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Abstract

A fractal set is a union of many smaller copy of itself and it has a highly irregular
structure. Using Hutchinson’s operator, Barnsley [6], introduced Fractal Interpolation
Function (FIF) via certain Iterated Function System (IFS). The FIF is continuous and
self-affine in nature. By defining IF'S suitably, one can construct various form of fractal
functions including non-self-affine and partially self-affine (and partially non-self-affine)
FIFs. For any continuous function f, the corresponding fractal analogue f® is non-self-
affine, continuous, nowhere differentiable function [62,63]. The function f*, known as -
fractal interpolation function, generates a family of continuous functions corresponding
to the original function f for different scale vector a = (ay, a, ..., ayn) € (=1,1)". The
fractal function f interpolates and approximates f. Kolomogorov [51], introduced the
notion of fractal dimension which later demonstrated by Mandelbrot [56] to quantify
irregular patterns. The fractal dimension or box dimension measures the complexity
or irregularity of sets. It is seen in the literature that the graphs of FIFs have non-
integer Hausdorff-Besicovitch dimensions. The present work is mainly devoted to the
study pertaining to fractal dimensions and approximations of a-fractal interpolation
functions. It is organized in five chapters.

Chapter 1, is the introductory chapter reviewing the basics and some useful results
on fractals related to our work. At the end, it also includes two preliminary works
carried out by us. (i) Study on the perturbed bivariate fractal interpolation function
(BFIF) arising from perturbed IFS and upper bound for the error estimation between
the original BFIF and the perturbed BFIF [79]. (ii) Considering the graph-directed
iterated function system (GDIFS) for a finite number of generalized data sets, it is
shown that the projection of the attractors on R? is the graph of the coalescence hidden
variable fractal interpolation functions (CHFIFs) interpolating the corresponding data
sets [2].

In Chapter 2, the a-fractal interpolation function f* for an IFS where the original
function f and the base function b are Holderian with exponents 5; and Sy respectively,
is considered. In classical case, there is a result on dimension of the graph of a function
in Holder class. It states that if a function f is Holder continuous with exponent [
on a compact subset of R, then the dimension of the graph of f is bounded above
by 2 — f [12]. Also different type of FIFs and non-integer box dimensions of their
corresponding graphs can be found in the literature [9, 10,24, 37,40, 41,58]. In the
present work, the box dimension of the graph G of non-self-affine FIF f is settled
as follows. In the first approach, for equally spaced nodes, consider v = ZZ]\LI v,
where the scaling factors o; # 0 and § = min{fy, f2}. It is seen that (a) for v < 1,
1 <dimpG <2—3, (b) for v > 1 with yN°71 <1, 1 <dimpG <2 — B+ logy ", ()
for v > 1 with YN~ > 1,1 < dimp G < 1 +logy . To get a non-trivial lower bound,
if the interpolation points are not collinear then for v = Zfil a; > 1, where a; > 0
and 8 =1, dimg G > 1+ log, 7, whenever the original function f is concave and b is
affine. In particular, for an IFS with positive scale vector if f is concave and Lipschitz,
b is affine and the interpolation points are not collinear then dimp G = 1 + log, y for
v > 1 and dimpg G = 1 otherwise. In the second approach, for arbitrary nodes, let D be
the solution of S_~  [aglaP™ =1 and v = SN | |ay|. Tt is proved that (a) for v > 1,

i
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1 < dimpG < dimpG < 1—F+ D, (b) for v <1, 1 < dimpG < dimpG < 2 - 6.
To get a non-trivial lower bound, if the interpolation points are not collinear then for
vy = Zfil a; > 1, where a; > 0 and § =1, dimg G > D, whenever the original function
f is concave and b is affine. In particular, for an IFS with non-negative scale vector if f
is concave and Lipschitz, b is affine and the interpolation points are not collinear, then
dimp G = D for v > 1 and dimg G = 1 otherwise. By choosing the parameter av = 0,
the obtained results coincide with the existing classical one with f° = f. The research
work contained in this chapter is published as [3].

In Chapter 3, the a-fractal function f* with variable scale vector is considered for
f and b in Holderian class with exponent 3; and s respectively. The box dimension of
the graph G of f* is estimated in I = [0,1]. The results matches with the results in
Chapter 2 for constant scale vector. The fractal function f¢ is non-self-affine. So the
behavior of the graph of f¢ is non-uniform on the domain. Keeping this in mind, the box
dimension of the graph of f¢ in subintervals is also estimated here. Let o, = min{a; :
i =1,2,...,N} and amaxy = max{a@; : i = 1,2,..., N}, where a; = ming¢; |a;(z)]
and @ = max,e;s|o;(x)|. Define 7 = SN @, Let for fixed i* € {1,2,..., N}, G =
graph(f®|r.) be the graph of the function f* on the subinterval I;-. It is proved that
(a) if amin > 57 (= NP1 > 1), then 1 < dimp(Gy-) < 1+ logy 7, (b) if NP1 > 1,
then 1 < dimp(G+) < 2+ 108y Qmax, (€) if Qmax < w5, then dimp(G+) < 2— S and (d)
if a;» = 0, then 1 < dimg G+ < 2 — B. To get a non-trivial lower bound for constant
non-negative scale vector, let v = Zfil a; > 1 with a;« # 0. If the interpolation
points are not collinear, then dimp(Gj<) > 1 + logy 7y, whenever f is concave and
b is affine. In particular, for an IFS with constant non-negative scale vector if f is
concave and Lipschitz, b is affine and the interpolation points are not collinear then
dimp G+ = 1+ logy v for aumin > % and dimp G = 1 for apax < %

Jacobi system which forms a complete system in the weighted square integrable
functions space £2(—1, 1), where p")(x) = (1—2)"(1+z)% 7 > —1,5 > —1 is the weight
function is considered in Chapter 4. Legendre system, Chebyshev system, Gegenbauer
system, etc., are special cases of Jacobi system for certain choices of the parameters r
and s. By taking different type of classical functions systems, fractal analogues is defined
and an alternative family of Hilbert bases are provided by Navascués [63,66,70,71]. In
the present work, the Jacobi system is fractalized by means of a linear and bounded
operator which maps the original function to its fractal analogue. The Weierstrass type
theorem providing an approximation for square integrable function in terms of a-fractal
Jacobi sums is derived. A fractal basis for the space of weighted square integrable
functions £2(—1,1) is found. The convergence analysis of Fourier-Jacobi expansion for
affine FIF as well as non-affine smooth FIF for certain IFS is carried out in uniform
norm and weighted-mean square norm. The research work contained in this chapter is

published as [4].

Functions on the sphere S C R? has important applications in the area of oceanogra-
phy, environment, metrology, etc. In [64,69], Navascués constructed fractal versions of
the spherical harmonics. Navascués used the linearity and boundedness of the operator
8% which takes the original function on £2(S) to its fractal analogue, to prove fractal
version of many classical results in functional analysis/operator theory. In Chapter 5,
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a family of continuous functions on the unit sphere S C R? generalizing the spherical
harmonics, is considered. Using fractal methodology, fractal version of this family of
continuous functions on the sphere S is constructed. To do this, an iterated function
system and a linear bounded operator that maps classical functions to its fractal ana-
logues is defined. Some approximation properties of fractal functions on the sphere is
investigated. Restricting the scale vector involved in the IFS, a fractal Hilbert basis is
established for the functions on the sphere.
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Chapter 1

Introduction

An Tterated Function System (IFS) is the core to define the self-referential function,
namely, Fractal Interpolation Function (FIF). A brief review on the basic concepts to

define a fractal interpolation function is presented below.

1.1 Iterated function systems
Let X C R™ and (X, d) be a complete metric space. Consider
H(X) ={S C X:Sis a non-empty compact set in X'}
with the Hausdorff metric dy (A, B), defined by
du(A, B) = max{dx (A, B),dx(B,A)} ,

where dy(A, B) = maxyes mingepd(x,y) for any two sets A and B in H(X). The
completeness of the metric space (X, d) implies that (#,dy) is complete [34]. Let for
i=1,2, ..., N,w;: X - X be continuous maps. Then {X;w;:i=1, 2, ..., N} is
called an iterated function system (IFS). For each 4, if the map w; is contractive, that
is,

d(wi(x),w;(y)) < Gd(z,y) forallzandyin X, 0< (< 1,

then the IFS {X;w; : i = 1, 2, ..., N} is known as a hyperbolic iterated function
system with contractivity factor ¢ = max{¢; : i = 1, 2, ..., N}. The set valued
1
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Hutchinson operator W : H(X') — H(X) is defined by
N
W(B) = Jwi(B) for all B € H(X) ,
i=1

where w;(B) := {w;(b) : b € B} and is also contraction with the contractivity factor

¢ [44]. Banach fixed point theorem ensures that there exists a unique set A € H(X)

such that
N
A=W(A) = Juwi(A) .
i=1
The set A is called the attractor associated with the IFS {X;w; :i=1, 2, ..., N}. It

is also called the invariant set of the IFS.

Definition 1.1.1. Let {X;w; :i=1, 2, ..., N} be a hyperbolic IFS with contractivity
factor . A set A € H(X) is said to be an attractor of the IF'S or a deterministic fractal

if imy, oo W™(B) = A for every B € H(X).

1.2 Fractal interpolation functions

The fractal interpolation is an alternative of classical interpolation such as polynomial
interpolation, spline interpolation, etc., in approximation theory generally for irregular
curves. It effectively interpolates some experimental data by a non-smooth curve. In
1986, Barnsley [6], introduced the concept of fractal interpolation function via an iter-
ated function system on a compact subset of R. The construction is mainly by defining
a suitable IF'S such that the attractor of the IFS is the graph of a FIF. The FIF is the
unique fixed point of Read-Bajraktarevi¢ (RB) operator acting on a suitable functions
space. This operator was first studied by Read [82] and followed by Bajraktarevié¢ [5].

The general construction of an IFS and a FIF is as follows.

Let a set of interpolation points {(z;,y;) € I xR : i =0, 1, ..., N} be given,
where A : xy < 17 < -+ < xzy is a partition of the closed interval I = [zg, zx] and
Yi € [hl,hQ] - R, 1 = 0, 1, ceey N. Set Il = [q:i,l,a:i] for ¢ = 1, 2, ey N and

2
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K =1 x[hy,he). Let L; : I — I;;i =1, 2, ..., N, be contraction homeomorphisms

such that
Li(zo) = xi—1, Li(zn) =y, (1.1)
|Li(c1) — Li(co)| < d|ey — co| for all ¢; and ¢y in 1, (1.2)
for some 0 < d < 1. Furthermore, let F; : K — R, 7 =1, 2, ..., N, be given continuous
functions such that
Fi(wo,%0) = yi1, Fi(an,yn) = ¥, (1.3)
|Fi(x,y) — Fi(z",y)| < vlz — 2|, x,2* € I,y € [h1, ha, (1.4)
|Fi(2,61) — Fi(®,&)| < |aill§r — &f, © € 1,61,& € [h, he (1.5)
for a constant v and for ay; € (—1,1),7=1, 2, ..., N. Define the mappings W, : K —

LxR,i=1,2 ... N by
Wi(z,y) = (Li(x),FZ-(a:,y)) for all (z,y) € K .
Then
{K; Wi(z,y) : i=1,2,...,N} (1.6)

constitutes an IFS. It is clear from above that for ¢« = 1, 2, ..., N, W, satisfies

I/I/i('r07y0) = (%—h%—l)y VV?,('/L‘N7yN> — (37173/1)

Theorem 1.2.1. (see [6]). The IFS {K;W; :i=1, 2, ..., N} defined by (1.6) has
a unique attractor G, where G is the graph of a continuous function g : I — R which

obeys g(x;) =vy; fori=0,1, ..., N.

Definition 1.2.1. The function g defined in Theorem 1.2.1 is called a fractal interpo-
lation function (FIF) or simply fractal function for the interpolation data {(z;,y;) : i =
, ..., N}.

Let C. be the space of continuous functions ¢* : I — R such that ¢*(z¢) = vo,

g*(xy) = yn endowed with the uniform metric du (g7, 93) = maxges |9 (x) — g5(z)]|.

3
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Then (C., d) is a complete metric space. The Read-Bajraktarevi¢ operator T": C. — C,

is defined by
Tg*(z) = F;(Ly'(z),g* o Ly '(2)), z € L;;i=1, 2, ...,N

and it is contractive with the contractivity factor ||, = max{|o;|;i =1, 2, ..., N}.
The fractal interpolation function ¢ is the unique function satisfying the following fixed

point equation

g(z) = F;(L7'(z),g(L; '(x))) forallz € [;,; i =1, 2, ..., N. (1.7)
The widely studied FIFs so far are defined by the mappings

Li(zx)=a;z + d;, Fi(z,y)=a;y +q(x), i=1,2, ... N, (1.8)

where the real constants a; and d; are determined by the condition (1.1) as

(l‘z‘ - 901‘—1)

(N — 20) (N — 20)

a; =

(1.9)

and ¢;(x)’s are suitable continuous functions such that the condition (1.3) holds. If all
gi(x) are taken as affine then the corresponding FIF is known as affine FIF (AFIF). If
the FIF is not-affine then it is known as non affine FIF. The polynomial IFS, obtained
by taking ¢;(z), i = 1, 2, ..., N as suitable polynomials, are investigated in [17,73].
Recently, the rational IFS that is obtained by taking ¢;(z), i =1, 2, ..., N as suitable
rational functions, are investigated in [91-93].

For each i, a; is a free parameter with |a;| < 1 and is called a vertical scaling factor
of the transformation W;. Then the vector a = (ay, a9, ..., ay) is called the scale
vector of the IFS. It may be noted that for an IFS, W, maps a line parallel to the y-axis
into a line parallel to the y-axis. Further, if L denotes a line segment parallel to the
y-axis, then the ratio of the length of W;(L) to the length of L is |a;|. This property

has an important role while finding the fractal dimension of a FIF.

4
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Instead of constant vertical scaling factors, one may take function vertical scaling
factors to define iterated function system for more flexibility. In [97], Wang and Yu,
considered Fj(x,y) = a;(x)y + ¢;(x) in (1.8) of the IFS, where a;(x) is a Lipschitz

function defined on I. Then the corresponding FIF ¢ satisfies
9(Li(z)) = Fi(z,9(z)) = () g(z) + gi(z) for all z € 1.

The actual interpolant is obtained by iterating indefinitely the IFS. Initially, there are
N + 1 data points. In the first iteration, the injective maps L;,7 = 1,2,..., N, gives
N — 1 points in each N subintervals. Consequently, at the end of the first iteration, one
can have N(N — 1) + N + 1 = N2 + 1 distinct points. Similarly, at the end of second
iteration, one can have N(N? — 1) + N + 1 = N3 + 1 distinct points. By induction, it
follows that the FIF g interpolates N" ! +1 distinct points after r-th iteration [91]. Note
that the computation is very fast and the interpolant can be viewed quickly as a whole.
So the main differences of a FIF from traditional interpolant is that (i) the construction
via IFS uses a functional equation for the interpolant and in small scale graph implies
a self-similarity, (ii) instead of using an analytic formula, the FIF is constructed by
iteration of the interpolant, (iii) the scaling factors offers more flexibility in the choice
of an interpolant and the fractal dimension of the graph of FIF is strongly related to

scaling factors which can be seen in the present work for certain types of FIF.

1.3 Smooth fractal interpolation functions

In general, the FIF is not differentiable and such type of FIFs can be found in [65].
However one can define the generating IF'S by choosing the parameters in such a way that
the corresponding fractal function exhibits the C"-continuity. Barnsley and Harrington
[8], first observed that the integration of any number of terms of a FIF is also a FIF, albeit

for a different set of interpolation points. The following theorem gives the smoother FIF.

Theorem 1.3.1. (see [8], Theorem 1). Let g be the FIF associated with the IFS {I x

5
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R; (Li(z), Fy(z,y)) :i=1, 2, ...,N} and g(z) = 3o + f; g(t)dt. Then, q is the FIF

associated with the IFS {I x R; (L;(x), Fy(z,y)) : i =1, 2, ..., N}, where Fy(z,y) =

a0y + qi(x). Fori=1,2, ...,N, y; and g;(x) are given by

i -~
?//\i:/y\o+zaj[aj(@\N—?//\o)+/ QJ(t)dt:|v Z:L 2a -'-7N_17

j=1 o

N x
2y [, qi(t)dt
YN = Yo T+ 1 N )

=D =1 40y

gi(z) = i1 — aiailo + ai/ q;(t)dt .

zo
The following proposition which provides a relation between the IFS of g and the

IFS of g, is an immediate consequence of the above theorem.

Corollary 1.3.1. (see [8], Corollary). Let g be the FIF corresponding to the IFS {I x
R; (Ll(x),Fl(a:,y)) i =1, 2, ...,N}, where L;, F; are given in (1.8). If g(z) =
Yo + fmxo g(t)dt, then § is the FIF associated with the IFS {I x R; (L;(z), Fi(x, y)) i =
1, 2, ..., N}, where E(m, y) = a;aqy + qi(x) and the function @; satisfies @(1) = a;q; for

alli=1, 2, ...,N.

The following theorem by Barnsley, guarantees that by suitably choosing the scaling
factors «; and the functions ¢; in the IFS (1.8), one can get the corresponding FIF g in

C" class.

Theorem 1.3.2. (see [8], Theorem 2). For a given data set xo < 1 < ... < xy, let
Li(x) = a;x + b; be such that it satisfies (1.1), (1.2) and F;(z,y) = oy + q;(x) satisfies

(1.8), (1.5) fori =1, 2, ..., N. Suppose for somer > 0, |o;| < sal, 0 < s <1 and

. o ®) (x *) (5
¢ € C'lxg,zn], i =1, 2, ...,N. Let F,p(z,y) = ﬁf—é(); Yoo = (I;T(Oﬁ), YNk =
(k)
w, k=12, ....r. If Foyx(en,ynk) = Fir(zo,yor) fori =2, 3, ...,N and

k=1,2,...,r, then {(Lz(x), Fi(x,y))}ijil determines a FIF g € C" [z, xn] and g™*) is
the FIF determined by {(Ll(x),Fm(m,y))}jV:l fork=1,2,...,r.
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1.4 «o-fractal interpolation functions

The a-fractal interpolation function f* defined below is continuous, nowhere differen-
tiable, non-affine fractal function which can be viewed as a perturbation of continuous
function f. For different choice of o € (—1,1)", one can get a family of continuous func-
tions f associated to f. It is worth mentioning here that the Hausdorff-Besicovitch
and box-counting dimension of the graph of the function f* depends on the scale vector

Q.

1.4.1 Construction of a-fractal interpolation functions

Let C(I) denote the normed space of real valued continuous functions on / endowed

with the uniform norm || f||e = sup{|f(z)| : = € I'}. Let f € C(I). Consider
gi(z) = f(Li(x)) — a; b(x), (1.10)
where b(x) is a continuous function such that b(zo) = f(x¢), b(xy) = f(xy) and b £ f.

Definition 1.4.1. (see [62,63]). Let f* be the continuous function whose graph is the
attractor of the IFS (1.8), (1.9) and (1.10). Then, the function f* is called the a-fractal

function associated to f with respect to the base function b(x) and the partition A.

Here the Read-Bajraktarevi¢ operator is defined as
Tg(z) = F; (L7 (z), 90 L '(2)) = f(z) + as(g — b)(L; '(®)), z € L;, i=1,2,...,N.
Thus f¢ satisfies the following fixed point equation
) = f(x) + ai (f*=b)oL; (w)forallzel;, i=1,2, ...,N. (1.11)

From (1.11), it is easy to deduce the following

oo
Yl < — bl , 1.12
1= Tl < 2=y =) (112
where |a|o = max{|a;| :i=1,2,..., N}. For a = 0, the fractal function f¢ is same as
the classical one f.
7
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1.4.2 Calculus of a-fractal interpolation functions

Recall that C, = {g : I — R | g is continuous and g(zo) = yo; g9(xn) = yN}. Let the

operator B* = B} , on C, be given by
B*:C, — C,
f—=fe.
The operator B* = By ;, depends on both b and A.

Proposition 1.4.1. (see [62], Proposition 2.3). For fixed A and b, B* satisfies the
following Lipschitz condition

I1B(£) ~ Bo)lloe < -

|0

Il f — glleo for all f and g inC, .

If the continuous function b given in (1.10), depends linearly on f, that is byg, 4, =
Abg, + pbg,, then the operator
F*:C(I)—C(I) (1.13)

f=r
is linear. For instance, let us choose b = f o ¢, where ¢ is a continuous, increasing

function such that ¢(xg) = z¢ and ¢(zx) = xx. Then from (1.11),
@) = f@) + i (f*=foc)oLi'(2),

g*(x) = g(x) + ai(¢g* —goc)o L' (x)
for all x € I;. Multiplying the first equation by A and the second equation by u, we

obtain

Af* + pg®) (@) = (Af + pg) () + o (Af* + pg® — (Af + pg) oc) o L (z) .

From this equation, it can be seen that the function A f® + pug® is the fixed point of the

Read-Bajraktarevi¢ operator

Th(z) :== (M + pg)(x) + ai(h — (\f +pg) o) o L () .

8
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The uniqueness of the fixed point shows that
A+ pg)* = Af*+ pg® forall A ueR.

Therefore the operator F¢ is linear. From (1.12), for b = f o ¢, one can have

Fe - o S T 0o
IF2(0) = Sl < 7272
That is,
1+ ||
'Fa o < (0.@)
e AL
and as a consequence, it follows that
1+ ||
F oo £ ———— .
77 € T

Therefore the operator F is linear and bounded. If we define b as
b=Lf, (1.14)

where L : C(I) — C(I) is a linear and bounded operator with respect to the uniform
norm on C(I), such that Lf(z¢) = f(zo) and Lf(zn) = f(ay), then for any f € C(I)

and its fractal function satisfies [72]

1% = Flloo < lafool[ f* = Lflloo, (1.15)
e} ‘Oé‘oo
11 = flle < mlll = Lllsoll flloo, (1.16)

where ||/ — L|| represents the corresponding operator norm as well. If we consider

1/p
1ller = ( / |f|”dt) ,

such that the operator L : C(I) — C(I) is linear and bounded with respect to £P-norm

LP-norm (1 < p < 00)

on C(I), then the following results can be found in [72].
For every f € C(I) and b defined as (1.14)

1/ = Fller < lalsllf* = Lfller (1.17)

9

TH-1574_11612310



||oo

1" = fller < If = Lfler - (1.18)

The results have been extended in [71] for any f € £LP(I), 1 <p < o0 as

IF5(f) = fller < ool F(f) = Ll 2o (1.19)

|a|oo

IF°0) = Fler < T2

If = Lfllev (1.20)

where F~ : LP(I) — £P(I) and L : LP(I) — L£P(I) are the corresponding extensions of
Feand L with || F'|l, = | F*|, and |[L||, = ||L|l,, where ||.|, represents the norm of
the operator with respect to the £P-norm. The theory of a-fractal functions for different

choices of b(z) can be found in [65,67,71,72] and references therein.

1.4.3 a-fractal interpolation functions with variable scaling fac-
tors

Instead of constant vertical scaling factors, one may take function vertical scaling

factors to define IFS for more flexibility [97]. Consider the IFS with mappings, for

i=1,2.... N
Li(x) =ax +d; ; Fi(z,y) = ai(x)y + f(Li(x)) — ai(z) bz) , (1.21)
where «;(z)’s are continuous functions on I satisfying ||allcc = max {||aile : i =

1,2,... ,N} < 1. Then the operator T' takes the following form
Tg(x) = F(L7 ' (x), 9oLy ' (2)) = f(@)+ai(L7 () (g=b)(L7 (), v € i =1, 2, ..., N.

Thus the corresponding a-fractal interpolation function f¢ with function scaling factors

satisfies the following fixed point equation

fz) = f(z) + (L (x)) (f* —b)(L;Y(x)) forallz € [;;i=1, 2, ...,N. (1.22)

10
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1.4.4 Smooth a-fractal interpolation functions

Let C*(I) be the Banach space of real valued functions having k-continuous derivatives
with the norm

| flle = max{Hf(r)Hoo cr=0,1,... ,k} )
To define a smooth a-fractal interpolation function g® corresponding to a smooth func-
tion g, Navascués and Sebastian [74], defined an IFS satisfying Theorem 1.3.2, in which
it is assumed that the constant scale factors o; = «a; for all @ = 1,2,..., N, that is,
the scale vector & = (ay,aq,...,aq) and the base function b as Hermite interpolating

polynomial such that the k-th derivative of b satisfies
b (z0) = g™ (o) ,

0 (zn) = g* (2n)

for k=0,1,...,N. Then

and the IFS consisting of,
Li(z)=az + d;, F(z,y) =iy +9(Li(z)) — o b(z) (1.23)

forx € T'and i = 1, 2, ..., N. The fractal function g* corresponding to IFS (1.23),
preserves the smoothness of g and satisfies

|O‘|oo
a - <
19" — gl < T Tl

_\‘oo

lg = blloo - (1.24)

In [92], Viswanathan and Chand relaxed the equality condition on the scale vector «

and considered a finite collection of base functions
B = {b € C(I)| bi(xo) = g(xo),bs(xn) = glan),b; #g.i=1,2, ..., N},

instead of taking a single base function b and defined a smooth a-fractal ¢g* corresponding

to a smooth function g, via the IFS consisting of,
Li(x) =a;z + d;, Fi(z,y)=ca;y +9g(Li(x)) — a; bj(x) (1.25)

11
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forx € I andi=1, 2, ..., N. The following theorem can be read in [92].

Theorem 1.4.1. (see [92], Theorem 3.3). Suppose that for some p > 0, we have |o;| <
kal for alli =1, 2, ...,N and 0 < k < 1. Let |a|oo = max{|ey| : i =1, 2, ..., N},
g € C? and the family B ={b;: i =1, 2, ..., N} be such that the derivatives up to the
p-th order of each of its members agrees with that of g at the end points of the interval.
Then the a-fractal function g* € CP(I) of g with respect to the partition A and the
family B satisfies

|a|oo
a - <
9% = gl < Tl

o] max{||g — bill:i=1, 2, ...,N}. (1.26)
- 00

Recently, Navascués et al. [76], provided condition so that the a-fractal function
f* with variable scalings is k-times continuously differentiable whenever the original

function f is k-times continuously differentiable and it is stated below.

Theorem 1.4.2. (see [76], Theorem 3.2). For a given data set xy < x; < ... < Tn,
let Li(x) = a;x + b; be such that it satisfies (1.1), (1.2) and Fi(z,y) = F;o(z,y) =
a;(x)y + q;(x) satisfies (1.3), (1.5) fori =1, 2, ..., N. Suppose for p € {0,1,... k},
Yop and yn, are arbitrarily chosen real numbers except yoo = Yo and yno = yn. For

i=1, 2, ...,N, assume that there exist functions o; and q; in C*(I) such that ||a||, <

(a;/2)* and fori=2,3, ..., N—1,pe{l,2,...,k},

o (8 ) mgel? e + i) S (1) awselfew) + (o
7 i ’
(p) - p (p—3)
0" (x0) = Yo,k — Y ( i > Yoo (wo)
=0
o) ~(» =
0 x) = ot = 3 (1 ) salt o)

=0
Then the corresponding FIF g € C*(I) and for p € {1,2,...,k},

¢ (Li()) = a;” [Z (7)ol @@+ )] e

fori=1,2,... N.

12
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It can be observed that the Barnsley-Harrington theorem given in Theorem 1.3.2 is
a special case of Theorem 1.4.2. The following theorem ensures that if f € C*(I) then

the corresponding a-fractal function f* € C*(I).

Theorem 1.4.3. (see [76], Theorem 3.4). Let the original function f € C*(I). Suppose
that fori =1,2,..., N, the scaling functions «; and the base function b in C*(I) such

that ||e|lx < (a;/2)* and
bP (z0) = fP)(20),0P(xn) = fP(2n), p€ {0,1,... k} .

Then the corresponding f given in (1.22) belongs to C*(I). Further, fori =1,2,...,N,

(fa)(p)(xz) = f(p)(xz)v p € {07 17 R k}

and (f*)P) satisfies

) = ) +a( S 2 )al @ -00)).

1.5 Fractal dimension

In fractal geometry, the index/notion of dimension characterizes the irregularity of a set
or an object. There are different kinds of dimensions like topological dimension, fractal
dimension, etc., associated with a set. Since the fractal dimension gives a non-integer
values to the dimension, it is best suited in the study of irregular objects ‘fractals’.
Fractal dimensions are also of two kinds: those related to the measure theory, namely,
Hausdorff dimension, packing dimension and those obtained by counting methods or
integration methods. Kolomogorov [51], introduced the notion of fractal dimension
which later demonstrated by Mandelbrot [56] to quantify irregular patterns. For different

types of dimensions, one can see [33,87].

13
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1.5.1 Hausdorff dimension

Let (X, d) be a metric space and S € H(X'). Set the diameter of S as |S| = sup{d(z,y) :
z,y € S}. Let s be any non-negative real number. Then for any § > 0, define

Hg(S):inf{Z]UnP:Sgu;’leUn and 0 < |U,| §6f0rn=1,2,3,...},

n=1

where the infimum is taken over all countable covers {U,} of S. Define

H*(S) = lim H(S) .

50

This limit exists for any subset of R™ though the limiting value can be 0 or oo and known
as s-dimensional Hausdorff outer measure. The value of s for which H*(S) jumps from
oo to 0 is called the Hausdorff-Besicovitch dimension or simply Hausdorff dimension of

S. That is, there exists a unique non-negative number sy such that

s _ )%, if 0<s<sg
H(S)_{O, if s> 5 .

The number s is called the Hausdorff dimension of S and is denoted by dimy S. Though
the Hausdorff dimension has the advantage of being defined for any set, it is rather
difficult to calculate in many cases. For easy computations, box dimension is more

suitable for fractals.

1.5.2 Box-counting dimension

Box-counting dimension or simply box dimension is largely popular due to its relative
case of mathematical calculation and empirical estimation. Barnsley [7], refers the box

dimension as fractal dimension. In this thesis, we deal only with box dimension.

Definition 1.5.1. (see [33]). Let G be any non-empty bounded subset of R™ and N5(G)
be the minimum number of closed balls of radius & > 0 which can cover G. The lower

and upper box-counting dimension of G respectively are defined as

dimpG = limsup log./\f—g(G)
50 —logd
14
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and

1
dim ;G = lim inf 28Ne(G)
§—0 —logo

If both limits exist and are equal then the box-counting dimension of G is denoted by

dimpg G and defined by
log N5(G)

dlmBG:(lsl_I}(l)Tg(s .

There are equivalent definitions of box-counting dimension by taking Ns(G) as any

of the following
(i) the minimum number of square boxes of sides § parallel to axes;
(ii) the minimum number of /-mesh cubes that intersect G;
(iii) the maximum number of disjoint balls of radius ¢ with centers in G.

The following proposition is an alternative for easy calculation of box-counting dimen-

sion.

Proposition 1.5.1. (see [7], Theorem 1.2). Let S € H(R™) and N,,(S) be the minimum

L

number of closed boxes of sides length &

which intersects S. Then the bozx-counting

dimension is

mmBSZIM1E&Mﬁ2.
n—oo — log on

In general for any set .S, dimy S < dimg S.

Definition 1.5.2. A function g : S € R — R s said to be Holderian with exponent

B € (0,1] if there exists a positive constant C' such that
l9(x) = g(y)| < Cla —y|” for all z,y € S.
Here C' s called the Holder constant of f.

Theorem 1.5.1. (Besicovitch and Ursell) (see [12]). The Hausdorff dimension of the

graph of any Hélderian function with exponent 5 € (0,1] is d satisfying 1 < d <2 — f5.

15
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The above result shows that for smooth function the fractal dimension of its graph
is one. The following result gives a non-trivial dimension for the graph of non-smooth

fractal function.

Theorem 1.5.2. (Barnsley). (see [7], Theorem 3.1). Let G be the graph of an affine
FIF associated with the data {(xl,yl) cR?:i=1,2,... ,N}. If Zfil lai;| > 1 and the
interpolation points are not collinear, then the fractal dimension of G is the unique real

solution D of
N
Z loglaPt =1.
i=1

Otherwise, the fractal dimension of G is 1.

1.6 Functions on the sphere

Spherical harmonics have interesting applications in modeling of the gravitational field,
meteorology, computer graphics, etc. The use of ‘Laplace series’ or ‘Fourier-Laplace
series’ is an old idea, going back to P. Laplace and A. Legendre in the late 1700s. It
generalizes the idea of Fourier series representation of a periodic univariate function by
using spherical harmonics for a function on the sphere. There is a rich literature on
approximation of functions on the sphere, most notably, Gronwall [39], Newman and
Shapiro [77], Ragozin [81], Rustamov [85], Ditzian [29,30] and Dai and Xu [21].

An n-th degree homogeneous polynomial V' in the variables z,y, z satisfying the

Laplace equation

PV 9PV 9*V
fd + =

AV 0x? * oy? 022

0,

is called a Laplace or harmonic polynomial of degree n. The following result can be read

n ( [86], Section 18).

Theorem 1.6.1. There exists only 2n + 1 linearly independent Laplace polynomials of

degree n.

16
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Consider the spherical coordinates (p, p,0) for P € R? and

E(P) =sinpcosl; n(P)=sinpsing; ((P)=cosg; 0Sp=7;, 0=60

A
O
3

where 6 is the longitude and ¢ is the colatitude. Then

Vn(xv y’ Z) = pnv(£7 T]? C) ‘

The function

Y, (p,0) = V,(sin ¢ cos 8, sin psin b, cos )

is called the n-th order Laplace function or spherical harmonic. Let P,(z) be the n-th
Legendre polynomial of degree n. The fundamental system of 2n+1 spherical harmonics

of the point P = (¢, ) of the unit sphere S is

Un(p,0) = Pafcosy),
Ul(p,0) = P(cosyp)cos(mb), (1.27)
Vii(p,0) = Pl'(cosp)sin(md),
m = 1,2,...,n and P! is the (n, m)-Ferrer’s associated Legendre polynomial defined
as
P (z) = (1 — 22)% P™)(x). (1.28)

Here P\™ (x) denotes the derivative of the m-th order of P,(x) with respect to z. Two

spherical harmonics of different order are orthogonal over the sphere S in the sense that

/ Yo(P)Y,u(P)dS = 0; n#m.,
S

where dS is the element of area of the sphere S. The set of spherical harmonics H,,,
of order n, is a linear subspace of continuous functions on the sphere with dimension
2n + 1. The polynomials given in (1.28) satisfy the following [86]

1
/ Pflm) (x)Pr(m)(:v)dx =0; n#r;

1

[t = 22t

17
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The family
(v, ur, viin=0,1,...,m=1,2,...,n}

is an orthogonal and complete system in £2(S), the space of square integrable functions

on the sphere S.

1.7 Motivation of present work

The concept of fractal interpolation function that opened a new door of research in the
field of approximation theory was proposed by Barnsley [6]. The graph of a fractal
interpolation function f : I € R — R which interpolates a data set {(x“yz) D=
1,2,...,N }, is an attractor of some iterated function system. The function is generally
self-affine in nature. It has been generalized for higher dimensions as self-affine fractal
interpolation surfaces whose graphs are attractors of IFSs associated with given data
sets [13,14,23,57]. The non-self-affine fractal function, namely hidden variable fractal
interpolation function is defined for generalized data sets in [9]. More flexible fractal
functions which are self-affine as well as non-self-affine, can be found in [16,49].
Navascués [62, 63, 68, 70-72], defined and studied a family of non-smooth fractal
functions f¢ known as a-fractal interpolation functions corresponding to a continuous
function f. The functions f* approximate and interpolate f simultaneously in a compact
subset of R. The scale vector a = (ay, ag, ... ay) € RY gives a family of fractal
functions f®. On the other hand, fractal dimension which is the heart of fractal geometry
helps to understand the visual complexity of an object. Mandelbrot [56], demonstrated
that fractal dimension is useful to quantify irregular patterns such as fractals. Many
works have been carried out on different types of fractal functions and calculation of box
dimensions of their graphs [8,10, 18,24, 36, 40, 55, 60, 80,83]. It is seen in the literature
that the scale vector of the IFS has an important role for the estimation of the fractal
dimension of the graph of a fractal function. So far, there is no existing result or

formula for box dimension of the graph of a-fractal function f®. In the present work, an

18
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estimation for the box dimension of the graph of a a-fractal function f® corresponding

to Holder function f is calculated.

For more flexibility, function scale vector is considered in the IFS and box dimension
of the graph of the corresponding a-fractal function f¢ is estimated in the present work.
The a-fractal function f® is non-self-affine in nature. So the behavior of the graph of
f¢ is not self-similar in the interval. By looking at the graph of f¢, it is not clear that
how the dimension of the graph differs in subintervals. In the present work, this issue

has been investigated in detail in subintervals for different possible form of scale vector.

Several properties of the operator F* : C(I) — C(I) defined by f — f have
been explored and also been extended to more general spaces like Lebesgue spaces
LP(I)(1 < p < o). Navascués proposed a general procedure to define non-smooth
fractal versions of classical trigonometric approximants and generalized some classical
results namely Dini-Lipschitz’s theorem on C(27) [67]. In this case, the fractal maps are
defined using IF'S theory generalizing the classical 2m-periodic continuous maps on the
unit circle and the existence of a Hilbert basis of fractal maps on the circle is proved [66].
The Lipschitz properties of the original function guarantee a good approximation of the
represented variable with truncated Chebyshev fractal object for high frequency sam-
ple [68]. In [75], the Legendre expansion of a real sampled function by means of fractal
methods is considered and its pointwise, uniform and mean-square convergence for suit-
able choice of scale vector are established. In the present work, the class of orthonormal
polynomials, namely, Jacobi polynomials [53] P{"" () = v, (r, s)z* +lower degree terms,
where r and s are real parameters > —1 and (7, s) > 0 is considered. The system of Ja-
cobi polynomials forms a Schauder basis/complete orthonormal basis for £2(—1,1) [43].
Using the completeness of this classical basis, a fractal Schauder basis for the space of
weighted square integrable functions £/2)(—1, 1) is found. The domain of uniform con-
vergence of the Fourier-Jacobi expansion of a function depends on the parameters r and

s. In the present work, an attempt is made to approximate continuous function with
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the Fourier-Jacobi expansion of affine FIF. To approximate continuously p-differentiable
function, Fourier-Jacobi expansion of non-affine p-differentiable FIF is used.

Navascués [64], fractalizes the functions on the unit sphere in R*® by means of a
linear and bounded operator. Navascués studied the fractal version of classical results
on functional analysis in a parallel way and provided fractal Hilbert bases for square
integrable functions on the unit sphere. In the present work, an attempt is made to
construct fractal version of a family of continuous functions on the unit sphere S C R3,

generalizes the spherical harmonics.

1.8 Organization of present work

The thesis is organized as follows.

The first chapter is the introductory one, consisting of definitions and the basics
related to our work. The concept of iterated function system, construction of frac-
tal interpolation function, smooth fractal interpolation function, a-fractal interpolation
function are reviewed here. The calculus of a-FIF and some basic results of the fractal
operator F¢ are given followed by the smooth a-FIF. The definitions of Hausdorff dimen-
sion and box dimension, and some existing results on fractal dimension are presented.
Further, a brief review of functions on the sphere is presented. Two new work, namely,
results on perturbations on vertical scaling factors of fractal interpolation surfaces are
presented here, followed by graph-directed coalescence hidden variable FIF.

In Chapter 2, the box dimension of the graph of a-FIF for Hélder function is esti-
mated. This is done for equally spaced data set as well as arbitrary data set. It is also
observed that our results generalize the existing result for classical one with a = 0.

In Chapter 3, the box dimension of the graph of a-FIF with function scale vector for
Holder function is calculated but the approach is different from the previous chapter.
The box dimension in the subintervals for the graph of a-FIF is also estimated. Finally,

the box dimension of the graph of f¢ in subintervals is compared with the box dimension
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of the graph of f* in whole interval.

In Chapter 4, an orthonormal system of Jacobi polynomials in £?(—1,1) with respect
to the weight function p*)(x) = (1 — )" (1 + )%, r > —1 and s > —1 is considered. A
fractal Jacobi system which is fractal analogous of Jacobi polynomials is defined. The
Weierstrass type theorem providing an approximation for a square integrable function in
terms of a-fractal Jacobi sums is derived. A fractal basis for the space of weighted square
integrable functions Ei(—l, 1) is found. The Fourier-Jacobi expansion corresponding to
an affine FIF interpolating certain data set is considered and its convergence in uniform
norm and weighted-mean square norm are established. The closeness of the original
function to the Fourier-Jacobi expansion of the affine FIF is proved for certain scale
vector. Finally, the Fourier-Jacobi expansion corresponding to a non-affine smooth FIF
interpolating certain data set is considered and its convergence in uniform norm and

weighted-mean square norm are investigated as well.

Chapter 5 is of two fold. Here a family of continuous functions on the unit sphere
S C R? generalizing the spherical harmonics, is considered. Using fractal methodology,
fractal version of the first type of this family on the sphere S is constructed. To do this,
an iterated function system and a linear bounded operator that maps classical functions
to its fractal analogues is defined. Some approximation properties of fractal functions on
the sphere are investigated. Restricting the scale vectors involved in the IFS, a fractal
Hilbert basis is established for the functions on the sphere. Again fractalizing the family
of continuous functions on the sphere S by means a linear and bounded operator, a
fractal version of the second type of this family is constructed. For different values of
the scale vector in the IF'S, Bessel sequence, frames and Riesz bases are established for

the space £2(S) of square integrable functions on the sphere S.
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1.9 Fractal interpolation surfaces and perturbations
on vertical scaling factors

This section contains a research work which is carried out by us related to perturbation

on vertical scaling factors of a bivariate fractal interpolation function [79].

1.9.1 Fractal interpolation surfaces

In [23], Dalla gave a method of construction of a bivariate fractal interpolation function
f: D C R? = R that interpolates given points { (zo, Yo, 200), -, (Tn, Yar, 2N0r) }
in R®. The graph of f is known as the bivariate fractal interpolation surface (FIS) which
is the attractor of the bivariate IFS.

H-Y Wang and his coworkers studied the perturbation and error analysis for bivariate
FIFs by introducing perturbation functions in the variables x and y in [96] and for one
variable FIFs in [95]. On the other hand, there are studies on how the vertical scaling
factors affect the bounds of the affine fractal interpolation function [84] and the bounds
of the attractor of the iterated function system with double vertical scaling factor [94].
Xu and Feng [98], studied the problem of perturbing the vertical scaling factors of one
variable FIF and gave a condition under which the perturbed IFS meet the fractal

interpolation continuous condition.

In the present work, we study the problem of perturbing the vertical scaling factors
of bivariate FIFs. We obtained conditions for which the new perturbed IFS to satisfy
the continuous condition. Finally, an upper bound for the error estimation between the
two FIF's are also found.

Let a set of data point T' = {(x;, v;, 2;) : ¢=0,1, ..., N; 7=0,1, ..., M}
be given in R?* with N > 1and M > 1. Let a = 29 < 21 < 29 < -+ < ay = b
and c =y <y <yo < -+ <yy =d. Set I =la, b, J = |c, d], I, = [x;-1, =i,
Jj =yj—1, yjland D;; = I; x Jj fori=1,2, ..., N, j=1,2, ..., M. Assume that the
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interpolation points are such that each of the sets

{(%0, yj, 205) * §=0,1, ..., M},
{(xn, y5, 2nj) = §=0,1, ..., M},
{(xs, yo, z0) : ©1=0,1,..., N},
{(zs, yrr, zig) : 1=0,1, ..., N}

is collinear.

Let D = I x J and define w;; : D x R — R? by

x a;x + b; wi(z)
wi |y | = ¢y + d; = v;(y) : (1.29)
z 6ij$+fijy+g¢jxy+sijz+kij Fi'(I,y,Z)

where the constants a;, b;, ¢;, d;, €, fij, gij, kij are defined by the equations

)

Zo Ti—1
Wi Yo = Yj—1 )
<00 ~(i=1)(j—1)
N €T;
Wi Yo = Yj—1 )
ZNO Zi(j—1) (1.30)
To Ti—
Wy Ym = Y )
20M 2(i—1)j
TN T
Wy Ym = Yj ;
ZNM Zij )
as
Ty — Ti—1 b Ti—1TN — Z;iZo
G s F o s 00T =1 W F
IN — X N — X

Yji —Yj—1 d — Yi—1Ym — YjiYo

Cj:yM—yo’ ' Ym — Yo
e = Zi—1j-1 — Zij—-1 — Sij(ZOO - ZNO) - gz‘jyo(xo - $N) 7
To — TN
fz‘j _ Zi—1j—-1 — Zi—1,j — Sij(ZOO - ZOM) - 9z‘j$0(yo - ?JM) :

Yo — Ym
Zij T Zic1j-1 — Zic1j — Zij—1 — Sij(Znam + 200 — 205 — 2N0)
(@n — o) (yar — yo)

gij =

Y
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kij = zij — eiyan — fiym — SijZNM — GijENYM -

Set ¢;j(x, y) = ei;x + fi;y + gijoy + kij for (x, y) € D. Then, Fj(x, y, z) = s;;2 +
¢ij(x, y) for (z, y, z) € D x R. The functions ¢;;’s are bivariate Lipschitz functions.

The constants s;;’s are called the vertical scaling factors. Let 0 < |s;;| < 1. Then
{DxR, wyj=(w, vj, Fy) : i=1,...,N; j=1,..., M} (1.31)

constitutes an IF'S.

The IFS has a unique attractor G which is the graph of a continuous function f :
D — R that interpolates the given data [23]. The function f is called the bivariate
fractal interpolation function (BFIF) for the IFS (1.31) and f satisfies the fixed point

equation

fla, y) = sij flu (), 07 () + diy(u; ' (2), v (y)) for all (x, y) € Dy,
(1.32)
fori=1,2,...., Nand j=1,2, ..., M.

1.9.2 Perturbation in scaling factors

We introduce a perturbation in the scaling factors of the IFS (1.31) as follows.
DefineT;; : DxR —Rfori=1,2,...,Nand j=1,2,..., M by

Tii(z, y, 2) = (sij+0i5)z + ¢ii(z, y),

where §;;’s satisfies the condition 0 < |s;; + d;;| < 1.

Then, we construct a new IFS
{DxR, (u, vj, Tij) : i=1, ..., N; j=1,..., M}. (1.33)

We call the IFS (1.33) as the perturbed IFS of the given IFS (1.31).
In the sequel, we denote the matrix consisting of the scaling factors as S = (s;;) and

the matrix consisting of the perturbations added to the scaling factors as A = (9;5).
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Example 1.1. Let f be a fractal interpolation function whose graph is the attractor of
the IFS {D xR, wy; = (w, vy, Fyy) - 1=1, ..., 3, j=1, ..., 3} that interpolates

points given in the following table

y/x | 0 64 128 192
0 | 100 100 100 100
64 | 100 130 130 140

128 | 100 140 130 140

192 | 100 100 130 140

For this IFS, the vertical scaling factors are taken as

045 04 —045
S=1 035 —-0.15 0.15
—-0.3 025 —0.45

The computed functions Fj;’s are given by

Fi(x, y, z) = 0.45z 4 0.0003255xy + 55,

Fio(z, y, z) = 0.4z + 0.1563z — 0.000434zy + 60,

Fis(z, y, 2) = —0.452 4 0.1563x + 0.0007595xy + 145,

Fy(x, y, 2) = 0.352+0.1563y — 0.0001085xy + 65,

Fy(z, y, 2) = —0.152 4 0.0521x — 0.0001085xy + 145,

Fy(z, y, 2) = 0.15240.0521y — 0.0001628zy + 115,

Fy(z, y, 2) = —0.32z 4 0.2083y — 0.0007595zy + 130,

Fyo(z, y, z) = 0.252 —0.2083z — 0.0521y + 0.0008138xy + 115,

Fys(z, y, z) = —0.45z 4 0.0521y + 0.0004883zy + 175.

Then, it is easy to check that the continuity condition (1.30) are satisfied for the given
data. For example, F33(0,0,100) = F5(192,192,140) = F»3(192,0, 100) = F35(0,192,100) =
130 = 299 and so on.

In the above IFS, the vertical scaling factors S are perturbed and the new vertical
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scaling factors S* are obtained as follows.

S*=S54+A

0.45 0.4 —0.45 —0.15 0.1 0.15

=| 035 —-0.15 0.15 - 0.15 —0.15 0.05
—-0.3 025 —0.45 —0.1 0.05 0.15
03 05 -0.3

= 0.5 =03 0.2
-04 03 -0.3

Then the perturbed IFS {D xR, (w, vj, Ti;) : ¢=1,...,3 j=1, ..

constructed where,

T (,
To(,
Ti3(x,
T (,
T (,
Ts(x,
T3 (z,
Tso(,

133 ($ )

Y,

Y,

Y,

Y,

Y,

Y,

Y,

Y,

Y,

= 0.3z + 0.0003255xy + 55,

= 0.5z 4+ 0.1563z — 0.000434xy + 60,

= —0.32 + 0.1563z + 0.0007595zy + 145,

= 0.52 4+ 0.1563y — 0.0001085xy + 65,

= —0.32 +0.0521z — 0.0001085xy + 145,

= 0.22 4 0.0521y — 0.0001628zy + 115,

= —0.4z2 + 0.2083y — 0.0007595zy + 130,

= 0.3z — 0.2083z — 0.0521y + 0.0008138xy + 115,

= —0.3z + 0.0521y + 0.0004883zy -+ 175.

., 3} 18

Observe that T33(0,0,100) = 145, T55(192,192,140) = 109 and hence T33(0,0,100) #

T59(192,192,140). Therefore, the continuity condition is not satisfied by the perturbed

IFS.

In the following, we find conditions so that the perturbed IFS will satisfy the con-

tinuity condition. The main aim of the following theorem is that instead of changing

all the coefficients of IF'S; only modification at constant term is sufficient to ensure the

existence of fractal function.

TH-1574_11612310
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Theorem 1.9.1. Consider the perturbed IFS (1.33) of the IFS (1.31). Let M;j(x, y, z) =

Tij(z, y, z)+ N fori=1,2, ..., Nandj=1,2,..., M, where \;;’s are real constants.

Assume that \j; = 0.

1. If \;; satisfies

then

2. If \ij satisfies

then
3. If \ij satisfies
then

4. If \ij satisfies

then

5. If Nij satisfies

TH-1574_11612310

Jj—1 J
= <261k> 20M — ( ik
k=1 k=2
TN
Mi; | ym = M1
ZNM
j—1 J
( 5ik> ZANM — (Z@k
k=1 k=2
TN
M | ym | = Mgy
ZNM

) ZNo + it -

(1.34)

(1.35)

(1.36)

(1.37)



then

Ai+1); = Oi(j+1)ZN0 — O(i+1); 2o T+ AiGj+1) - (1.38)
6. If \ij satisfies
TN Zo
M| ym | = Mutygey | Yo
ZNM 200
then
Ai+1)G+1) = Oij 2NM — Or1)G+1) 200 + Aij - (1.39)

Then the changed IF'S
{D xR, (u;, vj, Myj) :i=1,...,N; j=1,..., M} (1.40)

satisfies the fractal interpolation continuous condition. We denote the function whose

graph is the attractor of the IFS (1.40) by fs(x, y).

Proof. 1. The fractal interpolation continuous condition

TN To
M;; Yo = M1y Yo
ZNO 200
gives
Oij zvo + Aij = Ogirnyj 200 + Ay
A+ = Oij ZN0 = Oa+1); 200 + Aij -
Now,
Aij = O0@-1)j 2N0 — Oij 200 + Ai-1)j
Ai-1); = 0@u-2)j 2Nv0 — O@—1)j 200 + Ai=2); »
Ayj = 015 2no — 025 200 + Ay
28
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Substituting the values of Ayj, ..., Ay—1); in Aj; we get

i1 i
)\ij = (Z 5@) ZNO — (Z 5]@) 200 + /\lj .
k=1 k=2
The proofs of the remaining other cases are similar to the case 1. O

Note:

1. Putting j = 1 in (1.37) and substituting A;; in (1.36), we get

Jj—1 i—1 j i
Aij = (Z&k i Z&ﬂ) INM — (Z&k) ZNO — (Z 5k1) Zom - (1.41)
k=1 k=1 k=2 k=2

Putting ¢ = 1 in (1.36) and substituting \;; in (1.37), we get

i—1 j—1 i J
Aij = (Z 5kj+251k> INM — (Z%j) Zom — <Z51k> Zno - (1.42)
k=1 k=1 k=2 k=2

2. For the boundary points {(x;, yo, 2zi0) : ¢ =0, 1, ..., N}, (1.34) is used to

check the continuity of M;;’s (1 <i < N, j=1).

3. For the boundary points {(zo, y;, 20;) : j =0, 1, ..., M}, (1.35) is used to
check the continuity of M;;’s (i=1, 1 <j < M).

4. For the boundary points {(zn, y;, 2n;) : =0, 1, ..., M}, (1.41) is used to

check the continuity of M;;’s.

5. For the boundary points {(x;, ya, zin) @ @ =0, 1, ..., N}, (1.42) is used to

check the continuity of M;;’s.

6. For other fractal interpolation points, (1.38) or (1.39) or (1.41) is used to determine
/\ij'

Example 1.2. Consider the IFS and the perturbed IFS given in Example 1.1. Using
Theorem 1.9.1, we compute \;;’s, M;;’s and show that the fractal interpolation continu-

ity conditions are satisfied.
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Since A1 = 0, we have M;1(192,192,140) = 109 + A\; = 109 + 0 = 109.
Using (1.41), we get A2 = —31 and M15(192,0,100) = 140 + Aj2 = 1009.
Using (1.38), we get Aoy = —36 and Ms;(0,192,100) = 145 + Ag; = 100.
Using (1.89), we get Aos = —6 and May(0,0,100) = 115 + Ay = 109.

Using (1.41), we get Ao = —31 and M;5(192,192,140) = 144 + A\j5 = 113.
Using (1.41), we get A3 = —32 and M;3(192,0,100) = 145 + A3 = 113.
Using (1.38), we get Aoy = —2 and Ms3(0,192,100) = 115 + Ay = 113.
Using (1.39), we get Aoz = —22 and Ms3(0,0,100) = 135 + Ay3 = 113

Using (1.41), we get Aoy = —36 and M1(192,192,140) = 161 + Ay = 125.
Using (1.41), we get Aos = 0 and M33(192,0,100) = 125 + Ay = 125,
Using (1.38), we get A\3; = —5 and Ms3;(0,192,100) = 130 + Ag; = 125.
Using (1.39), we get A3o = —20 and M35(0,0,100) = 145 + Azp = 125.

Using (1.41), we get Aog = 0 and Ma(192,192,140) = 109 + Agg = 109.
Using (1.41), we get Aoz = —26 and M,3(192,0,100) = 135 + Ag3 = 100.
Using (1.38), we get A3y = —26 and M35(0,192,100) = 135 + A3p = 1009.
Using (1.39), we get A\33 = —36 and Ms33(0,0,100) = 145 + A33 = 100.

It can be easily checked that the continuity condition of M;;’s in (1.40) are satisfied
on the boundary points of the rectangular domain by using the value of Ni; in (1.40)

computed from (1.34) or (1.35) or (1.41) or (1.42).

Therefore, it is concluded that the IFS (1.40) satisfies the fractal interpolation con-

tinuous condition when adding corresponding \;;.
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1.9.3

Error estimation

In this section, the estimate on error between the FIF f(x, y) of the IFS (1.31) and the

FIF fs(x, y) of the perturbed IFS (1.40) is computed.

Set N = {1, 2, ...
n, define w; ..., (x) =

Vjrga-jn (Y)

, N} and M ={1, 2, ..., M}. Foripz e N, k=1,2 ..,

u;, () and for j € M, k =1, 2, ..., n define

uilouho..

= Vj; OUjy 0+ 0 an(y)'

Lemma 1.9.1. Let f(x,y) and fs(x,y) be the bivariate FIFs generated by the IFS (1.31)

and (1.40) respectively. Then for any (zv,y) € D, iy, e N, jr e M, k=1,2, ..., n,

we have,

where

and

TH-1574_11612310

n n r—1
Wiy i (T) = <H aik> x + Z (H %) b; (1.43)
k=1 r=1 k=1
n n r—1
)= (o) o+ 30 (TTen) - o
k=1 r=1 \k=1
fs(Uirisin (®)s Vg (y)) = (H (Sipge T+ 5im>> fs(z,y)
k=1
n—1
+ ( (Sikjk + 51k]k)) ¢injn (1’, y)
k=1
n—1 r—1
+ ( (Sikjk- i 6Zk]k)> ¢irjr (Ev g)
r=1 k=1
n r—1
+ Z ( (Sikjk + 5Zk]k)> /\irjr>
r=1 k=1
n—r n—r -1
T = Uiy Zn(I) = ( a,ﬂk) T+ Z ( CLZ'T_H%) bir+l s (145)
k=1 =1 k=1
n—r n—r -1
Y= Yjriain (y) - (H er+k> y+ Z ( er+k> djr+l : (1'46)
k=1 =1 k=1



Proof.

Uiyiy...in(T) = Ugy O Uy 0+ 0 U, (1)

Similarly,
n n r—1
UjljZ"'jn(y) = <H Cjk) T + Z (H Cjk) dj .

Now

f(uh(x)? Uj (y)) = 511j1f<-75, y) + ¢i1j1 (l‘, y)

f(uhiz (33)7 Uj1ja (y)) - 5i1j1f(ui2 (:E), Ujy (y)) + ¢i1j1 (uiz (x)v Ujy (y))
Si1j1 (Sizjzf(xﬂ y) + ¢i2j2 ($, y)) + ¢i1j1 (Ui2 (.T), Ujy (y>>

Siqj1Sizge f(il?, y) + Sii ¢i2j2 (.CE, y) + ¢i1j1 (uiz (IL‘), Vjq (y>>

S (Wiriais (%), 05,5015 (U) = Sinjy Siggo f (i (%), 035, (Y)) + i1y Piga (i (%), 035 (y)
+ By (Uigis (), 0o (Y))
= SirjiSinjsSigjs /(T2 Y) + Sivjy Singa Pisjs (T, Y)
+ Sivjy Pingo (i (%), 05 () + Pirgy (Wigiy (), V1o (1))
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In general,
n n—1
f(uiliz---in ($)’ Ujija...jn (y)) = (H Sikik) f([l?, y) + (H Sikik) qbi’njn (fL‘, y)
+ Z <H S'ijk) ¢Zr]'r Wiy .. 2n< ) Ujr+1---jn(y))'

r=1

Therefore

f<ui1i2min (I)7 Ujij2...5n (y))

] ) f(l‘, y) + <1:I Sikjk) qbinjn (ZE, y)

i
I

[
presy
—?
V)
E
Pl
<
o

(1.47)

3 3
Il |
—_ —
7
Tl
(o}

¥2)

S

ol

.

o
S—
-

=

3

o,

E

—
|
|

S~—

Now

=

Js(Wirig.in (2), Vjiggn (¥) = (Singe + 0irgi) f5(z,y)

B
Il
—_

1

+
~~
ﬁ i

(Siggy T+ 5iuk)> (Pingn (T, 9) + Xirjn)

1

+ <H Slk]k + 62k.7k) ¢’Lrjr (§7 y) + )\iTjr)

3
,_.

ﬁ
Il
—

n—1

Il
=

e
Il

k=1

(Singi + Oirsi) fo(z,y) + ( (Sigi + 6ikjk>> Dinjn (T, Y)

3
AN
<

—

+ (H (S + %jk)) s (T, Y)

k=1

r—1
(H (Sirg + 52@%)) Aivjr - (1.48)

k=1

ﬁ
Il
—

NE

ﬁ
I
-

]

Theorem 1.9.2. Let f(x,y) and fs(x,y) be the bivariate FIFs generated with the IFSs
(1.31) and (1.40) respectively. For any given (x,y) € D, let {ir}, ix € N be the sequence

such that x satisfies

r=>Y ([Jai)bi (1.49)

TH-1574_11612310



and let {jx}, jr € M be another sequence such that y satisfies

S (s (1.50)

Then

1

f5($7y) - f(x,y) =

wE
—
— L
—
V)
g
o
.
bl
+
9)
K
o
>
S—
|
.
|

SZk]k) ¢7/7J7 (l’/, y/)

r=1 \k=1 k=1
o'} r—1

+ Z (H (Sikjk <+ 5Zk]k)> )\i'r'jr ) (1'51)
r=1 k=1

-1
where 'T/ = Zloil( k=1 air+k) Zr+l ) y Zl 1( k‘ lcjr+k>djr+l F

Proof. Since u; : [ — I;; =1, 2..., N given by

u;i(z) = a;x + by

where a; = % is contractive on the closed interval I, the sequence of sets {u;,y...i, (1)}

is monotonically decreasing with diameter tends to zero as n — oco. Hence by the Can-
tor’s intersection theorem, (7| Uiyiy-i, (I) consists of a single point in / for any sequence

{ix}, i € N'. Then for any given x € I, there exists a sequence {iy}, i € N such that

n—

o0
{&} = () iz () = i 1,550, (1) -
n=1
Since each a;, in (1.43) obeys 0 < a@;, < 1, x can be expressed as
oo r—1
r= M ., (27) = > (I et
r=1 k=1
where x* is arbitrarily chosen point in I. Similarly for any given y € J, there exists

another sequence {ji}, jx € M, such that y satisfies (1.50) .
Using (1.45), (1.46) and (1.47), f(x,y) can be expressed for any (z,y) € D as

P, y) = 1 f (e (5,0 (5))
9] r—1 9] -1 ) -1
=3 (o) oo (S (Mo ) (e )
r=1 \k=1 =1 \k=1 =1 k=1
o] r—1
— Z <H S’ijk> ¢irj7‘ (:'E/7 y/)7 (152)
r=1 k=1
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where 2/ =3 77, ( - air+k) T S ( 1 CJT+k> dj,., and (z*, y*) are chosen
arbitrarily in D.
From (1.45), (1.46), it is clear that (2/, y') belongs to D.
Similarly, by (1.48), we can get
o [r-1 o [r-1
HCESY) (H (Sirj + 5ikjk)> i (2 )+ (H (Sirgi T 5z‘m)> Aijr - (1.53)
r=1 \k=1 r=1 \k=1

Therefore by (1.52) and (1.53)

) Tesls r—1
fé(l',y) 3 f(xv y) = Z <H Sirix -~ 5%_%) = H Sikjk> ¢irj7'(aj/7 y/)
r=1 \k=1 k=1
o) r—1
i Z (H Sipje T 5lk]k)) >‘irj7-7
r=1 \k=1
which completes the proof. O]

Corollary 1.9.1. Let f(x,y) and fs(x,y) be the bivariate FIFs generated by the IFS
(1.51) and (1.40) respectively. Let s = max{|s;;| : i € N,j € M} < 1,0 < § =
max {|6;;],i € N,j € M} such that s+ < 1 and A = max {||¢y] : i € N,j € M}
where |19yl = masx {|64s(z,9)| : (.4) € D}. Then

6{A+ (1 —s)(N + M) (Jzvar| + [zvol + [zoar| + |z00])}
‘fé(l',y)_f(x,y)‘g (1—8)(1—8—5) .

Proof. (1.34), (1.35), (1.38), (1.39), (1.41) and (1.42) together imply,

Dl < (N M3 ([zwvar] + 2ol + [20n1] + I200])

Therefore, by (1.51),

A A (N4 M) (lavml + [2nvo] + [20m] + [200])
_ < _
[folz,y) = fley)l < ——5 -7+ s 3
_ A+ (= s)(N+ M) ([zvm| + [2vol + |zom| + 200]) }
(1—5)(1—s—0) '
This completes the proof. O
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1.10 Graph-directed coalescence hidden variable frac-
tal interpolation functions

In the present section, a research work carried out by us related to graph-directed coa-
lescence hidden variable FIF, which generalizes the self-affine graph-directed FIF in [2].
The idea of self-affine hidden variable fractal interpolation function has been extended
to a generalized data set in R? such that the projection of the graph of the corresponding
FIF onto R? provides a non-self-affine interpolation function namely hidden variable FIF
for a given data set {(z;,5;) : ¢ =0,1,...,N} [9]. Chand and Kapoor [18], introduced
the concept of coalescence hidden variable FIF which is both self-affine and non-self-
affine for generalized IFS. The extra degree of freedom is useful to adjust the shape and
fractal dimension of the interpolation function. For coalescence hidden variable fractal
interpolation surface, one can see [49,50]. In [28], Deniz et al. considered graph-directed
iterated function system (GDIFS) for finite number of data sets and proved the existence
of fractal functions interpolating corresponding data sets with graphs as the attractors
of the GDIFS.

In the present work, we considered generalized GDIFS for generalized interpolation
data sets in R3. Corresponding to the data sets, it is proved that there exist coales-
cence hidden variable fractal interpolation functions (CHFIFs) whose graphs are the

projections of the attractors of the GDIFS on R2.

1.10.1 Coalescence hidden variable FIF

To construct a coalescence hidden variable FIF, a set of real parameters z; for ¢ =

1, 2, ..., N is introduced and the generalized interpolation data {(xi,yi, z) € R3
1 =0, 1, ..., N} is considered. Then, define the maps w; : [ x R? — I; x R?, i =
1,2, ...,N by

wi(x,y,2) = (Li(az),Fi(x,y,z)) ,
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where L; : [ — I;, i=1, 2, ..., N are given in (1.8) and the functions F; : [ x R?* — R?
such that Fi<l’,y,2) = (Fil(xaya 2)7 ‘Fz?(xvyv Z)) = (azy + /BZZ + ¢ + dza’%z + €T + fz)

satisfies the join-up conditions

Fi(x07y07Z0) = (yi—la Zi—l) and Fl<xNayN7ZN) = (yla ZZ) .

Here «; and ~; are free variables with |o;| < 1, |v;| < 1 and §; is a constrained variable

such that |5;| + || < 1. Then the generalized IFS
{I x R wy(z,y,2) @ i=1, 2, ...,N}

has an attractor G such that

G = Uwi(G) — U{wi(x,y, z) @ (x,y,2) € G} .

The attractor G is the graph of a vector valued function f : I — R? such that f(x;) =
(yi,2:) for i = 0, 1, ..., N and G = {(z, f(2)) : ® € I, f(x) = (y(z),2(2))}. If
f = (f1, f2), then the projection of the attractor G on R? is the graph of the function

f1 which satisfies fi(x;) = y; and is of the form
h(Li(z) = Fl(z, fi(z), f2(2)) = i fi(z) + Bifo(®) + cix+ diy w € 1

also known as CHFIF corresponding to the data {(z;,y;) €I xR : i=0, 1, ..., N}
[18].

1.10.2 Graph-directed iterated function systems

Let G = (V, E) be a directed graph where V' is the set of vertices and E is the set of edges.

uv

For all u,v € V, let E"" denote the set of edges from u to v with elements e, i =

1, 2 ., K", where K" is the number of elements of E*’. An iterated function

I PR

system realizing the graph G is given by a collection of metric spaces (X, p"), v € V

with contraction mapping w;" : X — X corresponding to the edge e}'” in the opposite
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direction of ef”. An attractor (or invariant list) for such an iterated function system is

a list of non-empty compact sets A* C X* such that for all u € V,

KU’U

A= [ wrra) .

veV =1

Then, (X";w) is the graph directed iterated function system (GDIFS) realizing the

graph G [32,59].
Example 1.3. An example of GDIFS can be seen in [27, 28)].

1.10.3 Graph-directed coalescence hidden variable FIF

In this section, for a finite number of data sets, generalized graph-directed iterated
function system is defined so that the projection of each attractor on R? is the graph
of a CHFIF which interpolates the corresponding data set and call it as graph-directed
coalescence hidden variable fractal interpolation function (GDCHFIF). For simplicity,

only two sets of data are considered. Let the two data sets be
D' = {(x(l)a yé)a (xivyD? coog (le\]a yll\/)} )

D* = {(xg,45); (1,97, - (@he )}

where N, M > 2 with

1 1 2 2

x) —x} T5 — i
—L i cland L2 <1 (1.54)
Ly — Lo Iy — T

foralli=1,2,...,N and j = 1,2,..., M. By introducing two sets of real parameters

i,z fori=1,2,...,N and j =1,2,..., M, consider the two generalized data sets
D' = {(20: Y0, 20)s (21,91, 21) -+ (T3, U 28) }
D* = {(l’g, yg? 23)7 ('T%a y%a Z%)> R (x?\/lv y]2V17 212\/[)}

corresponding to D! and D? respectively. Also consider the directed graph G = (V, E)
with V' = {1, 2} such that

K'+ K2 =Nand K* + K* = M .
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To construct a generalized GDIFS associated with the data D", (r = 1,2) and realizing

the graph G, consider the functions w]*

: R? — R3, defined as

w*(z,y,2) = (Lfs(x),F[s(a:,y,z)), i=12,...,K” r,se{l,2}
are such that

wil(zd yl 21 1 2l

o 7,11<(1)y01 0)1 (ziyzl zi_1) fori=1,2,..., K"
w; (xNayN72N> ( wyza z)
wi? 0 (23, Y2, 22 Voyk A

o 212](11( 0> Yo 0)2 ( z—llyzzl 11—1) fOIiZK11+1,...,K11+K12

Z'_Kll(xM?yMVZM) = (z;,9;, %)

w21 zbyd 2l 2 22

o 21(0% 0) (z;yzl 11) forizl,Z,...,K2l,
w; (xN’yN’ZN> ( zvyzv z)
w?EK21($g>ygaz(2)) = (xzz—byz?—l?zzz—l) for i = K21 +1.. .. K21 —|—K22

|

22 2 .2 2
W2 o1 (Tar, Yars 241) =

= (23,98, %)

From each of the above conditions, the following can be derived respectively.

CL12

1
'L
12

C; KuxM
12

12
\ €~ KuxM

12
Kll‘rM + b K11 — X
2 12
Knxo + CYZ Knyo = B K11ZQ + dz Kl —

2
Kllx(] + 72 gz +

/
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Iyl 4 opll ol
a; 2g+ b =z;_4

anl’ + bt =z}

o, h Ly gl l g git 1

G T+ Qi Yo + B2+ di = yig - 11
11,1 11 % S | forve=1,2,..., K",
C 'rN—'_a yN+/6 ZN _yl

o1 21 11

6 "L‘O—i_/y +f _Zz 1

1 _
e ay + ey + fil =2

1
Kuxo + bZ 1= T

1

1
=Yi1
1

12 12 L i
+ 04 KuyM +1§ anj\/{ + dz K1 =Y
K1l = R
12 1
iK1l — &

fori=KY+1,...,N,

12 .2
‘|"7 K11ZM+
a21:c[1) b = a:f L
a? JJN+b21 = 1?

CQle(l) 21 1

621 d21
cmx +CY21Z/N +621ZN +d21 12
91 1 211 21

€ 930"‘% Zo"‘f =27 J
f21 _ Z

21
61 xN +’71 ZN

,_.

fori=1,2,..., K
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(1.55)

= N,

= M.

(1.56)

(1.57)

(1.58)



( 22

.2
a; K21x0 bz K21 — L5_q

22 22 2

K21xM + 0% jen = 77
22 2 22 2

21% + a; 2190 + o 2120 + d 21 = Y1 .

C K -K i K -K ¢ for@:K21—|—]_ o, M. (159)
22 22 d ’ ’
l K21IM+a K21yM+/6 K2]~ZM+ i— K21 _yl
022 2 =2

K21I0 + fy,L K21ZO + f K21 — Z’L*l
b 2 _ .2

L 6 K21‘TM + 71 K212M f — K21 — Zl

From the linear system of equations (1.56), (1.57), (1.58) and (1.59) the constants al®,

b, s, drf) el and f° for r;s € {1,2},i=1,2,..., K™ are determined as follows.

1 1

11 . =T
a; = Zawe T,
N0 1a
1
bll _ TNTi_1— %%
? x}i,fx(l) ’
11 (]l o1 10,1 _ 1
cll — i —vioa—oq (v —v0) =Bt (2N —2p)
7 z}v z(l) ’
11 1 1.1 11 11,1
py/n — TNV —ToY — o (B Yo —2oun) Bl (w20 —To2y)
i - x}v—m(l) ?
2logl MLy
1 i T %i—17Yi \BNT20
€; = PR )
N1 1101 1 11
1,1
fll _ TNnZ1—Te% Y (TnZ—TocN)
? x}\,—xé 2
1_..1
CL12 I e |
7 - x2 _x(Z) )
$2Mx1 21
b12 3 M*i—1""0"%
{ o :v%YI—:vg )
1 12(,2 2 12,2 2
12 Y Y~ (Wa—ve) =B Y (25— 23)
(6% = e
Mo % o a9 1202 ,2_ 2.2
d12 - wMyz 1_%% —o; 4 (@3, Y5 —Toyar) =B “ (23,26 —T524r)
; = ) 5
| 1 12 2 M
12 M Zi_ —17 7 (ZM z5)
€i 7 g )
Mo 12,2 2. 2.2
2 1
f12 T 0% Y (T A T2y
) - 2 _ .2 9
1 T =T
2 .2
21 . Tyt
@; B e
N 1.2
1
b21 _ INTI_1 %%
t x}é,fxl )
2 21,1 21 1
2 Yo (un—v0)—B7" (25 —25)
l zl —a} )
21,1 .1, 1,1 21,1 ,1_ 1,1
d21 _ Ty oy~ (xpys —wbhyn) =B (2 —2p2 N )
( - x}vfx(l) ’
2_ 2 21,1 _ 1
21  _ Z—za—7i (ay—%)
€i o L —x} ’
O o101 1 1.1
1,2 1,2
21 TnZF—%ezi =i (TnZg—Tpin)
? zl,—af )
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22
22 Ti—Tia

a: =
4 z2,—ad
27 2 2, 2
b22 Ty Tio1 T T
i - x%Amg ’
2 22,2 2 22,2 2
22 Yiyia—og (Wi —ve) =B (R —23)
Ci - 2 —x? ’
2 92 2.0 My 5 oo 22,2 ,2_ .22
d22 _ Ty gy —og (T v —Teyar) =B (20 — w52y )
i = 2 .2 s
2_ .2 22,2 2 M
622 I i o i G )
P T
2 2 2,2° .22(,2 ,2_ 2.2
f22 B e e et (o b V e BT B P
i = 2 2 .
v T —To

The following theorem shows that each map w]® is contraction with respect to metric

equivalent to the Euclidean metric and ensures the existence of attractors of generalized

GDIFS.

Theorem 1.10.1. Let {R?’;wfs,i == 1,2,...,K”} be the generalized GDIFS defined
in (1.55) realizing the graph G, and associated with the data sets D", (r = 1,2) which
satisfy (1.54). If |af*| < 1, |47%| < 1 and BI* is chosen such that |BI°| + |7F%| < 1 for
all r,s € {1,2} and i = 1,2,..., K", then there exists a metric & on R3 equivalent to
the Euclidean metric such that the GDIFS is hyperbolic with respect to 6. In particular,

there exists non-empty compact sets G such that

2 KT
¢ =JJuwp@).
s=1i=1

Proof. Proof follows in the similar lines of Theorem 2.1.1 of [16] and using the above

condition (1.54). O

Following is the main result regarding existence of coalescence hidden variable FIFs

for generalized GDIFS.

Theorem 1.10.2. Let G, r € V be the attractors of the generalized GDIFS as in
Theorem 1.10.1. Then G", r € V s the graph of a vector valued continuous function
7o I — R? such that for v € V, fr(zf) = (yf,27) for all i = 1,2,...,N". If
7= (f7, f5) then the projection of the attractors G, r € V on R? is the graph of the
continuous function f] : I" — R known as CHFIF such that for r € V., fi(z]) = (y]).

That is GT‘IR? ={(z, f{(z)) :x € I"}.
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Proof. Let I' = [z}, z}] and I? = [23, 2%,]. Consider the vector valued function spaces
F ={[:[xg,z}] — R? continuous such that f(zg) = (5, 2), f(xn) = (un:25)}

H = {h:[23 23] — R? continuous such that h(z} ye, 22), h(23,) = (3, 2
00 Tm 0 07 %0 M M *M

with metrics

dr(f,f) = suw |[f(z) = @),

zezd,zl]
du(h b)) = sup [[hz) — h*(@)]
ze[x%,m?w
respectively, where ||.|| denotes a norm on R?. Since (F,dr) and (H,dy) are complete

metric spaces, (]—" x H, d) is also a complete metric space where

d(<f7 h)? (f*a h*)) = max {d]-'(fa f*)7 d?-l(h'7 h*)} :

Following are the affine maps,

Lz, xy] — [xiy, 7], Li(e) = ai'z + b fori=1,2,..., K,

L [wg, 23] = [wi, 2], L(w) = a2 gnx + b2 fori=K" +1,... N,
Ji : [xg, o] = (2, 2], Ji(x) = ai'w + b7 fori=1,2,..., K,

Ji (23, 23] = [22,,27], Ji(x) = a2 gorw + b2 o fori = K2 4+1,... . M .

Now define the mapping
T:FxH—=-FxH

T(f,h)(x,y) = (f(2), h(y)) ,

1

where for z € [z} |, 2},

(e (@) + aftyp (17 (@) + B 2p (17 (@) + di,
Ya)) + el L x) + 1Y) fori=1,2,..., K"

. %ﬂz;u (@
(217 (@) + a2 en i (17 (7)) + B2z (17 (7)) + di2 g,
7@1 KllZ}QL(IrL 1( )) + eifKH‘[i 1(«'17) + ilEKll) for Z - Kll + 17 ceey N
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and for x € [27_, 2],

(5157 () + oty (S5 (@) + B 23 () (@) + di
- V(7 () + e T () + f7) forj=1,..., K%
h(z) = 22 20 7-1 22 9 22
(32 g J5 (@) + 022 oy (5 () + B g 2 (5 () + d] K2
P AU @) )+ ) forj = K LM
Now using (1.56) — (1.59), it is clear that,

flag) = FNE (@), yp (17 (@), 24171 (@))) = (v, 25)

flay) = Fy (I (@), ya (L (2)), 2,4 (2))) = (yns 2n) -

Similarly, h(z2) = (42, 22) and h(22,) = (y2,,2%). It proves that T maps F x H into

itself. Since for each 7 =1,2,..., N, ]l-_l(x) is continuous and therefore, }vis continuous

on each subintervals [z} |, z}].

i—11
For i =1,2,..., K, using (1.56), it follows that f(z!7) = f(z!") = (yL, 21).

Fori= K" +1,... N — 1, using (1.57), it follows that f(z}") = f(z!*) = (4}, 2}).

For i = K, using (1.56) and (1.57), it follows that f(z}~) = f(z'") = (!, 2}), since
I7H(z)) = o and 124 (o)) = 23,

Hence f is continuous on /. Similarly it can be shown that I is continuous on J.

Consequently T is continuous. To show that T is a contraction map on F x H, let

T(f, f*) = (f, f*) and T(h, h*) = (h, h*). Now,

sup {Hf(a’)—ﬁ(ﬂf)H}: max _ {llag' (y5(L; " (2)) — yp- (L7 (2)))

11
z€ [z, a:Kll =1 2 7777 K

ace[ o]
+ 87 (23 (17 (2)) — Z}*(Ul(w)))a
% (zp (I (@) = 25 (L7 ()
<o s, {y}<f;1<:c>> (1)
€[z}, x}]

Ti_1>T;

+ 2L (@) = 25 (17 (), 25 (L7 (@) — 27 (L7 (@) }

< 6"dx(f, 1),
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{If@) = F @)} = max {llal g0 Wi (2) = g (7 ()

xE[a:KH k] mlg;ﬁzl
+ B2 ke (2L (2)) — Zi*(ffl(af))),
Vil (I (@) = 2 (L7 (2))) 1}
<67 max {yi(ffl(:v)) = Y- (L7 ()

7,17,

+ 2y (I (@) — 2 (I (@), 25 (L (@) — 23 (L7 (@) }

S 512d7‘[(h7 h*)>

where
S — max {|Oéu| |511| | }<1
i=1,2,...,
and
12 12 e 12
= mmx {IoLIBE ) <L
Therefore

dr(f, f*) < max {6", 62} max {dx(f, f*), dn(h, h*)} .

Similarly, it follows that

dy (R, h*) < max {02, 622} max {dz(f, ), du(h, h*)}

where
0= _ mnax Al 187 b < 1
and
522 — 22 22 >
e {187 b}
Then

d(T(f,h), T(f*, 1)) = max {dz(f, f*),dp(h, h*)} < S max {dz(f, f*),dw(h, h")}

where § = max {511, 512 62t 522} < 1 and hence T' is a contraction mapping. By Banach

fixed point theorem, T' possesses a unique fixed point, say (f!, f?).
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Now, for i =1,2,..., K,

fl(ﬂf;) = (Cz'lillij:l( ) + a7,+1yf1([z+11( )) + z+12f1(11+1( )) + dz—l—l’
7721—&1—12’/]101([2111( )) +ez+1jz_+1( )+ H-l)

= (yi17zi1)'

Fori=K%+1,...,N—1

Y

fl(x;:l) = ( Cit1- Kll[erl( )+ az+1 Kllny([erll( )) +le$1 KllZfZ([zH( )) + dz+1 K113
7}£1—K11ZJ2‘2(11+11( )) + ez—i—l K1111+1( )+ z—|—1 Kll)

T (yilvzil)'

This shows that f! is the function which interpolates the data {(z},y},2}) : i =

0,1,...,N } Similarly, it can be shown that f2 is the function which interpolates the

data {(27,92,2?):1=0,1,...,M}. For z € [z}, 2}] and z € [23, 23],

(L) = (a'z + af'yp (@) + 8 zp (@) + di

%Hz}q( )+ etz + f) fori=1,2,..., K",
FH{Ii)) = (672 + aj°yf(2) + B2 () + ;)
Vitzh () + eilx + f17) fori=1,2,..., K"
and

PA(Ji() = (cf'e + af'yp (o) + 57 2 (2) + dF,

V'zp (@) + €fte + 1) fori=1,2,..., K*,

P (Jix) = (Pr + oPyh(z) + B2 25(x) + d77,

Vb (x) + ex + f7) fori=1,2,..., K*.
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If F and H are the graphs of f! and f? respectively, then

K11 K12
F=Juw@®JUwlH),
=1 =1
K21 K22

H=|JwF) | JJw?H).
i=1 i=1
The uniqueness of the attractor implies F' = G* and H = G*. That is G* = {(z, f(z)) :
z €1} and G = {(z, f*(2)) : z € J}. O

Example 1.4. Consider the data sets as
D' = {(0,5),(1,4),(2,1), (3,1), (4,4), (5,5} ,

D* ={(0,1),(1,2),(2,3),(3,2),(4,1)}

realizing the graph with K'* = 3, K'? = 2, K*' =1, K?*> = 3 as in Figure 1.1. Take

Figure 1.1: Directed graph for Example 1.4.

the first set of generalized data
D' ={(0,5,5),(1,4,4),(2,1,1),(3,1,1), (4,4,4),(5,5,5)}
and
D* ={(0,1,1),(1,2,2),(2,3,3),(3,2,2), (4,1, 1)}

corresponding to D' and D? respectively. Here y; = z; for both the generalized data sets.
Choose of* =1/3, pI* =1/3, v7* =1/3 for all r,s € {1,2} and i =1,2,...,K"™. Then

Figure 1.2 are the attractors of the corresponding generalized GDIFS.
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Keeping the free variables and constrained variables same, Figure 1.3 are the attractors

of the generalized GDIF'S associated with the second set of generalized data
D' ={(0,5,3),(1,4,2),(2,1,5),(3,1,2), (4,4,1),(5,5,4) } ,
D*={(0,1,2),(1,2,5),(2,3,1),(3,2,3),(4,1,1)} .
Take the third set of generalized data

D' ={(0,5,3),(1,4,2),(2,1,5),(3,1,2), (4,4,1), (5,5,4) }

and

D* = {(0,1,2),(1,5,5),(2,3,1),(3,2,3),(4,4,1)}

corresponding to D' and D?* respectively. For the generalized GDIFS with the free vari-
ables and constraints variables given in the following Table 1.1, the attractors are given

in Figure 1.4.

a ol adl ol a2 a2 o?! ad? as? a®?
0.8 0.7 08 07 08 099 099 0.99 0.99
poAR BN g B AR B g B A

-0.3 -04 -02 -03 -04 099 099 0.99 0.99

h ey 00 AR .l i
05 03 06 05 03 0005 0005 0.005 0.005

Table 1.1: The generalized GDIFS with the free variables and constraints variables.
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Figure 1.3: Attractors for the second set of generalized data.

14

12r

101

Figure 1.4: Attractors for the third set of generalized data.
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Chapter 2

Box dimensions of a-fractal
functions with constant scaling
factors

In [40], Hardin et al. first calculated box dimension of affine fractal interpolation function
for equally spaced data. They also pointed out that their formula can be obtained using
the Lyapunov exponents of an associated dynamical system, supporting a conjecture of
Yorke’s. Barnsely et al. estimated the box dimension of projection of self-affine function
in higher dimensions [9]. The result has been generalized by Dalla et al. for certain non-
affine fractal interpolation functions [24]. Various researchers [10,14,18,35,36,41,80,83],
investigated and found estimates for the box dimensions of different type of fractal

interpolation functions as well as fractal interpolation surfaces.

In the present chapter, the box dimension of the graph of nowhere diffrentiable,
continuous, non-affine fractal interpolation function f¢ is investigated. In classical case,
if f is uniformly Hélderian function with exponent [, then the box dimension of the
graph of f is bounded by 2— [12]. In particular, if f is Lipscitz, the dimension is 1. The
function f¢ is defined for any continuous function f. If one can control the increments
of a function f, then one can estimate the dimension of its graph. Holderian function
has minimal regularity [26]. Noting this fact, in this chapter, the original function f

and the base function b have been taken as Holderian to calculate the box dimension of

49

TH-1574_11612310



the graph of f®. However it is still open whether one can get exact value or a bound
for box dimension of the graph of f* corresponding to any continuous function f?

The present chapter is organized as follows: Section 2.1 contains some existing re-
sults on box dimensions for different type of fractal functions. In Section 2.2, the box
dimension of a-fractal interpolation function f® for an IFS with equally spaced nodes
and Holder continuous functions f and b is estimated. The proofs of the theorems in this
section are based on methods first developed in [40] and then later in [10]. The variation
of a continuous function and its related basic results are presented in Section 2.3. In
Section 2.4, using variation of a-fractal interpolation function f¢, the box dimension
of f* is calculated. In this section, the assumption on equally spaced nodes is relaxed.

Here the proofs of the results are similar to that in [35,36].

2.1 Preliminaries

In this section, we recall some well established results on the box dimensions of the
graphs of different type of fractal functions, which are motivation behind our work.
Using box counting method, Hardin and Massopust [40], gave an estimate of the box

dimension of the graph of an affine fractal interpolation function for equally spaced data.

Theorem 2.1.1. (see [40]). Let G be the graph of an affine FIF f corresponding to the
IFS (1.8) with ¢;’s as affine maps. If v = Zfil la;| > 1 and the interpolation points are

not collinear, then

. [ 1+logyn, ify>1
dimpG = { 1 otherwise .

Later, Barnsley et al. [9], showed how the class of one-dimensional interpolation
functions can be usefully widened by considering the projections of the graphs of higher-
dimensional self-affine functions. The assumption on equally spaced data set is relaxed

and the result is stated as follows.

Theorem 2.1.2. (see [9], Theorem 4). Let G be the graph of an affine FIF f correspond-
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ing to the IFS (1.8) with q;’s as affine maps. If v = Zf\il \a;| > 1 and the interpolation
points are not collinear, then dimpgG is the unique real solution D of sz\il laglaP ™t =1;

otherwise dimgG = 1.

This idea has been generalized by Dalla et al. [24], for certain type of non-affine

fractal functions. For that, they defined the IFS as
Li(z) = aix + di, Mi(z,y) = cigi(x) + sihi(y) + ei, (2.1)

where L; is defined in (1.8) and M; : K — R. The maps ¢g; : I - R and h; : R — R are

continuous functions such that
|9i(2) = gi(a")| < mifx — 2|
with g;(zn) # gi(0) and
Lly =yl < lhiy) — (vl < mily — o1,
where z,2* € I, y,y* € R and [; > 0, r; > 0 are constants for : = 1,2,..., N. The real
constants ¢; and e; depend on the free real parameters s; and chosen so that
M;(zo, y0) = Yi—1, Mi(TNn,yn) = ¥i -

Lemma 2.1.1. (see [24], Lemma 8). Let {(x;,y;) : i =0,1,2,..., N} be given points

and Vi = (Y& — Yb-1) = Wkt — Yo—1) (@ — T-1)/ (@41 — To-1) # 0 for some k €
{1,2,...,N —1}. Choose g;(z) = x for alli=1,2,...,N and

(a) if there exists a k € {1,2,...,N — 1} such that Vi, > 0, choose s;h; for i =

1,2,..., N to be increasing and concave;

(b) if there exists al € {1,2,..., N—1} such thatV; < 0, choose s;h; fori =1,2,..., N

to be increasing and convex;

(c) if there exist k,l € {1,2,...,N — 1} such that V},V; < 0, choose s;h; for i =

1,2,..., N to be (all) increasing and concave or (all) increasing and conver.

o1
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Then, if v = Zf\il li|si| > 1,

lim eN*(e)

e—0t

where N*(€) is defined in Section 4 of [9].

o0,

Theorem 2.1.3. (see [24], Theorem 3). Let G be the graph of the fractal function f

corresponding to the IFS (2.1).

(a) If SN rilsil > 1 and (v4, 1) € K fori=0,1,2,..., N are not all collinear, then

dimp(G) < D, where D € (1,2) is the unique real solution of Y"1, ri|si|laP™ = 1.

(b) If the IFS (2.1) satisfies in addition the conditions of Lemma 2.1.1, then d <

dimy(G), where d € (1,2) is the unique real solution of 31, li|silad™ = 1.

Recently in [10], Barnsley and Massopust, defined bilinear IFS and estimated the

box dimension of the graph of a bilinear fractal function explicitly.

Theorem 2.1.4. (see [10], Theorem 6). Let F denote the bilinear IFS and let TI'(f)
denote its attractor. Suppose that the knots X; : j =0,1,2,..., N are uniformly spaced
on I, that is, X; = j/N for all j = 0,1,2,...,N, and suppose that sy = sn. If

yi=N, 218 > 1 and T(f) is not a straight line segment then

, _ [1+logyy,  ify>1
dimpl'(f) = { 1 otherwise .

In [36], Feng and Sun, defined fractal interpolation surfaces in a rectangular domain
with arbitrary nodes. Using the variation of a continuous function, the box dimension

of a fractal interpolation surface is estimated.

Theorem 2.1.5. (see [36], Theorem 5.1). Let z = f(z,y), (z,y) € |a,b] X [c,d] be
a fractal interpolation surface, A = Y " |s;| > 1 and D be the unique solution of
S |silaP ™t = 1. If there exists a y € [c,d] such that the data set {(z;,u;(y) : i =
0,1,2,...,m)} is not collinear and D > max {mBF(ui; le,d]) : i =0,1,2,... ,m},
then

dimBF(f; la, b] x [c,d}) =D+1.
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Let f*: D C R™ — R™ be the fractal interpolation function for a given IF'S. Consider
the components of f* = (ff, fs,..., f%). The graph of J; is the projection of graph of
ffonto R" x 0 x...xRx...x0, where the factor R is in the j-th position [41]. Then
the following theorem gives an estimate for the box dimension of the graph of a fractal

function in higher dimensions using oscillation of continuous function. For notations

see [41].

Theorem 2.1.6. (see [{1], Theorem 6). Assume that
(a) d, # 0 for somev € {1,2,...,u},
() Y a s > 1.

Then the box dimension d of the graph of f; is the unique positive solution of

otherwise d = n.

These ideas are used to prove our main results in Section 2.4. In [37], Gang considered

the IF'S

Li(z) = zi1+ (v — 1), } (2.2)
E(zy) = aiy+a), '
where 0 < o; < 1 and ¢;(z) € Lip 3;,0 < 5; < 1 to obtain the Hélder exponents of the
corresponding fractal interpolation function, and estimated the box dimension of the

graph of the FIF as given in the following theorem.

Theorem 2.1.7. (see [37], Theorem 5.1). Let f be the FIF generated by the IFS (2.2)

with the critical condition C' = 1. Then

log sz\il Q;
1og [ Imax|

log N

< dimp(graph(f)) < 1= =

where f=min{p; :i=1,2,...,N}, C’i:‘?—lig and C' =max{C; :i=1,2,...,N}.
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From the above mentioned results, it is clear that the box dimension depends on
the scale vector a € RY. Sections 2.2 and 2.4 are devoted to the estimation of the box
dimensions of the graphs of a-fractal functions f for equally spaced (uniform) data set
as well as arbitrary (non-uniform) data set. It is shown that the box dimension of the
graph of a a-fractal interpolation function f¢, depends on the scale vector o € RY as

well.

2.2 Box dimensions of a-fractal functions

In this section, equally spaced horizontal nodes on I = [0, 1] is considered. That is the
partition is A : 0 =x9 <@ < --- <ay =1, where z; —x;_1 = y fori =1, 2, ..., N.

Then the affine maps L;(z) : I — I; are defined as

1 1 —1

fori=1,2, ..., N. (2.3)
Let f be Holderian on [ with exponent 5, € (0,1]. Consider the continuous maps
Fi(z,y) =y + f(Li(z)) — o b(z) (2.4)

where b(x) is also Holderian with exponent (5 € (0, 1] such that b(xo) = f(z0), b(zn) =
f(zy) and b # f. Let f be the a-fractal interpolation function of f for the correspond-
ing IFS (2.3) and (2.4). Using the techniques developed in [10,24,40], the bounds on
the box dimension of the graph of a-fractal function f¢ is estimated in the following

theorem.

Theorem 2.2.1. Let G = {(z, f*(z)) : © € I} be the graph of the a-fractal inter-
polation function f* corresponding to the IFS (2.3) and (2.4). Let the interpolation
points {(z:, 1)}, be not collinear and v = SN |oy|, where a; # 0 for all i. Let
f =min{p, fo}. Then

(a) Forv<1,1<dimgG <2-— 4.

o4
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(b) For v > 1 with yN°71 < 1,1 <dimpG <2 — 3+ logy 7.
(c) For vy >1 with yN°~1 > 1,1 <dimpG < 1+ logy 7.

Proof. To compute the box dimension of GG, consider the cover of G whose elements are

squares of sides 1, r € NU {0} and parallel to the coordinate axes. Let N(r) be the

minimum number of squares of size % X % of the form

k-1 k& 1 )
[W,W} X |:G,G+Nr:| ,T—O,l,...,k—l,z,...,N ,(IER (25)

that are needed to cover G. Let Ny(r) be the smallest number of arbitrary squares

of size = X w7, needed to cover G. Then it follows that No(r) < N (r). Since each

1 1

X == can be covered by at most two squares of the form

arbitrary square of size 17 X 7

(2.5), one can have N (r) < 2Ny(r). So it is sufficient to consider the cover of the form
(2.5) to compute the box dimension of the graph of f<.

Let us denote A(r) as the collection of squares of the form (2.5) whose interior is
disjoint, with minimum cardinality N (r) which covers G. Let A(r, k) be the collection

of squares of A(r) lying in between the lines = = k]\}l and x = % for k=1,2,...N".

Let M(r, k) be the number of squares in A(r, k) and
A (r k) == U{A| A € A(r, k)}.

Each member of A(r) must meet G as it is a minimal cover of G. With the continuity

of f*, it can be shown that A*(r, k) is a rectangle of width % and height N](\’;;k) (see
Figure 2.1). Observe that A'(r) = S0 N (r,k). Now for each i = 1,2,..., N, the

image of the rectangle A*(r, k) under the mapping w; := (Li, E), is contained in

I(k,i) — 1 U(k,i)

} x R, where [(k,i):=k+ (i—1)N".

Nr+l o 7 Nl
Therefore,
N N7
NE+1) =) N(r+1,1(k,0)) .
i=1 k=1
55
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Figure 2.1: Minimal cover of a continuous function using squares sides parallel to axes.

Now,
N
G = Jw(G)
=1

implies that

NT‘ NT‘
G C Uwz( U A*(r,k)), since G C U A (r, k) .
=1 k=1 k=1

For (x,y) € A*(r, k),

w; ( z ) = ( gy + f(%g(;))wl— a;b() ) '

Since f is uniformly Hélderian in I with exponent 5, € (0, 1], there exists s > 0 such

that

|f(Li(z)) = f(Li(2"))] < — % __ whenever x,2 € {

N7 ' Nt

k—1 k
N(r+1)B ’

as

(15t ) - [t ]

Similarly, since b is uniformly Hoélderian in I with exponent By € (0, 1], there exists
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m > 0, such that

Nr ' N7

k—1 k
b(x) — b(z)| < % whenever z,1’' € [ } .

Hence w;(A*(r, k)) is contained in a rectangle of width -+ and height

|| NV (1, k) S m|oy]
- - :
N7 NE+DB | NrB2

(see Figure 2.2). Thus

m|ay|
N7z

N+,

N?"

0 k-1 k 1 0 1k, i) — 1 1k, )
NT NT NTH1 NTHl

Figure 2.2: Image of the rectangle A*(r, k) under the map w;.

|ai|N(Ta k) S m|az|
NT N (r+1)81 NrB2
= Nlag|N (@, k) + sNOHIA=B) |y, |[NTA-B+L 4 o

NT—!—l + )

N(r+1,1(k,7)) <

By summing over 1,

N N N
ZN(T+1,Z(/€,i)) < ZN|O‘1'|N(T7 k) _|_ZSN(T+1)(1751)
i=1 i=1

=1
N
+ > mloy|[ N L oN
=1

= NyN(r, k) + sNOHDA=B+ 4 o Nr(=B)+1 4 9N,
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where v = Zf\il |a;|. Now,
N N
SO NG +1LI() € NyN(r) + sNODABrD | s
k=1 i=1
+ 2NT+1
< NAN(r) + sNUTDEB) 4y N+DE=5)
+ 2NO+HDE-A) (since 2 — > 1)

= NyN(r) 4+ C NUTDE=A),
where C', = s + m~y + 2. Therefore
N(r+1) < NyN(r) + CyNT+DE=5)
By repeated applications of above inequality on r, we can get

N{(r)

IA

NAN(r — 1) + Cy NP

IN

Ny[NAN (r = 2) + C,NT—DC=A)] 4 ¢y N"C=F)

IN

N2y N (r — 2) + CyN"C=A)[1 + yNPY

IN

N2 [NyN(r — 3) + CyNT=2C=A)] L ¢y NTCA[1 4 yNA]

IN

N3N (r — 3) + CyN"CP)[1 4+ yNPL 4 A2 N2E-D)]
Continuing the process, we get
N(r) < NYN(0) + CN"C=D (14 yNI1eo 4 4 ENTDEDY
Case 1: Consider v < 1. Also N*~! <1for0< <1, N> 1. Then
14+ N8 INC=DB-) <
Therefore from (2.6),

N(r) < NYN(O) + CrrN e
< N'COpN(0) 4+ CirN" P gince y<1,2—8>1

o8
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where Cy = (N(0) + C). Hence

1 NT(2=5)
dimp G < Tim 2082 —9-§.
T—00 log N™

The continuity of the fractal function f¢ implies that dimg G > 1 and hence for v < 1,
Case 2: Consider v > 1 and yN#~1 < 1. Using (2.6),

N(r) < N'y"N(0)+ CyrNTE=P)

< Cyry" NP,

Hence

log Cyry" N"=F)
dimp G < lim —2=2"7

=2- 1 .
r—00 log N™ b +logyy

Since dimg G > 1, we get
1 <dimpG <2—p+logy7.

Case 3: Consider v > 1 and yN°~! > 1. Then

NPT =1 (NS

1 NB-1... r=1 pr(r=1)(8-1) — ( '
L L yNB-1 —1 — 4NB-1_-1

Then from (2.6),

NT(2—B)77“NT(6—1)

N(r) < 4"N"N(0) +C, o —
S 03’7TNT7
where C3 = N(0) + #. Therefore
) . logCsy"N”™
dimp G < TIHEOW =1+4logy .

The following definition can be read in [33].
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Definition 2.2.1. Given a continuous function h, the mazximum range Ry, of h on I is
given by
Ry (I) = sup |h(s) — h(t)] .

sitel
To get a non-trivial lower bound for the box dimensions of the graphs of affine fractal
functions, the idea of Lemma 2.1.1 of [40] plays an important role [9,10,36]. But for
non-affine fractal functions, this result is not valid in general and one need to impose
extra conditions on the IF'S parameters. Also for non-affine fractal function f*, one can
not take the original function f and the base function b as affine together. By imposing
certain restrictions on (2.4), a similar type of result of Lemma 2.1.1 of [40], is established

as follows.

Lemma 2.2.1. Let f“ be the a-fractal interpolation function corresponding to the
IFS (2.3) and (2.4) with scaling factors o; > 0 for all i = 1,2,...,N. Also assume
that f is concave and b is affine. Let v = S0, |asl = SO, oy > 1. Assume that the

interpolation points {(x;,y;)}Y, are not collinear. Then

lim N(r)

r—oo NT

Proof. Let forsome j € {1,2,..., N—1}, (zj_1, f*(zj-1)), (zj, f*(z;)) and (41, f*(Tj11))

be three non-collinear points. Let z; = (1 — X)xj_1 + Azj41 for some A € (0,1). Then

F(@s) = (1= N (5m1) = A (@01) = V; £ 0

(see Figure 2.3). Clearly,

Vi <max{|f*(2;) — [ (w-0)], |1 (25) = f (2540} -

Therefore,

Rya(I) > Vj .

Since f is concave,
flag) = (L= N flzjm) = Af(2j) 2 0.
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(x5, f*(25))

(@1, f%(@j41)) wi(z;, [(x;))

wi(j—1, f*(z5-1)) h(> aiVy)

(@j—1, f*(2j-1)) owi ()1, f(j41))

v

0 1 : _
0 Li(mj—l) Li(‘r]'+1) 1

Figure 2.3: Non-collinear interpo-

lation points. Figure 2.4: Effect of w;.

As f¢ interpolates f on the nodes z;,i = j — 1,7, 7 + 1, it follows that
fxg) = (=N (@) = Af*(2j40) = V; > 0.

Since G is the graph of a continuous function f* and (z;_y, f*(z;-1)), (z;, f*(x;)) and

(41, [*(xj41)) € G, it follows that
N(r) > V;N".
Note that for each i = 1,2,..., N, L; is affine and therefore
Li(z;) = (1 = A)Li(2j-1) + ALi(zj41) -
Since for i = 1,2,..., N, w;(G) C G, the points
wi(wj—1, [ (w5-1)) = (Lilwjn), Fi(zi, 2 (250))), wiles, [ (25)) = (L), Fig, ()

and w; (11, f*(rj+1)) = (Li(zj11), Fi(zj41, f*(xj41))) belong to G. Now from (2.4), it
follows that
Fy (@, f(x5)) = (1 = N Fyy (@1, f*(@5-1)) = AF (@50, f(2541))
= ai, [*(5) + f(Liy (2)) = aibla) = (1= N) (i f*(2jm1) + [ (Liy (25-1)) — i b(zj-1))
— M, f*(@j51) + [(Liy (2j51)) — i, b(2541))
= ai, (f*(w5) = (L= N f*(xj-1) = Af*(2541)) — iy (b(zg) = (1= N)b(j1) = Ab(2541))
+ (F(Liy (7)) = (1= N f(Liy (5-1)) = A (Liy (241))) -
(2.7)
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Note that for affine FIF, the last two bracketed terms in (2.7) become zero but for non-

affine FIF f® may not be.

Since f is concave,

f(Liy(25)) = (L= M) f(Liy (25-1)) = M (Liy (2541)) 2 0.
Since b is affine,
b(x;) — (1 = A)b(zj-1) — Ab(zj41) = 0.

Therefore using these in (2.7), it follows that

Fyy (g, f*(x5) — (1 = N By (-1, f*(251)) — A (01, f4(2541))
> a, (f*(x;) — (1= N f(zjm1) = A (@541))-

Hence

Fyy (g, f(25)) = (1= N Fy (-1, f(25-1)) — Ay (Tjgn, £ (T541)) = i Vy,  (2.8)

(see Figure 2.4). Therefore,
Rf(’(jil) 2 a;, V.

Hence to cover G = |J'_, L;, (I) x f* (Li, (1)), we need

=1 i1
N(r) > g:ozilvjNT for r>1.
=1
Similarly,
Fip (Liy (27), f*(Lay (25)) — (1 = A) Fy (Lay (w5-1), £ (Lay (25-1))
— A, (Liy (241), f(Liy (241))
= a, (f*(Liy (7)) = (1 = A) f*(Liy (1)) — Af*(Lay (241)))
+ (f(Linia (7)) = (1= N f (Ligia (2-1)) = M (Lisiz (2541)))
— iy (B(Liy (7)) = (1 = MB(Li, (5-1)) = M(Li, (2541))-
Using the given hypothesis, the last two terms of the above inequality are greater than

or equal to zero. Therefore,
Fiy (Liy (25), [ (Liy (25)) — (1= A Fiy (L (1), f*(Liy (25-1))
— A, (Liy (z41), Y (Liy (541))
> iy (f*(Liy (7)) = (L= N) f(Liy (25-1)) = Af*(Liy (2541))) -

62

TH-1574_11612310



But
(L () — (L= X) f(Liy (z5-1)) — Af(Liy (541))

= I (zy, () — (L = N F (zj-1, f*(@5-1)) = AFy (@41, [ (2541))
> a;, V; using (2.8).
Therefore,
E (Li1 (xj)7 fa(Lli (ZL‘])) - (1 - /\)Fl (Lil (Ij—l)v fa(Lil ('rj—l))
— AN (Liy (T41), [ (Liy (T541)) = i, V.
It shows that

Rfo‘(]iliz) > aizailv} :

Hence to cover G = JY . | Lii, (I) x f (Liyi, (1)), we need

i1,49=1

N
N(r) > Z a0, V;N' for > 2.

i1,in=1
Define [;,i, i, = Liyiy. i,(I) = Li, o L;_, o +-+-0 L; (I). Then by succession, it follows
that
Fi (Lili2-~~ik71 (xj)v fa<Li1i2~--ik71(xj)) - (1 — )‘)E (Li1i2--~ik—1 (x]'—l)v fa<Li1i2~~-ik71(xj*1>>
B >\sz (Li1i2~--ik71(xj+1)7 fa(Lili%nikfl ('Tj-i'l))

> Qjp Qg _y =" ail‘/j'

Therefore,
Rf” (Ii1i2---ik) = Gy Qg O‘hvj' (2'9)
Hence,
N
N(’f’) > Z O Oy e Ozil‘/er for r > k.
iyenyip=1
Therefore,
N(r) > (’y’"Vj — 1>N”
and since v > 1, the result follows. O]

In the following theorem, a non-trivial lower bound for the box dimension of the

graph G of f¢ is found.

63

TH-1574_11612310



Theorem 2.2.2. Let G be the graph of the a-fractal interpolation function f¢ corre-
sponding to the IFS (2.3) and (2.4). Also assume that f is concave and b is affine. Let
the interpolation points {(x;, 1)}, be not collinear and v = S0 | || = SN oy > 1,

where a; > 0 for all i. If f = min{p, fo} =1, then
dimp(G) > 1+ logy 7y -

Proof. 1f the interpolation points are not collinear, then for v > 1, we proceed as follows

to get a non-trivial lower bound for dimg G. Since f and b are continuous functions, for

(x,y) € A*(r +1, l(k,i)),

' (B Nz — (i —1)
wi |y ) T\ mi@restey) )

Then w; ' (A*(r + 1,1(k,1))) is contained in a rectangle of width &~ and height

1 [N(r—i—l,l(k;,i)) s

m
oy N+ + NT+1)B + ol

NT52:| ’

(see Figure 2.5). Therefore

N(r+11(k,D)
NT‘+1

|
+

1[N+ LIk D)
N +1

or|

h_

0 e 1k, ) 1 0

N'r+l NTHL

Figure 2.5: Image of the rectangle A*(r + 1,1(k,)) under the map w; *.

1 [N(r+1,i(k,1)) s
— ‘Oéz| N7+l + N (r+1)B1

m T
+|Oéi|m N"+2
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and hence
N(r+1,U(k,1)) > Nl|og|N(r k) — sNTHDU=B) _ o) |m NT =82+ _ 9N |ay

By summing over 1,

N

N N N
ZN(T + 1, (K, z)) > ZN|Qi|N(T7 k) — Z sNT+DA=p1) _ Z |ai|mNr(1—ﬁz)+1
i=1 i=1

i=1 =1
N
=1

—  NAN(r,k) = sNTHDU=B+L _ g Nr(1=B2)+1 _ 9Ny,

Now,
N" N
Z (ZN(T‘ + 1, l(k, n))) > NAN(r) — g N+DA=B)+(r+1) _ m,er(l—ﬁz)-I—H-l
k=1 i=1
- ZNH_I’}/
> NAN(r) — sNOHDE=A) _ pypy N +1D(E-5)
— 2yNU+HIE-A),
Therefore,

N(r+1) > NyN(r) — C,NT+DE-5)

where Cy = s + (m + 2)~. Iterating on r gives,

v

N(r) NAN(r — 1) — C,N"=H

> NA[NAN(r — 2) = C,NT=DE=A)] _ g, NT2=A)

= N**N(r—-2)— C4Nr(2*5)[1 + N

> N2 [NYN(r — 3) — CuNU=2C=A] — ¢, N"C=A)[1 4 yNF—Y

= N3N (r —3) — CuN""P[1 4 yNP=1 4 A2 N2E-D)],
Continuing the process, we get

N(r) > (N9 N (§) = CuN"CD (14 y NP 4 ENC=7DE-D) - (2.10)
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forall1 <j<r.

Let v > 1 with yN?~1 > 1. Then from (2.10)

B—1\r—j __
iy e N =1
N(r) = (Ny)N(j) — CuN ANB-T_ 1
B—1\r—j
r=iN(7) — T(Q*B)M
> (N9)"N(j) — CuN YNA—T 1

= "INCF M forall 1 < j <randy > 1,

where
e (ZNG) e
TA\N@BrH YA NAT T )

Now

AN B=D(r=3) Nr(1=B)+j
yNB-1 — 1
NI(2=8)
e L
yNA-1 —1

NN = N(5) = Cy

Then for v > 1 and non-collinear interpolation points, by Lemma 2.2.1

lim Nr) =

r—oco N7 -

When g = 1, using the above expression, it follows that for large j

: Y NI(2=5)
(N(])—CZW >0,

that is, M > 0. Therefore for § =1
N(r)> M*"N" for large r ,

where M* = M~~7 > 0. Hence

. . log M*~"N"
dimp G > rlggoW =1+logy.
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Corollary 2.2.1. Let f be a concave and Lipschitz function, b be an affine function
with b(xg) = f(xo), b(xg) = f(xo) and b # f. Also assume that the interpolation points
{(i, )}, are not collinear and v = S| |oy| = SN | s, where o > 0 for alli. Then
the graph G of the a-fractal interpolation function f¢ corresponding to the IFS (2.3)

and (2.4) has box dimension

. | 1+logyn, ify>1
dimp & = { 1 otherwise .

Proof. The result follows immediately from Theorems 2.2.1 and 2.2.2 with § =1. [
In the following, we demonstrate the obtained results with an example.

Example 2.1. Let I = [0,1] and A : 0 < 0.25 < 0.5 < 0.75 < 1 be the partition of I. Let
f(z) = 22 =223 42 be the Holder function with exponent 1/2 and b(z) = 2—x'/2. The
corresponding a-fractal function f* for the IFS with scale vector a = (0.3,0.4,0.3,0.2)
1s given in Figure 2.6. Then according to the Theorem 2.2.1, the box dimension of the
graph G of the function < is

log 1.2

— 1.6315 .
= 6315

1 <dimpG < dimpG <2 —1/2 +

Let f(x) = sin(x) be a Lipschitz function which is concave in I and b(x) = xsin(1)
be an affine function. Then by Corollary 2.2.1, the box dimension of the graph G of
the corresponding a-fractal function f¢ given in Figure 2.7 is dimp G = 1 4 log, 1.2 =
1.1315.

2.3 Variation of continuous functions and its prop-
erties

Let h € C(I). For § > 0 and any x € I, define I[z;6] = I N [x — 0,z 4+ §]. Then the

d-oscillation of h at z on I is defined as

Ohs(x)= sup h(z')— inf h(z)= sup |h(z')—h(z")|.

z'€l[z;0] z' €1[z;0] z! x' €lx;d]
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1.8

0.8
0

0.2 0.4 0.6 0.8 1

Figure 2.6: The graph of f® corresponding to f(z) = /2 —22'/3+2 and b(z) = 2—z/2.

0.9

0.8}
0.7}
0.6F I
0.5F
0.4}
0.3f
0.2}

0.1r

Figure 2.7: The graph of f* corresponding to f(z) = sin(z) and b(z) = zsin(1).

The continuity of h ensures the continuity of Of.5. The d-variation of & on I is denoted

by Vi.s(I) and defined by [20,31,90]

Viall) = [ Oflarie.
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If A is a real valued non-constant continuous function then the relation between box

dimension of the graph G and the variation of h is given by [31,33]

dimpG = lim sup (2 - M) (2.11)
§—0+ 10g5
and
. IR TI 1Og Vh;é(I)
dimzG = hggégf (2 T T hge ) (2.12)

Lemma 2.3.1. Let f; and fy be two continuous functions on I. For real constants

c1, Co, the following statements are true.
(CL) ‘/61f1+02;5(l) - ‘Cl|vfl;5(1)7

(0) ler|Vis (D) = |e2| Viis(I) < Veypitenfss(D) < |c1|Vis(I) + |ea|Vigs ().

Proof.

(a) By definition, for § > 0

Oi firers(@) = sup |afi(2)) + e — e fi(z") — o
o' ' €[x;6]
= |a| sup |fi(z") = fu(z")]
o/ 2" € fa3d)

= |ailOf,5(2).

Integrating Of ; \,.s(x) over I, the result follows.

(b) Using the fact

AN

e[| fi(2") = fr(@")] = lea|l fo(2”) = fa(2")] < [(erfu(@) + cafo(2”)) — (crfr(2”) + cafa(a”))]
< Jallfi@) = A@")] + el fa(2') — f2(2")],

it follows easily that
1107, 5(2) = 1e2lO,5(2) < Og py ey is(®) < |e1]OF, () + le2] O () -
Integrating O ; ., ,.s(x) over I, the result follows. O
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Lemma 2.3.2. Let h€ C(I) and A: 0 =29 < x1 < --- < xy = 1 be the partition of I
with I; = [x;_1,2;]. Then

N N

> Vhs(L) € Vi (D) € Vis(Li) + 2(N = DVi(I)6

i=1 i=1
where Vi (1) = sup, ey h(x) —infer h(x).

Proof. The proof follows on similar lines of Lemma 5.2 of [36]. But for completeness, it
is presented here.
For any i = 1,2,..., N, L[z;d] C I[z;0] and hence O,[j;é(x) < Oj 5(x). Therefore, it
follows that

N

Z Vi (L) < Vis(1) .

i=1
For right hand inequality, let I = [0, 2, —0], [} = [x;_1+J,2;,— 0] fori =2,3,... , N—1,

L =[z;—d,2z;+0]NIfor j=1,2,...,N—=1and I} =[xy +J,1]. Clearly,

(UL ) (U L) =1
Forzel’,i=12...,N
O{L;a(x) = 0{55(95)

and

Oii;a(x) < Va([)

forx e [;*, j=1,2,..., N — 1. Therefore
N N-1
WWMSZ/%MW+Z/%mM
i=1 7 1IF j=1 71"

< Y Vi) + (N = DVA(T)26.
]

Lemma 2.3.3. Let h be a fractal interpolation function on I. If L(x) = ax + b, where

a and b are constants with a > 0 such that L(I) C I. Then
Vh(L—l(.));lg(L(])) = th;g(I) .
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Proof. Denote J = L(I). For z € J,

Onz-1(ps(t) = e WL @)~ inf (L7
= sup h(p))— inf A(p)
pellp;2] P Elp;?]
= Oi;g(p)-

Therefore

Va-10ys(L)) = /JO}{(L—l(,));a(x)dx

]

Lemma 2.3.4. If h is Hélderian on I with exponent B € (0,1] and 6 > 0, then there

exrists some positive constant M such that
Vis(I) < M|116° .
Proof. Since h is § Holderian in I, for 0 > 0 there exists a positive constant C' such that
\h(2") — h(z")| < Cla’ — 2"|° forall o/,2" €1.
Therefore Of 5 < 2°C6° and hence
Vies(I) < M|1]6°, where M =2°C .

]

2.4 Box dimensions of a-fractal functions using vari-
ation

In this section, the restriction on the data set as equally spaced is relaxed. Note that

f and b are uniformly Holderian with exponents 3, and 5 respectively. In the present
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section, the calculation of the box dimension of the graph of f* is estimated using the
techniques developed in [35,36]. Before proving the main theorem, we first prove the

following lemma.

Lemma 2.4.1. Let f“ be the a-fractal interpolation function corresponding to the
IFS (1.8), (1.9) and (1.10). Then there exist positive constants Cy, Cy and 6 such
that

Z la;|a; V. s — 0% < Vias(I) < Z la;|a; V. fa; 8 )+ Cyd°
for all 0 < 5 <1andp= mm{ﬁl,ﬁg}.

Proof. Since f¢ is continuous on I, the left inequality of Lemma 2.3.2 gives

Vfa > Z Vfa

Since f“ satisfies the fixed point equation (1.11), using Lemma 2.3.1, it follows that
N

Viea) 2 ) lal (Vys-10ya(5) = Vaz-10y0(8)) = Vi (1)

1

]

WE

>

[|ai|ai(Vfa;a%(I) - %;%(1))} — Vi5(I), using Lemma 2.3.3.

1

)

But by Lemma 2.3.4, there exist positive constants M;, M5 such that
Vis(I) < My|I]10% < M,y |1|6°

and

5 B2 S B
Via (I) < My|1| (a—) < MylI| (Z) ;

3 (3

Hence

Vies(I) > Z |az|aZVfa 5 — 0167,

where C = (M1 +3 |ozl-|a§7ﬁ]\/[2> |7|. On the other hand using Lemma 2.3.2
N
Vfa;g(f) < Z UO@‘ (Vfa 16 (IZ) + %(L—l(A));é(Iz‘)) + Vf;g(fi)] + Q(N — 1)Vfa (.[)5

"
Z azlanfa 5 +C'25ﬁ
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where Cy = Cy 4+ 2(N — 1)Va(1). O

The following theorem is useful to get an upper bound for the box dimension of the

graph of f<.

Theorem 2.4.1. Let D be the solution of S | |aulaP™ = 1 and f* be the a-fractal

interpolation function corresponding to the IFS (1.8), (1.9) and (1.10).

(a) If v > 1, then there exist positive constants By and &y such that Vias(l) <

BQ(SlJr’BiD fO?” 0<d < (50.

(b) If v < 1, then there exist positive constants Bz and 0y such that Vias(I) < Bsd”

for 0 <6 < dg.

(c) If v = 1, then there exist positive constants By and 0y such that Vias(I) <

B4(5ﬂ log% for 0<9 < 50.

Proof.
(a) Since v > 1, it follows that D > 1 and 8 > 1+ — D. From Lemma 2.4.1, for §, > 0

choose ky > 0 large enough so that

CroP

Vo) < T2 + ko §i+8-D

for 6p <9 < %0, where @ = min{a; : i = 1,2,..., N} and C} is as given in Lemma 2.4.1.
Denote 1)(8) = CQT‘W + k’géHﬁ*D. Define @ = max{a; : i =1,2,...,N}. Then ady < <

0p implies that §g < o < % and

Vies(I) < ) laila;iVya s (I) + Cao”

< i[&ﬂaﬂ(—)—l—@éﬂ
B » Cy68 ko §1HA—D 5
= ;]ai|aim Z|a1]az D + Oy
< ﬁ:y(m 15 C20” +Z|az|aD PhaM 7P 4 Cy6”
- — L l—y
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It is noted that aiD_ﬁ < aiD_l as a; < 1, also ai_ﬁ < 1. For adg < 9 < by,

Vias(I) < z]mHi7+§:Wm£4b$%4lH%W
i=1 i=1
< 127 + ko8P 1 0467 (since Z || =, Z lo|aP ™t = 1)
-7 i=1 i=1
< 026/8 + k,251+/3—D
L=y
= P(9).

Suppose Vya.5(I) < 9(8) holds for @y < § < dy. Then again by the above arguments

it holds for a"*16y < 6 < dy. Asa < 1,
Vias(I) < 9(0)

for 0 < § < dy. But

_ C25B 1+8-D
(6) = 1_7+@5

ka0

<

IA

Therefore

Vfa;5(1> < k’leJrﬁiD for 0 < 0 < (50 .

(b) Since v < 1, it follows that D < 1 and 8 < 2 — D. As in Case (a), one can choose

ks > 0 such that

Cr0P

Vfa;(s(f) S 1 == k‘352_D for 6"50 S 0 S 50 .

Therefore there exists a positive constant Bs such that
Vias(I) < B36® for0< <8 <1.

(c) For vy =1, D = 1. Let for k4 > 0 large enough, Vias(I) < 9(9) for gy < § < %0,

where

Cslogd
SV || log a;
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For v =SV Jail =1, 5N || is replaced by ST~ | || log a; and 6% by 67 log . Note
that

s 1 og 68

68
‘I‘ Z |az|azk4 6 + C(256

=1

Z |az|az'¢} + 025/3 -

2= d%!logaz a;

N
>l
N o5
Z v |az| 1“2‘ 0% + Z; i |ks0” + Cy0°

1=
(smce a; B <1
N N

log & 51 i
R I oL P RS L LI
i=1 Zi:1 |vi| log a; i=1 Zizl |vi| log a;

IN

N
y Z || ka6® + Cp0”
i=1

- Rled gy s

Sy las| log a;
= Y(9).

Similarly, it can be shown that

CQ IOg(S
o ZZ 1 las| log a;

Vias(I) < 0% + kyd®  for a6y < 6 < dp -

Therefore, there exists B4 > 0 such that
5 1
Vfozﬁ([) §B45 IOgS f0r0<5§50§1
O]

The following theorem gives an estimate for upper bound of the box dimension of

the graph of f¢.

Theorem 2.4.2. Let G = {(x, f*(x)) : © € I} be the graph of the a-fractal interpolation
function f* corresponding to the IFS (1.8), (1.9) and (1.10). Let the interpolation
points be not collinear and v = S~ |au|. Let D be the solution of SN | |a;laP~t = 1.

Then the box dimension of G is as follows.
(a) Fory>1, 1<dimgG <dimpG <1— B+ D.
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(b) Fory <1, 1<dimzG <dimpG <2-4.
Proof. (a) By Theorem 2.4.1(a), there exists positive constant By such that
Vias(I) < Bod™™P for0 < <4y .
Using it with (2.11), it follows that

S 1 ag(1
dimgG = lim sup (2 — M) < lim sup

<2 10g BQ(SIJFB*D
6—0+ log 0 6—0t

SN L,

Since f is continuous in I, dimgG > 1. Therefore 1 < dimzG < dimpG <1- 3+ D.

(b) If v < 1, then according to Theorem 2.4.1(b) and (2.11)

S 1 as( log B36”
50+ log 4 50+ log 0

If v = 1, then according to Theorem 2.4.1(c) and (2.11)

- - log B40” log X
dimpG = limsup (2 — M) < lim sup (2 — u) =2-0.
50+ log o 50+ log o

Therefore for v <1,

1 <dimpG < dimpG <2- 4.

The following result can be read in [36].

Lemma 2.4.2. (see [36]). For a continuous function h on [c,d), Vis([c, d]) > Vi([e, d])d,
where Vi, ([e,d]) = SUDe(e.q) M(T) — infociea M(z) and 0 <6 < d —c.

The following lemma is required to prove Theorem 2.4.3.

Lemma 2.4.3. Let f¢ be the a-fractal interpolation function corresponding to the
IFS (1.8), (1.9) and (1.10). Also assume that f is concave and b is affine. Let
v = Zfil la;| = Zfil o; > 1 where oy > 0 for all i = 1,2,...,N. If the interpola-

tion points are not collinear then there exists a positive constant i such that
Vias(I) > py*s  for d€0,a".
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Proof. For § € [0,a"], using Lemma 2.3.2

Vias(I) >

v

v

The following theorem is useful to get a non-trivial lower bound for the box dimension

of the graph of f.

Theorem 2.4.3. Let D be the solution of Yo, |aulaP™" = 1 and f* be the a-fractal
interpolation function corresponding to the IFS (1.8), (1.9) and (1.10). Also assume
that f is concave and b is affine. Let v = SO0 | |ou| = 32

all i and the interpolation points are not collinear. If § = 1, then there exist positive

Z Vf‘)‘ 5(Ll1l2 Jg (I))

11,82,y

Z vfa<Lm (D)3,

11,825+, 1k
N

§ , Qujp Qg y v+ gy :u57

11482, yip=1

8.

constants By and 0y such that

Proof. For v > 1 and 8 = 1, according to Lemma 2.4.3, one can select d; > 0 such that

using Lemma 2.4.2

using (2.9)

N

Vias(I ZBl(SQ_D for 0<5§($0
A

2C10 0
Vies(I) > == for 0 <8 < =,
— a
where (' is as given in Lemma 2.4.1. Then choose 0 < k; < 9% _ 4o that
Cho 0,
Vias(I) > — <5< 2,

Denote ¥(d) = Cl‘s + k10272, Then Vo s5(1)

TH-1574_11612310

7

a

> (0) and p(8) > k0>~ P, If ady < 6 < 4§y

i—q 0 > 1, where a; > 0 for



then 6y < g <

12 |&

. Therefore from left inequality of Lemma 2.4.1 with g =1,

N
Y lailaiVie s (1) = C16
i=1 ‘
N
5
> Jailaip(—) —
=1 i

N

2—D
- Z|ai|al( —I—Z|a,|azk1§ — 16

=1 z

Vias(I)

v

Vv

C1vo
— 7171 + k0> P — €15, (since Z lo;| = ”y,z ailaP ™ =1)

gl
= ¥(9)

for @y < 0 < do. Suppose Vya,s(I) > (9) holds for @"éy < § < dp. Then again by the

above arguments it holds for @™§; < 6 < . Asa < 1,
Vias(I) > (8) > B16*"
for0 < < (50. ]

The following theorem gives a non-trivial lower bound for the box dimension of the
graph of f*.
Theorem 2.4.4. Let G = {(x, f*(x)) : @ € I} be the graph of the a-fractal interpo-
lation function f* corresponding to the IFS (1.8), (1.9) and (1.10). Also assume
that f is concave and b is affine. Let the interpolation points be mot collinear and
v= SNl = N a; > 1, where a; > 0 for all i. Let D be the solution of
SV |ailaPt = 1. If 8 = min{By, Bo} = 1, then the box dimension of G is

dimpG > D .

Proof. By Theorem 2.4.3, for every 0 < dy < 1, there exists a positive constant By such
that

Vias(I) > B16> P for0 <4 <.

78

TH-1574_11612310



Using it with (2.12), it follows that

log Vias(I log B16%~D
dim ;G = lim inf g 108 Vima (D) Sy ing (2= 98B0 _
5—0+ log & 50+ log &

Remark 2.4.1. For equally spaced data the solution of S, |oglaP?™t = 1 is D =
1+ logyy. Then the results in Theorems 2.4.4 and 2.4.2 coincide with the results in

Theorems 2.2.2 and 2.2.1 respectively for positive scale vector.

Corollary 2.4.1. Let f be a concave and Lipschitz function, b be an affine function
with b(zo) = f(xg), b(xo) = f(xo) and b # f. Also assume that the interpolation points
{(xs, )}, are not collinear and v = S, lou| = SN | i, where o; > 0 for alli. Then
the graph G of the a-fractal interpolation function f corresponding to the IFS (1.8),
(1.9) and (1.10) has bozx dimension

D, ify>1
1 otherwise .

Proof. The result follows immediately from Theorems 2.4.4 and 2.4.2 with  =1. O

Note that the estimation in the above Corollary 2.4.1 is similar to the results in [41]
for one dimensional case in which the oscillation of affine fractal function is used to get

the estimation of the box dimension.

Example 2.2. Let I = [0,1] and A : 0 < 0.2 < 0.5 < 0.75 < 1 be the non-uniform
partition of I. The Hélder functions f(x) = z/? — 22Y% + 2 and b(x) = 2 — 2% as in
Ezample 2.1. Then according to Theorem 2.4.2, for the scale vector a = (0.3,0,0.2,0),
the box dimension of the graph G of the corresponding a-fractal function f<, given in
Figure 2.8 is

S 1
1§di_mBG§dimBG§2—§:1.5.

Let I = [0,1) and A : 0 < 0.2 < 0.5 < 0.75 < 1 be the non-uniform partition of I.

Let f(x) = sin(x) be a Lipschitz function which is concave in I and b(x) = zsin(1)
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be an affine function. Let the scale vector o = (0,0.7,0.3,0.8). Then the solution of
Zi]\il loy|aP ™t is D = 1.42. By Corollary 2.4.1, the box dimension of the graph G of the

corresponding a-fractal function f®, given in Figure 2.9 is

dimpG=142>1.

1.9
1.8
1.7
1.6
151
1.4} £
1.3}
1.2t

11r

Figure 2.8: The graph of f® corresponding to f(z) = /2 —22'/3 42 and b(z) = 2—2'/2.

0.9
0.8}
0.7+ I
0.6
0.5r
0.4r
0.3
0.2}

0.1r

Figure 2.9: The graph of f* corresponding to f(z) = sin(z) and b(z) = zsin(1).
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Example 2.3. The nowhere differentiable Weierstrass function is given by

w(z) = Z a" cos(2mb"x), forxz € R,

n=0

where 0 < a < 1 < b, with ab > 1. It is Holderian with exponent —log, a. The graph
of the function w(x) has fractal dimension ~ 1.37 for a = 0.5 and b = 3 [48]. For
any scale vector a = (aq, g, -+ ,an) with v = Zfil la;| <1 and any Hélder function
b with exponent at least —logy, a, the bounds of box dimension of the graph G of the
corresponding a-fractal function of w(x) is 1 < dimp G < 2+log, a ~ 1.37 according to

Theorem 2.4.2.
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Chapter 3

Box dimensions of a-fractal
functions with variable scaling
factors in subintervals

In Chapter 2, an estimate for the box dimension of the graph of a-fractal function
f¢ with constant scale vector for uniform as well as non-uniform nodes is established
whenever the original function f and the base function b are Holderian. In the present
chapter, the dimension of the graph of f¢ is estimated for an IFS with function scale
vector instead of constant scale vector. For non-zero constant scale vector, the results
here coincide with the results in Chapter 2. Additionally, in this chapter an estimate
for the box dimension of the graph of f* on subintervals or partitions is given. The

motivation behind the work is explained through the following example.

Example 3.1. Let I = [0,1] and A : 0 < 0.25 < 0.5 < 0.75 < 1 be the partition of I.
Let f(x) = cos(z) be a concave and Lipschitz function in I and b(x) =1 — (1 —cos(1))z
be an affine function such that b(0) = f(0), b(1) = f(1). Let f* be the corresponding
a-fractal function. Let G* and G? be the graphs (given in Figure 3.1 and Figure 3.2) of
[ with scale vector o' = (0.7, 0.4, 0.5, 0.3) and o* = (0.5, 0.7, 0.8, 0) respectively on

I. Then by Corollary 2.4.1 of Chapter 2, dimp G' = 1.46 and dimp G* = 1.5.

If we look at Figure 3.1 and Figure 3.2 carefully, it can be observed that the graphs

behavior of f* in subintervals are different for different scale vectors, due to non-affinity
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13

1.2¢

Figure 3.1: Graph of f¢ for the scale vector a =
(0.7, 0.4, 0.5, 0.3).
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1.2}

1a1r
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Figure 3.2: Graph of f® for the scale vector a =

(0.5, 0.7, 0.8, 0).
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of f*. Also from (1.22), for a; =0
f@=fin I .
So the following questions arise for investigation.

(a) What is the dimension of the graph of f* on subintervals or partitions?

(b) If ai = 0 for some i* € {1,2,..., N}, what is the effect of it on the dimension of

the graph of f* in the intervals [;,7 # 1*7

(c) If a= = 0 for some i* € {1,2,..., N}, how to show theoretically that the behavior
of the dimension of the graph of f* is same as the behavior of the dimension of

the graph of f on [;+?

In this chapter, an attempt is made to answer above questions for more general f¢ by
taking function scale vector a = (au(z), as(z), ..., an(z)).

The chapter is organized as follows. In Section 3.1, the box dimension of the graph
of f* for uniform partition of [0,1], is estimated. In Section 3.2, the box dimension
of the graph of f* in subintervals, is estimated. The main results are explained with

graphs for various combinations of scale vectors at the end.

3.1 Box dimensions of a-fractal functions

Throughout the sequel, we assume that f and b are Holderian with exponents 3y, B2 €

0, 1] and Holder constants H;, Hy respectively. That is,
f
f(x) = f(y)] < Hylex —y|™ forallz,y e R,

lb(z) — b(y)| < Hy|z —y|? forallz,y € R .

Set 6 = min{pf;, 52}. Let for i = 1,2,..., N, the function scaling factors «;(z) are

contraction with contractivity factors H,,. That is, fort =1,2,... N

A

la () — a;(y)| < Hoylz —y| forallz,y e 1.
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Assume that H, = max{H,, : i = 1,2,...,N}. For I = [0,1], let the interpolation
points P = {(%,yz) € R%i=0,1,...,N}. Let us denote D = {ﬁ el;i=0,1,...N}
and L(D) = UN,L,(D). Set L°(D) = D and L*(D) = Lo Lo---o L(D) (k-times
composition of L itself). Let us denote

o; = Iilel? la; ()] and apin = lglgr}v a;

@ = max |0i(z)| and eax = maX T -

Let us assume that 0 < apin < Qmax < 1.

The following lemma gives a bound for the maximum range of f* on I.

Lemma 3.1.1. Let f¢ be the a-fractal interpolation function corresponding to the
IFS (1.21) with interpolation points P. If apmax < 1, then

amaxAy + (amabe F Hf)
Il = Cmax

Rp(I) <N

where Ay = max{|y; — yol;4 =0,1,...,N}.
Proof. For k=1,2,..., let
I = max{|f*(z) — yol; = € L" (D)} ,
= max{f*(@) ~ i1 € LFHD) N 1
Now for x € L¥(D) N I
[ @) = F(Li(2), (L7 (2)))
= f(@) +a(Li (@) (f* = b)(Li (@)

Therefore

@) =y = i L (@) [(F(Li (@) = o) + (yo — b(L; " (2)))] + f(2) — yima

amaka + (amabe + Hf)

IA
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Thus

Yk+1 S amaxrk + (O-/mabe + Hf) (31)

Observe that,

[ = max{|f*(z) —yol:z € L*(D)}
< max{|f*(z) - gisfs2x € L (D) N L} + max{|yi1 — wol}

< I'i+m%.
Then by repeated applications of (3.1), we get
Vk+1 g amax<F1 + f}/k) + (amabe + Hf)
S Oémaxrl + a?naxrk—l .- O‘max(a’mabe + Hf) + (C“mabe + Hf)
S O5maXFl + Oé?naX<F1 + ’kal) + amax<amabe + Hf) + (Oémabe + Hf)

S amaxrl(l + Omax G oo aﬁq_a;l() + (amabe + Hf)(l + Omax + -+ Oérkn;}()

Therefore,

amaxrl + (amaXHb + Hf)

Vi1 < 1 .
— O'max

The above inequality is true for every k € N and the right hand side is independent of

k. Let us define
amaxrl + (amabe + Hf)

1 — Omax

D = U,LF(D)

C:

Y

and x € [;, then there exists a sequence =™ € DN I; tending to x as m — oo. The

continuity of f* implies that
|f(x™) = yica| = | f*(x) —yia| asm — o0

Since
|f(2™) —yial < C,
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we get
| (x) —yia| < C.
Therefore it follows that

a amaxr + @mabe + H
sup |7 (2) ] < ot Q£ ) (32)

Let s and ¢ be arbitrary points in I. Suppose s € I; and ¢t € I;, where i,5 € {1,2,..., N}

with ¢ < j. Then

1f(s) = O < 1f*(8) = vial + g1 —wil + - + |y — [
amaXAy+ (amabe +Hf)
1 — Qmax

N

IN

, using (3.2).

Therefore

Rya(I) = sup | f(s) = f(t)] <  QmaxAY + (Omax Hy + Hy)

s,tel 1— Qmax

Following is another bound for R« not depending on N.

Lemma 3.1.2. Let f“ be the a-fractal interpolation function corresponding to the

IFS (1.21) with interpolation points P. If apax < 1, then

o 2
Rya(I) < 2[|f*||oc < T(Hf“oo + Omax[[0]]so) -

Proof. By definition, we have

Rya(I) = sup [f(s) — f*(8)] < 2/ /]| -

s,tel

Therefore using (1.22), it follows that

a O'max
15 = Flloe < 222l bl

and thus

(67
AW, < - _ max — bl
£l < Wl + o — )

max

o0 C]{I’I’laX b o0
Ifllse | Omaxl[Dll oo

]- — Omax 1 — Olmpax
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Hence

2
(Il + maxllbll) -

]-_ max

Rype(I) < 2[ [l <

Let M be the minimum of

o AY + (Cmas Hy + H 2
By + (Ol T H7) g 2 (111 4 e lBllec)

1 — Olmax 1 — Umax

N

Then
Rya(I) < M .

Following notations are useful in the sequel. Let L;;, 4 () = L;, o L;,_, 0---0 L; (x),

i1 OO Lil (I) and Gi1i2~»-ik = {(ZB, fa(‘r))l VS [i1i2»--ik}’

where iq,19,...,ix € {1,2,...,N}. Set io =0, I;, = I and L;, = Id. Let the maximum

122...0%

range Rp,(A) of F; be

Rp (A) = sup |Fi(u) — F;(v)|, where ACIXxR.

K3
u,vEA

Lemma 3.1.3. Let G = {(z, f*(x)) : © € I} be the graph of the a-fractal function f*
corresponding to the IFS (1.21). Then

_ Hy a;, Hy H,
RFik (Gil’ilnik—l) < ailch‘I ([i1i2~--ik—1) + <Nk5 + N(]I;_l)ﬁ + N(k_1)5> ) (3'3)

where H = (Hfa”oo + ”b||<><>)Ha'

Proof. Recall that f and b are Holderian on I with exponents (1, 52 € (0, 1] and Holder

constants Hy, Hy, respectively. Using the definition of the transformations F; given in
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(1.21), for zy, x4 € 1, it follows that

| Fy (1, [ (20)) = Fiy (2, [ (22))] = aa, (20) [ (21) + f(Liy (1)) — iy (21)b(21)
— iy (22) [ (w2) = [ (Liy (22)) + iy (22)b(22)]
= o, (@) f(21) = vy (20) f* (22) + vy (1) f (02)
— iy (w2) [ (w2) + f(Liy (21)) = f(Li, (22)) — vy (1)b(21)
+  ay, (1)b(xe) — ayy (21)b(2a) + gy (22)b(22)]
@iy [[* (1) — fH (@) + [ (Liy (1)) = S (L (22))]

@i, [b(a1) — bx2)| + (I ]loo + [Iblloc) levi, (21) — iy (22)]

IA

+

IA

b~ (0% (07 H
iy [f(21) — f(22)] + N—glfﬂh ~z9]P

+

iy Hylwy — 22 + ([1/*lloo + [1blloc) Ha, |21 — 22
a;, | f*(z1) — f*(22)]

H
+ <—f + o, Hy + H;) |1 — @),

IA

NP

where HZ = (||/*|loc + [|bllsc) Ha. Taking both side supremum over I and using |z; —

z9|® <1 for zy, 15 €1,

H
Rp, (G) < @y Rya (1) + (N—’; +a, Hy + H;) .

For zq, x5 € I, proceeding as above it follows that

| Fig (Liy (1), £ (Liy (21)) = Fig (Liy (w2), £ (Lay (22)))] = iy (Liy (22)) " (Liy (21)) + f (Liyiy (21))
— oy (L (21))b(Li, (1))
— oy (Liy (22)) f (Liy (22)) — f(Ligiy (22))
+ iy (Liy (22))b(Li, (2))]
< Q| S (Liy (1)) = [ (Liy (22))]
+ (% + o, Hy + H;)
| Liy (1) — Liy (w2)]”.
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RF,

)

_ Hy, @,H, H
(G) <l (t) + (35 + S+ 35 ) -

Hence by succession

_ Hf @ H, H
RFi (Gi1i2~~~ik—1) < aikao‘ (Iili2~~-ik—1> + < d : )

N T NGEDE T NG0B

]

Remark 3.1.1. If fori =1,2,..., N, the functions a;(z) are Hélderian with exponents
s; respectively, then by setting f = min{f, o, $1,...,Sn}, the above Lemma 3.1.3 is

true.

The following lemma gives the bounds for the maximum range of the a-fractal func-

tion f.
Lemma 3.1.4. Let f* be the a-fractal function corresponding to the IFS (1.21).

(a) If atmin > ﬁ, then

Rya(Liyiy..ip) < Moy, @, - .-y
where M, is a positive constant.
(b) If one or several scaling factors may have zeroes in I and ﬁ < Omax < 1, then
Rpa(ILiyiy..i) < Myak
where My is a positive constant.
(¢) If amax < ﬁ, then

1 *
Ryo(Liyiy. ) < B (Rpe(I) + k(Hy + Hy + HLN)) .
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Proof. Let G = {(z, f*(x)) : * € I} be the graph of the a-fractal function f* cor-
responding to the IFS (1.21). From (1.7) and (1.21), it follows that for all = € I;,
i=1,2,... N,

[ @) = F(L7 (), [ (L7 (@) -

Therefore, for z1,2z9 € I,

[ (@) = fH )| = [ F (L3 (), S (L (@ ))) Fyy (L3 (2), f (L (22)))
< sup [F (L7 (@), f2(LE (2)) — Fo (L3 (), /(L3 ()|

xvyelil
= ~Sl~1p1 |E1 (f, fa<§)) - E1 (ga fa(g» |7 T = Lz_11<m)7 g = Lz_11<y)
x,ye
= Rg, (G).
Since x1, xo are arbitrary, fort=1,2,..., N,

For zy,29 € I;,;, C I,

|f¥(x1) — f(x2)| = |Fu(Ly (1), f*(L; (21))) — Fiy (L3, (w2), £ (L, (22)))]
< sup |F,(Ly'(2), f4(L5 (2)) — By (L5 (), f(L5, ()|

T ye-[zl i

= sup |Fy(% f°(@)) = Foo (7, f* ()|, where & = L;!(x),5 = L3, (y)

m,yGIil

— RFi2 (Gu)
Therefore
Rf‘* (Iiliz) < RFiQ (Gh) .

Similarly proceeding as above, for x1, o € I;,:i, C 1,

[ (x1) = fH(@2)| = |Fu (L) (1), fY(L; (1)) — Fi (L3, (22), f*(Ly, (22))) |
< sup  |F (L (2), (LN (2) — Fiu (L (), f*(Lg (1))

x yeIZI’LQZS

= sup |E3(x I ( )) —Fig(ﬂ, fa@))L where 7 = L;?)l(;y),’g: Lgl(y)

z ye]zl io

= RFiS (Glliz )
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Therefore

Rfa ([i1i2i3) < RFz (Giliz) .

By succession, it follows that

Rfa (Illl2lk) S RFZ (Gil’iz...ikAl)' (34)

Substituting (3.3) in the above expression, it follows that

Rya(Liyiy. i) < @i Rpa(Liyiy. ip,)+ <J€{Cf5 + ]\?(Z;E;)B N(f%)ﬁ)
< @kRFik_l(Gilig...ik,Q) + (;fﬁ + ]\?(Z;E% + Ng§1)5> , using (3.4)
< @Gy Rpo(Tisig.ino) + 0 (N(ll:]—fl)ﬁ T ?\;ﬁkigg T NEM)
+ (]fflkfg e ]\?(Z;Efﬁ + N{:ftm) , using (3.3).

Repeated applications of the above inequality, gives

Rfa (11122%) < aikaikﬂ "ailRf" (I)
_ _ Hy _ Hy Hy
+ Qg Qg - - 'ai2m +oee Ay, N (k=1)8 + NEkB
_ _ _ H,y _
' (”‘ Gl @i g am)
_ S _H] H;
+ (aikaik_l L H 4y, N2 + N(kl)ﬁ) ) (3.5)
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1

(a) If appin > NB

it easily follows that

Rfa (111221k> S @k@-k_l .. .ailRfa (I)

@ikaik_l .. .@me Hf Hf
14 ...
* N? ( T AL NGPE T g, a, NG
_ _ H, H,
£ th (1 T e, @ NG ailNW)ﬁ)
00 .G (L4 Ty .., N8 + @, ... G, N5
S azkalk_l o .ailRfOé (I)
@, @iy, - i Hy 1 1
+ N# (1 + Olin NP LR a1 N(k-1)8
_ =1 (1 1 1
+ Oéz‘kOél'k_l...OéZ‘l b +m++w
e = 1 (1 1 1
+ Oy Qg ww - Ol 1, +aminNB—{—..-+W ’
since Quin < @, for all j € {1,2,...,k}. That is, for i, > ﬁ
Rfa ([hig--.ik) < aikaikq ,
Hy 1 1 H* 1
Rya(I) + + H,
Therefore
Rf"‘<12112 %k) 3 Mla%alk 1 &y
where
Hy 1 1 H* 1
My =M+ + H, 4+ —= )
( aminNﬁ (]- i amiNB) (]‘ - m) Q'min (1 - m)>
(b) If 5 < amax < 1, (3.5) can also be written as
Rpa(Liyiy.ir) < ahaRpa(I)
k—1
amafo 1 1
T TN (1 A A af N k=8
1 1
k
+ o (1 + NP + ...+ W)
oty (1 e o)
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For ﬁ < Oax < 1,

H 1 1 H; 1
Rya(Liiy. i) < oy (Rf“(f) + amaX]iN@ p—— + Hb(l ) + amzx (p—
Therefore
Rpa(Liyip..i) < Mooy
where

. v H : M !
b .
amax 1 - am;Nﬁ) (1 - amdeﬁ) O'max (1 - am;NB)

(¢) If atmax < w5, then from (3.5), it follows that

Rfa(Ii1i2~-ik) (Rfo‘(j) +k(Hf +Hb+H;Nﬁ)) ;

1
N#8

The following lemma can be read in [33].

Lemma 3.1.5. Let h € C[0,1]. Suppose that 0 < § < 1 and m is the least positive
integer greater than or equal to 1/5. If N5 is the number of 6-mesh that intersects the

graph of h, then

51 i Rp[(i —1)6,i6) < Ns < 2m + 0! i Rp[(i = 1)0,0] .

=1 i=1

Let 7 = Zf;l @;. Then the following may be noted.

o If iy > then FNA~1 > 1.

NB’
o If YNP~1 > 1, then chpax > 773
o If thpax < w5, then FNA7H < 1.

Following theorem gives an estimate for the box dimension of the graph G of f<.

Theorem 3.1.1. Let f* be the a-fractal function corresponding to the IFS (1.21).
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(a) If Qpin > ﬁ, then

1 <dimp(G) <1+logy7 .

(b) If NP~ > 1, then

1 <dimp(G) < 2+ logy max -

(¢) If amax < ﬁ, then

1 <dimp(G)<2-43.

Proof.

(a) For oumin > 77, by Lemma 3.1.4(a), it follows that

Rya(1iyiy..,) < Myay, oy, ... 0y, (3.6)
Note that
N
— = — =k
Z QG Oy Oy =7
11,8250, =1
Let €, = 7 and N (k) be the minimum number of squares of size ¢, that cover G.

Then by Lemma 3.1.5, summing (3.6) over the N* intervals [;,;, ;, of lengths e, gives

that
N (k) < 2N* + M7*N*
since for each j € {1,2,...,k}, o;, running over ay,as,...,ay. Now using Defini-
tion 1.5.1
) . log N*(2 + M%) ) |
dimp(G) < ]}1_%10 Tog N <1+4logy7.

Since G is the graph of a continuous function f*, dimpg(G) > 1. Therefore,
1 <dimp(G) <1+ logy7 .
(b) Given that FNA~1 > 1. Then using Lemma 3.1.4(b), it follows that

Rfa <[11121k> < M2@k (37)

max”
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Therefore as above,

N (k) < 2N* + Mya®  N?* .

max

Hence
Nk )

max

log N*(2 + M
dimp(G) < tim 0BV 200 < 2+ 10gy Clma -

k—00 log N*
(¢) Given that cunax < 57. Using Lemma 3.1.4 (c),

IN

N (k) 2N* 4 N2 ( (Rpe(I) + k(Hy + Hy + H;Nﬁ))>

Nkﬁ
< NF[24 NUPF(Ria(I) + k(Hy + Hy + HINP))] .

Therefore using Definition 1.5.1,

log N* [2 + NO=B* (Rya(I) + k(H; + Hy + H:N?
dimp(G) < lim —2 [2+ NU=PF (Rya () + k(Hy + Hy + HIN?))]

<2-7.
k— o0 log N* - p

]

The following theorem gives a non-trivial lower bound for the box dimension of the

graph of f¢.

Theorem 3.1.2. Let G be the graph of the a-fractal interpolation function f corre-
sponding to the IFS (1.21) with constant non-negative scale factors o;(z) = oy, for
1=1,2,...,N. Also assume that f is concave and b is affine. Assume that the inter-

polation points are not collinear. Let v = Zfil a; > 1. Then
dimp(G) > 1+ logy 7 -
Proof. From (2.9), we have
Rypo(Liiy.i) = M oy, 0, -+ vy, (3.8)

where M* is some positive constant. Let ¢, = 1 and A(k) be the minimum number
of squares of size ¢, that cover G. Then by Lemma 3.1.5, summing (3.8) over the N*

intervals 1;,;, 4, of lengths €, gives that
N (k) > M*~*N*
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since for each j € {1,2,...,k}, o;, running over a;,as,...,ay. Now using Defini-

tion 1.5.1, we get

dimp(G) > lim e T

k—oo  log Nk = 1tlogy 7y

]

Corollary 3.1.1. Let G be the graph of the a-fractal interpolation function f* corre-
sponding to the IFS (1.21) with constant non-negative scale factors a;(x) = «y, for i =
1,2,...,N. Also assume that f is concave and Lipschitz, b is affine. Let v = Zf\il Q;.

If the interpolation points are not collinear, then

dimy G = {1 + logn v, if ovpin

1
. ~y
1, if amax < %

Proof. Note that for constant non-negative scale factors, 7 = +. Then the result follows

easily from Theorems 3.1.1 and 3.1.2 with g = 1. m

3.2 Box dimensions of a-fractal functions in subin-
tervals

In this section, we are interested to find the box dimension of the graph of f¢ in subinter-
vals. As the a-fractal function f® is non-affine in nature, the behavior of the graph of f*
is not uniform in the interval. In the sequel, assume that iy, s, ...,71 € {1,2,...,N}.

Let iy, = i* € {1,2,..., N} be fixed. Then note that
U{Li17---7ik—17i* (I)|21, ig, C ,’ik_l € {1, 2, ... ,N}} = Ii* !

Lemma 3.2.1. Let f* be the a-fractal function corresponding to the IFS (1.21). Assume
that for fized i* € {1,2,... N}, i =i* and iy,i9,...,0_1 € {1,2,...,N}.

(a) If tmin > ﬁ, then
Ry (L. iy i¢) < Mipaiy,_, ... @y

where M, is a positive constant given in Lemma 3.1.4.
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(b) ]fﬁ < Qmax < 1, then

Rya(Iiy,. i yiv) < Mool

max ?

where My is a positive constant given in Lemma 3.1.4.

(¢) If Qmax < 73, then

Rya(Liy.. gy iv) < (Rpa(I) + k(Hy + Hy + HENP)) .

NF8

(d) If @y« =0, then

1 "
Ryo(Liy, iy yir) < ng(Hf+H NP .

Proof. (a), (b) and (c) follows from (3.5). By taking @;, = 0 and using it in (3.5), (d)
follows. ]

Lemma 3.2.2. Let for fizedi* € {1,2,...,N}, ix =i* and iy, is, ... 051 € {1,2,...,N}.
Recall that ¥ = S @;. Then

{Zai*az‘k_l c Oy | 11,19, - -,0k_1 € {]_,2,. 5 ,N}} = (7)(k l)az* .
Proof. Since i* is fixed and iy, 1o, ...,i5-1 € {1,2,..., N},

{Z@i@“-.ml | 41,39, ..., 051 € {1,2,...,]\7}}

contains N*1 terms. One can take @;+ outside from the summation and as for each

Jj€{1,2,...,k—1}, a; ranges through ay, as, ..., ay, the result follows. O]

The following theorem gives an estimate for the box dimension of the graph of a-

fractal function f in subintervals.

Theorem 3.2.1. Let f* be the a-fractal interpolation function corresponding to the

IFS (1.21). Let for fixred i* € {1,2,...,N}, Gy = graph(f©

1..) be the graph of the
function f* on the subinterval I;~. Assume that the interpolation points P are not

collinear.
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(a) If Qpin > ﬁ, then

1 <dimp(Gy) < 1+1logy7 .

(b) If NP~ > 1, then

1 <dimp(Gy+) < 24 logy Amax -

(¢) If Omax < w5, then

1 <dimp(Gy) <2-—0.
(d) If @ =0, then 1 < dimp G+ <2 — (.

Proof.

(a) Using Lemma 3.2.1 with the assumption oy, > ﬁ
Rpa(Liy ip_yiv) < Mi@pay, _, ... 0. (3.9)

Let N+ (k) be the minimum number of square boxes of sides 15 that cover G;+. Then

summing (3.9) over the N*~! intervals I, » of lengths ﬁ and using Lemma 3.2.2,

1Bk—1%

gives that
N+ (k) < N¥1 (2 4+ My Na (7)*D)

Therefore,

log (N =1(2 + M, Na;» (5) k=D
dimp Gy < lim og (V*7 (2 + M Navi- (7))
k=00 log N*

<1+logn7.
(b) Given that FN?~1 > 1. Then as in the above case using Lemma 3.2.1(b),
Rya(Liy.ipyir) < Moty

and

Ni- (k) < 2N*1 Mook N1

max

Hence,

. . log N¥=Y(2 + Myak  NF)
dimp(Gy) < klggo Tog NF = 2+ logy Omax -
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(¢) Given that cunax < 5. Using Lemma 3.2.1(c),
N (k) < N¥1 2 4 NOOR(Rpa (1) + k(Hf + Hy + HLNP))]

Therefore,

log N*! [2 4+ NUZ2% (Rye (1) + k(Hy + Hy + HIN7))] 4
log N* - '

dimpg G+ < lim
k—o0
(d) For @;» = 0, using Lemma 3.2.1(d)
N (k) < N¥Y (24 (Hy + HINP)NFOR))

Therefore,

1 Nk—l 2 H _|_H*N/3 Nk(l_ﬁ)
dimpg G+ < lim e ( G, N7 )

<2—p0.
k=00 log N* s2-5

]

The following theorem gives a non-trivial lower bound for the box dimensions of the

graphs of f® in subintervals I;+, i* € {1,2,..., N}.

Theorem 3.2.2. Let Gy« be the graph of f* on I;+ corresponding to the IFS (1.21) with
constant non-negative scale factors o;(x) = oy, fori=1,2,..., N. Also assume that f

is concave and b is affine. Assume that the interpolation points are not collinear. Let

v =" a; > 1 with a; #0. Then
dimp(Gi) > 1+ logy v .
Proof. From (2.9), it can be observed that
Ryo(Liy i yiv) = M om0y (3.10)

Let ¢, = ﬁ and N (k) be the minimum number of squares of size ¢, that covers G«.
Then by Lemma 3.1.5, summing (3.10), over the N*~1 intervals I;, ;, ;- of lengths e

and using Lemma 3.2.2, gives that
N (k) > M*az~y "IN
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Now using Definition 1.5.1

log M*ageyF 1 N
dimp(Gi) > lim —227 27

k=500 log N* =1+logy7

]

Corollary 3.2.1. Let f¢ be the a-fractal interpolation function corresponding to the
IFS (1.21) with constant non-negative scale factors a;(x) = «; , for i = 1,2,...,N.
Also assume that f is concave and Lipschitz, b is affine. Let for fixred i* € {1,2,..., N},
G- = graph(f®

1..) be the graph of the function f* on the subinterval I;». Let v =

Zi]\il «;. If the interpolation points are not collinear, then

’ |1+ logy, if oy > %
dims G = { 1, i Qg < -

Proof. Proof is immediate from Theorems 3.2.1 and 3.2.2. O

The following example gives an estimate for the box dimensions of the graphs of a
a-fractal function f® in the whole interval I as well as in subintervals I;+, i* € {1,2, 3,4},

though it is highlighted for the case ¢* = 3.

Example 3.2. Let [ = [0,1] and A : 0 < 0.25 < 0.5 < 0.75 < 1 be the partition of I.
Consider the Lipschitz function f(x) = cos(x) which is concave in I and affine function
b(x) =1—(1—cos(1))x such that b(0) = f(0), b(1) = f(1). Let f* be the corresponding
a-fractal function. For i* € {1,2,3,4}, let G and G be the graph of f* in I and I

respectively. Following are the graphs of f¢ for different scale vectors.

(a) Let a = (a1(x), as(x), asz(x), as(x)) where ai(x) = 0.4sin(z) + 0.5, as(z) =
0.3cos(z) + 0.2, az(z) = 0.5¢7%* 4+ 0.3, ay(z) = 0.2¢"sin(x) +0.3. Then ay = 0.5,
as = 0.362, az = 0.367667, ay = 0.3 and a; = 0.83658, ay = 0.5, a3 = 0.8,
s = 0.75747. Also oy, = 0.3 > % = 0.25 and v = 2.89. Then Figure 3.3
1s the graph of the corresponding f¢ with above function scaling factors. Using

Theorems 3.1.1(a) and 3.2.1(a), it follows that 1 < dimp G, dimp(G3) < 1.77.
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(b) Leta = (aq(x), ag(x), az(x), as(x)) where ag(x) = 0.4sin(x), az(z) = 0.3 cos(x)+
0.4, az(z) = 0.5e7* + 0.3, ay(z) = 0.2¢sin(z) + 0.5. Then a3 = 0, ay = 0.562,
ag = 0.367667, ay = 0.3 and a; = 0.33659, ay = 0.7, ag = 0.8, @y = 0.75747.
Also apmin = 0, pax = 0.75747 and 7 = 2.79 > 1. Then Figure 3.4 is the graph of
the corresponding f* with above function scaling factors. Using Theorems 3.1.1(b)

and 3.2.1(b), it follows that 1 < dimp G,dimp(G3) < 1.8.

(c) Letaw = (ay (), as(x), as(x), as(x)) where ay(xz) = 0.2sin(x), az(x) = 0.25 cos(x),
az(z) = 0272, ay(z) = 0.1e*sin(z). Then a3 = 0, az = 0.162, az = 0.141,
ay =0 and @ = 0.168294, oy, = 0.25, ag = 0.2, ay = 0.228735. Also 7 = 0.85,
Omin = 0 and apax = 0.25 < % = 0.25. Then Figure 3.5 is the graph of the cor-
responding f* with above function scaling factors. Using Theorems 3.1.1(c) and

3.2.1(c), it follows that dimp G =1 and dimp(G3) = 1.

(d) Let a = (ay(z), as(x), as(x), as(x)) where ag(z) = 0.4, as(x) = 0.5, az(x) =0,
as(x) = 0.8. Then amin = 0, max = 0.8, @3 =0 and 57 = v = 1.7 > 1. Then
Figure 3.6 is the graph of the corresponding f¢ with above constant scaling factors.
Using Theorems 3.1.2, 8.1.1(b) and 3.2.1(d), it follows that 1.38 < dimp G < 1.84,
dimp(Gs) = 1.

(e) Let o = (an(x), ao(z), as(x), as(x)) where ay(z) = 0, as(z) = 0.7, az(x) =
0.5, ay(z) = 0.8. Then apin = 0, pax = 0.8, @3 # 0 and 7 = v = 2 > 1.
Then Figure 3.7 is the graph of the corresponding f® with above constant scaling
factors. Using Theorems 3.1.2, 3.1.1(b), 3.2.2 and 3.2.1(b), it follows that 1.5 <
dimg G,dimp(G3) < 1.84.

(f) Let a = (aq(x), as(x), asz(x), as(x)) where ag(x) = 0.3, as(x) = 0.5, az(x) =
0.4, ay(x) = 0.7. Then o, = 0.3 > % =0.25 and ¥ = v = 1.9. Then Figure 3.8
1s the graph of the corresponding f* with above constant scaling factors. Using

Corollaries 3.1.1 and 3.2.1, it follows that dimp G = 1.46, dimp(G3) = 1.46.
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0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 3.3: 1 < dimp G, dimp(Gs) < 1.77.  Figure 3.4: 1 < dimp G, dimp(G3) < 1.8.

12 T T T T 12

0.5 0.5
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 3.5: dimp G = 1, dimp(G3) = 1.  Figure 3.6: dimp(G) > 1.38, dimp(G3) = 1
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Figure 3.7: 1.5 < dimp @, dimp(G3) < Figure 3.8: dimp G = 1.46, dimp(G3) =
1.84. 1.46.
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Chapter 4

Fractal Jacobi systems and
convergence of Fourier-Jacobi
expansions of fractal interpolation
functions

In the real world applications there are many objects namely financial series, turbulence,
sampled signals, etc., which are highly irregular in nature and are not well approximated
by using smooth functions of classical approximation theory. An important advantage
of fractal functions which are continuous but not necessarily differentiable is that they

form bases for many functional spaces.

To define non-smooth fractal versions of classical approximants, a general procedure
is proposed by Navascués [62,63]. Using IFS theory, for 27-periodic continuous functions
on the unit circle, a generalized family of continuous functions is defined in [66]. The new
functions provide Hilbert bases for the square integrable functions on the circle. In [68],
for certain data set, a good approximation of the represented variable with truncated
Chebyshev fractal object is established, whenever the original function is Lipschitz.
In [75], by fractal method, Legendre expansion of a function is computed. Pointwise,
uniform and mean-square convergence of the sums are established for suitable choice of

the scale vector.
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Consider the class of orthonormal polynomials namely Jacobi polynomials [53]
P,ET’S) (z) = Y (r, s)2" + lower degree terms ,

where r and s are real parameters > —1 and v(r,s) > 0. It is well known that the Ja-
cobi polynomials hold great importance in a hierarchy of orthogonal polynomial classes.
Legendre system, Chebyshev system, Gegenbauer system, etc., become special cases of
Jacobi polynomial system for certain choices of the real parameters r and s. Using the
approximation technique by orthogonal polynomials namely Gegenbauer (ultraspheri-
cal), Chebyshev (first and second kind) and Legendre (spherical) many design problems
can be solved [?7,46]. The Jacobi system forms a Schauder basis/complete orthonor-
mal basis for £2(—1,1) [43]. The domain of uniform convergence of the Fourier-Jacobi
expansion of a function depends on the parameters » and s. Results on the uniform
convergence of Fourier-Jacobi expansion can be found in [?,53,78] and references therein.

In the present chapter, the orthonormal system of Jacobi polynomials in Ei(—l, 1)is
considered. An attempt is made to approximate continuous function with the Fourier-
Jacobi expansion of affine FIF. To approximate continuously p-differentiable function,
Fourier-Jacobi expansion of non-affine p-differentiable FIF is used. The domain of con-
vergence of the Fourier-Jacobi expansion depends on the parameters r and s in P,gr’s)(x).
The present chapter is organized as follows. Some existing results on fractal Hilbert ba-
sis and convergence using fractal interpolation function can be found in Section 4.1. In
Section 4.2, fractal Jacobi system is defined and using the completeness of Jacobi system
a fractal version of classical result namely “Weierstrass type theorem” is proved. For a
weighted square integrable function, an expansion in terms of fractal Jacobi polynomi-
als is derived. Also it is proved that fractal Jacobi system forms a Schauder basis for
the space of weighted square integrable functions. The convergence analysis of Fourier-
Jacobi expansion for an affine FIF as well as non-affine smooth FIF corresponding to

certain data set and suitable scale vector are established in Section 4.3.
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4.1 Preliminaries

In this section, we recall few results which motivated us for this work. In [62,63],
Navascués defined the a-fractal interpolation function f¢ as a perturbation of a con-
tinuous function f on a compact interval I of R and studied extensively. A classical
complete system of functions on a Hilbert space is taken, fractalized it by means of a
linear and bounded operator and provided an alternative family of bases of fractal func-
tions for the Hilbert space. In [63], Navascués considered 7,,, the set of trigonometric
polynomials of degree at most m
Tm = span{1,sin(x), cos(z), sin(2x), cos(2x), - - - , sin(mx), cos(mz)} .
The corresponding fractal family
7o = span{1, sin®(z), cos®(z), sin®(2x), cos*(2z), - - - , sin®(mx), cos®(mz)} ,

m

where sin®(jz) = F*(sin(jz)), cos®(jz) = F*(cos(jz)) and F* is the linear bounded

operator on C[—m, 7| defined in (1.13) (c.f. Subsection 1.4.2).

Theorem 4.1.1. (see [653], Theorem 4.4). Let f € C(I) be given and A be any partition
of the interval I = [—m,w|. Then for all € > 0, there ezists an a-fractal trigonometric

polynomial s*(x) with o # 0 in RN such that

[f(z) = s"(z)] <e.

In [66], Navascués took the base function b(z) as

where v : I = [—m, 7] — R does not depend on f, is fixed, non-constant, continuous

function such that v(zo) = v(zy) = 1. If
K=ol ,

then the following result holds.
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Theorem 4.1.2. (sce [66], Theorem 2.13). If |a]o < 535, the system

7% = {1} U {sin®(mz), cos®(mx) | m € N}
is total in L2(I) (see Definition 4.2.1).
As a corollary the following result holds.

Corollary 4.1.1. (see [66], Corollary 2.14). If |o|oe < 535, L>(I) owns a Hilbert basis

of a-fractal trigonometric polynomials.

Let (pm)59_, be the system of Legendre polynomials. Then it is an orthonormal basis

for £2(—1,1). Let (p%)°_, be the image of (p,,)°_, under the map F , that is

(D) me=0 = (F (Pn)) ey
where F is the extension of F® to £2(—1,1) (c.f. Subsection 1.4.2).

Theorem 4.1.3. (see [71], Theorem 2.22). If |ale < (1 + |[I — L|]2)~", where L is
defined in Subsection 1.4.2. Then (p2)>_, is a Riesz basis of L*(—1,1).

m=

Define the Haar functions on the interval I = [0, 1] as follows [38].
Hi(x) =1 forallz € I,
Holx) =2 fora e (%2.33 ).
H,(x) = —2//% forx € (%, %),

H,(z)=0 forz ¢ <%, 2%),

itm=2+k k=1,2,...,27, 7=0,1,.... The system (H,,)>_, is a Schauder basis of

LP(I) for p € [1,00). The following theorem provides a fractal basis for £P(I).

Theorem 4.1.4. (see [70], Theorem 3.7). Let us consider a sequence of scale vectors

a™ e RV, m=1,2,..., such that
i o™ < +00
m=1 1= ’Oém‘oo
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and
‘a1|oo > |O‘2|oo >

m

If |at oo < V|t then (HS,

m

) is a Schauder basis of LP(I) for 1 < p < +o0.

For f,g € £L2(—1,1), let us define the inner product

2 [ 1
(f’g)llﬁj :;/_lf(t)g(t)mdt>

where

The Chebyshev system

T
SR
{ﬂ b }

is orthonormal with respect to this inner product. The Chebyshev expansion of a func-

tion f is given by [19,68]

[~ deTk )
k=0
where
do=2 [ Fom() it
mJ vi—-¢g
for k> 1 and

1
%z%[ﬁ@%é?ﬁ.

The following is the convergence result of the fractal function 72 = (S fo))a associated
with the truncate Chebyshev expansion 7 = Sy(fo) of a polygonal f, for uniform

partition h = x; — x;_1.

Theorem 4.1.5. (see [68], Theorem 3). Let g € Lip 3, where 0 < f <1 and g is not
a line. Also assume that N and M are such that N = IM for some positive constant [.

Then 1 converges uniformly to g on I =[—1,1] as h — 0.

The following results give the convergence of Legendre expansion associated with

affine fractal interpolation function.
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Theorem 4.1.6. (see [75], Theorem 5). Let g € C(I) be the original function providing
the data. If f is the corresponding affine fractal interpolation function with the scale
vector a, — 0 as h — 0. Then the Legendre expansion S,,f defined by means of f

converges in quadratic mean to g as m — oo and h — 0.

Theorem 4.1.7. (see [75], Theorem 8). The Legendre expansion of any affine fractal
interpolation function f converges pointwisely to f almost everywhere. If the scale vector
of f is such that oy, < h then the Legendre expansion of f converges pointwise and

uniformly to f on the interval I = [—1,1].

Theorem 4.1.8. (see [75], Theorem 9). Let g € C(I) be the original function providing
the data. If f s the corresponding affine fractal interpolation function with the scale
vector o, < h. Then the Legendre expansion S, f defined by means of f converges

uniformly to g as m — oo and h — 0.

4.1.1 Jacobi system

The Jacobi polynomials denoted by P\"*(z) and defined by

POy =2y ( nzr ) ( Zfz ) (z+ 1)f(x—1)"" forallzeR,

k=0
for n =0, 1,2, ...; where r and s are real parameters [43]. They include many of the

basic special functions. Special cases are.
(a) r = s, the Gegenbauer polynomials;
(b) r=s= —%, the Chebyshev polynomials of the first kind;
(c) r=s= %, the Chebyshev polynomials of the second kind;
(d) » =s =0, the Legendre polynomial.

With the (Jacobi) weight function p™*)(x) = (1—x)"(1+2)%, where r > —1 and s > —1,

the system {P\"*(z)}>2, is orthonormal in L2[—1,1], where the Jacobi polynomials

112

TH-1574_11612310



normalized by the condition

That is,

1
| PP @ @) = b

1
where 0, = 1if n = m and 8,y = 0 if n # m [53]. The system {P\" (x)}o2, is
uniquely defined and is called the Jacobi system of orthonormal polynomials.

If fp(™) is an integrable function on [~1,1] then f has a Fourier expansion with

respect to the Jacobi system of orthonormal polynomials as

f@) =S I RE) forw € [-1,1) (41)
k=0
where
1
o = [ S0P b (42)

is the k-th Fourier coefficient of f [53]. Let S"”(f,2) denotes the n-th partial sum of

the expansion given in (4.1). Then

ST (f, ) Za”) ) forz e [-1,1]. (4.3)

Let X be a subspace of L£]. Define 1559y = SUP| £ <1 155 (f,2)|x, called a

Lebesgue constant. By virtue of the Lebesgue inequality [61]

1f = ST () lx < L+ 185 ]lx) Ea(f)x (4.4)

where

E,(f)x = min [|f — g[[x
g€ll,

is the distance from f to the best approximation of the function f by algebric polyno-

mials of degree at most n in the space X.

113

TH-1574_11612310



Theorem 4.1.9. (Weierstrass Approzimation Theorem) (see [19]). Let f be a contin-
uous function defined on [a,b]. For each € > 0, there exists a polynomial P such that
\f — P|l <e. Thus

|f(x) — P(x)| <€ forall z€ab].

If Weierstrass approximation theorem holds in the space X, then the boundedness
of the Lebesgue constant leads to the convergence of the Fourier-Jacobi expansion for
any function in the space X. Also it determines the partial sums of the Fourier-Jacobi
expansion S,(f’s)(f, r) to f in the space X.

The contents of the chapter is of two fold. In one side, fractal Jacobi system is
defined, fractal version of Weierstrass type theorem is proved and a fractal Schauder
basis is found for £,(—1,1). On the other side, some convergence results on Fourier-

Jacobi expansions of fractal functions are established.

4.2 Fractal Jacobi system

Let us take I = [—1, 1]. Denote the set of all Jacobi polynomials of degree less than or

equal to m by
In(D) = {1 = P(z), PU(x),. .., U ()},

where m = 0,1,2,.... Define
J(I) =] JnD).
m=0

Then the fractal analogous of Jacobi polynomials is defined as
P () = Fo (P7(LT’S) (z)), n=0,1,2,...,
where F¢ is a linear and bounded operator as given in Subsection 1.4.2. Then denote
Jo(I) = { P (z) = F*(P"(z)),n =0,1,...,m}
and

Jn = I
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In the next section, it is proved that J*(I) is complete in L£2(T).

Example 4.1. Let [ = [0,1] and A : 0 < 1/8 < 2/8 < ... < 1 be the partition of
I. Also assume that the constant scale factors o; = 0.2 for all i =1, 2, ... 8. Then
Figure 4.1 represents the second order Legendre polynomial f(z) = 1.52% — 0.5 and the
corresponding c-fractal f* for the IFS with the linear base function b(x) in [0, 1] such
that b(0) = f(0) and b(1) = f(1). Figure 4.2 represents the second order Chebyshev
polynomial f(x) = 22*—1 of the 1st kind and the corresponding a-fractal f* for the IFS
with the base function b(x) = Lf(x) = v(z)f(x), where v(z) = 22 —x + 1 for z € [0, 1].
Figure 4.3 represents the second order Gegenbauer polynomial f(z) = 3.75x* —0.75 and
the corresponding a-fractal f* for the IFS with the base function b(x) = Lf(x) = foc(x),

where c(x) = sin(%") for x € [0,1].

1 1

0.8

0.5F
0.4

0.2

-0.2

-0.4

-0.5 -0.6
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 4.1: f(x) = 1.52° — 0.5 and corresponding f<.

The following definitions can be read in [43].

Definition 4.2.1. A sequence (¢n)nea in a normed linear space V' is called total in V

if the class of all finite linear combinations > a, ¢, is dense in V.

Example 4.2. (see [19], p. 193). The set

{1,x,x2,...}
is total in C[0, 1].
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0.8
0.6 0.5 [
0.4

0.2 0

-0.2 -0.5
-0.4
-0.6 -1

-0.8

Figure 4.2: f(z) = 22% — 1 and corresponding f<.

25 25

15 15

0.5 0.5

-0.5 -0.5

Figure 4.3: f(z) = 3.752% — 0.75 and corresponding f“.

Definition 4.2.2. A sequence (¢n)nen in a Hilbert space H is called complete if the only

element of H which is orthogonal to every ¢, is the null element. That is
(fyon) =0 forall ne A = f=0.

Example 4.3. (see [43], p. 36). The set of trigonometric polynomials

einx
n=0,£1,%2,...
{\/27r }

forms a complete sequence in L*(—7, 7).

The following proposition is true for any sequence in a Hilbert space.

Proposition 4.2.1. (see [43]). If (¢y) is any sequence in H, orthogonal or not. Then

the following are equivalent.
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(a) (@) is complete.
(b) (¢n) is total.
4.2.1 Weierstrass type theorem for a-fractal Jacobi sums

Weierstrass theorem states that any continuous function on a compact subset of R can
be uniformly approximated by a sequence of polynomials [19]. Here we will prove a
similar type of result but for a bigger space. Fractal version of Jacobi polynomials is

used to prove the following result.

Theorem 4.2.1. Let I = [—1,1] and € > 0 be given. Suppose that f is any square
integrable function on I with respect to the weight function p™)(x). For every e > 0 and
any partition A : =1 =xg < x1 < --- < xy = 1 of I and linear and bounded operator
L :C(I) — C(I) there eists a-fractal Jacobi sum P (z) = SN akiP,g’s’a) (z) with
a # 0 such that

If = Pz <e.

Proof. Let € > 0 be given and f € L3(I). Then there exists g € C(I) such that

€

. (4.5)

If = gllez <

Since (P{"*)>, is complete in L2(I), it is total there by Proposition 4.2.1. Therefore

for any € > 0, there exists N € N and P(*) = SN akiP,g’s) such that

€
lg =Pz < 3 . (4.6)

For the Jacobi sum and its fractal, using (1.16)

|0

P72 = P ow < 0 = Llloe 1P e (4.7)

' - L, 1/2
Taking || < g Vo VGO I where C' = (fil p" (t)dt) ,

1

1/2
|PU) — PUS)|| g < |[PU) — POl ( / p“(t)dt) <

Wl ™

1
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and combining (4.5), (4.6) and (4.8) we get
1f = POl <e.
The linearity of the operator F gives the result. O]
Remark 4.2.1. By Theorem 4.2.1, it follows that
(a) The set of fractal version of Jacobi sums is dense in L2(I).
(b) J(I) is complete in L2(T).

In the following, the Schauder basis and basis constant which are used in the sequel

to prove the main results are presented.

Definition 4.2.3 ( [15], pp. 24-27). Let X be a (real) normed space and let (z,,) be a

non-zero sequence in X. We say that (x,,) is a Schauder basis for X, if for each x € X,

(e}

ne1 OnTn, where the series

there is a unique sequence of scalars (a,) such that v =)
converges in norm to x. We define a sequence of linear maps (P,) on X by P,x =
Yo aix;, where x =Y oo, a;x;. The map P, is a projection onto span{z; : 1 <i < n}.
In addition, since (x,) is a Schauder basis, it follows that P,x — x in norm as n — oo

for each v € X and P, is continuous. Moreover, K = sup, ||P,| < co. The number K

is called the basis constant of the basis (xy,).

4.2.2 Expansions in terms of fractal Jacobi polynomials

In this section, we give an expansion of a weighted square integrable function in terms
of fractal Jacobi polynomials. To do this a linear and bounded operator is defined on
L2(I). In Section 4.2.2, different scale vector o for every polynomial is taken to ensure
the boundedness of the operator given in (4.9). The perturbation inequality (1.18) for
function and its fractal with respect to the weighted p-norm is not true in general.

Therefore in proving the main results, the uniform bound on the Jacobi polynomials
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under certain condition on the real parameters r, s plays an important role. Let o* be
a sequence of scale vectors such that
o0 k
e
S
1 — ok
k=0

Assume that L is a linear and bounded operator with respect to the uniform norm.

Proposition 4.2.2. For —1 < r,s < —1/2, the operator T : span(P,ér’S)(x))zO:O —
span(PéT’s’ak)(x)),ﬁio defined by
M M k_
T ( N okl ($)) =Y P (@) (4.9)
i=1 i=1

18 linear and bounded.

Proof. The linearity of F is given in Subsection 1.4.2.

Now, the boundedness of T is established below.

M
T, s r S a 1 r,8 r,s,aki 7,8
v @) <Y al (B (@) — P (2)
g = 5
) plr) (g (4.10)

53

T‘S

Since (P,ET’S))ZO o is an orthonormal basis for £, is a bounded linear functional on

EZ. Therefore

lal () < a2l £l 2 - (4.11)

Treating a,(:;’s) as the ki-th Fourier-Jacobi coefficient of S lak S)Pk(:’s) (z) and using

(4.11), the first term of inequality (4.10) becomes

M
T, r,s,aki 7,8
> o (B (@) = B ()
=1 g%
M M .
DM Uy QHZa;:’S>Pé:’”<x> it~ )
— — 7]
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Therefore

M
7,8 T,s,aki 7,8
> a (B (@) - BY(a)
=1 ﬁ%
M M .
< |Zanrw)| 3ol e - re
=1 [;% =1 P

But from (1.16),

1/2
TSC!Z TS | klOO TS ! r,8
IPE ) = BVl < 2 m I = Ll PVl (0790t )

Using it in (4.12), the left hand side of (4.12) becomes smaller than

M ( ) ( |Ozk’| 1 ( 1/2
oo P re)fl e hpo 0o "E(t)dt .
;aki ZH ool—|04ki|ooH H (/;1 () )
(4.13)
Since (P"*) is a Schauder basis for L2(I), the following inequality hold [42]
L ol el P ey < 2K
where K is the basis constant. But HP,ETS)H 2 = 1 and therefore,
1< [lay]l2 < 2K .
The following inequality can be read in ( [11], p. 275)
(r,s) ~ _ < —
rlria>il|P (x)] ~1 for l<r,s<-—1/2. (4.14)
Then for e = 1 there exists ng € N such that
1P o <2
for k> ng . If M* = max{HPér’S)Hoo, ||Pl(r’5)||C>o7 . ||Pnzs1 oo, 2}, for any k,
1P o < M7
koo lloo = M.
Then
ok all Pl < 260 (4.15)
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By choosing ()2, such that the sum Y ;7 1|°‘ 2 is finite, say M7 and using (4.15)

oo

n (4.13), it follows that

M M
7,8 r,s,aki r,S r,S 7,8 * *
YV (BI @) = BIV@)| < Yo a VRV @)|| 2KMML
=1 2 =1 2
1/2
where [ = ||I — L||» <f Pt )dt) . Therefore,
M N M
S al P @) < (L4 2KM M) | al Y P (2)
i=1 c2 i=1 cz
Hence, T' is a linear bounded operator. O

Lemma 4.2.1. (Linear and Bounded Operator Theorem). Let X be a normed linear
space, Y be a Banach space and A : X — Y be a linear and bounded operator. If X is

dense in X' then A can be extended to X' preserving the norm of A.

Now we are in a position to write an expansion in terms of fractal Jacobi polynomials.

Theorem 4.2.2. The map T : L2(I) — L2(I) given by

T(f)= Y a (P @), (4.16)
where
Z a9 )(z)
is well defined, linear and continuous for —l<rs<-—1/2.
Proof. (P{"), is complete in L2(I). Soit is total there and therefore span(P"") ()22,

is dense in £3(1). Then by Lemma 4.2.1

8 o0 r,s,ak o0
T+ span(P) (2))720 — span(P{)(@))3, € L3(1)

M M
T ( > a P (x)) =Y a P (a)

=1 =1

can be extended to T : L2(I) — L2(I) with || T2 = || T2 .
The linearity and boundedness of T imply that T(f) = 3222 a{™* (f) P )( ) when-

ever f=> 7", a,&r’s)(f)P,gr’s)(x). This completes the proof. O
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4.2.3 Schauder basis for L£3(I)

In this subsection, it is proved that the fractal Jacobi system forms a Schauder basis
for E,Q)(I ) under certain condition on the scale vector. To show this, it is noted that the

n-th partial sum operator V,, of the continuous operator V : E%(I ) — Ei([ ) defined by

Za(r ,5) rs) . Pk(r,s,ak))

00
k=0

is bounded, as

IV f |<Z|<”’ MIETD — BE) g2 < 2KM M| f |13 -

Since V,, is of finite rank, V,, is compact. The uniform convergence of V,, to V' in operator
norm implies that V is compact. Note that different scale vector a* for every polynomial

is taken in this subsection as well.

Theorem 4.2.3. Suppose that the sequence of scale vectors o € RN fork =0,1,2,...,

are such that

|0‘0|<>o > |041|oo >

and

o0

|O‘k’oo
———_ .
Z 1— oo o0

k=0

—1/2

If 1% < 5112154 <fj1 p(“s)(t)dt> and =1 < r,s < —1/2, then (P,gr’s’ak)) is a
)

Schauder basis for L2(1

Proof. The proof goes in a similar way to that of Theorem 3.7 in [70]. However for
completeness, we include it here for our settings.

Since T'= I —V and V is compact, ker(I — V) is finite dimensional. Then

L) =ker(I-V)EPW,
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where W is a closed subspace of £2(I). To show that T is injective, let T'( P,ET’S)) =

Pér’s’ak) = 0. Since P,ET’S) # 0, we have

1/2
p™®) (t)dt)
—1

T,S,Olk 7,8
< lo*loe (IP5 oo + I L1l P o0 ( /

-1

1
r,s,0k TS r,s,ok r,8
[PE) PO < || PO — P (/

1

1/2
p(®) (t)dt) :
using (1.15). Therefore

1/2

1
1 < 0| Lol P o ( / p“‘vs><t>dt) ,
-1

-1/2
b /
M~

LIZ (S, P79 (1)t

which is a contradiction to the assumption that ||, <
Therefore P,ir’s) ¢ ker (T) for all k and hence T is injective.

Since V' is compact,
dim(ker(I —V)) = dim (£2(I)/Range(I —V)) =0

and therefore T is onto. As T is a continuous isomorphism, it maps Schauder basis onto

Schauder basis. Therefore (Pk(r’s’ak)> is a Schauder basis of £2(1). O

4.3 Convergence of Fourier-Jacobi expansions

In this section, we mainly prove the convergence of Fourier-Jacobi expansion of an
affine as well as non-affine fractal interpolation function corresponding to certain data
set. Throughout this section, let I denote a closed interval [—1, 1] and A denote the

partition —1 =zo < a1 < ---<xzy =1of I.

Definition 4.3.1. (see [19]). Let f be a bounded real-valued function on a metric space
X. Then the modulus of continuity we(h) of f, defined for h > 0 by
wy(h) = sup [f(x) = f(y)] -

d(z,y)<h
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Definition 4.3.2. (see [19]). A function f defined on |a,b] belongs to the Dini-Lipschitz
class DL[a,b] if

wg(h)log(1/h) — 0 as h—0.

The propositions on convergence of Fourier-Jacobi expansions are needed to establish

the main results are presented bellow.

Proposition 4.3.1. (see [88], Theorem 4.7, pp. 146, 300). The condition f € DL[—1,1]
guarantees the uniform convergence of Fourier-Jacobi expansion of the function f on

la,b] C (—1,1).

Proposition 4.3.2. (see [25], p. 118). The condition f € DL[—1,1] is sufficient for
the uniform convergence of the Fourier-Jacobi expansion in the whole interval [—1,1] in

the case when r,s € (—1,—1/2].

Proposition 4.3.3. (see [1]). Let max(r,s) > —1/2 and f? € Lip ~, where p + v >
max(r,s)+1/2. Then the Fourier-Jacobi expansion of the function f uniformly converges

on [—1,1].

4.3.1 Convergence using affine FIF

The convergence of Fourier-Jacobi expansion corresponding to an affine FIF interpo-
lating certain data set in weighted-mean square norm is proved in this section. Let us

consider a set of data {(z;, )}, such that x; | < x; for i =1,2,..., N.

Theorem 4.3.1. Let g € C(I) be the original function providing the data with constant
step h = x; — x;_1. Let f be the corresponding affine fractal interpolation function with
scale vector ay, such that |ap|e < h. Then the Fourier-Jacobi expansion of f converges
in weighted quadratic mean to g on [a,b] C (—1,1), that is, Sy’s)(f) converges to g in

L2 ash — 0 andn — oo on [a,b] C (—1,1).
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Proof. Since ¢; linear, ¢; € Lip 1 and the corresponding fractal interpolation function
f is affine and if |ap|oo < h then f € Lip 1, ( [75], Lemma 6).

Then the modulus of continuity

wp(6) = sup |f(x1) — f(x2)| < K6,

|21 —22|<d

where K is the Lipschitz constant. Therefore by definition, f is in DL([—1, 1]).

Using Proposition 4.3.1, we get

1S (f) = flloo =0 as n—o00 on [a,b] C(=1,1).

But
1 1/2
I5¢90) - Fley < ISED = e [ o(0ar)
Hence
|S=) () — fllez—0 as n—o0 on [a,b] C(-11), (4.17)

since f_ll p"(t)dt is convergent. Similarly,

1 1/2
lo— Fllez < g — Flle ( / /f’sa)dt) |

1

The following result can be read in [75]

2|ah|oo

~ e < wy(h) + 22 yian 4.1
g = Sl < wg(8) + 1= ol (418)

Using it, we get

N i 1/2
lo = fles < () + T lglle ) (| oet0)

1— \Oéh|oo 1
Due to uniform continuity of g, it happens that w,(h) — 0 as h — 0. Since o] < A,
it follows that

lg = fllez =0 as h—0. (4.19)
Using (4.17) and (4.19) in the following inequality
lg =S5 (Nlez < llg = Fllez + 1F = ST (Flez s
the result follows. O
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In the following theorem, the uniform convergence of Fourier-Jacobi expansion is

established.

Theorem 4.3.2. Let g € C(I) be the original function providing the data with constant
step h = x; — x;_1. Then for |ap|le < h, the Fourier-Jacobi expansion defined by
the corresponding affine FIF f converges uniformly to g as h — 0 and n — oo on

la,b] € (—1,1).

Proof. If S,(f’s)( f) is the n-th partial sum of the Fourier-Jacobi expansion of f, then

lg = ST (Fllss < g = flloo + I1f = ST (F)llos - (4.20)

Since f is an affine FIF and |ap|o < h, it follows that f € DL(I). Due to the uniform
continuity of g, wy(h) — 0 as h — 0. Using the fact wy,(h) — 0 as h — 0 in (4.18),
the first term in (4.20) tends to zero as h — 0. By Proposition 4.3.1, the second term
tends to zero as n — oo. Thus, the Fourier-Jacobi expansion of f converges to a given

function ¢ in uniform norm corresponding to these data, with respect to the scale vector

Qyp, . ]

Remark 4.3.1. If the values of r and s are restricted in (—1,—1/2], then the above two

theorems are true on the whole interval [—1,1] in view of Proposition 4.5.2.

Consider the n-th partial sum Sff’s)( f) of the Fourier-Jacobi expansion of an affine
FIF f corresponding to a data set {(x;, y;)}, with the uniform step size h = x; —x;_1,
jg=12....,N. As h — 0, the sample size N increases. Let n and N be such that
N = ns for some positive constant s. The convergence of the corresponding fractal

function S (f) is established in the following theorem.

Theorem 4.3.3. Let g € C(I) be the original function providing the data and f be the
corresponding affine FIF with the scale vector ay, |ap|s < h, where h is the step size.
Then the fractal analogue S,(f’s’a)(f) corresponding to n-th partial sum Sff’s)(f) converges

uniformly to g as h — 0 in intervals [—1 40,1 — 0] C (—1,1), where § > 0.
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Proof. Denote P = S5 (f). Then,

19— Pl < [lg = Flloo + 1 = ST (F)loo + I1ST(f) = P"||oo -

The following inequality can be obtained from ( [75], Proposition 3)

2|Oéh‘oo

— oo < h) + ——————|9]|o -
lg = flloo < wy( )+1_‘ah,m||g||

The uniform continuity of g implies that wy(h) — 0 as b — 0. Since oy, tends to zero
as well, it together gives that ||g — f|lec — 0 as h — 0.
Since f is an affine FIF and |ap|o < h, it follows that f € Lip 1 as shown in earlier

theorem. Since f € Lip 1,

ws(h) < Ch . (4.21)

Using (4.4) for the second term, one can get

1f = ST (Pl < (X + IST1) Eu(f) -

For a function f € C[—1,1], |S¢"”||s does not exceed In(n+1) on [—1+48,1— 4], ( [89],

Section 9.3). Using it along with Jackson’s Theorem V in [19], we get

1f = ST (Flloe < (X +In(n + 1))wy(n/(n + 1))

<(1+4+mnn+1))C(r/(n+1)), using (4.21).

Corresponding to these data, the above term tends to zero as h tends to zero (n — oo

as a consequence of h — 0). For third term using the inequality (1.12), it follows that

a oo r,s
1SED(F) — ST (f) s < V050 py

1-— |Oéh‘oo

Since |ap |0 < h, the above term tends to zero as h — 0.

This completes the proof. O
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4.3.2 Convergence using smooth FIF

The convergence of Fourier-Jacobi expansion corresponding to a non-affine smooth FIF

interpolating certain data set in weighted-mean square norm is proved in this section.

Theorem 4.3.4. Suppose p > max (r,s)+1/2 > 0 and g € CP(I) is the original function
providing the data with constant step h = x; — x;_1. Let f € CP(I) be the corresponding
differentiable a-fractal of g with scale vector ay, such that |ay|e < af via the IFS (1.23).
Then the Fourier-Jacobi expansion of f converges in weighted quadratic mean to g, that

s, ST(LT’S)(f) converges to g in Cf, as h — 0 and n — oo .

Proof. Given that |yl < @?, ¢; € CP(I) and b is a Hermite interpolating polynomial
which agrees with the function at the extremes of the interval up to p-th derivative. Then
by Theorem 1.3.2, the corresponding IFS (1.23) determines a FIF f € CP(I) (see [74]).

The mean value theorem shows that fP~! € Lip 1. Using Proposition 4.3.3, we get
1SS (f) = flle =0 as n — oo

and therefore,

IS (f) — fllz—=0 as n—oo. (4.22)

Using the inequality (1.24), for the function and its fractal

Oh oo ! 7,8
17 sl < 22y =l ([ ooy
-1

|ah|oo

1/2

Therefore,

If—=gllez—=0 as h—0, (4.23)

since a; goes to zero when h tends to zero and thus a;. Using (4.22) and (4.23) in the

following inequality

lg = ST (lez < llg = Fllez + 1f = ST)ez
the result follows. O
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In the following theorem, the uniform convergence of Fourier-Jacobi expansion is

established.

Theorem 4.3.5. Suppose p > max (r,s)+1/2 > 0 and g € CP(I) is the original function
providing the data with constant step h = x; — x;_y. Let f € CP(I) be the corresponding
differentiable a-fractal of g with constant scale vector oy, such that |ap|e < af via the
IFS (1.23). Then the Fourier-Jacobi expansion of f converges uniformly to g as h — 0

and n — o0.

Proof. If ST(LT’S)( f) is the n-th partial sum of the Fourier-Jacobi expansion, then

lg = SU ()l < lg = Flloe + I1F = STl - (4.24)

Then the first term in the right side of inequality (4.24) tends to zero as h — 0, due
to (1.24). Using the mean value theorem, f € CP(I) = fP~! € Lip 1. Then by
Proposition 4.3.3, the second term in the right side of inequality (4.24) tends to zero as

n — oo. Hence the proof. m

The convergence of Fourier-Jacobi expansion for smooth FIF corresponding to IFS (1.25)

is proved in the next two theorems.

Theorem 4.3.6. Suppose p > max (r,s)+1/2 > 0 and g € CP(I) is the original function
providing the data with constant step h = x; — x;_1. Let f € CP(I) be the corresponding
differentiable a-fractal of g with scale vector ay, such that |ap|e < @b and a family of
base function B = {b; : i =1, 2 ... N} are such that the derivatives up to p-th order
of each of its member agrees with that of g at the end points of the interval. Then the
Fourier-Jacobi expansion of f converges in weighted quadratic mean to g as h — 0 and

n — o0.

Proof. Given that |ap|e < al, ¢; € CP(I) and each b; is such that it agrees with the

function at the extremes of the interval up to p-th derivative. Then by Theorem 1.3.2,
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the corresponding IFS (1.25) determines a FIF f € CP(I) (see [74]). The mean value

theorem shows that fP~! € Lip 1. Using Proposition 4.3.3, we get

I1S59(f) = Flloo =0 as n— o0
and therefore,

1S9 (f) — fllez—0 as n—oo. (4.25)
Using the inequality (1.26), for the function and its fractal

|ah|oo

1 1/2
_ < e TN i . _ . TS .
1f = 9gllez < 77 ol @fggvﬂg bill 2 (/_lp (t)dt>

Therefore,

If =gllcz—0 as h—0, (4.26)

since a; goes to zero when h tends to zero, and thus ay,. Using (4.25) and (4.26) in the

following inequality

lg = S5 (Pllez < llg = Fllez + I1f = STz
the result follows. OJ

Theorem 4.3.7. Suppose p > max(r,s) + 1/2 > 0 and g € CP(I) is the original
function providing the data with constant step h = x; — x;_1 for all i. Let f € CP(I) be
the corresponding differentiable a-fractal of g with scale vector ay, such that |ap|s < a?
and a family of base function B ={b; :i =1, 2 ... N} are such that the derivatives up
to p-th order of each of its member agrees with that of g at the end points of the interval.

Then the Fourier-Jacobi expansion of f converges uniformly to g as h — 0 and n — oo.

Proof. If Sff’s)( f) is the n-th partial sum of the Fourier-Jacobi expansion, then

lg = ST (Plloo < Mg = flloo + I1f = ST (H)llow - (4.27)

Then the first term in the right side of inequality (4.27) tends to zero as h — 0, due

to (1.26). Using the mean value theorem, f € CP(I) = fP~' € Lip 1. Then by
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Proposition 4.3.3, the second term in the right side of inequality (4.27) tends to zero as

n — oo. Hence the proof. O
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Chapter 5

More general fractal functions on
the sphere

Functions on the unit sphere S C R3, has important applications in the area of oceanog-
raphy, environment, metrology, etc. A historical survey on the functions on the sphere
of arbitrary dimensions, can be found in [47]. The basics on spherical harmonics and
approximations on the sphere, can be seen in [22] and references therein.

In [64,69], Navascués constructed fractal versions of the spherical harmonics. To do

that Navascués considered the orthogonal basis
{US, urvitiim=12 ... ,n}

given in (1.27), for the space of spherical harmonics H,, of order n which is a linear
subspace of continuous functions on the sphere with dimension 2n+1. Then the operator

S which fractalizes the basis elements defined as
(U) (2, 0) = Sp(Up)(,0) = Pi(cos o) |
(U (@, 0) = S (U;") (¢, 0) = (P")*(cos ) cos(mb)
(Vi) (e, 0) = S (V") (@, 0) = (P")%(cos @) sin(mf) .
By linearity, S has been extended to whole H,, as given in the following proposition.

Proposition 5.0.4. (see [69], Proposition 3.2). There exists a linear, bounded and

injective operator 8¢ : H, — L*(S), where H, is the space of spherical harmonics of
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order n, such that

ISl < [[F]2
F* is the operator given in Section 1.4 for the base function in (1.10) as
b=vf,
where v : [ — R is fized, continuous and non-constant with v(xy) = v(zy) = 1.

Using the completeness of the spherical harmonics of all order in £2(S), the operator

given in above proposition was extended to the whole space £3(.5).

Theorem 5.0.8. (see [69], Theorem 3.6). There exists a linear and bounded operator

S : L2(S) — L*(S) such that 8* restricted to M, is S*. Moreover,
18% (|2 < 3[|Fl2 -

Navascués used the linearity and boundedness of the operator S to prove fractal
version of many classical results in functional analysis/operator theory.
In this chapter, a family of continuous functions on the unit sphere S C R? general-
izing the spherical harmonics is considered, as described below.
Let u : [—1,1] — R be a continuous function and let v : [0, 27] — R be continuous and
periodic. If (¢, 8) represents the spherical coordinates of a point P on the unit sphere
S C R?, then
H(p,0) = u(cosp)v(0) (5.1)
is a continuous function on the sphere S. If we define fractal version of the function on
the sphere as
H(p,0) = u*(cos p)v(0), (5.2)
where u® = F*(u) and F¢ is the fractal operator defined in (1.13) in Section 1.4, then
we call the function given in (5.2), as a fractal function of first type on the sphere. If

we define fractal version of the function on the sphere as
H(p,0) = u(cos p)v*(6), (5.3)
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where v* = F*(v) and F* is the fractal operator defined in (1.13) in Section 1.4, then
we call the function given in (5.3), as a fractal function of second type on the sphere.

This chapter is of two fold. In the first part, using fractal methodology, fractal
version of first type of a family of continuous functions on the sphere S is constructed.
To do this, an IFS and a linear bounded operator that maps classical functions to its
fractal analogues is defined. Some approximation properties of fractal functions on the
sphere are investigated. A complete orthonormal system of functions is constructed and
using it, a linear and bounded operator is defined on £2(S). For different values of
the scale vector of the IF'S, fractal versions of some of the classical results in functional
analysis/operator theory are established as well. In the second part, fractal functions
of second type on the sphere is constructed but for different IFS. Restricting the scale
vector, fractal versions of some of the classical results in functional analysis/operator
theory are established here as well.

The chapter is organized as follows. In Section 5.1, functions on the sphere S as a
generalization of spherical harmonics is defined. Finite dimensional space H{,, consisting
of fractal functions of first type on the sphere as basis is defined and their best approx-
imation properties in £2(S) are discussed in Section 5.2. In Section 5.3, a complete
system of classical functions on the sphere is defined. Using it, an expansion in terms
of fractal functions of first type on the sphere is given for a square integrable function
on the sphere. Finally, a fractal Hilbert basis is provided for £2(S). In Section 5.4,
a family of fractal functions of second type on the sphere is defined. An expansion in
terms of fractal functions of second type on the sphere is given for a square integrable

function on the sphere. Finally, an alternative fractal bases is provided in Section 5.5.

5.1 Fractal functions of first type on the sphere

Let us consider a family of continuous functions
Upm - I =[-1,1] = R,
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forn=20,1,2,...and m=0,1,2,...,2n. Let
{vm :[0,27] = R | vy, is continuous and 27 periodic, m =0,1,2,... }
be an orthonormal system in C[0, 27| with respect to the inner product
2
(o) = [ anat.
0
Let us define functions on the unit sphere S C R3 as
Hym (@, 0) = tpm(cos @), (0) (5.4)

forn =0,1,2,... and m = 0,1,2,...,2n. Recall that the notation (p,0) represents
the spherical coordinates of a point P on the unit sphere. On £%(S), define the inner
product

(F,G) :/SF.G dS for F,G € L*(S)

and the norm
1/2 1/2
IFleos = (1Y) = ([ 1Pas) o recs).
5
Lemma 5.1.1. Forn=0,1,2,... and m,j =0,1,...,2n, m # j,
Proof. The inner product can be expressed in spherical coordinates as

(Hoy Hyi) = /0 ' /O " (tn (€082 )ttng (€05 2)) (0 (6)05(8)) sin ot

= ( /0 " vmw)vj(e)de) < /0 ’ Unin (COS @)U (cOS ) sin sodso) :

Since the first integral is zero if m # j, it happens that (H,,, H,;) = 0. ]

Lemma 5.1.2. Forn=0,1,2,... and m=10,1,2,...,2n,

||Hnm||£2(S) = ||unm”£2(l) .
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Proof. We have,

2 T
o2 = / / [t (05 9)| 202 (0) sin dodd
0 0

- (/ " 2,000 ) ([l (cos ) Psin o)

The first integral is equal to one due to the orthonormality of {v,,}5°_,. Also using the

change of variable cos p = t,

T 1
‘/mmmemwwzf\wwWﬁzwm%m-
0 —1

Hence the result follows. O]
Hyy
Hyy Hp Hip

Hyy Hy Hyy Hys Hoy
Hsy Hsy Hszp Hsz Hsy Hss  Hsg

Hn — HnO Hnl Hn2 Hn3 Hn4 Hn5 Hnﬁ S Hn(2n+1)

Table 5.1: The space H,,.

Let us define

2n

{ Z AmHpm | Aum € ]R} (see Table 5.1) ,
m=0

Hn

where H,,, is defined in (5.4). Due to Lemma 5.1.1, {H,,,}*™ , is an orthogonal basis
of Hy. If |Jtnml|lc2(ry = 1 for all n and m, {Hyn}2or, is an orthonormal basis due to
Lemma 5.1.2. The dimension of H,, is then 2n 4+ 1. Consider the base function given in
(1.10) as

b=Lf,

where L : C(I) — C(I) is a linear and bounded operator such that Lf(zy) = f(x¢) and

Lf(zn) = f(zy) if C(I) is equipped with sup norm or mean-square norm. In particular,
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in this section, we will consider

Lf(z) = (foc)(z),

where ¢(x) is continuously differentiable, fixed mapping, strictly increasing, such that
c(xg) = zo, c(xy) = xy and ¢ # Id. Since ¢(x) is a strictly increasing function, ¢(x) > 0
and as a consequence le) is continuous on a compact set. Then there exists a positive

constant M such that |(c’(:c))_1| < M for all z € I. Now,

VL 2ary = 1 o elfagn = / Foc@)ds .

Using the change of variable ¢(z) = t, it follows that

||foc||%2 /f2 1alt<M/f2 t)dt = M||f||£2
and therefore
ILfll 2y = | f o ellcaary < M2 fll c2ny- (5.5)
Hence
L]z < M2,

where ||L||5 is the norm of the operator L defined as

ILll2 = max{||Lf[c2cry : | flle2ry = 1, f € C(D)}- (5.6)

Define

Hgm(gpa 9) - u’gm (COS go)vm(ﬁ)

foralln=0,1,2,... and m =0, 1,...,2n, where u%,, = F*(upnm,) and F* is the fractal

2n

operator given in (1.13) in Section 1.4. Then, {HS,,}2" , is orthogonal. For instance,

using the arguments of Lemma 5.1.1

2m
Hy H / / (cos @)ug;(cos p) X vy (0)v;(0) sin pdpdt = 0,
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if m # j, due to the orthogonality of {v,,}°_,. Consider now
2n
HE = { > Nt A € R}. (5.7)
m=0
Then {H2, }2" , is an orthogonal basis of H¢.
Theorem 5.1.1. Let us define the operator
0*: H, — L*S),
2n 2n
> NmHum = > AamH,
m=0 m=0
Then ©F is linear and bounded. Its norm satisfies the inequality
165112 < (| 7|2
foralln=0,1,2,....
Proof. The linearity of ©F follows easily. It is noted that
[l e2ry = [IF* (nm)l 220y < IF* [ ttmmll 22y -

Now,

2 pm
il = [ [ utn(cos) P (0 sin pdods
0 0

X (/0% vfn(e)de> (/OW |y (cos )| sin sodsﬂ) :

Using the argument of Lemma 5.1.2, it follows that

HHSmHEQ(S) = HugmHEQ(I)

and thus
[ Hmllc2cs) < N F*2llwnmll 2y = |1 F M2l Humll c2(ry -
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For boundedness of ©%, due to the orthogonality of {H%, }2" , and {H,,,}*"

m=0>
2n ) 2n
IIG%(Z_OAannm)Hm - Z_OHAansmuQ
2n
< O 113w Ho |1
e 2n )
< IF NS A
m=0
Consequently [|O% ]2 < || F%2. 0

5.2 Best approximations by fractal functions

In this section, some basic results on best approximation using fractal functions of first
type on the sphere is proved. The following definitions are useful to prove the results in

this section.

Definition 5.2.1. (see [54], Definition 5.1.17). Let V be a non-empty subset of a
normed linear space (X,|.||). For x € X, define d(z,V) = inf {||[z —v| : v € V'} and
Py(z)={weV: ||z —w| =d(x,V)}. If Py(x) is non-empty for each x € X, then V
1s said to be a existence or proximinal subset of X. If for every element x € X, there
is no more than one element v of V' such that d(z,v) = d(z, V'), then V is called a set
of uniqueness. The set V is said to be Chebyshev set if for each x € X, Py(z) is a

singleton set; that is if V 1s both a set of uniqueness and a set of existence.
The next lemma is a well-known result on approximation.

Lemma 5.2.1. If V is a finite dimensional subspace of a normed linear space (X, |.||).

Then V' is proximinal.

Definition 5.2.2. (see [54], Definition 5.3.19). Let V be a non-empty subset of a
normed linear space (X, ||.||) and let x € X \ V. A sequence {v,} C V is called a

minimizing sequence for x if lim, o ||x — v,|| = d(z, V). If for any x € X \ 'V, every
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minimizing sequences for x has a subsequence converging to an element in V', then V 1is

called approzimately compact.

Definition 5.2.3. (see [15]). A normed linear space (X, ||.||) is smooth, if for each non-

zero x € X there exists a unique norm one functional f € X* such that f(x) = ||z]|.
It is immediate that a Hilbert space is smooth.
Definition 5.2.4. (see [54], Definition 5.5.2). Let X be a normed linear space. Define
a function px : (0,400) — [0, +00) by the formula
1
px(t) =supq S(lle+tyl + [lv —tyl) = 1: 2,y € Sx o,

if X # {0} and by the formula

N 0, ifo<t<l1
px(t) =941, ift>1,

if X =0. Then px is the modulus of smoothness of X. The space is uniformly smooth
if limy 0+ px (t)/t = 0.
Theorem 5.2.1. Following are the properties for the space HS defined in (5.7).

(a) HE is a Chebyshev subset of L%(S).

(b) HE is approzimately compact in L*(S).

(c) HE is smooth subspace of L2(S). In fact, H® is uniformly smooth.

Proof.

(a) By definition, H? is a finite dimensional linear subspace of £2(S). Consequently, by
Lemma 5.2.1, it follows that H® is proximinal. But £3(S) is a Hilbert space, so H is
Chebyshev.

(b) To prove H< is approximately compact, let f € £2(S) and X € H2, k= 1,2,... be

a minimizing sequence for f. Then

Jim X5 = fllczs) = d(f, Hy)
—00
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and therefore there exists K € N such that for all £ > K, taking ¢ = 1,

1 Xe 2y < NXE = fllzzes) + 1 fllc2esy < 1 +d(f,Hy) + 1]l z2es) := Ch

Define Cy = max{||X{| z2¢s), | X5 c2(5)s - - -5 [ XF_1ll22¢5), C1}. Since Hjy is finite di-
mensional, from the above inequality, it follows that X' lies in a compact set defined by
9l z2(s) < Cy. Therefore, by definition of compactness, there exists a subsequence X
and X € H such that X7 — X as [ — oo. Therefore H{} is approximately compact.
(c) Since £%(S) is a smooth space and H is a subspace of it, so is smooth. Since H is

finite dimensional smooth space, so ‘H¢ is uniformly smooth. O

5.3 Schauder basis for £*(S)

In this section, a fractal Schauder basis of functions of first type is constructed for the

functions on the unit sphere S.

Theorem 5.3.1. (see [43]) (Vitali’s completeness criterion). Let {¢,}22, be an oth-

onormal sequence of functions in £%(a,b), where a and b are finite. Then (¢,,) is complete

in L%(a,b) if and only if
Z (/ cbn) =r—a

n

for every r € (a,b).
The following is the modified form of the Vitali’s criterion.

Corollary 5.3.1. (see [43], p. 37). Let (a,b) be a finite or infinite interval of R, let g
belong to L2 (a,b), g # w, where w is a positive continuous weight function and let (¢,)

be an orthonormal sequence in L2 (a,b). Then (¢,) is complete in L2 (a,b) (equivalently

(dny/w) is complete in L*(a,b)) if and only if
/ lg(=

/ bn(T dm

for every r in (a,b).
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From here on, let us assume that for any non-negative integer m = 0,1,2,..., the

system
Z/{m:{unm\n:p,p+1,p+2,...} (5.8)

of functions is orthonormal, that is,

/ U (T) Wi (T)dT = 0y (5.9)

1

and U, forms a complete system in £2(1), where p is the least integer such that 2 < p.
Also assume that {v,,}>_, is a complete orthonormal system in £2(0,27). Then by

Vitali’s completeness criterion (Theorem 5.3.1),

(e 9]

Z </09 Um(g’)d0'>2 =0 for every 6 € (0,27). (5.10)

m=0
Lemma 5.3.1. For any non-negative integer m,

00 2

©
Z (/ Unim (CcOS ') sin gp’d(p’) =1—cosp for everyp € (0,7) .
0

n=p
Proof. For any non-negative integer m, the completeness of the system U,, in £*(])
implies the completeness of the system {unm(cos o)|n=pp+1,p+2,... } in £2(0, ).

Then by modified Vitali’s criterion (Corollary 5.3.1), taking g = 1, we get

e}

® 2 ®
Z (/ Upom (cOs ') sin cp'dcp’) = / 12.sing/dy’ =1 —cos o .
0 0

n=p

The Vitali’s completeness criterion for the functions on the sphere is as follows.

Lemma 5.3.2. (see [43], p. 38). Let S denote the unit sphere with (¢,0) as usual
spherical polar coordinates. Let {f,} be a set of functions which are orthonormal over

S, that is

/anfmzénm.

143

TH-1574_11612310



The orthonormal sequence (f,) is complete in L*(S ) if and only if
[/ / [l 0 sinp'dp’'| = 60(1 — cosyp)
for every 6 € (0,27) and every ¢ € (0, 7).
Proof. See ( [86], p.271). O

Theorem 5.3.2. The family {Hnm n = 0,1,...;m = 1,2,...,277,} 18 a complete

orthonormal system in L*(S).
Proof. Recall that H,,,,(©,0) = tpm(cos ©)vy,(0). Then the family
{Hnm:n:O,l,...,;m: 1,2,...,271}

is orthonormal due to Lemmas 5.1.1 and 5.1.2 and (5.9). Let ®,(.S) be an orthonormal

sequence of functions of the above system. Then

[ / o’ / ¢, 0) sm<p’d<p]2 = iz [ / 0')do' / \ Upyn (COS @) singp’dgp'r

n=0 m=0
[ee} 0 2 oo © 2
— Z [/ vm(ﬁ')dﬁl} Z {/ Upm (cOS @) singp’dgo’] :

inverting the order of integration on the right hand side of the last inequality. Using

Lemma 5.3.1, along with (5.10)

[/ d9’/ smgp’dgar:@(l—cosgp).

Therefore by Lemma 5.3.2, it follows that {Hnm n=0,1,...,;m = 1,2,... ,Qn}
forms a complete system in £2(S). O

The following lemma is required to prove the main results.

Lemma 5.3.3. (see [52]). Let D be a dense subset of a Banach space B. Then each

element u € B, u # 0 can be expressed as

00
Uu = E u; ,
=1

where u; € D and |juy]| < 24
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The following theorem gives an expression of a square integrable function on the

sphere in terms of fractal functions of first type.

Theorem 5.3.3. The operator ©% : L2(S) — L2(S) defined by

ZZAW .

n=0 m=0

where

co  2n
F=Y2 NmHum

n=0 m=0

is well defined, linear and bounded.
Proof. By Theorem 5.3.2, the family
{Hnm:nzO,l,...,;m:1,2,...,271}

is complete in £%(S). The set
H=|JMn
n=0
is dense in £%(S). Then for any f € £%(S), f # 0,

f= Zxk (5.11)
k=1

so that X, € H,, and

Now define
S0)
where ©% : H,, — L£*(S) is the operator defined in Theorem 5.1.1 such that [|©%] <

|| F*||2. It is noted that

195, (Xi)lle2s) < 1165, 1201 Xkl c2s)
3||f|!£2(s

IN

[ P
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Therefore, it easily follows that »;°, ©F (X}) is absolutely convergent and hence con-

vergent in a Banach space. As a consequences O¢ is well defined and

10%(Nllezs) < D108, (Xi)llexs)
k=1

o =3I N2
o, 3 Wl
=1

= 3[IF ol fllczs) for all f e L(S).

IN

Therefore,

19%]]2 < 3[|F4]l2 -

To show that the restriction of O to H,, is ©F, it is noted that for X € H,,, the sum

n’

(5.11) consists only a term of H,, and consequently
0%(X) = 05(X) .

Therefore, ©%|3, = ©%. The linearity and boundedness of ©¢ implies that

co 2n
O%(f) = Z Z A Hy,
n=0 m=0
whenever
oo 2n
n=0 m=0

]

Now, consider the linear bounded operator L : C(I) — C(I) with respect to mean-
square norm. Then in a similar method employed for ©¢, the operator can be extended

to £2(S) . Let Ly be defined on the basis elements as

L (Hum) (0, 0) = L(tnm ) (€08 ©)vn (0) = (Unm © c)(cos @)vm(6). (5.12)

Then by linearity, it can be extended to Ly : H, — L£2(S) such that | Lgl|ls < ||L|2. As
in Theorem 5.3.3, the operator Ly can be extended to Lg : £2(S) — £%(S) such that

ILsll2 < 3||L|l2 < 3MY2.
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Lemma 5.3.4. The operator ©% : L2(S) — L*(S) satisfies, for all n and m,
H@a<Hnm) - HnMHEQ(S) < |04|00H6a(Hnm> - LS(HnM)”EQ(S) .

Proof. By definition,

0% (Hpm) = O%(Hy) = H”

nm °

Therefore,

H@a<H’nm) % Hnm”%Q(S) - am - Hnm||2£2(5)

\H
27 ™

- / / (UE,, — ) (c08 ) P02, (60) sin dipdd
0 0

i < /O - U;de) < /_ 11 (e —unm)(t)|2dt>

([ = Unm”%m)-

According to (1.11), for f = uyy, and b= Lf,

N z;
||uzm P unm”%Q(I) = Z/ |ai|2|(uzm - Lunm) o L;1($)|2d£€ :
i=1 Y ®i-1

By changing of variable 7 = L; '(z), it follows that

)

N
= Py =3 alonl? / (4, = Dt ) (D) PdT

i=1
N

= Z alo[|ug,, — Lunm||%2(1)
i=1
< |04|§o||uﬁm - Lunm”%?(l) Zai
i=1

= o3 llunm, — Lunmllz2),
since Zfil a; = 1. Therefore, it follows that

"@a(Hnm) - Hnm”LQ(S) S ‘Oé‘ooHUf{m — LuanLZ(I) .
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But
10%(Hpm) = LsHum| 225y = [ He — Lis(Hom) 72 (s)

27 T

= / / ](uﬁm—Lunm)(cosgo)Pvfn(G) sin pdpdf
’ 27r0 1

_ ( / vfnde) ( / |(ugm—Lunm>(t)\2dt>

0 —1
= lup, — Lunm||%2(]).

Therefore

HGQ(Hnm) = Hnm||£2(5) < ‘aloon@a(Hnm) - LSHanL:2(S)

O
Proposition 5.3.1. For all f € L3(9),
19%(f) = fllezs) < |alell®*(f) — Lsfllc2(s)
and
X | o
16°(4) = Fleasy < 22 (1 4 3M12)) fll o (5.13)

1= |afo

Proof. Let X € H,. Then,
2n

X = Z )\annm )

m=0

as {H,m 2", is an orthogonal basis for H,. It is noted that {H2 — H,,,}*", is also

orthogonal (similar to Lemma 5.1.1). For instance

2
(Hypy — Hum, Hyy — Hyj) = / / (€o8 @) — Upm (cos @) (ug;(cos ) — un;(cos ¢))

U (0)v;(0) sin pdpdb

L ua— ( /0 X vm(G)Uj(e)dG)

since the second integral is zero if m 7é j. Therefore,

107(X) = X|Z2(5) = Z\Anm\ 1H 3, = Hum Z2(s)

IN

|a|go Z |)‘nm|2||HrO;m - LSHnm”%?(S)
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using Lemma 5.3.4. The system {H,‘:m — LSHnm}f::O is also orthogonal (similar as

above) and therefore
107(X) = X[ Z2(s) < a3 10%(X) = Ls X |22 s)- (5.14)

For any f € L£2?(5), there exists a sequence {X; € H,, } such that limy , || Xx —
f”£2(s) = (0. Then the Continuity of LS implies that limk_mo ||LSAXV],C — L5f||£2(5) = 0.

Using the continuity of ©“ and the norm,
() ~ sy = Jim 0°(Xe) = Xk, -
Therefore using (5.14), for X = X,
10°(f) = fllZesy = Jlim 10%(Xk) — XillZ2 (s
2 1: « 2
< Jaf2 Jim [0°(X,) — LsXilfags)
= [al%l10%(f) = Lsfllz2s)
and

10%(f) = fllz2s) < lalool|O%(f) = Lsfllc2s) -

Moreover,

10°(F) — Flleris) < |a|oo(||@°‘<f> ~ Flles +11f Lsf||z:2<s>> |

Since || Lg||s < 3M'2, it follows that

|a|oo

1- |O‘|oo

19%(f) = flle2s) < (1+3M")|| fll c2(s) -

O

—1/2

Theorem 5.3.4. If o, < Y=

5, then the operator ©% is injective and its range is

closed.

Proof. According to Proposition 5.3.1,

I fllc2cs) = 1O ()l c2s) < lalool|O*(f) — Ls fllc2(s)- (5.15)
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Since ||Lg|ls < 3M'/2,
10°(f) = Lsfllczis) < 10°(f)llezs) + 3M 2| fllex(s). (5.16)
Equations (5.15) and (5.16) together give

10 (Fllez(s) 2 1f ey — lalocl|O(F)lle2is) — laloc3M 2] flle2s).

For the assumption || < M_TW, it happens that

1—|ale3MY? >0,

Therefore, from above inequality, it follows that

1+ oo
1 — |afoe3M1/2

| £ll 225y < 1©% ()l z2(s)- (5.17)

If ©*(f) =0, (5.17) gives f = 0. Consequently, ©% is injective. To show the range of
O is closed, consider a convergent sequence {©%(f,)} such that ©*(f,) — ¢g*. Since
the sequence {O(f,)} is convergent, it is also Cauchy and therefore according to (5.17),
{fn} is also a Cauchy sequence. As a consequence, f,, is convergent in a Banach space.

If f,, = g as n — oo, then the continuity of ©¢ implies that

0%4g) = lim ©%(fn) = g .

n—oo

Therefore g belongs to range of ©“ and hence range of ©“ is closed. O

—1/2

Corollary 5.3.2. If |o|o < 21—,
L3(S) = Range(©) @ ker(©%)* ,
where (©%)* is the adjoint operator of ©% and Range(©%) denotes the range of ©%.

Proof. Since ©% is a linear and bounded operator on the Hilbert space £2(S), the

following orthogonal decomposition holds
L*(S) = Range(02) @ ker(©%)* .
But range of ©% is closed by above theorem and hence the result follows. O
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M—1/2

Proposition 5.3.2. If |a|. < #5—, then the range of the adjoint operator (©%)* is

dense in L*(S).

Proof. We have,
L*(S) = Range(6%)* ) ker(6”) .

For |a|s < Mle/Q, according to Theorem 5.3.4, O is injective. Therefore ker(©%) = {0}

and the result follows. O
The following lemma can be found in [52].

Lemma 5.3.5. If L is a linear operator from a Banach space into itself such that

|L|| < 1, then (Id — L)™' exists and bounded. Moreover,
(Id— L)y '=Id+L+L*>+--.

Theorem 5.3.5. If |a|e < the operator ©* : L2(S) — L2(S) has a bounded

1
24+3M1/20

nuverse.

Proof. By hypothesis, |a|s < which implies

1
2+3M1/2)

(1+3MY?)|a|o

<1.
1 — |ofoo

From (5.13), it follows that

(1+3MY?)|als

Id — 0%, <
|| ||2— 1_|a‘oo

and therefore [[Id — ©%||; < 1. For ||[Id — ©%|]y < 1, Lemma 5.3.5 ensures that ©% =
Id — (Id — ©%) has a bounded inverse and by (5.17),

14+ ||
|t 3M /2

1©) 2 < —

Proposition 5.3.3. If |o]s < the adjoint operator (©%)* is injective.

1
2+3M1/2’
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Proof. For |a|s < according to Theorem 5.3.5, Range(©®) = £2(S). Since

1
2+3M1/27

1 1
2+3M1/2 < 3M1/2 ?

|afe <
from Corollary 5.3.2, it follows that ker(©*)* = {0} and therefore (©%)* is injective. [
Using Proposition 4.2.1, it is proved in the following that H® is complete in £2(S).

Proposition 5.3.4. If |o| < the system

N
2+4+3M1L/27

H = {Hf:m:n:0,1,2,...;m:1,2,...,n}
is complete in L*(S).

Proof. According to Theorem 5.3.5, for any g € £3(S), there exists f € £2(S) such that

©%(f) = g. The linearity and continuity of ©* imply that

oo 2n
g=0%f) = Z Z A H o,
n=0 m=0
whenever
co 2n
n=0 m=0

Therefore the system
{Hf;m:n:O,l,Q,...;m: 1,2,...,n}

is total and hence by Proposition 4.2.1, it is complete in £%(S). O

5.4 Fractal functions of second type on the sphere

In Section 5.1, we considered fractal functions of first type on the sphere of the form
given in (5.2) and the spaces ‘H,, spanned by the n-th row of Table 5.1. The orthogonality
of {Hpm}?™ o and {H® }?"_, played an important role to prove the boundedness of the

m=0

operator ©% (see Theorem 5.1.1) and in proving other results.
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In this section, we will fractalize the function H,,,(y,0) as employed in (5.3). Now,
it is not known that whether the system {v2}°°_, is orthogonal or not. So to get
an orthogonal basis of functions on the sphere and orthogonal basis of their fractal
analogues, we will change the settings of Section 5.1 as follows.

Let us consider a family of continuous functions
Upm * J = [—1,1] > R,
such that for any non-negative integer m, the system of functions
Um:{unm;n:p,p—i—l,...} (5.18)

forms a orthogonal system in C(.J) with respect to the inner product

(g, h) = / g(Dh(t)dt

1

where p is the least integer such that

SIE
IN
S

Let
{vm : [ =10,27] - R | v, is continuous and periodic, m = 0,1,2,... }
be an orthonormal system in C(I) with respect to the inner product
2w
(g.) = | a(omeydt.
0

Recall that P = (¢, 0) represents a point on the unit sphere S. Let us define functions

on the sphere S as
Hym (9, 0) = upm(cosp)v,(0), (m=p,p+1,p+2,...;m=0,1,2,...,).
Lemma 5.4.1. For any non-negative integer m,
(Hym, Hr) =0, (nyr=p,p+1Lp+2,...;n%#71).
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Proof. The inner product can be expressed in spherical coordinates as

2m ™
(Hpm, He) = / / Uy (COS ) Uy (COS ©) [0y (0) | sin odipdh
o Jo

- (/ ) (@38 ) ([ tnlcos phun(cos o) s o ).

Since the second integral is zero if n # r, it follows that (H,.,, Hym) = 0.
Lemma 5.4.2. Form=20,1,2,.. .,
||Hnm||£2(S) = ||unm||£2(J)7 (7’L =p,p+ 17]7 i 2a .- ) .

Proof. Proof is similar to the proof of Lemma 5.1.2.

HOO

HlO Hll Hl2

HZO H21 H22 H23 H24

H?)O H31 H32 H33 H34 H35 H36

HnO Hnl HnQ Hn3 Hn4 Hn5 HnG v Hn(2n+1)

Table 5.2: The space H,,.

Let us define

J
HI = { Z A Hopms A, € R} (see Table 5.2) ,

n=p
where p is the least integer such that & < p. Note that
I =0ifp>j.

Due to Lemma 5.4.1, { H,, } _, is an orthogonal basis for HJ,. Define

Hp = U?-lin = span{Hym :n=p,p+1,..}.
=0
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If [|tpml 25y = 1, for all n, m, then {H,,, }52, is an orthonormal Schauder basis for H,,.

Consider the base function given in (1.10) as
b=1Lf,

where L : C(I) — C(I) is a linear and bounded operator such that Lf(z) = f(x¢) and

Lf(xy) = f(zy) if C(I) is equipped with sup norm or mean-square norm. Then define

Hgm(gp, 9) = unm(COS @)U%(G) )

where v3,(0) = F*(v,(0)) and F¢ is the fractal operator defined in (1.13) (c.f. Sec-

tion 1.4). Now consider,
' J
(H2,)* = { > X H: Aum € R} .
n=p
Then {H},,},_, is an orthogonal basis for (#7,)*. For instance,

27 T
(HE (,0), HO (0,0)) = / / e (COB )ty (€08 )05, (6) 2 8 o dPl6
0 0

. ( / o (o8 06880 Smgpd@)( / 2”|vfn<9>|2d0)

= 0,
since (Upgm, Upm) = 0 for n # r.
Lemma 5.4.3. Forn=p,p+1,p+2,... andm=20,1,2,...,
[ Hpmllc2s) = l[tmmll 2 llomllezay < NF N2l Homllc2s) -

Proof. For instance,
2 T
V2 2 = / / [t (08 9) 2|0 (0)]2 sin dodd
0 0
1

= ([ wwmtorae) ([ ugioran)

= Huan%Z’(J)”U%H%?(I)
< ||uani2(J)H‘FaHgHUmH%%I)'
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Since {v,, }ov_ is an orthonormal family, it follows that

[H il 2(s) < IF2 2l Humll 22 s) -

Theorem 5.4.1. The operator

(©7.)% + Hyy = L3(S) |

XJ: Aannm = ZJ: )\anTOL{m
=p =p

18 linear and bounded.

Proof. The linearity of (07 ) is obvious. For boundedness, due to the orthogonality of
{Hnm}%:p and {Hsm}zz:p’ we get:

J J
||(@£n)a(z)‘annm)||iz(s) = Z HATLeroLLm||2
n=p n=p

J
< D IIF R w Ho

n=p
4 2
< FUB( D A ||
n=p
Consequently, [|[(©7 )|z < || F%|- O
From here on, let us assume that for any non-negative integer m = 0,1,2,..., the

system U,, given in (5.18) is orthonormal, that is,

/_1 Unon (T)Ujm (T)d = O

1

and U,, forms a complete system in £2(J), where p is the least integer such that 5 <p.
Also assume that {v,,}>_, is a complete orthonormal system in £2(0,27). Then the

following two results are true.
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Theorem 5.4.2. The family

{Hnm: n:p,p+1,p—|—2,...;m:0,1,2,...,}
forms an orthonormal complete system of L%(S).

Proof. 1t can be easily seen from Table 5.1 or Table 5.2 that

{Hnm: n:p,p—i—l,p—l—Z,...;m:O,1,2,...,} = {Hnm: n:0,1,2,...;m:0,1,2,...,2n} .
Therefore proof follows from Theorem 5.3.2. O]

Theorem 5.4.3. For any f € L*(S), the operator ©% : L%(S) — L%(S) defined by

0%(f) = Z chmHgm )

m=0 n=p
where

m=0 n=p

1s linear and bounded. Its norm satisfies the following inequality

16%]l2 < 37|l
Proof. Note that
0o 00 oo 2n
DD i =3 comHi,
m=0 n=p n=0 m=0
Then proof follows in similar lines of Theorem 5.3.3. O]

5.5 Fractal basis for £3(S)

In this section, we will consider the linear bounded operator L on C(I) with respect to
mean-square norm. The operator is extended to £2(S) in a similar method employed

for 7. Let Ly be defined on the basis elements as

L (Hnm)(9,0) = tnm(cos @) L(vm(0)). (5.19)
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Then by linearity, it can be extended to Ly : HJ — L£2(S) such that ||[Lg|lz < || L]z
As in Theorem 5.4.3, the operator Ly can be extended to Lg : £L2(S) — L£2(S) such

that || Ls|l2 < 3| L]l
Lemma 5.5.1. The operator ©% : L2(S) — L*(S) satisfies, for all n and m,
HGQ(Hnm) - HanLiQ(S) < ‘O"ooH@a(Hnm) - LS(Hnm>H£2(S) :

Proof. Note that

O*(Hum) = Hy,,
Therefore
0% (Hum) _Han%?(S) = Hanﬁ? (S)

27r
= / / 1 (cos ©)|v2 (8) — v, (0)]? sin pdpdf

= Jnmlz2plvm — vl 2

But from (1.11), for f = v, and b = Lf,

N oz,
1% = ooy = 3 / il (0%, — Lo 0 L7\ (z)de: .
i=1 Y Ti-1

By changing of variable & = L; (), it follows that

1
N 21
lo% — ol 2y = 3 ailef? / (02, — Luy)(@)2d7
i=1 0
N
= S ala oS — Lom|2
=1

N
< alillvf, = Lomlzay ) ai
i=1

= lolSllvp, = Lomllz2y,
since SN a; = 1. Therefore
10 (Hum) = Huml|22(5) < IS ltmmllz2(n 105, = Lomll 221y
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On the other hand,

"@a(Hnm) - LS(Hnm)HE2(S) - - LS(Hnm)”£2 (S)

_ / = / (008 @)1 (8) — L(uyn(6))] sin pdipdd

[l 221y 105 = Lvmll 22
Hence the proof. O
Lemma 5.5.2. For any f € L2(9),
10%(f) = fllezgs) < |l 1©(f) = L fllc2s) (5.20)
and
16°(7) ~ flles < Tl — Llel il (5:21)

Proof. For any f € L£2(S), let us consider a sequence X}, in H,,, such that f = lim X}
with respect to the £2-norm (such sequence exists due to Theorem 5.4.3 ). Also conti-
nuity of Lg imply that Lgf = lim LgX}. Due to the continuity of ©® and the norm it
follows that
10%(£) — fllZa(s) = Jim 0 (Xe) — Xillkgs) (5.22)
Now for X € H,,,
X = i A Hpm -

n=p
Note that {H,, — Hym}pe, is orthogonal. For instance

(Hy — Hpym, Heo — Hy) = / / U (COS @)Uy (cOs ) |05 (0) — vm|2 sin pdpdf
0

= ([ wmnteospnnteosiysin e ) ([ 100) = vl

= O,
since the first integral is zero. Therefore

||@a(X) - X||2£2(S) = Z |/\nm|2||Hgm - Han%Q(S)

IA

D NN Pl Hetpy = Ls Huml| 225
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using Lemma 5.5.1. Also H,, — LsHym, HS, — LsH,,, are orthogonal for n # r, due to

the orthogonality of .y, .y, for n # r. Therefore
10°(X) = Xl[Za(s) < [al2[|0%(X) = Ls X || Z2(s)- (5.23)

Using it in (5.22) for X = X, it follows that

10°(f) = fllZ2(s) klgf)lo 10%(Xk) — XillZ2 ()

IA

|2, lim [|0%(X) = Ls Xkl 22s)
k—o0
= |a2l0%(f) = Lsfllz2s)
and therefore
19%(f) — fllezes) < leoolO(f) — Lsfllc2s) -

For the second inequality,

19%(f) — fllezis) < |efeoll®(f) = Lsfllc2cs)
|l (1©%(f) = flle2es) + IIf — Ls Sl c2s))

IN

and the result follows. O

Lz

Proposition 5.5.1. If |afe < 5%,

then ©% s injective and its range is closed.

Proof. From (5.20), with ||Lgl|la < 3||L||2, it follows that
1£llc2(s) = 19 (F)ll2es) < ledoo (1O (F)lle2s) + BIL N2 fll22cs)) -
Therefore

1+ oo
1 = 3|afwl[ Ll

£l c2s) < 10%(f)l z2(s)- (5.24)

If ©*(f) =0, then f = 0 and consequently ©*(f) is injective. To show that the range of
O is closed, consider a convergent sequence O%( f,,) such that ©%(f,) — g“. Since the

sequence ©%( f,,) is convergent, it is also Cauchy and therefore according to (5.24), f,, is
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also a Cauchy sequence. Consequently, f, is convergent in a Banach space. If f,, — ¢

as n — 00, then the continuity of ©* implies that

0% g) = lim ©%(f,) = g% .
n—oo
Therefore g* belongs to range of ©“ and hence range of ©% is closed. O]

The treatise [42] is a good reference for the basic definitions used in the sequel.

Definition 5.5.1. Let H be a Hilbert space. A sequence (x) C H, is a Bessel sequence

win H if there exists a constant B > 0 such that for all x € H

> Kz, 2P < Blzl® .

k=0

[e.9]

Proposition 5.5.2. For any scale vector a with |a|o < 1, (HS,) is a Bessel sequence.

Proof. For any f € £%(S),

SO KEHGE = D> K0 (Hu)
oo 2k
= D ) (O™ (f), Hut) P,
k=0 n=0

where (©%)* is the adjoint operator of ©%*. Applying Parseval identity to the orthonormal

basis (H,), it follows that

oo 2k

DD KL HE = 10 (Nllze < 10131 F11Z .

k=0 n=0
since [|(©*)*||2 = ||©“||3. Therefore (HZ,) is a Bessel sequence with Bessel constant
B =67[3. 0

Definition 5.5.2. A sequence (z1) in a Hilbert space H is a frame if there exist numbers

A >0 and B > 0 such that for all xt € H we have

Allz|® <Y [z, 2x)]* < Bllz|* (5.25)
k=0
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Definition 5.5.3. A sequence (xy) in a Hilbert space H is a frame sequence if it is a
frame for its closed span [xy] = Span(xy).

IILHz

Proposition 5.5.3. If |o| < , then (HS,.) is a frame sequence.

Proof. In the proof of Proposition 5.5.2, for any g € £2(S)

o

2k
> D g H)lP < 110°13llgl1Z2(s)

k=0 n=0

Therefore right hand inequality of (5.25) holds for B = ||©*]]3.

If || < 12 ”2 , then due to Proposition 5.5.1, ©% is injective with closed range. Then
range of ©%, Range(©®) is a Hilbert space, since it is a closed subspace of a Hilbert
space L2(s). Consequently (©%)~! is well defined, linear and bounded as ©% (see, e.g.,
Theorem 3.5.3, [45]). Therefore, ©% o (©*)~! is the identity operator on Range(©%).
If g € [HY], then since span(HS,) C Range(©%), it follows that ¢ € Range(©%).

Therefore as Range(©%) is closed,
[Hyy] = span(Hy,) € Range(©) .

But for any g € [HS],
= ((69)7) 0 (%) (9)
and thus
gl Zz2cs) < 1(©%) M ENO) (9)lIZ2(s). (5.26)
since
1(©) 7)1l = e I2

As in the proof of Proposition 5.5.2,

1(0%)"(9)|22s) ZZ\ 9. Ho) 2

k=0 n=0

Using it in (5.26)

oo 2k
gl 25y < MO TPY Y 1g H) P

k=0 n=0
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Denoting

A=|[©)7,
it follows that
co 2k
AllgllZ2s) < ZZ (g, H)]? -
k=0 n=0
This completes the proof. O

Definition 5.5.4. A sequence (xy) in a Hilbert space H is a Riesz sequence if there

exist ky > 0 and ky > 0 such that for any (\) € [*

> I S el < kY Il (5.27)
k=0 k=0 k=0

-1
Proposition 5.5.4. If |o|« < %, then (HS,) is a Riesz sequence.

Proof. If (cai) € 12, let us define for f € L£%(S)

oo 2k

k=0 n=0
Then due to Parseval’s equality

oo 2k

1 Z2sy =D D lel®

k=0 n=0
Also

oo 2k

102y = 1D canH |2

k=0 n=0
< o3l fliZ

oo 2k

= k2 Z Z ‘an|27

k=0 n=0
where ko = [|©%]|3.
For the left inequality in (5.27), let

_ 13| Lol

k
' 1+ oo
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If |or)oo < ”LH? , then from (5.24), it follows that

k?1||f||%:2(5) < |e*(f ||c2 ZZ [ enk ngQﬁQ(S) :

k=0 n=0

Hence (HY,) is a Riesz sequence. O

Definition 5.5.5. A sequence (xy) in a Hilbert space H is a Riesz basis for H if it is
the image of an orthonormal basis for H under an invertible linear transformation. In
other words, if there is an orthonormal basis (ex) for H and an invertible transformation

T such that Tey = xy, for all k.
Theorem 5.5.1. If |a|o < (2 + 3||L||2) 7", then (HS,) is a Riesz basis for L£*(S).

Proof. By hypothesis, |a|s < (2 + 3||L||2)~!, which implies

(14 8L) ol _
1 — oo
Then due to (5.21),
||] — @a||2 <1.

According to Lemma 5.3.5, the operator ©% is an isomorphism and hence (HS,) is a

Riesz basis. O
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