) :

As we have observed, massless scalar long-wavelength modes experience substantial post-
inflationary growth, being driven by the super-horizon instability induced by the non-
minimal gravity coupling as previously illustrated. This large-scale instability inevitably gen-
erates significant isocurvature fluctuations at the CMB scale. The current constraint on the
isocurvature power spectrum by Planck 2018 is defined to be βiso ≡ PS(k∗)/ (PR(k∗) + PS(k∗))
≲ 0.038 at the 95% C.L for the pivot scale or CMB scale k∗[7]. The pivot scale amplitude
of curvature power spectrum PR(k∗) = 2.1× 10−9 gives the upper bound of the amplitude
of isocurvature power spectrum at CMB scale PS(k∗) ≲ 8.3× 10−11[7, 8]. This large-scale
upper bound of the isocurvature power spectrum constrains the reheating dynamics further.
The second-order isocurvature power spectrum is evaluated by using the following expression

204

TH-4015_206121007



6.8. Constraints from Gravitational Wave and Isocurvature Perturbation

as [69, 75, 244, 245, 324–326]

PS(k) =
1

ρ2χ

k3

2π2

∫
d3x⃗⟨δρχ(x⃗)δρχ(0)⟩e−ik⃗.x⃗ =

k3

(2π)5ρ2χa
8

∫
d3p⃗ PX

(
p, |p⃗− k⃗|

)
(6.122)

where ρχ and δρχ are energy-density and its fluctuation of the field having finite mass mχ,
and the functional integrand for non-zero mass is given by

PX(p, q) = |X ′
p|2|X ′

q|2 + a4m4
χ|Xp|2|Xq|2 + a2m2

χ

[
(XpX

′∗
p )(XqX

′∗
q ) + h.c

]
. (6.123)

As here we are dealing with purely massless fields, only the non-vanishing contribution
will come from the first term of the expression of PX(p, q) above, and similarly, ρχ is the
energy-density of the massless scalar. To evaluate this integral, we shall exploit the late-time
post-inflationary solutions of the rescaled field mode Xk in different ranges of ξ values
as found in [246]. Further, let us point out that although we have a strong large-scale
fluctuation, it should not influence the total curvature power spectrum. We find that a
fluctuation without its associated homogeneous background will not contribute to the total
curvature perturbation amplitude; hence, these large-scale fluctuations solely contribute to
the isocurvature mode. Since this is not obvious, we provide a detailed calculation on this
issue in Appendix 7.2.

For wϕ > 1/3 and ξ > 3/16, evaluating the integral (6.122), we find the expression of
the large-scale isocurvature power spectrum for massless fluctuation as follows:

PS(k) =
A2

3k
8
endI2

(2π)4(3− 2ν2)ρ2χa
8

(
k

kend

)(8−4ν2)

. (6.124)

The detailed computation of the above Eq.(6.124) with the functional form of I2 is found
in Addeda 6.11. Substituting the expressions (6.106) and (6.112) into (6.124) we compute
the expressions of the isocurvature power spectrum in the large scale(k << kend) as follows:

PS(k) =

(
k

kend

)(8−4ν2)( 2− ν2√
3− 2ν2

)2

I2 ×
{
1 for 3/16 < ξ < ξcri

e(1+3wϕ)(4−2ν2)Nre for ξ > ξcri
.

(6.125)

Interestingly, we have obtained the same spectral index (8− 4ν2) as it is found in tensor
power spectrum for k << kre in Eq. (6.63). This confirms a behavioral similarity between
isocurvature and tensor power spectrum in the long-wavelength regime (k << kre) for a
given wϕ and coupling strength ξ. The CMB constraint on isocurvature spectrum PS(k∗) <
8.3× 10−11 immediately gives an another upper bound on ξmax. Our numerical computation
shows that both the upper bounds from tensor to scalar ratio, derived from Eq.(6.121),
and isocurvature constraints, derived from Eq.(6.125), are approximately the same clearly
depicted in Fig.(6.13). The reason behind this can be explained through the relation between
isocurvature and tensor power spectrum at the CMB scale. Using the inequality r0.05 =
PT(k∗)/PR(k∗) ≲ 0.038, we can express PR(k∗) = PT(k∗)/ (r0.05 ≲ 0.038). Substituting this
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Figure 6.13: Left Panel: Figure represents constraints on ξ for different post-inflationary
EoS. The horizontal black dashed line indicates the maximum bound on r at the CMB
scale, r0.05 = 0.038, and the vertical colored dashed lines show the maximum allowed value
of the coupling ξmax for different EoS subject to this bound. For a given EoS, r0.05 for
any ξ > ξmax(shaded region) is hence disallowed by the current bound. Right panel:
Figure represents the constraints on ξ from isocurvature power spectrum for different post-
inflationary EoS. The horizontal black dashed line indicates the current bound on CMB
scale isocurvature amplitude PS(k∗) = 8.3 × 10−11, and the vertical colored dashed lines
show the maximum allowed value of ξ for different EoS. For a given EoS, PS(k∗) for any
ξ > ξmax(shaded region) is hence disallowed by the current isocurvature bound.

scalar power spectrum amplitude into βiso, the relation βiso = PS(k∗)/ (PR(k∗) + PS(k∗)) ∼
0.038 can be translated into the approximate relation PS(k∗) ≈ 1.04PT(k∗). This relation
suggests that these two bounds predict more or less the same maximum bound ξmax for any
particular reheating EoS.

Based on these two large-scale observational bounds, we get a very narrow allowed
regime in the reheating parameter space, where the non-perturbative prediction surpasses
the perturbative prediction, as obvious in Fig.(6.12). The red dots in Fig.(6.12) indicate
the ξmax values for four different EoS respecting the relevant observational bounds as
already discussed in this Section. For example, we get the narrow ranges, 2.9 ≲ ξ ≲ 2.95,
2.4 ≲ ξ ≲ 2.63, and 2.2 ≲ ξ ≲ 2.51 for wϕ = 3/5, 5/7, 9/11 respectively, where the
non-perturbative prediction slightly overtakes the perturbative one. It is in this coupling
range, the infrared fluctuations are dominated, and hence one should expect the production
of gravitational waves, which can be relevant for the existing and upcoming gravitational
waves experiments.
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6.9. GW signature of infrared gravitational reheating

6.9 GW signature of infrared gravitational reheating

In light of the current CMB scale tensor-to-scalar ratio and isocurvature bound as discussed
above, we get a very narrow range of allowed coupling strength for any EoS wϕ > 1/3.
And each wϕ has a maximum limit of ξ consistent with the current bounds of PS(k∗)
and r0.05 ≲ 0.038 as discussed. In this section, we study the spectral nature of the total
gravitational wave spectrum, combining the primary and secondary parts in all frequency
scales.

Behavior of primary gravitational wave (PGW) spectrum today : The PGW
spectrum is the one that originates from quantum fluctuation during inflation. The present-
day PGW spectrum are read as [131, 133, 246, 334]:

Ωpri
gw(k)h

2 ≃ ΩRh
2

(
H2

end

12π2M2
pl

)
×

 1 for k < kre

(1+3wϕ)
(2−nw)

π
Γ2
(

5+3wϕ

2+6wϕ

)(
k
kre

)nw

for kre < k < kend

.

(6.126)

where the spectral index “nw” is defined as nw = 2(3wϕ−1)/(1+3wϕ), and ΩRh
2 ≃ 4.3×10−5

denotes the dimensionless energy density of radiation at the current epoch[8].

Behavior of scalar induced secondary gravitational wave(SGW) spectrum today :
Likewise, the primary spectra, we can also define the scalar field-induced secondary

spectra for today in the regime ξ > 3/16 as illustrated in (6.127)

Ωsec
gw(k)h

2 =
(1 + k2/k2re)Psec

T (k, ηre)

24
≃ ΩRh

2 A2
3H

4
end

12π4M4
pl

8(1 + 2ν2)

15(3− ν2)(4ν2 − 5)

(
kend
kre

)4−2δ

×


(

1
2l(δ−2)

+ 1
4l(1−l)−2lδ

)2 (
k

kend

)8−4ν2
for k < kre

21−2l−2δπΓ2(1−l)Γ2(l)

Γ2(l+ δ
2
)Γ2( δ

2)

(
kend
kre

)δ−2 (
k

kend

)6+δ−4ν2
for kre < k < kend

(6.127)

where the indices l, δ are functions of wϕ as defined earlier.
Combining these two spectra, we define the total gravitational wave spectrum for today,

Ωgwh
2 = (Ωpri

gw(k)h
2 + Ωsec

gw(k)h
2), whose spectral nature is depicted in Fig.(6.14) in the

present reheating background, and they are consistent with the current observational bounds
at CMB scales discussed in the sections above. In addition, we also take into account ∆Neff

bound on GW energy density Ωgwh
2 ≲ 1.7× 10−6 [331] where generically high-frequency

modes contribute. In Fig.(6.14), in all the plots, one common feature we notice is that at
low and intermediate frequency ranges, the secondary strength significantly surpasses the
primary one beyond a certain coupling for a given wϕ. In this coupling regime, the total
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GW spectrum assumes a broken power law form with three different spectral indices as

Ωgw(k)h
2 ∝


k8−4ν2 for k < kre

k6+δ−4ν2 for kre < k < kSB

knw for kSB < k < kend

(6.128)

Where kSB corresponds to spectral breaking scale at which Ωsec
gw(k)h

2 = Ωpri
gw(k)h

2 is satisfied,
and above this, the primary GW spectrum dominates. Equating the Eq. (6.127) with
(6.126) and simplifying we get this characteristic frequency as(

kSB
kend

)
=

(
C exp

(
Nre

2
(1 + 3wϕ)(δ + nw − 2)

)) 1
(6+δ−4ν2−nw)

(6.129)

where

C =

(
Mpl

A3Hend

)2
15(3− ν2)(4ν2 − 5)

8(1 + 2ν2)
(1+3wϕ)

(2−nw)Γ2

(
5 + 3wϕ
2 + 6wϕ

)(
Γ2(l + δ

2
)Γ2
(
δ
2

)
21−2l−2δΓ2(1− l)Γ2(l)

)

For example, wϕ = 3/5 and the coupling strength ξ = 2.9, the primary GW spectrum
becomes dominant for fSB = kSB/2π ∼ 1.84×10−3 Hz, for wϕ = 2/3 and ξ = 2.6, this occurs
around fSB ∼ 7.17× 10−2 Hz, for wϕ = 5/7 and ξ = 2.5, this occurs around fSB ∼ 3.43 Hz,
and for wϕ = 9/11 and ξ = 2.4, we get fSB ∼ 1.52×103 Hz. All the features can be observed
in the figure (6.14). Further, in all the plots, the blue-tilted nature in the low-frequency
regime(k < kre), and the mixed nature(red-tilted for kre < k < kSB and blue-tilted for
kSB < k < kend) in the intermediate frequency regime(kre < k < kend) nicely follow the
spectral nature as given in Eq.(6.128) for all EoS. It is important to note that in the range
kSB < k < kend, the PGW spectral index nw will remain valid up to the maximum frequency
kend. However, if one assumes modes k > kend, that remain sub-horizon during inflation,
the spectral density can be assumed to be convergent. For example, in Chapter(5), we have
shown that for a massless minimally coupled scalar field spectral behavior of the number
density assumes convergent form |βk|2 ∝ k−6, irrespective of the EoS. Furthermore, the
behavior of GW is similar to that of a massless minimally coupled scalar field; hence, the
PGW spectrum will also remain convergent beyond k > kend. Thus it does not violate the
∆Neff bound at any higher frequency. Interestingly, we also observe that the enhanced GW
spectra in the intermediate frequency range pass through various sensitivity curves like
LISA, BBO, DECIGO, and some parts of ET also. This detection prospect indeed opens
up a possibility to probe such a reheating scenario through future GW observatories.

6.9.1 Constraining “ξ” vs “α” parameter space based on
observational bounds :

Finally, we constrain the theory parameter space (ξ, α) appropriately taking into account
reheating dynamics and the latest ACT, DESI data as depicted in Fig.(6.15). The figure
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Figure 6.14: Figure represents the total gravitational wave spectra (PGW+SGW) for today
with the variation of non-minimal coupling strength for different reheating EoS in the non-
minimal coupling-induced infrared reheating background. For each EoS, a particular coupling
ξ exists at which primary strength starts to overcome the secondary one at all frequency
regimes, and the total GW spectrum closely follows the primary behavior, as obvious in this
figure. For instance, for wϕ = 2/3, ξ ≲ 2.5, PGW strength starts to surpass the secondary
strength in the entire frequency scale. In this plot, we have taken the lowest frequency,
f∗ = (k∗/2π) ∼ 7.75× 10−17 Hz, and the highest frequency, fend = (kend/2π) ∼ 1011 Hz for
all the EoS.

indicates that for a given EoS, there exists a maximum limit of α associated with each value
of ξ within the allowed range of coupling strength, ξ ≤ ξmax. For smaller ξ values primary
GW (see Eq.(2.220), (6.126)) dominates over the secondary one, and hence the upper limit
on α is nearly constant for any EoS. Such behavior can be clearly observed in the left panel
of Fig.(6.15). For example, we obtain αmax ≃ 17 for the coupling strength in the range
1.92 ≲ ξ ≲ 2.6 for wϕ = 2/3. Upon increasing the coupling beyond ξ ≳ 2.6, secondary GW
production is expected to become significant, causing the rapid growth of r0.05, and also
the enhancement of the large-scale field amplitude quickly violates the isocurvature bound,
setting a maximum value of ξ ∼ 2.7251, and the parameter α sharply drops to unity at the
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Figure 6.15: Left panel: Figure represents the allowed ξ vs α parameter space in this
infrared gravitational reheating dynamics for different reheating EoS. In this figure, the
color-shaded regions provide an admissible parameter set (ξ, α) for different EoS based on the
bounds, r0.05 ≲ 0.038, PS(k∗) ≲ 8.3×10−11, Ωgwh

2 ≲ 9.54×10−7, and Tre ≳ 4 MeV. Right
panel: Figure represents the variation of the infrared gravitational reheating temperature
with the non-minimal coupling strength within its allowed range(ξmin ≤ ξ ≤ ξmax) for
different reheating EoS.

maximum value ξmax. In the proximity of ξ = ξmax, a sudden and rapid rise of r0.05 is a
prominent signature of the production of secondary gravitational waves (see dashed color
lines in Fig.(6.16)). Any ξ < 1.92 is discarded because of the overproduction of primary
gravitational wave, violating the ∆Neff bound. For wϕ = 2/3, we therefore get a very narrow
allowed range of coupling parameter, 1.92 ≲ ξ ≲ 2.7251.

Likewise for the other two EoS wϕ = (5/7, 9/11), the allowed range of ξ and the upper
limit of α is (1.82 ≲ ξ ≲ 2.6256, 16) and (1.68 ≲ ξ ≲ 2.5041, 15) respectively. Unlike the
above three EoS, for wϕ = 3/5, the constancy of the upper limit of α for smaller ξ is absent
owing to the satisfaction of the lowest reheating temperature bound TBBN. For a smaller ξ,
maximum α is obtained taking the lowest temperature bound into account, which lowers
the maximum possible α for coupling in the range 2.11 ≲ ξ ≲ 2.6 as shown in the blue line
in the left panel of Fig.(6.15). At ξ = 2.6, α becomes maximum αmax = 17, and further
increase of ξ gradually lowers α as discussed before. For this EoS, we obtain the allowed ξ
range and upper limit of α as (2.11 ≲ ξ ≲ 2.9483, 17).
In Fig.(6.16) we summarize the final constraints on the model parameters taking all the

relevant constraints into account, namely the bound on tensor-to-scalar ratio (r0.05 ≲ 0.038),
isocurvature (PS(k∗) ≲ 8.3×10−11), BBN constraint on ∆Neff < 0.17 (Ωgwh

2 ≲ 9.54×10−7),
and the lowest possible reheating temperature Tre = TBBN ∼ 4 MeV), in light of combined
P+ACT+LB+BK18 observational data sets (see the references [43, 44]). In Fig.(6.16), using
Eq.(2.220), we have presented the α-attractor E-model prediction of ns, r0.05 parameters
for varying α(solid color lines) on top of the observational contour provided by the latest
Planck, ACT, DESI, and BICEP/Keck combined (P+ACT+LB+BK18) observational data
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Figure 6.16: Figure represents the ns, r0.05 parameters predicted by the α-attractor E-model
(solid blue, magenta, red lines), and the infrared gravitational reheating dynamics(dashed
blue, magenta, red lines) within its allowed coupling regime(ξmin ≤ ξ ≤ ξmax) in the
ns − r0.05 contour based on the latest Planck, ACT, DESI, and BICEP/Keck combined
(P+ACT+LB+BK18)(Purple) data sets for four different reheating EoS. Here Tmax ∼
1015 GeV (solid black line), TBBN = 4 MeV (dashed black line), and Tgw(black dot-dashed
line) is the minimum reheating temperature satisfying the ∆Neff bound of PGW.

sets [43, 44]. These predictions span reheating temperatures from the maximum reheating
temperature, Tmax ∼ 1015 GeV (solid black lines) to the BBN temperature, TBBN = 4
MeV (dashed black lines). When wϕ ≥ 3/5, the minimum reheating temperature, Tgw,
derived from satisfying the BBN constraint of the maximum PGW amplitude at the scale
k = kend, is stronger than the BBN temperature[246]. This is illustrated in Fig. (6.16) with
a black dot-dashed line. Within the full parameter range, the model clearly falls within the
2σ region of the observational contour and outside of 1σ region. In this Fig.(6.16), with
every solid color line for α-attractor E-model, we associate a dashed color line representing
the predictions of ns, r0.05 parameters of the infrared reheating dynamics. It is seen that
for wϕ ≥ 3/5, each dashed color line meets the solid line where it cuts the Tgw black
dot-dashed line. This feature is caused by setting the lower limit(ξmin) of coupling strength
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respecting the ∆Neff bound of PGW as discussed earlier. With further increase of ξ, the
infrared reheating prediction of r0.05 parameters noticeably departs from the α-attractor
model prediction, showing a steep rise towards the maximum r0.05 ≃ 0.038 at ξ ≃ ξmax

owing to the substantial growth of secondary tensor fluctuations as already stated. For
wϕ = 5/7, 9/11 and α = 16.5, as the maximum contribution to r0.05 comes from PGW
production (Eq.(2.220)), we find overlapping red dashed lines on the solid lines, as obvious
in the bottom panel of Fig.(6.16). The tight constraint, represented by dashed color lines
(blue, magenta, red), can be observed lying within the 2σ region of the ns − r0.05 reported
by the ACT collaboration.

Final infrared reheating temperature(Tre) vs ξ parameter space : Subject to all
relevant latest observational bounds, we have shown the variation of reheating temperature
within the allowed range of coupling strength (ξmin ≤ ξ ≤ ξmax) for different wϕ in the right
panel of Fig.(6.15). In the present infrared gravitational reheating scenario, we find the lowest
possible EoS wϕ ≃ 3/5, which is consistent with the bounds (TBBN, ∆Neff , r0.05, PS(k∗)).
In the right panel of Fig.(6.15), Ωgwh

2 ≲ 9.54×10−7 imposes the lower limit ξmin for all four
EoS. Whereas, for all the EoS, ξmax is set by the tensor-to-scalar ratio bound as mentioned
earlier. This indeed is a striking improvement of the reheating parameter space compared to
the non-perturbative minimal gravitational reheating scenario [36]. In the minimal scenario,
although we achieved TBBN, we failed to satisfy the PGW ∆Neff constraint for wϕ ≃ 3/5.
Whereas in the non-minimal scenario, we respect all these relevant observational bounds in
the entire range wϕ ≳ 3/5 and achieve successful reheating and a notable induced GW signal.

6.10 Summary
Inflation is intimately tied to the physics of reheating. While constraining inflation via
observation, one must take into account the physics of reheating. Over the years, different
reheating mechanisms have been proposed. In this work, we have proposed a new reheating
scenario driven by non-minimally coupled (ξχ2R) scalar field. Taking α−attractor as a
potential candidate for an inflation model, and embedding our proposed reheating scenario,
we finally place constraints on the model parameters in light of the latest ACT, DESI
results.

a) Production of scalar fluctuations through infrared instability and reheating:
Non-minimal coupling induces super-horizon instability in the scalar field both during and
after inflation. Such instability produces large infrared fluctuations, and upon entering
the post-inflationary phase, those modes successfully reheat the universe. For wϕ < 1/3,
we find reheating cannot be achieved due to the fact that the inflaton field dilutes more
slowly than the infrared fluctuation. On the contrary, for wϕ > 1/3, we find that infrared
fluctuation can successfully reheat the universe due to faster dilution of the inflaton field.
We have compared our non-perturbative infrared results with that of the perturbative one.
In the perturbative reheating, one needs to calculate the width of the inflaton decaying into
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6.10. Summary

radiation. In the present context, since radiation is non-minimally coupled, decay widths
are computed both in Jordan and Einstein frames. Important to note that perturbative
reheating describes the dynamics of sub-Hubble modes and always ignores the modes that
are outside the horizon. Therefore, while studying the post-inflationary reheating phase,
one must take into account the super-Hubble modes separately, which are usually ignored
in the literature. And in the present context, we indeed found that it is the infrared modes
that actually dominate over the perturbative sub-Hubble modes above a critical coupling
strength.

This essentially results in a noticeable difference in the Tre vs ξ parameter space as
shown in Fig.(6.12) as compared to the perturbative results. In Fig.(6.17), we have also
shown a comparison between the Jordan and Einstein frame reheating parameter space.
Interestingly, near the conformal limit, we find a discrepancy in the predictions of these two
frames, which justifies the non-equivalence between these two frames in the non-minimal
coupling induced reheating scenario.
In this context, we would like to mention one important point. In our present model, the
parametric resonance can be sourced by two factors: i) Oscillation of the curvature scalar R
along with sufficiently high non-minimal coupling strength ξ > 50, that can lead to strong
non-perturbative resonance particularly for the modes k ∼ kend, as discussed in [245], and
ii) For equation of state wϕ > 1/3, there exists self resonance phenomena[335] that can
give rise to radiation domination early. This self-resonance can have an impact depending
upon its strength, which needs detailed investigation. We can compare the efficiency of the
self-resonance dynamics with the present reheating scenario, which is left for our future
endeavour.

b) Impact of ACT, DESI on the α−attractor along with infrared reheating :
Besides being a dominant radiation component to reheat the universe, this massless scalar
also generates significant anisotropies to source notable induced gravitational waves. We
find that for wϕ > 1/3, the growing ξ of the field causes larger tensor and isocurvature fluc-
tuations at the CMB scale. Therefore, the latest (P+ACT+LB+BK18) bound r0.05 ≲ 0.038,
and the Planck 2018 bound PS(k∗) ≲ 8.3 × 10−11 put tight constraint on maximum ξ.
Furthermore, for a given EoS, low ξ causes low reheating temperature, and hence enhances
the duration of reheating, producing stronger high-frequency gravitational waves. Hence,
the BBN bound Ωgwh

2 ≲ 9.54 × 10−7 imposes further constraint on minimum value of
ξ. Thus, different observations tighten the associated reheating dynamics. We find the
lowest possible EoS, wϕ = 3/5, which successfully reheats the universe satisfying all relevant
bounds (TBBN, r0.05, PS(k∗), ∆Neff) in the coupling range 2.11 ≲ ξ ≲ 2.9483. After consid-
ering all the latest bounds, for a given EoS, wϕ ≥ 3/5, we find that the small-scales (UV)
analyzed by perturbative treatment give higher reheating temperature than the IR modes in
a larger portion within the allowed regime(ξmin ≤ ξ ≤ ξmax) of the reheating parameter space.

c) Detectability of the GW signal: Furthermore, we have found a distinctive gravita-
tional wave spectrum for different reheating parameters(wϕ, α, Tre, ξ) which is strong
enough to be detected by various GW observatories(see Fig.(6.14)), allowing for more robust
constraints on the coupling parameters and the reheating dynamics in the near future GW
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experiments.
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6.11. Computation of Isocurvature power spectrum :

Addenda

6.11 Computation of Isocurvature power spectrum :
For stiff EoS wϕ > 1/3, the large-scale fluctuation strength becomes significant in the range
ξ > 3/16. Therefore, in the present reheating scenario, we shall confine ourselves to this
particular regime while computing the isocurvature power spectrum amplitude.
For wϕ > 1/3 and ξ > 3/16, with the knowledge of αk, βk in this regime, we obtain the
following long-wavelength post-inflationary field solutions at a very late time kη >> 1(see
Eq.(6.25)).

X long
k (η) ≈Γ(ν2)exp(−πν̃1/2)

4
√
2kend

(
3µ− 2ν2√
(3µ− 1)

H(1)
ν1

(k̄) + k̄
√

3µ− 1
(
H

(1)
ν1−1(k̄)−H

(1)
ν1+1(k̄)

))

× cos(kη)
k̄ν2+1/2

(
2

3µ− 1

)ν2
(6.130)

The time-derivative of this solution can be approximated as

(X long
k )′(η) ≈Γ(ν2)exp(−πν̃1/2)

√
kend

2
√
2

√
3µ− 1

(
2

3µ− 1

)ν2 (π + icosh(πν̃1)Γ(1− iν̃1)Γ(iν̃1))

πΓ(iν̃1)

×
(
k̄

2

)iν̃1 (
k̄
)(1/2−ν2) cos(kη)

⇒
∣∣∣(X long

k )′(η)
∣∣∣2 ≈2A3kend

(
k

kend

)1−2ν2

cos2(kη) (6.131)

Therefore, in the massless limit mχ ≈ 0, the integrand PX(p, |p⃗− k⃗|) in Eq.(6.123) can be
written as

PX(p, |p⃗− k⃗) = 4A2
3k

2
end

(
p

kend

)1−2ν2
(
|p⃗− k⃗|
kend

)1−2ν2

cos2(pη) cos2(|p⃗− k⃗|η) (6.132)

The expression of this integrand (6.132) is true for any ξ > 3/16 for EoS wϕ > 1/3.
In the entire range ξ > 3/16, total energy-density of the system ρχ will be different
below(3/16 < ξ < ξcri) and above(ξ > ξcri) the critical coupling ξcri (See Equations (6.106)
and (6.112)). This creates a difference in the amplitude of the isocurvature power spectrum
(6.122). We first express the integral (6.122) in terms of the general energy-density function
ρχ to compute the integration. Plugging the expression (6.132) into the integral (6.122) we
have

PS(k) =
4A2

3k
5
end

(2π)4ρ2χa
8

(
k

kend

)5−4ν2

cos2(pη) cos2(|p⃗− k⃗|η)
∫ kmax

kmin

p2dp

∫ 1

−1

dγ
(p
k

)(1−2ν2)
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×
(
|p⃗− k⃗|
k

)(1−2ν2)

≈ A2
3k

8
end

(2π)4ρ2χa
8

(
k

kend

)8−4ν2 ∫ umax

umin

u(3−2ν2)du

∫ 1

−1

dγ
(
1 + u2 − 2uγ

)(1/2−ν2)
︸ ︷︷ ︸

angular integral

(6.133)

where “γ” is the angle between two momentum vectors p⃗ and k⃗, cos(γ) = p̂.k̂. The dimen-
sionless quantity u is defined to be u = (p/k) where umin = (kmin/k) and umax = (kmax/k),
where kmin is considered to be the present-day horizon scale(smaller than CMB scale), and
kmax is considered to be kend. We have to first perform the angular integral before going to
the momentum part.

Angular integral :

The angular integral is calculated to be

I1 =

∫ 1

−1

dγ
(
1 + u2 − 2uγ

)(1/2−ν2) = 1

u(3− 2ν2)

[
(1 + u)(3−2ν2) − (1− u)(3−2ν2)

]
(6.134)

Substituting the angular integral (6.134) back to (6.133) we have

PS(k) =
A2

3k
8
end

(2π)4(3− 2ν2)ρ2χa
8

(
k

kend

)8−4ν2 ∫ umax

umin

du

[
(1 + u)(3−2ν2) − (1− u)(3−2ν2)

]
u2(ν2−1)︸ ︷︷ ︸

momentum integral

(6.135)
Simplification of momentum integral :

Evaluating the following momentum integral we get

I2 =

∫ umax

umin

du

[
(1 + u)(3−2ν2) − (1− u)(3−2ν2)

]
u2(ν2−1)

=
u3−2ν2

(3− 2ν2)

[
2F1

(
(2ν2 − 3), (3− 2ν2); (4− 2ν2);−u

)
− 2F1

(
(2ν2 − 3), (3− 2ν2); (4− 2ν2);u

)]umax

umin

= I2(umax)− I2(umin) (6.136)

where 2F1(a, b; c; z) is a Gaussian or ordinary Hypergeometric function with four arguments.
In the long-wavelength regime(k << kend), we simplify the following expression I2 for two
limits separately.

For upper limit umax :
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Figure 6.17: Figure represents a comparison of Tre vs ξ variation for different EoS
between the perturbative studies in the Jordan and Einstein frames. Dashed lines correspond
to the perturbative predictions in the Jordan frame, and the dot-dashed lines correspond to
the Einstein frame predictions. Except near the conformal limit, ξ ∼ 1/6, it shows almost
the same temperature predictions made by the studies in two different frames.

For large u limit, the expression (6.136) can be approximated as

I2(umax) ≈
(
(−1)(2ν2−3)

(
− 1 + (−1)(3−2ν2)

)
Γ(4ν2 − 6)Γ(4− 2ν2)

(3− 2ν2)Γ(2ν2 − 3)
+

u
(6−4ν2)
max

(6− 4ν2)

(
1 + (−1)(4−2ν2)

))
(6.137)

For lower limit umin :

For small u limit, expression (6.136) can be approximated as

I2(umin) ≈
(3− 2ν2)

(2− ν2)
u
(4−2ν2)
min (6.138)

Using Equations (6.137) and (6.138) in (6.135), we write the final form of the isocurvature
power spectrum amplitude in terms of total energy-density ρχ as follows:

PS(k) =
A2

3k
8
end

(2π)4(3− 2ν2)ρ2χa
8

(
I2(umax)− I2(umin)

)( k

kend

)(8−4ν2)

(6.139)
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6.12 Comparing the perturbative approach in Jordan
and Einstein frame

Based on the production rates given in Eq.(6.117), we have compared the contribution
in Jordan and Einstein frames in Fig.(6.17). It clearly shows that in the Einstein frame,
the conformal behavior of a massless scalar field is lost and giving rise to a non-vanishing
production in the time-dependent background at ξ = 1/6. Whereas such production is
indeed vanishing in the Jordan frame, as expected. This indicates a notable departure of
the Einstein frame prediction from the Jordan frame and establishes the non-equivalence of
these two frames in the context of perturbative reheating predictions. It is interesting to
explore such non-equivalence further in the quantum regime.
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CHAPTER 7
Conclusions and outlook

”We’re always, by the way, in fundamental physics,
always trying to investigate those things in which we
don’t understand the conclusions. After we’ve checked
them enough, we’re okay.”

Richard P. Feynman

7.1 Conclusions
Post-inflationary reheating is an integral part of the early universe dynamics, which is of
utmost importance in studying the cosmic history of the universe. It bridges the enormous
gap in energy and time scales between the end of inflation and the beginning of the Big
Bang nucleosynthesis phase. This theoretically proposed important intermediate phase is
poorly understood to date due to the absence of any direct observational evidence. Besides
generating proper initial conditions for the hot, thermal universe, the modified expansion
and thermal history of the universe during reheating also abundantly produce different
cosmological relics like gravitational waves, dark matter, dark radiation, etc. Although
this phase is highly unconstrained from the observational perspective, it leaves distinct
signatures on these cosmic relics and also subtle imprints on CMB anisotropies, by which
this important phase of the early universe can be indirectly constrained. In this thesis,
we have investigated various non-perturbative aspects of reheating dynamics and their im-
print on cosmic relics to a great extent. The chapterwise summary of this thesis is as follows:

Chapter(1) begins with an introductory note to the historical development of the
scientific ideas and different theoretical frameworks upon which the foundation of modern
cosmology is built. After introducing the historical backdrop, we present the transition
of modern cosmology from a primary theoretical playground to a precision observational
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7. Conclusions and outlook

science with the accidental discovery of CMB in 1965, and the advancement of precise
measurements of CMB anisotropies.
In Chapter(2), we first present a concise overview of the Standard Big Bang cosmology.
After describing the major successes and important drawbacks of this model, we introduce
the inflationary Non-standard cosmology. We demonstrate the importance of the early
accelerated inflationary era in solving various cosmological puzzles and also providing
plausible explanations for the generation of CMB anisotropies and the large-scale structure
formation of the universe. We have then reviewed the subsequent reheating phase, a crucial
bridge between the inflationary and the hot Big Bang epoch. The treatment of inflationary
perturbations further clarifies how tiny quantum vacuum fluctuations of the inflaton evolved
into the seed of cosmic structure observed in the CMB temperature anisotropies and the
large-scale distribution of matter, and also explains the origin of the nearly scale-invariant
tensor perturbations. Taken together, these elements illustrate how non-standard extensions
of the standard cosmological model enrich our understanding of the early universe and open
new observational windows.
In cosmology, squeezed states provide a powerful language for describing how small-scale
quantum vacuum fluctuations evolve into large-scale classical density perturbations. They
capture the memory of how fluctuation modes were stretched, correlated, and amplified by
the early inflationary phase of the universe, making squeezing a robust framework linking
microscopic quantum behavior with the macroscopic cosmic structure. In Chapter(3),
we first construct the squeezed state formalism, which is employed later to revisit the
phenomenon of explosive particle production during the preheating era in the language of
quantum squeezing. The interaction between the produced quantum fluctuations and the
classical expanding background makes the quantum state of those fluctuations squeezed.
The investigation of the early universe particle production within the framework of quantum
squeezing, indeed, provided us with some insightful ideas regarding the inherent chaotic
instability and the eventual thermalization of the system. We next briefly discussed the basic
definition and the quantum field theoretic description of out-of-time-order correlator(OTOC),
a diagnostic of quantum chaos. Thus, treating the interacting system within the squeezing
framework opens up a unique possibility to decode various microscopic features of large-scale
systems in a cosmological setting.

In Chapter(4), we have done a detailed theoretical exploration of the phenomena of
particle production, resonance, squeezing, and chaos of the non-perturbative system that
emerge in the early reheating phase, known as preheating. The early reheating or preheat-
ing era, being a highly out-of-equilibrium phase, creates a congenial environment for the
exploration of the aforementioned connections of these fundamental properties. Here, we
have tried to establish a connection between squeezing, chaos, and the inherent instability
of a bosonic system in a cosmological background. The post-inflationary oscillation of
the classical inflaton background periodically drives the bosonic fluctuations coupled to
it, and this periodic drive makes the fluctuation system intrinsically chaotic owing to
the inherent parametric resonance instability. Non-trivial interactions of the quantum
fluctuations with the classical inflaton background also make the system squeezed. To
diagnose the presence of quantum chaos in the system, we computed one of the important
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diagnostics of quantum chaos, OTOC or out-of-time-order correlator of the phase space
variables for this bosonic system. We have studied the dynamics of the squeezing parameter
characterizing the amount of squeezing present in the bosonic system for tri-linear and
quartic interactions. For a quantum chaotic system, OTOC is known to exhibit exponential
growth over time. In the present cosmological scenario, we have found that the growth of
OTOC, the growth of the squeezing parameter, and the parametric resonance instability in
the system are intrinsically connected to each other. The more the squeezing, the more the
chaos in the system. Due to the presence of an expanding background, the periodic driving
source gradually loses its strength, resulting in the eventual relaxation of the fluctuation
system from the chaotic instability to a thermalized state. Thermalization is believed to
be deeply connected to the chaotic behavior of a system, which is beautifully conjectured
[180] by proposing an inequality relating Lyapunov exponent(a measure of chaos) and
system temperature under consideration(well-known MSS bound). By using this bound, we
calculated the approximate lower bound of the temperature of the thermalized system at
the end of preheating. We further conjectured a relation between the system temperature
and quantum squeezing averaged over phase space, which interestingly satisfies the MSS
bound and the well-known Rayleigh-Jeans formula for the temperature. Finally, we came
up with the findings that the thermalized temperature of the system at the end of chaotic
instability nicely follows the bosonic distribution function in this early reheating era. This
indeed establishes a beautiful connection between the non-equilibrium squeezed quantum
system with the non-equilibrium preheating phase in the early universe.
In Chapter(5), we have extensively studied the long-wavelength(IR) and short-wavelength(UV)
spectrum of minimally coupled massless or low mass scalar fluctuation, considering minute
post-inflationary background oscillation effect for general reheating equation of state(EoS).
We find that the large-scale spectrum is hardly sensitive to the oscillation effect of the
background, whereas this oscillation effect becomes extremely important while computing
the spectrum of the UV modes. We also find an IR divergent number density spectrum for
any reheating EoS lying between 0 to 1. On the other hand, we always get UV-convergent
number and energy-density spectra. Interestingly, the UV number density spectral index
is found to be -6 irrespective of the reheating EoS for any EoS ≥ 1/3. This is one of the
important findings of this study. Our study also provides a viable explanation of the small-
scale oscillation in the momentum space of no. density spectrum through the appearance
of an interference term in the spectrum. Furthermore, we study the mass-breaking effect of
the IR spectrum by including the finite mass, mχ, of the daughter scalar field. We show
that for mχ/Hend > 3/2, the IR spectrum of scalar fluctuations experiences exponential
mass suppression, while for smaller masses, mχ/Hend < 3/2, the spectrum remains flat
in the IR regime regardless of the post-inflationary EoS. For any general EoS, we also
compute a specific IR scale, km, of fluctuations below which the IR spectrum will suffer
from this finite mass effect. We also do a comparative study of the small-scale UV spectra
obtained through perturbative or Boltzmann and non-perturbative or Bogoliubov treatment.
In some literature [227, 237], people analytically studied the UV spectra for a single EoS
wϕ = 0. In this work, we have provided an analytical approach to study the behavior of UV
spectra in a general reheating background. Interestingly, for any general reheating EoS, we
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find a behavioral similarity in the UV spectra obtained through two different approaches,
as mentioned before. Therefore, in this minimal scenario, the production of small-scale
fluctuations through graviton exchange process [34, 54, 57, 154, 220] in perturbative treat-
ment is found to be equivalent to the production of UV fluctuations in non-perturbative
treatment by taking higher order inflaton oscillation effect into account for any general EoS.
This is another intriguing outcome of this study. Furthermore, this study offers a proper
non-perturbative approach to study the gravitational reheating dynamics, considering all
the scales(UV and IR) of a fluctuation in a general reheating background.
In Chapter(6), we have extended the idea of the minimally coupled scalar field dynamics of
the previous chapter by including the nonminimal coupling between the scalar field and grav-
ity. The nonminimal gravity coupling gives rise to various interesting dynamical features in
the scalar field system. The appearance of post-inflationary tachyonic instability for higher
reheating EoS and coupling strength signals a striking departure from the dynamics of a
minimally coupled system in long-wavelength regime. There exists a large number of recent
literature [58, 230, 314, 315], where authors took arbitrarily large nonminimal coupling
strength while studying the dynamics of the scalar fluctuation. Our study reveals that the
nonminimal coupling-induced post-inflationary IR instability, a distinctive non-perturbative
feature, causes a significant enhancement of the fluctuations in the higher coupling regime,
which, unlike the aforementioned literature, essentially forbids us from taking sufficiently
large coupling strength respecting various large-scale observations.
In Part I of this chapter, we have explored an unavoidable production channel of induced
gravitational waves without considering any non-gravitational interactions of the source
field. we have considered massless or very low mass non-minimally coupled scalar fluctu-
ations, which acted as a potential source of secondary gravitational waves(SGWs). We
have found that the presence of strong IR instability in the system causes a substantial
growth in the scalar field amplitude, leading to pronounced production of SGWs in the
low and intermediate-frequency ranges that are strong enough to be detected by Planck
and future gravitational wave detectors like LISA, BBO, DECIGO and ET. Such growth
in super-horizon modes of the scalar field and associated GW production may have a
significant effect on the strength of the tensor fluctuation at the CMB scales and the number
of relativistic degrees of freedom at the time of CMB decoupling. The present-day CMB
scale tensor-to-scalar ratio bound, CMB scale isocurvature bound, and the bound on the
total number of relativistic degrees of freedom finally imposed tight constraints on the
upper and lower boundary of the non-minimal coupling strength. Constraining nonminimal
coupling between gravity and a spectator scalar fluctuation based on present large-scale
observation is one of the notable outcomes of this study.
In Part II of this chapter, we have proposed a novel reheating scenario facilitated by
nonminimal coupling induced large-scale infrared fluctuations generated during inflation. In
this work, we have investigated the possibility of reheating and the existence of a distinct
gravitational wave signal through significant anisotropies, generated by the large-scale
fluctuations of the nonminimally coupled field simultaneously. Besides being a possible
source of anisotropy, we have also considered the massless or very low mass fluctuation to
be a dominant radiation component in the post-inflationary phase, which gives successful
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reheating. We call this special kind of reheating scenario infrared gravitational reheating
. We have also done a comparative study with the prediction of reheating parameters
made by perturbative or Boltzmann analysis in the presence of nonminimal curvature
coupling in both Jordan and Einstein frames. Interestingly, we found a non-equivalence
of these two frames in the context of perturbative reheating predictions. Perturbative or
Boltzmann approach, solely confined to the sub-horizon modes, can’t capture the dynamics
of super-horizon modes. Therefore, due to the absence of non-minimal coupling-induced IR
instability, the Boltzmann method is found to predict relatively lower reheating temperature
for a given coupling as compared to the non-perturbative treatment. We have also found
that in non-perturbative treatment, the significant IR instability causes the reheating
temperature to reach the maximum limit at a much smaller coupling strength as compared
to the perturbative treatment. Finally, embedding this infrared reheating scenario into
the well-known α−attractor inflationary model, we examine possible constraints on the
model parameters in light of the latest Atacama Cosmology Telescope (ACT), Dark Energy
Spectroscopic Instrument (DESI) results. In light of the latest large-scale observational
bounds as addressed in part I of this chapter, we also constrain the present reheating
dynamics. Subject to those bounds, we find a very narrow allowed range of non-minimal
coupling strength and reheating temperature parameter space for different reheating EoS.
And these non-perturbative constraints, anyway, rule out a large region of temperature vs
coupling parameter space predicted by Boltzmann analysis. Likewise, in the previous work,
interestingly, we also find here within the admissible range of coupling strength, the induced
GW strength surpasses the PGW strength at low and intermediate frequency ranges, and
the induced strength is strong enough to pass through various GW sensitivity curves like
LISA, BBO, DECIGO, and some parts of ET also. This detection prospect indeed opens
up a possibility of probing such a reheating scenario through future GW observatories.

7.2 Future Outlook

In my doctoral work, I have explored an important aspect of the reheating era and have
rigorously studied various mechanisms of non-thermal particle production in this early era,
and their subtle imprint on the cosmological relics. These ideas can be further extended in
a few more interesting directions.

Thermalization of hot plasma during reheating

The mechanism of thermalization of the non-thermally produced particles during reheating
is of great theoretical importance on its own, as this is important for setting the initial
condition for the hot Big Bang phase. In particular, it is believed to have played a
significant role in some well-studied cosmological phenomena, such as producing matter-
antimatter asymmetry (baryogenesis), and dark matter abundance that we observe today.
In Chapter(4), we investigated an intriguing interconnection in an idealized preheating
scenario where the produced fluctuations don’t interact with the background. However, in
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reality, the backscattering effect is inescapable. Incorporating this important effect in the
system, we can extend the dynamics of the coupled inflaton, daughter field system up to the
end of the reheating phase by performing a rigorous LATTICE analysis and also intend to
thoroughly study the dynamics of the squeezed quantum state of the daughter fluctuation
in a more realistic scenario. This would be a novel approach to unravel the microphysics of
the post-inflationary thermalization of the hot plasma within the framework of quantum
squeezing.

Massive test scalar or Dark matter sourcing Gravitational waves:

The production of sub- and super-Hubble mass particles is a well-known fact in the context
of cosmological gravitational particle production. We can also study the effect of a massive
test scalar as a possible source of anisotropy on the spectrum of secondary gravitational
waves. These massive gravitationally produced scalars can be treated as possible candidates
for dark matter(DM), producing gravitational waves. We have already explored that the
nontrivial dynamics of the universe during the finite reheating phase have a great impact
on the massless and massive particle spectra. This opens up another interesting side to
probe DM masses satisfying the present relic abundance through the induced GW signal.
It is expected to probe a particular range of gravitationally produced DM masses through
future GW observatories.

Impact of large-scale fluctuations on the Dark Matter phenomenology

Exploration of the thermal(WIMP), non-thermal(FIMP) production of Dark Matter(DM)
by taking the large-scale fluctuations of the DM field into account is indeed an interesting
aspect of DM phenomenology, having a potential connection to early universe physics.
Most of the literature has studied the DM production mechanism confined to the causal
scales or sub-Hubble modes. Our study reveals that in the presence of non-minimal gravity-
fluctuation coupling(mainly scalar fluctuations), a significant large-scale instability is present
in the system. Hence, the large-scale dynamics of the DM field are expected to leave a
visible imprint on the entire DM freeze-in and freeze-out parameter space.

Impact of early universe particle production on large-scale structure formation

Infrared fluctuations, generated during inflation and propagating through the reheating
phase, may provide nontrivial corrections to the primordial initial conditions relevant for
structure formation. Nonlinear dynamics and gravity coupling can enhance long-wavelength
modes during reheating, potentially leaving subtle imprints on the growth of large-scale
structures or higher-order correlations. Exploring these effects in a consistent dynamical
framework remains an important direction for future work.
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Calculation of oscillatory Hubble scale
for general reheating EoS

In a general reheating background, for a power-law-type inflationary potential, we compute
the expression of the Hubble scale with the fast-varying oscillatory part. Plugging Eq.(2.66)
into the expression of Hubble scale (2.46) with a generic inflaton potential V (ϕ), we write

H2 =
1

3M2
pl

[1
2

(
ϕ̇0(t)P(t) + ϕ0(t)Ṗ(t)

)2
+ V (ϕ0)P2n

]
. (1)

At the earlier stage of reheating, the expansion rate is larger than the perturbative decay
rate, i.e. H >> Γϕ. Neglecting the term Γϕ(1 + wϕ)ρϕ in the continuity equation, we
approximately write

ρ̇ϕ + 3H(1 + wϕ)ρϕ ≃ 0 ⇒ ϕ̇0(t) ≃ − 6Hn

n+ 1

V (ϕ0)

V ′(ϕ0)
⇒ ϕ̇0(t) ≃ −3Hϕ0

n+ 1
. (2)

To reach the final expression in the Eq.(2) we have used the form of energy density
ρϕ = V (ϕ0) with the oscillation average ⟨P2n⟩ = 1

n+1
and the ratio V (ϕ0)

V ′ (ϕ0)
= ϕ0

2n
can be easily

calculated from the potential Eq.(2.76). Substituting Eq.(2) to (1), we write

H2 =
1

3M2
pl

[1
2

(
ϕ0(t)Ṗ(t)− 3Hϕ0P(t)

n+ 1

)2
+ V (ϕ0)P2n

]
⇒ H2 =

1

3M2
pl

[1
2
ϕ2
0(t)
(
Ṗ(t)− 3HP(t)

n+ 1

)2
+ V (ϕ0)P2n

]

⇒ H =

√
1 +

4M2
pl(n+1)2

3P2Ṗ2ϕ40

(
1− 3P2ϕ20

2M2
pl(n+1)2

)(
1
2
ϕ2
0Ṗ2 + V (ϕ0)P2n

)
− 1

M2
pl

(
2(n+1)

PṖϕ20
− 3P

Ṗ(n+1)M2
pl

) . (3)

Now we will simplify Eq. (3) with the help of Eq. (2.76), (2.67) and (2.68). Taking the
entire function in the numerator under the square root of (3), we write

Numerator =

(
1 +

4M2
pl(n+ 1)2

3P2Ṗ2ϕ4
0

(
1− 3P2ϕ2

0

2M2
pl(n+ 1)2

)(1
2
ϕ2
0Ṗ2 + V (ϕ0)P2n

))
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= 1 +
(
2
M2

pl(n+ 1)2

3P2ϕ2
0

− 1
)(

1 +
V (ϕ0)P2n

1
2
ϕ2
0Ṗ2

)
=

2M2
pl(n+ 1)2

3P2ϕ2
0

+
2M2

pl(n+ 1)2

3P2ϕ2
0

( P2n

1− P2n

)
−
( P n̄

1− P2n

)
=

2M2
pl(n+ 1)2

3P2ϕ2
0

( 1

1− P2n

)
−
( P2n

1− P2n

)
≃

2M2
pl(n+ 1)2

3P2ϕ2
0

( 1

1− P2n

)
. (4)

In the above equation, we have two terms, the first one of which will grow with time, as
ϕ2
0(t) decays, whereas the second one is only a periodic function having no such monotonic

growth or decay over time. Hence, in the final line, we have dropped that oscillatory term.
We now write the whole expression of the numerator

Numerator ≃ 2Mpl(n+ 1)√
6Pϕ0

√
(1− P2n)

− 1 . (5)

Now, from the denominator of Eq.(3)

Denominator =
2M2

pl(n+ 1)

PṖϕ2
0

(
1− 3P2ϕ2

0

2(n+ 1)2M2
pl

)
. (6)

Using Eqs.(5) and (6), we reach an approximate expression of H as

H ≃

(
2MplṖϕ0(n+ 1)−

√
6PṖϕ2

0

√
(1− P2n)

)
2
√
6M2

pl(n+ 1)
√

(1− P2n)
. (7)

As ϕ0(t) is gradually decaying, we have dropped the terms containing higher powers of ϕ0(t)
to reach Eq.(7). Finally, using Eq.(2.67), the expression (7) can be written in the following
simplified form

H(t) ≃ H̄(t)

1 +

√
6P(t)

√
1− P(t)2n

2(n+ 1)

(
ϕ0(t)

Mpl

)
︸ ︷︷ ︸

Hfast

 . (8)
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Calculation of the perturbative
production rate

In the computation of perturbative production rates for both minimal and non-minimal
cases, we follow the metric signature (+,−,−,−, ) for computational simplicity. The final
results will certainly remain independent of the metric signature.

For minimal case
The energy-momentum tensor for the minimally coupled scalar inflaton field is given by,

T ϕµν = ∂µϕ∂νϕ− 1

2
ηµν(∂

αϕ∂αϕ− V (ϕ)). (9)

For the minimally coupled scalar fluctuation, the energy-momentum tensor is given by

T χµν = ∂µχ∂νχ− 1

2
ηµν(∂

αχ∂αχ−m2
χ χ

2). (10)

Note that minimal coupling with gravity always leads to a three-point vertex at the tree
level(see the left panel of Fig.(1)). For the minimal case, the gravitational interaction takes
the following form.

Lint = − hµν

Mpl

(
T ϕµν + T χµν

)
(11)

where T ϕµν , and T χµν are given by Eqs.(9) and (10). Further treating the inflaton as a classical
background, the transition probability turns out to be proportional to the energy-momentum
tensor as

Mϕ
µν = −i T

ϕ
µν

Mpl

= − i

Mpl

{
∂µϕ ∂νϕ− 1

2
ηµν (∂

αϕ ∂αϕ− V (ϕ))

}
(12)

for ϕϕhµν vertices (see left panel of Fig. 1). For χ2 hµν vertices, however, it is,

Mχ
ρσ = − 2 i

Mpl

(
p1ρp2σ + p1σp2ρ − ηρσ(p1 · p2 +m2

χ)
)
, (13)

where “p1” and “p2” are the final state χ particle’s four-momenta. The final scattering
amplitude is expressed as,

Mϕχ = Mϕ
µν Π

µνρσMχ
ρσ, (14)
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ϕ

ϕ

χ

χ

hµνTµν
ϕ

Mpl

Tµν
χ

Mpl

ϕ

ϕ

χ

χ

ξχ2

2M2
pl

(4V (ϕ)− ∂µϕ∂
µϕ)

ϕ

ϕ

χ

χ

hµνTµν
ϕ

Mpl

ξχ2

Mpl
(ηµνk21 − kµ1 k

ν
1 )

Figure 1: Feynman diagrams illustrating the perturbative gravitational production of the
scalar field (χ) in the minimal scenario (left), the Einstein frame (middle), and the Jordan
frame (right) in the non-minimal coupling scenarios.

where Πµνρσ is the graviton propagator for the canonical field hµν with momentum
√
s,

Πµνρσ =
1

2 s
(ηµρηνσ + ηµσηνρ − ηµνηρσ) . (15)

where “s” is the Mandelstam variable defined in terms of the background condensate energy.
Utilizing the above expression of the propagator we obtained,

Mϕ
µν Π

µνρσ =
1

Mpl s
[∂ρϕ∂σϕ− ηρσV (ϕ)] , (16)

Mϕχ =
2

M2
pls

(∂ρϕ∂σϕ− ηρσV (ϕ))
(
p1ρp2σ + p1σp2ρ − ηρσ(p1 · p2 +m2

χ)
)
. (17)

Expanding and simplifying the above equation, we have

Mϕχ =
2 i

M2
pl s

[
(∂ρϕ p1ρ)(∂

σϕ p2σ) + (∂ρϕ p2ρ)(∂
σϕ p1σ)− 2p1 · p2V (ϕ) + 4V (ϕ)(p1 · p2 +m2

χ)
]
.

(18)
For a homogeneous field ϕ(t), ∂µϕ = ϕ̇ and spatial derivatives vanish. Substituting this,

Mϕχ =
2 i

M2
pl s

[
2 ϕ̇2 p01 p

0
2 − ϕ̇2(p1 · p2 +m2

χ) + 2p1 · p2 V (ϕ) + 4m2
χ V (ϕ)

]
. (19)

For the inflaton condensate, we can use the transition amplitude Mν for each oscillating
field mode of ϕ, defined the main text. In this case, the four-momentum of the ν-th
oscillation mode is given by pν =

√
s = (Eν , 0) where Eν = ν ω represents the energy

of the ν-th oscillation mode. The four-momenta p1 = (Eν/2, p⃗) and p2 = (Eν/2,−p⃗),
s = (p1 + p2)

2 = E2
ν and p1 · p2 = E2

ν/2−m2
χ. Finally from Eq.(19), we obtain

|Mϕχ
ν |2 = 1

M4
pl

V (ϕ)2
(
1 +

2m2
χ

E2
ν

)2

. (20)

Using V (ϕ) = V (ϕ0)P2n(t) = ρϕ
∑

ν P2n
ν e−iνωt and ρϕ ≃ V (ϕ0),

|Mϕχ
ν |2 =

ρ2ϕ
M4

pl

(
1 +

2m2
χ

ν2 ω2

)2

|P2n
ν |2. (21)
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To calculate the decay width, we have used the following relation [336],

Γϕ =
1

8π(1 + wϕ)ρϕ

∑
ν

Eν |Mϕχ
ν |2

(
1− 4m2

χ

E2
ν

)1/2

(22)

and the final expression for the decay width will be

Γϕ =
ρϕ

8 π(1 + wϕ)M4
pl

∑
ν

ν ω |P2n
ν |2

(
1− 4m2

χ

ν2ω2

) 1
2
(
1 +

2m2
χ

ν2ω2

)
. (23)

For massless radiation mχ = 0 and ω = γ mϕ(t), so the production rate

Q(t) = (1 + wϕ) Γϕ ρϕ =
ρ2ϕmϕ

8πM4
pl

∑
ν

γ ν |P2n
ν |2 (24)

For non-minimal case

Einstein frame analysis :

In the presence of non-minimal coupling between the massless scalar and gravity, we write
down the total action of the inflaton-scalar field system in the Jordan frame as follows:

S =

∫ √−g d4x
(
−
M2

pl

2
Ω2R +

1

2
∂µϕ∂

µϕ− V (ϕ) +
1

2
∂µχ∂

µχ

)
, (25)

with the conformal factor Ω2 is given by

Ω2 ≡
(
1 +

ξχ2

M2
pl

)
. (26)

To deal with a non-minimally coupled system, It is convenient to switch to the Einstein
frame by the following metric redefinition:

gEµν = Ω2gµν (27)

Under this transformation the Jordan frame Ricci scalar is transformed as [337]

R = Ω2
(
RE + 6∇µ∇µlnΩ− 6gEµν∂µlnΩ ∂ν lnΩ

)
. (28)

Second term in the above equation being the total divergence term will not contribute
to the Einstein frame action. Therefore, eliminating the term we find the Einstein frame
action as follows:

SE =

∫ √
−gEd4x

(
−
M2

pl

2
RE +

1

2Ω2
∂µϕ∂

µϕ+
1

2Ω2
∂µχ∂

µχ+
6M2

pl

2
gEµν∂µlnΩ ∂ν lnΩ− V (ϕ)

Ω4

)
(29)
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As we are interested in the small-field limit ξ χ2

M2
pl
<< 1, the conformal factor(26) is approxi-

mated as

Ω ≈
(
1 +

ξχ2

2M2
pl

)
. (30)

Let us now simplify the Einstein frame inflaton-scalar field Lagrangian (29) as follows:

LE =

(
1

2Ω2
∂µϕ∂

µϕ+
1

2Ω2
∂µχ∂

µχ+ 3M2
pl g

Eµν∂µlnΩ ∂ν lnΩ− V (ϕ)

Ω4

)
=

1

2Ω2
∂µϕ∂

µϕ+
1

2Ω2
∂µχ∂

µχ+
3M2

pl g
Eµν

Ω2

(
∂Ω

∂χ

)2

∂µχ∂νχ− V (ϕ)

Ω4

≈
(
1− ξχ2

M2
pl

)
∂µϕ∂

µϕ

2
+

(
3 ξ2χ2

M2
pl

+
1

2

)(
1− ξ χ2

M2
pl

)
∂µχ∂

µχ− V (ϕ)

(
1− 2 ξχ2

M2
pl

)

≈

1

2
∂µϕ∂

µϕ− V (ϕ) +
1

2
∂µχ∂

µχ︸ ︷︷ ︸
free Lagrangian

+
χ2

2
∂µχ∂

µχ

(
6ξ2

M2
pl

− ξ

M2
pl

)
︸ ︷︷ ︸

non-canonical kinetic terms

+
ξ χ2

M2
pl

(
2V (ϕ)− 1

2
∂µϕ ∂

µϕ

)
︸ ︷︷ ︸
effective interaction Lagrangian Leff

E

+ h.o (31)

In the present study, as we are considering a massless scalar field without any self-interaction,
the free Lagrangian part of χ field doesn’t contain any potential part. Evidently, in the
Einstein frame Lagrangian (31) we encounter the non-canonical kinetic terms of the massless
scalar field χ, which vanishes at ξ = 1/6. The following effective interaction Lagrangian
Leff

E gives the production of massless scalars from the background inflaton condensate,
|ϕ⟩ → |χχ⟩, which is non-vanishing at the conformal limit. Working in the weak field limit,
with an expansion in powers of the gravitational coupling G and taking the terms up to
the linear order of perturbation, we write the Einstein frame metric as follows [338]:

gEµν = ηµν + 2
hµν
Mpl

gEµν = ηµν − 2
hµν

Mpl√
−gE = 1 +

ηµνhµν
Mpl

(32)

where ηµν is the flat-space metric, and hµν is the perturbation (graviton field) on top of the
flat metric. Using the expansions of (32) in the action (29) and from the free Lagrangian
and non-canonical kinetic terms involving parts of the Einstein frame Lagrangian LE, we
obtain the following leading-order gravitational interactions.

Lint
E ⊃ − hµν

Mpl

(
T ϕµν + T χµν

(
1 +

6ξ2 χ2

M2
pl

− ξχ2

M2
pl

))
(33)
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For non-minimal case

where T ϕµν , and T χµν are given by Eqs.(9) and (10). Setting ξ = 0 in (33), we can get back
the minimal interaction (11) as expected. From the effective interaction Lagrangian Leff

E we
obtain the following gravitational interaction Lagrangian.

Lint
E ⊃

(
ξ χ2

M2
pl

)(
2V (ϕ)− 1

2
∂µϕ∂

µϕ

)
+

(
ξ χ2

M2
pl

)(
hµν
Mpl

)(
∂µϕ∂νϕ+ ηµν

(
2V (ϕ)− ∂αϕ∂

αϕ

2

))
(34)

Finally, combining (33) and (34), we write the total Einstein frame interaction Lagrangian
as follows:

Lint
E = −hµν

 T ϕµν

Mpl

+
T χµν

Mpl︸ ︷︷ ︸
minimal interaction

− ξ χ2

M3
pl

(
∂µϕ∂νϕ+ ηµν

(
2V (ϕ)− ∂αϕ∂

αϕ

2

))
+
T χµν

M3
pl

(
6ξ2 χ2 − ξχ2

)
︸ ︷︷ ︸

non-minimal gravitational interaction with M−3
pl suppression


+

(
ξ χ2

M2
pl

)(
2V (ϕ)− 1

2
∂µϕ∂

µϕ

)
︸ ︷︷ ︸

non-minimal gravitational interaction with M−2
pl suppression

(35)

We finally proceed to study the non-minimal production of massless scalar fluctuations
from the background inflaton condensate with the leading 1/M2

pl suppressed term in the
interaction Lagrangian (35). Therefore, the 1/M2

pl suppressed interaction leads to the
process |ϕ⟩ → |χχ⟩ with a transition amplitude(like an interaction process, ϕϕ→ χχ, where
ϕ is an oscillating condensate)

Mϕχ
ξ = − iξ

M2
pl

(
2V (ϕ)− 1

2
∂µϕ∂

µϕ

)
Mϕχ

ξ = − iξ

M2
pl

∞∑
ν=1

(
2ρϕP2n

ν +
2n(2n− 1)γ2ν2ρϕ|Pν |2

2

)

|Mϕχ
ξ |2 =

(
ξρϕ
M2

pl

)2 ∞∑
ν=1

∣∣∣∣ (2P2n
ν +

2n(2n− 1)γ2ν2|Pν |2
2

) ∣∣∣∣2 (36)

To reach the final line of the Eq.(36) we have utilized the equations (2.64), (2.66) and (2.69)
along with the relations [35, 36]

ϕ̇(t) ≈ −iνϕ0(t)ω(t)P(t) , V (ϕ) = ρϕ(t)P2n(t) , mϕ(t) =
√
6n(2n− 1)H(a)

(
Mpl

ϕ0

)
(37)

Using the non-minimal transition amplitude (36) in the equations (22) and (24), we finally
obtain the following expression of non-minimal coupling-induced production rate.

Q(t) =
ξ2ρ2ϕmϕ

8πM4
pl

∞∑
ν=1

νγ

∣∣∣∣ (2P2n
ν +

2n(2n− 1)γ2ν2|Pν |2
2

) ∣∣∣∣2 (38)

233

TH-4015_206121007
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Jordan frame analysis :

Considering only the inflaton-scalar fluctuation part in the Lagrangian, from (25) we write
the Jordan frame action as follows:

S =

∫ √−gd4x
(
1

2
∂µϕ∂

µϕ− V (ϕ) +
1

2
∂µχ∂

µχ− 1

2
ξχ2R

)
(39)

Likewise, Einstein frame gravitational field perturbation (see Eq.(32)), we also quantize the
gravitational field by taking the linear order metric perturbation in the Jordan frame. Under
this metric perturbation, the curvature scalar up to the first order metric perturbation is
written as follows [338]:

R(1) =
2

Mpl

(
ηαβ∂µ∂

µhαβ − ∂µ∂νh
µν
)

(40)

Substituting (40) to the action (39), we write the Jordan frame action as a function of the
perturbed metric field as follows:

S =

∫
d4x

(
1 +

ηµνhµν
Mpl

)

×


(
ηµν − 2hµν

Mpl

)
(∂µϕ∂νϕ+ ∂µχ∂νχ)

2
− V (ϕ) +

ξχ2

Mpl

(
∂µ∂νh

µν − ηαβ∂µ∂
µhαβ

) (41)

The above action (41) leads to the following gravitational interaction in the Jordan frame:

Lint = − hµν

Mpl

(
T ϕµν + T χµν

)
︸ ︷︷ ︸
minimal interaction

+

(
ξ χ2

Mpl

)(
∂µ∂νh

µν − ηαβ∂µ∂
µhαβ

)
︸ ︷︷ ︸

non-minimal interaction Lξ
int

(42)

Likewise the Einstein frame, we can also generate the minimal gravitational interaction
setting ξ = 0 in (42). To study the non-minimal production of χ particles from the
background inflaton condensate, we consider the second-order scattering matrix term, S(2)

fi ,
which gives the gravity-mediated non-minimal production processes. The non-minimal
coupling associated relevant second-order matrix element is written as follows:

S
ξ (2)
fi =

ξ

2M2
pl

∫
d4x

∫
d4y ⟨f |T

[
hµν(x)T ϕµν(x)χ

2(y)
(
∂µ∂νh

µν(y)− ηαβ∂µ∂
µhαβ(y)

)
+ hµν(y)T ϕµν(y)χ

2(x)
(
∂µ∂νh

µν(x)− ηαβ∂µ∂
µhαβ(x)

) ]
|i⟩ (43)

where “i” and “f ” stand for initial inflaton condensate, |ϕ⟩, and final χ particles state, |χχ⟩,
respectively. To proceed to compute these matrix elements, we first quantize the graviton
field(hµν), and the scalar field(χ).

χ̂(x) =

∫
dΠk

(
âk⃗e

−ikµxµ + h.c
)
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ĥµν(x) =
∑

λ=++,−−

∫
dΠk

(
ϵλµν(k)âλ

k⃗
e−ikµx

µ

+ h.c
)

(44)

where dΠk = d3k

(2π)3
√
2k0

is the phase-space factor. The polarization tensor for the spin-2
graviton field and the creation, annihilation operators of the scalar field satisfy the following
relations: ∑

λ=++,−−

ϵλµν(k) (ϵλαβ(k))∗ =
1

2

(
ηµαηνβ + ηµβηνα + ηµνηαβ

)
= P µναβ

[
âλp⃗ , â

λ′ †
k⃗

]
= (2π)3δ3(p⃗− k⃗)δλλ

′
(45)

Using (44) in (43) we compute the expression of the matrix element associated with the
first term hµν(x)T ϕµν(x)χ

2(y)
(
∂µ∂νh

µν(y)− ηαβ∂µ∂
µhαβ(y)

)
as follows:

S
ξ (2)
ϕ→χχ ⊃ ξ

M2
pl

∑
λλ′

∫
d4x

∫
d4y

∫
dΠk1

∫
dΠk2

∫
dΠp

∫
dΠqT

ϕ
µν(x)

√
p01p

0
2

× ⟨0|
(
ϵλµν(k1)â

λ
k⃗1
e−ik1µx

µ

+ h.c
)(

ϵλ
′ αβ(k2)â

λ′

k⃗2
e−ik2αy

α

+ h.c
)

×
(
ηαβ(k2)µ(k2)

µ − (k2)α(k2)β

)
|0⟩ ⟨0| âp⃗1 âp⃗2

(
âp⃗e

−ipµyµ + h.c
) (
âq⃗e

−iqµyµ + h.c
)
|0⟩

(46)

where p1, p2 are the final state four-momenta. The contraction of the graviton operators
finally leads to the following propagator[338, 339].

Dµναβ(x− y) = lim
ϵ→0+

∫
d4k1
(2π)4

i

k21 + iϵ
e−ik1(x−y)P µναβ (47)

It gives
T ϕµνP

µναβ =
(
∂αϕ∂βϕ− ηαβV (ϕ)

)
(48)

Using (47) and (48) in (46), after some straightforward computations we reach

S
ξ (2)
ϕ→χχ ⊃ ξ

M2
pl

∫
d4x

∫
ei(p2+p2)yd4y × lim

ϵ→0+

∫
d4k1
(2π)4

ie−ik1(x−y)

k21 + iϵ

(
∂αϕ∂βϕ− ηαβV (ϕ)

)
×
(
ηαβ(k1)µ(k1)

µ − (k1)α(k1)β

)
=
iξ

M2
pl

∫
d4xe−ik1x

∫
d4y

∫
d4k1
(2π)4

ei(k1+p1+p2)y

k21

×
(
∂αϕ∂αϕ(k1)β(k1)

β − ∂αϕ(k1)α∂
βϕ(k1)β − 3V (ϕ)(k1)β(k1)

β
)

(49)

For homogeneous inflaton background, i.e., ϕ = ϕ(t), we write inflaton-scalar field system’s
kinematics as

p1 . p2 =
s

2
, p01 = p02 =

√
s

2
, s = (p1 + p2)

2 (50)

235

TH-4015_206121007
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where “s” is the Mandelstam variable defined earlier in the case of minimal production.
Using the equations (2.66), (37), and (50) in (49) we write

S
ξ (2)
ϕ→χχ ⊃− 3iξρϕ

M2
pl

∑
ν

P2n
ν

∫
d4xe−i(νω−p

0
1−p02)t+i(p1+p2)jxj

=− 3iξρϕ
M2

pl

(2π)4
∑
ν

P2n
ν δ(νω − p01 − p02)δ

3(p⃗1 + p⃗2) (51)

We obtain the same result from the second element of the S-matrix (43) also. Combining
these two, we write the final expression of the non-minimal coupling associated second-order
S-matrix element as follows:

S
ξ (2)
ϕ→χχ = −6iξρϕ

M2
pl

(2π)4
∑
ν

P2n
ν δ(νω − p01 − p02)δ

3(p⃗1 + p⃗2) (52)

Using the minimal interaction in the Jordan frame interaction Lagrangian (42), we can
compute the gravity-mediated minimal production of massless χ particles from the back-
ground inflaton condensate. We find the second-order S-matrix element for the minimal
process as follows [339] :

S
ξ=0 (2)
ϕ→χχ =

iρϕ
M2

pl

(2π)4
∑
ν

P2n
ν δ(νω − p01 − p02)δ

3(p⃗1 + p⃗2) (53)

Therefore, we write the full expression of the S-matrix element describing the gravitational
production of massless scalar particles from the inflaton condensate in the Jordan frame as
follows:

S
(2)
ϕ→χχ =

(
S
ξ=0 (2)
ϕ→χχ + S

ξ (2)
ϕ→χχ

)
=

(1− 6ξ)iρϕ
M2

pl

(2π)4
∑
ν

P2n
ν δ(νω − p01 − p02)δ

3(p⃗1 + p⃗2) (54)

From (54), we write the total transition amplitude of this gravitational production process
as ∣∣Mϕχ

∣∣2 = (1− 6ξ)2ρ2ϕ
M4

pl

∞∑
ν=1

|P2n
ν |2 (55)

Using the Feynman rule: We can also directly derive this transition amplitude by using
the Feynman rule. In the Jordan frame, the Feynman diagram for the production of scalar
fluctuations χ from the background condensate in the presence of non-minimal coupling ξ
is shown in Fig.(1) (see the right most plot). So, the expression of partial amplitudes for
ϕϕhµν vertices is the same as we defined in Eq.(12). Here, the partial amplitude for χ2 hµν
vertices is different, which is

Mχ
ρσ = −2 i ξ

Mpl

(ηρσ k1α k
α
1 − k1ρ k1σ) , (56)
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where k1 = (p1+p2) momentum of the propagator. Therefore, the final scattering amplitude
is

Mϕχ
ξ = Mϕ

µν Π
µνρσMχ

ρσ

=
2 i ξ

M2
pls

(∂ρϕ∂σϕ− ηρσV (ϕ)) (ηρσ k1α k
α
1 − k1ρ k1σ)

=
2 i ξ

M2
pls

[
(ϕ̇2 k21 − ϕ̇2 k01 k

0
1)− (V (ϕ)ηρσ η

ρσ k21 + V (ϕ)k21)
]

= −6 i ξ

M2
pl

V (ϕ) [where k21 = s , k01 =
√
s, ηρσ η

ρσ = 4]

(57)

The total scattering amplitude is

Mϕχ = Mϕχ
ξ=0 +Mϕχ

ξ

=
i (1− 6 ξ)

M2
pl

V (ϕ)
(58)

which is the same as we find in Eq.(55). Using this total transition amplitude (55) in the
equations (22) and (24), we finally obtain the following expression of the Jordan frame total
gravitational production rate.

Q(t) =
(1− 6ξ)2ρ2ϕmϕ

8πM4
pl

∞∑
ν=1

γ ν |P2n
ν |2 (59)

Clearly, unlike the Einstein frame (38), this production rate vanishes at the conformal limit,
ξ = 1/6.
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Total Curvature power spectrum in
terms of inflaton (Pδϕ) and the scalar

field(Pχ) power spectrum

We write the conformal coordinate perturbed metric considering only the scalar degrees of
freedom as

ds2 = a2(η)
[
−(1 + 2Φ)dη2 + 2∂iBdx

idx0 + ((1 + 2Ψ)δij + 2DijE) dx
idxj

]
(60)

where Φ, Ψ, B, E are four scalar degrees of freedom, the operator Dij =
(
∂i∂j − 1

3
δij∇2

)
.

Using the property gµαgαν = δµν we find the inverse metric

gµν = a−2(η)

(−1 + 2Φ) ∂iB

∂iB (1− 2Ψ)δij − 2DijE

 (61)

In the isotropic and homogeneous universe, the stress-energy tensor of a perfect fluid is
written as

T̄ µν = (ρ̄+ P̄ )ŪµŪν + P̄ δµν (62)

where ρ̄, P̄ are background unperturbed energy and pressure density and Ūµ are relative
velocity between fluid and observer, for comoving observer, four-velocity becomes Ūµ =
−a−1δµ0 and Ūµ = a1δ0µ, which satisfy ŪµŪµ = −1. Perturbing this stress tensor of the
perfect fluid we have T µν = T̄ µν + δT µν , where δT µν is the perturbed part of the stress tensor.

δT µν = (δρ+ δP )︸ ︷︷ ︸
perturbed energy and pressure

ŪµŪν + (ρ̄+ P̄ )
(
δUµŪν + ŪµδUν

)︸ ︷︷ ︸
perturbed velocity part

+δPδµν (63)

Using the property UµUν = −1 we calculate δgµνŪµŪν + 2ŪµδU
µ = 0. Subject to this

condition, we find δU0 = a−1Φ. Writing δU i = −vi

a
we get

Uµ = a−1
[
(−1 + Φ),−vi

]
(64)

where vi = dxi/dη is the coordinate velocity. Using the condition UµUµ = −1 we find up
to the linear order of perturbation

Uµ = a [(1 + Φ)− (∂iB + vi)] (65)
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Utilizing the equations (64) and (65) in (63) we find up to the linear order of perturbation

δT 0
i = (ρ̄+ P̄ ) (∂iB + vi) (66)

Subject to the scalar metric perturbation (60) we find the gauge invariant expression of
curvature perturbation as[21, 31, 114, 120, 340]

R =

(
Ψ− 1

3
∇2E

)
+H(B + v)

spatially flat gauge−−−−−−−−−−→ H(B + v) (67)

So, in spatially flat gauge, we can connect the scalar curvature perturbation to the (0i)
component of δT µν in (66).
In the present context, in addition to the inflaton fluctuation(δϕ), we have another fluid
component, the massless scalar fluctuation(χ). Therefore, the left hand side of (66) will
contain the contributions of both δϕ and χ,

(
δT

0(ϕ)
i + δT

0(χ)
i

)
.

We have the expression of the stress-energy tensor of the minimally coupled inflaton field as

T (ϕ)
µν = ∂µϕ∂νϕ− gµν

(
1

2
∂αϕ∂

αϕ+ V (ϕ)

)
(68)

From (68) considering only the linear perturbation terms we get

δT µ(ϕ)ν = δgµαT (ϕ)
αν + gµαδT (ϕ)

αν

⇒ δT
0(ϕ)
i = δg0iT

(ϕ)
ii + g00δT

(ϕ)
0i + g0iδT

(ϕ)
ii

=
∂iB

a2

(
1

2
(ϕ′)2 − a2V (ϕ)

)
δii︸ ︷︷ ︸

T
(ϕ)
ii

+
(2Φ− 1)

a2

(
∂i(δϕ)ϕ

′ +
1

2
∂iB(ϕ′)2 − ∂iBa

2V (ϕ)

)
︸ ︷︷ ︸

δT
(ϕ)
0i

+
∂iB

a2

(
δϕ′ϕ′ − a2

∂V

∂ϕ
δϕ

)
δii + h.o

= −ϕ′

a2
∂i(δϕ) (69)

We have the expression of the stress-energy tensor of the non-minimally coupled massless
scalar fluctuation as [68, 69]

δT (χ)
µν (η, x⃗) = (1− 2ξ)∂µχ∂νχ+

(
2ξ − 1

2

)
gµν(∂αχ∂

αχ)+2ξ (gµνχ□χ− χ∇µ∂νχ)+ ξGµνχ
2

(70)
This gives

δTα(χ)µ = (1− 2ξ)gνα∂µχ∂νχ+

(
2ξ − 1

2

)
gναgµν(∂βχ∂

βχ) + 2ξgναgµνχ□χ− 2ξχgνα∇µ∂νχ

+ ξgναGµνχ
2
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= (1− 2ξ)gνα∂µχ∂νχ+

(
2ξ − 1

2

)
gναgµν(∂βχ∂

βχ) + 2ξgναgµνχ□χ

− 2ξχgνα
(
∂µ∂νχ− Γγµν∂γχ

)
+ ξgναGµνχ

2 (71)

We now simplify the expression (71) for α = 0, µ = i.

gν0giν = g00gi0 + gj0gij

= (2Φ− 1)∂iB + ∂jB ((1 + 2Ψ)δij +DijE)

= −∂iB + ∂iB + h.o
= 0 (72)

As the product (72) vanishes in linear order, we need to evaluate only three terms in (71).

(1). (1− 2ξ)g0ν∂iχ∂νχ = (1− 2ξ)
(
g00∂iχ∂0χ+ gj0∂iχ∂jχ

)
=

(1− 2ξ)

a2
(
(2Φ− 1)χ′∂iχ+ ∂jB∂iχ∂jχ

)
=

(2ξ − 1)

a2
χ′∂iχ+ h.o (73)

(2). − 2ξχg0ν (∂i∂νχ− Γγiν∂γχ) =2ξχ
(
g0νΓγiν∂γχ− g00∂iχ

′ − gj0∂i∂jχ
)

= 2ξχ

×
(
(2Φ− 1)

a2
Hδji ∂jχ+

∂iB

a2
Hχ′ +

(1− 2Φ)

a2
∂iχ

′ − ∂jB

a2
∂i∂jχ

)
=

2ξχ

a2
(∂iχ

′ −H∂iχ) + h.o (74)

(3). ξg0νGiνχ
2 = ξχ2

(
g00Gi0 + g0jGij

)
=
ξχ2

a2

(2Φ− 1) Gi0︸︷︷︸
=0

+∂jBGij


= −ξχ

2

a2
∂iB

(
H′ +H2

)
(75)

As there is a product of perturbation and fluctuation, the above term in (75) can be dropped.
Combining (73) and (74), taking only the linear perturbation terms, we end up having

δT
0(χ)
i =

2ξ

a2
(χ′∂iχ+ χ∂iχ

′ −Hχ∂iχ)−
χ′∂iχ

a2
(76)

Plugging the expressions (69) and (76) into (66) we write

(ρ̄+ P̄ )∂i (B + v) =
(
δT

0(ϕ)
i + δT

0(χ)
i

)
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⇒ (ρ̄+ P̄ )∂i (B + v) = − 1

a2

(
(ϕ′∂iδϕ+ χ′∂iχ)︸ ︷︷ ︸

minimal term

+2ξ (χ′∂iχ+ χ∂iχ
′ −Hχ∂iχ)︸ ︷︷ ︸

non-minimal term

)
(77)

Integrating Eq.(77) we can compute (B + v) in terms of inflaton fluctuation δϕ and the
additional scalar fluctuation χ. Using the expression of (B + v) as a function of δϕ, χ
in the Eq.(67), we can directly connect the curvature perturbation to the fluctuations in
spatially flat gauge system.
Integrating (77) we write

(ρ̄+ P̄ )(B + v) = −ϕ
′δϕ

a2
− 1

a2

∫
χ′∂iχdx

i − 2ξ

a2

(
χχ′∣∣∞

−∞ −
∫
χ∂iχ

′dxi +

∫
χ∂iχ

′dxi − H
2
χ2
∣∣∞
−∞

)
(78)

Considering all the fluctuations to vanish at spatial infinity, we are left with the following
expression.

(B + v) = −δϕ
ϕ′ −

1

(ϕ′)2

∫
χ′∂iχdx

i (79)

Substituting the Eq.(79) to (67) we express the scalar curvature perturbation as

R = −Hδϕ
ϕ′ − H

(ϕ′)2

∫
χ′∂iχdx

i (80)

We write down the scalar field quantization as

χ(η, x⃗) =

∫
d3k⃗

(2π)3

(
χk⃗(η)âk⃗ + χ∗

k⃗
(η)â†

k⃗

)
eik⃗.x⃗ (81)

Plugging Eq.(81) into (80) we have

R = −Hδϕ
ϕ′ − H

(ϕ′)2

∫
d3k⃗d3p⃗dx

(2π)6

(
χ′
k⃗
âk⃗ + χ′∗

k⃗
â†
k⃗

)
(ipi)

(
χp⃗âp⃗ + χ∗

p⃗â
†
p⃗

)
.ei(k⃗+p⃗).x⃗

= −Hδϕ
ϕ′ +

H
(ϕ′)2

∫
d3k⃗

π(2π)3

(
χ′
k⃗
âk⃗ + χ′∗

k⃗
â†
k⃗

)
(ik2ki)

(
χ−k⃗â−k⃗ + χ∗

−k⃗â
†
−k⃗

)
(82)

Let’s first calculate the VEV of curvature perturbation. From the Eq.(82) we write

⟨Rk⟩ = − H⟨δϕk⟩
ϕ′︸ ︷︷ ︸
=0

+
H

(ϕ′)2

∫
d3k⃗

π(2π)3
(ik2ki) ⟨0|

(
χ′
k⃗
âk⃗ + χ′∗

k⃗
â†
k⃗

)(
χ−k⃗â−k⃗ + χ∗

−k⃗â
†
−k⃗

)
|0⟩

=
H

(ϕ′)2

∫
d3k⃗

π(2π)3
(ik2ki) ⟨0|

(
χ′
k⃗
χ∗
−k⃗âk⃗â

†
−k⃗

+ χ−k⃗χ
′∗
k⃗
â†
k⃗
â−k⃗

)
|0⟩

=
iH

π(ϕ′)2

∫
d3k⃗

(2π)3
(k2ki)χ

′
k⃗
χ∗
−k⃗(2π)

3δ3(2k⃗)
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= 0 (83)

So, in presence of an additional fluctuation we also obtain a vanishing VEV of curvature
perturbation.
We shall now compute the variance of the curvature perturbation ⟨

∣∣Rk

∣∣2⟩. This variance
expression will acquire the following non-zero terms.

⟨
∣∣Rk

∣∣2⟩ = H2⟨
∣∣δϕk∣∣2⟩
ϕ′2 +

H2

(ϕ′)4

∫
d3k⃗1d

3k⃗2
π2(2π)6

(k1k2)
2(k1)i(k2)j

× ⟨0|
((

χ′
k⃗1
âk⃗1 + χ′∗

k⃗1
â†
k⃗1

)(
χ−k⃗1 â−k⃗1 + χ∗

−k⃗1
â†
−k⃗1

)(
χ′
k⃗2
âk⃗2 + χ′∗

k⃗2
â†
k⃗2

)†
×
(
χ−k⃗2 â−k⃗2 + χ∗

−k⃗2
â†
−k⃗2

)†)
|0⟩ (84)

In this expression, any δϕ and χ cross term doesn’t survive due to the presence of the terms
like the product of three creation and annihilation operators, and the VEV of such terms
are always zero.
In the second term of the above Eq.(84), only the following combinations will have non-
vanishing VEV. Employing the Wick’s theorem we get

⟨0|
(
âk⃗1 â−k⃗1 â

†
k⃗2
â†
−k⃗2

)
|0⟩ = (2π)6

(
δ3(k⃗1 − k⃗2)δ

3(k⃗1 − k⃗2) + δ3(k⃗1 + k⃗2)δ
3(k⃗1 + k⃗2)

)
⟨0|
(
âk⃗1 â

†
−k⃗1

âk⃗2 â
†
−k⃗2

)
|0⟩ = (2π)6δ3(2k⃗1)δ

3(2k⃗2) (85)

The second combination of creation and annihilation operators in Eq.(85) will be vanishing
for any finite k⃗1, k⃗2 ̸= 0. So, this will also not contribute to the variance (84). We finally
write

⟨
∣∣Rk

∣∣2⟩ = H2⟨
∣∣δϕk∣∣2⟩
ϕ′2 +

H2

(ϕ′)4

∫
d3k⃗1d

3k⃗2
π2

(k1k2)
2(k1)i(k2)j

×
(
χ′
k⃗1
χ′∗
k⃗2
χ−k⃗1χ

∗
−k⃗2

(
δ3(k⃗1 − k⃗2)δ

3(k⃗1 − k⃗2) + δ3(k⃗1 + k⃗2)δ
3(k⃗1 + k⃗2)

))
=

H2⟨
∣∣δϕk∣∣2⟩
ϕ′2 +

H2

(ϕ′)4

∫
d3k⃗1
π2

(k1)
4δ3(0)

∣∣χ′
k⃗1

∣∣2∣∣χk⃗1∣∣2((k1)i(k1)j − (k1)i(k1)j
)

=
H2⟨

∣∣δϕk∣∣2⟩
ϕ′2 (86)

From this result, we can infer that in a single-field inflationary scenario, any fluctuation
without an associated classical homogeneous background will not contribute to the scalar
curvature perturbation. And in a multi-field inflationary scenario, associated fluctuations
of multiple fluid components or background components will contribute to the curvature
perturbation [341, 342]. Therefore, in the present context, the significant super-horizon
post-inflationary instability of the massless scalar(χ) will not affect the scalar curvature
power spectrum, and hence this has an impact on the isocurvature mode that is discussed
in Section 6.8.2.
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