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Abstract

The thesis aims at a further study on matrix completion problems — a concept
that was initiated by Burg to study the positive definite matrices and studied by
a number of researchers combinatorially for several classes of matrices including P
and Py-matrices and their subclasses. By their essence, a matrix completion prob-
lem attempts to provide a conventional matrix when some entries of a matrix are
unavailable but it is known that the matrix has certain properties. In this thesis
we present positive Q-completion, nonnegative @Q-completion and P, -completion
problems. In a combinatorial set up, we try to develop some necessary and suffi-
cient conditions for completions for these three classes of matrices. For each of the
classes, we apply the results to single out all digraphs of order at most 4 that have
completion. Further, we study the relationship between the completion problems of

the three classes, among themselves and with some other related classes of matrices.
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Introduction

The present thesis is in the broad area of Combinatorial Matrix Theory. This
thesis aims at studying matrix completion problems for some classes of matrices.
More specifically, using graph theoretic methods we study the patterns for partial
matrices having the property that the unspecified entries in any partial matrix with
the given pattern can always be chosen so that the matrix obtained belongs to the

desired class.

0.0.1 Background

The study of matrix completion problems is a distinct area in Combinatorial Matrix
Theory. It deals with situations where some information about the entries in a
matrix are known and the rest are unknown. The results are useful in the study of
Euclidean distance matrices, optimization problems and certain computer science
related engineering problems like image enhancement, data transmission, coding,
ete.

A real n x n-matrix B = [b;] is a
(i) P-matriz (Py-matriz) if all principal minors of B are positive (nonnegative).

(ii) Py1-matriz if all principal minors of B are nonnegative with all positive diag-

onal entries.

(iii) @Q-matriz if for every k € {1,2,...,n}, Sp(B) > 0, where Si(B) denotes the

sum of all £ x k principal minors of B.
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2 INTRODUCTION

(iv) Pyf-matriz if for every k € {1,2,...,n}, all the k x k principal minors are

nonnegative and at least one principal minor of each order is positive.

A partial matriz is a matrix in which some entries are specified and others
are not. A completion of a partial matriz is a specific choice of values for the
unspecified entries so that a conventional matrix is obtained. A pattern for n x n
partial matrices is a list of positions of an n X n matrix, i.e., a subset of (n) x (n)
where (n) = {1,2,...,n}.

A partial matrix M specifies a pattern if the positions of the specified entries
in M are exactly those listed in the pattern. For a particular type of matrices,
the matrix completion problem for patterns asks which patterns of positions have
the property that any partial matrix of this type that specifies the pattern can be
completed to a matrix of desired type. For example, the positive definite matrix
completion problem asks which patterns have the property that any partial positive
definite matrix specifying the pattern (cf. Definition 1.1.13) can be completed to a

positive definite matrix.

Matrix completion problems are often answered effectively using graph theoretic
techniques. The digraph associated to a pattern A of n X n matrices is the digraph
D (possibly with loops) with the vertex set (n) and the arc set A. The pattern
A is said to be positionally symmetric if (j,i) € A whenever (z,5) € A. If A is
positionally symmetric and contains all diagonal positions, the graph associated to
A is the graph G with the vertex set (n) and the edge set consisting of {7, j}, where
(i,7) € Aji # 5.

In 1975 Burg introduced a matrix completion problem in his PhD thesis [4],
where he studied completions of partial positive definite matrices in the geophysical
point of view. Dym and Gohberg [11] solved the positive definite completion problem
for tridiagonal patterns of partial matrices. Grone et al. [13] completely solved the
positive definite completion problem of partial Hermitian matrices in 1984. Since a
positive definite matrix is symmetric, in a natural way graphs were considered as

patterns for partial matrices, and the following result was obtained:
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Theorem 0.0.1. [13] A positionally symmetric pattern containing all diagonal po-
sitions has positive definite completion if and only if the graph associated to it is

chordal.

In 1990, Johnson [26] provided a survey of initial developments of matrix comple-
tion problems. These papers led to a large number of results on matrix completion
problems for several classes of matrices including N-matrices [1], symmetric N-
matrices [2], P-matrices [9; 27], Py-matrices [7], (weakly) sign symmetric P-matrices
8], (weakly) sign symmetric Py matrices [12], M-matrices [19], Symmetric M and
inverse M-matrices [18; 20; 22; 28; 29|, totally nonpositive matrices [3] and their
subclasses under different positional and sign symmetry conditions.

Johnson and Kroschel initiated the study of matrix completion for the classes of
P and Py-matrices in 1996 [27]. They showed that any pattern for 3 x 3 matrices and
any positionally symmetric pattern for matrices have P-completion. In particular,
the patterns whose graphs are the 4-cycle and the double triangle have P-completion.
However, in their paper, Johnson and Kroschel showed that the pattern specifying
the double triangle does not have FPy-completion. A few years later, DeAlba and

Hogben showed in 2000 the following.

Theorem 0.0.2. [9] A pattern that contains all diagonal positions and whose pattern
digraph is a minimally chordal symmetric-Hamiltonian digraph with at least four

vertices does not have P-completion.

Further, they classified 207 of 218 patterns for 4 x 4 matrices as to P-completion.
Several authors have studied completion problems for classes of matrices with
certain sign conditions. Some of the sign conditions that are considered are as

follows.
Definition 0.0.3. Let A = [a;;] be a n x n real matrix. Then A is
(i) positive (nonnegative) if a;; > 0 (a;; > 0) for all i, j € (n).
(i) sign symmetric (ss) if for i, j € (n), either a;; = 0 = a;; or a;;a; > 0.

(ili) weakly sign symmetric (wss) if a;;a;; > 0 for all 4, j € (n).

TH-1405_09612308



4 INTRODUCTION

For example, the completion problem for the class of (weakly) sign symmetric P-
matrices was studied by DeAlba et al. in 2003 [8], and that for the class of (weakly)
sign symmetric Py matrices by Fallat et al. in 2002 [12]. The following interesting

result appeared in the latter paper.

Theorem 0.0.4. [12; 21] Let I be one of the classes P, Py, (weakly) sign-symmetric
P, and (weakly) sign symmetric Py 1-matrices. Every undirected 1-chordal graph (cf.
Section 1.6, Chapter 1) has I1-completion.

The implication of the result is that for problem of II-completion of symmetric
digraphs it is enough to consider such digraphs without a cut vertex.

In 2001, L. Hogben unified and generalized many of the earlier results of the
matrix completion problems in her survey paper [21]. Further, following interesting

and useful result was obtained.

Theorem 0.0.5. [21] Let I1 be one of the classes Py, Py, P, nonnegative P/ Py/ Py 1,
positive P-matrices. A digraph that includes all diagonal positions has I1-completion
if and only if every nonseparable strongly connected induced subdigraph of the digraph

has 11-completion.

Therefore, for studying the problem of II-completion digraphs that include all loops,
it is enough to consider such digraphs which are strongly connected and without a
cut vertex.

In [7], Choi et al. showed that every asymmetric digraphs has Py-completion

and also classified the digraphs of order 4 as to Fy-completion.

Theorem 0.0.6. [7] Every asymmetric partial Py-matriz (P-matriz) has Py-completion

(P-completion).

For nonnegative Py-matrix completion problem, in [6] Choi et al. proved that
all patterns for 2 x 2 and 3 x 3 matrices that include all diagonal positions have
nonnegative Py-matrix completion. They also proved that a pattern for 4 x4 matrices
that includes all diagonal positions has nonnegative Fy-matrix completion if and only

if it does not contain a 4-cycle or is the complete digraph on 4-vertices [6].
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Now, for II as any one of P, positive P, nonnegative P, Py, nonnegative P, and

several other classes of matrices the following result holds.

Theorem 0.0.7. [21] If a digraph D has I1-completion, then every induced subdi-
graph of D has I1-completion.

Thus, if a digraph D contains an induced subdigraph which does not have II-

completion, then D does not have Il-completion.

Theorem 0.0.8. [21] A digraph D has Il-completion if and only if each of the

components (strong components) of a digraph D has II-completion.

Thus, the II-matrix completion problem is reduced to studying strongly connected

digraphs for II-completion.

Theorem 0.0.9. [24] Let D be a digraph with o as the set of vertices that include
loops. Then, D has (positive/nonnegative/ss/wss) P-completion if and only if the
subdigraph of D induced by o has (positive/nonnegative/ss/wss) P-completion.

The implication of the result is that to study the completion problems for these
classes, it is enough to consider that the digraph under consideration include all
loops.

In 2009, DeAlba et al. [10] considered the Q-matrix completion problem. Due
to the fact that the property of being a ()-matrix is not inherited by principal
submatrices, it was observed that the ()-matrix completion problem is different
from the earlier ones and attracts special attention. In their paper, they showed
that for @-matrix completion of a digraph, stratification or weak stratification (cf.
Definition 1.3.1, Chapter 1) of its complement is necessary and positive signing (cf.
Subsection 1.4, Chapter 1) of all cycles of the stratified complement of a digraph is
sufficient. They also classified all digraphs as to ()-matrix completion up to order 4

in their paper.
Theorem 0.0.10. [10] Let D be a digraph of order n that omits at least one loop.

(i) If D has Q-completion, then D is stratified.
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6 INTRODUCTION

(ii) If n <4 and D is stratified, then D has Q-completion.

Theorem 0.0.11. [10] Let D # K,, be an order n digraph that includes all loops

and has Q-completion. Then for each k = 2,3, ... ,n, either,
(i) D has a permutation digraph of order k, or
(ii) for each v € V(D), D — v has a permutation digraph of order k — 1.

Theorem 0.0.12. [10] Let D be a digraph such that D is stratified. If it is possible

to sign the arcs of D so that the sign of every cycle is +, then D has Q-completion.

For an extensive survey of matrix completion problems, we refer the relevant
sections in Handbook of Linear Algebra [24] published by Chapman and Hall/CRC

Press.

0.0.2 Organization of thesis

After presenting the necessary fundamentals in Chapter 1, the main work of the
thesis has been organized into four chapters as described below:

Chapter 2: The positive )-matrix completion problem

Chapter 3: The nonnegative ()-matrix completion problem

Chapter 4: The B, -matrix completion problem

Chapter 5: Comparison between completion problems.

Chapter 2. In [10], DeAlba, Hogben and Sarma studied the Q-matrix completion
problem. The property of being a ()-matrix is preserved under similarity and trans-
position. However, the property is not inherited by the principal submatrices. In
fact, the @-matrix completion problem is significantly different from other comple-
tion problems involving P-matrix classes.

In this chapter, we consider ()-matrices with positive entries, and the positive
(Q-matrix completion problem. Although a positive ()-matrix is a ()-matrix, we have
found that the results for the positive (-matrix completion problem are substantially

different from those for the (-matrix completion problem.
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We find that for the positive ()-completion Theorem 0.0.8 is only partially true.
More precisely, if each of the components (strong components) of a digraph D has
positive (Q-completion, then D has positive ()-completion; but the converse is not
true.

We discuss some necessary and sufficient conditions for a digraph to have positive
@-completion. We find that a digraph without a cycle of even length has positive
@-completion, although the converse is not true in general. We find a sufficient
condition for positive @)-completion of digraphs which have cycles of even length.
Secondly, it is shown that a digraph which includes all loops and contains a two-cycle
does not have positive ()-completion. As a consequence, any graph with at least one
edge does not have positive ()-completion. This result naturally brings the digraphs
whose complements are tournaments to our attention. We characterize all such
digraphs which have positive @)-completion. Further, using the conditions obtained,

we characterize the digraphs of order at most four that have positive ()-completion.

Chapter 3. In this chapter, we consider ()-matrices with nonnegative entries and
study the nonnegative @)-matrix completion problem. Though every positive Q-
matrix is a nonnegative ()-matrix, it is found that the results for the nonnegative
(Q-matrix completion problem are quite different from those for the positive Q-matrix
completion problem.

For the nonnegative ()-completion problem, the assertions of Theorem 0.0.8 holds
partially. For a partial nonnegative (Q-matrix M specifying a digraph D, we find
that nonnegative ()-completion of the partial submatrices of M corresponding to
the strong components (and so components) of D give rise to a nonnegative Q-
completion of M. However, the converse of the result is not true.

For the Q-matrix completion problem, the authors of [10] showed that for a di-
graph to have (Q-completion stratification or weak stratification of the complement
of the digraph is necessary (cf. Theorem 0.0.10 and 0.0.11). We find that positive
stratification (cf. Definition 1.3.1, Chapter 1) is a necessary, though not sufficient,

condition for a digraph to have nonnegative (Q-completion. As a consequence, we
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8 INTRODUCTION

show that for having nonnegative ()-completion a digraph of order > 2 must omit
at least two loops. We present some other necessary conditions and sufficient condi-
tions for a digraph to have nonnegative ()-completion. Further, we find a sufficient
condition for a digraph to have nonnegative (-completion with the help of weight
functions on the arcs of its complement. Finally, based on these results, we provide

some classifications of the digraphs of order up to 4 as to nonnegative Q)-completion.

Chapter 4. In this chapter, we study the Py -matrix completion problem. Every
P-matrix is a P -matrix, and the class of P;f-matrices is the intersection of the
classes of Py and )-matrices. However, unlike P and Fy,-matrices, the property of
being a Py -matrix is not inherited by principal submatrices. It is observed that the
Py -matrix completion problem is quite different from the completion problems for
the classes of (), the P and Py-matrices. For example, the assertion of Theorem 0.0.8
does not hold with IT as the class of Py -matrices, i.e., even if each of the components
(strong components) of a digraph D has Byf-completion, D may fail to have P -

completion.

In Theorem 0.0.4, it is asserted that a 1-chordal graph with two maximal cliques
has Fy, Fo1 and P-completions. Some standard techniques, namely, zero completion,
asymmetric completion, zeros in the inverse completion (cf. Section 1.6, Chapter 1)
instantly give rise to desired completions of a partial matrix specifying a 1-chordal
graph. It has been found that these techniques fail to provide P, -completions of a
partial Py -matrix specifying a 1-chordal graph. In fact, it is found that a 1-chordal
graph with two maximal cliques does not have Pyf-completion. In the discussion
in Chapter 5, we show that 1-chordal graphs do not have positive and nonnegative
(Q-completions as well.

Stratification or weak stratification of the complement of a digraph is seen to
be a necessary condition, but not a sufficient condition, for a digraph to have P -
completion. Tt is shown that for a digraph to have P;f-completion, every induced
subdigraph of the digraph must have FPy-completion. Beside these, certain other

necessary conditions and sufficient conditions for a digraph to have P, -completion
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are obtained. Finally, based on these conditions all digraphs of order at most 4 have

been classified as to P, -completion.

Chapter 5. In this chapter, we examine the relationship between certain matrix
completion problems including the completion problems for the classes of positive
Q, nonnegative ) and P, -matrices. Based on the results obtained in previous three
chapters, the similarities and dissimilarities between the completion problems for
the classes of positive ), nonnegative Q and P;f-matrices are investigated. Though
they are found to be mostly unrelated, it is found that nonnegative ()-completion of
a digraph implies positive ()-completion, though the converse is not true in general.

Further, the completion problems for above three classes are compared with
those for the classes of P, Py and Q-matrices. It is seen that though they share
some common results, the former three completion problems have features mostly
distinct from the P, and Fy-matrix completion problems. However, we find that a
digraph has P-completion, if it has P, -completion, though the converse is not true
in general.

It has been seen that though each of the classes of positive (), nonnegative ()
and P, -matrices is a subclass of the class of Q-matrices, their completion problems
are distinct in nature from the ()-matrix completion problem. We emphasize the
similarities these completion problems have with the )-matrix completion problem,

and discuss the dissimilarities with analysis and examples.

Epilogue. 1In the present thesis, we have studied matrix completion problems for
three subclasses of the class of ()-matrices, namely, the classes of positive (), nonneg-
ative @ and P;f-matrices. Though we are successful in understanding the problems
to some extent, we are far from the complete solutions to the problems. Like several
subclasses of Py-matrices, a characterization of a digraphs having completion for
any of the classes we have considered is still evading. Further efforts are required to
resolve the combinatorial problems of matrix completion for these classes fully.
The results presented in chapters 2, 3 and 4 have been communicated to journals

for publication.
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Rudiments of Matrix Completion

Problems

In this chapter, we present the fundamentals on matrix completion problems con-
cerning the thesis. The materials of the chapter are standard in the present thesis
area. However, in order to fix the definitions and notations for the thesis, we present
the necessary materials. Section 1.2 is devoted to the concepts of graphs and di-
graphs which are frequently used in matrix completion problems. We formally in-
troduce partial matrices and their completions, and matrix completion problems in
Sections 1.1 and 1.5, respectively. In Section 1.3, we present permutation digraphs
and their relations to determinants of matrices. Definitions of weighted and signed
digraphs are provided in Section 1.4. Further, chordal graphs and their completions

are briefly presented in Section 1.6. One may refer to the survey article [21] and the

11
TH-1405_09612308



12 RUDIMENTS OF MATRIX COMPLETION PROBLEMS

book chapter [24] for more materials on matrix completion problems.

1.1 Partial matrices and their completions

All matrices considered in this thesis are real square matrices.

1.1.1 Some classes of matrices

Let A be an n x n matrix and a be a nonempty subset of (n) = {1,2,...,n}. The
principal submatriz Ala] of an n x n-matrix A is obtained from A by deleting all
rows and columns not in «. A principal minor is the determinant of a principal

submatrix.

Definition 1.1.1. A P-matrix (Py-matrix) is a matrix for which every principal
minor is positive (nonnegative). A P ;-matrix is a Py-matrix with positive diagonal

entries.
Clearly, a P-matrix is a Fp ;-matrix and a Fp ;-matrix is a FPy-matrix.

Example 1.1.2. Consider the matrices

10 11 10
Blz ) BQZ ) Bg:
-1 1 11 10

Clearly, B; is a P-matrix, By is a Fpj;-matrix but not a P-matrix, and B; is a

Py-matrix but not a Fp;-matrix.

Definition 1.1.3. A class II of matrices is said to satisfy the hereditary property if

for each Il-matrix B, every principal submatrix of B is also a II-matrix.

It is easy to see that the classes of P, Fy and [}, matrices satisfy the hereditary

property.

Definition 1.1.4. A real n xn matrix B is a QQ-matriz if for every k € {1,2,...,n},

Sg(B) > 0, where Si(B) denotes the sum of all £ x k principal minors of B.

TH-1405_09612308



1.1 PARTIAL MATRICES AND THEIR COMPLETIONS 13

In 1983, Hershkowitz et al. [15] introduced Q-matrices. Spectral properties of

()-matrices and some related classes are discussed in [15-17].

Definition 1.1.5. A real nxn matrix By is a Py" -matriz if for every k € {1,2,...,n},
all the k£ x k principal minors are nonnegative and at least one principal minor of

each order is positive.

Clearly, a P -matrix is a Py-matrix as well as a Q-matrix. Moreover, a P-matrix
is a P -matrix, but not conversely. Unlike the classes of P and Py-matrices, the
classes of the Q and P, -matrices do not satisfy the hereditary property, which is

seen in the following example.

Example 1.1.6. Consider the matrices

1a9 2
1 -1 1 0 2 1

Bl = ) B2 - ) BS = P B4 - 1 1 0
1 0 0 0 —4 —1

—1 0 1

The matrix B; is a POJr -matrix but not a P matrix, By is a Fy-matrix but not a
Py -matrix, Bs is a Q-matrix but not a Byf-matrix. Further, B, is a B, -matrix and
therefore a @Q-matrix. However, the principal submatrix B[{1,2}] is not a Q-matrix,
and therefore not a Py -matrix. This shows that the classes of @ and P, -matrices

do not satisfy the hereditary property.

Definition 1.1.7. A class II of matrices is closed under permutation similarity, if

whenever B is a [I-matrix and P is a permutation matrix, PT BP is a [I-matrix.

It is easy to see that the classes of P, I, Fy1, () and Py -matrices are closed

under permutation similarity.

1.1.2 Partial matrices

Definition 1.1.8. A partial matriz is a square array of real numbers in which some
entries are specified while others are free to be chosen. A partial matrix M = [m,;] is

fully specified if all entries m;; of M are specified, i.e., if M is a conventional matrix.

TH-1405_09612308



14 RUDIMENTS OF MATRIX COMPLETION PROBLEMS

We usually label the unspecified entries of a partial matrix by x;;, 7 or *.

Definition 1.1.9. A partial matrix M = [my;]| is combinatorially symmetric (or

positionally symmetric) if m;; is specified whenever m;; is specified.

Example 1.1.10. For the partial matrix

11 2
M=1113
237

the (3,3) entry is unspecified. It is clear that M is combinatorially symmetric.

Definition 1.1.11. Let a be a nonempty subset of (n) = {1,2,...,n}. The prin-
cipal partial submatriz M[a] of an n x n partial matrix M is the || X |a| partial
matrix whose specified entries are those of M indexed by a. Here |a| denotes the
size of . If M|a] is fully specified, we call the determinant of M[a| a fully specified

principal minor of M.

Example 1.1.12. Consider the partial matrix M in Example 1.1.10. For o = {1, 2}

is fully specified and the corresponding principal minor is 0.

For a given class Il of matrices, a partial II-matriz is a partial matrix for which

the specified entries fulfill the requirements of a II-matrix.
Definition 1.1.13. Let M be a n X n partial matrix. Then M is a

(i) partial P-matriz (resp. Py-matriz), if every fully specified principal minor is

positive (resp. nonnegative).

(i) partial positive definite matriz, if it is a partial P-matrix and specified entries

at symmetric positions are equal.

(ili) partial Pyy-matriz, if M is a partial Py-matrix in which all specified diagonal

entries are positive.
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(iv) partial Q-matriz, if Sp(M) > 0 for every k = 1,2,...,n for which all k X k

principal submatrices are fully specified.

(v) partial Py -matriz, if every fully specified principal minor of M is nonnega-
tive and Si(M) > 0 for every k = 1,2,...,n for which all k£ x k principal

submatrices are fully specified.

(vi) partial positive (resp. nonnegative)-matriz, if all specified entries of M are

positive (nonnegative).

Example 1.1.14. Consider the partial matrices

0 2
Ml F— ) M2 = 7M3 =
74 71 ?7 =1
Here, M, is a partial P-matrix (and therefore a partial Py, Py 1, Py, Q-matrix) with
fully specified principal submatrices M, [{1}], M;[{2}] giving minor 1 > 0. Similarly,
M is a partial Py -matrix (and therefore a partial Py, Q-matrix) with fully specified
principal submatrices Ms[{1}], M[{2}] giving nonnegative minors. However, M, is
neither a partial P nor Fp;-matrix, since the diagonal entries are not all positive.

Finally, M; is a partial Q-matrix, but not a partial P, Py, Py, Py -matrix.

Definition 1.1.15. A completion of a partial matrix is a specific choice of values
for the unspecified entries. A II-completion of a partial II-matrix M is a completion

of M which is a [I-matrix.

Example 1.1.16. Consider the matrices

11 0 2 2 1
Bl = ) BQ = ) B3 =
-1 1 -1 1 -3 -1
The matrix B; is a P, Fy, Py, Py and Q-completion of the partial matrix M; in
Example 1.1.14. Similarly, By is a P;f, Py and Q-completion of M, and Bs is a

Q-completion of M;.
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16 RUDIMENTS OF MATRIX COMPLETION PROBLEMS

1.2 Graphs and digraphs

We list here the graph theoretic notions which will be used in our discussions. Most
of the terms can be found in any standard reference, for example, in [5] and [14].
However, some variation to the standard use of the notion of a digraph is considered

as has been used in recent studies of matrix completions.

1.2.1 Graphs

A graph G = (V, E) is a finite nonempty set V' of objects, called vertices, and a set
E of unordered pairs {u,v} of vertices, called edges. The order of GG, denoted by
|G|, is the number of vertices of G. The vertex set and the edge set of G are also
denoted by V(G) and E(G) respectively. If {u,v} is an edge of G, then we say that
u and v are adjacent in G and {u, v} is incident with both u and v.

A graph H is a subgraph of the graph G if V(H) C V(G), E(H) C E(G) (note
that {u,v} € E(H) requires u,v € V(H), since H is a graph). The subgraph H is
an induced subgraph (induced by V(H)) if E(H) = (V(H) x V(H)) N E(G), and is
a spanning subgraph if V(H) = V(Q).

For vertices u,v in a graph G, a u-v path P is a subgraph of G whose distinct

vertices and edges can be written in an alternating sequence:
u = Ul{Uh Uz}U2{U2, U3}Us ol 'Uk—1{Uk—1, Uk}Uk =48

Further, if {v,u} is an edge in GG, then the subgraph P together with the edge {v, u}
is a cycle of length k or a k-cycle in G.

The graph G is said to be connected if for every pair u, v of distinct vertices, G
contains a u-v path. The maximal connected subgraphs of G are called components
of G.

A chord of the cycle v1{vy, va}vo{va, v3} - - - {vk_1, Vg for{ vy, v1} is an edge {vs, v, }
not in the cycle (with 1 < s,¢t < k). A graph is chordal if every cycle of length > 4

has a chord.
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1.2 GRAPHS AND DIGRAPHS 17

1.2.2 Directed graphs

A directed graph or digraph D is a pair (V, A) where V is a finite nonempty set
of objects, called wvertices, and A a set of ordered pairs of vertices, called arcs or

directed edges. The vertex set and the arc set of D are denoted by V(D) and A(D)

respectively.

Note that the definition allows an arc x = (u, u) in the arc set of a digraph D,
which is called a loop at the vertex u. This is in contrast to the classical notion of
a digraph for which an arc is an ordered pair of distinct vertices. Loops are usually
admitted in a so-called pseudodigraph for which the collection of arcs is a multiset of
ordered pairs of vertices, not necessarily distinct (see [5]). Several works on matrix
completion problems used marked digraphs, i.e., digraphs with some vertices marked
in stead of considering loops at those vertices (see [7; 21]). The current definition is

in use in some recent works on matrix completion problems including [10].

Sometimes, we simply write v € D (resp. (u,v) € D) to mean v € V(D) (resp.
(u,v) € A(D)). The order of D, denoted by |D|, is the number of vertices of D. An
arc x = (u,u) in D is called a loop in D, and we say that D includes a loop at the
vertex w. If u # v and x = (u,v) is an arc in D, we say that z is incident with u
and v; w is adjacent to v; and v is adjacent from u. The outdegree (resp. indegree)

of a vertex v in D is the number of vertices of D adjacent from (resp. to) v.

It is customary to represent a digraph by a diagram with nodes representing the
vertices and directed line segments (arcs) representing the arcs of the digraph.

A digraph D, is a subdigraph of the digraph D if V(D;) C V(D), A(D;) C
A(D). The subdigraph D, is an induced subdigraph (induced by V(D)) if A(D;) =
(V(Dy) x V(Dy)) N A(D), and is a spanning subdigraph if V(D,) = V(D). The
complement of a digraph D is the digraph D, where V(D) = V(D) and (v,w) €
A(D) if and only if (v,w) ¢ A(D). If S is a set of arcs in D, then D + S denotes
the digraph obtained from D by adding the arcs in S. Further, for v € V(D), D —wv
denotes the subdigraph of D induced by V(D) \ {v}.

For vertices u, v in a digraph D, a u-v path P is a subdigraph of D whose distinct
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18 RUDIMENTS OF MATRIX COMPLETION PROBLEMS

vertices and arcs can be written in an alternating sequence:

u = vy (v, V2)v2(V2, V3)V3 - Vg1 (Vk—1, Vg )UK = V.

Further, if (v,u) is an arc in D, then the subdigraph P together with (v,u) is a
cycle of length k or a k-cycle in D. A 1-cycle consists of a vertex v together with
a loop at v. For convenience, we denote the cycle as C' = [v1, vg, ... vg]. A digraph
having no cycle is said to be acyclic. A cycle C'is even (resp. odd) if its length is
even (resp. odd).

For a digraph D the underlying graph is the graph obtained by replacing each
arc (u,v) or pair of arcs (u,v) and (v,u) (if both are present) for distinct vertices u

and v with the one edge {v,u} (loops are ignored).

Definition 1.2.1. A chord of the cycle C'is an arc not on C' and is incident to two
vertices on C'. For an even cycle C' = [vy, ..., vy a chord (v;,v;) of C is said to be
odd if |i — j| is even. In that case, the subdigraph C' + (v;, v;) contains an odd cycle
formed by (v;,v;) together with the v;-v; path on C.

A digraph D is said to be chordal, if every cycle in D of length > 4 has a chord in
D. In other words, D is chordal, if and only if the underlying graph of D is chordal.

Two digraphs Dy = (Vi,A4;) and Dy = (V5, Ay) are isomorphic, if there is a
bijection ¢ : Vi — V4 such that Ay = {(é(u), ¢(v)) : (u,v) € A1}. An unlabeled
digraph is an equivalent class of isomorphic digraphs. Choosing any particular
member of an unlabeled digraph is referred to as a labeling of the unlabeled digraph.

A digraph D is said to be connected if the underlying graph of D is connected.
The digraph D is said to be strongly connected if for every pair u,v of vertices,
D contains a u-v path and a v-u path. The maximal connected (resp. strongly
connected) subdigraphs of D are called components (resp. strong components) of D.
A cut-vertex of a connected digraph is a vertex whose deletion from D disconnects
the digraph. A connected digraph is nonseparable if it has no cut vertices. A block
is a maximal nonseparable subdigraph. A clique is a complete subdigraph. A block

clique digraph is a digraph whose blocks are cliques.
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1.2.3 Symmetric and asymmetric digraphs

A digraph is said to be symmetric if (u,v) € D implies (v,u) € D. In contrast, D
is asymmetric if (u,v) € D implies (v,u) ¢ D. For a graph G = (V(G), E(G)), we
define a digraph D = (V(G), A(D)) as follows: the arcs (i,j) and (7,4) are in A(D)
if and only if {4, j} € E(G). Similarly, for a symmetric digraph D = (V(D), A(D)),
we define a graph G = (V(D), E(G)) where {i,j} € E(G) if and only if the arcs
(7,7) and (j,4) are in A(D).

Definition 1.2.2. A complete symmetric digraph on n vertices, denoted by K,,, is
the digraph having all possible arcs (including all loops). A complete asymmetric
digraph or a tournament is a maximal asymmetric digraph, i.e., a digraph which
includes no loop and contains exactly one of (u,v) and (v,u) as an arc for any pair

of distinct vertices u and v.

Note that we are using the same notation K, for the complete graph as well as
the complete symmetric digraph of order n. The use of the notation in different
situations in the thesis will be clear from the context.

Let T be a tournament with vertex set {1,...,n}. The sequence (s1, s2,...,Sn),
where s; is the outdegree of the vertex i (also called the score of i), is called the
outdegree sequence (or the score sequence) of T. A triple {i,7, k} of vertices in T
which do not form a 3-cycle in 7" is called a transitive triple. The tournament 7 is
transitive, it T' does not have a 3-cycle.

The following results about tournaments are well-known (for example, see Sec-

tion 5.2 in [5]).

Proposition 1.2.3. Let T' be a tournament with vertex set {1,...,n}.
(a) If T is strongly connected, then T has a cycle of length k, for k=3,... ,n.
(b) T is acyclic if and only if it is transitive.

(¢) T is acyclic if and only if T is isomorphic to the unique tournament with score

sequence (n —1,...,1,0).

TH-1405_09612308



20 RUDIMENTS OF MATRIX COMPLETION PROBLEMS

Definition 1.2.4. Let D; and D5 be two vertex-disjoint digraphs. We define the
transitive product of Dy and D, to be the digraph Dy <t Dy = (V, A), where V =
V(D) UV (Dy) and A = A(Dy)UA(Dy) U{(i,j):i € V(Dy),j € V(Dy)}.

Clearly, < is an associative, but not commutative, binary operation on the set
of all digraphs. It is easy to see that if T} and T, are tournaments, then so is 17 < T5.
Further, the subdigraph induced by a transitive triple in a tournament is isomorphic
to Ky <Ky <tK;. In general, an acyclic tournament of order n is isomorphic to
the transitive product of n copies of K;. An equivalent of the following result is

Theorem 5.7 in [5].

Proposition 1.2.5. Fvery tournament is a transitive product of its strong compo-

nents.

1.3 Permutation digraphs and determinant of ma-
trices

Let 7 be a permutation of a nonempty finite set V. The digraph D, = (V, A,),
where A, = {(U,?T(U)) : v € V}, is called a permutation digraph. Clearly, each
component of a permutation digraph is a loop or a cycle. The digraph D, is said to
be positive (resp. negative) if 7 is an even permutation (resp. an odd permutation).
It is clear that D, is negative if and only if it has odd number of even cycles.

A permutation subdigraph H (of order k) of a digraph D is a permutation digraph
that is a subdigraph of D (of order k). Further, H is positive (negative) if the

corresponding permutation is even (odd).

Definition 1.3.1. A digraph D of order n is (positively) stratified if D has a (pos-
itive) permutation subdigraph of order k for every k = 2,3,...,n. A digraph D is
weakly stratified if for each k = 2,3, ..., n, either

(i) D has a permutation digraph of order k, or

(ii) for each v € V(D), D — v has a permutation digraph of order k — 1.
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The determinant of an n x n matrix B = [b;;] is given by

det B = Z(sgnﬂ)blw(l) “ bpr(n), (1.1)
where the sum runs over all n! permutations 7 of {1,2,...,n} and sgnm is +1 or
—1, according to whether 7 is an even or an odd permutations (see [25] pp. 8, for
example).

For our convenience, we introduce some new terminology and make a useful
deduction of (1.1). Let n be a fixed positive integer. For a nonempty subset a of
{1,...,n}, let S(«) denote the set of all permutations of a. For 1 < k < n, let Py
denote the union of all S(«), where ae C {1,...,n} with |o| = k. Further, we denote
by P, (resp. P, ) the collection of all even (resp. odd) permutations in P.

For a permutation 7 € S(«), we define the weight of = in B by w(m, B) =
[[{bixq) 1@ € a}. In view of (1.1), the sum of all £ x & minors of B is given by

Sk(B) =Y (sgnm)w(m,B)= Y w(m,B)— >  w(m,B).

TEPy TEP; TEP,

If B is a positive matrix, then S;(B) equals the trace of B, which is positive, and
for 2 < k < n, Si(B) equals the difference of two positive sums:

Sk(B)= > w(m, B)— > w(r,B). (1.2)

rePt TEP,
1.4 Weighted and signed digraphs

For a digraph D = (V, A), a weight function on D is a real valued function ¢ defined
on the arc set A. The triplet (V, A, ¢) is then called a weighted digraph. For e € A,
¢(e) is called the weight of e. Further, for any permutation subdigraph P of D, we
denote the sum of the weights of the edges on P by ¢*(P).

A signing of a digraph is an assignment of a sign + or — to each arc of the
digraph. The result of signing of a digraph is called a signed digraph.

Let D be a signed digraph and C a cycle of length k in D. Let r be the number
of arcs in C' with sign —. The sign of C' is defined to be the sign of (—1)¥+"~1. Thus,
an even (odd) cycle is of sign +, if C' has an odd (even) number of arcs with sign

—. The digraph D is said to be positively signed, if every cycle in D is of sign +.
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1.5 Digraphs and matrix completion problems

In matrix completion problems, a partial matrix is associated with a digraph that
describes the positions of the specified entries in the partial matrix. We formally

define the relevant terms in this section.

Definition 1.5.1. An n x n partial matrix M = [m,;] is said to specify a digraph
D = ((n),A) iffor 1 <i,j <mn, (i,j) € Aif and only if the entry m,; is specified.

Example 1.5.2. An arbitrary partial matrix specifying the digraph D; in Figure 1.1

is of the form

2
2
5/\3 é‘o’o
FIGURE 1.1: The digraph D; and its complement Dy

Definition 1.5.3. Let II be a class of matrices. A digraph D has II-completion, if
every partial I[l-matrix specifying D can be completed to a [I-matrix. The [I-matrix

completion problem aims to classify all digraphs which have II-completion.

Example 1.5.4. Consider the digraph D; in Figure 1.1. Since D is stratified, it
follows from Theorem 0.0.10(ii) that D; has @-completion. The partial matrix M

in Example 1.5.2 is a partial @-matrix. One can easily see that the completion

apr aip t

is a (Q-matrix for large values of ¢.

Definition 1.5.5. Let G be a graph of order n and M = [m;;] be an n x n com-

binatorially symmetric partial matrix with all diagonal entries specified. Then M
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is said to specify G, if for 1 < i < j < mn {i,j}, is an edge in M whenever m;; is

specified in M.

Remark 1.5.6. Let G be a graph and M be a partial matrix specifying G. Then
all diagonal entries of M are specified. Let D be the digraph that is specified by
M. Then D has all loops and is a symmetric digraph. It is clear that for any
class II of matrices the graph G has II-completion if and only if the digraph D has

[T-completion.

1.6 Chordal graphs and completion problem

Chordal graphs are useful in the study of positive definite completion problem (see
[13]). Consider two graphs G; and Gs, each of which contains the clique K. If we
identify the copy of K, in G; with that in G5, then the resulting graph is called a
clique sum of G, and G (along the clique K).

If G, is the clique K, and G5 is any chordal graph containing the clique K,
p < g, then the clique sum of G and Gy along K, is also chordal. The cliques that
are used are the maximal cliques of the resulting chordal graph and the cliques along
which the summing takes place are the so called minimal vertex separator of the
resulting chordal graphs. If the maximum number of vertices in a minimal vertex
separator is p, then the chordal graph is p-chordal. We note that a single clique is
not p-chordal for any p. We put our interest in 1-chordal graphs with two maximal
cliques.

Up to permutation similarity consider a partial matrix M specifying a chordal

graph with two maximal cliques as follows:

An A X
M= Ay Ay A (1.3)
Y Ay As

in which the unspecified entries are exactly the entries of X and Y. If Ay is

invertible, the zeros in the inverse completion A of M is obtained by putting
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X = A12A2_21A23 and Y = A32A2_21A21. The zeros in inverse completion is an
useful technique for completion problems of M, inverse M-matrices. If a partial
M-matrix specifies a 1-chordal digraph with two maximal cliques, then the zeros in
inverse completion gives a unique completion whose inverse has zeros in all positions

corresponding to unspecified entries. Also if

A A Ay A
M, = 1 Az M, = 22 A3
A21 A22 A32 A33
are invertible, then
~ | My||M.
det A = M| (1.4)
| Az |

The asymmetric completion A of M in (1.3) is obtained by putting X = Ay A5, Ao
and Y = 0. Also in case of asymmetric completion, the determinant of A is obtained
in (1.4). Finally, if Asy is scaler and Ay = 0, the zero completion A of M is obtained

by putting X =Y = 0. In zero completion, the determinant of A is as follows:
det A = | Ass|| M| + | Ma]|An)-

We note that 1-chordal graphs and double triangle graphs (i.e. 2-chordal) are
very useful in the study of certain classes of P-matrices. For a class Y. of matrices
(e.g., P-, Py-matrices etc), it is seen that a partial ¥-matrix whose graph of specified

entries is a 1-chordal graph with two maximal cliques has ¥ completion (see [12; 21]).
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The Positive ()-matrix Completion

Problem

In this chapter, we study the positive ()-matrix completion problem. In Section 2.1,
we define the positive ()-matrix completion problem. In Section 2.2, we find some
sufficient conditions for a digraph to have positive ()-completions. We discuss some
conditions that are necessary for positive ()-completion in Section 2.3. Based on
conditions obtained in the previous two sections, we characterize in Section 2.4 the
tournaments that have positive ()-completion. Finally, in Section 2.5, we single out

the digraphs of order at most four that have positive ()-completion.

25
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2.1 Partial positive ()-matrix and the positive Q-

matrix completion problem

A partial Q-matriz M is a partial matrix such that Si(M) > 0 forevery k =1,...,n
for which all £ x k principal submatrices are fully specified. A partial positive Q-
matriz is a partial Q-matrix in which all specified entries are positive.

Let M be a partial matrix with all specified entries positive. If all 1 x 1 principal
submatrices (i.e., all diagonal entries) in M are specified, then S;(M) is the trace
of M, which is positive. If all k£ x k principal submatrices are fully specified for
some k > 2, then M is fully specified and, therefore, is a positive @)-matrix. Thus,

a partial positive ()-matrix is characterized as follows.

Proposition 2.1.1. Suppose M is a partial matriz in which all specified entries are
positive. Then, M is a partial positive Q-matriz if and only if exactly one of the

following holds:
(i) At least one entry of M is not specified.
(ii) All entries of M are specified and M is a Q-matriz.

Definition 2.1.2. A digraph D is said to have positive Q-completion if each par-
tial positive ()-matrix specifying D has a positive Q)-completion. The positive Q-
completion problem aims at studying and classifying all digraphs which have positive

Q-completion.

The class of (positive) @-matrices is closed under permutation similarity. Con-
sequently, if a digraph D has positive ()-completion, then any digraph which is
isomorphic to D has positive ()-completion.

It is easy to see that any partial positive matrix M in which all diagonal entries
are unspecified has positive ()-completion. A completion can be obtained by choos-
ing sufficiently large values for the unspecified diagonal entries. Let M be a partial

positive @-matrix in which the diagonal entries at (i,7) positions (i = k+1,...,n)
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are unspecified. If M[{1,..., k}] is fully specified, M may not have a positive Q-

completion. For example, the partial matrix

where * is an unspecified entry, does not have positive ()-completion. Indeed, for
any completion B of M, S3(B) = det B = 0. On the other hand, if M[{1,...,k}]
has an unspecified entry and has a positive ()-completion, then M has a positive
-completion. A completion of M can be obtained by choosing sufficiently large
values for the unspecified diagonal entries. We list these observations in the following

propositions.

Proposition 2.1.3. A digraph which does not include any loops has positive Q-

completion.

Proposition 2.1.4. Let D be a digraph and « be the set of vertices at which D
includes loops. If the subdigraph of D induced by o is not K|, and has positive

Q-completion, then D has positive QQ-completion.

The following example uses Proposition 2.1.4 for determining whether a digraph

has positive Q)-completion.

O 2 3
3

D Dy

4

FiGURE 2.1: The digraph D and its induced subdigraph Dy

Example 2.1.5. Consider the digraph D in Figure 2.1. The set of vertices at which
D includes loops is @ = {2,3}. Let D; be the subdigraph of D induced by a.

Consider the partial positive QQ-matrix

M= dy  ags ’
7 ds
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specifying D;. Clearly, for any € > 0 the completion

of M is positive Q-matrix, if € < (dads3)/ag3. Thus, D, has positive @)-completion.

Since D, is not complete, in view of Proposition 2.1.4, D has positive ()-completion.

The converse of Proposition 2.1.4 is not true in general which can be seen from
the following example. In particular, the assertion of Theorem 0.0.9 is not true if II

denotes the class of positive ()-matrices.

Example 2.1.6. Consider the digraph D in Figure 2.2 and its subdigraph D; in-
duced by the set of vertices & = {1,2,3} at which D has loops. We show that D

has positive Q)-completion, whereas D; does not have. Consider a partial positive

(Q-matrix
dl b12 b13 b14
b21 d2 x *
M = ,
X b32 d3 *
b41 * b43 *

specifying the digraph D. Here, * denotes an unspecified entry. We show that for
any choice of positive values of the specified entries, M has positive ()-completions,

though there are occasions when M[a] does not have.

Dy

F1GURE 2.2: The digraph D and its induced subdigraph D;
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For € > 0 consider the completion B(e) of M defined as follows:

dl b12 b13 b14
b21 d2 € 62
B(e) =
€ bgg d3 €
[ bn o b
Then,
1
SUB() =+ di
1

where g and hg are constants and f;(e) is a polynomial in € of degree i, i = 1,2, 3.
Consequently, B(¢) is a positive @-matrix for sufficiently small e. Next, consider the

partial positive (Q-matrix

1 2 1
Mla]=12 1 y
zr 1 1

(with z and y as unspecified entries) specifying the digraph D;. That M[a] does
not have positive @-completion is evident; Sy(M[a]) = =1 —x —y < 0 for any

completion of M|al.

Proposition 2.1.7. Suppose M is a partial positive matriz specifying the digraph D.
If the partial submatriz of M induced by every strongly connected induced subdigraph
of D has positive (Q-completion, then M has positive QQ-completion.

Proof. We prove the result for the case when D has two strong components D; and
Ds. The general result will then follow by induction. By a relabelling of the vertices

of D, if required, we have
My M

X My

Y
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where M;; is a partial positive () matrix specifying D;, ¢ = 1,2, and all entries in X
are unspecified. By the hypothesis, M;; has a positive ()-completion B;;. For ¢ > 0
consider the completion

By B

B(e) = :
By Ba

by choosing all entries in X as € and all unspecified entries in M5 as 1. Then, for
2 < k <|D| we have

k—1
Sk(B(€)) = Si(Bu) + Sp(Bas) + Y Sp(Bu)Sk—r(Ba2) + (o),

r=1

where each hy, is a polynomial in e. Here, we mean Si(B;;) = 0 whenever k exceeds
the size of B;;. By choosing e sufficiently small, M can be completed to a positive

() matrix. [

Theorem 2.1.8. Let D, ..., D, be the strong components with more than one vertex
in a digraph D. If for each i, D; is not a complete symmetric digraph and has positive

Q-completion, then D has positive (Q-completion.

Proof. Let D,.q,..., D be the strong components of order 1 in D. If M is a partial
positive ()-matrix specifying D, then the partial submatrices of M induced by each
strong component D; is a partial positive (-matrix. In view of Proposition 2.1.7,

M has a positive Q)-completion. ]

The proof of the following result is similar.

Theorem 2.1.9. Let D, ..., D, be the components with more than one vertex in a
digraph D. If for each i, D; is not a complete symmetric digraph and has positive

Q-completion, then D has positive (Q-completion.

The result of Theorem 2.1.8 is not true in general if some of the strong compo-
nents D; are complete. In particular, this shows that the assertion of Theorem 0.0.8

is only partially true in case Il denotes the class of positive (Q-matrices.
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Example 2.1.10. The partial matrix

111
M=1|111
z y 1

specifies a digraph D for which the strong component with more than one vertex is
induced by the set of vertices {1,2}. The strong component has -completion, being
a complete symmetric digraph. However, any completion of M has determinant zero,

and therefore, D does not have positive ()-completion.

Remark 2.1.11. The converse of Theorem 2.1.8 is not true in general. For example,
the digraph D in Figure 2.3 has positive Q-completion (see Example 2.2.4), although
the strong component D; induced by vertices {1,2,5,6} does not have positive Q-

completion (see Example 2.3.4).

2.2 Sufficient conditions for positive ()-completion
of digraphs

Theorem 2.2.1. A digraph D has positive QQ-completion if it does not contain an

even cycle.

Proof. Let M be a partial positive @Q-matrix. For a positive real €, let B(e) be the
completion of M obtained by choosing each unspecified diagonal entry as 1 and each
unspecified off-diagonal entry as e. Let 1 < k < n. For each o C {1,...,n} of size
k, the identity permutation ¢ of « is in P;. Since all diagonal entries of M are
specified, w(o, B(e)) is a product of (positive) specified entries. On the other hand,
for each m € P, , w(m, B(e)) contains € as a factor, because D does not have even

cycles. In view of (1.2), for sufficiently small values of € we have Si(B(e)) > 0. O

Example 2.2.2. That the digraph D in Figure 2.1 has positive Q-completion follows
also from Theorem 2.2.1, since D has no even cycle. On the other hand, consider the

digraph D, in Figure 2.5 which has an even cycle [1,2,3,4]. Observe the following
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properties in D: Dy has the 2-cycle [1, 3], where the arc (1, 3) is an odd chord of the
d-cycle in Dy = Dy + (1,3). Also, Dy = Dy + (1,3) does not have any even cycle
with (1,3) as an arc. A digraph with these properties has positive Q-completion

which follows from the next theorem.

Theorem 2.2.3. Let D be a digraph without any 2-cycles and having one or more
even cycles. Suppose D has a set of 2-cycles {c¢; = [us,v;] 1 i = 1,...,7} satisfying

the following:

(i) The digraph D = D+ {(us,v;) : 1 < i <7} does not have any even cycles with

one of (u;,v;) as an arc.

(ii) For each even cycle C of D there is j such that (u;,v;) is an odd chord of C

~

mn D.
Then D has positive (Q-completion.

Proof. Suppose |D| = n and let m be the minimum of the lengths of the even cycles
in D. Then, m > 4 and D does not have an even cycle of length 2,...,m — 2. Let
M be a partial positive (Q-matrix specifying the digraph D. For a real z > 1, let
B(z) = [b;j] be the completion of M obtained by putting: by, =2, 1 <i <r, and

bi; = 1/2" for all other unspecified entries. For 2 < k < n, we have

Sk(B(r)) = > w(m, B(z)) - Y w(m, B(x)). (2.1)

TePY TeP,
Case 1: 2 < k < m — 1. The digraph D has no even cycle of lengths 2,... k.
Consequently, for any 7 € P, there is an arc (¢, 7(t)) in the complement of lA), and
therefore 1/x is a factor of w(m, B(x)), i.e., each term in the second sum in the right
side of (2.1) has a factor 1/x. On the other hand, the identity permutation of each

a C{1,...,n} of size k is in P; and contributes weight [],_,, bii, a positive constant,

i€a
to the first sum in the right side of (2.1). Hence, for sufficiently large values of = we

get Si(B(x)) > 0.

Case 2: m < k < n. Suppose m € P, and that 7 € S(«), where |a| = k. If
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(t,m(t)) is not an arc of D for some t € «, then bixwy = 1/2". Consequently, 1/x
is a factor of w(r, B(z)). Suppose (t,7(t)) € D for each t € . Since 7 is odd, the
cycle decomposition of 7 has a cycle (t1,...,t,) of even length. Since D does not
have an even cycle with one of (u;,v;) as an arc, the entries of B(z) corresponding
to the arcs of C' = [ty,...,t,] are all specified, and therefore the product of these
entries is a constant 3. Consequently, we have w(7w, B(x)) = ( [Lca, bmw(t)), where
a1 = a\ {t1,...,t;}. Now, by (ii) in the hypothesis, the cycle C' in D has an odd
chord (u;,v;). Then, (u;,v;) produces an odd cycle Cy = [s1,...,s¢] in C + (u,v;).
Consider the permutation 7 of « obtained from 7 by replacing (¢1, ..., ;) in the cycle
decomposition of 7 by (s1,...,80) [;cq,(t), Where ag = a; \ {s1,...,s¢}. Then,

# € PF and w(f, B(z)) = 7< Teo, btm(t)), i

1= (1w (t.5) € &) - (T] 0w 1 € 02)).

Note that « has a factor x corresponding to the arc (u;,v;) of Cy. Thus, for each
7 € Py, there is # € P, such that w(#, B(z)) has z as a factor with power one
higher than the power of z in w(w, B(x)). We conclude therefore
Sk(B(x)) = (pz —1) Y w(w, B(x)),
rePy
where p is a positive constant. Consequently, for sufficiently large values of =z,

Sp(B(zx)) > 0. O

The converse of Theorem 2.2.3 is not true in general which can be seen in the

following example.

FIGURE 2.3: A digraph D having positive Q-completion
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Example 2.2.4. Consider the digraph D in the Figure 2.3, which contains the even
cycle C = [1,2,5,6]. There is no 2-cycle in D one of whose arcs gives an odd chord
for C'. Thus, D does not satisfy the conditions of Theorem 2.2.3. However, we show
that D has positive )-completion. Let M = [a;;] be a partial positive ()-matrix

specifying D. For x > 1 consider the completion

d1 a12 € € a5 €
€ d2 € € o5 26
€ as32 dg a3y € €
B(z) =
€ € € dy Qs €
€ € i € ds asg
ag1 € € € € dg

of M, where e = 1/22. Note that the only cycles in D =D+ (5,3) containing (5, 3)
as an arc are [3,4,5],[3,2,5] and [1,5,3,2,6]. Thus, form € P, 2 <k <6,z is a
factor of w(m, B(x)) if and only if 7 contains one of (3,4, 5), (3,2,5) and (1,5, 3,2,6)
in its cycle decomposition. All other w(w, B(z)) can have only a;;,d; and 1/ as

factors. Thus, we have

SuB) = Y didy— o(Say) ~ %~
i#]

S3(B(z)) = x(assaas + aspass) + gs <i>
54(3(1')) = x{(a34a45)(d1 ar d2 + d6) -+ (a32a25)(d1 L d4 -+ dﬁ)} —+ g4 (;)
55(3(1')) = x{(a34a45)(d1d2 + d2d6 + dﬁdl) + (&32&25)(d1d4 + d4d6 + dldﬁ)

1
+G32a26a61a15} + 95 <;)

1
Se¢(B(z)) = zassassdidads + asaassdidads + azaaosasiaisds) + gs (;) ,

where g, is a polynomials of degree 2r, 3 < r < 6, treating a;;,d; as arbitrary

constants. It is clear that for large values of z, Sp(B(z)) > 0, 1 < k <6.

The property of having ()-completion is inherited by spanning subdigraphs of a

digraph [10]. The result is true for positive @)-completions as well.
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Theorem 2.2.5. If a digraph D # K, of order n has positive QQ-completion, then

any spanning subdigraph of D has positive (Q-completion.

Proof. Let H be a spanning subdigraph of D. Let My be a partial positive Q-
matrix specifying the digraph H. Consider the partial matrix Mp obtained from
My by specifying the entries corresponding to (i,7) € A(D) \ A(H) as 1. Since
D # K,, by Proposition 2.1.1, Mp is a partial positive QQ-matrix specifying D.
Let B be a positive Q)-completion of Mp. Clearly, B is a positive ()-completion of
My. ]

Remark 2.2.6. It is clear that the results of the Theorem 2.2.5 is not true in case
D # K, because K, has positive -completion and K,, may have subdigraphs not

having positive ()-completion.

2.3 Necessary conditions for positive ()-completion
of digraphs

Let D be a digraph having a loop at each of its vertices. If D has positive Q-
completion, it follows from Theorem 2.2.5 that any digraph obtained from D by
deleting some loops has positive @-completion. In this subsection, we present
some necessary conditions for a digraph that includes all loops to have positive

Q-completion.

Theorem 2.3.1. If a digraph D # K, of order n includes all loops and has positive

Q-completion, then D does not have a 2-cycle.

Proof. Suppose that D has a 2-cycle [r,s|]. Consider a partial positive @-matrix

n

M = a;j specifying D such that a;; =1 (1 < ¢ < n) and a,5as > . Let
2
B = [b;;] be any positive completion of M. Then
Sa(B) = > babj; — Y bibii < — > byby < 0,
i#] i#] i,j¢{r,s}
and, therefore, B is not a (Q-matrix. 1
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Corollary 2.3.2. If a digraph D of order n includes all loops and has more than

1

sn(n+ 1) arcs, then D does not have positive (Q-completion.

Proof. In case D has more than $n(n + 1) arcs, then D must have a 2-cycle. 0

Theorem 2.3.3. Let D # K, be a digraph of order n that includes all loops and

contains an even cycle. If D has positive Q-completion, then D has a 2-cycle.

Proof. Let C' = [vq,...,v,] be an even cycle of smallest length in D. For y > 1
consider the partial positive Q-matrix M(y) specifying the digraph D with the

specified entries as

y, if (i, 7) € AC)
Cl,ij =

1, if (i, 5) € A(D)\A(C).
Let B(y) = [bi;] be a completion of M (y), where b;; = z;; > 0 for (¢, 7) ¢ A(D). For

B(y) to be a Q-matrix, we must have

n
0 < S9(B(y)) = ) = sz‘jbjia

n
and this forces each of z;; to be bounded above by . Next consider,

Si(By) =Y w(r,By))— Y wlm, B(y)).
et TEP,

If 7 is the cyclic permutation (vy,...,v,), then 7 € P and w(m, B(y)) = y".
Therefore,

S (B(y)) = =y" + f(y, zi)),
where f(y,z;;) is a polynomial and have degree at most r — 2 in y. Consequently,

for a large value of y, S, (B(y)) is negative for any positive choices of x;; within their

bounds. For such a value of y, B(y) is not a ()-matrix. O

Example 2.3.4. Let D; be the subdigraph of the digraph D in Figure 2.3 induced
by the vertices {1,2,5,6}. Clearly, D; includes all loops, has the even cycle [1, 2, 5, 6],
and D; does not have a 2-cycle. Thus, in view of Theorem 2.3.3, D; does not have

positive ()-completion.
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Remark 2.3.5. The above example shows that the property of having positive
(Q-completion is not inherited by induced subdigraphs. Indeed, D; is an induced
subdigraph of the digraph D which has positive @)-completion (see Example 2.2.4),
although D; does not have. Another instance to confirm this is the digraph D and
its induced subdigraph D; in Example 2.1.6.

The conditions in Theorem 2.3.1 and Theorem 2.3.3 are not sufficient for a

digraph to have positive ()-completion which can be seen from the following example.

Example 2.3.6. The digraph D in Figure 2.4 includes all loops and does not have

a 2-cycle. Further, D contains an even cycle [1,2,3,4], and D has a 2-cycle [6, 7).

We show that D does not have positive Q)-completion. For ¢ > 1, consider a partial

positive Q-matrix M () specifying D, where the specified entries a;; are given by:
t, if (i,7) € [1,2,3,4]

a,l-j =
1, otherwise.

Consider an arbitrary completion B(t) of M(t) as follows:

1 t 1 Y1a T  Tig  Tiv

Y21 1 t 1 Tgs  Tgg Loy

T31 Y32 1 t %z X3 Tar

B(t)=| ¢ Tag  Ya3 1 Tas  Tae  Tay

1 1 1 1 1 1 T56

1 1 1 1 Te5 1 X

Then, we have

sB) = | ] (1wt Y ). 22

7
which implies that z;;, y;; and xy are bounded by ,in case So(B(t)) is positive.
2

However, one of  and y can have arbitrary large value. Now, summing w(m, B(t))
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1

(a3
D

FIGURE 2.4: A digraph D that does not have positive QQ-completion

over all 7 in P, and separating the terms having exactly one of x and y as a factor,
we get

S4<B(t)) — —t4 ol Clt2 + Cgt +c3 + .’L’(C4 + C5t> + y(C6 + C7t>, (23)

where ¢, are polynomials in z;;, y;; and zy. Further,
Cy = —(xzﬁ + T3 + Ty + IL'16) <0 and Cr = —($27 + T3y + T47 + 1’17) < 0.

Consequently, for large values of ¢, S4(B(t)) < 0 for any completion B(t) of M(t).

2.4 Positive (Q-completion of complements of tour-

naments

In view of Theorem 2.3.1, if a digraph D that includes all loops has positive Q-
completion, then D does not have any 2-cycle. A maximal digraph D which in-
cludes all loops and does not have a 2-cycle is the complement of a tournament.
Equivalently, the digraph obtained from such a digraph D by deleting the loops is
a tournament.

It follows from Theorem 2.2.5 that if the complement T of a tournament T
has positive Q-completion, then any spanning subdigraph of T has positive Q-
completion. However, there are digraphs that include all loops and have positive
(-completion, which are not spanning subdigraphs of complements of tournaments
having positive ()-completion. For example, the digraph D in Figure 2.5 has posi-

tive (Q-completion. The only complements of tournaments for which Ds is a spanning
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subdigraph are Dy + (1,3) and Dy + (3, 1), both isomorphic to D3. However, D3
does not have positive )-completion (see Theorem 2.5.1).
In this section we single out all tournaments whose complements have positive

@-completion and provide an enumeration of such tournaments.

Theorem 2.4.1. The complement of a tournament T has positive QQ-completion if

and only if T does not have an even cycle.

Proof. Let T be a tournament. If T does not have an even cycle, then T does
not have an even cycle, and it follows from Theorem 2.2.1 that 7 has positive Q-
completion. On the other hand, if 7" has an even cycle, then 7" has an even cycle,
and in view of Theorem 2.3.3, T does not have positive Q-completion, because T

has no 2-cycle. O

Corollary 2.4.2. Let T be a strongly connected tournament of order n. Then T

has positive QQ-completion if and only if n < 3.

Proof. Since T is strongly connected, T" has a cycle of length k, for £ = 3,....,n
(cf. Proposition 1.2.3(a)). Thus, 7" has an even cycle if and only if n > 4. O

An implication of Theorem 2.4.1 is that the conclusion in Corollary 2.3.2 can be

made stronger in case of strongly connected digraphs.

Corollary 2.4.3. Suppose that D s a strongly connected digraph of order n > 4. If
D includes all loops and has at least %n(n + 1) ares, then D does not have positive

Q-completion.

Proof. Suppose that D has exactly sn(n+1) arcs. If D has a 2-cycle, then by
Theorem 2.3.1, D does not have Q-completion. If D has no 2-cycle, then D is a

strongly connected tournament. ]

Corollary 2.4.4. The complement of a tournament T" has positive QQ-completion if
and only if T is isomorphic to a digraph Ty <T5 < - - - <<T,., where T; is either Ky or

a 3-cycle, 1 < i <r.
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Proof. Tt is evident that 7" has no even cycle if and only if the strong components
of T" are of order at most 3. Since there is no strong component of order 2 in a

tournament, the result follows from Proposition 1.2.5 and Theorem 2.4.1. O

An enumeration of unlabelled tournaments whose complements have ()-completion

is now immediate.
Corollary 2.4.5. The number of unlabelled tournaments of order n whose comple-
ments have positive QQ-completion is given by

tn = . + ot :

where r = | %]
Example 2.4.6. For n = 5, t5 = 4 and the tournaments are

K< K| <K<K <Ky, K1<IK1<ICQ,, K, <«(O;< K, and Cy< Ky < K.

2.5 Classification of small digraphs as to positive
()-completion

We now use the results obtained in the previous sections to single out all digraphs
of order at most 4 which include all loops and have positive ()-completion. The

following theorem characterizes all such digraphs.

Theorem 2.5.1. Let D # K,, be a digraph that includes all loops.
(i) If |D| < 3, then D has positive Q-completion if and only if D has no 2-cycle.
(ii) Let |D| = 4. Then D has positive Q-completion if and only if either D has no

even cycle or D is isomorphic to one of the digraphs Dy and Dy in Figure 2.5.

Proof. In view of Theorem 2.3.1, any digraph having a 2-cycle does not have positive
@-completion. On the other hand, by Theorem 2.2.1, a digraph without an even

cycle has positive Q-completion. Thus, the first part of the theorem is clear.
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1 2 1 2 1 2

Dy Dy Dy

FIGURE 2.5: Digraphs of order 4 having a 4-cycle and without 2-cycles

Next, it can be seen that the only digraphs of order 4 having a 4-cycle and
without any 2-cycle (up to isomorphism) are Dy, Dy and Dj in Figure 2.5. In view
of Theorem 2.3.3, D5 does not have positive Q-completion, since D3 has no 2-cycle.
On the other hand, D has the 2-cycle [1, 3], where the arc (1,3) is an odd chord of
the 4-cycle in Dy + (1, 3). Hence, by Theorem 2.2.3, D has positive @)-completion.

Finally, D; has positive @-completion, being a spanning subdigraph of Ds. ]

It follows from Theorem 2.5.1 that all digraphs of order 1 and 2 that include
all loops have positive ()-completion. Further, there are eight unlabeled digraphs
of order 3, and forty two unlabeled digraphs of order 4 which include all loops and
have positive Q-completion. These unlabeled digraphs are obtained by attaching a
loop at each of the vertices of D,(¢g,n) in the following list, where D,(q,n) is the
n-th digraph with p vertices and ¢ arcs as listed in Appendix A.

p=2; q=0,1,2; n=1
p=3 ¢=0,16; n=1

q=2; n=234
q=3; n=23
p=4;, ¢q=0,1,12; n=1

q=2; n =25
q=3; n=4-13
q=4; n = 16-27

q = 9; n = 29-38

q = 6; n = 46,47, 48.
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2.6 Conclusion

In this chapter, we have discussed the completion problem of positive ()-matrices
which is a subclass of the class of (Q-matrices. We have obtained certain neces-
sary conditions and some sufficient conditions for a digraph to have positive Q-
completion. Though these conditions helped us to single out the digraphs of order
at most 4 as to positive ()-completion, the problem is far from being completely
solved. A complete characterization for a digraph to have positive @)-completion
is still unresolved. We notice that the nature of the results obtained for the pos-
itive (Q-matrix completion problem is rather different from that for the Q)-matrix

completion problem. We will compare the two completion problems in Chapter 5.
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The Nonnegative ()-Matrix Completion
Problem

In this chapter, the nonnegative ()-matrix completion problem is studied. In Sec-
tion 3.1, we introduce the nonnegative ()-matrix completion problem. In Section
3.2, we find some sufficient conditions for partial matrices to have nonnegative Q-
matrix completions. We find some necessary conditions for nonnegative Q)-matrix
completions in Section 3.3. Using these conditions, we provide some classifications

of the digraphs of order up to 4 as to nonnegative ()-completion in Section 3.4.
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3.1 Partial nonnegative ()-matrices and the non-

negative ()-matrix completion problem

We recall that a partial Q-matrix M is a partial matrix such that Sp(M) > 0 for
every k = 1,...,n for which all k£ x k principal submatrices are fully specified. A
partial nonnegative QQ-matrix is a partial Q-matrix in which all specified entries are
nonnegative.

Let M be a partial nonnegative matrix. If all 1 x 1 principal submatrices (i.e.,
all diagonal entries) in M are specified, then their sum S; (M) (the trace of M) must
be positive. If all & x k principal submatrices are fully specified for some k& > 2,
then M is fully specified and, therefore, is a nonnegative ()-matrix. Thus, a partial

nonnegative ()-matrix is characterized as follows.

Proposition 3.1.1. Let M be a partial nonnegative matrixz. Then, M is a partial

nonnegative Q-matriz if and only if exactly one of the following holds:
(i) At least one diagonal entry of M is not specified.

(ii) All diagonal entries are specified, at least one diagonal entry is positive and

M has an off-diagonal unspecified entry.
(iii) All entries of M are specified and M 1is a QQ-matriz.

A completion B of a partial nonnegative QQ-matrix M is called a nonnegative
Q-completion of M, if B is a nonnegative ()-matrix. Since any matrix which is
permutation similar to a ()-matrix is a (Q-matrix, it is evident that if a partial
nonnegative ()-matrix has a nonnegative ()-completion, so does any partial matrix

which is permutation similar to M.

Definition 3.1.2. A digraph D is said to have nonnegative QQ-completion if each
partial nonnegative ()-matrix specifying D has a nonnegative ()-completion. The
nonnegative QQ-matriz completion problem aims at studying and classifying all di-

graphs D which have nonnegative ()-completion.
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It is clear that if a digraph D has (nonnegative, positive) @Q-completion, then
any digraph which is isomorphic to D has (nonnegative, positive) )-completion.

Any partial nonnegative matrix M with all diagonal entries unspecified has non-
negative ()-completion. A completion can be obtained by choosing sufficiently large
values for the unspecified diagonal entries.

Let M = [m;;] be a partial nonnegative -matrix which contains both specified
and unspecified diagonal entries. Consider the principal partial submatrix M [a] of
M induced by a = {i : my; is specified} C (n). In case M|a] is fully specified, M

may not have a nonnegative ()-completion, as the following example shows.

Example 3.1.3. Consider the partial nonnegative matrix

0
0

=
I
[ R N
o O O

*

where * denotes an unspecified entry, Here, a = {1,2} and M|a] is fully specified.
That M does not have a nonnegative ()-completion is evident; for any completion

B of M, S5(B) = det B = 0.

For the case when M o] is not fully specified or itself is a @-matrix, we have the

following.

Theorem 3.1.4. Let M = [my;] be a partial nonnegative Q-matriz and o = {i :
my; 1s specified}. If the principal partial submatriz M[a] of M has a nonnegative

Q-completion, then M has a nonnegative QQ-completion.

Proof. If « ={1,...,n}, then M = M|a] and the result follows from the hypothesis.
Otherwise, without any loss of generality, we assume o = {1,...,7} for some 1 <

r<mn-—1and

M — Mll M12 7
M21 M22

where My = M[a]. Let By; be a nonnegative Q-completion of M|a]. Then,

Bll M12
M21 M22

M =
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is a partial nonnegative ()-matrix, since My has unspecified diagonal entries. For
t > 0, consider the completion

Bi1 By

By Ba

B(t) =

of M obtained by taking b; = t, i = r+ 1,...,n, and b;j = 0 for all other
unspecified entries in M ". Since By is a nonnegative ()-matrix we have S;(By;) > 0
for 1 <i <r. Now, for 1 <j <mn,

(") + pi(t), ifj<n-—r,

Si(B(t)) =

Sj_n_Hn(Bll)tn_r —l—pj(t), ifjg>n—r,
where p;(t) is a polynomial in ¢ of degree at most j — 1, if j <n — r, and of degree
at most n —r — 1, if j > n —r. As a consequence, for sufficiently large values of t,

S;j(B(t)) > 0 for 1 < j <n and B(t) is a nonnegative ()-completion of M. O

The converse of Theorem 3.1.4 is not true. The following example shows that
a partial nonnegative Q-matrix M may have Q-completion, though M[«a| does not

have.

Example 3.1.5. Consider the partial matrix,

e b2 bi3 b14
b ds bas *

® * d3 b4

* bio * *
where * denotes the unspecified entries. Here, a = {2,3} and M]a] does not have
a (Q-completion for dy = bys = 0 and d3 = 1. However, we show that for any choice
of nonnegative values of the specified entries b;;, M has nonnegative ()-completions.

For t > 0 consider the completion
t bia bz bu
bor  dy Do 3

t t dg b34

t bso t t
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of M. Then,
Sy B() = 2t+dy+ds,
Sy (B(t)) = t*+ filt),
S3(B(t)) = t°+ falt),
Si(B(t)) = '+ fi(t),

where f;(t) is a polynomial in ¢ of degree at most i, i = 1,2,3. Consequently, B(t)
is a nonnegative (Q-matrix for sufficiently large ¢ and therefore, M has nonnegative

Q-completions.

As in the case of positive -matrix completion problem (cf. Theorem 2.1.7), the

following result holds for nonnegative ()-completion.

Theorem 3.1.6. Suppose M is a partial nonnegative matrix specifying the digraph
D. If the partial submatriz of M induced by every strongly connected induced subdi-

graph of D has nonnegative Q-completion, then M has nonnegative QQ-completion.

Proof. We prove the result for the case when D has two strong components H; and
H,. The general result will then follow by induction. By a relabelling of the vertices

of D, if required, we have

My My

X My
where M;; is a partial nonnegative ()-matrix specifying H;, ¢ = 1,2, and all entries
in X are unspecified. By the hypothesis, M;; has a nonnegative ()-completion B;;.

Consider the completion

B By B ’
Bo1 Ba
by choosing all unspecified entries in Mj; and X as 0. Then, for 2 < k < |D| we
have
k—1
Sk(B) = Sk(Bu1) + Sk(Ba) + Y Se(Bu1)Sk—r(Baz) > 0,
r=1

Here, we mean Si(B;;) = 0 whenever k exceeds the size of B;. Thus M can be

completed to a nonnegative ()-matrix. ]
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Theorem 3.1.7. Let Dy, ..., D, be the strong components with more than one vertex
i a digraph D. If for each i, D; is not a complete symmetric digraph and has

nonnegative QQ-completion, then D has nonnegative QQ-completion.

Proof. Let D,.q,..., D be the strong components of order 1 in D. If M is a partial
nonnegative ()-matrix specifying D, then the partial submatrices of M induced by
each strong component D; is a partial nonnegative ()-matrix. In view of Proposi-

tion 2.1.7, M has a nonnegative ()-completion. ]

The proof of the following result is similar.

Theorem 3.1.8. Let D, ..., D, be the components with more than one vertex in a
digraph D. If for each i, D; is not a complete symmetric digraph and has nonnegative

Q-completion, then D has nonnegative QQ-completion.

The result of Theorem 3.1.7 is not true if some of the strong components D, are

complete. For example, the partial matrix

0 0 0
M=1]111

z y 1

specifies a digraph D for which the strong component with more than one vertex
is induced by the set of vertices {1,2}. The strong component has nonnegative
(-completion, being a complete symmetric digraph. However, since any completion
of M has determinant zero, D does not have nonnegative ()-completion. That the
converse of Theorem 3.1.6 is not true in general can be seen from the following

example.

Example 3.1.9. Consider the digraph D, in Figure 3.1. We show that every partial
nonnegative (J-matrix specifying the digraph D, has nonnegative ()-completion. To

see this consider any partial nonnegative )-matrix M = [a;;] specifying D,. For
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Ficure 3.1: A digraph having nonnegative Q-completion

t > 1 consider the completion

t a12
0 929

0 aso

Qg1 0

of M. Then, we have

0 0 15 0

t 0 ao5 926

0 t 45 0

0 0 ass ase

4t + aga + ass,
66> + f1(t),
5t° + fa(t),
4t + fi(t),
3t° + fu(t),

5+ f5(t),

where f; are polynomials of degree at most i in ¢. It is clear that Si(B(t)) > 0,

1 < k <6, for sufficiently large values of t. Hence M has nonnegative ()-completions.

On the other hand, the vertices 1,2,5 and 6 induce a strong component H of Ds.

Consider the partial nonnegative QQ-matrix M; specifying H and with all specified

entries as zero and

TH-1405_09612308



50 THE NONNEGATIVE ()-MATRIX COMPLETION PROBLEM

T11 0 0 T16

T21 0 0 0
By )

T51 T52 0 0

0 Te2  Tes  Tee

any nonnegative completion of M;. Then
Si(B1) = —w16721752765 < 0,
and consequently Bj is not a nonnegative @)-matrix.

Remark 3.1.10. The above example shows that the property of having nonnegative
(-completion is not inherited by induced subdigraphs. It follows from Example 3.1.9
that the digraph Ds in Figure 3.1 has nonnegative ()-completion. However, the
subdigraph H induced by the vertices 1,2,5 and 6 does not have nonnegative Q-

completion.

3.2 Sufficient conditions for nonnegative
()-completion

Proposition 3.2.1. If a digraph D # K,, of order n has nonnegative Q-completion,

then any spanning subdigraph of D has nonnegative QQ-completion.

Proof. Let H be a spanning subdigraph of D. Let My be a partial nonnegative -
matrix specifying the digraph H. Consider the partial matrix Mp obtained from My
by specifying the entries corresponding to (i,7) € A(D)\ A(H) as 1. Since D # K,
by Proposition 3.1.1, Mp is a partial nonnegative ()-matrix specifying D. Let B be
a nonnegative ()-completion of Mp. Clearly, B is a nonnegative ()-completion of

My. ([

Theorem 3.2.2. Let D be a digraph of order n. Suppose there is a weight function ¢
on D satisfying the following: for each k € {1,...,n}, there is a positive permutation

subdigraph Py, of order k in D such that,
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(i) ¢*(Py) > ¢*(P) for every negative permutation subdigraph P of D of size k,

and

(ii) ¢*(Py) > > é(e), for any subset S C A(D) with |S| <k — 1.

eesS

Then, D has nonnegative QQ-completion.

Proof. Let M = [m;;] be a partial nonnegative ()-matrix specifying D. For x > 1
consider the completion B(x) = [b;;] of M defined by,

mij, if (i,j) € D
bij =

x?©)  ife = (i,5) € D.

For k € {1,...,n}, we have

Sk(B(x)) = Y w(P,B(z)) = ) w(P,B(x)).

PeP; PEP;;

Since P, € Py, w(P, B(z)) = 2 ) is a term with a positive coefficient in

Sk(B(x)). On the other hand, any P € P, is one of the following:
(i) a negative permutation subdigraph of D of order k,
(ii) a permutation subdigraph of K, with at most k — 1 edges from D.

In view of the properties of ¢, we have,
w(P, B(r)) = az’, where a > 0 and t < ¢*(P).

Consequently, for large values of x, we have Si(B(x)) > 0 for k = 1,...,n and hence

D has nonnegative ()-completion. ]

In the following example, we use Theorem 3.2.2 to conclude nonnegative Q-

completion of a digraph.

Example 3.2.3. Consider the digraph D3 in Figure 3.2. Consider the weight func-
tion ¢ on the arcs of Dy obtained by assigning unit weights to the arcs (1,4), (4,2),
(2,1) and to the loops at 3 and 4, and assigning zero weights to all other arcs. The
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1 2
O 1 1 2
A 1" 1
4 3 10 1
D 4 Dy 3

FIGURE 3.2: The digraph D3 and its complement D3

nonzero weights have been marked in bold-faces in Dj in Figure 3.2. We choose the

following positive permutation digraphs with their respective weights in Ds.

Py - the loop at 3, o (P) =1
P, - the union of the loops at 3 and 4, o (Py) =2
Py - the 3-cycle [1,4, 2], ¢*(P3) =3
Py - the union of the loop at 3 and the 3-cycle [1,4,2], ¢*(Py) = 4.

Further, the only even cycles in Ds are the cycles [2, 3] and [1, 3, 4, 2] of weights 0 and
2, respectively. It is clear that ¢ satisfies the conditions (i) and (é¢) in Theorem 3.2.2,

and therefore, D3 has nonnegative ()-completion.
Corollary 3.2.4. Let D be a digraph of order n such that
(i) D is stratified, and
(ii) D does not have an even cycle.
Then D has nonnegative (Q-completion.

Proof. Let 2 < k < n. Since D is stratified, D has a permutation subdigraph P,
of order k. Since D does not have an even cycle, D does not have any negative
permutation subdigraph. Thus, P is positive. Further, P, being even, it must be
composed of two loops, and therefore, D has a (positive) permutation subdigraph
of order 1 as well. We define ¢(e) = 1 for each e € A(D). Then the weight function
¢ in D satisfies conditions (i) and (ii) of Theorem 3.2.2. O]

Remark 3.2.5. For each of digraphs which have been classified to have nonnegative

(Q)-completion (cf. Section 3.4) the following exercise was carried out. For such a
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digraph D of order n, positive permutation subdigraphs Py of order k € {1,2,...,n}
of D have been singled out. A suitable weight function satisfying the required
properties could be obtained by assigning larger weights to those arcs of P,’s and
smaller weight to the rest. Till now, it could not be settled whether the converse
of Theorem 3.2.2 is true. However, it has been found that all digraphs we have
examined, including the digraphs of order at most four that have nonnegative Q-
completion satisfy the condition of Theorem 3.2.2. That is, for each of these digraphs
that have nonnegative ()-completion, there is a weight function on its complement

satisfying the conditions (i) and (i) in Theorem 3.2.2.

3.3 Necessary conditions for nonnegative
()-completion

Proposition 3.3.1. Let D # K, be a digraph of order n with n > 2. If D has

nonnegative (Q-completion, then D omits at least two loops.

Proof. Suppose D omits at most one loop. Let M be a partial nonnegative ()-matrix
specifying the digraph D with all specified entries as 0. Then for any nonnegative
completion B of M, Sy(B) < 0. 0

The converse of Proposition 3.3.1 is not true which can be seen from the following

example.

Dy

F1cure 3.3: A digraph which does not have nonnegative QQ-completion

Example 3.3.2. The digraph D, in Figure 3.3 omits 2 loops but does not have
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nonnegative ()-completion. For example,

x31 0 €33

is a partial nonnegative ()-matrix specifying D, having no nonnegative ()-completion.

Remark 3.3.3. Let D be a digraph and D; be its subdigraph induced by the
set of vertices at which D includes loops. Since D; includes all loops, it follows
from Proposition 3.3.1 that D; does not have nonnegative ()-completion, unless it
is a complete symmetric digraph. On the other hand, it is not true that if D; is
complete (and therefore has nonnegative ()-completion), then D has nonnegative
Q-completion. It follows from Example 3.1.3 that the digraph D obtained from K3
by deleting a loop does not have nonnegative ) completion. However, in this case

D, is the complete symmetric digraph K.

A digraph needs to satisfy stronger conditions like positive stratification (cf.
1.3.1) of its complement to have nonnegative @-completion, as following result

shows.

Theorem 3.3.4. Let D # K, be a digraph of order n > 2). If D has nonnegative

Q-completion, then D is positively stratified.

Proof. Suppose D has nonnegative Q-completion. Assume D does not have a pos-
itive permutation digraph of order k for some k > 2. If M is the partial matrix
that specifies D with all specified entries zero, and B is a nonnegative completion
of M, then all k x k principal minors of B are nonpositive implying that Si(B) < 0.

Consequently, B is not a nonnegative ()-matrix. 1

Corollary 3.3.5. Let D be a digraph of order n such that |A(D)| > n(n—1). Then

D does not have nonnegative (Q-completion.

Proof. If D has more than n(n — 1) arcs (including loops), then D has fewer than
n? —n(n — 1) = n arcs. Thus D does not contain permutation subdigraph of order

n. Therefore, by Theorem 3.3.4, D does not have nonnegative ()-completion. ]
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The converse of Theorem 3.3.4 is not true in general, which can be seen from

the following example.

FIGURE 3.4: A digraph whose complement is positively stratified

Example 3.3.6. Consider the digraph D5 and its complement in Figure 3.4. It can
be easily seen that the complement Ds is positively stratified. However, we show
that D5 does not have nonnegative ()-completion. Let M be the partial nonnegative

@-matrix specifying D5 with all specified entries as zero. Consider a nonnegative

completion
[ 0 2, 0 e 0]
0 0 0 To4 0
B=| 23 0 ds 0 I35
0 0 T43 0 0
| 51 0 0 0 ds 4

of M. For B to be a nonnegative (-matrix, we have

S(B) = dy+ds >0, (3.2)
So(B) = dsds > 0, (3.3)
S3(B) = xy4w4373 > 0, (3.4)
Su(B) = ds5T14743T31 — T12T24 43731 — T14T43T35T51 > 0, (3.5)
S5(B) = X19T24%43T35T51 — T12T24%43T31d5 > 0. (3.6)

Clearly, the entries in B against all unspecified entries in M must be positive. Now,

from (35) we have d5$14$31 > X19024T31 +L14T35T51 which ylelds d5$31 > T35T51.- On
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the other hand, (3.6) implies that x35x51 > dszs;. Hence B cannot be a nonnegative

(Q-matrix.

Theorem 3.3.7. Let D be a digraph with at least four vertices. Suppose D has more
than one 2-cycle and does not have a 3-cycle. If D has nonnegative QQ-completion,

then D must omit more than three loops.

Proof. For D to have nonnegative ()-completion, D must omit at least two loops,
by Proposition 3.3.1. We prove that if D omits exactly three loops, then D does not
have nonnegative ()-completion. Then, the result for the case when D omits exactly
two loops will follow from Proposition 3.2.1.

Suppose D omits loops at the vertices 1,2 and 3. Now, we label the 2-cycles as
Ey,...,E; (k > 1) such that the number of vertices among 1,2 and 3 that Ej is
incident with is in ascending order in j. Let M be the partial nonnegative ()-matrix
specifying the digraph D with all specified entries as zero. Suppose that M has a
nonnegative Q-completion B = [b;;]. We put dy = byy, da = by, d3 = bsz. For a
2-cycle E = [r,s] in D, we write w(E) = w(E, B) = b,sbs,. Then, by (1.2) we have

Sg(A) — dldgdg = (d10'1 aF dQO'Q + d30'3), (37)

where oy = > {w(E;) : E; is not incident with ¢}, ¢ = 1,2,3. Since S5(B) > 0,
(3.7) implies
dldg > 03, d2d3 > 01, dgdl > 09, (38)

and therefore

d1d2+d2d3—|—d3d1 > 01 + 02 + 03. (39)

For 1 <j <k, let

g = Y {wE): EnE=0andi>j}
v = Z {dsdt : IJj is incident with none of s and t}.

Then, by (1.2) we have

Si(A) = Zﬁj w(Ej) — Z%’ w(E;) = (8 —v) w(E)). (3.10)

J=1
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However, we show that 5;—7; < 0for 1 < j < k. Then, it will follow from (3.10) that
S4(B) < 0, a contradiction to the fact that B is a @-matrix. Fix j € {1,2,... k}.
We have

dydy + dods + dsd;, if £} is not incident with any of the vertices 1,2, 3,
v =19 (didads)/dy, if E; is incident with only ¢, t = 1,2 or 3,
0, if F; is incident with two of the vertices 1,2 and 3.

If E; is not incident with any of the vertices 1,2 and 3, then from (3.9) we get
k
6)’ S Zw(EZ) S (o] aF g2 -+ o3 < d1d2 T d2d3 —+ d3d1 = ’)/j.
i=1

Next, suppose E; is incident with exactly one vertex ¢ in {1,2,3}. Consider the case

t = 1. Since
{E;,:E;NE;=0,i>j} C{E;:1is not incident with E;},

we have 3; < oy. Therefore, from (3.8) we get §; < 01 < dods = ;. The cases
when ¢ = 2 and 3 are similar. Finally, assume that £ is incident to two among
the vertices 1,2 and 3 so that v; = 0. Now, for any ¢ > j the 2-cycle £ is incident
with two vertices among 1,2 and 3. Consequently, by our choice of the ordering of
the 2-cycles, E; and E; have a vertex in common yielding 8; = 0. Therefore, our

assertion that 3; —4; <0 for 1 < j <k holds. O

3.4 Nonnegative ()-completion of digraphs of small
order

We have examined the digraphs of order at most four to nonnegative ()-completion.
Clearly, any digraph of order 1 (with or without a loop) has nonnegative )-completion.
Any digraph of order 2 and without a loop has nonnegative (-completion.

There are only four non-isomorphic digraphs of order 3 without loops for which
the digraphs obtained by attaching a loop at any of the vertices have nonnegative

-completion. These digraphs are precisely the spanning subdigraphs of a 3-cycle.
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Some types of digraphs of order four with respect to nonnegative ()-completion are
presented below.

(a) Consider the digraph Dg in Figure 3.5. The digraph Dj in Figure 3.2 is ob-
tained from Dg by adding two loops at the vertices 1 and 2. In Example 3.2.3,
it was shown that D3 has nonnegative ()-completion. In fact, the digraphs
obtained by attaching at most two loops at any of the vertices of Dg have

nonnegative ()-completion.

4 3
Dy

F1GURE 3.5: The digraph Dg

Out of 218 non-isomorphic digraphs of order 4 without a loop that are listed
in Appendix A, there are 41 digraphs having similar property as of Dg, i.e.,
all digraphs obtained from them by attaching at most two loops at any of
the vertices have nonnegative ()-completion. The list of such these digraphs

Dy(q,n), in the nomenclature as in Appendix A is given below.

q=0,1,12; n=1

. n =195

q=3; n=17,9,10,12,13

q=A4; n=1,3-9,16,17,19, 20, 23, 24, 25
q=75; n=13,7,8,10,32

q = 6; h =J7.

(b) Consider the digraph D; in Figure 3.6 and the digraph obtained from D;
by attaching loops at two of its vertices. If the resulting digraph includes a
loop at the vertex 2, then the indegree of its vertex 2 will be 4 and therefore,
the complement of the digraph is not stratified. Consequently, the digraph
does not have nonnegative ()-completion, in view of Theorem 3.3.4. On the

other hand, consider the digraph H obtained from D; by attaching loops at
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1 1 2
1 2 2 -~ 1

x| =

D, H 3
FIGURE 3.6: The digraphs D7, H and H

the vertices 1 and 3. Consider the weight function ¢ defined on the arcs H
as indicated in Figure 3.6, omitting the zero weights. Then ¢ satisfies the

conditions in Theorem 3.2.2, and therefore, H has nonnegative ()-completion.

Out of 218 digraphs of order 4 listed in Appendix, there are 61 digraphs having
similar property as Dy, i.e., a digraph D obtained from one of these digraphs
by attaching at most two loops has nonnegative ()-completion if D omits a
loop at a particular vertex. The list of these 61 digraphs Ds(q,n), in the

nomenclature as in Appendix A is given below.

qg=3; n=2_¢§11

q=4, n=10,12,21,27

g=95 n=4-6,810,11,13,16,19,20,22,26-28, 31, 37

q=06; n=1,79,11,16-22 24, 25,27, 28,31,33, 34,38,41,44,47,48

q=17, n==6,11-13,18-20,25, 30, 32, 35, 38
q=38; n=13,20,24
q=9 n=12.

(c) Consider the digraph Dg in Figure 3.7. Let D be a digraph obtained from Dg
by adding a loop at any of its vertices. Then D has two 2-cycles and does
not have a 3-cycle. Since D omits three loops, D does not have nonnegative

(Q-completion, in view of Theorem 3.3.7.

Out of 218 digraphs of order 4 listed in Appendix A, there are 22 digraphs
which have similar property as Ds, i.e., any digraph obtained from them by

attaching a loop at a vertex does not have nonnegative ()-completion. The
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1 -~ 2 1 . 2

FIGURE 3.7: The digraph Dg and its complement Dg

list of these digraphs D4(q,n), in the nomenclature as in Appendix A is given

below.
=48 1 v=L,18

¢g=>5 n=2914,24
q=06; n=2-6,810,12-15
q=T;, n=1-5.

3.5 Conclusion

In this chapter, we have discussed the completion problem for the class of nonnega-
tive ()-matrices. We have obtained certain necessary conditions and some sufficient
conditions for a digraph to have nonnegative ()-completion. It has been found that
a digraph that includes all loops cannot have nonnegative Q)-completion, unless it
is a complete symmetric digraph. Positive stratification is another essential con-
dition for a digraph to have nonnegative @)-completion. The results obtained in
this chapter give us a fair idea of nonnegative ()-completion of digraphs of small
order. However, the completion problem is far from being completely understood.
A complete characterization for a digraph to have nonnegative ()-completion could
not be found yet. We notice that the nature of the results obtained for the nonneg-
ative (Q-matrix completion problem is different from that for the positive ()-matrix

completion problem. We will compare the two completion problems in Chapter 5.
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The POJr -Matrix Completion Problem

In this chapter, the Py -matrix completion problem is studied. It follows from Defi-
nition 1.1.5 that a real n x n matrix B is a Py -matriz if for every k € {1,2,...,n}
all k& x k principal minors of B are nonnegative and at least one k x k principal mi-
nor is positive. In Section 4.1, we introduce partial P, -matrices and the Py -matrix
completion problem, and find some sufficient conditions for partial P, -matrices to
have Py -completions. We discuss necessary conditions for Py -matrix completion in
Section 4.2. Based on these necessary and sufficient conditions, we single out the

digraphs of order at most four that have that have P, -completion in Section 4.3.
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4.1 Partial Py -matrices and the P,-matrix com-
pletion problem

A partial Pyf-matriz is a partial matrix M in which all fully specified principal
subminors are nonnegative and Si(M) > 0 for every k € {1,2,...,n}, whenever all
k x k principal submatrices are fully specified.

Let M be a partial Pyf-matrix. If all 1 x 1 principal submatrices (i.e., all diagonal
entries) in M are specified, then Trace (M) > 0. If for some k£ > 2, all k x k
principal submatrices are fully specified, then M is fully specified (and therefore
M is a Py -matrix). Thus the following proposition, which provides a more useful

characterization of partial P -matrix is immediate.

Proposition 4.1.1. A partial matriz M is a partial Py -matriz if and only if exactly

one of the following holds:

(i) At least one diagonal entry of M is unspecified, and each fully specified prin-

cipal minor of M is nonnegative.

(ii) All diagonal entries are specified and nonnegative with at least one of them
positive; at least one off-diagonal entry is unspecified and each fully specified

principal minor of M is nonnegative.
(iii) All entries of M are specified and M is a Py -matriz.

Definition 4.1.2. A partial Py"-matrix M is said to have a P, -completion if there
is a completion of M which is a Py -matrix. A digraph D is said to have P'-
completion if every partial P, -matrix specifying D has a Py -completion. The P;"-

matriz completion problem aims to classify all digraphs which have Py -completion.

To distinguish P, -completion problem from those of Py and P-matrix classes,
we furnish the following example.

For m,n > 2, consider the digraph G obtained by identifying a vertex of K,
with a vertex of K,,. Then, G is a 1-chordal graph with two maximal cliques K,

and K, (cf. Section 1.6). It is known that any partial P-matrix (FPy-matrix) with
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all diagonal entries specified which specify the graph G has a P-completion (Fy-
completion) (cf. Theorem 0.0.4). With an appropriate labelling of the vertices in G,

a partial matrix specifying G is given by

Ay A X
M = Ayi age Ags |
Y Az Ass

where A;; are square, ags is scalar, and X and Y are fully unspecified. If M is a
partial Py-matrix, then a Py-completion of M (the zero completion) is obtained by
putting X =Y = 0. Similarly, if M is a partial P-matrix, then a P-completion of
M (the asymmetric completion) is obtained by putting X = Ajpa5, Agz and Y = 0.
That the techniques may not hold for the Py -matrix completion problem can be

seen from the following examples.

Example 4.1.3. Consider the partial Py -matrix

[ 1017 7]
1007 7
M=|-1100 -1
77201 0

[ 2211 0

specifying the 1-chordal graph with two maximal cliques K3. We note that the
submatrices corresponding to the maximal cliques are Py -matrices. The zero com-
pletion of M has determinant 0 and therefore is not a P, -matrix. The asymmetric
completion of M is not defined, since (3,3) entry of M is 0. However, M has

Py -completions, e.g.,

[ 1 011 0-
1000 O
Bi=|-1100 -1
0001 O
0111 0
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It is worthwhile to mention here that any 1-chordal graph G with two maximal
cliques does not have B, -completion (cf. Corollary 4.2.8), i.e., there is a partial
Py -matrix M (with specified diagonal entries) specifying G, which does not have a
Py -completion. However, we have the following result in case one of the cliques is

K.

Theorem 4.1.4. Let M be a partial matriz specifying a 1-chordal graph with two
mazximal cliques K, and Ky. If the principal submatrices of M corresponding to K,

and Ky are By -matrices, then M can be completed to a Py -matriz.

Proof. Without loss of generality we may assume that V(K,,) = {1,...,n}, V(K3) =
{n,n +1}. We can write

An A X
M= Aoy aga ass |

Y as ass

where X is (n —1) x 1, Y is 1 x (n — 1), and are fully unspecified. Moreover, the

two principal submatrices specifying K, and K, viz.,

Ay Agg Q22  A23
M1 = and M2 =
Ay ag a3z A33

are Py” matrices. If agy > 0, consider the asymmetric completion A of M, i.e., one

obtained by setting X = Ajpay, as3 and Y = 0. Then

-~ det M1 det M2
=

det A 0. (4.1)

a22
Let A be any principal submatrix of A. That A has nonnegative determinant follows
from an equation similar to (4.1), if ags is included in A, and from the fact that A
is block triangular, if ass is excluded. Since M; has a positive minor of order k for
1<k <n, Aisa Pj-matrix.
On the other hand, if asy = 0, consider the zero completion Aof M , l.e., one
obtained by setting X = 0 = Y. Since M, is a Py -matrix, azz must be positive.

Then, we have det A = azz det M7 + det A;; det My > 0. That a principal minor
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given by a principal submatrix A of Alis nonnegative follows from the determinant
equality when n-th row is present and because the principal submatrix is block
diagonal when n-th row is absent. Since M; has a positive minor of order k for

1<k <n, Aisa Pj-matrix. O

A Py -completion of the principal submatrix corresponding to the specified diag-
onal positions of a partial P, -matrix does not ensure a P, -completion of the partial

matrix. This can be seen from the following example.

Example 4.1.5. Consider the the partial P, -matrix

-2 1u1-
M:1§01
-1 v 0 z

1 1 9y =z

with w, v, z,y, z as unspecified entries. The principal submatrix

2 1 wu
M{L230=] 1 L o],
—1 v 0

of M induced by the specified diagonal entries has a P, -completion, e.g., one ob-

tained by putting u = 2,v = 0. However, for any completion of M we have

2 11

1

det M[{1,2,4}] =1 1 1 =5
11 2

and hence M cannot be completed to a Py -matrix.

We observe that if a digraph D omits all loops, then D has P, -completion.
Indeed, a completion of a partial By -matrix M specifying D can be obtained by
assigning a sufficiently large value to each of the diagonal entries.

However, the assertion of Theorem 0.0.9 is not true in case II stands for the class
of P;f-matrices. A digraph D may not have P, -completion, even if the subdigraph
of D induced by its vertices which have loops has P, -completion. This can be seen

from the following example.

TH-1405_09612308



66 THE Py -MATRIX COMPLETION PROBLEM

2
1

F1GURE 4.1: A digraph D, not having P(f'-completion

Example 4.1.6. Consider the digraph D in Figure 4.1 obtained from K3 by re-
moving the loop at 3. The subdigraph induced by the vertices 1 and 2 (i.e., ones
having loops) is K and has P, -completion, being a complete symmetric digraph.

However, the partial Py -matrix

0 0 0
M=1000
0 0 =z

does not have a Py -completion.

Again, the assertion of Theorem 0.0.8 is not true with II as the class of P;'-

matrices can be seen from the following example.

Example 4.1.7. Consider the digraph D = K5 U K3. The components K, and K3

of D have Py -completion. However, the partial P, -matrix

107?77

o17? 7?7

M=|?27?000][,
7?7000
77000

specifying D does not have P, -completion, because for any completion of M the

last three rows are linearly dependent.

It could not be settled whether a digraph D has P, -completion, if none of the
components of D is complete and each of them has P, -completion. The difficulty
is that for a partial Py -matrix M some of the partial submatrices of M induced by

the components of D may fail to be a partial P, -matrix.
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We make a point here that an induced subdigraph of a digraph having P, -

completion may not have Py -completion.

Example 4.1.8. The digraph D in Figure 4.2 has P, -completion (cf. Theorem 4.3.9),
but the subdigraph Dy of D induced by the vertices 2 and 3 does not have (follows
from Corollary 4.2.9, because D has all loops and its complement does not have a

2-cycle).

FIGURE 4.2: D has P0+ -completion, but its induced subdigraph Dy does not have.

However, for spanning subdigraphs we have the following.

Theorem 4.1.9. Suppose D # K, is a digraph having By -completion, and D isa
spanning subdigraph of D. ]fﬁ has Py-completion, then D has Py -completion.

Proof. Let M= [mi;] be a partial Py -matrix specifying D. Then, being a partial
Py-matrix, M has a Py-completion B = [@;;]. Let M = [m;;] be the partial matrix

specifying D defined by

s, if (i, 7) € A(D),
my; = i, if (i, j) € A(D) \ A(D),i # j,
max{1,a;} if (i,j) € A(D)\ A(D),i = j.

Then, M is a partial Py -matrix specifying D, and therefore has a P;f-completion

B. Clearly, B is a Pyf-completion of M. U

We have observed that for all digraphs that we have considered including the
digraphs of order at most 4, if a digraph D has P,-completion and its complement D
is stratified, then D has P, -completion. Further, for such a digraph D it is possible
to sign the arcs of D such that all cycles of D are of positive sign. However, we do

not know whether the result is true in general for all such digraphs.
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4.2 Necessary conditions for P,’—completion

In this section, we present some necessary conditions for a digraph to have P, -

completion.

Theorem 4.2.1. Let D # K, be a digraph having Py -completion. Then every
proper induced subdigraph of D has Py-completion.

Proof. Let D be of order n and « be a proper subset of {1,2,...,n}. Consider the
subdigraph D, of D induced by « and let M, be a partial Fy-matrix specifying
D,. We extend M, to a partial matrix M specifying the digraph D by setting all
remaining specified off-diagonal entries as 0 and the remaining specified diagonal
entries, if any, as 1. Then, all fully specified principal minors of M are nonnegative,
and M is a partial Py -matrix. Now, since D has P, -completion, M can be com-
pleted to a Pyf-matrix B. Clearly, the principal submatrix of B induced by a is a

Py-completion of M,. [

That the converse of the Theorem 4.2.1 is not true can be seen from Exam-

ple 4.2.6. 1In [7], Choi et al. showed that any digraph, which contains one of the

|

FIGURE 4.3: Digraphs not having Py-completion

(unlabeled) digraphs in Figure 4.3 as an induced subdigraph, does not have P,-
completion. In particular, these digraphs do not have Fy-completion. Therefore, as

an immediate implication of Theorem 4.2.1 we have the following.
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Corollary 4.2.2. Any digraph which contains one of the (unlabeled) digraphs in

Figure 4.3 as a proper induced subdigraph does not have Py -completion.

Theorem 4.2.3. Let D be a digraph of order n that omits at least one loop. If D

has Py -completion, then D is stratified.

Proof. Suppose D has Py -completion. Let k > 2, and assume D has no order k
permutation digraph. If M is the partial matrix that specifies D with all specified
entries zero, and B is a completion of M, then all £ x k principal minors of B are

zero, so B is not a Py -matrix. This implies that D must be stratified. [

The converse of Theorem 4.2.3 is not true.

1 2 1 2

4 4 3

FIGURE 4.4: The digraph D; and its complement

Example 4.2.4. Consider the digraph D; in Figure 4.4, which omits a loop at the
vertex 4. Though D is stratified, D; does not have Py~ completion, in view of
Corollary 4.2.2. Indeed, the subdigraph induced by the vertices {1, 2,3} appears in
list of digraphs in Figure 4.3. We note here that the digraph D; has ()-completion,

since D; has a signing so that each of its cycles is positively signed.

Theorem 4.2.5. Let D # K,, be a digraph of order n > 2 that includes all loops

and has Py -completion. Then D is weakly stratified.

Proof. Suppose 2 < k < n and D has no permutation digraph of order k and there
is a vertex v in D such that D — v does not have a permutation digraph of order
k—1. Let M = [m;;] be the partial matrix specifying D with m,, = 1 and all other
specified entries equal to zero. Then for any completion B of M all k x k principal

minors of B are zero, and thus, B is not a P;f-matrix. ]
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FIGURE 4.5: The digraphs Do, Dy

Example 4.2.6. The digraph D, in Figure 4.5 includes all loops and D, is not
weakly stratified, since the vertex 1 has indegree 4 in D,. Therefore, Dy does not
have Py -completion. Further, each of the strong components of D, are complete,
and therefore, has Fy-completion. Thus, in view of Theorem 0.0.8, D, has Fy-
completion. It follows from Theorem 0.0.7 that every induced subdigraph of D has
Py-completion. We have a digraph D, which does not have B, -completion, though
every induced subdigraph of Dy has Fy-completion. This shows that the converse

of the Theorem 4.2.1 is not true.
That the converse of Theorem 4.2.5 is not true can be seen from Example 4.2.12.

Corollary 4.2.7. If a digraph D of order n > 2 contains a vertex v with indegree

or outdegree n, then D does not have P, -completion.

Proof. Clearly, v is an isolated vertex without a loop in D. Consequently, D does
not have a spanning permutation digraph. Further, for any vertex u # v in D, the
digraph D — u does not have a spanning permutation digraph. Hence, D is not

weakly stratified. L

Corollary 4.2.8. A 1-chordal graph G with two mazimal cliques does not have

Py -completion.

Proof. Let D be the digraph corresponding to GG so that a partial matrix specifying
G specifies D. Then D includes all loops. Let v be the cut vertex of G. Then
v has indegree and outdegree n in D. Thus, by Corollary 4.2.7, D does not have

Py -completion and the result follows in view of Remark 1.5.6. O
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Corollary 4.2.9. Let D be a digraph of order n that includes all loops and has
Py -completion. Then D has a 2-cycle.

Proof. Since D has Py -completion and D includes all loops, thus D must be weakly
stratified. Again by hypothesis D does not contain any loops, D has a permutation
digraph of order 2 only if it has a 2-cycle. ]

The following implication of Corollary 4.2.9 is in contrast to the fact that any
asymmetric digraph has Py-completion (cf. Theorem 0.0.6).

Corollary 4.2.10. A mazimal asymmetric digraph with all loops (i.e., the comple-

ment of a tournament) does not have Py -completion.

Theorem 4.2.11. Let D be a digraph with distinct vertices w,v such that u is of
outdegree (or indegree) n—1 and (u,v) ¢ A(D) (resp. (v,u) ¢ A(D)). Suppose that
(u,v) (resp. (v,u)) is a common arc of two distinct cycles Cy and Cy in D + (u,v)
(resp. D+(v,u)). If there is a vertex w on C; (i = 1 or 2) such that (D+C;)—w and
the subdigraphs of D + C; induced by V (C;) have no spanning permutation digraphs,

then D does not have Py -completion.

Proof. We assume the case when w is of outdegree n—1, the other case being similar.
Construct a partial Py -matrix M = [m;;] specifying D as follows:

(i) Put all specified diagonal entries as 0 except 1, = 1.

(ii) Put the specified entries at positions corresponding to arcs in C7 and Cy such

that

H mi; = My, H My = —Mayy-

(i,5)eCh (4,5)€C2

(iii) Put all other off-diagonal specified entries as zero.

Let B be a completion of M and B; and B, be the principal submatrices of B
determined by C; and Cjy, respectively. Then, we have det By = m,, and det By =
—My,. Thus, for B to be a POJr matrix m,, = 0. In that case all the elements of

u-th becomes zero and thus the u-th row of B is a zero row, yielding det B = 0. [

Example 4.2.12. Using Theorem 4.2.11 we show that the symmetric 4-cycle C,

with all loops (Figure 4.6) does not have By -completion. The vertex 1 has outdegree
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3, (1,3) is not an arc of Cy, (1,3,2) and (1,3,4) are cycles of Cy + (1,3), and the
subdigraphs of Cy induced by vertices {1,2,3} and {1,3,4} do not have spanning

permutation digraphs. Thus, C; does not have Py -completion. In fact, using the

FIGURE 4.6: The symmetric 4-cycle C4 and its complement

procedure in the proof of Theorem 4.2.11 we obtain a partial P, -matrix

specifying Cj, which does not have P,f-completion. It is easy to see that Cj is
weakly stratified. Therefore, this example shows in particular that the converse of

Theorem 4.2.5 is not true in general.

4.3 Classification of small digraphs as to
Py -completion

We apply the results in the previous sections to classify the digraphs of order at
most four that include all loops as to P, -completion. The digraphs are indicated as
Dp(q, n), obtained from D,(q,n) by attaching a loop at each of the vertices. Here,
D,(g,n) is the n-th digraph with p vertices and ¢ arcs as listed in Appendix A. The

classification is broken up into a series of lemmas.
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Lemma 4.3.1. The digraphs Dp(q, n) which are listed below do not have Py -completion.

p=2 q¢=2 n=1
p=3; ¢=3 n=3;

q="T;, n=29-38;
q=28;, n=16-27,
q=9;, n=4-7, 9-13;
q=10; n=2-5;
qgq=11;, n=1.

Proof. Each of the digraphs listed contains all loops but its complement does not
contain a 2-cycle. Hence by Corollary 4.2.9, the digraph does not have B, -completion.
O

Lemma 4.3.2. The digraphs Dp(q, n) which are listed below do not have Py -completion.

p=3; ¢g=2; n=134
q=3; n=14
q=4, n=1314
p=4; ¢q=3; n=38,11;
qg=4; n=10,12,14,15,21,27;
q=95 mn=4-6,11,14-17,19,21-24,26, 28,29, 31, 34, 36, 37;
qg=06; n=129-23,26,27,29,30,32-41,43, 44;

q=7, n=13-28;
q=28, n=13-15;
q=9; n=1-3,8;
q=10; n=1.

Proof. Each of the digraphs listed contains all loops but its complement is not weakly

stratified. Thus by Theorem 4.2.5, the digraphs do not have P;" completion. U
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Lemma 4.3.3. The digraphs D, (q,n) which are listed below do not have Py -completion.

q=4;, n=13
¢g=05; n=1213,18,20;
qg=06; n=24,2528 31.

Proof. Each of the digraphs listed has an induced subdigraph isomorphic to one of
the digraphs in Figure 4.3. Hence, by Corollary 4.2.2, the digraphs do not have

Py -completion. O

Lemma 4.3.4. The digraphs D4(q, n) which are listed below do not have P, -completion.

q=06; n=6,8
— TN
= S, WS

3 2 3 2 1 2 1 2
g g E B
D,4(6,6) D4(6,8) Dy(7,2) D4(8,2)

FIGURE 4.7: Digraphs Dy(¢,n) do not have Py -completion.

Proof. The digraph D4(8,2) is the symmetric 4-cycle, and that it does not have
Py -completion was seen in Example 4.2.12. Next, for any Py -completion B of the

partial Py -matrix

0 0 13 0

M, = 1 0 T3 T:
T31 -1 1 1
1 T42 0 0

specifying Dy(7,2) we have B(1,2,3) = —z13 > 0 and B(1,3,4) = x13 > 0. Conse-

quently, z13 = 0 and det B = 0. Thus, B is not a Py -matrix. In a similar manner,
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we suppose that

0 1 x5 1 0 0 z3 O

0 0 -1 =z 1 0 @93 =
M2 _ 24 and M3 _ 23 24
31 T332 1 T34 T31 —1 1 1

0 T42 1 0 1 T2 T43 0

be the partial P -matrices specifying the digraphs Dy4(6,6) and D,(6,8), respec-
tively. Now for any completion By of Ms, we have By[{1,2,3}] = —x3; > 0 and
By[{1,3,4}] = 231 > 0. Consequently, x3; = 0 and det B, = 0. Thus, Bs is not a
Py -matrix. Again Mj, being the transpose of My, does not have P, -completion. [

The following result can be easily verified.

Lemma 4.3.5. For real numbers a, b, c,d, the inequalities

v

azr + by 0

V

cr + dy 0

0

A\

Y
do not have a solution for real v and y only if one of the following holds:
(i) a=

(i) b=0,c=0, ad >0 ora=0,d =0,bc > 0;

0,c=0, bd<0o0orb=0,d=0, ac < 0;

(ili) ¢#0,d#0 and ¢ =5 < 0.

Lemma 4.3.6. The digraphs Dy(q,n), ¢ =6, n = 3,4,5,7, have P completion.

Proof. For each partial matrix considered below we denote the specified diagonal
entries by d; and the specified off-diagonal entries by a;;.
First, let M be a partial P, -matrix specifying the digraph [)4(6, 3). We show

that for some choices of s and ¢, the completion
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1 2 1 2 1 2 1 2
D4(6,3) D4(6,4) D4(6,5) D,(6,7)

FIGURE 4.8: Digraphs D4(q,n) have POJr—completion.

of M is a P;f-matrix. Clearly, for any choices of s and ¢, all 2 x 2 principal minors
of B are nonnegative. Moreover, B(1,3) and B(2,4) are positive for nonzero s and

t. Now, the 3 x 3 principal minors of B are

B(1,2,3) = d1B(2,3) + s(azaz; — a12as3) + (d25* — dzaiaa21) (4.2)
B(1,2,4) = d\t* +duB(1,2) (4.3)
B(1,3,4) = d,B(3,4) + dss* (4.4)
B(2,3,4) = dyB(3,4) + t(asyaus — asasys) + (dst® — dyagzass). (4.5)

Since B(1,2) > 0, it follows that ajsas; < 0, if dy = 0. Similarly, aszazg, < 0, if
ds = 0. Consequently, for s and ¢ with large magnitude and with appropriate signs
so that the term s(ag1agy — a12a93) in (4.2) and the term t(agaa43 — ao3zazs) in (4.5)
are nonnegative, we get all 3 x 3 principal minors of B nonnegative. Moreover, at
least one of them can be made positive, because d; > 0 for some i. Further, choosing

[t] = |s], we get

det B = s + p(s),

where p(s) is a polynomial in s of degree at most 3. Hence, for large values of |s],

det B > 0, and B is a Py -matrix.

Next, let M be the partial Py -matrix specifying the digraph D4(6, 4). We show

that for the following choices of the unspecified entries and some suitable choice of
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t and s, the completion

d

21
—t

aq1

a2
dy
—a23

—S

23
ds

43

—aq1

a34

dy

of M is a By -matrix. Clearly, for any nonzero choices of t and s, all 2 x 2 principal
minors of B are nonnegative and B(1,3) > 0, B(2,4) > 0. Now, 3 x 3 principal

minors of B are

B(1,2,3) = dsB(1,2) + diass + dot? — t(aio + as1)ass (4.6)
B(1,2,4) = dyB(1,2) + dsaj; + dis* + s(ais + ag )ag (4.7)
B(1,3,4) = d1B(3,4) + dzaj; + dst* + t(azs + asz)an (4.8)
B(2,3,4) = dyB(3,4) + dyass + dss® — s(asy + ays)ass. (4.9)

Case 1: ass = 0 or ay; = 0. If ass = 0, then choose signs for s and ¢ such that
s(aa + ag1)aq; > 0 and t(ass + agz)aq; > 0. Then all 3 x 3 principal minors are
nonnegative, and since d; > 0 for some ¢, at least one of these minors is positive.

Finally, for large values of |s| and |¢|, det B > 0. The case when a4; = 0 is similar.

Case 2: as3 # 0 and ay; # 0. If d; > 0, then we choose ¢ such that

t(ass + as3)ay, > 0

dl&%?, = t(alg + azl)agg > 0.

Further, we choose sign for s such that s(asgs + a43)ass < 0. Then for large values
of |s| all 3 x 3 principal minors are nonnegative, and B(1,2,3), B(1,2,4) and det B
are positive. The cases when ds, d3 or dy is positive are similar.

Similarly, with suitable values of ¢ and s, a partial P, -matrix M specifying the

digraph D,(6,5) can be completed to a Py -matrix
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Finally, let M be the partial Py -matrix specifying the digraph Dy4(6,7). We

show that for some choices of s,¢ and z,y, z, w the completion

dl 192 X S
t d2 923 z

y az d3 as

Ay W agz  dg

of M is a Py -matrix. Clearly, for any choices of s, t, z,y, z,w such that ajot, ass, vy
and zw are nonpositive and at least one of them negative, we have all 2 x 2 principal

minors of B are nonnegative and Ss(B) > 0. Now, the 3 x 3 principal minors are

B(1,2,3) = (diB(2,3) — dsaiat — dowy) + asstx + ar2assy (4.10)
B(1,3,4) = (diB(3,4) — dsans — dszy) + assanx + aszsy (4.11)
B(1,2,4) = (d4B(1, 2) — dyag s — dlzw) + ag1a122 + stw (4.12)
B(2,3,4) = (ng(?), 4) — dyagzass — ng’LU) + aszoa43z + aszazgw.  (4.13)

Since the terms in the parentheses in the right side of the above equations are all
nonnegative under our choices of the unspecified entries, the 3 x 3 principal minors

are nonnegative if

azotx + ajsaszy > 0 (4.14)
azaa0 T + agzsy > 0 (4.15)
anaipz +stw > 0 (4.16)
A320432 + Agzassw > 0 (4.17)

In view of Lemma 4.3.5, the above equations have solutions with s = ¢t = 0, and
arbitrary large values of —xy and —zw in all cases except when ajsaszazsas; > 0

and azsays = 0. In the latter case, again setting s =t = 0, we have

d1 a12 x 0
0 d2 23 z

Yy 0 ds as

41 w 0 d4
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If d; > 0, then a P, -completion of M is obtained by setting z = y = 0 and choosing
—z = w such that aszas, (dlw — a12a41) > (0 in B. A Py -completion of M can be
obtained in a similar way in case some other d;, in stead of dy, is positive. Note that
the structure of the above matrix B is invariant under a cyclic permutation. This

completes the proof. ]
Lemma 4.3.7. The digraphs Dy(5,25) and D,(5,27) have Py -completion.

Proof. Let M be the partial P, -matrix specifying the digraph D4(5, 25). We show

that for some choices of r, s,t, x,y, z and w the completion

dy r a3z Qg
921 dg S T

t a3 dg z

Qg1 Y w o dy

of M is a By -matrix.

Case 1: a3 # 0 or ag; # 0. We set
r= —a9, S= —a3y, t = —ay3, y=—c and w= —=z.

Then all 2 x 2 principal minors of B are nonnegative and B(1,2) > 0. Further, the

3 x 3 principal minors of B are

B(1,2,3) = diB(2,3) + dsa2, + doa’s (4.18)
B(1,2,4) = dyB(1,4) + dya3; + dix® — ag(ays + ag)z (4.19)
B(1,3,4) = d3B(1,4) + dyais + d12* + arz(ais + aa)z (4.20)
B(2,3,4) = dyB(2,3) + dsz® + dy2*. (4.21)

1 2 1 2

1 Dpy(5,25) 1 Dys21)

FIGURE 4.9: The digraphs Dy(5,25), D4(5, 27)
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For nonzero = and z with ag (a4 + aq)r < 0 and aq3(a14 + ag)z > 0, all 3 x 3
principal minors of B are nonnegative, and since d; > 0 for some ¢, at least one of

these minors is positive. Moreover,

dy —a21 Q13 A14 0 —a21 Q13 Q14
21 dy —daz2 I 0 dy —daz2 I
det B = det + det
—ai3 aso dg z O aso dg z
—ay —r  —zZ dy asg +ay —xr —z  dy

> (a137 + ag1 2 + anass)® + p(x, 2),

where p(z, z) is a polynomial in z and z with total degree at most 1. Hence, for

suitable x and z with large magnitudes det B > 0.

Case 2: a13 = ao; = 0. In this case, the 3 x 3 principal minors of

dl r 0 a14

0 do s =
B =
t aso dg z
| a1 Y W dy ]
are given by
B(1,2,3) = d1B(2,3) + rst (4.22)
B(l, 2,4) — ng(1,4) “F iL'((L41’f‘ N dly) (423)
B(l, 3, 4) — ng(l, 4) o w(a14t — dlﬂf) (424)
B(2,3,4) = d4B(2,3) — dszy — dazw + agzw + syz. (4.25)
If ay4 # 0 then we set
r=rx=z=01t=s w= 143 ) y:—ls‘,
|a14s\ 14

where the nonzero s is to be chosen such that azps < 0. Then all 3 x 3 principal
minors are nonnegative, B(1,3,4) > 0, and since det B is a monic polynomial in |s|
of degree 3, B is a Py -matrix for sufficiently large values of |s|. If ay; # 0, then we

set
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where the nonzero s is to be chosen such that asss < 0. Then, B is a POJr -matrix for
sufficiently large values of |r|. Finally, if aj4 = a4 = 0, then we set y = 2 =0, x =
t, r=st, w = —st with s # 0 such that aszss < 0. Then for large values of |s|, B is
a Py -matrix.

Similarly, with suitable values of r, z,y,w, z,t and s, any partial Py -matrix

dy 7 13 A4

as;  do Q23 T

M =
t s d3 =z
| 441 Y W dy |
specifying the digraph D, (5,27) can be completed to a Py -matrix. O

Lemma 4.3.8. The asymmetric digraphs Dy(5,30) and D4(5, 38) have Py -completion.
Proof. Since a partial Py -matrix specifying D,(5,30) is the transpose (in the usual

sense) of a partial P, -matrix specifying Dy (5, 38), it is enough to prove that Dy(5,38)

has P; -completion.

Consider a partial P;" matrix

di a2 T aus
Yy dy T Q2

S Q32 d3 z

u W 43 d4

specifying the digraph [)4(5, 38), where z,y, r, s, z, u, w are unspecified entries. Now,

for a completion B of M the following 3 x 3 principal minors of B are

B(1,2,3) = d1B(2,3) + a1asr — dsyaiz + ryass — doxs (4.26)
B(1,2,4) = diB(2,4) — a1pydy + a14yw + ayaa24u — deaigu (4.27)
B(1,3,4) = diB(3,4) 4+ zzu — sxdy + a148a43 — a14uds (4.28)
B(2,3,4) = dyB(3,4) 4+ rzw — ragydy + asgazsays — asgwds (4.29)

Case 1: agy # 0 or ajpays + ajsaze # 0. In that case, we set

Y= —ai2, T = —a33, U= —Q14, W= —0A4, 2 = —Qy3, T = —85 = L.
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Then, all 2 x 2 principal minors are nonnegative and for ¢ # 0, B(1,3) > 0. Also it

can be easily seen that each principal minor of order 3 is nonnegative.

1 Dus,30) 1 D(5,38)

Now M being a partial Py -matrix, at least one of the d; is positive. Moreover,
in case (ajsass + as3a12) # 0, at least one of the ajza43 and aj4as3s is nonzero. It can
be easily verified that in each of the three cases, viz. agy # 0, a;2 # 0 # as3 and
ayy # 0 # ase, at least one 3 x 3 principal minor of B is positive, depending on 14
with d; > 0. Further, by the condition asy # 0 or ajsas3 + ajsaze # 0, we have for

any nonzero t,

det B = (CL14CL32 + Q43a12 + ta24)2 + d1d2ai3 == d1d3a§4 k- d1d4a§2

+d2d3&%4 + d2d4t2 aF d3d4a%2 >0

Case 2: agy = 0, ajoa43+asass = 0 This case is divided into the following subcases:

Subcase I: (a32 #0or ayy # O) and (CL12 # 0 or ay3 # 0). In this case, we consider
a completion B of M by putting r = s = u = 0 in M. We choose w, y and z with
nonzero value such that a;oy < 0, agz3z < 0 and auyw > 0. Then, each of the
2 x 2 principal minor of B becomes nonnegative. Since at least one of a9, ays3 is
nonzero, therefore we have either B(1,2) > 0 or B(3,4) > 0. Now, the equation
a12a43 +ajgasze = 0 implies that sign of any term in the equation (4.3) is the opposite
sign of the product of other three terms. So, we can always choose an appropriate
sign of x such that yag,x > 0 and —xyzw > 0. Hence, each of the 3 x 3 principal
minor becomes nonnegative, and either B(1,2,3) or B(1,2,4) is positive. Finally
we choose |z| = |y| = |z] = |w| =t > 0. Now for sufficiently large values of ¢, we

have det B = t* + p(t) > 0, where p(t) is a polynomial of degree at most 3.

Subcase II: (azz = 0 and a4 = 0) and (a;p # 0 or ay3 # 0). In this case, consider

a completion B of M obtained by putting s = v = 0 in M. Now, we choose the
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appropriate sign of y, z, 7 such that a;oy <0, ay32 < 0 and rwz > 0. Since at least
one of a5 and ay3 is nonzero, therefore each 2 x 2 principal minor is nonnegative and
either B(1,2) > 0 or B(3,4) > 0. Also each of the 3 x 3 principal minor becomes
nonnegative and B(2,3,4) > 0. Finally, we choose the appropriate sign of z and
|z| = |y| = |2| = |w| =t > 0. Now for large values of ¢, we have det B = t*+p(t) > 0,

where p(t) is a polynomial of degree at most 3.

Subcase II1: asy = 0; (aze # 0 or ayy # 0) and (a1 = 0 and ay3 = 0). Consider
a completion B of M obtained by putting, v = r = 0 and s = —x = t. Now all
2 x 2 principal minors of B are nonnegative and for large values of t, B(1,3) > 0.
Now we choose the appropriate sign of ¢, w such that —tyas, > 0, ajqyw > 0. Since
azy # 0 or ayy # 0, therefore each of the 3 x 3 principal minor is nonnegative, and
either B(1,2,3) or B(1,2,4) is positive. Finally, we choose the appropriate sign of

z and |z| = |y| = |z| = |w| =t > 0, such that det B > 0 for large values of t.

Subcase I'V: We are left with the case when all specified off diagonal entries are zero.
In this case, a P, -completion is obtained by puttingr =r=z2z=w = -y = —s = 1t,
when ¢t > 0. Combining all cases, we see that the partial P;f-matrix M can be

completed to a Py -matrix and the digraph D4(5, 38) has a Py -completion. O

Theorem 4.3.9. For 1 < p < 4, the digraph Dp(q,n) has Py -completion if and

only if it is one of the digraphs listed below:

p=1
p=2;, ¢=0,2,6; n=1

q=2; n=2
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q=3;, n=1-7,9,10,12,13

qg=4;, n=1-911,16-20,22-26

g=5 n=1-3,7-10,25,27, 30,32, 33,35, 38
qgq=6; n=3-5171.

Proof. 1t is clear that Dp(q,n) has Py -completion if ¢ = 0 or it is a complete
symmetric digraph.

Case I: p = 3. Consider a partial Py-matrix

dy aip u
M=| v dy, s |,

aszy —S dg

specifying ﬁ3(2, 2), where u, v, s are unspecified entries in M. Now for a completion
B of M, we choose the appropriate sign of u and v such that a;ov < 0 and ag;u <0
hold , respectively. Thus all 2 x 2 principal minors of B are nonnegative, and for
s > 0 we have B(2,3) > 0. Finally we choose the sign of s such that —uvs > 0 and

we set |u| = |v| = |s| = t such that,
det B =1 +p(t) > 0,

where p(t) is a polynomial in ¢ of degree at most 2. Now for sufficiently large values
of t > 0, B is a P matrix. Since Ds(1,1) is spanning subdigraph of Ds(2,2) and
it has Py-completion, thus by Theorem 4.1.9 it has P -completion. The remainder
of the digraphs of order 3 appear in the lists in Lemma 4.3.1 and Lemma 4.3.2 and
do not have B, -completion.

Case 2: p = 4. The digraphs Dy(¢,n),q = 5,n = 1-3;¢ = 4,n = 1-9; q =
3,n=1-7, ¢ =2,n=1-5; ¢ =1 have Py-completion (see [7]) and each of them is
a spanning subdigraph of D,(6,3). Since the digraph D,(6,3) have Py -completion
(see Lemma 4.3.6), by Theorem 4.1.9, these digraphs have P;f-completion.
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3 Q2 3 2

Ds(1,1) Ds3(2,2)

Again the digraphs Dy(q,n),q = 5,n = 7,9;¢ = 4,n = 16- 18 have Py-completion
and each of them is a spanning subdigraph of D4(6,4). Since the digraph D,(6,4)
have P -completion (see Lemma 4.3.6), by Theorem 4.1.9, these digraphs have P, -
completion.

Now, the digraphs D4(q,n),q = 5,n = 8,10;¢ = 4,n = 19 have Py-completion
and each of them is a spanning subdigraph of D,(6,5). Since the digraph D4(6,5)
have P;f-completion (see Lemma 4.3.6), by Theorem 4.1.9, these digraphs have P, -
completion.

On the other hand, the digraphs Dy(¢,n),q = 4,n = 11,20,24:q = 3,n =
9,10, 12 have Fy-completion and each of them is a spanning subdigraph of I~)4(5, 25).
Since the digraph Dy (5, 25) have Py -completion (see Lemma 4.3.7), by Theorem 4.1.9,
these digraphs have Py -completion.

Also, the digraphs D4(q,n), qg=4,n=22,26;9g = 3,n = 13 have Py-completion
and each of them is a spanning subdigraph of D4(5, 27). Since the digraph D4(5, 27)
have P, -completion (see Lemma 4.3.7), by Theorem 4.1.9, these digraphs has P, -
completion. By the similar proof technique of Lemma 4.3.8, the asymmetric digraphs
Dy(5,n);n = 32,33, 35 have Py -completion.

The proof is complete, because any other digraph of order 4 does not have By -

completion, in view of Lemmas 4.3.1- 4.3.4. ]

4.4 Conclusion

In this chapter, we have discussed the completion problem of P -matrices which is a
subclass of the classes of Py and ()-matrices. We have obtained certain necessary con-

ditions and some sufficient conditions for a digraph to have positive P, -completion.
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The results helped us to single out all digraphs of order at most 4 that include all
loops. It is found that complements of tournaments do not have P, -completion.
Though every induced subdigraph of a digraph D having P, -completion must
have P, completion, it is unsettled whether D itself should have Py-completion.
In fact, the Py -matrix completion is far from being completely understood. A
complete characterization for a digraph to have P; -completion could not be found
yet. We note that the nature of the Py -matrix completion problem is different from
the positive and nonnegative (-matrix completion problems. We will compare the

completion problems in Chapter 5.
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Comparison between Completion

Problems

In this chapter, we examine the relationship between certain matrix completion
problems including the completion problems for the classes of positive (), nonneg-
ative  and Pf-matrices. Based on the results obtained in last three chapters, we
compare the completion problems for the three classes with those for the classes of
P and Fy-matrices in Section 5.1. In Section 5.2, the three completion problems are
compared among themselves. We compare the three completion problems with the

(-matrix completion problem in Section 5.3.
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b COMPARISON BETWEEN COMPLETION PROBLEMS

5.1 Comparison with P and Fy-completions

In this section, we compare the completion problems for the classes of P and Fy-
matrices with the completion problems for the three classes of matrices that we have
studied, namely, the classes of positive ), nonnegative @ and P, -matrices.

Let IIy denote one of the classes of P and Fy-matrices, and 1I; one of the classes
of positive @, nonnegative Q and P, -matrices. We distinguish the nature of the II;-
completion problems from the Ily-completion problems in view of the result obtained
in previous chapters. However, we prove that the completion problems of classes of

P-matrices and P, -matrices are related.

(i) Theorem 0.0.8 asserts that a digraph D has IIj-completion if and only if each
of its components (strong components) has Ilp-completion. The implication of
the result is that it is enough to solve the IIj-matrix completion problem for

strongly connected digraphs.

However, the situation is not so for the II;-matrix completion problem, al-

though the assertions of Theorem 0.0.8 are partially true in some cases.

(a) We have seen in Theorem 2.1.8 that if every strong component of a di-
graph D has positive @)-completion and none of them is complete, then
D has positive (Q-completion. However, the converse is not true which

was seen in Example 2.2.4.

(b) Similarly, Theorem 3.1.6 shows that if every strong component of a di-
graph D has nonnegative ()-completion and none of them is complete,
then D has nonnegative @)-completion. However, the converse is not true

which was seen in Example 3.1.9.

(c) The assertion of Theorem 0.0.8 is not true with II as the class of Py -
matrices. A digraph may not have P;f-completion even if each of its
components has. An example is provided in Example 4.1.7 with the
components as complete symmetric digraphs. However, it is not clear

whether the assertion is valid if none of the components is complete.
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(ii) Let G # K, be a 1-chordal graph with two nontrivial maximal cliques. The-
orem 0.0.4 asserts that G' has Ily-completion. However, a similar assertion is
not true for the Il;-matrix completion problems. Let D be the digraph for

patterns of partial matrices specifying G. Then, D includes all loops.

(a) Since G is not trivial, D has a 2-cycle, and therefore, by Theorem 2.3.1,
D does not have positive ()-completion, i.e., G does not have positive

(Q-completion.

(b) Since D includes all loops, it follows from Proposition 3.3.1 that D, and

therefore G, does not have nonnegative Q)-completion.

(¢) In Corollary 4.2.8 it has been noted that any 1-chordal graph with two

nontrivial maximal cliques does not have Py -completion.

(iii) Let D be a digraph and a # () be the set of vertices at which D includes
loops. Let D; be the subdigraph of D induced by a. Theorem 0.0.9 asserts
that D has P-completion if and only if D; has P-completion. On the contrary,

a similar result is not valid for the II; classes.

(a) If Dy is not complete and has positive @-completion, then D has positive
(Q)-completion (cf. Proposition 2.1.4). However, the converse is not true

as seen in Example 2.1.6.

(b) Since D; includes all loops, it has nonnegative ()-completion only if it is
a complete symmetric digraph. Further, if D; is complete (and therefore
has nonnegative ()-completion), it is not necessary that D has nonnega-

tive @-completion (cf. Remark 3.3.3).

(c) Example 4.1.6 provides a digraph D such that the corresponding subdi-
graph D; has B, -completion, although D does not have. On the other
hand, Example 4.1.8 provides a digraph D that have Py -completion, but

the corresponding D; does not have.
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The following result shows that the completion problems for the classes of P and

Py are related.
Theorem 5.1.1. Any digraph that has Py -completion also has P-completion.

Proof. Let D be a digraph which has Py -completion. Let M be a partial P-matrix
specifying D. Let I); be the partial matrix specifying D with all specified diagonal
entries 1 and off-diagonal entries 0. Since determinant of a matrix is a continuous
function of its entries, there is € > 0 such that the partial matrix My = M — ely,
(i.e., one obtained by applying operations on the respective specified entries) is a
partial P-matrix. Clearly, M, is a partial Py -matrix specifying D and therefore has
a P -completion By. We now have a P-completion of M, namely, B = By + €l

where [ is the identity matrix. O

The effective argument used in the above proof was applied for comparing a large
number of pairs of completion problems by L. Hogben [23]. That the converse of

Theorem 5.1.1 is not true can be seen from the following example.

1

3 2
D

FiGURE 5.1: A digraph having P-completion, but not P0+ -completion

Example 5.1.2. Consider the partial P, -matrix,

110
Mi=1111
20 0

which specifies the digraph D in Figure 5.1. It is clear that M; cannot be completed
to a Py -matrix since all 2 x 2 principal minors of M; are zero for any completion

]\/4\1 of M;. On the other hand, any digraph of order 3 has P-completion (see [27]).
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5.2 Comparison between the three completion
problems

In this section, we compare the completion problems for the three classes of matrices
that we have studied, namely, those for the classes of positive (), nonnegative () and
Py -matrices. Apart from a few common results seen in the previous section, the
results obtained in the previous three chapters show that the three completion prob-
lems are quite different. Nevertheless, between the positive ) and the nonnegative

(Q-matrix completion problems, we have the following.

Proposition 5.2.1. If a digraph D has nonnegative (Q-completion, then D has pos-

itive QQ-completion.

Proof. Let D be a digraph of order n having nonnegative ()-completion. Let M =
[a;;] be a partial positive Q-matrix specifying the digraph D. Then M is a partial
nonnegative ()-matrix specifying D. Let B be a nonnegative ()-completion of M,
ie., Sp(B) > 0fork=1,2,...,n. Since the determinant of a matrix is a continuous
function of the matrix entries, perturbing the zero entries in B by small positive

quantities, a positive Q-completion of M can be obtained. [

However, the converse is not true which can be seen from the following example.

D

FIGURE 5.2: A digraph having positive, but not nonnegative Q-completion

Example 5.2.2. The digraph D in Figure 5.2 has positive )-completion, since it
does not have any even cycle (cf. Theorem 2.2.1). However, in view of Proposi-

tion 3.2.1, D does not have nonnegative ()-completion, since D has all loops.

We list below a few dissimilarities among the three completion problems.
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(i) Theorem 2.3.1 asserts that a digraph which includes all loops and contains
a 2-cycle does not have positive (Q-completion. Thus, D must be a subdi-
graph of the complement of a tournament. In Section 2.4, all complements of

tournaments which have positive (Q-completion have been singled out.

On the other hand, for a digraph D to have P, -completion, either D omits
at least two loops, or D has a 2-cycle (cf. Corollary 4.2.9). In particular, the

complement of a tournament cannot have Py -completion.

(ii) In Proposition 3.3.1, it has been found that a digraph with at least two vertices
has nonnegative Q)-completion only if it omits at least two loops. However,

this restriction on loops is not there in case of positive () and P, -completions.

(iii) Theorem 3.3.4 asserts that positive stratification of the complement of a di-
graph is required for a digraph to have nonnegative ()-completion. similarly,
stratification or weak stratification of the complement of the digraph is re-
quired for the digraph to have Py -completion (cf. Theorems 4.2.3 and 4.2.5).
On the contrary, stratification of the complement does not play any role in the

positive ()-completion problem.

5.3 Comparison with the ()-matrix completion

problem

In this section we compare completion problems for the classes of positive (), non-

negative Q and P;f-matrices with the Q-completion problem.

5.3.1 (Q-completion and positive ()-completion

Although every positive ()-matrix is a (-matrix, and every partial positive ()-matrix
is a partial ()-matrix, the completion problems for the two classes are quite different.

If B = [b;;] is an n x n Q-matrix, then Si(B) > 0 for 1 < k < n. Consequently,
for each k there must be m € Py, such that w(m, B) = [] bir;) > 0. We note that the
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permutation 7 will generate a permutation digraph D, of order k.
Let D # K, be a digraph with vertex set {1,2,...,n}. Define a partial matrix

M = [my| as follows:
1. If D omits a loops, then put all specified entries of M as zero;

2. If D includes all loops then choose i € {1,2,...,n}, and put m;; = 1 and let

all other specified entries to be zero.

Then M is a partial Q-matrix. If M has a Q-completion, then it follows from the
observation in the preceding paragraph that for each k = 2,3, ..., n, there must be a
permutation subdigraph of order & in D (or of order k—1 in D—i, in the second case).
These observations lead to the necessary conditions (as given in Theorem 0.0.10 and
Theorem 0.0.11) for D to have Q)-completion.

For an n x n positive matrix B = [b;;], we have w(m, B) > 0 for any 7 € Py, 1 <
k < n. Thus, the conditions in the above theorems are not pertinent to the positive
(-completion problem. It is evident from the discussion in Section 2 of Chapter 2
that a necessary condition for a digraph D to have positive ()-completion is the
availability of arcs in D whose addition to D produces permutation digraph D, in
D with € P;", 1 < k < n. Further, if addition of such arcs to D does not produce
permutation digraphs D, in D with m# € P,’, then D has positive ()-completion.
Clearly, the partition (P;", P, ) of Py, does not play a role in )-completion problem,
since there is no sign condition on the matrices considered.

Following examples distinguish the two matrix completion problems.

Dy Dy D, D,

FIGURE 5.3: Digraphs having positive ()-completion but not Q-completion

Example 5.3.1. The digraphs D; and D, in Figure 5.3 do not have any even

cycle. Therefore, in view of Theorem 2.2.1, D; and D5 have positive ()-completion.
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However, neither of D; and D, has Q-completion. Indeed, D; omits a loop at the
vertex 2, and D; is not stratified, since it does not have a 2-cycle. Thus, D; does
not satisfy the condition in Theorem 0.0.10. Again, D, includes all loops and D,
is not weakly stratified (D, does not have a 4-cycle, and Dy — 1 does not have a

3-cycle). Therefore, Dy does not satisfy the condition in Theorem 0.0.11.

Example 5.3.2. Consider the digraph D3 in Figure 5.4. Since Dj includes all loops
and has a 2-cycle, in view of Theorem 2.3.1, D3 does not have positive ()-completion.
However, D3 has (Q-completion. In fact, any digraph whose complement contains

Dj as a subdigraph has Q-completion (see Theorem 2.19 of [10]).

1 2 1 2

4 3 4 3

Dy Dy

FIGURE 5.4: The digraph D3 has @-completion, but not positive Q-completion

The digraphs of order at most four that include all loops and have ()-completion
have been characterized in [10]. Of the 16 unlabeled digraphs of order three that
include all loops, four have ()-completion, and it has been found that each of these
four digraphs has positive @)-completion. Of the 218 unlabeled digraphs that include
all loops, 72 have Q-completion. Thirty of these 72 digraphs also have positive Q-

completion.

5.3.2 ()-completion and nonnegative ()-completion

We list here some similarities and dissimilarities between the @)-completion and the

nonnegative completion problems.

(i) For a digraph D that omits a loop, stratification of D is necessary for D to have
Q-completion. On the other hand, positive stratification of D is a necessary

condition for D to have nonnegative @-completion (cf. Theorem 3.3.4).
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(i) For a digraph D that includes all loops, weak stratification of D is necessary
for D to have ()-completion. On the other hand, if a digraph D with at least
two vertices has nonnegative @)-completion, then it must omits at least two
loops (cf. Proposition 3.3.1). Thus, a digraph that includes all loops cannot

have a nonnegative ()-completion, unless it is a complete symmetric digraph.

(iii) If the complement D of a digraph D is stratified and there is a signing of the
arcs of D for which all its cycles are positively signed, then D has Q-completion
(cf. Theorem 0.0.12). On the contrary, the complement of the digraph Ds in
Example 3.3.6 is stratified and admits such a signing of its arcs, although Dj;
does not have nonnegative ()-completion. Thus, Example 3.3.6 shows that a

digraph having ()-completion may fail to have nonnegative ()-completion.

Remark 5.3.3. Suppose D is a digraph having nonnegative Q-completion. Then, D
is stratified and omits at least two loops. For all small digraphs (including all digraph
of order 4) having these properties are seen to has -completion. Whether a strat-
ified digraph omitting a loop necessarily has ()-completion is not known (cf. Ques-
tion 2.9 in [10]). We do not know whether there is a digraph which has nonnegative

() completion, but not ()-completion.

5.3.3 (-completion and F, -completion

Although a P -matrix is a @Q-matrix, the completion problems for the two classes
are of different nature. We list here some similarities and dissimilarities between the

(-completion and the nonnegative ()-completion problems.

(i) Asin the case of the Q-matrix completion problem, we have the following: Let

D be a digraph having B, -completion.

(a) If D omits a loop , then D is stratified (cf. Theorem 4.2.3).

(b) If D includes all loops, then D is weakly stratified (cf. Theorem 4.2.5).

It has been resolved with Examples 4.2.4 and 4.2.6 that the conditions men-

tioned above are not sufficient for the P, -completion problem.
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(ii) If a digraph D has P, -completion, then every induced subdigraph of D must
have Py-completion (cf. Theorem 4.2.1). However, for -matrix completion
of a digraph this is not a necessary condition. For example, consider the
digraph D; in Figure 4.4 (Chapter 4) does not have P; -completion, since
the subdigraph of D; induced by the vertices 1,2 and 3 does not have F,-
completion (cf. Example 4.2.4). However, D; has Q-completion, because D;

is stratified and has a signing of its arcs so that each cycle is of positive sign.

(iii) A digraph D may not have P, -completion, even if D is stratified and admits
a signing of its arcs so that each cycle is of positive sign. For example, Cy is

such a digraph which does not have P;f-completion (cf. Example 4.2.12).

Example 5.3.4. Although a Py-matrix is a Q-matrix as well as a Py-matrix, a
digraph which has both Q and Py-completions may or may not have P;f-completion.
The digraph D4(7,3) in Figure 5.5 has both @ and Py-completions, but does not
have P, -completion. On the other hand, the digraph D4(6, 4) in Figure 5.5 have @,

Py as well as Py -completions.

4 4

Dy(7,3) Dy(6,4)

FIGURE 5.5: P0+ -completion vs ), Py-completion

Remark 5.3.5. Suppose D is a digraph having Py -completion. Then, either D is
stratified or weak stratified. Since every Py -matrix is a Q-matrix and Question 2.9 of
[10] is still unresolved, we do not know whether a digraph having P -completion nec-
essarily has (Q-completion. Further, we do not know whether having a Fy-completion

is necessary for a digraph to have P, -completion.
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5.4 Conclusion

In this chapter, we have compared the completion problems for the classes of positive
Q, nonnegative Q and P, -matrices among themselves, based on the results obtained
in the previous three chapters. Further, the three completion problems have been
compared with the completion problems for the classes of P, Py and ()-matrices. We
have found that each of the completion problems that we have studied is distinct in
nature from the others and therefore requires customized techniques for its solutions.
We realize that more efforts are required to understand these completion problems
further. For Example, the following problems which could not be settled during this

study have merits to be investigated.

(i) Suppose Dy, ..., D, be the components with more than one vertex in a di-
graph D. If for some ¢, the strong components D; is a complete symmetric
digraph and has positive ()-completion, then does D necessarily have positive

-completion?

The same question can also be asked for the nonnegative ()-completion prob-

lem.

(ii) Suppose D is a digraph of order n that has non-negative ()-completion. Does
there always exist a weight function ¢ on D which satisfies the following: for
each k € {1,...,n}, there is a positive permutation subdigraph P of order k
in D such that,

(i) ¢*(P) > ¢*(P) for every negative permutation subdigraph P of D of size
k, and

(ii) ¢*(P) > > é(e), for any subset S C A(D) with |S| <k — 1.

eeS
(iii) Suppose D is a digraph of order n that has Py-completion and its complement
D is stratified. If it is possible to sign the arcs of D such that all cycles of D

are of positive sign, then does D necessarily have P, -completion?

(iv) Suppose D is a digraph of order n such that none of the components of D
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is complete and each of them has Py -completion. Does D necessarily have

Py -completion?
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Digraphs of order at most 4

We produce here all digraphs (up to isomorphism) of order at most 4 for convenience
of the reader of this thesis. The atlas has been reproduced from the celebrated book
Graph Theory [14] by F. Harary, where it appears as Appendix 2.

There are 1, 3, 16, 218 and 9608 nonisomorphic digraphs of orders 1,2, 3,4 and 5,
respectively. We list the digraphs with at most 4 vertices according to the number
of vertices and arcs. A digraph D has been named as D, (¢, n), where p equals the
number of vertices and ¢ the number of arcs in D, and n denotes the serial number
of D in the list of all digraphs with p vertices and ¢ arcs. The indices n are assigned
to each one in such a way that the complements receive the same index, except for

the cases p=3,¢q=3 and p=4,q =6.
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Digraphs of order 2 and 3

p=2,4=0,1,2

\
0

Dy(0,1) Dy(1,1) Dy(2,1)

p=3,4=0,1,2

o

Dy(0,1) Dy(1,1)
Ds(2,1) D3(2,2)
Dj3(2,3) D3(2,4)
p=3,4=3
Ds(3,1) 2HE52) Dy(3,3) Ds(3,4)
=3,q=
Ds(4,2)
Ds3(4,3) Dy(4,4)

D4(6,1)
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p=449=0,1,2

D4(0,1)

Day(2,3)

p=4,q=
(3

3
D4(3,1)
2)

D.(3,6)

Dy(3,10)

TH-1405_09612308
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Digraphs of order 4 (p = 4)

Dy(1,1)

Dy(2,4)

Dy(3,3)

Dy(3,7)

Dy(3,11)

Dy(2,1)

Dy(3,4)

D,4(3,8)

Dy(3,12)

Di(2,2)

Dq(3,13)
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_
) |
|
L

D4(4, 1) D4(472)
Dy(4,3) D,(4,4)

_
L
-
||

Dy(4,5) Dy(4,6) Dy(4,7) Dy(4,8)

| |
AN
AN
X

Dy(4,9) Dy (4, 10) Dy(4,11) Dy(4,12)

/)
A
Zl

Dy(4,13) Dy(4,14)
Dy(4,15) Dy (4,16)
D4(4,17) D4(4, 18) D4(4, 19) D4(4720)

/|
/]
A
e

Dy(4,21) Dy(4,22) Dy(4,23) Dy(4,24)

/|
/]
/|

D4 (4,25) D.(4,26) Do)
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p=4,q=05

_
4
-
3
N
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Dy(5,14)

Dy(5,15) Dy(5,16)
Dy(5,18)

Dy(5,19) Dy(5,20)
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Dy(5,21) Dy(5,22)
Diy(5,23) Diy(5,24)
Dy(5,25) Dy(5,26)
Dy(5,27) Dy(5,28)
D4(5,29) Dy(5,30) Dy(5,31) Dy(5,32)
Diy(5,33) Diy(5,34) Dy(5,35) Dy(5, 36)
Dy(5,37) D.(5,38)
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D4(6,1)

||
L]
L
L

Dy(6,5)

Z
Z
)
Z

D,(6,9)

A
Z
A
7

D,(6,13)

A
Z

W/
ZO

Dy(6,17)

A
N

D,4(6,21)
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D,(6,2)

D4(6,6)

Dy(6,10)

Dy (6,14)

D,(6,18)

D4(6,22)

L
||

D4(6,3)

D4(6,7)

D4(6,11)

D,(6,15)

Dy (6,19)

D,(6,23)

D,(6,4)

D,(6,8)

D4 (6,12)

D,4(6,16)

D4 (6,20)

Da(6,24)
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<~ >
D4(6,29) Dy(6,30)
D4(6,31) Dy(6,32)
o o S
D4(6,33) 1(6, 34)
4(6,35) 4(6,36)
- = < =
D4(6,39) D4(6,40)
D4(6,37) Dy(6,38)
Dy(6,43) Dy(6,44)
Dy4(6,41) Dy(6,42)
D4(6,45) D4(6,46) Da(6,47) Da(6,48)
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Z
[

Z
7

I Z
N2

Dy(7,1) Dy(7,2) Dy(7,4)

Dy(7,5) Dy(7,6) Dy(7,7) Dy(7,8)

BN
N
N
N

Dy(7,9) Dy(7,10) Dy(7,11) Da(7,12)

N
o
N
N

Dy(7,13) Dy(7,14) D4(7,15) Da(7,16)

N
N
N
N

Dy(7,17) Dy(7,18) Dy(7,19) Da(7,20)

=
N
N
=N

Dy(7,21) Dy(7,22) Dy(7,23) Dy(7,24)
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Dy(7,25) Dy(7,26) Dy(7,27) Dy(7,28)
Dy(7,29) Di(7,30) Da(7,31) Da(7,32)
Dy(7,33) Dy(7,34) D4(7,35) Dy(7,36)
Dy(7,37) Dy(7,38)
p=4,q=38
~ 2 =
N
Dy(8,1) Dy(8,2) Dy(8,4)
<~ > <~ > S
~— = ~ = o =
Dy(8,5) D4(8,6) Dy(8,8)
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