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Abstract

This thesis documents investigations on developing the better spectral shrinkage

functions for matrix estimation. It proposes two effective spectral shrinkage esti-

mators. The first estimator exploits the correlation present in the data matrix by

decoupling the shrinkage and the truncation of singular values. It employs a logistic

function based shrinkage of singular values and shows better rank estimation than

the existing methods. The parameters of this estimator are tuned by grid-search

solution of a SURE formulation. However, the method is computationally expensive

and the applicability of this estimator is limited. The second estimator addresses

this problem. It expresses the thresholding function as a linear combination of the

derivatives of a Gaussian so that the corresponding SURE admits a closed form

solution for the optimal parameters of the shrinkage function. Hence, it avoids the

huge computational cost involved in the first method in parameter search. In ad-

dition, this linearization of thresholding function allows to increase the number of

parameters arbitrarily, providing a sufficient flexibility in the shape of the shrinkage

function. The estimator performs better matrix estimation than the state-of-the art

methods.

The thesis further investigates the effectiveness of the proposed estimators in signal

denoising applications in a collaborative filtering framework. In this framework,

the noisy signals under investigation are rearranged in the form of several data ma-

trices. The denoising of electrocardiogram (ECG) signal is presented as the first

application. For this purpose, the data matrices are formed by grouping similar

blocks from the noisy ECG signal. These data matrices are then denoised by the

proposed matrix estimation methods. The denoised signal is obtained by inverse

operation of the matrix formation. The quality of the denoised signal is measured
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using different performance metrics and it is found to be better than that of the

existing methods. Following that the denoising of two-dimensional photographic

images and three-dimensional magnetic resonance images are also explored. On ap-

plying the proposed matrix estimation methods in collaborative filtering framework

the competitive denoising performances are achieved in both the applications.

Keywords: Matrix denoising, collaborative filtering, ECG denoing, MRI denoising,

image denoising, spectral shrinkage estimator, etc.
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1. Introduction

Signal processing is a branch of electrical engineering that deals with extracting information

form the signals acquired from natural and man-made sources. In general, it consists of three

stages: acquisition, processing, and inferencing. In the process of acquisition, the signals get

corrupted with different types of sensor and channel noises. As a result, the inferencing becomes

more challenging. One of the objectives in the processing stage is to reduce the effect of noise. It

can be achieved either by removing the noise from the observation or by making the information

extraction robust to the noise. In this thesis, our interest lies in the former and we propose a

few methods for noise removal. Further, the signals used for different applications have different

nature and are affected by different types of noise. Thus, suitable algorithms are required to

be developed for each of the applications.

The problem of removing noise from the signals, also known as signal denoising, has been a

classical research problem in signal processing domain. It finds applications in numerous fields

such as multivariate statistical signal processing [4–8], machine learning [9,10], wireless commu-

nication [11, 12], etc. A signal can be treated as a time series in which each sample represents

a measured value of the underlying physical quantity, possibly at a given time instant. How-

ever, two/three dimensional signals such as digital images/videos can be represented as arrays

of sample values at spatial/spatio-temporal locations. The noise removal from such signals is

often recast as the matrix estimation problem by transforming the observed multidimensional

signals into the form of data matrices.

To estimate the matrix corresponding to the original signal, a number of methods have

been proposed in the literature [1,3,13–24]. In almost all of these methods, the observed data

are first decorrelated using spectral factorization techniques, the spectral components corre-

sponding to the signal and the noise are identified, and then the noise dominant components

are removed to obtain an estimate of the underlying signal matrix. Quite often, the singular

value decomposition (SVD) is employed for spectral factorization. In the following, we review

some of the methods for matrix estimation that uses the SVD, their drawbacks, the recent

developments to mitigate these drawbacks, the motivation of our contribution in this line of

works, and finally the organization of the thesis.
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1.1 Matrix estimation using SVD

1.1 Matrix estimation using SVD

The SVD, being one of the most popular matrix factorization methods, is used in numerous

applications. It is basically used for the spectral decomposition of an m × n signal matrix

X = [x1, ...,xn] where xi ∈ R
m. For this purpose, the eigenvalue decomposition of either row-

or column- sample covariance matrices, denoted respectively by X
T

X and XX
T

, is performed.

Specifically,

X
T

X = VΛV
T

and XX
T

= UΛU
T

, (1.1)

where Λ = diag([λ1, ..., λn]) is a diagonal matrix with the eigenvalues on its principal diagonal

and the orthogonal matrices V and U, with their columns, as the eigenvectors of X
T

X and

XX
T

, respectively. The set {λ1, λ2, ..., λn} is the spectrum of the data matrix X. It can be

easily shown that

U
T

XV = Σ ⇒ X = UΣV
T

=

L∑

i=1

σiuiv
T

i , (1.2)

where L = min(n,m) and Σ = diag([σ1, ..., σn]) with the diagonal elements σis being referred

to as the singular values (SVs) whereas the columns of matrix U (V) are called left (right)

singular vectors of X. A simple algebraic adjustment shows that λi = σ2
i .

The rank of a matrix is defined as the number of non-zero SV. In case of a low-rank matrix,

its spectrum is given as Σ = diag([σ1, ..., σr, 0, ..., 0]) where r is the rank. The SVD efficiently

exploits the correlation present in the signal vectors and packs most of the signal energy in a

few spectral components enabling data compression [4, 5]. Generally, the SVs are ordered in

non-increasing order such that σ1 ≥ σ1 ≥ ... ≥ σr ≥ 0. Thus, by considering only a few SVs

along with corresponding singular vectors, a good estimate of the signal matrix can be obtained

as

X̂r̂ =
r̂∑

i=1

σiuiv
T

i , (1.3)

where r̂ << L is the rank of the estimate [25]. In many cases, the elements of the signal matrix

X may not be exactly known or noise may be present in the measurements. For example, the

occluded pixels in an image can be thought of as unknown entries in the image matrix. Similarly,

the noisy image or video can be considered as the noisy measurement of an underlying clean

3
TH-1771_11610213



1. Introduction

image matrix or tensor. The study of effectiveness of the SVD in such scenarios is a popular

research topic in signal denoising.

1.1.1 Data model

Let the data model for m× n noisy observation matrix X̃ be

X̃ = X+X, (1.4)

where elements of X are independent and identically distributed (IID) Gaussian random vari-

ables. Thus, x̄j,i
IID∼ N(0, τ 2) where τ is the standard deviation of noise. Without the loss of

generality, the column (row) x̄i(j) can be thought of as a multivariate Gaussian random vec-

tor, i.e., x̄i(j)
IID∼ N(0, τ 2Im(n)). We can consider it as the source of nuisance in the columns

(rows) of the data matrix X̃. To address this, usually the correlation between columns (rows)

of underlying signal matrix X is exploited by employing the SVD of the noisy data matrix X̃.

Hence, it is interesting to see the effect of noise on the SVD of X with the hope that it helps

in recovering X from given X̃. Let us perform the SVD of X̃ and X, respectively, as

X̃ = Ũ Σ̃ Ṽ
T

=

L∑

i=1

σ̃iũiṽ
T

i and X = U Σ V
T

=

L∑

i=1

σ̄iūiv̄
T

i (1.5)

where {σ̃i}Li=1 is referred to as data SVs (in contrast to the signal SVs {σi}Li=1) with {ũi(ṽi)}Li=1

being associated left (right) singular vectors. The corresponding SVD factors of the noise matrix

are identified by putting a bar over the symbols. It is worth mentioning that, for the SVD it

does not matter whether we consider a data vector as a column or a row of a matrix, hence,

this fact is left understood in the rest of the thesis.

The problem of finding the signal matrixX from the data matrix X̃ can have infinitely many

solutions, in general. It can be solved in many different ways by using different regularizing

priors on the signal matrix. In this thesis, we seek the solution to the matrix estimation

problem by applying suitable prior on the signal SVs. To this end, the low rank prior suggested

by Eckart-Young-Mirsky [25, 26] is one of the oldest formulations.

4
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1.1 Matrix estimation using SVD

1.1.2 Spectral regularization

For the data model in (1.4), the signal matrix X can be recovered from the given data matrix

X̃ by solving the objective function given as

X̂ = min
X

‖X̃−X‖2Frob + µ J(X), (1.6)

where ‖ · ‖Frob denotes the Frobenius norm, J : Rm×n 7→ R is a regularization function that

imposes some structure on the spectrum of X, and µ > 0 is the parameter of regularization. For

J(X) = Rank(X), the objective function in (1.6) reduces to the low-rank matrix approximation

(LRMA) problem. For rank being a non-convex function, the LRMA is an NP-hard problem

and does not admit a closed form solution. An approximate solution to it has been suggested

in the form of the singular value hard-thresholding (SVHT) and is defined as

X̂SVHT
µ =

L∑

i=1

σ̃i1(σ̃i>µ)ũiṽ
T

i , (1.7)

where 1(σ̃i>µ) is an indicator function. The spectral regularization problem (1.6), however, can

be easily solved if J(X) = ‖X‖Nuc, where ‖ · ‖Nuc denotes the nuclear norm defined as the sum

of SV. Clearly, ‖ · ‖Nuc is a convex function [27]. The solution of the resulting optimization

problem is given by the singular value soft-thresholding (SVST) [28] as

X̂SVST
µ =

L∑

i=1

(σ̃i − µ)+ũiṽ
T

i , (1.8)

where (α)+ = max(α, 0). It can be noticed that in both the SVHT and the SVST estimators,

the SVs of the data matrix undergo modification while the singular vectors remain unaltered.

The reason behind the same would become obvious when we will discuss the random matrix

theory (RMT) in the following section. Moreover, we are interested in a more general class of

estimators that estimate the signal matrix by applying some function on the data SVs only,

without resorting to a specific form of the regularizer J(X). Such estimators are commonly

referred to as the spectral estimators.

5
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1. Introduction

1.1.3 Spectral estimator of a matrix

A typical spectral estimator F : Rm×n 7→ R
m×n is an unitary invariant matrix valued function

expressed as

F(X̃) = ŨF(Σ̃)Ṽ
T

=
L∑

i=1

f(σ̃i)ũiṽ
T

i , (1.9)

where f : R 7→ R is a real valued scalar function. Intuitively, on considering WGN in (1.4),

the signal SVs get positively biased. For this reason, the function f(σ̃i) must shrink the SVs

of the data matrix towards zero, hence, it is named as the shrinkage function. Clearly, for

the SVHT and the SVST, the shrinkage function has the form fSVHT
µ (σ̃i) = σ̃i1(σ̃i>µ) and

fSVST
µ (σ̃i) = (σ̃i − µ)+, respectively.

Note that, the first term in (1.6) ensures the fidelity of the solutions while the second term

regularizes or prunes the solution space. The low-rank regularization enables to suppress the

noise energy as the underlying signal matrix is low-rank and the noise matrix is full-rank. The

extent of noise suppression is determined by the regularization parameter µ. For smaller values

of µ, the estimates remain too close to the data, thus leading to lower noise suppression. For

larger values of µ, substantial noise suppression is achieved at the cost of significant loss in the

signal energy. In a nutshell, the performances of the SVHT and the SVST based estimators are

sensitive to the value of µ and hence it must be chosen judiciously. Intuitively, one may try to

determine the optimal value of µ by minimizing the mean square error (MSE) of the estimator.

But, it is not possible since the MSE of an estimator X̂F
µ with F = {SVHT, SVST} is defined

as

MSE
(
X̂F
µ,X

)
= E

[
‖X̂F

µ −X‖2Frob
]

(1.10)

whereX is the unknown true signal matrix. Thus, for being dependent of unknown quantity, the

MSE can not be used for determining the parameter of the spectral estimators. The question

now arises whether there is a way to compute the MSE or its variant without knowledge of the

true value. The direct answer to the question is not affirmative. But we could invoke either the

random matrix theory or the Stein’s unbiased risk estimator, for circumventing this challenge.

These approaches are outlined below.

6
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1.2 Random matrix theory

Random matrix theory (RMT) [29] provides an alternative to infer the asymptotic MSE

(AMSE). We refer to the asymptotic setting (equivalently, the large matrix limit) in the data

model (1.4) as lim
m→∞

m
nm

→ β such that 0 < β ≤ 1 and τ = 1/
√
nm, where nm is an increasing

sequence of integers depending on the dimensionality m of the signal vectors xis. For this large

matrix limits, the AMSE is defined as

AMSE
(
X̂F,X

)
= lim

m→∞
MSE

(
X̂F,X

)
. (1.11)

Following this, the recent works in [1, 19–21] tried to find the optimal shrinkage functions

for matrix denoising. In [20], a data driven estimator which forms the dominant low-rank

estimator is proposed. In [21], the authors showed that the optimal value of hard-threshold is

a deterministic quantity equal to (4/
√
3)
√
nτ that minimizes the corresponding AMSE. In [1],

the same authors proposed a generalized framework to derive the optimal shrinkage function

for a number of loss functions.

Note that,the RMT is an independently developing field of mathematics. Efforts have been

made for a long time to study the empirical distribution of eigenvalues of the sample covariance

of random matrices. One of the goals of the RMT is to establish the relationship between the

eigenvalues of the sample covariance matrix with that of the corresponding population covari-

ance matrix. Loosely speaking, the main results in the RMT state that the empirical eigenvalue

distribution of the sample covariance matrix of uncorrelated data follows the semicircular dis-

tribution with a finite support. Introducing any correlation in the data samples causes some of

the eigenvalues to lie beyond the support. This phenomenon is exploited for noise suppression.

More specifically, for the data model in (1.4), the noise matrix is uncorrelated whereas the signal

matrix is highly correlated. As a result, the sample covariance matrix of the data matrix has

non-zero off-diagonal elements. In this case, the eigenvalues within and beyond the support of

the semicircular distribution correspond to the noise matrix and the signal matrix, respectively.

Thus, the recovery of the signal matrix by preserving the eigenvalues beyond the support while

discarding the rest leads to denoising. Such methods that retain some of the eigenvalues and

throw away the rest is analogous to the SVHT. In the following, we will be interested in a more

7
TH-1771_11610213
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general class of shrinkage functions than the parameterized ones like the SVHT and the SVST

discussed earlier. The following results are equally applicable to the eigenvalues as they are

directly related to the SV.

1.2.1 Empirical singular value distribution

In order to recover a signal matrix from the observation corrupted by a random matrix using

SVD, we need to understand the behavior of the SVs of random matrices and its effect on the

SVs of the signal matrix when added to it. To this end, following lemmas are worth noting.

Lemma 1.2.1 (Generalized Quarter-circle Distribution [29,30]). For an m×nm random matrix

X with elements x̄j,i
IID.∼ N(0, 1/nm), where nm is an increasing sequence of integers dependent on

m, the empirical distribution of its singular values {σ̄i}mi=1 in large matrix limits ( lim
m→∞

m
nm

→ β

such that 0 < β ≤ 1) converges to a non-random distribution with probability density function

p(σ̄) =

√
(σ̄2 − β2

−)(β
2
+ − σ̄2)

πβσ̄
1[β−,β+](σ̄), (1.12)

almost surely (a.s.), as m → ∞ where β− = 1 − √
β, β+ = 1 +

√
β, and 1[·, ·] is an indicator

function. Moreover, σ̄1
a.s.−−→ β+ and σ̄n

a.s.−−→ β− as m→ ∞.

The above lemma states that no SV of X lies beyond the support [β−, β+]. The SVs in

(β−, β+) are often referred to as the bulk with its two extremes β− and β+ being called the

bulk-edges [19]. Clearly, any SV beyond the bulk-edges indicates the presence of correlation in

the data and so they are attributed to the signal1.

Def. 1 (Bulk Shrinker of order r, fβ+). We define a bulk-shrinker of order r as

fβ+(σ̃i) =





0, σi ≤ β1/4 and 1 ≤ i ≤ r,

0, for all σi ≥ 0 and i ≥ r,

f(σ̃i), otherwise.

(1.13)

It will soon become clear that how it collapses the entire bulk to zero.

Equipped with these notations, we can find an optimal bulk-shrinker f ∗
β+
, which minimizes

the AMSE for a signal matrix X of rank r as

f ∗
β+

= min
fβ+

lim
m→∞

1

mnm

∥∥∥∥∥

L∑

i=1

fβ+(σ̃i)ũiṽ
T

i −
r∑

i=1

σiuiv
T

i

∥∥∥∥∥

2

Frob︸ ︷︷ ︸
AMSE

(
X̂F

β+
,X

)

. (1.14)

1Here we have ignored an infinitesimal margin ǫ near the bulk edges.
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The authors in [1, 19] showed that a continuous bulk-shrinker given as

f ∗
β+(σ̃i) = σi〈ui, ũi〉〈vi, ṽi〉, ∀ i ≤ r and σi > β1/4 (1.15)

admits the optimal solution of (1.14) where 〈·, ·〉 denotes the inner product. Clearly, the optimal

bulk-shrinker depends not only on the true SVs of signal matrix but also on the cosine of the

angular deviation (caused by the noise matrix added to it) in their singular vectors. Hence,

it is important to study the effects of the noise matrix on the signal SVs as well as on the

corresponding singular vectors. Lemma 1.2.2 presents the asymptotic locations of the data SVs

relative to the signal SV, thereby providing a relation between σ̃i and σi. Lemma 1.2.3 presents

a relative phase transition in the singular vectors of noise at bulk edges due to the presence of

the signal components providing the cosine of the angles required in (1.15).

Lemma 1.2.2 (Asymptotic Location of SVs [19, 31]). Consider the data model in (1.4) with
the data SVs as σ̃1 ≥ σ̃2 ≥ ... ≥ σ̃nm

and the signal SVs as σ1 ≥ σ2 ≥ ... ≥ σr ≥ 0. For
1 ≤ i ≤ r, in large matrix limits, the asymptotic locations of SVs are related as

lim
m→∞

σ̃i
a.s.
=

{
ρ(σi), σi > β1/4

β+, 0 < σi ≤ β1/4
(1.16)

where

ρ(σ) =

√(
σ +

1

σ

)(
σ +

β

σ

)
. (1.17)

Lemma 1.2.3 (Phase-Transition [19, 32]). Suppose X in the data model (1.4) has distinct
singular values σ1 > σ2 > ... > σr > 0. Then, for 1 ≤ i, j ≤ r and σi > β1/4

lim
m→∞

|〈ui, ũj〉| a.s.=
{
θu(σi), i = j

0, i 6= j
(1.18)

and

lim
m→∞

|〈vi, ṽj〉| a.s.=
{
θv(σi), i = j

0, i 6= j
(1.19)

where

θu(σ) =

√
σ4 − β

σ2(σ2 + β)
and θv(σ) =

√
σ4 − β

σ2(σ2 + 1)
. (1.20)

However, if σi ≤ β1/4 or for i, j ≥ r we have lim
m→∞

|〈ui, ũj〉| a.s.= lim
m→∞

|〈vi, ṽj〉| a.s.= 0.

Corollary 1.2.4 (Equivalence). For the data model (1.4), as a direct consequence of Lemma 1.2.2,
the conditions σi > β1/4 and σ̃i > β+ are equivalent.

Evidently, one can interchangeably use these conditions, however in the rest of the thesis,

we prefer the latter as σ̃i is a known quantity. Also, it is clear now that the signal SVs smaller

10
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1.2 Random matrix theory

than β1/4 are impossible to recover using the RMT. Often, the data SVs greater than β+ are

considered as active SVs and the number of active SVs are taken as an estimate of the rank,

i.e., r∗ =
∑L

i=1 1(σ̃i>β+). Moreover, it is to note from (1.17) that the data SVs are always

positively biased with respect to the signal SVs validating the ‘shrinking toward zero’ nature

of the shrinkage estimators. In contrast to (1.15), we show that it is possible to achieve the

optimal estimate by the shrinkage of data SVs while leaving the singular vectors unchanged.

However, by no means, it should be understood that AWGN does not effect the signal singular

vectors.

1.2.2 An asymptotically optimal shrinkage estimator

Using Lemma 1.2.2 and Lemma 1.2.3, the asymptotically optimal bulk-shrinker in (1.15) can

be written as

f ∗
β+
(σ̃i) =





√
(σ̃2

i
−β−1)2−4β

σ̃i
, σ̃i > β+ and i ≥ r∗

0, otherwise.
(1.21)

On plugging this optimal bulk-shrinker in (1.9), it yields an asymptotically optimal shrinkage

estimator, referred to as the OptShrink estimator and denoted as X̂∗
β+
, that achieves the lower

bound on the AMSE. Figure 1.1 presents a comparison of different shrinkage functions. From

Figure 1.1(c), we can see that the OptShrink estimator truncates the SVs smaller than β+ and

shrinks the SVs greater than β+ towards zero. On comparing Figure 1.1(c) with Figure 1.1(a), it

can be seen that fSVHT
µ (σ̃) and f ∗

β+
(σ̃) are quite close to each other, specially for the larger values

of SV. Hence, a similar bias-variance trade-off is made by these estimators in the asymptotic

setting. However, in the finite matrix limits or in relatively higher rank cases, this optimality

is lost as the truncation of smaller SVs may introduce a small bias. In practice, we often deal

with the finite limits where an exact low-rank modeling is too wishful to serve the purpose.

Hence, the quest for an efficient shrinkage estimator in finite matrix limits is the recent interest

for many researchers [2, 22, 33].

Coming back to (1.10), we were in pursuit of an estimator, more specifically its parame-

ters, which minimize an unobservable quantity, i.e., the MSE. Fortunately, there exists Stein’s

unbiased risk estimator (SURE) of the MSE for the observation model in (1.4). SURE was

originally developed for estimating the mean of the multivariate normal distribution [34]. It is

11
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1. Introduction

a powerful method for unbiased estimation of the MSE and considered as one of the milestones

in the development of statistical signal processing. With the help of SURE, the parameters of

shrinkage estimators can be determined. For the same, the value that achieves the minimum of

SURE is taken as the optimal parameter value, thus SURE serves as a surrogate to the MSE.

In the following, we discuss about SURE and its usage in the determination of parameters of

spectral estimators.

1.3 Stein’s unbiased risk estimator of the MSE

SURE is based on the famous multivariate lemma proposed by Stein in 1981. The lemma is

stated below.

Lemma 1.3.1 (Stein’s Multivariate Lemma [34]). For a matrix X̃
IID∼ N(X, τ 2Imn) and a

weakly differentiable function F,

E

[
(X̃−X)F(X̃)

]
= τ 2E

[
∇F(X̃)

]
, (1.22)

where ∇F(X̃) denotes the divergence of F(X̃).

In what follows, we can see how remarkable this result is. For the spectral function F(X̃),

the MSE in (1.10) can be written as

MSE
(
F(X̃),X

)
= E

[
‖F(X̃)− X̃+ X̃−X‖2Frob

]

= E

[
‖X̃−X‖2Frob

]
+ E

[
‖F(X̃)− X̃‖2Frob

]
+ 2E

[
(F(X̃)− X̃)(X̃−X)

]

= −mnτ 2 + E

[
‖F(X̃)− X̃‖2Frob

]
+ 2E

[
(X̃−X)F(X̃)

]

= −mnτ 2 + E

[
‖F(X̃)− X̃‖2Frob

]
+ 2τ 2E

[
∇F(X̃)

]
. (Using (1.22))

Note that, no term in the right depends on the unknown quantity X. Thus, Stein’s lemma

enables us to infer the MSE. Hence, SURE for a spectral function is given as

SURE(F)(X̃) = −mnτ 2 + ‖F(X̃)− X̃‖2Frob + 2τ 2∇(F(X̃)), (1.23)

provided its divergence ∇F(X̃) exists. Clearly, MSE = E

[
SURE(F)(X̃)

]
. We show this fact

with a toy example in Figure 1.2 where we plot the MSE and SURE for the SVST against

different values of threshold parameter µ. It suggests how SURE can be used to find the

12
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1.4 Optimal shrinkage using the RMT and the SURE

parameter without needing X, as SURE replicates the MSE as a function of µ. Specifically,

µopt = min
µ

SURE(SVST)(X̃, µ). (1.24)

However, computing the divergence of the spectral function is non-trivial. Various works [35–

38] have tried to compute this quantity explicitly for the estimation functions of their interests.

For the nuclear norm regularized problem, the authors in [17] derive the divergence in closed

form. In [39], the authors derive the divergence for the reduced rank regression problem. Re-

cently, in [18], the divergence of the SVST is derived and corresponding SURE is used as a

surrogate to the MSE for determining the parameters of the SVST. The following lemma states

a useful result from the same paper and provides a recipe for the works presented in this thesis.

Lemma 1.3.2 (Divergence of Spectral Function [18]). Suppose F is a set of full-rank simple
matrices such that the Lebesgue measure of its complementary set is zero. Consider a unitary-
invariant spectral function F : F 7→ R

n×m of the form (1.9). If F(X̃) is weakly differentiable,
its divergence can be given as

∇F(X̃) =

L∑

i=1

f ′(σ̃i) + |n−m|
L∑

i=1

f(σ̃i)

σ̃i
+ 2

L∑

i=1

∑

j=1,

i 6=j

σ̃i f(σ̃i)

σ̃2
i − σ̃2

j

, (1.25)

where f ′ = ∂f/∂σ̃i.

The differentiability assumption in (1.25) can be relaxed, without any loss, to the differen-

tiability in a spectral neighborhood which in turns depends on the differentiability of all factors

of the SVD of X̃ [40–42]. Hence, we only require X̃ to be a simple (i.e., having no repeated

SVs) and full-rank matrix. For the data model (1.4), due to the random Gaussian noise, X̃ is

full-rank with high probability irrespective of the rank of the signal matrix X.

1.4 Optimal shrinkage using the RMT and the SURE

In the previous section, we saw that the RMT finds an optimal shrinkage estimator in case of

large matrix limits and SURE infers the MSE enabling us to find the optimal value of shrinkage

parameters. As the expectation of SURE achieves the MSE asymptotically, we can rely on it

when the number of samples are sufficiently large. Hence, one would naturally tend to examine

the behavior of SURE in case of large matrix limits. The following lemma helps in establishing

the link between the RMT and SURE.

13
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Lemma 1.4.1 (Asymptotic SURE [24]). In asymptotic setting, for a data matrix X̃ sampled
from (1.4) with the singular values σ̃1 > σ̃2 > ... > σ̃L ≥ 0 and underlying signal singular values
σ1 > σ2 > ... > σr ≥ 0 with σi > β1/4 for all i ≤ r, we have

lim
m→∞

1

m

m∑

j=1;j 6=i

σ̃i
σ̃2
i − σ̃2

j

=
1

ρ(σi)

(
1 +

1

σ2
i

)
, (1.26)

as m→ ∞, almost surely.

This lemma will be used to establish the asymptotic performance of the proposed estimator

in Chapter 3.

1.5 Progress and challenges

Shrinkage estimators, though have gained much popularity in signal processing very recently,

date back to the seminal work [34] by James and Stein published in 1981. The shrinkage

estimator proposed in their work can be given as

X̂JS
µ =

L∑

i=1

σ̃i

(
1− µ

∑L
i=1 σ̃

2
i

)
ũiṽ

T

i . (1.27)

It dominates the maximum likelihood estimator of X and referred to as the JS estimator in the

rest of the thesis. The JS estimator applies the shrinkage on all SVs equally. However, all the

signal SVs are not equally informative in practice and hence they need to be treated differently.

Improving on the JS estimator, Efron and Morris [43] proposed an estimator referred to as the

EM estimator and given as

X̂EM
µ =

L∑

i=1

(
σ̃i −

µ

σ̃i

)
ũiṽ

T

i . (1.28)

Later, in [44], they proposed a generalized shrinkage estimators as

X̂GEM
µ1,µ2 =

L∑

i=1

((
1− µ1∑L

i=1 σ̃
2
i

)
σ̃i −

µ2

σ̃i

)
ũiṽ

T

i . (1.29)

We refer to this estimator as the GEM estimator. The parameters of these estimators were

used to be fixed heuristically until Candès et al. derived SURE for the SVST. The drawback of

the SVST is its rigid shape that equally shrinks the larger SVs and truncates the smaller SVs.

Also, for being coupled, the shrinkage and the truncation in the SVST can not be controlled

separately. Recently, a few works have been reported to make the shape of the shrinkage

14
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function more flexible [2, 33]. In [2], an adaptive trace norm (ATN) estimator given as

X̂ATN
µ1,µ2

=
L∑

i=1

σ̃i

(
1−

(
µ1

σ̃i

)µ2)

+

ũiṽ
T

i (1.30)

was proposed. Here, µ1 controls the amount of shrinkage or threshold applied whereas µ2

controls the type of the shrinkage. For µ2 = 1, it reduces to the SVST and as µ2 → ∞ it works

as the SVHT. With an additional parameter, the ATN estimator undoubtedly provides a more

flexible shrinkage estimator than the SVST. As the parameters of the ATN estimator are also

tuned using SURE, it is computationally more complex than the SVST. Hence, the challenge

in this line of work is two-fold: firstly, the design of a better shrinkage estimator and secondly,

the determination of the shrinkage parameters.

1.5.1 Problem formulation and objectives

Above discussions emphasize the fact that designing a better shrinkage estimators is an active

research problem. Form the literature review, we identify the following two difficulties of the

existing estimators: (1) they lack in control over the shape of the shrinkage functions, therefore,

they are unable to adaptively shrink the SVs, (2) the efforts made to design adaptive estimators

having multiple parameters are marred by the complexity involved in tuning them.

The reason of limited flexibility and hence the suboptimal bias-variance trade-off lies in the

rigidity of the shape of the existing shrinkage functions. For an instance, the truncation and

the shrinkage of SVs are performed by the single threshold parameter in the SVST and can not

be performed independently. The ATN estimator tried to separately control these operations

by introducing an additional parameter into the estimator. However, it could not achieve the

optimal truncation of the SVHT and the optimal shrinkage of the SVST, simultaneously. The

parameters of these estimators are tuned by minimizing SURE which does not admits a closed

form solution. Alternatively, the grid search is employed. But the complexity of the same

increases with the increase in the number of parameters as well as the resolution of the grids.

Motivated by the above mentioned challenges, we intend to design an estimator that com-

pletely decouples the truncation and the shrinkage of the SVs so that they can be separately

controlled. The estimator should adopt its shape according to the statistics of the data. The

decoupling is achieved by using two extra parameters. As a result, the tuning becomes cum-

15
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Table 1.1: List of various estimators proposed/explored for different denoising applications. Abbre-
viations used in the table are defined in the list of acronyms.

Signals Methods

1D ECG

NLWT
EYM
US
SVST
SVLT
ATN
SVLET
OptShrink

2D Image
FRIT
SVLET

3D MR Image
SVLET
OptShrink

bersome. To address this problem, we linearize the shrinkage function so that SURE can be

optimized in closed form. This not only yields in a drastic reduction in computational cost

but also provides a way to enhance the parameter space. In Figure 1.1, the proposed shrink-

age functions are compared with the various existing shrinkage functions. We further want

to explore the proposed SV shrinkage based estimators for signal denoising tasks involving

electrocardiograms (ECG), photographic images, and magnetic resonance (MR) images.

1.6 Contributions of the thesis

In this thesis, we proposed two shrinkage estimators and applied them for the denoising of

practical signals of varying dimensionality. In addition, we have also explored some existing

shrinkage estimators for the same. In particular, the usage of the EYM, the US, the SVST,

the ATN, and the OptShrink estimators in collaborative filtering based ECG signal denoising

is reported. Table 1.1 summarises the different existing/proposed estimators evaluated in this

thesis for various denoising applications.

The salient contributions made in the thesis are as follows:

• A thorough review of different singular value shrinkage estimators (SVSEs) proposed in

the literature are presented while critically analysing their pros and cons.

• A logistic function based SVSE is proposed and its efficacy for the matrix rank estimation

16
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in the presence of the AWGN is analysed.

• A shrinkage estimator by linear approximation of the threshold function is proposed and

a theoretical analysis on the asymptotic optimality of this estimator is presented. The

proposed SVLET estimator is more flexible and data-adaptive, and it performs better

than the state-of-the-art shrinkage estimators for the matrices of any rank. Additionally,

the tuning of its parameter is comparatively faster than that of the existing estimators.

• The proposed two matrix estimators are applied for the denoising of ECG signals, pho-

tographic images, and MR images in a collaborative filtering framework.

1.7 Organization of the thesis

This chapter introduced the matrix estimation problem and the existing solution methods using

spectral shrinkage. It also highlighted the drawbacks of the existing shrinkage estimators. The

rest of the thesis is organized in six chapters.

In Chapter 2, we propose the SVLT estimator for rank estimation that decouples the shrink-

age and the truncation. The estimator provides better estimation accuracy than the existing

rank estimators. The parameters of this estimator are tuned by minimizing SURE using grid

search over a given search range. The tuning of SURE for the optimal value of various pa-

rameters is computationally intensive. Hence, despite improved estimation performance, its

applications are limited.

In Chapter 3, we propose the comparatively faster SVLET estimator that does not require

any grid search and provides better matrix estimation performance. This is achieved by the

linearization of the non-linear threshold function so that the corresponding SURE admits a

closed form solution and allows to directly find the optimal parameters of the estimator. We

also analyse and establish the optimality of this estimator in the asymptotic case.

In Chapter 4, we evaluate the proposed SV shrinkage estimators for the denoising of ECG

signals in a collaborative filtering framework. For the same, the similar blocks of a noisy 1D

ECG signal are grouped together in the form of the data matrices. Such matrices are denoised

using the proposed SV shrinkage estimators. The denoised matrices are then rearranged to

obtain the estimate of the underlying noise-free signal. The proposed approach is compared

17
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with the state-of-the-art nonlocal means based ECG denoising method. The effectiveness of

the proposed approach is also demonstrated for the denoising of pathological ECG signals.

In Chapter 5, we explored the proposed SV shrinkage estimators for 2D image denoising.

The similar 2D patches within a noisy image are searched and their vectorised versions are

put in the columns to form the data matrices. The denoising of these data matrices are then

performed with various proposed and existing methods. The intermediate denoised image is

obtained by aggregating the patch estimates. For the further enhancement, the denoising steps

are iterated a couple of times unlike the ECG signal denoising case. The denoising performance

of the proposed approaches are found to be competitive with the state-of-the-art image denoising

methods, both quantitatively and qualitatively.

In Chapter 6, the proposed estimators are evaluated for denoising the MR images. For the

same, the similar 3D blocks of a noisy MR image are grouped together and their vectorised

versions are put in the columns to form the data matrices. Rest of the process remains similar

to that of the image denoising case. Both quantitative as well as qualitative assessment of the

denoising performances are presented.

Finally, the contributions of the thesis and the possible future works are discussed in Chap-

ter 7.
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2. SVLT: Decoupling Shrinkage and Truncation for Matrix Rank Estimation

Rank estimation is a classical problem with many applications in statistical signal processing,

e.g., dimensionality reduction [45], image denoising [46], signal subspace tracking [47], motion

estimation [48], system model selection [49], and communication engineering [50]. The rank

estimation and the matrix estimation problems are interrelated. With an estimated rank, one

can find out the corresponding estimate of the matrix. However, such an estimate of the signal

matrix is not optimal. Also, the rank estimation problem has a strong connection with factor

analysis if the noise variances in all the factors are assumed to be same [51]. Traditionally, the

information theoretic criteria like Akaike information criterion (AIC) [52], Bayesian information

criterion (BIC) [53], and minimum description length (MDL) [54] have been used for solving

this problem. However with these approaches, good performance can only be expected if the

number of observation is large compared to dimensionality of the data vectors. In practice,

the dimensionality of the data in modern signal processing applications (medical imaging,

meteorology, oceanography, etc.) is very large and acquisition of more observations is often

costly. In such cases, cross-validation (CV) methods [55] were the only choice until recently.

The CV methods are however computationally expensive.

Recently, an effective method for the selection of principal components (PCs) is proposed,

in [56], by employing SURE [34]. It is noted to result in better rank estimation accuracy at

a very low computational cost. It forms the current state of the art for the rank estimation

problem. Other methods for matrix estimation proposed in [14, 57] can also be used for rank

estimation. In these methods, either noise in signal dominated SVs or signal in noise dominated

SVs is generally neglected. This is because, the signal dominated SVs and the noise dominated

SVs are treated equally. As a result, the selection of PCs may be erroneous. In this chapter,

we propose an efficient rank estimation method using a logistic function based thresholding

of the SVs. It treats signal dominated and noise dominated SVs differently. Like in [56], the

parameters of the proposed estimator are tuned using SURE. The proposed method is able

to approximate both the SVHT and the SVST as special cases; hence it generalizes them. In

addition to rank estimation, the efficacy of the proposed approach is also demonstrated for the

recovery of the original data matrix from its noisy observation.
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2.1 Matrix rank estimation

For an observation model in (1.4), the rank estimation problem tries to find out the rank of

the underlying signal matrix X from the given data matrix X̃. It basically aims at minimizing

the MSE for the rank of the matrix estimate

X̂r̂ =

r̂∑

i=1

σ̃iũiṽ
T

i (2.1)

as

r̂ = argmin
r

MSE
(
X̂r,X

)
. (2.2)
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Figure 2.1: Given a 20-rank data matrix X of size 100 × 100 and its WGN added noisy version X̃.
(a) Demonstration of the SVST (pink) and the SVHT (black) of the SVs of the noisy data (red) with
those of the original data (blue). (b) Plots of the logistic function ψ(a, b) embedded in the proposed
SVLT for varying parameters. (c) Demonstration of the improved singular value shrinkage (black)
with the application of the proposed SVLT.

The rank of a matrix is equal to the number of non-zero SV. However, adding the white
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2. SVLT: Decoupling Shrinkage and Truncation for Matrix Rank Estimation

Gaussian noise (WGN) to the elements of the matrix makes it full rank. This is illustrated with

an example in Figure 2.1(a). Thus, inferring the rank of the original matrix by the number of

non-zero SVs of the noisy matrix is not viable. If the noise energy is not too high, the SVs that

correspond to noise are small. In such cases, one can consider the number of dominant SVs as

an estimate of the rank of underlying data matrix. Various ad hoc methods traditionally used

for selecting the dominant SVs include the approaches such as (i) locating an elbow in the Scree

plot of the noisy data [58]; (ii) finding r largest SVs that accumulate 80-90% of total variation

of the noisy observation [59]; and (iii) using the CV methods [55].

In the Scree plot of a noisy version of a low-rank matrix, the eigenvalues on the right-side

of the elbow are assumed to correspond to noise. Thus, the number of eigenvalues on the

left-side of the elbow is taken as the rank of the underlying (low-rank) data matrix. However,

locating the elbow in a Scree plot is sometimes quite difficult task. The second approach

assumes that the percentage cumulative variation captured by r largest SVs, computed as

(
∑r

i=1 σ̃
2
i /
∑L

i=1 σ̃
2
i )× 100%, should lie in 80-90% of the total variation of the observation. The

minimum number of SVs satisfying this range can be considered as an estimate of the rank of

underlying data matrix. This is a widely used method to choose the number of PC in various

signal processing applications. The CV approach [60] selects the rank by cross-validating the

r-rank approximation using the SVD of the reduced version the data matrix until one comes

up with the best estimate or the rank. For the heuristic nature of the CV approach, it is

computationally intensive. The notable drawback of the first and the second approach is the

subjectivity in the rank estimation process. In [56, 61], Stein’s lemma [34] is used for matrix

rank estimation that mitigates this drawback. In the following, we briefly discuss some of the

SURE based rank estimation methods.

2.1.1 SURE based rank estimation methods

Ulfarsson and Solo, in [56], proposed a rank estimator by minimizing SURE corresponding to

X̂r as

r̂ = argmin
r

SURE
X̂r

(X̃). (2.3)

This approach of rank estimation is referred to as the US method in this thesis. The US method

is analogous to the SVHT if its parameter µ is selected properly. Specifically, r̂ is equal to the
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number of non-zero SVs of X̂SVHT
µ (X̃) provided µ is selected to minimize SURE corresponding

to the SVHT. As the SVHT is a discontinuous function, computing its divergence is non-trivial,

specially in case of repeated SV. Thus, the use of SURE for finding optimal µ for the SVHT is

theoretically not profound.

Candès et al. in [18] derived the expression for SURE corresponding to the weakly differ-

entiable SVST estimator given in (1.8), and found the optimal value of µ as

µopt = argmin
µ

SURESVST(X̃) (2.4)

where

SURESVST(X̃) = −mnτ 2 +
L∑

i=1

min(µ2, σ̃2
i ) + 2τ 2div(X̂SVST

µ ) (2.5)

with

div(X̂SVST
µ ) =

L∑

i=1

1(σ̃i>µ) + |m− n|
L∑

i=1

(σ̃i − µ)+
σ̃i

+
L∑

i=1

∑

j=1,

i 6=j

σ̃i(σ̃i − µ)+
σ̃2
i − σ̃2

j

. (2.6)

Once µopt is obtained, the estimated rank is given by the number of data SVs greater than µopt.

In the rest of the chapter, this method of rank estimation is referred to as the SVST.

Recently, Guo et al. [57] used the Eckart-Young-Mirsky (EYM) theorem to estimate the

rank of a matrix for the denoising application. According to the EYM theorem, for a real

matrix X ∈ R
m×n with SVs {σi}Li=1 and an r-rank matrix Z, the Frobenius norm of error is

lower bounded as

||X− Z||2Frob ≥
L∑

i=r+1

σ2
i (2.7)

where the equality is attained when Z is an r-rank approximation of X. Now, for the data

model in (1.4), we ideally have

||X̃−X||2Frob = mnτ 2. (2.8)

Using (2.7) and (2.8), we can write

L∑

i=r+1

σ̃2
i ≤ mnτ 2 <

L∑

i=r

σ̃2
i . (2.9)

The value of r satisfying the inequality in (2.9) is taken as the estimate of the rank. This

approach of rank estimation, in the rest of the chapter, is referred to as the EYM method.

The rank estimation methods discussed above have been used to provide the contrast to the
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2. SVLT: Decoupling Shrinkage and Truncation for Matrix Rank Estimation

method proposed in this chapter.

2.1.2 Drawbacks of the existing rank estimators

The methods discussed above result in a sub-optimal estimate of the rank. In the US method,

only the cardinality of SVs is used to minimize SURE. The US and the EYM method do not

give much importance to the noise in the signal dominant components while minimizing the

SURE. In Figure 2.1(a), it can be noted that the SVHT hardly selects the true rank. This

is because it applies truncation to minimize the MSE without any discrimination between the

noise and the signal in the larger SV. When the SNR is low and the underlying matrix is of

very small rank, the SVST also is unable to shrink the noise dominated SVs to zero in order

to preserve the signal energy in the larger SV. Hence, the truncation of noisy SVs and the

shrinkage—the lesser is the shrinkage the more is the preservation of signal energy—are needed

to be decoupled while minimizing SURE. In this chapter, we suggest a logistic function based

methodology to decouple the shrinkage and the truncation. The parameters of this logistic

function provide the independent control over the amount of the shrinkage and the truncation

applied while minimizing the MSE.

2.2 Proposed method

The shrinkage and the truncation can be easily decoupled by an indicator function and the

resulting estimator can be given as

X̂(µ1,µ2) =
L∑

i=1

1(σ̃i≥µ1)f
SVST
µ2

(σ̃i)ũiṽ
T

i . (2.10)

As the shrinkage estimator in (2.10) is not differentiable, the determination of the parameters

µ1 and µ2 is challenging. However, if the indicator function in (2.10) is replaced by a logistic

function, the parameter estimation problem can be simplified. This fact motivates us to propose

a singular value logistic thresholding (SVLT) estimator defined as

X̂SVLT
ξ =

L∑

i=1

(σ̃iψi(a, b)− c)+ũiṽ
T

i (2.11)
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where ψi(a, b) = 1
1+exp{a(i−b)}

is a logistic function and ξ = [a, b, c]
T

is the parameter vector.

The non-negative parameters a, b, and c control the slope, the shift, and the scale factors,

respectively. Note that,for a very large value of a, the SVLT reduces to the SVHT, whereas for

a very small value of a it works as the SVST. The shift parameter b tries to track the elbow

in the Scree plot, whereas the scale parameter c determines the amount of shrinkage applied

on the signal dominant SVs. The parameter b basically determines the transition region in the

Scree-plot. For i < b, the shrinkage is applied by the parameter c and for i ≥ b, the truncation

is done. Parameter a determines the slope of transition between these two regions. Thus,

the proposed SVLT decouples the shrinkage and the truncation and results in a more flexible

shrinkage estimator of matrix rank.

Using (1.23) and (1.25), SURE corresponding to the SVLT estimator (2.11) can be easily

derived as

SURESVLT(X̂) = −mnτ 2 +
L∑

i=1

(
(σ̃i(1− ψi) + c)21(σ̃iψi>c) + σ̃2

i 1(σ̃iψi<c)

)
+ 2τ 2∇(SVLTξ(X̃))

(2.12)

where

∇(X̂SVLT
ξ (X̃)) =

L∑

i=1

ψi1(σ̃iψi>c) + |m− n|
L∑

i=1

(
ψi −

c

σ̃i

)

+

+ 2

L∑

i=1

∑

j=1,

i 6=j

σ̃i(σ̃iψi − c)+
σ̃2
i − σ̃2

j

. (2.13)

The parameters a, b, and c can be optimally obtained by minimizing SURE as

ξ̂ = {â, b̂, ĉ} = argmin
a,b,c

SURESVLT(X̃). (2.14)

Then, the estimated rank is obtained as r̂SVLT =
∑L

i=1 1(σ̃i>ĉ(1+exp{â(i−b̂)})) and corresponding

estimate of underlying signal matrix is obtained using (2.11). Thus, the proposed method is

expected to yield a better estimate of the rank and hence that of the matrix.

2.3 Experimental results and discussion

In the following, we present a comparative study on the experimental performance of the

proposed and the existing rank estimators through a number of simulations on artificially

generated data. The original low-rank data matrix Xm×n, having a rank r ≤ L, is generated by
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2. SVLT: Decoupling Shrinkage and Truncation for Matrix Rank Estimation

multiplying two random Gaussian matrices Lm×r and Rn×r as X = LRT . For simplicity and

generality, no constraint on the SV profile of X is imposed unless specifically stated. The noisy

observation X̃ of the original data matrix X is obtained by adding with it the WGN of different

variances. To demonstrate the efficacy of the SVLT, a 20-rank matrix and its noisy version are

created and their SV plots for different methods are shown in Figure 2.1. From Figure 2.1(a),

we note that neither the SVHT nor the SVST is able to achieve the Scree plot of the data

matrix X. Figure 2.1(b) shows the logistic function embedded in the SVLT for different values

of the parameters. From Figure 2.1(c), it is clear that the SVLT closely matches the Scree plot

of X, if the parameters are tuned properly. For this reason, the SVLT is expected to outperform

the existing methods.

In the following, we present the results of the various experiments to validate the proposed

SVLT based rank estimation method.

2.3.1 SURE for SVLT vs. MSE

To show the closeness of SURE for the SVLT to the MSE, we conducted an experiment similar

to the one reported in [18]. We took four matrices {X(k)}4k=1 each of size 200 × 400. X(1)

is full rank, X(2) is 100-rank, and X(3) is 10-rank whereas X(4) has the SV profile given as

σi =
√
200/(1 + exp{ i−100

20
}). Each of these matrices is normalized and then WGN at varying

SNRs (0.5, 1, 2, and 4 dB) is added to obtain the corresponding noisy matrices X̃(k). Thereafter,

the SUREξ(X̃
(k)) is computed for a = 1 and c = 0 while varying b. From Figure 2.2, it can be

noted that SUREξ(X̃
(k)) is able to achieve the Monte-Carlo simulation (with known X(k)) for

all the considered matrices and SNRs. Similar performances are noted when other parameters

(a and c) are varied. Hence, we can rely on SURE for the optimal parameter selection.

2.3.2 Rank estimated by SVLT vs. true rank

In this experiment, to obtain the noisy observations the matrices of size 200× 400, the signal

matrix having different ranks are generated as in the above experiment and zero mean WGN at

the SNR levels of −2, 0, 2, and 4 dB are added. The rank is estimated using all the considered

methods and the performances averaged over 50 realizations are reported. In all experiments,

hereafter, a is fixed as 1 being the best choice found experimentally. The rest of the two
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Figure 2.2: Comparison of SURE (tick marks) and Monte Carlo (solid lines) simulations for four
different matrices under varying SNRs for tuning the parameter b.
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Figure 2.3: Comparison of the performance of the SVLT with that of the EYM, the US, and the
SVST. The diagonal green line corresponds to the oracle estimator of the rank.
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parameters are adaptively tuned using SURE. The plots of the estimated ranks are shown with

the true rank in Figure 2.3. A better estimator should be aligned as much as possible with

the true value represented by the green diagonal line in plots. Note that,the SVLT based rank

estimator is better aligned with the true rank compared to the contrast methods. In case of

4 dB SNR, the SVLT is able to recover the rank up to 35, whereas the US method and the

EYM method could recover the rank only up to 15 and 5, respectively. The SVST is noted to

produce quite inferior rank estimate when the underlying true rank is low (i.e., less than 35).

However, when the underlying rank is high, the estimate produced by the SVST is close to

that of the SVLT as the former being the special case of the latter. Similar trends are noted

for other three lower SNR cases.

2.3.3 Quantitative performance of the SVLT based rank estimator

In this experiment, we compare the quantitative performance of the SVLT based rank estimator

with the existing methods. We consider, the inaccuracy in the rank estimation defined by

Inaccuracy =

∣∣∣∣1−
Estimated Rank

True Rank

∣∣∣∣ (2.15)

as the quality measure. The inaccuracy plots for all the estimators, averaged over 50 different

realizations, are shown in Figure 2.4. From these plots, following observations are made.

• For low-rank matrices, the US method and the proposed SVLT method perform better

than the other two methods.

• In low noise cases, except EYM method, all the three methods are able to recover the

true ranks of underlying signal matrices.

• For all the considered cases, the SVLT method consistently shows lower inaccuracy than

all the three contrast methods.

2.3.4 Quantitative performance of the SVLT based matrix estimator

With the data set used in the above experiment, we intend to show the efficacy of the SVLT for

matrix recovery. For the same, in Figure 2.5, we plot the MSE of the SVLT and the contrast

methods for varying noise levels. From the figure, following salient inferences can be drawn.
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Figure 2.4: Comparison of the performance of the SVLT with that of the EYM, the US, and the
SVST methods in terms of the inaccuracy for different SNR (in dB) levels and ranks.
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• In the SVST method, a sub-optimal trade-off between the preservation of the signal

dominant SVs and the suppression of the noise-dominant SVs is made. As a result, a

poor matrix recovery performance is noted in the SVST method, despite the efficient

estimation of true rank.

• In the US method and in the EYM method, the noise components in signal dominant

SVs are ignored resulting in a comparatively higher MSE than the SVLT method.

• The SVLT method consistently outperforms the contrast methods for low-rank matrix

recovery in terms of the MSE.

In Table 2.1, the proposed method is compared against the contrast methods in terms of

the order of computational complexity. It is to note that the computational complexity of the

full SVD, i.e., O(m2n+ n2m+ n3), is not included in the table as it is the common step across

all the methods.

All reported experiments in this chapter are carried out in MATLAB R2012a running on

Microsoft Window 7 machine having Intel R© i5 (3.8 GHz) processor with 8 GB of RAM. The

execution time for the different methods are also given in Table 2.1. Note that, the SVLT

achieves a better estimation accuracy at the cost of some increase in the computational cost.

This is because of the decoupling of the shrinkage and truncation achieved by using additional

parameters in the proposed SVLT method.

Table 2.1: Comparison of the computational complexity/time of different methods for estimating
the rank of a 200 × 400 matrix. The notation double-bar over the symbols denotes the cardinality of
the parameter tuning-set.

EYM US SVST SVLT

Complexity Order O(r) O(m2r) O(m2 ¯̄µ) O(m2¯̄a¯̄b¯̄c)

Time (in sec.) 0.05 25 30 40

2.4 Summary

In this chapter, a novel matrix rank estimator by employing a logistic function based thresh-

olding of SVs is proposed. The parameters of the shrinkage function are chosen using SURE.

Different experiments were conducted to show the better rank estimation performance by the
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2.4 Summary

proposed method compared to the contrast methods. The experiments show the effectiveness

of the proposed SVLT based rank estimation method at different noise levels and for the ma-

trices of different ranks. The SVLT is also noted to possess better denoising capability than

the traditional PC selection based methods. This is a hopeful indication of improving the de-

noising performance of existing signal denoising methods employing the shrinkage estimators

that constitutes the course of further study presented in the next chapter.
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3. SVLET: A Fast and Adaptive Shrinkage Method for Matrix Estimation

In Chapter 2, we discussed various methods for estimating the rank of a matrix X from its

noisy observation X̃. It was also argued that, given the estimated rank r̂, one can easily

obtain an estimate of underlying matrix X using (2.1). However, a close inspection of this

estimator reveals that this is nothing but an r̂-rank approximation of the noisy data matrix

X̃ [25]. For the Gaussian noise model in (1.4), it turns out to be the r-rank maximum likelihood

estimate (MLE) of X. Certainly, one would quest for the better estimators of the signal matrix,

possibly the nonlinear ones, than the low-rank approximation of the observation matrix [62,63].

Also, as it uses no additional structures on the matrix X other than the low-rankness, the

better estimation methods exploiting the additional structures such as non-negativity [64, 65],

sparsity [66], Hankel [67], and Toeplitz nature [68] also exist. This is why the SVLT not

only performs as a better rank estimator but also as a better matrix estimator. It uses three

parameters that are tuned using SURE. Similarly, the ATN also uses SURE to tune both

the parameters. Tuning the parameters of these shrinkage estimators involves a considerable

computational burden. It becomes a more severe problem when the number of parameters

further increases. For example, the SVLT and the ATN are comparatively more complex than

the SVST as they use more number of parameters. For this reason, they are unsuitable for

many practical applications where the computational speed matters.

In this chapter, our goal is to speed up and automate the parameter selection process for

denoising the observed data matrix. Specifically, we propose a linearization approach by means

of which the grid search for parameter tuning is completely eliminated. The proposed approach

is then tested for matrix denoising and shown to perform better than the existing estimators.

3.1 Shrinkage of SVs for matrix estimation

The rationale behind the matrix approximation by the truncation of SVs is the low rankness

of the underlying signal matrix. The heuristic solution to this LRMA problem is given by the

SVHT. As discussed in previous chapters, the SVHT has several disadvantages. In case of noisy

observation, we know that the SVs of data matrix become positively biased. For this reason,

the shrinkage of SVs can be expected to yield a better performance. The simplest shrinkage

estimator obtained by solving the nuclear norm regularized problem is the SVST. However,

the SVST not only thresholds the SVs smaller than µ but it also applies the shrinkage by the

34
TH-1771_11610213



3.1 Shrinkage of SVs for matrix estimation

same amount. The selection of µ is crucial as it determines the extent of shrinkage applied

and hence the trade-off between the bias and the variance. Higher values of µ result in smaller

variance but introduce larger bias, whereas lower values of µ cause smaller bias at the cost of

larger variance. One may naturally choose a value of µ that admits the minimum MSE. As X

is unknown, the MSE is an unobservable quantity. In [18], the authors proposed to determine

this parameter using SURE. For involving only a single parameter, the SVST approach has

very low computational complexity. It suffers from two drawbacks. Firstly, for the shrinkage

and thresholding being coupled, it is unable to provide optimal trade-off between the bias and

the variance. Secondly, it shrinks all the dominant SVs equally despite the fact that each of

them may not be equally important [69].

To deal with the first drawback, a logistic function based shrinkage that decouples the

shrinkage and the thresholding by introducing additional parameters is proposed in Chapter 2.

Towards addressing the second drawback, in [33], a non-linear estimator which applies less

shrinkage on larger SVs compared to the smaller ones has been proposed. The authors, in [2],

proposed an ATN estimator with two parameters. It deals with both the drawbacks of the SVST

and provides more flexible shrinkage. The parameters of these estimators are often selected by

minimizing SURE. On account of the inherent non-linearity, the methods employing SURE lack

the closed form solution for the optimal value of the parameters. As a result, a grid search over

fairly large search range is done for finding the optimal value of the parameters, thus limiting

the use of such estimators in practical applications. Apart from these SURE-tuned matrix

estimators, the RMT [29] provides an alternative by which the AMSE can be inferred without

the knowledge of matrix X. Following this, the recent works in [1, 19–21] tried to find the

optimal shrinkage functions for matrix denoising but in an asymptotic case, where the size of

the matrices grows infinitely keeping the rank and the aspect ratio fixed. In [20], a data driven

estimator which dominates the EYM estimator is proposed. In [21], the authors showed that

the optimal value of hard-threshold is a deterministic quantity equal to (4/
√
3)
√
nτ where τ is

the standard deviation of Gaussian entries in X. In [1], the same authors proposed a general

framework to derive the optimal shrinkage function for a number of loss functions. However,

the RMT has the limitation of being confined in asymptotic cases and also the RMT based

estimators happen to suppress all the SVs below the threshold β+. Departing from this large
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matrix low-rank setting, our focus is on estimating the signal matrix of finite size which is not

necessarily the low-rank. Moreover, using the results from the RMT [24], we show that the

proposed estimator, when forced to be a bulk-shrinker, maintains its asymptotic optimality in

large matrix limits too.

In this chapter, we propose a linearly expandable singular value thresholding/shrinkage

function which admits a closed form solution to corresponding SURE thereby circumventing the

limitation of existing shrinkage functions outlined above and reducing the computational cost

drastically. As comparing with the RMT based estimators, it achieves the similar performance

in case of large matrix limits and outperforms in case of finite limits. It outperforms all the

SURE based estimators in terms of estimation accuracy as well as in terms of computational

cost.

3.2 Proposed method

3.2.1 Linearized shrinkage function

What hinders in obtaining the closed form optima of SURE is the nonlinearity present in the

shrinkage functions employed in existing estimators. This non-linearity is necessary for optimal

trade-off between bias and variance of estimators. However, it can be linearised so as to get the

closed form minima of SURE. For this reason, we propose a linearly parameterized nonlinear

shrinkage function as

f(σ) =

K∑

k=1

akφk(σ) = Φ
T

a (3.1)

where a = [a1, a2, ..., aK ]
T

is the shrinkage parameter vector, Φ = [φ1(σ), φ2(σ), ..., φK(σ)]
T

is

hitherto unspecified bases, and K is the order of linearization. Plugging this in (1.9) and using

(1.23), the optimal value of parameter a of the proposed shrinkage function can be obtained

by minimizing SURE in closed form as given below. At optima, we have

0 =
1

2

∂

∂ak
SUREF(X̃)

=
1

2

∂

∂ak
‖X̃− F(X̃)‖2Frob

︸ ︷︷ ︸
Rk,1

+ σ2 ∂

∂ak
∇(F(X̃))

︸ ︷︷ ︸
Rk,2

. (3.2)
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Solving for Rk,1 and Rk,2 as

Rk,1 =
L∑

i=1

1

2

∂

∂ak

(
σ̃i −

K∑

k=1

akφk(σ̃)

)2

(Using (3.1))

=

K∑

l=1

L∑

i=1

φk(σ̃i)φl(σ̃i)al −
L∑

i=1

σ̃iφk(σ̃i),

Rk,2 =

L∑

i=1

(
φ′
k(σ̃i) + |n−m|φk(σ̃i)

σ̃i
+ 2

L∑

j=1,

j 6=i

σ̃iφk(σ̃i)

σ̃2
i − σ̃2

j

)

and collecting the terms in (3.2), we have

0 =

K∑

l=1

L∑

i=1

φk(σ̃i)φl(σ̃i)

︸ ︷︷ ︸
Mk,l

al − ck (3.3)

where

ck =

L∑

i=1

(
σ̃i −

|n−m|σ̃2

σ̃i
−

L∑

j=1,j 6=i

2 σ̃2σ̃i
σ̃2
i − σ̃2

j

)
φk(σ̃i)−

L∑

i=1

σ2φ′
k(σ̃i) (3.4)

is free from any unknown parameter. In 3.4, φ′
k(σ̃i) denotes the derivative of φk(σ̃i) with

respect to σ̃i. Repeating the above differentiation for all k ∈ {1, 2, ..., K} and collecting the

corresponding equations, as in (3.3), in matrix form we have

0 = Ma− c =⇒ aopt = M−1c, (3.5)

where

M =




∑L
i=1 φ1(σ̃i)φ1(σ̃i) · · · ∑L

i=1 φ1(σ̃i)φK(σ̃i)

...
. . .

...

∑L
i=1 φK(σ̃i)φ1(σ̃i) · · · ∑L

i=1 φK(σ̃i)φK(σ̃i)




and c = [c1, c2, ..., cK ]
T

. Thus, for a given K and φk(·), finding the value of shrinkage parameter

vector a has reduced to solving a system of linear equations. Note that,the order of linearization

K can be arbitrarily increased, as long as the matrix M is invertible. This provides sufficient

flexibility in the shape of shrinkage function. What remains still unspecified is the choice of

basis function φk(·). Authors in [70] applied similar shrinkage function on multiscale DWT

coefficients and named it as the SURELET. On experimenting over several bases, they found
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the derivative of Gaussian (DOG) to be the best choice. Following that, in this work, we adopt

the DOG as the basis for linearization of the unknown shrinkage function. The functional form

of the DOG is

φk(σ) = σ exp

{
−(k − 1)

σ2

2T 2

}
(3.6)

where T is a constant that depends on the strength of noise, i.e., T = Cσ with C > 0 being a

constant. The value of constant C determines a smooth transition between noise dominated and

signal dominated SVs. It depends on the dynamic range of SVs of underlying noise free signal

matrix and hence can be experimentally fixed for a data set. In Figure3.1(d), a typical example

of the proposed shrinkage function with the DOG basis is compared with the few existing

shrinkage functions. Note that, unlike the existing shrinkage functions, the proposed shrinkage

function does not abruptly truncate the SVs, thus providing a better trade-off between the bias

and the variance. For larger SVs, it is able to approximate the SVHT well. Hence, it introduces

a lower bias while keeping all the advantages of the SVST intact in the case of lower SVs. As

it does not necessarily truncate the smaller SVs to achieve the bias-variance trade-off, it can

denoise the matrices of any rank.

We term the proposed estimator with such linearization of shrinkage function as the SVLET.

Just as the SURELET shrinks the DWT coefficients, the proposed SVLET shrinks the SVs

using the same principle. Further, we denote the optimal SVLET shrinkage function and the

corresponding shrinkage estimator as fSVLET(σ̃i) and X̂SVLET
a,T,K , respectively. Clearly, X̂SVLET

a,T,K =
∑L

i=1 f
SVLET(σ̃i)ũiṽ

T

i . Further, X̂SVLET
β+

=
∑r∗

i=1 f
SVLET
β+

(σ̃i)ũiṽ
T

i denotes an estimator when

we enforce the SVLET to be a bulk-shrinker of order r∗. Such an estimator is termed as the

bulk-shrinker generated by the SVLET in the rest of the thesis.

3.2.2 Asymptotic behavior of the SVLET

In this subsection, we analyze the behavior of the SVLET in an asymptotic setting. In the

following, we show that the bulk-shrinker generated by proposed SVLET boils down to the

asymptotically optimal estimator (1.21). For that, we apply the asymptotic conditions (τ =

1/
√
n, and m/n → β, with 0 < β ≤ 1 as m → ∞) on SURE in (1.23). Thus, the asymptotic

SURE corresponding to the bulk-shrinker fβ+ can be given as
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ASUREfβ+ (X̃) = lim
m→∞

SUREfβ+ (X̃)

= lim
m→∞

{
−m+ ‖X̃− X̂β+‖2Frob +

2

n
∇(X̂β+)

}

= lim
m→∞

−m+

r∗∑

i=1

(
(σ̃i − fβ+(σ̃i))

2 +
2(1− β)fβ+(σ̃i)

σ̃i
+ lim

m→∞

4β

m

r∗∑

j=1,i 6=j

σ̃ifβ+(σ̃i)

σ̃2
i − σ̃2

j

)

= lim
m→∞

−m+

r∗∑

i=1

(
(σ̃i − fβ+(σ̃i))

2 +
2(1− β)fβ+(σ̃i)

σ̃i
+

4β(σ2
i + 1)fβ+(σ̃i)

ρ(σi)σ2
i

)
.

(3.7)

(using (1.4.1))

Note that, in the above we used the fact that the term lim
m→∞

f ′
β+

(σ̃i)

n
vanishes as n→ β−1m. The

following theorem guarantees that, in an asymptotic setting, the bulk-shrinker generated by

the SVLET is optimal as it achieves the true asymptotic mean square error and the resulting

estimator exactly turns out to be the same as the optimal bulk-shrinker given in (1.21).

Theorem 3.2.1. In the asymptotic setting, the bulk-shrinker generated by the SVLET achieves
the true mean-squared error estimator and it boils down to an optimal bulk-shrinkage estimator.
Specifically,

min
fSVLET
β+

ASUREfSVLET
β+

(
X̃
)
= min

fSVLET
β+

AMSEfSVLET
β+

(
X̃
)
. (3.8)

Equivalently,

lim
m→∞

fSVLET
β+

(
X̃
)
= f ∗

β+

(
X̃
)
. (3.9)

Proof. We first solve the left-hand-side of (3.8) for the minima of ASURE. At optima, we have

0 =
1

2

∂

∂a∞k,opt
ASUREfASURE

β+

(X̃)

0 =

r∗∑

i=1

{1
2

∂

∂a∞k,opt

(
σ̃i − fASURE

β+ (σ̃i)
)2

+
(1− β)

σ̃i

∂fASURE
β+

(σ̃i)

∂a∞k,opt
+

2β(σ2
i + 1)

ρ(σi)σ2
i

∂fASURE
β+

(σ̃i)

∂a∞k,opt

}

0 =
r∗∑

i=1

fASURE
β+

(σ̃i)φk(σ̃i)−
r∗∑

i=1

{
σ̃i −

(1− β)

σ̃i
+

2β(σ2
i + 1)

ρ(σi)σ
2
i

}
φk(σ̃i).

Using definition of the proposed SVLET in (3.1), with a restriction of being a bulk-shrinker of
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order r∗ and using the fact from (1.16) that ρ(σi) = σ̃i for σi > β1/4, we have

K∑

l=1

r∗∑

i=1

φk(σ̃i)φl(σ̃i)

︸ ︷︷ ︸
M∞

k,l

a∞l,opt =

r∗∑

i=1

σ2
i (σ̃

2
i − β − 1)− 2β

σ2
i σ̃i

φk(σ̃i).

Let bi = σ̃2
i − β − 1, then from (1.17) σ2

i =
bi±

√
b2i−4β

2
. Thus,

K∑

l=1

M∞
k,l a

∞
l,opt =

r∗∑

i=1

1

σ̃i

√
b2i − 4β φk(σ̃i).

From (1.21),
K∑

l=1

M∞
k,la

∞
l,opt =

r∗∑

i=1

f ∗
β+
(σ̃i)φk(σ̃i)

︸ ︷︷ ︸
c∞
k

.
(3.10)

Now, differentiating the ASURE with respect to a∞k,opt for all k and collecting the terms in
matrix form yields

M∞a∞
opt = c∞ =⇒ a∞

opt = (M∞)−1c∞ (3.11)

where c∞ = (Φ∞)
T

f∗β+(σ̃). On solving (3.8) from the right-hand-side, we have

0 =
1

2

∂

∂a∞k,opt
AMSEfSVLET

β+

(
X̃
)

=
1

2

∂

∂a∞k,opt

r∗∑

j=1

∥∥∥fSVLET
β+ (σ̃i)ũiṽ

T

i − σiuiv
T

i

∥∥∥
2

Frob

=
r∗∑

i=1

fSVLET
β+

(σ̃i)φk(σ̃i)−
r∗∑

i=1

σi〈ui, ũj〉〈vi, ṽj〉φk(σ̃i)

(3.12)

=

K∑

l=1

r∗∑

i=1

φk(σ̃i)φl(σ̃i)a
∞
l,opt −

r∗∑

i=1

σiθu(σi)θv(σi)φk(σ̃i) (Using Lemma (1.2.3))

Using (1.21), we can write

K∑

l=1

r∗∑

i=1

φk(σ̃i)φl(σ̃i)a
∞
l,opt =

r∗∑

i=1

f ∗
β+(σ̃i)φk(σ̃i) (3.13)

Now, differentiating the AMSE with respect to a∞k,opt for all k and collecting the terms in matrix
form again gives (3.11), thus (3.8) is proved. With this result, to prove (3.9), let us find the
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optimal bulk-shrinker for the SVLET estimator as

lim
m→∞

fβ+(X̃) =
r∗∑

i=1

φ∞
k (σ̃i)a

∞
k,opt

= Φ∞a∞
opt

= Φ∞(M∞)−1c∞

= Φ∞(M∞)−1Φ∞T

f∗β+

= f∗β+ (Since, Φ∞(M∞)−1Φ∞T

= In)

This completes the proof.

In the following, we will empirically show the asymptotic optimality by observing the close-

ness of the SVLET to the OptShrink estimator.

3.3 Results and discussion

In this section, we empirically evaluate the performance of the proposed SVLET for matrix

estimation through simulations. We compare its performance with some of the recently pro-

posed shrinkage estimators. The empirical evaluation is primarily done on artificially generated

matrices of different ranks. For that, an r-rank signal matrix is generated as X = LR
T

where

L and R are, respectively, m× r and n× r random matrices whose entries are independently

drawn from zero mean unit variance Gaussian distribution. To obtain the corresponding obser-

vation matrix X̃, we add zero mean white Gaussian noise (WGN) of known variances to each

element of X. Denoising is then performed on this observation matrix and the performance is

measured in terms of the normalized MSE given as

NMSE =
1

P

P∑

p=1

‖X̂(p)
F −X(p)‖2Frob
‖X(p)‖2Frob

(3.14)

where P is the number of realizations. All the performances reported are averaged over 10

noise realizations, i.e., P = 10.

3.3.1 Selection of parameters

Before comparing the SVLET with existing methods, we examine the effects of its two fixed

parameters C and K on denoising performance. For that, we generate the signal matrix of size

50× 50 with 1 ≤ r ≤ 50 as discussed above and add noise to it at various signal-to-noise ratio
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Figure 3.1: Comparison of existing singular value shrinkage functions. A typical example of (a)
asymptotically optimal bulk-shrinkage function [1], (b) ATN [2] (µ1 = 2.2, µ2 = 5), (c) SVLT [3] (a =

0.8, b = 2.2, c = 0.1), and (d) proposed SVLET shrinkage functions (a = [1, −1]
T

, K = 2, T = 3τ)
plotted with SVHT (µ = 2.18) and SVST (µ = 1.98). The values in the braces are the parameters of
corresponding shrinkage function.
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Figure 3.2: Effect of the parameters of the proposed SVLET shrinkage estimator on the denoising
performance. Effect on the NMSE of varying (a) C and (b) K. In each case, the averaged NMSE
computed over all possible ranks of the underlying clean matrix is reported.
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Figure 3.3: Comparison of average denoising performance of the proposed SVLET estimator with
the OptShrink and other estimators for different ranks of 50 × 50 matrix corrupted by AWGN at (a)
SNR = 0.5, (b) SNR = 1.0, (c) SNR = 2.0, and (d) SNR = 4.0.
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Figure 3.4: Comparison of average denoising performance of the proposed SVLET estimator with
SURE based contrast estimators for different ranks of 50×50 matrix corrupted by AWGN at (a) SNR
= 0.5, (b) SNR = 1.0, (c) SNR = 1.5, and (d) SNR = 2.0.
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(SNR) ranging from 0.5-4.0 to obtain the observation matrix. The SVLET with different values

of C and K is employed for denoising. In Figure 3.2(a), the NMSE, averaged over all ranks

and 1 ≤ K ≤ 5, is plotted against different values of C. In Figure 3.2(b), the normalized MSE,

averaged over all ranks and 1 ≤ C ≤ 20, is plotted for 1 ≤ K ≤ 5. We see that increasing the

value of K beyond 2 does not help much. The rationale behind this behavior is the sufficient

adaptation of shrinkage function in capturing the singular value profile of the original signal

matrix by the parameter a only. Hence, the choice C = 10 and K = 2 are fair enough to be

fixed in the rest of the experiments in this chapter.

3.3.2 Matrix denoising performance

In the following, the denoising performance of the SVLET is compared with state-of-the-art

methods using the artificially generated data set as discussed above.

3.3.2.1 Comparison with RMT based methods

The denoising performance of the SVLET is compared with that of the asymptotic estimators

proposed in [1, 21] for SNR = 0.5, 1.0, 2.0, and 4.0. As the RMT based methods are cali-

brated for standard deviation τ = 1/
√
n of noise in asymptotic setting, we adjust the scale of

given observed matrix before applying these estimator. Thus, the final estimate is obtained as

√
nτX̂∗

β+
(X̃/(

√
nτ)). For the SVHT, the optimal value of hard-threshold is µ∗ = 4/

√
3 and for

the SVST, we take µ∗ = (1 +
√
β) as suggested in [1].

Figure 3.3 compares the NMSE of the proposed SVLET with that of the existing estimators.

Form Figure 3.3(a)-(d), it can be seen that for comparatively lower ranks, where the asymptotic

conditions hold, the performance of the SVLET and the OptShrink coincide, as expected from

Theorem 3.2.1. As the rank increases the SVLET dominates over the RMT-based shrinkage

estimators, at all SNR levels. At low SNR, the SVLET performs better than the SVHT and

the SVST, even at very low ranks. This is because, the SVLET does not make any assumption

about the rank of underlying signal matrix. The overall improved performance by the SVLET

can be attributed to its better adaptability to the SV structure of the underlying signal matrix

and corrupting noise.
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3.3.2.2 Comparison with SURE based methods

Figure 3.4 compares the SVLET with SURE based state-of-the-art shrinkage estimators for

SNR = 0.5, 1.0, 1.5, and 2.0. For the SVST, the optimal soft-threshold value µ is searched at

100 equally spaced grid points. For the ATN and the SVLT, the optimal values of parameters

are obtained by minimizing SURE, in the range given in Table 3.1. From Figure 3.4(a), it is

clear that the SVLET outperforms all the methods, especially when the rank of underlying

signal matrix is large and the noise level is high. Figures 3.4(b), 3.4(c) and 3.4(d) show that

the NMSE of the SVLET is coinciding with the ATN and the SVLT. This shows that it as

good as both of these in low noise cases.

All the methods are implemented in MATLAB 8.3 (R2014a), running on Intel R© i3 processor

with Window 8.1 (8 GB RAM) machine. Although CPU time is not a standard measure of

computational cost, we use it to roughly compare the execution-time of the SVLET with other

methods. In this setup, the average execution-time for denoising a 50× 50 matrix is compared

in Table 3.1 for different methods. Note that, as the number of parameters increases the

execution-time also increases. The SVLET is the fastest one as it solves the system of linear

equation for determining the optimal value of data dependent parameters.

Table 3.1: Comparison of the execution time of different methods for estimating a 50× 50 matrix.

Method Parameter (Value/Range) Complexity Order Time (in sec.)

SVST µ ∈ (0, 0.5σ̃1) O(m2 ¯̄µ) 0.10

ATN
µ ∈ (0, 0.5σ̃1), O(m2 ¯̄µ¯̄γ) 0.35
γ ∈ [1, 20]

SVLT
p1 = 100,

O(m2n ¯̄p3) 0.50p2 ∈ [1, n],
p3 ∈ (0, 0.5σ̃1)

SVLET aopt, C = 10, K = 2 O(m2K3) 0.04

3.4 Summary

In this chapter, we proposed a matrix estimation method by the adaptive shrinkage of its SVs

and showed its efficacy in recovering matrices of arbitrary ranks from their noisy observations.

Unlike the existing methods, which select the optimal shrinkage parameters by exhaustive
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search, the proposed method finds one shot solution for the optimal parameters, thereby re-

ducing the computational complexity drastically. The main contribution of the current work

is in the proposition of a fast and adaptive shrinkage of the SVs based on the linear expansion

of conventional SV thresholding. We have theoretically shown that the proposed method is

optimal in an asymptotic framework, if restricted to be a bulk-shrinker, as it achieves the true

mean-square error and results in asymptotically optimal estimators obtained using the tools

from random matrix theory. Its denoising performance is as good as the asymptotically optimal

estimators when the rank of underlying signal matrix is very low, whereas it performs signifi-

cantly better than the state-of-the-art methods if the rank of underlying signal matrix and the

level of noise are both high. Applications of the proposed shrinkage estimator in real-time data

such as in the denoising of natural image and other signals are the course of investigation in

the following chapters.
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4. Application to ECG Denoising

ECG signal is one of the most popular diagnostic means which provides an electrical picture of

the heart and information about different pathological conditions. These signals originate from

the heart and pass through the tissues with different characteristics to reach up to the several

recording leads placed on the skin of the subject. Owing to path deformities and external

electrical disturbances, the recorded ECG signals become noisy. The disturbances that affect

the recorded ECG signals include baseline wander, power-line interference, and muscle noise. In

recent years, the biotelemetry has become a dominant means of monitoring the cardiac condition

of ambulatory patients [71,72]. Also, to detect arrhythmias and cardiac abnormalities, wireless

ambulatory ECG recording is now routinely used [73]. In such cases, the ECG data are sent to

the remote locations where it can be better analyzed by clinicians/specialists. In the process

of transmission, the ECG signals get corrupted by the underlying channel (wired or wireless)

noise. Thus, for correct diagnosis and/or assessment of the cardiac disease, the removal of

channel noise from such ambulatory ECG recording is considered essential.

A number of methods have been proposed for ECG signal denoising in the literature [74–79].

Among those methods, the ones based on the hard-thresholding of discrete wavelet trans-

form (DWT) coefficients [75, 79, 80] and the methods based on empirical mode decomposition

(EMD) [74, 78] have emerged as two popular groups. In the former group, the denoising is

achieved by the truncation of the lower magnitude DWT coefficients of the noisy ECG signal

followed by the inverse DWT. In the latter group, the first few intrinsic mode functions (IMFs)

of the noisy ECG signal are discarded to achieve the denoising as they account for the high

frequency variations (i.e., noise) present in the signal. However, this process is reported to

distorts the QRS complexes. In [81], the authors attempted to preserve the portions of first few

IMFs those correspond to the QRS complexes by means of a Tukey window. In [82], a hybrid

EMD-wavelet method that combines the windowed EMD with wavelet soft-thresholding has

been proposed to further improve the denoising performance.

The nonlocal means (NLM) method [83] is a very successful image denoising method. The

NLM method assumes that the underlying noise-free image has several pixels with similar

neighborhood. It has been applied for ECG signal denoising in [84] and is shown to outperform

the hybrid EMD-wavelet method for a number of ECG signals. In normal cases, the ECG

signals are almost structurally repetitive and thus their samples possess the redundancy. In one-
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dimensional (1D) NLM denoising proposed in [84], the estimates of the underlying clean signal

samples are obtained by the weighted averaging of the samples having similar neighborhoods.

The applied weighting is proportional to the similarity in the neighborhood and independent of

the temporal location of the samples. As a result, the samples with quite similar neighborhoods

are given higher weights whereas lower weights are assigned to the samples with dissimilar

neighborhoods. Thus, the method directly exploits the nonlocal similarity present in the signal.

The NLM method uses a sample-based approach in which each sample is estimated inde-

pendently. In other words, the estimate of a sample at one location does not contribute to

the estimation of other samples even if those are in close proximity. The nonlinear filtering

methods like the shrinkage of the DWT coefficients instead rely on the inherent sparsity of

the clean signal in the transform domain. However, the DWT shrinkage based methods could

not exploit the nonlocal redundancy present in the signal. On combining the transform based

approach and the block-based NLM approach, their relative advantages can be exploited. The

similar idea has already been explored for image denoising [85–87] but is yet to be explored for

1D biomedical signals like ECG, EEG, etc. In this chapter, we propose eight ECG denoising

methods which exploit the local as well as the nonlocal similarity in the signal. In the pro-

posed methods, the similar blocks of ECG samples are estimated in a collaborative manner.

Specifically, for a given reference block of noisy ECG signal, similar blocks are collected from

the same signal. These are then grouped together as the columns to form a matrix called

similarity data matrix (SDM) [88]. Having formed such matrices corresponding to each of the

reference blocks, these are then subjected to the matrix/image denoising methods for removing

the noise. These denoising methods can be divided into two categories. The method in the first

category denoises these SDMs using hard-thresholding of the DWT coefficients, thus exploiting

the sparsity of the ECG in nonlocal wavelet transform (NLWT) domain. The methods in the

second category make use of the spectral estimators discussed in previous chapters to denoise

the matrices. Hence, the noise suppression is achieved by exploiting the sparsity of the ECG

signals in nonlocal data-dependent transform domain. With highly overlapped blocks grouped

together and for allowing a block to appear in multiple groups, several estimates for a sample

are obtained. The final estimate of the ECG signal is found by averaging these estimates; thus

further reduction in the additive noise is achieved. For experimental evaluation, the ECG data
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from the MIT-BIH Arrythmia corpus and the PTB Diagnostic corpus are used. The proposed

approaches are noted to yield better ECG denoising performances when contrasted with the

state-of-the-art method at various noise levels.

4.1 Non-local filtering for ECG denoising

ECG signal denoising addresses the recovery of the ECG signal from its noisy observation given

the partial knowledge about the corrupting noise. For simplicity, the additive white Gaussian

noise (AWGN) is commonly used to model the noise in ECG. The observed ECG signal follows

the data model given as

ỹ[t] = y[t] + ȳ[t], t = 1, 2, . . . , N (4.1)

where y[t] is the sample of underlying noise-free ECG and ȳ(t) is the zero mean WGN sample

with variance τ 2. Natural signals, including the ECG, exhibit correlation among their samples

and this permits their sparse representation in a suitable domain. On the contrary, WGN

samples are uncorrelated and do not yield a sparse representation in that domain. Hence, on

applying the sparsifying transforms on the noisy signals the underlying noise-free signal can be

recovered. Also, the higher is the correlation, the better is the sparsity of a signal, and hence the

better is the removal of noise. Traditionally, the correlation present in the signal is exploited for

denoising by averaging the neighboring samples. The NLM approach extended these concepts

beyond the neighbourhood support of the sample of interest, and therefore received a lot of

attention in signal restoration tasks.

In NLM method, the estimate of the tth sample is found by weighted averaging of the

samples with similar local neighborhood within a search window S(t). As defined in [84], the

estimated sample is given as

ŷ[t] =
1

Z(t)

∑

q∈S(t)

w(t, q)ỹ[q] (4.2)

where w(t, q) is the weight of the qth neighboring sample of the tth sample and Z(t) =
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∑
q w(t, q). Motivated by [89], in [84] the weight w(t, q) is computed as

w(t, q) = exp

{
−
∑

l∈∆(ỹ[t + l]− ỹ[t + l])2

2L∆ν2

}

= exp

{
−d

2(ỹ[t], ỹ[q])

2L∆ν2

}
(4.3)

where ν is the bandwidth parameter, ∆ represents the neighborhood containing L∆ samples

surrounding the sample of interest. The term d2(·, ·) denotes the squared Euclidean distance

between the set of chosen samples as the measure of similarity of their neighborhoods. The

same procedure is repeated for each sample and finally we get the denoised signal.

In the NLM method, the samples of the clean ECG signal with similar neighborhoods are

assumed to be quite close in value. On averaging the samples from similar neighbourhood, the

signal can be denoised if the noise is zero mean IID. The assumption that the samples being

averaged are of closely similar values in the clean signal may not be reasonable for the QRS

complex feature present in the ECG signals. Further, the similar samples of the underlying

noise-free signal, those should have been assigned higher weights, are assigned lower weights

due to their dissimilar neighborhoods in the noisy signal. Both of these artifacts may lead to

erroneous estimate of underlying noise-free ECG signal. Also, in the NLM method, the estimate

of a sample does not contribute in the estimation of even the nearby samples. In the following,

we discuss how the proposed methods address these problems.

4.2 Proposed ECG denoising method

The proposed ECG denoising approach differs from the existing NLM method in two aspects:

the block-based processing and the transform domain collaborative filtering. In the block-based

processing, a block of samples is estimated instead of the individual samples. As the successive

blocks are kept overlapping, multiple estimates are produced for a sample. These estimates are

then averaged to find the final estimate. This averaging adds an extra layer of smoothing which

helps in addressing the problem of inappropriate weights assigned to the samples as mentioned

above in the context of the NLM method. Further, the intra-block correlations are not explicitly

used in the NLM method. In the proposed methods, the shrinkage is applied to the transform

coefficients of the SDMs which consist of the similar ECG blocks in their columns. In fact,
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the columns of the SDMs are the blocks centered at the samples those are weighted averaged

for estimating a sample at the center of reference block in the NLM method. However, in the

shrinkage of the transform coefficients based noise removal methods, many averaging modes in

addition to the the weighted averaging are inherently considered. For example, in case of the

Haar wavelet, the approximation coefficient accounts for the weighted average whereas the detail

coefficients contain the high frequency information. Thus, it has been one of the most simple

yet effective denoising methods in image processing that exploits the inter-row and the inter-

column correlations. Hence, we intend to use the shrinkage based estimation for ECG signal

denoising. Further, the choice of transforms and the way their coefficients need to be shrunk

for better denoising of ECG signals are the course of our extensive study in this chapter. The

proposed 2D-filtering approach to ECG denoising consists of three steps: the SDM extraction,

the SDM denoising, and the aggregation. In the first step, the SDM corresponding to each of

the reference blocks are formed by searching the similar blocks in a given search neighborhood.

In the second step, each of these SDMs is denoised by the shrinkage of its transform coefficients

(or SVs in the case of learned basis transform). In the last step, the blocks from these denoised

SDMs are then returned to their original location yielding the final denoised signal. The overall

block diagram of the proposed methods is shown in Figure 4.1. Further details about the steps

of the proposed methods are discussed below.

4.2.1 SDM extraction

The SDM extraction step starts with selecting all the possible reference blocks of sizem samples.

As the denoised image is to be obtained by tiling the denoised version of these blocks, an overlap

between the successive reference blocks is maintained to avoid any blocking artifact. Let us

parameterize this overlap by κ where 1 ≤ κ < m. For an ECG signal of N samples, the total

number of SDMs turns out to be 1+ ⌊N−m
κ

⌋, where ⌊·⌋ denotes the floor function. Further, the

similar blocks within a search window of size M centered at the center of the reference blocks

are found and then these blocks are arranged as columns of the corresponding SDM. Thus, for

each reference block we get an SDM with similar columns.

Consider a block of noisy ECG signal ỹt = [ỹ[t − (m − 1)/2] . . . ỹ[t] . . . ỹ[t + (m − 1)/2]]
T

centered at the tth sample. Let us denote a set containing the center indices of blocks similar
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Figure 4.1: Block diagram of the proposed NLWT method. The blocks of samples that are marked
in same colors are similar and grouped in an SDM.
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Figure 4.2: Illustration of an SDM extracted from (a) a noisy ECG signal, and its denoised versions
(b) estimated by the NLWT, and (c) estimated by the SVLET.

to the ỹt by Ωt = {q ∈ Z
+ | d(ỹt, ỹq) ≤ τǫ}, where τ is the standard deviation of noise and ǫ is

a predetermined block-matching threshold. Further, assume a binary operator Rt that forms
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an SDM denoted by X̃t containing the blocks in its columns centered at the indices pointed by

the Ωt. Thus, X̃t = Rtỹ ∈ R
m×|Ωt| where |Ωt| denotes the cardinality of Ωt. The inverse of this

operation that returns the extracted blocks to the location where they were extracted from is

denoted by R∗
t such that R∗

tRtỹt = ỹt.

The purpose of this step is to find the blocks such that their underlying noise-free counter-

parts are similar. As we do not have the direct access to the clean signal, a lighter smoothing

can be done before finding the similarity. However, such a pre-filtering involves extra computa-

tional cost. In this work, we rely on the Euclidean distance between noisy vectors as a measure

of similarity.

4.2.2 Noise filtering

Each of these SDMs can be expressed as

X̃t = Xt +Xt (4.4)

where Xt and Xt are corresponding noise-free and noise matrices. Thus, the problem of noise

suppression from 1D ECG signal is transformed into several smaller matrix denoising problems.

Note that,each of the SDMs, being the collection of similar blocks, forms a highly correlated

matrix. For illustrating this fact, an example SDM extracted from a noisy ECG signal is shown

in Figure 4.2(a). To exploit this correlation for denoising purpose, in the following, we employ

different methods including those discussed in the earlier chapters.

4.2.2.1 Denoising by thresholding of 2D DWT coefficients

The redundancy present in the SDMs can be exploited by a suitable sparsifying transform. The

two dimensional DWT (2D DWT) is one of the potential candidates for this purpose. For this,

each of the noisy SDMs is transformed into the DWT domain and then the transform coefficients

are hard-thresholded with a predetermined threshold parameter. The corresponding denoised

SDMs are then obtained by taking the inverse transform of their thresholded coefficients. The

SDM denoising procedure can be mathematically expressed as

X̂NLWT
t = W−1

(
H(W(X̃t), ht)

)
∀ t (4.5)
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where W(·) is the 2D DWT operator, W−1(·) is the inverse 2D DWT operator, and H(·, ht) is

hard-thresholding operator defined as

H(h, ht) =





h, if |h| ≥ ht

0, otherwise
(4.6)

where ht is the threshold parameter corresponding to X̃t. The hard-thresholding of the 2D

DWT transform coefficients of the noisy SDMs exploits both, inter-row (local) similarity and

inter-column (nonlocal) redundancy. On comparing Figures 4.2(a) and 4.2(b), the structural

similarity in the blocks of SDM can be seen well preserved with the proposed 2D DWT coefficient

shrinkage. The denoising method, employing such filtering of SDMs is referred to as the NLWT

in the rest of the thesis.

4.2.2.2 Denoising by singular values shrinkage estimators

In the NLWT, the noise suppression is done by the hard-thresholding of 2D DWT coefficients.

The DWT being a fixed bases transform is not an optimal sparsifying transform. To circumvent

this issue, one can use the learned bases, possibly the redundant/overcomplete, transforms for

each SDMs. However, learning the bases for each SDM is cumbersome task. The Karhunen-

Loeve transform (KLT) is well known option in such cases. The KLT bases are, however,

nothing but the principle components and hence hard-thresholding of KLT coefficients is the

SVHT discussed in Chapter 2. Here, we take the generalized path of the spectral shrinkage

estimators discussed earlier. For that, each of the SDMs is factorized using the SVD and

denoising is performed by any of the SVSEs such as the EYM, the US, the SVST, the SVLT,

the ATN, the SVLET, and the OptShrink estimators. The resulting denoising estimators are

named as per the name of these spectral estimators for the ease of reference. Specifically, the

denoised SDM using these estimators can be expressed as

X̂EYM
t =

r̂EYM∑

i=1

σ̃iũiṽ
T

i (4.7)

X̂US
t =

r̂US∑

i=1

σ̃iũiṽ
T

i (4.8)
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X̂SVST
t =

L∑

i=1

fSVST
µ (σ̃i)ũiṽ

T

i (4.9)

X̂SVLT
t =

L∑

i=1

fSVLT
ξ (σ̃i)ũiṽ

T

i (4.10)

X̂ATN
t =

L∑

i=1

fATN
µ1,µ2(σ̃i)ũiṽ

T

i (4.11)

X̂SVLET
t =

L∑

i=1

fSVLET
T,K (σ̃i)ũiṽ

T

i (4.12)

X̂OptShrink
t =

L∑

i=1

f ∗
β+(σ̃i)ũiṽ

T

i (4.13)

where X̃t =
∑L

i=1 σ̃iũiṽ
T

i and L = min(m, |Ωt|).

At the end of this step, we get a denoised version of each SDM which need to be aggregated

to obtain the final estimate of the ECG signal. In Figure 4.2(b) and (c), we show the denoised

versions of a noisy SDM by the NLWT and the SVLET methods. It can be noted that the

denoised SDM by the SVLET method is smoother than that of the NLWT method.

4.2.3 Aggregation

This is the final step in which the estimated blocks in the columns of X̂t are sent to the temporal

locations where they were extracted from as illustrated in Figure 4.1. Note that, a sample might

be present in more than one block from one or more SDMs resulting in its multiple estimates.

The weighted average of these multiple estimates is taken as the final estimate of that sample.

Thus, the estimated signal vector can be given as

ŷF =
∑

∀t

R∗
t X̂

SVSE
t

R∗
tRt

(4.14)

where F ∈ {NLWT,EYM,US, SVST, SVLT,ATN, SVLET,OptShrink}.

4.3 Selection of parameters

The denoising performance of the proposed methods is sensitive to the choice of parameters.

Those are divided into two categories based on whether they are common to all methods or

method specific. The common parameters are the block size, the search-window size, and the

overlap between successive reference blocks. The block-matching threshold, the hard-threshold
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Table 4.1: Different parameters used in the proposed NLWT algorithm, their tuning ranges, and the
optimal values.

Parameters Notation Range for tuning Optimal value

Block-size m 0.01fs − 0.1fs 20

Search-window size M 3-5 Heart beats 2000

Block-matching threshold ǫ 1− 5 % of 2m 1.2

Shrinkage threshold δ2D ±25 % of 2
√
log(m|Ωt|) 3.0

Mother wavelet - db1-45, sym2-20, coif1-5 db2

for 2D DWT, and the weight of aggregation are the parameters specific to the NLWT method.

Similarly, the SDM-size (number of similar blocks in an SDM) in all the SVSE methods, the

slope parameter in the SVLT, and the order of linearization as well as the transition parameter

in the SVLET are the method specific parameters. All of these parameters need to be properly

selected for an optimal performance. The set of values of these parameters that produce the

best results are generally chosen. However, while searching for the optimal parameter value,

their physical significance has to be considered. In the following, we discuss how the various

parameters of the proposed methods are fixed.

4.3.1 Block size and overlap

The block size m denotes the number of samples in a block. It should be large enough to

capture the feature of interest in the signal. However, a very large value of m would create

bigger blocks with reduced chances of match being found within a search window. A very small

m would result in a large number of blocks which in turn lead to erroneous grouping of the

blocks as well as increased overall complexity. We believe that the QRS complexes as a whole

have lower chance of finding a good match in the signal than their smaller portions. Usually,

the duration of the QRS complexes, in a normal sinus rhythm, lies between 0.06− 0.1 second.

Based on that, for a signal sampled at a rate of fs Hz, the appropriate block size is searched

within the range of 0.01fs − 0.1fs. Also, the overlap parameter κ depends on the block size.

For a trade-off between performance and complexity, the overlap between successive reference
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blocks is kept as approximately 50 % in our experiments, i.e., κ = (m− 1)/2.

4.3.2 Search window

The most trivial way is to search for the similar blocks over the entire length of signal but to

reduce the complexity it is restricted within a window of lengthM samples. For a smaller value

of M only the local-search is done while a larger value of M leads to the increased complexity.

Hence, a moderate value of M is chosen so as to include multiple heartbeats allowing multiple

QRS complexes, P-waves, and T-waves with potentially similar characteristics.

4.3.3 Block matching threshold and SDM size

The matching threshold is one of the most sensitive parameters of the proposed method as it

controls the number of similar columns in an SDM (i.e., its size). It should be properly selected

so that several blocks with similar features can be incorporated in an SDM. For a smaller

values of ǫ no similarity for a reference block is found in the signal, leading to a single column

SDM which makes the whole effort futile. A larger value of ǫ allows the dissimilar blocks being

grouped in the SDMs and would lead to smoothing of the diagnostic features. For the ECG

signal normalized to ±1 mV, the range distance between two blocks of size m can not exceed

2m. In the proposed method, the value of this parameter is heuristically searched in range

0 - 2m. In SVSE, this parameter is loosen so as to keep the size of all the SDMs greater than

or equal to the block size, i.e., |Ωt| ≥ m. This is done to meet the requirement of the spectral

estimators used to denoise the SDMs in the proposed SVSE methods. However, such a setting

has adverse effect on denoising performance in case of the proposed NLWT as it uses the fixed

DWT bases and non-adaptive thresholding for the denoising of SDMs.

4.3.3.1 Hard-threshold for NLWT

The shrinkage threshold ht is a parameter which directly affects the denoising performance of

the NLWT. It should be proportional to the noise standard deviation τ so that the amount

of shrinkage can be decided according to the strength of noise present in the signal. We set

ht = δtτ , where constant δt > 0 controls the smoothing. It can be obtained by the VisuShrink

soft-thresholding formula [90,91] given as δt =
√
2 logm|Ωt|. In practice, we keep δt = δ2D and
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experimentally chose a single best performing value of δ2D for all SDM instead of tuning it for

each of them, separately.

4.3.4 Order of linearization and transition parameter of the SVLET

The integer parameter K determines the order of linearization of the SVLET that controls the

flexibility of the shrinkage function. Increasing the value of K increases the flexibility but at the

cost of increased complexity in the shape of shrinkage function. As a result, the corresponding

SURE needs a larger number of similar columns in the SDMs to learn the shrinkage parameter

vector a (refer to (3.1)) to adapt the SVLET well to the data. Increasing the range of K is

prohibitive, thus, it is searched in the range 1 ≤ K ≤ 5. The value of parameter T = Cτ

with C > 0 controls the transition region between the SVs to be preserved and the SVs to

be truncated and hence is important for denoising. Like the synthetic example in Chapter 3,

the optimal value of the parameter C can also be experimentally determined for ECG signal

denoising.

4.4 Experimental results

The performance of the proposed method is evaluated on the MIT-BIH arrhythmia database [92]

and the PTB diagnostic database [93] taken from the Physionet [94] data bank. The former

database is used to compare the performance with the existing techniques in general whereas

the latter is used to verify the performance of the proposed method on ECG signals with known

pathology. Some of the channels of these raw ECG signals in these databases contain different

kinds of noise such as baseline wander, 50 Hz power line, and other high frequency noises.

For quantitative evaluation, the denoising methods need the noise-free signal. This is why the

following preprocessing on the raw signals is done to obtain the test signals for our experiments.

At first, the baseline wander noise is removed by subtracting the lower frequency components

from the raw signal. Then, the notch filter is applied to remove the 50 Hz power-line noise. At

last, a finite impulse response low-pass filter (FIR-LPF) is used to remove any high frequency

noise.
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4.4.1 Performance measures

To be consistent with the works reported in [84], we also chose following performance mea-

sures for the quantitative assessment.

Signal-to-noise-ratio improvement (SNRimp):

SNRimp = 10 log

∑N
t=1(ỹ[t]− y[t])2

∑N
t=1(ŷ

F[t]− y[t])2
(4.15)

Mean square error (MSE):

MSE =
1

N

N∑

i=1

(ŷF[i]− y[i])2 (4.16)

Percent root mean square difference (PRD):

PRD = 100

√
MSE

1
N

∑N
i=1 y

2[i]
(4.17)

In the above equations, ŷ[t] is the observed noisy ECG signal and y[t] is corresponding noise-free

ECG signal. Note that,a better denoising method has a higher SNRimp, a lower MSE, and a

lower PRD.

4.4.2 Evaluation on MIT-BIH Physionet database

The web-source1 contains the ECG signals described by three categories of files: a binary

annotation file (.atr), a binary data file (.dat), and a header file (.hea). The header file contains

the information about recording environments, such as sampling frequency, patient history, and

the format of the signal in the corresponding data file. This data base contains a number of

single-channel ECG signal recording digitized at 360 samples per second per channels. The

bit resolutions of the stored digitized signals are 11-bits over 10 millivolts (mV). However, we

have normalized the signals to maximum amplitude of 1 mV for convenience. To evaluate

the denoising methods, the noisy ECG signals are artificially generated by adding the WGN

of chosen signal-to-noise ratio (SNR) levels to the preprocessed test signals taken from this

database. These noisy ECG signals are then denoised by different methods assuming the

standard-deviation τ of the noise to be knownn. The different tunable parameters involved in

the proposed methods are tuned on the signal number 100. It is a normal sinus rhythm and

1https://www.physionet.org/physiobank/database/mitdb/
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was also chosen to tune the parameters of NLM method in [84]. Tuning is done by varying

the parameters within the suggested range given in the third column of Table 4.1 to minimize

the MSE and their optimal values are put in the fourth column. For instance, the optimal

value of parameter m is found to be 20. For a given m, M is varied from 500 to 5000 samples

and M = 2000 is found to be the best choice. Similarly, the block matching threshold ǫ is

found to be 1.5. In case of the NLWT, the different mother wavelet families such as Daubechies

(db), Symlets (sym), and Coiflets (coif) have been tried. On an average, the Haar wavelet

(db2) is found to the best performing. With these parameter values, the denoising parameter

δ2D is experimentally selected by varying it about 2
√
logm2 = 3.23. Figure 4.3(a) shows the

sensitivity of denoising performance, in terms of the MSE, to this parameter. We see that

δ2D = 3 can be taken as the optimal value.

Similarly, the fixed parameters of the SVSE methods are also tuned on the same test signal.

For this, the size of the SDM is kept equal to the block-size while setting the block-matching

threshold ǫ to a sufficiently large value. The parameters C and K of the SVLET is determined

experimentally. Figures 4.3(b) and 4.3(c) show the plot of the normalized MSE for the different

values C and K, respectively. Clearly, C = 5 and K = 2 can be selected as the best performing

values. Rest of the parameters are kept same as in the NLWT. Though, the parameters are

tuned by minimizing the MSE, we observed that on an average the parameters selected as above

give the minimum PRD and the maximum SNRimp for the chosen data set.

To evaluate the denoising performance with the parameters selected above, we have chosen

different realizations of the noise at different SNR levels. The denoising is then performed on

the noisy ECG by the proposed and a few chosen contrast methods. The performances, in terms

of above metrics, averaged over different realizations are compared. Here, only the performance

on the signals numbered as 100, 103, 104, 105, 106, 115, and 215 is reported. The performances

of the different methods on these signals, at 20 dB noise level, are given in Figure 4.4.

The performances averaged over the different signals of the chosen data set, at different

noise levels are shown in Figure 4.5.

Note that,the existing NLM method, which is considered to be the state-of-the-art ECG

denoising method, is outperformed by the proposed methods in all three performance metrics

and at all SNR levels. The NLWT method performs consistently better than the NLM. It also
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Figure 4.3: Illustration of parameter tuning in the NLWT and in the SVLET. The plots showing
the variation of normalized MSE (NMSE) at different noise levels with respect to parameters (a) δ2D,
(b) C, and (c) K.
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Figure 4.4: Comparison of the denoising performances of the proposed methods along with those of
a few existing methods at 20dB noise level in terms of (a) SNR improvement, (b) mean squares error,
and (c) PRD measures. In each case, the performance averaged over all the 12-leads of the ECG signal
chosen from MIT-BIH database, is reported.
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Figure 4.5: The impact of noise level on the denoising performances of the proposed methods along
with those of a few existing methods measured separately in terms of (a) MSE, (b) PRD, and (c) SNR
improvement.

Figure 4.6: Illustration of a typical ECG signal showing its different features. Courtesy:
www.wikidata.org
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performs better than the SVSE methods in high noise cases, however it is inferior in case of

low-noise. Among the SVSE methods, the SVLET and the OptShrink methods are quite close

and they are the best performing methods.

The biomedical signals contain a number of diagnostic features which have to be visually

inspected by the medical practitioners. A typical ECG signal, as shown in Figure 4.6, have

various attributes that consist diagnostically relevant features. Hence, it is of prime importance

to preserve those features. The important diagnostic features of an ECG signals are P-waves,

QRS complexes, T-waves, U-waves, and their intervals. In denoising, these features usually

undergo smoothing, thus affecting the diagnostic accuracy. Figure 4.7 shows the denoising

performance of the NLM and the proposed methods for a signal number 100 at 10 dB noise

level. On comparing with the noise-free signal, it can be seen that the signal denoised by the

all the proposed methods better resembles the clean signal, than the noisy signal itself.

4.4.3 Evaluation on PTB Diagnostic database

This database contains the multi-channel ECG recorded on different patients with the known

pathology. Each record in this database contains 15 simultaneously measured signals (12 con-

ventional and 3 frank leads). From this data set, signals recorded on patients suffering from six

different diseases are chosen. For each disease two signals are considered for the performance

evaluation. To show the effectiveness of the proposed methods on these ECG signals, denoising

is performed on all the leads of the chosen signals. As the sampling frequency of signals in this

database is 1000 Hz, that differs from the MIT-BIH database, the parameters are accordingly

adjusted. The block-size m = 40, the search-window size M = 4000, and matching threshold

ǫ = 1.8 are found to be optimal for this data set. The rest of the parameters are kept fixed

as in the previous case. The parameters for the NLM method is also optimized in a similar

way for fair comparison. For the different ECG signals with known pathology corrupted with

20 dB noise, the quantitative denoising performances are shown in Figure 4.8. The pathologies

of the chosen signals are given in Table 4.2. The performance reported are averaged over all

the 12 leads of a record. Note that, the NLWT method has consistently outperformed the

NLM method for all the pathological ECG signals considered. However, the OptShrink per-

forms better than the contrast methods and the proposed SVLET being quite close to it. For
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Figure 4.7: Qualitative performance comparison of the proposed methods with the contrast method
on the noisy ECG corresponding to the noise-free ECG signal numbered as 215 from MIT-BIH Arry-
thmia database.

qualitative evaluation, the denoising on a signals from the chosen data set with the pathology

myocardial infarction (MI) is shown in Figure 4.9. The diagnostically important feature for

such disease is the ST-segment depression. Note that, the proposed methods preserved the

depressed ST-segments as good as the NLM method.

4.5 Discussion

The proposed methods are based on the reasonable assumption that the underlying clean signal

has several similar blocks of samples. The blocks with smaller amplitudes obtain more similar

blocks than the higher ones, due to the lower dynamic range and the nature of ECG signals.
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Figure 4.8: Comparison of the denoising performance of the proposed methods and the existing
method averaged over all the channels of the chosen ECG signals at 20dB noise level.

The averaging is not able to remove the noise from the higher amplitude regions and hence

the NLM method is found to suffer from the rare patch effect. The same trend is also noticed

in the NLWT method, but this effect is less prominent because denoising is done in the 2D

DWT domain. Further, this effect becomes insignificant in case of the SVSE methods. The

rationale behind this is the sufficient adaptation of the shrinkage function according to the

number of available similar patches and local statistics of the data. This makes the SVSE
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Table 4.2: Pathologies known for the signals used in experiment reported in Figure 4.8.

Abnormality Record Id in the database
Cardiac dysrhythmia s0032 rem, s0207 rem
Myocarditis s0508 rem, s0510 rem
Bundle branch block s0430 rem, s0035 rem
Myocardial infraction s0354lrem, s0370lrem
Valvular heart disease s0003 rem, s0012 rem
Ventricular hypertrophy s0432 rem, s0390lrem
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Figure 4.9: Illustration of preservation of the depressed ST-segments while denoising the lead-I of
the signal number s0354lrem derived from the PTB diagnostic database.

denoising methods better performing as compared to the contrast methods. Among these,

the EYM and the US methods perform quite closely whereas the SVST method outperform

these two. This proves that the nuclear norm minimization performs better than the low-rank
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minimization for ECG denoising. Moreover, the SVLT and the ATN perform quite closely but

better than the above methods, thanks to the better shrinkage function employed in them. The

SVLET and the RMT based OptShrink estimators perform closely in terms of the MSE and the

PRD while in terms of the SNR improvement, the latter performs better than the former. This

could be because of the asymptotic assumptions made in the RMT based shrinkage method

are sufficiently met in SDM due its inherent low-rankness. The SVLET as shown in Chapter 3

turns out to be near optimal in case of asymptotic case and hence is able to perform quite

closely with the RMT based optimal shrinkage method.

Table 4.3: Comparison of the execution time of different denoising methods for estimating an ECG
signal of length N = 10, 000 samples. For all methods employing collaborative filtering, the SDM
extraction time of 30 seconds has been shown separately.

Methods Time (in sec.)

NLM 10.8
NLWT 30 + 7.6
EYM 30 + 8.4

US 30 + 7.5
SVST 30 + 12.8
SVLT 30 + 57.2
ATN 30 + 18.2

SVLET 30 + 2.3
OptShrink 30 + 2.2

Algorithms are implemented in MATLAB 7.14 on a 64-bit 3.20 GHz Intel R© Core i5-3470

computer with 8 GB RAM. The execution time for denoising an ECG signal of length 10, 000

samples is compared in Table 4.3. The NLM method does not need any block-matching hence

it turns out to be the fastest method. Both the EYM and the US methods search the best rank

of underlying noise-free SDMs and hence take quite comparable time. The number of tunable

parameters in the SVST, the ATN and the SVLT methods happens to be 1, 2 and 3, respectively.

Each of them is tuned by minimizing SURE as discussed in Chapter 2 and hence takes the time

accordingly. As the OptShrink needs not to tune any parameter, it turns out to be the fastest

one among the proposed methods. The SVLET being a linearized approximation of the above

shrinkage estimators, takes very less time as compared to the non-asymptotic SURE based

estimators while being quite comparable to the OptShrink in terms of the execution time.

The proposed methods target only the white Gaussian noise removal from ECG signals.

However, at the time of recording, the ECG signals are mostly corrupted by non-Gaussian
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or structured noise caused by motion or muscle activity and other external interferences. To

remove such interference noises, several methods have been proposed. To name a few, recently in

[95], an adaptive filtering framework is proposed to reduce the muscle and baseline wander noise

from the brain signals. The same author, in [96], proposed an artificial neural network based

denoising method for ECG signal denoising. To address different kinds of interference noises,

the proposed methods can be combined with these methods. But in case of ambulatory tele-

monitoring, ECG signals are most likely to be corrupted by channel noise which is commonly

modeled as the additive white Gaussian noise. Hence, the proposed methods find a relevant

scope of application.

4.6 Summary

This chapter evaluated the proposed SVLT and SVLET shrinkage methods for ECG signal

denoising by exploiting the local and nonlocal redundancy present in the signal. On comparing

with the state-of-the-art NLM method [84], the proposed methods are found to give better

performance in terms of a number of performance measures. All ECG denoising methods using

the shrinkage of SVs are novel contributions of this chapter. It is also highlighted that the

proposed methods are able to preserve the diagnostic features in the signal much better than

the existing algorithm. Among the proposed methods, the asymptotic optimal estimator is the

fastest and the best performing, hence we finally suggest it for ECG signal denoising. At the

same time, it is also emphasized that the proposed SVLET shrinkage maintains the performance

quite comparable to the OptShrink estimator, hance it can also be used in such applications

without any loss of diagnostic information.

69
TH-1771_11610213



4. Application to ECG Denoising

70
TH-1771_11610213



5
Application to Image Denoising

Contents
5.1 Image denoising by collaborative filtering . . . . . . . . . . . . . . . 73

5.2 Proposed methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.3 Experimental set-up and parameter tuning . . . . . . . . . . . . . . 82

5.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

71
TH-1771_11610213
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In Chapter 4, we evaluated the proposed shrinkage estimators for ECG signal denoising. In

order to employ the matrix denoising methods to one dimensional (1D) ECG signals, we artifi-

cially created similarity data matrix (SDM) containing the similar blocks of the noisy ECG and

denoising was performed on these matrices. Thus, 1D noisy signal was transformed into several

2D SDMs. On the contrary, the digital images are 2D signals which can be directly considered

as the data matrices. Hence, it is natural to evaluate the proposed matrix denoising methods

on images. However, applying the matrix denoising methods on the whole images was not

found to be effective. Since a significant amount of signal details also get suppressed along with

the noise, it leads to degraded denoising performance. The possible reason for this lies in the

entire rows/columns of an image not being highly correlated. As a result, a slight shrinkage or

truncation causes the loss of important information of the signal. Moreover, the dimensionality

of the image makes the computational load of the matrix shrinkage based denoising process

highly restrictive. As a possible solution to these problems, one can explore applying the matrix

denoising methods on the small image patches (2D blocks), separately. This approach not only

exploits the inter-patch correlation but also reduces the computational burden substantially.

In recent times, a number of image denoising methods have been proposed by exploiting the

inter-patch correlations in a CF framework. In this chapter, we also choose the said framework

for applying the matrix denoising methods for image denoising. Specifically, we form the SDMs

from a given noisy image by grouping the similar vectorized image patches and then denoise each

of these SDMs, separately. This process is almost similar to the ECG signal denoising, except

that the collaborative filtering is iterated a couple of times before we get the final denoised

image. The performance of the proposed SV shrinkage based image denoising methods are

compared with the contrast methods and found to be quite competing with the current state-

of-the-art image denoising methods. In addition, we also compare the denoising performance of

the proposed shrinkage methods with that of the contrast methods considering the given image

and its small overlapping patches as the data matrices, separately. The experiments show the

better denoising performance by the proposed shrinkage methods in both the cases.
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5.1 Image denoising by collaborative filtering

The image denoising problem has attracted a lot of attention in past and a number of meth-

ods have been reported in the literature. These methods can be broadly classified into two

categories: (1) the spatial domain methods [83, 97–99] and (2) the transform domain meth-

ods [90, 100–104]. In spatial domain methods, the noise suppression is achieved by averaging

the neighboring pixels with proper weights. In transform domain methods, the same is achieved

by the thresholding of transform coefficients. Among the spatial domain methods, the non-local

means (NLM) methods [83] that takes the weighted average of the pixels with similar neigh-

borhood as a pixel estimate can be considered as the most effective one. Among the transform

domain methods, the approach employing the adaptive thresholding of the 2D DWT coeffi-

cients [90,103,104] turns out to be the best performing. Combining these two broad categories,

a very effective image denoising framework was proposed in [85]. This method is motivated

by the fact that the natural images often have repeating structures. If we consider a small

sized patch then it is more likely to find several similar patches in an image. This photomet-

ric redundancy had already been used in the NLM method that achieved quite appreciating

denoising performance. In [85], it was realized that this redundancy can be better exploited

in transform domain and the resulting approach was referred to as Block Matching based 3D

filtering (BM3D). It not only outperformed the then existing image denoising methods, but

also served as the state-of-the-art for almost a decade. At the heart of the BM3D method lies

the formation of highly redundant 3D groups by stacking similar 2D patches extracted from

the noisy image. Denoising is then performed on these groups by the shrinkage of their 3D

DWT coefficients, thus all patches in a group collaborate in denoising. The denoised image is

obtained by aggregating the overlapping pixels of the denoised groups. This process of CF has

been adopted in several state-of-the-art image denoising methods [57, 86–88, 105].

The CF exploits both the intra- and the inter-patch correlations present in the natural im-

ages. The block diagram shown in the upper half of Figure 5.1 illustrates the overall processing

involved in the CF. The three different stages involved in it are: (1) the block-matching, (2)

the 3D-filtering, and (3) the aggregation. In the first stage, the similar image patches are

searched within a search-window around the given reference patch by block matching. Usually,
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Figure 5.1: Block diagram of the two-step collaborative filtering in the BM3D. In the figure, the
patch marked as “R0” represents a reference patch and the color of the boxes indicate the non-locality
of the photometrically similar patches.

the Frobenius norm of the difference matrix between the patches is considered as the measure

of similarity between them. However, the distance in feature-space has also been considered

for the finding patch similarity in some works [88, 106]. These similar 2D patches are then

stacked over one another to form a 3D array. This processes is repeated for all possible refer-

ence patches in the noisy image. Thus, at the end of this stage we obtain a 3D array for each of

the reference patches. As the patches extracted for block matching are highly overlapping, this

process can be thought of as non-disjoint clustering. In the second stage, in Figure 5.1, each

of these arrays are denoised either by hard thresholding (HT) or the Wiener filtering of the 3D

DWT coefficients. In the last stage, the denoised image is obtained by aggregating the patches

from the denoised arrays. The aggregation used in this step is nothing but the weighted average

of the multiple estimates of the pixels in overlapping patches. The aggregation stage adds up
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another layer of noise suppression as well as reduces the blocking artifacts, thereby enhancing

the visual consistency in the denoised image. In the following, we discuss a few image denoising

methods where the CF plays a central role.

5.1.1 Block matching based 3D filtering (BM3D)

As evident from the block-diagram of the BM3D shown in Figure 5.1, it employs two CF steps.

In the first step, the CF is done by hard-thresholding of the 3D DWT coefficients yielding

a basic estimate of the underlying noise-free image. The 3D DWT used in the BM3D is a

separable combination of 2D and 1D DWT. Specifically, to transform a 3D array a 2D DWT

is first performed on each patch of the array and then a 1D DWT is performed in the stacking

dimension. In hard-thresholding of the 3D-filtering stage, all the 3D DWT coefficients smaller

than a particular threshold is replaced by zero leaving the larger coefficients untouched. As the

3D array is quite homogeneous, only a few dominant coefficients capture the signal energy while

rest of them represent the noise. Hence, the thresholding of the smaller coefficients suppresses

the noise effectively. The weight of aggregation in the first step of the BM3D is taken inversely

proportion to the number of preserved coefficients. The rationale behind this lies in the fact

that a 3D array denoised by preserving a fewer coefficients are smoother and hence needed to

be given a larger weight in comparison to the one preserving more number of coefficients. Thus,

the basic estimate obtained at the end of this step is almost noise-free. However, in this process

the minute details in the denoised image are lost. This is because of the hard-thresholding

which replaces all the smaller coefficients that represents the high frequency (textured) content

of the underlying noise-free image with zeros. For this reason, the basic estimate is further

refined in the second CF step. Note that, in the first CF step of the BM3D the block matching

is performed on the noisy image itself. As the similarity measure used in the BM3D is quite

susceptible to the presence of noise, this may lead to erroneous block matching. This is why

in the second CF step of the BM3D, block matching is done on basic estimate obtained in

the first CF step and additional 3D arrays are formed using the corresponding blocks from the

noisy image. Further, in order to prevent any loss of smaller coefficients the CF in this step

is done by the empirical Wiener filtering (EWF) in 3D DWT domain. The implementation

of the EWF requires the knowledge about the signal-to-noise ratio (SNR). In the BM3D, the
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energy of the basic estimate is considered as an approximation of the signal energy, hence the

3D arrays formed with the similar patches from the basic estimate are used for computing

the SNR for applying the EWF on each of the corresponding noisy array. This SNR is also

used for computing the weight of aggregation in the subsequent aggregation stage. Thus, the

basic estimate of the first step works as the pilot signal for estimating the final denoised image.

Further details of the BM3D can be found in [85].

The main drawback of the BM3D lies in the use of fixed transform bases. In [107], a

highly competitive image denoising method by learning an over-complete dictionary from the

noisy image was proposed. In the CF framework, learning a dictionary for each 3D array is

computationally intensive. Nonetheless, a number of methods have been proposed making the

use of the data-dependent transforms. Few of them are briefly discussed below.

5.1.2 Higher order singular value decomposition based CF

The HOSVD is the generalization of the SVD for higher order tensors [108, 109]. Recently, it

has been used in various multidimensional signal restoration problems as an alternative to the

SVD [110–112]. In [87], a CF based image denoising method using higher order SVD (HOSVD)

is proposed. Except the use of the HOSVD in place of 3D DWT, it is exactly same as the BM3D.

Specifically, in 3D filtering stage, it decomposes each 3D array using the HOSVD. The noise

suppression is achieved by hard-thresholding of the higher order SVs. The basic estimate of the

noise-free image is obtained by reconstructing the hard-thresholded higher order SVs followed

by the aggregation. To refine this estimate a second CF step is used similar to the BM3D.

In further discussion, we refer to this method as the HOSVD-CF. The quantitative denoising

performance of the HOSVD-CF is found to be quite competitive with the BM3D. As expected,

it could preserve the signal details better than the BM3D.

Unlike the BM3D and the HOSVD that transform the 3D arrays, one can unfold these

arrays to make 2D arrays. This is particularly done by stacking the similar patch-vectors in

the columns of a matrix instead of the patches themselves in the block-matching stage of the

CF. Thus, the 3D-filtering of the CF is converted into a matrix denoising problem. Note that,

this procedure is similar to the SDM denoising in case of ECG. Using the vectorized notations,
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5.1 Image denoising by collaborative filtering

assume that a noisy image of size I1 × I2 is given as

ỹ = y + ȳ (5.1)

where y ∈ R
I1I2 is the underlying noise-free image and ȳ is a zero mean Gaussian noise vector

with the covariance matrix τ 2I. Assume thatRt(·) is an operator that extracts an SDM denoted

as X̃t from the input image, corresponding to the tth reference patch of size
√
m×√

m. If an

SDM contains n most similar vectorized patches in its columns then X̃t = Rt(ỹ) ∈ R
m×n is a

matrix. Clearly,

X̃t = Xt +Xt (5.2)

where Xt = Rt(y) and Xt = Rt(ȳ). Thus, the image denoising problem is converted to a

set of matrix denoising sub-problems. Once all the SDMs are denoised, the denoised image is

obtained by aggregation. In the following, we discuss the image denoising methods that use

the matrix estimation methods in the CF framework.

A well known matrix denoising method by nuclear norm minimization (NNM) could be one

of the potential candidate for this task. The NNM problem is given as

X̂ = min
X

‖X̃−X‖2Frob + µ‖X‖∗ (5.3)

where ‖X‖∗ =
∑L

i=1 σi and L = min(m,n). In (5.3) and henceforth, we drop the subscript t

for the ease of notation. The solution of the NNM problem turns out to be the SVST with

a threshold µ. As discussed in Chapter 2, the SVST has the drawback that it applies the

shrinkage on all the SVs by an equal amount µ. Hence, it fails to achieve the optimal bias-

variance trade-off. To mitigate this drawback of nuclear norm regularization, the weighted

nuclear norm is used.

5.1.3 Weighted nuclear norm minimization (WNNM)

In [69], an image denoising method by using the WNNM in CF is proposed. The WNNM

problem is given as

X̂ = min
X

‖X̃−X‖2Frob + ‖X‖w (5.4)
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where ‖X‖w =
∑L

i=1wiσi and w = [w1, w2, ..., wL]
T

. The solution to the WNNM problem is

given as

X̂WNNM =

L∑

i=1

(σ̃i − wi)+ũiṽ
T

i (5.5)

where X̃ =
∑L

i=1 σ̃iũiṽ
T

i . Clearly, it applies different amount of shrinkage on different SVs.

The choice of weights in WNNM is crucial. In [69], the authors follow an iterative weight

update strategy starting with uniform weight initialization. In the subsequent iterations, they

choose the weights inversely proportional to the magnitude of the corresponding SVs. The

rationale behind this choice is that the larger SVs are the most important and hence needed to

be shrunk less. As the smaller SVs are mostly noise dominated, this adaptive weighting of SVs

helps to improve the denoising performance. In addition, the denoised image is further refined

iteratively, with a back-projection procedure. The back-projection in the lth iteration is given

as

ỹ(l) = ŷ(l−1) + δ(ỹ− ŷ(l−1)) (5.6)

where ŷ(l−1) is an estimate from the previous iteration and δ is a back-projection parameter.

This process is repeated for l > 2 till the convergence. The WNNM in the CF framework

consistently outperforms the BM3D for all noise levels and forms the state-of-the-art in image

denoising.

5.1.4 CF with low-rank approximation

Recently, in [57], an image denoising method that uses low-rank approximation for matrix

denoising in CF is proposed. As discussed in Chapter 2, the rank r of the underlying noise-free

matrix can be obtained using the inequality

L∑

i=r+1

σ̃2
i ≤ mnτ 2 <

L∑

i=r

σ̃2
i . (5.7)

In [57], once the r is obtained with this inequality, the r-rank approximation of noisy SDM X̃,

given as

X̂LRASVD =
r∑

i=1

σ̃iũiṽ
′
i (5.8)

where X̂LRASVD is taken as the estimate of X. We refer to this method by LRASVD in the rest

of the chapter. Unlike the iterative refinement of the denoised image in WNNM, the LRASVD
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uses only a single step of refinement using the back-projection. The denoising performance of

the LRASVD is quite competing with that of the WNNM.

5.1.5 Low-rank collaborative filtering (LRCF)

In the LRASVD, the SDMs are denoised by the LRMA that is analogous to the SVHT. As

discussed in Chapter 3, the SVHT discards all the smaller SVs whereas it leaves the higher SVs

unchanged. Hence it sometimes loses important image details and is unable to suppress the

noise in the signal dominant SVs. As opposed to that, the OptShrink estimator derived using

the random matrix theory was shown to perform significantly better than the SVHT [113].

Using this OptShrink estimator in the CF an iterative image denoising method is recently

proposed. Like the WNNM and the LRASVD, it also employs the back-projection step in

every iteration for refinement. In addition, in every refinement step it updates the standard

deviation of noise as

τ̂ (l) = γ

√
τ 2 − 1

N
‖ỹ − ỹ(l)‖22. (5.9)

The denoising performance of the LRCF is quite comparable in general and better than the

WNNM in most of the cases.

5.2 Proposed methods

In the following, we present image denoising methods that can be categorised as the one that

uses the thresholding of 3D transform coefficients of the 3D arrays for denoising and the other

that uses the shrinkage of SVs for SDM estimation. The method in the first category is same

as the BM3D except the use of the finite ridgelet transform (FRIT) in place of the DWT in its

first step. The method in the second category is more close to the WNNM and the LRCF in

terms of its algorithmic implementation. It uses the SVLET in the noise filtering stage of the

CF. In the following, we discuss these two methods in detail.

5.2.1 Denoising with FRIT in CF

The multi-resolution property of the DWT allows for the parsimonious representation of the

smooth patches as well as the point singularities in the image. But, for the edges, which can

be thought as the line singularities, the 2D DWT loses the parsimony of representation. As
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a result, the shrinkage of 2D DWT coefficients of the noisy image causes the blurring of the

edges on reconstruction. Also, the 2D DWT exhibits large coefficients along the edges, even

at finer scales. In fact, these edges are repeated in each scales [114] destroying the sparsity

in DWT domain. In order to reconstruct the noise-free image, one has to estimate all these

coefficients. While estimating a large number of coefficients, the balance between parsimony of

representation and the accuracy in estimation gets disturbed.

Candès [115] proposed the ridgelet transform to overcome this limitation of 2D wavelet

transform in the continuous domain. The continuous ridgelet transform of a continuous image

function x(i1, i2) is defined as

R[x](θ, a, b) =

∫ ∞

−∞

∫ ∞

−∞

x(i1, i2)ϕθ,a,b(i1, i2)di1di2 (5.10)

where the ridgelets ϕθ,a,b(i1, i2) are defined as

ϕθ,a,b(i1, i2) =
1√
a
ϕ

(
i1 cos θ + i2 sin θ − b

a

)
(5.11)

where scalars θ, a, and b are the rotation, the scaling, and the shifting parameter, respectively.

The inverse ridgelet transform is given as

x(i1, i2) =

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

R[x](θ, a, b)ϕθ,a,b(i1, i2)
dθ

4π

da

a3
db. (5.12)

The ridgelet ϕθ,a,b(i1, i2) is a constant functions along the line i1 cos θ + i2 sin θ = b. It enables

the ridgelet transform in representing the singularity along this line in the image x(i1, i2) very

sparsely. In [116], a discrete and orthogonal implementation of the continuous ridgelet trans-

form, known as the FRIT, is developed. In the FRIT domain, a line singularity requires a few

large coefficients. However, randomly located noise samples (point singularities) are unlikely to

produce large coefficients and a sparse representation in FRIT domain. Hence, better denoising

performance could be achieved using hard-thresholding of the FRIT coefficients as compared

to that of the 2D DWT coefficients.

This fact is illustrated with the help of a test image which is smooth away from the line

singularity. The original test image and the noisy image, generated by adding white Gaussian

noise to it, are shown in Figure 5.2(a) and Figure 5.2(b), respectively. It is noticed that

the denoising using hard-thresholding of 2D DWT coefficients results in blurring of the edge
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(Figure 5.2 (c)). On the other hand, the hard-thresholding of the FRIT coefficients is able

to restore the edge excellently (Figure 5.2 (d)). On comparison, the FRIT based approach is

found to give significant improvement in visual quality as well as in terms of the peak signal

to noise ratio (PSNR) over the 2D DWT based approach. The drawback is that the strong

edge results in the “wrap around” effect which appears as an additional weak edge seen in the

smooth region. To mitigate this effect, an additional 2D Wiener filtering could be employed.

The effect of such filtering can be seen in Figure 5.2(e).

(a) (b) (c) (d) (e)

Figure 5.2: Denoising performances for global processing (with threshold value, σ
√
2 log N ). (a)

Original synthetic image (N = 127× 127), (b) Noisy image, σ = 80, (c) 2D DWT (PSNR: 19.89 dB),
(d) FRIT (PSNR: 21.19 dB), (e) FRIT + Wiener (21.37 dB).

Natural images, particularly with textured scenes, have quite high redundancy (repeating

structures). Also, the curved edges are more frequent than the straight edges. The curved edges

can be thought as the piece-wise straight edges if we consider very small image patches [114]. To

represent such small patches sparsely, the ridgelets are more suited than the wavelets. Hence,

in the first CF step of the BM3D, we replace the 2D DWT with the FRIT, while retaining

the 1D Haar transform in the stacking dimension. The second CF step of the framework is

exactly similar to the BM3D. Thus, in the proposed method, the patch-wise FRIT and the

Haar transform in the stacking dimension forms the 3D transform. The denoising is achieved

by hard-thresholding in the FRIT+Haar domain, thus exploiting both intra- and inter-patch

correlations. We refer to this method as the FRIT-CF further onwards.

5.2.2 Denoising by matrix estimation in CF

In this subsection, we propose the second image denoising method using the SVSE for matrix

estimation in the CF framework. Specifically, we use the proposed SVLET for the shrinkage of
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SVs of noisy SDMs to estimate the corresponding noise-free SDMs as

X̂ =

L∑

i=1

fSVLET
T,K (σ̃i)ũiṽ

T

i . (5.13)

Once, the estimates for all the SDMs are obtained the basic estimate of the noise-free image is

obtained by aggregation. Like the BM3D, this estimate is used for the guided block matching

and for computing the SNRs of the SDMs needed to apply the Wiener filter. Thus, with the

help of this basic estimate a refined image is obtained using the second CF step of the BM3D.

Like the LRCF, further refinement in the obtained image is done by iterating this process with

a new image, at each iteration, obtained using noise back-projection given in (6.13) and with

an updated variance estimation using (6.14). The detailed schematic of this method is shown

in Figure 5.1. It is referred to as the SVLET-CF in the rest of the discussion.

Block
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Denoising by

SVLET
Aggregation

Aggregation
Denoising by

Wiener Filter

Guided Block

Matching

Back

Projection

1{ }Nt
t=

X
y

( )l
y
( )( )

1{ }Nt
t=

X
( )
ˆ
l

Basic
y ( )

ˆ
l

y

( 1)
ˆ
l-

y

Figure 5.3: Block diagram of the proposed SVLET based image denoising approach.

5.3 Experimental set-up and parameter tuning

Our goal in this section is to evaluate the proposed denoising methods by comparing their

experimental denoising performance with the existing state-of-the-art image denoising methods.

We artificially add WGN to a number of publicly available gray-scale images mostly used in

image processing literature to obtain the noisy image for each. Denoising is performed on

these noisy images by the proposed and the contrast methods, assuming the noise level to

be known. In cases where the noise level is unknown, the median absolute deviation (MAD)

method can used to estimate that. The denoising performance is measured in terms of the peak

signal-to-noise ratio (PSNR) defined as

PSNR(ŷ) = 10 log10

{
I1I2D

2

‖y − ŷ‖22

}
(5.14)
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where ŷ is the denoised estimate of the noise-free image ŷ of size I1 × I2 with the dynamic

range [0, D].

Before we evaluate the SVSE methods in the CF framework, we show their image denoising

performance while treating a noisy image as a data matrix. This highlights the motivation

behind developing the better shrinkage estimator. In Figure 5.4(a), the denoising performances

of the proposed SVLT and the SVLET methods on a segment of the test image are compared

with those of the different existing SVSE methods. The threshold µ of the SVHT and the

SVST as well as the parameter T of the SVLET is tuned by assuming the underlying noise-

free image to be known, hence the estimates correspond to the oracle cases. Specifically, the

optimal value of these parameters are chosen by maximizing the PSNR. For different values of

these parameters, the plot of the PSNR can be seen in Figure 5.4(b). With the best parameter

values, the plots of SVs are shown in Figure 5.4(c). It can be seen from the figure that the

SVLET has resulted in better SV estimates than those of the SVHT and the SVST. As a result

of that it has also resulted in the best denoising performance. For highlighting the efficacy of

SURE based parameter tuning, we have also shown the oracle case performances of the SVHT

and the SVST methods in Figure 5.4(a). It can be noted that those have turned out to be

almost same as SURE based cases. Furthermore, both the SVLT and SVLET estimators have

outperformed the OptShrink estimator. This confirms the efficacy of the proposed shrinkage

estimators for image denoising.

The evaluation of denoising performances of different methods with block based processing

is shown in Figure 5.5(a) and the tuning of the relevant parameters for this case is shown in

Figure 5.5(b). On comparing with the global case, we note that the denoising performances of

all methods have considerably improved with block processing while the trends noted for the

global case mostly remain the same.

5.3.1 Parameters of the proposed CF methods

Like the existing methods, the proposed methods also have several parameters that need to

be selected to achieve the optimal denoising performance. In the following, we describe the

parameter space and the tuning of the key parameters for both the proposed FRIT-CF and

SVLET-CF methods.
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Noise-free
Noisy

 20.15 dB (0.3608)
SVHT-Oracle

 23.73 dB (0.5058)
SVST-SURE

 23.68 dB (0.4955)
SVST-Oracle

 24.51 dB (0.5634)

SVST-SURE
 24.51 dB (0.5634)

SVLET
 24.94 dB (0.5710)

Opt-Shrink
 24.35 dB (0.5331)

EYM
 23.73 dB (0.5004)

SVLT
 24.41 dB (0.5433)

(a) Performance comparison in case of global processing. The values above the images are the PSNR (in dB)
along with the SSIM in round brackets.
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(c) Oracle estimate of SVs.

Figure 5.4: Performance comparison of salient existing and the proposed denoising methods in global
and block-based processing cases at a noise level of τ = 25.

5.3.1.1 Parameter tuning for the FRIT-CF method

The ridgelet transform is originally defined for the continuous 2D signals [115]. Its discrete im-

plementation through the projection-slice theorem is limited for finite fields with prime number

support size [116]. In the proposed FRIT-CF based denoising, the patches with only prime

number size could be considered. For a fair comparison with the BM3D, the prime number

closest to the patch-size considered in the BM3D is taken as the patch size in the FRIT-CF

method. The shrinkage threshold coefficient (µ3D) is chosen as 3.8 based on the experimental
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Noise-free
Noisy

 20.15 dB (0.3608)
SVHT-Oracle

 24.14 dB (0.5058)
SVST-SURE

 24.13 dB (0.4955)
SVST-Oracle

 24.69 dB (0.5634)

SVST-SURE
 24.77 dB (0.5634)

SVLET
 25.23 dB (0.5710)

Opt-Shrink
 24.73 dB (0.5331)

EYM
 24.02 dB (0.5004)

SVLT
 24.85 dB (0.5433)

(a) Performance comparison in case of local processing. The values above the images are the PSNR (in dB)
along with the SSIM in round brackets.
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(b) Block-based denoising

Figure 5.5: Performance comparison of salient existing and the proposed denoising methods in global
and block-based processing cases at a noise level of τ = 25.

tuning done on different images. The PSNR vs µ3D plots on two images are shown in Fig-

ure 5.6. The FRIT uses the 1D DWT in the Radon transform domain. The mother wavelet

for the FRIT is experimentally chosen to be the reverse bi-orthogonal wavelet (rbior 5.5). The

value of rest of the parameters used in the two-step processing of the FRIT-CF is kept same

as those in the BM3D method. For the ease of reference, they are listed in Table 5.1, for both

low and high noise conditions.
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Figure 5.6: Tuning of hard-threshold parameter coefficients λ3D of the FRIT-CF on two different
images.
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Figure 5.7: Tuning of the parameters of the SVLET-CF: (a) the transition parameter T , and (b)
the order of linerization K.
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(b) Mid-Noise
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(c) High-Noise

Figure 5.8: Effect of iteration on denoising performance, in terms of PSNR (in dB), of the SVLET-CF
in case of different noise levels.
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Table 5.1: Parameter set used in the first step of BM3D and the proposed CF with FRIT

Parameters
BM3D FRIT-CF

σ ≤ 40 σ > 40 σ ≤ 40 σ > 40

2D Transform
DWT DCT FRIT FRIT

(bior 1.5) (type-II) (rbior 5.5) (rbior 5.5)

1D Transform Haar Haar Haar Haar

Patch size 8× 8 12× 12 7× 7 11× 11

Search window 39× 39 39× 39 32× 32 32× 32

Group size 16 16 16 16

Group threshold 2500 5000 2500 5000

Threshold, µ3D 2.7 2.8 3.0 3.0

5.3.1.2 Parameter tuning for the SVLET-CF method

For convenience, the parameters in block-matching and aggregation stages of the proposed

SVLET-CF approach are kept same as those of the LRCF method. The order of linearization

K and the transition parameter T are experimentally determined. The parameter T depends

on the noise level τ and hence we set it as T = Cτ where coefficient C > 0 is experimentally

tuned. The tuning of these parameters over varying noise levels on a test image are shown in

Figure 5.7. Based on these tunings, we have chosen K = 4 and T = 20 as these values gives

better performance over varying noise levels considered. The noise back-projection parameters

δ and the variance update parameter γ are tuned around the values suggested in [113] and are

fixed at 0.15 and 0.30, respectively. In Figure 5.8, we show the effect of iteration on performance

of the proposed SVLET-CF method. Clearly, for low-noise levels, iterating the CF is not helping

as the signal details are mostly restored in the first iteration. In case of mid-noise level, 3-4

iterations are needed. However, in high-noise cases, a few extra iterations are required. It can

also be noted that, after the suggested number of iterations, the PSNR decreases as the signal

details start to get smoothed out.
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Table 5.2: Comparison of denoising performance of the different methods in terms of PSNR (dB).
The numbers in the boldface are the highest in the columns at given noise levels and indicate the best
performance by the method in the given rows.

Low-Noise Mid-Noise High-Noise

Images Methods \ τ 5 10 15 30 35 40 70 80 90

House BM3D 40.81 37.45 35.68 32.62 31.79 30.79 28.33 27.23 26.94

FRIT-CF 40.91 37.31 35.31 31.90 30.99 30.40 27.10 26.30 25.66

WNNM 41.18 37.60 35.86 33.01 32.36 31.79 28.93 28.23 27.79

LRCF 40.96 37.45 35.64 32.73 32.14 31.55 28.80 28.03 27.77

LRA-SVD 40.99 37.30 35.42 32.43 31.64 31.04 28.02 27.16 26.62

SVLET-CF 40.94 37.49 35.77 32.82 32.07 31.52 28.55 27.76 27.52

Lenna BM3D 39.30 35.46 33.28 29.64 28.95 27.76 25.76 24.91 24.38

FRIT-CF 39.30 35.42 33.27 29.61 28.68 27.82 25.23 24.63 24.04

WNNM 39.61 35.78 33.57 29.94 29.24 28.42 26.04 25.33 24.79

LRCF 39.60 35.76 33.56 29.90 29.26 28.44 25.95 25.11 24.83

LRA-SVD 39.44 35.65 33.47 29.83 29.13 28.36 25.42 24.71 24.44

SVLET-CF 39.48 35.60 33.49 29.80 29.24 28.38 25.93 25.17 24.65

Barbara BM3D 38.66 34.76 32.57 29.11 28.49 27.35 25.29 24.59 24.20

FRIT-CF 38.66 34.72 32.51 29.02 28.16 27.48 24.94 24.26 23.88

WNNM 39.30 35.34 33.01 29.32 28.77 27.81 25.50 24.79 24.30

LRCF 39.18 35.21 32.89 29.21 28.72 27.82 25.47 24.83 24.31

LRA-SVD 39.03 35.12 33.00 29.21 28.68 27.70 25.04 24.47 24.02

SVLET-CF 38.58 34.65 32.58 29.28 28.69 27.86 25.45 24.78 24.39

Boats BM3D 37.72 33.51 31.19 27.75 27.03 26.35 24.02 23.34 22.92

FRIT-CF 37.67 33.50 31.22 27.71 26.86 26.17 23.61 23.08 22.57

WNNM 38.02 33.83 31.42 27.91 27.10 26.69 24.21 23.46 23.03

LRCF 37.91 33.69 31.33 27.83 27.03 26.70 24.05 23.34 23.02

LRA-SVD 37.65 33.45 31.15 27.56 26.83 26.43 23.47 22.93 22.63

SVLET-CF 37.80 33.50 31.21 27.81 26.95 26.42 23.97 23.38 22.98

Straw BM3D 34.45 28.92 25.99 21.05 19.88 18.99 16.73 16.11 15.57

FRIT-CF 34.36 28.91 26.01 21.12 19.96 19.26 15.81 15.27 14.86

WNNM 34.64 29.36 26.57 22.07 21.16 20.45 17.44 16.80 16.33

LRCF 34.68 29.34 26.50 21.97 21.09 20.34 17.29 16.65 16.04

LRA-SVD 34.59 29.26 26.43 22.00 21.05 20.39 17.05 16.30 15.41

SVLET-CF 34.46 28.93 26.03 21.82 20.96 20.21 17.17 16.53 15.95

Bark BM3D 34.42 28.90 25.98 21.39 20.42 19.70 17.13 16.55 16.17

FRIT-CF 34.30 28.79 25.86 21.22 20.27 19.66 19.48 15.91 15.69

WNNM 34.50 29.09 26.27 21.87 20.98 20.30 17.56 16.93 16.51

LRCF 34.50 29.04 26.18 21.74 20.83 20.13 17.42 16.82 16.38

LRA-SVD 34.34 28.89 26.02 21.63 20.71 20.02 16.98 16.29 15.71

SVLET-CF 34.42 28.89 25.98 21.79 20.88 20.19 17.29 16.69 16.24
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(a) Noise-free Straw (b) Noised at σ = 35 (c) BM3D: 20.50 dB (d) FRIT-CF: 21.18 dB

(e) Noise-free Grass (f) Noised at σ = 35 (g) BM3D: 21.31 dB (h) FRIT-CF: 21.65 dB

(i) Noise-free House (j) Noisy σ = 35 (k) BM3D: 32.51 dB (l) FRIT-CF: 32.05 dB

Figure 5.9: Comparison of performance on a selected portion of (a) the Straw image, (e) the Grass
image and (i) the House image.

a

b

c

d

e

f

g

h

Figure 5.10: Comparison of local denoising performance on chosen image segments at noise level
τ = 35. Monarch image segments denoised by (a) BM3D: 22.95 dB, (b) FRIT-CF: 23.28 dB, (c)
BM3D: 29.33 dB, and (d) FRIT-CF: 28.67 dB. Barbara image segments denoised by (e) BM3D: 24.57
dB, (f) FRIT-CF: 24.97 dB, (g) BM3D: 29.61 dB, and (h) FRIT-CF: 29.05 dB.
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Noisy: 18.60 dB BM3D: 27.76 dB WNNM: 28.34 dB LRCF: 28.15 dB LRASVD: 28.05 dB SVLET−CF: 27.90 dB

Noisy: 17.24 dB BM3D: 29.27 dB WNNM: 29.42 dB LRCF: 29.44 dB LRASVD: 29.36 dB SVLET−CF: 29.43 dB

Noisy: 18.61 dB BM3D: 29.05 dB WNNM: 29.42 dB LRCF: 29.34 dB LRASVD: 29.03 dB SVLET−CF: 29.14 dB

Noisy: 18.57 dB BM3D: 26.23 dB WNNM: 26.40 dB LRCF: 26.36 dB LRASVD: 26.20 dB SVLET−CF: 26.25 dB

Figure 5.11: Comparison of qualitative and quantitative denoising performance on different images
at noise level τ = 30.

5.4 Results and discussion

In order to validate the proposed methods, the experiments are performed on various gray-

scale images taken from the USC-SIPI1 image database. The noisy images are obtained by

adding zero mean white Gaussian noise of different known variances to these images. The

denoising is then performed using different methods and their quantitative performances are

compared in terms of the PSNR. We considered only the contrast methods for which the

executable codes were made available by their authors and experiments were carried out with

the parameter values suggested by them. All the performances reported in this work were

averaged over 10 realizations of noise for all the methods.

1http://sipi.usc.edu/database/
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In Table 5.2, we report the quantitative denoising performance of the proposed both methods

(FRIT-CF and SVLET-CF) and the contrast methods on some of the selected images from

the database. We compare the denoising performances under low-noise (τ ≤ 20), mid-noise

(20 < τ < 50), and high-noise (τ ≥ 50) levels. Form the table, we can draw a number of

conclusions. The overall performance of the FRIT-CF method is quite comparable to that of

the BM3D method. However, it was expected to consistently outperform the BM3D but it does

that only for the texture dominated ‘Straw’ images for low and mid-noise levels. This fact is

also supported by the qualitative assessment of the denoised images shown in Figure 5.9. The

PSNR of the denoised image by the FRIT-CF is significantly higher than that of the BM3D

method in case of the Straw and the Grass images. However, in case of the House image the

reverse trend is noticed. This could be attributed to the presence of smooth structures in it.

To confirm this, we go one level down by closely examining the denoising performance of these

methods in a local region. For instance, in Figure 5.10, we can see that the FRIT-CF method

outperforms the BM3D in texture dominated regions whereas in smooth regions the opposite

is true. The rational behind the inferior performance in the smooth regions could be the wrap-

around artifacts introduced by the FRIT algorithm as discussed earlier. In case of high-noise

levels, the preservation of such a complex texture is very difficult for any method. The DWT

employed in the BM3D method, however, maintains the overall intensity level. It is reflected

by comparatively higher PSNR in almost all the considered images.

Table 5.2 presents a through comparison of denoising performances of the proposed FRIT-

CF and the SVSE-based denoising methods with that of the BM3D method over a set of images

and different noise levels. The visual performance comparison of these method can be seen in

Figure 5.11. For the set of examples shown in the figure, it can be noted that the proposed

SVLET-CF method is able to perform better than the BM3D and the proposed FRIT-CF

methods. This improvement in the performance can be attributed to the better sparsity of the

SDMs in the data-dependent basis learned by the SVD and the adaptive shrinkage of SVs used

in the SVLET-CF. On overall performance comparison, the WNNM and the LRCF methods

can be seen to be very closely performing methods and they dominate over the other methods.
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5.5 Summary

In this chapter, we have first presented a denoising approach using the FRIT in the CF frame-

work. On comparison, the proposed FRIT-CF approach is found to achieve significantly im-

proved denoising performance over the BM3D method for highly textured images. The ridgelet

transform is able to compete with the wavelet transform in the current era of image restoration.

For non-textured images, the proposed method is found to be slightly inferior to the BM3D

algorithm in homogeneous regions only. This degradation is possibly due to the “wrap-around”

artifacts introduced by the implementation of the FRIT.

Another contribution lies in the exploration of various SV shrinkage based matrix estimation

methods in the CF framework for image denoising. The proposed SVLET shrinkage estimator

derived in Chapter 3 is found to consistently outperform the BM3D and FRIT-CF methods.
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Magnetic resonance imaging has been one of the most popular diagnostic modalities to visual-

ize the physiological activities of tissues or organs inside the human body. During quantitative

analysis, the magnetic resonance (MR) image data is subject to a number of processing such as

registration, segmentation, and classification. Despite significant improvements in the acquisi-

tion systems, the obtained MR images suffer from different kinds of noise which can hamper

the subsequent processing and lead to misdiagnosis. Hence, denoising forms an integral part of

a typical image processing work involved in quantitative analysis of the MR images.

In this chapter, we explore the effectiveness of the proposed SVLET estimator in the CF

framework for denoising of noisy MR images. In addition, we also employ the existing OptShrink

estimator for this task. Thus, this chapter presents two competitive methods for MR image

denoising. The experimental studies carried on the simulated BrainWeb MR database show

the effectiveness of both the methods.

6.1 Denoising of MR images

An MR image is a three dimensional (3D) complex valued data in which each slice provides

information about the organ(s) under test from a specific viewing angle. It is common practice

to model the noise in the real and imaginary parts of the MR image to be AWGN. During

the acquisition of an MR image, the noise can be suppressed by time-averaging without losing

the spatial resolution. In time-averaging, each slice is replaced by the average of the multiple

acquisitions from the same viewing angle. In order to get high resolution 3D representation

of the tissues, one needs to acquire a large number of slices. Therefore, such averaging is

not only costly but also prone to motion artifacts. The non-viability of such time-averaging

necessitates the development of suitable algorithms for the denoising of the MR images. Spatial-

averaging where each volume element, popularly known as voxel, is replaced by the average

value of the voxels in its 3D spatial neighborhood has also been explored for the denoising of

the MR images. A common example is denoising by the anisotropic diffusion filter [117]. It is

widely used denoising method for its simplicity and computational speed. However, the spatial

methods assume the underlying signal to be stationary as well as ergodic in the mean and the

variance. The MR images exhibit strong non-stationarity characteristics and hence applying

such filtering degrades the spatial-resolution.
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To visualize an MR image, the voxel-wise absolute value is computed to derive the magnitude

image. As the computation of absolute value is a non-linear operation, the distribution of noise

present in the magnitude image no longer remains Gaussian [118,119]. This adds another layer

of difficulty in the MR image denoising. Sijbers et al. in [120] modeled the noise in the MR image

as the Rician distributed random variable. In low signal intensity regions of the MR image,

the Rician noise tends to follow the Reyleigh distribution, whereas in high intensity regions it

tends to follow the Gaussian distribution. As a result, a signal dependent bias is introduced in

the denoised image and hence its contrast is altered. To deal with this difficulty, Nowak [121]

proposed a bias correction strategy while treating the noise in the MR image as Gaussian.

In [122], an anisotropic diffusion filter, originally developed for the uniform noise level, is

locally adapted using the prior information about the spatial distribution of varying noise levels.

In [123], a robust noise estimation method was proposed to automatically set the parameters

of the combined locally linear mean squared error (LLMSE) filter and the anisotropic diffusion

filter for the MR image denoising. These spatial domain global filters suppress the noise well

but smooth the signal details. In the MR images, these minute anatomical details of each

slice containing important diagnostic features should necessarily be preserved. Inspired by

the NLM [83] image denoising method, Majón et al. [124] proposed an MR image denoising

method by exploiting the intra-slice correlation. However, this natural extension of the NLM

method for slice-by-slice denoising of the MR images is very slow. In [125], Coupé et al.

presented an optimized 3D implementation of the NLM filter for the denoising of the MR images.

Following this, several NLM based MR image denoising methods have been proposed [126–129].

Another group of works for the MR image denoising are inspired by the DWT-domain image

denoising methods. These methods exploit the sparsity of the original MR image in the DWT-

domain. The noise-free DWT coefficients are estimated by thresholding the DWT coefficients of

noisy MR image [90]. In [130], a preliminary classification of the DWT coefficient is proposed

to identify the coefficients corresponding to the noise-free signal. In [131], the Canny edge

detector is used in the DWT domain for edge preserving while applying thresholding on the

DWT coefficients to suppressing the noise. In [132], the MR sinogram image obtained by the

Radon transform of noisy image is denoised to deal with the Rician nature of the noise in

the original MR image. A translation invariant DWT is used for multi-scale decomposition of

95
TH-1771_11610213



6. Application to MR Image Denoising

the MR sinogram and then thresholding based noise suppression is applied. Another group

of works exist which treats squared magnitude MR image as non-central scaled chi-square

distribution with two degrees of freedom whose non-centrality parameter is proportional to the

underlying noise-free squared magnitude. For example in [133], authors proposed the unbiased

risk estimator for chi-square distribution and used the linear expansion of threshold (LET)

strategy to denoise the MR image in wavelet domain.

Recent advancement in image denoising exploits the correlation of small image patches and

denoising is performed jointly in spatial and transform domains. For example, in [134], an

extended version of the BM3D, called the BM4D, is proposed for 3D MR image denoising.

As BM3D/BM4D method uses fixed bases DWT, the learning of the bases for better sparsity

of the 3D groups and hence better denoising has also been obtained [107]. In [135–137], the

MR image denoising methods exploiting the sparse representation over learned dictionary are

proposed. However, these methods rely on the sparsity prior of image patches or groups formed

of image patches. Learning the dictionary for each group entails a huge computational burden.

As a compromise between sparsity and computational cost, all of these methods learn a global

dictionary for the sparse representation. As an alternative, low-rank priors for image denoising

have also been explored. In [87], the HOSVD is used to decompose these 3D groups and

denoising is performed by SVHT with a predetermined threshold. In recent times, low-rank

modeling has been widely used for the recovery of the MR image from the reduced k -space

samples as well as for the denoising of k -space or (k, t)-space raw data [138, 139]. In these

applications, a low-rank prior is posed on a specially constructed Hankel or Casorati matrices.

For the further details, readers may refer to [140] and the references therein.

A very few works in the literature use low-rank modeling for the denoising of MR magnitude

image. In [138], similar patches extracted from the multichannel MR image is grouped together

to form a low-rank matrix and denoising is performed by the iterative hard-thresholding (HT) of

the SVs of the group matrices. In [141], similar to 2D patches, 3D cubes extracted from a noisy

MR image volume are grouped together to form the hypercubes. The HOSVD is used for the

spectral decomposition of these hypercubes and denoising is performed by hard-thresholding

the higher order SVs. Recently, in [142], these hypercubes are treated as fourth order tensors

and denoising is performed by the adaptive HOSVD of their tensor unfoldings. In most of the
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SVD based methods, noise suppression is achieved by hard-thresholding of SVs of the group

matrices (or tensors) with a predefined threshold. The MR image denoising methods based on

the SVHT, however, have the following drawbacks:

• The truncated SVs represent the rare details which may correspond to important diagnos-

tic features. Hence, throwing away these smaller SVs may result in the loss of diagnostic

details.

• The noise being white Gaussian is spread over the entire spectrum. The SVHT does not

remove the noise present in larger SVs.

• Each group in CF may have different SV profile that ideally should be thresholded with

different thresholds. However, determining the optimal threshold for each group by the

grid search methods is quite cumbersome task, whereas using a single pre-specified global

threshold makes the process non-adaptive.

In order to deal with these limitations, we propose two methods for the denoising of the MR

images. Both the proposed methods use adaptive shrinkage of SVs for the denoising of each

group matrix in the CF framework. Specifically, in the first method, the noise filtering in

the CF is performed by the SVLET method as opposed to the hard-thresholding of the DWT

coefficients employed in the BM4D method. This method is referred to as the SVLET-CF

method. In the second method, the noise filtering is done by the OptShrink estimator and is

referred to as the OptShrink-CF method. In fact, the SVLET and the OptShrink are originally

developed for matrix denoising under AWGN. To tackle with data dependent Rician noise in

the MR images, a variance stabilization transform [143] is used before and after applying either

the SVLET-CF or the OptShrink-CF method. The denoising performances of the proposed

methods are compared with that of the state-of-the-art methods in terms of the peak signal-

to-noise ratio (PSNR) and the structural similarity index measure (SSIM).

6.2 Noise in MR image

The main source of noise in the MR image is the subjects being imaged (Brownian motion

of ions in bodily fluids) and the noise is captured by the radio frequency (RF) coils where
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thermal noise is generated due to the stochastic motion of free electrons. The thermal noise,

commonly modeled as Gaussian distribution, corrupts the k -space data. On taking the inverse

Fourier transform of the k -space data, the real and the imaginary MR images are obtained.

The Fourier transform being a linear operator does not change the distribution of noise. Hence,

the distribution of the noise in the spectral domain remains Gaussian. However, this is not the

case in the magnitude MR images.

Let us denote a noisy magnitude MR image as Ỹ ∈ R
I1×I2×I3 and its vectorized version as

ỹ ∈ R
I1I2I3. Also, assume a voxel at an arbitrary spatial location i from that volume is denoted

by ỹi where 1 ≤ i ≤ IlI2I3. Hence, ỹi follows the observation model

ỹi =
√

(yi + τ ȳi)2 + (yi + τ ȳi)2. (6.1)

where yi denotes the magnitude of underlying noise-free MR image voxel and ȳi is the zero

mean unit variance Gaussian noise sample, i.e., ȳi ∼ N(0, 1) with an arbitrary constant τ > 0.

Clearly, ỹi follows the Rician distribution [119], i.e., ỹi ∼ R(yi, τ). Dropping location subscript

i, we have the probability distribution function of ỹ given as

p(ỹ|y, τ) = ỹ

τ 2
exp

{
− ỹ

2 + y2

2τ 2

}
B0

(
ỹy

τ 2

)
∀ ỹ ≥ 0 and y > 0, (6.2)

where B0 is the zeroth order modified Bessel function [144].

6.2.1 Variance stabilization

The mean and the variance of the Rician data y are, respectively, given as

E[ỹ|y, τ ] = τ

√
π

2
L

(
− y2

2τ 2

)
, (6.3)

and

V ar[ỹ|y, τ ] = 2τ 2 + y2 − πτ 2

2
L2

(
− y2

2τ 2

)
, (6.4)

where L(z) = ez/2
[
(1− z)B0(−z

2
)− zB1(−z

2
)
]
where B1 is the first order modified Bessel func-

tion. From (6.3) and (6.4), it is clear that neither the mean nor the variance is independent

of underlying noise-free signal y. As a result, applying the denoising methods for the AWGN

directly on the magnitude MR image introduces a bias and yields poor denoising performance.
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To overcome this problem, a three-level denoising method is suggested in [143]. In the first

level, the variance stabilization transform (VST) is applied on the noisy MR image to obtain

a uniform variance in the transformed MR image. The noise in such variance stabilized image

can be assumed to be approximately Gaussian. In the second level, the VST stabilized MR

data is denoised by using an AWGN removal method. For example, in [143], the BM4D method

is used. Further, the inverse VST is applied on this image to obtain the final denoised MR

image. Mathematically, this three-level MR image denoising approach can be expressed as

{ỹVST, τVST} = VST(ỹ, τ), (6.5)

ŷVST = CF(ỹVST, τVST), (6.6)

and ŷ = VST∗(ŷVST, τ), (6.7)

where VST(·) and VST∗(·), respectively, denote the forward and the inverse variance stabiliza-

tion transform operator, τVST is the stabilized standard deviation, and the CF(·) denotes the

collaborative filtering operator. The block diagram of the three-level approach can be seen in

Figure 6.1. The variance stabilized MR image obtained on applying the VST can be loosly

treated as if it were corrupted with additive Gaussian noise. We can write ỹVST = yVST+ ȳVST.

Hence, we adopt this approach in both the proposed methods to be able to apply the SV

shrinkage based matrix estimators for the denoising of MR image under Rician noise model.

6.3 Proposed MR image denoising method

The proposed denoising method uses the CF framework, which was originally proposed in [143]

to exploit the intra- and inter-block correlations present in the MR image. Here, we modify

the CF by making use of the adaptive SVSE instead of the HT of the 3D DWT coefficients.

Moreover, unlike in the existing CF based MR image denoising approaches, we iterate the

process a couple of times while updating the noise level estimate before obtaining the final

denoised image. Figure 6.1 shows the block diagram of the CF for MR image denoising where

iterative CF block is identical to the one shown in Figure 5.3 for 2D image. In the following,

we discuss the stages involved in its first step of the proposed MR image denoising methods.
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Figure 6.1: Block diagram of collaborative filtering for MR image denoising. The iterative CF block
in the above is same as the one in Figure 5.3.

6.3.1 Block grouping

To exploit the non-local correlation of small 3D blocks of the MR image, these are grouped

together. For that, the entire MR image volume of size I1×I2×I3 is divided into several smaller

blocks of size n1 × n2 × n3 with an overlap of p voxels. Thus, the total number of such blocks

turns out to be

(
I1−n1

n1−p
+ 1

)(
I2−n2

n2−p
+1

)(
I3−n3

n3−p
+1

)
. These blocks are then vectorized in the

form n1n2n3×1 vectors and are referred to as the reference-blocks. A group of similar blocks are

formed for each of the reference block using block-matching. For the same, the blocks similar to

a reference block are searched in its neighborhood of size N1×N2×N3. Thus, for an ith reference

block we have (N1−n1+1)(N2−n2+1)(N3−n3+1)−1 number of blocks in its neighborhood

for finding the similarity. The Euclidean distance between block vectors is taken as the measure

of similarity. For each of the reference block, the m most similar vectorized blocks including

itself are selected to form an SDM of size n1n2n3 ×m. We denote this grouping process by an

operator Gi which is applied on variance stabilized MR image vector ỹVST to extract an SDM

corresponding to the ith reference-block. Thus, X̃i = GiỹVST and similarly Xi = GiyVST where

Xi is the corresponding noise-free SDM. Thus, we have X̃i = Xi + Xi where Xi is the noise

matrix. We can consider each element of the noise matrix as zero mean Gaussian distributed

random variable with the standard deviation τVST. The MR image denoising problem is now

turned into matrix estimation problem that can be solved by the SVSE methods.

6.3.2 Noise filtering

In this stage, X̃i are denoised by a suitable SVSE method. If the blocks grouped together were

noisy versions of the exact copies of noise-free blocks, then the rank one approximation of this

matrix would have resulted in an effective denoising of the group. In practice, all columns of

the SDMs are not be identical but they are highly correlated. This correlation can be exploited
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by solving a rank regularized problem to find the denoised estimate

X̂i = min
Xi

‖Xi − X̃i‖2Frob + µ Rank(Xi), (6.8)

where µ is the coefficient of regularization. An approximate solution to the above non-convex

problem, popularly obtained by the SVHT [57], is given as

X̂SVHT
i, µ =

L∑

j=1

σ̃j1(σj>µ)ũjṽ
T
j , (6.9)

where 1(·) is the indicator function L = min(n1n2n3, m) and Xi =
∑L

j=1 σ̃jũjṽ
T
j . As discussed

earlier, the SVHT has several limitations and to overcome those, various SVSE methods have

been discussed in Chapter 3. In a typical MR image denoising task, hundreds of thousands

of SDMs are formed. Therefore, to denoise them, the applied SVSE methods need not only

be accurate but also fast. Towards this, in the following subsections, we propose to use two

different SV shrinkage approaches.

6.3.2.1 Noise filtering by SVLET

It is highlighted earlier that the SVLET has very low computational cost than the existing

SVSE methods. For this reason, we propose to use the SVLET for the denoising of SDMs using

(4.12). For the quick reference, the same is reproduced as

X̂SVLET
i =

L∑

j=1

fSVLET
T,K (σ̃j)ũjṽ

T

j (6.10)

where fSVLET
T,K (·) denotes the SVLET shrinkage operator and rest of the notations have usual

meanings.

6.3.2.2 Noise filtering by OptShrink

The OptShrink is a matrix estimation method which does not involve any parameter tuning.

As a result, it is suitable candidate for the MR image denoising. In our earlier explorations, it

is also found to result in a competitive denoising performance when compared with that of the

SVLET method. Thus, as a second approach, we propose to apply the OptShrink in place of
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the SVLET. The denoised SDMs in this case are obtained as

X̂OptShrink
i =

L∑

j=1

f ∗
β+(σ̃j)ũjṽ

T

j (6.11)

where f ∗
β+
(·) denotes the OptShrink operator and rest of the notations have usual meanings.

6.3.3 Aggregation

As the groups are formed in an overlapping manner, a voxel or a group of voxels can be a

present in several SDMs. Thus, multiple estimates for a voxel are obtained. These estimates

are then used to calculated the final estimate by the weighted averaging given as

ŷ
(l)
VST =

∑

∀i

wiG∗
i X̂i

G∗
i Gi

(6.12)

where G∗
i denotes the inverse of the block-grouping operator Gi. In the BM4D method, the

weights wi is set equal to the confidence in estimating the ith group. However, for simplicity,

we take it to be unity, i.e., wi = 1 for all i. Thus, in the proposed method, the aggregation is

a simple averaging of all the available estimates for a voxel.

At the end of the first step, we get the basic estimate that is further refined in the second

step. In the second step, the block-grouping is guided by this basic estimate and the formed

SDMs are denoised using the 3D DWT domain Wiener filtering. The aggregation step is kept

the same as in the first step. Thus, the second step of the proposed SVLET-CF is identical

to the second step of the BM4D method. At the end of the second step, we obtain a better

estimate of the MR image than the first step. Further enhancement in the denoised image can

be achieved by iterating the entire process as follows.

Unlike the first iteration that takes the variance stabilized noisy image ỹVST as the input, the

subsequent iteration of the proposed SVLET-CF takes the partially denoised image obtained

using back-projection as input. At lth iteration, the back-projected image is obtained using

(6.13). For the ease of reference, the same can be reproduced as

ỹ
(l)
VST = ŷ

(l−1)
VST + δ(ỹVST − ŷ

(l−1)
VST ). (6.13)
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Also, the standard deviation of noise for the subsequent iterations is updated as

τ̂
(l)
VST = γ

√
τ 2 − 1

N
‖ỹVST − ỹ

(l)
VST‖22. (6.14)

This process is iterated a couple of times and finally the denoised MR image is obtained. For

being free from any tunable parameter, the OptShrink is the fastest matrix denoising method.

6.4 Experimental set-up and parameter tuning

To evaluate the proposed MR image denoising methods, experimental studies are done on the

simulated MR images from BrainWeb corpus 1. It is well accepted and widely used database

for validating the MR image restoration algorithms. It contains two anatomical model: normal

brain simulator and multiple sclerosis (MS) lesion brain simulator. Each of them can simulate

the MR images with three modalities: T1-, T2-, and PD-weighted and with various slice thick-

nesses and intensity non-uniformity levels. In our experimental studies, we consider one MR

image volume from each of the anatomical models and modalities with the slice thickness of 1

mm and the non-uniformity level of 20%. The noisy MR images are obtained by adding the

WGN according to the observation model in (6.1) with a chosen value of noise level τ . Various

experiments on the test data are performed to establish the efficacy of the proposed methods.

6.4.1 Performance measures

To measure the denoising performance of the proposed and the contrast methods, we use the

following quantitative performance metrics.

(i) Peak Signal-to-Noise Ratio (PSNR): The PSNR defined for image in the last chapter

is extended to the MR image considering its three dimensions. It measures the overall

denoising performance in terms of mean squared error. For an MR image with the nor-

malized voxel intensity level in [0 D], the PSNR is given as

PSNR(y, ŷ) = 10 log10

{
D2

MSE

}
(6.15)

= 10 log10

{
D2

1
I1I2I3

∑I1I2I3
i=1 (yi − ŷi)2

}
. (6.16)

1http://brainweb.bic.mni.mcgill.ca/brainweb/
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Clearly, a better denoising method should result in a higher PSNR value.

(ii) Structural Similarity Index Measure (SSIM) [145]: In an image, the SSIM ac-

counts the properties of human visual system and measures the structural similarity of

the denoised image with the underlying noise-free image. For the MR image, it is given

as

SSIM(y, ŷ) =
1

I1I2I3

I1I2I3∑

i=1

(2µyiµŷi + C1)(2τyiŷi + C2)

(µ2
yi
+ µ2

ŷi
+ C1)(τ 2yi + τ 2ŷi + C2)

(6.17)

where µyi and µŷi are the local mean values of y and ŷ, respectively, whereas τyi and τŷi

are corresponding local variances is used. The τyiŷi is the cross-covariance value whereas

C1 and C2 are the small constants to provide stability in case of zero local means and

variances. For a better denoising method the SSIM should be closer to unity. The SSIM

is commonly assumed to be a better performance measure than the PSNR in terms of

visual quality.

6.4.2 Selection of parameters

The proposed methods have various common parameters such as the block-size, the search-

window size, and the overlap between successive reference blocks. As the similar 3D blocks

of the noisy MR image are vectorised to be arranged as the columns of the data matrix, the

block-size parameter determines the number of rows of the data matrix. With a larger block-

size, it is difficult to find many similar blocks and hence the corresponding data matrix is not

sufficiently low-rank. A very smaller blocks result in increased number of data matrices for

a given MR volume, hence the denoising becomes slow. This is why a moderate choice of

block-size is crucial to make. The search-window size is chosen small enough to reduce the

search time and big enough to find a sufficiently large number of similar blocks. The overlap

between successive reference blocks is required to get rid of blocking artifact in the denoised

image. For a fair comparison with the BM4D method, the block-size, the search-window size,

and the overlap between successive reference blocks are set at 4 × 4 × 4, 11 × 11 × 11, and 1,

respectively. In the BM4D method, the group size (the number of similar blocks in a group) is

decided by the matching threshold. However, in the proposed method, the group size m is set

at 64 in order to keep the aspect ratio β of the SDM to 1.
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Additionally, the proposed SVLET-CF method uses two specific parameters K and C, that

are experimentally fixed. For that, we apply one step denoising (that includes block-grouping,

group-denoising, and aggregation) on an MR image volume derived from the above database

at different noise levels. In Figure 6.2(a), the normalized PSNRs are plotted against C, where

T = τC, for denoising a noisy MR image at different noise levels. It can be seen that the best

choice for C is approximately equal to 20. With this value of C, Figure 6.2(b) shows the plots

of the normalized PSNR against K at different noise levels. From Figure 6.2(b), the value of

K is chosen as 4.
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Figure 6.2: Tuning of parameter T and K of the SVLET-CF on an MR image volume cropped from
the ‘normal’ SBD at different noise levels.
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Figure 6.3: Effect of the iteration on the PSNR of denoised MR image corresponding to a volume
cropped for the ‘normal’ case from BrainWeb corpus at different noise levels.
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Table 6.1: Comparison of performances on ‘normal’ brain MR image extracted from BrainWeb corpus, in case of Gaussian noise at different noise
levels. The best performances in each case are highlighted. All PSNR values are in dB.

3% 6% 9% 12% 15%

PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM

Modality: T1, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 38.56 0.9682 34.61 0.9183 32.27 0.8647 30.64 0.8116 29.36 0.7620

BM4D [134]: 39.64 0.9780 36.30 0.9559 34.35 0.9324 32.98 0.9091 31.88 0.8837

OptShrink-CF: 39.66 0.9762 36.39 0.9526 34.51 0.9287 33.20 0.9073 32.16 0.8845

SVLET-CF: 39.69 0.9766 36.42 0.9547 34.53 0.9328 33.23 0.9136 32.18 0.8919

Modality: T2, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 36.12 0.9680 32.86 0.9207 30.54 0.8602 28.74 0.8048 27.24 0.7487

BM4D [134]: 37.56 0.9792 33.91 0.9585 31.87 0.9364 30.43 0.9137 29.33 0.8901

OptShrink-CF: 37.50 0.9762 33.88 0.9512 31.88 0.9273 30.48 0.9040 29.42 0.8820

SVLET-CF: 37.42 0.9756 33.87 0.9528 31.91 0.9315 30.52 0.9111 29.45 0.8930

Modality: PD, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 37.69 0.9619 33.83 0.9017 31.66 0.8402 30.17 0.7786 28.98 0.7217

BM4D [134]: 39.46 0.9764 35.99 0.9532 33.97 0.9287 32.56 0.9039 31.46 0.8767

OptShrink-CF: 39.41 0.9742 36.04 0.9477 34.10 0.9227 32.74 0.8990 31.69 0.8737

SVLET-CF: 39.38 0.9742 36.07 0.9499 34.14 0.9268 32.78 0.9064 31.71 0.8837
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6.4 Experimental set-up and parameter tuning
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Figure 6.4: Qualitative performance comparison on ‘normal’ brain MR image extracted from Simu-
lated BrainWeb Database, in case of Gaussian noise at 15% noise levels.
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Table 6.2: Comparison of performances on ‘MS Lesion’ brain MR image extracted from BrainWeb corpus, in case of Gaussian noise at different
noise levels. The best performances in each case are highlighted. All PSNR values are in dB.

3% 6% 9% 12% 15%

PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM

Modality: T1, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 38.55 0.9674 34.61 0.9202 32.29 0.8646 30.64 0.8104 29.36 0.7599

BM4D [134]: 39.64 0.9778 36.29 0.9557 34.37 0.9328 32.97 0.9087 31.89 0.8850

OptShrink-CF: 39.66 0.9762 36.39 0.9520 34.53 0.9291 33.19 0.9064 32.16 0.8848

SVLET-CF: 39.69 0.9766 36.41 0.9547 34.56 0.9328 33.22 0.9136 32.18 0.8919

Modality: T2, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 36.63 0.9662 33.06 0.9156 30.66 0.8576 28.88 0.7923 27.47 0.7369

BM4D [134]: 37.97 0.9779 34.40 0.9561 32.38 0.9323 30.97 0.9082 29.88 0.8833

OptShrink-CF: 37.93 0.9754 34.40 0.9498 32.45 0.9250 31.09 0.9010 30.05 0.8777

SVLET-CF: 37.87 0.9751 34.41 0.9518 32.48 0.9291 31.12 0.9086 30.07 0.8892

Modality: PD, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 38.07 0.9597 34.36 0.9037 32.30 0.8411 30.80 0.7811 29.66 0.7436

BM4D [134]: 40.01 0.9765 36.52 0.9541 34.52 0.9305 33.11 0.9060 32.03 0.8814

OptShrink-CF: 39.95 0.9742 36.59 0.9489 34.65 0.9242 33.26 0.8996 32.21 0.8773

SVLET-CF: 39.93 0.9743 36.61 0.9511 34.68 0.9285 33.30 0.9074 32.24 0.8888
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6.4 Experimental set-up and parameter tuning
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Figure 6.5: Qualitative performance comparison on ‘MS Lesion’ brain MR image extracted from
Simulated BrainWeb Database, in case of Gaussian noise at 15% noise levels.
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Table 6.3: Comparison of performances on ‘normal’ brain MR image extracted from BrainWeb corpus, in case of Rician noise at different noise
levels. The best performances in each case are highlighted. All PSNR values are in dB.

3% 6% 9% 12% 15%

PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM

Modality: T1, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 37.94 0.9376 33.51 0.8599 30.67 0.7856 28.57 0.7192 26.87 0.6575

BM4D [134]: 38.60 0.9341 34.25 0.8949 30.83 0.8479 27.78 0.7921 25.12 0.7347

OptShrink-CF: 38.59 0.9383 34.36 0.8954 31.07 0.8514 28.63 0.8014 26.86 0.7470

SVLET-CF: 38.69 0.9451 34.59 0.8978 32.06 0.8564 30.20 0.8092 28.67 0.7574

Modality: T2, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 35.60 0.9268 31.86 0.8388 29.20 0.7624 27.06 0.6929 25.33 0.6326

BM4D [134]: 36.64 0.8862 32.84 0.8586 30.38 0.8370 28.17 0.8101 25.9588 0.7691

OptShrink-CF: 36.55 0.9278 32.76 0.8555 30.30 0.8323 28.09 0.8042 25.95 0.7698

SVLET-CF: 36.41 0.9323 32.71 0.8628 30.30 0.8358 28.13 0.8126 26.02 0.7853

Modality: PD, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 37.03 0.9218 32.86 0.8245 30.29 0.7439 28.37 0.6799 26.76 0.6229

BM4D [134]: 37.98 0.8793 34.45 0.8476 32.24 0.8254 30.45 0.8047 28.92 0.7859

OptShrink-CF: 37.91 0.9255 34.49 0.8475 32.38 0.8264 30.67 0.8072 29.22 0.7903

SVLET-CF: 38.16 0.9332 34.57 0.8615 32.49 0.8286 30.78 0.8103 29.34 0.7940
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6.4 Experimental set-up and parameter tuning
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Figure 6.6: Qualitative performance comparison on ‘normal’ brain MR image extracted from Simu-
lated BrainWeb Database, in case of Rician noise at 15% noise levels.
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Table 6.4: Comparison of performances on ‘MS Lesion’ brain MR image extracted from BrainWeb corpus, in case of Rician noise at different noise
levels. The best performances in each case are highlighted. All PSNR values are in dB.

3% 6% 9% 12% 15%

PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM

Modality: T1, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 37.94 0.9371 33.49 0.8587 30.66 0.7844 28.60 0.7189 26.87 0.6557

BM4D [134]: 38.60 0.9346 34.20 0.8941 30.76 0.8454 27.61 0.7868 24.96 0.7280

OptShrink-CF: 38.59 0.9377 34.32 0.8947 31.02 0.8493 28.65 0.7969 26.83 0.7395

SVLET-CF: 38.69 0.9444 34.57 0.8972 32.05 0.8545 30.24 0.8048 28.66 0.7502

Modality: T2, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 36.09 0.9259 32.14 0.8354 29.42 0.7572 27.36 0.6913 25.68 0.6332

BM4D [134]: 36.89 0.8822 33.28 0.8535 31.03 0.8324 29.26 0.8134 27.67 0.7938

OptShrink-CF: 36.85 0.9289 33.26 0.8522 31.09 0.8313 29.38 0.8130 27.83 0.7936

SVLET-CF: 36.99 0.9344 33.32 0.8640 31.18 0.8337 29.50 0.8162 27.96 0.7986

Modality: PD, Slice thickness: 1mm, Intensity non-uniformity: 20%

OBNLM [125]: 37.34 0.9209 33.26 0.8247 30.72 0.7487 28.76 0.6839 27.12 0.6277

BM4D [134]: 38.34 0.8800 34.84 0.8496 32.60 0.8280 30.82 0.8087 29.27 0.7903

OptShrink-CF: 38.27 0.9241 34.88 0.8492 32.74 0.8283 31.04 0.8104 29.54 0.7928

SVLET-CF: 38.53 0.9331 34.97 0.8597 32.85 0.8309 31.15 0.8137 29.65 0.7974
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6.5 Results and discussion

6.4.3 Effect of iterations

In addition to the parameters discussed above, the proposed CF requires another two param-

eters. These are the back-projection parameters δ and noise update parameter γ. We have

experimentally fixed these parameters at 0.05 and 0.4, respectively, that maximize the PSNR.

Using these values, Figure 6.3(a) and (b) show the PSNR of the estimated MR image with

varying number of iterations for the proposed SVLET-CF and OpriShrink-CF methods, re-

spectively. It can be seen that the PSNR converges around 4th iteration. Hence, in the rest of

the experiments we take the denoised image after 4th iteration as the final MR image estimate

in both the methods.

6.5 Results and discussion

In this subsection, we present the MR image denoising performance of the proposed and existing

methods. The parameters of the proposed methods have been selected as discussed above. For

the existing methods, the parameters are chosen as suggested by their authors. The experiments

are conducted on the simulated MR images derived from the BrainWeb at different noise levels.

Recently, a few competitive MR image denoising methods are reported [125,134,141,142]. We

consider the OBNLM [125] and the BM4D [134] methods for comparison. The availability

of the executable MATLAB codes enables quick and accurate performance comparison. The

parameters of these methods are chosen as suggested by their authors.

In Table 6.1, we show the quantitative performance of the proposed and the chosen contrast

methods on the normal brain MR image consisting of all three different modalities at varying

Gaussian noise levels. For the Gaussian noise removal, the VST is not needed, hence only the

iterative CF block of the block diagram in Figure 6.1 is applicable. The standard deviation τ

corresponding to a given percentage of noise level p can be computed as τ = D × p/100. In

addition, we also show the corresponding visual performance comparison at a chosen noise level

in Figure 6.4. The residual images are obtained by subtracting the denoised image from its

noisy counterpart. In the best case, the voxels of the residual image should have no correlations.

The denoising performances on the MS lesion MR images are listed in Table 6.2 while the

visual comparison is shown in Figure 6.5. On comparing the quantitative performances, we
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6. Application to MR Image Denoising
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Figure 6.7: Qualitative performance comparison on ‘MS Lesion’ brain MR IMAGE data extracted
from Simulated BrainWeb Database, in case of Rician noise at 15% noise levels.
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6.6 Summary

note that the proposed methods outperform both the chosen contrast methods. At low noise

level, the proposed OptShrink-CF and the existing BM4D method yield the best performances.

However, at high noise level, the SVLET-CF method yields the best results. Almost similar

observation can be made in visual performance comparison.

As discussed earlier, the noise in magnitude MR images is Rician distributed. Hence, the

MR image denoising methods need to be evaluated on the Rician noise as well. For this purpose,

the three level approach given in Figure 6.1 employing VST is applied on the noisy MR image.

In Table 6.3 and Table 6.4, we compare the denoising performances on the normal and the MS

lesion MR data generated using Rician noise model, respectively. In Figure 6.6 and Figure 6.7,

the corresponding visual performances are shown. Again, the similar conclusions can be drawn

on comparing the denoising performances.

6.6 Summary

In this chapter, we evaluated the OptShrink and the SVLET matrix estimation methods for

the denoising of MR images. The proposed approaches use the CF framework that exploits

the local as well as nonlocal correlation present in the MR image with the help of these SV

shrinkage methods. They are found to outperform the OBNLM and the BM4D method in case

of the Gaussian as well as the Rician noise. Moreover, the SVLET-CF is found to be more

effective as compared to the OptShrink-CF, especially in case of high noise levels. Hence, we

suggest to use the SVLET in CF for the denoising of the MR images.
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7. Conclusions and Future Directions

7.1 Conclusions

This thesis presented a few approaches in the direction of improving the spectral shrinkage

estimators in terms of the estimation accuracy as well as the efficiency in implementation.

Essentially, it proposes two shrinkage estimators: the SVLT and the SVLET. The motivation

behind the first one is to improve the estimation accuracy of the existing shrinkage estimators

by decoupling of the truncation and the shrinkage of SVs. This is done by means of a logistic

function based thresholding that uses three parameters. The proposed SVLT estimator though

has more number of parameters than the existing estimators, it allows a better control over

the shrinkage and the truncation. The improvement in estimation accuracy is achieved at the

cost of increased computational complexity in parameter tuning. Thus, it does not have a wide

practical applicability.

The second proposed estimator is motivated towards addressing this constraint. In this

approach, the thresholding function is expressed as the linear combination of the derivative of

Gaussian functions. This linearization helped deriving the closed form expression of the optimal

parameters of the shrinkage estimator, thus obviating the need of the costly grid search. In

addition, the linearization also allowed us to increase the number of parameters arbitrarily,

therefore, it achieves the greater flexibility in shrinkage. Further, we have shown that the

proposed SVLET estimator achieves the optimality (in mean-squared sense) in the large matrix

limits. In finite matrix case, it performs as good as the existing OptShrink estimator derived

from the random matrix theory.

On analysing the results of various experiments conducted on artificially generated noisy

matrices, it is concluded that the SVLT performs better rank estimation and better matrix

estimation than the existing methods. The experimental study of the SVLET showed that it

is one of the fastest methods. It is also noted to outperform the existing parametric shrinkage

estimators for varying noise levels and ranks. Hence, for the real time applications, where

computational complexity is a huge concern, the SVLET method forms a compelling candidate.

Towards establishing the efficacy of the proposed spectral shrinkage estimators, they have

been explored in various signal processing applications. Specifically, we chose the denoising of

the signals such as ECG, photographic images, and MR images.
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7.2 Future directions

The salient concluding points of the work presented in this thesis can be listed as follows.

• The essence of better estimator of SVs for matrix rank estimation (model order selection)

is recognized and explained.

• The fact that a better rank estimation lead to better matrix estimation is reaffirmed.

• A fast and adaptive shrinkage of SVs to remove Gaussian noise from the matrix elements

is proposed and successfully demonstrated.

• It is shown that, it is possible to construct a non-linear SVSE, that reaches asymptotic

optimality using SURE principle and random matrix theory, by linearizing the shrinkage

function.

• The speed achieved by this linearization made it possible to apply the adaptive SV shrink-

age methods in practical applications, e.g. MRI denoising.

• The proposed estimators have been shown to perform better than the contrast methods

for rank estimation, matrix denoising, ECG signal denoising, and MRI denoising.

7.2 Future directions

The matrix denoising is a simpler category in the class of more challenging inverse problems that

include matrix recovery from compressed measurements, the recovery from the data undergone

through the motion artifacts, etc. Also, another open challenge in developing the shrinkage

estimators is when the distribution of the corrupting noise is non-Gaussian. Mathematically, a

more generalized data model than the one considered in the thesis can be given as

x̃ = Avec(X) + vec(X), (7.1)

where A ∈ R
p×mn such that p ≤ mn is a matrix operator, the operator vec(·) represents

the vectorization operation, and the elements of noise matrix X is random variables with

known/unknown distribution. The focus of the presented works in this thesis was limited to

the denoising problems (considering A = I) with Gaussian noise models (considering x̄j,i
IID∼

N (0, τ 2)), only.

The following issues can be explored as a future research direction.
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7. Conclusions and Future Directions

• The proposed SVLT method for rank estimation can be applied to a wide range of machine

learning problems for model order selection.

• The adaptive shrinkage strategies enable us to preserve rare-features in medical signals.

Hence, the proposed SVLT and SVLET are still to be examined in various medical signal

processing applications. For instance, denoising the multi-channel ECG can be a possible

extension of the single channel ECG denoising using the SVLET.

• The proposed shrinkage estimators can be applied to various multidimensional signal

denoising tasks such as hyper-spectral images, videos, etc. Examining the performance

in such applications can be explored in future.

• The proposed methods use SURE for parameter estimation under Gaussian noise assump-

tions. SURE for exponential family of noise exists but adapting it for SVD domain is

mathematically involved. Having done so, SVLET can be modified to incorporate a wide

range of noise distribution.

• Notably, this thesis aimed only at matrix denoising problem where all entries are observed.

Incorporating the case of missing entries, the proposed estimators need to be modified

and can be explored in future.
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