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Abstract

The research reported in this thesis deals with the analysis of a number of differential
equations of fractional order, viz., Cauchy type non-autonomous fractional differential
equation, Volterra-Fredholm integro fractional differential equation of neutral type, non-
linear integro fractional differential equation of Sobolev type with finite delay, instanta-
neous impulsive fractional differential equation with some generalized integral conditions.
More precisely, our aim is to prove the existence and uniqueness results for these prob-
lems. Further, we also establish the approximate controllability of a class of nonlinear
fractional differential equations.

The first problem consists of a classical initial value problem concerned with non-
autonomous fractional differential equations with Hilfer fractional derivatives and another
one containing nonlocal initial conditions. By using fixed point theorems, sufficient condi-
tions for the existence of mild solutions are obtained and some examples are also consid-
ered to illustrate the obtained theory. The existence and uniqueness of integral solutions
of a class of non-densely defined mixed Volterra-Fredholm integro neutral fractional dif-
ferential equation is also studied and the results are obtained by using semigroup theory,
fixed point theorems and Kuratowski measure of noncompactness. In another problem,
a Volterra fractional differential equation of Sobolev type with finite delay is considered.
The existence results for mild solutions are proved by using fixed point theorems and
Hausdorff measure of noncompactness. Further, the existence of solutions of a class of
impulsive fractional differential equation with Erdélyi-Kober type boundary conditions
and multiple base points is established. The results are obtained by using various proper-
ties of fractional calculus and different fixed point theorems. Some examples are presented
to illustrate the obtained results wherever possible.

The last part of the thesis discusses the approximate controllability of a class of Hilfer
fractional control system with analytic semigroup where the nonlinear term depends both
on the state and control. The existence and uniqueness of the mild solution is established
with the help of a generalized contraction theorem, and the sufficient conditions for the
approximate controllability are obtained by using suitable assumptions on the functions
involved.
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CHAPTER 1

Introduction

1.1 Fractional Calculus

Fractional calculus is not a new subject as thought by many. It is a subject that has
gained enormous popularity and significance over the last few decades, mainly due to the
demonstration of its practical use in diverse fields of science and engineering. It has been
established beyond doubt that fractional calculus has been able to provide a number of
important tools for solving differential and integral equations. Furthermore, it has shed
light on tackling some other problems involving special functions and leading to extensions
and generalizations. A better way to understand fractional derivatives and integrals is:
As real numbers exist between the integers, so do fractional derivatives and integrals
between conventional integer-order derivatives and integrals. The way the generalization
from integer to non-integer makes the number line general, the same can be assumed
to hold for differintegrals. In other words, fractional calculus is a name of theory of
integrations and derivatives of arbitrary order, which unify and generalize the notion of
integer order differentiation and n-fold integration.

The history of fractional calculus dates back to the end of seventeenth century with the
exchange of a letter between Leibniz and Euler, and it has been developed progressively
up till now. It was not until 1730 that Euler mentioned ‘fractional calculus’ when he
studied the interpolation between the integer orders of a derivative and, successively in
1772, Lagrange referred to it in one of his studies. Laplace (1812) defined a fractional
derivative by means of an integral, and the first discussion on a derivative of fractional
order was written by Lacroix (1819) but his method of generalizing it from an integer
order did not offer hints for possible applications and he himself considered this question
as a mere mathematical exercise. In 1822, Fourier was the next to mention a derivative
of arbitrary order, but he too, like his predecessors, provided no application. A fractional

1
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2 Chapter 1. Introduction

operation was applied for the first time by Abel in 1823 for solving an integral equation
that arose during the demonstration of the tautochrone problem.

The first systematic study on fractional calculus was made in 1832 by Liouville. He
defined a derivative of arbitrary order as an infinite series, which had the disadvantage
that the order of the derivative must be restricted to those values for which the series
converged. Being aware of this, he formulated a second definition of fractional derivative.
Successively, Liouville applied the fractional derivative to problems in potential theory
and was also the first one who attempted to solve differential equations by means of
fractional operations.

After Liouville, Riemann used a generalization of a Taylor series to derive a formula
for integration of arbitrary order, and showed that the approaches proposed by Liouville
and Riemann could be abridged in a single formula, known as the Riemann-Liouville
fractional integral formula:

Jαf(t) =
1

Γ(α)

∫ t

a

(t− s)α−1f(s)ds,

where Jα denotes the fractional integral operator of order α ∈ R+, a is the lower limit of
integration and Γ is the gamma function.

In 1867, Grünwald proposed another approach for fractional differentiation based on
the generalization of the finite difference quotients for fractional derivatives, nowadays
known as Grünwald-Letnikov fractional derivative, as follows:

Dαf(t) = lim
h→0

1

hα

t−a
h∑

m=0

(−1)m
Γ(α + 1)

m! Γ(α−m+ 1)
f(t−mh)ds,

where t and a are the upper and lower limits of differentiation, respectively. This defini-
tion, even if correct, was not mathematically rigorous. The first rigorous demonstration
of this formula was given by Letnikov in 1868. His papers were the first instances that
could exhibit a strong attention to details and mathematical rigour.

Riemann-Liouville definition of fractional integral has been adopted to define a frac-
tional derivative, known as Riemann-Liouville fractional derivative:

RLDαf(t) = DmJm−αf(t), m− 1 < α ≤ m.

Also, Grünwald-Letnikov derivative formula has been modified for giving an alternate
definition of fractional integral, known as Grünwald-Letnikov fractional integral formula:

D−αf(t) = lim
h→0

hα

t−a
h∑

m=0

Γ(α +m)

m! Γ(α)
f(t−mh)ds.

The Riemann-Liouville fractional integral and derivative, due to their forms, are well
TH-2695_156123019



1.1. Fractional Calculus 3

suited for finding analytical solutions of relatively simple functions, viz., xa, exp(x), sinx,
etc., whereas Grünwald-Letnikov definition is successfully applied for numerical evalua-
tions.

In 1967, Caputo introduced a fractional derivative called Caputo fractional derivative
of order α > 0 defined as

CDαf(t) = Jm−αDmf(t), m− 1 < α ≤ m.

This definition is preferred over Riemann-Liouville’s definition in many engineering appli-
cations. The reason for this is that, in Riemann-Liouville derivative, one needs to specify
the values of certain fractional derivatives of the function at the initial point whereas for
Caputo derivative, the initial values are x(a), x′(a), x′′(a), . . . , when a is the initial point,
and this type of initial conditions has well-understood physical meaning.

In recent years, besides the previous definitions, several fractional differentiation and
integration formulas have been proposed. In [62], Hilfer proposed a new fractional deriva-
tive when he studied fractional time evolution in some physical phenomena. This deriva-
tive is a generalization of both Riemann-Liouville and Caputo derivatives, and is named
as Hilfer fractional derivative or generalized Riemann-Liouville derivative. The Hilfer
derivative of order α with parameter β is defined by

HDα,βf(t) = Jβ(m−α)DmJ (1−β)(m−α)f(t),

where m− 1 < α ≤ m, 0 ≤ β ≤ 1, t > a and D =
d

dt
.

The list of mathematicians who have provided important contributions up to the mid-
dle of the twentieth century also includes Holmgren, Laurent, Nekrassov, Krug, Hadamard,
Heaviside, Pincherle, Hardy and Littlewood, Weyl, Levy, Marchaud, Davis, Zygmund,
Love, Erdelyi, Kober, Widder, Riesz, Feller, etc. In June 1974, the first conference on
Fractional Calculus and its Applications was organized by B. Ross at the University of
New Haven, Connecticut. As for the first monograph, the credit is ascribed to K.B.
Oldham and J. Spanier, who published a book in 1974 devoted to fractional calculus.
A number of additional books have appeared since then with titles explicitly devoted to
fractional calculus (or fractional differential equations) and its applications, for example,
Miller and Ross (1993), Samko et al. (1993), Carpinteri and Mainardi (1997), Podlubny
(1999), Hilfer (2000), Kilbas et.al (2006), Das (2007), and others and the list is expected
to grow in the forthcoming years.

Although fractional calculus has a long history, but from the application point of view,
it fell into oblivion for many years since it was not considered useful for solving problems in
physics and engineering. This was due to its high complexity and the lack of an acceptable
physical and geometric interpretation. In 2002, Podlubny [91] proposed an explanation
of fractional phenomena. He proposed both a geometrical interpretation of the Riemann-
Liouville fractional integral and a physical interpretation for the Riemann-Liouville and

TH-2695_156123019



4 Chapter 1. Introduction

Caputo fractional derivatives.
Another important property that all the fractional derivatives share and it is worth

mentioning is that the fractional derivative operators are nonlocal. The terms ‘local’ and
‘nonlocal’ are distinguished as follows: in order to calculate integer-order derivatives of
a function, it is required to know its properties in an infinitesimal neighbourhood of the
considered point whereas the fractional derivative relies not only on the present state
but also upon all its past states. As a result, integer-order derivatives cannot describe
processes with memory and this fact acts as the primary advantage of fractional derivatives
over classical derivatives.

In the last few decades, there has been an explosion of research activities on the ap-
plication of fractional calculus to very diverse scientific fields ranging from the physics of
diffusion and advection phenomena to control systems to finance and economics. Appli-
cations related to fractional calculus have appeared at least in the following fields:

• Fractional control of engineering systems

• Advancement of calculus of variations and optimal control to fractional dynamical
systems

• Analytical and numerical tools and techniques

• Fundamental understanding of wave and diffusion phenomena, their measurements
and verifications, including applications to plasma physics

• Bioengineering and biomedical applications

• Thermal modelling of engineering systems such as brakes and machine tools

• Image and signal processing.

Scientists have discovered that many phenomena, not completely understood before,
have complex microscopic behaviours, and that their macroscopic dynamics cannot be
modelled anymore via integer order derivatives. In particular, it has been found that
most of the processes associated with complex systems have nonlocal dynamics involving
long-term memory effects, which is precisely the property that characterizes fractional
derivative operators. In order to appreciate the potentialities of fractional calculus in a
better way from an application point of view, some examples of complex system modelled
by fractional differential equations are given below:

In the field of bioengineering, there is an ongoing need to develop efficient and high
fidelity material models to simulate the stress response of biological materials. For this
purpose, fractional calculus is used to develop fractional order viscoelastic equations,
which could be useful for modelling soft biological tissues. In [30], it is asserted that a de-
scription based on fractional-order differential equations potentially has superior accuracy
and gives the possibility of correlating the hierarchical structure of biological tissues to the

TH-2695_156123019



1.2. Some Important Definitions and Results 5

fractional order of derivative. In particular, a one-dimensional version of fractional order
viscoelastic equations, called quasilinear fractional order viscoelasticity, was formulated
and applied to model the stress response of the porcine aortic valve tissues.

Another example is the one related to the study of polymeric materials. In organic
dielectric materials, such as semi-crystalline polymers, the intimate mixture between crys-
tals and amorphous phase gives rise to a complex structure whose fractal features have
been experimentally detected. This property makes the polymers very difficult to handle
analytically, and fractional calculus seems to be the only mathematical tool which has the
ability to describe fractal functions. With its help, a constitutive equation that can be
linked to molecular theories describing the macroscopic behaviour of polymeric materials
can be obtained. In [92], a dielectric fractional model is given, which is based on the idea
of obtaining an intermediate electrical behaviour between a resistance (Ohm’s law) and a
capacitor. The authors have named this new electrical element as capresistor: when the
order of the derivative equals one, an electrical resistor is obtained whereas when the order
of the derivative equals zero, a capacitor is obtained. Using this new electrical element,
the authors proposed electric circuits which were able to model relaxation processes in
organic dielectric materials (semi-crystalline polymers).

1.2 Some Important Definitions and Results

Let (X, ‖.‖
X

) and (Y, ‖.‖
Y

) be two Banach spaces and J = [a, b] be a finite interval on R.
Let B(X, Y ) denote the Banach space of all bounded linear operators from X to Y . For
X = Y , we use the notation B(X,X) = B(X). Let C(J,X) denote the Banach space of
all continuous functions from J to X equipped with the supremum norm ‖.‖

C
, that is,

‖f‖
C

= supt∈J‖f(t)‖
X
, for all f ∈ C(J,X).

Lp(J,X), 1 ≤ p ≤ ∞, denotes the Banach space of all measurable functions f : J → X

with the following norm:

‖f‖Lp=


(∫

J
‖f‖p

X
dt
) 1
p
, 1 ≤ p <∞,

inf
µ(J̄)=0

{
sup
t∈J\J̄
‖f(t)‖

X

}
, p =∞.

Theorem 1.2.1 (Hölder’s Inequality). Consider p, q ≥ 1 with 1/p + 1/q = 1. Then, for
f ∈ Lp(J,X) and g ∈ Lq(J,X), 1 ≤ p ≤ ∞,

fg ∈ L1(J,X) and ‖fg‖
L1≤ ‖f‖Lp‖g‖Lq .

Theorem 1.2.2 (Bochner’s Theorem). A measurable function f : J → X is said to be
Bochner integrable if ‖f‖ is Lebesgue integrable.

Definition 1.2.1. A family F of subsets of C(J,X) is equicontinuous if, for every ε > 0,
TH-2695_156123019



6 Chapter 1. Introduction

there exists some δ(ε) > 0 such that

‖f(t1)− f(t2)‖
X
< ε for all t1, t2 ∈ J with |t1 − t2|< δ and for all f ∈ F .

Definition 1.2.2. A family F of subsets of C(J,X) is called uniformly bounded if there
exists a constant F > 0 such that

‖f(t)‖
X
< F for all t ∈ J and for all f ∈ F .

Theorem 1.2.3 (Arzelà-Ascoli theorem). A family F of subsets of C(J,X) is relatively
compact if F is uniformly bounded and equicontinuous on J , and for each t ∈ J , {f(t): f ∈
F} is relatively compact in X.

Theorem 1.2.4 (Vector-valued Dominated Convergence Theorem). Let fn: J → X be
Bochner integrable functions. Assume that f(t) := limn→∞ fn(t) exists a.e. and there
exists an integrable function g: J → R such that fn(t) ≤ g(t) a.e. for all n ∈ N. Then f

is Bochner integrable and
∫
J

f(t)dt = lim
n→∞

∫
J

fn(t)dt.

Laplace transform of fractional derivatives

(i) L[RLDα
0 f(t)](s) = sαL[f(t)](s)−

n−1∑
k=0

sk(Dα−k−1f)(a)

(ii) L[CDα
a f(t)](s) = sαL[f(t)](s)−

n−1∑
k=0

sα−k−1(Dkf)(a)

(iii) L[HDα,β
0 f(t)](s) = sαL[f(t)](s)−

n−1∑
k=0

sn−k−1−β(n−α)

[
lim
t→0+

dk

dtk
(J

(1−β)(n−α)

0+ f)(t)

]
where n− 1 < α ≤ n and 0 ≤ β ≤ 1.

Definition 1.2.3. The one-parameter Mittag-Leffler function is defined by

Ec(z) =
∞∑
n=0

zn

Γ(cn+ 1)
, z ∈ C, <(c) > 0,

where < denotes the real part.
This function is a generalization of the exponential function. An extension of the above

function is the following two-parameter Mittag-Leffler function:

Ec,d(z) =
∞∑
n=0

zn

Γ(cn+ d)
, z, d ∈ C, <(c) > 0.

Lemma 1.2.1. Assume that f1: [0, b]→ [0,∞) is locally integrable and f2: [0, b]→ [0,∞)

is a nondecreasing continuous function such that f2(t) ≤ C (a constant). Suppose f3: [0, b]→
[0,∞) is locally integrable and satisfies the inequality

f3(t) ≤ f1(t) + f2(t)

∫ t

0

(t− s)α−1f3(s)ds, t ∈ [0, b], α > 0.

TH-2695_156123019



1.3. Methods 7

Then

f3(t) ≤ f1(t) +

∫ t

0

[ ∞∑
i=1

(f2(t)γ(α))i

Γ(iα)
(t− s)iα−1f1(s)

]
ds, t ∈ [0, b].

In addition, if f1 is nondecreasing, then f3(t) ≤ f1(t)Eα(f2(t)γ(α)tα) for t ∈ [0, b].

1.3 Methods

1.3.1 Measure of noncompactness

Measures of noncompactness form a very useful tool in many branches of mathematics.
They are used in the fixed point theory, linear operator theory, theory of differential and
integral equations and many other.

Let (X, ‖.‖
X

) be a Banach space and X
B
be the set of all non-empty bounded subsets

of X. Then we state the following definition [69]:

Definition 1.3.1 (Measure of Noncompactness). A map γ:X
B
→ R+ = [0,∞) satisfying

γ(co(Ω)) = γ(Ω), for every Ω ∈ X
B
,

where co(Ω) is the closure of the convex hull of Ω, is called the measure of noncompactness
in X.

The measure of noncompactness γ is said to be [124]
(i) regular: if γ(Ω) = 0 ⇔ Ω is a relatively compact set,
(ii) monotone: if Ω1 ⊂ Ω2 =⇒ γ(Ω1) ≤ γ(Ω2),
(iii) algebraically semi-additive: if γ({x} ∪ Ω) = γ(Ω), for every x ∈ X,
(iv) nonsingular: if γ(Ω1 + Ω2) ≤ γ(Ω1) + γ(Ω1).

There are two important measures of noncompactness called Hausdorff measure of
noncompactness and Kuratowski measure of noncompactness, which are defined as follows:

Hausdorff measure of noncompactness γ1 is defined for any Ω ∈ X
B
as

γ1(Ω) = inf{r > 0|Ω ⊆ ∪ni=1Br(xi) where xi ∈ X},

with Br(xi) as closed balls of radius ≤ r with centres at xi, i = 1, 2, . . . , n.
The Kuratowski measure of noncompactness is the map γ2:X

B
→ [0,∞) defined for

Ω ∈ X
B
by

γ2(Ω) = inf{r > 0|Ω ⊆ ∪ni=1Bi and diam(Bi) ≤ r for i = 1, 2, . . . , n},

where diam(Bi) = sup{‖x− y‖
X

: x, y ∈ Bi}.
The relationship between Hausdorff measure of noncompactness γ1 and Kuratowski
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measure of noncompactness γ2 is given by

γ1(Ω) ≤ γ2(Ω) ≤ 2γ1(Ω).

Lemma 1.3.1. [124] Let Ω ⊂ X be bounded. Then for every ε > 0, there exists a
sequence {xn}∞n=1 ⊂ Ω such that

γ(Ω) ≤ 2γ({xn}∞n=1) + ε.

Lemma 1.3.2. [124] Let Ω ⊂ C(J,X) be equicontinuous and bounded. Then γ(Ω(t)) is
continuous on J , and

γ(D) = sup
t∈J

γ(Ω(t)).

Lemma 1.3.3. [32] Let X be a Banach space, and let D ⊂ X be bounded. Then there
exists a countable set D0 ⊂ D such that

γ(D) ≤ 2γ(D0).

Lemma 1.3.4. [124] Let {xn}∞n=1 be a sequence of Bochner integrable functions from J

into X with

‖xn(t)‖≤ m(t) for almost all t ∈ J and every n ∈ N,

where m ∈ L(J,R+). Then the function φ(t) = γ
(
{xn}∞n=1

)
∈ L(J,R+) satisfies

γ
({∫ t

0

xn(s)ds
∣∣∣n ∈ N

})
≤ 2

∫ t

0

φ(s)ds.

1.3.2 Fixed point theorems

Fixed point method is the most powerful method in proving existence and uniqueness
results for solutions of differential equations. Due to their importance, several researchers
have studied the problems represented by evolution equations by using different fixed
point theorems. Many problems which are usually expressed through ordinary and par-
tial differential equations can be recast as integral equations. Then the existence and
uniqueness results can be derived from the corresponding results of those integral equa-
tions. Such results can be obtained by applying the fixed point theorems. The fixed point
theorems that have been used in our works are listed below:

Theorem 1.3.1 (Banach fixed point theorem). Let (M,d) be a nonempty complete metric
space. Let T : M →M be a map such that, for any x, y ∈M ,

d(Tx, Ty) ≤ kd(x, y), 0 ≤ k < 1
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holds. Then the operator T has a unique fixed point on M .

For the following results, assume (X, ‖.‖
X

) and (Y, ‖.‖
Y

) to be two Banach spaces with
respective norms.

Theorem 1.3.2. A bounded map T :X → Y is said to be compact if the image of a
bounded set B in X is relatively compact in Y .

Theorem 1.3.3. Let T :X → X be a map such that T (i) (= T ◦ T ◦ . . . ◦ T︸ ︷︷ ︸
i times

) is a contrac-

tion map for some i ∈ N. Then, T has a unique fixed point on X.

Theorem 1.3.4 (Krasnoselskii’s fixed point theorem). Let B be a bounded, closed and
convex subset of X. Let P and Q map B into X such that
(i) Px+Qy ∈ B whenever x, y ∈ B,
(ii) P is a contraction mapping,
(iii) Q is compact and continuous.
Then there exists a fixed point of the map P +Q on B.

Theorem 1.3.5 (Schauder’s fixed point theorem). Let B ⊂ X be a convex, closed and
bounded set. If T :B → B is a continuous operator such that TB ⊂ X is relatively
compact, then T has at least one fixed point in B.

Theorem 1.3.6 (Darbo-Sadovskii’s fixed point theorem). If B is a bounded, closed and
convex subset of X and the continuous mapping T :B → B is an α-contraction, then the
mapping T has at least one fixed point in B.

Theorem 1.3.7. Let B be an open bounded subset of X with the zero element of X in
B. Also, let T : B̄ → X be a compact and continuous mapping such that ‖Tb‖

X
≤ ‖b‖

X
for

all b ∈ ∂B. Then T has a fixed point in B̄.

Theorem 1.3.8 (Schaefer’s fixed point theorem). Let T : X → X be a completely con-
tinuous map on X. If E(T ) = {x ∈ X:x = ΛTx for some Λ ∈ [0, 1]} ⊂ X is bounded,
then T has a fixed point.

Theorem 1.3.9 (Leray-Schauder’s nonlinear alternative). Let B be a closed convex sub-
set of X, B1 an open subset of B and the zero element of X belong to B1. Suppose
that T :B1 → B is a completely continuous map. Then T satisfies one of the following
properties:
(i) T has a fixed point in B1,
(ii) there is some b ∈ ∂B1 (the boundary of B1 in B) and Λ ∈ (0, 1) with b = ΛTb.

Definition 1.3.2 (γ-condensing map). A continuous map T : Ω ⊆ Y → Y is called γ-
condensing, if for any bounded set Ω0 ⊆ Ω with γ(Ω) > 0, we have γ(T (Ω0)) < γ(Ω0).

Let γ be a monotone nonsingular measure of noncompactness in Y .

Lemma 1.3.5. Let Ω be a closed, convex and bounded subset of Y and T : Ω → Ω be an
γ-condensing map, then the set of fixed points of T forms a nonempty compact set.
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1.3.3 Semigroup theory

The theory of semigroups of bounded linear operators is closely related to the solution
of differential and integro-differential equations in Banach spaces. Using the method of
semigroups, existence and uniqueness of mild and classical solutions of evolution equations
have been discussed by Pazy [89].

Let X be a Banach space.

Definition 1.3.3. The one-parameter family of bounded linear operators {T (t)}t≥0:X →
X is said to be a semigroup of bounded linear operators on X if the following conditions
are satisfied:

(i) T (0) = I, where I is the identity operator on X,
(ii) T (t+ s) = T (t)T (s) for every t ≥ 0, s ≥ 0 (the semigroup property).

Definition 1.3.4. The infinitesimal generator of a semigroup of bounded linear operator
{T (t)}t≥0 on X is a linear operator A on X defined as

Ax = lim
t→0+

T (t)x− x
t

for x ∈ D(A),

where D(A) is the domain of A defined as

D(A) =

{
x ∈ X: lim

t→0+

T (t)x− x
t

exists
}
.

Definition 1.3.5. A semigroup {T (t)}t≥0 of bounded linear operators on X is called a
strongly continuous semigroup or C0-semigroup if

lim
t→0+

T (t)x = x, for every x ∈ X.

Definition 1.3.6. A semigroup {T (t)}t≥0 of bounded linear operators on X is called
uniformly continuous if

lim
t→0+
‖T (t)− I‖= 0.

Theorem 1.3.10. (i) Let T (t) be a C0-semigroup. Then, there exist constants ε ≥ 0 and
M ≥ 1 such that

‖T (t)‖≤Meεt for all t ≥ 0.

(ii) If A is the infinitesimal generator of a C0-semigroup T (t), then D(A) is dense in X
and A is a closed linear operator.

Remark 1.3.1. In Theorem 1.3.10(i), if ε = 0, then T (t) is said to be a uniformly bounded
semigroup. Moreover, if M = 1, then T (t) is called a C0-semigroup of contractions.
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Theorem 1.3.11. Let T (t) be a C0-semigroup and A be its infinitesimal generator. Then
(i) for x ∈ X,

lim
h→0

1

h

∫ t+h

t

T (s)xds = T (t)x,

(ii) for x ∈ X,
∫ t

0
T (s)xds ∈ D(A), and

A
(∫ t

0

T (s)xds
)

= T (t)x− x,

(iii) for x ∈ D(A), T (t)x ∈ D(A) and

d(T (t)x)

dt
= AT (t)x = T (t)Ax,

(iv) for x ∈ D(A),

T (t)x− T (s)x =

∫ t

s

T (ξ)Axdξ =

∫ t

s

AT (ξ)xdξ.

For the next results, we use the following notations: for a linear operator T which is
not necessarily bounded in X, the resolvent set of T , denoted by ρ(T ), consists of all
complex numbers λ such that λI − T is invertible, that is, (λI − T )−1 ∈ B(X). The
resolvent of T , denoted by R(λ;T ), is defined as R(λ;T ) = {(λI − T )−1:λ ∈ ρ(T )}.

Theorem 1.3.12 (Hille-Yosida). A linear (unbounded) operator A on X is the infinites-
imal generator of a C0-semigroup of contractions {T (t)}t≥0 iff
(i) A is closed and D(A) = X,
(ii) R+ ⊆ ρ(A) and for every λ > 0, we have ‖R(λ;A)‖≤ 1

λ
.

Theorem 1.3.13. A linear operator A is the infinitesimal generator of a C0-semigroup
T (t) satisfying ‖T (t)‖≤M iff
(i) A is closed and D(A) = X,
(ii) R+ ⊆ ρ(A) and we have ‖R(λ;A)n‖≤ M

λn
for λ > 0 and n ∈ N.

Definition 1.3.7. Let ∆ = {z:φ1 < arg z < φ2, φ1 < 0 < φ2} and let {T (z)}z∈∆ ∈ B(X).
The family {T (z)}z∈∆ is called an analytic semigroup in ∆ if
(i) z → T (z) is analytic in ∆,
(ii) T (0) = I and limz→0,z∈∆ T (z)x = x, for every x ∈ X,
(iii) T (z1 + z2) = T (z1)T (z2) for z1, z2 ∈ ∆.
A semigroup T (t) is said to be analytic if it is analytic in some sector ∆ containing R+.

Theorem 1.3.14. Let T (t) be a uniformly bounded C0-semigroup and A be its infinites-
imal generator. Assume 0 ∈ ρ(A). Then the following statements are equivalent:
(i) T (t) can be extended to an analytic semigroup in a sector ∆δ = {z: |arg z|< δ} and
‖T (z)‖ is uniformly bounded in every closed subsector ∆δ′, δ′ < δ of ∆δ.
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(ii) there exists a constant C such that, for every σ > 0 and τ 6= 0,

‖R(σ + iτ ;A)‖≤ C

|τ |
.

(iii) there exist δ (0 < δ < π/2) and M > 0 such that Σ ⊂ ρ(A), where Σ = {λ: |arg λ|<
π/2 + δ} ∪ {0}, and

‖R(λ;A)‖≤ M

|λ|
, for λ ∈ Σ \ {0}.

(iv) T (t) is differentiable for t > 0 and there exists a constant C such that

‖AT (t)‖≤ C

t
, for t > 0.

Fractional powers of operators

For the operator A, for which −A generates an analytic semigroup T (t), one can define the
fractional power of A [89]. We assume that A is a densely defined closed linear operator
for which

ρ(A) ⊂ Σ+ = {λ: 0 < w < |arg λ ≤ π} ∪ U, (1.1)

where U denotes a neighbourhood of zero, and

‖R(λ;A)‖≤ M

1 + |λ|
, for λ ∈ Σ+. (1.2)

For w = π/2 and M = 1, −A generates a C0-semigroup while for w < π/2, −A generates
an analytic semigroup.

For an operator A with the conditions (1.1) and (1.2), one can define negative fractional
powers, η > 0, by the formula

A−η =
1

2πi

∫
C

z−η(A− zI)−1dz, (1.3)

where C denotes the path starting in the resolvent of A from∞e−iθ to∞eiθ for w < θ < π,
avoiding the negative real axis and the origin, and z−η is considered to be positive for
real positive values of z. The integral (1.3) converges in the uniform operator topology
for every η > 0, and thus defines a bounded linear operator A−η.

Let us assume that A satisfies (1.1) and (1.2) with w < π/2. Then define

Aη =

(A−η)−1, η > 0,

I, η = 0.

Theorem 1.3.15. (i) η1 ≥ η2 > 0 implies D(Aη1) ⊂ D(Aη2),
(ii) if η1, η2 ∈ R, then Aη1+η2y = Aη1Aη2y for every y ∈ D(Aη) where η = max{η1, η2, η1+

η2}.
TH-2695_156123019
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Lemma 1.3.6. There exists a constant Mη > 0 such that ‖A−η‖≤Mη, for η ∈ [0, 1].

1.4 Fractional Differential Equations

1.4.1 Impulsive differential equations

Many evolution processes in applied sciences are represented by differential equations.
The following cases cater to some problems which need a different handling: mechanical
systems with impact, population dynamics, industrial robotics, natural disasters and so
on, in which there is an abrupt change in the state. These phenomena involve short
term perturbations from continuous and smooth dynamics, whose duration is negligible
in comparison with the duration of the entire process. Thus, in models involving such
perturbations, it is natural to assume that these perturbations act instantaneously, that
is, in the form of impulses.

It is known, for example, that many biological phenomena involving thresholds, burst-
ing rhythm models in medicine and biology, optimal control model in economics, phar-
macokinetics and frequency modulated systems, do exhibit impulsive effects. Therefore,
impulsive differential equations or differential equations involving impulse effects, appear
as a natural description of the observed evolution phenomena of numerous real world prob-
lems. For example, consider the problem of modelling a fish population in a hatchery.
The natural growth of fish population is distributed by making catches at certain time
intervals and by adding fresh breed. The natural growth of fish population is disturbed
at some time intervals. Therefore, this problem involves impulses [88].

This kind of differential equations is mainly classified into two categories.
(i) Impulsive differential equations such as

x′(t) = f(t, x(t)), t 6= ti,

∆x(ti) = x(t+i )− x(t−i ) = Ii(x(t−i )),

where x(t+i ) and x(t−i ) represent the right- and left-hand limits at ti, respectively, where
ti’s are prefixed numbers and Ii are impulse operators, are used in modeling impulsive
problems with fixed moments of impulse effect.
(ii) Another form of impulsive differential equation is represented by an equation of the
following form:

x′(t) = f(t, x(t)), h(t, x(t)) 6= 0,

∆x(t) = x(t+)− x(t−) = I(t, x(t)), h(t, x(t)) = 0.

Here, the jump occurs when the relation h(t, x(t)) = 0 is satisfied.
Sometimes impulses start abruptly at some point and remain active over certain time

intervals. Such impulses are called non-instantaneous impulses. The importance of the
TH-2695_156123019



14 Chapter 1. Introduction

study of non-instantaneous impulsive differential equations lies in diverse fields of appli-
cations such as in physics, biology, ecology, population dynamics and economics. A very
well known application of noninstantaneous impulses is the one concerning the hemody-
namical equilibrium of a person. In the case of a decompensation (e.g., high or low levels
of glucose), one can prescribe some intravenous drugs (insulin). Since the introduction
of the drugs in the bloodstream and the consequent absorption for the body are gradual
and continuous processes, the situation can be interpreted as an impulsive action which
starts abruptly and stays active on a finite time interval. Such equations were introduced
by Hernández and O’Regan [60]. A mathematical model for non-instantaneous impulsive
differential equations is as follows:

x′(t) = Ax(t) + f(t, x(t)), t ∈ (si, ti+1], i = 0, . . . , n,

x(t) = gi(t, x(t)), t ∈ (ti, si], i = 1, . . . , n,

x(0) = x0,

where A : D(A) ⊂ X → X is the generator of a C0-semigroup of bounded linear operators
{T (t)})t≥0 defined on a Banach space X, x0 ∈ X, 0 = t0 = s0 < t1 ≤ s1 ≤ t2 < . . . <

tn ≤ sn ≤ tn+1 = b are pre-fixed numbers, gi ∈ C((ti, si]×X;X) for all i = 1, . . . , n and
f : [0, b]×X → X is a suitable function. More details are available in [4, 60, 90].

1.4.2 Delay differential equations

In ordinary differential equations, both the unknown function and its all derivatives de-
pend upon only one argument value. A functional differential equation is a general type
of differential equation in which the unknown function occurs with different arguments.
Delay differential equation is a functional differential equation in which some derivative
of the unknown function at present time is expressed in terms of lower derivatives of
the unknown function at present and earlier instants. Therefore, the solutions not only
require the knowledge of the current state but also of the state at a certain previous time.

Many processes, both natural and man-made found in biology, medicine, economics,
etc., involve time delays. One of these processes in nature is reforestation. A cut forest,
after replantation, will take at least twenty years to reach maturity. For trees of a specific
type, e.g., sandalwood, it would take even much longer time. Thus, any mathematical
model for forest harvesting and recovery must have time delays incorporated in it.

Consider the following functional differential equation with finitely many argument
deviations:

x(m)(t) = f(t, x(m1)(t− g1(t)), . . . , x(mk)(t− gk(t))), (1.4)

where x(t) ∈ Rn, and both mi’s and gi’s are non-negative. Take l = max1≤i≤kmi. Equa-
tion (1.4) is called a retarded functional differential equation if l < m, a functional differ-
ential equation of neutral type if l = m and a functional differential equation of advanced
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type if l > m.

1.4.3 Nonlocal conditions

Consider the following mathematical model:

x′(t) + Ax(t) = f(t, x(t)), t ∈ (b, b+ ε],

x(b) + g(t1, t2, . . . , tn, x(.)) = xb, (1.5)

where 0 ≤ t1 < t2 < . . . < tn, n ∈ N. Equation (1.5) represents a nonlocal initial
condition. This study was initiated by Byszewski [27] in 1991, and he remarked that such
type of conditions can be applied in physics with better effects than the classical initial
conditions.

Deng [39] used the following nonlocal condition:

g(x) =
n∑
i=1

aix(ti),

where ai ∈ R are given constants and 0 ≤ t1 < t2 < . . . < tn, n ∈ N. He concluded that
the diffusion phenomenon of a small amount of gas in a transparent tube can give better
results than approaching the usual initial condition x(0) = x0. The function g can also
take the following form [12,28]:
(i) Let F ∈ L1(0, b) with

∫ b
0
F (s)ds 6= 0. Then g can be defined as

g(x) =

∫ b

0

F (s)x(s)ds.

(ii) Let n ∈ N and ti ∈ R with 0 < t1 < t2 < . . . < tn < b, ai ≥ 0, εi > 0, i = 1, 2, . . . , n.

Then g can be defined by

g(x) =
n∑
i=1

ai
εi

∫ ti

ti−εi
x(s)ds.

Nonlocal initial conditions give more realistic information as compared to classical
initial conditions. Fractional differential equations with nonlocal initial conditions have
wide applications in biology, physics, chemistry, etc. Therefore, there are several im-
portant works available in literature dealing with the study of solutions of differential
equations with nonlocal initial conditions.

1.5 Controllability

Mathematical control theory is an application-oriented area of mathematics that deals
with the basic principles underlying the analysis and design of control systems. Here
the term “system” refers to a collection of objects or devices which are interrelated and
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which interact among themselves to produce various outputs in response to different
inputs. It is an important field that is investigated by researchers - scientists and engineers
alike. The purpose of this theory is to determine the targets so that one can drive the
state of some dynamical system by means of a control parameter present in the given
equation. To implement this, scientists and engineers build devices that incorporate
various mathematical techniques. These devices range from Watt’s steam engine designed
during the seventeenth century to the sophisticated microprocessor controllers found in
items such as CD players and automobiles or industrial robots and airplanes.

There are several control systems which are in use in our everyday life, and many sys-
tems are either natural or artificial (man-made) ones. Some examples of natural systems
are − (i) Living organisms use control mechanisms in order to maintain essential vari-
ables such as body temperature or blood sugar levels at desired set points. (ii) Insect and
animal populations are controlled by prey-predator relationship. (iii) On the other hand,
washing machines, missiles, robots, etc. are examples of artificial systems irrespective of
whether the control system is natural or man-made. Their main purpose is to control or
regulate a particular variable within certain operating limits.

In control theory, the qualitative behaviours of dynamical systems are observability,
controllability, stability and stabilizability. Controllability is an important concept in
mathematical control theory. The general problem of controllability is to study whether
or not in a given system, it is possible to bring any initial state to a given target state
in an initially fixed time. Mathematically, it can be stated as: “given a time T > 0, an
initial state x0 and a target state x∗, is it possible to find a control function (depending on
time) that steers the solution of the system from x0 to x∗ in time T? ”. Before studying
any system, it is very important to know whether the system is controllable or not. If the
system cannot be controlled completely, then there are different types of controllability
that can be defined, such as approximate, null, local null, etc. [31]. Studies on qualitative
behaviour of fractional control systems are important issues for many applied problems
since the use of fractional order derivatives and integrals in control theory leads to better
results than those of integer order systems.

1.6 Fundamental Concepts of Control Theory

1.6.1 Finite dimensional linear control systems

Let t0, t1 ∈ R be fixed with t0 < t1.
Autonomous system: The mathematical model for finite dimensional autonomous lin-

ear control system is given by

dx(t)

dt
= Ax(t) +Bu(t), t ∈ [t0, t1],

x(t0) = x0,

 (1.6)
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where A and B are constant matrices of order n × n and n ×m, respectively. For each
t ∈ [t0, t1], x(t) ∈ Rn is called the state of the system and u(t) ∈ Rm is called its control.
Let x ∈ L2([t0, t1],Rn) and u ∈ L2([t0, t1],Rm).
The solution of (1.6) is given by the integral equation

x(t) = e(t−t0)A +

∫ t

t0

e(t−ξ)ABu(ξ)dξ.

Equation (1.6) is said to be controllable over [t0, t1], if for any pair of vectors x0, x1 ∈ Rn,
there exists a control function u ∈ L2([t0, t1],Rm) such that the solution of (1.6) with the
given initial condition x(t0) = x0 satisfies x(t1) = x1, that is,

x1 = e(t1−t0)A +

∫ t1

t0

e(t1−ξ)ABu(ξ)dξ.

The set of all points to which the initial state x0 can be steered in time t1 is called the
controllability space or reachable set, and is denoted by Rt1 , i.e.,

Rt1 = {x(t1) ∈ Rn:x(.) is the solution of (1.6)}.

The reachable set is a linear subspace of Rn and (1.6) is controllable in the interval [t0, t1],
if Rt1 = Rn.

Theorem 1.6.1. [67] The autonomous system (1.6) or the pair (A,B) is controllable iff
the rank of the n× nm controllability matrix is n, that is,

rank(B,AB,A2B, . . . , An−1B) = n.

If rank(B) = r, then the above condition reduces to

rank(B,AB,A2B, . . . , An−rB) = n.

This is known as Kalman rank condition for controllability.

Non-autonomous system: If the elements of the matrices A and B are piecewise con-
tinuous functions of time, then (1.6) is called a non-autonomous (time varying) system.
In that case, (1.6) becomes

dx(t)

dt
= A(t)x(t) +B(t)u(t), t ∈ [t0, t1],

x(t0) = x0.

 (1.7)

The solution of (1.7) is given by

x(t) = φ(t, t0)x0 +

∫ t

t0

φ(t, ξ)x0B(ξ)u(ξ)dξ,
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where φ(t, t0) is the state transition matrix, which can be obtained from the following
Peano’s series:

φ(t, ξ) = I +

∫ t

ξ

A(s)ds+

∫ t

ξ

∫ s1

ξ

A(s1)A(s2)ds2ds1 + · · ·

If A is independent of time, the above series gives φ(t, ξ) = e(t−ξ)A. The state transition
matrix φ(t, t0), for 0 ≤ t0 ≤ ξ ≤ t ≤ t1, has the following properties:
(i) d

dt
φ(t, t0) = A(t)φ(t, t0),

(ii) φ(t, t) = I, the identity matrix,
(iii) φ−1(t, t0) = φ(t0, t),
(iv) φ(t, ξ)φ(ξ, t0) = φ(t, t0).

Definition 1.6.1. The controllability matrix of the non-autonomous control system
G:L2([t0, t1],Rm)→ Rn is defined as

Gu =

∫ t1

t0

φ(t1, ξ)B(ξ)u(ξ)dξ.

The controllability Grammian matrix W t1
t0 :Rn → Rn is defined as

W t1
t0 =

∫ t1

t0

φ(t1, ξ)B(ξ)B∗(ξ)φ∗(t1, ξ)dξ, (1.8)

where B∗ and φ∗(t1, ξ) denote the conjugate transpose of the matrices B and φ(t1, ξ),
respectively.

Note: The controllability Grammian matrix is symmetric of order n.

Theorem 1.6.2. The linear control system (1.6) or (1.7) (i.e., autonomous or non-
autonomous) is controllable iff the controllability Grammian matrix W t1

t0 defined in (1.8)
is invertible.

Theorem 1.6.3. The following conditions are equivalent:
(i) (1.7) is controllable on [t0, t1],
(ii) W t1

t0 is positive definite,
(iii) rank(B,AB,A2B, . . . , An−1B) = n.

1.6.2 Infinite dimensional control systems

In the case of infinite dimensional systems, two basic concepts of controllability can be
distinguished, viz., exact controllability and approximate controllability. This is strongly
related to the fact that, in infinite dimensional spaces, there exist linear subspaces which
are not closed.
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The mathematical model for infinite dimensional linear control system is given by

dx(t)

dt
= Ax(t) +Bu(t), t ∈ [t0, t1],

x(t0) = x0,

 (1.9)

where the state x(t) of the system at time t takes its values in a Banach space V while
the control function u(t) takes its values in another Banach space U . The operator
A:D(A) ⊂ V → V is a closed, linear and densely defined, but not necessarily a bounded
operator and B:U → V is a bounded linear operator.

For any x0 ∈ V , the mild solution of (1.9) is a function x ∈ C([t0, t1], V ) satisfying the
following integral equation:

x(t) = T (t− t0)x0 +

∫ t

t0

T (t− ξ)Bu(ξ)dξ,

where {T (t)}t≥0 is the C0-semigroup generated by A.

Definition 1.6.2. (1.9) is said to be approximately controllable in the interval [t0, t1] if,
for given any ε > 0 and initial and final points x0, x1 ∈ V , there exists an admissible
control u(t) on [t0, t1] steering x0 along a trajectory (mild solution) x(t) of (1.9) to an ε−
neighbourhood of x1 such that

‖x(t)− x1‖≤ ε.

If ε = 0, then the above definition gives exact controllability of (1.9).
For (1.9), the controllability map G:L2([t0, t1], U)→ V and the controllability Gram-

mian W t1
t0 :V → V are defined, respectively, as

Gu =

∫ t

t0

T (t− ξ)Bu(ξ)dξ,

and

W t1
t0 =

∫ t

t0

T (t− ξ)BB∗T ∗(t− ξ)dξ.

These two maps satisfy the following properties:
(i) G is a bounded linear map from L2([t0, t1], U) to V ,
(ii) the adjoint operator G∗ of G is defined as (G∗x)(ξ) = B∗T ∗(t− ξ) on [0, t1],
(iii) W t1

t0 = GG∗ is a bounded linear operator on V .

Theorem 1.6.4. (1.9) is exactly controllable on [t0, t1] iff any one of the following con-
ditions holds for some δ > 0 and all x ∈ V ,
(i) range(G) = V ,
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(ii) null(G) = {0} and range(G) is closed,
(iii) ‖G∗x‖2=

∫ t1
t0
‖(G∗x)(ξ)‖2

Udξ ≥ δ‖x‖2
V ,

(iv)
∫ t1
t0
‖B∗T ∗(ξ)x‖2

Udξ ≥ δ‖x‖2
V ,

and if V is a Hilbert space, then the above conditions are equivalent to
(v) 〈W t1

t0 x, x〉V ≥ δ‖x‖2
V .

Triggiani [108] proved that, if A generates a compact C0-semigroup T (t), then a linear
system can never be exactly controllable in an infinite dimensional space.

Theorem 1.6.5. (1.9) is approximately controllable on [t0, t1] iff any one of the following
conditions holds for some δ > 0 and all x ∈ V ,
(i) range(G) = V ,
(ii) null(G∗) = {0} and range(G) is closed,
(iii) W t1

t0 is positive definite,
(iv) B∗T ∗(ξ)x = 0 on [t0, t1] implies x = 0.

In literature, most of the controllability results for nonlinear systems are concerned
with the semilinear systems, i.e., the systems consisting of a linear part and a nonlinear
part. Next, we briefly discuss semilinear control systems.

Semilinear control systems: Consider the semilinear control system given by

dx(t)

dt
= Ax(t) +Bu(t) + f(t, x(t)), t ∈ [t0, t1],

x(t0) = x0,

 (1.10)

where A and B are similar as defined earlier and f : [t0, t1]→ V is a nonlinear function.
For a given control function u(t) ∈ L2([t0, t1], U), the mild solution of the system (1.10)

is given by

x(t) = T (t− t0)x0 +

∫ t

t0

T (t− ξ)[Bu(ξ) + f(ξ, x(ξ))]dξ.

Definition 1.6.3. The set of all possible final points

Rt1(f) = {x(t1):x(.) is the mild solution of (1.10) for u(t) ∈ L2([t0, t1], U)}

is called the reachable set of the semilinear system (1.10).

In terms of the reachable set, we present the following definition of exact controllability
and approximate controllability:

Definition 1.6.4. (1.10) is said to be exactly controllable iff Rt1(f) = V and approxi-
mately controllable iff Rt1(f) = V .

The following important result on controllability of the semilinear systems is given by
Naito [85].
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Theorem 1.6.6. The semilinear control system is approximately controllable under the
following conditions:
(i) f(t, x) is Lipschitz continuous in x,
(ii) f is uniformly bounded,
(iii) the C0-semigroup {T (t)}t>0 is compact,
(iv) for every p ∈ L2([t0, t1], V ), there exists some q ∈ range(B) such that Lp = Lq,
where L:L2([t0, t1], V )→ V is a bounded linear operator defined by

Lp =

∫ t1

t0

T (t− ξ)p(ξ)dξ.

Condition (iv) of the above theorem implies that the corresponding linear system
(when f ≡ 0 in (1.10)) is approximately controllable. For more details, one can refer to
the proof in [85].

1.6.3 Infinite dimensional fractional order systems

The mathematical model of an infinite dimensional fractional order linear control system
can be written in the following form:

dαx(t)

dtα
= Ax(t) +Bu(t), α ∈ (0, 1], t ∈ [0, t1],

x(t0) = x0,

 (1.11)

where the control function u(t) ∈ U , and B:U → V is a bounded linear operator.

For any x0 ∈ V , the mild solution of (1.11) is a function x ∈ C([0, t1], V ) satisfying
the following equation:

x(t) = Sα(t)x0 +

∫ t

t0

(t− ξ)α−1Pα(t− ξ)Bu(ξ)dξ,

where
Sα(t)x =

∫ ∞
0

ξα(θ)T (tαθ)xdθ, (1.12)

Pα(t)x =

∫ ∞
0

αθξα(θ)T (tαθ)xdθ. (1.13)

Here
ξα(θ) =

1

α
θ−1− 1

α w̄α(θ−
1
α ) (1.14)

w̄α(θ) =
1

π

∞∑
n=0

(−1)n−1θ(−αn−1) Γ(αn+ 1)

n!
sin(nπα), θ ∈ (0,+∞), (1.15)
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and ξα(θ) is a probability density function on (0,+∞) satisfying

ξα(θ) ≥ 0,

∫ ∞
0

ξα(θ)dθ = 1, and
∫ ∞

0

θξα(θ)dθ =
1

Γ(1 + α)
.

The controllability operator associated with (1.11) is defined by

Γt10 =

∫ t1

0

(t1 − ξ)α−1Pα(t1 − ξ)BB∗P ∗α(t1 − ξ)dξ,

where B∗ and P ∗α(t), respectively, denote the adjoint of B and Pα(t). Let

R(λ,Γt10 ) = (λI + Γt10 )−1, for λ > 0.

Lemma 1.6.1. The fractional order linear control system (1.11) is approximately con-
trollable on [0, t1] iff λR(λ,Γt10 )→ 0 as λ→ 0+ in the strong operator topology.

The mathematical model of an infinite dimensional fractional order semilinear control
system can be written as

dαx(t)

dtα
= Ax(t) +Bu(t) + f(t, x(t)), α ∈ (0, 1), t ∈ [0, t1],

x(t0) = x0.

 (1.16)

with A as the infinitesimal generator of a C0-semigroup {T (t)}t≥0 on a Hilbert space V .
The mild solution of system (1.16) is given by

x(t) = Sα(t)x0 +

∫ t

t0

(t− ξ)α−1Pα(t− ξ)[Bu(ξ) + f(ξ, x(ξ))]dξ.

Equation (1.16) is approximately controllable iff the following conditions are satisfied:

(i) the C0-semigroup {T (t)}t>0 generated by the linear part of A is compact,
(ii) for each t ∈ [0, t1], f(t, .):V → V is continuous, and for each x ∈ C([0, t1]),
f(., x): [0, t1]→ V is strongly measurable,
(iii) there exist a constant q1 ∈ [0, α], and a function m ∈ L

1
q1 ([0, t1],R+) such that

‖f(t, x)‖
V
≤ m(t) for all x ∈ V and almost all t ∈ [0, t1],

(iv) the function f : [0, t1]× V → V is continuous and uniformly bounded.

1.7 Literature Survey

Fractional differential equations are generalizations of ordinary differential equations to
arbitrary non-integer order. Fractional differential equations are considered as an alterna-
tive representation for nonlinear differential equations [24]. It has attracted considerable
interest because of its ability to model complex phenomena. Differential and integral
equations and dynamical systems of fractional order can mathematically model real life
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phenomena more adequately than integer-order models. These equations capture nonlocal
relations in space and time with power-law memory kernels. Due to its extensive applica-
tions in engineering and science, research in this area has grown significantly all around
the world. Some of its applications can be found in nonlinear oscillations of earthquakes,
many physical phenomena such as seepage flow in porous media [58] and in fluid traffic
models. Fractional derivative can eliminate the deficiency arising from the assumption of
continuum traffic flow.

There are several books and papers in literature devoted to the solvability of linear
fractional differential equations in terms of special functions (e.g., [29,81]). In [121], Zhang
proved that the solution of the homogeneous Caputo fractional differential equation

CDαx(t) = 0, α > 0,

is given by
x(t) = a0 + a1t+ . . .+ an−1t

n−1,

with ai ∈ R where i = 0, 1, . . . , n − 1 and n − 1 ≤ α < n. In [38, 40, 42], the qualitative
properties were studied of the solution of the fractional differential equation of the form

dαx(t)

dtα
= f(t, x(t)),

where α ∈ (0, 1) and f is a given function.

The Cauchy problem for Riemann-Liouville ordinary fractional differential equation is
of the form

RLDα
a+x(t) = f(t, x(t)), α > 0, t > a,

RLDα−i
a+ x(a+) = ai, i = 1, . . . , n, n− 1 ≤ α < n.

}
(1.17)

Many have studied problem (1.17) and its particular case (i.e., α ∈ (0, 1)), which is
essentially based on reducing (1.17) to the following Volterra integral equation of second
kind:

x(t) =
n∑
i=1

ai
Γ(α− i+ 1)

(t− a)α−i +
1

Γ(α)

∫ t

a

(t− s)α−1f(s, x(s))ds.

However, the investigations were not complete either due to the errors in the proof of
the equivalence of the initial value problems and the Volterra integral equations or in the
proof of the uniqueness of the solution.

Delbosco and Rodino [38] considered the following nonlinear problem:

RLDα
0+x(t) = f(t, x(t)), α > 0, t ∈ [0, b],

x(i)(0) = ai, i = 1, . . . , n− 1, n− 1 ≤ α < n,

where f is a continuous function. They proved the equivalence of this problem to the
TH-2695_156123019
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corresponding Volterra integral equation and used Schauder’s fixed point theorem to prove
the existence of its solution.

Hayek et al. [57] considered the following problem:

RLDα
0+x(t) = f(t, x(t)), α ∈ (0, 1],

x(c) = a, c > 0, a ∈ Rn,

where x(t) is a real-valued vector function, f(t, x) is continuous and Lipschitzian with
respect to x. They applied contraction theorem to prove the existence and uniqueness of
a continuous solution x(t) to this problem. In particular, they obtained the results for a
system of linear differential equations

RLDα
0+x(t) = A(t)x(t) +B(t), α ∈ (0, 1],

x(c) = a, c > 0, a ∈ Rn,

with continuous matrices A(t) and B(t).

For Caputo fractional derivative, the Cauchy problem takes the following form:

CDαx(t) = f(t, x(t)), t > 0, α > 0,

x(i)(0) = ai, i = 0, 1, . . . , n− 1, n− 1 < α ≤ n, n ∈ N.

}
(1.18)

Kilbas and Marzan [70] proved that (1.18) is equivalent to the following Volterra integral
equation of second kind:

x(t) =
n−1∑
i=0

ai
Γ(i+ 1)

(t− a)i +
1

Γ(α)

∫ t

a

(t− s)α−1f(s, x(s))ds, t > a.

Daftardar-Gejji and Babakhani [35] studied the existence, uniqueness and stability of the
fractional differential equation

CDα
0+x(t) = Ax(t), α ∈ (0, 1),

x(0) = x0,

where x ∈ Rn and A ∈ Rn×n.

El-Borai [41] considered the Cauchy problem

dαx(t)

dtα
= Ax(t) + f(t), α ∈ (0, 1],

x(0) = x0 ∈ D(A),

 (1.19)

where A:D(A) ⊂ X → X is a closed linear operator which generates an analytic semi-
group {T (t)}t≥0 on a Banach space X. He showed that, if f satisfied Hölder condition
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with exponent β ∈ (0, 1], then the unique solution of (1.19) is given by

x(t) =

∫ ∞
0

Mα(θ)T (tαθ)x0dθ + α

∫ t

0

∫ ∞
0

θ(t− s)α−1Mα(θ)T ((t− s)αθ)f(s)dθds.

There are several works available in literature which have investigated the existence
of mild solutions of different types of fractional differential equations. Jaradat et al. [63]
considered the following Volterra-Fredholm integro-differential equation:

CDαx(t) = Ax(t) + f(t, x(t), Gx(t), Hx(t)), t > t0, α ∈ (0, 1],

x(0) = x0,

}
(1.20)

where A generates a strongly continuous semigroup {T (t)}t>0 on a Banach space X.
They defined the mild solution of (1.20) as a continuous function x satisfying the integral
equation

x(t) = T (t− t0)x0 +
1

Γ(α)

∫ t

t0

(t− s)α−1T (t− s)f(s, x(s), Gx(s), Hx(s))ds. (1.21)

Here the mild solution was defined by generalizing the mild solution definition of integer
order evolution equations, which was not considered appropriate by Lin and Jia [74] and
Hernández et al. [61]. Using the concept of resolvent operator, Hernández et al. [61]
introduced a new concept of mild solution and also provided examples showing that the
formula (1.21) for mild solutions was not correct.

Zhou and Jiao [126] considered the Cauchy problem

CDαx(t) = Ax(t) + f(t, x(t)), t ∈ (0, b], α ∈ (0, 1),

x(0) + g(x) = x0,

where A generates a strongly continuous semigroup on a Banach space. Using Laplace
transform and probability density function, they defined the mild solution of the above
problem. The existence and uniqueness of mild solution were studied with the help of
Banach fixed point theorem, Schauder theorem and Krasnoselskii’s fixed point theorem.

In [127], Zhou et al. considered the Riemann-Liouville evolution equation

RLDα
0+x(t) = Ax(t) + f(t, x(t)), a.e. t ∈ [0, b], α ∈ (0, 1),

(J1−α
0+ x)(0) + g(x) = x0,

}
(1.22)

with A being the infinitesimal generator of a strongly continuous semigroup {T (t)}t≥0 in a
Banach space X. Using Laplace transform and probability density function, they defined
the mild solution of (1.22) as a function x ∈ C((0, b], X) satisfying

x(t) = tα−1Pα(t)(x0 − g(x)) +

∫ t

t0

(t− s)α−1Pα(t− s)f(s, x(s))ds, t ∈ (0, a],
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where Pα(t) is defined in (1.13). Subsequently, a reasonable number of researchers have
used this approach to study the existence of mild solutions of fractional evolution equations
of order α ∈ (0, 1). For more information on mild solutions of fractional differential
equations of order α ∈ (1, 2), the readers are referred to the works in a number of articles
such as [75,76,99].

Initial value problem for Hilfer fractional differential equation takes the form [103]

HDα,βx(t) = f(t),

lim
t→0+

di

dti
(J (1−β)(n−α)x)(t) = ak, i = 0, 1, . . . , n− 1,

where n− 1 < α ≤ n, β ∈ [0, 1] and n ∈ N.
Furati et al. [52] considered the initial value problem

HDα,β
a+ x(t) = f(t, x(t)), t ∈ (a, b], α ∈ (0, 1), β ∈ [0, 1],

J (1−α)(1−β)x(a+) = xa.

}
(1.23)

They proved the equivalence of (1.23) with the following Volterra equation of the second
kind:

x(t) =
xa

Γ(α + β − αβ)
(t− a)−(1−α)(1−β) +

1

Γ(α)

∫ t

a

(t− s)α−1f(s, x(s))ds, t > a

in an appropriate space of functions.
Gu and Trujillo [54] considered the following fractional evolution equation with Hilfer
derivative:

HDα,β
0+ x(t) = Ax(t) + f(t, x(t)), t ∈ (0, b], α ∈ (0, 1), β ∈ [0, 1],

J
(1−α)(1−β)

0+ x(0) = x0,

}
(1.24)

where A generates a strongly continuous semigroup on a Banach space X. Using Laplace
transform and probability density function, they defined the mild solution of (1.24) as a
function x ∈ C((0, b], X) satisfying

x(t) = Tβ,α(t) +

∫ t

0

Sα(t− s)f(s, x(s))ds, t ∈ (0, b],

where

Tβ,α(t) = J
β(1−α)

0+ Sα(t), Sα(t) = tα−1Rα(t), Rα(t) =

∫ ∞
0

αθξα(θ)T (tαθ)dθ.

Further, ξα and w̄α have the same representation as in (1.14) and (1.15), respectively.
Sufficient conditions for the existence of mild solutions were obtained using Arzelà-Ascoli
theorem and Hausdorff measure of noncompactness. After that, different types of frac-
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tional differential equations involving Hilfer fractional derivative have been studied and
we refer the readers to [53], [68], etc.

Milman and Myskis [82] introduced the concept of impulsive differential equations.
Based on their work, several monographs have been published by many authors like
Samoilenko and Perestyuk [95], Lakshmikantham et al. [73], Benchohra et al. [20], and
others. The first paper on impulsive fractional differential equations was published by
Agrawal et al. in 2008 [5]. They used the Caputo fractional derivative and obtained suffi-
cient conditions for the existence and uniqueness of solution with the help of Banach fixed
point theorem, Schaefer’s fixed point theorem, nonlinear alternative of Leray-Schauder
type and Burton-Kirk’s fixed point theorem.

Benchohra and Slimani [21] studied the following problem:

CDαx(t) = f(t, x(t)), t ∈ [0, b] \ {t1, . . . , tl}, α ∈ (0, 1],

∆x|t=tκ = Iκ(x(t−κ )), κ = 1, 2, . . . , l,

x(0) = x0.

 (1.25)

A function x ∈ PC([0, b],R) is called a solution of (1.25) if x satisfies the following integral
equation:

x(t) =



x0 + 1
Γ(α)

∫ t
0
(t− s)α−1f(s, x(s))ds, t ∈ [0, t1],

x0 + 1
Γ(α)

∑
0<tκ<t

∫ tκ

tκ−1

(tκ − s)α−1f(s, x(s))ds+
1

Γ(α)

∫ t

tκ

(t− s)α−1f(s, x(s))ds

+
∑

0<tκ<t

Iκ(x(t−κ )), t ∈ (tκ, tκ+1], κ = 1, 2, . . . , l.

They discussed the existence and uniqueness of solution using contraction theorem, Schae-
fer’s fixed point theorem and Leray-Schauder type fixed point theorem. They used
the definition of classical Caputo derivative and revised it in each sub-interval (tk, tk+1]

for the first equation of (1.25), where the impulses started at the impulsive points tk,
k = 1, 2, . . . , l.

Motivated by the above two works, Mophou [83] considered the following semilinear
fractional differential equation:

CDαx(t) = Ax(t) + f(t, x(t)), t ∈ [0, b] \ {t1, . . . , tl}, α ∈ (0, 1),

∆x|t=tκ = Iκ(x(t−κ )), κ = 1, 2, . . . , l,

x(0) = x0,

 (1.26)

where A generates a C0-semigroup {T (t)}t≥0 on the Banach space X. She used the
definition of mild solution for semilinear initial value problems given by Jaradat et al. [63]
to introduce the definition of mild solution for the impulsive fractional order differential
equation (1.26). She defined the mild solution of (1.26) as a function x ∈ PC([0, b], X)
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satisfying the integral equation

x(t) = T (t)x0 +
1

Γ(α)

∑
0<tκ<t

∫ tκ

tκ−1

(tκ − s)α−1T (t− s)f(s, x(s))ds

+
1

Γ(α)

∫ t

tκ

(t− s)α−1T (t− s)f(s, x(s))ds+
∑

0<tκ<t

T (t− tκ)Iκ(x(t−κ )) .

Shu et al. [97] pointed out the errors in [83]: the definition of mild solution was not well
defined, because classical solutions of the impulsive fractional differential equations do
not satisfy the definition of a mild solution, and also the semigroup property T (t + s) =

T (t)T (s) for the system is not used correctly. By using fixed point technique, they proved
the existence of the mild solution of the problem (1.26) with the assumption that A is
a sectorial operator on the Banach space X. However, Shu and Shi [98] proved that the
definition of mild solution given in [97] was wrong and presented a correct formula of
solution.

In [50], Fečkan et al. pointed out that the formula of solutions for impulsive fractional
differential equations in [9,13] was incorrect and presented their formula. They considered
the following impulsive fractional differential equation:

CDαx(t) = f(t, x(t)), t ∈ [0, b] \ {t1, . . . , tl}, α ∈ (0, 1),

∆x|t=tκ = xκ, κ = 1, 2, . . . , l,

x(0) = x0,

 (1.27)

and suggested the following formula for the solution:

x(t) =

x0 + 1
Γ(α)

∫ t
0
(t− s)α−1f(s, x(s))ds, t ∈ [0, t1],

x0 +
∑κ

i=1 xi + 1
Γ(α)

∫ t
0
(t− s)α−1f(s, x(s))ds, t ∈ (tκ, tκ+1], κ = 1, 2, . . . , l.

They used the generalized Caputo fractional derivative with lower bound at zero denoted
by CDα

0,t for equation (1.27). Since the generalized Caputo derivative has fixed lower
bound at zero, they did not change the lower bound again and again in the definition of
the Caputo derivative for the first equation in (1.27).

Wang et al. [110] expressed their apprehension for the counterexample provided by
Fečkan et al. [50] and also did not approve the viewpoint in [50, 115]. However, Fečkan
et al. [49] did not accept the above and provided detailed justification in support of the
counterexample in [50].

In the fractional derivative CDα
a , a is called a base point. A fractional differential

equation with one base point is called a single base point fractional differential equation
and if it contains more than one base point, then the differential equation is called a
multiple base point fractional differential equation. From the above discussion, it can
be seen that there are two types of impulsive fractional differential equation present in

TH-2695_156123019



1.7. Literature Survey 29

literature:
(i) fractional derivative with single base point : Dα = Dα

0 ,
(ii) fractional derivative with multiple base points, i.e., Dα = Dα

∗ .
In [112], Wang et al. considered the following fractional evolution equation with im-

pulsive conditions:

CDαx(t) = Ax(t) + f(t, x(t)), t ∈ [0, b] \ {t1, . . . , tl}, α ∈ (0, 1),

∆x|t=tκ = xκ, κ = 1, 2, . . . , l,

x(0) = x0,

where A is the infinitesimal generator of a C0-semigroup on a Banach space X. With
the help of semigroup theory, Laplace transform and probability density function, they
introduced a new concept of mild solution. They extended the results to semilinear
fractional evolution equation with nonlocal initial condition and impulsive conditions.
Thereafter, many have used this approach to study the mild solution of different types of
impulsive fractional differential equations.

In [60], Hernández and O’Regan introduced a new class of impulsive differential equa-
tions, called non-instantaneous impulsive differential equations, to describe certain evo-
lutionary processes in pharmacotherapy. Kumar et al. [72] considered the following frac-
tional non-instantaneous differential equation:

CDαx(t) + Ax(t) = f(t, x(t), x(g(t)), t ∈ (si, ti+1], i = 0, 1, . . . ,m, α ∈ (0, 1),

x(t) = hi(t, x(t)), t ∈ (ti, si], i = 1, 2, . . . ,m,

x(0) = x0,

where A is the infinitesimal generator of an analytic semigroup of bounded linear operators
{T (t)}t≥0 on a Banach space X, the impulses start suddenly at the points ti and their
action continues on the interval [ti, si], 0 = t0 = s0 < t1 ≤ s1 ≤ t2 < . . . < tn ≤ sn ≤
tn+1 = b. By using probability density function, they defined the mild solution of the above
problem and utilizing analytic semigroup theory, contraction principle and Krasnoselskii’s
fixed point theorem, they discussed the existence and uniqueness of the mild solution. For
more works on fractional non-instantaneous impulsive differential equations we refer the
readers to [25], [34], [116], etc.

A good number of works has also been accomplished with respect to controllability.
Now we focus on some important works carried out on controllability.

Kalman [66, 67] introduced the concept of controllability for finite dimensional linear
control systems and proved the controllability under a rank condition of the controllability
matrix. In 1965, Hermes [59] obtained controllability results for a class of nonlinear
systems by using fixed point method.

In 1967, Tarnove [101] suggested that the controllability of nonlinear systems could
be studied by investigating the existence of a fixed point of a certain set-valued map. He
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used the Bohnenblust-Karlin fixed point theorem to obtain the sufficient conditions for
A-controllability of a nonlinear system

dx(t)

dt
= f(t, x(t), u(t)),

where A is a non-empty, closed, bounded, convex subset of continuous functions. A system
is said to possess A-controllability if there exists a solution of the system belonging to A.
This idea was used by Dauer [36] for systems of the form

dx(t)

dt
= f(t, x(t)) + g(t, u(t))

in finite dimensional spaces.
Fattorini [46] considered a more general model of the form

dx(t)

dt
= Ax(t) +Bu(t),

and studied the controllability for the case when A was the infinitesimal generator of
a C0-semigroup. In [47], he considered the same model and derived a necessary and
sufficient condition for the approximate controllability for the case when A was self-
adjoint, semibounded above and defined on a Hilbert space with the dynamical system
having only a finite number of scalar controls.

Triggiani [104] extended the classical theory of controllability and observability in
finite dimensional spaces to linear abstract systems defined on infinite dimensional Banach
spaces, under the assumption that the operator acting on the state was bounded. In [105],
he showed that exact controllability in finite time for linear control system given on an
infinite dimensional, separable Banach spaces in integral form (mild solution) would never
arise using L1-controls, if the operator through which the control acted on the system was
compact. This improved his previous results with the removal of the assumption that the
state space required to have a basis. In [106], he showed that, for larger classes of systems
of physical interest (classical self-adjoint boundary value problems, delay equations, etc.),
even a weaker assumption than approximate controllability guarantees stabilizability, that
is, controllability on suitable finite dimensional subspace gives stabilizability on the whole
space. Further, in [107] he showed that exact controllability in finite time for linear
control systems given on an infinite dimensional Banach space in integral form (mild
solution) could never arise while using locally L1-controls if the associated C0-semigroup
was compact, for all t > 0.

In [123], Zhou obtained a sufficient condition for the approximate controllability of
the semilinear control system under the assumption that the linear control system was
approximately controllable. The approximate controllability results were proved for the
case when the range of the control operator B satisfied an inequality condition.

In 2009, Bettayeb and Djennoune [23] described some new results on the controllability
TH-2695_156123019
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and observability of linear dynamical systems involving a fractional derivative. It was
shown that the input control energy required to drive the state in a given direction and
the energy available at the output were related to the observability and the controllability
Grammians, respectively.

Sakthivel et al. [94] studied the following control system:

CDα
t x(t) = Ax(t) +Bu(t) + f(t, x(t)), t ∈ [0, b], α ∈ (0, 1),

x(0) + g(x) = x0,

with A as the infinitesimal generator of a strongly continuous semigroup on a Hilbert
space X. By using the semigroup theory, controllability Grammian and Schauder’s fixed
point theorem, a new set of sufficient conditions was formulated for the approximate
controllability of the system under the assumption that the associated linear system was
approximately controllable.

Liu and Li [77] considered the following control system with Riemann-Liouville frac-
tional derivative:

RLDα
t x(t) = Ax(t) +Bu(t) + f(t, x(t)), t ∈ (0, b], α ∈ (0, 1],

J1−α
t x(t)|t=0 = x0,

with A generating a differentiable C0-semigroup on a Banach spaceX. Using a generalized
contraction type fixed point theorem, the existence and uniqueness of mild solution was
established. Under an inequality condition on the operator B and using a sequential
approach, the approximate controllability of the above system was proved.

Haq and Sukavanam [56] considered the following integro-differential equation with
damping and Riemann-Liouville fractional derivatives:

RLDα
t x(t) + λRLDβ

t x(t) = Ax(t) +Bu(t) + f
(
t, x(t),

∫ t

0

h(t, s, x(s)
)
, t ∈ (0, b],

J1−α
t x(t)|t=0 = x0,

where 0 < β < α ≤ 1 and A a densely defined linear operator which generated a Riemann-
Liouville (α, β, λ) fractional resolvent. Using the approach of Liu and Li [77] and the
theory of Riemann-Liouville fractional resolvent, the approximate controllability of the
above system was established.

Lv and Yang [78] studied the approximate controllability of a fractional control system
of the form

HDα,β
t x(t) + Ax(t) = f(t, x(t)) + (Bu)(t), t ∈ (0, b], α ∈ (1, 2), β ∈ [0, 1],

lim
t→0+

(J
(1−α)(2−α)

0+ x)(t) = 0, lim
t→0+

d

dt
(J

(1−α)(2−α)

0+ x)(t) = a1,

TH-2695_156123019



32 Chapter 1. Introduction

where A is a sectorial operator of angle
[
0, (1− α

2
)π
)
on a Banach space. For more works

on the approximate controllability of different types of fractional order systems, we refer
the readers to [120], [79], [93], etc.

1.8 Motivation

Having studied various works carried out by earlier researchers and also realizing the ex-
tensive application of fractional differential equations in various disciplines, it was realized
that further study of certain classes of fractional differential equations will add to this
growing field. It also came to the notice that still a number of issues regarding various
fractional differential equations corresponding to different types of derivatives are still
either unattempted or unresolved. It has given huge impetus to us to take up four works
in this thesis. To add to it, since approximate controllability finds an important place in
many control systems, a motivation to step into the same occurred which has resulted the
last work of the thesis.

1.9 Outline

The objective of this thesis is to investigate the existence and uniqueness of mild solutions
and integral solutions, and to establish the approximate controllability of some fractional
differential equations involving different fractional derivatives.

The present chapter begins with a historical review of fractional calculus and its ex-
amples. It contains some definitions and results of fractional calculus, control theory,
nonlinear analysis, which are required in the subsequent chapters. The concept of im-
pulsive and delay differential equations are also discussed. Various relevant works are
discussed which open the door for the present study.

Chapter 2 deals with a class of non-autonomous Hilfer fractional evolution equation
with nonlocal conditions. By using various results of fractional calculus and fixed point
theorems, namely, Banach fixed point theorem, Krasnoselskii’s fixed point theorem and
Schauder fixed point theorem, a set of sufficient conditions are obtained for the existence
of mild solutions of the considered problem in the weighted space of continuous functions.
Some examples are presented at the end of the chapter to show the effectiveness of the
obtained abstract theory.

Chapter 3 is concerned with the existence and uniqueness of integral solutions of a
class of mixed Volterra-Fredlhom integro neutral fractional differential equation involving
Caputo derivatives. The existence results for the integral solutions are derived by using
different fixed point theorems, Kuratowski measure of noncompactness and the properties
of the operators that are involved in the solution representation. The first result gives
the existence and uniqueness of the integral solution by using Banach fixed point theorem
and the second existence result is established with the help of Krasnoselskii’s fixed point
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theorem. These results are established based on the assumption that the associated
semigroup is compact. For the last two results, we drop the compactness assumption on
the semigroup, and use the Darbo-Sadovskii’s fixed point theorem and the fixed point
theorem for condensing maps, respectively, for proving the existence of integral solutions.
Two of the results are verified by considering appropriate examples.

In Chapter 4, we continue our study on the existence and uniqueness of mild solutions
to a class of fractional differential equations of Sobolev type with finite delay. The problem
is expressed in terms of Volterra integro-differential equation and nonlocal condition. The
existence results for the mild solutions are proved by using semigroup theory, properties
of the bounded linear operators appearing in the definition of mild solutions, fixed point
theorems and Hausdorff measure of noncompactness.

In Chapter 5, the existence of solutions of a class of impulsive Caputo fractional
differential equations of order belonging to the interval (1, 2) with Erdélyi-Kober type
boundary conditions is discussed. The results are obtained by using multiple base points
and by transforming the boundary value problem into an equivalent integral equation
in a Banach space. Various properties of fractional calculus and a number of familiar
fixed point theorems are used to obtain the results. A nonlinear operator is defined in
a Banach space whose fixed point gives the solution. The obtained results can be seen
as more general since Erdélyi-Kober integrals are known to be more general operators in
fractional calculus and they reduce to Riemann-Liouville integrals with a power weight.

Chapter 6 deals with the approximate controllability for a class of fractional control
system with an analytic semigroup governed by differential equations with Hilfer fractional
derivatives of order δ ∈ (0, 1) and type ζ ∈ [0, 1] in a Banach space, where the nonlinear
term depends both on the state and control. The existence and uniqueness of the mild
solution is established with the help of semigroup theory, fractional power of operators and
a generalized contraction type fixed point theorem. Further, a set of sufficient conditions
is formulated for the approximate controllability of the system under consideration. The
result obtained holds irrespective of whether the generated semigroup is compact or non-
compact.

Chapter 7 summarizes the results obtained in the previous chapters and gives some
direction for future study based on the results obtained in this thesis.
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CHAPTER 2

Existence of mild solutions for semilinear evolution equations in

Hilfer fractional derivatives

In [52], Furati et al. took up an initial value problem for a class of nonlinear fractional
differential equation involving Hilfer fractional derivative. Wang and Zhang [113] investi-
gated the following nonlocal initial value problem:

HDδ,ζ
a+x(t) = f(t, x(t)), δ ∈ (0, 1), ζ ∈ [0, 1], t ∈ (a, b],

J1−γ
a+ x(a+) =

m∑
i=1

λix(τi), γ = δ + ζ − δζ, τi ∈ (a, b],

where HDδ,ζ
0+ denotes the Hilfer derivative of order δ and type ζ. Some more problems

involving Hilfer derivative can be found in [1, 2, 109].

Hilfer derivative is notably more general than Riemann-Liouville and Caputo fractional
derivatives and so are the corresponding results. The facts that fractional differential
equations encompass more attributes and that Hilfer derivative is more general in nature
motivate us to pursue studies in this area.

In this work, we study the existence and uniqueness of mild solutions of the following
semilinear evolution equation:

HDδ,ζ
0+x(t) = A(t)x(t) + f(t, x(t)), δ ∈ [0, 1], ζ ∈ (0, 1), t ∈ (0, b] = J ′,

with initial condition
J1−γ

0+ x(0) = x0,

and nonlocal condition
J1−γ

0+ x(0)− g(x) = x0,

35
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where A(t) is a bounded linear operator on R for each t ∈ J = [0, b], 1−γ = (1−δ)(1−ζ)

and x0 ∈ R. Further, f : J ×R→ R is a given nonlinear function and g is a given function
satisfying some assumptions which will be specified later. For more details related to the
above class of differential equations, the readers are referred to [16,86,89].

2.1 Preliminaries

In this section, we present the following definitions and theorems which will be used in
establishing our results [52,113].
Let −∞ < a < b < ∞ and C[a, b] be the Banach space of all continuous functions from
[a, b] into R with the norm ‖f‖

C
= supt∈[a,b]|f(t)|.

For 0 ≤ 1 − γ < 1, the weighted space C1−γ[a, b] of continuous functions f on (a, b] is
defined as

C1−γ[a, b] = {f : (a, b]→ R : (t− a)1−γf(t) ∈ C[a, b]}.

Then C1−γ[a, b] is a Banach space with the norm

‖f‖C1−γ= ‖(t− a)1−γf(t)‖
C
, C0[a, b] = C[a, b].

In order to solve our problem, the following function spaces are considered:

Cδ,ζ
1−γ[0, b] = {f ∈ C1−γ[0, b],

HDδ,ζ
0+f ∈ C1−γ[0, b]}

and
Cγ

1−γ[0, b] = {f ∈ C1−γ[0, b], D
γ
0+f ∈ C1−γ[0, b]}.

Since HDδ,ζ
0+f = J

δ(1−ζ)
0+ Dγ

0+f , it follows from Theorem 11 of [52] that

Cγ
1−γ[0, b] ⊂ Cδ,ζ

1−γ[0, b].

2.2 Main Results

2.2.1 Semilinear evolution equation

Consider the following fractional semilinear evolution equation:

HDδ,ζ
0+x(t) = A(t)x(t) + f(t, x(t)), δ ∈ [0, 1], ζ ∈ (0, 1), t ∈ (0, b],

J1−γ
0+ x(0) = x0,

}
(2.1)

where A(t) is a bounded linear operator on R and x0 ∈ R.

Theorem 2.2.1. Assume that
(i) A(.)x(.) ∈ C1−γ[0, b] for any x ∈ C1−γ[0, b],
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(ii) f(., x(.)) ∈ C1−γ[0, b] for any x ∈ C1−γ[0, b],
hold. Then x ∈ Cγ

1−γ[0, b] is a solution of the Cauchy problem (2.1) if and only if x
satisfies the integral equation

x(t) =
x0

Γ(γ)
tγ−1 +

1

Γ(ζ)

∫ t

0

(t− s)ζ−1[A(s)x(s) + f(s, x(s))]ds, t ∈ J ′. (2.2)

We now proceed to state our problem and establish the result.

First we introduce the following assumptions:
(H1) A(t) is a bounded linear operator on R for each t ∈ [0, b]. The function t→ A(t) is
continuous in the uniform operator topology.
(H2) A(.)x(.) ∈ Cδ(1−ζ)

1−γ [0, b] for any x ∈ C1−γ[0, b],
(H3) f : (0, b] × R → R is a function such that f(., x(.)) ∈ C

δ(1−ζ)
1−γ [0, b] for any x ∈

C1−γ[0, b]. For all x, y ∈ R, there exists a constant L > 0 such that

|f(t, x)− f(t, y)|≤ L|x− y|.

Let M = supt∈[0,b]‖A(t)‖ and set F (t) = f(t, 0).

The following existence result for problem (2.1) will be established by using Banach
fixed point theorem.

Theorem 2.2.2. Assume that (H1)-(H3) hold. If

ξ1 = (M + L)
B(γ, ζ)

Γ(ζ)
bζ < 1,

then there exists a unique solution for the Cauchy type problem (2.1) in Cγ
1−γ[0, b] ⊂

Cδ,ζ
1−γ[0, b].

Proof. According to Theorem 2.2.1, it is sufficient to prove the existence result for the
equivalent integral equation (2.2). Define T : C1−γ[0, b]→ C1−γ[0, b] by

(Tx)(t) =
x0

Γ(γ)
tγ−1 +

1

Γ(ζ)

∫ t

0

(t− s)ζ−1[A(s)x(s) + f(s, x(s))]ds, t ∈ (0, b].

Let φ1 = |x0|
Γ(γ)

+ B(γ,ζ)
Γ(ζ)

bζ‖F‖C1−γ . Choose r ≥ φ1
1−ξ1 . Then we can show that TBr ⊂ Br

where Br = {x ∈ C1−γ[0, b] : ‖x‖C1−γ≤ r}.

Let x ∈ Br. Then we get

t1−γ(Tx)(t) =
x0

Γ(γ)
+
t1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1A(s)x(s)ds+
t1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1f(s, x(s))ds.
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Therefore,

|t1−γ(Tx)(t)| ≤ |x0|
Γ(γ)

+
t1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1‖A(s)‖|x(s)|ds+
t1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1[|f(s, x(s))

− f(s, 0)|+|f(s, 0)|]ds

≤ |x0|
Γ(γ)

+
Mt1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1|x(s)|ds+
Lt1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1|x(s)|ds+
t1−γ

Γ(ζ)

×
∫ t

0

(t− s)ζ−1|F (s)|ds

≤ r.

Now, by taking x, y ∈ C1−γ[0, b], we get

|t1−γ((Tx)(t)− (Ty)(t))| ≤ Mt1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1|x(s)− y(s)|ds+
Lt1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1

× |x(s)− y(s)|ds

≤ M + L

Γ(ζ)
t1−γ

∫ t

0

(t− s)ζ−1|x(s)− y(s)|ds

which gives

‖Tx− Ty‖C1−γ≤
(M + L)

Γ(ζ)
B(γ, ζ)bζ‖x− y‖C1−γ .

Thus, T is a contraction mapping on C1−γ[0, b]. By applying Banach fixed point theorem,
we know that the operator T has a unique fixed point on C1−γ[0, b]. Then by repeating
the process of the proof carried out in Theorem 25 of [52], one can show that the solution
is actually in Cγ

1−γ[0, b].

2.2.2 Nonlocal problem

Here we discuss the existence of solution of the following nonlocal problem:

HDδ,ζ
0+x(t) = A(t)x(t) + f(t, x(t)), δ ∈ [0, 1], ζ ∈ (0, 1), t ∈ (0, b],

J1−γ
0+ x(0)− g(x) = x0,

}
(2.3)

where g : C1−γ[0, b]→ R is a continuous function satisfying the following condition:
(H4) there exists a constant N > 0 such that

|g(x)− g(y)|≤ N‖x− y‖C1−γ for all x, y ∈ C1−γ[0, b].

Theorem 2.2.3. Assume that (H1)-(H4) hold. If

ξ2 =
N

Γ(γ)
+ (M + L)

B(γ, ζ)

Γ(ζ)
bζ < 1,

TH-2695_156123019



2.2. Main Results 39

then there exists a unique solution for equation (2.3) in Cγ
1−γ[0, b] ⊂ Cδ,ζ

1−γ[0, b].

Proof. Define T : C1−γ[0, b]→ C1−γ[0, b] by

(Tx)(t) =
x0 + g(x)

Γ(γ)
tγ−1 +

1

Γ(ζ)

∫ t

0

(t− s)ζ−1[A(s)x(s) + f(s, x(s))]ds, t ∈ (0, b].

Choose r ≥ φ2
1−ξ2 , where φ2 = |x0|+|g(0)|

Γ(γ)
+ B(γ,ζ)

Γ(ζ)
bζ‖F‖C1−γ . Then we can show that TBr ⊂

Br where Br = {x ∈ C1−γ[0, b] : ‖x‖C1−γ≤ r}.
Let x ∈ Br. Then we get

t1−γ(Tx)(t) =
x0 + g(x)

Γ(γ)
+
t1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1A(s)x(s)ds+
t1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1f(s, x(s))ds.

Therefore,

|t1−γ(Tx)(t)| ≤ |x0|+|g(x)|
Γ(γ)

+
t1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1‖A(s)‖|x(s)|ds+
t1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1

× [|f(s, x(s))− f(s, 0)|+|f(s, 0)|]ds

≤ |x0|
Γ(γ)

+
N‖x‖C1−γ

Γ(γ)
+
|g(0)|
Γ(γ)

+
M + L

Γ(ζ)
‖x‖C1−γB(γ, ζ)tζ +

‖F‖C1−γ

Γ(ζ)
B(γ, ζ)tζ

≤ r.

Let x, y ∈ C1−γ[0, b]. Then

|t1−γ((Tx)(t)− (Ty)(t))| ≤ |g(x)− g(y)|
Γ(γ)

+
Mt1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1|x(s)− y(s)|ds

+
Lt1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1|x(s)− y(s)|ds

≤ N

Γ(γ)
‖x− y‖C1−γ+

M + L

Γ(ζ)
t1−γ

∫ t

0

(t− s)ζ−1|x(s)− y(s)|ds

≤
[ N

Γ(γ)
+
M + L

Γ(ζ)
B(γ, ζ)bζ

]
‖x− y‖C1−γ .

By applying Banach fixed point theorem, we get the desired result.

Our next result will be established by employing Krasnoselskii’s fixed point theorem.
Here, we replace (H3) by (H3)′ with the following linear growth condition:

(H3)′ f : (0, b] × R → R be a function such that f(., x(.)) ∈ C
δ(1−ζ)
1−γ [0, b] for any x ∈

C1−γ[0, b]. There exist constants L > 0 and K ≥ 0 such that

|f(t, x)|≤ L|x|+K, for all x ∈ R.

Theorem 2.2.4. Assume that the hypotheses (H1),(H2),(H3)′ and (H4) are satisfied and
ξ2 < 1. Then nonlocal problem (2.3) has at least one solution in Cγ

1−γ[0, b] ⊂ Cδ,ζ
1−γ[0, b].
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Proof. Choose

r ≥ φ3

1− ξ2

, where φ3 =
|x0|+|g(0)|

Γ(γ)
+

K

Γ(ζ)
bζ+1−γ,

and define the operators P and Q on Br as

(Px)(t) =
x0 + g(x)

Γ(γ)
tγ−1 +

1

Γ(ζ)

∫ t

0

(t− s)ζ−1A(s)x(s)ds,

and

(Qx)(t) =
1

Γ(ζ)

∫ t

0

(t− s)ζ−1f(s, x(s))ds.

We subdivide the proof into several steps.
Step I: To show that Px+Qy ∈ Br for every x, y ∈ Br.

For x ∈ Br, we get

‖Px‖C1−γ≤
|x0|+|g(0)|+N‖x‖C1−γ

Γ(γ)
+
MB(γ, ζ)

Γ(ζ)
bζ‖x‖C1−γ

and

‖Qx‖C1−γ≤
LB(γ, ζ)

Γ(ζ)
bζ‖x‖C1−γ+

Kbζ+1−γ

Γ(ζ + 1)
.

Therefore, for every x, y ∈ Br,

‖Px+Qy‖C1−γ≤ ‖Px‖C1−γ+‖Qy‖C1−γ≤ r.

Step II: To show that P is a contraction mapping.

It can be easily shown that, for any x, y ∈ Br,

‖Px− Py‖C1−γ≤ ξ2‖x− y‖C1−γ .

Step III: To show that Q is compact and continuous. It is shown in three sub-steps.

Q is continuous: Let (xn) be a sequence such that xn → x in C1−γ[0, b]. Then for each
t ∈ (0, b],

|t1−γ((Qxn)(t)− (Qx)(t))| ≤ t1−γ

Γ(ζ)

∫ t

0

(t− s)ζ−1|f(s, xn(s))− f(s, x(s))|ds

≤ bζ

Γ(ζ)
B(γ, ζ)‖f(., xn(.))− f(., x(.))‖C1−γ

which implies

‖Qxn −Qx‖C1−γ≤
bζB(γ, ζ)

Γ(ζ)
‖f(., xn(.))− f(., x(.))‖C1−γ .

Therefore, Q is continuous.
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Q maps bounded sets into bounded sets in C1−γ[0, b]: It is enough to show that,
for any r∗ > 0, there exists a s∗ > 0 such that for each x ∈ Br∗ , we have Qx ∈ Bs∗ .

We get

‖Qx‖C1−γ≤
LB(γ, ζ)

Γ(ζ)
bζ‖x‖C1−γ+

Kbζ+1−γ

Γ(ζ + 1)
≤ LB(γ, ζ)

Γ(ζ)
bζr∗ +

Kbζ+1−γ

Γ(ζ + 1)
:= s∗.

Q maps bounded sets into equicontinuous sets of C1−γ[0, b]: Let 0 < t1 < t2 ≤ b,
and x ∈ Br. Then we have

|t1−γ2 (Qx)(t2)− t1−γ1 (Qx)(t1))|

=
∣∣∣ t1−γ2

Γ(ζ)

∫ t2

0

(t2 − s)ζ−1f(s, x(s))ds− t1−γ1

Γ(ζ)

∫ t1

0

(t1 − s)ζ−1f(s, x(s))ds
∣∣∣

≤
∣∣∣ 1

Γ(ζ)

∫ t2

0

[t1−γ2 (t2 − s)ζ−1 − t1−γ1 (t1 − s)ζ−1]f(s, x(s))ds

+
t1−γ1

Γ(ζ)

∫ t2

t1

(t1 − s)ζ−1f(s, x(s))ds
∣∣∣

which tends to zero as t2 → t1. So by Arzelà-Ascoli theorem, Q is compact. Hence by
Krasnoselskii’s fixed point theorem, the problem defined by equation (2.3) has at least
one solution in C1−γ[0, b].

Our next result is based on Schauder’s fixed point theorem. Here we replace (H4) by
the following condition:
(H4)′ there exists a constant N ′ > 0 such that

|g(x)|≤ N ′ for each x ∈ C1−γ[0, b].

Theorem 2.2.5. Assume that (H1), (H2), (H3)′ and (H4)′ hold. If ξ1 < 1, then (2.3)
has at least one solution in Cγ

1−γ[0, b] ⊂ Cδ,ζ
1−γ[0, b].

Proof. Choose

r ≥ φ4

1− ξ1

, where φ4 =
|x0|+N ′

Γ(γ)
+

K

Γ(ζ + 1)
bζ+1−γ.

Then by using the techniques of Theorem 2.2.4, it can be easily shown that T :C1−γ[0, b]→
C1−γ[0, b] defined by

(Tx)(t) =
x0 + g(x)

Γ(γ)
tγ−1 +

1

Γ(ζ)

∫ t

0

(t− s)ζ−1[A(s)x(s) + f(s, x(s))]ds t ∈ (0, b]

is continuous and TBr is relatively compact. Hence, it follows from Schauder’s fixed point
theorem that (2.3) has a solution in C1−γ[0, b].
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2.3 Examples

For evolution equation:
Consider

HD
1
5
, 3
5

0+ x(t) =
1

10
e−tx(t) +

(
t−8/25 +

|x(t)|
2

)
, t ∈ (0, 1],

I
8
25

0+x(0) = x0.

 (2.4)

Here
f(t, x(t)) = t−8/25 +

|x(t)|
2

for t ∈ (0, 1], A(t) =
1

10
e−tI,

where I is the identity operator. It is obvious that A(.)x(.), f(., x(.)) ∈ C 8
25

[0, 1]. More-
over, |f(t, x) − f(t, y)|≤ 1

2
|x − y| for all x, y ∈ R. Hence (H3) holds with L = 1

2
. Here,

M = 1
10

and it can be found, after some elementary computation, that

ξ1 =
( 1

10
+

1

2

)B(17
25
, 3

5
)

Γ(3
5
)
≈ 0.88654 < 1.

Here B(., .) denotes beta function.
Thus, all the assumptions in Theorem 2.2.2 are satisfied and therefore, we can conclude
that (2.4) has a unique solution in C 8

25
[0, 1].

For nonlocal condition:
Now in equation (2.4), if we replace the initial condition I1−γ

0+ x(0) = x0 by the nonlocal
condition I1−γ

0+ x(0)− g(x) = x0 (from equation (2.3)), where g(x) = cx(1
2
), c ∈ R, then g

satisfies (H4) with N = |c|2 8
25 . By choosing c small enough so that ξ2 < 1 holds, Theorem

2.2.3 ensures the existence of solution in C 8
25

[0, 1].
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CHAPTER 3

Existence and uniqueness of integral solutions for a class of

nondensely defined mixed Volterra-Fredholm integro fractional

neutral differential equations

Da Prato and Sinestrari [33] initiated an investigation of initial value problems with a non-
dense domain wherein they introduced the concept of integral solutions of the following
abstract Cauchy problem:

x′(t) = Ax(t) + f(t), t ∈ [0, b],

x(0) = x0.

They studied the existence of integral solutions under some suitable assumptions for any
continuous function f and x0 ∈ D(A). Their work was based on integrated semigroup
theory. For more details on non-densely defined operators and the theory of integrated
semigroup, the readers are referred to some works such as [3, 19,44,45].

In [102], Thieme showed that, under the assumption f ∈ D(A), the integral solution
reduced to the mild solution. However, in many of the works such as [18, 84], as pointed
out by Zhang and Liu [122], the formulation of integral solution was not considered to be
appropriate. Zhang and Liu came out with an appropriate formulation of integral solution
for a non-densely defined impulsive fractional differential equation by using integrated
semigroup theory and some probability densities.

Fu [51] studied the existence of solutions for the following semilinear neutral functional
differential equations with nonlocal conditions on a general Banach space X:

d

dt

[
x(t)− F (t, x(h1(t)))

]
= A[x(t)− F (t, x(t, x(h1(t)))] +G(t, x(h2(t))), t ∈ [0, b],

43
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x(0) + g(x) = x0 ∈ X.

Motivated by the works carried out by Fu [51] and Gu et al. [55], the main objective of
our present work is to study the following neutral fractional integro-differential equation
of mixed type for t ∈ [0, b]:

CDq
0+ [x(t)− u(t, x(t))] = A[x(t)− u(t, x(t))] + f(t, x(t), (Hx)(t), (Gx)(t)), t ∈ [0, b],

x(0) = x0,

}
(3.1)

where

(Hx)(t) =

∫ t

0

h(t, s, x(s))ds and (Gx)(t) =

∫ b

0

g(t, s, x(s))ds,

with q ∈ (0, 1), J = [0, b] and A:D(A) ⊆ X → X as a closed linear operator on a Banach
space X, which is not necessarily densely defined. The state x(.) assumes values in X,
and u: J×X → D(A) is a function which satisfies some assumptions to be specified later.
The functions h: ∆×X → X, g: J × J ×X → X and f : J ×X ×X ×X → X are given
abstract functions where ∆ = {(t, s) ∈ J × J | s ≤ t}.

3.1 Preliminaries

We assume that the operator A:D(A) ⊂ X → X satisfies the Hille-Yosida condition, i.e.,
there exist M ≥ 0 and a constant w ∈ R such that (w,∞) ⊆ ρ(A) and

sup
{

(λ− w)n‖R(λ : A)n‖
B(X)

∣∣∣n ∈ N, λ > w
}
≤M,

where ρ(A) is the resolvent set of A, and R(λ : A) denotes the resolvent of A.

Let A0 be the part of A in D(A) defined by

D(A0) =
{
x ∈ D(A)

∣∣∣Ax ∈ D(A)
}
,

A0x = Ax.

Then A0 generates a C0-semigroup {Q(t)}t≥0 on D(A). Assume that {Q(t)}t≥0 is uni-
formly bounded, i.e., there exists M

Q
≥ 1 such that supt∈[0,∞)‖Q(t)‖≤M

Q
.

Problem (3.1) is now equivalent to the following integral equation:

x(t) = x0 − u(0, x(0)) + u(t, x(t)) +
1

Γ(q)

∫ t

0

(t− s)q−1
[
A(x(s)− u(s, x(s)))

+ f(s, x(s), (Hx)(s), (Gx)(s))
]
ds, t ∈ [0, b].
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3.2 Integral Solution

Based on the information available in [55], we present the following definition and results:
Assuming f to be continuous and x0 ∈ D(A), the integral solution of problem (3.1) is
defined as follows.

Definition 3.2.1. A function x: J → X is said to be an integral solution of (3.1) if

x ∈ C(J,X), Jq0+[x(t)− u(t, x(t))] ∈ D(A) for t ∈ [0, b],

and

x(t) = x0 − u(0, x(0)) + u(t, x(t)) +
A

Γ(q)

∫ t

0

(t− s)q−1[x(s)− u(s, x(s))]ds

+
1

Γ(q)

∫ t

0

(t− s)q−1f(s, x(s), (Hx)(s), (Gx)(s))ds, t ∈ [0, b].

Remark 3.2.1. If x is an integral solution of problem (3.1), it can be shown that x(t)−
u(t, x(t)) ∈ D(A) for t ∈ J .

Now, we consider the following auxiliary problem:

CDq
0+ [x(t)− u(t, x(t))] = A0[x(t)− u(t, x(t))] + f(t, x(t), (Hx)(t), (Gx)(t)), t ∈ [0, b],

x(0) = x0.

}
(3.2)

The integral solution of (3.2) takes the following form:

x(t) = x0−u(0, x(0))+u(t, x(t))+A0J
q
0+ [x(t)−u(t, x(t))]+Jq0+f(t, x(t), (Hx)(t), (Gx)(t)).

(3.3)
Let Bλ = λ(λI − A)−1. Then, since Bλx → x as λ → +∞ for x ∈ D(A), we have the
following lemma:

Lemma 3.2.1. [55] The integral solution of (3.3) can be written in the following form:

x(t) = u(t, x(t))+Sq(t)[x0−u(0, x(0))]+ lim
λ→∞

∫ t

0

Kq(t−s)Bλf(s, x(s), (Hx)(s), (Gx)(s))ds

where
Sq(t) = J1−q

0+ Kq(t), Kq(t) = tq−1Pq(t), Pq(t) =

∫ ∞
0

qθξq(θ)Q(tqθ)dθ.

Here

ξq(θ) =
1

q
θ−1− 1

q w̄q(θ
− 1
q ) and

w̄q(θ) =
1

π

∞∑
n=0

(−1)n−1θ(−qn−1) Γ(qn+ 1)

n!
sin(nπq), θ ∈ (0,∞).
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ξq(θ) is a probability density function on (0,∞) satisfying

ξq(θ) ≥ 0,

∫ ∞
0

ξq(θ)dθ = 1,

∫ ∞
0

θξq(θ)dθ =
1

Γ(1 + q)
.

Lemma 3.2.2. [55] For any fixed t > 0, {Kq(t)}t>0 and {Sq(t)}t>0 are linear operators,
and for any x ∈ D(A),

‖Kq(t)x‖X≤
M

Q
tq−1

Γ(q)
‖x‖

X
and ‖Sq(t)x‖X≤M

Q
‖x‖

X
.

Lemma 3.2.3. [55] {Kq(t)}t>0 and {Sq(t)}t>0 are strongly continuous, i.e., for any
x ∈ D(A) and 0 < t1 < t2 ≤ b,

‖Kq(t2)x−Kq(t1)x‖
X
→ 0 and ‖Sq(t2)x− Sq(t1)x‖

X
→ 0

as t2 → t1.

Lemma 3.2.4. [125] For any fixed t > 0, Pq(t) is a linear and bounded operator, and

‖Pq(t)x‖X≤
M

Q

Γ(q)
‖x‖

X
for any x ∈ D(A).

Lemma 3.2.5. [89] Assume that {Q(t)}t>0 is compact. Then Q(t) is continuous in the
uniform operator topology for t > 0, i.e., {Q(t)}t>0 is equicontinuous.

3.3 Main Results

Our first result is based on Banach fixed point theorem. Here we use the following
assumptions:
(H1)(i) there exist a constant q1 ∈ (0, q) and functions l1, l2, l3 ∈ L

1
q1 (J,R+) such that

‖f(t, x1, y1, z1)− f(t, x2, y2, z2)‖
X
≤ l1(t)‖x1 − x2‖X+l2(t)‖y1 − y2‖X+l3(t)‖z1 − z2‖X ,

for all xi, yi, zi ∈ X, i = 1, 2, 3 and t ∈ J .
(ii) there exist a constant q2 ∈ (0, q) and a function l ∈ L

1
q2 (J,R+) such that

‖f(t, x, y, z)‖
X
≤ l(t), for all x, y, z ∈ X and t ∈ J.

(H2) for the function u : J ×X → D(A), there exists a constant L1 > 0 such that

‖u(t, x1)− u(t, x2)‖
X
≤ L1‖x1 − x2‖X , ∀ t ∈ J and x1, x2 ∈ X.
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(H3) there exist constants L2, L3 > 0 such that

∥∥∥∫ t

0

[h(t, s, x)− h(t, s, y)]ds
∥∥∥
X

≤ L2‖x− y‖X ,∥∥∥∫ b

0

[g(t, s, x)− g(t, s, y)]ds
∥∥∥
X

≤ L3‖x− y‖X ,

for all x, y ∈ X.

Theorem 3.3.1. Assume that hypotheses (H1)-(H3) hold. Then there exists a unique
integral solution of (3.1) in C(J,D(A)) provided

ξ1 = (M
Q

+ 1)L1 +
M

Q
M

Γ(q)

{
‖l1‖

L
1
q1

+L2‖l2‖
L

1
q1

+L3‖l3‖
L

1
q1

} bq−q1(
q−q1
1−q1

)1−q1 < 1.

Proof. Define T : C(J,D(A))→ C(J,D(A)) by

Tx(t) = u(t, x(t)) + Sq(t)[x0 − u(0, x(0))]

+ lim
λ→∞

∫ t

0

Kq(t− s)Bλf(s, x(s), (Hx)(s), (Gx)(s))ds, t ∈ J.

Then with the help of (H1)(ii), Hölder’s inequality and Bochner’s theorem, it can be
shown that T is well-defined on C(J,D(A)).

Let x, y ∈ C(J,D(A)). Then for any t ∈ [0, b], we have

‖((Tx)(t)− (Ty)(t)‖
X

≤ ‖u(t, x(t))− u(t, y(t))‖
X

+‖Sq(t)[u(0, x(0))− u(0, y(0))]‖
X

+‖ lim
λ→∞

∫ t

0

Kq(t− s)

×Bλ[f(s, x(s), (Hx)(s), (Gx)(s))− f(s, y(s), (Hy)(s), (Gy)(s))]ds‖
X

≤ L1(1 +M
Q

)‖x− y‖
C

+
M

Q
M

Γ(q)

∫ t

0

(t− s)q−1
[
l1(s)‖x(s)− y(s)‖

X
+l2(s)‖(Hx)(s)

− (Hy)(s)‖
X

+l3(s)‖(Gx)(s)− (Gy)(s)‖
X

]
≤ ξ1‖x− y‖C .

Therefore, by using Banach fixed point theorem, we conclude that there exists a unique
integral solution of our problem in C(J,D(A)).

In order to establish the next result, we introduce the following additional assumptions:
(H4) Q(t), t > 0 is compact.
(H5)(i) for each t ∈ [0, b], the function f(t, ., ., .):X ×X ×X → X is continuous and for
each (x, y, z) ∈ X ×X ×X, the function f(., x, y, z): J → X is strongly measurable.
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(ii) there exists a function l ∈ L(J,R+) such that

Jq0+l ∈ C(J,R+), lim
t→0+

Jq0+l(t) = 0

and
‖f(t, x, y, z)‖

X
≤ l(t) for all x, y, z ∈ X and for t ∈ [0, b].

(H6) u : J ×X → D(A) is continuous and there exists L1 > 0 such that

‖u(t, x1)− u(t, x2)‖
X
≤ L1‖x1 − x2‖X , for each t ∈ [0, b] and all x1, x2 ∈ X

and let M0 = sup
t∈J
‖u(t, 0)‖

X
.

(H7)(i) for each (t, s) ∈ ∆, the function h(t, s, .):X → X is continuous, and for each
x ∈ X, the function h(., ., x): ∆→ X is strongly measurable.
(ii) there exists a function mh(t, s) ∈ C(∆,R+) such that

‖h(t, s, x)‖
X
≤ mh(t, s)‖x‖X , for (t, s) ∈ ∆, x ∈ X

and H∗ = sup
t∈J

∫ t

0

mh(t, s)ds <∞.

(H8)(i) for each (t, s) ∈ J × J , the function g(t, s, .):X → X is continuous, and for each
x ∈ X, the function g(., ., x): J × J → X is strongly measurable.
(ii) There exists a function mg(t, s) ∈ C(J × J,R+) such that

‖g(t, s, x)‖
X
≤ mg(t, s)‖x‖X , for (t, s) ∈ J × J, x ∈ X

and G∗ = sup
t∈J

∫ b

0

mg(t, s)ds <∞.

For our second existence result, we use Krasnoselskii’s fixed point theorem.

Theorem 3.3.2. Assume that hypotheses (H4)-(H8) hold. Then (3.1) has an integral
solution in C(J,D(A)) provided

(M
Q

+ 1)L1 ≤
1

2
.

Proof. Choose r ≥ 2ξ2 where ξ2 = M0+M
Q
‖x0‖X+M

Q
‖u(0, x(0))‖

X
+
M
Q
M

Γ(q)

∫ t
0
(t−s)q−1l(s)ds.

Define two operators T1 and T2 on Br = {x ∈ C(J,D(A)): ‖x‖
C
≤ r} by

(T1x)(t) = u(t, x(t)) + Sq(t)[x0 − u(0, x(0))],

(T2x)(t) = lim
λ→∞

∫ t

0

Kq(t− s)Bλf(s, x(s), (Hx)(s), (Gx)(s))ds.

Step I: To show that T1x+ T2y ∈ Br whenever x, y ∈ Br.
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For any t ∈ [0, b], we have

‖(T1x)(t)‖
X
≤ ‖u(t, x(t))− u(t, 0)‖

X
+M0 +M

Q
‖x0 − u(0, x(0))‖

X

≤ L1‖x‖C+M0 +M
Q
‖x0‖X+M

Q
‖u(0, x(0))‖

X

and

‖(T2y)(t)‖
X
≤
M

Q
M

Γ(q)

∫ t

0

(t− s)q−1‖f(s, x(s), (Hx)(s), (Gx)(s))‖
X
ds

≤
M

Q
M

Γ(q)

∫ t

0

(t− s)q−1l(s)ds.

Therefore,

‖(T1x)(t) + (T2y)(t)‖
X
≤ L1r +M0 +M

Q
‖x0‖X+M

Q
‖u(0, x(0))‖

X
+
M

Q
M

Γ(q)

∫ t

0

(t− s)q−1l(s)ds

≤ r

which implies that T1x+ T2y ∈ Br.
Step II: To show that T1 is a contraction.
It can be easily shown that T1 is a contraction.
Step III: To show that T2 is compact and continuous.
We show it in various sub-steps.
(i) To show that {T2x|x ∈ Br} is equicontinuous:
Let x ∈ Br and 0 = t1 < t2 ≤ b. Then

‖(T2x)(t2)− (T2x)(t1)‖
X
≤
M

Q
M

Γ(q)

∫ t2

0

(t2 − s)q−1‖f(s, x(s), (Hx)(s), (Gx)(s))‖
X
ds

≤M
Q
MJq0+l(t2) −→ 0 as t2 → 0.

For 0 < t1 < t2 ≤ b, we have

‖(T2x)(t2)− (T2x)(t1)‖
X

≤
M

Q
M

Γ(q)

∫ t2

t1

(t2 − s)q−1l(s)ds+
M

Q
M

Γ(q)

∫ t1

0

[(t1 − s)q−1 − (t2 − s)q−1]l(s)ds

+M

∫ t1

0

(t1 − s)q−1‖Pq(t2 − s)− Pq(t1 − s)‖B(X)
l(s)ds

≤
M

Q
M

Γ(q)

∣∣∣ ∫ t2

0

(t2 − s)q−1l(s)ds−
∫ t1

0

(t1 − s)q−1l(s)ds
∣∣∣

+
2M

Q
M

Γ(q)

∫ t1

0

[(t1 − s)q−1 − (t2 − s)q−1]l(s)ds+M

∫ t1

0

(t1 − s)q−1

× ‖Pq(t2 − s)− Pq(t1 − s)‖B(X)
l(s)ds

=: I1 + I2 + I3,
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where

I1 =
MQM

Γ(q)

∣∣∣ ∫ t2

0

(t2 − s)q−1l(s)ds−
∫ t1

0

(t1 − s)q−1l(s)ds
∣∣∣,

I2 =
2M

Q
M

Γ(q)

∫ t1

0

[(t1 − s)q−1 − (t2 − s)q−1]l(s)ds,

I3 = M

∫ t1

0

(t1 − s)q−1‖Pq(t2 − s)− Pq(t1 − s)‖B(X)
l(s)ds.

Since Jq0+l ∈ C(J,R+), therefore it follows that I1 → 0 as t2 → t1.
For I2, we have

[(t1 − s)q−1 − (t2 − s)q−1]l(s) ≤ (t1 − s)q−1l(s)

and
∫ t1

0
(t1 − s)q−1l(s)ds exists. Therefore, by using Lebesgue’s dominated convergence

theorem, we can conclude that I2 → 0 as t2 → t1.
Now,

I3 = M

∫ t1

0

(t1 − s)q−1‖Pq(t2 − s)− Pq(t1 − s)‖B(X)
l(s)ds.

For ε > 0 small enough, we have

I3 = M

∫ t1−ε

0

(t1 − s)q−1‖Pq(t2 − s)− Pq(t1 − s)‖B(X)
l(s)ds

+M

∫ t1

t1−ε
(t1 − s)q−1‖Pq(t2 − s)− Pq(t1 − s)‖B(X)

l(s)ds

≤M

∫ t1

0

(t1 − s)q−1l(s)ds sup
s∈[0,t1−ε]

‖Pq(t2 − s)− Pq(t1 − s)‖B(X)

+
2M

Q
M

Γ(q)

∣∣∣ ∫ t1

0

(t1 − s)q−1l(s)ds−
∫ t1−ε

0

(t1 − ε− s)q−1l(s)ds
∣∣∣

+
2M

Q
M

Γ(q)

∫ t1−ε

0

[(t1 − ε− s)q−1 − (t1 − s)q−1]l(s)ds := I31 + I32 + I33.

From (H4), it follows that I31 → 0 as t2 → t1. It can also be shown that both I32 and
I33 tend to zero as ε → 0 (applying similar arguments as shown for I1 → 0 and I2 → 0

as t2 → t1). Thus, ‖(T2x)(t2)− (T2x)(t1)‖
X
→ 0 independent of x ∈ Br as t2 → t1, which

implies that {T2x|x ∈ Br} is equicontinuous.

(ii) To show that T2 is continuous:
Let (xn) ⊂ Br such that xn → x in Br.

Using (H5)(i), (H7), (H8) and Lebesgue’s dominated convergence theorem, it follows
that

f(s, xn(s), (Hxn)(s), (Gxn)(s)) −→ f(s, x(s), (Hx)(s), (Gx)(s)) as n→∞.
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Now for each t ∈ J , we have

(t− s)q−1‖f(s, xn(s), (Hxn)(s), (Gxn)(s))− f(s, x(s), (Hx)(s), (Gx)(s))‖
X

≤ 2(t− s)q−1l(s)

and 2(t−s)q−1l(s) is integrable for s ∈ [0, t], t ∈ [0, b]. Therefore, by Lebesgue’s dominated
convergence theorem, we obtain∫ t

0

(t− s)q−1‖f(s, xn(s), (Hxn)(s), (Gxn)(s))− f(s, x(s), (Hx)(s), (Gx)(s))‖
X
ds

−→ 0 as n→∞.

For t ∈ [0, b],

‖(T2xn)(t)− (T2x)(t)‖
X

≤
M

Q
M

Γ(α)

∫ t

0

(t− s)q−1‖f(s, xn(s), (Hxn)(s), (Gxn)(s))− f(s, x(s), (Hx)(s), (Gx)(s))‖
X
ds

−→ 0 as n→∞.

Therefore, T2 is continuous.

(iii) To show that T2 is uniformly bounded:

From the inequality

‖(T2y)(t)‖
X
≤
M

Q
M

Γ(q)

∫ t

0

(t− s)q−1l(s)ds,

it follows that T2 is uniformly bounded.

(iv) To show that T2 is compact:
Here we use Arzelà-Ascoli theorem. We are required to show that, for any t ∈ [0, b],
{(T2x)(t)|x ∈ Br} is relatively compact inD(A). For t = 0, it is obviously true. Therefore,
by fixing t ∈ (0, b], and ∀ε ∈ (0, t), ∀δ > 0 and x ∈ Br, we define an operator T ε,δ2 by

(T ε,δ2 x)(t) = lim
λ→∞

q

∫ t−ε

0

∫ ∞
δ

θ(t− s)q−1ξq(θ)Q((t− s)qθ)

×Bλf(s, x(s), (Hx)(s), (Gx)(s))dθds

= qQ(εqδ) lim
λ→∞

∫ t−ε

0

∫ ∞
δ

θ(t− s)q−1ξq(θ)Q((t− s)qθ − εqδ)

×Bλf(s, x(s), (Hx)(s), (Gx)(s))dθds.

From the compactness of Q(εqδ), (εqδ > 0), we can conclude that {(T ε,δ2 x)(t)|x ∈ Br} is
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relatively compact in D(A) ∀ ε ∈ (0, t) and ∀ δ > 0. Further, for any x ∈ Br, we obtain

‖(T2x)(t)− (T ε,δ2 x)(t)‖
X
≤ qM

Q
M

∫ t

0

(t− s)q−1l(s)ds

∫ δ

0

θξq(θ)dθ

+
M

Q
M

Γ(q)

∫ t

t−ε
(t− s)q−1l(s)ds

−→ 0 as ε→ 0, δ → 0.

Therefore, {(T2x)(t)|x ∈ Br} is relatively compact in D(A) for all t ∈ (0, b]. Consequently,
by Arzelà-Ascoli theorem, T2 is compact.

Now, Krasnoselskii’s fixed point theorem implies that (3.1) has at least one integral
solution on C(J,D(A)).

In order to establish our next result, we now assume the following additional hypotheses:
(H5)(iii) There exists a function l ∈ L∞(J,R+) such that

‖f(t, x, y, z)‖
X
≤ l(t), for all x, y, z ∈ X and for t ∈ [0, b].

(H9) for the function u : J ×X → D(A), there exists a constant L1 > 0 such that

‖u(t1, x1)− u(t2, x2)‖
X
≤ L1(|t1 − t2|+‖x1 − x2‖X ),

for all t1, t2 ∈ [0, b] and all x1, x2 ∈ X. Further, let M0 = sup
t∈J
‖u(t, 0)‖

X
.

The proof of the next result is based on Darbo-Sadovskii’s fixed point theorem.

Theorem 3.3.3. Suppose that (H4), (H5)(i), (H5)(iii), (H7), (H8) and (H9) are satisfied.
Then (3.1) has an integral solution in C(J,D(A)) provided

L1 < 1.

Proof. Let Br = {x ∈ C(J,D(A)): ‖x‖
C
≤ r} where r = ξ3

1−L1
, ξ3 = M0 +M

Q
‖x0‖X+

M
Q
‖u(0, x(0))‖

X
+

M
Q
M

Γ(q+1)
bq‖l‖

L∞ . Define T :C(J,D(A))→ C(J,D(A)) by

(Tx)(t) = u(t, x(t)) + Sq(t)[x0 − u(0, x(0))]

+ lim
λ→∞

∫ t

0

Kq(t− s)Bλf(s, x(s), (Hx)(s), (Gx)(s))ds

= (T1x)(t) + (T2x)(t),

where

(T1x)(t) = Sq(t)[x0 − u(0, x(0))] + lim
λ→∞

∫ t

0

Kq(t− s)Bλf(s, x(s), (Hx)(s), (Gx)(s))ds,

(T2x)(t) = u(t, x(t)).
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Step I: To show that T :Br → Br.
It follows in a straightforward manner from the fact that

‖(Tx)(t)‖
X
≤ L1‖x‖C+M0 +M

Q
‖x0‖X+M

Q
‖u(0, x(0))‖

X
+

M
Q
M

Γ(q + 1)
bq‖l‖

L∞≤ r.

Step II: To show that T1 is completely continuous.
(i) T1 is equicontinuous on Br:

Let x ∈ Br and 0 ≤ t1 < t2 ≤ b. Then

‖(T1x)(t2)− (T1x)(t1)‖
X

≤ ‖Sq(t2)[x0 − u(0, x(0))]− Sq(t1)[x0 − u(0, x(0))]‖
X

+‖ lim
λ→∞

∫ t2

0

Kq(t2 − s)

×Bλf(s, x(s), (Hx)(s), (Gx)(s))ds− lim
λ→∞

∫ t1

0

Kq(t1 − s)Bλf(s, x(s), (Hx)(s), (Gx)(s))ds‖
X

:= I1 + I2,

where

I1 = ‖Sq(t2)[x0 − u(0, x(0))]− Sq(t1)[x0 − u(0, x(0))]‖
X
,

I2 = ‖ lim
λ→∞

∫ t2

0

Kq(t2 − s)Bλf(s, x(s), (Hx)(s), (Gx)(s))ds

− lim
λ→∞

∫ t1

0

Kq(t1 − s)Bλf(s, x(s), (Hx)(s), (Gx)(s))ds‖
X
.

For I1, by Lemma 3.2.3, we have I1 → 0 as t2 → t1. For t1 = 0, 0 < t2 ≤ b,

I2 ≤
M

Q
M

Γ(q)

∫ t2

0

(t2 − s)q−1l(s)ds ≤
M

Q
M

Γ(q)
tq2‖l‖L∞−→ 0 as t2 → 0.

For 0 < t1 < t2 ≤ b,

I2 ≤
M

Q
M

Γ(q)

∫ t2

t1

(t2 − s)q−1l(s)ds+
M

Q
M

Γ(q)

∫ t1

0

[(t1 − s)q−1 − (t2 − s)q−1]l(s)ds

+M

∫ t1

0

(t1 − s)q−1‖Pq(t2 − s)− Pq(t1 − s)‖B(X)
l(s)ds

= I∗1 + I∗2 + I∗3 ,
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where

I∗1 =
M

Q
M

Γ(q)

∫ t2

t1

(t2 − s)q−1l(s)ds,

I∗2 =
M

Q
M

Γ(q)

∫ t1

0

[(t1 − s)q−1 − (t2 − s)q−1]l(s)ds,

I∗3 = M

∫ t1

0

(t1 − s)q−1‖Pq(t2 − s)− Pq(t1 − s)‖B(X)
l(s)ds.

We have

I∗1 ≤
M

Q
M

Γ(q)
‖l‖

L∞ (t2 − t1)q −→ 0 as t2 → t1

and

I∗2 ≤
M

Q
M

Γ(q)
‖l‖

L∞

(∫ t1

0

(t1 − s)q−1ds−
∫ t1

0

(t2 − s)q−1ds
)
≤
M

Q
M

Γ(q)
‖l‖

L∞ (t2 − t1)q

i.e., I∗2 −→ 0 as t2 → t1.

Now since

I∗3 = M

∫ t1

0

(t1 − s)q−1‖Pq(t2 − s)− Pq(t1 − s)‖B(X)
l(s)ds,

therefore, for ε > 0 small enough, we have

I∗3 ≤M

∫ t1

0

(t1 − s)q−1l(s)ds sup
s∈[0,t1−ε]

‖Pq(t2 − s)− Pq(t1 − s)‖B(X)
l(s)ds

+M

∫ t1

t1−ε
(t1 − s)q−1‖Pq(t2 − s)− Pq(t1 − s)‖B(X)

l(s)ds

≤M

∫ t1

0

(t1 − s)q−1l(s)ds sup
s∈[0,t1−ε]

‖Pq(t2 − s)− Pq(t1 − s)‖B(X)
+

2M
Q
M

Γ(q + 1)
‖l‖

L∞ ε
q

= I∗31 + I∗32.

From (H4), it follows that I∗31 → 0 as t2 → t1 and also I∗32 → 0 as ε → 0. Thus,
‖(T1x)(t2) − (T1x)(t1)‖

X
→ 0 as t2 → t1, independent of x ∈ Br, which implies that

{T1x|x ∈ Br} is equicontinuous.
(ii) T1 is continuous on Br:

Let (xn) ⊂ Br such that xn → x in Br.

Using (H5)(i), (H7), (H8) and Lebesgue’s dominated convergence theorem, it follows
that

f(s, xn(s), (Hxn)(s), (Gxn)(s)) −→ f(s, x(s), (Hx)(s), (Gx)(s)) as n→∞.
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Now for each t ∈ J , by using (H5)(ii), we have

(t− s)q−1‖f(s, xn(s), (Hxn)(s), (Gxn)(s))− f(s, x(s), (Hx)(s), (Gx)(s))‖
X

≤ 2(t− s)q−1l(s) ∈ L1(J,R+), for s ∈ [0, t], t ∈ J.

Therefore, by Lebesgue’s dominated convergence theorem, we obtain∫ t

0

(t− s)q−1‖f(s, xn(s), (Hxn)(s), (Gxn)(s))− f(s, x(s), (Hx)(s), (Gx)(s))‖
X
ds

−→ 0 as n→∞.

Now, for each t ∈ [0, b], we have

‖(T1xn)(t)− (T1x)(t)‖
X

≤M
Q
L1‖xn − x‖C+

M
Q
M

Γ(q)

∫ t

0

(t− s)q−1 × ‖f(s, xn(s), (Hxn)(s), (Gxn)(s))

− f(s, x(s), (Hx)(s), (Gx)(s))‖
X
ds −→ 0 as n→∞.

Therefore, T1 is continuous.
Further, it is obvious that T1 is uniformly bounded.
To show that, for any t ∈ J , {T1x(t)|x ∈ Br} is relatively compact in D(A):

For t = 0, it is obvious. Therefore, we fix t ∈ (0, b]. Since

Sq(t)[x0 − u(0, x(0))]

=
1

Γ(1− q)

∫ t

0

(t− s)−qsq−1

∫ ∞
0

qθξq(θ)Q(sqθ)[x0 − u(0, x(0))]dθds,

then for ε ∈ (0, t) and ∀ δ > 0, we define

(T ε,δ1 x)(t) =
q

Γ(1− q)

∫ t−ε

0

∫ ∞
δ

θξq(θ)(t− s)−qsq−1Q(sqθ)[x0 − u(0, x(0))]dθds

+ qQ(εqδ) lim
λ→∞

∫ t−ε

0

∫ ∞
δ

θ(t− s)q−1ξq(θ)Q((t− s)qθ − εqδ)

×Bλf(s, x(s), (Hx)(s), (Gx)(s))dθds.

From the compactness of Q(εαδ), (εαδ > 0), we obtain that {(T ε,δ1 x)(t)|x ∈ Br} is rela-
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tively compact in D(A) ∀ ε ∈ (0, t) and ∀ δ > 0. Moreover, for any x ∈ Br, we have

‖(T1x)(t)− (T ε,δ1 x)(t)‖
X

≤
M

Q
q

Γ(1− q)

∥∥∥∫ t

0

(t− s)−qsq−1

∫ δ

0

θξq(θ)[x0 − u(0, x(0))]dθds
∥∥∥
X

+
M

Q
q

Γ(1− q)

∥∥∥∫ t

t−ε
(t− s)−qsq−1

∫ ∞
δ

θξq(θ)[x0 − u(0, x(0))]dθds
∥∥∥
X

+
∥∥∥ lim
λ→∞

q

∫ t

0

∫ δ

0

θ(t− s)q−1ξq(θ)T ((t− s)qθ)Bλf(s, x(s), (Hx)(s), (Gx)(s))dθds
∥∥∥
X

+
∥∥∥ lim
λ→∞

q

∫ t

t−ε

∫ ∞
δ

θ(t− s)q−1ξq(θ)T ((t− s)qθ)Bλf(s, x(s), (Hx)(s), (Gx)(s))dθds
∥∥∥
X

≤
M

Q
q

Γ(1− q)
B(q, 1− q)

[
‖x0‖X+‖u(0, x(0))‖

X

] ∫ δ

0

θξq(θ)dθ +
M

Q

Γ(1− q)Γ(q)

[
‖x0‖X

+ ‖u(0, x(0))‖
X

] ∫ t

t−ε
(t− s)−qsq−1ds+ qM

Q
M

∫ t

0

(t− s)q−1l(s)ds

∫ δ

0

θξq(θ)dθ

+ qM
Q
M

∫ t

t−ε
(t− s)q−1l(s)ds

∫ ∞
0

θξq(θ)dθ.

Therefore,
‖(T1x)(t)− (T ε,δ1 x)(t)‖

X
≤ J1 + J2 + J3 + J4.

Using the inequality
∫∞

0
θξq(θ)dθ = 1

Γ(1+q)
, it is found that J1, J3 and J4 tend to 0 as

ε, δ → 0. Also, upon application of the absolute continuity of the Lebesgue integral, J2

tends to 0 as ε, δ → 0. Therefore, there exist relatively compact sets arbitrarily close to
the set {(T1x)(t)|x ∈ Br}, t > 0 which implies that {(T1x)(t)|x ∈ Br}, t > 0 is relatively
compact. Consequently, {T1x|x ∈ Br} is a relatively compact set in D(A).
Step III: To show that T is continuous on Br.

Proceeding similarly as in Step II, it can be shown that T is continuous on Br.
Step IV: To show that T2 is a contraction on Br.

For any x, y ∈ Br, we have

‖(T2x)(t)− (T2y)(t)‖
X
≤ L1‖x(t)− y(t)‖

X
.

Thus
‖T2x− T2y‖C≤ L1‖x− y‖C ,

which implies that γ
C

(T2Br) ≤ L1γC (Br), where γC is the Kuratowski measure of non-
compactness on C(J,D(A)). Also, T1Br is relatively compact in D(A) which gives
γ
C

(T1Br) = 0. Therefore,

γ
C

(TBr) ≤ γ
C

(T1Br) + γ
C

(T2Br) ≤ L1γC (Br).

As L1 < 1, T is a γ-contraction on Br. Hence, from Darbo-Sadvoskii’s fixed point theorem,
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it follows that T has at least one fixed point on Br.

Our next result for problem (3.1) is for the case in which the associated C0-semigroup
is not compact. Here the following assumptions are required:

(H5)(iv) there exist a constant q1 ∈ (0, q) and a function l ∈ L
1
q1 (J,R+) such that

‖f(t, x, y, z)‖
X
≤ l(t)(‖x‖

X
+‖y‖

X
+‖z‖

X
), for all x, y, z ∈ Xand for t ∈ [0, b],

(v) there exist l1, l2, l3 ∈ C(J,R+) such that

γ2(f(t,D1, D2, D3)) ≤ l1(t)γ2(D1) + l2(t)γ2(D2) + l3(t)γ2(D3),

for any bounded sets D1, D2, D3 ⊂ X and t ∈ J . Let l∗i = supt∈J |li(t)|, i = 1, 2, 3.
(H7)(iii) for any bounded set D ⊂ X and (t, s) ∈ ∆, there exists a function m̃: ∆→ R+

such that
γ2(h(t, s,D)) ≤ m̃(t, s)γ2(D)

with m̃∗ = sup
t∈J

∫ t

0

m̃(t, s)ds <∞.

(H8)(iii) for any bounded setD ⊂ X and (t, s) ∈ J×J , there exists a function ñ: J×J →
R+ such that

γ2(g(t, s,D)) ≤ ñ(t, s)γ2(D)

with ñ∗ = sup
t∈J

∫ b

0

ñ(t, s)ds <∞.

(H10) for each t > 0, T (t) is equicontinuous.

Theorem 3.3.4. Assume that (H5)(i), (iv), (v), (H7)(i), (ii), (iii), (H8)(i), (ii), (iii),
(H9) and (H10) hold. Then (3.1) has an integral solution provided

ξ4 = L1 +
M

Q
M

Γ(q)
(1 +H∗ +G∗)‖l‖

L
1
q1

bq−q1

( q−q1
1−q1 )1−q1

< 1

and

2L1(1 +M
Q

) +
4M

Q
M

Γ(q + 1)
bq(l∗1 + 2l∗2m̃

∗ + 2l∗3ñ
∗) < 1.

Proof. Choose r = φ
1−ξ4 , where φ = M0 +M

Q
‖x0‖X+M

Q
‖u(0, x(0))‖

X
and let Br = {x ∈

C(J,D(A)) | ‖x‖
C
≤ r}. Define T : C(J,D(A))→ C(J,D(A)) by

(Tx)(t) = u(t, x(t))+Sq(t)[x0−u(0, x(0))]+ lim
λ→∞

∫ t

0

Kq(t−s)Bλf(s, x(s), (Hx)(s), (Gx)(s))ds,

for t ∈ J . Then proceeding similarly as in Theorem 3.3.3, it can be shown that T :Br → Br

is continuous as well as equicontinuous. Now, it remains to show that T :Br → Br is a
condensing operator.
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For all D ⊂ Br, T (D) is bounded and equicontinuous. Hence, by Lemma 1.3.3, there
exists a countable set D0 = {xn}∞n=1 ⊂ D such that

γ
C

(T (D)) ≤ 2γ
C

(T (D0)). (3.4)

Since T (D0) ⊂ T (Br) is equicontinuous, so by using Lemma 1.3.2, we get

γ
C

(T (D0)) = max
t∈J

γ2(T (D0)(t)). (3.5)

Now, let
(Tx)(t) = (T1x)(t) + (T2x)(t),

where

(T1x)(t) = u(t, x(t)) + Sq(t)[x0 − u(0, x(0))],

(T2x)(t) = lim
λ→∞

∫ t

0

Kq(t− s)Bλf(s, x(s), (Hx)(s), (Gx)(s))ds.

For x, y ∈ D0, we have

‖T1x− T1y‖C≤ L1(1 +M
Q

)‖x− y‖
C
.

Therefore, it follows that

γ
C

(T1(D0)) ≤ L1(1 +M
Q

)γ
C

(D0).

Now, for t ∈ J , we get

γ2({T2xn(t)}∞n=1)

= γ2

({
lim
λ→∞

∫ t

0

Kq(t− s)Bλf(s, x(s), (Hx)(s), (Gx)(s))ds
}∞
n=1

)
≤

2M
Q
M

Γ(q)
γ
C

(D)
[ ∫ t

0

(t− s)q−1l1(s)ds+ 2m̃∗
∫ t

0

(t− s)q−1l2(s)ds+ 2ñ∗
∫ t

0

(t− s)q−1l3(s)ds
]

≤
2M

Q
M

Γ(q + 1)
γ
C

(D)bq(l∗1 + 2m̃∗l∗2 + 2ñ∗l∗3).

Therefore,

γ2(T (D0)(t)) ≤ γ2(T1(D0)(t)) + γ2(T2(D0)(t))

≤
[
L1(1 +M

Q
) +

2M
Q
M

Γ(q + 1)
bq(l∗1 + 2l∗2m̃

∗ + 2l∗3ñ
∗)
]
γ
C

(D).
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From equations (3.4) and (3.5), we have

γ
C

(T (D)) ≤ 2
[
L1(1 +M

Q
) +

2M
Q
M

Γ(q + 1)
bq(l∗1 + 2l∗2m̃

∗ + 2l∗3ñ
∗)
]
γ
C

(D) < γ
C

(D).

Thus T :Br → Br is a condensing operator and therefore from Lemma 1.3.2, we conclude
that T has a fixed point on Br.

3.4 Examples

Consider the following fractional partial differential equation system:

CDq
0+ [x(t, y)− u(t, x(t, y))] =

∂2

∂y2
[x(t, y)− u(t, x(t, y))]

+ f(t, x(t, y),

∫ t

0

h(t, s, x(s, y))ds,

∫ b

0

g(t, s, x(s, y))ds), t ∈ [0, b], y ∈ Ω,

x(t, 0) = 0 = x(t, π), t ∈ [0, b],

x(0, y) = x0(y), y ∈ Ω,

where q ∈ (0, 1), Ω = [0, π], b > 0 is finite and x0 ∈ C(Ω,R) with x0(0) = 0 = x0(π).
Next, let X = C(Ω,R) and consider A:D(A) ⊂ X → X defined by

Aw =
∂2w

∂y2

with its domain of definition

D(A) = {w ∈ X:
∂2w

∂y2
∈ X and w = 0 on ∂Ω}.

Then,
D(A) = {w ∈ X:w = 0 on ∂Ω} 6= X.

Also, from [33], it is known that A satisfies Hille-Yosida condition with (0,∞) ⊂ ρ(A),
‖R(λ : A)‖≤ λ−1 and M = 1 and generates a compact C0-semigroup {Q(t)}t>0 on D(A)

with M
Q

= 1.
Let us take

x(t)(y) = x(t, y), and

f(t, x(t), (Hx)(t), (Gx)(t))(y) = f(t, x(t, y),

∫ t

0

h(t, s, x(s, y))ds,

∫ b

0

g(t, s, x(s, y))ds),

for t ∈ [0, b], y ∈ Ω. Consequently, (3.1) is the abstract formulation of the above considered
problem.

For validation of Theorem 3.3.2, consider u(t, x(t, y)) = 1
5
x0(y). Then u satisfies (H6)
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with L1 = 1
5
. Also, take

h(t, s, x(s, y)) = t sinx(s, y) and g(t, s, x(s, y)) = s sinx(s, y).

Then h and g satisfy (H7) and (H8), respectively, with H∗ = b2 and G∗ =
b2

2
. Consider

f(t, x(t, y),

∫ t

0

h(t, s, x(s, y))ds,

∫ b

0

g(t, s, x(s, y))ds)

= t
1
2 cos

(
|x(t, y)|

1 + |x(t, y)|
+

∫ t

0

h(t, s, x(s, y))ds+

∫ b

0

g(t, s, x(s, y))ds

)
.

If we choose l(t) = t
1
2 , then f satisfies the assumptions in (H5). Thus all the conditions

of Theorem 3.3.2 are fulfilled and therefore, we can confirm the existence of an integral
solution.

Next, for Theorem 3.3.3, consider

f(t, x(t, y),

∫ t

0

h(t, s, x(s, y))ds,

∫ b

0

g(t, s, x(s, y))ds)

= exp(−t) cos

(
|x(t, y)|

1 + |x(t, y)|
+

∫ t

0

h(t, s, x(s, y))ds+

∫ b

0

g(t, s, x(s, y))ds

)
.

Here, choose l(t) = exp(−t) and assume u to be a suitable function satisfying (H9). Then
Theorem 3.3.3 implies the existence of an integral solution of this problem.
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CHAPTER 4

Mild solutions of Volterra fractional differential equations of

Sobolev type with finite delay

Equations of Sobolev type arise in a number of physical problems, namely, the flow of
fluid through fissured rocks [17], the propagation of long waves with small amplitudes [22]
and many more. The abstract Cauchy problem of Sobolev type is to find a function x

which satisfies the following initial value problem:

d

dt
Bx(t) + Ax(t) = f(t, x(t)),

x(0) = x0,

under different conditions on A and B, where A and B are linear operators with their
domains and ranges contained, respectively, in a Banach space X and a Banach space Y .

Brill [26] and Showalter [96] considered semilinear evolution equations of Sobolev type
in Banach spaces and established the existence of their solutions. Such fractional models
are found to be more appropriate compared to those through integer-order differential
equations and hence have been considered by a good number of researchers.

Earlier works discussed problems of Sobolev type under the following conditions on
the operators A:D(A) ⊂ X → Y , B:D(B) ⊂ X → Y :
(1) D(B) ⊂ D(A), B is bijective, B−1 is compact, B−1A:X → D(B) is continuous [14],
(2) D(B) ⊂ D(A), B is bijective, B−1 is compact [48],
(3) D(B) ⊂ D(A), B is bijective, B−1 is continuous [11].

The work taken up here is different from some other similar works such as [15,71] on
two counts: (i) an ODE of an integer-order replaced by an ODE of a fractional order in
our case, (ii) Lipschitz condition was used in these works. Therefore, to fill the gap, we
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find it pertinent to consider the following fractional differential equation of Sobolev type:

CDq
0+(Bx(t)) + Ax(t) = f

(
t, xt,

∫ t

0

h(t, s, xs)ds
)
, t ∈ J = [0, b], q ∈ (0, 1),

x0(φ) + (g(xt1 , xt2 , . . . , xtn))(φ) = χ(φ), φ ∈ [−d, 0],

 (4.1)

where X and Y are Banach spaces, A:D(A) ⊆ X → Y and B:D(B) ⊆ X → Y are
linear operators, f : J × C × X → Y , h: ∆ × C → X, where C := C([−d, 0], X) and
∆ = {(t, s) ∈ R2|0 ≤ s ≤ t ≤ b}, are given functions.
For x ∈ C([−d, b], X) and each t ∈ [0, b], xt ∈ C is defined by

xt(φ) = x(t+ φ),

where χ ∈ C, g: Cn → C with χ(0) ∈ D(B) and (g(xt1 , xt2 , . . . , xtn))(0) ∈ D(B) are given
functions.

4.1 Preliminaries

The following notations are used throughout the present work:

X and Y are Banach spaces, respectively, with norms ‖.‖
X
and ‖.‖

Y
.

B(Y ) is a Banach space of all bounded linear operators on Y with the norm ‖.‖
B(Y )

.
For a linear operator T in Y , ρ(T ) is the resolvent set of T while R(λ : T ), with λ ∈ ρ(T ),
denotes the resolvent of T .

Let J be a closed interval and C(J,X) be the Banach space of all continuous functions
from J to X with respect to the supremum norm. Let C denote the space C([−d, 0], X)

with the norm ‖x‖C and D denote the space C([−d, b], X) with the norm ‖.‖D .
Take R+ = [0,∞) and J = [0, b].
It is assumed that the operators A and B satisfy the hypotheses as follows [11]:

(i) A and B are closed,
(ii) D(B) ⊂ D(A) and B is bijective,
(iii) B−1:Y → D(B) is continuous,
(iv) For each t ∈ [0, b] and for some λ ∈ ρ(−AB−1), R(λ : −AB−1) is a compact operator.

Hypotheses (i)-(ii) and the closed graph theorem together give the boundedness of
the linear operator AB−1:Y → Y .

Lemma 4.1.1. [11] Let T (t) be a uniformly continuous semigroup. If R(λ;A) is compact
for every λ ∈ ρ(A), then T (t) is a compact semigroup.

It follows that a compact semigroup {Q(t)}t≥0 in Y is generated by the operator
−AB−1. It is further assumed that there exists a constantM

Q
> 1 such that supt∈J‖Q(t)‖

B(Y )

≤M
Q
.
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4.2 Mild Solution

Definition 4.2.1. A mild solution of problem (4.1) means a function x ∈ D which satisfies

x(t) = B−1Sq(t)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]

+

∫ t

s=0

(t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)
ds,

t ∈ J = [0, b],

x0(φ) + (g(xt1 , xt2 , . . . , xtn))(φ) = χ(φ), φ ∈ [−d, 0],

(4.2)

where

Sq(t)x =

∫ ∞
0

ξq(ω)Q(tqω)xdω,

Tq(t)x = q

∫ ∞
0

ωξq(ω)Q(tqω)xdω,

ξq(ω) =
1

q
ω−1− 1

q w̄q(ω
− 1
q ),

w̄q(ω) =
1

π

∞∑
n=0

(−1)n−1ω−(qn+1) Γ(qn+ 1)

n!
sin(nπq),

with ξq(ω) being a probability density function on (0,∞) satisfying

ξq(ω) ≥ 0,

∫ ∞
0

ξq(ω)dω = 1, ω ∈ (0,∞).

Lemma 4.2.1. The bounded linear operators Sq(t) and Tq(t) satisfy the following properties:
(i) for any fixed t ≥ 0 and y ∈ Y ,

‖Sq(t)y‖Y≤M
Q
‖y‖

Y
and ‖Tq(t)y‖Y≤

M
Q

Γ(q)
‖y‖

Y
,

(ii) {Sq(t)}t≥0 and {Tq(t)}t≥0 are strongly continuous,
(iii) if {T (t)}t>0 is compact, then {Sq(t)}t>0 and {Tq(t)}t>0 are compact operators.

Lemma 4.2.2. Assume that {T (t)}t>0 is compact. Then {T (t)}t>0 is equicontinuous.

Lemma 4.2.3. For q ∈ (0, 1] and 0 < a ≤ b, we have |aq − bq|≤ (b− a)q.

4.3 Main Results

Let Br, for each r > 0, denote the closed ball of radius r in D.

Theorem 4.3.1. Assume that
(Hf1) for the function f : J × C ×X → Y , the following conditions hold:
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(i) for each (φ, x) ∈ C ×X, the function t→ f(t, φ, x) is strongly measurable.
(ii) f : J × C × X → Y is continuous and there exist a constant q1 ∈ (0, q) and two
functions f1, f2 ∈ L

1
q1 (J,R+) such that

‖f(t, φ1, x)− f(t, φ2, x2)‖
Y
≤ f1(t)‖φ1 − φ2‖C+f2(t)‖x1 − x2‖X ,

for all φi ∈ C, xi ∈ X (i = 1, 2), a.e. t ∈ J = [0, b], and Jq0+k ∈ C(J,R+), where
k(t) := tf2(t), t ∈ J .
(Hh1) for a continuous function h: ∆ × C → X and a constant H > 0, the following is
satisfied: ∫ t

0

‖h(t, s, xs)− h(t, s, ys)‖Xds ≤ H‖xs − ys‖C ,

for all xs, ys ∈ C and (t, s) ∈ ∆.
(Hg1) for a function g: Cn → C, a constant G > 0 exists such that

‖g(xt1 , . . . , xtn)− g(yt1 , . . . , ytn)‖C≤ G‖x− y‖D , for x, y ∈ D.

Then, problem (4.1) has a unique mild solution x ∈ D subject to

Θ := M
Q
‖B−1‖

[
‖B‖G+

1

Γ(q)

bq−q1(
q−q1
1−q1

)1−q1

(
‖f1‖

L
1
q1

+H‖f2‖
L

1
q1

)]
< 1.

Proof. Consider a map T defined on D by

(Tx)(t) =


B−1Sq(t)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]

+
∫ t
s=0

(t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s
0
h(s, τ, xτ )dτ

)
ds, t ∈ J = [0, b],

χ(t)− (g(xt1 , xt2 , . . . , xtn))(t), t ∈ [−d, 0].

To show that T is well-defined on Br, r > 0:

Define a function v ∈ D such that ‖v‖
X
≡ 0 for each t ∈ [−d, b]. Then for any r > 0

and x ∈ Br, the following can be obtained for t ∈ [0, b]:∫ t

s=0

∥∥∥(t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

X

ds

≤
∫ t

s=0

∥∥∥(t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

X

ds

≤ ‖B−1‖
M

Q

Γ(q)

∫ t

s=0

(t− s)q−1
∥∥∥f(s, xs, ∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

Y

ds.
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Using (Hf1) and (Hh1), we have∥∥∥∥f(s, xs,∫ s

0

h(s, τ, xτ )dτ
)∥∥∥∥

Y

≤ f1(s)‖xs − vs‖C+f2(s)

∥∥∥∥∫ s

0

h(s, τ, xτ )dτ

∥∥∥∥
X

+ ‖f(s, vs, 0)‖
Y

≤ f1(s)r +Hrf2(s) +H1sf2(s) + F,

where ‖h(t, s, 0)‖
X
≤ H1 ∀ (t, s) ∈ ∆ and ‖f(t, 0, 0)‖

Y
≤ F ∀ t ∈ J .

Therefore, by using Hölder’s inequality, the following can be obtained:∫ t

s=0

∥∥∥(t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

X

ds

≤ ‖B−1‖
M

Q

Γ(q)

[
r

bq−q1(
q−q1
1−q1

)1−q1

(
‖f1‖

L
1
q1

+H‖f2‖
L

1
q1

)

+H1b
1+q−q1

{
Γ
(

2−q1
1−q1

)
Γ
(
q−q1
1−q1

)
Γ
(

2+q−2q1
1−q1

) }1−q1

‖f2‖
L

1
q1

+F
bq

q

]
.

It means that
∥∥∥(t−s)q−1B−1Tq(t−s)f

(
s, xs,

∫ s
0
h(s, τ, xτ )

)∥∥∥
X

is Lebesgue integrable with

respect to s ∈ [0, t] ∀ t ∈ [0, b]. Therefore, (t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s
0
h(s, τ, xτ )

)
is

Bochner integrable with respect to s ∈ [0, t] for all t ∈ [0, b]. Hence, (Tx)(.) is well-defined
on [0, b] for any x ∈ Br.

Also, (Tx)(.) is well-defined on [−d, 0] for any x ∈ Br. Thus, T is well-defined on
Br ⊂ D.

To show that Tx ∈ D for x ∈ D:

Let x ∈ D and −d ≤ s1 < s2 ≤ 0. Then

‖(Tx)(s2)− (Tx)(s1)‖
X

≤ ‖χ(s2)− χ(s1)‖
X

+‖(g(xt1 , xt2 , . . . , xtn))(s2)− (g(xt1 , xt2 , . . . , xtn))(s1)‖
X

−→ 0 as s2 → s1.

Let 0 < s1 < s2 ≤ b. Then

‖(Tx)(s2)− (Tx)(s1)‖
X
≤ ‖B−1Sq(s2)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]

−B−1Sq(s1)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]‖
X

+

∥∥∥∥∫ s2

s=0

(s2 − s)q−1B−1Tq(s2 − s)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)
ds

−
∫ s1

s=0

(s1 − s)q−1B−1Tq(s1 − s)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)
ds

∥∥∥∥
X

.
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Now, using Lemma 4.2.1(ii), we have

‖B−1Sq(s2)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]−B−1Sq(s1)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]‖
X

≤ ‖B−1‖‖Sq(s2)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]− Sq(s1)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]‖
Y

−→ 0 as s2 → s1

and ∥∥∥∥∫ s2

s=0

(s2 − s)q−1B−1Tq(s2 − s)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)
ds

−
∫ s1

s=0

(s1 − s)q−1B−1Tq(s1 − s)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)
ds

∥∥∥∥
X

≤ ‖B−1‖
M

Q

Γ(q)

∫ s2

s1

(s2 − s)q−1

∥∥∥∥f(s, xs,∫ s

0

h(s, τ, xτ )dτ
)∥∥∥∥

Y

ds

+ ‖B−1‖
∫ s1

0

(s1 − s)q−1

∥∥∥∥[Tq(s2 − s)− Tq(s1 − s)]f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)∥∥∥∥

Y

ds

+

∥∥∥∥∫ s1

0

[(s2 − s)q−1 − (s1 − s)q−1]B−1Tq(s2 − s)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)
ds

∥∥∥∥
X

=: I1 + I2 + I3,

where

I1 = ‖B−1‖
M

Q

Γ(q)

∫ s2

s1

(s2 − s)q−1

∥∥∥∥f(s, xs, ∫ s

0

h(s, τ, xτ )dτ
)∥∥∥∥

Y

ds,

I2 = ‖B−1‖
∫ s1

0

(s1 − s)q−1

∥∥∥∥[Tq(s2 − s)− Tq(s1 − s)]f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)∥∥∥∥

Y

ds,

I3 =

∥∥∥∥∫ s1

0

[(s2 − s)q−1 − (s1 − s)q−1]B−1Tq(s2 − s)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)
ds

∥∥∥∥
X

.

Now,

I1 ≤ ‖B−1‖
M

Q

Γ(q)

[
‖x‖D

(s2 − s1)q−q1(
q−q1
1−q1

)1−q1

(
‖f1‖

L
1
q1

+H‖f2‖
L

1
q1

)
+ I ′1 + F

(s2 − s1)q

q

]
,

where

I ′1 = H1

∫ s2

s1

(s2 − s)q−1sf2(s)ds

≤ H1

∣∣∣∣ ∫ s2

0

(s2 − s)q−1sf2(s)ds−
∫ s1

0

(s1 − s)q−1sf2(s)ds

∣∣∣∣
+H1

∣∣∣∣ ∫ s1

0

[(s1 − s)q−1 − (s2 − s)q−1]sf2(s)ds

∣∣∣∣
=: I11 + I12,
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with

I11 := H1

∣∣∣∣ ∫ s2

0

(s2 − s)q−1sf2(s)ds−
∫ s1

0

(s1 − s)q−1sf2(s)ds

∣∣∣∣
−→ 0 as s2 → s1 (using (Hf1))

and

I12 := H1

∣∣∣∣ ∫ s1

0

[(s1 − s)q−1 − (s2 − s)q−1]sf2(s)ds

∣∣∣∣
≤ H1

∫ s1

0

[(s1 − s)q−1 − (s2 − s)q−1]sf2(s)ds.

Now we have
[(s1 − s)q−1 − (s2 − s)q−1]sf2(s) ≤ (s1 − s)q−1sf2(s)

and since
∫ s1

0
(s1 − s)q−1sf2(s)ds exists, therefore Lebesgue’s dominated convergence the-

orem gives I12 → 0 as s2 → s1. Thus, I1 → 0 as s2 → s1.

I2 ≤ ‖B−1‖
∫ s1

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )[f1(s)‖x‖D+Hf2(s)‖x‖D

+H1f2(s)s+ F ]ds

=: I21 + I22 + I23 + I24,

where

I21 = ‖B−1‖‖x‖D
∫ s1

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
f1(s)ds,

I22 = H‖B−1‖‖x‖D
∫ s1

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
f2(s)ds,

I23 = H1‖B−1‖
∫ s1

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
sf2(s)ds,

I24 = F‖B−1‖
∫ s1

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
ds.

Let us consider ε > 0 to be sufficiently small. Consequently,

I21 = ‖B−1‖‖x‖D
∫ s1−ε

0

(s1 − s)q−1f1(s)‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
ds

+ ‖B−1‖‖x‖D
∫ s1

s1−ε
(s1 − s)q−1f1(s)‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )

ds

≤ ‖B−1‖‖x‖D
∫ s1

0

(s1 − s)q−1f1(s)ds sup
s∈[0,s1−ε]

‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
ds

+
εq−q1(

q−q1
1−q1

)1−q1 ‖f1‖
L

1
q1

.
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As Tq(t) is known to be continuous in the uniform operator topology for t > 0, we have
I21 → 0 as s2 → s1, ε → 0. Similarly, it can be shown that I22, I23 and I24 also tend to
zero as s2 → s1, ε→ 0. Therefore, I2 → 0 as s2 → s1.
Now

I3 ≤ ‖B−1‖
M

Q

Γ(q)
‖x‖D

∫ s1

0

[(s1 − s)q−1 − (s2 − s)q−1]f1(s)ds

+H‖B−1‖
M

Q

Γ(q)
‖x‖D

∫ s1

0

[(s1 − s)q−1 − (s2 − s)q−1]f2(s)ds

+H1‖B−1‖
M

Q

Γ(q)

∫ s1

0

[(s1 − s)q−1 − (s2 − s)q−1]f(s)sds

+ F‖B−1‖
M

Q

Γ(q)

∫ s1

0

[(s1 − s)q−1 − (s2 − s)q−1]ds

=: I31 + I32 + I33 + I34.

We have

I31 = ‖B−1‖
M

Q

Γ(q)
‖x‖D

∫ s1

0

[(s1 − s)q−1 − (s2 − s)q−1]f1(s)ds

≤ ‖B−1‖
M

Q

Γ(q)
‖x‖D

‖f1‖
L

1
q1(

q−q1
1−q1

)1−q1 (s2 − s1)q−q1

−→ 0 as s2 → s1.

Similarly, it can be shown that I32, I33 and I34 also tend to zero as s2 → s1. Therefore,
I3 → 0 as s2 → s1.

Thus, for 0 < s1 < s2 ≤ b,

‖(Tx)(s2)− (Tx)(s1)‖
X
−→ 0 as s2 → s1.

Therefore, Tx ∈ D for any x ∈ D.

In order to show that T has a unique fixed point on D, it needs to be established that
T has a unique fixed point on Br0 ⊂ D where r0 satisfies

r0 ≥M
Q
‖B‖‖B−1‖(‖χ‖C+‖g(vt1 , vt2 , . . . , vtn)‖C) + Θr0

+H1b
1+q−q1

{
Γ
(

2−q1
1−q1

)
Γ
(
q−q1
1−q1

)
Γ
(

2+q−2q1
1−q1

) }1−q1

‖f2‖
L

1
q1

+F
bq

q
.

To show that T (Br0) ⊂ Br0 .
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For x ∈ Br0 and t ∈ [0, b], the following is obtained:

‖(Tx)(t)‖
X
≤ ‖B−1Sq(t)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]‖

X

+

∥∥∥∥∫ t

s=0

(t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)
ds

∥∥∥∥
X

≤M
Q
‖B‖‖B−1‖(‖χ‖C+Gr0 + ‖g(vt1 , vt2 , . . . , vtn)‖C)

+ ‖B−1‖
M

Q

Γ(q)

[
r0

bq−q1(
q−q1
1−q1

)1−q1

(
‖f1‖

L
1
q1

+H‖f2‖
L

1
q1

)

+H1b
1+q−q1

{
Γ
(

2−q1
1−q1

)
Γ
(
q−q1
1−q1

)
Γ
(

2+q−2q1
1−q1

) }1−q1

‖f2‖
L

1
q1

+F
bq

q

]
,

and for t ∈ [−d, 0],

‖(Tx)(t)‖
X
≤ ‖χ(t)‖

X
+‖(g(xt1 , xt2 , . . . , xtn))(t)‖

X

≤ ‖χ‖C+Gr0 + ‖g(vt1 , vt2 , . . . , vtn)‖C .

Thus, Tx ∈ Br0 for any x ∈ Br0 .
To show that T is a contraction on Br0 .

Let x, y ∈ Br0 . For t ∈ [0, b], using (Hf1), (Hh1) and (Hg1), we have

‖(Tx)(t)− (Ty)(t)‖
X

≤M
Q
‖B‖‖B−1‖‖(g(xt1 , xt2 , . . . , xtn))(0)− (g(yt1 , yt2 , . . . , ytn))(0)‖

X

+ ‖B−1‖
M

Q

Γ(q)

∫ t

s=0

(t− s)q−1
∥∥∥f(s, xs,∫ s

0

h(s, τ, xτ )dτ
)
− f

(
s, ys,

∫ s

0

h(s, τ, yτ )dτ
)∥∥∥

Y

ds

≤M
Q
G‖B‖‖B−1‖‖x− y‖D+‖B−1‖

M
Q

Γ(q)

(∫ t

0

(t− s)q−1f1(s)ds
)
‖x− y‖D

+ ‖B−1‖
M

Q

Γ(q)

∫ t

s=0

(t− s)q−1
(∫ s

0

‖h(s, τ, xτ )− h(s, τ, yτ )‖Xdτ
)
f2(s)ds

≤ Θ‖x− y‖D .

Also, for t ∈ [−d, 0],
‖(Tx)(t)− (Ty)(t)‖

X
≤ G‖x− y‖D .

Therefore,
‖Tx− Ty‖

D
≤ Θ‖x− y‖D .

Therefore, by means of Banach fixed point theorem, it is established that T has a unique
fixed point in D.

Theorem 4.3.2. Assume that
(Hf2) there exists a function f : J × C ×X → Y such that
(i) for a.e. t ∈ J , the function (φ, x) → f(t, φ, x) is continuous, and for each (φ, x) ∈
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C ×X, the function t→ f(t, φ, x) is strongly measurable,
(ii) there exist a constant q1 ∈ (0, q) and positive functions f1, f2, f3 ∈ L

1
q1 (J,R+) such

that
‖f(t, φ, x)‖

Y
≤ f1(t) + f2(t)‖φ‖C+f3(t)‖x‖

X
,

for any φ ∈ C, x ∈ X and t ∈ J .
(Hh2) there exists a function h: ∆× C → X such that
(i) for each (t, s) ∈ ∆, the function h(t, s, .): C → X is continuous, and for each x ∈ X,
the function h(., ., x): ∆→ X is strongly measurable,
(ii) there exists a function H(t, s) ∈ C(∆,R+) such that

‖h(t, s, φ)‖
X
≤ H(t, s)‖φ‖C , for (t, s) ∈ ∆, φ ∈ C

and H∗ = supt∈J
∫ t

0
H(t, s)ds <∞,

and (Hg1) holds. Then problem (4.1) admits a mild solution in D subject to

Σ := M
Q
‖B−1‖

[
‖B‖G+

1

Γ(q)

bq−q1(
q−q1
1−q1

)1−q1

(
‖f2‖

L
1
q1

+H∗‖f3‖
L

1
q1

)]
< 1.

Proof. Consider a map T defined on D by

(Tx)(t) =


B−1Sq(t)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]

+
∫ t
s=0

(t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s
0
h(s, τ, xτ )dτ

)
ds, t ∈ J = [0, b],

χ(t)− (g(xt1 , xt2 , . . . , xtn))(t), t ∈ [−d, 0].

Then under the given assumptions, it is clearly evident that the map T is well-defined on
Br for each r > 0.

Choose

r0 ≥M
Q
‖B‖‖B−1‖(‖χ‖C+‖g(vt1 , vt2 , . . . , vtn)‖C) + Σr0 + ‖B−1‖

M
Q

Γ(q)

bq−q1(
q−q1
1−q1

)1−q1 ‖f1‖
L

1
q1

and define two operators T1 and T2 on Br0 given by

(T1x)(t) =

B−1Sq(t)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)], t ∈ J = [0, b],

χ(t)− (g(xt1 , xt2 , . . . , xtn))(t), t ∈ [−d, 0],

and

(T2x)(t) =


∫ t
s=0

(t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s
0
h(s, τ, xτ )dτ

)
ds, t ∈ J = [0, b],

0, t ∈ [−d, 0].
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Step I: To show that T1x+ T2y ∈ Br whenever x, y ∈ Br.

Proceeding in a similar manner as followed in Theorem 4.3.1, it can be shown that
T1x, T2x ∈ D for any x ∈ Br0 . For x, y ∈ Br0 and t ∈ [−d, 0], the following can be
obtained:

‖(T1x)(t) + (T2x)(t)‖
X
≤ ‖χ‖C+Gr0 + ‖g(vt1 , vt2 , . . . , vtn)‖C .

Now, for t ∈ [0, b],

‖(T1x)(t) + (T2x)(t)‖
X
≤M

Q
‖B‖‖B−1‖(‖χ‖C+Gr0 + ‖g(vt1 , vt2 , . . . , vtn)‖C)

+ ‖B−1‖
M

Q

Γ(q)

bq−q1(
q−q1
1−q1

)1−q1

(
‖f1‖

L
1
q1

+‖f2‖
L

1
q1

r0 +H∗‖f3‖
L

1
q1

r0

)
.

Therefore, T1x+ T2y ∈ Br0 for any x, y ∈ Br0 .
Step II: To show that T1 is a contraction.

For x, y ∈ Br0 and t ∈ [−d, b], we have

‖(T1x)(t)− (T1y)(t)‖
X
≤M

Q
‖B‖‖B−1‖G‖x− y‖D

which shows that T1 is a contraction.
Step III: To show that T2 is completely continuous.
{T2x|x ∈ Br0} is uniformly bounded: It follows easily from Step I.
{T2x|x ∈ Br0} is equicontinuous: Let x ∈ Br0 and 0 ≤ s1 < s2 ≤ b. Then

‖(T2x)(s2)− (T2x)(s1)‖
X

≤ ‖B−1‖
M

Q

Γ(q)

∫ s2

s1

(s2 − s)q−1
∥∥∥f(s, xs, ∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

Y

ds

+ ‖B−1‖
M

Q

Γ(q)

∫ s1

0

[(s1 − s)q−1 − (s2 − s)q−1]
∥∥∥f(s, xs,∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

Y

ds

+ ‖B−1‖
∫ s1

0

(s1 − s)q−1‖[Tq(s2 − s)− Tq(s1 − s)]‖B(Y )

×
∥∥∥f(s, xs,∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

Y

ds

=: I1 + I2 + I3,

where

I1 = ‖B−1‖
M

Q

Γ(q)

∫ s2

s1

(s2 − s)q−1
∥∥∥f(s, xs,∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

Y

ds,

I2 = ‖B−1‖
M

Q

Γ(q)

∫ s1

0

[(s1 − s)q−1 − (s2 − s)q−1]
∥∥∥f(s, xs, ∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

Y

ds,

I3 = ‖B−1‖
∫ s1

0

(s1 − s)q−1‖[Tq(s2 − s)− Tq(s1 − s)]‖B(Y )

∥∥∥f(s, xs,∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

Y

ds.
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Now, using (Hf2), we get

I1 ≤ ‖B−1‖
M

Q

Γ(q)

∫ s2

s1

(s2 − s)q−1

{
f1(s) + f2(s)‖xs‖C+f3(s)

∥∥∥∫ s

0

h(s, τ, xτ )dτ
∥∥∥
X

}
ds

≤ ‖B−1‖
M

Q

Γ(q)

(s2 − s1)q−q1(
q−q1
1−q1

)1−q1

[
‖f1‖

L
1
q1

+‖x‖D‖f2‖
L

1
q1

+H∗‖x‖D‖f3‖
L

1
q1

]
−→ 0 as s2 → s1.

Similarly,

I2 ≤ ‖B−1‖
M

Q

Γ(q)

∫ s1

0

[(s1 − s)q−1 − (s2 − s)q−1]

(
f1(s) + f2(s)‖xs‖C

+ f3(s)
∥∥∥∫ s

0

h(s, τ, xτ )dτ
∥∥∥
X

)
ds

≤ ‖B−1‖
M

Q

Γ(q)

(s2 − s1)q−q1(
q−q1
1−q1

)1−q1

[
‖f1‖

L
1
q1

+‖x‖D‖f2‖
L

1
q1

+H∗‖x‖D‖f3‖
L

1
q1

]
−→ 0 as s2 → s1.

We further have

I3 ≤ ‖B−1‖
∫ s1

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
f1(s)ds

+ ‖x‖D‖B−1‖
∫ s1

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
f2(s)ds

+H∗‖x‖D‖B−1‖
∫ s1

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
f3(s)ds

=: I31 + I32 + I33,

where

I31 = ‖B−1‖
∫ s1

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
f1(s)ds,

I32 = ‖x‖D‖B−1‖
∫ s1

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
f2(s)ds,

I33 = H∗‖x‖D‖B−1‖
∫ s1

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
f3(s)ds.

For s1 = 0 and 0 < s2 ≤ b, I3 = 0. Therefore, for s1 > 0 and ε > 0 small enough,

I31 = ‖B−1‖
∫ s1−ε

0

(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )
f1(s)ds

+ ‖B−1‖
∫ s1

s1−ε
(s1 − s)q−1‖Tq(s2 − s)− Tq(s1 − s)‖B(Y )

f1(s)ds.

Now, following similar arguments as in Theorem 4.3.1, it can be shown that I31, I32 and
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I33 tend to zero as s2 → s1, ε → 0. Thus, ‖(T2x)(s2) − (T2x)(s1)‖
X
→ 0 as s2 → s1

implying that {T2x|x ∈ Br0} is equicontinuous.
Step IV: To show that T2 is continuous on Br0 :

Let (x(k)) ⊂ Br0 and x ∈ Br0 such that x(k) → x as k →∞. Then, for t ∈ [0, b], we have

‖(T2x
(k))(t)− (T2x)(t)‖

X
≤ ‖B−1‖

M
Q

Γ(q)

∫ t

s=0

(t− s)q−1
∥∥∥f(s, x(k)

s ,

∫ s

0

h(s, τ, x(k)
τ )dτ)

− f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

Y

ds.

Using (Hh2) and Lebesgue’s dominated convergence theorem, we get∫ s

0

h(s, τ, x(k)
τ )dτ −→

∫ s

0

h(s, τ, xτ )dτ as k →∞.

Consequently,

f
(
s, x(k)

s ,

∫ s

0

h(s, τ, x(k)
τ )dτ

)
−→ f

(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)

as k →∞.

Also, for each t ∈ J ,

(t− s)q−1
∥∥∥f(s, x(k)

s ,

∫ s

0

h(s, τ, x(k)
τ )dτ

)
− f

(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

Y

≤ 2(t− s)q−1[f1(s) + r0f2(s) + r0H
∗f3(s)],

which is integrable for s ∈ [0, t) and t ∈ [0, b]. Hence, application of Lebesgue’s dominated
convergence theorem gives∫ t

s=0

(t− s)q−1
∥∥∥f(s, x(k)

s ,

∫ s

0

h(s, τ, x(k)
τ )dτ

)
− f

(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)∥∥∥

Y

ds

−→ 0 as k →∞.

Therefore, T2 is continuous on Br0 .
Step V: To show that, for any t ∈ [−d, b], {(T2x)(t)|x ∈ Br0} is relatively compact in X:

Let V (t) = {(T2x)(t)|x ∈ Br0}, t ∈ [−d, b].
For t ∈ [−d, 0], it is obvious that V (t) is relatively compact in X.
Now, letting 0 < t ≤ b to be fixed and ∀ ε ∈ (0, t), ∀ θ > 0, the following operator

T ε,θ2 is defined:

(T ε,θ2 x)(t) = B−1

∫ t−ε

0

∫ ∞
θ

qω(t− s)q−1ξq(ω)Q((t− s)qω)f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)
dωds

= B−1Q(εqθ)

∫ t−ε

0

∫ ∞
θ

qω(t− s)q−1ξq(ω)Q((t− s)qω − εqθ)

× f
(
s, xs,

∫ s

0

h(s, τ, xτ )dτ
)
dωds.
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From the compactness of Q(εqθ), (εqθ > 0), it is established that the set V ε,θ(t) =

{(T ε,θ2 x)(t)|x ∈ Br0} is relatively compact in X ∀ ε ∈ (0, t) and ∀ θ > 0. Also, for
any x ∈ Br0 , the following holds:

‖(T2x)(t)− (T ε,θ2 x)(t)‖
X
≤ q‖B−1‖

M
Q(

q−q1
1−q1

)1−q1

(
‖f1‖

L
1
q1

+r0‖f2‖
L

1
q1

+r0H
∗‖f3‖

L
1
q1

)

×
[
bq−q1

∫ θ

0

ωξq(ω)dω +
εq−q1

Γ(q + 1)

]
−→ 0 as ε→ 0, θ → 0.

Therefore, application of Arzelá-Ascoli theorem tells that {T2x|x ∈ Br0} is relatively
compact which in turn implies that T2 is completely continuous.

Consequently, Krasnoselskii’s fixed point theorem guarantees that T1 + T2 has a fixed
point on Br0 ⊂ D.

Theorem 4.3.3. Assume that earlier hypotheses (Hf2), (Hh2) and the following condition
hold:

(Hg2) g: Cn → C is completely continuous and there exist constants G1, G2 > 0 such that

‖g(xt1 , . . . , xtn)‖C≤ G1‖x‖D+G2, for all x ∈ D.

Then problem (4.1) admits a mild solution in D provided

Π := M
Q
‖B−1‖

[
‖B‖G1 +

1

Γ(q)

bq−q1(
q−q1
1−q1

)1−q1

(
‖f2‖

L
1
q1

+H∗‖f3‖
L

1
q1

)]
< 1.

Proof. The proof can be accomplished in a similar manner like the one for Theorem 4.3.2.
Therefore, only the new steps in this proof are presented.

Consider a map T defined on D by

(Tx)(t) =


B−1Sq(t)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]

+
∫ t
s=0

(t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s
0
h(s, τ, xτ )dτ

)
ds, t ∈ J = [0, b],

χ(t)− (g(xt1 , xt2 , . . . , xtn))(t), t ∈ [−d, 0].

Then T is well-defined on Br for each r > 0 and T (Br0) ⊂ Br0 where r0 is chosen such
that

r0 ≥M
Q
‖B‖‖B−1‖(‖χ‖C+G2) + Πr0 + ‖B−1‖

M
Q

Γ(q)

bq−q1(
q−q1
1−q1

)1−q1 ‖f1‖
L

1
q1

.
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The operator T is split into the following two operators T1 and T2 on Br0 :

(T1x)(t) =

B−1Sq(t)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)], t ∈ J = [0, b],

0, t ∈ [−d, 0],

and

(T2x)(t) =


∫ t
s=0

(t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s
0
h(s, τ, xτ )dτ

)
ds, t ∈ J = [0, b],

χ(t)− (g(xt1 , xt2 , . . . , xtn))(t), t ∈ [−d, 0].

In order to show that T has a unique fixed point on D, it is required to establish that T
is completely continuous on Br0 .

Obviously {Tx|x ∈ Br0} is uniformly bounded and that {Tx|x ∈ Br0} is equicon-
tinuous follows from Theorem 4.3.2 and Lemma 4.2.1. Further, (Hg2) gives that T is
continuous on Br0 . In order to establish that, for any t ∈ [−d, b], {(Tx)(t)|x ∈ Br0} is
relatively compact in X, it is sufficient to show that, for t ∈ [−d, 0], {(T1x)(t)|x ∈ Br0}
and {(T2x)(t)|x ∈ Br0} are relatively compact in X. The fact that {(T2x)(t)|x ∈ Br0} is
relatively compact for t ∈ [−d, b] in X follows easily from hypothesis (Hg2) and Theorem
4.3.2.

Let V (t) = {(T1x)(t)|x ∈ Br0}, t ∈ [−d, b]. For t ∈ [−d, 0], it is obvious that V (t) =

{0} which is relatively compact in X.
Now, for 0 < t ≤ b fixed and ∀ θ > 0, an operator T θ1 is defined by

(T θ1 x)(t) = B−1

∫ ∞
θ

ξq(ω)Q(tqω)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]dω

= B−1Q(εqθ)

∫ ∞
θ

ξq(ω)Q(tqω − εqθ)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)]dω.

From the compactness ofQ(εqθ), (εqθ > 0), it is obtained that the set V θ(t) = {(T θ1 x)(t)|x ∈
Br0} is relatively compact in X ∀ θ > 0. Now, for any x ∈ Br0 , the following holds:

‖(T1x)(t)− (T θ1 x)(t)‖
X
≤M

Q
‖B‖‖B−1‖[‖χ‖C+G1r0 +G2]

∫ θ

0

ξq(ω)dω

−→ 0 as ε→ 0, θ → 0,

which gives {(T1x)(t)|x ∈ Br0}, for t ∈ [−d, b], to be relatively compact in X. By
Arzelá-Ascoli theorem, is can be concluded that {Tx|x ∈ Br0} is relatively compact.
Therefore, γ1(T (Br0)) = 0 and subsequently, by Darbo-Sadovskii’s fixed point theorem,
it is established that T has a fixed point in Br0 ⊂ D which is the mild solution of problem
(4.1).

For establishing the results of the next theorem, we consider γ
X
, γC and γD to be the

Hausdorff measure of noncompactness in X, C and D, respectively.
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Theorem 4.3.4. Assume that
(Hf3) f : J × C ×X → Y satisfies the following:
(i) for a.e. t ∈ J , the function (φ, x) → f(t, φ, x) is continuous, and for each (φ, x) ∈
C ×X, the function t→ f(t, φ, x) is strongly measurable,
(ii) there exist a function F ∈ L1(J,R+) and a monotone decreasing function F :R+ → R+

such that
‖f(t, φ, x)‖

Y
≤ F (t)F (‖φ‖C+‖x‖X ),

for a.e. t ∈ J , φ ∈ C and x ∈ X, and Jq0+F ∈ C(J,R+).
(iii) there exists a function N(t, s) ∈ C(∆,R+) such that

γ
X

(
B−1Tq(t− s)f(s, C̃,D)

)
≤ N(t, s)

[
sup

θ∈[−d,0]

γ
X

(C̃(θ)) + γ
X

(D)

]
,

for every bounded subsets C̃ ⊂ C and D ⊂ X.
(Hh3) h: ∆× C → X satisfies the following:
(i) for each (t, s) ∈ ∆, the function h(t, s, .): C → X is continuous, and for each x ∈ X,
the function h(., ., x): ∆→ X is strongly measurable,
(ii) there exist a function L(t, s) ∈ C(∆,R+) and a monotone nondecreasing continuous
function L:R+ → R+ such that

‖h(t, s, φ)‖
X
≤ L(t, s)L(‖φ‖C), for (t, s) ∈ ∆, φ ∈ C

and L∗ = supt∈J
∫ t

0
L(t, s)ds <∞.

(iii) there exists a function H(t, s) ∈ C(∆,R+) such that for any bounded set C̃ ⊂ C,

γ
X

(h(t, s, C̃)) ≤ H(t, s) sup
θ∈[−d,0]

γ
X

(C̃(θ))

and H∗ = supt∈J
∫ t

0
H(t, s)ds <∞.

(Hg3) g: Cn → C is continuous and
(i) there exists a monotone nondecreasing continuous function G:R+ → R+ such that

‖g(xt1 , . . . , xtn)‖C≤ G(‖x‖D), for all x ∈ D,

(ii) there exists a constant G > 0 such that for any bounded subset Ω ⊂ D,

γC

(
g(Ωt1 , . . . ,Ωtn)

)
≤ GγD(Ω),

(Hr) there exists a constant r > 0 such that

M
Q
‖B−1‖‖B‖(‖χ‖C+G(r)) + F (r + L∗L(r))‖B−1‖M

Q
F ∗ ≤ r,
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where F ∗ = supt∈J J
q
0+F (t).

Then problem (4.1) has a mild solution in D provided

M
Q
‖B−1‖‖B‖G+ 4(1 + 2H∗) sup

t∈J

∫ t

0

(t− s)q−1N(t, s)ds < 1.

Proof. Defining an operator T :D→ D as in the previous theorem, proceeding in a similar
manner and by using the given assumptions, it can be shown that T is well-defined and
continuous on Br, for every r > 0. Also, we have T (Br) ⊆ Br, for r > 0, satisfying
assumption (Hr).

Then, T is split into two parts T1 and T2 as follows:

(T1x)(t) =

B−1Sq(t)B[χ(0)− (g(xt1 , xt2 , . . . , xtn))(0)], t ∈ J = [0, b],

χ(t)− (g(xt1 , xt2 , . . . , xtn))(t), t ∈ [−d, 0],

and

(T2x)(t) =


∫ t
s=0

(t− s)q−1B−1Tq(t− s)f
(
s, xs,

∫ s
0
h(s, τ, xτ )dτ

)
ds, t ∈ J = [0, b],

0, t ∈ [−d, 0].

Let Ω ⊆ Br be a bounded set. Then, by using the algebraically semi-additive property of
γD , we have

γD(T (Ω)) ≤ γD(T1(Ω)) + γD(T2(Ω)),

where

γD(T1(Ω)) ≤M
Q
‖B−1‖‖B‖GγD(Ω).

Next, by using Lemma 1.3.1, for ε > 0, we can choose {xn}∞n=1 ⊂ Ω such that

γD(T2(Ω)) ≤ 2γD(T2({xn}) + ε.

Because T2(Br) is equicontinuous, by using Lemma 1.3.4, we obtain

γD(T2({xn})) = sup
t∈[−d,b]

γ
X

(T2{xn}(t))

= sup
t∈[0,b]

γ
X

({∫ t

s=0

(t− s)q−1B−1Tq(t− s)f
(
s, (xn)s,

∫ s

0

h(s, τ, (xn)τ )dτ
)
ds

})
.

Then, by using Lemma 1.3.2, (Hf3)(iii) and (Hh3)(iii), we get

γ
X

({∫ t

s=0

(t− s)q−1B−1Tq(t− s)f
(
s, (xn)s,

∫ s

0

h(s, τ, (xn)τ )dτ
)
ds

})
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≤ 2

∫ t

s=0

(t− s)q−1N(t, s)

[
γC{(xn)s}+ γ

X

({∫ s

0

h(s, τ, (xn)τ )dτ

})]
ds

≤ 2(1 + 2H∗)γD(Ω) sup
t∈[0,b]

∫ t

0

(t− s)q−1N(t, s)ds.

Therefore,

γD(T2(Ω)) ≤
[
4(1 + 2H∗) sup

t∈J

∫ t

0

(t− s)q−1N(t, s)ds

]
γD(Ω),

since ε > 0 is arbitrary.
Thus

γD(T (Ω)) ≤
[
M

Q
‖B−1‖‖B‖G+ 4(1 + 2H∗) sup

t∈J

∫ t

0

(t− s)q−1K(t, s)ds

]
γD(Ω).

By using Lemma 1.3.5, it can be concluded that T has a fixed point in D, which is the
required mild solution of our problem.
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CHAPTER 5

Impulsive differential equations with Caputo fractional derivative

and Erdélyi-Kober type boundary conditions

Differential equations of impulsive nature arise in real world problems while describing the
dynamics of processes that exhibit sudden or discontinuous jumps. Now, for an impulsive
fractional differential equation, there are mainly two types as follows:
(i) appearance of the fractional derivative with a unique starting point: Dq = Dq

0,
(ii) appearance of the fractional derivative involving multiple starting points, i.e., Dq =

Dq
∗.
Wang [117] considered the following problem:

CDq
∗x(t) = F (t, x(t)), t ∈ [0, 1] \ {t1, t2, . . . , tl}, q ∈ (1, 2],

∆x(tκ) = Iκ(x(t−κ )), ∆x′(tκ) = Jκ(x(t−κ )), κ = 1, 2, . . . , l,

ax(0)− bx′(0) = x0, cx(1) + dx′(1) = x1.

Ahmad and Sivasundaram [10] examined the existence of the solution of the impulsive
problem governed by a fractional differential equation in Caputo derivative of the form

CDq
∗x(t) = F (t, x(t)), t ∈ [0, 1] \ {t1, t2, . . . , tl}, q ∈ (1, 2],

∆x(tκ) = Iκ(x(t−κ )), ∆x′(tκ) = Jκ(x(t−κ )), κ = 1, 2, . . . , l,

ax(0) + bx′(0) =

∫ 1

0

q1(x(s))ds, ax(1) + bx′(1) =

∫ 1

0

q2(x(s))ds.

It may be noted that integral boundary conditions have found their place in several
applications - mainly in computational fluid dynamics (CFD) and some other fields of
applied mathematics such as population dynamics, underground water flow, blood flow,
chemical engineering etc. Hemodynamic conditions can be completely characterized by

79
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CFD techniques under appropriate boundary conditions. But majority of the CFD-based
hemodynamic investigations constitute of in vitro conditions which cannot fully represent
the actual patient hemodynamic conditions [6, 87]. The difficulties caused are, in fact,
related to the prescribed boundary conditions because it is not always justifiable to assume
the geometry of the blood vessel to be circular. Therefore, it is advisable to utilize integral
boundary conditions to model blood flow problems more accurately.

An important fractional integral operator, known as Erdélyi-Kober fractional integral
operator, was defined and introduced by Erdélyi and Kober in 1940 [43]. Its usual ap-
plication is found in the theory of radiative transfer, kinetic theory of gases etc. For
some recent developments in this direction, we refer the readers to the works carried out
in [7,8,111]. To the best of the knowledge of the author, existence of solutions of boundary
value problems governed by impulsive fractional differential equations with an Erdélyi-
Kober integral operator has not been studied till date. To fill this gap, the following
integral boundary value problem is taken up:

CDq
∗x(t) = F (t, x(t)), t ∈ J ′ = J \ {t1, t2, . . . , tl}, q ∈ (1, 2),

∆x(tκ) = Iκ(x(t−κ )), κ = 1, 2, . . . , l,

∆x′(tκ) = Jκ(x(t−κ )), κ = 1, 2, . . . , l,

 (5.1)

with integral boundary conditions given by

x(0)− µ1x
′(0) =

∫ b

0

h(x(s))ds, x(b) = µ2I
α,β
γ x(ξ), ξ ∈ (0, t1), (5.2)

where J = [0, b], b > 0. Here, CDq
∗ represents the Caputo fractional derivative at the

base points t = tκ, κ = 1, 2, . . . , l, i.e., CDq
∗|(tκ,tκ+1]x(t) = CDq

t+κ
x(t) for all t ∈ (tκ, tκ+1].

The function F : J × R→ R is continuous, Iκ,Jκ ∈ C(R,R), κ = 1, 2, . . . , l, the function
h:R → R is given to be continuous, µ1 ≥ 0, µ2 > 0 are given constants. Further, Iα,βγ is
the Erdélyi-Kober fractional integral of order β > 0 where γ > 0, α ∈ R.

5.1 Preliminaries

Let 0 = t0 < t1 < . . . < tl < tl+1 = b. Then PC(J,R) = {x : J → R|x ∈
C((tκ, tκ+1],R), κ = 0, 1, . . . , l and x(t−κ ), x(t+κ ) exist, κ = 1, . . . , l, with x(t−κ ) = x(tκ)} is a
Banach space with respect to the norm ‖x‖

PC
= supt∈J |x(t)|. Denoting PC1(J,R) = {x ∈

PC(J,R)|ẋ ∈ PC(J,R)} and setting ‖x‖
PC1= ‖x‖

PC
+‖ẋ‖

PC
, we have (PC1(J,R), ‖.‖

PC1 )

as a Banach space.

Definition 5.1.1 ( [8]). The Erdélyi-Kober fractional integral of order of β > 0 with
TH-2695_156123019
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γ > 0, α ∈ R of a continuous function F : (0,∞)→ R is defined as follows:

Iα,βγ F (t) =
γt−γ(α+β)

Γ(β)

∫ t

0

sγα+γ−1F (s)

(tγ − sγ)1−β ds,

provided that the right-hand side is pointwise defined on R+.

Lemma 5.1.1 ( [7]). Let β > 0, γ > 0 and α, q ∈ R. Then

Iα,βγ tq =
tqΓ(α + q

γ
+ 1)

Γ(α + q
γ

+ β + 1)
.

Definition 5.1.2. A function x ∈ PC1(J,R) with its Caputo derivative of order q existing
on J is said to be a solution of (5.1) if it satisfies problem (5.1).

Lemma 5.1.2 ( [117]). Letting q > 0, the differential equation CDqF (t) = 0 has the
solution

F (t) = a0 + a1t+ . . .+ am−1t
m−1

where ai ∈ R, for i = 0, 1, . . . ,m− 1, m is the least integer ≥ q.

Lemma 5.1.3 ( [117]). Let q > 0. Then

Jq CDqF (t) = F (t) + a0 + a1t+ . . .+ am−1t
m−1

for some ai ∈ R, i = 0, 1, . . . ,m− 1, m is the least integer ≥ q.

Throughout this work, for each r > 0, Br represents the open ball of radius r in
PC(J,R), that is, Br = {x ∈ PC(J,R): ‖x‖

PC
< r}.

5.2 Main Results

For studying the existence of solution of problem (5.1) with boundary conditions given
by (5.2), we require the following lemma:

Lemma 5.2.1. The boundary value problem

CDq
∗x(t) = F (t, x(t)), t ∈ J ′ = J \ {t1, t2, . . . , tl}, q ∈ (1, 2),

∆x(tκ) = Iκ(x(t−κ )), κ = 1, 2, . . . , l,

∆x′(tκ) = Jκ(x(t−κ )), κ = 1, 2, . . . , l,

x(0)− µ1x
′(0) =

∫ b

0

h(x(s))ds, x(b) = µ2I
α,β
γ x(ξ), ξ ∈ (0, t1),


(5.3)
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is equivalent to the following integral equation

x(t) =



1
Γ(q)

∫ t
0
(t− s)q−1F (s, x(s))ds+M1 +M2t, t ∈ [0, t1],

1
Γ(q)

∫ t
tκ

(t− s)q−1F (s, x(s))ds+
κ∑
j=1

1

Γ(q)

∫ tj

tj−1

(tj − s)q−1F (s, x(s))ds

+
κ∑
j=1

t− tκ
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
κ∑
j=1

Ij(x(t−j ))

+
κ−1∑
j=1

tκ − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
κ∑
j=1

(t− tκ)Jj(x(t−j ))

+
κ−1∑
j=1

(tκ − tj)Jj(x(t−j )) +M1 +M2t, t ∈ (tκ, tκ+1], κ = 1, 2, . . . , l,

(5.4)

where

M1 = − 1

ω

[
− µ1µ2I

α,β
γ Jq0F (t, x(t))(ξ)− w2

∫ b

0

h(x(s))ds+ µ1

l∑
j=1

Ij(x(t−j ))

+ µ1

l∑
j=1

(b− tl)Jj(x(t−j )) + µ1

l−1∑
j=1

(tl − tj)Jj(x(t−j ) +
µ1

Γ(q)

l+1∑
j=1

∫ tj

tj−1

(tj − s)q−1F (s, x(s))ds

+ µ1

l∑
j=1

b− tl
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+ µ1

l−1∑
j=1

tl − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds
]
,

M2 = − 1

ω

[
− µ2I

α,β
γ Jq0F (t, x(t))(ξ) + w1

∫ b

0

h(x(s))ds+
l∑

j=1

Ij(x(t−j )) +
l∑

j=1

(b− tl)Jj(x(t−j ))

+
l−1∑
j=1

(tl − tj)Jj(x(t−j ) +
l+1∑
j=1

1

Γ(q)

∫ tj

tj−1

(tj − s)q−1F (s, x(s))ds+
b− tl

Γ(q − 1)

×
l∑

j=1

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
l−1∑
j=1

tl − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds
]
,

with

ω = w1µ1 + w2 6= 0, w1 = 1− µ2Γ(α + 1)

Γ(α + β + 1)
, w2 = b−

µ2ξΓ(α + 1
γ

+ 1)

Γ(α + 1
γ

+ β + 1)
.

Proof. Let x be a solution of (5.3). Then for t ∈ [0, t1], we have

x(t) =
1

Γ(q)

∫ t

0

(t− s)q−1F (s, x(s))ds− c1 − c2t, (5.5)

where c1, c2 ∈ R are constants, and

x′(t) =
1

Γ(q − 1)

∫ t

0

(t− s)q−2F (s, x(s))ds− c2. (5.6)
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Then, by using the impulse conditions ∆x(tκ) = Iκ(x(t−κ )) and ∆x′(tκ) = Jκ(x(t−κ )), for
κ = 1, 2, . . . , l, we have

x(t) =



1
Γ(q)

∫ t
tκ

(t− s)q−1F (s, x(s))ds+
κ∑
j=1

1

Γ(q)

∫ tj

tj−1

(t− s)q−1F (s, x(s))ds

+
κ∑
j=1

t− tκ
Γ(q − 1)

∫ tj

tj−1

(t− s)q−2F (s, x(s))ds+
κ−1∑
j=1

tκ − tj
Γ(q − 1)

∫ tj

tj−1

(t− s)q−2F (s, x(s))ds

+
κ∑
j=1

Ij(x(t−j )) +
κ∑
j=1

(t− tκ)Jj(x(t−j )) +
κ−1∑
j=1

(tκ − tj)Jj(x(t−j ))

−c1 − c2t, t ∈ (tκ, tκ+1].

(5.7)
Using the condition x(0)−µ1x

′(0) =
∫ b

0
h(x(s))ds, (5.5) and (5.6) imply−c1 =

∫ b
0
h(x(s))ds−

µ1c2. Therefore, for t ∈ [0, t1],

x(t) =
1

Γ(q)

∫ t

0

(t− s)q−1F (s, x(s))ds+

∫ b

0

h(x(s))ds− c2(µ1 + t),

and for t ∈ (tκ, tκ+1], κ = 1, 2, . . . , l, (5.7) gives

x(t) =
1

Γ(q)

∫ t

tκ

(t− s)q−1F (s, x(s))ds+
κ∑
j=1

1

Γ(q)

∫ tj

tj−1

(t− s)q−1F (s, x(s))ds+

∫ b

0

h(x(s))ds

+
κ∑
j=1

t− tκ
Γ(q − 1)

∫ tj

tj−1

(t− s)q−2F (s, x(s))ds+
κ−1∑
j=1

tκ − tj
Γ(q − 1)

∫ tj

tj−1

(t− s)q−2F (s, x(s))ds

+
κ∑
j=1

Ij(x(t−j )) +
κ∑
j=1

(t− tκ)Jj(x(t−j )) +
κ−1∑
j=1

(tκ − tj)Jj(x(t−j ))− c2(µ1 + t).

Now, we use the boundary condition x(b) = µ2I
α,β
γ x(ξ), where ξ ∈ (0, t1). For this, we

have

x(b) =
l+1∑
j=1

1

Γ(q)

∫ tj

tj−1

(tj − s)q−1F (s, x(s))ds+
l∑

j=1

b− tl
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds

+
l−1∑
j=1

tl − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
l∑

j=1

Ij(x(t−j )) +
l∑

j=1

(b− tl)Jj(x(t−j ))

+
l−1∑
j=1

(tl − tj)Jj(x(t−j )) +

∫ b

0

h(x(s))ds− c2µ1 + c2b,
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type boundary conditions

and for t ∈ (0, t1),

µ2I
α,β
γ x(ξ) = µ2I

α,β
γ Jq0g(t, x(t))(ξ) +

[ ∫ b

0

h(x(s))ds− c2µ1

] µ2Γ(α + 1)

Γ(α + β + 1)

− c2

µ2ξΓ(α + 1
γ

+ 1)

Γ(α + 1
γ

+ β + 1)
,

which gives c1 = −M1 and c2 = −M2. Now, upon substitution of the values of c1 and c2

in (5.5) and (5.7) gives (5.4).

For the converse part, it can be easily shown that the integral equation given by (5.4)
satisfies the first three equations of (5.3). Next, we have x(0) = M1 and x′(0) = M2 and
therefore x(0)− µ1x

′(0) = M1 − µ1M2 =
∫ b

0
h(x(s))ds.

Now, it remains to verify that x(b) = µ2I
α,β
γ x(ξ), ξ ∈ (0, t1). From (5.4), we get

x(b) =
1

Γ(q)

∫ b

tl

(b− s)q−1F (s, x(s))ds+
1

Γ(q)

l∑
j=1

∫ tj

tj−1

(tj − s)q−1F (s, x(s))ds

+
l∑

j=1

b− tl
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
l−1∑
j=1

tl − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds

+
l∑

j=1

Ij(x(t−j )) +
l∑

j=1

(b− tl)Jj(x(t−j )) +
l−1∑
j=1

(tl − tj)Jj(x(t−j )) +M1 +M2b.

For ξ ∈ (0, t1), we have

µ2I
α,β
γ x(ξ) = µ2I

α,β
γ Jq0F (t, x(t))(ξ) + (1− w1)M1 + (b− w2)M2.

Substituting the expressions for M1, M2 and combining the terms, we get the desired
equality.

Theorem 5.2.1. Assume that lim
x→0

F (t, x)

x
= 0, lim

x→0

Iκ(x)

x
= 0, lim

x→0

Jκ(x)

x
= 0 and

lim
x→0

h(x)

x
= 0, then problem (5.1) with boundary condition (5.2) has at least one solution.
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Proof. Let r > 0 and define an operator Ψ on Br by

(Ψx)(t) =



1
Γ(q)

∫ t
0
(t− s)q−1F (s, x(s))ds+M1 +M2t, t ∈ [0, t1],

1
Γ(q)

∫ t
tκ

(t− s)q−1F (s, x(s))ds+
κ∑
j=1

1

Γ(q)

∫ tj

tj−1

(tj − s)q−1F (s, x(s))ds

+
κ∑
j=1

t− tκ
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
κ∑
j=1

Ij(x(t−j ))

+
κ−1∑
j=1

tκ − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
κ∑
j=1

(t− tκ)Jj(x(t−j ))

+
κ−1∑
j=1

(tκ − tj)Jj(x(t−j )) +M1 +M2t, t ∈ (tκ, tκ+1], κ = 1, 2, . . . , l.

Then, we have

|M1| ≤
1

|ω|

[
µ1µ2|Iα,βγ Jq0F (t, x(t))(ξ)|+|w2|

∫ b

0

|h(x(s))|ds+ µ1

l∑
j=1

|Ij(x(t−j ))|

+ µ1

l∑
j=1

(b− tl)|Jj(x(t−j ))|+µ1

l−1∑
j=1

(tl − tj)|Jj(x(t−j )|+
l+1∑
j=1

µ1

Γ(q)

∫ tj

tj−1

(tj − s)q−1

× |F (s, x(s))|ds+ µ1

l∑
j=1

b− tl
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2|F (s, x(s))|ds

+ µ1

l−1∑
j=1

tl − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2|F (s, x(s))|ds
]

≤
µ2Γ(α + q

γ
+ 1)ξq + (l + 1)bqΓ(α + q

γ
+ β + 1)

|ω|Γ(q + 1)Γ(α + q
γ

+ β + 1)
µ1L1 +

(2l − 1)bq

|ω|Γ(q)
µ1L1 +

l

|ω|
µ1L2

+
(2l − 1)b

|ω|
µ1L3 +

|w2|b
|ω|

L4,
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type boundary conditions

and

|M2| ≤
1

|ω|

[
µ2|Iα,βγ Jq0F (t, x(t))(ξ)|+|w1|

∫ b

0

|h(x(s))|ds+
l∑

j=1

|Ij(x(t−j ))|+
l∑

j=1

(b− tl)

× |Jj(x(t−j ))|+
l−1∑
j=1

(tl − tj)|Jj(x(t−j )|+
l+1∑
j=1

1

Γ(q)

∫ tj

tj−1

(tj − s)q−1|F (s, x(s))|ds

+
l∑

j=1

b− tl
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2|F (s, x(s))|ds+
l−1∑
j=1

tl − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2

× |F (s, x(s))|ds
]

≤
µ2Γ(α + q

γ
+ 1)ξq + (l + 1)bqΓ(α + q

γ
+ β + 1)

|ω|Γ(q + 1)Γ(α + q
γ

+ β + 1)
L1 +

(2l − 1)bq

|ω|Γ(q)
L1 +

l

|ω|
L2

+
(2l − 1)b

|ω|
L3 +

|w1|b
|ω|

L4,

where the positive constants Li, (i = 1, 2, 3, 4) satisfy |F (t, x(t))|≤ L1, |Iκ(x(t))|≤ L2,
|Jκ(x(t))|≤ L3, |h(x(t))|≤ L4, for all x ∈ B̄r and t ∈ J . Therefore, Ψ is well-defined on
B̄r and it can also be shown that Ψx ∈ PC(J,R) for x ∈ B̄r.

Now, to show that Ψ: B̄r → PC(J,R) is completely continuous, we split the proof into
the following steps:
Step I: To show that {Ψx|x ∈ B̄r} is equicontinuous in (tκ, tκ+1), κ = 0, 1, . . . , l.

Let x ∈ B̄r and 0 ≤ s1 < s2 ≤ t1. Subsequently,

|(Ψx)(s2)− (Ψx)(s1)| ≤ 1

Γ(q)

∫ s1

0

[(s2 − s)q−1 − (s1 − s)q−1]|F (s, x(s))|ds

+
1

Γ(q)

∫ s2

s1

(s2 − s)q−1|F (s, x(s))|ds+ |M2|(s2 − s1)

≤ L1

Γ(q + 1)
[sq2 − s

q
1] −→ 0 as s2 → s1.

For tκ < s1 < s2 ≤ tκ+1, κ = 1, . . . , l,

|(Ψx)(s2)− (Ψx)(s1)|

≤ 1

Γ(q)

∫ s1

tκ

[(s2 − s)q−1 − (s1 − s)q−1]|F (s, x(s))|ds+
1

Γ(q)

∫ s2

s1

(s2 − s)q−1|F (s, x(s))|ds

+
∣∣∣ κ∑
j=1

s2 − s1

Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds
∣∣∣+
∣∣∣ κ∑
j=1

(s2 − s1)Jj(x(t−j ))
∣∣∣+ |M2|(s2 − s1)

≤ L1

Γ(q + 1)
[q(s2 − s1)− (s2 − s1)q] +

L1

Γ(q + 1)
(s2 − s1)q + (s2 − s1)L1

l∑
j=1

bq−1

+ (s2 − s1)
l∑

j=1

L3 + |M2|(s2 − s1) −→ 0 as s2 → s1.
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Thus ΨB̄r is equicontinuous in (tκ, tκ+1), κ = 0, 1, . . . , l.
Step II: To show that {Ψx|x ∈ B̄r} is a uniformly bounded subset of PC(J,R).

For x ∈ B̄r and t ∈ (tκ, tκ+1), κ = 0, 1, . . . , l, we have

|Ψx(t)| ≤ 1

Γ(q)

∫ t

tκ

(t− s)q−1|F (s, x(s))|ds+
κ∑
j=1

1

Γ(q)

∫ tj

tj−1

(tj − s)q−1|F (s, x(s))|ds

+
κ∑
j=1

t− tκ
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2|F (s, x(s))|ds+
κ∑
j=1

|Ij(x(t−j ))|+
κ−1∑
j=1

(tκ − tj)|Jj(x(t−j ))|

+
κ−1∑
j=1

tκ − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2|F (s, x(s))|ds+
κ∑
j=1

(t− tκ)|Jj(x(t−j ))|+|M1|+|M2|b

≤ L1b
q

Γ(q + 1)
+

l∑
j=1

L1b
q

Γ(q + 1)
+

l∑
j=1

L1b
q

Γ(q)
+

l−1∑
j=1

L1b
q

Γ(q)
+

l∑
j=1

L2 +
l∑

j=1

bL3 +
l−1∑
j=1

bL3

+ |M1|+|M2|b

≤
bq(l + 1)|ω|Γ(α + q

γ
+ β + 1) + (µ2Γ(α + q

γ
+ 1)ξq

|ω|Γ(q + 1)Γ(α + q
γ

+ β + 1)
L1

+
(l + 1)bqΓ(α + q

γ
+ β + 1))(µ1 + b)

|ω|Γ(q + 1)Γ(α + q
γ

+ β + 1)
L1 +

bq(2l − 1)(|ω|+µ1 + b)

|ω|Γ(q)
L1

+
l(|ω|+µ1 + b)

|ω|
L2 +

b(2l − 1)(|ω|+µ1 + b)

|ω|
L3 +

|w1|b2

|ω|
L4 +

b|w2|
|ω|

L4 := L∗.

It follows that ‖Ψx‖
PC
≤ L∗ for all x ∈ B̄r.

Step III: To show that Ψ is continuous on B̄r.

Using the continuity of the functions F , Iκ, Jκ, h, and Lemma 5.2.1, it can be shown
that Ψ is continuous on B̄r.

Therefore, Arzelá-Ascoli theorem ensures that Ψ: B̄r → PC(J,R) is completely con-
tinuous.

Now, since limx→0
F (t,x)
x

= 0, limx→0
Iκ(x)
x

= 0, limx→0
Jκ(x)
x

= 0 and limx→0
h(x)
x

= 0,
for εi > 0, i = 1, 2, 3, 4, there exists a r0 > 0 such that |F (t, x)|< ε1|x|, |Iκ(x)|< ε2|x|,
|Jκ(x)|< ε3|x| and |h(x)|< ε4|x| for 0 < |x|< r0 where εi, i = 1, 2, 3, 4 are chosen such
that

bq(l + 1)|ω|Γ(α + q
γ

+ β + 1) + (µ2Γ(α + q
γ

+ 1)ξq

|ω|Γ(q + 1)Γ(α + q
γ

+ β + 1)
ε1 +

bq(2l − 1)(|ω|+µ1 + b)

|ω|Γ(q)
ε1

+
(l + 1)bqΓ(α + q

γ
+ β + 1))(µ1 + b)

|ω|Γ(q + 1)Γ(α + q
γ

+ β + 1)
ε1 +

l(|ω|+µ1 + b)

|ω|
ε2 +

b(2l − 1)(|ω|+µ1 + b)

|ω|
ε3

+
b(|w1|b+ |w2|)

|ω|
ε4 ≤ 1.
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type boundary conditions

Define S = Br0 . Then we have

‖Ψx‖
PC
≤
[
bq(l + 1)|ω|Γ(α + q

γ
+ β + 1) + (µ2Γ(α + q

γ
+ 1)ξq

|ω|Γ(q + 1)Γ(α + q
γ

+ β + 1)
ε1 +

bq+1(2l − 1)

|ω|Γ(q)
ε1

+
(l + 1)bqΓ(α + q

γ
+ β + 1))(µ1 + b)

|ω|Γ(q + 1)Γ(α + q
γ

+ β + 1)
ε1 +

bq(2l − 1)(|ω|+µ1)

|ω|Γ(q)
ε1

+
l(|ω|+µ1 + b)

|ω|
ε2 +

b(2l − 1)(|ω|+µ1 + b)

|ω|
ε3 +

b(|w1|b+ |w2|)
|ω|

ε4

]
‖x‖

PC
,

which gives ‖Ψx‖
PC
≤ ‖x‖

PC
, for x ∈ ∂Br0 . Therefore, by applying Theorem 1.3.7, it is

established that the operator Ψ has at least one fixed point on B̄r0 .

Theorem 5.2.2. Assume that there exist Li > 0, i = 1, 2, 3, 4 satisfying |F (t, x)|≤ L1,
|Iκ(x)|≤ L2, |Jκ(x)|≤ L3 and |h(x)|≤ L4 for t ∈ J , x ∈ R and κ = 1, 2, . . . , l. Then the
problem defined by (5.1) and (5.2) has at least one solution.

Proof. Define an operator Ψ on PC(J,R) by

(Ψx)(t) =



1
Γ(q)

∫ t
0
(t− s)q−1F (s, x(s))ds+M1 +M2t, t ∈ [0, t1],

1
Γ(q)

∫ t
tκ

(t− s)q−1F (s, x(s))ds+
κ∑
j=1

1

Γ(q)

∫ tj

tj−1

(tj − s)q−1F (s, x(s))ds

+
κ∑
j=1

t− tκ
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
κ∑
j=1

Ij(x(t−j ))

+
κ−1∑
j=1

tκ − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
κ∑
j=1

(t− tκ)Jj(x(t−j ))

+
κ−1∑
j=1

(tκ − tj)Jj(x(t−j )) +M1 +M2t, t ∈ (tκ, tκ+1], κ = 1, 2, . . . , l.

Then under the given assumptions, it can be easily shown that Ψ is well-defined on
PC(J,R) and Ψx ∈ PC(J,R) for x ∈ PC(J,R). Proceeding in a similar way as in Theo-
rem 5.2.1, it can be established that Ψ:PC(J,R)→ PC(J,R) is completely continuous.

Now, it remains to be shown that the set E(Ψ) = {x ∈ PC(J,R) : x = ΛΨx for some Λ ∈
[0, 1]} is bounded. For this, take x ∈ E(Ψ). Consequently,

|x(t)| = Λ|Ψx(t)|

≤
bq(l + 1)|ω|Γ(α + q

γ
+ β + 1) + (µ2Γ(α + q

γ
+ 1)ξq

|ω|Γ(q + 1)Γ(α + q
γ

+ β + 1)
L1 +

bq(2l − 1)(|ω|+µ1 + b)

|ω|Γ(q)
L1

+
(l + 1)bqΓ(α + q

γ
+ β + 1))(µ1 + b)

|ω|Γ(q + 1)Γ(α + q
γ

+ β + 1)
L1 +

l(|ω|+µ1 + b)

|ω|
L2 +

b(2l − 1)(|ω|+µ1 + b)

|ω|

× L3 +
b(|w1|b+ |w2|)

|ω|
L4 := L∗.

It follows that ‖x‖
PC
≤ L∗ for all x ∈ E(Ψ), and hence E(Ψ) is bounded. Therefore,
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Theorem 1.3.8 implies that Ψ has a fixed point.

Theorem 5.2.3. Assume that
(H1) there exists a constant q1 ∈ (0, 1) with 1 + q1 < q such that a function f ∈
L

1
q1 ([0, b],R+) and a nondecreasing L1 function g: [0,∞)→ (0,∞) exist such that

|F (t, x)|≤ f(t)g(|x|), for all t ∈ I, x ∈ R,

(H2) there exists a positive constant L such that L
A
|ω|+g(L)‖f‖

L
1
q1

B
> 1, where

a =
q − q1

1− q1

, c =
q − 2

1− q1

, A = (µ1 + b)(lL2 + (2l − 1)bL3) + (|w2|+|w1|b)bL4,

B =
bq−q1(|ω|+µ1 + b)

|ω|

(
l + 1

Γ(q)(a+ 1)1−q1
+

2l − 1

Γ(q − 1)(c+ 1)1−q1

)

+
µ2ξ

q−q1(µ1 + b)Γ(α + q−q1
γ

+ 1)

|ω|(a+ 1)1−q1Γ(α + q−q1
γ

+ β + 1)
.

Then problem (5.1) with boundary conditions given by (5.2) has at least one solution.

Proof. For each r > 0, define Ψ on B̄r by

(Ψx)(t) =



1
Γ(q)

∫ t
0
(t− s)q−1F (s, x(s))ds+M1 +M2t, t ∈ [0, t1],

1
Γ(q)

∫ t
tκ

(t− s)q−1F (s, x(s))ds+
κ∑
j=1

1

Γ(q)

∫ tj

tj−1

(tj − s)q−1F (s, x(s))ds

+
κ∑
j=1

t− tκ
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
κ∑
j=1

Ij(x(t−j ))

+
κ−1∑
j=1

tκ − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
κ∑
j=1

(t− tκ)Jj(x(t−j ))

+
κ−1∑
j=1

(tκ − tj)Jj(x(t−j )) +M1 +M2t, t ∈ (tκ, tκ+1], κ = 1, 2, . . . , l.

Under the given assumptions, it can be shown that Ψ is well-defined on B̄r and Ψx ∈
PC(J,R) for x ∈ PC(J,R). Next, to show that Ψ: B̄r → PC(J,R) is completely contin-
uous, we divide the proof into the following steps:
Step I: To show that {Ψx|x ∈ B̄r} is a uniformly bounded subset of PC(J,R).

For x ∈ B̄r and t ∈ (tκ, tκ+1), κ = 0, 1, . . . , l, we have

|Ψx(t)| ≤ g(r)b(a+1)(1−q1)

Γ(q)(a+ 1)1−q1
‖f‖

L
1
q1

+
g(r)lb(a+1)(1−q1)

Γ(q)(a+ 1)1−q1
‖f‖

L
1
q1

+
g(r)lb(c+1)(1−q1)+1

Γ(q − 1)(c+ 1)1−q1
‖f‖

L
1
q1

+
g(r)(l − 1)b(c+1)(1−q1)+1

Γ(q − 1)(c+ 1)1−q1
‖f‖

L
1
q1

+lL2 + (2l − 1)bL3 + |M1|+|M2|b,
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type boundary conditions

that is,

‖Ψx‖
PC
≤ g(r)b(q−q1)‖f‖

L
1
q1

(
l + 1

Γ(q)(a+ 1)1−q1
+

2l − 1

Γ(q − 1)(c+ 1)1−q1

)
+ lL2

+ (2l − 1)bL3 + |M1|+|M2|b,

where

|M1| ≤
µ1g(r)‖f‖

L
1
q1

|ω|

[
µ2ξ

q−q1Γ(α + q−q1
γ

+ 1)

(a+ 1)1−q1Γ(α + q−q1
γ

+ β + 1)
+ bq−q1

(
l + 1

Γ(q)(a+ 1)1−q1

+
2l − 1

Γ(q − 1)(c+ 1)1−q1

)]
+
µ1lL2 + µ1(2l − 1)bL3

|ω|
+
|w2|bL4

|ω|
,

|M2| ≤
g(r)‖f‖

L
1
q1

|ω|

[
µ2ξ

q−q1Γ(α + q−q1
γ

+ 1)

(a+ 1)1−q1Γ(α + q−q1
γ

+ β + 1)
+ bq−q1

(
l + 1

Γ(q)(a+ 1)1−q1

+
2l − 1

Γ(q − 1)(c+ 1)1−q1

)]
+
lL2 + (2l − 1)bL3

|ω|
+
|w2|bL4

|ω|
,

with the positive constants L2, L3 and L4 satisfying |Iκ(x(t))|≤ L2, |Jκ(x(t))|≤ L3,
|h(x(t))|≤ L4, for all t ∈ I.
Step II: To show that {Ψx|x ∈ B̄r} is equicontinuous in (tκ, tκ+1), κ = 0, 1, . . . , l.
Let x ∈ B̄r and 0 ≤ s1 < s2 ≤ t1. Then

|(Ψx)(s2)− (Ψx)(s1)| ≤ 1

Γ(q)

∫ s1

0

[(s2 − s)q−1 − (s1 − s)q−1]|F (s, x(s))|ds

+
1

Γ(q)

∫ s2

s1

(s2 − s)q−1|F (s, x(s))|ds+ |M2|(s2 − s1)

≤
g(r)‖f‖

L
1
q1

Γ(q)(a+ 1)1−q1
[|sa+1

2 − sa+1
1 |+(s2 − s1)a+1]1−q1

+
g(r)‖f‖

L
1
q1

Γ(q)(a+ 1)1−q1
(s2 − s1)q−q1 + |M2|(s2 − s1) −→ 0 as s2 → s1.

For tκ < s1 < s2 ≤ tκ+1, κ = 1, . . . , l,

|(Ψx)(s2)− (Ψx)(s1)| ≤
g(r)‖f‖

L
1
q1

Γ(q)(a+ 1)1−q1
[(a+ 1)(s2 − s1)− (s2 − s1)a+1]1−q1

+
g(r)‖f‖

L
1
q1

Γ(q)(a+ 1)1−q1
(s2 − s1)q−q1 + (s2 − s1)lL3 +

g(r)‖f‖
L

1
q1

Γ(q − 1)(c+ 1)1−q1

× lbq−q1(s2 − s1) + |M2|(s2 − s1) −→ 0 as s2 → s1.

Thus, Arzelá-Ascoli theorem ensures that ΨB̄r is a relatively compact subset of PC(J,R).
Also, using (H1) and from the continuity of the functions F , Iκ, Jκ, h, and Lemma 5.2.1,
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it follows that Ψ is continuous on B̄r. Thus, Ψ: B̄r → PC(J,R) is completely continuous.

Now, for each t ∈ [0, b] and following the similar procedure as earlier, we find that

‖x‖PC
A
|ω| + g(‖x‖PC)‖f‖

L
1
q1
B
≤ 1.

In view of (H2), there exists L > 0 such that ‖x‖
PC
6= L. Set S1 = {x ∈ PC(J,R)|‖x‖

PC
<

L}. Then, the operator Ψ: S̄1 → PC(J,R) is completely continuous. Also, from the choice
of S1, there does not exist any x ∈ ∂S1 such that x = ΛΨx for some Λ ∈ (0, 1). Thus, by
using Theorem 1.3.9, we can conclude that Ψ has a fixed point on S̄1.

This completes the proof of the results that were accomplished by using the right
terminal condition where ξ belonged to the initial sub-interval (0, t1). In other words,
in equation (5.2), at the end point t = b, we consider the boundary condition x(b) =

µ2I
α,β
γ x(ξ) for ξ ∈ (0, t1).

5.3 Further Development with respect to General Sub-
intervals

As a step towards more generalization, instead of taking ξ ∈ (0, t1), it may be assumed
that ξ ∈ (tκ, tκ+1), κ = 1, , . . . ,m. Following the same procedure as in the earlier section,
this extended problem may also be taken up by considering ξ in any arbitrary sub-interval.
That is, for ξ ∈ (tκ, tκ+1), κ = 1, , . . . ,m, in view of Lemma 5.2.1, consider the following
operators:

We define an operator Ψi on PC(J,R), (i = 1, 2, 3) as follows:

(Ψix)(t) =



Jq0F (t, x(t)) +Mi1 +Mi2t, t ∈ [0, t1],

JqtκF (t, x(t)) +
κ∑
j=1

1

Γ(q)

∫ tj

tj−1

(tj − s)q−1F (s, x(s))ds

+
κ∑
j=1

t− tκ
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
κ∑
j=1

Ij(x(t−j ))

+
κ−1∑
j=1

tκ − tj
Γ(q − 1)

∫ tj

tj−1

(tj − s)q−2F (s, x(s))ds+
κ∑
j=1

(t− tκ)Jj(x(t−j ))

+
κ−1∑
j=1

(tκ − tj)Jj(x(t−j )) +Mi1 +Mi2t, t ∈ (tκ, tκ+1], κ = 1, 2, . . . , l,
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where, for ξ ∈ (tκ, tκ+1), κ = 1, , . . . , l − 2,

M11 = − 1

ω

[
− µ1µ2I

α,β
γ JqtκF (t, x(t))(ξ)− w2

∫ b

0

h(x(s))ds+ w1µ1

κ∑
j=1

Ij(x(t−j ))

+ µ1

l∑
j=κ+1

Ij(x(t−j )) + µ1

κ∑
j=1

(w2 − tl)Jj(x(t−j )) + µ1

l∑
j=κ+1

(b− tl)Jj(x(t−j ))

+ µ1

κ∑
j=1

(tl − w1tj)Jj(x(t−j )) + µ1

l−1∑
j=κ+1

(tl − tj)Jj(x(t−j )) + w1µ1

κ∑
j=1

Jqtj−1
F (t, x(t))(tj)

+ µ1

l+1∑
j=κ+1

Jqtj−1
F (t, x(t))(tj) + µ1

κ∑
j=1

(w2 − tl)Jq−1
tj−1

F (t, x(t))(tj)

+ µ1

l∑
j=κ+1

(b− tl)Jq−1
tj−1

F (t, x(t))(tj) + µ1

κ∑
j=1

(tl − w1tj)J
q−1
tj−1

F (t, x(t))(tj)

+ µ1

l−1∑
j=κ+1

(tl − tj)Jq−1
tj−1

F (t, x(t))(tj)
]
,

M12 = − 1

ω

[
− µ2I

α,β
γ JqtκF (t, x(t))(ξ) + w1

∫ b

0

h(x(s))ds+ w1

κ∑
j=1

Ij(x(t−j )) +
l∑

j=κ+1

Ij(x(t−j ))

+
κ∑
j=1

(w2 − tl)Jj(x(t−j )) +
l∑

j=κ+1

(b− tl)Jj(x(t−j )) +
κ∑
j=1

(tl − w1tj)Jj(x(t−j ))

+
l−1∑

j=κ+1

(tl − tj)Jj(x(t−j )) + w1

κ∑
j=1

Jqtj−1
F (t, x(t))(tj) +

l+1∑
j=κ+1

Jqtj−1
F (t, x(t))(tj)

+
κ∑
j=1

(w2 − tl)Jq−1
tj−1

F (t, x(t))(tj) + µ1

l∑
j=κ+1

(b− tl)Jq−1
tj−1

F (t, x(t))(tj) +
κ∑
j=1

(tl − w1tj)

× Jq−1
tj−1

F (t, x(t))(tj) +
l−1∑

j=κ+1

(tl − tj)Jq−1
tj−1

F (t, x(t))(tj)
]
.
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For ξ ∈ (tl−2, tl−1),

M21 = − 1

ω

[
− µ1µ2I

α,β
γ Jqtl−2

F (t, x(t))(ξ)− w2

∫ b

0

h(x(s))ds+ w1µ1

l−2∑
j=1

Ij(x(t−j ))

+ µ1

l∑
j=l−1

Ij(x(t−j )) + µ1

l−2∑
j=1

(w2 − w1tj)Jj(x(t−j )) + µ1

l∑
j=l−1

(b− tj)Jj(x(t−j ))

+ w1µ1

l−2∑
j=1

Jqtj−1
F (t, x(t))(tj) + µ1

l+1∑
j=l−1

Jqtj−1
F (t, x(t))(tj)

+ µ1

l−2∑
j=1

(w2 − w1tj)J
q−1
tj−1

F (t, x(t))(tj) + µ1

l∑
j=l−1

(b− tj)Jq−1
tj−1

F (t, x(t))(tj)
]
,

M22 = − 1

ω

[
− µ2I

α,β
γ Jqtl−2

F (t, x(t))(ξ) + w1

∫ b

0

h(x(s))ds+ w1

l−2∑
j=1

Ij(x(t−j ))

+
l∑

j=l−1

Ij(x(t−j )) +
l−2∑
j=1

(w2 − w1tj)Jj(x(t−j )) +
l∑

j=l−1

(b− tj)Jj(x(t−j ))

+ w1

l−2∑
j=1

Jqtj−1
F (t, x(t))(tj) +

l+1∑
j=l−1

Jqtj−1
F (t, x(t))(tj) +

l−2∑
j=1

(w2 − w1tj)J
q−1
tj−1

F (t, x(t))(tj)

+ µ1

l∑
j=l−1

(b− tj)Jq−1
tj−1

F (t, x(t))(tj)
]
.

For ξ ∈ (tl, b),

M31 = − 1

ω

[
− µ1µ2I

α,β
γ JqtlF (t, x(t))(ξ)− w2

∫ b

0

h(x(s))ds+ w1µ1

l∑
j=1

Ij(x(t−j ))

+ µ1

l∑
j=1

(w2 − w1tl)Jj(x(t−j )) + µ1w1

l−1∑
j=1

(tl − tj)Jj(x(t−j )) + µ1J
q
tl
F (t, x(t))(b)

+ µ1w1

l∑
j=1

Jqtj−1
F (t, x(t))(tj) + µ1(w2 − w1tl)

l∑
j=1

Jq−1
tj−1

F (t, x(t))(tj)

+ µ1w1

l−1∑
j=1

(tl − tj)Jq−1
tj−1

F (t, x(t))(tj)
]
,

M32 = − 1

ω

[
− µ2I

α,β
γ JqtlF (t, x(t))(ξ) + w1

∫ b

0

h(x(s))ds+ w1

l∑
j=1

Ij(x(t−j )) +
l∑

j=1

(w2 − w1tl)

× Jj(v(t−j )) + w1

l−1∑
j=1

(tl − tj)Jj(v(t−j )) + JqtlF (t, v(t))(b) + w1

l∑
j=1

Jqtj−1
F (t, v(t))(tj)

+ (w2 − w1tl)
l∑

j=1

Jq−1
tj−1

F (t, v(t))(tj) + w1

l−1∑
j=1

(tl − tj)Jq−1
tj−1

F (t, v(t))(tj)
]
.
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Further,

ω = w1µ1 + w2 6= 0, with w1 = 1− µ2Γ(α + 1)

Γ(α + β + 1)
, w2 = b−

µ2ξΓ(α + 1
γ

+ 1)

Γ(α + 1
γ

+ β + 1)
.

Subsequently, under similar kind of assumptions on the functions F , Iκ, Jκ and h (as
in Section 5.2), different results may be obtained for the existence and uniqueness of
solutions for ξ ∈ (tκ, tκ+1), κ = 1, . . . , l.

TH-2695_156123019



CHAPTER 6

Approximate controllability of a semilinear Hilfer fractional

differential equation with control in the nonlinear term

There are various means to establish that a system is approximately controllable. In
[80, 94, 118], the controllability Grammian and fixed point theorems are used. For the
approximate controllability of the considered evolution systems, it is assumed that the
corresponding linear system is approximately controllable and the nonlinear function is
uniformly bounded. Zhou [123] used the sequential approach and obtained some sufficient
conditions for the approximate controllability of an integer-order semilinear equation.
Thereafter, several researchers, [77, 78] etc., have used this approach to study the ap-
proximate controllability of nonlinear evolution equations using different fractional order
derivatives.

Dauer and Mahmudov [37] considered the following semilinear evolution equation with
finite delay:

x(t) = Q(t)ψ(0) +

∫ t

0

Q(t− s)[Bu(s) + f(s, xs, u(s))]ds, t ∈ (0, b],

x0(φ) = Θ(φ), φ ∈ [−h, 0],

with x(.) ∈ X, where X is a Hilbert space, u(.) ∈ L2([0, b], U), where U is a Hilbert
space, {Q(t)}t>0 as a compact linear semigroup on X, B:U → X as a bounded linear
operator and Θ ∈ C([−h, 0], X). For x ∈ C([−h, b], X) and each t ∈ [0, b], xt is defined
by xt(φ) = x(t + φ) for φ ∈ [−h, 0]. Here they used the controllability Grammian
and Schauder’s fixed point theorem to obtain the sufficient conditions for approximate
controllability of the system.

Another method for establishing the approximate controllability is to show an inclusion
relation between the reachable sets of the considered system and a linear system, which

95
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is assumed to be approximately controllable. In [64,65], Jeong and others considered the
approximate controllability of ordinary semiliear differential systems and used the concept
of Lebesgue point to show the existence of a control function which steered the solution
of the system to an arbitrary ε-neighbourhood (ε > 0) of the desired final state.

Sukavanam and Kumar [100] discussed the approximate controllability of the following
semilinear delay equation with Caputo fractional derivative:

CDqx(t) = Ax(t) +Bu(t) + f(t, xt, u(t)), t ∈ (0, b], q ∈
(

1

2
, 1

)
,

x0(φ) = Θ(φ), φ ∈ [−h, 0],

where A is the generator of a C0-semigroup, X and U are Banach spaces, the state
x(.) ∈ X and the control function u(.) ∈ U , B:L2([0, b], U)→ L2([0, b], Xη) is a bounded
linear operator and f is a given nonlinear function.

Motivated by the above mentioned works, here we consider the following Hilfer frac-
tional differential equation:

HDδ,ζ
0+x(t) = −Ax(t) + f(t, x(t), u(t)) +Bu(t), t ∈ (0, b], b > 0,

J
(1−δ)(1−ζ)
0+ x(0) = x0,

}
(6.1)

where δ ∈ (0, 1), ζ ∈ [0, 1], −A is the infinitesimal generator of an analytic semigroup
{Q(t)}t≥0 on a Banach space X. The state x(.) takes values in the Banach space Xη and
the control function u ∈ Lp([0, b], U), where pδ > 1 with U as a Banach space, B:U → Xη,
η ∈ (0, 1] is a bounded linear operator and x0 ∈ Xη. The nonlinear function f satisfies
some assumptions which will be specified later.

The approximate controllability of our problem (6.1) is established by assuming that
a linear system is approximately controllable and the range of the nonlinear function f

is contained in the range set of the bounded linear operator B. Here we assume neither
any uniform boundedness of the nonlinear function nor any compactness condition on
the generated semigroup. Further, the assumptions considered are more general than the
assumptions in [64, 65, 100]. To the best of our knowledge, this type of conditions has
not been applied so far for studying the approximate controllability of Hilfer fractional
differential systems.

6.1 Preliminaries

Assume that X is a Banach space with respect to the norm ‖.‖
X
. Without loss of gen-

erality, assume that 0 ∈ ρ(A). Then for any η > 0, A−η is a bounded linear operator
defined as

A−η =
1

η

∫ ∞
0

tη−1Q(t)dt.
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Since A−η is one-to-one, therefore Aη, for η ≥ 0, is defined as

Aη =

{
(A−η)−1, η > 0,

I, η = 0.

Furthermore, Aη is a closed linear operator with domain D(Aη) = R(A−η), which is dense
in X. Also, D(Aη) is a Banach space with respect to the norm ‖.‖η defined by

‖x‖η= ‖Aηx‖X ∀ x ∈ D(Aη).

Denote Xη = (D(Aη), ‖.‖η). Throughout this work, it is assumed that there exists a
constant M

Q
≥ 1 such that ‖Q(t)‖

B(Y )
≤ M

Q
for all t ≥ 0, that is, {Q(t)}t≥0 is uniformly

bounded by M
Q
, and {Q(t)}t>0 is continuous in the uniform operator topology.

Let J = [0, b] and C(J,Xη) denote the Banach space of all continuous functions from
J to Xη. Take γ = δ+ ζ− δζ so that 1− γ = (1− δ)(1− ζ) ∈ [0, 1). Define C1−γ (J,Xη) =

{x: (0, b] → Xη|t1−γx(t) ∈ C(J,Xη)} which is a Banach space with respect to the norm
‖.‖1−γ defined by

‖x‖1−γ= sup
t∈(0,b]

t1−γ‖x(t)‖η ∀ x ∈ C1−γ(J,Xη).

Remark 6.1.1. Let x1(t) = tγ−1x2(t), t ∈ (0, b]. Then

x1 ∈ C1−γ(J,Xη) ⇐⇒ x2 ∈ C(J,Xη) and ‖x1‖1−γ= ‖x2‖C .

Theorem 6.1.1. [89] (i) η1 ≥ η2 > 0 implies D(Aη1) ⊂ D(Aη2),
(ii) if η1, η2 ∈ R, then Aη1+η2x = Aη1Aη2x, for every x ∈ D(Aη) where η = max{η1, η2, η1+

η2}.

Lemma 6.1.1. [89] There exists a constant Mη > 0 such that ‖A−η‖≤Mη, for η ∈ [0, 1].

Theorem 6.1.2. [89] (i) Q(t):X → D(Aη) for every t > 0 and η ≥ 0,
(ii) for every x ∈ D(Aη), Q(t)Aηx = AηQ(t)x,
(iii) for every t > 0, AηQ(t) is bounded and there exists a constant Cη > 0 such that
‖AηQ(t)‖≤ Cη

tη
.

Remark 6.1.2. [114] Let Qη(t) be the restriction of Q(t) to Xη. Then, {Qη(t)}t≥0 is
a family of bounded linear operators on Xη and satisfies ‖Qη(t)‖≤ ‖Q(t)‖ for all t ≥ 0.
Moreover, {Qη(t)}t≥0 forms a C0-semigroup on Xη.

6.2 Mild Solution

Let x(t;x0, u) denote the state value of (6.1) at time t corresponding to the initial value
x0 and control u(.). Then, we have the following definition of mild solution:
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Definition 6.2.1. [54, 119] A function x(.;x0, u) ∈ C1−γ (J,Xη) is said to be a mild
solution of (6.1) if, for any u in Lp([0, b], U), the following integral equation is satisfied:

x(t;x0, u) = Tζ,δ(t)x0 +

∫ t

0

Sδ(t− s)[f(s, x(s), u(s)) +Bu(s)]ds

= Tζ,δ(t)x0 +

∫ t

0

(t− s)δ−1Rδ(t− s)f(s, x(s), u(s))ds

+

∫ t

0

(t− s)δ−1Rδ(t− s)Bu(s)ds

for t ∈ (0, b], where

Tζ,δ(t) = J
ζ(1−δ)
0+ Sδ(t), Sδ(t) = tδ−1Rδ(t), Rδ(t) =

∫ ∞
0

δθξδ(θ)Q(tδθ)dθ,

ξδ(θ) =
1

δ
θ−1− 1

δ w̄δ(θ
− 1
δ ), w̄δ(θ) =

1

π

∞∑
n=0

(−1)n−1θ(−δn−1) Γ(δn+ 1)

n!
sin(nπδ),

for θ ∈ (0,∞). Here, ξδ(θ) is a probability density function on (0,∞) satisfying

ξδ(θ) ≥ 0,

∫ ∞
0

ξδ(θ)dθ = 1,

∫ ∞
0

θξδ(θ)dθ =
1

Γ(1 + δ)
.

Next we have the following properties of the solution operators Rδ(t), Sδ(t) and Tζ,δ(t)
[54]:
(P1) Rδ(t) is continuous in the uniform operator topology for t > 0.
(P2) for any fixed t > 0, Rδ(t), Sδ(t) and Tζ,δ(t) are linear operators on X, and

‖Rδ(t)x‖X≤
M

Q

Γ(δ)
‖x‖

X
, ‖Sδ(t)x‖X≤

M
Q
tδ−1

Γ(δ)
‖x‖

X
, ‖Tζ,δ(t)x‖X≤

M
Q
tγ−1

Γ(γ)
‖x‖

X

hold for any x ∈ X.
(P3) {Sδ(t)}t>0 and {Tζ,δ(t)}t>0 are strongly continuous.

Before going to the next step, let us first recall some of the remaining properties:
(P4) for any fixed t > 0, and any x ∈ Xη,

‖Rδ(t)x‖η≤
M

Q

Γ(δ)
‖x‖η, ‖Sδ(t)x‖η≤

M
Q
tδ−1

Γ(δ)
‖x‖η, ‖Tζ,δ(t)x‖η≤

M
Q
tγ−1

Γ(γ)
‖x‖η.

(P5) for each x ∈ Xη and t > 0,

AηRδ(t)x = Rδ(t)A
ηx, AηSδ(t)x = Sδ(t)A

ηx, AηTζ,δ(t)x = Tζ,δ(t)A
ηx.
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6.3 Main Results

6.3.1 Existence and uniqueness of mild solution

Take ζ 6= 0, that is, ζ ∈ (0, 1]. Then we have the following limits:

lim
t→0+

t1−γTζ,δ(t)x0 =
x0

Γ(γ)
,

lim
t→0+

t1−γ
∫ t

0

(t− s)δ−1Rδ(t− s)f(s, x(s), u(s))ds = 0,

lim
t→0+

t1−γ
∫ t

0

(t− s)δ−1Rδ(t− s)Bu(s)ds = 0.

Also, let a = (δ−1)p
p−1

.

For the existence and uniqueness result, we use the following assumptions:
(Hf) there exists a constant ξ ∈ [η, 1] such that f : [0, b] × Xη × U → Xξ satisfies the
following:

(i) there exists a constant L > 0 such that

‖f(t, x1, u1)− f(t, x2, u2)‖ξ≤ L[‖x1 − x2‖η+‖u1 − u2‖U ]

for all xi ∈ Xη, ui ∈ U ; i = 1, 2 and t ∈ [0, b].
(ii) there exist a function g ∈ Lp([0, b], [0,∞)) and a constant c > 0 such that

‖f(t, x, u)‖ξ≤ g(t) + c(t1−γ‖x‖η+‖u‖U )

for all x ∈ Xη, u ∈ U and t ∈ [0, b].

Theorem 6.3.1. If the above assumptions are satisfied, then for each u ∈ Lp([0, b], U),
problem (6.1) has a unique mild solution on C1−γ (J,Xη).

Proof. Define a map Υ on C1−γ (J,Xη) by

(Υx)(t) = Tζ,δ(t)x0 +

∫ t

0

(t− s)δ−1Rδ(t− s)[f(s, x(s), u(s)) +Bu(s)]ds.

The proof is split into several parts as follows.
Step I: To show that Υ is well-defined on C1−γ (J,Xη):
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Using (P4), Theorem 6.1.1, Lemma 6.1.1, (Hf)(ii) and Hölder’s inequality, we have∫ t

0

‖(t− s)δ−1Rδ(t− s)f(s, x(s), u(s))‖ηds

≤
M

Q
Mξ−η

Γ(δ)

∫ t

0

(t− s)δ−1[g(s) + c(s1−γ‖x(s)‖η+‖u(s)‖
U

)]ds

≤
M

Q
Mξ−η

Γ(δ)

[
(‖g‖

Lp
+c‖u‖

Lp
)

b
(δp−1)
p

(a+ 1)
(p−1)
p

+
cbδ

δ
‖x‖1−γ

]
.

Similarly, using (P4) and Hölder’s inequality,∫ t

0

‖(t− s)δ−1Rδ(t− s)Bu(s)‖ηds ≤
M

Q

Γ(δ)

∫ t

0

(t− s)δ−1‖Bu(s)‖ηds

≤
M

Q

Γ(δ)
‖Bu‖

Lp

b
(δp−1)
p

(a+ 1)
(p−1)
p

.

Therefore, (t − s)δ−1Rδ(t − s)f(s, x(s), u(s)) and (t − s)δ−1Rδ(t − s)Bu(s) are Bochner
integrable w.r.t. s ∈ [0, t] for all t ∈ (0, b]. Hence, (Υx)(.) is well-defined on (0, b] for any
x ∈ C1−γ (J,Xη).
Step II: To show that Υx ∈ C1−γ (J,Xη) for any x ∈ C1−γ (J,Xη):

Let x ∈ C1−γ (J,Xη). Define w: [0, b]→ Xη by

w(t) =

{
limt→0 t

1−γ(Υx)(t), t = 0,

t1−γ(Υx)(t), t ∈ (0, b],

=

{
x0

Γ(γ)
, t = 0,

t1−γ(Υx)(t), t ∈ (0, b].

Then, it can be easily seen that for 0 = t1 < t2 ≤ b,

‖w(t2)− w(t1)‖η−→ 0 as t2 → t1.

Next, for 0 < t1 < t2 ≤ b, we have

‖w(t2)− w(t1)‖η

≤ ‖t1−γ2 Tζ,δ(t2)x0 − t1−γ1 Tζ,δ(t1)x0‖η+
∥∥∥∥t1−γ2

∫ t2

0

(t2 − s)δ−1Rδ(t2 − s)f(s, x(s), u(s))ds

− t1−γ1

∫ t1

0

(t1 − s)δ−1Rδ(t1 − s)f(s, x(s), u(s))ds

∥∥∥∥
η

+

∥∥∥∥t1−γ2

∫ t2

0

(t2 − s)δ−1Rδ(t2 − s)Bu(s)ds− t1−γ1

∫ t1

0

(t1 − s)δ−1Rδ(t1 − s)Bu(s)ds

∥∥∥∥
η

.
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First term:

‖t1−γ2 Tζ,δ(t2)x0 − t1−γ1 Tζ,δ(t1)x0‖η

=

∥∥∥∥ 1

Γ(ζ(1− δ))

[
t1−γ2

∫ t2

0

(t2 − s)ζ(1−δ)−1sδ−1Rδ(s)x0ds

− t1−γ1

∫ t1

0

(t1 − s)ζ(1−δ)−1sδ−1Rδ(s)x0ds

]∥∥∥∥
η

≤
∥∥∥∥ 1

Γ(ζ(1− δ))

∫ t2

t1

t1−γ2 (t2 − s)ζ(1−δ)−1sδ−1Rδ(s)x0ds

∥∥∥∥
η

+
1

Γ(ζ(1− δ))

∥∥∥∥∫ t1

0

t1−γ2 {(t2 − s)ζ(1−δ)−1 − (t1 − s)ζ(1−δ)−1}sδ−1Rδ(s)x0ds

∥∥∥∥
η

+

∥∥∥∥ t1−γ2 − t1−γ1

Γ(ζ(1− δ))

[ ∫ t1

0

(t1 − s)ζ(1−δ)−1sδ−1Rδ(s)x0ds

]∥∥∥∥
η

≤ I11 + I12 + I13,

where

I11 =
M

Q
‖x0‖ηt1−γ2

Γ(δ)Γ(ζ(1− δ))

∫ t2

t1

(t2 − s)ζ(1−δ)−1sδ−1ds,

I12 =
M

Q
t1−γ2 ‖x0‖η

Γ(ζ(1− δ))

∫ t1

0

[(t1 − s)ζ(1−δ)−1 − (t2 − s)ζ(1−δ)−1]sδ−1ds,

I13 =
t1−γ2 − t1−γ1

Γ(ζ(1− δ))

∫ t1

0

(t1 − s)ζ(1−δ)−1sδ−1‖Rδ(s)x0‖ηds.

By absolute continuity of Lebesgue integral, I11 → 0 as t2 → t1. For I12, we have

[(t1 − s)ζ(1−δ)−1 − (t2 − s)ζ(1−δ)−1]sδ−1 ≤ (t1 − s)ζ(1−δ)−1sδ−1

for a.e. s ∈ [0, t1]. Therefore, by vector-valued dominated convergence theorem, I12 → 0,
as t2 → t1. Next, for I13, we have

I13 ≤
M

Q
(t1−γ2 − t1−γ1 )‖x0‖η
Γ(δ)Γ(ζ(1− δ))

∫ t1

0

(t1 − s)ζ(1−δ)−1sδ−1ds

=
M

Q
tγ−1
1 (t1−γ2 − t1−γ1 )‖x0‖η
Γ(δ)Γ(ζ(1− δ))

−→ 0, as t2 → t1.
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Second term:∥∥∥t1−γ2

∫ t2

0

(t2 − s)δ−1Rδ(t2 − s)f(s, x(s), u(s))ds

− t1−γ1

∫ t1

0

(t1 − s)δ−1Rδ(t1 − s)f(s, x(s), u(s))ds
∥∥∥
η

≤ t1−γ2

∫ t2

t1

(t2 − s)δ−1‖Rδ(t2 − s)f(s, x(s), u(s))‖ηds

+

∫ t1

0

|t1−γ2 (t2 − s)δ−1 − t1−γ1 (t1 − s)δ−1|‖Rδ(t2 − s)f(s, x(s), u(s))‖ηds

+ t1−γ1

∫ t1

0

(t1 − s)δ−1‖[Rδ(t2 − s)−Rδ(t1 − s)]f(s, x(s), u(s))‖ηds

= I21 + I22 + I23,

where

I21 =t1−γ2

∫ t2

t1

(t2 − s)δ−1‖Rδ(t2 − s)f(s, x(s), u(s))‖ηds,

I22 =

∫ t1

0

|t1−γ2 (t2 − s)δ−1 − τ 1−γ
1 (t1 − s)δ−1|‖Rδ(t2 − s)f(s, x(s), u(s))‖ηds,

I23 =t1−γ1

∫ t1

0

(t1 − s)δ−1‖[Rδ(t2 − s)−Rδ(t1 − s)]f(s, x(s), u(s))‖ηds.

Now,

I21 ≤
M

Q
Mξ−ηt

1−γ
2

Γ(δ)

∫ t2

t1

(t2 − s)δ−1‖f(s, x(s), u(s))‖ηds

≤
M

Q
Mξ−ηb

1−γ

Γ(δ)

[
(‖g‖

Lp
+c‖u‖

Lp
)
(t2 − t1)

(δp−1)
p

(a+ 1)
(p−1)
p

+
c(t2 − t1)δ

δ
‖x‖1−γ

]
−→ 0, as t2 → t1

and

I22 ≤
M

Q
Mξ−η

Γ(δ)

[ ∫ t1

0

|t1−γ2 (t2 − s)δ−1 − t1−γ1 (t1 − s)δ−1|g(s)ds

+ c‖x‖1−γ

∫ t1

0

|t1−γ2 (t2 − s)δ−1 − t1−γ1 (t1 − s)δ−1|ds

+ c

∫ t1

0

|t1−γ2 (t2 − s)δ−1 − t1−γ1 (t1 − s)δ−1|‖u(s)‖
U
ds

]
which converges to 0, as t2 → t1, due to Lebesgue’s dominated convergence theorem.
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Next, for ε > 0 small enough, we have

I23 ≤Mξ−η

[
(‖g‖

Lp
+c‖u‖

Lp
)
t
1−γ+

(δp−1)
p

1

(a+ 1)
(p−1)
p

+ c‖x‖1−γ
t1

1−γ+δ

δ

]
× sup

s∈[0,t1−ε]
‖Rδ(t2 − s)−Rδ(t1 − s)‖

B(Y )

+
2M

Q
Mξ−ηb

1−γ

Γ(δ)

[
(‖g‖

Lp
+c‖u‖

Lp
)

ε
(δp−1)
p

(a+ 1)
(p−1)
p

+ c‖x‖1−γ
εδ

δ

]
,

where the RHS converges to zero, by using (P1), as t2 → t1 and ε→ 0.
Third term:∥∥∥t1−γ2

∫ t2

0

(t2 − s)δ−1Rδ(t2 − s)Bu(s)ds− t1−γ1

∫ t1

0

(t1 − s)δ−1Rδ(t1 − s)Bu(s)ds
∥∥∥
η

≤ I31 + I32 + I33,

where

I31 =t1−γ2

∫ t2

t1

(t2 − s)δ−1‖Rδ(t2 − s)Bu(s)‖ηds,

I32 =

∫ t1

0

|t1−γ2 (t2 − s)δ−1 − t1−γ1 (t1 − s)δ−1|‖Rδ(t2 − s)Bu(s)‖ηds,

I33 =t1−γ1

∫ t1

0

(t1 − s)δ−1‖[Rδ(t2 − s)−Rδ(t1 − s)]Bu(s)‖ηds.

Now,

I31 ≤
M

Q
‖Bu‖

Lp
b1−γ

(a+ 1)
(p−1)
p Γ(δ)

(t2 − t1)
(δp−1)
p −→ 0, as t2 → t1.

By Lebesgue’s dominated convergence theorem, I32 → 0 as t2 → t1, and applying similar
technique as for I23, we get I33 → 0 as t2 → t1.

Thus, we have for 0 < t1 < t2 ≤ b,

‖w(t2)− w(t1)‖η−→ 0, as t2 → t1.

Therefore, w ∈ C(J,Xη) and hence Υx ∈ C1−γ (J,Xη).
Step III: To show that Υ(i) is a contraction for some i ∈ N:

We proceed by induction on i. Let x, y ∈ C1−γ (J,Xη). Then, for any t ∈ (0, b], we
claim that

t1−γ‖(Υ(i)x)(t)− (Υ(i)y)(t)‖η≤ Γ(γ)
(LM

Q
Mξ−ηt

δ)i

Γ(iδ + γ)
‖x− y‖1−γ for all i ∈ N. (6.2)
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For i = 1, using (P4), Lemma 6.1.1 and (Hf)(i), we have

t1−γ‖(Υx)(t)− (Υy)(t)‖η≤
M

Q
Mξ−ηt

1−γ

Γ(δ)

∫ t

0

(t− s)δ−1‖f(s, x(s), u(s))

− f(s, y(s), u(s))‖ξds

≤
LM

Q
Mξ−ηt

1−γ

Γ(δ)

∫ t

0

(t− s)δ−1‖x(s)− y(s)‖ηds

=Γ(γ)
LM

Q
Mξ−ηt

δ

Γ(δ + γ)
‖x− y‖1−γ.

Thus, equation (6.2) holds for i = 1.
Induction hypothesis: Assume that (6.2) holds for i = k, i.e.,

t1−γ‖(Υ(k)x)(t)− (Υ(k)y)(t)‖η≤ Γ(γ)
(LM

Q
Mξ−ηt

δ)k

Γ(kδ + γ)
‖x− y‖1−γ.

Then,

t1−γ‖(Υ(k+1)x)(t)− (Υ(k+1)y)(t)‖η

≤Γ(γ)
(LM

Q
Mξ−η)

k+1t1−γ

Γ(kδ + γ)Γ(δ)
‖x− y‖1−γ

∫ t

0

(t− s)δ−1sγ+nδ−1ds

≤Γ(γ)
(LM

Q
Mξ−ηt

δ)k+1

Γ((k + 1)δ + γ)
‖x− y‖1−γ.

Thus, by principle of mathematical induction, (6.2) holds for all i ∈ N. Now, for t ∈ (0, b],
we have

t1−γ‖(Υ(i)x)(t)− (Υ(i)y)(t)‖η≤ Γ(γ)
(LM

Q
Mξ−ηt

δ)i

Γ(iδ + γ)
‖x− y‖1−γ

which gives

‖Υ(i)x−Υ(i)y‖1−γ≤ Γ(γ)
(LM

Q
Mξ−ηb

δ)i

Γ(iδ + γ)
‖x− y‖1−γ.

Since the series Eδ,γ(LMQ
Mξ−ηb

δ) =
∑∞

i=0

(LM
Q
Mξ−ηb

δ)i

Γ(iδ+γ)
converges, therefore we can get

(LM
Q
Mξ−ηb

δ)i

Γ(iδ + γ)
<

1

Γ(γ)
for i sufficiently large.

Therefore, Υ(i) is a contraction on C1−γ (J,Xη) and thus Υ has a unique fixed point on
C1−γ (J,Xη).
In other words, problem (6.1) has a unique solution on C1−γ (J,Xη).

6.3.2 Approximate controllability

In this section, we establish the approximate controllability of equation (6.1).
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We know that x(b;x0, u) denotes the state value of (6.1) at the terminal time b corre-
sponding to the initial value x0 and control u(.). Let Rb(f) = {x(b;x0, u)|u ∈ Lp([0, b], U)}
denote the reachable set − the set of all points to which the initial state x0 can be steered
in time b under the influence of the control u.

Definition 6.3.1. (6.1) is said to be approximately controllable on [0, b] if given an arbi-
trary ε > 0, it is possible to steer from x0 to a point within a distance ε from all points in
the state space Xη at time b.

Thus, in terms of the reachable set, (6.1) is approximately controllable on [0, b] iff
Rb(f) = Xη.

Now, consider the following linear system:

HDδ,ζ
0+x(t) = −Ax(t) +Bv(t), t ∈ (0, b],

J
(1−δ)(1−ζ)
0+ x(0) = x0.

}
(6.3)

Then in accordance with the above notation, the reachable set of (6.3) is denoted by
Rb(0).

Fix x ∈ C1−γ ([0, b], Xη) and h ∈ Lp([0, b], U). Define a map K by

K(t) = f(t, x(t), h(t)).

Then K belongs to Lp([0, b], Xη).
To prove the approximate controllability of (6.1), we use the generalized Grönwall

inequality (Lemma 1.2.1), for which we need to modify our assumption (i) in (Hf) as
(iii) there exists a constant N > 0 such that

‖f(t, x1, u1)− f(t, x2, u2)‖ξ≤ Nt1−γ[‖x1 − x2‖η+‖u1 − u2‖U ],

for all xi ∈ Xη, ui ∈ U ; i = 1, 2 and t ∈ [0, b].
We also consider the following assumptions:

(HfB) range(f) ⊂ range(B).
(HB) there exists a constant e > 0 such that ‖Bu‖η≥ e‖u‖

U
for all u ∈ U .

Theorem 6.3.2. Assume that hypotheses (HfB), (HB) and (Hf) (with (i) replaced by
(iii)) hold. Then, the approximate controllability of linear system (6.3) and the inequality

max{cMξ−η,Mξ−ηNb
1−γ} < e

imply that (6.1) is approximately controllable.

Proof. Let y be the mild solution of the linear system (6.3) corresponding to a control
v. First, we show that, for y ∈ C1−γ (J,Xη) and v ∈ Lp([0, b], U), there exists a control
function u ∈ Lp([0, b], U) such that it satisfies Bu(t) = Bv(t)− f(t, y(t), u(t)), t ∈ (0, b].
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Next, define a new function Π: range(B) ⊂ Xη → U by

Πr = u whenever Bu = r.

Then, by using (HB), it can be shown that Π is well-defined. The function Π forms a
bounded linear map with ‖Π‖≤ 1

e
. Also, ΠB = Id

U
and BΠ = Idrange(B).

Next, we begin by showing that, for each t ∈ (0, b], there exists u(t) ∈ U such that
u(t) = v(t)− Πf(t, y(t), u(t)), for all t ∈ (0, b].

Let h0(t) = v(t), t ∈ [0, b] and for each n ∈ N, define

hn(t) =

{
v(t)− Πf(t, y(t), hn−1(t)), t ∈ (0, b],

v(0), t = 0.

Then fix t ∈ (0, b]. Subsequently,

‖hn+1(t)− hn(t)‖
U

=‖Πf(t, y(t), hn(t))− Πf(t, y(t), hn−1(t))‖
U

≤1

e
Mξ−ηNt

1−γ‖hn(t)− hn−1(t)‖
U

≤
(

1

e
Mξ−ηNb

1−γ
)n
‖h1(t)− h0(t)‖

U
,

and for m > n (m,n ∈ N),

‖hm(t)− hn(t)‖
U

≤‖hm(t)− hm−1(t)‖
U

+‖hm−1(t)− hm−2(t)‖
U

+ . . .+ ‖hn+1(t)− hn(t)‖
U

≤
(
Mξ−ηNb

1−γ

e

)n
1

1− Mξ−ηNb1−γ

e

‖h1(t)− h0(t)‖
U
−→ 0, as n→∞.

Therefore, (hn(t)) ⊂ U is a Cauchy sequence, and U being complete, we have lim
n→∞

hn(t) ∈
U . Since, this argument holds for each t ∈ (0, b], we define a function u: [0, b]→ U by

u(t) =

{
lim
n→∞

hn(t), t ∈ (0, b],

v(0), t = 0.

Again, for each fixed t ∈ (0, b],

‖v(t)− hn+1(t)− Πf(t, y(t), u(t))‖
U
≤ Mξ−η

e
‖f(t, y(t), hn(t))− f(t, y(t), u(t))‖ξ

≤ Mξ−ηNb
1−γ

e
‖hn(t)− u(t)‖

U

−→ 0 as n→∞.

Therefore, u(t) = v(t)− Πf(t, y(t), u(t)), for each t ∈ (0, b].

Now, it remains to show that the function u belongs to Lp([0, b], U). Observe that, for
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each n ∈ N∪{0}, hn ∈ Lp([0, b], U), since by definition h0 ∈ Lp([0, b], U), and if we define
Kn(t) = f(t, y(t), hn−1(t)), then Kn ∈ Lp([0, b], Xη). Subsequently, ΠKn ∈ Lp([0, b], U).
Also,

‖hn(t)‖
U
≤ ‖v(t)‖

U
+
Mξ−η

e
g(t) +

Mξ−η

e
ct1−γ‖y(t)‖η+

Mξ−η

e
c‖hn−1(t)‖

U

≤
(

1 +
cMξ−η

e

)
‖v(t)‖

U
+

(
Mξ−η

e
+ c

M2
ξ−η

e2

)
g(t)

+

(
Mξ−η

e
ct1−γ +

M2
ξ−η

e2
c2t1−γ

)
‖y(t)‖η+

M2
ξ−η

e2
c2‖hn−2(t)‖

U

≤
[
1 +

cMξ−η

e
+ . . .+

cnMn
ξ−η

en

]
‖v(t)‖

U

+

[
Mξ−η

e
+ c

M2
ξ−η

e2
+ . . .+ cn−1

Mn
ξ−η

en

]
g(t)

+ t1−γ
[
c
Mξ−η

e
+ c2

M2
ξ−η

e2
+ . . .+ cn

Mn
ξ−η

en

]
‖y(t)‖η

≤ 1

1− cMξ−η
e

‖v(t)‖
U

+

cMξ−η
e

1− cMξ−η
e

t1−γ‖y(t)‖η+
Mξ−η
e

1− cMξ−η
e

g(t)

:= G(t) (say).

Therefore, G ∈ Lp([0, b], [0,∞)) and subsequently, by vector-valued dominated conver-
gence theorem, we can conclude that u ∈ Lp([0, b], U).

Next, since y is a mild solution of (6.3), it satisfies

y(t) = Tζ,δ(t)x0 +

∫ t

0

(t− s)δ−1Rδ(t− s)Bv(s)ds, t ∈ (0, b].

Consider the following semilinear system:

Dδ,ζ
0+x(t) =− Ax(t) + f(t, x(t), u(t)) +Bv(t)− f(t, y(t), u(t)), t ∈ (0, b],

J
(1−δ)(1−ζ)
0+ y(0) =x0.

}
(6.4)

Then the mild solution of (6.4) satisfies

x(t) = Tζ,δ(t)x0+

∫ t

0

(t−s)δ−1Rδ(t−s)[f(s, x(s), u(s))+Bv(s)−f(s, y(s), u(s))]ds, t ∈ (0, b].

Now, for t ∈ (0, b], we have

t1−γ‖x(t)− y(t)‖η ≤ t1−γ
∫ t

0

(t− s)δ−1‖Rδ(t− s)[f(s, x(s), u(s))− f(s, y(s), u(s))]‖ηds

≤
NM

Q
Mξ−ηt

1−γ

Γ(δ)

∫ t

0

(t− s)δ−1s1−γ‖x(s)− y(s)‖ηds.
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with control in the nonlinear term

Take H(t) = t1−γ‖x(t)− y(t)‖η. Then, from the above inequality, we have

H(t) ≤
NM

Q
Mξ−ηt

1−γ

Γ(δ)

∫ t

0

(t− s)δ−1H(s)ds, t ∈ [0, b].

Using Lemma 1.2.1, we get x = y, that is, every solution of (6.3) with control v is
a solution of the semilinear system (6.1) with control u. Hence, Rb(0) ⊂ Rb(f), and
therefore Rb(f) = Xη.
Subsequently, problem (6.1) is approximately controllable.

Remark 6.3.1. When ζ = 0, (6.1) reduces to

RLDδ
0+x(t) =− Ax(t) + f(t, x(t), u(t)) +Bu(t), t ∈ (0, b],

J1−δ
0+ x(0) =x0,

and it can be easily seen that the results in Theorems 6.3.1 and 6.3.2 hold for ζ = 0 when
γ is replaced by δ.

TH-2695_156123019



CHAPTER 7

Conclusion and Future Scope

7.1 Conclusion

In this thesis, we study various types of nonlinear fractional differential equations such
as integro neutral type, Sobolev type, etc. subject to nonlocal initial conditions. The
first problem deals with the non-autonomous Hilfer fractional differential equations. The
results are obtained by using various results of fractional calculus and fixed point theorems
in the weighted space of continuous functions. Examples are constructed to illustrate the
derived theory for fractional semilinear evolution equation and for nonlocal condition.

In the second problem, we consider neutral type Volterra-Fredholm integro differen-
tial equations with Caputo derivatives when the associated linear operator is nondensely
defined. By using various fixed point theorems, fractional calculus and measure of non-
compactness, we obtain some sufficient conditions which ensure the existence of integral
solutions of the problem under consideration when the associated C0-semigroup generated
by the part of A in D(A) is compact or non-compact. Under suitable assumptions, four
theorems are proposed and proved. Two theorems are verified by considering appropriate
examples. These results are expected to enrich the analysis with regard to solutions for
mixed Volterra-Fredholm integro fractional differential equations.

The third problem is concerned with a Volterra integro differential equation of Sobolev
type with finite delay involving Caputo fractional derivatives. Here, the first three results
are established by applying Banach fixed point theorem, Krasnoselskii’s fixed point the-
orem and Darbo-Sadovskii’s fixed point theorem, respectively. In the last result, we
drop the compactness assumption on the nonlocal function g and instead use measure of
noncompactness to obtain some sufficient conditions which ensure the existence of mild
solutions.

In the fourth problem, we consider a class of impulsive boundary value problem with
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integral conditions and multiple base point involving Caputo fractional derivatives. Here,
the boundary value problem is transformed into an equivalent integral equation in a
Banach space. We define a nonlinear operator Ψ on the Banach space whose fixed point
gives the solution of the boundary value problem. Our results are more general in the
sense that Erdélyi-Kober integrals are known to be more general operators in fractional
calculus and they reduce to Riemann-Liouville integrals with a power weight for α = 0,
γ = 1. Furthermore, those integrals include Hadamard integral as a special case.

In each of the problems, we establish the existence and uniqueness of mild/integral
solutions for the considered problem based on the methods of nonlinear functional analysis
and some classical fixed point theorems such as Banach, Krasnoselskii, Schauder, etc.

In the fifth problem, we consider a control system involving Hilfer fractional deriva-
tives, where the linear operator generates an analytic semigroup. The existence and
uniqueness result is proved with the help of a fixed point theorem by utilizing the proper-
ties of the fractional powers of Aη, the semigroup {Q(t)}t≥0 and the associated operators
{Rδ(t)}t>0, {Sδ(t)}t>0 and {Tζ,δ(t)}t>0. For the approximate controllability result, based
on the information available, we construct a sequence of functions belonging to the space
of admissible controls that converges to a control function u ∈ Lp([0, b], U), which, by us-
ing the definition of mild solution and reachable sets, gives the approximate controllability
of our system.

7.2 Future plan

In most of the problems that are taken up, the order of the fractional differential equation
belongs to (0, 1). In future, we plan to consider the following problems:

• to study the existence and uniqueness of non-instantaneous fractional differential
equations of order α ∈ (1, 2).

• as mentioned in [31], different types of controllability are present in literature. So, we
would like to extend our study on controllability to fractional evolution inclusions.

In comparison to a deterministic model, a stochastic model is more realistic and chal-
lenging. For example, in engineering problems such as wind excitation or seismic impact,
it is very difficult to describe the dynamic behaviour of the system by a purely mathe-
matical model. The possible way to model these excitations is by the use of probabilistic
mathematics instead of deterministic mathematics. Stochastic differential equation is a
combination of differential equations, probability theory and stochastic process. In future,
we would like to consider problems on controllability of stochastic fractional differential
equations.
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