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Abstract

A fractal set is a union of many smaller copy of itself and it has a highly irregular
structure. Using Hutchinson’s operator, Barnsley [6], introduced Fractal Interpolation
Function (FIF) via certain Iterated Function System (IFS). The FIF is continuous and
self-affine in nature. By defining IFS suitably, one can construct various form of fractal
functions including non-self-affine and partially self-affine (and partially non-self-affine)
FIFs. For any continuous function f , the corresponding fractal analogue fα is non-self-
affine, continuous, nowhere differentiable function [62,63]. The function fα, known as α-
fractal interpolation function, generates a family of continuous functions corresponding
to the original function f for different scale vector α = (α1, α2, . . . , αN) ∈ (−1, 1)N . The
fractal function fα interpolates and approximates f . Kolomogorov [51], introduced the
notion of fractal dimension which later demonstrated by Mandelbrot [56] to quantify
irregular patterns. The fractal dimension or box dimension measures the complexity
or irregularity of sets. It is seen in the literature that the graphs of FIFs have non-
integer Hausdorff-Besicovitch dimensions. The present work is mainly devoted to the
study pertaining to fractal dimensions and approximations of α-fractal interpolation
functions. It is organized in five chapters.

Chapter 1, is the introductory chapter reviewing the basics and some useful results
on fractals related to our work. At the end, it also includes two preliminary works
carried out by us. (i) Study on the perturbed bivariate fractal interpolation function
(BFIF) arising from perturbed IFS and upper bound for the error estimation between
the original BFIF and the perturbed BFIF [79]. (ii) Considering the graph-directed
iterated function system (GDIFS) for a finite number of generalized data sets, it is
shown that the projection of the attractors on R2 is the graph of the coalescence hidden
variable fractal interpolation functions (CHFIFs) interpolating the corresponding data
sets [2].

In Chapter 2, the α-fractal interpolation function fα for an IFS where the original
function f and the base function b are Hölderian with exponents β1 and β2 respectively,
is considered. In classical case, there is a result on dimension of the graph of a function
in Hölder class. It states that if a function f is Hölder continuous with exponent β
on a compact subset of R, then the dimension of the graph of f is bounded above
by 2 − β [12]. Also different type of FIFs and non-integer box dimensions of their
corresponding graphs can be found in the literature [9, 10, 24, 37, 40, 41, 58]. In the
present work, the box dimension of the graph G of non-self-affine FIF fα is settled
as follows. In the first approach, for equally spaced nodes, consider γ =

∑N
i=1 |αi|,

where the scaling factors αi 6= 0 and β = min{β1, β2}. It is seen that (a) for γ ≤ 1,
1 ≤ dimB G ≤ 2− β, (b) for γ > 1 with γNβ−1 ≤ 1, 1 ≤ dimB G ≤ 2− β + logN γ, (c)
for γ > 1 with γNβ−1 > 1, 1 ≤ dimB G ≤ 1 + logN γ. To get a non-trivial lower bound,
if the interpolation points are not collinear then for γ =

∑N
i=1 αi > 1, where αi > 0

and β = 1, dimB G ≥ 1 + logN γ, whenever the original function f is concave and b is
affine. In particular, for an IFS with positive scale vector if f is concave and Lipschitz,
b is affine and the interpolation points are not collinear then dimB G = 1 + logN γ for
γ > 1 and dimB G = 1 otherwise. In the second approach, for arbitrary nodes, let D be
the solution of

∑N
i=1 |αi|a

D−1
i = 1 and γ =

∑N
i=1 |αi|. It is proved that (a) for γ > 1,

xi
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1 ≤ dimBG ≤ dimBG ≤ 1 − β + D, (b) for γ ≤ 1, 1 ≤ dimBG ≤ dimBG ≤ 2 − β.
To get a non-trivial lower bound, if the interpolation points are not collinear then for
γ =

∑N
i=1 αi > 1, where αi ≥ 0 and β = 1, dimB G ≥ D, whenever the original function

f is concave and b is affine. In particular, for an IFS with non-negative scale vector if f
is concave and Lipschitz, b is affine and the interpolation points are not collinear, then
dimB G = D for γ > 1 and dimB G = 1 otherwise. By choosing the parameter α = 0,
the obtained results coincide with the existing classical one with f 0 = f . The research
work contained in this chapter is published as [3].

In Chapter 3, the α-fractal function fα with variable scale vector is considered for
f and b in Hölderian class with exponent β1 and β2 respectively. The box dimension of
the graph G of fα is estimated in I = [0, 1]. The results matches with the results in
Chapter 2 for constant scale vector. The fractal function fα is non-self-affine. So the
behavior of the graph of fα is non-uniform on the domain. Keeping this in mind, the box
dimension of the graph of fα in subintervals is also estimated here. Let αmin = min{α̃i :
i = 1, 2, . . . , N} and αmax = max{αi : i = 1, 2, . . . , N}, where α̃i = minx∈I |αi(x)|
and αi = maxx∈I |αi(x)|. Define γ =

∑N
i=1 αi. Let for fixed i∗ ∈ {1, 2, . . . , N}, Gi∗ =

graph(fα|Ii∗ ) be the graph of the function fα on the subinterval Ii∗ . It is proved that
(a) if αmin >

1
Nβ (⇒ γNβ−1 > 1), then 1 ≤ dimB(Gi∗) ≤ 1 + logN γ, (b) if γNβ−1 > 1,

then 1 ≤ dimB(Gi∗) ≤ 2 + logN αmax, (c) if αmax ≤ 1
Nβ , then dimB(Gi∗) ≤ 2− β and (d)

if αi∗ = 0, then 1 ≤ dimB Gi∗ ≤ 2 − β. To get a non-trivial lower bound for constant
non-negative scale vector, let γ =

∑N
i=1 αi > 1 with αi∗ 6= 0. If the interpolation

points are not collinear, then dimB(Gi∗) ≥ 1 + logN γ, whenever f is concave and
b is affine. In particular, for an IFS with constant non-negative scale vector if f is
concave and Lipschitz, b is affine and the interpolation points are not collinear then
dimB Gi∗ = 1 + logN γ for αmin >

1
N

and dimB Gi∗ = 1 for αmax ≤ 1
N

.

Jacobi system which forms a complete system in the weighted square integrable
functions space L2

ρ(−1, 1), where ρ(r,s)(x) = (1−x)r(1+x)s; r > −1, s > −1 is the weight
function is considered in Chapter 4. Legendre system, Chebyshev system, Gegenbauer
system, etc., are special cases of Jacobi system for certain choices of the parameters r
and s. By taking different type of classical functions systems, fractal analogues is defined
and an alternative family of Hilbert bases are provided by Navascués [63, 66, 70, 71]. In
the present work, the Jacobi system is fractalized by means of a linear and bounded
operator which maps the original function to its fractal analogue. The Weierstrass type
theorem providing an approximation for square integrable function in terms of α-fractal
Jacobi sums is derived. A fractal basis for the space of weighted square integrable
functions L2

ρ(−1, 1) is found. The convergence analysis of Fourier-Jacobi expansion for
affine FIF as well as non-affine smooth FIF for certain IFS is carried out in uniform
norm and weighted-mean square norm. The research work contained in this chapter is
published as [4].

Functions on the sphere S ⊆ R3 has important applications in the area of oceanogra-
phy, environment, metrology, etc. In [64, 69], Navascués constructed fractal versions of
the spherical harmonics. Navascués used the linearity and boundedness of the operator
Sα which takes the original function on L2(S) to its fractal analogue, to prove fractal
version of many classical results in functional analysis/operator theory. In Chapter 5,

xii
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a family of continuous functions on the unit sphere S ⊆ R3 generalizing the spherical
harmonics, is considered. Using fractal methodology, fractal version of this family of
continuous functions on the sphere S is constructed. To do this, an iterated function
system and a linear bounded operator that maps classical functions to its fractal ana-
logues is defined. Some approximation properties of fractal functions on the sphere is
investigated. Restricting the scale vector involved in the IFS, a fractal Hilbert basis is
established for the functions on the sphere.
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Chapter 1

Introduction

An Iterated Function System (IFS) is the core to define the self-referential function,

namely, Fractal Interpolation Function (FIF). A brief review on the basic concepts to

define a fractal interpolation function is presented below.

1.1 Iterated function systems

Let X ⊂ Rn and (X , d) be a complete metric space. Consider

H(X ) = {S ⊂ X : S is a non-empty compact set in X}

with the Hausdorff metric dH(A,B), defined by

dH(A,B) = max{dX (A,B), dX (B,A)} ,

where dX (A,B) = maxx∈A miny∈B d(x, y) for any two sets A and B in H(X ). The

completeness of the metric space (X , d) implies that (H, dH) is complete [34]. Let for

i = 1, 2, . . . , N , wi : X → X be continuous maps. Then {X ;wi : i = 1, 2, . . . , N} is

called an iterated function system (IFS). For each i, if the map wi is contractive, that

is,

d(wi(x), wi(y)) ≤ ζid(x, y) for all x and y in X, 0 ≤ ζi < 1 ,

then the IFS {X ;wi : i = 1, 2, . . . , N} is known as a hyperbolic iterated function

system with contractivity factor ζ = max{ζi : i = 1, 2, . . . , N}. The set valued

1
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Hutchinson operator W : H(X )→ H(X ) is defined by

W (B) =
N⋃
i=1

wi(B) for all B ∈ H(X ) ,

where wi(B) := {wi(b) : b ∈ B} and is also contraction with the contractivity factor

ζ [44]. Banach fixed point theorem ensures that there exists a unique set A ∈ H(X )

such that

A = W (A) =
N⋃
i=1

wi(A) .

The set A is called the attractor associated with the IFS {X ;wi : i = 1, 2, . . . , N}. It

is also called the invariant set of the IFS.

Definition 1.1.1. Let {X ;wi : i = 1, 2, . . . , N} be a hyperbolic IFS with contractivity

factor ζ. A set A ∈ H(X ) is said to be an attractor of the IFS or a deterministic fractal

if limn→∞W
n(B) = A for every B ∈ H(X ).

1.2 Fractal interpolation functions

The fractal interpolation is an alternative of classical interpolation such as polynomial

interpolation, spline interpolation, etc., in approximation theory generally for irregular

curves. It effectively interpolates some experimental data by a non-smooth curve. In

1986, Barnsley [6], introduced the concept of fractal interpolation function via an iter-

ated function system on a compact subset of R. The construction is mainly by defining

a suitable IFS such that the attractor of the IFS is the graph of a FIF. The FIF is the

unique fixed point of Read-Bajraktarević (RB) operator acting on a suitable functions

space. This operator was first studied by Read [82] and followed by Bajraktarević [5].

The general construction of an IFS and a FIF is as follows.

Let a set of interpolation points {(xi, yi) ∈ I × R : i = 0, 1, . . . , N} be given,

where ∆ : x0 < x1 < · · · < xN is a partition of the closed interval I = [x0, xN ] and

yi ∈ [h1, h2] ⊂ R, i = 0, 1, . . . , N . Set Ii = [xi−1, xi] for i = 1, 2, . . . , N and

2
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K = I × [h1, h2]. Let Li : I → Ii, i = 1, 2, . . . , N , be contraction homeomorphisms

such that

Li(x0) = xi−1, Li(xN) = xi, (1.1)

|Li(c1)− Li(c2)| ≤ d|c1 − c2| for all c1 and c2 in I, (1.2)

for some 0 ≤ d < 1. Furthermore, let Fi : K → R, i = 1, 2, . . . , N , be given continuous

functions such that

Fi(x0, y0) = yi−1, Fi(xN , yN) = yi, (1.3)

|Fi(x, y)− Fi(x∗, y)| ≤ γ|x− x∗|, x, x∗ ∈ I, y ∈ [h1, h2], (1.4)

|Fi(x, ξ1)− Fi(x, ξ2)| ≤ |αi||ξ1 − ξ2|, x ∈ I, ξ1, ξ2 ∈ [h1, h2] (1.5)

for a constant γ and for αi ∈ (−1, 1), i = 1, 2, . . . , N . Define the mappings Wi : K →

Ii × R, i = 1, 2, . . . , N by

Wi(x, y) =
(
Li(x), Fi(x, y)

)
for all (x, y) ∈ K .

Then {
K; Wi(x, y) : i = 1, 2, . . . , N

}
(1.6)

constitutes an IFS. It is clear from above that for i = 1, 2, . . . , N , Wi satisfies

Wi(x0, y0) = (xi−1, yi−1), Wi(xN , yN) = (xi, yi).

Theorem 1.2.1. (see [6]). The IFS
{
K;Wi : i = 1, 2, . . . , N

}
defined by (1.6) has

a unique attractor G, where G is the graph of a continuous function g : I → R which

obeys g(xi) = yi for i = 0, 1, . . ., N .

Definition 1.2.1. The function g defined in Theorem 1.2.1 is called a fractal interpo-

lation function (FIF) or simply fractal function for the interpolation data
{

(xi, yi) : i =

1, 2, . . . , N
}

.

Let C∗ be the space of continuous functions g∗ : I → R such that g∗(x0) = y0,

g∗(xN) = yN endowed with the uniform metric d∞(g∗1, g
∗
2) = maxx∈I |g∗1(x) − g∗2(x)|.
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Then (C∗, d∞) is a complete metric space. The Read-Bajraktarević operator T : C∗ → C∗

is defined by

Tg∗(x) = Fi
(
L−1
i (x), g∗ ◦ L−1

i (x)
)
, x ∈ Ii, i = 1, 2, . . . , N

and it is contractive with the contractivity factor |α|∞ = max{|αi|; i = 1, 2, . . . , N}.

The fractal interpolation function g is the unique function satisfying the following fixed

point equation

g(x) = Fi
(
L−1
i (x), g(L−1

i (x))
)

for all x ∈ Ii, i = 1, 2, . . . , N. (1.7)

The widely studied FIFs so far are defined by the mappings

Li(x) = ai x + di, Fi(x, y) = αi y + qi(x), i = 1, 2, . . . , N, (1.8)

where the real constants ai and di are determined by the condition (1.1) as

ai =
(xi − xi−1)

(xN − x0)
and di =

(xNxi−1 − x0xi)

(xN − x0)
(1.9)

and qi(x)’s are suitable continuous functions such that the condition (1.3) holds. If all

qi(x) are taken as affine then the corresponding FIF is known as affine FIF (AFIF). If

the FIF is not-affine then it is known as non affine FIF. The polynomial IFS, obtained

by taking qi(x), i = 1, 2, . . . , N as suitable polynomials, are investigated in [17, 73].

Recently, the rational IFS that is obtained by taking qi(x), i = 1, 2, . . . , N as suitable

rational functions, are investigated in [91–93].

For each i, αi is a free parameter with |αi| < 1 and is called a vertical scaling factor

of the transformation Wi. Then the vector α = (α1, α2, . . . , αN) is called the scale

vector of the IFS. It may be noted that for an IFS, Wi maps a line parallel to the y-axis

into a line parallel to the y-axis. Further, if L denotes a line segment parallel to the

y-axis, then the ratio of the length of Wi(L) to the length of L is |αi|. This property

has an important role while finding the fractal dimension of a FIF.

4
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Instead of constant vertical scaling factors, one may take function vertical scaling

factors to define iterated function system for more flexibility. In [97], Wang and Yu,

considered Fi(x, y) = αi(x)y + qi(x) in (1.8) of the IFS, where αi(x) is a Lipschitz

function defined on I. Then the corresponding FIF g satisfies

g
(
Li(x)

)
= Fi

(
x, g(x)

)
= αi(x)g(x) + qi(x) for all x ∈ I.

The actual interpolant is obtained by iterating indefinitely the IFS. Initially, there are

N + 1 data points. In the first iteration, the injective maps Li, i = 1, 2, . . . , N , gives

N − 1 points in each N subintervals. Consequently, at the end of the first iteration, one

can have N(N − 1) + N + 1 = N2 + 1 distinct points. Similarly, at the end of second

iteration, one can have N(N2 − 1) + N + 1 = N3 + 1 distinct points. By induction, it

follows that the FIF g interpolates N r+1+1 distinct points after r-th iteration [91]. Note

that the computation is very fast and the interpolant can be viewed quickly as a whole.

So the main differences of a FIF from traditional interpolant is that (i) the construction

via IFS uses a functional equation for the interpolant and in small scale graph implies

a self-similarity, (ii) instead of using an analytic formula, the FIF is constructed by

iteration of the interpolant, (iii) the scaling factors offers more flexibility in the choice

of an interpolant and the fractal dimension of the graph of FIF is strongly related to

scaling factors which can be seen in the present work for certain types of FIF.

1.3 Smooth fractal interpolation functions

In general, the FIF is not differentiable and such type of FIFs can be found in [65].

However one can define the generating IFS by choosing the parameters in such a way that

the corresponding fractal function exhibits the Cr-continuity. Barnsley and Harrington

[8], first observed that the integration of any number of terms of a FIF is also a FIF, albeit

for a different set of interpolation points. The following theorem gives the smoother FIF.

Theorem 1.3.1. (see [8], Theorem 1). Let g be the FIF associated with the IFS {I ×

5
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R;
(
Li(x), Fi(x, y)

)
: i = 1, 2, . . . , N} and ĝ(x) = ŷ0 +

∫ x
x0
g(t)dt. Then, ĝ is the FIF

associated with the IFS {I × R;
(
Li(x), F̂i(x, y)

)
: i = 1, 2, . . . , N}, where F̂i(x, y) =

aiαiy + q̂i(x). For i = 1, 2, . . . , N , ŷi and q̂i(x) are given by

ŷi = ŷ0 +
i∑

j=1

aj

[
αj(ŷN − ŷ0) +

∫ xN

x0

qj(t)dt

]
, i = 1, 2, . . . , N − 1 ,

ŷN = ŷ0 +

∑N
j=1 aj

∫ x
x0
qj(t)dt

1−
∑N

j=1 ajαj
,

q̂i(x) = ŷi−1 − aiαiŷ0 + ai

∫ x

x0

qj(t)dt .

The following proposition which provides a relation between the IFS of g and the

IFS of ĝ, is an immediate consequence of the above theorem.

Corollary 1.3.1. (see [8], Corollary). Let g be the FIF corresponding to the IFS {I ×

R;
(
Li(x), Fi(x, y)

)
: i = 1, 2, . . . , N}, where Li, Fi are given in (1.8). If ĝ(x) =

ŷ0 +
∫ x
x0
g(t)dt, then ĝ is the FIF associated with the IFS {I × R;

(
Li(x), F̂i(x, y)

)
: i =

1, 2, . . . , N}, where F̂i(x, y) = aiαiy + q̂i(x) and the function q̂i satisfies q̂
(1)
i = aiqi for

all i = 1, 2, . . . , N .

The following theorem by Barnsley, guarantees that by suitably choosing the scaling

factors αi and the functions qi in the IFS (1.8), one can get the corresponding FIF g in

Cr class.

Theorem 1.3.2. (see [8], Theorem 2). For a given data set x0 < x1 < . . . < xN , let

Li(x) = aix+ bi be such that it satisfies (1.1), (1.2) and Fi(x, y) = αiy + qi(x) satisfies

(1.3), (1.5) for i = 1, 2, . . . , N . Suppose for some r > 0, |αi| < sari , 0 < s < 1 and

qi ∈ Cr[x0, xN ], i = 1, 2, . . . , N . Let Fi,k(x, y) =
αiy+q

(k)
i (x)

aki
, y0,k =

q
(k)
1 (x0)

ak1−α1
, yN,k =

q
(k)
N (xN )

akN−αN
, k = 1, 2, . . . , r. If Fi−1,k(xN , yN,k) = Fi,k(x0, y0,k) for i = 2, 3, . . . , N and

k = 1, 2, . . . , r, then
{(
Li(x), Fi(x, y)

)}N
i=1

determines a FIF g ∈ Cr[x0, xN ] and g(k) is

the FIF determined by
{(
Li(x), Fi,k(x, y)

)}N
i=1

for k = 1, 2, . . . , r.

6
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1.4 α-fractal interpolation functions

The α-fractal interpolation function fα defined below is continuous, nowhere differen-

tiable, non-affine fractal function which can be viewed as a perturbation of continuous

function f . For different choice of α ∈ (−1, 1)N , one can get a family of continuous func-

tions fα associated to f . It is worth mentioning here that the Hausdorff-Besicovitch

and box-counting dimension of the graph of the function fα depends on the scale vector

α.

1.4.1 Construction of α-fractal interpolation functions

Let C(I) denote the normed space of real valued continuous functions on I endowed

with the uniform norm ‖f‖∞ = sup{|f(x)| : x ∈ I}. Let f ∈ C(I). Consider

qi(x) = f(Li(x)) − αi b(x), (1.10)

where b(x) is a continuous function such that b(x0) = f(x0), b(xN) = f(xN) and b 6≡ f .

Definition 1.4.1. (see [62, 63]). Let fα be the continuous function whose graph is the

attractor of the IFS (1.8), (1.9) and (1.10). Then, the function fα is called the α-fractal

function associated to f with respect to the base function b(x) and the partition ∆.

Here the Read-Bajraktarević operator is defined as

Tg(x) = Fi
(
L−1
i (x), g ◦ L−1

i (x)
)

= f(x) + αi(g − b)(L−1
i (x)), x ∈ Ii, i = 1, 2, . . . , N .

Thus fα satisfies the following fixed point equation

fα(x) = f(x) + αi (fα − b) ◦ L−1
i (x) for all x ∈ Ii, i = 1, 2, . . . , N. (1.11)

From (1.11), it is easy to deduce the following

‖fα − f‖∞ ≤
|α|∞

1− |α|∞
‖f − b‖∞ , (1.12)

where |α|∞ = max{|αi| : i = 1, 2, . . . , N}. For α = 0, the fractal function fα is same as

the classical one f .

7
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1.4.2 Calculus of α-fractal interpolation functions

Recall that C∗ =
{
g : I → R | g is continuous and g(x0) = y0; g(xN) = yN

}
. Let the

operator Bα = Bα∆,b on C∗ be given by

Bα : C∗ → C∗

f ↪→ fα .

The operator Bα = Bα∆,b depends on both b and ∆.

Proposition 1.4.1. (see [62], Proposition 2.3). For fixed ∆ and b, Bα satisfies the

following Lipschitz condition

‖Bα(f)− Bα(g)‖∞ ≤
1

1− |α|∞
‖f − g‖∞ for all f and g in C∗ .

If the continuous function b given in (1.10), depends linearly on f , that is bλg1+µg2 =

λbg1 + µbg2 , then the operator

Fα : C(I)→ C(I) (1.13)

f ↪→ fα

is linear. For instance, let us choose b = f ◦ c, where c is a continuous, increasing

function such that c(x0) = x0 and c(xN) = xN . Then from (1.11),

fα(x) = f(x) + αi (fα − f ◦ c) ◦ L−1
i (x) ,

gα(x) = g(x) + αi (gα − g ◦ c) ◦ L−1
i (x)

for all x ∈ Ii. Multiplying the first equation by λ and the second equation by µ, we

obtain

(λfα + µgα)(x) = (λf + µg)(x) + αi
(
λfα + µgα − (λf + µg) ◦ c

)
◦ L−1

i (x) .

From this equation, it can be seen that the function λfα + µgα is the fixed point of the

Read-Bajraktarević operator

Th(x) := (λf + µg)(x) + αi
(
h− (λf + µg) ◦ c

)
◦ L−1

i (x) .
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The uniqueness of the fixed point shows that

(λf + µg)α = λfα + µgα for all λ, µ ∈ R .

Therefore the operator Fα is linear. From (1.12), for b = f ◦ c, one can have

‖Fα(f)− f‖∞ ≤
2|α|∞

1− |α|∞
‖f‖∞ .

That is,

‖Fα(f)‖∞ ≤
1 + |α|∞
1− |α|∞

‖f‖∞

and as a consequence, it follows that

‖Fα‖∞ ≤
1 + |α|∞
1− |α|∞

.

Therefore the operator Fα is linear and bounded. If we define b as

b = Lf, (1.14)

where L : C(I) → C(I) is a linear and bounded operator with respect to the uniform

norm on C(I), such that Lf(x0) = f(x0) and Lf(xN) = f(xN), then for any f ∈ C(I)

and its fractal function satisfies [72]

‖fα − f‖∞ ≤ |α|∞‖fα − Lf‖∞, (1.15)

‖fα − f‖∞ ≤
|α|∞

1− |α|∞
‖I − L‖∞‖f‖∞, (1.16)

where ‖I − L‖∞ represents the corresponding operator norm as well. If we consider

Lp-norm (1 ≤ p <∞)

‖f‖Lp =

(∫
I

|f |pdt
)1/p

,

such that the operator L : C(I)→ C(I) is linear and bounded with respect to Lp-norm

on C(I), then the following results can be found in [72].

For every f ∈ C(I) and b defined as (1.14)

‖fα − f‖Lp ≤ |α|∞‖fα − Lf‖Lp , (1.17)

9

TH-1574_11612310



‖fα − f‖Lp ≤
|α|∞

1− |α|∞
‖f − Lf‖Lp . (1.18)

The results have been extended in [71] for any f ∈ Lp(I), 1 ≤ p <∞ as

‖Fα(f)− f‖Lp ≤ |α|∞‖F
α
(f)− Lf‖Lp , (1.19)

‖Fα(f)− f‖Lp ≤
|α|∞

1− |α|∞
‖f − Lf‖Lp , (1.20)

where Fα : Lp(I)→ Lp(I) and L : Lp(I)→ Lp(I) are the corresponding extensions of

Fα and L with ‖Fα‖p = ‖Fα‖p and ‖L‖p = ‖L‖p, where ‖.‖p represents the norm of

the operator with respect to the Lp-norm. The theory of α-fractal functions for different

choices of b(x) can be found in [65,67,71,72] and references therein.

1.4.3 α-fractal interpolation functions with variable scaling fac-
tors

Instead of constant vertical scaling factors, one may take function vertical scaling

factors to define IFS for more flexibility [97]. Consider the IFS with mappings, for

i = 1, 2, . . . , N

Li(x) = aix+ di ;Fi(x, y) = αi(x)y + f(Li(x)) − αi(x) b(x) , (1.21)

where αi(x)’s are continuous functions on I satisfying ‖α‖∞ = max
{
‖αi‖∞ : i =

1, 2, . . . , N
}
< 1. Then the operator T takes the following form

Tg(x) = Fi
(
L−1
i (x), g◦L−1

i (x)
)

= f(x)+αi(L
−1
i (x))(g−b)(L−1

i (x)), x ∈ Ii, i = 1, 2, . . . , N .

Thus the corresponding α-fractal interpolation function fα with function scaling factors

satisfies the following fixed point equation

fα(x) = f(x) + αi(L
−1
i (x)) (fα − b)(L−1

i (x)) for all x ∈ Ii, i = 1, 2, . . . , N. (1.22)

10
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1.4.4 Smooth α-fractal interpolation functions

Let Ck(I) be the Banach space of real valued functions having k-continuous derivatives

with the norm

‖f‖k := max
{
‖f (r)‖∞ : r = 0, 1, . . . , k

}
.

To define a smooth α-fractal interpolation function gα corresponding to a smooth func-

tion g, Navascués and Sebastián [74], defined an IFS satisfying Theorem 1.3.2, in which

it is assumed that the constant scale factors αi = α1 for all i = 1, 2, . . . , N , that is,

the scale vector α = (α1, α1, . . . , α1) and the base function b as Hermite interpolating

polynomial such that the k-th derivative of b satisfies

b(k)(x0) = g(k)(x0) ,

b(k)(xN) = g(k)(xN)

for k = 0, 1, . . . , N . Then

qi(x) = g(Li(x)) − α1 b(x)

and the IFS consisting of,

Li(x) = ai x + di, Fi(x, y) = αi y + g
(
Li(x)

)
− αi b(x) (1.23)

for x ∈ I and i = 1, 2, . . . , N . The fractal function gα corresponding to IFS (1.23),

preserves the smoothness of g and satisfies

‖gα − g‖∞ ≤
|α|∞

1− |α|∞
‖g − b‖∞ . (1.24)

In [92], Viswanathan and Chand relaxed the equality condition on the scale vector α

and considered a finite collection of base functions

B =
{
bi ∈ C(I) | bi(x0) = g(x0), bi(xN) = g(xN), bi 6= g, i = 1, 2, . . . , N

}
,

instead of taking a single base function b and defined a smooth α-fractal gα corresponding

to a smooth function g, via the IFS consisting of,

Li(x) = ai x + di, Fi(x, y) = αi y + g(Li(x)) − αi bi(x) (1.25)
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for x ∈ I and i = 1, 2, . . . , N . The following theorem can be read in [92].

Theorem 1.4.1. (see [92], Theorem 3.3). Suppose that for some p ≥ 0, we have |αi| ≤

kapi for all i = 1, 2, . . . , N and 0 < k < 1. Let |α|∞ = max{|αi| : i = 1, 2, . . . , N},

g ∈ Cp and the family B = {bi : i = 1, 2, . . . , N} be such that the derivatives up to the

p-th order of each of its members agrees with that of g at the end points of the interval.

Then the α-fractal function gα ∈ Cp(I) of g with respect to the partition ∆ and the

family B satisfies

‖gα − g‖∞ ≤
|α|∞

1− |α|∞
max{‖g − bi‖∞ : i = 1, 2, . . . , N} . (1.26)

Recently, Navascués et al. [76], provided condition so that the α-fractal function

fα with variable scalings is k-times continuously differentiable whenever the original

function f is k-times continuously differentiable and it is stated below.

Theorem 1.4.2. (see [76], Theorem 3.2). For a given data set x0 < x1 < . . . < xN ,

let Li(x) = aix + bi be such that it satisfies (1.1), (1.2) and Fi(x, y) = Fi,0(x, y) =

αi(x)y + qi(x) satisfies (1.3), (1.5) for i = 1, 2, . . . , N . Suppose for p ∈ {0, 1, . . . , k},

y0,p and yN,p are arbitrarily chosen real numbers except y0,0 = y0 and yN,0 = yN . For

i = 1, 2, . . . , N , assume that there exist functions αi and qi in Ck(I) such that ‖αi‖k <

(ai/2)k and for i = 2, 3, . . . , N − 1, p ∈ {1, 2, . . . , k},∑p
j=0

(
p
j

)
y0,jα

(p−j)
i (x0) + q

(p)
i (x0)

api
=

∑p
j=0

(
p
j

)
yN,jα

(p−j)
i−1 (xN) + q

(p)
i−1(xN)

api−1

,

q
(p)
1 (x0) = y0,pa

p
1 −

p∑
j=0

(
p
j

)
y0,jα

(p−j)
1 (x0) ,

q
(p)
N (xN) = yN,pa

p
N −

p∑
j=0

(
p
j

)
yN,jα

(p−j)
N (xN) .

Then the corresponding FIF g ∈ Ck(I) and for p ∈ {1, 2, . . . , k},

g(p)(Li(x)) = a−pi

[ p∑
j=0

(
p
j

)
α

(p−j)
i (x)g(j)(x) + q

(p)
i (x)

]
, x ∈ I

for i = 1, 2, . . . , N .
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It can be observed that the Barnsley-Harrington theorem given in Theorem 1.3.2 is

a special case of Theorem 1.4.2. The following theorem ensures that if f ∈ Ck(I) then

the corresponding α-fractal function fα ∈ Ck(I).

Theorem 1.4.3. (see [76], Theorem 3.4). Let the original function f ∈ Ck(I). Suppose

that for i = 1, 2, . . . , N , the scaling functions αi and the base function b in Ck(I) such

that ‖αi‖k < (ai/2)k and

b(p)(x0) = f (p)(x0), b(p)(xN) = f (p)(xN), p ∈ {0, 1, . . . , k} .

Then the corresponding fα given in (1.22) belongs to Ck(I). Further, for i = 1, 2, . . . , N ,

(fα)(p)(xi) = f (p)(xi), p ∈ {0, 1, . . . , k}

and (fα)(p) satisfies

(fα)(p)(Li(x)) = f (p)(Li(x)) + a−pi

( p∑
j=0

(
p
j

)
α

(p−j)
i (x)(fα − b)(j)(x)

)
.

1.5 Fractal dimension

In fractal geometry, the index/notion of dimension characterizes the irregularity of a set

or an object. There are different kinds of dimensions like topological dimension, fractal

dimension, etc., associated with a set. Since the fractal dimension gives a non-integer

values to the dimension, it is best suited in the study of irregular objects ‘fractals’.

Fractal dimensions are also of two kinds: those related to the measure theory, namely,

Hausdorff dimension, packing dimension and those obtained by counting methods or

integration methods. Kolomogorov [51], introduced the notion of fractal dimension

which later demonstrated by Mandelbrot [56] to quantify irregular patterns. For different

types of dimensions, one can see [33,87].
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1.5.1 Hausdorff dimension

Let (X , d) be a metric space and S ∈ H(X ). Set the diameter of S as |S| = sup{d(x, y) :

x, y ∈ S}. Let s be any non-negative real number. Then for any δ > 0, define

Hs
δ (S) = inf

{ ∞∑
n=1

|Un|s : S ⊆ ∪∞n=1Un and 0 < |Un| ≤ δ for n = 1, 2, 3, . . .

}
,

where the infimum is taken over all countable covers {Un} of S. Define

Hs(S) = lim
δ→0

Hs
δ (S) .

This limit exists for any subset of Rn though the limiting value can be 0 or∞ and known

as s-dimensional Hausdorff outer measure. The value of s for which Hs(S) jumps from

∞ to 0 is called the Hausdorff-Besicovitch dimension or simply Hausdorff dimension of

S. That is, there exists a unique non-negative number s0 such that

Hs(S) =

{
∞, if 0 ≤ s < s0

0, if s > s0 .

The number s0 is called the Hausdorff dimension of S and is denoted by dimH S. Though

the Hausdorff dimension has the advantage of being defined for any set, it is rather

difficult to calculate in many cases. For easy computations, box dimension is more

suitable for fractals.

1.5.2 Box-counting dimension

Box-counting dimension or simply box dimension is largely popular due to its relative

ease of mathematical calculation and empirical estimation. Barnsley [7], refers the box

dimension as fractal dimension. In this thesis, we deal only with box dimension.

Definition 1.5.1. (see [33]). Let G be any non-empty bounded subset of Rn and Nδ(G)

be the minimum number of closed balls of radius δ > 0 which can cover G. The lower

and upper box-counting dimension of G respectively are defined as

dimBG = lim sup
δ→0

logNδ(G)

− log δ
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and

dimBG = lim inf
δ→0

logNδ(G)

− log δ
.

If both limits exist and are equal then the box-counting dimension of G is denoted by

dimB G and defined by

dimB G = lim
δ→0

logNδ(G)

− log δ
.

There are equivalent definitions of box-counting dimension by taking Nδ(G) as any

of the following

(i) the minimum number of square boxes of sides δ parallel to axes;

(ii) the minimum number of δ-mesh cubes that intersect G;

(iii) the maximum number of disjoint balls of radius δ with centers in G.

The following proposition is an alternative for easy calculation of box-counting dimen-

sion.

Proposition 1.5.1. (see [7], Theorem 1.2). Let S ∈ H(Rm) and Nn(S) be the minimum

number of closed boxes of sides length 1
2n

which intersects S. Then the box-counting

dimension is

dimB S = lim
n→∞

logNn(S)

− log 2n
.

In general for any set S, dimH S ≤ dimB S.

Definition 1.5.2. A function g : S ⊆ R → R is said to be Hölderian with exponent

β ∈ (0, 1] if there exists a positive constant C such that

|g(x)− g(y)| ≤ C|x− y|β for all x, y ∈ S .

Here C is called the Hölder constant of f .

Theorem 1.5.1. (Besicovitch and Ursell) (see [12]). The Hausdorff dimension of the

graph of any Hölderian function with exponent β ∈ (0, 1] is d satisfying 1 ≤ d ≤ 2− β.
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The above result shows that for smooth function the fractal dimension of its graph

is one. The following result gives a non-trivial dimension for the graph of non-smooth

fractal function.

Theorem 1.5.2. (Barnsley). (see [7], Theorem 3.1). Let G be the graph of an affine

FIF associated with the data
{

(xi, yi) ∈ R2 : i = 1, 2, . . . , N
}

. If
∑N

i=1 |αi| > 1 and the

interpolation points are not collinear, then the fractal dimension of G is the unique real

solution D of
N∑
i=1

|αi|aD−1
i = 1 .

Otherwise, the fractal dimension of G is 1.

1.6 Functions on the sphere

Spherical harmonics have interesting applications in modeling of the gravitational field,

meteorology, computer graphics, etc. The use of ‘Laplace series’ or ‘Fourier-Laplace

series’ is an old idea, going back to P. Laplace and A. Legendre in the late 1700s. It

generalizes the idea of Fourier series representation of a periodic univariate function by

using spherical harmonics for a function on the sphere. There is a rich literature on

approximation of functions on the sphere, most notably, Gronwall [39], Newman and

Shapiro [77], Ragozin [81], Rustamov [85], Ditzian [29,30] and Dai and Xu [21].

An n-th degree homogeneous polynomial V in the variables x, y, z satisfying the

Laplace equation

∆V =
∂2V

∂x2
+
∂2V

∂y2
+
∂2V

∂z2
= 0 ,

is called a Laplace or harmonic polynomial of degree n. The following result can be read

in ( [86], Section 18).

Theorem 1.6.1. There exists only 2n + 1 linearly independent Laplace polynomials of

degree n.
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Consider the spherical coordinates (ρ, ϕ, θ) for P ∈ R3 and

ξ(P ) = sinϕ cos θ; η(P ) = sinϕ sin θ; ζ(P ) = cosϕ; 0 5 ϕ 5 π; 0 5 θ 5 2π ,

where θ is the longitude and ϕ is the colatitude. Then

Vn(x, y, z) = ρnV (ξ, η, ζ) .

The function

Yn(ϕ, θ) = Vn(sinϕ cos θ, sinϕ sin θ, cosϕ)

is called the n-th order Laplace function or spherical harmonic. Let Pn(x) be the n-th

Legendre polynomial of degree n. The fundamental system of 2n+1 spherical harmonics

of the point P ≡ (ϕ, θ) of the unit sphere S is

U0
n(ϕ, θ) = Pn(cosϕ),

Um
n (ϕ, θ) = Pm

n (cosϕ) cos(mθ),
V m
n (ϕ, θ) = Pm

n (cosϕ) sin(mθ),

 (1.27)

m = 1, 2, . . . , n and Pm
n is the (n,m)-Ferrer’s associated Legendre polynomial defined

as

Pm
n (x) = (1− x2)

m
2 P (m)

n (x). (1.28)

Here P
(m)
n (x) denotes the derivative of the m-th order of Pn(x) with respect to x. Two

spherical harmonics of different order are orthogonal over the sphere S in the sense that∫
S

Yn(P )Ym(P )dS = 0; n 6= m ,

where dS is the element of area of the sphere S. The set of spherical harmonics Hn,

of order n, is a linear subspace of continuous functions on the sphere with dimension

2n+ 1. The polynomials given in (1.28) satisfy the following [86]∫ 1

−1

P (m)
n (x)P (m)

r (x)dx = 0; n 6= r;

∫ 1

−1

(P (m)
n (x))2dx =

2

2n+ 1

(n+m)!

(n−m)!
.
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The family {
U0
n, U

m
n , V

m
n ;n = 0, 1, . . . ,m = 1, 2, . . . , n

}
is an orthogonal and complete system in L2(S), the space of square integrable functions

on the sphere S.

1.7 Motivation of present work

The concept of fractal interpolation function that opened a new door of research in the

field of approximation theory was proposed by Barnsley [6]. The graph of a fractal

interpolation function f : I ⊂ R → R which interpolates a data set
{

(xi, yi) : i =

1, 2, . . . , N
}

, is an attractor of some iterated function system. The function is generally

self-affine in nature. It has been generalized for higher dimensions as self-affine fractal

interpolation surfaces whose graphs are attractors of IFSs associated with given data

sets [13, 14, 23, 57]. The non-self-affine fractal function, namely hidden variable fractal

interpolation function is defined for generalized data sets in [9]. More flexible fractal

functions which are self-affine as well as non-self-affine, can be found in [16,49].

Navascués [62, 63, 68, 70–72], defined and studied a family of non-smooth fractal

functions fα known as α-fractal interpolation functions corresponding to a continuous

function f . The functions fα approximate and interpolate f simultaneously in a compact

subset of R. The scale vector α = (α1, α2, . . . αN) ∈ RN gives a family of fractal

functions fα. On the other hand, fractal dimension which is the heart of fractal geometry

helps to understand the visual complexity of an object. Mandelbrot [56], demonstrated

that fractal dimension is useful to quantify irregular patterns such as fractals. Many

works have been carried out on different types of fractal functions and calculation of box

dimensions of their graphs [8, 10, 18, 24, 36, 40, 55, 60, 80, 83]. It is seen in the literature

that the scale vector of the IFS has an important role for the estimation of the fractal

dimension of the graph of a fractal function. So far, there is no existing result or

formula for box dimension of the graph of α-fractal function fα. In the present work, an
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estimation for the box dimension of the graph of a α-fractal function fα corresponding

to Hölder function f is calculated.

For more flexibility, function scale vector is considered in the IFS and box dimension

of the graph of the corresponding α-fractal function fα is estimated in the present work.

The α-fractal function fα is non-self-affine in nature. So the behavior of the graph of

fα is not self-similar in the interval. By looking at the graph of fα, it is not clear that

how the dimension of the graph differs in subintervals. In the present work, this issue

has been investigated in detail in subintervals for different possible form of scale vector.

Several properties of the operator Fα : C(I) → C(I) defined by f 7→ fα have

been explored and also been extended to more general spaces like Lebesgue spaces

Lp(I)(1 ≤ p < ∞). Navascués proposed a general procedure to define non-smooth

fractal versions of classical trigonometric approximants and generalized some classical

results namely Dini-Lipschitz’s theorem on C(2π) [67]. In this case, the fractal maps are

defined using IFS theory generalizing the classical 2π-periodic continuous maps on the

unit circle and the existence of a Hilbert basis of fractal maps on the circle is proved [66].

The Lipschitz properties of the original function guarantee a good approximation of the

represented variable with truncated Chebyshev fractal object for high frequency sam-

ple [68]. In [75], the Legendre expansion of a real sampled function by means of fractal

methods is considered and its pointwise, uniform and mean-square convergence for suit-

able choice of scale vector are established. In the present work, the class of orthonormal

polynomials, namely, Jacobi polynomials [53] P
(r,s)
k (x) = γk(r, s)x

k+lower degree terms,

where r and s are real parameters > −1 and γk(r, s) > 0 is considered. The system of Ja-

cobi polynomials forms a Schauder basis/complete orthonormal basis for L2
ρ(−1, 1) [43].

Using the completeness of this classical basis, a fractal Schauder basis for the space of

weighted square integrable functions L2
ρ(−1, 1) is found. The domain of uniform con-

vergence of the Fourier-Jacobi expansion of a function depends on the parameters r and

s. In the present work, an attempt is made to approximate continuous function with
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the Fourier-Jacobi expansion of affine FIF. To approximate continuously p-differentiable

function, Fourier-Jacobi expansion of non-affine p-differentiable FIF is used.

Navascués [64], fractalizes the functions on the unit sphere in R3 by means of a

linear and bounded operator. Navascués studied the fractal version of classical results

on functional analysis in a parallel way and provided fractal Hilbert bases for square

integrable functions on the unit sphere. In the present work, an attempt is made to

construct fractal version of a family of continuous functions on the unit sphere S ⊆ R3,

generalizes the spherical harmonics.

1.8 Organization of present work

The thesis is organized as follows.

The first chapter is the introductory one, consisting of definitions and the basics

related to our work. The concept of iterated function system, construction of frac-

tal interpolation function, smooth fractal interpolation function, α-fractal interpolation

function are reviewed here. The calculus of α-FIF and some basic results of the fractal

operator Fα are given followed by the smooth α-FIF. The definitions of Hausdorff dimen-

sion and box dimension, and some existing results on fractal dimension are presented.

Further, a brief review of functions on the sphere is presented. Two new work, namely,

results on perturbations on vertical scaling factors of fractal interpolation surfaces are

presented here, followed by graph-directed coalescence hidden variable FIF.

In Chapter 2, the box dimension of the graph of α-FIF for Hölder function is esti-

mated. This is done for equally spaced data set as well as arbitrary data set. It is also

observed that our results generalize the existing result for classical one with α = 0.

In Chapter 3, the box dimension of the graph of α-FIF with function scale vector for

Hölder function is calculated but the approach is different from the previous chapter.

The box dimension in the subintervals for the graph of α-FIF is also estimated. Finally,

the box dimension of the graph of fα in subintervals is compared with the box dimension

20

TH-1574_11612310



of the graph of fα in whole interval.

In Chapter 4, an orthonormal system of Jacobi polynomials in L2(−1, 1) with respect

to the weight function ρ(r,s)(x) = (1− x)r(1 + x)s, r > −1 and s > −1 is considered. A

fractal Jacobi system which is fractal analogous of Jacobi polynomials is defined. The

Weierstrass type theorem providing an approximation for a square integrable function in

terms of α-fractal Jacobi sums is derived. A fractal basis for the space of weighted square

integrable functions L2
ρ(−1, 1) is found. The Fourier-Jacobi expansion corresponding to

an affine FIF interpolating certain data set is considered and its convergence in uniform

norm and weighted-mean square norm are established. The closeness of the original

function to the Fourier-Jacobi expansion of the affine FIF is proved for certain scale

vector. Finally, the Fourier-Jacobi expansion corresponding to a non-affine smooth FIF

interpolating certain data set is considered and its convergence in uniform norm and

weighted-mean square norm are investigated as well.

Chapter 5 is of two fold. Here a family of continuous functions on the unit sphere

S ⊆ R3 generalizing the spherical harmonics, is considered. Using fractal methodology,

fractal version of the first type of this family on the sphere S is constructed. To do this,

an iterated function system and a linear bounded operator that maps classical functions

to its fractal analogues is defined. Some approximation properties of fractal functions on

the sphere are investigated. Restricting the scale vectors involved in the IFS, a fractal

Hilbert basis is established for the functions on the sphere. Again fractalizing the family

of continuous functions on the sphere S by means a linear and bounded operator, a

fractal version of the second type of this family is constructed. For different values of

the scale vector in the IFS, Bessel sequence, frames and Riesz bases are established for

the space L2(S) of square integrable functions on the sphere S.
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1.9 Fractal interpolation surfaces and perturbations

on vertical scaling factors

This section contains a research work which is carried out by us related to perturbation

on vertical scaling factors of a bivariate fractal interpolation function [79].

1.9.1 Fractal interpolation surfaces

In [23], Dalla gave a method of construction of a bivariate fractal interpolation function

f : D ⊂ R2 → R that interpolates given points { (x0, y0, z00), · · · , (xN , yM , zNM) }

in R3. The graph of f is known as the bivariate fractal interpolation surface (FIS) which

is the attractor of the bivariate IFS.

H-Y Wang and his coworkers studied the perturbation and error analysis for bivariate

FIFs by introducing perturbation functions in the variables x and y in [96] and for one

variable FIFs in [95]. On the other hand, there are studies on how the vertical scaling

factors affect the bounds of the affine fractal interpolation function [84] and the bounds

of the attractor of the iterated function system with double vertical scaling factor [94].

Xu and Feng [98], studied the problem of perturbing the vertical scaling factors of one

variable FIF and gave a condition under which the perturbed IFS meet the fractal

interpolation continuous condition.

In the present work, we study the problem of perturbing the vertical scaling factors

of bivariate FIFs. We obtained conditions for which the new perturbed IFS to satisfy

the continuous condition. Finally, an upper bound for the error estimation between the

two FIFs are also found.

Let a set of data point T = {(xi, yj, zij) : i = 0, 1, . . . , N ; j = 0, 1, . . . , M}

be given in R3 with N > 1 and M > 1. Let a = x0 < x1 < x2 < · · · < xN = b

and c = y0 < y1 < y2 < · · · < yM = d. Set I = [a, b], J = [c, d], Ii = [xi−1, xi],

Jj = [yj−1, yj] and Dij = Ii × Jj for i = 1, 2, . . ., N , j = 1, 2, . . ., M . Assume that the
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interpolation points are such that each of the sets

{(x0, yj, z0j) : j = 0, 1, . . . , M},

{(xN , yj, zNj) : j = 0, 1, . . . , M},

{(xi, y0, zi0) : i = 0, 1, . . . , N},

{(xi, yM , ziM) : i = 0, 1, . . . , N}

is collinear.

Let D = I × J and define wij : D × R→ R3 by

wij

 x
y
z

 =

 aix+ bi
cjy + dj

eijx+ fijy + gijxy + sijz + kij

 =

 ui(x)
vj(y)

Fij(x, y, z)

 , (1.29)

where the constants ai, bi, cj, dj, eij, fij, gij, kij are defined by the equations

wij

 x0

y0

z00

 =

 xi−1

yj−1

z(i−1)(j−1)

 ,

wij

 xN
y0

zN0

 =

 xi
yj−1

zi(j−1)

 ,

wij

 x0

yM
z0M

 =

 xi−1

yj
z(i−1)j

 ,

wij

 xN
yM
zNM

 =

 xi
yj
zij

 ,



(1.30)

as

ai =
xi − xi−1

xN − x0

, bi =
xi−1xN − xix0

xN − x0

,

cj =
yj − yj−1

yM − y0

, di =
yj−1yM − yjy0

yM − y0

,

eij =
zi−1,j−1 − zi,j−1 − sij(z00 − zN0)− gijy0(x0 − xN)

x0 − xN
,

fij =
zi−1,j−1 − zi−1,j − sij(z00 − z0M)− gijx0(y0 − yM)

y0 − yM
,

gij =
zij + zi−1,j−1 − zi−1,j − zi,j−1 − sij(zNM + z00 − z0j − zN0)

(xN − x0)(yM − y0)
,
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kij = zij − eijxN − fijyM − sijzNM − gijxNyM .

Set φij(x, y) = eijx + fijy + gijxy + kij for (x, y) ∈ D. Then, Fij(x, y, z) = sijz +

φij(x, y) for (x, y, z) ∈ D × R. The functions φij’s are bivariate Lipschitz functions.

The constants sij’s are called the vertical scaling factors. Let 0 < |sij| < 1. Then

{
D × R, wij ≡ (ui, vj, Fij) : i = 1, . . . , N ; j = 1, . . . , M

}
(1.31)

constitutes an IFS.

The IFS has a unique attractor G which is the graph of a continuous function f :

D → R that interpolates the given data [23]. The function f is called the bivariate

fractal interpolation function (BFIF) for the IFS (1.31) and f satisfies the fixed point

equation

f(x, y) = sij f(u−1
i (x), v−1

j (y)) + φij(u
−1
i (x), v−1

j (y)) for all (x, y) ∈ Dij,

(1.32)

for i = 1, 2, . . ., N and j = 1, 2, . . ., M .

1.9.2 Perturbation in scaling factors

We introduce a perturbation in the scaling factors of the IFS (1.31) as follows.

Define Tij : D × R→ R for i = 1, 2, . . ., N and j = 1, 2, . . ., M by

Tij(x, y, z) = (sij + δij)z + φij(x, y) ,

where δij’s satisfies the condition 0 < |sij + δij| < 1.

Then, we construct a new IFS

{
D × R, (ui, vj, Tij) : i = 1, . . . , N ; j = 1, . . . , M

}
. (1.33)

We call the IFS (1.33) as the perturbed IFS of the given IFS (1.31).

In the sequel, we denote the matrix consisting of the scaling factors as S = (sij) and

the matrix consisting of the perturbations added to the scaling factors as ∆ = (δij).
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Example 1.1. Let f be a fractal interpolation function whose graph is the attractor of

the IFS
{
D × R, wij ≡ (ui, vj, Fij) : i = 1, . . . , 3; j = 1, . . . , 3

}
that interpolates

points given in the following table

y/x 0 64 128 192
0 100 100 100 100

64 100 130 130 140
128 100 140 130 140
192 100 100 130 140

For this IFS, the vertical scaling factors are taken as

S =

 0.45 0.4 −0.45
0.35 −0.15 0.15
−0.3 0.25 −0.45

 .

The computed functions Fij’s are given by

F11(x, y, z) = 0.45z + 0.0003255xy + 55,

F12(x, y, z) = 0.4z + 0.1563x− 0.000434xy + 60,

F13(x, y, z) = −0.45z + 0.1563x+ 0.0007595xy + 145,

F21(x, y, z) = 0.35z + 0.1563y − 0.0001085xy + 65,

F22(x, y, z) = −0.15z + 0.0521x− 0.0001085xy + 145,

F23(x, y, z) = 0.15z + 0.0521y − 0.0001628xy + 115,

F31(x, y, z) = −0.3z + 0.2083y − 0.0007595xy + 130,

F32(x, y, z) = 0.25z − 0.2083x− 0.0521y + 0.0008138xy + 115,

F33(x, y, z) = −0.45z + 0.0521y + 0.0004883xy + 175.

Then, it is easy to check that the continuity condition (1.30) are satisfied for the given

data. For example, F33(0, 0, 100) = F22(192, 192, 140) = F23(192, 0, 100) = F32(0, 192, 100) =

130 = z22 and so on.

In the above IFS, the vertical scaling factors S are perturbed and the new vertical
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scaling factors S∗ are obtained as follows.

S∗ = S + ∆

=

 0.45 0.4 −0.45
0.35 −0.15 0.15
−0.3 0.25 −0.45

+

 −0.15 0.1 0.15
0.15 −0.15 0.05
−0.1 0.05 0.15


=

 0.3 0.5 −0.3
0.5 −0.3 0.2
−0.4 0.3 −0.3

 .

Then the perturbed IFS
{
D × R, (ui, vj, Tij) : i = 1, . . . , 3; j = 1, . . . , 3

}
is

constructed where,

T11(x, y, z) = 0.3z + 0.0003255xy + 55,

T12(x, y, z) = 0.5z + 0.1563x− 0.000434xy + 60,

T13(x, y, z) = −0.3z + 0.1563x+ 0.0007595xy + 145,

T21(x, y, z) = 0.5z + 0.1563y − 0.0001085xy + 65,

T22(x, y, z) = −0.3z + 0.0521x− 0.0001085xy + 145,

T23(x, y, z) = 0.2z + 0.0521y − 0.0001628xy + 115,

T31(x, y, z) = −0.4z + 0.2083y − 0.0007595xy + 130,

T32(x, y, z) = 0.3z − 0.2083x− 0.0521y + 0.0008138xy + 115,

T33(x, y, z) = −0.3z + 0.0521y + 0.0004883xy + 175.

Observe that T33(0, 0, 100) = 145, T22(192, 192, 140) = 109 and hence T33(0, 0, 100) 6=

T22(192, 192, 140). Therefore, the continuity condition is not satisfied by the perturbed

IFS.

In the following, we find conditions so that the perturbed IFS will satisfy the con-

tinuity condition. The main aim of the following theorem is that instead of changing

all the coefficients of IFS, only modification at constant term is sufficient to ensure the

existence of fractal function.
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Theorem 1.9.1. Consider the perturbed IFS (1.33) of the IFS (1.31). Let Mij(x, y, z) =

Tij(x, y, z)+λij for i = 1, 2, . . ., N and j = 1, 2, . . ., M , where λij’s are real constants.

Assume that λ11 = 0.

1. If λij satisfies

Mij

 xN
y0

zN0

 = M(i+1)j

 x0

y0

z00


then

λij =

(
i−1∑
k=1

δkj

)
zN0 −

(
i∑

k=2

δkj

)
z00 + λ1j . (1.34)

2. If λij satisfies

Mij

 x0

yM
z0M

 = Mi(j+1)

 x0

y0

z00


then

λij =

(
j−1∑
k=1

δik

)
z0M −

(
j∑

k=2

δik

)
z00 + λi1 . (1.35)

3. If λij satisfies

Mij

 xN
yM
zNM

 = Mi(j+1)

 xN
y0

zN0


then

λij =

(
j−1∑
k=1

δik

)
zNM −

(
j∑

k=2

δik

)
zN0 + λi1 . (1.36)

4. If λij satisfies

Mij

 xN
yM
zNM

 = M(i+1)j

 x0

yM
z0M


then

λij =

(
i−1∑
k=1

δkj

)
zNM −

(
i∑

k=2

δkj

)
z0M + λ1j . (1.37)

5. If λij satisfies

Mi(j+1)

 xN
y0

zN0

 = M(i+1)j

 x0

yM
z0M


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then

λ(i+1)j = δi(j+1)zN0 − δ(i+1)j z0M + λi(j+1) . (1.38)

6. If λij satisfies

Mij

 xN
yM
zNM

 = M(i+1)(j+1)

 x0

y0

z00


then

λ(i+1)(j+1) = δij zNM − δ(i+1)(j+1) z00 + λij . (1.39)

Then the changed IFS

{
D × R, (ui, vj, Mij) : i = 1, . . . , N ; j = 1, . . . , M

}
(1.40)

satisfies the fractal interpolation continuous condition. We denote the function whose

graph is the attractor of the IFS (1.40) by fδ(x, y).

Proof. 1. The fractal interpolation continuous condition

Mij

 xN
y0

zN0

 = M(i+1)j

 x0

y0

z00


gives

δij zN0 + λij = δ(i+1)j z00 + λ(i+1)j ,

λ(i+1)j = δij zN0 − δ(i+1)j z00 + λij .

Now,

λij = δ(i−1)j zN0 − δij z00 + λ(i−1)j ,

λ(i−1)j = δ(i−2)j zN0 − δ(i−1)j z00 + λ(i−2)j ,

· · · = · · ·

λ2j = δ1j zN0 − δ2j z00 + λ1j .
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Substituting the values of λ1j, . . ., λ(i−1)j in λij we get

λij =

(
i−1∑
k=1

δkj

)
zN0 −

(
i∑

k=2

δkj

)
z00 + λ1j .

The proofs of the remaining other cases are similar to the case 1.

Note:

1. Putting j = 1 in (1.37) and substituting λi1 in (1.36), we get

λij =

(
j−1∑
k=1

δik +
i−1∑
k=1

δk1

)
zNM −

(
j∑

k=2

δik

)
zN0 −

(
i∑

k=2

δk1

)
z0M . (1.41)

Putting i = 1 in (1.36) and substituting λ1j in (1.37), we get

λij =

(
i−1∑
k=1

δkj +

j−1∑
k=1

δ1k

)
zNM −

(
i∑

k=2

δkj

)
z0M −

(
j∑

k=2

δ1k

)
zN0 . (1.42)

2. For the boundary points {(xi, y0, zi0) : i = 0, 1, . . . , N}, (1.34) is used to

check the continuity of Mij’s (1 ≤ i ≤ N, j = 1).

3. For the boundary points {(x0, yj, z0j) : j = 0, 1, . . . , M}, (1.35) is used to

check the continuity of Mij’s (i = 1, 1 ≤ j ≤M).

4. For the boundary points {(xN , yj, zNj) : j = 0, 1, . . . , M}, (1.41) is used to

check the continuity of Mij’s.

5. For the boundary points {(xi, yM , ziM) : i = 0, 1, . . . , N}, (1.42) is used to

check the continuity of Mij’s.

6. For other fractal interpolation points, (1.38) or (1.39) or (1.41) is used to determine

λij.

Example 1.2. Consider the IFS and the perturbed IFS given in Example 1.1. Using

Theorem 1.9.1, we compute λij’s, Mij’s and show that the fractal interpolation continu-

ity conditions are satisfied.
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Since λ11 = 0, we have M11(192, 192, 140) = 109 + λ11 = 109 + 0 = 109.

Using (1.41), we get λ12 = −31 and M12(192, 0, 100) = 140 + λ12 = 109.

Using (1.38), we get λ21 = −36 and M21(0, 192, 100) = 145 + λ21 = 109.

Using (1.39), we get λ22 = −6 and M22(0, 0, 100) = 115 + λ22 = 109.

Using (1.41), we get λ12 = −31 and M12(192, 192, 140) = 144 + λ12 = 113.

Using (1.41), we get λ13 = −32 and M13(192, 0, 100) = 145 + λ13 = 113.

Using (1.38), we get λ22 = −2 and M22(0, 192, 100) = 115 + λ22 = 113.

Using (1.39), we get λ23 = −22 and M23(0, 0, 100) = 135 + λ23 = 113

Using (1.41), we get λ21 = −36 and M21(192, 192, 140) = 161 + λ21 = 125.

Using (1.41), we get λ22 = 0 and M22(192, 0, 100) = 125 + λ22 = 125.

Using (1.38), we get λ31 = −5 and M31(0, 192, 100) = 130 + λ31 = 125.

Using (1.39), we get λ32 = −20 and M32(0, 0, 100) = 145 + λ32 = 125.

Using (1.41), we get λ22 = 0 and M22(192, 192, 140) = 109 + λ22 = 109.

Using (1.41), we get λ23 = −26 and M23(192, 0, 100) = 135 + λ23 = 109.

Using (1.38), we get λ32 = −26 and M32(0, 192, 100) = 135 + λ32 = 109.

Using (1.39), we get λ33 = −36 and M33(0, 0, 100) = 145 + λ33 = 109.

It can be easily checked that the continuity condition of Mij’s in (1.40) are satisfied

on the boundary points of the rectangular domain by using the value of λij in (1.40)

computed from (1.34) or (1.35) or (1.41) or (1.42).

Therefore, it is concluded that the IFS (1.40) satisfies the fractal interpolation con-

tinuous condition when adding corresponding λij.
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1.9.3 Error estimation

In this section, the estimate on error between the FIF f(x, y) of the IFS (1.31) and the

FIF fδ(x, y) of the perturbed IFS (1.40) is computed.

Set N = {1, 2, . . . , N} and M = {1, 2, . . . , M}. For ik ∈ N , k = 1, 2, . . .,

n, define ui1i2···in(x) = ui1 ◦ ui2 ◦ · · ·uin(x) and for jk ∈ M, k = 1, 2, . . ., n define

vj1j2···jn(y) = vj1 ◦ vj2 ◦ · · · ◦ vjn(y).

Lemma 1.9.1. Let f(x, y) and fδ(x, y) be the bivariate FIFs generated by the IFS (1.31)

and (1.40) respectively. Then for any (x, y) ∈ D, ik ∈ N , jk ∈ M, k = 1, 2, . . ., n,

we have,

ui1i2···in(x) =

(
n∏
k=1

aik

)
x +

n∑
r=1

(
r−1∏
k=1

aik

)
bir , (1.43)

vj1j2···jn(y) =

(
n∏
k=1

cjk

)
y +

n∑
r=1

(
r−1∏
k=1

cjk

)
djr , (1.44)

fδ(ui1i2···in(x), vj1j2···jn(y)) =

(
n∏
k=1

(sikjk + δikjk)

)
fδ(x, y)

+

(
n−1∏
k=1

(sikjk + δikjk)

)
φinjn(x, y)

+
n−1∑
r=1

(
r−1∏
k=1

(sikjk + δikjk)

)
φirjr (x, y)

+
n∑
r=1

(
r−1∏
k=1

(sikjk + δikjk)

)
λirjr ,

where

x = uir+1...in(x) =

(
n−r∏
k=1

air+k

)
x+

n−r∑
l=1

(
l−1∏
k=1

air+k

)
bir+l , (1.45)

and

y = vjr+1...jn(y) =

(
n−r∏
k=1

cjr+k

)
y +

n−r∑
l=1

(
l−1∏
k=1

cjr+k

)
djr+l . (1.46)
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Proof.

ui1i2...in(x) = ui1 ◦ ui2 ◦ · · · ◦ uin(x)

= ui1 ◦ ui2 ◦ · · · ◦ uin−1(ainx+ bin)

= ui1 ◦ ui2 ◦ · · · ◦ uin−2

(
ain−1(ainx+ bin) + bin−1

)
...

...
...

...

=

(
n∏
k=1

aik

)
x +

n∑
r=1

(
r−1∏
k=1

aik

)
bir .

Similarly,

vj1j2···jn(y) =

(
n∏
k=1

cjk

)
x +

n∑
r=1

(
r−1∏
k=1

cjk

)
djr .

Now

f(x, y) = sijf(u−1
i (x), v−1

j (y)) + φij(u
−1
i (x), v−1

j (y)) for all (x, y) ∈ Dij,

for i = 1, 2, . . . , N, j = 1, 2, . . . , M .

Then

f(ui1(x), vj1(y)) = si1j1f(x, y) + φi1j1(x, y)

f(ui1i2(x), vj1j2(y)) = si1j1f(ui2(x), vj2(y)) + φi1j1(ui2(x), vj2(y))

= si1j1(si2j2f(x, y) + φi2j2(x, y)) + φi1j1(ui2(x), vj2(y))

= si1j1si2j2f(x, y) + si1j1φi2j2(x, y) + φi1j1(ui2(x), vj2(y))

f(ui1i2i3(x), vj1j2i3(y)) = si1j1si2j2f(ui3(x), vj3(y)) + si1j1φi2j2(ui3(x), vj3(y))

+ φi1j1(ui2i3(x), vj2j3(y))

= si1j1si2j2si3j3f(x, y) + si1j1si2j2φi3j3(x, y)

+ si1j1φi2j2(ui3(x), vj3(y)) + φi1j1(ui2i3(x), vj2j3(y)).

32

TH-1574_11612310



In general,

f(ui1i2...in(x), vj1j2...jn(y)) =

(
n∏
k=1

sikjk

)
f(x, y) +

(
n−1∏
k=1

sikjk

)
φinjn(x, y)

+
n−1∑
r=1

(
r−1∏
k=1

sikjk

)
φirjr(uir+1...in(x), vjr+1...jn(y)).

Therefore

f(ui1i2...in(x), vj1j2...jn(y)) =

(
n∏
k=1

sikjk

)
f(x, y) +

(
n−1∏
k=1

sikjk

)
φinjn(x, y)

+
n−1∑
r=1

(
r−1∏
k=1

sikjk

)
φirjr(x, y). (1.47)

Now

fδ(ui1i2...in(x), vj1j2...jn(y)) =
n∏
k=1

(sikjk + δikjk) fδ(x, y)

+

(
n−1∏
k=1

(sikjk + δikjk)

)
(φinjn(x, y) + λinjn)

+
n−1∑
r=1

(
r−1∏
k=1

sikjk + δikjk

)
(φirjr(x, y) + λirjr)

=
n∏
k=1

(sikjk + δikjk) fδ(x, y) +

(
n−1∏
k=1

(sikjk + δikjk)

)
φinjn(x, y)

+
n−1∑
r=1

(
r−1∏
k=1

(sikjk + δikjk)

)
φirjr(x, y)

+
n∑
r=1

(
r−1∏
k=1

(sikjk + δikjk)

)
λirjr . (1.48)

Theorem 1.9.2. Let f(x, y) and fδ(x, y) be the bivariate FIFs generated with the IFSs

(1.31) and (1.40) respectively. For any given (x, y) ∈ D, let {ik}, ik ∈ N be the sequence

such that x satisfies

x =
∞∑
r=1

(
r−1∏
k=1

aik)bir (1.49)
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and let {jk}, jk ∈M be another sequence such that y satisfies

y =
∞∑
r=1

(
r−1∏
k=1

cjk)djr . (1.50)

Then

fδ(x, y)− f(x, y) =
∞∑
r=1

(
r−1∏
k=1

(sikjk + δikjk)−
r−1∏
k=1

sikjk

)
φirjr(x

′, y′)

+
∞∑
r=1

(
r−1∏
k=1

(sikjk + δikjk)

)
λirjr , (1.51)

where x′ =
∑∞

l=1(
∏l−1

k=1 air+k)bir+l , y′ =
∑∞

l=1(
∏l−1

k=1 cjr+k)djr+l .

Proof. Since ui : I → Ii, i = 1, 2 . . . , N given by

ui(x) = aix+ bi ,

where ai = xi−xi−1

xN−x0
, is contractive on the closed interval I, the sequence of sets {ui1i2···in(I)}

is monotonically decreasing with diameter tends to zero as n→∞. Hence by the Can-

tor’s intersection theorem,
⋂∞
n=1 ui1i2···in(I) consists of a single point in I for any sequence

{ik}, ik ∈ N . Then for any given x ∈ I, there exists a sequence {ik}, ik ∈ N such that

{x} =
∞⋂
n=1

ui1i2···in(I) = lim
n→∞

ui1i2···in(I) .

Since each aik in (1.43) obeys 0 < aik < 1, x can be expressed as

x = lim
n→∞

ui1i2···in(x∗) =
∞∑
r=1

(
r−1∏
k=1

aik)bir ,

where x∗ is arbitrarily chosen point in I. Similarly for any given y ∈ J , there exists

another sequence {jk}, jk ∈M, such that y satisfies (1.50) .

Using (1.45), (1.46) and (1.47), f(x, y) can be expressed for any (x, y) ∈ D as

f(x , y) = lim
n→∞

f(ui1i2···in(x∗), vj1j2···jn(y∗))

=
∞∑
r=1

(
r−1∏
k=1

sikjk

)
φirjr

(
∞∑
l=1

(
l−1∏
k=1

air+k

)
bir+l ,

∞∑
l=1

(
l−1∏
k=1

cjr+k

)
djr+l

)

=
∞∑
r=1

(
r−1∏
k=1

sikjk

)
φirjr(x

′, y′), (1.52)
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where x′ =
∑∞

l=1

(∏l−1
k=1 air+k

)
bir+l , y

′ =
∑∞

l=1

(∏l−1
k=1 cjr+k

)
djr+l and (x∗, y∗) are chosen

arbitrarily in D.

From (1.45), (1.46), it is clear that (x′, y′) belongs to D.

Similarly, by (1.48), we can get

fδ(x , y) =
∞∑
r=1

(
r−1∏
k=1

(sikjk + δikjk)

)
φirjr(x

′, y′) +
∞∑
r=1

(
r−1∏
k=1

(sikjk + δikjk)

)
λirjr . (1.53)

Therefore by (1.52) and (1.53)

fδ(x, y)− f(x, y) =
∞∑
r=1

(
r−1∏
k=1

(sikjk + δikjk)−
r−1∏
k=1

sikjk

)
φirjr(x

′, y′)

+
∞∑
r=1

(
r−1∏
k=1

(sikjk + δikjk)

)
λirjr ,

which completes the proof.

Corollary 1.9.1. Let f(x, y) and fδ(x, y) be the bivariate FIFs generated by the IFS

(1.31) and (1.40) respectively. Let s = max
{
|sij| : i ∈ N , j ∈ M

}
< 1, 0 < δ =

max
{
|δij|, i ∈ N , j ∈ M

}
such that s + δ < 1 and A = max

{
‖φij‖ : i ∈ N , j ∈ M

}
where ‖φij‖ = max

{
|φij(x, y)| : (x, y) ∈ D

}
. Then

∣∣fδ(x, y)− f(x, y)
∣∣ ≤ δ {A+ (1− s)(N +M) (|zNM |+ |zN0|+ |z0M |+ |z00|)}

(1− s)(1− s− δ)
.

Proof. (1.34), (1.35), (1.38), (1.39), (1.41) and (1.42) together imply,

max
n∈N ,m∈M

|λnm| ≤ (N +M)δ (|zNM |+ |zN0|+ |z0M |+ |z00|) .

Therefore, by (1.51),

|fδ(x, y)− f(x, y)| ≤ A

1− s− δ
− A

1− s
+

(N +M)δ (|zNM |+ |zN0|+ |z0M |+ |z00|)
1− s− δ

=
δ {A+ (1− s)(N +M) (|zNM |+ |zN0|+ |z0M |+ |z00|)}

(1− s)(1− s− δ)
.

This completes the proof.
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1.10 Graph-directed coalescence hidden variable frac-

tal interpolation functions

In the present section, a research work carried out by us related to graph-directed coa-

lescence hidden variable FIF, which generalizes the self-affine graph-directed FIF in [2].

The idea of self-affine hidden variable fractal interpolation function has been extended

to a generalized data set in R3 such that the projection of the graph of the corresponding

FIF onto R2 provides a non-self-affine interpolation function namely hidden variable FIF

for a given data set
{

(xi, yi) : i = 0, 1, . . . , N
}

[9]. Chand and Kapoor [18], introduced

the concept of coalescence hidden variable FIF which is both self-affine and non-self-

affine for generalized IFS. The extra degree of freedom is useful to adjust the shape and

fractal dimension of the interpolation function. For coalescence hidden variable fractal

interpolation surface, one can see [49,50]. In [28], Deniz et al. considered graph-directed

iterated function system (GDIFS) for finite number of data sets and proved the existence

of fractal functions interpolating corresponding data sets with graphs as the attractors

of the GDIFS.

In the present work, we considered generalized GDIFS for generalized interpolation

data sets in R3. Corresponding to the data sets, it is proved that there exist coales-

cence hidden variable fractal interpolation functions (CHFIFs) whose graphs are the

projections of the attractors of the GDIFS on R2.

1.10.1 Coalescence hidden variable FIF

To construct a coalescence hidden variable FIF, a set of real parameters zi for i =

1, 2, . . . , N is introduced and the generalized interpolation data
{

(xi, yi, zi) ∈ R3 :

i = 0, 1, . . . , N
}

is considered. Then, define the maps wi : I × R2 → Ii × R2, i =

1, 2, . . . , N by

wi(x, y, z) =
(
Li(x), Fi(x, y, z)

)
,
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where Li : I → Ii, i = 1, 2, . . . , N are given in (1.8) and the functions Fi : I×R2 → R2

such that Fi(x, y, z) =
(
F 1
i (x, y, z), F 2

i (x, y, z)
)

= (αiy + βiz + cix + di, γiz + eix + fi)

satisfies the join-up conditions

Fi(x0, y0, z0) = (yi−1, zi−1) and Fi(xN , yN , zN) = (yi, zi) .

Here αi and γi are free variables with |αi| < 1, |γi| < 1 and βi is a constrained variable

such that |βi|+ |γi| < 1. Then the generalized IFS

{
I × R2; wi(x, y, z) : i = 1, 2, . . . , N

}
has an attractor G such that

G =
N⋃
i=1

wi(G) =
N⋃
i=1

{wi(x, y, z) : (x, y, z) ∈ G} .

The attractor G is the graph of a vector valued function f : I → R2 such that f(xi) =

(yi, zi) for i = 0, 1, . . ., N and G = {(x, f(x)) : x ∈ I, f(x) = (y(x), z(x))}. If

f = (f1, f2), then the projection of the attractor G on R2 is the graph of the function

f1 which satisfies f1(xi) = yi and is of the form

f1(Li(x)) = F 1
i

(
x, f1(x), f2(x)

)
= αif1(x) + βif2(x) + cix+ di, x ∈ I

also known as CHFIF corresponding to the data
{

(xi, yi) ∈ I × R : i = 0, 1, . . . , N
}

[18].

1.10.2 Graph-directed iterated function systems

LetG = (V,E) be a directed graph where V is the set of vertices and E is the set of edges.

For all u, v ∈ V , let Euv denote the set of edges from u to v with elements euvi , i =

1, 2, . . . , Kuv, where Kuv is the number of elements of Euv. An iterated function

system realizing the graph G is given by a collection of metric spaces (Xv, ρv), v ∈ V

with contraction mapping wuvi : Xv → Xu corresponding to the edge euvi in the opposite

37

TH-1574_11612310



direction of euvi . An attractor (or invariant list) for such an iterated function system is

a list of non-empty compact sets Au ⊂ Xu such that for all u ∈ V ,

Au =
⋃
v∈V

Kuv⋃
i=1

wuvi (Av) .

Then, (Xu;wuvi ) is the graph directed iterated function system (GDIFS) realizing the

graph G [32, 59].

Example 1.3. An example of GDIFS can be seen in [27, 28].

1.10.3 Graph-directed coalescence hidden variable FIF

In this section, for a finite number of data sets, generalized graph-directed iterated

function system is defined so that the projection of each attractor on R2 is the graph

of a CHFIF which interpolates the corresponding data set and call it as graph-directed

coalescence hidden variable fractal interpolation function (GDCHFIF). For simplicity,

only two sets of data are considered. Let the two data sets be

D1 =
{

(x1
0, y

1
0), (x1

1, y
1
1), . . . , (x1

N , y
1
N)
}
,

D2 =
{

(x2
0, y

2
0), (x2

1, y
2
1), . . . , (x2

M , y
2
M)
}
,

where N,M ≥ 2 with

x1
i − x1

i−1

x2
M − x2

0

< 1 and
x2
j − x2

j−1

x1
N − x1

0

< 1 (1.54)

for all i = 1, 2, . . . , N and j = 1, 2, . . . ,M . By introducing two sets of real parameters

z1
i , z

2
j for i = 1, 2, . . . , N and j = 1, 2, . . . ,M , consider the two generalized data sets

D1 =
{

(x1
0, y

1
0, z

1
0), (x1

1, y
1
1, z

1
1), . . . , (x1

N , y
1
N , z

1
N)
}
,

D2 =
{

(x2
0, y

2
0, z

2
0), (x2

1, y
2
1, z

2
1), . . . , (x2

M , y
2
M , z

2
M)
}

corresponding to D1 and D2 respectively. Also consider the directed graph G = (V,E)

with V = {1, 2} such that

K11 +K12 = N and K21 +K22 = M .
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To construct a generalized GDIFS associated with the data Dr, (r = 1, 2) and realizing

the graph G, consider the functions wrsi : R3 → R3, defined as

wrsi (x, y, z) =
(
Lrsi (x), F rs

i (x, y, z)
)
, i = 1, 2, . . . , Krs, r, s ∈ {1, 2} (1.55)

are such that

•

{
w11
i (x1

0, y
1
0, z

1
0) = (x1

i−1, y
1
i−1, z

1
i−1)

for i = 1, 2, . . . , K11,
w11
i (x1

N , y
1
N , z

1
N) = (x1

i , y
1
i , z

1
i )

•

{
w12
i−K11(x2

0, y
2
0, z

2
0) = (x1

i−1, y
1
i−1, z

1
i−1)

for i = K11 + 1, . . . , K11 +K12 = N,
w12
i−K11(x2

M , y
2
M , z

2
M) = (x1

i , y
1
i , z

1
i )

•

{
w21
i (x1

0, y
1
0, z

1
0) = (x2

i−1, y
2
i−1, z

2
i−1)

for i = 1, 2, . . . , K21,
w21
i (x1

N , y
1
N , z

1
N) = (x2

i , y
2
i , z

2
i )

•

{
w22
i−K21(x2

0, y
2
0, z

2
0) = (x2

i−1, y
2
i−1, z

2
i−1)

for i = K21 + 1, . . . , K21 +K22 = M.
w22
i−K21(x2

M , y
2
M , z

2
M) = (x2

i , y
2
i , z

2
i )

From each of the above conditions, the following can be derived respectively.

a11
i x

1
0 + b11

i = x1
i−1

a11
i x

1
N + b11

i = x1
i

c11
i x

1
0 + α11

i y
1
0 + β11

i z
1
0 + d11

i = y1
i−1 for i = 1, 2, . . . , K11,

c11
i x

1
N + α11

i y
1
N + β11

i z
1
N + d11

i = y1
i

e11
i x

1
0 + γ11

i z
1
0 + f 11

i = z1
i−1

e11
i x

1
N + γ11

i z
1
N + f 11

i = z1
i

(1.56)



a12
i−K11x2

0 + b12
i−K11 = x1

i−1

a12
i−K11x2

M + b12
i−K11 = x1

i

c12
i−K11x2

0 + α12
i−K11y2

0 + β12
i−K11z2

0 + d12
i−K11 = y1

i−1
for i = K11 + 1, . . . , N,

c12
i−K11x2

M + α12
i−K11y2

M + β12
i−K11z2

M + d12
i−K11 = y1

i

e12
i−K11x2

0 + γ12
i−K11z2

0 + f 12
i−K11 = z1

i−1

e12
i−K11x2

M + γ12
i−K11z2

M + f 12
i−K11 = z1

i

(1.57)



a21
i x

1
0 + b21

i = x2
i−1

a21
i x

1
N + b21

i = x2
i

c21
i x

1
0 + α21

i y
1
0 + β21

i z
1
0 + d21

i = y2
i−1 for i = 1, 2, . . . , K21,

c21
i x

1
N + α21

i y
1
N + β21

i z
1
N + d21

i = y2
i

e21
i x

1
0 + γ21

i z
1
0 + f 21

i = z2
i−1

e21
i x

1
N + γ21

i z
1
N + f 21

i = z2
i

(1.58)
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

a22
i−K21x2

0 + b22
i−K21 = x2

i−1

a22
i−K21x2

M + b22
i−K21 = x2

i

c22
i−K21x2

0 + α22
i−K21y2

0 + β22
i−K21z2

0 + d22
i−K21 = y2

i−1
for i = K21 + 1, . . . ,M.

c22
i−K21x2

M + α22
i−K21y2

M + β22
i−K21z2

M + d22
i−K21 = y2

i

e22
i−K21x2

0 + γ22
i−K21z2

0 + f 22
i−K21 = z2

i−1

e22
i−K21x2

M + γ22
i−K21z2

M + f 22
i−K21 = z2

i

(1.59)

From the linear system of equations (1.56), (1.57), (1.58) and (1.59) the constants arsi ,

brsi , crsi , drsi , ersi and f rsi for r, s ∈ {1, 2}, i = 1, 2, . . . , Krs are determined as follows.

a11
i =

x1i−x1i−1

x1N−x
1
0
,

b11
i =

x1Nx
1
i−1−x10x1i
x1N−x

1
0

,

c11
i =

y1i−y1i−1−α11
i (y1N−y

1
0)−β11

i (z1N−z
1
0)

x1N−x
1
0

,

d11
i =

x1Ny
1
i−1−x10y1i−α11

i (x1Ny
1
0−x10y1N )−β11

i (x1Nz
1
0−x10z1N )

x1N−x
1
0

,

e11
i =

z1i−z1i−1−γ11i (z1N−z
1
0)

x1N−x
1
0

,

f 11
i =

x1Nz
1
i−1−x10z1i−γ11i (x1Nz

1
0−x10z1N )

x1N−x
1
0

,

a12
i =

x1i−x1i−1

x2M−x
2
0
,

b12
i =

x2Mx
1
i−1−x20x1i
x2M−x

2
0

,

c12
i =

y1i−y1i−1−α12
i (y2M−y

2
0)−β12

i (z2M−z
2
0)

x2M−x
2
0

,

d12
i =

x2My
1
i−1−x20y1i−α12

i (x2My
2
0−x20y2M )−β12

i (x2Mz
2
0−x20z2M )

x2M−x
2
0

,

e12
i =

z1i−z1i−1−γ12i (z2M−z
2
0)

x2M−x
2
0

,

f 12
i =

x2Mz
1
i−1−x20z1i−γ12i (x2Mz

2
0−x20z2M )

x2M−x
2
0

,

a21
i =

x2i−x2i−1

x1N−x
1
0
,

b21
i =

x1Nx
2
i−1−x10x2i
x1N−x

1
0

,

c21
i =

y2i−y2i−1−α21
i (y1N−y

1
0)−β21

i (z1N−z
1
0)

x1N−x
1
0

,

d21
i =

x1Ny
2
i−1−x10y2i−α21

i (x1Ny
1
0−x10y1N )−β21

i (x1Nz
1
0−x10z1N )

x1N−x
1
0

,

e21
i =

z2i−z2i−1−γ21i (z1N−z
1
0)

x1N−x
1
0

,

f 21
i =

x1Nz
2
i−1−x10z2i−γ21i (x1Nz

1
0−x10z1N )

x1N−x
1
0

,
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a22
i =

x2i−x2i−1

x2M−x
2
0
,

b22
i =

x2Mx
2
i−1−x20x2i
x2M−x

2
0

,

c22
i =

y2i−y2i−1−α22
i (y2M−y

2
0)−β22

i (z2M−z
2
0)

x2M−x
2
0

,

d22
i =

x2My
2
i−1−x20y2i−α22

i (x2My
2
0−x20y2M )−β22

i (x2Mz
2
0−x20z2M )

x2M−x
2
0

,

e22
i =

z2i−z2i−1−γ22i (z2M−z
2
0)

x2M−x
2
0

,

f 22
i =

x2Mz
2
i−1−x20z2i−γ22i (x2Mz

2
0−x20z2M )

x2M−x
2
0

.

The following theorem shows that each map wrsi is contraction with respect to metric

equivalent to the Euclidean metric and ensures the existence of attractors of generalized

GDIFS.

Theorem 1.10.1. Let
{
R3;wrsi , i = 1, 2, . . . , Krs

}
be the generalized GDIFS defined

in (1.55) realizing the graph Gr and associated with the data sets Dr, (r = 1, 2) which

satisfy (1.54). If |αrsi | < 1, |γrsi | < 1 and βrsi is chosen such that |βrsi | + |γrsi | < 1 for

all r, s ∈ {1, 2} and i = 1, 2, . . . , Krs, then there exists a metric δ on R3 equivalent to

the Euclidean metric such that the GDIFS is hyperbolic with respect to δ. In particular,

there exists non-empty compact sets Gr such that

Gr =
2⋃
s=1

Krs⋃
i=1

wrsi (Gs) .

Proof. Proof follows in the similar lines of Theorem 2.1.1 of [16] and using the above

condition (1.54).

Following is the main result regarding existence of coalescence hidden variable FIFs

for generalized GDIFS.

Theorem 1.10.2. Let Gr, r ∈ V be the attractors of the generalized GDIFS as in

Theorem 1.10.1. Then Gr, r ∈ V is the graph of a vector valued continuous function

f r : Ir → R2 such that for r ∈ V , f r(xri ) = (yri , z
r
i ) for all i = 1, 2, . . . , N r. If

f r = (f r1 , f
r
2 ) then the projection of the attractors Gr, r ∈ V on R2 is the graph of the

continuous function f r1 : Ir → R known as CHFIF such that for r ∈ V , f r1 (xri ) = (yri ).

That is Gr
∣∣
R2 = {(x, f r1 (x)) : x ∈ Ir}.
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Proof. Let I1 = [x1
0, x

1
N ] and I2 = [x2

0, x
2
M ]. Consider the vector valued function spaces

F =
{
f : [x1

0, x
1
N ]→ R2 continuous such that f(x1

0) = (y1
0, z

1
0), f(x1

N) = (y1
N , z

1
N)
}
,

H =
{
h : [x2

0, x
2
M ]→ R2 continuous such that h(x2

0) = (y2
0, z

2
0), h(x2

M) = (y2
M , z

2
M)
}

with metrics

dF(f, f ∗) = sup
x∈[x10,x

1
N ]

∥∥f(x)− f ∗(x)
∥∥ ,

dH(h, h∗) = sup
x∈[x20,x

2
M ]

∥∥h(x)− h∗(x)
∥∥

respectively, where ‖.‖ denotes a norm on R2. Since (F , dF) and (H, dH) are complete

metric spaces,
(
F ×H, d

)
is also a complete metric space where

d
(
(f, h), (f ∗, h∗)

)
= max

{
dF(f, f ∗), dH(h, h∗)

}
.

Following are the affine maps,

Ii : [x1
0, x

1
N ]→ [x1

i−1, x
1
i ], Ii(x) = a11

i x+ b11
i for i = 1, 2, . . . , K11 ,

Ii : [x2
0, x

2
M ]→ [x1

i−1, x
1
i ], Ii(x) = a12

i−K11x+ b12
i−K11 for i = K11 + 1, . . . , N ,

Ji : [x1
0, x

1
N ]→ [x2

i−1, x
2
i ], Ji(x) = a21

i x+ b21
i for i = 1, 2, . . . , K21 ,

Ji : [x2
0, x

2
M ]→ [x2

i−1, x
2
i ], Ji(x) = a22

i−K21x+ b22
i−K21 for i = K21 + 1, . . . ,M .

Now define the mapping

T : F ×H → F ×H

T (f, h)(x, y) = (f̃(x), h̃(y)) ,

where for x ∈ [x1
i−1, x

1
i ],

f̃(x) =



(
c11
i I
−1
i (x) + α11

i y
1
f (I
−1
i (x)) + β11

i z
1
f (I
−1
i (x)) + d11

i ,

γ11
i z

1
f (I
−1
i (x)) + e11

i I
−1
i (x) + f 11

i

)
for i = 1, 2, . . . , K11

(c12
i−K11I

−1
i (x) + α12

i−K11y2
h(I
−1
i (x)) + β12

i−K11z2
h(I
−1
i (x)) + d12

i−K11 ,

γ12
i−K11z2

h(I
−1
i (x)) + e12

i−K11I
−1
i (x) + f 12

i−K11) for i = K11 + 1, . . . , N
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and for x ∈ [x2
j−1, x

2
j ],

h̃(x) =


(c21
j J
−1
j (x) + α21

j y
1
f (J

−1
j (x)) + β21

j z
1
f (J

−1
j (x)) + d21

j ,

γ21
j z

1
f (J

−1
j (x)) + e21

j J
−1
j (x) + f 21

j ) for j = 1, . . . , K21

(c22
j−K21J

−1
j (x) + α22

j−K21y2
h(J

−1
j (x)) + β22

j−K21z2
h(J

−1
j (x)) + d22

j−K21 ,

γ22
j−K21z2

h(J
−1
j (x)) + e22

j−K21J
−1
j (x) + f 22

j−K21) for j = K21 + 1, . . . ,M .

Now using (1.56)− (1.59), it is clear that,

f̃(x1
0) = F 11

1 (I−1
i (x), y1

f (I
−1
i (x)), z1

f (I
−1
i (x))) = (y1

0, z
1
0) ,

f̃(x1
N) = F 12

N (I−1
i (x), y2

h(I
−1
i (x)), z2

h(I
−1
i (x))) = (y1

N , z
1
N) .

Similarly, h̃(x2
0) = (y2

0, z
2
0) and h̃(x2

M) = (y2
M , z

2
M). It proves that T maps F × H into

itself. Since for each i = 1, 2, . . . , N , I−1
i (x) is continuous and therefore, f̃ is continuous

on each subintervals [x1
i−1, x

1
i ].

For i = 1, 2, . . . , K11, using (1.56), it follows that f̃(x1−
i ) = f̃(x1+

i ) = (y1
i , z

1
i ).

For i = K11 + 1, . . . , N − 1, using (1.57), it follows that f̃(x1−
i ) = f̃(x1+

i ) = (y1
i , z

1
i ).

For i = K11, using (1.56) and (1.57), it follows that f̃(x1−
i ) = f̃(x1+

i ) = (y1
i , z

1
i ), since

I−1
i (x1

i ) = x1
N and I−1

i+1(x1
i ) = x2

M .

Hence f̃ is continuous on I. Similarly it can be shown that h̃ is continuous on J .

Consequently T is continuous. To show that T is a contraction map on F × H, let

T (f, f ∗) = (f̃ , f̃ ∗) and T (h, h∗) = (h̃, h̃∗). Now,

sup
x∈[x10,x

1
K11 ]

{
‖f̃(x)− f̃ ∗(x)‖

}
= max

i=1,2,...,K11

x∈[x1i−1,x
1
i ]

{
‖α11

i (y1
f (I
−1
i (x))− y1

f∗(I
−1
i (x)))

+ β11
i (z1

f (I
−1
i (x))− z1

f∗(I
−1
i (x))),

γ11
i (z1

f (I
−1
i (x))− z1

f∗(I
−1
i (x)))‖

}
≤ δ11 max

i=1,2,...,K11

x∈[x1i−1,x
1
i ]

{
y1
f (I
−1
i (x))− y1

f∗(I
−1
i (x))

+ z1
f (I
−1
i (x))− z1

f∗(I
−1
i (x)), z1

f (I
−1
i (x))− z1

f∗(I
−1
i (x))

}
≤ δ11dF(f, f ∗),
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sup
x∈[x1

K11 ,x
1
N ]

{
‖f̃(x)− f̃ ∗(x)‖

}
= max

i=K11+1,...,N
x∈[x1i−1,x

1
i ]

{
‖α12

i−K11(y2
h(I
−1
i (x))− y2

h∗(I
−1
i (x)))

+ β12
i−K11(z2

h(I
−1
i (x))− z2

h∗(I
−1
i (x))),

γ12
i−K11(z2

h(I
−1
i (x))− z2

h∗(I
−1
i (x)))‖

}
≤ δ12 max

i=K11+1,...,N
x∈[x1i−1,x

1
i ]

{
y2
h(I
−1
i (x))− y2

h∗(I
−1
i (x))

+ z2
h(I
−1
i (x))− z2

h∗(I
−1
i (x)), z2

h(I
−1
i (x))− z2

h∗(I
−1
i (x))

}
≤ δ12dH(h, h∗),

where

δ11 = max
i=1,2,...,K11

{
|α11
i |, |β11

i |, |γ11
i |
}
< 1

and

δ12 = max
i=K11+1,...,N

{
|α12
i |, |β12

i |, |γ12
i |
}
< 1 .

Therefore

dF(f̃ , f̃ ∗) ≤ max
{
δ11, δ12

}
max

{
dF(f, f ∗), dH(h, h∗)

}
.

Similarly, it follows that

dH(h̃, h̃∗) ≤ max
{
δ21, δ22

}
max

{
dF(f, f ∗), dH(h, h∗)

}
,

where

δ21 = max
i=1,2,...,K21

{
|α21
i |, |β21

i |, |γ21
i |
}
< 1

and

δ22 = max
i=K21+1,...,M

{
|α22
i |, |β22

i |, |γ22
i |
}
< 1 .

Then

d
(
T (f, h), T (f ∗, h∗)

)
= max

{
dF(f̃ , f̃ ∗), dH(h̃, h̃∗)

}
≤ δmax

{
dF(f, f ∗), dH(h, h∗)

}
,

where δ = max
{
δ11, δ12, δ21, δ22

}
< 1 and hence T is a contraction mapping. By Banach

fixed point theorem, T possesses a unique fixed point, say (f 1, f 2).
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Now, for i = 1, 2, . . . , K11,

f 1(x1
i ) =

(
c11
i+1I

−1
i+1(x1

i ) + α11
i+1y

1
f1(I

−1
i+1(x1

i )) + β11
i+1z

1
f1(I

−1
i+1(x1

i )) + d11
i+1,

γ11
i+1z

1
f1(I

−1
i+1(x1

i )) + e11
i+1I

−1
i+1(x1

i ) + f 11
i+1

)
= (y1

i , z
1
i ).

For i = K11 + 1, . . . , N − 1,

f 1(x1
i ) =

(
c12
i+1−K11I−1

i+1(x1
i ) + α12

i+1−K11y2
f2(I

−1
i+1(x1

i )) + β12
i+1−K11z2

f2(I
−1
i+1(x1

i )) + d12
i+1−K11 ,

γ12
i+1−K11z2

f2(I
−1
i+1(x1

i )) + e12
i+1−K11I−1

i+1(x1
i ) + f 12

i+1−K11

)
= (y1

i , z
1
i ).

This shows that f 1 is the function which interpolates the data
{

(x1
i , y

1
i , z

1
i ) : i =

0, 1, . . . , N
}

. Similarly, it can be shown that f 2 is the function which interpolates the

data
{

(x2
i , y

2
i , z

2
i ) : i = 0, 1, . . . ,M

}
. For x ∈ [x1

0, x
1
N ] and x ∈ [x2

0, x
2
M ],

f 1
(
Ii(x)

)
=
(
c11
i x+ α11

i y
1
f1(x) + β11

i z
1
f1(x) + d11

i ,

γ11
i z

1
f1(x) + e11

i x+ f 11
i

)
for i = 1, 2, . . . , K11,

f 1
(
Ii(x)

)
=
(
c12
i x+ α12

i y
2
f2(x) + β12

i z
2
f2(x) + d12

i ,

γ12
i z

2
f2(x) + e12

i x+ f 12
i

)
for i = 1, 2, . . . , K12,

and

f 2
(
Ji(x)

)
=
(
c21
i x+ α21

i y
1
f1(x) + β21

i z
1
f1(x) + d21

i ,

γ21
i z

1
f1(x) + e21

i x+ f 21
i

)
for i = 1, 2, . . . , K21,

f 2
(
Ji(x)

)
=
(
c22
i x+ α22

i y
2
f2(x) + β22

i z
2
f2(x) + d22

i ,

γ22
i z

2
f2(x) + e22

i x+ f 22
i

)
for i = 1, 2, . . . , K22.
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If F and H are the graphs of f 1 and f 2 respectively, then

F =
K11⋃
i=1

w11
i (F )

⋃K12⋃
i=1

w12
i (H) ,

H =
K21⋃
i=1

w21
i (F )

⋃K22⋃
i=1

w22
i (H) .

The uniqueness of the attractor implies F = G1 and H = G2. That is G1 =
{

(x, f 1(x)) :

x ∈ I
}

and G2 =
{

(x, f 2(x)) : x ∈ J
}

.

Example 1.4. Consider the data sets as

D1 =
{

(0, 5), (1, 4), (2, 1), (3, 1), (4, 4), (5, 5)
}
,

D2 =
{

(0, 1), (1, 2), (2, 3), (3, 2), (4, 1)
}

realizing the graph with K11 = 3, K12 = 2, K21 = 1, K22 = 3 as in Figure 1.1. Take

e
12

1

e
12

2

e
21

1

e
22

1
e
22

2 e
22

3
1 2

e
11

3e
11

2
e
11

1

Figure 1.1: Directed graph for Example 1.4.

the first set of generalized data

D1 =
{

(0, 5, 5), (1, 4, 4), (2, 1, 1), (3, 1, 1), (4, 4, 4), (5, 5, 5)
}

and

D2 =
{

(0, 1, 1), (1, 2, 2), (2, 3, 3), (3, 2, 2), (4, 1, 1)
}

corresponding to D1 and D2 respectively. Here yi = zi for both the generalized data sets.

Choose αrsi = 1/3, βrsi = 1/3, γrsi = 1/3 for all r, s ∈ {1, 2} and i = 1, 2, . . . , Krs. Then

Figure 1.2 are the attractors of the corresponding generalized GDIFS.
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Keeping the free variables and constrained variables same, Figure 1.3 are the attractors

of the generalized GDIFS associated with the second set of generalized data

D1 =
{

(0, 5, 3), (1, 4, 2), (2, 1, 5), (3, 1, 2), (4, 4, 1), (5, 5, 4)
}
,

D2 =
{

(0, 1, 2), (1, 2, 5), (2, 3, 1), (3, 2, 3), (4, 1, 1)
}
.

Take the third set of generalized data

D1 =
{

(0, 5, 3), (1, 4, 2), (2, 1, 5), (3, 1, 2), (4, 4, 1), (5, 5, 4)
}

and

D2 =
{

(0, 1, 2), (1, 5, 5), (2, 3, 1), (3, 2, 3), (4, 4, 1)
}

corresponding to D1 and D2 respectively. For the generalized GDIFS with the free vari-

ables and constraints variables given in the following Table 1.1, the attractors are given

in Figure 1.4.

α α11
1 α11

2 α11
3 α12

1 α12
2 α21

1 α22
1 α22

2 α22
3

0.8 0.7 0.8 0.7 0.8 0.99 0.99 0.99 0.99

β β11
1 β11

2 β11
3 β12

1 β12
2 β21

1 β22
1 β22

2 β22
3

-0.3 -0.4 -0.2 -0.3 -0.4 0.99 0.99 0.99 0.99

γ γ11
1 γ11

2 γ11
3 γ12

1 γ12
2 γ21

1 γ22
1 γ22

2 γ22
3

0.5 0.3 0.6 0.5 0.3 0.005 0.005 0.005 0.005

Table 1.1: The generalized GDIFS with the free variables and constraints variables.
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Figure 1.2: Attractors for the first set of generalized data.
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Figure 1.3: Attractors for the second set of generalized data.
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Figure 1.4: Attractors for the third set of generalized data.
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Chapter 2

Box dimensions of α-fractal
functions with constant scaling
factors

In [40], Hardin et al. first calculated box dimension of affine fractal interpolation function

for equally spaced data. They also pointed out that their formula can be obtained using

the Lyapunov exponents of an associated dynamical system, supporting a conjecture of

Yorke’s. Barnsely et al. estimated the box dimension of projection of self-affine function

in higher dimensions [9]. The result has been generalized by Dalla et al. for certain non-

affine fractal interpolation functions [24]. Various researchers [10,14,18,35,36,41,80,83],

investigated and found estimates for the box dimensions of different type of fractal

interpolation functions as well as fractal interpolation surfaces.

In the present chapter, the box dimension of the graph of nowhere diffrentiable,

continuous, non-affine fractal interpolation function fα is investigated. In classical case,

if f is uniformly Hölderian function with exponent β, then the box dimension of the

graph of f is bounded by 2−β [12]. In particular, if f is Lipscitz, the dimension is 1. The

function fα is defined for any continuous function f . If one can control the increments

of a function f , then one can estimate the dimension of its graph. Hölderian function

has minimal regularity [26]. Noting this fact, in this chapter, the original function f

and the base function b have been taken as Hölderian to calculate the box dimension of
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the graph of fα. However it is still open whether one can get exact value or a bound

for box dimension of the graph of fα corresponding to any continuous function f?

The present chapter is organized as follows: Section 2.1 contains some existing re-

sults on box dimensions for different type of fractal functions. In Section 2.2, the box

dimension of α-fractal interpolation function fα for an IFS with equally spaced nodes

and Hölder continuous functions f and b is estimated. The proofs of the theorems in this

section are based on methods first developed in [40] and then later in [10]. The variation

of a continuous function and its related basic results are presented in Section 2.3. In

Section 2.4, using variation of α-fractal interpolation function fα, the box dimension

of fα is calculated. In this section, the assumption on equally spaced nodes is relaxed.

Here the proofs of the results are similar to that in [35,36].

2.1 Preliminaries

In this section, we recall some well established results on the box dimensions of the

graphs of different type of fractal functions, which are motivation behind our work.

Using box counting method, Hardin and Massopust [40], gave an estimate of the box

dimension of the graph of an affine fractal interpolation function for equally spaced data.

Theorem 2.1.1. (see [40]). Let G be the graph of an affine FIF f corresponding to the

IFS (1.8) with qi’s as affine maps. If γ =
∑N

i=1 |αi| > 1 and the interpolation points are

not collinear, then

dimBG =

{
1 + logN γ, if γ > 1

1 otherwise .

Later, Barnsley et al. [9], showed how the class of one-dimensional interpolation

functions can be usefully widened by considering the projections of the graphs of higher-

dimensional self-affine functions. The assumption on equally spaced data set is relaxed

and the result is stated as follows.

Theorem 2.1.2. (see [9], Theorem 4). Let G be the graph of an affine FIF f correspond-
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ing to the IFS (1.8) with qi’s as affine maps. If γ =
∑N

i=1 |αi| > 1 and the interpolation

points are not collinear, then dimBG is the unique real solution D of
∑N

i=1 |αi|a
D−1
i = 1;

otherwise dimBG = 1.

This idea has been generalized by Dalla et al. [24], for certain type of non-affine

fractal functions. For that, they defined the IFS as

Li(x) = aix+ di, Mi(x, y) = cigi(x) + sihi(y) + ei, (2.1)

where Li is defined in (1.8) and Mi : K → R. The maps gi : I → R and hi : R→ R are

continuous functions such that

|gi(x)− gi(x∗)| ≤ mi|x− x∗|

with gi(xN) 6= gi(x0) and

li|y − y∗| ≤ |hi(y)− hi(y∗)| ≤ ri|y − y∗| ,

where x, x∗ ∈ I, y, y∗ ∈ R and li > 0, ri > 0 are constants for i = 1, 2, . . . , N . The real

constants ci and ei depend on the free real parameters si and chosen so that

Mi(x0, y0) = yi−1, Mi(xN , yN) = yi .

Lemma 2.1.1. (see [24], Lemma 3). Let {(xi, yi) : i = 0, 1, 2, . . . , N} be given points

and Vk = (yk − yk−1) − (yk+1 − yk−1)(xk − xk−1)/(xk+1 − xk−1) 6= 0 for some k ∈

{1, 2, . . . , N − 1}. Choose gi(x) = x for all i = 1, 2, . . . , N and

(a) if there exists a k ∈ {1, 2, . . . , N − 1} such that Vk > 0, choose sihi for i =

1, 2, . . . , N to be increasing and concave;

(b) if there exists a l ∈ {1, 2, . . . , N−1} such that Vl < 0, choose sihi for i = 1, 2, . . . , N

to be increasing and convex;

(c) if there exist k, l ∈ {1, 2, . . . , N − 1} such that VkVl < 0, choose sihi for i =

1, 2, . . . , N to be (all) increasing and concave or (all) increasing and convex.
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Then, if γ1 =
∑N

i=1 li|si| > 1,

lim
ε→0+

εN ∗(ε) =∞ ,

where N ∗(ε) is defined in Section 4 of [9].

Theorem 2.1.3. (see [24], Theorem 3). Let G be the graph of the fractal function f

corresponding to the IFS (2.1).

(a) If
∑N

i=1 ri|si| > 1 and (xi, yi) ∈ K for i = 0, 1, 2, . . . , N are not all collinear, then

dimB(G) ≤ D, where D ∈ (1, 2) is the unique real solution of
∑N

i=1 ri|si|a
D−1
i = 1.

(b) If the IFS (2.1) satisfies in addition the conditions of Lemma 2.1.1, then d ≤

dimB(G), where d ∈ (1, 2) is the unique real solution of
∑N

i=1 li|si|a
d−1
i = 1.

Recently in [10], Barnsley and Massopust, defined bilinear IFS and estimated the

box dimension of the graph of a bilinear fractal function explicitly.

Theorem 2.1.4. (see [10], Theorem 6). Let F denote the bilinear IFS and let Γ(f)

denote its attractor. Suppose that the knots Xj : j = 0, 1, 2, . . . , N are uniformly spaced

on I, that is, Xj = j/N for all j = 0, 1, 2, . . . , N , and suppose that s0 = sN . If

γ :=
∑N

i=1
si−1+si

2
> 1 and Γ(f) is not a straight line segment then

dimBΓ(f) =

{
1 + logN γ, if γ > 1

1 otherwise .

In [36], Feng and Sun, defined fractal interpolation surfaces in a rectangular domain

with arbitrary nodes. Using the variation of a continuous function, the box dimension

of a fractal interpolation surface is estimated.

Theorem 2.1.5. (see [36], Theorem 5.1). Let z = f(x, y), (x, y) ∈ [a, b] × [c, d] be

a fractal interpolation surface, Λ =
∑m

i=1 |si| > 1 and D be the unique solution of∑m
i=1 |si|a

D−1
i = 1. If there exists a y ∈ [c, d] such that the data set {(xi, ui(y) : i =

0, 1, 2, . . . ,m)} is not collinear and D ≥ max
{

dimBΓ(ui; [c, d]) : i = 0, 1, 2, . . . ,m
}

,

then

dimB Γ
(
f ; [a, b]× [c, d]

)
= D + 1 .
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Let f ∗ : D ⊆ Rn → Rm be the fractal interpolation function for a given IFS. Consider

the components of f ∗ = (f ∗1 , f
∗
2 , . . . , f

∗
m). The graph of f ∗j is the projection of graph of

f ∗ onto Rn× 0× . . .×R× . . .× 0, where the factor R is in the j-th position [41]. Then

the following theorem gives an estimate for the box dimension of the graph of a fractal

function in higher dimensions using oscillation of continuous function. For notations

see [41].

Theorem 2.1.6. (see [41], Theorem 6). Assume that

(a) dν 6= 0 for some ν ∈ {1, 2, . . . , µ},

(b)
∑n

i=1 a
n−1
i s > 1.

Then the box dimension d of the graph of f ∗j is the unique positive solution of

N∑
i=1

ad−1
i s = 1 ,

otherwise d = n.

These ideas are used to prove our main results in Section 2.4. In [37], Gang considered

the IFS

Li(x) = xi−1 + (xi − xi−1)x,
Fi(x, y) = αiy + qi(x),

}
(2.2)

where 0 < αi < 1 and qi(x) ∈ Lip βi, 0 < βi ≤ 1 to obtain the Hölder exponents of the

corresponding fractal interpolation function, and estimated the box dimension of the

graph of the FIF as given in the following theorem.

Theorem 2.1.7. (see [37], Theorem 5.1). Let f be the FIF generated by the IFS (2.2)

with the critical condition C = 1. Then

1− log
∑N

i=1 αi
log |Imax|

≤ dimB(graph(f)) ≤ 1− β − logN

log |Imax|
,

where β = min{βi : i = 1, 2, . . . , N}, Ci = αi
|I|β and C = max{Ci : i = 1, 2, . . . , N}.
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From the above mentioned results, it is clear that the box dimension depends on

the scale vector α ∈ RN . Sections 2.2 and 2.4 are devoted to the estimation of the box

dimensions of the graphs of α-fractal functions fα for equally spaced (uniform) data set

as well as arbitrary (non-uniform) data set. It is shown that the box dimension of the

graph of a α-fractal interpolation function fα, depends on the scale vector α ∈ RN as

well.

2.2 Box dimensions of α-fractal functions

In this section, equally spaced horizontal nodes on I = [0, 1] is considered. That is the

partition is ∆ : 0 = x0 < x1 < · · · < xN = 1, where xi − xi−1 = 1
N

for i = 1, 2, . . . , N .

Then the affine maps Li(x) : I → Ii are defined as

Li(x) =
1

N
x+

i− 1

N
for i = 1, 2, . . . , N. (2.3)

Let f be Hölderian on I with exponent β1 ∈ (0, 1]. Consider the continuous maps

Fi(x, y) = αi y + f(Li(x)) − αi b(x) (2.4)

where b(x) is also Hölderian with exponent β2 ∈ (0, 1] such that b(x0) = f(x0), b(xN) =

f(xN) and b 6= f . Let fα be the α-fractal interpolation function of f for the correspond-

ing IFS (2.3) and (2.4). Using the techniques developed in [10, 24, 40], the bounds on

the box dimension of the graph of α-fractal function fα is estimated in the following

theorem.

Theorem 2.2.1. Let G = {(x, fα(x)) : x ∈ I} be the graph of the α-fractal inter-

polation function fα corresponding to the IFS (2.3) and (2.4). Let the interpolation

points {(xi, yi)}Ni=0 be not collinear and γ =
∑N

i=1 |αi|, where αi 6= 0 for all i. Let

β = min{β1, β2}. Then

(a) For γ ≤ 1, 1 ≤ dimB G ≤ 2− β.
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(b) For γ > 1 with γNβ−1 ≤ 1, 1 ≤ dimB G ≤ 2− β + logN γ.

(c) For γ > 1 with γNβ−1 > 1, 1 ≤ dimB G ≤ 1 + logN γ.

Proof. To compute the box dimension of G, consider the cover of G whose elements are

squares of sides 1
Nr , r ∈ N ∪ {0} and parallel to the coordinate axes. Let N (r) be the

minimum number of squares of size 1
Nr × 1

Nr of the form[
k − 1

N r
,
k

N r

]
×
[
a, a+

1

N r

]
; r = 0, 1, . . . ; k = 1, 2, . . . , N r, a ∈ R (2.5)

that are needed to cover G. Let N0(r) be the smallest number of arbitrary squares

of size 1
Nr × 1

Nr , needed to cover G. Then it follows that N0(r) ≤ N (r). Since each

arbitrary square of size 1
Nr × 1

Nr can be covered by at most two squares of the form

(2.5), one can have N (r) ≤ 2N0(r). So it is sufficient to consider the cover of the form

(2.5) to compute the box dimension of the graph of fα.

Let us denote Λ(r) as the collection of squares of the form (2.5) whose interior is

disjoint, with minimum cardinality N (r) which covers G. Let Λ(r, k) be the collection

of squares of Λ(r) lying in between the lines x = k−1
Nr and x = k

Nr for k = 1, 2, . . . N r.

Let N (r, k) be the number of squares in Λ(r, k) and

Λ∗(r, k) := ∪{A| A ∈ Λ(r, k)}.

Each member of Λ(r) must meet G as it is a minimal cover of G. With the continuity

of fα, it can be shown that Λ∗(r, k) is a rectangle of width 1
Nr and height N (r,k)

Nr (see

Figure 2.1). Observe that N (r) =
∑Nr

k=1N (r, k). Now for each i = 1, 2, . . . , N , the

image of the rectangle Λ∗(r, k) under the mapping wi :=
(
Li, Fi

)
, is contained in[

l(k, i)− 1

N r+1
,
l(k, i)

N r+1

]
× R, where l(k, i) := k + (i− 1)N r .

Therefore,

N (r + 1) =
N∑
i=1

Nr∑
k=1

N (r + 1, l(k, i)) .
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Figure 2.1: Minimal cover of a continuous function using squares sides parallel to axes.

Now,

G =
N⋃
i=1

wi(G)

implies that

G ⊆
N⋃
i=1

wi
( Nr⋃
k=1

Λ∗(r, k)
)
, since G ⊆

Nr⋃
k=1

Λ∗(r, k) .

For (x, y) ∈ Λ∗(r, k),

wi

(
x
y

)
=

(
1
N
x+ i−1

N

αiy + f(Li(x))− αib(x)

)
.

Since f is uniformly Hölderian in I with exponent β1 ∈ (0, 1], there exists s > 0 such

that

|f
(
Li(x)

)
− f

(
Li(x

′)
)
| ≤ s

N (r+1)β1
whenever x, x′ ∈

[
k − 1

N r
,
k

N r

]
,

as

Li

([k − 1

N r
,
k

N r

])
=

[
l(k, i)− 1

N r+1
,
l(k, i)

N r+1

]
.

Similarly, since b is uniformly Hölderian in I with exponent β2 ∈ (0, 1], there exists
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m > 0, such that

|b(x)− b(x′)| ≤ m

N rβ2
whenever x, x′ ∈

[
k − 1

N r
,
k

N r

]
.

Hence wi(Λ
∗(r, k)) is contained in a rectangle of width 1

Nr+1 and height

|αi|N (r, k)

N r
+

s

N (r+1)β1
+
m|αi|
N rβ2

,

(see Figure 2.2). Thus

Figure 2.2: Image of the rectangle Λ∗(r, k) under the map wi.

N
(
r + 1, l(k, i)

)
≤

[
|αi|N (r, k)

N r
+

s

N (r+1)β1
+
m|αi|
N rβ2

]
N r+1 + 2

= N |αi|N (r, k) + sN (r+1)(1−β1) +m|αi|N r(1−β2)+1 + 2.

By summing over i,

N∑
i=1

N
(
r + 1, l(k, i)

)
≤

N∑
i=1

N |αi|N (r, k) +
N∑
i=1

sN (r+1)(1−β1)

+
N∑
i=1

m|αi|N r(1−β2)+1 + 2N

= NγN (r, k) + sN (r+1)(1−β1)+1 +mγN r(1−β2)+1 + 2N,
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where γ =
∑N

i=1 |αi|. Now,

Nr∑
k=1

( N∑
i=1

N (r + 1, l(k, i))
)
≤ NγN (r) + sN (r+1)(1−β1)+r+1 +mγN r(1−β2)+r+1

+ 2N r+1

≤ NγN (r) + sN (r+1)(2−β) +mγN (r+1)(2−β)

+ 2N (r+1)(2−β), (since 2− β ≥ 1)

= NγN (r) + C1N
(r+1)(2−β),

where C1 = s+mγ + 2. Therefore

N (r + 1) ≤ NγN (r) + C1N
(r+1)(2−β) .

By repeated applications of above inequality on r, we can get

N (r) ≤ NγN (r − 1) + C1N
r(2−β)

≤ Nγ[NγN (r − 2) + C1N
(r−1)(2−β)] + C1N

r(2−β)

≤ N2γ2N (r − 2) + C1N
r(2−β)[1 + γNβ−1]

≤ N2γ2[NγN (r − 3) + C1N
(r−2)(2−β)] + C1N

r(2−β)[1 + γNβ−1]

≤ N3γ3N (r − 3) + C1N
r(2−β)[1 + γNβ−1 + γ2N2(β−1)].

Continuing the process, we get

N (r) ≤ N rγrN (0) + C1N
r(2−β)

(
1 + γNβ−1 · · ·+ γr−1N (r−1)(β−1)

)
. (2.6)

Case 1: Consider γ ≤ 1. Also Nβ−1 ≤ 1 for 0 < β ≤ 1, N > 1. Then

1 + γNβ−1 · · ·+ γr−1N (r−1)(β−1) ≤ r .

Therefore from (2.6),

N (r) ≤ N rγrN (0) + C1rN
r(2−β)

≤ N r(2−β)rN (0) + C1rN
r(2−β), since γ ≤ 1, 2− β ≥ 1

≤ C2rN
r(2−β),
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where C2 = (N (0) + C1). Hence

dimB G ≤ lim
r→∞

logC2rN
r(2−β)

logN r
= 2− β .

The continuity of the fractal function fα implies that dimB G ≥ 1 and hence for γ ≤ 1,

1 ≤ dimB G ≤ 2− β .

Case 2: Consider γ > 1 and γNβ−1 ≤ 1. Using (2.6),

N (r) ≤ N rγrN (0) + C1rN
r(2−β)

≤ C2rγ
rN r(2−β).

Hence

dimB G ≤ lim
r→∞

logC2rγ
rN r(2−β)

logN r
= 2− β + logN γ .

Since dimB G ≥ 1, we get

1 ≤ dimB G ≤ 2− β + logN γ .

Case 3: Consider γ > 1 and γNβ−1 > 1. Then

1 + γNβ−1 · · ·+ γr−1N (r−1)(β−1) =
(γNβ−1)r − 1

γNβ−1 − 1
≤ (γNβ−1)r

γNβ−1 − 1
.

Then from (2.6),

N (r) ≤ γrN rN (0) + C1
N r(2−β)γrN r(β−1)

γNβ−1 − 1

≤ C3γ
rN r,

where C3 = N (0) + C1

γNβ−1−1
. Therefore

dimB G ≤ lim
r→∞

logC3γ
rN r

logN r
= 1 + logN γ .

The following definition can be read in [33].
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Definition 2.2.1. Given a continuous function h, the maximum range Rh of h on I is

given by

Rh(I) = sup
s,t∈I
|h(s)− h(t)| .

To get a non-trivial lower bound for the box dimensions of the graphs of affine fractal

functions, the idea of Lemma 2.1.1 of [40] plays an important role [9, 10, 36]. But for

non-affine fractal functions, this result is not valid in general and one need to impose

extra conditions on the IFS parameters. Also for non-affine fractal function fα, one can

not take the original function f and the base function b as affine together. By imposing

certain restrictions on (2.4), a similar type of result of Lemma 2.1.1 of [40], is established

as follows.

Lemma 2.2.1. Let fα be the α-fractal interpolation function corresponding to the

IFS (2.3) and (2.4) with scaling factors αi ≥ 0 for all i = 1, 2, . . . , N . Also assume

that f is concave and b is affine. Let γ =
∑N

i=1 |αi| =
∑N

i=1 αi > 1. Assume that the

interpolation points {(xi, yi)}Ni=0 are not collinear. Then

lim
r→∞

N (r)

N r
=∞ .

Proof. Let for some j ∈ {1, 2, . . . , N−1}, (xj−1, f
α(xj−1)), (xj, f

α(xj)) and (xj+1, f
α(xj+1))

be three non-collinear points. Let xj = (1− λ)xj−1 + λxj+1 for some λ ∈ (0, 1). Then

fα(xj)− (1− λ)fα(xj−1)− λfα(xj+1) = Vj 6= 0

(see Figure 2.3). Clearly,

Vj ≤ max{|fα(xj)− fα(xj−1)|, |fα(xj)− fα(xj+1)|} .

Therefore,

Rfα(I) ≥ Vj .

Since f is concave,

f(xj)− (1− λ)f(xj−1)− λf(xj+1) ≥ 0 .
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0 1

(xj−1; f
α(xj−1))

(xj+1; f
α(xj+1))

(xj ; f
α(xj))

Vj

Figure 2.3: Non-collinear interpo-
lation points.

0 1

wi(xj−1; f
α(xj−1))

wi(xj+1; f
α(xj+1))

wi(xj ; f
α(xj))

h(≥ αiVj)

Li(xj−1) Li(xj+1)

Figure 2.4: Effect of wi.

As fα interpolates f on the nodes xi, i = j − 1, j, j + 1, it follows that

fα(xj)− (1− λ)fα(xj−1)− λfα(xj+1) = Vj > 0 .

Since G is the graph of a continuous function fα and (xj−1, f
α(xj−1)), (xj, f

α(xj)) and

(xj+1, f
α(xj+1)) ∈ G, it follows that

N (r) ≥ VjN
r .

Note that for each i = 1, 2, . . . , N , Li is affine and therefore

Li(xj) = (1− λ)Li(xj−1) + λLi(xj+1) .

Since for i = 1, 2, . . . , N , wi(G) ⊂ G, the points

wi(xj−1, f
α(xj−1)) = (Li(xj−1), Fi(xj−1, f

α(xj−1))), wi(xj, f
α(xj)) = (Li(xj), Fi(xj, f

α(xj)))

and wi(xj+1, f
α(xj+1)) = (Li(xj+1), Fi(xj+1, f

α(xj+1))) belong to G. Now from (2.4), it

follows that

Fi1(xj, f
α(xj))− (1− λ)Fi1(xj−1, f

α(xj−1))− λFi1(xj+1, f
α(xj+1))

= αi1f
α(xj) + f(Li1(xj))− αi1b(xj)− (1− λ)

(
αi1f

α(xj−1) + f(Li1(xj−1))− αi1b(xj−1)
)

− λ
(
αi1f

α(xj+1) + f(Li1(xj+1))− αi1b(xj+1)
)

= αi1
(
fα(xj)− (1− λ)fα(xj−1)− λfα(xj+1)

)
− αi1

(
b(xj)− (1− λ)b(xj−1)− λb(xj+1)

)
+
(
f(Li1(xj))− (1− λ)f(Li1(xj−1))− λf(Li1(xj+1))

)
.

(2.7)
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Note that for affine FIF, the last two bracketed terms in (2.7) become zero but for non-

affine FIF fα, may not be.

Since f is concave,

f(Li1(xj))− (1− λ)f(Li1(xj−1))− λf(Li1(xj+1)) ≥ 0 .

Since b is affine,

b(xj)− (1− λ)b(xj−1)− λb(xj+1) = 0 .

Therefore using these in (2.7), it follows that

Fi1(xj, f
α(xj))− (1− λ)Fi1(xj−1, f

α(xj−1))− λFi1(xj+1, f
α(xj+1))

≥ αi1
(
fα(xj)− (1− λ)fα(xj−1)− λfα(xj+1)

)
.

Hence

Fi1(xj, f
α(xj))− (1− λ)Fi1(xj−1, f

α(xj−1))− λFi1(xj+1, f
α(xj+1)) ≥ αi1Vj, (2.8)

(see Figure 2.4). Therefore,

Rfα(Ii1) ≥ αi1Vj .

Hence to cover G =
⋃N
i1=1 Li1(I)× fα

(
Li1(I)

)
, we need

N (r) ≥
N∑
i1=1

αi1VjN
r for r ≥ 1 .

Similarly,

Fi2(Li1(xj), f
α(Li1(xj))− (1− λ)Fi2(Li1(xj−1), fα(Li1(xj−1))

− λFi2(Li1(xj+1), fα(Li1(xj+1))

= αi2(f
α(Li1(xj))− (1− λ)fα(Li1(xj−1))− λfα(Li1(xj+1)))

+
(
f(Li1i2(xj))− (1− λ)f(Li1i2(xj−1))− λf(Li1i2(xj+1))

)
− αi2

(
b(Li1(xj))− (1− λ)b(Li1(xj−1))− λb(Li1(xj+1))

)
.

Using the given hypothesis, the last two terms of the above inequality are greater than

or equal to zero. Therefore,

Fi2(Li1(xj), f
α(Li1(xj))− (1− λ)Fi2(Li1(xj−1), fα(Li1(xj−1))

− λFi2(Li1(xj+1), fα(Li1(xj+1))

≥ αi2
(
fα(Li1(xj))− (1− λ)fα(Li1(xj−1))− λfα(Li1(xj+1))

)
.
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But
fα(Li1(xj))− (1− λ)fα(Li1(xj−1))− λfα(Li1(xj+1))

= Fi1(xj, f
α(xj))− (1− λ)Fi1(xj−1, f

α(xj−1))− λFi1(xj+1, f
α(xj+1))

≥ αi1Vj, using (2.8).

Therefore,

Fi2(Li1(xj), f
α(Li1(xj))− (1− λ)Fi2(Li1(xj−1), fα(Li1(xj−1))

− λFi2(Li1(xj+1), fα(Li1(xj+1)) ≥ αi2αi1Vj.

It shows that

Rfα(Ii1i2) ≥ αi2αi1Vj .

Hence to cover G =
⋃N
i1,i2=1 Li1i2(I)× fα

(
Li1i2(I)

)
, we need

N (r) ≥
N∑

i1,i2=1

αi2αi1VjN
r for r ≥ 2 .

Define Ii1i2...ik = Li1i2...ik(I) = Lik ◦ Lik−1
◦ · · · ◦ Li1(I). Then by succession, it follows

that

Fik(Li1i2...ik−1
(xj), f

α(Li1i2...ik−1
(xj))− (1− λ)Fik(Li1i2...ik−1

(xj−1), fα(Li1i2...ik−1
(xj−1))

− λFik(Li1i2...ik−1
(xj+1), fα(Li1i2...ik−1

(xj+1))

≥ αikαik−1
· · ·αi1Vj.

Therefore,

Rfα(Ii1i2...ik) ≥ αikαik−1
· · ·αi1Vj. (2.9)

Hence,

N (r) ≥
N∑

i1,...,ik=1

αikαik−1
. . . αi1VjN

r for r ≥ k .

Therefore,

N (r) ≥
(
γrVj − 1

)
N r

and since γ > 1, the result follows.

In the following theorem, a non-trivial lower bound for the box dimension of the

graph G of fα is found.
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Theorem 2.2.2. Let G be the graph of the α-fractal interpolation function fα corre-

sponding to the IFS (2.3) and (2.4). Also assume that f is concave and b is affine. Let

the interpolation points {(xi, yi)}Ni=0 be not collinear and γ =
∑N

i=1 |αi| =
∑N

i=1 αi > 1,

where αi > 0 for all i. If β = min{β1, β2} = 1, then

dimB(G) ≥ 1 + logN γ .

Proof. If the interpolation points are not collinear, then for γ > 1, we proceed as follows

to get a non-trivial lower bound for dimB G. Since f and b are continuous functions, for

(x, y) ∈ Λ∗
(
r + 1, l(k, i)

)
,

w−1
i

(
x
y

)
=

(
Nx− (i− 1)

y−f(x)+αib(Nx−(i−1))
αi

)
.

Then w−1
i

(
Λ∗(r + 1, l(k, i))

)
is contained in a rectangle of width 1

Nr and height

1

|αi|

[
N (r + 1, l(k, i))

N r+1
+

s

N (r+1)β1
+ |αi|

m

N rβ2

]
,

(see Figure 2.5). Therefore

Figure 2.5: Image of the rectangle Λ∗(r + 1, l(k, i)) under the map w−1
i .

N (r, k) ≤ 1

|αi|

[
N (r + 1, l(k, i))

N r+1
+

s

N (r+1)β1
+ |αi|

m

N rβ2

]
N r + 2
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and hence

N
(
r + 1, l(k, i)

)
≥ N |αi|N (r, k)− sN (r+1)(1−β1) − |αi|mN r(1−β2)+1 − 2N |αi| .

By summing over i,

N∑
i=1

N
(
r + 1, l(k, i)

)
≥

N∑
i=1

N |αi|N (r, k)−
N∑
i=1

sN (r+1)(1−β1) −
N∑
i=1

|αi|mN r(1−β2)+1

−
N∑
i=1

2N |αi|

= NγN (r, k)− sN (r+1)(1−β1)+1 −mγN r(1−β2)+1 − 2Nγ.

Now,

Nr∑
k=1

( N∑
i=1

N (r + 1, l(k, n))
)
≥ NγN (r)− sN (r+1)(1−β1)+(r+1) −mγN r(1−β2)+r+1

− 2N r+1γ

≥ NγN (r)− sN (r+1)(2−β) −mγN (r+1)(2−β)

− 2γN (r+1)(2−β).

Therefore,

N (r + 1) ≥ NγN (r)− C4N
(r+1)(2−β) ,

where C4 = s+ (m+ 2)γ. Iterating on r gives,

N (r) ≥ NγN (r − 1)− C4N
r(2−β)

≥ Nγ[NγN (r − 2)− C4N
(r−1)(2−β)]− C4N

r(2−β)

= N2γ2N (r − 2)− C4N
r(2−β)[1 + γNβ−1]

≥ N2γ2[NγN (r − 3)− C4N
(r−2)(2−β)]− C4N

r(2−β)[1 + γNβ−1]

= N3γ3N (r − 3)− C4N
r(2−β)[1 + γNβ−1 + γ2N2(β−1)].

Continuing the process, we get

N (r) ≥ (Nγ)r−jN (j)− C4N
r(2−β)

(
1 + γNβ−1 + . . .+ γr−j−1N (r−j−1)(β−1)

)
(2.10)
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for all 1 ≤ j ≤ r.

Let γ > 1 with γNβ−1 > 1. Then from (2.10)

N (r) ≥ (Nγ)r−jN (j)− C4N
r(2−β) (γNβ−1)r−j − 1

γNβ−1 − 1

≥ (Nγ)r−jN (j)− C4N
r(2−β) (γNβ−1)r−j

γNβ−1 − 1

= γr−jN (2−β)rM for all 1 ≤ j ≤ r and γ > 1,

where

M =

(
N (j)

N (1−β)r+j
− C4

γN (β−1)(r−j)

γNβ−1 − 1

)
.

Now

N (1−β)r+jM = N (j)− C4
γN (β−1)(r−j)N r(1−β)+j

γNβ−1 − 1

= N (j)− C4
γN j(2−β)

γNβ−1 − 1
.

Then for γ > 1 and non-collinear interpolation points, by Lemma 2.2.1

lim
r→∞

N (r)

N r
=∞ .

When β = 1, using the above expression, it follows that for large j(
N (j)− C4

γN j(2−β)

γNβ−1 − 1

)
> 0 ,

that is, M > 0. Therefore for β = 1

N (r) ≥M∗γrN r for large r ,

where M∗ = Mγ−j > 0. Hence

dimB G ≥ lim
r→∞

logM∗γrN r

logN r
= 1 + logN γ .
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Corollary 2.2.1. Let f be a concave and Lipschitz function, b be an affine function

with b(x0) = f(x0), b(x0) = f(x0) and b 6= f . Also assume that the interpolation points

{(xi, yi)}Ni=0 are not collinear and γ =
∑N

i=1 |αi| =
∑N

i=1 αi, where αi > 0 for all i. Then

the graph G of the α-fractal interpolation function fα corresponding to the IFS (2.3)

and (2.4) has box dimension

dimB G =

{
1 + logN γ, if γ > 1

1 otherwise .

Proof. The result follows immediately from Theorems 2.2.1 and 2.2.2 with β = 1.

In the following, we demonstrate the obtained results with an example.

Example 2.1. Let I = [0, 1] and ∆ : 0 < 0.25 < 0.5 < 0.75 < 1 be the partition of I. Let

f(x) = x1/2−2x1/3+2 be the Hölder function with exponent 1/2 and b(x) = 2−x1/2. The

corresponding α-fractal function fα for the IFS with scale vector α = (0.3, 0.4, 0.3, 0.2)

is given in Figure 2.6. Then according to the Theorem 2.2.1, the box dimension of the

graph G of the function fα is

1 ≤ dimBG ≤ dimBG ≤ 2− 1/2 +
log 1.2

log 4
= 1.6315 .

Let f(x) = sin(x) be a Lipschitz function which is concave in I and b(x) = x sin(1)

be an affine function. Then by Corollary 2.2.1, the box dimension of the graph G of

the corresponding α-fractal function fα given in Figure 2.7 is dimB G = 1 + log4 1.2 =

1.1315.

2.3 Variation of continuous functions and its prop-

erties

Let h ∈ C(I). For δ ≥ 0 and any x ∈ I, define I[x; δ] = I ∩ [x − δ, x + δ]. Then the

δ-oscillation of h at x on I is defined as

OI
h;δ(x) = sup

x′∈I[x;δ]

h(x′)− inf
x′∈I[x;δ]

h(x′) = sup
x′,x′′∈I[x;δ]

|h(x′)− h(x′′)| .
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Figure 2.6: The graph of fα corresponding to f(x) = x1/2−2x1/3 +2 and b(x) = 2−x1/2.
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Figure 2.7: The graph of fα corresponding to f(x) = sin(x) and b(x) = x sin(1).

The continuity of h ensures the continuity of OI
h;δ. The δ-variation of h on I is denoted

by Vh;δ(I) and defined by [20,31,90]

Vh;δ(I) =

∫
I

OI
h;δ(x)dx .
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If h is a real valued non-constant continuous function then the relation between box

dimension of the graph G and the variation of h is given by [31,33]

dimBG = lim sup
δ→0+

(
2− log Vh;δ(I)

log δ

)
(2.11)

and

dimBG = lim inf
δ→0+

(
2− log Vh;δ(I)

log δ

)
. (2.12)

Lemma 2.3.1. Let f1 and f2 be two continuous functions on I. For real constants

c1, c2, the following statements are true.

(a) Vc1f1+c2;δ(I) = |c1|Vf1;δ(I),

(b) |c1|Vf1;δ(I)− |c2|Vf2;δ(I) ≤ Vc1f1+c2f2;δ(I) ≤ |c1|Vf1;δ(I) + |c2|Vf2;δ(I).

Proof.

(a) By definition, for δ ≥ 0

OI
c1f1+c2;δ(x) = sup

x′,x′′∈I[x;δ]

|c1f1(x′) + c2 − c1f1(x′′)− c2|

= |c1| sup
x′,x′′∈I[x;δ]

|f1(x′)− f1(x′′)|

= |c1|OI
f1;δ(x).

Integrating OI
c1f1+c2;δ(x) over I, the result follows.

(b) Using the fact

|c1||f1(x′)− f1(x′′)| − |c2||f2(x′)− f2(x′′)| ≤ |(c1f1(x′) + c2f2(x′))− (c1f1(x′′) + c2f2(x′′))|

≤ |c1||f1(x′)− f1(x′′)|+ |c2||f2(x′)− f2(x′′)|,

it follows easily that

|c1|OI
f1;δ(x)− |c2|OI

f2;δ(x) ≤ OI
c1f1+c2f2;δ(x) ≤ |c1|OI

f1;δ(x) + |c2|OI
f2;δ(x) .

Integrating OI
c1f1+c2f2;δ(x) over I, the result follows.
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Lemma 2.3.2. Let h ∈ C(I) and ∆ : 0 = x0 < x1 < · · · < xN = 1 be the partition of I

with Ii = [xi−1, xi]. Then

N∑
i=1

Vh;δ(Ii) ≤ Vh;δ(I) ≤
N∑
i=1

Vh;δ(Ii) + 2(N − 1)Vh(I)δ ,

where Vh(I) = supx∈I h(x)− infx∈I h(x).

Proof. The proof follows on similar lines of Lemma 5.2 of [36]. But for completeness, it

is presented here.

For any i = 1, 2, . . . , N , Ii[x; δ] ⊆ I[x; δ] and hence OIi
h;δ(x) ≤ OI

h;δ(x). Therefore, it

follows that
N∑
i=1

Vh;δ(Ii) ≤ Vh;δ(I) .

For right hand inequality, let I∗1 = [0, x1−δ], I∗i = [xi−1 +δ, xi−δ] for i = 2, 3, . . . , N−1,

I∗∗j = [xj − δ, xj + δ] ∩ I for j = 1, 2, . . . , N − 1 and I∗N = [xN−1 + δ, 1]. Clearly,(
∪Ni=1 I

∗
i

)⋃(
∪N−1
j=1 I∗∗j

)
= I .

For x ∈ I∗i , i = 1, 2, . . . , N

OI
h;δ(x) = OIi

h;δ(x)

and

OI
h;δ(x) ≤ Vh(I)

for x ∈ I∗∗j , j = 1, 2, . . . , N − 1. Therefore

Vh;δ(I) ≤
N∑
i=1

∫
I∗i

OIi
h;δ(x)dx+

N−1∑
j=1

∫
I∗∗j

Vh(I)dx

≤
N∑
i=1

Vh;δ(Ii) + (N − 1)Vh(I)2δ.

Lemma 2.3.3. Let h be a fractal interpolation function on I. If L(x) = ax + b, where

a and b are constants with a > 0 such that L(I) ⊂ I. Then

Vh(L−1(.));δ(L(I)) = aVh; δ
a
(I) .
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Proof. Denote J = L(I). For x ∈ J ,

OJ
h(L−1(.));δ(x) = sup

x′∈J [x;δ]

h(L−1(x′))− inf
x′∈J [x;δ]

h(L−1(x′))

= sup
p′∈I[p; δ

a
]

h(p′)− inf
p′∈I[p; δ

a
]
h(p′)

= OI
h; δ
a

(p).

Therefore

Vh(L−1(.));δ(L(I)) =

∫
J

OJ
h(L−1(.));δ(x)dx

= a

∫
I

OI
h; δ
a

(p)dp

= aVh; δ
a
(I).

Lemma 2.3.4. If h is Hölderian on I with exponent β ∈ (0, 1] and δ > 0, then there

exists some positive constant M such that

Vh;δ(I) ≤M |I|δβ .

Proof. Since h is β Hölderian in I, for δ > 0 there exists a positive constant C such that

|h(x′)− h(x′′)| ≤ C|x′ − x′′|β for all x′, x′′ ∈ I .

Therefore OI
h;δ ≤ 2βCδβ and hence

Vh;δ(I) ≤M |I|δβ, where M = 2βC .

2.4 Box dimensions of α-fractal functions using vari-

ation

In this section, the restriction on the data set as equally spaced is relaxed. Note that

f and b are uniformly Hölderian with exponents β1 and β2 respectively. In the present
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section, the calculation of the box dimension of the graph of fα is estimated using the

techniques developed in [35, 36]. Before proving the main theorem, we first prove the

following lemma.

Lemma 2.4.1. Let fα be the α-fractal interpolation function corresponding to the

IFS (1.8), (1.9) and (1.10). Then there exist positive constants C1, C2 and δ such

that
N∑
i=1

|αi|aiVfα; δ
ai

(I)− C1δ
β ≤ Vfα;δ(I) ≤

N∑
i=1

|αi|aiVfα; δ
ai

(I) + C2δ
β

for all 0 < δ < 1 and β = min{β1, β2}.

Proof. Since fα is continuous on I, the left inequality of Lemma 2.3.2 gives

Vfα;δ(I) ≥
N∑
i=1

Vfα;δ(Ii) .

Since fα satisfies the fixed point equation (1.11), using Lemma 2.3.1, it follows that

Vfα;δ(I) ≥
N∑
i=1

[
|αi|
(
Vfα(L−1(.));δ(Ii)− Vb(L−1(.));δ(Ii)

)
− Vf ;δ(Ii)

]
≥

N∑
i=1

[
|αi|ai

(
Vfα; δ

ai

(I)− Vb; δ
ai

(I)
)]
− Vf ;δ(I), using Lemma 2.3.3.

But by Lemma 2.3.4, there exist positive constants M1,M2 such that

Vf ;δ(I) ≤M1|I|δβ1 ≤M1|I|δβ

and

Vb; δ
ai

(I) ≤M2|I|
(
δ

ai

)β2
≤M2|I|

(
δ

ai

)β
.

Hence

Vfα;δ(I) ≥
N∑
i=1

|αi|aiVfα; δ
ai

(I)− C1δ
β ,

where C1 =
(
M1 +

∑N
i=1 |αi|a

1−β
i M2

)
|I|. On the other hand using Lemma 2.3.2

Vfα;δ(I) ≤
N∑
i=1

[
|αi|
(
Vfα(L−1(.));δ(Ii) + Vb(L−1(.));δ(Ii)

)
+ Vf ;δ(Ii)

]
+ 2(N − 1)Vfα(I)δ

≤
N∑
i=1

|αi|aiVfα; δ
ai

(I) + C2δ
β,

72

TH-1574_11612310



where C2 = C1 + 2(N − 1)Vfα(I).

The following theorem is useful to get an upper bound for the box dimension of the

graph of fα.

Theorem 2.4.1. Let D be the solution of
∑N

i=1 |αi|a
D−1
i = 1 and fα be the α-fractal

interpolation function corresponding to the IFS (1.8), (1.9) and (1.10).

(a) If γ > 1, then there exist positive constants B2 and δ0 such that Vfα;δ(I) ≤

B2δ
1+β−D for 0 < δ ≤ δ0.

(b) If γ < 1, then there exist positive constants B3 and δ0 such that Vfα;δ(I) ≤ B3δ
β

for 0 < δ ≤ δ0.

(c) If γ = 1, then there exist positive constants B4 and δ0 such that Vfα;δ(I) ≤

B4δ
β log 1

δ
for 0 < δ ≤ δ0.

Proof.

(a) Since γ > 1, it follows that D > 1 and β > 1+β−D. From Lemma 2.4.1, for δ0 > 0

choose k2 > 0 large enough so that

Vfα;δ(I) ≤ C2δ
β

1− γ
+ k2δ

1+β−D

for δ0 ≤ δ ≤ δ0
a

, where a = min{ai : i = 1, 2, . . . , N} and C2 is as given in Lemma 2.4.1.

Denote ψ(δ) = C2δβ

1−γ + k2δ
1+β−D. Define a = max{ai : i = 1, 2, . . . , N}. Then aδ0 ≤ δ ≤

δ0 implies that δ0 ≤ δ
ai
≤ δ0

a
and

Vfα;δ(I) ≤
N∑
i=1

|αi|aiVfα; δ
ai

(I) + C2δ
β

≤
N∑
i=1

|αi|aiψ(
δ

ai
) + C2δ

β

=
N∑
i=1

|αi|ai
C2δ

β

(1− γ)aβi
+

N∑
i=1

|αi|ai
k2δ

1+β−D

a1+β−D
i

+ C2δ
β

≤
N∑
i=1

|αi|a1−β
i

C2δ
β

1− γ
+

N∑
i=1

|αi|aD−βi k2δ
1+β−D + C2δ

β.
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It is noted that aD−βi ≤ aD−1
i as ai < 1, also a1−β

i ≤ 1. For aδ0 ≤ δ ≤ δ0,

Vfα;δ(I) ≤
N∑
i=1

|αi|
C2δ

β

1− γ
+

N∑
i=1

|αi|aD−1
i k2δ

1+β−D + C2δ
β

≤ C2γδ
β

1− γ
+ k2δ

1+β−D + C2δ
β, (since

N∑
i=1

|αi| = γ,

N∑
i=1

|αi|aD−1
i = 1)

≤ C2δ
β

1− γ
+ k2δ

1+β−D

= ψ(δ).

Suppose Vfα;δ(I) ≤ ψ(δ) holds for anδ0 ≤ δ ≤ δ0. Then again by the above arguments

it holds for an+1δ0 ≤ δ ≤ δ0. As a < 1,

Vfα;δ(I) ≤ ψ(δ)

for 0 < δ ≤ δ0. But

ψ(δ) =
C2δ

β

1− γ
+ k2δ

1+β−D

≤ k2δ
1+β−D.

Therefore

Vfα;δ(I) ≤ k2δ
1+β−D for 0 < δ ≤ δ0 .

(b) Since γ < 1, it follows that D < 1 and β < 2 −D. As in Case (a), one can choose

k3 > 0 such that

Vfα;δ(I) ≤ C2δ
β

1− γ
+ k3δ

2−D for anδ0 ≤ δ ≤ δ0 .

Therefore there exists a positive constant B3 such that

Vfα;δ(I) ≤ B3δ
β for 0 < δ ≤ δ0 ≤ 1 .

(c) For γ = 1, D = 1. Let for k4 > 0 large enough, Vfα;δ(I) ≤ ψ(δ) for δ0 ≤ δ ≤ δ0
a

,

where

ψ(δ) =
C2 log δ∑N

i=1 |αi| log ai
δβ + k4δ

β .
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For γ =
∑N

i=1 |αi| = 1,
∑N

i=1 |αi| is replaced by
∑N

i=1 |αi| log ai and δβ by δβ log δ. Note

that

N∑
i=1

|αi|aiψ(
δ

ai
) + C2δ

β =
N∑
i=1

|αi|ai
C2 log δ

ai∑N
i=1 |αi| log ai

δβ

aβi
+

N∑
i=1

|αi|aik4
δβ

aβi
+ C2δ

β

≤
N∑
i=1

|αi|
C2 log δ

ai∑N
i=1 |αi| log ai

δβ +
N∑
i=1

|αi|k4δ
β + C2δ

β

(since a1−β
i ≤ 1)

=
N∑
i=1

|αi|
C2 log δ∑N

i=1 |αi| log ai
δβ −

N∑
i=1

|αi|
C2 log ai∑N
i=1 |αi| log ai

δβ

+
N∑
i=1

|αi|k4δ
β + C2δ

β

=
C2 log δ∑N

i=1 |αi| log ai
δβ + k4δ

β

= ψ(δ).

Similarly, it can be shown that

Vfα;δ(I) ≤ C2 log δ∑N
i=1 |αi| log ai

δβ + k4δ
β for anδ0 ≤ δ ≤ δ0 .

Therefore, there exists B4 > 0 such that

Vfα;δ(I) ≤ B4δ
β log

1

δ
for 0 < δ ≤ δ0 ≤ 1 .

The following theorem gives an estimate for upper bound of the box dimension of

the graph of fα.

Theorem 2.4.2. Let G = {(x, fα(x)) : x ∈ I} be the graph of the α-fractal interpolation

function fα corresponding to the IFS (1.8), (1.9) and (1.10). Let the interpolation

points be not collinear and γ =
∑N

i=1 |αi|. Let D be the solution of
∑N

i=1 |αi|a
D−1
i = 1.

Then the box dimension of G is as follows.

(a) For γ > 1, 1 ≤ dimBG ≤ dimBG ≤ 1− β +D.
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(b) For γ ≤ 1, 1 ≤ dimBG ≤ dimBG ≤ 2− β.

Proof. (a) By Theorem 2.4.1(a), there exists positive constant B2 such that

Vfα;δ(I) ≤ B2δ
1+β−D for 0 < δ ≤ δ0 .

Using it with (2.11), it follows that

dimBG = lim sup
δ→0+

(
2− log Vfα;δ(I)

log δ

)
≤ lim sup

δ→0+

(
2− logB2δ

1+β−D

log δ

)
= 1− β +D .

Since fα is continuous in I, dimBG ≥ 1. Therefore 1 ≤ dimBG ≤ dimBG ≤ 1− β +D.

(b) If γ < 1, then according to Theorem 2.4.1(b) and (2.11)

dimBG = lim sup
δ→0+

(
2− log Vfα;δ(I)

log δ

)
≤ lim sup

δ→0+

(
2− logB3δ

β

log δ

)
= 2− β .

If γ = 1, then according to Theorem 2.4.1(c) and (2.11)

dimBG = lim sup
δ→0+

(
2− log Vfα;δ(I)

log δ

)
≤ lim sup

δ→0+

(
2−

logB4δ
β log 1

δ

log δ

)
= 2− β .

Therefore for γ ≤ 1,

1 ≤ dimBG ≤ dimBG ≤ 2− β .

The following result can be read in [36].

Lemma 2.4.2. (see [36]). For a continuous function h on [c, d], Vh;δ

(
[c, d]

)
≥ Vh

(
[c, d]

)
δ,

where Vh
(
[c, d]

)
= supx∈[c,d] h(x)− infx∈[c,d] h(x) and 0 ≤ δ ≤ d− c.

The following lemma is required to prove Theorem 2.4.3.

Lemma 2.4.3. Let fα be the α-fractal interpolation function corresponding to the

IFS (1.8), (1.9) and (1.10). Also assume that f is concave and b is affine. Let

γ =
∑N

i=1 |αi| =
∑N

i=1 αi > 1 where αi ≥ 0 for all i = 1, 2, . . . , N . If the interpola-

tion points are not collinear then there exists a positive constant µ such that

Vfα;δ(I) ≥ µγkδ for δ ∈ [0, ak] .
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Proof. For δ ∈ [0, ak], using Lemma 2.3.2

Vfα;δ(I) ≥
N∑

i1,i2,...,ik=1

Vfα;δ(Li1i2...ik(I))

≥
N∑

i1,i2,...,ik=1

Vfα(Li1i2...ik(I))δ, using Lemma 2.4.2

≥
N∑

i1,i2,...,ik=1

αikαik−1
· · ·αi1µδ, using (2.9)

= µγkδ.

The following theorem is useful to get a non-trivial lower bound for the box dimension

of the graph of fα.

Theorem 2.4.3. Let D be the solution of
∑N

i=1 |αi|a
D−1
i = 1 and fα be the α-fractal

interpolation function corresponding to the IFS (1.8), (1.9) and (1.10). Also assume

that f is concave and b is affine. Let γ =
∑N

i=1 |αi| =
∑N

i=1 αi > 1, where αi ≥ 0 for

all i and the interpolation points are not collinear. If β = 1, then there exist positive

constants B1 and δ0 such that

Vfα;δ(I) ≥ B1δ
2−D for 0 < δ ≤ δ0 .

Proof. For γ > 1 and β = 1, according to Lemma 2.4.3, one can select δ0 > 0 such that

Vfα;δ(I) ≥ 2C1δ

γ − 1
for 0 < δ ≤ δ0

a
,

where C1 is as given in Lemma 2.4.1. Then choose 0 < k1 ≤ C1δ
D−1
0

γ−1
so that

Vfα;δ(I) ≥ C1δ

γ − 1
+ k1δ

2−D for δ0 ≤ δ ≤ δ0

a
.

Denote ψ(δ) = C1δ
γ−1

+ k1δ
2−D. Then Vfα;δ(I) ≥ ψ(δ) and ψ(δ) ≥ k1δ

2−D. If aδ0 ≤ δ ≤ δ0
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then δ0 ≤ δ
ai
≤ δ0

a
. Therefore from left inequality of Lemma 2.4.1 with β = 1,

Vfα;δ(I) ≥
N∑
i=1

|αi|aiVfα; δ
ai

(I)− C1δ

≥
N∑
i=1

|αi|aiψ(
δ

ai
)− C1δ

=
N∑
i=1

|αi|ai
C1δ

(γ − 1)ai
+

N∑
i=1

|αi|ai
k1δ

2−D

a2−D
i

− C1δ

=
C1γδ

γ − 1
+ k1δ

2−D − C1δ, (since
N∑
i=1

|αi| = γ,

N∑
i=1

|αi|aD−1
i = 1)

=
C1δ

γ − 1
+ k1δ

2−D

= ψ(δ)

for aδ0 ≤ δ ≤ δ0. Suppose Vfα;δ(I) ≥ ψ(δ) holds for anδ0 ≤ δ ≤ δ0. Then again by the

above arguments it holds for an+1δ0 ≤ δ ≤ δ0. As a < 1,

Vfα;δ(I) ≥ ψ(δ) ≥ B1δ
2−D

for 0 < δ ≤ δ0.

The following theorem gives a non-trivial lower bound for the box dimension of the

graph of fα.

Theorem 2.4.4. Let G = {(x, fα(x)) : x ∈ I} be the graph of the α-fractal interpo-

lation function fα corresponding to the IFS (1.8), (1.9) and (1.10). Also assume

that f is concave and b is affine. Let the interpolation points be not collinear and

γ =
∑N

i=1 |αi| =
∑N

i=1 αi > 1, where αi ≥ 0 for all i. Let D be the solution of∑N
i=1 |αi|a

D−1
i = 1. If β = min{β1, β2} = 1, then the box dimension of G is

dimBG ≥ D .

Proof. By Theorem 2.4.3, for every 0 < δ0 < 1, there exists a positive constant B1 such

that

Vfα;δ(I) ≥ B1δ
2−D for 0 < δ ≤ δ0 .
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Using it with (2.12), it follows that

dimBG = lim inf
δ→0+

(
2− log Vfα;δ(I)

log δ

)
≥ lim inf

δ→0+

(
2− logB1δ

2−D

log δ

)
= D .

Remark 2.4.1. For equally spaced data the solution of
∑N

i=1 |αi|a
D−1
i = 1 is D =

1 + logN γ. Then the results in Theorems 2.4.4 and 2.4.2 coincide with the results in

Theorems 2.2.2 and 2.2.1 respectively for positive scale vector.

Corollary 2.4.1. Let f be a concave and Lipschitz function, b be an affine function

with b(x0) = f(x0), b(x0) = f(x0) and b 6= f . Also assume that the interpolation points

{(xi, yi)}Ni=0 are not collinear and γ =
∑N

i=1 |αi| =
∑N

i=1 αi, where αi ≥ 0 for all i. Then

the graph G of the α-fractal interpolation function fα corresponding to the IFS (1.8),

(1.9) and (1.10) has box dimension

dimB G =

{
D, if γ > 1
1 otherwise .

Proof. The result follows immediately from Theorems 2.4.4 and 2.4.2 with β = 1.

Note that the estimation in the above Corollary 2.4.1 is similar to the results in [41]

for one dimensional case in which the oscillation of affine fractal function is used to get

the estimation of the box dimension.

Example 2.2. Let I = [0, 1] and ∆ : 0 < 0.2 < 0.5 < 0.75 < 1 be the non-uniform

partition of I. The Hölder functions f(x) = x1/2 − 2x1/3 + 2 and b(x) = 2− x1/2 as in

Example 2.1. Then according to Theorem 2.4.2, for the scale vector α = (0.3, 0, 0.2, 0),

the box dimension of the graph G of the corresponding α-fractal function fα, given in

Figure 2.8 is

1 ≤ dimBG ≤ dimBG ≤ 2− 1

2
= 1.5 .

Let I = [0, 1] and ∆ : 0 < 0.2 < 0.5 < 0.75 < 1 be the non-uniform partition of I.

Let f(x) = sin(x) be a Lipschitz function which is concave in I and b(x) = x sin(1)
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be an affine function. Let the scale vector α = (0, 0.7, 0.3, 0.8). Then the solution of∑N
i=1 |αi|a

D−1
i is D = 1.42. By Corollary 2.4.1, the box dimension of the graph G of the

corresponding α-fractal function fα, given in Figure 2.9 is

dimB G = 1.42 > 1 .

0 0.2 0.4 0.6 0.8 1
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

fαfα

Figure 2.8: The graph of fα corresponding to f(x) = x1/2−2x1/3 +2 and b(x) = 2−x1/2.
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fα

Figure 2.9: The graph of fα corresponding to f(x) = sin(x) and b(x) = x sin(1).
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Example 2.3. The nowhere differentiable Weierstrass function is given by

w(x) =
∞∑
n=0

an cos(2πbnx), for x ∈ R ,

where 0 < a < 1 < b, with ab > 1. It is Hölderian with exponent − logb a. The graph

of the function w(x) has fractal dimension ≈ 1.37 for a = 0.5 and b = 3 [48]. For

any scale vector α = (α1, α2, · · · , αN) with γ =
∑N

i=1 |αi| ≤ 1 and any Hölder function

b with exponent at least − logb a, the bounds of box dimension of the graph G of the

corresponding α-fractal function of w(x) is 1 ≤ dimB G ≤ 2 + logb a ≈ 1.37 according to

Theorem 2.4.2.
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Chapter 3

Box dimensions of α-fractal
functions with variable scaling
factors in subintervals

In Chapter 2, an estimate for the box dimension of the graph of α-fractal function

fα with constant scale vector for uniform as well as non-uniform nodes is established

whenever the original function f and the base function b are Hölderian. In the present

chapter, the dimension of the graph of fα is estimated for an IFS with function scale

vector instead of constant scale vector. For non-zero constant scale vector, the results

here coincide with the results in Chapter 2. Additionally, in this chapter an estimate

for the box dimension of the graph of fα on subintervals or partitions is given. The

motivation behind the work is explained through the following example.

Example 3.1. Let I = [0, 1] and ∆ : 0 < 0.25 < 0.5 < 0.75 < 1 be the partition of I.

Let f(x) = cos(x) be a concave and Lipschitz function in I and b(x) = 1− (1− cos(1))x

be an affine function such that b(0) = f(0), b(1) = f(1). Let fα be the corresponding

α-fractal function. Let G1 and G2 be the graphs (given in Figure 3.1 and Figure 3.2) of

fα with scale vector α1 = (0.7, 0.4, 0.5, 0.3) and α2 = (0.5, 0.7, 0.8, 0) respectively on

I. Then by Corollary 2.4.1 of Chapter 2, dimB G
1 = 1.46 and dimB G

2 = 1.5.

If we look at Figure 3.1 and Figure 3.2 carefully, it can be observed that the graphs

behavior of fα in subintervals are different for different scale vectors, due to non-affinity
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Figure 3.1: Graph of fα for the scale vector α =
(0.7, 0.4, 0.5, 0.3).
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Figure 3.2: Graph of fα for the scale vector α =
(0.5, 0.7, 0.8, 0).
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of fα. Also from (1.22), for αi = 0

fα = f in Ii .

So the following questions arise for investigation.

(a) What is the dimension of the graph of fα on subintervals or partitions?

(b) If αi∗ = 0 for some i∗ ∈ {1, 2, . . . , N}, what is the effect of it on the dimension of

the graph of fα in the intervals Ii, i 6= i∗?

(c) If αi∗ = 0 for some i∗ ∈ {1, 2, . . . , N}, how to show theoretically that the behavior

of the dimension of the graph of fα is same as the behavior of the dimension of

the graph of f on Ii∗?

In this chapter, an attempt is made to answer above questions for more general fα by

taking function scale vector α =
(
α1(x), α2(x), . . . , αN(x)

)
.

The chapter is organized as follows. In Section 3.1, the box dimension of the graph

of fα for uniform partition of [0, 1], is estimated. In Section 3.2, the box dimension

of the graph of fα in subintervals, is estimated. The main results are explained with

graphs for various combinations of scale vectors at the end.

3.1 Box dimensions of α-fractal functions

Throughout the sequel, we assume that f and b are Hölderian with exponents β1, β2 ∈

(0, 1] and Hölder constants Hf , Hb respectively. That is,

|f(x)− f(y)| ≤ Hf |x− y|β1 for all x, y ∈ R ,

|b(x)− b(y)| ≤ Hb|x− y|β2 for all x, y ∈ R .

Set β = min{β1, β2}. Let for i = 1, 2, . . . , N , the function scaling factors αi(x) are

contraction with contractivity factors Hαi . That is, for i = 1, 2, . . . , N

|αi(x)− αi(y)| ≤ Hαi |x− y| for all x, y ∈ I .
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Assume that Hα = max{Hαi : i = 1, 2, . . . , N}. For I = [0, 1], let the interpolation

points P = {( i
N
, yi) ∈ R2; i = 0, 1, . . . , N}. Let us denote D = { i

N
∈ I; i = 0, 1, . . . N}

and L(D) = ∪Ni=1Li(D). Set L0(D) = D and Lk(D) = L ◦ L ◦ · · · ◦ L(D) (k-times

composition of L itself). Let us denote

α̃i = min
x∈I
|αi(x)| and αmin = min

1≤i≤N
α̃i ,

αi = max
x∈I
|αi(x)| and αmax = max

1≤i≤N
αi .

Let us assume that 0 ≤ αmin ≤ αmax < 1.

The following lemma gives a bound for the maximum range of fα on I.

Lemma 3.1.1. Let fα be the α-fractal interpolation function corresponding to the

IFS (1.21) with interpolation points P . If αmax < 1, then

Rfα(I) ≤ N
αmax∆y + (αmaxHb +Hf )

1− αmax

,

where ∆y = max{|yi − y0|; i = 0, 1, . . . , N}.

Proof. For k = 1, 2, . . ., let

Γk = max{|fα(x)− y0|;x ∈ Lk−1(D)} ,

γk = max
i
{|fα(x)− yi−1|;x ∈ Lk−1(D) ∩ Ii} .

Now for x ∈ Lk(D) ∩ Ii,

fα(x) = Fi(L
−1
i (x), fα(L−1

i (x)))

= f(x) + αi(L
−1
i (x))(fα − b)(L−1

i (x)).

Therefore

fα(x)− yi−1 = αi(L
−1
i (x))

[
(fα(L−1

i (x))− y0) + (y0 − b(L−1
i (x)))

]
+ f(x)− yi−1

≤ αmaxΓk + (αmaxHb +Hf ).
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Thus

γk+1 ≤ αmaxΓk + (αmaxHb +Hf ). (3.1)

Observe that,

Γk = max{|fα(x)− y0|;x ∈ Lk−1(D)}

≤ max
i
{|fα(x)− yi−1|;x ∈ Lk−1(D) ∩ Ii}+ max

i
{|yi−1 − y0|}

≤ Γ1 + γk.

Then by repeated applications of (3.1), we get

γk+1 ≤ αmax(Γ1 + γk) + (αmaxHb +Hf )

≤ αmaxΓ1 + α2
maxΓk−1 + αmax(αmaxHb +Hf ) + (αmaxHb +Hf )

≤ αmaxΓ1 + α2
max(Γ1 + γk−1) + αmax(αmaxHb +Hf ) + (αmaxHb +Hf )

...

≤ αmaxΓ1(1 + αmax + · · ·+ αk−1
max) + (αmaxHb +Hf )(1 + αmax + · · ·+ αk−1

max).

Therefore,

γk+1 ≤
αmaxΓ1 + (αmaxHb +Hf )

1− αmax

.

The above inequality is true for every k ∈ N and the right hand side is independent of

k. Let us define

C =
αmaxΓ1 + (αmaxHb +Hf )

1− αmax

,

D̃ = ∪kLk(D)

and x ∈ Ii, then there exists a sequence xm ∈ D̃ ∩ Ii tending to x as m → ∞. The

continuity of fα implies that

|fα(xm)− yi−1| → |fα(x)− yi−1| as m→∞ .

Since

|fα(xm)− yi−1| ≤ C ,
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we get

|fα(x)− yi−1| ≤ C .

Therefore it follows that

sup
Ii

|fα(x)− yi−1| ≤
αmaxΓ1 + (αmaxHb +Hf )

1− αmax

. (3.2)

Let s and t be arbitrary points in I. Suppose s ∈ Ii and t ∈ Ij, where i, j ∈ {1, 2, . . . , N}

with i ≤ j. Then

|fα(s)− fα(t)| ≤ |fα(s)− yi−1|+ |yi−1 − yi|+ · · ·+ |yj−1 − fα(t)|

≤ N
αmax∆y + (αmaxHb +Hf )

1− αmax

, using (3.2).

Therefore

Rfα(I) = sup
s,t∈I
|fα(s)− fα(t)| ≤ N

αmax∆y + (αmaxHb +Hf )

1− αmax

.

Following is another bound for Rfα not depending on N .

Lemma 3.1.2. Let fα be the α-fractal interpolation function corresponding to the

IFS (1.21) with interpolation points P . If αmax < 1, then

Rfα(I) ≤ 2‖fα‖∞ ≤
2

1− αmax

(
‖f‖∞ + αmax‖b‖∞

)
.

Proof. By definition, we have

Rfα(I) = sup
s,t∈I
|fα(s)− fα(t)| ≤ 2‖fα‖∞ .

Therefore using (1.22), it follows that

‖fα − f‖∞ ≤
αmax

1− αmax

‖f − b‖∞

and thus

‖fα‖∞ ≤ ‖f‖∞ +
αmax

1− αmax

‖f − b‖∞

≤ ‖f‖∞
1− αmax

+
αmax‖b‖∞
1− αmax

.
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Hence

Rfα(I) ≤ 2‖fα‖∞ ≤
2

1− αmax

(
‖f‖∞ + αmax‖b‖∞

)
.

Let M be the minimum of

N
αmax∆y + (αmaxHb +Hf )

1− αmax

and
2

1− αmax

(
‖f‖∞ + αmax‖b‖∞

)
.

Then

Rfα(I) ≤M .

Following notations are useful in the sequel. Let Li1i2...ik(x) = Lik ◦ Lik−1
◦ · · · ◦ Li1(x),

Ii1i2...ik = Li1i2...ik(I) = Lik ◦Lik−1
◦ · · · ◦Li1(I) and Gi1i2...ik =

{
(x, fα(x))| x ∈ Ii1i2...ik

}
,

where i1, i2, . . . , ik ∈ {1, 2, . . . , N}. Set i0 = 0, Ii0 = I and Li0 = Id. Let the maximum

range RFi(A) of Fi be

RFi(A) = sup
u,v∈A

|Fi(u)− Fi(v)|, where A ⊆ I × R .

Lemma 3.1.3. Let G = {(x, fα(x)) : x ∈ I} be the graph of the α-fractal function fα

corresponding to the IFS (1.21). Then

RFik
(Gi1i2...ik−1

) ≤ αikRfα(Ii1i2...ik−1
) +

(
Hf

Nkβ
+

αikHb

N (k−1)β
+

H∗α
N (k−1)β

)
, (3.3)

where H∗α =
(
‖fα‖∞ + ‖b‖∞

)
Hα.

Proof. Recall that f and b are Hölderian on I with exponents β1, β2 ∈ (0, 1] and Hölder

constants Hf , Hb respectively. Using the definition of the transformations Fi given in
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(1.21), for x1, x2 ∈ I, it follows that

|Fi1(x1, f
α(x1))− Fi1(x2, f

α(x2))| = |αi1(x1)fα(x1) + f(Li1(x1))− αi1(x1)b(x1)

− αi1(x2)fα(x2)− f(Li1(x2)) + αi1(x2)b(x2)|

= |αi1(x1)fα(x1)− αi1(x1)fα(x2) + αi1(x1)fα(x2)

− αi1(x2)fα(x2) + f(Li1(x1))− f(Li1(x2))− αi1(x1)b(x1)

+ αi1(x1)b(x2)− αi1(x1)b(x2) + αi1(x2)b(x2)|

≤ αi1 |fα(x1)− fα(x2)|+ |f(Li1(x1))− f(Li1(x2))|

+ αi1 |b(x1)− b(x2)|+
(
‖fα‖∞ + ‖b‖∞

)
|αi1(x1)− αi1(x2)|

≤ αi1 |fα(x1)− fα(x2)|+ Hf

Nβ1
|x1 − x2|β1

+ αi1Hb|x1 − x2|β2 +
(
‖fα‖∞ + ‖b‖∞

)
Hαi1
|x1 − x2|

≤ αi1 |fα(x1)− fα(x2)|

+

(
Hf

Nβ
+ αi1Hb +H∗α

)
|x1 − x2|β,

where H∗α =
(
‖fα‖∞ + ‖b‖∞

)
Hα. Taking both side supremum over I and using |x1 −

x2|β ≤ 1 for x1, x2 ∈ I,

RFi1
(G) ≤ αi1Rfα(I) +

(
Hf

Nβ
+ αi1Hb +H∗α

)
.

For x1, x2 ∈ I, proceeding as above it follows that

|Fi2(Li1(x1), fα(Li1(x1))− Fi2(Li1(x2), fα(Li1(x2)))| = |αi2(Li1(x1))fα(Li1(x1)) + f(Li1i2(x1))

− αi2(Li1(x1))b(Li1(x1))

− αi2(Li1(x2))fα(Li1(x2))− f(Li1i2(x2))

+ αi2(Li1(x2))b(Li1(x2))|

≤ αi2 |fα(Li1(x1))− fα(Li1(x2))|

+

(
Hf

Nβ
+ αi2Hb +H∗α

)
|Li1(x1)− Li1(x2)|β.
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Therefore taking both side supremum over I and using |Li1(x1)− Li1(x2)|β ≤ 1
Nβ ,

RFi2
(Gi1) ≤ αi2Rfα(Ii1) +

(
Hf

N2β
+
αi2Hb

Nβ
+
H∗α
Nβ

)
.

Hence by succession

RFik
(Gi1i2...ik−1

) ≤ αikRfα(Ii1i2...ik−1
) +

(
Hf

Nkβ
+

αikHb

N (k−1)β
+

H∗α
N (k−1)β

)
.

Remark 3.1.1. If for i = 1, 2, . . . , N , the functions αi(x) are Hölderian with exponents

si respectively, then by setting β = min{β1, β2, s1, . . . , sN}, the above Lemma 3.1.3 is

true.

The following lemma gives the bounds for the maximum range of the α-fractal func-

tion fα.

Lemma 3.1.4. Let fα be the α-fractal function corresponding to the IFS (1.21).

(a) If αmin >
1
Nβ , then

Rfα(Ii1i2...ik) ≤M1αikαik−1
. . . αi1 ,

where M1 is a positive constant.

(b) If one or several scaling factors may have zeroes in I and 1
Nβ < αmax < 1, then

Rfα(Ii1i2...ik) ≤M2α
k
max ,

where M2 is a positive constant.

(c) If αmax ≤ 1
Nβ , then

Rfα(Ii1i2...ik) ≤
1

Nkβ

(
Rfα(I) + k(Hf +Hb +H∗αN

β)
)
.
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Proof. Let G = {(x, fα(x)) : x ∈ I} be the graph of the α-fractal function fα cor-

responding to the IFS (1.21). From (1.7) and (1.21), it follows that for all x ∈ Ii,

i = 1, 2, . . . , N ,

fα(x) = Fi
(
L−1
i (x), fα(L−1

i (x))
)
.

Therefore, for x1, x2 ∈ Ii1

|fα(x1)− fα(x2)| =
∣∣Fi1(L−1

i1
(x1), fα(L−1

i1
(x1))

)
− Fi1

(
L−1
i1

(x2), fα(L−1
i1

(x2))
)∣∣

≤ sup
x,y∈Ii1

∣∣Fi1(L−1
i1

(x), fα(L−1
i1

(x))
)
− Fi1

(
L−1
i1

(y), fα(L−1
i1

(y))
)∣∣

= sup
x̃,ỹ∈I

∣∣Fi1(x̃, fα(x̃)
)
− Fi1

(
ỹ, fα(ỹ)

)∣∣, x̃ = L−1
i1

(x), ỹ = L−1
i1

(y)

= RFi1
(G).

Since x1, x2 are arbitrary, for i = 1, 2, . . . , N ,

Rfα(Ii1) ≤ RFi1
(G) .

For x1, x2 ∈ Ii1i2 ⊆ Ii2∣∣fα(x1)− fα(x2)
∣∣ =

∣∣Fi2(L−1
i2

(x1), fα(L−1
i2

(x1))
)
− Fi2

(
L−1
i2

(x2), fα(L−1
i2

(x2))
)∣∣

≤ sup
x,y∈Ii1i2

∣∣Fi2(L−1
i2

(x), fα(L−1
i2

(x))
)
− Fi2

(
L−1
i2

(y), fα(L−1
i2

(y))
)∣∣

= sup
x̃,ỹ∈Ii1

∣∣Fi2(x̃, fα(x̃)
)
− Fi2

(
ỹ, fα(ỹ)

)∣∣, where x̃ = L−1
i2

(x), ỹ = L−1
i2

(y)

= RFi2
(Gi1).

Therefore

Rfα(Ii1i2) ≤ RFi2
(Gi1) .

Similarly proceeding as above, for x1, x2 ∈ Ii1i2i3 ⊆ Ii3∣∣fα(x1)− fα(x2)
∣∣ =

∣∣Fi3(L−1
i3

(x1), fα(L−1
i3

(x1))
)
− Fi3

(
L−1
i3

(x2), fα(L−1
i3

(x2))
)∣∣

≤ sup
x,y∈Ii1i2i3

∣∣Fi3(L−1
i3

(x), fα(L−1
i3

(x))
)
− Fi3

(
L−1
i3

(y), fα(L−1
i3

(y))
)∣∣

= sup
x̃,ỹ∈Ii1i2

∣∣Fi3(x̃, fα(x̃)
)
− Fi3

(
ỹ, fα(ỹ)

)∣∣, where x̃ = L−1
i3

(x), ỹ = L−1
i3

(y)

= RFi3
(Gi1i2).
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Therefore

Rfα(Ii1i2i3) ≤ RFi3
(Gi1i2) .

By succession, it follows that

Rfα(Ii1i2...ik) ≤ RFik
(Gi1i2...ik−1

). (3.4)

Substituting (3.3) in the above expression, it follows that

Rfα(Ii1i2...ik) ≤ αikRfα(Ii1i2...ik−1
) +

(
Hf

Nkβ
+

αikHb

N (k−1)β
+

H∗α
N (k−1)β

)
≤ αikRFik−1

(Gi1i2...ik−2
) +

(
Hf

Nkβ
+

αikHb

N (k−1)β
+

H∗α
N (k−1)β

)
, using (3.4)

≤ αikαik−1
Rfα(Ii1i2...ik−2

) + αik

(
Hf

N (k−1)β
+
αik−1

Hb

N (k−2)β
+

H∗α
N (k−2)β

)
+

(
Hf

Nkβ
+

αikHb

N (k−1)β
+

H∗α
N (k−1)β

)
, using (3.3).

Repeated applications of the above inequality, gives

Rfα(Ii1i2...ik) ≤ αikαik−1
. . . αi1Rfα(I)

+

(
αikαik−1

. . . αi2
Hf

Nβ
+ · · ·+ αik

Hf

N (k−1)β
+

Hf

Nkβ

)
+

(
αikαik−1

. . . αi1Hb + · · ·+ αikαik−1

Hb

N (k−2)β
+ αik

Hb

N (k−1)β

)
+

(
αikαik−1

. . . αi2H
∗
α + · · ·+ αik

H∗α
N (k−2)β

+
H∗α

N (k−1)β

)
. (3.5)
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(a) If αmin >
1
Nβ , it easily follows that

Rfα(Ii1i2...ik) ≤ αikαik−1
. . . αi1Rfα(I)

+
αikαik−1

. . . αi2Hf

Nβ

(
1 + · · ·+ Hf

αik−1
. . . αi2N

(k−2)β
+

Hf

αik . . . αi2N
(k−1)β

)
+ αikαik−1

. . . αi1Hb

(
1 + · · ·+ Hb

αik−2
. . . αi1N

(k−2)β
+

Hb

αik−1
. . . αi1N

(k−1)β

)
+ αikαik−1

. . . αi2H
∗
α

(
1 + · · ·+ H∗α

αik−1
. . . αi2N

(k−2)β
+

H∗α
αik . . . αi2N

(k−1)β

)
≤ αikαik−1

. . . αi1Rfα(I)

+
αikαik−1

. . . αi2Hf

Nβ

(
1 +

1

αminNβ
+ . . .+

1

αk−1
minN

(k−1)β

)
+ αikαik−1

. . . αi1Hb

(
1 +

1

αminNβ
+ . . .+

1

αk−1
minN

(k−1)β

)
+ αikαik−1

. . . αi2H
∗
α

(
1 +

1

αminNβ
+ . . .+

1

αk−1
minN

(k−1)β

)
,

since αmin ≤ αij for all j ∈ {1, 2, . . . , k}. That is, for αmin >
1
Nβ

Rfα(Ii1i2...ik) ≤ αikαik−1
. . . αi1(

Rfα(I) +
Hf

αminNβ

1

(1− 1
αminNβ )

+Hb
1

(1− 1
αminNβ )

+
H∗α
αmin

1

(1− 1
αminNβ )

)
.

Therefore

Rfα(Ii1i2...ik) ≤M1αikαik−1
. . . αi1 ,

where

M1 =

(
M +

Hf

αminNβ

1

(1− 1
αminNβ )

+Hb
1

(1− 1
αminNβ )

+
H∗α
αmin

1

(1− 1
αminNβ )

)
.

(b) If 1
Nβ < αmax < 1, (3.5) can also be written as

Rfα(Ii1i2...ik) ≤ αkmaxRfα(I)

+
αk−1

maxHf

Nβ

(
1 +

1

αmaxNβ
+ . . .+

1

αk−1
maxN

(k−1)β

)
+ αkmaxHb

(
1 +

1

αmaxNβ
+ . . .+

1

αk−1
maxN

(k−1)β

)
+ αk−1

maxH
∗
α

(
1 +

1

αmaxNβ
+ . . .+

1

αk−1
maxN

(k−1)β

)
.
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For 1
Nβ < αmax < 1,

Rfα(Ii1i2...ik) ≤ αkmax

(
Rfα(I) +

Hf

αmaxNβ

1

(1− 1
αmaxNβ )

+Hb
1

(1− 1
αmaxNβ )

+
H∗α
αmax

1

(1− 1
αmaxNβ )

)
.

Therefore

Rfα(Ii1i2...ik) ≤M2α
k
max ,

where

M2 =

(
M +

Hf

αmaxNβ

1

(1− 1
αmaxNβ )

+Hb
1

(1− 1
αmaxNβ )

+
H∗α
αmax

1

(1− 1
αmaxNβ )

)
.

(c) If αmax ≤ 1
Nβ , then from (3.5), it follows that

Rfα(Ii1i2...ik) ≤
1

Nkβ

(
Rfα(I) + k(Hf +Hb +H∗αN

β)
)
.

The following lemma can be read in [33].

Lemma 3.1.5. Let h ∈ C[0, 1]. Suppose that 0 < δ < 1 and m is the least positive

integer greater than or equal to 1/δ. If Nδ is the number of δ-mesh that intersects the

graph of h, then

δ−1

m∑
i=1

Rh[(i− 1)δ, iδ] ≤ Nδ ≤ 2m+ δ−1

m∑
i=1

Rh[(i− 1)δ, iδ] .

Let γ =
∑N

i=1 αi. Then the following may be noted.

• If αmin >
1
Nβ , then γNβ−1 > 1.

• If γNβ−1 > 1, then αmax >
1
Nβ .

• If αmax ≤ 1
Nβ , then γNβ−1 ≤ 1.

Following theorem gives an estimate for the box dimension of the graph G of fα.

Theorem 3.1.1. Let fα be the α-fractal function corresponding to the IFS (1.21).

95

TH-1574_11612310



(a) If αmin >
1
Nβ , then

1 ≤ dimB(G) ≤ 1 + logN γ .

(b) If γNβ−1 > 1, then

1 ≤ dimB(G) ≤ 2 + logN αmax .

(c) If αmax ≤ 1
Nβ , then

1 ≤ dimB(G) ≤ 2− β .

Proof.

(a) For αmin >
1
Nβ , by Lemma 3.1.4(a), it follows that

Rfα(Ii1i2...ik) ≤M1αikαik−1
. . . αi1 . (3.6)

Note that
N∑

i1,i2,...,ik=1

αikαik−1
. . . αi1 = γk .

Let εk = 1
Nk and N (k) be the minimum number of squares of size εk, that cover G.

Then by Lemma 3.1.5, summing (3.6) over the Nk intervals Ii1i2...ik of lengths εk, gives

that

N (k) ≤ 2Nk +M1γ
kNk ,

since for each j ∈ {1, 2, . . . , k}, αij running over α1, α2, . . . , αN . Now using Defini-

tion 1.5.1

dimB(G) ≤ lim
k→∞

logNk(2 +M1γ
k)

logNk
≤ 1 + logN γ .

Since G is the graph of a continuous function fα, dimB(G) ≥ 1. Therefore,

1 ≤ dimB(G) ≤ 1 + logN γ .

(b) Given that γNβ−1 > 1. Then using Lemma 3.1.4(b), it follows that

Rfα(Ii1i2...ik) ≤M2α
k
max. (3.7)
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Therefore as above,

N (k) ≤ 2Nk +M2α
k
maxN

2k .

Hence

dimB(G) ≤ lim
k→∞

logNk(2 +M2α
k
maxN

k)

logNk
≤ 2 + logN αmax .

(c) Given that αmax ≤ 1
Nβ . Using Lemma 3.1.4 (c),

N (k) ≤ 2Nk +N2k

(
1

Nkβ

(
Rfα(I) + k(Hf +Hb +H∗αN

β)
))

≤ Nk
[
2 +N (1−β)k

(
Rfα(I) + k(Hf +Hb +H∗αN

β)
)]
.

Therefore using Definition 1.5.1,

dimB(G) ≤ lim
k→∞

logNk
[
2 +N (1−β)k

(
Rfα(I) + k(Hf +Hb +H∗αN

β)
)]

logNk
≤ 2− β .

The following theorem gives a non-trivial lower bound for the box dimension of the

graph of fα.

Theorem 3.1.2. Let G be the graph of the α-fractal interpolation function fα corre-

sponding to the IFS (1.21) with constant non-negative scale factors αi(x) = αi, for

i = 1, 2, . . . , N . Also assume that f is concave and b is affine. Assume that the inter-

polation points are not collinear. Let γ =
∑N

i=1 αi > 1. Then

dimB(G) ≥ 1 + logN γ .

Proof. From (2.9), we have

Rfα(Ii1i2...ik) ≥M∗αikαik−1
· · ·αi1 , (3.8)

where M∗ is some positive constant. Let εk = 1
Nk and N (k) be the minimum number

of squares of size εk, that cover G. Then by Lemma 3.1.5, summing (3.8) over the Nk

intervals Ii1i2...ik of lengths εk, gives that

N (k) ≥M∗γkNk ,

97

TH-1574_11612310



since for each j ∈ {1, 2, . . . , k}, αij running over α1, α2, . . . , αN . Now using Defini-

tion 1.5.1, we get

dimB(G) ≥ lim
k→∞

logM∗γkNk

logNk
= 1 + logN γ .

Corollary 3.1.1. Let G be the graph of the α-fractal interpolation function fα corre-

sponding to the IFS (1.21) with constant non-negative scale factors αi(x) = αi, for i =

1, 2, . . . , N . Also assume that f is concave and Lipschitz, b is affine. Let γ =
∑N

i=1 αi.

If the interpolation points are not collinear, then

dimB G =

{
1 + logN γ, if αmin >

1
N

1, if αmax ≤ 1
N
.

Proof. Note that for constant non-negative scale factors, γ = γ. Then the result follows

easily from Theorems 3.1.1 and 3.1.2 with β = 1.

3.2 Box dimensions of α-fractal functions in subin-

tervals

In this section, we are interested to find the box dimension of the graph of fα in subinter-

vals. As the α-fractal function fα is non-affine in nature, the behavior of the graph of fα

is not uniform in the interval. In the sequel, assume that i1, i2, . . . , ik−1 ∈ {1, 2, . . . , N}.

Let ik = i∗ ∈ {1, 2, . . . , N} be fixed. Then note that

∪{Li1,...,ik−1,i∗(I)|i1, i2, . . . , ik−1 ∈ {1, 2, . . . , N}} = Ii∗ .

Lemma 3.2.1. Let fα be the α-fractal function corresponding to the IFS (1.21). Assume

that for fixed i∗ ∈ {1, 2, . . . , N}, ik = i∗ and i1, i2, . . . , ik−1 ∈ {1, 2, . . . , N}.

(a) If αmin >
1
Nβ , then

Rfα(Ii1,...,ik−1,i∗) ≤M1αi∗αik−1
. . . αi1 ,

where M1 is a positive constant given in Lemma 3.1.4.
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(b) If 1
Nβ < αmax < 1, then

Rfα(Ii1,...,ik−1,i∗) ≤M2α
k
max ,

where M2 is a positive constant given in Lemma 3.1.4.

(c) If αmax ≤ 1
Nβ , then

Rfα(Ii1,...,ik−1,i∗) ≤
1

Nkβ

(
Rfα(I) + k(Hf +Hb +H∗αN

β)
)
.

(d) If αi∗ = 0, then

Rfα(Ii1,...,ik−1,i∗) ≤
1

Nkβ
(Hf +H∗αN

β) .

Proof. (a), (b) and (c) follows from (3.5). By taking αik = 0 and using it in (3.5), (d)

follows.

Lemma 3.2.2. Let for fixed i∗ ∈ {1, 2, . . . , N}, ik = i∗ and i1, i2, . . . , ik−1 ∈ {1, 2, . . . , N}.

Recall that γ =
∑N

i=1 αi. Then{∑
αi∗αik−1

. . . αi1 | i1, i2, . . . , ik−1 ∈ {1, 2, . . . , N}
}

= (γ)(k−1)αi∗ .

Proof. Since i∗ is fixed and i1, i2, . . . , ik−1 ∈ {1, 2, . . . , N},{∑
αikαik−1

. . . αi1 | i1, i2, . . . , ik−1 ∈ {1, 2, . . . , N}
}

contains Nk−1 terms. One can take αi∗ outside from the summation and as for each

j ∈ {1, 2, . . . , k − 1}, αij ranges through α1, α2, . . . , αN , the result follows.

The following theorem gives an estimate for the box dimension of the graph of α-

fractal function fα in subintervals.

Theorem 3.2.1. Let fα be the α-fractal interpolation function corresponding to the

IFS (1.21). Let for fixed i∗ ∈ {1, 2, . . . , N}, Gi∗ = graph(fα|Ii∗ ) be the graph of the

function fα on the subinterval Ii∗. Assume that the interpolation points P are not

collinear.
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(a) If αmin >
1
Nβ , then

1 ≤ dimB(Gi∗) ≤ 1 + logN γ .

(b) If γNβ−1 > 1, then

1 ≤ dimB(Gi∗) ≤ 2 + logN αmax .

(c) If αmax ≤ 1
Nβ , then

1 ≤ dimB(Gi∗) ≤ 2− β .

(d) If αi∗ = 0, then 1 ≤ dimB Gi∗ ≤ 2− β.

Proof.

(a) Using Lemma 3.2.1 with the assumption αmin >
1
Nβ

Rfα(Ii1...ik−1i∗) ≤M1αi∗αik−1
. . . αi1 . (3.9)

Let Ni∗(k) be the minimum number of square boxes of sides 1
Nk that cover Gi∗ . Then

summing (3.9) over the Nk−1 intervals Ii1...ik−1i∗ of lengths 1
Nk and using Lemma 3.2.2,

gives that

Ni∗(k) ≤ Nk−1
(
2 +M1Nαi∗(γ)(k−1)

)
.

Therefore,

dimB Gi∗ ≤ lim
k→∞

log
(
Nk−1(2 +M1Nαi∗(γ)(k−1))

)
logNk

≤ 1 + logN γ .

(b) Given that γNβ−1 > 1. Then as in the above case using Lemma 3.2.1(b),

Rfα(Ii1...ik−1i∗) ≤M2α
k
max

and

Ni∗(k) ≤ 2Nk−1 +M2α
k
maxN

2k−1 .

Hence,

dimB(Gi∗) ≤ lim
k→∞

logNk−1(2 +M2α
k
maxN

k)

logNk
= 2 + logN αmax .
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(c) Given that αmax ≤ 1
Nβ . Using Lemma 3.2.1(c),

Ni∗(k) ≤ Nk−1
[
2 +N (1−β)k

(
Rfα(I) + k(Hf +Hb +H∗αN

β)
)]

.

Therefore,

dimB Gi∗ ≤ lim
k→∞

logNk−1
[
2 +N (1−β)k

(
Rfα(I) + k(Hf +Hb +H∗αN

β)
)]

logNk
≤ 2− β .

(d) For αi∗ = 0, using Lemma 3.2.1(d)

Ni∗(k) ≤ Nk−1
(
2 + (Hf +H∗αN

β)Nk(1−β)
)
.

Therefore,

dimB Gi∗ ≤ lim
k→∞

logNk−1
(
2 + (Hf +H∗αN

β)Nk(1−β)
)

logNk
≤ 2− β .

The following theorem gives a non-trivial lower bound for the box dimensions of the

graphs of fα in subintervals Ii∗ , i
∗ ∈ {1, 2, . . . , N}.

Theorem 3.2.2. Let Gi∗ be the graph of fα on Ii∗ corresponding to the IFS (1.21) with

constant non-negative scale factors αi(x) = αi, for i = 1, 2, . . . , N . Also assume that f

is concave and b is affine. Assume that the interpolation points are not collinear. Let

γ =
∑N

i=1 αi > 1 with αi∗ 6= 0. Then

dimB(Gi∗) ≥ 1 + logN γ .

Proof. From (2.9), it can be observed that

Rfα(Ii1...ik−1i∗) ≥M∗αi∗αik−1
· · ·αi1 . (3.10)

Let εk = 1
Nk and Ni∗(k) be the minimum number of squares of size εk, that covers Gi∗ .

Then by Lemma 3.1.5, summing (3.10), over the Nk−1 intervals Ii1...ik−1i∗ of lengths εk

and using Lemma 3.2.2, gives that

Ni∗(k) ≥M∗αi∗γ
k−1Nk .
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Now using Definition 1.5.1

dimB(Gi∗) ≥ lim
k→∞

logM∗αi∗γ
k−1Nk

logNk
= 1 + logN γ .

Corollary 3.2.1. Let fα be the α-fractal interpolation function corresponding to the

IFS (1.21) with constant non-negative scale factors αi(x) = αi , for i = 1, 2, . . . , N .

Also assume that f is concave and Lipschitz, b is affine. Let for fixed i∗ ∈ {1, 2, . . . , N},

Gi∗ = graph(fα|Ii∗ ) be the graph of the function fα on the subinterval Ii∗. Let γ =∑N
i=1 αi. If the interpolation points are not collinear, then

dimB Gi∗ =

{
1 + logN γ, if αmin >

1
N

1, if αmax ≤ 1
N
.

Proof. Proof is immediate from Theorems 3.2.1 and 3.2.2.

The following example gives an estimate for the box dimensions of the graphs of a

α-fractal function fα in the whole interval I as well as in subintervals Ii∗ , i
∗ ∈ {1, 2, 3, 4},

though it is highlighted for the case i∗ = 3.

Example 3.2. Let I = [0, 1] and ∆ : 0 < 0.25 < 0.5 < 0.75 < 1 be the partition of I.

Consider the Lipschitz function f(x) = cos(x) which is concave in I and affine function

b(x) = 1− (1− cos(1))x such that b(0) = f(0), b(1) = f(1). Let fα be the corresponding

α-fractal function. For i∗ ∈ {1, 2, 3, 4}, let G and Gi∗ be the graph of fα in I and Ii∗

respectively. Following are the graphs of fα for different scale vectors.

(a) Let α = (α1(x), α2(x), α3(x), α4(x)) where α1(x) = 0.4 sin(x) + 0.5, α2(x) =

0.3 cos(x) + 0.2, α3(x) = 0.5e−2x + 0.3, α4(x) = 0.2ex sin(x) + 0.3. Then α̃1 = 0.5,

α̃2 = 0.362, α̃3 = 0.367667, α̃4 = 0.3 and α1 = 0.83658, α2 = 0.5, α3 = 0.8,

α4 = 0.75747. Also αmin = 0.3 > 1
N

= 0.25 and γ = 2.89. Then Figure 3.3

is the graph of the corresponding fα with above function scaling factors. Using

Theorems 3.1.1(a) and 3.2.1(a), it follows that 1 ≤ dimB G, dimB(G3) ≤ 1.77.
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(b) Let α = (α1(x), α2(x), α3(x), α4(x)) where α1(x) = 0.4 sin(x), α2(x) = 0.3 cos(x)+

0.4, α3(x) = 0.5e−2x + 0.3, α4(x) = 0.2ex sin(x) + 0.5. Then α̃1 = 0, α̃2 = 0.562,

α̃3 = 0.367667, α̃4 = 0.3 and α1 = 0.33659, α2 = 0.7, α3 = 0.8, α4 = 0.75747.

Also αmin = 0, αmax = 0.75747 and γ = 2.79 > 1. Then Figure 3.4 is the graph of

the corresponding fα with above function scaling factors. Using Theorems 3.1.1(b)

and 3.2.1(b), it follows that 1 ≤ dimB G, dimB(G3) ≤ 1.8.

(c) Let α = (α1(x), α2(x), α3(x), α4(x)) where α1(x) = 0.2 sin(x), α2(x) = 0.25 cos(x),

α3(x) = 0.2e−2x, α4(x) = 0.1ex sin(x). Then α̃1 = 0, α̃2 = 0.162, α̃3 = 0.141,

α̃4 = 0 and α1 = 0.168294, α2 = 0.25, α3 = 0.2, α4 = 0.228735. Also γ = 0.85,

αmin = 0 and αmax = 0.25 ≤ 1
N

= 0.25. Then Figure 3.5 is the graph of the cor-

responding fα with above function scaling factors. Using Theorems 3.1.1(c) and

3.2.1(c), it follows that dimB G = 1 and dimB(G3) = 1.

(d) Let α = (α1(x), α2(x), α3(x), α4(x)) where α1(x) = 0.4, α2(x) = 0.5, α3(x) = 0,

α4(x) = 0.8. Then αmin = 0, αmax = 0.8, α3 = 0 and γ = γ = 1.7 > 1. Then

Figure 3.6 is the graph of the corresponding fα with above constant scaling factors.

Using Theorems 3.1.2, 3.1.1(b) and 3.2.1(d), it follows that 1.38 ≤ dimB G ≤ 1.84,

dimB(G3) = 1.

(e) Let α = (α1(x), α2(x), α3(x), α4(x)) where α1(x) = 0, α2(x) = 0.7, α3(x) =

0.5, α4(x) = 0.8. Then αmin = 0, αmax = 0.8, α3 6= 0 and γ = γ = 2 > 1.

Then Figure 3.7 is the graph of the corresponding fα with above constant scaling

factors. Using Theorems 3.1.2, 3.1.1(b), 3.2.2 and 3.2.1(b), it follows that 1.5 ≤

dimB G, dimB(G3) ≤ 1.84.

(f) Let α = (α1(x), α2(x), α3(x), α4(x)) where α1(x) = 0.3, α2(x) = 0.5, α3(x) =

0.4, α4(x) = 0.7. Then αmin = 0.3 > 1
N

= 0.25 and γ = γ = 1.9. Then Figure 3.8

is the graph of the corresponding fα with above constant scaling factors. Using

Corollaries 3.1.1 and 3.2.1, it follows that dimB G = 1.46, dimB(G3) = 1.46.
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Figure 3.3: 1 ≤ dimB G, dimB(G3) ≤ 1.77.
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Figure 3.4: 1 ≤ dimB G, dimB(G3) ≤ 1.8.
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Figure 3.5: dimB G = 1, dimB(G3) = 1.
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Figure 3.6: dimB(G) ≥ 1.38, dimB(G3) = 1
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Figure 3.7: 1.5 ≤ dimB G, dimB(G3) ≤
1.84.
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Figure 3.8: dimB G = 1.46, dimB(G3) =
1.46.
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Chapter 4

Fractal Jacobi systems and
convergence of Fourier-Jacobi
expansions of fractal interpolation
functions

In the real world applications there are many objects namely financial series, turbulence,

sampled signals, etc., which are highly irregular in nature and are not well approximated

by using smooth functions of classical approximation theory. An important advantage

of fractal functions which are continuous but not necessarily differentiable is that they

form bases for many functional spaces.

To define non-smooth fractal versions of classical approximants, a general procedure

is proposed by Navascués [62,63]. Using IFS theory, for 2π-periodic continuous functions

on the unit circle, a generalized family of continuous functions is defined in [66]. The new

functions provide Hilbert bases for the square integrable functions on the circle. In [68],

for certain data set, a good approximation of the represented variable with truncated

Chebyshev fractal object is established, whenever the original function is Lipschitz.

In [75], by fractal method, Legendre expansion of a function is computed. Pointwise,

uniform and mean-square convergence of the sums are established for suitable choice of

the scale vector.
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Consider the class of orthonormal polynomials namely Jacobi polynomials [53]

P
(r,s)
k (x) = γk(r, s)x

k + lower degree terms ,

where r and s are real parameters > −1 and γk(r, s) > 0. It is well known that the Ja-

cobi polynomials hold great importance in a hierarchy of orthogonal polynomial classes.

Legendre system, Chebyshev system, Gegenbauer system, etc., become special cases of

Jacobi polynomial system for certain choices of the real parameters r and s. Using the

approximation technique by orthogonal polynomials namely Gegenbauer (ultraspheri-

cal), Chebyshev (first and second kind) and Legendre (spherical) many design problems

can be solved [?, 46]. The Jacobi system forms a Schauder basis/complete orthonor-

mal basis for L2
ρ(−1, 1) [43]. The domain of uniform convergence of the Fourier-Jacobi

expansion of a function depends on the parameters r and s. Results on the uniform

convergence of Fourier-Jacobi expansion can be found in [?,53,78] and references therein.

In the present chapter, the orthonormal system of Jacobi polynomials in L2
ρ(−1, 1) is

considered. An attempt is made to approximate continuous function with the Fourier-

Jacobi expansion of affine FIF. To approximate continuously p-differentiable function,

Fourier-Jacobi expansion of non-affine p-differentiable FIF is used. The domain of con-

vergence of the Fourier-Jacobi expansion depends on the parameters r and s in P
(r,s)
k (x).

The present chapter is organized as follows. Some existing results on fractal Hilbert ba-

sis and convergence using fractal interpolation function can be found in Section 4.1. In

Section 4.2, fractal Jacobi system is defined and using the completeness of Jacobi system

a fractal version of classical result namely “Weierstrass type theorem” is proved. For a

weighted square integrable function, an expansion in terms of fractal Jacobi polynomi-

als is derived. Also it is proved that fractal Jacobi system forms a Schauder basis for

the space of weighted square integrable functions. The convergence analysis of Fourier-

Jacobi expansion for an affine FIF as well as non-affine smooth FIF corresponding to

certain data set and suitable scale vector are established in Section 4.3.
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4.1 Preliminaries

In this section, we recall few results which motivated us for this work. In [62, 63],

Navascués defined the α-fractal interpolation function fα as a perturbation of a con-

tinuous function f on a compact interval I of R and studied extensively. A classical

complete system of functions on a Hilbert space is taken, fractalized it by means of a

linear and bounded operator and provided an alternative family of bases of fractal func-

tions for the Hilbert space. In [63], Navascués considered τm, the set of trigonometric

polynomials of degree at most m

τm = span{1, sin(x), cos(x), sin(2x), cos(2x), · · · , sin(mx), cos(mx)} .

The corresponding fractal family

ταm = span{1, sinα(x), cosα(x), sinα(2x), cosα(2x), · · · , sinα(mx), cosα(mx)} ,

where sinα(jx) = Fα
(

sin(jx)
)
, cosα(jx) = Fα

(
cos(jx)

)
and Fα is the linear bounded

operator on C[−π, π] defined in (1.13) (c.f. Subsection 1.4.2).

Theorem 4.1.1. (see [63], Theorem 4.4). Let f ∈ C(I) be given and ∆ be any partition

of the interval I = [−π, π]. Then for all ε > 0, there exists an α-fractal trigonometric

polynomial sα(x) with α 6= 0 in RN such that

|f(x)− sα(x)| < ε .

In [66], Navascués took the base function b(x) as

b(x) = v(x)f(x) ,

where v : I = [−π, π] → R does not depend on f , is fixed, non-constant, continuous

function such that v(x0) = v(xN) = 1. If

K = ‖v‖∞ ,

then the following result holds.
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Theorem 4.1.2. (see [66], Theorem 2.13). If |α|∞ < 1
2+K

, the system

τα = {1α} ∪ {sinα(mx), cosα(mx) | m ∈ N}

is total in L2(I) (see Definition 4.2.1).

As a corollary the following result holds.

Corollary 4.1.1. (see [66], Corollary 2.14). If |α|∞ < 1
2+K

, L2(I) owns a Hilbert basis

of α-fractal trigonometric polynomials.

Let (pm)∞m=0 be the system of Legendre polynomials. Then it is an orthonormal basis

for L2(−1, 1). Let (pαm)∞m=0 be the image of (pm)∞m=0 under the map Fα, that is

(pαm)∞m=0 =
(
Fα(pm)

)∞
m=0

,

where Fα is the extension of Fα to L2(−1, 1) (c.f. Subsection 1.4.2).

Theorem 4.1.3. (see [71], Theorem 2.22). If |α|∞ < (1 + ‖I − L‖2)−1, where L is

defined in Subsection 1.4.2. Then (pαm)∞m=0 is a Riesz basis of L2(−1, 1).

Define the Haar functions on the interval I = [0, 1] as follows [38].

H1(x) = 1 for all x ∈ I,

Hm(x) = 2j/2 for x ∈
(

2k−2
2j+1 ,

2k−1
2j+1

)
,

Hm(x) = −2j/2 for x ∈
(

2k−1
2j+1 ,

2k
2j+1

)
,

Hm(x) = 0 for x /∈
(
k−1
2j
, k

2j

)
,

if m = 2j + k, k = 1, 2, . . . , 2j, j = 0, 1, . . .. The system (Hm)∞m=1 is a Schauder basis of

Lp(I) for p ∈ [1,∞). The following theorem provides a fractal basis for Lp(I).

Theorem 4.1.4. (see [70], Theorem 3.7). Let us consider a sequence of scale vectors

αm ∈ RN , m = 1, 2, . . ., such that

∞∑
m=1

|αm|∞
1− |αm|∞

< +∞
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and

|α1|∞ ≥ |α2|∞ ≥ · · · .

If |α1|∞ < ‖v‖−1
∞ then (Hαm

m ) is a Schauder basis of Lp(I) for 1 ≤ p < +∞.

For f, g ∈ L2(−1, 1), let us define the inner product

(
f, g
)
L2w

=
2

π

∫ 1

−1

f(t)g(t)
1√

1− t2
dt ,

where

w(t) =
1√

1− t2
.

The Chebyshev system {
T0√

2
, T1, T2, . . .

}
is orthonormal with respect to this inner product. The Chebyshev expansion of a func-

tion f is given by [19,68]

f ∼
∞∑
k=0

dkTk ,

where

dk =
2

π

∫ 1

−1

f(t)Tk(t)
1√

1− t2
dt ,

for k ≥ 1 and

d0 =
1

π

∫ 1

−1

f(t)
1√

1− t2
dt .

The following is the convergence result of the fractal function ταh =
(
SM(f0)

)α
associated

with the truncate Chebyshev expansion τ = SM(f0) of a polygonal f0 for uniform

partition h = xi − xi−1.

Theorem 4.1.5. (see [68], Theorem 3). Let g ∈ Lip β, where 0 < β ≤ 1 and g is not

a line. Also assume that N and M are such that N = lM for some positive constant l.

Then ταh converges uniformly to g on I = [−1, 1] as h→ 0.

The following results give the convergence of Legendre expansion associated with

affine fractal interpolation function.
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Theorem 4.1.6. (see [75], Theorem 5). Let g ∈ C(I) be the original function providing

the data. If f is the corresponding affine fractal interpolation function with the scale

vector αh → 0 as h → 0. Then the Legendre expansion Smf defined by means of f

converges in quadratic mean to g as m→∞ and h→ 0.

Theorem 4.1.7. (see [75], Theorem 8). The Legendre expansion of any affine fractal

interpolation function f converges pointwisely to f almost everywhere. If the scale vector

of f is such that αh < h then the Legendre expansion of f converges pointwise and

uniformly to f on the interval I = [−1, 1].

Theorem 4.1.8. (see [75], Theorem 9). Let g ∈ C(I) be the original function providing

the data. If f is the corresponding affine fractal interpolation function with the scale

vector αh < h. Then the Legendre expansion Smf defined by means of f converges

uniformly to g as m→∞ and h→ 0.

4.1.1 Jacobi system

The Jacobi polynomials denoted by P
(r,s)
n (x) and defined by

P (r,s)
n (x) = 2−n

n∑
k=0

(
n+ r
k

)(
n+ s
n− k

)
(x+ 1)k(x− 1)n−k for all x ∈ R,

for n = 0, 1, 2, . . . ; where r and s are real parameters [43]. They include many of the

basic special functions. Special cases are.

(a) r = s, the Gegenbauer polynomials;

(b) r = s = −1
2
, the Chebyshev polynomials of the first kind;

(c) r = s = 1
2
, the Chebyshev polynomials of the second kind;

(d) r = s = 0, the Legendre polynomial.

With the (Jacobi) weight function ρ(r,s)(x) = (1−x)r(1+x)s, where r > −1 and s > −1,

the system {P (r,s)
n (x)}∞n=0 is orthonormal in L2

ρ[−1, 1], where the Jacobi polynomials
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normalized by the condition

P (r,s)
n (1) =

(
n+ r
n

)
.

That is, ∫ 1

−1

P (r,s)
n (x)P (r,s)

m (x)ρ(r,s)(x)dx = δnm ,

where δnm = 1 if n = m and δnm = 0 if n 6= m [53]. The system {P (r,s)
n (x)}∞n=0 is

uniquely defined and is called the Jacobi system of orthonormal polynomials.

If fρ(r,s) is an integrable function on [−1, 1] then f has a Fourier expansion with

respect to the Jacobi system of orthonormal polynomials as

f(x) =
∞∑
k=0

a
(r,s)
k (f)P

(r,s)
k (x) for x ∈ [−1, 1], (4.1)

where

a
(r,s)
k =

∫ 1

−1

f(t)P
(r,s)
k (t)ρ(r,s)(t)dt (4.2)

is the k-th Fourier coefficient of f [53]. Let S
(r,s)
n (f, x) denotes the n-th partial sum of

the expansion given in (4.1). Then

S(r,s)
n (f, x) =

n∑
k=0

a
(r,s)
k (f)P

(r,s)
k (x) for x ∈ [−1, 1] . (4.3)

Let X be a subspace of L1
ρ. Define ‖S(r,s)

n ‖X = sup‖f‖≤1 ‖S
(r,s)
n (f, x)‖X , called a

Lebesgue constant. By virtue of the Lebesgue inequality [61]

‖f − S(r,s)
n (f, x)‖X ≤

(
1 + ‖S(r,s)

n ‖X
)
En(f)X , (4.4)

where

En(f)X = min
g∈

∏
n

‖f − g‖X

is the distance from f to the best approximation of the function f by algebric polyno-

mials of degree at most n in the space X.

113

TH-1574_11612310



Theorem 4.1.9. (Weierstrass Approximation Theorem) (see [19]). Let f be a contin-

uous function defined on [a, b]. For each ε > 0, there exists a polynomial P such that

‖f − P‖ < ε. Thus

|f(x)− P (x)| < ε for all x ∈ [a, b] .

If Weierstrass approximation theorem holds in the space X, then the boundedness

of the Lebesgue constant leads to the convergence of the Fourier-Jacobi expansion for

any function in the space X. Also it determines the partial sums of the Fourier-Jacobi

expansion S
(r,s)
n (f, x) to f in the space X.

The contents of the chapter is of two fold. In one side, fractal Jacobi system is

defined, fractal version of Weierstrass type theorem is proved and a fractal Schauder

basis is found for Lρ(−1, 1). On the other side, some convergence results on Fourier-

Jacobi expansions of fractal functions are established.

4.2 Fractal Jacobi system

Let us take I = [−1, 1]. Denote the set of all Jacobi polynomials of degree less than or

equal to m by

Jm(I) =
{

1 ≡ P
(r,s)
0 (x), P

(r,s)
1 (x), . . . , P (r,s)

m (x)
}
,

where m = 0, 1, 2, . . .. Define

J(I) =
∞⋃
m=0

Jm(I) .

Then the fractal analogous of Jacobi polynomials is defined as

P (r,s,α)
n (x) = Fα

(
P (r,s)
n (x)

)
, n = 0, 1, 2, . . . ,

where Fα is a linear and bounded operator as given in Subsection 1.4.2. Then denote

Jαm(I) =
{
P (r,s,α)
n (x) = Fα(P (r,s)

n (x)), n = 0, 1, . . . ,m
}

and

Jα(I) =
∞⋃
m=0

Jαm(I) .
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In the next section, it is proved that Jα(I) is complete in L2
ρ(I).

Example 4.1. Let I = [0, 1] and ∆ : 0 < 1/8 < 2/8 < . . . < 1 be the partition of

I. Also assume that the constant scale factors αi = 0.2 for all i = 1, 2, . . . , 8. Then

Figure 4.1 represents the second order Legendre polynomial f(x) = 1.5x2 − 0.5 and the

corresponding α-fractal fα for the IFS with the linear base function b(x) in [0, 1] such

that b(0) = f(0) and b(1) = f(1). Figure 4.2 represents the second order Chebyshev

polynomial f(x) = 2x2−1 of the 1st kind and the corresponding α-fractal fα for the IFS

with the base function b(x) = Lf(x) = v(x)f(x), where v(x) = x2 − x+ 1 for x ∈ [0, 1].

Figure 4.3 represents the second order Gegenbauer polynomial f(x) = 3.75x2− 0.75 and

the corresponding α-fractal fα for the IFS with the base function b(x) = Lf(x) = f◦c(x),

where c(x) = sin(πx
2

) for x ∈ [0, 1].

0 0.2 0.4 0.6 0.8 1
−0.5

0

0.5

1

f

0 0.2 0.4 0.6 0.8 1
−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

fα

Figure 4.1: f(x) = 1.5x2 − 0.5 and corresponding fα.

The following definitions can be read in [43].

Definition 4.2.1. A sequence (φn)n∈Λ in a normed linear space V is called total in V

if the class of all finite linear combinations
∑
anφn is dense in V .

Example 4.2. (see [19], p. 193). The set{
1, x, x2, . . .

}
is total in C[0, 1].
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Figure 4.2: f(x) = 2x2 − 1 and corresponding fα.
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Figure 4.3: f(x) = 3.75x2 − 0.75 and corresponding fα.

Definition 4.2.2. A sequence (φn)n∈Λ in a Hilbert space H is called complete if the only

element of H which is orthogonal to every φn is the null element. That is

〈f, φn〉 = 0 for all n ∈ Λ ⇒ f ≡ 0.

Example 4.3. (see [43], p. 36). The set of trigonometric polynomials{
einx√

2π
: n = 0,±1,±2, . . .

}
forms a complete sequence in L2(−π, π).

The following proposition is true for any sequence in a Hilbert space.

Proposition 4.2.1. (see [43]). If (φn) is any sequence in H, orthogonal or not. Then

the following are equivalent.
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(a) (φn) is complete.

(b) (φn) is total.

4.2.1 Weierstrass type theorem for α-fractal Jacobi sums

Weierstrass theorem states that any continuous function on a compact subset of R can

be uniformly approximated by a sequence of polynomials [19]. Here we will prove a

similar type of result but for a bigger space. Fractal version of Jacobi polynomials is

used to prove the following result.

Theorem 4.2.1. Let I = [−1, 1] and ε > 0 be given. Suppose that f is any square

integrable function on I with respect to the weight function ρ(r,s)(x). For every ε > 0 and

any partition 4 : −1 = x0 < x1 < · · · < xN = 1 of I and linear and bounded operator

L : C(I) → C(I) there exists α-fractal Jacobi sum P (r,s,α)(x) =
∑N

i=1 akiP
(r,s,α)
ki

(x) with

α 6= 0 such that

‖f − P (r,s,α)‖L2ρ < ε.

Proof. Let ε > 0 be given and f ∈ L2
ρ(I). Then there exists g ∈ C(I) such that

‖f − g‖L2ρ <
ε

3
. (4.5)

Since (P
(r,s)
n )∞n=0 is complete in L2

ρ(I), it is total there by Proposition 4.2.1. Therefore

for any ε > 0, there exists N ∈ N and P (r,s) =
∑N

i=1 akiP
(r,s)
ki

such that

‖g − P (r,s)‖L2ρ <
ε

3
. (4.6)

For the Jacobi sum and its fractal, using (1.16)

‖P (r,s,α) − P (r,s)‖∞ ≤
|α|∞

1− |α|∞
‖I − L‖∞‖P (r,s)‖∞. (4.7)

Taking |α|∞ <
ε

3C
ε

3C
+‖I−L‖∞‖P (r,s)‖∞

, where C =
(∫ 1

−1
ρr,s(t)dt

)1/2

,

‖P (r,s,α) − P (r,s)‖L2ρ ≤ ‖P
(r,s,α) − P (r,s)‖∞

(∫ 1

−1

ρr,s(t)dt

)1/2

<
ε

3
(4.8)
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and combining (4.5), (4.6) and (4.8) we get

‖f − P (r,s,α)‖L2ρ < ε.

The linearity of the operator Fα gives the result.

Remark 4.2.1. By Theorem 4.2.1, it follows that

(a) The set of fractal version of Jacobi sums is dense in L2
ρ(I).

(b) Jα(I) is complete in L2
ρ(I).

In the following, the Schauder basis and basis constant which are used in the sequel

to prove the main results are presented.

Definition 4.2.3 ( [15], pp. 24-27). Let X be a (real) normed space and let (xn) be a

non-zero sequence in X. We say that (xn) is a Schauder basis for X, if for each x ∈ X,

there is a unique sequence of scalars (an) such that x =
∑∞

n=1 anxn, where the series

converges in norm to x. We define a sequence of linear maps (Pn) on X by Pnx =∑n
i=1 aixi, where x =

∑∞
i=1 aixi. The map Pn is a projection onto span{xi : 1 ≤ i ≤ n}.

In addition, since (xn) is a Schauder basis, it follows that Pnx→ x in norm as n→∞

for each x ∈ X and Pn is continuous. Moreover, K = supn ‖Pn‖ <∞. The number K

is called the basis constant of the basis (xn).

4.2.2 Expansions in terms of fractal Jacobi polynomials

In this section, we give an expansion of a weighted square integrable function in terms

of fractal Jacobi polynomials. To do this a linear and bounded operator is defined on

L2
ρ(I). In Section 4.2.2, different scale vector αk for every polynomial is taken to ensure

the boundedness of the operator given in (4.9). The perturbation inequality (1.18) for

function and its fractal with respect to the weighted p-norm is not true in general.

Therefore in proving the main results, the uniform bound on the Jacobi polynomials
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under certain condition on the real parameters r, s plays an important role. Let αk be

a sequence of scale vectors such that

∞∑
k=0

|αk|∞
1− |αk|∞

<∞ .

Assume that L is a linear and bounded operator with respect to the uniform norm.

Proposition 4.2.2. For −1 < r, s ≤ −1/2, the operator T : span(P
(r,s)
k (x))∞k=0 →

span(P
(r,s,αk)
k (x))∞k=0 defined by

T

( M∑
i=1

a
(r,s)
ki

P
(r,s)
ki

(x)

)
=

M∑
i=1

a
(r,s)
ki

P
(r,s,αki )
ki

(x) (4.9)

is linear and bounded.

Proof. The linearity of Fα is given in Subsection 1.4.2.

Now, the boundedness of T is established below.∥∥∥∥∥
M∑
i=1

a
(r,s)
ki

P
(r,s,αki )
ki

(x)

∥∥∥∥∥
L2ρ

≤

∥∥∥∥∥
M∑
i=1

a
(r,s)
ki

(P
(r,s,αki )
ki

(x)− P (r,s)
ki

(x))

∥∥∥∥∥
L2ρ

+

∥∥∥∥∥
M∑
i=1

a
(r,s)
ki

P
(r,s)
ki

(x))

∥∥∥∥∥
L2ρ

. (4.10)

Since (P
(r,s)
k )∞k=0 is an orthonormal basis for L2

ρ, a
r,s
k is a bounded linear functional on

L2
ρ. Therefore

|a(r,s)
k (f)| ≤ ‖a(r,s)

k ‖2‖f‖L2ρ . (4.11)

Treating a
(r,s)
ki

as the ki-th Fourier-Jacobi coefficient of
∑M

i=1 a
(r,s)
ki

P
(r,s)
ki

(x) and using

(4.11), the first term of inequality (4.10) becomes∥∥∥∥∥
M∑
i=1

a
(r,s)
ki

(P
(r,s,αki )
ki

(x)− P (r,s)
ki

(x))

∥∥∥∥∥
L2ρ

≤
M∑
i=1

∥∥∥a(r,s)
ki

∥∥∥
2

∥∥∥∥∥
M∑
i=1

a
(r,s)
ki

P
(r,s)
ki

(x)

∥∥∥∥∥
L2ρ

∥∥∥P (r,s,αki )
ki

− P (r,s)
ki

∥∥∥
L2ρ

.
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Therefore∥∥∥∥∥
M∑
i=1

a
(r,s)
ki

(P
(r,s,αki )
ki

(x)− P (r,s)
ki

(x))

∥∥∥∥∥
L2ρ

≤

∥∥∥∥∥
M∑
i=1

a
(r,s)
ki

P
(r,s)
ki

(x)

∥∥∥∥∥
L2ρ

M∑
i=1

∥∥∥a(r,s)
ki

∥∥∥
2

∥∥∥P (r,s,αki

ki
− P (r,s)

ki

∥∥∥
L2ρ

. (4.12)

But from (1.16),

‖P (r,s,αki )
ki

− P (r,s)
ki
‖L2ρ ≤

|αki |∞
1− |αki |∞

‖I − L‖∞‖P (r,s)
ki
‖∞
(∫ 1

−1

ρ(r,s)(t)dt

)1/2

.

Using it in (4.12), the left hand side of (4.12) becomes smaller than∥∥∥∥∥
M∑
i=1

a
(r,s)
ki

P
(r,s)
ki

(x)

∥∥∥∥∥
L2ρ

M∑
i=1

∥∥∥a(r,s)
ki

∥∥∥
2

∥∥∥P (r,s)
ki

∥∥∥
∞

|αki |∞
1− |αki |∞

‖I − L‖∞
(∫ 1

−1

ρ(r,s)(t)dt

)1/2

.

(4.13)

Since (P
(r,s)
k ) is a Schauder basis for L2

ρ(I), the following inequality hold [42]

1 ≤ ‖a(r,s)
ki
‖2‖P (r,s)

ki
‖L2ρ ≤ 2K ,

where K is the basis constant. But ‖P (r,s)
ki
‖L2ρ = 1 and therefore,

1 ≤ ‖a(r,s)
k ‖2 ≤ 2K .

The following inequality can be read in ( [11], p. 275)

max
−1≤x≤1

|P (r,s)
k (x)| ∼ 1 for − 1 < r, s ≤ −1/2 . (4.14)

Then for ε = 1 there exists n0 ∈ N such that

‖P (r,s)
k ‖∞ ≤ 2

for k ≥ n0 . If M∗ = max
{
‖P (r,s)

0 ‖∞, ‖P (r,s)
1 ‖∞, . . . , ‖P (r,s)

n0−1‖∞, 2
}

, for any k,

‖P (r,s)
k ‖∞ ≤M∗.

Then

‖a(r,s)
k ‖2‖P (r,s)

k ‖∞ ≤ 2KM∗. (4.15)
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By choosing (αk)∞k=0 such that the sum
∑∞

k=0
|αk|∞

1−|αk|∞ is finite, say M∗
1 and using (4.15)

in (4.13), it follows that∥∥∥∥∥
M∑
i=1

a
(r,s)
ki

(P
(r,s,αki )
ki

(x)− P (r,s)
ki

(x))

∥∥∥∥∥
L2ρ

≤

∥∥∥∥∥
M∑
i=1

a
(r,s)
ki

P
(r,s)
ki

(x)

∥∥∥∥∥
L2ρ

2KM∗M∗
1 l ,

where l = ‖I − L‖∞
(∫ 1

−1
ρ(r,s)(t)dt

)1/2

. Therefore,∥∥∥∥∥
M∑
i=1

a
(r,s)
ki

P
(r,s,αki )
ki

(x)

∥∥∥∥∥
L2ρ

≤
(
1 + 2KM∗M∗

1 l
) ∥∥∥∥∥

M∑
i=1

a
(r,s)
ki

P
(r,s)
ki

(x))

∥∥∥∥∥
L2ρ

.

Hence, T is a linear bounded operator.

Lemma 4.2.1. (Linear and Bounded Operator Theorem). Let X be a normed linear

space, Y be a Banach space and A : X → Y be a linear and bounded operator. If X is

dense in X ′ then A can be extended to X ′ preserving the norm of A.

Now we are in a position to write an expansion in terms of fractal Jacobi polynomials.

Theorem 4.2.2. The map T : L2
ρ(I)→ L2

ρ(I) given by

T (f) =
∞∑
k=0

a
(r,s)
k (f)P

(r,s,αk)
k (x), (4.16)

where

f =
∞∑
k=0

a
(r,s)
k (f)P

(r,s)
k (x)

is well defined, linear and continuous for −1 < r, s ≤ −1/2.

Proof. (P
(r,s)
k )∞k=0 is complete in L2

ρ(I). So it is total there and therefore span(P
(r,s)
k (x))∞k=0

is dense in L2
ρ(I). Then by Lemma 4.2.1

T : span(P
(r,s)
k (x))∞k=0 → span(P

(r,s,αk)
k (x))∞k=0 ⊆ L2

ρ(I)

T

( M∑
i=1

a
(r,s)
ki

P
(r,s)
ki

(x)

)
:=

M∑
i=1

a
(r,s)
ki

P
(r,s,αki )
ki

(x)

can be extended to T : L2
ρ(I)→ L2

ρ(I) with ‖T‖2 = ‖T‖2 .

The linearity and boundedness of T imply that T (f) =
∑∞

k=0 a
(r,s)
k (f)P

(r,s,αk)
k (x) when-

ever f =
∑∞

k=0 a
(r,s)
k (f)P

(r,s)
k (x). This completes the proof.
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4.2.3 Schauder basis for L2
ρ(I)

In this subsection, it is proved that the fractal Jacobi system forms a Schauder basis

for L2
ρ(I) under certain condition on the scale vector. To show this, it is noted that the

n-th partial sum operator Vn of the continuous operator V : L2
ρ(I)→ L2

ρ(I) defined by

V (f) =
∞∑
k=0

a
(r,s)
k (f)

(
P

(r,s)
k − P (r,s,αk)

k

)
is bounded, as

‖Vn(f)‖ ≤
∞∑
k=0

|a(r,s)
k (f)|‖(P (r,s)

k − P (r,s,αk)
k )‖L2ρ ≤ 2KM∗M∗

1 l‖f‖L2ρ .

Since Vn is of finite rank, Vn is compact. The uniform convergence of Vn to V in operator

norm implies that V is compact. Note that different scale vector αk for every polynomial

is taken in this subsection as well.

Theorem 4.2.3. Suppose that the sequence of scale vectors αk ∈ RN for k = 0, 1, 2, . . . ,

are such that

|α0|∞ ≥ |α1|∞ ≥ · · ·

and
∞∑
k=0

|αk|∞
1− |αk|∞

<∞ .

If |α0|∞ < 1
M∗
‖L‖−1

∞

(∫ 1

−1
ρ(r,s)(t)dt

)−1/2

and −1 < r, s ≤ −1/2, then (P
(r,s,αk)
k ) is a

Schauder basis for L2
ρ(I).

Proof. The proof goes in a similar way to that of Theorem 3.7 in [70]. However for

completeness, we include it here for our settings.

Since T = I − V and V is compact, ker(I − V ) is finite dimensional. Then

L2
ρ(I) = ker(I − V )

⊕
W ,

122

TH-1574_11612310



where W is a closed subspace of L2
ρ(I). To show that T is injective, let T (P

(r,s)
k ) =

P
(r,s,αk)
k = 0. Since P

(r,s)
k 6≡ 0, we have

‖P (r,s,αk)
k − P (r,s)

k ‖L2ρ ≤ ‖P
(r,s,αk)
k − P (r,s)

k ‖∞
(∫ 1

−1

ρ(r,s)(t)dt

)1/2

≤ |αk|∞
(
‖P (r,s,αk)

k ‖∞ + ‖L‖∞‖P (r,s)
k ‖∞

)(∫ 1

−1

ρ(r,s)(t)dt

)1/2

,

using (1.15). Therefore

1 ≤ |α0|∞‖L‖∞‖P (r,s)
k ‖∞

(∫ 1

−1

ρ(r,s)(t)dt

)1/2

,

which is a contradiction to the assumption that |α0|∞ < 1
M∗
‖L‖−1

∞

(∫ 1

−1
ρ(r,s)(t)dt

)−1/2

.

Therefore P
(r,s)
k 6∈ ker (T ) for all k and hence T is injective.

Since V is compact,

dim(ker(I − V )) = dim
(
L2
ρ(I)/Range(I − V )

)
= 0

and therefore T is onto. As T is a continuous isomorphism, it maps Schauder basis onto

Schauder basis. Therefore
(
P

(r,s,αk)
k

)
is a Schauder basis of L2

ρ(I).

4.3 Convergence of Fourier-Jacobi expansions

In this section, we mainly prove the convergence of Fourier-Jacobi expansion of an

affine as well as non-affine fractal interpolation function corresponding to certain data

set. Throughout this section, let I denote a closed interval [−1, 1] and ∆ denote the

partition −1 = x0 < x1 < · · · < xN = 1 of I.

Definition 4.3.1. (see [19]). Let f be a bounded real-valued function on a metric space

X. Then the modulus of continuity wf (h) of f , defined for h ≥ 0 by

wf (h) = sup
d(x,y)≤h

|f(x)− f(y)| .
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Definition 4.3.2. (see [19]). A function f defined on [a, b] belongs to the Dini-Lipschitz

class DL[a, b] if

wf (h) log(1/h)→ 0 as h→ 0 .

The propositions on convergence of Fourier-Jacobi expansions are needed to establish

the main results are presented bellow.

Proposition 4.3.1. (see [88],Theorem 4.7, pp. 146, 300). The condition f ∈ DL[−1, 1]

guarantees the uniform convergence of Fourier-Jacobi expansion of the function f on

[a, b] ⊂ (−1, 1).

Proposition 4.3.2. (see [25], p. 118). The condition f ∈ DL[−1, 1] is sufficient for

the uniform convergence of the Fourier-Jacobi expansion in the whole interval [−1, 1] in

the case when r, s ∈ (−1,−1/2].

Proposition 4.3.3. (see [1]). Let max(r, s) > −1/2 and fp ∈ Lip γ, where p + γ >

max(r, s)+1/2. Then the Fourier-Jacobi expansion of the function f uniformly converges

on [−1, 1].

4.3.1 Convergence using affine FIF

The convergence of Fourier-Jacobi expansion corresponding to an affine FIF interpo-

lating certain data set in weighted-mean square norm is proved in this section. Let us

consider a set of data {(xi, yi)}Ni=0 such that xi−1 < xi for i = 1, 2, . . . , N .

Theorem 4.3.1. Let g ∈ C(I) be the original function providing the data with constant

step h = xi − xi−1. Let f be the corresponding affine fractal interpolation function with

scale vector αh such that |αh|∞ < h. Then the Fourier-Jacobi expansion of f converges

in weighted quadratic mean to g on [a, b] ⊂ (−1, 1), that is, S
(r,s)
n (f) converges to g in

L2
ρ as h→ 0 and n→∞ on [a, b] ⊂ (−1, 1).
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Proof. Since qi linear, qi ∈ Lip 1 and the corresponding fractal interpolation function

f is affine and if |αh|∞ < h then f ∈ Lip 1, ( [75], Lemma 6).

Then the modulus of continuity

wf (δ) = sup
|x1−x2|≤δ

|f(x1)− f(x2)| ≤ K δ ,

where K is the Lipschitz constant. Therefore by definition, f is in DL([−1, 1]).

Using Proposition 4.3.1, we get

‖S(r,s)
n (f)− f‖∞ → 0 as n→∞ on [a, b] ⊂ (−1, 1) .

But

‖S(r,s)
n (f)− f‖L2ρ ≤ ‖S

(r,s)
n (f)− f‖∞

(∫ 1

−1

ρr,s(t)dt

)1/2

.

Hence

‖S(r,s)
n (f)− f‖L2ρ → 0 as n→∞ on [a, b] ⊂ (−1, 1) , (4.17)

since
∫ 1

−1
ρr,s(t)dt is convergent. Similarly,

‖g − f‖L2ρ ≤ ‖g − f‖∞
(∫ 1

−1

ρr,s(t)dt

)1/2

.

The following result can be read in [75]

‖g − f‖∞ ≤ wg(h) +
2|αh|∞

1− |αh|∞
‖g‖∞ . (4.18)

Using it, we get

‖g − f‖L2ρ ≤
(
wg(h) +

2|αh|∞
1− |αh|∞

‖g‖∞
)(∫ 1

−1

ρr,s(t)dt

)1/2

.

Due to uniform continuity of g, it happens that wg(h)→ 0 as h→ 0. Since |αh|∞ < h,

it follows that

‖g − f‖L2ρ → 0 as h→ 0 . (4.19)

Using (4.17) and (4.19) in the following inequality

‖g − S(r,s)
n (f)‖L2ρ ≤ ‖g − f‖L2ρ + ‖f − S(r,s)

n (f)‖L2ρ ,

the result follows.
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In the following theorem, the uniform convergence of Fourier-Jacobi expansion is

established.

Theorem 4.3.2. Let g ∈ C(I) be the original function providing the data with constant

step h = xi − xi−1. Then for |αh|∞ < h, the Fourier-Jacobi expansion defined by

the corresponding affine FIF f converges uniformly to g as h → 0 and n → ∞ on

[a, b] ⊂ (−1, 1).

Proof. If S
(r,s)
n (f) is the n-th partial sum of the Fourier-Jacobi expansion of f , then

‖g − S(r,s)
n (f)‖∞ ≤ ‖g − f‖∞ + ‖f − S(r,s)

n (f)‖∞ . (4.20)

Since f is an affine FIF and |αh|∞ < h, it follows that f ∈ DL(I). Due to the uniform

continuity of g, wg(h) → 0 as h → 0. Using the fact wg(h) → 0 as h → 0 in (4.18),

the first term in (4.20) tends to zero as h → 0. By Proposition 4.3.1, the second term

tends to zero as n→∞. Thus, the Fourier-Jacobi expansion of f converges to a given

function g in uniform norm corresponding to these data, with respect to the scale vector

αh.

Remark 4.3.1. If the values of r and s are restricted in (−1,−1/2], then the above two

theorems are true on the whole interval [−1, 1] in view of Proposition 4.3.2.

Consider the n-th partial sum S
(r,s)
n (f) of the Fourier-Jacobi expansion of an affine

FIF f corresponding to a data set {(xi, yi)}Ni=0 with the uniform step size h = xj−xj−1,

j = 1, 2, . . . , N . As h → 0, the sample size N increases. Let n and N be such that

N = ns for some positive constant s. The convergence of the corresponding fractal

function S
(r,s,α)
n (f) is established in the following theorem.

Theorem 4.3.3. Let g ∈ C(I) be the original function providing the data and f be the

corresponding affine FIF with the scale vector αh, |αh|∞ < h, where h is the step size.

Then the fractal analogue S
(r,s,α)
n (f) corresponding to n-th partial sum S

(r,s)
n (f) converges

uniformly to g as h→ 0 in intervals [−1 + δ, 1− δ] ⊂ (−1, 1), where δ > 0.
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Proof. Denote P h = S
(r,s,α)
n (f). Then,

‖g − P h‖∞ ≤ ‖g − f‖∞ + ‖f − S(r,s)
n (f)‖∞ + ‖S(r,s)

n (f)− P h‖∞ .

The following inequality can be obtained from ( [75], Proposition 3)

‖g − f‖∞ ≤ wg(h) +
2|αh|∞

1− |αh|∞
‖g‖∞ .

The uniform continuity of g implies that wg(h) → 0 as h → 0. Since αh tends to zero

as well, it together gives that ‖g − f‖∞ → 0 as h→ 0.

Since f is an affine FIF and |αh|∞ < h, it follows that f ∈ Lip 1 as shown in earlier

theorem. Since f ∈ Lip 1,

wf (h) ≤ C h . (4.21)

Using (4.4) for the second term, one can get

‖f − S(r,s)
n (f)‖∞ ≤

(
1 + ‖S(r,s)

n ‖
)
En(f) .

For a function f ∈ C[−1, 1], ‖S(r,s)
n ‖∞ does not exceed ln(n+ 1) on [−1 + δ, 1− δ], ( [89],

Section 9.3). Using it along with Jackson’s Theorem V in [19], we get

‖f − S(r,s)
n (f)‖∞ ≤ (1 + ln(n+ 1))wf (π/(n+ 1))

≤ (1 + ln(n+ 1))C(π/(n+ 1)), using (4.21).

Corresponding to these data, the above term tends to zero as h tends to zero (n → ∞

as a consequence of h→ 0). For third term using the inequality (1.12), it follows that

‖S(r,s)
n (f)− S(r,s,α)

n (f)‖∞ ≤
|αh|∞

1− |αh|∞
‖S(r,s)

n (f)− b‖∞ .

Since |αh|∞ < h, the above term tends to zero as h→ 0.

This completes the proof.
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4.3.2 Convergence using smooth FIF

The convergence of Fourier-Jacobi expansion corresponding to a non-affine smooth FIF

interpolating certain data set in weighted-mean square norm is proved in this section.

Theorem 4.3.4. Suppose p > max (r, s)+1/2 > 0 and g ∈ Cp(I) is the original function

providing the data with constant step h = xi − xi−1. Let f ∈ Cp(I) be the corresponding

differentiable α-fractal of g with scale vector αh such that |αh|∞ < api via the IFS (1.23).

Then the Fourier-Jacobi expansion of f converges in weighted quadratic mean to g, that

is, S
(r,s)
n (f) converges to g in L2

ρ as h→ 0 and n→∞ .

Proof. Given that |αh|∞ < api , qi ∈ Cp(I) and b is a Hermite interpolating polynomial

which agrees with the function at the extremes of the interval up to p-th derivative. Then

by Theorem 1.3.2, the corresponding IFS (1.23) determines a FIF f ∈ Cp(I) (see [74]).

The mean value theorem shows that fp−1 ∈ Lip 1. Using Proposition 4.3.3, we get

‖S(r,s)
n (f)− f‖∞ → 0 as n→∞

and therefore,

‖S(r,s)
n (f)− f‖L2ρ → 0 as n→∞ . (4.22)

Using the inequality (1.24), for the function and its fractal

‖f − g‖L2ρ ≤
|αh|∞

1− |αh|∞
‖g − b‖L2ρ

(∫ 1

−1

ρr,s(t)dt

)1/2

.

Therefore,

‖f − g‖L2ρ → 0 as h→ 0, (4.23)

since ai goes to zero when h tends to zero and thus αh. Using (4.22) and (4.23) in the

following inequality

‖g − S(r,s)
n (f)‖L2ρ ≤ ‖g − f‖L2ρ + ‖f − S(r,s)

n (f)‖L2ρ ,

the result follows.
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In the following theorem, the uniform convergence of Fourier-Jacobi expansion is

established.

Theorem 4.3.5. Suppose p > max (r, s)+1/2 > 0 and g ∈ Cp(I) is the original function

providing the data with constant step h = xi − xi−1. Let f ∈ Cp(I) be the corresponding

differentiable α-fractal of g with constant scale vector αh such that |αh|∞ < api via the

IFS (1.23). Then the Fourier-Jacobi expansion of f converges uniformly to g as h→ 0

and n→∞.

Proof. If S
(r,s)
n (f) is the n-th partial sum of the Fourier-Jacobi expansion, then

‖g − S(r,s)
n (f)‖∞ ≤ ‖g − f‖∞ + ‖f − S(r,s)

n (f)‖∞ . (4.24)

Then the first term in the right side of inequality (4.24) tends to zero as h → 0, due

to (1.24). Using the mean value theorem, f ∈ Cp(I) ⇒ fp−1 ∈ Lip 1. Then by

Proposition 4.3.3, the second term in the right side of inequality (4.24) tends to zero as

n→∞. Hence the proof.

The convergence of Fourier-Jacobi expansion for smooth FIF corresponding to IFS (1.25)

is proved in the next two theorems.

Theorem 4.3.6. Suppose p > max (r, s)+1/2 > 0 and g ∈ Cp(I) is the original function

providing the data with constant step h = xi − xi−1. Let f ∈ Cp(I) be the corresponding

differentiable α-fractal of g with scale vector αh such that |αh|∞ < api and a family of

base function B = {bi : i = 1, 2 . . . N} are such that the derivatives up to p-th order

of each of its member agrees with that of g at the end points of the interval. Then the

Fourier-Jacobi expansion of f converges in weighted quadratic mean to g as h→ 0 and

n→∞.

Proof. Given that |αh|∞ < api , qi ∈ Cp(I) and each bi is such that it agrees with the

function at the extremes of the interval up to p-th derivative. Then by Theorem 1.3.2,
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the corresponding IFS (1.25) determines a FIF f ∈ Cp(I) (see [74]). The mean value

theorem shows that fp−1 ∈ Lip 1. Using Proposition 4.3.3, we get

‖S(r,s)
n (f)− f‖∞ → 0 as n→∞

and therefore,

‖S(r,s)
n (f)− f‖L2ρ → 0 as n→∞ . (4.25)

Using the inequality (1.26), for the function and its fractal

‖f − g‖L2ρ ≤
|αh|∞

1− |αh|∞
max

1≤i≤N
‖g − bi‖L2ρ

(∫ 1

−1

ρr,s(t)dt

)1/2

.

Therefore,

‖f − g‖L2ρ → 0 as h→ 0, (4.26)

since ai goes to zero when h tends to zero, and thus αh. Using (4.25) and (4.26) in the

following inequality

‖g − S(r,s)
n (f)‖L2ρ ≤ ‖g − f‖L2ρ + ‖f − S(r,s)

n (f)‖L2ρ ,

the result follows.

Theorem 4.3.7. Suppose p > max (r, s) + 1/2 > 0 and g ∈ Cp(I) is the original

function providing the data with constant step h = xi − xi−1 for all i. Let f ∈ Cp(I) be

the corresponding differentiable α-fractal of g with scale vector αh such that |αh|∞ < api

and a family of base function B = {bi : i = 1, 2 . . . N} are such that the derivatives up

to p-th order of each of its member agrees with that of g at the end points of the interval.

Then the Fourier-Jacobi expansion of f converges uniformly to g as h→ 0 and n→∞.

Proof. If S
(r,s)
n (f) is the n-th partial sum of the Fourier-Jacobi expansion, then

‖g − S(r,s)
n (f)‖∞ ≤ ‖g − f‖∞ + ‖f − S(r,s)

n (f)‖∞ . (4.27)

Then the first term in the right side of inequality (4.27) tends to zero as h → 0, due

to (1.26). Using the mean value theorem, f ∈ Cp(I) ⇒ fp−1 ∈ Lip 1. Then by
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Proposition 4.3.3, the second term in the right side of inequality (4.27) tends to zero as

n→∞. Hence the proof.
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Chapter 5

More general fractal functions on
the sphere

Functions on the unit sphere S ⊆ R3, has important applications in the area of oceanog-

raphy, environment, metrology, etc. A historical survey on the functions on the sphere

of arbitrary dimensions, can be found in [47]. The basics on spherical harmonics and

approximations on the sphere, can be seen in [22] and references therein.

In [64,69], Navascués constructed fractal versions of the spherical harmonics. To do

that Navascués considered the orthogonal basis

{
U0
n, U

m
n , V

m
n ;m = 1, 2, . . . , n

}
given in (1.27), for the space of spherical harmonics Hn, of order n which is a linear

subspace of continuous functions on the sphere with dimension 2n+1. Then the operator

Sαn which fractalizes the basis elements defined as

(U0
n)α(ϕ, θ) = Sαn (U0

n)(ϕ, θ) = Pα
n (cosϕ) ,

(Um
n )α(ϕ, θ) = Sαn (Um

n )(ϕ, θ) = (Pm
n )α(cosϕ) cos(mθ) ,

(V m
n )α(ϕ, θ) = Sαn (V m

n )(ϕ, θ) = (Pm
n )α(cosϕ) sin(mθ) .

By linearity, Sαn has been extended to whole Hn as given in the following proposition.

Proposition 5.0.4. (see [69], Proposition 3.2). There exists a linear, bounded and

injective operator Sαn : Hn → L2(S), where Hn is the space of spherical harmonics of
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order n, such that

‖Sαn‖2 ≤ ‖Fα‖2 ,

Fα is the operator given in Section 1.4 for the base function in (1.10) as

b = vf ,

where v : I → R is fixed, continuous and non-constant with v(x0) = v(xN) = 1.

Using the completeness of the spherical harmonics of all order in L2(S), the operator

given in above proposition was extended to the whole space L2(S).

Theorem 5.0.8. (see [69], Theorem 3.6). There exists a linear and bounded operator

Sα : L2(S)→ L2(S) such that Sα restricted to Hn is Sαn . Moreover,

‖Sα‖2 ≤ 3‖Fα‖2 .

Navascués used the linearity and boundedness of the operator Sα to prove fractal

version of many classical results in functional analysis/operator theory.

In this chapter, a family of continuous functions on the unit sphere S ⊆ R3 general-

izing the spherical harmonics is considered, as described below.

Let u : [−1, 1]→ R be a continuous function and let v : [0, 2π]→ R be continuous and

periodic. If (ϕ, θ) represents the spherical coordinates of a point P on the unit sphere

S ⊆ R3, then

H(ϕ, θ) = u(cosϕ)v(θ) (5.1)

is a continuous function on the sphere S. If we define fractal version of the function on

the sphere as

Hα(ϕ, θ) = uα(cosϕ)v(θ), (5.2)

where uα = Fα(u) and Fα is the fractal operator defined in (1.13) in Section 1.4, then

we call the function given in (5.2), as a fractal function of first type on the sphere. If

we define fractal version of the function on the sphere as

Hα(ϕ, θ) = u(cosϕ)vα(θ), (5.3)
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where vα = Fα(v) and Fα is the fractal operator defined in (1.13) in Section 1.4, then

we call the function given in (5.3), as a fractal function of second type on the sphere.

This chapter is of two fold. In the first part, using fractal methodology, fractal

version of first type of a family of continuous functions on the sphere S is constructed.

To do this, an IFS and a linear bounded operator that maps classical functions to its

fractal analogues is defined. Some approximation properties of fractal functions on the

sphere are investigated. A complete orthonormal system of functions is constructed and

using it, a linear and bounded operator is defined on L2(S). For different values of

the scale vector of the IFS, fractal versions of some of the classical results in functional

analysis/operator theory are established as well. In the second part, fractal functions

of second type on the sphere is constructed but for different IFS. Restricting the scale

vector, fractal versions of some of the classical results in functional analysis/operator

theory are established here as well.

The chapter is organized as follows. In Section 5.1, functions on the sphere S as a

generalization of spherical harmonics is defined. Finite dimensional spaceHα
n, consisting

of fractal functions of first type on the sphere as basis is defined and their best approx-

imation properties in L2(S) are discussed in Section 5.2. In Section 5.3, a complete

system of classical functions on the sphere is defined. Using it, an expansion in terms

of fractal functions of first type on the sphere is given for a square integrable function

on the sphere. Finally, a fractal Hilbert basis is provided for L2(S). In Section 5.4,

a family of fractal functions of second type on the sphere is defined. An expansion in

terms of fractal functions of second type on the sphere is given for a square integrable

function on the sphere. Finally, an alternative fractal bases is provided in Section 5.5.

5.1 Fractal functions of first type on the sphere

Let us consider a family of continuous functions

unm : I = [−1, 1]→ R ,
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for n = 0, 1, 2, . . . and m = 0, 1, 2, . . . , 2n. Let

{
vm : [0, 2π]→ R | vm is continuous and 2π periodic, m = 0, 1, 2, . . .

}
be an orthonormal system in C[0, 2π] with respect to the inner product

〈g, h〉 =

∫ 2π

0

g(t)h(t)dt .

Let us define functions on the unit sphere S ⊆ R3 as

Hnm(ϕ, θ) = unm(cosϕ)vm(θ) (5.4)

for n = 0, 1, 2, . . . and m = 0, 1, 2, . . . , 2n. Recall that the notation (ϕ, θ) represents

the spherical coordinates of a point P on the unit sphere. On L2(S), define the inner

product

〈F,G〉 =

∫
S

F.G dS for F,G ∈ L2(S)

and the norm

‖F‖L2(S) =

(
〈F, F 〉

)1/2

=

(∫
S

|F |2dS
)1/2

for F ∈ L2(S) .

Lemma 5.1.1. For n = 0, 1, 2, . . . and m, j = 0, 1, . . . , 2n, m 6= j,

〈Hnm, Hnj〉 = 0 .

Proof. The inner product can be expressed in spherical coordinates as

〈Hnm, Hnj〉 =

∫ 2π

0

∫ π

0

(
unm(cosϕ)unj(cosϕ)

)(
vm(θ)vj(θ)

)
sinϕdϕdθ

=

(∫ 2π

0

vm(θ)vj(θ)dθ

)(∫ π

0

unm(cosϕ)unj(cosϕ) sinϕdϕ

)
.

Since the first integral is zero if m 6= j, it happens that 〈Hnm, Hnj〉 = 0.

Lemma 5.1.2. For n = 0, 1, 2, . . . and m = 0, 1, 2, . . . , 2n,

‖Hnm‖L2(S) = ‖unm‖L2(I) .
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Proof. We have,

‖Hnm‖2
L2(S) =

∫ 2π

0

∫ π

0

|unm(cosϕ)|2v2
m(θ) sinϕdϕdθ

=

(∫ 2π

0

v2
m(θ)dθ

)(∫ π

0

|unm(cosϕ)|2 sinϕdϕ

)
.

The first integral is equal to one due to the orthonormality of {vm}∞m=0. Also using the

change of variable cosϕ = t,∫ π

0

|unm(cosϕ)|2 sinϕdϕ =

∫ 1

−1

|unm(t)|2dt = ‖unm‖2
L2(I) .

Hence the result follows.

H00

H10 H11 H12

H20 H21 H22 H23 H24

H30 H31 H32 H33 H34 H35 H36
...

...
...

...
...

...
...

...
...

Hn → Hn0 Hn1 Hn2 Hn3 Hn4 Hn5 Hn6 . . . Hn(2n+1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 5.1: The space Hn.

Let us define

Hn =

{ 2n∑
m=0

λnmHnm | λnm ∈ R
}

(see Table 5.1) ,

where Hnm is defined in (5.4). Due to Lemma 5.1.1, {Hnm}2n
m=0 is an orthogonal basis

of Hn. If ‖unm‖L2(I) = 1 for all n and m, {Hnm}2n
m=0 is an orthonormal basis due to

Lemma 5.1.2. The dimension of Hn is then 2n+ 1. Consider the base function given in

(1.10) as

b = Lf ,

where L : C(I)→ C(I) is a linear and bounded operator such that Lf(x0) = f(x0) and

Lf(xN) = f(xN) if C(I) is equipped with sup norm or mean-square norm. In particular,
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in this section, we will consider

Lf(x) =
(
f ◦ c

)
(x) ,

where c(x) is continuously differentiable, fixed mapping, strictly increasing, such that

c(x0) = x0, c(xN) = xN and c 6= Id. Since c(x) is a strictly increasing function, c′(x) > 0

and as a consequence 1
c′(x)

is continuous on a compact set. Then there exists a positive

constant M such that |
(
c′(x)

)−1| ≤M for all x ∈ I. Now,

‖Lf‖2
L2(I) = ‖f ◦ c‖2

L2(I) =

∫
I

|f ◦ c(x)|2dx .

Using the change of variable c(x) = t, it follows that

‖f ◦ c‖2
L2(I) =

∫
I

f 2(t)(c′(x))−1dt ≤M

∫
I

f 2(t)dt = M‖f‖2
L2(I)

and therefore

‖Lf‖L2(I) = ‖f ◦ c‖L2(I) ≤M1/2‖f‖L2(I). (5.5)

Hence

‖L‖2 ≤M1/2 ,

where ‖L‖2 is the norm of the operator L defined as

‖L‖2 = max{‖Lf‖L2(I) : ‖f‖L2(I) = 1, f ∈ C(I)}. (5.6)

Define

Hα
nm(ϕ, θ) = uαnm(cosϕ)vm(θ)

for all n = 0, 1, 2, . . . and m = 0, 1, . . . , 2n, where uαnm = Fα(unm) and Fα is the fractal

operator given in (1.13) in Section 1.4. Then, {Hα
nm}2n

m=0 is orthogonal. For instance,

using the arguments of Lemma 5.1.1

〈Hα
nm, H

α
nj〉 =

∫ 2π

0

∫ π

0

uαnm(cosϕ)uαnj(cosϕ)× vm(θ)vj(θ) sinϕdϕdθ = 0 ,
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if m 6= j, due to the orthogonality of {vm}∞m=0. Consider now

Hα
n =

{ 2n∑
m=0

λnmH
α
nm;λnm ∈ R

}
. (5.7)

Then {Hα
nm}2n

m=0 is an orthogonal basis of Hα
n.

Theorem 5.1.1. Let us define the operator

Θα
n : Hn → L2(S) ,

2n∑
m=0

λnmHnm ↪→
2n∑
m=0

λnmH
α
nm .

Then Θα
n is linear and bounded. Its norm satisfies the inequality

‖Θα
n‖2 ≤ ‖Fα‖2

for all n = 0, 1, 2, . . ..

Proof. The linearity of Θα
n follows easily. It is noted that

‖uαnm‖L2(I) = ‖Fα(unm)‖L2(I) ≤ ‖Fα‖‖unm‖L2(I) .

Now,

‖Hα
nm‖2

L2(S) =

∫ 2π

0

∫ π

0

|uαnm(cosϕ)|2v2
m(θ) sinϕdϕdθ

=

(∫ 2π

0

v2
m(θ)dθ

)(∫ π

0

|uαnm(cosϕ)|2 sinϕdϕ

)
.

Using the argument of Lemma 5.1.2, it follows that

‖Hα
nm‖L2(S) = ‖uαnm‖L2(I)

and thus

‖Hα
nm‖L2(S) ≤ ‖Fα‖2‖unm‖L2(I) = ‖Fα‖2‖Hnm‖L2(I) .
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For boundedness of Θα, due to the orthogonality of {Hα
nm}2n

m=0 and {Hnm}2n
m=0,

∥∥Θα
n

( 2n∑
m=0

λnmHnm

)∥∥2

L2(I)
=

2n∑
m=0

‖λnmHα
nm‖2

≤
2n∑
m=0

‖Fα‖2
2‖λnmHnm‖2

≤ ‖Fα‖2
2

∥∥ 2n∑
m=0

λnmHnm

∥∥2
.

Consequently ‖Θα
n‖2 ≤ ‖Fα‖2.

5.2 Best approximations by fractal functions

In this section, some basic results on best approximation using fractal functions of first

type on the sphere is proved. The following definitions are useful to prove the results in

this section.

Definition 5.2.1. (see [54], Definition 5.1.17). Let V be a non-empty subset of a

normed linear space
(
X, ‖.‖

)
. For x ∈ X, define d(x, V ) = inf

{
‖x − v‖ : v ∈ V

}
and

PV (x) =
{
w ∈ V : ‖x− w‖ = d(x, V )

}
. If PV (x) is non-empty for each x ∈ X, then V

is said to be a existence or proximinal subset of X. If for every element x ∈ X, there

is no more than one element v of V such that d(x, v) = d(x, V ), then V is called a set

of uniqueness. The set V is said to be Chebyshev set if for each x ∈ X, PV (x) is a

singleton set; that is if V is both a set of uniqueness and a set of existence.

The next lemma is a well-known result on approximation.

Lemma 5.2.1. If V is a finite dimensional subspace of a normed linear space
(
X, ‖.‖

)
.

Then V is proximinal.

Definition 5.2.2. (see [54], Definition 5.3.19). Let V be a non-empty subset of a

normed linear space
(
X, ‖.‖

)
and let x ∈ X \ V . A sequence {vn} ⊂ V is called a

minimizing sequence for x if limn→∞ ‖x − vn‖ = d(x, V ). If for any x ∈ X \ V , every
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minimizing sequences for x has a subsequence converging to an element in V , then V is

called approximately compact.

Definition 5.2.3. (see [15]). A normed linear space
(
X, ‖.‖

)
is smooth, if for each non-

zero x ∈ X there exists a unique norm one functional f ∈ X∗ such that f(x) = ‖x‖.

It is immediate that a Hilbert space is smooth.

Definition 5.2.4. (see [54], Definition 5.5.2). Let X be a normed linear space. Define

a function ρX : (0,+∞)→ [0,+∞) by the formula

ρX(t) = sup

{
1

2

(
‖x+ ty‖+ ‖x− ty‖

)
− 1 : x, y ∈ SX

}
,

if X 6= {0} and by the formula

ρX(t) =

{
0, if 0 < t < 1

t− 1, if t ≥ 1,

if X = 0. Then ρX is the modulus of smoothness of X. The space is uniformly smooth

if limt→0+ ρX(t)/t = 0.

Theorem 5.2.1. Following are the properties for the space Hα
n defined in (5.7).

(a) Hα
n is a Chebyshev subset of L2(S).

(b) Hα
n is approximately compact in L2(S).

(c) Hα
n is smooth subspace of L2(S). In fact, Hα

n is uniformly smooth.

Proof.

(a) By definition, Hα
n is a finite dimensional linear subspace of L2(S). Consequently, by

Lemma 5.2.1, it follows that Hα
n is proximinal. But L2(S) is a Hilbert space, so Hα

n is

Chebyshev.

(b) To prove Hα
n is approximately compact, let f ∈ L2(S) and Xα

k ∈ Hα
n, k = 1, 2, . . . be

a minimizing sequence for f . Then

lim
k→∞
‖Xα

k − f‖L2(S) = d(f,Hα
n)
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and therefore there exists K ∈ N such that for all k ≥ K, taking ε = 1,

‖Xα
k ‖L2(S) ≤ ‖Xα

k − f‖L2(S) + ‖f‖L2(S) ≤ 1 + d(f,Hα
n) + ‖f‖L2(S) := C1 .

Define C2 = max{‖Xα
1 ‖L2(S), ‖Xα

2 ‖L2(S), . . . , ‖Xα
K−1‖L2(S), C1}. Since Hα

n is finite di-

mensional, from the above inequality, it follows that Xα
k lies in a compact set defined by

‖g‖L2(S) ≤ C2. Therefore, by definition of compactness, there exists a subsequence Xα
kl

and Xα ∈ Hα
n such that Xα

kl
→ Xα as l→∞. Therefore Hα

n is approximately compact.

(c) Since L2(S) is a smooth space and Hα
n is a subspace of it, so is smooth. Since Hα

n is

finite dimensional smooth space, so Hα
n is uniformly smooth.

5.3 Schauder basis for L2(S)

In this section, a fractal Schauder basis of functions of first type is constructed for the

functions on the unit sphere S.

Theorem 5.3.1. (see [43]) (Vitali’s completeness criterion). Let {φn}∞n=1 be an oth-

onormal sequence of functions in L2(a, b), where a and b are finite. Then (φn) is complete

in L2(a, b) if and only if ∑
n

(∫ r

a

φn

)2

= r − a

for every r ∈ (a, b).

The following is the modified form of the Vitali’s criterion.

Corollary 5.3.1. (see [43], p. 37). Let (a, b) be a finite or infinite interval of R, let g

belong to L2
w(a, b), g 6= w, where w is a positive continuous weight function and let (φn)

be an orthonormal sequence in L2
w(a, b). Then (φn) is complete in L2

w(a, b) (equivalently

(φn
√
w) is complete in L2(a, b)) if and only if

∑
n

∣∣∣∣ ∫ r

a

φn(x)g(x)w(x)dx

∣∣∣∣2 =

∫ r

a

|g(x)|2w(x)dx

for every r in (a, b).
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From here on, let us assume that for any non-negative integer m = 0, 1, 2, . . ., the

system

Um =

{
unm| n = p, p+ 1, p+ 2, . . .

}
(5.8)

of functions is orthonormal, that is,∫ 1

−1

unm(x)ujm(x)dx = δnj (5.9)

and Um forms a complete system in L2(I), where p is the least integer such that m
2
≤ p.

Also assume that {vm}∞m=0 is a complete orthonormal system in L2(0, 2π). Then by

Vitali’s completeness criterion (Theorem 5.3.1),

∞∑
m=0

(∫ θ

0

vm(θ′)dθ′
)2

= θ for every θ ∈ (0, 2π). (5.10)

Lemma 5.3.1. For any non-negative integer m,

∞∑
n=p

(∫ ϕ

0

unm(cosϕ′) sinϕ′dϕ′
)2

= 1− cosϕ for every ϕ ∈ (0, π) .

Proof. For any non-negative integer m, the completeness of the system Um in L2(I)

implies the completeness of the system
{
unm(cosϕ)| n = p, p+ 1, p+ 2, . . .

}
in L2(0, π).

Then by modified Vitali’s criterion (Corollary 5.3.1), taking g = 1, we get

∞∑
n=p

(∫ ϕ

0

unm(cosϕ′) sinϕ′dϕ′
)2

=

∫ ϕ

0

12. sinϕ′dϕ′ = 1− cosϕ .

The Vitali’s completeness criterion for the functions on the sphere is as follows.

Lemma 5.3.2. (see [43], p. 38). Let S denote the unit sphere with (ϕ, θ) as usual

spherical polar coordinates. Let {fn} be a set of functions which are orthonormal over

S, that is ∫
S

fnfm = δnm .
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The orthonormal sequence (fn) is complete in L2(S) if and only if∑
n

[ ∫ θ

0

∫ ϕ

0

fn(ϕ′, θ′) sinϕ′dϕ′
]2

= θ(1− cosϕ)

for every θ ∈ (0, 2π) and every ϕ ∈ (0, π).

Proof. See ( [86], p.271).

Theorem 5.3.2. The family

{
Hnm : n = 0, 1, . . . ;m = 1, 2, . . . , 2n

}
is a complete

orthonormal system in L2(S).

Proof. Recall that Hnm(ϕ, θ) = unm(cosϕ)vm(θ). Then the family{
Hnm : n = 0, 1, . . . , ;m = 1, 2, . . . , 2n

}
is orthonormal due to Lemmas 5.1.1 and 5.1.2 and (5.9). Let Φn(S) be an orthonormal

sequence of functions of the above system. Then

∞∑
n=0

[ ∫ θ

0

dθ′
∫ ϕ

0

Φn(ϕ′, θ′) sinϕ′dϕ′
]2

=
∞∑
n=0

2n∑
m=0

[ ∫ θ

0

vm(θ′)dθ′
∫ ϕ

0

unm(cosϕ′) sinϕ′dϕ′
]2

=
∞∑
m=0

[ ∫ θ

0

vm(θ′)dθ′
]2 ∞∑

n=p

[ ∫ ϕ

0

unm(cosϕ′) sinϕ′dϕ′
]2

,

inverting the order of integration on the right hand side of the last inequality. Using

Lemma 5.3.1, along with (5.10)

∞∑
n=0

[ ∫ θ

0

dθ′
∫ ϕ

0

Φn(ϕ′, θ′) sinϕ′dϕ′
]2

= θ(1− cosϕ) .

Therefore by Lemma 5.3.2, it follows that

{
Hnm : n = 0, 1, . . . , ;m = 1, 2, . . . , 2n

}
forms a complete system in L2(S).

The following lemma is required to prove the main results.

Lemma 5.3.3. (see [52]). Let D be a dense subset of a Banach space B. Then each

element u ∈ B, u 6= 0 can be expressed as

u =
∞∑
j=1

uj ,

where uj ∈ D and ‖uj‖ ≤ 3‖u‖
2j

.
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The following theorem gives an expression of a square integrable function on the

sphere in terms of fractal functions of first type.

Theorem 5.3.3. The operator Θα : L2(S)→ L2(S) defined by

Θα(f) =
∞∑
n=0

2n∑
m=0

λnmH
α
nm ,

where

f =
∞∑
n=0

2n∑
m=0

λnmHnm

is well defined, linear and bounded.

Proof. By Theorem 5.3.2, the family{
Hnm : n = 0, 1, . . . , ;m = 1, 2, . . . , 2n

}
is complete in L2(S). The set

H =
∞⋃
n=0

Hn

is dense in L2(S). Then for any f ∈ L2(S), f 6= 0,

f =
∞∑
k=1

Xk (5.11)

so that Xk ∈ Hnk and

‖Xk‖L2(S) ≤
3‖f‖L2(S)

2k
.

Now define

Θα(f) =
∞∑
k=1

Θα
nk

(Xk) ,

where Θα
n : Hn → L2(S) is the operator defined in Theorem 5.1.1 such that ‖Θα

n‖2 ≤

‖Fα‖2. It is noted that

‖Θα
nk

(Xk)‖L2(S) ≤ ‖Θα
nk
‖2‖Xk‖L2(S)

≤ ‖Fα‖2

3‖f‖L2(S)

2k
.
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Therefore, it easily follows that
∑∞

k=1 Θα
nk

(Xk) is absolutely convergent and hence con-

vergent in a Banach space. As a consequences Θα is well defined and

‖Θα(f)‖L2(S) ≤
∞∑
k=1

‖Θα
nk

(Xk)‖L2(S)

≤ ‖Fα‖2

∞∑
k=1

3‖f‖L2(S)

2k

= 3‖Fα‖2‖f‖L2(S) for all f ∈ L2(S).

Therefore,

‖Θα‖2 ≤ 3‖Fα‖2 .

To show that the restriction of Θα to Hn is Θα
n, it is noted that for X ∈ Hn, the sum

(5.11) consists only a term of Hn and consequently

Θα(X) = Θα
n(X) .

Therefore, Θα|Hn = Θα
n. The linearity and boundedness of Θα implies that

Θα(f) =
∞∑
n=0

2n∑
m=0

λnmH
α
nm

whenever

f =
∞∑
n=0

2n∑
m=0

λnmHnm .

Now, consider the linear bounded operator L : C(I) → C(I) with respect to mean-

square norm. Then in a similar method employed for Θα, the operator can be extended

to L2(S) . Let LH be defined on the basis elements as

LH(Hnm)(ϕ, θ) = L(unm)(cosϕ)vm(θ) = (unm ◦ c)(cosϕ)vm(θ). (5.12)

Then by linearity, it can be extended to LH : Hn → L2(S) such that ‖LH‖2 ≤ ‖L‖2. As

in Theorem 5.3.3, the operator LH can be extended to LS : L2(S) → L2(S) such that

‖LS‖2 ≤ 3‖L‖2 ≤ 3M1/2.
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Lemma 5.3.4. The operator Θα : L2(S)→ L2(S) satisfies, for all n and m,

‖Θα(Hnm)−Hnm‖L2(S) ≤ |α|∞‖Θα(Hnm)− LS(Hnm)‖L2(S) .

Proof. By definition,

Θα(Hnm) = Θα
n(Hnm) = Hα

nm .

Therefore,

‖Θα(Hnm)−Hnm‖2
L2(S) = ‖Hα

nm −Hnm‖2
L2(S)

=

∫ 2π

0

∫ π

0

|(uαnm − unm)(cosϕ)|2v2
m(θ) sinϕdϕdθ

=

(∫ 2π

0

v2
mdθ

)(∫ 1

−1

|(uαnm − unm)(t)|2dt
)

= ‖uαnm − unm‖2
L2(I).

According to (1.11), for f = unm and b = Lf ,

‖uαnm − unm‖2
L2(I) =

N∑
i=1

∫ xi

xi−1

|αi|2|
(
uαnm − Lunm

)
◦ L−1

i (x)|2dx .

By changing of variable x̃ = L−1
i (x), it follows that

‖uαnm − unm‖2
L2(I) =

N∑
i=1

ai|αi|2
∫
I

|
(
uαnm − Lunm

)
(x̃)|2dx̃

=
N∑
i=1

ai|αi|2‖uαnm − Lunm‖2
L2(I)

≤ |α|2∞‖uαnm − Lunm‖2
L2(I)

N∑
i=1

ai

= |α|2∞‖uαnm − Lunm‖2
L2(I),

since
∑N

i=1 ai = 1. Therefore, it follows that

‖Θα(Hnm)−Hnm‖L2(S) ≤ |α|∞‖uαnm − Lunm‖L2(I) .
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But

‖Θα(Hnm)− LSHnm‖2
L2(S) = ‖Hα

nm − LS(Hnm)‖2
L2(S)

=

∫ 2π

0

∫ π

0

|(uαnm − Lunm)(cosϕ)|2v2
m(θ) sinϕdϕdθ

=

(∫ 2π

0

v2
mdθ

)(∫ 1

−1

|(uαnm − Lunm)(t)|2dt
)

= ‖uαnm − Lunm‖2
L2(I).

Therefore

‖Θα(Hnm)−Hnm‖L2(S) ≤ |α|∞‖Θα(Hnm)− LSHnm‖L2(S) .

Proposition 5.3.1. For all f ∈ L2(S),

‖Θα(f)− f‖L2(S) ≤ |α|∞‖Θα(f)− LSf‖L2(S)

and

‖Θα(f)− f‖L2(S) ≤
|α|∞

1− |α|∞
(1 + 3M1/2)‖f‖L2(S). (5.13)

Proof. Let X ∈ Hn. Then,

X =
2n∑
m=0

λnmHnm ,

as {Hnm}2n
m=0 is an orthogonal basis for Hn. It is noted that {Hα

nm − Hnm}2n
m=0 is also

orthogonal (similar to Lemma 5.1.1). For instance

〈Hα
nm −Hnm, H

α
nj −Hnj〉 =

∫ 2π

0

∫ π

0

(
uαnm(cosϕ)− unm(cosϕ)

)(
uαnj(cosϕ)− unj(cosϕ)

)
vm(θ)vj(θ) sinϕdϕdθ

= 〈uαnm − unm, uαnj − unj〉
(∫ 2π

0

vm(θ)vj(θ)dθ

)
= 0,

since the second integral is zero if m 6= j. Therefore,

‖Θα(X)−X‖2
L2(S) =

2n∑
m=0

|λnm|2‖Hα
nm −Hnm‖2

L2(S)

≤ |α|2∞
2n∑
m=0

|λnm|2‖Hα
nm − LSHnm‖2

L2(S),
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using Lemma 5.3.4. The system
{
Hα
nm − LSHnm

}2n

m=0
is also orthogonal (similar as

above) and therefore

‖Θα(X)−X‖2
L2(S) ≤ |α|2∞‖Θα(X)− LSX‖2

L2(S). (5.14)

For any f ∈ L2(S), there exists a sequence {Xk ∈ Hnk} such that limk→∞ ‖Xk −

f‖L2(S) = 0. Then the continuity of LS implies that limk→∞ ‖LSXk − LSf‖L2(S) = 0.

Using the continuity of Θα and the norm,

‖Θα(f)− f‖2
L2(S) = lim

k→∞
‖Θα(Xk)−Xk‖2

L2(S) .

Therefore using (5.14), for X = Xk,

‖Θα(f)− f‖2
L2(S) = lim

k→∞
‖Θα(Xk)−Xk‖2

L2(S)

≤ |α|2∞ lim
k→∞
‖Θα(Xk)− LSXk‖2

L2(S)

= |α|2∞‖Θα(f)− LSf‖2
L2(S)

and

‖Θα(f)− f‖L2(S) ≤ |α|∞‖Θα(f)− LSf‖L2(S) .

Moreover,

‖Θα(f)− f‖L2(S) ≤ |α|∞
(
‖Θα(f)− f‖L2(S) + ‖f − LSf‖L2(S)

)
.

Since ‖LS‖2 ≤ 3M1/2, it follows that

‖Θα(f)− f‖L2(S) ≤
|α|∞

1− |α|∞
(1 + 3M1/2)‖f‖L2(S) .

Theorem 5.3.4. If |α|∞ < M−1/2

3
, then the operator Θα is injective and its range is

closed.

Proof. According to Proposition 5.3.1,

‖f‖L2(S) − ‖Θα(f)‖L2(S) ≤ |α|∞‖Θα(f)− LSf‖L2(S). (5.15)
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Since ‖LS‖2 ≤ 3M1/2,

‖Θα(f)− LSf‖L2(S) ≤ ‖Θα(f)‖L2(S) + 3M1/2‖f‖L2(S). (5.16)

Equations (5.15) and (5.16) together give

‖Θα(f)‖L2(S) ≥ ‖f‖L2(S) − |α|∞‖Θα(f)‖L2(S) − |α|∞3M1/2‖f‖L2(S).

For the assumption |α|∞ < M−1/2

3
, it happens that

1− |α|∞3M1/2 > 0 .

Therefore, from above inequality, it follows that

‖f‖L2(S) ≤
1 + |α|∞

1− |α|∞3M1/2
‖Θα(f)‖L2(S). (5.17)

If Θα(f) = 0, (5.17) gives f = 0. Consequently, Θα is injective. To show the range of

Θα is closed, consider a convergent sequence {Θα(fn)} such that Θα(fn) → gα. Since

the sequence {Θα(fn)} is convergent, it is also Cauchy and therefore according to (5.17),

{fn} is also a Cauchy sequence. As a consequence, fn is convergent in a Banach space.

If fn → g as n→∞, then the continuity of Θα implies that

Θα(g) = lim
n→∞

Θα(fn) = gα .

Therefore gα belongs to range of Θα and hence range of Θα is closed.

Corollary 5.3.2. If |α|∞ < M−1/2

3
,

L2(S) = Range(Θα)
⊕

ker(Θα)∗ ,

where (Θα)∗ is the adjoint operator of Θα and Range(Θα) denotes the range of Θα.

Proof. Since Θα is a linear and bounded operator on the Hilbert space L2(S), the

following orthogonal decomposition holds

L2(S) = Range(Θα)
⊕

ker(Θα)∗ .

But range of Θα is closed by above theorem and hence the result follows.
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Proposition 5.3.2. If |α|∞ < M−1/2

3
, then the range of the adjoint operator (Θα)∗ is

dense in L2(S).

Proof. We have,

L2(S) = Range(Θα)∗
⊕

ker(Θα) .

For |α|∞ < M−1/2

3
, according to Theorem 5.3.4, Θα is injective. Therefore ker(Θα) = {0}

and the result follows.

The following lemma can be found in [52].

Lemma 5.3.5. If L is a linear operator from a Banach space into itself such that

‖L‖ < 1, then (Id− L)−1 exists and bounded. Moreover,

(Id− L)−1 = Id+ L+ L2 + · · · .

Theorem 5.3.5. If |α|∞ < 1
2+3M1/2 , the operator Θα : L2(S) → L2(S) has a bounded

inverse.

Proof. By hypothesis, |α|∞ < 1
2+3M1/2 , which implies

(1 + 3M1/2)|α|∞
1− |α|∞

< 1 .

From (5.13), it follows that

‖Id−Θα‖2 ≤
(1 + 3M1/2)|α|∞

1− |α|∞

and therefore ‖Id − Θα‖2 < 1. For ‖Id − Θα‖2 < 1, Lemma 5.3.5 ensures that Θα =

Id− (Id−Θα) has a bounded inverse and by (5.17),

‖(Θα)−1‖2 ≤
1 + |α|∞

1− |α|∞3M1/2
.

Proposition 5.3.3. If |α|∞ < 1
2+3M1/2 , the adjoint operator (Θα)∗ is injective.
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Proof. For |α|∞ < 1
2+3M1/2 , according to Theorem 5.3.5, Range(Θα) = L2(S). Since

|α|∞ <
1

2 + 3M1/2
<

1

3M1/2
,

from Corollary 5.3.2, it follows that ker(Θα)∗ = {0} and therefore (Θα)∗ is injective.

Using Proposition 4.2.1, it is proved in the following that Hα is complete in L2(S).

Proposition 5.3.4. If |α|∞ < 1
2+3M1/2 , the system

Hα =

{
Hα
nm : n = 0, 1, 2, . . . ;m = 1, 2, . . . , n

}
is complete in L2(S).

Proof. According to Theorem 5.3.5, for any g ∈ L2(S), there exists f ∈ L2(S) such that

Θα(f) = g. The linearity and continuity of Θα imply that

g = Θα(f) =
∞∑
n=0

2n∑
m=0

λnmH
α
nm

whenever

f =
∞∑
n=0

2n∑
m=0

λnmHnm .

Therefore the system {
Hα
nm : n = 0, 1, 2, . . . ;m = 1, 2, . . . , n

}
is total and hence by Proposition 4.2.1, it is complete in L2(S).

5.4 Fractal functions of second type on the sphere

In Section 5.1, we considered fractal functions of first type on the sphere of the form

given in (5.2) and the spacesHn spanned by the n-th row of Table 5.1. The orthogonality

of {Hnm}2n
m=0 and {Hα

nm}2n
m=0 played an important role to prove the boundedness of the

operator Θα
n (see Theorem 5.1.1) and in proving other results.
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In this section, we will fractalize the function Hnm(ϕ, θ) as employed in (5.3). Now,

it is not known that whether the system {vαm}∞m=0 is orthogonal or not. So to get

an orthogonal basis of functions on the sphere and orthogonal basis of their fractal

analogues, we will change the settings of Section 5.1 as follows.

Let us consider a family of continuous functions

unm : J = [−1, 1]→ R ,

such that for any non-negative integer m, the system of functions

Um =
{
unm;n = p, p+ 1, . . .

}
(5.18)

forms a orthogonal system in C(J) with respect to the inner product

〈g, h〉 =

∫ 1

−1

g(t)h(t)dt ,

where p is the least integer such that

m

2
≤ p .

Let

{
vm : I = [0, 2π]→ R | vm is continuous and periodic, m = 0, 1, 2, . . .

}
be an orthonormal system in C(I) with respect to the inner product

〈g, h〉 =

∫ 2π

0

g(t)h(t)dt .

Recall that P = (ϕ, θ) represents a point on the unit sphere S. Let us define functions

on the sphere S as

Hnm(ϕ, θ) = unm(cosϕ)vm(θ), (n = p, p+ 1, p+ 2, . . . ;m = 0, 1, 2, . . . , ) .

Lemma 5.4.1. For any non-negative integer m,

〈Hnm, Hrm〉 = 0, (n, r = p, p+ 1, p+ 2, . . . ;n 6= r) .
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Proof. The inner product can be expressed in spherical coordinates as

〈Hnm, Hrm〉 =

∫ 2π

0

∫ π

0

unm(cosϕ)urm(cosϕ)|vm(θ)|2 sinϕdϕdθ

=

(∫ 2π

0

|vm(θ)|2dθ
)(∫ π

0

unm(cosϕ)urm(cosϕ) sinϕdϕ

)
.

Since the second integral is zero if n 6= r, it follows that 〈Hnm, Hrm〉 = 0.

Lemma 5.4.2. For m = 0, 1, 2, . . .,

‖Hnm‖L2(S) = ‖unm‖L2(J), (n = p, p+ 1, p+ 2, . . .) .

Proof. Proof is similar to the proof of Lemma 5.1.2.

↓

H00

H10 H11 H12

H20 H21 H22 H23 H24

H30 H31 H32 H33 H34 H35 H36
...

...
...

...
...

...
...

...
...

Hn0 Hn1 Hn2 Hn3 Hn4 Hn5 Hn6 . . . Hn(2n+1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 5.2: The space Hm.

Let us define

Hj
m =

{ j∑
n=p

λnmHnm;λnm ∈ R
}

(see Table 5.2) ,

where p is the least integer such that m
2
≤ p. Note that

Hj
m = ∅ if p > j .

Due to Lemma 5.4.1, {Hnm}jn=0 is an orthogonal basis for Hj
m. Define

Hm =
∞⋃
j=0

Hj
m = span{Hnm : n = p, p+ 1, ...} .
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If ‖unm‖L2(J) = 1, for all n,m, then {Hnm}∞n=p is an orthonormal Schauder basis for Hm.

Consider the base function given in (1.10) as

b = Lf ,

where L : C(I)→ C(I) is a linear and bounded operator such that Lf(x0) = f(x0) and

Lf(xN) = f(xN) if C(I) is equipped with sup norm or mean-square norm. Then define

Hα
nm(ϕ, θ) = unm(cosϕ)vαm(θ) ,

where vαm(θ) = Fα(vm(θ)) and Fα is the fractal operator defined in (1.13) (c.f. Sec-

tion 1.4). Now consider,

(Hj
m)α =

{ j∑
n=p

λnmH
α
nm;λnm ∈ R

}
.

Then {Hα
nm}jn=p is an orthogonal basis for (Hj

m)α. For instance,

〈Hα
nm(ϕ, θ), Hα

rm(ϕ, θ)〉 =

∫ 2π

0

∫ π

0

unm(cosϕ)urm(cosϕ)|vαm(θ)|2 sinϕdϕdθ

=

(∫ π

0

unm(cosϕ)urm(cosϕ) sinϕdϕ

)(∫ 2π

0

|vαm(θ)|2dθ
)

= 0,

since 〈unm, urm〉 = 0 for n 6= r.

Lemma 5.4.3. For n = p, p+ 1, p+ 2, . . . and m = 0, 1, 2, . . .,

‖Hα
nm‖L2(S) = ‖unm‖L2(J)‖vαm‖L2(I) ≤ ‖Fα‖2‖Hnm‖L2(S) .

Proof. For instance,

‖Hα
nm‖2

L2(S) =

∫ 2π

0

∫ π

0

|unm(cosϕ)|2|vαm(θ)|2 sinϕdϕdθ

=

(∫ 1

−1

|unm(t)|2dt
)(∫ 2π

0

|vαm(θ)|2dθ
)

= ‖unm‖2
L2(J)‖vαm‖2

L2(I)

≤ ‖unm‖2
L2(J)‖Fα‖2

2‖vm‖2
L2(I).
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Since {vm}∞m=0 is an orthonormal family, it follows that

‖Hα
nm‖L2(S) ≤ ‖Fα‖2‖Hnm‖L2(S) .

Theorem 5.4.1. The operator

(Θj
m)α : Hj

m → L2(S) ,

j∑
n=p

λnmHnm ↪→
j∑

n=p

λnmH
α
nm

is linear and bounded.

Proof. The linearity of (Θj
m)α is obvious. For boundedness, due to the orthogonality of

{Hnm}jn=p and {Hα
nm}jn=p, we get,

∥∥(Θj
m)α
( j∑
n=p

λnmHnm

)∥∥2

L2(S)
=

j∑
n=p

‖λnmHα
nm‖2

≤
j∑

n=p

‖Fα‖2
2‖λnmHnm‖2

≤ ‖Fα‖2
2

∥∥ j∑
n=p

λnmHnm

∥∥2
.

Consequently, ‖(Θj
m)α‖2 ≤ ‖Fα‖2.

From here on, let us assume that for any non-negative integer m = 0, 1, 2, . . ., the

system Um given in (5.18) is orthonormal, that is,∫ 1

−1

unm(x)ujm(x)dx = δnj

and Um forms a complete system in L2(J), where p is the least integer such that m
2
≤ p.

Also assume that {vm}∞m=0 is a complete orthonormal system in L2(0, 2π). Then the

following two results are true.
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Theorem 5.4.2. The family{
Hnm : n = p, p+ 1, p+ 2, . . . ;m = 0, 1, 2, . . . ,

}
forms an orthonormal complete system of L2(S).

Proof. It can be easily seen from Table 5.1 or Table 5.2 that{
Hnm : n = p, p+1, p+2, . . . ;m = 0, 1, 2, . . . ,

}
=

{
Hnm : n = 0, 1, 2, . . . ;m = 0, 1, 2, . . . , 2n

}
.

Therefore proof follows from Theorem 5.3.2.

Theorem 5.4.3. For any f ∈ L2(S), the operator Θα : L2(S)→ L2(S) defined by

Θα(f) =
∞∑
m=0

∞∑
n=p

cnmH
α
nm ,

where

f =
∞∑
m=0

∞∑
n=p

cnmHnm

is linear and bounded. Its norm satisfies the following inequality

‖Θα‖2 ≤ 3‖Fα‖2

Proof. Note that
∞∑
m=0

∞∑
n=p

cnmH
α
nm =

∞∑
n=0

2n∑
m=0

cnmH
α
nm .

Then proof follows in similar lines of Theorem 5.3.3.

5.5 Fractal basis for L2(S)

In this section, we will consider the linear bounded operator L on C(I) with respect to

mean-square norm. The operator is extended to L2(S) in a similar method employed

for Fα. Let LH be defined on the basis elements as

LH(Hnm)(ϕ, θ) = unm(cosϕ)L(vm(θ)). (5.19)
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Then by linearity, it can be extended to LH : Hj
m → L2(S) such that ‖LH‖2 ≤ ‖L‖2.

As in Theorem 5.4.3, the operator LH can be extended to LS : L2(S) → L2(S) such

that ‖LS‖2 ≤ 3‖L‖2.

Lemma 5.5.1. The operator Θα : L2(S)→ L2(S) satisfies, for all n and m,

‖Θα(Hnm)−Hnm‖L2(S) ≤ |α|∞‖Θα(Hnm)− LS(Hnm)‖L2(S) .

Proof. Note that

Θα(Hnm) = Hα
nm .

Therefore

‖Θα(Hnm)−Hnm‖2
L2(S) = ‖Hα

nm −Hnm‖2
L2(S)

=

∫ 2π

0

∫ π

0

u2
nm(cosϕ)|vαm(θ)− vm(θ)|2 sinϕdϕdθ

= ‖unm‖2
L2(J)‖vαm − vm‖2

L2(I).

But from (1.11), for f = vm and b = Lf ,

‖vαm − vm‖2
L2(I) =

N∑
i=1

∫ xi

xi−1

|αi|2|(vαm − Lvm) ◦ L−1
i (x)|2dx .

By changing of variable x̃ = L−1
i (x), it follows that

‖vαm − vm‖2
L2(I) =

N∑
i=1

ai|αi|2
∫ 2π

0

|(vαm − Lvm)(x̃)|2dx̃

=
N∑
i=1

ai|αi|2‖vαm − Lvm‖2
L2(I)

≤ |α|2∞‖vαm − Lvm‖2
L2(I)

N∑
i=1

ai

= |α|2∞‖vαm − Lvm‖2
L2(I),

since
∑N

i=1 ai = 1. Therefore

‖Θα(Hnm)−Hnm‖2
L2(S) ≤ |α|2∞‖unm‖2

L2(I)‖vαm − Lvm‖2
L2(I) .
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On the other hand,

‖Θα(Hnm)− LS(Hnm)‖L2(S) = ‖Hα
nm − LS(Hnm)‖L2(S)

=

∫ 2π

0

∫ π

0

u2
nm(cosϕ)|vαm(θ)− L(vm(θ))| sinϕdϕdθ

= ‖unm‖2
L2(I)‖vαm − Lvm‖2

L2(I).

Hence the proof.

Lemma 5.5.2. For any f ∈ L2(S),

‖Θα(f)− f‖L2(S) ≤ |α|∞‖Θα(f)− LSf‖L2(S) (5.20)

and

‖Θα(f)− f‖L2(S) ≤
|α|∞

1− |α|∞
‖Id− LS‖2‖f‖L2(S). (5.21)

Proof. For any f ∈ L2(S), let us consider a sequence Xk in Hmk such that f = limXk

with respect to the L2-norm (such sequence exists due to Theorem 5.4.3 ). Also conti-

nuity of LS imply that LSf = limLSXk. Due to the continuity of Θα and the norm it

follows that

‖Θα(f)− f‖2
L2(S) = lim

k→∞
‖Θα(Xk)−Xk‖2

L2(S). (5.22)

Now for X ∈ Hm,

X =
∞∑
n=p

λnmHnm .

Note that {Hα
nm −Hnm}∞n=p is orthogonal. For instance

〈Hα
nm −Hnm, H

α
rm −Hrm〉 =

∫ 2π

0

∫ π

0

unm(cosϕ)urm(cosϕ)|vαm(θ)− vm|2 sinϕdϕdθ

=

(∫ π

0

unm(cosϕ)urm(cosϕ) sinϕdϕ

)(∫ 2π

0

|vαm(θ)− vm|2dθ
)

= 0,

since the first integral is zero. Therefore

‖Θα(X)−X‖2
L2(S) =

∞∑
n=p

|λnm|2‖Hα
nm −Hnm‖2

L2(S)

≤
∞∑
n=p

|α|2∞|λnm|2‖Hα
nm − LSHnm‖2

L2(S),
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using Lemma 5.5.1. Also Hα
nm−LSHnm, H

α
rm−LSHrm are orthogonal for n 6= r, due to

the orthogonality of unm, urm for n 6= r. Therefore

‖Θα(X)−X‖2
L2(S) ≤ |α|2∞‖Θα(X)− LSX‖2

L2(S). (5.23)

Using it in (5.22) for X = Xk, it follows that

‖Θα(f)− f‖2
L2(S) = lim

k→∞
‖Θα(Xk)−Xk‖2

L2(S)

≤ |α|2∞ lim
k→∞
‖Θα(Xk)− LSXk‖2

L2(S)

= |α|2∞‖Θα(f)− LSf‖2
L2(S)

and therefore

‖Θα(f)− f‖L2(S) ≤ |α|∞‖Θα(f)− LSf‖L2(S) .

For the second inequality,

‖Θα(f)− f‖L2(S) ≤ |α|∞‖Θα(f)− LSf‖L2(S)

≤ |α|∞
(
‖Θα(f)− f‖L2(S) + ‖f − LSf‖L2(S)

)
and the result follows.

Proposition 5.5.1. If |α|∞ <
‖L‖−1

2

3
, then Θα is injective and its range is closed.

Proof. From (5.20), with ‖LS‖2 ≤ 3‖L‖2, it follows that

‖f‖L2(S) − ‖Θα(f)‖L2(S) ≤ |α|∞
(
‖Θα(f)‖L2(S) + 3‖L‖2‖f‖L2(S)

)
.

Therefore

‖f‖L2(S) ≤
1 + |α|∞

1− 3|α|∞‖L‖2

‖Θα(f)‖L2(S). (5.24)

If Θα(f) = 0, then f = 0 and consequently Θα(f) is injective. To show that the range of

Θα is closed, consider a convergent sequence Θα(fn) such that Θα(fn)→ gα. Since the

sequence Θα(fn) is convergent, it is also Cauchy and therefore according to (5.24), fn is
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also a Cauchy sequence. Consequently, fn is convergent in a Banach space. If fn → g

as n→∞, then the continuity of Θα implies that

Θα(g) = lim
n→∞

Θα(fn) = gα .

Therefore gα belongs to range of Θα and hence range of Θα is closed.

The treatise [42] is a good reference for the basic definitions used in the sequel.

Definition 5.5.1. Let H be a Hilbert space. A sequence (xk) ⊂ H, is a Bessel sequence

in H if there exists a constant B > 0 such that for all x ∈ H
∞∑
k=0

|〈x, xk〉|2 ≤ B‖x‖2 .

Proposition 5.5.2. For any scale vector α with |α|∞ < 1, (Hα
nk) is a Bessel sequence.

Proof. For any f ∈ L2(S),

∞∑
k=0

2k∑
n=0

|〈f,Hα
nk〉|2 =

∞∑
k=0

2k∑
n=0

|〈f,Θα(Hnk)〉|2

=
∞∑
k=0

2k∑
n=0

|〈(Θα)∗(f), Hnk〉|2,

where (Θα)∗ is the adjoint operator of Θα. Applying Parseval identity to the orthonormal

basis (Hnk), it follows that

∞∑
k=0

2k∑
n=0

|〈f,Hα
nk〉|2 = ‖(Θα)∗(f)‖2

L2 ≤ ‖Θα‖2
2‖f‖2

L2 ,

since ‖(Θα)∗‖2
2 = ‖Θα‖2

2. Therefore (Hα
nk) is a Bessel sequence with Bessel constant

B = ‖Θα‖2
2.

Definition 5.5.2. A sequence (xk) in a Hilbert space H is a frame if there exist numbers

A > 0 and B > 0 such that for all x ∈ H we have

A‖x‖2 ≤
∞∑
k=0

|〈x, xk〉|2 ≤ B‖x‖2. (5.25)
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Definition 5.5.3. A sequence (xk) in a Hilbert space H is a frame sequence if it is a

frame for its closed span [xk] = span(xk).

Proposition 5.5.3. If |α|∞ <
‖L‖−1

2

3
, then (Hα

nk) is a frame sequence.

Proof. In the proof of Proposition 5.5.2, for any g ∈ L2(S)

∞∑
k=0

2k∑
n=0

|〈g,Hα
nk〉|2 ≤ ‖Θα‖2

2‖g‖2
L2(S) .

Therefore right hand inequality of (5.25) holds for B = ‖Θα‖2
2.

If |α|∞ <
‖L‖−1

2

3
, then due to Proposition 5.5.1, Θα is injective with closed range. Then

range of Θα, Range(Θα) is a Hilbert space, since it is a closed subspace of a Hilbert

space L2(s). Consequently (Θα)−1 is well defined, linear and bounded as Θα (see, e.g.,

Theorem 3.5.3, [45]). Therefore, Θα ◦ (Θα)−1 is the identity operator on Range(Θα).

If g ∈ [Hα
nk], then since span(Hα

nk) ⊆ Range(Θα), it follows that g ∈ Range(Θα).

Therefore as Range(Θα) is closed,

[Hα
nk] = span(Hα

nk) ⊆ Range(Θα) .

But for any g ∈ [Hα
nk],

g =
(
(Θα)−1

)∗ ◦ (Θα)∗(g)

and thus

‖g‖2
L2(S) ≤ ‖(Θα)−1‖2

2‖(Θα)∗(g)‖2
L2(S), (5.26)

since

‖
(
(Θα)−1

)∗‖2 = ‖(Θα)−1‖2 .

As in the proof of Proposition 5.5.2,

‖(Θα)∗(g)‖2
L2(S) =

∞∑
k=0

2k∑
n=0

|〈g,Hα
nk〉|2 .

Using it in (5.26)

‖g‖2
L2(S) ≤ ‖(Θα)−1‖2

∞∑
k=0

2k∑
n=0

|〈g,Hα
nk〉|2 .
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Denoting

A = ‖(Θα)−1‖−2 ,

it follows that

A‖g‖2
L2(S) ≤

∞∑
k=0

2k∑
n=0

|〈g,Hα
nk〉|2 .

This completes the proof.

Definition 5.5.4. A sequence (xk) in a Hilbert space H is a Riesz sequence if there

exist k1 > 0 and k2 > 0 such that for any (λk) ∈ l2

k1

∞∑
k=0

|λk|2 ≤ ‖
∞∑
k=0

λkxk‖2 ≤ k2

∞∑
k=0

|λk|2. (5.27)

Proposition 5.5.4. If |α|∞ <
‖L‖−1

2

3
, then (Hα

nk) is a Riesz sequence.

Proof. If (cnk) ∈ l2, let us define for f ∈ L2(S)

f =
∞∑
k=0

2k∑
n=0

cnkHnk .

Then due to Parseval’s equality

‖f‖2
L2(S) =

∞∑
k=0

2k∑
n=0

|cnk|2 .

Also

‖Θα(f)‖2
L2(S) =

∥∥ ∞∑
k=0

2k∑
n=0

cnkH
α
nk

∥∥2

L2

≤ ‖Θα‖2
2‖f‖2

L2

= k2

∞∑
k=0

2k∑
n=0

|cnk|2,

where k2 = ‖Θα‖2
2.

For the left inequality in (5.27), let

k1 =
1− 3‖L‖2|α|∞

1 + |α|∞
.
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If |α|∞ <
‖L‖−1

2

3
, then from (5.24), it follows that

k1‖f‖2
L2(S) ≤ ‖Θα(f)‖2

L2(S) =
∞∑
k=0

2k∑
n=0

‖cnkHα
nk‖2
L2(S) .

Hence (Hα
nk) is a Riesz sequence.

Definition 5.5.5. A sequence (xk) in a Hilbert space H is a Riesz basis for H if it is

the image of an orthonormal basis for H under an invertible linear transformation. In

other words, if there is an orthonormal basis (ek) for H and an invertible transformation

T such that Tek = xk for all k.

Theorem 5.5.1. If |α|∞ < (2 + 3‖L‖2)−1, then (Hα
nk) is a Riesz basis for L2(S).

Proof. By hypothesis, |α|∞ < (2 + 3‖L‖2)−1, which implies

(1 + 3‖L‖2)|α|∞
1− |α|∞

< 1 .

Then due to (5.21),

‖I −Θα‖2 < 1 .

According to Lemma 5.3.5, the operator Θα is an isomorphism and hence (Hα
nk) is a

Riesz basis.
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